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Given a group word w in k variables, a group G and g ∈ G, we consider the set
Sw(g) of k-tuples (g1, . . . , gk) ∈ G(k) such that w(g1, . . . , gk) = g and when G is finite,
the size of Sw(g), Nw(g). N. Amit conjectured that for any finite nilpotent group G
and any word in k variables, Nw(1) ≥ |G|k−1. In this thesis we first prove Amit’s
conjecture for finite groups of nilpotency class 2. This was independently proved by
Levy in [1]. More generally, we study the class functions Nw for this class of groups
and show that the inequality can be improved to Nw(1) ≥ |G|k/|Gw| (Gw is the set of
w-values in G) if G has odd order. This last result is explained by the fact that the
functions Nw are characters of G in this case. For groups of even order, all that can
be said is that Nw is a generalized character, something that is false in general for
groups of nilpotency class greater than 2. We characterize group theoretically when
Nxn is a character if G is a 2-group of nilpotency class 2. We also address the (much
harder) problem of studying if Nw(g) ≥ |G|k−1 for g ∈ Gw, proving that this is the
case for the free p-groups of nilpotency class 2 and exponent p.

Finally, we look at the analogous problem for finitely generated pro-p groups.
Let G be a finitely generated pro-p group and {Gn} some filtration. We define the
dimension of a closed subset H ⊆ G as

Dim{Gn}(H) = lim inf
n→∞

logp |HG
(k)
n /G

(k)
n |

logp |(G/Gn)(k)|
.

In this setting, a rather natural way to define the metric is by using the filtration
Gn = Gpn = 〈xpn : x ∈ G〉. For this filtration, we ask whether for any word w in k
variables, Dim{Gn} Sw(1) ≥ k − 1/k. We show that for free pro-p groups, using the
filtration given by its dimension subgroups, this is not true in general.





Contents

0 Preliminaries 1
0.1 Words and fibres . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
0.2 Regular p-groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
0.3 Amalgamated central product of groups . . . . . . . . . . . . . . . . 3
0.4 Pro-p groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
0.5 Hausdorff dimension . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1 Introduction 9

2 Words in p-groups of nilpotency class 2 19
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
2.2 Word representatives in pro-p groups of nilpotency class 2 . . . . . . 20

3 The functions Nw from a character-theoretical point of view 25
3.1 Nw is a generalized character . . . . . . . . . . . . . . . . . . . . . . . 25
3.2 The functions Nw for odd p-groups of nilpotency class 2 . . . . . . . 28
3.3 The functions Nxn for p-groups of nilpotency class 2 . . . . . . . . . . 33

4 General word fibres for p-groups of nilpotency class 2 39
4.1 Some bounds for specific words . . . . . . . . . . . . . . . . . . . . . 39
4.2 p-groups with central Frattini subgroup . . . . . . . . . . . . . . . . . 44

4.2.1 Words in the exterior square of a vector space . . . . . . . . . 44
4.2.2 Amit’s conjecture for general fibres . . . . . . . . . . . . . . . 49

5 p-groups of nilpotency class c ≥ 3 51
5.1 Smallest p-groups for which Nxp is not a character . . . . . . . . . . . 51
5.2 p-group and P. Hall’s conjecture . . . . . . . . . . . . . . . . . . . . . 52

5.2.1 P. Hall’s conjecture . . . . . . . . . . . . . . . . . . . . . . . . 53

i



Contents

5.2.2 Example of a p-group where Nw is not a generalized character 55

6 Fibres in pro-p groups 57
6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
6.2 Free pro-p groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
6.3 p-adic analytic groups . . . . . . . . . . . . . . . . . . . . . . . . . . 63

Bibliography 67

ii



Chapter 0

Preliminaries

0.1 Words and fibres

A word w is an expression of the form

w(x1, . . . , xk) =
s∏
j=1

x
εj
ij

for some s < ∞ with ij ∈ {1, . . . , k} and εj = ±1 for each j. The corresponding
verbal mapping on a group G is fw : G(k) 7→ G defined by evaluating w, so

fw(g1, . . . , gk) = w(g1, . . . , gk) =
s∏
j=1

g
εj
ij
.

Equivalently, there exists a unique homomorphism π(g1,...,gk) : Fk 7→ G, where Fk is the
free group on {x1, . . . , xk}, sending xi to gi (i = 1, . . . , k) such that fw(g1, . . . , gk) =

π(g1,...,gk)w.

It is sometimes convenient to identify a word with an element of Fk. Different
words may represent the same element of Fk, but of course they all induce the same
verbal mapping (see [2]).

For a subset S ⊆ G and m ∈ N we write S∗m = {s1s2 · · · sm | si ∈ S}. We write
Gw = {w(g1, . . . , gk) | (g1, . . . , gk) ∈ G(k)} the set of w-values in G. Note that gener-
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0.2. Regular p-groups

ally Gw is a proper subset of G. We define the verbal subgroup corresponding to G
to be w(G) = 〈Gw〉, the group generated by Gw. We say that the word w has width
m in G if w(G) = G∗mw and m is the smallest value with this property. If there is no
such m <∞, then we say that w has infinite width in G.

For a word w in k variables and a group G, for any g ∈ G we denote by Sw the
function defined by

Sw(g) = {(g1, . . . , gk) ∈ G(k) |w(g1, . . . , gk) = g}, (0.1)

the fibre of g in G(k). If G is a finite group, we define Nw to be the function defined
by

Nw(g) = |Sw(g)| = ]{(g1, . . . , gk) ∈ G(k) |w(g1, . . . , gk) = g}; (0.2)

i.e. the size of the fibre of g in G(k). We also define the function Pw to be defined by

Pw(g) =
Nw(g)

|G|k
.

Note Pw only depends on the word w and not on the number of variables of w, so we
can assume w ∈ F∞. We will write Pw,G(g) when it is important to emphasize the
group G (equivalently Nw,G(g) when necessary).

0.2 Regular p-groups

Definition 1. We say a p-group is regular if for every x, y ∈ G, xpyp = (xy)pcp for
some c ∈ 〈x, y〉′.

The condition in the definition of a regular p-group is local, since it only involves
the subgroup generated by x and y. Hence all subgroups and quotient groups of reg-
ular p-groups are again regular. All abelian p-groups and all groups of exponent p are
regular. The theory of regular p-groups is almost fully developed in P. Hall’s funda-
mental paper on p-groups [3]. For any finite p-group G, if the nilpotency class of G is
less than p then G is regular. In particular, any p-group of order at most pp is regular.

For any finite p-group G and any r ≥ 0, we define the characteristic subgroups of
G, Ωr(G) = 〈x ∈ G |xpr = 1〉 and fr(G) = 〈xpr |x ∈ G〉. If G is regular a p-group,
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Chapter 0. Preliminaries

then Ωr(G) = {x ∈ G |xpr = 1}, fr(G) = {xpr |x ∈ G} and |G : Ωr(G)| = |fr(G)|
for any r ≥ 0. See Section 3.2 in [4] for more details on regular p-groups.

0.3 Amalgamated central product of groups

Free products of groups are generalized by a notion of amalgamated central products
of groups joined together along specified subgroups. We introduce Definition 1.3.16
of [5] for the specific case that we will use in Chapter 3.

Definition 2. Let T and H be 2-groups with cyclic center and |Z(T )| ≤ |Z(H)|. For
any injective homomorphism θ : Z(T ) 7→ Z(H),

Z = {(z−1, θ(z)) | z ∈ Z(T )}

is a subgroup of Z(T × H) in T × H. The factor group T ∗ H = (T × H)/Z is a
central product of T and H with Z(T ) amalgamated with the corresponding subgroup
of Z(H).

Lemma 3. If all the generators of Z(T ) are in the same orbit under the action of
the automorphism group of T (or if a similar situation holds in H), the group T ∗H
is unique up to isomorphism.

Proof. From Definition 2, (T × H)/Z is a central product of T and H with Z(T )

amalgamated with the corresponding subgroup of Z(H) such that Z is defined by
some injective homomorphism θ : Z(T ) 7→ Z(H).

Suppose that z1 and z2 are two genetarors of Z(T ). By hypothesis, there exists
some τ ∈ Aut(T ) such that z1 = τ(z2). Consequently, τ × idH ∈ Aut(T ×H) and for
(z−1

2 , θ(z2)) ∈ Z, one gets

(τ × idH)(z−1
2 , θ(z2)) = (τ(z−1

2 ), θ(z2)) = (z−1
1 , θ(z2)) = (z−1

1 , (θ ◦ τ−1)(z1)).

If we write θ̃ = θ ◦ τ−1
|Z(T ), τ × idH maps Z to Z̃ which is defined exactly as Z only

by replacing θ with θ̃. As a consequence, this induces an isomorphism between the
amalgamated central products (T ×H)/Z and (T ×H)/Z̃.
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0.4. Pro-p groups

The hypothesis in Lemma 3, is satisfied if T = D23r or TQ23r , and hence we will
say that T ∗H is the central product of T and H with amalgamated Z(T ).

0.4 Pro-p groups

A pro-p group is obtained when you look at a (suitably coherent) collection of finite
p-groups all at once. ‘Coherent’ means that the groups in question form an inverse
system; that is, a family of finite groups {Gλ} indexed by a directed set Λ, and for each
pair α, β ∈ Λ with α ≤ β a homomorphism θβα : Gβ → Gα. Whenever α ≤ β ≤ γ it is
required that θβα ◦θγβ = θγα, and each θαα is the identity automorphism. To say that
Λ is a directed set means that Λ is partially ordered and that for every α, β ∈ Λ there
exists γ ∈ Λ with γ ≥ α and γ ≥ β. The inverse limit of this system, denoted by

G = lim←−
λ∈Λ

Gλ,

may be defined by a suitable universal property, or more concretely as a subgroup G
of the Cartesian product of all the Gλ, as follows:

G = {(gλ) | θβα(gβ) = gα whenever β ≥ α} ≤
∏
λ∈Λ

Gλ.

Thus G maps naturally into each of the finite groups Gλ (by projecting to a factor),
and G is completely determined by the system {Gλ}λ∈Λ such that the homomor-
phisms θβα are supposed to be included as part of the definition of the system. In a
natural way, G is a topological group. Giving each of the finite groups Gλ the discrete
topology, we endow

∏
λ∈ΛGλ with the product topology; instead of being discrete,

this is a compact Hausdorff space, by Tychonoff’s Theorem. It is easy to see that the
inverse limit G is a closed subgroup, so in this way G becomes a compact Hausdorff
topological group. For each λ ∈ Λ the kernel Kλ of the projection πλ : G → Gλ is
an open normal subgroup of G, and the family {Kλ} forms a base for the neighbour-
hoods of 1 in G. In most naturally-arising situations, the maps θβα are all surjective,
in which case one speaks of a surjective inverse system.

A pro-p group is said to be countably based if G is the inverse limit of an inverse
system of finite groups indexed by N. It is easy to see that every finitely generated
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Chapter 0. Preliminaries

pro-p group is countably based, and that a countably based group is topologically
generated by a countable set.

A pro-p groupG has rank r = rk(G) if every closed subgroup ofG can be generated
(topologically) by r elements, and r is minimal with this property. The word ‘rank’
is also used in a different sense in the context of free profinite (or pro-p) groups;
tradition insists that a ‘free group of rank r’ means a group having a free generating
set of cardinality r. Since a non-abelian free profinite (or pro-p) group necessarily
has infinite rank in the first sense, it will be clear from the context which usage is in
force.

0.5 Hausdorff dimension

Suppose we have a subgroup H of a finite group G, and that we want to measure
the relative size of H with respect to G. We can use the quotient |H|/|G|, or if G is
a p-group even better logp |H|/ logp |G|. If |G| = pa and |H| = pb, then the number
|H|/|G| = pb−a may hide the size relation between H and G for high values of p. That
is why we are more interested in knowing the relation between a and b and why we
consider logp |H|/ logp |G| = b/a instead.

If G is infinite, the first problem is that both |H|/|G| and logp |H|/ logp |G| are
meaningless. We can rewrite |H|/|G| as 1/|G : H| and interpret 1/∞ as 0, and make
this choice for the dimension of H in G. However, it will not distinguish subgroups of
infinite index, and, intuitively, a subgroup of finite index of an infinite group should
have dimension 1. On the other hand, the alternative of logp |H|/ logp |G| does not
even allow a direct reinterpretation in the infinite setting.

Abercrombie proposed a way to overcome this situation in the case of profinite
groups, using the concept of Hausdorff dimension over a metric space. Suppose
that G is a countably based pro-p group such that {Un}n∈N is a descending chain of
open normal subgroups which form a base of neighbourhoods of the identity. Since
|G| =∞, there is a natural metric in G, induced by {Un}:

d(x, y) = inf{|G : Un|−1 |xy−1 ∈ Un}.
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0.5. Hausdorff dimension

This gives G the structure of a metric space and therefore we can compute the Haus-
dorff dimension of a subset of G with respect to this metric. Note that the topology
defined by this metric coincides with the original topology of G.

There is a nice formula due to Abercrombie [6] and Barnea-Shalev [7] that provides
the Hausdorff dimension of an arbitrary closed subgroup H of G. Note that it is given
in purely algebraic (and analytic) terms.

Theorem 4 ([7]). Let G be a finitely generated pro-p group with a filtration {Gn}n∈N
and let H ≤c G be a closed subgroup. Then

hdim{Gn}(H) = lim inf
n→∞

logp |HGn/Gn|
logp |G/Gn|

= lim inf
n→∞

logp |H : H ∩Gn|
logp |G/Gn|

.

Observe the similarity with the finite case. The finite quotients G/Gn give ap-
proximations of the group G, which are better as n increases. In the formula above,
we project H in these finite quotients and compute its relative size inside them, which
is the quotient logp |HGn/Gn|. Finally, we take the logp |G/Gn| limit when n → ∞
to see the asymptotic behaviour of these numbers (the lim inf is necessary since the
limit need not exist).

Note that the Hausdorff dimension of a closed subgroup of G depends on the fil-
tration {Gn} used to define the metric of G, and there are examples showing that
this is so (see [7], Example 2.5). In any case, there is usually a natural choice for the
system of neighbourhoods of the identity. For example, for a general finitely gener-
ated pro-p group, we can take Gn = Gpn whereas in the case of free pro-p groups we
would generally consider the dimension subgroups Dn (see Chapter 11 in [8]).

For a finitely generated pro-p group G and any word w in k variables, we want
to measure somehow the sizes of the closed sets Sw(1) with respect to some filtration
{Gn}n∈N of G. Using what we learnt about the Hausdorff dimension, we define the
dimension of a closed set H of a finitely generated pro-p group G with a filtration
{Gn}, as follows:

Dim{Gn}(H) = lim inf
n→∞

logp |Hπn|
logp |Gπn|

= lim inf
n→∞

logp |HGn/Gn|
logp |G/Gn|

6



Chapter 0. Preliminaries

= lim inf
n→∞

logp |H : H ∩Gn|
logp |G/Gn|

, (0.3)

where Xπn is the image of X under the natural quotient map πn : G → G/Gn for
any X ⊆ G. Similarly, for any subset Y of G(k), Y

π
(k)
n

is the image of Y under π(k)
n .

A natural way to define a filtration in G(k) is by {G(k)
n }. Hence, for any word w in k

variables and G a finitely generated pro-p group with the filtration {Gn}, we define

Dim{Gn} Sw(1) = lim inf
n→∞

logp |Sw(1)
π
(k)
n
|

logp |G
(k)

π
(k)
n

|
= lim inf

n→∞

logp |Sw(1)G
(k)
n /G

(k)
n |

logp |(G/Gn)(k)|

= lim inf
n→∞

logp |Sw(1) : Sw(1) ∩G(k)
n |

logp |(G/Gn)(k)|
. (0.4)

Considering the natural filtration Gn = Gpn = 〈xpn : x ∈ G〉 for a finitely generated
pro-p group G, we will study whether

Dim{Gn} Sw(1) ≥ k − 1/k

holds.
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Chapter 1

Introduction

The number of solutions of equations over finite fields has been an important problem
in number theory since Gauss. Since then it has been studied particularly intensively
in the 20th century, the proof of the Weil conjectures being a highlight. This project
intends to be a beginning of such a study in a non-commutative setting. The point of
restricting to p-groups is that these are ‘close to commutative’, and so one may hope
for analogues of more classical results.

In Chapter 1 we will introduce some background on word fibres in finite group
theory. For a group we can ask what happens when we multiply elements together.
If we want to make this sound more like mathematics, we can rephrase it as a series
of questions about verbal mappings. Let Fk be the free group on x1, . . . , xk. Then for
a word w ∈ Fk some will want to describe the fibres and the image of the correspond-
ing verbal mapping f = fw; others will want to know how big they are. Both kinds
of question are easily answered when f happens to be a homomorphism (the group
theorist’s comfort zone). However, verbal mappings are not usually homomorphisms,
unless G is an abelian group.

Given a group G, the focus here will be to study the fibres Sw(g), for g ∈ Gw.
If G is abelian, fw : G(k) → G is a homomorphism and hence each non-empty fibre
Sw(g) is a coset of the kernel Sw(1). Using (0.2), for a finite abelian group G and any
g ∈ Gw, Nw(g) ≥ |G|k/|G| = |G|k−1. This can be expressed in a more invariant way
by using the function Pw. In the case of a finite abelian group G and any g ∈ Gw,

9



then we have that Pw(g) ≥ 1/|G|, and for all the elements g ∈ Gw,

Pw(g) = |Sw(1)|/|G|k;

i.e. they have the same probability that a random tuble satisfies w(g1, . . . , gk) = g.

The probabilities Pw(1) have been studied in the literature mainly for a fixed word
w and moving G, a strong result in this direction being that of Dixon, Pyber, Seress
and Shalev in [9] who proved that for any non-trivial word w ∈ F∞, Pw(1) tends to 0

with the order of the group, assuming that G is a non-abelian simple group. In the
other direction, by fixing a group G and letting w range over all words, Amit showed
in [10] that if G is a finite nilpotent group, there exists a constant c > 0 depending
only on G such that for all w ∈ F∞, Pw(1) > c. He also conjectured that the same
holds for finite solvable groups and for nilpotent groups he conjectured the following:

Conjecture 1. Let G be a finite nilpotent group. Then for any w in k variables,

Nw(1) ≥ |G|k−1; (1.1)

or equivalently,
Pw(1) ≥ 1/|G|. (1.2)

He also asked if in turn, for a non-solvable finite group G, Pw(1) could be made
arbitrarily small for a suitable w ∈ F∞. Abért gave a positive answer to the last ques-
tion in [11] showing something stronger; that if G is a finite just non-solvable group;
i.e. every proper quotient of G is solvable but G itself is not, the set {Pw(1) |w ∈ F∞}
is dense in [0, 1]. On the other hand, Nikolov and Segal gave in [12] a characterization
of finite solvable and nilpotent groups in terms of these probabilities:

Theorem 5 ([12]). Let G be a finite group and let ε(G) = p−|G| where p is the largest
prime dividing |G|.

(i) G is solvable if and only if infw Pw(1) > ε(G), when w ranges over all words in
F∞.

(ii) G is nilpotent if and only if infw,g Pw(g) > ε(G), when w ranges over all words
in F∞ and g ∈ Gw.

10



Chapter 1. Introduction

However, this bound ε(G) is far from what Amit conjectured for nilpotent groups.
Their approach was to interpret the verbal mapping fw as a polynomial mapping over
a finite field. The ‘co-ordinatization’ used to achieve this is quite crude and probably
loses a lot of information.

For example note that if G is non-nilpotent and γk = [. . . [[[x1, x2], x3], x4], . . . , xk]

is the left-normed repeated commutator, then γk(G) 6= 1 for every k. Hence for each
k there exists some non-trivial hk ∈ Gγk . Since γk(g1, . . . , gk) = 1 if gi = 1 for some
i, then

1

|G|k
≤ Pγk(hk) ≤

(|G| − 1)k

|G|k
−→
k−→∞

0. (1.3)

Thus in the non-nilpotent case, Pw(h) takes arbitrarily small positive values as w
varies over all words.

In Chapters 2-5 we want to show some positive results towards Amit’s conjecture.
Amit conjectured that Nw(1) ≥ |G|k−1 for any finite nilpotent group G and any word
w in k variables. We will use character theoretical arguments and general group the-
oretical arguments to tackle this problem in the case of p-groups of nilpotency class 2.
We could expect that these groups, being so close to commutative, may behave not so
differently to abelian groups when analysing word fibres; and they do. In this setting,
we will consider the same question for general fibres and using basic linear algebra,
we will give some positive results towards proving Amit’s bound for the general fibres
for p-groups of nilpotency class 2.

Hence we start by proving the following theorem:

Theorem A. Let G be a finite group of nilpotency class 2 and let w ∈ Fk. Then
Nw(1) ≥ |G|k−1.

This result was independently proved by Levy in [1] using a similar procedure,
although our approach to the concept of word equivalence is different.

To begin with, in Chapter 2 we will be looking for a set of representatives for
words in this class of groups. For convenience, we will consider a word in the variables
x1, . . . , xk as an element in Fk, the free pro-p group of nilpotency class 2. Thus, if

11



w ∈ Fk is a word, it can be represented in a unique way as

w = xz11 · · · x
zk
k

∏
1≤i<j≤k

[xi, xj]
zij ,

where the exponents zl, zij are p-adic integers. Two words w,w′ ∈ Fk will be equivalent
if they belong to the same orbit under the action of the automorphism group of Fk
and hence our next goal will be to find a set of representatives of the equivalence
classes of words:

Theorem B. The following words are a system of representatives of the action of
AutFk on Fk:

[x1, x2]p
s1 [x3, x4]p

s2 · · · [x2r−1, x2r]
psr , 0 ≤ 2r ≤ k, 0 ≤ s1 ≤ · · · ≤ sr, (1.4)

xp
s1

1 [x1, x2]p
s2 [x2, x3]p

s3 · · · [xr−1, xr]
psr , 1 ≤ r ≤ k, 0 ≤ s1, 0 ≤ s2 ≤ · · · ≤ sr. (1.5)

Since a finite nilpotent group is a direct product of its Sylow subgroups, it will
suffice to show Theorem A for finite p-groups of nilpotency class 2 and any prime p.
This is done in Theorem 10 using Theorem B strongly.

In Chapter 3 we study the functions Nw for the class of groups of nilpotency class
2. These results will lead to the conclusion that proving Amit’s conjecture for this
class of groups shouldn’t have been surprising. We will start by showing the following
theorem:

Theorem C. Let G be a finite group of nilpotency class 2 and let w be a word in k
variables. Then Nw is a generalized character of G.

Recall that the class function Nw is a generalized character if Nχ
w ∈ Z for any

χ ∈ Irr(G) where for any g ∈ G,

Nw(g) =
∑

χ∈Irr(G)

Nχ
w · χ(g),

and Nχ
w = (Nw, χ) is the inner product. If Nχ

w ∈ N, we say Nw is a character and
it is not hard to show that this is a sufficient condition to obtain Amit’s bound,

12



Chapter 1. Introduction

Nw(1) ≥ |G|k−1. As a consequence, if Nw is a character,

Nw(1) ≥ Nw(g) (1.6)

for any g ∈ G. Conversely, if there exists some element g ∈ G such that Nw(g) >

Nw(1), then Nw is not a character. In this direction, we prove the following result:

Theorem D. Let G be a finite p-group of nilpotency class 2 such that p is odd and
let w is a word in k variables. Then Nw is a character of G.

In particular we obtain an improvement of Theorem A, namely, Nw(1) ≥ |G|k/|Gw|.

For 2-groups, there are easy examples where Nx2 fails to be a character one of
them being the quaternion group Q8 of order 8. Note that G = Q8, Gx2 = {1, z}
where z is the unique involution. We note that Nx2,G(1) = 2 whereas Nx2,G(z) = 6

showing that Nw is not a character. Generalising what happens with the quaternion
group, we actually characterize group-theoretically when this happens for the power
words w = xn (always within the class of 2-groups of nilpotency class 2). This tech-
nical section was done with the collaboration of J. Sangroniz.

In Section 0.3, we introduce the concept of central product T ∗ H with amalga-
mated Z(T ) for 2-groups T and H with cyclic center and |Z(T )| ≤ |Z(H)|. Using
this construction, we prove the following theorem:

Theorem E. Let G be a finite 2-group of nilpotency class 2. Then Nx2r is a character
of G if and only if G has no epimorphic image isomorphic to D23r1 ∗ · · · ∗D23rn ∗Q23r ,
0 ≤ n, r1 ≤ . . . ≤ rn ≤ r where

D23r = 〈x, y, z |x2r = y2r = z2r = 1, [x, z] = [y, z] = 1, [x, y] = z〉,

Q23r = 〈x, y, z |x2r = y2r = z2r−1

, z2r = 1, [x, z] = [y, z] = 1, [x, y] = z〉.

We call D23r the quasi-dihedral group of order 23r and note that it can be con-
structed as D23r = 〈x, z〉 o 〈y〉 where 〈x, z〉 ∼= C2r × C2r , 〈y〉 ∼= C2r (Cn denotes a
cyclic group of order n) and xy = xz and zy = z. That is, D23r is isomorphic to the
Heisenberg group over Z/2rZ; i.e. the set of 3× 3 upper unitriangular matrices with
elements in Z/2rZ. On the other hand, we call Q23r the quasi-quaternion group of or-
der 23r and can be constructed as 〈x, z〉o〈y〉/〈(x2z−1)2r−1〉 where 〈x, z〉 ∼= C2r+1×C2r ,
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〈y〉 ∼= C2r and xy = xz and zy = z. One can check that, Q23r = 〈x, y, z〉 can be seen
as a finite quotient of the pro-2 group GL4(Z/2rZ) generated by the matrices

x =



1 0 1 0

0 1 0 0

0 0 1 1

0 0 0 1


y =



1 1 1 1

0 1 0 1

0 0 1 0

0 0 0 1


z =



1 0 0 −1

0 1 0 0

0 0 1 0

0 0 0 1


.

In Chapter 4, after proving that Nw are characters for p-groups G of nilpotency
class 2, we briefly consider the conjecture Nw(g) ≥ |G|k−1 for any words w in k

variables and g ∈ Gw for this class of groups. This problem is much harder than
the case g = 1 and only some partial results have been obtained. For instance if we
consider the word wk = [x1, y1] · · · [xk, yk], the disjoint product of k commutators, we
obtain the following result. Recall first that for a finite p-group, the Frattini subgroup
of G is defined as Φ(G) = Gp[G,G] and it is the set of non-generating elements of G.
We will write Z(G) for the center of G.

Theorem F. Let G be a d-generated p-group with Φ(G) ≤ Z(G) and |G′| = pd(d−1)/2.
Then for any g ∈ Gwk

, Nwk
(g) ≥ |G|2k−1.

As a corollary, we confirm the conjecture of the general fibres if G is a free nilpo-
tent p-group of nilpotency class 2 and exponent p. In the same chapter, we also give
some other bounds for Nw(g) in this class of groups.

In Chapter 5, we will consider p-groups of nilpotency class higher than 2. By
giving some examples, we will show that in general Nw will not be a generalized
character for an arbitrary word w. To start with, for odd primes p we construct the
smallest p-groups for which Nxp,G fails to be a character. Recall that in the case of
p = 2, Q8 is the smallest group satisfying that Nx2 is not a character.

Let p any odd prime now. If G is regular, then Nxp is the regular character of
G/Gp. Consequently, in order to find groups for which Nxp is not a character, we
need to consider non-regular p-groups of order at least pp+1. We construct next a
non-regular p-group G of minimal order; that is, of order pp+1, for which Nxp is not a
character. Note that a non-regular p-group of minimal order has nilpotency class p.
See Section 0.2 for more details on regular groups.
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Chapter 1. Introduction

Proposition G. For any odd prime p, Nxp is not a character of

G = 〈g1, . . . , gp−1〉o 〈gp〉/〈gpp−1g
−p
p 〉

where 〈g1, . . . , gp−1〉 ∼= Cp×· · ·×Cp×Cp2, 〈gp〉 ∼= Cp2 and ggpi = gigi+1, 1 ≤ i < p−2,
g
gp
p−2 = gp−2g

p
p−1 and ggpp−1 = gp−1g

−1
1 .

First note that |G| = pp+1. Checking that |G : Ω(G)| 6= |f(G)|, we show
that G is non-regular and at the same time, we prove that Nxp(1) = pp−1, whereas
Nxp(z) = pp + pp−1 for any non-trivial element z ∈ Z(G) = Gxp = 〈gpp〉.

For words w in more than one variable, there are examples of groups G and
words w where Nw,G is not a generalized character, even among nilpotent groups.
We will discuss such examples below in Proposition H. As for non-solvable examples
one can take G = PSL2(11) and the 2-Engel word w = [x, y, y] (see [13] for another
choice of w). Using the computing system [14] one can check that the coefficients Nχ

w

for the two irreducible characters χ of degree 12 are 305± 23
√

5. More examples can
be obtained using the following result by A. Lubotzky [15]: if G is a simple group
and 1 ∈ A ⊆ G is a subset invariant under the group of automorphisms of G, then
A = Gw for some word w in two variables. Notice that if A contains an element a such
that ai /∈ A, for some i coprime with the order of a, then Nw(ai) = 0 but Nw(a) 6= 0,
something that cannot happen if Nw is a generalized character (see Corollary 13).
This proof, while effective, does not give a useful description to build such a word w.

We will also see the connection to P. Hall’s conjecture on conciseness here. A
word w is called concise if whenever Gw is finite, it always follows that the verbal
subgroup w(G) is finite. P. Hall asked whether every word is concise:

Question 1 (P.Hall). Let G be a group and w a word in Fk. If |Gw| < ∞, is
|w(G)| <∞?

S. Ivanov [16] answered this question for arbitrary groups in the negative. He
constructed a group H and a word w(x, y) ∈ F2 such that w(H) is infinite cyclic, but
w(x, y) has only one non-trivial value in H. Ivanov’s example is not residually finite.
It is still an open problem whether every word is concise in the class of residually
finite groups. Recall that G is a residually finite group if for any g ∈ G there exists a
homomorphism f from G to a finite group H such that f(g) 6= 1. Examples of groups
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that are residually finite are finite groups, free groups and finitely generated nilpotent
groups. Subgroups of residually finite groups are residually finite, and direct prod-
ucts of residually finite groups are residually finite. Any inverse limit of residually
finite groups is residually finite. In particular, all profinite groups are residually finite.

Recall that a word w is rational if for any g ∈ G, Nw(g) = Nw(ge) for every finite
group G and for every e relatively prime to |G|. Note that this means that Nw is a
generalized character for any finite group G (see Corollary 13). We say the word w is
weakly rational if and only if for every finite group G and for every integer e relatively
prime to |G|, the set Gw is closed under e-th powers. Clearly rational implies weakly
rational. It is observed in [17] that if w is a weakly-rational word and G is a residually
finite group in which w has at most m values, then the order of w(G) is m-bounded;
i.e. w is concise in the class of residually finite groups.

Recall that pro-p groups are residually finite. If we assume that for any finite
p-group and any word w the class function Nw is a generalised character, this would
imply that any word is concise in the family of pro-p groups. Since this is unexpected,
looking for finite p-groups for which Nw is not a generalised character makes sense.

Some examples of p-groups where Nw is not a generalized character are provided
by the free p-groups of nilpotency class 4 and exponent p and settles in the negative
a question of Parzanchevski [18] who asked whether the functions Nw were always
generalized characters for solvable or nilpotent groups.

Proposition H. Let G be the rank 2 free p-group of nilpotency class 4, exponent p
with p > 2 and p ≡ 1 (mod 4) and let w = [x, y, x, y]. Then Nw is not a generalized
character of G.

In Chapter 6 we will move to study fibres in pro-p groups. We want to study a
similar conjecture to Amit’s in this setting. If we wanted to deduce something about
the finite p-groups, a good approach could be to try to understand the fibres in the
inverse limit of p-groups; i.e pro-p groups. Or putting some hypothesis in the pro-p
case, we would like to know how much we could deduce about the finite images. In
order to state a similar conjecture to Amit’s, we need a new ‘tool’ to measure the
fibres and we will use a dimension (0.3) introduced in the Section 0.5. Hence we will
study the following the question:
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Chapter 1. Introduction

Question 2. Let G be a finitely generated pro-p group with the filtration {Gn} = {Gpn}n∈N
and let w be a word in k variables. Is

Dim{Gn} Sw(1) ≥ k − 1

k
?

We will show that if G is a free pro-p group of finite rank this will not hold in
general:

Theorem I. Let L be the d-generated free pro-p group with d ≥ 2, with a filtration
{Ln} given by the dimension subgroups of L and consider the word wk =

∏
1≤i≤k[xi, yi]

for some k ≥ 1. Then
Dim{Ln} Swk

(1) ≤ 1/2.

Hence we get counter examples for Question 2 when G is a free pro-p group of
finite rank.

A more interesting situation will be when G is a compact p-adic analytic group.
We will only make an introduction on this area by underlining the requirements to get
a positive answer to Question 2 in this setting. We believe this will be an interesting
area to continue to do research on that will require to learn about other topics such
as the resolution of singularities in the p-adic setting.
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Chapter 2

Words in p-groups of nilpotency

class 2

2.1 Introduction

As a first approach to study Amit’s Conjecture 1 on finite nilpotent groups, we will
consider finite groups of nilpotency class 2 since they are close to being abelian. If
Conjecture 1 holds for two groups G1 and G2, then it holds for their direct prod-
uct G = G1 × G2 since the word equations can be solved componentwise. Let
g = (g1, ..., gk) be a k-tuple in G. Then g = a · h where a = (a1, ..., ak) and
h = (h1, ..., hk) are k-tuples in G1 and G2, respectively. Therefore it is clear that
w(g) = w(a) ·w(h). Hence Nw,G(1) = Nw,G1(1) ·Nw,G2(1) and the result follows since
|G| = |G1| · |G2|. Consequently, since any nilpotent group is the direct product of
its Sylow subgroups, it reduces to show that Amit’s conjecture holds for any finite
p-group; in this case of nilpotency class 2.

The next section will be devoted to proving that for any finite p-group G of
nilpotency class 2 and any word w in k variables, Nw(1) ≥ |G|k−1 holds. Consequently,
with the remark above, we obtain the main result.

Theorem A. Let G be a finite group of nilpotency class 2 and let w be any word in
k variables. Then Nw(1) ≥ |G|k−1.
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2.2. Word representatives in pro-p groups of nilpotency class 2

2.2 Word representatives in pro-p groups of nilpo-

tency class 2

The objects of interest in this section will be the words in the class of p-groups of
nilpotency class 2. For convenience, we will consider a word in the variables x1, . . . , xk

as an element in the free pro-p group of nilpotency class 2 on the variables x1, . . . , xk,
Fk. Thus, any word w in k variables can be represented in a unique way as

w = xz11 · · · x
zk
k ·

∏
1≤i<j≤k

[xi, xj]
zij ,

where the exponents zl, zij are p-adic integers. Of course, if G is a finite p-group (or
pro-p group) of nilpotency class 2 and (g1, . . . , gk) ∈ G(k), it makes sense to evalu-
ate w on g1, . . . , gk by applying the homomorphism π : Fk → G given by xi → gi.
As in the preliminaries, we denote this element w(g1, . . . , gk) and define the function
Nw = Nw,G by (0.2).

If σ is an automorphism of Fk, σ is determined by the images of the generators
x1, . . . , xk, which we denote w1, . . . , wk. Then the image of w ∈ Fk is the word
w(w1, . . . , wk), the result of evaluating w on w1, . . . , wk. Since σ is an automorphism,
there exist (w′1, . . . , w

′
k) ∈ F

(k)
k such that w′i(w1, . . . , wk) = xi, for 1 ≤ i ≤ k, such

that the inverse automorphism is given by xi 7→ wi. If G is a finite p-group (or pro-p
group) of nilpotency class 2, we can define the map φ : G(k) → G(k) by φ(g1, . . . , gk) =

(w1(g1, . . . , gk), . . . , wk(g1, . . . , gk)) and it is clear that this map is a bijection with
the inverse map given by (g1, . . . , gk) 7→ (w′1(g1, . . . , gk), . . . , w

′
k(g1, . . . , gk)). If w′ =

w(w1, . . . , wk), it is clear that w′(g1, . . . , gk) = g if and only if w(φ(g1, . . . , gk)) = g,
thus φ is a bijection between the solutions of w′ = g and w = g and in particular,
Nw,G = Nw′,G.

Definition 6. We will say that two words w,w′ ∈ Fk are equivalent if they belong
to the same orbit under the action of the automorphism group of Fk.

Therefore we obtain the following result.

Proposition 7. If w,w′ ∈ Fk are equivalent words, Nw,G = Nw′,G for any finite
p-group G of nilpotency class 2.
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Chapter 2. Words in p-groups of nilpotency class 2

Hence our next goal is to find a set of representatives of the equivalence classes of
words. The following results are well-known folklore. However, we could not find a
specific reference for them and decided it was worth writing down some details.

Lemma 8. Let Fk be the free pro-p group of nilpotency class 2 on the variables
x1, . . . , xk. Then, there are natural homomorphisms

Aut(Fk) � Aut(Fk/F
′
k)
∼= GLk(Zp)→ Aut(F ′k) (2.1)

where the composite map is the restriction.

Proof. Since F ′k is a characterisctic subgroup of Fk, any α ∈ Aut(Fk) restricts to an
automorphism in F ′k. But since F ′k ⊆ Z(Fk), this restriction factorises through Fk/F ′k
and Aut(Fk/F

′
k)
∼= GLk(Zp).

Let α ∈ Aut(Fk). Then α is determined by the images of the generators x̄1, . . . , x̄k:

ᾱ : Fk/F
′
k −→ Fk/F

′
k

x̄i −→
∏

1≤j≤k

x̄j
eij (2.2)

for some p-adic integers eij. Consequently, there exists an isomorphism from Aut(Fk/F
′
k)

to GLk(Zp) such that ᾱ is mapped to X = (eij).

It is convenient to identify F ′k with the group of k × k antisymmetric matrices
over Zp, Ak. Noting that F ′k is generated by commutators, for any element w ∈ F ′k,
w =

∏
1≤i<j≤k[xi, xj]

zij 7→ A, where A ∈ Ak has entries zij for 1 ≤ i < j ≤ k. Then,
for X ∈ GLk(Zp), the action of X on Ak is given by A 7→ X tAX and it is coincides
exactly with the restriction of α ∈ Aut(Fk) to Aut(F ′k). To see this,

α([xi, xj]) = [α(xi), α(xj)] =

[ ∏
1≤r≤k

xeirr ,
∏

1≤s≤k

xejss

]
=

∏
1≤r<s≤k

[xr, xs]
eirejs−eisejr .
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2.2. Word representatives in pro-p groups of nilpotency class 2

Consequently, for any element w =
∏

1≤i<j≤k[xi, xj]
zij ∈ F ′k, we obtain that

α(w) =
∏

1≤i<j≤k

α([xi, xj])
zij =

∏
1≤i<j≤k

( ∏
1≤r<s≤k

[xr, xs]
zij(eirejs−eisejr)

)
=

∏
1≤r<s≤k

[xr, xs]
∑

1≤i<j≤k zij(eirejs−eisejr) =
∏

1≤r<s≤k

[xr, xs]
∑

1≤i,j≤k eirzijejs .

By the identification of F ′k with Ak, α(w) corresponds to the matrix A′ such that

A′r,s =
∑

1≤i,j≤k

eirzijejs = (X tAX)r,s, ∀r < s.

Consequently, A′ = X tAX as we wanted to show.

Recall also that the affine subgroups Affk−1(Zp) consist of the matrices
(

1 0
ut X

)
,

u ∈ Z(k−1)
p (t means transposition), X ∈ GLk−1(Zp). The action of X on Ak is

better understood if we interpret A as an alternating bilinear form on the free Zp-
module Z(k)

p . Additionally note that under a change of basis, the matrix A is now
transformed into PAP t, where P is the matrix associated to the change of basis,
writing the coordinates of the vectors in the new basis as rows of P .

Lemma 9. (i) Any orbit of the action of GLk(Zp) on Ak contains a unique diag-
onal block matrix with diagonal non-zero blocks psiH, H = ( 0 1

−1 0 ), 1 ≤ i ≤ r

and 0 ≤ s1 ≤ · · · ≤ sr (0 ≤ r ≤ k/2).

(ii) Any orbit of the action of the affine group Affk−1(Zp) on Ak contains a unique
tridiagonal matrix A′ ( that is, all the entries a′ij of A′ with |i− j| > 1 are zero)
with the non-zero entries above the main diagonal a′i,i+1 = psi, 1 ≤ i ≤ r, and
0 ≤ s1 ≤ s2 ≤ · · · ≤ sr (0 ≤ r < k).

Proof. We consider a basis {e1, . . . , ek} (for instance, the canonical basis) in the free
Zp-module Z(k)

p and the alternating bilinear form (, ) defined by the matrix A with re-
spect to this basis. There is nothing to prove if A is a zero matrix, so we can suppose
that (ei, ej) 6= 0 for some 1 ≤ i < j ≤ k and we can assume that its p-adic valuation
is minimum among the valuations of all the (non-zero) (er, es). After reordering the
basis, we can suppose that i = 1 and j = 2 and moreover, by multiplying e1 or e2 by
a p-adic unit, we can suppose that (e1, e2) = ps1 for some s1 ≥ 0. Notice that any
(non-zero) (u, v) has p-adic valuation greater than or equal to ps1 .
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Chapter 2. Words in p-groups of nilpotency class 2

Now for each i ≥ 3 we set e′i = ei + αie1 + βie2, where αi, βi ∈ Zp are chosen so
that (e′i, e1) = (e′i, e2) = 0. The elements αi, βi exist because the valuation of (e1, e2)

is less than or equal to the valuations of (ei, e2) and (ei, e1). By replacing ei by e′i
we can suppose that 〈e1, e2〉 is orthogonal to 〈e3, . . . , ek〉. Proceeding inductively, we
obtain a basis {e′1, . . . , e′k} such that, for some 0 ≤ r ≤ k/2, the subspaces 〈e′2i−1, e

′
2i〉

are pairwise orthogonal for 1 ≤ i ≤ r, the remaining vectors are in the kernel of the
form and (e′2i−1, e

′
2i) = psi , 1 ≤ i ≤ r, with 0 ≤ s1 ≤ . . . ≤ sr. It is clear that with

respect to this new basis the matrix associated to the form ( , ) has the desired form.

To prove uniqueness suppose that A and A′ are diagonal block matrices with
(non-zero) diagonal blocks ps1H, . . . , psrH, 0 ≤ s1 ≤ . . . ≤ sr, and ps

′
1H, . . . , ps

′
tH,

0 ≤ s1 ≤ . . . ≤ st, respectively, and A′ = X tAX for someX ∈ GLk(Zp). The matrices
A,A′ and X can be viewed as endomorphisms of the abelian groups Rn = (Z/pnZ)(k),
n ≥ 1. Since X defines in fact an automorphism of Rn the image subgroups of A
and A′ (as endomorphisms of Rn) have the same order. For A this order is p2s,
where s =

∑
si≤n(n − si), and similarly for A′. We conclude that, for any n ≥ 1,∑

si≤n(n − si) =
∑

s′i≤n
(n − s′i), whence r = t and si = s′i for all 1 ≤ i ≤ r; that is,

A = A′.

For the existence part in (ii) we have to show that, given an alternating form
( , ) on Z(k)

p and a basis {e1, . . . , ek}, there exists another basis {e′1, . . . , e′k} such that
e′1 ∈ e1 + 〈e2, . . . , ek〉, 〈e′2, . . . , e′k〉 = 〈e2, . . . , ek〉 and (e′i, e

′
j) = 0 for |i − j| > 1,

(ei, ei+1) = psi , 0 ≤ s1 ≤ . . . ≤ sr, (ei, ei+1) = 0, r < i < k. We can suppose that
(, ) is not the trivial form and then consider the minimum valuation s1 of all the
(non-zero) (ei, ej). If this minimum is attained for some (e1, ej) we interchange e2

and ej. Otherwise this minimum is attained for some (ei, ej), 2 ≤ i < j ≤ k and
(e1 + ei, ej) still has valuation s1 (because the valuation of (e1, ej) is strictly greater
than s1). By replacing e1 by e1 + ei, interchanging e2 and ej , and adjusting units,
we can suppose that (e1, e2) = ps1 . Now we can replace ei, i ≥ 3, by e′i = ei + αie2,
where αi is chosen so that (e1, e

′
i) = 0. Thus we can assume (e1, ei) = 0 for i ≥ 3.

Now we iterate the procedure with the basis elements e2, . . . , ek.

We prove uniqueness with a similar counting argument as in (i) but by considering
the order of the images of the subgroup of Rn, Sn = {0}×(Z/pnZ)(k−1). So we assume
that A′ = X tAX with A and A′ as in (ii) and X ∈ Affk−1(Zp). Notice that, as an
automorphism of Rn, X fixes Sn, so the images of Sn by A and A′ must have the
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2.2. Word representatives in pro-p groups of nilpotency class 2

same order. These orders are ps and ps′ , where s =
∑

si≤n(n − si) and similarly for
s′, so s = s′ and, since this must happen for any n ≥ 1, it follows that si = s′i for all
i; that is, A = A′.

Theorem B. The following words are a system of representatives of the action of
AutFk on Fk:

[x1, x2]p
s1 · · · [x2r−1, x2r]

psr , 2r ≤ k, 0 ≤ s1 ≤ . . . ≤ sr, (2.3)

xp
s1

1 [x1, x2]p
s2 [x2, x3]p

s3 · · · [xr−1, xr]
psr , 1 ≤ r ≤ k, 0 ≤ s1, 0 ≤ s2 ≤ . . . ≤ sr. (2.4)

Proof. As explained in Lemma 8, the action of AutFk on F ′k can be suitably identi-
fied with the action of GLk(Zp) on Ak, thus it follows directly from part (i) of the
previous lemma that the words (2.3) are representatives for the orbits contained in F ′k.

Now suppose w ∈ Fk\F ′k. Then w = (xz11 · · ·x
zk
k )p

s1
∏

1≤i<j≤k[xi, xj]
zij , where

s1 ≥ 0 and some zi is a p-adic unit. After applying the inverse of the automorphism
x1 7→ xz11 · · ·x

zk
k , xi 7→ x1, xj 7→ xj, for j 6= 1, i, we can assume that xz11 · · ·x

zk
k = x1.

Now we consider the action of the stabilizer of x1, Autx1 Fk. The image of this
subgroup by the first map in (2.1) is Affk−1(Zp), so we can identify the action of
Autx1 Fk on F ′k with the action of Affk−1(Zp) on Ak. If follows from Lemma 9 (ii)

that w is equivalent to a word in (2.4). Notice also that if w′ = σ(w) for two of
these words w and w′ and some σ ∈ AutFk, it would follow by passing to Fk/F ′k
that σ(x̄1)p

s1 = x̄1
ps
′
1 . Since σ induces automorphisms of (Fk/F

′
k)
ps and this chain of

subgroups of Fk/F ′k is strictly decreasing, we conclude that s1 = s′1. But Fk/F ′k is
torsion-free, so σ fixes x̄1, that is, σ(x1) = x1z for some z ∈ F ′k. Composing σ with
the automorphism x1 7→ x1z

−1, xi 7→ xi, i ≥ 2, we can suppose that σ ∈ Autx1 Fk.
Thus, the two matrices in Ak associated to xflps1

1 w and xflps1
1 w′ are in the same orbit

by Affk−1(Zp), and so they coincide by Lemma 9 (ii). We conclude that w = w′.

Theorem 10. Let G be a finite p-group of nilpotency class 2 and w a word in k

variables. Then Nw(1) ≥ |G|k−1.

Proof. We can suppose that w is as in the last theorem. Write k0 = bk/2c and fix
(g2, g4, . . . , g2k0) ∈ G(k0). Then the mapG′×G(k−k0−1) → G′ given by (x1, x3, . . . , x2(k−k0)−1) 7→
w(x1, g2, x3, . . .) is a group homomorphism whose kernel has size at least |G|k−k0−1.
Since there are |G|k0 choices for (g2, g4, . . . , g2k0), we get at least |G|k−1 solutions to
the equation w(x1, . . . , xk) = 1.
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Chapter 3

The functions Nw from a

character-theoretical point of view

3.1 Nw is a generalized character

In this section, unless otherwise stated, we consider an arbitrary finite group G and a
word w that is thought now as an element in the free group with, say, free generators
x1, . . . , xk. Note Nw = Nw,G is a (non-negative) integer valued class function since
it is constant on the conjugacy classes. The set of complex irreducible characters of
G, Irr(G); is an orthonormal basis for the vector space of the complex class functions
and Nw can be written as a linear combination of the irreducible characters of G:

Nw =
∑

χ∈Irr(G)

Nχ
wχ, (3.1)

where

Nχ
w = (Nw, χ) =

1

|G|
∑
g∈G

Nw(g)χ(g) =
1

|G|
∑

(g1,...,gk)∈G(k)

χ
(
w(g1, . . . , gk)

)
(3.2)

are unique for any χ ∈ Irr(G). Note that for the trivial character 1G of G and for any
word w,

N1G
w =

1

|G|
∑
g∈G

Nw(g)1G(g) =
1

|G|
∑
g∈G

Nw(g) = |G|k−1. (3.3)

25



3.1. Nw is a generalized character

If Nχ
w ∈ N (resp. Nχ

w ∈ Z) for all χ ∈ Irr(G), then Nw is a character (or
generalized character) in G. In this section we first give a characterization for Nw to
be a generalized character. (We have already used before that a necessary condition
is that Nw(g) = Nw(gi) for any i coprime with the order of g and we are going to
see that this condition is in fact sufficient). The proof is standard once we know that
the coefficients Nχ

w are algebraic integers. To prove this, Amit and Vishne point out
in [19] that one can use the arguments of Stanley in [20] and build on the result of
Solomon which says that Nw(g) is always a multiple of |CG(g)| (see [21]):

Proposition 11 ([20]). Let G be a finite group and w ∈ Fk, k > 1. Then Nψ
w is an

algebraic integer for any ψ ∈ Irr(G); more specifically, Nψ
w ∈ Z[ξ] where ξ is a |G|-th

primitive root of unity.

Proof. Let {h1, . . . , hs} be a set of representatives for the conjugacy classes Ci in G.
For each Ci, we will denote by χCi

the characteristic function of Ci; that is, χCi
(g) = 1

if g ∈ Ci and χCi
(g) = 0 otherwise. By Solomon in [21], we have |Ci|

|G|Nw(hi) ∈ N.
Hence note that Nw is an integral combination of χCi

and so, using the orthogonality
relations,

Nw(g) =
s∑
i=1

Nw(hi)χCi
(g) =

s∑
i=1

|Ci|
|G|

Nw(hi)

(
|G|
|Ci|

χCi
(g)

)
=

s∑
i=1

|Ci|
|G|

Nw(hi)

( ∑
ψ∈Irr(G)

ψ(hi) · ψ(g)

)

=
∑

ψ∈Irr(G)

( s∑
i=1

|Ci|
|G|

Nw(hi) · ψ(hi)

)
ψ(g),

where Nψ
w =

∑s
i=1

|Ci|
|G|Nw(hi) · ψ(hi) ∈ Z[ξ] as we wanted.

The following well-known lemma wich can be found in [19] characterizes when the
coefficients for a rational valued class-function are rational:

Lemma 12. Let f be a rational-valued class function of a group G. Then f is a
Q-linear combination of irreducible characters if and only if f(g) = f(gi) for any
g ∈ G and i coprime to the order of G.

Proof. Write f =
∑

χ∈Irr(G) aχχ with aχ ∈ Q, and σ is an automorphism of the
cyclotomic extension of Q(ξ)/Q sending ξ 7→ ξi, where ξ is a primitive |G|-th root of
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Chapter 3. The functions Nw from a character-theoretical point of view

unity. Besides, for every g ∈ G, there exists a representation of G affording χ which
is diagonalizable with eigenvalues that are powers of ξ (see [22]). Hence,

χ(g) =

χ(1)∑
j=1

ξij ;

and we have,

f(g) = f(g)σ =
∑

χ∈Irr(G)

aχχ
σ(g) =

∑
χ∈Irr(G)

aχχ(gi) = f(gi).

Conversely, if f(g) = f(gi),

f(g) = f(g)σ
−1

= f(gi)σ
−1

= (
∑

χ∈Irr(G)

aχχ(gi))σ
−1

=
∑

χ∈Irr(G)

aσ
−1

χ χ(g).

Since the irreducible characters form a basis for the space of class functions, we
conclude that aχ = aσ

−1

χ for any automorphism σ, so aχ ∈ Q.

Using the previous lemma and that Nχ
w are algebraic integers, we see that the

necessary condition for being a generalized character is actually sufficient:

Corollary 13. Let G be a group and w a word. Then Nw = Nw,G is a generalized
character of G if and only if Nw(g) = Nw(gi) for any g ∈ G and i coprime with the
order of G.

Hence we are ready to prove the main result of this section:

Theorem C. Let G be a finite group of nilpotency class 2 and w a word. Then Nw

is a generalized character of G.

Proof. By Proposition B we can suppose that w has the form (2.3) or (2.4). Without
loss of generality G is a finite p-group. Now we observe that, if i is coprime to p, the
map (g1, g2, . . . , gk) 7→ (gi1, g2, g

i
3, . . .) is a bijection from the set of solutions of w = g

to the set of solutions of w = gi, so in particular Nw(g) = Nw(gi) and the result
follows using the previous lemma.

27



3.2. The functions Nw for odd p-groups of nilpotency class 2

3.2 The functions Nw for odd p-groups of nilpotency

class 2

Now that we have proved that Nw is a generalized character for p-groups of nilpotency
class 2, a natural question to study is whether the function Nw is a character.

Lemma 14. Let G be a finite group and w a word in k variables for which Nw is
a character in G. Then Nw(1) reaches the maximum among all values of Nw and
besides, Nw(1) ≥ |G|k/|Gw|.

Proof. Using that for any χ ∈ Irr(G), |χ(g)| ≤ χ(1), we obtain

Nw(g) = |Nw(g)| ≤
∑

χ∈Irr(G)

|Nχ
w| · |χ(g)| ≤

∑
χ∈Irr(G)

Nχ
w χ(1) = Nw(1),

to conclude that Nw(1) reaches the maximum among the values of Nw. Finally,
|G|k =

∑
g∈Gw

Nw(g) ≤ |Gw|Nw(1), and so Nw(1) ≥ |G|k/|Gw|.

We recall briefly that for some words w the functions Nw are known to be char-
acters for any finite group. The study of the numbers Nχ

w goes back to Frobenius
[23] who showed that for any finite group G, Nχ

[x,y] = |G|
χ(1)
∈ N (this is basically [22,

Chapter 3.10]). This classical result due to Frobenius can be extended in various
ways: when w is an admissible word (i.e. a word in which all the variables appear
exactly twice, once with exponent 1 and once with −1) [24]. Or when w = [w′, y],
where y is a variable which does not occur in w′. Before proceeding recall the formula
for the convolution of two class functions f1, f2, defined by

(f1 ∗ f2)(g) =
1

|G|
∑
h∈G

f1(h) · f2(h−1g)

and that for χ ∈ Irr(G),

f1 ∗ χ =
(f1, χ)

χ(1)
· χ. (3.4)

The following results can be deduced from [22]:

Lemma 15. Let G be any finite group and w be a word in k variables and y not
appearing in w. Then N[y,w] is a character in G.
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Chapter 3. The functions Nw from a character-theoretical point of view

Proof. For any g ∈ G,

N[y,w](g) =
∑
h∈G

Nw(h) · ]{a ∈ G : [a, h] = g} =
∑
h∈G

Nw(h) · ]{a ∈ G : h−a = gh−1}

=
∑
h∈G

Nw(h) · |CG(h)| · δgh−1∈ClG(h−1) =
∑
h∈G

Nw(h) ·
∑

χ∈Irr(G)

χ(gh−1) · χ(h−1)

= |G| ·
∑

χ∈Irr(G)

(χ ∗Nwχ)(g) =
∑

χ∈Irr(G)

|G|
χ(1)

(χ,Nwχ) · χ(g);

hence Nχ
[y,w] = |G|

χ(1)
(χ,Nwχ) = |G|

χ(1)

∑
ψ∈Irr(G) N

ψ
w (χ, ψχ) ∈ N since ψχ is a character

again.

Note that N[y,w](g) = N[w,y](g
−1) and so this proves that for the lower central

words γk, Nγk is a character for any finite group G (see [25]).

Lemma 16. If Nw and Nw′ are characters (or generalized characters) for some dis-
joint words w and w′, then so is Nw·w′ and besides Nχ

w·w′ = |G|
χ(1)

Nχ
wN

χ
w′.

Proof. Using (3.4) and the orthogonality relations,

Nw·w′(g) =
∑
h∈G

Nw(h) ·Nw′(h
−1g) =

∑
h∈G

( ∑
χ∈Irr(G)

Nχ
w · χ(h)

)
·
( ∑
ψ∈Irr(G)

Nψ
w′ · ψ(h−1g)

)
= |G|

∑
χ,ψ∈Irr(G)

Nχ
w ·N

ψ
w′ · (χ ∗ ψ)(g) = |G|

∑
χ,ψ∈Irr(G)

Nχ
w ·N

ψ
w′

(χ, ψ)

χ(1)
· χ(g)

=
∑

χ∈Irr(G)

|G|
χ(1)

·Nχ
w ·N

χ
w′ · χ(g),

and hence Nχ
w·w′ = |G|

χ(1)
·Nχ

w ·N
χ
w′ .

A result of Frobenius and Schur (see Chapter 4, [22]) implies that Nχ
xn is a general-

ized character. The simplest example where Nxn is not a character is the word w = x2

for the quaternion groupQ8 = 〈−1, i, j, k | i2 = j2 = k2 = ijk = −1, (−1)2 = 1〉. Con-
sequently, the Frobenius–Schur indicator of χ can be used to describe Nχ

x2 ; that is,
Nχ
x2 = FSχ ∈ {−1, 0, 1}. Note Nχ

x2 = −1 when χ takes real values but is not afforded
by a real representation. In the case of Q8, there is a 2-dimensional complex repre-
sentation satisfying this condition and we get Nx2,Q8

(1) = 2 < 6 = Nx2,Q8
(−1), which

also shows using Lemma 14 that Nx2 is not a character for Q8 since Nx2,Q8
(1) is not

the maximum fibre. Chapter 4 will be devoted to show more examples of words and
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3.2. The functions Nw for odd p-groups of nilpotency class 2

groups for which Nw is not a generalized character either.

In contrast to the previous example, the goal of this section is to show that Nw,G

is a genuine character of a p-group G of nilpotency class 2 when p is odd. We begin
with a general result.

Lemma 17. Let N / G for a finite group G. Consider χ ∈ Irr(G) with N ⊆ Ker(χ)

and w ∈ Fk. Then
Nχ
w,G = |N |k−1N χ̂

w,G/N ,

where χ̂ is the character of G/N defined naturally by χ.

Proof. Nχ
w,G =

1

|G|
∑
g∈G

Nw,G(g)χ(g) =
1

|G|
∑

gN∈G/N

∑
n∈N

Nw,G(gn)χ(gn)

=
|N |
|G|

∑
gN∈G/N

Ñw(gN) χ̂(gN) = (Ñw, χ̂)G/N ,

where Ñw is the average function defined by Ñw(gN) = 1
|N |
∑

n∈N Nw(gn) viewed as a
function on G/N , and hence is it clear that for such a function Ñw = |N |k−1Nw,G/N ,
and so the result follows.

Lemma 18. Let G be a finite p-group of nilpotency class 2 and let χ be a faithful
irreducible character of G. Then χ(1)χ = ηG for some η faithful linear character of
Z(G).

Proof. We recall that a group G with faithful irreducible character χ has cyclic center,
Z = Z(G) = Z(χ). Consider the restriction of χ to Z, χZ . From Lemma 2.27 [22],
χZ = χ(1)η for some faithful linear character in η ∈ Irr(Z). Using the Frobenius
Reciprocity, we know (ηG, χ) = (η, χZ) (see Lemma 5.2 in [22]). Hence, ηG = χ(1)χ.

We introduce a result that will be used in Lemma 20:

Lemma 19. Let ω be a primitive ps-th root of unity. Then

∑
1≤i≤ps
(i,p)=1

ωi =


1 if s = 0

−1 if s = 1

0 if s ≥ 2.
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Chapter 3. The functions Nw from a character-theoretical point of view

Proof. From [26], we deduce that

∑
1≤i≤ps
(i,p)=1

ωi = µ(ps),

where µ is the Möbius function. Since

µ(m) =

 0 if p2|m for some prime p

(−1)s otherwise,

for any m ∈ Z with s prime divisors. the result follows.

Now we can characterize the conditions so that Nχ
w ∈ N for a faithful irreducible

character χ.

Lemma 20. Let G be a finite p-group of nilpotency class 2 and w a word. If χ is
a faithful irreducible character, then Nχ

w ∈ N if and only if Nw(1) ≥ Nw(z), for all
z ∈ Z(G) = Z of order p.

Proof. First note that Z(G) = Z(χ) is cyclic and by Lemma 18, we have χ(1)χ = ηG,
where η is a faithful linear character of Z(χ). Then

Nχ
w =

1

χ(1)
(Nw, η

G) =
1

χ(1)
(Nw|Z , η)Z ∈ Z

Let Z(G) = 〈z1 | zp
r

1 = 1〉. Then z = zp
r−1

1 and using Corollary 13 we have

(Nw|Z , η)Z =
1

|Z|
∑

1≤i≤pr
Nw(zi1)εi =

1

|Z|
∑

1≤j≤r

Nw(zp
j

1 )(
∑

1≤i≤pr−j

(i,p)=1

(εp
j

)i), (3.5)

where ε = η(z1) is a primitive pr-th root of the unity. Notice that the innermost sum
of (3.5) is the sum of all the primitive pr−j-th roots of unity. This is always zero
except in the cases when pr−j = 1 or pr−j = p, in which cases, using Lemma 19, the
sum is 1 or −1, respectively.
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3.2. The functions Nw for odd p-groups of nilpotency class 2

We conclude that

(Nw|Z , η)Z =
1

|Z|
(Nw(1)−Nw(zp

r−1

1 )) =
1

|Z|
(Nw(1)−Nw(z)),

and the result follows.

Using the previous lemma, we characterize when Nw is a character for a finite
p-group of nilpotency class 2.

Proposition 21. Let G be a finite p-group of nilpotency class 2 and w ∈ Fk. Then Nw

is a character if and only if for any (non-trivial) epimorphic image of G, say G1, with
cyclic centre; Nw,G1(1) ≥ Nw,G1(z), where z is any central element of G1 of order p.

Proof. To prove the sufficiency part, let χ ∈ Irr(G), N = Ker(χ) and G1 = G/N . If
χ = 1G, from (3.3) we know N1G

w = |G|k−1 ∈ N. Hence assume χ 6= 1G. By hypothesis
Nw,G1(1) ≥ Nw,G1(z), for all z central elements of G1 of order p. We can view χ as a
faithful character χ̂ of G1 and then Lemma 20 implies that N χ̂

w,G1
∈ N. Using Lemma

17, Nχ
w ∈ N, which means that Nw is a character.

Conversely, suppose that Nw is a character, that is, all the coefficients Nχ
w ∈ N,

and consider an epimorphic image G1 = G/N with cyclic center and a central element
z ∈ G1 of order p. Then G has an irreducible character χ with kernel N that is faithful
when considered as a character χ̂ of G1 (see Theorem 2.32 [22]). Using Lemma 17,
N χ̂
w,G1
∈ N. Then by Lemma 20, Nw,G1(1) ≥ Nw,G1(z) holds.

Theorem D. Let G be a finite p-group of nilpotency class 2, p odd, and let w a word
in k variables. Then Nw is a character of G.

Proof. By the last result, it suffices to show that if G has cyclic center Z and z ∈ Z
has order p, Nw(1) ≥ Nw(z). We can assume that w has the form (2.4) (if w is as in
(2.3), skip the next two paragraphs).

If Zps1 6= 1, we can write z = zp
s1

1 for some z1 ∈ Z and then the map (g1, g2, . . . , gk) 7→
(g1z1, g2, . . . , gk) is a bijection between the sets of solutions of w = 1 and w = z, which
means exactly that Nw(1) = Nw(z).

Now we suppose that Zps1 = 1 and note that, since G has nilpotency class 2 and
p is odd,

(xy)p
s1 = xp

s1yp
s1 [y, x](

ps1

2 ) = xp
s1yp

s1 . (3.6)
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Chapter 3. The functions Nw from a character-theoretical point of view

Therefore if we fix g2, g4, . . . ∈ G, the map (g1, g3 . . .) 7→ w(g1, g2, . . . , gk) is a
group homomorphism φg2,g4,.... Obviously there is a bijection between the kernel of
this homomorphism and the set of solutions of w = 1 with x2i = g2i. As for the
solutions of w = z with x2i = g2i, either this set is empty or else its elements are in
one-to-one correspondence with the elements in a coset of the kernel of φg2,g4,.... In
any case, considering only solutions with x2i = g2i, the number of solutions of w = 1

is greater that or equal to the number of solutions of w = z. Varying g2, g4, . . . , we
conclude Nw(1) ≥ Nw(z), as desired.

3.3 The functions Nxn for p-groups of nilpotency class 2

This technical section was done with the collaboration of J. Sangroniz. Here, we
study the functions Nxn for 2-groups of nilpotency class 2 and characterize when this
function is a character. As we already pointed out in Section 3.2, the function Nx2,Q8

is not a character and in fact for each r ≥ 1 we can define a 2-group Q23r of order 23r,
which is the usual quaternion group Q8 when r = 1, such that Nx2r ,Q23r

is not a
character. We shall see in Theorem E that this group is in some sense involved in G
whenever Nx2

r
,G is not a character. We shall also need to introduce another family

of groups, denoted D23r , that, for r = 1, is the usual dihedral group of order 8.

Definition 22. Let r ≥ 1. We define the quasi dihedral and quasi quaternion group,
D23r and Q23r , as

D23r = 〈x, y, z |x2r = y2r = z2r = 1, [x, z] = [y, z] = 1, [x, y] = z〉, (3.7)

Q23r = 〈x, y, z |x2r = y2r = z2r−1

, z2r = 1, [x, z] = [y, z] = 1, [x, y] = z〉. (3.8)

Note that the quasi-dihedral group D23r of order 23r can be constructed as

D23r = 〈x, z〉o 〈y〉,

where 〈x, z〉 ∼= C2r ×C2r , 〈y〉 ∼= C2r and xy = xz and zy = z. That is, D23r is isomor-
phic to the Heisenberg group over Z/2rZ; i.e. the set of 3 × 3 upper unitriangular
matrices with elements in Z/2rZ. On the other hand, the quasi-quaternion group
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3.3. The functions Nxn for p-groups of nilpotency class 2

Q23r of order 23r can be constructed as

〈x, z〉o 〈y〉/〈(x2z−1)2r−1〉,

where 〈x, z〉 ∼= C2r+1 × C2r , 〈y〉 ∼= C2r and xy = xz and zy = z. One can check
that, Q23r = 〈x, y, z〉 can be seen as a finite quotient of the pro-2 group GL4(Z/2rZ)

generated by the matrices

x =



1 0 1 0

0 1 0 0

0 0 1 1

0 0 0 1


y =



1 1 1 1

0 1 0 1

0 0 1 0

0 0 0 1


z =



1 0 0 −1

0 1 0 0

0 0 1 0

0 0 0 1


.

Proposition 23. If G = D23r or Q23r , then G has order 23r, exponent 2r+1 and
G′ = Z(G) = 〈z〉 is cyclic of order 2r. Moreover, if t = z2r−1 is the central
involution, in the (quasi) dihedral case Nx2r (1) = 3 · 23r−2 and Nx2r (t) = 23r−2,
whereas in the quaternion case the numbers are in reverse order: Nx2r (1) = 23r−2 and
Nx2r (t) = 3 · 23r−2. Consequently, by Lemma 20, Nx2r is not a character of Q23r .

Proof. In both cases, it is not hard to show that G has order 23r, exponent 2r+1 and
G′ = Z(G) = 〈z〉 is cyclic of order 2r. Besides, note Gx2r = {1, t}.

If G = D23r , for any a, b, c ∈ Z/2rZ, (xaybzc)2r = [x, y]ab·(
2r

2 ) = tab·(2
r−1). Conse-

quently, (xaybzc)2r = 1 if and only if a · b ≡ 0 (mod 2) and hence, Nw,G(1) = 23r−2 · 3.
Therefore, Nw,G(t) = 23r−2. If we consider G = Q23r , for any a, b, c ∈ Z/2rZ,
(xaybzc)2r = ta+b[xa, yb](

2r

2 ) = ta+b+ab·(2r−1). Consequently, (xaybzc)2r = 1 if and only
if a, b ≡ 0 (mod 2) . Hence, Nw,G(1) = 23r−2 and therefore, Nw,G(t) = 23r−2 · 3.

If T andH are 2-groups with cyclic center and |Z(T )| ≤ |Z(H)|, we shall denote by
T ∗H the central product of T and H with Z(T ) amalgamated with the corresponding
subgroup of Z(H) following the definition in Section 0.3. We also showed that if all
generators of Z(T ) are in the same orbit under the action of the automorphism
group of T (or if a similar situation holds for H), the group T ∗ H is unique up to
isomorphism. This is exactly what happens if T = D23r or T = Q23r . The main
objective of this section will be to prove the following theorem:
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Theorem E. Let G be a finite 2-group of nilpotency class 2. Then Nx2r is a character
of G if and only if G has no epimorphic image isomorphic to D23r1 ∗ · · · ∗D23rn ∗Q23r ,
n ≥ 0, r1 ≤ . . . ≤ rn ≤ r.

For a p-group G, from Section 0.2 we know that Ωr(G) is the subgroup generated
by elements of order at most pr; that is,

Ωr(G) = 〈x ∈ G | xpr = 1〉. (3.9)

Lemma 24. Let G be a finite 2-group of nilpotency class 2 with cyclic centre Z of
order 2r. Suppose Ωr+1(G)′ = Z. Then G = T ∗H, where T is isomorphic to D23r or
Q23r and H has cyclic center of order 2r.

Proof. Since G has nilpotency class 2, Ωr+1(G)′ is generated by the commutators of
elements of order at most 2r+1 and it is cyclic, because it is contained in Z, which is
cyclic, so it is generated by one of these commutators, say [x, y]. The orders of x and y
have to be 2r or 2r+1 (because [x, y] has order 2r). If both have order 2r it is clear that
T = 〈x, y〉 is isomorphic to D23r and, if both have order 2r+1, is isomorphic to Q23r

(notice that G2r ⊆ Z, so x2r = y2r). On the other hand, if one is of order 2r and the
other of order 2r+1, the product would have order 2r and T is isomorphic to D23r again.

We takeH = CG(T ) and it suffices to check thatG = TCG(T ) (since T ∩ CG(T ) = Z(T )

has order 2r, and so it is the centre of G). Indeed, the conjugacy class of x has order
|[x,G]| = |G′| = |Z| = 2r and the same for y, so

|G : CG(T )| = |G : CG(x) ∩ CG(y)| ≤ |G : CG(x)| · |G : CG(y)| = 22r.

But
|TCG(T ) : CG(T )| = |T : T ∩ CG(T )| = |T : Z(T )| = 22r,

so G = TCG(T ), as claimed.

As it happens with the usual dihedral and quaternion groups (see Lemma 1.3.17
in [5]), we prove the following lemma:

Lemma 25. Let (D1,D2) and (Q1,Q2) be two pairs of quasi dihedral and quasi quater-
nion groups of order 23r, respectively. Then their amalgamated central products D1∗D2

and Q1 ∗ Q2 are isomorphic.
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Proof. Let Q1 = 〈q1, q2, [q1, q2]〉 and Q2 = 〈q3, q4, [q3, q4]〉 be two quasi quaternion
groups of order 23r using the presentation in (3.8). Note that the center of Q1 ∗ Q2

is generated by z = [q1, q2] = [q3, q4]. Let d1 = q1q4, d2 = q1q
−1
3 , d3 = q2q3q4 and

d4 = q−1
1 q−1

2 q−1
3 q−1

4 . Using the relations of Q23r given in (3.8), it follows that d2r
i = 1

for i = 1, 2, 3, 4 and [d1, d2] = [d3, d4] = z 6= 1.

Hence D1 = 〈d1, d2, [d1, d2]〉 and D2 = 〈d3, d4, [d3, d4]〉 are quasi dihedral subgroups
of order 23r in Q1∗Q2, D1∩D2 = 〈z〉, and [D1,D2] = 1. Therefore D1 ∗ D2

∼= Q1 ∗ Q2.

Using this result and iterating Lemma 24, we get the following result.

Proposition 26. Let G be a finite 2-group of nilpotency class 2 with cyclic centre
of order 2r. Then G is isomorphic to a group D23r ∗

n· · · ∗ D23r ∗ H or D23r ∗
n· · · ∗

D23r ∗Q23r ∗H, n ≥ 0, where H has cyclic center of order 2r and Ωr+1(H)′ is properly
contained in the centre of H.

Now suppose that G = T ∗ H where T = D23r or Q23r and H is 2-group of
nilpotency class 2 with cyclic centre of order 2r. For any g ∈ T , g2r = 1 or g2r = t,
where t is the unique central involution. Thus if h ∈ H, (gh)2r = 1 if and only if
g2r = h2r both taking the value 1 or t. Similarly, (gh)2r = t if and only if g2r = 1 and
h2r = t or the other way round. This means that

Nx2r ,G(1) = (Nx2r ,T (1)Nx2r ,H(1) +Nx2r ,T (t)Nx2r ,H(t))/2r,

Nx2r ,G(t) = (Nx2r ,T (1)Nx2r ,H(t) +Nx2r ,T (t)Nx2r ,H(1))/2r.

Consequently,

Nx2r ,G(1) = 22r−2(3Nx2r ,H(1) +Nx2r ,H(t)) or Nx2r ,G(1) = 22r−2(Nx2r ,H(1) + 3Nx2r ,H(t)),

Nx2r ,G(t) = 22r−2(3Nx2r ,H(t) +Nx2r ,H(1)) or Nx2r ,G(t) = 22r−2(Nx2r ,H(t) + 3Nx2r ,H(1)),

depending on whether T = D23r or T = Q23r , respectively. It follows then that in the
former case, Nx2r ,G(1) ≥ Nx2r ,G(t) if and only if Nx2r ,H(1) ≥ Nx2r ,H(t); whereas in
the latter case, this holds if and only if Nx2r ,H(1) ≤ Nx2r,H(t) (the same equivalences
hold if inequalities are replaced by equalities). Similarly, if T = D23r ∗

n· · · ∗ D23r or
D23r ∗

n· · · ∗ D23r ∗ Q23r with n ≥ 0, for any central product G = T ∗ H such that
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H is a 2-group of nilpotency class 2 with cyclic centre of order 2r, in the former
case, Nx2r ,G(1) ≥ Nx2r ,G(t) if and only if Nx2r ,H(1) ≥ Nx2r ,H(t); whereas in the latter
case, this holds if and only if Nx2r ,H(1) ≤ Nx2r,H(t). The combination of this with
Proposition 26 reduces our problem to groups G with Ωr+1(G)′ properly contained in
the center, which is the situation considered in the next lemma.

Lemma 27. Let G be a finite 2-group of nilpotency class 2 with cyclic centre of
order 2r and let t be the unique central involution. Suppose that Ωr+1(G)′ is properly
contained in Z = Z(G). Then Nx2

r ,G(1) > Nx2r ,G(t) if and only if G has exponent 2r.
Otherwise, Nx2r ,G(1) = Nx2r ,G(t).

Proof. Since (G′)2r ⊆ Z2r = 1, it is clear that raising to the 2r+1-th power is a group
endomorphism of G:

(xy)2r+1

= x2r+1

y2r+1

[y, x](
2r+1

2 ) = x2r+1

y2r+1

[y, x]2
r(2r+1−1) = x2r+1

y2r+1

. (3.10)

Moreover, Ωr+1(G)′ is contained in Z2, so (Ωr+1(G)′)2r−1
= 1 and raising to the 2r-

th power is a group endomorphism of Ωr+1(G) with kernel Ωr(G) = {x ∈ G |x2r = 1}.
It is clear now that Nx2r ,G(1) = |Ωr(G)| and Nx2r ,G(t) = |Ωr+1(G)| − |Ωr(G)| (for any
element x in Ωr+1(G)\Ωr(G), x2r is a central involution, since [G2r , G] = (G′)2r = 1,

so it is t), and so Nx2
r
,G(1) > Nx2

r
,G(t) if and only if |Ωr+1(G) : Ωr(G)| < 2, that is

Ωr+1(G) = Ωr(G) = G; i.e. G has exponent 2r. Otherwise, 1 6= Ωr+1(G)2r = {x2r |x ∈
Ωr+1(G)}, thus t ∈ Ωr+1(G)2r is in the image of the 2r-th power endomorphism of
Ωr+1(G). It is clear now that Nx2r ,G(1) = |Ωr(G)| = Nx2r ,G(t).

Proposition 28. Let G be a finite 2-group of nilpotency class 2 with cyclic centre of
order 2r and let t be the unique central involution. Then Nx2r ,G(1) < Nx2r ,G(t) if and
only if G is isomorphic to a group D23r ∗

n· · · ∗ D23r ∗ Q23r ∗ H, n ≥ 0, where H has
cyclic center of order 2r and exponent 2r.

Proof. By Proposition 26, G has two possible decompositions as a central product
with one factor H satisfying the hypotheses of Lemma 27. If Q23r does not occur in
the decomposition of G, we know that Nx2r ,G(1) < Nx2r ,G(t) if and only if Nx2r ,H(1) <

Nx2r ,H(t), which according to Lemma 27, never happens. Thus Q23r does occur in the
decomposition of G and in this case, we know that Nx2r ,G(1) < Nx2r ,G(t) if and only if
Nx2r ,H(1) > Nx2r ,H(t), which, by Lemma 27, is equivalent to H having exponent 2r.

It is not difficult to classify the groups H in the previous proposition.

37



3.3. The functions Nxn for p-groups of nilpotency class 2

Lemma 29. Let H be a finite 2-group of nilpotency class 2 with cyclic center of order
2r and exponent 2r. Then H ∼= D23r1 ∗ · · · ∗ D23rn ∗ C2r with r1 ≤ . . . ≤ rn < r.

Proof. Suppose H ′ = 〈[x, y]〉 6= 1 has order 2s. Since (xy)2r = 1, (3.10) implies
s < r. The elements x2s and y2s are central with orders at most 2r−s, so they lie in
〈z2s〉, where Z(H) = 〈z〉, and, for suitable i and j, xzi and yzj have order exactly
2s. By replacing x and y by these elements, we can suppose that T = 〈x, y〉 ∼= D23s .
Arguing as in the last part of the proof of Lemma 24, we conclude H = TCH(T ) and
T ∩ CH(T ) = Z(T ) is cyclic of order 2s. Since Z(H) ≤ CH(T ), the hypotheses still
hold in CH(T ), so we can apply induction.

The last two results show that, with the hypotheses of Proposition 28, Nx2r (1) <

Nx2r (t) if and only if G ∼= D23r1 ∗ · · · ∗ D23rn ∗ Q23r , n ≥ 0, r1 ≤ . . . ,≤ rn ≤ r. Notice
simply that the cyclic factor of H is absorbed by Q23r .

Theorem E. Let G be a finite 2-group of nilpotency class 2. Then Nx2r is a character
of G if and only if G has no epimorphic image isomorphic to D23r1 ∗ · · · ∗D23rn ∗Q23r ,
n ≥ 0, r1 ≤ . . . ≤ rn ≤ r.

Proof. If G has an epimorphic image G1 of the indicated type, then by the last
remark, Nx2r ,G1

(1) < Nx2r ,G1
(t), where t is the central involution in G1, and by

Proposition 21, Nx2r is not a character of G. Conversely, if Nx2r is not a character of
G, by the same lemma, G has an epimorphic image G1 with cyclic center such that
Nx2r ,G1

(1) < Nx2r ,G1
(t). We claim that Z, the center of G1, has order 2r (and then,

again by the last remark, G1 is the desired epimorphic image). The map x 7→ x2r

cannot be a group endomorphism of G1 since this would immediately imply that
either Nx2r ,G1

(t) = 0 or else Nx2r ,G1
(1) = Nx2r ,G1

(t). Using (3.10), we deduce that
(G′1)2r−1 6= 1 and Z2r−1 6= 1, that is |Z| ≥ 2r. If |Z| > 2r, t = z2r for some z ∈ Z
and then Nx2r ,G1

(1) = Nx2r ,G1
(t) because x 7→ xz maps bijectively the solutions of

x2r = 1 to the solutions of x2r = t. Thus |Z| = 2r and the proof is complete.
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Chapter 4

General word fibres for p-groups of

nilpotency class 2

We are interested in studying whether Amit’s conjecture 1 has a positive solution
when considering non-empty fibres in the class of p-groups of nilpotency class 2. We
will first give some bounds and positive results towards extending Amit’s conjecture
for general fibres in this class of groups. The rest of the chapter will be devoted to
studying this question and to giving some positive results in this direction.

4.1 Some bounds for specific words

In this section we will again consider finite p-groups of nilpotency class 2 and will
study general fibre sizes for specific words. Before proceeding, we introduce a basic
lemma that will be useful.

Lemma 30. Let g be a fixed element of a group G of nilpotency class 2. Then
[g,G] = {[g, h] | h ∈ G} is a normal subgroup of G and every element of [g,G]

can be represented in |CG(g)| different ways in the form [g, h] with h ∈ G. Hence
|[g,G]| = |G : CG(g)|.

Proof. The map h → [g, h] is a homomorphism with image [g,G] and kernel CG(g).

Proposition 31. Let G be a finite p-group of nilpotency class at most 2 and let
w ∈ F ′k. Then Nw(g) ≥ |G|b k2 c for any g ∈ Gw.
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Note that the approach in Theorem 10 would give a weaker bound in the case
when k is even. For example, consider the word wk which for any k ≥ 1 will denote

wk(x1, y1, . . . , xk, yk) = [x1, y1] · · · [xk, yk], (4.1)

the product of k disjoint commutators. In theorem 10, we fix a tuple (h1, h2, . . . , hk) ∈ G(k)

and consider the map G(k) → G′ given by (g1, g2, . . . , gk) 7→ wk(g1, h1, g2, h2, . . . , gk, hk)

which is a group homomorphism whose kernel has size at least |G|k/|G′|. In a group
homomorphism all fibres have the same size. However, it may happen that for our
fix tuple (h1, h2, . . . , hk) ∈ G(k), the fibre of a specific g ∈ Gw is empty. Conse-
quently, we can not continue with the argument used in Theorem 10 where we vary
the tuple (h1, h2, . . . , hk) ∈ G(k) obtaining |G|(k) such maps which would give us the
aimed bound. The problem here is that we don’t know how many of the |G|k tuples
(h1, h2, . . . , hk) would give maps with non-empty fibres for g.

However, since g ∈ Gw, there exists (a1, b1, . . . , ak, bk) ∈ G(2k) in the fibre of g.
We can consider the tuple (b1, b2, . . . , bk) ∈ G(k) and the map G(k) → G′ given by
(g1, g2, . . . , gk) 7→ wk(g1, b1, g2, b2, . . . , gk, bk) which is a group homomorphism whose
kernel has size at least |G|k/|G′|. The fibre of g has the same size as the kernel,
and hence Nwk

(g) ≥ |G|k/|G′|, which is not as good as Nwk
(g) ≥ |G|k obtained in

Proposition 31.

Proof. Using Theorem B, without loss of generality w is of the form
∏

1≤i≤r[x2i−1, x2i]
psi

with 0 ≤ s1 ≤ · · · ≤ sr for some r ≤ bk/2c. Suppose g ∈ Gw such that w(a1, . . . , ak) =

g and write w′(x1, . . . , xk−2) =
∏

1≤i≤r−1[x2i−1, x2i]
psi . If k = 2, w(x, y) = [x, y]p

s1 and
if w(a, b) = g, we have that w(a·[a,G], b·CG(a)) = g giving Nw(g) ≥ |[a,G]·|CG(a)|| =
|G|, as we wanted to show.

Suppose now k > 2. Then

Nw(g) = ]{(g1, . . . , gk) ∈ G(k) | w′(g1, . . . , gk−2) = g[gp
sr

2r , g2r−1]}.

From Lemma 30 each element of the commutator subgroup [gp
sr

2r , G] is of the form
[gp

sr

2r , g], and there are |CG(gp
sr

2r )| choices of g giving rise to the same element. If we
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write N = [ap
sr

2r , G], (a1N, . . . , a2r−2N) is a solution to w′ = gN in G/N . Hence

Nw(g) ≥ |CG(ap
sr

2r )| · ]{(g1, . . . , gk−2) ∈ G(k−2) | w′(g1, . . . , gk−2) ∈ gN}

= |CG(ap
sr

2r )| · |N |k−2 · ]{(g1N, . . . , gk−2N) ∈ (G/N)(k−2) | w′(g1N, . . . , gk−2N) = gN}

= |CG(ap
sr

2r )| · |N |k−2 · Nw′,G/N(gN).

We can apply the inductive hypothesis to w′ in k−2 variables obtainingNw′,G/N(gN) ≥
|G/N |b k2 c−1 and the result follows:

Nw(g) ≥ |CG(ap
sr

2r )| · |N |k−2 · |G/N |b
k
2
c−1 ≥ |CG(ap

sr

k )| · |N |b
k
2
c−1 · |G|b

k
2
c−1

≥ |CG(ap
sr

k )| · |N | · |G|b
k
2
c−1 = |G|1+b k

2
c−1 = |G|b

k
2
c.

Corollary 32. Let G be a finite p-group of nilpotency class at most 2 and consider
the word wk in 2k variables, then

Nwk
(g) ≥ |G|2k−l

for g ∈ Gwl
, with 1 < l ≤ k.

Proof. We will use induction on k. For l = k, we use Proposition 31 to con-
clude Nwk

(g) ≥ |G|k for any g ∈ Gwk
, as we wanted. By the inductive hypoth-

esis suppose Nwt(g) ≥ |G|2t−l for 1 ≤ l ≤ t < k. If g ∈ Gwl
, there exists g =

(g1, h1, . . . , gl, hl, 1, 1, . . . , 1, 1) such that wk(g) = g. It gives

Nwk
(g) = ]{(g1, h1, . . . , gk, hk) ∈ G(2k) | [g1, h1] · · · [gk−1, hk−1] = g[hk, gk]}

=
∑
hk∈G

|CG(hk)| · ]{(g1, h1, . . . , gk−1, hk−1) ∈ G(2(k−1)) |
k−1∏
i=1

[gi, hi] ∈ g[hk, G]}.

If we write Nhk = [hk, G],

Nwk
(g) =

∑
hk∈G |CG(hk)| · |Nhk |2(k−1) · ]{(g1Nhk , . . . , hk−1Nhk) ∈ (G/Nhk)(2(k−1)) |

∏k−1
i=1 [giNhk , hiNhk ] = gNhk}

=
∑
hk∈G

|CG(hk)| · |Nhk |2(k−1) ·Nwk−1,G/Nhk
(gNhk).
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Using induction on k, Nwk−1,G/Nhk
(gNhk) ≥ |G/Nhk |2(k−1)−l and the result follows:

Nwk
(g) ≥

∑
hk∈G

|CG(hk)| · |Nhk |2(k−1) · |G/Nhk |2(k−1)−l

= |G |2(k−1)−l
∑
hk∈G

|G|l

|CG(hk)|l−1
= |G |2k−1−l

∑
hk∈G

( |G|
|CG(hk)|

)l−1

≥ |G |2k−l.

From a different point of view, if we want to use character theoretical arguments,
it is very useful to know cd(G) = {χ(1) |χ ∈ Irr(G)}, the set of degrees of irreducible
complex characters of a group. The following results are deduced from [27] and will
imply that any p-group having only two different character degrees satisfies Amit’s
conjecture 1 for a general non-empty fibre; that is, Nwk

(g) ≥ |G|2k−1 for any g ∈ Gwk
.

Lemma 33. Let G be a finite p-group such that cd(G) = {1,m}, m > 1. If 1 6= g ∈ G′

then,

Nwk
(g) =

|G|2k

|G′|

(
1− 1

m2k

)
and

|G|2k−1 ≤ Nwk
(g) ≤ |G|

2k

|G′|

(
1− 1

|G : Z(G)|k
)
.

Proof. For 1 6= g ∈ Gwk
, using the second orthogonality relations, we have

0 =
∑

χ∈Irr(G)

χ(g)χ(1) =
∑

χ∈Irr(G):χ(1)=1

χ(g) +
∑

χ∈Irr(G):χ(1)=m

χ(g)χ(1)

=
∑

χ∈Irr(G):χ(1)=1

χ(g) +m
∑

χ∈Irr(G):χ(1)=m

χ(g).

Besides, noting that the number of irreducible linear characters is |G : G′| and that
if χ is linear, then χ(g) = χ(1) since G′ ≤ kerχ, we get

0 = |G : G′|+m ·
∑

χ∈Irr(G):χ(1)=m

χ(g).

Therefore, ∑
χ∈Irr(G):χ(1)=m

χ(g) = −|G : G′|
m

.
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Using Lemma 16 we deduce Nχ
wk

=
( |G|
χ(1)

)2k−1 for any χ ∈ Irr(G),

Nwk
(g) =

∑
χ∈Irr(G)

(
|G|
χ(1)

)2k−1

· χ(g)

=
∑

χ∈Irr(G):χ(1)=1

|G|2k−1 +
∑

χ∈Irr(G):χ(1)=m

(
|G|
m

)2k−1

· χ(g)

= |G|2k−1 · |G : G′|+
(
|G|
m

)2k−1

·
(
−|G : G′|

m

)
=
|G|2k

|G′|
·
(

1− 1

m2k

)
,

showing the first result.

To obtain the lower bound, we note that since m ≥ 2,
(

1− 1
m2k

)
≥ 3/4 and since

G is non-abelian |G : G′| ≥ 2, proving that Nwk
(g) ≥ |G|2k−1. To get the upper

bound, we only note that the character degrees cannot exceed |G : Z(G)|1/2.

Lemma 34. Let G be a finite group of nilpotency class 2 and |G′| = p, p a prime
number. Then any nonlinear irreducible character χ vanishes outside of Z(G).

Proof. Consider g ∈ G\Z(G). So there exists some x ∈ G such that t = [x, g] 6= 1.
Since |G′| = p, t is a generator of G′. Let χ ∈ Irr(G) such that χ(1) 6= 1. Then
there exists a complex representation ρ affording χ, and by Lemma 2.27 in [22] we
have that ρ(t) = εI where ε ∈ C. In the case when ε = 1, t ∈ ker ρ and therefore
G′ ≤ ker ρ which is a contradiction with G′ =

⋂
{kerχ |χ ∈ Irr(G), χ(1) = 1} (see

Corollary 2.23 in [22]).

Therefore ε 6= 1 and since

χ(g) = χ(gx) = χ(gt) = tr(ρ(gt)) = tr(ρ(g)ρ(t)) = tr(ερ(g)I) = εχ(g),

we obtain that χ(g) = 0, and the claim holds.

Corollary 35. Let G be a finite group of nilpotency class 2 and |G′| = p, p a prime
number. Then if g ∈ G′, Nwk

(g) ≥ |G|2k−1.

Proof. For g = 1, the result is true by Frobenius [23] using that Nχ
wk

=
( |G|
χ(1)

)2k−1

or following Chapter 2. From Lemma 34 we know that any nonlinear irreducible
character χ vanishes outside of Z(G) and putting this together with Corollary 2.30
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in [22], this implies that χ(1)2 = |G : Z(G)|. Therefore G has just two irreducible
complex character degrees, i.e. cd(G) = {1, |G : Z(G)|1/2}. Now the assertion holds
using Lemma 33.

4.2 p-groups with central Frattini subgroup

The previous section served as a motivation to try to extend Amit’s conjecture to
general fibres in the class of finite groups of nilpotency class 2. Recall that for a
finite p-group, the Frattini subgroup of G is defined as Φ(G) = Gp[G,G] and it is
the set of non-generating elements of G. In this section we will consider non-abelian
p-groups G such that Φ(G) ⊆ Z(G). This implies, G has nilpotency class 2 and
G/Z(G) is elementary abelian. Consequently, the derived subgroup G′ = [G,G] is
elementary abelian. In particular, we will show that Amit’s conjecture is true for the
word wk =

∏k
i=1[xi, yi] if k ≥ d0 = bd/2c, where d is the number of a (minimal) gener-

ating set ofG andG is the free d-generated group of exponent p and nilpotency class 2.

4.2.1 Words in the exterior square of a vector space

Amit’s conjecture for free p-groups of exponent p and nilpotency class 2 leads natu-
rally to an analogous problem in the setting of the exterior square of a vector space.
Thus in this section V will denote a d-dimensional vector space over a finite field
K = Fq, although we will be primarily interested in the case when q = p is a prime
number. To make this section self-contained, we have included all the details although
they can be obvious for experts in the field.

We fix a basis {e1, . . . , ed} of V and construct as usual the exterior square
∧2 =

∧2 V ,
which is independent of the basis. As defined in, the product of k disjoint commuta-
tors will be denoted

wk(x1, . . . , x2k) = [x1, x2] · · · [x2k−1, x2k].

When considering the word wk(x1, . . . , x2k) in the exterior square, the word will be
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re-interpreted as

wk(v1, . . . , v2k) = v1 ∧ v2 + · · ·+ v2k−1 ∧ v2k,

for any vi ∈ V . It will be clear depending on the context which expression we will be
using.

Then, for a fixed ω ∈
∧2 and k ≥ 0, it is natural to consider the number Nwk

(ω) =

Nwk,V (ω) of solutions (v1, . . . , v2k) ∈ V (2k) of the equation

wk(v1, . . . , v2k) = v1 ∧ v2 + · · ·+ v2k−1 ∧ v2k = ω.

The set of values of wk, that is, the set {wk(v1, . . . , v2k) | vi ∈ V } ⊆
∧2 will be

denoted (
∧2 V )wk

, or simply
∧2
wk
. Our goal is to find a lower bound for the numbers

Nwk
(ω) when ω ∈

∧2
wk
. Note that if k ≤ l,

∧2
wk
⊆
∧2
wl
.

Definition 36. For any r ≥ 1, we will denote
∧2 ∗
wk

=
∧2
wk
\
∧2
wk−1

and we will say
that any element ω ∈

∧2 ∗
wr

has rank r. We shall write rkω for this number.

It is almost immediate from the definition of
∧2 that any element has rank at

most d− 1 but in fact this number can be reduced to d0 = bd/2c (the integer part of
d/2; d0 will always have this meaning in the sequel), as we shall see now.

There is a one-to-one correspondence between
∧2 and Ad, the set of d × d an-

tisymmetric matrices over the field K, given by
∑

1≤i<j≤d aij(ei ∧ ej) 7→ A, where
A ∈ Ad has entries aij for 1 ≤ i < j ≤ d. Given 2k vectors v1, . . . , v2k ∈ V we
consider the 2k×d coordinate matrix X. Then a routine computation shows that the
antisymmetric matrix corresponding to ω = wk(v1, . . . , v2k) ∈

∧2 is X tJkX, where
the superscript t indicates matrix transposition and Jk is the 2k × 2k block-diagonal
matrix with repeated diagonal block

(
0 1
−1 0

)
. The next result now follows easily:

Proposition 37. Let ω = wk(v1, . . . , v2k) ∈
∧2 and A ∈ Ad the corresponding

antisymmetric matrix. Then

(i) rkA = 2 rkω. In particular any element in
∧2 has rank at most d0.

(ii) rkω = k if and only if {v1, . . . , v2k} is linearly independent.
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4.2. p-groups with central Frattini subgroup

Proof. For (i) it suffices to show that rkω ≤ k if and only if rkA ≤ 2k. As shown
before, if ω ∈

∧2
wk
, A = X tJkX for some 2k×d matrix X, whence rkA ≤ rkX ≤ 2k.

Conversely, if rkA = 2r ≤ 2k then, by elementary linear algebra, A = P t ( Jr 0
0 0 )P

for some invertible d × d matrix P , and so A = X tJrX, where X is the 2r × d ma-
trix formed by the first 2r rows of P . Therefore, using again the comment above,
rkω ≤ 2r ≤ 2k.

For (ii) we write againA = X tJkX, whereX is the coordinate matrix of v1, . . . , v2k.
Since rkA = 2 rkω and rkX ≤ 2k, it is clear that if ω has rank k, X must have
maximal rank 2k, that is, the vectors v1, . . . , v2k are linearly independent. Conversely,
if X has rank 2k, we can add rows to X to obtain an invertible d×d matrix P . Then
A = P t

(
Jk 0
0 0

)
P and, since P is invertible, the rank of A is 2k.

The group GL(V ) acts in a natural way on
∧2 preserving the rank. Notice

that Proposition 37 (ii) implies the converse, that elements of the same rank are
in the same orbit, or equivalently, that the orbits of this action are the sets

∧2 ∗
wr
,

0 ≤ r ≤ d0. In particular, since the functions Nwk
are constant on the orbits of

GL(V ), Nwk
(ω) = Nwk

(ω′) for elements ω and ω′ of the same rank.

Proposition 37 and some elementary matrix computations yield the exact value
of Nwr(ω) for the elements ω ∈

∧2 of rank r.

Corollary 38. Let ω ∈
∧2 be an element of rank r. Then Nwr(ω) = | Sp2r(K)| =

qr
2∏

1≤i≤r(q
2i − 1), where Sp2r(K) is the Symplectic group of degree 2r over K.

Proof. We can assume that ω = wr(e1, . . . , e2r). Then Nwr(ω) is exactly the number
of 2r × d matrices X such that ( Jr 0

0 0 ) = X tJrX. Writing X = (X1|X2) with X1 of
size 2r × 2r and X2 of size 2r × (d− 2r), this relation is equivalent to X t

1JrX1 = Jr,
X t

1JrX2 = 0 and X t
2JrX2 = 0. But then this means that X1 is a symplectic matrix

and X2 = 0, so the result follows.

Next we will show that Nwk
(ω) ≥ Nwk

(ω′) if k ≤ d0 and rkω ≤ rkω′. This means
that if ω ∈

∧2
wk
, that is ω has rank less than or equal to k, Nwk

(ω) ≥ Nwk
(ω′) with

ω′ of rank k. Then we can use the last corollary to conclude the following result.

Theorem 39. Let k ≤ d0 and ω ∈
∧2
wk
. Then

Nwk
(ω) ≥ | Sp2k(K)| = qk

2
∏

1≤i≤k

(q2i − 1).
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We fix k ≤ d0 and elements ωr of rank r for 0 ≤ r ≤ d0. We have to show that

Nwk
(ωr) ≥ Nwk

(ωr+1), if 0 ≤ r < k. (4.2)

Notice that for r ≥ k, (4.2) says nothing since Nwk
(ωr+1) = 0. We argue by induction

on k. If k = 1, r = 0 and we have to argue that Nw1(0) ≥ Nw1(ω1) = q(q2 − 1) (this
value is obtained from Corollary 38). But Nw1(0) = qd+1 + qd − q (because u ∧ v = 0

if and only if {u, v} is linearly dependent) and d = 2d0 ≥ 2k = 2, so the inequality
follows easily.

Let k ≥ 2. We can write Nwk
= Nw1 ∗ Nwk−1

as the convolution of the functions
Nw1 and Nwk−1

. Since the functions Nwi
are constant on the sets

∧2 ∗
wr
, we have then

Nwk
(ωr) = Nw1(0)Nwk−1

(ωr) +

d0∑
i=0

mi,rNw1(ω1)Nwk−1
(ωi),

where mi,r = |{(ω′, ω′′) ∈
∧2 ∗
w1
×
∧2 ∗
wi
| ω′ + ω′′ = ωr}|. There is a well-known formula

for |
∧2 ∗
wr
|, the number of d × d antisymmetric matrices of rank 2r, (see for instance

Theorem 3 in [28]):

|
∧2 ∗

wr

| = qr(r−1)

∑2r−1
i=0 (qd−i − 1)∑r−1
i=0 (q2i − 1)

. (4.3)

If ω′ has rank 1 and ω′′ rank i, then the rank of ω′ + ω′′ is i − 1, i or i + 1 (this is
clear if one thinks in terms of antisymmetric matrices: the sum of two antisymmetric
matrices with ranks 2 and 2i is 2(i− 1), 2i or 2(i+ 1)). Thus

Nwk
(ωr) = Nw1(0)Nwk−1

(ωr) +Nw1(ω1)
(
mr−1,rNwk−1

(ωr−1) +

mr,rNwk−1
(ωr) +mr+1,rNwk−1

(ωr+1)
)
, (4.4)

(of course we have to interpret m−1,0 = md0+1,d0 = 0).

Next we compute the numbers mi,r.

Lemma 40. Let 0 ≤ r ≤ d0. Then

mr−1,r =
q2(r−1)(q2r − 1)

q2 − 1
,
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4.2. p-groups with central Frattini subgroup

mr,r =
(qd − 1)(qd−1 − 1)

q2 − 1
−mr−1,r −mr+1,r,

mr+1,r =
q4r(qd−2r − 1)(qd−2r−1 − 1)

q2 − 1
.

Proof. We begin by proving the formula for mr+1,r. This is the number of pairs
(ω′, ω′′) ∈

∧2 ∗
w1
×
∧2 ∗
wr+1

such that ω′+ω′′ = ωr, which is the number of elements ω′ of
rank 1 such that ω′−ωr has rank r+ 1. Writing ω′ = u∧ v and ωr = wr(v1, . . . , v2r),
by Proposition 37 (ii), this happens if and only if {u, v, v1, . . . , v2r} is linearly inde-
pendent or, equivalently, {u, v} is linearly independent in V/〈v1, . . . , v2r〉. Thus the
number of pairs (u, v) is q4r(qd−2r−1)(qd−2r−q) and we get the desired numbermr+1,r

by dividing this number by Nw1(ω1) = q(q2 − 1).

To compute mr−1,r we count the number of triplets (ω′, ω′′, ω′′′) ∈
∧2 ∗
w1
×
∧2 ∗
wr−1
×
∧2 ∗
wr

such that ω′ + ω′′ = ω′′′. This number is the number of pairs (ω′, ω′′) such that
ω′ + ω′′ ∈

∧2 ∗
wr

and also the number of pairs (ω′, ω′′′) such that ω′ + ω′′′ ∈
∧2 ∗
wr−1

.
Therefore |

∧2 ∗
wr
|mr−1,r = |

∧2 ∗
wr−1
|mr,r−1. Now using the formula in (4.3) it turns out

that |
∧2 ∗
wr−1
|/|
∧2 ∗
wr
| = q−2(r−1)(q2r−1)/(qd−2r+2−1)(qd−2r+1−1). Finally we use the

formula for mr,r−1 that we have computed before.

For the second formula we note again that if ω′+ ω′′ = ωr with ω′ of rank 1, then
ω′′ has rank r−1, r or r+1, thusmr−1,r+mr,r+mr+1,r is the number of pairs (ω′, ω′′) ∈∧2 ∗
w1
×
∧2 such that ω′+ω′′ = ωr. This number is |

∧2 ∗
w1
| = (qd−1)(qd−1−1)/(q2−1),

the number of rank 2 antisymmetric matrices (again, by the formula in [28]).

Now using the second formula in Lemma 40 we re-write (4.4):

Nwk
(ωr) = Nw1(0)Nwk−1

(ωr) +Nw1(ω1)mr−1,r

(
Nwk−1

(ωr−1)−Nwk−1
(ωr)

)
+Nw1(ω1)mr+1,r(Nwk−1

(ωr+1)−Nwk−1
(ωr)

)
+Nw1(ω1)|

∧2 ∗

w1

|Nwk−1
(ωr). (4.5)

Using (4.5), we write the difference Nwk
(ωr)−Nwk

(ωr+1) in terms of Nwk−1
and Nw1 :

Nwk
(ωr)−Nwk

(ωr+1) =

r+1∑
i=r−1

Ak,i
(
Nwk−1

(ωi)−Nwk−1
(ωi+1)

)
, (4.6)
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Chapter 4. General word fibres for p-groups of nilpotency class 2

such that

Ak,r−1 = Nw1(ω1)mr−1,r ,

Ak,r = Nw1(0) +Nw1(ω1)(|
∧2 ∗
w1
| −mr+1,r −mr,r+1) ,

Ak,r+1 = Nw1(ω1)mr+2,r+1 .

By the inductive hypothesis the three differences between the values of Nwk−1
in

(4.6) are non-negative, so (4.2) will follow if we show that Ak,r ≥ 0. Using Lemma 40

and the known formulas for Nw1(0) and Nw1(ω1), one gets Ak,r = p2r+1(pd + pr−1 −

p2r+2− p2r + 1). But r < d0, that is d ≥ 2r+ 2; therefore Ak,r ≥ p2r+1(p2r(p− 1) + 1),

which is certainly positive.

4.2.2 Amit’s conjecture for general fibres

Now putting all the information from Subsection 4.2.1 together, we will make the last

steps to prove Theorem 41 and F which answers Amit’s conjecture to any non-empty

fibre in some special cases.

Let V = G/Φ(G) be viewed as an Fp-vector space, and fix a basis x1, . . . , xd.

There is a natural surjective linear map π from
∧2 V to G′ mapping xi∧xj to [xi, xj],

1 ≤ i < j ≤ d. Of course π maps
∧2
wk

onto Gwk
, so it follows from Proposition 37 (i)

that Gwk
= G′ for k ≥ d0. Now it is easy to show that if Amit’s conjecture is true for

wd0 it is also true for any wk with k > d0. Indeed we write Nwk
= Nwd0

∗Nwk−d0
and

notice that, since we are assuming that Nwd0
(x) ≥ |G|2d0−1 for any x ∈ G′, if g ∈ G′,

Nwk
(g) =

∑
y∈Gwk−d0

Nwd0
(gy−1)Nwk−d0

(y) ≥ |G|2d0−1
∑

y∈Gwk−d0

Nwk−d0
(y)

= |G|2d0−1|G|2(k−d0) = |G|2k−1.

So in order to prove Amit’s conjecture for wk we can always assume that 1 ≤ k ≤ d0.
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4.2. p-groups with central Frattini subgroup

It is clear that if g ∈ G′ and π(ω) = g, the solutions of wk(v1, . . . , v2k) = ω in V

are lifted to solutions of wk(x1, . . . , x2k) = g in G and of course, all solutions of the

equation in G occur in this way, so

Nwk
(g) = |Φ(G)|2k

∑
ω∈π−1(g)

Nwk,V (ω)

and Amit’s conjecture for general fibres which says that Nw(g) ≥ |G|k−1 for any

g ∈ Gw and w any word in k variables, can be written now as

|Φ(G)|
∑

ω∈π−1(g)

Nwk,V (ω) ≥ |G : Φ(G)|2k−1 = pd(2k−1) (4.7)

for g ∈ Gwk
. Only ω ∈ π−1(g)∩

∧2
wk

will contribute to the sum in (4.7) and for them

we can use Theorem 39 to estimate Nwk,V (ω):

Nwk,V (ω) ≥ pk
2

k∏
i=1

(p2i − 1) > pk
2

k∏
i=1

p2i−1 = p2k2 .

Since |G′| = pd(d−1)/2/| kerπ| ≤ |Φ(G)|, the inequality

p
d(d−1)

2
+2k2−d(2k−1)|π−1(g) ∩

∧2
wk
| ≥ | kerπ| (4.8)

implies (4.7). If k = d0, |π−1(g) ∩
∧2
wk
| = |π−1(g)| = | kerπ| and (4.8) holds because

the exponent of p is non-negative. Thus we have the following result.

Theorem 41. Let G be a d-generated p-group with Φ(G) ≤ Z(G). Then for any

k ≥ bd/2c and g ∈ G′, Nwk
(g) ≥ |G|2k−1.

Another situation in which |π−1(g)∩
∧2
wk
| = | kerπ| is when π is an isomorphism,

so we also have the following result.

Theorem F. Let G be a d-generated p-group with Φ(G) ≤ Z(G) and |G′| = pd(d−1)/2.

Then for any g ∈ Gwk
, Nwk

(g) ≥ |G|2k−1.

Notice that the last theorem applies in particular to the free p-groups of nilpotency

class 2 and exponent p.
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Chapter 5

p-groups of nilpotency class c ≥ 3

In the previous chapters, we focused on p-groups of nilpotency class 2 for which we

proved Amit’s conjecture. We also gave some evidence that the conjecture might hold

for a general non-empty fibre in this setting. More generally, we showed that for any

word w, Nw is a generalized character and if p is odd, even something stronger; that

Nw is a genuine character. Being able to say anything about Amit’s conjecture in

the setting of finite p-groups of nilpotency class higher than 2 seems unapproachable

at this point. However, a good start to show that the behaviour might be different

in these cases will be showing that Nw will not be a generalized character in general.

We will give some examples in this direction and hence we might expect a different

outcome also regarding Amit’s conjecture.

5.1 Smallest p-groups for which Nxp is not a character

The simplest example of a p-group for which Nw is not a character is Q8, the quater-

nion group of order 8, and the word w = x2. For G = Q8, note that Gx2 = {1, z}

where z is the unique involution. Nx2,G(1) = 2 whereas Nx2,G(z) = 6, and Lemma

14 implies that Nw is not a character. This is the smallest p-group for which Nxp

is not a character when p = 2. For odd primes p, we will construct the smallest
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5.2. p-group and P. Hall’s conjecture

p-groups satisfying this property. Recall that it is a well-known result that in general

the functions Nxn are generalized characters (see Problem 4.7 in [22]).

Let p any odd prime now. We know that if G is regular, then Nxp is the regu-

lar character of G/Gp. Consequently, in order to find groups for which Nxp is not

a character, we need to consider non-regular p-groups of order at least pp+1. We

will construct a non-regular p-group G of minimal order; that is, of order pp+1, for

which Nxp is not a character. Note that a non-regular p-group of minimal order has

nilpotency class p. See Section 0.2 for more details on regular groups.

Proposition G. For any odd prime p, Nxp is not a character of

G = 〈g1, . . . , gp−1〉o 〈gp〉/〈gpp−1g
−p
p 〉

where 〈g1, . . . , gp−1〉 ∼= Cp×· · ·×Cp×Cp2, 〈gp〉 ∼= Cp2 and ggpi = gigi+1, 1 ≤ i < p−2,

g
gp
p−2 = gp−2g

p
p−1 and ggpp−1 = gp−1g

−1
1 .

Proof. First note that G has order pp+1. In order to show that G is non-regular, we

observe that |G : Ω(G)| 6= |f(G)| since Ω(G) = 〈g1, g2, . . . , g
−p
p−1〉 and f(G) = 〈gpp〉.

From one side, we note that Nxp(1) = |Ω(G)| = pp−1. From the other hand, since

for any non-trivial element z ∈ f(G) = Z(G), Nxp(z) have the same size, one gets

Nxp(z) = pp + pp−1. Hence, by Lemma 14, we show that Nxp is not a character of G.

5.2 p-group and P. Hall’s conjecture

In the previous section our example was a word in only one variable. In this section

on the other hand, we will focus on words with at least two variables. There are

examples of groups G and words w where Nw,G is not a generalized character, even

among nilpotent groups. For non-solvable examples, one can take G = PSL2(11)
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and the 2-Engel word w = [x, y, y]. Another example with the same group can be

obtained with the word w = x2y2xy−1 and the two characters of degree 12 have co-

efficients 7 ±
√

5, see Section 2.1 in [13]. Using the computing system [14] one can

check that the coefficients Nχ
w for the two irreducible characters χ of degree 12 are

305± 23
√

5. More examples can be obtained using the following result by Lubotzky

(see Theorem 1 in [15]): if G is a simple group and 1 ∈ A ⊆ G is a subset invariant

under the group of automorphisms of G, then A = Gw for some word w in two vari-

ables. Notice that if A contains an element a such that ai /∈ A, for some i coprime

with the order of a, then Nw(ai) = 0 but Nw(a) 6= 0, something that cannot happen

if Nw is a generalized character. This proof, while effective, does not give a useful

description to build such a word w.

5.2.1 P. Hall’s conjecture

We present this section to motivate the fact that we shouldn’t expect Nw to be a

generalized character for general p-groups. For this, we will introduce the concept of

conciseness and also talk about P. Hall’s conjecture.

A word w is called concise in G if whenever Gw is finite, it always follows that

the verbal subgroup w(G) is finite. More generally, a word w is said to be concise

in a class of groups X if whenever the set of w-values is finite for a group G ∈ X ,

it always follows that w(G) is finite. A word w is said to be boundedly concise in a

class of groups X if for every integer m there exists a number ν = ν(X , w,m) such

that whenever |Gw| ≤ m for a group G ∈ X , it always follows that |w(G)| ≤ ν.

P. Hall asked whether every word is concise (see [17]):

Question 3 (P.Hall). Let G be a group and w a word in k variables. If |Gw| < ∞,
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5.2. p-group and P. Hall’s conjecture

is |w(G)| <∞?

S. Ivanov [16] answered this question for arbitrary groups in the negative. He

constructed a group H and a word w(x, y) ∈ F2 such that w(H) is infinite cyclic,

but w(x, y) has only one non-trivial value in H. Ivanov’s example is not residually

finite and it is still an open problem whether every word is concise in the class of

residually finite groups. More information about this topic can be found in [29]

and [17]. Recall that G is a residually finite group if for any g ∈ G there exists a

homomorphism f from G to a finite group H such that f(g) 6= 1. Examples of groups

that are residually finite are finite groups, free groups and finitely generated nilpotent

groups. Subgroups of residually finite groups are residually finite, and direct prod-

ucts of residually finite groups are residually finite. Any inverse limit of residually

finite groups is residually finite. In particular, all profinite groups are residually finite.

A word w is rational if for any g ∈ G, Nw(g) = Nw(ge) for every finite group G

and for every e relatively prime to |G|. Note that this means that Nw is a generalized

character (see Corollary 13). We say that w is weakly-rational if for every finite

group G and for every integer e relatively prime to |G|, the set Gw is closed under

e-th powers (note that the e-th power map is a bijection on G). Lemma 1 in [17]

gives an alternative characterisation for rational and weakly-rational words:

Lemma 42. The word w is weakly rational if and only if for every finite group G

with g ∈ Gw, ge ∈ Gw whenever e is relatively prime to the order of g. The word w is

rational if and only if in every finite group G, Nw(g) = Nw(ge) for every g ∈ G and

every e relatively prime to the order of g.

Clearly rational implies weakly rational. It is shown in [17] that if w is a weakly-

rational word and G is a residually finite group in which w has at most m values,

then the order of w(G) is m-bounded; i.e. w is concise in the class of residually finite
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groups. Pro-p groups are residually finite groups. If we assume that for any finite

p-group and any word w the class function Nw is a generalised character, this would

imply that any word is concise in the family of pro-p groups, which is not expected.

Hence looking for finite p-groups for which Nw is not a generalised character makes

sense.

5.2.2 Example of a p-group where Nw is not a generalized

character

Some examples of p-groups for whichNw is not a generalized character are provided by

the free p-groups of nilpotency class 4 and exponent p. This settles in the negative a

question of Parzanchevski [18] who asked if the functions Nw were always generalized

characters for solvable or nilpotent groups.

Proposition H. Let G be the rank 2 free p-group of nilpotency class 4, exponent p

with p > 2 and p ≡ 1 (mod 4) and let w = [x, y, x, y]. Then Nw is not a generalized

character of G.

Proof. Using the Lazard correspondence (see details in [30], Chaper 10.2), the Haus-

dorff Formula and its inverse set up a correspondence between p-group of class nilpo-

tency class less than p and lie rings of nilpotency class less than p whose additive

group is a finite p-group. The correspondence preserves invariants such as the orders

and the nilpotency classes of the objects involved. Consequently, we can work with

the elements in the Lie ring L(G) to prove our result.

We realize these nilpotent groups, as 1 + J , where J = I/I4 and I is the ideal

generated by X and Y in the algebra of polynomials in the non-commuting indetermi-

nates X and Y with coefficients in Fp. If x = 1+X and y = 1+Y and u = [x, y, x, y],

then certainly u ∈ Gw but we claim that if i is not a quadratic residue modulo p,
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then ui /∈ Gw (so Nw(u) 6= 0 but Nw(ui) = 0). For p > 3, γ4(G) = 1 + γ4(J), where

γ4(J) is the fourth term in the descending central series of the Lie algebra J , (see [30,

Chapter 10.2]). Now ui ∈ Gw if and only if

i[X, Y,X, Y ] = [aX + bY, cX + dY, aX + bY, cX + dY ]

for some a, b, c, d ∈ Fp. Or equivalently, the following system has solutions a, b, c, d ∈

Fp such that 
ac(ad− bc) ≡ 0 (mod p)

bd(ad− bc) ≡ 0 (mod p)

(ad+ bc)(ad− bc) ≡ i (mod p).

One can check that this system has no solution if i is not a quadratic residue modulo p

and hence Nw(u) 6= 0 and Nw(ui) = 0 implying that Nw is not a generalized character

of G.
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Chapter 6

Fibres in pro-p groups

6.1 Introduction

Let G be a pro-p group and w a word in k variables. For any g ∈ G, we can consider

Sw(g), the fibre of g in G(k). In the previous chapters, we considered finite p-groups

and could study the fibre sizes. Besides we noted that Nw is a class function in G and

in the cases when Nw is a character, we showed that Sw(1) is the maximum fibre con-

cluding that Nw(1) ≥ |G|k−1 (see Chapter 3). In this chapter, we want to study ‘how

big’ a word fibre is in a pro-p group. We want to study whether a similar conjecture

to Amit’s in finite nilpotent groups can be expected in pro-p groups. However, we

need a way to measure the fibres.

If we consider G a compact topological group, then G has a left Haar measure,

which is a Borel measure µ such that µ(U) > 0 for each non-empty open set U of G.

Observe that µ(E) = µ(gE) for each Borel set E of G and any g ∈ G. Also note

that µ is unique if we impose the normalization condition µ(G) = 1. On G(k), we

impose µ(k) the product measure. Note that Sw(g) = f−1
w (g) where fw : G(k) → G is

a continuous function. Hence Sw(g) is closed and hence measurable. If we view µ(k)
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as a probability measure, then

Pw(g) = µ(k)(Sw(g)),

were Pw(g) is the probability that a random tuple g = (g1, . . . , gk) ∈ G(k) satisfies

w(g) = g. If we consider w = [x, y], Nw is a character for any finite group G. What

is more, from [31], we know that P[x,y](1) ≤ 5/8 for any finite non-abelian group G as

well as for any non-abelian compact topological group. Furthermore, for non-abelian

finite p-groups, P[x,y](1) ≤ (p2 + p− 1)/p3.

It seems natural to want to measure the fibres of G with this measure but for

most of the cases the Haar measure of subsets is 0. Consequently, if we want to

compare somehow the size of a subset with the whole group we will have to construct

another tool to do it. Let G be now a finitely generated pro-p group. While there

is the canonical measure on pro-p groups, there is no canonical metric. We saw at

the Preliminaries that every filtration (namely, descending chain of normal subgroups

which form a base for the neighbourhoods of the identity) {Gn} of G, gives rise to an

invariant metric on G by setting d(x, y) = inf{|G : Gn|−1 |xy−1 ∈ Gn} sine |G| =∞.

Besides, every subset S of a metric space has a well defined Hausdorff dimension

which is denoted by hdim(S). The aim in the following sections will be to use the

Hausdorff dimension as the means to measure the size of the fibres Sw(g) in G(k).

For any word w in k variables, using the definition 0.4 introduced at the Prelim-

inaries, the dimension of the closed subset Sw(1) of a finitely generated pro-p group

G with a filtration {Gn} is

Dim{Gn}(Sw(1)) = lim inf
n→∞

logp |Sw(1)
π
(k)
n
|

logp |G
(k)

π
(k)
n

|
= lim inf

n→∞

logp |Sw(1)G
(k)
n /G

(k)
n |

logp |(G/Gn)(k)|
. (6.1)

Suppose we could show that for some word w in k variables, Nw is a character for
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all finite p-groups. Using Lemma 14, we deduce |Sw,(G/Gn)(k) | ≥ |G/Gn|k−1. Note this

would not be enough to show |Sw(1)
π
(k)
n
| ≥ |G/Gn|k−1 since Sw(1)

π
(k)
n
⊆ Sw,(G/Gn)(k)(1̄).

However, can we find another approach to show that for any finitely generated pro-p

group G with the natural filtration {Gn} = {Gpn}n∈N,

Dim{Gn} Sw(1) ≥ (k − 1)/k? (6.2)

In the following sections, we will discuss this question for free pro-p groups of finite

rank and for p-adic analytic groups.

6.2 Free pro-p groups

Free groups play an important role in pro-p group theory as in abstract group theory.

Free pro-p groups are defined, like free abstract groups, by a universal property, and

epimorphism from them provide a useful means for studying arbitrary pro-p groups.

Let L be the free pro-p group on d generators. Before proceeding recall the

following results:

Theorem 43 ([32], Corollary 7.7.5; [33], Chap. I, Corollary 3). All closed subgroup

of a free pro-p groups are free pro-p.

Theorem 44 ([8], D6 Lemma; [33], Chap. I, Proposition 24). Every generating set

of a free pro-p group contains a free basis.

Let {Ln}n≥1 be the dimension subgroups of L; this is the fastest descending chain

of open normal subgroups of L such that

[Ln, L] ≤ Ln+1, L
p
n ≤ Lpn

for each n. Let w be a word in k variables. As defined in (0.3) at the Preliminaries,
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the dimension of the closed subset Sw(1) of L(k) using this filtration is

Dim{Ln} Sw(1) = lim inf
n→∞

logp |Sw(1)πn|
logp |L

(k)
πn |

.

Note that for any closed set S ⊆ L, since |(S∗k)
π
(k)
n
| ≤ |Sπn|k for any k ∈ N, then

Dim(S∗k) ≤ k ·DimS.

We will show that there exist words w in k variables for which

Dim{Ln} Sw(1) <
k − 1

k
.

Definition 45. The rank of a free pro-p group L is the minimal cardinality of a set

of generators for L.

For any topological group G, the minimal cardinality of a topological generating

set for G is denoted by d(G). Note also that d(G) is also the dimension of G/Φ(G)

as a vector space. In general, for a finitely generated pro-p group, rkG ≥ d(G). If G

is also powerful, then it is shown in Theorem 3.8 in [8] that rkG = d(G).

Proposition 46. Let L = 〈g1, h1, . . . , gk, hk〉 be a subgroup of a free pro-p group G

such that wk(g1, h1, . . . , gk, hk) = 1. Then L has rank at most k.

Proof. We will prove the lemma by induction on k. The case k = 1 is clear.

Since L is a closed subgroup in a free pro-p subgroup, by Theorem 43 it is free.

Now by Theorem 44, any generating set of a free pro-p group contains a free gener-

ating subset. Let S ⊆ {g1, h1 . . . , gk, hk} freely generate L. We put Si = S ∩ {gi, hi}.

We divide the proof in two cases.

Case 1: there exists 1 ≤ i ≤ k such that |Si| = 1.

Without loss of generality we may assume that i = k and hk ∈ S. Consider

N = 〈hk〉L the normal closure in L. Since hk ∈ S, it implies L/N is free.

wk−1(g1N, h1N . . . , gk−1N, hk−1N) = 1N,
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and so, by induction, the group T generated by {g1N, h1N, . . . , gk−1N, hk−1N}

has rank at most k − 1. Hence

rk(L) ≤ rk(T ) + |Sk| ≤ k − 1 + 1 = k.

Case 2: There is no 1 ≤ i ≤ k such that |Si| = 1.

In this case there exists A ⊆ {1, . . . , k} such that S = {ga, ha : a ∈ A}. Note

that without loss of generality we may assume that A = {1, . . . , r} because∏
1≤i≤k

[gi, hi] =
∏

1≤i≤s−1

[gi, hi] ·
(
[gs+1, hs+1][g[gs+1,hs+1]

s , h[gs+1,hs+1]
s ]

)
·
∏

s+2≤i≤k

[gi, hi].

If r > k/2, it would imply that
∏

1≤i≤r[gi, hi] could be expressed as a product

of k − r < r commutators. But since 〈gi, hi : 1 ≤ i ≤ r〉 is a free generating

subset for L, we get a contradiction. Consequently r ≤ k/2 , and so

rk(L) ≤ 2 · k
2

= k.

We found out a posteriori that Mel’nikov had already proved in [34] a specific

case of our lemma; i.e if u1, . . . , un are elements of a free pro-p group satisfying the

relation

[u1, u2][u3, u4] · · · [um−1, um]uα1
m+1 · · ·uαn−m

n = 1

where 0 < m = 2k < n, αi ∈ pZp for i = l, 2, ., n−m, then the rank of the subgroup

generated by u1, u2, . . . , un does not exceed n/2.

Using the Lemma 46 we deduce the following result:

Theorem I. Let L be the d-generated free pro-p group and {Ln}n∈N the filtration in

L given by its dimension subgroups. Then

Dim{Ln} Swk
(1) ≤ 1/2.

wherenever d > k.
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This result implies that Dim{Ln} Sw(1) ≥ (k − 1)/k doesn’t hold for free pro-p

groups in general. The theorem shows that for the words wk in 2k variables, as soon

as k ≥ 2 the bound is not satisfied.

Proof. Our approach is to find a set S such that Swk
⊆ S and Dim{Ln} S ≤ 1/2.

Let (g1, . . . , g2k) ∈ L(2k) be such that wk(g1, . . . , g2k) = 1. Then 〈g1, . . . , g2k〉 is a free

subgroup of L and by Lemma 46, it has rank at most k. Hence

{(g1, . . . , g2k) ∈ L(2k) |wk(g1, . . . , g2k) = 1} ⊆ {(g1, . . . , g2k) ∈ L(2k) | rk〈g1, . . . , g2k〉 ≤ k}.

For each (h1, . . . , hk) ∈ L(k), we can define

S(h1, . . . , hk) = {(g1, . . . , g2k) ∈ L(2k) | 〈g1, . . . , g2k〉 = 〈h1, . . . , hk〉}.

Note that, Swk
(1) ⊆ S =

⋃
(h1,...,hk)∈L(k) S(h1, . . . , hk).

Consider {Ln} the filtration for L provided by the n-th dimension subgroups Ln

of F . Hence,

DimSwk
(1) = lim inf

n→∞

logp |Swk
(1)

π
(2k)
n
|

logp |(L/Ln)(2k)|
.

From one side, from Lemma 4.3 in [29] we have that

logp(|L : Ln|2k) =
2k · dn

(d− 1)(n− 1)
(1 + o(1)).

From the other hand, note that

S(h1, . . . , hk)πn ⊆ {(g1Ln, . . . , g2kLn) ∈ (L/Ln)(2k) | 〈g1Ln, . . . , g2kLn〉 = 〈h1Ln, . . . , hkLn〉}.

For each fixed k-tuple (h1Ln, . . . , hkLn) ∈ (L/Ln)(k), it is easy to see that the num-

ber of k-tuples (gk+1Ln, . . . , g2kLn) ∈ (L/Ln)(k) such that 〈gk+1Ln, . . . , g2kLn〉 ⊆

〈h1Ln, . . . , hkLn〉 is at most |FkLn : Ln|, where we write Fk for any free pro-p subgroup

of rank k of L. We can then also define its dimension subgroups by Ln(Fk). With this

notation, note |FkLn : Ln| ≤ |Fk : Ln(Fk)|, and hence |Siπn| ≤ |L/Ln|k · |Fk/Ln(Fk)|k.
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Consequently, again using Lemma 4.3 in [29] we deduce that

Dim{Ln} Swk
(1) ≤ lim inf

n→∞

kdn

(d−1)(n−1)
(1 + o(1))

2k·dn
(d−1)(n−1)

(1 + o(1))
+

k·kn
(k−1)

(1 + o(1))

2k·dn
(d−1)(n−1)

(1 + o(1))
= 1/2,

since lim infn→∞
(n−1)(d−1)

2(k−1)
·
(
k
d

)n
= 0.

6.3 p-adic analytic groups

In this section we want to start the study of the same question in the setting of p-adic

analytic groups; i.e. does Dim{Gn} Swk
(1) ≥ (2k − 1)/2k for the natural filtration

{Gpn} of G? This is just a first approach to work on this question. We have put

together some basic results and conclusions in this context.

First recall that a p-adic analytic group is a p-adic analytic manifold which is also

a group.

Theorem 47 (Theorem 8.1, [8]). A topological group G has the structure of a p-adic

analytic group if and only if G has an open subgroup which is a powerful finitely

generated pro-p group.

From Theorem 4.5 in [8], we have that a powerful finitely generated pro-p group

is uniform if and only if it is torsion-free. And Theorem 8.18 in [8], adds that any

topological group containing an open subgroup which is a uniform pro-p group is a

p-adic analytic group. From Definition 4.7 in [8] we also now that if G is a pro-p

group of finite rank, the dimension of G is dim(G) = dim(H) where H is any open

uniform subgroup of G. What is more, dim(G) is indeed the dimension of G as a

p-adic analytic group (see Theorem 8.36 in [8]). Another important result for our

interest will be the following
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Theorem 48 (Theorem 4.9, [8]). Let G be a uniform pro-p group and {a1, . . . , ad} a

topological generating set for G, where d = dim(G). Then the mapping

(λ1, . . . , λd)→ aλ11 · · · a
λd
d

from Z(d)
p to G is a homeomorphism.

Looking for better algebraic properties of the system of coordinates for G, we

introduce a new group structure on G. For any x, y ∈ G,

x+n y = (xp
n

yp
n

)p
−n

;

and so the map x → xp
−n becomes an isomorphism from Gn+1 onto (G,+n) where

Gn are the subgroups of the lower central series of G, (see Definition 1.1 in [8]). As

a consequence, we define a new operation:

Proposition 49 (Proposition 4.13, [8]). The set G with the operation + defined as

follows;

x+ y = lim
n→∞

x+n y;

is an abelian group, with identity element 1 and inversion given by x→ x−1.

Proposition 50 (Proposition 4.16, [8]). With the original topology of G, (G,+) is

a uniform pro-p group of dimension d = dim(G). Moreover, any set of topological

generators for G is a set of topological generators for (G,+).

Since (G,+) is a pro-p group, Section 1.3. in [8] shows that it admits a natural

action by Zp. Besides, since (G,+) is abelian, using Proposition 1.26, this makes into

a Zp-module.

Theorem 51 (Theorem 4.17, [8]). Let G be a uniform pro-p group of dimension

d, and let {a1, . . . , ad} be a topological generating set for G. Then (G,+) is a free

Zp-module on the basis {a1, . . . , ad}.
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An important result on the Hausdorff dimension of p-adic analytic groups is

Theorem 1.1 in [7]:

Theorem 52. Let G be a p-adic analytic pro-p group with the natural filtration {Gn}

given by the pn-th powers; i.e. Gn = Gpn, and let H ≤c G be a closed subgroup of G.

Then

hdim{Gn}H =
dimH

dimG
,

where dimG denotes the dimension of G as a p-adic Lie group.

First of all note that Sw(1) is a closed set in G(k). If dimG = d and w is a word in

k variables, what are the conditions so that DimSw(1) ≥ d·(k−1)? Does Theorem 52

hold if we substitute closed subgroups by closed sets? If this last question were true,

and we could prove that DimSw(1) ≥ d · (k − 1), we would conclude

Dim{Gn} Sw(1) =
dimSw(1)

dimG(k)
≥ d · (k − 1)

d · k
= (k − 1)/k.

Although not necessary, these would be sufficient conditions to prove Dim{Gn} Sw(1) ≥

(k − 1)/k in this setting.

To start with, we consider G = Z(d)
p . Since for any word w in k variables,

Sw(1) is the kernel of the homomorphism fw : G(k) → G defined by (g1, . . . , gk) →

w(g1, . . . , gk), then it is a submanifold in G(k). Consequently, we deduce the following

result:

Proposition 53. Let G = Z(d)
p with the filtration {Gpn} and let w be a word in k

variables. Then

Dim{Gpn} Sw(1) =
dimSw(1)

k · dimG
.

Another result towards having a positive answer to our question is the following:

Proposition 54. Let G be a p-adic analytic pro-p group of dimension d and w a
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word in k variables. If for any open uniform subgroup H of G,

Dim{Hpn} Sw,H(1) ≥ (d− 1)/d; (6.3)

then Dim{Hpn} Sw,G(1) ≥ (d− 1)/d.

Proof. Let H be an open uniform pro-p subgroup of G and let Hn = Hpn be the usual

filtration. Using the definition in (6.1), and since H can be regarded as a Zp-module

by Theorem 51,

Dim{Hn} Sw,H(k)(1) = lim inf
n→∞

logp |Sw,H(k)(1)H
(k)
n : H

(k)
n |

logp |(H : Hn)(k)|
≥ (d− 1)/d.

Let λn =
logp |Sw,H(1)H

(k)
n :H

(k)
n |

logp |(H:Hn)(k)| . If consider the same filtration for G, one gets

Dim{Hn} Sw,G(1) ≥ lim inf
n→∞

logp |Sw,H(1)H
(k)
n : H

(k)
n |

logp |(G : Hn)(k)|

= lim inf
n→∞

logp |Sw,H(1)H
(k)
n : H

(k)
n |

logp |(H : Hn)(k)|
·

logp |(H : Hn)k|
logp |(G : Hn)k|

= lim inf
n→∞

λn ·
logp |(H : Hn)k|
logp |(G : Hn)k|

≥ (d− 1)/d,

since lim infn→∞
logp |H:Hn|
logp |G:Hn| = lim infn→∞

nd
c+nd

= 1 with c = logp |G : H|.

Consequently, future work could be started by studying whether the hypothesis

of Proposition 54 holds for any uniform pro-p group; that is, studying whether for

any uniform pro-p group H with the filtration {Hn} = {Hpn},

Dim{Hpn} Sw,H(1) ≥ (d− 1)/d.
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