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Abstract

This paper presents a theory of poroviscosity for binary solutions. Subject to mechanical forces

and connected to reservoirs of molecules, a binary solution evolves by concurrent flow and diffusion.

Our theory generalizes the classical theory of interdiffusion by decoupling the molecular processes

for flow and diffusion. We further remove the assumption of local chemical equilibrium, so that the

insertion of molecular into a material element, accompanied by a change in volume, is treated as

nonequilibrium process and is put on the same footing as the process of shear deformation by viscous

flow. The theory of poroviscosity has an intrinsic length scale, called the poroviscous length, below

which the homogenization of a composition heterogeneity is limited by viscous flow, rather than by

diffusion. The theory has implications for the analysis of interdiffusion in systems that display a

decoupling between flow and diffusion, such as supercooled liquids, glasses, and physical gels. We

illustrate the theory with numerical examples of a layered structure and a spherical particle. We

discuss the results for feature sizes below and above the poroviscous length.
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1. Introduction

Diffusion and flow in liquids and solids require molecules to change neighbors. Diffusion refers to

the migration of a particle relative to its surrounding molecules, and the diffusivity D characterizes

the rate of diffusion. Flow refers to the molecular motion to relax an applied stress, and the viscosity

η gives the proportionality ratio between the stress and strain rate. Einstein (1905) assumed that

a particle diffuses in a liquid by the Stokes creep of the liquid, and related the diffusivity D of the

particle to the viscosity η of the liquid:
Dη

kT
=

1

Ca
(1)

∗Corresponding author. Email: laurence.brassart@monash.edu

Preprint submitted to Journal of the Mechanics and Physics of Solids July 13, 2020



where k is Boltzmann constant, T is the temperature, a is a length of the order of the size of the

particle, and C is a dimensionless number. Einstein derived this relation for a diffusing particle

much larger than the molecules of the surrounding liquid, but the relation holds remarkably well

for particles of sizes down to that of the molecules of the surrounding liquid, including self-diffusion

(Edward (1970)). For a particle diffusing in a viscous liquid, the Stokes-Einstein relation holds

because both the diffusion of the particle and the flow of the liquid are rate-limited by a single

molecular process: molecules of the liquid change neighbors.

The Stokes-Einstein relation, however, fails in most materials. The failure simply indicates

that more than a single molecular process mediates diffusion and flow. For example, in a physically

crosslinked gel, flow requires the breaking and reforming of the physical crosslinked network, whereas

diffusion of the solvent can happen through the mesh of the polymer without rearranging the network

(Phillips et al. (1989)). As a second example, at a low temperature, flow of a crystalline solid is

often mediated by dislocations, and is unrelated to self-diffusion. At a high temperature, flow of a

crystalline solid can be mediated by self-diffusion, but the viscosity also depends on the grain size,

as in the Herring creep (Herring (1950)) and the Coble creep (Coble (1963)). As a third example, in

a supercooled liquid, molecules form a dynamically heterogeneous structure. Molecules move fast

in some regions and slow in others (Ediger (2000); Berthier (2011); Karmakar et al. (2014)). Flow

requires the rearranging of the slow moving regions, but diffusion can be facilitated by molecules

hopping in the fast moving regions (Li et al. (2014); Liu et al. (2015)).

This paper formulates a continuum theory of coupled flow and diffusion in a solution of two

species of molecules. We view the solution as a body of many small pieces. Each piece consists of

many molecules and evolves through a sequence of homogeneous states. Different pieces communi-

cate through the compatibility of deformation, conservation of molecules, and balance of forces. For

a homogeneous solution of fixed numbers of both species of molecules, the volume of the solution is

taken to be independent of stress. We call such an idealized solution a molecularly incompressible

solution. In our previous work (Brassart et al. (2016)), we have identified that the homogeneous

state of a molecularly incompressible solution of two molecular species can evolve in three modes:

shear, dilation, and swap.

• Shear changes the shape of a piece, but preserves the number of each species of molecules in

the piece.

• Dilation changes the volume of a piece by inserting molecules into, or removing molecules
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from, the piece, but preserves the ratio of the two species of molecules and the shape of the

piece.

• Swap changes the ratio of the two species of molecules, but preserves both the shape and

volume of the piece.

The shape, volume, and composition evolve when a piece of homogeneous binary solution is subject

to a combination of mechanical and chemical loads. All three modes break and form intermolecular

bonds. We place the three modes on equal footing, as distinct, concurrent, nonequilibrium pro-

cesses. Our theory thus removes the bias that assumes local chemical equilibrium but allows the

nonequilibrium process of shear. Specifically, we do not assume chemical equilibrium at the scale

of the individual piece. While diffusion is assumed as infinitely fast at the scale of a single piece,

change in composition by insertion and removal of species (leading to dilation or swap) may take

time. The apparent paradox is resolved by recalling the presence of fast diffusion paths that allow

the fast redistribution of species across the piece.

The relaxation of the local chemical equilibrium is a fundamental departure from most the

classical thermodynamic theory of irreversible processes (de Groot and Mazur (1984)). The idea

was first proposed by Brassart and Suo (2012, 2013)) in the context of chemically reactive host-guest

systems. In our previous work (Brassart et al. (2016)), we presented a thermodynamic theory of

mixing in a body small enough so that diffusion is taken to be infinitely fast. We now generalize

our theory into a theory that couples flow and diffusion. We also discuss the implementation of the

theory using the finite element method.

To focus on the essential idea of coupled diffusion and flow without assuming local chemical equi-

librium, here we neglect elasticity. Elasticity is obviously important in solids, but including elasticity

here will obscure the coupling between diffusion and the three local nonequilibrium processes, shear,

dilation and swap. The coupling between elasticity, flow and diffusion will be addressed elsewhere.

Also see a coupled theory of viscoelasticity and poroelasticity (Hu and Suo (2012)).

Continuum mechanics describes deformation of a body by the movements of material particles.

Such a description assumes that each material particle is a piece of the material with a fixed identity

and number of molecules - that is, each piece is a closed thermodynamic system. However, the notion

of material particles is unsuitable when all molecules can diffuse, because small pieces of material no

longer preserve the identity and number of molecules in time - that is, each small piece is an open

thermodynamic system. Following Darken (1948), we imagine markers dispersed in the body, such
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as those used to visualize the flow in hydrodynamic and metallurgical experiments. The markers

are inert particles, and do not react with the molecules of the body. An individual marker is small

enough to be carried with the flow without perturbing it, but is large enough to diffuse negligibly.

We track the flow in the body by the movements of the markers, and identify the diffusion flux

of each species of molecules by the flux relative to the markers. In effect, we use the markers to

label small pieces of materials. Thus, the notion of markers replaces the conventional notion of

material particles. As we will demonstrate below, with some care in interpretation, most equations

in conventional continuum mechanics are applicable for markers.

Our theory based on markers differs from the classical Navier-Stokes equations for solutions,

which is based on the barycentric velocity and does not allow for independent diffusion fluxes of the

two species (de Groot and Mazur (1984); Landau and Lifshitz (1987)). Our theory is also distinct

from that due to Darken (1948) and Stephenson (1988), who assumed local chemical equilibrium.

Darken (1948) only considered a special case that flow is so fast that the motion of the markers

is limited by the diffusion of molecules. In the case of single species, our theory is consistent with

the theory for coupled creep and self-diffusion (Suo (2004); Pharr et al. (2011); Li et al. (2014)).

Our theory based on markers also differs from the theory coupling diffusion and creep in a crystal,

which uses a crystalline lattice to label material particles (Larché and Cahn (1985); Mishin et al.

(2013); Fischer and Svoboda (2014); Villani et al. (2015)). Our theory also differs from the theory of

coupled diffusion and deformation in a gel, which uses a covalent polymer network to label material

particles (Hong et al. (2008); Chester and Anand (2010); Drozdov and Christiansen (2013); Bouklas

et al. (2015)). Analogous to Biot’s theory of poroelasticity (Biot (1941)), the theory developed in

this paper may be called poroviscosity.

Like other theories of coupled diffusion and creep, our theory of poroviscosity specifies a length,

which we call the poroviscous length:

Λ =

√
DηV

kT
, (2)

where V is a volume characteristic of the molecular volume. The poroviscous length represents the

length scale where diffusional relaxation and viscous relaxation happen at comparable rate. When

the size of a composition heterogeneity is small relative to the poroviscous length, homogenization

is limited by viscous flow, rather than by diffusion. In our theory, this is also true in the absence of

any applied stress. When the size of a composition heterogeneity is large relative to the poroviscous

length, homogenization is limited by diffusion. This is the case when the Stokes-Einstein relation

(1) holds, and the poroviscous length is of the order of the molecular size. Our theory then recovers
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the theory due to Stephenson (1988).

Section 2 formulates the theory of poroviscosity for binary solutions within a thermodynamically-

consistent and Lagrangian setting. Specific forms of the free energy function and kinetic models

are given in Section 3. Boundary-value problems are discussed in Section 4, and a numerical

implementation based on the finite element method is outlined in Section 5. In Section 6 we

illustrate the theory in two examples: interdiffusion in a binary couple and swelling of a particle.

Appendix A formulates the theory in an Eulerian setting and compares the theory to the Navier-

Stokes equations. An analytical solution to the linearized 1D interdiffusion problem is presented in

Appendix B.

2. Theory of poroviscosity

We develop poroviscosity of binary solutions; extension to solutions of more than two molecular

species should not cause conceptual difficulty. Two species of molecules, A and B, are taken to

be miscible in any proportion to form a solution. Subject to a history of mechanical and chemical

loads, a body of the solution flows, and its composition varies in space and time (Fig. 1). Imagine

markers dispersed in the body. Associated with a marker is a small piece of the solution. Each

individual piece evolves through a sequence of homogeneous states by shear, dilation, and swap.

Different pieces communicate through the compatibility of deformation, conservation of molecules,

and balance of forces. We now develop a continuum theory that evolves the coordinates of the

markers, as well as the compositions of the small pieces.

2.1. Compatibility of deformation

Let the coordinate of a marker be X at time 0, and be x at time t. The motion map

x = χ(X, t) (3)

describes the trajectory of the marker. The velocity of the marker is v = ∂χ(X, t)/∂t = χ̇. In

the absence of diffusion, the continuity of the motion map (3) requires that markers located on the

surface of the body at time 0 remain on the surface of the body at all subsequent times (Mandel

(1966)). We assume that this is still the case in the presence of diffusion of the molecules. This

assumption means that molecules in the environment do not plate onto the external surface, but

diffuse into the bulk of the body.
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time 0 time t

solution

marker

Figure 1: A body of a binary solution evolves through a sequence of inhomogeneous configurations by flow and

diffusion. The coordinate of a marker is X at time 0, and is x at time t.

The motion of markers relative to each other describes the deformation of the solution through

the deformation gradient

F = ∇χ, (4)

where ∇ represents the gradient with respect to the coordinates X of the markers in the reference

configuration. We also introduce the spatial velocity gradient, L = grad(v) = Ḟ F−1, where

grad(·) represents the gradient with respect to the coordinates x of the markers in the deformed

configuration. The rate of deformation is defined as the symmetric part of the spatial velocity

gradient:

d = sym(grad(v)) = sym(Ḟ F−1). (5)

These notations and results parallel to those in standard continuum mechanics (e.g., Gurtin et al.

(2010)).

The swelling ratio, Ω ≡ det(F ) > 0, is the ratio of the volume of a small piece associated with

a marker to its volume in the reference configuration. Correspondingly, the instantaneous rate of

volume change at a point in the current configuration is the trace of the rate of deformation, tr(d) =

Ω̇/Ω. The rate of shape change is the deviatoric part of the rate of deformation: e = d−(tr(d)/3)1.

2.2. Balance of forces

The body is subject to a history of mechanical loads, represented by a hanging weight attached

to each individual marker (Fig. 2). Let the nominal traction be T (X, t) (i.e., the force on an area

in a piece of the solution labeled by the marker X at time t divided by the area of the piece at time
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Figure 2: A binary solution of species A and B is subject to mechanical and chemical loads. Associate each small piece

of the body to a marker. Represent a mechanical load by connecting the small piece to a hanging weight. Represent

chemical loads by connecting the small piece to reservoirs of species A and B with prescribed chemical potentials.

0). Let the body force be B(X, t) (i.e., the force on a piece of the solution labeled by the marker

X at time t divided by the volume of the piece at time 0). Let P be the first Piola-Kirchhoff stress

tensor (i.e., the force on an area in the current state divided by the area in the reference state).

Neglecting inertial effects, the balance of forces requires that

∇ · P +B = 0. (6)

Balance of moments requires that PF T = FP T . The nominal traction T acting on an inner surface

with outward unit normalN is given by T = P ·N . On the external surface of the body, mechanical

equilibrium requires that

P ·N = T̄ , (7)

where T̄ is the nominal traction prescribed on the external surface.

2.3. Conservation of molecules

We assume that the two species of molecules A and B do not react to form some other molecules.

Consequently, the number of each species of molecules is conserved. Let the nominal concentrations

of the two species be CA(X, t) and CB(X, t) (i.e., the numbers of molecules in a piece labeled by

marker X and at time t divided by the volume of the piece at time 0). The composition of the
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piece at time t is described by the number fraction of species B:

ξ =
CB

CA + CB
. (8)

By definition, ξ is within the range (0, 1). The number fraction of species A is (1− ξ). The function

ξ(X, t) describes the field of composition in the body at time t.

Imagine that each piece of the solution is attached to a reservoir of species A and a reservoir of

species B (Fig. 2). The piece can absorb or exude molecules in two ways, by exchanging molecules

with the reservoirs or by exchanging molecules with neighboring pieces of the solution. Let the rates

of species injection from the reservoirs to the body be RA and RB (i.e., the numbers of molecules

injected from the reservoirs to the piece per unit time divided by the volume of the piece at time 0).

Let the nominal diffusion fluxes be JA and JB (i.e., the numbers of molecules per unit time crossing

an area in the piece per unit area divided by the area in the piece at time 0). The conservation of

the two species of molecules requires that:

ĊA = −∇ · JA +RA, ĊB = −∇ · JB +RB. (9)

2.4. Molecular incompressibility

We assume that the binary solution is incompressible, that is, the volume of the solution is inde-

pendent of the applied stress. The assumption of molecular incompressibility is reasonable provided

that the applied stress is small compared to the bulk modulus of the material. Consequently, the

volume of the binary solution is a function of the numbers of molecules of A and B only, and the

swelling ratio is a function of the nominal concentrations, Ω = Ω(CA, CB). We define the partial

volumes of the two species in the solution as

VA =
∂Ω(CA, CB)

∂CA
, VB =

∂Ω(CA, CB)

∂CB
. (10)

Consider a solution of volume V0 in the reference state. The volume of the solution in the current

state is V0Ω. Since the volume of the solution is an extensive quantity and V0 is a constant,

the function Ω(CA, CB) is homogeneous of degree one and the partial volumes are functions of

composition, VA(ξ) and VB(ξ). The assumption of molecular incompressibility implies the following

relations:

Ω̇ = VAĊA + VBĊB. (11)

Ω = VACA + VBCB. (12)

0 = V̇ACA + V̇BCB. (13)
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Equation (11) is the definition of the partial volumes VA and VB. Equation (12) results from the

properties of homogeneous functions of degree one. Equation (13) follows from a combination of

(11) and (12). For given values of composition ξ and swelling ratio Ω, a combination of (8) and

(12) completely specifies the nominal concentrations. In particular, initial nominal concentrations

corresponding to a given initial composition field ξ0(X) = ξ(X, t = 0) can be obtained noting that,

by definition, Ω = 1 at time 0.

The assumption of molecular incompressibility does not imply that the partial volumes are con-

stant. By definition, the partial volumes measure the amount by which the solution volume changes

by adding an infinitesimal amount of A or B. This amount depends on the physical interactions

between the molecules, may be positive or negative, and generally vary with the solution compo-

sition. In particular, the partial volumes of the species of molecules in their pure state may differ

from their partial volumes in the solution. The volume of the solution then differs from the sum of

the volumes that would be occupied by each species of molecules in their pure state. This volume

difference is called ”volume of mixing” in classical thermodynamics. It vanishes in the particular

case where the partial volumes are independent of composition. The notion of volume of mixing is

thus distinct from compressibility, which is related to an applied pressure.

The functions VA(ξ) and VB(ξ) must be specified as part of the constitutive model, if possible

based on experimental observation. Experimental data are commonly summarised by reporting the

mean molecular volume of a solution as a function of composition:

Vm(ξ) = (1− ξ)VA(ξ) + ξVB(ξ). (14)

The mean molecular volume is related to the swelling ratio by: Ω = (CA + CB)Vm. The following

relations hold (DeVoe (2001)):

VA = Vm − ξ
dVm
dξ

, VB = Vm + (1− ξ)dVm
dξ

. (15)

These relations express the partial volumes in terms of the function Vm(ξ). The relations are the

basis for the method of intercepts in classical thermodynamics of solutions. Plot the function Vm(ξ).

At a given number fraction ξ, draw the tangent line of the function Vm(ξ). The intersection of the

tangent line with the vertical axis at ξ = 0 gives VA(ξ), while the intersection of the tangent line

with the vertical axis at ξ = 1 gives VB(ξ).

For later use, we also introduce the volume fraction of species B in the solution as an alternative

composition variable:

φ =
VBCB

VACA + VBCB
. (16)
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By definition, the volume fraction is also in the range (0, 1). The volume fraction of species A is

(1− φ). Note that the term ”volume fraction” should be used with caution, as the partial volume

is not necessarily positive at all compositions (Camacho and Brenner (1995)).

2.5. Free energy

Following the standard practice in continuum irreversible thermodynamics (de Groot and Mazur

(1984)), we assume that a free energy function can be defined for each small piece in a nonequilibrium

state, and that this function is the same as in the equilibrium state. For simplicity, we limit the

theory to isothermal processes, so that the body is held a fixed and constant temperature. We will

not list the temperature as a variable. We also neglect the energy of the surface. Let ψ be the

nominal Helmholtz free energy density of the solution (i.e., the free energy of a piece at time t divided

by the volume of the piece at time 0). Under the assumption of molecular incompressibility, the

piece cannot store mechanical energy under an applied pressure by changing volume. It follows that

the nominal free energy density is a function of the nominal concentrations only, ψ = ψ(CA, CB).

We define the partial free energies of the two species in the solution as

FA =
∂ψ(CA, CB)

∂CA
, FB =

∂ψ(CA, CB)

∂CB
. (17)

Since the free energy of a piece of solution associated with a marker is an extensive variable, the

function ψ(CA, CB) is homogeneous of degree one and the partial free energies are functions of

composition, FA(ξ) and FB(ξ). The following properties hold:

ψ̇ = FAĊA + FBĊB. (18)

ψ = FACA + FBCB. (19)

0 = ḞACA + ḞBCB. (20)

The functions FA(ξ) and FB(ξ) must be specified as part of the constitutive model, if possible

based on experimental observation. Experimental data are commonly summarised by reporting the

mean molecular free energy of a solution as a function of composition:

Fm(ξ) = (1− ξ)FA(ξ) + ξFB(ξ). (21)

The mean molecular free energy is related to the nominal free energy density by: ψ = (CA+CB)Fm.

Relations similar to Equations (15) hold:

FA = Fm − ξ
dFm
dξ

, FB = Fm + (1− ξ)dFm
dξ

. (22)

10



These relations express the partial free energies in terms of the function Fm(ξ). The relations are

the basis for the method of intercepts in classical thermodynamics of solutions. Plot the function

Fm(ξ). At a given number fraction ξ, draw the tangent line of the function Fm(ξ). The intersection

of the tangent line with the vertical axis at ξ = 0 gives FA(ξ), while the intersection of the tangent

line with the vertical axis at ξ = 1 gives FB(ξ).

2.6. Thermodynamic inequality

The body of solution, the applied forces and the reservoirs together form an isolated system.

When the fields of concentration change, the total free energy of the body changes by d
dt

∫
ψdV =∫

FAĊA +FBĊBdV . When the markers move at velocity v, the potential energy of the body forces

changes at rate −
∫
B · vdV , and the potential energy of the surface forces changes by −

∫
T̄ · vdS.

The integrals extend over the volume of the body or the surface of body at time 0.

As noted above, each small piece is an open thermodynamic system, connected to reservoirs

of A and B. Let the chemical potentials in the reservoirs be µA(X, t) and µB(X, t). The fields

of chemical potential in the reservoirs are assumed continuous throughout the body, and equal to

the fields of chemical potential in the environment on the surface of the body. In thermodynamic

equilibrium, the chemical potential of a species in a piece is defined by its thermodynamic state

variables. In a nonequilibrium state, however, we cannot define the chemical potentials in the piece.

Rather, we state the thermodynamic inequality as follows.

When molecules migrate from the environment into the body through the surface, the free energy

of the environment changes by
∫
µAJA ·N + µBJB ·NdS. When molecules are injected from the

reservoirs into the bulk of the body, the free energy of the reservoirs changes by −
∫
µARA +

µBRBdV . Thermodynamics requires that the free energy of the isolated system should never

increase:

−
∫
T̄ · vdS −

∫
B · vdV +

∫
(µAJA ·N + µBJB ·N) dS

−
∫

(µARA + µBRB) dV +

∫ (
FAĊA + FBĊB

)
dV ≤ 0.

(23)

This inequality, along with the compatibility of deformation, balance of forces, and conservation of

molecules, implies that∫
P : Ḟ dV +

∫ (
(µA − FA)ĊA + (µB − FB)ĊB

)
dV −

∫
(JA · ∇µA + JB · ∇µB) dV ≥ 0. (24)

In deriving the above equation, we have also used the divergence theorem. Since the inequality
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must hold for any subpart of the body, it implies that

P : Ḟ + (µA − FA)ĊA + (µB − FB)ĊB − JA · ∇µA − JB · ∇µB ≥ 0. (25)

Note the identity P : Ḟ = σmΩ̇ + Ωs : e, with σm being the mean Cauchy stress and s = σ − σm1

being the deviatoric Cauchy stress. Using the incompressibility condition (11), we rewrite the

inequality (25) as(
µA − FA
VA

+ σm

)
VAĊA +

(
µB − FB
VB

+ σm

)
VBĊB + Ωs : e− JA · ∇µA − JB · ∇µB ≥ 0. (26)

The left-hand side of the inequality represents the rate of dissipation of a piece at time t divided

by the volume at time 0. The equality holds when the composite isolated system is in a state of

thermodynamic equilibrium, and the inequality holds when the composite isolated system is not in

a state of equilibrium.

The inequality is rewritten in terms of true quantities in the following way. Define the true

rates of volumetric insertion iA = VAĊA/Ω and iB = VBĊB/Ω (Brassart et al. (2016)). Note that

tr(d) = iA+ iB. Introduce the true diffusion fluxes (number of molecules crossing per unit reference

area), which are related to the nominal diffusion fluxes by: jA = Ω−1F ·JA, jB = Ω−1F ·JB (Hong

et al. (2008)). The inequality (26) becomes(
µA − FA
VA

+ σm

)
iA +

(
µB − FB
VB

+ σm

)
iB + s : e− jA · grad(µA)− jB · grad(µB) ≥ 0. (27)

The inequality (27) involves thirteen independent rates (iA, iB, e, jA, jB) and identifies their conju-

gate thermodynamic forces (ζA, ζB, s, grad(µA), grad(µB)). The thermodynamic forces conjugate

to the rate of volumetric insertion ζA and ζB were introduced in (Brassart et al. (2016)) and are

defined as ζA ≡ (µA−FA)/VA+σm and ζB ≡ (µB−FB)/VB+σm. They have the dimension of stress

and involve a combination of mechanical and chemical forces. The thermodynamic driving force

conjugate to the deviatoric rate of deformation e is identified as the deviatoric Cauchy stress s1.

Finally, the driving force for long-range migration of species is identified as the gradient of chemical

potential, grad(µA) and grad(µB). In the following, we satisfy the inequality (27) by prescribing

kinetic models that relate the rates to their conjugate forces.

1In textbooks on irreversible thermodynamics, the stress is referred to as the thermodynamic flux (flux of momen-

tum) and the velocity gradient as its conjugate force. Here we view the deviatoric stress as the “cause” for flow, and

therefore call deviatoric stress the force and deviatoric strain rate the conjugated flux. Consistently, the mean stress

contributes to the force for species insertion.
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Note that here we did not a priori postulate a dependence of chemical potential on concentration.

In fact, in our presentation so far chemical potentials are treated as prescribed chemical body forces

that are independent of concentration. Consequently, the traditional Coleman and Noll argument

(see e.g. Gurtin et al. (2010)) that would lead to the assumption of local chemical equilibrium does

not hold.

3. Constitutive theory

3.1. Free energy function

We specify the partial free energy function FA(ξ) and FB(ξ) by adopting the model for ideal

mixing of molecules of unequal size proposed in Brassart et al. (2016). In contrast with classical

thermodynamic models of solutions (e.g. Flory (1942)), this model does not rely on a lattice

model, and can therefore handle nonzero volume of mixing. The model is based on the very strong

assumption that molecules do not interact with each other and are therefore free to explore the entire

configuration space. Starting from this postulate, the difference in the number of configurations

of molecules between the unmixed and mixed states, i.e. the entropy of mixing ∆Smix, is readily

calculated. The corresponding change in free energy is then given by ∆Fmix = −kT∆Smix (for

ideal mixing, we also assume that the energy of mixing vanishes). The partial free energies of the

model of ideal mixing are given by (Brassart et al. (2016)):

FA(ξ) = F oA + kT

[
log

(1− ξ)VA(0)

Vm(ξ)
+
ξ(VB(ξ)− VA(ξ))

Vm(ξ)

]
(28)

FB(ξ) = F oB + kT

[
log

ξVB(1)

Vm(ξ)
+

(1− ξ)(VA(ξ)− VB(ξ))

Vm(ξ)

]
(29)

where F oA and F oB are the partial free energies of molecules A and B in their pure state, and Vm(ξ)

is the mean molecular volume, defined in Equation (14). Remarkably, this simple model recovers

the Flory-Huggins model (assuming no energy of mixing) when the volume of mixing is absent (i.e.

when the partial volumes do not vary with composition). It further reduces to the ideal solution

model when the partial volumes of the two species are identical.

3.2. Kinetic model of species insertion and flow

We satisfy the thermodynamic inequality (27) by prescribing kinetic models for local (flow and

species insertion) and long-range (diffusion) processes separately. The simplest kinetic model for

species insertion coupled to flow assumes that the solution is isotropic, and that the relationship
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between the thermodynamic forces and the fluxes is linear. Another requirement is that the kinetic

model should be independent of the choice of a reference configuration (we assume that the solution

has no memory of its initial state).

We adopt the linear model previously proposed in (Brassart et al. (2016)):

s = 2ηe (30)

µA − FA
VA

+ σm = βAAiA + βABiB (31)

µB − FB
VB

+ σm = βBAiA + βBBiB (32)

Equation (30) is the classical model of Newtonian flow with η = η(ξ) and describes the kinetics of

shape change of the solution. Equations (31)-(32) describe the kinetics of volume change due to

the insertion of species. The viscosity-like coefficients βαβ(ξ) (α,β=A,B) represent the resistance

to the insertion of species within an element of volume as defined by markers. At the molecular

scale, this resistance is attributed to the breaking and reforming of bonds. We assume the Onsager

reciprocity: βAB = βBA and also that βAA > 0, βBB > 0 and βAAβBB−β2AB > 0 to ensure that the

dissipation is always non-negative. The conditions of equilibrium, steady states and homogeneous

states were discussed in Brassart et al. (2016).

The right-hand sides of (31)-(32) are easily expressed in terms of nominal concentrations recalling

that iA = VAĊA/Ω and iB = VBĊB/Ω:

µA − FA
VA

+ σm =
βAA
Ω

VAĊA +
βAB
Ω

VBĊB (33)

µB − FB
VB

+ σm =
βBA
Ω

VAĊA +
βBB

Ω
VBĊB (34)

The kinetic model (33)-(34) provides evolution equations for the nominal concentrations as a func-

tion of the applied chemical and mechanical load in a material element associated with a marker.

In the following we will assume that the cross coefficient βAB vanishes for simplicity, and write

βA ≡ βAA and βB ≡ βBB for conciseness.

3.3. Kinetic model of long-range transport of species

We assume that long-range transport of molecules is governed by diffusion and write the kinetic

model under the form:

jA = −cAMAgrad(µA), jB = −cBMBgrad(µB) (35)
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where jα is the number of α molecules per unit time and area in the current configuration, cα the

number of molecules per unit volume in the current configuration, and Mα is the mobility of species

α. By definition, the mobility Mα is the proportionality ratio between the diffusion ”velocity”,

jα/cα, and the driving force grad(µα). For simplicity, we neglect the effect that the gradient of the

chemical potential of one species drives the flux of the other species. Equations (35) represent an

updated Lagrangian description of diffusion, with the quantities jα, cα and µα associated with the

markers. In particular, the diffusion velocity jα/cα represents the velocity of molecules α relative to

the bulk motion as defined by the marker velocity. This view is consistent with Darken’s description

of diffusion fluxes (Darken (1948)), see also Sekerka (2004).

The kinetic model (35) can be recast in terms of nominal quantities. The true and nominal

concentrations are related by cα = Cα/Ω, and recall that jα = Ω−1F · Jα. The kinetic model (35)

becomes:

JA = −CAMA(F−1F−T ) · ∇µA, JB = −CBMB(F−1F−T ) · ∇µB. (36)

These relations show that the proportionality coefficients in the Lagrangian description are anisotropic

and depend on the deformation gradient, as well as on composition.

4. Summary of the theory of poroviscosity and boundary value problems

Sections 2 and 3 form a complete theory of poroviscosity. Given continuous fields of chemical

potential µA and µB and body forceB, Equations (4)-(5) (kinematics), (6) (force balance), (9) (con-

servation of species), (12) (incompressibility), (30) (flow), (33)-(34) (insertion), and (36) (diffusion)

provide 34 relations to evolve 34 fields: χ, F , d, σ, RA, RB, CA, CB, JA, JB. The composition

is calculated from the nominal concentrations using Eq. (8). Boundary conditions are written in

terms of prescribed tractions and prescribed chemical potentials on the external surface.

4.1. Vanishing source term

Our theory so far assumes prescribed fields of chemical potentials and treats the source terms RA

and RB in the species conservation equations (9) as the unknowns. In practical problems however,

often there are no reservoirs connected to material elements within the body, and the source term

in the species conservation equations should vanish in (9): RA = 0 and RB = 0:

ĊA = −∇ · JA, ĊB = −∇ · JB. (37)

Fields of chemical potential µA and µB should then be calculated such that Equations (37) are

satisfied. They should also satisfy boundary conditions in terms of prescribed chemical potentials
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on the external surface, corresponding to prescribed chemical potentials in the environment. This

approach amounts to considering chemical potentials as Lagrange multipliers enforcing species con-

servation, similarly to the treatment of Larché and Cahn (1985). Actually, we could have developed

our theory by enforcing (37) in the dissipation inequality through Lagrange multipliers, and without

including reservoirs.

The presentation based on fields of reservoirs provides a physical interpretation of chemical

potential even when local chemical equilibrium is not met in the body. By adjusting the well-

defined chemical potentials in the reservoirs in such a way that the injection rates vanish, we

establish chemical equilibrium between the reservoir and a small piece in the body. Reservoirs can

thus be viewed as devices that measure chemical potential within a body. This is similar to a

thermometer measuring temperature: at thermal equilibrium, the temperatures in the piece and in

the thermometer are identical.

4.2. Boundary Value Problems

In the rest of the paper, we will only consider the situation where the injection rates from

the reservoir to the body vanish, and Equations (37) hold. We view the fields of chemical poten-

tial µA(X, t) and µB(X, t) as our primary unknowns, alongside the displacement field u(X, t) =

χ(X, t) −X. These five fields must satisfy five coupled, nonlinear Partial Differential Equations

(PDEs):

0 = ∇ · P +B (38)

ĊA = −∇ · JA (39)

ĊB = −∇ · JB (40)

In Eq. (38), the first Piola-Kirchhoff stress is related to the Cauchy stress by P = (det(F ))σF−T .

The deviatoric Cauchy stress is in turn related to the deviatoric part of the rate of deformation

by the kinetic model of flow (30). In (39)-(40), the rates of change of nominal concentrations ĊA

and ĊB are related to the chemical potentials by the kinetic model of insertion (33)-(34), and the

nominal diffusion fluxes JA and JB are related to the gradients of chemical potential by the kinetic

model of diffusion (36). Equations (39)-(40) are thus PDEs for the fields of chemical potential,

whereas the nominal concentrations are treated as internal variables. The mean Cauchy stress σm

is not prescribed constitutively, and should be determined such that the local incompressibility con-

dition (12) is satisfied. For given values of composition ξ, swelling ratio Ω = det(F ) and chemical
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potentials at a point, the rates of nominal concentrations and mean Cauchy stress can be calculated

by solving simultaneously the algebraic system of Equations (33), (34) and (12).

The boundary conditions for the mechanical problem are written in terms of imposed displace-

ment on a part Su of the external surface, and imposed tractions on the complementary part ST ,

so that Su ∪ ST = S and Su ∩ ST = ∅:

u(X, t) = ū(X, t) for X on Su, (41)

P (X, t) ·N(X, t) = T̄ (X, t) for X on ST . (42)

The boundary conditions for the chemical problem consist in prescribed chemical potential on a

portion Sµα of the boundary, and prescribed net flux on the complementary portion SJα , so that

Sµα ∪SJα = S and Sµα ∩SJα = ∅, where the net flux through a surface is defined as Jα = −Jα ·N :

µα(X, t) = µ̄α(X, t) for X on Sµα , (43)

−Jα(X, t) ·N(X, t) = J̄α(X, t) for X on SJα . (44)

5. Weak formulation and finite element solution procedure

In this section we turn to the numerical implementation of the theory of poroviscosity with the

finite element method. As is standard, the weak form of the mechanical problem is obtained by

multiplying the balance equation (6) by a vector test function û that vanishes on Su, integrating

over the reference volume of the body, using the divergence theorem and the boundary conditions

(41)-(42) to finally obtain: ∫
P : ∇ûdV =

∫
û ·BdV +

∫
ST

û · T̄ dS. (45)

Similarly, the weak form of the chemical problem is obtained by multiplying the species conservation

equations (37) by scalar test functions µ̂A and µ̂B that vanish on SµA and SµB , respectively. Inte-

gration over the reference volume of the body and use of the divergence theorem and the boundary

conditions (43)-(44) lead to:∫ (
ĊAµ̂A − JA · ∇µ̂A

)
dV =

∫
SJA

µ̂AJ̄AdS, (46)

∫ (
ĊBµ̂B − JB · ∇µ̂B

)
dV =

∫
SJB

µ̂BJ̄BdS. (47)
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The weak forms (45)-(47) are discretized in space using finite element interpolations of the unknown

fields u, µA and µB:

u =
∑

uIN I , µA =
∑

µIAN
I , µB =

∑
µIBN

I . (48)

In (48), the index I = 1, ..., N is the node number, uI , µIA and µIB are the nodal displacements

and chemical potentials, and N I the shape functions. We adopt a standard Galerkin formulation

and use the same shape functions to interpolate the test functions û, µ̂A and µ̂B. We obtain the

following (5×N) equations for (5×N) nodal values:∫
P : ∇N IdV =

∫
BN IdV +

∫
ST

T̄N IdS (49)∫ (
ĊAN

I − JA · ∇N I
)
dV =

∫
SJA

J̄AN
IdS (50)∫ (

ĊBN
I − JB · ∇N I

)
dV =

∫
SJB

J̄BN
IdS (51)

As is standard, the integrals are evaluated numerically using an appropriate quadrature method. At

every integration point, the nominal stress, concentration rates and diffusion fluxes are related to the

displacement and chemical potential through the kinematic relations, incompressibility condition

and kinetic models. In particular, as mentioned in Section 4.2, incompressibility is handled at the

level of each integration point by numerically solving Equations (12), (33) and (34) simultaneously

for the nominal concentrations and mean stress. The deviatoric stress can then be calculated

explicitly from (30), and the diffusion fluxes from (36). Integration in time is done using a fully

implicit, backward Euler scheme, leading to a system of (5×N) nonlinear equations, which is solved

at every time step using a Newton-Raphson scheme.

The advantage of using chemical potential as a nodal variable (instead of concentration) is that

the evaluation of the gradient of chemical potential at integration points needed to calculate the

diffusion flux is straightforward. Using the concentration would have required the calculation of

the gradient of mean stress. A (comparatively minor) drawback is that it requires the numerical

inversion of the partial free energy functions (28)-(29). The advantage of using chemical potential

as primary field was recognized in other works (e.g. Chester et al. (2015)).

6. Numerical examples

6.1. Interdiffusion in an 1D unbounded, periodic system

We consider a periodic system consisting of alternating layers of A-rich and B-rich solutions (Fig.

3). The in-plane dimensions of the layers are assumed much larger than the out-of-plane dimension,
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A-rich solution
B-rich solution

2L
X
0

Reference configuration

Figure 3: At time 0, a binary solution has alternating A-rich and B-rich layers of two uniform compositions (left).

The system is initially stress-free. The solution homogenizes by flow and diffusion. A periodic unit cell is used for

numerical analysis (right).

so that diffusion takes place only in the out-of-plane, x-direction. We write the stretch in the x-

direction: λx = ∂x/∂X, and the swelling ratio is given by Ω = λx. The system is subject to no

applied traction in the x-direction, so that mechanical equilibrium reduces to σxx = 0. We assume

that the system is constrained in the y- and z-directions, so that dyy = dzz = 0. This kinematic

constraint introduces a state of biaxial stress σyy = σzz that couples the change of volume and

the change of shape. Due to periodicity, we only consider a 1D unit cell occupying the region

−L < X < L in the reference configuration. In the initial state, the composition of the A-rich

(−L < X < 0) and B-rich 0 < X < L solution layers are written φ10 and φ20 respectively. We choose

the initial state as the reference state. At times t > 0, the system homogenizes by interdiffusion.

We numerically solve the species conservation equations (37) for the two unknown fields µA(X, t)

and µB(X, t), implicitly accounting for mechanical equilibrium and the kinematic constraints. Nat-

ural boundary conditions are used to satisfy periodicity: JA(±L, t) = JB(±L, t) = 0. In 1D, the

finite element discretizations (50)-(51) reduce to∫ L

−L

(
ĊAN

I − JA
∂N I

∂X

)
dX = 0, (52)

∫ L

−L

(
ĊBN

I − JB
∂N I

∂X

)
dX = 0. (53)

At every integration point, the constitutive equations (33)-(34) for the insertion of species A and B

are solved simultaneously to update the nominal concentrations:

µA − FA
VA

− 4

3
η
λ̇x
λx

= βAVA
ĊA
Ω

(54)

µB − FB
VB

− 4

3
η
λ̇x
λx

= βBVB
ĊB
Ω

(55)
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In writing (54)-(55), we have used the model of shear viscosity (30) to relate the mean stress to

the change of volume, taking into account the kinematic constraint on the deformations: σm =

−4ηλ̇x/3λx. We have also neglected the cross terms in the kinetic model of species insertion. The

stretching rate λ̇x = Ω̇ is directly related to the change in nominal concentrations through the

incompressibility constraint (11). The diffusion fluxes in (52)-(53) are given by

JA = −CAMA

λ2x

∂µA
∂X

, JB = −CBMB

λ2x

∂µB
∂X

. (56)

We emphasize that no specific treatment of the discontinuity in the initial composition field is

required within our numerical scheme, since the concentrations are treated as internal variables and

are updated at the level of the integration point. On the other hand, the fields of chemical potential

are continuous. Equations (52)-(53) are discretized in time using the fully implicit backward Euler

scheme. The weak form is discretized in space with 100 elements, and linear shape functions were

used. Convergence of the results in both space and time was verified numerically. In the simulations,

we used φ10 = 0.25 and φ20 = 0.75. The material parameters are the following: MB/MA = 100,

VB/VA = 0.1 and βA/η = βB/η = 1. We neglect the volume of mixing and assume constant partial

volumes.

Fig. 4 shows the profiles of composition, chemical potential and mean stress for varying size

of the unit cell L relative to the poroviscous length Λ =
√
MBVBη. Time is normalized by the

characteristic time for diffusion of the fast species, τD = L2/DB with DB = MBkT the diffusion

coefficient of species B. When L/Λ = 10 (Fig. 4a-b), viscous relaxation is faster than diffusion.

Associated with local deformation, an internal stress builds up (Fig 4c), but its contribution to

the driving force for diffusion is negligible in comparison to the chemical contribution. Since bulk

viscous relaxation is complete at these time scales, local chemical equilibrium is satisfied. Continuity

in chemical potential (Fig. 4b) then leads to continuity in composition throughout the unit cell.

When L/Λ = 1, bulk viscous relaxation is not completed at the considered times (Fig. 4d-f).

Consequently, local chemical equilibrium is not reached, and the concentration is discontinuous at

the interface (Fig. 4d), although the chemical potential is continuous throughout the cell (Fig. 4e).

The mean stress is also discontinuous, and is one order of magnitude larger than in Fig. 4c as it

has not yet relaxed by viscous flow. The corresponding stress gradient slows down the diffusion of

species B, but accelerates that of species A. The overall effect of stress on diffusion leads to a more

homogeneous profile of chemical potential (Fig. 4e), as compared to the almost stress-free situation

(Fig. 4b).
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For even smaller system size, L/Λ = 0.1 (Fig. 4g-i), diffusion is much faster than viscous relax-

ation, and the composition profile is practically piecewise uniform (Fig. 4g), with a discontinuity at

the interface. Profiles of chemical potential are also flat and continuous throughout the cell. Due

to the small concentration gradients, the stress is also very low (Fig. 4i).

While the finite element numerical solution is robust and able to handle strong nonlinearities, as

well as jumps in the concentration fields, it is still enlightening to consider the analytical solution to a

closely related interdiffusion problem. We now consider small perturbations of the composition field

about the uniform equilibrium value in a binary solution, and seek to determine the overall relaxation

time of the system in analytical form. This problem was previously considered by Stephenson

(1988). Here we have generalized Stephenson’s derivations to also account for the kinetics of species

insertion. Details about the methodology can be found in Appendix B, as well as in Stephenson’s

paper.

The perturbation analysis provides the relaxation time of a harmonic compositional fluctuation

with wavelength λ, as shown in Fig. 5, for different values of the viscosity parameters. Material

parameters and the equilibrium composition are the same as in Fig. 4.

• For composition fluctuations of large wavelength, the relaxation of the system is limited by

diffusion, with relaxation time scaling with the square of the diffusion characteristic length, λ2.

Stress is negligible and Darken’s original analysis is recovered. This situation was illustrated

with the numerical solutions in Fig. 4a-c.

• In the small wavelength limit, the relaxation of the system is limited by the kinetics of species

insertion, and the relaxation time does not depend on the wavelength (but does depend on

the bulk viscosity). This situation was illustrated with the numerical solutions in Fig. 4g-i.

• When the bulk viscosity is set to zero, keeping the shear viscosity finite, another diffusion-

limited regime is reached in the small wavelength limit. This regime was previously identified

by Stephenson and is referred to as the Nernst-Planck regime2. In this regime viscous flow

is negligible, and mixing proceeds by swapping the volumes of the interdiffusing species to

satisfy incompressibility. This results from the large stress gradient that tends to accelerate

the diffusion of the slow species and to slow down the diffusion of the fast species. Note that

2This regime was called ”Nernst-Planck” by Stephenson in reference to the Nernst-Planck analysis of interdiffusion

of charged species where an electrostatic potential couples the diffusion fluxes to maintain electroneutrality (Doremus

(1964)).
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Figure 4: Profiles of volume fraction φ, chemical potential µB and mean stress σm, in bilayer systems of varying

length: (a,b,c): L = 10Λ, (d,e,f): L = Λ, (g,h,i): L = 0.1Λ, at various times. In the legend, time is normalized by the

characteristic time for diffusion of species B, τD = L2/DB with DB = MBkT . As the system size is reduced, mixing

is limited by local insertion of species, rather than by diffusion.
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NP D

Figure 5: Interdiffusion relaxation time τr as function of the wavelength λ of a composition perturbation in a 1D

system initially at equilibrium, for varying values of the bulk viscosity-to-shear viscosity ratio. The relaxation time

is normalized by a characteristic viscous time τv = 4ηVB/3kT , and the wavelength is normalized by the poroviscous

length Λ. For perturbations of small wavelengths, relaxation is limited by local species insertion into the bulk, and

is size-independent. When local chemical equilibrium is assumed (β = 0), the relaxation time tends to the Nernst-

Planck (NP) asymptote. For sufficiently large perturbation wavelengths, the relaxation is limited by diffusion, and

the relaxation time tends to the Darken (D) asymptote, at all values of the viscosity coefficients.

Stephenson considered only the case β = 0. When β 6= 0, the range of wavelengths at which

the Nernst-Planck regime prevails is very limited.

A more detailed account of the implications of these three regimes in relation with effective inter-

diffusion coefficients is given in Appendix B.

6.2. Free swelling of a particle

We now consider the swelling of a spherical particle of a binary solution of species A and B

(Fig. 6). We assume that the mobility of the molecules of B is much larger than that of the

molecules of A, MB � MA, and neglect the diffusion of molecules of A. We use the dry state

(CB = 0) as the reference configuration. Since the diffusion of A is neglected, species A becomes

the markers. The nominal concentration CA in the particle is uniform at all times and equals the

nominal concentration in the dry state, such that VACA = 1. Let A be the outer radius of the
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Figure 6: The boundary-value problem of a body of a binary solution in which only one species (B) can diffuse. The

solution is immersed in a bath of another solution in which the chemical potential of molecules of B, µ̄B , is fixed.

The reference configuration is defined as the ”dry” state in which the concentration in molecules of B is zero. In the

current state, the body swells by absorbing molecules of B.

particle in the reference state, and write R the radial position of a material element in the reference

configuration (Fig. 6a). At time t = 0 and afterwards, the particle is immersed in a bath of another

solution in which the chemical potential of B is µ̄B. We assume that the external surface of the

particle is stress free, and neglect body forces. The particle then swells by absorbing molecules of B

from the bath. A similar boundary-value problem has been used to model concurrent diffusion and

plastic flow in lithium-ion batteries (Zhao et al. (2011); Brassart et al. (2013)), where local chemical

equilibrium was assumed.

Accounting for the spherical symmetry of the problem and using spherical coordinates, the

boundary value problem is rewritten as a 1D problem. The unknown fields are the current position

of markers, r(R, t), and the chemical potential of species B, µB(R, t). The radial and hoop stretches

are λr = ∂r/∂R and λθ = r/R, and the swelling ratio is Ω = λrλ
2
θ. As the nominal concentration of

A is constant, it follows that the nominal concentration of B is one-to-one related to the stretches

by the incompressibility condition (12):

λrλ
2
θ = 1 + VBCB. (57)

The mean stress can then be calculated explicitly from the kinetic model (34). The radial and hoop

stretching rates are given by dr = λ̇r/λr and dθ = λ̇θ/λθ, and the shear stresses are calculated as:

sr =
4η

3
(dr − dθ), sθ =

2η

3
(dθ − dr). (58)

The radial and hoop components of the first Piola-Kirchhoff stress are related to the components

of the Cauchy stress by Pr = λ2θ(sr +σm) and Pθ = λrλθ(sθ +σm). Finally, the radial diffusion flux
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of molecules of B is given by:

JB = −CBMB

λ2r

∂µB
∂R

. (59)

The finite element discretizations (49) and (51) become∫ A

0

(
Pr
∂N I

∂R
+ 2Pθ

N I

R

)
R2dR = 0, (60)

∫ A

0

(
ĊBN

I − JB
∂N I

∂R

)
R2dR = 0. (61)

The finite element system (60)-(61) is integrated in time using the fully implicit backward Euler

scheme. We use 100 elements with linear shape functions, with one integration point per element.

Define a characteristic time for viscous relaxation, τv = ηVB/kT and a characteristic time for dif-

fusion, τD = A2/DB, with DB = MBkT the diffusion coefficient of species B. The viscous relaxation

time and the mobility together define a poroviscous length, Λ =
√
MBVBη, which represents the

distance of the migration of species B within a time comparable to the time for viscous relaxation.

The swelling of the particle is then completely described by the following dimensionless parameters:

A/Λ, β/η, and VB/VA, with β ≡ βB. In the following, we will investigate the effect of the first two

parameters, taking VB/VA = 0.1. The initial volume fraction of B is set to φ(R, 0) = 0.25, which

corresponds to an initial particle radius a(0) = 1.1A. The chemical potential of B in the bath is set

to µ̄B = FB(φeq), with φeq = 0.5.

Profiles of composition, chemical potential and mean stress for β/η = 1 and three particle

radii are shown in Fig. 7. When the particle size is large compared to the poroviscous length

(A/Λ = 10, Fig. 7a-c), viscous relaxation has little impact on swelling at the diffusion time scale.

The numerical predictions are close to those that one would have obtained using a diffusion model

that neglects viscosity. At the considered simulation times, the mean stress is tensile on the surface,

and compressive in the bulk. This stress fully relaxes by creep over time, since there is no elasticity.

In contrast, in the initial swelling stages (not shown) the mean stress is first compressive on the

surface and tensile in the bulk, due to the larger volume expansion experienced by the swollen outer

shell. Concurrently, as more mobile species are inserted into the bulk, the swollen outer layer is

pushed away by the inner swelling regions, tending to put the outer shell into tension.

Numerical predictions for A/Λ = 1 are shown in Fig. 7d-e. When the particle size becomes

comparable to the poroviscous length, non-Fickian effects become apparent, giving much flatter

concentration profiles at the same normalized diffusion times. In particular, the concentration on

the surface markedly deviates from its equilibrium value as set by the external chemical potential.
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This is primarily due to the kinetics of species insertion, according to which chemical equilibrium

is not instantaneously reached locally. The mean stress in the kinetic model also plays a role on

the discrepancy between the local free energy and the chemical potential, cf. Eq. (34), however it

is negligible in comparison to the bulk viscose relaxation. Also, the mean stress is compressive on

the surface at these simulation times, as a result of more prominent viscous effects.

When the particle size is further reduced to A/Λ = 0.1 (Fig. 7g-i), profiles of concentration and

chemical potential become uniform throughout the particle. The very small composition gradients

in turn bring about low stress. The solution obtained with the finite element model then coincides

with the solution of the ODE for homogeneous, free mixing:

VBĊB
Ω

=
µ̄B − FB
βVB

. (62)

Fig. 8 shows the overall swelling relaxation time as a function of the particle size normalized by

the poroviscous length. The overall swelling relaxation time τr is here defined as the time needed

for the volume fraction at R0 to reach 99% of the equilibrium value. The relaxation time here is

normalized by the material-specific viscous relaxation time τv = ηVB/kT . The evolution of the

swelling relaxation time with particle size is illustrated for different values of the viscosity ratio

β/η, including β/η = 0 with non-zero shear viscosity. The dashed line represents the stress-free,

swelling response (β = η = 0), for which the relaxation time scales as A2. When the particle size is

large compared to the poroviscous length, all curves collapse onto the diffusion-limited asymptote.

When the particle size is small compared to the poroviscous length, all curves corresponding to

nonzero bulk viscosity display a plateau corresponding to size-independent, flow-limited swelling.

The behavior between these two limits depends on the β/η ratio. In the limit where β = 0 with

η 6= 0, another diffusion-limited regime is identified for small particle size, with relaxation time

slightly smaller than that in the stress-free case β = η = 0. This is attributed to stress-enhanced

diffusion stemming from the contribution of mean stress gradient to the driving force for diffusion.

7. Concluding remarks

We have proposed a theory of poroviscosity that couples viscous flow and diffusion in binary

solutions. The theory relaxes the classical assumption of local chemical equilibrium. This general-

ization is motivated by the decoupling between molecular processes for viscous flow and diffusion

that may arise in complex liquids and amorphous solids. We have also proposed a Lagrangian,

finite element-based approach to solve boundary-value problems. The implications of the theory
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Figure 7: Profiles of composition, chemical potential and mean stress in swelling particles with different nominal radii:

A = 10Λ (a-c), A = Λ (d-f), and A = 0.1Λ (g-i) at different simulation times. In the legend, the time is normalized

by the characteristic diffusion time τD = A2/DB with DB = MBkT .
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Figure 8: Swelling relaxation time as a function of the nominal sphere radius for varying values of the bulk-to-shear

viscosity ratio β/η. The relaxation time τr is normalized by the viscous characteristic time τv = ηVB/kT , and the

radius is normalized by the poroviscous length Λ. The diffusion-limited response when all viscous effects are negligible

is also represented (dashed line).

are discussed in two representative examples. We show that, when the system size is small relative

to the material-specific poroviscous length, mixing is limited by species accommodation into the

bulk, rather than by diffusion, and the relaxation time becomes size-independent. To focus on the

essential ideas, we have neglected elasticity and assumed simple kinetic models of flow. The theory

can of course be generalised to account for more elaborated constitutive models. Our theory can be

useful to investigate a variety of problems coupling stress and interdiffusion in amorphous systems,

such as complex liquids, gels and glasses. It is hoped that experiments can be designed to demon-

strate poroviscosity for both flow-limited and diffusion-limited regimes, as well as concurrent shear,

dilation, and swap.
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Appendix A. Eulerian form of the poroviscous theory and comparison with the Navier-

Stokes equations

Appendix A.1. Eulerian form of the poroviscous theory

The poroviscous theory summarised in Section 4 can be written in an equivalent, Eulerian form.

Introduce cA(x, t) and cB(x, t) the true concentrations of A and B (i.e., the numbers of molecules

per unit volume at a point x at time t). The composition variables (8) and (16) write:

ξ =
cB

cA + cB
, (A.1)

φ = cBVB. (A.2)

From the molecular incompressibility conditions (11)-(13) the following relations follow:

1 = VAcA + VBcB, (A.3)

0 = VA
∂cA
∂t

+ VB
∂cB
∂t

, (A.4)

0 = cA
∂VA
∂t

+ cB
∂VB
∂t

. (A.5)

Describe the overall flow of the solution using the velocity of markers v(x, t), and introduce NA

and NB the net fluxes of mobile species in the fixed laboratory frame. Diffusion fluxes are defined

as the motion of mobile species relative to the marker velocity:

NA = jA + cAv, NB = jB + cBv. (A.6)

In principle, the velocity of markers, v, and the net flux of each species, NA, and NB, can be

measured independently in an experiment. Conservation of molecules in the absence of a source

term requires that:

DcA
Dt

+ cAdiv(v) = −div(jA),
DcB
Dt

+ cBdiv(v) = −div(jB), (A.7)

where the notation D/Dt refers to the material velocity following the markers:

D(·)
Dt

=
∂(·)
∂t

+ v · grad(·). (A.8)

Using (A.3)-(A.5) together with (A.7) leads to an alternative expression of the incompressibility

condition:

div(v) = tr(d) = −VAdiv(jA)− VBdiv(jB). (A.9)

29



Finally, mechanical equilibrium writes as:

grad(σ) + b = 0, (A.10)

where b is the body force.

Equations (A.7), (A.9) and (A.10) are 5 PDE’s for the 5 primary unknown fields: cA, cB and

v. These PDE’s are supplemented by the kinetic models of viscous flow (30), species insertion

(31)-(32), and diffusion (35). In the kinetic model of species insertion, the volumetric insertion is

expressed in terms of true quantities: iA = VA
DcA
Dt + cAVAdkk and iB = VB

DcB
Dt + cBVBdkk. The

mean stress is not prescribed constitutively and may be considered as a field of Lagrange multiplier

enforcing the molecular incompressibility condition (A.9).

Appendix A.2. Comparison with the Navier-Stokes equations for multiple species

One fundamental difference between our poroviscous theory and the standard hydrodynamic

equations for multiple species (the Navier-Stokes equations) is the definition of the bulk velocity.

The Navier-Stokes equations use the barycentric velocity vb (the velocity of the center of mass)

(de Groot and Mazur (1984); Landau and Lifshitz (1987)). Alternative definitions of velocity for

multiple component flow include the velocity of the center of volume and the velocity of the center

of moles (Onsager (1945); Bird et al. (1960); de Groot and Mazur (1984)). For a description of

how the different definitions are related, see (Sekerka (2004)). All these choices of a reference

velocity correspond to a weighted average of the component velocities in the laboratory frame,

vα = Nα/cα. For all such choices, the associated diffusion fluxes are not independent, and diffusion

coefficients cannot be prescribed independently. In particular, interdiffusion in a binary solution

involves one single mutual diffusion coefficient, whose relationship to the mobility of individual

species in the solution is unspecified. In a single species fluid, the standard Navier-Stokes equations

do not differentiate flow from self-diffusion (Li et al. (2014)). These restrictions do not apply to

the present formulation based on marker velocity, in which diffusion fluxes evolve according to

independent constitutive relations.

Another direct consequence of the different choice of reference velocity is the form of the incom-

pressibility condition (A.9), which differs from the classical expression div(vb) = 0 of the Navier-

Stokes equations. Both theories, however, assume molecular incompressibility. Both also treat the

mean stress (or pressure) as a field of Lagrange multipliers to be determined in such a way that the

incompressibility condition is satisfied.
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There is a well-grounded reason to use the barycentric velocity vb in the equations of hydrody-

namics, for its product with the density, ρvb, gives the momentum of a unit volume of fluid (Landau

and Lifshitz (1987)). It is therefore the natural velocity to use in the inertia term of the momentum

conservation equations. In the present work, we assumed quasi-static conditions and therefore ne-

glected the contribution from inertia from the outset, so that this issue was not raised. The classical

hydrodynamic theory further relies on the barycentric velocity to write the constitutive equation of

Newtonian flow. In a series of papers, Brenner questioned the implicit mono-velocity assumption of

classical hydrodynamics (e.g. Brenner (2005)), and proposed an alternative, bi-velocity formulation

where the barycentric is used in the momentum balance equations and a volume velocity appears

in the constitutive equations (Brenner (2009)). Following Brenner’s suggestion, bi-velocity theories

were used to analyze the Kirkendall effect (Danielewski and Wierzba (2009)).

Appendix B. Analytical solution to the linearized equations of the 1D interdiffusion

problem

Consider the interdiffusion problem in an unbounded binary system in which composition varies

only in the x-direction. Similar to section 6.1, we have that σxx = 0 and dyy = dzz = 0. In the

Eulerian formalism of Appendix A1, the governing equations are the following:

DcB
Dt

+ cB
∂v

∂x
= −∂jB

∂x
, (B.1)

∂v

∂x
= −VA

∂jA
∂x
− VB

∂jB
∂x

, (B.2)

σm = −4η

3

∂v

∂x
. (B.3)

Eq. (B.1) expresses the conservation of the molecules of B, Eq. (B.2) enforces molecular incom-

pressibility and Eq. (B.3) is the kinetic model of flow, accounting for the kinematic constraints

and mechanical equilibrium. In Eqs (B.1)-(B.2), the diffusion fluxes are related to the gradients

of chemical potentials by the kinetic model (35). Chemical potentials are themselves related to

concentration rates by the kinetic model of insertion (31)-(32).

In the following, we follow Stephenson (1988) and solve the set of PDE’s (B.1)-(B.3) analytically,

assuming small composition and stress perturbation about a reference, equilibrium state. To fix the

ideas, let us consider the following initial composition field written as Fourier series:

φ0(x) = φeq +
∑
i

φ̂i,0 exp(iqix). (B.4)
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In Eq. (B.4), φeq is the equilibrium composition of the system, qi is the wavenumber of the ith

Fourier component, and φ̂i,0 ≡ φ̂i(t = 0) the associated amplitude at time 0. Different from Section

6.1, the initial composition field is thus smooth. We assume that the composition perturbation

about the equilibrium state is small, in the sense that φ̂iqi � 1. For t > 0, the system relaxes by

interdiffusion toward its equilibrium state.

Within the small perturbation approximation, the gradients of composition and stress are pro-

portional to small quantities, and the product of two of these becomes negligible. The velocity of

markers is also small, so that the material derivative reduces to the spatial derivative at a fixed

position, D/Dt ≈ ∂/∂t (Stephenson (1988)). Eqs (B.1)-(B.3) can be linearized as:

∂φ

∂t
= kTΦ (ξeqMA + (1− ξeq)MB)

∂2φ

∂x2

+φeq(1− φeq)
[
MAVA

(
1 +

3βA(1− φeq)
4η

)
−MBVB

(
1 +

3βBφeq
4η

)]
∂2σm
∂x2

+φeq(1− φeq) (MAβAVA +MBβBVB)
∂

∂t

∂2φ

∂x2
,

(B.5)

3σm
4η
− (MAVA(1− φeq) +MBVBφeq)

∂2σm
∂x2

− 3

4η

(
MAβAVA(1− φeq)2 +MBβBVBφ

2
eq

) ∂2σm
∂x2

= kTΦVm

(
MA

VB
− MB

VA

)
∂2φ

∂x2
+ (MAβAVA(1− φeq)−MBβBVBφeq)

∂

∂t

∂2φ

∂x2
.

(B.6)

In (B.5)-(B.6), the mobility coefficient, viscosity coefficients, partial volumes and mean volume are

evaluated at the equilibrium composition (subscript eq omitted for simplicity), as higher order terms

in their Taylor expansion about the equilibrium state lead to gradient products that are negligible.

The activity coefficient Φ is defined as Φ = ∂FB/∂ log(ξ) and is also evaluated at the equilibrium

composition. We look for solutions of the system (B.5)-(B.6) under the form:

φ(x, t) = φeq +
∑
i

φ̂i(t) exp(iqix), (B.7)

σm(x, t) =
∑
i

σ̂i(t) exp(iqix). (B.8)

Thanks to linearity, Eqs (B.5)-(B.6) can be solved for each mode amplitude independently. After

straightforward (but tedious) calculations, a single ODE for each composition amplitude is obtained:

∂φ̂

∂t
= −Γ(qi)φ̂i(t) = −kTΦM̄(qi)q

2
i φ̂i(t). (B.9)

The quantity Γ(qi) is the rate constant for the relaxation of mode qi, and can in turn be expressed
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in terms of an effective interdiffusion mobility M̄(qi). The effective mobility is given by:

M̄(qi) =

3
4η (ξeqMA + (1− ξeq)MB) + q2iMAMBVm

(
1 +

3βA(1−φeq)2
4η +

3βBφ
2
eq

4η

)
3
4η + q2i

(
MAVA(1− φeq)

(
1 + 3βA

4η

)
+MBVBφeq

(
1 + 3βB

4η

))
+q4i (MAVA(1− φeq)) (MBVBφeq)

(
3βAβB

4η
+ βA + βB

)
.

(B.10)

The relaxation time τr = 1/Γ is represented as a function of the wavelength λ = 2π/q of the

perturbation in Fig. 5.

When the kinetics of species insertion is very fast (βA, βB → 0), the above analysis is identical

to Stephenson’s. In the long wavelength limit (qΛB)2 � 1, stress can relax rapidly by viscous

flow within the diffusion timescale and Darken’s analysis for stress-free system is recovered (Darken

(1948)). The net mobility takes the form previously identified by Darken:

M̄D = (1− ξeq)MB + ξeqMA. (B.11)

When one species diffuses much faster than the other, say MB � MA, the system relaxation is

limited by the diffusion of the fast species, as transport of the slow species occurs essentially by

convective transport with the markers.

In the short wavelength limit (qΛ)2 � 1, and still considering that βA, βB → 0, stress relaxation

by viscous flow has no time to take place within the diffusion characteristic time. Convective

transport plays a negligible role in transporting either species. The incompressibility condition

(B.2) then constrains the diffusion fluxes in such a way that mixing proceeds by the swapping

of the volume carried by each species. This is achieved through the build-up of a large stress

gradient, which effectively accelerates the diffusion of the slow species and slows down the diffusion

of the fast species. This regime was called “Nernst-Planck” by Stephenson as it is similar to the

interdiffusion of charged species where an electrostatic potential coupled the diffusion fluxes to

maintain electroneutrality (Doremus (1964)). The effective mobility in the Nernst-Planck regimes

is given by:

M̄NP =
MAMBVm

MAVA(1− φeq) +MBVBφeq
. (B.12)

When MB �MA, the relaxation process is limited by diffusion of the slow species. Also note that

MAVA = MBVB, the Darken and Nernst-Planck expressions of the net mobilities (B.11) and (B.12)

are equivalent.

In both the Darken limit and the Nernst-Planck limit, the effective mobility does not depend

on the wavenumber. Equation (B.9) is then equivalent to Fick’s second law with a composition-
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dependent interdiffusion coefficient D̄ = M̄kTΦ:

∂φ

∂t
=

∂

∂x

(
D̄
∂φ

∂x

)
. (B.13)

When the kinetics of species insertion is not negligible, the asymptotic behavior in the short

wavelength limit, (qΛ)2 � 1, transitions from a Nernst-Planck behavior to a bulk-viscosity limited

behavior with net mobility

M̄v(qi) =
1

q2i

Vm

(
1 +

3βA(1−φeq)2
4η +

3βBφ
2
eq

4η

)
(VA(1− φeq)) (VBφeq)

(
3βAβB

4η + βA + βB

) . (B.14)

Insertion of (B.14) into (B.9) shows that the rate constant Γ in the bulk flow-limited regime is

independent of the wavelength, and that each spatial mode φ̂i decays with the same rate constant.
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Einstein, A. 1905. Über die von der molekularkinetischen Theorie der Wärme geforderte Bewegung
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