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Abstract

The aims of this thesis were to:
e understand the main methods employed in call centres to choose the
number of agents answering telephones;
e examine relevant literature related to these methods;

e develop a framework with the aim of highlighting any potential flaws

in these methods;
e attempt to use this framework to improve these methods, if possible.
The motivation behind this research was of a very practical nature. It

is known that the methods employed in many call centres to choose the

number of agents to answer the telephones are not up to scratch.

The main results of this thesis are that:

e standard methods are suspect;

e a framework has been developed to examine a relevant queueing

model which allows for scenario analysis and stress testing;
e a “cutoff phenomenon” exists in this system;

e the robustness of the system strongly depends on the second eigen-

value of a certain matrix;

e the use of simulation methods alongside analytical models can be

valuable;

e an improved method for choosing agent numbers has been developed

which we hope can be applied in practical situations.
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Chapter 1

Introduction

1.1 Overview of Call Centre Operations

A call centre is a centralised office containing resources, such as personnel, computer
and telecommunications equipment that delivers services by telephone. Call centres
have become an integral part of the operations of most major businesses in recent
years. Businesses see call centres not only as a method of delivering services to
customers efficiently, but also as a way of maintaining a direct personal link with their
customers. There is a current trend to turn call centres into contact centres. Contact
centres aim to, not only deliver services by telephone, but also by letter, fax and e-
mail. A call centre can handle either inbound calls, outbound calls, or both. Typical
functions performed by inbound call centres include customer service, order taking
and acting as help desks or emergency response desks, whilst functions performed by
outbound call centres include sales, advertisement campaigns and customer surveys.

Recent technological developments in information technology have meant that it
has become possible to deliver call centre services from anywhere in the world. This
has caused many companies to move their call centres to countries where labour costs
are much reduced. However, research suggests that this offshoring has not prevented
continuing strong growth in UK call centres [11]. In the US in 1999, it was estimated
that more than 1.4% of all private-sector employees worked in call centres with this
number growing at more than 8% per year [9].

Call centre personnel are referred to as agents or customer service representatives
(CSRs). The organisation of personnel can vary greatly. In centres where no great
skill is required for an agent to perform the required tasks, often every agent is trained
to perform all tasks and calls are routed according to a first come first served scheme.
However, in centres which perform several more complicated tasks, agents are often

trained to perform fewer tasks. Callers are then either routed through several layers of



agents, ending with the most specialised if previous agents have been unable to solve
their query, or use their telephone keypad to answer a series of automated questions
that enable a computer system to automatically route their call to the correct queue.

The information technology equipment available to call centres has improved dra-
matically in recent years. Services that used to require the customer to use their
keypad to select options now often use voice automation, with some banks seeing up
to 80% of calls dealt with solely by computer [9]. Some centres even automatically call
back a customer who has abandoned their call prior to it being answered, when there
is a free agent. Access to customers’ information is often made easier by technology
known as computer telephone integration, which searches for a customers record and

displays it on the relevant agent’s screen, before the call has even been answered.

1.2 Overview of the Planning Process

One of the most important tasks in call centres is the construction of an agent sched-
ule. Too many agents leads to unnecessary costs, whilst too few leads to substandard
service. In order to draw up an agent schedule, forecasts must first be developed for
the rate at which calls arrive into the call centre and the average handling time. The
average handling time or service time is not defined as the time that an agent spends
on the telephone, but as the total time that an agent takes to deal with a call. This
is the talk time as well as time spent before or after a call performing tasks related to
that call. Based on these forecasts, the number of agents required to achieve the ser-
vice level can be determined. The standard technique used to do this is described in
Chapter 2. These numbers can then be used to determine the agent schedule. During
the day, forecasts can be updated based on the actual number of calls arriving and

agents redeployed as necessary. We go into the details of this process below.

1.2.1 Forecasting

In order to estimate the number of agents required, a call centre needs to produce
forecasts for the number of calls arriving into a call centre and an estimate for the
average handling time. On short time scales, the number of calls arriving into a call
centre exhibits significant stochastic variability. However, on longer time scales, we
also see more predictable daily, weekly, monthly and seasonal variability. Figure 1.1
shows a piecewise linear approximation of how the daily arrival rate varies in a typical
call centre. As a call arrives and moves through a call centre, information is recorded

about the call, for example, the time of arrival, the time spent waiting in the queue
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Figure 1.1: Piecewise linear approximation of a typical arrival rate. Adapted from
9], Figure 5

and the service time. Since call centres generate so much data, it is (or certainly used
to be) prohibitively expensive to store it all, so summary statistics over short time
intervals of half hours or hours are often produced. These summary statistics are
important not only for measuring how well the system performed, but for predicting
likely arrival rates and service times at comparable times in the future.

Call centres produce forecasts for the expected arrival rate based on both historical
data and expected predictable variations. The focus of this thesis is not on how these
forecasts are produced, so we point the reader towards [9], Section 3.3, for more
information. From this point on, we will assume that a (time-varying) forecast for
the expected arrival rate and a point estimate for the average handling time have

been produced.

1.2.2 Service Level

An important problem is that of defining the grade of service that a call centre
achieves. Criteria can be qualitative as well as quantitative. Qualitative service level
criteria might involve measuring whether or not the service was effective, for example,
whether or not the customer’s problem was solved, or measuring the quality of the

interactions between an agent and the customer, such as the politeness of the agent.



Qualitative service levels are mainly aimed at measuring customer satisfaction with
the service provided [9].

In this thesis, we will restrict our attention to quantitative service levels, since
these are normally associated with the issue that we will be most interested in: how
to calculate the minimum number of agents that achieve a desired service level. Quan-
titative service levels normally measure the accessibility of agents. The quantitative
service level that is seen most often is related to waiting times and is stated as

ensure that more than o% of callers wait less than T seconds to be served,
where typical values are a = 80 and 7' = 20 ([14], Chapter 15). In this case, we
can define the achieved grade of service as the percentage of customers who actually
wait less than T seconds. This can be interpreted in several ways. We may want to
ensure that this is achieved instantaneously, so that the service level holds at every
time throughout the day, or we may want to ensure that it is achieved averaged over
the day, or achieved on average for every one of several small time intervals during
the day. Another example of a quantitative service level is based on abandonments
and stated as

ensure that less than 5% of callers abandon their calls prior to them being an-
swered,
where typical values are § = 3% or § = 5% ([14], Chapter 15). Note that satisfying
the service level based on abandonments is highly correlated to satisfying the service
level based on waiting times: as waiting times increase, more customers will abandon.

A combination of both quantitative and qualitative service levels is normally de-
sirable. A customer who receives excellent service once their call has been answered,
but has had to wait a long time to receive it, will probably be dissatisfied. Similarly, a
customer whose call is answered immediately, but then receives below average service

will probably also be dissatisfied.

1.2.3 Capacity Management

Suppose that we are trying to satisfy a quantitative service level of the form given
in the previous section. Increasing the number of agents will certainly improve the
achieved grade of service. However, since typically 60 —70% of all operating costs of a
call centre are personnel costs ([14], Chapter 15), minimising the personnel required
to achieve the desired service level is one of the most important problems in call
centres and is the problem that we will concentrate on in this thesis. Furthermore,
the cost of employing agents may be different at different times of the day, so we

will be interested not only in minimising the total number of agent hours, but in
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minimising the total agent cost. This problem is tackled specifically in Chapters 6
and 7.

However, the problem does not stop here. In practice, knowing how many agents
are required at each time of day then needs to be translated into a workforce schedule:
agent start times, end times, breaks and personal preferences all need to be accommo-
dated. This issue becomes yet more complicated when different agents have different
skill sets. Complicated workforce management software is available and widely used
to try and solve these problems. Problems associated with producing agent schedules
from required agent numbers are out of the scope of this thesis, so we point the reader

towards [9] for more information.

1.3 Notation

Standard notation exists in queueing theory and it is useful to introduce it now. Note
that the number of customers in the system refers to both the customers currently in

the queue and those currently being served.

e )\ - the rate parameter if a homogeneous Poisson arrival process is assumed;

1 - the rate parameter if service times are assumed to be exponentially dis-
tributed;

e 3= pu~! - the average service time if service times are assumed to be exponen-
tially distributed;

e ~ - average patience of a caller if abandonment times are assumed to be expo-

nential;
e s - number of agents;
® o= ﬁ - the offered load;
e p= ﬁ - the load to the system;

e 7 - the stationary distribution of the number of customers in the system (if it

exists);

o Wy - the time that an arbitrary customer spends waiting in the queue, if the

system is in a stationary situation;



e Lg - the random number of customers in the queue, if the system is in a sta-

tionary situation.

Note that a and p are dimensionless, but are said to be measured in Erlang, a measure

of telecommunications traffic.

1.3.1 Kendall’s Notation

Kendall’s notation is used in queueing theory to classify different queueing systems.

Its general form is

A/BJC/k/N/D + E.

Here, A refers to the arrival process, whilst B refers to the service time distribution. If
we assume a homogeneous Poisson arrival process and exponential service times, then
A and B are both written as M, corresponding to Markovian. Several other codes are
common, including G, corresponding to a general distribution. Some authors write
this as G/ in order to emphasise the fact that arrivals/service times are independent.
If a process is an inhomogeneous Poisson process (a Poisson process with a time-
varying rate) then this is written M.

C' corresponds to the number of servers or, in the case of call centres, agents. k
refers to the capacity of the system, which is the number of agents plus the number
of places in the queue for call centres. Once this capacity is filled, further arrivals are
blocked and are prevented from entering the system. Note that, if £ = C then there is
never a queue; arrivals can only enter the system when there is a free server/agent. N
refers to the calling population. This is often assumed to be infinite when the calling
population is large compared to the number of agents. D is the queueing discipline.
This is typically first in, first out (FIFO) but others are possible, such as last in, first
out (LIFO). Finally, if the queueing system includes abandonments, then the patience
distribution is represented as +F. We will return to this in Section 3.4.

When k = 0o, N = 0o, D = FIFO and no abandonments are assumed, these are
often omitted and Kendall’s notation becomes A/B/C.



Chapter 2

The Erlang C Method

2.1 Queueing Models

Most modern methods for performing network optimisation are based on work done
by Agner Erlang almost 100 years ago. He attempted to come up with a method
that would give insight into how many trunks are required to carry a certain amount
of calling in a telephone network. The answer is that there is always a trade off:
increasing the number of trunks results in improved service but increased costs, whilst
decreasing the number of trunks decreases costs, but also decreases service quality.
The Erlang C method is the most widely used method in call centres and is
based on the M/M/s queueing model. It allows us to calculate the probability that
a customer will have to wait longer than a certain time to be served, if various
assumptions are satisfied. This then allows us to calculate the minimum number of
agents needed to satisfy a service level based on waiting times, of the form described
in Section 1.2.2. This method is discussed extensively in Section 2.2. Other queueing
models that are also used include the Erlang A (abandonments) model and the Erlang
B (blocking) model. The Erlang B model assumes a M /M /s/s queueing system which
means that there is never a queue; if a customer calls and there is not a free agent,
then the call is blocked. The probability that a call is blocked is given by a simple

formula:
aS

B<S’ a) = ZSS! ai N
i=0 5

In this case, the service level normally defines an acceptable probability that a call

is blocked. The minimum number of agents required to achieve this is then easily
calculated using the equation above.

The Erlang A model typically assumes a M/M/s + M queue. This means that



whilst no calls are blocked, customers abandonment times follow an exponential dis-
tribution with an average patience, .
Finally, we note a technique known as square-root safety staffing. This recom-

mends that the number of agents is determined according to
s=a+bva

where a is the offered load and b € (0, 00) is known as the service grade. Effectively,
by/a represents our safeguard against stochastic variability. Formal analysis to sup-
port this method only appeared in 1981, however this square root relationship has
long been recognised in practice and was used by Erlang himself [9]. This method is
examined in much more detail, including analysis suggesting an optimal value for b,
in [9].

2.2 The Erlang C Method

2.2.1 Assumptions

We assume that we have a multi-agent single-skill inbound call centre and model the
queueing process by a M/M/s queue, which means that arrivals follow a Poisson
process with constant arrival rate A and service times are exponentially distributed
with constant rate 1/u. The assumption that the arrival rate follows a Poisson process
means that the inter-arrival times are independent and identically distributed as
exponential random variables with rate % We also have s agents serving the calls
and an unlimited number of available places in the queue, which means that calls are
never blocked: a caller always has a place in the queue.

We will also assume that a caller does not abandon their call whilst they are in
the queue; they will always wait to be served. Finally, calls are independent of each
other, the service discipline is first come first served and we assume that the system

is in a stationary situation.

2.2.2 Formula

If the assumptions above hold, then several useful formulae exist. Recall the offered
load, a = ﬁ and the load per agent, p = ﬁ, as defined in Section 1.3. Suppose that
p < 1 and let ¢ denote the number of customers in the system (those currently being

served as well as those in the queue). Then the stationary distribution for the number



of customers in the system is given by

(i) :{ ﬂ()) if i < s, (2.1)

slgt—s
where L
o at as
= — . 2.2
nO7 =) G+ G-Dls—a) (22)
1=0
We also have
P(Wq > T) = C(s,a)e” r=NT (2.3)
where
00 s s=1 s -1
a a a
C = ) = — ) 2.4
(s,a) ;”@ G—Dl5—a) ;) 1T G-Ds—a (24)

Finally, we have expressions for the expected time spent waiting in the queue and the

expected queue length:

C(s,a)
E = 77 2.
_ pCs,a)
ELy = =, (2.6)

Instead of proving these expressions here, we will return and prove this later once
we have developed a more general framework. Indeed, (2.1) and (2.2) are proved in
Section 3.3 whilst (2.3) — (2.6) are proved in Appendix B. For a standard proof, see
[10], Section 2.3 or [14].

Note that the probability that a customer has to wait any time at all is given by
C(s,a). This is obtained by putting 7" = 0 into (2.3). The condition that p < 1 is
required for stability. This is intuitive; if calls are arriving more quickly on average
than the call centre is managing to serve them, so A > sy <= p > 1, then the
queue will continue to grow with no upper bound.

In order to calculate the required number of agents, suppose, as discussed earlier,
that the desired grade of service is of the form: answer a% of calls within T" seconds.

Then we wish to find the smallest integer s such that

= PWo>T) < 1—a (2.7)

IED(WQ < T) >«

and the left hand side is precisely what is given by (2.3). Efficient calculation of this

is discussed in the next section.



2.2.3 Efficient Computation

For large s, we must be careful when attempting to compute C(s,a) numerically as
the factorial terms can quickly cause problems. Instead, we find that a better way to

compute C(s,a) is to compute its reciprocal first:

s—1 ai
1 Zizo il

S e
Cls,a) (Emyie=)

s—1
= 1+(s—a)2ai_s
=0

(s —1)!
il

:1+i“§<ﬁ§>

i=0 \j=i+1

Computing C(s,a) in this manner ensures that the numbers remain in a range that
can be comfortably handled computationally. However, we can improve the efficiency

of the computation by noticing a recurrance relation. If we write

s—1

j=i+1

then we have that

s—1
1 s—a
C(s,a) * a ;
It is then straightforward to show that S; can be calculated from S;,; by
i+

Si Sit1

subject to Ss_1 = 1. We now have a method of calculating (2.3) efficiently, in O(s)
operations in fact, so we move on to the problem of finding s from (2.7). A lower
bound for s is given by the stability criterion, so that s > % We also know from
experience that s will be close to this lower bound, hence making it easy to guess
an upper bound for s, %, for example. The bisection method (modified to use only
integer values) is one way of efficiently calculating s from (2.7). For more information

on the bisection method, see [4], Chapter 2.

2.2.4 Current Practice

Here, we look at how call centre managers typically apply the Erlang C formula. We
assume that some forecast has been generated for the arrival rate, over a period of,

say, one day. This arrival rate will vary with time, so we cannot apply the Erlang C

10



160

140

120

100

Arrival Rate (arrivals per hour)
oo}
o

60 —

40 s s s s s s s !
6 8 10 12 14 16 18 20 22 24
Time of day (hours)

Figure 2.1: Mean arrival rates over one hour intervals corresponding to the arrival
rate function given in Figure 1.1

formula directly. Instead, we divide the day into small intervals and approximate the
arrival rate by its average value in each interval. Hence, if the arrival rate \(t) varies

on the interval [to, 1], the constant Erlang C arrival rate is taken to be

P /tlx(t)dt.

tl - to to

The mean arrival rates over one hour intervals corresponding to the actual arrival rate
function given in Figure 1.1 are shown in Figure 2.1. Whilst we want the intervals
to be as small as possible, so that the arrival rate varies as little as possible in each
interval, the minimum interval size is often dictated by workforce management issues.
Agents can normally only start and end shifts at certain times, on the hour or half
hour, for example, limiting the minimum interval size. If we have a point estimate
for the (assumed constant) average handling time, then the Erlang C formula can be
applied to each interval to produce estimates for the number of agents required in

each interval.

2.3 Problems with Current Practice

There are several potential problems with the current practice. Whilst assuming that

calls arriving into a call centre follow a Poisson process is justifiable [3], assuming that

11



they arrive at a known constant rate is not; the rate is neither constant nor known
in practice. It is often hoped that the change in arrival rate during each small time
interval will be small enough that it is negligible. The assumption that service times
are exponentially distributed with a constant rate is also justifiable in many cases
[12], but again, this constant rate is treated as known, when it is in fact an estimate.

The Erlang C formula does not take account of caller abandonments or call block-
ing. Analysis given in [9], Section 4.2.2 suggests that in high traffic situations, even
if only a small fraction of calls are either blocked or choose to abandon the queue,
this can have a great effect of the performance of the system. The authors state that
“a common complaint one hears from call centre managers is that workforce manage-
ment systems consistently recommend overstaffing” because they fail to take account
of abandonments. They go as far as recommending that the Erlang A model should
become the standard model, replacing Erlang C. With regard to call blocking, if the
number of available lines is large compared to the average queue length, then we can
assume the effects of call blocking are small. However, it is suggested in [8] that block-
ing calls when there is a reasonably long queue may increase customer satisfaction
as customers simply hear an engaged tone, rather than waiting for a potentially long
time (the length of which is often unknown to the customer) in a queue. In fact, [§]
suggests that the number of extra lines should only be 10% of the number of agents.

It is also assumed that the queue is in a stationary situation. Although it is often
argued that convergence to stationarity occurs quickly enough to be ignored ([14],
Section 15.2), if the queue is longer than expected at the start of an interval, then
convergence might not have occurred by the end of the interval. This queue can then
take a number of hours to work off. The fact that the arrival rate is unknown can
contribute to this; if it is slightly larger than predicted, queues can build up over the

course of a day.

2.4 Review of Relevant Literature

In this section, we review some of the research that has been done concerning the
issues raised in the previous section. Both [14], Chapter 15 and particularly [9] provide
thorough introductions to the issues behind the whole call centre planning process.
We will summarise some of the main points made in these documents which are
relevant to what we are interested in. Firstly, in [9], Section 4.3, the authors consider
a varying arrival rate. They comment that in cases of abrupt changes in the arrival

rate, or when the system is overloaded during one or more time intervals, the system

12



can be far from stationary and this non-stationarity must be accounted for. Whilst
uncertainty in the inter-arrival times is modelled explicitly by assuming a Poisson
process, the arrival rate is assumed known. This is far from true and arrival rates
which exceed forecasts by 10% are not unheard of [14]. In [14], it is noted that the
inclusion of abandonments is particularly valuable in call centres where the load is high
compared to the number of agents. However, it is also stated in [14], Section 15.7 that
if abandonments are assumed to be exponentially distributed with a constant average
patience, v, then “estimating this parameter is a non-trivial statistical problem”, but
that the Kaplan-Meier estimator can be used. This is demonstrated in [14], Example
1.8.1. Finally, in [9], the authors recommend using a combination of analytical models
and simulation; analytical models for “insight and calibration” and simulation for
“fine tuning”.

Next, we consider [12]. In this paper, the authors consider the standard Erlang
C method, assuming a homogeneous Poisson arrival process and exponential service
times. Call volume data studied in [12] suggests that the number of arrivals in a time
period is often overdispersed, meaning that the variance is larger than the mean (if the
assumption of a homogeneous Poisson arrival process were true, then we would expect
the variance to be equal to the mean). The authors respond to this by suggesting
that the arrival rate be modelled by a random variable, so that the arrival process is
doubly Poisson. This makes sense; there will always be variability in the actual arrival
rate, no matter how accurate a forecast is and this extra variability needs to be taken
into account. Then every data point can be viewed as being generated in two steps.
Firstly, the arrival rate, A, is drawn from the mizing distribution (the distribution of
the random variable used to model the arrival rate). The arrival count then follows
a Poisson process with that rate. If the mixing distribution is known, then we can
find a confidence interval for the arrival rate, using this mixing distribution. The
number of agents predicted by the Erlang C formula is increasing in the arrival rate,
hence the upper and lower bounds from the confidence interval can be inserted into
the Erlang C formula to give a confidence interval for the number of agents required.
The subject of estimating the mixing distribution is also tackled and both parametric
and nonparametric methods are discussed, with the parametric method employing a
Gamma distribution to model the arrival rate.

Two different methods of staffing are considered in [12]. The first assumes that the
number of agents cannot be altered during a time interval. The upper bound on the
number of agents required then becomes important since a worst case scenario must

be assumed in order to satisfy the service level as often as possible. However, the lower
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bound can be used to show how far off the upper bound can be, which is important
as overstaffing translates into unnecessary costs. The second method is preferable;
here it is assumed that the number of agents is flexible. We can then assign a number
of fixed agents according to the estimate given by the lower bound and a number
of flexible agents according to the difference between the two, so that the number
of agents answering telephones can be varied between the upper and lower bounds
according to real time operating conditions. In a contact centre, flexible agents may
be assigned tasks such as answering emails, which are not as urgent, so those agents
can be used to answer telephone calls as necessary.

A simulation model for inbound call centres is developed in [20], which includes
time varying and uncertain arrival rates as well as varying staffing levels. The authors
show that different call centre staffing models are highly sensitive to uncertainties in
arrival rates and that performance levels can differ significantly from the target levels,
when the arrival rate varies from the forecast. The authors argue that, even though
it is common practice, models which assume a known arrival rate are suspect and far
from robust.

In [25], the author states that “the queueing model M/GI/s/k~+GI has long been
regarded as appropriate for call centres”. The author then shows that the M /M /s/k+
M (n) model often provides an excellent approximation to the M/GI/s/k+GI queue-
ing model. This is extremely helpful; whilst the latter is relatively intractable, the
former is not. Note that M (n) refers to the fact that abandonments are exponentially
distributed and the abandonment rate is state dependent, so the rate at which cus-
tomers abandon is allowed to depend on their position in the queue. This behaviour
can certainly be imagined in call centres that provide customers with information
about where they are in the queue, or give customers an expected waiting time. A
customer who is told that they have a longer wait, or are further down the queue, is
probably more likely to abandon than if they are near to the front.

Complete call-by-call data over the duration of a year is examined in [3]. The data,
obtained from a call centre belonging to a bank, included all calls from customers
who wished to speak to an agent - about 450 000 in total. The analysis supports the
assertion that the arrival process is an inhomogeneous Poisson process with additional
randomness in its arrival rate, as suggested in [12]. However, they find that, rather
than being exponentially distributed, service times tend to be lognormally distributed.
Time to abandonment was curiously found to have two peaks. The first occurred after
a few seconds, whilst the second occurred after around 60 seconds. This corresponded

to the customer being played a message informing them that they were in a queue,
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causing many to give up and hang up. Another interesting result was that the Erlang
A model was found to describe the performance of this call centre well and predictions
made using it “proved surprisingly robust”. This is echoed in [25], where it is stated
that the Erlang A model “is certainly superior to Erlang C”.

In [2], the authors develop stochastic models of time-dependent arrivals with appli-
cation to call centres specifically in mind. The focus is on reproducing the behaviour
that has been observed in recent empirical studies of call centre arrival data. Firstly,
the total daily demand is overdispersed compared to the Poisson distribution (as
observed in [12]). Secondly, there are large changes in the arrival rate as the time
of day varies (shown in [22]). Thirdly, arrival counts in different time periods are
correlated, and finally, arrival counts on successive days are also correlated [3]. The
authors develop three models of a time-dependent arrival process, two of which are
similar to the doubly stochastic Poisson process suggested in [12]. They examine
data obtained from a Bell Canada call centre and find that it exhibits every type of
behaviour suggested above. One of the concerns about the doubly stochastic Poisson
models is that, although they capture a time-varying arrival rate, they do not support
correlation between arrival counts in different time periods.

Fluid approximations to queueing processes have been considered [9, 17, 26] and
in [17], the authors allow time varying parameters and not only abandonments, but
also retrials. Numerical results show that the simple fluid approximation suggested

in [17] is fairly accurate.

2.5 Aims

Based on Section 2.4, we can now state the aims of this thesis. We will attempt to de-
velop a general framework, based on a Markov chain, for examining the M;/M/s/k+
M (n) queue, which includes time-varying arrival rates, as recommended by [25]. We
will not assume that the system is stationary (in fact, a stationary situation does not
exist when the arrival rate is time-dependent). The Erlang C model then becomes
a special case of this and so we hope to be able to examine the inadequacies of the
Erlang C method within this framework.

We can then look at some of the properties of the M;/M/s/k + M(n) queueing
model and examine the effect of abandonments on the system, for example. This
Markov chain approach will only be able to tell us the average grade of service at
any point; in reality the achieved grades of service will vary about this average. It

is important to look at the spread of the grade of service and this can be done via
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simulation methods, as recommended in [9]. Note that simulation methods are also
valuable if the system becomes analytically intractable, as we will see later.

We will also look at optimisation problems to do with minimising the total agent
cost over the course of, say, one day, as described in Section 1.2.3. Whilst the arrival
rate and the average handling time will still be treated as known, we hope that the
system will yield to scenario analysis so that, if a call centre manager knows a worst

case scenario, recommendations for the staffing levels can be made.
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Chapter 3

Framework

In this chapter, we begin by deriving a method to describe the M;/M/s queueing
model based on a Markov chain. Whilst the average handling time is assumed con-
stant, we allow a time-varying arrival rate. We then extend this method and show
how it can be extended to study the M,/M/s/k + M queue.

3.1 M;/M/s queue

Consider the M;/M /s queue with a time-varying arrival rate, A(t). We assume that
service times follow an exponential distribution with constant rate i and denote
the constant integer number of agents by s. Now, the number of customers in the
system forms a continuous time Markov chain {X;,t € [0,00)}, where X; represents
the number of customers in the system at time t. This process must take values in
the non-negative integers, however, to make analysis possible, we limit the process to
taking values in {0, 1,..., N}, where N is chosen to be large enough that there will
very rarely be N customers in the system. Note that we have implicitly modelled
the M;/M/s/k queue, where k = N — s (the number of places in the queue) is large.
This is discussed further in Section 3.5.

From now on, we will denote p;(t) = P(X; = i), the probability that there are
1 customers in the system at time t. Before we deal with how these values are
calculated, we show how they can be used to calculate the waiting time distribution.

Suppose a customer arrives into the system at time 7. Then, applying the law of
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total probability:

N
P(Wo<Tlr) = Y P(Wo<TIX, =i)P(X, =1)
=0

N
= Y P Wy < TIX, =) pi(r). (3.1)
=0
If i < s, then an arriving customer will be served immediately, so we must have that

P(Wo <T|X,=1i)=1fori<s. (3.2)

If i > s, then the probability that the customer will be served within time 7" from
now is equal to the probability that more than ¢ — s customers are served and leave
the system within time 7". We have assumed that service times are exponential with
rate i and so the number of customers leaving the system after being served follows

a Poisson process. Hence, we have
P(Wo <T|X,=1i) = PY >i—5s)

— Z ( /];S) e Ths for i > s (3.3)

k=i—s+1
where Y ~ Po(Tus), a Poisson distribution with mean T'us. Putting (3.2) and (3.3)
into (3.1) yields

s—1 N 0 s k
P(Wo < Tir) =Y _pi(r)+ (ﬂus > (Tg! ) ) pi(T). (3.4)

This equation effectively gives an instantaneous grade of service; if a customer arrives
into the system time 7, then this is the probability that they will be served within
time T'. However, as described in Section 1.2.2, grades of service are often calculated
over periods of time such as an hour. Suppose we wish to calculate the grade of
service over the interval I = [tg,t;] where the time-dependent arrival rate, A(t), is
defined on I. Then the probability that a call arrives into the system at time 7, given
that it arrives in I, is given by
A(T)
[PN()dt

to

f(r) =
Now, using the continuous version of the law of total probability:

P(Wy <T) — /1t P(W < T|r) f(r)dr
B JUP(Wo < TIr)A(r)dr (35)
- St '

where P(Wg < T'|7) is given by (3.4).
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3.2 Time Evolution of the Queue

We now consider the problem of calculating the time evolution of the distribution
of the number of customers in the system. We begin by writing the distribution in
vector form:

p(t) = (po(t), .., pn (1) -
Note that

IOl = > pi(t) =1 3.

since each entry is a probability and the state space is {0, ..., N}. Suppose that p(t) is

known and consider what will happen in the next time At, where At is small. Indeed:
N

pilt+ At) = qalt,t + At)p;(t) (3.7)

=0
where ¢;;(t,t + At) is the probability that we move from state j at time ¢ to state i
at time ¢t + At. This is equivalent to the probability that the number of customers
arriving into the system minus the number of customers leaving the system in the
interval [t,t + At] is i — j.

In the interval [t,t + At], we know that the number of customers arriving into
the system follows a Poisson distribution with rate parameter \(¢)At. Similarly, the
number of customers leaving the system follows a Poisson distribution with rate p; At,
where i is the number of customers currently in the system and p; = pmin(i, s). We
therefore know that the probability of m customers arriving into the system and n
customers leaving in the interval [t, ¢ + At] is

<6—>\(t)At<)‘(t7)nA!t)m) (e"”At (Mz’ﬁﬂ") ‘ (3.8)

Now, noting that
e~ AOTHIAL — 1 (\(8) + i) At + O(AF?)
we see that (3.8) becomes

(1= (A(t) + pi)At) )\(;iz'—n/'%At("me) + O(ALHm ),

In particular, if n +m > 1, then this is O(At?). We now proceed to calculate
qji(t,t + At). Firstly:

¢i(t,t+At) = P(m=n)

0
= 1= (A1) + m)At + O(AL?).
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Secondly:

= P(m=1,n=0)+O(A#)
= Mt)At 4+ O(AF).

Thirdly:

Giri(t,t+At) = P(m+1=n)
= P(m=0,n=1)+O(A)
= pin AL+ O(A).

Finally, for |¢ — j| > 1, ¢;:(t,t + At) = O(At?). Now, putting this into (3.7), we

obtain:

pilt+ AL = > gt t+ Ab)p;(t)

=0
= i-1,iPi—1 T GiiPi T Git+1,iDi+1 + O(At?) (3.9)
A + (1= ) + ) A Pilt) + s Atpia (1) + O(AR)

if 1 <i< N —1. We also have the special cases
polt + At) = (1 = (A1) At) po(t) + pAtp (t) + O(AL?)

and
pn(t+ At) = M) Atpy 1 (8) + (1 — pnAt) p (t) + O(AE).
Re-arranging (3.9), we get:

pit + At) — pi(t)
At

So, letting At | 0, we have:

= A()pi-1(t) = (AQ) + pa)pi(t) + pis1pira(t) + O(AL).

dp;
dt

= AM)pi-1(t) — (A(t) + pa)pi(t) + priv1pisa(t).
Similarly, for the special cases, we have:

dpo

= —Apo(t) + pi (1)

and
dpx

el At)pn-1(t) — punpn ().
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Hence, we have a matrix differential equation for p of the form

D~ Awp) (3.10)
where
() " 0 0 0
At) =) +p) 24 0 0
Alf) = O A(t) —(A(t)+2p) 3u o () (3.11)
0 0 At) —(A() +sp)  sp
0 0 0 A(t) —Sp

since p; = i for ¢ < s and p; = sp otherwise.

We can solve (3.10) approximately using a Crank-Nicolson method as follows.
Assume p(0) is known and we want to solve (3.10) to obtain p(¢), for some ¢ > 0.
Let At = & and t; = iAt for 0 <4 < M, where M is large. We then approximate
(3.10) by

pn - pn 1
HT =3 (Anpn + Ant1Pnt1) (3.12)

where A, = A(t,) and pg = p(0) is known. We hope that p,, ~ p(t,). (3.12) then

becomes
At At

7An+1)pn+l = (I + 7An)pn

which we can apply iteratively for 0 < n < M — 1. Thus, we require one matrix

(-

solve at each step. The advantage of this method, over a built in higher order differ-
ential equation solver in Matlab, for example, is that this allows us to construct an

approximation for the transition matriz, T'. This satisfies p(t) = T'(¢)p(0). Define

At At

Then the transition matrix is approximated by
Toar—1()Tar—2(t)... To(t).

This method also gives us an approximation of p(¢,) for 0 < n < M, so that we
are able to calculate an instantaneous grade of service at each of these times. Whilst
the Crank-Nicolson solution is only approximate, we know that its truncation error

is O(At?). The derivation of the truncation error is given in Appendix A.
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3.3 Properties of the Markov chain

In the case that the arrival rate, A and the average handling time, p are constant,
a stationary distribution exists, as long as ﬁ < 1. Indeed, in this case, the process
{X},t > 0} is a continuous time Markov chain which is both irreducible and aperiodic.
Irreducibility essentially means that all states communicate, so it is possible to get
from one state to any other state in a finite time. Aperiodicity is guaranteed by the
fact that it is always possible to remain in the same state. Moreover, a Markov chain
is guaranteed to have a stationary distribution as long as it is both irreducible and

aperiodic [19]. Indeed, the stationary distribution is the vector p> that satisfies

d
Zp® =0
at®
which implies that
Ap*™ = 0. (3.13)

Note that a constant arrival rate means that the matrix A is constant too and that
the stationary vector is the normalised eigenvector of A corresponding to the zero
eigenvalue. This eigenvector can be easily calculated by finding a recurrence relation

using (3.11) and (3.13). Indeed, we find that
APG. = MY
and
Apey — (A4 )Py + pigapis, = 0for i < N
and
APN-1 = SUPN

with g; = min (7, s)u. Solving these gives each entry of p in terms of the first:

o = Py if i < s,
’ @ _p ifi > s.

slst

The first entry of the vector can then be calculated by using the condition that this

vector is normalised, as in (3.6), which leads directly to

" s—1 i a’ (1 _ (%)N—SH) -1
Po = (ZE+ G-D(s—a) ) |

1=0

Note that, if we let N — oo in the above, since ﬁ < 1, we obtain (2.1) and (2.2),
which is the stationary distribution of the M/M/s queue.
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3.4 Modelling Abandonments

We model abandonments by modelling a customer’s patience. Suppose that a cus-
tomer is given no information as to the probable length of their wait, or their position
in the queue whilst they are waiting. Then it may be reasonable to assume that every
customer’s time to abandonment follows an exponential distribution with constant
average patience, v. However, when customers are given specific information about
their position or expected waiting time, the rate of abandonment may well depend on
a customer’s position in the queue, as noted in Section 2.4 and in [25]. The assump-
tion of exponential times to abandonment with a constant average patience is also
motivated by mathematical convenience. Whilst this is fairly simple to include in the
model and it is what we do next, other distributions or state-dependent abandonment
rates are not and so simulation methods must be used. Simulation methods including
abandonments are examined in Chapter 5.

The derivation follows a very similar pattern to that used in Section 3.2 and so we
don’t repeat it here; rather, we state the results and confine the analysis to Appendix
C. Suppose, as before, that a call arrives into the system at time 7 and denote the
rate parameter of the patience distribution by § = v~!. Then (3.2) holds as before
but (3.3) becomes

PWqo <T|X,=i) = P(Yi+Y(i)>i—s)
= 1-PW+Ye(i) <i—s)

‘ i—S T k 1—s—k TS(i — j
= 1 — ¢ T(ustd(i=s)) Z ( /I:'S) ( Z —( 5(2_ 5)) ) fori > s
k=0 '

=0 J'

where Y] ~ Po(Tus) and Y3(i) ~ Po(T6(i — s)). (3.4) holds as before, giving the
instantaneous grade of service, as does (3.5), giving the interval grade of service. We
now need to derive the relevant equation for the time evolution of p. Indeed, we find

that it is of exactly the same form as (3.10), except that the matrix A becomes

AL —(\0) + ) as o 0
A(t) = 0 () — () + o) it 0 (3.14)
0 )\(lf) —(A(t) -+ OKN_l) aN
0 0 A(t) —an
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where

o = p;+0;
= min(4, s)p + max(i — s,0)d.

The Crank-Nicolson method can then be used as before in order to approximate
the solution to this differential equation. The stationary distribution, in the case of

a constant arrival rate, can easily be calculated in the same way as we have done

N opr if i < s,
P —{ A g ifi > s, (3.15)

slus T1%25 (§6+us

previously, giving:

As before, if the number of lines is assumed infinite, pg° is found by using the condition

o0
dop =1,
=0

or if, as in the following section, the number of places in the system is /N, then

N
> =1
1=0

In the case of infinite lines and a constant arrival rate, in contrast to the M/M/s
queue, this system is always stable if 6 > 0. This can be seen by noting that, as
i — oo in (3.15), p® — 0 because of the product in the denominator. Hence a
stationary distribution always exists in the case of constant arrival rates and as we
see in Chapter 4, convergence to this stationary distribution is guaranteed from any

initial distribution.

3.5 Modelling Call Blocking

Our motivation behind limiting the number of places available in the system to N was
to make the system solvable; if we hadn’t assumed this, we would have a matrix of
infinite size. However, this has implicitly introduced the idea of call blocking. Whilst
we can make N large and hope that this approximates an infinite line system, in
reality there are never infinite lines. Often, call centres may have many lines and use
the infinite line case as approximation ([9], Section 4.2.2). So we have accidentally
modelled something that is advantageous in practice; setting N = s+ k in our model
actually describes the M,/M/s/k + M queue.
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The only problem that may be encountered whilst employing this method occurs
when one changes the number of agents between time intervals, but wishes to keep
the number of lines constant (as would be the case in practice). If the number of
agents is increased by ¢, say, then c¢ zeros can be added to the end of p, whilst A is
simply modified to be the (N +c+1) x (N 4 ¢+ 1) version of (3.11). This represents
the fact that there are now ¢ more available positions in the system that were not
previously occupied. If the number of agents is reduced by ¢ positions, A is simply
modified to be the smaller version of (3.11). The p vector should be modified so that
the last ¢+ 1 entries are summed to form the last entry of the new, smaller, p vector.

This represents the fact that ¢ positions have been removed from the system.
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Chapter 4

System Analysis

4.1 Inadequacies of Erlang C

This framework has the advantage that, not only can we include time-varying arrival
rates, but we can also examine the state of the system at any time and calculate the
instantaneous grade of service. Knowledge of the state of the system at the end of
one time interval can be passed through to the next interval via the p vector, even
if the number of agents has changed. Classical Erlang C methods assume that the
system becomes stationary instantly in each time interval, hoping that the transient
period is small; this assumption is not necessary with our framework.

Here, we consider two examples. In the first, we suppose that the arrival rate
function is as shown in Figure 2.1. This arrival rate is piecewise constant over time
intervals of one hour, as assumed by the Erlang C method. We also assume that the
average handling time is 7.5 minutes, so each agent deals with 8 calls an hour on
average. We assume no abandonments and choose N to be large, so that the effect of
call blocking is negligible. The number of agents is calculated according to the Erlang
C formula in each interval in order to satisfy a service level requiring more than 80%
of customers to wait less than 20 seconds. The initial p vector is generated from the
stationary distribution of the system during the first time interval. Table 4.1 shows
the number of agents predicted by the Erlang C method during each time interval,
along with the grade of service that the Erlang C method predicted would be achieved
with these agent numbers, compared with the grade of service that would actually
be achieved according to our framework, taking knowledge about the state of the
system from the previous time interval and lack of stationarity into account. Several
disparities are obvious. Note that several time intervals have a grade of service which
has fallen below the 80% requirement. Figure 4.1 shows how the instantaneous grade

of service varies throughout the day. We see here that convergence to stationarity
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Time 7-8 8-9 9-10 | 10-11 | 11-12 | 12-13 | 13-14 | 14-15
Agents 11 19 24 23 20 20 22 22
Expected | 0.8495 | 0.8524 | 0.8098 | 0.8379 | 0.8217 | 0.8217 | 0.864 | 0.8151
Example 1 | 0.8495 | 0.8954 | 0.8540 | 0.8224 | 0.7896 | 0.8209 | 0.8709 | 0.8267
Example 2 | 0.8605 | 0.8577 | 0.8234 | 0.7828 | 0.8030 | 0.8333 | 0.8701 | 0.8206

Time 15-16 | 16-17 | 17-18 | 18-19 | 19-20 | 20-21 | 21-22 | 22-23
Agents 20 16 13 12 12 11 10 9
Expected | 0.8217 | 0.8408 | 0.8059 | 0.8015 | 0.8902 | 0.8914 | 0.8936 | 0.8973
Example 1 | 0.7969 | 0.7786 | 0.7658 | 0.7856 | 0.8724 | 0.8804 | 0.8822 | 0.8851
Example 2 | 0.7601 | 0.7626 | 0.7887 | 0.7853 | 0.8718 | 0.8793 | 0.8809 | 0.8836

Table 4.1: Erlang C agent numbers with the expected grade of service according to
the Erlang C method, together with grades of service for Examples 1 and 2 over each
interval during the day

only just occurs by the end of many of the time intervals. This shows that, even if
the arrival rate function is exactly as assumed by the Erlang C formula, the lack of
stationarity for short periods of time can be problematic.

The second example is the same as the first, except that we suppose the arrival
rate varies with time and is piecewise linear, as shown in Figure 1.1. This is a much
more realistic situation than the first example. The mean arrival rate in each interval
corresponds to the constant arrival rate in the previous example, so calculated agent
numbers using the Erlang C formula are identical. Results are shown in Table 4.1
and again differences are seen between the grade of service that the Erlang C formula

implies and the actual grade of service.

4.2 Convergence

In this section, we consider the simple case of a constant arrival rate, constant average
handling times, no abandonments and a constant number of agents and attempt to
understand how the system converges to stationarity. Suppose that the system is
initially distributed according to p(0). We now derive an error bound for the difference
between the grade of service at some time, t, and the limiting grade of service, that
being the grade of service obtained in the stationary situation. Indeed, we begin by
considering a more general case. Consider two cases where the initial distributions
are given by p'(0) and p?(0) and suppose that there are no abandonments. We then
denote the difference between the grades of service achieved in these cases by d, so
that:
d(t, p' (1), (1)) = [B(Wq < Tt p (1)) — B(Wq < Tt p2(1))]-
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Figure 4.1: Instantaneous grade of service over the course of the day in Example 1

Then
s—1 [e'9)
d(t,p'(t),p’(t)) = | (i —p} +ZeT“S< Z ) p; — )]
=0 =8 k=i—s+1
< > v} - p; |+Ze‘T’“‘s< Z ) [l
1=0 k=i—s+1

However, since

k=0
it follows that
—Tus - (T,LLS)k
e u(Z o )gl (4.1)
k=i—s+1
as long as ¢ > s. Then
s—1
d(t,p'(t),p’(t)) < > |(p} — 1} !+Z|
=0

= ') —p*®)l1. (4.2)

We can hope that this is reasonably sharp; indeed, (4.1) becomes less sharp as i
increases, but this effect is negated if the entries of p! and p? are small for large 1,

which we would hope to be the case if the queue is not too long. Note that a very
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similar method shows that this result holds equally if there are abandonments. Now
denote the limiting distribution of customers in the system by p* and the transition

matrix by 7(¢), as in Section 3.2. Then, for any initial vector p(0), we have

Also, if we define T*° = lim; ., T'(t), then

p~ = T>p(0).
Then
Ip(t) =Pl = [T(t)p(0) —T>p(0)[
= [[(T() —=T>)p(0)|h
< [[7(t) =T (4.3)

since ||p(0)]s = 1. Note that equality is experimentally seen to hold in the above if
the system is initially “full”, so that

p(0) = ens1 = (0,...,0,1)".
Now, putting (4.2) and (4.3) together, we have
d(t,p(t),p™) < IT(t) =T (4.4)

Note that, as t — oo, the right hand side of (4.4) goes to zero, meaning that con-
vergence to stationarity is guaranteed from any initial distribution, in the case of
constant arrival rates. Equation (4.4) gives us an upper bound on the difference be-
tween the instantaneous grade of service when the system is not stationary and the
constant instantaneous grade of service achieved in a stationary situation, which, as

stated above, we can hope to reasonably sharp.

4.3 Cutoff Phenomenon and Asymptotic Conver-
gence

Here, we show that this Markov chain can exhibit a “cutoff phenomenon” in the case
of a constant arrival rate. This means that initially, very little convergence (measured
in the 1-norm) occurs, but after some time, convergence to the stationary situation
occurs rapidly, in fact at an exponential rate determined by the second eigenvalue

of the matrix A. A cutoff phenomenon has been shown to occur in many Markov
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chains, including the cases of rifle shuffling a deck of cards and in the Ehrenfest’s
urn problem [6]. We will base our analysis on that given in [13], which looks at cutoff
phenomena from a linear algebra point of view. Indeed, define the decay matrix, D,
by

D(t) =T(t) —T.

In (4.4), we were interested in the 1-norm of the decay matrix and this is precisely the
quantity that is examined in [13]. We now consider an example where the arrival rate
(A = 100 calls per hour) and average handling time (8 = 7.5 minutes) are constant
and we assume no abandonments and make /N large. The initial distribution is chosen
so that the system is not in a stationary situation. Indeed, the average queue length
according to the initial distribution is longer than the average queue length in the
stationary situation. We can then vary the number of agents to show, firstly that this
cutoff phenomenon occurs and secondly, how it varies as the number of agents varies.
Indeed, Figure 4.2 shows how log ||D(t)||; varies over time for different numbers of
agents. Three things are evident from this graph. Firstly, a cutoff phenomenon
exists since there is a length of time where relatively little convergence occurs, after
which exponential convergence occurs (corresponding to the eventual straight line).
Secondly, as the number of agents increases, the “cutoff time” decreases. This is
because exponential convergence is seen to set in earlier for the lower curves. Finally,
the rate of exponential convergence increases as the number of agents increases since
the eventual straight line is steeper for the lower curves. It makes sense that a cutoff
phenomenon should be seen. If we think about a situation where we initially have
a long queue and a near-zero achieved grade of service, we may have to work off a
number of customers from the queue before we begin improving the grade of service.

We now turn our attention to the asymptotic rate of convergence. An important
result relating to this is that all of the eigenvalues of A (and hence T') are real. This
holds regardless of whether the arrival rate is constant or time-varying. A proof of
this, using [24], is given in Appendix D. Whilst [13] recommends looking at the
pseudospectra of the decay matrix, since all of the eigenvalues of A are real, we
suspect that the asymptotic convergence is exponential and its rate is determined by
the second eigenvalue of A. Indeed, this is what we experimentally observe. Here,
we consider the previous example with only one number of agents. In Figure 4.3, we
plot log ||D(¢)||; and also a straight line, whose gradient is the second eigenvalue of
A. We see that eventually, the two lines are parallel, confirming what we suspected:

asymptotic convergence is exponential and its rate is the second eigenvalue of A.
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Figure 4.4: Instantaneous grade of service with and without abandonments, when the
queue is initially long. The higher curve includes abandonments

4.4 Effect of Abandonments

In situations where the service level requires waiting times to be short, the effect of
abandonments may be small, but when waiting times get longer, abandonments may
have a big effect. If the queue is longer than expected at the beginning, the effect
of abandonments is that the grade of service will improve more quickly than if there
are no abandonments, simply because customers are hanging up and shortening the
queue. This can be viewed in either a positive or a negative way: whilst the grade of
service increases more quickly, the customers who have abandoned are probably very
unhappy.

Next, we consider an example. Figure 4.4 shows the difference between the grade
of service with and without abandonments, when the queue is initially long. We
assume that the arrival rate is A = 100 calls per hour, the average service time is 7.5
minutes and the number of agents is 17, chosen so that 80% of customers are served
within 20 seconds, according to the Erlang C method. The higher curve assumes
that all customers abandonment times follow an exponential distribution with an
average patience of 60 seconds. We can see here that the effect of abandonments is
that the grade of service improves more quickly and the stationary grade of service

is better. We can also examine how abandonments affect the existence of a cutoff
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phenomenon. Indeed, the same example is shown in Figure 4.5. Here, we see that,
not only is the cutoff time reduced (almost to zero), but also the asymptotic rate of
convergence is larger, if abandonments are included. Note that this asymptotic rate
of convergence depends on the second eigenvalue of A in exactly the same way as

when no abandonments were assumed.
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Chapter 5

Simulation

So far, we have only considered the expected value of the Markov chain. Suppose
that we have m customers arriving into the system. Define the satisfaction of the

customer as
g - 1 if Wo <T,
L 0 if WQ >T.

We then have that

E(SZ) = 1 P(WQ < T) +0- P(WQ > T)
= P(Wg <T).

In practice, the achieved grade of service is calculated as

and so

E(S) = P(Wg < T).

This is important since the quantity we have referred to so far as the achieved grade
of service is in fact the average achieved grade of service; if the process was repeated
several times then the average would be P(W, < T'), but the individual achieved
grades of service would be distributed about this average. When measuring the
performance of the system, it is important that the spread of these grades of service
is not large, otherwise the system performance can be misleading. We demonstrate
here the importance of measuring the grade of service over a long enough period.
Consider two examples. In both, we suppose the arrival rate is 100 calls per hour,
the average handling time is 7.5 minutes, there are no abandonments or blocking and
the number of agents is 15, corresponding to an average grade of service of 59.9% of

customers having their calls answered within 20 seconds. We simulate the system,
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Figure 5.1: 1000 simulations over one hour

firstly over an hour and then over five hours. We repeat this 1000 times and look at
the spread of the achieved grades of service in both cases. We see that the histogram
is much more spread out in Figure 5.1 than in 5.2, highlighting the importance of
measuring the grade of service over a long enough period, in practice.

We now repeat the same example, but include abandonments. We assume that
each customer’s patience follows an exponential distribution with a constant patience
of 60 seconds. A customer is assumed dissatisfied if they abandon. The histogram of
achieved grades of service over 1000 simulations is shown in Figure 5.3. This is very
interesting indeed. Not only do abandonments improve the grade of service, but they
also reduce the spread of achieved grades of service dramatically.

The use of simulations can also be valuable in situations where the system is
analytically intractable, for example, when the abandonment rate is state-dependent.
Figure 5.4 shows the results of simulating the same example, but assuming that a

customer’s average patience is state-dependent, according to

60

v(n) —

which is measured in seconds, where n is that customer’s position in the queue. This
means that a customer’s patience is shorter if they are further back in the queue.
Again, we see that the histogram is less spread. We can also obtain an approximation

for the average grade of service by taking the average of the grades of service achieved
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Figure 5.2: 1000 simulations over five hours
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Figure 5.3: 1000 simulations over five hours, assuming abandonments with a constant
average patience of 60 seconds
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Figure 5.4: 1000 simulations over five hours, assuming abandonments with state-
dependent rates

in each simulation. Here, it is 84%. This is useful in cases like this, where analytical

methods cannot calculate the average grade of service.
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Chapter 6

Optimisation

6.1 Problem Description

We now move on to consider the optimisation problem at the centre of capacity
management in call centres. Suppose we have a forecasted daily arrival rate of the
form given in Figure 1.1 and a forecasted constant average handling time, over the
course of one day. Suppose also that the day has been divided up into time intervals
such that, during each time interval, the number of agents must be constant, due
to workforce management constraints. Assume that the cost of employing an agent
during each interval is constant over the interval, but is allowed to vary between time
intervals. We are interested in the problem of minimising the total agent cost over
the course of the day, whilst achieving a given service level.

Suppose that there are n time intervals in the day given by I, ..., I,,, with the start
and end times of each interval being given by tg, 1, ...,t,. Suppose that p’ = p(t;)
and p? is a given initial distribution, probably calculated from historical data about
the number of customers in the system at the start of a day. If the agent numbers
are given by si, ..., s, and the cost per agent in each interval is given by cq, ..., ¢,, the
problem can be written as: find

s* = arg 516111\11% c’'s

such that

g(s1,p") > «q,

g(sn,p"’l) > .

Here, g(s;, p*™!) represents the achieved grade of service over the interval I;, using

s; agents and initial distribution p’~!. This might refer to the service level in each
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interval as given by (3.5), or we might wish the instantaneous grade of service to

satisfy these criteria at all times.

6.2 Full Optimisation Problem

Firstly, we note that the agent numbers produced by the Erlang C formula are rarely
even a candidate solution for the problem, meaning that they rarely satisfy the con-
straints. Solving this problem is expensive since the number of agents chosen in in-
terval i affects the choice in every subsequent interval. This problem must be solved

in the following way. Firstly, develop a method to solve the problem: given p"~!, find

* n—1\ __ .
st (p" ) = arg min sy, (6.1)
subject to
9(sn,P"") 2 0 (6.2)

Next, develop a method to solve the following problem that can be called recursively:

for any 1 < i < n, given p~!, find

s;(p') = argmin (¢;s; + Cira8ia (P'(s1, ) (6.3)
subject to
g(si, P71 >« (6.4)
where
Si = (Sia Si-i—la o 7Sn)T
C; = (CZ', Cit1y--- ,Cn)T.

At each step, there is only one constraint to satisfy, since the other constraints are
satisfied by the definition of the optimal subproblem. So the full optimisation problem
is solved by developing a method to solve (6.3) and (6.4) for any value of . Then set
i = 1 and call this method recursively until we hit the base case given by (6.1) and
(6.2), which is easily solved. This is a very expensive problem to solve in general, but
information given by the Erlang C method or, particularly by the method given in the
next section, can make its solution much easier to find in simple cases by indicating
likely values for the solution. Indeed, this is what we will do in Chapter 7. Note
that the optimal solution is by no means unique. Having one more agent in the first

interval often means one fewer can be used in the next interval, for example.
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6.3 Approximate Solution in the Case of Constant
Cost

Consider the special case where the agent cost is constant throughout the day. Then
we can obtain a candidate solution very quickly as follows. We begin by finding the
minimum number of agents that guarantees the service level in the first interval. This
is a simple problem as the grade of service is always an increasing function of the agent
number. Then calculate the p vector at the end of this first interval for input into
the second interval, using the calculated agent number. Repeat this process through
each interval. This gives us agent numbers that satisfy the constraints of the problem
and are minimal in the sense that they minimise the cost in the current interval,
without regard for the following intervals. Whilst there are no guarantees that this
is an optimal solution to the cost minimisation problem in the previous section, the
values given are certainly candidate values that can be useful as a starting point in
the full optimisation problem. Moreover, when the agent cost through the day is

constant, our experience suggests that this solution is very often an optimal solution.
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Chapter 7

Case Study

In this section, we suppose that we manage a call centre. We suppose that we have a
forecast for the time-varying arrival rate, a point estimate for average handling time,
as well as knowledge about a worst case scenario for the actual realised arrival rate
and for the number of customers in the system at the beginning of the day. We then
show how the ideas developed in this thesis can be applied to choose agent numbers
which not only satisfy the service level, but also have a built in level of robustness
against deviation in the arrival rate or initial distribution away from the forecast.
We then use scenario analysis to show how well each choice of agent numbers would
perform.

Suppose that the arrival rate is as shown in Figure 7.1. This is very similar to
Figure 1.1, except that here, the arrival rate function is piecewise linear over intervals
of two hours, rather than one. Note that a complicated arrival rate function does
not make the analysis more difficult at any point, so, for this reason, we have been
content to use simple arrival rate functions throughout this thesis; the same ideas
carry through to more complex functions. Note also that we have lengthened the time
intervals to two hours. We do this to simplify the solving of the optimisation problem
in Section 6.2. As we will see later, we solve the full problem in this simplified case to
add weight to the argument that the method described in Section 6.3 produces near
optimal solutions, in the case of constant cost. We assume that the point estimate for
the average service time is 7.5 minutes, so that y = 8 calls per hour. The inclusion
of abandonments makes no difference to the difficulty of the analysis, so essentially
without loss of generality, we suppose that no abandonments occur. We also suppose
that the number of lines is large, so that calls are only blocked if there are very many
more customers in the system than normal. The service level that we suppose that we
are trying to achieve is: ensure that at least 80% of customers in each time interval

are served within 20 seconds. We also assume that a worst case scenario for the arrival

41



60

Arrival Rate (arrivals per hour)
[0}
o

40t

201

6 8 10 12 14 16 18 20 22 24
Time of day (hours)

Figure 7.1: Piecewise linear arrival rate function assumed in Chapter 7

rate is that it is 10% above the forecast during the course of the day. In practice, call
centres can compare the actual arrival rate with the forecast over historical data in
order to find a worst case scenario. This might be a time-varying percentage of the
forecast, rather than the constant that we have assumed. Similarly, we suppose that
a worst case scenario for the length of the queue at the beginning of the day is that

there are initially 40 customers in the system. This is then be represented
p(0) =€y = (0,...,0,1,0,...,0)T

where the 1 lies in the position 41.

7.1 Optimisation

Here, we suppose that the cost of employing an agent is constant throughout the
day. Suppose that the aim of the call centre manager is to satisfy the service level in
most cases, but at the minimum cost. In practice, it is also possible that a call centre
manager might be given a certain budget and told to achieve the best possible service
level with that budget. In this case, the various methods used below to choose the
number of agents would need to modified accordingly.

There are several ways of choosing the number of agents required over each time

interval. The first method is obvious: solve the optimisation problem in Section 6.2
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with the forecast arrival rate. Secondly, we can solve the optimisation problem, but
assume a worst case scenario for the arrival rate. This may lead to overstaffing most
of the time. If flexible agents are available, as described in Section 2.4, we may want
to have a number of fixed agents according to the forecast arrival rate and a number of
flexible agents corresponding to the difference between the two sets of agent numbers.

Recall from Chapter 4 the importance of the second eigenvalue of the matrix A(t).
This, in some sense, defines how robust the system is to an inflated arrival rate or to a
long initial queue. Hence, we may wish to ensure that the second eigenvalue is below
a certain threshold, certainly in those parts of the day when an increased arrival rate
is possible, or at the start of the day, if a large queue at the start of the day is seen
regularly. We consider the following different constraints whilst choosing the agent

numbers:

—_

. use Erlang C agent numbers;
2. satisfy the service level assuming the forecast arrival rate;

3. satisfy the service level assuming the forecast arrival rate and guarantee that

the second eigenvalue of A(t) is smaller than —1 at all times;

4. satisfy the service level assuming the forecast arrival rate and guarantee that
the second eigenvalue of A(t) is smaller than —2 only in the first time interval,

in case the queue is long at the start of the day;

5. satisfy the service level assuming the forecast arrival rate and guarantee that

the second eigenvalue of A(t) is smaller than —2 at all times;
6. satisfy the service level assuming worst case scenario arrival rate;

7. satisfy the service level assuming worst case scenario arrival rate and guarantee

that the second eigenvalue of A(t) is smaller than —1 at all times;

8. satisfy the service level assuming worst case scenario arrival rate and guarantee
that the second eigenvalue of A(t) is smaller than —2 only in the first time

interval, in case the queue is long at the start of the day;

9. satisfy the service level assuming worst case scenario arrival rate and guarantee

that the second eigenvalue of A(t) is smaller than —2 at all times.
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Time Interval
Method | 7-9 | 9-11 | 11-13 | 13-15 | 15-17 | 17-19 | 19-21 | 21-23 | Cost
1 15 | 24 23 22 18 13 11 9 135
2 17 | 24 24 21 20 13 11 9 139
3 19 | 24 24 21 20 13 11 9 141
4 21 | 23 24 21 20 13 11 9 142
5 21 | 23 24 21 21 13 12 10 145
6 18 | 26 26 23 22 14 12 10 151
7 20 | 26 26 23 22 14 12 10 153
8 23 | 25 26 23 22 14 12 10 155
9 23 | 25 26 23 22 14 13 11 157

Table 7.1: Agent numbers in each time interval as calculated according to various
different requirements

Obviously these are only a few of an infinite number of possible staffing methods.
Solving the optimisation problem subject to the criteria given above leads to the
agent numbers given in Table 7.1. Since agent costs are constant throughout the day,
we can apply the method described in Section 6.3 to get a fast approximate solution
and we find that in all nine of the above cases, the agent numbers given by this
suboptimal method have the same total cost as those given by the full optimisation
problem. Whilst the two solutions were different in two of the nine cases, the cost
was the same and the difference was purely down to the implementation. It might
be desirable to have a criteria for choosing between different optimal solutions, for
example, if we expect heavier traffic at the start of the day, we might choose the
optimal solution that has the most agents at the start of the day and this is what we
have done here.

This suggests that the method described in Section 6.3 is indeed a very good way
of finding agent numbers when costs are constant and the number of time intervals

makes solving the full optimisation problem impossible.

7.2 Scenario Analysis

We are now in a position to use these calculated agent numbers to test how well the
system copes under various scenarios. We vary the system in the following ways.
Unless otherwise mentioned, we take the value of the arrival rate function at the
beginning of the day and calculate the stationary distribution as if this were a constant

arrival rate. This is then used as the initial distribution. In practice, a call centre
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Figure 7.2: Sinosoidal error in the arrival rate function in Scenario 3

manager would have data about the likely number of people in the system at the

start of a day. The scenarios we consider are:
1. the arrival rate is as forecast;
2. the arrival rate is 10% more than forecast all day;

3. the arrival rate follows the forecast but with a sinosoidal error around the fore-

cast, with peaks at 10% of the forecast. This is shown in Figure 7.2;

4. the initial distribution is p(0) = e4;, corresponding to many more people in the

system than expected;

5. the busy part of the day (around lunchtime) experiences much more traffic than

forecast. The exact arrival rate function used in this scenario is shown in Figure
7.3.

We can then produce tables of results for each scenario by running each set of agent
numbers through our framework, tailored for each scenario and looking at the grades
of service that are achieved for each method. The results produced for Scenario 1 are
given in Table 7.2. Here, we consider three ways of looking at the grade of service.
Firstly, we consider the instantaneous grade of service. Its maximum, minimum and

mean over the day are given. Secondly, we consider the grade of service as calculated
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Figure 7.3: Extra traffic during the busy part of the day in Scenario 5

by (3.5), over the course of each interval. The maximum, minimum and mean of
these eight interval values are given. Finally, the grade of service given by (3.5) over
the course of the whole day is given in the final column. Tables of results for all five

scenarios are given in Appendix E and they are analysed in the following section.

7.3 Results

Firstly, we examine the results of Scenario 1. Recall that the total number of agents
employed increases as we go down the table. The main point shown by Scenario 1
is that the Erlang C agent numbers do not perform well: several interval grades of
service and in fact the average of the interval grades of service fall below the 80%
point. We also note that, whilst methods 2 to 9 satisfy the desired grade of service,
methods 6 to 9 perhaps do this a little too well, leading to unnecessary cost.
Scenario 2 supposes that the worst case arrival rate occurs. We see that methods
6 to 9 satisfy the service level with little to spare. This should be the case: they were
chosen to do precisely that. However, the lack of robustness to an unknown arrival
rate in methods 2 to 5 is exposed here: the service levels are quite a way below
what we desire. If agents numbers are fixed, so there are no flexible agents, it would

be up to an individual call centre manager to decide whether this is an acceptable
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Scenario 1 Instantaneous Interval Whole
Method Min Ave Max Min Ave Max Day
1 0.1877 | 0.8108 | 0.9993 | 0.6859 | 0.7963 | 0.8693 | 0.7970
2 0.4283 | 0.8448 | 0.9999 | 0.8027 | 0.8353 | 0.8625 | 0.8378
3 0.6666 | 0.8542 | 1.0000 | 0.8027 | 0.8473 | 0.9196 | 0.8491
4 0.6682 | 0.8503 | 1.0000 | 0.8027 | 0.8448 | 0.9664 | 0.8420
5 0.6882 | 0.8763 | 1.0000 | 0.8027 | 0.8718 | 0.9664 | 0.8597
6 0.5536 | 0.9248 | 1.0000 | 0.8819 | 0.9184 | 0.9496 | 0.9243
7 0.7611 | 0.9313 | 1.0000 | 0.9055 | 0.9270 | 0.9496 | 0.9321
8 0.8431 | 0.9309 | 1.0000 | 0.9059 | 0.9282 | 0.9876 | 0.9300
9 0.8431 | 0.9420 | 1.0000 | 0.9059 | 0.9396 | 0.9876 | 0.9359

Table 7.2: Results from Scenario 1

service level when faced with the worst case scenario, or whether methods 2 to 5 are
unacceptable.

Scenario 3 examines the effect of an arrival rate which oscillates around the forecast
with an amplitude of 10% of the arrival rate function. We see very little difference
between the results here and those in Scenario 1, showing that these methods are
quite robust to this type of error. Whilst the interval grade of service in methods 2
to 5 occasionally falls below 80%, it is by approximately 1%, which must surely be
regarded as acceptable.

Scenario 4 examines what happens if the queue is much longer than expected at
the start of the day. In all other cases, the expected initial queue length was less than
1 person. Here, we assume there are 40 people in the system at the beginning of the
day. We see that, in all cases, there was a time when the instantaneous grade of service
was zero, while the system was working off the initial queue. However, methods 3
to 9 all recover from this sufficiently enough that every interval satisfies the grade of
service requirement. Note the difference between methods 2 and 3. Method 3 uses
a mere 2 extra agent slots and dramatically improves the minimum grade of service
over the intervals. This demonstrates the value of requiring the second eigenvalue to
be below a certain threshold: robustness against the unexpected is built in. Method
4 uses one more agent than 3 and was specifically designed to build in robustness
against a long queue at the start of the day, but does not perform significantly better.
This is probably due to the fact that method 3 already had enough robustness built
in at the beginning of the day to deal with our worst case and the extra given by
method 4 is unnecessary.

Finally, Scenario 5 supposes that the busy period sees a higher arrival rate than

expected, as shown in Figure 7.3. This has relatively little effect on the average
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grades of service over the course of the day, but the minimum grades of service are
particularly low for methods 2 to 5.

Based on this scenario analysis, we can make a recommendation as to the staffing
levels that should be used. Method 6, based on satisfying the service level constraints
only in a worst case scenario, with no regard for eigenvalues, achieves the grade
of service in all of the scenarios considered, but does far too well in some cases.
Method 3 is based on satisfying the service level constraints for the forecast arrival
rate function, but also requires the eigenvalues to be smaller than —1. This satisfies
the service level criteria for the forecast arrival rate, but also builds in some robustness
against the varying arrival rate. Method 4 aims specifically to counter a long queue
at the beginning of the day, but we have established that method 4 adds no value

compared to method 3. Hence, a recommendation might be to have a fixed number

Time Interval

Agent Type | 7-9 | 9-11 | 11-13 | 13-15 | 15-17 | 17-19 | 19-21 | 21-23 | Cost
Fixed 19 | 24 24 21 20 13 11 9 141
Flexible 0 2 2 2 2 1 1 1 11

Table 7.3: Suggested staffing levels

of agents corresponding to method 3, with a flexible number corresponding to the
difference between the method 3 and method 6, which could be called upon if required,
depending on real-time operating conditions. This would correspond to the staffing
levels shown in Table 7.3.

Finally, we note that in practice, if a call centre manager knows of a best case
scenario for the arrival rate and initial distribution, then they may wish to take the
number of fixed agents as calculated using these best case scenarios, thereby also
profiting from the occasions when the arrival rate is below the forecast or when there

are fewer customers in the system at the beginning of the day.
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Chapter 8

Discussion

8.1 Summary

In Chapters 1 and 2, we examine how a typical call centre operates and the methods
normally employed to calculate the number of agents required. We look at the flaws
in these methods and some of the work that has already been done in this area. Based
on this, we develop the aims described in Section 2.5.

In Chapter 3, we develop a more general framework in order to describe the
M,;/M/s/k + M queueing model which includes a time-varying arrival rate. We
discuss when stationary distributions exist and derive them when they do and we
discuss how abandonments and call blocking are modelled.

In Chapter 4, we begin by using our framework to demonstrate the inadequacies
of the current method. We examine how the system converges to stationarity (if a
stationary situation exists) and find that this is strongly dependent on the second
eigenvalue of a certain matrix. We show that a cutoff phenomenon can occur, which
is intuitively obvious if we imagine a queue which is much longer than expected. We
also briefly touch on the effect of abandonments.

Simulation methods are examined in Chapter 5. We show the importance of
examining the spread of the grade of service as well as its average and find that aban-
donments can significantly reduce this spread. We also show the value of simulation
methods when the queueing model becomes analytically intractable.

In Chapter 6, we consider the optimisation problem of minimising the cost of em-
ploying agents over a day, in order to meet a service level. We set up the optimisation
problem in full, but also explain a method of finding an approximate solution very
quickly, as long as the agent cost is constant over the day.

Chapter 7 essentially demonstrates how we imagine this work being used in prac-

tice. We set up a situation where we have a forecast for the time-varying arrival rate
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and a point estimate for the average handling time. We then use various different
constraints in the optimisation problem based on the arrival rate and the second
eigenvalue of A, to choose the number of agents. Interestingly, we assume constant
agent cost and the approximate number of agents given by the method described in
Section 6.3 is actually optimal in every case. We suppose that we know a worst case
scenario for both the arrival rate and the state of the queue at the start of the day
and perform scenario analysis to examine how each method performs. Based on this,

we make recommendations about the number of agents required.

8.2 Extensions

There are several obvious extensions to this thesis. Due to time constraints, we only
briefly touched on abandonments and call blocking, despite both being discovered
to be important in Section 2.4, where it was noted that the number of lines should
be restricted, otherwise waiting times become to long. Based on this, work which
examines the effects of deliberately blocking calls could be productive. Whilst the
M, /M/s/k+ M (n) queueing model seemed to be the best to study, we did not manage
to incorporate state dependent abandonment rates into the model and this would
certainly be worthwhile. Also, we did not consider the effects of retrials. Customers
who abandon may well try again later and this could also be incorporated into the
model.

In Chapter 7, we only examined a few methods of choosing the agent numbers.
We believe that it could be beneficial to extend this work to study if there is a better
method of controlling the second eigenvalue of A, rather than simply restricting it to
be below a certain threshold, or even carrying out work to find the optimum threshold,

if one exists.

8.3 Conclusion

This thesis has allowed an insight into the complex planning processes which occur in
most modern day call centres and the problems that can arise when employing these
methods. Hopefully this research, particularly the methods described in Chapter 7,
will eventually prove useful and improve the effectiveness of planning processes in call

centres.
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Appendix A

Truncation Error of
Crank-Nicolson Method

Recall that we approximated the matrix differential equation (3.10) by

pn 1~ pn 1
+T =3 (A(tn)pn + Altns1)Prt1) -
The truncation error of this method is

p(thrl) - p(tn)

= POl 2P 2 A p(r) + At p(ar) . (A)

We now evaluate the Taylor expansions of p(t,+1) and p(¢,) about p(¢, +%):

1 / 1 "
p(tn) = p(thr%) - §Atp (thr%) + g(At)Qp (tn+%) + O<At3>7
1 / 1 "
P(tnt1) = Pltuys) + 5AP (L1 1) + (AP (L41) + O(AL),
and so (o) (&)
PP — Pt ) + O(AP). (A2)

We now do the same for A(t,)p(t,) and A(t,41)p(tns1) about A(tm%)p(tm%):

AtP() = Al )P(ary) — 58 (Alty)pltss)) +O(A),
A(tn+1)p(tn+1) = A@n—i—%)p(tn—k%) + %At <A(tn+%)p(tn+%)>/ + O(AtQ)a
and so )
5 (AMD(t) + Altue)D(s1) = Al )P(Ley) + OAR). (A3)

Now, putting (A.2) and (A.3) into (A.1), we get

o4



But (3.10) implies that we must have

and so
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Appendix B

Derivation of Equations (2.3) —
(2.6)

We begin by deriving (2.3), using (2.1), (2.2) and (3.4). Indeed, assuming a constant
arrival rate and putting (2.1) into (3.4) gives:

s—1 7, i

P(Wo<T)=) =r a7 +Z ( DY (TZ!S) ) S!Zi—s”(o)'

=0 k=i—s+1

Then, re-arranging the above and using (2.2):

i

P(Wo>T) = 1-— Z ?—;W(O) -y (e_T“S Z (Tgf) ) S!Zifs”(m

i= 1=8 k=i—s+1
s—1 o) [e's) .
i S e S (Tpsi\
= (7?(0) 2 —Z (e # Z 1 e 7(0)
=0 =8 k=i—s+1
B a’ B = s L (Tus)k\ d
B ((8 —l(s—a) Z <€ Z k! slsi=s ™(0)
=5 k=i—s+1
a’ = ( _ = (Tus)*\ a'~*(s — a)
— 1— Ths : :
(s —1l(s—a) ( Z (e Z k! EX L 7(0)
=8 k=i—s+1
Now, defining
C(s,a) = a 7(0)

gives (2.4). Noting that

L= (=p2 0
= (1—0)6‘7’“52#2@5,)



and letting j =1 — s:

P(Wo>T) = Cls.a)e ™ ((1—p)ZﬁZ

k=0 —P
= C(s,a)e” ™" o ]55
k=0 ’

However, pT'us = N1 and so:

P(Wgo>T) = CO(s,a)e He

= C(s, a)e_(“s_’\)T

which is precisely (2.3). To derive (2.5), we begin by denoting the probability density
of the waiting time distribution by

fI) = SRV <T)

= (s — N)C(s,a)e” s NT
Then

EW,, :‘AwTﬂTMT

= (us—A)C(s,a)/ Te ws=NTqr
0

= =ty
= (us— s,a _— — _— ,
—(us =N 1o Jo —(us—=2A)
but the first term is zero and so
B ( )\)C( ) |i6—(us—)\)T } 0o
o = —(us— s,a) | ———=
(s =22,
_ C(s,a)
s — A
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Finally, (2.6) follows from Little’s Law (see [14]). This tells us that

EL, = AEW,
pC (s, a)

1—p
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Appendix C

Derivation of Abandonment
Equations

Firstly, we calculate an equation to describe the time evolution of the queue, following
the same method as in Section 3.2 and secondly, we calculate the stationary distri-
bution of the system when exponential abandonment times with constant patience,
7, are assumed (recall from Section 3.3 that existence of the stationary distribution
is guaranteed if the arrival rate is constant). Note that this assumption about aban-
donment times means that the number of customers to abandon the queue in the
next time At follows a Poisson distribution with rate d max(i — s, 0)At, where i is the
number of customers currently in the system and ¢ = 1.

Suppose that p(t) is known and consider what will happen in the next time At,

where At is small. As before, we can write:

N
pi(t+ At) = " qalt,t + At)p;(t)

=0
where ¢;;(t,t + At) is the probability that we move from state j at time ¢ to state
i at time t + At. In the interval [t,t + At], we know that the number of customers
arriving into the system follows a Poisson distribution with rate parameter A(¢)At.
However, the number of customers leaving the system is now the sum of a Poisson
distribution with rate p; At and a Poisson distribution with rate 0;At, where 7 is the
number of customers currently in the system, p; = pmin(é, s) and §; = § max(i—s, 0).
We therefore know that the probability of m customers arriving into the system and

n customers leaving in the interval [t,t 4+ At] is

m n AL At) (k)
(o2 (ZMM) )

m! — k! (n—k)!
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Now, noting that
emOOHEOA — | (\(1) + i + 6,) AL + O(A2)

we see that (C.1) becomes

(1 — (A(t) 4+ i + ;) At) i W AL 4 O(AHmE)),
—~ mlkl(n — k)!

In particular, if n +m > 1, then this is O(At?). We now proceed to calculate
q;ji(t,t + At). Firstly:

¢i(t,t+At) = P(m=n)
= P(m=n=0)+O(At?)
= 1—(A(t) + i + ) At + O(AP).

Secondly:
Giip1(t,t+At) = P(m=n+1)
= P(m=1,n=0)+ O(A)
= At)At + O(AP).
Thirdly:

Giyri(t,t +At) = P(m+1=n)
= P(m=0,n=1)+ O(At?)
= (ftip1 + 0iy1) A + O(AF?),

Finally, for |¢ — j| > 1, ¢;i(t,t + At) = O(At?). The argument now proceeds in an
identical way to Section 3.2 to give equation (3.10), where A(¢) is given by (3.14).
We now proceed to calculate the stationary distribution (in the case of a constant
arrival rate). This is done in the same way as in Section 3.3, but we now obtain our
recurrence relation from A as given by (3.14). Recall that we want to find the vector
p°° which satisfies
Ap~™ = 0.

Then, denoting a; = p; + 0;, we have

APy = aapy’,
AP — (A4 a)p® + aipaps; = 0 if1<i<N,
APV = anpy-
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Noting that «; > 0 for all 7, a straightforward induction shows that

/\i
P = =15

Hj:l a;

A similarly simple induction then shows that

ﬁa' B o ’ if i <s,
st TS (RO +ps) i i > s,
]:

Putting this together, we obtain (3.15).
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Appendix D

Eigenvalues of A are real

Here, we show that the eigenvalues of A(t) are real by applying a method described
in [24]. We consider the general case where abandonments can occur, so that the

matrix A is of the form

—A(t) ay 0 . 0
At)  —(A(t) + aq) Qo . 0
A(t) = 0 )\(f) —(A(t) + Oéz') (078N 0
0 /\(t) —()\(t) + CYN_l) anN
0 0 A(t) —ay
where
o = i+ 0

= min(4, s)p + max(i — s,0)0.

Now 6 > 0 and p > 0, so that oy; > 0. We now define

do=1
and
At
d; = ( )di—l
Q;
if 1 <¢ < N. Now define
do 0 0
0 di O 0
D(t) = i .
0 0 dy
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Note that D(t) is diagonal and every entry on the diagonal is non-zero, therefore
det D(t) # 0. Then
S(t) =D~ (t)A(t)D(t)

is a similarity transform, since det D(¢) # 0. It then follows that the eigenvalues
of S(t) and D(t) are the same [23]. Moreover, S(t) is a real symmetric tridiagonal

matrix and so its eigenvalues must be real.
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Appendix E

Results

Scenario 1

Instantaneous

Interval

Method

Min

Ave

Max

Min

Ave

Max

Whole
Day

—_

O© 00 O U= W

0.1877
0.4283
0.6666
0.6682
0.6882
0.5536
0.7611
0.8431
0.8431

0.8108
0.8448
0.8542
0.8503
0.8763
0.9248
0.9313
0.9309
0.9420

0.9993
0.9999
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000

0.6859
0.8027
0.8027
0.8027
0.8027
0.8819
0.9055
0.9059
0.9059

0.7963
0.8353
0.8473
0.8448
0.8718
0.9184
0.9270
0.9282
0.9396

0.8693
0.8625
0.9196
0.9664
0.9664
0.9496
0.9496
0.9876
0.9876

0.7970
0.8378
0.8491
0.8420
0.8597
0.9243
0.9321
0.9300
0.9359

Scenario 2

Instantaneous

Interval

Method

Min

Ave

Max

Min

Ave

Max

Whole
Day

—_

© 00 1O T = W N

0.0706
0.2369
0.4305
0.4305
0.4337
0.3518
0.5896
0.6794
0.6794

0.6620
0.7106
0.7248
0.7183
0.7582
0.8473
0.8576
0.8566
0.8743

0.9987
0.9998
1.0000
1.0000
1.0000
0.9999
1.0000
1.0000
1.0000

0.4703
0.6166
0.6166
0.6131
0.6131
0.8040
0.8141
0.8011
0.8011

0.6433
0.6956
0.7130
0.7086
0.7495
0.8369
0.8501
0.8513
0.8693

0.7257
0.7413
0.8564
0.9303
0.9303
0.8577
0.8983
0.9701
0.9701

0.6299
0.6865
0.7038
0.6918
0.7192
0.8377
0.8502
0.8466
0.8561
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Scenario 3

Instantaneous

Interval

Method

Min

Ave

Max

Min

Ave

Max

Whole
Day

—_

© 00 O U= W N

0.1251
0.3267
0.5669
0.5738
0.5738
0.4478
0.6748
0.7643
0.7643

0.8068
0.8396
0.8490
0.8455
0.8714
0.9201
0.9269
0.9273
0.9384

0.9996
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000

0.6916
0.7909
0.7909
0.7875
0.7875
0.8659
0.9039
0.9012
0.9012

0.7912
0.8282
0.8405
0.8389
0.8655
0.9123
0.9216
0.9239
0.9352

0.8573
0.8561
0.9053
0.9593
0.9593
0.9405
0.9405
0.9879
0.9879

0.7903
0.8292
0.8409
0.8345
0.8519
0.9163
0.9249
0.9245
0.9304

Scenario 4

Instantaneous

Interval

Method

Min

Ave

Max

Min

Ave

Max

Whole
Day

—_

O© 00 O U= W

0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000

0.7862
0.8273
0.8409
0.8399
0.8659
0.9094
0.9193
0.9226
0.9337

0.9793
0.9958
0.9988
0.9999
0.9999
0.9992
0.9996
1.0000
1.0000

0.5873
0.7599
0.8027
0.8027
0.8027
0.8210
0.9024
0.9059
0.9059

0.7824
0.8262
0.8408
0.8399
0.8669
0.9109
0.9215
0.9245
0.9359

0.8693
0.8625
0.8678
0.9275
0.9275
0.9449
0.9449
0.9579
0.9579

0.7846
0.8297
0.8433
0.8377
0.8554
0.9167
0.9263
0.9267
0.9326

Scenario 5

Instantaneous

Interval

Method

Min

Ave

Max

Min

Ave

Max

Whole
Day

1

O© 00 O U= W

0.1877
0.4283
0.6114
0.6113
0.6113
0.5536
0.7611
0.8086
0.8086

0.7829
0.8153
0.8246
0.8207
0.8469
0.9098
0.9163
0.9161
0.9272

0.9993
0.9999
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000

0.6787
0.6402
0.6402
0.6402
0.6402
0.8331
0.8331
0.8331
0.8331

0.7688
0.8059
0.8179
0.8154
0.8426
0.9039
0.9124
0.9136
0.9250

0.8335
0.8547
0.9196
0.9664
0.9664
0.9403
0.9472
0.9876
0.9876

0.7587
0.7963
0.8074
0.8003
0.8178
0.9029
0.9106
0.9093
0.9151
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