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Given a group word w in k variables, a group G and g € G, we consider the set
Sw(g) of k-tuples (g1,...,gx) € G® such that w(gy, ..., gx) = g and when G is finite,
the size of S, (g), Nw(g). N. Amit conjectured that for any finite nilpotent group G
and any word in k variables, N,(1) > |G|*"!. In this thesis we first prove Amit’s
conjecture for finite groups of nilpotency class 2. This was independently proved by
Levy in [I]. More generally, we study the class functions N,, for this class of groups
and show that the inequality can be improved to N, (1) > |G|*/|G.,| (G, is the set of
w-values in G) if G has odd order. This last result is explained by the fact that the
functions N,, are characters of G in this case. For groups of even order, all that can
be said is that N, is a generalized character, something that is false in general for
groups of nilpotency class greater than 2. We characterize group theoretically when
N, is a character if G is a 2-group of nilpotency class 2. We also address the (much
harder) problem of studying if N, (g) > |G|*~! for g € G, proving that this is the

case for the free p-groups of nilpotency class 2 and exponent p.

Finally, we look at the analogous problem for finitely generated pro-p groups.
Let G be a finitely generated pro-p group and {G,} some filtration. We define the

dimension of a closed subset H C (G as

log, [HG: /Gy
imyq,; (H) 1 in log, [(G/Gr)®)|

In this setting, a rather natural way to define the metric is by using the filtration
G, = GP" = (2" : z € G). For this filtration, we ask whether for any word w in k
variables, Dimgq,} Sw(1) > k — 1/k. We show that for free pro-p groups, using the

filtration given by its dimension subgroups, this is not true in general.
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Chapter O

Preliminaries

0.1 Words and fibres

A word w is an expression of the form
_ &
w(xy, ..., o) = ;)

for some s < oo with i; € {1,...,k} and ¢; = £1 for each j. The corresponding
verbal mapping on a group G is f, : G® — G defined by evaluating w, so

fw(gl7 e ,gk> - w(gla s 79]@) = Hg;]
j=1

Equivalently, there exists a unique homomorphism 7y, . g,y : F} — G, where Fy, is the
free group on {xy,...,z}, sending x; to ¢g; (i = 1,...,k) such that f,(g1,...,9x) =

T(g1,....g6) W-

It is sometimes convenient to identify a word with an element of Fj. Different
words may represent the same element of Fj, but of course they all induce the same

verbal mapping (see [2]).

For a subset S C G and m € N we write S*" = {s159--- S, | 5; € S}. We write
Gw = {w(gr, .-, 96) | (g1, -, 1) € GP} the set of w-values in G. Note that gener-



0.2. Regular p-groups

ally G, is a proper subset of G. We define the verbal subgroup corresponding to G
to be w(G) = (Gy,), the group generated by G,,. We say that the word w has width
m in G if w(G) = GI™ and m is the smallest value with this property. If there is no

such m < oo, then we say that w has infinite width in G.

For a word w in k variables and a group G, for any g € G we denote by S, the
function defined by

Sw(g) ={(g1,---,9) € G |lw(gr,. .-, 9x) = g}, (0.1)

the fibre of g in G®). If G is a finite group, we define N,, to be the function defined
by

i.e. the size of the fibre of g in G®). We also define the function P, to be defined by

Nuy(9)

Note P, only depends on the word w and not on the number of variables of w, so we
can assume w € F. We will write P, ¢(g) when it is important to emphasize the

group G (equivalently Ny, ¢(g) when necessary).

0.2 Regular p-groups

Definition 1. We say a p-group is regular if for every z,y € G, 2Py? = (zy)PcP for

some ¢ € (z,y)’.

The condition in the definition of a regular p-group is local, since it only involves
the subgroup generated by x and y. Hence all subgroups and quotient groups of reg-
ular p-groups are again regular. All abelian p-groups and all groups of exponent p are
regular. The theory of regular p-groups is almost fully developed in P. Hall’s funda-
mental paper on p-groups [3]. For any finite p-group G, if the nilpotency class of G is

less than p then G is regular. In particular, any p-group of order at most p” is regular.

For any finite p-group GG and any r > 0, we define the characteristic subgroups of
G, Q.(G) = {x € G|z =1) and U,(G) = (z*" |z € G). If G is regular a p-group,
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then Q,.(G) = {x € G|2*" = 1}, U,(G) = {2 |z € G} and |G : Q.(G)| = |0, (G)|

for any r > 0. See Section 3.2 in [1] for more details on regular p-groups.

0.3 Amalgamated central product of groups

Free products of groups are generalized by a notion of amalgamated central products
of groups joined together along specified subgroups. We introduce Definition 1.3.16

of [] for the specific case that we will use in Chapter 3.

Definition 2. Let 7" and H be 2-groups with cyclic center and |Z(T")| < |Z(H)|. For
any injective homomorphism 0 : Z(T') — Z(H),

Z={(z",0(2)) |z € Z(T)}

is a subgroup of Z(T' x H) in T' x H. The factor group T'x H = (T' x H)/Z is a
central product of T"and H with Z(T') amalgamated with the corresponding subgroup
of Z(H).

Lemma 3. If all the generators of Z(T') are in the same orbit under the action of
the automorphism group of T (or if a similar situation holds in H ), the group T * H

18 unique up to isomorphism.

Proof. From Definition 2, (17" x H)/Z is a central product of T" and H with Z(T)
amalgamated with the corresponding subgroup of Z(H) such that Z is defined by
some injective homomorphism 6 : Z(T) — Z(H).

Suppose that z; and 2, are two genetarors of Z(T). By hypothesis, there exists
some 7 € Aut(T") such that z; = 7(z3). Consequently, 7 X idg € Aut(T x H) and for
(251,0(22)) € Z, one gets

(7 > idm)(zy ', 0(z2)) = (1(257),0(22)) = (211, 0(22)) = (21, (0 0 771)(21))-
If we write § = 6 o TLZT), T X idy maps Z to Z which is defined exactly as Z only
by replacing 6 with 6. As a consequence, this induces an isomorphism between the

amalgamated central products (7' x H)/Z and (T'x H)/Z.
[l



0.4. Pro-p groups

The hypothesis in Lemma 3, is satisfied if T" = Dosr or T'Qgsr, and hence we will
say that T'x H is the central product of 7" and H with amalgamated Z(T).

0.4 Pro-p groups

A pro-p group is obtained when you look at a (suitably coherent) collection of finite
p-groups all at once. ‘Coherent’ means that the groups in question form an inverse
system; that is, a family of finite groups {G,} indexed by a directed set A, and for each
pair o, 8 € A with a < § a homomorphism 03, : Gg — G,. Whenever a < § < it is
required that 03,0053 = 0,,, and each 0,, is the identity automorphism. To say that
A is a directed set means that A is partially ordered and that for every a, 8 € A there
exists v € A with v > « and v > . The inverse limit of this system, denoted by

G =1imG),
AEA

may be defined by a suitable universal property, or more concretely as a subgroup G

of the Cartesian product of all the G, as follows:

G ={(9))]05a(93) = go Whenever § > a} < H G,.
A€EA

Thus G maps naturally into each of the finite groups G (by projecting to a factor),
and G is completely determined by the system {G)}ica such that the homomor-
phisms 603, are supposed to be included as part of the definition of the system. In a
natural way, G is a topological group. Giving each of the finite groups G the discrete
topology, we endow [[,., G with the product topology; instead of being discrete,
this is a compact Hausdorff space, by Tychonoft’s Theorem. It is easy to see that the
inverse limit GG is a closed subgroup, so in this way G becomes a compact Hausdorff
topological group. For each A € A the kernel K, of the projection 7wy : G — G is
an open normal subgroup of G, and the family { K} forms a base for the neighbour-
hoods of 1 in G. In most naturally-arising situations, the maps 63, are all surjective,

in which case one speaks of a surjective inverse system.

A pro-p group is said to be countably based if G is the inverse limit of an inverse

system of finite groups indexed by N. It is easy to see that every finitely generated
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pro-p group is countably based, and that a countably based group is topologically

generated by a countable set.

A pro-p group G has rank r = rk(G) if every closed subgroup of G can be generated
(topologically) by r elements, and r is minimal with this property. The word ‘rank’
is also used in a different sense in the context of free profinite (or pro-p) groups;
tradition insists that a ‘free group of rank r” means a group having a free generating
set of cardinality r. Since a non-abelian free profinite (or pro-p) group necessarily
has infinite rank in the first sense, it will be clear from the context which usage is in

force.

0.5 Hausdorff dimension

Suppose we have a subgroup H of a finite group G, and that we want to measure
the relative size of H with respect to G. We can use the quotient |H|/|G|, or if G is
a p-group even better log, |H|/log, |G|. If |G| = p* and |H| = p’, then the number
|H|/|G| = p*~* may hide the size relation between H and G for high values of p. That
is why we are more interested in knowing the relation between a and b and why we

consider log, |H|/log, |G| = b/a instead.

If G is infinite, the first problem is that both |H|[/|G| and log, |H|/log, |G| are
meaningless. We can rewrite |H|/|G| as 1/|G : H| and interpret 1/00 as 0, and make
this choice for the dimension of H in G. However, it will not distinguish subgroups of
infinite index, and, intuitively, a subgroup of finite index of an infinite group should
have dimension 1. On the other hand, the alternative of log, |H|/log, |G| does not

even allow a direct reinterpretation in the infinite setting.

Abercrombie proposed a way to overcome this situation in the case of profinite
groups, using the concept of Hausdorff dimension over a metric space. Suppose
that G is a countably based pro-p group such that {U, },en is a descending chain of
open normal subgroups which form a base of neighbourhoods of the identity. Since

|G| = oo, there is a natural metric in G, induced by {U, }:

d(z,y) = inf{|G : U,| ' |2zy~" € U,}.
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This gives G the structure of a metric space and therefore we can compute the Haus-
dorff dimension of a subset of G with respect to this metric. Note that the topology
defined by this metric coincides with the original topology of G.

There is a nice formula due to Abercrombie [(] and Barnea-Shalev [7] that provides
the Hausdorff dimension of an arbitrary closed subgroup H of GG. Note that it is given

in purely algebraic (and analytic) terms.

Theorem 4 (|7]). Let G be a finitely generated pro-p group with a filtration {Gp}nen
and let H <. G be a closed subgroup. Then

log, |HG,, /G| log, |H : HNG,|
hdi H) = liminf —2 = lim inf —%
e () =B g 167G — et log, G /G

Observe the similarity with the finite case. The finite quotients G/G,, give ap-
proximations of the group G, which are better as n increases. In the formula above,
we project H in these finite quotients and compute its relative size inside them, which
is the quotient log,|HG,,/G,|. Finally, we take the log, |G/G,| limit when n — oo
to see the asymptotic behaviour of these numbers (the liminf is necessary since the

limit need not exist).

Note that the Hausdorff dimension of a closed subgroup of G depends on the fil-
tration {G,} used to define the metric of G, and there are examples showing that
this is so (see 7], Example 2.5). In any case, there is usually a natural choice for the
system of neighbourhoods of the identity. For example, for a general finitely gener-
ated pro-p group, we can take G, = GP" whereas in the case of free pro-p groups we

would generally consider the dimension subgroups D,, (see Chapter 11 in [3]).

For a finitely generated pro-p group G and any word w in k variables, we want
to measure somehow the sizes of the closed sets S, (1) with respect to some filtration
{Gp}nen of G. Using what we learnt about the Hausdorff dimension, we define the

dimension of a closed set H of a finitely generated pro-p group G with a filtration

{G,.}, as follows:

n |

log,, |Hy

Ditnic 1 (H) — limint log, |[HG\/Gh|
PHET) T LS Tog, |G| noe log, |GG
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i flogp]H:HﬂGn]
T log, [G/Gal

(0.3)

where X is the image of X under the natural quotient map m, : G — G/G,, for
any X C G. Similarly, for any subset Y of G®), Y @ is the image of ¥ under .
A natural way to define a filtration in G® is by {Gq(lk)}. Hence, for any word w in k

variables and G a finitely generated pro-p group with the filtration {G,,}, we define

log, |S. (1) | log, |5, (1)GW /GYY)|
Dim S, (1) = liminf —= ™ __ — limin p Y
o Sl R T G R g, (GG
log, |Su(1) : Su(1) N GP
— lim inf —22 4
e log, [(G/G)®) o

Considering the natural filtration G,, = GP" = (2" : x € G) for a finitely generated
pro-p group G, we will study whether

Dim{Gn} Sw(l) 2 k — 1/]{3

holds.
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Chapter 1

Introduction

The number of solutions of equations over finite fields has been an important problem
in number theory since Gauss. Since then it has been studied particularly intensively
in the 20th century, the proof of the Weil conjectures being a highlight. This project
intends to be a beginning of such a study in a non-commutative setting. The point of
restricting to p-groups is that these are ‘close to commutative’, and so one may hope

for analogues of more classical results.

In Chapter 1 we will introduce some background on word fibres in finite group
theory. For a group we can ask what happens when we multiply elements together.
If we want to make this sound more like mathematics, we can rephrase it as a series
of questions about verbal mappings. Let F}. be the free group on x1,...,z;. Then for
a word w € Fj, some will want to describe the fibres and the image of the correspond-
ing verbal mapping f = f,,; others will want to know how big they are. Both kinds
of question are easily answered when f happens to be a homomorphism (the group
theorist’s comfort zone). However, verbal mappings are not usually homomorphisms,

unless G is an abelian group.

Given a group G, the focus here will be to study the fibres S, (g), for g € G,.
If G is abelian, f,, : G® — G is a homomorphism and hence each non-empty fibre
Sw(g) is a coset of the kernel S,,(1). Using (0.2), for a finite abelian group G and any
g € Gu, Nu(g9) > |G|¥/|G| = |G|*~*. This can be expressed in a more invariant way
by using the function P,. In the case of a finite abelian group G and any g € G,



then we have that P,(g) > 1/|G], and for all the elements g € G,
Pu(9) = [Su(D)I/IG]%;
i.e. they have the same probability that a random tuble satisfies w(g1,...,gx) = g.

The probabilities P, (1) have been studied in the literature mainly for a fixed word
w and moving G, a strong result in this direction being that of Dixon, Pyber, Seress
and Shalev in [9] who proved that for any non-trivial word w € F.,, P,(1) tends to 0
with the order of the group, assuming that G is a non-abelian simple group. In the
other direction, by fixing a group G and letting w range over all words, Amit showed
in [10] that if G is a finite nilpotent group, there exists a constant ¢ > 0 depending
only on G such that for all w € F,, P,(1) > ¢. He also conjectured that the same

holds for finite solvable groups and for nilpotent groups he conjectured the following:

Conjecture 1. Let G be a finite nilpotent group. Then for any w in k variables,
No(1) > |G[F (1.1)

or equivalently,
P,(1) > 1/|G]|. (1.2)

He also asked if in turn, for a non-solvable finite group G, P,(1) could be made
arbitrarily small for a suitable w € F,,. Abért gave a positive answer to the last ques-
tion in |1 1] showing something stronger; that if G is a finite just non-solvable group;
i.e. every proper quotient of GG is solvable but G itself is not, the set { P,(1) |w € F..}
is dense in [0, 1]. On the other hand, Nikolov and Segal gave in |[12] a characterization

of finite solvable and nilpotent groups in terms of these probabilities:

Theorem 5 ([12]). Let G be a finite group and let €(G) = p~IC where p is the largest
prime dividing |G|.

(i) G is solvable if and only if inf,, P,(1) > €(G), when w ranges over all words in
Fs.

(i1) G is nilpotent if and only if inf,, , P,(g) > €(G), when w ranges over all words
n Fy and g € Gy,.

10
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However, this bound ¢(G) is far from what Amit conjectured for nilpotent groups.
Their approach was to interpret the verbal mapping f,, as a polynomial mapping over
a finite field. The ‘co-ordinatization’ used to achieve this is quite crude and probably

loses a lot of information.

For example note that if G is non-nilpotent and v, = [. .. [[[z1, 2], T3], 4], . . ., 4]

is the left-normed repeated commutator, then 74 (G) # 1 for every k. Hence for each

k there exists some non-trivial hy € G.,. Since y(g1,...,9x) = 1 if g; = 1 for some
1, then
1 (|G| — 1)*
— < < —-— " —5 0. .
Gk = oy (i) < IGlF koo 0 (13)

Thus in the non-nilpotent case, P,(h) takes arbitrarily small positive values as w

varies over all words.

In Chapters 2-5 we want to show some positive results towards Amit’s conjecture.
Amit conjectured that N, (1) > |G|¥~! for any finite nilpotent group G' and any word
w in k variables. We will use character theoretical arguments and general group the-
oretical arguments to tackle this problem in the case of p-groups of nilpotency class 2.
We could expect that these groups, being so close to commutative, may behave not so
differently to abelian groups when analysing word fibres; and they do. In this setting,
we will consider the same question for general fibres and using basic linear algebra,
we will give some positive results towards proving Amit’s bound for the general fibres

for p-groups of nilpotency class 2.

Hence we start by proving the following theorem:

Theorem A. Let G be a finite group of nilpotency class 2 and let w € Fj,. Then
N, (1) > |G|F1.

This result was independently proved by Levy in [I| using a similar procedure,

although our approach to the concept of word equivalence is different.

To begin with, in Chapter 2 we will be looking for a set of representatives for
words in this class of groups. For convenience, we will consider a word in the variables

x1,...,T as an element in Fj, the free pro-p group of nilpotency class 2. Thus, if

11



w € F}, is a word, it can be represented in a unique way as

— Z1 Zk Zij
w =z ” [z, 2],

1<i<j<k

where the exponents z, z;; are p-adic integers. Two words w, w" € F}, will be equivalent
if they belong to the same orbit under the action of the automorphism group of Fj
and hence our next goal will be to find a set of representatives of the equivalence

classes of words:

Theorem B. The following words are a system of representatives of the action of
Aut I}, on Fy:

(21, o] [wg, 24P - Lo, 20, P, 0< 2r <k, 0< 57 <--- <5, (14)

2 oy, ol (2o, P - [, P 1< <k 0< 5, 0< 5, <o < s, (L5)

Since a finite nilpotent group is a direct product of its Sylow subgroups, it will
suffice to show Theorem A for finite p-groups of nilpotency class 2 and any prime p.

This is done in Theorem 10 using Theorem B strongly.

In Chapter 3 we study the functions N, for the class of groups of nilpotency class
2. These results will lead to the conclusion that proving Amit’s conjecture for this
class of groups shouldn’t have been surprising. We will start by showing the following

theorem:

Theorem C. Let GG be a finite group of nilpotency class 2 and let w be a word in k

variables. Then N, is a generalized character of G.

Recall that the class function N, is a generalized character if NX € Z for any
X € Irr(G) where for any g € G,

Nu(g) = Y NX-x(9),

Xx€Irr(G)

and NX = (N, x) is the inner product. If NX € N, we say N, is a character and

it is not hard to show that this is a sufficient condition to obtain Amit’s bound,

12
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N, (1) > |G|*"'. As a consequence, if N, is a character,
Nuy(1) = Nu(9) (1.6)

for any g € G. Conversely, if there exists some element g € G such that N,(g) >

N, (1), then N, is not a character. In this direction, we prove the following result:

Theorem D. Let G be a finite p-group of nilpotency class 2 such that p is odd and

let w is a word in k variables. Then N, is a character of G.

In particular we obtain an improvement of Theorem A, namely, N, (1) > |G|*/|G,|.

For 2-groups, there are easy examples where N, fails to be a character one of
them being the quaternion group Qg of order 8. Note that G = Qg, G,z = {1,z}
where z is the unique involution. We note that N,2 ¢(1) = 2 whereas N,2 ¢(2) = 6
showing that N,, is not a character. Generalising what happens with the quaternion
group, we actually characterize group-theoretically when this happens for the power
words w = z" (always within the class of 2-groups of nilpotency class 2). This tech-

nical section was done with the collaboration of J. Sangroniz.

In Section 0.3, we introduce the concept of central product T x H with amalga-
mated Z(T) for 2-groups T and H with cyclic center and |Z(T)| < |Z(H)|. Using

this construction, we prove the following theorem:

Theorem E. Let G be a finite 2-group of nilpotency class 2. Then N, 2r is a character
of G if and only if G has no epimorphic image isomorphic to Dasry * - - - % Dosrn, * Qosar,
0<n,rmn<...<r, <r where

D23T = <£L‘7y,2|$2r = yQT = ZQT‘ = 17 [ZL‘,Z] = [yv Z] = 1’ [$7y] - Z>’

Qusr = (z,y, 2| 2% =¥ =22 2% =1, [z,2] = [y, 2] = 1, [z, y] = 2).

We call Dys- the quasi-dihedral group of order 23 and note that it can be con-
structed as Dosr = (z,2) X (y) where (z,2) = Cy x Cor, (y) = Cyr (C,, denotes a
cyclic group of order n) and =¥ = xz and z¥ = z. That is, Do is isomorphic to the
Heisenberg group over Z/2"Z; i.e. the set of 3 x 3 upper unitriangular matrices with
elements in Z/2"7Z. On the other hand, we call Qgs- the quasi-quaternion group of or-

der 23" and can be constructed as (, z) x (y)/{(z22~1)?"") where (, 2) = Cyri1 X Clyr,

13



(y) = Cyr and ¥ = xz and 2¥ = z. One can check that, Qs = (x,y, 2) can be seen

as a finite quotient of the pro-2 group GL4(Z/2"Z) generated by the matrices

1010 1 111 1 00 —1
01 00 01 01 01 0 O
0011 0010 001 0
0001 00 01 000 1

In Chapter 4, after proving that N, are characters for p-groups G of nilpotency
class 2, we briefly consider the conjecture N,(g) > |G|*™! for any words w in k
variables and g € G, for this class of groups. This problem is much harder than
the case ¢ = 1 and only some partial results have been obtained. For instance if we
consider the word wy = [x1,y1] - - - [Tk, Y], the disjoint product of k& commutators, we
obtain the following result. Recall first that for a finite p-group, the Frattini subgroup
of G is defined as (G) = GP[G, G| and it is the set of non-generating elements of G.
We will write Z(G) for the center of G.

Theorem F. Let G be a d-generated p-group with ®(G) < Z(G) and |G'| = pHd=1/2,
Then for any g € Gy, Nuy(g) > |G,

As a corollary, we confirm the conjecture of the general fibres if G is a free nilpo-
tent p-group of nilpotency class 2 and exponent p. In the same chapter, we also give

some other bounds for N, (g) in this class of groups.

In Chapter 5, we will consider p-groups of nilpotency class higher than 2. By
giving some examples, we will show that in general N, will not be a generalized
character for an arbitrary word w. To start with, for odd primes p we construct the
smallest p-groups for which N,» ¢ fails to be a character. Recall that in the case of

p = 2, Qg is the smallest group satisfying that N, is not a character.

Let p any odd prime now. If G is regular, then N,» is the regular character of
G/GP. Consequently, in order to find groups for which N,» is not a character, we
need to consider non-regular p-groups of order at least pP*'. We construct next a
non-regular p-group G of minimal order; that is, of order pP*!, for which N,» is not a
character. Note that a non-regular p-group of minimal order has nilpotency class p.

See Section 0.2 for more details on regular groups.
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Chapter 1. Introduction

Proposition G. For any odd prime p, Ny» is not a character of

G={(g1,---,Gp-1) % <9p>/<9£—19p_p>

where (g1, ..., gp-1) = Cpx -+ X Cpx Ch2, {g,) = Cpe and ¢* = gigit1, 1 <i < p—2,

Gyl o = Gp-29h1 and g = gp-19; -

First note that |G| = pP™.. Checking that |G : Q(G)| # |O(G)|, we show
that G is non-regular and at the same time, we prove that N,»(1) = pP~!, whereas
Nav(z) = pP 4 pP~! for any non-trivial element z € Z(G) = G = (gF).

For words w in more than one variable, there are examples of groups G and
words w where N, ¢ is not a generalized character, even among nilpotent groups.
We will discuss such examples below in Proposition H. As for non-solvable examples
one can take G = PSLy(11) and the 2-Engel word w = [z,y, y] (see [13] for another
choice of w). Using the computing system [1/] one can check that the coefficients NX
for the two irreducible characters y of degree 12 are 305 4 231/5. More examples can
be obtained using the following result by A. Lubotzky [15]: if G is a simple group
and 1 € A C G is a subset invariant under the group of automorphisms of G, then
A = G, for some word w in two variables. Notice that if A contains an element a such
that a' ¢ A, for some i coprime with the order of a, then N,(a') = 0 but N,(a) # 0,
something that cannot happen if N, is a generalized character (see Corollary 13).

This proof, while effective, does not give a useful description to build such a word w.

We will also see the connection to P. Hall’s conjecture on conciseness here. A
word w is called concise if whenever G,, is finite, it always follows that the verbal

subgroup w(G) is finite. P. Hall asked whether every word is concise:

Question 1 (P.Hall). Let G be a group and w a word in Fy. If |G,| < oo, is
lw(G)| < c0?

S. Ivanov [10] answered this question for arbitrary groups in the negative. He
constructed a group H and a word w(zx,y) € F, such that w(H) is infinite cyclic, but
w(z,y) has only one non-trivial value in H. Ivanov’s example is not residually finite.
It is still an open problem whether every word is concise in the class of residually
finite groups. Recall that G is a residually finite group if for any g € G there exists a
homomorphism f from G to a finite group H such that f(g) # 1. Examples of groups

15



that are residually finite are finite groups, free groups and finitely generated nilpotent
groups. Subgroups of residually finite groups are residually finite, and direct prod-
ucts of residually finite groups are residually finite. Any inverse limit of residually

finite groups is residually finite. In particular, all profinite groups are residually finite.

Recall that a word w is rational if for any g € G, Ny, (g) = N, (g°) for every finite
group G and for every e relatively prime to |G|. Note that this means that N, is a
generalized character for any finite group G (see Corollary 13). We say the word w is
weakly rational if and only if for every finite group G and for every integer e relatively
prime to |G|, the set G, is closed under e-th powers. Clearly rational implies weakly
rational. It is observed in [17] that if w is a weakly-rational word and G is a residually
finite group in which w has at most m values, then the order of w(G) is m-bounded;

i.e. w is concise in the class of residually finite groups.

Recall that pro-p groups are residually finite. If we assume that for any finite
p-group and any word w the class function NNV, is a generalised character, this would
imply that any word is concise in the family of pro-p groups. Since this is unexpected,

looking for finite p-groups for which N, is not a generalised character makes sense.

Some examples of p-groups where NN, is not a generalized character are provided
by the free p-groups of nilpotency class 4 and exponent p and settles in the negative
a question of Parzanchevski [18] who asked whether the functions N, were always

generalized characters for solvable or nilpotent groups.

Proposition H. Let G be the rank 2 free p-group of nilpotency class 4, exponent p
with p > 2 and p =1 (mod 4) and let w = [x,y,x,y]. Then N, is not a generalized

character of GG.

In Chapter 6 we will move to study fibres in pro-p groups. We want to study a
similar conjecture to Amit’s in this setting. If we wanted to deduce something about
the finite p-groups, a good approach could be to try to understand the fibres in the
inverse limit of p-groups; i.e pro-p groups. Or putting some hypothesis in the pro-p
case, we would like to know how much we could deduce about the finite images. In
order to state a similar conjecture to Amit’s, we need a new ‘tool’ to measure the
fibres and we will use a dimension (0.3) introduced in the Section 0.5. Hence we will

study the following the question:
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Chapter 1. Introduction

Question 2. Let G be a finitely generated pro-p group with the filtration {G,} = {G?" },.en

and let w be a word in k variables. Is

k—1

?
k

Dimyg,y Sw(1) >

We will show that if G is a free pro-p group of finite rank this will not hold in

general:

Theorem 1. Let L be the d-generated free pro-p group with d > 2, with a filtration

{L,} given by the dimension subgroups of L and consider the word wy, = [[,<;<1[%:, ¥i]

for some k > 1. Then o
Dimyy,,y Su, (1) < 1/2.

Hence we get counter examples for Question 2 when G is a free pro-p group of

finite rank.

A more interesting situation will be when G is a compact p-adic analytic group.
We will only make an introduction on this area by underlining the requirements to get
a positive answer to Question 2 in this setting. We believe this will be an interesting
area to continue to do research on that will require to learn about other topics such

as the resolution of singularities in the p-adic setting.
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Chapter 2

Words in p-groups of nilpotency

class 2

2.1 Introduction

As a first approach to study Amit’s Conjecture 1 on finite nilpotent groups, we will
consider finite groups of nilpotency class 2 since they are close to being abelian. If
Conjecture 1 holds for two groups G; and G5, then it holds for their direct prod-
uct G = G; x G5 since the word equations can be solved componentwise. Let
g = (91,--,9x) be a k-tuple in G. Then g = a-h where a = (ay,...,a;) and
h = (hy,...,hx) are k-tuples in G; and Gs, respectively. Therefore it is clear that
w(g) = w(a)-w(h). Hence Ny, (1) = Ny, (1) - Ny, (1) and the result follows since
|G| = |G4] - |G2|. Consequently, since any nilpotent group is the direct product of
its Sylow subgroups, it reduces to show that Amit’s conjecture holds for any finite

p-group; in this case of nilpotency class 2.

The next section will be devoted to proving that for any finite p-group G of
nilpotency class 2 and any word w in k variables, N,,(1) > |G|*~! holds. Consequently,

with the remark above, we obtain the main result.

Theorem A. Let G be a finite group of nilpotency class 2 and let w be any word in
k variables. Then N, (1) > |G|*1.
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2.2. Word representatives in pro-p groups of nilpotency class 2

2.2 Word representatives in pro-p groups of nilpo-

tency class 2

The objects of interest in this section will be the words in the class of p-groups of
nilpotency class 2. For convenience, we will consider a word in the variables x1, ...,z
as an element in the free pro-p group of nilpotency class 2 on the variables x4, ..., xg,

F.. Thus, any word w in k variables can be represented in a unique way as

_ z1 Zk Ziq
W=2Ty Ty H (3, 5],

1<i<j<k

where the exponents z, z;; are p-adic integers. Of course, if G is a finite p-group (or
pro-p group) of nilpotency class 2 and (g1,...,gr) € G®, it makes sense to evalu-
ate w on gi,...,gr by applying the homomorphism = : Fj, — G given by z; — g;.
As in the preliminaries, we denote this element w(gy, ..., gr) and define the function
Ny = Ny by (0.2).

If o is an automorphism of Fj, o is determined by the images of the generators

Z1,...,%y, which we denote wy,...,w,. Then the image of w € Fj is the word
w(wy, ..., wy), the result of evaluating w on wy, ..., wg. Since ¢ is an automorphism,
there exist (w),...,w}) € F,gk) such that wi(wy,...,wy) = z;, for 1 < i < k, such

that the inverse automorphism is given by x; — w;. If G is a finite p-group (or pro-p
group) of nilpotency class 2, we can define the map ¢ : G — G® by ¢(g1,...,g) =
(wi(g1,---59x%), - wik(g1,...,gx)) and it is clear that this map is a bijection with
the inverse map given by (g1,...,9x) — (Wi (g1, -+, 9k)s- - Wi(G1,-- -, gx)). If @' =
w(ws,...,wy), it is clear that w'(gy,...,gr) = g if and only if w(¢(g1,...,9x)) = ¢,
thus ¢ is a bijection between the solutions of w’ = g and w = ¢ and in particular,
Nug = Nu g

Definition 6. We will say that two words w,w’ € F}, are equivalent if they belong

to the same orbit under the action of the automorphism group of Fj.
Therefore we obtain the following result.

Proposition 7. If w,w' € Fj, are equivalent words, N, = Ny for any finite

p-group G of nilpotency class 2.
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Chapter 2. Words in p-groups of nilpotency class 2

Hence our next goal is to find a set of representatives of the equivalence classes of
words. The following results are well-known folklore. However, we could not find a

specific reference for them and decided it was worth writing down some details.

Lemma 8. Let F}, be the free pro-p group of nilpotency class 2 on the variables

x1,...,x. Then, there are natural homomorphisms
Aut(Fy) - Aut(Fy/F}) = GLi(Z,) — Aut(Fy) (2.1)

where the composite map is the restriction.

Proof. Since Fj is a characterisctic subgroup of Fj, any o € Aut(Fy) restricts to an
automorphism in F}. But since F] C Z(F}), this restriction factorises through Fy/F}
and Aut(Fy/F}) = GL,(Z,).

Let o € Aut(F}y). Then « is determined by the images of the generators a1, . . . , @:

T; — H fjeij (22)

1<j<k

for some p-adic integers e;;. Consequently, there exists an isomorphism from Aut(Fj/Fy)
to GLk(Z,) such that & is mapped to X = (e;;).

It is convenient to identify F) with the group of k& x k antisymmetric matrices
over Z,, Ai. Noting that Fj is generated by commutators, for any element w € Fj,
w = [T c;cjcplmi, 2] — A, where A € Ay, has entries z;; for 1 <4 < j < k. Then,
for X € GLk(Z,), the action of X on Ay, is given by A — X'AX and it is coincides
exactly with the restriction of a € Aut(F}) to Aut(F}). To see this,

o) = lateate)] = | T ae [T a6| = 1 lawadorenoron

1<r<k 1<s<k 1<r<s<k
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2.2. Word representatives in pro-p groups of nilpotency class 2

Consequently, for any element w = [, _; <<k [z, x;]% € F}, we obtain that

a(w) = H aflzi, 7)) = H ( H [xmxs]zij(eirejs—eiseﬂ))

1<i<j<k 1<i<j<k M1<r<s<k

et e ziies
— | | [$r,$5]219<3§k ij(eirejs—€isejr) _ | | [xmms]Zlgz,ggk irZij€js

1<r<s<k 1<r<s<k

By the identification of F} with Ag, a(w) corresponds to the matrix A’ such that

A;“,s = Z einzijejs = (X'AX)ys, Vr <s.

1<i,j<k

Consequently, A’ = X*AX as we wanted to show. O

Recall also that the affine subgroups Aff,_(Z,) consist of the matrices (% ¥ ),

u € Z,(,k‘l) (t means transposition), X € GL;_1(Z,). The action of X on Ay is
better understood if we interpret A as an alternating bilinear form on the free Z,-
module Zfok). Additionally note that under a change of basis, the matrix A is now
transformed into PAP!, where P is the matrix associated to the change of basis,

writing the coordinates of the vectors in the new basis as rows of P.

Lemma 9. (i) Any orbit of the action of GLi(Z,) on Ay contains a unique diag-
onal block matriz with diagonal non-zero blocks pH, H = (% §), 1 <i<r
and0< s < <s,. (0<r<k/2).

(17) Any orbit of the action of the affine group Affy_(Z,) on Ay contains a unique
tridiagonal matriz A" ( that is, all the entries aj; of A" with |i—j| > 1 are zero)
with the non-zero entries above the main diagonal a; ;. = p*, 1 < i <r, and
0<s<s<---<s,. (0<r<k).

Proof. We consider a basis {ey, ..., e} (for instance, the canonical basis) in the free
Z,-module Zg,k) and the alternating bilinear form (,) defined by the matrix A with re-
spect to this basis. There is nothing to prove if A is a zero matrix, so we can suppose
that (e;, e;) # 0 for some 1 < ¢ < j < k and we can assume that its p-adic valuation
is minimum among the valuations of all the (non-zero) (e,,e;). After reordering the
basis, we can suppose that ¢ = 1 and j = 2 and moreover, by multiplying e; or ey by
a p-adic unit, we can suppose that (ej,es) = p** for some s; > 0. Notice that any

(non-zero) (u,v) has p-adic valuation greater than or equal to p°'.
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Chapter 2. Words in p-groups of nilpotency class 2

Now for each i > 3 we set €] = e; + aye; + Siea, where oy, 5; € Z, are chosen so
that (e}, e1) = (€}, e2) = 0. The elements «;, §; exist because the valuation of (eq, e)
is less than or equal to the valuations of (e;,es) and (e;,e1). By replacing e; by ¢!
we can suppose that (eq, es) is orthogonal to (es, ..., e). Proceeding inductively, we
obtain a basis {e],...,e}} such that, for some 0 < r < k/2, the subspaces (e}, _;, €5;)
are pairwise orthogonal for 1 < i < r, the remaining vectors are in the kernel of the
form and (eb;_,,eh) =p*, 1 < i <r, with0 < s <...<s,. Itis clear that with

respect to this new basis the matrix associated to the form (, ) has the desired form.

To prove uniqueness suppose that A and A’ are diagonal block matrices with
(non-zero) diagonal blocks p*' H,...,p*"H, 0 < s; < ... < s,, and p1 H,... p*H,
0 <s <...<s,respectively, and A’ = X" AX for some X € GLi(Z,). The matrices
A, A" and X can be viewed as endomorphisms of the abelian groups R,, = (Z/p"Z)®,
n > 1. Since X defines in fact an automorphism of R, the image subgroups of A
and A’ (as endomorphisms of R,) have the same order. For A this order is p*,
where s = ) _ (n — s;), and similarly for A’. We conclude that, for any n > 1,
> s<n(n — 5i) — nggn(n — &%), whence r =t and s; = &, for all 1 < i < r; that is,
A=A

For the existence part in (i7) we have to show that, given an alternating form

(,)on Z\") and a basis {e1,..., e}, there exists another basis {e}, ..., e} such that
ep € e1 + (ea, ..., ex), (€, ... e) = (ez,...,ex) and (e}, ei) = 0 for |i —j| > 1,

(ei,ei01) =%, 0 < 51 < ... <8, (e,6i11) =0, r <i < k. We can suppose that
(,) is not the trivial form and then consider the minimum valuation s; of all the
(non-zero) (e;,e;). If this minimum is attained for some (e;,e;) we interchange ey
and e;. Otherwise this minimum is attained for some (e;,e;), 2 < i < j < k and
(€1 + e;, €;) still has valuation s; (because the valuation of (ey,e;) is strictly greater
than s1). By replacing e; by e; + e;, interchanging e, and e; , and adjusting units,
we can suppose that (ej,es) = p** . Now we can replace e;, i > 3, by €, = e; + a;ea,
where «; is chosen so that (ej,e;) = 0. Thus we can assume (e, e;) = 0 for i > 3.

Now we iterate the procedure with the basis elements e, ..., €.

We prove uniqueness with a similar counting argument as in (7) but by considering
the order of the images of the subgroup of R, S, = {0} x (Z/p"Z)*~V. So we assume
that A" = X'"AX with A and A’ as in (i7) and X € Affy_1(Z,). Notice that, as an
automorphism of R,, X fixes S, so the images of S, by A and A" must have the
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2.2. Word representatives in pro-p groups of nilpotency class 2

same order. These orders are p* and p*, where s = > s, <n(n — s;) and similarly for
s', so s = s’ and, since this must happen for any n > 1, it follows that s; = s for all
7; that is, A= A’. ]

Theorem B. The following words are a system of representatives of the action of
Aut F}, on Fj:

[x17x2}p51 T [IQT—laxZT‘]psra 2r S ka 0 S 51 S cee S Sry (23)

e, 1< r <k 0<5,0<5< ... <5 (24)

S1 s

$If [$1, $2]p52 [3527 $3]p

Proof. As explained in Lemma 8, the action of Aut Fj, on F} can be suitably identi-
fied with the action of GLk(Z,) on Ay, thus it follows directly from part (i) of the

previous lemma that the words (2.3) are representatives for the orbits contained in Fj.

Now suppose w € Fi\F;. Then w = (27' - 2" )"" [] ;o j<plwi, 2,179, where
s1 > 0 and some z; is a p-adic unit. After applying the inverse of the automorphism
= xl e xpk, T o, k) = xy, for j # 1,4, we can assume that z7 -2 = 2.
Now we consider the action of the stabilizer of z;, Aut,, Fy. The image of this
subgroup by the first map in (2.1) is Aff;_1(Z,), so we can identify the action of
Aut,, Fj, on F; with the action of Aff;_,(Z,) on A;. If follows from Lemma 9 (i7)
that w is equivalent to a word in (2.4). Notice also that if W' = o(w) for two of
these words w and w’ and some o € Aut Fj, it would follow by passing to Fj/F}
that o(z,)P" = flpsa. Since ¢ induces automorphisms of (F},/F})P" and this chain of
subgroups of Fy/F] is strictly decreasing, we conclude that s; = s|. But Fy/F} is
torsion-free, so o fixes 71, that is, o(x1) = x12 for some z € F}. Composing ¢ with

the automorphism x; — z127*

, Ti & X, © > 2, we can suppose that o € Aut,, F}.
Thus, the two matrices in A associated to x?p "w and x?p "w' are in the same orbit

by Affy_1(Z,), and so they coincide by Lemma 9 (ii). We conclude that w = w'. O

Theorem 10. Let G be a finite p-group of nilpotency class 2 and w a word in k
variables. Then N, (1) > |G|*1.

Proof. We can suppose that w is as in the last theorem. Write ky = |k/2] and fix
(92,94, - - -, Gok,) € G*0). Then the map G’ x G*~*o=1) — G given by (21, 3, . . . , To(k—ko)—1) F
w(z1, ga, T3, .. .) is a group homomorphism whose kernel has size at least |G|F~*0~1,

‘k—l

Since there are |G|* choices for (go, ga, . .-, gor,), We get at least |G solutions to

the equation w(zy,...,zx) = 1. O
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Chapter 3

The functions N, from a

character-theoretical point of view

3.1 N, is a generalized character

In this section, unless otherwise stated, we consider an arbitrary finite group G and a
word w that is thought now as an element in the free group with, say, free generators
x1,...,x,. Note N, = N, is a (non-negative) integer valued class function since
it is constant on the conjugacy classes. The set of complex irreducible characters of
G, Irr(G); is an orthonormal basis for the vector space of the complex class functions

and N, can be written as a linear combination of the irreducible characters of G:

No= > NMx. (3.1)

NX = (Ny, X) | ZN m Z X(w<gl7 e ,gk)) (3.2)

geG

are unique for any x € Irr(G). Note that for the trivial character 15 of G and for any

word w,

1
Nle = @ZN (9)1a(9) =@ ZN = |G|, (3.3)

geG
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3.1. N, is a generalized character

If NX € N (resp. NYX € Z) for all x € Irr(G), then N, is a character (or
generalized character) in G. In this section we first give a characterization for N, to
be a generalized character. (We have already used before that a necessary condition
is that N,(g) = Ny(g") for any i coprime with the order of g and we are going to
see that this condition is in fact sufficient). The proof is standard once we know that
the coefficients NX are algebraic integers. To prove this, Amit and Vishne point out
in [19] that one can use the arguments of Stanley in [20| and build on the result of

Solomon which says that N, (g) is always a multiple of |C(g)| (see [21]):

Proposition 11 ([20]). Let G be a finite group and w € Fy, k > 1. Then NY is an
algebraic integer for any 1 € Irr(G); more specifically, N¥ € Z[¢] where € is a |G|-th

primitive root of unity.

Proof. Let {hq,...,hs} be a set of representatives for the conjugacy classes C; in G.
For each C;, we will denote by x¢, the characteristic function of Cj; that is, x¢,(g) = 1
if g € C; and x¢,(g) = 0 otherwise. By Solomon in [21], we have H%“N (hi) € N.
Hence note that N,, is an integral combination of x¢, and so, using the orthogonality

relations,
Nlo) = YNt = Y- G0 (G o)
> (3 -w<g>)
im1 ber(@)
> (301G 5 )uto)
Yeln(G) N i=1
where NY =577, |\%||N (hi) - (h;) € Z[€] as we wanted. O

The following well-known lemma wich can be found in [19] characterizes when the

coeflicients for a rational valued class-function are rational:

Lemma 12. Let f be a rational-valued class function of a group G. Then f is a
Q-linear combination of irreducible characters if and only if f(g) = f(g") for any

g € G and i coprime to the order of G.

Proof. Write f = erm(g) a,x with a, € Q, and o is an automorphism of the
cyclotomic extension of Q(£)/Q sending & — £, where £ is a primitive |G|-th root of
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Chapter 3. The functions N,, from a character-theoretical point of view

unity. Besides, for every g € GG, there exists a representation of GG affording x which

is diagonalizable with eigenvalues that are powers of £ (see [22]). Hence,

x(1)

NOEDIEE

J=1

and we have,

F@=1fg)= Y ax(9)= > ax(g)=Ffg).

x€Irr(G) x€lrr(GQ)

Conversely, if f(g) = f(¢°),

Flo) =1 =£) =0 ax(g))” = > al xlg)

x€lrr(GQ) Xx€Elrr(G)

Since the irreducible characters form a basis for the space of class functions, we

conclude that a, = a;_l for any automorphism o, so a, € Q. O

Using the previous lemma and that N} are algebraic integers, we see that the

necessary condition for being a generalized character is actually sufficient:

Corollary 13. Let G be a group and w a word. Then N, = N, 15 a generalized
character of G if and only if Ny(g) = Nw(g%) for any g € G and i coprime with the
order of G.

Hence we are ready to prove the main result of this section:

Theorem C. Let G be a finite group of nilpotency class 2 and w a word. Then N,

s a generalized character of G.

Proof. By Proposition B we can suppose that w has the form (2.3) or (2.4). Without
loss of generality G is a finite p-group. Now we observe that, if ¢ is coprime to p, the
map (g1, 92, ---,9x) = (g%, g2, g5, .. .) is a bijection from the set of solutions of w = g
to the set of solutions of w = ¢’, so in particular N,(g9) = N,(¢’) and the result

follows using the previous lemma. O]
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3.2 The functions N, for odd p-groups of nilpotency

class 2

Now that we have proved that N, is a generalized character for p-groups of nilpotency

class 2, a natural question to study is whether the function N, is a character.

Lemma 14. Let G be a finite group and w a word in k variables for which N, is

a character in G. Then N,(1) reaches the mazimum among all values of N, and

besides, N, (1) > |G|*/|G|.

Proof. Using that for any x € Irr(G), |x(g)| < x(1), we obtain

Nu(g) = [Nuw(9)] < Z [Nal-Ix(9)] < Z Nu(1),

x€lrr(G) x€lrr(G)

to conclude that N, (1) reaches the maximum among the values of N,. Finally,
GI" =3 geq, Nulg) < |Gul Nu(1), and so Nyy(1) = |G|*/|Gu|. N

We recall briefly that for some words w the functions N,, are known to be char-
acters for any finite group. The study of the numbers NYX goes back to Frobenius
[23] who showed that for any finite group G, N , = |G‘ € N (this is basically |22,
Chapter 3.10]). This classical result due to Frobemus can be extended in various
ways: when w is an admissible word (i.e. a word in which all the variables appear
exactly twice, once with exponent 1 and once with —1) [24]. Or when w = [w',y],
where y is a variable which does not occur in w’. Before proceeding recall the formula

for the convolution of two class functions fi, fo, defined by

(F1% F2)(g |G,Zf1 - fo(h71g)

heG

and that for y € Irr(G),
(fh X)

x(1)

The following results can be deduced from [22]:

fixx = - X- (3.4)

Lemma 15. Let G be any finite group and w be a word in k variables and y not

appearing m w. Then Ny, . is a character in G.
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Proof. For any g € G,

Nyw)(9) =Y Nu(h)-#H{a€G:lah) =g} => Ny(h)-#{ac G:h " =gh™'}

heG heG
= ZN ) - |Ca(h)| - Ogh—1eClg(h=1) = ZNw(h) : Z X(gh_l) x(h1)
heG heG Xx€Irr(G)
G|
=G+ > (x*NuX)g) = > W(X,wa) -x(9);
xEIlrr(G) x€lrr(G) X
hence N[y w = %(X, Nyx) = % > penn(@) NY(x,vx) € N since ¢y is a character
again. ]

Note that Ny, .i(9) = Ny (¢7") and so this proves that for the lower central

words 7, N, is a character for any finite group G (see [25]).

Lemma 16. If N, and N, are characters (or generalized characters) for some dis-
joint words w and w', then 50 is Ny, and besides N, = %N;“Nfﬁ,.

Proof. Using (3.4) and the orthogonality relations,

9) =Y Nu(h)-Nu(h'g)=>"( > NX-x(W)-( > N -v(h'g)

heG heG xelrr(G) Yelrr(Q)
(X, ¥)
=G| > NY-NL-(xx)g) =Gl Y NX- Nﬂfm -x(9)
X, YElrr(GQ) x,Yelrr(G)
G

= 2 |(1‘) Ny - Ny - x(9),

x€lrr(G) X

and hence NY , = % - NX-NY,. O

A result of Frobenius and Schur (see Chapter 4, [22]) implies that N5, is a general-
ized character. The simplest example where N,» is not a character is the word w = 22
for the quaternion group Qg = (—1,4, 5,k |i* = j2 = k* = ijk = —1,(—1)? = 1). Con-
sequently, the Frobenius—Schur indicator of x can be used to describe N%; that is,
NS =FS, € {—1,0,1}. Note N, = —1 when x takes real values but is not afforded
by a real representation. In the case of Oy, there is a 2-dimensional complex repre-
sentation satisfying this condition and we get N,2 o, (1) =2 < 6 = N,2 o,(—1), which
also shows using Lemma 14 that N,2 is not a character for Qg since N,2 o,(1) is not

the maximum fibre. Chapter 4 will be devoted to show more examples of words and
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3.2. The functions N,, for odd p-groups of nilpotency class 2

groups for which N, is not a generalized character either.

In contrast to the previous example, the goal of this section is to show that NV, ¢
is a genuine character of a p-group G of nilpotency class 2 when p is odd. We begin

with a general result.

Lemma 17. Let N <G for a finite group G. Consider x € Irr(G) with N C Ker(x)
and w € Fy,. Then

NSEG_|N|]€ 1 wG/N’

where x is the character of G/N defined natumlly by x.

Proof.  Njg = Z Z ZNwG gn) x(gn)

QGG gNeG/N neN

N \7 A - A

% > Nu(gN)X(gN) = (Nu, ey
gNeG/N

where N,, is the average function defined by N,, (gN) = ™ N| Y nen Nuwl(gn) viewed as a
function on G/N, and hence is it clear that for such a function Nw | N |1 Nuw.a/n,

and so the result follows. O]

Lemma 18. Let G be a finite p-group of nilpotency class 2 and let x be a faithful
irreducible character of G. Then x(1)x = n% for some n faithful linear character of
Z(G).

Proof. We recall that a group G with faithful irreducible character y has cyclic center,
Z = Z(G) = Z(x). Consider the restriction of x to Z, xz. From Lemma 2.27 [22],
Xz = x(1)n for some faithful linear character in n € Irr(Z). Using the Frobenius
Reciprocity, we know (n, x) = (0, xz) (see Lemma 5.2 in [22]). Hence, n = x(1)x.

[

We introduce a result that will be used in Lemma 20:

Lemma 19. Let w be a primitive p*-th root of unity. Then

1 ifs=0

dow={ o1 ifs=1
1<i<p®

(i.p)=1 0 ifs>2.
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Proof. From [26], we deduce that

> W=,

where p is the Mobius function. Since

0 if p?|m for some prime p
p(m) =
(—1)° otherwise,
for any m € Z with s prime divisors. the result follows. m

Now we can characterize the conditions so that NX € N for a faithful irreducible

character y.

Lemma 20. Let G be a finite p-group of nilpotency class 2 and w a word. If x is
a faithful irreducible character, then NX € N if and only if N,(1) > N,(2), for all
z € Z(G) = Z of order p.

Proof. First note that Z(G) = Z(x) is cyclic and by Lemma 18, we have x(1)x = n%,
where 7 is a faithful linear character of Z(x). Then

X 1 o\ 1
Ny = W(Nwﬂl ) = m(NuAZan)Z </

Let Z(G) = (2| 2" =1). Then z = zfpl and using Corollary 13 we have

<Nwz,n>zz‘%| 3 Nw<zi>ei=% S NECS (@), (35)

1<i<p” 1<j<r 1<i<pr—7
(i,p)=1

where € = 7(z1) is a primitive p"-th root of the unity. Notice that the innermost sum
of (3.5) is the sum of all the primitive p"~/-th roots of unity. This is always zero
except in the cases when p"~/ = 1 or p" 7/ = p, in which cases, using Lemma 19, the

sum is 1 or —1, respectively.

31
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We conclude that
(Nw\Z777)Z = T

and the result follows. O

Using the previous lemma, we characterize when N, is a character for a finite

p-group of nilpotency class 2.

Proposition 21. Let G be a finite p-group of nilpotency class 2 and w € Fy,. Then N,
is a character if and only if for any (non-trivial) epimorphic image of G, say Gy, with

cyclic centre; Ny, (1) > Ny, (2), where z is any central element of Gy of order p.

Proof. To prove the sufficiency part, let x € Irr(G), N = Ker(x) and Gy = G/N. If
X = lg, from (3.3) we know N}¢ = |G|*~! € N. Hence assume x # 1. By hypothesis
Nuwc, (1) > Ny, (%), for all z central elements of Gy of order p. We can view x as a
faithful character x of G; and then Lemma 20 implies that qugl € N. Using Lemma
17, NX € N, which means that NV, is a character.

Conversely, suppose that N,, is a character, that is, all the coefficients NX € N,
and consider an epimorphic image Gy = G/N with cyclic center and a central element
z € (G of order p. Then G has an irreducible character y with kernel N that is faithful
when considered as a character x of G (see Theorem 2.32 [22]). Using Lemma 17,
N}, € N. Then by Lemma 20, Ny, (1) > Ny, (2) holds. 0

Theorem D. Let G be a finite p-group of nilpotency class 2, p odd, and let w a word

in k variables. Then N, is a character of G.

Proof. By the last result, it suffices to show that if G has cyclic center Z and z € Z
has order p, N, (1) > N, (z). We can assume that w has the form (2.4) (if w is as in
(2.3), skip the next two paragraphs).

If ZP™ + 1, we can write z = 2! for some z; € Z and then the map (g1, s, - - -, i) —
(9121, 92, - - -, g) is a bijection between the sets of solutions of w = 1 and w = z, which
means exactly that Ny, (1) = N,(2).

Now we suppose that ZP"' = 1 and note that, since G has nilpotency class 2 and
p is odd,

p°1

(zy)”™ = 2y [y, 2] ("2 ) = 2"y (3.6)
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Chapter 3. The functions N,, from a character-theoretical point of view

Therefore if we fix g2,94,... € G, the map (g1,93...) — w(g1,92,.--,9x) 1S a
group homomorphism ¢g, 4, .. Obviously there is a bijection between the kernel of
this homomorphism and the set of solutions of w = 1 with x5; = ¢o;. As for the
solutions of w = z with x9; = ¢9;, either this set is empty or else its elements are in
one-to-one correspondence with the elements in a coset of the kernel of ¢4, 4, .. In
any case, considering only solutions with x9; = gs;, the number of solutions of w =1
is greater that or equal to the number of solutions of w = 2. Varying ¢, g4, ..., we
conclude N, (1) > N,(z), as desired. O

3.3 The functions N,» for p-groups of nilpotency class

This technical section was done with the collaboration of J. Sangroniz. Here, we
study the functions N,» for 2-groups of nilpotency class 2 and characterize when this
function is a character. As we already pointed out in Section 3.2, the function N,z ¢,
is not a character and in fact for each r > 1 we can define a 2-group Qas- of order 2%,
which is the usual quaternion group (s when r = 1, such that Nz g, is not a
character. We shall see in Theorem E that this group is in some sense involved in G
whenever N,2r  is not a character. We shall also need to introduce another family

of groups, denoted Daqsr, that, for » = 1, is the usual dihedral group of order 8.

Definition 22. Let » > 1. We define the quasi dihedral and quasi quaternion group,
D237‘ and Q237‘, as

Dosr = (x,y,z]my =¥ =% =1, [z, 2] = [y, 2] = 1, [z, y] = 2), (3.7)

or 27‘—1

Q237’ = <$,y,Z|I2T =Yy ==z 722T = 17 [:C7Z] = [y72] = 17 [l’,y] = Z>' (38)

Note that the quasi-dihedral group Das- of order 23" can be constructed as

Daysr = (x, 2) ¥ (y),
where (x, z) = Cyr X Cor, (y) = Cor and a¥ = zz and 2¥ = z. That is, Dys- is isomor-

phic to the Heisenberg group over Z/2"Z; i.e. the set of 3 X 3 upper unitriangular

matrices with elements in Z/2"Z. On the other hand, the quasi-quaternion group
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Q3 of order 2% can be constructed as

(2, 2) > (y) /(@271 7),

where (z,z) = Cyrs1 X Cyr, (y) = Cy and 2¥ = zz and z¥ = z. One can check
that, Qgsr = (2,9, z) can be seen as a finite quotient of the pro-2 group GL4(Z/2"7Z)

generated by the matrices

1010 1111 1 00 -1

01 00 0101 01 0 0
Tr = Yy = a—

0011 0010 001 0

0001 0 001 000 1

Proposition 23. If G = Dysr or Qgsr, then G has order 2°", exponent 2'+' and
G' = Z(G) = (z) is cyclic of order 2". Moreover, if t = 227" s the central
involution, in the (quasi) dihedral case N, (1) = 3 -2%% and Npr(t) = 23772,
whereas in the quaternion case the numbers are in reverse order: Nyor (1) = 2372 and
N,or (t) = 3- 2372, Consequently, by Lemma 20, N,or is not a character of Qgsr.

Proof. In both cases, it is not hard to show that G has order 2", exponent 2"*! and
G' = Z(G) = (z) is cyclic of order 2". Besides, note G = {1,t}.

If G = Dysr, for any a,b,c € Z/2"Z, (2°y*2°)* = [m,y]“b'(zg) =t =D Conse-
quently, (x%°2¢)? =1 if and only if a-b = 0 (mod 2) and hence, N,, (1) = 23723,
Therefore, N, (t) = 2% 72 If we consider G = Qusr, for any a,b,c € Z/2"Z,
(29y®2¢)? = t“*b[x“,yb](g) = tatbtab("=1) - Consequently, (2%°2¢)* = 1 if and only

if a,b=0 (mod 2) . Hence, N,, (1) = 2*~2 and therefore, N, ¢(t) =2%"2-3. O

If T'and H are 2-groups with cyclic center and | Z(T")| < |Z(H )|, we shall denote by
T'x H the central product of T"and H with Z(T') amalgamated with the corresponding
subgroup of Z(H) following the definition in Section 0.3. We also showed that if all
generators of Z(7T') are in the same orbit under the action of the automorphism
group of T' (or if a similar situation holds for H), the group T % H is unique up to
isomorphism. This is exactly what happens if T' = Dysr or T = Qg3-. The main

objective of this section will be to prove the following theorem:
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Chapter 3. The functions N,, from a character-theoretical point of view

Theorem E. Let G be a finite 2-group of nilpotency class 2. Then N,2r is a character
of G if and only if G has no epimorphic image isomorphic to Dysry * - - - % Doz, * Qoar,
n>0r<...<r,<r.

For a p-group G, from Section 0.2 we know that €2,.(G) is the subgroup generated

by elements of order at most p"; that is,
Q(G)=(xeG|a" =1). (3.9)

Lemma 24. Let G be a finite 2-group of nilpotency class 2 with cyclic centre Z of
order 2. Suppose Q,.1(G) = Z. Then G =T x H, where T is isomorphic to Days- or

Qosr and H has cyclic center of order 2".

Proof. Since G has nilpotency class 2, Q,,1(G)" is generated by the commutators of
elements of order at most 2"+ and it is cyclic, because it is contained in Z, which is
cyclic, so it is generated by one of these commutators, say [z, y]. The orders of z and y
have to be 2" or 2" (because [x, y] has order 27). If both have order 2" it is clear that
T = {(x,y) is isomorphic to Dys and, if both have order 2"*!  is isomorphic to Qys:
(notice that G*" C Z, so 2" = y*'). On the other hand, if one is of order 2" and the

other of order 2"+!, the product would have order 2" and T is isomorphic to Dys- again.

We take H = C(T') and it suffices to check that G = T'C(T') (since T N Cq(T) = Z(T)
has order 27, and so it is the centre of ). Indeed, the conjugacy class of x has order
[z, G]| = |G'| =|Z| = 2" and the same for y, so

|G : Co(T)| = |G : Co(z) N Ca(y)| < |G : Ca()] - |G : Caly)] = 2%.
But
ITC(T) : Co(T)| = |T : TN C(T)| = |T : Z(T)| =27,
so G =TCq(T), as claimed. O

As it happens with the usual dihedral and quaternion groups (see Lemma 1.3.17

in [5]), we prove the following lemma:

Lemma 25. Let (D1, Ds) and (Q1, Q2) be two pairs of quasi dihedral and quasi quater-
nion groups of order 237, respectively. Then their amalgamated central products Dy * Do

and Q1 * Qo are isomorphic.
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3.3. The functions N, for p-groups of nilpotency class 2

Proof. Let Q1 = {(q1,q, [1,q2]) and Qs = (g3, qu, [g3, qs]) be two quasi quaternion
groups of order 23" using the presentation in (3.8). Note that the center of Qp x QO
is generated by z = [q1,¢2] = [gs,qa]. Let di = q1qu, do = qug5", ds = ¢ag3qs and
dy = q; ¢y 'q3 'q; " Using the relations of Qs given in (3.8), it follows that d" =
for i = 1,2,3,4 and [dy, ds] = [d3,d4] = z # 1.

Hence Dy = (dy, ds, [dy, ds]) and Dy = (d3, dy, [d3, d4]) are quasi dihedral subgroups
of order 2% in Q% Q,, D;NDy = (2), and [Dy, Dy] = 1. Therefore Dy * Dy =2 Q) x Q.
]

Using this result and iterating Lemma 24, we get the following result.

Proposition 26. Let G be a finite 2-group of nilpotency class 2 with cyclic centre
of order 2". Then G is isomorphic to a group Dasr * - Dozr x H or Dozr % Sk
Dasr % Qosr x H, n > 0, where H has cyclic center of order 2" and Q,1(H)" is properly

contained in the centre of H.

Now suppose that G = T x H where T = Dysr or Qs and H is 2-group of
nilpotency class 2 with cyclic centre of order 2". For any g € T, ¢* =1 or ¢* =t,
where ¢ is the unique central involution. Thus if h € H, (gh)?" = 1 if and only if
g* = h* both taking the value 1 or ¢. Similarly, (gh)* =t if and only if ¢* = 1 and

h?" =t or the other way round. This means that

NxQT,G(l) = (NJ:2T,T(1)NJJQT,H(1) + NxQT,T(t)NJJW,H(t))/QTa

Nyor ¢(t) = (Nyor p(1) Npar g (t) + Nyor p(8) Noor (1)) /2"
Consequently,

N, (1) = 2272(3N,2r (1) + Nyor g(t)) or Npar (1) = 2% 7*(Nyer (1) 4+ 3N,2r 5(t)),

Nyor g(t) = 272 (3N,2r g (t) + Nyor (1)) or Nyor (1) = 277 %(Nyar () + 3N,er (1)),

depending on whether T" = Dysr or T' = Qagsr, respectively. It follows then that in the
former case, N,2r o(1) > N,2r o(t) if and only if N,or (1) > N,2r y(t); whereas in
the latter case, this holds if and only if N,or (1) < Ny2r 4(t) (the same equivalences
hold if inequalities are replaced by equalities). Similarly, if 7" = Dasr " % Dysr or
Dysr * -+ % Dosr % Qgsr with n > 0, for any central product G = T % H such that
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H is a 2-group of nilpotency class 2 with cyclic centre of order 2", in the former
case, N,or (1) > N,2r o(t) if and only if N,or (1) > N,2r ;(t); whereas in the latter
case, this holds if and only if N,2r (1) < Nyer (t). The combination of this with
Proposition 26 reduces our problem to groups G with €2,.,.1(G)’ properly contained in

the center, which is the situation considered in the next lemma.

Lemma 27. Let G be a finite 2-group of nilpotency class 2 with cyclic centre of

!/

order 2" and let t be the unique central involution. Suppose that Q,..1(G)' is properly
contained in Z = Z(G). Then N2 (1) > N2 (t) if and only if G has exponent 27.

Otherwise, Nar (1) = Nyar o(t).
Proof. Since (G')* C Z?" =1, it is clear that raising to the 2"*'-th power is a group
endomorphism of G:

(xy)2T+l _ x2r+1y27‘+1[ 27‘+1) _ 2r+1y27‘+1 I:y’ x]QT(ZTJFl*l)

r4+1 41
x ST

(3.10)

Moreover, 2, 1(G)’ is contained in Z2, so (,,1(G))? ' = 1 and raising to the 2'-
th power is a group endomorphism of €, ;(G) with kernel Q,.(G) = {z € G |2* = 1}.
It is clear now that N,2r (1) = |Q,(G)| and N,2r (t) = [41(G)| = [Q,(G)| (for any
element = in Q,,1(G)\Q,(G), % is a central involution, since [G*',G] = (G")* =1,
so it is ¢), and so N,2r (1) > N,2r o(t) if and only if |Q,1(G) : Q,.(G)| < 2, that is
041(G) = Q,(G) = G; i.e. G hasexponent 2". Otherwise, 1 # Q,,1(G)? = {22 |z €
Q41(Q)}, thus t € Q,1(G)% is in the image of the 2"-th power endomorphism of
0 41(G). Tt is clear now that N2 o(1) = [Q.(G)| = N,r ¢(1). O

Proposition 28. Let G be a finite 2-group of nilpotency class 2 with cyclic centre of
order 2" and let t be the unique central involution. Then N,r (1) < N,2r o(t) if and
only if G is isomorphic to a group Dosr * Mk Doge % Qoar * H, n >0, where H has

cyclic center of order 2" and exponent 2".

Proof. By Proposition 26, G' has two possible decompositions as a central product
with one factor H satisfying the hypotheses of Lemma 27. If Qs3- does not occur in
the decomposition of G, we know that N2 (1) < N,2r (t) if and only if N,2r 5(1) <
N,2r p(t), which according to Lemma 27, never happens. Thus Qs does occur in the
decomposition of G and in this case, we know that N,2r (1) < N,2r () if and only if
N2 (1) > Npor g(t), which, by Lemma 27, is equivalent to H having exponent 2.

O

It is not difficult to classify the groups H in the previous proposition.
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Lemma 29. Let H be a finite 2-group of nilpotency class 2 with cyclic center of order
2" and exponent 2". Then H = Dqysry * « -+ % Dosrp x Cor with ry < ... <1, <7T.

Proof. Suppose H' = ([x,y]) # 1 has order 2°. Since (zy)* = 1, (3.10) implies
s < r. The elements 22" and y*>* are central with orders at most 2"~%, so they lie in
(2%"), where Z(H) = (z), and, for suitable i and j, xz* and yz’ have order exactly
2%, By replacing x and y by these elements, we can suppose that T' = (z,y) = Dass.
Arguing as in the last part of the proof of Lemma 24, we conclude H = TCy(T) and
TNCy(T) = Z(T) is cyclic of order 2°. Since Z(H) < Cy(T), the hypotheses still
hold in Cy(T'), so we can apply induction. O

The last two results show that, with the hypotheses of Proposition 28, N,.r(1) <
N,or (t) if and only if G = Dysry * -+ - % Doz % Qozr, n >0, 11 < ..., <1, <r. Notice
simply that the cyclic factor of H is absorbed by Qas-.

Theorem E. Let G be a finite 2-group of nilpotency class 2. Then N,2r is a character
of G if and only if G has no epimorphic image isomorphic to Dysry * - - - % Doz, * Qoar,
n>0rm<...<r,<r.

Proof. If G has an epimorphic image G; of the indicated type, then by the last
remark, N2 g (1) < N, g, (t), where ¢ is the central involution in Gy, and by
Proposition 21, N, .- is not a character of G. Conversely, if N, is not a character of
G, by the same lemma, G has an epimorphic image G with cyclic center such that
Ny ¢, (1) < Npor g, (t). We claim that Z, the center of G, has order 2" (and then,
again by the last remark, G| is the desired epimorphic image). The map z +— 22
cannot be a group endomorphism of G; since this would immediately imply that
either N,2r ¢, (t) = 0 or else N,2r ¢, (1) = N,2r ¢, (t). Using (3.10), we deduce that
(G # 1and 22" # 1, that is |Z] > 2". If |Z] > 2", t = 22 for some z € Z
and then N,or ¢, (1) = N,2r o, (t) because x — xz maps bijectively the solutions of
22" =1 to the solutions of 22" =t. Thus |Z| = 2" and the proof is complete. O
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Chapter 4

(General word fibres for p-groups of

nilpotency class 2

We are interested in studying whether Amit’s conjecture 1 has a positive solution
when considering non-empty fibres in the class of p-groups of nilpotency class 2. We
will first give some bounds and positive results towards extending Amit’s conjecture
for general fibres in this class of groups. The rest of the chapter will be devoted to

studying this question and to giving some positive results in this direction.

4.1 Some bounds for specific words

In this section we will again consider finite p-groups of nilpotency class 2 and will
study general fibre sizes for specific words. Before proceeding, we introduce a basic

lemma that will be useful.

Lemma 30. Let g be a fized element of a group G of nilpotency class 2. Then
l9,G] = {lg,h] | h € G} is a normal subgroup of G and every element of [g, G|
can be represented in |Cg(g)| different ways in the form [g,h] with h € G. Hence
g, Gl = |G = Ca(g)l-

Proof. The map h — [g, h] is a homomorphism with image [¢, G] and kernel Cg(g).
]

Proposition 31. Let G be a finite p-group of nilpotency class at most 2 and let
w € F}. Then N,(g) > IG|L2) for any g € G,.
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Note that the approach in Theorem 10 would give a weaker bound in the case

when £ is even. For example, consider the word wy which for any £ > 1 will denote

wk(‘rhyb s ’xkayk) - [xhyl] T [xkaykL (41)

the product of k disjoint commutators. In theorem 10, we fix a tuple (hy, ko, ..., hi) € G®
and consider the map G® — G’ given by (91,92, .-, 9r) = we(g1, b1, g2, has - - Gy hie)
which is a group homomorphism whose kernel has size at least |G|*/|G’|. In a group
homomorphism all fibres have the same size. However, it may happen that for our
fix tuple (hi,ha,...,hy) € G®, the fibre of a specific ¢ € G,, is empty. Conse-
quently, we can not continue with the argument used in Theorem 10 where we vary
the tuple (hi, ha, ..., h;) € G® obtaining |G|* such maps which would give us the
aimed bound. The problem here is that we don’t know how many of the |G|* tuples

(hi, ha, ..., hi) would give maps with non-empty fibres for g.

However, since g € G,,, there exists (a1,by,...,ax, by) € G®* in the fibre of g.
We can consider the tuple (by,bs,...,b;) € G® and the map G*®) — G’ given by
(91,92, - - gr) — wi(g1,b1,92,ba, ..., gk, bx) which is a group homomorphism whose
kernel has size at least |G|*/|G’|. The fibre of g has the same size as the kernel,
and hence Ny, (g) > |G|¥/|G'|, which is not as good as N, (g) > |G|* obtained in
Proposition 31.

Proof. Using Theorem B, without loss of generality w is of the form [, .., [z2i—1, T2 "™
with0 < sy < -+ < s, forsomer < |k/2]. Suppose g € G,, such that ;)(_al, coag) =
g and write w'(z1, ..., p2) = [[1<;cpq[2i-1, P Ik =2, w(z,y) = [z,y]”" and
if w(a,b) = g, we have that w(a-[a, G],b-Cg(a)) = g giving Ny, (g) > |[a, G]-|Cs(a)|| =

|G|, as we wanted to show.

Suppose now k > 2. Then

Nw(g) = ﬁ{(gla s 791{:) € G(k) | w,(gb s agk—Z) = g[ggj‘rng’r—l]}-

From Lemma 30 each element of the commutator subgroup [¢5. ,G] is of the form

(42", g], and there are |Cg (g%, )| choices of ¢ giving rise to the same element. If we
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Chapter 4. General word fibres for p-groups of nilpotency class 2

write N = [ab., G], (a1 N, ..., as_2N) is a solution to w’ = gN in G/N. Hence

Nu(g) > [Calah,)]- H{(g1,- -, gr2) € G*2 | w'(gr,. .., 9k 2) € gN}
= ICG(GJ”ST)!- N2 t{(uN, o geaN) € (G/N)F2 [ w!(giN, .. g2 N) = gN}
= |Calas )]+ IN*? - Nurg/n(gN).

We can apply the inductive hypothesis to w’ in k—2 variables obtaining N, c/n(gN) >
|G/N|l2)71 and the result follows:

Nulg) > [Calagy)| - INJ*2 - |G/N|EE > |cG<af,;“>| VL gL

Sp k
> |Calay")| - IN|- G127 = |G = @)l O

Corollary 32. Let G be a finite p-group of nilpotency class at most 2 and consider

the word wy, in 2k variables, then
Ny, (9) > |G|

for g € Gy, with1 <1 <k.

Proof. We will use induction on k. For [ = k, we use Proposition 31 to con-
clude N,, (g9) > |G|* for any g € G,,, as we wanted. By the inductive hypoth-
esis suppose N, (g9) > |G* " for 1 <1 <t < k. If g € G,,, there exists g =
(91,h1,- -y g1, e, 1,1, ... 1, 1) such that wi(g) = g. It gives

Nu(9) = 8{(g1, b1, -, gy bi) € G | [g1, a] -+ (g1, haei] = glha, gx]}
k—1

= > [Ca(me)l - (g1, b, - g1, hir) € GCED [ T ][gis il € glh, G}

thG =1

If we write Np,, = [hg, G,
Nu, (9) = Xec [Calhi)l - [Nu P2 - ${(91Nny, - a1 Niy ) € (G/Ny, ) E=D) | TTE5 (9 Nn,  hilNw, ) = g N, }

- Z |CG<hk)| : |Nhk|2(k_1) ' ka—hG/Nhk (gNhk>
hreG
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4.1. Some bounds for specific words

Using induction on k, Ny, ,.c/n,, (gNp,) > |G/ Ny, [**=D=L and the result follows:

Nu, (9) = Z |Ce ()| - | Ny, [PEY - |G /N, [PE-D
thG

L al L NS )
e 2(k—1)—1 | e 2k—1-1 > |G 2k l.D
6P Y g = 6P Y (qema) 2161

hreG hreG

From a different point of view, if we want to use character theoretical arguments,
it is very useful to know c¢d(G) = {x(1) | x € Irr(G)}, the set of degrees of irreducible
complex characters of a group. The following results are deduced from [27] and will
imply that any p-group having only two different character degrees satisfies Amit’s

conjecture 1 for a general non-empty fibre; that is, Ny, (g) > |G|**~! for any g € G, .

Lemma 33. Let G be a finite p-group such that cd(G) = {1,m}, m > 1. If1# g€ G

then, 2
Nu(9) = ||(2/| (1- %>
and |G‘2k .

Proof. For 1 # g € G, using the second orthogonality relations, we have

0= xoxW= Y xo+ S X

Xx€lrr(G) x€Irr(G):x(1)=1 XEIrr(GQ):x(1)=m
= > x@+m D X
x€Irr(G):x(1)=1 xEIrr(G):x(1)=m

Besides, noting that the number of irreducible linear characters is |G : G’| and that

if x is linear, then x(g) = x(1) since G’ < ker y, we get

0=|G:G'+m- Z x(9g).

XEIrr(GQ):x(1)=m
Therefore,

Y. xlo= ——’GT;%G/'-

XEIrr(GQ):x(1)=m
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Chapter 4. General word fibres for p-groups of nilpotency class 2

. G|\ 2k—1
Using Lemma 16 we deduce Ny, = (%) for any y € Irr(G),

Nu(9) = > (%)2k_1 - x(9)

xE€Irr(G)

G 2k—1
- > ey (B
X€Irr(G):x(1)=1 X€EIrr(G):x(1)=m

2k—1 / 2k
et g (IO (lGeay i ()
—lopt e () () B (- ),

showing the first result.

To obtain the lower bound, we note that since m > 2, (1 — #) > 3/4 and since
G is non-abelian |G : G'| > 2, proving that N,, (g) > |G|**"!. To get the upper
bound, we only note that the character degrees cannot exceed |G : Z(G)|'/2 O

Lemma 34. Let G be a finite group of nilpotency class 2 and |G'| = p, p a prime

number. Then any nonlinear irreducible character x vanishes outside of Z(G).

Proof. Consider g € G\Z(G). So there exists some = € G such that t = [z,¢g] # 1.
Since |G'| = p, t is a generator of G'. Let x € Irr(G) such that x(1) # 1. Then
there exists a complex representation p affording y, and by Lemma 2.27 in [22]| we
have that p(t) = el where € € C. In the case when ¢ = 1, t € ker p and therefore
G’ < ker p which is a contradiction with G' = ({ker x| x € Irr(G), x(1) = 1} (see
Corollary 2.23 in [22]).

Therefore € # 1 and since

x(9) = x(9") = x(gt) = tr(p(gt)) = tr(p(g)p(t)) = tr(ep(g)I) = ex(9),

we obtain that x(g) = 0, and the claim holds. O

Corollary 35. Let G be a finite group of nilpotency class 2 and |G'| = p, p a prime
number. Then if g € G', Ny, (g9) > |G[*~1.
ﬂ)%—l

x(1)
or following Chapter 2. From Lemma 34 we know that any nonlinear irreducible

Proof. For g = 1, the result is true by Frobenius [23] using that NY, = (

character x vanishes outside of Z(G) and putting this together with Corollary 2.30
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4.2. p-groups with central Frattini subgroup

in [22], this implies that x(1)*> = |G : Z(G)|. Therefore G has just two irreducible
complex character degrees, i.e. cd(G) = {1,|G : Z(G)|"?}. Now the assertion holds

using Lemma 33. O

4.2 p-groups with central Frattini subgroup

The previous section served as a motivation to try to extend Amit’s conjecture to
general fibres in the class of finite groups of nilpotency class 2. Recall that for a
finite p-group, the Frattini subgroup of G is defined as ®(G) = GP|G, G| and it is
the set of non-generating elements of GG. In this section we will consider non-abelian
p-groups G such that ®(G) C Z(G). This implies, G has nilpotency class 2 and
G/Z(G) is elementary abelian. Consequently, the derived subgroup G’ = [G,G] is
elementary abelian. In particular, we will show that Amit’s conjecture is true for the
word wy, = [, [z, ys] if k > do = |d/2], where d is the number of a (minimal) gener-

ating set of G and G is the free d-generated group of exponent p and nilpotency class 2.

4.2.1 Words in the exterior square of a vector space

Amit’s conjecture for free p-groups of exponent p and nilpotency class 2 leads natu-
rally to an analogous problem in the setting of the exterior square of a vector space.
Thus in this section V' will denote a d-dimensional vector space over a finite field
K = F,, although we will be primarily interested in the case when ¢ = p is a prime
number. To make this section self-contained, we have included all the details although

they can be obvious for experts in the field.
We fix a basis {e1, . . ., e} of V and construct as usual the exterior square A> = A\*V,

which is independent of the basis. As defined in, the product of k disjoint commuta-

tors will be denoted

wk(xla ce ,9021@) = [951,$2] te [$2k—1, IE%]-

When considering the word wy(z1,. .., zo) in the exterior square, the word will be
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Chapter 4. General word fibres for p-groups of nilpotency class 2

re-interpreted as
Wk (v, ... Vo) =V A Vg + -+ 0+ Vo1 A Vag,

for any v; € V. It will be clear depending on the context which expression we will be

using.

Then, for a fixed w € A* and k > 0, it is natural to consider the number N, (w) =

Ny, v(w) of solutions (vy, ..., va) € V) of the equation
wk(vl,...w%) = U1 /\’UQ 4+ - +ng_1 /\/UQk = W.

The set of values of wy, that is, the set {wy(vy,...,v0) | v € VI C A? will be
denoted (A*V)u,, or simply /\ik Our goal is to find a lower bound for the numbers
Ny, (w) when w € A2 . Note that if k <1, \> C A’ .

Wi Wi wy

Definition 36. For any » > 1, we will denote /\121; = /\ilc \/\ik_1 and we will say

that any element w € /\i* has rank r. We shall write rkw for this number.

It is almost immediate from the definition of A® that any element has rank at
most d — 1 but in fact this number can be reduced to dy = |d/2| (the integer part of

d/2; dy will always have this meaning in the sequel), as we shall see now.

There is a one-to-one correspondence between /\2 and Ay, the set of d x d an-
tisymmetric matrices over the field K, given by > ., ai(e; A ej) — A, where
A € Aj has entries a;; for 1 < i < j < d. Given 2k vectors vy,...,vy € V we
consider the 2k x d coordinate matrix X. Then a routine computation shows that the
antisymmetric matrix corresponding to w = wg(vy, ..., ve) € A” is X'J, X, where
the superscript ¢ indicates matrix transposition and Jj, is the 2k x 2k block-diagonal

matrix with repeated diagonal block (_{§). The next result now follows easily:

Proposition 37. Let w = wy(vq,...,v) € /\2 and A € Ay the corresponding

antisymmetric matriz. Then
(1) tk A = 2rkw. In particular any element in /\2 has rank at most d.

(i1) tkw = k if and only if {vq,..., v} is linearly independent.
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4.2. p-groups with central Frattini subgroup

Proof. For (i) it suffices to show that rkw < k if and only if rk A < 2k. As shown
before, if w € /\iw A= X'J. X for some 2k x d matrix X, whence rk A < 1k X < 2k.
Conversely, if rk A = 2r < 2k then, by elementary linear algebra, A = P*(»0) P
for some invertible d x d matrix P, and so A = X*J, X, where X is the 2r x d ma-
trix formed by the first 2r rows of P. Therefore, using again the comment above,
rkw < 2r < 2k.

For (ii) we write again A = X' J, X, where X is the coordinate matrix of vy, . . ., va.
Since tk A = 2rkw and rk X < 2k, it is clear that if w has rank k£, X must have
maximal rank 2k, that is, the vectors vy, . .., vy are linearly independent. Conversely,
if X has rank 2k, we can add rows to X to obtain an invertible d x d matrix P. Then
A= P! (%) P and, since P is invertible, the rank of A is 2k. O

The group GL(V) acts in a natural way on /\2 preserving the rank. Notice
that Proposition 37 (ii) implies the converse, that elements of the same rank are
in the same orbit, or equivalently, that the orbits of this action are the sets /\i)’:,
0 < r < dy. In particular, since the functions V,, are constant on the orbits of
GL(V), Ny, (w) = Ny, (w') for elements w and w’ of the same rank.

Proposition 37 and some elementary matrix computations yield the exact value
of N, (w) for the elements w € A® of rank 7.

Corollary 38. Let w € A\* be an element of rank v. Then Ny, (w) = | Spy,(K)| =
q° [Ticic,(¢* — 1), where Spy, (K) is the Symplectic group of degree 2r over K.

Proof. We can assume that w = w,(ey, ..., es). Then N, (w) is exactly the number
of 2r x d matrices X such that (7 () = X'J,X. Writing X = (X;|X5) with X; of
size 2r x 2r and X, of size 2r x (d — 2r), this relation is equivalent to X1.J.X; = J,,
XtJ. Xy =0 and XtJ. X, = 0. But then this means that X is a symplectic matrix
and X, = 0, so the result follows. O

Next we will show that Ny, (w) > N, (') if £ < dp and rkw < rkw’. This means
that if w € /\iw that is w has rank less than or equal to k, Ny, (w) > Ny, (w') with

w’ of rank k. Then we can use the last corollary to conclude the following result.

Theorem 39. Let k < dy and w € /\ik Then

Ny, (W) > | Spo(K)| = qu H (¢ —1).

1<i<k
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Chapter 4. General word fibres for p-groups of nilpotency class 2

We fix k < dy and elements w, of rank r for 0 < r < dy,. We have to show that
Ny, (W) > Ny, (wrg1), 0 <7 <k. (4.2)

Notice that for r > k, (4.2) says nothing since N, (w,4+1) = 0. We argue by induction
on k. If k=1, r =0 and we have to argue that N,, (0) > N,, (w1) = q(¢* — 1) (this
value is obtained from Corollary 38). But N,, (0) = ¢¢™ + ¢¢ — ¢ (because u A v = 0
if and only if {u,v} is linearly dependent) and d = 2dy > 2k = 2, so the inequality
follows easily.

Let k > 2. We can write N, = N, * N, as the convolution of the functions

Wi —1

Ny, and N,, ,. Since the functions N,, are constant on the sets /\120’:, we have then

do
Ny, (wy) = Nuy (0) N, (wr) + Z M Ny (W1) Nuy_, (wi),

1=0

where m;,. = |{(w/,w") € /\12; X /\3};k | '+ w” = w,}|. There is a well-known formula
for | /\i’; |, the number of d x d antisymmetric matrices of rank 2r, (see for instance
Theorem 3 in [28]):

2% 2T_1 d—i _ 1

N [=q0Y 2‘791(q2. ) (4.3)
wr Yo (@* —1)

If " has rank 1 and w” rank 4, then the rank of w’' + w” is i — 1, ¢ or i + 1 (this is

clear if one thinks in terms of antisymmetric matrices: the sum of two antisymmetric
matrices with ranks 2 and 2 is 2(i — 1), 24 or 2(i + 1)). Thus

Ny (@r) = Ny (0) Ny, (wr) + Ny (w1) (mr—lmek_l(wr—l) +
My Ny (W) + m7'+177"ka—1(w7"+1))7 (4.4)

(of course we have to interpret m_y 9 = mgy41.4, = 0).

Next we compute the numbers m;,..

Lemma 40. Let 0 <r <dy. Then

B q2(r71) (q2r _ 1)
mr—l,r — qQ _ 1 )
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4.2. p-groups with central Frattini subgroup

d _ 1 d—1 _ 1
Myy = (q z(q ) —Myp—1p — Mypt1r,
q* —1 ’
q4r(qd—2r o 1)(qd—2r—1 o 1)

¢ —1

mr+1,r

Proof. We begin by proving the formula for m, ;,. This is the number of pairs
(W,w") e /\12;1‘ X /\fuir1 such that '+ w” = w,, which is the number of elements w’ of
rank 1 such that ' — w, has rank r + 1. Writing ' = uAv and w, = w,(vy, ..., v9,),
by Proposition 37 (ii), this happens if and only if {u,v,v,...,ve.} is linearly inde-
pendent or, equivalently, {u,v} is linearly independent in V/(vy,...,va.). Thus the
number of pairs (u,v) is ¢*" (¢* 2" —1)(¢*?" —q) and we get the desired number m, ;1

by dividing this number by N, (w;) = q(¢* — 1).

To compute m,_; , we count the number of triplets (', w”,w”) € /\ /\wr ) /\fu*
such that ' 4+ w” = w”. This number is the number of pairs (w’,w”) such that
W' +w” € N2 and also the number of pairs (w',w"”) such that ' + " € /\i:1
Therefore | A2* |m,_1, = | /\2* |my,—1. Now using the formula in (4.3) it turns out
that | /\wr /] /\ | = ¢ 20"V(g¥ —1)/(¢*2*2 —1)(¢*"**+' —1). Finally we use the

formula for m,.,_; that we have computed before.

For the second formula we note again that if w’ 4+ w” = w, with w’ of rank 1, then

w" has rank r—1, 7 or r+1, thus m,_y ,+m, ,+m,1 , is the number of pairs (w',w") €
2 % 2 / " o__ : : 2% _ r.d d—1 2

A, x A" such that o' +w” = w,. This number is | A" | = (¢ =1)(¢*" " =1)/(¢* = 1),

w1

the number of rank 2 antisymmetric matrices (again, by the formula in [28]). O

Now using the second formula in Lemma 40 we re-write (4.4):

Nu(wr) = Nuy (0) Ny, (@r) + Nosy (1) 11015 (N (wr—1) = Ny, (wr))
+Nw1(w1)mr+1,T(ka71(wT+1) - ka 1(("'}7“)) + Nw1 w1 |/\ wk 1( ) (4 5)

Using (4.5), we write the difference N, (w,) — Ny, (wy+1) in terms of N, , and Ny, :

r+1
ka(wr) — N, wr+1 Z Akl Wk—1 wl) - ka—l(wi+1))7 (4'6)

i=r—1
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Chapter 4. General word fibres for p-groups of nilpotency class 2

such that

Ak r—1 = N’wl (wl)mrfl,r y
Ak,r = Nw1 <O> + Nw1 (wl)(’ /\121: | — M1y — mr,r+1) ’

Ak,r+1 = Nwl(wl)mr+2,r+1-

By the inductive hypothesis the three differences between the values of N,, , in
(4.6) are non-negative, so (4.2) will follow if we show that A, > 0. Using Lemma 40
and the known formulas for N,, (0) and N, (w;), one gets Ay, = p* 1 (p? + pr—1 —
p T2 —p? +1). But r < dy, that is d > 2r + 2; therefore Ay, > p* 1 (p* (p—1)+1),

which is certainly positive.

4.2.2 Amit’s conjecture for general fibres

Now putting all the information from Subsection 4.2.1 together, we will make the last
steps to prove Theorem 41 and F which answers Amit’s conjecture to any non-empty
fibre in some special cases.

Let V = G/®(G) be viewed as an F,-vector space, and fix a basis 7y, ..., Tq.
There is a natural surjective linear map 7 from /\2 V to G’ mapping T; AT; to [z;, ;]
1 <1<y <d. Of course m maps /\ik onto Gy, so it follows from Proposition 37 (i)
that G, = G’ for k > dy. Now it is easy to show that if Amit’s conjecture is true for

wq, it is also true for any wy with k > dy. Indeed we write N, = N,, i ¥ and

Wk—dg

notice that, since we are assuming that N, (z) > |G |2~ for any z € (7, if g € G,

Nuw(9) = D Nug (99 IWNuy gy () Z1GP™ Y7 Nuyy (9)

YEGwy,_q, YE€Gwy,_q,

_ ‘G’2d071’G‘2(k7d0) _ ’G‘Zkfl_

So in order to prove Amit’s conjecture for w, we can always assume that 1 < k < d.
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4.2. p-groups with central Frattini subgroup

It is clear that if ¢ € G" and 7(w) = g, the solutions of wg(vy,...,vy) = w in V
are lifted to solutions of wy(x1,...,29) = g in G and of course, all solutions of the

equation in G occur in this way, so

Nu,(9) = |2(G)[* Z kav

wenT™

and Amit’s conjecture for general fibres which says that N,(g) > |G|*~! for any

g € G, and w any word in k variables, can be written now as

Y Nuwlw) 2 |G RGP = p D (4.7)
wen1(g)
for g € Gy,. Only w € 77 1(g) N /\Z}k will contribute to the sum in (4.7) and for them

we can use Theorem 39 to estimate Ny,.v(w):
k

Ny (@) = p* H P =

i=1

Since |G'| = pU4=1/2 /| ker 7| < |®(G)|, the inequality

p@wktd(%—nh—l(g) N /\i)k | > |ker 7| (4.8)

implies (4.7). Ifk = dy. |7~ ()N A2 | = |7~} = | ker 7| and (4.8) holds because
p ( ) 05 | 9 wi g

the exponent of p is non-negative. Thus we have the following result.

Theorem 41. Let G be a d-generated p-group with ®(G) < Z(G). Then for any
k> 1d/2] and g € G', Ny, (g) > |G[*~1.

Another situation in which |7(g) N /\ik | = | ker 7| is when 7 is an isomorphism,

so we also have the following result.

Theorem F. Let G be a d-generated p-group with ®(G) < Z(G) and |G| = p™d=D/2.
Then for any g € G, Ny, (g) > |G|**71.

Notice that the last theorem applies in particular to the free p-groups of nilpotency

class 2 and exponent p.
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Chapter 5

p-groups of nilpotency class ¢ > 3

In the previous chapters, we focused on p-groups of nilpotency class 2 for which we
proved Amit’s conjecture. We also gave some evidence that the conjecture might hold
for a general non-empty fibre in this setting. More generally, we showed that for any
word w, N, is a generalized character and if p is odd, even something stronger; that
N, is a genuine character. Being able to say anything about Amit’s conjecture in
the setting of finite p-groups of nilpotency class higher than 2 seems unapproachable
at this point. However, a good start to show that the behaviour might be different
in these cases will be showing that N, will not be a generalized character in general.
We will give some examples in this direction and hence we might expect a different

outcome also regarding Amit’s conjecture.

5.1 Smallest p-groups for which N,» is not a character

The simplest example of a p-group for which N,, is not a character is Qg, the quater-
nion group of order 8, and the word w = x?. For G = Qg, note that G2 = {1, 2}
where z is the unique involution. N2 (1) = 2 whereas N,2 ;(2) = 6, and Lemma
14 implies that N, is not a character. This is the smallest p-group for which N,»

is not a character when p = 2. For odd primes p, we will construct the smallest
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5.2. p-group and P. Hall’s conjecture

p-groups satisfying this property. Recall that it is a well-known result that in general

the functions N,» are generalized characters (see Problem 4.7 in [22]).

Let p any odd prime now. We know that if G is regular, then N,» is the regu-
lar character of G/GP. Consequently, in order to find groups for which N,» is not
a character, we need to consider non-regular p-groups of order at least pP*l. We
will construct a non-regular p-group G of minimal order; that is, of order pP*!, for
which N,» is not a character. Note that a non-regular p-group of minimal order has

nilpotency class p. See Section 0.2 for more details on regular groups.

Proposition G. For any odd prime p, Ny» is not a character of

G={(g1, - 9p-1) ¥ (9)/{Gp-19,")

Y

where (g1, ..., gp-1) = Cpx - xCpx Cp2, {gp) = Cp2 and g = gigiv1, 1 <i < p—2,

9ol = Gp—29p—1 and go' | = gp 197 -

Proof. First note that G has order pP*!. In order to show that G is non-regular, we
observe that |G : Q(G)| # |O(G)| since Q(G) = (g1, 92, -,9,71) and O(G) = (g}).
From one side, we note that N,»(1) = [Q(G)| = p?~!. From the other hand, since
for any non-trivial element z € U(G) = Z(G), N,,(z) have the same size, one gets
Ny, (z) =pP + pP~L. Hence, by Lemma 14, we show that N,» is not a character of G.

]

5.2 p-group and P. Hall’s conjecture

In the previous section our example was a word in only one variable. In this section
on the other hand, we will focus on words with at least two variables. There are
examples of groups G and words w where N, ¢ is not a generalized character, even

among nilpotent groups. For non-solvable examples, one can take G = PSLy(11)
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and the 2-Engel word w = [z,y,y]. Another example with the same group can be

L and the two characters of degree 12 have co-

obtained with the word w = 22y?zy~
efficients 7 + /5, see Section 2.1 in [13]. Using the computing system [14] one can
check that the coefficients NYX for the two irreducible characters x of degree 12 are
305 =+ 231/5. More examples can be obtained using the following result by Lubotzky
(see Theorem 1 in [15]): if G is a simple group and 1 € A C G is a subset invariant
under the group of automorphisms of G, then A = G, for some word w in two vari-
ables. Notice that if A contains an element a such that a’ ¢ A, for some i coprime
with the order of a, then N, (a’) = 0 but N,(a) # 0, something that cannot happen

if N, is a generalized character. This proof, while effective, does not give a useful

description to build such a word w.

5.2.1 P. Hall’s conjecture

We present this section to motivate the fact that we shouldn’t expect N, to be a
generalized character for general p-groups. For this, we will introduce the concept of

conciseness and also talk about P. Hall’s conjecture.

A word w is called concise in G if whenever G, is finite, it always follows that
the verbal subgroup w(G) is finite. More generally, a word w is said to be concise
in a class of groups X if whenever the set of w-values is finite for a group G € X,
it always follows that w(G) is finite. A word w is said to be boundedly concise in a
class of groups X if for every integer m there exists a number v = v(X, w, m) such

that whenever |G,,| < m for a group G € X, it always follows that |w(G)| < v.

P. Hall asked whether every word is concise (see [17]):

Question 3 (P.Hall). Let G be a group and w a word in k variables. If |G| < oo,
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5.2. p-group and P. Hall’s conjecture

is |w(G)| < c0?

S. Ivanov [16] answered this question for arbitrary groups in the negative. He
constructed a group H and a word w(x,y) € Fy such that w(H) is infinite cyclic,
but w(z,y) has only one non-trivial value in H. Ivanov’s example is not residually
finite and it is still an open problem whether every word is concise in the class of
residually finite groups. More information about this topic can be found in [29]
and [17]. Recall that G is a residually finite group if for any g € G there exists a
homomorphism f from G to a finite group H such that f(g) # 1. Examples of groups
that are residually finite are finite groups, free groups and finitely generated nilpotent
groups. Subgroups of residually finite groups are residually finite, and direct prod-
ucts of residually finite groups are residually finite. Any inverse limit of residually

finite groups is residually finite. In particular, all profinite groups are residually finite.

A word w is rational if for any g € G, Ny, (g) = N, (g°) for every finite group G
and for every e relatively prime to |G|. Note that this means that N, is a generalized
character (see Corollary 13). We say that w is weakly-rational if for every finite
group G and for every integer e relatively prime to |G|, the set G, is closed under
e-th powers (note that the e-th power map is a bijection on ). Lemma 1 in [17]

gives an alternative characterisation for rational and weakly-rational words:

Lemma 42. The word w is weakly rational if and only if for every finite group G
with g € G, g° € G, whenever e s relatively prime to the order of g. The word w is
rational if and only if in every finite group G, Ny (g) = Ny(g¢) for every g € G and

every e relatively prime to the order of g.

Clearly rational implies weakly rational. It is shown in [17] that if w is a weakly-
rational word and G is a residually finite group in which w has at most m values,

then the order of w(G) is m-bounded; i.e. w is concise in the class of residually finite
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Chapter 5. p-groups of nilpotency class ¢ > 3

groups. Pro-p groups are residually finite groups. If we assume that for any finite
p-group and any word w the class function NN, is a generalised character, this would
imply that any word is concise in the family of pro-p groups, which is not expected.
Hence looking for finite p-groups for which N, is not a generalised character makes

sense.

5.2.2 Example of a p-group where N, is not a generalized

character

Some examples of p-groups for which NN, is not a generalized character are provided by
the free p-groups of nilpotency class 4 and exponent p. This settles in the negative a
question of Parzanchevski [18] who asked if the functions N,, were always generalized

characters for solvable or nilpotent groups.

Proposition H. Let G be the rank 2 free p-group of nilpotency class 4, exponent p
with p > 2 and p =1 (mod 4) and let w = [x,y,x,y]. Then N, is not a generalized

character of GG.

Proof. Using the Lazard correspondence (see details in [30], Chaper 10.2), the Haus-
dorff Formula and its inverse set up a correspondence between p-group of class nilpo-
tency class less than p and lie rings of nilpotency class less than p whose additive
group is a finite p-group. The correspondence preserves invariants such as the orders
and the nilpotency classes of the objects involved. Consequently, we can work with

the elements in the Lie ring L(G) to prove our result.

We realize these nilpotent groups, as 1 + J, where J = I/I* and I is the ideal
generated by X and Y in the algebra of polynomials in the non-commuting indetermi-
nates X and Y with coefficients in F,,. If z =1+ X and y = 1+Y and u = [z,y, z,y],

then certainly v € G, but we claim that if ¢ is not a quadratic residue modulo p,
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5.2. p-group and P. Hall’s conjecture

then u’ ¢ Gy, (so N,(u) # 0 but N,(u’) = 0). For p > 3, 74(G) = 1 + y4(J), where
v4(J) is the fourth term in the descending central series of the Lie algebra J, (see [30,
Chapter 10.2]). Now u’ € G,, if and only if

i XY, X,)Y] = [aX +bY,cX +dY,aX + bY,cX 4 dY]

for some a,b, c,d € F,. Or equivalently, the following system has solutions a,b,c,d €
F, such that

ac(ad —bc) =0  (mod p)

bd(ad —bc) =0 (mod p)

(ad + bc)(ad — be) =i (mod p).
One can check that this system has no solution if 7 is not a quadratic residue modulo p
and hence N, (u) # 0 and N, (u*) = 0 implying that N,, is not a generalized character
of G. O
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Chapter 6

Fibres in pro-p groups

6.1 Introduction

Let G be a pro-p group and w a word in k variables. For any g € GG, we can consider
Sw(g), the fibre of g in G®). In the previous chapters, we considered finite p-groups
and could study the fibre sizes. Besides we noted that N, is a class function in G and
in the cases when N, is a character, we showed that S,,(1) is the maximum fibre con-
cluding that N, (1) > |G|*! (see Chapter 3). In this chapter, we want to study ‘how
big’ a word fibre is in a pro-p group. We want to study whether a similar conjecture
to Amit’s in finite nilpotent groups can be expected in pro-p groups. However, we

need a way to measure the fibres.

If we consider G a compact topological group, then G has a left Haar measure,
which is a Borel measure p such that u(U) > 0 for each non-empty open set U of G.
Observe that u(FE) = pu(gE) for each Borel set E of G and any g € G. Also note
that 4 is unique if we impose the normalization condition u(G) = 1. On G®)| we
impose 1 the product measure. Note that S,(g) = f'(g) where f, : G® — G is

a continuous function. Hence S, (g) is closed and hence measurable. If we view pu*)
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as a probability measure, then

Pu(9) = 1 (Su(9)),

were P,(g) is the probability that a random tuple g = (g1,...,gr) € G%® satisfies
w(g) = g. If we consider w = [z,y], N,, is a character for any finite group G. What
is more, from [31], we know that P, (1) < 5/8 for any finite non-abelian group G as
well as for any non-abelian compact topological group. Furthermore, for non-abelian

finite p-groups, P4 (1) < P +p—1)/p>

It seems natural to want to measure the fibres of G with this measure but for
most of the cases the Haar measure of subsets is 0. Consequently, if we want to
compare somehow the size of a subset with the whole group we will have to construct
another tool to do it. Let G be now a finitely generated pro-p group. While there
is the canonical measure on pro-p groups, there is no canonical metric. We saw at
the Preliminaries that every filtration (namely, descending chain of normal subgroups
which form a base for the neighbourhoods of the identity) {G,} of G, gives rise to an
invariant metric on G by setting d(z,y) = inf{|G : G,,|7* |zy~! € G,.} sine |G| = cc.
Besides, every subset S of a metric space has a well defined Hausdorff dimension
which is denoted by hdim(S). The aim in the following sections will be to use the

Hausdorff dimension as the means to measure the size of the fibres S,,(g) in G*).

For any word w in k variables, using the definition 0.4 introduced at the Prelim-
inaries, the dimension of the closed subset S, (1) of a finitely generated pro-p group

G with a filtration {G,} is

log,, |Sw(1 log S, (1GE )Gk
Dimyg,3(Sw(1)) = liminf gp| ( )”%k)| — liminf ng| (1) / |

- (6.1)
n—o0 1ng ‘GE:Z}) ‘ n—00 logp |(G/Gn>(k)|

Suppose we could show that for some word w in k variables, NV, is a character for
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Chapter 6. Fibres in pro-p groups

all finite p-groups. Using Lemma 14, we deduce |S,, q/q,ym| > |G/Gr|*~". Note this
would not be enough to show [Sy,(1) | = |G/G,|F! since Sw(1) 0 € Sua/a)m (1).
However, can we find another approach to show that for any finitely generated pro-p
group G with the natural filtration {G,} = {G?" },.en,

Dimyg,} Su(1) > (k — 1)/k? (6.2)

In the following sections, we will discuss this question for free pro-p groups of finite

rank and for p-adic analytic groups.

6.2 Free pro-p groups

Free groups play an important role in pro-p group theory as in abstract group theory.
Free pro-p groups are defined, like free abstract groups, by a universal property, and

epimorphism from them provide a useful means for studying arbitrary pro-p groups.

Let L be the free pro-p group on d generators. Before proceeding recall the

following results:

Theorem 43 ([32], Corollary 7.7.5; [33], Chap. I, Corollary 3). All closed subgroup

of a free pro-p groups are free pro-p.

Theorem 44 (8], D6 Lemma; [33], Chap. I, Proposition 24). Every generating set

of a free pro-p group contains a free basis.

Let {L, },>1 be the dimension subgroups of L; this is the fastest descending chain
of open normal subgroups of L such that

[Ln7 L] S Ln-i—la Lfb S Lpn

for each n. Let w be a word in k variables. As defined in (0.3) at the Preliminaries,
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6.2. Free pro-p groups

the dimension of the closed subset S, (1) of L*) using this filtration is

log, | (1)
Dimz,y Sp(1) = lim inf L((k))”'.
n—r00 1ng ’Lm

3

Note that for any closed set S C L, since |[(S**) | < |Sy,[* for any k € N, then

Dim(S**) < k- Dim S.

We will show that there exist words w in k variables for which

k—1
Dimyz,) Su(1) < ——.

Definition 45. The rank of a free pro-p group L is the minimal cardinality of a set

of generators for L.

For any topological group G, the minimal cardinality of a topological generating
set for G is denoted by d(G). Note also that d(G) is also the dimension of G/®(G)
as a vector space. In general, for a finitely generated pro-p group, rkG > d(G). If G

is also powerful, then it is shown in Theorem 3.8 in [8] that rk G = d(G).

Proposition 46. Let L = (g1, h1,..., gk, hx) be a subgroup of a free pro-p group G

such that wg(g1, h1, ..., gk, he) = 1. Then L has rank at most k.

Proof. We will prove the lemma by induction on k. The case k = 1 is clear.
Since L is a closed subgroup in a free pro-p subgroup, by Theorem 43 it is free.
Now by Theorem 44, any generating set of a free pro-p group contains a free gener-
ating subset. Let S C {g1,h1 ..., gk, hi} freely generate L. We put S; = SN {g;, h:}.

We divide the proof in two cases.

Case 1: there exists 1 <14 < k such that |S;| = 1.
Without loss of generality we may assume that i = k& and hy € S. Consider
N = {hj)* the normal closure in L. Since hy € S, it implies L/N is free.

wk—l(glNa th e ,gk_lN, hk_lN) = 1N,
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Chapter 6. Fibres in pro-p groups

and so, by induction, the group T generated by {¢1 N, N, ..., gr_1 N, hxy_1N}
has rank at most k£ — 1. Hence

tk(L) <1k(T)+ |Sk| <k—-1+1=F.

Case 2: There is no 1 < i < k such that |S;| = 1.

In this case there exists A C {1,...,k} such that S = {g,,h, : a € A}. Note

that without loss of generality we may assume that A = {1,...,r} because
1T lgihid = T 10l ([gesn, hasallglesrt e plossstesd)) o T s, Rl
1<i<k 1<i<s—1 s+2<i<k

If 7 > k/2, it would imply that [],_,. [gi, hi] could be expressed as a product
of k —r < r commutators. But since (g;,h; : 1 < i < r) is a free generating
subset for L, we get a contradiction. Consequently r < k/2 , and so

k
k(L) <25 = k. O

We found out a posteriori that Mel'nikov had already proved in [31]| a specific
case of our lemma; i.e if uy,...,u, are elements of a free pro-p group satisfying the
relation

(U1, U] [ug, Ua) -+ (U1, U |Uppyy - up™ ™ =1

where 0 < m = 2k < n, a; € pZ, for i =1,2,.,n —m, then the rank of the subgroup

generated by uy, us, ..., u, does not exceed n/2.

Using the Lemma 46 we deduce the following result:

Theorem 1. Let L be the d-generated free pro-p group and {L,}nen the filtration in
L given by its dimension subgroups. Then

Dim{Ln} ka(l) S 1/2.

wherenever d > k.
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6.2. Free pro-p groups

This result implies that Dimyy,y Si(1) > (k — 1)/k doesn’t hold for free pro-p
groups in general. The theorem shows that for the words wy in 2k variables, as soon

as k > 2 the bound is not satisfied.

Proof. Our approach is to find a set S such that S, C S and Dimg;, S < 1/2.
Let (g1,...,go) € L'®® be such that wy(gy,...,g2x) = 1. Then {(g1,...,gox) is a free

subgroup of L and by Lemma 46, it has rank at most k. Hence

{(gh s 792k) € L(Qk) |w/€(gla o 792k) = 1} g {(gla s 7g2k) € L(Qk) | rk(.glv cee 792k> S k}

For each (hi,...,h;) € L™, we can define

S(hl, .. ,hk) = {(gl, e ,ggk) & L(2k) | <g1, e ,ggk> = <h1, Ce ,hk>}

Note that, Sy, (1) €5 = Uy, nyerw S(hi, ... he).

Consider {L,} the filtration for L provided by the n-th dimension subgroups L,
of F'. Hence,

log, [Sw, (1) _e@m]
Dim S,,, (1) = lim inf —" e
im Sy, (1) i 1ng‘<L/Ln)(2k)’

From one side, from Lemma 4.3 in [29] we have that
2k - d"
(d—1)(n—1)

log,(|L : Ln|*) = (1+0(1)).

From the other hand, note that

S(ha, ... h), C{(g1Ln, ..., goxLn) € (L)L) | {g1Ln, ..., gorLn) = (hiLy, ..., hxLy)}.

For each fixed k-tuple (hiL,,...,hiL,) € (L/L,)®, it is easy to see that the num-
ber of k-tuples (guy1Ln, ..., gonln) € (L/L,)® such that (geiiLn,...,goLln) C
(hiLy, ..., hgLy) is at most |Fy, L, : L, |, where we write F} for any free pro-p subgroup
of rank k of L. We can then also define its dimension subgroups by L, (F). With this

notation, note |FyL,, : L,| < |F}). : L,(Fy)|, and hence |S;i.. | < |L/Ly|* - |Fy./Ln(Fy)|*.
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Consequently, again using Lemma 4.3 in [29] we deduce that

kedn o
Dimngp,y Sy (1) < lim inf @ye o)) gy +o(l))
n Wi =

2k-d" 2k-d"
= e (LT oD) @iy (1 + (1))

=1/2,

since lim inf,_, % . (S)” =0. ]

6.3 p-adic analytic groups

In this section we want to start the study of the same question in the setting of p-adic
analytic groups; i.e. does Dimyq,} Sw, (1) > (2k — 1)/2k for the natural filtration
{GP"} of G? This is just a first approach to work on this question. We have put

together some basic results and conclusions in this context.

First recall that a p-adic analytic group is a p-adic analytic manifold which is also

a group.

Theorem 47 (Theorem 8.1, [8]). A topological group G has the structure of a p-adic
analytic group if and only if G has an open subgroup which is a powerful finitely

generated pro-p group.

From Theorem 4.5 in [%], we have that a powerful finitely generated pro-p group
is uniform if and only if it is torsion-free. And Theorem 8.18 in [3], adds that any
topological group containing an open subgroup which is a uniform pro-p group is a
p-adic analytic group. From Definition 4.7 in [8] we also now that if G is a pro-p
group of finite rank, the dimension of G is dim(G) = dim(H) where H is any open
uniform subgroup of G. What is more, dim(G) is indeed the dimension of G as a
p-adic analytic group (see Theorem 8.36 in [%]). Another important result for our

interest will be the following
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6.3. p-adic analytic groups

Theorem 48 (Theorem 4.9, [8]). Let G be a uniform pro-p group and {ai,...,aq} a
topological generating set for G, where d = dim(G). Then the mapping

(Ala---,Ad)—>Q,>‘1...a)\d
1 d

(d)

from Zy~ to G is a homeomorphism.

Looking for better algebraic properties of the system of coordinates for G, we
introduce a new group structure on G. For any x,y € G,
2y = @y
and so the map x — 2P " becomes an isomorphism from G, onto (G, +,) where
G, are the subgroups of the lower central series of G, (see Definition 1.1 in [8]). As

a consequence, we define a new operation:

Proposition 49 (Proposition 4.13, [8]). The set G with the operation + defined as
follows;
r+y= lim x4+, y;
n—oo

is an abelian group, with identity element 1 and inversion given by x — x~ 1.

Proposition 50 (Proposition 4.16, [8]). With the original topology of G, (G,+) is
a uniform pro-p group of dimension d = dim(G). Moreover, any set of topological

generators for G is a set of topological generators for (G,+).

Since (G, +) is a pro-p group, Section 1.3. in [8] shows that it admits a natural
action by Z,. Besides, since (G, +) is abelian, using Proposition 1.26, this makes into

a Z,-module.

Theorem 51 (Theorem 4.17, [8]). Let G be a uniform pro-p group of dimension
d, and let {ay,...,aq} be a topological generating set for G. Then (G,+) is a free

Z,-module on the basis {ay, ..., aq}.
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An important result on the Hausdorff dimension of p-adic analytic groups is

Theorem 1.1 in [7]:

Theorem 52. Let G be a p-adic analytic pro-p group with the natural filtration {G,}
given by the p"-th powers; i.e. G, = GP", and let H <, G be a closed subgroup of G.

Then
dim H

where dim G denotes the dimension of G as a p-adic Lie group.

First of all note that S, (1) is a closed set in G, If dim G = d and w is a word in
k variables, what are the conditions so that Dim S,,(1) > d-(k—1)?7 Does Theorem 52
hold if we substitute closed subgroups by closed sets? If this last question were true,

and we could prove that Dim S,,(1) > d - (k — 1), we would conclude
dim Sy, (1) - d-(k—1)
dimG® —  d-k

Dim{Gn} Sw(l) = = (k — 1)//€

Although not necessary, these would be sufficient conditions to prove Dimyg,} Sw(1) >

(k —1)/k in this setting.

To start with, we consider G = Zéd). Since for any word w in k variables,
S,(1) is the kernel of the homomorphism f,, : G®) — G defined by (g1,...,g1) —
w(g1, ..., gr), then it is a submanifold in G*). Consequently, we deduce the following

result:

Proposition 53. Let G = Z" with the filtration {GP"} and let w be a word in k

variables. Then
dim Sy, (1)

Dim{Gpn} Sw(1> = m

Another result towards having a positive answer to our question is the following:
Proposition 54. Let G be a p-adic analytic pro-p group of dimension d and w a
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word in k variables. If for any open uniform subgroup H of G,

Dimyppny Su,r(1) > (d—1)/d; (6.3)

then Dlm{Hp”} Sw,G(l) Z (d — 1)/d

Proof. Let H be an open uniform pro-p subgroup of G and let H,, = H?" be the usual
filtration. Using the definition in (6.1), and since H can be regarded as a Z,-module

by Theorem 51,

log, |S NHE® . gk
Dimyp,} S, g (1) = lim inf 08, |Sw (1) |

>(d—1)/d.
R oy e =@

Lot A — 10g, |Suw, i (HS:HP |
(L log,, |(H:Hp)®)|

. If consider the same filtration for G, one gets
l0g, |Su.rm (1) HY : HY|
. > Timi D s
Dimiz, Suc(L) 2 it == ey
o log, [Su (VHA : HiY| log,|(H : Ha)"
" log, [(H - H)®]  log, |(G ¢ Ho)F
log, |(H : H,)|

— liminf \, - > (d—1)/d,
hbe log, (G : Hy)k| — ( )/
since liminf, % = liminf,, %l =1 with ¢ =log, |G : H]. O

Consequently, future work could be started by studying whether the hypothesis
of Proposition 54 holds for any uniform pro-p group; that is, studying whether for
any uniform pro-p group H with the filtration {H, } = {H?"},

Dimyppny Sp (1) > (d—1)/d.
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