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Abstract
Unphysical wave reflections pollute a domain’s solution when high frequency waves propagate from a fine to a coarse spatial
discretisation. Inspired by the selective perfect matching layer, we look to specifically target and dampen the incompatible
frequencies that cause the energy entrapment of spurious waves. In this work, we propose a Shepard-based projection method
that filters with the inverse-distance weighting kernel—an alternative and simple to implement basis. We demonstrate the
method in dynamically coupled finite element subdomains, that vary not only in mesh size, but also respective time steps.
The attenuation is applied to a two-subdomain coupling, where explicit computations are leveraged to obtain a coarse-field
representation of an interface. Performance of the proposed filter demonstrates a 99% attenuation of spurious reflections across
a wide range of incompatible frequencies. Furthermore, through combining the Shepard-based projection with multi-time
step integration and non-matching meshes, significant speedups in runtime can be achieved.

Keywords Spurious wave · Filtering · Perfect matching layer · Stress wave propagation · Finite element

1 Introduction

The numerical simulation of highly dynamic engineering
structures increasingly relies on the spatial discretisation
with techniques such as finite elements or collocation points,
arranged in meshes or grids. In practice, these discretisations
are seldom uniform in space, with regions of interest requir-
ing fine meshes to capture complex stress wave behaviour
or non-linearities, while other areas can be represented by
coarser meshes to save computational cost. When different
regions or subdomains are modelled together, variation in
mesh density or grid spacing becomes inevitable. A well-
known source of numerical error, involving non-uniform
computational grids, is spurious wave reflection. As found
in the seminal work of Baz̆ant, the presence of an unphysi-
cal wave reflection is significant at mesh transitions between
coarse and fine finite elements [1]. To elaborate, the work
uncovered that even for variations in element sizes of 10%,
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spurious reflections still pollute the solution of a propagating
wave from a fine mesh. Gradually increasing element sizes
via a transition region mitigates the phenomenon, however
this is only effective for very small ratios between large and
small element sizes [2, 3]. Numerical impedance mismatch
can be found in several continuum settings, some of these
include adaptive mesh refinement, damage, or multi-physics
couplings [4–8]. However, the artifact is not limited to the
continuum, and applications coupling multi-scale regimes
like atomistic or molecular dynamics coupled simulations,
also suffer from pronounced unphysical reflection [9, 10]. In
this work, we focus on the reflected wave within an explicit
finite element framework. The coupling of subdomains with
varying mesh discretisations leads to incorrect stress distri-
butions and the entrapment of energy within the finest spatial
discretisation.

A distinction in phenomena must be made when consid-
ering spurious reflections amongst other forms of numerical
errors, specifically numerical dispersion and general spuri-
ous oscillations. In transient finite element method (FEM)
solutions, Jiang and Rogers elucidated how discretisation
leads to frequencies beyond a certain cut-off (highest natural
frequency) being eliminated [11]. These higher modes are
represented with considerable error [12, 13]. Analogous to
the Gibbs’ or “Gibbs-Wilbraham” phenomenon in Fourier
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approximations of discontinuities, the numerical solution
overshoots the analytical solution in a step, followed by oscil-
lations in decreasing amplitude [14, 15]. Whilst methods,
such as low-pass filters, exist for eliminating high frequency
oscillations, not all can be used for targeting the broad
range of frequencies that originate from the interface of non-
uniform meshes or grids [16, 17]. This will be crucial for
assessing approaches targeting the attenuation of spurious
wave reflection frequencies.

1.1 Previous work on attenuation

Starting from the foundational work of von Neumann and
Richtmyer, the Bulk Viscosity method is widely employed,
originating in fluid mechanics for simulating hydrodynamic
shocks [18]. The damping effect involves an additional con-
tribution to the stress tensor, where its effectiveness depends
on material parameters of the subdomain. Despite being a
good fit for discontinuous loadings like shocks, its insensi-
tivity to meshing irregularities does not make it a universal
remedy to spurious reflections [19, 20]. Filtering in the time-
domain is an alternative method to bulk viscosity, where key
works by Holmes and Belytschko have described a non-
intrusive method that can be applied as a post-processing
step to solutions containing numerical dispersion [15]. These
estimate the natural frequencies of amesh, attenuating a kine-
matic output based on a finite window of consecutive time
steps. The main caveat of such methods is its usage as a
post-processing tool. Dissipative time integration schemes
incorporate similar ideas to reduce non-physical oscillations,
key ideas for those that are explicit time integrators can
be found in the works of Hulbert and Chung [21]. Recent
works in the temporal domain include those such as theBathe
time integration scheme, the pushforward-pullback (PFPB)
method and schemes that march in time with dissipative
control utilising local computation of integration parameters
[22–25]. Whilst these methods are effective, they can lead to
undesirable instabilities, complex parameter calibration, as
well as low frequency damping [26].

Simulating physical phenomena within an infinite or
unbounded domain necessitates the suppression of wave
reflections too. For this purpose, methods such as Absorb-
ing Boundary Conditions (ABCs) and the Perfectly Matched
Layer (PML) are employed to manage a finite domain by
effectivelymitigating boundary reflections [27]. Initially pro-
posed by Bérenger, the PML has been extended beyond
absorbing electromagnetic waves to mechanical waves [28,
29]. The PML dampens all frequencies of waves, whilst
requiring fine-tuning of layer thickness, absorption profiles
and often a high computational cost. Consequently, the Selec-
tive Perfect Matching Layer (SPML) enables the control of
frequencies being filtered to just those incompatible with
subdomain meshes, as well as defining projection operators

that are more convenient to form than the aforementioned
[26]. The method also combines the capability of coupling
with spurious wave reflection attenuation. Marchais et al.
constructed multiple projection operators for which 99% of
the reflected energy can be removed from the system. For
this reason, the method will prove as a strong benchmark to
match.

Prevention of spurious wave reflection is also referred to
in the coupling methods of Xiao and Belytschko’s Bridging
Domain Method, as well as the Arlequin Method [30, 31].
These concurrent multi-scale coupling approaches share the
solution of Lagrangemultiplier fields in an overlapping zone.
Hence, thesemethods naturally dissipate and reduce spurious
wave reflections without requiring additional damping pro-
cedures. The main caveat being a larger overhead, through
solving a system of equations, that leads to limited scalabil-
ity. Despite this clear limitation, they are flexible in allowing
for the coupling of subdomains that do not require the same
numerical method, as seen in Tu et al. [32]. For this reason,
versatility of a proposed spurious wave correction method is
key on top of aforementioned characteristics.

In summary, while many techniques exist for managing
numerical dispersion across multiple physics regimes, few
address the specific issue of reflections from incompatible
meshes. Those that do, have not shown to fulfil all of the
following criteria:

• Provide numerical dissipation specifically targeting spu-
rious reflective frequencies,

• Attenuate during the time integration of a dynamic sim-
ulation, rather than as a post-processing step,

• Avoid the requirement of constructing a mesh (connec-
tivity) for filtering in,

• Combine methods with multi-time step integration and
non-matching meshes to improve computational perfor-
mance.

1.2 Amotivating example

To depict the numerical artifact in question, an exemplary
elastodynamic 1-D problem is introduced. Considering a
long homogeneous bar of length L = 250 mm in Fig. 1,
partitioned into two consecutive subdomains with two sepa-
rate mesh sizes. We partition the domain into a small and a
large subdomain. The smaller of the two element sizes is of
characteristic length hs = 0.25mm, with the larger elements
hL = 1.0 mm, where a total of 500 small and 125 elements
gives lengths Ls = LL = 125mm. Elastic material proper-
ties, representative of a steel alloy, are constant throughout
the bar with Young’smodulus Es = EL = 207GPa and den-
sity ρ = 7.83×10−6 kgmm−3. Each simulation is advanced
through time with explicit integration over a single time step,
where we hereby call a monolithic simulation. The Courant
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hL = 1.0mmhs = 0.25mm

u̇(t)
Fine scale (small) mesh Ωs Coarse scale (large) mesh ΩL

Γ

Fig. 1 Demonstration setup of spurious wave reflection in 1-D elastic bar of two varying spatial discretisations coupled at interface� with a velocity
boundary condition u̇(t) varied in frequency ω

number Co = 0.5 is applied to �t of the entire domain.
In later simulations, we will look to extend this by employ-
ing multiple time steps. At x = 0 mm, a velocity boundary
condition u̇(t) is applied as the following:

u̇(t) =
{
10 sin (2πωt) , if t < L/4c

0, otherwise
(1)

where we vary the frequency ω = c/λ of the incident wave
through defining the dilatational wave speed c = √

E/ρ and
wavelength λ as a function of Ls . This leads to repeating the
simulation for λ ∈ {Ls/4, Ls/8, . . . , Ls/68}. In Fig. 2, we
present 6 of the 17 monochromatic wavelengths simulated
as the incident wave is fully applied at t = 0.01216 ms,
where the wave reaches half the length of Ls . Starting with
a low frequency in (a) of Fig. 2, we gradually increase the
frequency to (f).

At t = 0.03647 ms, the wave interacts with the interface,
�, of the two spatial discretisations, and the transmitted wave
reaches half the length of LL . Figure3 depicts the issue of
spurious wave reflection, as hL is too large to capture higher
variations of ω. From the low frequency in (a), a smooth
propagation of the wave is visible from small to large mesh.
As ω is increased in (b) to (c), a deterioration in the solution
is visible in the large mesh. A significant spurious reflection
is visible in (d), with (e) and (f) showing a near complete
reflection of the wave back into the small mesh - an unphys-
ical solution.

The energy associated to the transmission and reflection
of the elastic wave is portrayed in Fig. 4, where each inci-
dent frequency ω can be represented as its wavelength λ.
Each simulation computes the kinetic and internal energies
at t = 0.03647 ms, where larger wavelengths are smoothly
transmitted from fine to coarse, in contrast smaller wave-
lengths (higher frequencies) are reflected back. This gives
rise to the term energy entrapment, where higher frequency
data is trapped within the finest spatial discretisation. Fur-
ther details on the reflected energy is well documented in
the works of Zafati and Al Hout [33]. We truncate the plot-
ted dataset, ignoring the longer wavelengths than 10× the
large element size hL . For this, we verify Baz̆ant’s comment
of requiring 10× the highest frequency to be a reasonable
approximation of a wave, but also a rather conservative
conclusion [1]. The Nyquist-Shannon sampling theorem is

also of interest when considering the frequency at which
this transition occurs [34]. Defined as the cut-off frequency
ωc = 2c/hL , we plot the equivalent wavelength at λ = 4mm
for this example. The highlighted green region highlights the
frequency spectrum for which this work looks to target. In
this region spurious wave reflection is evident, as well as a
deterioration of the wave’s solution.

This paper is organised as follows. The following Section
2 outlines the governing equations of the continuum, where
the partitioned equations of motion are provided. In Section
3, we elaborate upon those previously mentioned methods of
filtering, expanding on their usage in coupled finite element
algorithms. The proposed method of spurious wave attenua-
tion is detailed in Section 4. Coupling explicit finite element
subdomains with dissipation is described in Section 5. In
Section 6, a comparison of the attenuating methods is made,
together with numerical examples that aid the evaluation of
the proposed approach. Section 7 closes with conclusions
and discussions for future work.

2 General formulation

The approach for determining the deformation of a solid body
� ⊂ R

d , for dimension (·)d , is the partitioning into two non-
overlapping subdomains �s and �L as follows:

� = �s ∪ �L ; �s ∩ �L = ∅; � ⊂ ∂�s ∩ ∂�L (2)

where the interface between the two subdomains is denoted
�, but not the entire boundaries of subdomains ∂�. Starting
from the local momentum balance of each subdomain, the
strong to weak form is achieved through the principle of
virtual power.

2.1 A partitioned continuummodel

Consider the strong form of the dynamic equilibrium for a
coupled problem between two subdomains �s and �L as:

ρs üs − ∇ · σ s − ρsbs = 0, in �s × [0, T ] (3)

ρL üL − ∇ · σ L − ρLbL = 0, in �L × [0, T ] (4)

üs = üL on � (5)

ts = tL on � (6)
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Fig. 2 Velocity distributions of an incident wave at t = 0.01216 ms for the monochromatic frequency study demonstrating spurious wave reflection
through 1D elastic bar of discretisations hs = 0.25 mm and hL = 1.0 mm, integrating with single time step

where for each subdomain�i , we denotematerial density ρi ,
acceleration üi , divergence of the Cauchy stress tensor∇·σ i ,
body forces per unit volumeρibi . Continuity of accelerations
üi and tractions ti on interface � is enforced. The weak form
of the momentum equation, in an updated Lagrangian for-
mulation, gives the virtual power:

δPs(δu̇s, u̇s) = δPkin
s + δP int

s − δPext
s = 0 (7)

δPL(δu̇L , u̇L) = δPkin
L + δP int

L − δPext
L = 0 (8)

where we define Pkin
i , δP int

i , δPext
i as kinetic, internal and

external components of power with a finite element space
of admissible virtual velocities δu̇i (Xi ) ∈ V0 for each �i ,
enabling the variational formulation as follows:

∫
�s

ρs üs · δu̇sd� +
∫
�s

σ s · δDsd�

−
∫
�s

ρsbs · δu̇sd� −
∫
�s

ts · δu̇sd� = 0 (9)

∫
�L

ρL üL · δu̇Ld� +
∫

�L

σ L · δDLd�

−
∫

�L

ρLbL · δu̇Ld� −
∫
�L

tL · δu̇Ld� = 0 (10)

2.2 Explicit finite element discretisation

Discretising both subdomains into finite elements �e, we
approximate the test function with Lagrangian shape func-
tions Ni as δu̇(X) = δu̇i Ni (X). This enables the velocity
field to be approximated by nodal variables:

u̇(X, t) ≈
Nn∑
i=1

Ni (X)u̇i (t) = Ni (X)u̇i (t) (11)

where the displacements are similarly given by:

u(X, t) = Ni (X)ui (t) (12)

To incorporate time dependence into the approximation of
motion with finite elements, the velocity gradient is com-
puted with the derivatives of the shape functions:

∇v = u̇i∇Ni (X) (13)
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Fig. 3 Velocity distributions after interface � interaction at t = 0.03647 ms for the monochromatic frequency study demonstrating spurious wave
reflection through a 1D elastic bar of discretisations hs = 0.25 mm and hL = 1.0 mm, integrating with single time step

To enable the discretised form of the dynamic equilibrium
equation, the approximation of the test function with shape
functions is substituted into the virtual power of Eqs. 7 - 8.
Assuming negligible body forces, each of these nodal forces
can now be computed as:

fkins =
∫
�s

ρsNTNüs d�;

f ints =
∫
�s

BT
s σ s d�;

fexts =
∫
�s

ρsbs d� + NTts |� (14)

fkinL =
∫

�L

ρLNTNüL d�;

f intL =
∫

�L

BT
Lσ L d�;

fextL =
∫

�L

ρLbL d� + NTtL |� (15)

where the inertial contribution can also bewritten through the
approximation of a lumped mass matrix with acceleration:

Me =
Ne∑
e=1

∫
�e

ρNTN d�e (16)

At the global level, both subdomains are assembled in vec-
torised form, with dimensions corresponding to the number
of nodes Nns and NnL , to form the following:

Ms =

⎡
⎢⎢⎢⎢⎣

Ms1
Ms2

.

.

.

MdNns

⎤
⎥⎥⎥⎥⎦ ; fexts =

⎡
⎢⎢⎢⎢⎣

fexts1
fexts2
.
.
.

fextdNns

⎤
⎥⎥⎥⎥⎦ ; f ints =

⎡
⎢⎢⎢⎢⎣

f ints1
f ints2
.
.
.

f intdNns

⎤
⎥⎥⎥⎥⎦ (17)

ML =

⎡
⎢⎢⎢⎢⎣

ML1
ML2

.

.

.

MdNnL

⎤
⎥⎥⎥⎥⎦ ; fextL =

⎡
⎢⎢⎢⎢⎣

fextL1
fextL2
.
.
.

fextdNnL

⎤
⎥⎥⎥⎥⎦ ; f intL =

⎡
⎢⎢⎢⎢⎣

f intL1
f intL2
.
.
.

f intdNnL

⎤
⎥⎥⎥⎥⎦ (18)

with f inti , fexti ,Mi ∈ R
dNni .
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Fig. 4 Energy entrapment for
1D monochromatic spurious
wave demonstration
corresponding to Figs. 2 and 3
where the wavelength λ is
varied in each simulation. The
cut-off limit is determined by
Nyquist-Shannon sampling
theorem, where degradation of
the solution is significant
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2.3 Leapfrog time integration

To solve the body’s motion through time t , each of the sub-
domains makes use of a symplectic integrator - the leapfrog
scheme (also known as Verlet). At full time steps n, acceler-
ation is explicitly solved for each �i :

üni = (fexti − f inti )

Mi
(19)

where the resulting vectorised quantities in Eqs. 17 - 18
eliminate the requirement of an inverted mass matrix. Com-
putationally, this is advantageous. Subdomain velocities u̇i
are solved in staggered fashion at the half time step n + 1/2:

u̇n+1/2
i = u̇n−1/2

i +
∫ tn+1/2

i

tn−1/2
i

üi dt ≈ u̇n−1/2
i + üni �ti (20)

followed by the computation of displacements u, on at the
next step n + 1:

un+1
i = uni +

∫ tn+1
i

tni

u̇i dt ≈ uni + u̇n+1/2
i �ti (21)

Adjustment at the first time step n = 0, give velocities com-
puted as:

u̇1/2i = u̇0i + ü0i
�ti
2

(22)

where dimensions are consistent with üi , u̇i ,ui ∈ R
dNni .

This therefore provides the ingredients for the solution of
each subdomain �s and �L . Through solving in parallel,
continuity is enforced across the interface � of the two sub-
domains to give compatibility conditions:

ü�s(Csxs) = ü�L(CLxL) = ü�(x�) (23)

t�s(Csxs) = t�L(CLxL) = t�(x�) (24)

where we denoteCs andCL as booleanmatrices that identify
the subdomain degrees of freedom, for which CLxL ∈ �L ,
Csxs ∈ �s , and the intermediary interface x� ∈ �, to
describe a common boundary between subdomains. While
a comprehensive description of the coupling is reserved for
Sect. 5, the immediate task is to describe the techniques for
dissipating spurious reflections.

3 Methods of attenuation

In the following section we investigate the effectiveness
of common attenuation methods in literature, combining
their application with multi-time step integration and non-
matchingmeshes in a coupled two-subdomain problem.Each
of the methods are utilised during the time integration step,
rather than as a post-processing tool, applied in space-time
rather than frequency domain. We combine the methods
of bulk viscosity, Soares Jnr’s explicit dissipative integra-
tion scheme and the SPML method in a multi-time stepping
framework [18, 24, 26]. These will serve as comparisons for
the proposed method later in the paper.

3.1 Bulk viscosity method

Starting from the simplest method, application of bulk vis-
cosity is a robust method, used to dissipate the energy present
in high numerical frequencies [18].

σ d = ρi he(C0TrD)2 − C1ce(TrD) (25)

whereρi is the density of the subdomain, he the characteristic
element length, ce the dilatational wave speed, and (TrD) the
trace of the rate of deformation. C0 and C1 are the quadratic
and linear damping parameters, typically given as 1.44 and
0.06, respectively. Historically derived for shock conditions
in hydrocodes by the aforementioned authors, the parameters
are also called upon in other explicit simulations [18, 20, 35].
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Fig. 5 In a 1D representation of a coupled domain, nodes are depicted
as circles and crosses as Gauss integration points. Elements belonging
to a filtering zone are a subset of the small subdomain �F ⊂ �s where

the interface between the two is a singular point � ∈ �F . Each element
in �F requires the computation of σd at each cross

Fig. 6 In a coupled domain �s
and �L are integrated with �ts
and �tL . Elements within �F
are also integrated over �ts , but
also contain filtering control
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Δts ΔtL

Δtn+1
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Δtn+2
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F βΔt2

Γ

Applying the σ d to a filtering zone �F of small nodes, the
principle of virtual power in �s is altered.

δPs ≈
Nns∑
n=1

δu̇s · (fkins + f ints − fexts );

where f ints =
∫
�s

BT
s (σ s + σF ) d� (26)

where accounting for the bulk viscosity term σF can simply
be added to the interpolation of the internal forces. Dimen-
sions are consistent for both, where σF simply contains zero
for those elements not in �F . As shown in Fig. 5, in the con-
text of spurious wave reflection, bulk viscosity is applied to
those integration points close to the interface between the
two disparate meshes.

AsMaheo et al. discusses, use of constant damping param-
eters prove to be a limitation in adapting to the spurious
oscillations across multiple time steps [20]. Consequently,
next we implement a dissipative time integration scheme,
that adaptively dampens depending on the frequency of a
spurious mode at a current point in time.

3.2 Dissipative time integration schemes

The following method of attenuation is within the class of
time integration schemes with dissipation. Schemes combin-
ing multi-time step integration with dissipative control are
still in their nascency. Kwon and Prakash recently developed
the MTS-Bathe scheme to dissipate spurious oscillations in
systems with stiff and flexible subdomains [36]. In this work,
we combine another form of dissipative control as found in
the works of Soares Jnr’s explicit time integration method

[24]. Thus, enabling a single step approach in a subdomain,
adaptive dissipation is applied to the highest modes of the
model without excessive algorithmic damping. As depicted
in Fig. 6, �s and �L are integrated with the conventional
leapfrog scheme in Eqs. 19 - 21, with time steps �ts and
�tL , respectively. With the exception of a subset close to
the interface � in �F , where the scheme is combined with
dissipative control.

In contrast to the aforementioned bulk viscosity, Soares
proposed a method that varied dissipation across each degree
of freedom through introducing β. For each �ts and at each
degree of freedom a scalar β is computed as:

β = min(β, βmax, fe); where βmax = 1;
fe = 2(1 − ξe)/(ω

max
e �ts) (27)

where a limit of βmax is imposed, with damping ratio ξe and
maximum sampling frequency ωmax

e of each element in �F
being established. Considering the update of the displace-
ments, Eq.21 is adapted to:

un+k
F = un+k

F + ündβ�t2s (28)

so long as oscillation is detected within a node, given a
simple check of sign with respect to the previous time step
u̇n+1
F · u̇nF < 0. Advantageously, the dissipative method is

not an iterative process, unlike many of the aforementioned
schemes. However, filtering in time introduces complexities
in temporal accuracy and stability [37]. In addition, these
dissipative schemes can unintentionally dampen the physical
dynamics of the system, especially in wave-like PDEs [38].
For these reasons we now proceed to implement a targeted
method for filtering in the spatial domain.
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Fig. 7 Selective perfect matching layer (SPML) constructs an overlap-
pingmesh in the small subdomain close to the coupled interface�; a the
1-D representation of �F with Lagrangian shape functions � for each

large overlapping node k at each small node j , b the 2-D representation
of a simple bar where quadrilateral elements construct the mesh of �F

3.3 Selective perfect matching layer

References to the classical PML are ubiquitous through-
out numerical methods literature [39–41]. Marchais et al.
addressed the incompatibility of non-uniform meshes by
introducing a Selective PML (Perfectly Matched Layer).
The approach specifically attenuates spurious frequencies,
effectively separating them from issues caused by mesh
incompatibilities [26]. The method requires two key funda-
mental building blocks. The first is the partitioning of the
discretised dynamic fields, in this case the authors utilise
displacements:

us(t) : uF (t) = us(t) + uL (t) with

{
us(t) = PsuF (t)

uL (t) = QLuF (t)
(29)

where Ps and QL are the small and large field projection
operators. Secondly, the modification of the PML allows for
the automatic dissipation of just the small (high frequency)
signal. In Fig. 7, a depiction of the a SPML filtering zone is
depicted, both in the context of coupling a 1-D bar, but also
2-D.

Through definition of the overlapping region denoted�F ,
the equation of motion in the filtering zone is given as:

MF üF + f intF − fextF + 2γFMPs u̇F + γ 2
FMPsuF = 0 (30)

where γF is described as the filtering coefficient or damping
factor. Grunwald et al. describe a clear minimum for this rate,
optimal for spurious reflections [17]. Several constructions of
the “microfield” projector can be described. Here we utilise
the minimisation of the kinetic energy gap, with the features
of the large shape functions:

Ps = I − NLM
−1
L N

T
LMF (31)

given dimensions Ps ∈ R
dNnF ×dNnF and

NL ∈ R
dNnF ×dNnL . Applying this additional contribution

to �F constitutes a dissipative force:

fF = MF üF = M(2γFPs u̇F (t) + γ 2
FPsuF (t)) (32)

applied at each �ts in the case of a multi-time stepping solu-
tion. Conveniently, this can also be applied as a damping
acceleration üd in a staggered scheme as:

ün+1
d = 2γPs u̇

n− 1
2

F + γ 2
PsunF (33)

where the equivalent kinetic quantity will be denoted fSPML
d .

The implications of utilising SPML lead to a change in the
conditional stability where explicit time steps require �s to
integrate with:

�tCs � 2√
ω2

(NnF +1) + γ 2
F

(34)

with NnF the number of elements in the filtering zone.Whilst
effective, the SPML can be cumbersome to construct with
an overlapping mesh of coincident nodes for which to filter
upon.

In summary, this section has outlined three key dissi-
pative methods for alleviating spurious wave reflection in
a coupled dynamic domain. Whilst artificial viscosity is
straightforward and a widely employed method, it is sen-
sitive to material parameters and does not adapt to the
frequency of the spurious wave. In comparison, the family
of dissipative time integration schemes are adaptive through
computing local time integration parameters that attenu-
ate non-physical oscillations with full automation. Despite
this, these methods are not specifically designed to target
the unique problem of non-physical spurious reflections at
interfaces between dynamically incompatible models or dis-
parate meshes. SPML presents a more complex, but targeted
solution to spurious wave reflection. Selective in its nature,
filtering only incompatible waves makes it a good candidate
for comparing the next generation of dissipative algorithms.
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Fig. 8 Proposed Method with
Shepard’s Weights in �F where
k denotes the large overlapping
anchor points and j the small
filtering node; a 1-D
representation b 2-D
representation

(a) ΩF

wjk =
1

d2jk+ε1

0 wj(k)

wj(k+1)

Γ

ΩLΩs ΓΩF(b)

4 Proposed attenuation

In the following section we propose a new method of
attenuation that looks to circumvent the limitations of afore-
mentioned methods. We make a step forward in proposing
an algorithm that targets the specific frequency of the
mesh-induced spurious oscillations, whilst avoiding the con-
struction of a mesh on the filtering region. The method is
described in a dynamic setting, irrespective of subdomain
geometries and is later combined with multi-time step inte-
gration and non-matching meshes.

4.1 Shepard-based projectionmethod

Through the definition of an overlapping filtering region, as
depicted in Fig. 8, we now outline the steps in constructing a
newprojector based on an inverse-distanceweighting (IDW).
Analogous to the construction of projection operators in the
SPML, and the more recent weak staggered scheme, the pro-
posed method looks to separate the kinematic contributions
of the “unique” high frequency contentwith the “compatible”
lower frequency [17, 26]. We maintain that the positions of
the overlapping coarse discretisation remain consistent with
�L to target the high frequencies. However, rather than defin-
ing interpolation functions, �k

L , from a finite element space,
we utilise Shepard’s definition of weights w jk with [42]:

w jk = 1

d p
jk + ε

; d jk = ‖xF , j − xL,k‖2 (35)

where the distance between each small position x j in fil-
ter zone �F to every overlapping anchor point xk (coarse
discretisation) becomes the foundation of the new projec-
tion. A common usage of power p = 2 gives an inversely
proportional weighting to the square of the distance, with
ε = 1 × 10−12 to avoid non-zero division. The distance
matrix is of dimensions d ∈ R

dNnF ×dNnL with the number
of small filter nodes NnF and large anchor points NnL . The
weights are assembled into matrix NL as:

NL, jk =
⎧⎨
⎩

w jk∑
k∈N j

w jk
k ∈ N j

0 otherwise
(36)

where for each small filter node j , we normalise over its
k nearest coarse neighbour in the large anchor set N j . We
observe NL shares the same dimensions as d. To compute
the inertial contribution of this dissipating force, the lumped
mass vector of the overlapping anchors mL must be found:

mL = (NL ◦ NL)TmF ≡
(
N

◦2
L

)T
mF (37)

where (·)◦2 is the Hadamard power signifying the element-
wise power and mF the mass of the small nodes in the
filtering zone. Construction of the anchor masses allows for a
mass-normalised projection term to be used in the microfield
projector:

N̆
T
L = diag(mL)−1

N
T
Ldiag(mF ); N̆L,k j = NL, jk

mF , j

mL,k

(38)

however as mL and mF are vectors, these are implemented
efficiently as element-wise operations, rather than requiring
the inverse of weights matrix. Applying the projection to
obtain the damping acceleration in the filter zone gives:

üd = −2γFPs u̇s − γ 2
FPsus (39)

where üd ∈ R
dNnF ×1, and γF remains the filtering coef-

ficient defined in the SPML. Applying the projection to
velocity and displacement contains the mass-normalised
weights:

Ps u̇s = u̇s −NL
(
N̆
T
Lu̇s

)
; Psus = us −NL

(
N̆
T
Lus

)
(40)

Subsequently, such a projection allows for damping to be
applied to the subdomain’s global nodal vectors, at each�ts ,
as an acceleration or equivalent internal force:

f ints ← f ints − diag(mF )üd (41)

4.2 Algorithmic representation of themethod

Figure8 part (b) illustrates how the overlapping region, need
not require the construction of a mesh where nodes are coin-
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cident with the underlying �s mesh. Omitting the need for
storing connectivity, a scattered set of large anchor points
can be used to project in �F . The method is summarised in
Algorithm 1.

Algorithm 1 SpuriousWave Attenuation via Shepard-Based
Projection
Require: Small filter positions xF , velocities u̇F , overlapping large

anchor positions xL, velocities u̇L , filtering coefficient γF , power
p, nearest neighbour k in �F

Ensure: Updated small velocities u̇s and displacements us with atten-
uation

1: NnF ,NnL ← len(xF ), len(xL)

2: Compute distance matrix: d = ‖x( j)
F − x(k)

L ‖2, j =
1, . . . ,NnF , k = 1, . . . ,NnL

3: Compute inverse weights: w( j) = (dp + ε)−1 for j ∈ Nk( j)
4: Find k nearest neighbours: Nk( j) ← argpartition(d[ j, :

], k−1)[: k]
5: for j = 1 to NF do
6: if any d j = 0 + ε then
7: NL[ j, k] = 1.0
8: else
9: Normalise NL[ j, k] = w jk/

∑
j∈Nk ( j) w jk for j ∈ Nk( j)

10: end if
11: end for
12: Compute lumped anchor masses: mL = (

N
◦2
L

)T
mF

13: Compute mass-normalised weight matrix: N̆
T
L =

diag(mL)−1
N
T
Ldiag(mF )

14: Apply projection: Ps u̇s = u̇s − NL
(
Ñ
T
Lu̇s

)
; Psus = us −

NL
(
Ñ
T
Lus

)
15: Compute damping acceleration: üd = 2γFPs u̇s + γ 2

FPsus
16: Update filtered internal forces: f ints ← f ints − diag(mF )üd

Algorithmically, rather than computing a dense IDW ker-
nel matrix, the k-nearest neighbours (k-NN) algorithm is
utilised to limit the calculation of weights to just the nearest
large anchor points [43]. Computation of these distances and
weights between filtering nodes xF to scattered large points
xL, and sorting of the nearest neighbours contribute most
significantly to the complexity of the algorithm. Relative to
the proposed method, bulk viscosity and the dissipative time
integration method described are computationally cheaper.
While these methods scale with the number of elements in
the filtering region as O(NnF ), the Shepard-based method
is more expensive as it filters with an overlapping region to
giveO(NnF ·NnL). However, this cost remains less than the
dense projection seen in the SPML method with quadratic
scaling O(N 2

nF ). Despite the proposed method requiring an
additional cost to its simpler predecessors, the following sec-
tions will look to show the improvement in dissipation over
the spectrum of incompatible frequencies. In addition, we
will show a direct coupling of subdomains, that avoids the
iterative solution of a system of equations. Algorithm 1 out-
lines how these computations are declared prior to the loop
over the filtering nodes to reduce computational expense.

While attenuation methods are applicable to uncoupled
systems, their application to coupled subdomains is where
significant advancements are made [44]. In addition, for
2-D and 3-D problems, non-matching meshes also arise.
We therefore present modifications to both spatial and
temporal finite element coupling algorithms that combine
the aforementioned attenuation to mitigate spurious wave
reflection.

5 Applying attenuation within coupled
schemes

In the following section, we detail the finite element coupling
method for subdomains with non-conforming interfaces.
This method, calls upon recent work that permits each sub-
domain to be solved with its own independent time step [44,
45]. Subsequently, we look to address the compatibility of
Eq.23, whilst suppressing spurious waves.While themethod
shares familiarities with generic Lagrange multiplier tech-
niques, this work highlights its notable differences.

5.1 Coupling non-matchingmeshes withmulti-time
stepping

In the current coupling, we look for an efficient approach
in projecting kinematic quantities from non-matching sub-
domains to an external interface. One that computes a
coarse-field approximation of acceleration, solving explic-
itly rather than by solving a system of equations. Here we
denote this interface as �, and subsequently discretise with
finite elements:

u̇�(x, t) ≈
Nn∑
i=1

Ni (x�)u̇�(t) = N�(x�)u̇�(t) (42)

The choice of interface interpolation functions are
Lagrangian shape functions,with a linear isoparametricmap-
ping, stored within the following operators:

Ns ∈ R
dN�s×dN� NL ∈ R

dN�L×dN� (43)

where (·)d is dimension, N�s and N�L are the number of
nodes on the interfaces of the small and large subdomain,
and N� the number on externally assembled �. The projec-
tion on the small subdomain’s interface Ns necessitates the
computation of the shape functions, whereas a one-to-one
mapping simplifies NL to an identity matrix. To satisfy the
principle of virtual power, whilst accounting for the contri-
butions of the coupling interface gives:

δP = δPs + δPL + δP�
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= δu̇Ts {f ints − fexts + Ms üs + NT
s f�s}

+δu̇TL{f intL − fextL + ML üL + NT
L f�L}

+δfT�s{NT
s u̇�s − LT

s u̇�} + δfT�L{NT
L u̇�L − LT

L u̇�}
−δu̇T�{NT

L f�L + NT
s f�s} (44)

where damping within the filtering zone is incorporated
within the virtual power of �s and the internal forces.
Expressed in virtual power terms obtains δPF = δu̇TF{MF üd}. For each subdomain �i , it is convenient to define
NT
i = Ri , to resolve the behaviour of the interface. Sub-

sequently, the direct solution requires the summation of the
following:

M� = RsCT
sMs + RLCT

LML = RsM�s + RLM�L (45)

f int� = RsCT
s f

int
s + RLCT

L f
int
L = Rsf int�s + RL f int�L (46)

fext� = RsCT
s f

ext
s + RLCT

L f
ext
L = Rsfext�s + RL fext�L (47)

where attenuation is accounted for in f ints . Through isolation
of the interface problem, computation of the kinematic con-
dition on each subdomain can be computed with a mapping
back from � onto the subdomains:

ü� = (fext� − f int� )

M�

; ü�s = Ns ü�; ü�L = NL ü� (48)

Consequently, the issue of non-matching meshes is solved
with a mapping of masses and forces onto �, and accelera-
tions back onto the subdomain interfaces �s and �L . Next
we will consider leveraging the solution of subdomains with
their own time steps. At each�tL , Eqs. 45 - 47 are computed,
followed by Eq.48, enforcing a constant acceleration across
the large step.

To enable amore efficient solution, elements must be inte-
grated as close to the stability limit as possible, defined by
the Courant-Friedrichs-Lewy condition [46], with those in
the filtering zone requiring a more stringent condition [26]:

�tC = 2

ωC
≤ min

e

(
he
ce

)
; �tF � 2√

ω2
(NnF +1) + max{γF }2

(49)

where for element e, characteristic length he and ce may vary
between subdomain. Marchais et al. have shown the stability
criterion for central difference based methods to require the
filtering coefficient γ [26]. Granted the CFL condition in
small and large subdomainmay vary, we introduce time steps
�tCs and �tCL , respectively.

Avery brief overviewof themulti-time stepping algorithm
used is introduced here. To determine the number of small
steps that can proceed for every large step, the trial step tT i
is computed as:

tn+k
T s = min{ts + �tCs , ts + �tF }; t N+1

T L = tL + �tCL (50)

where n denotes the small and N the large subdomain’s step,
respectively. Subsequently, assuming �ts �= �tL , a sim-
ple ratio is computed to determine the integration steps. The
algorithm ensures the integration of �s first, followed by the
calculation of the next time step ratio tn+k+1

ratio :

tn+k+1
ratio = (tn+k

s + �tn+k
s ) − t NL

t N+1
T L − t NL

(51)

checking for the condition tn+k+1
ratio ≤ 1 before �L is inte-

grated in time. To guarantee �s and �L find common time
steps, each large step is synchronised with parameter α:

t N+1
L = tn+k

s =
{
tns + ∑k−1

k=0 �tn+k
Cs + αs · �tn+k

Cs , αs > αL

tns + αL · �t NCL , αL ≥ αs
(52)

where αs and αL reduce the time step on �s and �L , respec-
tively. This ensures that at least one of the subdomains always
stepswith the largest stable time step possible. Large ratios of
m > 10, are particularly challenging when ensuring numeri-
cal stability, in these cases the remedy ofmoving the interface
� one element into �s has been previously suggested. For
further details on the integration procedure with multiple
time steps the reader is referred to the following work [45].
The combination with coupling operators that enable non-
matching meshes can also be found by the authors [44]. In
thiswork the coupling is advanced to attenuate spuriouswave
reflections.

5.2 Coupling strategies with Lagrangemultipliers

The localised Lagrange multiplier (LLM) method is a well
established approach for the constructionof an external frame
(interface) to couple non-matching subdomains [47, 48]. The
most recent improvements look to also combine multiple
time steps, as well as the automatic solution of the reduced
basis on the interface [49–52]. The following outlines the
steps in coupling localised Lagrange multipliers with the
aforementioned SPML, as a means to compare against the
proposed approach. The undamped system can be written
as:

⎡
⎢⎢⎢⎢⎣

Ms 0 CsAT
s 0 0

0 ML 0 CLAT
L 0

AsCT
s 0 0 0 −Ls

0 ALCT
L 0 0 −LL

0 0 −LT
s −LT

L 0

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎣
üs
üL
λs

λL

ü�

⎤
⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎣
fexts − f ints
fextL − f intL

0
0
0

⎤
⎥⎥⎥⎥⎦

(53)
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where for the case of coupling with Lagrange multipliers,
mass is commonly presented as matrix Mi ∈ R

dNni ×dNni

rather than its vectorised counterpart. Coupling operators
Ci ∈ R

dN�i×dNni extract the subdomain boundary accel-
erations,Ai ∈ R

dN�i×dN�i project these degrees of freedom
onto the interface frame and Li ∈ R

dN�i×dN� interpolates
from the frame back to the subdomains’ boundary.

As =
∫

�s

NT
üsNλs d�; AL =

∫
�L

NT
üLNλL d� (54)

Ls =
∫

�s

NT
λs
Nü� d�; LL =

∫
�L

NT
λL
Nü� d� (55)

where localised Lagrange multiplier frame provides addi-
tional flexibility compared to rigid mortar constraints, allow-
ing ü� to be approximated with its own discretisation. This
study uses the classical formwhereAi = I andLi utilises the
conventional first order Lagrangian shape functions, however
for optimised forms of the coupling operators the reader is
referred to the works of Dvořák and González [51]. Attenu-
ation of the spurious waves is applied, prior to the solution
of the interface:

˜̈us = M−1
s (fexts −f ints −fSPML

d ); ˜̈uL = M−1
L (fextL −f intL ) (56)

where ˜̈ui is referred to as the unconstrained acceleration
(without coupling) of �i . Dissipative term fSPML

d corre-
sponds to the damping field üd in Eq.33. Continuity is
enforced with equal and opposite forces LT

s λs = −LT
LλL

at common time steps, to give the constrained accelerations
in the final form:

üs = ˜̈us − M−1
s (AsCT

s λs); üL = ˜̈uL − M−1
L (ALCT

LλL)

(57)

For integration in time, this work combines the SPML dis-
sipation with the CDM-based multi-time step integration
method in the works of Cho et al. [53]. The method assumes
an integer ratiom between�tL and�ts , solving at each�ts ,
the system of equations on the interface:

⎡
⎣As(CT

sM
−1
s Cs)AT

s 0 −LT
s

0 AL(CT
LM

−1
L CL)AT

L −LT
L−LT

s −LT
L 0

⎤
⎦

⎡
⎣λs

λL

ü�

⎤
⎦

=
⎡
⎣ AsCT

s
˜̈us

ALCT
L
˜̈uL

0

⎤
⎦ (58)

where an increase in computational overhead is evident from
the solution at each step. The inversion of mass matrices is
a key topic of interest, for which direct solutions have been

described by similar authors [54, 55]. This overview eluci-
dates the core of the aforementioned coupling in Sect. 5.1.
Thus, the proposed coupling can be viewed as a select
case of the localised Lagrange multipliers, where the frame
quantities are restricted to the coarse discretisation of the
interface and solved explicitly. In Algorithms 2 and 3 we
summarise the proposed algorithm using the Shepard-based
projection and the localised Lagrange Multiplier coupling
with the SPML for comparison. Whilst the Lagrange multi-
plier coupling solves a system of equations on the interface,
the proposed method directly solves its kinematic and kinet-
ics. It also allows for non-integer time step ratios between
small and large subdomains, enabled through computation
of the time step ratios.

Algorithm 2 Explicit Coupling with Shepard-Based Projec-
tion Method
1: procedure Proposed Step
2: while tn+k+1

ratio ≤ 1 do
3: Solve Explicitly ü�s and Ns
4: Integrate �s with ü�s

5: Apply diag(mF )üd to f ints
6: Assemble f ints , fexts

7: Compute tn+k
T s , t N+1

T L , tn+k+1
ratio

8: end while
9: if αL > αs then
10: �tL = αL · �tL
11: else
12: �ts = αs · �ts
13: Solve Explicitly ü�s and Ns
14: Integrate �s with ü�s

15: Apply diag(mF )üd to f ints
16: Assemble f ints , fexts

17: Compute tn+k
T s , t N+1

T L , tn+k+1
ratio

18: end if
19: Solve Explicitly ü�L and NL
20: Integrate �L with ü�L

21: Assemble f intL , fextL
22: AssembleM�, f int� and fext�

23: Compute tn+k
T s , t N+1

T L , tn+k+1
ratio

24: end procedure

5.3 Effects of attenuation on coupled energy
balance

Following aforementioned works assessing the stability of
systems with multiple time steps, we analyse the proposed
method fromanenergyperspective [56, 57]. The total amount
of work done, or the energy transferred, at discrete time inter-
vals for the coupled system can be written as:

W ext
s −W int

s −W kin
s +W ext

L −W int
L −W kin

L = W link
s +W link

L

(59)
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Algorithm 3 Lagrange Multiplier Coupling with SPML
Method
1: procedure Localised LM Step
2: m = �tL/�ts
3: while k ≤ m do
4: Compute Unconstrained ˜̈us , ˜̈uL
5: Apply SPML with üd to R̃us
6: Assemble Interface System

CT
s M

−1
s Cs , CT

LM
−1
L CL ,

AL , As , LT
L and LT

s
7: Solve Interface System of

Equations for λL , λs , ü�

8: Compute Constrained üs
9: Integrate �s with ü�

10: Update frame u̇� , u�

11: Assemble f ints , fexts
12: Increment counter k
13: end while
14: Solve System for ˜̃uL
15: Compute Constrained üL
16: Integrate �L with ü�

17: Enforce continuity with frame
u̇� , u� to avoid drifting

18: Assemble f intL , fextL
19: Reset counter k
20: end procedure

where W ext
i , W int

i and W kin
i denote external, internal and

kinetic work components for subdomain�i . Each of the sub-
domain components can bewrittenwith the respective global
vectors as:

W int
s = 1

2
uTs (f ints ); W ext

s = 1

2
uTs (fexts );

W kin
s = 1

2
(u̇s)Tdiag(M)u̇s (60)

W int
L = 1

2
uTL (f intL ); W ext

L = 1

2
uTL (fextL );

W kin
L = 1

2
(u̇L )Tdiag(M)u̇L (61)

The coupling energy that links the two subdomains is given as
the followingwith the contribution of the explicitly computed
ü� , or the equivalent Lagrange multiplier force λi on both
subdomains.

W link
s = 1

2
(CT

s us)λs; W link
L = 1

2
(CT

LuL)λL (62)

where λs and λL are equal an opposite in their contribution.
The internal work of �s in Eq.59 accounts for the energy
associated to the filtering zone�F . Isolating this component
gives:

WF = 1

2
uF diag(MF ) üd = 1

2
uF fd (63)

where overlappingdisplacementsuF ,massMF , andwith the
dissipative force written in terms of üd or fd . As previously
derived [45], the total coupled work can be found with the
force equilibrium at each �ts on interface � to give:

MN
� üN

� = CT
LλN

L +CT
L f

N
int,L+CT

s λn+k
s −CT

s f
n+k
int,s +δfn+k

�s = 0

(64)

where the additional force applied at each small step (·)n+k

is isolated to �, balanced with forces at each large step (·)N
to assume a constant acceleration. In the following section
we shall quantify the methods’ ability to attenuate spurious
waves from the perspective of energy, whilst accounting for
the effects of the coupling.

6 Numerical examples

In the following section we present three numerical exam-
ples. An investigation into the dissipation of the four afore-
mentioned methods of attenuation is conducted by solving
the wave propagation of a 1-D benchmark. A comparison of
the reflection properties is made, together with an indication
of shortcomings that the Shepard-based projection looks to
remedy. The proposedmethod is then applied to 2-D coupled
problems. The propagation of a radially expanding wave and
the Taylor impact test are simulated. Monolithic single time
step solutions are compared to coupled solutions with the
attenuation of spurious reflections.

6.1 Attenuation comparison for 1-D wave
propagation

This numerical example looks to continue the investigation
into the propagation ofmonochromaticwaves in a 1-D elastic
medium.Corresponding to themotivating example presented
in Fig. 1, a velocity boundary condition is applied to one end
of a long bar in Eq.1. The simulation is repeated for varying
wavelengths of λ ∈ {Ls/4, · · · , Ls/52} resulting in vary-
ing frequencies ω of the incident wave. These wavelengths
span across the spectrum of compatible and incompatible
frequencies in Fig. 4, where the transition between spurious
wave reflection to complete transmission is depicted. Once
more, the domain is discretised into two consecutive subdo-
mains �s and �L , as summarised in Table 1. Each of these
simulations are run with the aforementioned coupling algo-
rithm, leveraging multiple time steps with the asynchronous
time integration scheme. The difference in element sizes
hs = 0.25 mm and hL = 1.0 mm lead to a time step ratio
m = 4 between subdomains.

Firstly, an investigation into the conservation of energy
for a simulation without attenuation is conducted. In Fig. 9,
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Table 1 Geometric, material
and temporal properties for each
subdomain of the 1D bar for the
propagation of monochromatic
waves

Subdomain h [mm] # of Elem L [mm] E [GPa] ρ [kgmm−3] �t (ms)

Small 0.25 500 125 207 7.83 × 10−6 2.431 × 10−5

Large 1.00 125 125 207 7.83 × 10−6 9.724 × 10−5

The Courant number Co = 0.5 is applied to determine the time steps of each subdomain

0 1 2 3 4 5

·10−2

0

0.5

1

·10−2

(a)

E
n
er
gy
W
[k
N
m
m
]

0 1 2 3 4 5

·10−2

0

0.5

1

·10−2

(b)

0 1 2 3 4 5

·10−2

0

0.5

1

·10−2

(c)

E
n
er
gy
W
[k
N
m
m
]

0 1 2 3 4 5

·10−2

0

0.5

1

·10−2

(d)

0 1 2 3 4 5

·10−2

0

0.5

1

·10−2

(e)

Time t [ms]

E
n
er
gy
W
[k
N
m
m
]

0 1 2 3 4 5

·10−2

0

0.5

1

·10−2

(f)

Time t [ms]

(W kins +W ints ) (W kinL +W intL )

Fig. 9 Total energy of unfiltered simulations for monochromatic fre-
quency study through 1D elastic bar of discretisations hs = 0.25 mm
and hL = 1.0 mm integrating with a single time step. The propagating

waves are of lengths a λ = 31.25mm; b λ = 7.8125mm; c λ = 5.2083
mm; d λ = 3.9062 mm; e λ = 3.1250 mm; f λ = 2.4038 mm

Eqs. 59–62 are utilised to compute the components of energy
through time. In this study, we depict the summation of the
kinetic and internal components W kin + W int, where in an
elastic simulation, we expect the an entire transfer to these
components. Figure9a depicts the smooth energy transition
for a low frequency wave, through to Fig. 9f which depicts
a near 100% spurious reflection for a high frequency wave.
As highlighted by the red line, the incompatible frequencies
result in the energy entrapment of Ws following the wave
propagating to the interface � at t = 0.02431 ms. After

t = 0.03039 ms, the full incident wave has travelled the
length of�s . Following this, an assessment of the energies in
�L and�s can be used to quantify the transmission and spu-
rious reflection, respectively. Consequently, a comparison is
made between attenuation algorithms through assessing the
methods’ ability to filter out the incompatible frequencies’
energies.

In Figs. 10, 11 and 12, the velocity profiles of the atten-
uated monochromatic study with multi-time stepping are
presented. To compare each of the methods of attenuation,

123



Computational Mechanics

0 20 40 60 80 100 120 140

−10

0

10 ΩF

Γ
(a)

V
el
o
ci
ty
u̇
m
s−
1

Particle Velocity for Wavelength λ = 31.25mm

0 20 40 60 80 100 120 140

−10

0

10 ΩF

Γ
(b)

Particle Velocity for Wavelength λ = 7.813mm

0 20 40 60 80 100 120 140

−10

0

10 ΩF

Γ
(c)

V
el
o
ci
ty
u̇
m
s−
1

Particle Velocity for Wavelength λ = 5.208mm

0 20 40 60 80 100 120 140

−10

0

10 ΩF

Γ
(d)

Particle Velocity for Wavelength λ = 3.906mm

0 20 40 60 80 100 120 140

−10

0

10 ΩF

Γ
(e)

Position x [mm]

V
el
o
ci
ty
u̇
m
s−
1

Particle Velocity for Wavelength λ = 3.125mm

0 20 40 60 80 100 120 140

−10

0

10 ΩF

Γ
(f)

Position x [mm]

Particle Velocity for Wavelength λ = 2.404mm

u̇Unfiltered u̇Dissipative Time u̇Bulk Viscosity u̇SPML u̇Proposed

Fig. 10 Velocity distributions after interface � interaction at t = 0.01215 ms for monochromatic frequency study through 1D elastic bar of
discretisations hs = 0.25 mm and hL = 1.0 mm with multi-time stepping

the same length of filtering zone �F = {x ∈ R | 100 ≤ x ≤
125} is used in each simulation. The filter region, depicted in
purple, is just a fifth of�s , including the interface � between
the two subdomains. In the cases of the SPML and Shepard-
based projection methods, a constant filtering coefficient of
γF = 500 ms−1 is utilised for each simulation. IDW param-
eters utilise the common power p = 2 and k = 2 for the two
nearest neighbours in the distancematrix. Figures2a–f depict
the range of frequencies used, a total of 30 simulations are
conducted to compare. At time t = 0.01216 ms, the velocity
boundary condition has been fully applied to �s . No differ-
ence between attenuation methods is visualised at this point
in the simulation. At t = 0.02431 ms, the incident wave
is attenuated by each of the methods in �F . At this stage
in the simulation, observations can be made with regards to
each method’s ability to attenuate. As expected the lower
frequency simulations in (a) to (c) are largely unaffected as
these frequencies are compatible with both spatial discreti-
sations of �s and �L . Below the cut-off frequency, in (d) to
(f), varying levels of dissipation can be observed. Dissipative
time integration is seen to be less effective in filtering out the
entire spectrum of spurious reflection. However, at this time

step, bulk viscosity, SPML and the proposed Shepard-based
projection perform similarly. Figure12a–f depict the velocity
fields after the wave travels through �F at t = 0.03637 ms.
The dissipative time integration performs poorly in compar-
ison to its counterparts. Visual inspection is not enough to
quantify the difference between the other methods. For this
we look to quantify the energies in terms of the increments
of work.

In Fig. 13 the small subdomain’s �s energy through time
is highlighted for each simulation. These plots unveil the
ability to attenuate of each of the algorithms. The lines in
red depict the reflected energy back into �s , with grey the
transmitted into �L . To reiterate, granted this is a homo-
geneous elastic medium, any reflection is purely based on
the numerical artifact generated by the mesh. Consequently,
we seek the red line to decrease to zero, following the wave
fully interacting with �F at t = 0.03039ms. In Fig. 13a,
a smooth transmission from �s to �L is visualised. Fig-
ures13b and c show an initial difference between methods,
where despite being above the cut-off frequency limit, the
transfer of energy is affected. The dissipative time integration
method filters significantly less than the SPML and proposed

123



Computational Mechanics

60 80 100 120 140 160 180 200

−10

0

10

Γ

V
el
o
ci
ty
u̇
m
s−
1

Particle Velocity for Wavelength λ = 31.25mm

60 80 100 120 140 160 180 200

−10

0

10

Γ

Particle Velocity for Wavelength λ = 7.813mm

60 80 100 120 140 160 180 200

−10

0

10

Γ

V
el
o
ci
ty
u̇
m
s−
1

Particle Velocity for Wavelength λ = 5.208mm

60 80 100 120 140 160 180 200

−10

0

10

Γ

Particle Velocity for Wavelength λ = 3.906mm

60 80 100 120 140 160 180 200

−10

0

10

Γ

Position x [mm]

V
el
o
ci
ty
u̇
m
s−
1

Particle Velocity for Wavelength λ = 3.125mm

60 80 100 120 140 160 180 200

−10

0

10

Γ

Position x [mm]

Particle Velocity for Wavelength λ = 2.404mm

u̇Unfiltered u̇Dissipative Time u̇Bulk Viscosity u̇SPML u̇Proposed

Fig. 11 Velocity distributions after interface � interaction at t = 0.02431 ms for monochromatic frequency study through 1D elastic bar of
discretisations hs = 0.25 mm and hL = 1.0 mm with multi-time stepping

method, with bulk viscosity method in-between. Below the
cut-off frequency, spurious reflections are prominent. In this
range, the attenuation methods performance contrast vastly.
The dissipative time integration method shows the largest
amount of reflected energy WDT

s for each of the incompati-
ble frequency simulations. The bulk viscosity method looks
to closely match the performance of the SPML and proposed
methods, but takes a longer duration of time to have the same
effect. The SPML and proposed Shepard-based projection
perform well across the range of frequencies.

Evidence of each methods attenuation properties is given
through summarising the values of these simulations in Table
2. Above the cut-off frequency, each of the methods per-
form similarly, with no significant spurious wave reflection
expected. However for spurious wave reflections below the
cut-off, it is clear that the SPML and the proposed method
perform better in attenuating across thewide frequency range
of spurious reflections.

In comparison to the aforementioned filtering algorithms,
the proposed Shepard-based projection method has proven
effective, however the choice of parameters must be men-
tioned. To do so, we look at varying the parameters in
Algorithm 1 with the filtering length LF and the filter-
ing coefficient γF . The power of p = 2 is common for
defining the inverse distance weights [42]. For this study,
increasing this power proved to be less effective than the
filtering length and filtering coefficient. Corresponding to
the highest frequency depicted in Figs. 10, 11 and 12, we
study the Shepard-based projection method’s ability to atten-
uate an incompatible frequency λ = 2.404 mm for varying
parameters. Considering the attenuation of 99% of the spu-
rious reflection, Marchais et al. stated the reduction of the
amplitude in �F is expressed as an exponential decay of
e−γF�tF < 0.01, where a conservative round trip over a
filtering zone requires �tF ≥ 2LF/c [26]. Consequently,
estimation of c with the dilatational wave speed gives the
following:
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Fig. 12 Velocity distributions after interface � interaction at t = 0.03647 ms for monochromatic frequency study through 1D elastic bar of
discretisations hs = 0.25 mm and hL = 1.0 mm with multi-time stepping

2LF
c

>
ln(100)

γF
≈ 4.60517

γF
(65)

In Fig. 14, the proposed method shows close alignment
to the relationship described in Eq.65, where in Fig. 14a
we depict 26 simulations varying the filtering length LF by
increasing the number of overlapping anchor points with a
spacing of hL for a constant filtering coefficient. In Fig. 14b,
the filtering coefficient is varied across 21 simulations to

show the relationship of increasing the “strength” in the atten-
uation for a given LF . Both increasing LF and γF prove to
be effective methods of reducing the spurious reflections,
however an appropriate choice of γF is the more economical
option with less IDW weights requiring computation.
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Fig. 13 Comparison of energy dissipated for monochromatic frequency study through 1D elastic bars with multi-time stepping. Each plot depicts
the summation of (W kin + W int) in each subdomain

Table 2 Comparison of
methods’ ability to dissipate a
range of frequencies in the 1-D
benchmark. Percentage values
represent the energy entrapped
in small subdomain �s

Below Cut-Off Frequency Above Cut-Off Frequency
Wavelength [mm] 2.404 3.125 3.906 5.208 7.813 31.25

Bulk Viscosity 1.87% 2.38% 1.10% 0.76% 0.42% 0.03%

Dissipative Time 26.50% 15.37% 4.08% 2.70% 1.33% 0.05%

SPML 0.13% 0.10% 0.23% 0.38% 0.35% 0.03%

Proposed 0.20% 0.18% 0.17% 0.21% 0.21% 0.02%
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Fig. 14 Shepard-based projection method parameter study with comparison to SPML exponential relationship [26]; a varying filtering length LF
for a constant filtering coefficient γF b varying filtering coefficient γF for a constant LF , where anchor spacing is equivalent to hL

6.2 Expanding source for 2-D bulk wave propagation

In the following numerical example we demonstrate two
aims. Validating the implementation of the method in 2-D, as
well as assessing the effectiveness of the proposed algorithm
with respect to dissipative parameters.

We consider the radially expanding source, namely the
bulk wave propagation problem by Chiappa et al. [58]. The
aforementioned works derived a closed form solution for the
2D wave propagation benchmark in an elastic medium. The
computational domain is a square of dimensions 1× 1 mm2.
Isotropic elasticity is assumed throughout the domain with

constants E = 209 GPa, ρ = 7.8 × 10−6 kgmm−3 and
Poisson’s ratio ν = 1/3. Those nodes at the centre of the
domain (0.5, 0.5), within the area of a 0.1×0.1 mm2 box are
prescribed an initial velocity in the X -direction u̇x = 1ms−1:

u̇x (x, y) = 1ms−1 for (x, y) ∈ [0.45, 0.55] × [0.45, 0.55]
(66)

On the boundary of the domain, a sliding support is given for
the outer edges:
ux (0, y) = 0 for y ∈ [0, 1]; ux (1, y) = 0 for y ∈ [0, 1]

(67)

Fig. 15 Expandingwavebenchmark;amonolithic reference simulation
is discretised with a fine mesh matching Chiappa et al. hMono = 0.007
mm [58] b multi-time stepping simulation utilises a mixed discretisa-

tion of with hs = 0.007 mm and hL = 0.050 mm with a non-matching
interface� and filtering zone�F . A probe for displacement evaluations
is placed at (0.35, 0.35)
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Fig. 16 Comparison between analytical solution derived by Chiappa et al. [58], Ansys LS-Dyna simulation, ex-fem Monolithic reference
simulation and Coupled solution without attenuation in the fine-coarse mesh; a X-Displacement ux and b Y-Displacement uy at probe (0.35,0.35)
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Fig. 17 Displacement profiles of radially expanding wave at (0.35,
0.35); Variation in filtering coefficient for a constant filtering length
LF = 2hL , where values of γF are given in ms−1

uy(x, 0) = 0 for x ∈ [0, 1]; uy(x, 1) = 0 for x ∈ [0, 1]
(68)

These conditions result in an expanding wave, that reflects
back into the centre, once the wave reaches the boundary of
the domain. Simulations are performed in an in-house finite
element code ex-fem, where the comparison of traditional
explicit FEM methods to coupled methods with attenuation
can be made.

We compare two spatial discretisations; a monolithic ref-
erence simulation with a single time step, followed by a
coupled solution with a non-matching fine-coarse mesh and
multi-time stepping with small-large time steps. Figure15a
and b illustrate the two spatial discretisations, as well as the
contours of the initially applied velocity. In the case of the
monolithic simulation, the domain � = [0, 1]× [0, 1] ⊂ R

2

is discretised to match the element size of Chiappa et al. of
hMono. = 0.007 mm, with linear triangular elements, to give
a total of 40,898 elements and 20,736 nodes.

In the case of the coupled domain the same physical prob-
lem is solved, but with a heterogeneous discretisation in both
space and time. Let the partitioning of domain � be written
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Fig. 18 Displacement profiles of radially expanding wave at (0.35,
0.35); Variation in filtering length LF where thickness of the zone is
determined by the large element size hL

as:

� = �s ∪ �L ; �s = [0.25, 0.75] × [0.25, 0.75];
�L = [0, 1] × [0, 1] \ �s (69)

with interface � = {(x, y) ∈ [0.25, 0.75]2 : x ∈
{0.25, 0.75} or y ∈ {0.25, 0.75}}. A mixed discretisation of
triangular elements with hs = 0.007 mm and quadrilateral
elements hL = 0.05 mm is utilised to give an abrupt step in
mesh resolution. The small subdomain�s is discretised with
a total of 10,368 elements and 5,329 nodes, with �L com-
prising of just 300 elements and 360 nodes. Following the
guidance of Chiappa et al., where the analytical solution of
the problem is derived, the frequency spectrum can be deter-
mined without the truncation found in the Fourier transform
[58]. The choice ofmesh size hMono. and hs allows for 99%of
the frequency band to be captured. This is unlike hL , which is
even larger than the less conservative Nyquist-Shannon sam-
pling rate that would require hN−S = 0.02438 mm. From
this, it is clear spurious reflections will be generated with the
inability of �L to capture higher frequencies. An additional
coupling simulation is compared with the addition of a fil-
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Fig. 19 X-Displacement at t = 7.82ms for expanding source; amono-
lithic referencemesh using triangular elements of hMono = 0.007mm;b
Coupled simulationwith amixeddiscretisation of triangular hs = 0.007

mm and quadrilateral hL = 0.050 elements depicts reflections with dis-
parate mesh sizes and multiple time steps; c Attenuated waves with use
of the Shepard-based projection

Fig. 20 Y-Displacement at t = 7.82 ms for expanding source; aMono-
lithic referencemesh using triangular elements of hMono = 0.007mm;b
Coupled simulationwith amixeddiscretisation of triangular hs = 0.007

mm and quadrilateral hL = 0.050 elements depicts reflections with dis-
parate mesh sizes and multiple time steps; c attenuated waves with use
of the Shepard-based projection

tering zone described by an overlapping portion of �s close
to the interface as defined by:

�F = {(x, y) ∈ [0.25, 0.75]2 :
min(x − 0.25, 0.75 − x, y − 0.25, 0.75 − y) ≤ LF } (70)

where we denote�F contained within the small subdomain,
and LF as the filtering length for attenuation. Each of the
simulations are run for a total time t = 1.7 × 10−4 ms with
CoMono. = Cos = CoL = 0.1. The difference in discretisa-
tions lead to a non-integer time step ratio ofm = 7.2 between
large and time step in the coupled simulation. We denote

�Mono. and �Coup. as the monolithic reference domain and
coupled domain with multi-time stepping, respectively.

To validate the implementation in ex-fem, we first
simulate themonolithic reference simulation of Fig. 15a. Fig-
ure16a and b compares the X and Y displacement, at a probe
positioned (0.35, 0.35), to the closed formanalytical solution,
as well as analysing the problem in commercial software
Ansys LS-DYNA. The monolithic simulation shows very
close agreement to the analytical solution, even of higher
accuracy than its commercial counterpart. Figure16a and b
also depicts the issue of the coupled solution with the dis-
paratemesh sizes. It is clear that the solution cannotmatch the
accuracy of the monolithic solutions, however it also shows
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Fig. 21 X-Displacement error at t = 7.82 ms for expanding source benchmark with initial velocity u̇x = 1ms−1 compares �Mono with small
subdomains of a unfiltered coupled solution �Coup. depicts spurious waves; b filtered coupled solution �Coup.F shows attenuation of waves

Fig. 22 Y-Displacement error at t = 7.82 ms for expanding source benchmark with initial velocity u̇x = 1ms−1 compares �Mono with small
subdomains of a unfiltered coupled solution �Coup. depicts spurious waves; b filtered coupled solution �Coup.F shows attenuation of waves

spurious artifacts that follow the interaction of the wave at
the interface � between the two meshes. Through imple-
menting the Shepard-based projection, we look to improve
the solution of the coupled domainwith�F attenuating these
spurious oscillations.

Subsequently, we look to assess the effect of these key
parameters on the attenuation of the spurious waves. Using
the displacement probe uy as reference, a parametric study
looks to vary first the filtering coefficient γF , and then
the filtering length LF . Under the assumption of a con-
stant LF = 2hL coupling length, Fig. 17a depicts the effect

of increasing γF . The results show an increasing amount
of attenuation as γF increases. Figure18 shows increasing
the filtering length LF for a given filtering coefficient of
γF = 50 ms−1 also increases attenuation. However, unlike
varying γF , increasing LF comes with an additional com-
putational cost of computing more inverse distance weights
w and applying the projection over more nodes in �F . Both
depict the importance of parameter selection, ensuring the
attenuation of the incompatible frequencies, but also not
over-dampening the solution with too large a filtering length
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Table 3 Comparison of computational runtimes for expanding wave propagation benchmark. The coupled algorithm utilises attenuation parameters
γF = 100 ms−1 and LF = 3hL

Monolithic reference Coupled with MTS Coupled with MTS and Proposed filter

1301.8 s 354.6 s 379.0 s
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Fig. 23 Convergence study formonolithic simulations of theTaylorBar
Impact for varying mesh sizes hMono discretising the bar with 5 × 50,
10×100, 15×150 and 20×200 elements. The metrics used to evaluate

convergence include; a final length of Taylor Bar, b footprint radius of
Taylor Bar and c maximum equivalent plastic strain

Fig. 24 Monolithic reference simulations of the Taylor bar impact with equivalent plastic strain ε̄ p plotted with increasing mesh resolutions; a
5 × 50; b 10 × 100; c 15 × 150; d 20 × 200 Elements

LF or filtering coefficient of γF . For this simulation we find
LF = 3hL and γF = 100 ms−1 to be effective.

In Fig. 19, we depict the displacements in the X-direction
at t = 7.82ms.Whilst themonolithic reference simulation in
Fig. 19a aligns well with the works of Chiappa et al., the cou-
pled solution in Fig. 19b with non-uniform meshes leads to a
strong reflection back into �s . These spurious reflected are
targeted for attenuation with use of the Shepard-projection
method in Fig. 19c. Similar observations can bemade, assess-
ing the expandingwave in theY-direction at the same point in

time. Themonolithic reference of Fig. 20a shows the expand-
ing wave radially, whereas the coupled solution in (b) with
the small-large mesh produces artifacts that lead to spuri-
ous artifacts. These spurious oscillations are suppressed in
Fig. 20c, but a slight difference can still be visualised between
the coupled and reference simulation. This highlights the
Shepard-based projection method’s ability to dissipate spu-
rious modes, however it cannot improve the solution in �L ,
where spatial resolution cannot capture the full spectrum of
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Fig. 25 Coupled simulations of the Taylor Bar Impact for varying mesh sizes integrated over multiple time steps. A filtering zone �F is defined
within �s where 10 × 10 overlapping points are defined. The deformation of the bar is captured at time steps, a 0.0μs, b 38.92μs c 80.0μs

Fig. 26 Effective stress error at for the Coupled Taylor impact test
compares �Mono with small subdomains of at times t = 50.0μs and
t = 75.0μs for a unfiltered coupled solution �Coup.; b filtered coupled

solution�Coup.; c unfiltered coupled solution�Coup.; d filtered coupled
solution�Coup.F ; where all coupled subdomain usemulti-time stepping

Table 4 Comparison of Taylor Bar Impact metrics at final time t = 80.0μs

Simulation Final Length Footprint Radius Maximum Equivalent Plastic Strain

Monolithic (20 × 200) 21.43 7.23 3.16

Coupled (10 × 67 and 20 × 67) 21.43 7.24 3.15

Pantalé DynELA [59] 21.42 7.17 3.26
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Table 5 Comparison of Computational runtimes for Taylor Bar Impact. The coupled algorithm utilises attenuation parameters γF = 100 ms−1

and LF = 10hL

Monolithic Reference Coupled with MTS Coupled with MTS and Proposed Filter

19,104.9 s 7,018.7 s 8,888.0 s

frequencies. Rather, the propagation of low frequency waves
are observed under the limitation of the local element size.

Evaluations of error are made for this simulation in
Figs. 21 and 22 to compare displacement contours of the cou-
pled solutions to themonolithic reference solution.We assess
the Shepard-based projection’s ability to filter by quantify-
ing the error in �s , where the method adopted reduces the
spurious waves in both dimensions. The displacement errors
are normalised with the maximum values of error for their
respective dimensions. A severe reduction in spurious reflec-
tions are observed, therefore maintaining better accuracy in
the fine region. This enables the coupling of disparate spatial
and temporal resolutions, whilst alleviating the concerns of
the incompatible frequencies distorting the solution signifi-
cantly.

The computational runtime of each of the simulations is
summarised in Table 3. Through invoking the partitioning of
the domainwith fine and coarsemeshes, aswell as integrating
with multiple time steps a speedup of 3.67× is achieved with
the coupled simulation. However, this simulation contains
the polluted solution with the spurious wave reflection. We
correct this with the comparison of the filtered coupled sim-
ulation. The filtering requires further computational effort,
however still achieves a significant speedup of 3.43×.

6.3 Taylor bar impact test

In previous sections, we demonstrate the proposed method’s
capability with simple configurations that simulate linear
elasticity. In this example we look to extend its application
through applying the coupling with attenuation in elasto-
plastic materials. We simulate the Taylor impact test for an
OFHC copper specimen, as found in the works of Pantalé
[59]. The geometry is a cylindrical copper rod, described
with an initial radius r0 = 3.2 mm and length L0 = 32.4
mm, subjected to an impact velocity of 227ms−1. To reduce
computational cost, a half-axisymmetric domain is simulated
with the axis of symmetry at x = 0 mm. The OFHC cop-
per is modelled with a J2 elasto-plastic constitutive model,
invoking linear isotropic hardening. A standard objective
stress update with a radial-return correction is implemented
in ex-fem. The material properties include a Young’s mod-
ulus E = 117 GPa, density ρ = 8.93 × 10−6 kg mm−3,
Poisson’s ratio ν = 0.35 and yield stress σy = 400 MPa. A
linear hardeningmodulus of H = 100MPa is used, such that
the yield stress evolves according to σy(ε

p) = 400+ 100ε p

MPa. Boundary conditions are applied with nodal coordi-
nates y > 0 assigned the initial axial velocity 227ms−1, with
those nodes at y = 0 constrained to have zero axial velocity,
representing a frictionless rigid wall. The initial excitation
results in a sharp compressive stress wave containing a broad
range of frequencies, where the loading is close to a step-like
impact condition.Nodes on the symmetry axis x = 0 are con-
strained with u̇x = 0. The problem is run in the case of both
monolithic and multi-time step solutions to a final time of
80.0 μs.

We initially assess the performance of a monolithic simu-
lation, conducting a mesh sensitivity analysis of the problem
with a single time step. Four meshes of increasing refine-
ment are studied with a quadrilateral mesh, defined by the
number of elements in X and Y that define a structured mesh
in the bar. Figures24a–d depict the progressive increase in
element count, simulating 5 × 50, 10 × 100, 15 × 150, and
20 × 200 elements in each direction, respectively. In each
plot, we illustrate the final deformed mesh on the left and the
equivalent plastic strain contour on the right. Visually, the
monolithic meshes perform similarly, however an indication
of significant hourglassing can be seen in the coarsest varia-
tion. We quantify the performance of the Taylor bar with the
common metrics of final length L f , footprint radius r f and
maximum equivalent plastic strain ε̄

p
max. Figure23 plots the

convergence of each of these metrics as the mesh is refined.
The final bar length decreases monotonically towards 21.43
mm, while the footprint radius increases up to 7.23 mm. The
maximum equivalent plastic strain is more mesh sensitive,
rising from 2.63 to 3.16.

The coupled variation maintains the same Taylor impact
physics as the monolithic simulations, the key difference
being the single monolithic domain is replaced by two non-
matching subdomains coupled with coordinates along a third
of the bar length at Y = 10.8 mm. The coupled simulation
runs the multi-time stepping algorithm, allowing the upper
two thirds of the mesh in�L to run on double the time step of
�s . We elect to couple mesh sizes with the discretisation of
�L using 10×67 quadrilateral elements and�s with 20×67
elements. A 10× 10 coarse overlay of anchor points is used
below the interface �, with a filtering coefficient γ = 100
ms−1 (see Fig. 25).

In Fig. 26, we plot the error in the effective stress output,
comparing thefinestmonolithic single time step solutionwith
the coupled solutions with and without the Shepard-based
projection method to filter. As per the previous example, the
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error is normalised with the maximum value for the fine sub-
domain. At times 50.0μs and 75.0μs, Fig. 26a and b depict
the effect of the spurious oscillations, caused by themismatch
in subdomain mesh sizes. This error is significantly reduced
in Fig. 26c and d with the Shepard-based projection method.
The remaining error seen after applying the filter is observed
to be in regions of the bar with low effective stress.

The final metrics for each of the simulations is tabulated
in Table 4, where strong agreement between the mono-
lithic, coupled and the aforementionedworks of Pantalé [59].
Despite, spurious waves being generated at the interface of
the non-uniform meshes, their contribution to the final met-
rics looks to be insignificant. This highlights the algorithm’s
ability to target the non-physical high-frequency oscilla-
tions, rather than the dominant low-frequency momentum
transfer that controls the mushrooming response. Plastic dis-
sipation may also render the final deformation less sensitive
to high-frequency oscillations reflected from the interface.
Specifically, plastic flow and the strain hardening act to
dampen the propagationof thesewaves, thereby limiting their
transmission to the impacted lower end. These results sug-
gest that plasticity may facilitate the attenuation of spurious
reflections, indicating that the proposed filter is likely less
critical in the plastic regime than in its purely elastic coun-
terpart.

The use of a spatial refinement factor and time step ratio
m = 2 leads to a significant decrease in runtime for the
coupled simulations, as tabulated in Table 5. The additional
computational cost of the Shepard-based projection method
is evident, however a speedup, in comparison to the mono-
lithic reference simulation, can still be observed. The Taylor
impact test highlights the method’s ability to keep the high-
deformation impact zone, whilst replacing the upper more
slowly deforming part of the rod with a coarser mesh and
multi-time stepping, without excessive numerical pollution
from the interface.

7 Conclusion

Anewmethod for the attenuation of spurious wave reflection
has been proposed. The issue of spurious reflections occur
when spatial discretisations are unable to capture waves of
incompatible frequencies from fine to coarse discretisation.
In this work, we have developed a Shepard-based projection
method that targets these incompatible frequencies, thus pre-
venting spurious wave reflection. The method builds upon
the SPML and the weak staggered coupling, by proposing
an alternative basis that invokes an inverse-distance weight-
ing [17, 26]. Rather than constructing a fixed mesh with
Lagrangian shape functions, distances between the under-
lying fine discretisation and a set of overlapping coarse
anchor points, provide a simple means of projection. Whilst

the attenuation can be utilised in uncoupled problems, the
benefits of its use is further pronounced in a dynamically cou-
pled setting. Multi-time step integration with non-matching
meshes enable this coupling [45]. Together this creates a
framework for increasing computational efficiency, whilst
filtering out spurious reflections. The method employs an
equivalent Lagrange multiplier force within each subdo-
main, with the interfaces’ dynamics being explicitly resolved
through the application of a coarse restriction operator.

Comparison between the proposed method to SPML and
other common methods of attenuation; including bulk vis-
cosity and a dissipative time integration scheme has been
conducted. Testing across a spectrum of frequencies, the
analysis in 1-D quantified the amount of spurious energy
reflected in a coupled bar of disparate spatial discretisations.
Each filtering method integrated utilising asynchronous
schemes, where coarse and fine discretisations were permit-
ted to use large and small time steps. Among the key findings,
it has been established that the proposed method was able
to dissipate 99% of the spurious reflections’ energy below
the cut-off frequency of the mesh. This improved upon the
likes of bulk viscosity and dissipative time integration across
a wide range of frequencies, whilst reaching similar levels
of accuracy to SPML, with an alternative and simpler pro-
jection. The results presented show the effects of filtering
parameters on the level of dissipation, confirming the expo-
nential decay relationship. Increasing the filtering coefficient
γF and filtering length LF effectively reduce spurious reflec-
tions, however their values should not be so large to increase
impedance mismatch and computational cost, respectively.
The study of filtering spurious reflections in 2-D was exam-
ined with use of an expanding wave and the Taylor impact
test. Through harnessing multiple time steps and relaxing
the mesh constraints with non-matching interfaces, a clear
speedup in computation is achieved.

This paper highlights the potential of a Shepard-based
projection method to serve as a spurious wave reflec-
tion filter, enabling a more accurate spatial and temporal
coupling for explicit finite element subdomains. However,
further research is required in the exploration of the filtering
domain’s geometry. Further work also includes employ-
ing the coupling with attenuation in settings where mesh
ratios between coarse and fine subdomains vastly exceed
those demonstrated in this paper. Whilst, the extension to
3-D should be trivial, efforts to more complex models with
enclosed curved areas or volumes of�F should also bemade.
The method could also be proposed for usage in adaptive or
crack propagation settings, where not only explicit finite ele-
ments can be used, but also other meshless approaches [60,
61]. Finally, attenuationmethods that are conservative, rather
than dissipative could also be of interest, combining with
methods that explore other kernel approximations to tackle
spurious oscillations in wave propagation applications [62–
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64]. These developments support the motivation for topics
of research to come.

Appendix A Other benchmarks for appendix

A. 1 Superposition of frequencies for 1D
propagation

An additional benchmark is conducted with a similar setup to
the problem described in Sect. 6.1 to demonstrate the perfor-
mance of the proposed attenuation strategy in comparison to
those methods mentioned in literature. The computational
domain consists of two subdomains; a fine discretisation
(small elements) and coarse discretisation (large elements).
The problem is representative of scenarios where local
refinement is required in regions of interest, whilst coarser
representations are used elsewhere to reduce computational
cost. The problem consists of two consecutive subdomains of
equal length Ls = LL = 125 mm, where both are modelled
as elastic bars with identical material properties. Represent-
ing a steel-like behaviour material properties are E = 207
GPa, density 7.83 × 10−6 kg/mm3 and cross-sectional area
A = 1.0 mm2. The dilatational wave speed in each ele-
ment ce = 5141 mm/ms gives a total wave travel time of
tfinal = 0.04862 ms which is used as the total simulation
time. The subdomains are spatially discretised with linear
elements of size hs = 0.25 mm and hL = 1.0 mm to give
a total of 500 small elements and 125 large elements. This
results in a refinement factor of four between �s and �L .
Time integration is employed with the leapfrog scheme with
a CFL number Cos = CoL = 0.5 in each subdomain. The
mesh disparity allows for a temporal discretisation such that
four fine-scale time steps�ts equal one coarse time step�tL .
To account for this, the aforementioned multi-time stepping
scheme is incorporated [45].

Excitation to �s is defined as the superposition of two
harmonic components with distinct wavelengths:

u̇(t) = 10.0 sin(2πωl f t) + 1.0 sin(2πωh f t) (A1)

where low frequency and high frequency components corre-
spond to:

λl f = Ls/4; λh f = Ls/68; (A2)

to yield two simulations, where we look to see the effects
with and without attenuation.

In Fig. 27, the 1-D simulation is presented without spu-
rious wave attenuation. The incident wave can be plotted in
(a), after the wave has travelled half of �s , to observe the
superimposed frequencies. This scenario leads to the higher
frequency being reflected upon interacting with the interface.
In Fig. 27b, the transmission of the ωl f reaches half of �L ,
whereas ωh f is fully reflected. This indicates the presence
of spurious wave oscillations due to the mismatch in spatial
discretisation. Note similar results are acquired, regardless of
single time step or multi-time step solutions. Next, we look
to filter these spurious oscillations through re-implementing
methods of literature and the proposed Shepard-based pro-
jection method.

To mitigate the spurious reflections, the four methods of
filtering are applied to the coupled simulation. The aforemen-
tioned methods in Sect. 3 of bulk viscosity, dissipative time
integration and SPML have been re-implemented, as well as
the proposed algorithm in Sect. 4. Each of the filtering zones
�F are set to an equal length of NF = 50 elements for com-
parison. Figure28a corresponds to the filtering of Fig. 27a,
where ωh f = L/68. At t = 0.01216 ms, the incident wave is
fully applied to �s and approaches interacting with each of
the filtering zones �F in each of the filtered simulations.

In Fig. 28b, the wave reaches interface � between small
and large mesh sizes, as well as interacting with �F . Dissi-
pation starts to be evident, especially with the SPML-based
and proposed attenuation. In Fig. 28c, the wave propagates
through �L , with the spurious reflection evident. Evalua-
tion of the attenuation methods is clear at this time step
t3 = 0.03647 ms. The amplitude of the reflections show the
SPML and the Shepard-based projection method perform
best. The implementation of the proposed method for this
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Fig. 27 Velocity distributions of superimposed wave propagation with ωl f = Ls /4 and ωh f = L/68; a incident wave at t1 = 0.01216 ms; b
transmission and spurious wave reflection at t2 = 0.03647 ms
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benchmark, can be found in the repository at https://github.
com/kinfungchan/spurious-wave.
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List of symbols
Roman letters

A Localised Lagrange multiplier coupling
matrix

A Area
B Spatial derivatives of shape functions
b Body forces
C Incidence matrix (global to interface)
c Dilatational wave speed
D Rate of deformation
d Distance matrix
d Dimension
E Young’s modulus

fext External force
f int Internal force
fkin Kinetic force
H Hardening Modulus
h Characteristic length
I Identity matrix
i Index
j Small node index
k Large (anchor) node index
L Incidence matrix (interface to global)
L Length
M Mass matrix
m Ratio of time steps

N(·) Number of quantity
N Interpolation (shape) functions
N Large step
n Small step
P Small field projector
P Power
p Inverse distance weight order
Q Large field projector
R Restriction coupling operator
R Set of real numbers
r Radius
t Traction
t Time

�t Time step
u Displacement
u̇ Velocity
ü Acceleration
W Work
w Shepard’s Weights
x Spatial coordinates

Greek symbols
α Time step reduction factor
β Dissipative time step factor
� Interface

γF Filtering coefficient
δ Variation
ε Tolerance
ε Strain
ρ Density
λ Localised Lagrange multiplier
λ Wavelength
ξ Damping ratio
σ Cauchy stress tensor
� Domain
ω Frequency
∇ Gradient

Superscripts and subscripts
(·)C Critical (CFL) quantity
(·)d Damping quantity
(·)e Element quantity
(·)F Filtered subdomain quantity
(·)� Interface quantity
(·)L Large subdomain quantity
(·)s Small subdomain quantity
(·)T Transpose of quantity
˘(·) Mass normalised quantity
˜(·) Unconstrained quantity
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