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Abstract

In this work, we examine the existence and properties of universal solu-
tions in nonlinear incompressible isotropic anelasticity. Universal solu-
tions are those that exist for all members of a class of materials under
the imposition of suitable boundary tractions. To this end, we provide a
framework under which a wide array of different anelasticity theories can
be recast, and use this framework to classify all anelastic universal solu-
tions exhibiting particular symmetries, using known families of universal
solutions in classical nonlinear elasticity as a starting point. We demon-
strate that all known universal solutions possess one of these particular
symmetries, prove that the classical universal solution families merge ac-
cording to their symmetry groups once extended to the anelastic setting,
and conjecture that such symmetries are necessary features of universal
solutions, and hence that our classification is complete. In the process of
doing this, we discover that two of these families not only possess generic
solution branches depending on arbitrary functions, but also anomalous
branches outside of these whose forms are fixed up to a finite number of
constants. We provide graphical representations of examples from these

anomalous branches, and discuss their possible applications.
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Chapter 1

Prefatory Materials

This work sits at the intersection of two subfields of nonlinear continuum mechanics:
anelasticity theory and the theory of universal solutions. As such we seek to provide
the reader with the relevant background material in these areas to appreciate the

main results provided later.

1.1 Classical Nonlinear Elasticity

First, we briefly present a classical treatment of nonlinear elasticity, which we will
later generalize in chapter 3 to accommodate anelastic strains: those that do not store

strain energy.

1.1.1 Kinematics

We model bodies as continua, identifying them with subsets of three-dimensional
Euclidean space, and refer to such an identification as a configuration. When exam-
ining the motion of a body, we employ two such configurations, one fixed, called the
reference configuration, and one changing with time, called the current configuration.

Denoting the reference configuration as B with associated position vector X, and
the current configuration at time ¢ as C (¢) with associated position vector z, our

motion becomes the map

and the position of a point of our body at any given time t is

T (X,t) = i (X). (1.2)



We shall suppose that the dynamics of our body shall depend on the local prop-

erties of its deformation, hence we define the deformation gradient
F = Gradz; dr =FdX. (1.3)

This two-point tensor field maps tangent vectors of B to corresponding tangent vectors
of C. Since we want ¢ to be invertible, we demand a priori that J = det F > 0. The

tensor F possesses a uniquely defined polar decomposition
F =RU = VR, (1.4)

where R is a rotation, and U, and V are positive definite symmetric tensor fields,
with U living entirely in the reference configuration, and V living entirely in the
current configuration.
We also consider the right and left Cauchy Green stretch tensors, which are re-
spectively
C=F"F=U?% (1.5)

b=FF' =V2 (1.6)

Unlike F, these tensors are not two-point tensors; C maps the tangent spaces of
B into themselves, and b maps the tangent spaces of C into themselves. These
tensors are positive definite and symmetric, hence they have positive real eigenvalues,
and orthonormal eigenvectors. These tensors share the same eigenvalues, which are
called the principal stretches, since when we examine the lengths of deformed tangent

vectors, we have
|dz|* = dz - dz = FdX - FdX = dX - CdX, (1.7)
hence, if dX is an eigenvector of C with eigenvalue \?, we have
|dz|* = N?|dX|?. (1.8)

With these relations, we see that C is a tensor field on the reference configuration
that encapsulates information about distances in the current configuration. A similar
tensor field that encapsulates information about distances in the reference configura-
tion while living in the current configuration exists, called the Cauchy deformation

tensor. This tensor is typically denoted c, and is defined as
c=b! (1.9)

Because b is positive definite and symmetric, so is ¢, and the eigenvalues of ¢ are the

inverses of those of b; these tensors share the same eigenvectors.



1.1.2 Dynamics

We now require our body to obey the laws of physics, namely the conservation of
mass, linear momentum, angular momentum, and energy.

The total mass of our body is

M = /p dv, (1.10)
C

where p is the body’s mass density. In the absence of mass generation or decay, we

dM d
o2 pav=o. 111
a "~ dt /C(t)p ° (L11)

To avoid having to differentiate an integral over a moving domain, we pull this equa-

demand

tion back to the reference configuration, which lets us write

a9
- /55 (pJ) dV =0, (1.12)

where the partial time derivative is taken holding X fixed. However, this must not
only hold for B, but for all subsets of B, so provided that % (pJ) is continuous, we
can localize this to obtain

dp

a—l—pdivvzo, (1.13)

where v is the velocity field of the body, and we have employed the identity % =
Jdivo.
Next, we postulate two types of forces acting on our body, surface forces, and

body forces. The total force on our body is then

F:Fb—l—FS:/pbdv—l—/tda, (1.14)
c ac

where b is a force per unit mass, and t is a force per unit area, called the traction.

These forces have to balance the change in momentum, hence, we have

d

— [ pvdv= /pb dv+/ t da. (1.15)
dt Je c ac

The Cauchy-Noll theorem states that the traction on a surface at a point depends

linearly on the normal vector of that surface n, hence we can write
t=on (1.16)

where o is the Cauchy stress tensor. With this, we can employ the divergence theorem

to obtain
d

— [ pvdv= /pb—i—divo‘ dv. (1.17)

3



We then pull the left hand side back to the reference configuration, use conserva-

tion of mass, and push the result forward to the current configuration to obtain

/Cpb+diva'—p% dv = 0. (1.18)

We localize this to obtain Cauchy’s equation of motion

dive + pb = pa (1.19)

w
ot

v (X, t), rather than v (z,t). Often, we seek equilibrium solutions in the absence of

where a = % is taken fixing the position in the reference configuration i.e. we consider

body forces, hence we solve
dive = 0. (1.20)

Next, we consider the angular momentum of the body about a point, and the
moments generated by the forces we have considered.

The angular momentum H, about the origin is

Hy = /:1: A pv dv. (1.21)
c

The rate of change of this quantity is balanced by the moments provided by the body

forces and tractions, hence
/x/\(pa—pb) dv—/m/\a'nda:(). (1.22)
c ac
Applying balance of linear momentum and the divergence theorem yields
/:B/\diva—div (x ANo) dv=0. (1.23)
c

The product rule reduces this to
o—o' =0, (1.24)

hence the conservation of angular momentum demands that the Cauchy stress be
symmetric.
Finally, we consider the balance of energy. We know that the rate of change of
the kinetic energy of our body is balanced by the power of the forces, hence we have
d d1
KE

— :——/pv-v dv:Pb+PS—|—Rnt:/pb-vdv+/ v-on da+ Py, (1.25)



where P,, P, and P, are the respective powers of the body forces, tractions, and
internal forces. Applying the divergence theorem and the previous conservation laws,

this ultimately yields
Py = —/tr (6"D) do, (1.26)
c

where only D = % <grad v+ (grad U)T>, the symmetric part of the velocity gradient,
appears due to the symmetry of o.

If we then define an internal energy density w such that

d Ein d
P =— =—— dv, 1.27
‘ dt at J, " (1.27)
we can combine these two equations and localize to obtain
9 :
En (Jw) = Jtr (o'D). (1.28)

Defining the referential quantities pg = Jp, W = Jw, and P = JoF~T, we can

pull these equations back to the reference configuration to obtain

Ipo
= = 1.2
Div P + pob = poa, (1.30)
PF" =FP", (1.31)
oW dF
— =tr (PT— . 1.32
ot r( dt) (1.32)

1.1.3 Constitutive Laws

Up until now, all of our work has applied equally to all continua; nothing we have
done is particular to solids. For hyperelastic solids, we postulate that the internal
forces are conservative. We therefore define the strain energy density at each point to
be a function of F at that point alone. By applying the chain rule to equation 1.32,
this reveals that the Piola stress P is

oW

P=—.
OF

(1.33)

Additionally, we suppose that following any particular motion by a rigid motion leaves
the energy unchanged; we assume the strain energy only depends on the strain the
material experiences, not the local orientation of any given bit of our material. Hence,
for all Q € SO (3), we have

W (F)=W (QF). (1.34)

5



Choosing Q = RT, where R is the rotation appearing in the polar decomposition
of F, this means that W must depend on F through U alone. Additionally, since U
is uniquely determined by C, this is equivalent to W depending solely on C.

Similarly, for isotropic materials, we impose that for any rotation Q,
W(F)=W ((FQ). (1.35)

This is because the material response of isotropic materials does not depend on the

local orientation of the material prior to being strained. In terms of C, this becomes
W (C)=W(Q'CQ). (1.36)

Since C is symmetric, we can choose Q to diagonalize it, hence W must only depend

on the invariants of C. Therefore we can write

W =W (I, I, I5), (1.37)
where
L=trC= )M+ )X+ )3 (1.38)
1
3 (tr(C)? — tr (C?)) = AIA3 + MA3A3 + A2NZ, (1.39)
Iy = det C = A\IA3)], (1.40)

and A2, A2, and A2 are the eigenvalues of C.
We shall also consider constrained materials. For a material under a constraint of

the form
6 (F) = 0, (1.41)

we replace W (F) with W (F) — p¢ (F), where p is a Lagrange multiplier associated

with the material constraint. For incompressibility, we take
¢ =detF — 1. (1.42)

Combining all of these, we obtain the Cauchy stress for an isotropic, hyperelastic,

incompressible material

ow ow

where I is the identity tensor, and p is interpreted as a constitutively indeterminate
pressure field. Notice that this form of the Cauchy stress automatically satisfies

angular momentum conservation by virtue of the symmetry of I, b, and c.

6



1.2 Introduction to Anelasticity

Anelasticity theories seek to broaden the applicability of conventional nonlinear elas-
ticity to situations involving strain that does not contribute energetically. This makes
anelasticity more of a broad collection of theories, rather than a single theory, gen-
eralizing conventional nonlinear elasticity [Epstein and Maugin, 1996a] to situations
such as thermal effects [Stojanovié¢ et al., 1964, Ozakin and Yavari, 2010], plastic
flows [Kondo, 1949], dislocations and defects [Nye, 1953, Bilby et al., 1955, Yavari
and Goriely, 2012], growth and remodeling [Goriely, 2017, Naumov, 1994, Rodriguez
et al., 1994, Takamizawa, 1991, Yavari, 2010], and swelling [Pence and Tsai, 2006,
2005, Templet and Steigmann, 2013]. Such processes are characterized by the pres-
ence of eigenstrains [Mura, 1982] which are those strains that do not produce elastic
stress, since they do not contribute to the elastic strain energy. Because these strains
are generally incompatible, further elastic deformation is typically required to em-
bed bodies with nontrivial eigenstrains in space, with the resulting self-equilibriating
elastic stresses referred to as residual stresses. In the literature, we see numerous
different formulations of anelasticity theories, divided into two main categories: those

governed by local data, and those formulated geometrically.

1.2.1 Theories Based on Local Data

One general approach is to introduce anelastic parameters as fields that then appear
in governing equations. The specific fields introduced depend on the formulation,
and the nature of these fields, and exactly which fields should be utilized have been
contested in the literature [Casey and Naghdi, 1980]. At their simplest, these theories
may only introduce a single scalar field, representing an isotropic volume dilatation
[Pence and Tsai, 2006, 2005, Templet and Steigmann, 2013], though for anisotropic

strains, higher order tensor fields are typically required.

1.2.1.1 Primitive Strain Theories

Some formulations introduce a primitive anelastic strain field, which is analogous to
the Lagrange strain in conventional nonlinear elasticity, but is devoted to capturing
the anelastic strain. This was the approach taken for example, in Green and Naghdi
[1965], who introduced a plastic strain in addition to the total Lagrange strain. These
parameters are independent (subject to a positive definiteness condition on the as-

sociated plastic stretch tensor) and appear in the expression for the strain energy



density. This field is primitive in the sense that it is introduced as a fundamental

quantity rather than being derived from a more fundamental principle.

1.2.1.2 Multiplicative Decompositions

Other theories have introduced a factorization of the deformation gradient as the
primitive anelastic quantity; the development of this formulation is more thoroughly
documented in Sadik and Yavari [2017]. Theories of this type essentially treat defor-
mations locally as the composition of a purely anelastic motion and a purely elastic

motion, and accordingly factor the deformation gradient F into the form
F=AG (1.44)

where G governs the anelastic portion of the deformation and A governs the elastic
portion. This factorization is purely local in the following sense: while F is the
gradient of a deformation, and hence is integrable, neither A nor G are gradients,

hence there is not a corresponding “anelastic position” to be obtained by integrating
G.

1.2.2 Geometric Theories

In contrast to the previous local theories, where anelastic features are encoded in
fields, there are a host of geometric theories that introduce a new configuration and
encode anelastic data in the intrinsic geometry of this configuration. In these theories,
geometric structures like metric and torsion tensor fields are imposed on the body to
create this configuration to capture various anelastic phenomena [Kondo, 1949, Noll,
1967, Epstein and Maugin, 1996b, Yavari and Goriely, 2012, Goriely, 2017]. The
body equipped with these structures is typically called the material manifold, and
is typically non-Fuclidean, and sometimes non-Riemannian. The residual stress we
observe is then interpreted as the result of embedding the material manifold in the
ambient Euclidean space, which requires geometrical changes since FEuclidean space
has vanishing curvature and torsion.

The advantage to these theories is that the material manifold acts as a configu-
ration, much like the usual reference configuration, though with nontrivial geometry.
The decomposition of anelastic and elastic deformation is typically captured in a
factoring of the total deformation as a map from the reference configuration to the
material manifold, followed by a map from the material manifold to the current con-

figuration, with each factor of the map governed by the appropriate physics. However,



the requirement of the existence of a material manifold raises concerns of the range
of applicability of these theories, since the possible anelastic features are constrained
to be compatible with the structure of a manifold, perhaps one with highly nontrivial

geometric features like torsion and nonmetricity, but a manifold nonetheless.

1.3 Introduction to Ericksen’s Problem

Universal deformations in nonlinear elasticity are deformations that exist for all mem-
bers of a particular class of materials in the absence of body forces. Specifically, for
any particular material, an equilibrium deformation that can be sustained solely by
the application of surface tractions is called a controllable motion for that material.
A deformation is therefore a universal deformation for a class of materials if it is a
controllable motion for every material in the class. For instance in unconstrained
isotropic elastic materials, only homogeneous deformations are universal. However,
adding material constraints, i.e., restricting the class under consideration, expands
the set of universal solutions. In particular, under the imposition of incompressibility,
there are five known families of universal deformations in addition to the universal
homogeneous deformations, which is now restricted to isochoric homogeneous defor-
mations in keeping with the material constraint.

In the determination of universal solutions for constrained materials, both the
specific constraint and the functional form of the considered energy densities play key
roles, as there are deformations that may be universal for some classes of constrained

materials, but not others. For example, anti-plane shear of the form
r=X+ f(Y,2), y=Y, 2 =2, (1.45)

is not generally controllable for strain energies of the form W (I, I5), but is for the
subclass of generalized neo-Hookean materials whose energies take the form W (I).

Additionally, motion of the form
r=AX +sin(Y), y = DY, z=AZ —cos(Y), (1.46)

with A and D being constants is not universal for incompressible materials, but is
universal for other constrained materials.
Therefore, for the incompressible version of this problem, we seek all deformations

¢ such that for arbitrary strain energies W (I3, I5), the equation

dive =0 (1.47)



can be solved with suitable boundary tractions and a suitable Lagrange multiplier
field p, where o is defined as in equation 1.43. The difficulty here is that for such
a universal solution, the undetermined pressure field depends on the strain energy
density. Ordinarily the motion and the pressure field are solved for simultaneously,
but here we seek all motions such that after inserting the motion into the governing
equations, the remaining problem of determining the pressure field is always solvable
for arbitrary strain energies, even if the particular pressure solution depends on the
strain energy.

It is important to note that when we speak of a deformation here, we are specif-
ically concerned with the kinematics. To illustrate why this is important, consider

rectilinear shear of the form (using Cartesian coordinates)
r=X+f(Y), y=Y, 2= 7. (1.48)

Inserting this deformation into the equations of motion yields a pressure that is linear
in X and independent of Z, which in turn gives an equation determining the unknown
function f(Y') depending on g—§, and an equation determining g—g that can be solved
once f(Y) is determined. The solution to the equation determining f(Y") depends
on the specific material properties, unless the pressure is constant, in which case
we obtain simple shear. Therefore, while this motion is controllable for arbitrary
incompressible isotropic materials, because the specific kinematics depend on material
properties, this motion is not universal, except in the case of simple shear.

The process of obtaining and classifying all universal solutions is a highly non-
trivial task. This line of research originates in the seminal work of Jerald Ericksen.
In 1954, he made the first systematic attempt to classify all universal deformations
in isotropic incompressible elasticity [Ericksen, 1954]. His work revealed four families
of universal solutions in addition to homogeneous solutions. In 1955, he completely
solved the analogous problem for unconstrained elastic bodies, proving that the only
compressible universal solutions are homogeneous deformations [Ericksen, 1955]. In
the case of incompressible elasticity, another family of universal solutions was then
discovered by Singh and Pipkin [1965], with a special case of this family discovered by
Klingbeil and Shield [1966]. Additionally, Fosdick [1966] noted that a different special
case of this deformation represented a universal solution with constant invariants, a
special case not addressed by Ericksen’s initial work. Further contributions and spe-
cializations of this problem were made by a number of authors [Fosdick and Schuler,
1969, Kafadar, 1972, Knowles, 1979, Marris, 1982, Martin and Carlson, 1976] and

the current conjecture is that no other solution to the Ericksen’s problem exists but
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a proof of it remains an outstanding open problem of rational mechanics [Antman,
1995].

1.3.1 Ericksen’s Seminal Work

Ericksen’s initial investigation relied heavily on the invariants of the left Cauchy
Green stretch tensor, b. Specifically, he first showed that for universal deformations,
these invariants are functionally dependent, and hence their gradients are linearly
dependent vector fields. Ericksen then examines the surfaces on which these invari-
ants are constant, and derives from the universal equilibrium equations that these
surfaces must have constant Gaussian and mean curvature, and hence their principal
curvatures are constant. The only such surfaces are parallel planes, right concentric
cylinders, and concentric spheres. Ericksen proceeds to exhaust these cases and fully
classify the universal solutions that fall under the scope of his analysis.

There are two edge cases that Ericksen’s work does not touch upon. Because
Ericksen uses the gradients of the strain invariants, and relies on these being nonzero,
his work does not consider deformations whose invariants are spatially constant. Sec-
ondly, when two of the eigenvalues of b are equal, Ericksen only considered the special
case when the distinguished eigenvector field n, corresponding to the distinct eigen-

value, is complez-lamellar, namely that it satisfies
n - curln = 0. (1.49)

This later case was eventually reduced to the first, when Marris and Shiau [1970]
proved that if two eigenvalues of b are equal, and the eigenvalues are not spatially

constant, then the solution must be one of the already discovered families.

1.3.2 The Mysterious Fifth Family

After the publication of Ericksen’s initial work, investigation into universal solutions
in nonlinear isotropic incompressible elasticity slowed, as even though Ericksen did
not rule out the existence of other solutions, there was also no indication that other
solutions exists. This changed when Klingbeil and Shield [1966] and Singh and Pip-
kin [1965] independently discovered a fifth family of solutions possessing constant
invariants that was not contained in any of Ericksen’s families. This sparked renewed
interest in completing this classification, as it revealed that there exist nontrivial
constant-invariant universal motions, hence this special case not treated by Erick-

sen’s initial work, in contrast to the second case not treated, contains solutions not
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found in other families. This special case is still unsolved, though it has been further

restricted by more recent developments.

1.3.3 The Anholonomic Frame Technique

Tackling the constant invariant case has been a series of small incremental gains. The
common technique has been to acknowledge that the strain tensor field is positive def-
inite and symmetric, and hence its eigenvectors at each point form an orthonormal
frame. When expressed on this frame, the strain tensor appears constant and diago-
nal, which dramatically simplifies the equilibrium equations at the cost of having to
introduce non-commuting directional derivatives.

The first set of results of this technique came from Kafadar [1972], who further
reduced the space of possible undiscovered universal solutions, proving that undiscov-
ered universal solutions cannot possess complex-lamellar eigenvector fields. Indeed
he proved that if any one eigenvector field of the strain tensor is complex-lamellar,
then all of them must be, and if all of the eigenvector fields are complex-lamellar,
then at least one must be constant. Kafadar also proved that any new solutions must
possess distinct eigenvalues; if any two were equal, then the solution must belong to
an already discovered family.

Marris went on to further restrict this unsolved case, proving that undiscovered
solutions cannot have more than one of eigenvector field with constant abnormality
[Marris, 1975], and later that if the ratios of the abnormalities of the eigenvector fields
are necessarily constant, then there are no new solutions, and that the curvatures
and abnormalities of the eigenvector fields, and the stretch tensor’s eigenvalues are
functionally related. [Marris, 1982]. In a similar spirit, Adeleke [1984] proved that
any undiscovered universal solutions lie in at most a 19 parameter set, and using this
demonstrated that if the first and second derivatives of ¢ vanish at a point, then the
resulting deformation must be homogeneous.

Additionally, both Marris [1982] and Adeleke obtain a systems of differential equa-
tions that can be in principle analyzed by computer. The systems differ largely be-
cause Marris made use of an anholonomic frame, and hence expresses his equations in
terms of directional derivatives that do not commute. The mathematical framework
for developing algorithms to address such systems was developed by Hubert [2005],
hence solving Ericksen’s problem algorithmically is possible in principle, though the
run time and memory requirements of the algorithms that characterize all solutions

to such systems can be prohibitive.
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These restrictions suggest that if an undiscovered universal solution exists, its
form is particularly complicated. Unfortunately, this does not rule out the possibility

of new solutions, just the possibility of easily discovering new solutions.
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Chapter 2

Prerequisite Mathematics

Having briefly presented the relevant background of this work in the larger literature,
we now seek to provide the reader with the relevant mathematical background. In
the hopes of making this work self-contained, all necessary mathematical definitions

will be briefly presented here.

2.1 Differential Geometry

Modern elasticity, like general relativity, Lagrangian mechanics, and Hamiltonian me-
chanics, is a fundamentally geometric theory. The central objects in these theories
are geometric in nature; bodies are represented by Riemannian manifolds, and fields
behave tensorially. However, for those not fluent in Riemannian geometry, this for-
malism may appear daunting and opaque. Here we shall build up the definitions of

Riemannian manifolds, starting from more primitive objects.

2.1.1 Manifolds

Bodies in modern theories of elasticity are modeled as Riemannian manifolds and de-
formations are modeled as diffeomorphisms. These are relatively sophisticated math-
ematical objects, allowing us to formulate this theory rather elegantly. Riemannian
manifolds have at their core simpler objects, augmented with additional structures.
Here we progressively build up these structures, beginning with the core objects:

topological spaces.

2.1.1.1 Topological Spaces

Topological spaces are the most general conceptualization of space that allow us to

speak of connectedness, continuity, and convergence. They form the backbone of the
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types of spaces to which we will generalize elasticity theory. In essence, equipping a
set of points with a topology gives that set a notion of “closeness” that we can later

use to build up sensible notions of limits, and derivatives.

Definition 2.1.1 (Topological Space). A topological space is a set of points M, and

a collection of subsets of M, 7, that satisfies the following axioms:
e )ctand M e,
e 7 is closed under arbitrary (finite or infinite) unions of its members,
e 7 is closed under finite intersections of its members.
The elements of 7 are called “open sets”, and 7 is called a “topology” on M.

Topological spaces are objects in the category Top, whose morphisms are contin-
uous maps.

This definition is incredibly general, in fact it is too general for our purposes, as
we have no ability to define concepts of distance, strain, or curvature at the moment.
Because of this we will impose enough additional structure to carry over some of the
key formalism from elasticity theory. Firstly, we need some separability conditions

on our spaces, which allows us to uniquely define limit points.

Definition 2.1.2 (Hausdorff Space). A topological space is called Hausdorff or a
Hausdorff space if for any two distinct points X; # X5, there are open sets U; and
U, such that

[ X1€U1 andXQEUg,
[ ] UlmUQZQ

Informally, Hausdorff spaces are “separable by open sets” in that we can surround
any two distinct points by two non-intersecting open sets. Additionally, we wish to
impose certain properties on the types of open sets that are necessary to generate our

topologies through unions.

Definition 2.1.3 (Second Countability). A topological space M is second countable
if there is a countable collection of open subsets of M, U = {U;};en, such that any

open subset of M can be written as a union of elements of U.
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Any collection (countable or not) of open subsets that can be used in such a

)

manner is called a “base,” and therefore second countability requires the existence of
a countable base. This countable base may or may not be the base typically used;

second countability only requires its existence.

Example 1

We can give R a topology by defining a base of open subsets to be open intervals
centered at each point. This base is not countable, but we can restrict it to a countable
base consisting only of those intervals centered at rational numbers with rational radii.
R is therefore a second-countable space, since the rationals are dense in the reals. It is
also Hausdorff, as for any two distinct points X; and X5, we can surround each with
an open interval U; and Us, which are disjoint so long as r (Uy) +r (Uz) < | X2 — Xy,
where if U = (zg,21), r(U) = mgi‘)' is the radius of U. R can be shown to be
a second countable Hausdorff space by a similar construction utilizing open balls of

rational radius.

2.1.1.2 Smooth Manifolds, Atlases, and Charts

Smooth manifolds are a type of topological space that is similar enough to Euclidean
spaces that we can do calculus on them. In particular, a manifold is a topological
space that is “locally Euclidean” in the sense that it is locally homeomorphic to

subsets of RV,

Definition 2.1.4 ((Smooth) Manifold). A manifold M is a second countable Haus-
dorff space equipped with a collection {U,, (.} called an atlas, where U, are open
sets covering M, and (, : U, — R¥ are homeomorphisms onto open subsets of R¥

called coordinate charts. Additionally we define

Caﬁ = CB © Coj1|ga(UamUﬁ) : Ca (Ua n Uﬁ) - <B (Ua n Uﬁ) ) (2~1)

the transition maps. We say a manifold is smooth if the transition maps are smooth

(see Figure 2.1).

Smooth manifolds are objects in the categories Man?, with p being an integer, oo,
or w, whose objects are p times continuously differentiable manifolds, i.e. manifolds
with p times continuously differentiable transition maps, and whose morphisms are p
times continuously differentiable maps, or for Man“, these maps must be analytic. As

a convention, we shall always take p > 0 unless explicitly specified to the contrary.
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Example 2

R with its standard topology is an analytic manifold, and hence is an object in
every category Man”. Consider the map ¢ : R — R sending x € R to 2° € R.
This continuous map is an isomorphism in Man®, since its inverse, the cube root,
is continuous. However, this inverse function is not continuously differentiable at 0,

hence this map is not an isomorphism in Man” with p > 0.

Figure 2.1: A manifold M equipped with coordinate charts ¢, and transition maps (ag.

2.1.1.3 Local Coordinates

Because RY is the N-fold Cartesian product of R with itself, it carries with it a
projection onto each factor. We can append any of these projection maps onto our

charts to obtain the ¢-th local coordinate.

Definition 2.1.5 (Local Coordinates). A set of local coordinates Q4 (p) € RY at a
point X € U, is given by

(@' (X),...Q" (X)) = G (X). (2.2)

The i-th local coordinate is obtained by projecting (Ql (X),....,QN (X)) onto the i-th
factor. Likewise, given N functionally independent maps {Q“ (X)} from an open set
U to R, the N-tuple (Ql (X),...,QN (X)) forms a local system of coordinates on U.
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Notice in particular, that the charts {, do not have to be defined globally, and
often cannot be. This is not a problem, as the transition maps (,s allow us to switch
from one set of local coordinates to another on areas where more than one set is
defined, and because the open sets in our atlas cover M, we can always locally find a
homeomorphism to RY. With these homeomorphisms, we can carry local information
from our manifold to RV and back, allowing us to consider limits and hence derivatives
on M in terms limits and derivatives on R. The coordinate charts are not unique,
as we can append any homeomorphism from RY to itself to a coordinate chart to
obtain another valid coordinate chart.

Since we are considering smooth manifolds, given a local coordinate chart, we can
invert these functions and identify a spatial point given the values of its coordinates.
We can therefore (at least locally) write the position X (Q*) as a function of our

coordinates, in the usual way.

2.1.1.4 Tangent Spaces

In order to speak about local features of a manifold, we need to first define the tangent
space of a manifold at a point. Geometrically, the tangent space of a manifold at a
point is the vector space that “best approximates” the manifold, where the manifold
is locally thought of as a graph of a function. This interpretation, while useful for
surfaces embedded in three-dimensional Euclidean space, becomes difficult to grapple
with for higher dimensional manifolds. Instead, we shall first construct the cotangent
space at a point in terms of smooth functions defined on our manifold, and obtain
the tangent space by taking the dual of this space.

We begin by choosing a point X and a neighborhood U of X. We define C* (U)
to be the set of functions f : U — R where, for any coordinate chart ¢ : U — R,
the function fo ¢! : ((U) C RY — R is infinitely differentiable. This set is a real
associative algebra under point-wise addition and multiplication. We define the ideal
Ix to be the subset of functions that vanish at X.

The cotangent space of M at X, denoted T%M, is the quotient space Ix/I%: the
set of linear real-valued functions vanishing at X. A function in this space takes the

form v
F(QY) = w,Q* (2.3)
A=1

where our coordinates are chosen such that Q4 (X) = 0; T%M is the span of {Q4}, a
real vector space. When restricted to the quotient space Ix /%, the exterior derivative

is an isomorphism, connecting this presentation of the cotangent space to the usual
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presentation in terms of the coordinate differentials dQ*, which we will utilize later.
The dual of this space is then the space of linear functions from 753 M — R, which is
equal to the span of the N linear maps taking each of {Q#} to 1, and the remainder
of {Q4} to 0. These N maps are the coordinate partial derivatives % at X, hence
we define the tangent space TxM to be the span of these partial derivatives. An

element of this space takes the form

Y0
v = v ——. (2.4)
2" oo

At this point one may notice that we have placed our indices in a rather peculiar
way; this is to help us introduce the Einstein summation convention and its abstract
interpretation. Firstly, notice that in all cases where we have expressed elements of
vector spaces as linear combinations of basis elements, we have had one raised index
and one lowered index. This will always be the case, and hence from now on we will
omit the summation sigma, and simply state that summation is implied whenever
we have a repeated index appearing in product, where one instance is raised and the
other is lowered.

With regard to the particular placement of indices, we have to first examine how
our choice of coordinates affects our representation of a tangent vector v.

Suppose for U 3 X we have a different system of coordinates {QB }. Since both
of these systems of coordinates arise as a result of homeomorphisms with U, we can
write one system of coordinates in terms of the other, namely we can write QB (QA).

We can then write v in terms of both of these coordinates, and obtain
a9 _ o4 0Q" 0 _ -89
oA 2Q* QB 0B’

hence, if we want our representation to be independent of our choice of coordinates,

V=7

(2.5)

we require the components v* to transform by the following transformation law
00",
oA

Dually, we want elements of the cotangent space to be coordinate independent

(2.6)

as well. Our new coordinates QP are not necessarily linear functions of our old
coordinates, but in the quotient Iy /I%, all nonlinear terms map to 0, hence at the
level of the cotangent space, our new coordinates are linear functions of the old
coordinates. Therefore in the cotangent space, we have
_ Q"

QB - W ) (27)
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or, utilizing the exterior derivative as a an isomorphism on the cotangent space, we

have the more familiar

0Q"

dQP = dQ*. 2.8
Writing an element of the cotangent space in terms of both of these coordinates,
we have -
w = wgdQP = @BWdQA = w ,dQ™, (2.9)
and we obtain the transformation law for covector components:
QP _

This reveals why we have chosen to place our indices in the way we have; the
transformation laws automatically place our indices in the proper places, and so we
raise indices for vector components and lower indices for covector components to be
consistent with the transformation laws and the summation convention.

For these constructions, we chose coordinate systems, but then structured the
transformation laws for our components so that this choice does not matter. There-
fore, we take an abstract view of this index notation, where we do not view v4 as
the A-th component of the vector v in some particular system of coordinates, but

4 as indicating which space contains v, and the appropriate trans-

rather we view v
formation law. With this, we do not chose a particular basis, and we represent v as
vA. Additionally, the natural pairing of a vector v and a covector w is particularly
nice notated this way: v4w, not only represents the abstract pairing of v* and w,,
but also upon choosing any particular coordinate system it tells us how to compute
this pairing. This action extends to higher order tensors by simply introducing new
indices; the tensor product of vectors v and u is simply vAu?. Because we can take
tensor products of elements from different vector spaces, for each vector space V' and
its corresponding dual space V*, we will introduce an index alphabet Ny,. With this,
we can instantly recognize which space an arbitrary tensor belongs to simply by the

placement of its indices and which alphabet they are selected from.

Example 3

Suppose we have two vector spaces V', and W, where Ny, is capital Latin letters, and
Ny is lower case Latin letters. We can instantly tell that the tensor Z45,% is an
element of the space V@V @V W @ W*.
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Notice that this convention is motivated by coordinates on the manifold M, but
so far we have only spoken of individual (co)-tangent spaces of M. Since points in
M are in some sense “smoothly connected” to each other, we likewise want to be
able to connect these (co)-tangent spaces, which forces us to introduce the notion of

(co)-tangent bundles.

2.1.2 The Functorial Nature of the Tangent Bundle

Here we build up the structure of the tangent bundle, with a particular emphasis on
the functoriality of this construction. This is not intended to be a crash course in
category theory, but rather the natural perspective to take in order to consider both
the tangent bundle and the tangent map cohesively, and will prove to be useful when
discussing group action on manifolds. With this perspective, the principal object to
view is the tangent functor, which takes a manifold to its tangent bundle, and maps

between manifolds to their induced tangent maps.

2.1.2.1 Fiber Bundles

We begin by discussing the tangent bundle of R, which will provide a natural bridge
to the tangent bundles of more general manifolds, since manifolds are locally home-
omorphic to RY. First, however, we must define the type of object that the tangent

bundle is, namely it is an example of a fiber bundle.

Definition 2.1.6 (Fiber Bundles). A fiber bundle is a quadruple (F,m, B, F'), where
m: ' — B is a continuous surjective map, and E, B, and F are topological spaces.
E is called that total space, B, is called the base space, and F' is called the fiber.
Additionally, we have the following local triviality condition:

For each X € B, there exists a contractible neighborhood U of X such that
71 (U) is homeomorphic to U x F.

A fiber bundle is trivial if F = B x F', with m being the projection onto the first
factor.

Fiber bundles make up the objects of the category Bun, whose morphisms are
fiber bundle morphisms, which are given by pairs of continuous maps f : £y — Es,
and g : By — B, satisfying

mo f=gom. (2.11)

Notice in particular that because m; is surjective, the function ¢ is determined by the

function f.
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Definition 2.1.7 (Vector Bundles). A wvector bundle is a fiber bundle whose fibers

carry the structure of a finite dimensional real vector space.

All of the bundles we will consider are vector bundles. These bundles are the
objects of the category Vec, which is the subcategory of Bun whose objects are vector
bundles, and whose morphisms are vector bundle morphisms: fiber bundle morphisms
where f is linear when restricted to each fiber of Fj.

A vector space can be considered a vector bundle whose base space is a single

point. Vector fields can then be viewed as sections of a vector bundle.

Definition 2.1.8 (section). A section of the vector bundle (E, m, B, F') is a continuous

map s : B — FE satisfying 7 o s = idp.

2.1.2.2 The Tangent Bundles

As a set, the tangent bundle of a manifold is the disjoint union of all of its tangent
spaces, but equipped with a topology induced by the topology of the manifold. In
the case of the tangent bundle TRY, the base space is RY itself, and the fiber at each
point is the tangent space of R, which is itself isomorphic to RY. We then see that,
because RY itself is contractible, we can take it to be a neighborhood of all of its own
points, and hence TRY = RY x RN = R?V,

While the tangent bundle of R¥ is trivial, not all tangent bundles are trivial. For
a general manifold M of dimension /N, the tangent space at each point is isomorphic
to RY, and hence T M, the tangent bundle of M, should be locally homeomorphic
to RY x R¥, since M is locally homeomorphic to RY.

Demonstrating this, for each open set in the atlas (U,,(,), the diffeomorphism
¢, induces a diffeomorphism C, : TU, ~ U, x RY — R? sending <X, UABQLA) to
(Q,...,Q N, v', ..., o). Aset S C TM is open if (o (SN~ (UL)) is open in RN for
all a, where 7 here is the projection 7 : TU, — U,,.

Essentially, we recognize that 7'M is a manifold, and we seek to construct an atlas
for it from the atlas for M. Because each U, in M’s atlas is homeomorphic to a subset
of RN, TU, = U, x RY is homeomorphic to a subset of R*V. We define the open
sets in the atlas of T M to be ﬁa = U, x R". The intersection of these sets is clearly
U.NUs = (Uy x R¥)N (U x RY) = (U, N Up) xRY. Extending the charts, we define
Co - Uy — R2N sending (X, vAaQiA) to (Co (X),v?*). We now only have to extend the
transition maps. We define the transition map é:aﬁ : (~a <[~Ja N 05) — E/j (Ua N Ug)

ack . L .
as the map (Ca,g, %’5—), where (fﬁ is p 0 (4, the projection of the image of (5 onto
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B
the B-th factor, and the linear map 8@ 8 is left multiplication by the matrix whose

(vl, ...,UN) is

o
(B, A)th component is 62;5'

aQA
acB
i

With this, we have constructed an atlas for T M. Additionally, the above con-

struction is functorial, hence we can define the covariant functor 7" from the category

of smooth manifolds and smooth maps, Man”, to the category of vector bundles
and vector bundle morphisms Vec that sends manifolds to their tangent bundles and
smooth maps to their induced tangent maps.

This functor takes the smooth map ¢ : M — N, expressed in coordinates {Q4}
on M and {qa} on N as ¢% = ¢* (QA), to the vector bundle morphism T : TM —
TN = ( aQA 0q* ®dQA>

We notice especially that we use same system of coordinates for all points in a
neighborhood, hence we shall associate our index alphabets not simply to an individ-
ual tangent space, and its dual space, but to the entire tangent bundle, and its dual

A

bundle, the cotangent bundle, hence v* is not simply thought of as a tangent vector,

but as a tangent vector field. With this, we introduce the tensor product bundle.

Definition 2.1.9 (tensor product bundle). Given two vector bundles E; and FEs over
the same base space B, with respective fibers F} and F5, the tensor product bundle
F, ® Ej is the vector bundle over B whose fibers are I} ® Fy, where the tensor product

here is the usual tensor product of vector spaces.

With this definition, given a tensor field on a manifold, we can immediately rec-
ognize which vector bundle that tensor field is a section of by our index notation, as

we did before when we were only considering vector spaces, not vector bundles.

2.1.2.3 The Cotangent Bundle

The cotangent bundle T* M is the dual bundle of T M, where the fibers of T* M are
the dual spaces of those of TM. These two bundles are isomorphic, but they are
not naturally isomorphic, because the specific isomorphism depends on the choice of
coordinates, in the same way that finite dimensional vector spaces are isomorphic to
their dual spaces, but not in any canonical way.

One might suspect that like the construction of the tangent bundle, the construc-
tion of the cotangent bundle is a functor of some kind. While fibers of T*M can
be pulled back, the base space is pushed forward, hence from a categorical point of

view, taking the cotangent bundle is a more complicated operation. When morphisms
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in Man? are restricted to local diffeomorphisms, a covariant functor can be created
since fibers can be pulled back under the (local) inverse morphism; we will not be
ordinarily working in this category, except when speaking of induced group actions
on the cotangent bundles of manifolds, since the maps induced by group actions are
necessarily automorphisms.

Taking sections of both the tangent and cotangent bundle are functorial opera-

tions, covariant and contravariant respectively, as shown by the following diagram:

L (TM) —2 T (TN)
Iy Iy
M z N
Ty Iy
DT M) — T ()

Here we have denoted the space of sections of the bundle B as I' (B). These functors,
I'r, and I'p«, associate a smooth manifold M with the spaces of sections of T'M,
and T* M respectively, i.e. T'p (M) =T (TM), and T« (M) = T (T*M). The first
associates the map ¢ : M — N with the pushforward map ¢, which sends the vector
field v4 on M to the vector field SQLZUA on im (¢) C N, and the second associates
the map ¢ with the pullback map ¢*, which sends the covector field w, on A to the
covector field gQLZwa on M.

In the literature, sections of T'M are sometimes called “contravariant vector
fields,” and those of T* M are sometimes called “covariant vector fields,” which is
rather unfortunate, since the functor I'y is covariant, and the functor 'y« is con-
travariant, but this convention is too deeply entrenched to be changed at this point.
Hence we shall refer to them respectively as “vector fields” and “covector fields.”

When the vector space V' has an inner product (-,-), there is an obvious choice
of isomorphism connecting V and V* that “agrees” with the inner product. This

isomorphism identifies each vector v with the covector w € V* satisfying
w (u) = (v, u) YueV. (2.12)

In order for us to do this for vector bundles, we need to establish the appropriate
notion of an inner product for vector bundles; Riemannian manifolds provide this

structure.
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2.1.3 Riemannian Manifolds

Riemannian manifolds are smooth manifolds with additional structure that endows

them with sensible notions of length and angle.

Definition 2.1.10 (Riemannian Manifold). A Riemannian manifold is a smooth
manifold M equipped with a smoothly varying positive definite symmetric tensor
field K (X) : Tx M ® Tx M — R called the metric tensor field.

Once equipped with a metric tensor, we shall explicitly denote a Riemannian
manifold as the pair (M,K). We see that the metric tensor is a section of the
vector bundle T* M ® T* M, since at each point it is a bilinear map taking pairs of
tangent vectors to the reals. This allows us to construct what is known as the musical

isomorphism.

2.1.3.1 The Musical Isomorphism

Now that we have an inner product on tangent spaces, we can identify vectors with
covectors in a way that “agrees” with the metric tensor. This is known as the musical

isomorphism.
Definition 2.1.11 (Flat). The flat of a vector v* is the covector (v°) , = K 50",

The applying the inverse of this isomorphism is called taking the “sharp” of a

covector.

Definition 2.1.12 (Sharp). The sharp of a covector w, is the vector (wﬁ)A =

KABwpg, where K48 is the inverse of K 5.

This action is sometimes referred to as lowering and raising indices, especially

when the musical isomorphism is used implicitly.

2.1.3.2 Covariant Derivatives and the Levi-Civita Connection

Many physical theories are based on gradients of physical quantities. We want these
gradients to be tensorial in the same way that the quantities themselves to be tenso-
rial.

The problem we run into is that simply taking partial derivatives of components
is not a tensorial operation; it inherently depends on the coordinates chosen.

Explicitly, under a change of coordinates, we have

954 Q¢ 9 a@AvD ~9Q° 9Q* P P QA
8@3 - a@g 0Q° \ oQP B 8@3 2QP dQ° 8@38625'

(2.13)
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Here, we see that the first term obeys the proper tranformation law, but the
Leibniz rule introduces a second term that results in a non-tensorial transformation.
This problem arises because there is no canonical way to compare tangent vectors
lying in different tangent spaces. Therefore, we impose this additional structure,

defining an affine connection on M, which lets us prescribe a parallel transport law
dv® = —T ,5z%0PdQ*, (2.14)

where I' , 3¢ are the called the connection coefficients. This defines a notion of parallel
transport on our manifold, in that we say a vector is parallel transported in the
direction dQ* with respect to the connection I' 5 if it obeys equation (2.14).

This lets us define the covariant derivative, which measures how the directional
change of a vector field deviates from a parallel transported vector field with the same

initial value, and is defined to be

v

~ QB

Vgt + T oM. (2.15)

Clearly, if a vector is parallel transported in a particular direction, its covariant deriva-
tive in that direction vanishes. We know that partial derivatives do not transform as
a tensor, hence we require that I' ;5% also not transform as a tensor so that V zv*
does transform tensorially.

We still have much flexibility in how I',z are defined, but once we impose a

metric K 45, there is a unique connection that satisfies two criteria:
e the connection is metric compatible, i.e. V ,Kp~ =0,
e the connection is torsion free, i.e. ' jg¢ —T'5,¢ = 0.

The first of these demands that parallel transport does not change lengths or angles,
and the second requires that vectors do not twist as they are parallel transported. This
is endows the “imposed parallelism” defined by (2.14) with our intuitive notions of
how parallel transport “ought” to behave, since without these criteria, we have simply
defined a particular way of transporting vectors, and decreed that this method is by
definition “parallel.” This particular connection is called the Lewvi-Civita connection,
and its components are determined by the metric tensor as follows:
T, = EKCD (8KBD OKp aKAB) '
2 oA oQ-B oQr

For the purposes of this work, we shall only need to use the Levi-Civita connection,

(2.16)

though it is by no means the only useful connection in the differential geometry
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literature. Since the Levi-Civita connection depends explicitly on the metric chosen,
and we shall be simultaneously working with several different Riemannian manifolds,
we shall denote the Levi-Civita connection of the reference configuration as I' ;3¢ and
the Levi-Civita connection of the current configuration as v,°. Additionally, when
necessary, we shall denote the covariant derivative with respect to the Levi-Civita
connection determined by the metric K as VK.

The existence and uniqueness of this connection is the content of the Fundamental
Theorem of Riemannian Geometry. Since some of our work shall consider Riemannian
manifolds with metric tensors of various degrees of smoothness, we will impose by
definition that a Riemannian manifold has at least a C'* smooth metric tensor field, so
that this connection can be defined, though in practice, the manifolds we will consider

will be analytic at least almost everywhere.

2.1.4 Lie Groups

There are other manifolds that we will be working with, namely Lie Groups.

Definition 2.1.13 (Lie Group). A Lie Group G is a group G that also possesses
the structure of a manifold such that multiplication maps by group elements are

diffeomorphisms.

Because there is a distinguished point in a Lie Group, namely the identity e,
there is a distinguished tangent space, namely the tangent space at the identity
T.G. Elements of this tangent space are often denoted “infinitesimal generators”
of GG, and themselves form an algebra, denoted g where addition is the usual vector
addition in T,.G, and the multiplication is the linearization of commutation in G. This
algebra, called a Lie algebra, is not associative; its product [—, —| is antisymmetric,

and satisfies the Jacobi identity
[U17 [U27 U3H + [U27 [U37 'Ul]] + [U37 ['Ul,'UQ]] = 07 V'Ul, U2, V3 € g. (217>

Additionally, there is a map, called the exponential map, that identifies one dimen-
sional subspaces of g with one dimensional subgroups of G, or equivalently elements
of g with uniformly parameterized one dimensional subgroups of GG, where the mag-
nitude of the chosen element is identified with the “speed” at which this subgroup is

traversed.
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2.2 Group Actions On Manifolds

Central to our construction is the notion of symmetry, hence we must examine how
groups can act on manifolds. We will identify elements of a group with automorphisms
of our manifolds in a way that agrees with the group’s structure. This identification

is called a “group action.”

Definition 2.2.1 (Group Action). A left! action of a group G on a manifold M is a
differentiable map p : G x M — M satisfying

e p(e,X) =X for all X € M, where e is the identity of G.
e p(g2,p(91,X)) = p(g201, X) for all g1, go € G and for all X € M.
A manifold equipped with a left action of the group G is called a G-manifold.

We can then fix any particular group element g, and consider the map p, =
p(g,—) : M — M. This is a map between manifolds, namely from M to itself, and
hence induces a pushforward map on sections of the tangent bundle, and a pullback
map on sections of the cotangent bundle. Since this map is by definition invertible,
its inverse also induces pullback and pushforward maps, but now in the opposite
directions, allowing us to move vector fields and covector fields freely back and forth.

In this way, given a group action on a manifold, there is a natural induced “action”
on the tangent bundle, and likewise on the cotangent bundle. The question of whether
or not this “action” is a proper group action depends on the action on the underlying
manifold. Specifically, by definition, group actions need to be invertible, hence if the
group action on our manifold has critical points, its “action” on the tangent bundle
will not be invertible at these critical points, and hence will not be a group action.
However, provided our group action is regular (i.e. it lacks critical points), then the
induced maps on the tangent bundle and the cotangent bundle will be bona fide group
actions. Therefore, if G’s action on M agrees with the G’s group structure, so will
its induced action on TM and T*M so long as its action on M is regular, since the
identity map on M prolongs to the identity map on both T M and T* M.

This distinction highlights the importance of the categorical view of these objects.
The induced map p (g, —) must not only be invertible, it must also be a diffeomor-

phism in Man?, which rules out the possibility of generating singular points as in

IThere is an equivalent theory of right group actions, where the second axiom is modified to agree
with right group multiplication rather than left multiplication; we shall only be using left actions,
as any right action can be recast as a left action and vice versa.
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example 2, since all derivatives of order p or lower must have continuous inverses. In
general categorical language, in order to prolong a group action on a manifold to its
tangent or cotangent bundles, the induced maps p (g, —) : M — M must be automor-
phisms in the appropriate category, namely Man? for the tangent bundle, or for the
cotangent bundle, Man” with its morphisms restricted to local diffeomorphisms. It is
from these categories that the covariant tangent and cotangent functors are defined,
hence it would be inconsistent to attempt to prolong a group action to the tangent or
cotangent bundle, unless the maps induced by the group action are automorphisms

in these categories.

Example 4 (The special Euclidean group: SE(n))

The set of orientation-preserving isometries of Euclidean space E™ forms a group,
called the special Euclidean group, denoted SE(n).

Such a transformation is an affine transformation, and thus can be written
X > QX +ec, (2.18)

where Q € SO (n) is a rotation, and ¢ is a translation. Therefore, we can specify
an element of SE(n) by specifying the tuple (Q|c). Clearly, both SO(n) and T(n),
the groups of n-dimensional rotations and n-dimensional translations respectively, are
subgroups of SE(n), since (Q,0) is a pure rotation and (I,¢) is a pure translation.
One might expect that SE(n) =SO(n) xT(n), but this is not true.

We must examine the group operation of SE(n); taking the composition of two

special Euclidean motions, we have
X — QlX +c — Q2 (QlX -+ Cl) +co = QngX + Q201 + Co. (219)

Therefore, it is clear that this group operation * takes the form

(Q2, 2) * (Q1, ¢1) = (Q2Qu, Qa1 + 2) (2.20)

and that the inverse of (Q,c) is (Q~', —Q~'¢).

This group operation is not the group operation induced by the direct product of
SO(n) and T(n), despite the fact that both SO(n) and T(n) are subgroups of SE(n).
However, SE(n) is a product of SO(n) and T(n), since any element (Q,¢) of SE(n)
can be written either as the composition (Q|0) x (I|Q " 'c) or (I|c) * (Q,0), and the
intersection of the subgroups SO(n) and T(n) is the trivial intersection {(I,0)}.

Examining the commutator of two elements of SE(n), we have
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(Q;l, —Q5102) * (Qf17 —Qflﬁ) *(Qa,c2) % (Q1, 1)
= (Q2'Q1'Q:Q1,Q,'Q ' Qe + Q2 'Q1 e — Q3 'Q e — Qg Ter) . (2:21)

If we take ¢; = 0, this becomes (Q;lengQl,leQflcz — Q51c2), which is not
a pure rotation. Hence SO(n) is not a normal subgroup of SE(n). However, if we
take Q; = I, we obtain (I, 1 — Q;lcl), which is a pure translation, hence T(n) is a
normal subgroup of SE(n). The product structure compatible with this is called a
“semi-direct” product, and is denoted SE(n)=SO(n) xT(n).

2.2.1 Group Equivariant Maps

We have seen how a group can act on a manifold in a way that agrees with the group’s
structure. We now wish to consider maps between manifolds, each equipped with a

group action, and seek to define maps that agree with this added structure.

Definition 2.2.2 (G-equivariant map). Fix a group G, and let f be a map from the
G-manifold M with G-action pp to the G-manifold N with G-action py. The map
f is G-equivariant if Vg € G

fopm(g,—)=pn(g.—)of, (2.22)
i.e. f “commutes” with the group actions on M and N.

Equivariant maps will play a key role in our discussion of symmetric deformations.
The deformations themselves will not be the maps in question, but rather we shall
examine the induced actions of SE(3) on various vector bundles over E?, and look at

G-equivariant sections of these bundles, where G is a Lie subgroup of SE(3).

Example 5 (SE(3) equivariant sections of TE? @ T*E?)

We shall be looking at right Cauchy Green stretch tensor fields, which are sections
of TE? @ T*E3. Specifically, we shall be considering sections of this bundle that
are equivariant maps with respect to subgroups of SE(3), so we should examine the
structure of such symmetric fields. A section being a map from the base space to the
fiber above it, such a field is a map C : E* — TE3 @ T*E? satisfying idgs = 7 o C.

For E?, we have the action

pes ((Qle) . X) = QX + o, (2.23)

or in index notation,
pes ((Qplc”), XP) = Q¥ p X" + 7. (2.24)
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This induces the following actions on TIE3 and T*E? respectively,
pres ((Q751c7), (X7, 07)) = (QF X + ¢, Q" po”) (2.25)

pres ((Q45lcP) , (XF wp)) = (QF 4 X + ¥, Mpp QP M“Puwy) (2.26)

where M , 5 is the Euclidean metric, which means the corresponding action on TE? ®
T*E? is

PTE3QT*E3 ((QAB‘CD) ) (XE, CGH)) = (QEAXA + CE; QGACABMBDQFDMFH) .
(2.27)

The equivariance requirement demands that
g (QDEXE + CD) = Q"pC"p (XD) M"CQ"  Myp, (2.28)

which in index free notation this is simply C(QX + ¢) = QC (X) QT, for (Qlc) in
the symmetry subgroup G C SE (3).

Notice the rich interplay between the different structures here: E? has an isometry
group action determined by its metric tensor field, which is a symmetric section of
T*E3 @ T*E3. We prolong this action to the bundle TE3 @ T*E3, making this bundle
a G-manifold, with a specific induced G action. We then recognize sections as maps
from E3 to TE3 @ T*E? with additional structure, and seek such maps that are G-

equivariant maps with respect to this specific induced G-action.
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Chapter 3

Riemannian Elasticity and Its Role
in Anelasticity

In the geometric formulation of nonlinear elasticity, we define the ambient space to
be a Riemannian manifold (S, m), where m is a fixed background metric. Since we
are interested in universal deformations that take place in Euclidean space we assume
that the ambient space is Euclidean, i.e. that V™ generates no curvature. We then

define a body as a Riemannian manifold (B, M). We define a motion as an isotopy ¢
v:BxR—=CCS. (3.1)

parameterized by time ¢ that gives a homeomorphism at each time ¢ between the ref-
erence configuration B and the physical configuration at time t defined by ¢(B,t) (see
Figure 3.1): We use coordinate charts {Q“} and {q®} for B and C, respectively. We
utilize uppercase Latin letters to denote most quantities and indices in the reference
configuration, and lowercase Latin letters to denote most quantities and indices in the
physical configuration, in accordance with our previous discussion on vector bundles.
The homeomorphism at time ¢, ¢(—,t), can be interpreted physically as a map
determining the position of a small piece of material at time ¢, given its position in
B, which is often interpreted as an initial position, though the important feature of
the reference configuration is that it specifies the relaxed geometry of the body; it
is not necessarily the initial configuration of the body. While in elasticity, (B, M) is
Euclidean, for an anelastic system, (B8, M) may not be Euclidean and, in such case,
w0 = ¢(—,0) is not the identity map. Since ¢o(B) and ¢(B,t) correspond to physical
configurations, we model them as subsets of Euclidean space, and hence, we identify
the positions in the respective configurations with the position vectors X, and .
Since we are interested in equilibrium states, we restrict our attention to a finite

time ¢* > 0 and suppress the explicit time-dependence so that we define, with a slight
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abuse of notation, ¢(B) = (B, t*).

Figure 3.1: General motion from the reference configuration B to the current configuration C.

The local properties of deformations are encapsulated in the derivative of the map

¢ that we explore next.

3.1 Kinematics

With our abuse of notation, we have deformations represented by diffeomorphisms

between n-dimensional smooth manifolds
p:B—C, (3.2)

where B and C represent the reference and the current configurations, respectively.
To examine the dynamics of such deformations, one examines the induced tangent
map

Te:TB—TC, (3.3)

which sends the point (X,v) € TB to (¢ (X),Fv) € TC, where in coordinates {Q*} :
B — R™ and {¢*} : C — R™, one has

dp®
0Q4

With this, one writes the vector bundle morphism T'p as

F(X) = (

X) a(Za ® dQ*. (3.4)

Ty = (907 F) ) (35)

i.e., the deformation ¢ maps points in B to points in C, and the deformation gradient
F maps tangent vectors of B at the point X to tangent vectors of C at the point
»(X). Additionally it is often required, as we will here, that det F > 0 everywhere,

which ensures that ¢ is a isomorphism in Man', and is orientation preserving.
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To examine the adjoint of F, we fix metrics M and m respectively on B and C.
The adjoint of F' is then

F'(X,t): Tyx)C — TxB, m(FV,v) =M (V,F'v), VV eTxB, v e T,xC.

(3.6)
In components, (FT)4, = MABm,,F’z. Note that the adjoint explicitly depends on
the metrics M and m. The right Cauchy Green stretch tensor is defined as

C(X)=F"(X)F(X): TxB — TxB. (3.7)

It is straightforward to see that C* = ¢* (m), which has components Cp =
F,F’smy,. The Jacobian relates the material and spatial Riemannian volume mea-

sures via the relation dv(z, m) = JdV (X, M), where J is given by

detm
— F. .
J =1/ et M det (3.8)

Over the years as additional physics were considered, theories accounting for strain

other than that due to elastic deformations, called anelastic strain,! were formulated,
making up the broad field of nonlinear anelasticity. Various theories of anelasticity, as
documented in Sadik and Yavari [2017], have been developed in which the deformation

gradient F' is decomposed multiplicatively as
F = AG, (3.9)

where G generates purely anelastic strain and A generates purely elastic strain. These
theories are in contrast to theories introducing a so-called “intermediate configura-
tion,” where the map ¢ is decomposed as the compositions of maps as ¢ = « o 7.
The practice of decomposing the deformation gradient has been met with some crit-
icism [Casey and Naghdi, 1980], for while F is the derivative of ¢, in general neither
A nor G are derivatives of maps. Additionally a decomposition generating the re-
quired strain is not unique, as for any local isometry Q, the alternative decomposition
F = (AQ)(Q'G) generates the same strain.

Additionally, the multiplicative decomposition is often difficult to interpret. Be-
cause G is not generally integrable, the collection of deformed tangent spaces is

typically treated as a disjoint union of vector spaces absent a topology connecting

'In the literature several other terms are used for anelastic strain. Examples are: eigenstrain
[Mura, 1982], initial strain [Kondo, 1949], inherent strain [Ueda et al., 1975], and transformation
strain [Eshelby, 1957].
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them, which given the extensive development of elasticity in terms of manifolds and
vector bundles on them, seems unnatural.

We seek to simultaneously resolve all of these problems, using the nonuniqueness
of the multiplicative decomposition to attempt to construct a different decomposition

F=AG satisfying the following two properties:
i) The new decomposition generates the same anelastic strain as the original, i.e.,

G'G =G'G. (3.10)

ii) The decomposition is induced by the composition of maps between Riemannian

manifolds, i.e.,

p=aoy, with Ta=(a,A), and Tv=(y,G). (3.11)

We seek to identify when this is possible, and when it is, to what extent the maps «
and ~ are uniquely defined.

Here, we demonstrate that we can start with a multiplicative decomposition of
the deformation gradient and under suitable circumstances, construct an intermediate
configuration. Given a factorization of ¢ through an intermediate configuration, we
can trivially construct a multiplicative decomposition of the deformation gradient by
applying the tangent functor to this factorization. Therefore, we derive the conditions
under which these two formulations are equivalent, hence any when results derived

from one formulation equally apply to the other.

3.1.1 Implicit Assumptions

We seek to make explicit the assumptions present in the initial posing of this question,
and deduce as much as we can from these assumptions. For now, we restrict the
discussion to each point, and suppress the dependence of F on X. We recognize first,
that simply writing a factorization like this can be done while assuming very little.
G and A do not even have to be square, and hence we, as of now, cannot even speak
about their invertibility. In fact, the dimensions of A and G do not even have to be
the same from point to point, provided that their product remains well defined. We
do know that G has a left inverse and A has a right inverse, because F is invertible; G
is injective and A is surjective. Explicitly, the right inverse of A and the left inverse
of G are

(A)p' =GF', (G)'=F'A. (3.12)
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We do, however, speak of strain, which requires that the manifolds B and C be
equipped with metrics M and m, respectively. Therefore, we shall replace the smooth
manifold B with the Riemannian manifold (B8, M), and the smooth manifold C with

the Riemannian manifold (C, m). With this, we consider ¢ as the diffeomorphism
v: (B,M) = (C,m), (3.13)
which lets us compute the Lagrangian strain induced by ¢ as

E=_(F'F-1I), (3.14)

DN —

where I is the identity tensor.
Since we want G to also generate strain, we require that its codomain have an

inner product.? Labeling the codomain of G as Ux, we have F = AG, with
G:Tx(B,M) — Uy, (3.15)
from the tangent space at X to some inner product space Ux and
A Ux = Tyx)(C,m). (3.16)

Because G is injective, its image is a subspace of Ux with the same dimension as
Tx(B,M). If we consider
G : Tx(B,M) — im(G), (3.17)

such that G = to G (1 being the inclusion map im(G) < Uy), we have an invertible
linear transformation. If we then restrict the domain of A to im(G), we obtain

another invertible linear transformation

A im(G) — T,x)(C, m). (3.18)
The composition AG is another multiplicative decomposition of F, but consisting of
invertible factors. Each factor is still not generally integrable, so this is not the de-
composition we ultimately seek. Next, we turn our attention to the strain induced by
G. The inner product structure on Uy, being a positive-definite symmetric, bilinear

map, admits a representation as a positive-definite symmetric tensor

2This product is implicit in the definition of GT. Therefore, it must be initially prescribed along
with the decomposition F = AG, though in practice it is often implicitly taken to be the standard
inner product on R™.
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With this, we can now choose a basis for Uy, {e,}, and its corresponding dual basis

{9“}, and express the requirement (3.10) in components as
MAPG® yh, ;G = MAPGY 5GPy, (3.20)

explicitly showing how the inner product structure on Uy is implicitly required to
examine the strain induced by G.? This structure generally varies from point to point.
For now, we make no assumptions about the smoothnesses of h, G, or A, other than
noticing that the product AG is F, which is smooth, being the induced tangent map
of the diffeomorphism ¢. Using h, we can write Ux as the direct sum of orthogonal
subspaces. In particular,

Ux = im(G) @ im(G)*, (3.21)

and we can construct the orthogonal projection
7w Ux — im(G). (3.22)

If we denote the inclusion ¢+ : im(G)+ — Uy and the inclusion ¢ : im(G) — Uy as
before, this projection satisfies w o+ = idj(g), tomo G = G, and 7o v = 0. With

these definitions, we have

~ ~

G=mmoG, A=Ao. (3.23)
The strain induced by G at each point X is then

Ec=-(G'G-1I). (3.24)

DO | —

Since G is injective, Eqg is also equal to the strain induced by G, which is given by
the expression (3.24) with G replaced by G.

3.1.2 Construction of an Intermediate Configuration

Now that we have essentially taken full advantage of the assumptions implicit in the
posing of the question, we identify the salient features used in the construction of
the intermediate configuration. Given G and h, we can construct a positive-definite,
symmetric tensor field on B in a natural way. Denoting this tensor field by H, we
require that

H(u,v) = h(Gu,Gv), VYu,v e Tx(B, M), (3.25)

3The multiplicative decomposition of the deformation gradient in anelasticity and the geometric
structures induced by moving frames were recently discussed in Sozio and Yavari [2019].
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i.e., H is the pull-back of h under G. Because G is injective, and h is positive-definite
and symmetric, H is positive-definite and symmetric. If H is smooth with respect to
X, it satisfies the definition of a metric tensor, and we can consider the Riemannian

manifold (B, H); this will ultimately be the intermediate configuration.

Remark. As we consider consequences of Riemannian metrics with various degrees of
smoothness, we require by definition here as before that a Riemannian manifold have
a C! metric, which seems appropriate, as this is the minimal degree of smoothness

required for the fundamental theorem of Riemannian geometry to hold.

The degree of smoothness of H will determine which geometric structures are well
defined in the intermediate configuration. Specifically, if H(X) is C*, we can construct
the Levi-Civita connection on (B, H), if it is C?, we can define the Riemann curvature,
and if it is C* with k > 3, we can construct an isometric embedding in a sufficiently
high dimensional Euclidean space that is also C* [Nash, 1956]. We will consider H to
be at least C! for the remainder of this work. Notice also that H = (GTG)b, which,
since M is at least C', means that H is C!, if and only if GTG is C* as well.*

In general, (B,M) and (B,H) are different Riemannian manifolds, since their
specific geometries are defined by the distinct metrics M and H. However, their
topologies are the same, since the metric topology of any Riemannian manifold agrees
with its underlying manifold topology [Lee, 2001], which is the same for both (B, M)
and (B, H). Note that this result relies on the positive definiteness of the metric tensor
field everywhere. In the case where the metric tensor H either becomes singular or
loses positive definiteness on some subset, the topologies of (B,M) and (B,H) no
longer necessarily agree.

Next we consider the map idg : (B,M) — (B,H), the unique identity map on
the smooth manifold B, where the domain is equipped with the metric M, and the
codomain is equipped with the metric H. Essentially we map all subsets of points to
themselves, but now consider these sets with a different geometry. Equivalently, we
merely replace the metric tensor M with the metric tensor H. This map is particularly
nice, because it is smooth and defined at the level of points.

The total deformation then factors as
(B,M) & (B,H) % (C,m), (3.26)

where ¢ is the same map as ¢ at the level of points, but with the manifold (B, H)

as its domain. Additionally, by construction, the map idg defined above induces the

4In the case where the anelastic strain Eq is directly prescribed instead of a multiplicative de-
composition, we instead examine the smoothness of H = (2Eg + I)b, and proceed mutatis mutandis.
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same strain as G, since H is the pullback of h under G, as can be explicitly checked

in components

5 H o 0% = G phosGP . (3.27)

Remark. Note that this is written in terms of the disjoint union of the frames {e,};
the interpretation of these as a moving frame depends on the smoothness of G.
Specifically, G can be (highly) discontinuous in which case we just have a collection
of frames, one frame for each tangent space, with no general relationship between
the frames at different points. As a pathological example, G could be square and
invertible on points with rational coordinates, and non-square (but still full rank) on
the other points, in which case {e,} at each point would not even have a consistent
number of elements, let alone be interpretable as a moving frame. In this case, h
would not be consistently the same size, but H, its pull back, would be, which is
why the smoothness of H is the important criteria, not the smoothness of h or G

separately.

Note that the induced factorization T'¢ = T'p o T idg generates the same strain as
the original factorization F = AG. As desired, it is induced by the composition of

maps between Riemannian manifolds. Therefore, taking
y=1idg, a=¢, (3.28)

satisfies both of our desired conditions (3.10) and (3.11), since

(0, F)=To=T(aoy)=TaoTy=(a,A)o(7,G) = (a0, AG). (3.29)
Here, G maps a vector in Tx (B, M) to the corresponding vector in Tx (B, H), which
despite appearing like the identity, generates strain because the inner product H is
typically different than the inner product M. If these inner product structures are
dropped, then G does become the identity on T'xB. The other factor is therefore
A = FG™!, which clearly exists since G is trivially invertible.

We now wish to determine the precise relationship between G and G. We have
already seen that they generate the same strain, but G is induced by a map between
Riemannian manifolds, while G is simply a linear map applied to each tangent space
of (B, M) separately. Given a basis {E;}, i = 1,...,n for Tx (B, M), there is a natural

induced basis for im(G) given as
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i.e., we use the images of the basis vectors of Tx (B, M) as the basis for im(G). On

these bases, G has the particularly nice form
G = 0,6, ® B4, (3.31)
where {EA} is the dual basis of {E4}. The linear map

e:im(G) —» Tx(B,H), (3:32)
e — E;,

is then an isometry. Note that € depends on the specific decomposition, but the
composition eowoG = G, only depends on the strain generated. Therefore, provided
that H is smooth enough for (B8, H) to be a Riemannian manifold, we can take the
disjoint images of the tangent spaces of the manifold (B, M) under the map G, and
embed them isometrically into the tangent bundle T'(B,H) via the maps €. These
images then inherit the unique Levi-Civita connection based on the metric tensor H.
If £ is interpreted passively as a change of basis, the decomposition F = AG can be
interpreted as the same decomposition as F = AG = (A oe™1)(e 0o G), expressed
in terms of an anholonomic basis on (B, H). Notice that postcomposition by € o 7
effectively removes any nonsmoothness or discontinuities present in G. If G is O,
we can determine the object of anholonomicity for the anholonomic basis on (3, H)
described above, though this is superfluous to the main result. The construction of
the intermediate configuration and its associated maps is schematically shown in the
diagram in Figure 3.2. Starting from F = AG, and knowledge of the inner products
on Uy, provided the pullback of h is C!, this diagram can be constructed. The maps

€ and ¢ are isometries, and all paths commute, apart from those starting at Ux.
Next, we wish to see to what extent the factorization ¢ = a o is unique. Sup-
pose we have a different intermediate configuration, (M, K) that satisfies the two

requirements (3.10) and (3.11). We then write ¢ = o 04/ with
v (B,M) = (M, K),

o (M,K) = (C,m). (3.53)
Denoting the tangent maps as
T =(+,G), Td = A, (3.34)
the anelastic strain requirement (3.10) demands
G'G=G"a, (3.35)
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Figure 3.2: Construction of the intermediate configuration.

which in components reads
64 H 0%, = G LK, .G’ 3.36
Bi1ac9 p Bfhact p- (3.36)

This, however, is exactly the condition for (B, H) and (M, K) to be isometric under
the map 7/ o v~!. Hence, the intermediate configuration we constructed is unique up

to isometry. This lets us finally state our main result:

Theorem 3.1.1 (Isometric Integrability). Given the deformation ¢ : (B,M) —
(C,m) with the tangent map Ty = (p,F) satisfying det F > 0, and a multiplica-
tive decomposition F = AG with G mapping into an inner product space, if GTG
is at least C1, there erists a Riemannian manifold (B,H), unique up to isometry,
such that the composition of maps ¢ = ao~y : (B,M) = (B,H) = (C,m) induces a
factorization F = AG satisfying GTG = GTG.
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3.2 Equilibrium Equations

Having established that we can treat the elastic portion of anelastic deformations
via a Riemannian intermediate configuration, we now need to establish the relevant
equilibrium equations. From this point forth, we shall ignore the initial reference
configuration since its geometry does not play a role in the dynamics. We shall
simply consider the portion of the deformation governed by elasticity; essentially we
shall consider our constructed Riemannian intermediate configuration as the reference
configuration. As we treat our bodies and ambient spaces intrinsically as abstract Rie-
mannian manifolds, we will derive the governing laws for elastic Riemannian bodies,
and specialize to particular spaces of interest, e.g. the ambient Euclidean space. This
specialization can be eschewed if one is interested in solid mechanics in curved space,
for example Banner, Brunnhilde, and Odinson’s discussion of “geodetic strain” near

spacetime singularities [Waititi, 2017].

3.2.1 Action Functional

Until now, we have made little distinction between a body, and the space it occupies.
We must now make this difference explicit, since physical quantities like energy and
momentum will be stored in our body by its own deformation, i.e., changes in its
intrinsic geometry, but our body moves through space, and hence its geometry is
dictated by the geometry of the space it occupies.

We define density fields over our body, namely the mass density pg (QA;t), and
the strain-energy density function W < 3O M, M AB,QA>. We consider the ref-
erence configuration to be fixed, and hence, for mass to be conserved, we require
fmCM podQ' A ... AdQY to be constant in time for all submanifolds m C M.

When taking partial derivatives, we consider the quantities Q* and ¢ to be inde-
pendent, and so we have

d

dt mCM

dpo

o —ZdQ A .. AN dQN = (3.37)
M

podQ A ... A dQN :/

which localizes to become ap 0 = (), which is trivially satisfied for p (QA ) = po (QA).
We seek to obtain the relevant balance laws for these systems, and to do so, we

consider Lagrangian densities of the form

oq* 0q”
‘C( 815 aQAv abaMAB)




and demand that physical solutions ¢* (QA; t) render the action

N . 9¢" 0q¢° 1 N
_/to /Mﬁ(q ,E,@,mab,l\/lw)d@ A AdQTdE, (3.39)

stationary.

We consider such a state ¢* = ¢* (QA; t), and consider nearby states of the form
="+ €€, dq = dq® + ede + Q% dg’, (3.40)

where % is skew symmetric, i.e. m, 2% +m, Q°, = 0, and we take the nearby state
to agree with our solution on the boundary of our domain in both space and time.
Here £ is an infinitesimal translation and %, is an infinitesimal rotation. Because

q* leaves S stationary, for the nearby state ¢* we have
~ tf -
S—S:/ / L—LAQ' A ... AN dQN dt, (3.41)
to M

where £ = £ (W’ Bgt 7 ngA7 Mgy, M AB). We consider the limit as our nearby states

approach the stationary solution and demand for all £* and Q%,,

S-S ts
§S = lim = l1m / L— LAQ' A ... NdQNdt = 0. (3.42)

e—0 € e—0 €

We Taylor expand L about the state ¢* to obtain to order €

5 oL oL oL /S dq"
- ~ 2 1 dee = . |t —_— Qa —_—
L—-L € (aq + amab Mad Vb 5 + 885]: q ( ot + b ot )

oL oer . dg
+ P |y <8QA +9Q bW) ) (3.43)

We used the fact that % is symmetric and we evaluate the partial derivative of
ab

the metric m,, by means of the metric compatibility condition of the Levi-Civita

connection 7y,,°.

0
vaTnbc = aTZSC - mdc’yabd - mbd’)/acd =0. (344>

We insert this into 6S = 0, abbreviate dQ' A ... A dQY = dV, and evaluate the

limit to obtain

z or L (o o
/ /< +2 am., cd7ab§+a%(at +Qb§)
oL (og o o -
(aQA +0 baQA) )dth — 0. (345)

aQA
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We seek to shift the derivatives off of the term £* using the product rule, so first
we examine the quantity 8§ 85 . By the product rule we write this as
9%
oL o¢* 0 [ oL
¢ ( e (3.46)
0L
ot

“ot ot
The first term can be integrated out; because {* vanishes at ¢y and ¢y, this integral

eo) _ged OL
8t58Q'

Jq
9 ot

We have by the product rule

is 0.
oL og*
Next we look at the term 5 ;SA 204"
0/3 o¢? 0 oL 0 oL
= & & ——— (3.47)
ot~ a0 (o) € o
Next, we have the divergence of —25-£% as
8?
oc 0 oc oc .. 4
A 8“€>:_A< o, 5) 8(15]'—‘1437 (348)
<%LA 0 \ogs ) "ol
and we have the divergence of —2&- as
QA
oL 0 oL 8£ oq° oL A
w(—aa): < ) e Tt (34)
O557) 09" \035x)  03gx9Q Oqm
With these, we can write
(9/5 o¢” oc u oL 8£ 8q .
:vA< aqa£>_£vA< dq° ) & : (3.50)
aQA Oqn Oqn 8QA
We can use the divergence theorem to remove this first term, which then vanishes
Therefore we can write the stationary action condition as
0oL <ac) oL 0611’70)@
VA og® | T 4 0¢° A lab
02z | T 92 00

d —_———
8qa
oA

L
MeqVab at a

L1
to M a 8mcb
b
0L 94 az 99" Q%dQY A ... AdQNdt = 0. (3.51)
024" ot
ot aQA
We require this to be true for all £* and all skew symmetric 2%, which lets us
obtain the balance laws
0 oL oL 8£ ot .
g aQA’Yab = 07 (352)
88@4 8QA

dqe om, cdlab T By o ag:
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and

oL 8_qb+ 8£ P
0% 0

b
(ﬁa—qu OL o )mba. (3.53)
aQA

dq°
9 ot ot 8QA

We then calculate the necessary partial derivatives of the Lagrangian density con-

sidered above.

oL 9q® Oq° . oU

= Py - = 3.54
aqa Po ot ot MpqVac 8(]@7 ( )
oL ¢
9ge — PoMgp—) (355)
0 gt ot
oL ow A
dq* = dq® = _Pa ) (356)
QA QA
oL 1 0¢*0¢® OW
== —— — 3.57
om,, 20t ot om, (3:57)
where we have defined the Piola stress P, 4.
With this, we compute the quantities
0 oL om, 8qb 9q° N 0?¢b ( a 2y 08 aq¢b dq° 0?¢b
= Myy— = m m m
oo~ M ag ot o Mg~ Lo\ TMaNa) gy TP
(3.58)

and hence we have the balance of linear momentum
oL ow 0%¢®  0q° 0q?
P AFb —9 c _ e Bt b
aqa + ( c A ambdmdc> Vab PoTgp ( 12 + ot ot Ved ) )
(3.59)

aQ 25 = I'*4. With this, the angular momentum equation then

where we have labeled
becomes
P,AF" my,, = P,AF", m,,. (3.60)

If we suppose that the strain energy density W only depends on the deformation
through deformed lengths in the current configuration, we demand that W only de-

pends on F% and m,, through the quantity C,5 = F“A m,F’% = (p* (m)) 5, the

oW

in terms of
oF",

pull back of the metric tensor. We can compute T’ and P,4 =
ab

60 through simple application of the chain rule giving

oW
PA=2 Fe 61
a aCAB Bmcm (3 6 )
oW oW
= Fe, Fb, 3.62
om,, 0C,; *°° (3:62)
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This causes the linear momentum equation to simplify to become

aqu aqc aqd
POMyp (W + ot E%f) = Va (B,") + poby, (3.63)

oL
oq®

where we have defined the body force = pob,. Notice that these are covariant

forms of the usual balance laws
poa = Div P + pgb, (3.64)
PF' =FP". (3.65)
Additionally, we reformulate this in terms of the Cauchy stress 0,> = J='P,AF?,.

VuPA= (VP =T (VP FY T ") = IV, (PAFY T = JV,0,”,
(3.66)
where we have made use of the Piola identity in the form V, (J='F?, ) = 0. With this,
we can divide the linear momentum equation by J, and using the current configuration

mass density p = 2 we have the conservation of linear momentum equation
pa = div o + pb, (3.67)
or in coordinates

e T ot ot e

62 b 8 ca d
p ab( T+ b) =V, (0,") + pb,, (3.68)

and the conservation of angular momentum equation
o=o0" (3.69)

or in components

We seek equilibrium states without body forces, so we accordingly set a and b to
0, and have
dive = 0. (3.71)

3.2.2 Constitutive equations

In this paper we restrict ourselves to bodies that are isotropic in the absence of
eigenstrains. We also assume that the elastic deformations are incompressible. The

referential left Cauchy Green stretch tensor is defined as Bf = (¢71), (m™!) and has
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components BAZ = (F~H)A4 (F~1)B, m®, where m® are components of m~1. The
spatial analogues of C” and B! are defined as

A

C=(¢ )M, cw=(F )"0 (F)7y Mg, (3.72)

and
b* = o, (M), v? = F FP g MAB, (3.73)

where bf is often called the Finger deformation tensor. The two tensors C and b have
the same principal invariants, which are denoted by I3, I3, and I3 [Ogden, 1984]. In
the case of an isotropic solid the energy function W depends only on Iy, I3, and I3.
If the material is incompressible I3 = 1, W = W(Iy, I,), and the Cauchy stress has
the following representation [Simo and Marsden, 1984]

ol = (—p + 21288—2/) m! + 2‘?)—[V[1/bu — Qaa—lmscﬁ, (3.74)
where p is a Lagrange multiplier that is associated with the incompressibility con-
straint J = 1. Additionally, since p is a Lagrange multiplier to be determined, we

can redefine it to express the Cauchy stress as

o' = —pm ' +2-—bf -2 (3.75)

3.3 Ericksen’s problem

With this reformulation, we can now consider the generalized version of Ericksen’s
problem applicable to anelastic systems. The anelastic Ericksen problem relaxes
the requirement that B C E? and is stated as follows: Determine all Riemannian
manifolds (B,M), and all maps ¢ : B — C with C C E3 that can be sustained by an
arbitrary incompressible isotropic hyperelastic solid with suitable boundary tractions.

From this, we recover the classical Ericksen problem by appending the condi-
tion that the reference configuration (B, M) is Euclidean i.e. the Riemann-Christoffel
curvature tensor based on M vanishes. Equivalently, this requires the Riemann-
Christoffel curvature tensor based on ¢’ to vanish since M is the pullback of ¢’ under
the diffeomorphism .

These problem are treated locally in the sense that the equilibrium equations are
locally satisfied by these deformations for arbitrary incompressible isotropic hyper-
elastic materials. We do not address non-local problems such as self-intersection or
self-contact beyond requiring that our solutions locally be homeomorphisms, which is
guaranteed by the condition det F > 0. This condition ensures that in a neighborhood

our solution is an embedding, rather than an immersion.
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Chapter 4

The Anelastic Ericksen Problem

Here, we are interested in generalizing Ericksen’s problem to nonlinear anelastic-
ity. The first step in this research program was to generalize Ericksen’s theorem
for compressible isotropic materials to anelastic deformations. By using a geomet-
ric formulation, it was proved that only covariantly homogeneous deformations are
universal [Yavari and Goriely, 2016]. The second step, considered here, is to extend
the current classification of isotropic incompressible nonlinear elasticity to isotropic
incompressible nonlinear anelasticity. This general problem is more involved than the
classical Ericksen problem as we have to determine simultaneously both the anelastic
and elastic components that render the solutions universal.

While anelastic deformations can be modeled through a multiplicative decomposi-
tion, we have demonstrated that it is equivalent but more appropriate in our context
to model them as a stress-free evolution into a general Riemannian manifold, the
material manifold, via some anelastic process. This non-Euclidean material configu-
ration contains all the information of the anelastic processes. It can then be mapped
by an elastic deformation into the current Euclidean configuration. Only the strain
induced by the elastic component appears in the strain-energy formulation, which
models the notion that the anelastic deformation changes the relaxed geometry of
the material, and that only the further elastic deformation stores energy by straining
the material. In looking for universal solutions, both the Riemannian metric of the
material manifold and the elastic deformation are unknowns to be determined.

Here, we extend the currently known families of incompressible universal solutions
to the anelastic setting in an appropriately symmetric way, which will be precisely
defined shortly. In the process of doing this, we discover that under these symmetry
conditions, all families exhibit a branch of generic universal solutions that contain

arbitrary functions as parameters, but some families also contain anomalous universal
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solution branches outside of these, whose form is fixed up to a finite number of
constants.

First, we summarize the known universal solution families. Then, we compute
the appropriate symmetry group for each family and impose this symmetry on the
metric tensor field a priori. We then formulate the problem of extending the universal
families to the anelastic setting and outline techniques used in our analysis. We then
derive the form of the generic solutions for each family and obtain the constant
invariant conditions that are necessary for anomalous solutions to exist. We present
the general form of the anomalous solutions, relegating the explicit calculations to
the appendix. Next, we examine the overlap of these families of solutions, showing
that the six classical families become redundant upon moving to the anelastic setting.
Finally, we present some visualizations of the Riemannian geometry of strains and

stresses induced by these anomalous solutions, and summarize our results.

4.1 The Known Universal Deformations

We begin with the known families of universal solutions in the absence of eigenstrains.
We merely present them and direct the reader to the original papers for their deriva-
tion [Ericksen, 1955, 1954, Klingbeil and Shield, 1966, Singh and Pipkin, 1965]. The
corresponding deformation gradients are derived explicitly in Goriely [2017]. The em-
phasis and novelty here is in identifying the particular type of symmetry associated
to each family as these will play a key role in the generalization of the problem to
anelastic systems. Expressed in terms of the standard Cartesian coordinates {x,y, 2},
cylindrical polar coordinates {r, 0, z}, or spherical polar coordinates {r, 6, ¢} (letting
capital letters denote reference configuration coordinates, and lower case letters de-

note current configuration coordinates), we have the following six universal families.

Family 0: Homogeneous Deformations. Using Cartesian coordinates {¢%} =

{2,y,2} and {Q*} = {X,Y, Z}, this family is most compactly expressed as
¢ = F% Q" + ¢, (4.1)

where %, is a constant tensor with det F'*y = 1, and ¢* is a constant vector. All
homogeneous deformations amount to a combination of stretching, shearing, and
rotation. The shearing vanishes on a specific set of principal basis vectors by virtue
of the polar decomposition of F'%,; a deformation of this type is depicted in Figure

4.1. The form of equation (4.1) immediately reveals that the deformation gradient is
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F?,, as evidenced by the induced tangent map dq¢® = F?, dQ*. Since the deformation

gradient F is spatially constant, F?, (Q4) = F%,, the transformation
Q= Qr=Q*+C*, VC*eR, (4.2)

leaves the deformation gradient unchanged, and hence, C'y5 remains unchanged. In
terms of symmetry group, we notice that the action Q4 — Q4 + C4 is precisely the
action of T(3) C SE(3) on E?, and the constancy of C,p is equivalent to C45 being
a T (3)-equivariant section of T*E? @ T*E3.

Figure 4.1: Family 0: homogeneous deformations.

Family 1: Bending, Stretching, and Shearing of a Rectangular Block.
When expressed using cylindrical polar coordinates {¢°} = {r, 6,2} and Cartesian
coordinates {Q4} = {X,Y, Z} in the current and reference configurations, respec-
tively, universal deformations in this family take the form

Z
r=VA@X+D), 6=B(Y+E), z=—=-BOY+F, (4.3)

though the parameters E and F' only correspond to rigid motions, and hence, can be
safely disregarded. These parameters generate rotation around and translation along
the » = 0 axis, as seen in Figure 4.2. We can compute the deformation gradient,
which when expressed on mixed orthonormal frames, takes the form

A 1
F= —er®EX—|—B7“eg®Ey—BCeZ®Ey—|—EeZ®Ez, (4.4)
r

or in terms of a mixed coordinate bases, we have the components

A_ [/ A
{F“ aqa} _ T — \/ 2X+D 0 0

A= 504 0 B 0| (4.5)
0 ~BC L

Working in terms of the mixed bases will often be advantageous when computing
symmetries and the components of arbitrary metric tensors, as these bases are au-

tomatically induced by the coordinate map. Additionally, we demand AB # 0 to
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ensure the deformation is invertible; the incompressibility condition is automatically

satisfied. We compute C'y5 as

YD 0 0
Cagl=1 0 B*(A(X+D)+C?% =51, (4.6)
0 -4 ey

and note that this remains unchanged under the transformation
Y—)YIY—i—Cl, Z—>Z:Z+CQ, vy, Cy € R. (47)

This is precisely the action of T(2) C SE(3) on E3, and is equivalent to C'45 being a
T (2)-equivariant section of T*E3 @ T*E3.

Figure 4.2: Family 1: stretching, shearing, and bending of a rectangular block around a cylinder.

Family 2: Straightening, Stretching, and Shearing of an Annular Wedge.
Deformations in this family are most naturally expressed using Cartesian and cylin-
drical polar coordinates {¢°} = {z,y, z} and {Q*} = {R,©, Z} in the current and

reference configurations respectively, and take the form

1 S) 7 (C6e
— ZAB2R?2+ D = __—_ 1+ F =4+ =4 F 4.
x 5 R+ D, vy AB+ , Z B+AB+ (4.8)

An example of one of these deformations is depicted in Figure 4.3. The corresponding

deformation gradient is

1 C 1
— AR2 il
F=AB Rex®ER+ABRey®E@+ABRez®E@+Bez®EZ, (4.9)

or, in terms of the induced coordinate bases

AB?R = +/2AB2(x —D) 0 0
F* = 0 L0 4.10
[F ] 0 w Y (4.10)
AB B

o1



We demand AB # 0 to ensure the deformation is invertible, and as in the previous

case, the incompressibility condition is automatically satisfied. Thus

A’BAR? 0 0
[Capl=1] 0 e 5 (4.11)
0 wed L
AB2 B2
The transformation
0O-+0=0+®, ZZ=7Z+K, VO KECcR, (4.12)

leaves these components unchanged. This is the action of SO(2) x T(1) C SE(3) on
E3, and C 5 is a SO(2) x T(1)-equivariant section of T*E? & T*E3.

Figure 4.3: Family 2: straightening and subsequent stretching and shearing of an annular wedge.

Family 3: Torsion, Extension, and Shearing of an Annular Wedge. When

expressed in cylindrical polar coordinates, deformations in this family take the form
r»=AR*+B, §=CO0+DZ+G, z2=EO+FZ+H, (4.13)

and an example of a deformation from this family is depicted in Figure 4.4. The
deformation gradient can be naturally expressed on orthonormal cylindrical polar

bases as

AR C E
F = e QEgr + fre@ ® Eo + Drey @ E; + ﬁez R Eg + Fe, @ Ez, (4.14)

or equivalently on the coordinate bases, it has components

A('r2 B) A2R2
AR%+B

[F*y] = (4.15)

Qo
RS ES
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We have the incompressibility condition A (CF — DE) = 1, which also ensures in-

vertibility. Thus, C,5 is written as

pYass 0 0
[Cagl=1] 0 C*(AR*+ B)+ E?  CD(AR*+B)+EF|, (4.16)
0 CD(AR?*+B)+EF  D?(AR?*+ B) + F?

and notice that €'y does not depend on © or Z, which again means that C'y; is a
SO(2) x T(1)-equivariant section of T*E? @ T*E3.

Figure 4.4: Family 3: twisting, extension, and axial shearing of a cylindrical sector.

Family 4: Inflation/Eversion of a Sphere. In spherical coordinates {¢*} =
{r,0,¢} and {Q} = {R, O, @}, deformations in this family take the form

P =4+R 4+ A3 =40, ¢=0>. (4.17)

An example of one of these deformations is depicted in Figure 4.5. The deformation

gradient on orthonormal bases reads

R? r
F:iﬁer®ER+E(e¢®E¢ie9®E@). (4.18)
or, in terms of the coordinate bases, we have the components
+ 3 AB %
(iR3}j_2A3)§ — ( T;FQ ) 0 0
0 0 1
Incompressibility and invertibility are trivially satisfied. Thus
4
T 0 0
[Capl = 0 (£R3 + A% sin? @ 0 : (4.20)
0 0 (£R? 4 A%)*°

We can then represent this tensor on an orthonormal spherical basis (using the stan-

dard Euclidean metric) as

R (£R® + A%*°
(£R3 + A3)3 o & Bt R

C(X) = (I-Ep®Ep),  (4.21)
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where I is the identity tensor, and Ep = X This obeys the symmetry transformation

C(QX)=QC(X)Q", VvQ eS0(3), (4.22)

which means C is an SO(3) C SE(3)-equivariant section of TE? @ T*E3.

Figure 4.5: Family 4: inflation of a spherical cap.

Family 5: Inflation, Bending, Extension, and Azimuthal Shearing of an
Annular Wedge. When expressed in cylindrical polar coordinates {¢*} = {r,0, z}
and {Q*} = {R, 0, Z}, deformations in this family take the form

r=AR, 0=BlogR+CO+D, z=EZ+F. (4.23)

An example of one of these deformations is presented in Figure 4.6. The deformation

gradient expressed on orthonormal bases is written as
F=Ae, @ Egr + ABey @ Ep + ACey @ Eg + Fe, @ E, (4.24)

or, on the coordinate bases

A0 0 A 0 0
Fyl=12 ¢ 0| =4 C 0]. (4.25)
0 0 F 0 0 E

In order to satisfy incompressibility, we have A2CE = 1. This family is peculiar, as
the stretch generated by the other inhomogeneous families has an eigenvector along
the direction of inhomogeneity, but this one does not. Additionally, the invariants of
b for this family are spatially constant.
When we generalize these deformations to include an anelastic component, we
have to change the incompressibility condition from det F =1 to
det m

J =\ g Gt F =1, (4.26)
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Figure 4.6: Family 5: inflation, bending, extension, and azimuthal shearing of an annular wedge.

to reflect the fact that we are only constraining the elastic component of the defor-
mation to be isochoric. It is easier however, to consider square of this equation in the

form

detb =1, (4.27)

which in components reads
det (F*y MAPFY,) = det m™. (4.28)

This is because when we move to the anelastic setting, the stretch b is a more natural
object to work with, since it captures geometric data about the material manifold,
but itself lives in Euclidean space. The right Cauchy Green strain reads
A%+ A2B*  A’BCR 0
[Cugl = | A’BCR A2C?R? 01, (4.29)
0 0 E?

which is invariant under changes in Z or ©, so C5 is a SO(2) x T(1)-equivariant
section of T*E3 ® T*E3.

4.1.1 Summary of the symmetry groups.

The symmetries we have calculated are all generated by the usual action of Lie sub-
groups of the special Euclidean group on the reference configuration. For each family,
there is some continuous family of rotations and/or translations, which once pro-
longed, leaves the right Cauchy Green stretch tensor field unchanged. In a similar
manner, we can compute symmetries of the left Cauchy Green stretch tensor field,
which also happen to be Lie subgroups of the special Euclidean group but, acting now
on the current configuration. These groups are summarized in Table 4.1, expressed in
terms of the group of n-dimensional rotations SO(n) and the group of n-dimensional
translations T(n).

Interestingly enough, for each family, the symmetry group of C does not nec-

essarily match the symmetry group of b, but the dimensions of these two groups
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Family | C” = (FTF)b Dimension | b =FFT Dimension
0| T(3) 3 T(3) 3
1| T(?2) 2 SO(2) x T(1) 2
2 1 SO(2) x T(1) 2 T(2) 2
31 S0(2) x T(1) 2 SO(2) x T(1) 2
41 SO(3) 3 SO(3) 3
51 S0(2) x T(1) 2 SO(2) x T(1) 2

Table 4.1: Symmetry of the universal stretch tensor fields; these are subgroups of
SE(3) = SO(3) x T(3).

do match, as their actions are related through the maps relating the coordinates in
the two configurations. Additionally, when we impose the symmetries of C on the
material manifold, families with 3-dimensional Lie symmetries automatically satisfy
the equilibrium conditions, but those only containing a 2-dimensional Lie symme-
try require additional constraints to satisfy equilibrium. This seems to suggest that
the dimension of the symmetry group plays a role in constraining the material re-
sponse, and sufficiently high dimensional symmetries are sufficient for guaranteeing
equilibrium.

These symmetries can be summarized as a single key property, namely that for
a given universal deformation and its associated deformation gradient ¥ and right
Cauchy Green tensor, C = FTF = M~'¢* (m), we have that C° = ¢* (m) is an
equivariant section under the prolonged action of a Lie subgroup of the special Eu-
clidean group acting on the reference configuration. We will use this key property
when studying the anelastic Ericksen problem, and accordingly refer to the symme-

tries of C” as ‘universal symmetries’.

4.2 General construction

The previous section demonstrated a remarkable symmetry property of the known
universal solutions in the absence of eigenstrain. We can use these symmetries to
generalize Ericksen’s problem to anelastic systems. The problem is then to find a
suitable metric on the material manifold that preserves both the symmetry and the
general functional form of the universal deformations. The eigenstrains and metric
associated with this new metric are referred to as ‘universal’. This can be achieved

by the following construction:
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First, in the absence of eigenstrains, the body is isometrically embedded in the
ambient space with an induced metric M. The material manifold is the flat
Riemaniann manifold (B, M) and the deformation is a map from this manifold

to the ambient space.

Second, in the presence of eigenstrains the natural configuration of the body is a
Riemannian manifold (B, M), where M has non-vanishing curvature |Yavari and
Goriely, 2013, 2015, Golgoon and Yavari, 2018]. In this case, the deformation
is a map from (B, M) to the ambient space (S, m).

Third, we choose curvilinear coordinates {Q“} on B and curvilinear coordinates
{¢} on C C S§. These coordinates are not necessarily associated with the
metrics M and M. We know some classes of universal deformations ¢% = o(Q*)
for (B,M). We fix this functional dependence ¢ and seek to determine the the

metrics M compatible with these solutions.

Fourth, we pull back m under the deformation ¢, and consider the three mani-
folds: (B,M), (B,M), and (B, ¢* (m)). We have two candidates for determining
the symmetry to apply to M: M and ¢* (m). We use ¢* (m) since it captures
information about the deformation, compute its symmetries, and demand M to
have these same symmetries. Explicitly, since both M and m are Euclidean met-
rics, both are equivariant under the full induced action of SE(3) acting on their
respective base spaces. By considering Euclidean symmetries of ¢* (m), we are
identifying Euclidean symmetries in the current configuration that are mapped
to other Euclidean symmetries in the reference configuration when pulled back

under the classical universal deformation in question.

Fifth, we compute the deformation mapping (B, M) to (C, m), where now M is
required to obey the derived symmetries, and compute the specific symmetric

metrics M that generate universal eigenstrains.

4.2.1 Universal equilibrium equations

We fix the coordinate labels for the anelastic component of the local deformation; if

Q4 are coordinates for the material manifold, we write the anelastic deformation in

terms of coordinates as

Q4 = 040", (4.30)
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Figure _4.7: A universal deformation where the anelastic strain is captured by the changing of the
metric M to M, and the elastic deformation is captured by the coordinate map from the classical
family.

where (5£ is the Kronecker delta, and use the metric tensor field to reflect the change in
geometry (see Figure 4.7). Here we have prescribed the coordinate transformations for
each family at every stage of the motion, and the unknown quantity to be determined
is the metric tensor field M of the material manifold, which dictates the stress-free
geometry. This allows us to trivially pull the material metric tensor back to the

reference configuration using
Mg = 04 Myp 0%, (4.31)

and treat M ;5 as our unknown quantity. Since M3z and C;5 are sections of the

same vector bundle, we can immediately impose the symmetry of C'; 5 on M 45, which

AB>
naturally imposes a symmetry on M 5 via (4.31).
After determining the most general form of a metric tensor field obeying these

symmetries, we can compute the general form of the elastic left Cauchy Green tensor
b = Fy MAP Y, (4.32)

and its inverse in terms of the undetermined components of the metric tensor field.
Both of these appear in the Cauchy stress of an incompressible isotropic elastic solid,

which has the following representation

0% = —pm® + 2W b — 2Wye, (4.33)
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in terms of W; = OW /0I;, where I; and I, are the two non-trivial invariants of b,
and p is the Lagrange multiplier corresponding to the incompressibility constraint.

We seek equilibrium solutions, hence we must satisfy
V,0® = —m®V,p + 2V, (Wib®) — 2V, (Wac™) = 0. (4.34)

We wish to eliminate the pressure field from the analysis, so we take a second covariant
derivative, lower the upper free index, and compute the antisymmetric part. This

operation eliminates the pressure identically and yields the condition
ab 1 ab 1 ab
ma[dvc]vba = §madvcvb0' — §macvdvb0- = O, (435)

which must be satisfied for arbitrary choices of the strain energy function W. Because
W is arbitrary, we can freely vary its partial derivatives independently, so in order to
satisfy (4.35) for any W, we require each of the terms multiplying a partial derivative
of W to vanish independently. This yields nine independent conditions that must
be satisfied, corresponding to the nine independent mixed partial derivatives of W
that appear: Wy, Wy, Wii, Wi, Wao, Wi11, Wiia, Wigs, and Wags. These universal

equilibrium equations are

m,V.Vb* —m, V ,V,b% =0, (4.36)
ab ab
m VbV Iy +m NV bV, I 4+ m bV, V, I (438
- Tnacvbbabvdl1 - macvdbabvbll - /’nacbabvdvbl1 =0, ‘
Mg VbV Iy — m gV, ™V 11+ m Y bV, I
— M V.V, I A+ m b NV Iy — m, ¢V NV, 1L (439
— my VbV Iy + m, VN I — m, VbV, I '
+m, V"V, I —m, bV VI 4+ m, .V VI =0,
MgV €V Iy +m gV OV Iy + m ™V Y, I (.40
—m, V"V Iy —m, V"V, [ —m, PV VI = 0, '
m bV LV, I — m, bV [V, I =0, (4.41)
m bV LoV, I+ m bV 1V Iy — m, PV LV, (442

—m bV oV, I — m, 0N LV Iy + my N LV I =0,
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M bV 1oV Iy — m gV LV, [ — m, ¢V LV,

(4.43)
—my bV LV, Iy + m, N oV I+ my, PV LV I = 0,

Mg’V oV I — my, N [,V I, = 0. (4.44)

Each of these nine equations is antisymmetric in the two free indices. Therefore,
each equation has three independent components providing an overdetermined system
of 27 scalar conditions that must be satisfied.

Augmenting these equations with the additional condition that the Riemann-

Christoffel curvature tensor based on ¢’

vanishes recovers the classical Ericksen prob-
lem, hence any classical universal solution must of necessity also be an anelastic
universal solution. We do not seek here to study these equations in their full general-
ity. Rather, we will impose symmetries motivated by the known classical families on
these equations, and then solve the reduced symmetric systems. The reason for this
is twofold.

Firstly, Ericksen’s initial work showing that surfaces of constant invariants must be
right concentric cylinders, parallel planes, or concentric spheres does not rely on the
curvature generated by c vanishing, hence it is equally applicable here. Ericksen only
uses this requirement when explicitly solving for specific solutions later in his initial
paper. This is a weaker form of the group equivariant symmetries we impose, since if
a tensor field obeys the group equivariant symmetries, its invariants will be constant
on the invariant sets of these group actions, which are precisely the surfaces Ericksen
utilized. All known universal solutions also obey this stronger symmetry, not just the
weaker symmetry based on the strain invariants, and it is this symmetry we seek to
explore. Secondly, while Ericksen’s analysis assumed that the strain invariants were
not both constant, and hence was unable to capture the fifth family, we will see that
the group equivariant approach manages to capture not only how the strain invariants
vary spatially, but also how the orientation of the eigenvectors of ¢ vary. This allows
this approach to treat the classical fifth family even though it has constant invariants.

Imposing the universal symmetries lead to two different situations depending on

the symmetry:
Case I: For two universal families (the homogeneous and spherical deformations)

these equations are trivially satisfied by virtue of the symmetry alone and do not lead

to any new conditions.
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Case II: For the other families, these equations will either require particular
off-diagonal components of the metric tensor to vanish! (Case Ila) or the invariants
to be constant (Case IIb). For Case Ila the equilibrium equations are trivially sat-
isfied. This is the so-called generic case for all the remaining families analysed in
section 4.4. Case IIb corresponds to the anomalous solutions. In this case the sym-
metry condition generates a set of ordinary differential equations constraining these
components in terms of a single independent variable. In addition to satisfying these,
we also must satisfy three algebraic constraints, namely that the invariants of b are
spatially constant. This leaves us with an overdetermined system of four linear differ-
ential equations, one linear algebraic equation and two nonlinear algebraic equations
for the six unknown components of the metric tensor field. We can integrate the
differential equations, and use the linear equation to express the two algebraic equa-
tions in terms of the following 15 < n < 18 variables: a single unknown component
of the metric tensor, the remaining independent variable in space (e.g. radius), the
integration constants introduced by our integration of the ordinary differential equa-
tions, the deformation parameters, and the two constant invariants. Therefore, the
remaining algebraic conditions are polynomial equations in these n variables that are
quadratic in the unknown component of the material metric tensor field. We compute
the resultant of these polynomials in this component, and demand it vanish for the
two equations to have a common solution, since our metric tensor must simultane-
ously satisfy both. This resultant is itself a polynomial in the dependent variable
that must vanish. Because we seek solutions that are universal over an open set, we
can send each of the coefficients of the resultant to zero identically. This leaves us
with a set of algebraic equations relating the integration constants, the deformation
parameters, and the invariants that must be necessarily satisfied in order for these
anomalous solutions to exist. These algebraic equations are solved in appendix A,

and the solutions themselves are presented in section 4.5.

4.3 Symmetries of the Material Metric

Family 0: Homogeneous Deformations. Recall for Cartesian coordinates {Q"},
that the action Q4 — Q4 + C* is the action of T(3) C SE(3) on E?. We seek to

'More precisely, in Family 5 one off diagonal component vanishes, and another becomes fully
determined by the other metric components; it does not vanish, but its indeterminacy is eliminated
nonetheless.
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impose this symmetry on the material metric tensor field, and hence demand

Myp (QF) = Myp (Q° +C7) = Myy (Q°). (4.45)
Taking the derivative of this with respect to CP gives

OMyp _ OMyp 0QF — OMyp
9CP — 9QF 9CP — QP

— 0, (4.46)

and hence, we consider constant metric tensor fields.
It is however, more useful to express this condition in terms of the current config-

uration variables, which we can do via the chain rule

OM 4 o OM 5 0q° . OM 5 a
30D = a9 GQD_ g F =0. (4.47)

Since F is invertible, this implies that M , 5 is constant when expressed in terms of the
current configuration coordinates as well. Additionally, it is more useful to consider
the inverse metric tensor field M2, which also must be constant in order for the
identity

M 45 MBC = 64, (4.48)

to hold.
Family 1: Bending, Stretching, and Shearing of a Rectangular Block. Re-

call, that the symmetry associated with this deformation is the action of T(2) C SE(3)

on E3. We therefore require the same equivariance for M ,p:
Mup (XY +C,Z+4+Cy) =Myup (XY, 2). (4.49)

Taking the derivative with respect to C; and C independently gives the conditions

OMyp (X,Y,Z)  OM,up (X,Y,Z) oY  OM,p (XY, Z)

aC, oY aC, oY =9
OMyp (XY, Z) OMyup (X,Y,2) 0Z OMup (X,Y,Z)
9C, B 0z oCy 0Z B

Therefore, we assume that the metric tensor is of the form M, (X), which because

of the form of the deformation, can be recast into the form M, 5 (1), and equivalently
MAB(r).
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Family 2: Straightening, Stretching, and Shearing of a Sector of a Cylinder.
Here, we require that the metric is equivariant under the action of SO(2) x T(1) C
SE(3) on E?:

My (RO+®,Z+K)=M,5(R,0,2), (4.50)

and hence, by the same reasoning as before one finds

oM, (R.6,Z)  0M,, (R©,2)
00 N YA

—0. (4.51)

Note that this does not imply %—“é[ = 0, since the basis vectors of C do change with
©. Rather, the components M, do not change with © when M is represented with
respect to a cylindrical polar basis. We can use the equation M ,; MBY = §9 to
show that MB/IQB = 8]\84;]3 = 0. Hence, we write M“B(R) or equivalently M4Z(z).
This symmetry of M4P is precisely equivariance the action SO(2) x T(1) C SE(3)

prolonged to TE? @ TE3.

Family 3: Inflation, Bending, Torsion, Extension, and Shearing of an An-
nular Wedge. As with Family 2, we demand that M ,; be equivariant under the

actions induced by the transformation
©O+0=0+d, Z—Z=7Z+K, VPO KER, (4.52)

which renders the conditions

oM, (R,6,Z)  0M,, (R,©,7)

5 7 = 0. (4.53)

So we consider metric tensor fields of the form M,z (R), or equivalently, M4B(r).

Family 4: Inflation/Eversion of a Sphere. Here, we demand the equivariance
of M(X) under the actions of SO(3) C SE(3) on E* and T*E? @ T*E®. We therefore

seek the most general positive-definite symmetric tensor field that satisfies
M(QX)=QM(X)Q", VvQ €S0(3). (4.54)

Because M(X) is positive-definite and symmetric, we can represent it in spectral form

on an orthonormal basis {u,} as

M(X) = mi(X)u(X) @ u(X). (4.55)
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We then consider the subgroup of rotations leaving X fixed. Under this one-parameter

family, we have the symmetry condition
M(X) = QM(X)Q", VQ such that QX = X. (4.56)
This implies that (suppressing the X dependence)
miw; = Mu; = QMQ'uy;, = meTui =MQ u;, (4.57)

i.e., the rotated vector QTu; lies in the same eigenspace as the eigenvector u;. For
this to hold for all Q in this one-parameter family, the eigenspaces of M at the point
X must be unchanged by these rotations, i.e., the swept vector Q"u; remains in the
eigenspace. Generally, a rotating vector sweeps out a cone, which not being an affine

space, cannot be the eigenspace of a linear operator, as depicted in Figure 4.8.

Figure 4.8: The swept eigenspaces of a general symmetric tensor.

However, there are two degenerate cases where cones become affine spaces, where
the rotation axis and swept vector are coincident, and where they are perpendicular,
which means that the eigenspaces of M at X must contain the axis of the rotation,
and the plane orthogonal to it, as depicted in Figure 4.9, forcing M(X) to be of the

form
M(X) = mi(X)Er(X) @ Er(X) +m5(X) (I - Er(X) @ Ex(X)), (4.58)

because for each X, the axis of rotation is Eg(X). Imposing the more general sym-

metry condition (4.54), on this spectral form, we get the condition

mi (QX) Ex(X) ® Er(X) +mj; (QX) (I - Ex(X) ® Ex(X))

(4.59)
= m?(X)Er(X) @ Eg(X) + m3(X) (I - Er(X) @ Eg(X)),
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Figure 4.9: The specific orientation required for eigenspaces to be preserved under point-preserving
rotations.

which implies that
mi (QX) =mi(X), m;(QX)=mj(X), YQ € SO(3). (4.60)

This ultimately requires that m; and ms depend on X solely through its norm,
R = |X]|, since for any two points, X; = Rn;, and Xy = Rn,, where n; and ny
are unit vectors, we can construct orthogonal transformations such that n, = Qnj.
Hence, because the functions m; and msy take on the same values whenever their
arguments have the same norm, these functions must only depend on their argument

through its norm, as shown in Figure 4.10. We then have
M(X) = mi(R)Er(X) ® Er(X) +my(R) (I - Er(X) ® Er(X)), (4.61)

which is the general form of the pullback of our material metric tensor.? Computing

the components of M ,5 then gives

m?(R) 0 0
[M,5(R)] = 0 m2(R)R?sin® ® 0 . (4.62)
0 0 m3(R)R?

m2(r) 0 0
[Myp(R)] = [Myp(R(r))]=| 0 m3(r) sin® ¢ 0 |, (4.63)
0 0 m3(r)

2The methodological difference in the symmetry calculation for this family is due to the topology
of SO(3). This group is not the product of Lie groups, and hence, we cannot express its action by
independently varying coordinates as we do in the other families; while © — © + ¥, is a rotation,
d — & + U, is not.

65



and equivalently

m2(r) 20 0
[MAP(7)] 0 ma(r) 0 (4.64)
0 0 m3(r)

Figure 4.10: Eigenspaces transformed under arbitrary rotations relating the eigenvalues at different
points on spherical surfaces.

These metrics are precisely the form considered by Ben Amar and Goriely [2005],
and Yavari and Goriely [2013], though the first represents this tensor on an orthonor-
mal spherical basis, and the second works with the components of the metric tensor

rather than its inverse, as we have done.

Family 5: Inflation, Bending, Extension, and Azimuthal Shearing of an
Annular Wedge. As in other cases, we have the following symmetry relations for
M:

a]\4143 (R7é72) . aMAB (R7é’Z) —
= _ = =0, (4.65)

so we ultimately consider inverse metric tensor fields of the form M#4Z(r).

In conclusion, we note that the application of the symmetry condition leads to a
reduction of the independent variables to a single one (either the radial variable r in

cylindrical or spherical coordinates, or x for the deformation of rectangular blocks).

4.4 Generic Universal Solutions

Having established the symmetry conditions on the material metric, we can express
the universal equilibrium equations under these restrictions. For all families (Case I
and Ila), these equations will have generic solutions, and in some cases, these solu-
tions are the only ones satisfying the symmetry conditions. Other families also have

anomalous solutions (Case IIb) outside of these generic branches that occur only
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when the invariants of the tensor b, or equivalently C, are constant; these will be
addressed in the next section. The nature of the anomalous solutions differs markedly
from the generic solutions found here: generic solutions contain arbitrary functions
as free parameters, while the form of the anomalous solutions is determined up to
a finite number of undetermined constants. Additionally, for generic solutions, the
eigenvectors of b are contained within or perpendicular to the span of the infinitesi-
mal generators of the symmetry group, while for anomalous solutions, this alignment
does not occur. While the invariants, and hence, their gradients could be calculated
explicitly in terms of the unknown inverse metric components, it is easier to keep
these functions unevaluated at the moment, because we will ultimately show that

they must be constant for the anomalous solution to exist.

Family 0: Homogeneous Deformations. The deformation mapping written in
Cartesian coordinates is given by (4.1), and the deformation gradient %, is constant.

We compute the left Cauchy Green tensor as
b = Fy MAPEY, (4.66)

which is also constant, and hence its invariants are constant. The Cauchy stress takes

the form
o™ (x,y,2) = —p(z,y, 2) m® + 2W1b%° — 2W,c?, (4.67)

and the equilibrium equations read
V,0% = —mV,p (2, 2) = 0. (4.68)

ab ;

Because m® is invertible, this implies that p is constant, and the equilibrium equations

are satisfied simply because of the assumed form of M45.
The only remaining condition is the incompressibility condition which, in the

chosen coordinate systems, reads
det b® = det m® = 1. (4.69)

We can express this constraint as a condition on M4B or as a condition on F?,.

In reality, these conditions are equivalent, since we have
(det 9, ) det MMN =1, (4.70)

and one can be freely transformed into the other by changing coordinates. However,

for the other families, it will be easier to express this condition as a restriction on the
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inverse metric tensor, so for consistency we choose the invertible tensor £'*, and then

enforce .

(det Fo,)?

which ensures that the volume form in the material manifold agrees with that in the

det M4E = (4.71)

current configuration.

Because the material metric is constant, its Levi-Civita connection produces no
curvature, and thus the material manifold is Euclidean. This is useful when using
a multiplicative decomposition of the deformation gradient into elastic and anelastic
factors F = AG, as we can choose a Cartesian frame {e,} in the material manifold
and its corresponding coframe {9}, in which case the anelastic factor must satisfy
G, G° BOas = M,p. Since the matrix of components M,p is positive definite and
symmetric, we can take the matrix of components G, to be its unique positive-
definite symmetric square root, in which case we satisfy G*,G” BOup = Myp. Al
ternatively, we may prescribe the anelastic factor in such a way that the induced
material metric is valid. In this case, since M, is constant, any constant invertible
anelastic factor will furnish a valid material metric. The incompressibility constraint
becomes det(A“aAbﬁéo‘mec) = 1, which furnishes a differential equation constraining

the volume in the current configuration to agree with that in the material manifold.

Family 1: Bending, Stretching, and Shearing of a Rectangular Block. The

deformation for this family is given in (4.3) with the deformation gradient (4.4). We

compute the quantity ma[le]Vba“b = 0, which for this family, only has two indepen-

dent nonzero components, and we take the coefficients of the partial derivatives of W

to vanish independently. The Wjq; coefficient of this equation gives the conditions
ABrM*¥(r) 0

B(M13(r)—ACM12(r))] L(r)* = {O} - (4.72)

T

The first equation implies that either M1?(r) = 0, or I; is constant, because AB # 0 to
ensure the invertibility of the deformation. If I; is not constant, we have M*?(r) = 0.
The second component then becomes M'3(r) = 0. Therefore, if I; is not constant,
we have that M*2(r) = M*3(r) = 0.

If I is constant, we can examine the W55 component, which implies the conditions

r

ABrM"Y2(r
B(M13(r)—ACJ\(/112’(r))] Ié(r)Q = {8} . (4.73)

68



Therefore, I, is constant, or M'?(r) = M'3(r) = 0 and we have established that either
M"Y (r) = M"(r) = 0, or all the invariants of b are constant, which is the condition for
the anomalous solution. Hence, in this section, we take M'?(r) = M (r) = 0 and we
consider the constant invariant case in the next section. With M'2(r) = M'3(r) = 0,
we have the equilibrium equation satisfied, i.e., all of its terms identically vanish.

We only have to satisfy incompressibility. Demanding det 6% = det m?, we have the

condition
MY () [ M2 () M3 (r) — (M23(r))2] ~ 1 (4.74)
Since M (r) # 0, and M*3(r) # 0, the relation
33(,) — 1 (M%(T))Q
M (r) MU (M2 (1) + M2(r) (4.75)

ensures that the incompressibility is satisfied. Hence, we have the generic solution

M () 22 22
[MAB(r)] = 0 M=*(r) M=3(r) e (4.76)
M= (r
0 M23(T’) Mll(r)lMQQ(r) + <M22((7‘)))

which, by writing M48(X) = M4 (r(X)), can finally be written in terms of the

referential variables as

Mll(X) 220 2??
M= (X)
0 M23(X) M11(X)1M22(X) + M?2(X)

The current form of M,; automatically captures incompressibility because we
imposed a particular form of r(X). If we leave this unspecified, we can simply say
that M, is of the form

My, (X) 0 0
[MAB (X)] = 0 M, (X) Moy (X) ) (4-78)
0 My (X) M3 (X)

and use the incompressibility constraint to determine r(X). This is equivalent to
introducing a change in coordinates rescaling X.

When using a multiplicative decomposition, F = AG, we can choose an or-
thonormal frame {e,} and its coframe {¥*} in the material manifold, and require

G, G° BOap = M. Since M, is block diagonal, positive definite, and symmetric,
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we can take G, to be its unique positive definite symmetric square root. Because

the components M ,; are arbitrary functions of X, we can take G* 4 to be of the form

G (X) 0 0
[GoA(X)] = | 0 GHX) GHX)|, (4.79)
0 G%(X) G%(X)
which will yield a suitable M, ;. Additionally, we can multiply G by an arbitrary
local rotation Q yielding QG, which may be more useful depending on the particular
problem.? This is equivalent to choosing a different orthonormal frame in the ma-
terial manifold, which being non-Euclidean in general, does not possess a preferred

orthonormal frame to begin with.

Family 2: Straightening, Stretching, and Shearing of a Sector of a Cylin-
der. Recall that any deformation in this family is given by (4.8) with deformation
gradient (4.9). We compute the equilibrium condition ma[lvk]vbaab =0, and to aid
computations, we use the incompressibility constraint det b*® = det m*® by evaluating
™ as ™ det (b",,) = ¢® det (b"Pm,,,).

The W11 coefficient of the equilibrium equation has two independent components

giving the conditions

T carniny + dnrge| B = o] s

If I, is constant, we satisfy these equations, but if I; is not constant, we have M'?(z) =
M*"(z) =0, since A(z — D) # 0.

If I; is constant, we then consider the W55 component of the equilibrium condition

P carny < hrv | e = o] o

which again implies that either M'?(z) = M'¥(z) = 0, or I, is constant. Therefore,

to obtain

unless the invariants of b are constant, we have M'?(z) = M"(z) = 0. Setting
these components to 0 satisfies equilibrium, and so we compute the incompressibility

condition det b® = det m®. This becomes

2(x— D)

T M (@) M”(az)M?’?’(x)—(M??’(x))ﬂ ~1, (4.82)

3For example, if the eigenstrain corresponds to anelastic simple shear, it may be more natural to
express G in an upper triangular form, rather than a symmetric form.
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which implies that

33 _ AB? (Mzg(x))Q
M*(z) = 2(x — D) MY (z)M??(x) + M?2(z) (4.83)

Bringing all of these together we have

M"(z) 0 0
(MAB@)] = | 0 M@ M= (@) (4:84)

. M3 @) |
0 Mgg(x) 2(x7D)J\/}41113(z)M22(z) + (M”(w))

or in terms of referential coordinates, writing M48(R) = M4? (2(R)),

MH(R) 28 28
MR = | 0 MP(R) M (R>( | (4.85)
M>(R)
0 M23(R) R2M11(é)M22(R) + M22(R)

This is the generic solution, and we have set up the conditions for the anomalous
solution, namely that the invariants of b must be constant.
As before, we can introduce a coordinate rescaling, treating x as an unknown
function of R, which allows the tensor M4E to take the form
MY"(R) 0 0
[MAP(R)] = 0  M*R) M®R)|, (4.86)
0 M*(R) M3*(R)
and turns the incompressibility constraint into a differential equation that can be
integrated to determine z(R). If a multiplicative decomposition of F = AG is used,
we can express G on an orthonormal frame in the form
G'(R) 0 0

[GUa(R)] = | 0 G%(R) G%(R)|, (4.87)
0 G%(R) G%(R)

which guarantees that M,; = G AGB BOap 18 of the proper form. As before, an

arbitrary local rotation Q can be imposed yielding the factor QG, where G is as

above, and this new factorization will yield a material metric of the proper form.

Family 3: Inflation, Bending, Torsion, Extension, and Shearing of an An-
nular Wedge. This family of deformations can be written using cylindrical polar
coordinates in both configurations as given in (4.13) with deformation gradient (4.14).

As before, we compute the W7y, coefficient of the equilibrium equation and obtain

var=mner |9 2] | = o) (4.88)

T T
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The matrix on the left-hand side is invertible, since its determinant, C'F'— DFE, being
a factor of the determinant of F', is nonzero to ensure invertibility. Therefore, we have
either I; being constant, or both M'?(r) and M'(r) must be 0.

If I is constant, we examine the W9y coefficient of the equilibrium equation and

obtain

Cr Dr| [M*2(r 0
var=mner ¢ 2] | = o) (459)
which as before implies that M'(r) = M'¥3(r) = 0, or I is constant. Therefore,
to satisfy equilibrium, we must have all of the invariants of b being constant, or

M™(r) = M*3(r) = 0. The latter of these conditions is also sufficient to guarantee

equilibrium. We only have to satisfy incompressibility, which amounts to the equation
A(CF - DE)* (r* = B) M"(r) [M22(7’)M33(7’) - (M23(r))2] —1, (490

which we can do by setting

! (M)
A(CF — DEY (2 — B) MU(r)M=(r) | M2(r) (4.91)

M3 (r) =

This gives the generic solution

MM (r) 0 0
[MAB(1)] = 0 M*(r) M?(r) (4.92)
23 1 (M) |
0 <7n) A(CF—DE)?(r2—B)M1 (r)M?2(r) + M22(r)
or in referential variables, writing M“B(R) = M42(r(R)),
MY(R) 0 0
M22 M23
[MAP(R)] = 0 (R) (R) | (4.93)
23 1
0 M (R) A2R2(CF—DE)? M1 (R)M?2(R) + M?2(R)

As in the other families, we can introduce a coordinate rescaling to express the
material metric in the form
My, (R) 0 0
[MAB (R)] = 0 Mo, (R) Mo (R) ) (4-94)
0 My(R) Mg (R)
which means that on some orthonormal frame, the anelastic factor of a multiplicative
decomposition F = AG takes the form
G (R) 0 0
[Gp(R)]=| 0  G%(R) G%(R)|. (4.95)
0 G%(R) G%(R)
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Doing this turns the incompressibility condition into a differential equation for the
unknown function r(R), and as before, any other compatible anelastic factor can be

expressed as QG, where Q is an arbitrary local rotation and G is as above.

Family 4: Inflation/Eversion of a Sphere. For this family, the symmetry en-
forced on the metric tensor automatically satisfies the universal equilibrium equations
without additional restrictions. Demonstrating this, under this symmetry, the left

Cauchy Green tensor reads

,r.d 3
, —(i jiA) m32(r) 0 0
a, _ 2
0 0 ma(r)
and its inverse is
# 0 0
(£r3TA3)3mi(r)
[c*] = 0 S . (4.97)
mQ(T)r sin?(¢)
0 0 e
2

We can compute the invariants of b as

3 T A3
I, = G T A)? ;E ) m3(r) + 2r*mi(r),
4
Lm0 [2 (08 F 4%)% mi(r) + romd(r)] (4.98)
2 = 2 )
T

Iy = (£ F A% m2(r)ymi(r) = 1.

Notice in particular, that these invariants only depend on r. The Cauchy stress is

diagonal with components

1 - 2(£r3 F AS)% m?2(r)W, 2riW,
g = - - )
! (% F A%)3 mi(r)
2 _ 2rimy(r)Wy — 2Wy — r?m3(r)p
m3(r)rsin® (¢) ’
2Wo

rimi(r)’

p
0'33 = —ﬁ + 2m§(r)W1 —

Taking the divergence of this tensor and setting it equal to 0 gives

4W: 4rtm! (r)W. 0
2 r ml(ri 2 4rm3(r)Wy — o
3

+
rm3(r) (48 £ A3)5 mi(r) or

b _
Vo' =
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205 (4202 F 6A%) Wy + 1 (413 T A3) (I4(r)Was + I (r)IW12))
(3 A%)5 ma (1)
2(r3 — A3)Fm2(r) (2(r3 + A3 Wy £ (r3 — A3) (IL(r)Wha + I} (r)W11))

-

+

5
4
N 4 (£r3 F A3 mq(r)m/ (r)W, _0
r4 ’
1 Op
Vodt=——_—__“F_
o r2 sin? ¢ 00 ’
1 0p
3b _ _
VbO' = _T_28_¢ = O

Therefore, the undetermined pressure must only depend on 7, hence the constitutively
determined components of V,o® only depend on r. Using % = 0 and g—i =0, and
defining v* = V,0%, we can compute V¢ = V_ v° For simplicity, we will only

compute the off-diagonal components of this tensor. Note that

=0 |, (4.99)

ovt o2 003
vy = 00 +oly =0, Vi = % +oly? =0, Vi = o +oly,® =0,
ov? ov® vt
Vi = a_l; +tuly® =0, Vi = 5‘; +oly® =0, Vi = _((;:0 +olyg =0
(4.100)

Therefore, V¢ is diagonal. Because m,, is also diagonal, we conclude that V,,
is diagonal, and hence, is identically symmetric. Recognizing V,. as m;, V% =
My, (V.V40?), this means that the equilibrium equations are automatically satisfied
for an appropriate pressure field, because the antisymmetric part of m,, (chda“d)
vanishes simply due to the symmetry of the tensor field MAZ.
We now only need to satisfy the incompressibility condition detb = 1. Computing
this yields
(£ F A%) m2(r)mi(r) = 1, (4.101)

or in referential variables, writing m,(R) = m,(r(R)), R*m?(R)m3(R) = 1. There-

fore, the final form of the inverse material metric tensor for this family is

m?(R) 0 0
1
[MAB] = 0 m1 (R)R? sin® ® (1) . (4 102)
0 0 —
m1 (R)R2
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Alternatively, introducing a coordinate rescaling as before, the material metric

tensor takes the form

my(R) 0 0
[Mug]l=1] 0  my(R)sin?® 0 |, (4.103)

and we obtain a differential equation that can be integrated to determine r(R).
Then, taking a multiplicative decomposition of F = AG, we can express G using

an orthonormal frame in the material manifold yielding

G1(R) 0 0
(G, = 0 Gy(R)sin® 0 |, (4.104)
0 0 G2(R)

which again can be left multiplied by an arbitrary local rotation Q if desired.

Family 5: Inflation, Bending, Extension, and Azimuthal Shearing of an
Annular Wedge. For this family, we have the deformation as given in (4.23)
with deformation gradient (4.24). Again, we compute the equilibrium condition

ma[lvk]vba“b = 0, and look at the Wji; coefficient. This contains two independent

{Ar (AB]\?l]?(i/‘)ﬂj—(ng”(r))} L) = [8] ' (4.105)

If I; is constant, this equation is satisfied, and if I; is not constant, we require

equations:

MB(r) = 0, and M?(r) = —AB]\C/{—;O"). If I, is constant, we examine the Wigy
coefficient in the equilibrium equation and obtain
AEM(r) V)
[Ar (ABMM (1) + Cra2(r)) | 20" = o) (4.106)
which implies either I, is constant, or M'3(r) = 0 and M*?(r) = —AB]g;l(r). Hence,

we either have all of the invariants of b constant, or we have M'3(r) = 0 and M'?(r) =

ABM(r)
o Cr

The conditions on the components of the metric are sufficient to satisfy equilib-

, which characterizes the generic solution.

rium, so we only have to satisfy incompressibility. The incompressibility condition in

this case reads
AEM () [(C3r2 M2 (r) — A2B2MM (1) MP(r) — C32MP(r)?] = 1. (4.107)
We solve this for M?2(r) to obtain

23 2 2p21s11
M2 () = 1 LR ABMY )
A202 F2r2 M1 (7“) .7\133(7") M33(7’) O2r2

(4.108)

5



which gives the generic solution

MU () _AB]\C{H(T) 0
MAB — ABM(r) 1+A2C2E27‘2(M”’(r))ZM“(T) A2B2 M1 (1)
|: <T)] - C,’, AQCQEQTQMII(T)M33(7-) CQTQ M23(T> !
0 M*(r) M33(r)
(4.100)
or in referential variables, writing M4B(R) = M48(r(R)),
BM'(R)
MH(R) 402 2 2( 2; )gRu 0
MAB = BM'\(R) 1+A'C?E?R*(M*(R))"M'(R) = B2M\(R)
[ (R>] T CR ATCZEZRZMII(R) M3 (R) o MP(R)
0 M*(R) M*3(R)
(4.110)

Unlike the other families, the standard Euclidean inverse metric M4P(R) =
diag{1, R~2,1} is not a member of the generic solution branch for this family. This is
because this Euclidean metric yields a special case of the anomalous solution, having
constant invariants.

In principle, we can rescale our coordinates and compute the form of the anelas-
tic factor in a multiplicative decomposition for a member of this family as we have
done for the previous families. However we will not concern ourselves with the mul-
tiplicative decomposition for this family, because its generic solution branch does not
contain the solution without eigenstrain. As such, any continuous process based on
this family beginning with zero eigenstrain will not lie in this solution branch, but
rather on the anomalous branch, and so the multiplicative decomposition associated

with this generic branch is of limited use.

4.5 The Anomalous Universal Solutions

The analysis for each family follows the same general pattern, so we will merely outline
these steps here on an example appearing in Family 5, then present the results. Details

are given in Appendix A.

Step 1: For the anomalous solution, we start with the equations derived from the
equilibrium conditions: four second-order linear differential equations for each family,
involving the six undetermined components of the inverse metric tensor. By integrat-
ing the equilibrium conditions, up to two of these components can be expressed in

terms of the other variables.
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We take, as an example the deformation
r=R, O=logR+0, z=12, (4.111)

for which we compute the components of b as

Mt M2 4 MTH M3
[bab} _ M12+MTH M22—|—2M712+Af—2u M23—|—M713 _ (4.112)
M3 M2 4 M3 33

r

The first universal equilibrium equation is ma[lvk]vbbab = 0, which in these coordi-

nates amounts to the two equations

13 / 13
M13(7°>” + M (T) o M (T) — O
r r2 ’

r (5M12(T)’ + MY (r)" + erz(r)”) + 3M™(r) +3M*' (r) = 0.

The general solution of these equations is

Mll
MB(r)=arr+ 2, MP(r)=242_ ),
T T T T

(4.113)

For the purposes of our example, we will take 75 = 0, 7, = 0, and M*3(r) = r. With

this, b® becomes
Mt 0 r
[bab] = 0o Mm2_ J\;I_Qll M2 1. (4.114)
r M2 +1 M33

Next, we compute the equilibrium condition ma[lvk]vbcab = 0, which is simplified by

multiplying ¢* by the condition detb = 1. This condition yields the equations

r (7"2M23(7")” + TrM?(r) + 8M*(r) + 8) =0,
SM*™2(r) +3M™(r) +r (5M12(7’)' + MM (r)" + TMH(T)”) =0.

Integrating these equations gives the solutions

rAMP(r) = P o =t O MP(r) = MU (r) 0By 4 126y, (4.115)
which gives b as
MU 0 r
[bab} _ 0 % + f_i % + % . (4116)
- - L A

Step 2: After integrating these equations, we have the three constant invariant con-

ditions for each family to solve. The constant trace condition is linear in the unknown
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components of the inverse metric, so we can use it to solve for one undetermined in-

verse metric component in exchange for introducing the trace of b as a parameter.

We have the constant trace condition

S

L =0"mg, = M" + M* + 8, + = (4.117)
T
hence,
M33:]1—M”—ﬁl——%. (4.118)
T

The incompressibility condition det b = 1 then can be written as

(517“6 + 527”4) MM (r)? + [(7’2/“ + M2)2 + (Tgﬁl + 7’52)2 -1 (517”6 + 527’4)} M (r)
+7° (1 + Bir? + 52) =0,
(4.119)

and the constant second invariant condition can be written as

rOMM (r)? —r* (Iir? = por® = Bo) MM (r) + (X + ,u2)2 + (B + 527”)2

(4.120)
+ 78+ Lr% — It (517“2 + ,32) )

Step 3: We are left with two nonlinear algebraic equations. The first is the incom-
pressibility condition det b = 1, and the second is the constancy of the second invari-
ant of b. Both are quadratic equations in the remaining component of the inverse
metric tensor, which creates an overdetermined system. We compute the resultant of
these two equations in this component, and demand this resultant vanish to ensure
that these two equations have a common root. The resultant of these equations is
itself a polynomial in the other undetermined integration constants: the invariants of

b, and the remaining independent spatial coordinate.

Step 4: Therefore, the resultant is a polynomial equation of the form p(q) = 0,
which must hold for all values of the independent variable ¢ (which is either r or z
depending on the family). Accordingly, we set each coefficient to zero independently,
and obtain an overdetermined system of nonlinear polynomial equations for the un-
determined constants. We wish to find all the solutions to these equations, and so we
compute a primary decomposition of the radical ideal generated by these equations.
These equations are simple enough that this can be done with the assistance of a
symbolic algebra package, though even then the computations are rather cumber-
some (see Appendix A). After we have done this, we are left with a set of conditions

on the undetermined constants that are necessary and sufficient for the existence of a
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common root of the original quadratic equations in the undetermined inverse metric
component over an open set. We substitute these constants into these equations and
use them to solve for the final component of the inverse metric tensor, which gives us
the general form of the anomalous solution. In all of these cases, despite encountering
branching conditions in the course of analyzing the conditions on the constants, the
separate branches ultimately are redundant, and we are left with a single anomalous

solution branch for each family.

Even in our simplified example, the resultant of these equations in M*!(r) yields the
condition a relatively lengthy polynomial equation p(r) = 0. It can be immediately
simplified by noticing that one of the coefficients is simply S, so us = 0 is a necessary
condition for there to be a common solution to these two equations. It can be further
simplified by noting that after using p, = 0, one of the coefficients becomes 33, so
we demand 3, = 0. With this, a different coefficient becomes u¢, and hence p; = 0
as well. Using these conditions s = 0, fo = 0, and p; = 0, the polynomial simply
becomes (83 — 1,82 + L —1)° 18 = 0, which demands 3 — [,3% + L5, — 1 = 0,
because r > 0. We recognize that this is the eigenvalue equation for the tensor b, so
we require 51 to be an eigenvalue of b. We can satisfy this by writing I; = 5, + e;
and I, = [ie; + 5%, where e; = A2 + A2 is the sum of the other two eigenvalues of
b and we have used incompressibility in the form A\?A23; = 1. When we substitute
these conditions back into the original equations for M!!, they both become (up to

some nonzero constant)
LM (r)? — e BiM Y (r) +r* B + 1 =0. (4.121)

This equation can be solved for M'* and we obtain using r = R

<61 + \/ef —4 (R2 + é)) : (4.122)

MY (r=R) =

N —

which gives one example of M4B as

MY (R) —+ (M'(R)) R
(M4B] = |~ (M(R) 3 (MY (R)) + 25 —1 (4.123)

e? 1 ’
R . a9 -R-1

This lets us compute the corresponding elastic left Cauchy Green stretch tensor
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as

0 r
[b™] = 0 & 0
T 0 %(GIZF\/e%—Zl(rQ—i—é))

(4.124)

We can verify that b satisfies the equilibrium conditions and the constant invari-
ant conditions. Completely determining the universal anelastic extensions of these
families amounts to doing a similar analysis for each of the remaining families, but
in full generality, i.e., not assuming particular values for the parameters appearing
in the deformation, nor selecting values for the integration constants a priori. These

computations are included in the appendix, only the results are presented next.

Family 1: Bending, Stretching, and Shearing of a Rectangular Block. In-
tegrating the equilibrium equations and solving the algebraic equations gives the

following anomalous solution branch for this family:

M) = % + as,
AB%*C
M13(T) = T2 - + ,}/17“2 + Y2,
2
gy ar’
r\/BQe%ﬁ —4 (BQr2 (eo + A2B2M'2(r)?) + (AB2CM*2(r) — M13(r))2)
= 2A2B ’
Mgy = 2Bl (er” = AN (1) MP(r)? + [AB*CM () = M()]
B2eyr? [(AB2OM™2(r) — M3(r))? + r2M12(r)?] ’
M) = AC (AB*)CM™(r) — M"(r))”
ear? [(AB2CM™2(r) — M3(r))? + r2M2(r)?]
A%B? (eyeqr? — r? — A2eo MM (1)) M2 (r) M3 ()
ear? [(AB2C’M12(T) — M13(7“))2 + 7“2M12(7")2} ’
A2 B?
M*(r) = - X

[AB? (C? + r?) M*2(r) — CM13(7°)]2 +eq (€17 — A2MM(r)) M13(r)2.
(AB2CM2(r) — M3(r))* 4 r2M12(r)2

Here the constants e; and e, are the elementary symmetric polynomials in two of the

three free eigenvalues of b

e1 = A4+ A2, ey = A3, (4.125)
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The parameters e; and e; must be positive with e? > 4e,, since b is positive definite.

with the incompressibility condition determining the third eigenvalue as A2 =

The remaining constants, oy, as, 71, and vy, are arbitrary, subject to the condition
that the choice of eq, eg, ay, an, 71, and v, must yield a positive-definite metric tensor.

One can explicitly verify that the invariants of b generated by this metric are

1
I :el+€—:>\f+)\§+/\§,

2
Iy= =+ ey = A2+ 2202 + 202, (4.126)
Iy = A2A2\2 =

Additionally, we can express this in terms of the referential variables by expressing r

in terms of X by the relation r = /A (2X + D).

Family 2: Straightening, Stretching, and Shearing of a Sector of a Cylinder.
With this family, it is prudent to make the substitution £ = x — D, which allows us

to express the anomalous solution branch as

Ozlf + (6]
v
Ml?’(f) _ ’Ylf\/‘%')@,
VAey £ ([ Ack — 4 [Aey + 2¢ (AMP3(€) + CM™(€))” + M(€)?)]

MP(8) =

MY (E) = VT :
e (CM2() + AMY(€))* + €3 (e1 — 2AB2 MY (€)) M'2(¢)?]
2 [MP2(€)? + (AM3(¢) + CM™(¢))] |
e - A C(OM(€) + AM())* + CM™()?]
e (MI2(§)2 + (AMU(¢) + CM2())°)
AB[(A— eres + 24B%et M () M) MS(€)]
e2 [M12(€)2 + (AMB(§) + CM2(9))"]
Mgy _ B2 UL C2)ME) + ACMIE)) + Aey (01 — 2ABMM () M™()*

€2 M2(6)2 4 (AM3(€) + CM2(€))’

Alternatively, we can express this in terms of referential variables using the equation
£ = %ABZR2. As in the previous case, e; and e; are the elementary symmetric

polynomials in the free eigenvalues of b, A2 and \2.
e1 =M+ A5, e = A5 (4.127)
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With this, the third eigenvalue is determined via the incompressibility condition \2 =

1

SVIVE This ensures that the invariants of b are
172

1
Li=eit — =M+ X+,
2

I = = ey = X34 A3X3 4+ A2, (4.128)
2

Iy = ANIAA: =1,
The constants ey, es, a1, g, V71, 72 are largely arbitrary, apart from the condition
that e; > 0, and €? > 4e, > 0, and that the constants are chosen such that the metric
tensor is positive definite.

Alternatively, we have the case where the anelastic strain is compatible, and we
have

My R? My, R MR

[(Myp(R)] = | MiyR My, My |, (4.129)

MR My Mg,
where {M;,, Myo, My5, Myy, Moy, Mss} are constants and det M, 5 (R) = R?. At
first glance this case appears slightly more general than the previous one under the
special case a; = 73 = 0, because for a fixed overall deformation, there are five
independent parameters determining this solution, while setting a; = ;3 = 0 leaves
the other family with only as, 79, €1, and e;. However, this case causes the stretch
tensor b® to be constant, which requires that the material manifold be Euclidean,
and a constant isochoric stretch only depends on two independent stretches, with the
remaining degrees of freedom representing a global rotation, which we can freely add
or remove. This case appears to not be a special case of the previous branch, because
once we eliminate the dependence on &, we not longer have a preferred direction,
and hence we spontaneously gain additional rotational degrees of freedom that can
be removed by the choice of the orientation of our current configuration Cartesian
coordinates.

Physically, this amounts to the reference configuration deforming anelastically
into a parallelepiped, which can be elastically deformed into the desired block, as
that elastic deformation is homogeneous. Indeed, the stress required to accomplish
this is always constant, and hence equilibrium conditions are trivially satisfied. One

can easily verify that the only nonzero Christoffel symbol generated by this metric in
1

R
In fact, the anelastic strain can be integrated up to an arbitrary rigid rotation and

these coordinates is I'';; = +, which generates a vanishing curvature tensor R = 0.

translation to obtain the position vector

2

R
XA = 781 -+ @82 + Z€3, (4130)
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where €, is an arbitrary right-handed set of linearly independent vectors spanning
a parallelepiped with unit volume. With this, the constants M, = g, - €, i.e., the
arbitrary constants appearing in the metric tensor are given by the Euclidean inner

products of the constant basis vectors.

Family 3: Inflation, Bending, Torsion, Extension, and Shearing of an An-

nular Wedge. For this solution, it is prudent to define the functions
_ 2 2
pir)=m+ 3. a(r)=ar’ +as. (4.131)

With these definitions, we have the following anomalous solution branch

e i ]
M13<7’) _ Ep(TZQ__CBg(T)’
== \/e% —4 [62 + A(CF — DE)? (p(r)2 + q(:g)zﬂ
ME(r)=r 2A(r2 — B) ’
M?(r) = (Drp(r) + Fq(r))” + exear? (Dg(r) — Fp(r))’
es (CF — DE)’ 12 (q(r)? + p(r)?r2)
_ Aey (Fp(r) — Dg(r))* (> — B) M'(r)
es (CF — DE)* 12 (q(r)? + p(r)*r?)

vy = Aes (Bl = Calr) (Fplr) = Dalr) (¢ = B) )™

e (CF — DE)*r? (q(r)? + p(r)*r?)
_e1(Cq(r) — Ep(r)) (Dq(r) — Fp(r))
(CF — DE)* (q(r)? + p(r)*r?)
_ (Cp(r)r* + Eq(r)) (Dp(r)r® + Fq(r))
e (CF — DE)* 72 (q(r)? + p(r)*r?)
(Cr2p(r) + Eq(r))” + erear? (Cq(r) — Ep(r))?
es (CF — DE)* 72 (q(r)? + p(r)*r?)
~ Aey (Ep(r) — Cq(r))* (r* = B) M'(r)
e (CF — DE)* 72 (q(r)? + p(r)*r?)

M3(r) =

As with the other families, we can use the deformation equation r = vVAR? + B, to
recast this into the referential variables. Additionally, the parameters e; and ey are
the same as the previous families, and other than demanding that the eigenvalues
they determine be positive, we also demand that the choice of variables aq, as, 71,

9, €1, and ey leaves the metric tensor positive definite.
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Family 5: Inflation, Bending, Extension, and Azimuthal Shearing of an
Annular Wedge. To facilitate the analysis of this family, it is useful to define the
function f(r) =~ + 2. With this, we have

M13(r) =or+ %,
”
e1+/e? — 4 (eg + A2f(r)2 + AZE2M13(r)2)

M) = e ,
M12(r) _ f(r) — féfM (7“)7
a2y — a0 (o A2 (B2 1) M ()

Crie, (JrF + BT
N E? (1 + A?2B%ea MY (1)) M3 (r) — 2ABey f(r) (f(r)? + E>M'(r)?)
Cor2e, (F(r 7 + B2ATS(7)?) |
_ABM13(7") B MB(r)f(r) (1 — ereq + A2ea M (1))
Cr Cear (f(r)2 + E2M'3(r)?) ’
[P + B (e — XM (7)) M (r)?
E?ey (f(r)? + E2M'(r)?) '

Again, the constraints on the constants appearing are as before, and are only necessary

M?*(r) =

M3 (r) =

to ensure the positive definiteness of b and the metric tensor. We can recast this into

referential variables using r = AR, if desired.

4.6 Graphic Representation

Because the material manifolds are generally non-Euclidean, visualizing them is diffi-
cult. A way to overcome this difficulty is to approximate their geometry as “piecewise
Euclidean” and examine the deformation of each piece. This approach is similar to
the three-dimensional version of approximating a curved surface with that of a poly-
hedron, and then representing that polyhedron in the plane by its net. The original
surface can then be build up by connecting appropriate edges, but because of the
curved nature of the surface, these edges cannot all be connected without distorting
the pieces, or lifting them out of the plane. To demonstrate this technique, we will
first start with a two-dimensional example, and then move on to a Euclidean three-
dimensional example, and then finally apply the techniques to examples of anomalous

material manifolds obtained from our analysis.

4.6.1 A Two-Dimensional example

We know that representing spherical geometry in the plane isometrically is an egre-

giously impossible task [Gauss, 1828]. To get around this, we only do this approxi-
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mately, and allow for incompatibility by partitioning and separating our domain in
multiple pieces. We can then stretch each piece in such a way that the deformed
pieces can be approximately recombined in three-dimensional space to form an upper
hemisphere. The deformed pieces are individually flat, so they can all be placed in
the plane, but not in a way such that they can be pieced together without gaps (see
Figure 4.11). We start with a disk, partition it, and separate the resulting pieces to
allow for room for each piece to strain without overlapping its neighbors. We then
strain each piece, and recombine the deformed cells to create an approximation of
an upper hemisphere. Here each cell [R;_1, R;] X [©;_1, 0;] is positioned so both the
position of the point (r,6) = ((R;-1 + R;)/2, (0,1 + ©,)/2), and the orientation of

its tangent plane match that of the exact map from the disk to the hemisphere.

.
\
AN
N

Figure 4.11: The partitioned approximation of a hemisphere.

Explicitly, we want to take the region r € [0,1], # € [0,27), where r and 6 are
polar coordinates in the plane, and map it to the surface z = +/1 —r? in three-
dimensional space. The stretch induced by this map is described by the metric tensor

with cylindrical components

[Mas] = {i g} , (4.132)

which we can approximate as constant on each piece, while keeping each piece in the
plane, by evaluating the metric at ™ = (rae — min)/2. The deformed pieces can
then be rigidly translated and rotated in three-dimensional space to approximate the
desired spherical surface, with the approximation becoming better as the partition

becomes finer (see Figure 4.12).
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Figure 4.12: Convergence of the partitioned approximation as piece size decreases.

This two-dimensional example allows one to see the correspondence between the
deformed partitioned approximation and the recombined non-Euclidean configura-
tion, which is important because once we move up to three-dimensional examples,
we are no longer able to recombine the strained pieces; we must deduce properties of
its geometry from the deformed partitioned approximation alone. Additionally, while
we assembled the resulting deformed pieces into a hemisphere by lifting them into a
higher dimensional Fuclidean space, we could have assembled them into any number
of other surfaces that are isometric to the hemisphere. Because we only determine the
intrinsic geometry of the material manifold, there is no preferred isometric embedding
in some higher dimensional Euclidean space, unless as above, we explicitly specify the

embedding.

4.6.2 A Three-Dimensional Euclidean example

Just as in the two-dimensional example, we can partition a flat three-dimensional
body, explode it, and approximate the strain on each piece to represent the non-
Euclidean geometry of our deformations. The only difference is that, in general, we
cannot recombine the distorted pieces into a cohesive whole, because the resulting
shape is not globally flat. However, if the strain that we impose is actually induced
by a map between Euclidean spaces, we can apply this procedure to the partitioned

pieces, and observe the local strain, while separately observing the global deformation.
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We can then compare the two results to see which features are preserved by this local
partitioning approach to better interpret the results of applying this procedure to the
material metrics we have derived.

Consider the following map given in cylindrical polar coordinates
r=R, 0=v0, z=Z7Z+4 0. (4.133)

This map produces azimuthal shear and angular stretching. Choosing ¢ = 2 and

%, and mapping the domain R € [2,3], © € [O, %’r], Z € ]0,1], we obtain a

UV =
transformation shown in Figure 4.13, where we have artificially separated our pieces

to better show the deformation of internal elements. If we instead compute the stretch

[ A YN
i 1 & ‘]‘ J
T E — ‘%S\:\\

W)

\ll

Figure 4.13: Angular stretching and azimuthal shear of an annular wedge.

tensor, and use it as a material metric for the current configuration, we obtain

1 0 0
Myl = [0 v2(r*+p?) wv|. (4.134)
0 wv 1

Applying this stretch to our partitioned domain, we obtain the depiction shown in
Figure 4.14. This side-by-side comparison shows what is happening when we do this
piecewise transformation, namely we capture the strain of each piece, but we do not
capture any local rotation that is present in the global deformation. This is because
local rotations produce no strain, so they do not contribute to the stretch tensor, and

hence, we cannot expect to be able to capture them through this reconstruction.

Figure 4.14: Strain-based reconstruction of the deformed state.
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4.6.3 Anomalous anelastic strains

For the anomalous families, we will use this partitioning technique to attempt to
visualize the deformations. We note that not all choices of parameters are valid over
arbitrary domains. In particular, the parameters must be chosen such that the metric
is positive definite over the chosen domain, in addition to making sure that the strain
tensor b is positive definite, a much simpler task as this requires e; and e, to be
positive with e > 4e;. We also depict the total overall deformation, coloring the
current configuration by the trace of the Cauchy stress required to maintain it for a

Mooney-Rivlin solid with strain energy of the form

W:%(II—3)+%UQ—3), (4.135)

both in the presence and absence of anelastic strain. Because the invariants of the
left Cauchy Green tensor are constant for the anomalous universal eigenstrains, any
choice of strain energy is indistinguishable from a Mooney-Rivlin energy, and the
only invariant of the Cauchy stress that can potentially vary spatially is the pressure
generated due to the constraint stress. Here we choose the two material parameters in
the Mooney-Rivlin energy to each be equal to 1, though different choices of parameters

would yield qualitatively similar results.

Family 1. For this family we choose the reference domain X € [0,1], Y € [0, 6],

and Z € [0,4], and take the deformation parameters A = %, B=1C= i, D =2,

E =0, FF = 0. To examine the effects of anomalous universal eigenstrain on the
equilibrium stress distribution, we consider the same overall deformation, and contrast
the stress generated in the presence of eigenstrain with that generated in the absence

of eigenstrain. For the anelastic strain parameters, we use

2
J@Alz

. 1 - 6 €1 =
4! ) Y2 ) 7 A% —

— ’ 4.1
8’ 8 11 €y = ( 36)

ay = _17 Qg =

00Ok |©
EN[SE ] [GV]

One can verify that this ensures that M is positive definite over the chosen domain.
To visualize the anelastic strain, we subdivide the domain, separate the pieces, and
approximate the anelastic strain on each (see Figure 4.15). This anelastic strain is
generally not compatible, i.e., the deformed pieces cannot be reassembled in Euclidean
space without further deformation. We map the body into the current configuration,
and color it to denote the spherical part of the Cauchy stress generated by a Mooney-

Rivlin solid. This requires us to integrate the indeterminate constraint pressure field,
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both with and without eigenstrain. Without eigenstrain, we have the following dif-

ferential equations for the constraint pressure

op HABC-)-(B+H)r op o dp
or r3 R P

0, (4.137)

which can be easily integrated to obtain

_%—1—142 (B*C? - 1) B B? + %7’2
212 2 ’

p(r,0,2) =p(r) = (4.138)

Notice in particular that p does not vary with z or #. Additionally, only the gradient
of p affects the motion, which allowed us to ignore the integration constant when

integrating the above equations.

Figure 4.15: A depiction of the anomalous anelastic strain for one element of Family 1.

When there is eigenstrain, we obtain a different set of differential equations de-

termining p(x):

8peig _ k(?”), 8peig o 2AB (1 + 62) (‘)peig . 2 (1 + €2>

= = 4.1
or ol €9 a2 0z €9 s (4.139)

where k(r) is an algebraic function of r alone. We can in principle integrate these to

obtain

r 2AB (1 2(1
Peig (1,0, 2) = / k(yar4 2ABUT ) o 20 ¥e) (4.140)

ro ()] €9

In contrast with the ordinary case, when we have eigenstrain, we can generate pres-
sure gradients that vary with # and 2. Interestingly enough, even the generic universal
eigenstrain cannot generate pressure gradients in these directions; the anomalous uni-
versal eigenstrain is the only universal eigenstrain that can create pressure gradients

in these directions. This suggests that the measurement of these pressure gradients
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can be used to partially measure the eigenstrain, and conversely these anomalous so-
lutions can be used to generate pressure gradients in these directions to, for example,
counteract the pressure generated by body forces. We then compute the first stress
invariant, the trace of the Cauchy stress, or equivalently its spherical part, for the
material both in the absence and presence of eigenstrain, and plot the resulting stress

invariant in Figure 4.16.

Figure 4.16: Pressure distribution for Family 1: without eigenstrain (top), and with an anomalous
eigenstrain field (bottom).

Family 2. For this family, we choose the reference domain R € [2,3], © € [0, 5],
and Z € [0,4], and take the deformation parameters A = 1, B = %, C = i, D=0,
E =0, F = 0. These parameters define the total deformation, allowing us to examine
the effects of eigenstrain on the Cauchy stress. In particular, we take the parameters

appearing in the anelastic strain to be

— -, fry -, = —, = -, ’ <:> 2’ 4141
o 3 Q2 5 M 3 2 13 ey = 1%7 A2 = % ( )

This ensures that the metric is positive definite over the chosen domain. We subdivide
and explode the domain, and apply our anelastic strain to each piece, as shown in
Figure 4.17. We are then left with a set of differential equations determining the

constraint stress. In the absence of eigenstrain, we have

op 1 op dp
—9AB% + , — =0, —=0. 4.142
O 2AB?(z — D)*’ 0Oy 0z (4.142)
Upon integration, we obtain
1
_ — 2 _ - -
p(z,y,2) = p(xr) = 2AB* (x — D) YABL(z— D)’ (4.143)
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Figure 4.17: A depiction of the anomalous anelastic strain for Family 2.

In contrast, when we consider eigenstrain, we have the equations

6’peig _ ]C(:B) 6’peig - \/5(1 + 62) 5’peig o \/5(1 + 62)

- , - Can + Am),
ox 8y \/262 “ 0z \/Z@z ( “ 71)

(4.144)
where as before k(x) is an algebraic function of . We can integrate these equations

to obtain

peig (:L”,y, Z) = \/w k (ZIAZ') dx + \/5(1 + 62> + \/5(1 + 62) (COZl + A’)/l) zZ. (4145)

—a ——
o Aew W T e,

As before, the presence of this anomalous universal eigenstrain generates pressure
gradients in directions that are not possible in their absence, in this case, the y and z
directions. Again, even the generic branch of universal eigenstrains cannot generate
pressure gradients in these directions, further highlighting the unique nature of the
anomalous solutions. We then compute the trace of the Cauchy stress, and plot the

resultant distributions both in the absence and presence of eigenstrain (see Figure

4.18).
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Figure 4.18: Pressure distribution for Family 2: without eigenstrain (top), and with an anomalous
eigenstrain field (bottom).

Family 3. For this family, we choose the domain R € [2,3], © € [0,5], and Z €
[0,4], and the deformation parameters A = 1, B = 0, C = %, D = %, E = %,
F = %, G = =, H = 0. This completely defines the total deformation, allowing
us to examine the stress generated with eigenstrain in contrast with that generated

without eigenstrain. We take

==, = —s, M=o, Yo=-——, e 3 4.146
Qg 3 Q2 5 T 3 72 13 ey = 1%7 )\% _ %7 ( )

as our anelastic parameters. Over the defined domain, these choices ensure that the
anelastic metric tensor is positive definite. We then partition and explode the domain,
approximating the eigenstrain on each piece, depicting the result in Figure 4.19. As

before, we obtain differential equations for p, yielding in the elastic case

BF? 2 2,2
o _ £ D24 B = Gi-crz Tt Gr—crp
O (DE—CF)’r? Ar? (4.147)
+A[B(3+C2)r—(1+02)r3] @—O @—O
(r? — B)? 90 0z

which can be integrated to obtain

1|2[(DE —CF)* + F?]log(r)  24B
P02 =) =5 [ A(DE—CF)J “pop P

2 _ 2_ 2
LB BIDESCR I o)t (B ?)
(DE —CFYr2  A(DE— CF)’ 12

(4.148)
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Figure 4.19: A depiction of the anomalous anelastic strain for Family 3.

In contrast, in the presence of eigenstrain, we have the differential equations

apeig o
or - k(r)’

Opeig  2(A*+e3) (DE - CF)
o0 \/262 715

Opsy _ 2(A*+es) (DE - CF)
= 1,

8Z \/ZGQ

with k(r) an algebraic expression in r as in other families. This pressure can be

integrated to obtain

peig<r7 97 Z) = peig (Ta 97 Z) =
T 2(A24¢) (DE - CF) 2(A% + 3) (DE — CF)
k(r)dr + 0+
/ro (r) g vV A€2 n V A€2

We compute the first invariant of the Cauchy stress and color the deformation accord-

arz. (4.149)

ing to it in Figure 4.20. As in other families, the presence of this anomalous branch of
universal eigenstrain can generate pressure gradients in directions that do not occur
otherwise, specifically pressure that varies with # and z. This property would allow
one to indirectly measure the eigenstrain by measuring the pressure variation required
to sustain this deformation. Likewise, if we can specify the eigenstrain, we can create

specific pressure gradients that would otherwise be impossible for the generic branch.
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Figure 4.20: Pressure distribution for Family 3: without eigenstrain (top), and with an anomalous
eigenstrain field (bottom).

Family 5. For this final family, we choose the same domain as in Family 3, i.e.,
R € [2,3], ©® € [0,5], and Z € [0,4], and we take the deformation parameters to
be A = \/g, B=1,C=1,D=-%, FE= %, F = 0. Choosing the anomalous
eigenstrain parameters as
1 1 1 1 e; = %, A\ =
al——g, ¥ =5, 71——1—07 2= 62:%7@/\3

we subdivide and explode our domain, then approximate the eigenstrain on each

LN [

’ (4.150)

4

piece. The result of this is depicted in Figure 4.21. As with the other families, we

Figure 4.21: A depiction of the anomalous anelastic strain for Family 5.

are left with a set of differential equations determining the constraint stress. When

eigenstrain is absent, we have the equations
op  (BP+C*-1(1+AC) op 2B(A'+5) op

0= YETeR T e 5, T 0, (4.151)
which can be integrated to obtain
B+ (C? —1)(1+ A*C? 2B (A* + &
p(r,0,z) = ! A2g’§ ) log(r) + %9 (4.152)
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When we consider the anomalous solution, we have the equations

8peig apeig 2A (1 + 62) 8peig 2AF (1 -+ 62)
—— =k = = 4.153
or (), 00 e T, € “ ( )

in terms of an algebraic function k(R) which can be integrated to obtain

peig (’f’, ‘97 Z) — / k (f) dr —+ Mm@ -+ Malz. (4154)

ro ()] €9

When we compute the pressure gradient in the case of the generic universal solution,
we obtain a pressure that only varies with r. We see that the anomalous branch
generates pressure gradients that vary with 6 and z, unlike the generic solutions.
We can compute the trace of the Cauchy stress, both with eigenstrain and without
eigenstrain, and use this to color the deformed configurations in Figure 4.22. Notice
that unlike other families, the constraint pressure in the absence of eigenstrains can
vary in a direction different than in the generic anelastic situation, specifically, for
an eigenstrain in the generic solution branch, we have dp/00 = 0, but in the absence
of eigenstrain, we have dp/08 = 2B (A*+ % )/A% This is due to the fact that
the standard Euclidean metric in terms of cylindrical polar coordinates lies on the
anomalous solution branch, not within the generic branch. In the elastic case, when
the azimuthal shearing term does not vanish, corresponding to B # 0, we have a
pressure variation in # that is necessarily nonzero. In the anomalous case, we can
determine the pressure variation in both 6 and z by adjusting our choices for v; and oy,
allowing us to determine the pressure variation in these directions independently of the
overall total deformation by choosing the anelastic strain appropriately. Specifically,
we can have arbitrarily large azimuthal shearing, while also causing the azimuthal
pressure variation to vanish. While the other families also allow us to select the
ordinarily absent components of the pressure gradient in a similarly arbitrary way, this
family is unique in having one of these pressure gradients present without eigenstrain,
so the anomalous universal eigenstrain allows us to both create pressure variations in
these directions, but also remove pressure variations that are ordinarily necessary to
maintain the overall deformation.

Additionally, with the anomalous anelastic solution branch, the azimuthal pres-
sure variation dp/00 = 2A (1 + e3)7y; /ey does not depend on the degree of azimuthal
shearing, i.e., it is independent of B. While the anomalous eigenstrain itself does
depend explicitly on B, if the eigenstrain and the total deformation are simulta-
neously varied by changing B, the azimuthal pressure gradient should not change.

Doing this in practice would be difficult, because fundamentally the parameter B
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Figure 4.22: Pressure distribution for Family 5: without eigenstrain (top), and with an anomalous
eigenstrain field (bottom).

partially determines the overall deformation, hence both the overall deformation and
the eigenstrain would have to be simultaneously controlled in precise ways to realize
this thought-experiment. Thankfully, this does not have to be done dynamically; a
new value of B could be selected, the overall deformation could be controlled, and
once it is established, fixed. Then the eigenstrain could be controlled until the uni-
versal eigenstrain corresponding to the chosen value of B is obtained. After this is
done, the pressure variation could be measured, and this process can be repeated to

establish the independence of the azimuthal pressure gradient.
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Chapter 5

Merging of Universal Solution
Families

After obtaining the previous results, it is natural to ask if solutions in one family
correspond to solutions in another, and if so, to what extent? It is possible that
the material manifolds, and the corresponding elastic deformations from two differ-
ent families differ only by a change of coordinates, or equivalently, by a compatible
anelastic deformation connecting the original reference configurations of the two total

deformations.

5.1 Equivalent Universal Solutions

Two universal deformations, ¢; : (ML, M) — (Ml m!'), and ¢y : (M%, M?) —
(M2, m?) are said to be equivalent if there exist two isometries ¥ : (Mh M) —
(M%,M?), and ¢ : (M}, m') — (M? m?) such that

Yoy =0V, (5.1)

or, equivalently, the following diagram commutes:

(Mh, M) — (M!,m)

o lo (5.2)

(M3, M?) —7 (M2, m?)

For general manifolds, this is a difficult task, as we not only have to determine whether
or not two isometries exist, i.e., solve the Riemannian manifold equivalence problem
twice, but also whether or not they satisfy equation (5.1). However, in our case, the

current configurations of the universal deformations are both Euclidean, and hence
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1 must represent the action of an element of SE(3). Additionally, ¢; and ¢y are
invertible and in principle known, so if we can find 1, we can solve for ¥ = ;' otpoyp.
It is then a simple matter of checking whether or not ¥ is an isometry.

We choose coordinates for all of these manifolds, writing current configuration
coordinates as ¢%, and material manifold coordinates as @, with each set labeled by
the universal deformation pertaining to it. In terms of these coordinates, these maps

are s
" = ¢ (Q1 ) )

Q2a = Q2 (Q2A) )

(5.3)
Q' =1 (qlb) )
Q2A =V (Q1B) ,
which induce the tangent maps (F1)*,, (F»)*,, h%, HA5, satisfying
dg," = (F1)", dQ1Aa
dg," = (FQ)GA dQ2A7 (5.4)
dg," = h%,dq,",
dQ2A = HABdQlB'
In terms of these tangent maps, we then have the isometry conditions
(Ml)AB = HDAHEB (Mz)DE7 (55)
(m),, = h%h? (m?),,, (5.6)
and the prolongation of equation (5.1) as
hy (1) = (F5)" 5 H . (5.7)

Because both current configurations are Euclidean, we can trivially satisfy equation
(5.6) by choosing v to correspond to an element of SE(3), and we can then use

equation (5.7) to express equation (5.5) in terms of h%, as
1 a b -1\D 2 ¢ e _1\FE
(M) 1 = (B 4 W (F) 7 (M) o (F1) 0 (7). (5.8)

We can write this expression in terms of the inverse of b = F¢, F¥ M4P for each

deformation and obtain
(¢1)ap = h% (c2) g hdbv (5.9)
and hence

(by)™ = h h, (b)) (5.10)
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5.1.1 Redundancy of the Six Classical Universal Families

We would like to identify which families are likely to contain overlap, and take note of
Table 4.1. Specifically, the left Cauchy Green tensor of each family is symmetric with
respect to the prolonged action of a subgroup of SE(3). Therefore, if two universal
deformations are equivalent, their corresponding strain tensors should have isomor-
phic symmetry groups. Denoting the symmetry group of by as K; C SE(3), and the
symmetry group of by as Ky C SE(3), we seek 1) € SE(3) such that

VK = K. (5.11)

This immediately identifies a possible correspondence between Families 1, 3, and 5,
because their symmetry groups are isomorphic. Additionally, we expect that there
might be some universal solutions in Family 2 that are also in Family 0, since the
symmetry group of Family 2 is a subgroup of that of Family 0, though we can imme-
diately recognize that there are solutions in Family 2 that are not equivalent to any
in Family 0, because not all solutions in Family 2 are invariant under the action of
the full symmetry group of Family 0.

This observation immediately reveals that, up to an element of these symmetry
groups, 1) must be the obvious one implied by our choice of coordinates in each family,
because it must send invariant sets of K to invariant sets of K. We recall that if a
(sub)group K acts on a manifold M, an invariant set of K is a set Sx C M such
that VX € Sk, and Vk € K, p, (X) € Sk. Here we consider the smallest nonempty
invariant sets: the orbits of single points under the action of the subgroup K;. The
invariant sets of the symmetry groups of Families 1, 3, and 5 are concentric cylinders,
hence any potential ¢ connecting these two families must map a family of concentric
cylinders to another. The coordinates for each family were chosen such that this
family of cylinders is centered on the z axis, hence we require ¥ to be a Euclidean
isometry mapping the z axis to itself. Apart from rotations and translation that
leave the left Cauchy Green tensor fields unchanged, this restricts ¢ to either be the
identity, or a rotation reversing the orientation of the z axis. We will see that we can
freely take 1 to be the identity.

We first show that Family 0 is contained within Family 2. To do this, we must
find an equivalent deformation in Family 2 for any choice of deformation in Family 0.

Identifying our coordinate systems (i.e., taking ¢ to be the identity), we can express
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the left Cauchy Green tensor field for any deformation in Family 0 as
bll b12 b13
(b (z,y,2)] = [b'2 b2 P3| . (5.12)
b13 bQ3 b33

We choose a universal solution in Family 2 with material inverse metric of the form

Mll MIQ MlS
r2 R R
[MAP(R)] = | M2 m2 w2, (5.13)
M3 WS
R

with M4Z being appropriate constants, which is one of the cases where the material
manifold is Euclidean. Pushing this forward to the current configuration, we obtain

the equations

plt pl2 pl3 A2BApt BM"? CBM" + ABM™
12 722 23| _ ¥ M?22 cNr22 s
213 223 233 B ~ IB;MH ~r13 CM2‘242B2 23 C2M22A2B220M%? Jes
CBM™ + ABM A2p2 T AB?  A?B? AB? ?(5 14)
Therefore, for any given element of Family 0, the choices
_ bll
mn_
M7= popr
~ 15 bl?
M*=—
B )
M]S _ b13 _ Cle
AB

22 — A2B2p22

M2 — AR? (b23 _ C’b”) ’

M33 — 32 (b33 . 20b23 + CQbZZ) ,
yield an equivalent member of Family 2. Also we note that these compatible material
manifolds are contained as special cases of the non-homogeneous branch of Family

2 by the same argument presented earlier. Denoting U4 to be the set of universal

deformations corresponding to Family A, we conclude that
Uy C Us. (515)

We then seek to establish similar correspondences between the sets U;, U3, and Us.
First, we consider an element of U5 lying in its generic branch. The left Cauchy

Green tensor field of this element is fully determined by specifying three functions of
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R, hence implicitly of r through R = 4, namely M'!(r), M?(r), and M33(r), along
with values for the constants A, C', and E. Labeling these choices M (r), M?(r),
M B(r), A, C, and E, we seek elements in Families 1 and 3 that generate the same
stretch tensor field.

The left Cauchy Green tensor field for the generic branch of Family 1 depends on

2

three arbitrary functions of X (r) = 2= — 2, M (X(r)), M**(X(r)), and M?*(X(r))

as well as the constants A, B, C. If we select the functions and constants such that

M (x () = A,
</~12E~’27’2]\;[11(r)> ! 1 é2M23(7,)2
WX () = o ,
[A2E2T2M11<T)] ! LENB(rY?
M*(X(r))=A|C - +CEM®(r) |,

M33(r)

it is straightforward to verify that the stretch tensor fields generated coincide. There-
fore, the generic solution branch of Family 5 is contained in the generic solution branch
of Family 1, since we can find universal solutions in Family 1 that are equivalent to
any universal solution in Family 5.

Similarly, the generic branch of Family 3 depends on three functions of r through
R(r) = =3B MY(R(r)), M®(R(r)), and M?(R(r)) as well as the constants A, B,
C, D, E, and F. The choice

A2T2M11(T)

M (R(r)) = m,

M*(R(r)) =
EF + 22BN (r) [CEN(r) — CEM®(r)| [DEN(r) - CFN®(r)
A2E2 (CF — DE)* r2 MY (r) M33(r)
F2 4 BB 1) [CFAT(r) — DEST¥(r)|
A2E2(CF — DE)? r2 MY () M33(r)

Y

M*(R(r)) = 7
also generates an identical stretch field, hence the generic branch of Family 5 is also
contained in the generic branch of Family 3.

We have shown that the generic branch of Family 5 is contained in those of both
Family 1 and Family 3. To examine the opposite direction, suppose we take an arbi-

trary member of the generic branch of Family 1, defined by parameters M'(X(r)),
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M?(X(r)), M*(X(r)), A, B, and C, and seek to find a solution in Family 5 that gen-
erates the same stretch tensor field. Elements in Family 5 depend on the parameters
MY(R(r)), M*(R(r)), M**(R(r)), A, C, and E, and the choice

a1 () = A
ME(R() = HEE)  BCIEEE),

. L N (X () [W13(X () = ABPCN(X (1) 2
M>*(R(r)) = ;

E2A2B2M11(X(r))]\~422(X(r))
generates the same stretch tensor fields as the member of Family 1. Hence, the generic
solution branch of Family 1 is contained in the generic branch of Family 5. Coupled
with the previous result, we conclude that the generic solution branches for Families
1 and 5 are equivalent, in that every universal solution in one of these branches has
at least one equivalent universal solution in the other.

Next, choosing an arbitrary universal solution in the generic branch of Family
3, we seek a universal solution in Family 5 that is equivalent. Choosing parameters
MY (r), M?2(r), M*(r), A, B, C, D, E, and F determining an arbitrary solution in
Family 3, we can choose an element of Family 5 by specifying the parameters A, C,
E, MY (R(r)), M*(R(r)), and M*(R(r)), where R(r) = %. If we choose these such
that
A(r? — BYM"(r)

A2r? ’

M (R(r)) =
DF
i(eF - DE>2 (v~ B) 51(r)

1

MEED) = G

+ (CNI2(r) + DNIP(r)) (ENE(r) + PN (1)) ] :

M3(R(r)) = mx
Fz

i(eF- DE>2 (r2 — B)NIV (1)

+ (EM??(T) n FM%(T))Q ,

we obtain a universal solution that is equivalent to the specified solution in Family
3. Hence, the generic solution branch of Family 3 is contained within that of Family
5. Coupled with our previous results, this result means that the generic solution

branches of Families 1, 3, and 5 are all equivalent to each other.
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Next we consider the anomalous solution branches for these families. First, we
select an arbitrary member of Family 3 anomalous solution branch by specifying the
parameters A, B, n= DE—CF', é, 6, dy, ds, 1, and 7,. We seek to find solutions
in Family 1 anomalous solution branch, and Family 5 solution branches that generate
equivalent solutions.

First examining Family 1, we can select values for constants ay, as, 71, 72, €1, €,
A, B, and C. It is straightforward to verify that the choice

ap =%, =7, Y =a, Y =a+C7,

1
B=—=,
VA

generates an equivalent solution. Likewise for Family 5, we can choose values for the

. ~ ~
A=An", e =¢€1, ey =éy,

parameters oy, Qa, V1, V2, €1, €2, A, and E, where the specific choices

A:ﬁ\/ja E=1 a=a, am=da, m=mn, =7 e ==¢, € =:¢é,
(5.16)

generate a solution that equivalent to the arbitrary solution from Family 3. Hence the
anomalous branch from Family 3 is contained in both that of Family 1 and Family 5.
Conversely, we select an arbitrary member of the anomalous branch of Family 5

by specifying the parameters ay, s, V1, Y2, €1, €2, A, and E. We can verify that the

choice of parameters

A:A, n= \/E, €1 :6~1, €9 :6~2,

a1 = Edy, ay=FEdy, m=", 7% =",

yields a solution from Family 3 that is equivalent to the arbitrary one from Family 5.

Finally, we select an arbitrary member of the anomalous branch of Family 1 by
specifying the parameters a7y, ds, 71, V2, €1, €2, A, B, and C, and seek an equivalent
solution in Family 3. The parameter choices

AIA2, BIB, 7]21, €1Z€1, 62:€~2,

o = %, Qg = % - Bédg, Y1 = BOZQ, Y2 = Bdl,

(5.17)

generate such a solution. Hence, we deduce that the anomalous branches of Families
1 and 5 are contained in that of Family 3, which combined with our previous results

implies that the anomalous branches of all the three families are the same.

"'While the anomalous branch for Family 3 depends on the parameters C, D, E, and F, they
only appear in the combination DE — C'F, hence it is sufficient to only specify this value.
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Therefore, having examined both the generic and anomalous branches of these
families, we conclude that Uy = Uz = Us. Hence, in the anelastic setting, our initial
six families of universal solutions have collapsed into three families Us, U3, and Uy, one
corresponding to each of the three surfaces with constant principal curvatures in 3D
Euclidean space: planes, cylinders, and spheres, respectively. These surfaces are the
invariant sets of the symmetry groups of the left Cauchy Green tensor fields, and they
played a central role in Ericksen [1954], being the level sets of the strain invariants.
Here, we see that not only are the invariants of b constant on these surfaces, but b
itself is symmetric with respect to these surfaces in the manner induced by the action
of the special Euclidean group. This symmetry is present even in the degenerate case
when the invariants of b are constant, which is why we can identify the symmetry
groups even in the anomalous solution branches. In the classical problem, similar
surfaces can be identified in the material manifold, since in the absence of eigenstrains,
the material manifold and the reference configuration coincide. These surfaces are
invariant sets of the symmetry groups of the right Cauchy Green tensor fields, and
prevent the identification of the classical families with each other, since the only two
classical families with matching invariant sets in both configurations are Families 3
and 5. These however cannot be identified with each other because solutions in Family
5 have constant invariants, while those in Family 3 do not. Hence, it is only after the

addition of eigenstrains that many of the classical families become redundant.

5.2 Standard Forms of the Three Distinct Univer-
sal Families

We note that there is some redundancy in the parameterizations we currently have,
which is exhibited by observing that the parameter selections we have used to identify
the families with each other are not mutual inverses. We can reparametrize to elimi-
nate this redundancy and have a single representation for strain field of each family.

Concretely, we can express the left Cauchy Green stretch field for the anomalous
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branches of U3 in the following standard form:

bt =m+ \/m2 — [p + (b13)2 + (b12r)2],
o %) —p (61r)” (0" — 2m)
pr2[(B8)" + (12r)°]

s _ (02r)° = p (69)° (B — 2m) (5.18)
o p [P 02)7]
b12b13 1 + b11 —9
b'? = %_’_%a b = — <13 2 p12 fm) 613:TC¥1+%’
p [(013)" + (b'2r)7] r

where p is the product of the two free eigenvalues of b, and m is the arithmetic mean

of the two free eigenvalues. The inverse of this, c,,, is the push forward of the material

metric, and has components

o9m — blt (p,rbl?))Q 4+ plt (r2b12)2 pit (613)2 + (m,blz)?
Clin = Cypo= o2 32 0 G T o2 2]
v p (027 + (019)] P[0V 0T ()
r2pl2 pl3 pl2pls (b“ . p2) r2 )
Clg = ———, Ciqg=——, Cogq = .
12 p 13 23 » [(Tb12)2 + (b13)2j|

The generic branch of this family likewise has a standard expression:

b(r) 0 0
(b2 (r)] = 0 b2(r) v3(r)], (5.20)
0 B(r) b3(r)

with the incompressibility condition det b = 1 taking the form
P2t () [0 () - (02(r)°] = 1. (5.21)

The inverse of this form then takes the form
[Cab(r)} = 0 Con(T) Co3(r) |, (5.22)

with the incompressibility condition being ;1 (r) (¢gq(r)css(r) — (023(7“))2) = r% The
positive definiteness condition is equivalent to ¢y (1) > 0, ¢y (1) > 0, and cg4(r) > 0
in addition to the incompressibility condition (5.22), or in the anomalous solution,
requiring m > 0, and 0 < p < m?. An example of one of these generic solutions was
investigated by Yavari and Goriely [2015], with the parameter choices ¢y, (r) = A2,

—T 2
Coa (1) = A212, oy (1) = 12 (0 (A1) — 7), and ¢y (r) = SEWONZT
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Similarly, the left Cauchy Green tensor field for the anomalous branch of the

family Us takes the standard form

W =m+ \/m2 — [p + (512)2 + (b13)2},
(b'%)° —p (b'2)° (B — 2m)
P [(bw)? + (b13>2] ’

s _ (02— p (b)° ("' — 2m) (5.23)

p [(b12)2 + (b13)2} ’
o3 00" (14 pb'! —2pm)

b - 2 2 )

p[(67)7+ (01%)7]

with p and m defined as previously. Inverting this to obtain ¢

b22 —

b13 =Nz + V2,

b12 = T+ Qg

one obtains

ab’
om — pil pil (b12)2 + (pbl3)2 pil (b13)2 + (pbm)?
‘nT T 2T 12)2 320 8T 12)2 1321’
p p[(0'2)° + (09)°] (e Ul Y
pi2 pi3 pi2pl3 (bll _ pQ) ’
Clg =——, Cj3=——, Cy3= :
12 P 13 P 23 D [<b12)2 + (613)2]
The left Cauchy Green tensor for the generic branch of this family also has a standard
form
b(z) 0 0
(@) =] 0 bv2(x) v*(2)|, (5.25)

v?3(x)
0 v3(z) b*3(x)

with the incompressibility condition becoming b'!(x) [b22(x)b33(x) - (623(x))2] = 1.
The inverse of this then takes the standard form
¢y () 0 0
[Cab<x)} = 0 Coo(T) Coa() | (5.26)
0 C23(35) 033@)

with the incompressibility condition

¢ () [622(55)633(1’) - (023(x))2] =1 (5.27)

The positive-definiteness condition is equivalent to requiring c;;(z) > 0, cyo(x) >
0, and ¢g3(x) > 0, in addition to the incompressibility condition (5.27), or in the
anomalous case, requiring m > 0, and 0 < p < m?.

Finally, the spherically-symmetric family ¢, can be expressed in the standard form

through its left Cauchy Green tensor

g(r)? 0 0
a 1
[b b] = 0 g(r)r2sin? ¢ 0 ) (528)
0 0 ;2
g(r)r
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which has the inverse

g(r)=* 0 0
lcw] = 0 g(r)r’sin®’¢ 0 |. (5.29)
0 0 g(r)r?

The incompressibility condition and positive definiteness is automatically satisfied
for arbitrary functions g(r) satisfying g(r) > 0. In terms of parameters defined by
Goriely [2017] in Chapter 15.1.1, this function is ¢g(r) = o, = a2 it is the radial
stretch.

These standard forms make it clear that universal solutions in anelasticity can be
categorized by computing the tensor ¢’, and comparing the result with the standard
forms here. As a consequence of this, the symmetry of the elastic strain in the current
configuration determines which family any particular universal solution belongs to,

as it is this symmetry that is reflected in c’.
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Chapter 6

The Role of Symmetry

We note that the left Cauchy Green stretch tensor fields present in all known universal
solutions, both classical and anelastic, are equivariant under the defining action of
a Lie subgroup of the special Euclidean group. (As a brief aside, this group is the
isometry group of the underlying ambient space, not the fundamental symmetry group
of the governing equations discussed in Hill [1982], despite the fact that the fifth
classical family obeys both symmetries.) These subgroups of the isometry group all
have at least two independent generators, with the three anelasic families separated
by the nature of these generators; taking two purely translational generators yields
U, taking one translational and one rotational yields U3, and taking two rotational
yields U,. Of course, these families are not simply symmetric with respect to an
arbitrary choice of generators of these natures; the translational generator in Us is
orthogonal to the plane of rotation determined by U3’s rotational generator, and both
of the rotational generators for U, fix a common point. It is then natural to ask
if there are other universal solutions that are likewise equivariant with respect to a

similar subgroup, but without these specific generator choices.

6.1 The Lie Algebra se(n)

To examine the subgroup structure in terms of generators, we turn our attention to
se (3), the Lie algebra associated to the Lie group SE(3). We can represent the group
SE(n) as a subgroup of GL(n + 1) in the following way: The element (Q|c) €SE(n)
is identified with the (n + 1) x (n + 1) matrix

{(3 ﬂ : (6.1)
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where 0 is a 1 x n block of 0s. It is clear that the standard matrix multiplication in
GL(n + 1) agrees with the group action determined by the defining action of SE(n)
on E". As a reminder of example 4, the defining action of the special Euclidean group

induces the group action

(Qzfc2) * (Qiler) = (QaQ1]Qact + c2) - (6.2)
Translating this into the representation (6.1), we have

Q: | Qi a|  [QaQi Qaci + (6.3)

0 1 o 1| 0 1 ’ '

which clearly captures the induced group structure in terms of standard matrix mul-
tiplication.

Taking the derivative of this representation around the identity yields a represen-

ﬁf g] , (6.4)

where € is a skew symmetric matrix, v is an n x 1 column vector, and 0 is a 1 X n
block of 0Os.

We seek to examine the subalgebra structure of se (n), and in particular, se (3),

tation of the Lie algebra se (n):

since subalgebras with two generators will directly correspond to Lie subgroups with
two generators by way of the exponential map.

The defining feature of SE(n) being its action on E", we expect there to be an
analogous representation for [E™ such that this action is reflected by the standard

action of GL(n + 1) on R™"!. Indeed the analogous representation takes the point

with position vector X € R" to the vector € R, Under this representation,

1
the special Euclidean group acts via matrix multiplication as follows:
Q c| |X| QX +c
[0 1|1 1 ’ (6.5)

which clearly agrees with the action as defined previously.

6.1.1 Subalgebras of se(3)

Under the above representation, an arbitrary element of se (3) takes the form

0 —C € «
¢ 0 =0 p
— 6 0 ~|’ (6.6)
0O 0 0 O



and the Lie bracket becomes the matrix commutator.

Clearly elements of this form span a 6 dimensional subspace of R**4. We are
interested in Lie subalgebras generated by two generators, hence we consider two
arbitrary elements of se (3), examine their product, and check for linear dependence.
Doing this successively will identify proper subalgebras generated by two elements.

We first want to choose our coordinates in such a way that to simplify our cal-
culations. We seek to align our coordinate frame with the axial vector of the skew
symmetric submatrix 2. The axial vector of €2 lies in the null space of €2, which is
spanned by the vector [5, €, C]T, unless 2 = 0, in which case we do not have to do
anything at this step. These two options are exhaustive, since the eigenvalues of €2
are {0,4/—0%2 — €2 — (2}.

Provided €2 # 0, we can choose a Cartesian coordinate system such that es is the

normalized axial vector:

[(5 € d
N

We do this by considering any rotation mapping the normalized axial vector to es.

(6.7)

€3 =

Denoting such a rotation R, we change coordinates by computing

0 —C € «

R O]|¢ 0 —§ B|[RT O

[0 1} — o0 0 7 {O 1]' (6.8)
0O 0 0 O

When we apply this coordinate transformation, our chosen element of the Lie algebra

takes the form
—w

, (6.9)

oo & o
o oo
oo oo
o2 W

where w = \/m, and the «, (3, and v here have been relabeled, being
independent linear combinations depending on R of the old «, 3, and v, which were
arbitrary to begin with.

Next, we seek to apply a coordinate translation to simplify the translation portion
of our chosen element. To do this, we seek to identify the fixed points of this action.
The velocity of points under the action of the one parameter subalgebra generated

by this element is given by

0 —w 0 af |z a— wy

w 0 0 B |y wx +

000 0 ~| |z 5 (6.10)
0 0 0 0] |1 0
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Hence, if w # 0, we can choose a coordinate translation that sets the point
[—B/w ajw O]T to be the origin.

Under this transformation, our chosen element takes the form

100 plw 0 —w 0 «afl (1 00 —f/w 0 —w 0 0

010 —a/w||lw 0 0pF]|010 a/w| |w 0 00 (6.11)
0 01 0 0O 0 0 ~[|(0 01 0 0 0 0 w ’

0 00 1 0O 0 0 010 0O 1 0 0 00

Here, u = ~, but we shall explicitly use u and w to emphasize that we have expressed
this element of se (3) in a coaxial coordinate system.

In the case where €2 = 0, we simply choose our coordinate rotation so that our
translation vector is aligned with es, which sets our chosen Lie algebra element to the

form above with w = 0.

6.1.1.1 2 Dimensional Subalgebras

Obviously, provided that the generators we select are linearly independent, they span
a two-dimensional vector space, hence all subalgebras containing them are at least 2
dimensional. In order for us to identify 2 dimensional subalgebras, we simply need to
establish necessary and sufficient conditions for the two generators and their bracket
to be linearly dependent.

We select a coordinate system that is coaxial with one of our generators, and

hence have
0 —w 0 0
w 0 00
=10 0 0 ul’ (6.12)
0 0 00
and select another arbitrary generator,
0 —C € «
_|¢ 0 =0 p
n=1"C 5 o < (6.13)
0O 0 0 0
Taking the Lie bracket of these two elements, we obtain
0 0 odw —ue—Pw
0 0 ew u+aw
[U17 ?}2] — S —ew 0 0 (614)
0 0 0 0
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We then require the Lie bracket of our generators to be within their span, i.e. we

seek all solutions to the equations
a1v1 + agve + [vg,v5] = 0, (6.15)
which explicitly become

asa — ue — Pfw = 0,

asf + ud + aw = 0,

a1u + asy = 0,
a90 — ew = 0,
as€ + dw = 0,

as( + ajw = 0.

Taking the combination ¢ (ase + dw = 0) — € (azd — ew = 0) yields the equation
(€46*)w=0, (6.16)

which implies that either w = 0, or both 6 =0 and ¢ = 0.

If w =0, we consider the combinations
¢ (aza — ue = 0) — a (age = 0) = —ue* = 0, (6.17)

§ (agB +ud = 0) — B (azd = 0) = ué* = 0. (6.18)

Since v # 0, u # 0, hence we require § = € = 0.

With these substitutions, [vq, vy] vanishes, and we have

0 00O
0O 0 0 O
000 0wl (6.19)
0O 0 0 O
and
0 —¢C 0 «
_|¢ 0 0 B
Vg = 0 0 0 A (6.20)
0O 0 0 0

If ¢ # 0 can always reselect our origin to eliminate o and [, while leaving v; un-
changed. Hence we obtain the symmetry of family Uz. If ( = 0, we have two
independent translational symmetries, which yields the symmetry found in family

Us.
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Now we turn our attention to the case where w # 0, and consider the combination
a(axf + aw =0) — B (aa — fw = 0) = (a” + f*) w = 0. (6.21)

Since w # 0, we require o = 3 = 0.

This leaves us with v; as initially specified and

0 —¢C 00
¢ o 00
0 0 00

which means that vy and vy generate independent screw motions about the same axis,

corresponding to the symmetry of family Us.

6.1.1.2 3 Dimensional Subalgebras

Defining v3 = [v1, v5], and provided vz # 0, v, vo, and vz span a three dimensional
vector space. The span of these three vectors must be closed under the Lie bracket,
hence we require

a1vy + aguy + azvs + [vy,v3] =0, (6.23)

and
b1v1 + bg’Ug + bg?]g + [1)2, ’03] =0. (624)

We know that if v3 = 0 then v; and vy generate a 2 dimensional subalgebra, hence
we can freely assume vz # 0.

First, we recognize that if w = 0, both v; and v3 are pure translations. They are
linearly independent provided § # 0 and € # 0, in which case v3 = 0. Hence, the
bracket of a pure translation with a non-coaxial rotation yields another translation
that is linearly independent of the original translation. Hence, t(2) is contained in
such a Lie subalgebra, and hence all universal solutions that are symmetric with
respect to the subgroups corresponding to these subalgebras are contained in Us. If
the rotation is coaxial with the translation, then the bracket vanishes and we are
reduced to the already solved 2 dimensional case; hence from now on, we can safely
assume w # 0.

The equations we must tackle are explicitly

a1u + asy =0
asC +ajw =0
biu+ byy +u (0% + €) + 2w (ad + fBe) =0
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bo¢ + biw +w (62 +€%) =0

bod — bgew — 6w =0

bae + b3ow — eCw = 0

a9 — agew — dw? =0

as€ + azdw — ew? =0

boS 4 bsud — ue + byaw — vew — fCw = 0
asex — asue — azfw — 2udw — aw? =0

boav — byue — ud( — byfw — vow — alw =0

a8 + asud + azaw — 2uew — fw? =0
Taking the linear combination
0 (age + azdw — ew? = 0) —€ (a25 — azew — dw? = O) =as ((52 + 62) w=0, (6.25)

coupled with the condition w # 0 yields either a3 = 0 or both 6 = 0 and ¢ = 0. If
0 =€ =0, vz is a pure translation that is orthogonal to the axis of v, hence, taking
[v1,v3] generates another pure translation orthogonal to the axis of v; and that of
vs3, hence we capture the symmetry t(2) as a subgroup of our symmetry group, and
hence this case is captured in family Us.

If either € # 0 or  # 0, we have a3 = 0, which upon substitution yields
§ (ag — w?) = 0 and € (ag — w?) = 0. These equations together imply a; = w?.

Substituting this new relation into our equations, two of our equations reduce to

—2udw =0

—2uew = 0,

which together imply that u = 0, since  and € cannot simultaneously vanish and
w # 0; hence v; must be a pure rotation, not simply a screw motion.
With this, our first equation becomes yw? = 0, hence v = 0 as well. When we

insert this relation into our equations, we obtain
2 (ad + Pe)w =0, (6.26)

which implies that the inner product of v,’s axial vector with its translation vector is

0. This implies that v, is also a pure rotation, since this inner product is unchanged
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under coordinate transformations. This can be seen by noting that the velocity field

u induced by the action of an element of se (3) is given by

Uy 0 —C € «a| |z ez — (Y +

w| _|¢ 0 =6 B||y| _|ce—sz+8

us| |—e o6 0 | |z oy — ex + (6.27)
0 0O 0 0 0 1 0

Taking the inner product of this with the embedding of the axial vector [(5 e ¢ 1} T
yields
ad + pe+ ¢, (6.28)

which, not depending on position, is an invariant of the velocity field. Since the
velocity field is coordinate independent, we know that this invariant will be preserved
under coordinate changes.

When we express our generator in a coordinate system aligned with its axis, this
invariant becomes wu, which vanishes if either our generator is a pure translation or
a pure rotation.

In our analysis, we have for vy, ad + fe = 0 together with v = 0, hence we
know v, is either a pure translation or a pure rotation. We know that vy is not a
pure translation since either § or € is nonzero. Additionally, we know that the axial
vectors of v; and vy are linearly independent, since either ¢ or € is nonzero.

Summing up our progress thus far, we have shown that both v; and v, must be
pure rotations. In fact, their axes of rotation intersect, hence they generate so (3), the
symmetry present in Uy, indicating that our classification captures all 3 dimensional
cases. To see this, note that we have aligned our coordinates so that the axis of
rotation for vy is the z axis. We seek to show that the axis of rotation for vy intersects
the z axis.

First notice that for rotations about the origin, the velocity field generated is of
the form

v=wAX, (6.29)

where w is the axial vector of €2, and A is the standard cross product. This implies
that the velocity vector at a point is orthogonal to the plane spanned by the axial
vector of the rotation, and the position vector X. Since (6.29) assumes we have
chosen our origin such that the axis of rotation passes through the origin, this plane
is equivalently the plane containing the axis of rotation and the point X.

Therefore, for the generator vy, we can examine the velocity generated at the

origin, and recognize that it lies entirely in the x, y plane. If this velocity is nonzero, we
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know that the plane passing through the origin that is orthogonal to this translation
contains v,’s axis of rotation. This plane also contains the z axis, since all planes
passing through the origin that are orthogonal to a nonzero vector in the x,y plane
contain the z axis. Therefore the axes of rotation for v; and vy are coplanar. We
have already established that they are not parallel, since the axial vectors for v; and
vo are linearly independent, hence they must intersect at some point.

If the velocity generated by v, at the origin is zero, then vsy’s axis of rotation passes
through the origin, and hence not only intersects the z axis, but intersects it at the
origin.

We have therefore shown that all three dimensional Lie subalgebras of se (3) that
are generated by two linearly independent generators either contain t (2) as a subalge-
bra, or are s0 (3), the algebra associated with the set of rotations about a fixed point,
and hence universal solutions that are equivariant with respect to the associated Lie

groups are contained in one of our discovered families.

6.1.1.3 4+ Dimensional Subalgebras

Without loss of generality, we assume vy, vq, v3, and vy = [v1,v3] are linearly inde-

pendent, since the other choice would be vy = [vg, v3], which would be equivalent.
Specifically, we denote Vo = Span (vy, v5), and V3 = Span (v, ve, [v1, vs]). Provided

that vy, ve, and [v1, vo] are linearly independent, we can write V3 = Vo@Span ([v1, vs]).

It suffices to take the fourth linearly independent element to be of the form
Vg = [U’7 ’lU] , ueVywe Span ([Ula 02]) ) (630)

since for all u,w € Vs, [u,w] € V3, and for all w,w € Span ([v1, v3]), [u,w] = 0. Since
v1 and vy are arbitrary, we can choose this fourth linearly independent element to be
[1)1, 1)3] .

Doing this, we have

0 0 —ew? —w(2ud+ aw)
|10 0 dw?  —w (2ue + fw)
T ew? w0 0

0 0 0 0

(6.31)

Notice that the axial vectors of vy, v3, and v, are [O,O,w]T, [—ew,éw,O]T, and
[—6w?, —ew?,0]"

w # 0 and that € # 0 or § # 0, these span R?, and hence the rotational components of

respectively. These vectors are mutually orthogonal, hence provided

these three generators can be used to reduce any fourth linearly independent generator
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to a pure translation. As shown earlier, taking the bracket of a pure translation with
any other linearly independent element of se (3) generates a 2 dimensional subalgebra:
either t(2) or so(2) x t(1). Therefore, all subalgebras of dimension 4 or higher
contain one of these two dimensional subalgebras, hence universal solutions that are
symmetric with respect to such a 4 dimensional subalgebra will be contained in either
Uy or Us.

This lets us state our symmetry theorem:

Theorem 6.1.1 (Classification of Symmetric Universal Solutions). Any wuniversal
solution that is equivariant under the action of 2 independent 1 dimensional Lie sub-

groups of SE(3) is contained in one of the three universal families Uy, Us, or Uy.

At this point one may wonder if there exist anelastic universal solutions outside
of these three families, i.e. those that break these symmetries. We recall that by
appending the condition that the Riemann-Christoffel curvature tensor based on ¢’
vanish, we recover the classical Ericksen problem. Therefore, if there are families of
anelastic universal solutions outside of those discussed here, if they contain compatible
universal solutions, those with a Fuclidean reference configuration, they must lie in
the small edge case that has been subsequently chipped away over the decades as
Ericksen’s problem has been studied. Hence, any anelastic universal families that
break these symmetries either do not contain any classical solutions, or the classical
solutions they contain lie in the highly restricted edge case. Additionally, not all
results in the classical literature utilize the Euclidean structure of the reference, hence
those results equally apply to the anelastic problem, further restricting the possibility
of universal families outside of these. As an example, Ericksen’s initial work does
make use of this flatness condition, but his use of Hamel’s theorem to show that the
surfaces on which the invariants of ¢ are constant must be parallel planes, concentric
circular cylinders, or concentric spheres does not rely on this condition, hence it
applies equally well to the anelastic problem. As we have uncovered that the classical
fifth universal family lies in the anomalous branch of its associated anelastic family, we
have an explanation for the peculiar role it has played in the history of this problem.
Therefore, we suspect that these symmetries may be necessary features of universal

solutions, which if true, renders our classification here complete.
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Chapter 7
Where Do We Go From Here?

We have not managed to completely rule out the possibility of other universal solu-
tions, either in the classical Ericksen’s problem, or the anelastic Ericksen’s problem.
However, we have shed some light as to why the fifth classical family is so qualita-
tively distinct from the other four (five if you include the homogeneous case) namely
that it lies in the anomalous branch of the associated anelastic family. We have
also managed to unite the classical families in the anelastic regime by means of their
common symmetry groups, all being Lie subgroups of SE(3) with two linearly inde-
pendent generators. We have also demonstrated that all such subgroups with two
linearly independent generators contains one of these groups by necessity, hence our
classification of symmetric universal solutions is complete.

A sensible trajectory for future research on this problem would be to weaken
the symmetry conditions here, either by proving that these symmetries are in fact
necessary, or by reducing the number of independent symmetry group generators.
Examining solutions that are symmetric with respect to a one-dimensional subgroup
of SE(3) would reduce the problem to a two-dimensional problem, enabling the ap-
plication of methods from complex analysis to further constrain this problem, either
by finding new solutions, or showing that the less symmetric case ultimately reduces

to the cases examined here.

7.1 Connections to Previous Research

As mentioned in section 1.3.3, other authors have made use of the orthonormal eigen-
vectors of the Cauchy deformation tensor as an anholonomic frame when examining
constant invariant universal solutions. The advantage of this frame is that the strain
is constant and diagonal with respect to this frame, though at the cost of having to in-

troduce non-commuting differential operators. If our symmetry conjecture is correct,
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a different orthonormal frame exists with the property that the Cauchy deformation
tensor’s components are all functions of a single spatial coordinate, with the gradient
of this coordinate corresponding to one of the basis vector fields in the orthonormal
frame. Furthermore, this coordinate can be identified as either a Cartesian coordi-
nate, the cylindrical polar radius, or the spherical polar radius. Note that this does
not imply that the vectors in this frame are eigenvectors of the Cauchy deformation
tensor, just that in this frame, our universal equilibrium equations necessarily re-
duce to ODEs. Additionally, while the Cauchy deformation tensor is not constant
(or diagonal) in this frame, it is in a sense covariantly constant on the coordinate
surfaces, i.e. those on which the distinguished coordinate is constant. When we say
“in a sense covariantly constant,” we mean precisely that we consider these surfaces
as embedded surfaces in E?, and examine the deformation tensor field restricted to
these surfaces. We can then define the parallel transport of tangent vectors to these
embedded surfaces using the induced Levi-Civita connection induced by the ambient
space’s Euclidean metric. We can then supplement this connection by defining the
parallel transport of normal vectors to these surfaces by requiring transported nor-
mal vectors to remain normal to the surface. Taken together, these parallel transport
laws allow us to transport arbitrary vector fields along these surfaces, and it is this
transport that preserves our universal solution’s Cauchy deformation tensors. This
frame shares some of the advantages of the eigenframe, in that it simplifies the form
of the deformation tensor, but provides for greater flexibility by not being bound to
the eigenframe itself, but rather tied to how the eigenframe varies from point to point,
once restricted to these coordinate surfaces.

The existence of this frame explains why the spherically symmetric family does not
possess an anomalous branch. Because the distinguished surfaces of this family have
nonzero Gaussian curvature, the induced parallel transport depends fundamentally on
the path taken. Because of this, the Cauchy deformation tensor’s eigenvectors must
be either tangent to or normal to a family of concentric spheres, and the tangent
planes of these spheres must be eigenspaces of the deformation tensor, as explained
in section 4.3.

Furthermore, there is a clear connection between this frame, and the surfaces used
in Ericksen’s initial paper. Specifically, in Ericksen’s seminal work, he proved that
the strain invariants are functionally dependent, and that surfaces on which these
invariants are constant have constant principal curvatures, and hence must either
be parallel planes, concentric right cylinders, or concentric spheres. These surfaces

are the orbits of points under the symmetry groups we have discovered here, and
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it is clear that if the Cauchy deformation tensor is “covariantly constant” in these
surfaces, then the strain invariants must be constant on these surfaces. Ericksen’s
method breaks down when the strain invariants are spatially constant, since these
surfaces can no longer be identified, but this problem does not plague this generalized
notion of “covariant constancy” on surfaces, since the only tensor fields that are
“covariantly constant” on arbitrary surfaces are multiples of the identity. Hence if the
Cauchy deformation tensor has to be “covariantly constant” on particular surfaces, an
argument similar to Ericksen’s initial argument could be used to provide a complete
classification, since the only edge case not covered would be deformations whose strain
is a constant multiple of the identity, which by the incompressibility constraint, must
of necessity be rigid motions. A piece doing this would be a fitting way to close out
Ericksen’s problem, bringing nearly 70 years of work full circle.

More recently, the linear version of Ericksen’s problem has been tackled by Yavari
et al. [2020], who classified universal displacements for anisotropic linear elastic solids,
providing a complete description of universal solutions for each of the crystallographic
anisotropy classes. One could consider the related nonlinear problem, either restricted
to the purely elastic setting, or the anelastic setting. Doing so may shed light on
the connection between the symmetry groups of the universal deformations and the
material symmetry groups. In practice this must be done thoughtfully, since material
symmetry groups, describing the material around a single point, are inherently local,
while the universal symmetry groups are global, since they compare strains around

different points.

7.2 Further Research Questions

We have seen that when the above-mentioned symmetries are present, we can fully
classify the associated symmetric solutions. Additionally, every universal solution
known possesses these symmetries, which raises the question: are these symmetries
necessary for some reason, or do they just simplify otherwise difficult calculations
enough to make them tractable? Additionally, the symmetry groups are subgroups of
the ambient space’s isometry group, acting in the usual way. Is this merely a coinci-
dence, or is the existence of universal solutions fundamentally connected to isometry
subgroups of the ambient space? Furthermore, what roles do the incompressibility
constraint and material symmetry play in this discussion? Answers to these questions
would perhaps not only allow us to complete Ericksen’s initial classification; either

by proving that all universal solutions are accounted for, or by discovering new and
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exotic universal solutions; but may also allow us to extend Ericksen’s problem, and
our group equivariant analysis to curved ambient spaces, or more usefully, different
material constraints, since we would be able to systematically determine which group

actions play key roles in the existence of universal solutions.
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Appendix A

Explicit Calculations of the
Anomalous Solutions

For families containing anomalous solution branches, we have the necessary (but not
sufficient) condition that the invariants of b are constant, with detb = 1 for incom-
pressibility. For each of these families, we have four linear differential equations, one
linear algebraic equation, and two nonlinear algebraic equations for the six unknown
functions comprising the components of M4, We will use the linear equations to
solve for five of these unknown functions in terms of the sixth, and then charac-
terize the common solutions to the remaining two equations to determine the final

component.

A.1 Family 1

For this family, we consider the case where the invariants of b are constant. This

gives the equation
My, Vi Vo™ =0, (A1)

which, when applying the constant invariant condition and forcing this to hold for all

energy functions requires
M,V Vib™ =0, m,;, Vy Ve = 0. (A.2)

The first of these has two nonzero components after substituting the form of AM45.
One of these components yields the differential equation 3M¥2(r)" + rM'(r)" = 0.

This equation is readily integrated to obtain

MY2(r) = % + . (A.3)
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Applying this to the second nonzero component of the condition on the divergence
of b yields the differential equation r*M3(r)”" — r3M3(r) — 8AB*Ca; = 0, which

again can be integrated to obtain

B ABQCOQ

M (r) > +1r? + . (A.4)

After this, we must compute the condition on c, which we can simplify first by noting

that detb = 1, so we can utilize ¢ = (det b) ¢, which gives

b22b33 _ (b23)2 b13b23 _ b12b33 bl2b23 _ bl3b22
{Cab] — b13b23 _ b12b33 b11b33 _ (b13)2 lebl3 _ b23b11 , (A5)
b12b23 - b13b22 b12b13 _ b23b11 b11b22 _ (b12)2

i.e., the cofactor tensor of b equals the inverse of b. When we use this, we obtain the

two differential equations, which can be expressed as

(rar +7rlaz) M*(r)" — (a1 = 3r°az) M*(r)' — (AB*Cron + r®m + 1r°72) M#(r)"
+ (AB*Cay — Tr'y = 3r°y) M*?(r) — 8r®y M*(r) = 0, (A.6)

and

(A*B*C%ray + AB*Cr’y + AB*Cr’yq) M*(r)" + 8AB*Cr®y M*(r)
+ (—2ABQCT041 — AB*Criay — Py — 7"372) M (r)" — 83y, M3 (r)
+ (—AzB4CQa1 + TAB*Criy, + 3ABQCT2’}/2) M?2(r) + (ral + T3a2) M3 (r)"
+ (2A320a1 — 3AB2Criay — Triy, — 37“272) M23(7”)’+(—041 + 3r2a2) M3(r) = 0.

(A.7)

These equations can be integrated to obtain the conditions
(oq + r2a2) M3 (r) — (ABZCOQ + iy + 7“272) M?(r) = B +1r°Bs, (A.8)
(ABzCal + iy + 7"272) M?(r) — (al + 7"2&2) M®(r) = py + 12 ps. (A.9)

We also have the constant trace condition on b, which becomes

A'B*M' (r) + A*B*r? (C* +r*) M*(r) = 2AB*Cr* M (r) + r*M*(r) = A*B*”1,.
(A.10)
We can express this system of equations, linear in M?*(r), M*(r), and M?>3(r), as

the matrix equation
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0 —r2MB(r) r2MY(r)] [M?2(r)
r2M3(r) g2 0 M23(r)
A2BYr? (r? + C?) —2AB?*Cr? r? | M*(r)
By + 1255
= i + 12 , (A.11)
| A2B22], — ATBMY(r)

which is invertible, because the determinant of the matrix on the left hand side is
8 [(M13(r) — AB2CM™(r))” + (AB%«MH(T))?} >0, (A.12)

since M'?(r) and M*'3(r) cannot simultaneously vanish. We invert these equations to
obtain expressions for these components of the inverse metric in terms of M (r), r,

and various constants.

- A2R2? (117“2 . A2M11) (M12)2 + (Ml + 7‘2,ug) M3
N 72 [(M13 — AB?C’M12)2 + (ABQrMU)Q}
(Bt 2AB*Cpy + 12 (B2 + 2AB*Clup)) M2 (A.14)
r2 [(M'3 — AB2OM*'2)* + (AB2rM12)*] '
M = (A.15)
(Br + 1r2B2) M3 + A2B2 M [B? (C? + 12) (g + 72us) + (A2M™ — I1r?) M3
r2 [(M'3 — AB20M*2)* + (AB2rM'2)?]

M (A.13)

Y

(A.16)

s APBE (B 18 [B (€2 4 2) MY — 25 M) (A17)
r2 (M3 — AB2CM2)* + (AB2rM12)’ '

B A2B2 M13 [B2 (CQ + 7,2) (,ul + ,,,2’”2) + <A2M11 o IITQ) MlS) (A 18)

r2 (M3 — AB2CM12)* + (AB?r M12)?

We then have the other two restrictions, the constancy of the second invariant of b
and the incompressibility constraint. After substituting the above expressions into

these conditions, they become
p = ASB? [AZB4 (o + r2a2)2 + 72 (PP + 72 — ABQCa2)2] M (r)?
+ A'B?*r? [BQ (o1 4 ra) (B1 4 r*Ba) + 17 (v + 72 — AB*Cas) (1 + r’ps))
+ AB'C (a1 + 7"2042) (,u1 + 7“2,u2)
— A’B*[, (oq + 7‘2a2)2 —Iir? (7"271 + v — AB20a2)2 } Mll(r)
+ A°B® (ay + r2a2)4 + B> (B + 7"252)2
+ A*B*? (al + 7"2042)2 [32[27“2 + 2 (7"271 + v — AB2Ca2)2}
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— ABCLr! (on + 1) (py + rPpo) + 2AB*Cr* (By + r?B) (pn + 72 p12)
+ A% | B2 Iyr? (P + 90 — AB?Ca)’ + (rP1 + 72 — AB*Ca)’
+ BS(C?+72) (11 + 12p0)”
=~ B ((on + r2an) (By +2682) + 12 (PP + e — AB2Caw) (un +21)) | =0,

(A.19)

and

P2 =
A*B? ((Oq + T2a2) (51 + 7’252) + (7’471 + 1%y + AB?CO‘I) (“1 + sz)) M (r)?

+r° [ (B +1282)" + A2B* (C? + 72 (1 + r’pz)”
— A’B2L (AB*Can + 'y + 7)) (1 + 72 pa)
B (5 #25) (20 (i 1%0) — AT o+ ) | 00

+ [AQB4 (oq + r2042)2 + 72 (r271 + Yo — ABQCag)z}
X [rt 4 (B +720s) (an +12az) + (pn +12pe) (r'y + 1272 + AB*Caq )| = 0.
(A.20)
We then compute! the resultant of these two equations in MY (r), yielding a
polynomial in r that must identically be equal to 0. In order for this to be satisfied,
each of its coefficients must vanish independently. This can be shown by repeatedly
taking derivatives of the equation in r, which will ultimately require each of the

coefficients to vanish independently. Computing this resultant we obtain

Resyi(ry (p1,p2) = A°B*r® [AQB4 (o + r2a2)2 + 7 (P74 — AB2CO62)2i| (...).

(A.21)
The factors explicitly shown are identically nonzero, since A and B are nonzero for
the deformation to be invertible, » > 0, and the other factor only vanishes if both
M"(r) and M"'(r) vanish, in which case we are no longer on the anomalous solution
branch. Therefore, we take (...) = 0. This factor is massive, being approximately
8000 terms, so it it far too large to print here, but enough information has been
provided to compute it explicitly if the reader desires. We next take its coefficients

to vanish independently, and factor each coefficient. The shortest of these factors is

ASB? (B3 — B Iy + B Iyips — 73)° =0, (A.22)

1Symbolic computations were done with Mathematica Version 12.0.0.0, Wolfram Research, Cham-
paign, IL.
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which can be satisfied in one of two ways. Either both ps and v, are 0, or v = B—;’ﬂ
is an eigenvalue of b. In the first case, after simplification of the other coefficients,

we obtain another equation

B (B3 — [B3A* B0y + LB, A*Blad — A°B%a3)” = 0, (A.23)
which implies either ap = 55 =0, or v = —AQ?ZQZ is an eigenvalue of b.

Taking ay = (B = 0, we obtain another similar eigenvalue equation that implies
Yo=p =0o0rv= B—;’ﬂ is an eigenvalue of b.

Taking 75 = p; = 0, we obtain another eigenvalue equation, but this equation
demands v = %ﬁal, because we already have ay = 71, = 75 = 0; a; = 0 would result
in both M'?(r) = 0 and M'3(r) = 0, a contradiction. This condition is sufficient for
solving all of the necessary conditions.

Backing up a branch, we can take v = Bi;“ as an eigenvalue of b. We then

perform the substitutions I; = e; + é and [, = 2—; + ey with v = é, which expresses

the invariants of b in terms of the elementary symmetric polynomials in the other two

A?2B201—ACHs

eigenvalues. This reveals an equation with 5; — as a factor. If this factor

is 0, we satisfy all of the necessary equations. If this factor is not 0, we have either
€3 —ege; +1 =0, or a; (€28, + AC72) = 0. In the later case, plugging in a; = 0 we

obtain 3 = %37—2, which corresponds to the vanishing of the other factor. Likewise,

if we take ey3; + ACv, = 0, we obtain a; = 0 as a condition. Both of these together
A?B2%a1—ACHs
€2

If e —eje; +1 = 0, this implies that A} = {5 or A3 = 57. In either case
2 1

however imply that 5 — = 0, which is a contradiction.
we can express the remaining equation in terms of only one remaining eigenvalue.

This equation has one factor that we know is nonzero because it corresponds to
/61 — AQBQOquC’yz

p , which would yield a contradiction. So we take the remaining

factor to vanish. This factor is quadratic in a;. Taking the discriminant of this
equation in «aq, we obtain

Ay, = —4A°BOAINS (A.24)

where A2 is the repeated eigenvalue. This discriminant must be non-negative in order
for the factor to vanish with real values of or;. However, this discriminant is identically
non-positive, which means it must be 0. However, the only way for this to happen
would be for 5 = 0, which is a contradiction.

Having exhausted the options corresponding to ay = o = 0, we consider v =
ﬁ%w as an eigenvalue of b, and perform the substitutions on the invariants to
express the invariants in terms of elementary symmetric polynomials in A\? and A3.

Doing this gives five remaining polynomial equations, which are still rather long and
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complicated. Ordering these equations by their length, and taking the second shortest
one, we note that this equation is quadratic in e;. Taking the discriminant of this

equation in e;, and demanding it be non-negative, we obtain

Ael = —4A6B6€§Oé% (61 + AB2CIM1)2 (A2B2061 - 62&1 - AB2C€2M1)2
X (ABQCOQBl - 61’}/2 -+ A2B4O[1[,L1 + A2B4C'20z2,u1 - AB2O’72M1)4 Z 0. (A25)

This quantity is identically non-positive, and so the only way we can have solutions
with real values for e; is if this quantity is 0. There are four factors that can possibly
be 0: ai, fi + AB?Cuy, A2B%ay — ex3) — AB?*Cespy, and AB*Casfi — Biye +
A2Brog iy + A2BAC%aimpq — AB2Cryapiy.

First consider ar; = 0. Inserting this, many of the remaining equations have a
factor B, + AB?C,. If this factor vanishes, the remaining equations both contain
the factor AB?Cay — 2 + B%esuq. The vanishing of this factor satisfies all of the
equations. If this factor does not vanish, we can take the resultant of the remaining

factors in ey, and obtain
A*Bba; (ABQCOQ — 72)2 e (ABQCOQ — Yo+ Bzegul)z =0. (A.26)

Only two factors here can vanish, namely p; and AB2Cay — 5. If we take u; = 0 and
insert it into the remaining two equations, one simplifies to imply AB2Cay — 5 = 0.
Likewise, if we instead take AB2C'ay — 7, to vanish, we obtain p; = 0, hence both
must vanish. However, if both of these vanish, the original term AB*Cag—~2+B?esi
vanishes, a contradiction.

We can then consider the case when 3, # —AB?Cp,. Taking the remaining factor

of the shortest equation, we have
A% (AB*Cas — )" + B2 (B + AB*Cpny)” = 0. (A.27)

This requires AB?Cay — v = 0 and 3, + AB2Cu; = 0, but the second of these is a
contradiction. This exhausts the case where a; = 0, so we take oy # 0, and consider

the next factor 8, + AB2Cu; = 0. Inserting this into the equations, we obtain
AYB"al (A%af + B*ut) = 0. (A.28)

This cannot vanish for a; # 0, so we come to a contradiction.

Next, we consider a; # 0 and B, + AB*Cu, # 0, and take A%2B%a; — exf3) —
AB?Cleypy = 0. Solving this for 3;, and inserting this into the equations, we obtain
the condition

AB*Cay — 49 + B?eypy = 0, (A.29)
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which can be solved for p; and is sufficient to satisfy the remaining equations. Finally,
we consider the remaining option with ay # 0, 8, +AB*Cpy # 0, and A2B2%0; —ey3; —
AB%*Ceypy # 0 with AB2Cas 8 — Biy2 + A2Baq g + A2B*C? iy — AB?Cryapuy = 0.
This equation can be solved for either 8; or p;. If 75 # AB?Cay, we can solve this

for £, and obtain
. ABZC’}/Q - A2B4 (oq + 02062)

. A.30
51 AB2COZQ — Y2 f ( )
If we insert this, we obtain
Yo — ABQCOCQ
= A.31
M1 Be, ( )

as a necessary and sufficient condition for the remaining equations to be satisfied.

This yields
5 = —AB?Cryy + A?B* (o + C’2a2)' (A32)
B2e,
However, with these, the equation A2B%a; — ey — AB?Cesp; = 0 is satisfied, a
contradiction. Hence, we consider v, = AB%*Cay, which requires g, = 0. With this,
we have the conditions 81 # 0, a; # 0, and A?B?a; — esff; # 0. With these, the

remaining equations demand

ey —erey +1=0, (A.33)

1
A3
as A2, we obtain the necessary condition A2 = 1. However, with this we have 3; =

which in turn demands either \? = < or \3 = % Denoting the repeated eigenvalue
1
A?2B2a, which contradicts the above non-equality conditions, i.e., this case is already

accounted for in the previous cases.
B2y

This exhausts the options with pus = v = 0, so we consider v = as an
eigenvalue of b. Inserting this into our equations yields
A?B2ay — AC
By = 2 n (A.34)

€2
. . . _ 2
This requires €3 — ejes + 1 =0, or if not, u; = %B@C&Q
AQB2(011+0202)7AC’YQ
€2
satisfies the remaining equation, so we then consider ay = 0. With this, we obtain

22
- _ Do . . .
By = ABZ=AC which is a special case of the previous option.

€2

In the later case, we have aps = 0 or ; = . This second option

We then consider €3 — ejes + 1 = 0, which demands a repeated eigenvalue. Upon
further substitution, the remaining equations demand that this repeated eigenvalue
A2 = 1, which means that all eigenvalues are the same. This allows us to solve for 3;
and p as

7o — AB%*Cay

= Bi=ATB (a4 CPag) —ACY. (A3D)
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This satisfies the remaining conditions, and so our analysis is complete, having ex-
hausted all possible branches of solutions.

In order to depict this branching set of conditions, we can express the steps of the
analysis in a tree. Each node on these trees represents a system of equations, and
each edge represents one partial solution to these equations. Terminal nodes are color
coded corresponding to whether they are consistent (green) or not (red). Nodes and
edges are then labelled below the tree with the relevant equation/solutions utilized

at each step of the analysis. The following is the tree for this family:

/ -

[:] N
&

—
—— E—
e ——

5

E———
=

Nodes

o 0: By — LiB*yi3m + IB* i — 47 = 0

o — 3 — [ A2B?Ray + [, AB'fyad — ASBSa3 = 0

o +: = %ﬂ_’w%, and (B%ujes —vo + AB?Cas)(e3 —ese; +1) =0

o ——: B — L1 B'uivs 4+ LB s —v3 =0
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—+: (ﬁl -+ AB2C/,61) (A2BQ(1/1 — 6251 — ABQC€2M1)

(ABzCOQBl

— Biye + A2Bagpy + A2BC?%you,) = 0

+—: Qo (A232 (al + 02a2> — AC"}’Q — 6162) =0

+4: = M, and Bl = A%’B? (011 -+ 02012) — AC’)/Q

B2

— — —: 33— [JA’B282a, + [, A*BBi02 — ASBSa3 = 0

. B*um
+ 2

is an eigenvalue of b

(B ABCp) () = 0

— 4+ +: (ﬁl + AB2C/,61) (A2BQOQ — 6261 — AB2C€2,U1)

(ABQCOQBl

— Biye + A2Blag g + AQB40272/~61) =0

2pR2. 2B2,,_
4+ BleBal ACyg’andﬁl#ABoq AC~s

+ =+ = —72714320&2, and 8 =

e €2

A2B%(a14+C2az)—ACy,

€2

BZes

A2B2%2q; - AC

€2

— — 4+ o (e% —ege1 + 1) (e281 + ACy,) =0

-+ ——: (’}/2 - AB2COCQ - 3262,&1) () =0

—+ =+

= ABZCOQ = Bl = —ABQCul, and 61 7£ —AB2C,u1

—++4+—a;=0,and a; #0

— + ++: (A%2B2%ay — €381 — AB*Clegpiy)

(AB2CC¥2B1
— =4+

——+++

—+-—+

—+++ -

— Bive + A?2B*aq g + A2B*C? 1) = 0
Yo =0, and 2 # 0

Bres — A2B%a; — ACy, = 0, and ey — A2B%a; — ACyy # 0

. _ v2—AB?Casy
. 'ul - B2ey
_ v2—AB?Cas ~o—AB2Cas
Ml — B2e, ) and ,LLl % BZes
_ v—AB?Cas
H1 = BZes
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_AB2C A?B?(a1+C%as ) —ACH2
0—++++:u1=w,andﬂ1: ( o )

A2B2%0y — eyf3) — AB*Ceypiy = 0, and A?2B?ay — eyf8y — AB?Cleapiy # 0

Edges (labelled by child node):

o — v =0,and py =0

2 . .
+: % is an eigenvalue of b
e ——: 3=0,and as =0
. B2 : :
® —+: 5, Is an eigenvalue of b

o +—: 6%-61624—1%0

o ++:ies—eea+1=0=X\=1

o —— —yw=0and uy =0
o — — +: B—;ﬂ is an eigenvalue of b

o —+— ;=0
o —++: a1 #0

A2B? +C? —AC
o +——: B # (o 62”‘2) 2 and az =0

A2B? (a1+02a2)—ACW2

€2

o +—+: [ =

o — —+—: [iey — AQBQOQ — AC’)/Q =0

— — ++: 5162 — AQB2061 — AC’}/Q 7é 0

e — |+ ——: 51 = —AB2C,M1

— 4 —+: b1 # —AB*Cpy

—++—: 1+ AB?*Cpy =0

— 4+ ++: ﬁl + ABzC,ul 7é 0

- —++ —: 6%-6261—}-1:0

——4+++ a1 =0&eb +ACYy» =0
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e — +— — —! Y= AB2COéQ + 3262/14

o —+ — —+: Y # AB*Cay + B?eopy = p1 = 0, and = AB*Cay

-4+ + —: A232a1 — 62/81 — ABQC€2M1 =0

— 4+ 4+ + 4 A2B%ay — €931 — AB?*Cegpiy # 0

The reader should note that this tree is not unique; there are potentially numerous
ways we could have performed these algebraic eliminations, but ultimately, we have
derived these conditions as necessary, and we have shown they are sufficient as well,
so any other sequence of algebraic reductions would yield equivalent results. The

branches of this tree are all special cases of the conditions

Yo — ABQCOQ

p1 = ey (A.36)
5 _ ABs— ACY (A37)
€2
o = 372162, (A.38)
g = ABat SQO‘” — A (A.39)
2

Note that these values are always well defined, since B # 0, and e; = A?\3 > 0, even
though in their derivation we considered branching cases that are mutually exclusive.

After these substitutions, both of the constant invariant conditions become

A*B*M" (r)? — A*B?eir’ M (r) + A’B* (o + T2a2)2
+ 72 (7“271 + vy — ABQCOQ)Q + B?eor* =0, (A.40)

which let us solve for M (r) as

2

eLr
MY (r) = QIW
N r\/BZe%rz — 4 [B%r? (3 + A2B2M™(r)?) + (AB2CM™2(r) — M13(T))2} (A1)
2A%B ’ '
and hence, completely determine the anomalous inverse metric tensor field for this
family:.
M2(r) = % + ao, (A.42)
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B AB2CO[1

M (r) 0 + 77?4+ 7, (A.43)
MY (r) = ﬁ (A.44)
r\/BZefﬂ — 4 [Br2 (s + A2B2M'2(r)2) + (AB2CM*2(r) — M'3(r))?]

+ 5D , (A.4b)
M) = ABea e = AN MG+ ABOMY) = MO
B2eyr? [(AB2CM™2(r) — M'3(r))" + r2M'2(r)?]

- AC[AB*CM"(r) — M(r))?
M™(r) = 2 2 12 13 2 20 f12(1)2
ear? [(AB2CM™(r) — M'3(r))” 4+ r2M*2(r)?]
A2B? (eyear? — r2 — A2eo MY (r)) M2 (r)M3(r) (AAT)
eor? [(ABZOMH(T) — MB(r))? + rlez(r)ﬂ ’
M*3(r) = i i X (A.48)
[AB? (C? 4 %) M(r) = CMY ()] + €3 (err” — AM" (1) MP(r)* (A.49)

[AB2C M2 (r) — M3 (r)]*> + r2M12(r)?

One can check that in all cases, the equilibrium conditions are satisfied, and that

the invariants of b are

1
Il = €1 + -, [2 == 2 -+ €9, [3 = 1, <A50)
€9 €9

as expected.

A.2 Family 2

As above, we compute the equations
M,V Vib™ =0, m,;, Vy Ve = 0. (A.51)

The first of these contains a component

ACM2(8)" + 4EM™2(E) — MP*(€)
2263 A2

where here we have made the substitution x = £ + D. The denominator is nonzero,

=0, (A.52)

so we can simply take the numerator to be zero, and integrate it. This yields

. &154—062

(A.53)
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Substituting this into the other component of this equation, we obtain a differential
equation for M™3(&):

VAAEMB(E)" + 4EM3(€) — M3 (€)]
2263

which has the same general solution as the equation for M'2(¢), and hence

—0, (A.54)

MB(¢) = 715;%72. (A.55)

The first of the remaining differential equations is

V2 (€ + ag) MP(£)" — (€ 4 72) M?2()" + 200 M*(£) — 211 M**(€)')
A3 B?

(A.56)
which equivalently reads [(a;€ 4 ag) M?3(€) — (716 + 72) M?2(€)]” = 0, and integrates

to
(1€ + ag) MP (&) — (€ + 72) M**(§) = & + po. (A.57)

The second equation is

V2 (209 M?2(€) 4+ 2 (Ayy — Cay) M?3(€) — 2Aa; M33(€)')

A3 B2
n V2(C (€ + ) M2(E)" — (A€ + ) — C (€ + a2)) M*(€)")
A3 B?
L V2AE+ ) MBET o

A2 B2

or equivalently

(1€ +72) (AMP (&) + CM™(€)) — (€ + az) (AMP(€) + CM*(¢))]" = 0.
(A.59)
We can add C' times the previous differential equation, and divide by A to obtain

(1€ +72) MP(E) = (€ + az) MP(€)]" = 0. (A.60)
which integrates to
(€ +72) MP(€) — (€ + ) MP(€) = i€ + fa. (A.61)
Finally, we have the constant trace condition on b, which reads
(1+C?) M*(&) + 2ACM™> (&) + A’ M (&) = —2A°B*¢M" (&) + A’BI;. (A.62)
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These equations can be solved for M?2(¢), M*(&), and M33(€), as the determinant

of these equations is
— (@€ + )’ = (Cla€ +an) + A(mE+7))° <0, (A.63)

which only vanishes if both M'(¢) and M'3(€) vanish.

We then have the solution in terms of the yet-to-be determined component M (§),
and numerous undetermined constants. Denoting @ = o1& + as, v = & + 7o,
=&+ pa, B = P& + Pa, and h = A2B%I, — 2A3 B¢ M (), we have

M?2(€) 1 ha? + A (Aaf — 2Cap — Ayu)

M?()| = hay 4+ A8y + (1 + C?) ap

MB(E) | 2+ (Cat AN (1 L 02) 0B 4y (—24C8 + by + (14 C2) p)
(A64)

Under these substitutions, the constant second invariant condition is written as

5 2A¢ [3211 [042 + (Ca+ Av)z} +af + w@
a? 4 (Ca + Av)?
| 24°B% + A'B*? (I +8Cany) + 24°Bay (Cl, + 20y + 6C%ya) + (1 4+ C?) p?
A2B* [a? + (Co+ Afy)Q}
2 [34 (1+C2)2at - Cﬁu}
AB*[a2 + (Ca + Av)?]
AP+ B (1+C?)a? (I +8Cay) + B (af + )]

LA BAEM (¢) MU(E) =

, (A.65
AB* [ + (Ca + Av)ﬂ ( )
and the incompressibility condition reads
AA’B*¢* (aff +p) MM (€)? - 26 [ + B21 (aff + ) + (Cpu — AB)’] MY (e)
a?+ (Ca + Ay)? a2+ (Ca + Ay)?
AB? —2a3 — 2
- b=y 66)

AB?
Clearing denominators and computing the resultant of these equations in M (§), we

obtain
Resyi (g (p1,p2) = 16A4B8§4 (oz2 + (Ca+ A7)2) (...). (A.67)

This must vanish for solutions to exist, so we take (...) = 0, since the remaining
factors are nonzero.

We then take the coefficients of this polynomial in £ to vanish independently,
factor these coefficients, and order them by length. The first of these demands

A(Coy + Am) By = (AC% + (1 + 02) oq) [ (A.68)
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If this equation can be solved for (31, we can perform this substitution and obtain the

condition

i — Lt (AB? (Cay + Am)) + Ly (AB? (Coy + A%))Z — (AB?(Caq + A%))S =0,
(A.69)

which requires that v = be an eigenvalue of b. We perform the usual

“w
" AB? (cal1 +Av1)
substitutions with the invariants to express equations in terms of e; and ey, then
take discriminants of the resulting equations in ey, and demand non-negativity. This

yields the condition

_ A2B? (a1ye — o) + (1 + C?) ey pig + ACesy s
Aey (Cayg + Avyp) ’

Ba (A.70)

or
e By = — (82 (A’yl (Cag + Aye) + (ag + C?as + AC'yQ)) + 62’}/1/L2) . (A1)

In the first case, substitution yields either

AB? A
iy — AP (Car + Avs) (AT2)

€9

or not, in which case e3 — ejes +1 = 0. In the first case, we satisfy the equations and

obtain B o AC
g, = B a2t Caa - AC%) (A.73)

€2

Otherwise, we take e5 — eze; + 1 = 0.

Substituting this yields A = A2 = 1, which reduces the equations to only one.
After removing nonzero factors of this equation, we obtain something quadratic in puso,
which after taking the discriminant and demanding non-negativity yields asy; = ay7s.
With this, if ay # 0, we obtain the final necessary result s = —AB? (Cay + Avs),
which is a contradiction, since it is the case considered earlier with \? = \2 = 1. If
a; = 0, we require ap = 0, since C'ai; +Avy; # 0. With this, we require o = —A2B%,,
again, a contradiction.

Next, we consider the case where
eatr1 By = — (32 (A% (Cag + Aya) + (042 + C%as + AC%)) + 6271/12) . (AT4)

If oy # 0, we solve this expression for 5 and obtain the necessary and sufficient

condition AB (C A
oy = — 2B (Gt 4m) (A.75)

€9
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with B2((1+ C? AC
gy = B 1ozt ACY) (A.76)

€2

If a; = 0, we can solve for py to obtain

B —AB? (Cay + Av)

€2
This requires
-B*((1+C? AC

g, = B0+ CT)oa F ACH,) (A.78)

€2
Alternatively, if Cay + Ay; = 0, we obtain v, = =5*, which implies a;p; =
0. If we assume «; = 0, and insert this relation into the equations, we obtain
i+ (ABy — C’,ul)2 = 0, so we can freely take py = 0. With this, we obtain an
eigenvalue equation that demands that either v = — Bé;ﬂ is an eigenvalue of b, or

that 81 = a3 = 0. In the first case, we perform the usual substitutions and take
discriminants in e; and demand non-negativity, which yields
AB? (C A
pa = A0 G2+ ) (A7)

€9

or not, in which case
. 062[1,2 — AB2CE2

A.
by = A (A50)
In the first case, we have the sufficient condition
B2[(1+C?) ay + AC
gy = 2 Joz 2], (A.81)

€2

or not, in which case €3 — eje; +1 = 0. With this, we then obtain the condition \? =
A2 = 1, and then requiring discriminants in 3 to be non-negative, Cay + A7y = 0.

With this, we take v, = —%052, which requires 3y = —B2ay, which is a special case

of the previous solution.

Ceopo—AB?as
Aes

2
liy = _AB (A’)/Q + CO{Q), <A82)

€2

Next, we consider [y = . This requires the necessary and sufficient

condition

which is the same as before.
The previously examined cases are all particular instances of the following anoma-

lous solution:

o€ + oo

MP(€) = T

(A.83)
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Vet :715"")’2 A 84
(€) 7 (A.84)

VAey £ ([ Ack — 4 [Aey +2¢ (AM13(€) + CM™(€))” + M(€)?)]

M™(§) = 4A%B2§ ’
(A.85)
YT (CM2(E) + AMY(©))” + €3 (e1 — 2AB2EMM(€)) M2(¢)?]
= e [MP2(6)2 + (AM3(€) + CM2(¢))?] |
(A.86)
M?(g) = AT C(OM2(8) + AMB(©)) + CM™(¢)?]
e [MR(O2+ (AMB(E) + OM2(g)*]
AB®[(A— eres + 2AB%e, MU (£)) M1 (§)M'(¢)] (A.87)
e [M2(€)? + (AMB(¢) + CM™2(¢))°]]
M () = (A.88)
B_2 ((1 + 02) MlQ(f) + ACMlS(f))z + A262 (61 - QABZSMU(g)) M13(£)2 (A 89)
s MP2()? + (AMI3(8) + CM™(8))? -

Finally, when 8, = a; = 0, we are left with only one equation. In principle it can
be solved for Iy, but because I, does not appear in any of the other equations, we
can simply use the remaining constants as a transcendence basis in lieu of actually
solving it. When we do this, we recognize that with vy = oy = 6, = 1 = 0, we
obtain b® being constant. Hence, we can take any constant positive-definite tensor
with det b = 1, and obtain M48 via MAB = (F~1)4 v(F~1)B, which one can easily
see generates a positive-definite symmetric metric tensor, since b is positive-definite
and symmetric. This, however, implies that the material manifold is Euclidean, since
c is the push forward of the material metric tensor, and it is constant in Cartesian
coordinates. Therefore, the curvature tensor based on c vanishes, and the anelastic
deformation is stress free, i.e., Euclidean.

In general, a metric M, (R) arising from this case has the form

M, R* M,R MR
[MAB (R)] = | MR My My |, (A.90)
MR Myy My
where the constants {M;,, My, M 5, Myy, Moy, My} satisfy the incompressibility
constraint My, Moy My +2My M3 Moy — M52 Moy — Mys 2 My, — M52 My, = 1. Any
choice of these constants that yields a positive-definite metric generates an admissi-

ble constant tensor b. Though not immediately obvious, all of the above solutions
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are part of the same branch, apart from a global rigid rotation, which can be freely

removed. The analysis tree for this family is:

+++
++-
+—++
+-+
+—+-
+__
—++
—+—+
_+_

Nodes:
e 0: A(Cay+ Ay) 1 = (ACy1 + (1 + C?) ay) iy

o — [+ I,B*a,B? + [,B*alp + B3

—+: (Aﬁgeg (Ca1 + A’Yl) — AQB2 (’720(1 — aﬂl) — (1 =+ 02) Colvy o — AC@Q’)/LLLQ)
(6204152 + B2 (A’)/l (COCQ + A’YQ) —+ (042 + CQOéQ + AC’}/Q)) + 62’)/1//@) =0

e ——: b™ is constant
o —|: ([LQ@Q + AB2 (CO&Q + A")/g)) (Aﬁgeg —+ AB2062 — Ceg,ug) =0
o +—: (uges + AB? (Cag + Ay)) (€3 —ejea +1) =0

o ++:iesaifs + B2 (Av (Cag + Ave) + ay (g + CPan + ACYs)) + eayipts = 0
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o —+—: (Brea+ B ((1+C?*as+ AC)) (€3 —erea +1) =0

o — m:%jﬁfm)

—AB2(Cas+Avs)
e2

o + — —: Mo =

® + — +! a1 = aaMr

[ ] + + —. /,Lz — —_AB2(0632+A72)
—B2((1+C2)az+AC
o +++: [y = ((""62) 2+AC2)
—AB2(Caz+Av2) B2((14C? )az+AC2)
o —+——ifp=——_—>and f = — =

-+ —+: )\2 =1= CCYQ + A’}/g =0= 52 = —B2CY2&/6Q 7& —32a2

o |+ — 4 —: M2 = —AB2 (COéQ + A")/Q) 7£ —AB2 (CO&Q + A’}/Q)
o + —f+: py = —A’B%y #£ —A*B%y,

Edges (labelled by child node):

o —: 71:—%a1:>,u1:0

o Ao s v= -
174%™ AB2(Cai+Av1)

o ——fi=a=0

o —+: V:—ngl

o L By = AQBQ(alw—aﬂl)-&-(l-&-CQ)620&1#24—1406271#2
+— P2 = Aea(Car1+Am)

o ++: el = — (32 (Ayy (Cag + Aye) + oq (ag + C%aq + AC,)) + eavipta)

—AB? (Cag —‘,—A’yg)
€2

-+ = e =

C —AB?
o —++: fo= T

& |+ — —: e+ AB? (CCYQ +A")/2) =0

o + — +: psey + AB? (Cag + Ay) # 0 and €5 — ejea +1 =0

7(32 (A'y1(Ca2+A’YQ)+O¢1 (a2+02042+AC’72))+€271u2)
eaa]

o ++— =

—AB2((1+C?)as+ACy2)
€2

e +++:ap=0and puy =
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BQ((lJrCQ)OQJrAC’YQ)

€2

o —+——: [ =—

B2((14C?)as+AC
— 4+ —+: Bg?é— ((+ 6)22+ 72)&6%—61624—1:0

o+ —F—: =21

a

o +—++ar=a;=0

A.3 Family 3

For this family, we can write the remaining equations corresponding to the coefficients

of terms involving W and W,, and solve them before recasting the results in terms

of the components of M. First, we take the equation ma[lvk]vbb“b = 0, which has

two nonzero components yielding

20" (r) + 5rb™' (r) 4+ 3b"*(r) = 0,
20" (r) + rb'¥ (r) — b (r) = 0.

Solving these yields

A(r2-B
DE(r) = air™ +agr® = —(Tr ) (CM® +DM?),
A(r2-B
b (r) = byr + byr ™ = # (EM™ + FM"™).

Reparameterizing these equations to simplify constants yields the equation

C D] [M%] [y +yr?] DE-CF
E F| M3~ | ar?+ a r2— B

Y

which gives

D=

M —F D |ym+r?, . -
{Ml?’] - { E —C} {0417“2 + ay (" -5).
With this, we have the W, equations involving ¢, which are

8r°a1 b (1) + Tria b® (r) + 3r2apb® (r) — 3r2yb° (r) + b® (1)

+ 7‘50611723”(7“) + 7”3042[)23”(7“) o 7’3’)/1()33”(7“) o T,y2b33//(7,) — 07

and

8r2aib® (1) + Triaqb® (r) + 3r2asb™ (r) — 3r’y1 b (1) + 6% (1)

+ T5Oélb22//(7’) + T3a2b22//(r) o T371b23//(7‘) . T72b23//(7’) — 0’
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which have the common solution
(7"271 + 72) b33(7“) —r? (7“2041 + 042) b23(7‘) = i + por?, (A.99)

(r®y1 +72) b3 (r) — 7% (rPou + a2) b2(r) = Br + Bor’. (A.100)

We also have the constant trace condition that amounts to b'*(r) +720%2(r) + 033 (r) =
I, which lets us solve for b*%(r), b*(r), and b3 (r), as these equations are linear in
these components, and the determinant of the linear system is identically nonzero,
being — [(r (P 4+ 72)" + (2 (P + 042))2} . Additionally, we have the following

relations between the components of b and the components of M

C? 2CD D*| [M*(r) b2 (r)
CE DE+CF DF| |M3()| = |03, (A.101)
B2 2EF  F| M| |60

which can be inverted, as the determinant of this system is (C'F' — DE)? # 0. Doing

this, we define

p(r) =m + % q(r) = onr® + oo, (A.102)
and obtain
M2 () = DQ(T;—_F 5(7”)7 (A.103)
MB(r) = Ep%(”’), (A.104)
M2(r) F? (Lip(r)*r? — q(r) (B1 + 1°Ba) — p(r) (w1 + r?pus))
(CF — DE)*r2 (p(r)?r? 4 q(r)?)
D*r? (Iiq(r)* + CI(T) (B +7282) +p(r) (1 + 1°p2))
(CF = DE)*r* (p(r)2r? + q(r)?)
2DF ([1]9(7“)7“2 (ﬁl + T252) B Q( ) (;Ul + TQIUQ)) (A105)
(CF = DE)*r? (p(r)?r? + q(r)?)
_ A(r? = B) (Fp(r) — Dg(r))* M"(r) (A.106)

(CF — DE)*r? (p(r)*r? 4 q(r)?)
MB () = —EF (Iip(r)*r® — q(r) (B + 1°B2) — p(r) (1 + 1°12))
(CF — DE)*r2 (p(r)?r? 4 ¢(r)?)
" CDr? (Lig(r)* + q(r) (B +7°Ba) + p(r) (11 +1%112))
)7 (
p(r

(CF DFE (r)?r2 4 q(r)?)
L DE (Lip(r)r2q(r) + p(r)r? (B + 1282) — q(r) (p1 + 72 p2))
(CF DE)*r* (p(r)2r? + q(r)?)
CF (ILip(r)r? (By + 12B2) — q(r) (p + 12 p12))
(CF — DE)*r2 (p(r)2r2 + q(r)?)
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 AC =B (Fplr) = Do) (Eplr) ~ Calr) M)
(CF = DE)*r* (p(r)*r? + q(r)?) ’
M) = E? (ILip(r)*r? — q(r) (B1 + r?B2) — p(r) (u1 + r’ps))
(CF — DE)*r2 (p(r)?r? + q(r)?)
n C?*r? (Iig(r)? + q(r) (Br + r*Ba) + p(r) (11 + 12p2))
(CF — DEY 12 () + g(r)?)
_ 2EC (Lip(r)r® (B +12B) — q(r) (1 + 7°p2))
(CF ~ DE +% (or)r* + g(r)?)
_A(r* = B) (Ep(r) — Cq(r))* M" ()
(CF = DE)*r? (p(r)?r? + q(r)?)

We are then left with the constant invariant condition for /5 and the incompressibility

(A.107)

(A.108)

(A.109)

condition. We simplify notation by writing = p1 + 7212 and 8 = 1 + 723,. These

equations are

A% (r2 — B)* (q(r)B — p(r)p) M (r)?
4 (q(r)? + p(r)*r?)
A (r? — B) (Iiq(r)r?B + r*8% — Lip(r)riu + p?) MY (r)
G0 207
. ALDE ~ OF)* (g(r)3 —(r)p)

r2

=1, (A.110)

fPW—BfMWM{;uﬂ—muu<>+m¥2wwvw p(r)p) M (r)
rt r2 (q(r)? + p(r)2r2)
A(CF = DE) (q(r)? +p(r)*r®) | 1r* (a(r)8 = p(r)pm) + 75 + 17

& 2 (q()? + p(r)r)

+IQ+ =0

(A.111)

We take the resultant of these equations in M*''(r), and demand this vanish. We
remove nonzero factors, and then demand each coefficient in r vanish independently.

The first condition we obtain is o3 + Ia?fs + Iy 85 + 35 = 0, which implies that

_B2
a

either v = > is an eigenvalue of b, or a; = B3 = 0. In the first case, we obtain

_’Yl

4o . This yields two subcases:
g =-2 (A.112)
€2
or alternatively
ey —ees +1=0. (A.113)

In this first subcase, we obtain the sufficient condition p; = 72 ,or es —ejea +1=0.

However, when we take e5 —ejeo + 1 = 0, we obtain the same value for y1, and hence,
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this second condition is redundant. If we take the subcase, €3 — ejes + 1 = 0 and
B # —¢2, we obtain AN =)=1.

We then obtain the sufficient condition

ar1y2 — 7 (o + B)

[ = , (A.114)

aq
which further yields 81 = —as, which is again a special case of the already discovered
solutions. Next, we consider a; = (85 = 0. Inserting this, we obtain the equation
ws — Ly + Lpoy? — 3 = 0, which implies v = 2 is an eigenvalue of b, or

o =1 = 0. In the first case, we take discriminants in e; and demand non-negativity;,

which yields the condition

Yot (2111 — 72) (B2 + agp) = 0. (A.115)
Beginning with v, = 0, we obtain
i [A(CF — DE)? a3 + pf] =0, (A.116)

which requires that ©y = 0. With this, we then obtain equations with the common
factor ais+e55,. Hence, it is sufficient if this factor vanishes. If it does not, we can take
the resultant of the remaining two equations in f; to obtain (€3 — ejeq + 1) ay = 0.
If as = 0, we obtain that §; = 0 as well, which is a case of the previously solved
condition. If we instead take €3 — ejes + 1 = 0, we obtain the condition 8] = —a\3,
which is a special case of the previously solved condition, so we can always take
By = —22,

€2

Next, we assume 2 # 0 and take p; = 0. Doing this yields
7 [ + A(CF - DE)* pi] = 0, (A.117)

which demands 7, = 0, a contradiction. We then assume v, # 0, p; # 0, and

take p; = Z—; This requires 31 = —£2, which is also sufficient. Finally, we assume

ez — Y2 # 0 in addition to 5 # 0 and uq # 0, and take f; = —<2£. This demands

Y2
Making the first factor vanish reveals A} = A3 or Aj = 55. The first case ultimately
1
requires A2 = 1, but this also means e; = 1, and hence pye5 — 92 = 0, a contradiction.

In the case where \3 = )\%, this contradiction is immediate. The steps are identical
1

for the case where j; = A37», and so we have exhausted this branch of solutions.
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Next, we take ps = v; = 0. This returns

Oég + 1204361 + 11042B12 + ﬁf = O, (Allg)
which requires v = —g—; be an eigenvalue of b, or ay = 1 = 0. In the first case, we

—

obtain a sufficient condition u; = Z, If this condition is not met, we can take the

resultant of the remaining two equations in 7, and obtain the necessary condition

(€3 —eres+ 1)y =0. (A.120)

Taking 11 = 0 yields 7, = 0. Taking €3 —ejes + 1 = 0, ie,, A} = 57

Y23 = Z—;, again obtaining the previous sufficient condition. Finally, if s = g1 = 0,

L yields =
2

we obtain

15— Dot + Ivipn — 75 =0, (A.121)

which demands that p; = Z—z, since 5 cannot vanish without leaving the anomalous

solution branch. This exhausts all solution branches of this family and reveals all

solutions to be cases of the anomalous solution

o
61 = __27
€2
o
ﬁ? = _6_1,
2
Y (A.122)
H1 = —,
€2
71
H2 = ——.
€2

This lets us solve for M (r), and finally obtain the anomalous solution

p(r) =m+ % (A.123)
q(r) = arr? + s, (A.124)
12,y _ Dalr) — Fp(r)
M) =—75=% = (A.125)
MY (r) = Ep(r);_c;(r), (A.126)
e1 £ \/ef 4 [62 + A(CF - DE)? <p(7")2 v qgjf)]
M>(r)y=r SAGT_B) (A.127)
M?(r) = (Drp(r) + Fa(r))” + erear (Dq(r) — Fp(r))*
e2 (CF — DE)* 12 (q(r)? + p(r)*r?)
_ Aey (Fp(r) — Dg(r))* (r* — B) M"'(r) (A.128)

e2 (OF — DE)* 12 (q(r)? + p(r)*r?)
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_ Aey (Ep(r) — Cq(r)) (Fp(r) — Dy(r)) (r* — B) M"(r)

e 2 (CF — DEY 12 (q(r)? + plrr?)
_ e(Cq(r) = Ep(r)) (Dg(r) = Fp(r)) (A.129)
(CF — DE)?(q(r)? + p(r)*r?)
_ (Cp(r)r? + Eq(r)) (Dp(r)r® + Fq(r)) (A.130)
es (CF — DE)*r2 (q(r)2 + p(r)2r2)
M®(r) = (Cr?p(r) + Eq(r))” + erear® (Cq(r) — Ep(r))®
e (CF — DE)*r? (q(r)? + p(r)r?)
_ Aey (Ep(r) — Cq(r))* (r* — B) M”(T)‘ (A.131)
es (CF — DE)?r? (q(r)? + p(r)r?)
The analysis tree for this family is
++—-+
/
/
@\
(=)

Nodes:
o 0: a} + Laify + L3455 =0

* —: (ﬁ1€2 + CVQ) (eg —e1es + 1) =0
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o 19 — Iips + Ly — p3 =0

e ——iuy=2

o —+: i =—ay# —aqy

o +—: Y (2111 — 72) (Bi72 + aopa) =0

o +-+: 6? + ]15%&2 + ]26101% + Of% =0

+——ppp=0and B = —=22

€2

o +—+: i (egpn —72) (Bi72 + agpn) =0

o ++ — (tez —72) (...); =0and (pres —¥2) (...), =0

+++m=2
e +—+—: 7% =0#0

o + — 4 (expn — 72) (B2 + agpn) = 0

=2

€2

o ++ —+: (3 —erea+ 1)y =0

t—t+— f=—2

€2

+—+++: (1 — M) (1 — A3y) =0

++—+—m=7=0

t+—t++m =2

Tttt =2#2

ottt =AE

Edges (labelled by child node):

o —: V:—g—?iﬂgzz—;

o a3 =0=0

¢ — 51:—3—22

o —+: B # -2 and e —ejea+1=0= X\ =1
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o ++: o= =0

+——172=0

+—+: 7 #0

o ++— =L

a2

4 Bi=ay=0= pf = Ly + Lygim — 73 =0
o +—+—1 ;=0

o +—++: u #0

++ ——tpea— 72 =0

+ 4 —+: Resy, (), ,(+)y) =0

+—F++—py =2

€2

+— 4+ m# 2 m#0,and 32 #0

++—+— ;=0

+4+ =4+ #0

+—+ 4= = Ay

+ == A3

A.4 Family 5

First addressing the equilibrium equations involving b, we obtain the equations

T2M13H(T) + TMlg/(’r‘> . M13(T) _ 0’ (A.132)
3CM*2(r) + BABM™ (r) 4+ 5Cr M (r) + ABrM*™ (r) + Cr* M (r) = 0,
(A.133)

which simplify upon defining the auxiliary function f = CrM'2%(r) + ABMY(r),
which makes the second equilibrium equation rf”(r) 4+ 3f'(r) = 0. These equations
can be integrated to obtain

_ m+ B —ABM'(r)
B Cr ’

) =m+ 5 = M) (A.134)
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MB(r) = ayr + =l (A.135)
r

Next, we have the equilibrium equations derived from ¢, which are

8ABrial + 8Cria; M (r) + Cr? (77’2@1 + 30@) M (r) + ( 3riy + 72) M3 (r
+ Cr? (rPog + ag) M*"(r) —r (rPy +72) M (r) =0, (A. 136)

— 8ABayys — 8C*ra M**(r) + A*B*r® (3r°ay — an) MM (r)
— C*r® (TrPaq + 3aa) M (r) + Cr® (3r’y — ) M*(r)
+ A2B%r* (rPag + ag) MM (r) — C*r° (rPaq + as) M**"(r)
+ Cr* (rPy 4+ 72) M*"(r) = 0. (A.137)

These equations can be integrated to obtain

(r?yi + ) MB(r) — Cr® (rPaq + ag) M*(r) =’y + po + ABria, (A.138)
C*r* (rPag + ) M (r) — Cr® (rPy + 7o) M*(r) = A*B*r? (rPaq + as) M (r)
+7'B1 + r*By — ABagye, (A.139)

which coupled with the constant trace condition
E*rPMPB(r)+ P MP(r) = —A% (1 — B?) M (r)—2AB (r*y1 + 72) + Iir?, (A.140)

lets us solve for M?2(r), M?*(r), and M?33(r) in terms of undetermined constants, and
M1 (r). The determinant of this system is —C®76 [E2r2 (r2aq + )’ + (r2y1 +72)°]
which is identically nonzero, so we can always invert these equations. Denoting

Y=+ e, = agr? + g, = 7 + pig, and § = 177 + B, we obtain

72 (Iir? — 2ABy) + E*r* (r*af — AB (a®y + a3y + aas (12 — 29)) — 4)

M22 —
(r) C2rd (E?r202 + ~2)
A? <B2 W) M*(r)
réQ +'y
n i ’ (A.141)
I p— (E*r?a(a— )’ +7 (207 — ayy)) + 72 (liay — By — E*ap)
’r‘ g
Cr? (E?r?a? 4+ +?)
Ay M)
_ A.142
CE?r2a? + Cy?%’ ( )
" Lir?a? — r?af3 — ABo?y — 2ABaayy + ABady + ABaasys + v
M (T) = E2r2a2 + 72
AQTZCXQMH(T‘)
- 0 (A.143)
reQt + vy
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This leaves us with the incompressibility condition, and the constant second invariant
of b to satisfy. As in the other cases, these equations are quadratic in M (r), and
we compute their resultant in M (r), factor each coefficient in r and demand they
all vanish independently.

The first of these is the equation

ES [(B1 + ABayn)® — I (61 + ABaym)? as + I (B + ABaryr) a? — o¥]” = 0,
(A.144)
which implies that either v = %ﬁm is an eigenvalue of b, or «; = 0 and f; = 0. In
the first case, we immediately obtain pu; = 2ABajag + EZ—leQ, which upon substitution
yields
(eg —ejey + 1) (e9fs — ctg + ABeg (a1 + a17y2)) = 0, (A.145)

which requires 3, = 3—22 — AB (a9y1 + a172), or if not, \? = % Tackling this latter
2

case first, after substitution we demand A3 = 1 to avoid a contradiction and obtain

—Q1 + ﬁg’yl + Q172 + AB [EQOélOég + Y1 (062’71 + Oél’}/Q)]
EQOél

. (A.146)

M2 =

This reduces the remaining equations to requiring s = ‘;‘—22 — AB (a9y1 + a172), so we

can immediately consider this case. One of the remaining equations then implies

" (ABEQegozg + 7o — E2€2/L2) (eg’ —e1ey + 1) = 0. (A.147)
Taking py = %ﬁgm is sufficient, so then we consider the case where py #
%ﬁ%m. With this, we first take 7; = 0, but this leads immediately to a contra-

diction, so we then consider €3 — eje; + 1 = 0. However, this case also immediately

leads to a contradiction, so we next consider 5 = a3 = 0. This yields the equation

B — hm Bt + Ini By — 47 = 0, (A.148)

is an eigenvalue of b, or v = uy = 0. In the first case,

which implies that v = EQi‘ !

we the take discriminants in e; and demand non-negativity to obtain

Yo (ABO(% - ug) (ABEQegozg + 79 — E262,u2)
X (ABE262063 + 52’72 + ABO./Q’}/l’}/Q — EQOQ[I,Q) = 0. (A149)

Examining these factors one at a time, we first consider v, = 0. With this, we get

the equation
(ABa3 — p») [1420/21 + (ABaj — M2)2:| =0, (A.150)
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hence, we take uy = ABa?2. Inserting this yields either the sufficient condition

By = 2‘—22 — ABawm, (A.151)
or [, 3—22 — ABasv, in which case we can take the resultant of the remaining
nonzero factors in 35 to require

oy (e% —e169 + 1) =0. (A.152)
If we take ay = 0 we obtain Sy = 0, which is a special case of the sufficient

condition above. If we take e% —e1e9 + 1 = 0, we ultimately see that the sufficient
condition is also necessary. Considering v, # 0, we then take uy = ABa3. However,
substituting this yields an expression that is positive-definite in v, being equal to 0,
so we have a contradiction.

Next, considering v, # 0 and uy # ABa2, we take ABE?*e;a3 + 75 — E?eapiy = 0.
Doing this reveals the necessary and sufficient condition [y = Cg—; — ABasvy,. In the

last case, we have

—ABE?a3 — ABagyi1ys + E?asps

By = (A.153)
b
which implies either the sufficient condition
ABE?ey02
1y = Cocy ¥ 2 (A.154)

E2€2 7
or if this condition is not satisfied, we can take resultants in gy with the remaining
nonzero factors to obtain the necessary condition

(e — 4e2) (€5 — erea+1) =0, (A.155)
1

N
)\2

A2 = A2 and look for different values of po, we obtain

which requires either A2 = A3 or \? = J;, i.e., b has a repeated eigenvalue. If we take

o ABEQOé% + 72)\%
M2 = 2 .

(A.156)

Substituting this into the remaining equations, we see that either A2 = 1 or ay = 0,
both of which reduce this value of us to the previous sufficient condition. Taking
A\ = %g and looking for different solutions immediately requires as = 0, which then
further implies po = EZ—";\% This, however, demands A3 = 1, and we realize that the

previous sufficient condition was also necessary.
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Next, considering 1 = 71 = 0, we obtain the eigenvalue equation 83 — I a5 +
La2B; — a3 = 0, which demands b have the eigenvalue v = 62 ,or B9 =ay =0. In

the first case, we obtain the sufficient condition

ABE?ey03 + 72

= A.157

Taking the resultant of the remaining factors yields v, (€3 — ejes + 1) = 0, which has

solutions 7 = 0 or \? = /\% Taking v, = 0 shows that in this case the sufficient
2

1

condition is also necessary, and taking \3 = 1 reveals that the sufficient condition is
2

necessary in all cases.
Finally, we take ay = 5 = 0. This reveals only one remaining equation E®u3 —

Ly E 3 + Iyya E? iy — 3 = 0, which, since v # 0, requires the eigenvalue v = %,

and hence s = E?ez The analysis tree is then
+++

+—++++

+—t++—

+—+++

!
i

+—++-—

I.!

-<
=g

+__

+
I
|

SN N
R + g !

i

Nodes:

0: (b1 + ABozwl)3 — LI (B + ABawl)Q ar+ I (B + ABayy) o2 — a3 =0
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—: (e3 —ejeq + 1) (€982 — g + ABey (o1 + a1y2)) = 0
+: (Bm)’ = L (B*m) 1+ B (B2 )73 — 73 =0

——: (E%eyus — ABE?es03 — 7o) (€5 — €169+ 1) =0

—+: o =22 — AB(aom + auma) # 2 — AB(aom + a172)

+—: Yo (ABa2 — o) (ABE?e303 + 2 — E?eapis)
(ABE2€2OZ§ + Boya + ABasy1ye — E2OZ2M2) =0

+-+: 523 — 11042522 + 1205252 — Oé% = 0

. o ABE2CQQ%+’YQ
' 2 = E2ey
. - ABE2820¢§+’YQ ABE2ega§+’yg
- -+ H2 = E2Zey 7& E2ey
+ — —: ABa3 — pus = 0 and (Baea — az + ABesagyr) (...), =0

+—+:7=0#0
26 2
oy = S

e =

+— == o= 22— ABaom
+ — —+: as(ef —e1ea+1) =0
+ =4+ 7=0#0

+ — ++: (ABE?e303 + 2 — E?eaps)
X (ABEQQQOé% + 62’}/2 —+ ABO&Q’}@’}/Q — EZOQ,LLQ) =0

+ =4+ = fo=22 — ABasm
+— 4+ +: (e —4dey) (e3 —erea +1) =0
+ —+++—: ABE%c303 + 75 — E?eapis = 0# 0

+ — ++++: ABE?*e305 + 72 — E?eyia =0 #0

Edges (labelled by child node):

— Y= B1+ABaiy1
a1
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o |: ozlzﬁl:O

o ——: [ = =2 — AB (g1 + a172)
a2 L
° | — y = EZm

. ABEQCQQ%JF’YQ
o ———tp=T
ABE?es0247
o —— iy # T P and €3 —ejer +1=0
& - — —! Y= 0

o +—+: 7 #0
o | + —: V:%

o +++: o= =0

o +— ——: p = ABa% and [ = O@‘—j — ABasmy

+ — —+: Resg, ((..),, ()y) =0
o +—+—: iy = ABa3

o + — ++: py # ABa2

+ —++ —: ABE?esa2 + v9 — E?eqp15 = 0

+ — 4+ + +: ABE?e303 + vo — E?eapg # 0

+ =+t el = dey
o +—++++:1ed—eea+1=0

These are all special cases of the solution

N
M1 = 2ABO[10[2 + ETQQ’ (A158)
ABEzegOé% + e
= A.159
B = — ABayy, (A.160)
€2
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(0]
Br= 2~ AB (a2m1 + 1) (A.161)
2

which lets us solve for M (r) and obtain the anomalous solution

fr)=m+ Z—; (A.162)
M"B(r) = ayr + %, (A.163)
My = AEVE Al f 1:2(7")2 £ AREN()) (A160)
a2y = 10 ‘éf MZ) (A.165)
M2(r) = ef(r) (e +A*(B 1) M (r))

C2r2e, (f(r)2 + E2M3(r)?
N E? (1 + A2B%e;, MY (r)) M3 (r) — 2ABey f(r) (f(r)? + E2M"(r)?)
C?%r2ey (f(r)? 4+ E2M13(r)?) ’

(A.166)

23, \ ABM™(r)  MB(r)f(r) (1 — eres + A2ea M1Y(r))
M) = = T T Cer (0 + B (A.167)
vy L0 e (e = A2V 7)) M i)

Bey () + BMP ()
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