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A highly successful architecture for the exchange of single quanta between coupled
quantum systems is circuit quantum electrodynamics (QED), in which the electrical
interaction between a qubit and a high-quality microwave resonator offers the possi-
bility to reliably control, store, and read out quantum bits of information on a chip.
This architecture has also been implemented with mechanical resonators, showing
that a vibrational mode can in principle be manipulated via a coupled qubit. The
work presented in this thesis consists of realising an acoustic version of circuit QED
that we call circuit quantum acoustodynamics (QAD), in which a superconducting
qubit is piezoelectrically coupled to an acoustic cavity based on surface acoustic waves
(SAWs).

Designing and building this novel platform involved the following main accom-
plishments: a systematic characterisation of SAW resonators at low temperatures;
successfully developing a recipe for the fabrication of Josephson junction on quartz
and diamond; measuring the coherence time of superconducting 3D transmon qubits
on these substrates and demonstrating the dispersive coupling between a SAW cavity
and a qubit on a planar geometry.

This thesis presents evidence of the coherent interaction between a SAW cavity
and a superconducting qubit in several ways. First of all, a frequency shift of the
mechanical mode as a function of qubit frequency is observed. We also measure
the acoustic Stark shift of the qubit due to the population of the SAW cavity. The
extracted coupling is in agreement with theoretical expectations. A time delayed
acoustic Stark shift serves to further demonstrate that the Stark shifts that we observe
are indeed due to the acoustic field of the SAW mode. The dispersive coupling between
these two quantum systems offers the possibility to perform qubit spectroscopy using
the SAW resonator as readout component, indicating that these acoustic resonators
can, in principle, be adopted as an alternative qubit readout scheme in quantum
information processors. We finally present preliminary measurements of the direct
coupling between a SAW resonator and a transmon on diamond, suggesting that
strong coupling can in principle be obtained.
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Chapter 1

Introduction

If everything is made up of little particles and all little
particles follow quantum mechanics, then shouldn’t
everything just follow quantum mechanics?

At the beginning of the last century when the theory of quantum mechanics was first

proposed by W. Heisenberg [37] and E. Schrödinger [82], the principal intent was to

explain the physics of the hydrogen atom in a non-relativistic context. As the years

passed by, numerous phenomena, such as black body radiation and atomic emission

spectra, were convincingly explained by quantum mechanics. The increasing number

of experimental results in favour of the new theory raised some fundamental questions

regarding its domain of applicability: Do macroscopic objects behave according to the

laws of quantum mechanics? Can a macroscopic object be prepared in a superposition

state?

One possible approach to answer these questions is to perform quantum mechan-

ical tests on systems with mesoscopic dimensions. Young’s double-slit experiment is

a prime example of this line of research: firstly performed with electrons [42, 89], and

neutrons [97], it was then implemented with objects of increasing size such as atoms

[18] and giant molecules [63]. In the latter experiment, it was experimentally demon-

strated that C60 molecules infringing against a double-slit recreate the interference
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pattern typical of wave-like objects showing that even a molecule with a well defined

inner geometry can be found in a superposition state of position. More recently,

molecules with more than 800 atoms have shown a similar behaviour in agreement

with quantum mechanical predictions [25].

Unfortunately, this approach cannot be easily extended to systems with larger

dimensions and other techniques must be adopted. Nowadays, a common way to in-

vestigate quantum mechanics at a macroscopic level consists of selecting a mechanical

vibrational mode of an object with resonance frequency in the range 0.1 MHz < fm <

10 GHz and probing it at millikelvin temperatures, where thermal fluctuations are

strongly suppressed [73]. The mechanical resonators investigated under these condi-

tions span a broad range of system sizes and resonance frequencies, from meter-scale

mirrors used for gravitational wave detection in the 100 Hz range [1] to nanoscale

structures that can reach resonance frequencies above 1 GHz [66, 19, 20]. Obtaining

high quality (Q) factors in such resonators is typically much harder at higher frequen-

cies [26, 40], though Q factors approaching 107 have recently been demonstrated at

3.6 GHz in a silicon nanobeam [58].

Two main strategies have been used to reach the quantum limit in mechanical

systems. The first approach consists of measuring mechanical devices with relatively

high frequencies fm ≈ 2 - 10 GHz at temperatures of the order of T = 10 mK. Under

these conditions, the mechanical frequency is high enough to satisfy the requirement

hfm � kBT . This implies that thermal phonons with average frequency kBT/h ≈

0.2 GHz are not energetic enough to populate the levels of the mechanical resonator

and the system is found in its quantum ground state. Another approach is to use

mechanical devices with lower frequencies fm < 1 GHz and higher quality factors.

When measured at millikelvin temperatures, thermal phonons have enough energy to
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populate the resonator levels. In order to actually reach the quantum ground state,

the upper levels must be depopulated by actively cooling the device via sideband

transitions [7].

The primary goal of these two techniques has been the demonstration of the

quantum behaviour of macroscopic objects when suitably isolated from their environ-

ment. Pioneering work has now experimentally proven the possibility of preparing

them close to their quantum ground state [88, 19] and coherently manipulating their

state [66]. These results have encouraged new lines of research utilising mechani-

cal quantum devices, including the development of microwave-optical converters [4],

mechanical quantum memories [68] and quantum limited amplifiers [56], the gener-

ation of squeezed vacuum states of mechanical objects [94, 72], and the detection of

non-classical correlations of photon-phonon pairs [76].

An interesting line of research concerning mechanical resonators in the quantum

regime is their integration with superconducting devices. In this context, a highly

successful architecture for the exchange of single quanta between coupled quantum

systems is circuit quantum electrodynamics (QED) [92], in which the electrical inter-

action between a qubit and a high-quality microwave resonator offers the possibility to

reliably control, store, and read out quantum bits of information on a chip. In recent

years, theoretical and experimental investigations have transposed this technology to

mechanical resonators, where a localised vibration is coupled to a superconducting

qubit [45, 66, 71, 78] exploiting a circuit-QED type of interaction, which in principle

enables full control of the quantum state of the mechanical mode via the qubit.

In contrast to these experiments involving localised mechanical modes, studies

have also recently emerged on the coupling of superconducting qubits to traveling

surface acoustic waves (SAWs) [34, 5], which are mechanical perturbations that prop-

6



agate on the surface of a crystal [62], and are naturally coupled to superconducting

circuits using the piezoelectric effect. As well as being of fundamental interest to

study such acoustic waves at the quantum level, they may find uses in quantum

signal processing, since their slow speed of travel (five orders of magnitude slower

than light) means many-wavelength signals can be manipulated on a mm-scale chip

[5, 44]. It has been demonstrated that Fabry-Perot SAW cavities formed using su-

perconducting surface Bragg mirrors can reach quality factors in the 105 range at

microwave frequencies [52, 50], opening up the possibility of realising surface acoustic

cavity QED, either with superconducting qubits, or with other solid-state quantum

systems [83]. SAW cavities have also been proposed as a potential quantum acousto-

optic transducer between superconducting qubits and optical photons by exploiting

stimulated Brillouin scattering [84].

This thesis mainly focuses on the experimental investigation of SAW resonators

in the quantum regime and their coupling to superconducting qubits [52]. Hereafter,

we use the term SAW to mean a Rayleigh wave travelling on the surface of a crys-

tal. Such acoustic vibrations can be excited in different ways: by means of a laser

beam or, more commonly, by applying an oscillating voltage to the electrodes of a

metallic interdigitated transducer (IDT) patterned on the surface of a piezoelectric

crystal. The propagating SAW can eventually be confined in a small region of the

chip by placing two reflectors on the two sides of the IDT. These reflectors consist of

an array of shorted or open-circuit electrodes (or shallow grooves etched into the sur-

face) to implement a half-wavelength period modulation of the impedance of the wave

medium similar to a Bragg grating in optics. This configuration forms what is com-

monly known as a surface acoustic wave resonator (SAWR), the acoustic equivalent

of a Fabry-Perot optical cavity. Since a SAW typically travels at a few km/s, res-
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onators in the gigahertz range have µm-scale wavelengths, and devices can therefore

be fabricated with standard lithographic techniques.

These acoustic resonators were first proposed in the 1970s by Ash [6] and have long

been used in electrical engineering finding a wide range of applications in communi-

cations technology [62]. A detailed history and a thorough presentation of microwave

devices based on SAW can be found in the comprehensive review by D. Morgan [61].

In the 1970s, the performance of SAW resonators at room temperature was inves-

tigated in detail by several authors [9, 87, 69] and the propagation loss of Rayleigh

waves was measured in the 4.2 - 300 K range [15, 36], showing that the acoustic at-

tenuation follows a ωT 4 dependence as predicted by Maradudin and Mills [53]. The

insertion loss of SAW devices with frequencies up to 10 GHz has been measured at

low temperatures [96] and high frequency devices in the range 12 - 16 GHz have been

fabricated with different techniques, including nanoimprint lithography [17]. In recent

years, traveling surface acoustic waves have been detected at the quantum level [35]

and coupled to a superconducting qubit in an open transmission line configuration

[34].

This thesis aims to present a systematic study of SAW resonator performance

at millikelvin temperatures at or close to the quantum regime, showing how their

geometry and design might affect the device internal loss. Furthermore, it presents

measurements of the coherence time of superconducting qubits fabricated on quartz

and diamond, two key materials in this field. Finally, it presents experimental results

concerning a novel acoustic platform, in which a tuneable superconducting qubit is

piezoelectrically coupled to a SAW resonator [51]. The interaction between the SAW

cavity and the qubit is observed in several ways, including the acoustic Stark shift of

the qubit and spectroscopic measurements of the qubit using the SAWR as readout
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component. These measurements mimic the experiments performed a decade ago in

circuit QED, the main difference being the acoustic nature of the cavity.

This thesis is divided in several chapters. In the second chapter, the theory of

piezoelectricity is briefly presented. It follows a presentation of the frequency response

of SAW resonators paying particular attention to their equivalent circuit. Chapter

3 is devoted to the experimental techniques employed to probe SAW resonators in

the quantum regime. Chapter 4 reports an experimental study of SAW resonators

at millikelvin temperatures, including a discussion on their internal quality factor as

a function of drive power and several geometrical parameters. Chapter 5 includes a

brief presentation of experiments conducted on superconducting qubits fabricated on

quartz and diamond and tested with electromagnetic cavities. These results lead to

Chapter 6, where the interaction between a SAW cavity and a transmon qubit on

quartz and diamond is presented in detail, suggesting potential applications of this

architecture in the field of quantum information processing.

9



Chapter 2

Theory of SAW devices

.
If a crystal has a center of symmetry,

then it is not piezoelectric.

2.1 Rayleigh waves

In nature, solids can be found in different shapes and geometries. At the two ex-

tremes, there are crystalline solids and amorphous solids. The former have internal

constituents arranged according to a well-defined regular pattern. In contrast, amor-

phous solids instead do not have an ordered internal distribution of ions. Piezoelectric

materials are crystalline solids with some special symmetries. In this section, we intro-

duce some basic crystallographic concepts that will be useful to discuss piezoelectricity

later on in the chapter.

Crystals

From X-ray diffraction experiments, it has been observed that crystals are not

isotropic, i.e. their internal constituents are arranged along preferential axes. It

has also been observed that they are homogenous1, meaning that any microscopic

1Here, the terms isotropic and homogeneous are related to the inner geometry of the crystals,
and not to their optical properties.
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Figure 2.1 | Lattice. a, Representation of a 2-dimensional regular lattice. b, Example of a
2-dimensional lattice with symmetry A2, A3 and A6.

region of the crystal has similar surroundings. From a theoretical point of view, these

properties can be better appreciated by introducing the abstract concept of unit cell

and lattice. A unit cell is a region in space containing one or more lattice points

that defines the symmetry and structure of the body. The repetitive translation of a

unit cell along some preferential axes forms the entire lattice which can be intuitively

visualised as a three dimensional grid of points.

A lattice point O can be regarded as the origin of a coordinate system (see

Fig. 2.1a). Any point of the lattice can be obtained from O by operating a rigid

translation along a combination of three fixed vectors a, b and c, where we assume

that the lattice extends indefinitely. The position of a lattice point P is specified by

the vector:

OP = n1a + n2b + n3c,

where n1, n2, n3 ∈ Z.

A lattice might be invariant with respect to a specific geometrical transformation.

For instance, a 180◦ rotation of a lattice around a line passing through the origin might

generate a lattice identical to the original one (see Fig. 2.1b). This is an example of

a rotational symmetry (specifically A2) and the line around which the rotation is

performed is called a symmetry axis. The most important rotational symmetries are

listed below:
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I = A1 identity 360◦ rotation
A2 dyad 180◦ rotation
A3 triad 120◦ rotation
A4 tetrad 90◦ rotation
A6 hexad 60◦ rotation

where An indicates that a rotation of 360◦/n around a particular axis leaves the

lattice unchanged. Rotational symmetries are sometimes called direct symmetries.

Note that n successive applications of An are equal to the identity: (An)n = I.

An ideal crystal is a repetition of identical structural units in three dimensional

space. The periodicity is described by a mathematical lattice and an atomic group,

i.e. a specific arrangement of the atoms in a unit cell of the lattice:

crystal = lattice + atomic group.

In the simplest atomic group, a single atom is placed at each node of the lattice. This

is the case for several crystals with so-called face-centered cubic lattices such as gold,

aluminium and nickel, in which a cubic cell contains four atoms at coordinates (0, 0,

0), (1/2, 1/2, 0), (1/2, 0 ,1/2), and (0, 1/2, 1/2).

Crystals are classified according to their symmetries. There are, in total, seven

crystal systems: triclinic, monoclinic, orthorhombic, trigonal, tetragonal, hexagonal

and cubic. These are called primitive lattices and their unit cell is a parallelepiped.

The lattices belonging to one of these crystal systems share the same group of sym-

metries. It is possible to create new lattices by adding extra nodes to the cells of

these primitive lattices, as long as the environment of each node is invariant. Per-

forming this procedure leads to the 14 Bravais lattices shown in Fig. 2.2. The Bravais

lattices represent all of the possible ways of arranging an infinite number of nodes in

space such that they all have the same environment. Note that quartz, an important

material in the field of SAW devices, belongs to the trigonal system.
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Figure 2.2 | The fourteen Bravais lattices. The letter P stands for primitive. Letters F
and C indicate face-centered lattices. Letter I instead denotes a body-centered lattice.
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Elasticity

A solid deforms when subjected to external mechanical forces. When this happens,

the interatomic distances are altered from their initial values and the microscopic as

well as macroscopic appearance of the body might significantly change. If a solid tends

to naturally restore its original geometrical shape, it is said to behave elastically.

When an external electric field is applied to many solids, they undergo mechanical

compressions proportional to the modulo square of the applied electric field. This

commonplace phenomenon is called electrostrictive coupling and it is a weak second

order effect. By contrast, the rarer phenomenon of piezoelectricity is a linear effect

present in crystalline materials with certain symmetries that couples external electric

fields to mechanical motions within an elastic body. If the spatial periodicity of

the mechanical perturbations is longer than the interatomic distances, the solid can

be mathematically modelled as a continuum and its internal mechanical state can

be described by two tensorial fields: the strain field and the stress field. We now

introduce these two fields and their relations.

Strain

The concept of strain can be understood by considering a simple example. Sup-

pose that an external force is applied to a rope so that its length changes from the

initial value L to L′. In such a case, the normalised elongation (L′ − L) /L is a di-

mensionless quantity indicating how much the rope length has changed compared to

its initial value. Unfortunately, elongation is a global quantity that does not give

detailed information about the local behaviour within the the body. For this reason,

it is convenient to introduce a local elongation, called strain, that takes into account

the fact that mechanical forces might induce contractions as well as elongations in
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O

Figure 2.3 | Displacement. Two geometric points x, y within a crystal are displaced due to an
external mechanical force.

different parts of the body.

The mathematical definition of strain can be introduced in the following way.

Consider two points close together x = (x1, x2, x3)T, y+dx = (y1, y2, y3) and suppose

that an external force is applied to the solid (see Fig. 2.3). These two points will

move to the new positions x′ = (x′1, x
′
2, x
′
3)T = x + u (x), y′ = (y′1, y

′
2, y
′
3) = y + u (y),

where we have defined the displacement field:

u (x) = x′ − x.

This vector field indicates the magnitude and direction of the local displacement.

For weak mechanical forces, the displacement vectors u (x), u (y) are similar to each

other. To first order, the following approximation is valid:

ui(yj) = ui (xj + dxj) = ui (xj) +

(
∂ui
∂xj

)
xj

dxj.

The subscript indicates the component of the corresponding vector. If the solid

undergoes a global translation, then ∂ui/∂xj = 0. On the other hand, when the solid

experiences a mechanical deformation ∂ui/∂xj 6= 0. We would be tempted to define

the local elongation as the dimensionless quantity ∂ui/∂xj. However, this would

not be a wise choice. In fact, when a solid is rotated around an axis, no internal

mechanical deformations are generated and yet the term ∂ui/∂xj is different from
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Figure 2.4 | Representative elementary volume. Little volume within a solid subject to an
external mechanical force dF and internal forces f .

zero. To overcome this issue, we can write the Jacobian ∂ui/∂xj as the sum of two

terms:

Jij (x) =
∂ui (x)

∂xj
= Aij (x) + Sij (x) ,

where Aij (x) = [∂ui (x) /∂xj − ∂uj (x) /∂xi] /2 is an antisymmetric tensor and:

Sij (x) =
1

2

(
∂ui (x)

∂xj
+
∂uj (x)

∂xi

)
(2.1)

Sij is a symmetric tensor and it represents the local elongation or strain. This math-

ematical definition of strain is consistent with Sij being null both for overall trans-

lations and rotations. Furthermore Sij = Sji, which implies that only six of the

nine components are independent. Note that, in general, the strain tensor is time

dependent.

Stress

When an external mechanical force is exerted on the face of a solid, small de-

formations start propagating from the contact point to other regions of the body

along well-defined surfaces. This phenomenon takes place because mechanical trac-

tion forces are generated that act to restore the mechanical equilibrium of the body.

The origin of these forces are interactions between neighbouring ions.
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Stress is the generalised concept of force within a body. Its mathematical definition

can be introduced in the following way. Consider a little volume dV in a solid and

define a surface vector dΣ = dΣs n̂ with n̂ being a unit vector pointing towards the

outside of the volume. Suppose that a local force dF is applied to the little volume.

The traction force R is defined as:

R (n̂) = lim
dΣ→0

dF

dΣ
,

where the vector R is not necessarily collinear to n̂ (see Fig. 2.4). The resultant

traction force FΣ is given by a surface integral of the local vector R (n̂) over the

entire area enclosing the volume: FΣ =
∫

Σ
R (n̂) dΣ. Within the solid, there exist

some internal forces per unit volume that tend to counterbalance the traction forces

(these internal forces f could be gravitational forces, for example). The resultant force

due to these internal forces is given by FV =
∫
V
f dV. At mechanical equilibrium,

traction and internal forces are balanced FΣ = −FV . This expression can be written

in integral form: ∫
Σ

Ri (n̂) dΣ = −
∫
V

fidV. (2.2)

It is always possible to express the internal forces fi as the divergence of a stress

tensor field, fi = − (∇ ·T)i = −∂jTij. Substituting this expression in equation (2.2)

and applying the divergence theorem we obtain:∫
Σ

Ri (n̂) dΣ =

∫
V

(∇ ·T)i dV =

∫
Σ

∑
j

TijnjdΣ,

from which follows:

Ri (n̂) =
∑
j

Tijnj = Ti1n1 + Ti2n2 + Ti3n3.

This relation implies that the force per unit area Ri exerted on the surface of a little

volume within a solid is given by Ri = Tijnj. In the particular case in which the
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surface element dΣ is collinear to one axis, we have Ri (nj) = Tij. In other words,

the stress tensor entry T12 is the x component of the force per unit area acting on a

surface perpendicular to the y axis. Note that if a solid is not subject to an applied

torque, then the stress tensor is symmetric Tij = Tji.

Hooke’s law

Hooke’s law states that strains are proportional to stresses if the latter are small.

In the one dimensional case, Hooke’s law has the familiar form F = k∆x, where k

is a spring constant. Within a solid, this law asserts that the stress tensor Tij is

proportional to the strain tensor Skl:

Tij = cijklSkl

where we have introduced the stiffness tensor cijkl :

cijkl =

(
∂Tij
∂Skl

)
Skl=0

The stiffness tensor is a 3-dimensional generalisation of the spring constant. It is

a 4-rank tensor with n4 = 34 components. The requirement Skl = Slk translates

into the condition cijkl = cijlk, which means that the number of independent com-

ponents reduces to n4 − n3 (n− 1) /2. From the condition Tij = Tji , we have

cijkl = cjikl. This constraint further reduces the number of independent components

to n4 − n3 (n− 1) /2 − [n (n− 1)]2 /2 = 36. This also implies that two indices are

sufficient to characterise the stiffness tensor2:

cαβ ≡ cijkl, α = (i, j) β = (k, l),

2Hereafter, it is understood that latin indices vary in the range 1-3, while greek indices take
values in the range 1-6.
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where α and β are two indices with values between 1 and 6:

1↔ (11) 2↔ (22) 3↔ (33)

4↔ (23) = (32) 5↔ (31) = (13) 6↔ (12) = (21).

The stiffness tensor can thus be specified with a 6 × 6 matrix cαβ. From thermo-

dynamic considerations, it is possible to show that the stiffness tensor satisfies the

condition:

cijkl = cklij,

i.e. cαβ = cβα. This implies that only (2n)2−n (2n− 1) = 21 components are actually

independent and the matrix form of cαβ can be written as:

cαβ = cβα =


c11 c12 c13 c14 c15 c16

c12 c22 c23 c24 c25 c26

c13 c23 c33 c34 c35 c36

c14 c24 c34 c44 c45 c46

c15 c25 c35 c45 c55 c56

c16 c26 c36 c46 c56 c66

 .

The symmetries of a crystal reduce the number of independent components of the

stiffness tensor. For example, the stiffness tensor of an isotropic body has only two

independent components:

cijkl = λδikδkl + µ (δikδjl + δilδjk) =


c11 c12 c12 0 0 0
c12 c11 c12 0 0 0
c12 c12 c11 0 0 0
0 0 0 c66 0 0
0 0 0 0 c66 0
0 0 0 0 0 c66

 , (2.3)

where c11 = λ + 2µ, c12 = λ, c66 = µ and λ, µ are called Lamé constants. On the

other hand, it can be shown that the stiffness tensor of lattices in the trigonal system

has the form:

cαβ =


c11 c12 c13 c14 0 0
c12 c11 c13 −c14 0 0
c13 c13 c33 0 0 0
c14 −c14 0 c44 0 0
0 0 0 0 c44 c14

0 0 0 0 c14
c11−c12

2


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Figure 2.5 | Zinc-Oxide model. Chain of Zinc-Oxide ions at rest (a), when subjected to me-
chanical compression (b), when subject to an external electric field collinear to the chain (c). The
elastic forces between ions are represented by springs.

and the stiffness tensor for quartz is given by:

cαβ =


87.26 6.57 11.95 −17.18 0 0
6.57 87.26 11.95 17.18 0 0
11.95 11.95 105.8 0 0 0
−17.18 17.18 0 57.15 0 0

0 0 0 0 57.15 −17.18
0 0 0 0 −17.18 40.34


where the numerical values were taken from [38] and are expressed in GPa. These

values refer to natural α-quartz at 22 ◦C and 10−3 Torr.

Piezoelectricity

A solid is piezoelectric if an applied mechanical compression electrically polarises

it (direct effect) and if an external electric field mechanically deforms it (Lippman

effect). The direct effect was observed for the first time by Pierre Curie and Jacques

Curie in 1880, whereas the inverse effect was predicted by Gabriel Lippman the fol-

lowing year.

Piezoelectricity can be understood by considering the dynamics of zinc oxide when

subjected to an external electric field. Crystal of zinc oxide are formed from alter-

nating layers of zinc and oxygen ions. Lines perpendicular to these layers alternately

intersect the two ions as shown in Fig. 2.5. At equilibrium, the ions are well localised
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and their interactions can be qualitatively modelled with elastic restoring forces with

spring constants k1 and k2. The electric polarisation of the material is given by:

P0 = n p0 = n
∑
i

qi di = n
q

2
(a− 2b) ûx,

where d is a spatial vector connecting a negatively charged element to a positively

charged element in a unit cell, a and b are the two distances shown in Fig. 2.5a and n

is the volumetric density of ZnO diatomic elements. Suppose that the body is subject

to a mechanical compression along the x axis, which reduces the lengths a and b by

the amounts ∆a and ∆b respectively (see Fig. 2.5b). Due to this mechanical force,

the variation of polarisation is:

P = n
q

2
(∆a− 2∆b) ûx. (2.4)

This is the direct piezoelectric effect: a mechanical deformation generates a variation

of the material’s polarisation.

If an external electric field E is applied along the x axis, it will move the zinc and

oxygen ions in two opposite directions (they have opposite charge distributions, see

Fig. 2.5c). At equilibrium, the forces sum up to zero, − (k1 + k2) ∆b ûx = qE ûx −

k1∆a ûx, which implies:

∆b = − qE

k1 + k2

+
k1

k1 + k2

∆a. (2.5)

We can substitute this expression into equation (2.4) to obtain3:

P =
nq2

k1 + k2

E ûx +
nq (k2 − k1)

2 (k1 + k2)
∆a ûx = χionE + e S.

The first term is proportional to the electric field and the proportionality constant is

the ionic susceptibility χion = nq2/ (k1 + k2). The second term expresses the direct

3In this simple example, both χion and e are scalar quantities. As we shall see later, in three
dimensions these quantities are expressed with tensors.
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piezoelectric effect and includes both the strain S = ∆a/a ûx and the piezoelectric

constant:

e =
nq (k2 − k1)

2 (k1 + k2)
a. (2.6)

If we also take into account the electronic susceptibility χe, the overall polarisation

reads P = (χion + χe) E + e S and the electric displacement vector can be written:

D = ε E + e S, (2.7)

where ε = ε0 +χion +χe. This is one of the fundamental equations of the piezoelectric

effect: the displacement vector is not only proportional to the electric field but also

to strain.

Finally, we can relate stress to the applied electric field. The chain shown in

Fig. 2.5 indefinitely extends in the x direction. In ZnO, there are an infinite number

of collinear chains and half of them will be shifted by half a period along the x

direction. This means that a plane perpendicular to the x axis intersects an equal

number of springs with spring constant k1 and k2. The force per unit area exerted on

this perpendicular plane is given by

T =
na

2
(k2∆b ux + k1∆ (a− b) ux) .

If the displacements ∆b, ∆a are due to an external electric field, expression (2.5) still

holds and the stress reduces to

T = na
k1k2

k1 + k2

∆a ûx −
nq

2

k2 − k1

k1 + k2

E ûx = c S− e E, (2.8)

where in the second term we recognise the piezoelectric constant e equation (2.6)

and we have defined the stiffness coefficient c = na2k1k2/ (k1 + k2). The second term

−e E expresses the inverse effect: an applied electric field produces internal stresses

within a solid.
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The relations (2.7)-(2.8) are the fundamental equations of the piezoelectric be-

haviour of a solid. They can be generalised to three dimensions in the following

way:

Di = εSijEj + eijk Sjk (2.9)

Tij = cEijklSkl − ekij Ek, (2.10)

where εSij is the dielectric tensor and eijk is the 3-rank piezoelectric tensor. The

superscripts S and E indicate that the quantities are evaluated keeping the strain or

electric field constant, respectively. The formal definition of piezoelectric tensor is:

εijk =

(
∂Di

∂Sjk

)
E

This is a 3-rank tensor with 27 components. Since Sjk = Skj, it follows that:

εijk = εikj.

This condition reduces the number of independent components from 27 to n3− 3n =

18. The last two indices form a pair that can take only six distinct values. This

means that only two indices are needed to describe this tensor:

eiα ≡ eijk where i ∈ {1, 2, 3} α ∈ {1, 2, 3, 4, 5, 6} .

The piezoelectric tensor can be expressed as a 3× 6 matrix:

eiα =

 e11 e12 e13 e13 e15 e16

e21 e22 e23 e24 e25 e26

e31 e32 e33 e34 e35 e36

 .
Depending on the symmetries of the crystal, the number of independent components

might decrease.

The most important observation is probably the fact that the piezoelectric tensor

of a crystal with a centre of symmetry is null. To see this, suppose that the crystal
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is subject to an inversion with respect to a centre C:

αji (C) =

 −1 0 0
0 −1 0
0 0 −1

 .

If this transformation leaves the crystal unchanged, then the piezoelectric tensor must

be invariant as well:

eijk = αpiα
q
jα

r
kepqr,

which implies eijk = −eijk, whence eijk = 0. In other words, if a crystal has a

centre of symmetry, then it is not piezoelectric.

From symmetry considerations, it can be shown that the piezoelectric tensor for

crystals in the 32 class of the trigonal system has only two independent components:

eiα =

 e11 −e11 0 e14 0 0
0 0 0 0 −e14 −e11

0 0 0 0 0 0

 .
Quartz belongs to this particular class and its piezoelectric tensor at room tempera-

ture is given by:

eiα =

 0.171 −0.171 0 0.041 0 0
0 0 0 0 −0.041 −0.171
0 0 0 0 0 0

 ,
where the numerical entries are expressed in C/m2. Note that the piezoelectric effect

in quartz is quite weak compared to other materials, notably lithium niobate, in which

the entries of eijk can reach values of 3 C/m2.

Waves in a piezoelectric crystal

In piezoelectric materials, mechanical variables are strictly related to electromag-

netic fields. In order to study the internal dynamics of a solid, it would be necessary

to solve a system of coupled equations involving the Newton and Maxwell relations.

It must be noted, however, that the speed at which a mechanical perturbation travels
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within a solid is approximately 105 smaller than the speed of electromagnetic waves

and the magnetic field associated with the travelling wave gives only a small contri-

bution to the mechanical perturbation. For this reason, we can make the assumption:

∇ × E = −∂B/∂t ≈ 0. This also implies that the electric field can be expressed

in terms of the gradient of a scalar field, Ei = ∂iφ. On the other hand, the electric

displacement obeys the usual relation ∂iDi = ρe, where ρe are free charges eventually

present inside the material.

We shall now derive a system of coupled equations which completely describes the

internal dynamics of a piezoelectric crystal. First of all, consider Newton’s law for a

little volume within the crystal:

ρüi = ∂jTij, (2.11)

where each dot indicates a time derivative. Since Tij = cijklSkl − ekijEk and Skl =

(∂kul + ∂luk) /2, the stress tensor can be written in the form:

Tij =
cijkl

2
(∂kul + ∂luk)− ekijEk = cijkl∂kul + ekij∂kφ,

where in the second step we used cijkl = cijlk and Ek = −∂kφ. Substituting this

expression in equation (2.11), we finally obtain:

ρüi = cijkl∂j∂kul + ekij∂j∂kφ.

As regards the electric displacement, recall from equation (2.10) that Dj = εjkEk +

ejklSkl. Let us suppose that there are no free charges within the volume (∂jDj = 0).

This implies:

∂jDj = εjk∂jEk + ejkl∂jSkl =

= −εjk∂j∂kφ+
ejkl
2
∂j (∂kul + ∂luk) =

= −εjk∂j∂kφ+ ejkl∂j∂kul = 0
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where we have used equation (2.1) and the fact that eijk = eikj. The system of coupled

equations that we were looking for is:{
ρüi = cijkl∂j∂kul + ekij∂j∂kφ

ejkl∂j∂kul − εjk∂j∂kφ = 0.
(2.12)

This is a system of four coupled equations with four independent variables, namely

u1, u2, u3 and φ. It is possible to find analytical solutions of this coupled system in

some special cases.

Bulk waves in a non-piezoelectric material

For the special case of a non-piezoelectric material, the system of coupled equa-

tions (2.12) reduces to:

cijkl∂j∂kul = ρüi. (2.13)

The solution of these three equations are plane waves of the form:

ui (x, t) = Aie
iω(t−n̂·x/v) = Aie

iω(t−njxj/v).

Here, Ai is a polarisation vector, n̂ is the propagation direction and vi is the speed of

the perturbation. These three solutions are bulk waves propagating in the same direc-

tion n̂ with three distinct speeds vi and polarisations Ai. The polarisation indicates

the direction in which the displacement of the ions takes place. If the polarisation

is in the same direction as the propagation, the correspondent wave is called longi-

tudinal wave. If instead the polarisation is in a plane orthogonal to n̂, we refer to

these waves as transverse waves. As we shall see later, transverse waves tend to have

a slower speed than longitudinal waves. It might happen that the two transverse

waves have the same speed: in this case the propagation direction is called acoustic

axis. In general, the propagation direction n̂ will not be collinear to any component
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Figure 2.6 | Slowness curve. Quartz slowness curve in the XZ plane (readapted from [79]).

of the polarisation vector. Hence, the wave with polarisation closer to n̂ is called

quasi-longitudinal wave, and the other two waves are called quasi-transverse waves.

We now derive the properties of longitudinal and transverse waves for a given

propagation direction n̂. The time and spatial derivatives of the displacement field

are given by:

üi = −ω2ui, ∂kul = −iωnk
v
ul, ∂j∂kul = −ω

2njnk
v2

ul.

Substituting these relations in equation (2.13), we arrive at ρv2Ai = cijklnjnkAl. This

expression can be written in a more convenient form as:

ΓilAl = ρv2Ai, (2.14)

where we have defined the Christoffel tensor Γil = cijklnjnk. This eigenvalue equation

is usually referred to as Christoffel equation and it is of paramount importance: for

a fixed direction n̂, the phase velocities and polarisation of plane waves propagating

along n̂ are given by the eigenvalues and eigenvectors of the symmetric tensor Γil.
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We shall now derive the speed and polarisation of plane waves for quartz along

specific directions. For the time being, we assume that the piezoelectric effect is

negligible. Let us suppose that the plane waves are propagating along the x axis. In

this case, n1 = 1, n2 = 0, n3 = 0 and the Christoffel tensor becomes:

Γil = ci11l =

 c1111 c1112 c1113

c1112 c2112 c2113

c1113 c2113 c3113

 =

 c11 0 0
0 c66 c14

0 c14 c44

 .
The characteristic polynomial of this matrix is (c11 − λ) [(c66 − λ) (c44 − λ)− c2

14] = 0

with solution:

λ(1) = c11 = 87.26 GPa, (2.15)

λ(2) =
1

2

[
c44 + c66 +

√
(c66 − c44)2 + 4c2

14

]
= 67.87 GPa, (2.16)

λ(3) =
1

2

[
c44 + c66 −

√
(c66 − c44)2 + 4c2

14

]
= 29.62 GPa. (2.17)

The speeds of the corresponding waves are given by vL =
√
λ(1)/ρ = 5742 m/s,

vT1 =
√
λ(2)/ρ = 5064 m/s, vT2 =

√
λ(3)/ρ = 3345 m/s, where we have used

ρ = 2647 Kg/m3 for quartz. The corresponding eigenvectors A1, A2, A3 give the

polarisation directions4. Since the propagation was assumed to be along the x axis,

the wave with vector polarisation A1 and speed vL is the longitudinal wave.

For a general direction, the components of the propagation direction n̂ can be

expressed as n1 = sin θ, n2 = sin θ cosφ, n1 = cos θ and the Chistoffel tensor is given

4Equations (2.15)-(2.17) directly show that it is possible to estimate the components of the
stiffness tensor by measuring the speed of plane waves along specific directions.
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by:

Γ11 = c11n
2
1 + c66n

2
2 + c44n

2
3 + 2c14n2n3

Γ12 = (c12 + c66)n1n2 + 2c14n1n3

Γ13 = 2c14n1n2 + (c13 + c44)n1n3

Γ22 = c66n
2
1 + c11n

2
2 + c44n

2
3 − 2c14n2n3

Γ23 = c14

(
n2

1 − n2
2

)
+ (c13 + c44)n2n3

Γ33 = c44

(
n2

1 + n2
2

)
+ c33n

2
3.

Depending on the angles φ and θ, it is sometimes necessary to adopt numerical models

to find the eigenvalues of this tensor. If we set φ = π/2 and solve this system

of equations for a generic angle θ, we obtain the speed of sound in the XZ plane.

Figure 2.6 shows the inverse of the sound speed in this plane; this curve is usually

called slowness curve.

If we take into account the piezoelectric effect, the Christoffel equation changes

slightly. In such a case, the system of coupled equations (2.12) has solutions:

ui = Aie
iω(t−njxj/v), φ = φ0e

iω(t−njxj/v).

The time and spatial derivatives of these plane waves are:

üi = −ω2ui ∂j∂kul = −ω
2njnk
v2

ul ∂j∂kφ = −ω
2njnk
v2

φ.

Substituting this expression in equation (2.12) we find:

ρv2Ai = ΓilAl + γiφ0 (2.18)

φ0 =
γl
ε
Al (2.19)

where we have defined Γil = cijklnjnk, γi = ekijnjnk and ε = εjknjnk. Substituting

equation (2.19) into equation (2.18), we finally obtain the Christoffel equation for
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Figure 2.7 | Rayleigh waves. a, Orientation of the semi-infinite medium under consideration
and surface acoustic waves. b, Section of a Rayleigh wave propagating on a semi-infinite medium.

piezoelectric materials:

ρv2Ai = Γ̃ilAl

where Γ̃il = Γil+γiγl/ε. This eigenvalue equation has the same form as equation (2.14)

with the substitution Γil → Γ̃il. For some crystals (such as quartz) the piezoelectric

effect is so weak that the variation in the slowness curves is negligible.

Rayleigh waves

Rayleigh waves were described for the first time by Lord Rayleigh in 1885 [86].

These are acoustic waves propagating on the surface of a medium whose amplitude

decreases exponentially inside the material. We derive their functional form for the

special case of an isotropic material. More interesting cases, such as anisotropic

piezoelectric materials, often requires numerical approaches. An analytical solution

for GaAs can be found in the appendix of reference [83].

Newton’s equation for a little volume close to the surface of an isotropic body is

given by:

cijkl∂j∂kul = ρüi. (2.20)

Let us suppose that the wave propagates in the x1 direction and the normal to the

surface is parallel to x2 as shown in Fig. 2.7. The Rayleigh-type solutions we are
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looking for have the form:

ul (x, t) = A ◦ul e
−χkx2ei(ωt−kx1),

where χ is a positive constant and we are assuming that the wave has no variation

along x3. Here, A is the amplitude of the wave and ◦ul the corresponding polarisation.

Solving equation (2.20) with this ansatz will give us three (physical) values χr. To

each χr corresponds a polarisation of the wave ◦u(r). The final solution will be a linear

superposition of the form:

ul (x, t) =
3∑
r=1

[
Ar

◦u
(r)
l e−χrkx2

]
ei(ωt−kx1), (2.21)

Let us first calculate the values χr. The linear operators can be written as: ∂1 = −ik,

∂2 = −χk, ∂3 = 0 and ∂2
t = −ω2. Substituting these expressions into equation (2.20),

we obtain: [
−ci11l − ci22l (iχ)2 + (ci12l + ci21l) (iχ)

]
ul = −ρv2ul, (2.22)

where we have defined v2 = ω2/k2. This is the usual Christoffel equation with Γil =

ci11l + ci22l (iχ)2− (ci12l + ci21l) (iχ). For an isotropic material, the stiffness tensor has

only few components different from zero [see equation (2.3)]. Hence, equation (2.22)

becomes: c11 + c66 (iχ)2 − ρv2 − (c12 + c66) (iχ) 0

− (c12 + c66) (iχ) c66 + c22 (iχ)2 − ρv2 0

0 0 c66 + c66 (iχ)2 − ρv2

 u1

u2

u3

 = 0.

Non-trivial solutions can be found by calculating the determinant of this matrix and

setting it to zero. This 6th order equation will give us the values of χr in terms of the

speed of sound. Since the coefficients of the powers of (iχ) are real, the solutions will

be three pairs of complex conjugates χr. Only three of them (the ones with χr > 0)

are physical. For each eigenvalue χr, we calculate the corresponding eigenvector ◦u(r),
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which determines the polarisation of the wave. After some lengthy calculations (or

few lines of Mathematica), we find5:

χ1 =
√

1− v2/v2
L

◦u(1) = (1,−iχ1, 0)T

χ2 =
√

1− v2/v2
T

◦u(2) = (iχ2, 1, 0)T ,

and from equation (2.21) we have

u1 (x, t) =
[

A1e
−χ1kx2 + iχ2A2e

−χ2kx2
]
ei(ωt−kx1),

u2 (x, t) =
[
−iχ1A1e

−χ1kx2 + A2e
−χ2kx2

]
ei(ωt−kx1).

The last parameters that have to be determined are the speed of sound v and the

ratio A2/A1. These quantities can be found by setting some boundary conditions to

the stress tensor. At the interface x2 = 0, the stress tensor must be null: T12 = T22 =

T32 = 0. Since Tij = ∂kcijklul, this implies:

Tij = cij11∂1u1 + cij12∂1u2 + cij21∂2u1 + cij22∂2u2.

The conditions T12|x2=0 = T22|x2=0 = 0 thus become:

c66 (∂1u2 + ∂2u1)|x2=0 = 0

c21∂1u1 + c22∂2u2|x2=0 = 0.

In the isotropic case, these constraints read:(
2χ1 i (1 + χ2

2)
i (−c21 + c22χ

2
1) χ2 (c21 − c22)

)(
A1

A2

)
= (2.23)

=

(
2χ1 i (1 + χ2

2)
iµ (1 + χ2

2) −2µχ2

)(
A1

A2

)
= 0,

5Recall from Section 2.1 that for an isotropic material c11 = λ+ 2µ, c12 = λ, c66 = µ, v2T = µ/ρ
and v2L = (λ+ 2µ) /ρ. Furthermore, χ3 has not been considered, since we assumed that the wave
has no variation along x3.
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Figure 2.8 | Mechanical displacement due to a Rayleigh wave. a, Displacement of the
particles in proximity of the surface of the medium along x1 and x2 assuming A = 1, vT = 4100 m/s
and vL = 6050 m/s for fused quartz.

where we used c21 − c22 = −2µ and −c21 + c22χ
2
1 = µ (1 + χ2

2). This is a homogenous

system of linear equations with variables A1 and A2. The determinant is given by:

(
1 + χ2

2

)2 − 4χ1χ2 = 0. (2.24)

Substituting the values of χ1 and χ2 into equation (2.24) we finally arrive at:(
2− v2

v2
T

)4

= 16

(
1− v2

v2
L

)(
1− v2

v2
T

)
This equation has 8 solutions. Only one of them is positive and satisfies the condition

v < vT. This solution is denoted as vR and it represents the speed of the Rayleigh

wave. Note that the value of vR/vT is determined by the ratio vL/vT. This dependence

is valid for any surface acoustic wave travelling on an isotropic material.

Combining equation (2.23) with (2.24), we can compute the ratioA2/A1 = i
√
χ1/χ2

and finally write the form of the displacement in proximity of the surface:

u1 (x, t) = A1

[
e−χ1kx2 −√χ1χ2e

−χ2kx2
]
ei(ωt−kx1)

u2 (x, t) = iA1

√
χ1

χ2

[
e−χ2kx2 −√χ1χ2e

−χ1kx2
]
ei(ωt−kx1).

These displacements are in phase quadrature and are represented in Fig. 2.8. The

particles close to the surface describe an ellipse whose shape and direction changes

as a function of x2.
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2.2 SAW devices

Surface acoustic waves can be generated by applying an oscillating voltage to

suitably shaped metallic structures deposited on the surface of a piezoelectric crystal.

The simplest pattern consists of an interdigitated capacitor as shown in Fig. 2.9a; this

device is called interdigitated transducer (IDT). The gap between adjacent fingers is

usually denoted by a, whereas the distance between the centre of adjacent fingers is

called p. The ratio between these two geometric parameters is called the metallisation

ratio η = a/p. Finally, the periodicity of this interdigitated structure is denoted

λ0 = 2p.

When a voltage is applied to the electrodes of an IDT, an electric field is gener-

ated between adjacent fingers. In turn, this electric field produces compressions and

expansions near the surface, giving rise to various elastic waves including Rayleigh

waves. Each finger can thus be regarded as a source of acoustic perturbations. The

generated wave reaches the neighbouring finger in a time t1 = p/vR, where vR is

the speed of the Rayleigh wave. If the oscillating voltage is periodic in time with

period T = 2t1, by the time the acoustic wave reaches the neighbouring finger, the

voltage has changed sign and a stress add up constructively. The frequency of the

corresponding wave f0 = vR/λ0 is usually called resonance frequency of the IDT.

The frequency response of an IDT can be studied using a discrete source model.

In this model, each finger is considered to be a point-like source labelled by a discrete

index i = {1, . . . , Nt}, where Nt is the number of fingers in the IDT. The position

of each finger in the x-direction is denoted by xi. The polarity Pi of each finger is

equal to one (zero) if it is connected to a measurement port (ground). The acoustic
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Figure 2.9 | Transducer. a, Interdigitated transducer for the generation and collection of SAWs.
b, Conductance (blue curve) and susceptance (orange curve) of an IDT normalised with respect to
Ga(f0), based on equation (2.27) with Np = 50 and f0 = 500 MHz.

potential produced by the i-th finger of the IDT is given by:

φi (x, f) = V E (η, f)Pie
jk(x−xi),

where V is the amplitude of the applied oscillating voltage, j =
√
−1, k is the wave

number and E (η, f) is an element factor that will be discussed later. Since the wave

equation is linear, the acoustic potential at a fixed position x = 0 can be calculated

as the sum of the waves generated by each finger:

φS (0, f) = V E (η, f)
Nt∑
i=1

Pie
−jkxi = V E (η, f)A (f)

where we have defined the array factor:

A (f) =
Nt∑
i=1

Pie
−jkxi =

Nt/2∑
m=1

(
e−2jkp

)m
=

sin (Npkp)

sin (kp)
e−jkp(Np+1),

and we have introduced the number of fingers pairs in the IDT, Np = Nt/2. We

are interested in the absolute value of the array factor. Close to resonance, the wave

number k = 2π/λ is similar to k ≈ π/p. Introducing the parameter θ = kp − π, we

find:

|A (f) | ≈
∣∣∣∣sin [Np (θ + π)]

θ

∣∣∣∣ =

∣∣∣∣sin (Npθ)

θ

∣∣∣∣ = Np

∣∣∣∣sinXX
∣∣∣∣ .
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The absolute value of the array factor is proportional to a sinc function with argument

X = Npθ. This simple model predicts an efficient transduction of the IDT centred

around the harmonics of the resonance frequency f0. Unfortunately, this model does

not give any information about the prefactor E (η, f). In order to calculate this term,

a different approach based on a Green function formalism must be adopted. We

present the analytical expression of the element factor E (η, f) without going into

the details of its derivation. By considering the electrical charge distribution on the

fingers, theory predicts that this term has the following functional form [62]:

E (η, f) = j
∆v

v

2 sin (πs)

P−s (− cos ∆)
Pm (cos ∆) , m ≤ kp

2π
≤ m+ 1, (2.25)

where s = −m + kp/2π, ∆v/v is the coupling coefficient and ∆ = πa/p. In equa-

tion (2.25), P−s (x) is a Legendre function and Pm (x) is a Legendre polynomial. The

function E (η, f) is plotted in Fig. 2.10a for different values of metallisation ratios η.

Note that for η = 0.5, the element factor E (η, f) at the first three harmonics is equal

to:

E (0.5, f0) = 1.694j
∆v

v

E (0.5, 2f0) = 0

E (0.5, 3f0) = −1.694j
∆v

v
.

Interestingly, the element factor is equal to zero at f = 2f0. In other words, the

frequency response of a regular single-electrode transducer is null at the second har-

monic. However, for values of η 6= 0.5, the element factor is different from zero at

f = 2f0 and this property can be exploited to design transducers with good trans-

duction at the second harmonic.
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Figure 2.10 | Element factor and equivalent circuit. a, Element factor for a regular single-
electrode transducer for different metallisation ratio: η = 0.5 (blue curve), η = 0.4 (orange curve)
and η = 0.275 (green curve). b, Equivalent circuit of a transducer comprising a conductance Ga, an
acoustic susceptance Ba and a geometric capacitance Ct.

Delay line

The behaviour of a regular single-electrode transducer can also be appreciated by

considering its equivalent electrical circuit. This comprises three elements in parallel:

a conductance G (f), a susceptance B (f) and a capacitance C (see Fig. 2.10b). The

latter simply models the geometrical capacitance of the IDT and its analytical form

is:

Ct = WNpε∞, (2.26)

where W is the overlap between the fingers of the IDT and ε∞ is a material parameter.

The conductance models the conversion of electrical energy into mechanical waves

Ga (f) = Ga (f0)

(
sinX

X

)2

, (2.27)

where Ga (f0) = 2.87ε∞WN2
p2πf0∆v/v. Finally, the susceptance can be derived as

the Hilbert transform of the conductance

Ba (f) = Ga (f0)
sin (2X)−X

2X2
.

The conductance and the susceptance are plotted in Fig. 2.9b. Finally, the admit-

tance of a transducer can be written as:

Y11 (f) = Ga (f) + jBa (f) + 2πj f Ct. (2.28)
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Figure 2.11 | Delay line. Delay line comprising two identical single-electrode IDTs.

The equivalent circuit of a transducer can be used to describe the frequency re-

sponse of a delay line shown in Fig. 2.11. This device consists of two transducers

facing each other. For simplicity, let us suppose that the transducers A and B are

identical. This electrical network can be described with the following set of equations:(
IA
IB

)
=

(
Y11 Y12

Y21 Y22

)(
VA
VB

)
where Yij is the network admittance matrix, Vi is the voltage applied to transducer i

and Ii is the short circuit current generated by the absorption of acoustic perturba-

tions. Since we have assumed identical IDTs, Y11 = Y22 and Y12 = Y21. In a similar

way, we can introduce the S-matrix:(
Vout,A

Vout,B

)
=

(
S11 S12

S21 S22

)(
Vin,A

Vin,B

)
.

The entries Sij are dimensionless numbers strictly related to Yij. In a typical ex-

periment, the IDTs are connected to the ports of a vector network analyser (VNA)

which measures the complex reflection/transmission coefficients Sij as a function of

frequency. These coefficients can be expressed as [74]:

S11 (f) =
[Y0 − Y11 (f)] [Y0 − Y22 (f)] + [Y12 (f)Y21 (f)]

[Y0 + Y11 (f)] [Y0 + Y22 (f)]− [Y12 (f)Y21 (f)]
(2.29)

S12 (f) =
−2Y12 (f)Y0

[Y0 + Y11 (f)] [Y0 + Y22 (f)]− [Y12 (f)Y21 (f)]
. (2.30)
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Here, Y0 is the admittance load (typically Y0 = 1/50 [Ω−1]). These expressions can be

used to obtain the frequency response of a delay line by substituting equation (2.28)

in equations (2.29)-(2.30) and taking into account that the modulus of Y12 is |Y12| =√
GL
a (f)GR

a (f), where GL
a (f), GR

a (f) are the conductances of the left and right IDT

respectively.

SAW cavities and SAW resonators

The interdigitated transducer is designed to excite and collect surface acoustic

waves. In order to confine these travelling perturbations, a regular array of metallic

strips (or shallow grooves etched inside the substrate) can be placed on the two sides

of the IDT. This regular array is usually called grating6. As the SAW penetrates into a

grating, its amplitude decreases. This phenomenon takes place because each metallic

finger locally alters the speed of the travelling wave leading to a small reflection

of the incoming wave. If the centres of adjacent fingers are separated by an half

wavelength, individual reflected waves add up in phase and the overall reflection

mechanism becomes significant. Note that the gratings only reflect incoming waves

in a specific frequency band usually called stopband.

6In the following, we will always assume that the grating consists of shorted metallic strips.
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A SAW cavity consists of two gratings facing each other and separated by a

distance d (see Fig. 2.12a). The reflection coefficient Γ of a grating at the resonance

frequency f0 = v/2p only depends on the number of fingers Ng and their reflectivity

rs:

|Γ (f0)| = tanh (|rs|Ng)

where typical values are |rs| = 0.001 − 0.1 and Ng = 500 − 1000. The more general

expression of the reflection coefficient as a function of frequency is given by:

Γ (f) =
|rs|
p

sin (sLg)

s cos (sLg) + jδ sin (sLg)
,

where δ = 2π (f − f0) /v is a detuning parameter, s =
√
δ2 − |rs/p|2 and Lg is

the length of the grating. Figure 2.12b shows the reflection coefficient |Γ (f)| for

|rs| = 0.009 and Ng = 600. For highly reflective gratings, the first stopband is

∆f1SB ≈ 2 |rs| f0/π wide and the device can be considered transparent to waves with

frequencies outside of this range.

SAW resonators can have different geometries and purposes. The simplest SAW

resonator consists in a regular single-electrode IDT placed between two gratings. This

device is usually called 1-port SAW resonator (see Fig. 2.13a). When an oscillating

voltage is applied to the bus bars of the IDT, surface acoustic waves are generated in

opposite directions. These waves eventually impinge against the gratings and bounce

back. As the waves keep bouncing back and forth, standing waves settle inside the

cavity.

A 1-port SAW resonator can work as a multimode device depending on the dis-

tance between the two gratings. This geometrical parameter is denoted by d∗, where

the asterisk indicates that the reference points are situated in the middle of the first

finger of the grating. In order to have constructive interference, the distance between
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Figure 2.13 | SAW resonator and equivalent circuit. a, 1-port SAW resonator consisting of
an IDT placed between two gratings. b, Equivalent circuit of a 1-port SAW resonator. It consists
of two branches in parallel.

the two gratings must satisfy:

d∗ =

(
2n− 1

2

)
λ0

2

where n ∈ N. As regards the distance between the IDT and each grating d∗s, its

optimal value is given by [24]:

d∗s =

(
n

2
− 1

4

)
λ0 +

λ0

8
.

The symmetric geometry of a 1-port SAWR implies that it can only sustain symmetric

modes. The mode spacing (also called free spectral range FSR) of a 1-port SAWR

is defined as:

FSR =
v

Lc

,

where Lc is the length of the acoustic cavity. The cavity length Lc is slightly longer

than d∗; more precisely, the cavity length is defined as:

Lc = d+ 2Lp,

where Lp is the penetration depth, i.e. the distance travelled by the wave into

the grating. If the number of fingers in the IDT is considerably high such that
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tanh (|rs|Ng) ≈ 1, then the penetration depth is related to the reflectivity of each fin-

ger in a simple way Lp = λ0/4 |rs|. When the FSR is greater than the first stopband

FSR > ∆f1SB, the device shows only one resonant mode. On the other hand, when

FSR > ∆f1SB, multiple resonances are observed.

SAW resonators equivalent circuit

The electrical response of a 1-port SAW resonator can be modelled with an equiv-

alent electrical circuit as shown in Fig. 2.13b. This circuit consists of two branches in

parallel. The first branch comprises a capacitance Ct, which models the geometrical

capacitance of the IDT [its value is given by equation (2.26)]. In the second branch,

a resistance r, a capacitance Cm and an inductance Lm are present. The resistance

models losses in the cavity, such as the finite grating reflectivity. The motional ca-

pacitance and inductance are due to the presence of acoustic waves inside the cavity.

The analytical form of these variables is given by [62]:

Ct = NpWε∞

r =
1− |Γ (f)|

2Ga (f)

Lm =
Lc

4vGa (f)

Cm ≈ 1.8Ct
Lt

Lc

∆v

v
,

where Lt = (2Nt − 1)λ0/4 is the length of the transducer. The admittance of the

equivalent circuit is given by the sum of the admittances of the two branches:

Y1PR = Ybranch1 + Ybranch2 = j2πfCt +
1

r + j2πfLm + 1
j2πfCm

.

By substituting this expression in equation (2.29) we find the expression of the re-

flection coefficient S11 (f) as a function of frequency.
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2.3 Circuit quantum electrodynamics

Circuit quantum electrodynamics (QED) deals with the interaction between light

and matter on a chip. The original implementation included a Cooper pair box (CPB)

coupled to a coplanar waveguide resonator (CPWR) measured in transmission [92]. In

this architecture, the CPB served as qubit, whereas the CPWR was mainly adopted

as readout component. In the field of superconducting devices, several qubits have

been developed and coupled to resonant circuits. All of these qubits include a Joseph-

son junction as non-linear component with the purpose of creating a non-harmonic

effective potential. Superconducting qubits can be cataloged into three main flavours

[22]: charge qubits, phase qubits and flux qubits. In this thesis, we have focused

on charge qubits. As the name suggests, charge qubits are superconducting qubits

in which the degree of freedom that is controlled is the electric charge. They were

theoretically investigated for the first time by Büttiker [16] and experimentally im-

plemented by the Saclay group [12]. The control of a CPB in the time domain was

achieved for the first time by the NEC group in 1999 [64]. Unfortunately, Cooper pair

boxes are very sensitive to charge noise and their coherence time is mainly limited

by this loss channel. In 2007, the Yale group proposed a new variant of this qubit

called the transmon [43], i.e. a Cooper pair box operating in a specific regime with

the purpose of mitigating charge fluctuations on the superconducting island and im-

proving its coherence time. Transmons are now widely used in the superconducting

qubit community, mainly for their ease of fabrication and high performance.

In the following sections we present the theory of the CPB and the transmon. We

will then study the coupling between a charge qubit and a resonator.
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The Cooper pair box

A CPB consists of a macroscopic superconducting island connected to a supercon-

ducting electron reservoir via a Josephson junction with geometric capacitance CJ.

The superconducting island can be capacitively coupled to an external voltage source

by a gate capacitance Cg (see Fig. 2.14). By varying the value of the gate voltage Vg

is possible to transfer Cooper pairs from the reservoir to the island and vice-versa. In

the following, we assume that the two superconducting electrodes have an energy gap

well above the thermal fluctuations. In addition, we assume that the energy required

to add a Cooper pair to the island is much larger than the thermal energy of the

surroundings.

The quantum ground state of the electrons on the island exists in a low energy

state in which all the electrons form Cooper pairs. Similarly, the ground state of the

reservoir consists of all electrons that are fully paired up. The global system can then

be described by the state |nR, nI〉 where nR indicates the number of Cooper pairs in

the reservoir and nI is the number of pairs in the superconducting island. The total

number of pairs in the two electrodes is fixed: nR +nI = const. Nevertheless, a single

Cooper pair can tunnel through the junction, reducing nR and increasing nI and

viceversa. Therefore, we can describe the state of the CPB with a more convenient

notation: we identify the state of the system with the number of Cooper pairs n

in excess or deficit on the superconducting island with respect to the equilibrium

configuration:

|n〉 = |nR − n, nI + n〉 n ∈ Z. (2.31)

When the gate voltage is set to zero, the system is in its equilibrium state |0〉 =

|nR, nI〉. If the gate voltage is increased by a small amount Vg, a continuous charge

Qg = CgVg will be induced on the island. In order for the island to stay neutral, single
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Figure 2.14 | Equivalent circuit of a Cooper Pair Box a, The superconducting island (red) is
coupled to a voltage source via a gate capacitance Cg. b, The same circuit with a shunt capacitance
Cs in parallel to the Josephson junction.

Cooper pairs will tunnel from the reservoir to the island. If the charge induced on

the island is exactly Qg = 2e, then the state |0〉 becomes less energetically favourable

and a Cooper pair hops through the junction bringing the system to the state |1〉.

However, when the charge induced on the island is half that of a Cooper pair Qg = e,

both two states |0〉 and |1〉 are energetically favourable and the system is found

in a superposition state. Therefore, by varying the gate voltage, it is possible to

coherently control the number state |n〉. With simple arguments, it can be shown

that the average number of Cooper pairs on the island 〈n̂〉 depends on the gate voltage

Vg in the following way [12]:

〈n̂〉 = bngc+
1

2

[
a tanh

(
b
√

1 + a2
)

√
1 + a2

]
, (2.32)

where7 a = EC (2ng − 1− 2bngc) /EJ, b = EJ/ (2kBT ) and ng = CgVg/2e. This

function is shown in Fig. 2.15 for T = 10 mK and EC = 10EJ in terms of the offset

charge ng = CgVg/2e. Here, EJ is the energy required to move one Cooper pair

through the junction. Without going into the details of its derivation, we now present

7The function bxc denotes the floor of x.
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Figure 2.15 | Plot of equation 2.32 with EJ = 0.1EC. The average number of Cooper pairs on the
island 〈n̂〉 depends on the offset charge ng. When ng = 0.5, the CPB state is in a superposition
state |0〉+ |1〉.

the Hamiltonian of the CPB shunted by a capacitance8 Cs as shown in Fig. 2.14b:

ĤCPB = 4EC (n̂− ng)2 − EJ cos φ̂. (2.33)

Here, we expressed the charge on the island Q̂ in terms of the number of Cooper

pairs Q̂ = 2en̂ and introduced the phase difference φ̂ between the two macroscopic

wavefunctions on the two sides of the island. We defined the Coulomb charging energy

as EC = e2/2C, where C = Cs + CJ + Cg. The quantity EC indicates the amount of

energy required to transfer a single electron to the island and it can be engineered

by varying the shunt capacitance Cs. Note that the CPB operates in the regime

EC > EJ, the so called charge regime.

The eigenvalues and eigenstates of the CPB Hamiltonian are defined by:

ĤCPB|k〉 = Ek|k〉. (2.34)

In the phase basis, the number operator can be expressed as n̂ = −i∂/∂φ and the

eigenevalue equation (2.34) in the phase basis takes the form:

4EC

(
−i ∂
∂φ̂
− ng

)2

ψk (φ)− EJ cos φ̂ψk (φ) = Ekψk (φ) . (2.35)

8The presence of a shunt capacitance does not significantly affect the calculations and will become
useful when we introduce the transmon later on in this chapter.
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Figure 2.16 | Energy levels of a CPB for four different values of EJ/EC. For low values of EJ/EC,
the energies are parabolic functions of the offset charge ng. Avoided crossings are visible when
ng = ±l/2 where l is odd. As the ratio is increased the eigenenergies become exponentially flatter.

The solution of this differential equation can be written in terms of Mathieu func-

tions9. The eigenenergies and eigenfunctions are [23]:

Ek(ng) = 4ECMA

[
k + 1− (k + 1) mod 2 + 2ng (−1)k ,− EJ

2EC

]
(2.39)

ψk (φ) =
eingφ

2π

[
MC

[
Ek
EC

,
−Ej
2EC

,
φ

2

]
+ i (−1)k+1MS

[
Ek
EC

,
−Ej
2EC

,
φ

2

]]
(2.40)

Equation (2.39) is the analytical form of the eigenenergies of the CPB, where k labels

all the different levels. As shown in Fig. 2.16, the dispersion relation Ek(ng) depends

strongly on the ratio EJ/EC.

We can also write the Hamiltonian of the CPB in the charge representation:

ĤCPB =
∑
n∈Z

4EC (n− ng)2 |n〉〈n| − EJ

2

∑
n∈Z

[|n + 1〉〈n|+ |n〉〈n + 1|] (2.41)

9The Mathieu functions are implemented in Mathematica in the following way:

MA (r, q) = MathieuCharacteristicA [r, q] (2.36)

MC (a, q, z) = MathieuC[a, q, z] (2.37)

MS (a, q, z) = MathieuS[a, q, z] (2.38)
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It is possible to find the eigenstates and eigenvalues of this Hamiltonian by trun-

cating the summation at some large values of |n| and numerically diagonalising its

corresponding matrix. The result will be similar to the exact functional form equa-

tion (2.39).

In the charge regime EC & EJ and when ng = 1/2, the ground state |g〉 and the

first excited state |e〉 are given by a symmetric and antisymmetric superposition of

the charge states |0〉 and |1〉 and the corresponding eigenenergies are separated by

an energy EJ (see Fig. 2.16). Since the spectrum of the CPB is highly anharmonic,

it is possible to individually address the first two eigenstates |g〉, |e〉 without exciting

higher energy levels. Therefore, the Hamiltonian of the CPB can be reduced to the

space spanned by the ground and first excited state and can be effectively used as a

qubit.

We now derive the Hamiltonian of the CPB at the degeneracy point10 ng = 1/2

in the charge regime EC & EJ. In this regime, the eigenstates |k〉 of the CPB

Hamiltonian are closely related to the charge states |n〉 [91]. Since the system is

sufficiently anharmonic, we can restrict ourselves to the two lowest energy states. If

we perform a Taylor expansion of the first term in equation (2.41) close to ng = 1/2,

we obtain:

f (ng) = (n̂− ng)2 ≈ f

(
1

2

)
+ f ′

(
1

2

)
(ng − 1/2) = n̂− 1

4
+ ng − 2n̂ng, (2.42)

and the Hamiltonian can be written as:

ĤCPB = 4EC

[(
−1

4
+ ng

)
|0〉〈0|+

(
3

4
− ng

)
|1〉〈1|

]
− EJ

2
[|1〉〈0|+ |0〉〈1|] . (2.43)

10This operating point is sometimes called “sweet spot” because it is insensitive to charge noise
to first order.
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Writing the operators |0〉〈0|, |1〉〈1| in terms of the Pauli matrices, we finally obtain11:

ĤCPB = EC I + 2EC (2ng − 1) σ̂z −
EJ

2
σ̂x = (2.44)

= −1

2
(εσ̂z + EJσ̂x) = −1

2

(
ε EJ

EJ −ε

)
,

where the constant term ECI was dropped and ε = 4EC (1− 2ng). This is the Hamil-

tonian of the CPB in the laboratory frame at the degeneracy point.

It is possible to diagonalise the Hamiltonian of the CPB and find its eigenstates:

|g〉 = cos
θ

2
|0〉+ sin

θ

2
|1〉 (2.45)

|e〉 = − sin
θ

2
|0〉+ cos

θ

2
|1〉, (2.46)

and eigenvalues:

Eg,e = ∓1

2

√
ε2 + E2

J , (2.47)

where θ = arctanEJ/ε is usually called mixing angle. The basis {|g〉, |e〉} is the actual

computational basis used to perform quantum algorithms.

The transmon

The main parameters characterising the energy levels of a CPB are the charge

dispersion εk and the anharmonicity α. The charge dispersion εk describes the de-

pendence of the energy spectrum with respect to the effective offset charge ng and it

is defined as follows:

εk = Ek(ng = 1/2)− Ek(ng = 0),

where Ek is the eigenenergy of the CPB [equation (2.39)]. Note that ng is a continuous

variable that is determined by the gate voltage or any other electrode or surface charge

randomly coupled to the superconducting island. The value of ng is subject to noise

11Recall that |0〉〈0| = (1 + σ̂z)/2, |1〉〈1| = (1− σ̂z)/2 and |1〉〈0|+ |0〉〈1| = σ̂x.

49



fluctuations and this phenomenon significantly limits the dephasing time of the qubit.

The second parameter, the anharmonicity, is defined as the difference between the

first two adjacent transition energies and its absolute and relative values are given by

α = E12 − E01 αr =
E12 − E01

E01

, (2.48)

where Ekj = Ej − Ek. Ideally, it would be desirable to have a charge dispersion

that weakly depends on the offset charge ng such that random fluctuations do not

significantly change the transition energy of the qubit. In addition, the anharmonicity

should be sufficiently high in order to be able to selectively address each energy level.

Unfortunately, the charge dispersion of the CPB strongly depends on ng. However,

in the phase regime EJ � EC, the charge dispersion εk weakly depends on ng (see

Fig. 2.16). In a seminal paper, the Yale group showed that in this regime the charge

dispersion exponentially decreases, whereas the relative anharmonicity is only affected

by a weak power law [43] leading to a significant improvement of the coherence time

of this superconducting qubit. A CPB working in the phase regime EJ � EC is called

a transmon. The transmon and the CPB share the same equivalent circuit and the

phase regime can be obtained by engineering the value of the shunt capacitance Cs

in parallel with the Josephson junction.

The Hamiltonian of a transmon is the same as the one of a Cooper pair box equa-

tion (2.33). Since EJ � EC, the phase φ only performs small oscillations around its

equilibrium point [43], and the cosine term in equation (2.33) can be Taylor expanded

leading to the Hamiltonian of the transmon:

Ĥtr = 4ECn̂
2 +

1

2
EJφ̂

2 − EJ

24
φ̂4 − EJ. (2.49)

Here, we have kept only quadratic terms in the expansion. This is the Hamiltonian

of a quantum harmonic oscillator with a quartic perturbation, also known as Duffing
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oscillator. Introducing the usual creation and annihilation operators:

n̂ = − i√
2

(
EJ

8EC

)1/4 (
b̂− b̂†

)
φ̂ =

1√
2

(
8EC

EJ

)1/4 (
b̂+ b̂†

)
, (2.50)

where
[
φ̂, n̂

]
= i and dropping the constant term −EJ, the Hamiltonian of the trans-

mon becomes:

Ĥtr =
√

8ECEJ

(
b̂†b̂+

1

2

)
− EC

12

(
b̂+ b̂†

)4

= Ĥ0 + Ĥpert, (2.51)

where the first term is the unperturbed Hamiltonian Ĥ0 and the second one is the

quartic perturbation. The spectrum consists of discrete energy levels and the energy

separation between the ground state and the first excited is E01 =
√

8ECEJ − EC.

The first two levels identify the two level system used as a qubit. We can now

derive the eigenergies of the transmon Hamiltonian. Defining the qubit transition

angular frequency as ωq =
√

8ECEJ/~, the unperturbed Hamiltonian becomes Ĥ0 =

~ωq

(
b̂†b̂+ 1/2

)
and its eigenstates |j(0)〉 are that of a quantum harmonic oscilla-

tor: Ĥ0|j(0)〉 = E
(0)
j |j(0)〉. When calculating first order perturbative contributions to

the energy levels, only diagonal matrix elements need to be considered. After some

calculations and considering only the terms of the form
(
b̂†b̂
)i

where i ∈ N, we obtain:

Ĥpert = −EC

12

(
b̂+ b̂†

)4

≈ −EC

12

(
6b̂†b̂b̂†b̂+ 6b̂†b̂+ 3

)
. (2.52)

Evaluating the expectation value 〈j|Ĥpert|j〉, we conclude that the transmon energy

levels are affected by the quartic perturbation in the following way:

Ej = ~ωq

(
j +

1

2

)
− EC

12

(
6j2 + 6j + 3

)
. (2.53)

Furthermore, the anharmonicity is different from the one of the CPB and its asymp-

totic value for EJ � EC is:

α ' −EC αr ' −
(

8EJ

EC

)1/2

. (2.54)
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Figure 2.17 | Equivalent circuit of a Cooper pair box capacitively coupled to an LC resonator.

This equation clearly shows that in the phase regime the relative anharmonicity only

decreases with a weak power law and approaches zero very slowly for large values of

EJ/EC. Thus, the potential energy of the transmon is still sufficiently anharmonic

and this system can be used as a qubit.

Coupling between a charge qubit and a resonator

In this section we consider the capacitive coupling between a CPB and a resonator.

The calculations regarding the coupling between a transmon and a resonator are a bit

more complicated, but lead to the same conclusions. Figure 2.17 shows the equivalent

circuit of the system under investigation: a CPB is connected to an LC resonator via

a coupling capacitance Cg. Experimentally, the CPB is placed in an antinode of a

high quality factor resonator such as a coplanar waveguide resonator or a 3D cavity.

It can be shown that the Hamiltonian of this coupled system reads:

Ĥr + ĤCPB = ~ωr

(
â†â+

1

2

)
+ 4EC

(
n̂− CgV̂

2e

)2

− EJ cos φ̂, (2.55)

where ωr/2π is the frequency of the cavity and V̂ is the potential difference across

the capacitance of the LC resonator

V̂ =
Q̂

Cr

=

√
~ωr

2Cr

(
â+ â†

)
. (2.56)
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Substituting equation (2.56) into (2.55) and neglecting a quadratic term that does

not depend on n̂, we obtain

Ĥr + Ĥq + Ĥg = ~ωr

(
ââ† +

1

2

)
+ 4ECn̂2 − EJ cos φ̂− 2β

√
~ωr

2Cr

(
â+ â†

)
, n̂ (2.57)

where β = Cg/C. Restricting ourselves to the first two energy levels of the CPB, we

find

Ĥr + Ĥq + Ĥg = ~ωr

(
ââ† +

1

2

)
− 1

2
(εσ̂z + EJ σ̂x)− 2eβ

√
~ωr

2Cr

(
â+ â†

)
n̂. (2.58)

Since n̂ = (1− σ̂z) /2, the qubit and coupling Hamiltonian become:

Ĥq + Ĥg = −1

2
(εσ̂z + EJ σ̂x) + eβ

√
~ωr

2Cr

(
â+ â†

)
σ̂z,

where we have dropped a constant term. If we now go from the lab frame to the

qubit frame12, we obtain:

Ĥq + Ĥg =
~ωq

2
σ̂z′ + eβ

√
~ωr

2Cr

(
â+ â†

)
(sin θσ̂x′ + cos θσ̂z′) =

=
~ωq

2
σ̂z′ + eβ

√
~ωr

2Cr

(
â+ â†

)
σ̂x′ ,

where we made the approximation sin θ ∼ 1, cos θ ∼ 0 since we are assuming to be

operating close to the degeneracy point ng = 1/2. Finally, we can write the Pauli

matrix σ̂x in terms of the lowering and raising operators σ̂+ = |e〉〈g| and σ̂− = |g〉〈e|

and obtain:

ĤJC = ~ωr

(
â†â+

1

2

)
+

~ωq

2
σ̂z + ~g

(
â+ â†

) (
σ̂+ + σ̂−

)
, (2.60)

12 This transformation can be done by performing the following transformation: σ̂x
σ̂y
σ̂z

 =

 cos θ 0 − sin θ
0 1 0

sin θ 0 cos θ

 σ̂x′

σ̂y′

σ̂z′

 =

 cos θσ̂x′ − sin θσ̂z′

σ̂y′

sin θσ̂x′ + cos θσ̂z′

 . (2.59)
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where we have defined the coupling strength g as ~g = eβ
√
~ωr/2Cr and have

dropped the primes on the Pauli matrices for convenience. The coupling strength

g has unit of an angular frequency and its value indicates the rate at which the

cavity and the qubit exchange a quantum of energy. Typical values of g are in the

range g/2π = 10 − 100 MHz. The Hamiltonian equation (2.60) is called the Jaynes-

Cummings Hamiltonian. It is divided into two parts: the first one (Ĥ0 = Ĥr + Ĥq)

is related to the cavity and qubit energy. The second term (Ĥg) is the coupling

Hamiltonian, which is responsible for the dynamics of the coupled system. Perform-

ing the rotating wave approximation (i.e. neglecting contributions oscillating at high

frequency), the terms âσ̂, â†σ̂+ can be dropped13 and the Jaynes-Cummings Hamil-

tonian finally becomes:

ĤJC = ~ωr

(
â†â+

1

2

)
+

~ωq

2
σ̂z + ~g

(
âσ̂+ + â†σ̂−

)
. (2.62)

The energy conserving term âσ̂+ describes the process where a photon is annihilated

and the artificial atom is excited from the ground state |0〉 to the first excited state

|1〉. The other term â†σ̂− describes the opposite phenomenon (de-excitation of the

artificial atom and creation of a photon inside the cavity). We can now derive the

eigenstates and eigenenergies of this Hamiltonian. The two terms âσ̂+, â†σ̂− only

couple states that differ by one quantum of energy, |e, n〉 ↔ |g, n+ 1〉 and they form

a subspace Λn. In this subspace, the JC Hamiltonian can be written in the following

13The RWA can be better appreciated in the interaction picture. The Jaynes-Cummings Hamil-
tonian in this picture is obtained by performing the following transformation:

Ĥint
g = S−10 ĤgS0 = ~g

[
σ̂+âei(ωq−ωr)t + σ̂+â†ei(ωq+ωr)t + σ̂−âe−i(ωq+ωr)t + σ̂−â†e−i(ωq−ωr)t

]
,

(2.61)

where S0 (t) = exp 1
i~

[
~ωq

2 σ̂z + ~ωr

(
â†â+ 1

2

)]
t. When the frequency of the resonator is similar to

the qubit transition frequency ωr ∼ ωq, the terms σ̂a, σ̂+â† rotate with angular frequency ωq + ωr,
which is much higher than ωq−ωr. When calculating the transition amplitudes between two different
energy states, these two terms will give small contributions and hence they can be neglected.
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matrix form:

ĤΛn
JC =

(
〈e, n|ĤJC|e, n〉 〈e, n|ĤJC|g, n+ 1〉
〈g, n+ 1|ĤJC|e, n〉 〈g, n+ 1|ĤJC|g, n+ 1〉

)
=

=

(
~ωr (n+ 1) + ~∆

2
~Ωn

2

~Ωn

2
~ωr (n+ 1) + ~∆

2

)
, (2.63)

where we have defined the Rabi frequency Ωn = 2g
√
n+ 1 and the detuning ∆ =

ωq− ωr. The diagonalisation of this symmetric matrix leads to the eigenenergies and

eigenstates of the coupled system:

E±,n = ~ωr (n+ 1)± ~
R

2
(2.64)

|+, n〉 = sin θn|g, n+ 1〉+ cos θn|e, n〉 (2.65)

|−, n〉 = cos θn|g, n+ 1〉 − sin θn|e, n〉, (2.66)

where we have defined the generalised Rabi frequency R (∆,Ωn) =
√

∆2 + Ω2
n and

introduced the trigonometric functions:

sin θn =
Ωn√

(R−∆)2 + Ω2
n

cos θn =
(R−∆)√

(R−∆)2 + Ω2
n

. (2.67)

The eigenstates |+, n〉 and |−, n〉 are called dressed states and they are maximally

entangled states when cos θn = sin θn.

Dispersive regime and readout

When a superconducting qubit is dispersively coupled to an electromagnetic (or

acoustic) cavity, the cavity frequency is dependent on the state of the qubit. This

dispersive interaction gives the possibility to readout the state of the qubit by mon-

itoring the frequency of the resonator. This is the most common readout scheme

employed nowadays in the field of superconducting devices. Typically, the detuning

∆ = |f01 − fr| between the qubit and the resonator is significantly bigger than the
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coupling strength ∆ � g; this is the so-called dispersive limit. In this limit, the

coupling term in the JC Hamiltonian can be treated as a small perturbation. In the

interaction picture, Ĥg takes the form:

ˆ̃Hg = Ŝ−1
0 ĤgŜ0, (2.68)

where Ŝ0 = exp 1
i~Ĥ0t and Ĥ0 = hf01σ̂z/2 + hfrâ

†â. The analytical expression of the

coupling term in the dispersive limit can be found with perturbation theory, though

the calculations are a bit lengthy (see for example appendix A of reference [30]). The

same result can be obtained by applying the Schrieffer-Wolff unitary transformation:

ĤJC,disp = ÛĤJCÛ
−1 =

h (f01 + χ)

2
σ̂z + h (fr + χσ̂z) â

†â (2.69)

where Û = exp[g(âσ̂+ − â†σ̂−)/∆] and χ = −g2

∆
is the effective dispersive shift.

The second term in equation (2.69) suggests that in the dispersive limit the cavity

frequency depends on the qubit state. This feature provides the possibility to read

out the qubit state by measuring the cavity frequency. This readout scheme was

implemented for the first time in 2004 [92] and it is now ubiquitous in the field of

superconducting devices.

Equation (2.69) can also be rearranged in the following form:

ĤJC,disp = hfrâ
†â+

h

2

(
f01 + χ+ 2χâ†â

)
σ̂z. (2.70)

The second term in equation (2.70) expresses the AC Stark shift, i.e. a linear depen-

dence of the qubit frequency from the number of photons populating the cavity. If

the qubit linewidth γ is smaller than the effective dispersive shift χ, then it is possible

to resolve the number of photons populating the cavity from qubit spectroscopy (see

section 5.3 for an experimental evidence of this phenomenon).
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In this project, we have dispersively coupled transmon qubits to electrical and me-

chanical cavities. The anharmonicity of the transmon is significantly small compared

to other superconducting qubits and cannot be approximated as a simple two-level

system. An accurate description of this qubit must take into account its higher energy

levels. The generalised JC Hamiltonian of a transmon coupled to a microwave cavity

is given by:

Ĥ =
∑
j

hfj|j〉〈j|+ hfrâ
†â+

∑
ij

hgij|i〉〈j|(â† + â), (2.71)

where fj (|j〉) are the transition frequencies (states) of the transmon and gij are the

coupling rates. In the dispersive limit, the generalised JC hamiltonian can still be

written in a similar form to equation (2.70) [43] with the only caveat that the effective

dispersive shift now takes the form:

χ = −g2 EC

∆(∆− EC)
, (2.72)

where EC is the charging energy of the transmon.

2.4 Mechanical systems in the quantum regime

The quantum behaviour of macroscopic objects has been a prominent research

topic in the last decade. The experimental effort primarily focused on the preparation

of a mechanical system close to its motional ground state by using electromechanical

and optomechanical techniques. The first implementations included a mechanical

membrane parametrically coupled to a superconducting lumped-element resonator

[88] as well as a patterned silicon nanobeam supporting a localised acoustic mode

coupled to an optical resonance via radiation pressure [19]. Both these two techniques

exploited active sideband cooling in the resolved limit in order to reach an average

phonon occupancy of the mechanical system of n̄ = 0.34 and n̄ = 0.85, respectively.
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Figure 2.18 | Phonon mode occupancy. Thermal phonon mode occupancy of a mechanical
resonator as a function of temperature. The shaded region indicates the quantum regime hf < kBT .

A different approach to reaching the quantum limit of a macroscopic object consists of

probing a mechanical resonator with working frequency of 3−10 GHz inside a dilution

refrigerator operating at ≈ 10 mK. At these temperatures, the thermal fluctations

are strongly suppressed and the mechanical cavity is naturally found in its motional

ground state [66] without the need for active cooling (see Fig. 2.18).

These pioneering works inspired new lines of research, including the production of

squeezed states of mechanical motion [95], the observation of vacuum fluctuations of a

macroscopic oscillator’s motion [47], the implementation of bidirectional microwave-

to-optical converters [4] and microwave amplifiers based on nanomechanical resonators

[56]. During the same period, hybrid quantum devices comprising artificial atoms

and mechanical systems were investigated. Dispersive coupling between a 60 MHz

suspended nanostructure and a tuneable Cooper pair box was achieved in 2009 [45].

In this experiment, a frequency shift of a mechanical cavity as a function of the flux

threading a superconducting qubit was observed14. However, the mechanical system

14A similar phenomenon has been observed with our acoustic platform and it will be presented in
section 6.5.
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was not in its quantum ground state and the phonon mode occupancy was of the

order of n̄ = 105. One year later, direct coupling between a 6 GHz bulk resonator and

a flux qubit was observed by the UCSB group [66]. When the superconducting qubit

was brought into resonance with the mechanical system, qubit spectroscopy revealed

an anti-crossing of the order of g/2π = 60 MHz. The direct coupling between these

two quantum systems gave the possibility to prepare the mechanical resonator into

a macroscopic quantum superposition of motion. Since then, the coupling between

superconducting qubits and mechanical resonators has been observed in several quan-

tum devices, including a low frequency mechanical membrane coupled to a CPB [71],

a high frequency nanoresonator capacitively coupled to a transmon [78] and a bulk

resonator coupled to a 3D transmon [21]. All of these experiments employed an elec-

tromagnetic resonator to readout the state of the qubit by means of a circuit-QED

type of interaction.

The study of SAWs at low temperatures dates back to 1960s, when the acous-

tic attenuation of these propagating modes was investigated between 4 K and 300 K

[81]. These experiments validated theories describing the scattering between surface

waves and thermal phonons [53]. At the end of 1990s, the performance of SAW based

devices was characterised at low temperatures [36, 96] and it was established that

acoustic cavities in the GHz range can reach quality factors of the order of 104 at

low temperatures. The interaction between a surface acoustic wave and a coher-

ent electrical device was explored a decade later when the propagation of surface

waves was probed by means of a single electron transistor [35]. This result was con-

firmed few years later when a transmon was coupled to propagating SAWs in an open

transmission line configuration [35]. This experiment clearly showed that acoustic

waves are predominantly reflected by an interdigitated transmon when its transition
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frequency is in resonance with the acoustic perturbations. These studies have con-

tributed to the birth of quantum acoustics, an emerging field in which acoustic waves

are probed in the quantum regime and employed in hybrid systems [5]. New exper-

iments included the interaction between classical surface waves and an electron spin

in diamond [31], the study of the performance of SAW delay lines and resonators

on bulk ZnO [50], the investigation of unidirectional transducers for the potential

detection of phonon-phonon correlations [27] and optomechanical coupling between

a circular SAW resonator and an optical cavity [67]. On the theory side, SAWs have

been proposed as a viable means for the transfer of quantum information between

delocalised qubits along acoustic waveguides [83]. In this work, it has been specu-

lated that SAW resonators can in principle be coupled to spin qubits, NV centers and

trapped ions with coupling strengths of the order of gQD ≈ 15 MHz, gNV ≈ 75 kHz,

and gTI ≈ 3 kHz. Furthermore, the relatively long wavelength of SAWs compared to

the dimensions of superconducting qubits makes them a good candidate for studying

the unusual interaction between a coherent wave and a giant artificial atom [44, 33].

Finally, SAWs have been proposed for potential phonon-photon converters based on

stimulated Brillouin scattering [84].

Based on these discoveries, this thesis aims to explore the coherent interaction

between a Fabri-Perot cavity based on SAWs and a superconducting qubit. The inter-

action between these two systems is investigated in different ways, such as measuring

the acoustic Stark shift of the qubit and observing the frequency of the mechanical

cavity as a function of the flux threading the tuneable qubit. We also present spec-

troscopic measurements of the qubit performed using an acoustic cavity as readout

component, a type of measurement that has not yet been reported to our knowledge.

Finally, we present evidence of direct coupling between a tuneable transmon and an
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acoustic cavity on diamond.
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Chapter 3

Experimental methods

Device reproducibility and high resolution can only be
obtained with a precise and systematic fabrication
methodology.

In this chapter, we present the experimental techniques adopted to fabricate and

investigate SAW devices in the quantum regime. The technology required for these

GHz experiments is well established due to its applications in telecommunication and

microwave electronics. However, since most of our measurements are performed with

an average of a single quantum of energy in the SAW cavity, signals with powers

of the order of 1 fW must be efficiently controlled and analysed. Furthermore, the

chip itself must be cooled down at temperatures of the order of 10 mK, where the

quantum regime hf � kBT can be established. Finally, tuneable charge qubits are

very sensitive to external magnetic fluxes induced by microwave components and

ferromagnetic materials in the surroundings. These stringent requirements imply

the use of appropriate magnetic shielding, wiring, filtering and amplification of the

microwave signals used to interrogate our samples.

This chapter is divided into several sections. The first sections deal with the

fabrication procedure of our devices. We then move on to present the 3D cavities

used for the characterisation of our superconducting qubits. The last sections are
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dedicated to present our cryogenic setup and the electronic apparatus employed to

measure our samples.

3.1 Design and fabrication

Four fabrication procedures were adopted in this thesis:

1. photolithography for 500 MHz SAW devices with wavelength of 6µm,

2. photolithography and electron beam lithography for 2 - 4 GHz SAW devices with

wavelength in the range 300 - 1000 nm,

3. photolithography and electron beam lithography with double-angle evaporation

techniques for circuit-QAD experiments,

4. electron beam lithography and double-angle evaporation techniques for the fab-

rication of Josephson junction tests.

We briefly describe these fabrication procedures:

1. For 500 MHz SAW devices, the entire chip (including the waveguides, the ground

planes and the SAW resonator itself) was fabricated with standard photolithographic

techniques. This gave us the possibility to create approximately 50 different designs

in a single lithographic step (an example of a 500 MHz CAD design is shown in

Fig. 3.1a). The photolithography consists of a negative lift-off recipe developed in

the course of this project (see Section 3.2 for more details). The patterned structure

was made of a metallic bilayer: a 5 nm Ti film was deposited between the crystal

and a 95 nm Al layer. The titanium was used as sticking layer with the substrate.

Furthermore, aluminium wire bonds attach well to titanium and make the bonding

process easier. Aluminium was chosen because of its specific properties: it is easy to

evaporate, it becomes superconducting below 1.2 K and it has a low mass loading.
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a b
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Figure 3.1| Templates and exposure patterns. a, Autocad template of a 500 MHz SAW device
fabricated with photolithography techniques. The ground planes are depicted in slate, and the SAW
resonator in light blue. On this 10 × 5 mm2 chip, two 1-port SAW resonators are measured in
reflection. b, Autocad template of a 10 × 5 mm2 chip for measuring 2 - 4 GHz SAW devices. The
SAW resonators were patterned in a second electron beam lithography step in the white areas of the
template. This template offers the possibility to measure five 1-port SAW resonators in reflection.
c, Template for circuit-QAD experiments with one CPWR and two measurement ports. The SAW
device was patterned in a second electron beam lithography step in the middle of this 10 × 5 mm2

chip. d, Template for room-temperature junction testing with six 100×100µm2 pads (red) connected
in pairs by a SQUID loop (yellow). e, Close-up of the 4× 4.57µm2 SQUID loop (yellow) and under
cut boxes (red) for electron beam exposure.

2. For 2 - 4 GHz SAW devices, a two-step fabrication procedure was employed. The

waveguides, ground planes and alignment marks were patterned with photolithogra-

phy. Figure 3.1b shows a 10 × 5 mm2 photolithography template used to fabricate

these devices. The metallic structures consisted of a 5 nm Ti - 55 nm Au bilayer.

Gold was used for two main reasons: it has a high conductivity (hence, the alignment

marks are easy to detect with an electron beam) and it does not oxidise. This implies

that metallic structures deposited on top of it have a good metallic contact. The SAW

resonator itself was patterned in a second electron beam lithography (EBL) step and

it consisted of a 30 nm Al layer.

3. Circuit-QAD chips were fabricated in two steps. CPWRs, ground planes and align-

ment marks were patterned with photolithographic procedures. Figure 3.1c shows an
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example of a photolithography template used to fabricate these devices. The metal-

lic structures deposited after the photolithography consisted of a 3 nm Ti - 97 nm

Al bilayer. The SAW resonator and tuneable transmon were fabricated in a second

EBL step. In this case, a double-angle evaporation technique was adopted to fabri-

cate these 30 nm Al - 60 nm Al structures including an intermediate in-situ oxidation

(see Section 3.3 for more details). When designing these devices, several parameters

must be considered: the Coulomb energy EC (set by the geometry of the qubit ca-

pacitance), the Josephson energy EJ (set by the oxidation pressure and time), the

coupling strength g (λ) between the transmon and the CPWR (SAWR) and the

coupling between the external measurement ports and the microwave cavities. The

desired combination of these parameters can be obtained with an appropriate choice

of geometry and fabrication.

4. The Josephson junction tests for room-temperature resistance measurements were

fabricated in one step of electron beam lithography. Figure 3.1d shows the CAD

design of three junction tests in which six 100× 100µm2 pads are connected in pairs

by a SQUID loop. Details of the SQUID loop are shown in Fig. 3.1e. The fabrication

of these Josehson junctions was conducted with standard techniques which will be

presented in Section 3.3.

Sample holder and mounting

After fabrication, the devices were mounted and glued to a home-made oxygen-free

copper sample holder. This material was chosen as it does not contain ferromagnetic

elements that might induce undesired fluxes through the qubit SQUID loop. In

addition, it has a superb thermal conduction that guarantees good thermalisation

at cryogenic temperatures. The two sample holders used in this thesis are shown in
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Figure 3.2| Sample holders and shielding. a, Small home-made oxygen-free copper sample
holder for SAW device characterisation. It comprises one centre slot that can accommodate a
10× 5 mm2 chip. A maximum of six lines can be connected to the chip. A superconducting coil can
be placed on the back of the sample holder. b, Big home-made oxygen-free copper sample holder
for SAW device characterisation. In this picture, it accommodates two 10× 5 mm2 SAW devices. A
copper lid was placed on top of the devices to shield them from electromagnetic noise. c, Back of the
small sample holder showing the two DC lines that feed the superconducting coil. d, Home-made
superconducting coil positioned inside a dedicated copper holder. e, Copper slab used to attach the
sample holder to the bottom plate of the dilution refrigerator. f, Magnetic shield surrounding the
small sample holder.

Fig. 3.2a-b. Both of them have a circular shape so that they can be easily placed

inside dedicated cylindrical magnetic shields. In addition, they have milled blind

holes on their back that can accommodate small coils with total diameter of 7 mm for

magnetic field biasing of the qubits (see Fig. 3.2c-d). In order to minimise the volume

of parasitic electromagnetic modes, a copper lid was placed on top of the chip. This

lid filled the empty volume between the printed circuit board and the sample holder

improving the electromagnetic environment surrounding the device.

The sample holders are mechanically anchored to the bottom plate of our dilution

refrigerator. This is done with a copper slab screwed into the sample holder shown

in Fig. 3.2e. When two solid surfaces are pressed together, the heat flows across

their interface and the thermal conductance increases approximately linearly with
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the applied force. In order to have a good thermalisation, it is recommended to apply

a strong force when tightening the copper slab to the sample holder. For this reason,

we have opted for screws of size M3 or greater (threads with smaller size can easily be

damaged when subject to large torques since copper is a soft material). Finally, the

sample holders and the copper slab are connected to the bottom plate and surrounded

by a magnetic shield as shown in Fig. 3.2f. This shield prevents external magnetic

fields interfering with our flux tuneable qubit.

Superconducting coils

The body of the coils is made of Torlon 4301 with inner diameter of 2.5 mm. A

superconducting wire1 SC-T48B-M from Supercon Inc. was wound around the solid

body of the coil with a manual winder. The total number of turns was 4000, for a

total length of about 40 m. Taking into account that the area of the qubit SQUID

loop was 4 × 4.57µm2 and that the distance between the chip and the edge of the

coil was approximately 2 mm, this led to a qubit-flux periodicity of about 700µA.

Bias lines with common twisted pairs were used to connect the superconducting coils

to an external power supply. These bias lines were also connected to intermediate

RF filters placed at the 50 K plate of our dilution refrigerator in order to suppress

high-frequency noise.

The coils were mounted on little metal supports and screwed into the sample

holders. The end of the superconducting wire was soldered to a copper wire 30 cm

long and inserted into thin plastic tubes as shown in Fig. 3.2d-e. Finally, these copper

wires were soldered to metal crimps and connected to the bias lines fed by an external

power supply.

1It consists of a single filament NbTi alloy clad with high conductivity cryogenic grade copper.
The bare diameter is 0.025 mm, the insulated diameter is 0.036 mm.
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a b c

Figure 3.3 | Printed circuit boards. a, Printed circuit board for the small sample holder. It
includes six SMA connectors and six waveguides for reflection and transmission measurements of
10× 5 mm2 chips. b-c, Circuit board designs for the big sample holder.

Printed circuit board and wire bonding

Printed circuit boards (PCBs) provided a good way to connect microwave cables

to our superconducting devices. They were designed with a CAD software and made

of a 0.25 mm thick Roger’s dielectric with permittivity of 3.47 and with 17.5µm

thick electrodeposited copper2 on both sides. A good PCB design aims to minimise

the mismatch between the 50 Ω microwave cables and the PCB waveguides with

nominal impedance of 50 Ω. The parameters characterising PCB waveguides are: the

width W of the central conductor, the gap G between the central conductor and the

ground planes, and through-hole vias connecting the two circuit board faces, for the

suppression of stray resonances. We have tested the transmission coefficients S12(f)

of several PCB waveguides with different W/G ratios and via geometries in order to

find the best experimental configuration. These tests led us to adopt W = 404µm,

G = 163µm and vias with diameter 500µm separated by 900µm. Finally, each circuit

board had 10.2 × 5.2 mm2 cutouts to accommodate our superconducting devices.

Three different PCB designs are shown in Fig. 3.3a-c.

2The circuit board material was purchased from Rogers Corporation.
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SMA connectors were soldered to the PCB using leaded solder paste. The circuit

board was then cleaned in an ultrasonic bath with 1:10 citric acid - H2O solution

at 40 ◦C. The devices were glued to the sample holder with GE varnish (suitably

diluted in a 1:1 Toluene:Methylated Ethil Alcohol solution) which typically dries in

few minutes3. The devices were bonded to the circuit board with aluminium wires

of thickness ≈ 30µm using a Kulicke&Soffa series 4500 model 4523 manual wire

bonder. At least three bonds were used to contact the PCB waveguides to on-chip

measurement ports. As regards the ground planes, they were connected to the circuit

board with approximately 8 bonds per millimetre. Shorter wire bonds have smaller

self inductance and hence are preferable to longer ones. Some on-chip wire bonds were

employed to connect ground planes of the device separated by waveguides. These on-

chip bonds tend to suppress spurious modes of electromagnetic waveguides. It must

be noted, however, that wire bonding can be substituted with more robust and less

invasive connections coming directly from the top of the device [8, 75].

3.2 Photolithography

Fabrication is a crucial part of circuit QAD experiments due to the small and

complex features of the chip components. Device reproducibility and high resolution

can only be obtained with a precise and systematic fabrication methodology. The

main fabrication steps presented in the following subsections are substrate cleaning,

exposure, development, evaporation and lift-off (see Fig. 3.4 for a schematic of the

photolithographic steps). All of these steps were conducted in the Clarendon and

Denys Wilkinson cleanrooms in Oxford.

3Silver paste can be used in place of GE vernish. However, it is recommended not to use it with
GaAs because this substrate expands during the cool down in the range of 40 - 50 K, whereas silver
paste contracts. These different coefficients of thermal expansion potentially induce cracks in the
substrate.
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Figure 3.4 | Photolithography. Schematic of the photolithographic steps.

Substrate cleaning

The starting point of a good fabrication procedure is obviously the substrate

cleaning. The wafers were initially cleaned in an acetone beaker followed by a rinse

in isopropanol. If the wafer had some resist on top (due to prior fabrication steps),

this first cleaning was followed by a more aggressive cleaning in an ultrasound bath

of DMSO at a temperature of 80 ◦C followed by a rinse in hot DI water4. The

wafers were finally cleaned with oxygen plasma ashing at 100 W for one minute. The

photomask was left soaking in a home-made PTFE holder filled with hot DMSO

for at least 20 min, especially if it had been used with a hard contact in previous

photolithographic exposures. These steps were followed by a thorough rinse with

DI water. Alternatively, the photomask can also be cleaned with a cotton bud and

4This aggressive cleaning step revealed to be crucial especially when the wafer was still covered
by some resist from previous fabrication steps.
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Figure 3.5 |Cleanroom tools. a, Spin coater used for resist deposition. The spin coating included
an initial ramp at 500 rpm for 10 sec. b, Digital hot plate.

appropriate surfactants.

Spin coating and baking

The adhesion between the resist and the wafer is a crucial part of a lithographic

recipe5. In this project, several substrates have been used including silicon, GaAs,

quartz, ZnO, sapphire and diamond. To improve the adhesion between the resist

and quartz, ZnO, sapphire, diamond substrates, a layer of adhesion promoter Ti-

Prime was spin coated before the resist. This was done with a spin coater (shown in

Fig. 3.5a) that spun the wafer at 3000 rpm for 30 sec. The wafer was then baked on a

hot plate (shown in Fig. 3.5b) at 120 ◦C for 120 sec. Baking can be regarded as a time

integral of the heat transferred to the resist. In order to keep this step as consistent

as possible, the wafer was systematically cooled down on a metallic surface.

A small bottle of photolithography resist AZ5214E with opaque walls was kept in a

closed cabinet at all times to prevent undesired exposure from UV light. When dealing

with resist sensitive to UV light, it is good practice to eliminate UV components

from cleanroom lights and use a yellow ambient lighting. The resist was distributed

5Before spinning the resist on the substrate, it should be checked that the crystal surface is
hydrophobic. This can be tested by placing few water droplets on the crystal. Ideally, the water
droplets should form well defined semi-spheres. If this is not the case, oxygen plasma cleaning might
improve the surface chemistry and thus the resist adhesion.
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uniformly on the wafer with a pipette until its surface was entirely covered. The rpm

was set at 5000 for 45 sec leading to an overall resist thickness of 500 nm. The wafer

was then baked at 110 ◦C for 50 sec. Before the spin coating, a nitrogen gun was used

to remove dust particles from the substrate.

Particular care was taken to remove a 1 mm line of resist from the edges of the

wafer with a cotton bud immersed in IPA. This step improved the contact between

the wafer and the photomask during exposure. Finally, the wafer was always handled

with tweezers from the same edge to reduce the contact area of these metallic tools

with the substrate.

First exposure

The photomask was mounted on a EVG620 mask aligner (shown in Fig. 3.6a) and

aligned using two optics. The wafer was then mounted on a 3” inch chuck with a

central glass porthole surrounded by a plastic border (see Fig. 3.6b). The glass had

several carved grooves on the back connected to a vacuum line. Suction on the reverse

side ensured that the wafer was kept still during the entire process.

The wafer was placed under the photomask with a separation distance of 30µm.

By adjusting the optical focus and the stage, the substrate was manually aligned to

the photomask. The contact between the substrate and the wafer is of paramount

importance for obtaining micron features (recall that 500 MHz SAW devices on quartz

have a gap between adjacent fingers of 1.5µm). In order to obtain the desired resolu-

tion, the contact between the wafer and the photomask was set to “hard + vacuum”,

meaning that the photomask was strongly pressed onto the wafer and that an external

vacuum line was pumping out the air between the wafer and the photomask. The

vacuum option can be exploited only if the chuck supporting the wafer has the afore-
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10 m

Figure 3.6 | Photolithography. a, EVG-620 mask aligner. b, Chuck for 3” wafers with a plastic
hem used for the vacuum contact. c, Oxygen plasma asher. d, Optical image of an interdigitated
transducer after development. e, Detail of a quartz wafer after lift-off, showing several 10× 5 mm2

chips. Each rectangular rainbow corresponds to a grating.

mentioned plastic border surrounding the glass stage. It has been noted that both the

“vacuum” contact and the “hard” contact alone were not sufficient to achieve micron

resolution and the “vacuum + hard” contact had to be used. This type of contact

was the only one that did not lead to diffraction issues that considerably degrade

pattern resolution.

Several dose tests are usually necessary to determine the right exposure energy

for each substrate. In this project, the doses were: 15 mJ/cm2 for sapphire and ZnO,

35 mJ/cm2 for quartz, and 45 mJ/cm2 for GaAs and silicon. After development, the

experimentalist might opt to increase or decrease the exposure dose to achieve the

desired resist undercut. If, after development, the resist has not been removed from

areas that were not exposed to UV light, then the exposure energy must be reduced.

Using a “vacuum + hard” contact implies that the photomask and the wafer get

firmly pressed together and some resist residues might stick to the photomask. Hence,

it is good practice to clean the photomask before starting a new exposure.
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Intermediate baking and flood exposure

The wafer is baked on a hot plate at 120 ◦C for 120 sec and placed on a metallic

surface to cool down. As the substrate reaches room temperature, it is possible to

note a change in the resist colour and the exposed pattern becomes visible. The wafer

is mounted again on the mask aligner for a flood exposure with exposure energy of

200 mJ/cm2. This exposure is performed without any photomask mounted on the

mask aligner.

Development

The wafer is immersed in a AZ726MIF developer at room temperature in order

to remove the resist that was not exposed by UV light. The development time varies

from one substrate to another: for ZnO, sapphire and quartz this was set to 120 sec,

whereas for silicon and GaAs a shorter development time was used. During the

development, it is possible to note some resist lifting from the substrate6. This usually

takes place 20 sec after the immersion. From that time onwards, the wafer can be

left inside the developer to increase the resist undercut. Note that the development

time is not a crucial parameter of this lift-off recipe as long as the exposure dose is

properly chosen. The wafer is then immersed in DI water and blow dried. Finally,

the substrate is cleaned with a gentle oxygen plasma set at 20 W for 15 sec (shown in

Fig. 3.6c) in order to remove fine residues from its surface. Alternatively, the wafer

can be baked at 80 ◦C for 50 sec. Figure 3.6d shows an optical image of a transducer

after development.

6During the development, the wafer should be shaken up and down. In principle, this can be
done with a wafer dipper, but it has been noted that this tool might introduce some contamination
into the beaker. For this reason, we have preferred to use a pair of clean tweezers for this operation.
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Evaporation

The wafer is placed inside a home-made electron beam evaporator7 for metal

deposition. This evaporator has two main chambers separated by a gate valve: the

upper chamber accommodates the devices on a 360 ◦ rotating stage, while the lower

chamber contains four crucibles each containing pellets8 of 99.995% pure titanium,

99.95% pure palladium, 99.999% pure gold and 99.999% pure aluminium. When

the devices were loaded into the evaporator, the upper chamber was brought to room

pressure by injecting some nitrogen into it (this allowed for shorter pump-down times).

The upper chamber was provided with two pressure sensors working in the range

of 0.1 - 1000 mbar and 10−8 - 10 mbar, respectively. The lower chamber instead was

provided with a pressure sensor working in the range 10−8 - 10 mbar.

The substrate was usually left overnight inside the evaporator so that the lower

chamber could reach a base pressure of ≈ 1×10−7 mbar. To decrease the base pressure

even more, few nanometers of titanium are evaporated before the actual deposition.

Titanium strongly interacts with H2O particles largely reducing the water content

and the overall pressure9. The evaporation rate was set at 0.25 nm/s for Ti and Au,

0.5 nm/s for Al and it was performed at a right angle. The typical pressure inside

the chamber during aluminium deposition was 1 × 10−6 mbar which is significantly

higher than that of other evaporators on the market. A quartz crystal placed inside

the lower chamber constantly monitored the thickness of the metal deposited on the

substrate with a precision of ± 0.5 nm. Before taking the wafer out of the evaporator,

the upper chamber was filled with 100 mbar of oxygen - nitrogen mixture for 100 sec.

7This evaporator was designed by Dr. Peter Leek and programmed by Andrew Patterson.
8These pellets were purchased from Kurt J. Lesker. They have a diameter of 1/8” and and they

are 1/8” long.
9This process was directly monitored with a mass spectrometer connected to the upper chamber.
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This operation contributed to the creation of a uniform oxide layer on top of the

metallic structure before coming in contact with air.

Lift-off

Once the thin-film deposition is done, the resist has to be removed from the

substrate. We performed this step by immersing the wafer in a hot bath of DMSO

(or NMP) for at least 30 min at 65 ◦C. Higher temperatures can produce little bubbles

under the thin metal, probably due to the fact that small bits of resist (that have

not been removed during the development) try to escape through the metal. In order

to facilitate lift-off, a clean pipette was used to carefully blow off the metallic layer

from the wafer. For 2 - 4 GHz SAW devices, instead of using a pipette, the device was

sonicated in a DMSO bath for 30 sec with 80 kHz ultrasound waves at relatively low

power. This turned out to be a good method for lifting off the fine metallic structures

of SAW resonators.

Before the wafer is taken out from DMSO, it is necessary to inspect the device

to make sure that all of the features stripped off correctly. To facilitate this, the

wafer is left inside the beaker and checked with an appropriate optical microscope.

If the structures did not lift-off completely, the lift-off process was continued using

the pipette (or sonication). The wafer is then placed in hot DI water10 and then

blow-dried. Figure 3.6e shows details of a quartz wafer after lift-off. The wafers were

kept inside a vacuum box until they were ready to be diced.

Dicing

Some photoresist was spun on the wafer at 5000 rpm for 50 sec and then baked on

a hot plate at 110 ◦C for 50 sec. This resist layer protected the wafer during the dicing

10DMSO becomes solid at ≈ 16 ◦C. This implies that if the wafer is moved from a hot DMSO
beaker to a cold water beaker, DMSO might instantly solidify on the surface of the wafer.
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procedure. Dicing is an invasive process that might seriously damage the substrate.

In fact, if the spindle speed and feed rate are not properly selected, the blade might

cause cracks to the substrate. It is good practice to perform some cut tests until the

right parameters have been found. In addition, the wafer must be firmly attached to

a tape, otherwise the chips can tear away during the dicing. The parameters that we

used in our dicing step were as follows:

• For quartz and silicon, we used a 150µm thick diamond blade P1A851 from

Disco. For these materials, the spindle speed and feed rate were set at 20000 rpm

and 5 mm/sec, respectively.

• For sapphire, we used a 250µm thick diamond blade B1A801 from Disco. The

spindle rate and feed rate were set at 15000 rpm and 1 mm/sec, respectively.

• GaAs is a very brittle material. In this case, we opted for a ‘scribe and break’

technique; a partial scribe cut is made with a scribe tool to initiate the crack

for the break along a desired cleavage plane. The wafer was then broken by

exerting a force along that line.

When dicing a wafer into 10×5 mm2 chips, it is convenient to start with cuts separated

by 10 mm and then proceed with cuts with 5 mm periodicity; this reduces the chances

that the chips separate from the tape.

During the dicing process, water constantly flows on the blade to cool it down.

This also implies that water constantly runs over the wafer potentially spreading small

bits of debris. After dicing, the layer of resist protecting the pattern can be removed

with acetone and IPA followed by a more aggressive cleaning in DMSO at 65 ◦C.
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3.3 Electron beam lithography

An electron beam lithography resist is spun onto the chip directly after the clean-

ing procedure. For the fabrication of 2 - 4 GHz SAW devices, we have used a poly-

methyl methacrylate resist with a large molecular weight of 950000 diluted in anisole

(in short, PMMA 950k A3). When dealing with 10 × 5 mm2 chips, it is important

to deposit the right amount of resist on the chip11. Hence, we used a calibrated dis-

penser pipette (Pipetman Classic P100 from Gilson). By placing a sterile plastic tip

(Pipetman tips Diamond D200 from Gilson) on this pipette, a single droplet of resist

is deposited on the chip in a very controlled way. Before spinning, we waited 20 sec

to give the resist time to adhere to the substrate. The spin coating was performed at

4000 rpm for 45 sec leading to an overall thickness of ≈ 130 nm. This resist thickness

was ideal12 for devices with finger spacing of 200 - 500 nm and with metal thickness

of 30 nm. After spinning, the resist is quite uniform in the centre of the device and

it forms edge beads approximately 500µm wide close to the perimeter. The chip is

then baked on a hot plate at 180 ◦C for 5 min.

For the fabrication of circuit QAD devices, a bilayer of EBL resist was spun onto

the chip. The first layer consisted in a pure copolymer of methyl methacrylate and

methacrylic acid [P(MMA-MAA) in short]. Spinning this fluid at 4000 rpm for 45 sec

led to a resist thickness of≈ 570 nm. This layer of copolymer is very sensitive to direct,

secondary and backscattered electron exposure and it serves as a spacer between the

substrate and a second resist layer allowing for a pronounced undercut. After baking

on a hot plate at 180 ◦C for 5 min, the same spin coating and baking was repeated

11If too much fluid is used, some of it might eventually reach the back of the chip and this will
prevent the device from laying flat in the e-beam lithography system later on.

12As a rule of thumb, the resist should be three times higher than the thickness of the evaporated
metal in a lift-off recipe.
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Figure 3.7 | Double-angle evaporation. Schematic of the fabrication of a device comprising
Josephson junctions.

with PMMA A4.5. These two resist layers are widely used in the superconducting

device community to fabricate ≈ 200× 200 nm2 Josephson junctions with the Dolan

bridge technique. Particular care must be taken when exposing insulating substrates,

such as quartz, ZnO, sapphire and diamond. For these materials, backscattering and

charging phenomena can significantly compromise the exposure. For this reason, it

is advisable to spin a discharging layer on top of the EBL resist, such as Electra92

(AR-PC 5090) from AllResist. This discharging layer can be spun at 3000 rpm for

30 sec and it does not need to be baked.

The chip was exposed with a JEOL 5500 series Electron Beam Lithography Sys-

tem. A 50 kV acceleration voltage with aperture 2 and a 1 nA current was used

to expose fine features. For the fabrication of Josephson junctions, some undercut
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Figure 3.8 | SEM of Josephson junctions. a, SEM image of a Josephson junction test after
development showing a Dolan bridge 200 nm wide. b, SEM image of a 200 × 200 nm2 Josephson
junction after lift-off.

boxes were used to create the desired undercuts in the resist. The main steps of

electron beam lithography and double angle evaporation are illustrated schematically

in Fig. 3.7.

Development

After the EBL exposure, the Electra92 discharging layer is removed by rinsing the

chip in a water beaker for 1 min. The device is carefully blow-dried with a nitrogen

line. The EBL resist is developed in a 1:3 MIBK:IPA solution which provides a

low selectivity for the PMMA and a high sensitivity for the copolymer layer. After

50 sec of careful moving, the chip is immersed for other 15 sec in IPA and then blow

dried with a nitrogen gun. The device is inspected with an optical microscope and

kept inside a vacuum box until the final evaporation. Figure 3.8a shows a Josephson

junction test after development.

Double angle evaporation and oxidation

Shadow evaporation is the most common established technique to produce Joseph-

son junctions13. This process consists of depositing two layers of metal in two different

13More robust bridge-free techniques have been recently developed that permit a more aggressive
cleaning of the substrate before the evaporation step. These techniques, however, require an evap-
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steps at two different angles with an evaporation rate in the range of 0.2 − 1 nm/s.

Between the two depositions, an oxidation step is performed with a mixture of 85%

nitrogen - 15% oxygen. This mixture is kept under high pressure in a bottle attached

to the upper chamber of the evaporator (shown in Fig. 3.9a) with a double stage

pressure regulator and a needle valve that allows for controlling a constant low flow

rate down to 0.1 mbar/sec. The oxygen oxidises the first aluminium film resulting in

a thin aluminium oxide layer with a thickness of the order of a nanometer depending

on the oxidation time and pressure.

The first 30 nm layer of aluminium is deposited at an angle of 27 ◦. It is followed

by an in-situ oxidation step. The main parameters here are the oxidation time and

pressure. The pressure of the N2 - O2 mixture is set at 4 mbar, whereas the oxidation

time is varied in order to obtain the desired junction resistance. Typical oxidation

times in the range of 1 - 10 min create junction resistances in the range of 3 - 25 kΩ. It

can be challenging to achieve a consistent junction resistance since its value depends

on many variables including oxidation time, oxidation pressure, junction area, and

the water content within the chamber14. It is important to perform some tests and

check the junction resistance before the evaporation of the final device. After the

oxidation step, the gas is pumped out and a second 60 nm layer of aluminium is

evaporated at angle of −27 ◦. The upper aluminium layer overlaps with the bottom

one and it forms the top electrode of the Josephson junction. The final result is a

sub-micron Josephson junction comprising a bottom and top aluminium electrodes

separated by a nanometer insulating layer as shown in Fig. 3.8b. The final step of

orator equipped with a stage that can rotate around both the azimuthal and the polar axis. Our
evaporator does not have this facility and it could be a point to consider in the context of improving
our fabrication process.

14The water can act as a catalyst for the formation of the junction dielectric layer largely reducing
the oxidation time needed to obtain a specific junction resistance.
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d

Figure 3.9 | Evaporator, probe-station and bonding. a, Home-made electron beam evapora-
tor. b, Probe station for room-temperature resistance measurements of the Josephson junctions. c,
GaAs wafer after lift-off comprising several 500 MHz SAW devices. The rainbow colours are due to
the diffraction of the ambient light on the periodic structures of the chip. d, Five 2 - 4 GHz SAW
devices after bonding.

the procedure consists in post-oxidation with the N2 - O2 mixture at 100 mbar for

100 sec (the pressure and oxidation time are irrelevant in this case as long as these

parameters are high enough to saturate the oxidation).

The chip was taken out from the evaporator ready for the lift-off. When perform-

ing the lift-off of superconducting qubits, sonication of the chip is not recommended,

because this can damage the Josephson junctions. It is preferable to use a clean

pipette to gently blow off the aluminium layer covering the resist.

Testing Josephson junctions and SAW devices

We measured the room-temperature resistance of the junctions with a DC probe

station from Semiprobe (Lab Assistant model) and a Keithley 2450 Sourcemeter

shown in Fig. 3.9b. The probe station can be used to carefully contact very fine

probe needles to the 100× 100µm2 aluminium contact pads. The Sourcemeter is an
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Figure 3.10 | Reflection coefficient. Measured reflection coefficient S11(f) at room temperature
for device p1 (see Table 4.1). a, Magnitude response. b, Phase response. The solid red curve is a
fit to equation 6.2 with parameters Qi = 13300, Qe = 157100, f0 = 524.51.

electronic instrument that can apply small voltages and it is designed in such a way

as to prevent any electrical discharge. When testing Josephson junction resistance,

we usually fabricated 10 junctions on a single 10× 5 mm2 chip. An optical image of

such a chip is shown in Fig. 3.9c. The junction resistance is measured by applying a

voltage of 0.1 mV with the Sourcemeter across the junction. Our fabricated junctions

usually had a resistance in the range of 5 - 20 kΩ with values fluctuating by 1 kΩ.

SAW devices were bonded to the circuit board (as shown in Fig. 3.9d) and mea-

sured with a VNA. SAW resonators with working frequencies in the range 0.5 - 2 GHz

show well defined resonances at room temperature15 (see Fig. 3.10). The performance

of SAW devices significantly increases at low temperatures especially when the thin

aluminium layer becomes superconducting. In addition, during the cool down, the

SAW resonance shifts in frequency due to the fact that the device contracts and the

speed of sound changes slightly.

15This is not the case for SAW devices in the 4 - 5 GHz range, since the material quality factor Qm

at room temperature significantly limits the resonator performance and the mechanical resonances
are strongly suppressed.
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Figure 3.11 | 3D cavities. a, Example of 3D aluminium cavity with two SMA measurement ports.
b, 5× 5 mm2 quartz chip positioned in the dedicated slot of the cavity.

3.4 3D cavities

A first characterisation of superconducting qubits on quartz and diamond has

been performed by dispersively coupling these artificial atoms to a 3D aluminium

cavity. The cavity is constructed by drilling a blind rectangular hole in two aluminium

(T6061) parallelepipeds and screwing them together (see Fig. 3.11a). The cavity also

has a dedicated 0.55×5×5 mm3 slot to accommodate the chip as shown in Fig. 3.11b.

One of the two parallelepipeds has two small holes in which SMA pins can be inserted

in order to drive an electric field inside the cavity and measure the Sij(f) coefficients.

The electromagnetic modes sustained by a metallic cavity can be calculated by

studying Maxwell’s equations with specific boundary conditions. Assuming that the

cavity is perfectly rectangular with dimensions a, b, d and that the walls are highly

conductive, the modes sustained by the cavity are found to be:

ωr(n,m, l) = 2πfr(n,m, l) =
c

√
µrεr

√(nπ
a

)2

+
(mπ
b

)2

+

(
lπ

d

)2

,

where µr, εr are the permeability and permittivity constants of the material filling

the cavity and n, m, l ∈ N, where n + m + l > 0. In our case, the side b is smaller

than a and d. Therefore, the lowest frequency resonant mode is:

fr(1, 0, 1) =
c
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d
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, (3.1)
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usually called TE101 mode. Equation (3.1) indicates that the resonance frequency of

the cavity is defined by its spatial dimensions. Since the frequency of superconducting

qubits usually lies between 5 - 10 GHz, the cavity frequency can be engineered to be in

the same range so that the detuning between the two systems is in the order of 0.1 -

5 GHz. Note, however, that the coherence time of superconducting qubits is enhanced

when they are embedded in electromagnetic cavities with resonant frequency higher

than the first transition frequency of the qubit. This phenomenon is a consequence

of the Purcell effect and has been studied elsewhere [43]. For these reasons, our

cavity has dimensions a = 17 mm, b = 3.5 mm, d = 20 mm such that its resonance

frequency is fr(1, 0, 1) ≈ 11.5 GHz, a few GHz higher than the typical frequency of

our superconducting qubits. As mentioned earlier, the cavity frequency depends on

the material filling the cavity; therefore, depending on the material of the chip, the

cavity resonance can decrease by 0.1 - 0.5 GHz.

The performance of a 3D cavity is captured by two quantities16: the internal

quality factor Qi and the external quality factor Qe. The former quantifies intrinsic

energy losses of the cavity and for 3D cavities can reach values of Qi = 107; the latter

takes into account energy losses due to the coupling with external measurement ports

and it can be controlled by adjusting the SMA pin length. For instance, for a fast

qubit readout, the SMA pin can be placed well inside the cavity so that the external

quality factor is quite low Qe ≈ 103 and the electric signal quickly leaks out from the

cavity.

A 3D cavity can be modelled with a parallel RLC circuit. The impedance of this

circuit is given by:

Z(ω) =

(
1

R
+ iωC +

1

iωL

)−1

.

16The internal and external quality factors will be discussed in more detail in Chapter 4.
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The circuit is connected to a measurement circuit with load impedance Z0 (typi-

cally Z0 = 50 Ω). Following Pozar [74], the internal/external quality factors and the

resonance frequency of this circuit can be expressed as:

Qi = ωrRC Qe =
Z0

ωrL
ωr =

1√
LC

. (3.2)

Exploiting expressions (3.2), the impedance of the circuit close to resonance can be

written in the form:

Z(ω) =

[
1

R
+ iωC

(
1− 1

ω2LC

)]−1

=

[
1

R
+ iωC

(
ω2 − ω2

r

ω2

)]−1

≈

≈
[

1

R
+ 2iC∆ω

]−1

=
R

1 + 2iRC∆ω
=

R

1 + 2iQi∆ω/ωr

,

where we have defined the detuning angular frequency ∆ω = ω − ωr. The reflection

coefficient of a 3D cavity is given by:

S11(f) =
Z(f)− Z0

Z(f)− Z0

=
R− Z0 (1 + 2iQi∆f/fr)

R + Z0 (1 + 2iQi∆f/fr)

=
Qi −Qe (1 + 2iQi∆f/fr)

Qi +Qe (1 + 2iQi∆f/fr)
,

where we have introduced the frequency detuning ∆f = f − fr. This expression

clearly shows that the reflection coefficient of a 3D cavity close to resonance is en-

tirely determined by three parameters, namely Qi, Qe and fr. The magnitude of the

frequency response in reflection is a symmetric dip centered at fr. The internal and

external quality factor can be directly obtained by fitting the S11(f) response of the

cavity. A 3D cavity can also be measured in transmission and the network parameter

S21(f) is given by:

S21(f) =
Z(f)

Z(f) + Z0

=
R

R + Z0 + 2iZ0Qi∆ω/ωr

=
Qi/(Qi +Qe)

1 + 2iQ∆f/fr

.
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The magnitude of the transmission coefficient has the form of a Lorentzian peak:

|S21(f)|2 =
Q2

i /(Qi +Qe)
2

1 + (2Q∆f/fr)2
,

where the loaded quality factor is strictly related to the FWHM of the peak Q =

ω/FWHM.

In the course of this project, several superconducting qubits have been fabricated

and characterised inside 3D cavities. In Chapter 5, we shall present dispersive mea-

surements of 3D transmons on quartz and diamond. These qubits consist of two

≈ 250× 500µm2 aluminium pads connected by a Josephson junction. The cavity has

a bare frequency of 11.23 GHz and it is measured in transmission. Before placing the

chip inside the cavity, the latter is cleaned in an ultrasound bath of acetone for several

minutes and rinsed with IPA. The chip is fixed into the slot with four little pieces

of indium placed at the four corners of the chip (indium is a very soft and sticky

material suitable for this procedure [13]). During this operation, the chip is handled

with plastic tweezers and particular care is taken to make sure that the cavity sur-

faces are not accidently scratched. Once the chip has been inserted inside the cavity,

its transmission coefficient is measured and the internal quality factor usually drops

from 106 to 105. These values are high enough for our characterisation purposes.

3.5 Cryogenic microwave setup

In circuit-QAD experiments, the qubit frequency f01 and the SAWR frequency

can be engineered to be in the range 1 - 7 GHz. In order to initialise the qubit and

the cavity in their quantum mechanical ground state and to prevent spontaneous

thermal excitations, it is necessary to cool the device down to temperatures satisfy-

ing the relation T � hf01/kB ≈ 100 mK. Furthermore, the readout of the qubit is
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Figure 3.12 | Dilution refrigerator. Schematic of the cryogenic setup for measuring circuit QAD
devices.

performed with a CPWR made of aluminium. The quality factor of this resonator

becomes significant only when the aluminium becomes superconducting (microwave

signals rapidly dissipate in electromagnetic cavities with finite resistance). For these

reasons, we have performed our experiments inside a dilution refrigerator with base

temperature of Tbt ≈ 10 mK. This temperature is well below the critical temperature

of aluminium Tc ≈ 1.2 K bringing our device in a superconducting state in which

resistive dissipations are completely absent.

Dilution refrigerator

The dilution refrigerator used in our laboratory is a Cryofree Triton 200 from Ox-

ford Instruments. The fridge has several circular plates - one on top of the other - me-

chanically but not thermally connected together. The nominal temperature reached

by the bottom plate is Tbp ≈ 10 mK. The cool-down takes place in two steps. A

Pulse-Tube cooler cools the stages of the fridge down to 4 K. Exploiting the sponta-
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neous phase separation of a He3 - He4 mixture in a dilution unit, the bottom plate of

the fridge reaches the base temperature Tbp. These two steps usually take 36 hours

in total. When fully cooled, each stage of the fridge reaches a stable temperature as

depicted in Fig. 3.11.

The sample holders containing the superconducting devices are mechanically con-

nected to the bottom plate of the fridge. The devices are measured by sending

microwave signals via coaxial cables from room-temperature instrumentation down

all the temperature stages of the fridge. The power needed to populate a 2-port SAW

resonator with a single phonon is given by (see appendix of reference [14])

Pin =
Qe

Q2

hf 2
r

2
,

where Q = (1/Qi + 1/Qe)
−1 is the loaded quality factor. Assuming that the external

quality factor is Qe = 104, the internal one is Qi = 103 and the frequency of the

resonator is fr = 3 GHz, this equation predicts Pin = 0.03 fW ≈ −135 dBm. This

simple calculation shows that in order to populate the cavity with a single phonon,

the input power must be very small. Furthermore, it is necessary to reduce the room

temperature noise propagating along the lines. To this end, the microwave cables are

connected to a series of attenuators leading to an overall attenuation of ≈ −70 dB.

By adjusting the power on the generator, it is possible to populate the cavity with

the desired average number of photons.

Microwave lines

Depending on the experiment conducted, the microwave drives are generated at

room temperature either with a vector network analyser (VNA) or with a SMF100A

signal generator from Rohde & Schwarz. These instruments can send sinusoidal mi-
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crowave drives at powers up to17 20 dBm and as low as −120 dBm. This wide flex-

ibility permits to set the right source power in order to obtain the desired cavity

population. UT85 microwave cables with a 50 Ω impedance are used to carry the

microwave signals. These coaxial lines are soldered to SMA connectors from Hu-

ber&Suhner. This is a delicate task in which particular care must be taken to ensure

that the centre pin is not scratched, residues of solder flux are completely removed,

and the dielectric is smoothly cut. After soldering, each cable is tested by measur-

ing its network parameters Sij(f). With a bit of practice, it is possible to fabricate

cables with a reflection coefficient from the SMA connectors lower than −20 dB up

to 20 GHz. Finally, instruments connected to the fridge via microwave lines can have

slightly different grounds and this can lead to undesired ‘ground loops’. Hence, DC

blocks 8039 from Aeroflex Inmet are installed on top of fridge such as to isolate the

cryostat earth from that of the instruments.

Our fridge is equipped with two sets of microwave lines: 8 lines are connected

to tube A, whereas 6 lines are connected to tube B. Tube A (tube B) has three

3 dB (20 dBm) attenuators. The overall attenuation of these lines depends slightly

on frequency. In the 1 - 5 GHz range where most of our experiments are performed,

the overall attenuation of the lines connected to tube B ranges between −64 and

−70 dBm. Note that the attenuation also depends on the temperature of the fridge,

since the resistance of the coaxial cables varies with temperature.

Tube A lines are not highly attenuated and they allow us to measure devices in

reflection without any amplification. However, cavities measured using tube A lines

do not reach the ground state due to excessive room-temperature thermal noise prop-

agating down to the base. Lines connected to tube B can be used to probe the SAW

17When signals with drive power greater than 0 dBm are used to measure a superconducting
device, the base temperature can increase by several millikelvin.
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resonators in the quantum regime. In this case however, an appropriate amplifica-

tion mechanism must be employed to make the the output signal sufficiently large to

detect. In the next section, we describe the amplification chain in our experimental

setup.

Amplification chain

The weak signal reflected (or transmitted) by the cavity must be filtered and am-

plified in order to reach a potential difference of V ≈ 0.5 mV that can be detected by

an Analog-to-Digital Converter (ADC). The amplification is performed with several

amplifiers in series along the output line. The first one is an HEMT (High Electron

Mobility Transistor) amplifier LNF-LNC1-12A from Low Noise Factory suitable for

cryogenic environments. The HEMT has a gain of +39 dB in the 1 - 12 GHz and it is

placed on the 4 K stage of the fridge (it is not possible to connect it at the bottom

plate, since it dissipates too much energy). To further decrease the dissipation of the

output line, a special type of superconducting cable with inner and outer conductor

made of NbTi carries the signal from the base plate to the 2.7 K stage of the fridge.

The HEMT reflects part of the incoming signal. To prevent this reflected signal from

reaching the device, a pair of circulators from Raditek Cryo are connected before the

HEMT. The circulators are chosen with a specific working frequency range according

to the requirements of the measurements. Once the output signal reaches the room

temperature cables, it is filtered and amplified by 26 dB with two low-noise amplifiers

ZVA-183+ from Mini-Circuits. Down-conversion to 62.5 MHz is performed with an

IQ mixer (IQ-0618 from Marki-Microwave) that receives as its input two microwave

signals (one coming from the device and another from a local oscillator) and out-

puts two quadrature signals. Each channel is filtered and amplified by 24 dB with a
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low noise amplifier (ZFL-500LN+ from Mini-Circuits) before being detected by an

analog to digital converter which is connected to a field-programmable gate array

(FPGA, Xilinx Virtex-6 FPGA) board, designed to rapidly read the digitised signal

and average it locally.

3.6 Conclusions and possible improvements

In this chapter, we have presented the experimental techniques adopted to fabri-

cate and measure our SAW devices. A significant part of this project was devoted

to developing a consistent and reproducible fabrication procedure for SAW devices in

the GHz range. There are still some improvements that can be made, the main ones

being:

1. In this thesis, we have focused on SAW resonators with shorted aluminium

gratings. It would be interesting to compare the performance of these devices with

SAW resonators with gratings formed from grooves. In this case, the reflection of

the wave does not have an electrical contribution: it is purely mechanical. Groove

gratings should lead to an improved frequency stability since the only metal in the

active acoustic area comes from the transducer [48, 69].

2. In principle, it would be possible to deposit piezoelectric films on substrates

(such as sapphire or diamond) only on specific areas of the chip. In this way, electrical

components not used for transduction (such as CPWRs and qubits) can be fabricated

on the non-piezoelectric parts of the device, potentially enabling better quality factors

of the electromagnetic cavity, and coherence times of qubits.

3. In circuit-QAD devices, SAW resonators and Josephson junctions were fabri-

cated in a single evaporation step. This meant that the fingers in the IDTs could not

be less than 700 nm wide (with a 600 nm copolymer + PMMA layer, it is almost im-
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possible to fabricate smaller features). Another way to fabricate these devices would

be to pattern the SAW resonators and qubit capacitance first. In a second evapora-

tion step, ion milling could, in principle, remove the oxide layer on top of the qubit

interdigitated structure. The Josephson junction could then be built with the usual

double angle evaporation technique with the aluminium making a good electrical con-

tact with the interdigitated capacitance of the qubit. In this way, it would be possible

to fabricate the qubit and the SAW resonator with features smaller than 700 nm and

resonance frequencies of 4 GHz.

4. Fabricating Josephson junctions with reproducible resistances can be a chal-

lenging problem. In this project, we adjusted the resistance of the junctions by

varying the oxidation time. Ideally, it would be better to saturate the oxidation time

and pressure and adjust the junction resistance by varying its area. This can be

done with bridge-free techniques [46] and would probably lead to more controllable

resistance values.
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Chapter 4

SAW resonators in the quantum
regime

Fortunately, the acoustic propagation loss strongly
decreases at low temperatures.

In this chapter, we present systematic measurements of SAW resonators at or close

to the quantum regime, paying particular attention to the various loss contributions

that limit their performance. We demonstrate that 0.5 GHz SAW resonators can reach

internal quality factors of the order of 0.5 million. We also present measurements

of SAW resonators with working frequencies in the range 2 - 4 GHz, that suggest a

polynomial dependence of propagation loss on frequency. Finally, we measure the

frequency response of a high-frequency device as a function of input power, showing

evidence of a weak power dependence of its internal quality factor consistent with

coupling to a bath of two level systems. We conclude this chapter with time-domain

measurements of SAW resonators.

4.1 SAW resonator loss mechanisms

This chapter is devoted to the investigation of the main loss mechanisms of SAW

resonators at low temperatures. A thorough investigation of their performance at
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room temperature has already been addressed elsewhere [9, 69] (the terminology used

in the following is mainly taken from these references). The performance of a SAW

resonator can be quantified in terms of a figure of merit called quality factor defined

as:

Q = 2πfm
U

P
, (4.1)

where fm is the cavity frequency, U is the stored energy and P is the power lost

per cycle, which is affected by several loss mechanisms such as the finite grating

reflectivity Pg, diffraction losses Pd, conversion of surface acoustic waves into bulk

modes Pb, material losses Pm, the resistivity of the electrodes Pr, coupling to two-level

fluctuators PTL, and coupling to external measurement ports Pe. Taking into account

these contributions and assuming that they are independent from one another, the

quality factor can be written in the following form:

Q = 2πfm
U

(Pg + Pd + Pb + Pm + Pr + PTL) + Pe

. (4.2)

This parameter can be split into two parts, one concerning the intrinsic losses Qi and

one due to the external circuitry coupled to the cavity Qe:

1

Q
=

1

Qi

+
1

Qe

,

where the internal and external quality factors are defined as:

1

Qi

=
Pg + Pd + Pb + Pm + Pr + PTL

2πfmU
=

1

Qg

+
1

Qb

+
1

Qb

+
1

Qm

+
1

Qr

+
1

QTL

1

Qe

=
Pe

2πfmU
.

The inverse of the quality factor can be thought of as a sum of loss rates. When a

loss rate is much larger than the others, this loss mechanism will prevail and limit

the overall device performance.
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Figure 4.1 | Material quality factor and phonon lifetime a, Room temperature material
quality factor Qm as a function of cavity frequency (orange curve) based on equation (4.5). The
blue curve corresponds to the vacuum condition. The gray dashed lines highlight the fact that the
internal quality factor of a SAWR is approximately 10 000 at 1 GHz (figure readapted from [9]). b,
Thermal phonon lifetime as a function of temperature for quartz (readapted from [54]).

Material quality factor Qm

At room temperature, the internal quality factor of a SAW resonator is strongly

limited by the material quality factor Qm:

Qm =
πfm

vα
(4.3)

where v is the speed of the Rayleigh wave and α is the acoustic attenuation given by:

α(p, T ) = αair(p)fm + αprop(T )f 2
m , (4.4)

where αair(p) is a pressure dependent acoustic attenuation due to air loading, and

αprop(T ) is a temperature dependent acoustic damping mainly due to scattering with

thermal phonons. For ST-X quartz, equation (4.3) takes the numerical form [9]:

Qm ≈
1

2× 10−5 + 9.5× 10−5fm

. (4.5)

Note that under vacuum conditions, the product between the internal quality fac-

tor and the device frequency is a constant usually referred to as the Qf product.

A graph of equation (4.5) for ST-X quartz is shown in Fig. 4.1a. From this plot,

we can conclude that at room temperature the material quality factor of a 1 GHz
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SAW resonator is approximately 10 000 and it can hardly exceed this value even with

optimised engineering of the device.

Fortunately, the acoustic propagation loss αprop(T ), which originates from the

interaction between surface acoustic waves and thermal phonons, strongly decreases

at low temperatures. Assuming that the temperature satisfies T � hfm/kB and that

the thermal phonon lifetime τ satisfies 2πfmτ � 1, according to the Landau-Rumer

theory the acoustic loss is proportional to [55]:

αprop(T ) ∝ fT 4. (4.6)

Figure 4.1b shows the thermal phonon lifetime as a function of temperature for quartz

[54]. From this graph, we can conclude that for 150 MHz surface acoustic waves, the

condition 2πfmτ � 1 is established below 40 K. At these temperatures, it has been

observed that the propagation loss decreases in agreement with equation (4.6) [81, 36].

If the temperature decreases even more, the quantum limit T � hfm/kB can be

reached. In this regime, the frequency of the surface wave is higher than the average

phonon frequency fph = kBT/h and scattering processes are highly suppressed. The

main decay channel of surface waves becomes spontaneous emission into vacuum.

This process has been studied by Sakuma and Nakayama [80] and their calculations

indicate that in this regime the propagation loss is proportional to:

αprop(T ) ∝ f 3T 2. (4.7)

In the following sections, we will show that our devices exhibit this dependence on

frequency. Equation (4.7) also predicts a polynomial temperature dependence. This

dependence might be over-shadowed by other loss contributions with a similar polyno-

mial behaviour (such as coupling to a bath of TLS, see section 4.1). These arguments
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indicate that at low temperatures the propagation loss is strongly suppressed and

other loss mechanisms come into play.

Diffraction losses

An interdigitated transducer emits surface acoustic waves in opposite directions

and the wave packets are well collimated when the aperture of the transducer W is

much greater than the wavelength of the Rayleigh wave, W � λ. On the other hand,

when the transducer aperture is quite small such that W ≈ λ, the IDT behaves like a

point-like source emitting surface waves in all directions. Part of these waves will not

impinge against the gratings and will leave the cavity. The quality factor Qd takes

into account this diffraction phenomenon. Its analytical expression is given by [48]:

Qd =
5π

|1 + γ|

(
W

λ

)2

, (4.8)

where γ is a material parameter. For ST-X quartz, γ = 0.378 [85] at room tempera-

ture. Assuming that W = 100λ, we find Qd ≈ 110 000. The diffraction quality factor

can be increased by widening the aperture of the cavity W .

Finite grating reflectivity

SAW resonators can be regarded as the acoustic equivalent of Fabry-Perot optical

cavities. The two mirrors reflect most of the incident waves, but part of these oscil-

lations escapes through these imperfect reflectors. The quality factor Qg takes into

account the finite grating reflectivity and its analytical expression is given by:

Qg =
πLc

λ0 [1− tanh (|rs|Ng)]
, (4.9)

where Lc is the longitudinal cavity length, rs is the reflectivity of each finger in the

grating and Ng is the number of fingers in the grating. For typical values λ0 = 1µm,

Lc = 100λ0, |rs| = 0.002 and Ng = 1000, we have Qg ≈ 9000.
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There are three main approaches to reducing the internal losses due to the grat-

ings. Increasing the cavity length is a good strategy that linearly improves Qg. It

must be noted, however, that as the cavity length increases, the device might show

several longitudinal resonances and turn into a multimode device. Depending on the

application, sometimes it is necessary to work with single-mode resonators. In such a

case, the cavity length must be kept contained and therefore increasing the distance

between the two mirrors is not a viable option. The second main approach is to in-

crease the reflectivity |rs| of each finger in the grating. This can be done by increasing

the height of the deposited metal. Finally, the number of fingers in the gratings Ng

must be kept high. We have measured the internal quality factor of 500 MHz SAW

resonators as a function of Ng. We have observed a saturation of the internal quality

factor when Ng was approaching the value of ≈ 800 fingers. For this reason, all of the

devices characterised in the following sections have Ng = 1000 fingers in each grating.

Two-level systems

In the 1950’s, measurements of the heat capacity, thermal conductivity and varia-

tion of sound velocity in glasses at low temperatures showed a very different behaviour

from crystals [70]. For example, almost without exception the specific heat of an arbi-

trary insulating amorphous solid well below 1K is approximately linear in T and the

thermal conductivity is approximately quadratic in T . This result was unexpected

since it was believed that low temperature properties of solids were mainly governed

by thermal phonons with average frequency much higher than than the acoustic wave

frequency. In this picture, acoustic waves propagate through an elastic continuum

and they are not sensitive to the microscopic structure of the medium; this would

imply that the acoustic propagation should not significantly differ between glasses
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and crystals.

Several models have been proposed to account for this unexpected behaviour in

amorphous materials [39]. The most successful model is the one proposed by An-

derson [3] and Phillips [70], which predicts the thermal and acoustic anomalies of

glasses at low temperatures and is based on the existence of two-level systems (TLSs)

in the medium. These two-level fluctuators consist in atoms tunnelling between

two configurational states giving rise to very small energy splittings in the order

of 10−5 eV ≈ h × 10 GHz. They are generally visualised as an ion or electron that

can tunnel between two spatial quantum states and their density is much lower in

crystals than in glasses. These fluctuators occur due to either defects in the crystal

structure or the presence of polar impurities such as OH−.

TLSs have a strong influence on the propagation of sound waves. At low temper-

atures, the most probable interaction between a phonon and a TLS is an absorption

followed by an emission of another phonon due to the TLS relaxation. This mecha-

nism for the absorption of sound also explains the power dependence of the acoustic

attenuation: with increasing acoustic power, the upper level becomes more and more

populated; therefore, the number of effective TLSs decreases an, with it, the overall

absorption. Finally, the absorption also depends on the number of TLSs taking part

in the resonant absorption process at a given frequency.

The theory underlying the interaction between the acoustic wave and TLSs can

be found in references [70] and [39]. Here, we limit ourselves to report the analytical

expression of the loss rate caused by a TLS bath interacting with an acoustic wave:

αTLS(P, T ) = F (~x)
2π2fmn0γ

2

ρv2
tanh

(
hfm

2kBT

)(
1 +

P

Pc

)−0.5

, (4.10)

where n0 is the density of states of the TLS, ρ is the density of the crystal, Pc

is a critical power, γ describes the strength of the coupling between the TLS and
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the phonons and F (~x) is a filling factor. Equation (4.10) has a pronounced power

dependence and a linear temperature dependence when hfm ≈ kBT . The internal

quality factor QTLS is related to αTLS by:

QTLS(P, T ) =
πfm

vαTLS(P, T )
. (4.11)

In Section 4.3 we present measurements that support the hypothesis of a coupling

between surface acoustic waves and TLSs in the low power and temperature regimes.

Bulk mode conversion

Another mechanism that affects the performance of SAW resonators is bulk mode

conversion. This process consists of the conversion of surface waves into bulk modes

either during transduction or when SAWs impinge against the gratings. Bulk mode

conversion can be observed from time-domain measurements of SAW delay lines. The

electrical signal is converted by the first IDT into SAWs and bulk waves. The latter

might then bounce against the back of the chip and reach the second IDT. Since

bulk waves travel a longer distance between the two IDTS, they reach the second

IDT after a longer time. In the time domain, the detection of bulk waves results in

a transmission peak captured a bit later than the SAW transit signal. In order to

suppress this spurious response, it is recommended to roughen the back of the chip.

In this way, the reflected bulk waves are randomly scattered.

4.2 Characterisation of SAW resonators

Introduction

In this section, we investigate the quality factors of SAW resonators measured

inside a dilution refrigerator in high vacuum and at temperature of T ≈ 10 mK (see

Fig. 4.2), under which conditions the dissipation of the SAW is very low. We work
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with the common SAW substrate ST-X quartz due to its known good performance in

resonators at room temperature and weak piezoelectric coupling [62], which results

in SAWs with little electrical character and hence good prospects for being weakly

electrically coupled to environmental sources of dissipation. The reflectors and IDTs

are in all cases made from superconducting aluminium such that at 10 mK ohmic

losses can be neglected. The resonators were characterized by measuring the complex

reflection coefficient S11(f) at the IDT using a vector network analyzer (VNA) (see

Fig. 4.2a). Using an RLC equivalent circuit model, one can derive the following

expression for the reflection coefficient close to a single resonance

S11 (f) =
(Qe −Qi) /Qe + 2iQi (f − fm) /f

(Qe +Qi) /Qe + 2iQi (f − fm) /f
. (4.12)

Here Qi is the internal Q-factor of the mode and Qe is the external Q-factor due to

the presence of the IDT and measurement port.

The measured single-port SAW resonators can be characterized by a set of geo-

metric parameters illustrated in Fig. 4.2a and listed in Table 4.1. The devices have

a frequency response centered at fm = v/λ0, where v ≈ 3100 m/s is the SAW ve-

locity and a = λ0/4 is the electrode and space width in the lithographically defined

mirrors and IDT. The mirrors are separated by an integer number of half wave-

lengths d = mλ0/2 and their reflectivity is given by R = tanh(Ng|rs|) ≈ 1 in the

limit Ng|rs| � 1, where Ng is the number of electrodes in the mirror and rs is the

reflectivity of each electrode.

Preliminary measurements of 500 MHz devices

We have initially performed a comprehensive study of SAW resonators at a wave-

length of λ0 = 6µm (fm ≈ 523 MHz) to determine how Qe and Qi depend on trans-

ducer and grating geometry. This frequency was chosen for compatibility with stan-
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Figure 4.2 | Equivalent circuit and device optical image. a, Schematic of a 1-port SAW
resonator connected to the measurement setup (A: cryogenic amplifier, B: cold attenuators, C:
circulator, and VNA: Vector Network Analyzer). b, Optical microscope image of a SAW resonator
(device r3, see Table 4.1). Inset: magnification of the IDT electrodes of a similar device (q1).

dard photolithography for which the feature sizes of a = 1.5µm are achievable and a

large number of devices could be fabricated on a single wafer. In this initial investi-

gation we determined that, in accordance with SAW theory [5], the external quality

factor follows1 Qe ∝ Lc/N
2
t and the internal quality factors were limited by grating

reflectivity, following

Qg =
π (d+ 2Lp)

λ0 [1− tanh (|rs|Ng)]
. (4.13)

Based on these observations, we designed a device to realise a high Qi (within the

confines of our chip geometry) with widely spaced long gratings (device p1 see Ta-

ble 4.1). For this device, Qe = 1.16×105, Qi = 4.53×105 and the frequency response

is shown in Fig. 4.3a. Note that this measurement is not in the quantum regime since

kBT ≈ hfm.

In order to investigate individual loss contributions, we have fabricated several

SAW resonators with a fixed design and only one geometrical parameter was varied

at a time. In the following sections, we describe how the internal quality factor of

SAWRs depend on their geometry.
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a b

Figure 4.3 | Measured reflection coefficient. a, Magnitude (blue) and phase (green) of the
measured reflection coefficient S11 (f) of the SAW resonator p1. Solid lines are a fit to equation (6.2).
b, Frequency response of device q7 showing 18 supported high Q modes. The solid red box indicates
the resonant mode measured in Fig. 4.5. A background due to the measurement setup has been
subtracted in both a and b.

High frequency SAW resonators

In this section, we present measurements of SAW resonators at higher frequencies,

fabricated using electron beam lithography. In Fig. 4.4a we plot Qi for a series of

resonators with λ0 = 1.0 µm (fm ≈ 3.1 GHz), for which the distance between the two

gratings d was varied over the range 0.05−1.8 mm with all other geometric parameters

fixed (see Table 4.1). The number of modes seen increases from 1 for device r1 to 65

for device r10. For devices with more than 5 modes (r5− r10), we took the average Qi

for the 5 modes at the center of the grating stopband where the reflectivity is highest.

We expect Qi to be dominated by the grating reflectivity at low d and saturate at

high d due to propagation losses. The data follow this trend and can be fitted with

the following relation

Qi =

(
1

Qg

+
v αp

πfm

)−1

. (4.14)

From a fit to equation (4.14), we determine the electrode reflectivity to be |rs| = 0.002,

and we can place an upper limit on the propagation loss at 3.1 GHz of αp|10 mK <

0.015 mm−1 corresponding to a phonon mean free path of l = 1/αp ≈ 6 cm.

We then moved on to investigate the frequency dependence of Qi, using a device

geometry with large d = 1929λ0/2, over the range 2.0 − 4.4 GHz (devices q1 − q7,

1Here, Nt is the number of fingers in the transducer.
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a b

Figure 4.4 | Quality factor vs distance and resonance frequency. a, Qi versus d for devices
r1 − r10. Solid line is a fit to equation (5.3). Shaded area indicates one standard deviation of αp
and the dashed line is the linear part of this fit (αp = 0). b, Qi versus fm for devices q1 − q7 and
r6. Dashed line is a fit to Qi = c1f

−c2 .

see Table 4.1). These long devices all display around 20 resonant modes within the

stopband of the reflectors (see Fig. 4.3b for the frequency response of device q7). In

Fig. 4.4b we plot the dependence of the average internal quality factor Qi of all modes

of each device against average mode frequency f̄m. Error bars represent the standard

deviation of Qi from the set of resonant modes. The quality factor is seen to decrease

with frequency, and the linear trend observed on a log-log scale indicates a polynomial

dependence. We fit the data to Q̄i = πf/vαp = c1f
−c2 and find c1 = 719 ± 85 ,

c2 = 2.07± 0.13. This strongly suggests αprop ∝ f 3, agreeing with a model developed

for SAW propagation loss in the high-frequency and low-temperature limits [80].

4.3 Low power measurements

In this section, we present measurements of the internal quality factor of one of the

modes of device q7 (fm = 4.449 GHz) at low drive powers such that the average res-

onator phonon population reaches the regime n�1. Figure 4.5 shows the dependence

of Qi on drive power P . In this case, the VNA was connected to device q7 through

highly attenuated microwave lines with an overall attenuation from the instrument to

the sample of −67± 1 dB. This allows us to calculate the average phonon population

n resulting from the coherent drive, shown in the upper scale of Fig. 4.5. This is an
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Figure 4.5 | Quality factor vs drive power. Qi versus drive power P for the resonant mode

fm = 4.449 GHz of device q7. Solid line: fit to Qi = (v α
TLS

/ (πfm) + 1/Qrl)
−1

; n is the mean
number of phonons occupying the resonator due to the coherent drive P .

accurate estimate of the average coherent (non-thermal) phonon occupation due to

the continuous drive. A clear reduction in Qi is observed as P is reduced, saturating

at low power at a value of Qi0 = 34500. A similar dependence has been observed

in bulk mechanical resonators [32, 28] and electromagnetic coplanar waveguide res-

onators (CPWR) [49] at low temperature, and has been attributed to coupling to a

bath of two level systems (TLS). The analytical expression of the loss rate caused

by a TLS bath is given by equation (4.10). The internal quality factor is related

to αTLS by Qi = (v α
TLS
/πfm + 1/Qrl)

−1 , where Qrl takes into account remaining

losses. We find that our data fits to this expression well with Pc = −65.7 dBm and

Fn0γ
2 = 4.5× 104 J/m3. In order to completely validate this model and to estimate

the value of the filling factor F (~x), a temperature dependent measurement is required

[49, 29]. The ratio Qi0/Qrl ≈ 0.6 is much higher than typically seen in CPWRs [59],

indicating that any TLS contribution to the loss is considerably less in the SAW case.

Such a difference is qualitatively in agreement with an electric field coupling to the

TLS bath, since in a weak piezoelectric such as quartz, only a small fraction of the

SAW energy is electrical.
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4.4 Time domain measurements

We conclude this chapter by presenting time-domain measurements of 1-port SAW

resonators. These acoustic devices can be probed with pulses of variable length

between a few nanoseconds up to the cavity round trip ∆ = Lc/v. The electric

pulse is converted by the IDT into wave packets that bounce against the gratings and

are eventually collected by the IDT.

The time response of a 1-port SAWR can be described with an heuristic model

which takes into account the shape of the applied pulse and the IDT response. In our

case, the applied electrical signal has a square modulation of the form

s(t) ≈ 1

1 + [a(t− t0)]b
, (4.15)

where t0 takes into account a possible time offset and the parameters a, b describe

the length and the rise time of the pulse, respectively. The time-domain response is a

sum of square pulses delayed by ∆ = Lc/v and modulated by an exponential decay:

S11(t) = A
∞∑
n=1

s(t− n∆)e−c
⌈
t−t0−∆/2

∆

⌉
= A

∞∑
n=1

e−c
⌈
t−t0−∆/2

∆

⌉
1 + [a(t− t0 − n∆)]b

, (4.16)

where A is a scaling factor and c is a decay constant. Figures 4.6a-c show the time-

domain response of a 2.8 GHz SAW resonator when probed with pulses of variable

length. A decaying train of pulses is clearly observed, consistent with the applied

pulse reflecting back and forth between the mirrors of the cavity. As the length of the

applied pulse increases, the peaks become broader and they eventually merge with

each other when the pulse length is comparable to the cavity round trip ∆ ≈ 330 ns.

SAWRs can be probed with arbitrary train of pulses. Figure 4.6d shows the time-

domain response of a SAWR when probed with two 10 ns pulses separated by 150 ns ≈

∆/2. In this case, the number of peaks per time interval is doubled with respect to
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Figure 4.6 | Time-domain measurements. a, Time-domain response of a 1-port SAW resonator
close to resonance probed with a 10 ns electric square pulse (blue points). The red curve is a fit to
equation (4.16). b, c, Same measurement with pulses of 200 ns and 300 ns, respectively. d Time-
response of a SAW resonator when probed with two 10 ns pulses separated by Lc/2v ≈ 150 ns. The
insets in these four panels schematically show the envelope of the applied pulses.

the other time-domain measurements. Unlike CPWRs, these acoustic cavities offer

the possibility to manipulate the cavity population in the time-domain due to the

slow speed of the sound waves. For instance, it would be possible to fabricate a

device with several SAW resonators each containing a qubit. The information related

to the qubit state can in principle be transferred from one qubit to another by means

of surface waves. While the wave is still travelling between the two qubits, it would

possible to change the state of the receiving qubit. This and more advanced schemes

could be implemented by exploiting the slow speed of sound in these piezoelectric

substrates.

4.5 Conclusions and further improvements

In this chapter we have presented low temperature measurements of Fabri-Perot

acoustic cavities based on surface acoustic waves. The focus has been the investigation

of the main loss mechanisms and the performance of these devices as a function of
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geometric parameters. We measured a SAW resonator with internal quality factor

approaching 0.5 million at 500 MHz. We have observed that the internal quality factor

of SAW resonators increases as the cavity length increases. Furthermore, the internal

Q of these devices decreases polynomially as a function of the resonance frequency in

accordance with theory. Finally, we have measured the internal Q factor of a 4 GHz

resonator as a function of input power and the observed dependence is consistent with

a model based on coupling to a bath of two level systems. This characterisation of

SAW resonators at low temperature strongly suggests that these acoustic devices can

be exploited in circuit quantum acoustodynamic architectures.

Some improvements can still be implemented:

1. The SAW resonators investigated in this thesis are 1-port resonators measured

in reflection. It would be interesting to fully characterise 2-port SAW resonators with

input/output IDTs placed outside the SAW cavity (in analogy with optical cavities).

Placing the IDTs outside the cavity would probably increase the internal quality factor

of the device (the transducer in the middle of 1-port SAWRs partly contributes to

energy losses and undesired reflections). However, this configuration would inevitably

lead to a strong correlation between the external and internal quality factor of the

resonator (they would both depend on the number of fingers in the gratings).

2. It would be interesting to measure several SAW resonators fabricated with

other materials, such as gold, niobium or titanium nitride, and compare these results

with resonators made of aluminium. For example, gold is expected to introduce more

losses due to its finite resistivity at base temperature. On the other hand, niobium

and titanium nitride have a higher critical temperature with respect to aluminium

and with these materials it would be possible to distinguish several temperature

dependent loss mechanisms, such as coupling to two-level systems and the creation

109



of quasi particles in the superconductor.

3. The circuit-QAD experiment presented in Chapter 6 has been performed with a

qubit embedded in a two-port SAW resonator. As discussed in Chapter 6, we believe

that the response of a 2-port resonator is partially affected by the presence of the

qubit in the middle of the cavity. This hypothesis could be validated by fabricating

and measuring a two-port resonator with the same geometry but without the qubit.

110



Table 4.1 | Device parameters. Parameters of the measured SAW resonators. For device p1,
the thickness of the aluminum layer is h = 100 nm and the geometric parameters are W = 600a,
Nt = 51 and Ng = 1500; for all other devices h = 30 nm, W = 400a, Nt = 71 and Ng = 1000.

Device a [nm] fm [GHz] d/2a Qe/103 Qi/103 Qifm/1014

p1 1500 0.52 1051 116 453 2.36

r1 250 3.11 109 24 8.8 0.27

r2 250 3.12 229 18 10.4 0.32

r3 250 3.11 429 98 18.8 0.62

r4 250 3.11 829 167 38.4 1.19

r5 250 3.10 1229 363 54.5 1.74

r6 250 3.09 1929 657 74.7 2.32

r7 250 3.09 2429 473 81.0 2.52

r8 250 3.10 2829 843 79.6 2.45

r9 250 3.11 3229 1230 103 3.18

r10 250 3.08 3629 927 109 3.23

q1 390 2.01 1929 242 171 3.43

q2 340 2.29 1929 499 126 2.88

q3 300 2.60 1929 174 108 2.81

q4 275 2.81 1929 232 78.8 2.21

q5 225 3.44 1929 445 47.3 1.63

q6 200 3.83 1929 358 41.0 1.57

q7 175 4.42 1929 528 40.2 1.78
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Chapter 5

Superconducting qubits on quartz
and diamond

Circuit quantum electrodynamics deals with the interaction
between light and matter on a chip.

This chapter presents the characterisation of superconducting qubits on quartz and

diamond, two key materials in the field of circuit QAD. This investigation has been

performed by embedding a transmon in a 3D aluminium cavity employed to excite

and read out the state of the qubit. We first show how the dispersive interaction

between the transmon and the cavity can be used to perform qubit spectroscopy.

We then present Rabi and Ramsey experiments to extract the coherence time of our

qubits.

5.1 Resonator spectroscopy

A systematic characterisation of a superconducting qubit dispersively coupled to

an electromagnetic resonator starts with a measurement of the transmission coefficient

of the cavity. Figure 5.1a shows the transmission coefficient of our 3D aluminium

cavity at base temperature measured at low powers. From this measurement we

can directly extract the qubit population. The qubit-state dependent transmission
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Figure 5.1 | 3D cavity transmission coefficient. a, Measured transmission coefficient |S21(f)|
of a 3D cavity at base temperature (blue points). The green curve is a fit to equation (5.1) with fit
parameters fr,0 = 11.234, Q = 3660 and pe/pg = 0.019. b, Same measurement as a function of RF
drive power.

coefficient of the 3D cavity can be written in the form:

Sj21(f) =
pj

1 + 2iQj(f − fr,j)/fr,j

,

where j labels the qubit states j = 0, 1, 2, . . . and the variable pj is related to the pop-

ulation of state j. If the qubit is found in several states in average, the transmission

coefficient can be written as a sum of terms:

S21(f) =
∑
j

Sj21(f). (5.1)

This behaviour can be easily recognised in Fig. 5.1a, where one main resonance is

visible at fr,0 = 11.234 GHz and another one is present at fr,1 = 11.219 GHz. By

fitting this frequency response with equation (5.1), we extract the ratio between the

excited and ground state populations pe/pg ≈ 0.019. This ratio can be exploited to

find the effective temperature Tq of our superconducting qubit by using the formula:

pe

pg

≈ exp

(
− ~ω01

kBTq

)
.

From this calculation, we find Tq ≈ 110 mK. This value is higher than the base

temperature of our dilution refrigerator Tbt ≈ 10 mK. This is probably due to the
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Figure 5.2 | Qubit spectroscopy. a, Qubit spectroscopy of a 3D quartz transmon. The graph
shows the voltage difference detected by the acquisition card as a function of qubit drive frequency.
The dip at 9.29 GHz corresponds to the first qubit transition f01. b, Qubit spectroscopy at high
qubit drive power. Two dips are clearly visible at 9.29 GHz and 9.05 GHz. They correspond to the
transitions f01 and f02/2, respectively. Note that the linewidth of the f02/2 transition is narrower
than the linewidth of the f01 transition because it originates from a two photon process.

fact that the sample is not perfectly thermalised. In addition, thermal noise coming

from the coaxial cables might increase the effective temperature of our qubit.

Figure 5.1b illustrates the power dependence of the cavity response. This measure-

ment clearly shows that at relatively high powers, the bare cavity resonance stands

at 11.21 GHz. In the high-power regime, the cavity is filled with so much energy that

the dispersive limit g
√
n̄ � |fg − fr| is no longer valid. As the power decreases, the

cavity resonance starts becoming highly non-linear and bistable [57]. When the power

is low enough such that the cavity is filled with an average of few photons 〈n̂〉 ≈ 1,

its frequency response becomes linear and symmetric around 11.23 GHz. This linear

behaviour establishes at Pin = −32 dBm. We set the cavity drive power to this value

in order to perform qubit spectrosopy.
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5.2 Qubit spectroscopy

In circuit-QED, qubit spectroscopy consists of the measurement of the qubit en-

ergy levels using a cavity as a readout component. The energy levels can be inferred

by measuring the change in the cavity transmission coefficient at resonance |S21(fr)|

as a second drive fd is swept across a defined frequency range. To perform this

measurement, two generators are connected to a common combiner, whose output is

connected to the input port of the 3D cavity. One generator produces a continuous

drive at fr so that the magnitude of the transmission coefficient at resonance |S21(fr)|

is constantly monitored (hereafter, this drive will referred to as the RF drive). At

the same time, the second generator produces a continuous drive with frequency fd,

which is swept across a wide range in steps of 1 MHz (from now on, this signal will

be called the qubit drive). When fd is far away from the qubit transition frequency

f01, the value of |S21(fr)| remains unchanged. However, when fd ≈ f01, the transmis-

sion coefficient |S21(fr)| significantly changes; this behaviour arises from the fact that

the cavity resonance shifts in frequency when the qubit gets excited as predicted by

the generalised Jaynes-Cummings hamiltonian in the dispersive regime1. Figure 5.2a

shows |S21(fr)| as a function of qubit drive: a dip, corresponding to the first qubit

energy level, is clearly visible at f01 = 9.29 GHz. This dip has the the form of a

Lorentzian with a finite linewidth γ, which is related to the qubit relaxation times T1,

T2 by the relation γ =
√

1/T 2
2 + 4Ω2T1/T2, where Ω is the Rabi rate. At low drive

powers Ω� 1, the linewidth of the qubit gives a rough estimate of its dephasing time

γ ≈ 1/T2. This parameter will be measured in a more accurate way with Ramsey

fringe experiments in Section 5.7.

1Note that depending on the external quality factor of the cavity, the signal-to-noise ratio of
qubit spectroscopy can be increased by measuring a change in phase of the transmission coefficient
arg [S21(fr)]. Ideally, an optimal quadrature should be calibrated and measured.
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Once the qubit transition frequency f01 has been located, we can perform qubit

spectroscopy at a higher qubit drive power as shown in Fig. 5.2b. In this figure, two

features are clearly visible, one corresponding to f01 and the other one to f02/2. The

second dip at f02/2 originates from two photon processes exciting the second energy

level of the transmon. This results in a narrow dip located at a lower frequency with

respect to f01 (recall that the anharmonicity of the transmon is negative). From

this measurement, we can extract the charging energy of the qubit2 EC = h(2f01 −

f02) = h× 480 MHz. Once EC has been determined, the Josephson energy EJ can be

derived from the equation EJ = (hf01 + EC)2 /8EC = h×24.8 GHz from which we can

compute the ratio EJ/EC = 51, indicating that our charge qubit is in the transmon

regime. Note that for an accurate measurement of f01 and f12, this characterisation

should be performed with drive powers that populate the cavity with less than a

photon on average so that the transition frequencies of the qubit are not Stark shifted

to lower values.

Qubit spectroscopy can also be performed using a pulsed scheme in which a pulsed

qubit drive is applied to the system followed by a long measurement pulse at the cavity

frequency. This scheme, however, is not strictly required for a first characterisation

of the qubit spectrum and continuous drives can equally be employed.

5.3 Number splitting

In the dispersive limit of circuit QED, the transition frequency f01 depends on the

number of photons populating the cavity in the following way:

f01(n̄) = f̃01 + 2χn̄,

2Strictly speaking, this equation is only valid in the limit EJ/EC � 1.
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Figure 5.3 |Number splitting. a, Qubit spectroscopy as a function of qubit drive power. b, Same
measurement performed around the f01 transition. Number splitting phenomena are recognisable.
c, Cut through data along the dashed line of panel b. The three dips at 9.29 GHz, 9.275 GHz and
9.26 GHz correspond to a cavity population of 1, 2 and 3 photons respectively.

where f̃01 is a normalised qubit frequency, χ is an effective dispersive shift and n̄ =

〈â†â〉 is the average number of photons populating the cavity. This equation indicates

that the qubit frequency is shifted by 2χ when the cavity contains one photon in

average (i.e. when 〈â†â〉 = 1).

Figure 5.3a shows a qubit spectroscopy experiment at different qubit drive pow-

ers. The spectroscopy is performed by measuring the cavity transmission coefficient

|S21(fr)| with a continuous RF drive that populates the cavity with a coherent electric

field. The expectation value of the number of photons inside the cavity 〈â†â〉 is given

by a Poissonian distribution with a mean value fixed by the RF drive power. Each

spectral line seen in Fig. 5.3b-c corresponds to a different number of photons inside

the cavity; this behaviour is known as number splitting. By measuring the frequency

spacing of adjacent lines, we can estimate the effective dispersive shift χ = 7.6 MHz,
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from which we can derive the coupling strength:

g =

√∣∣∣∣χ∆(∆− EC/h)

EC/h

∣∣∣∣ = 195 MHz,

where ∆ = |f01 − fr| is the frequency detuning.

5.4 Single qubit gates and coherence

At temperatures T � hf01/kB, thermal excitations are highly suppressed and the

qubit is in its quantum mechanical ground state. When an external drive fd is applied

to the qubit such that fd ≈ f01, the qubit state starts oscillating between the ground

and excited state. This behaviour can be appreciated by looking at the Hamiltonian

of the driven system. Let us assume that the drive is capacitively coupled to the qubit

through a gate capacitance Cg and it has the form Vd = A(t) cos (ωdt+ ϕ) where A(t)

can be either a square or gaussian modulation envelope of few nanoseconds duration.

We are now going to show that the external drive will induce rotations around the x, y

and z axis of the Bloch sphere depending on the values of ωd and ϕ. The Hamiltonian

of our system (transmon + RF drive) is given by:

Ĥtr + Ĥd = 4EC

(
n̂− CgVd

2e

)2

+
1

2
EJφ̂

2 − EJ

24
φ̂4 =

= ~ωq

(
b̂†b̂+

1

2

)
− EC

12

(
6b̂†b̂b̂†b̂+ 6b̂†b̂+ 3

)
︸ ︷︷ ︸

Ĥtr

−2eβVdn̂︸ ︷︷ ︸
Ĥd

,

where we have dropped a constant term proportional to (CgVg/2e)
2, we have defined

β = Cg/C and we have introduced the annihilation and creation operators:

n̂ = − i√
2

(
EJ

8EC

)1/4 (
b̂− b̂†

)
φ̂ =

1√
2

(
8EC
EJ

)1/4 (
b̂+ b̂†

)
.

Substituting the expression of Vd and n̂ into the drive Hamiltonian Ĥd, we obtain:

Ĥd = i~Ω(t) cos (ωdt+ φ)
(
b̂− b̂†

)
,
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where Ω(t) =
√

2eβA(t) (EJ/8EC)1/4 /~ is called the Rabi rate. Note that the Rabi

rate is proportional to the amplitude of the microwave drive Ω(t)∝A(t). We can ex-

press the system Hamiltonian in the rotating frame by performing the transformation

R̂ = eiωdtb̂
†b̂. In the rotating frame, the system Hamiltonian reads3:

Ĥ′tr + Ĥ′d = R̂ĤR̂−1 − i~R̂ ˆ̇R−1 =

= ~ (ωq − ωd) b̂†b̂+
~α
2

(
b̂†b̂b̂†b̂+ b̂†b̂

)
+

+i~Ω(t) cos (ωdt+ ϕ)
(
be−iωdt − b̂†eiωdt

)
,

where α = −EC/~ is the transmon anharmonicity. If we now calculate the product

between the cosine and the exponentials inside the brackets, we finally find:

Ĥ′tr + Ĥ′d = ~ (ωq − ωd) b̂†b̂+
~α
2

(
b̂†b̂b̂†b̂+ b̂†b̂

)
+

+
~Ω(t)

2

[
cosϕ

(
−ib̂† + ib̂

)
− sinϕ

(
b̂+ b̂†

)]
where we have dropped terms rotating at 2ωd (this is the so-called rotating wave

approximation). It is possible to map the fermionic operators b̂, b̂† onto the Pauli

matrices:

b̂†b̂←→ I + σ̂z
2

(
−ib̂† + ib̂

)
←→ σ̂y

(
b̂+ b̂†

)
←→ σ̂x.

Making these substitutions, we have:

Ĥ′tr + Ĥ′d =
~(ωq − ωd + α)

2
σ̂z +

~Ω(t) cosϕ

2
σ̂y −

~Ω(t) sinϕ

2
σ̂x =

=
~Ωz(t)

2
σ̂z +

~Ωy(t)

2
σ̂y +

~Ωx(t)

2
σ̂x, (5.2)

where in the last step we defined Ωz(t) = ωq − ωd + α, Ωy(t) = Ω(t) cosϕ, Ωx(t) =

−Ω(t) sinϕ. By tuning the values of ϕ and ωd, it is possible to implement the desired

3Use the Baker-Campbell-Hausdorff formula eαÂB̂e−αÂ = B̂+α
[
Â, B̂

]
+ α2

2!

[
Â,
[
Â, B̂

]]
+ ... to

perform this rotation.
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single qubit gate. In particular, equation (5.2) indicates that a detuning between the

drive and the qubit frequency generates rotations around the z axis. The quadratures

of the drive, instead, induce rotations around the x and y axis, making the qubit

state oscillate between the ground and excited state. This phenomenon is called Rabi

oscillation.

The most important single qubit gates are the NOT gate and the Hadamard gate.

These gates are implemented by applying a pulse to the qubit for a specific amount

of time. This follows from the fact that the total rotation angle of the qubit state

is determined by the area under the microwave pulse
∫ t0

0
Ω(t)dt. By adjusting the

amplitude and length of the pulse, we can implement a π/2 rotation around the x

axis (similar to an Hadamard gate) or a π rotation (NOT gate):

Hadamard gate: |g〉 → |g〉+ |e〉√
2

π/2 pulse
(
t0 =

π

2Ω

)
X gate: |g〉 → |e〉 π pulse

(
t0 =

π

Ω

)
.

These single qubit gates are a crucial part of any quantum computation.

5.5 Rabi oscillations

When a transmon is subject to a microwave pulse in resonance with the qubit

frequency, its state starts rotating around the x axis of the Bloch sphere with Rabi

frequency Ω/2π and it keeps on rotating as long as the qubit drive is on. Immediately

after the pulse ends, the probability pg of finding the qubit in the ground state is

related to the pulse duration t0 by the following relation [2]:

pg(t0) =
1

2
+

1

2
cos

(
Ωt0
2

)
exp [−t0(3Γ1 + 2Γφ)/4], (5.3)

where Γ1, Γφ are the longitudinal and dephasing rates respectively and will be dis-

cussed later. Equation (5.3) indicates that the qubit state oscillates between the
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Figure 5.4 | Rabi oscillations. a, Pulse scheme implemented to measure Rabi oscillations. A
Rabi pulse at the qubit frequency is followed by a long readout pulse at the cavity frequency. Both of
the two pulses have a square modulation. The duration of the Rabi pulse is t0. b, Rabi oscillations
(blue points) and fit function (green curve) based on equation (5.3). c, Rabi oscillations as a function
of qubit drive power. The frequency of the Rabi oscillations clearly increases as the power increases.
d, Rate of the Rabi oscillations as a function of the qubit drive amplitude (blue points) and linear
fit (green line).

ground and excited state and it eventually decays to an equilibrium value.

The measurement of Rabi oscillations is performed by applying a pulse to the

qubit with varying length t0, followed by a long readout pulse in resonance with the

cavity, as depicted in Fig. 5.4a. This readout pulse is employed to determine the

cavity frequency and thus infer the state of the qubit after the pulse. The experiment

is averaged thousands of times until the graph shown in Fig. 5.4b is obtained. Fig-

ure 5.4c shows the same measurement at different qubit drive powers; we can clearly

see that the Rabi oscillation rate increases as the power of the pulse increases. From

this measurement we can extract the rate of the Rabi oscillations and plot it as a

function of the drive amplitude (see Fig. 5.4d). As expected, there is a linear depen-

dence between these two variables. Once Rabi oscillations have been observed, the
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power and length of the drive pulse can be finely adjusted in order to implement π

and π/2 pulses.

5.6 Longitudinal and transverse relaxation rates

In this section, we introduce the concept of qubit relaxation rate. For simplicity,

we are going to approximate the transmon as a two-level system and we shall study

its dynamics in the Bloch sphere when subject to a periodic drive. The Hamiltonian

of the system can be written as:

Ĥq + Ĥd =
~ωq

2
σ̂z +

~Ω

2
cos(ωdt)σ̂x,

where ωq is the qubit angular frequency and ωd is the angular frequency of the external

continuous drive. In the following, we consider a drive in resonance with the qubit

ωd = ωq. In the interaction picture, the dynamics of the qubit is given by the Von

Neumann equation:

ρ̇ =
1

i~

[
Ĥd, ρ

]
= −iΩ(t) (σ̂xρ− ρσ̂x) ,

where Ω(t) = Ω cos(ωdt). The expectation values of the derivative of the Pauli ma-

trices are given by:

〈
˙̂σx

〉
= Tr[ρ̇σ̂x] = −iΩ(t)Tr [σ̂xρσ̂x − ρσ̂xσ̂x] = 0〈

˙̂σy

〉
= Tr[ρ̇σ̂y] = −iΩ(t)Tr [σ̂xρσ̂y − ρσ̂xσ̂y] = −Ω 〈σ̂z〉〈

˙̂σz

〉
= Tr[ρ̇σ̂z] = −iΩ(t)Tr [σ̂xρσ̂z − ρσ̂xσ̂z] = +Ω 〈σ̂y〉

If we introduce the Bloch vector R = (〈σ̂x〉 , 〈σ̂y〉 , 〈σ̂z〉)T , these relations can be

written in a more compact form as:

Ṙ (t) =

 Ṙ1

Ṙ2

Ṙ3

 = Ω(t)×R(t) =

 0
−Ω(t)R3

+Ω(t)R2

 ,
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where Ω(t) = (Ω(t), 0, 0)T . These are called Bloch equations.

Within the Bloch-Redfield picture, we can consider an environment weakly cou-

pled to the two-level system. Due to the interaction with the environment, the dy-

namics of the qubit is affected in the following way:

Ṙ1 = −Γ2R1

Ṙ2 = −Ω(t)R3 − Γ2R2

Ṙ3 = +Ω(t)R2 − Γ1(R3 −Req),

where we have introduced the longitudinal and transverse relaxation rates Γ1, Γ2

and Req is the thermal equilibrium value of the qubit population. The longitudinal

relaxation rate Γ1 describes a depolarisation mechanism along the qubit quantisation

axis and can be written as the sum of two terms:

Γ1 =
1

T1

= Γ1↑ + Γ1↓, (5.4)

where Γ1↑ (Γ1↓) indicates the rate at which the qubit goes from the ground to excited

state (and viceversa) due to the environment and T1 is usually called longitudinal

relaxation time. Since superconducting qubits are measured in the regime T �

~ωq/kB, the up rate Γ1↑ is exponentially suppressed. An estimate of the down rate

Γ1↓ can be obtained by modelling the qubit as an electric dipole and studying the

energy irradiated per unit time [43]. On the other hand, the transverse rate Γ2 is the

sum of two terms:

Γ2 =
1

T2

=
Γ1

2
+ Γφ, (5.5)

where Γφ is the dephasing rate, i.e. a blurring of the relative phase in a quantum

superposition state. The origin of qubit dephasing can be related to fluctuations

of the qubit transition frequency due to its coupling with the environment. In the
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function of delay time ∆t (blue points). The green curve is a fit to Eq. 5.6.

transmon regime, the dominant contribution to changes in the qubit frequency are

fluctuations of the critical current [43].

5.7 Measurements of T1 and T2

The longitudinal relaxation time T1 is measured by promoting the qubit to the

excited state and measuring its relaxation to the ground state. The pulse scheme

(see Fig. 5.5a) comprises a π pulse followed by a long readout pulse delayed by ∆t.

This measurement is usually called inversion recovery. Figure 5.5b shows the cavity

transmission coefficient at resonance |S21(fr)| as a function of delay time ∆t. This

graph clearly shows an exponential decay. By fitting the curve with a simple model

pe(t) = A+Be−t/T1 , (5.6)

we can extract the longitudinal relaxation time of our superconducting qubit T1 =

0.6µs. Here, A represents an offset and B a scaling factor.

The value of the transverse relaxation time T ∗2 can be extracted by performing

a Ramsey fringe experiment. This measurement consists of applying two π/2 pulses

detuned by few MHz from the qubit frequency and separated by a time interval ∆t

as shown in Fig. 5.5a. The first π/2 pulse rotates the qubit state around the x axis of
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the Bloch sphere and brings it to a balanced superposition state. In addition, since

this pulse is slightly detuned from the qubit frequency, the qubit state starts rotating

around the z axis of the Bloch sphere with frequency δd = |fd − fq|. The second

π/2 pulse rotates the qubit state around the x axis. Depending on the amount of

time between the two pulses, the second pulse brings the qubit state back to the

ground state (this happens when ∆t = n/δd) or to the excited state (this takes place

when ∆t = 1/2δd + n/δd) leading to the oscillations shown in Fig. 5.6b. The fitted

exponentially decaying envelope of these oscillations gives the transverse relaxation

time according to the fit function:

pe(∆t) = A cos (δd∆t)e−∆t/T ∗2 . (5.7)

For our quartz transmon, we find T ∗2 = 1.18µs.

Similar experiments have been performed with a transmon qubit on diamond

embedded in a 3D cavity. The extracted coherence time of this qubit was found to be

T1 = 0.6µs, T ∗2 = 0.53µs. The main parameters of the quartz and diamond qubits are

summarised in Table 5.1. Note that the values of T1 values are not Purcell limited4.

4When a quantum system with discrete energy levels is placed inside a cavity, its spontaneous
emission rate from upper to lower levels is altered. This effect is known as Purcell effect. In circuit-
QED, when the qubit frequency is close to the resonator frequency, the decay rate Γ1 significantly
increases.
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Table 5.1 | Measured parameters of the 3D quartz and diamond transmons.

quartz diamond

fr [GHz] 11.17 11.54

f01 [GHz] 9.29 8.12

f02/2 [GHz] 9.05 7.89

α [MHz] -480 -460

EJ/EC 51 43

T1 [µs] 0.6 0.6

T ∗2 [µs] 1.18 0.53

In fact, theory predicts that the upper bound for T1 due to the Purcell effect is:

TPurcell
1 =

(g/∆)2

k
, (5.8)

where k is the cavity linewidth. For the quartz qubit, we find TPurcell
1 ≈ 32µs well

above the measured value.

5.8 Conclusions

In this chapter, we have presented measurements of superconducting qubits on two

new substrates: quartz and diamond. These measurements have been performed by

dispersively coupling transmon qubits to 3D cavities. The cavity has been employed

as readout component of the qubit state. We found that the dephasing time of the

quartz transmon is T1 limited. On the other hand, the values of T1 are not Purcell

limited. Both the quartz and diamond qubit have coherence times of the order of

1µs.

From this preliminary characterisation, it is too early to draw definitive conclu-

sions about the origin of the qubit decoherence: several devices with different fre-
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quencies should be measured and compared. The short lifetime of the quartz qubit

might be attributed to the piezoelectricity of this material: the electric field across

the transmon capacitance can, in principle, couple to bulk modes and limit the over-

all coherence. However, an accurate FEM simulation would be necessary to fully

understand this mechanism.

Our measurements suggest that the coherence time of superconducting qubits on

these substrates are long enough to proceed to to couple them to SAW resonators.
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Chapter 6

Circuit quantum acoustodynamics
with surface acoustic waves

Circuit quantum acoustodynamics deals with the
interaction between sound and matter on a chip.

6.1 Introduction

In this chapter, we present measurements of a device in which a tuneable transmon

qubit [43] is piezoelectrically coupled to a surface acoustic wave cavity, displaying a

surface acoustic version of cavity QED which we coin circuit quantum acoustodynam-

ics (QAD). Unlike the SAWRs discussed in previous chapters of this thesis, the SAW

cavity used for this experiment contains two IDTS for transmission measurements.

The coupling between the transmon and the SAW cavity is probed in different ways.

First, we measure the frequency shift of the acoustic mode as the qubit is flux tuned.

Secondly, we measure the acoustic Stark shift of the qubit due to the population

of the mechanical resonator and we observe a preferential coupling of the qubit to

one longitudinal mode of the acoustic cavity. From these measurements, we extract

the coupling and we show that it is in agreement with theoretical expectations. In

order to demonstrate the possibility of controlling the device in the time domain, we
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demonstrate a time delayed Stark shift made possible by the slow travel of the wave.

We also present spectroscopic measurements of the qubit via the Stark shift of the

acoustic cavity, indicating that SAWRs can, in principle, be adopted as an alternative

qubit readout scheme in quantum information processors.

We also present preliminary measurements of a similar device fabricated on Si/

diamond/AlN. This device comprises a tuneable transmon piezoelectrically coupled to

a two-port SAWR with a working frequency of 3.15 GHz. Due to the high frequency

of the SAW cavity, direct interaction between the acoustic system and the qubit is

observed. We also present spectroscopic measurements of the qubit performed with

the acoustic cavity and we show measurements of the acoustic Stark shift of the qubit

measured via the SAWR. These measurements indicate that strong coupling circuit

QAD can be realised with acoustic cavities based on SAW.

The main results of this chapter can be found in reference [51]. In the same

year, similar quantum acoustic experiments were performed by other research groups

[11, 21, 60, 65, 67].

6.2 Description of the device

In Fig. 6.1, we present a schematic of our measured device consisting of a tuneable

transmon embedded in a 2-port SAW resonator. The acoustic resonator has two

interdigitated transducers (IDTs) and two gratings. Each IDT is an interdigitated

capacitance with Nt = 51 fingers. The periodicity of the transducers is λ0 = 6µm

and their horizontal length is Lt = (2Nt−1)λ0/4 = 151.5µm. One bus bar of the IDT

is grounded whereas the opposite one is connected to a waveguide. As regards the

gratings, they consist of Ng = 400 shorted metallic strips connected to ground with

a periodicity of λ0/2. The horizontal length of each grating is Lg = (2Ng − 1)λ0/4 =
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Figure 6.1 | Schematic of a transmon qubit embedded in a 2-port SAW resonator. The
2-port SAW resonator consists of two IDTs and two gratings. The tuneable qubit is formed by a
SQUID shunted by an interdigitated capacitance. Due to limited space, the device represented in
this figure is not to scale and the number of fingers in the qubit, IDTs and gratings has been reduced
with respect to the real device (see text for further details).

1198.5µm. In the remainder, we will call the left and right transducers IDT1 and

IDT2 respectively. An analogous nomenclature is adopted for the gratings.

For optimal reflection, the minimal distance between IDT1 and grating1 must

satisfy the relation d1 = (n1/2− 1/4)λ0−λ0/8, where n1 ∈ N+ [24]. To minimise the

cavity length we opted for n1 = 3, leading to d1 = 6.75µm (a lower value of n1 might

have caused some fabrication issues). The distance d4 between IDT2 and grating2

is the same as d1. Finally, the minimal distance between the two IDTs satisfies

the relation ∆0 = (n2 − 3/4)λ0 where n2 ∈ N+. The value of n2 can be chosen

by considering the following. From previous experiments, it has been noted that

the internal quality factor of a SAW resonator increases as the distance between the

two gratings increases (see Section 4.2). It has also been observed that the number of

longitudinal modes supported by the acoustic cavity increases with increasing distance

between the two gratings (see Section 4.2). Lastly, the coupling between the qubit and

the SAWR is inversely proportional to the square root of the acoustic cavity area (see

Section 6.4). For a better coherence, we aimed at having an internal quality factor as

high as possible; at the same time, we wanted to maximise the acoustic coupling and
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we wanted our cavity to support a small number of longitudinal modes. For these

reasons, we have set n2 to the reasonable value of 158 and therefore ∆0 = 943.5µm.

As we shall see later, our acoustic cavity supports three longitudinal modes separated

by about 1 MHz.

The tuneable transmon is placed in the middle of the acoustic cavity. It consists

of a 4× 4.57µm2 SQUID shunted by an interdigitated capacitance. The capacitance

of the qubit resembles a transducer itself: it consists of Nq = 30 fingers with one ad-

ditional central finger connecting the two electrodes of the capacitance (see Fig. 6.1).

The interdigitated structure of the qubit capacitance has the same periodicity as the

IDTs. Unlike the acoustic components, the qubit is neither directly connected to

ground nor to any other waveguide: it is simply capacitively coupled to ground and

to an auxiliary 5.85 GHz CPWR employed for independent dispersive qubit readout

[93].

The length of the fingers in the IDTs and qubit is denoted by W . A large value

of W would considerably decrease diffraction losses (see Section 4.1); at the same

time, a small value of W would decrease the acoustic cavity area and increase the

acoustic coupling (see Section 6.4). A tradeoff between these two considerations leads

us to W = 11.66λ0 = 70µm. Note that at low temperatures, the device undergoes a

non-isotropic contraction and the distances between, as well as the dimensions of the

acoustic components may vary on the order of tens of nanometers.

Figure 6.2 shows an optical image of the measured device and its equivalent circuit.

It has been fabricated on ST-X quartz, which has a SAW speed of vf ≈ 3158 m/s

at room temperature. The ground planes, alignment marks and waveguides were

patterned with standard photolithographic techniques. These 100 nm thick metallic

structures were deposited with our home-made electron-beam evaporator. The SAWR
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Figure 6.2 | Circuit quantum acoustodynamics device. a, Optical image of the measured de-
vice. In the centre of the chip, a transmon is embedded in a SAW cavity. A coplanar waveguide
resonator (CPWR) is coupled to the transmon and measured via port 3. The SAW cavity is probed
via two interdigitated transducers (IDTs) connected to ports 1 and 2. b, Close-up image showing
the transmon qubit and SAW IDTs in between the two Bragg gratings that form the SAW cavity. c,
Equivalent electrical circuit of the device incorporating a spatial schematic of the SAW cavity. The
geometrical parameters λ0, d and Lc denote the wavelength, the distance between the two Bragg
gratings, and the effective length of the cavity, respectively.

and the qubit were patterned together in a second electron-beam lithography step.

The 200 × 200 nm2 junctions were fabricated with the usual Dolan bridge technique

and with a double angle evaporation in the following way: firstly 30 nm of aluminium
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was deposited, followed by an in-situ oxidation step and a second deposition of 60 nm

of aluminium. The overall height of the qubit and SAWR is therefore 90 nm.

The microchip was bonded onto a circuit board, placed inside a home-made

oxygen-free copper sample holder and mechanically anchored to the 10 mK plate of

the dilution refrigerator (Triton200, Oxford Instruments). The microwave line con-

necting the CPWR to the external instrumentation is highly attenuated by means of

three −20 dBm attenuators. The measured attenuation of this line is −67 dB. The

reflected signal coming from the CPWR passes through two 4-8 GHz circulators and

reaches a 1-12 GHz HEMT cold amplifier. The signal is then amplified, downcon-

verted and acquired with an analog-to-digital converter at room temperature. The

lines connecting IDT1 and IDT2 to the VNA have an estimated overall attenuation

of −16 dB. These lines are amplified with room temperature microwave components.

All measurements presented hereafter have been performed at the base temperature

of our dilution refrigerator. For more details on our experimental setup, see Chapter

3.

6.3 SAW cavity characterisation

We performed a preliminary characterisation of the acoustic cavity by measur-

ing its transmission coefficient S21 in the frequency domain as shown in Fig. 6.3a.

Three mechanical modes are seen at fm1 = 522.83 MHz, fm2 = 523.435 MHz and

fm3 = 524.58 MHz. Assuming that fm2 is the central resonance, we can extract an

effective speed of sound of ve = λ0× fm2 = 3140.6 m/s. The slight difference between

ve and the textbook room temperature value vf = 3158 m/s may be due to slight de-

vice asymmetry and/or stiffness tensor changes or crystal contraction at millikelvin

temperatures. Finally, note that these SAW modes are not in their ground state,
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Figure 6.3 | SAW cavity response. a, Normalised linear magnitude of the measured transmis-
sion coefficient S21 of the 2-port SAWR (blue solid line). The transmitted signal has been acquired
with a vector network analyser with input power set at −30 dBm. b, Time resolved measurement of
the 2-port SAWR. This measurement has been performed by applying a 800 ns . 2Lc/ve electrical
pulse to IDT1 and acquiring the output signal from IDT2. The graph shows the voltage difference
at the input of the acquisition card. The green curve is a fit to equation 6.1.

due to the mode frequencies fmi . kBT/h and low-attenuation connections to room

temperature1.

The acoustic nature of the observed resonant modes can be further tested by

measuring the device response to a short coherent drive pulse (see Fig. 6.3b). An

exponentially decaying train of pulses is clearly observed in the response, consistent

with the applied 800 ns pulse reflecting back and forth between the mirrors of the

cavity. The response of the cavity can be described with an heuristic model, in which

a train of pulses is modulated by an exponential decay:

S21(t) = A

∣∣∣∣ sin [π(t− t0)

∆t

] ∣∣∣∣ e−(t−t0)/2τ , (6.1)

where A is a scaling factor, t0 is a time offset, τ is a decay constant and ∆t is

the time interval separating adjacent peaks. The decay time of the pulses (i.e. the

1The circuit QAD diamond device, that we are going to present at the end of this chapter,
exhibits SAW modes fmi satisfying the quantum condition hfmi � kBT .
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lifetime of phonons in the SAW cavity) is τ ≈ 2.4µs. The pulses measured in the

response are separated by ∆t = 870 ns, consistent with a cavity length of Lc =

ve∆t/2 ≈ 1365µm. As expected, the cavity length is slightly longer than the distance

between the two gratings d = 1260µm. This is consistent with the fact that SAWs

slightly penetrate into the gratings by an amount Lp = (Lc− d)/2 = 55µm (this is a

distributed reflection with an effective plane of reflection slightly inside the grating).

The reflectivity |rs| of each finger in the grating can be easily obtained from the

relation 4|rs|Lp = λ0 tanh(|rs|Ng), whence rs = |0.0273|, which is higher than the one

obtained for high frequency SAW devices in Section 4.2.

The frequency spacing of adjacent modes (the free spectral range) of the cavity is

also consistent with the same cavity length, Lc = ve/2 |fm2 − fm3| ≈ 1365µm, where

we have used the two higher-quality modes fm2 and fm3. Note however that fm1

is slightly closer in frequency to fm2. This asymmetric behaviour in the frequency

domain may be due to the fact that the grating stopband does not perfectly coincide

with the resonance frequency of the IDTs [90].

We have also measured our SAWR in reflection. In Fig. 6.4a-c we present the

measured reflection coefficient S11(f) around the three longitudinal modes fm1, fm2

and fm3. Close to resonance, the SAWR can be modelled with an RLC equivalent

circuit. According to this model, the analytical expression for the reflection coefficient

takes the form:

S11 (f) =
(Qm,e −Qm,i) /Qm,e + 2iQm,i (f − fm) /f

(Qm,e +Qm,i) /Qm,e + 2iQm,i (f − fm) /f
. (6.2)

Here Qm,i is the internal quality factor of the mechanical mode and Qm,e is the external

quality factor due to the presence of the IDT and the measurement port. From a

fit to the experimental data, we find Qm1,i = 4830, Qm2,i = 7020, Qm3,i = 7600,
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Figure 6.4 | Reflection coefficient of the 2-port SAWR and CPWR. a-c, Magnitude (blue)
and phase (green) of the measured reflection coefficient S11(f) of the longitudinal modes fm1, fm2

and fm3. Solid lines are a fit to equation (6.2). d, Magnitude (blue) and phase (green) of the
measured reflection coefficient S11(f) of the CPWR mode fr. Solid lines are a fit to equation (6.2).
A background due to the measurement setup has been subtracted in all these frequency responses.

Qm1,e = 2.34× 106, Qm2,e = 1.33× 106, and Qm3,e = 2.33× 106. In terms of loss rate,

these values can be expressed as κm1 = 108 kHz, κm2 = 75 kHz and κm3 = 69 kHz.

For completeness, we also report the measured reflection coefficient of the CPWR

in Fig. 6.4d. Its resonance frequency depends on its length Lr and the effective

dielectric constant of the substrate εeff in the following way: fr = c/2Lr
√
εeff, where

Lr = 14100µm, and εeff ≈ 3.3 for quartz. By fitting the CPWR response in the

frequency domain, we obtain Qm2,i = 3240 and Qm3,e = 3630. In terms of loss rate,

these values can be expressed as κr = 3.41 MHz.

6.4 Coupling strength between a charge qubit and

a SAW cavity

When a surface perturbation on a piezoelectric crystal travels through an inter-

digitated capacitor with the same periodicity as the incoming wave, the capacitor

develops an oscillating voltage on its electrodes. This phenomenon can be exploited

to couple a surface acoustic wave to a transmon with a suitably shaped capacitance.
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The coupling strength between a transmon and a SAW cavity can be calculated by

considering the charge q and the potential difference V0 generated by a single phonon

on the electrodes of the transmon. Let us first derive the potential difference V0. The

zero-point mechanical motion associated with a single phonon inside a SAW cavity

is:

U0 =

√
~

2ρAcve

, (6.3)

where A = W×Lc = 95900µm2 is the area of the acoustic cavity and ρ = 2647 kg/m3

is the quartz mass density. From the zero-point mechanical motion, we can easily

derive the value of the zero-point electric potential [83]:

φ0 ≈
epz

ε
U0 =

epz

ε

√
~

2ρAcve

, (6.4)

where ε is the permittivity of the substrate and epz is a component of the quartz

piezoelectric tensor which depends on the propagation direction (for ST-X quartz

[62], epz/ε ≈ 2.0 V/nm). As mentioned earlier, the transmon capacitance responds in

a more effective way to waves sharing the same periodicity as its structure. Hence,

the electric potential φ0 has to be scaled according to the following normalised array

factor [62]:

A(f) =

∣∣∣∣sin [Nqπ(f − f0)/2f0]

Nqπ(f − f0)/2f0

∣∣∣∣ . (6.5)

Note that for f = f0, A(f) = 1. The potential difference is thus V0 = φ0A(f). As

regards the charge generated by the surface acoustic wave on the transmon electrodes,

its value is given by

q̂ = 2eβn̂

where 2e is the charge of a Cooper pair, β is a prefactor, |j〉 is an eigenstate of the

transmon and n̂ is a quantum operator indicating the number of Cooper pairs in
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excess (or deficit) on the superconducting island. To calculate the coupling in the

transmon eigenbasis, we need the matrix element [43]

〈j + 1|q̂|j〉 = 2eβ〈j + 1|n̂|j〉 ≈ 2eβ

√
j + 1

2

(
EJ(φ)

8EC

)1/4

.

For the first two levels of the transmon, we have 〈1|q̂|0〉 ≈ eβ (EJ(φ)/2EC)1/4. It

remains to calculate the prefactor β. This parameter originates from the fact that

not all of the charge generated by the surface acoustic wave will be localised on the

transmon capacitance: part of it will be distributed on the gate capacitance C2, on

the junction capacitance CJ, and on strain capacitances Cs to ground planes and

other metallic components of the chip. Hence

β =
Cq

C2 + Cs + CJ + Cq

=
Cq

CΣ

.

where Cq = WNqε/2 is the capacitance of the qubit interdigitated structure. The

coupling strength between a transmon and a SAW cavity can be written as follows:

λ(φ, f) =
〈1|q̂|0〉V0

h
≈ 2e

h
β〈1|n̂|0〉φ0A(f) =

=
eβ

h

(
EJ(φ)

2EC

)1/4

φ0A(f),

where the value of EJ(φ) depends on the qubit frequency in the following way EJ(φ) =

[hfq(φ) +EC]2/8EC. Substituting values related to our device and assuming that the

frequency of the qubit is fq = 2.52 GHz and approximating β ≈ 1 and A(f) ≈ 1, we

have:

λ ≈ e

h

(
3.4 [GHz]

2.0× 0.31 [GHz]

)1/4

2

[
nV

m

]√
~

2× 2647 [kg/m3]× 95900 [µm2]× 3140.6 [m/s]
=

= 6.0 MHz.

This value provides an estimate of the maximum coupling attainable between a su-

perconducting qubit and a SAW cavity in our experiment.
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Figure 6.5 | Flux dependent acoustic shift. a, Qubit spectroscopy performed with the CPWR
as a function of reduced magnetic flux. The red dashed line is a fit to equation (6.7) and indicates
the qubit transition frequency fq(Φ). The white dashed line, with analytical form fq(Φ)/2, denotes
an excitation of the qubit via a two photon process. b, Measured resonance frequency of the acoustic
mode fm2 as a function of reduced flux at fixed SAW drive power of −80 dBm (blue points) and
numerical model based on equation (6.6) (green solid curve).

6.5 SAW resonance as a function of flux

Having characterised the SAW cavity, we now proceed to examine its interaction

with the superconducting qubit, a flux-tuneable transmon. An appropriate quantum-

mechanical description of this system (including the readout CPWR) is the gener-

alized Jaynes-Cummings Hamiltonian of two resonators both coupled to the same

transmon qubit (for reasons that shall become clear, we will only consider the central

acoustic mode at fm2, which we hereafter refer to as the SAW resonator, SAWR):

Ĥ/h =
∑
j

fj(Φ)|j〉〈j|+ frâ
†â+ fm2b̂

†b̂+

+
∑
i,j

[
gij(Φ)|i〉〈j|

(
â+ â†

)
+ λm2,ij(Φ)|i〉〈j|(b̂+ b̂†)

]
, (6.6)

139



where fj(Φ) are the flux dependent transmon transition frequencies, fr = 5.83 GHz is

the CPWR frequency, â (â†) and b̂ (b̂†) are the annihilation (creation) operators of the

microwave cavity and of the mechanical resonator, respectively, and gij(Φ) [λm2,ij(Φ)]

is the coupling strength between the qubit and the CPWR (SAWR). Hereafter, we

shall denote the coupling strength between the CPWR (SAWR) and the first energy

level of the qubit simply by g (λm2). The transition frequency fq between the first

two energy levels of the qubit is tuned by applying an external magnetic flux Φ to its

superconducting loop, and its value is given by:

hfq(Φ) =
√

8ECEJ0 cos |πΦ/Φ0| − EC, (6.7)

where Φ0 = h/2e is the magnetic flux quantum, and EC = h × 0.31 GHz, EJ0 =

h×10.7 GHz are the Coulomb and maximum Josephson energy of the qubit (obtained

from standard qubit spectroscopy). The electrical coupling between the CPWR and

the qubit mainly originates from the capacitance C2 shown in Fig. 6.1b. The acoustic

coupling is instead due to the potential difference generated by the acoustic wave on

the electrodes of the qubit as explained in Section 6.4. For convenience, we report

here its analytical form:

λm2(Φ, f) =
e

h

Cq

CΣ

(
EJ(Φ)

2EC

)1/4
epz

ε

√
~

2ρAcve

A(f), (6.8)

where e is the electron charge, Cq and CΣ are the qubit capacitance and the total

capacitance seen by the qubit respectively, epz is the piezoelectric coupling coefficient,

ε is the substrate permittivity, ρ is the substrate mass density, Ac is the acoustic cavity

area, and A(f) is a normalized array factor.

As a first probe of the interaction between the qubit and the SAW mode, we

measure both the frequency of the qubit (via the CPWR) and the acoustic mode fm2

as a function of magnetic flux Φ (see Fig. 6.5). The qubit frequency (see Fig. 6.5a) fits
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well to equation (6.7), while the SAW mode frequency (see Fig. 6.5b) also shows a flux

dependence with the same periodicity. By fitting the experimental curve of Fig. 6.5b

with a QuTiP2 numerical model [41] based on equation (6.6), we can extract the value

of the acoustic coupling and we find λm2 = 5.7 ± 0.5 MHz at fq = 2.52 GHz, which

is in good agreement with an estimate based on equation (6.8), λm2 = 6.0 MHz. In

our simulation, the transmon coupling strengths and level spacings are calculated by

diagonalising the Hamiltonian for a Cooper-pair box including many charge states

[43]. The free parameters of the model are the coupling strength λm2, the asymmetry

of the critical currents of the two Josephson junctions [dsym = (Ic1 − Ic2)/(Ic1 +

Ic2) = 0.09] and the effective temperature of the device (T = 85 mK). The additional

SAW modes at fm1 and fm3 do not show any detectable flux dependence. This is

in agreement with the expectation that these modes are antisymmetric with respect

to the center of the cavity, whereas the central mode fm2 and the qubit transducer

geometry are both symmetric.

6.6 Acoustic Stark shift of the qubit

A second method to investigate the acoustic coupling between the qubit and the

SAW is to measure the AC Stark shift between the two systems in the far-detuned

limit (see Fig. 6.4), in which the Hamiltonian of the SAW-qubit system becomes:

Ĥdisp/h ≈ fm2b̂
†b̂+

1

2

(
fq + 2χb̂†b̂+ χ

)
σ̂z, (6.9)

where σ̂z is a Pauli operator and we have approximated the transmon as a two-level

system for simplicity. We first set the magnetic flux such that the qubit frequency is

fq = 3.29 GHz, and the qubit-SAW detuning is ∆ = 2.77 GHz� λm2. In Fig. 6.6a-b,

we show the qubit frequency shift as a function of SAW drive frequency close to the

2This model has been developed in collaboration with A. F. Kockum.
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Figure 6.6 | Acoustic Stark shift. a-b, Qubit frequency as a function of SAW drive at two
different powers: −74 dBm (a) and −64 dBm (b). The green curves are Lorentzian fits to the data
points. c, Qubit frequency as a function of SAW drive power Pin at a fixed SAW frequency fm2

(blue points). The green solid line is a linear fit to the data. Note that the x axis is in dBm and the
scale is logarithmic. d, Qubit spectroscopy performed with the SAWR at two different flux values
[0.395Φ0 (red points) and 0.403Φ0 (blue points)]. The solid lines are gaussian fits to the data points.

acoustic modes at two different drive powers. At the lower power of Pin = −74 dBm,

we clearly observe a qubit frequency shift only at the frequency of the central SAW

mode fm2. The shift fits well to a Lorentzian centered at fm2, and has a FWHM

of 60 ± 5 kHz, close to that obtained for the SAW mode measured via S21. No

such frequency shift is observed at the other SAW mode frequencies fm1 and fm3

until higher powers. From a second measurement at Pin = −64 dBm, high enough

to observe small shifts at fm1 and fm3, we can estimate the coupling of the qubit

to these additional modes. Assuming that λm2 = 5.7 MHz from the fit to the flux

dependence of fm2, and taking into account the different drive powers of the two

experiments, we can estimate the coupling to the two side modes to be λm1 ≈ 380 kHz

and λm3 ≈ 340 kHz, more than an order of magnitude lower than the coupling to the

central mode. Figure 6.6c illustrates the qubit frequency shift as a function of drive

power at frequency fm2. The shift is observed to be linear, in agreement with the AC
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Stark effect.

6.7 Qubit spectroscopy using the SAWR as read-

out component

In a complementary experiment, we measure the Stark shift of the SAW mode

frequency when the qubit excited state is populated (see Fig. 6.6d), an acoustic equiv-

alent of circuit QED dispersive qubit readout [93]. This measurement can be used to

extract an independent estimate of the acoustic coupling λm2 and it is performed as

follows: a continuous qubit drive is swept across the qubit frequency, while a mea-

surement tone is applied to the SAWR. When the qubit drive is in resonance with

the qubit frequency, the SAWR resonance experiences a coherent shift as shown in

Fig. 6.6d (since we are applying a saturating pulse to the qubit, the qubit profile is not

lorentzian but gaussian). We carry out such a measurement at two different values

of the magnetic flux, in both cases measuring the phase shift ∆φ of a probe drive at

fm2 under strong driving of the qubit. We have ∆φ = 2 arctan (|χ|/κm2), where κm2

is the mechanical mode linewidth, χ = −λ2
m2EC/∆(∆ − EC) is the dispersive shift

for a transmon and ∆ = fq− fm2 is the frequency detuning. From Fig. 6.6d, we have

∆ = 2.00 GHz and ∆φ = 4.9◦ ± 0.3◦ and since κm2 = 75 kHz, we find |χ| = 3.2 kHz

and λm2 = 5.9±0.2 MHz, in close agreement with our earlier estimate obtained by fit-

ting the flux dependence of fm2. We can now use this measurement of χ to obtain an

estimate for the average coherent phonon population n̄ = 〈b̂†b̂〉 of the SAW mode in

the experiment shown in Fig. 6.6a, obtaining n̄ ≈ 104(105) for Pin = −74(−64) dBm.

These values are within the limit in which the dispersive Hamiltonian remains valid

[10], λm2

√
n̄ < ∆.

143



-1.2

-0.6

0.0

0.6

1.2

a
rg

[S
1
1

] 
(d

e
g

)

Q
u

b
it
 d

ri
v
e

, 
f 
 (

G
H

z
)

3.28

3.26

3.30

Delay time, t ( s)

3.32

0 1 2 3 4 5 6 7

CPWR

Qubit

SAWR
t

-1.8

Figure 6.7 | Time-delayed acoustic Stark shift. Measured time-delayed acoustic Stark shift of
the qubit. The yellow solid line indicates the qubit frequency. Inset: pulse scheme related to this
experiment: a continuous drive excites the qubit, while two short 100 ns pulses delayed by ∆t drive
the SAWR and the CPWR for the readout.

6.8 Time-delayed acoustic Stark shift

We finally report an experiment in which we use the slow speed of the acoustic

wave to apply a time-delayed Stark shift to the qubit, occurring as a SAW pulse

passes to the qubit inside the SAW cavity (see Fig. 6.7). A short 100 ns pulse is

first applied to one SAW IDT, then a time delayed pulsed measurement of the qubit

is subsequently carried out via the CPWR (with a 100 ns measurement pulse). A

continuous drive is applied to the qubit throughout the experiment, the frequency

of which is varied to determine the qubit frequency. The qubit is observed to shift

lower in frequency initially at a time 170 ns after the SAW pulse is applied, exactly

consistent with the time-of-flight of the SAW pulse between the IDT and qubit.

Several further frequency dips are then observed, spaced by approximately 430 ns,

again consistent with the SAW time-of-flight from qubit to one Bragg mirror and

back again. The qubit frequency is observed to decay back to its undisturbed value

over a timescale of 3µs, similar to the phonon lifetime of the SAW cavity. The
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multiple reflections between qubit, IDTs, and Bragg mirrors likely serve to smooth

out the response beyond a time delay of around 1µs. As well as demonstrating the

uniquely slow propagation of SAWs in a quantum device, this experiment also serves

to further prove that the Stark shifts that we observe are indeed due to the acoustic

field of the SAW mode, rather than a crosstalk of the electromagnetic signal applied

to the IDT directly to the qubit.

6.9 Preliminary measurements on diamond: di-

rect coupling

In this section we present preliminary measurements of the direct coupling be-

tween a superconducting qubit and an acoustic cavity on diamond. The device under

investigation is similar to the one presented at the beginning of this chapter: an

interdigitated transmon is embedded in a 2-port SAW resonator and a CPWR is em-

ployed as readout component of the qubit state. The main difference is the substrate

adopted for this experiment, which consists of three layers:

• a 500µm silicon base,

• a 100µm polycristalline diamond layer grown with CVD techniques,

• a 1µm AlN film sputtered on top of the diamond.

The silicon serves as support for the chemical deposition of the diamond, which

is mainly used for its very high speed of sound. Aluminium nitride provides the

piezoelectricity needed for the acoustic transduction. The diamond and AlN layers

provide a speed of sound of ve ≈ 10600 m/s and a coupling strength of K = 0.3 %.

More information about the fabrication of this substrate can be found in [77].
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part of the CPWR (red). b, Magnitude of the measured transmission coefficient S21(f) of the
acoustic cavity. c, Qubit spectroscopy (performed with the acoustic cavity) as a function of readout
power. d, Qubit spectroscopy of the tuneable transmon as a function of flux. e, Acoustic cavity
response as a function of flux threading the SQUID loop.

Figure 6.8a shows the CAD design of the device. The CPWR is capacitively

coupled to the qubit which consists of a SQUID loop shunted by an interdigitated

capacitance. The qubit is also capacitively coupled to ground and piezoelectrically

coupled to a SAW resonator. The device was fabricated in two steps of electron beam

lithography. The geometric parameters related to this device are listed in Table 6.2.

The acoustic cavity resonance is centred around f0 = 3.12 GHz as shown in

Fig. 6.8b. The frequency response of the mechanical resonator shows multiple peaks
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separated by 28 MHz. This frequency separation should not be confused with the free

spectral range of the cavity, since FSR = ve/2Lc ≈ 8 MHz. The multiple peaks and

their frequency separation are probably due to a severe mismatch between the 50 Ω

feedline and the transducer impedance. Further experimental studies are necessary

to corroborate this hypothesis.

The piezoelectric coupling between the acoustic cavity and the transmon make

it possible to perform spectroscopy of the qubit via the acoustic cavity as shown in

Fig 6.8c. As expected, the qubit frequency shifts as a function of the input power

used to probe the mechanical resonator. This is a clear evidence of an acoustic Stark

shift of the qubit.

The qubit spectroscopy indicates possible anti-crossings between the qubit and

SAW cavity modes (see Fig 6.8d-e), but these measurements are not easy to interpret

conclusively due to the presence of the interference features, which are unlikely to

actually be different SAW modes. Nevertheless the strong frequency shifting of the

SAW cavity response indicates coupling to the qubit at least on the order of 10 MHz,

suggesting that strong coupling between these two quantum systems could in principle

have been obtained.

6.10 Conclusions

The prototype quantum acoustic device that we have presented here may be signif-

icantly improved, opening up the possibility of using cavity-trapped SAWs for quan-

tum memories, time delays, and quantum signal filtering applications. In particular,

we have used a relatively weak piezoelectric substrate for our experiment, nevertheless

achieving a qubit-SAWR coupling strength of 5.7 MHz. Stronger piezoelectrics such

as lithium niobate or zinc oxide could dramatically increase this coupling strength.
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This could have the additional benefit of enabling the qubit coherence to be improved,

as the electric field of the qubit could be designed to only partially rather than fully

reside in the piezoelectric substrate (which in the present case likely limits coherence

due to undesired bulk acoustic emission). The 105-times reduced speed of travel of

SAWs compared to electromagnetic signals also makes our device a miniaturised me-

chanical implementation of traditional cavity QED, and an ideal engineered platform

to push the boundaries of cavity QED physics, opening up the possibility to explore,

for instance, strong coupling multimode cavity QED with mechanical devices.
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Qubit Coulomb energy EC = 0.310 GHz
Maximum Josephson energy EJ0 = 10.704 GHz
EJ0/EC 34.5
Relaxation time T1 = 46 ns (at fq = 2.6 GHz)
Dephasing time T2 = 67 ns (at fq = 2.6 GHz)

Qubit frequency fq(Φ) =
(√

8ECEJ0 cos |πΦ/Φ0| − EC

)
/h

CPWR Resonance frequency and linewidth fr = 5.83 GHz κr = 3.41 MHz
Internal and external quality factor Qr,i = 3240 Qr,e = 3630
Qubit - CPWR coupling strength g = 69 MHz

SAWR Resonance frequencies and linewidths fm1 = 522.825 MHz κm1 = 108 kHz
(in reflection) fm2 = 523.426 MHz κm2 = 75 kHz

fm3 = 524.575 MHz κm3 = 69 kHz
Internal/external quality factors Qm1,i = 4830 Qm1,e = 2.34× 106

(in reflection) Qm2,i = 7020 Qm2,e = 1.33× 106

Qm3,i = 7600 Qm3,e = 2.33× 106

Periodicity λ0 = 6µm
Effective speed of sound ve = 3140.6 m/s
Fingers in each IDT Nt = 51
Fingers in each grating Ng = 400
Fingers in the qubit capacitance Nq = 31
Length of each finger W = 70µm = 11.66λ0

Distance between grating and IDT d1 = (n1/2− 1/4)λ0 − λ0/8|n1=3 = 6.75µm
Distance between gratings d = 1260µm = ve × 401 ns =
Distance between centre of IDTs dIDT = 1100µm
Cavity length Lc = 1365µm
Cavity area A = W × Lc = 95900µm2

Qubit - SAWR coupling strength λm2(fq = 2.5 GHz) = 5.7 MHz

Table 6.1 | Device parameters of our circuit-QAD architecture on quartz.

SAWR Resonance frequency fm0 = 3.12 GHz
Periodicity λ0 = 3.4µm
Effective speed of sound ve = 10600 m/s
Fingers in each IDT Nt = 31
Fingers in each grating Ng = 600
Fingers in the qubit capacitance Nq = 37
Length of each finger W = 50µm = 14.71λ0

Distance between grating and IDT d1 = (n1/2− 1/4)λ0 − λ0/8|n1=6 = 8.925µm
Distance between gratings d = 656.25µm = ve × 62 ns =
Distance between centre of IDTs dIDT = 586.5µm

Table 6.2 | Device parameters of our circuit-QAD architecture on diamond.

149



Chapter 7

Conclusions

In this thesis, we have investigated several SAW devices in the quantum regime.

Firstly, we performed a systematic characterisation of SAW resonators, showing that

their quality factor can reach values of the order of 104−105 at low temperatures. We

showed that the performance of these resonators is strictly related to their geometry

and design. In particular, the quality factor of SAW cavities decreases in a polynomial

way as a function of frequency. We also observed a weak drive power dependence of

their internal quality factor that saturates at low power consistent with coupling to a

bath of two-level systems. Furthermore, time-domain measurements directly showed

the acoustic nature of these cavities. This preliminary study strongly suggests that

SAW resonators are promising devices for integration with superconducting quantum

circuits and artificial atoms.

Secondly, we have successfully measured superconducting qubits on quartz and

diamond. These devices have been probed inside 3D cavities with a typical 3D circuit

quantum electrodynamics platform. The values of T1 and T2 have been extracted

with standard Rabi and Ramsey fringe experiments. The measured coherence time of

the qubits was found to be of the order of 1µs. Their coherence was long enough to

proceed with more advanced experiments in which the coherent interaction between

a SAW resonator and a superconducting qubit was explored.
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Thirdly, we presented measurements of a device in which a tuneable transmon

qubit is piezoelectrically coupled to a surface acoustic wave cavity, displaying a surface

acoustic version of cavity QED which we call circuit quantum acoustodynamics. We

have characterised the dispersive interaction between the two systems in several ways

including the measurement of the frequency shift of the acoustic mode as the qubit

is flux tuned and the measurement of the acoustic Stark shift of the qubit due to the

population of the mechanical resonator. We have also performed qubit spectroscopy

using the SAW resonator as readout component, proving that these acoustic cavities

are a viable alternative for qubit readout schemes in quantum information processors.

Finally, we presented preliminary measurements of direct coupling between a su-

perconducting qubit and a SAW cavity on a Si/diamond/AlN substrate. This ex-

ploratory study indicates that the strong coupling between these two quantum sys-

tems is within reach.

7.1 Outlook

Our architecture can be improved in several ways; for instance, it would be pos-

sible to deposit piezoelectric films only on specific parts of the chip. In this way,

electrical components not used for transduction (such as CPWRs and qubits) could

be fabricated on non-piezoelectric areas of the device, potentially enabling better

performance. Furthermore, by engineering the cavity length of the device such that

the FSR is in the order of 15 − 20 MHz, it would be possible to observe the cou-

pling between a ∼ 3 GHz multimode resonator and a superconducting qubit with a

linewidth of few MHz, realising an acoustic version of multimode circuit quantum

electrodynamics.

The intrinsic advantage of circuit QAD platforms will be fully exploited once the
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transfer of quantum information between delocalised qubits on a chip is obtained

by means of acoustic waves. The slow speed of the mechanical wave will give the

possibility to manipulate the qubit state while the wave is still travelling, an exquisite

feature of these acoustic devices. Furthermore, in traditional quantum optics where

the interaction between atoms and light at optical frequencies is investigated, the

atoms are usually approximated as point-like when compared to the wavelength of

the incoming wave. This approximation is no longer valid in the field of quantum

acoustics, where superconducting qubits are several wavelengths long opening up a

new physical regime not yet explored. Lastly, the high performance of SAW cavities

at 500 MHz suggests that they will soon find interesting applications in the field of

optomechanics.
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[72] J.-M. Pirkkalainen, E. Damskägg, M. Brandt, F. Massel, and M. A. Sillanpää.
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