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Abstract

The diffusion of protons and hydroxide ions along water wires provides an efficient
mechanism for charge transport that is exploited by biological membrane channels
and shows promise for technological applications such as fuel cells. However, what
is lacking for a better control and design of these systems is a thorough theoretical
understanding of the diffusion process at the atomic scale. Here we focus on two
aspects of this process that are often disregarded due to their high computational cost:
the use of first principles potential energy surfaces and the treatment of the nuclei as
quantum particles. We consider proton and hydroxide ions in finite water wires using
density-functional theory, augmented with an apolar cylindrical confining potential. We
employ machine learning techniques to identify the charged species, thus obtaining an
agnostic definition that takes explicitly into account the delocalization of the charge
in the Grotthus-like mechanism. We include nuclear quantum effects (NQE) through
the thermostatted ring polymer molecular dynamics method, and model finite system
size effects by considering Langevin dynamics on the potential of mean force of the
charged species — allowing us to extract the same “universal” diffusion coefficient from
simulations with different wire sizes. In the classical case, diffusion coefficients depend
significantly on the potential energy surface, in particular on how dispersion forces
modulate water-water distances. NQE, however, make the diffusion less sensitive to

the underlying potential and geometry of the wire.
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The diffusion and transport of ions, especially protons and hydroxide ions, in aqueous so-
lution or along water wires is a long-standing subject of research. In biological environments,
water wires are often the conducting medium for protons or hydroxide ions in channels.t™®
These channels are involved in a variety of biological processes that deal with the control of
pH and charge concentration gradients, mostly for energetic storage. Recently, efforts have
also been made to design synthetic pores containing water wires, which are of particular
interest for use in fuel cells.”™ Even though synthetic pores often bear little resemblance
to their biological counterparts (they are, e.g. carbon nanotubes, zeolites, etc.1?), an under-
standing of biological pores could bring useful insight into how to modify synthetic pores to
make them more efficient at transporting charge. This is just one reason why obtaining a
better atomistic understanding of the factors that govern charge transport along water wires
is still an active research area.

A great deal of progress has of course already been made. Proton and hydroxide transport

SLFL (or “Zundel-

in channels is now widely accepted to follow a Grotthus-like mechanism
Zundel” mechanism), which is facilitated by the spatial constraint and alignment of the
water wire.*" However, further study of this mechanism is more challenging than one might
expect. First, one needs to use a potential energy surface that allows for bond breaking and
making, which is not the case for most empirical potentials. Second, it is known that the
self-diffusion coefficient of liquid water at room temperature is increased by around 15% by
nuclear quantum effects (NQE).1% These effects are therefore likely to have at least some
impact on proton and hydroxide transport along water wires. And finally, it is necessary
to identify the charged species. This is difficult because the identity of the charged species
changes during a Grotthus-type rearrangement, and it might well be expected to become
even more delocalized and “fuzzy” when nuclear quantum effects are taken into account. =0

The pioneering studies of proton diffusion along water wires were performed using peri-

21H23

odic boundary conditions, multistate empirical valence bond (MS-EVB) potentials, and

classical nuclei. These studies found a proton diffusion constant D of around 4 A2 /ps.t
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Figure 1: (a) Distribution of Boys center distances from each oxygen in a protonated water
wire, for a snapshot of (HyO)9oHT with BLYP+vdW. Labels for each orbital are shown on
the right side of the picture (all but the oxygen core orbitals are shown). (b) Density plot of
Boys orbital centers in the dy and d3 coordinates, defined in (a), including all data obtained
for the (HyO)g0HT system (BLYP+vdW, classical nuclei). The isocontours corresponding
to 0.1, 0.3, 0.5, 0.7, and 0.9 probability of a point belonging to the charged cluster are
also shown, with the 0.5 isocontour highlighted in thick dark red. (c) Posterior probability
of each oxygen in the wire belonging to the cluster corresponding to the charged species.
(d) Geometry associated with the snapshot discussed in (a) and (c), with orange spheres
around the water molecules that are identified as being charged. All distances reported are
in Angstrom.

However, it was subsequently realized that when estimating the diffusion coefficient D of the
proton in such a calculation, one should first correct for the slower diffusion of the Bjerrum
defect introduced by the periodic boundary conditions, which is coupled to and therefore
hinders the proton diffusion.® When this was done, the earlier estimates of D were revised
upwards to around 17 A2 /ps.B For comparison, the proton diffusion coefficient in bulk liquid
water is estimated to be slightly less than 1 A2 /ps.T# So protons do indeed diffuse significantly
more rapidly along confined water wires than they do in bulk water.

A recent study?® that combines a classical treatment of the nuclear motion with the

BLYP2526 density functional finds similar results to those of these earlier MS-EVB studies.



More recently still, a comparison of proton and hydroxide transport along isolated water
wires using a potential energy surface fitted to MP2 data has concluded that in shorter
wires, hydroxide ions diffuse faster than protons.“” The diffusion coefficients of both species
converge to a similar value of around 32 + 4 A2 /ps with increasing system size, but this
value is almost twice that given by the MS-EVB and BLYP potentials. Regarding nuclear
quantum effects, only static ensemble properties and anecdotal observations related to the
diffusion process have so far been reported. 12829

In order to shed further light on the matter, we shall now present a study that investigates
the effect of different first principles potential energy surfaces on the diffusion of protons
and hydroxide ions along water wires, and that also explicitly accounts for the quantum
nature of the nuclear motion. To do this in a computationally tractable fashion, we shall
consider relatively short wires containing 20 and 40 water molecules, and we shall avoid the
introduction of Bjerrum defects by not imposing periodic boundary conditions. The price to
be paid for this is a significant finite size effect that arises from the open-ended boundaries
of our wires. We shall eliminate this effect by modeling the diffusion with the Langevin
dynamics of a particle moving in the potential of mean force of the charged species in the
wire, and show that this allows us to extract diffusion coefficients that are independent of
system size and consistent with those obtained in earlier work.

130

All our calculations were carried out with the i-PI®¥ program for the dynamics interfaced

with the FHI-aims program®! for the calculation of first principles energies and forces. We

P25,26

chose to use density-functional theory with the BLY exchange correlation functional

£.32 This choice of functional was

and van der Waals (vdW) corrections as proposed in Re
based on its overall satisfactory description of several properties of water-based systems
when compared to other generalized gradient functionals.”® We used FHI-aims light basis
sets and numerical settings for the dynamics (with a 0.5 fs time step for integration), and

tight settings for the calculation of maximally localized orbitals once every 2 fs. In order to

include nuclear quantum effects in our calculations, we used the thermostatted ring polymer



molecular dynamics (TRPMD) method.®* This provides an efficient way to approximate
quantum time correlation functions with first principles forces,®® and it is especially well
suited to calculating zero-frequency properties such as diffusion coefficients.®® More details
on the calculations are given in the supplementary information (SI).

Let us start by tackling the problem of identifying the charged species in our simulations.
Maximally localized orbitals are known in electronic structure theory to provide a chemically
intuitive picture of lone pairs, bonding pairs and orbital hybridizations. For example in
Ref.®? maximally localized Wannier orbitals have been shown to give different signatures for
Eigen and Zundel conformations in charged (protonated) bulk water. We have implemented
the calculation of Boys orbitals®® in the FHI-aims code, following Ref.* These orbitals are
equivalent to Wannier orbitals®? in isolated systems. As an example, in Fig. [1] (a) we show
the distances of the centers of the Boys orbitals from their nearest oxygen, for one snapshot
of a simulation of (HyO)H™ with classical nuclei and the BLYP+vdW functional. The
geometry of the wire at this snapshot is shown in Fig. (d) For most water molecules, one
identifies two centers close to each oxygen which are associated with lone pairs (labeled d;
and dy) and two centers farther away, which are the bonded orbitals (labeled ds and dy).
We do not show the 1s orbital as it is always pinned to the center of the oxygen atom.
Close to where the proton is located, a delocalized disturbance in the distances d; can be
observed. In order to obtain an unbiased identification of the charged species, we fed these
distances into a clustering method based on a Gaussian mixture model for the underlying
probability distribution that is optimized to identify different molecular motifs.*! As in the
original work,*! we call this algorithm “probabilistic analysis of molecular motifs” (PAMM).

In this case, the identification of the charged species based on the underlying probability
distribution is challenging, since its probability will have a low intensity compared to that
of the neutral waters. We find that the distances dy and ds are variables where the PAMM
algorithm is able to automatically identify two clusters that we assign to the charged and

the neutral species. Indeed, the cluster we assign to the charged species appears with a



population of approximately 5 % in the wires of 20 molecules, and with a ratio of approx-
imately 2.5 % for 40 molecules, which is consistent with a 1 in 20 and 1 in 40 picture. In
Fig. (b), we show a density plot projected on the dy and ds coordinates from all snapshots
of the simulations we have for (H2O)90H™ with classical nuclei (BLYP+vdW functional). In
the same panel, in thick red, we show the isocontour corresponding to a probability of 0.5
of a point belonging to the PAMM cluster we identify as the charged species. This is what
effectively separates for us the charged entities from the neutral ones. In Fig. [Ic) we show
the posterior probability p; that each oxygen ¢ belongs to the cluster identified as the charged
species, and in Fig. [I(d) we observe that visually this identification makes sense.

Since PAMM defines a probability of a certain entity belonging to one of the clus-
ters it identified, we define the location of the proton or hydroxide ion as xg+on-) =
vao piti/ ZZNO p;, where 7 runs over the oxygen atoms. In the SI, we compare the po-
sition of the proton predicted by PAMM with other commonly adopted definitions in the
literature. We note that physically motivated (but empirical) descriptors yield diffusion co-
efficients essentially equal to PAMM, but more naive choices can yield significantly different
results.

We observe that with the PAMM descriptor the proton is mostly localized on a single
oxygen (hydronium character) in the classical simulation, and has similar probabilities of
being localized on one oxygen or shared between two oxygens (Zundel character) in the

1819 (and other

quantum simulation, as shown in the SI. This observation is in line with Refs.
work in the literature), which have found that in the quantum case a “fluxional complex” is
a better characterization of the solvated proton. The hydroxide ion has high probabilities
of being localized on one oxygen or shared between two in both the classical and quantum
simulations, but in the quantum case there is also a non negligible probability it is shared
between even more water molecules forming a larger complex (also in line with work reviewed

in Refs.190),

With our descriptor of the charged particle in hand, we can now turn to how to estimate
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Figure 2: Examples of proton mean square displacements for (HyO)0H™ in panel (a) and
(H20)40H™ in panel (b) from ab initio (BLYP+vdW, classical nuclei) simulations in red, and
corresponding error bars in orange. The blue lines are the best fits obtained for the MSD
curves coming from Langevin dynamics in the potential of mean force (see text). Panels
(c) and (d): Potentials of mean force corresponding to the simulations shown in the top
panels (error bars shown in panel (d), reflecting our limited statistical sampling due to
computational cost).

its diffusion coefficient. For an unconstrained particle diffusing in one dimension, the diffusion

coeflficient D can be calculated from

: (1)

t—o0 t

D= /Oon(t)dt = lim daz(t)”)

where C,,(t) is the velocity autocorrelation function and (Az(t)?) is the mean square dis-
placement (MSD). In our case, however, the diffusing particle is constrained by the size of
the wire. As shown in Fig.[2(a), a typical MSD calculated from the simulations ((H20)90H™,
BLYP+vdW in this case) looks nothing like the MSD of an unconstrained particle.

There are three regions in the curve in Fig. [2{a). The first region, at times up to 0.3

ps, is not ballistic, deviating from MSD o ? behavior (a very similar behavior for this part



of the curve was observed in all our simulations, with both classical and quantum nuclei).
The observed behavior in this region can be attributed to the vibration of the proton in its
average environment before the first instance of a Grotthus-like jump. The second region
is a transient, close to linear, diffusive region, that extends to around 1.5 ps, and the third
region is a saturation region at times larger than 1.5 ps. The saturation is a result of the
finite length of the water wire, and its form is determined by the potential of mean force
(PMF) experienced by the proton, shown in Fig. [2fc)

This PMF was obtained by building a histogram of the position x of the PAMM particle
during the simulations to obtain the corresponding probability density P(x), and calculating
W(z) = —kgTIn[P(z)]. The form of the PMF arises from the interaction of the diffusing
particle with the oriented dipoles of the water molecules in the wire, as has been previously
discussed in Refs.®*" As the length of the wire increases, the PMF in the middle of the wire
progressively flattens. However, with first principles potential energy surfaces, we cannot
afford both to simulate very long wires and obtain enough statistics to converge the calcula-
tion. In fact, this is already clear from the statistics we could gather for (HyO)4H™ (120 ps
of simulations); the PMF in Fig. [J(d) is still slightly wiggly at the bottom. This motivated
us to find a model that would allow us to extract diffusion coefficients from finite size wires.

Table 1: Diffusion coefficients calculated for all systems studied in A2 /ps.

Functional System Dcl. D qt.

BLYP+vdW (H;0)5HT 39+6 41+£5
BLYP+vdW  (H,O)HT 30+4 3646

BLYP (HyO)poH*  164+2 4149
BLYP+vdW (H;0);yOH- 33+5 4948

The simplest way to do this is to note that the potential of mean force provides an
effective potential for a Langevin dynamics that approximately accounts for the effect of the
environment (in this case the water wire) on the diffusing particle (the charged species).42

Since for a freely diffusing particle in one dimension the diffusion coefficient is given by
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D = kgT/(m~), where m is the effective mass of the particle and + is the friction coefficient,

the appropriate Langevin equation can be written in terms of D and m as

mi = —dmcgf) - kf)Tg': +\/2(ksT)2/DE(t) 2)

where W (z) is the PMF of the charged species in the water wire and £(¢) is a random process
such that (£(¢)) = 0 and (£(0)&(¢)) = d(¢).

The justification for using this model to fit the simulation data is that (i) it mimics the
relevant diffusion process, and (ii) the stationary distribution of the Fokker-Plank equation
associated with Eq. (2) is the same as the probability distribution P(x) = exp[—W (z)/kpT]
obtained from the ab initio simulation. However, since it is ballistic at short times, this
model is unable to reproduce the more complex dynamics that takes place in the simulations
in the initial region of the MSD. A more sophisticated model would be needed to reproduce
this region, and also to pin down the effective mass of the diffusing charge. As shown in the
SI the model is rather insensitive to changes in the effective mass between 1000 and 2500
a.u., and so it is not possible to determine m by fitting the MSD obtained from Eq. (2) to
the results of the simulations. Therefore, in what follows, we have simply set m equal to the
mass of a proton (m = 1836 a.u.), for both H" and OH™~, on the basis that in both cases it
is a proton-like entity that diffuses in the Grotthus-like mechanism [1]

In order to estimate the statistical errors in our fitting of the diffusion coefficient, we
performed a maximum-likelihood analysis based on the covariance matrix of the ab initio
MSD data (see the SI for more details). More specifically, we estimated the covariance matrix

using the oracle approximating shrinkage algorithm,** which is suitable for problems with

'We have also considered the over-damped (Brownian) limit of Eq. (2) in which m is set equal to zero,

. D dW(x)

but found that the resulting MSDs did not fit our simulation data nearly so well as those obtained from
Eq. (2) with m = m,, (the mass of a proton).
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a smaller number of samples than their dimensionality, and was necessary here to obtain a
stable and reliable maximum-likelihood fit.

The goal of this fitting procedure is to find a universal diffusion coefficient that is inde-
pendent of the boundary conditions present in the simulations. We know, for example, that
a naive linear fit of the transient region of the MSD curves would not provide the same D for
different lengths of water wire (see the SI). Panels (a) and (b) of Fig. [2] show the best fits of
the Langevin model to the simulations for (HyO)H' and (Hy0)4H" (BLYP+vdW func-
tional); the corresponding diffusion coefficients are reported along with their computed error
bars in Table Il The best fits to all of our other simulations are shown in the SI. Within our
error bars, the Langevin model predicts D to be the same for (HyO)o0H' and (Hy0)40HT,
even though the two wires have very different potentials of mean force. We conclude that
this procedure is successful in eliminating the finite size effects in the simulations, and we
shall now use it to investigate quantum mechanical effects in the water wires.

Our estimated diffusion coefficients from TRPMD simulations of protonated water wires
with BLYP+vdW potentials are compared with the classical results in Table [l We observe
that in this case NQEs have hardly any impact on the diffusion coefficient: the quantum
and classical Ds are the same to within the computed error bars. We also note that the
values we find for D ~ 36 A2 /ps are consistent with those reported in Ref.,%? which used a
potential energy surface fit to the results of MP2 calculations.

Also in Table. [T we report our estimates for D obtained from classical and quantum
simulations of (HyO)yoH' with the BLYP functional. In this case, we do observe a large
nuclear quantum effect. The value of D ~ 16 A2 /ps that we find from the simulation with
classical nuclei is consistent with the results of Refs.® and,** which either used or compared
to this functional. However, the value of D = 41 + 9 A2?/ps obtained from the TRPMD
simulation is roughly twice as large, and in fact it is very similar to the quantum result
obtained with the BLYP+vdW functional.

In order to understand the reason for this difference, it is helpful to analyze the free energy

12
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Figure 3: Free energy surfaces for (HyO)gH™' (with the BLYP and the BLYP+vdW func-
tionals) and (H20);9OH™ from classical (top row) and quantum (bottom row) simulations.
In the quantum simulations, the bead trajectories were used to construct the probability
distribution. Coordinates chosen are the oxygen-oxygen distance dpo and the proton trans-
fer coordinate v = dp1_g — doa—g. We calculated F(v,doo) = —kgT In[P(v,doo)], where
P(v,doo) was obtained from a normalized 2D histogram calculated from our simulations,
considering all O and H atoms involved in H-bonds in the wire. All distances are in Angstrom
and the contours are drawn for isosurfaces spaced by 10 meV.

surfaces projected on the oxygen-oxygen distance dpo and the proton transfer coordinate
v = doi—g — dopo—pg for each simulation setup, which we show in Fig considering all O
and H atoms involved in H-bonds in the wire. By comparing the classical nuclei simulations
of the proton with the BLYP and BLYP-+vdW functionals, as well as their decomposition
considering only water molecules close to the charge and farther away (shown in Figs. S8
and S9 of the SI), we observe that the barrier for proton transfer is at around 10 meV higher
and somewhat broader as a result of the larger O-H™—O distance in the BLYP case. This
suggests that, for the BLYP potential, the rate determining step in the classical diffusion

may well be the local proton transfer between two neighbouring oxygens. One would indeed
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expect this be accelerated by quantum mechanical tunneling and zero point energy effects,
as we have found in our TRPMD simulations. In the BLYP-+vdW case, however, the average
O-H*™-O distance is shorter, the local proton transfer barrier is lower, this is no longer the
rate determining step (which instead involves a collective rearrangement of the water wire),
and the quantum mechanical effect on the diffusion coefficient is negligible.

Finally, we also show in Table [I| that in contrast to BLYP+vdW proton diffusion,
BLYP+vdW hydroxide diffusion increases slightly on the inclusion of NQEs, to an extent
that is statistically significant even with our relatively large error bars. By analyzing Fig.
[} we observe that the free energy surfaces for hydroxide transfer show an overall preference
for shorter dpp. The decomposition of the free energies shown in Figs. S9, S10, and S11 of
the SI also show a higher barrier for OH™ transfer in the classical case and an overall lower
barrier on the v coordinate in the quantum case, when compared to the proton. As compared
to Ref.2¥ which treated H;O;, we conclude that both the inclusion of vdW and the extra
water molecules can lower barriers substantially in the classical case, but the larger impact
of NQE for OH™ is maintained. One caveat we should add here is that GGA functionals

3344 it is possible that the results will change when using

tend to underestimate barriers;
hybrid functional. Unfortunately such simulations would be prohibitively demanding in the
present context. In any event, our results for the BLYP+vdW density functional do seem to
suggest that NQEs enhance OH™ diffusion more than H* diffusion along the confined water
wires we have considered.

To summarise, we have presented a fully first principles study of the diffusion of proton
and hydroxide ions along water wires constrained with an apolar cylindrical potential. We
have identified the charged species with the PAMM algorithm, which is unbiased and flexible
enough to be used also for more complex systems (such as channels with larger diameters
or polar walls). We have also shown how a procedure based on Langevin dynamics on the

potential of mean force of the charged species can be used to eliminate finite size effects and

obtain a “universal” diffusion coefficient that is the same for both long and short wires.
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We find that the details of the electronic structure calculation — in particular the inclusion
or neglect of dispersion interactions — have a large impact on the conductivity of water wires
in the classical nuclei simulations. This effect is largely determined by how vdW forces
modulate the geometry of the wire. One could imagine that similar geometry modulations
might be caused by the interaction of the water wire with the channel environment in a more
realistic simulation. The inclusion of NQEs in the simulations works as an “equalizing” force,
making the diffusion process less sensitive to the potential energy model, and presumably,
also to environmental effects (within reasonable fluctuations of the water-water distances).
The boundary conditions are another important aspect. Recent measurements®® of proton
transport in small-diameter carbon nanotubes indirectly determine a diffusion coefficient that
is more consistent with that obtained by models using periodic boundaries than by models
with open-ended wires as we consider here. This stresses the importance, for future studies
that wish to connect to experimental data, of a more realistic model of the environment.

Even for the simple model systems we have considered here, it is difficult to gather
enough statistics to estimate the diffusion coefficient from ab initio simulations using density
functional theory, and when this is done the results turn out to be very sensitive to the choice
of density functional. It will therefore be essential to find both cheaper and more accurate

4047 on high level ab initio data — in

potentials — for example by training neural networks
order to obtain quantitative results for more realistic water wires.
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Supporting Information. Technical details of the simulations, details about our
Langevin dynamics model, our fitting procedures and error estimations, and free energy

surfaces of the water wires are available.
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