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Abstract

Building agents that make autonomous decisions is challenging but essential in
various real-world tasks like autonomous driving, personalized healthcare, and
robotics. The world they interact with is complex, governed by unknown, non-
stationary and non-linear dynamics, the sensory apparatus can be faulty or noisy,
and information about the world can be partial. Uncertainty plays a key role in
such cases since it allows for improving the safety of the autonomous agents but
also learn quickly with limited data. In this thesis, we develop tools for learning
and using models based on principles of Bayesian epistemology, under which an
agent infers hypotheses about the world, uses them for acting and updates them
based on feedback (i.e. evidence), a process termed Bayesian action-perception
loop.

In the first part of the thesis (pessimism in the face of uncertainty), we propose
a method for using the model uncertainty to improve the robustness and safety
of autonomous-driving agents that operate under distribution shifts. Also, we
present a benchmark and methodology for assessing sequential decision-making
under distribution shifts. In the second part of the thesis (optimism in the face
of uncertainty), we propose methods for learning personalized treatment-effect
models but also causal structures of complex dynamical systems, like the ones
found in gene regulatory networks. We show how we can use epistemic uncertainty
to bias the acquisition of observations and interventions (also known as experiments
or actions) towards informative content that help learn the models as quickly as
possible, adapting Bayesian optimal experimental design (BOED) to the context
of causal inference and discovery.

Overall, this thesis aims to advance the field of autonomous decision-making by
providing practical tools for dealing with uncertainty and improving the efficiency
of learning from data.
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1
Introduction

Figure 1.1: Plato’s allegory of the Cave1.

Forms and Shadows

In Plato’s Republic (Plato, 375 BCE), Plato offers an allegory that describes

the interaction between the world of ideas (forms) and the world of appearances
1Commissioned by the author of the thesis to the artist Iakovos Vais

1



2 1.0. Forms and Shadows

(shadows). In the allegory, prisoners2 watch shadows on a wall cast by objects

behind them. One prisoner breaks free and realizes that what they perceived as

reality was a mere illusion, a shadow of the true world behind them. This allegory

illustrates how perceived reality can differ from actual reality, a concept that echoes

through the challenge an autonomous agent faces in discerning the true state of

the world from the sensory noise of the world it participates in.

This thesis is not about commenting on Plato’s idealism, however, it serves as a

vehicle to expose the ideas we aim to communicate. The main actors of this story

are the world and the agent and the interaction between them. The agent acts

on the world and the world responds with an observation; a process that is called

action-perception loop. However, the world we describe here is a world of shadows

– the true state (form) is unobservable and only an observation (shadow) can be

accessed by the agent, which is a corrupted, noisy, version of the true world. The

abstraction of agency can be applied to men, animals, or machines that undergo the

processes of learning about their environment to reduce their uncertainty regarding

the consequences of their actions and use the acquired knowledge to plan and act.

This brings us to the action-perception or cybernetic loop (Ashby, 1961, Wiener,

1948), a concept central to the understanding of autonomous agents. An au-

tonomous agent, in basic terms, measures a function of the world state through

a sensory system, processes this information, and then acts accordingly. The

sequence of this interaction is usually towards a goal which is measured via a

utility or objective which, in abstract terms, defines the “rationality” (Russell and

Norvig, 2002), “intentions” (Dennett, 1971), “purpose” or “telos” (Rosenblueth

et al., 1943) of the agent. Such a goal-oriented agent needs to act to maximise an

expected value of the utility (Morgenstern and Von Neumann, 1953) while at the

same time dealing with the uncertainty and risk that a stochastic, non-predictable

and partially observable environment holds. With this thesis, we focus on what

ways an agent can learn and act under uncertainty and unpredictability.
2In Fig. 1.1 prisoners are replaced by robots.
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The terms uncertainty and unpredictability play an important role here, as they

signify the challenges of building such autonomous agents – they are adversarial

forces which affect the ability of the agent to predict the future and act optimally.

Of course, resolving such uncertainties is not always possible, but identifying,

controlling or even using them during the learning or acting process is important,

especially in safety-critical applications like autonomous driving or personalised

healthcare.

From the generative process to the generative model

Generative ModelData Generating Process

true parameters
posterior samples

observations

   actions

Figure 1.2: The interaction between the data generating process and the generative
model.

From the modeling perspective, the world is governed by the data generating

process (also known as generative process) which is the (physical) process that

generates interventional and observational data. This is usually hidden from the

agent and can only intervene (act) and observe it, often partially (sense).

A forward or generative model p(D | Θ) is a model that aims to capture our

assumptions about how data was generated. The model is parametrized by θ and

the data is denoted by D. The model can be used to generate new data D∗ or to

evaluate the likelihood of the data D given the parameters θ.

A key distinction between the generative model and the generative process is

that the process captures the objective world where the generative model captures



4
1.0. Epistemic uncertainty and its applications on self-driving cars and

self-driving labs

the subjective world – how the agent believes the world works. The goal of the

agent is to “match” the generative model with the generative process, thus bridge

the objective world with the subjective world model. Having access to a generative

model allows for predicting the consequence of the actions and being able to plan.

For example, in applications like autonomous driving, a generative model can be

used to predict how the car will behave on different actions, and infer a plan that

moves the car safely.

Crucially, having access to a generative model allows for the computation of the

inference as well – that is, computing a posterior distribution of the latent variables

θ given the observations.

Epistemic uncertainty and its applications on self-
driving cars and self-driving labs

What we just saw is a hint to what is called the Bayesian viewpoint. According

to the Bayesian statistics, an agent maintains a distribution over the hypotheses,

called belief and denoted as

p( Θ︸︷︷︸
hypothesis

| D︸︷︷︸
evidence

).

As a consequence of this, there might be several hypotheses that the Bayesian agent

considers which might sometimes disagree with each other.

Let’s consider a scientist working in a wet lab. First, she comes up with some

hypotheses and then designs some experiments to help reduce the number of

hypotheses. Then she enters the wet lab, executes the experiments and analyses

the observations to develop new hypotheses. After several cycles, the scientist will

have some surviving hypotheses, which will be considered knowledge. Viewing the

scientific process as an agent that interacts with a partially observable world, in the

face of some evidence, the scientist comes up with various hypotheses. The variety

of the hypotheses represents the uncertainty that it has regarding the working

mechanism of the object of study. Then it proceeds with careful experimentation
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that disambiguates between competing hypotheses, hopefully reducing the uncer-

tainty as a result of the experimental outcomes. The type of uncertainty that is

reduced by the acquisition of observation or interventional data is what is called

the epistemic uncertainty, and it is a key idea of this thesis.

Now let’s consider a different scenario. Imagine an autonomous driving agent

driving in a novel situation. The car (agent) suddenly sees an obstacle and comes up

with various hypotheses regarding future trajectories. Then it uses the hypotheses

to devise a plan that is safe in all the possible scenarios it imagined and commits

to it, hopefully driving safely around the obstacle.

Those two examples demonstrate different attitudes an agent can have in the

face of epistemic uncertainty. Being optimistic in the face of uncertainty results

in a reduction of uncertainty by acquiring experiences that target the uncertainty

and being pessimistic in the face of uncertainty results in robust and safe behaviour

by avoiding plans that can result in outcomes that are catastrophic according to

worst-case hypotheses. Our contribution to this thesis is to propose scalable and

tractable methods for safe and robust planning under high epistemic uncertainty

in the setting of autonomous driving (part A) and methods that suggest where

and how to experiment or acquire data to reduce the uncertainty in the setting

of personalized healthcare and wet-lab science (part B). The latter part focuses

on what is termed self-driving laboratories (Häse et al., 2019, Abolhasani and

Kumacheva, 2023) or AI-driven scientific discovery (Jain et al., 2023).

Contributions

The thesis is based on the following published body of work:

1. Filos, Angelos*,Tigas, Panagiotis*, McAllister, Rowan, Rhinehart, Nick,

Levine, Sergey, Gal, Yarin (2020, November). "Can autonomous vehicles

identify, recover from, and adapt to distribution shifts?". In International

Conference on Machine Learning (pp. 3145-3153). PMLR.

2. Andrey Malinin, Neil Band, Ganshin, Alexander, German Chesnokov, Yarin

Gal, Mark J. F. Gales, Alexey Noskov, Andrey Ploskonosov, Liudmila
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Prokhorenkova, Ivan Provilkov, Vatsal Raina, Vyas Raina, Roginskiy, Denis,

Mariya Shmatova, Panagiotis Tigas, Boris Yangel. "Shifts: A dataset

of real distributional shift across multiple large-scale tasks". In Neural

Information Processing Systems 34, Datasets and Benchmarks Track, 2021.

3. Jesson, Andrew*, Panagiotis Tigas*, Joost van Amersfoort, Andreas

Kirsch, Uri Shalit, and Yarin Gal."Causal-BALD: Deep Bayesian active

learning of outcomes to infer treatment-effects from observational data". In

Advances in Neural Information Processing Systems 34 (2021): 30465-30478.

4. Tigas, Panagiotis*, Yashas Annadani*, Andrew Jesson, Bernhard

Schölkopf, Yarin Gal, and Stefan Bauer. "Interventions, where and how?

experimental design for causal models at scale.". In Advances in Neural

Information Processing Systems 35 (2022)

5. Tigas, Panagiotis*, Yashas Annadani*, Desi R. Ivanova, Andrew Jesson,

Yarin Gal, Adam Foster, and Stefan Bauer. "Differentiable Multi-Target

Causal Bayesian Experimental Design.". In 2023 International Conference

on Machine Learning

Projects 1 and 2 fall under the theme of using decision-making under uncertainty

with epistemic-uncertainty aware model-based planning. Projects 3,4 and 5, focus

on using epistemic uncertainty to learn causal world models using principles from

active learning and Bayesian optimal experimental design.



2
Background

A Bayesian route to autonomy

In this thesis, we will use the Bayesian framework as the language of uncertainty.

The Bayesian viewpoint allows for using probability to quantify beliefs and un-

certainty but also provides us with a formalism for updating our beliefs in the

presence of new evidence. Before we discuss the different flavours of uncertainty

in Chapter 2, we will give an overview of the Bayesian framework, diagrams for

expressing statistical and causal assumptions along with measures of uncertainty

like entropy and mutual information.

The Bayesian perspective

A fundamental perspective that Bayesian framework offers is what is called the

subjectivist view. According to this view, the probability is measuring the degree

of belief of an agent regarding the truthfulness of a hypothesis H. It is subjective in

the sense that the probability doesn’t express a fact about the world or nature but

rather the point of view of the agent. Crucially, the Bayesian framework separates

the objective world from the subjective agent. This is an important point that we

will revisit several times during the thesis.

7



8 2.0. A Bayesian route to autonomy

Let’s assume a hypothesis as an element of a hypothesis space H. For example,

in the case of toxicity prediction, the hypothesis space can be the set of all possible

models that can predict toxicity. In the Bayesian framework, the modeler first

defines a prior belief about the hypotheses in the form of a probability distribution

p(H) called the prior. Assuming the presence of some evidence O, we can define the

likelihood function p(O | h) which gives the probability of the outcome assuming

a hypothesis h. This captures how much the hypothesis explains the evidence.

Having access to the prior and the likelihood, Bayes theorem offers a rule for

updating an agent’s beliefs (distribution over hypotheses) in the presence of some

evidence O:
posterior

p(H | O) =

likelihood

p(O | H)
prior

p(H)∫
p(O | H)p(H)dH

marginal likelihood

. (2.1)

Entropy, Mutual Information and Relative Entropy

Assuming a distribution over a random variable X, we can define the quantity

H(X) = −Ex∼p(X) [log p(x)] . (2.2)

This quantity, named entropy, quantifies the “information” or the “uncertainty”

of the distribution P (X) (Shannon, 1948). Intuitively, the entropy measures the

diversity of the samples of the distribution p(X) and under the Bayesian inter-

pretation of probability, the diversity of the beliefs regarding the true value of

X. High entropy implies that the distribution has high uncertainty regarding the

random variable X. Furthermore, we can now define the conditional entropy as

H(Y | X) = −E(x,y)∼p(X,Y )[log p(x,y)
p(x) ].

Relative entropy or Kullback-Leibler (KL) divergence (Kullback and Leibler,

1951) between two probability distributions p(X) and q(X) is defined as

DKL(p ∥ q) = E
x∼p(X)

[
log p(x)

q(x)

]

and measures how a distribution p(X) differs from a reference distribution q(X).

As we will see in next section, KL divergence plays an important role in variational
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inference as it allows quantify how similar are two distributions. DKL(p ∥ q) satisfies

Gibbs’ inequality DKL(p ∥ q) ≥ 0 and it becomes 0 when p = q.

Finally, mutual information, defined as I(X;Y ) = H(X) − H(X | Y ) =

H(Y ) − H(Y | X), measures the average reduction of uncertainty about X that

results from measuring Y or stated differently, how much information does X

contain about Y and vice versa.

Variational Inference

Computing the posterior distribution in Eq. (2.1) involves the computation of the

marginal likelihood quantity. Such computation is usually intractable as integrating

over non-closed-form continuous (or high-cardinality but discrete) random variables

is computationally expensive or impossible, so we appeal to approximate posterior

inference. Variational Inference (Jordan et al., 1999) turns the intractable inference

problem (computing the posterior p(θ | D)) into a tractable approximation, where

the optimization objective is to minimize the Kullback-Leibler (KL) divergence

between the approximate posterior distribution qφ(θ), parametrized by φ, and the

true posterior distribution p(θ | D).

Figure 2.1: Variational Inference turns inference into an optimization problem. The
dashed line shows the optimization trajectory of the approximate posterior as it minimizes
DKL(qφ∗(θ) ∥ p(θ | D)).

However, solving this optimization problem is yet not tractable. If we expand
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DKL(qφ∗(θ) ∥ p(θ | D)) we see:

DKL(qφ∗(θ) ∥ p(θ | D)) = Eqφ∗ (θ)[log qφ∗(θ)]− Eqφ∗ (θ)[log p(θ | D)] (2.3)

= Eqφ∗ (θ)[log qφ∗(θ)]− Eqφ∗ (θ)[log p(θ,D)] + log p(D) (2.4)

= −ELBO(φ) + log p(D), (2.5)

thus, minimizing the KL requires access to the marginal likelihood p(D), also known

as model evidence. In Eq. (2.5), we separate the right-hand side of the equation into

quantities that depend on the variational parameters φ and the log model evidence

log p(D). As DKL(qφ∗(θ) ∥ p(θ | D)) ≥ 0 (Kullback and Leibler, 1951), we can

see that the log evidence is lower bounded by the Evidence Lower Bound (ELBO):

DKL(qφ∗(θ) ∥ p(θ | D)) ≥ 0⇒ −ELBO(φ) + log p(D) ≥ 0⇒ log p(D) ≥ ELBO(φ).

Thus, by maximizing the ELBO, we minimize the KL divergence between the

approximate and true posterior.

φ∗ = arg max
ϕ

Eqφ(θ)

[
log p(θ,D)

qφ(θ)

]
(2.6)

= arg max
ϕ

Eqφ(θ)

[
log p(D | θ)p(θ)

qφ(θ)

]
(2.7)

= arg max
ϕ

Eqφ(θ) [log p(D | θ)]︸ ︷︷ ︸
accuracy

−DKL(qφ(θ) ∥ p(θ))︸ ︷︷ ︸
complexity

(2.8)

Diagrams of decision-making

Here we introduce diagrammatic ways of representing statistical and causal associa-

tions between random variables among other assumptions that can be useful when

analysing and modeling decision-making problems.

From statistical to causal modeling

In his book, Reichenbach (1956) states what is known as the common cause

principle. If two random variables X and Y are statistically dependent, then

there exists a random variable Z (confounder) that causally influences X and Y .

In the special case where X influences Y (or the other way around), Z coincides

with the causal parent.
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Figure 2.2: Reichenbach common cause principle.

A key distinction brought by this insight is that the statistical dependency

between random variables is an epiphenomenon, a symptom of causal relationships

– the statistical is how causality reveals itself. However, this projection is bringing

ambiguity. As stated by Reichenbach, there are many different causal structures

that can appear the same – both X ← Y and X → Y , both because X and Y

to be statistically dependent. The way to break such ambiguities is by conducting

experiments, acting in the world or intervening (Pearl, 2009).

Crucially, this fits very naturally in the Bayesian action-perception loop. There

are many causal structures (hypotheses) that explain the observation (statistical

dependency of random variables) and action (intervention) allows for resolving such

ambiguities (causal discovery).

Next we will describe the tools for describing both the statistical and the causal

relationships but also the operations required for disambiguating between the

causal and the statistical via interventions.

Statistical Modeling

Graphical models are graphical abstractions that allow the modeling of statistical

associations between random variables. In this thesis we will focus on directed

acyclic graphs, also known as Bayesian Networks.

Bayesian Networks

As random variables represent parts of phenomena that interact with each other,

it’s important to be able to explicitly capture this structure in a graphical, dia-
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grammatic way. A formal way to model such structured probabilistic models is

Bayesian Networks, also known as belief nets (Pearl, 1985).

Bayesian networks are directed acyclic graphs (DAGs) where the nodes represent

the nodes of interest and directed edges represent statistical dependencies among

the variables. More formally:

A BayesNet is defined by a directed acyclic graph (DAG) G in random variables

x. The vertices of the graph are the random variables and a set of conditional

probability distributions p(x | PaG(xi)) where PaG(xi) returns the parents of xi in

G. The joint distribution over x is then factorized as p(x) = ∏
i p(x | PaG(xi)).

The Bayesian network allows for expressing assumptions, efficient factorization of

the joint distribution and thus efficient inference from evidence (observations) (Pearl

et al., 2000).

Obervational Equivalence / Markov Equivalence Class: Two DAGs are

observationally equivalent (or equally they belong to the same Markov Equivalence

Class (MEC)) if they have the same skeletons and same sets of v-structures (2 or

more parent nodes direct to the same child node) (Verma and Pearl, 1990). This

important property shows also the limit of what is possible with observational data.

Observational equivalence tells us that there might be several different Bayesian

networks that can explain our observational data. If we would like to recover

a causal model that represents causal links between random variables, then we

would need to make use of interventions.

Causal Modeling

However, Bayesian networks allow also for causal relationships to be captured and

allow for additional queries, known as interventions. An intervention is an operation

which, in contrast to evidential queries, asks “How does an action change the

outcome?”. A key distinction between evidential and interventional queries is how

we condition the action versus the observation. Given an observation (evidence),

the outcome is still influenced by the parents of the observation, thus rare evidence
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will not contribute as much as less rare evidence. In contrast, an intervention is a

deliberate action that disconnects the statistical properties of the system of study

and thus the probability of the intervention becomes 1 – we know it has happened.

Structural Causal Models (SCM)

“We ought to regard the present state of the universe as the effect of
its antecedent state and as the cause of the state that is to follow. An
intelligence knowing all the forces acting in nature at a given instant, as
well as the momentary positions of all things in the universe, would be
able to comprehend in one single formula the motions of the largest
bodies as well as the lightest atoms in the world, provided that its
intellect were sufficiently powerful to subject all data to analysis; to
it nothing would be uncertain, the future as well as the past would be
present to its eyes. The perfection that the human mind has been able
to give to astronomy affords but a feeble outline of such an intelligence.”
Laplace (1820)

Laplace’s view on laws of nature was that the world deterministically propagates

states where the initial states are stochastic. Structural causal models are models

that capture the “Laplacian quasi-deterministic conception of causality” (Pearl

et al., 2000). To achieve this, it disentangles the deterministic effects (functional

relationships) from the sources of stochasticity (exogenous variables).

Figure 2.3: Structural Causal Model (SCM).

From the data generative mechanism point of view, the DAG g on XV matches

a set of structural equations:

Xi := fi(Xpag(i), ϵi) ∀i ∈ V (2.9)

where fi’s are (potentially nonlinear) causal mechanisms that remain invariant

when intervening on any variable Xj ̸= Xi. ϵi’s are exogenous noise variables with
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an arbitrary distribution that are mutually independent, i.e. ϵi ⊥⊥ ϵj∀i ̸= j. (2.9)

represents the conditional distributions in a Causal Bayesian Network and can

additionally reveal the effect of interventions if the mechanisms are known (Peters

et al., 2017, Pearl, 2009). These equations, along with the DAG g, are known as the

structural causal model (SCM). Though the mechanisms f can be nonparametric in

the general case, we assume that there exists a parametric approximation to these

mechanisms with parameters γ ∈ Γ. In the case of linear SCMs, γ corresponds

to the weights of the edges in E. In the nonlinear case, they could represent the

parameters of a nonlinear function that parameterizes the mean of a Gaussian

distribution. A common form of (2.9) corresponds to Gaussian additive noise

models (ANM)1:

Xi := fi(Xpag(i); γi) + ϵi, ϵi ∼ N (0, σ2
i ) (2.10)

The ladder of causality

Pearl introduced what is called the ladder of causality to discuss the different levels

of questions a causal model can answer:

Level 1 (prediction)

Observational queries can be conducted by sampling the exogenous variables

first (exogenous noise) and then propagating the noise via the use of ancestral

sampling. The final values of the endogenous random variables correspond

to an observational sample.

Level 2 (interventions)

Interventional queries (e.g. do(Xi = k)) can be applied by a process called

mutilation which corresponds to the removal of the incoming edges of the

intervened node, fixing the value of the random variable xi to the value of

the intervention k and then conducting ancestral sampling, similar to the

observational sample case.

1ANM’s can have noise variables that are non-Gaussian as well, but we restrict our exposition
to the Gaussian case.



2. Background 15

Level 3 (counterfacturals)

To conduct a counterfactional query, one needs to first solve the SCM system

to recover the values of the exogenous random variables corresponding to the

observed sample and then apply a do operation with the desired counterfac-

tual query on the same exogenous values.

Rubin’s Model of Causality

An alternative to Pearl’s Causal Bayesian Networks was developed simultaneously

in the 70s by Don Rubin (Rubin, 1974), building on work of Jerzy Spawa-Neyman

(Splawa-Neyman et al., 1990). Rubin developed what is called the Potential Out-

comes Model, also known as Rubin’s Causal Model (RCM), according to which

the causal effect is defined as a comparison between two states of the world. For

example, in answering the question of what is the effect of aspirin on the headache,

according to RCM, the causal effect can be estimated by comparing the headache

state before and after the intervention, in this case, the admission of aspirin.

For an individual (also called unit in RCM literature) x, and a binary treatment,

T ∈ {0, 1}, we can represent the outcomes of each treatment via a random variable

Y 0(x) and Y 1(x), corresponding to the outcomes of treatment T = 0 (control)

and T = 1 (treatment). In our headache example, the patient will be represented

with x, taking the aspirin as T = 1, not taking the aspirin as T = 0 and the

corresponding outcomes, Y 0(x) and Y 1(x), the outcome we would observe had the

patient received or not received the aspirin. Considering this notation, now we

can define the individual-level causal effect for individual X = x as the difference

Y 1(x) − Y 0(x). A fundamental limitation of this definition is that we cannot

observe the effect of the control T = 0 and treatment T = 1 at the same time

– a limitation known as “the fundamental problem of causal inference” (Holland,

1986). The implication of this is that causal inference is impossible, however under

certain assumptions we can estimate the causal effect with the expected difference

in potential outcomes for individuals described by X, or the Conditional Average

Treatment Effect (CATE): τ(x) ≡ E[Y1 − Y0 | X = x] (Abrevaya et al., 2015).
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outcome

patient / unit

treatment

Figure 2.4: Graphical model depicting Potential Outcome framework, also known as
Rubin’s Causal Model (RCM). The outcome Y is influenced by the patient X and the
treatment T .

The CATE is identifiable (i.e we can estimate the causal quantity from statistical

quantites) from an observational dataset D = {(xi, ti, yi)}ni=1 of samples (xi, ti, yi)

from the joint empirical distribution PD(X,T,Y0,Y1), under the following three

assumptions (Rubin, 1974):

Assumption 1. (Consistency) y = tyt + (1− t)y1−t, i.e. an individual’s observed

outcome y given assigned treatment t is identical to their potential outcome yt.

Assumption 2. (Unconfoundedness or Ignorability) (Y0,Y1) ⊥⊥ T | X.

Assumption 3. (Overlap) 0 < πt(x) < 1 : ∀t ∈ T ,

where πt(x) ≡ P(T = t | X = x) is the propensity for treatment for individuals

described by covariates X = x. When these assumptions are satisfied, τ̂(x) ≡

E[Y | T = 1,X = x] − E[Y | T = 0,X = x] is an unbiased estimator of τ(x) and

is identifiable from observational data.

A variety of parametric (Robins et al., 2000, Tian et al., 2014, Shalit et al.,

2017) and non-parametric estimators (Hill, 2011, Xie et al., 2012, Alaa and van der

Schaar, 2017, Gao and Han, 2020) have been proposed for CATE. Here, we focus on

parametric estimators for compactness. Parametric CATE estimators assume that

outcomes y are generated according to a likelihood pθ(y | x, t), given measured

covariates x, observed treatment t, and model parameters θ. For continuous
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outcomes, a Gaussian likelihood can be used: N (y | µ̂θ(x, t), σ̂θ(x, t)). For dis-

crete outcomes, a Bernoulli likelihood can be used: Bern(y | µ̂θ(x, t)). In both

cases, µ̂θ(x, t) is a parametric estimator of E[Y | T = t,X = x], which leads to:

τ̂θ(x) ≡ µ̂θ(x, 1)− µ̂θ(x, 0), a parametric CATE estimator.

Uncertainty and its sources

The task of modeling is concerned with approximating a physical process which

is usually governed by some equations. We assume that such a process can be

written probabilistically as y ∼ p(y | x, θ∗). This probabilistic formulation allows

for expressing inherent stochasticities that might appear in the physical process.

However, this viewpoint leaves us with an unsatisfactory sentiment. What is

the source of the stochasticities? Laplace in his thought experiment (Marquis de

Laplace, 1902) hypothesised a daemon that has access to the true state of the world

and as such, from the perspective of Laplace’s daemon, there is no stochasticity

involved in the process. However, for an inferior agent, with bounded knowledge

about the true state of the world, the same phenomenon would appear stochastic.

Such an example could be the one of the toss of a coin – we (the bounded agents)

cannot predict the outcome however for a Laplacian demon the coin outcome

is determined by knowing the initial conditions of the experiment. The limit of

predictability of an agent is captured by the notion of aleatoric uncertainty.

On the other hand, similar to the process a scientist would follow, a notion of

uncertainty can be reduced (up to a limit) by accumulating more evidence that

would help them “discover” the hypothesis responsible for the phenomenon. Such

type of uncertainty would be called epistemic uncertainty2.

The key implication of this is that a taxonomy of the flavours of uncertainty

cannot be complete without considering certain assumptions, or as Der Kiureghian

and Ditlevsen (2009) put it, “it is the job of the model builder to make a distinction

between aleatoric and epistemic uncertainty”.
2Which is derived by the Greek word episteme which means scientific.
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Under the Bayesian viewpoint, an agent is inferring hypothesis based on some

evidence. This is captured by the posterior distribution p(θ | D), where θ is the

random variable of the parameters of the models and D the evidence (dataset).

A sample from the posterior induces a distribution over outcomes p(y | x, θ).

Crucially, the posterior predictive distribution p(y | x,D) =
∫
p(y | x, θ)p(θ | D)dθ

is integrating over the uncertainty induced by the posterior distribution.

We can define the expected aleatoric uncertainty as

E
p(θ|D)

[H[p(y | x, θ)]] = − E
p(θ|D)p(y|x,θ)

[log p(y | x, θ)] , (2.11)

and the total (or predictive uncertainty)

H[p(y | x,D)] = E
p(y|x,D)

[− log p(y | x,D)] (2.12)

= E
p(θ|D)p(y|x,θ)

[− log p(y | x,D)] . (2.13)

Interestingly, by subtracting aleatoric uncertainty from total uncertainty we get:

H[p(y | x,D)]− E
p(θ|D)

[H[p(y | x, θ)]] (2.14)

= E
p(θ|D)p(y|x,θ)

[− log p(y | x,D)] + E
p(θ|D)p(y|x,θ)

[log p(y | x, θ)] (2.15)

= E
p(θ|D)p(y|x,θ)

[
log p(y | x, θ)

p(y | x,D)

]
(2.16)

=I(y; θ | x,D). (2.17)

The takeaway of this is that the mutual information between outcomes and model

parameters I(y; θ | x,D) amounts to the total uncertainty minus the expected

aleatoric uncertainty, which is the epistemic uncertainty. As we will see later in

Chapter 2, we can use this objective to guide the selection of experiences to add

to the dataset in order to reduce the uncertainty – a key idea behind experimental

design, active learning and exploration.
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On the pathologies of finite data, model misspecification
and partial observability

A dataset corresponds to samples from a world (the world can be seen as a function;

later we will define the world as a data-generating process). The world can be seen

an arbitrarily complex function f ∗(·) which maps inputs to outputs via a noisy

mapping y = f ∗(x) + ε, where ε is an independent (to input) noise (Fig. 2.5).

As the world can be arbitrarily complex, a model will need to be sufficiently

complex in order to capture data complexity. The complexity of the models can

be thought of as the family of functions it can approximate. We notate the family

of the functions as F . Thus, a model fθ ∈ F , indexed by θ belongs to the family

F . In deep learning, the index θ takes the form of the weights of the network and

the family F (also known as inductive bias) corresponds to the architecture of the

network. In a way, the parametrized model becomes a “distilled” version of the

dataset. However, a model representing the dataset is not the same as the dataset

itself. The model is a simplified representation of the dataset, and will not be able

to perfectly reproduce the dataset unless the function representing the world is

part of the same function family F and we have access to infinite many samples.

Figure 2.5: The world as a function.

Additionally, the noise variable ε introduces additional challenges to the mod-

eling effort. In reality, the physical process underlying the phenomenon is hidden
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from us, however, even if had access to the true function f ∗(·), we wouldn’t be able

to model the system up to some noise. This noise represents intrinsic (internal to

the system) stochasticities or artifacts of the measurement apparatus one is using

to sample from the world.

Thus, we can already see three challenges a designer of a model has to face: one

is that we rarely have access to infinite many samples (finite samples assumption),

another is that our function family F might not be expressive enough to capture

the true function (world) – this is known as model misspecification – and finally,

the world is usually partially observable as measurement devices are noisy or the

true phenomenon of study contains some stochastic variations. The impact of these

limitations is that a decision maker relying on such models will need to express a

notion of uncertainty – what is known, what can be known and what cannot be

known to be known.

Distribution Shifts

Figure 2.6: Examples of distribution shifts. (A) The data generating process
parametrized by θ∗ (B) The same data generating process but decomposed θ∗ in
parameters over inputs and over the conditional distribution p(y | x, θ∗

y|x) (C) covariate
shift: the conditional distribution remains the same but the prior over inputs p(x | θOOD

x )
changes. (D) Concept Drift: the distribution over inputs remains the same but the
relationship between inputs x and outputs y is different.

(A) (B) (C) (D)

Consider the full data-generating process p(D | θ∗), where θ∗ are the true

parameters of the world and D is the random variable representing the dataset. To

learn a predictor on the dataset D, statistical learning theory suggests to minimize

the empirical risk f ∗ = argminf∈H EDtrain∼p(D|θ∗) [R(Dtrain, f)].
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However, in reality, at test time, the data-generating process might be different

from the training data-generating distribution p(D | θOOD) ̸= p(D | θ∗), where

θOOD is the parametrization of the test-time data-generating process (OOD here

stands for Out of (training) Distribution). In Fig. 2.6 we can see different distri-

bution shifts that a decision-making agent might face. For example, a covariate

shift might occur when a model predicting the outcome of a drug to patients is

tested on patients of a different country than the one the training data generated

from. Concept drift on the other hand might occur in situations like autonomous

driving, where environmental conditions like temperature might change the friction

coefficients and as such how the car will respond to different actions.

Learning models

Deep Neural Networks

Although the field of machine learning has been around for decades, deep learning

has only recently emerged as a powerful tool for decision-making. Deep learning is

a subfield of machine learning that uses (deep) neural networks (Rosenblatt, 1958)

to learn complex representations of data. Deep neural networks are composed of

multiple layers of nonlinear transformations, which allow them to learn complex,

non-linear relationships between inputs and outputs. More formally, a (deep)

neural network is a function fθ : Rn → Rm, parametrized by θ, where θ is a

vector of parameters. The function fθ is a composition of several functions, each

of which is a non-linear transformation of the previous function.

More formally, a layer is defined as a function f(x; w, b) = α(xTw + b), where

x (input) and w (weights) are vectors and b a scalar (bias). The function α(·)

is a non-linear function called activation function. To simplify the notation, we

consider the weights vector θ consisting of w and b. A simple multilayer neural

network is a composition of layers . . . (f(f(f(x; θ1); θ2); θ3) . . . .

Although the architecture has evolved to more complicated structures (e.g. CNNs

(LeCun et al., 1989, Krizhevsky et al., 2017), Recurrent Neural Networks (Rumel-
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(A)(A)(A) (B)

Figure 2.7: (A) A single neuron (perceptron) is a linear mapping xTθ of the inputs
passed through a non-linear function α(·) called the activation function. (B) a multilayer-
perceptron (MLP).

hart et al., 1985, Graves and Graves, 2012, Chung et al., 2015), transformers (Vaswani

et al., 2017)), the main principles remain the same – deep learning is concerned

with composition of non-linear functions parametrized by some weight matrix θ.

Without loss of generality, we will assume this abstract depiction of deep neural

networks for the rest of the thesis.

Assuming a true function f ∗(x) (the world) and a dataset

D = {(x1, f
∗(x1)), . . . , (xn, f

∗(xn))},

the goal of training a deep neural network is to learn f ∗(·) by minimizing the error

between f(xi; θ) and f ∗(xi), by updating the weights θ. The error function, more

commonly known as the loss function L(θ), captures how well the model induced

by the weights θ models the data D. For example, a common loss used in regression

is the Mean Squared Error (MSE) L(θ) = 1
|D|
∑|D|
i (f ∗(xi)− f(xi; θ))2.

Bayesian Deep Learning

Bayesian Deep Learning (BDL) is the subfield of Deep Learning that interprets the

parameters of Deep Neural Networks as random variables and defines a posterior

distribution over the parameters assuming some evidence. More concretely, in the
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context of machine learning, evidence can take the form of the dataset D = {X,Y }

and the hypothesis the form of some parameters Θ (e.g. weights of a deep neural

network), in which case the posterior is written as p(θ | D). By the use of Bayes

rule,

p(θ | D) = p(D | θ)p(θ)∫
p(D | θ)p(θ)dθ

. (2.18)

Assuming for a moment that we have access to such posterior model, a prediction

can be performed via an integral called the posterior predictive or Bayesian model

average (BMA):

p(y | x,D) =
∫
p(y | x,θ)p(θ | D)dθ. (2.19)

The main challenge regarding Bayesian Deep Learning is that in both Eq. (2.18)

and Eq. (2.19), the integration is intractable, as both the prior and the posterior

distributions are over high dimensional random variables and cannot be computed

in closed-form.

Eq. (2.19) can be approximated via a simple, but powerful, technique which

involves the use of a Monte Carlo estimator, turning Eq. (2.19) into an expectation

p(y | x,D) ≈ 1
N

∑N
i=1 p(y | x,θi),θi ∼ p(θ | D).

However, computing the posterior Eq. (2.18), poses a more significant challenge.

Monte Carlo Dropout (Gal and Ghahramani, 2016) connects training with dropouts

and conducts forward passes over multiple dropout mask samples with variational

inference. Other methods such as Deep Ensembles (Lakshminarayanan et al.,

2017), consider the training of an ensemble of models as sampling from a posterior

model. More recently, a wave of methods based on deep kernel learning has

been proposed van Amersfoort et al. (2021a), Liu et al. (2020) which allows for

uncertainty estimation using a single model. Finally, methods such as Lahlou

et al. (2021) focus on predicting the epistemic uncertainty directly.
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Bayesian Causal Discovery

A common assumption in causal inference is that causal relations are known qual-

itatively and can be represented by a DAG. While this qualitative information

can be obtained from domain knowledge in some scenarios, it’s infeasible in most

applications. The goal of causal discovery is to recover the SCM given a dataset D.

In general, without further assumptions about the nature of mechanisms f (e.g.,

linear vs. nonlinear), the true SCM may not be identifiable (Peters et al., 2012)

from observational data alone. This non-identifiability is because there could be

multiple DAGs (and hence multiple factorizations of P (XV)) which explain the

data equally well. Such DAGs are said to be Markov Equivalent. Interventions

can improve identifiability. In addition to identifiability issues, estimating the func-

tional relationships between nodes using finite data is another source of uncertainty.

Bayesian parameter estimation over the unknown SCM provides a principled way to

quantify these uncertainties and obtain a posterior distribution over the SCM given

observational data. An experimenter can then use the knowledge encoded by the

posterior to design informative experiments that efficiently acquire interventional

data to resolve unknown edge orientations and functional uncertainty.

Posterior Distributions over SCMs. The key challenge in obtaining poste-

riors over SCMs is that the space of DAGs is discrete and superexponential in

the number of variables (Peters et al., 2017). However, recent techniques based

on variational inference (Annadani et al., 2021, Lorch et al., 2021, Cundy et al.,

2021) provide a tractable and scalable way of approximating this posterior. Given

a tractable approximation of the posterior over the parameters ψ ∈ Ψ, variational

inference optimizes a lower bound on the (log-) evidence:

log p(D) ≥ L(ψ ∈ Ψ) = E
qψ(ϕ)

[log p(D | ϕ)]−DKL(qψ(ϕ)||p(ϕ))

The key idea in these techniques is the way the variational family Ψ for SCMs,

in particular over DAGs, is parameterized. The variational family for the Vari-

ational Causal Network (VCN) method (Annadani et al., 2021) is an autoregres-
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sive Bernoulli distribution over the adjacency matrix. They further enforce the

acyclicity constraint (Zheng et al., 2018) through the prior. BCD-Nets (Cundy

et al., 2021) consider a distribution over node orderings through a Boltzmann

distribution and perform inference with Gumbel-Sinkhorn (Mena et al., 2018)

operator. DiBS (Lorch et al., 2021) considers latent variables over entries of

the adjacency matrix and performs inference over these latent variables using

SVGD (Liu and Wang, 2016). Finally, Deleu et al. (2022), Nishikawa-Toomey

et al. (2022) proposes the use of a GFlowNet (Bengio et al., 2021) whose states

are DAGs, and where the dag is created sequentially by adding one edge at a time,

checking the acyclicity constraint at each step.

Model-based decision-making under uncertainty.

Models have served complex decision-making for hundreds of years. Modeling

physical phenomena via, often approximating, equations has been the study subject

of physics. Decision-making with a model takes the form of future planning,

imagining different actualizations of the world and deciding accordingly. With

the advancements of machine learning, and lately deep learning, models took the

form of parametric functions that can be trained to “match” a desired function (or

rather, samples from a desired function). These “surrogate” models are distilled

versions of the dataset aiming to simulate the true function that generated the

data.

Powerful models such as deep neural networks have been used in decision-making

in various domains, such as robotics, games, autonomous driving, personalized

healthcare, and architecture, among other fields. In this section, we will focus on

parametric models such as deep neural networks, and their Bayesian extensions

along with a probabilistic or graphical framework for capturing different uncertain-

ties involved in model-based decision making.
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Figure 2.8: Graphical model of a simple inference task. In shaded gray, we depict the
observable variable x and by θ (parametrization of the world) and z (the concept) the
hidden variables.

Perception as inference

Von Helmholtz (1867) viewed the human perceptual system as an inference engine

where the brain is trying to infer the causes of the sensory input. Helmhotz

machines (Dayan et al., 1995), variational inference (Jordan et al., 1999) and

variational autoencoders (Kingma and Welling, 2014) turn the intractable problem

of inference into a tractable approximation. In Fig. 2.8, we describe a simple

inference problem where an observation x (e.g. the image of the chair) is caused

by some latent cause z (e.g. the presence of the char) and a world parametrization

θ (e.g. the laws of physics that turn the presence of a char into an observation).

For the moment, we don’t care about θ (although we can be Bayesian about θ

as well and infer it) but we focus on z. Perception as inference suggests that the

perceptual system is computing the posterior p(z | x, θ) = p(x|z,θ)p(z|θ)
p(x|θ) .

Planning as Inference

PRESENT

PAST

FUTURE

Figure 2.9: Graphical model of a toy planning as inference task.
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Perception as inference belongs to passive behaviour. However, we can also

include preferences, goals and utilities in the inference problem. In Fig. 2.11 we

depict a graphical model of a toy decision-making problem. The observation ϕ

takes the form of a sensory signal (e.g. RGB camera, LIDAR) and the state

random variable s is representing the physical state of the agent (e.g. position

in space). The goal of the agent, expressing desired states, is depicted as G. By

connection s → G we represent the relationship “is state s optimal according to

some goal definition?” or equally “is state s optimal?”. This can then be expressed

probabilistically as p(s | G). For example, if G (“desired state of the agent”)

and s are represented by spatial coordinates, we could define p(s | G = g) as

N (s;µ = g, σ), thus turning the optimality criterion to a likelihood statement.

This technique has been explored by (Rhinehart et al., 2020, 2019b) and is the

building block of our work in Chapter 3.

Open-loop vs Closed-loop control

Casting the problem of planning as inference allows for uncertainty-aware planning,

however, we will require more terminology to describe the bigger picture of action-

perception loops. Closed-loop control, is selecting the actions as a response

to the feedback received from the world (an observation) ( Fig. 2.10.A). Open-

loop control on the other hand, is selecting actions without interacting with the

world – without world feedback. We can see planning as inference as an open-loop

controller where the plans are selected using “imaginary” experiences. As depicted

in Fig. 2.10.B, the agent is receiving feedback from the environment ot and then

imagines a sequence of actions at, at+1, . . . . Then it proceeds with executing the

sequence of actions at, at+1, . . . without waiting for feedback.

Bayesian Decision Theory

Decision making assumes a utility function U(a) that defines an ordering between

actions a ∈ A according some optimality criteria. As the Bayesian framework

gave us a methodology for inferring a posterior model p(θ | D) assuming a dataset
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(A) (B)

Figure 2.10: Closed-loop vs open-loop control.

D and a prior p(θ) over models, Bayesian decision theory follows the principle of

maximization of the expected utility where the expectation is taken with respect

to different hypotheses sampled from a posterior model p(Θ | D. The Bayes

Optimal decision criterion is defined as a∗ = argmaxa∈A Ep(θ|D)[U(a, θ)]. However,

aggregating over posterior samples with different aggregators can offer different

decision-making properties. A general recipe for uncertainty-aware decision-making

is to aggregate over the posterior distribution when selecting the optimal action

a∗ = argmax
a∈A

⊕ p(θ|D)[U(a, θ)], (2.20)

where ⊕ can be different aggregation operators, each inducing a different decision-

making behaviour.

Robust agency

(Wald, 1939) formulated decision-making as a game where the decision-making

agent is in an adversarial game against the objective world (nature). In this game,

the agent plays first by selecting decisions a ∈ A and world (Nature), in response,

selects the worst θ associated with this decision. The agent’s objective is then to

select a ∈ A that yields the best payoff. Concretely, Wald’s maxmin rule turns

Eq. (2.20) into

a∗ = argmax
a∈A

min
p(θ|D)

[U(a, θ)]. (2.21)
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This decision rule represents what is called “pessimism in the face of uncertainty”

in decision-making because it assumes the (subjective) worst-case scenario when

making a decision. As we will see in Chapter 3, this principle can help the agent

be robust under uncertainty that can rise because of distribution shifts and other

sources of epistemic uncertainty.

Figure 2.11: Bayesian Decision-Making under different aggregation opera-
tions. If we used the Bayes Optimal criterion then we would risk suffering a great
loss in the worst-case scenario. However, the min max criterion selects a decision x,
which although on expectation is worse than the Bayes optimal decision, there is no risk
associated with that decision (the worst-case scenario is minimized).

Epistemic Agency

Episteme is the Greek word for science, knowledge, or understanding. By epistemic

agency, we call the ability to act in the world in order to acquire knowledge about

the world. The epistemic agency is a key component of empirical sciences and is

the ability that allows us to learn about the world and to make decisions based

on this knowledge. In this section, we will explore the role of epistemic agency in

decision-making, and how it can be used to improve decision-making systems. Box

(1980) defines the scientific method as “... a process of guided learning in which

accelerated acquisition of knowledge relevant to some question under investigation

is achieved by a hierarchy of iterations in which induction and deduction are used

in alternation”. The scientific method becomes an iterative process where through
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hypothetico-deductive reasoning, produces tentative theories of truth (hypotheses)

and then through feedback (experiments) identifies the discrepancies between the

theory and the praxis (action). We can formulate epistemic agency – the iterative

process of producing knowledge – using the field known as Bayesian Optimal

Experimental Design (Lindley, 1956).

Bayesian Optimal Experimental Design

Bayesian Optimal Experimental Design (BOED) (Lindley, 1956, Chaloner and

Verdinelli, 1995) is an information theoretic approach to the problem of selecting

the optimal experiment to estimate any parameter θ. For BOED, the utility of the

experiment ξ is the expected information gain (EIG):

UBOED(ξ) ≜ I(Y; θ | ξ,D) = E
p(y|θ,ξ)p(θ|D)

[log p(y | ξ,D)− log p(y | θ, ξ,D)] (2.22)

= E
p(y|θ,ξ)p(θ|D)

[log p(θ | ξ,D)− log p(θ | y, ξ,D)] (2.23)

, where θ ∈ Θ denotes the parameter we want to learn and Θ the parameterer space

of consideration. Interestingly, this is also the mutual information (MI) between the

observation y and θ. The goal of BOED is to select the experiment that maximizes

this objective ξ∗ = argmaxξ UBOED(ξ).

A common setting, called static, fixed or batch design, is to plan multiple designs

{ξ1, . . . , ξB} in an open loop fashion. In contrast, adaptive or sequential design is

the setting where the designs are planned after the incorporation of the results of

previous experimental rounds, adapting in a closed-loop fashion to the feedback.

In practice, a mix between batch and adaptive designs is used (i.e. executing T

experiments, gathering the response from nature, updating the posterior (adaption

step) and proposing T new experiments as a response).

One of the main challenges of computing expected information gain in Eq. (2.22)

is computing the expectations which form a nested and doubly intractable quan-

tity (Rainforth et al., 2018b). Crucially, such expectations can be estimated via

Monte Carlo methods resulting on tractable approximations, such as Nested Monte

Carlo (NMC) (Rainforth et al., 2018a) and Prior Contrastive Estimator (Foster

et al., 2019).
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Bayesian Active Learning

Active learning is concerned with the acquisition of data from which learning can

be maximized (Cohn et al., 1994, Settles, 2009). Usually, active learning assumes

the existence of a pool dataset Dpool for which the labels are expensive to acquire,

thus we need to decide which examples from the dataset to label. For example, such

a dataset could be medical records for which acquiring labels might imply hiring

expensive medical consultants. Bayesian Active Learning is using the Bayesian

ingredients for casting learning as an inference problem and the acquisition of

informative examples, as the problem of selecting observations that maximizing

posterior reduction.

Algorithm 1: Greedy batch BALD algorithm.
Input : acquisition size b, pool dataset Dpool, posterior model p(θ | Dtrain)

1 S ← ∅
2 for iteration t = 1 . . . b do

▷ Select example that maximizes the acquisition function
3 xt ← argmaxx∈Dpool

α(A ∪ {x}, p(θ | Dtrain))
▷ and add to batch

4 S ← S ∪ xt
Output : batch S

A widely adopted acquisition function is Bayesian Active Learning by Disagree-

ment (BALD), introduced by Houlsby et al. (2011), according to which, the exam-

ple that maximizes the Expected Information Gain (EIG) I(θ; Y | x,D) is selected.

The key observation BALD objective brought to the Bayesian Active Learning

community was that the symmetry of EIG objective I(θ; Y | x,D) = I(Y; θ | x,D),

allowed for a factorization similar to Eq. (2.22), which turned the estimation of the

objective to the tractable version:

αbald(x, p(Θ | Dtrain)) (2.24)

=I(θ; Y | x,D) (2.25)

= E
p(y|x,θ)p(θ|Dtrain)

[log p(y | x,D)− log p(y | x, θ,D)] (2.26)
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Often, this active learning is concerned with acquiring examples in batches.

In Kirsch et al. (2019) the authors extended BALD to the batch setting, devis-

ing a simple greedy algorithm for acquiring batches and by employing the result

by Nemhauser et al. (1978) and the fact that Expected Information Gain is sub-

modular and non-monotonic function they showed that such an algorithm is 1− 1
e
-

optimal.
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Introduction

Autonomous Driving Agent

World

Figure 3.1: Autonomous Driving Agent interacting with the World. In
this chapter, the Bayesian agent of consideration is an autonomous driving agent that
maintains several hypotheses regarding the future trajectory. The induced trajectories
can be catastrophic (off the road) or safe (on the road). We devise different strategies
for the agent to drive robustly and safely under the various uncertainties involved.

Autonomous agents hold the promise of systematizing decision-making to reduce

catastrophes due to human mistakes. Recent advances in machine learning (ML)

enable the deployment of such agents in challenging, real-world, safety-critical

domains, such as autonomous driving (AD) in urban areas. However, it has

been repeatedly demonstrated that the reliability of ML models degrades radically

when they are exposed to novel settings (i.e., under a shift away from the distri-

bution of observations seen during their training) due to their failure to generalise,

leading to catastrophic outcomes (Sugiyama and Kawanabe, 2012, Amodei et al.,

2016, Snoek et al., 2019). The diminishing performance of ML models to out-of-

training distribution (OOD) regimes is concerning in life-critical applications, such

as AD (Quionero-Candela et al., 2009, Leike et al., 2017).

Although there are relatively simple strategies (e.g., stay within the lane bound-

aries, avoid other cars and pedestrians) that generalise, perception-based, end-to-

end approaches, while flexible, they are also susceptible to spurious correlations.
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Therefore, they can pick up non-causal features that lead to confusion in OOD

scenes (de Haan et al., 2019).

Due to the complexity of the real-world and its ever-changing dynamics, the de-

ployed agents inevitably face novel situations and should be able to cope with them,

to at least (a) identify and ideally (b) recover from them, without failing catastroph-

ically. These desiderata are not captured by the existing benchmarks (Ros et al.,

2019, Codevilla et al., 2019) and as a consequence, are not satisfied by the current

state-of-the-art methods (Chen et al., 2019, Tang et al., 2019, Rhinehart et al.,

2020), which are prone to fail in unpredictable ways when they experience OOD

scenarios (depicted in Figure 3.3 and empirically verified in Section 3).

In this paper, we demonstrate the practical importance of OOD detection in AD

and its importance for safety. The key contributions are summarised as follows:

1. Epistemic uncertainty-aware planning: We present an epistemic

uncertainty-aware planning method, called robust imitative planning (RIP)

for detecting and recovering from distribution shifts. Simple quantification of

epistemic uncertainty with deep ensembles enables detection of distribution

shifts. By employing Bayesian decision theory and robust control objectives,

we show how we can act conservatively in unfamiliar states which often

allows us to recover from distribution shifts (didactic example depicted in

Figure 3.3).

2. Uncertainty-driven online adaptation: Our adaptive, online method,

called adaptive robust imitative planning (AdaRIP), uses RIP’s epistemic

uncertainty estimates to efficiently query the expert for feedback which is

used to adapt on-the-fly, without compromising safety. Therefore, AdaRIP

could be deployed in the real world: it can reason about what it does not

know and in these cases ask for human guidance to guarantee current safety

and enhance future performance.

3. Autonomous car novel-scene benchmark: We introduce an autonomous

car novel-scene benchmark, called CARNOVEL, to assess the robustness of AD

methods to a suite of out-of-distribution tasks. In particular, we evaluate
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(a) Demonstrations

D = D1 ∪ · · · Dk · · · ∪ DK
θk,MLE = argmaxθ E(x,y)∼Dk [log q(y|x; θ)]

x ∼ D1 θ1 q(y|x; θ1)

y ∼ D1

x ∼ DK θK q(y|x; θK)

y ∼ DK

(b) Ensemble training

x

θ1

y

θK

y

⊕ e.g., mink, 1
K

∑
k

U = ⊕ log q(y|x,G; θ), ∂U
∂y

plan y∗ = argmaxy U

(c) Planning under uncer-
tainty

Figure 3.2: The robust imitative planning (RIP) framework. (a) Expert demonstra-
tions. We assume access to observations x and expert state y pairs, collected either in
simulation (Dosovitskiy et al., 2017) or in real-world (Caesar et al., 2019, Sun et al., 2019,
Kesten et al., 2019). (b) Learning algorithm (cf. Section 3). We capture epistemic
model uncertainty by training an ensemble of density estimators {q(y|x; θk)}Kk=1, via
maximum likelihood. Other approximate Bayesian deep learning methods (Gal and
Ghahramani, 2016) are also tested. (c) Planning paradigm (cf. Section 3). The
epistemic uncertainty is taken into account at planning via the aggregation operator ⊕
(e.g., mink), and the optimal plan y∗ is calculated online with gradient-based optimization
through the learned likelihood models.

them in terms of their ability to: (a) detect OOD events, measured by the

correlation of infractions and model uncertainty; (b) recover from distribution

shifts, quantified by the percentage of successful manoeuvres in novel scenes

and (c) efficiently adapt to OOD scenarios, provided online supervision.

Problem Setting and Notation

We consider sequential decision-making in safety-critical domains. A method is

considered safe when it is accurate, with respect to some metric (cf. Sections 3, 14),

and certain.

Assumption 1 (Expert demonstrations). We assume access to a dataset, D =

{(xi,yi)}Ni=1, of time-profiled expert trajectories (i.e., plans), y, paired with high-

dimensional observations, x, of the corresponding scenes. The trajectories are

drawn from the expert policy, y ∼ πexpert(·|x).

Our goal is to approximate the (i.e., near-optimal) unknown expert policy, πexpert,

using imitation learning (Widrow and Smith, 1964, Pomerleau, 1989, IL), based
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only on the demonstrations, D. For simplicity, we also make the following assump-

tions, common in the autonomous driving and robotics literature (Rhinehart et al.,

2020, Du et al., 2019).

Assumption 2 (Inverse dynamics). We assume access to an inverse dynamics

model (Bellman, 2015, PID controller, I), which performs the low-level control –

inverse planning – at (i.e., steering, braking and throttling), provided the current

and next states (i.e., positions), st and st+1, respectively. Therefore, we can op-

erate directly on state-only trajectories, y = (s1, . . . , sT ), where the actions are

determined by the local planner, at = I(st, st+1), ∀t = 1, . . . , T − 1.

Assumption 3 (Global planner). We assume access to a global navigation system

that we can use to specify high-level goal locations G or/and commands C (e.g., turn

left/right at the intersection, take the second exit).

Assumption 4 (Perfect localization). We consider the provided locations (e.g.,

goal, ego-vehicle positions) as accurate, i.e., filtered by a localization system.

These are benign assumptions for many applications in robotics. If required,

these quantities can also be learned from data, and are typically easier to learn

than πexpert.

Robust Imitative Planning

We seek an imitation learning method that (a) provides a distribution over expert

plans; (b) quantifies epistemic uncertainty to allow for detection of OOD observa-

tions and (c) enables robustness to distribution shift with an explicit mechanism

for recovery. Our method is shown in Figure 3.2. First, we present the model used

for imitating the expert.

Bayesian Imitative Model

We perform context-conditioned density estimation of the distribution over future

expert trajectories (i.e., plans), using a probabilistic “imitative” model q(y|x; θ),
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(a) OOD driving scenario
m

od
el

s,
q k

trajectories, yi
y1 y2 y3

q1 0.6 0.1 0.3

q2 0.3 0.4 0.3

q3 0.2 0.2 0.6

mink 0.2 0.1 0.3 y3

argmaxi

y3

y2

y1

(b) Robust imitative planning

Figure 3.3: Didactic example: (a) in a novel, out-of-training distribution (OOD)
driving scenario, candidate plans/trajectories y1, y2, y3 are (b) evaluated (row-wise) by
an ensemble of expert-likelihood models q1, q2, q3. Under models q1 and q2 the best
plans are the catastrophic trajectories y1 and y2 respectively. Our epistemic uncertainty-
aware robust (RIP) planning method aggregates the evaluations of the ensemble and
proposes the safe plan y3. RIP considers the disagreement between the models and
avoid overconfident but catastrophic extrapolations in OOD tasks.

trained via maximum likelihood estimation (MLE):

θMLE = argmax
θ

E(x,y)∼D [log q(y|x; θ)] . (3.1)

Contrary to existing methods in AD (Rhinehart et al., 2020, Chen et al., 2019),

we place a prior distribution p(θ) over possible model parameters θ, which induces

a distribution over the density models q(y|x; θ). After observing data D, the

distribution over density models has a posterior p(θ|D).

Practical implementation. We use an autoregressive neural density esti-

mator (Rhinehart et al., 2018), depicted in Figure 3.2b, as the imitative model,

parametrised by learnable parameters θ. The likelihood of a plan y in context x

to come from an expert (i.e., imitation prior) is given by:

q(y|x; θ) =
T∏
t=1

p(st|y<t,x; θ)

=
T∏
t=1
N (st;µ(y<t,x; θ),Σ(y<t,x; θ)), (3.2)

where µ(·; θ) and Σ(·; θ) are two heads of a recurrent neural network, with shared

torso. We decompose the imitation prior as a telescopic product (cf. Eqn. (3.2)),

where conditional densities are assumed normally distributed, and the distribution
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parameters are learned (cf. Eqn. (3.1)). Despite the unimodality of normal distribu-

tions, the autoregression (i.e., sequential sampling of normal distributions where the

future samples depend on the past) allows to model multi-modal distributions (Uria

et al., 2016). Although more expressive alternatives exist, such as the mixture of

density networks (Bishop, 1994) and normalising flows (Rezende and Mohamed,

2015b), we empirically find Eqn. (3.2) sufficient.

The estimation of the posterior of the model parameters, p(θ|D), with exact

inference is intractable for non-trivial models (Neal, 2012). We use ensembles

of deep imitative models as a simple approximation to the posterior p(θ|D). We

consider an ensemble of K components, using θk to refer to the parameters of our k-

th model qk, trained with via maximum likelihood (cf. Eqn. (3.1) and Figure 3.2b).

However, any (approximate) inference method to recover the posterior p(θ|D)

would be applicable. To that end, we also try Monte Carlo dropout (Gal and

Ghahramani, 2016).

Detecting Distribution Shifts

The log-likelihood of a plan log q(y|x; θ) (i.e., imitation prior) is a proxy of the

quality of a plan y in context x under model θ. We detect distribution shifts by

looking at the disagreement of the qualities of a plan under models coming from

the posterior, p(θ|D). We use the variance of the imitation prior with respect to

the model posterior, i.e.,

u(y) ≜ Varp(θ|D) [log q(y|x; θ)] (3.3)

to quantify the model disagreement: Plans at in-distribution scenes have low

variance, but high variance in OOD scenes. We can efficiently calculate Eqn. (3.3)

when we use ensembles, or Monte Carlo, sampling-based methods for p(θ|D).

Having to commit to a decision, just the detection of distribution shifts via the

quantification of epistemic uncertainty is insufficient for recovery. Next, we intro-

duce an epistemic uncertainty-aware planning objective that allows for robustness

to distribution shifts.
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Figure 3.4: Uncertainty estimators as indicators of catastrophes on CARNOVEL. We col-
lect 50 scenes for each model that led to a crash, record the uncertainty 4 seconds (Taoka,
1989) before the accident and assert if the uncertainties can be used for detection. RIP’s
(ours) predictive variance (in blue, cf. Eqn. (3.3)) serves as a useful detector, while
DIM’s (Rhinehart et al., 2020) negative log-likelihood (in orange) cannot be used for
detecting catastrophes.

Planning Under Epistemic Uncertainty

We formulate planning to a goal location G under epistemic uncertainty, i.e., pos-

terior over model parameters p(θ|D), as the optimization (Barber, 2012) of the

generic objective, which we term robust imitative planning (RIP):

yG
RIP≜argmax

y

aggregation operator︷ ︸︸ ︷
⊕

θ∈supp
(
p(θ|D)

) log p(y|G, x; θ)︸ ︷︷ ︸
imitation posterior

≈argmax
y

⊕
θ∈supp

(
p(θ|D)

)log q(y|x; θ)︸ ︷︷ ︸
imitation prior

+ log p(G|y)︸ ︷︷ ︸
goal likelihood

, (3.4)

assuming the factorization log p(y|G,x) = log p(y|x; θ) + log p(G|y) − Z ≈

log q(y|x; θ)+log p(G|y)−Z, where Z is the normalizing constant log p(G|x) (which

can be omited in the maximization) and q(y|x; θ) is the (approximate) imitation

prior. The operator ⊕ (defined below) is applied on the posterior p(θ|D) and

the goal-likelihood is given, for example, by a Gaussian centered at the final goal

location sG
T and a pre-specified tolerance ϵ, p(G|y) = N (yT ; yG

T , ϵ
2I).

Intuitively, we choose the plan yG
RIP that maximises the likelihood to have

come from an expert demonstrator (i.e., “imitation prior”) and is “close” to the
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goal G. The model posterior p(θ|D) represents our belief (uncertainty) about

the true expert model, having observed data D and from prior p(θ) and the

aggregation operator ⊕ determines our level of awareness to uncertainty under

a unified framework.

For example, a deep imitative model (Rhinehart et al., 2020) is a particular

instance of the more general family of objectives described by Eqn. (3.4), where

the operator ⊕ selects a single θk from the posterior (point estimate). However, this

approach is oblivious to the epistemic uncertainty and prone to fail in unfamiliar

scenes (cf. Section 3).

In contrast, we focus our attention on two aggregation operators due to their

favourable properties, which take epistemic uncertainty into account: (a) one

inspired by robust control (Wald, 1939) which encourages pessimism in the face of

uncertainty and (b) one inspired by Bayesian decision theory, which marginalises

the epistemic uncertainty. To comply with utility theory notation, we will define

the logarithm of the imitation prior log q(y|x; θ) as the utility of the plan y under

model θ, U(y,x,θ) ≜ log q(y|x; θ). Table 3.1 summarises the different operators

considered in our experiments. Next, we motivate the used operators.

Worst Case Utility (RIP-WCU)

In the face of (epistemic) uncertainty, robust control (Wald, 1939) suggests to

act pessimistically – reason about the worst case scenario and optimise it. All

models with non-zero posterior probability p(θ|D) are likely and hence our robust

imitative planning with respect to the worst case utility (RIP-WCU) objective acts

with respect to the most pessimistic model, i.e.,

sRIP-WCU ≜ argmax
y

min
θ∈supp

(
p(θ|D)

)U(y,x,θ) . (3.5)

The solution of the argmaxy minθ optimization problem in Eqn. (3.5) is generally

not tractable, but our deep ensemble approximation enables us to solve it by

evaluating the minimum over a finite number of K models. The maximization over

plans, y, is solved with online gradient-based adaptive optimization, specifically
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ADAM (Kingma and Ba, 2014). An alternative online planning method with a

trajectory library (Liu and Atkeson, 2009) (c.f. Appendix A) is used too but its

performance in OOD scenes is noticeably worse than online gradient descent.

Alternative, “softer” robust operators can be used instead of the minimum,

including the Conditional Value at Risk (Embrechts et al., 2013, Rajeswaran et al.,

2016, CVaR) that employs quantiles. CVaR may be more useful in cases of full

support model posterior, where there may be a pessimistic but trivial model, for

example, due to misspecification of the prior, p(θ), or due to the approximate

inference procedure. Mean-variance optimization (Kahn et al., 2017, Kenton et al.,

2019) can be also used, aiming to directly minimise the distribution shift metric,

as defined in Eqn. (3.3).

Next, we present a different aggregator for epistemic uncertainty that is not as

pessimistic as RIP-WCU and, as found empirically, works sufficiently well too.

Expected Utility (RIP-EU)

In the face of (epistemic) uncertainty, Bayesian decision theory (Barber, 2012) uses

the predictive posterior (i.e., model averaging), which weights each model’s contri-

bution according to its posterior probability, i.e. Inspired by Bayesian decision

theory, we propose to act optimistically using the expected utility criterion,

sRIP-EU ≜ argmax
y

∫
p(θ|D)U(y,x,θ)dθ . (3.6)

Despite the intractability of the exact integration, the ensemble approximation used

allows us to efficiently estimate and optimise the objective. We call this method

robust imitative planning with expected utility (RIP-EU), where the more likely

utilities’ impacts are up-weighted according to the predictive posterior.

From a multi-objective optimization point of view, we can interpret the log-

likelihood, log q(y|x; θ), as the utility of a task θ, with importance p(θ|D), given

by the posterior density. Then RIP-EU in Eqn. (3.6) gives the Pareto efficient

solution (Barber, 2012) for the tasks θ ∈ supp
(
p(θ|D)

)
.
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Table 3.1: Robust imitative planning (RIP) unified framework. The different aggrega-
tion operators applied on the posterior distribution p(θ|D), approximated with the deep
ensemble (Lakshminarayanan et al., 2017) components θk.

Methods Operator ⊕ Interpretation
Imitative Models log qk=1 Sample
Best Case (RIP-BCU) maxk log qk Max

Robust Imitative Planning (ours)

Expected (RIP-EU) ∑
k log qk Geometric Mean

Worst Case (RIP-WCU) mink log qk Min

(a) nuScenes (b) CARNOVEL

Figure 3.5: RIP-EU (ours) robustness to OOD scenarios, compared to (Codevilla
et al., 2018, CIL) and (Rhinehart et al., 2020, DIM).

Benchmarking Robustness to Novelty

We designed our experiments to answer the following questions: Q1. Can au-

tonomous driving, imitation-learning, epistemic-uncertainty unaware methods de-

tect distribution shifts? Q2. How robust are these methods under distribution

shifts, i.e., can they recover? Q3. Does RIP’s epistemic uncertainty quantification

enable identification of novel scenes? Q4. Does RIP’s explicit mechanism for

recovery from distribution shifts lead to improved performance? To that end, we
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Table 3.2: We evaluate different autonomous driving prediction methods in terms of
their robustness to distribution scene, in the nuScenes ICRA 2020 challenge (Phan-Minh
et al., 2019). We use the provided train–val–test splits and report performance on the test
(i.e., out-of-sample) scenarios. A “♣” indicates methods that use LIDAR observation, as
in (Rhinehart et al., 2019a), and a “♢” methods that use bird-view privileged information,
as in (Phan-Minh et al., 2019). A “⋆” indicates that we used the results from the original
paper, otherwise we used our implementation. Standard errors are in gray (via bootstrap
sampling). The outperforming method is in bold.

Boston Singapore

minADE1 ↓ minADE5 ↓ minFDE1 ↓ minADE1 ↓ minADE5 ↓ minFDE1 ↓
Methods (2073 scenes, 50 samples, open-loop planning) (1189 scenes, 50 samples, open-loop planning)

MTP♢⋆ (Cui et al., 2019) 4.13 3.24 9.23 4.13 3.24 9.23
MultiPath♢⋆ (Chai et al., 2019) 3.89 3.34 9.19 3.89 3.34 9.19
CoverNet♢⋆ (Phan-Minh et al., 2019) 3.87 2.41 9.26 3.87 2.41 9.26

DIM♣ (Rhinehart et al., 2020) 3.64±0.05 2.48±0.02 8.22±0.13 3.82±0.04 2.95±0.01 8.91±0.08
RIP-BCU♣ (baseline, cf. Table 3.1) 3.53±0.04 2.37±0.01 7.92±0.09 3.57±0.02 2.70±0.01 8.39±0.03

RIP-EU♣ (ours, cf. Section 3) 3.39±0.03 2.33±0.01 7.62±0.07 3.48±0.01 2.69±0.02 8.19±0.02
RIP-WCU♣ (ours, cf. Section 3) 3.29±0.03 2.28±0.00 7.45±0.05 3.43±0.01 2.66±0.01 8.09±0.04

conduct experiments both on real data, in Section 3, and on simulated scenarios,

in Section 3, comparing our method (RIP) against current state-of-the-art driving

methods.

nuScenes

We first compare our robust planning objectives (cf. Eqn. (3.5–3.6)) against existing

state-of-the-art imitation learning methods in a prediction task (Phan-Minh et al.,

2019), based on nuScenes (Caesar et al., 2019), the public, real-world, large-scale

dataset for autonomous driving. Since we do not have control over the scenes split,

we cannot guarantee that the evaluation is under distribution shifts, but only test

out-of-sample performance, addressing question Q4.

Metrics

For fair comparison with the baselines, we use the metrics from the ICRA 2020

nuScenes prediction challenge.

Displacement error. The quality of a plan, y, with respect to the ground

truth prediction, y∗ is measured by the average displacement error, i.e.,

ADE(y) ≜ 1
T

T∑
t=1
∥st − s∗

t∥ , (3.7)
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where y = (s1, . . . , sT ). Stochastic models, such as our imitative model, q(y|x; θ),

can be evaluated based on their samples, using the minimum (over k samples) ADE

(i.e., minADEk), i.e.,

minADEk(q) ≜ min
{yi}ki=1∼q(y|x)

ADE(yi) . (3.8)

In prior work, Phan-Minh et al. (2019) studied minADEk for k > 1 in order to

assess the quality of the generated samples from a model, q. Although we report

minADEk for k = {1, 5}, we are mostly interested in the decision-making (planning)

task, where the driving agent commits to a single plan, k = 1. We also study the

final displacement error (FDE), or equivalently minFDE1, i.e.,

minFDE1(y) ≜ ∥sT − s∗
T∥ . (3.9)

Baselines

We compare our contribution to state-of-the-art methods in the nuScenes dataset:

the Multiple-Trajectory Prediction (Cui et al., 2019, MTP), MultiPath (Chai et al.,

2019) and CoverNet (Phan-Minh et al., 2019), all of which score a (fixed) set of

trajectories, i.e., trajectory library (Liu and Atkeson, 2009). Moreover, we imple-

ment the Deep Imitative Model (Rhinehart et al., 2020, DIM) and an optimistic

variant of RIP, termed RIP-BCU and described in Table 3.1.

Results

We use the provided train-val-test splits from (Phan-Minh et al., 2019), for towns

Boston and Singapore. For all methods we use N = 50 trajectories, and in

case of both DIM and RIP, we only optimise the “imitation prior” (cf. Eqn. 3.4),

since goals are not provided, running N planning procedures with different random

initializations. The performance of the baselines and our methods are reported on

Table 3.2. We can affirmatively answer Q4 since RIP consistently outperforms the

current state-of-the-art methods in out-of-sample evaluation. Moreover, Q2 can

be partially answered, since the epistemic-uncertainty-unaware baselines underper-

formed compared to RIP.
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Table 3.3: We evaluate different autonomous driving methods in terms of their
robustness to distribution shifts, in our new benchmark, CARNOVEL. All methods are
trained on CARLA Town01 using imitation learning on expert demonstrations from
the autopilot (Dosovitskiy et al., 2017). A “†” indicates methods that use first-person
camera view, as in (Chen et al., 2019), a “♣” methods that use LIDAR observation,
as in (Rhinehart et al., 2020) and a “♢” methods that use the ground truth game
engine state, as in (Chen et al., 2019). A “⋆” indicates that we used the reference
implementation from the original paper, otherwise we used our implementation. For all
the scenes we chose pairs of start-destination locations and ran 10 trials with randomized
initial simulator state for each pair. Standard errors are in gray (via bootstrap sampling).
The outperforming method is in bold.

AbnormalTurns BusyTown

Success ↑ Infra/km ↓ Distance ↑ Success ↑ Infra/km ↓ Distance ↑
Methods (7× 10 scenes, %) (×1e−3) (m) (11× 10 scenes, %) (×1e−3) (m)

CIL♣⋆ (Codevilla et al., 2018) 65.71±07.37 07.04±05.07 128±020 05.45±06.35 11.49±03.66 217±033
LbC†⋆ (Chen et al., 2019) 00.00±00.00 05.81±00.58 208±004 20.00±13.48 03.96±00.15 374±016
LbC-GT♢⋆ (Chen et al., 2019) 02.86±06.39 03.68±00.34 217±033 65.45±07.60 02.59±00.02 400±006

DIM♣ (Rhinehart et al., 2020) 74.28±11.26 05.56±04.06 108±017 47.13±14.54 08.47±05.22 175±026
RIP-BCU♣ (baseline, cf. Table 3.1) 68.57±09.03 07.93±03.73 096±017 50.90±20.64 03.74±05.52 175±031

RIP-EU♣ (ours, cf. Section 3) 84.28±14.20 07.86±05.70 102±015 64.54±23.25 05.86±03.99 170±033
RIP-WCU♣ (ours, cf. Section 3) 87.14±14.20 04.91±03.60 102±021 62.72±05.16 03.17±02.04 167±021

Hills Roundabouts

Success ↑ Infra/km ↓ Distance ↑ Success ↑ Infra/km ↓ Distance ↑
Methods (4× 10 scenes, %) (×1e−3) (m) (5× 10 scenes, %) (×1e−3) (m)

CIL♣⋆ (Codevilla et al., 2018) 60.00±29.34 04.74±03.02 219±034 20.00±00.00 03.60±03.23 269±021
LbC†⋆ (Chen et al., 2019) 50.00±00.00 01.61±00.15 541±101 08.00±10.95 03.70±00.72 323±043
LbC-GT♢⋆ (Chen et al., 2019) 05.00±11.18 03.36±00.26 312±020 00.00±00.00 06.47±00.99 123±018

DIM♣ (Rhinehart et al., 2020) 70.00±10.54 06.87±04.09 195±012 20.00±09.42 06.19±04.73 240±044
RIP-BCU♣ (baseline, cf. Table 3.1) 75.00±00.00 05.49±04.03 191±013 06.00±09.66 06.78±07.05 251±027

RIP-EU♣ (ours, cf. Section 3) 97.50±07.90 00.26±00.54 196±013 38.00±06.32 05.48±05.56 271±047
RIP-WCU♣ (ours, cf. Section 3) 87.50±13.17 01.83±01.73 191±006 42.00±06.32 04.32±01.91 217±030

Nonetheless, since we do not have full control over train and test splits at the

ICRA 2020 challenge and hence we cannot introduce distribution shifts, we are

not able to address questions Q1 and Q3 with the nuScenes benchmark. To

that end, we now introduce a control benchmark based on the CARLA driving

simulator (Dosovitskiy et al., 2017).

SHIFTS

Shifts dataset is based on the following paper:

Andrey Malinin, Neil Band, German Chesnokov, Yarin Gal, Mark JF Gales, Alexey

Noskov, Andrey Ploskonosov, Liudmila Prokhorenkova, Ivan Provilkov, Vatsal

Raina, Vyas Raina, Mariya Shmatova, Panagiotis Tigas and Boris Yangel."Shifts
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Dataset: Real-world distribution shifts in autonomous driving". In NeurIPS 2021

Track Datasets and Benchmarks.

Dataset The dataset for the Vehicle Motion Prediction task was collected by the

Yandex Self-Driving Group (SDG) fleet and is the largest vehicle motion prediction

dataset released to date, containing 600,000 scenes. These scenes span six locations,

three seasons, three times of day, and four weather conditions. Each scene includes

information about the state of dynamic objects and an HD map. Each scene is

10 seconds long and is divided into 5 seconds of context features and 5 seconds

of ground truth targets for prediction, separated by the time T = 0. The goal

is to predict the movement trajectory of vehicles at time T ∈ (0, 5] based on the

information available for time T ∈ [−5, 0]. The data contains training, development

(dev) and evaluation (eval) sets. In order to study the effects of distributional shift,

we partition the data such that the dev and eval sets have in-domain partitions

which match the location and precipitation type of the training set, and out-of-

domain or shifted partitions which do not match the training data along one or

more of those axes. As in the other Shifts tasks, we define a canonical partitioning

which is used throughout benchmarking.1 The training set and in-domain partition

of the dev and eval sets are taken from Moscow. Distributionally shifted dev data

is taken from Skolkovo, Modiin, and Innopolis. Distributionally shifted eval data is

taken from Tel Aviv and Ann Arbor. We also remove all cases of precipitation from

the in-domain sets, while distributionally shifted datasets include precipitation. A

full description of the dataset is available in Appendix B.

Metrics Here we consider five different performance metrics — minimum Average

Displacement Error (minADE), minimum Final Displacement Error (minFDE),

confidence-weighed ADE and FDE, and corrected Negative Log-Likelihood (cNLL).

cNLL is a new metric we introduce that is particilarly well-suited for assessing how

models handle multi-modal situations. The minimum or weighting is done across
1This partitioning is also the one used in the Shifts Challenge: http://research.yandex.

com/shifts

http://research.yandex.com/shifts
http://research.yandex.com/shifts
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up to 5 trajectories predicted by the baseline models. See Appendix B for detailed

explanations of the metrics.

Baselines We consider two variants of Robust Imitative Planning (RIP) (Filos

et al., 2020) as baselines. We use an ensemble of probabilistic models to stochasti-

cally generate multiple predictions for a given prediction request. Predictions are

aggregated across ensemble members to compute the expected utility (EU). We

consider a simple RNN-based behavioral cloning network (RIP-BC) Codevilla et al.

(2018) and autoregressive flow–based Deep Imitative Model (RIP-DIM) Rhinehart

et al. (2020) as backbone models. We adapt RIP to produce uncertainty estimates

at two levels of granularity: per-trajectory and per–prediction request. Finally, we

vary the number of ensemble members K ∈ {1, 3, 5} and the uncertainty estimation

method between Deep Ensembles (Lakshminarayanan et al., 2017) and Monte-

Carlo Dropout (Gal and Ghahramani, 2016). See Appendix B for details on RIP,

uncertainty estimation methods, backbone models, experimental setup, and full

results. Additional results using Dropout Ensembles are provided in Appendix B.

Table 3.4: Predictive performance of BC & DIM RIP on in-domain, shifted, and full
dev & eval data.

Dataset Model cNLL ↓ minADE ↓ weightedADE ↓ minFDE ↓ weightedFDE ↓
In Shifted Full In Shifted Full In Shifted Full In Shifted Full In Shifted Full

Dev

BC, MA, K=1 59.64 98.54 64.29 0.818 0.960 0.835 1.088 1.245 1.107 1.718 2.113 1.765 2.368 2.777 2.417
BC, MA, K=5 56.86 91.54 61.01 0.765 0.887 0.779 1.012 1.133 1.026 1.617 1.976 1.660 2.210 2.551 2.251
DIM, MA, K=1 50.66 73.00 53.34 0.750 0.818 0.758 1.523 1.583 1.530 1.497 1.720 1.524 3.472 3.639 3.492
DIM, MA, K=5 50.85 72.45 53.43 0.719 0.786 0.727 1.399 1.469 1.408 1.482 1.698 1.508 3.202 3.393 3.225

Eval

BC, MA, K=1 60.20 98.82 67.93 0.829 1.084 0.880 1.104 1.407 1.164 1.733 2.420 1.870 2.394 3.197 2.555
BC, MA, K=5 57.75 95.00 65.20 0.777 1.014 0.824 1.028 1.299 1.082 1.636 2.278 1.765 2.238 2.957 2.382
DIM, MA, K=1 50.50 76.00 55.60 0.759 0.942 0.796 1.551 1.883 1.618 1.511 1.983 1.605 3.536 4.376 3.704
DIM, MA, K=5 51.19 78.85 56.73 0.728 0.918 0.766 1.424 1.754 1.490 1.493 2.000 1.595 3.256 4.093 3.424

Predictive performance results for the RIP variants are presented in Table 3.4.

Performance is assessed on the in-distribution (In), distributionally shifted (Shifted),

and combined (Full) dev and eval datasets. We observe that across all model

configurations, performance on the shifted data is worse than that on the in-

distribution data. We also observe that RIP-BC consistently outperforms RIP-

DIM on the per-trajectory confidence weighted metrics (weightedADE and weight-

edFDE), and RIP (DIM) outperforms RIP (BC) on minADE and minFDE. This
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result might occur if DIM has higher predictive variance. In such a case, DIM might

be more effective in modeling multimodality, and therefore would tend to produce

at least one high accuracy trajectory on more scenes, improving performance on

min aggregation metrics. This is supported by DIM models yielding the best

cNLL, which is a metric particularly sensitive to correct treatment of multi-modal

situations. In contrast, for “obvious” scenes, DIM might then produce unneces-

sarily complicated trajectories which would be reflected in poor performance on

weightedADE.

Table 3.5: Uncertainty and robustness performance for motion prediction. The error
metric for computing the area under the F1 curve (F1-AUC) and F1 at 95% retention
rate (F1@95%) is cNLL.

Data Ensemble R-AUC cNLL ↓ R-AUC weightedADE ↓ F1-AUC (%) ↑ F1@95% ↑ ROC-AUC (%) ↑
Size (K) RIP-BC RIP-DIM RIP-BC RIP-DIM RIP-BC RIP-DIM RIP-BC RIP-DIM RIP-BC RIP-DIM

Dev 1 11.22 12.86 0.268 0.419 65.1 63.8 89.3 87.4 51.0 51.8
5 9.08 13.24 0.236 0.376 65.2 63.7 90.6 89.7 49.2 51.4

Eval 1 12.91 14.32 0.293 0.458 65.0 63.6 88.4 86.3 52.8 51.8
5 10.57 15.16 0.258 0.411 65.1 63.5 89.7 88.9 52.1 50.9

Table 3.5 presents a joint evaluation of the uncertainty quantification and robust-

ness of our baselines. We compute R-AUC with respect to cNLL and weightedADE,

and the F1-AUC and F1@95% metrics with respect to the cNLL metric, as detailed

in Appendix B. We observe that an ensemble of RIP-BC models outperforms RIP-

DIM on these metrics. These results strongly suggest that RIP-BC has more

informative uncertainty estimates than RIP-DIM, because RIP-BC achieves better
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Figure 3.6: Retention curves for Vehicle Motion Prediction on full eval data.
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R-AUC cNLL despite having greater overall error in terms of cNLL (in addition to

minADE and minFDE). Figure Fig. 3.6 depicts, for cNLL, error- and F1-retention

curves on the full eval dataset which reflect the trends observed in Table Table 3.5.

Additionally, we find that across model configurations the per–prediction request

uncertainty scores do not perform particularly well in detecting distribution shift

(ROC-AUC). This may occur due to significant data uncertainty in all cases. Future

work on detecting distributional shift on this dataset could, for example, inspect

the distribution of log-likelihood scores on the in-distribution and shifted partitions

in order to devise a metric for this task, aside from the uncertainty scores U used

for the retention analysis.

CARNOVEL

In order to access the robustness of AD methods to novel, OOD driving scenarios,

we introduce a benchmark, called CARNOVEL. In particular, CARNOVEL is built on the

CARLA simulator (Dosovitskiy et al., 2017). Offline expert demonstrations2 from

Town01 are provided for training. Then, the driving agents are evaluated on a suite

of OOD navigation tasks, including but not limited to roundabouts, challenging

non-right-angled turns and hills, none of which are experienced during training.

The CARNOVEL tasks are summarised in Appendix A. Next, we introduce metrics

that quantify and help us answer questions Q1, Q3.

Metrics

Since we are studying navigation tasks, agents should be able to reach safely pre-

specified destinations. As done also in previous work (Codevilla et al., 2018, Rhine-

hart et al., 2020, Chen et al., 2019), the infractions per kilometre metric (i.e.,

violations of rules of the road and accidents per driven kilometre) measures how

safely the agent navigates. The success rate measures the percentage of successful

navigations to the destination, without any infraction. However, these standard

metrics do not directly reflect the methods’ performance under distribution shifts.
2using the CARLA rule-based autopilot (Dosovitskiy et al., 2017) without actuator noise.
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As a result, we introduce two new metrics for quantifying the performance in out-

of-training distribution tasks:

Detection score. The correlation of infractions and model’s uncertainty

termed detection score is used to measure a method’s ability to predict the OOD

scenes that lead to catastrophic events. As discussed by Michelmore et al. (2018),

we look at time windows of 4 seconds (Taoka, 1989, Coley et al., 2009). A method

that can detect potential infractions should have high detection score.

Recovery score. The percentage of successful manoeuvres in novel scenes

— where the uncertainty-unaware methods fail — is used to quantify a method’s

ability to recover from distribution shifts. We refer to this metric as recovery score.

A method that is oblivious to novelty should have 0 recovery score, but positive

otherwise.
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Figure 3.7: Adaptation scores of AdaRIP (cf. Section 3) on CARNOVEL tasks that
RIP-WCU and RIP-EU (cf. Section 3) do worst. We observe that as the number of
online expert demonstrations increases, the success rate improves thanks to online model
adaptation.

Baselines

We compare RIP against the current state-of-the-art imitation learning methods in

the CARLA benchmark (Codevilla et al., 2018, Rhinehart et al., 2020, Chen et al.,

2019). Apart from DIM and RIP-BCU, discussed in Section 3, we also benchmark:

Conditional imitation learning (Codevilla et al., 2018, CIL) is a discrim-

inative behavioural cloning method that conditions its predictions on contextual

information (e.g., LIDAR) and high-level commands (e.g., turn left, go straight).

Learning by cheating (Chen et al., 2019, LbC) is a method that builds on CIL

and uses (cross-modal) distillation of privileged information (e.g., game state, rich,

annotated bird-eye-view observations) to a sensorimotor agent. For reference, we
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also evaluate the agent who has uses privileged information directly (i.e., teacher),

which we term LbC-GT.

Results

All the methods are trained on offline expert demonstrations from CARLA Town01.

We perform 10 trials per CARNOVEL task with randomised initial simulator state

and the results are reported on Table 3.3.

Our robust imitative planning (i.e., RIP-WCU and RIP-EU) consistently outper-

forms the current state-of-the-art imitation learning-based methods in novel, OOD

driving scenarios. In alignment with the experimental results from nuScenes (cf.

Section 3), we address questions Q4 and Q2, reaching the conclusion that RIP’s

epistemic uncertainty explicit mechanism for recovery improves its performance

under distribution shifts, compared to epistemic uncertainty-unaware methods. As

a result, RIP’s recovery score (cf. Section 3) is higher than the baselines.

Towards distribution shift detection and answering questions Q1 and Q3, we

collect 50 scenes for each method that led to a crash, record the uncertainty 4

seconds (Taoka, 1989) before the accident and assert if the uncertainties can be

used for detection. RIP’s (ours) predictive variance (cf. Eqn. (3.3)) serves as a

useful detector, while DIM’s (Rhinehart et al., 2020) negative log-likelihood was

unable to detect catastrophes. The results are illustrated on Figure 3.4.

Adaptive Robust Imitative Planning

We empirically observe that the quantification of epistemic uncertainty and its use

in the RIP objectives is not always sufficient to recover from shifts away from the

training distribution (Chapter 3). However, we can use uncertainty estimates to

ask the human driver to take back control or default to a safe policy, avoiding

potential infractions. In the former case, the human driver’s behaviors can be

recorded and used to reduce RIP’s epistemic uncertainty via online adaptation.

The epistemic uncertainty is reducible and hence it can be eliminated, provided

enough demonstrations.
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novel (OOD)

in-distribution

(a) Data distribution (b) Domain Randomization

ENC

(c) Domain adaptation (d) Online adaptation

Figure 3.8: Common approaches to distribution shift, as in (a) there are novel (OOD)
points that are outside the support of the training data: (b) domain randomization
(e.g., Sadeghi and Levine (2016)) covers the data distribution by exhaustively sampling
configurations from a simulator; (c) domain adaptation (e.g., McAllister et al. (2019))
projects (or encodes) the (OOD) points to the in-distribution space and (d) online
adaptation (e.g., Ross et al. (2011)) progressively expands the in-distribution space by
incorporating online, external feedback.

We propose an adaptive variant of RIP, called AdaRIP, which uses the epistemic

uncertainty estimates to decide when to query the human driver for feedback, which

is used to update its parameters online, adapting to arbitrary new driving scenarios.

AdaRIP relies on external, online feedback from an expert demonstrator3, similar to

DAgger (Ross et al., 2011) and its variants (Zhang and Cho, 2016, Cronrath et al.,

2018). However, unlike this prior work, AdaRIP uses an epistemic uncertainty-

aware acquisition mechanism. AdaRIP’s pseudocode is given in Algorithm 2.

The uncertainty (i.e., variance) threshold, τ , is calibrated on a validation dataset,

such that it matches a pre-specified level of false negatives, using a similar analysis

to Figure 3.4.

Benchmarking Adaptation

The goal of this section is to provide experimental evidence for answering the

following questions: Q5. Can RIP’s epistemic-uncertainty estimation be used for
3AdaRIP is also compatible with other feedback mechanisms, such as expert preferences (Chris-

tiano et al., 2017) or explicit reward functions (de Haan et al., 2019).
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Algorithm 2: Adaptive Robust Imitative Planning
Input :
D Demonstrations
K Number of models
B Data buffer
τ Variance threshold

I(at|st, st+1) Local planner
q(y|x; θ) Imitative model
p(G|y) Goal likelihood
p(θ) Model prior

// Approximate model posterior inference, e.g., deep ensemble
1 for model index k = 1 . . . K do
2 Bootstrap sample dataset Dk boot∼ D
3 Sample model parameters from prior, θk ∼ p(θ)
4 Train ensemble’s k-component via maximum likelihood estimation

(MLE) // Eqn. (3.1) θk ← argmaxθ E(x,y)∼Dk [log q(y|x; θ)]
// Online planning

5 x,G ← env.reset()
6 while not done do
7 Get robust imitative plan // Eqn. (3.4)

y∗ ← argmaxy⊕
θ

log q(y|x; θ) + log p(G|y)

// Online adaptation
8 Estimate the predictive variance of the y∗ plan’s quality under the

model posterior // Eqn. (3.3) u(y∗) = Varp(θ|D) [log q(y∗|x; θ)]
9 if u(y∗) > τ then

10 y∗ ← Query expert at x
11 B ← B ∪ (x,y∗)
12 Update model posterior on B // with any few-shot adaptation

method

13 at ← I(·|y∗)
14 x,G, done← env.step(at)

efficiently querying an expert for online feedback (i.e., demonstrations)? Q6. Does

AdaRIP’s online adaptation mechanism improve success rate?

We evaluate AdaRIP on CARNOVEL tasks, where the CARLA autopilot (Dosovit-

skiy et al., 2017) is queried for demonstrations online when the predictive variance

(cf. Eqn. (3.3)) exceeds a threshold, chosen according to RIP’s detection score, (cf.

Figure 3.4). We measure performance according to the:

Adaptation score. The improvement in success rate as a function of number

of online expert demonstrations is used to measure a method’s ability to adapt

efficiently online. We refer to this metric as adaptation score. A method that can

adapt online should have a positive adaptation score.
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AdaRIP’s performance on the most challenging CARNOVEL tasks is summarised

in Figure 3.7, where, as expected, the success rate improves as the number of online

demonstrations increases. Qualitative examples are illustrated in Appendix 14.

Although AdaRIP can adapt to any distribution shift, it is prone to catastrophic

forgetting and sample-inefficiency, as many online methods (French, 1999). In this

paper, we only demonstrate AdaRIP’s efficacy to adapt under distribution shifts

and do not address either of these limitations. Future work lies in providing a

practical, sample-efficient algorithm to be used in conjunction with the AdaRIP

framework. Methods for efficient (e.g., few-shot or zero-shot) and safe adapta-

tion (Finn et al., 2017, Zhou et al., 2019) are orthogonal to AdaRIP and hence any

improvement in these fields could be directly used for AdaRIP.

Related Work

Imitation learning. Learning from expert demonstrations (i.e., imitation learn-

ing (Widrow and Smith, 1964, Pomerleau, 1989, IL)) is an attractive framework for

sequential decision-making in safety-critical domains such as autonomous driving,

where trial and error learning has little to no safety guarantees during training. A

plethora of expert driving demonstrations has been used for IL (Caesar et al., 2019,

Sun et al., 2019, Kesten et al., 2019) since a model mimicking expert demonstrations

can simply learn to stay in “safe”, expert-like parts of the state space and no explicit

reward function need be specified.

On the one hand, behavioural cloning approaches (Liang et al., 2018, Sauer

et al., 2018, Li et al., 2018, Codevilla et al., 2018, 2019, Chen et al., 2019) fit

command-conditioned discriminative sequential models to expert demonstrations,

which are used in deployment to produce expert-like trajectories. On the other

hand, Rhinehart et al. (2020) proposed command-unconditioned expert trajectory

density models which are used for planning trajectories that both satisfy the

goal constraints and are likely under the expert model. However, both of these

approaches fit point-estimates to their parameters, thus do not quantify their model

(epistemic) uncertainty, as explained next. This is especially problematic when
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(Normalized) Uncertainty

(a) RIP (b) AdaRIP

Figure 3.9: Examples where the non-adaptive method (a) fails to recover from a
distribution shift, despite it being able to detect it. The adaptive method (b) queries
the human driver when uncertain (dark red), then uses the online demonstrations for
updating its model, resulting into confident (light red, white) and safe trajectories.

estimating what an expert would or would not do in unfamiliar, OOD scenes. In

contrast, our methods, RIP and AdaRIP, does quantify epistemic uncertainty in

order to both improve planning performance and triage situations in which an

expert should intervene.

Novelty detection & epistemic uncertainty. A principled means to capture

epistemic uncertainty is with Bayesian inference to compute the predictive distribu-

tion. However, evaluating the posterior p(θ|D) with exact inference is intractable

for non-trivial models (Neal, 2012). Approximate inference methods (Graves, 2011,
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Blundell et al., 2015, Gal and Ghahramani, 2016, Hernández-Lobato and Adams,

2015) have been introduced that can efficiently capture epistemic uncertainty. One

approximation for epistemic uncertainty in deep models is model ensembles (Lak-

shminarayanan et al., 2017, Chua et al., 2018). Prior work by Kahn et al. (2017)

and Kenton et al. (2019) use ensembles of deep models to detect and avoid catas-

trophic actions in navigation tasks, although they can not recover from or adapt

to distribution shifts. Our epistemic uncertainty-aware planning objective, RIP,

instead, managed to recover from some distribution shifts, as shown experimentally

in Section 3.

Coping with distribution shift. Strategies to cope with distribution shift

include (a) domain randomization; (b) domain adaptation and (c) online adap-

tation. Domain randomization assumes access to a simulator and exhaustively

searches for configurations that cover all the data distribution support in order

to eliminate OOD scenes, as illustrated in Figure 3.8b. This approach has been

successfully used in simple robotic tasks (Sadeghi and Levine, 2016, OpenAI et al.,

2018, Akkaya et al., 2019) but it is impractical for use in large, real-world tasks, such

as AD. Domain adaptation and bisimulation (Castro and Precup, 2010), depicted

in Figure 3.8c, tackle OOD points by projecting them back to in-distribution points,

that are “close” to training points according to some metric. Despite its success in

simple visual tasks (McAllister et al., 2019), it has no guarantees under arbitrary

distribution shifts. In contrast, online learning methods (Cesa-Bianchi and Lugosi,

2006, Ross et al., 2011, Zhang and Cho, 2016, Cronrath et al., 2018) have no-

regret guarantees and, provided frequent expert supervision, they asymptotically

cover the whole data distribution’s support, adaptive to any distribution shift, as

shown in Figure 3.8d. In order to continually cope with distribution shift, a learner

must receive interactive feedback (Ross et al., 2011), however, the frequency of this

costly feedback should be minimised. Our epistemic-uncertainty-aware method,

Robust Imitative Planning can cope with some OOD events, thereby reducing the

system’s dependency on expert feedback, and can use this uncertainty to decide

when it cannot cope–when the expert must intervene.
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Current benchmarks. We are interested in the control problem, where AD

agents get deployed in reactive environments and make sequential decisions. The

CARLA Challenge (Ros et al., 2019, Dosovitskiy et al., 2017, Codevilla et al.,

2019) is an open-source benchmark for control in AD. It is based on 10 traffic

scenarios from the NHTSA pre-crash typology (National Highway Traffic Safety

Administration, 2007) to inject challenging driving situations into traffic patterns

encountered by AD agents. The methods are only assessed in terms of their

generalization to weather conditions, the initial state of the simulation (e.g., the

start and goal locations, and the random seed of other agents.) and the traffic

density (i.e., empty town, regular traffic and dense traffic).

Despite these challenging scenarios selected in the CARLA Challenge, the agents

are allowed to train on the same scenarios in which they evaluated, and so the

robustness to distributional shift is not assessed. Consequently, both Chen et al.

(2019) and Rhinehart et al. (2020) manage to solve the CARLA Challenge with

almost 100% success rate, when trained in Town01 and tested in Town02. However,

both methods score almost 0% when evaluated in Roundabouts due to the presence

of OOD road morphologies, as discussed in Section 3.

Summary and Conclusions

To summarise, in this paper, we studied autonomous driving agents in out-of-

training distribution tasks (i.e. under distribution shifts). We introduced an

epistemic uncertainty-aware planning method, called robust imitative planning

(RIP), which can detect and recover from distribution shifts, as shown experimen-

tally in a real prediction task, nuScenes, and a driving simulator, CARLA. We

presented an adaptive variant (AdaRIP) which uses RIP’s epistemic uncertainty

estimates to efficiently query the expert for online feedback and adapt its model

parameters online. We also introduced and open-sourced an autonomous car novel-

scene benchmark, termed CARNOVEL, to assess the robustness of driving agents to a

suite of OOD tasks. Finally, we introduced a dataset called SHIFTs to benchmark
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the performance of uncertainty-aware autonomous driving agents in OOD settings,

based on real-world datasets gathered in various scenes around the world.
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Part II

Optimism in the face of
uncertainty
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4
Active Learning for Treatment Effects

from Observational Data

This section is based on the following published work:

Andrew Jesson*, Panagiotis Tigas*, Joost van Amersfoort, Andreas Kirsch, Uri

Shalit, and Yarin Gal."Causal-BALD: Deep Bayesian active learning of outcomes to

infer treatment-effects from observational data". In Advances in Neural Information

Processing Systems 34 (2021): 30465-30478.

Abstract

Estimating personalized treatment effects from high-dimensional observational data

is essential in situations where experimental designs are infeasible, unethical, or

expensive. Existing approaches rely on fitting deep models on outcomes observed

for treated and control populations. However, when measuring individual outcomes

is costly, as is the case of a tumor biopsy, a sample-efficient strategy for acquiring

each result is required. Deep Bayesian active learning provides a framework for

efficient data acquisition by selecting points with high uncertainty. However, ex-

isting methods bias training data acquisition towards regions of non-overlapping

support between the treated and control populations. These are not sample-

efficient because the treatment effect is not identifiable in such regions. We in-

65
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troduce causal, Bayesian acquisition functions grounded in information theory

that bias data acquisition towards regions with overlapping support to maximize

sample efficiency for learning personalized treatment effects. We demonstrate the

performance of the proposed acquisition strategies on synthetic and semi-synthetic

datasets IHDP and CMNIST and their extensions, which aim to simulate common

dataset biases and pathologies.

Introduction

How will a patient’s health be affected by taking a medication (Perez, 2019)? How

will a user’s question be answered by a search recommendation (Noble, 2018)? We

can gain insight into these questions by learning about personalized treatment ef-

fects. Estimating personalized treatment effects from observational data is essential

when experimental designs are infeasible, unethical, or expensive. Observational

data represent a population of individuals described by a set of pre-treatment

covariates (age, blood pressure, socioeconomic status), an assigned treatment (med-

ication, no medication), and a post-treatment outcome (severity of migraines). An

ideal personalized treatment effect is the difference between the post-treatment

outcome if the individual receives treatment and the post-treatment outcome if

they do not receive treatment. However, it is impossible to observe both outcomes

for an individual; therefore, the difference is estimated between populations instead.

In the setting of binary treatments, data belong to either the treatment group

(individuals that received the treatment) or the control group (individuals who did

not). The personalized treatment effect is the expected difference in outcomes be-

tween treated and controlled individuals who share the same (or similar) measured

covariates; as an illustration, see the difference between the solid lines in Fig. 4.1

(middle pane).

The use of pre-treatment covariates assembled from high-dimensional, hetero-

geneous measurements such as medical images and electronic health records is

increasing (Sudlow et al., 2015). Deep learning methods have been shown capable

of learning personalized treatment effects from such data (Shalit et al., 2017, Shi
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et al., 2019, Jesson et al., 2021). However, a problem in deep learning is data

efficiency. While modern methods are capable of impressive performance, they

need a significant amount of labeled data. Acquiring labeled data can be expensive,

requiring specialist knowledge or an invasive procedure to determine the outcome.

Therefore, it is desirable to minimize the amount of labeled data needed to obtain a

well-performing model. Active learning provides a principled framework to address

this concern (Cohn et al., 1996). In active learning for treatment effects (Deng

et al., 2011, Sundin et al., 2019, Qin et al., 2021) a model is trained on available

labeled data consisting of covariates, assigned treatments, and acquired outcomes.

The model predictions decide the most informative examples from data comprised

of only covariates and treatment indicators. Outcomes are acquired, e.g., by

performing a biopsy for the selected patients, and the model is retrained and

evaluated. This process repeats until either a satisfactory performance level is

achieved or the labeling budget is exhausted.

At first sight, this might seem simple; however, active learning induces biases

that result in divergence between the distribution of the acquired training data

and the distribution of the pool set data (Farquhar et al., 2021). In the context of

learning causal effects, such bias can have both positive and negative consequences.

For example, while random acquisition active learning results in an unbiased sample

of the training data, we demonstrate how it can lead to over-allocation of resources

to the mode of the data at the expense of learning about underrepresented data.

Conversely, while biasing acquisitions toward lower density regions of the pool data

can be desirable, it can also lead to outcome acquisition for data with unidentifiable

treatment effects, which leads to uninformed, potentially harmful, personalized

recommendations.

To see how training data bias can benefit treatment effect estimation, consider

one difference between experimental and observational data: the treatment as-

signment mechanism is unavailable for observational data. In observational data,

variables that affect treatment assignment (an untestable condition) may be unob-

served. Moreover, the relative proportion of treated to controlled individuals varies
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Figure 4.1: Observational data. Top: data density of treatment (right) and control
(left) groups. Middle: observed outcome response for treatment (circles) and control
(x’s) groups. Bottom: data density for active learned training set after a number of
acquisition steps.

across different sub-populations of the data. Fig. 4.1 illustrates the latter point,

where there are relatively equal proportions of treated and controlled examples for

data in region 3. However, the proportions become less balanced as we move to

either the left or the right. In extreme cases, say if a group described by some

covariate values were systematically excluded from treatment, the treatment effect

for that group cannot be known (Petersen et al., 2012). Fig. 4.1 illustrates this

in region 1, where only controlled examples reside, and in region 5, where only

treated cases occur. In the language of causal inference, the necessity of seeing both

treated and untreated examples for each sub-population corresponds to satisfying

the overlap (or positivity) assumption (see 3). The data available in the pool

set limits overlap when treatments cannot be assigned. In this setting, regions 2

and 4 of Fig. 4.1 are very interesting because while either the treated or control

group are underrepresented, there may still be sufficient coverage to estimate

treatment effects. D’Amour and Franks (2021) have described such regions as

having weak overlap. Training data bias towards such regions can benefit treatment

effect estimation for underrepresented data by acquiring low-frequency data with

sufficient overlap.

We hypothesize that the efficient acquisition of unlabeled data for treatment

effect estimation focuses on only exploring regions with sufficient overlap, and
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uncertainty should be high for areas with non-overlapping support. The bottom

pane of Fig. 4.1 imagines what a resulting training set distribution could look

like at an intermediate active learning step. It is not trivial to design such acqui-

sition functions: naively applying active learning acquisition functions results in

suboptimal and sample inefficient acquisitions of training examples, as we show

below. To this end, we develop epistemic uncertainty-aware methods for active

learning of personalized treatment effects from high dimensional observational data.

In contrast to previous work that uses only information gain as the acquisition

objective, we propose ρBALD and µρBALD as “Causal BALD” objectives because

they consider both the information gain and overlap between treated and control

groups. We demonstrate the performance of the proposed acquisition strategies

using synthetic and semi-synthetic datasets.

Methods

In this section we introduce several acquisition functions, we then analyze how

they bias the acquisition of training data, and we show the resulting CATE func-

tions learned from such training data. We are interested in acquisition functions

conditioned on realizations of both x and t:

a(Dpool, p(Ω | Dtrain)) = argmax
{xi,ti}bi=1⊆Dpool

U({xi, ti}), (4.1)

where U({xi, ti}) is a utility function that measures the value of acquiring a batch

of data {xi, ti}.

In the background section Chapter 2, we specified the three assumptions for

Rubin’s Causal Model (Rubin, 1974)

Assumption 1. (Consistency) y = tyt + (1− t)y1−t, i.e. an individual’s observed

outcome y given assigned treatment t is identical to their potential outcome yt.

Assumption 2. (Unconfoundedness or Ignorability) (Y0,Y1) ⊥⊥ T | X.

Assumption 3. (Overlap) 0 < πt(x) < 1 : ∀t ∈ T ,
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(a) Random (b) Propensity (c) τBALD (d) µBALD

Figure 4.2: Naive acquisition functions How the training set is biased and how this
effects the CATE function with a fixed budget of 300 acquired points.

where πt(x) ≡ P(T = t | X = x) is the propensity for treatment for individuals

described by covariates X = x.

When these assumptions are satisfied, τ̂(x) ≡ µ̂ω(x, 1) − µ̂ω(x, 0), where

µ̂ω(x, 1) ≡ E [Y | T = 1,X = x] and µ̂ω(x, 0) ≡ E [Y | T = 0,X = x], is an unbi-

ased estimator of τ(x) ≡ E [Y 1 | X = x]− E [Y 0 | X = x] (difference of potential

outcomes) and is identifiable from observational data. We make assumptions 1

and 2 (consistency, and unconfoundedness). We relax assumption 3 (overlap) by

allowing for its violation over subsets of the support of Dpool. We present all

theorems, proofs, and detailed assumptions in Appendix C.

How do naive acquisition functions bias the training data?

To motivate Causal–BALD, we first look at a set of naive acquisition functions. A

random acquisition function selects data points uniformly at random from Dpool

and adds them to Dtrain. In Fig. 4.2a we have acquired 300 such examples from

a synthetic dataset and trained a deep-kernel Gaussian process (van Amersfoort

et al., 2021b) on those labeled examples. Comparing the top two panels, we see that

Dtrain (middle) contains an unbiased sample of the data in Dpool (top). However, in

the bottom panel, we see that while the CATE estimator is accurate and confident

near the modes of Dpool, it becomes less accurate as we move to lower-density

regions. In this way, the random acquisition of data reflects the biases inherent in

Dpool and over-allocates resources to the modes of the distribution. If the mode
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were to coincide with a region of non-overlap, the function would most frequently

acquire uninformative examples.

Next, we look at using the propensity score to bias data acquisition toward

regions where the overlap assumption is satisfied.

Definition 1. Counterfactual Propensity Acquisition

Uπ(x, t) ≡ 1− π̂t(x), (4.2)

where π̂t(x) ≡ P(T = t | X = x) is the estimator of the propensity for

treatment for individuals described by covariates X = x. Intuitively, this function

prefers points where the propensity for observing the counterfactual is high. We are

considering the setup where Dpool contains observations of both X and T, so it is

straightforward to train an estimator for the propensity, π̂t(x). Figure 4.2b shows

that while propensity score acquisition matches the treated and control densities

in the train set, it still biases data selection towards the modes of Dpool.

The goal of BALD is to acquire data (x, t) that maximally reduces uncertainty

in the model parameters Ω used to predict the treatment effect. The most direct

way to apply BALD is to use our uncertainty over the predicted treatment effect,

expressed using the following information theoretic quantity:

Definition 2. τBALD

Uτ (x, t) ≡ I(Y1 − Y0; Ω | x, t,Dtrain) ≈ Var
ω∼p(Ω|Dtrain)

(µ̂ω(x, 1)− µ̂ω(x, 0)) , (4.3)

where µ̂ω(x, 1) ≡ E [Y | T = 1,X = x] and µ̂ω(x, 0) ≡ E [Y | T = 0,X = x]. Build-

ing off the result in (Jesson et al., 2020), we show how the LHS measure about

the unobservable potential outcomes is estimated by the variance over Ω of the

identifiable difference in expected outcomes in Theorem 1 of the appendix. Alaa

and van der Schaar (2018) propose a similar result is for non-parametric models.

Intuitively, this measure represents the information gain for Ω if we observe the

difference in potential outcomes Y1 − Y0 for a given measurement x and Dtrain.

However, a fundamental flaw with this measure exists: observing labels for the

random variable Y1 − Y0 is impossible. Thus, τBALD represents an irreducible
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measure of uncertainty. That is, τBALD will be high if it is uncertain about

the label given the unobserved treatment t′, regardless of its certainty about the

outcome given the factual treatment t, which makes τBALD highest for low-density

regions and regions with no overlap. Figure 4.2c illustrates these consequences.

We see the acquisition biases the training data away from the modes of the Dpool,

where we cannot know the treatment effect (no overlap). In datasets where we

have limited overlap, it leads to uninformative acquisitions.

One remedy to the issues of τBALD is to only focus on reducible uncertainty:

Definition 3. µBALD

Uµ(x, t) ≡ I(Yt; Ω | x, t,Dtrain) ≈ Var
ω∼p(Ω|Dtrain)

(µ̂ω(x, t)) , (4.4)

where µ̂ω(x, t) ≡ E [Y | T = t,X = x]. This measure represents the information

gain for the model parameters Ω if we obtain a label for the observed potential

outcome Yt given a data point (x, t) and Dtrain. We give proof for these results in

Theorem 2 of the appendix.

µBALD only contains observable quantities; however, it does not account for our

belief about the counterfactual outcome. As illustrated in Fig. 4.2d, this approach

can prefer acquiring (x, t) when we are also very uncertain about (x, t′), even if

(x, t′) is not in Dpool. Since we can neither reduce uncertainty over such (x, t′) nor

know the treatment effect, the acquisition function would not be optimally data

efficient.

Causal–BALD.

In the previous section, we looked at naive methods that either considered overlap

or considered information gain. In this section, we present three measures that

account for both factors when choosing a new point to acquire for model training.

A straightforward way to combine knowledge about a data point’s information

gain and overlap is to simply multiply µBALD(4.4) by the propensity acquisition

term (4.2):
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(a) µπBALD (b) ρBALD (c) µρBALD

Figure 4.3: Causal–BALD acquisition functions How the training set is biased
and how this affects the CATE function with a fixed budget of 300 acquired points.

Definition 4. µπBALD

Uµπ(x, t) ≡ (1− π̂t(x)) Var
ω∼p(Ω|Dtrain)

(µ̂ω(x, t)) , (4.5)

where µ̂ω(x, t) ≡ E [Y | T = t,X = x] and π̂t(x) ≡ P(T = t | X = x). We can

see in Fig. 4.3a that the acquisition of training data results in matched sampling

that we saw for propensity acquisition in Fig. 4.2b. However, the tails of the

overlapping distributions extend further into the low-density regions of the pool

set support where the overlap assumption is satisfied.

Alternatively, we can take an information-theoretic approach to combine knowl-

edge about a data point’s information gain and overlap. Let µ̂ω(x, t) be an instance

of the random variable µ̂t
Ω ∈ R corresponding to the expected outcome conditioned

on t. Further, let τ̂ω(x) be an instance of the random variable τ̂Ω = µ̂1
Ω − µ̂0

Ω

corresponding to the CATE. Then,

Definition 5. ρBALD

Uρ(x, t) ≡ I(Yt; τ̂Ω | x, t,Dtrain) (4.6)

⪆ 1
2

log
(

Varω (µ̂ω(x, t))− 2 Covω(µ̂ω(x, t), µ̂ω(x, t′))
Varω (µ̂ω(x, t′))

+ 1
)
, (4.7)

where τ̂ω(x) ≡ µ̂ω(x, 1) − µ̂ω(x, 0) and µ̂ω(x, t) ≡ E [Y | T = t,X = x]. This

measure represents the information gain for the CATE τΩ if we observe the outcome
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Y for a datapoint (x, t) and the data we have trained on Dtrain. We give proof for

this result in Theorem 3.

In contrast to µ-BALD, this measure accounts for overlap in two ways. First,

ρ–BALD will be scaled by the inverse of the variance of the expected counterfactual

outcome µ̂ω(x, t′). This scaling biases acquisition towards examples for which we

know about the counterfactual outcome, so we can assume that overlap is satisfied

for observed (x, t). Second, ρ–BALD is discounted by Covω(µ̂ω(x, t), µ̂ω(x, t′)).

This discounting is a concept that we will leave for future discussion.

In Fig. 4.3b we see that ρ–BALD has matched the distributions of the treated

and control groups similarly to propensity acquisition in Fig. 4.2b. Further, we see

that the CATE estimator is more accurate over the support of the data.

There is, however, a shortcoming of ρ–BALD that may lead to suboptimal

data efficiency. Consider two examples in Dpool, (x1, t1) and (x2, t2) where

Varω(µ̂ω(x1, t1)) = Varω(µ̂ω(x1, t′
1)) and Varω(µ̂ω(x2, t2)) = Varω(µ̂ω(x2, t′

2)): for

each point, we are as uncertain about the conditional expectation given the

factual treatment as we are uncertain given the counterfactual treatment. Fur-

ther, let Covω(µ̂ω(x1, t1), µ̂ω(x1, t′
1)) = Covω(µ̂ω(x2, t2), µ̂ω(x2, t′

2)). Finally, let

Varω(µ̂ω(x1, t1)) > Varω(µ̂ω(x2, t2)): we are more uncertain about the conditional

expectation given the factual treatment for data point (x1, t1) than we are for data

point (x2, t2). Under these three conditions, ρ–BALD would rank these two points

equally, and so this method would bias training data to the modes of Dpool when

(x2, t2) is more frequent than (x1, t1). In practice, it may be more data-efficient to

choose (x1, t1) over (x2, t2) as it would more likely be a point as yet unseen by the

model.

To combine the positive attributes of µ–BALD and ρ–BALD, while mitigating

their shortcomings, we introduce µρBALD.

Definition 6. µρBALD

Uµρ(x, t) ≡ Var
ω

(µ̂ω(x, t)) Varω(τ̂ω(x))
Varω(µ̂ω(x, t′))

, (4.8)
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where τ̂ω(x) ≡ µ̂ω(x, 1) − µ̂ω(x, 0) and µ̂ω(x, t) ≡ E [Y | T = t,X = x]. Here, we

scale Equation 4.7, which has equivalent expression Varω(τ̂ω(x))
Varω(µ̂ω(x,t′)) by our measure for

µBALD such that in the cases where the ratio may be equal, there is a preference

for data points the current model is more uncertain about. We can see in Fig. 4.3c

that the training data acquisition is distributed more uniformly over the support of

the pool data where the overlap assumption is satisfied. Furthermore, the accuracy

of the CATE estimator is highest over that region.

Related Work

Deng et al. (2011) propose the use of Active Learning for recruiting patients to

assign treatments that will reduce the uncertainty of an Individual Treatment Effect

model. However, their setting is different from ours – we assume that suggesting

treatments are too risky or even potentially lethal. Instead, we acquire patients

to reveal their outcome (e.g., by having a biopsy). Additionally, although their

method uses predictive uncertainty to identify which patients to recruit, it does

not disentangle the sources of uncertainty; therefore, it will also recruit patients

with high outcome variance. Closer to our proposal is the work from Sundin et al.

(2019). They propose using a Gaussian process (GP) to model the individual

treatment effect and use the expected information gain over the S-type error rate,

defined as the error in predicting the sign of the CATE, as their acquisition function.

Although GPs are suitable for quantifying uncertainty, they do not work well on

high-dimensional input spaces. In this work, we use Neural network methods to

obtain uncertainty: Deep Ensembles (Lakshminarayanan et al., 2017) and DUE

(van Amersfoort et al., 2021b), a Deep Kernel Learning GP, both of which work

well even on high dimensional inputs. Additionally, the authors assume that noisy

observations about the counterfactual treatments are available at training time

where we make no such assumptions. We compare to this in our experiment by

limiting the access to counterfactual observations (γ baseline) and adapting it to

Deep Ensembles (Lakshminarayanan et al., 2017) and DUE (van Amersfoort et al.,

2021b) (we provide more details about the adaptation in Appendix C). Recent
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Figure 4.4: Visualizing CMNIST dataset. Model inputs are MNIST digits and assigned
treatments. The MNIST digits are high-dimensional proxies for the latent confounding
covariate ϕ. Digits are projected onto ϕ by ordering them first by image intensity and
then by digit class (0 - 9). Methods must be able to implicitly learn this non-linear
mapping in order to predict the conditional expected outcomes.

work by Qin et al. (2021) looks at budgeted heterogeneous effect estimation but

does not factor weak or limited overlap into their acquisition function.

Experiments

In this section, we evaluate our acquisition objectives on synthetic and semi-synthetic

datasets. Code to reproduce these experiments is available at https://github.

com/OATML/causal-bald.

Datasets

Starting from the hypothesis that different objectives can target different types of

imbalances and degrees overlap, we construct a synthetic dataset (Kallus et al.,

2019) demonstrating the various biases. We depict this dataset graphically in

Fig. 4.1. We use this dataset primarily for illustrative purposes. By design, we

have constructed a primary data mode and have regions of weak or no overlap.

https://github.com/OATML/causal-bald
https://github.com/OATML/causal-bald
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Additionally, we study the performance of our acquisition functions on the IHDP

dataset (Hill, 2011, Shalit et al., 2017), which is a standard benchmark in causal

treatment effect literature. Finally, we demonstrate that our method is suitable

for high-dimensional, large-sample datasets on CMNIST (Jesson et al., 2021), an

MNIST (LeCun, 1998) based dataset adapted for causal treatment effect studies.

In Fig. 4.4, we see that CMNIST is an adaptation of the synthetic dataset. Model

inputs are MNIST digits and assigned treatments, and the response surfaces are

generated based on a projection of the digits onto a latent 1-dimensional manifold.

The observed digits are high-dimensional proxies for the confounding covariate ϕ.

Detailed descriptions of each dataset are available in Appendix C.

Model

Our objectives rely on methods that are capable of modeling uncertainty and

handling high-dimensional data modalities. DUE (van Amersfoort et al., 2021b) is

an instance of Deep Kernel Learning (Wilson et al., 2016) that uses a deep feature

extractor to transform the inputs and defines a Gaussian process (GP) kernel over

the extracted feature representation. In particular, DUE uses a variational inducing

point approximation (Hensman et al., 2015) and a constrained feature extractor

that contains residual connections and spectral normalization to enable reliable

uncertainty. Due obtains SotA results on IHDP (van Amersfoort et al., 2021b).

In DUE, we distinguish between the model parameters θ and the variational pa-

rameters ω, and we are Bayesian only over the ω parameters. Since DUE is a

GP, we obtain a full Gaussian posterior over outcomes from which we can use the

mean and covariance directly. When necessary, sampling is very efficient and only

requires a single forward pass in the deep model. We describe all hyperparameters

in Appendix C.

Baselines

We compare against the following baselines:

Random. This acquisition function selects points uniformly at random.
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Table 4.1: Summary of active learning parameters for each dataset.

dataset warm-up size acq. size acq. steps pool Size valid. size
Synthetic 10 10 30 10k 1k
IHDP 100 10 38 471 201
CMNIST 250 50 55 35k 15k

Propensity. An acquisition function based on the propensity score (Eq. 4.2). We

train a propensity model on the pool data, which we then use to acquire points

based on their propensity score. Please note that this is a valid assumption as

training a propensity model does not require outcomes.

γ (S-type error rate) (Sundin et al., 2019). This acquisition function is

the S-type error rate based method proposed by Sundin et al. (2019). We have

adapted the acquisition function to use with Bayesian Deep Neural Networks. The

objective is defined as I(γ; Ω | x,Dtrain), where γ(x) = probit−1
(
− |Ep(τ |x,Dtrain)[τ ]|√

Var(τ |x,Dtrain)

)
and probit−1(·) is the cumulative distribution function of normal distribution. In

contrast to the original formulation, we do not assume access to counterfactual

observations at training time.

Experimental Results

For each of the acquisition objectives, dataset, and model we present the mean and

standard error of empirical square root of precision in estimation of heterogenous

effect (PEHE) 1. We summarize each active learning setup in Chapter 4. The

warm up size is the number of examples in the initial pool dataset. Acquisition

size is the number of examples labeled at each acquisition step. Acquisition steps

is the number of times we query a batch of labels. Pool size is the number of

examples in the pool dataset. Finally, validation size is the number of examples

used for model selection when optimizing the model at each acquisition step.

In Fig. 4.5, we see that epistemic uncertainty aware µρBALD outperforms

the baselines, random, propensity, and S-Type error rate (γ). As analyzed in

1√ϵP EHE =
√

1
N

∑
x (τ̂(x)− τ(x))2
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Figure 4.5: √ϵPEHE performance (shaded standard error) for DUE models. (left
to right) synthetic (40 seeds), and IHDP (200 seeds). We observe that BALD
objectives outperform the random, γ and propensity acquisition functions significantly,
suggesting that epistemic uncertainty aware methods that target reducible uncertainty
can be more sample efficient.

section 4, we expect this improvement as our acquisition objectives target re-

ducible uncertainty – that is, epistemic uncertainty when there is overlap between

treatment and control. Additionally, µρBALDshows superior performance over the

other objectives in the high-dimensional dataset CMNIST verifying our qualitative

analysis in Figure 4.3c.

Each of (µBALD, ρBALD, µπBALD, and µρBALD) outperforms the baseline

methods on these tasks. Of note, the performance ρBALD improves as the dimen-

sionality of the covariates increases. In contrast, the performance of the propensity

score-based µπBALD worsens as the dimensionality of the covariates increases.

Propensity score estimation is known to be a problem in high-dimensions (DAmour

et al., 2021). We see that both µBALD and µρBALD perform consistently as

dimensionality increases, with µρBALD showing a statistically significant improve-

ment over µBALD on two of the three tasks. These improvements indicate that

µρBALD is more robust for data with high-dimensional covariates than µπBALD ;

moreover, µρBALD does not need an additional propensity score model.
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Conclusion
We have introduced a new acquisition function for active learning of individual-

level causal-treatment effects from high dimensional observational data, based on

Bayesian Active Learning by Disagreement (Houlsby et al., 2011). We derive our

proposed method from an information-theoretic perspective and compare it with

acquisition strategies that either do not consider epistemic uncertainty (i.e., random

or propensity-based) or target irreducible uncertainty in the observational setting

(i.e., when we do not have access to counterfactual observations). We show that

our methods significantly outperform baselines, while also studying the various

properties of each of our proposed objectives in both quantitative and qualitative

analyses, potentially impacting areas like healthcare where sample efficiency in the

acquisition of new examples implies improved safety and reductions in costs.
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This section is based on the following published work:

Tigas, Panagiotis*, Yashas Annadani*, Andrew Jesson, Bernhard Schölkopf,

Yarin Gal, and Stefan Bauer. "Interventions, where and how? experimental design

for causal models at scale.". In Advances in Neural Information Processing Systems

35 (2022)

Abstract

Causal discovery from observational and interventional data is challenging due

to limited data and non-identifiability: factors that introduce uncertainty in es-

timating the underlying structural causal model (SCM). Selecting experiments

(interventions) based on the uncertainty arising from both factors can expedite

the identification of the SCM. Existing methods in experimental design for causal

discovery from limited data either rely on linear assumptions for the SCM or select

only the intervention target. This work incorporates recent advances in Bayesian

causal discovery into the Bayesian optimal experimental design framework, al-

lowing for active causal discovery of large, nonlinear SCMs while selecting both

the interventional target and the value. We demonstrate the performance of the

proposed method on synthetic graphs (Erdos-Rènyi, Scale Free) for both linear

81
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Figure 5.1: Causal Bayesian Experimental Design optimizes experiments that
help disambiguate between competing causal hypotheses.

and nonlinear SCMs as well as on the in-silico single-cell gene regulatory network

dataset, DREAM.

Introduction

What is the structure of the protein-signaling network derived from a single cell?

How do different habits influence the presence of disease? Such questions refer to

causal effects in complex systems governed by nonlinear, noisy processes. On most

occasions, passive observation of such systems is insufficient to uncover the real

cause-effect relationship and costly experimentation is required to disambiguate

between competing hypotheses. As such, the design of experiments is of significant

interest; an efficient experimentation protocol helps reduce the costs involved in

experimentation while aiding the process of producing knowledge through the

(closed-loop / policy-driven) scientific method (Fig. 5.1).

In the language of causality Pearl (2009), the causal relationships are represented

qualitatively by a directed acyclic graph (DAG), where the nodes correspond to

different variables of the system of study and the edges represent the flow of
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information between the variables. The abstraction of DAGs allows us to represent

the space of possible explanations (hypotheses) for the observations at hand. Rep-

resenting such hypotheses as Bayesian probabilities (beliefs) allows us to formalize

the problem of the scientific method as one of Bayesian inference, where the goal

is to estimate the posterior distribution p(DAGs | Observations). A posterior

distribution over the DAGs allows us to employ information-theoretic acquisition

functions that guide experimentation towards the most informative variables for

disambiguating between competing hypotheses. Such design procedures belong

to the field of Bayesian Optimal Experimental Design (Lindley, 1956) for Causal

Discovery (BOECD) (Tong and Koller, 2001, Murphy, 2001).

In the Bayesian Optimal Experimental Design (BOED) (Lindley, 1956) frame-

work, one seeks the experiment that maximizes the expected information gain about

some parameter(s) of interest. In causal discovery, an experiment takes the form

of a causal intervention, and the parameters of interest are the DAG structure and

the associated Structural Causal Model (SCM) consisting of a set of structural

equations representing the functional relationships between the variables in the

DAG.

An intervention in a causal model refers to the variable (or target) we manipulate

and the value (or strength) at which we set the variable. Hence, the design space

in the case of learning causal models is the set of all subsets of the intervention

targets and the possibly countably infinite set of intervention values of the chosen

targets. The intervention value encapsulates important semantics in many causal

inference applications. For instance, in medical applications, an intervention can

correspond to the administration of different drugs and the intervention value takes

the form of a dosage level for each drug. Even though the appropriate choice of this

value is crucial for identifying the underlying causal model, existing work on active

causal discovery focuses exclusively on selecting the intervention target (Agrawal

et al., 2019, Cho et al., 2016). There, the intervention value is generally some

arbitrary fixed value (like 0) which is suboptimal (see Fig. 5.2a). Hence, a holistic

treatment of selecting the intervention value and the target in the general case of
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nonlinear causal models has been missing. We present a simple yet effective causal

Bayesian experimental design method (CBED - pronounced “seabed”) to acquire

optimal intervention targets and values by performing Bayesian optimization.

Additionally, some settings call for the selection of a batch of interventions.

The problem of batched interventions is computationally expensive as it requires

evaluating all possible combinations of interventions. We extend CBED to the

batch setting and propose two different batching strategies for tractable, Bayes

optimal acquisition of both intervention targets and values. The first strategy

Greedy-CBED builds up the intervention set greedily. A greedy heuristic is still

near-optimal due to submodularity properties of mutual information (Krause and

Guestrin, 2012, Agrawal et al., 2019, Kirsch et al., 2019). The second strategy

Soft-CBED constructs a set of interventions by stochastic sampling from a finite

set of candidates, thereby significantly increasing computational efficiency while

recovering the causal graph and learning the parameters of the SCM as fast as the

greedy strategy. This strategy is well suited for resource-constrained settings.

Throughout this work, we make the following standard assumptions for causal

discovery (Peters et al., 2017):

Assumption 1 (Causal Sufficiency). There are no hidden confounders, and all

the random variables of interest are observable.

Assumption 2 (Finite Samples). There is a finite number of observational/ in-

terventional samples available.

Assumption 3 (Nonlinear SCM with Additive Noise). The structural causal model

has nonlinear conditional expectations with additive Gaussian noise.

Assumption 4 (Single Target). Each intervention is atomic and applied to a

single target of the SCM.

Additionally, we assume that interventions are planned and executed in batches

of size B, with a fixed budget of total interventions given by Number of Batches×

B. We also assume that the underlying graph is sparse, as is the case in all the real-

world settings (Bengio et al., 2019, Schmidt et al., 2007). Finally, we are interested

in recovering the full graph G with a small number of batches. As with all causal
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inference tasks, the assumptions that we make above have to be carefully verified

for the application of interest.

We show that our methods, Greedy-CBED and Soft-CBED, perform better than

the state-of-the-art active causal discovery baselines in linear and nonlinear SCM

settings. In addition, our approach achieves superior results in the real-world

inspired nonlinear dataset, DREAM (Greenfield et al., 2010).

Background

Notation. Let V = {1, . . . , d} be the vertex set of any DAG g = (V, E) and

XV = {X1, . . . ,Xd} ⊆ X be the random variables of interest indexed by V. We

have an initial observational dataset D = {xV
(i)}ni=1 comprised of instances xV ∼

P (X1 = x1, . . . ,Xd = xd) = p(x1, . . . , xd).

Method

The true SCM Θ̃ = (g̃, γ̃) over random variables XV is a matter of fact, but

our belief in θ̃ is uncertain for many reasons. Primarily, it is only possible to

learn the DAG g̃ up to a Markov equivalence class (MEC) from observational

data D. Uncertainty also arises from D from being a finite sample, which we

model by introducing the random variable Θ, of which θ is an outcome. Let

θ ∼ p(θ|D) ∝ p(D | θ)p(θ) be an instance of the random variable θ that is

sampled from our posterior over SCMs after observing the dataset D.

We would like to design an experiment to identify an intervention ξ := {(j, v)} :=

do(Xj = v) that maximizes the information gain about Θ after observing the

outcome of the intervention y ∼ P (X1 = x1, . . . ,Xd = xd | do(Xj = v) = p(y | ξ).

Here, y is an instance of the random variable Y ⊆ X distributed according to the

distribution specified by the mutilated true graph g̃′ under intervention. Looking at

one intervention at a time, one can formalize BOECD as gain in information about

Θ after observing the outcome of an experiment y. The experiment ξ := {(j, v)}

that maximizes the information gain is the experiment that maximizes the mutual
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information between Θ and Y:

ξ∗ = argmax
ξ
{I(Y; Θ | ξ,D)} (5.1)

The above objective considers taking arg max over not just the discrete set of

intervention targets j ∈ V, but also over the uncountable set of intervention

values v ⊂ Xj. While the existing works in BOECD consider only the design

of intervention targets to limit the complexity (Tong and Koller, 2001, Murphy,

2001, Agrawal et al., 2019), our approach tackles both problems. We first outline

the methodology for a single design and in Section 5 demonstrate how to extend

this single design to a batch setting.

Single Design

To maximize the objective in Equation 5.1, we need to (1) estimate MI for candidate

interventions and (2) maximize the estimated MI by optimizing over the domain

of intervention value for every candidate interventional target.

Estimating the MI. As mutual information is intractable, there are various

ways to estimate it depending on whether we can sample from the posterior and

whether the likelihood can be evaluated (Foster et al., 2020, Poole et al., 2019,

Houlsby et al., 2011). Since the models we consider allow both posterior sampling

and likelihood evaluation, it suffices to obtain an estimator which requires only

likelihood evaluation and Monte Carlo approximations of the expectations. To do

so, we derive an estimator similar to Bayesian Active Learning by Disagreement

(BALD) (Houlsby et al., 2011), which considers MI as a difference of conditional

entropies over the outcomes Y:

UBOED(ξ,D) ≜ I(Y; Θ | ξ) (5.2)

= E
p(θ)p(θ|y,ξ,D)

[log p(θ | y, ξ)− log p(θ | ξ)]

= E
p(θ)p(y|θ,ξ,D)

[log p(y | θ, ξ)− log p(y | ξ)]



5. Causal Bayesian Experimental Design 87

0.0 0.1 0.2

0.1 0.2 0.4

0.3 0.5 0.6

BO Iterations

N
odes

Mutual Information
for experiment

M
ut

ua
l I

nf
or

m
at

io
n

Value

posterior means

mutual information 
wrt to the value

posterior variance(a) (b)
Target that maximizes 
the Mutual Information

Value that maximizes the Mutual Information

(c)
Sampled nodes from softmax scores 
without replacement.

Figure 5.2: (a) Each graph shows how the mutual information (MI) (y-axis) changes
for intervening on that node (plot color matching the node color) with different values
(x-axis). The SCM in this example is a nonlinear SCM with Additive Gaussian noise.
We can see that by intervening on node X2 with the value v∗, the mutual information
gets maximized. (b) The posterior distribution of a GP on the Mutual Information
function as a response to different intervention values after four Bayesian Optimization
(BO) steps. (c) For each t iteration of the BO algorithm and each node j, we get a utility
function evaluation Û t

j (the utility being the MI in our case). Then we sample without
replacement proportionally to the scores to prepare a batch (5).

where H(·) is the entropy. See Appendix D for the derivation. A Monte Carlo

estimator of the above equation can be used as an approximation (Appendix D).

Eq. (5.2) has an intuitive interpretation. It assigns high mutual information to

interventions that the model disagrees the most regarding the outcome. We denote

the MI for a single design as I({(j, v)}) := I(Y; Θ | {(j, v)},D).

Selecting the Intervention Value. As shown in (5.1), maximizing the objective

is achieved not only by selecting the intervention target but also by setting the

appropriate intervention value. Selecting intervention targets and values is an

intractable problem in general. However, we can make some progress by observing

that the number of nodes to intervene on is usually small 1 and hence we can afford

to optimize over the intervention target (argmax over discrete and small number

of nodes). On the other hand, selecting the value is intractable, even in the case of

a few nodes, since it is continuous. For any given target node j, MI is a nonlinear

function over v ∈ Xj (See Fig 5.2) and hence solving with gradient ascent techniques

only yields a local maximum. Given that MI is expensive to evaluate, we treat MI

for a given target node j as a black-box function and obtain its maximum using
1Bayesian Causal Discovery methods currently scale up to hundreds of nodes, however, we

acknowledge that when such methods scale up to thousands and millions of nodes, the problem
of selecting intervention targets will become significantly harder.
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Bayesian Optimization (BO) (Kushner, 1964, Zhilinskas, 1975, Močkus, 1975). BO

seeks to find the maximum of this function maxv∈Xj I({(j, v)}) over the entire set

Xj with as few evaluations as possible. See appendix 3 for details.

BO typically proceeds by placing a Gaussian Process (GP) (Rasmussen, 2003)

prior on the function I({j, ·}) and obtain the posterior over this function with the

queried points v∗ = {v(1)∗, . . . , v(T )∗}. Let the value of the mutual information

queried at each optimization step t be Ût
j = I({(j, v(t)∗}). The posterior predictive

of a point v(t+1) can be obtained in closed form as a Gaussian with mean µ
(t+1)
j (v)

and variance σ
(t+1)
j (v). Subscript j signifies the fact that we maintain different µ

and σ per intervention target and superscript t represents the BO step. Querying

proceeds by having an acquisition function defined on this posterior, which suggests

the next point to query. For BO, we use an acquisition function called the Upper

Confidence Bound (UCB) (Srinivas et al., 2010) which suggests the next point

to query by trading-off exploration and exploitation with a hyperparameter βtj:

v
(t+1)∗
j = argmaxv µt

j(v) +
√
βt+1
j σt

j(v). We chose UCB because it is a simple and

effective acquisition function and it was sufficient for demonstrating the perfor-

mance of our approach, however, other acquisition functions are possible as well

(see Frazier (2018) for a review).

We run GP-UCB independently on every candidate intervention target j =

{1, . . . , d} by querying points within a fixed domain [−k, k] ⊂ R. Note that the

domain can be chosen based on the application, for example, if we must constrain

dosage levels within a fixed range. Each GP is one-dimensional in our setup; hence

a few evaluations of UCB are sufficient to get a good value maxima candidate.

Further, GP-UCB for each candidate target is parallelizable, making it efficient.

We finally select the design with the highest MI across the candidate intervention

targets.

Batch Design

In many applications, it is desirable to select the most informative set of interven-

tions instead of a single intervention at a time. Take, for example, a biologist enter-
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ing a wet lab with a script of experiments to execute. Batching experiments removes

the bottleneck of waiting for an experiment to finish and get analyzed until execut-

ing the next one. Given a budget per batch B which denotes the number of experi-

ments in a batch, the problem of selecting the batch then becomes argmaxΞ I(Y; Θ |

Ξ,D), such that cardinality(Ξ) = B, where Ξ is a set of interventions ⋃B
i=1(ji, vi)

and Y denotes the random variable for the outcomes of the interventions of the

batch. We denote the MI for a batch design as I(Ξ) := I(Y; Θ | Ξ,D).

Greedy Algorithm. Computing the optimal solution I(Ξ∗) is computationally

infeasible. However, as the conditional mutual information is submodular and non-

decreasing (see Appendix 3 for proof), we can derive a simple greedy algorithm

(Algorithm 3) that can achieve at least a (1 − 1/e) ≈ 0.64 approximation of the

optimal solution (Krause and Guestrin, 2012, Nemhauser et al., 1978). We denote

this strategy as Greedy-CBED. Please note, that the greedy algorithm is optimizing

the batch design sequentially, i.e. it selects the first design and then it selects the

second design conditioned on the first design and so on.

Soft Top-K. Although the greedy algorithm is tractable, it requires O(Bd) in-

stances of GP-UCB. Kirsch et al. (2021) show that a soft top-k selection strategy

performs similarly to the greedy algorithm, reducing the computation requirements

to O(d) runs of GP-UCB. To achieve this, we construct a finite set of candidate

intervention target-value pairs by keeping all the T evaluations of GP-UCB for

each node j = {1, . . . , d}. Therefore, for d nodes, our candidate set is comprised

of d × T experiments. We score each experiment in this candidate set using the

MI estimate. We then sample without replacement B times proportionally to the

softmax of the MI scores (Algorithm 4). We denote this strategy as Soft-CBED.

Comparison with existing active causal discovery methods

We outline how our approach compares with two main existing active causal dis-

covery methods.
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Algorithm 3: Greedy-CBED
Input : E environment, N initial

observational samples, B
batch Size, d number of
nodes

▷ Initialize set of
experiments Ξ to empty

1 Ξ← ∅
2 for n = 1 . . .B do
3 for j = 1 . . . d do

▷ Select optimal
intervention value
per node j using
GP-UCB

4 Vj ← argmaxv I(Ξ ∪ {(j, v)})

5 Uj ← I(Ξ ∪ {(j, Vj)})
6 j∗ ← argmaxj Uj
7 v∗ ← Vj∗

8 Ξ← Ξ ∪ {(j∗, v∗)}
9 return Ξ

Algorithm 4: Soft-CBED
Input : E environment, N initial

observational samples, B
batch Size, d number of
nodes, ζ softmax
temperature

1 for j = 1 . . . d do
▷ Select candidate

intervention values per
node j using GP-UCB

2 Initialize µ0
j and σ0

j

3 for t = 1 . . . T do
4 V t

j ←
argmaxv µt−1

j (v) +
√
βtσt−1

j (v)

5 Û t
j ← I({(j, V t

j )})
6 Update the GP to obtain

µtj and σtj
7 {(ti, ji)}i∈{1,...,B} ← B samples

without replacement ∝ exp (Û t
j/ζ)

8 Ξ← {(ji, V ti
ji )}i∈{1,...,B}

9 return Ξ

ABCD (Agrawal et al., 2019). The estimator of MI used in ABCD is based

on weighted importance sampling. However, for the specific choice of the impor-

tance sampling weights used in ABCD, their MI estimator ends up with the same

approximation as in our method (see Appendix 3). Nevertheless, ABCD does not

select intervention values but suboptimally sets them to a fixed value. In addition,

our proposed Soft-CBED is a faster and more efficient batch strategy, especially

when values also have to be acquired. From this perspective, our approach is an

extension of ABCD with nonlinear assumptions, value acquisition, and a soft top-k

batching strategy.

AIT (Scherrer et al., 2021). AIT is an F-score-based intervention target

acquisition strategy. Although it is not a BOECD method, we prove here that

it can be viewed as a Monte Carlo estimate of the approximation to MI when the

outcomes Y are Gaussian. Nevertheless, AIT does not select intervention values
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like ABCD and does not have a batch strategy.

Related Work

Early efforts of using Bayesian Optimal Experimental Design for Causal Discovery

(BOECD) can be found in the works of Murphy (2001) and Tong and Koller

(2001). However, these approaches deal with simple settings like limiting the

graphs to topologically ordered structures, intervening sequentially, linear models,

and discrete variables.

In Cho et al. (2016) and Ness et al. (2017), BOECD was applied for learning

biological networks structure. BOECD was also explored in Greenewald et al.

(2019) under the assumption that undirected edges of the graph always forms a tree.

More recently, ABCD framework Agrawal et al. (2019) extended the work of Mur-

phy (2001) and Tong and Koller (2001) in the setting where interventions can be

applied in batches with continuous variables. To achieve this, they (approximately)

solve the submodular problem of maximizing the batched mutual information

between interventions (experiments), outcomes, and observational data, given a

DAG. DAG hypotheses are sampled using DAG-bootstrap (Friedman et al., 2013).

Our work differs from ABCD in a few ways: we work with both linear and nonlinear

SCMs by using state-of-the-art posterior models over DAGs Lorch et al. (2021), we

apply BO to select the value to intervene with, but we also prepare the batch

using softBALD Kirsch et al. (2021) which is significantly faster than the greedy

approximation of ABCD method.

In von Kügelgen et al. (2019) the authors proposed the use of Gaussian Processes

to model the posterior over DAGs and then use BO to identify the value to intervene

with, however, this method was not shown to be scalable for larger than bivariate

graphs since they rely on multi-dimensional Gaussian Processes for modeling the

conditional distributions.

A new body of work has emerged in the field of differentiable causal discovery,

where the problem of finding the structure, usually from observational data, is

solved with gradient ascent and functional approximators, like neural networks
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(Zheng et al., 2018, Ke et al., 2019, Brouillard et al., 2020, Bengio et al., 2019).

In recent works (Cundy et al., 2021, Lorch et al., 2021, Annadani et al., 2021),

the authors proposed a variational approximation of the posterior over the DAGs

which allowed for modeling a distribution rather than a point estimate of the DAG

that best explains the observational data D. Such work can be used to replace

DAG-bootstrap (Friedman et al., 2013), allowing for the modeling of posterior

distributions with greater support.

Besides the BOECD-based approaches, a few active causal learning works have

been proposed (He and Geng, 2008, Gamella and Heinze-Deml, 2020, Scherrer et al.,

2021, Shanmugam et al., 2015, Squires et al., 2020, Kocaoglu et al., 2017a). Active

ICP Gamella and Heinze-Deml (2020) uses ICP Peters et al. (2016) for causal

learning while using an active policy to select the target, however, this work is not

applicable in the setting where the full graph needs to be recovered. In Zhang et al.

(2021), the authors propose an active learning method to the problem of identifying

the interventions that push a dynamical causal network towards a desired state. A

few approaches tackle the problem of actively acquiring interventional data to orient

edges of a skeletal graph (Shanmugam et al., 2015, Squires et al., 2020, Kocaoglu

et al., 2017a). Closer to our proposal belongs AIT (Scherrer et al., 2021), which

uses a neural network-based posterior model over the graphs but evaluates the

F-score to select the interventions.

Experiments

We evaluate the performance of our method on synthetic and real-world causal

experimental design problems and a range of baselines. We aim to investigate

the following aspects empirically: (1) competitiveness of the overall proposed

strategies of Greedy-CBED and Soft-CBED at scale (50 nodes) on synthetic datasets;

(2) performance of the value acquisition strategy based on GP-UCB; and (3)

performance of the proposed approach on a real-world inspired dataset.
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Figure 5.3: Results on the E-SID ↓ metric (100 seeds, with standard error of the
mean shaded) for 50 variables involving nonlinear functional relationships and additive
Gaussian noise. (a) We show that Soft-CBED with GP-UCB value selection strategy
significantly outperforms the baselines. (b) We isolate the effect of the value selection
strategy. We show that intervening with a fixed value and sampling from the support
of data both perform worse than having an optimizer like GP-UCB. (c) we compare
non-batch (CBED) vs batch-based acquisition functions (Greedy-CBED, Soft-CBED). As
we can see, Soft-CBED performs as well as Greedy-CBED. For all experiments, we use
the DiBS (Lorch et al., 2021) posterior model.

Acquisition Functions

We are considering the following acquisition functions:

Random

Random baseline acquires interventional targets at random.

AIT / softAIT

active intervention targeting (AIT) Scherrer et al. (2021) uses an f-score-based

acquisition strategy to select the intervention targets. Since the originally

proposed approach does not consider a batch setting, we introduce a variant

that augments AIT with the proposed soft batching, as described in section 5.

CBED / GreedyCBED / SoftCBED

These are the Monte Carlo estimates of MI, as described in section 5. CBED

selects a single intervention (target and value) that maximizes the MI and

this intervention is applied to the whole batch. In Greedy-CBED , the batch

is built up in a greedy fashion selecting the target, value pairs one at a time
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(Algorithm 3). Soft-CBED is sampling (target, value) pairs proportionally to

the MI scores to select a batch, as described in section 5 and Algorithm 4.

Value Selection Strategies

Also, we are considering the following value section strategies:

Fixed

This value selection strategy assumes setting the value of the intervention to

a fixed value. In the experiments, we fixed the value to 0.

Sample-Dist

This value selection strategy samples from the support of the observational

data.

GP-UCB

This strategy uses the proposed GP-UCB Bayesian optimization strategy to

select the value that maximizes MI. Although this additional optimization

step increases the computational needs, we found that eight Bayesian opti-

mization steps were sufficient.

Tasks

Synthetic Graphs. In this setting, we generate ErdsRényi Erdős and Rényi

(1959) (ER) and Scale-Free (SF) graphs (Barabási and Albert, 1999) of size 20 and

50. For linear SCMs, we sample the edge weights γ uniformly at random. For the

nonlinear SCM, we parameterize each variable to be a Gaussian whose mean is a

nonlinear function of its parents. We model the nonlinear function with a neural

network. In all settings, we set noise variance σ2 = 0.1. For both types of graphs,

we set the expected number of edges per vertex to 1. We provide more details

about the experiments in appendix 3.

Single-Cell Protein-Signalling Network. The DREAM family of bench-

marks (Greenfield et al., 2010) are designed to evaluate causal discovery algorithms

of the regulatory networks of a single cell. A set of ODEs and SDEs generates

the dataset, simulating the reverse-engineered networks of single cells. We use
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GeneNetWeaver (Schaffter et al., 2011) to simulate the steady-state wind-type

expression and single-gene knockouts. Refer to appendix 3 for the exact settings.

Results

For each of the acquisition objectives and datasets, we present the mean and

standard error of the expected structural hamming distance E-SHD, expected

structural interventional distance E-SID (Peters and Bühlmann, 2015), area under

the receiver operating characteristic curve AUROC and area under the precision-

recall curve AUPRC. In Appendix E we describe the metrics in detail. We evaluate

these metrics as a function of the number of acquired interventional samples (or

experiments), which helps quantitatively compare different acquisition strategies.

Apart from E-SID, we relegate results with other metrics to the appendix 3.

Table 5.1: Performance com-
parison between different value
selection and batch strategies
for CBED. Experiments are per-
formed using an AMD EPYC
7662 64-Core CPU and Tesla
V100 GPU.

Strategy
Value Batch Runtime(s)

Fixed Greedy 32.56
Soft 6.42

GP-UCB Greedy 284.98
Soft 24.17

On the synthetic graphs (Figure 5.3(a)), we can

see that for ER and SF graphs with 50D variables

and nonlinear functional relationships, the proposed

approach based on soft top-k to select a batch with

GP-UCB outperforms all the baselines in terms

of the E-SID metric. On the other hand, AIT

alone does not converge to the ground truth graph

fast even after combining with the proposed value

acquisition, but when further augmented with the

proposed soft strategy, the softAIT recovers the ground truth causal graph upto

4 times faster and performs competitively to Soft-CBED. We observe similar

performance across other metrics as well. In addition, we found this trend to hold

for 20D variables and linear models. Full results are presented in the appendix 3.

Next, we examine the importance of having a value selection strategy for active

causal discovery. We use the MI estimator in Equation 5.2; moreover, we test

the proposed GP-UCB with two heuristics - the fixed value strategy and sampling

values from the support. As we can see in Figure 5.3(b), selecting the value using

GP-UCB clearly benefits the causal discovery process. We expect this finding as
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Figure 5.4: Comparison of acquisition functions on DREAM dataset, for 50 dimensions
and batch size 10 on E-SID↓ metric (6 seeds, with standard error of the mean).

the mutual information is not constant with respect to the intervened value. To

make this point clear, we demonstrate in the appendix 3 the influence of the value

in a simple two variables graph. In addition, we note that naively sampling from

the support of the observed dataset performs worse than fixing the value to 0. We

hypothesize that this is due to lower epistemic uncertainty in the high density

regions of the support, hinting that these regions might be less informative.

In order to further understand how the soft batch strategy compares with other

batch selection strategies, we compare the results of Soft-CBED with Greedy-CBED

and CBED. We observe (Figure 5.3(c)) that Greedy-CBED and Soft-CBED give very

similar results overall. While Greedy-CBED is optimal under certain conditions Kirsch

et al. (2019), Soft-CBED remains competitive and has the advantage that the batch

can be selected in a one-shot manner. This is also evident from the runtime

performance of both these batching strategies in Table 5.1. Both these batch

selection strategies perform significantly better than selecting one intervention

target/value pair, and executing them B times (CBED).

Finally, on the DREAM task, we see that our method outperforms softAIT and

random baselines on the E-SID metric (see Figure 5.4). In these experiments,

since the intervention is emulating the gene knockout setting, we only use the

fixed value strategy, with a value of 0.0. Although random baseline still remains a

competitive choice, in certain settings, Soft-CBED objective is significantly better

(Ecoli1, Ecoli2 datasets).
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Summary and Conclusions

This paper studies the problem of efficiently selecting the Bayes optimal experi-

ments to discover causal models. Our proposed framework simultaneously answers

the questions of where and how to intervene in a batched setting. We present a

Bayesian optimization strategy to acquire interventional targets and values. Fur-

ther, we propose two different batching strategies: one based on greedy selection

and the other based on soft top-k selection. The proposed methodology for selecting

intervention target-value pairs in a batched setting provides superior performance

over the state-of-the-art for causal models up to 50D variables. We validate

this using synthetic datasets and using real-world inspired datasets of single-cell

regulatory networks, showing the potential impact on areas like biology and other

experimental sciences.
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Differentiable Bayesian Causal Experimental De-
sign

As in prior work (Tigas et al., 2022, Sussex et al., 2021), we are interested in the

setting of batch design where we design B experiments at once before collecting

experimental data. In other words, we seek a multiset of intervention targets and

corresponding states which are jointly maximally informative about the parame-

ters. We denote this multiset as ξ1:B := (I1:B, S
I
1:B). After executing a batch of

experiments and collecting experimental outcomes, an experimenter might wish

to design a new batch of experiments based on collected data (as summarized by

the posterior distribution). Let ht denote experimental history (ξ1,y1), . . . , (ξt,yt)

after t batches of acquisition. The BOED objective for this batch setting at any

point t is given by the joint mutual information:

I(Yt
1:B;Θ | ξt1:B, ht−1)

= E
p(θ|ht−1)

p(yt1:B |θ,ξt1:B)

[
log p(yt1:B | θ, ξt1:B)

p(yt1:B | ξt1:B, ht−1)

]
(5.3)

where Yt
1:B are the random variables corresponding to experimental outcomes

for iteration t, yt
1:B are the instances of these random variables and ξt1:B is the

corresponding multiset of experimental designs. We drop the superscript t from

these variables for simplicity of exposition. Ideally, we wish to maximize the

above objective by obtaining the gradients ∇ξ1:B I and performing gradient ascent.

However, the above objective is doubly intractable (Rainforth et al., 2018a) and

approximations are required. This usually leads to a two-stage procedure where the

above objective is first estimated with respect to an inference network and then

maximized with respect to designs (Foster et al., 2019), which can be typically

inefficient (Foster et al., 2020).
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Estimators of the Joint Mutual Information
Nested Monte Carlo

Following Huan and Marzouk (2014), Foster et al. (2020, 2021), we consider an

estimator that allows for approximating the EIG objective while simultaneously op-

timizing for the experiment ξ that maximizes the objective via gradient-based meth-

ods. This estimator, called Nested Monte Carlo (NMC), is based on contrastive

estimation of the experimental likelihood and has been extensively used in Bayesian

experimental design (Ryan, 2003, Myung et al., 2013). More precisely, assuming

some past observational and interventional data ht−1 = {(ξ1,y1), . . . , (ξt−1,yt−1)},

for every parameter sample from the posterior distribution θ0 ∼ p(θ | ht−1), a set of

contrastive samples θ1:L ∼ p(θ | ht−1) are considered to obtain a unified objective:

U tNMC(ξ1:B) = E
p(θ0:L|ht−1)

p(y1:B |θ0,ξ1:B))

[
log p(y1:B | ξ1:B,θ0)

1
L

∑L
ℓ=1 p(y1:B | ξ1:B,θℓ))

]
(5.4)

This estimator converges to the true mutual information as L → ∞ (Rain-

forth et al., 2018a). If the design space is continuous, the optimal batch of ex-

periment ξ∗
1:B can be found by directly maximizing the NMC objective (ξ∗

1:B ←

argmaxξ1:B
U tNMC(ξ1:B)) with gradient-based techniques (Huan and Marzouk, 2014).

The above objective requires estimating the posterior distribution p(θ | ht−1)

after every acquisition. For causal models, while it is generally hard to estimate

this posterior due to DAG space of causal structures being discrete and super-

exponential in the number of variables (Tong and Koller, 2001), many approaches

exist in the literature (Agrawal et al., 2019, Lorch et al., 2021, Cundy et al., 2021).

These approximate posteriors can be nevertheless used for estimating the NMC

objective.

Importance Weighted Nested Monte Carlo

To establish an alternative path to estimating the mutual information, we begin

by utilizing an observation from Foster et al. (2019) that it is possible to draw

the contrastive samples from a distribution other than p(θ | ht−1) and obtain an
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asymptotically exact estimator, up to a constant C that does not depend on ξt1:B.

Drawing samples from the original prior p(θ) gives the estimator

I(Yt
1:B; Θ | ξt1:B, ht−1)− C = lim

L→∞

E
p(θ0|ht−1)p(θ1:L)
p(y1:B |θ0,ξ1:B)

[
log p(y1:B|ξ1:B,θ0)

1
L

∑L
ℓ=1 p(y1:B|ξ1:B,θℓ)p(ht−1|θℓ)

]
.

The remaining wrinkle is that we must sample θ0 from p(θ0|ht−1). We propose the

conceptually simplest approach of applying self-normalized importance sampling

(SNIS) to the outer expectation. The resulting objective, based on efficiently re-

using samples in a leave-one-out manner, can optimize designs by just sampling

parameters from the prior, without having to estimate the posterior:

U tIWNMC(ξ1:B) =

E

 L∑
m=1

ωm log p(ym,1:B|θm, ξ1:B)
1

L−1
∑
ℓ ̸=m

p(ym,1:B|θℓ, ξ1:B)p(ht−1|θℓ)

 (5.5)

where θ1:L ∼ p(θ1:L) are sampled from the original prior, ym,1:B ∼ p(y1:B|θm, ξ1:B)

are all the experimental outcomes in the batch for parameter θm and ωm ∝

p(ht−1|θm) are self-normalized weights. A full derivation is given in Appendix E.

As IWNMC does not require any posterior estimation but instead relies entirely

on the prior, it completely sidesteps the causal discovery process for designing

experiments. This is a paradigm change from the NMC estimator which requires

causal discovery through the estimation of the posterior. However, we note that

using IWNMC with just the prior (Eq. 5.5) as opposed to NMC (Eq. 5.4) comes

with trade-offs. IWNMC typically requires a large L to get a good estimate of

the EIG. In high dimensions, this can be computationally infeasible. Having a

small L on the other hand might result in a failure case if the effective sample

size of importance samples becomes 1. We can alleviate this issue if there is some

prior information available which could be leveraged to design better proposal

distributions. This might consist of knowledge of certain causal mechanisms of the

system under study or access to some initial observational data. In such a case,
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a proposal distribution which encodes this information (for example with support

on graphs which are in the Markov Equivalence Class (MEC) of the observational

distribution) can be used instead of the prior. If no prior information is available

or a good approximate inference technique is at our disposal, NMC is preferable in

high dimensions. Surprisingly, we get good results on variables of size up to 5 with

IWNMC from just the prior and up to 40 variables from a proposal distribution

which has support on the MEC of observational distribution (see Sec 10).

Optimizing over Targets and States (DiffCBED)

While the NMC estimator provides a unified objective to directly optimize over the

designs ξ1:B, it requires that the design space is continuous so that the gradients
∂UNMC
∂I1:B

and ∂UNMC
∂SI1:B

can be computed. However, in the case of designing experiments

for causal models, the challenge still remains that optimizing over intervention tar-

gets I with gradient-based techniques is not possible because it is a discrete choice.

In order to address this problem, we introduce a design policy πϕ with learnable

parameters ϕ that parameterize a joint distribution over possible intervention

targets and corresponding states. Instead of seeking the gradients ∂UNMC
∂I1:B

and ∂UNMC
∂SI1:B

,

the goal now instead is to estimate UNMC
∂ϕ

so that policy can be updated to be close

to optimal. Such a characterization of the design space allows us to use continuous

0 0 1 0 0 0

0.1 -1.2 2.3 -0.9 0.3 0.9

2.3

x

interventional target one-hot sample

interventional states sample

Figure 5.5: A design sample is obtained by first sampling I1:B ∼ πϕn(I), S1:B ∼ πϕm(S)
and then setting states to be SI1:B = S1:B ⊙ I1:B. To obtain hard samples of I, we use
the straight-through estimator (Bengio et al., 2013). Illustration for B = 1.
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relaxations of discrete distributions (Maddison et al., 2016, Jang et al., 2016) to

obtain samples of designs and estimate NMC gradients.

Let I and S be the random variables that model all possible intervention target

combinations and states for a batch design respectively. While there are many pos-

sibilities of instantiating the policy in practice, we consider the simplest case where

πϕ(I,S) ≜ πϕn(I)πϕm(S). Other factorizations, such as πϕ(I,S) ≜ πϕm(S | I)πϕn(I)

is possible, however, we found that the simple one was sufficient to demonstrate our

method.. As the state space is continuous2, πϕm can be either deterministic (a delta

Dirac with ϕm ∈ RB×d) or Gaussian with ϕm ∈ R2×B×d parameterizing its mean

and log variance. In this work, we found it sufficient to use a deterministic policy

over the state space. For the interventional targets, ϕn ∈ RB×d parameterizes the

logits of different relaxed versions of discrete distributions depending on the setting,

which we describe below.

Having established the basic structure of a policy, we can support different

settings by structuring the policy over designs differently.

Algorithm 5: Differentiable CBED
Input : E SCM Environment, N Initial observational samples, B Batch

Size
1 Dobs ← E .sample(N), Dint ← ∅
2 Train q(Θ | Dobs) ≈ p(Θ | Dint) using appropriate algorithm.
3 for batch t = 1 . . . T Batches do
4 Initialize design policy parameters ϕ = {ϕn, ϕm}: trainable logits ϕn for

the targets; trainable parameters ϕm for the states.
5 for update step c = 1 . . . C do

▷ Sample Interventional Targets and States
6 {ξ(o)

1:B}Oo=1 ∼ πϕ(I,S)
▷ Gradient ascent with straight-through gradient

estimator
7 Update ϕ→ ϕ+ α ∂

∂ϕ
1
O

∑O
o=1

[
U tNMC(ξ(o)

1:B)
]

▷ Intervene with learned policy
8 ξ1:B ∼ πϕ
9 Dint ← Dint ∪ E .intervene(ξ1:B)

10 Update the posterior q(Θ | Dobs ∪ Dint).

2If the state space is discrete, optimizing πϕm
would be similar to πϕn

which involves
reparameterized gradients.
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Figure 5.6: Two nodes and two experiments scenario. We assume a ground-truth
graph GT of two nodes X → Y . The conditional distribution p(Y | X) is shown
in (A). The corresponding SCM is x = Σx and y = f(x) + Σy. The four panels
represent the EIG of all possible experiments of batch size two, when intervening on
nodes (0, 0), (0, 1), (1, 0), (1, 1). Each panel shows how the EIG change on different
interventional values. E.g. right top panel shows how EIG changes when applying
interventions with values in ranges [−20, 20]. We can observe that the algorithm
successfully places the designs (samples from the policy) on the high EIG (1.95) area
of the plot (• on the plot).

Single Target (q = 1)

In this setting, the intervention targets are one-hot vectors, as demonstrated in

Fig. 5.5. To sample one-hot vectors in a differentiable manner, we parametrize πϕn

as a Gumbel-Softmax distribution (Maddison et al., 2016, Jang et al., 2016) over

intervention targets, which is a continuous relaxation of the categorical distribu-

tion (in one-hot form). Additionally, we use the straight-through (ST) gradient

estimator Bengio et al. (2013).

Unconstrained Multi-Target (q ≤ d)

If instead of a continuous relaxation of the categorical distribution, we parametrise

the policy πϕn as a continuous relaxation of the Bernoulli distribution (Binary

Concrete) (Maddison et al., 2016), we can now sample multi-target experiments.

Notice that since each interventional target sample will have at most d non-zero

entries, this policy is suitable for multi-target experiments with an unconstrained

number of interventions per experiment.
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Constrained Multi-Target (q = k)

Finally, when considering a setting where the number of targets per intervention is

exactly k. However, this is a significantly more challenging case, since the policy

needs to select a subset of k from d nodes. By using a continuous relaxation of

subset sampling, as introduced in work by Xie and Ermon (2019), combined with

straight-through gradient estimator, we can efficiently optimize the policy to select

a subset of nodes to intervene on.

Experiments

We evaluate the performance of our method on synthetic graphs and a range

of baselines. We aim to investigate the following aspects empirically: (1) To

what extent can we design good experiments without performing intermediate

causal discovery/ posterior estimation with IWNMC estimator from the prior? (2)

Ability to design good experiments with a proposal distribution with IWNMC (3)

the performance of our policy-based design in combination with the differentiable

NMC estimator in single-target and multi-target settings, as compared to suitable

baselines.

Bivariate Setting

First, we demonstrate the method in a two nodes graph to qualitatively assess what

the objective and the optimization method do. Since computing the posterior over

graphs and parameters is intractable in the general case, as a first step to study how

well we can optimize the EIG objectives, we assume a simple two-nodes SCM. To

compute the posterior we enumerate all the graphs of size two and additionally, we

parametrize the conditional distributions as Neural Network parametrised Gaussian

distribution (N (Xi;µNN(Xpa(i)), σNN(Xpa(i)))), and we compute the posterior over

the parameters of the conditional distributions via Monte-Carlo dropout (Gal and

Ghahramani, 2016). We parametrize the intervention targets policy with Gumbel-

Softmax and interventional values policy with a Gaussian distribution. The final
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random
diffCBED

Figure 5.7: We test the designs acquired with IWNMC estimator with just the prior as
opposed to the random policy (with random target and state acquisition) on variables of
5 dimensions. Plots correspond to unconstrained multi-target setting with B = 2 (shaded
area represents 95% confidence intervals - 60 seeds).

policy consists of the logits of the Gumbel-Softmax and the sufficient statistics

of the Gaussian distribution. We use Adam optimizer (Kingma and Ba, 2014) to

optimize the parameters of the policy. As we can see in Fig.5.6(B-C), the optimizer

successfully concentrates the policy on the nodes and values that maximize the EIG

objective.

Results
Evaluation metrics

Expected SHD: This metric evaluates the expected structural hamming distance

over the graphs sampled from the posterior model and the ground truth graph.

Expected F1-score: This metric evaluates the expected f1-scores over the edges

of the adjacency matrices sampled from the posterior model and the ground truth

graph.

i-MMD: interventional MMD distance uses the non-parametric distance metric

MMD Gretton et al. (2012). Contrary to the graph evaluation metrics, this met-

ric is evaluating the distributions induced by both the graph structure and the

conditional distributions. We provide the full definition in Appendix E.
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Evaluation of the IWNMC estimator

In this section, we consider optimizing the designs with respect to the IWNMC

estimator entirely from the prior, introduced in 9, sidestepping the causal discovery

procedure. As noted before, estimating posteriors of causal models is hard, so it

is important to understand to what extent IWNMC can be considered a suitable

candidate for designing good experiments in the absence of a posterior. For this

setting, we sample from the prior distribution over graphs by first sampling an

ordering of nodes at random and then sampling edges with probability p = 0.25

which adhere to this topological order to give a DAG. We sample the mechanism

parameters and noise variances of ANM at random from a Gaussian distribution

with mean 0 and variance 1. Figure 5.7 demonstrates results for 5 variable un-

constrained multi-target setting with batch size 2. For evaluation, we train DAG

Bootstrap (Friedman et al., 2013) with GIES (Hauser and Bühlmann, 2012) on the

data acquired from each policy. We can see that we can recover the ground truth

SCM faster than a random strategy. This is a surprising, but positive result given

that our policy was trained entirely from samples from the prior. We also tested

this approach for 10 nodes (results in Appendix E). While this resulted in better

performance of the policy as opposed to random in terms of downstream metrics,

we observed effective sample size reach 1 indicating that for 10 dimensions or higher,

indicating that we might need a better proposal distribution or a posterior estimate.

Baselines

Before we evaluate the IWNMC estimator with a proposal distribution more infor-

mative than the prior and the NMC estimator with a posterior estimate of SCM,

we present the baselines with which we can also compare the overall performance

of our designs.

Single target

Random-Fixed: Uniform random selection of node, fixing the state to a value of 0

(as introduced in Agrawal et al. (2019), Tigas et al. (2022)). Random-Random:
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Uniform selection of node, uniform selection of state (introduced in Toth et al.

(2022)). SoftCBED: A stochastic approximation of greedy batch selection as

introduced in Tigas et al. (2022).

Multi-Target

Random-Random: Multitarget version of Uniform selection of node, uniform

selection of value (introduced in Toth et al. (2022)). Random-Fixed: Multitarget

version of Uniform selection of node, fixed value to 5 Sussex et al. (2021), as

suggested by the authors. SSGb: Finite sample baseline from Sussex et al. (2021)

with fixed value equal 5. We emphasize that in contrast to our method, the baselines

cannot select values, but they either assume a fixed predefined value or select a

value at random.

Evaluation in Higher Dimensions
Evaluation of IWNMC with Proposal Distribution

In this experiment, we consider 40 variables, constrained (q = 5) multi-target

and batch size B = 2. Further, we use the same setup as Sussex et al. (2021)

to make a fair comparison as well as to construct a proposal distribution. To

construct a proposal distribution, we use 800 observational samples to train DAG

Bootstrap (Friedman et al., 2013, Agrawal et al., 2019) and augment our posterior

samples with samples of dags from the Markov Equivalence Class of the true graph,

to make sure that there is support over the graphs from the MEC of the true graph

(see Sussex et al. (2021) for details). We then acquire a single batch of experiments

from IWNMC estimator for our approach. For the baseline, we acquire a single

batch of experiments from the estimator defined in (Sussex et al., 2021).

For random and Sussex et al. (2021) baseline, we set the interventional value to

5, as explained in Sussex et al. (2021). Notice that in contrast to the baselines,

our approach doesn’t fix the value to 5 but optimizes over a value to perform

the intervention with. In Table 5.2 we summarize our results. As we can see,

our method outperforms random and SSGb (Sussex et al., 2021) by a great margin,
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Table 5.2: Results of multi-target experiments on graphs of size 40 (30 seeds ± s.e.).
Similarly to Sussex et al. (2021), we are using posterior samples trained on observational
data and re-weighting them with likelihoods.

Method ESHD ↓ F1 ↑ iMMD ↓
Random 43.78±46.67 0.91±0.08 0.16±0.07
SSGb 15.59±29.66 0.97±0.05 0.10±0.06
diffCBED 0.44±0.21 0.99±0.00 0.07±0.01

indicating that with a good proposal distribution, IWNMC can still be a promising

candidate in higher dimensions.

Results with NMC estimator

For the following results, we use DAG-Bootstrap (Agrawal et al., 2019) with 20

components, an approximate posterior method based on GIES causal discovery

method (Hauser and Bühlmann, 2012). As GIES is not a differentiable method,

once we compute the posterior via the DAG-Bootstrap algorithm, we transfer the

weights of the posterior samples (the bootstraps) into JAX (jax) tensors to allow

for the gradients to be computed with respect to the experiments.

Single-target synthetic graphs: In this experiment, we test against synthetic

graphs of 50 nodes and batch size 5, where the graph is sampled from the class

of Erdos-Renyi (a common benchmark in the literature (Tigas et al., 2022, Toth

et al., 2022, Scherrer et al., 2021)). In Fig. 5.8 (A,B,C) we summarize the results.

We observe that our method performs significantly better than the baselines.

20 nodes, unconstrained (q ≤ 20), batch size B = 2: In this experiment, we

want to evaluate the performance of our method as compared with the baselines,

on sparse graphs over several acquisitions. Fig. 5.8 (D,E,F) summarizes the results

of this setting. We observe strong empirical performance as compared to all the

baselines.
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Figure 5.8: (A,B,C) Single target-state design setting results for ErdsRényi Erdős
and Rényi (1959) graphs with d = 50 variables. (D,E,F) Multi target-state design
setting results for ErdsRényi Erdős and Rényi (1959) graphs with d = 20 variables. Each
experiment was run with 30 random seeds (shaded area represents 95% CIs)

Related Work

Variational and Amortized Methods. Huan and Marzouk (2014), Foster

et al. (2019, 2020), Kleinegesse and Gutmann (2020, 2021) developed a unified

framework for estimating the expected information gain (EIG) objective by opti-

mizing variational bounds of the mutual information with gradient-based methods.

In Ivanova et al. (2021), Foster et al. (2021), the authors introduced a policy-

based method for performing sequential experimentation, amortizing the cost of

estimating and optimizing the mutual information objective. More recently, works

by Blau et al. (2022) and Lim et al. (2022) used reinforcement learning to train

policies for adaptive experimental design. In Jain et al. (2023) the authors suggest

the use of GFLowNets (Bengio et al., 2021) to learn a policy for selecting discrete

designs and similarly to Ivanova et al. (2021), Foster et al. (2021) amortize the

expensive cost of estimating the mutual information objectives.

Experimental Design for Causal Discovery. One of the earliest works of

experimental design for causal discovery in a BOED setting was proposed by

(Murphy, 2001) and (Tong and Koller, 2001) in the case of discrete variables for
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single target acquisition. Since then, a number of works have attempted to address

this problem for continuous variables in both the BOED framework (Agrawal et al.,

2019, von Kügelgen et al., 2019, Toth et al., 2022, Cho et al., 2016) and other

frameworks (Kocaoglu et al., 2017a, Gamella and Heinze-Deml, 2020, Eberhardt

et al., 2012, Lindgren et al., 2018, Mokhtarian et al., 2022, Ghassami et al., 2018,

Olko et al., 2022, Scherrer et al., 2021). In contrast to the setting studied in this

paper, of particular note, are the approaches for experimental design for causal

discovery in a non-BOED setting in the presence of cycles (Mokhtarian et al.,

2022) and latent variables (Kocaoglu et al., 2017b). Closer to our BOED setting

are the approaches of Tigas et al. (2022) and Sussex et al. (2021). Specifically,

in (Tigas et al., 2022), the authors introduce a method for selecting single target-

state pair with stochastic batch acquisition while Sussex et al. (2021) introduce a

method for selecting a batch of multi-target experiments with a greedy strategy,

based on a gradient-based approximation to mutual information, without selecting

the intervention state. Our presented method in contrast can acquire a batch of

multi-target-state pairs.

Discussion

Limitations: A primary limitation of our method is that it needs to estimate a

posterior after every acquisition. While the proposed IWNMC estimator presents

an interesting alternative, the designs are still non-adaptive. As demonstrated

by Foster et al. (2021), Ivanova et al. (2021), a promising and exciting direction is

to train a policy to be adaptive and propose new experiments in real-time.

Conclusion: We presented a gradient-based method for differentiable Bayesian

Optimal Experimental for causal discovery. Our method allows not only for single-

target but also various multi-target (constrained and unconstrained) batch acqui-

sition of experiments. While prior work in Causal Bayesian Experimental Design

relies on greedy approximations for the selection of a batch Agrawal et al. (2019),

Tigas et al. (2022) or black-box methods Toth et al. (2022), Tigas et al. (2022) for
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optimizing over interventional states, our method utilizes gradient-based optimiza-

tion procedures to simultaneously optimize for various design choices. Evaluation

on different benchmarks suggests that our method is competitive with baselines.
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6
Afterword

This thesis contributed to solving the challenge of decision-making under epistemic

uncertainty on a few fronts. First, using the epistemic uncertainty to plan robustly

and safely in settings where safety is crucial. We proposed methods for robust

planning and developed benchmarks to help the community advance in the safety-

first field of self-driving cars. Additionally, departing from the field of self-driving

cars, we steered our focus on personalised healthcare and self-driving labs and we

introduced solutions to the problem of learning efficient causal models. By making

use of Bayesian Optimal Experimental Design, Causal Bayesian Networks and Deep

Learning, we proposed methods for efficient causal discovery, aiming for challenging

fields like Gene Regulatory Networks discovery.

We began this thesis with Plato’s allegory of the cave, and we are closing with a

similar remark. The prisoners of the story lived in the world of appearances trying

to break free from the “curse” of partial observability and the sensory curtain that

separates the agents from the true world. We hope with this thesis, we contributed

to helping the prisoners see behind the shadows of causality or at least help them

make their journey a little bit safer.
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A
Robust Imitative Planning appendix

Online Planning with a Trajectory Library

In the absence of scalable global optimizers, we search the trajectory space in

Eqn. (3.4) by restricting the search space to a trajectory library ((Liu and Atkeson,

2009)), TY, a finite set of fixed trajectories. In this work, we perform K-means

clustering of the expert plan’s from the training distribution and keep 64 of the

centroids, as illustrated in Figure A.1. Therefore we efficiently solve a search

problem over a discrete space rather than an optimization problem of continuous

variables. The modified objective is:

yG
RIP ≈ argmax

y∈TY

⊕
θ∈supp

(
p(θ|D)

) log p(y|G,x; θ) (A.1)

Solving for Eqn. (A.1) results in ×20 improvement in runtime compared to the

gradient descent alternative. Although in in-distribution scenes solving Eqn. (A.1)

over Eqn. (3.4) does not deteriorate perfomance, in out-of-distribution scenes the

trajectory library, TY, is not useful. Therefore in the experiments (c.f. Section 3) we

used online gradient-descent. Future work lies in developing a hybrid optimization

method that takes advantage of the speedup the trajectory library provides without

a decrease in performance in out-of-distribution scenarios.
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130 A.0. CARNOVEL: Suite of Tasks Under Distribution Shift

(a) Trajectories (b) K = 64 (c) K = 128 (d) K = 1024

Figure A.1: Our trajectory library from CARLA’s autopilot demonstrations, 4 seconds.

CARNOVEL: Suite of Tasks Under Distribution Shift
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(a) AbnormalTurns0-v0 (b) AbnormalTurns1-v0 (c) AbnormalTurns2-v0

(d) AbnormalTurns3-v0 (e) AbnormalTurns4-v0 (f) AbnormalTurns5-v0

(g) AbnormalTurns6-v0 (h) BusyTown0-v0 (i) BusyTown1-v0

(j) BusyTown2-v0 (k) BusyTown3-v0 (l) BusyTown4-v0

(m) BusyTown5-v0 (n) BusyTown6-v0 (o) BusyTown7-v0
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(p) BusyTown8-v0 (q) BusyTown9-v0 (r) BusyTown10-v0

(s) Hills0-v0 (t) Hills1-v0 (u) Hills2-v0

(v) Hills3-v0 (w) Roundabouts0-v0 (x) Roundabouts1-v0

(y) Roundabouts2-v0 (z) Roundabouts3-v0 (aa) Roundabouts4-v0



B
SHIFTs Vehicle Motion Predictions

appendix

The current appendix contains a description of the composition, collection, pre-

processing and partitioning of the Shifts Vehicle Motion Prediction dataset. Ad-

ditionally, it contains a description of the metrics used for assessment and an

expanded set of experimental results.

Dataset Description

Table B.1: A comparison of various motion prediction datasets. The Shifts Vehicle
Motion Prediction dataset is the largest by number of scenes and total size in hours.

Dataset Scene Length (s) # Scenes Total Size (h) Avg. # ActorsTrain Dev Eval

Argoverse 5 205,942 39,472 78,143 320 50
Lyft 25 134,000 11,000 16,000 1,118 79
Waymo 20 72,347 15,503 15,503 574 -
Shifts 10 500,000 50,000 50,000 1,667 29

Composition The dataset for the Vehicle Motion Prediction task was collected

by the Yandex Self-Driving Group (SDG) fleet. This is the largest vehicle motion

prediction dataset released to date, containing 600,000 scenes (see Table B.1 for

a comparison to other public datasets). The dataset consists of scenes spanning

133



134 B. SHIFTs Vehicle Motion Predictions appendix

six locations, three seasons, three times of day, and four weather conditions (cf.

Table B.2 and B.3). Each of these conditions is available in the form of tags

associated with every scene. Each scene is 10 seconds long and is divided into 5

seconds of context features and 5 seconds of ground truth targets for prediction,

separated by the time T = 0. The goal of the task is to predict the movement

trajectory of vehicles at time T ∈ (0, 5] based on the information available for time

T ∈ [−5, 0].

Table B.2: The number of scenes in the Vehicle Motion Prediction dataset by location
and season.

Location Train Dev Eval

Moscow 450,504 30,505 30,534
Skolkovo 6,283 2,218 2,956
Innopolis 15,086 5,164 5,016
Ann Arbor 19,349 8,290 6,617
Modiin 3,502 2,262 1,555
Tel Aviv 5,276 1,561 3,322

Season Train Dev Eval

Summer 85,698 10,634 10,481
Autumn 126,845 15,290 15,840
Winter 287,457 24,076 23,679
Spring 0 0 0

Each scene includes information about the state of dynamic objects (i.e., vehicles,

pedestrians) and an HD map. Each vehicle is described by its position, velocity,

linear acceleration, and orientation (yaw, known up to ±π). A pedestrian state

consists of a position vector and a velocity vector. All state components are

represented in a common coordinate frame and sampled at 5Hz frequency by

the perception stack running on the Yandex SDG fleet. The HD map includes

lane information (e.g., traffic direction, lane priority, speed limit, traffic light

association), road boundaries, crosswalks, and traffic light states, which are also

sampled at 5Hz. To facilitate easy use of this dataset, we provide utilities to render

scene information as a feature map, which can be used as an input to a standard

vision model (e.g., a ResNet He et al. ((2016))). Our utilities represent each scene

as a birds-eye-view image with each channel corresponding to a particular feature

(e.g., a vehicle occupancy map) at a particular timestep. We also provide pre-

rendered feature maps for every prediction request (cf. Appendix B) in the dataset,

which are used to train the baseline models. The maps are 128× 128 pixels in size
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with each pixel covering 1 square meter, have 17 channels describing both HD

map information and dynamic object states at time T = 0, and are centered with

respect to the agent for which a prediction is being made. Researchers working

with the dataset are free to use these feature maps, use the provided utilities to

render another set of feature maps at different (earlier) timesteps, or construct

their own scene representations from the raw data.

The ground truth part of a scene contains future states of dynamic objects

sampled at 5Hz for a total of 25 state samples. Some objects might not have all

25 states available due to occlusions or imperfections of the on-board perception

system.

Table B.3: The number of scenes in the Vehicle Motion Prediction dataset by precipi-
tation and time of day.

Precipitation Type Train Dev Eval

No 432,598 44,799 44,274
Rain 15,618 1,857 1,751
Sleet 15,210 1,082 990
Snow 36,574 2,262 2,985

Sun Phase Train Dev Eval

Astronomical Night 171,867 13,164 13,113
Daylight 299,065 33,879 33,979
Twilight 29,068 2,957 2,908

A number of vehicles in the scene are labeled as prediction requests. These are

the vehicles that are visible at the most recent time T = 0 in the context features

part of a scene, and therefore would call for a prediction in a deployed system.

For such vehicles we provide not only their future trajectories, but also a number

of non–mutually exclusive tags (detailed in Table B.4) describing the associated

maneuver in more detail – whether the vehicle is turning, accelerating, slowing

down, etc. – for a total of 10 maneuver types. Note that some prediction requests

may not have all 25 state samples available. We call prediction requests with fully-

observed state valid prediction requests and propose to evaluate predictions only

on those.

In order to study the effects of distributional shift, as well as assess the robustness

and uncertainty estimation of baseline models, we divide the Vehicle Motion Pre-

diction dataset such that there are in-domain partitions which match the location

and precipitation type of the training set, and out-of-domain or shifted partitions
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Table B.4: Number of actor maneuvers of the respective type.

Maneuver Type Train Dev Eval

Move Left 254,843 25,049 25,820
Move Right 322,231 30,074 30,633
Move Forward 5,032,724 395,467 413,920
Move Back 54,677 4,811 4,891
Acceleration 2,473,750 206,977 215,009
Deceleration 2,050,186 168,550 174,477
Uniform Movement 6,369,920 566,083 573,033
Stopping 441,619 38,411 39,336
Starting 739,143 64,986 65,759
Stationary 4,620,678 433,161 433,576

which do not match the training data along one or more of those axes. Furthermore,

we provide a development set which acts as a validation set, and an evaluation set

which acts as the test set. For standardized benchmarking we define a canonical

partitioning of the full dataset (cf. Figure B.1, Table B.5) as the following. The

training, in-domain development, and in-domain evaluation data are taken from

Moscow. Distributionally shifted development data is taken from Skolkovo, Modiin,

and Innopolis. Distributionally shifted evaluation data is taken from Tel Aviv and

Ann Arbor. In addition, we remove all cases of precipitation from the in-domain

training, development, and evaluation sets, while distributionally shifted datasets

include precipitation. The canonical partitioning is fully described in Figure B.1.

This partitioning is also the one used in the Shifts Challenge.

Figure B.1: The canonical partitioning of the Vehicle Motion Prediction dataset.
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Table B.5: The number of scenes in the canonical dataset partitioning.

Dataset Partition In-Distribution Distributionally Shifted

Train 388,406 -
Development 27,036 9,569
Evaluation 26,865 9,939

Collection Process The Vehicle Motion Prediction data was collected by the

perception system running onboard a number of self-driving vehicles equipped

with LiDAR sensors, radars, and cameras. This perception system consists of

a number of neural network–based detectors followed by an object tracker that

fuses detections across sensor modalities and time. The provided HD map for each

location has been constructed and validated by cartographers employed by Yandex

SDG. The provided dataset was sampled from a much larger dataset collected over

a course of 8 months. The sampling procedure was biased towards sampling scenes

on which the motion prediction system currently used by the SDC fleet makes

mistakes, as well as sampling more scenes from locations where the fleet drives less

frequently.

Preprocessing and Cleaning The collected dataset has been cleaned from

scenes in which:

• any kind of onboard system failure was detected, as the perception system

output can potentially be unreliable in such scenes;

• the perception system has produced outputs that clearly violate physical

constraints, such as actors having unrealistic acceleration or colliding with

one other.

Format This dataset is provided in protobuf format.

License We release this dataset under the CC BY NC SA 4.0 license.
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Task Setup

Vehicle Motion Prediction is a complex task and therefore must be described

in detail. We provide a training dataset Dtrain = {(xi,yi)}Ni=1 of time-profiled

ground truth trajectories (i.e., plans) y paired with high-dimensional observations

(features) x of the corresponding scenes. Each y = (s1, . . . , sT ) corresponds to the

trajectory of a given vehicle observed through the SDG perception stack. Each

state st corresponds to the x- and y-displacement of the vehicle at timestep t, s.t.

y ∈ RT×2. We consider the performance of models on development and evaluation

datasets Djdev = {(xi,yi)}
Mj

i=1. and Djeval = {(xi,yi)}
Mj

i=1. See Figure B.2 for a

depiction of the task.

Prediction Requests. There are N (Mj) prediction requests in the training

dataset (evaluation datasets), with many requests for each scene corresponding to

the many different vehicle trajectories observed. For example, in the canonical

partition of the data, there are 388,406 scenes in the training dataset (Moscow, no

precipitation), and 5,649,675 valid prediction requests.

Models can be trained to make use of ground truth trajectories that contain

occlusions (i.e., prediction requests that are not valid) during training, such as

through linear interpolation of missing steps. However, for the baseline methods

considered in this work, both training and evaluation are done using only the fully

observed ground truth trajectories.

Next, we describe the two levels of uncertainty quantification that we consider

for each prediction request in the proposed task: per-trajectory and per–prediction

request uncertainty scores.

Per-Trajectory Confidence Scores. Like machine translation, motion predic-

tion is an inherently multimodal task. A motion prediction model can produce

a different number of sampled trajectories (plans) Di for each input xi; in other

words, for two inputs xi,xj with i ̸= j, Di and Dj can differ. As a justifica-

tion, consider that in a certain context, multiple trajectories may be desirable
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Figure B.2: Diagram of the Vehicle Motion Prediction task. Models take as input
a single scene context x composed of static (HD map) and time-dependent input
features, and predict trajectories {y(d) | d ∈ 1, . . . , D} with corresponding per-trajectory
confidence scores {c(d) | d ∈ 1, . . . , D}, as well as a single per–prediction request
uncertainty score U .

to capture multimodality (e.g., the vehicle of interest is at a T-junction), and in

others a single or fewer trajectories would be sufficient (e.g., the vehicle is clearly

proceeding straight). In our task, we expect a stochastic model to accompany its

Di predicted trajectories on a given input xi with scalar per-trajectory confidence

scores c(d)
i , d ∈ {1, . . . Di}. These provide an ordering of the plausibility of the

various trajectories predicted for a given input. The scores must be non-negative

and sum to 1 (i.e., form a valid probability distribution).

Per–Prediction Request Uncertainty Score. We also expect models to pro-

duce scalar uncertainty estimates corresponding to each prediction request input

xi. For example, on evaluation dataset Djeval, we have Mj per–prediction request

uncertainty scores {Ui | i ∈ 1, . . . ,Mj}. These correspond to the model’s uncer-
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tainty in making any trajectory prediction for the agent of interest. In a real-world

deployment setting, a self-driving vehicle would associate a high per–prediction

request uncertainty score with a scene context that is particularly unfamiliar or

high-risk.

Next, we will describe standard motion prediction performance metrics, followed

by confidence-aware metrics which reward models with well-calibrated uncertainty.

Performance Metrics

Standard Performance Metrics. We assess the performance of a motion pre-

diction system using several standard metrics.

The average displacement error (ADE) measures the quality of a predicted

trajectory y with respect to the ground truth trajectory y∗ as

ADE(y) := 1
T

T∑
t=1
∥st − s∗

t∥2 , (B.1)

where y = (s1, . . . , sT ). Analogously, the final displacement error

FDE(y) := ∥sT − s∗
T∥2 , (B.2)

measures the quality at the last timestep.

Stochastic models define a predictive distribution q(y | x; θ), and can therefore

be evaluated over the D trajectories sampled for a given input x. For example, we

can measure an aggregated ADE over D samples with

aggADED(q) := ⊕
{y}D

d=1∼q(y|x)
ADE(yd), (B.3)

where ⊕ is an aggregation operator, e.g., ⊕ = min recovers the minimum ADE

(minADED) commonly used in evaluation of stochastic motion prediction models

Filos et al. ((2020)), Phan-Minh et al. ((2020)). We consider minimum and mean

aggregation of the average displacement error (minADE, avgADE), as well as of

the final displacement error (minFDE, avgFDE).

Per-Trajectory Confidence-Aware Metrics. A stochastic model used in

practice for motion prediction must ultimately decide on a particular predicted
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trajectory for a given prediction request. We may make this decision by selecting

for evaluation the predicted trajectory with the highest per-trajectory confidence

score. In other words, given per-trajectory confidence scores {c(d) | d ∈ 1, . . . , D}

we select the top trajectory y(d∗), d∗ = arg max
d

c(d), and measure the decision

quality using top1 ADE and FDE metrics, e.g.,

top1ADED(q) := ADE(y(d∗)). (B.4)

We may also wish to assess the quality of the relative weighting of the D

trajectories with their corresponding per-trajectory confidence scores c(d). For this

the following weighted metric can be considered:

weightedADED(q) :=
∑
d∈D

c(d) · ADE(y(d)). (B.5)

The top1FDE and weightedFDE metrics follow analogously to the above. Unfortu-

nately, these metrics, while highly intuitive, have a conceptual limitation. Consider

the following loss:

L
(
p(y|x), {ĉ(1:D)

i , ŷ(1:D)}
)

= Ep(y|x)

[
D∑
d=1

cdADE(ŷd,y)
]
, {ĉ(1:D)

i , ŷ(1:D)} = f(x; θ)

(B.6)

which is the expected weightedADE given a set of trajectories and weights from a

model. If we wish to minimize this loss with respect to the predicted trajectories

and weights, then:

Lmin = min
{ĉ(1:D)
i ,ŷ(1:D)}

{
Ep(y|x)

[
D∑
d=1

cdADE(ŷd,y)
]}

= min
{ĉ(1:D)
i }

{
D∑
d=1

ĉd
(

min
{ŷ(d)}

{
Ep(y|x)

[
ADE(ŷd,y)

]})}

= min
{ĉ(1:D)
i }

{
Ep(y|x) [ADE(ŷ∗,y)]

D∑
d=1

ĉd
}

= Ep(y|x) [ADE(ŷ∗,y)]

(B.7)

where ŷ∗ is the weighted geometric median

ŷ∗ = arg{ŷ} min
{
Ep(y|x) [ADE(ŷ,y)]

} (B.8)
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Thus, the optimal model would suffer from mode-collapse and always yields the

weighted geometric median of the modes of the true distribution of trajectories.

To put this concretely, at a T-junction, where trajectories can go either left or

right, the optimal model will yield a trajectory going straight, which is clearly

a fundamentally undesirable behaviour. Mathematically, the problem lies in the

additive nature of the metric – each mode can be optimized independently of the

others. This can be avoided by instead considering a likelihood based metric, such

as the following one:

cNLL(D) := 1
N

N∑
n=1

{
− ln

[
D∑
d=1

c(d)
T∏
t=1
N (y∗

t,i; s
(d)
t (xi; θ),Σ = 1)

]}
−T ln 2π (B.9)

Under the following metric, which assumes that each mode is modelled using a

Normal distribution of fixed variance, an optimal model would place a Normal over

each mode and weight them appropriately. This can be clearly demonstrated using

the following numerical example:

y ∼ p(y) = 0.5 · N (x, 10, 1) + 0.5 · N (x,−10, 1)
Ep(y)[wADE(y, s(1:2) = [10,−10], c = [0.5, 0.5])] = 201.5
Ep(y)[wADE(y, s(1:2) = [0, 0], c = [0.5, 0.5])] = 101.50
Ep(y)[cNLL(y, s(1:2) = [10,−10], c = [0.5, 0.5])] = 1.09
Ep(y)[cNLL(y, s(1:2) = [0, 0], c = [0.5, 0.5])] = 50.75

(B.10)

(B.11)

(B.12)
(B.13)

Where we have a bimodal Gaussian mixture distribution with modes at -10, 10.

We assume we have a model which predicts the means of two trajectories with

equal weight. We have two situations: either the model yields two distinct modes

at -10, 10 or a collapsed mode at 0 (the median). We can see that predicting

the median will yield a lower weightedADE and correctly predicting two distinct

modes will yield the lower cNLL. It is important to highlight that this argument

holds in expectation and is relevant to situations which contain inherent ambiguity

and multi-modality. Note that the offset T ln 2π is used to make assure that the

minimal value of this metric is 0, so that it can be used for error-retention and

F1-retention plots.
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Experimental Setup

Robust Imitative Planning. In detail, we use the following approach for trajec-

tory and confidence score generation.

1) Trajectory Generation. Given a scene input x, K ensemble members

generate G trajectories.1

2) Trajectory Scoring. We score each of the G trajectories by computing a

log probability under each of the K trained likelihood models.

3) Per-Trajectory Confidence Scores. We aggregate the G · K resulting

log probabilities to G scores using a per-trajectory aggregation operator

⊕trajectory.2 By aggregating over the log-likelihood estimates sampled from

the model posterior (i.e., contributed by each ensemble member), we obtain

a robust score for each of the G trajectories Filos et al. ((2020)).

4) Trajectory Selection. Among the G trajectories, the RIP ensemble pro-

duces the top D trajectories as determined by their corresponding G per-

trajectory confidence scores, where D is a hyperparameter.

5) Per–Prediction Request Uncertainty Score. We aggregate the D top

per-trajectory confidence scores to a single uncertainty score U using the ag-

gregator ⊕pred-req.3 This value conveys the ensemble’s estimated uncertainty

for a given scene context and a particular prediction request.

6) Confidence Reporting. We obtain scores c(d) by applying a softmax to the

D top per-trajectory confidence scores. We report these c(d) and U (computed

in step 5) as our final per-trajectory confidence scores and per–prediction

request uncertainty score, respectively.

1In practice, each ensemble member generates the same number of trajectories Q, s.t. G =
K ·Q.

2For example, applying a min aggregation is informed by robust control literature Wald
((1939)) in which we aim to optimize for the worst-case scenario, as measured by the log-likelihood
of the “most pessimistic” model for a given trajectory.

3In practice, this is done by applying the aggregation (e.g., ⊕pred-req = mean) to the confidences
c(d), and then negating to obtain the uncertainty score U .
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To summarize, our implementation of RIP for motion prediction produces D tra-

jectories and corresponding normalized per-trajectory scores {c(d) | d ∈ 1, . . . , D},

as well as an aggregated uncertainty score U for the overall prediction request.

Backbone Likelihood Model. We consider two different model classes as

ensemble members: a simple behavioral cloning agent with a Gated Recurrent Unit

decoder (BC) Cho et al. ((2014)), Codevilla et al. ((2018)) and a Deep Imitative

Model (DIM) Rhinehart et al. ((2020)) with an autoregressive flow decoder Rezende

and Mohamed ((2015a)), following Filos et al. ((2020)). In both cases, we model

the likelihood of a trajectory y in context x to come from an expert (i.e., from the

distribution of ground truth trajectories), with learnable parameters θ, as

q(y | x; θ) =
T∏
t=1

p(st | y<t,x; θ) =
T∏
t=1
N (st;µ(y<t,x; θ),Σ(y<t,x; θ)), (B.14)

where µ(·; θ) and Σ(·; θ) are two heads of a recurrent neural network with shared

torso. Hence we assume that the conditional densities are normally distributed,

and learn those parameters through maximum likelihood estimation. Notably, for

the BC model, we found that conditioning on samples ŷ<t instead of ground truth

values y<t (where usage of ground truth is often referred to as teacher forcing in

RNN literature) significantly improved performance across all datasets and metrics.

Uncertainty Estimation Methods. The above ensembling is done using

multiple stochastic models trained with different random seeds, as introduced in

Deep Ensembles Lakshminarayanan et al. ((2017)). For each ensemble member,

we generate Q trajectories. We can also use a Monte Carlo Dropout Gal and

Ghahramani ((2016)) approach for each ensemble member, in which we sample

new dropout masks at test time during each of the Q forward passes (and cor-

responding trajectory generations). Following Smith and Gal ((2018)) we refer to

the combination of this uncertainty estimation method with ensembling as Dropout

Ensembles. Previous work has investigated the benefits of Deep Ensembles from

a loss landscape perspective Fort et al. ((2019)), and found that Deep Ensembles

tend to explore diverse modes in function space, whereas approximate variational

methods such as Monte Carlo Dropout explore around a particular mode. Dropout
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Ensembles are hence motivated as ensembles of variational methods which aim to

consider a diverse set of modes, with local exploration around each mode.

Setup. We report performance of RIP across the two backbone models –

Behavioral Cloning (BC) Codevilla et al. ((2018)) and Deep Imitative Model (DIM)

Rhinehart et al. ((2020)) – as well as the two uncertainty estimation methods –

Deep Ensembles Lakshminarayanan et al. ((2017)) and Dropout Ensembles Gal and

Ghahramani ((2016)), Smith and Gal ((2018)). We evaluate RIP on development

(dev) and evaluation (eval) datasets in in-distribution (In), distributionally shifted

(Shifted), and combined in-distribution and shifted (Full) settings. With both

backbone model classes we vary the number of ensemble members K ∈ {1, 3, 5},

train with learning rate 1e-4, use a cosine annealing LR schedule with 1 epoch

warmup, and use gradient clipping at 1. We sample Q = 10 trajectories from each

of the ensemble members. We consider two types of aggregation: “Lower Quartile”

in which we compute the mean minus the standard deviation µ − σ of the input

scores, and “Model Averaging” (MA) in which we compute the mean µ of the input

scores. LQ reflects the intuition to assign a high score to a trajectory when the

ensemble members assign it a high score on average, and tend to be certain (have a

low standard deviation) in their scoring; MA reflects only the prior intuition. This

aggregation strategy (LQ or MA) is used as both the per-trajectory aggregation

operator ⊕trajectory and the per–prediction request aggregation operator ⊕pred-req

(where the latter is followed by negation to obtain an uncertainty, as opposed to a

confidence). We fix the RIP ensemble at all K to produce the topD = 5 trajectories

as ranked by their per-trajectory confidence score.

Additional Results

Below, we report predictive performance using standard-metrics, robustness and

uncertainty quantification metrics, and retention plots across the RIP variants.
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Table B.6: Predictive performance of RIP, across model backbones (behavioral cloning
(BC) Codevilla et al. ((2018)) and Deep Imitative Model (DIM) Rhinehart et al.
((2020))) and uncertainty estimation methods (Deep Ensembles Lakshminarayanan et al.
((2017)) and Dropout Ensembles Smith and Gal ((2018))). Each section contains losses
computed over the in-distribution (In), distributionally shifted (Shifted), and combined
(Full) development and evaluation datasets. Altogether, we vary the backbone model,
uncertainty estimation method, aggregation strategy (applied for both the per-trajectory
aggregation operator ⊕trajectory and the per–prediction request aggregation operator
⊕pred-req), and the number of ensemble members K. See Appendix B for setup details.

Dataset Method Model minADE ↓ weightedADE ↓ minFDE ↓ weightedFDE ↓ cNLL ↓
In Shifted Full In Shifted Full In Shifted Full In Shifted Full In Shifted Full

Dev

Deep
Ensemble

BC, LQ, K=1 0.818 0.960 0.835 1.088 1.245 1.107 1.718 2.113 1.765 2.368 2.777 2.417 59.64 98.54 64.29
BC, LQ, K=3 0.780 0.909 0.795 1.040 1.170 1.056 1.638 2.018 1.683 2.254 2.609 2.297 54.78 87.81 58.73
BC, LQ, K=5 0.766 0.888 0.780 1.017 1.138 1.031 1.618 1.980 1.661 2.214 2.552 2.254 56.45 90.25 60.49
BC, MA, K=1 0.818 0.960 0.835 1.088 1.245 1.107 1.718 2.113 1.765 2.368 2.777 2.417 59.64 98.54 64.29
BC, MA, K=3 0.780 0.908 0.795 1.034 1.166 1.050 1.641 2.018 1.686 2.249 2.611 2.292 55.00 88.45 59.00
BC, MA, K=5 0.765 0.887 0.779 1.012 1.133 1.026 1.617 1.976 1.660 2.210 2.551 2.251 56.86 91.54 61.01
DIM, LQ, K=1 0.750 0.818 0.758 1.523 1.583 1.530 1.497 1.720 1.524 3.472 3.639 3.492 50.66 73.00 53.34
DIM, LQ, K=3 0.717 0.787 0.725 1.407 1.470 1.415 1.467 1.687 1.493 3.219 3.397 3.240 48.88 70.93 51.52
DIM, LQ, K=5 0.720 0.787 0.728 1.399 1.470 1.407 1.487 1.704 1.513 3.202 3.397 3.225 51.12 72.87 53.72
DIM, MA, K=1 0.750 0.818 0.758 1.523 1.583 1.530 1.497 1.720 1.524 3.472 3.639 3.492 50.66 73.00 53.34
DIM, MA, K=3 0.717 0.785 0.725 1.410 1.475 1.418 1.466 1.685 1.492 3.226 3.409 3.248 48.74 71.30 51.44
DIM, MA, K=5 0.719 0.786 0.727 1.399 1.469 1.408 1.482 1.698 1.508 3.202 3.393 3.225 50.85 72.45 53.43

Dropout
Ensemble

BC, LQ, K=1 0.803 0.908 0.815 1.116 1.236 1.130 1.649 1.952 1.685 2.409 2.718 2.446 55.98 82.49 59.15
BC, LQ, K=3 0.741 0.853 0.754 1.013 1.132 1.028 1.542 1.873 1.581 2.209 2.545 2.249 53.01 83.93 56.71
BC, LQ, K=5 0.759 0.878 0.773 1.008 1.127 1.023 1.605 1.960 1.648 2.204 2.538 2.244 55.58 88.78 59.55
BC, MA, K=1 0.803 0.908 0.815 1.116 1.236 1.130 1.649 1.952 1.685 2.409 2.718 2.446 55.98 82.49 59.15
BC, MA, K=3 0.739 0.850 0.752 1.020 1.135 1.033 1.534 1.864 1.574 2.223 2.553 2.263 53.09 83.81 56.76
BC, MA, K=5 0.757 0.877 0.771 1.010 1.126 1.024 1.597 1.952 1.640 2.209 2.539 2.248 55.82 89.57 59.86
DIM, LQ, K=1 0.750 0.831 0.759 1.498 1.587 1.509 1.510 1.757 1.539 3.432 3.662 3.459 52.57 76.54 55.44
DIM, LQ, K=3 0.716 0.786 0.725 1.412 1.473 1.419 1.466 1.687 1.493 3.234 3.408 3.254 49.69 72.58 52.43
DIM, LQ, K=5 0.723 0.793 0.731 1.409 1.475 1.417 1.494 1.717 1.521 3.224 3.408 3.246 51.25 73.47 53.91
DIM, MA, K=1 0.750 0.831 0.759 1.498 1.587 1.509 1.510 1.757 1.539 3.432 3.662 3.459 52.57 76.54 55.44
DIM, MA, K=3 0.716 0.786 0.724 1.414 1.479 1.422 1.465 1.685 1.491 3.238 3.420 3.260 49.38 71.86 52.07
DIM, MA, K=5 0.721 0.793 0.729 1.409 1.474 1.417 1.489 1.717 1.516 3.224 3.405 3.246 50.99 73.64 53.70

Eval

Deep
Ensemble

BC, LQ, K=1 0.829 1.084 0.880 1.104 1.407 1.164 1.733 2.420 1.870 2.394 3.197 2.555 60.20 98.82 67.93
BC, LQ, K=3 0.792 1.026 0.839 1.056 1.326 1.110 1.658 2.297 1.786 2.284 3.005 2.429 55.97 90.54 62.89
BC, LQ, K=5 0.777 1.015 0.825 1.032 1.303 1.086 1.636 2.283 1.765 2.242 2.964 2.386 57.26 93.92 64.60
BC, MA, K=1 0.829 1.084 0.880 1.104 1.407 1.164 1.733 2.420 1.870 2.394 3.197 2.555 60.20 98.82 67.93
BC, MA, K=3 0.792 1.025 0.838 1.050 1.319 1.104 1.661 2.294 1.788 2.278 2.997 2.422 55.94 90.53 62.87
BC, MA, K=5 0.777 1.014 0.824 1.028 1.299 1.082 1.636 2.278 1.765 2.238 2.957 2.382 57.75 95.00 65.20
DIM, LQ, K=1 0.759 0.942 0.796 1.551 1.883 1.618 1.511 1.983 1.605 3.536 4.376 3.704 50.50 76.00 55.60
DIM, LQ, K=3 0.726 0.914 0.764 1.433 1.756 1.498 1.481 1.972 1.579 3.277 4.094 3.440 49.45 76.66 54.89
DIM, LQ, K=5 0.729 0.921 0.768 1.422 1.757 1.489 1.498 2.007 1.600 3.253 4.098 3.422 51.61 79.71 57.24
DIM, MA, K=1 0.759 0.942 0.796 1.551 1.883 1.618 1.511 1.983 1.605 3.536 4.376 3.704 50.50 76.00 55.60
DIM, MA, K=3 0.726 0.912 0.763 1.437 1.759 1.502 1.478 1.967 1.576 3.286 4.101 3.449 49.09 76.07 54.49
DIM, MA, K=5 0.728 0.918 0.766 1.424 1.754 1.490 1.493 2.000 1.595 3.256 4.093 3.424 51.19 78.85 56.73

Dropout
Ensemble

BC, LQ, K=1 0.812 1.038 0.857 1.128 1.410 1.184 1.664 2.267 1.784 2.430 3.170 2.578 56.57 86.28 62.52
BC, LQ, K=3 0.751 0.972 0.795 1.029 1.297 1.082 1.558 2.154 1.677 2.238 2.948 2.380 53.94 86.68 60.49
BC, LQ, K=5 0.770 1.008 0.817 1.024 1.297 1.079 1.623 2.268 1.752 2.233 2.957 2.378 56.49 92.77 63.75
BC, MA, K=1 0.812 1.038 0.857 1.128 1.410 1.184 1.664 2.267 1.784 2.430 3.170 2.578 56.57 86.28 62.52
BC, MA, K=3 0.749 0.970 0.794 1.036 1.305 1.090 1.551 2.147 1.670 2.253 2.963 2.395 54.07 86.94 60.65
BC, MA, K=5 0.768 1.004 0.815 1.027 1.299 1.081 1.615 2.253 1.743 2.239 2.958 2.383 56.90 93.27 64.18
DIM, LQ, K=1 0.739 0.924 0.776 1.478 1.815 1.546 1.474 1.949 1.569 3.380 4.239 3.552 49.90 75.31 54.98
DIM, LQ, K=3 0.722 0.910 0.760 1.431 1.763 1.497 1.470 1.967 1.569 3.266 4.112 3.435 49.30 75.24 54.49
DIM, LQ, K=5 0.729 0.929 0.769 1.430 1.769 1.497 1.497 2.027 1.603 3.268 4.126 3.440 50.77 80.02 56.63
DIM, MA, K=1 0.739 0.924 0.776 1.478 1.815 1.546 1.474 1.949 1.569 3.380 4.239 3.552 49.90 75.31 54.98
DIM, MA, K=3 0.720 0.907 0.758 1.432 1.760 1.497 1.465 1.960 1.564 3.267 4.107 3.435 48.74 74.70 53.93
DIM, MA, K=5 0.728 0.925 0.767 1.431 1.766 1.498 1.494 2.017 1.599 3.269 4.120 3.439 50.51 79.30 56.28
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Table B.7: Uncertainty and robustness performance of RIP across the two backbone
models (BC and DIM) and uncertainty estimation methods (Deep Ensemble and Dropout
Ensemble). The error metric for computing the area under the rejection curve (R-AUC)
and area under the F1 curve (F1-AUC) is cNLL. We use a threshold of 25 for the F1
metrics, which approximately corresponds to a 1 meter deviation on all trajectories. See
Appendix B for setup details.

Dataset Method Model R-AUC ↓ F1-AUC (%) ↑ F1@95% ↑ ROC-AUC (%) ↑In Shifted Full In Shifted Full In Shifted Full

Dev

Deep
Ensemble

BC, LQ, K=1 11.06 13.91 11.22 64.9 66.7 65.1 89.1 90.2 89.3 51.0
BC, LQ, K=3 11.26 11.69 11.18 63.4 66.0 63.8 88.5 90.3 88.8 46.7
BC, LQ, K=5 9.68 10.38 9.62 64.3 66.4 64.6 89.7 91.0 90.0 47.3
BC, MA, K=1 11.06 13.91 11.22 64.9 66.7 65.1 89.1 90.2 89.3 51.0
BC, MA, K=3 9.31 10.73 9.31 64.8 66.5 65.0 90.3 91.3 90.6 48.6
BC, MA, K=5 9.07 10.47 9.08 64.9 66.5 65.2 90.4 91.3 90.6 49.2
DIM, LQ, K=1 12.54 15.28 12.86 63.6 64.8 63.8 87.2 88.8 87.4 51.8
DIM, LQ, K=3 12.30 14.51 12.57 63.7 64.9 63.8 89.3 89.9 89.3 51.4
DIM, LQ, K=5 12.87 15.01 13.14 63.5 64.8 63.7 89.7 90.2 89.7 51.4
DIM, MA, K=1 12.57 15.10 12.86 63.7 64.9 63.8 87.2 88.8 87.4 51.8
DIM, MA, K=3 12.38 14.46 12.64 63.7 64.9 63.8 89.2 89.9 89.3 51.4
DIM, MA, K=5 12.97 15.10 13.24 63.5 64.8 63.7 89.6 90.2 89.7 51.4

Dropout
Ensemble

BC, LQ, K=1 8.87 10.00 8.87 65.3 67.1 65.6 89.7 90.4 89.9 51.2
BC, LQ, K=3 8.11 9.53 8.14 64.9 66.5 65.1 90.6 91.3 90.8 50.9
BC, LQ, K=5 8.28 9.60 8.28 65.0 66.6 65.2 90.5 91.3 90.7 50.7
BC, MA, K=1 8.87 9.99 8.87 65.3 67.1 65.6 89.7 90.4 89.9 51.2
BC, MA, K=3 8.53 9.79 8.54 64.9 66.5 65.1 90.7 91.4 90.8 50.3
BC, MA, K=5 8.89 10.23 8.90 64.9 66.5 65.2 90.5 91.4 90.7 50.2
DIM, LQ, K=1 12.57 16.41 13.03 63.8 64.7 63.9 87.6 89.1 87.8 51.5
DIM, LQ, K=3 12.37 14.91 12.69 63.7 64.8 63.8 89.2 90.0 89.3 51.3
DIM, LQ, K=5 12.94 15.18 13.22 63.6 64.8 63.7 89.6 90.2 89.7 51.4
DIM, MA, K=1 12.61 16.30 13.06 63.8 64.8 63.9 87.6 89.1 87.7 51.6
DIM, MA, K=3 12.49 14.80 12.79 63.6 64.8 63.8 89.2 90.0 89.3 51.4
DIM, MA, K=5 13.05 15.20 13.33 63.5 64.8 63.7 89.5 90.2 89.6 51.4

Eval

Deep
Ensemble

BC, LQ, K=1 11.16 20.84 12.91 64.9 65.5 65.0 88.9 85.6 88.4 52.8
BC, LQ, K=3 11.31 17.09 12.38 63.4 64.8 63.7 88.4 86.4 88.0 50.9
BC, LQ, K=5 9.77 15.95 10.88 64.3 65.4 64.5 89.5 87.1 89.1 51.4
BC, MA, K=1 11.17 20.84 12.91 64.9 65.5 65.0 88.9 85.6 88.4 52.8
BC, MA, K=3 9.40 16.76 10.73 64.8 65.6 65.0 90.2 87.5 89.7 51.3
BC, MA, K=5 9.20 16.85 10.57 65.0 65.6 65.1 90.2 87.5 89.7 52.1
DIM, LQ, K=1 12.78 20.78 14.28 63.5 63.7 63.6 86.9 83.9 86.3 52.0
DIM, LQ, K=3 12.66 21.40 14.32 63.6 63.9 63.7 89.1 86.0 88.5 51.4
DIM, LQ, K=5 13.26 22.59 15.05 63.5 63.8 63.6 89.5 86.5 88.9 51.2
DIM, MA, K=1 12.81 20.83 14.32 63.6 63.8 63.6 86.9 83.9 86.3 51.8
DIM, MA, K=3 12.74 21.51 14.42 63.6 63.9 63.7 89.1 86.0 88.5 51.1
DIM, MA, K=5 13.37 22.68 15.16 63.5 63.7 63.5 89.5 86.5 88.9 50.9

Dropout
Ensemble

BC, LQ, K=1 9.06 15.49 10.22 65.3 66.1 65.5 89.5 86.4 89.0 53.7
BC, LQ, K=3 8.22 14.83 9.39 64.9 65.6 65.1 90.5 87.5 90.0 53.9
BC, LQ, K=5 8.39 15.16 9.57 65.0 65.7 65.2 90.4 87.6 89.9 54.5
BC, MA, K=1 9.07 15.50 10.22 65.3 66.1 65.5 89.5 86.4 89.0 53.7
BC, MA, K=3 8.69 15.90 9.99 64.9 65.6 65.1 90.5 87.7 90.0 53.0
BC, MA, K=5 9.05 16.69 10.41 65.0 65.6 65.1 90.4 87.6 89.9 53.2
DIM, LQ, K=1 12.45 20.27 13.92 63.6 63.7 63.6 87.7 84.7 87.1 51.8
DIM, LQ, K=3 12.63 21.32 14.29 63.7 63.9 63.7 89.1 86.1 88.6 51.3
DIM, LQ, K=5 13.22 22.78 15.04 63.5 63.8 63.6 89.4 86.3 88.8 51.2
DIM, MA, K=1 12.51 20.33 14.00 63.6 63.8 63.7 87.7 84.7 87.1 51.5
DIM, MA, K=3 12.73 21.43 14.40 63.6 63.9 63.7 89.1 86.0 88.5 51.1
DIM, MA, K=5 13.36 22.85 15.19 63.5 63.8 63.6 89.4 86.3 88.8 50.9
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Figure B.3: cNLL and F1-cNLL retention curves on the Full (i.e., containing both the
in-distribution and distributionally shifted datapoints) dev (left column) and eval (right
column) partitions of the Vehicle Motion Prediction dataset. Top row: retention on cNLL
(lower ↓ AUC is better). Bottom row: retention on F1-cNLL (higher ↑ AUC is better).
We vary the backbone model and number of ensemble members, fix the Model Averaging
(MA) aggregation strategy for the per-trajectory aggregation operator ⊕trajectory and the
per–prediction request aggregation operator ⊕pred-req (based on results from Table 3.5),
and otherwise use the standard RIP settings enumerated in Appendix B.
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Theoretical Results

τ -BALD

Theorem 1. Under the following assumptions:

1. Unconfoundedness (Y0,Y1) ⊥⊥ T | X;

2. Consistency Y | T = Yt;

3. Y1 and Y0, when conditioned on realizations x of the r.v. X and t of the r.v.

T, are independent-normally distributed or joint-normally distributed r.v.s.

4. µ̂ω(x, t) is a consistent estimator of E[Y | T = t,X = x]

the information gain for Ω if we could observe a label for the difference in potential

outcomes Y1 − Y0 given measured covariates x, treatment t and a dataset of

observations Dtrain = {xi, ti, yi}ni=1 is approximated as

I(Y1 − Y0; Ω | x, t,Dtrain) ≈ Var
ω∼p(Ω|Dtrain)

(µ̂ω(x, 1)− µ̂ω(x, 0)) (C.1)
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Proof.

I(Y1 − Y0; Ω | x,Dtrain) = H(Y1 − Y0 | x,Dtrain)

− E
p(Ω|Dtrain)

[
H(Y1 − Y0 | x,ω)

]
(C.2a)

≈ Var(Y1 − Y0 | x,Dtrain)

− E
p(Ω|Dtrain)

[
Var(Y1 − Y0 | x,ω)

]
(C.2b)

= Var
p(Ω|Dtrain)

(
E[Y1 − Y0 | x,ω]

)
(C.2c)

= Var
p(Ω|Dtrain)

(µ̂ω(x, 1)− µ̂ω(x, 0)) (C.2d)

In (C.2a) we adapt the result of Houlsby et al. ((2011)) and express the information

gain as the mutual information between the observable difference in potential

outcomes Y1−Y0 and the parameters Ω; given observed covariates x, treatment t,

and training data Dtrain = {(xi, ti, yi)}ntrain
i=1 . In (C.2b) we apply lemma 1.1 to the

r.h.s terms of (C.2a). We then use the result in Jesson et al. ((2020)) and move

from (C.2b) to (C.2c) by application of the law of total variance. Finally, under the

consistency and unconfoundedness assumptions we express the information gain in

terms of the identifiable difference in expected outcomes µ̂ω(x, 1)− µ̂ω(x, 0).

Lemma 1.1. Under the following assumptions:

1. Y1,Y0 are independent-normally distributed or joint-normally distributed r.v.s;

2. With A = Var(Y1 − Y0): let |A − 1| ≤ 1 and A ̸= 0. That is to say, the

predictive variance must be greater than 0 and less than or equal to 2;

H(Y1 − Y0) ≈ Var(Y1 − Y0) (C.3)

Proof. By assumption 1, Y1 − Y0 is also a normally distributed random variable.

By corollary 1.1,

H(Y1 − Y0) = 1
2

+ 1
2

log(2πVar(Y1 − Y0)) (C.4)
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So given assumption 2, the first order Taylor polynomial of H(Y1 − Y0) is

1
2

+ 1
2

log(2πVar(Y1 − Y0)) ≈ 1
2

+ 1
2

(2πVar(Y1 − Y0)− 1)

= 1
2

+ πVar(Y1 − Y0)− 1
2

= πVar(Y1 − Y0)

∝ Var(Y1 − Y0)

(C.5)

Corollary 1.1. The entropy of a normally distributed random variable with vari-

ance σ2 is 1
2 + 1

2 log(2πσ2)

µ-BALD

Theorem 2. Under the following assumptions:

1. Unconfoundedness (Y0,Y1) ⊥⊥ T | X,

2. Consistency Y | T = Yt,

3. Y conditioned on x and t is a normally distributed random variable,

4. µ̂ω(x, t) is a consistent estimator of E[Y | T = t,X = x],

the information gain for Ω when we observe a label for the potential outcome Yt

given measured covariates x, treatment t and a dataset of observations Dtrain =

{xi, ti, yi}ni=1 can be approximated as is

I(Yt; Ω | x, t,Dtrain) ≈ 1
2

log
(

Var(Y | x, t,Dtrain)
Eω[Var(Y | x, t,ω)]

)
, (C.6)

or

I(Yt; Ω | x, t,Dtrain) ≈ Var
ω∼p(Ω|Dtrain)

(µ̂ω(x, t)) . (C.7)

Equation (C.6) expresses the information gain as the logarithm of a ratio between

predictive and aleatoric uncertainty in the outcome. Whereas, equation (C.6) ex-

presses the information gain as a direct estimate of the epistemic uncertainty.
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Proof.

I(Yt; Ω | x, t,Dtrain) = H(Y | x, t,Dtrain)− E
p(Ω|Dtrain)

[H(Y | x, t,ω)] (C.8a)

= 1
2

log (2πVar(Y | x, t,Dtrain))

− E
p(Ω|Dtrain)

1
2

log (2πVar(Y | ω,x, t)) (C.8b)

≥ 1
2

log (2πVar(Y | x, t,Dtrain))

− 1
2

log
(

2π E
p(Ω|Dtrain)

Var(Y | ω,x, t)
)

(C.8c)

= 1
2

log
(

Var(Y | x, t,Dtrain)
Eω[Var(Y | x, t,ω)]

)
(C.8d)

I(Yt; Ω | x, t,Dtrain) = H(Y | x, t,Dtrain)− E
p(Ω|Dtrain)

[H(Y | x, t,ω)] (C.9a)

≈ Var[Y | x, t,Dtrain]− E
p(Ω|Dtrain)

[Var[Y | x, t,ω]] (C.9b)

= Var
ω∼p(Ω|Dtrain)

(µ̂ω(x, t)) (C.9c)

In (C.9a) we express the information gain as the mutual information between the

observed potential outcome Yt and the parameters Ω; given observed covariates x,

treatment t, and training data Dtrain. By consistency, we can drop the superscript

on the potential outcome. In (C.9b) we approximate the r.h.s terms of (C.9a)

by application of Lemma 1.1. Finally, we can move from (C.9b) to (C.9c) by

application of the law of total variance.

Note that for discrete or categorical Y, it is straightforward to evaluate Equation

(C.9a) directly.

ρ-BALD
Theorem 3. Under the following assumptions

1. {µ̂ω(x, t) : t ∈ {0, 1}} are instances of the independent-normally distributed or
joint-normally distributed random variables {µ̂t

Ω = E[Y | Ω, T = t, x] : t ∈ {0, 1}},

2. Varω∼p(Ω|Dtrain)(µ̂ω(x, t′)) > 0 .
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Let τ̂ω(x) be a realization of the random variable τ̂Ω = µ̂1
Ω − µ̂0

Ω. The information gain
for τ̂Ω if we observe the label for the potential outcome Yt given measured covariates x,
treatment t and a dataset of observations Dtrain = {xi, ti, yi}ni=1 is approximately

I(Yt; τ̂Ω | x, t,Dtrain) ≈ Varω(τ̂ω(x))
Varω(µ̂ω(x, t′))

,

= Varω (µ̂ω(x, t))− 2Covω(µ̂ω(x, t), µ̂ω(x, t′))
Varω (µ̂ω(x, t′))

+ 1,

(C.10)

where for binary T = t, t′ = (1− t).

Proof.

I(Yt; τ̂Ω | x, t,D) = H(τ̂Ω | x, t,D)−H(τ̂Ω | Yt, x, t,D) (C.11a)
= H(τ̂Ω | x, t,D)− E

yt∼p(Yt|x,t,D)
H(τ̂Ω | yt, x, t) (C.11b)

= 1
2

log(2π Var(τ̂Ω))− E
yt∼p(Yt|x,t,D)

[1
2

log(2π Var(τ̂Ω | yt))
]

(C.11c)

≥ 1
2

log(2π Var(τ̂Ω))− 1
2

log(2π E
[
Var(τ̂Ω | yt)

]
) (C.11d)

= 1
2

log
( Var(τ̂Ω)
E [Var(τ̂Ω | yt)]

)
, (C.11e)

and we can further expand the fraction to

Var(τ̂Ω | x, t,D)
E [Var(τ̂Ω | yt)]

= Var(τ̂Ω | x, t,D)
Varω∼p(Ω|D)(µ̂ω(x, t′))

(C.11f)

=
Varω∼p(Ω|D)(τ̂ω(x) | t)

Varω(µ̂ω(x, t′))
(C.11g)

= Varω(µ̂ω(x, 1)− µ̂ω(x, 0) | t)
Varω(µ̂ω(x, t′))

(C.11h)

= Varω(µ̂ω(x, t)− µ̂ω(x, t′))
Varω(µ̂ω(x, t′))

(C.11i)

= Varω(µ̂ω(x, t)) + Varω(µ̂ω(x, t′))− 2 Covω(µ̂ω(x, t), µ̂ω(x, t′))
Varω(µ̂ω(x, t′))

(C.11j)

= Varω(µ̂ω(x, t))− 2 Covω(µ̂ω(x, t), µ̂ω(x, t′))
Varω(µ̂ω(x, t′))

+ 1, (C.11k)

where (C.11a) by definition of mutual information; (C.11a)-(C.11b) from the result of
Houlsby et al. ((2011)); (C.11b)-(C.11c) by Assumption 1. and Corollary 1.1; (C.11c)-
(C.11d) by Jensen’s inequality; (C.11d)-(C.11e) by the logarithmic quotient identity;
(C.11f) by Lemma 3.1; (C.11f)-(C.11g) by definition of the variance. (C.11g)-(C.11h) by
definition of τ̂ω; (C.11h)-(C.11i) by symmetry of the variance of the difference of two
random variables; (C.11i)-(C.11j) by the definition of the variance of the difference of
two random variables; and (C.11j)-(C.11k) by cancelling terms.

Lemma 3.1. Under the following assumptions

1. Consistency Y | T = Yt;
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2. Unconfoundedness (Y0,Y1) ⊥⊥ T | X;

E
yt∼p(Yt|x,t,D)

[
Var(τ̂Ω | yt)

]
≈ E

yt∼p(Yt|x,t,D)

[
Var

ω∼p(Ω|Dtrain)
(µ̂ω(x, t′))

]
, (C.12)

where for binary T = t, t′ = (1− t).
Proof.

Eyt∼p(Yt|x,t,D)
[
Var(τ̂Ω | yt)

]
= E

p(yt)

[
E

p(ω)

[(
τ̂ω − E

p(ω)

[
τ̂ω | yt])2

| yt

]]
, (C.13a)

= E
p(yt)

[
E

p(ω)

[(
E[Y1 −Y0 | x, ω]− E

p(ω)

[
E[Y1 −Y0 | x, ω] | yt])2

| yt

]]
, (C.13b)

= E
p(yt)

[
E

p(ω)

[(
E[Y1 | x, ω]− E[Y0 | x, ω]

− E
p(ω)

[
E[Y1 | x, ω] | yt]+ E

p(ω)

[
E[Y0 | x, ω] | yt])2

| yt

]]
, (C.13c)

= E
p(yt)

[
E

p(ω)

[((
E[Y1 | x, ω]− E

p(ω)

[
E[Y1 | x, ω] | yt])

−
(
E[Y0 | x, ω]− E

p(ω)

[
E[Y0 | x, ω] | yt]))2

| yt

]]
, (C.13d)

= E
p(yt)

[
E

p(ω)

[((
E[Yt | x, ω]− E

p(ω)

[
E[Yt | x, ω] | yt])

−
(
E[Yt′

| x, ω]− E
p(ω)

[
E[Yt′

| x, ω] | yt
]))2

| yt

]]
, (C.13e)

= E
p(yt)

[
E

p(ω|yt)

[((
E

p(yt|x,ω)
[yt]− E

p(ω|yt)

[
E

p(yt|x,ω)
[yt]
])

−

(
E

p(yt′ |x,ω)
[yt′

]− E
p(ω|yt)

[
E

p(yt′ |x,ω)
[yt′

]

]))2
 , (C.13f)

= E
p(yt)

 E
p(ω|yt)



(

E
p(yt|x,ω)

[yt]− E
p(ω|yt)

[
E

p(yt|x,ω)
[yt]
])

︸ ︷︷ ︸
≈ 0

−

(
E

p(yt′ |x,ω)
[yt′

]− E
p(ω)

[
E

p(yt′ |x,ω)
[yt′

]

]))2
 , (C.13g)

≈ E
p(yt)

 E
p(ω|yt)

( E
p(yt′ |x,ω)

[yt′
]− E

p(ω)

[
E

p(yt′ |x,ω)
[yt′

]

])2
 , (C.13h)

= E
p(yt)

[
E

p(ω|yt)

[(
µ̂ω(x, t′)− E

p(ω)
[µ̂ω(x, t′)]

)2
]]

, (C.13i)

= E
yt∼p(Yt|x,t,D)

[
Var

ω∼p(Ω|Dtrain)
(µ̂ω(x, t′))

]
, (C.13j)

where (C.13a) by definition of variance; (C.13a)-(C.13b) by definition of τ̂ω; (C.13b)-(C.13c)
by linearity of expectations; (C.13c)-(C.13d) by grouping terms; (C.13d)-(C.13e) by symmetry
of the square; (C.13e)-(C.13f) by rewriting expectations in terms of densities; (C.13f)-(C.13g)
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the observed potential outcome does not have an effect on the expectation of the model for
the counterfactual outcome; (C.13g)-(C.13h) we drop the term as an approximation as we cannot
estimate here how much the expected outcome is going to change—the conservative assumption is
that will not change; (C.13h)-(C.13i) by definition of µ̂ω; (C.13i)-(C.13j) by definition of variance;

Baselines

S-type error Information Gain

In their work, Sundin et al. ((2019)) assume that the underlying model is a Gaus-

sian Process (GP) and also that they have access to the counterfactual outcome.

Although GPs are suitable for uncertainty estimation, they do not scale up to high

dimensional datasets (e.g. images). We propose to use Deep Ensembles and DUE

for alleviating the capabilities issues and we modified the objective to be more

suitable for our architecture.

Following the formulation from Houlsby et al. ((2011)), the acquisition strategy

becomes

argmax
x

H[γ|x,D]− Ep(θ|D)[γ|x, θ],

where γ(x) = probit−1
(
− |Ep(τ |x,Dtrain)[τ ]|√

Var(τ |x,Dtrain)

)
, probit−1(·) is the cumulative distribution

function of normal distribution and p(γ|x,D) = Bernoulli(γ). With DUE (Deep

Kernel Learning method) and Deep Ensembles (samples from p(θ|D)) we can

compute those terms similarly to how we implemented our BALD objectives. Below

is an example of how this was implemented in PyTorch:

tau_mu = mu1s - mu0s

tau_var = var1s + var0s + 1e-07

gammas = torch.distributions.normal.Normal(0, 1).cdf(

-tau_mu.abs() / tau_var.sqrt()

)

gamma = gammas.mean(-1)

predictive_entropy = dist.Bernoulli(gamma).entropy()

conditional_entropy = dist.Bernoulli(gammas).entropy().mean(-1)

# it can get negative very small number
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# because of numerical instabilities

scores = (predictive_entropy - conditional_entropy).clamp_min(1e-07)

Datasets

Synthetic Data

We modify the synthetic dataset presented by Kallus et al. ((2019)). Our dataset

is described by the following structural causal model (SCM):

x := Nx, (C.14a)

t := Nt, (C.14b)

y := (2t− 1)x + (2t− 1)− 2 sin(2(2t− 1)x) + 2(1 + 0.5x) +Ny, (C.14c)

where Nx ∼ N (0, 1), Nt ∼ Bern(sigmoid(2x + 0.5)), and Ny ∼ N (0, 1).

Each random realization of the simulated dataset generates 10000 pool set ex-

amples, 1000 validation examples, and 1000 test examples. In the experiments,

we report results over 40 random realizations. The seeds for the random number

generators are i, i + 1, and i + 2; {i ∈ [0, 1, . . . , 19]}, for the training, validation,

and test sets, respectively.

IHDP Data.

Infant Health and Development Program (IHDP) is a semi-synthetic dataset ((Hill,

2011, Shalit et al., 2017)) commonly used in literature to study the performance of

causal effect estimation methods. The dataset consists of 747 cases, out of which

139 are assigned in treatment group and 608 in control. Each unit is represented

by 25 covariates describing different aspects of the infants and their mothers. We

report results over 200 random realizations of response surface B described by Hill

((2011)).
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CMNIST Data.

Following the setup from Jesson et al. ((2021)), we use a simulated dataset based

on MNIST ((LeCun, 1998)). CMNIST is described by the following SCM:

x := Nx, (C.15a)

ϕ :=
(

clip
(
µNx − µc

σc
;−1.4, 1.4

)
−Minc

) Maxc −Minc

1.4− -1.4
(C.15b)

t := Nt, (C.15c)

y := (2t− 1)ϕ+ (2t− 1)− 2 sin(2(2t− 1)ϕ) + 2(1 + 0.5ϕ) +Ny, (C.15d)

where Nt (swapping x for ϕ), and Ny are as described in Appendix C. Nx is a sample

of an MNIST image. The sampled image has a corresponding label c ∈ [0, . . . , 9].

µNx is the average intensity of the sampled image. µc and σc are the mean and

standard deviation of the average image intensities over all images with label c in

the MNIST training set. In other words, µc = E[µNx | c] and σ2
c = Var[µNx | c].

To map the high dimensional images x onto a one-dimensional manifold ϕ with

domain [−3, 3] above, we first clip the standardized average image intensity on

the range (−1.4, 1.4). Each digit class has its own domain in ϕ, so there is a

linear transformation of the clipped value onto the range [Minc,Maxc]. Finally,

Minc = −2 + 4
10c, and Maxc = −2 + 4

10(c + 1).

For each random realization of the dataset, the MNIST training set is split

into training (n = 35000) and validation (n = 15000) subsets using the scikit-

learn function train_test_split(). The test set is generated using the MNIST test

set (n = 10000). The random seeds are {i ∈ [0, 1, . . . , 19]} for the 10 random

realizations generated.

More Results

Model Architectures

For deep ensembles, we use an ensemble of TarNETs Shalit et al. ((2017)). For

Due, we append the treatment variable to the features extracted, then define the

GP over that input.
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Figure C.1: √ϵPEHE performance (shaded standard error) for Deep Ensembles based
models. (left to right) synthetic (20 seeds), IHDP (50 seeds) and CMNIST (5
seeds) dataset results, (top to bottom) comparison with baselines, comparison between
BALD objectives. We observe that BALD objectives outperform the random, γ and
propensity acquisition functions significantly, suggesting that epistemic uncertainty
aware methods that target reducible uncertainty can be more sample efficient.

Figure C.2: √ϵPEHE performance (shaded standard error) for DUE models. (left
to right) synthetic (40 seeds), and IHDP (200 seeds). We observe that BALD
objectives outperform the random, γ and propensity acquisition functions significantly,
suggesting that epistemic uncertainty aware methods that target reducible uncertainty
can be more sample efficient.
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Figure C.3: PreactivationConv is a convolution layer with LeakyReLU (or ELU
when slope is negative) activation, dropout and spectral norm applied ((Gouk et al.,
2021, Miyato et al., 2018)). Similarly, PreactivationDense is a dense layer with Batch-
Norm ((Ioffe and Szegedy, 2015)), LeakyReLU (or ELU when slope is negative) activation
and spectral norm applied ((Gouk et al., 2021, Miyato et al., 2018)). ResidualConv is
the residual convolution layer, defined as PreactivationConv(PreactivationConv(x))
+ SpectralNorm(1x1Conv(x)) and ResidualDense are residual dense layers, defined as
PreactivationDense(x)+x).

All experiments were trained using Adam optimizer ((Kingma and Ba, 2017)).

Hyper-parameters

We use ray tune ((Liaw et al., 2018)) with the hyperopt Bergstra et al. ((2013))

search algorithm to optimize our network hyper-parameters. The hyper-parameter

search spaces are given in Table C.1 and Table C.2. The hyper-paramter opti-

mization objective for each dataset is the expected batch-wise log-likelihood of the

validation data for a single dataset realization with random seed 1331. The final

hyper-parameters are given in Table C.3 and Table C.4.
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Table C.1: Hyper-parameter search space for Deep Ensemble

Hyper-parameter Search Space

hidden units [100, 200, 400]
network depth [2, 3, 4]
negative slope [ReLU Agarap ((2018)), 0.1, 0.2,

ELU Clevert et al. ((2016))]
dropout rate [0.05, 0.1, 0.2, 0.5]
spectral norm [None, 0.95, 1.5, 3.0]
batch size [32, 64, 100, 200]
learning rate [2e-4, 5e-4, 1e-3]

Table C.2: Hyper-parameter search space for DUE

Hyper-parameter Search Space

kernel [RBF, Matern]
ν (Matern) [0.5, 1.5, 2.5]
inducing points [20, 50, 100, 200]
hidden units [100, 200, 400]
network depth [2, 3, 4]
negative slope [ReLU Agarap ((2018)), 0.1, 0.2,

ELU Clevert et al. ((2016))]
dropout rate [0.05, 0.1, 0.2, 0.5]
spectral norm [None, 0.95, 1.5, 3.0]
batch size [32, 64, 100, 200]
learning rate [2e-4, 5e-4, 1e-3]

Table C.3: Training hyper parameters for Deep Ensemble experiments

Parameter Synthetic IHDP CMNIST
dim hidden 100 400 100
dropout 0.0 0.15 0.1
depth 4 3 3
spectral norm 12 0.95 24
learning rate 0.001 0.001 0.001
non-linearity ReLU ELU ReLU
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Table C.4: Training hyper parameters for DUE experiments

Parameter Synthetic IHDP CMNIST
kernel RBF Matern (ν = 1.5) RBF
inducing points 20 100 100
dim hidden 100 200 200
dropout 0.2 0.1 0.05
depth 3 3 2
batch size 200 100 64
spectral norm 0.95 0.95 3.0
learning rate 0.001 0.001 0.001
non-linearity ReLU ELU ELU
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Theoretical Results

Deriving the Mutual Information over Outcomes

In the following lemma, we derive the mutual information over outcomes given in

(5.2).

Lemma 3.2.

I(Y; Φ | {(j, v)},D)

=− E
p(y|{(j,v)},D)

[
log

(
E

p(ϕ|{(j,v)},D)
[p(y | ϕ, {(j, v)})]

)]

+ E
p(ϕ|D)

[
E

p(y|ϕ,{(j,v)})
[log (p(y | ϕ, {(j, v)}))]

] (D.1)

163
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Proof.

I(Y;Φ | {(j, v)},D) = H(Y | {(j, v)},D)− H(Y | Φ, {(j, v)},D) (D.2a)

= H(Y | {(j, v)},D)− E
p(ϕ|D)

[H(Y | ϕ, {(j, v)})] (D.2b)

= − E
p(y|{(j,v)},D)

[log (p(y | {(j, v)},D))]

+ E
p(ϕ|D)

[
E

p(y|ϕ,{(j,v)})
[log (p(y | ϕ, {(j, v)}))]

]
(D.2c)

= − E
p(y|{(j,v)},D)

[
log

(∫
ϕ
p(y,ϕ | {(j, v)},D)dϕ

)]

+ E
p(ϕ|D)

[
E

p(y|ϕ,{(j,v)})
[log (p(y | ϕ, {(j, v)}))]

]
(D.2d)

= − E
p(y|{(j,v)},D)

[
log

(∫
ϕ
p(ϕ | {(j, v)},D)p(y | ϕ, {(j, v)},D)dϕ

)]

+ E
p(ϕ,|D)

[
E

p(y|ϕ,{(j,v)})
[log (p(y | ϕ, {(j, v)}))]

]
(D.2e)

= − E
p(y|{(j,v)},D)

[
log

(
E

p(ϕ|{(j,v)},D)
[p(y | ϕ, {(j, v)})]

)]

+ E
p(ϕ|D)

[
E

p(y|ϕ,{(j,v)})
[log (p(y | ϕ, {(j, v)}))]

]
. (D.2f)

Estimating the Mutual Information over Outcomes

For models that allow for evaluation of the experimental outcome density (likeli-

hood), p(y | ϕ, {(j, v)}), we can use the following estimator for I(Y; Φ | {(j, v)},D):

Î(Y; Φ | {(j, v)},D) = Ĥ(Y | {(j, v)},D)− Ĥ(Y | Φ, {(j, v)},D) (D.3)

Algorithm 6: Mutual Information Computation
Input : Posterior q(ϕ | Dobs ∪ Dint), Number of posterior samples c,

Number of interventional samples m, Intervention {(j, v)}. We
notate as int the interventional and obs the observational data.

▷Sample from the posterior
1 {ϕ̂i ∼ q(ϕ | Dobs ∪ Dint)}ci=1
▷Sample from mutilated SCMs

2 {ŷi,j,k ∼ p(y | ϕ̂i, {(j, v)})}mk=1

3 return − 1
c×m

∑c
i=1

∑m
k=1 log

(
1
c

∑c
l=1 p(ŷi,k | ϕ̂l, {(j, v)})

)
+ 1
c×m

∑c
i=1

∑m
k=1 log

(
p(ŷi,k | ϕ̂i, {(j, v)})

)
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Definition 7. The Monte Carlo estimator, Ĥ(Y | {(j, v)},D), of the marginal

entropy of the experimental outcomes, H(Y | {(j, v)},D), is given by:

− 1
co ×m

co∑
i=1

m∑
k=1

log
(

1
cin

cin∑
l=1

p(ŷi,k | ϕ̂l, {(j, v)})
)
, (D.4)

where ŷi,k ∼ p(y | ϕ̂l, {(j, v)}) is one of m samples from the density parameterised

by the ith of co SCMs ϕ̂i ∼ p(ϕ | D) augmented by intervention {(j, v)}. The

likelihood of the sample ŷi,k is then evaluated under the parameterisation of the lth

of cin additional SCMs ϕ̂l ∼ p(ϕ | D) augmented by intervention {(j, v)}.

Ĥ(Y | {(j, v)},D) is a consistent but biased estimator of H(Y | {(j, v)},D) due

to the expectation inside of the nonlinear log function. Alternatively, we can look

at the following lower bound on H(Y | {(j, v)},D):

H(Y | {(j, v)},D) = − E
p(y|{(j,v)},D)

[
log

(
E

p(ϕ|D)
[p(y | ϕ, {(j, v)})]

)]
,

≤ − E
p(y|{(j,v)},D)

[
E

p(ϕ|D)
[log (p(y | ϕ, {(j, v)}))]

]
,

by Jensen’s inequality. We can then define an unbiased estimator of this lower

bound.

Definition 8. The unbiased Monte Carlo estimator, Ĥ∗(Y | {(j, v)},D), of the

lower bound on the marginal entropy of the experimental outcomes,

− E
p(y|{(j,v)},D)

[
E

p(ϕ,|D)
[log (p(y | ϕ, {(j, v)}))]

]
,

is given by:

− 1
co × cin ×m

co∑
i=1

m∑
k=1

cin∑
l=1

log
(
p(ŷi,k | ϕ̂l, {(j, v)})

)
, (D.5)

Finally, we define our estimator for H(Y | Φ, {(j, v)},D).

Definition 9. The Monte Carlo estimator, Ĥ(Y | Φ, {(j, v)},D), of the entropy

of the experimental outcomes conditioned on Φ, H(Y | Φ, {(j, v)},D), is given by:

− 1
co ×m

co∑
i=1

m∑
k=1

log
(
p(ŷi,k | ϕ̂i, {(j, v)})

)
, (D.6)

where ŷi,k ∼ p(y | ϕ̂i, {(j, v)}) is one of m samples from the density parameterised

by the ith of co graphs ϕ̂i ∼ p(ϕ | D) augmented by intervention {(j, v)}.
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Monte Carlo Estimator of the Batch Mutual In-
formation

While Equation 5.2 pertains to MI for a single design, we present here the MI

estimator for the batch design.

I(Y; Φ | Ξ,D) =
∑

{(j,v)}∈Ξ
I(Y; Φ | {(j, v)},D) (D.7)

=
∑

{(j,v)}∈Ξ
H(Y | {(j, v)},D)−H(Y | Φ, {(j, v)},D)

= −
∑

{(j,v)}∈Ξ
E

p(y|{(j,v)},D)

[
log

(
E

p(ϕ|D)
[p(y | ϕ, {(j, v)})]

)]

+ E
p(ϕ|D)

[
E

p(y|ϕ,{(j,v)})
[log (p(y | ϕ, {(j, v)}))]

]

Mutual Information Submodularity and Monotonic-
ity Proofs

Theorem 4. I(Y ;ω | X) is submodular.
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Proof. The proof follows the structure of ((Kirsch et al., 2019, Appendix A)).

I(Y ∪ {y1};ω | X ∪ {x1}) + I(Y ∪ {y2};ω | X ∪ {x2}) ≥

I(Y ∪ {y1, y2};ω | X ∪ {x1, x2}) + I(Y ;ω | X)

(conditioning on RVs that are independent of the non-conditioning RVs)⇔

I(Y ∪ {y1};ω | X ∪ {x1, x2}) + I(Y ∪ {y2};ω | X ∪ {x1, x2}) ≥

I(Y ∪ {y1, y2};ω | X ∪ {x1, x2}) + I(Y ;ω | X ∪ {x1, x2})

(substituting X ∪ {x1, x2} with X+)⇔

I(Y ∪ {y1};ω | X+) + I(Y ∪ {y2};ω | X+) ≥

I(Y ∪ {y1, y2};ω | X+) + I(Y ;ω | X+)

(subtract 2 ∗ I(Y ;ω | X+) from both sides

and use the identity I(A,B;C)− I(B;C) = I(A;C | B) ) ⇔

I(y1;ω | Y,X+) + I(y2;ω | Y,X+) ≥ I(y1, y2;ω | Y,X+)

⇔

I(y1;ω | Y,X+) + I(y2;ω | Y,X+) =

(h(y1 | Y,X+) + h(y2 | Y,X+))︸ ︷︷ ︸
≥h(y1,y2|Y,X+) ((Thomas and Joy, 2006, p.253))

− (h(y1 | Y,X+, ω) + h(y2 | Y,X+, ω))︸ ︷︷ ︸
=h(y1,y2|ω,Y,X+) (because y1⊥⊥y2|ω)

≥

h(y1, y2 | Y,X+)− h(y1, y2 | ω, Y,X+) = I(y1, y2;ω | Y,X+)

Theorem 5. I(Y ;ω | X) is non-decreasing.

Proof.

I(Y ∪ {y};ω | X ∪ {x})− I(Y ;ω | X) =

(conditioning on RVs that are independent of the non-conditioning RVs)

I(Y ∪ {y};ω | X ∪ {x})− I(Y ;ω | X ∪ {x}) =

(use the identity I(A,B;C)− I(B;C) = I(A;C | B))

I({y};ω | Y,X ∪ {x}) ≥ 0
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Relation to MI Approximation in ABCD

Here we demonstrate that though ABCD ((Agrawal et al., 2019)) uses an impor-

tance weighted estimate of mutual information, for the specific choice of importance

weights used in ABCD, the MI estimate turns out to be the same as the one used

in this work.

We note that ABCD decomposes the MI as entropy over the SCM as opposed

to the entropy over outcomes used in this work.

Entropy Over SCM
The mutual information in (5.1) can be written as:

I(Y; Φ | {(j, v)},D) = H(Φ | {(j, v)},D)−H(Φ | Y, {(j, v)},D) (D.8)

where H(·) is the expected entropy. As the posterior p(g,θ|D) does not change

as a result of conditioning on the design choice {(j, v)}, the first entropy term is

constant wrt {(j, v)}. Hence, selecting the most informative target corresponds to

minimising the conditional entropy of the parameters Φ.

H(Φ | Y, {(j, v)},D)

= − E
p(y|{(j,v)},D)

[
E

p(ϕ|y,{(j,v)},D)
[log p(ϕ | y, {(j, v)},D)]

]
(D.9)

The above equation cannot be estimated from samples of q(ϕ | D) ≈ p(ϕ | D)

since the posterior of the SCM would change when the interventional outcome y is

conditioned on. To address this problem, ABCD Agrawal et al. ((2019)) proposes

to use weighted importance sampling with weights w = p(y | ϕ, {(j, v)},D) and

use samples from q(ϕ | D).

Definition 10. The weighted importance sampling estimate of entropy over SCM

(D.8) with weights w(ϕ) is given by

ÎWIS = 1
co

co∑
i=1

E
p(y|{(j,v)},D)

[
logw(ϕ̂i)

]
− E

p(y|{(j,v)},D)

[
log

[
E

p(ϕ|D,{(j,v)})
w(ϕ)

]]
(D.10)
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Entropy Over Outcomes.

We can instead consider an alternative factorisation of (5.1) which would not

require importance sampling and also compute entropies in the lower dimensional

space of experimental outcomes, as given in Equation 5.2.

Definition 11. The Monte Carlo estimate of entropy over outcomes (5.2) is given

by

ÎMC = 1
co ×m

co∑
i=1

m∑
k=1

log
(
p(ŷi,k | ϕ̂i, {(j, v)})

)

− 1
co ×m

co∑
i=1

m∑
k=1

log
(

1
cin

cin∑
l=1

p(ŷi,k | ϕ̂l, {(j, v)})
)

(D.11)

Relation between Approximations with Entropy over SCM
and Entropy over Outcomes

We prove below that for specific choice of importance weights w(ϕ) :== p(y |

ϕ, {(j, v)},D) used in ABCD, the MI approximations due to the above two fac-

torizations are the same.. Let ÎWIS (D.10) be the weighted importance sampling

estimate of entropy over SCM (D.8) with weights w(ϕ) and ÎMC (D.11) be the

Monte Carlo estimate of entropy over outcomes (5.2). Then, ÎWIS = ÎMC if w(ϕ) =

p(y | ϕ, {(j, v)},D).

Proof. Consider the entropy over SCM:

I(Y; Φ | {(j, v)},D) = H(Φ | {(j, v)},D)− H(Φ | Y, {(j, v)},D)

I(Y; Φ | {(j, v)},D) = H(Φ | {(j, v)},D)

+ E
p(y|{(j,v)},D)

[
E

p(ϕ|y,{(j,v)},D)
[log p(ϕ | y, {(j, v)},D)]

]
(D.12)

Consider the importance weighted estimate of the above equation with weights

w(ϕ). We can rewrite p(ϕ | y, {(j, v)},D) as:

p(ϕ | y, {(j, v)},D) = w(ϕ)p(ϕ | D, {(j, v)})
Ep(ϕ|D,{(j,v)}) [w(ϕ)]

(D.13)
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Let {ϕ̂i ∼ p(ϕ | D)}coi=1, using (D.13) in (D.12),

ÎWIS(Y; Φ | {(j, v)},D) = H(Φ | {(j, v)},D)

+ 1
co

co∑
i=1

E
p(y|{(j,v)},D)

log
[
w(ϕ̂i)p(ϕ̂i | D, {(j, v)})
Ep(ϕ|D,{(j,v)}) [w(ϕ)]

]
(D.14a)

Furthermore, using a Monte-Carlo estimate on first term with ϕ̂i, we get

ÎWIS(Y; Φ | {(j, v)},D) = 1
co

co∑
i=1

[
− log p(ϕ̂i | D, {(j, v)})

+ E
p(y|{(j,v)},D)

log
(
w(ϕ̂i)p(ϕ̂i | D, {(j, v)})
Ep(ϕ|D,{(j,v)}) [w(ϕ)]

)]
(D.14b)

Focusing on the second term,

E
p(y|{(j,v)},D)

log
[
w(ϕ̂i)p(ϕ̂i | D, {(j, v)})
Ep(ϕ|D,{(j,v)}) [w(ϕ)]

]
= E

p(y|{(j,v)},D)

[
logw(ϕ̂i)

]
+ log p(ϕ̂i | D, {(j, v)})

− E
p(y|{(j,v)},D)

[
log

[
E

p(ϕ|D,{(j,v)})
w(ϕ)

]] (D.15)

Plugging the above result back in (D.14b) and noticing that second term in the

above equation cancels with first term in (D.14b), we get:

ÎWIS = 1
co

co∑
i=1

E
p(y|{(j,v)},D)

[
logw(ϕ̂i)

]
− E

p(y|{(j,v)},D)

[
log

[
E

p(ϕ|D,{(j,v)})
w(ϕ)

]]
(D.16)

ÎMC is given by (D.4)+(D.6). We can notice that ÎWIS = ÎMC if w(ϕ) = p(y |

ϕ, {(j, v)},D) and approximating remaining expectations in the above equation

with Monte Carlo samples.

Models

DiBS Hypermarameters

For optimizing DiBS Lorch et al. ((2021)) we used RMSProp with learning rate

0.005. Additionally, per dataset we set the following hyperparameters:
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Nodes Dataset Graph Prior
Particles

Transportation
Steps

Number of Particles Kernel
20

Scale Free Scale Free 20000 20 Frobenius Squared Exponential (hlatent = 5.0, htheta = 500)
Erds-Rényi Erds-Rényi 20000 20 Frobenius Squared Exponential (hlatent = 5.0, htheta = 500)

50

Scale Free Scale Free 20000 20 Frobenius Squared Exponential (hlatent = 5.0, htheta = 500)
Erds-Rényi Erds-Rényi 20000 20 Frobenius Squared Exponential (hlatent = 5.0, htheta = 500)

10

Ecoli1 Erds-Rényi 10000 20 Frobenius Squared Exponential (hlatent = 5.0, htheta = 500)
Ecoli2 Erds-Rényi 10000 20 Frobenius Squared Exponential (hlatent = 5.0, htheta = 500)
Yeast1 Erds-Rényi 10000 20 Frobenius Squared Exponential (hlatent = 5.0, htheta = 500)
Yeast2 Erds-Rényi 10000 20 Frobenius Squared Exponential (hlatent = 5.0, htheta = 500)

50

Ecoli1 Erds-Rényi 10000 20 Frobenius Squared Exponential (hlatent = 5.0, htheta = 500)
Ecoli2 Erds-Rényi 10000 20 Frobenius Squared Exponential (hlatent = 5.0, htheta = 500)
Yeast1 Erds-Rényi 10000 20 Frobenius Squared Exponential (hlatent = 5.0, htheta = 500)
Yeast2 Erds-Rényi 10000 20 Frobenius Squared Exponential (hlatent = 5.0, htheta = 500)

Table D.1: Settings of DREAM experiments for nodes 10 and 50.

DAG Bootstrap

The DAG bootstrap bootstraps observations and interventions to infer a different

causal structure per bootstrap. We used GIES as the causal inference algorithm

because of the adaptation of GES on interventional data as well. In our experiments,

we used the pcalg R implementation https://github.com/cran/pcalg/blob/

master/R/gies.R to discover 100 graphs. Each graph can be seen as a posterior

sample from p(G | D). For each of the sampled graphs Gi we compute the appro-

priate θMLE under linear Gaussian assumption for the conditional distributions.

Datasets and Experiment details

Synthetic Graphs Experiments

In the synthetic data experiments, we focus on two types of graphs. The Erds-Rényi

and Scale Free.

Erdos-Renyi model:

We used networkx1 and method fast_gnp_random_graph Batagelj and Brandes

((2005)) to generate graphs based on the Erds-Rényi model. We set expected

number of edges per vertex to 1.

Scale Free (Barabasi-Albert) graphs:

1https://networkx.org/documentation/networkx-1.10/reference/generated/
networkx.generators.random_graphs.fast_gnp_random_graph.html

https://github.com/cran/pcalg/blob/master/R/gies.R
https://github.com/cran/pcalg/blob/master/R/gies.R
https://networkx.org/documentation/networkx-1.10/reference/generated/networkx.generators.random_graphs.fast_gnp_random_graph.html
https://networkx.org/documentation/networkx-1.10/reference/generated/networkx.generators.random_graphs.fast_gnp_random_graph.html
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We used igraph2 package to generate the graphs. We set the expected number

of edges per vertex to 1.

For all the synthetic graph experiments, we used batch size of 10 and number of

iterations of 10.

DREAM Experiments

For the DREAM experiments, we used GeneNetWeaver Schaffter et al. ((2011)),

a simulator of gene regulatory networks, based on stochastic differential equa-

tions. This simulator was used to generate data for Dialogue for Reverse Engi-

neering Assessments and Methods (DREAM) Sachs et al. ((2005)) competition

with three network inference challenges (DREAM3, DREAM4 and DREAM5). We used

the GeneNetWeaver v3.13.

Each experiment is parametrized as an xml file describing the network topol-

ogy but also the crucial parameters of the stochastic differential equation that

GeneNetWeaver simulates. In our experiments, we used Ecoli1, Ecoli2, Yeast1

and Yeast2 networks for 10 and 50 nodes.

Each experiment was initialized with 100 observational data. For the obser-

vational data, we used the steady state 4 of wild-type experiments. For the

interventional data, we used the steady-state of knock-out experiments. Each

observational or interventional sample was conducted by running the simulator

with a different seed per draw.

Dataset Model Starting Observational Samples Batch Size Number of Batches

10
no

de
s Ecoli1 DiBS non linear 100 5 20

Ecoli2 DiBS non linear 100 5 20
Yeast1 DiBS non linear 100 5 20
Yeast2 DiBS non linear 100 5 20

50
no

de
s Ecoli1 DiBS non linear 100 20 20

Ecoli2 DiBS non linear 100 20 20
Yeast1 DiBS non linear 100 20 20
Yeast2 DiBS non linear 100 20 20

Table D.2: Settings of DREAM experiments for nodes 10 and 50.

2https://igraph.org/python/api/latest/igraph._igraph.GraphBase.html#Barabasi
3https://github.com/tschaffter/genenetweaver
4Steady state is considered the result of the simulation of the SDE for maximum 2000 steps.

https://igraph.org/python/api/latest/igraph._igraph.GraphBase.html#Barabasi
https://github.com/tschaffter/genenetweaver
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Bayesian Optimisation

Bayesian Optimisation (BO) Kushner ((1964)), Zhilinskas ((1975)), Močkus ((1975))

is a global optimisation technique for optimising black-box functions. More for-

mally, for any function U defined on a set X which is expensive to evaluate, BO

seeks to find the maximum of the function over the entire set X with as few

evaluations as possible.

max
x∈X

U(x)

BO typically proceeds by placing a prior on the unknown function and obtaining the

posterior over this function with the queried points x∗ = {x∗
1, . . . , x

∗
t}. A common

prior is a Gaussian Process (GP) Rasmussen ((2003)) with mean 0 and covariance

function defined by a kernel k(x, x′). Let Ux∗ = [U(x∗
1), . . . ,U(x∗

t )] denote the

vector of function evaluations, K the kernel matrix with Ki,j = k(x∗
i , x

∗
j) and

kt+1 = [k(x∗
1, xt+1), . . . , k(x∗

t , xt+1)]. The posterior predictive of point xt+1 can be

obtained in closed form:

p(U) ∼ GP(0, k)

p(U | x∗,Ux∗ , xt+1) = N (µ(xt+1),σ2(xt+1))

µ(xt+1) = kTt+1(K + I)−1Ux∗

σ2(xt+1) = k(xt+1, xt+1)− kTt+1(K + I)−1kt+1

For the Gaussian Process, we used the following hyperparameters. Matern

kernel, length scale 1.0, length scale bounds (lower=1e − 5, upper=1e5), Nu

(smoothness of learned function) 2.5. Also added 1e − 6 to the diagonal of the

kernel matrix.

Related Work
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Table D.3: Comparison of the proposed experimental design for causal discovery with
existing experimental design for causal discovery techniques.

Method Nonlinear BOED Scalable Continuous Finite Data Setting the value

Murphy, Tong and Koller Murphy ((2001)), Tong and Koller ((2001)) ✓ ✓
ABCD Agrawal et al. ((2019)) ✓ ✓ ✓ ✓
Active NCM Scherrer et al. ((2021)) ✓ ✓ ✓
Active ICP Gamella and Heinze-Deml ((2020)) ✓ ✓ ✓
GP-UCB von Kügelgen et al. ((2019)) ✓ ✓ ✓ ✓ ✓
Sussex Sussex et al. ((2021)) ✓ ✓
Ours ✓ ✓ ✓ ✓ ✓ ✓

Mutual Information per value for two Variables
graph

Figure D.1: Estimation of the Mutual Information using two variables model G. In
green we represent the interventional data. We train an ensemble of a linear (left plot)
and a non-linear (right plot) function approximator (NN) parametrizing a Gaussian
Distribution. We can see that in both cases, MI is influenced by the value of intervention
do(X1 = x1). In this experiment we used the BALD estimator of the MI.

metrics

E-SHD: Defined as the expected structural hamming distance between samples from

the posterior model over graphs and the true graph E-SHD := Eg∼p(G|D)
[
SHD(g, g̃)

]
E-SID: As the SHD is agnostic to the notion of intervention, Peters and Bühlmann

((2015)) proposed the expected structural interventional distance (E-SID) which

quantifies the differences between graphs with respect to the causal inference state-
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ments and interventional distributions.

AUROC: The area under the receiver operating characteristic curve of the binary

classification task of predicting the presence/ absence of all edges.

AUPRC: The area under the precision-recall curve of the binary classification task

of predicting the presence/ absence of all edges.

Metrics

E-SHD: Defined as the expected structural hamming distance between samples from

the posterior model over graphs and the true graph E-SHD := Eg∼p(G|D)
[
SHD(g, g̃)

]
E-SID: As the SHD is agnostic to the notion of intervention, Peters and Bühlmann

((2015)) proposed the expected structural interventional distance (E-SID) which

quantifies the differences between graphs with respect to the causal inference state-

ments and interventional distributions.

AUROC: The area under the receiver operating characteristic curve of the binary

classification task of predicting the presence/ absence of all edges.

AUPRC: The area under the precision-recall curve of the binary classification task

of predicting the presence/ absence of all edges.

Complete list of Synthetic task results

Unless stated otherwise, for all the synthetic experiments we run 100 seeds, with

standard error of the mean shaded.
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Figure D.2: Results of ErdsRényi Erdős and Rényi ((1959)) linear SCMs with 20
variables. Experiments were performed with DAG Bootstrap as the underlying posterior
model.
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Figure D.3: Results of scale-free linear SCMs with 20 variables. Experiments were
performed with DAG Bootstrap as the underlying posterior model.
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Figure D.4: Results of ErdsRényi Erdős and Rényi ((1959)) linear SCMs with 50
variables. Experiments were performed with DAG Bootstrap as the underlying posterior
model.
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Figure D.5: Results of scale-free linear SCMs with 50 variables. Experiments were
performed with DAG Bootstrap as the underlying posterior model.
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Figure D.6: Results of ErdsRényi Erdős and Rényi ((1959)) nonlinear SCMs with 20
variables. Experiments were performed with DiBS as the underlying posterior model.

Code Dependencies

We are using the following dependencies.
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Figure D.7: Results of scale-free nonlinear SCMs with 20 variables. Experiments were
performed with DiBS as the underlying posterior model.
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Figure D.8: Results of ErdsRényi Erdős and Rényi ((1959)) nonlinear SCMs with 50
variables. Experiments were performed with DiBS as the underlying posterior model.
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Figure D.9: Results of scale-free nonlinear SCMs with 50 variables. Experiments were
performed with DiBS as the underlying posterior model.

Table D.4: Set-up and dataset details for non-convex, non-linear regression prblem.

Name URL License

jaxlib/jax https://jax.readthedocs.io/en/latest/ Apache
causaldag https://github.com/FenTechSolutions/CausalDiscoveryToolbox MIT
pytorch https://github.com/pytorch/pytorch BSD
xarray https://github.com/pydata/xarray Apache
cdt https://github.com/FenTechSolutions/CausalDiscoveryToolbox MIT
bayesian-optimization https://github.com/fmfn/BayesianOptimization MIT
pgmpy https://github.com/pgmpy/pgmpy MIT
igraph https://github.com/igraph/igraph GPL-2.0
numpy https://github.com/numpy/numpy BSD
SciPy https://github.com/scipy/scipy BSD
scikit-learn https://github.com/scikit-learn/scikit-learn BSD
networkx https://github.com/networkx/networkx BSD

https://jax.readthedocs.io/en/latest/
https://github.com/FenTechSolutions/CausalDiscoveryToolbox
https://github.com/pytorch/pytorch
https://github.com/pydata/xarray
https://github.com/FenTechSolutions/CausalDiscoveryToolbox
https://github.com/fmfn/BayesianOptimization
https://github.com/pgmpy/pgmpy
https://github.com/igraph/igraph
https://github.com/numpy/numpy
https://github.com/scipy/scipy
https://github.com/scikit-learn/scikit-learn
https://github.com/networkx/networkx
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Computation requirements

Table D.5: Total number of GPU hours (back-of-the-envelope estimation). Experiments
are performed on an AMD EPYC 7662 64-core CPU and Tesla V100 GPU.

Runtime per acq. Iterations Seeds Experiments total (hours)
greedy ucb (CBED) 284.98 20 100 2 316.64
greedy fixed (CBED) 32.56 20 100 2 36.17

D=50 soft ucb (CBED) 24.17 20 100 2 26.85
soft fixed (CBED) 6.42 20 100 2 7.13

6.42 20 100 2 7.13
greedy ucb (AIT) 284.98 20 100 2 316.64
soft ucb (AIT) 24.17 20 100 2 26.85

greedy ucb (CBED) 113.992 20 100 2 126.65
greedy fixed (CBED) 13.024 20 100 2 14.47

D=20 soft ucb (CBED) 9.668 20 100 2 10.74
soft fixed (CBED) 2.568 20 100 2 2.85
soft sampled (CBED) 2.568 20 100 2 2.85
greedy ucb (AIT) 113.992 20 100 2 126.65
soft ucb (AIT) 9.668 20 100 2 10.74

DREAM soft fixed (CBED) 6.42 20 6 4 0.856
soft fixed (AIT) 6.42 20 6 4 0.856

sum 889.31

License

We summarize the licenses on table D.4.
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Derivation of Importance Weighted Nested Monte
Carlo Estimator
In this section, we derive the UIWNMC (Eq. 5.5) estimator. We derive the estimator
for a single design with an experiment denoted by ξ, parameters θ and experimental
outcome random variable Y and its instance y. Since it is a static design, all the
steps of the derivation hold if we replace ξ with ξ1:B, Y with Y1:B and y with y1:B.
We begin from the variational NMC (VNMC) estimator, introduced by Foster et al.
((2019))

I(Y; Θ | ξ) ≤ UVNMC(ξ) = E
p(θ0|ht−1)
p(y|θ0,ξ)

q(θ1:L|ht−1,y)

log p(y | ξ, θ0)
1
L

∑L
ℓ=1

p(y|ξ,θℓ)p(θℓ|ht−1)
q(θ1:L|ht−1,y)

 . (E.1)

This can be rewritten as

UVNMC(ξ) = E
p(θ0|ht−1)
p(y|θ0,ξ)

q(θ1:L|ht−1,y)

log p(y | ξ, θ0)
1
L

∑L
ℓ=1

p(y|ξ,θℓ)p(θℓ)p(ht−1|θℓ)
q(θ1:L|ht−1,y)

+ log p(ht−1)

 (E.2)

and Foster et al. ((2019)) observed that log p(ht−1) is a constant that does not
depend on ξ and so can be safely neglected when optimizing over designs. If we
take the original prior p(θℓ) as our proposal distribution q, then we arrive at

UVNMC-prior(ξ) = E
p(θ0|ht−1)p(θ1:L)

p(y|θ0,ξ)

[
log p(y | ξ, θ0)

1
L

∑L
ℓ=1 p(y | ξ, θℓ)p(ht−1 | θℓ)

]
+ C (E.3)
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where C = log p(ht−1). This allows us to sample contrastive samples from any
distribution, but does not account for θ0. If we were to sample θ0 from p(θ0), we
can correct using an importance weight

UVNMC-prior(ξ) = E
p(θ0:L)
p(y|θ0,ξ)

[
p(θ0 | ht−1)

p(θ0)
log p(y | ξ, θ0)

1
L

∑L
ℓ=1 p(y | ξ, θℓ)p(ht−1 | θℓ)

]
+ C, (E.4)

but unfortunately, this relies on knowing the density of the posterior or using the
fact that p(θ0 | ht−1)/p(θ0) = p(ht−1 | θ0)/p(ht−1), knowing the marginal likelihood
of the data ht−1. Neither of these is usually tractable. Instead, we can use a self-
normalized importance sampling approach, which amounts to estimating p(ht−1)
by a sum over θ0:L, giving the approximation IWNMC:

UIWNMC(ξ) = E
p(θ0:L)
p(y|θ0,ξ)

[
p(ht−1 | θ0)

1
L+1

∑L
k=0 p(ht−1 | θk)

log p(y | ξ, θ0)
1
L

∑L
ℓ=1 p(y | ξ, θℓ)p(ht−1 | θℓ)

]
+ C.

(E.5)

The form that is given in (5.5) is obtained by first relabelling the θ samples to
start from 1

UIWNMC(ξ) = E
p(θ1:L)
p(y|θ1,ξ)

[
p(ht−1 | θ1)

1
L

∑L
k=1 p(ht−1 | θk)

log p(y | ξ, θ1)
1

L−1
∑L
ℓ=2 p(y | ξ, θℓ)p(ht−1 | θℓ)

]
+ C,

(E.6)

noting that the role of θ1 is arbitrary and can be replaced by any m ∈ {1, . . . , L}

UIWNMC(ξ) = E
p(θ1:L)
p(y|θm,ξ)

[
p(ht−1 | θm)

1
L

∑L
k=1 p(ht−1 | θk)

log p(y | ξ, θm)
1

L−1
∑L
ℓ̸=m p(y | ξ, θℓ)p(ht−1 | θℓ)

]
+ C,

(E.7)

and finally taking the mean over m, noting that this does not change the expected
value due to linearity

UIWNMC(ξ) = E
p(θ1:L)
p(y|θm,ξ)

[
L∑

m=1

p(ht−1 | θm)∑L
k=1 p(ht−1 | θk)

log p(y | ξ, θm)
1

L−1
∑L
ℓ̸=m p(y | ξ, θℓ)p(ht−1 | θℓ)

]
+ C.

(E.8)

We finally drop the constant C as it is independent of ξ and take

ωm = p(ht−1 | θm)∑L
k=1 p(ht−1 | θk)

. (E.9)

Expected Information Gain for 6 nodes and batch
size 2

Metrics

.
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Figure E.1: Here we visualize the Expected Information Gain of batch size two, on two
nodes over different interventional values of the range [−10, 10].

E-SHD: Defined as the expected structural hamming distance between samples from

the posterior model over graphs and the true graph E-SHD := Eg∼p(G|D)
[
SHD(g, g̃)

]
Expected edges F1: The expected F1 score of the binary classification task

of predicting the presence/ absence of all edges. The expectation is taken over

multiple posterior samples.

i-MMD: Interventional MMD is defined as MMD distance Gretton et al. ((2012))

between the true interventional distribution and the interventional distribution

induced by θ and g (posterior sample). We take an expectation over different
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posterior samples, interventional targets and interventional values. For the kernel

choice, we use the median heuristic as described in Gretton et al. ((2012)).

DAG Bootstrap

The DAG bootstrap bootstraps observations and interventions to infer a different

causal structure per bootstrap. We used GIES as the causal inference algorithm

because of the adaptation of GES on interventional data as well. In our experiments,

we used the pcalg R implementation https://github.com/cran/pcalg/blob/

master/R/gies.R to discover 100 graphs. Each graph can be seen as a posterior

sample from p(G | ht−1). For each of the sampled graphs Gi we compute the ap-

propriate θMLE under linear Gaussian assumption for the conditional distributions.

Importance Weighted Nested Monte Carlo Full
Results

randomdiffCBED

Figure E.2: Multi target-state design setting results for ErdsRényi Erdős and Rényi
((1959)) graphs with d = 5 variables. Each experiment was run with 60 random seeds
(shaded area represents 95% CIs)

https://github.com/cran/pcalg/blob/master/R/gies.R
https://github.com/cran/pcalg/blob/master/R/gies.R
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random
diffCBED

Figure E.3: Single target-state design setting results for ErdsRényi Erdős and Rényi
((1959)) graphs with d = 10 variables. Each experiment was run with 60 random seeds
(shaded area represents 95% CIs)

(A) (B) (C)

diffCBED SSGb random-randomrandom-fixed

Figure E.4: Multi target-state design setting results for ErdsRényi Erdős and Rényi
((1959)) graphs with d = 50 variables. Each experiment was run with 30 random seeds
(the shaded area represents 95% CIs). We observe that for batch size 1, the difference
between the methods becomes more significant.

20 nodes, unconstrained (q ≤ 20), batch size B = 1:

Datasets and Experiment Details

Synthetic Graphs Experiments

In the synthetic data experiments, we focus on Erds-Rényi graph model. We used

networkx1 and method fast_gnp_random_graph ((Batagelj and Brandes, 2005))

to generate graphs based on the Erds-Rényi model. We set the expected number

of edges per vertex to 1.
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Table E.1: Comparison of different BOED for Causal Discovery methods based on their
design space assumptions.

Design Space Assumptions
Node Acquisition
(Single Target)

Value Acquisition
(Single Target)

Node Acquisition
(Multi-target)

Value Acquisition
(Multi-target)

Batch
Acquisition

Murphy ((2001)) ✓
Tong and Koller ((2001)) ✓
Cho et al. ((2016)) ✓
Agrawal et al. ((2019)) ✓ ✓
Toth et al. ((2022)) ✓ ✓
Tigas et al. ((2022)) ✓ ✓ ✓
Sussex et al. ((2021)) ✓ ✓ ✓
Ours ✓ ✓ ✓ ✓ ✓

Table summarizing prior work

Optimizer Settings

Table E.2: Table indicating the hyperparameters and optimizer settings for different
experimental results.

Optimization settings
Single Target

NMC
Multi-Target

NMC
Multi-Target

IWNMC with prior
Multi-Target

IWNMC with proposal
L 30 30 1000 60
Number of outer DAGs No 30 30 1000 60
Batch Size 5 2 2 2
Relaxation temperature 5→ .5 5→ .5 0.1 5→ .5
Optimizer Adam Adam Adam Adam
Learning rate of optimizer 0.1 0.1 0.01 0.1
Number of starting samples (observational) 60 60 2 800
Number of batches 10 10 5 1
Number of DAG Bootstraps 30 30 - 60
Number of training steps per batch 100 100 100 100

1https://networkx.org/documentation/networkx-1.10/reference/generated/
networkx.generators.random_graphs.fast_gnp_random_graph.html

https://networkx.org/documentation/networkx-1.10/reference/generated/networkx.generators.random_graphs.fast_gnp_random_graph.html
https://networkx.org/documentation/networkx-1.10/reference/generated/networkx.generators.random_graphs.fast_gnp_random_graph.html
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