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Abstract

This thesis studies Ricci solitons of cohomogeneity one and uniform Poincaré

inequalities for differentials on Riemann surfaces.

In the two summands case, which assumes that the isotropy representation of
the principal orbit G/ K consists of two inequivalent Adg-invariant irreducible sum-
mands, complete steady and expanding Ricci solitons have been detected numerically
by Buzano-Dancer-Gallaugher-Wang [BDGW15b, BDGW15a]. This work provides a
rigorous construction thereof.

A Lyapunov function is introduced to prove that the Ricci soliton metrics lie
in a bounded region of an associated phase space. This also gives an alternative
construction of non-compact Einstein metrics of non-positive scalar curvature due
to Bohm [Boh99|. It is explained how the asymptotics of the Ricci flat trajectories
induce Béhm'’s [Boh98| Einstein metrics on spheres and other low dimensional spaces.
A numerical study suggests that all other Einstein metrics of positive scalar curvature
which are induced by the generalised Hopf fibrations occur in an entirely non-linear

regime of the Einstein equations.

Extending the theory of cohomogeneity one steady and expanding Ricci solitons,
an estimate which allows to prescribe the growth rate of the soliton potential at
any given time is shown. As an application, continuous families of Ricci solitons on
complex line bundles over products of Fano Kéhler Einstein manifolds are constructed.
This generalises work of Appleton |[Appl§| and Stolarski [Stol7]. The method also
applies to the Lii-Page-Pope set-up [LPP04] and allows to cover an optimal parameter

range in the two summands case.

The Ricci soliton equation on manifolds foliated by torus bundles over products
of Fano Kéhler Einstein manifolds is discussed. A rigidity theorem is obtained and a
preserved curvature condition is discovered.

The cohomogeneity one initial value problem is solved for m-quasi-Einstein metrics

and complete metrics are described.



LP-Poincaré inequalities for k-differentials on closed Riemann surfaces are shown.
The estimates are uniform in the sense that the Poincaré constant only depends on
p > 1,k > 2 and the genus v > 2 of the surface but not on its complex structure.
Examples show that the analogous estimate for 1-differentials cannot be uniform.

This part is based on joint work with Melanie Rupflin.



Statement of Originality

I declare that the work contained in this thesis is, to the best of my knowledge,
original and my own work, unless indicated otherwise. I also declare that the work
contained in this thesis has not been submitted towards any other degree at this

institution or at any other institution.

Chapter [3| and section are based on my arXiv preprint [Winl7a], chapter
is based on my arXiv preprint [Winl7h].
Chapter [7|is based on joint work with Melanie Rupflin.

Matthias Wink
Oxford, 24th June 2018



Contents

Contents

[List of Figures|

(1.4.3  Rigidity results] . . . . . . ... ... ... ...

Background|

[2.1 Cohomogeneity one manitolds| . . . . . .. . ... ...

[2.2  The cohomogeneity one Ricci soliton equation| . . . . .

[2.3  Ricci solitons with a singular orbit| . . . . . . ... ..

[2.4  Consequences of completeness| . . . . . . ... .. ...

[3.1 The geometric set-up| . . . . . . ... ... ... ... .
[3.2  Qualitative ODE analysis| . . . .. ... ... ... ..

[3.4  Asymptotics| . . . . .. ...

[3.4.2.1  Explicit trajectories and rotational behaviour

[3.4.3  Einstein metrics with negative scalar curvature|

coO N = =

11
11
13
16

19
19
21
23
25
27



[3.4.4 Steady Ricci solitons| . . . . . . .. ... 53

[3.4.5 Expanding Riccisolitons| . . . . . . ... ..o 56

[3.5 Bohm'’s Einstein metrics ot positive scalar
I curvature] . . ... 58
[3.5.1 Convergence to cone solutions| . . . . . . ... ... ... ... 60
[3.5.2  Symmetric solutions| . . . . ... ... L 62
[3.5.3  Bohm's Einstein metrics on low dimensional spheres|. . . . . . 65
[4 A numerical study in the two summands Einstein case| 69
[4.1 A numerical study of the matching condition|. . . . . . . . . ... .. 69
[4.1.1  The HP™-example| . . . . . . ... ... ... ... ... ... 71
[4.1.2 The F™-examplel . . . . . .. . ... ... ... 76
4.1.3 The CaP?examplel . . . . . . . . . ... ... ... ...... 78
4.2 Numerical analysis of the Ricci flat trajectories| . . . . . . . ... . .. 79
[> Growth of the soliton potentiall 83
[>.1 ~An estimate on the soliton potential . . . . . . .. ... ... ... .. 83

[>.1.1  Preparation for the proof:

| Scalar curvature of homogeneous spaces| . . . . . . .. .. .. 87
[5.1.2  Proof of the growth estimate theorem [5.1.1}. . . . . . . . . .. 88
[>.2  Applications| . . . . . . ... 90
[b.2.1 Revision of the two summands casel . . . . . .. ... ... .. 90
[5.2.2  Generalisations of the circle bundle casel . . . . . . . ... .. 96
[5.2.2.1  'The Dancer-Wang set-up| . . ... ... ... .... 96
[5.2.2.2  'The Lu-Page-Pope set-up| . . . ... ... ... ... 105
6 _Remarks on related Geometries| 109
[6.1 Ricci solitons from torus bundles . . . .. ... ... ... 00 109
[6.1.1  Geometry of principal torus bundles|. . . . . . . . .. ... .. 110
[6.1.2  Ricci solitons foliated by torus bundles| . . . . . . .. ... .. 111

[6.1.3 The classical coordinate change, explicit solutions and invariant
[ curvature conditions) . . . . . . . . ... 113
[6.2  Quasi-Einstein Metrics| . . . . . ... ..o 118
6.2.1 Geometry of the m-Bakry-Emery Ricci tensor| . . . . . .. . . 119
[6.2.2  An introduction to m-quasi-Einstein metrics| . . . . . . . . .. 121

[6.2.3  Cohomogeneity one quasi-Einstein metrics| . . . . . . . . . .. 124

i



7 Uniform Poincaré inequalities for differentials on Riemann surfaces{133

[7.1  Deligne-Mumtford compactness and
[ kK-differentiald . . . . . . .. 135

[Bibliography| 152

il



v



List of Figures

{.1.1 HP™-example: Matching conditions f — ws(7) . . . . . . . ... .. 71
11.1.2 HP™-example: Matching conditions f — wr(r7) . . . . . . .. .. .. 72
4.1.3 HP"®-example: Long time behaviour of w| . . . . . .. .. ... ... 73
4.1.4 HP*-example: Long time behaviour of w| . . . . . . . . .. ... ... 74
4.1.5 HP*-example: Long time behaviour of w| . . . . . . . . .. ... ... 74
4.1.6 HP*®-example: Long time behaviour of w| . . . . . . ... ... ... 74
4.1.7 HP?-example: Long time behaviour of w| . . . . . . .. ... ... .. 75
4.1.8 HP3-example: Long time behaviourof w| . . . . . . . ... ... ... 75
@.1.9 HP™-example, 0.6 < m < 5 : Qualitative behaviour wr_4| . . . . . .. 76
{1.1.10 F™-example: Matching conditions f — ws(rp)| . . . . .. . ... .. 76
#.1.11 F™-example: Matching conditions f — ws(rp)| . . . . ... ... .. 77
4.1.12 F?-example: Long time behaviour of w| . . . . . ... .. ... ... 7
4.1.13 F*-example: Long time behaviour of w| . . . . . .. ... ... ... 78
#1.1.14 CaP?-example: Matching conditions f — wz(r7)| . . . . . . . . . .. 78
K4.1.15 CaP? : Long time behaviour of w| . . . . . .. ... ... ... ... 79
.2.1 Ricci flat trajectories on HP™ \ { point } form=2,3. ... ... .. 80
.2.2 Ricci flat trajectories on F™ \ { point } form=2,3. ... ... ... 81




Chapter 1

Introduction

This thesis studies cohomogeneity one Ricci solitons and FEinstein metrics, with a
particular emphasis on the construction of complete non-Kéhler examples.

A different topic in geometric analysis, namely uniform LP-Poincaré inequalities
for differentials on Riemann surfaces, is discussed in an additional chapter. This is

based on joint work with Melanie Rupflin.

1.1 Motivation and Contents

A Ricci soliton is a Riemannian manifold (M, g) together with a smooth vector field
X on M satisfying the equation

1 €
Ric+-=L —g=0
1C+2 Xg+29

for some € € R, where Lxg denotes the Lie derivative of the metric. It is called trivial
if X is a Killing vector field and gradient if X = grad u for some u € C°°(M), which
implies %L xg = Hesswu. If M has a complex structure such that g is Kahler and X is
holomorphic, then M is called a Kahler Ricci soliton. As Einstein manifolds evolve
by the scaling g(t) = (1 + €t)g under Hamilton’s Ricci flow, Ricci solitons are called
shrinking, steady or expanding depending on whether ¢ < 0, ¢ =0, or € > 0.

More precisely, Ricci solitons characterise self-similar solutions to the Ricci flow,
i.e. Ricci flows which evolve the metric only by scaling and by a family of diffeomor-
phisms, and they are of particular importance because all known singularity models
in Ricci flow are Ricci solitons.

Ricci solitons are also natural generalisations of Einstein metrics and are hence
candidates for a canonical metric on a manifold. For example, there are Kéhler
manifolds without any Kahler Einstein metric but which have a Kahler Ricci soliton
structure, cf. [WZ04].



Though Ricci solitons have been studied extensively since they were introduced by
Hamilton, the number of examples is still limited, in particular outside of the class of
Kahler manifolds. In fact, all known examples of non-trivial shrinking Ricci solitons
are either Kahler, the shrinking Gaussian, or decompose into products of Riemannian
manifolds of smaller dimensions, and the task of constructing a compact non-trivial

non-Kéhler shrinking Ricci soliton has often been raised, cf. [Caol0|, |Derl2].

This thesis studies the construction problem for Ricci solitons and Einstein met-
rics under a cohomogeneity one symmetry assumption, which simplifies the Ricci
soliton equation by turning it into a singular ordinary differential equation. With
regard to an ansatz with an even higher degree of symmetry one has to note that
non-trivial homogeneous Ricci solitons are either expanding, non-compact and non-
gradient or shrinking and finitely covered by a product of an Einstein manifold and
the shrinking Gaussian, cf. [Nab10], [PW09a], [Jab15]. Furthermore, only gradient
Ricci solitons will be considered because non-trivial compact Ricci solitons must be
shrinking [Ham88|, [Ive93] and of gradient type [Per02].

1.2 Main results and discussion

The first main theorem of this thesis establishes the existence of complete steady
and expanding Ricci soliton metrics on spaces which inherit a cohomogeneity one

structure from the generalised Hopf fibrations.

Theorem 1.2.1 On CaP?\ { point }, HP™ \ { point } for m > 1 and on the
vector bundle associated to (G, H,K) = (Sp(m + 1), Sp(1) x Sp(m),U(1) x Sp(m))
form > 3, there exist a 1-parameter family of non-homothetic complete steady and a
2-parameter family of non-homothetic complete expanding Ricci solitons.

The steady Ricct solitons are asymptotically conical whereas the expanding Ricci

solitons are asymptotically paraboloid.

Notice that indeed these spaces are diffeomorphic to open disc bundles G x g D%s+!
associated to group diagrams K C H C G where the naturally induced Riemannian
submersions 7: G/K — G/H, gK — gH are the generalised Hopf fibrations, see
[Bes87|. Furthermore, they are examples of the two summands case, that is, the
isotropy representation of the principal orbit G/K splits into two inequivalent Adg-

invariant irreducible real summands. Hence, away from the singular orbit, the metric



can be described by

gng = dt* + f1(t)%gs + f2(t)*g0,

where S = H/K is the collapsing sphere and Q = G/H is the singular orbit. The

corresponding Ricci soliton equations take the form

dh_ hooe Al A
it f, ( qutr(L))f1 t3 0P i (1.1)
df_ fooe Al Af
T ( u+tr(L))f2 + 5 + 0 P2 2d2 i (1.2)

The constants dy, ds are the dimensions of the collapsing sphere and of the singular
orbit, respectively. In geometric applications one has A; = dy(dy — 1), Ay = ds Ric¥
and As is the norm of an O’Neill tensor associated to the Riemannian submersion
G/K — G/H. In the following discussion, dy, ds > 1, Ay, Ay > 0, and Az > 0 shall
be assumed.

It is important to note that the examples in theorem in fact satisfy Az > 0.

To construct a complete metric, long time existence of solutions needs to be estab-
lished. The key step is to obtain good control on the components j’"Z / fi of the shape
operator. Due to , positivity of f; / f1 is preserved if € > 0, which corresponds to
the case of steady and expanding Ricci solitons.

However, as A3 > 0 holds in the situation of theorem [1.2.1] a similar statement
for f, /fo does not follow automatically. In fact, there are configurations for the
parameters d; and A; such that solutions to , must blow up in finite time
and thus necessarily satisfy fs /f2 < 0 after some time. (If ¢ > 0, a maximal solution
to the cohomogeneity one Einstein or Ricci soliton equation with positive definite
shape operator induces a complete metric.)

In previous work, this issue did not arise because the doubly warped product type
examples of Ivey [Ive94], Gastel-Kronz |[GKO04] and Dancer-Wang [DW09a, DW09b]
all satisfy Az = 0.

Notice on the other hand that if the estimate

ho_ [
[N

holds along the entire solution, then positivity of fg /f2 is again preserved and a
complete metric is induced.
This thesis gives two approaches to control the quotient
oo h
f2



The first approach is based on a Lyapunov function, which is specific to the two
summands case, and proposition m shows that if d; > 1, Ay = dy(d; — 1) and
(di + 1)A3 > 4dydo(2dy + dy) Az > 0, then w? < &F < 2‘4723 for a constant w; > 0.

Moreover, this argument carries over to the Einstein case and the Einstein metrics

of non-positive scalar curvature due to Bohm [B6h99] on the spaces in theorem [1.2.1]
are recovered, see proposition and corollary (3.2.12]

Remark 1.2.2 More generally, the argument can be adjusted to yield m-quasi-

Einstein metrics, which are metrics that satisfy the curvature condition

1
Ric+Hessu——du®du+£g:0
m 2

for a smooth function v and m € (0, oc]. In particular, theorem [6.2.19| provides an
analogue of theorem for m-quasi-Einstein metrics.

In order to obtain a smooth metric from a solution to the two summands Ricci

soliton ODE, the smoothness conditions

f1(0) =0, f1(0)=1 and f,(0) = f >0, f,(0) =0, (1.3)
u(0) =0, @(0) =0, (d; +1)a(0)=C <0

are imposed. However, notice that these are singular initial conditions for the Ricci
soliton equations ([1.1)), (1.2)), but short time existence of solutions to this initial value
problem follows from the work of Buzano [Buzll].

To resolve this coordinate singularity, one may consider the rescaled variables

1 f; 1 1
Xi=—— " and Y= ——
“atw(@) i —a+tr(L) f,
in the time slice defined by d% = m%. Then the smoothness conditions (1.3])

correspond to the stationary point

1
Xl:Yi:d_ and XQZY'QZO
1

of the rescaled Ricci soliton ODE.

Notice that these conditions are independent of the parameter f = f5(0) > 0. In
the Einstein case, this observation is used to analyse the behaviour of the solutions
as the volume of the singular orbit tends to zero, i.e. as f — 0. In the rescaled
coordinate system one obtains a well-defined limit trajectory, which moreover must

solve the (rescaled) Ricci flat equation. A simple analysis of the long time behaviour

4



then shows that as f — 0 a solution to the two summands Einstein equation converges

to a cone solution, that is a solution of the form

fi(t) = ¢;sin(t) for t € (0,7) or
fi(t) = ¢;it and f;(t) = ¢;sinh(t) for ¢ >0,

for positive constants ¢; > 0, depending on whether the Einstein constant is positive,
zero or negative. That is, the metrics are desingularisations of the cone solutions.

In particular, proposition [3.5.2] gives a different approach to the convergence
results [Boh98, Theorem 5.7] and [Boh99, Theorem 11.1] due to Béhm, which are
crucial for Bohm’s construction of Einstein metrics of positive scalar curvature on
low dimensional spheres and other low dimensional spaces in [Boh98| and his Einstein

metrics with non-positive scalar curvature on the spaces in theorem in [Boh99).

Remark 1.2.3 In his original proof, Bohm uses a different coordinate system to
construct a limit trajectory as f — 0, which is in particular a solution to a planar
ODE system. Then the Poincaré-Bendixson Theorem can be applied. In contrast, in
the Ricci soliton case, the extra degree of freedom of the Ricci soliton potential does
not allow this reduction and thus theorem [1.2.1] requires a different proof.
Furthermore, the new approach in this thesis also carries over to the case of
complex line bundles over a single Fano Kahler Einstein manifold, which is not covered
by Bohm’s work because the associated cone solution is unstable. Theorem |[3.3.4
gives the details and theorem below discusses a more general result in the case

of Riccei solitons.

A computationally simplified construction of Bohm’s Einstein metrics is included
in this thesis though the overall strategy of the construction due to Béhm [Boh9§|

remains unchanged.

Furthermore, Béhm [Boh98] could also construct an Einstein metric of positive
scalar curvature on ]HIPz#W2 by studying the linearisation of the Einstein equation
along the cone solution and found numerical evidence for the existence of two sym-
metric Einstein metrics of positive scalar curvature on HP"#HP"" for m > 3.

In an independent numerical analysis, the long time behaviour of the solutions
to the associated initial value problem is studied with a particular emphasis
on the dependence on the dimensional parameter m and the approximation of the

cone solution in the limit as f — 0. However, both studies suggest that the solutions



which correspond to Einstein metrics on HP"#HP"™", m > 3, are very far away from
the cone solutions and their existence may not be deduced from the dynamics of the
Einstein equation close to the cone solutions. In this sense, these metrics occur in an
entirely non-linear regime of the Einstein equations.

Similar statements can be made for symmetric Einstein metrics on F™#F " for
m > 2. These spaces are diffeomorphic to two disc bundles G x z D% %! with opposite
orientations which are glued together along their common boundary G/K in the case

(G,H,K) = (Sp(m+1),5p(1) x Sp(m),U(1) x Sp(m)).

A second approach to obtain control on the quotient w = f;/f, uses estimates on
the soliton potential u and is thus specific to the Ricci soliton case.

In the example of the two summands case, w satisfies the ODE

Eo (—i —i—tr(L))} - —%f(w),

where f(w) = ‘;‘—11 — ’g—ij + As (% + %) wh If f(w) < 0 then this ODE can be

integrated explicitly and one can deduce that

o(t) < %expw) —u(t.))

for t > ¢, and as long as w < 2‘4723, which in practice will clearly hold at ¢.. In
particular, the growth of w is controlled by e*. Thus if u decays fast enough, w can
never exceed the bound 2‘4723.

However, tautologically, previous estimates on the long time behaviour of the
soliton potential are not helpful as the solution may not even correspond to a complete
metric. In contrast, given any 7 > ¢, and ¢ > 0, theorem m guarantees —u(t) > ¢
for t > 7 provided that (0) is sufficiently negative. Moreover, a similar estimate
applies to any local solution to the steady or expanding Ricci soliton equation on a
cohomogeneity one manifold with a singular orbit provided that the metric stays in
diagonal form, the shape operator of the principal orbit remains positive definite and
there is a uniform bound on the norm of the Killing form — try, (B),) at t,. (Positive
definiteness of the shape operator is natural in the sense that it holds for all currently
known examples.)

With this technique, the missing low dimensional examples in theorem of
the two summands case can be settled, see theorem [5.2.1] In fact, according to
proposition [5.2.4] the methods apply in an optimal parameter range, that is, as



long as the associated cone solutions are real valued. This is indeed a necessary
condition as the asymptotics of the metric are related to the cone solutions.

As a further application, theorem shows that the examples of Kahler
Ricci solitons due to Cao [Cao96], Feldman-Ilmanen-Knopf |[FIK03] and Dancer-

Wang [DW11] occur amongst continuous families of non-Kéhler Ricci solitons:

Theorem 1.2.4 Let L be the total space of a complex line bundle over a product of
Fano Kahler Einstein manifolds with m > 1 factors whose Fuler class is a rational
linear combination of the first Chern classes of the base manifolds. Then there exist
an m-parameter family of complete non-trivial steady and an (m+1)-parameter family

of complete non-trivial expanding gradient Ricci solitons on L.

This also generalises results of [Appl18| and Stolarski [Stol7] who construct steady
Ricci solitons on line bundles over a single Fano Kahler Einstein manifold.

Furthermore, Lii-Page-Pope [LPP04] have constructed explicit Einstein metrics
on warped products of spheres with total spaces of complex line bundles over Fano
Kahler Einstein manifolds whose Euler class is a rational multiple of the first Chern
class of the base manifold. Theorem shows that again there are continuous

families of complete steady and expanding non-Kahler Ricci solitons on these spaces.

In contrast to the above examples, the Ricci soliton equation on manifolds which
are foliated by r-torus bundles over products of Fano Kéahler Einstein manifolds for
r > 2 does not preserve the diagonal ansatz for the metric. In this case the rigidity
results of proposition [6.1.7] say that the specific ansatz that was used by Cao
[Ca096], Feldman-Ilmanen-Knopf [FIKO03] and Dancer-Wang [DW11] in the case of
circle bundles does not generalise to torus bundles.

Recall that on a Kahler manifold, the Kahler condition is preserved by the Ricci
soliton ODE. In a similar spirit, proposition describes a curvature condition
which is preserved by the Ricci soliton ODE on torus bundles over a single Fano
Kahler Einstein manifold, which implies long time existence provided that the shape
operator becomes positive definite. Explicit examples due to Chen [Chell] of Ricci

flat metrics show that there are indeed trajectories that satisfy this condition.

For an introduction to and results on uniform LP-Poincaré inequalities for k-
differentials on closed hyperbolic surfaces, the reader is directed to chapter [7] which

is self-contained and is based on joint work with Melanie Rupflin.



1.3 Structure of this thesis

Section gives a more detailed literature review. It explains how a Ricci soliton
induces a self-similar Ricci flow and how Ricci solitons arise as singularity models for
the Ricci flow. Perelman’s no local collapsing theorem and monotonicity formulas are
stated.

Constructions of Kéahler Ricci solitons via complex Monge-Ampere equations and
K-stability as well as the Calabi ansatz with applications to Ricci flows through
singularities are discussed. In the non-Kéhler case, the dynamical systems approach,
which is based on a cohomogeneity one assumption, is reviewed.

Rigidity theorems based on convergence results for the Ricci flow, symmetry as-

sumptions and curvature assumptions are recalled.

Chapter [2| summarises the existing theory of cohomogeneity one Ricci solitons. It
recalls the topological and geometric structure of cohomogeneity one manifolds and
sets up the notation that will be used throughout the thesis. Particular emphasis is
given to singular orbits as these will always be assumed to exist. The gradient Ricci
soliton equation as well as Hamilton’s conservation law are formulated as ordinary
differential equations. The solution of the corresponding initial value problem at a
singular orbit due to Buzano is explained and it is shown that the soliton potential of
steady and expanding Ricci solitons is monotonic and often concave along the flow of
the Ricci soliton ODE. If the solitons are complete, estimates on the scalar curvature
and the volume growth imply restrictions on the asymptotic behaviour. Finally, the
Bohm functional, an important monotonic quantity of the cohomogeneity one Ricci

soliton equations, is introduced.

In chapter |3| the Ricci soliton equation is studied under the assumption that the
isotropy representation of the principal orbit decomposes into two inequivalent irre-
ducible summands. This is known as the two summands case. Geometric examples are
induced by the generalised Hopf fibrations and include in particular HP™ \ { point }
and complex line bundles over Fano Kahler Einstein manifolds.

As in previous work, the coordinate singularity of the Ricci soliton equation is
smoothed by a rescaling with the inverse of the mean curvature. In the case of warped
products, Dancer-Wang have observed that Hamilton’s conservation law provides
an priori estimate that implies long time existence. However, this is not the case

in geometrically more complicated situations, but in joint work with Buzano and



Gallaugher, they have found numerical evidence for the existence of complete Ricci
solitons in these examples too. Chapter (3| gives a rigorous construction thereof.

With the help of a Lyapunov function it is shown that in many instances the steady
and expanding Ricci soliton trajectories lie in a bounded region of phase space and
thus induce complete metrics. In fact, the arguments carry over to the Einstein case
and provide a different construction of examples due to Bohm. Bohm’s approach on
the other hand is based on a reduction to a planar system and the Poincaré-Bendixson
theorem. Due to the extra degree of freedom of the soliton potential, this approach
does not carry over to the Ricci soliton case.

An analysis of the asymptotic behaviour of the metrics is given. It is explained
how the asymptotics of the Ricci flat metrics induce Einstein metrics of positive scalar
curvature, which simplifies Bohm’s construction of Einstein metrics on spheres and

products of spheres.

Chapter [4] contains a numerical study of the two summands case with regard to
the existence of Einstein metrics of positive scalar curvature. An analysis of the
matching condition to symmetrically glue together two disc bundles with opposite
orientations recovers all previously detected solutions and suggests that these are in
fact all symmetric cohomogeneity one Einstein metrics on these spaces. A long time
analysis of the solution is performed to study the equations in a parameter range
where the qualitative behaviour of the solution changes. By considering a suitable
rescaling of the associated Ricci flat trajectories, one can study how the trajectories
corresponding to smooth metrics with a small singular orbit approach the first cone
solution, a canonical solution with conical singularities at the singular orbit. However,
both studies suggest that the numerically detected Einstein metrics on HP™4#HP
for m > 3 and F m#Fm for m > 2 occur in an entirely non-linear regime of the
Einstein equations. That is, these solutions seem to be too far away from the cone
solutions in order to construct them via an analysis of the dynamics of the Einstein

equations close to the cone solutions.

Chapter [5| introduces a new estimate on the soliton potential for steady and ex-
panding cohomogeneity one Ricci solitons, generalising an observation of Appleton
for steady Ricci solitons on complex line bundles over a single Fano Kahler Einstein
manifold. It allows to prescribe the growth rate of the soliton potential provided that
the metric remains in diagonal form and the shape operator of the principal orbit is

positive definite.



As an application, continuous families of Ricci solitons on complex line bundles
over products of Fano Kéahler Einstein manifolds are constructed. The two summands
case is revisited and the new method applies in an optimal parameter range. In par-
ticular, all examples which are induced by the Hopf fibrations are covered. Complete
Ricci solitons are also constructed in the set-up of Lii-Page-Pope, who have discovered
explicit Ricci flat metrics on warped products of total spaces of complex line bundles

with spheres.

Chapter [0 discusses generalisations of the ideas of the previous chapters to two
different, related geometries.

In the first part, the Ricci soliton equation on manifolds foliated by r-torus bundles
over products of Fano Kéhler Einstein manifolds is considered. In this case the metric
does not remain in diagonal form along the flow of the Ricci soliton ODE if » > 2. This
class of manifolds generalises the set-up of Cao, Feldman-Ilmanen-Knopf and Dancer-
Wang who provide Ricci solitons in the case of circle bundles. In their examples,
a common coordinate change which goes back to Bérard-Bergery ensures that the
soliton potential and the scaling functions of the base manifolds become linear.

However, it is shown that this ansatz does not yield any expanding Ricci solitons
if » > 2 and steady Ricci solitons cannot exist either if the manifold is foliated by a
2-torus bundle over a single Fano Kéhler Einstein manifold and the singular orbit is
a non-trivial circle bundle.

In contrast, Chen [Chell] has found Einstein metrics in the case of 2-torus bundles
over a single Fano Kahler Einstein manifold by assuming that the scaling function of
the base manifold is linear. A more general curvature condition which is satisfied by
solutions of this type and which is preserved by the flow of the Ricci soliton ODE is
described.

The second part considers m-quasi-Einstein metrics, which have gained attention
due to their close relation to Einstein warped products. A separate introduction to
this topic, including a literature review, is given at the beginning of the chapter. In
the cohomogeneity one case, the initial value problem at a singular orbit is solved,
following the work of Buzano and Eschenburg-Wang, and the methods from chapter
are adapted to the two summands m-quasi-Einstein case. Examples of multiple

warped product type are also discussed.
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Chapter [7| covers a different topic in geometric analysis and is based on joint work
with Melanie Rupflin. The main theorem establishes uniform LP-Poincaré estimates
for k-differentials on compact hyperbolic surfaces if & > 2. That is, the Poincaré
constant only depends on p > 1, k > 2 and the genus of the Riemann surface but not
on the complex structure. The case p = 1 and k = 2 is due to Rupflin-Topping [RT'15]
and the proof is based on ideas of that paper. On the other hand, examples show

that in the case of 1-differentials the corresponding estimates cannot be uniform.

1.4 Ricci flow, examples and rigidity

This section gives a brief literature review and explains the role of Ricci solitons in

Ricci flow, previous constructions of Ricci solitons and rigidity results.

1.4.1 Ricci solitons and Ricci flow

Hamilton’s Ricci flow

—g(t) = —2 Ric(g(t

~g(t) = —2Ric(g(1))
has been a central topic in geometric analysis since its introduction in [Ham82].
It features most prominently in Perelman’s resolution of Thurston’s geometrisation
conjecture for 3-manifolds |[Per02,Per03b], which includes the Poincaré conjecture as
a special case [Per03a], or in the proof of the differentiable sphere theorem due to
Brendle-Schoen |BS09].

Self-similar solutions are Ricci flows of the form

9(t) = a(t);9(0), (1.4)

where o(t) is a smooth positive function and ¢;: M — M is a l-parameter family
of diffeomorphisms. Hamilton [Ham88| has observed that self-similar Ricci flows
are characterised by the Ricci soliton equation. Indeed, given a self-similar Ricci
flow, define X = 2| ot and € = 0'(0) to obtain the corresponding Ricci soliton.
Conversely, set o(t) = 1+¢ct and ¢; to be the flow of ﬁX. Then o(t) and ¢; induce
a self-similar Ricci flow.

An important aspect of Ricci solitons is their appearance as blow-up limits in

Ricci flow. For example, suppose that (M, g(t)) is a complete Ricci flow with maximal
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existence time T" < oo. Then the singularity is of type-I if there is a constant C' > 0
such that

sup | Ry (1)) < 7o
for all ¢, otherwise it is of type-II. In the case of type-I singularities, according to
results of Sesum [Ses06], Naber [Nab10] and Enders-Miiller-Topping [EMT11], there
exists a suitable blow up sequence of Ricci flows which converges to a non-flat gradient
shrinking Ricci soliton.

On the other hand, the known type-II singularities are modelled on the Bryant
soliton [Bry05], which is the unique rotationally symmetric steady Ricci soliton on
R™ n > 3. It indeed occurs as a type-II blow up limit of Ricci flow solutions due to the
work of Gu-Zhu [GZ08|, Angenent-Isenberg-Knopf [ATK11,|ATK15] and Wu [Wul4].

An important structural result on the formation of singularities is Perelman’s
[Per02] no local collapsing theorem. A metric g on M is called k-non-collapsed below
the scale p > 0 if for all p € M and all r € (0, p) with |[Rm| < -5 on B(p,r) there
holds

VolBrr)
rn
If (M, g(t))eo,r) is a Ricci flow on a compact manifold with 7" < oo and p > 0 then
due to Perelman’s result [Per02] there exists © = k(n, g(0),T, p) > 0 such that g(t)
is k-non-collapsed below the scale p for all ¢ € [0,7"). This implies in particular that
blow-up limits must be non-collapsed. For example, this rules out Hamilton’s cigar
as a blow up limit.

The proof of the no local collapsing theorem relies on monotonic quantities whose
discovery has been a major breakthrough in Ricci flow theory. Recall that Perelman’s

F-functional F(g, f) = [,,(R + |V f|*)e~/d Vol satisfies

d
%}"(gf —2/ | Ric 4 Hess f|?e~/d Vol > 0

if g and f evolve according to the coupled PDE

% = —2Ric(yg),

0

Y- _A 2 _
oif = ~AF+19/]

and thus is stationary precisely on gradient steady Ricci solitons.
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Similarly, along any solution (g, f,7) of

a :—2R1C()

0 9 n
5 =—-Af+|Vf] —R—i—Z,
0

—r=-1

ot

Perelman’s W-functional W(g, f,7) = [,,(T(R+ |V f[*) + f — n)(477)"2e d Vol is

monotonic, i.e.
d n
—WI(g, f,7) = 27'/ | Ric + Hess f — i|2(47T7')’5(3’fd\/'01 >0,
dt M 2T

and is stationary precisely on gradient shrinking Ricci solitons.

1.4.2 Constructions of Ricci solitons

There are two main approaches to constructing Ricci solitons. The first uses Kahler
geometry and its connection to complex Monge-Ampere equations and K-stability in
algebraic geometry.

Due to a result of Tian-Zhu [TZ00] any K&hler Ricci soliton structure on a compact
Kahler manifold is unique, if it exists. On the other hand, there are compact Kahler
manifolds without any Kéhler Ricci soliton structure, cf. [WZ04]. This follows from
obstructions to Kéhler Einstein metrics and from the non-existence of non-trivial
holomorphic vector fields on these manifolds, cf. [Tia99).

Wang-Zhu [WZ04] have proved the existence of Kéhler Ricci solitons on toric
Kahler manifolds with positive first Chern class via the theory of complex Monge-
Ampere equations. A different proof of their result has later been given by Donaldson
[Don08|. New techniques have been introduced in the proof of the Donaldson-Tian-
Yau conjecture due to Chen-Donaldson-Sun [CDS15a, CDS15b,/(CDS15¢|. Datar and
Székelyhidi [DS16] improved the result for Fano manifolds with a holomorphic action
of a compact group G by characterising the existence of Kahler-Einstein metrics in
terms of G-equivariant K-stability. Their proof uses a smooth continuity method
which extends to the Kahler Ricci soliton situation. This has been used by Ilten-Siify
[[S17] and Cable-Siil |[CS18| to provide new examples of Kéhler Einstein manifolds

and Kahler Ricel solitons.

The second approach relies on symmetry assumptions. Interesting homogeneous
examples have been found by Lauret [Lau0l] and they are necessarily expanding,
non-compact and non-gradient, cf. [Nab10], [PW09a], [Jabl5].

13



In the cohomogeneity one case, the first examples rely on the Calabi ansatz and
an explicit integration of the corresponding Kahler Ricci soliton equations.

The U(1)-invariant shrinking Ké&hler Ricci soliton on CPQ#(C_P2 is due to Cao
[Cao96] and Koiso [Koi90]. Furthermore, Cao |[Ca096] has found U(n)-invariant
steady Kéhler Ricci solitons on C" and on the blow-up of C"/Z" at the origin.
In |[Cao97], Cao has also obtained the corresponding U (n)-invariant expanding Kéhler
Ricci soliton on C". These examples have been complemented by Feldman-Ilmanen-
Knopf [FIKO03] who provided U(n)-invariant, non-compact shrinking and expand-
ing Kahler Ricci solitons on non-trivial complex line bundles over CP". In contrast,
a result of Feldman-Ilmanen-Knopf [FIKO03| says that any U(n)-invariant complete
shrinking Kahler Ricci soliton on C” is flat.

By concatenating the induced Ricci flows of the shrinking Ricci soliton on the
tautological line bundle O(—1) over CP™ for t < 0 with the associated asymptotic
cone on C"\ {0} at t = 0 and the expanding Kéhler Ricci soliton on C" which is
asymptotic to the same cone for ¢ > 0, Feldman-Tlmanen-Knopf [FIK03| have obtained
a Ricci flow which is smooth except for an isolated singularity at ¢ = 0. Intuitively,
the Ricci flow shrinks a CP™ in O(—1) to a point and smooths the singularity in
a continuous way. This is an example of a phenomenon called Ricci flow through
singularities. In this case, the effect is a blowdown in the sense of algebraic geometry
and therefore the shrinking Ricci soliton on O(—1) over CP" is often called blowdown
soliton. Méaximo [Max14] and Isenberg-Knopf-Sesum [IKS18] have also shown that
the blowdown soliton occurs as a singularity model of type-I singularities for Ricci
flows on certain compact Kahler and non-Kahler manifolds, respectively.

This set of examples has been generalised in various directions and by several
authors, cf. [Gua9|, [CV96], |Lill], [DW11] or [Yanl2|. For example, Li |Lill] has
constructed Kéhler Ricci solitons on the total space of direct sums of a fixed line
bundle over a Fano Kahler Einstein manifold. These are also used in a construction
of Kéahler-Ricci flows through singularities due to Song [Son13|, see also [ST17].

In [DW11], Dancer-Wang have initiated a systematic study of the cohomogeneity
one Ricci soliton equation and as an application, they have given a unified approach
to constructing expanding, steady and shrinking Kéahler Ricci solitons on manifolds
foliated by S!- and CP!-bundles over products of Fano Kahler Einstein manifolds.
This has also established a strong connection between this class of Ricci solitons
and a construction of Einstein manifolds due to Wang-Wang [WW9Sg|. Notice also

that the existence of Einstein metrics on total spaces of complex line bundles over
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Fano Kahler Einstein manifolds has already been discussed in the seminal work of
Bérard-Bergery [BB82).

The unique rotationally symmetric steady Ricci soliton on R? is known as Hamil-
ton’s cigar and it is also Kéahler, but the Bryant soliton [Bry05], its higher dimensional
analogue, is non-Kéhler. Generalising these examples, Ivey |Ive94] has constructed
steady Ricci solitons of doubly warped product type and the corresponding expanding
Ricci solitons are due to Gastel-Kronz [GK04|. The case of multiple warped products
has been covered in a series of papers by Dancer-Wang [DW09a, DW09b| and then
also in joint work with Buzano and Gallaugher [BDGW15a, BDW15].

In contrast to the explicit Kahler Ricci solitons that arise from the Calabi ansatz,
these examples are obtained via a qualitative study of the associated Ricci soliton
ODE. A common feature in this approach is to carry out a coordinate change which
traps the solutions in a bounded region of phase space to conclude long time existence.
However, the geometrically simple structure of warped products is reflected by the
fact that a known conservation law due to Hamilton [Ham95| already provides the
required estimates. This technique extends to the Einstein case, where it recovers
non-compact Einstein metrics of non-positive scalar curvature due to Bohm |[B6h99).
Bohm'’s initial approach is based on the observation that certain canonical metrics
with conical singularities are often attractors for the Einstein equations.

In the case where the isotropy representation of the principal orbit decomposes into
two inequivalent Ad-invariant irreducible real summands, numerical evidence for the
existence of continuous families of complete steady and expanding Ricci solitons on
certain non-trivial vector bundles has been provided by Buzano-Dancer-Gallaugher-
Wang [BDGW15b, BDGW15a]. These examples have been constructed analytically
by the author in [Winl7a], which also includes the first examples of non-Kéhler steady
and expanding Ricci solitons on complex line bundles over Fano Kahler Einstein
manifolds. In the steady case, and with different methods, Appleton |[Appl8| could
extend the class of line bundles and in particular prove the existence of a non-collapsed
Ricci soliton under topological constraints. The existence of complete, non-Kéhler
steady Ricci solitons on complex line bundles is independently discussed by Stolarski

[Stol7]. A generalisation of this work to the expanding case has appeared in [Winl17b].
Another important Ricci soliton is the Gaussian on (R™, ggat). It shows that the

same Riemannian manifold can be of expanding or shrinking type, depending on the

choice of the soliton potential u(z) = i@.
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1.4.3 Rigidity results

This thesis focusses on constructions of non-trivial gradient Ricci solitons. In contrast,
this section discusses a partial converse to this problem. It collects rigidity results
which illustrate that in many geometric situations Ricci solitons either have a special

structure or must be Einstein.

With regard to compact Ricci solitons, Hamilton [Ham88| and Ivey [Ive93] have
shown that compact gradient Ricci solitons must either be shrinking or Einstein, and
that in dimensions n = 2,3 they are always Einstein. Moreover, by the work of
Perelman |Per02], any compact Ricci soliton is in fact of gradient type.

A celebrated result of Bohm-Wilking [BWO0§| asserts that the Ricci flow evolves
any metric with positive curvature operator on a compact manifold to a limit metric of
constant sectional curvature and thus compact shrinking Ricci solitons with positive
curvature operator are space forms. This has been generalised by Brendle-Schoen
[BS09] to manifolds whose product with R? has positive isotropic curvature (PICy).
This follows from their result that PIC, is a Ricci flow preserved curvature condition,
which also implies the differential sphere theorem.

Recall that all known non-trivial compact shrinking Ricci solitons are either Kahler

or decompose into products of Riemannian manifolds of smaller dimensions.

By answering a question of Perelman [Per02], Brendle [Brel3] has shown that
any 3-dimensional, non-flat, k-non-collapsed complete steady gradient Ricci soliton is
rotationally symmetric and therefore, up to scaling, isometric to the Bryant soliton.
In dimensions n > 4, Brendle [Brel4] could obtain the same conclusion for steady
gradient Ricci solitons with positive sectional curvature which are asymptotically

cylindrical.

As defined by Petersen-Wylie [PWO09b|, a gradient Ricci soliton is called rigid if
it is isometric to a quotient of N x R¥ where N is Einstein with Einstein constant
A and RF is equipped with the Euclidean metric and the soliton potential %\x|2
Petersen-Wylie [PW09a] have shown that any homogeneous gradient Ricci soliton is
rigid. Non-rigid homogeneous Ricci solitons must in fact be expanding, non-compact
and non-gradient, cf. [Nab10], [PW09a], [Jabl5|. In the cohomogeneity one case, all
complete non-compact shrinking gradient Ricci solitons with non-negative sectional

curvature are rigid [PW09a].
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In [PWO09b|, Petersen-Wylie have shown that a shrinking or expanding gradient
Ricci soliton is rigid if and only if it has constant scalar curvature and is radially flat,
that is sec(-, Vu) = 0. For example, these conditions are satisfied if the Ricci soliton
has harmonic curvature tensor. In the steady case, it is already sufficient for rigidity
that the scalar curvature achieves a minimum, in particular if it is constant. Further-
more, due to a result of Munteanu-Sesum [MS13|, any complete gradient shrinking
Ricci soliton with harmonic Weyl tensor is a finite quotient of R”, S*~! x R or S™, see
also |[FLGaRol11| for the compact case. In particular, this applies to locally confor-
mally flat gradient shrinking Ricci solitons. Similarly, Cao-Chen [CC13] have shown
that any complete Bach flat shrinking gradient Ricci soliton of dimension n > 4 is
either Einstein or a finite quotient of the Gaussian on R” or of N x R, where N is an

(n — 1)-dimensional Einstein manifold with positive scalar curvature.

17



18



Chapter 2

Background

This chapter recalls the theory of cohomogeneity one gradient Ricci solitons with
singular orbits.

It starts with a general description of cohomogeneity one manifolds in section [2.1]
discusses properties of (possibly incomplete) solutions to the Ricci solution equation
on non-compact cohomogeneity one manifolds with a singular orbit in sections (2.2
and and recalls necessary curvature conditions and asymptotics of the soliton
potential on complete Ricci solitons in section Finally, section reviews the
Bohm functional, which is a useful tool to analyse the asymptotic behaviour of the

metric.

2.1 Cohomogeneity one manifolds

A general concept for constructions of manifolds with prescribed curvature conditions
is to impose symmetry assumptions in order to reduce the complexity of the equations.
However, with regard to homogeneous Ricci solitons, it is important to note that,
by the work of Naber [Nab10| and Petersen-Wylie [PW09a, see also Jablonski [Jab14],
Jab15[, a non-trivial homogeneous Ricci soliton is either expanding, non-compact and
non-gradient or shrinking and finitely covered by a product of an Einstein manifold
and Euclidean space.
To be more flexible, it is convenient to investigate cohomogeneity one manifolds.
In this case an (n + 1)-dimensional connected manifold M carries an action by a
compact connected Lie group G such that the orbit space M/G is one dimensional.
Then, up to diffeomorphism, the following cases can occur:
1. M/G=Ristherealline 2. M/G = S'is a circle
3. M/G=][0,00) is a half line 4. M/G =[-1,1] is a closed interval.
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It is well known, cf. [Ham88|, [Ive93], |[Per02], that compact Ricci solitons are
Einstein or shrinking and of gradient type. Furthermore, according to a result of
Wylie [Wyl0§|, any complete shrinking Ricci soliton has finite fundamental group.

Therefore, the case M/G = S' cannot occur amongst non-trivial Ricci solitons.

Following [Zil13], in order to describe the topological structure of a cohomogeneity
one manifold more concretely, let G, = {g € G | g-p = p} be the isotropy group
of G at p € M. By definition, two points p and ¢ have the same isotropy type if
the corresponding isotropy groups are conjugate. Notice that being conjugate to a
subgroup of an isotropy group defines a partial ordering on the set of isotropy types.
In fact, there exists a unique minimal isotropy type and the corresponding orbits
G /G, are called principal orbits. The other orbits are called ezceptional or singular
depending on whether or not they have the same dimension as the principal orbit.
In the above description, boundary points of the intervals exactly correspond to non-

principal orbits.

Remark 2.1.1 The proof of the principal orbit theorem in [Zil13] is based on the
slice theorem and Kleiner’s lemma [K1e90], which asserts that the principal isotropy
group is constant:

Let G be a compact Lie group acting isometrically on a Riemannian manifold
(M, g) and let v: [0,1] — M be a shortest path from G - v(0) to G - (1), then

Gy ={9€G g y(s)=n(s) forall s € [0,1]} = (] Gy

s€[0,1]

for all t € (0,1). In particular, G is constant along the interior of im(7y) and is a

subgroup of both Gy and G).

In this thesis all cohomogeneity one manifolds will have at least one singular orbit.
In the non-compact case, the orbit space is hence a half open interval and let K C H
denote the isotropy group of the principal and singular orbit, respectively. By the
slice theorem, the manifold M is then diffeomorphic to the total space of the open
disc bundle G x y D45+t — G/H, where D%*! denotes the normal disc to the singular
orbit G/H and 0D%*! = S = K/H is the collapsing sphere.

Conversely, let G be a compact connected Lie group and let K C H be closed
subgroups such that H/K is a sphere. Then G xpz R%*! is a cohomogeneity one
manifold with principal orbit G/K and the non-principal orbit G/H is singular if it

has a strictly smaller dimension than G/K.
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The orbit space of any non-trivial compact Ricci soliton is diffeomorphic to [—1, 1]
and the manifold M is the union of two disc bundles G' x g+ D*! glued together
along their common boundary G/K. Notice that the isotropy groups of the singular
orbits may be different and M corresponds to a group diagram K ¢ {H~,H'} C G.

Now the geometric structure of M will be explained. To this end, suppose fur-
thermore that G acts isometrically on the Riemannian manifold (M, g). In fact, since
G is compact, there always exists a G-invariant metric g on M.

Choose a horizontal lift of M /G to obtain a normal geodesic vy perpendicular to
all principal orbits and denote by K the principal isotropy group, which is constant

along . Observe that there is a G-equivariant diffeomorphism

®: [ x G/K — My, (2.1)
(t,gK) = g - ~(t),

where My, C M is the open dense subset consisting of the union of all principal
orbits and I C R is an open interval. Then the metric ®*¢g on I x G/K is given
by ®*¢g = dt* + ¢;, where ¢; is a one-parameter family of G-invariant metrics on
P=G/K.

Let N = ®,(2) be a unit normal vector field and let L, = VN denote the
shape operator of the hypersurface ®({t} x P). Via ®, L, can be regarded as a one-
parameter family of G-equivariant, g;-symmetric endomorphisms of T'P which satisfies
the equation ¢; = 2¢;L;. Similarly, let Ric; be the Ricci curvature corresponding to g;.
Eschenburg-Wang [EW00| have calculated the Ricci curvature of the cohomogeneity
one manifold (M, g) and it is given by

Ric(N, N) = — tr(L;) — tr(L?),
Ric(X, N) = _gt(évtLt, X) —d(tr(Le))(X),
Ric(X,Y) = Ricy(X,Y) — tr(Ly)ge(Le(X),Y) — gi(Li(X),Y),

where X,Y € TP, §V': T*P ® TP — TP is the codifferential, and L, is regarded as
a T P-valued 1-form on T'P.

2.2 The cohomogeneity one Ricci soliton equation

The framework of cohomogeneity one Ricci solitons was set up by Dancer-Wang

[DW11]. As the Lie group G is compact, any cohomogeneity one Ricci soliton induces
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a Ricci soliton with a G-invariant vector field. Hence, in the case of gradient Ricci
solitons, the soliton potential can be assumed to be G-invariant and the gradient

Ricci soliton equation Ric+ Hessu + 5g = 0 then takes the form

—(8YV'L,)’ — d(tr(Ly)) = 0, (2.2)
~te(e) — tr(L2) + i + g ~0, (2.3)
Ly — (—i+ tr(Le)) Ly + 1 + %]I —0, (2.4)

where r; = g; o Ric; is the Ricci endomorphism. Conversely, the above system induces
a gradient Ricci soliton on I x P provided that the metric g, is defined via ¢, = 29, L.
The special case of constant u recovers the cohomogeneity one Einstein equations.

From now on, for simplicity, the t-dependence may not be stated explicitly.

It is an immediate consequence of (2.3) that the mean curvature with respect to

the volume element e™"d Vol, is a Lyapunov function if e < 0.

Proposition 2.2.1 Fiz ¢ < 0. Then the generalised mean curvature —u + tr(L)
1s monotonically decreasing along the flow of the cohomogeneity one Ricci soliton

equation.

If the Ricci soliton metric is at least C3-regular, then the second Bianchi identity

implies that the conservation law
i+ (—u+tr(L))u=C+eu (2.5)

has to be satisfied for some constant C' € R. Using the equations (2.3 and (2.4) it

can be reformulated as
tr(r) + tr(L?) — (=i + tr (L))* + (n — 1)% =C +cu. (2.6)

Recall that the scalar curvature R of a cohomogeneity one Riemannian manifold
(M™+1 g) is given by R = tr(r) — tr(L?) — tr(L)? — 2 tr(L). It hence follows with
that the conservation law is just the cohomogeneity one version of Hamilton’s
[Ham95] general identity R + |Vu|?> + eu = C for gradient Ricci solitons (where
C = —C — L), This also provides a formula for the scalar curvature in terms of
the soliton potential:

R:—C’—eu—uQ—(n+1)g. (2.7)
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2.3 Ricci solitons with a singular orbit

Suppose that ®: (0,7) x P — My is a G-equivariant parametrisation of the union of
all principal orbits as in . In the following, this will correspond to a local solution
of the Ricci soliton equations and from now on, assume that there is a singular orbit
Q=G/H at t =0.

Building up on an idea of Back |[Bac86], see also [EW00], Dancer-Wang [DW11]
have shown that in the presence of a singular orbit, equation implies
automatically, provided that the metric is at least C2-regular and the soliton potential
is of class C3. Moreover, if in this case the conservation law is satisfied, then
equation holds as well.

Conversely, any trajectory of the Ricci soliton equations , that describes
a C3-regular metric with a singular orbit has to satisfy the conservation law (2.6]).

The initial value problem for gradient cohomogeneity one Ricci solitons has been
considered by Buzano |Buzll|. Extending Eschenburg-Wang’s work [EW00] in the
Einstein case, under the technical assumption that the representations of the principal
isotropy group K on the tangent space and the normal space of the singular orbit
() have no common subrepresentations, the initial value problem can be solved close
to a singular orbit regardless of the soliton being shrinking, steady or expanding.
However, the solution may not be unique. The strategy of the proof is to construct
a formal power series solution starting from , and then a general theorem
of Malgrange [Mal74] guarantees the existence of a genuine solution. Alternatively,
a Picard iteration argument can be applied as in [EW00]. The argument also shows
that, if sufficiently many initial conditions are fixed (i.e. possibly conditions for higher
derivatives), the then unique trajectory with these initial conditions corresponds to
a smooth, possibly incomplete cohomogeneity one Ricci soliton.

The existence of a singular orbit at ¢ = 0 imposes the smoothness condition
%(0) = 0 on the soliton potential u. Notice also that without loss of generality u(0) = 0
can be assumed, as the Ricci soliton equation is invariant under changing the potential
by an additive constant. If dg denotes the dimension of the collapsing sphere at the
singular orbit, then the trace of the shape operator grows like tr(L) = % + O(t) as

t — 0. Therefore the conservation law (2.5)) implies (0) = #. To summarize:

_
Cdg+ 17

w(0) =0, @(0)=0, (0 (2.8)

The existence of a singular orbit has consequences for the behaviour of the soliton
potential. Proposition below actually follows from [BDW15, Propositions 2.3
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and 2.4] and [BDGW15a), Proposition 1.11]. To emphasise that the properties hold
along the flow of the Ricci soliton equation and completeness of the metric is not

required, the proofs are summarised here in a single argument.

Proposition 2.3.1 Along any Ricci soliton trajectory with e > 0 and C < 0 in
that corresponds to a cohomogeneity one manifold of dimension n+ 1 with a singular
orbit at t = 0, fort > 0 and as long as the solution exists, the soliton potential
satisfies u(t), u(t) < 0 and also i(t) <0 ife >0 ore =0 and L; # 0.

Furthermore, if ¢ = 0 and C < 0, there holds tr(L,) < % fort >0 and as long as

the solution exists.

Proof: 1t follows from the initial conditions ({2.8]), that the claim is true for ¢ > 0 small
enough. Suppose that u(ty) = 0 and u(t) < 0 for ¢ € (0,%p). Then it follows that
u(to) < 0 and ii(ty) > 0. However, the conservation law (2.5)) implies the contradiction

0 < ii(te) = C + cu(ty) < 0.

Therefore there holds u(t) < 0 for ¢ > 0 and hence also u(t) < 0 for ¢t > 0. Finally, to
prove concavity, differentiate the conservation law (2.5) and use (2.3)) to get

0= j—;u + (=t + tr(L))ii — et + (—ii + tr(L))u
a3 . . . oy . En.
= U + (=t +tr(L))i — et + (—tr(L7) + §)u
d? . . € 2\ -
— ﬁu + (—u+ tr(L))i — (5 + tr(L7))a.

Therefore, if there is ¢; > 0 such that i(¢;) = 0 then %u(tl) < 0. By continuity this
in turn implies that (¢) < 0 for all £ > 0.

Finally, restrict to the case ¢ = 0 and recall that + tr(L)? < tr(L?) follows from
tr((L)?) > 0, where L) = L — 1 tr(L)L is the trace-less shape operator. Therefore
the Ricci soliton equation implies

d 2 . 1 2
o tr(L) tr(L%) + i - tr(L)

Note that f(t) = (% + 1t —t0)> solves f = —21 f2. Since tr(L) = % + O(t),

where dg is the dimension of the collapsing sphere, the claim follows. O
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Remark 2.3.2 Let d% = —1 4 and £L = —2L—. Then adirect calculation based

u+tr(L) dt u+tr( )
only on the Ricci soliton equations shows that
1d C+eu € 9
L N S —-1)=L
2ds (—u+tr(L))? —1u —|—tr 2
N C+cu tr(L?) AN
( U —|— tr —U+ tr (L) 2
12
i ﬂ —1) = -1 ) — EL‘Q -1
ds \ —t+tr(L) —1 —|— tr —1U —|— tr(L)) 2
tr(L?) + tr(rt)
—1)=L£%—1.
ity ™ )3

The conservation law (2.6 connects the two equations and identifies two loci inside

phase space: The two loci

tr(L) o tr(L?) + tr(ry) N
{—a+u~(L) <band gy H (- D3t <1}’

tr(L) tr(L?) + tr(r) € o
{—a T M T TV S 1}

are preserved by the Ricci soliton ODE if ¢ > 0. It will be explained in section
that the first locus contains all trajectories corresponding to complete steady or
expanding Ricci solitons and the second locus corresponds to Einstein trajectories
with non-positive scalar curvature.

tr(L)
—u+tr(L)

%—uti(fr)(L) 7 +1tr(L) {(—ut—rk( fr)(L) N 1) <tr(L2) - g> * u} '

tr(L)
—u+tr(L)

decreasing as long as —@ + tr(L) > 0. According to proposition [2.4.1] u below, this is

Remark 2.3.3 The equation for can also be stated differently:

In particular, in the steady case, proposition [2.3.1{shows that is monotonically

always true if the metric corresponds to a complete steady Ricci soliton. In this case,

tr(L)
moreover, it follows that — (D) —0ast— o0.

2.4 Consequences of completeness

If the trajectories correspond to a non-trivial complete Ricci soliton metric, further
restrictions on the asymptotics of the soliton potential and the metric are known.
In the steady case, according to a result of Chen [Che09a], the ambient scalar

curvature of steady Ricci solitons satisfies R > 0 with equality if and only if the
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metric is Ricci flat. Then (2.7)) implies that C' < 0 is a necessary for completeness
and C' = 0 precisely corresponds to the Ricci flat case. Munteanu-Sesum [MS13] have
shown that non-trivial complete steady Ricci solitons have at least linear volume
growth and Buzano-Dancer-Wang used this to show [BDW15, Proposition 2.4 and
Corollary 2.6]:

Proposition 2.4.1 Along any trajectory which corresponds to a non-trivial complete
steady cohomogeneity one Ricci soliton of dimension n + 1 with a singular orbit at

t = 0 and integrability constant C' < 0, the estimates

0<tr(L) <

|3

and 0 < —utr(L) < R < 2\/?% —1—72—22
hold for t > 0 and the soliton potential satisfies

—u(t) = vV—C and i(t) — 0
ast — o0.

In the case of expanding Ricci solitons, a similar result of Chen |Che09a] implies
that the scalar curvature R of a non-trivial, complete expanding Ricci soliton satisfies
R > —5(n+1). It follows from that 0 > —u? > C'+eu holds on any complete ex-
panding Ricci soliton. The smoothness condition ([2.8]) at the singular orbit therefore
requires C' < 0 as a necessary condition to construct non-trivial, complete expanding
Ricci solitons. Conversely, Einstein metrics with negative scalar curvature correspond
to trajectories with C' = 0.

According to results of Buzano-Dancer-Gallaugher-Wang [BDGW15a], any non-
trivial, complete gradient expanding Ricci soliton has at least logarithmic volume
growth, which has consequences for the asymptotic behaviour of the soliton, see
[BDGW15a, Equation (1.10) and Proposition 1.18]:

Proposition 2.4.2 Consider a non-trivial complete cohomogeneity one gradient ex-

panding Ricci soliton of dimension n+1 with a singular orbit att = 0 and integrability

constant C < 0 in (2.8)). Then given any ty > 2+/5/e one has
9 5t +/n5+v-C
10 Sto + /n5 + vV—C

for all t > tyg. The second inequality holds in fact for all t > 0.
Moreover, the mean curvature eventually satisfies the bound |tr(L)(t)] < \/5e.

(—a(ty)) < —alt) < gt +vV=C
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2.5 The Bohm functional

Bohm [Boh99] has introduced the functional Fy to the study of Einstein manifolds
of cohomogeneity one. Provided the mean curvature of the principal orbit remains
positive, Fy is a monotonic quantity along trajectories of cohomogeneity one Einstein
equations and critical points correspond to canonical cone solutions, cf. section [3.4.1]
Subsequently it was considered by Dancer-Wang and their collaborators Buzano,
Gallaugher and Hall in the context of cohomogeneity one Ricci solitons [BDW15,
BDGW15a, DHW13].

To define the Bohm functional Fy, let v(t) = y/det g; denote the relative volume
of the principal orbits and let L(® = L — 1 tr(L)I denote the trace less part of the

shape operator. Then the Bohm functional is given by
Fo = on (tr(r,) + tr((L©)?)). (2.9)

Due to the behaviour of the soliton potential discussed in proposition and
section 2.4 the Bohm functional also enjoys strong monotonicity properties along

trajectories of the gradient Ricci soliton equation:

Proposition 2.5.1 ([DHW13|, Proposition 2.17]) Along the flow of a C3-reqular

cohomogeneity one gradient Ricci soliton the Bohm functional Iy satisfies

ifﬂ] = —202 tr((L©)?) <—u Mt tr(L)) : (2.10)

dt n

Remark 2.5.2 The C3-regularity condition guarantees that the conservation law
(2.5) is satisfied. On the other hand the existence of a singular orbit along the

trajectory is not required to prove ([2.10).

27



28



Chapter 3

The two summands case

This chapter discusses the Ricci soliton equation in the two summands case, which
considers the case that the space of invariant metrics on the principal orbit is two
dimensional.

After reviewing the general set-up in section [3.1], a qualitative analysis of the Ricci
soliton ODE is carried out in section 3.2] and the existence of continuous families of
complete steady and expanding Ricci solitons is shown. The methods also recover
constructions of non-compact Einstein manifolds due to Bohm and can be adapted to
provide examples of Ricci solitons on complex line bundles over Fano Kahler Einstein
manifolds, see section 3.3} Section analyses the asymptotic behaviour of the
metrics and in section B.5] this is used to reconstruct Bohm’s Einstein manifolds
of positive scalar curvature on spheres and other low dimensional spaces from the

asymptotics of the Ricci flat trajectories.

3.1 The geometric set-up

Recall the construction of a cohomogeneity one manifold from a group diagram from
section 2.1} Let G be a compact connected Lie group and let K C H be closed
subgroups such that H/K is a sphere. Then G xy; R4*! is a cohomogeneity one
manifold with principal orbit G/K. Suppose that the non-principal orbit G/H is
singular, i.e. of strictly less dimension then G/K, then the orbit space is a half open
interval.

Choose a bi-invariant metric b on G which induces the metric of constant curvature
1 on H/K. The two summands case assumes that the space of G-invariant metrics
on the principal orbit is two dimensional: Let g = € @ p be an Ad(K)-invariant
decomposition of the Lie algebra of G and suppose furthermore that p decomposes

into two inequivalent, b-orthogonal, irreducible K-modules, p = p; & po. In fact, p;
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can be identified with the tangent space to the collapsing sphere S = H/K and p
with the tangent space of the singular orbit @) = G/H. Let gs = b, and gg = by,
denote the induced metrics. Then, away from the singular orbit @), the metric on M
is given by

gmng = dt® + fi(t)*gs + f2(t)9q. (3.1)

If the functions fi, fo satisfy the smoothness conditions

f1(0) =0, f1(0) =1 and fo(0) = f >0, f»(0) =0, (3.2)

then due to the work of Eschenburg-Wang [EW00| the metric extends smoothly over
the singular orbit. Recall that the smoothness conditions of the associated G-invariant

soliton potential are considered in ([2.8)).

In order to state the induced Ricci soliton equations, explicit formulae for the
shape operator of the principal orbit and the Ricci endomorphism are required. As the
metric remains in diagonal form, the relation g, = 2¢; L, yields that the shape operator
is given by L; = (%]Idl, %]Id2> . Furthermore, it follows from the theory of Riemannian

submersions and the O’Neill calculus, cf. [Boh98], that the Ricci endomorphism takes

A1 Agff} {A21 2A3f12} )
ry = — =t 57 ]Il, 7 2 T3 ]IQ 3.3
! ({dlff d f1) 7 \dy 2 dy fASY (3:3)

and therefore the Ricci soliton equations ([2.3)) and (2.4 take the form

o~ fi e
U:Zdiﬁ—?
i=1

the form

A hie, Al Ag
pr ( u+tr(L))f1+2+d1f12+d1f§’
dfs_ frpe Al A
i Ut e T Y g

In this context the appearing constants are defined as follows: d; is the dimension
of the collapsing sphere and ds is the dimension of the singular orbit. Furthermore,
Ay = dy(dy —1) and Ay = dy Ric®, where Ric? is the Einstein constant of the isotropy
irreducible space (@, gg). Finally, A3 = ds||A||* where ||A|| > 0 appears naturally in
the theory of Riemannian submersions:

Following |Boh98, Section 1], fix the background metric gp = gs + go on the
principal orbit P and let V97 be the corresponding Levi-Civita connection. Further-

more, suppose that Hi,..., Hy, is an orthonormal basis of horizontal vector fields
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with respect to the Riemannian submersion (G/K, gp) — (G/H, gg). Then one has
||Al|* = Zfilgg((V%Hi)w, (Vi H;),), where (-);, denotes the projection onto the
tangent space of the fibres S%, is the norm of an O’Neill tensor associated to the
above Riemannian submersion.

Warped product metrics with two homogeneous summands provide examples with
||A|| = 0. Examples with ||A|| > 0 are given by the total space of non-trivial disc
bundles which are associated to the following group diagrams. These are induced by
the Hopf fibrations, cf. [Bes87]:

The following table, which lists the group diagrams corresponding to the Hopf

fibrations and the associated constants, is taken from [Boh98, Table 1].

cpm+i H P Fmtt CaP?

G Um+1) Sp(1) x Sp(m + 1) Sp(m + 1) Spin(9)
H U(l) x U(m) | Sp(1) x Sp(1) x Sp(m) | Sp(1) x Sp(m) | Spin(8)
K U(m) Sp(1) x Sp(m) U(1) x Sp(m) | Spin(7)
dy 1 3 2 7

do 2m 4m 4m 8

1A]* ] 1 3 8 7

Ric? | 2m + 2 4m + 8 4m +8 28

Table 3.1.1: Group diagrams associated to Hopf fibrations

The generalised Hopf fibrations can be recovered from this table via the following
more general procedure due to Bérard-Bergery [BB75]:

If G is a Lie group and K C H C G are two compact subgroups, then there are
natural metrics on G/K, G/H and H/K such that the map

7. G/K - G/H, gK — gH

becomes a Riemannian submersion whose fibres are totally geodesic and are isometric
to H/K.

The examples in table[3.1.1]above then give rise to the generalised Hopf fibrations
7w 82t 5 CP™ with fibre S!, m: S4m+3 — HP™ with fibre S3, 7: CP?™+! — HP™
with fibre S? and 7: S — S® with fibre S”.

The corresponding disc bundles G x yR4*! are diffeomorphic to CP™ !\ { point },
HP™ 1\ { point }, F™*\ { point } and CaP?\ { point }, respectively. By gluing
together two copies of the same disc bundle along the principal orbits, one of which
with the opposite orientation, one obtains a cohomogeneity one structure on the

connected sums CPm“#(C_PmH, HPH AHP T Pl a7 and CaP?4#CaP .
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In the following sections, the existence of Ricci solitons and Einstein metrics on

these spaces will be investigated. In particular, the following theorem will be shown:

Theorem 3.1.1 On CaP?\ { point }, HP™ \ { point } for m > 1 and on the
vector bundle associated to (G, H,K) = (Sp(m + 1), Sp(1) x Sp(m),U(1) x Sp(m))
form > 3, there exist a 1-parameter family of non-homothetic complete steady and a
2-parameter family of non-homothetic complete expanding Ricci solitons.

The steady Ricci solitons are asymptotically conical whereas the expanding Ricci

solitons are asymptotically paraboloid.

The corresponding Einstein metrics on these spaces are due to Bohm [Boh99).

3.2 Qualitative ODE analysis

This section discusses the long time existence of solutions to the two summands Ricci
soliton equation and hence completeness of the corresponding metrics.

Recall that, in the coordinate system of section [3.1] the Ricci soliton equations
and become singular at the singular orbit. To have good control on the
trajectories even close to the singular orbit, a rescaling as in remark will be
introduced which smooths the Ricci soliton equations. In particular, the correspond-
ing Einstein and Ricci soliton loci will correspond to bounded regions in phase space.

Long time existence of the rescaled system will then be immediate from the structure

of the Ricci soliton ODE and propositions|[3.2.9|and [3.2.12| provide a general principle

to conclude completeness of the metrics.
In chapter [}, a different argument for completeness, which is based on the positive

definiteness of the shape operator, will be presented, see proposition for details.

The following coordinates have effectively been used by Dancer-Wang [DWO09b|

and are motivated by Ivey’s work [Ive93]. Notice that under the coordinate change

1 f; 1 1 .
Xp=—— iy T g =12, 3.4
“a+te(L) £, “ar @) i (34)
L 4 L d

—U+tr(L)’ ds —u+tr(L)dt
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the cohomogeneity one two summands Ricci soliton equations reduce to the ODE

system

2
, € A € As YL
X =X § d;X?—=r2-1 YR oLt 222 3.5
1 1(1:1 i3 >+d11+2 +d1Y12, (3.5)

2
’ £ AQ 9 2A3Y4
X, =X X2 — L2 =1+ YR+ L2 -2 2
i 2(2 b2 >+d22+2 dy Y’
2 S
r_ 2 : 2 2
Y}_Y}<z’=1diXi _§£ _X])’

2
L=c <Z d;X2 — 252) .
=1

Here and in the following, the % derivative is denoted by a prime . On the other
hand, the % derivative will always correspond to a dot .

Notice that time, metric and soliton potential can be recovered from the ODE via

Z?:l diX; —1
r .

t(s) =t(so) + /S L(T)dr and f; = é, for i=1,2, and u =
50 i

The term two summands case will refer to a set of parameters with d; > 1,dy > 0,
A1, Ay > 0 and A3z > 0. In geometric examples one has in fact ds > 1 too, as
this is necessary for the singular orbit to have positive Ricci curvature, which implies
Ay = dy Ric? > 0. The condition d; > 1 also has significance from a purely dynamical
systems point of view as it is necessary to carry out the argument in proposition [3.2.5|

The term S'-bundle case will be used to indicate that parameters d, = 1, dy > 0,
A; =0 and Ay, A3 > 0 are considered and this case will be discussed in more detail in
section [3.3] This case is special as explicit solutions are known, see [Ca096|, [F1K03]
or [DW11]. However, in the case of Ricci solitons, all of these are Ké&hler, whereas
theorem |3.3.4] gives rise to nmon-Kahler metrics. In the Einstein case, explicit non-
Kéhler metrics are due to Wang-Wang [WW98]| and, with different methods, Appleton
[App18] and Stolarski [Stol7] independently construct complete, non-trivial, non-

Kahler steady Ricci solitons too.

Remark 3.2.1 (a) The two summands case is also the set-up for Bohm’s work
[Boh98, Boh99] on Einstein manifolds. In fact, some key ideas carry over to the
Ricci soliton case. However, Bohm uses different coordinate systems to analyse the
trajectories. In particular, in order to prove completeness, Bohm considers a pla-

nar ODE and invokes the Poincaré-Bendixson theorem. Section [3.5.1] explains that
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Bohm’s ODE system in fact describes the Ricci flat trajectories. A reduction of the
Ricei flat system to a planar ODE is discussed in section [3.4.2.1] In the pure Ricci
soliton case, the extra degree of freedom of the soliton potential does not allow this
reduction and a new proof is required.

(b) The case Az = 0 is already well understood from works on multiple warped
products, cf. [DW09a,[DW09b|, [BDGW15a] or [BDW15|. In this case, the conser-
vation law shows that the variables are bounded if dy,dy > 0, Ay, A3 > 0 and
completeness of the metric directly follows as in proposition [3.2.9]and corollary[3.2.12]
However, if A3 > 0, a refined analysis is necessary to ensure that the variables remain
bounded.

In the new coordinate system, the smoothness conditions for the metric and the
soliton potential correspond to the stationary point

1
Xi=Yi=— and X,=Y;=0 and £L=0. (3.6)
1

Trajectories emanating from (3.6) will be parametrised so that corresponds
to s = —o0.

It follows from the ODE for Y} and lim,_,_ Yi(s) = 1 that Y} > 0 holds along
any such trajectory. Since the ODE system is invariant under changing the sign of
the variables, Y5 > 0 and similarly £ > 0 can also be assumed.

The conservation law takes the form

ZdXQJrZAYQ A3—+(n—1)2£ 1+ (C +eu) L2 (3.7)

By identifying the Einstein and Ricci soliton loci in phase space, remark
explains how the conservation law enters the rescaled system, even though the soliton
potential does not explicitly occur in the Ricci soliton ODE:

Consider the functions

ZdXQJrZAY? 3—+(n—1)2£ —1,

i=1

Notice that S; occurs in the conservation law and S, = U ) encodes the

—u+tr(L
derivative of the soliton potential in the rescaled coordinates.
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Fix € > 0 and recall from section that C' < 0 is a necessary condition to obtain
trajectories that correspond to complete steady or expanding Ricci solitons and that
C = 0 is the Einstein case. Due to the initial conditions and proposition m,
the soliton potential satisfies u,7 < 0 if C < 0 and away from the singular orbit
equality can only occur in the Einstein case.

Therefore, any trajectory with ¢ > 0 and C' < 0 satisfies S1,S2 < 0. Equality

occurs at the initial critical point and then Einstein trajectories lie in the locus
{S1=0}1n{S; =0} (3.8)

whereas trajectories of complete non-trivial Ricci solitons are contained in the locus
{S1 <0} n{S, <0}. (3.9)

Conversely, trajectories in these loci correspond to Einstein metrics and non-trivial
Ricci solitons. In particular, these are exactly the loci described in remark [2.3.2]
In fact, the invariance of the above loci for ¢ > 0 also follows from the Ricci soliton

ODE as a direct calculation verifies

-—31 <Z diX? — —,c2> Si+ L8,
_ 2 €2
£32 =8+ (Zl diXP = L0~ 1) S,.

Now the existence of trajectories which lie in one of the above loci and in the
unstable manifold of the critical point will be discussed. Different trajectories
will correspond to non-homothetic Einstein or Ricci soliton metrics.

The linearisation of the Ricci soliton ODE at the initial stationary point is
given by

3 2(d1—1)
o1 0 ;1 0 O
0 dil -1 0 0 0
di 0 0 0 O
1
0 0 0 di 0
L1
0 0 0 0 -+
The corresponding eigenvalues are hence %, and both dil — 1 and % appear twice.

In particular, the critical point is hyperbolic if d; > 1. The corresponding eigenspaces
are given by Edl =sp{(2,0,1,0,0)}, E%—l = sp{(0,1,0,0,0),(dy — 1,0,—1,0,0)}
1 1
and E% =sp{(0,0,0,1,0),(0,0,0,0,1)}.
1
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Notice that the stationary point lies in the set {S; = 0} N {S2 = 0} . More-
over, {8 =0} is a submanifold of R® if ¥; # 0 and its tangent space at
is sp{(1,0,d; —1,0,0)}" . Similarly, {S; = 0} is a submanifold with tangent space
sp{(dy,ds,0, 0,0)}L at (3.6). Notice that both tangent spaces contain Ei but not
E% and that Ei @ E% is the tangent space to the unstable manifold.

According to the above discussion, trajectories in the unstable manifold of
that either remain in the set {S; = 0}N{S2 = 0} or flow into {S; < 0}N{S, < 0} need
to be considered. Notice, however, that if ¢ = 0 the ODE for £ decouples. Hence,
the soliton system effectively reduces to a system in X, Y; for i = 1,2. Counting
trajectories with respect to the possibly reduced system then gives the following

result.

Proposition 3.2.2 Suppose that di > 1. If € # 0, then there exists a 1-parameter
family of trajectories lying both in the unstable manifold of and the Einstein
locus (3.8)) and a 2-parameter family of trajectories lying both in the unstable manifold
of and the Ricci soliton locus (3.9)).

If ¢ = 0, then the unstable manifold of with respect to the reduced two
summands ODE in X1, Xo and Y1, Ys contains a unique trajectory lying in the Einstein
locus (3.8)) and a 1-parameter family of trajectories lying in the Ricci soliton locus
(3.9). These give rise to an (up to scaling) unique Ricci flat metric and a 1-parameter

family of Ricci solitons with soliton potential uw = 0 at the singular orbit.

Proposition is in agreement with the theory of solutions to the initial value
problem for cohomogeneity one Ricci solitons and Einstein metrics developed by
Buzano [Buzl1] and Eschenburg-Wang [EWO00], respectively. Notice that their meth-

ods also carry over to the case d; = 1.

The following lemma shows a basic dynamical property of the Ricci soliton ODE

and sets up the discussion of the long time behaviour.

Lemma 3.2.3 Let ¢ > 0 and consider a trajectory of the two summands Ricci soliton

ODE that emanates from (3.6) at s = —oo and enters either (3.8) or (3.9).
Then there holds X1 > 0 for all finite s and X5 is positive for sufficiently negative

s. Moreover, suppose there is an sy € R such that Xs(sg) < 0. Then Xs(s) < 0 for

all s > sg.
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Proof: Recall that lims_,_, X7 = 1/d; > 0 and in particular X; is positive initially.
If there is an s € R such that X;(s) = 0, then X/ (s) > 0. By continuity this implies
X3 > 0 everywhere.

The conservation law implies that 37 d;X? — 1 < Agg -7 1/ AYE<0

2A3

close to the initial point as ¥; — - and Y, — 0. Similarly, d2Y2 7 Y2 > 0 for

dy
sufficiently negative times. If X5(sg) < 0 in this region, then the ODE

2
£ A, 243 Y
= X dX2— 21+ 22y 4 oo - 28
2(23 2 )+d2 2T 5 dy Y2
implies that X,(sg) > 0 as ¢ > 0. In particular X5(s) < Xy(sg) < 0 for all s < sp.
This contradicts X9 — 0 as s — —oo.
If the last statement is not true, then there exist s, < s* such that X5 < 0 on

(84,s*) and

Similarly, the second condition gives the reverse inequality at s*. Therefore,
2A3 1/2 2 9 L 2 2A3 Y2 2 £ L 2
dy \Y1 2\Y, dy \Y; 2\ Y,

d | 45 (Y2)" e (L)
n\n) 2\%

holds for some £ € (s, s*). On the other hand, observe that

ds
1Y, Y, dL L
A T2y 2Z_Zx,
ds Y, yq( 1= Xz) and 2

(s%)

Therefore, X5(§) <0, ¢ > 0 and s, < s* imply

2 2
Ogiﬁ 2\° (L
ds | dy \Y] 2\ Y,

: 2’3—5 (é) (X, - %) - (é)x] (©)- (5. — ) <0,

which is a contradiction. O

37



Remark 3.2.4 In fact, the possibility that Xy, < 0 is the only obstruction to long
time existence. Geometrically this says that along the trajectory of an incomplete
metric the shape operator cannot remain positive definite.

Proposition [5.1.3| shows conversely that, if ¢ > 0, any maximal Einstein or Ricci
soliton trajectory on a cohomogeneity one manifold with a singular orbit and positive
definite shape operator induces a complete metric.

However, if A3 = 0, then X5 > 0 is immediate and the Einstein and Ricci soliton
loci and , respectively, are bounded regions in phase space. Completeness
of the metric then follows as in propositions [3.2.9] and [3.2.12] below. Geometrically,
the case A3 = 0 corresponds to the doubly warped product situation and it has been

considered by Dancer-Wang [DW09a, DW09b].

If A3 > 0, notice that X5 > 0 clearly holds as long as % < 2’4723. Therefore, the
quotient

Y

“Tn

plays a central role in the discussion. Observe that w satisfies
w’ = (J.J(Xl — XQ) (310)

and in particular, the Ricci soliton equation is equivalent to an ODE system with
polynomial right hand side.

The following strategy to obtain a bound on w goes back to Bohm |[B6h98|, who
considered the Einstein case. It requires the algebraic condition (3.12)), which is not
satisfied by all low-dimensional examples. As the discussion in this section also applies
to the Einstein case, it provides a different approach to Bohm’s results in [B6h99].

An alternative argument which is based on an estimate on the growth of the soliton
potential will be given in chapter [5] This approach works in all geometric cases and
the algebraic condition posed there is actually necessary for long time existence.

Fix d; > 1 and consider the function

R Al W2(d1_1) A2 W2d1 1 2 w2(d1+1)
- s(a+a)

g(w) = d_1—2<d1 — 1) - d_22_dl+ + — —2(d1+1). (3.11)

dy  dy

Then along the trajectories of the two summands Ricci soliton ODE there holds

L Clw) = S P TR TN (i X, - X,).
PG A VA (X1 = X5)
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Non-zero roots of G\ are of the form

w2:1é dy + 1 1+ 1_41411;13 dy(2dy + dy) _
2 A3 2dy + dy A3 (dy—1)(dy + 1)
In particular, there exist two positive roots 0 < w; < wy if and only if

A% A1 A3 dl

D=22_4 =2 2dy + dy) > 0. 3.12
2 YD dyd 1t ) (3.12)
Moreover, in this case, ©? < QATQB.

Proposition 3.2.5 Suppose that dy > 1, D >0 ande > 0. Then the set
Y;
{X2>O and O<—2<(2)1 }
Y]
contains any trajectory of the two summands Ricci soliton ODE that emanates from

(3.6) and flows into either (3.8) or (3.9).

Proof' The ODE for X, shows that X5 remains positive if Y—Qz =w? < 2‘32 Since

W < 5 A , it suffices to show that w < w; as long as X5 > 0. Con81der the function
1 X — X, \°> -
K=Zwd-D (2 _22) _G(w), (3.13)
2 Y1

which was introduced by Bohm in the Einstein case [B6h98|. On the set Xy > 0 it is

a Lyapunov function since

jsic w(@=1) (Xl ) {ZdX n—l)X}

and ZZZ 1 d;X; —1 < 0 holds in both loci. Notice that lim,,_ K = 0 and £ > 0
if Y2 = w = w;. However, K is non-increasing and strictly decreasing close to (3.6)).

ThlS completes the proof. O

Remark 3.2.6 In the case d; = 1 the argument of proposition [3.2.5| needs to be
modified. However, in geometric applications one has A; = d;(d; — 1) = 0 and with

the convention that = 1 the arguments above carry over. In particular, this

T =
induces Ricci soliton metrics on complex line bundles over a Fano Kahler Einstein
manifold. More details will be discussed in section 3.3

However, recall that this approach is not specific to the Ricci soliton case. In the
Einstein case, the equations can in fact be integrated explicitly, cf. [BB82|. In the
Ricci flat case, Appleton |[Appl8] observes that if A2 > 4d,As this Bérard-Bergery

type ansatz does not yield any complete metric.
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Remark 3.2.7 The function K is modelled on the first derivative (3.10) of w. Its

second derivative satisfies

—w(X, - Xyt +w {(X1 - X)) (Z d; X2 - 352 - 1) + Yff(w)} :

where
flwy=——-=—w+A i+£ w (3.14)
T d, dy \a, "dy) T ‘

In particular the function g is an explicit antiderivative of a weighted version of

fw) (X1 — Xa).

Corollary 3.2.8 Suppose that d; > 1, D >0 and e > 0. Then along trajectories
emanating from (3.6) and flowing into (3.8) or (3.9) there holds Xi, Xo > 0 for
all finite times. Moreover, the variables X1, Xo and Y1,Ys and w are bounded and if

e > 0, then L is bounded too. In particular, the rescaled flow exists for all times.

Proof: According to lemma[3.2.3 one has X, X5 > 0 initially and X; > 0 is preserved
along the flow. Positivity of X, follows from proposition 3.2.5 and X7, X5 remain
bounded as 0 < d; X7 4+ dx X5 < 1 due to and ( -

Then the ODE for £ implies that £ cannot blow up in finite time as ¢ > 0. By
the same argument, this also holds for Y7, Yg

Alternatively, it follows from the bound 7 < wl that Ay — Agyj > A2 . The
Einstein and Ricci soliton loci (| and (3.9) are therefore contained in the bounded
region { S diXP A+ AYE A+ %Yf + (n — 1)§£2 <1 }. By considering w = % as
an independent variable, one obtains an ODE system with polynomial right hand
side. Since w < @y is bounded, standard ODE theory implies that the flow exists for

all times. O

In order to prove that the corresponding metrics are complete, it suffices to show

that t,.c = 00. Recall from the coordinate change that

t(s) = t(so) + /S L(T)dr. (3.15)

50

Therefore it is necessary to estimate the asymptotic behaviour of £. This needs to be

considered separately for the cases ¢ = 0 and € > 0.

Proposition 3.2.9 Suppose that d; > 1 and D > 0. Then the corresponding steady

Ricci soliton and Ricci flat metrics are complete.
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Proof: A special feature of the case ¢ = 0 is that £ = ] is in fact a Lyapunov

1
—u+tr(L
function. As £ becomes positive initially and is therefore monotonically increasing,
it is bounded away from zero for s > sy and any s, € R. Then the time rescaling

(3.15)) shows that t — co as s — o0, i.e. the metrics are complete. O

Remark 3.2.10 The Ricci flat metrics in proposition have first been con-
structed by Bohm [Boh99| by different means, see remark and section [3.5.1]

The cases of expanding Ricci solitons and Einstein metrics with negative scalar
curvature correspond to € > 0. It will be sufficient to have an upper bound on £ to

prove completeness of the metric.

Lemma 3.2.11 Let dy > 1, D >0 ande > 0. Then along trajectories emanating

from (3.6)) and flowing into (3.8]) or (3.9) there holds
€ 1 1

0<=-L*< —, = .

e _max{dl,cb}

Moreover, in the Finstein case, given sog € R there holds
€ £2(s) > min 4 S£%(s0), ©
2 - 2 n
for all s > sg. In particular, L(s) is bounded away from zero for all s > sy.

Proof: Notice that 0 < Zle d; X? < max {%, é} on X1, Xy >0 and Zle d; X; < 1.

Therefore, if there is an sy such that ££%(sg) > max {%, é} then £ (s) < 0. This
yields L£(s) > L(sg) for all s < s, which contradicts lim,_,_, £ = 0.

To prove the second statement, suppose that $£2(sg) < % Since Z?Zl 4; X; =1
in the Einstein locus, one has 32 d;X? > 1 and therefore £'(so) > 0. Hence, ££2

is monotonically increasing whenever it is less then % O

Corollary 3.2.12 Suppose that dy > 1 and D > 0. Then the corresponding expanding

Ricci solitons and Einstein metrics of negative scalar curvature are complete.

Proof: Suppose for contradiction that ¢,,., < 0o. By (3.15) this is equivalent to saying
that ||£]|11(0,00) < 00. However, since £ is bounded due to lemma [3.2.11} this implies
L € L*(0,00). Hence the ODE for £ yields £(s) > £(0)exp (—£[|£]|z2(0,00)) > 0 and

L is bounded away from zero for s > 0. However, this contradicts £ € L'(0,00). O

Remark 3.2.13 The Einstein metrics of negative scalar curvature in corollary [3.2.12
have first been constructed by Béhm [Boh99] by different means, see remark [3.4.13]
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3.3 Ricci solitons from circle bundles

The two summands case allows the possibility d; = 1 where examples of Kdhler
Ricci solitons have been found by Cao-Koiso [Ca096|, [K0i90] and Feldman-Ilmanen-
Knopf [FIK03]. These examples are constructed on manifolds foliated by principal
circle bundles over a Fano Kéhler-Einstein manifold (V, J, g).

The precise geometric set-up is as follows: Recall that due to a theorem of
Kobayashi [Kob61] any Fano manifold V' is simply connected and hence H?(V;,Z)
is torsion free. Therefore the first Chern class is ¢;(V, J) = pp for a positive integer
p and an indivisible class p € H?(V,Z). Suppose that the Ricci curvature of (V,g)
is normalised to be Ric = pg. If m: P — V is the principal circle bundle with Euler
class qm*p for a non-zero integer ¢ € Z \ {0} and 6 the principal S'-connection with
curvature form ) = qm*n, where 7 is the Kahler form associated to g, then the Ricci

soliton equation on I x P corresponding to the metric
dt? + f2(1)0 @ 0 + f2(t)m*g

is described by the two summands system with d; = 1, dy = d = dimg V and A; = 0,
Ay = dap, Az = %. Notice also that the structure of the ODE has changed since
Ay = 0. If the smoothness conditions are satisfied, this construction induces a
smooth metric on the associated complex line bundle over V.

Metrics whose curvature tensor is invariant under the complex structure are con-
sidered by Dancer-Wang [DW11] in the Ricci soliton case and by Wang-Wang [WW9S|

in the Einstein case. This condition is equivalent to saying that

.2 ) e . :
2 q- J1 . fl f2 p €
S —-———==|-u+tr(L)+— | > — =5+ =
224f§‘< ”ﬁ)Q;z
As a special case, the Kdhler condition reads
Pl _ah
fo 2f3

and it is preserved by the flow. In both cases, the equations can actually be integrated
explicitly. In order to investigate non-Kdhler trajectories, the Ricci soliton ODE will
be studied qualitatively as before. To adjust the argument in proposition to the

conditions d; = 1 and A; = 0, adopt the convention ﬁ = 1. That is, consider
5oy L op o, d+2,
Glw)=5-w + 5 7+
1/X - X\ 4
= (21”22 _
5 (F52) - g
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and note that G has two positive roots 0 < @1 < @, if 2p% > (d+2)g*. Then the proof

of proposition [3.2.5 shows

Proposition 3.3.1 Suppose that dy = 1, Ay = 0 and 2p* > (d +2)¢* > 0. If e > 0,
the set
Y5
{X2>O and 0<?2<(D1}

1
contains any trajectory of the S'-bundle Ricci soliton ODE that emanates from ((3.6))
and flows into either (3.8) or (3.9)).

Completeness of the metric can then be established as in proposition [3.2.9| and
corollary Notice in particular that long time existence still follows from corol-
lary [3.2.8] As the proof shows, even though Y] is not controlled by the conservation
law anymore since A; = 0, it cannot blow up in finite time.

Corollary 3.3.2 Let d; = 1, Ay = 0, 2p* > (d+ 2)¢*> > 0 and € > 0. Then any
trajectory of the Ricci soliton ODE emanating from the critical point (3.6)) and lying
in the Einstein locus (3.8) or Ricci soliton locus (3.9) corresponds to a complete

Einstein or Ricci soliton metric, respectively.

Remark 3.3.3 (a) Notice on the contrary that the construction of Kéhler Ricci
solitons due to Feldman-Tlmanen-Knopf [FIKO03| requires the condition —g = p in

the steady case and —g > p in the expanding case, see also [DW11, Theorem 4.20

d+2
2

requires p > ¢*> > 0 for the argument of proposition to work. In particular, the

and Remark 4.21]. For example, in the case of CP™ one has p = and one thus
Kahler examples due to Feldman-Ilmanen-Knopf are not covered by the corollary. In
the case of CP", these Kahler Ricci soliton metrics have also been investigated by
Chave-Valent [CV96).

(b) Explicit Kéhler and non-Kéhler Einstein metrics have already been described
by Bérard-Bergery |[BB82].

(c) If ¢ > p, Appleton [Appl8| proves that there cannot exist a complete Ricci
flat metric on the associated complex line bundle. In particular, the corresponding
trajectory cannot satisfy the bound w < (dfﬁ for all times.

Observe that the initial stationary point is not hyperbolic in the case d; = 1.
Therefore a center manifold exists and the analysis before proposition does not
carry over. However, the work of Buzano |[Buzll] and Eschenburg-Wang [EW00] still
applies and the existence of Ricci soliton trajectories can be deduced, see also [Stol7]

or [Appl8]| for different arguments.
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Theorem 3.3.4 Suppose that d; = 1, A} =0 and 2p* > (d + 2)¢* > 0.

If ¢ = 0 there exists a 1-parameter family and if € # 0 a 2-parameter family of
trajectories lying in both the unstable manifold of and the Ricci soliton locus
. In particular, these give rise to complete Ricci soliton metrics on the total spaces
of the corresponding complex line bundles over Fano Kdhler-Einstein manifolds.

Similarly, there exist a (up to homotheties) unique complete Ricci flat metric and
a 1-parameter family of complete Einstein metrics with negative scalar curvature on

these spaces.

3.4 Asymptotics

This section discusses the asymptotic behaviour of the metrics. It will be shown
that the steady Ricci solitons are asymptotically paraboloid and the expanding Ricci

solitons as well as the Ricci flat metrics are asymptotically conical.

3.4.1 Cone solutions

The following construction of cohomogeneity one Einstein metrics from homogeneous

ones is well known, cf. [Boh99], and partially carries over to the Ricci soliton case.

Proposition 3.4.1 Let (P, gg) be a homogeneous space with Ric = (n — 1)gg. Then

the metrics

dt* +sin*(t)gg for t € (0,7),
dt? +t2gp and dt* +sinh*(t)gg for t >0

define cohomogeneity one Einstein metrics on (0,%) x P and (0,00) x P with Ein-
stein constant —5 = n, 0, —n, respectively. Any of these solutions will be called cone

solution.
Furthermore, the Ricci flat metrics together with the soliton potential —1(t) = 5t
induce a shrinking or expanding Ricci soliton on (0,00) X P depending on whether

e <0 ore>0.Ife <0 these solutions are called conical Gaussians.

If P is the principal orbit of a cohomogeneity one manifold with one or two singular
orbits, then proposition defines canonical Einstein metrics on the union of all
principal orbits. These have conical singularities at the singular orbits unless each
singular orbit consists of a point. In this case the metrics correspond to the standard

metrics on S"H, R**! and H"H, respectively.
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Remark 3.4.2 In the two summands case, according to proposition [3.4.19] the
steady Ricci solitons satisfy asymptotically
2(n—1)

ST
m gE

for large t. However, assuming the above exact paraboloid geometry of the metric,

—u(t) ~v—C and g4 ~

the Ricci soliton equations cannot be coherently solved for the potential w.

The Ricci endomorphism of the principal orbit in the two summands case is given
by (3.3) and its normalisation to (n — 1)I,, leads to the following definition:

Definition 3.4.3 Positive solutions (cy,c2) to the equations

A c? A c?
(n—1)dy = C—,j + A?,C—}L and (n—1)dy = C—j - zAg,C—}1 (3.16)
1 2 2 2

are called cone solutions.

Remark 3.4.4 If A3 > 0, the cone solutions take the explicit form

1 AZd) + 4A1A3(2d; + do)

2 201 1413 1 2

= vD

U724, + dy < 2A3(n — 1)(2d; + dy) ) ’
1

2 _ A/

Cy = 2d1 T d2 (AQTL + 2A3<2d1 —+ dg) D) s

where the discriminant D is given by

Ay dy A dy
D A % 3.17
(2A3 2d; + dg) As 2d, + dy (3.17)

Inserting the geometric definitions of the constants A;, As, Az into (3.17)), one obtains
iCG/H)2

dy —1
Al Al ‘

D >0 if and only if
dq

> (2d; + dy)

Suppose that there are two real cone solutions. For a cone solution (cy, ¢2), set w = a.
Then the ordering wy < ws defines the first and second cone solution.

In particular, if D > 0, cf. (3-12), there exist two cone solutions and it is easy
to check that w; < W; < wy < Wy holds in this case. This has also been observed by
Bohm [Boh9g).

However, notice that if D < 0 the cone solutions are complex. In this case the
solution of the corresponding ODE system does not induce a complete metric. For
example, if X, remains positive along the flow, proposition below shows that in

the Ricci flat case (nY;)™! tends to the first cone solution. As the real ODE system
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cannot develop complex solutions, it follows that if the cone solutions defined by
the parameters dy,dy, Ay, Ay, A3 are complex, X, becomes negative and in fact the
solution to the ODE system blows up in finite time. Similar statements also hold in

the other cases.

Let D > 0 and let (¢1,¢2) be a cone solution as in definition With the
normalisation of the Einstein constant —5 € {—n,0,n}, the two summands Einstein
cone solutions of proposition take the form

fi(t) = ¢;sin(t) for t € (0,7)
in the case of positive scalar curvature and
fi(t) = ¢t and fi(t) = ¢;sinh(¢t) for t >0

in the Ricci flat and negative scalar curvature case, respectively. Any cone solution
is called first cone solution if that is the case for the pair (¢y, ¢2) as remark (3.4.4]

Example 3.4.5 Recall the examples of group diagrams in table [3.1.1] which induce

the Hopf fibrations. In the HIP™*!-example the cone solutions are

9 9+ 14m + 4m? 9 9+ 14m + 4m?

= and c; = ,
(14+2m)(3 +2m)? (14+2m)(3+2m)

2 2 1

G =G =1

in the F™*!-example they are given by

1 2 1 2
= (L+m)”+m and c§:4(+m) —|—m’
(14+m)%(1+ 4m) 2m+1)2+m
1+m
= T dm and ¢ = 4c].
and in the CaP?-example they are ¢ = %, 3= % and ¢ = ¢2 = 1. In all cases, the

first pair also describes the first cone solution.

Recall from remark [3.4.4] that if D > 0 there are two cone solutions and the
ordering w; < wo of the associated ratios w = i—; defines the first and second cone

solution. The following characterisation of w; and ws is elementary but important.

Proposition 3.4.6 Let D > 0. Then the two positive roots of the function

Ay Ay 1 2 A
f(w) a d2w + 3<d1+—d2)w ( )
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are the ratios wy, we of the first and second cone solution, respectively, i.e.

A d
w% 2 —1 \/5’

T 2A52dy +dy
A d
2 2 1
N NG,
= oayaatd, VD
In particular, it follows that w? < szg and w3 < ;‘723.
Proof: This is immediate from definition [3.4.3 ]

In the next section it will be shown that the two summands cone solutions are
attained asymptotically as ¢ — oco. Moreover, in the Einstein case, proposition [3.5.2
also shows that the cone solutions yield the limiting behaviour of the metrics as the
volume of the singular orbit tends to zero. This is a result due to Bohm [B6h9g].
However, the new choice of the coordinate system simplifies the proof considerably

as it does not rely on the Poincaré-Bendixson Theorem.

3.4.2 Ricci flat metrics

The Ricci flat trajectories are particularly easy to analyse in the chosen coordinate
system. This will also be crucial for the reconstruction of Bchm’s Einstein metrics of
positive scalar curvature in section It will be shown there that the asymptotics of
the Ricci flat metrics induce Einstein metrics of positive scalar curvature on spheres
and other low dimensional spaces.

It will follow directly from proposition below that the Ricci flat metrics are

asymptotically conical.

Proposition 3.4.7 Let dy > 1 and D > 0. Then along the trajectories of the Ricci

flat system the variables X1, Xs,Y1,Ys converge to finite positive values as s — oo.
1

nc;

More precisely, X; — % and Y; —

as s — 00, where (cy1,cz) denotes the first cone

solution.

Proof: Recall from corollary that the variables X;,Y; for i = 1,2, are all positive
and bounded along the flow since d; > 1 and D > 0. To deduce the asymptotics,

consider the function
G- vy,
which is in fact the inverse of Bohm’s Lyapunov (2.9) in the X-Y-coordinates. Its

derivative is given by
2
/ 1
= § ;X2 — —
G =ng { 2 BN }
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and hence it is non-decreasing and bounded. Thus, it converges to a finite positive
limit as s — oo. This also shows that Y7, Y5 are bounded away from zero as s — oo.
Standard ODE theory now implies that the w-limit set €2 of the flow of X7, X5, Y7, Y5 is
non-empty, compact, connected and flow invariant. As G is monotonic and bounded,
it must be constant on . But since d; X; + dy X5 = 1 there holds G' = 0 if and only
if X1 =X,= % Moreover, this yields

;1 /1 Ay As Yy
0=X,=—(—-—1)+>Y2+ =22
! n<n > d; dy Y2
.11 Ay As Yy
=X, =—(——1)+2y2-2°2%
0 2 n(n > d2 d2Y2

on the w-limit set. In particular, the pair ((nY;)™!, (nY2)™!) satisfies the equations
(3.16]) of the cone solutions. Since the bound Y5/Y; < @; holds along the flow and
w; < W1 < wy < We, it follows that Y; — % as s — 00, where (cy, co) describes the

first cone solution. This completes the proof. O

The asymptotic behaviour of the metric can be deduced from f; = & — ¢; as

t — 0o. The metric is therefore approximately conical at infinity.

Remark 3.4.8 Bohm’s construction of the above Ricci flat metrics is based on the
fact that the Ricci flat trajectories approach the cone solution as f3(0) — 0, see
[Boh99, Theorem 11.1] and [B6h98, Theorem 5.7].

However, the Ricci flat metric is unique up to scaling, hence it is asymptotically
conical for any initial value f»(0) > 0.

Conversely, proposition [3.5.2] gives an alternative proof of Bohm’s convergence

result which is based on proposition |3.4.7,

3.4.2.1 Explicit trajectories and rotational behaviour

It is a special feature of the Ricci flat equation that it reduces to a planar system for
the variables X1, Y; as the variable £ decouples completely. More generally, in the
Einstein case there holds X, = é (1—d; X;) and the conservation law then determines

Y5 in terms of X;,Y; and %EQ. Explicitly, it is given by

A2 1 2 9
Yy ==Y+ —— | AV +4A d; X? —1)=L2 -1+ A, Y? | Y2
> =94, T o4, 2¥1 + 3(; i+ (n )2 + 11) 1
Initially, Y5 is given by the solution corresponding to '—’ as lim,_, ., Y5 = 0. Notice
that the discriminant vanishes if and only if Y;?/Y? = £ and recall that if dy > 1,
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D > 0 and € > 0 the estimate Y2/Y2 < &2 < 54 has been established. Hence, in
this case, only the '—’ solution is realised by the flow.
Therefore, consider the ODE system

’ 1 dl 2 dl 1 2
X = (X X2 oMy o fpr g
1 ( 1+d1)(d2 do 1+d2 2 )

A2\ YE e
oA, + 22 ) I 2
( 1+2A3) ) ( dl)ﬁ

2d1A3

i=1

2
A3V + 44, (Zdin?—l-(n—l);ﬁ —1+AY>Y,

, d d 1
leY( 1)(2—21X1+———.c2 )

do do do 2
; dy dq 1
L =L X2 2—X — = —£2
( d, & T )

In the Ricci flat case this yields indeed a 2-dimensional system for X; and Y;. More-
over, one has L(s) = L(sg) exp [fsso (nj—;Xlz - Q%Xl + d%) dT:| .
Recall that one expects (Xi1,Y;) — (2, n%l) as s — oo if the cone solutions are

real. To study the dynamics of the planar (X7, Y7)-system close to the stationary

point (%, niq), consider its linearisation at that point. It is described by the matrix

<_”Tl 24 [n— 1-— 21437I <d_11 + é)]) .

1 0

cin

The eigenvalues are the solutions to the quadratic equation

2 1 1
0 /\+—|:7l—1—2A3 (d1+d—2>:|20

and it is therefore easy to deduce:

24l

Corollary 3.4.9 The limiting point of the Ricci flat trajectories is a stable spiral if

(n— 1>8<n— 9N 94,8 (; N dl) <o. (3.18)

In particular, if A3 = 0 this is equivalent to 2 < n < 8. Otherwise, it is a stable node.

and only if

The case A3 = 0 will be particularly important for applications to Bohm’s Einstein
metrics of positive curvature. In fact, in his construction, Bohm necessarily considered

a system with the same qualitative behaviour [Boh98|.
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The reduction to the planar (X7, Y))-system can also be used to describe explicit
n’ ncy ) To

this end, let X = X; — % and Y =Y — E‘ Then trajectories which correspond to

smooth complete Ricci flat metrics emanate from (% — %, % — e —L) and are expected

to converge to the origin. In low dimensional examples, these trajectories are actually

trajectories. The key idea is to introduce polar coordinates centred at (%

realised by straight lines!
This provides a new coordinate representation of metrics of special holonomy
considered in [BS89] and |GPP90).

Theorem 3.4.10 On the open disc bundles which are associated to the group dia-
grams G = Sp(1) x Sp(2), H = Sp(1) x Sp(1) x Sp(1), K = Sp(1) x Sp(1) and
G = Sp(2), H = Sp(1) x Sp(1), K = U(1) x Sp(1) the trajectories of the complete
Ricci flat two summands metrics are line segments when represented in the above

coordinate system.

Indeed, if polar coordinates are introduced in the standard way, then a straight-
forward calculation reveals that in the above instances the angle in fact remains
constant.

To at least state the equations in the new coordinates, let

ay 4 n—1 3ay 8 n—1
WwW="—"7" "3 5 A3 and a; = — 5 = — A3 ,
ntct  n2c n n’c;  nc n
6a4 n—1 4day
ag = —— — 4A; and az3 = —,

as = A3+ 4A1A3,

and observe that the identities

dl 1 d1—2 1
E d; X? = iy oy 1 dige 1
d2 1+d2 ndg +77/

and

2 4
dy 2 — 1
asY; + 4A5Y7 (Z d; X7 — 1) ZCL,Y +4A3nd X (Y + —Y + W)
1

ne
i=1 i=0 1

20



imply that, in the case A3 > 0, the ODE system can be rewritten as

’ R . - —_ 2 % J—
7:X<nﬂx2+2dl+d2)(—" 1>+(2A1+ﬁ>Z(Y+i> (3.19)

dQ dQ n 2/43 d1 ncy
A2\ 1\ 1
+ (—(d1 + n)(n — 1) + (2A1 + 2—143) C_%> 712_(11
A |

— dl —2 [ =2 2 — n?
_ Y 442X (Ve Zv+ L)
2d1A3 ZZ “ + 3nd2 < + ncy + C% )

v _X<nﬁ7_ 1) (7+i) |
d2 ncy

whereas if A3 = 0 the ODE in X, Y takes the form

y/zy(nﬁyhﬂyﬁ‘l)+é7(7+l),

dy ds n dy cn

v _x (nﬁy_ 1) (7+ i) |
d2 ncy

Remark 3.4.11 In geometrically relevant cases, the new variables X,Y are expected
to tend to zero as s — oo. Then the occurring terms of order zero have to cancel in
the above system. Indeed, notice that the equations in (3.16|) yield the formula

1 A, 1 1] A2 1 A,
- - aAs (2142,
n2cd  2A3n2ct 24 \/n”‘c‘l1 s (n * nct
Then the identity
A2 AQ AQ 1 1 ! 1 1 n—1 A% 1
2 e 2 _ LI 2A, 1+ 2
20, 4,V T 4, {2A3 n2c? n%%} (n i dl) n ( vt 243 ) din?c?

can easily be reduced to the definition (3.16|) of the cone solutions.

3.4.3 Einstein metrics with negative scalar curvature

The asymptotic behaviour of the metric will again be derived from the long time
behaviour of the rescaled system. It will follow that both fi, fo eventually grow
exponentially.

With the help of the Bohm functional one can then deduce that the metric asymp-

totically approaches the first cone solution of proposition [3.4.1]

Proposition 3.4.12 Let dy > 1 and D > 0. Then the asymptotic behaviour of the

trajectories of complete Einstein metrics with negative scalar curvature is given by

1 Y; 2
X1,Xo— — and Y;,Y5 — 0, —2—>w1 and L — 4/ —
n Yi ne

as s — 00, where wy = & is the ratio of the first cone solution.
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Proof: As in the proof of corollary|3.2.8| introduce the variable w = % in order to view
the Ricci soliton equation as an ODE with polynomial right hand side. Furthermore,
all variables remain bounded along the flow and hence the w-limit set €2 is non-empty,
connected, compact and flow-invariant.

Recall from lemma [3.2.11] that £(s) is bounded away from zero for s > 0. As

Yl = %Xi, they are monotonically decreasing and hence

the quotlents + satisfy 4 4
converge as s — 00. Moreover, the quotients are well-defined on €). Therefore their
derivatives vanish, which implies Y; - X; = 0 on . But due to the bounds on £ in
lemma [3.2.11] X; is bounded away from zero and in particular is non-zero on 2. This
implies 0 < Yy < Y] — 0 as s — oo.

Now consider the evolution of the Bohm functional Ty = v (tr(r,) + tr((L©)?))

which was introduced in (2.9)). In the current coordinate system it is given by

2 2 v 2 1 (2 2
?0 _ H}Q_Qdi/n X_:AZKQ _ Agy—? -+ z—:deZQ — ﬁ (z_: dez>
_HY2d/”{AY2+Y (A2 Ay=2 ) ZdXZ——}

=1

Yo
Y1

according to , Fo is non-increasing and therefore converges as s — oo. However,
for Fy to be finite on the w-limit set Q, one has to have 37 d; X? = L which forces
X = X9 = % in the Einstein locus Z?Zl d; X; =1 as X1, Xy > 0. Therefore X; is
constant on 2 and then also £ due to the ODE for X;. Finally, the ODE for L itself
shows that $£% = £ on Q.

The analysis of the Bohm functional can be refined to deduce the asymptotic

Observe that it is bounded from below by zero as $# = w < w1 < 5. Furthermore,

behaviour of w. The monotonicity of ¥y and

1
Fo = g (A1 + Asw?® = Agw’) 4 0" ex((LO)?)
= ;32/ + A, wxh/n A3w2(2d1+d2)/n + v2/m tr((L(O))Q)
w n

imply that w is bounded away from zero for ¢ > t;, > 0. Notice furthermore that

d 2/n 0 d d A 2d1 /n 2(2d1+d2)/n
_tv/ tr((L()) )_E% dt{ 2d2/n+A‘*’ U Agqp?Ritdz)/

n

—1 2d;d
o T (02 _ 202
— v (L)) = —

W (),

where the polynomial f(w) is defined in ([3.14). Therefore, v?/™ tr((L(?))?) can be
treated as an independent variable, which is nonnegative, bounded by F, and satisfies
a well-defined ODE on the w-limit set (2.
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Since F takes a finite value on € and 4 F, = =221/ tr((L)?), it follows that
V2" tr((L©)?) — 0 as t — oo. This in turn implies f(w) — 0 and thus w — w; as
t — oo due to proposition |3.4.6| O

The proof shows that the Bohm functional F, evaluated on the trajectories corre-
sponding to Einstein metrics of negative scalar curvature asymptotically approaches

the Va]_ue 3:0 = n(n _ 1)c?d1/ncgd2/n

of the first cone solution.

However, if the scalar curvature of the principal orbit is positive, any Einstein
trajectory that takes a constant value on Jj is a cone solution. This was first observed
by Bohm in the general context of cohomogeneity one Einstein manifolds [Boh99,
Corollary 2.4]. In the two summands case, one can simply note that if A3 = 0
the cone solution is unique and hence the minimum. Otherwise a direct calculation
confirms that the first cone solution realises the minimum in the geometric examples
in

Therefore, the metric asymptotically approaches the cone solution in proposition

B.41

Remark 3.4.13 Bohm’s [Boh99| construction of the Einstein metrics relies on the
fact that as f2(0) — 0 the solution converges to the first cone solution, see proposition
3.5.2] Then an attractor property of the cone solution implies that for fo(0) > 0 small
enough the FEinstein trajectories remain close to the cone solution and are hence
complete.

Proposition implies that even for large f2(0) > 0 the corresponding solution

to the Einstein equation approaches the cone solution asymptotically.

Remark 3.4.14 To see that the metric grows exponentially for large ¢ it is enough
to note that % = Xf — /5, ast — oo.

3.4.4 Steady Ricci solitons

The rotationally symmetric Bryant soliton on R™, n > 3, is asymptotically paraboloid
and therefore non-collapsed. This section generalises this observation to all the non-

trivial steady Ricci solitons that arise in the two summands case.

Recall from proposition that on a complete, non-trivial cohomogeneity one
steady Ricci soliton there holds —u(t) — v/—C ast — oo and 0 < tr(L) < %

for t > 0. Therefore, if the shape operator remains positive definite, it follows that
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f— — 0 as t = oo. According to corollary |3.2.8, this automatically holds in the two

summands case if d; > 1 and D > 0.

Proposition 3.4.15 Let d; > 1, D >0 and s = 0. Along trajectories of non-trivial

complete steady Ricci solitons there holds

1
X1, Xo—=0 and Y1,Ys -0 and L — —

as s — OQ.

Proof: The first and third statement follow directly from general theory as discussed
above.

Recall from corollary that also the variables Y7,Y; and w = % remain
bounded along the Ricci soliton ODE. With it follows that the w-limit set
Q) of the associated flow is non-empty, compact, connected and flow invariant. Then
X, = 0 on Q implies that ¥; = 0 holds on Q. Since w? < &? < ;1723, one similarly

concludes Y5 — 0 as s — oo. O

In order to deduce the asymptotic behaviour of the metric, one would like to
consider the quotient 5)’(_} ~ v/=C'fi f;, which is expected to converge to %(n —1)c.
If ¢ = 1, it satisfies the ODE

2
d X, Xi 9 A A3V
— = _E d;X?—1-2X 22
dS }/'12 }/'12 ( — [ 1) + d1 + dl Y'14

and, if furthermore A3 = 0, one can proceed as in [DW09b, Lemma 3.8] to confirm the

expected asymptotics. However, if A3 > 0, one requires more detailed information

Yo

about the quotient w = v

Proposition 3.4.16 Let d; > 1, D >0 ande =0. Then along trajectories of non-

trivial steady Ricci solitons the limit we, = limy o w(t) exists and lim; o, w(t) = 0.

Proof: Let v(t) = v/det g, = £ (t) f&(t) denote the relative volume of the principal
”/ and ©h flforz-lQObservethat”/n:ﬁ

orbit and consider the Varlables
and 27 = di/n
2 ’

Therefore, the Bohm functional has the lower bound

Ay
Fy = v (tr(rt) + tr((L(O))2)) > vn tr(ry) = 2o + A/ Agq?ditd2)/n
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Since Jj is non-increasing, vn tr(r;) is bounded from above for ¢t > ¢, > 0 and hence

pl/n

w is bounded away from zero for these t. As w < @y, the variables 7 are hence
bounded for t > t.
Furthermore, the variables “ f v satisfy the ODE system

d v/ f n—2 A (ot A o/

Ao (s tr(L)) f1+—1( ) + =2 2( )

dt  fi n S fi I

d 2/n § ) 2/n ¢ A 1/n\ 2 24 1/n\ 2

L | N A PN f2+—2(v ) — (v ) .

dt  fo n fo fo fo
Due to the known asymptotics, the coefficient of v fi tends to —+v/—C and the

fi

remaining polynomial terms are bounded. Hence, by comparison, the variables %
remain bounded. Therefore, one can pass to the w-limit set €2. Due to its monotonicity,
JFo converges. Its derivative has to vanish on €2 and therefore the limiting value
Fo = (vn tr(r))eo can be expressed in terms of w as above. In particular, w converges.

The asymptotics of w simply follow from the ODE w = w {? %} and the fact

that%—)()ast%oo. O

Remark 3.4.17 It is also possible to derive an integral formula for w. Indeed, it is

easy to check that

d (o pdi—1 pdat1 d—2 ¢d
E{we“ ! fzﬁ} f 11 2,

where f(w) is defined in (3.14)). If d; > 1, it follows that

(1) = fll / Flw 02(5) 122 () s,

Since fi, fo are monotonic and e“(t) ft e U ds — \/T as t — oo by L’Hopital’s rule,
one has the bound w(t) < C - f T R® for some constant C > 0.

Now the asymptotics of the metric can be deduced from |Appl8, Lemma 6.3],

where the following lemma is proved:

Lemma 3.4.18 ([Appl8|) Let ¢ > 0 and ¢; : [0,00) — R, i = 1,2, be smooth
functions such that |c;(t) — cf| < e for constants ¢; >0, i =1,2. Then for a solution

f:]0,00) = R to the ODE

i} . 2
fz—clf—(”—l)f +§
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with initial conditions f(0), f(0) > 0 there exists to > 0 such that for all t >ty there
holds

flto)* +7- (L4+e) " (t—to) < F2(1) < flto)* + 74 (t —to),

*
cite

where vy = g

Observe that f;, fo satisfy the ODE

Py B2, A At
fl——(—u—d2;)f1—(n—1)E+Tfl,
i . w. - f22 A2—2A3w2
f2——(—u+dla)f2—(n—1)E+Tf2

Asw < w < ;1723, Ay > 0 and w converges, the lemma is applicable and yields the

claimed paraboloid asymptotics.

Proposition 3.4.19 Let d; > 1, A, D > 0 and suppose that (dy +1)i(0) = C < 0.

Then the corresponding two summands steady Ricci soliton metrics satisfy

—u(t) - vV—C and fi(t)—> 2 (n—1)c

N=e

as t — oo, where (¢1,c2) denotes the first cone solution.

In particular, w — wy ast — oco.

Proof: It remains to calculate we, = lim;_, w(t) as the formulae for f; then follow
from definition [3.4.3]
Notice that lemma [3.4.18| provides an asymptotic formula for w which implies

;’;—: <w? < g—f for any € > 0. In the limit as € — 0 one obtains equality and thus

w2 . @ A1 +A3&)§O
o d1 A2 — 2A3w§o'

In particular, 0 < ws, < @y is a root of f(w) and due the characterisation of the
cone solutions, it follows that w., = w; is the ratio of the first cone solution. O
3.4.5 Expanding Ricci solitons

The expanding Ricci solitons are asymptotically conical at infinity and the soliton

potential grows quadratically at infinity.
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Recall from proposition that on a complete, non-trivial cohomogeneity one
expanding Ricci soliton — is asymptotically linear and the mean curvature of the
principal orbit is bounded. Therefore, positive definiteness of the shape operator in

the two summands case implies:

Proposition 3.4.20 Suppose that d; > 1 and D > 0 and consider the flow of the
Ricci soliton ODE in the phase space of expanding Ricci solitons. Then

X1,Xo—=0 and Y7,Ys—>0 and L —0

as s — OQ.

Proof: This is immediate from the definition of the rescaled variables and the above

discussion. 0

A modification of the discussion in [DW09a] can now be used to deduce the claimed

asymptotically conical geometry at infinity:

Proposition 3.4.21 Suppose that d; > 1 and D > 0. Then the trajectories corre-

sponding to non-trivial expanding Ricci soliton metrics satisfy

—u(t) NG
t 2

L
and —t—>]ln
t
ast — oo.

Proof: Consider the ODE system

d X, ) e A (v A (RN YR
—— = d; X; —+-(14+X — | = —
ds L2 < Z ) 2 Ho (LX) + d1(£>+d1(£) v,

d X, ) e A (Y2\° 245 (Y27 (12’
— == X o1+ X)+= (=2 = (=) (=
ds L2 ( Zd ) ot 2”@(5) »\z) \»n

and notice that %% = —ﬁXA implies that both limits ¢; = lim E € [0, 00) exist.
If 1 =0 then as w = })? remains bounded one necessarily also has ¢, = 0. In this

case one can proceed as in [DW09a| to show that Z — £ as s — 00 because the
extra terms involving Az tend to zero. This implies E -t — % as t — oo and then the
claim.

It remains to rule out that possibly 4; > 0. However, in this case the existence

of Wee = limy_, % is immediate. (This independent fact can also be shown by an
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analysis of the Bohm functional as in the previous sections.) Then the ODE implies
that

X: e 1, 4 ) Xo e 1, . .
= o — (A + Arw?) and S5 — = + — (Al03 — 2A305w7
gt g (i Asdws) and g = 5 o (Aad — 2450505 )

as s — oo and both limits are positive as ¢ > 0 and w? < 2‘4723. For brevity, set

A; = limg_, o % > 0. Then it follows that

L r (Z?:l 4 X2 — %EQ) Yi B

as § — 0o, but if ¢; > 0 L’Hopital’s rule implies A; = 0 and thus a contradiction. O

3.5 Bohm’s Einstein metrics of positive scalar
curvature

In this section, the construction of Einstein metrics with positive scalar curvature
on spheres and other low dimensional spaces due to Bohm [Boh98] will be revisited.
The key simplification is the new proof of proposition below. It is based on
the observation that the coordinate system used in the previous sections allows good
control of the trajectories as the volume of the singular orbit tends to zero. In fact,
the limit trajectory turns out to satisfy the Ricci flat system, which was analysed
in section [3.4.2 Nonetheless, the general strategy of the construction due to Bohm
remains the same.

After recalling the general set-up, convergence to the cone solutions as the volume
of the singular orbit tends to zero will be proven in section [3.5.1} The application
of a general counting argument, which already appears in Bohm’s work [B6h98|, will
then yield Bohm’s Einstein metrics on products of spheres and other low dimensional
spaces in section [3.5.2l Bohm’s Einstein metrics on low dimensional spheres will be
described in section [3.5.3

Recall from that the metric is given by

g = dt* + f1(t)’gs + f2(t)?gq

away from the singular orbits. It follows from the results of Eschenburg-Wang [EW00]
that there exists a unique one parameter family c;(t) = (f1, f1, f2, f2)(t) of solutions
to the Einstein equations (2.3)), with initial condition ¢7(0) = (0,1, f,0) for any
f > 0. Moreover, Bohm [Boh98| has observed that it depends continuously on the
initial condition f > 0. Notice also that implies (dy 4+ 1)f2(0) = £f + ’3—22% >0

-2
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if either ¢ > 0 or f? < —5’3—22 and € < 0. However, the equations are a priori not well
defined if f = 0. This singular condition corresponds geometrically to the collapse of
the full principal orbit.

Observe that the volume V of the principal orbit satisfies V' = V tr(L), where
tr(L) is the mean curvature. Along trajectories corresponding to Einstein metrics
with positive scalar curvature, every critical point of V' is a maximum or a singular
orbit is reached. Therefore, if the maximal volume orbit exists, it is unique and
characterised by tr(L) = 0.

If A3 = 0, the maximal volume orbit always exists [Boh98, section 4, (e)]. An
alternative argument is discussed below, mainly to introduce a natural coordinate
system which extends past the maximal volume orbit.

£

With the same notation as in the previous sections, the Einstein constant is —£

Lemma 3.5.1 Suppose that A3 = 0 and € < 0, then any Einstein trajectory has a

maximal volume orbit.

Proof: In analogy to the previous sections, introduce the variables

N AP | .
X; = ?, Y, = 7 for i=1,2, and £ = —u+ tr(L). (3.20)

In fact, these differ from the previous variables only by the factor ) which was

1
—ta+tr(L
introduced to obtain a smoothing at the singular orbit. Clearly, in this section only
the Einstein case —u = 0 is considered. However, in the above variables, the Ricci

soliton and Einstein equations have the same form

d - o Ays, e AV
— X =X\ L+ Y244 =222
T R A A
d - o Ay, & 243V
— Xy = —XoL + 2V 4 - - 222
dt™* ’ +sz 22 dy y?
d ~ PN

dt

d € 2

“L=--54X?

Notice that the time slice has not been rescaled. The conservation law takes the form

2 2 A~
~ ~ Y4 c
2 2 2 )
;_1 d; X; + ;_1 AYS — Ag—/\12 + (n — 1)5 =L (3.21)
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and notice also that 2521 di)?i — L. These two equations describe the rescaled Ein-
stein locus (3.8)). If A3 = 0, then the above system is an ODE system with polynomial
right hand side. In particular, a solution can only develop a finite time singularity
if the norm of (X;,Y;, £) blows up. However, the conservation law shows that
this can only be the case if L blows up. At the first singular orbit, i.e. at time ¢t = 0,
one has £ = +oo and L is strictly decreasing for all £ > 0 as € < 0. Hence, the finite
time singularity corresponds to L = —oco and in particular there exists a time with

tr(L) = £ = 0, the maximal volume orbit. O

3.5.1 Convergence to cone solutions

To describe the behaviour of the Einstein equations as the volume of the singular
orbit tends to zero, the following observation is key: In the (X;,Y;, £)-coordinate
system of the previous sections, the initial condition (0,1, f,0) of the trajectory cy
corresponds to the stationary point , which is independent of f. Furthermore,
the initial condition f of the scaling function f, of the singular orbit can be recovered
via f = lim,,_oo Y% In particular, f = 0 is the limit of trajectories with £ = 0.

However, the two coordinate systems are only equivalent along trajectories with
L > 0. Nonetheless, due to the continuous dependence on the initial condition, any
trajectory with £ = 0 can hence be viewed as a continuous limit of Einstein, or more
generally Ricci soliton, trajectories. Hence, the collapse f — 0 is described in the
rescaled system by the solutions to the steady Ricci soliton or Ricci flat equations!

In the Einstein case, the limiting process as f — 0 will be described even more
explicitly. This recovers a result of Bohm [Boh98, Theorem 5.7], which is central to
his construction of Einstein metrics of positive scalar curvature.

From now on fix the normalisation
€
——€{-n,0,n}
2
of the Einstein constant —5 and recall from proposition and definition that

fi(t) = ¢; sin(t), for t € (0, ),
fi(t) = ¢;it, and f(t) = ¢;sinh(t) for ¢ >0
describe the corresponding cone solutions, which are degenerate solutions with initial
condition f = 0. Since the trajectory c 7 of the Einstein equations with initial condition

c;(0) = (0, 1, f,0) is unique, one might expect that the limit as f — 0 is a cone

solution. This intuition is confirmed by the following result.
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Proposition 3.5.2 Suppose that d; > 1 and As = 0. As f — 0, the solution cy to
the two summands Finstein equations converges to the first cone solution on every

relatively compact subset of (0,7) if 5 = —n and (0,00) if 5 € {0,n}, respectively.

Proof: Recall that the limit trajectory with f = 0 corresponds to the trajectory with
L = 0, which is described by the Ricci flat system in X;, Y;. According to proposition
[3.4.7], the Ricci flat trajectory asymptotically approaches the first cone solution, which

takes the constant value X, = % and Y; = = for i = 1,2. Notice that this is in fact

ne;

the value at t = 0 of all cone solutions. Therefore it will be called base point of the
cone solution.

If € > 0, notice, as in the proof of proposition [3.4.12] that the variables X;,Y; are
bounded, that the Bohm functional &, is bounded from below and non-increasing,
and that it has a critical point on the cone solution. In fact, any Einstein trajectory
that takes a constant value on Fj is a cone solution and Fy = n(n — 1)c§d1/ ncng/ "
However, since A3 = 0, the cone solution is unique and hence the minimum.

If ¢ = —n, then (2.10) implies that & achieves its minimum along a trajectory cg
on the maximal volume orbit. On any maximal volume orbit the coordinates (|3.20))
satisfy Z?:1 di)A(Z- = £ = 0 and the conservation law then implies that the
variables X;,Y; are bounded, since A3 = 0. Hence, Fy = n(n — 1) I, }Afi_%/n has
a minimum on the maximal volume orbit, which is achieved by the value of cone
solution.

However, &y is constant on the cone solution and since the solution cf approaches

the base point of the cone solution as f — 0, the claim follows. O

Remark 3.5.3 (a) The simplifying assumption A3 = 0 can be relaxed. For the
geometric examples in [3.4.5] one can calculate directly that the first cone solution
realises the minimum. So the exact same proof works if D >0 and ¢ > 0 due to
proposition [3.2.5]

(b) The behaviour of the Bohm functional close to cone solutions was studied in
a more general context in [Boh99]. In particular, it can be used to show that any
stable cone solution is a local attractor of the cohomogeneity one Einstein equations.

(¢) In the original proof, Bchm |[Boh98| uses a different coordinate system, which
still enables him to find a limit trajectory and observes that it can be considered in a
compact planar domain. To prove convergence to the base point of the cone solution,
non-trivial closed trajectories are ruled out and then the Poincaré-Bendixson theorem

is applied.
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The stability of the first cone solution in the two summands case for d; > 1
and D > 0 is then established via the attractor function (3.13), but considered in a
coordinate system that is defined along the entire cone solution, except at the conical

singularities.

3.5.2 Symmetric solutions

Recall that trajectories cy = (f1, fi, fa fg) of the Einstein equations with initial con-
dition ¢;(0) = (0, 1, f,0) are considered. By requiring the existence of f,7 > 0 such
that cz(7) = (0, —1, f',0) one closes the cohomogeneity one manifold with the same
singular orbit. Any such solution with f = f is called symmetric. In fact, cy is
symmetric if and only if there exists £, > 0 such that cp(ty) = (fi(to),0, f2(to),0)
with fi(fo), f2(to) > 0.

Furthermore, recall that if the maximal volume orbit exists, it is unique and deter-
mined by the condition tr(L) = 0. In particular, symmetric solutions are characterised
by the condition f1 = f2 = 0 on the maximal volume orbit. Notice that in this case
reflection along normal geodesics of the maximal volume orbit becomes an isometry,
i.e. if ¢y satisfies f1(to), f2(to) > 0 and fl(to) = fg(to) = 0 at some ty > 0, then

é‘(t): (fl?fla‘f%f?)(t.) for O§t§t0
! (fr,=fi, fo, —f2) (2t —t)  for to <t <2t

is a smooth, symmetric solution to the Einstein equations.

Conversely, given a symmetric Einstein solution cf = (fi, f1, fo, fg), consider the
reversed trajectory ¢(t) = (f1, —f1, f2. —f2) (T —t). Then ¢y is again a solution to the
Einstein equations and satisfies ¢7(0) = c¢(0). By uniqueness of solutions to initial
value problems there holds fi(t) = fi(t —t) for i = 1,2 and thus fi(7/2) = 0 as
claimed.

Examples of cohomogeneity one manifolds that arise from this construction include
products STF! x @, where Q = G/H is a compact connected isotropy irreducible
homogeneous space, or connected sums such as ]HIPm“#WmH, F mH#FmH and
C’aPz#m2. Notice that the products satisfy A3 = 0 whereas the connected sums
have A3 > 0. In order to have Ay = dy Ric® > 0, one needs to assume that Q is not
a torus.

The following observation is key for the construction. Notice that the function
W= % satisfies w = w(% — %) Hence, any symmetric solution is characterised by a

critical point of w on the maximal volume orbit.
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Lemma 3.5.4 Critical points of w are non-degenerate along Finstein trajectories.

Proof: Following [Boh98, Lemma 4.2.1], notice that any solution with w = & = 0 at
some fixed time in fact satisfies the equations of a cone solution at that time.
However, cone solutions are stationary points of the flow. In particular, the solution
could not emanate from the stationary point , which corresponds to the initial
condition (0,1, f,0). A contradiction. O

The non-degeneracy of the critical points of w allows the application of the fol-

lowing general counting principle.

Lemma 3.5.5 Let T, &5 be continuous, positive functions of the real parameter f.
Suppose that cg: [0, Tr+e7) — R™ is a family of C'-maps which depends continuously
on f and w € C* a real valued map such that any critical point of w = w o Cf 1S NON-
degenerate and ¢(0) > 0 for all f.

Let C(f) = C(f, T%) denote the number of critical points of w along cy before TF.
Fiz fi < fo. Then the following statements hold:

1. If w(Tf) # 0 for all f € [f1, fo] then C(f) is constant on [fi, fa].

2. If f* is the unique value of f € [f1, fo] with w(Tf) =0, then

/! =1

IC(f)—C(f ) <1
for all f', f" € [fi, fo) with f < f* < f".

In particular, for any f, f € [f1, fo] there exist at least |C(f ) —C(f")| solutions with
w(T7) =0 for fe[f, [].

Remark 3.5.6 (a) In fact, if ¢ is just continuous, the lemma can still be used to
count roots of continuous functions along cy. In this case c; has to intersect the zero
set of the function transversally.

(b) Béhm proved the counting principle explicitly in the case where T is the
time when the maximal volume orbit is reached, [B6h98, Lemmas 4.4 and 4.5]. More
recently it was used by Foscolo-Haskins in the construction of nearly Kéahler metrics,
[FH17, Lemma 7.2].

Theorem 3.5.7 ([Boh98, Theorem 3.4]) Let di > 1, A3 = 0 and —5 = n. If
the dimension of the principal orbit satisfies 2 < n < 8, there exist infinitely many

symmetric solutions to the two summands Einstein equations.
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Proof: Normalise the Ricci curvature of the singular orbit to be Ric? = dy — 1, then
the metric of the round sphere (f, f2)(t) = (sin(t), cos(t)) induces a solution to the
two summands Einstein equations without any critical point of w before the maximal
volume orbit.

According to lemma [3.5.5] it suffices to show that there are trajectories with an
arbitrarily high number of critical points of w before the maximal volume orbit. Recall
that the maximal volume orbit of a trajectory is achieved exactly when tr(L) = 0. In
the variables of section this corresponds to the blow up time of £. In particular,
critical points of w which are detected by the rescaled system happen to be before the
maximal volume orbit. Recall that w’ = w (X; — X3) and that every critical point in
these rescaled variables also corresponds to a critical point of w in the original time
frame t. Since the Einstein trajectories lie in the subvariety d; Xy + do X5 = 1, critical
points occur if and only if X; = %

Recall that by proposition the trajectory of the Ricci flat system satisfies
X; — % and Y; — i where (c1, ¢2) denotes the first cone solution. Moreover, observe
that the Ricci flat system is realised by solutions to the two summands system for any
value of € € R by the trajectory with £ = 0, as € and £ only occur in the combination
%EQ. However, as explained in section [3.5.1], the limit £ = 0 exactly corresponds to a
smoothing of the trajectory c; in the limit f = 0. Due to the continuous dependence
of the solution on the initial condition, for any ¢ € R and f > 0 small enough, the
solution to the two summands system approaches the base point of the first cone
solution along a trajectory which is C%close to the Ricci flat trajectory ~gp with
L = 0, and then remains close to the actual cone solution in the sense of proposition
0.0.2

The dimension assumption and corollary imply that the projection of the

Ricci flat trajectory ygp onto the (X7, Y))-plane rotates infinitely often around the
1

cin

stationary point (%, ), which is the base point of the first cone solution. Hence, the
variable X takes the value X; = % arbitrarily often, which implies that C(f, T5) — o0
as f — 0, where T 7 denotes the time of the maximal volume orbit.

A direct computation of curvatures shows that the metrics are inhomogeneous

and non-isometric, cf. [B6h98, section 6. O
As an explicit application, theorem [3.5.7] recovers Bohm’s Einstein metrics on
certain low dimensional spaces.

Corollary 3.5.8 ([Boh98, Theorem 3.4]) Let ds > 1 and suppose that Q is a

compact, connected, isotropy irreducible homogeneous space of positive Ricci curvature

64



and of dimension dg. If 2 < dg,dg and ds + dg < 8, then there exist infinitely many
non-isometric cohomogeneity one Einstein metrics of positive scalar curvature on
Sds+1 Q

Remark 3.5.9 By considering the linearisation of the Einstein equations along the
cone solutions, Bohm was also able to construct a symmetric cohomogeneity one
Einstein metric on ]HIP2#W2.

3.5.3 Bohm’s Einstein metrics on low dimensional spheres

It is also possible to close the cohomogeneity one manifold with a different singular
orbit. These solutions correspond to trajectories c; with ¢7(0) = (0,1, f,0) and
c(t) = (f,0,0,-1) for some f, f,7 > 0. In the case of SO(d; + 1) x SO(dy + 1)-
invariant doubly warped product metrics on spheres, the convergence theory from the
previous sections can be applied to give Bohm’s inhomogeneous Einstein metrics on
S5, 80,

For the rest of the section, fix A3 = 0 and normalise the Ricci curvature of the
singular orbit to be Ric? = dy—1, so that A; = d;(d; —1) holds for i = 1,2. As before,
the trajectory cy will always correspond to an Einstein metric on a tubular neigh-
bourhood of a singular orbit of dimension d; and with a principal orbit of dimension
n=d; + ds.

As in section , the limit f — 0 can be described in the (X;,Y;, £) coordinates
by the trajectory corresponding to £ = 0, which satisfies the Ricci flat equations.

Under the dimension assumptions d; > 1 and 2 < n < 8, the base point (%, 1) of

n’ nc
the cone solution is a stable spiral due to corollary [3.4.9] As in the proof of the(;rem
3.5.7, it follows from the continuous dependence on the initial value, that also cy,
for f > 0 small enough, exhibits a rotational behaviour as it approaches the base
point at t = 0 of the first cone solution ~. Proposition then says that given any
compact set K CC (0,7), the trajectory cf remains C%close to v on K if f > 0 is
small enough. In fact, c; obeys a rotational behaviour in every slice around the cone
solution as f — 0. To make this precise, notice that the variables ()? 1, )/}1, EA) of
form a local coordinate system along the Einstein trajectories away from the singular
orbits. For example, t/l\le first cone solution has coordinates (cot(t),/gls%n(ﬂ, ncot(t)).
One should think of £ as the time variable. For any fixed value £ and for f > 0
sufficiently small, the trajectory cy intersects the ()?1,1717/3)—plane Pz in a unique
point. As f > 0 varies, the intersection points describe a continuous curve in this

plane.
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Proposition 3.5.10 Let A3 = 0 and 2 < n < 8. Then in any coordinate slice P,
the intersection points of cy with a disc around the first cone solution v in Pz exhibit

the same rotational behaviour as f — 0.

This follows from the general counting principle applied to the time T when ¢y
intersects the disc, the observation that C(cf, Tf) — oo as f — 0, and lemma [3.5.11

Lemma 3.5.11 Along any trajectory cg, critical points of w occur if and only if
)?1 = % and w s increasing if )?1 > % and decreasing if )A(l < %
Moreover, if A3 = 0, then the Y;-coordinate of w in P5 satisfies Yi(w) > Yi(7) at

any mazimum and ﬁ(w) < }A/l('y) at any minimum, where 7y is the first cone solution.

Proof: The first statement follows from w = w()?l - )?2) and Z?Zl d:X; = L. If
Az = 0, the identity w = 3—113//\'12 — 3—;3/}22 holds at any critical point of w. However, as

w = @ = 0 only occurs on the cone solution, the claim follows. O

Remark 3.5.12 More generally, due to (5.7) and proposition [3.4.6| the value of w
relative to wq, wo determines whether a critical point is a maximum or a minimum,
cf. [Boh98, Lemma 4.2].

Suppose that dz = (F7, Fy, B, Fg) is also an Einstein trajectory which satisfies
d=(0) = (0,1, F,0) but instead induces a metric on a tubular neighbourhood of a
singular orbit of dimension d, and with a principal orbit of dimension n = d; + ds.
Then the above considerations also apply to dz. Clearly, the trajectories depend
continuously on the parameters d,ds > 1. Hence, in the dimension range 2 < n < 8,
the trajectories cy and dz have the same rotational behaviour as they approach their
respective base point of the cone solution at ¢ = 0.

Now consider the twisted trajectory dWs*d(t) = (Fy, —Fy By, —F)(t). If 7> 0 is
small enough, then d%”iSted(T—t) is an actual solution to the Einstein equations due to
the symmetries of the equations in dy,dy; as Az = 0. That is, d%WiSted(t) runs through
the Einstein equations in ‘opposite direction’, starting at thWiSted (0) = (F,0,0,—1) and
then approaching the same cone solution as c; but at the base point corresponding to
t = 7. In particular, it has the opposite rotational behaviour to cf. Due to proposition
3.5.2| for f, F > 0 small enough, both ¢; and d%WiSted intersect the plane {()?1, Yi, n)},

which is the slice of the maximal volume orbit of the cone solution, in a unique point.

Since both trajectories in fact wind around the cone solution arbitrarily often as

f.F — 0, respectively, and cj, d%‘"i“ed have the opposite rotational behaviour, there
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are infinitely many intersection points in this (or any other) slice. For any such, there
exist to, 1 > 0 such that the matching condition c(to) = d&**(t;) holds. Then

) cr(t) for 0 <t <t
errt) =14 1
: dWsted(to +1y —t)  for tg <t <to+t

satisfies ¢ (0) = (0,1, f,0) and ¢ z(to+t1) = (F,0,0,—1) and it is a smooth solution
to the Einstein equation as required. Smoothness indeed follows from the uniqueness
of solutions to ODEs with fixed initial conditions, since ¢f 7 clearly solves the Einstein

equations on both intervals. In particular, any such pair (f, F) induces an Einstein
metric g(f, F) on S"*1.

Remark 3.5.13 A direct curvature computation shows that the metrics are indeed
inhomogeneous. Moreover, if the metrics g(f, F) and g(f , F') on S™*! are isometric,
it follows that f = f if dy # dy and f = f or f = F' if d; = d,, since isometries

must map orbits onto orbits, see [B6h98, Section 7].
This proves:

Corollary 3.5.14 ([Boh98, Theorem 3.6]) On S° and S® there exists one, on ST
and S® there exist two, and on S° there exist three infinite families of non-isometric,

strictly cohomogeneity one Einstein metrics of positive scalar curvature.
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Chapter 4

A numerical study in the two
summands Einstein case

In section [3.5] Bohm’s Einstein metrics on spheres and products of spheres have been
reconstructed, which are solutions to the two summands Einstein equations of warped
product type, that is with A3 = 0. Gibbons-Hartnoll-Pope [GHPO03] provide plots of
these solutions which illustrate the convergence to the cone solution very well.

On the other hand, the only Einstein metric which has rigorously been shown to
exist in the case A3 > 0 is Bohm’s [B6h98| Einstein metric on HPZ#Wz. However,
numerical studies in [PP86], [GPP90], [B6h98| and [DHW 13| suggest that symmetric
cohomogeneity one Einstein metrics on HP"#HP  and in the F™-examples do exist
for m > 2 and the corresponding initial conditions f > 0 are listed there. This
chapter refines these results by providing an analysis of the matching condition similar
to [FH17]. The results suggest that the previously found initial conditions in fact
cover all symmetric cohomogeneity one Einstein metrics on these spaces and that the
solutions are entirely non-linear phenomena. In particular, they cannot be observed
via the linearisation along the cone solution or by studying how the cone solution is
approached.

The study in [DHW13] suggests that non-trivial compact cohomogeneity one Ricci

solitons do not exist on any of the examples induced by the Hopf fibrations.

4.1 A numerical study of the matching condition

This section builds up on the ideas of Foscolo-Haskins’ [FH17] numerical analysis of
cohomogeneity one nearly Kahler metrics and provides plots of the matching condition

in the case A3 > 0 and of the long time behaviour of w. The main focus will be on the
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HP™-examples. The F"-examples have a similar behaviour and in agreement with

earlier searches, no Finstein metric could be found on C’aPQ#CaPQ.

Recall that in the two summands case the metric on the principal orbit is given by
gi = f2(t)gs+ f2(t)gg, where gs and gg are fixed metrics on the collapsing sphere and
the singular orbit, respectively. Due to [EW00|, [Boh9§|, the smoothness conditions
£1(0) = 0, £1(0) = 1 and f2(0) = f > 0, fo(0) = 0 give rise to a unique Einstein
trajectory which depends continuously on f > 0. Any such is called symmetric if it is
symmetric under reflection along the unique maximal volume orbit, which is exactly
the principal orbit with vanishing mean curvature. The unique time with tr(L) = 0
will be denoted by 77 > 0.

Set w = % Then symmetric solutions are characterised by the matching condition

(,ZJJZ:O at Tf>0.

This section numerically studies the functions f — wz(77) and t — w5(t) to obtain
information about the number C(M, 77) and the structure of the critical points of wy
before 77, in any of the M € {HP™, F™, CaP?}-examples.

As the cohomogeneity one Ricci soliton equations - become singular
at t = 0, a symbolic calculation scheme has been set up with the Symbolic Math
Toolbox in MATLAB to calculate the coefficients of the Taylor series of fi, f5,w and
other relevant quantities to arbitrarily high order. This has been done by an algorithm
based on the existence proof in [EWO00]. In practice, all non-zero coefficients up to
order 20 have been calculated. However, general explicit formulae become complicated

very quickly:

Proposition 4.1.1 Fix the Einstein constant to be —5 = dy + ds.
Then the Taylor series of fi and fo begin with the following expansions:

o, Ric® +(dy + do)(dy — do + 1) 2 .3
hit) =t 6a(ds + 1)] :

+{ 36d,(dy + 1)?As + (12d; + 13d5)dydy(Ric?)? 4 3d2(Ric?)?
+{ 2d,(3 4 7dy — 13d3) — 4d?(—5 + 9dy) — 10d}
— 6dy(dy — 1) } dy Ric® f?
+{ dy(6dy — 5d3 — 14d3 + 13d3) + d3 (3 + 8dy — 32d3 + 24d3)
+ d3((7 — 10dy + 10d3) + 5d} + d + 3da(dy — 1)* } f* }-
t5
(1202 (dy + 1)2(dy + 3) )

+0(t"),
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fo(t) = f+ (Ric® —(dy + do) f?) Q%t—il)ﬁ
+{ —12—(d1d+ 1)2/13 + (3 — 3dy — 4dy) (Ric?)*+
+{ 7d1d22(2 —do) + dj (7 — 2dy) + d5 + 7d5 — 4d5 } f'+
+{ 10d,(dg — 1) + 2d? — 10dy + 8d3 } Ric® f* }-

¢t 6
" 24(dy + 3)(dy + 1)2f3 +O(#).

Remark 4.1.2 By setting Ric? = dy — 1, A3 = 0 and f = 1, the Taylor expansions

of sin(t) and cos(t) are recovered, which correspond to the standard metric on S™!.

The Taylor expansions of fi, fa, and f1/f1, f2/fo are evaluated at some small ¢, > 0,
typically t, = 1073, to obtain an approximate solution of the Einstein equations at
that time. Then this is used as a set of initial data to solve the Einstein equations
numerically with the MATLAB ODE solver ode45. To avoid substantial numerical
errors, it turns out that the parameter f > 0 should satisfy f > 10 - ¢,. In particular
this gives a useful lower bound on the smallest value fui, which should be used in

the numerical simulations.

4.1.1 The HP™"-example

The diagrams in figures[4.1.1{and [4.1.2| show the functions f — w(77) for parameters
2 < m < 10 and data according to the HP™-example in table|3.1.1l The green curves

correspond to the values m = 2,3,4, the blue curves to m = 5,6,7 and the black

curves to m = 8,9,10. Each diagram shows a different range of initial values f or
considers a different scaling of the y-axis. The step size is always fyp = 0.01. The

Taylor approximation is of order O(¢!°) and it has been evaluated at t, = 1073.

2 T I I T T

15F
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0.8 1 1.2 1.4 1.6 1.8 2

Figure 4.1.1: HP™-example: Matching conditions f — wi(Ty)
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Figure 4.1.2: HP™-example: Matching conditions f — wz(77)

In the above figures, a qualitatively different behaviour is exhibited in the HP2-
example as opposed to the HP™-examples for m > 3. In particular, only in the case
m = 2 a single root is observed. All other curves have two roots. The values f, such
that wy, (77.) = 0 agree with those calculated by Bohm [B6h9g].

Recall that initially there holds wz(0) = %— > (. Therefore the analysis suggests
that lim7 o C(HP?, 75) = 1. By using the linearisation of the Einstein equation along
the cone solution, Bohm [Boh98] could prove that wy has at least one critical point
before 77 > 0 in the limit as f — 0 and that it gives rise to an Einstein metric of

positive scalar curvature on ]H[P2#W2.

The figures 4.1.1] and |4.1.2] suggest the following conjecture.

Conjecture 4.1.3 Bohm’s symmetric cohomogeneity one FEinstein metric

on IHIPQ#W2 18 unique and there exist exactly two symmetric Einstein metrics on
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HP™#HP" for m > 3.
The number of critical points of wg before the mazimal volume orbit satisfies

lim C(HP?, 77) =1 and lim C(HP™, 77) =0

f—0 f—0

form >3 and lims_,  C(HP™,7;) =0 for m > 2.

This is consistent with the non-degeneracy of the critical points of wy, which is
essential for the construction in section Notice in particular, in order to prove
the existence of both Einstein metrics on HP™#HP' ", for m > 3, it is sufficient to
find a single trajectory cf such that &y has a root before 77 and C(HP™,77) — 0 as
f—0and f — .

The following series of figures studies the long time behaviour ¢ — wg(t) in the
HP™-example for m = 2. Of course, for non-integer values of m the equations do
not have a geometric interpretation. In this case the term HP™-example shall simply
refer to the set of data obtained from table B.1.1]in the HP™-column.

The blue curves correspond to initial conditions 0.01 < f < 0.3 and the black
curves to 0.3 < f < 0.5 with a step size of fstep = 0.01. The order of the Taylor
approximation is 20 and it is evaluated at t, = 1073,

Recall that as f — 0, the solution approximates the cone solution, which satisfies

Weone = 0.

0.05

Figure 4.1.3: HP'®-example: Long time behaviour of w

In the HP'3-example, for small f > 0, the first root of wy already occurs as the
solution ‘oscillates’ towards the cone solution, whereas in the HP?-example the roots
of w occur along the cone solution, one of which is before 77 > 0, the other thereafter.
Bohm [Boh98| could study these roots via the linearisation along the cone solution.

However, the actual Einstein metric on IHIPz#W2 corresponds to f* ~ 1.08.

73



-0.05 ' : :

2.5 3

Figure 4.1.4: HP?-example: Long time behaviour of w

In comparison to figure above, figure below has a different resolution
which shows that indeed two roots occur as claimed.

Figure 4.1.5: HP%-example: Long time behaviour of w

As m increases, the qualitative behaviour of w7 changes at approximately m = 2.6

and for f > 0 sufficiently small, see figure Along these solutions wf only has

one critical point, which has to appear after the maximal volume orbit, according to
figures [4.1.1) and [4.1.2]
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Figure 4.1.6: HP?*%-example: Long time behaviour of w
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A qualitatively similar picture is observed for higher values of m. Figure 4.1.7

shows the plot for m = 3.
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Figure 4.1.7: HP3-example: Long time behaviour of w

The trajectory with f, ~ 0.21 corresponds to an Einstein metric on HP3#W3 and
in particular it occurs before the qualitative behaviour of w; changes at fiump = 0.36.
For f € ( fjump, f*) the trajectories have two critical points, but only the first occurs
before 77. Remarkably, the qualitative behaviour changes again precisely when the
second Einstein metric is observed at f* ~ 1.08. This is illustrated by the black and
green curves in figure . Notice that w7 has at most one critical point for f>f
which appears after 77, and for f > 1.35 critical points of w 7 do not occur at all. This

is shown by the yellow curves in figure 4.1.8|
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Figure 4.1.8: HP3-example: Long time behaviour of w

The overall behaviour in the HP2-example is very similar, only the blue curves,
which correspond to the smallest set of parameters of f > 0, tend to positive infinity
as well. In particular the Einstein metric, which is observed at f* ~ 1.06, occurs

when also the qualitative behaviour changes.

Recall from figure that in all HP™-examples, m > 2, along the trajectory

with f = 1 there exists a critical point of w 7—1 before 77_;, which induces a symmetric
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solution for some f* > 1. However, in the HP?-example, the existence of this solution
has been established via the limit f — 0, which is impossible in higher dimension. On
the other hand, figure m plots the functions ¢ — ws_,(t) for m € {0.6,0.8,...,5},
where the green curves correspond to m € {0.6,0.8,...,2}, and illustrates that the

qualitative behaviour of wg_; does not depend on the dimensional parameter m.

Figure 4.1.9: HP™-example, 0.6 < m <5 : Qualitative behaviour w;_;

If the qualitative behaviour of w;_; could be studied analytically and a stability
statement under variation of m could be shown, then the existence of Einstein metrics
on HP"#HP"™ , for m > 3, may be deduced from Bshm’s symmetric Einstein
metric on HP2#W2.

4.1.2 The F"-example

The analysis of the matching condition in the F-examples gives a result similar to
the HP™-examples. Figures[4.1.10]and .1.11] provide analogous plots to figures [4.1.1]
and in particular, except for the geometric data from table [3.1.1], all technical
data of the plots agree.

15

0.5 -

.05 ! | | | !

Figure 4.1.10: ~ F™-example: Matching conditions f ~— wz(77)
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Figure 4.1.11:  F™-example: Matching conditions f > wz(7f)

The values f. such that wy,(77,) = 0, which correspond to symmetric Einstein

metrics, agree with the results of Bohm |Boh98|, which suggests to conjecture:

Conjecture 4.1.4 Symmetric cohomogeneity one Finstein metrics exist in all F™-
examples, m > 2. The metric is unique if m = 2 and otherwise there are exactly two.

Moreover, the number of critical points of wy which occur before the mazimal
volume orbit satisfies

1'CF2,-:1 d ImC(F™,77) =0
flg(l)( Tf) an flg(l)( Tf)

form >3 and lims_, C(F™,77) = 0 for m > 2.
However, the analytic methods from the HP2-example to reconstruct the critical

point of wg, which occurs in the limit as f — 0, via the linearisation of the Einstein

equation along the cone solution do not carry over.

Figures 4.1.12] and [4.1.13] study the long time behaviour of w; analogously to

figures [4.1.4) and [4.1.5] In particular these figures have the same technical data.
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Figure 4.1.12:  F?-example: Long time behaviour of w
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Figure 4.1.13:  F?-example: Long time behaviour of w

Notice that the long time behaviour of wy in the above figures |4.1.12{and {4.1.13]is

qualitatively different from the long time behaviour in the HP?-example observed in

figures 4.1.4f and [4.1.5] but much more reminiscent of the long time behaviour of wy
in the HP3-example in figure m

Therefore it seems that the numerically detected Einstein metrics on HP™#HP",
for m > 3, and F"#F ", for m > 2, are solutions which occur far away from the cone

solutions and hence are in an entirely non-linear regime of the Einstein equations.
Section [4.2] provides a different numerical argument in this direction.

4.1.3 The CaP?-example

In contrast to the previous examples, the numerical analysis of the matching condition

in the CaP?-example indicates that there is no symmetric cohomogeneity one Einstein

metric on C’aPQ#C’aPQ. The corresponding plot is given in figure |4.1.14
1.5
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Figure 4.1.14:  CaP?-example: Matching conditions f > w(77)

This is an agreement with the results in [Boh98| and [DHW 13|, where no Einstein
metric could be detected either.
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Recall that according to a theorem of Béhm [Boh98, Theorem 3.2] any non-
symmetric Einstein solution induces a symmetric Einstein solution. Therefore one

may conjecture:

Conjecture 4.1.5 The Hopf fibrations do not induce a cohomogeneity one Finstein
metric on C’aP2#CaP2.

A Drief analysis of the long time behaviour of wy in figure 4.1.15 shows that for
small values of f > 0 a critical point does exist but it only occurs after the trajectory

has passed the maximal volume orbit.
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Figure 4.1.15:  CaP? : Long time behaviour of w

In figure [4.1.15] the blue curves have initial conditions f € {0.01,0.06,...,1.51}
and the green curves proceed with the same step size up to fumax = 2.46. The Taylor
expansion, which has been used to obtain an approximate solution to the Einstein

equation, is of order O(¢*°) and it has been evaluated at t, = 1073.

4.2 Numerical analysis of the Ricci flat trajectories

The key simplification of Bohm’s construction of Einstein metrics on products of
spheres in section [3.5]is to consider the Ricci flat trajectory in the phase space defined
by the rescaling with the inverse of the mean curvature. As section [3.4.2.1] explains,
the two summands Ricci flat equation reduces to a planar ODE for the variables
(X,Y), which is given in . In this coordinate system, the trajectory emanates
from (d—l1 — %, d—ll — n—il), where (c1, ¢2) is the associated first cone solution, and finally
converges to the origin.

Then due to the construction in section|3.5] any intersection of this trajectory with
the X-axis corresponds to a critical point of w at a time before the maximal volume
orbit is reached, and thus gives rise to a symmetric cohomogeneity one Einstein metric

of positive scalar curvature.
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Remark 4.2.1 This procedure corresponds to zooming in on the Einstein equation
as follows:

Let > 0 and suppose that Ric(g;) = Ag;. Then the metric go = pg; satisfies
Ric(go) = ﬁgg. In particular, gs is also Einstein but its Einstein constant tends to
zero as j — oo. This corresponds to letting the volume Vol(Q) of the singular orbit
Q tend to zero.

Moreover, due to section , in the ﬁ—rescaled coordinates, one obtains a well
defined limit. The limiting trajectory is a solution to the Ricci flat equation and
describes how the solutions to the Einstein equation with positive Einstein constant
and small Vol(Q) > 0 approach the base point of the cone solution.

The other extremal behaviour as Vol(Q)) — 0 is described by the first cone solution
(f1(t), f2(t)) = (1 8in(t), cosin(t)) for t € (0, 7). By studying its linearisation, B6hm
[Boh98] could prove the existence of an Einstein metric on HP?#HP’. However,
section suggests that this is the only example where the linearisation can be used

to give a rigorous construction.

Therefore, this section discusses a numerical analysis of the rescaled Ricci flat

equations of section [3.4.2.1] and the plots in figures 4.2.1] and |4.2.2| show the graph
of the Ricci flat trajectory in the X-Y-plane in the HP™- and F™-examples of table
[3.1.1} The diagram on the left considers m = 2 and the diagram on the right considers

m = 3 in both cases. The numerical construction of the plots is explained at the end

of this section.
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Figure 4.2.1: Ricci flat trajectories on HP™ \ { point } for m = 2,3

However, in none of the cases a trajectory with X = 0 has been found and thus

no critical point of w. Due to section this suggests that the symmetric Einstein
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metrics on the connected sums HP™#HP  and in the F""-examples, which have been
observed in the previous section, cannot be seen in this limiting procedure either and

are hence entirely non-linear solutions to the Einstein equations.
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Figure 4.2.2: Ricci flat trajectories on F'™ \ { point } for m = 2,3

On the other hand, in the smallest dimensional cases, the Ricci flat trajectories are
represented by straight lines. This numerical analysis is in fact the origin of theorem
3.4.10 which rigorously establishes this observation and gives new parametrisations
of Ricci flat metrics of special holonomy due to Bryant-Salamon [BS89] and Gibbons-
Page-Pope |[GPPI0].

Furthermore, the plots show that a complete Ricci flat metric should also exist in

the F3-example. However, this case is not yet settled analytically since it is neither

covered by proposition |3.2.9| nor theorem |3.4.10],

The plots in figures 4.2.1| and [4.2.2 are constructed with the following numerical

scheme:

Analogously to proposition 4.1.1], a Taylor expansion for the variables f;, fo, and
fi /f1, f2/f» in the Ricci flat case has been calculated up to order O(t?°) with the
Symbolic Math Toolbox in MATLAB. The algorithm is the same as in section 4.1 and
is based on the scheme in Eschenburg-Wang’s work [EW00|. The Taylor expansions
have then been converted into Taylor expansions for the rescaled variables X;, Y;, of
and were evaluated at t, = 1073 and with f = f,(0) = 1072

The obtained set of data has been used as initial conditions for the ODE ({3.5),
which has been solved with the MATLAB ODE solver ode45. The simulation has been
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stopped once the numerical error in the conservation laws increased significantly,
up to the order of 1073,

Due to the preserved quantities in , the Ricci flat trajectory is completely
determined by X; and Y7, or equivalently by X=X - % and Y = Y] — n%l, where

(¢1,¢2) is the associated first cone solution, and which have been plotted on the z-

and y-axes, respectively.
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Chapter 5

Growth of the soliton potential

This chapter extends the general theory of cohomogeneity one Ricci solitons by in-
troducing a growth estimate on the soliton potential.

Recall that if the Ricci soliton metric is complete, then in the steady case the
soliton potential has linear growth at infinity [BDW15| whereas in the expanding
case it has quadratic growth at infinity [BDGW15a].

However, in the construction problem for Ricci solitons, completeness cannot be
assumed a priori. If the metric on the cohomogeneity one manifold remains in diagonal
form and the shape operator of the principal orbit is positive definite, which is the
case in all currently known examples, then theorem guarantees immediate linear
growth of the soliton potential with a prescribed growth rate provided that a condition
on the second derivative of the soliton potential at the singular orbit is satisfied.

The theorem will be applied in section[5.2]to construct new complete Ricci solitons.

5.1 An estimate on the soliton potential

This section introduces and states the main growth estimate on the soliton potential.
The proof follows in section [5.1.2] Firstly, the set-up and notation of chapter [2] of
cohomogeneity one Ricci solitons with a singular orbit will briefly be recalled.

As every non-trivial steady or expanding Ricci soliton is non-compact, consider a
Riemannian manifold (M™*! g) and a compact Lie group G' which acts isometrically
on M so that the orbit space M/G is isometric to [0,7) for some T > 0 and denote
by K C H C G the isotropy groups of the principal and singular orbit, respectively.
A choice of a unit speed geodesic on M then induces a G-equivariant diffeomorphism
¢: [0,7) x G/K — M, onto the union of all principal orbits M, and the pullback
metric is of the form dt? + g, for a 1-parameter family of metrics g, on the principal
orbit P = G/K.
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The shape operator L; of the hypersurface ®({t} x P) will be regarded as a
gi-symmetric endomorphism of TP which satisfies ¢, = 2¢;L; and r; is the Ricci
endomorphism corresponding to g;. Suppose that v is a G-invariant function on M.
It follows from results in [DW11] that, due to the existence of a singular orbit, the

gradient Ricci soliton equations for (M, g, u) reduce to the ODE system

—tr(Ly) — (L) + i+ 5 =0, 23)
— Ly — (=i + tr(Le)) Le + ¢ + %11 ~0. ©.4)

Conversely, if the metric is at least C%-regular and the soliton potential is of class C?,
then a solution to these equations with ¢; = 2¢;L; induces the structure of a smooth
gradient Ricci soliton on M. Furthermore, any C3-regular gradient Ricci soliton has

to satisfy the conservation law
i+ (—u+tr(L))it=C+eu (12.5)

for some constant C' € R. After changing u by an additive constant, one may assume
that u(0) = 0 and then the constant C' of the conservation law appears as follows in
the smoothness conditions of the soliton potential at the singular orbit:

C

u(0) =0, «(0)=0, u0)= FAE

£3)

where dg denotes the dimension of the collapsing sphere H/K.

From now on restrict to the case of steady and expanding Ricci solitons, € > 0. If
the Ricci soliton is complete, there necessarily holds C' < 0 but even along a possibly
incomplete solution the soliton potential is strictly decreasing and concave (provided
Ly # 0 if e = 0). If the Ricci soliton is complete then the soliton potential is also
necessarily concave in the steady case because the mean curvature of the principal
orbit is then always positive and due to proposition the soliton potential grows
linearly at infinity. In the expanding case one has quadratic growth of the soliton
potential at infinity according to proposition [2.4.2]

However, when investigating the Ricci soliton equations in order to construct new
examples, the above estimates are not available a priori because the trajectory may
not correspond to a complete Ricci soliton.

Therefore it is essential that theorem [5.1.1ldoes not assume that the Ricci soliton is
complete. Furthermore, the growth rate of the soliton potential can also be prescribed
for small times ¢ > 0 when the existence of a solution to the Ricci soliton equations

is a priori only guaranteed by short time existence results, e.g. [Buzll|. In contrast,

propositions [2.4.1] and [2.4.2| only give estimates on the asymptotics for large times.
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Theorem 5.1.1 Let (M"™™, g,u) be a steady or expanding gradient Ricci soliton
which is of cohomogeneity one under the isometric action of the compact Lie group
G. Suppose ®: (0,T) x P — My is an isometric parametrisation of the union of all
principal orbits My and the pullback metric is given by dt* + g,. Assume that there is
a singular orbit G/H at t = 0 and that the isotropy representation of P = G/K s
monotypic, that is, it decomposes into pairwise inequivalent Ad g -invariant irreducible
summands.

Fiz t, € [0,T) and ¢, > 0 and suppose that the Killing form B of g satisfies
—try,, (B)p) < ¢« and that the shape operator L, of the hypersurface P, = ®({t} x P)
18 positive definite for all t > t,.

Then for all ¢ > 0 and for all T € (t.,T) there exists a constant Cy < 0 depending
only on ¢y, ¢, T — t, such that —u(t) > ¢ on [1,T), provided that i(0) < Cy.

Notice that in applications to constructions of Ricci solitons the initial condition

i1(0) < Cy can simply be imposed.

Remark 5.1.2 The assumption of a monotypic isotropy representation can be re-
laxed. It suffices that the metric and the Ricci tensor can be diagonalised with respect
to the same decomposition of the isotropy representation for all ¢ as in (5.4)).

It suffices to assume that the shape operator is positive definite on [t,,7) and
moreover non-vanishing if ¢ = 0. Indeed, the proof in section then shows that
—u(t) > ¢ holds at ¢t = 7 and the concavity of the soliton potential in proposition
2.3.1| ensures that this estimate is preserved for ¢ > 7.

The theorem even applies to classes of manifolds which are just foliated by hyper-
surfaces. These hypersurfaces may not be homogeneous but a similar structure theory
has to apply. In particular the metric on the hypersurfaces has to satisfy a decom-
position similar to so that the Ricci soliton equations have the same form as if
they came from a cohomogeneity one manifold.

The assumption of positive definiteness of the shape operator is natural in the

sense that it holds in all currently known examples.

In the applications in section the growth estimate will be applied in such
a way to ensure that the shape operator indeed remains positive definite along the
entire trajectory. This automatically implies completeness of the metric due to the
following argument. The author thanks C. Bohm and B. Wilking for pointing this

out.
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Proposition 5.1.3 Let ¢ > 0 and (g¢, Lt, w)iec(o,r) be a mazimal solution to the co-
homogeneity one Ricci soliton equations corresponding to a smooth manifold with a
singular orbit Q at t = 0, metric gang = dt* + g and @(0) < 0. Suppose that the
shape operator L; of the principal hypersurface is positive definite for all t > 0.

Then T = oo and the manifold is complete.

Proof: In the steady case proposition m gives the bound tr(L) < % and hence the
shape operator remains bounded along the flow.
In the expanding case, due to the concavity of the soliton potential, the differential

inequality

d € e 1
dt tr(L) 2 tr(L%) 2 n tr(L)

again shows that tr(L) and hence L are bounded. Moreover, both arguments carry
over to the Einstein case.

The metric satisfies the linear ODE %gt = 2¢g;L; and hence cannot blow up in
finite time either.

In the soliton case, an estimate on the potential is also required. One may assume
that u(0) = 0. Recall that the conservation law i+ (—u+tr(L))u = (ds+1)i(0) +eu
needs to be satisfied, where dg is the dimension of the collapsing sphere.

In the steady case, it immediately follows that % < —(dg + 1)ii(0) since 1, i < 0.
In the expanding case, concavity of the soliton potential implies —u(t) < —u(t) - t. It
follows that

d
5 (=) < —(ds +1)a(0) +e(=a) -t — (—u)?
and therefore —u > 0 cannot blow up in finite time. O

Proposition 5.1.4 Complete cohomogeneity one steady Ricci solitons with a singular

orbit and positive definite shape operator have non-negative Ricci curvature.

Proof: This follows from the formulae for the Ricci curvature of a cohomogeneity one
manifold in section [2.1] the cohomogeneity one Ricci soliton equations (2.2)) - (2.4)
O

and proposition [2.4.1]

86



5.1.1 Preparation for the proof:
Scalar curvature of homogeneous spaces

The proof of theorem involves an analysis of the scalar curvature s, = tr(ry)
of the principal hypersurface P;. This relies on the structure theory for homogeneous
spaces, cf. [WZ86], [Bes87|, [PS97|, [B6h05], applied to the principal orbit P = G/ K.
This section revisits the relevant formulae.

Due to the compactness of GG, there exists a biinvariant inner product b on the
Lie algebra g of G. Furthermore, g decomposes into Adg-invariant, b-orthogonal
summands g = € @ p and G-invariant metrics on G/K correspond to Adg-invariant
inner products on p.

Let B(X,Y) = tr(ad(X) oad(Y)) be the Killing form of g, (-,-) an Adg-invariant
inner product on p and e, an (-, -)-orthonormal basis of p. Then the scalar curvature

s of G/K with respect to (-,-) is given by
1 1
= 4 Z<[ea7 65]337 e, 65]P> “ 9 Z Bleq, €a),
a,p ]

where [+, -], is the projection of the Lie bracket onto p. By further decomposing p, this

description can be refined. Suppose that

P=p@... DOpy (5.1)

is a decomposition of p into b-orthogonal, Ad g-irreducible summands. In fact, for any
Adg-invariant inner product on p there exists such a decomposition which moreover
satisfies

() =x1byp, L .o Ly,

for some xq,...,x,,, > 0. This decomposition may not be unique.

Suppose that the (-, -)-orthonormal basis {e,} is adapted to the decomposition
. That is, e, € p; for some ¢ and there holds a < g if i < j. Then the coefficients
defined by A); = b([ea, e5], €,) satisty [ea, esl, = > . Alze, and the structure con-
stants of the decomposition are given by [ijk] = Y (A} )%, where the sum is taken
over all indices o, 3, v such that e, € p;, eg € p; and e, € p;. Notice that the
structure constants [ijk] depend on the decomposition of p but are independent of
the choice of the orthonormal basis. Furthermore, A? 5 1s skew-symmetric in all three
indices and hence [ijk] is symmetric in all three indices.

Let d; = dimp; and By, = —bb,,. Then it follows that b; > 0 with b; = 0 if
and only if p; C 3(g) and [ijk] > 0 with [ijk] = 0 if and only if b([p;, p;],px) = 0.
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Furthermore, the scalar curvature of G/K with respect to the inner product (-, ) can

now be written as

=—- k = . 5.2
DI LRy S 52)
1,5,k i=1
More generally, the Ricci operator is given by
1 1 & e 1= oom |
= —— = k k dy, . 5.3
o= {3 S b S b 6
J:k=1 j.k=1

Remark 5.1.5 Wang-Ziller [WZ86] have shown the following relation between the

structure constants. For any 1 < i < m there holds

> ligk] = di(b; — 2¢),

g,k
where the constants ¢; > 0 describe the Casimir operator Cy, 5,. By definition one has
Coipe = — »_;ad(2;) o ad(z;) for any b-orthonormal basis {z;} of €. However, due to
the irreducibility condition it satisfies C,, 5, = ¢;id,, . Moreover, one has ¢; = 0 if and

only if p; is contained in the subspace py which satisfies Adg,, = id, -

5.1.2 Proof of the growth estimate theorem [5.1.1

The assumption of a monotypic isotropy representation in theorem [5.1.1| guarantees
that the same decomposition can be chosen to diagonalise the metric on the
hypersurface for all ¢. More generally, it is enough to assume that the metric is given
by

ge = i )by, + -+ fr ()b, (5.4)
for all t. Notice that then the Ricci operator also diagonalises with respect to

the same decomposition. Moreover, the shape operator satisfies

L = diag (%idpl, N ?—m 'dpm>

since ¢y = 2g; L.

One may assume f; > 0 and u(0) = 0. Then the shape operator L is positive
definite if and only if f; > 0 for all i and the smoothness conditions of the soliton
potential are given by . In particular, the constant C' in the conservation law
is given by C = (dg + 1)ii(0).

Observe that the Ricci soliton equations , imply

i = tr(L?) — (=i + tr(L)) tr(L) + tr(r) + (n — 1)%.
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Combining this with the conservation law (2.5)), it follows that on any C3-regular

cohomogeneity one Ricci soliton there holds
2 = (dg + 1)ii(0) + cu + 12 + tr(L?) — (tr(L))? + te(r) + (n — 1)2. (5.5)

In order to estimate the quantities in this equation, firstly recall that in the steady
and expanding case, € > 0, the soliton potential is negative for all ¢ > 0 according to
proposition [2.3.1} Secondly, it follows from the structure of the scalar curvature of P,
in that tr(r) < 337, %2 fQ(t) Thirdly, observe that as long as the shape operator

L is positive definite one has fZ > ( and hence

Tt —_ 2 trgt* <B|p>
for all ¢t > t,. Positive definiteness of L also implies that tr(L?) — (tr(L))? < 0. Let
a > 0 and suppose that (dg + 1)i(0) + & + (n — 1)§ < —a. Then it follows that

i) < —a + %uQ(t)

for all £ > t,. It is useful to note that despite the singularity of at t = 0, if the
assumption — try, (Bjp) < ¢, already holds at ¢, = 0, then the above estimate on i
also holds at ¢t = 0.

If —u(t.) > c then the claim follows from the concavity of the soliton potential
due to proposition . Otherwise, one can assume that a > —2 and the claim then
follows from the comparison principle for ODEs and remark [5.1.6} - 6| below. |

Remark 5.1.6 Let a > 0. The initial value problem
2
/

Y :—a+% and y(s«) = Y«

is solved by y(s) = v2atanh(/5(s. — s) + arctanh( =) if —a + % < 0.
Fix ¢ > 0, so > s, and suppose that 0 < —y, < c. Then there exists an ag > 0
depending only on ¢, sg — s, such that for all a > ag the solution to the above initial

value problem satisfies —y(s) > ¢ for all s > s,.

This argument generalises an observation of Appleton |Appl8| for the soliton
potential of steady Ricci solitons on complex line bundles over Fano Kéahler Einstein

manifolds.
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5.2 Applications

In this section, theorem will be used to construct new examples of complete
steady and expanding Ricci solitons in the following geometric situations: the Dancer-
Wang set-up [DW11], where previously only explicit Kéhler Ricci solitons were known,
the examples associated to Lii-Page-Pope [LPP04|, who described explicit Ricci flat
metrics, and the two summands case of chapter [3, where now all low dimensional

examples are covered.

5.2.1 Revision of the two summands case

This section revisits the construction of complete steady and expanding Ricci solitons
in the two summands case, which was considered in sections [3.1]and [3.2] and the main
theorem is extended to a larger dimension range.

Theorem 5.2.1 On CaP? \ { point } , HP™ \ { point } for m > 1 and on the
vector bundle associated to (G, H,K) = (Sp(m + 1), Sp(1) x Sp(m),U(1) x Sp(m))
form > 1, there exist a 1-parameter family of non-homothetic complete steady and a

2-parameter family of non-homothetic complete expanding Ricci solitons.

Recall that the two summands case describes the setting in which the isotropy re-
presentation of P = G/ K decomposes into two inequivalent Ad -invariant irreducible
summands p = p; @ po. Suppose that b is a biinvariant metric on G which induces
the metric of constant curvature 1 on H/K. If p; and py correspond to the tangent
spaces of the collapsing sphere H/K and the singular orbit G/H, respectively, then

metric on the principal orbit is given by

gt = fl(t)2b|p1 + fz(t)2bh?2

and the Ricci soliton equations take the form

o~ fi e
u:Zdiﬁ_§a
i=1

d f, . fi e Al As f?
——=—(-u+tr(L) -+ s+ —— + %
dt f1 ( ( ))fl 2 di ff Ay fy
d fy ) fo e Ayl A; f}
L a2y 22 9fB
dt fs ( ( ))f2 2 dy f3 dy f3
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where d; = dimp; and the constants A; > 0 are determined by the Riemannian
submersion (G/K,by,) — (G/H,by,,), see section . In the following,

Az, A3>O and Al :dl(dl—l) >0

will be assumed.
In order to smoothly extend the metric and the soliton potential over the singular

orbit, the smoothness conditions

£100) =0, £1(0) =1 and f2(0) = f >0, f»(0) =0, (5.6)
w(0) =0, 4(0) =0, (dy +1)ii(0) =C <0

from and are imposed. Higher regularity of the solution then follows from
elliptic regularity, cf. [Buzl1]. In particular, any solution is uniquely determined by
fixing f > 0 and C < 0 and if C = 0 the trajectory is automatically Einstein. Recall
that according to results of Chen [Che09a] any complete steady and expanding Ricci
soliton with u(0) = 0 necessarily satisfies C' < 0.

Fix ¢ > 0. Then (d; + 1);;—%83 =+ ’3—;}% > 0 implies that fo(t) > 0 holds for
sufficiently small ¢ > 0. A key step in the proof of completeness of the corresponding
Ricci soliton metrics is to show that f(£) > 0 holds in fact for all ¢ > 0. Since f; > 0
is immediate, this also implies that the shape operator L = diag (% idg,, % iddz) is

positive definite. In order to prove that f» > 0 is preserved if £ > 0, it suffices to

show that
fi Ay
w="<
fa 243

is preserved if € > 0. To this end, observe that w satisfies

d _ JTh b
dt fi  fol’

d? f 1 fz w
—w=w — — = —(—u+tr(L)) p + 5 f(w), 2.7
= {fl = (i () p o+ () 5.7
with f(w) as in (3.14), and therefore w(0) = 0 and w(0) = f~L.

According to proposition [3.4.6, f(w) has two positive roots w; < wsy if and only
if the discriminant D of (3.17) is positive. In this case, there holds w? < sz and

wi < ;‘723, and in particular it follows that f2 > (0 as long as w < ws.
Furthermore, the geometric condition A; = dy(d; — 1) implies that w; = 0 if and

only if d; = 1, which turns the S'-bundle construction into a special case.
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Remark 5.2.2 According to section |3.4] along any solution with L; > 0, the asymp-
totic behaviour of the metric necessarily requires D > 0 for completeness, as this is
the condition for the associated cone solution to be real valued.

Notice that the examples induced by the Hopf fibrations in example [3.4.5| indeed
satisfy D > 0.

Lemma 5.2.3 Suppose that d; > 1, Ay = dy(dy — 1) and D > 0. As long as fg >0

and w < wq, the following estimate holds

. dl - 1 ( ]- . 2) N f2

w < — —w | +wlu—n=—7).
o\ ( fQ)

In particular, if furthermore C' =0 or C' < 0 and ¢ > 0, then w > % implies that

& <0, and thus the bound w(t) < %— holds fort > 0 and as long as w(t) < ws.

Proof: The function f(w) = 244% A;(w? — w?)(wf — w?) has a local maximum at the
142

origin and in particular one has f(w) < f(0) = ‘;‘—11 =d; —1if 0 < w < wy. Since fy

is increasing there holds fo(t) > f2(0) = f for t > 0. Then first claim follows from

_ 5 <f§£;> ~ (dy — 1)w2> + i — n%).

If e > 0 and C < 0, the soliton potential either vanishes identically or is strictly
decreasing by proposition [2.3.1. In particular, there holds @ < 0 and this completes
the proof. O

Theorem now follows from proposition below, which moreover produces
complete steady and expanding Ricci solitons if D > 0 and d; > 1 and hence covers all

known geometric examples. The case of a collapsing circle d; = 1 will be considered
in proposition [5.2.7]

Proposition 5.2.4 Let d; > 1, Ay = dy(dy — 1) such that D > 0 and € > 0. For any
fo > 0 there exists a constant Cy < 0 such that for any C < Cy and any f > fy the
steady and expanding two summands Ricci soliton metrics with initial condition
are complete.

In particular, these give rise to a 1-parameter family of complete steady and a

2-parameter family of complete expanding Ricci solitons.
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Proof: Completeness follows from proposition [5.1.3| once the invariance of the set
{f2>0 and 0<w<w2} (5.8)

under the Ricci soliton ODE has been established for all ¢ > 0.

Observe that it directly follows from the two summands Ricci soliton ODE that
w < wy implies f, > 0. It therefore remains to show that there are initial conditions
as claimed so that w cannot exceed wy if fg > 0.

Recall that A; > 0 implies that w; > 0. Suppose there exist t,, 6 > 0 such that
w < wyon [0,t], w <w;yon (t, —6,t.) and w > wy on (4, t, +0). Set

t" =sup { t >t | w(s) € [w1,ws] forall se€ (t,,1) }.

Then w(t,) = w; and the monotonicity of f, implies that fi(t,) > wyi f. It follows
a posteriori that one can assume w(t,) > 0.
As long as w; < w < ws, the ODE (5.7) implies that

gosofi-a-vh-wink]

and with lemma [5.2.3] it follows that

Ot) < w(t,) 1;;575*) (L)

PO

for all t € (t,,t*). Notice in particular that w < ws holds on the interval (t.,t, + T),

where T' = fo(ws — wy).

exp(u(t) —u(t.)) <w(t) <

| =

Furthermore, due to the monotonicity of f;, fo one has

2 2

Ai Az Al A2
—trg, (B)p) = < < —=+—= <o (5.9)

2ol ; FE() ; fRt) —wifr o f?

for t > t, and as long as w(t) < ws.

Now, according to theorem 5.1.1], the following holds: For any ¢ > 0, any 7 € (0, 7))
and any fy > 0 there exists a constant Cy < 0 such that along any two summands
Ricci soliton trajectory whose initial conditions ([5.6]) satisfy C' < Cy and f > f; the

soliton potential obeys the estimate
u(t) <u(r+t.) —e(t— (14 t))

for t > 7 +t, and as long as w(t) < wy. (In fact, due to the concavity properties of u
in proposition [2.3.1} the estimate actually holds for all t > 7 + ¢,.)
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The monotonicity of f;, fo and v and the a priori bound on w in lemma then
imply that for t € [7 + t., t*] there holds

w(t) < w(T +t) + w(ts) /+t exp(u(s) — u(t,))ds
w(ty)

c

1 1
§w1+—<r+—> < Wa,
fo c

<w(T+t)+

if ¢ > 0 is chosen large enough and 7 > 0 small enough. In particular, it follows that
t* = oo unless w(t*) = w;.

However, observe that the choices of ¢, 7 > 0 and hence Cy < 0 depend on fy > 0
but not on t,. This implies that the corresponding trajectories with C' < Cj indeed
satisfy w(t) < wsy for all ¢ > 0, which completes the proof. O

Remark 5.2.5 (a) According to proposition [3.2.5] one can actually choose Cy = 0
in proposition if dy > 1 and (dy + 1)A3 > 4d,da(2d; + da) As.
(b) The asymptotics of the Ricci soliton metrics can be deduced as in sections

and Indeed, the arguments carry over since L; > 0 and w < wy < 2AT23
hold on the constructed metrics.

In the steady case, any complete solution must in fact have positive definite shape

operator.

Proposition 5.2.6 Let dy > 1, Ay > 0 and ¢ = 0 and let (f1(t), f2(t),u(t))icpor) be
a maximal solution to the two summands Ricci solution ODE with initial condition
(5.6). Suppose there exists to > 0 such that fz(to) < 0.

Then T < oo and the associated metric is incomplete.

Proof: Recall that due to lemma there holds fQ(t) < 0 for all t > t,, which

implies w(t) > 0 for all £ > ¢,. Hence there exists a constant ¢; > 0 such that

d fi : fi
——= > —(—u+tr(L))= +c1.
A
Hence, by comparison, there exists a constant co > 0 such that
fi “
-— = C + Co,
fl {h 512
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which implies

d
7 tr(L) = i — tr(L?) < —c3 < 0

due to proposition [2.3.1]
However if T = oo this contradicts the estimate tr(L) — 0 as ¢ — oo which
holds on any complete steady cohomogeneity one Ricci soliton with a singular orbit

according to proposition [2.4.1] O

Notice that condition cannot hold at t = 0 if A; > 1 because f1(0) = 0
implies that trg, (B),) diverges as ¢t — 0.

However, if A; = 0 one can actually choose t, = 0 and holds initially. As
Ay = dy(d; — 1) holds in geometric applications, the proof can hence be simplified if
dy; = 1. In this case, the two summands system can be used to construct Ricci soliton
metrics on complex line bundles over Fano Kéhler Einstein manifolds, see section 3.3

In the case of steady Ricci solitons, the following argument is due to Appleton
[App18|, who moreover has found a non-collapsed Ricci soliton in this family. Stolarski
[Sto17] independently describes the steady Ricci solitons. Proposition extends

their results to the expanding case.

Proposition 5.2.7 Let dy = 1, Ay = 0 and € > 0. For any fg > 0 there exists a
constant Co < 0 such that for all C < Cy and f > fy the steady and expanding Ricci
soliton trajectories with initial condition give rise to families of complete Ricci
soliton metrics on complex line bundles over Fano Kahler Einstein manifolds.

In particular, these families include examples of non-Kdahler type.

Proof: Recall that A; = 0 implies that w; = 0 and wy, = %2 dfi % As in the proof of
proposition m, it suffices to show that (/5.8]) is preserved.

Clearly, w < ws still implies fg > 0 and as w(0) = 0 the condition w < wy holds
initially. Moreover, since d; = 1 and u(0) = 0, one concludes as in the proof of

proposition that

. N S (1) , 1
2
as long as w(t) < wy. In particular, this condition is satisfied on [0, wy f).
Furthermore, — try, (B),) = S22 f‘;;(t) = é‘é) < % < oo also holds as long as

w(t) < we. Thus, theorem implies the following:
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Let fo > 0,c>0and 7 € (0,wsfy). Then there exists a constant Cy < 0 such that
along any two summands Ricci soliton trajectory with d; = 1, A; = 0 and C' < Cj,
f > foin (5.6), the soliton potential satisfies u(t) < u(r) — c(t — 7) for t > 7 and as
long as w(t) < wa.

Thus, one concludes that

o) < wlr) +500) [ expluts))ds <} (r+3) <w

for all t > 7 if ¢ > 0 is chosen large enough and 7 > 0 sufficiently small. In particular,

in this case, w(t) < we holds for all ¢ > 0. O

Remark 5.2.8 It follows from proposition that proposition holds with
Co = 0 provided A2 > 2dy(dy + 2)As.

5.2.2 Generalisations of the circle bundle case

In this section two generalisations of proposition will be discussed.

5.2.2.1 The Dancer-Wang set-up

Extending earlier work of Cao [Ca096] and Feldman-Ilmanen-Knopf [FIK03|, Dancer-
Wang [DW11] have found explicit families of Kéhler Ricci solitons on certain complex
line bundles over products of Fano Kéahler Einstein manifolds. Their construction
assumes that the Euler class of the line bundle is a rational linear combination of
the first Chern classes of the base manifolds. However, the Kéahler condition imposes
strong restrictions on the coefficients. This section establishes that in fact on any
of these line bundles there exist continuous families of steady and expanding Ricci

solitons:

Theorem 5.2.9 Let L be the total space of a complex line bundle over a product of
Fano Kdhler Finstein manifolds with m > 1 factors whose Euler class is a rational
linear combination of the first Chern classes of the base manifolds. Then there exist
an m-parameter family of complete non-trivial steady and an (m+1)-parameter family

of complete non-trivial expanding gradient Ricci solitons on L.

The precise geometric set-up for the construction of the Ricci soliton metrics is
the following:

Let {(V;, J;, hi)}i:L_._?m be Fano Kahler Einstein manifolds of real dimension d;.
Then the first Chern classes are ¢;(V;, J;) = p;p; for positive integers p; and indivisible
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classes p; € H*(V;,Z). Suppose that the Kéhler metrics h; are normalised such that
Ric(h;) = p;h; and let 7; be the associated Kéhler form. Choose q,...,¢nm € Z \ {0}
and consider the principal circle bundle 7: P — B with Euler class > " ¢;7}p;.
Notice that on P there exists a principal connection 6 with curvature Q = > " | ¢;m;n;.

Then the Ricci soliton equations on I x P with respect to the Riemannian metric
g = dt* + g¢, where g, = f>(1)0 @ 0 + > " | g2(t)7 h;, are given by

.. f S gi €

- L d;Z - =, 5.10
i 7 + ;:1 T3 (5.10)

df f £ diq; f2
—= =— tr( : 5.11
i (=t + tr( f +3 +Z (5.11)

d g; . 9 €, D g f2
—= =—(—= tr(L)=+ - + = — +*— 5.12
dt g; (=it + tr( ))g+2+93 2 g’ (512)
for : = 1,...,m, and where L = diag (f 9 ]Idl, cee g_Z]Idm> is the shape operator

of the princ1pal hypersurface. A solution to these equations on [0,00) X P induces a
complete Ricci soliton metric on the associated complex line bundle if the smoothness

conditions

f(0)=0, f(0)=1 and ¢;(0) >0, ¢(0) =0, (5.13)
u(0) = u(0) = 0, 2i(0) = C

are imposed, where C' is the constant in the conservation law (2.5)). Recall that if
g€ > 0 then C < 0 is a necessary condition to obtain a complete solution.

The metric on the associated complex line bundle is Kahler if %gf = —q;f for
i =1,...,m, which necessarily requires ¢; < 0, cf. [WW9§].

Fix ¢ > 0 and observe that 2?583 = 5+ =5 (10 > 0 implies that ¢;(t) > 0 for

sufficiently small ¢ > 0.
Suppose that Cy > 1 is a constant to be specified later and w; = —_ and Q;; = g—_

9j

are bounded by

1 4
W < d Qi <C, 5.14
S g el i) and Q< G (5.14)
for all 7,7 = 1,...,m. Notice that the condition on w; is automatically satisfied

initially as w;(0) = 0 and that it implies

(5.15)

In particular, as long as ([5.15)) holds one has ¢; > 0 for i = 1,...,m. The condition
on ();; can be satisfied initially by simply choosing Cy > 1 sufficiently large.

97



Remark 5.2.10 Notice that the a priori bound ({5.14) also implies that all @;; are
bounded from below.

If m = 1 one can choose Cy = 1 and the condition w? < i
proposition [5.2.7]

It will be shown that for a suitable choice of initial conditions in (5.13)) the bounds

in ([5.14]) are preserved along the corresponding steady and expanding Ricci soliton

d+2) ———— is the same as in

trajectories.

Observe that w; = § satisfies the equations

wl:wz{é—%} and

@izw{u—(d+1)zf Zd?}-{-g_{_w _p’+z qufQ }

j#i J 7 gj gj

Remark 5.2.11 Any critical point of w; along a solution which satisfies (5.14)) is a

local maximum. Indeed, one has

d; 2 d; +2 —1
I i —pit )= ]qu < I G2 — pi+ = min {p;}
i gﬂ "

1 m—1 )
< (mcog L )mm{pk}—pi <0

and equality implies m = 1, Cy = 1 and equality in ([5.14)), in which case w; is maximal
by assumption. Therefore w; can change its sign at most once. In particular, if the

solution is defined for all times ¢ > 0, then w; converges as t — oco.

Remark 5.2.12 An integral formula for w can be obtained from

%{ UdHHg] }sz Tugdi Hg] {—w —pz+z ]q] w? 2}.

JF#i JFi
Lemma 5.2.13 Lete > 0 and fix ey, g > 0. Then there exists a constant C; < 0 such

that along any Ricci soliton trajectory with C' < Cy and ¢;(0) > g for alli=1,...,m
in (5.13)) the estimate w; < g¢ is preserved for alli =1,...,m as long as (5.14]) holds.

Proof: Observe that as long as assumption 1) is satisfied the second term in the

expression for &; is nonpositive. Since w;(0) = this implies as before that

(0) ’

¥ (0)TT,. 97 (0) 11
B T R OB
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for t > 0 and as long as ([5.14]) holds. Observe that the bound on w; in (5.14)) clearly
holds on an interval [0, 7], where 7" > 0 only depends on g > 0 and the bound itself.
In order to apply theorem |5.1.1] note that the Ricci soliton ODE and ([5.15)) imply

positive definiteness of the shape operator, and that

m

d;p; N dipi = _
—trg, (B)p) = g —— < g < C(d;, pi,
rgt( \P) p ng(t) — — 912(0) = O( p g) < o0

is uniformly bounded in terms of g > 0 and geometric or topological data. Hence, for
all ¢ > 0 and all 7 € (0,T) there exists a constant C; < 0 such that for all C' < (4
one has —u(t) > ¢ for all £ > 7 and as long as (5.14) holds. This implies that
t 1 1
w;i(t) < w;(T +wi0/expus ds < <7’—|——)
(t) (1) ()T (u(s)) 0 .
and hence for sufficiently small 7 > 0 and sufficiently large ¢ > 0, the condition

w; < g¢ is preserved along the Ricci soliton trajectory. O

Now the existence of an a priori bound for the quotient Q;; = gz Wlll be established.
Observe that

Qi = Qi { &} and
9i g;
. . 2 pr2 2 r2
: . . 9 gj pi 4 f pi 4G f
Qij = Qij{U—tf(L)ﬂL———j}ﬂLQn{—g——j— (%——]—4)}'
i 95 9; j j
It is easy to check that the initial conditions

=0 st 0,01 Ja,0 {185~ )

hold.

As a first step, an a priori estimate on Ql] will be derived:
Lemma 5.2.14 As long as (5.15)) holds, one has the estimate

2 - . 9 9 Di
Qij < Qi {U —tr(L) + = — —J} + Q”?

gi gy

S S S R

k#i,5 j

In particular, if furthermore C' =0 or C < 0 and € > 0, then Qy;(to) > /72—

implies QZ] (to) < 0 and hence the a priori bound
: Di 1
Oii(t) <maxd [P~
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Proof: The first part is a straightforward calculation. For the second part recall that
(5.15) implies that ¢; > 0 for ¢ = 1,...,m and that for steady and expanding Ricci

solitons the soliton potential is decreasing according to proposition [2.3.1] O

Lemma 5.2.15 Suppose that ¢ > 0 and set Cy = max {Q,;j(O), \/ ddf pz} + 1. Then
for every g > 0 there exists a constant C; < 0 such that along any Ricci soliton
trajectory with C' < Cy and ¢;(0) > g fori=1,...,m in the a priori bound
18 preserved.

Proof: Observe that, due to (5.14]), the equation for Qw and (|5.15) imply that
> . . gz Q’L] ]p]
Qi‘SQz“{U—tTL +———} {pz‘— Q}-

d;j+2 pz
dJ

Now suppose that Q;;(t) > for t > ty and ¢, > 0 is minimal with that

property. It follows a posteriori that QU (to) > 0 can be assumed and then
di—1_dj+1 d

(gi 9;’ Hk;ﬁij gkk> (to)
di—1_d; +1 d

<gz ! Hk#zg k> (t>

holds for ¢ > ;. Notice in particular that the bound on @;; in (5.14)) is still satisfied

on [to,to + T), where T' = g - max{%}_l/2 > 0 can be chosen due to the definition

of CO
Set eg = Cp in lemma [5.2.13] As the proof shows, for any ¢ > 0 and any 75 > 0

Qz’j(t) < Qij(to) exp(u(t) — u(to)) <

there exists a constant C’ < 0 such that along any Ricci soliton trajectory with
C < (C"and ¢g;(0) >gforalli=1,...,m in one has —u(t) > c for all t > 7
as long as holds. This implies that w; < C for a sufficiently small choice of
To > 0 and a sufﬁciently large choice of ¢ > 0.
Recall that due to (5.14]) the shape operator is positive definite and that the bound
—trg, (Bp) < >y ;g’o’) was established in the proof of lemma |5.2.13|for ¢ > 0.
Fix 79 < T and apply theorem [5.1.1 with ¢, = >, dgé’i, c>0,t, =ty and

T = To+to. This yields a constant C” < 0 such that along any Ricci soliton trajectory
with C' < C” and ¢;(0) > g for all i = 1,...,m in (5.13]) one has —u(t) > ¢ for all
t > 7 and as long as ([5.14) holds. Then

Qij(t) < Quy(T) + Qij(tO)/ exp(u(s) — u(to))ds
Qij(to)

< Qij(1) +

-1 1
< Qij(to) + Ap 3 (7' — o+ E) < Cy



for a sufficiently small choice of 7—ty = 79 > 0 and a sufficiently large choice of ¢ > 0.

Recall that the constants C’, C” < 0 in theorem for which the linear growth
rate —u > c is guaranteed if 4(0) < C’,C”, respectively, only depend on ¢, ¢ > 0
and the difference 7 — t, = 79 > 0, but neither on ¢, nor 7. Hence there is a uniform
choice of 79 € (0,7) and ¢ > 0 which implies that is preserved along the Ricci
soliton trajectory provided that i(0) < C' < C} := min{C’,C"} < 0 and ¢;(0) > g

foralli=1,...,m. O

Completeness of the Ricci soliton metrics now follows from lemma [5.2.15] and

proposition [5.2.16| below.

Proposition 5.2.16 Let ¢ > 0 and consider a maximal Finstein or Ricci soliton

tragectory in the Dancer-Wang set-up with initial conditions (5.13)) and i(0) < 0.
&
Then this trajectory is defined for allt > 0 and corresponds to a complete Einstein

Suppose that g—; < holds along the entire trajectory if q; # 0.

or Ricci soliton metric.

Proof: It is immediate that the shape operator remains positive definite along the
trajectories and hence proposition yields the claim. O

In the case of steady Ricci solitons, positive definiteness of the shape operator is

actually a necessary condition for completeness.

Proposition 5.2.17 Let ¢ = 0 and suppose that (f(t), gi(t), u(t))cpr) is a mazi-
mal solution to the Ricci soliton equations - which satisfies the initial
conditions . Suppose that T = oc.

Then there holds f(t), §;(t) > 0 for all t > 0.

Proof- Tt is clear that f > 0 is preserved. Suppose that there exists ig € {1,...,m}
and ty > 0 such that g;,(ty) < 0. Then an argument analogous to the proof of
proposition shows that g;,(t) < 0 for all ¢ > ¢, and the proof of proposition
applied to f /f yields a contradiction: A comparison argument shows that f /f
is bounded away from zero, which implies that the mean curvature decreases with
definite speed. On the other hand, this is impossible as the mean curvature must

tend to zero at infinity according to proposition [2.4.1 O
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Remark 5.2.18 An alternative proof of proposition [5.2.16| in the spirit of remark
2.3.2|is also available: Set £ = m

the Einstein and Ricci soliton loci of the variables

and consider the rescaling % =L %. Then

onﬁ-i, Xizﬁ-Q and Yozé, Y;:£ and wizﬁ,
f 9i f Gi Yo
for i = 1,...,m, describe bounded regions in phase space as € > 0, w? < 2(% and the
conservation law in the form yields
f:din + zm: dipi Y — zm: dl—q’waYf + (n — 1)E£2 <1.
i=0 i=1 = 4 2

Furthermore, the associated Ricci soliton ODE

d S 2 €2 R e L
o= (S - 5o 1)+ et 3 Sy

Jj=0 J=1

d }m: 2 € a9 € Ao 2 %2 21,2 .
%XZ:XZ (]Od]XJ—§£ —1>+§£ +sz; _Ewl}/z, for 121,...,’[’)1,
dy _y, Em:d-X?—EL?—Xi for i=0,...,m
dS ]:0 ] J 2 ) ) b )
d " €
el — d'X2—— 2
ds £< I 2£>7

7=0
d )
Ewi:wi(Xo—Xi), for z:l,...,m,

has a polynomial right hand side, which implies long time existence. Completeness

of the metric then follows as in proposition [3.2.9 and corollary [3.2.12] since w? < %

implies X; > 0fori=1,...,m.

Proposition 5.2.19 The steady Ricci soliton metrics with (5.14)) are complete and
if furthermore Y 0" d; +2 < m (min{d;} + 2) C§ it follows that

2(t 2p;
—u(t) = vV—=C and g’t( ) o L nd f(t) converges

V—C

ast — oo.

Proof: In the steady case f and g; satisfy the ODE system

f =1
@ pi— S
gZ:—(—u+tr(L))gi—j+ 92 :



Due to and remark , the limit w; oo = limy o w;(t) exists for all i. More-
over, the shape operator remains positive definite along the trajectories. It hence
follows from proposition that f/f, gi/gi — 0 and —it — /—C as t — oco. If
Wieo > 0 for some 7, an application of lemma as in the proof of proposition

3.4.19 yields

2

4 2 R ST
(pl_szoo) wi,oo_z 4 Wi oo

Jj=1

and in particular w; o > 0 for all 7. Notice that this implies that

Zd w]OO {pJ <in:dl +2) quijzoo} = 0.

=1
In the domain { w? < (Zm4+.+2)qz | j=1,...,m } the unique solution to this
i=1% f
equation is wi = (Z’"4++2) for all 5. However, by assumption, the functions w;
1=1""

satisfy an even stronger bound. Thus w; o, = 0 holds for those the trajectories.
Then lemma [3.4.18 applied to g; yields the asymptotic behaviour of all g;. It
remains to prove that f is bounded.
As w; changes its sign at most once due to remark [5.2.11] there exists ¢y > 0 such
that w;(t) < 0 for t > ty. Hence, for all § > 0 there exists to > 0 such that

wig—(\/?M)wi_{@_(g}%

for ¢ > tg.

As in [Appl8, Lemma 6.5], it follows that for all § > 0 there exist ¢y, to > 0
such that w;(t) < cot~ 1219 for t > t,. Hence there exist constants ¢, ¢y > 0 such
that f < —ci f + 725 for t > ty. This implies that f is bounded and, as f >0, thus

converges. |

Remark 5.2.20 If m = 1, the long time analysis of w in remark [5.2.11] can be
improved as the bound w? < m from (5.14]) and remark |5.2.10 is now optimal in

the following sense:

Observe that
N g w [(d+2)¢* ,
w—w{u (d+1)g}+92{ T WP

implies that critical points of w are local maxima if w? <

_Ap
q?(d+2)"

m and local minimal

if w? > In particular, as w(0) = 0, @ can change its sign at most once and
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there exists lim;_,, w(t) € [0, 00]. This observation is due to Appleton [Appl8| who,
by exploiting the fact that the S'-bundle set-up does not yield complete Ricci flat
metrics if ¢ > p, could prove that in this case the steady Ricci soliton trajectory with

2ii(0) = inf { c ‘ the steady Ricci soliton metric }

with 2i(0) = C in (5.13]) is complete

gives rise to a complete Ricci soliton with wo, = Appleton also shows that if

(d+2)q

q > p any trajectory with w > ( blows up in finite time.

d+2) (d+2)¢2
In particular, Appleton constructs a 4-dimensional, non-collapsed, non-Kéhler

steady Ricci soliton.

Remark 5.2.21 The Kahler condition —gZ = —q;f for the metric gives rise to the

preserved locus of trajectories satisfying
Ji g [f . f\é ¢ b
==—-—-% and |—u+tr(L)+ 5| ===+
9i 297 ( fla 2 g

Due to the initial conditions of f and g;, the condition —g; > 0 is necessary for

any Kahler metric to exist and then the shape operator is positive definite. In the

steady case, proposition [2.4.1| furthermore implies <4 o Lg2 — \/QZL as t — oo and thus

2p; 912 (t) 2192'
and
v—Cy t v

ft) = —

as t — o0o.

In particular, % < 0 must be independent of ¢ for any Kéahler metric to exist.
Proposition 5.2.22 The expanding Ricci soliton metrics with (5.14) are complete
and satisfy

—u(t) L€
t 2

L
and Tt—ﬂln
ast — oo.

Proof: The asymptotics of the expanding Ricci solitons can be deduced as in section
3.4.50 Indeed, the argument in proposition |3.4.21] applies to the variables X;, Y;, w;
and £ of remark [5.2.18 Due to proposition and the positivity of the shape

operator, the variables X;, Y; and L tend to zero, but it follows from

dX() “ X() deqQ Yz £
L2 (N gx2o1) 20 Lt LS (x4 1
ds L2 ( Z i )£2+Zl  wigz tg Kot

X; 2 Y2
ds£2:< ZdX2 ) +<pi—q—’w2)£2+ (X;+1)
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and the convergence of % = i and w;, see remark [5.2.11} that

m

Xo iq? 5 3 Xi 4 o 2
ﬁ — AO = ZZI Twi,ooyi,oo + 5 and E — Az =\ Pi — S Wioo | Yo +3

Lo<

However, since Y; =Y; (31" diX? — ££° — X) andoﬁl :qu‘ (Y, diX?—£L7),
L’Hopital’s rule implies y; .« = 0 for ¢ = 0,...,m by comparing the limits of % and
% as in the proof of proposition .

The asymptotic behaviour of the soliton potential and the shape operator then
follow as in [DW09a]. O

as s — 00, where y; oo = limg_, % and wj oo = limg_,o

5.2.2.2 The Lii-Page-Pope set-up

Let L be the total space of a complex line bundle over a single Fano Kahler Einstein
manifold whose Euler class is a rational multiple of the first Chern class of the base,
equipped with the same geometry as in section . Lii-Page-Pope [LPP04] have
found Ricci flat metrics on L x S™, for m > 1, of warped product type by exhibiting an
explicit formula. All of their examples also support complete steady and expanding

Ricci solitons.

Theorem 5.2.23 There exist continuous families of complete non-trivial steady and
expanding gradient Ricci solitons on any product L x S™ of a sphere S™, m > 1, with
the total space L of a complex line bundle over a Fano Kdhler Finstein manifold M

whose Euler class is a rational multiple of the first Chern class of M.

In fact, Lii-Page-Pope already remark that in their construction the factor S can
be replaced by any Einstein manifold (N, hy) of positive Ricci curvature. Suppose
that Ricy = (dg —1)hy. Then, with the same notation for the metric on the S I_bundle
as in section [5.2.2.1], the metric on the principal hypersurface is given by the warped
product

ge = f(£)*0 @0+ gi(t)°7" I + ga(t)*he
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and the Ricci soliton equations are given by the ODE system

f. gi €
u:?+i:1;—§a
%§ _§(—u+tr(L))+§+ 1%1%;_;’
%%_ —%(—u—l—tr(L))+§+p—%—q§§—%a
%2_2— _z—z(—u+tr(L))+%+d2ggl.

This ansatz gives rise to smooth Ricci soliton metrics provided the initial conditions

£(0)=0, f(0)=1 and g(0) >0, g:(0) =0, (5.16)
u(0) = u(0) = 0, 2ii(0) =C

are satisfied, where C' is the constant in the conservation law ([2.5]).

Notice that this is a special case of the Dancer-Wang set-up in section if
one chooses ps = dy — 1 and ¢ = 0. However, this allows a simplified argument, which
shall briefly be sketched:

Fix ¢ > 0. As in section one has §;(0) > 0 and the assumption dy > 1
implies that also 22258% = £+ ;g(_o% > 0. In particular it follows that ¢;(¢) > 0 for
1 = 1,2 and sufficiently small £ > 0. Furthermore it is clear from the ODE system
that f > (0 and g5 > 0 are preserved. Due to proposition , in order to establish

completeness, it suffices to show that the set

2

) f 4p, }
>0 and == < ——M
{ 9 @ (i +2)qt

is preserved by the Ricci soliton ODE if € > 0. This is now straightforward:
Consider the quotient w, = g%. It satisfies the ODE

. .d wi [ (di+2)qf
— L -1 di+1 _do w1 ) \"1 T 2)491 2 .
w1 = wy dt{u ng, 92}—1-9% 1 wi — P1
In particular, as long as w?(t) < ( dlAf;)q%, one has
: (91" 95°)(0) 1
wi(t) < G explu(t)) <
(91" g5") (1) 91(0)
as u(0) =0 and w;(0) = g%(o)' Then proposition |5.1.3| yields theorem [5.2.23;
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Proposition 5.2.24 Letds > 1 ande > 0. Then for any g > 0 there exists a constant
Co < 0 such that the steady and expanding Ricci soliton trajectories in the Li-Page-
Pope set-up with C < Cy and ¢;(0) > g for i = 1,2 in (5.16) and are complete.

Remark 5.2.25 It is easy to check that the proof of proposition also works if

e > 0 and dy = 1. Moreover, in this case, it is sufficient to assume g»(0) > 0.
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Chapter 6

Remarks on related Geometries

In this chapter two geometric set-ups, which extend those from the previous chapters
in different directions, will be discussed:

Section [6.1] extends the S'-bundle case of section [5.2.2.1] to torus bundles and
investigates the associated Ricci soliton equation. Section introduces the m-quasi-

Einstein equation and discusses its relationship to the Ricci soliton equation.

6.1 Ricci solitons from torus bundles

This section considers the cohomogeneity one Ricci soliton equation on manifolds that
are foliated by r-torus bundles over products of Fano Kéahler Einstein manifolds, thus
generalising the set-up of section[5.2.2] The key difference between the S*-bundle case
and the torus bundle case is that the diagonal ansatz for the metric is not preserved
by the Ricci soliton ODE.

Chen [Chell| has found Einstein metrics of positive, zero and negative scalar
curvature in the case of 2-torus bundles by adapting the explicit ansatz of the S'-
bundle construction, cf. [BB82|, [WW9g].

This approach is in line with the construction of Kahler Ricci solitons due to Cao-
Koiso |Ca096], [K0i90], Feldman-Ilmanen-Knopf [FIK03] and Dancer-Wang [DW11],
who moreover consider a specific ansatz for the soliton potential.

However, in this section it will be shown that this ansatz does not generalise to
the case of r-torus bundles for » > 2. On the other hand, originating from Chen’s

explicit formulae, a new invariant curvature condition will be described.
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6.1.1 Geometry of principal torus bundles

This section briefly reviews a natural geometric structure on torus bundles [WZ90],
[LW17] which will be used to describe the geometry of the principal orbit.

Let {(Vi, Ji, hi)}i_y ., Pe Fano Kéhler Einstein manifolds of real dimension d;.
Principal r-torus bundles 7: P — B with structure group 7" = S x ... x S! over the
base B =V, x ... x V,, are classified by characteristic classes x1, ..., X, € H*(B,Z).
Each class x, comes from the Euler class of the circle bundle P/T"~! — B, where
T is considered to be the subtorus with the a-th S'-factor deleted.

According to a theorem of Kobayashi [Kob61], each V; is simply connected and
hence H?(V;,7Z) is torsion free. Therefore, the first Chern classes are ¢ (V;, J;) = pip;
for positive integers p; and indivisible classes p; € H*(V;, Z). Suppose that the Kahler
metrics h; are normalised such that Ric(h;) = p;h;, let n; be the Kéhler form associated
to h; and choose Q € Z"™*™. Consider the principal circle bundle 7: P, — B with
Euler class e(P,) = Xa = 2 iy qai, pi- On P, there exists a principal connection
0, with curvature Q, = Z:L GaiT!n;. Then the principal r-torus bundle 7: P — B
associated to xi,..., X, is the pullback bundle

P — P x...xP,

i lmx...xm,

B % Bx..xB,

where A is the diagonal map.

Let e1,...,e,. be a basis for the Lie algebra t of 7" which is induced by the
decomposition T" = S x ... x St and let 6 be the principal connection on P given by
the pullback of 6; x ... x 6,. Then its curvature is Q =df = >_' _ S™"  quim™n; R e,.

Choose a left invariant (and hence bi-invariant) metric (e,, €g) = fa3 on the torus

T" and consider the bundle metric

g= Z faa9“®95+zgf

7ﬁ 1
for g1,...,gm > 0. This choice turns 7: P — B into a Riemannian submersion with
totally geodesic fibres, where the metric on B is the product metric ", g2m}h;.
The O’Neill calculus for Riemannian submersions then provides a formula for the

Ricci curvature:

Ric(g) = Z Z — oz 52z—f“1“;fﬁl‘320“1®951

ai,a2,81,62=1 i=1 ’
m

+ z{ S } b
i=1 a,f=1 i
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Notation 6.1.1 For an r x m-matriz Q) let QQq; denote the i-th column of Q.

Furthermore, let F' = (f,3) be the metric on the torus, é, the fundamental vector
field on P generated by e, and HV; the distribution on P of horizontal lifts of vector

fields on V;. Then the non-vanishing components of the Ricci endomorphism are

r(€q) = Z Z(FQoin)aﬂéﬁ and 7y, = (% — QngL(QTFQ)M) id .
B=1 i=1 i z

6.1.2 Ricci solitons foliated by torus bundles

Let I C R be an open interval and consider the manifold My = I x P with the

Riemannian metric ¢ = dt? + ¢;, where

gt = Z fap(t)0" ® 6 + Zgg(t)ﬁhi

a,p=1 i=1

is a smooth 1-parameter family of Riemannian metrics on the principal orbit P. Recall

that the shape operator L; of the hypersurface {t} x P satisfies ¢, = 2¢,L;. Therefore
it is given by

L) = S 2 (EFY)0065 and Ly, — %

t(€a) = 5( Jag€s and Ly, = ;1 :

p=1 !

Then the associated Ricci soliton equations (2.3)) and (2.4)) take the form

) 1 . 1 . "G e
— Ztr | FFY = Z(FF~1)? A
i =3 r( 2( ))—I—;dzgi 5
d1l. 1. € " d
——FF' = —(—a+tr(L)) 2FF ' 4+ ~1,, § —FQ.QL
dt 2 ( U+ I'( )) 9 + 9 xr - 49;1 Q Qozu
d g; . Ji € Di 1 T
— = = —(= tr(L)) = — = — —Q,, FQ.,
fori=1,...,m

Example 6.1.2 In the case of circle bundles, » = 1, one recovers the Ricci soliton
equations from section [5.2.2.1| by setting F' = f? and Q = (¢;) € Z'*™.

Remark 6.1.3 Notice that the term FQ,;QZ is non-diagonal. Hence, even though
the matrix FF~! may be diagonalised at any fixed time o, the diagonal form is not

preserved in the case of r-torus bundles, for r > 2.
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Let € > 0. It follows from

d . ) "od . )
—F = —(—t+tr(L)F +¢eF L FQ.QLF + FF'F

that simultaneous positive definiteness of F and F is preserved along the Ricci soliton
ODE, if it holds initially.

However, the non-commutativity of matrix multiplication is an obstacle to carry
out an analysis as in section [5.2.2.1]to prove positive definiteness of the shape operator.
On the other hand, the proof of proposition carries over to the torus bundle case
and yields:

Proposition 6.1.4 Let ¢ > 0, i € {1,...,m} and Q € R™™ such that the i-th
column of Q is non-zero, and F, F are positive definite.

Suppose that there exist ty <ty such that §;(ty) > 0 and ¢;(t;) < 0. Then §;(t) <0
for all t > t;.

Remark 6.1.5 Building up on the previous examples in |[Ca096|, [FIKO03|, [Chell],
[DW11], two different compactifications of the cohomogeneity one manifold I x P
with singular orbit at t = 0 will be discussed.

Case 1. The collapse of a circle in the torus bundle gives rise to the initial condition

F(0) = diag (0, fa, ..., fr)

for fa,...,f. > 0. The functions f.5(t) are required to be even in t at t = 0 and

the condition f11(t) = 1 ensures that the collapsing circle becomes round.

o
Similarly, the functions g; also need to be even but with ¢;(0) = g; > 0.

Case 2. By choosing V; = CP™ and Q1 = (—1,0,...,0)T, one can simultaneously
collapse a circle and the first base factor. Then as in [DW11] the conditions g;(0) =0
and ¢3(0) = % are sufficient to ensure smoothness of the metric at the singular orbit,
provided that otherwise the same conditions as in case I hold.

The smoothness condition for the soliton potential is given in . With the
normalisation u(0) = 0 one has %(0) = 0 and (ds + 1)i(0) = C, where C is the
constant in the conservation law (2.5) and dg is the dimension of the collapsing
sphere. That is, dg = 1 in case 1 and dg = d; + 1 in case 2.

By adopting the convention that choosing d; = 0 in case 2 is allowed, case 1

becomes a special case of case 2.
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With these initial conditions it follows that tr(L) = £% + O(t) and hence

g:(0) ¢
1 + d =3 + Qszaa
(L) o) = 2 g?( 29z ;
for i = 2,...,m, whereas §;(0) = 0. Furthermore notice that F/(t) = 2tF'(0) + O(t?),
limy o t?F~1(t) = E, where E = diag(1,0,...,0), and lim;_,, 2( %%1 = —F.l(O) imply
(14 dy)F(0) = eF(0) + 2d, F4y (0)FL(0) + Z 15°(0) F(0)QuQLF(0) +4F(0)EF(0).
i=2

Thus F(0) is positive semi-definite if ¢ > 0 and since F(0) = diag (0, far ooy fr)
and f11(0) = 1, it is positive definite if & > 0. To obtain a sufficient condition for
positive definiteness if € = 0, observe that F(0)Qs; = (0, foqai, - . ., fr@ri)T . Hence, for
example, in the case of a 2-torus bundle over a single Fano Kéhler Einstein manifold,
m =2 and d; = 0, positive definiteness of F (0) follows if g9 # 0.

In particular, in these cases, F (t) is positive definite for sufficiently small ¢ > 0.

6.1.3 The classical coordinate change, explicit solutions and
invariant curvature conditions

In the existing literature, the following coordinate change has been used extensively.
It goes back to Bérard-Bergery [BB82] who used it to integrate the Einstein equations

on manifolds foliated by S!-bundles over a single Fano Kéhler Einstein manifold. Set

d 1d

ds Jadt

Differentiation with respect to the time parameter s will be denoted by a prime ’.
Set v = H;nl Bdi/Q and observe that o/ = atr(F F~'). Then the Ricci soliton

equations ([2.3) and ( . yield

o o 1 (5 ? B! v / / €
7_512:;%{5(@) —E}‘}‘O@ _E<_¢ +(10g7])>+§ (6.2)

(@)?  « ,

L Sa(FF),

giF'F—l = _ (a (—gb/ + (logv)/) ) ;F F 14 ]Irxr + Z 4/62FQ01Q027

a=det F and Bi(s) = g?(t) and ¢(s) = u(t) and (6.1)

(6.3)
d B; / N LN LB i QulF Qi
gm__(a(_¢+<1ogv>)+a)§%+g+%_T§. (6.4
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Remark 6.1.6 Notice that the term in the second line of (6.2)) takes a simple form

if the torus fibre is of small dimension. Indeed, there holds

’ 0 if r=1
Oé/ 2 &2 tr((F F*l 2y ) ’
(@) ( F) 2acdet I if r=2.
Furthermore, by taking the trace of (6.3) and then inserting (6.4)) it follows that

" , , / m dz
7= (0 oae)) G5 X QN0
/
= —(a'+ = (¢ + (10gv)') ) (logv)' S logv) + 56 (6.5)
¢ di | € & d; pi
+{T+ZZIE}§+;EE

In the case of S'-bundles, Dancer-Wang [DW11] have been able to integrate the
Ricci soliton equations by considering the ansatz ¢” = 0. This is based on the fact

that in this case the conservation law ([2.5)), which takes the form
a¢’ +a'¢ + ad' (—¢' + (logv)') = C + <, (6.6)
can be integrated explicitly. Indeed, with ¢(s) = a;(s + ap) and a; # 0 one obtains
o + a(—a; + (logv)) = es + E, (6.7)
where B* = % + eag, and this implies
a=uv te™® /(68 + E")e”"%uds.

Furthermore, since a; # 0, by taking the derivative of the conservation law
it follows that

1"

o + o/ (—=¢ + (logv)) + a(logv)” = ¢. (6.8)
Inserting into (6.2)) yields

Zdi% = (tr(F' F~Y))? — tr((F ' F~1)?).

=1

Hence, if also all 3; are assumed to be linear, then the restriction of the shape operator
to the torus fibre cannot be positive definite unless the torus is a circle. However,
note that the smoothness conditions often require the restriction of the shape
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operator to the torus fibre to be positive definite close to the singular orbit. For
example, this applies to the expanding case or, if the singular orbit is a non-trivial
circle bundle over a single Fano Kahler Einstein manifold, also to the steady case.
Therefore, in these examples, it is impossible to construct non-trivial Ricci solitons
which are foliated by r-torus bundles, r > 2, by setting ¢" = 3, =... = 3. = 0.

On the other hand, in the case of circle bundles, the steady and expanding Ricci
solitons of Dancer-Wang [DW11], which generalise the examples of Cao [Cao96] and
Feldman-Ilmanen-Knopf [FIKO03], all satisfy these conditions. In their construction
the linearity of all j; is in fact quite natural as it implies that the curvature tensor is
invariant under the natural complex structure. This idea goes to back to the examples
of Wang-Wang [WW9§| in the Einstein case.

By combining with (6.5)) and (6.7]) one obtains

(65+E*)Z%% :ngi + {2(r—1)+2di} g
=1 T i=1

i=1

and thus a necessary condition for (i,..., ,,, which, if £ = 0, does not depend on
the number of torus factors.

In the special case of a single base factor, m = 1, and for ¢ = 0 it follows that

¢ 2;m
/81 - E* )
and hence 1 must be linear in the case of steady Ricci solitons.
On the other hand, if £ # 0 one obtains
— 2 A *\b1
fi(s) = ——+C - (es+ E")™,
615

where b; = W and C is a constant of integration. Notice that in the case of

Sl-bundles B; is hence linear regardless of the sign of ¢ € R.

The above discussion is summarised in the following proposition:

Proposition 6.1.7 Let (F, 5;,¢) be a solution to the Ricci soliton equations (6.2)) -
(6.4) on a manifold foliated by an r-torus bundle over an m-product of Fano Kdhler

Einstein manifolds. Suppose that the soliton potential ¢ is linear and non-constant.

1. In case of a single base factor, m = 1, solutions to the steady Ricci soliton

equation must satisfy B, = 0.
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2. If in fact all B; are linear, then the shape operator of the torus fibre %FF‘1

cannot be positive definite unless the torus bundle is a circle bundle.

In particular, if there is a singular orbit as in remark[0.1.5, solutions to the
expanding Ricci soliton equation only exist on circle bundles and steady Ricci
solitons do not exist in the case of 2-torus bundles if the singular orbit is a

non-trivial circle bundle over a single Fano Kahler Einstein manifold, that is

r=2,m=2,d =0 and g2 # 0 in remark|[6.1.5,

Remark 6.1.8 Due to (6.1]), the conditions ¢ = 0 and 3; = 0 are equivalent to
saying that the soliton potential u and % g? are proportional to v/det F.

Recall that Dancer-Wang [DW11] indeed give examples of non-trivial Kéhler Ricci
solitons with ¢” = 8, = ... = 3., = 0 in the case of circle bundles and, in this sense,
proposition [6.1.7] is sharp in the case of expanding Ricci solitons. Conjecturally,
steady Ricci solitons with ¢* = 3] = ... = 8. = 0 only exist in the case of circle
bundles too.

Notice furthermore that proposition already rules out many 2-torus bundles
over a single Fano Kahler Einstein manifold but in contrast, in this situation, Chen
[Chell| has found explicit Einstein metrics from the ansatz g = ks.

Following Chen’s approach, set m = 1 and [ = ks. Then the Ricci soliton equation

and the conservation law yield the ODE system

d dd _q dp1 d
o/’:——a'—Ma—l——p——l—(%—l—d)i—i—gb' AN :
s 52 K S 2 25

Q¢//+O{/¢,—Oé(¢/)2+a¢/g§:C+E¢.

The corresponding initial conditions are

a(s)) =0 and o'(s;) = Qﬁ \/E,

C

#(s1) =0 and ¢'(s1) = .

where dg is the dimension of the collapsing sphere and s; > 0 corresponds to the
time ¢t = 0. Therefore, in the general Ricci soliton case, this is a singular initial value
problem. However, in the Einstein case, ¢ = 0, the first equation can be integrated
explicitly:
4(2r +d 4
( ) $2 4 14

_alar+a) € s 1—-d/2 —d/2
A+ d+a2” Thag s T8
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Inserting this into the Ricci soliton equation yields

4p 2 _—d/2 2r—4 5,
dyoisens d+4

Q'FQ =

and thus
QTFQ 2p e2r—4 ,

22  d+2 2d+4

This can be expressed invariantly as follows: There exists a constant C' € R such that

29  d+2 5d+4gi:cg( - (6.9)

Proof: Notice that

d d
Zggza 2:\/5%6:m/a:/<c\/detF.

Then the claim follows from the observation that, by differentiating the right hand
side of , the logarithmic derivative of the left hand side is % log g~ (@+2), O

Observe that in the construction of steady and expanding Ricci solitons (¢ > 0)
from circle bundles (r = 1) one necessarily has to have C' < 0 in order to satisfy
(6.9). On the other hand, Chen [Chell] has shown that there are Einstein metrics of
non-positive scalar curvature with C' = 0 in the case of 2-torus bundles r = 2.

In the general r-torus bundle case, these trajectories correspond to the following

preserved curvature condition:

Proposition 6.1.9 Suppose there exists to € R such that

. k
QTFQ  2p o FF A
57 di2 and @ < 5 ) FQ = <§> Q'FQ (6.10)

for all k € N at t.

Then (6.10) is preserved by the flow of the Ricci soliton equation on any r-torus
bundle over a single Fano manifold.

Furthermore, if € > 0 and the trajectory induces a smooth metric with a singular
orbit at t = 0 whose shape operator becomes positive definite fort > 0, then the shape

operator remains positive definite and the metric is complete.
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Proof: 1t is straightforward to check that

. k . k
d FF-! FF1\ .
() ()
et e e\
+ k- —(—u+tr(L))QT< 5 > FQ+§QT< 5 ) FQ

d kL -l ! Fpl k—1—1
C i (5 raor () re

4g* — 2
d (g\"* ., AL
L@ - (oo -
dt g
k -\ k—1
: QTFQ
s () oo 55 228) (0 v

By assumption there holds

PP

Q"FQ=2-Q"=—rQ=2-20"FQ

at to and hence also

. k
d .| (FF?! a\"
N 5 N
() () e

d -\ k-1 d =1 0T
(i () @i ()5 o

d Q"FQ _ 1 T 9 A1 _
i =g (Q FQ-2.0 FQ) — 0.

Therefore, (6.10]) is preserved and any such trajectory satisfies g% — Q;;;Q = % . g%.

If £ > 0, this implies that ¢ > 0 is preserved along the flow and completeness of the
metric then follows from remark and proposition [5.1.3] O

6.2 Quasi-Einstein Metrics

This section considers the m-quasi-Einstein equation

1
Ric—l—Hessu——du@du—i—Eg:O
m 2
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for a positive real m. It is motivated by the study of Einstein warped products and
recovers the Ricci soliton equation in the formal limit m = oo.
After a brief motivation and literature review, the methods from chapter [3| will be

extended to the m-quasi-Einstein case.

6.2.1 Geometry of the m-Bakry-Emery Ricci tensor

Let (M", g) be a Riemannian manifold with Ric > (n—1)k. If M denotes the simply
connected model space of constant sectional curvature k, then the Bishop-Gromov

inequality asserts that

Vol(B(p,r))
Voly (B(p,r))

is non-increasing in r > 0, and if furthermore x > 0, then according to Myers’ theorem
M is compact with diam,; < \/LE
However, if the volume is distorted by a function u € C*°(M), the m-Bakry-Emery

Ricci tensor is appropriate quantity to consider.

Definition 6.2.1 Let (M", g,e "dVoly) be a smooth metric measure space and let
m € (0,00]. Then

1
Ric,, = Ric+ Hessu — —du ® du
m
1s the associated m—Bakry—Emery Ricci tensor.

Let B(p,r) denote the metric ball of radius » > 0 around p € M and let
Vol,(B(p,r)) be its volume with respect to the measure e “d Voly, . Suppose that
Ric,, > (n+m — 1)k. Then due to results of Qian [Qi1a97]

Vol,(B(p,))
Vol n+m (B(p, 7))

is non-increasing in r > 0, and if furthermore x > 0, then M is compact with
diam,; < \/LE Furthermore, the comparison geometry of the Bakry—Emery Ricci tensor
has been extended by Lott [Lot03] and Wei-Wylie [WWO09).

In particular, by assuming a lower bound on Ric,, as above, the smooth metric
measure space (M", g, e~ “d Volys) behaves as if it was an (m + n)-dimensional space.
Examples of this phenomenon naturally arise in the context of measured Gromov-

Hausdorff convergence of Riemannian manifolds:
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Definition 6.2.2 ([Lot07]) An e-approximation between two compact metric spaces
(X1,dy) and (Xa,ds) is a (not necessarily continuous) map f: X1 — Xo such that
for all x1,%1 € Xy there holds |da(f(z1), f(Z1)) — di(z1,Z1)| < € and for all x5 € X5
there exists x1 € X1 such that dy(f(x1),x9) < €.

A sequence {(X;, d;, ;) },cy of compact metric measure spaces converges to (X, d,v)
in the measured Gromouv-Hausdorff topology if there are measurable €;-approximations
fi: Xi = X with lim; o g; = 0 and lim;_,oo(f;)«v; = v in the weak-x topology on the

space of probability measures on X.

Remark 6.2.3 The space of probability measures on a compact metric space is com-

pact with respect to the weak-* topology.

Theorem 6.2.4 ([LV09]) Let m € (0,00) and suppose that (M",g,e "dVoly) is
a compact smooth metric measure space that is a measured Gromov-Hausdorff limit
of Riemannian manifolds with non-negative Ricci curvature and dimension at most
m +n. Then there holds Ric,,(M) > 0.

Conversely, any compact smooth metric measure space (M™,g,e "dVoly) with
Ric,, (M) > 0 for some integer m > 2 arises as a measured Gromov-Hausdorff limit

of Riemannian manifolds with nonnegative Ricci curvature and dimension m + n.

Lott-Villani’s proof actually uses a more general notion of non-negative N-Ricci
curvature for measured length spaces, which is preserved under measured Gromov-
Hausdorff convergence, and their characterisation that a smooth metric measure space
(M™, g,e*d Voly;) with compact M has non-negative (m + n)-Ricci curvature if and
only if Ric,,,(M) > 0.

Remark 6.2.5 Independently, Sturm [Stu06al Stu06b] has developed a theory of

Ricci curvature for non-smooth metric measure spaces too.

The converse then follows from a warped product construction of Lott [Lot03].

Consider M x S™ with the metrics g; = gas + i 2 2mggm and let p: M x S™ — M
be the natural projection. Then the pushforward measure p, (%) agrees with
the probability measure e~"d Vol,; and p is an e-approximation. Furthermore, the
vertical part of the Ricci tensor is given by Ric®” —i—2e~%m {% + |Yn—u2|2} - ggm and
hence becomes positive as ¢ increases, whereas the mixed terms vanish. The claim
now follows from Lott-Villani’s convergence results for metric measure spaces and the

fact that horizontal part of the Ricci tensor is given by Ric,, > 0.
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Remark 6.2.6 The fact that the horizontal part of the Ricci tensor of the warped
product (M x N, gy + e *mgy) is given by the m-Bakry-Emery Ricci tensor of M
will reappear in the characterisation of m-quasi-Einstein metrics.

6.2.2 An introduction to m-quasi-Einstein metrics

The m-Bakry-Emery Ricci tensor also naturally occurs in the context of warped
product Einstein manifolds, where it has led to the notion of m-quasi- Einstein metrics

or (A\,n + m)-Einstein metrics in the terminology of He-Petersen-Wylie.

Definition 6.2.7 Let (M, g) be a Riemannian manifold of dimension n, u € C*(M)
a smooth function and m € (0,00]. Then (M, g,e=“dVoly,) is called m-quasi-Einstein

manifold if

1
Ric + Hess u — —du®du+§g=0. (6.11)
m

The sum m +n is called effective dimension and —35 is the quasi-Einstein constant.

In analogy to the Ricci soliton equation, which one recovers by setting m = oo, the
the contracted second Bianchi identity dR = tr;s V Ric also implies a conservation

law for finite m < oo.

Lemma 6.2.8 Let (M",g,e “dVoly) be a connected m-quasi-Einstein manifold of
effective dimension m +n < oo and quasi-Einstein constant —5 € R. Then there

exists a constant pu € R, called characteristic constant, such that
€

Au — |Vul? + mpue*™/™ + m;

0. (6.12)

The following observation due to Kim-Kim [KKO03] explains the relation between

m-quasi-Finstein manifolds and Einstein warped products:

Proposition 6.2.9 ([KKO03]) Let m > 1 be an integer and let (M™, g,e~*d Voly;) be
an m-quasi-Einstein manifold of effective dimension m +n € N, with quasi-Einstein
constant —5 € R and characteristic constant p € R. Suppose that (N, h) is Einstein
with Ricy, = ph and of dimension dim N = m. Then the warped product manifold

(M x N, g+ e 2¥/™p) (6.13)

is Einstein with Finstein constant —3.
Conversely, if the warped product (6.13)) is Einstein with Einstein constant —%,
then the base manifold M s quasi-Einstein with quasi-Einstein constant —5 and

effective dimension m +n, (N,h) is Einstein and if Ric, = ph then (6.12)) holds.
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As an immediate application, Kim-Kim [KKO03| have shown that any Einstein
warped product M x, N with compact base M and nonpositive scalar curvature has
constant warping function wu.

Case-Shu-Wei [CSW11] have shown that any compact Kdhler m-quasi Einstein
metric for finite m < oo is Einstein. More generally, any complete simply-connected
Kéhler m-quasi-Einstein manifold (M", g,e "“d Voly;) with m < oo is a Riemannian
product M = M; x M, where M is an (n — 2)-dimensional Einstein manifold, M, a
2-dimensional quasi-Einstein manifold, and v can be considered as a function on Ms.
Furthermore any compact 2-dimensional quasi-Einstein metric is trivial, i.e. Einstein.
In contrast, recall that all known non-trivial compact Ricci solitons are Kahler.

As in the Ricci soliton case, compact m-quasi-Einstein metrics with constant scalar
curvature are trivial [CSW11]|. However, the rigidity properties of homogeneous Ricci
solitons [PW09a] do not carry over. In particular, for any m > 0, He-Petersen-Wylie
have constructed left-invariant m-quasi-Einstein metrics on 4-dimensional solvable
Lie groups which are not rigid, i.e. they are neither Einstein nor is their universal
cover a product of Einstein manifolds [HPW14]. They also provide a detailed study
of homogeneous m-quasi-Einstein metrics, in particular with regard to their relation
to homogeneous Ricci solitons, in [HPW15b].

Continuing with the theme of obtaining structure theorems for Einstein warped
products from the m-quasi-Einstein equation, He-Petersen-Wylie have proven the
following uniqueness result [HPW15a], see also [HPW15c]: Let (M, gar) be a complete
Riemannian manifold, and fix constants A and m. Then, up to isometry, there is at
most one warped product Einstein metric with Einstein constant A on M X, F, where
(F™, gF) is a simply connected space of constant curvature.

He-Petersen-Wylie have also obtained classification results for m-quasi-Einstein
metrics with harmonic Weyl tensor [HPW12] or in dimension 3 [HPW14]: Fix m > 1.
Then any complete, simply connected m-quasi-Einstein manifold with harmonic Weyl
tensor W is rigid. If furthermore W(Vu, -, -, Vu) = 0, then g = dt* + ¢?(t)gy, for an
Einstein metric gy, and v = u(t). In dimension 3, any m-quasi-Einstein metric with

constant scalar curvature is a quotient of S3, S? x R, R, H? x R or H?.

Hall [Hal13] has constructed m-quasi-Einstein metrics on the total space of certain
complex vector bundles over products of Fano Kéahler Einstein manifolds by adapting
the explicit constructions of Einstein metrics and Kahler Ricci solitons due to Wang-
Wang [WW0O98| and Dancer-Wang [DW11], respectively. In particular, he uses the
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Sl-bundle set up of section Clearly, due to the rigidity result of Case-Shu-
Wei [CSW11], only the non-Kéhler Einstein metrics of Wang-Wang have m-quasi-
Einstein analogues, and the case of a single base factor, as in section [5.2.2.2] is due
to Lii-Page-Pope [LPP04]. Remarkably, the Lii-Page-Pope metrics are conformally
Kahler and the associated Kéahler class is a multiple of the first Chern class as shown by
Batat-Hall-Jizany-Murphy [BHJM15|. Maschler [Mas11] has pointed out that, under
suitable assumptions for computational simplicity, these are the only conformally

Kahler m-quasi-Einstein metrics in complex dimension greater or equal three.

Remark 6.2.10 The m-quasi-Einstein equation with m < 0 also has a geometric
interpretation. Chen [Che09b] has observed that it gives rise to conformally Einstein
products:

Let (M™, gn) and (N™, gn) be two connected Riemannian manifolds of positive
dimensions with m +n > 2 and u € C*°(M). Set p = exp (ﬁ) :

Then (M x N, p~%(gx + gn)) is Einstein if and only if (N, gy) is Einstein and
(M, gnr) is (—ﬁ)—quasi—Einstein with respect to u and its quasi-Einstein constant

is the Einstein constant of (IV, gn).

Remark 6.2.11 Let (M x N, gi + f2gn,u) be a warped product Ricci soliton. Due
to a result of Lemes de Sousa-Pina [LdASP17], if f is non-constant, then (N™, gy) is
necessarily Einstein and the soliton potential u restricts to the base manifold M™.
An approach to studying Ricci soliton warped products, which is reminisent of
the study of the m-quasi-Einstein equation, has been introduced by Feitosa-Freitas
Filho-Gomes [FFFG17]: Let m > 1 and suppose u € C*(M).
If (M x N, g + f?gn,u,5) is a gradient Ricci soliton, then

m

Ricys + Hessyr u + ggM — 7 Hessy f =0 (6.14)
and (N, gy) is Einstein, Ricy = pgy, where
5
MIfAf+(m—1)!Vf\2—§f2—fvu(f)- (6.15)

Conversely, if (6.14]), (6.19) and Hamilton’s conservation law

Au— |Vul? + %w(f) = C+eu

are satisfied on (M, gyr), and (N, gy) is Einstein with Einstein constant p, then the

3

warped product (M x N, gy + f2gn, u, 5) is a gradient Ricci soliton.
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Remark 6.2.12 By setting v = 0 and f = e~%™ in (6.14)), one recovers the m-quasi-
Einstein equation ((6.11]).

In analogy to Kim-Kim’s rigidity result for warped product Einstein metrics with
non-positive scalar curvature, Feitosa-Freitas Filho-Gomes [FFFG17] use the above
characterisation to prove that any complete steady or expanding warped product
Ricci soliton with at least two dimensional fibre, and whose warping function attains

both a maximum and a minimum, must be a Riemannian product.

6.2.3 Cohomogeneity one quasi-Einstein metrics

This section considers m-quasi-Einstein manifolds of cohomogeneity one. It studies
the initial value problem at a singular orbit following Eschenburg-Wang [EW00| and
Buzano [Buzl1] and analyses the two summands system using the ideas of chapter .

The formulae for the Ricci curvature of a cohomogeneity one manifold in section
yield that the m-quasi-Einstein equation takes the form

—(6Y'L,)" — d(tr(L,)) = 0, (6.16)

: 1., e
—tr(Ly) — tr(L?) + i — Eu2 + 5= 0, (6.17)
— Ly — (=4 (L)) Ly + 1o + gll =0, (6.18)

and the conservation law ((6.12]) is given by

i+ (=t + tr(L))i + mpue*/™ + mg =0. (6.19)

Remark 6.2.13 Notice that for f = e~/ the conservation law is equivalent to

d f f fon e
Sl A AT e A ) A s
i f (mf+r( )>f+f2—|-2,
and hence is the Einstein equation for the added factor in Kim-Kim’s [KK03| warped

product construction [6.2.9,

The existence of a singular orbit implies dependences between the quasi-Einstein
equations - and the conservation law ([6.19)), which in fact reduce this
system to and (6.19). This generalises an observation due to Back [Bac86| in
the Einstein case, see also [EWO00], and the proof is based on the calculations in the
Ricci soliton case [DW11], Proposition 3.19].
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Proposition 6.2.14 Let M be a connected manifold and g a C*-Riemannian metric
on M. Suppose that G is a compact Lie group which acts isometrically and with
cohomogeneity one on (M, g) and that the action has a singular orbit. Letu € C3(M)

be G-invariant.

Then (6.18) implies (6.16) and if the conservation law (6.19) is satisfied, then
(6.17) holds as well.

Proof: The fact that (6.18]) implies (6.16)) follows as in the Ricci soliton case, cf.
[DW11], Proposition 3.19], as the equations are identical.
Let v; be the relative volume of the principal orbit (P, g;). Then it follows that

4y = tr(L)v and due to [DW11, Formula (3.16)] there holds

i (17 (R, )+ 5 ) 0t (% e(1?) + % (i tr(L))) 0,

By combining this with Ric(N, N) = — tr(L) —tr(L?) and the conservation law (6.19),

one obtains

d

pn (vQ <Ric(N, N)+ i —

1 1
'2+f)> = 20w? <Ric(N,N) + i — —u2+f) :
m 2

m' 2
Therefore v? (Ric(N, N) + i — =4 + £) is a multiple of e** which vanishes at the

singular orbit, and thus vanishes identically. O

The contracted second Bianchi identity has already been used implicitly in the
proof of proposition |[6.2.14} It is also useful to show that the m-quasi Einstein equation

is a quasi-linear elliptic system for the metric and the potential, which will imply
strong regularity properties in proposition [6.2.16|

Lemma 6.2.15 Let (M™,g) be a Riemannian manifold of dimension n.
(1) Any 1-form w € QY (M) satisfies the identities

tris V(w ® w) = (tr Vw)w + V xw,
2tr1y Vo*w = Aw + V(tr Vw) + Ric(-, w?),

where 0* is the symmetrised covariant differential.
(it) If w € QY (M) satisfies Ric+0*w — Lw ® w + £ = 0 then also

1
Aw + Ric(-, w#) + — {d(Jw|*) = 2tr(Vw)w — 2V #w} = 0.

125



(1ii) Any u € C°(M) which satisfies the m-quasi-Einstein equation satisfies
2
A(du) + Ric(+, grad u) — — (Au) du = 0.
m

Proof: (i) Extend an orthonormal basis ey, ..., e, of T,M and X € T,M via parallel
transport to local vector fields. Then there holds V.,e; = V., X = 0 and thus

tris V(w @ w)(X ZV wRw)(e;, X)
= Z Ve, (w(e))w(X) + Zw(ei)vei(w(X»
= (tr Vw)w(X) + V zw(X).

Furthermore, the Ricci identity (V?w)(Y, X, Z) = (V?w)(X,Y, Z) + [R(X,Y)w] (Z),
where R(X,Y) = Vi x — VX, implies that

2 tr15(V*w) (X _QZV 5*w)(ei, e, X _QZV (6% (e, X))
= Z Ve {(Ve,w)(X) + (Vxw)(ei)}
= i(V%)(ei, e, X) + Z(V%)(eu X, ei)
Z X))+ Z(V%)(;ﬁ €i, i) + [R(X, e;)w] (:)
= (Aw)(X) + sz(tr Vw) - Zw(R(X, €)e:)
= (Aw)(X) + Vx(tr Vw) + ig(R(X, ci)w’, ;)
= (Aw)(X) + Vx(tr Vw) + Riic(X,w#).

(ii) Combining part (i) with R+ tr Vw — L |w|?+n§ = 0 and the contracted second
Bianchi identity dR = 2tri5 V Ric yields

1
—dR =2tr;3 V [5*@0 ——w® w}
m
2
= Aw + V(tr(Vw)) + Ric(-, w¥) — P {tr(Vw)w + V xw}
1 2
=Aw —dR+ Ed(|w|2) + Ric(-,w#) — - {tr(Vw)w + V zw} .
(iii) Consider w = du in part (ii) and observe that d| grad u|? = 2 Hess u(grad u, -)

and Vgpaa.du = Hessu(grad u, -). ]
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Proposition 6.2.16 Let M be a smooth manifold of dimension dim M > 3. Suppose
that a solution of the m-quasi-Einstein equation on M is given by a C?-Riemannian
metric g and w € C*(M). Then g and u are real analytic in harmonic and geodesic

normal coordinates.

Proof: According to lemma [6.2.15] the m-quasi-Einstein equation and the contracted
second Bianchi identity give rise to the PDE

1
Ric+ Hessu — —du ® du + Eg =0,
m 2

2

A(du) + Ric(-, grad u) - (Au)du =0

for (g,u). Notice that the %—terms are of lower order and thus the principal symbol
is the same as in the Ricci soliton case. Hence, (g,u) is a solution of a quasi-linear
elliptic system and the regularity analysis in [DW11, Lemma 3.2] carries over without

any changes, see also |[DK81, Theorem 5.2]. O

Similarly, the initial value problem at a singular orbit can be treated as in the
gradient Ricci soliton case, which has been solved by Buzano [Buzll|. Indeed, due
to proposition , it suffices to consider , and the relation ¢; = 2¢,L;.
Then setting up an ODE system for (g;, L;,u) as in |[Buzll], one observes that the
—%uz—term simply disappears in the error terms that occur in Buzano’s proof because
it is of lower order. In particular, the construction of a formal power series solution
is unchanged. Due to the real analyticity of m-quasi-Einstein metrics in proposition
, a theorem of Malgrange [Mal74, Theoreme 7.1] then yields a genuine solution.
Alternatively, a Picard iteration may be applied as in [EWO00].

One may also observe that the m-quasi-Einstein equation gives rise to an Einstein
equation that is formally induced by a warped product due to Kim-Kim’s [KKO03|
construction [6.2.9] If m ¢ N, then this construction cannot be realised geometrically
as m corresponds to the dimension of the fibre. However, due to remark [6.2.13]
the resulting equations have otherwise exactly the structure of a cohomogeneity one

Einstein equation and hence Eschenburg-Wang’s [EW00] ODE analysis applies.

Theorem 6.2.17 Let G be a compact Lie group acting isometrically on a connected
Riemannian manifold (M, g) and suppose there exists a singular orbit Q = G/H.
Choose ¢ € M such that Q = G - ¢ and denote by V = T,M/T,Q) the normal space
of Q at q. Then H acts linearly and orthogonally on V' and a tubular neighbourhood
of @ may be identified with its normal bundle E = G x gz V. The principal orbits are
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P=G/K =G-v for anyv € V\{0}. These can be identified with the sphere bundle
of E (with respect to an H-invariant scalar product on V). Let g = h S p_ be a
decomposition of the Lie algebra of G where p_ is an Adg-invariant complement of
h = Lie(H).
Assume that V' and p_ have no common irreducible factors as K-representations.
Then for any ¢ € R, any m € (0,00], any G-invariant metric go on Q) and
any shape operator L: E — Sym?*(T*Q) there exists a G-invariant m-quasi-Einstein

metric on some open disc bundle of E.

Proof: The basic set-up is due to Eschenburg-Wang [EWO00]: Observe that a
smooth G-invariant symmetric bilinear form a € C°°(S?TE) is determined by a

smooth H-equivariant map
a:V — Sym*(V @ p_).

Let h = £ ® p, be a reductive decomposition of h and set p = p, @ p_. Since
V and p_ are assumed to have no common irreducible factors as K-representations,
g: and L; split into + and — parts. Then there exist K-invariant endomorphisms

z(t),n(t) € End(p)® which preserve the splitting and such that the identities

1
0=t t) wd L= ({1 +0.0) @10
hold. In particular, x(t), n(t) have to satisfy the initial conditions
z(0) =1 and 7n(0) =0 and n_(0) = L (vp),

where the H-equivariant map L;: V — Sym?(p_) corresponds to the shape operator
of Q via evaluation of L on the collapsing sphere, vy € S¥ = H/K.
Set y = xn. Then the m-quasi-Einstein equation ([6.18)), the conservation law
(6.19) and ¢; = 2¢;L; yield the ODE system
T =2y,
. 1 1
y=mAl@)+ - Bz,y) + C(z,.1),
d? B 12(_)+ 1§( )—1—6( i, 1)
Tt = pAl) + 2B, i w, 1, 1),
where
A(l’) - (1 - kf)flf+ + TTsing
B(z,y) = —ky — tr(a™y)ay + wxy,

€
C(z,y,t) = 2y ly + TTreg — tr(x’ly)y + y + 51:
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and

Aa) = ki + (k — D)atr(z ™ 2y) — @ tr(reng),

~ 2
B(u, i) = — kii + kutr(z'y) + atr(z'y) tr(z ey) — tr(a o) + =k,
m
C(u,ii,t) = — tr(z'y)ii — t1(reeg )0 + tr(zty) tr(zy)u — tr(zy)a?,
2
—(n+ 1)211 + i+ i+ — {ii+ tr(z y)u — @2} @,
m

and k = dim H/K is the dimension of the collapsing sphere.

The corresponding initial conditions

A(z(0)) =0 and 2(dA)() - y(0) + B(x(0),y(0)) =0
A(@(0) =0 and  (dA)agyi(0) + B(a(0), i(0)) = 0

follow easily from the %— and t%—dependencies of the coefficients.
However, up to the additional %—terms, which are of lower order, the expressions
agree with the Ricci soliton case covered by Buzano [Buzll|. In particular, only the
error terms in [Buzl1l, Formulae (5.11) and (5.12)] are changed but the operators L,
L of [Buzll, Formula (5.13)] agree in the Ricci soliton and m-quasi-Einstein case.
Therefore the construction of a formal power series solution carries over without
changes and due to the real analyticity of m-quasi-Einstein metrics in proposition
[6.2.16] a theorem of Malgrange [Mal74, Theoréme 7.1] then yields a genuine solution.
Alternatively, a Picard iteration may be applied as in [EWO00]. O

Remark 6.2.18 The assumption that V' and p_ have no common irreducible factors
as K-representations is primarily a technical simplification but as Eschenburg-Wang
point out in [EWO00, Remark 2.7] it is also natural in the context of the Kaluza-Klein

construction.

The analysis of the two summands case in chapter |3| can easily be adapted to the
m-quasi-Einstein case.

Recall from section that in the two summands case the metric on the principal
orbit is given by g; = fi(t)%gs + fa(t)?gq, and set f3 = e~*/™. Due to proposition
6.2.14) it suffices to consider (6.18)) and , and thus the two summands m-quasi-
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Einstein equations take the form

fi _ ¢ f e Al AR
<f1>_ t(L)f1+ +d1f1+ 5

f\_ L Al AR
<f2> L )fz Jrdzfg2 2d2 5

d(fs)__ s P
dt (fs) tr(L )f3 +f3’

where L = diag (%]Idl, jﬁ—z]ld27 %]Im> corresponds to the shape operator in Kim-Kim’s

[KK03] warped product construction. Notice that L is only well-defined if m € N,
but its trace always is.

The metric can be smoothly extended over the singular orbit if the initial condi-

tions

£1(0) =0, f1(0) =1 and fo(0) = f >0, f2(0) =

are imposed. Clearly one may fix u(0) = 0 and then

f3500)=1 and f35(0)=0 and f3(0) =e +2u

are the corresponding smoothness conditions for fs.

Fix € > 0 and g > 0. Then it follows that f;(t) > 0 for i = 1,2,3 and sufficiently
small ¢ > 0, and due to proposition it suffices to show that fz(t) > ( is preserved
for i = 1,2, 3 to obtain a complete metric.

However, fi, f3 > 0is immediate and f, > 0 follows if w = ;1 < w/ -~ is preserved.

As in section consider the function

K= %WQ(dl_l) (fl Ji jzz> - Q/}\(w),

with G as in (3.11)), and notice that

d _ f2 1— fQ
= = 1<f f1f2)

In particular, K is non-increasing if f» > 0 and hence the arguments in the proofs of
propositions [3.2.5| and (3.3.1| carry over and show:
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Theorem 6.2.19 Letd; > 1, Ay = di(dy—1) and (d1+1)A3 > 4dydo(2d1+ds) Az > 0
and fir m > 0.

Then the associated two summands ODE gives rise to a 1-parameter family of
non-trivial, complete, non-homothetic m—Bakry—Emery Ricci flat metrics and a 2-
parameter family of non-trivial, complete, non-homothetic m-quasi Finstein metrics
with quasi-Einstein constant —5 < 0, all of which have positive characteristic con-
stant.

Furthermore, there exists a 1-parameter family of complete, non-trivial m-quasi-

e

Finstein metrics with quasi-Finstein constant —5 < 0 and vanishing characteristic

constant.

Completeness of the corresponding Ricci soliton metrics has been established in
proposition and corollary [3.2.12] and the corresponding Ricci flat metrics and

Einstein metrics of negative scalar curvature have been constructed by B6hm [Boh99).

Remark 6.2.20 Case [Casl0] has shown that any complete, non-trivial m-Bakry-

Emery Ricci flat quasi-Einstein manifold has positive characteristic constant.

Notice that if A3 = 0 and m € N, the above construction gives rise to a triply
warped product Einstein metric.

Multiple warped product Einstein metrics of non-positive scalar curvature have
been constructed by Béhm [Bch99] on RU+ x My x ... x M, if d > 1, for Einstein
manifolds (M;, g;) of positive scalar curvature p; > 0. (Bohm actually chose each
(M;, g;) to be a non-flat, compact, isotropy irreducible homogeneous spaces, in order
to obtain proper cohomogeneity one manifolds.) The corresponding steady and ex-
panding Ricci solitons have been constructed by Dancer-Wang [DW09b, DW09a] who
in joint work with Buzano and Gallaugher [BDGW15a, BDW 15| have also settled the
case d; = 1. These authors also describe the asymptotic behaviour of the metric at
infinity.

Away from the singular orbit, on (0,00) x S%~1 x My x ... x M,, the metrics
are of the form dt* + Y., f7(t)g:;. Notice that the corresponding m-quasi-Einstein
equations are

d J; fi

. € Mg .
EE:_(_u+tr(L))E+§+f_i2 for i=1,...,r,
u/m

where p; = d; — 1. If m < oo then f,..; = e~ satisfies an analogous equation,
where g1 > 0 will be the characteristic constant of the induced m-quasi-Einstein

metric.
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As before, by imposing the initial conditions f; = 0, f; = 1 and f; > 0 for i > 2
at t = 0 and by requiring that f;(¢) for ¢ > 2 and wu(t) are even, one induces a smooth
m-quasi-Einstein metric on the trivial R !-bundle over My x ... x M,.

Therefore, as fZ > 0 is trivially preserved if € > 0, proposition yields the cor-
responding result for m-quasi-Einstein metrics and hence a unified proof of the works
of Bohm [B6h99| and Buzano-Dancer-Gallaugher-Wang [DW09b, DW09a, BDGW 15a),
BDW15].

Theorem 6.2.21 Let Ms, ..., M, be Einstein manifolds of positive scalar curvature.
Let dy > 1 and m € (0, 0.

Then there is an r — 1 parameter family of non-trivial, non-homothetic, complete,
smooth m—Bakry—E’mery Ricci flat quasi- Finstein manifolds and an v parameter family
of non-trivial, non-homothetic, complete, smooth m-quasi-Finstein manifolds with

quasi-Einstein constant —5 < 0 on RO+ % My x ... x M,.
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Chapter 7

Uniform Poincaré inequalities for
differentials on Riemann surfaces

This chapter is based on joint work with Melanie Rupflin.

Let (M, g) be a compact Riemannian manifold and fix p € [1,00). Then there

exists a constant C' > 0 such that
|u —ulzr < C||Vul|L

for all u € C°°(M), where @ = W Jus
C' does depend on the manifold, the metric and the LP-norm. In the case p = 2 the

u is the average of u. However, the constant

optimal constant C' is the inverse of the smallest positive eigenvalue of the Laplace
operator of (M, g).

If (M, ¢) is a compact Riemann surface with complex structure ¢ and genus v > 2,
there exists a unique hyperbolic metric g on M that is compatible with ¢. However,
the constant C' in the associated Poincaré inequality for functions on M still depends
on the choice of the complex structure.

In contrast, Rupflin-Topping [RT15] proved a uniform L'-Poincaré inequality for
quadratic differentials on closed hyperbolic surfaces. That is, the associated Poincaré
constant only depends on the genus of M but not on the complex structure.

In this chapter uniform LP-Poincaré inequalities for k-differentials, & > 2, are
proven. Examples show that there is no corresponding uniform Poincaré inequality

for 1-differentials.

Let (M, ¢) be a compact Riemann surface of genus v > 2, K its canonical bundle
and g the hyperbolic metric compatible with c¢. Then Q°(M, K*) and H°(M, K*) are

the spaces of smooth and holomorphic k-differentials, respectively.
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Let z be a local complex coordinate on M. Then locally the metric is given by
g = p?dzdz and any ¥ € Q°(M, K*) can be written as

U = d2”,
where 1) is a smooth function. Furthermore, its antiholomorphic derivative OV is
OV = 9:1pdz @ dz2*
and its LP-norm can be calculated via
1A aryy = [ Vo1, =272 [ ol S
9 o " 2
Notice that the associated L?-inner product
(0¥, vd:H)aasgy = [ 001t Py,
M

induces an L%-orthogonal projection P,: Q°(M, K*) — H(M, K*).

The main theorem of this chapter is:

Theorem 7.0.1 Let (M,c) be a closed Riemann surface of genus v > 2, p € [1,00)
and k > 1 a natural number. Then there exists a constant C = C(v,p, k) < oo such

that for any k-differential U € Q°(M, K*) there holds
¥ = Py(W)l|zvarg) < C - [10¥][10(21,9):
where g s the hyperbolic metric compatible with the complex structure ¢ on M.

Observe that the total derivative V from the Poincaré inequality for functions has
been replaced by the O-operator. In particular, the associated kernels have changed
from constant functions to holomorphic differentials.

Proposition shows that the estimate cannot be uniform for any p € [1,00)
if £ = 1. Furthermore, the argument will show that Poincaré-Sobolev type estimates
hold on a fixed hyperbolic Riemann surface (M,c,g) but these cannot be uniform
either, see example [7.1.13]

The proof mainly follows [RT15], which is based on the structure theory for
quadratic differentials on degenerating sequences of hyperbolic surfaces from [RTZ13].
Section extends the main results to k-differentials and provides proofs unless the
argument carries over without any changes. The proof of the main theorem is

carried out in section [7.2l
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7.1 Deligne-Mumford compactness and
k-differentials

In this section, the structure theory for degenerating sequences of compact hyperbolic
Riemann surfaces is extended to the associated spaces of differentials. In particular, a
splitting theorem for the space of holomorphic k-differentials identifies the subspaces
that converge to the space of integrable holomorphic k-differentials on the limiting
hyperbolic punctured surface. This is analogous to the case of quadratic differentials
which is due to Rupflin-Topping-Zhu [RTZ13].

The space of integrable holomorphic k-differentials on a hyperbolic punctured

surface has the following characterisation.

Theorem 7.1.1 Suppose (3, h) is a hyperbolic punctured surface, ¥ € H°(X, K*) a
holomorphic k-differential on X and k > 1. Then ¥ € L' (X, h) if and only if at any

puncture ¥ has a pole of order at most k — 1.

Proof: According to [Hum97, Proposition 1V.4.2], for each puncture there is a neigh-
bourhood U C ¥ which is isometric to the punctured hyperbolic disc D given by

(Deﬂ(()) \ {0}, ;)2@2) |

(Iz[log ||

Thus, if the local representation W = 1)dz* holds on U, then |¥|, = 2¥/2|¢|(|z|log|z|)*

and hence
01y = 2472 /D 10](|2] log |2])*~2dm(2).

Then ||U||zi(s) < oo implies that the function |¢|(]z|log|z|)*~2 can have at most a
simple pole, cf. [RTZ13, Lemma A.11], and therefore ) can have a pole of order at

most k£ — 1. With these observations, the converse is also clear. O

In the following, the space of integrable holomorphic k-differentials on a hyperbolic

punctured surface (3, ¢, h) will be denoted by
Hol (X, h) = HO (S, K*) N LY(3, h).

Corollary 7.1.2 Suppose that (X,c,h) is a complete hyperbolic surface of genus ~y

with m punctures.
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Then the space of integrable holomorphic k-differentials has dimension
dimHol,(X,h) = 2k —1)(y—1)+ (k—1)m
ifk,m>1orifm>0andk > 2.

Proof: In view of theorem [7.1.1], consider the space of holomorphic sections of the
k-th power of the canonical bundle on a compact Riemann surface of genus v with
poles of order at most £ — 1 at the punctures zy, ..., 2z,,. The Riemann-Roch theorem
applied to the divisor D = 377" | (k — 1)z; yields

(K" @ O(D)) = deg(K* @ O(D)) + 1 — v + i°(K "' © O(-D))
= deg(K*) +deg(D) +1 —~ + h* (K" @ O(-D)).

Recall that deg(K) = 2(y — 1) and observe that deg D = (k — 1)m. Hence, under the

assumptions in the theorem, one has
deg(K*"' @ O(=D)) =2(1 — k)(y —1) —deg D < 0,

which implies h°(K~*1 @ O(—D)) = 0 and the claim. O

Recall that a closed oriented hyperbolic surface M of genus v > 2 can be decom-
posed into pairs of pants by a collection of 3(y — 1) disjoint simple closed geodesics,
cf. [Hum97|, but the dimension of the space of holomorphic 1-differentials on M
satisfies dim H°(M,K) = v < 3(y — 1) since v > 2. This is a key insight for the
construction of sequences of 1-differentials that cannot satisfy a uniform Poincaré
estimate for any p € [1,00), see proposition [7.1.12]

The compactness theorem due to Deligne and Mumford gives a precise description
of how a sequence of closed hyperbolic Riemann surfaces of fixed genus v > 2 pinches
1 <m < 3(y—1) simple closed curves and thus degenerates to a hyperbolic punctured
Riemann surface. Notice that 3(y—1) is in fact the maximum number of simple closed
geodesics of length < 2arsinh(1) on a hyperbolic Riemann surface of genus v > 2,
cf. [Hum97].

Theorem 7.1.3 (Deligne-Mumford compactness, [DM69]) Let (M, g;,¢;) be a
sequence of closed hyperbolic Riemann surfaces of fixed genus and let [(g;) denote the

length of the shortest simple closed geodesic on (M, g;).
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1. Suppose that I(g;) > ¢ > 0 for alli. Then there is a hyperbolic Riemann surface
(M,c, h) of the same genus such that, after passing to a subsequence, (M, c;, g;)

converges to (M, c, h) in the following sense:

There exist diffeomorphisms f;: M — M such that ffg; — h and fic; = ¢

smoothly on M as i1 — oo.

2. Suppose that I(g;) — 0 as ¢ — oo. Then there exists a hyperbolic punctured
Riemann surface (X, ¢, h) such that, after passing to a subsequence, (M, c;, g;)

degenerates to (X, ¢, h) in the following sense:

There exist pairwise disjoint, homotopically non-trivial, simple closed geodesics

{o? "y on (M, ¢, g;) of length (o) = 0 as i — oo as well as diffeomorphisms
fi: X — M\ u;?;lag' such that fFg; — h and f}c; — c smoothly locally on X as

7 — 00.

Remark 7.1.4 If the hyperbolic surface (3, h) is obtained from a sequence (M, ¢;, g;)
of hyperbolic surfaces by collapsing m closed, disjoint, homotopically non-trivial
curves, then corollary implies that

dim Holi (2, h) = dim H*(M, K*) — m.

For the proof observe that > is not connected if a separating curve is collapsed.
However, in this case the genera of the two parts satisfy the relation v; +5 = 7. On
the other hand, a collapse of a non-separating curve reduces the genus by one. In

contrast, any such collapse increases the number of punctures by two.

The pinching of a simple closed geodesic on a hyperbolic surface can be studied
very concretely. The Keen-Randol collar lemma identifies a cylindrical collar region
around the curve and provides an explicit coordinate description of this neighbour-
hood. This is very useful to prove estimates on the degenerating parts of hyperbolic

surfaces.

Lemma 7.1.5 (Keen-Randol Collar Lemma, [Ran79]) Let (M,g) be a closed
hyperbolic Riemann surface and let o be a simple closed geodesic of length I > 0.

Then there exists a neighbourhood C of o in (M, g) which is isometric to the cylinder
C(l) = ((—X(1), X(1)) x S*, p*(ds® 4 db?)), where

X(1) = QTW (g — arctan (sinh (é))) and p(s) = m
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In particular, the geodesic o corresponds to the circle {0} x S C C(I).
Moreover, for 0 < [ < arsinh(1) the d-thin part of the collar, i.e. the set of points

on the cylinder with injectivity radius strictly less than 0, is given by the subcylinder

((=X5(1), X5(1)) x ST C C(1) with

Xs(l) = 277 (g — arcsin (%))

if /2 < 6 < arsinh(1) and is empty otherwise.

Remark 7.1.6 The function p is of order § at X in the sense that there is a uniform

constant ¢ < oo such that
¢t < p(X5(D) < o
for any 0 < [ < 2arsinh(1) and any ¢ € ({/2,arsinh(1)), see [RT15, Formula (2.6)].
Furthermore, it is worth noting that
X X
/ p?(s)ds ~ 17771 forany B> —1 and / p(s)ds ~ |log(l)]

—-X —-X

as | — 0.

Suppose that 1dz* is the local coordinate representation of the holomorphic k-

differential ¥ on a hyperbolic collar (C, g). Then the Laurent series

(s, 0) = Z bue"s e

n=—oo

induces an L?(C, g)-orthogonal decomposition of ¥ into the principal part by(¥)dz*

and the collar decay part w*(¥) = ¥ — by(¥)dz*, whose name originates from the

following lemma.

Lemma 7.1.7 Let ¥ = 1dz* be a holomorphic k-differential on the collar (C(l),g)
for0 <l < arsinh(1). Then there exist 5o > 0 and C' < oo such that for any 0 < § < &g

e (0)d2¥| | Lo (5—thinccy)y < C - 0% ™™ ||| 125 —thick(c)))

Proof: Following [RTZ13| Proof of Lemma 2.2], fix 0 < §y < arsinh(1) with the
property that X (1) — X5,(1) > 1 for all 0 < [ < Iy := 26y. Notice that for [ > [, the
d-thin part of C(I) is empty. Normalise w'(¥)dz* so that || L2 (50 —thick(cy)) = 1-
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Then it follows as in [RTZ13| Proof of Lemma 2.2] that there exists a constant
¢ = ¢(k) < oo such that for any 0 < § < 0 there holds

|| () dz"|| oo 5—thiney) < ¢ Z Vne MO sup e |d=F|(s)
nez\{0} s€[—X5(1),Xs(1)]

= 2k/2¢ Z Ve X O sup e p 7k (s).
neZ\(0} sl X5 (1), X5 (1)

Notice that the supremum can be estimated by C(k)e!™¥sp=*(X5), which proves

the claim as X;(l) = ”72 — %4+ O(1) and p is of order § at X; according to remark

[.1.0l O

Remark 7.1.8 Forany k € N, § > 0 and any closed surface M there exists a constant
C < oo depending only on k, and the genus of M such that for every hyperbolic
metric g on M and any 1 < p < oo there holds

|| Lo (5—thick(ar,9)) < C - ||¥]|L1(ar,g)
for any holomorphic differential W. This is analogous to [RTZ13 Lemma A.8|.

Theorem below is the main structure theorem for differentials on degener-
ating sequences of hyperbolic surfaces. The proof follows as in [RTZ13, Proofs of

Lemma 2.4 and Theorem 2.6]. The main ingredients are the dimension formula of

proposition and the collar decay lemma [7.1]

Theorem 7.1.9 Suppose that (M, c;, g;) is a sequence of hyperbolic surfaces that de-
generates to the punctured hyperbolic surface (3,¢,h) by collapsing the collars Cij,
j = 1,...,m, each corresponding to a simple closed geodesic of length l{ — 0 as
1 — 00, as described in theorem . Let k> 1 and let

W; = {0 € H' (M, K*) | bo(¥,C))dz* =0 forall j=1,...,m}

be the space of integrable holomorphic k-differentials with vanishing principal part on

every collar. It has the following properties:

1. There is a constant C' < oo depending only on k and the genus of M such that
for any § > 0 with §-thin(M, g;) C UTzl(ZZ there holds

||| oo (5—thin(at,ge)) < C - 6% ™% |w||r2(argy) for all w € W

2. There exists ig € N such that for all i > iy one has
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dimW; = 2k —-1)(y — 1) —m.

3. Suppose that the diffeomorphisms f;: ¥ — M\ U}":laf describe the convergence
of M to ¥ as in theorem [7.1.5.

(a) The sequence W; converges to Holy (X, h) in the following sense: For any
U € Holp (X, h) there exist V; € W; such that

FU = 0 in Q0 (S, K%Y and Timyee || W3] | oaran = 9] zrs)

loc
for any 1 <p < c.

(b) The corresponding L?-orthogonal projections converge, that is, if ffW; — ¥
locally in L*(3,h) as i — oo, then

fH(P)iw;) — PZ{OZ’“(E’h)\IJ locally smoothly as i — oo and moreover

i oo || PV || o (arg) = [1PL S0 oy

for any 1 <p < oc.

The degeneration of the collars can thus also be seen on the level of differentials. In
fact, there are natural differentials that describe this process and which in particular

concentrate on the collapsing collars.

Theorem 7.1.10 Let (M, g) be a closed hyperbolic surface and k > 1. Then there
exists a constant C' < oo depending only on k and on the genus of M such that on

any collar C that corresponds to a simple closed geodesic of length 0 < | < 2arsinh(1)
there exist @ € H(M, K*) with ||Q||r2(a,9) = 1 and by € R which satisfy

|2 oo (anc,g) < CI/2,
1Q — bod2¥|| Lo (c.g) < C1Y2,
|1 — |bo| ||d="||r2cq)| < CUV2.

Proof: This follows as in [RT15, Lemma 2.6]. The only changes in the proof are due
to the k-dependence of the norms of the differentials. |

Remark 7.1.11 In fact, for a degenerating of a sequence of hyperbolic surfaces as
in theorem [7.1.9, there exist QI,..., Q" € W; which concentrate on the different

7

degenerating collars C},...,C" in the following sense:
The principal parts satisfy by(Q%,C?) # 0 if and only if a = b. For each collar

1771

C/ the conclusion of theorem [7.1.10| is satisfied by ©/ and the constant by is the
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principal part bg(Qf, Cf ) > 0. Furthermore, the above estimates hold with an improved
bound of {*/? and the elements are approximately L?-orthogonal in the sense that
Q2,00 2 argy < C(12)%/2(12)%/2, where I denotes the length of the shortest simple

closed geodesic on the respective collar. This can be shown as in [RT18, Lemma 4.5].

Proposition 7.1.12 Fiz v > 2 and 1 < p < oco. Let M. (¢) denote the set of all
hyperbolic surfaces (M, g) of genus v and injectivity radius inj(M, g) > € > 0. Then
it follows that

¥ — Py(9)]|r(arg)
sup sup —
(MgeM,(e) vemo k) |1OV]|zo(arg)

as € — 0.

Proof: Recall that the number of geodesics which are necessary to decompose M into
pairs of pants is 3(y—1). Pick a Riemann surface such that all geodesics o1, ..., 03¢,-1)
in this decomposition are of the same length [ > 0.

Furthermore, let Q!,... Q7 be an L?(M, g)-orthonormal basis of H°(M, K) and
a € CX(=X(),X()) with « = 1 on (—=X(I) +1,X(]) — 1) and with uniformly

bounded derivative. Set

where ¢; € R are constants to be chosen later and (s;,6;), where z; = s; +i6; are the
standard coordinates on the collar C(o;) as in lemma [7.1.5
It follows that

3(y=1)
(W, Q) r2ang = D ¢jladz, ) oy
j=1
3(v=1) o
= Y ¢ladz, B(Q)dz) 12 ey
j=1
30—
:/ aldz|*dv, - Z ;b (")
c() j=1

and therefore there holds P,(V¥) = 0 if and only if (ci,...c3(,-1)) is a solution of the

system of linear equations

3(v-1)

> () =0,

J=1
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where i = 1,...,~. Notice that there exists a non-trivial solution since v < 3(y — 1)
for v > 2 and one may assume max |¢;| = 1.

By construction there holds
189]]. < C,

for a constant C}, > 0 which is independent of the length [ > 0 of the geodesics o;.
On the other hand one has

X(1)—1
1P| > / laf - |dz|dv, > c/ pds > c|log(1)],
el X (1)+1

which is unbounded as [ — 0. By the Gauss-Bonnet theorem the surfaces (M, g) € M,

have uniformly bounded area, which yields the claim for any p € [1, 00). O

Example 7.1.13 Let (M, g) be a compact hyperbolic Riemann surface and C = C({)
be a collar of (M, g).

Suppose that a: [(—X (1), X(I)] = R is an odd function which piecewise linearly
interpolates a(0) = a(X) = 0 and a(X/2) = 1. On C let ¥ = adz* and otherwise set
U = 0. Then it follows that

4 p 1—kp
||\Il||LP(M7g) > C/;(<|5|<3f |dz| dvg > cl ,

1 =

X
0% < 5 [ o Vas <
X )y

for I > 0 small enough. Furthermore ¥ satisfies P,(¥) = 0 as for any holomorphic
k-differential Q € H°(M, K*) there holds

X
(0, Q) 20rg = (W, Q) ey = bo(9) / a(s)|d=* Pdv, = 0,
X

since « is odd with mean zero. Therefore one has

[[W — Py(V)||zr(a,9)

- > VP o
O] 11(01,)

as [ — 0 if p > 1. Hence the Poincaré-Sobolev type estimate
10— Py(D)[oarg) < ClOP| 11 (arg)

cannot be uniform if p > 1.

142



7.2 Proof of the main theorem

The first step in the proof of the main theorem [7.0.1]is a local compactness result for
functions. The proof extends the argument in [RT16, Lemma 2.3|, where the L'-case
has been established.

Lemma 7.2.1 Suppose that ¢; € CY(D,C) is a sequence of functions on the unit
disc D C C such that
illLe + (1054 |r < C

for some constant C' < oco. Suppose that 1 < p <2 and1 < g < QQT”p orp > 2 and
q € [1,00).

Then there exists Voo € LY( D12, C) such that after passing to a subsequence there
holds

%‘ - %0
in LI(Dy 2, C). Moreover, if ||0s¢;]|r» — 0 as i — oo then s is holomorphic.

Proof: Notice that for w € Dy, and € < 1/2 there holds

Q@me*f| WQ = [ 1)) o 0= )
_/ %@(fm@>

Then Young’s convolution inequality shows that

|(9Zz/1|( ) e 1
— | 1001p % —Tp ||
/1/2 (/E B Tl dm(z) | dm(w) = || |0:¢|1p * ] Da(o)HLq(Dl/Q)

1
< || |(957,D|]ID * M]IDE(O)H%Q(R?)
1
< || [0z 11 p |75 me) IIMHDS(O)HL(W)

1
HaszLp(D H;qu(l)g)

if 1 <pqr < ooandl1+ % = 119 + % For the second integral to exist, r < 2 is

necessary. As in [RT16], one proves with the general Cauchy-formula that

wwo-wwo<—1[; 1901() 4

| <
27 ) 1z —wl
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holds for any ¢ € C'(D,C), any e-mollification )¢ which is computed with respect
to a radially symmetric, sufficiently locally supported smoothing function, w € D/,
and ¢ € (0,1/2]. In particular it follows that
£2-r
1Y — V%L, 1) < ﬁ”aZQ/}HLP(D)-

Notice that this estimate can in particular be established for ¢ < p* = ZQTPP. According
to the Rellich-Kondrachov compactness theorem, for any open, bounded set U C R?
with C'-boundary, the assumptions in the theorem imply that W1?(U) is precompact
in LY(U), cf. [Eva98, Section 5.7]. In particular, for fixed e, the mollification ¢ is
precompact in L(D; /). The result now follows by a diagonal sequence argument.

If ||05vi||Lr — 0 as @ — oo then holomorphicity of the limit can be established

exactly as in [RT16]. O

The main argument in the proof of theorem is by contradiction: Suppose
that there is a sequence of closed hyperbolic surfaces (M;, ¢;, g;) of fixed genus v > 2
and a sequence of smooth k-differentials ¥, on M; such that

Wi = Py (W)l o (ats g
O3] | Lo (at;.9.)

— 0

as 1 — 00. In fact, one can assume that M = M;, as all closed surfaces of fixed genus

are diffeomorphic, and that U; satisfies
Pgl(q]z) = O and ||\Iji||LP(M,g¢) =1 and ||5\Iji||LP(M,gi) — O (71)

by replacing ¥; with a suitable normalisation of ¥; — P, (V).

Then the Deligne-Mumford compactness theorem [7.1.3| can be applied. A local
argument in coordinates and the compactness lemma for functions then yield
as in [RT15, Lemma 2.1]:

Lemma 7.2.2 Let (M, c;,q;) be a sequence of hyperbolic surfaces that converges to
a possibly punctured hyperbolic surface (3,¢, h) in the sense of theorem m and
suppose that either 1 < p <2 andl1 < q<p* = ;Tpp orp>2andq € [1,00). Then
for any sequence of k-differentials ¥; € LP(M, g;) with

3l o ar,g) + 1109 Lo(arg,) < C < 00

there ezists a subsequence which converges locally in LY to V., € L3, h). That is,
with respect to the diffeomorphisms fi: X — M\ u;n:lag' as in theoremm one has
fiv;, = Uy in L] (2, h).

Furthermore, if ||0V;||1o(a1g,) — 0, then Vo is holomorphic.
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In particular, lemma applies to the sequence in and moreover, by
theorem , the holomorphic limit W, must satisfy PZ{ Ol’“(z’h)(\lloo) = 0. Hence,
it vanishes identically, ¥, = 0.

However, it will be shown that the LP-norm is preserved, thus providing a contra-
diction. Due to [RTZ13, Lemma A.7], the conclusion holds on the J-thick parts, i.e.
for any fixed 0 with 0 < § < arsinh(1) one has

[ WoollLo(ss n) = lim 1Will Lo (ars o)

This is a consequence of the fact that the -thick part of (X, ffg;) converges to (X?, h)
in the sense that the measure of their symmetric difference tends to zero.

On the other hand, there holds ||| =1 — [|Wl[Ls
lemma [7.2.3 below shows that

) and then

p
Lr(M?Y,g;) 5—thin(M),g;

P o1 . e o
?ig H\II‘X’HL”(E‘S,h) =1 };EE }E?O ||\I/Z||LP(5—thin(M)7gi) =1,

which gives the claimed contradiction. It therefore remains to show that there is no

LP-norm concentration on the degenerating collars:

Lemma 7.2.3 Let (M, g) be a hyperbolic surface of genus v, k > 2 an integer and
1 < p < oo. Then there exists a constant C' = C(v,k,p) < oo such that for every
d > 0 any LP-integrable k-differential ¥ with P,(V) = 0 satisfies

9| o s—thinargy < C - (109 Lo(arg) + 62| Lo (arg))-

Since the d-thin part is contained in a union of collar regions for sufficiently small
0 > 0, lemma will follow from explicit estimates on hyperbolic collars.

According to the Keen-Randol collar lemma [7.1.5] any collar region is isometric
to a hyperbolic cylinder of the form C(1) = ((—=X (1), X (1)) x S', p*(ds* + d6?)). With
respect to the associated collar coordinates (s, 6), where z = s+ 6, the angular mean
value of a k-differential ¥ = ¢dz* on C(l) is

als) = — [ (s, 0)d0

2T g1

for s € (=X (1), X(1)).
As in [RT15], the proof of lemma now follows in two steps:
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Lemma 7.2.4 Let (M, g) be a closed hyperbolic surface and k > 1. Then there exists
a constant ¢ < oo depending only on k and the genus of M such that for any collar

region C, any k-differential ¥ and any § > 0, p € [1,00) there holds

X 1/p
1] 15 thiney < ( / ) |a<s>|pp2-’fp<s>ds) 1] a4 82 Wl rr).

In order to control the integral of the mean values, one appeals to the following

estimate.

Lemma 7.2.5 Let (M, g) be a closed hyperbolic surface, p € [1,00) and k > 2. Then
there exists a constant ¢ < oo depending only on p,k and the genus of M such that
any k-differential W with P,(¥) = 0 satisfies

X
/X |a(8>|pp2—kp< Yds < ¢ <||a\11||Lp(Mg + l||\IfHIL’1(M7g)>
on each collar C.

The combination of the two lemmas finishes the proof of lemma as for [ > 20
the d-thin part of the collar C(I) is empty.
Proof (of lemma[7.2.5): Recall from [RT15] that

A(sg) := |a(0) — a(so)| < ;/0 /sl |0z1)|dOds.

Hence there holds

A(s)? < ¢ </ / 00|, p" ! dvg)
<c ( /0 /S 1 |5\1/|§pp<k—1>(s)dvg> (Area([0, so] x S, g))""

and since Area([0, so] x St,g) < 2mp(so) it follows with Fubini’s theorem that

/ Als0)P02~(50)dso < ¢ / ); ( /0 N /5 1 |5\p|gpp<k—1><s)dvg) 75D (50 dso
—c / ) / (|ow[zpr=1(s)) ( / ) pl_p(k_l)(so)dso) dv,

<C/ / ’a\Ij|pppk 1)+1—p(k—1) 1dvg—CHa‘PHchg),

where in the last estimate the monotonicity of p in |s|, the assumption k& > 2 and the

observation

T z_ i x 7r
plo) - (X0 = ) < p(0)- (T = 1ol ) = 2 < s =

sin(Z — = z€(0,7/2) sm(a:)
(3 )



from [RT15] were used. Since ||dz*||rrcq) ~ lk+1/P—1HdzkH%2(ag) as | — 0, the claim

follows from
X 1/p
([ et isis
-X

provided that a sufficient estimate for the last term can be established. To this end,

IN

1/p
( / Als <50>d50) T 1a()] (14 1rc)

< ||09]|Lo(cg) + clk“/”_lla(oﬂ 1d2"[]12(c.9),

notice that

X

de ) X
I ||L (C.g) :/_X(a(O)—a(s))pQ(l_k)(S)ds+/ a(s)p2(1—k)(s)ds-

k1
2k+1g -X

(0) -

Due to the monotonicity of p, the first term can be handled as above

X X S0
/ (/ |0p| p?1H) (so)dﬁds) dsg = / </ |851/J|p2(1_k)(30)d9d5) dsg
— [0 S()]XSl —S0 St
< / *(s0) (/ / |8\I/|gdvg> dsg
—s0 J S

S/ P F(50) - [|109| 1o (c.g) - Area([—so, so] x S*, g)' " Pdsg
0

X
</ PP (s0)dso (|09 Loeg) < 'R0V |Locg)-
0

In order to estimate the second term, choose a holomorphic k-differential €2
adapted to the collar in the sense of theorem [7.1.10, Then its principal part can
be estimated by |bg| > cI*~1/2. Furthermore, P,(¥) = 0 implies (¥, )72y = 0 and

hence
X
/ / Vp* R dhds
7X Sl

< (W, Q = bodz") p2c.g) | + (U, D) r2anvc) |
< (1192 = bod2¥|| ey + 1|2z (anve)) 1% L1 eany
< ||| (M, g).

X
[ [ v (b))
—x Jst

In particular, this yields

‘/ 2R (s)ds| < el F|| V| 1 (arg)s

which completes the proof. O
Proof (of lemma : As in [RT15], the proof relies on the general Cauchy
formula for C1'-functions. Given a k-differential ¥ = ¢)d2* on a collar (—X, X) x S1,
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extend the function ¢ periodically to R? = C. For zy = (s0,6p) € (—Xs,, X5,) % [0, 27]

and b € [0, 27] consider the domain
Q(z0) = {20} + [=p7*(50), p™"*(50)] x [=(p"*(s0) +b), p~"*(50) +1].

By setting

Io(z0,b) = / 9% . A dz,
Qb(ZO) Z— 20

) (s, 6 (o2 (50) + )
Ii Py ,b — :F/ » Y0 . 0 d
ii(z:0) h(s0) S~ S0Ei(p7(s0) +b)

fo+p~1/?(s0)+b Bt 9
I‘%(Zo,b) :Zl:l/ ¢< (80)7 ) d&,

Bo—(p-1/2(s0)+b) £07/*(50) + (0 — bp)
where h*(sg) = s & p~/2(s0), the Cauchy formula implies
2mi(z0) = (In+ It + I, + I}; + I5)(20,b)

for any b € [0, 27]. Then notice that

X5 Xs
H\I’H]ZP (6—thin(C,9)) — / / |¢‘p|dzk‘p02d90d$0 = Qkp/Q/ ) W|p02_kpd90d50
—X; S

() L,

p

p2 kp(So)d@odSo

2
][ (In+ I} + I, + I, + I)(20,b)db

and thus
T Xs 1/p
WH\I/HLP((S—thm(C,g)) sup </ |]Q(ZO= b)|pp2_kp(so)d00dso> (7.2)
be[0,27)

1/p
sup ( / / 11320, 5) [Po* ’fp<50>deod50>
E{i}bE[OZW

eclt} </ /51 ][% I3 (20, b)db

It will be shown that the first term can be bounded by c||0U|| s (25—thin(c,g)) and
all other terms by ¢ f a(s)[Pp* kP (s)ds) VP + V% - ||W]|Lo(2s—thin(c)), for some

constant ¢ < oo 1ndependent of p, which will prove the claim.

1/p
p2 kp(So)deodSQ) .

Remark 7.2.6 It follows from [RT15, Remark 2.8] that for dy > 0 sufficiently small,
any 0 < [ < 20y and any 0 < § < g there holds (zp,b) C (—Xas, X25) x R for all
2o € d-thin(C(l)) and moreover there is a constant C' = C'(dy) > 0 such that

C™p(s) < p(so) < Cp(s)
for all Sg € (_X2507X250) and s € (_X507X50)‘
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To prove the bound on the first term, recall from |[RT15] that

_ h*(s0)
|1 (20,b)] < 2/ 9:4) d9d3+c/ 10:9|log(p~'(s))dfds. (7.3)
h

20+[—2m, 2|2 "‘7‘ - ZO‘ —(s0) /81

To estimate the first summand in ((7.3) note that by remark one has

P
/ / (/ e d@ds) p? M (50)dbydsy <
St 20+([—2m,27]2 Z_ZO|
| p2/P—k p
< / / ( / Md@ds) dfodso,
S1 z0+[—2m,27]? ‘Z - ZO‘

which can be viewed as an LP-norm of a convolution by considering ﬁ]l[,gﬂﬂ]z and

|(32@Z)|p%7k]lg,thm(c,g) = |5\11|gp%+1]lg,thm(cyg). Hence Young’s convolution inequality

) P
[, UL ) i <
1 zo+[—2m,27)2

X; ~
< || 1/|7| ||L1[ o 2n]2) / |8\If|p 2*P(s)dOds

implies

X(s
RV EN . / / DU [P (s)dv,.

Notice that this term is actually a lot smaller than ||0W|[? Lo(26—thin(C.g)) Q€ tO the

extra factor of pP.

Remark 7.2.7 It is useful to recall from |[RT15, Remark 2.8] that there is §o > 0
and a constant Cs, < oo such that for all 0 < § < dy and 0 < [ < 2§y both functions
ht(s) = s £ p(s)~Y/2(s) are invertible on [—Xj, (1), X5,(I)], the derivatives of their

inverses are uniformly bounded and

(A7) H = (A"))(5) < Capp™2(5)-
Also notice that [(hT)7!(s), (™) (s)] C [—Xas(1), Xas(1)].

With regard to the second term in ((7.3)), notice that h*(so) —h~(s0) = 2p(s)~ /2.
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Then remark [7.2.6, Holder’s inequality and Fubini’s theorem imply that

h7L (so0) p
/ / ( / |azw|1og<p1<s>>deds> 22 (s0)dfodiso
51 \Jh-(so) Js1

ht(s0) —1
(4m)P? / /S ( /h s \8zw\p(1og(p1(8)))”d0d5> PP (s0)dfodso
1 S0 1

s 1 SRR
< (4~ / [ 0P (og(™(5)) /( P15 (o) dso | dbds

—Xas ht)=1(s)

/ ) 10=01" (log(p™ () p* b=t (5)d0ds

Xas

Xas
< c”/ |(921/1\p/)27p(k+1)( )dbds = H@\IIHL,, 20—thin(C.g))’

Xas
where log(z) < y/x was used in the last inequality. This proves the bound for Iq.
The key idea to estimate the boundary integrals Ifl and [ ‘47' is that ﬁ is almost

constant along line segments of the boundary of €,(zy). More precisely, one uses

1 1
sup ‘Z_Z — o < 2mp(sop),
z€{hF(s0)} x ({00 +27k}+[0,27]) o p1/2(s0)+2mik
sup ‘zjzo - 5*80+i,01*1/2(50) S 27Tp(80)

2e{s}x ({B0+p1/2(s0)}+[0,27))

to bound I}; and .
As carried out in [RT15], this leads to the estimate

27 ht(s0) ht(s0) 2
][ 1;;<z0,b)db’ gp1/2(30)/ la(s)|ds + p(so / / (s, 0)|d0ds.
0 h h— 0

~(s0) (s0)

Therefore the Ifil—term in ((7.2) splits up into two pieces and the first term can be
controlled by

X h+(so) p )
ds 2=krt3 (s0)ds
p 0)dsSo
—xs5 \Jn—(s0
ht(s0) 3
/ / ’p 2—kp+L ( )deSg
h=(so0)
Xos (h7)7(s)
< 2p1/ / P> FP2(50)dsg | |a(s)|Pds
X5 (hT)=1(s)

X25
<o / S (s)ds,
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where firstly Holder’s inequality, then Fubini’s theorem and finally remarks [7.2.6{ and
were used. Similarly, one finds that

ht(so) p2m p
/ / / (5,0)|dOds | p*~*"*P(sq)dsq
h"" (so0) 27 1
/ [ s opdsas | (amp ) o)
h=(s0) J0O
Xas ()N po L
my” 1/ / </ |¢(379)|pd6) PP (s0)dsods
ng h+ _1 s

Xas
< sup  pP%(so) / )| p*>*P(s)dfds
S0€[—X25,X25] —X2s

< cp(sp/zH\IjHLp 26—thin(C))"

Putting these estimates together, one obtains the bound
p
(/ / ][ T (20, b)db
Sl

as claimed.
Finally, for the estimate of the I:f-term in (7.2)), recall from [RT15] that

1/p Xas
kap(so)dsodGO) < c/ lau(s)[Pp**P(s5)ds

—Xas

+ 6% |0 | L 26—thin(c)

|1V (20, b)] < ¢~ [a(h™ (s0))] + cp'/*(s0) /S1 [¢(h" (50), 0)|d6

for each b € [0, 27]. Then remarks [7.2.6| and [7.2.7| imply that

X5 1/p
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o (h* (s0))Pp* " (s0)dbodso ”
< (/[ )

P 1/p
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X5 J 81
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which completes the proof of lemma O
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