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ABSTRACT

e describe the formal system of Aigher-order intuitionistic logic
with power types and (impredicative) comprehension which provides the basis
for our "set theory"; this is adapted from the system of FOURMAN (D. Phil.
Thesis, Oxford 1974), and such theories are equivalent to the notion of a
topos. MWe interpret the basic concepts of sets, relations and functions;
we consider relations of equality, apartness and order, and develop some of
the intuitionistic theory of complete Heyting algebras (cHa's). We give the
semantical definitions which make sheaves over a cHa into a model for the
- formal system. We give a unified description of the Dedekind reals and Baire
space as the spaces of models of geometric propositional theories, from which
follows the usual characterisation of them as they appear in sheaf models.

We investigate some notions from topology, adapting classical
definitions and proofs where possible, and using sheaf models as counter-
examples, especially for the Cauchy and Dedekind reals. Topologies are given
by "open" sets as "closed" ones are unsuitable; strong forms of the basic
separation principles arise in the presence of an apartness relation.

Well-founded relations are those satisfying the principle of induc-
tion, and well-orderings act as the unique representatives of their "ranks".
This class of well-orderings has good closure properties, but they need not
be Tinearly ordered nor have Cantor normal forms; the Hartogs' number of an
infinite set forms a regular 1imit well-ordering. We consider some notions
of cardinality, in particular the many possible notions of finiteness. For
sets with apartness different ones arise; we characterise strongly the
sense in which real polynomials have "finitely many" roots.
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PART CNE

- HIGHER-ORDER LOGIC

INTRODUCTION

The notion of set to be investigated in this thesis corresponds to
that expressed in the definition of a topos, since topoi are equivalent to
formal systems of <ntuitionistic higher-order logic (for example FOURMAN
[31). Such systems allow the formation of power and product types, and
include full (impredicative) comprehension axioms; power types are essen-
tial if we are to define within the system the central notion of a complete
Heyting algebra. The system we use is adapted from that of FOURMAN [3]
(see also FOURMAN and SCOTT [7]), and extends the "pure" system by the |
inclusion of a type of natural numbers, with suitable axioms; it also
- contains an existence predicate and description operator since these arise

naturally in our principal models — sheaves over complete Heyting algebras.

In fact, we will not be very much concerned with formal systems
in themselves, but rather with the distinctions and difficulties that arise
in various parts of (set-based) mathematics when we are limited to intui-
tionistic reasoning; the result is part of what BISHOP [11 calls
"affirmative mathematics". Definitions and proofs will of course never be
strictly formal, but expressed rathef in a loose, "mathematical" way.

We will alsc not be concerned with Zermelo-Frankel style set theories
such as have been studied by, for example, Feferman, Friedmnan, My%ill and
Powell. HWe considered some of the problems of working in such a theory in
GRAYSON [9], which also includes the construction of sheaf models for the
theory; but it has turned out that, for the problems that interest us, the
type theory is a more natural setting.

We now give a brief summary of this first part:

Chapter I contains the description of the formal system and the
interpretation of and notation for the basic concepts of sets, relations
and functions within it; a set is simply an object of power type. We
discuss briefly natural numbers, integers, rationals and (finite) sequences,
as well as various choice principles; these are not included in the basic
system (another difference from traditional intuitionism, or BISHOP [1),
and we use them rarely since they can fail to hold in sheaf models. Apartiess

Bl
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is the first example of a "strong"” intuitioristic concept; many notions
have stronger “"duals™ appropriate in the presence of an apartness. For
example, sets with apartness form a separated category in the sense that
each set of morphisms has an apartness.

In Chapter II we investigate various kinds of ordering. Separated
orders have a natural apartness associated with them, and they coincide
with the peeudo-orders already studied in the intuitionistic literature;

a slight strengthening of this notion, which holds in the real line, is
‘that each pair of elements has a maximum and minimum. Complete Heyting
algebras (cHa's) are lattices suitable as sets of "truth-values" for the
models of Chapter III. The property of Kripke's Schema provides a strong
notion of "non-triviality" for a cHa, and the additional condition for
properness acts as a constraint on its "logic".

In Chapter III we describe various constructions of skeaves over a
cHa and give the semantical definitions which make them into a model for
the formal system; such interpretations are a natural extension of
topological models for intuitionistic first-order Togic and analysis. The
final section deals with some terms and formulae which are absolute for
these interpretations.

In Chapter IV we construct some familiar spaces (power set of the
natural numbers, Baire and Cantor spaces, Dedekind reals, complex numbers)
as the spaces of models of geometric propositional theories, with the natural
"finite information" topologies. Since the theories are absolute we obtain
uniformly from this description the usual characterisation of these structures
as they appear in topological sheaf models.

EES
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CHAPTTER I

FUNDAMENTALS

I.1 THE FORMAL SYSTEM

The formal system of higher-order intuitionistic logic presented
here is basically that of FOURMAN [3] and FOURMAN and SCOTT {7] to whom
we refer for further elucidation. We leave a certain measure of freedom
in the choice of ground types and constant terms, the only constraint being
the .inclusion of N, the type of natural numbers, and the constant 0 of

type N,

The unfamiliar components of the language are the extistence predicate
(E), the relation of equivalence (=), and the description operator (1). He

may ‘translate' them as follows:
Et: the term T denotes something

T 0 ,T are interchangeable salva veritate

M

o

Ix€a.@: the object of type o such that ©.

Terms then are not supposed necessarily to denote anything, whicn
makes for a very simple theory of descriptions. hen we quantify, of
course, we do so over existing objects: thus we 'translate' the quantifiers

as foilows:
VX E€a .@: for every existing object of type o, ®
3Xx €0 . Q: an object of type o exists such that ©.

We will introduce a relation of equality (=) by defining (o=1) iff

(EcnEtaoc = 1), and "transiate' it by:

Q

o=T: 0,71 both denote, and denote the same object.
We could alternatively take = as primitive in our language and define
E, = fromit.

The logical axioms of the system are the natural ones for this
interpretation. The remaining axioms govern natural numbers and n-tuples,
and allow us to form arbitrary subsets by comprehension.



1. The Langusge

We now describe the language of the system, giving inductive defi-

nitions of the types, terms and fornulae .
TYPES (o, 8,...)
N,... ground types including W
P(w) power types

product types

TERMS (04 T ».w.)

constant terms of various types including

0. 0 of type N
XsYsZseo variables of every type
S(t) successor terms
(g 50250, 1) tuple terms
Ix€a.@ - description terms
FORMULAE (@, ¥ ,... )
Etr,0zZ1T,0€T atoms
oAy, 0OVY s .
o>y } propositional connectives
VXEa .
IME o . © } quantifiers
NOTE: We will use (o=7) to abbreviate (EcaEtaoc=1)
2. Assignment of types

e now define by induction which terms and formulae are well—-formed

(w-f), and at the same time we assign a type to each w-f term:

Term Proviso Type
constants } 0 .
variables one as given
S(T) T w-f of type N N
Oy seees O ) ; w-f of type oy KuOX...x o)
Ixe€a.o v w-f,x of type « o

Formula Proviso
ET T w-f
O=1 o,T wW-f of same type
c€T T w-f of type P(a)where o w-f of type o
VAV, QAY
Oy, ¢ ®> ¥ w-f
VXEQ.®
IXE€a. } © w-f, x of type a .
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lLrioms and Rules (for well-formed formulae)

Fropositional Connectives

The usual intuitionistic axioms govern A,v, >, = together with

the rules

(wp) L PZ¥

(Sub) ) w[t/x] being the result of substituting

u oft/x] > 1T for x at all free occurrences in ¢.

Quantifiers

(v) VXE€a.9 AEX>o

(3) OAEX > Ix€a . @
© A Ex >

(v+) OrVXEe€a. Y

+ I{)AEX‘*LD
(37) 3IX€o.p >

Here x is to be of type o, and is not to occur free in ¢ in (vF), (3%).

Equality
(=) oly/x] A y=zz » olz/x]
(E) VXEQ(XZy <> Xx=2) > y=z
(1) vye€olyzIx€a.9 <« Vxea(p <> x=y)l]

Natural Numbers
(0E)  E(O)
(0=) 1 (0 = &)
(S) X=y <> Sx=Sy

(N) [0Ey A VXEN (x€y = SxEy)] ~V¥xE N .x€y

Higher Types
(Comp) E(Iy€P(u).Vx€a(xey <= @)) (for y not free in o)
(€) X€EYy -~ Exaty .

(OB VXE(%X'”X“n_])aXoE%=-~-’Xn-1€0‘n_]-X= (xo,,..,an)
(€)=) (X oeees Xy ) =g seeesYpopd < (X =Yg AaAX, 17 Y )

4. Some remarks and notation
Abstractions :
We introduce abstraction terms {XEGI@} to abbreviate Iy€P(a).
VX € o (x€y <> @). By the axiom (Comp) all such terms exist, and we have
extenstionality for each P(a): v
WX,y €P(a) [x=y <> vzea(zex < z€y)] .
He also use each type o as a constant of type P{a) to abbreviate

o

font
.
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1.1

— > . v = o 1§ T s
x€olx=zxi. If 15,...,7, 9 are all of type o, {Ty,...s T 4} s

{XE{]IX:,{O‘J“_szfn_]}; and if T is of type a, and X;,..., X
l V3 1
of types «, AR E {qu)(xo ""”‘n-l)} 13

{XEO;§3x0€<'4G 5o X ?Eun—'l L XETAQ] .

n-1

n.—.

Restricted Quantifiers, Abstractions, Descriptions

If v is of type P(a) and x 1is not free in t, we write

VXE T.O for VXEo (XET > @)
IXET.Q for Ix€a (XET A ©)
{xe 1o} for  {x€a|xE€T A @}
Ix€t.0 for IXEa (XET A ©)

Restrictions:

If T 1is of type o we write (t]¢) for Ix€a (x=TAY), the
restriction ¢ff 1 to @. Thus o - (tlo)=r and E(t{¢) < (pakT),
so (1] o) exists only when ¢ holds, and then coincides with .

Projections: _
If © 1is of type (aOX...xan_])'and i<n, we write H?(T) for

Iy€o, 3y,€a,5...5¥, 1€, 4 [y'—;yi ATELY, ,.,.,yn“]ﬂ. The axioms

({> E) and ({) =) then guarantee that T = <H2(T) ,...,HE_](T»; H?(T) is

calied the iZ-¢h projection of .

Connectives:

We write o€ 1t for = (c€T),

VAN 0, for ((DOA...AQOrh])a /\ ®; for (gocv..‘vq)
i<n i<n

n-]>'
5. The Law of exeluded middle

The law of excluded middle (LEM) is the axiom schema (@v-= @), which
is notoriously not provable in our system (see III.2.4). A formula is said
to hold classZcally iff it is provable on the assumption of ZEM. There
are many classical theorems whose truth would imply LEM, and we often use
such facts to show that assertioris are not provable in our system.

A weaker principle, the scheme (1 @v 1), is also not provable:

JOHNSTONE [14] has given a list of theorems equivalent to this principle,
and we add to this in I1.1.7. '
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SETS, RELATIONS AND FUNCTIONS
In this section we introduce expressions in words and symbois for

o
™)

the basic objects of our study of mathematics within the formal system of
I.1. Thus we can translate ordinary mathematical language into the formal
one. After this we will abandon the formal system almost entirely and
proceed with definitions and proofs relying on an mtuuwe grasp of the
constraints it imposes.

1. Sets
Definition: A set is an object whose type is a power-type.  The

relation of inclusion (Z) between sets of the same type is given by A < B
iff va€A. a€B. '

If A is a set of type P(a), its power-set P(A) s the set
{XeP(a) | X € A}. The operations on P(A)} of <ntersection, union and
difference (ﬂ, n, [J s U,~) are defined as usual.

If X<cA, it is inhabited if 3Fa€A(a€X), and detachable (in A)
iff va€A (a€Xva g X). We denote the set of detachable subsets of A by
P/ (A).

If A is a set, its empty subset P, s the set {fach]~Eal. A
subset X of A is a singleton iff Va,b € X (a=b); we denote the set of
singleton subsets of A by AL

Remarks: Clearly a formula a€A or A< B can only be well-formed
if A,B are sets. Very often we introduce variables with an hypothesis
such as "let a€ A" or "if A < B", which determines the type of one
variable in terms of that of the other, supposed already known. We also
say that variables a,b,... are to range over a set A to mean that where
they exist they are to belong to A; so for example we may write Va.o to
mean Va€A.@. This is just the standard mathematical practice of reserv-
ing some style of variable for elements of a domain.

2. Relations
Definition: If Agsenes Ay are sets of types P(ay),....P(a ),
their producs (A, x...x An-1) is the set
{x € (o, x...xa__ I/\ (x) € At

i<n
n-1 1s @ subset of their product. An

n-ary relarzor on a set A is a subset of the n-fold product of A with

A relatzon on the sets A, ,..., A

itself, written A" . The notions of transitive, reflexive , irreflexive,
spemetric , antisymmetric and asymmetric binary relations are defined as
usual.



1.2

Hotation: If R is a relation we may write R(a,,..., an«T) for
(8g5---52 ¢ € R. If R is binary we may also write a Ra , and some-
times use the restricted quantifiers va,Ra,,3a Ra,, for given a, , in

the usual way. He refer to unary relations as predicates.

e
Definition: An equality on a set is a reflexive, symmetric, tran-
sitive binary relation. If =~ 1is an equality on A, it is discrete iff
Va,b € A (a~bv-aw~b). Asubset X of A is extensional with respect
to~ iff Vva,b € A (a€eXAa=mb~>be€X).

If G seesy ™

,-1 are equalities on A ..., A,.1» their product
is the equality =~ on (A

o Xo--x A _q) such that

X Ry <> VAN H?(x) a2 H?(y) .
i<n
If ~ 1is an equality on A and a€A, the equality class of a is
the set {bE€A|b ~ a}, written [al. The quotient of A by ~ is {[alla€A}
written (A/~).-

The stondard equality on a set A 1is the relation determined by
the symbol = . ' ‘

Remarks: We "equip" a set with an equality when we do not wish to
distinguish between elements which have some characteristic in common. In
the presence of an equality subsets are supposed (unless otherwise indicated)
to be extensional, that is, not to distinguish equal elements.

On the other hand we may wish to retain the identity of the elements
with respect to the standard equality, and for this reason we refrain in
general from taking quotients and reducing all equalities to the standard

one. One may only do so "without loss of information" when the equality
has a choice operation (1.2.5).

Definition: If Ny, are equalities on A,B, F s a partial
Funcition Ffrom A to B (F:A i B) iff it is an extensional subset of (AxB)
such that

Va€ Avb,b’ €B ((a,by € F a (a,b’y € F » b g b’)

Fis total (F:A - B) iff

va€A 3beB. (a,by) €F

F is one-cne (F: A >5> B) iff

va,a’ € AvbeB ((a,b) € F A {a’ by €F » 3 ) a’)

-8 -
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Fis onto (F: A ke B) iff

vbeB ZaeA.(a,by €F.
The domain and range of F {domF , rgeF) are defined as usual, and so are
F{X), (FFX),F 1Y), for X< A,Y < B.

If F:A——> B and G:B ?C, their composition (GoF) is the
function {{a,c)|3b€B ((a,b) € F a{b,c) € G)}. We form functions by
)—abstraction by putting
xa€A.t = {{a, )| a€h}

The Zdentity function relative to an equaiity =~ on A 1is just the set =,
written also idA .

Notation: We write A-B for 3IF:A- B, and similarly for the
other kinds of arrow. We also use the restricted quantifiers VF:A~>B
etc., as usual. ‘

Remarks: Some care is needed in intreducing terms formed by
Functional application when the equalities in questiorn are not standard,
since for example no proper sense can be given to the formula b=F(a),
for F:A -p—>8. We can introduce them however by giving the following
interpretations to certain atomic formulae:

E(F(a)) : 3IbeB.(a,b)eEF
F(a) €Y : 3be€eY.(a,byeF
b wB'F(a) : (a,b) € F.

(]

Operations
iff it is a (partial) function with respect to their standard equalities.
Fis ewtenszonal with respect to equalities ~g (FiA OX 5 B) iff

)

Definition: F is a (partial) operation from B to B (F:Aﬁ%e B)

va,a’ € A (awm, 2’ — F(a) ~g F(a’))
If ~ is an equality on A, a choice operation for =~ 1S an
F: A5 A such that
va,a’ € A [a~F(a) A (aw~ al s F(a) = F(a’))].

Remarks: We only use the word “opsration”, of course, when there
are non—gtanderd equalities present and we need to distinguish the two kinds
cef function. This only occurs in IX.3 and X.2.

A choice operation for an equality serves to "choose" a representa-
tive from each equality class. When a choice operation exists we may pass
freely between elements and equality classes, and between functions and



operations; in such a case there is therefore no loss in taking the
quotient. The existence of choice operations is obviously equivalent tu
the full axiom of choice, discussed briefly in 1.3.4.

6. Disjoint unions

Definition: The disjoint union (A+B) of sets A,B 1is defined
as follows:

we define 1:A > (P(A)xP(B)) and j:B = (P(A)xP(B))) by
i(a) = ({a} , Pz and §(b) =P, {b}>, and put (A+B)=(rge(i)urge(])) .

If mp R are equalities on A, B, their disjoint union is the
equality =~ on (A+B) such that

~y <> [3a,a" €A(i(a)=x A i(a )=y aanya)
vab,b" €B(i(b)=x A J(b/)=y A by b)]

Remarks: The disjoint union serves to bring together two sets of
different type as subsets of one set; we can also use it to "extend" a
given set. We generally "identify" each element of A or B with its image
under 1 or Jj, and i,Jj do not appear explicitly.

7. Families of objects
Definition: A family of objects indexed by a set 1 1is a function
with domain I; we use the notation {F.:ieI}. If {F1.:1'€I} is a
family of sets, its product
(7\ F1.> is { I~ U Folviel. )eFi}s

i€l i€l
and its disjoint vrian

( is {(1x)€IxLJF|x€F}.
1€ I 1€1
Note: If {Fi 1 €I} s a family of objects, all the Fi's must be
of the same type, by definition. Thus the term iElI F1. is meaningful when
they are all sets. If all the Fi 's are the same set A, their product is

a "power" of A, written AI » Which is the set of functions from I to A.

8. Structures ]

Definition: A (Aigher-order) structure on a set A 1is a sequence
(Ayseens An-]> where each A; is an element of a set obtained from A by
forming power-sets and products. Ue define the notion of structures for a
civen langucge, Or of a certain type, in the usual way. The preceding
definition allows the formation of families of structures.

i
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9. Propcsitions — the power-set ¢f {0}

Yhen we are concerned only with the truth of formulae (rather than
with their mecning), we refer to them as proposi¢ions and use ¢, vy, ...
to vary over them. P({0}) acts within the system as the set of propositions
when we identify ¢ with {07 ¢}, and the subset X of {0} with the proposi--
tion (0€X). Then the equivalence (conjunction, disjunction) of propositions
corresponds te the equality (intersection, union) of subsets. We carry this
confusion to its logical conclusion and use o, ¥ ,... to vary over proposi-
tions and P({0}) indiscriminately.

A proposition ¢ 1s decidoble iff (ov1¢), and stable iff
(n@->9). T is the true proposition (¢-+¢), and L s the false one
(0Aano) . '

Classically then all propositions are decidable and stable, and in
fact T,1 are the only propositions. Further, LEM 1is equivalent to the
decidability (discreteness), or stability, of equality on P({0}).

- 17 -



1.3 THE HATURAL NUMBERS AND RELATED STRUCTURES

We now give a:very brief account of structure on the natural rnmbeors,
integers and rationals, and on sets of (finite) sequences. The intuitionis-
tic theory is too well-known for us to neced to say more. . We also discuss

choice principles.

—r
.

The natural numbers

The induction axiom (N) justifies definitions by recursion on N
in the usual way (see also IX.1). We define then [0] = QN and {'Sn]= [n1u{n},
‘and put m<n iff m€ [n]. The arithmetic sum, product and exponent are given
the usual recursive definitions, and all equalities between (existing) terms
are decidable.

We (generally) reserve i,J,k,m.n,... to range over N,

2. The intejers and rationais

We suppose the set of integers Z and its order and arithmetic to
be constructed in some standard way from N, and similarly for the rationals
Q. We treat N as a subset of Z, and Z as one of Q. We use (generaﬂy}'
the variables p,g.,r,... to range over Q.

3. Sequences
Definition: An infinite sequence of elements of a set A is a func-
tion f:N-A.

A finite sequence is a function f: N-wﬁel\ such that dom(f) =[n]
for some n, called the Zength of the sequence.

Notation: As in I.2.7 we use the notation {a,: n€N} for an
infinite sequence from A; similarly { CH mn €N} for a "double”

s

sequence.

lle denote the set of finite sequences from A by Seq(A), the
length of a sequence f by ZA(f) and the value f(i) by (f)i . The
econcatenazion (f*g) of two sequences is then the sequence
(fgoeersforpys9gseees g%gni) are where, for ag,...,a, €A,
(a0 s ...,an_]) denotes the chvious sequence.

4. Choice principles
The following principle of finite choice is easily justified by
induction on n: if wi<n 3acA.o@(i,a), then af:[nl~>A(vi<n.o(i,f(i)}):

The principle of countable choice (CAC) extends this as follows:



s

if vie N2a€A.yp(i,a), then 2F:N »A(vie N.o(i,f(i))). This principle
fails to nold in some models (VIIJ].2) even when A is N 1itself, so we do
not include it in our basic system.

In VI.2 we prove some results in topology making use of the even
stronger principle of dependent choices (DC), that if va€A3beA.¢(a,b)
then vae€A 3f :N»A[f(O) =aAVNnEN . @(f(n), f‘(Sn))]o These results are
included as "best approximations" to classical results.

Generally we do not wish to assume such principles, which makes our
theory rather different at some points from that of traditional intuitionism,
or that of BISHOP [1]. This point is related to questions of contirnuity in
parcneters, discussed in FOURMAN and HYLAND [6]1 and HYLAND [12] and [13].

The full axiom of choice (AC) asserts that if va€A 3beB.w(a,b),
then 3f:A->B va€A.p(a,f(a)). As is well-known, this form implies LE M:
given any proposition ¢, put A = {{0,11v}, {01y, 1}}, B = {0,1} and
~wf(a,b) iff b€a; then if f 1is as given by AC, we have '

£({0,17v}) = f({0] v, 1}) or not
so {0,1vk=1{01v, 1} or not
50 (v v =~ ¥).

For this reason we obviously do not want 4 C as part of our system.
There are however classical equivalents of AC (e.g. Zorn's Lemma) which
do not imply LEM and indeed are valid in the models of Chapter III when
4C is assumed "externally" (see GRAYSON [9] for details); on the cther
hand without LEM these principles do not have the usual classical appli-
cations. As is well-known the principles ¢4AC and D¢ also hold in the
models over zero-dimensional spaces, when they are assumed externally.



1.4

1.4 APARTHESS

The rotion of an apartness relaiion is the first distinctively
intuitionistic one we introduce; we refer to HEYTING [11] for a traditional
exposition. Classically apartness just collapses to inequality, but
intuitionistically it is much stronger. We "equip" a set with an apartness
when we wish to distinguish its elements in some positive way. This occurs
especially in the theories of order (11.1.4) and topology (VI.1.3). where
apartness may be defined in terms of some more “"primitive" structure. Ve
use the tag "separated" to indicate the presence of an apartness in such
cases. ‘

We close the chapter with a digression on separated categories as
an example of how notions appropriate in the presence of an equality very
often have a stranger "dual" appropriate to an apartness.

1. Aparirnzss relations

Definition: An apartness relation on a set A is a binary relation
# such that

(i) va,beA{a =b <« a# b)

(ii) va,b€A(a # b » b # a)
(iii) va,b,c€A(a # c »a #b v b # c).

A subset X of A is strongly extensional with respect to # iff
va,bEA (a€X >b€EX v a # b).

If #y,...,#%  are apartness relations on Ay, ..., A 4 their

product is the apariness # on (AO><..J<An_]) such that

x #y <\ I(x) # ()
i<n
Remarks: As with equalities, in the presence of an apartness subsets
are often supposed to be strictly extensional, that is, to "respect" the
apartness; Note that condition (iii) for apartness is precisely that # be
strongly extensional with respeét to its product with itself (on A%).

Condition (i) implies that (standard) equality on A is a stable
relation. Thus by 1.2.9 there can be no apartness on P({0}) unless LEM
holds. On the other hand, if equality is décidbble, its negation determines
an apartness, obviously, and then all subsets are strongly extensional.
Fourman has given a simple argument to show that apartness relations are
never unique.

_-]4,..
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If Hy s Hpoore apartness relations on A,B, we normally take
functions - f: A=~B 1o be strongly extensional in the sense that
va,af €A (f(a) #p F(2) »a #,a').

This is easily seen to be equivalent to the strong extensionality of the
relation (f(a) ¢¢Bb) as a subset of (AxB). The requirement that f itself
be strongly extensional as a subset of (AxB) is far too strong; for
example this condition applied to the identity function on A would be
"equivalent to

Vam’€A(a=a’vea#Ad).

We will also be interested in functions which are strongly one~one
(f: A »>->B), that is,

va,a’ €A (a #Aa’ + f(a) #,

Theorem (Scott): The category Set” of sets with apartness relations
and strongly extensional funcions is cartesian closed.

£a'))

Proof: To avoid describing the machinery of category theory we con-
fine ourselves to the definitions of the apartness relations involved.
Products have been defined above (1.4.1). Given #,, Hp o ON A,B and
f,a:A~>B, we put

fT#g«+3ach. f(a) #Bg(a) .

Suppose that f,g,h:A > B and f{a) #ﬁsg(a) for some a€A. Then

(f(a) 4*8 h{(a) v h(a) #¢B g(a)), so {(f# hvh#* g), thus verifying condi-
tion (iii) for apartness. The other conditions are easily checked, and
the necessary categorical properties are proved as for sets. o

3. Separated categories

Elementary category theory is generally "constructive" in the sense
that, for example, arguments by contradiction occur rarely. The category
Set™ however suggests a line of development for a more overtly intuitionis-

tic theory, which allows us to sharpen the statement of the preceding
theoren.

Definition: A separated category is a category in which each set
of morphisms Hom (A,B) is equipped with an apartness such that the opera-
tion of corrosition of morphisms is strongly extensional.

L

Theorem: Set”™ s a separated category and is cartesian closed
in the strong sense that the operations of forming pairs, producte and

- 15 -
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exponential adjointe of morphisms are all strongly extensional.

Procf: With apartness of morphisms as before, Tet f,f :A -+ B,
g,8 :B~C, and {gof) # (¢’ of'). Then for some acA, 9(f(a)) *# g’ (' (a)),
/

so [g(f(a)) e o/ (f(a)) v ¢’ (f(a)) ¢ﬁ:g’(f’(a))}. In the first case g # ¢/,
and in thi second f(a) 4¢Bf”(a) as g’ is strongly extensional, so f # /.
Thus Set"™ s separated, and the remaining condiftions may be checked in a
similar way. o

Remarks: It is not hard to devise other “strong" notions suitable
in a separated category. For example we may define -f to be a strong
monomorphism by the condition g #g’ - (feg)# (fog’). It turns out in
Sef”  that strong monomorphisms are exactly the strongly one-one functions.

- ]6-
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11.1 ORDER RELATIONS
We define here the various kinds of order relation that will feature

in Jater work. Many distinctions arise that do not exist classically, and
some of these have already been investigated by the intuitionists (see
HEYTING [11]). To show that such distinctions are genuine we define struc-
tures based on some given formula o, and show that the identity of two
notions would imply (o v 7 ¢) s Or less strongly (s@y--@). (See I.1.5.)

We consider order topologies in VI.1, and well-orderings in IX.Z2.

1. Particl orders
Deﬁni'}j_@_: An inclusive partial order (ipo) is a transitive,
reflexive binary relation. If < 1is an ipo on the set A, its associated
equality ~ is defined by ‘ '
amb<>{as<bab<a).
The closed intervals for a,b€A are given by

[a,=] = {cehA]a <c}
[-,b] = {c€A]| c < b}
{a 9b] = ([—m«b] N [a 500])-

An znterval is a subset X of A such that va,beX. [a,b] < X.

Definition: A strong partial order (spo) is a transitive, irreflexive
binary relation. If < is an spo on A, the open intervals for a,b€A are
given by

{a,©) = {ceh]ac<c]
(-=,b) = {ceA | c<b}
(a,b) = ((-=,b) n (a,=) .

The spo < is dense iff ve,b€A (a<b > 3cé€ (a,b)).

Remarks: Classieally we may pass between inclusive and strong
partial orders (when the associated equality is standard) by the ecuivalences
(i) a<b <> (asb a1 a=b)
(i1) a<b <> (a<bv a=b)

But, in passing from an ipo to an spo and back again, we recover the origi-~
nal ipo only if equality is diserete. So, as with equality and apartness,
we must separate these two notions which are interchangeable classically.

-7 -
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On any power-set
also have an spo ¢ given by

P(A)

we have the ipo of Zneliusion {€)
these (in

XGY <« (X=Ya da € (YNX)).

Classically these two are related by the equivalences above, but either of
P({0})) would imply LEWN
(1)

(i1)

For any proposition ¢ (I1.2.9}, 77 (¢ v-@Q) so
(Lc(ovao) Al it (ova o))

L g (pv @), whence (v ).

and (1) gives
For any proposition ¢, (0 € T) so (ii) gives
(0 Tve=T), whence (pv- o).
2. Complete lattices
Definition: If < 1is an ipo on a
X is an a€A such that

a

<&

set A and X € A, a supremum Ffor
VbEA (a<b <> VcEX. 2%h)
An infimen for X similarly is an

a€A such that
vbeEA (b<a ++vceEX.bxsc)
Definition:

relation is antisymmetric).

A complete lattice is an ipo in which every subset has
and L

a supremum and infimum, and whose associated equality is standard (i.e. the
we use

Notation: In a complete Tattice suprema and infima are untique, and
Vv, A ,an for these.

for (AA), the "bottom" one.
Example:

3

b= e

He also write T for (VA), the "top" element,
Every power-set P(A)
sion, with the operations of V and A given by

is a complete Tattice under inciu-
U and .
Filters
Definition:
A of A such that Tea

If (A, <) is a complete lattice, a filter is a subset
and
A

Va,b€A ((aab)€A <+ (2aCA A bEA)).
1S a superfilter 1ff also

4]
e

VX S A((VX) €D <+ 3a€X . a€h)
7y of

perfilters A(A) consists of the set of superfilters with
open sets U, = {A]a€al

for a€A,

(See also IV.1.)



4. Sepurated orders

Ary spo < determines a natural notion of "distinctness" by the
relation {(a<bvb<a); spo's for which this is an apartness will turn out
to coincide with the pseudo-orders familiar from the intuitionistic litera-
ture (e.g. HEYTING [11]), and we will assume without proof the well-known
properties of these. Classically they are always simple (I11.1.6), that is,
they satisfy the law of trichotomy; we will see in 11.1.7 that this asser-

R ¥t

tion implies LEM.
Definition: A separated order is a spo < such that the relation #

defined by
a#xb<«>(a<bvb<a)

is an apartness; this is called its associated apariness. The associated
ipe is the relation < defined by
a sb<«>Vvc<a.c<b.

Proposition: An spo < is separated iff it satisfies
(i) Vva,b€A (T a<b Al b<a=>a=b), and
(i1) va.,b,c€A (a<c +a<b v b<ec).

Proof: Let < be separated, and # its associated apartness; then
(i) is Just condition (i) for apartness. For (ii), let a<c, so a# c.

Then as # 1is an apartness (a #b v b # ¢}, so by definition

(a<b vb<awvb<cvc<h)
and transitivity of < gives (a<b v b<c).

Conversely, we must prove condition (iii) for apartness from assump-
tion (i1): if a #c, without loss a<c. Then (a<b v b<c), so
(a=bvb # c). o

Remarks: This proposition identifies separated with pseudo-orders,
and we may then quote the following we]]—known results for them:

(i)  The associated ipo < satisfies
Va,b€A (a<b <« 7 (a>b) <> VvVc>b.c>a).

(ii) < 1s strongly extensional with respect to #+ .
(ii1) va,b€A (vceA (c<a <> c<b) » a=b).

The point of defining them as we have done is to highlight the Togical
relation with apartness. In VI.1 we do the same for topology and establish
a nice connection via order topologies.

Ly
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5. Linegr orders

We now strengthen slightly the notion of a separated order by adding
a property which holds of the order on the real Tine (see 1V.2) and is equi-
valent to the associated ipo forming a lattice. It is still an open question
as to whether any stronger "linearity" condition is valid in the reals. We

will see in I1.1.7 that these orders do not need to be simple.

Definition: A Zinear order is a separated spo with operations of

Max end Min Such that
va,b,c €A (c>Max(a,b) «> c>a A c>b)
and va,b,c€A (c<Min(a,b) <> c<a a c<b).
Proposition: A separated spo is linear iff its associated ipo has

suprema and infima for every pair of elements (i.e. it is a lattice)

pProof: Put (avb) = Max(a,b) and (aab) = Min(a,b).

6. Stmple orders

Definition: A simple spo is one satisfying the Zaw of trichotomy,

that is,
va,b€A (a=b va<bvb<a) .-
Examples: . The usual orders on the natural numbers, integers and
rationals are simple.

7. Relation of separated, linecr and simple orders
The implications Simple = Linear = Separated are obvious, and
the converses hold classically. That they fail intuitionistically follows
from the
Proposition:
(i)  The implication Separated = Linear is equivalent to the
Togical Taw (n ¢ v @) (see I.1.5).

(i1) The implication Linear = Simple implies LEM

Proof: (i) Let < be separated and suppose that (= @v -~ @) holds for
all . Then given a,b€A, (- a<bva~a<b); if 1{a<b), put Max(a,b)
equal to a, and if 77 (a<b), put it equal to b. A similar argument
supplies Min(a,b). ‘

Comversely, for any proposition ¢ consider an spo on ({0,1,2}/ =),
where O~ 2 iff o, 1 = 2 iff -0,

[0 <[1] Hiff [0]<[2] iff o
and [11<[0] iff [1]1<[2] iff no.



This is cepavated and in fact every pair oi elements has a maxctmun. But

Hin{101,011) 9s [0] iff " @, it is [11ff o, and it is [2] if7 {(neavg).
s

ii) Consider an spo on ({0,1}/ ~). where 0~ 1 iff 2, and
[0]<[1] iff ©. This is linear, but simple only if (p v ©).



I1.2

I1.2 COMPLETE HEYTING ALGEBRAS

The use of Heyting algebras (implicational lattices, pseudo-

Booleon algebras) to model intuitionistic propesitional calculus is
well-known (see RASIOWA and SIKORSKI [21]); for the interpretation of
guentifiers in 111.2 we need a complete.1attice. We sketch those parts of
the (classical) theory that we will need, and refer to FOURMAN and SCOTT.[7]
for an exposition in more detail. We also investigate some of the distinc-
tive problems of the intuitionistic theory. These are concerned with the’
embedding of the set of propositions P({0}) (see 1.2.9) in a complete
Heyting algebra, and are essentially trivial classically. Apart from the
interesting distinctions which arise here, we need such properties for
results in I11.3; it was that need that first led to this investigation.

1. Complete Heyting algebras
Definition: A complete Heyting algebra (cHa) is a complete lattice
(2, <) satisfying the distributive law: VpEQ VA S Q.paVA=V {paqg|qeAl.
An <somorphism of cHa's Q, @ is a function F: 0 > 9/ such that
Vp.g€q . F(p) </ F(a) < p=q.

Notation: ke use Q,% ,... to denote cHa's and p,p/ ,... to
range over them. We write (p>q) for V{r|par <q}, and p for (p>1).

2. J-operators

As examples of cHa's we have the lattices of open subsets of a
topological space (See V.1). A well-known representation theorem tells us
that all cHa's arise as quotients of these by J-operators, where we make
the following

Definition: A J-operator on a cHa Q is a function J: Q-0 such
that

VpEQ . p<dp = J(Jp)

¥p,q€Q. J(paq)=(Joadqg).

Jp==lq . {p=aq), Bp==Aq . ({g»p)-p) are all J-operators. Since B, =2g.(7q),
r

For more information about J-operators see FOURMAN and SCOTT [71,
whose results we shall use freely.
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3. Fositive elements — Kripke's schome

The notion of a positive element of a cHa 1s introduced to corres-
pond in the general case to the property, in the topological case, of an
open set being <nhobited, that is, of being different from the bottom
element 1 in a "positive" way. Kripke3s Schema is then a "positive"
condition of non-trivality for a cHa, and is classically ecuivalent to.
T+#L. That this fails intuitionistically will follow from I1.2.7.

Definition: Let @ be a cHa, and ¢ any proposition. ke put

"o = V{T) o}, and say that pEQ is positive (Pos(p)) iff
YoEP({0}). psd ~» o (see 1.2.9).
Kripke's Schema (XS) is the condition Pos(T). )

Proposition: (i) The function Xo. ® into a cHa Q preserves A
and V, that is

vo,p € P({0}) . (0 n )"

= (04 V)
and A ~
VA € P({0}) . (UM = Vo | 0€A] .
(i1) If X 1is a topological space and U € 0(X), Pos(U) iff 3Ix € U;
so O(X) satisfies kS iff X 1is inhabited.

(i11) A gquotient (Q/J) satisfies kS iff

vo € P({0}) (30 =T~ o).

Procyf: (i) is trivial. For (i1) note that for U € 0(X),
U< (3x€U)", so that if Pos(U), (3x€U). Comversely if (Ix€U) and
US®, o must hold since ¢ = {y € X|o} .

(iii) We use the subscript "J" for operations in (&/Jd). Then

AJ - r H

© = Vy{Ty el = IV{Tlel) = Je) »
and the result follows. o
4. Equivalents of Kripe's Schema

We now prove a theorem stating the equivalence of kS to other
assertions about a cHa. The first of these accounts for the name "Kripke's
Schema" since it means that every proposition is equivalent to one in the
language of the cHa. The second says that P({0}) is embedded monomorphic-
ally in it.

Theorem: A cha Q satisfies XS iff either of the following condi-
tions holds:

=3



1y Vo € P({0}) 3p,q € Q@ (p=q )

{(ii) (Mo .H) is one-one.

Proof: (i) If kS holds then, for every ¢, (© <« Ts;@). Conversely
(i) holds and ¢ is given, Tet (o <> p<q), so that (pa®)<q. Then if
T=¢, p={pad)<qg; so ¢ must hold.

(i1) If %5 holds and ®=1, then

@ iff (T=0) iff (T=3) iff .

Comversely assuming (ii), since T=T, if T=o@,@=T; so ¢ must hold. o

5. Properness

The notion of a proper cHa arises when we add to K.S. some
natural conditions on the predicate Pos, which certainly hold in the tope-
iogical case, and are always true classically since we can take cases on
whether an element p is L1 or not; that this fails intuitionistically
will follow from II1.2.7. In the theorem below we give some conditions
equivalent to properness, which should meke its import cleareir: the first
is a useful tool for later work; the second characterises Pos as the
unique predicate satisfying certain natural conditions; the last makes
the function (Mo .®) on <somorpiic embedding of the set of propositions.
Thus a proper cHa includes all the complexities of P{{0}); this is why
a complete Boolean algebra cannot be proper unless LEM holds (11.2.7).

Definition: A cHa Q s proper iff it satisfies KS and

(#) vpeQ. p< (pos(p))”.

Theorem: A cHa Q is proper iff any one of the following condi-~
tions holds:

(i) XS and vp,q€Q [(Pos(p) » p<q) » p=<q]

(ii) There is a subset X of © such that
(a) TeX
(b) vAcQ ((VA) € X - 3p € (ANX))
(c) vp.qe [(peX ~p=q) > p=q]

(ii1) (xp.®) 1is one-one and preservés h, that is,
VA< P({0}). (nA) =A{G | weA] .

Y

) If @ s proper and (Pos(p) ~ p=<q) then
} < g. Conversely since (Pos(p) » p< (Pos(p))“), (1)



I

(i) fssuming (i) we show that Pos itself satisfies the conditions of
(ii), for which we have just to check (b): Let Pos(VA). For each
DEA, p < (Pos(p))"2 so (VA) = (FpeA. Pos(p))A, whence 3p€A . Pos(p),
by definition of Pos(VA).

Conversely if X satisfies just (b) and (c) we can show that X =Pos:
if peX and p<o,p€X so ¢ holds by (b); if Pos(p), since
(peX~>p = (pé€ X)A), (c) gives p < (pEJX)A, whence pé€X. The result

follows.

(ii1) Let A< P({0}). Then (nA)™ =< Afp|@€A]l obviously, and we
prove the converse inclusion on the asswmption that Pos(A{@i ©EAY,
making use of (i) again: we have V@€A.Pos(®), so each @€EA is true,
whence (nA)" = T.

Comversely if (iii) holds, let pe€Q and put A={o|p=® }. Then (nA)
iff Pos(p), while clearly p < Mo |@€A}, whence p < (Pos (p))™. o

6. A representation theorem

We prove now a representation theorem for proper cHa's as quotients
of inhabited topological spaces. These are not the only kinds of quotient
which are proper since (Q/Jp), for example, is proper just in case @ 1is
proper and Pos(p). We need first a

Lemma: (i) The condition (*) always holds for the open subsets
of a topological space. '

(i1) If J is a J-operator on Q such that
vo € P({0}) . J(®) = & »
then (@/Jd) is proper iff Q 1is proper.
Proof: (i) As in the proof of Proposition 11.2.3(ii), for each
open U, US (3x€U)" = (Pos(u))".

(ii1) If J satisfies this condition, it preserves the embedding
(2. &), and the result follows by II.2.5(ii1). o

Theorem: A cHa 1s‘proper iff it is the quotient of an inhabited
topological space by a J-operator J such that

voe P({0}) . 3(0) =% .
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Froof: One direction is immediate from the Lemma. Let Q be
proper and let X = {peq | Pos(p)} with the topology of dowmwards—closed
subsets. For peq put [pl = {g<p]|Pos(q)} , and for UECQ(X) put
J{U) = [VUl. By xS T€X,so Xis <nhabited, and for any o

J((B) = [vipen | Pos(p)rwl] = [®] = ®

Finally (op. Ipl) is an Zsomorphism of Q with (0(X)/J): [pl = [q]l we prove
p<q on the assurpition that Pos(p), making use of Theorem I1.2.5(i); but
if Pos(p), p € [pl, so p € [q] as required. o
7. Complete Boolean algebras

Definition: A complete Boolean algebra (cBa) is a cHa £ such
that vpeQ. (pvp)=T. |

Examples: Classically all power-set algebras are cBa's, but this
vould obvicusly imply LEM if true of P({0}) for example. A result of
Jokn Cartmell (see FOURMAN and SCOTT [7]1) identifies the cBa's as the
quotients of cHa's by J-operators of the form Bp. The following result
shiows that we cannot expect cBa's to be proper, and the most immediate

constructions of cBa's need not even satisfy kS . We construct a cBa
satisfying XS in 11.2.8.

Proposition: (i) The existence of a proper cBa implies LEM.
(i1) A quotient 0(x)/(~") can only satisfy kS if LEM holds.
Proof: (i) Let @ be a proper cBa and ¢ be given. For pegQ,
if (pAc-Ap) = 1 and Pos(p), "¢ must hold. Thus by properness, -n.(@)=(1q>‘)/\.

But then (o va)" = (G va(®)=T as Q is Boolean; kS gives then
(0 va0).

(i1) Let O(X)/(77) satisfy kS and o ‘be given: ¢ as evaluated in
this cBa is {x€X]|~"0}; so (ova19) =T, and kS gives (ov o). o
8. 4 c¢Ba satisfying KS

The preceding proposition shows that without LEM it not quite
trivial to construct any cBa satisfying XS. Me do so as follows:

tet © be P(P({0})) under inclusion, and consider (9/Bp) where
p = {{0}}. To show that this cBa satisfies XS we use Proposition I1.2.3(iii):

Suppose that B (@) =

that is (6 -~ {{0 }U {{0}}

Now © - {{0}}) = {vlo~ vy} |

but {0 > @) always, so ¢ = {0}, or, in other words: ¢ holds,
since {0} represents the true proposition. =

™3
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icgic in a sense that will become precise in I1I1.2.

3

th

]
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Definition: A cHa © 1is anzi-Boolean iff

M{pv-p)ipeal =1,
Remarks: Anti-Boolean cHa's have a positively "anti-classical"

As examples we have

open sets of most decent topological spaces (e.g. the reals).
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CHAPTER ITI

SHEAY MODELS

1I1.1  SHEAVES _
In this section we describe those parts of the theory of sheaves
that will be needed later on. What we call a "sheaf" is usually known

as a “"stack", but this notion is essentially equivalent to the normal
sense of "sheaf"; for details we refer to FOURMAN and SCOTT [7]. The
" form we use is more suitable for giving models in I11.2, as the "partial
sections” of a sheaf are to correspond to the "partial elements" of the
Togic.
1. Pre-gheavese
Definition: A pre-sheaf S8 over a cHa Q consists of a set S
with functons of extent and restriction, £E: S »
and A:SxQ=>S
satisfying, for all a€S , p,qeQ ,
(a{Ea)=a, E(afp)=(Eaap), (a]p)a=(alpnrq).
The equivalence evaluation on S 1is defined by
[a =bl =V{pea](alp) = (b]p)}
A subset A of S is compatible iff
va,b € A. (a] Eb) = (b1 Ea)

An element & of S 1is global iff Ea=T.

2. Sheaves

Definition: A sheaf is a pre-sheaf § in which every compatible

subset A has a unique join, that is, an element VA of S such that

E(VA) = V{Ea]a € A} and va€eA. (VA){Ea=a

Remarks: This gjoin condition allows the evaluation of terms in a
sheaf (especiai]y, descriptions; see 111.2.2). A pre-sheaf may have poten-
tial elements "missing”, but we can "complete" it by forming its sheaftfica-
tton, which is the least sheaf into which it can be embedded (see FOURMAN
and SCOTT [7]). We treat Q as "fixed".

3. Subsheqres

Definition: A:subsheaf of a sheaf § is a subset which forms a
sheaf under the operations of §, that is, it is closed under joins and




If A< S the subsheaf generated by A s the least one containing A,
that is

TH

{(b1Vi{la=bllach})]|beS}

A generates S 1iff the subsheaf generated by it is S.

Remarks: We make tacit use here and elsewhere of the properties of

the equivalence evaluation, for which we refer to FOURMAN aand SCOTT [7].
We note that a pre-sheaf generates its sheafifvcation in the sense above.
4. Power—sheaves
To correspond to the formation of power types we need:
Definition: A predicate on a pre-sheaf § is a function ¢:S5 -+ Q
such that
va € Svp € 9.¢(alp) = (®(a)ap).

The power-sheaf P(S) of a pre-sheaf S consists of {(o,p)] & a predi-
cate on S and va€S.o(a) < p}l, with E(o,p))=p

and o Keapta) = (e g) s (paa)
where  vaeS. (¢]qg)(a) = (e(a)aq).
Remarks: The power-sheaf of a pre-sheaf is a1way$ a sheaf, and

is generated by its global elements since (&,p) = ({&,T)]p); for this
reason we tend to ignore the extent component of an element and just work
with the predicate component.

Predicates © correspond to subsheaves S’ by the equations

s/ = {(afe(a)) | aes}
and e(a) = Vip| (a]p) € 8}

If A generates 8’ we can define a predicate & on 8’ by specifying just
the values @&{a) for a€A. In conformity with the notation of I11.2,
we often write [a € ¢ instead of &(a).

5. Product sheaves
To correspond to the formation of product types we need

Definition: The product (8, x...xS8, 1) of sheaves §,,...,S
consisis of

n-1

fta, sooona )€ Syx...xS | Ea = ..=Ea ]
with Ea, ,...,anw]>) = Fa
and Kags--ra  1p) 2 (a1p)seevs (3, 110))

_29,.
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"Remarks: A product of sheaves is alwavs a sheaf. It is sometimes

corvenient to treat an arbitrary element
{8, s...52 _}> of  {Syx...x5, 1) 85 the element

n (a1 (/N Ea),-..,aml(/\ Ea; )

i<n 1<n
of the product sheaf.
6. Sheaf morphisms
To make sheaves over a cHa 1into a category we need:
Definition: A sheaf morphism between sheaves §,8' is a function
F:$ > 5 such that
Va€S VpEQD (F(aH p=F(alp) afa=E F(a)) .
Remarks: As a subset of (SxS’) a sheaf morphism is always a

subsheai of (§x87). Sheaf morphisms will correspond to operations in the
interpretation of I11.2.

~Jd

Locally constant sheaves

Every set "appears” as a sheaf over any cHa according to the
following

Definition: For a set A and cHa Q@ the locally constant A-valued
sheaf over Q is the sheafification A of the followir g pre-sheaf & :

({@,py|a€eh,peq} =)

where (a,pym (b,q) <> [p=qa (a=bvp=1)],
with E([¢a.p)l)
and ([{a,p)11q) = [(a,p A q)].

Remarks: This rather complicated-Tooking definition is designed
to embed A as the global elements of S, while allowing for the require-
ment that elements with extent L must be equal. We write a for [(a,(Ea)")i,
for a ranging over A; then the elements {3 | a€ A} generate A. So, for
example, we can define a predicate or sheaf morphism on A by specifying its

values for these elements, and indeed any such specification will determine
one.

Ke have for all a,beA, [[
in general that

oD

=613 = (a=b)", but we can only deduce

fa=b3 =T 4iff a=b

in case & satisfies 5. If A

1S discrete, however, this will hold for
any &, obviously.
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In order tc model the natural numbers and their terms in I[II.2.

8. " The

[}

f\\

we define the successor sheaf morphism S AERY by specifying

S(n) = (Sn)” , for each n €N .

9. The sheaf Q
We make a ;Aa Q¢ into a "sheaf over itself", Q, consisting of
{(psadlp.gen A psal
with E((p>97)) =
and {psg?lr) = {(par), (gar).

Clearly @ is isomorphic to a sheaf P(8) where S consists of the
restrictions of a single global element. Thus in the interpretations of
IT1.2, © will correspond to the set of propositions, and global proposi-

tione to elements of Q.

10. Sheaves of partial morphisms
A1l the specific sheaves that we will consider will be essentially
subsheaves of sheaves formed by the following important construction (for

~

example A corresponds to the case where o = P(A)):

Definition: A partial morphism between cHa's @', @ 1is a function
¢:9 - Q such that

vp'ua’ € 9 Lo(p' ag’) = (o(p’) ao(q))

and VA < @ . o(VA) =V{o(p’) | p/ €A} .

The sheaf of partial morphisms M(Q/,Q) is the sheaf over Q consist-
ing of the set of partial morphisms with E(®) = &(T)
and (e1p)(p) = (o(p") A p).

Remarks: See IV.1.6 for further discussion of this construction
in terms of the sheaf of partial models for a geometric propositional

theory. HWe consider the case where @ is topological in the next sub-
section.

11, Sheaves of partial continuous functions

For the definitions of the topological concepts used here we refer
to V.15 we describe the present construction as a special case of a bundle
in V.2.7. The beauty of this construction is the splendid p ‘cture we can

give of the elements and their valuations.
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Pefinition: If X, T are topological spaces, the sheaf of partial

continuous functions from T to X, € (T ,X), consists of the set of func-

tions f:’T—%ie X with E(f) = dom (f) and (f1U) = (f }U).

A picture of C(T,X)

X
(f40)
y /
! CoNG N
+f‘ ; +): | : E(+)
AL s
1 H ' ! ) i T
- Mo e Sy
Eg U

The union of the parts marked (+) is the value
[f=gl ={t]f(t)=g(t)},
i.e. where f,g "agree".

The following is a corollary of IV.1.5 and 6:

Theorem: For any space T and cHa ©' the sheaves M(&/ ,0(T)) and
C(T,A(%)) are isomorphic, where A(Q/) 1is the space of superfilters defined
in I1..3. . .

Remarks: This result is intended to account for the name “partial
morphisms" as corresponding to partial functions. A cHa~morphism in the

usual sense is a @ such that &(T) = T; these correspond to total func-
tions.

The Zocally constant sheaf X over 0 (T) dis embedded in € (T ,X)
as the elements which are literally “locally constant"; it is generated by
the constant Ffunctions X = (At.x) for X€X (by abuse of notation).
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11.2  INTERPRETATIONS

We define now the notion of an interpretation in sheavee for the

formal language of Chapter T: terms are evaluated as elements of sheaves
and formulae as elements of the cHa. The axioms and rules are then sound
and (classically) complete for these interpretations (see FOURMAN [31).
Such interpretations are a natural extensicn of the topological models for
intuitionistic propositional caiculus (RASIOWA and SIKORSKI [211)

analysis (SCOTT {241 , MOSCHOYAKIS [17]1. van DALEN [21)(see also IV.2).
The constructions given in I1I.1 make sheaves over a cHa into a

topos with Q as subobject classifier, so the interpretations given here

are a special case of interpretations in topor (FOURMAN [3] and [4]).

4any other formal systems have been proposed for this general context,
their main differences being the omission of the existence predicate and
the consequent necessary restrictions on the rule (MP) (e.g. 0SIUS {19]).
The present system certainly seems more natural for the concrete case of
sheaves.

Grothendieck topoil generalise our sheaf topoi by taking sheaves
over an arbitrary site; but for the types over N (III.3.1) there is no
real gain in generality.

1. Interpretations

Definition: An interpretation over a cHa Q for the formal
Tanguage of I.1 assigns '

(i) to each type o a sheaf §, over

(i1) to each constant of type o an element of S,
in such a way that

o(a) ~ P(Su) and S(

«% X 0 ) =3OL X"'XSOC
o et v :
0 n-1 0 n-1

A standard intevpretation assigns N to M and 0 to O.

Definition: The Zanguage of an interpretation is the expansion ov
our original language by the addition of

(1)  for each type o and each a€S ~a constant a of type a.

(11) for each p€Q a propositional constant p.
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2. Evcluation of terms cnd formulae

Definition: We now define by induction on their construction the

N

valuction of the closed (well-formed) terms and formulae in the language
of

o

standard interpretation:

if 1 g a term of type o, [1t] € S0
and if @ 1g a forrula , [l € Q.

TERMS

Constants in the original language: as given by the interpretation,
0.

fal] =a, for aESOL

fStI=S(It1), as defined in III.1.8

E(GO e es Un_'l> 1= <{[OO I...., [[Gn_] )

[Ix€a.ol= V{(alIvx€a(o < a =z x)1)|a€sy},

in particuiar 0T

that is, the join of this compatible set.

FORMULAE

[p] =p, for peq

FTEx F=E(EtT) these being evaluated
To=t] =0 0c]=0t] 7 }m the appropriate sheaf
foctl = w3(0t1)(McD)

Toay D =T ol Ally]

lovy]l =0l vIv]

[o>v] =0ell~ vl

i~ TI=n-le]
[vx€a.@l=A{[Ea»op [a/x] 1| a€S,}
[ax€a.0l=V{[Eang [a/x]]]aESa}.

3. Validity

Definition: A formula ¢ in the Tanguage of a standard interpreta-
tion with free variables x, ,..'., Xa-1 of types Uy seres O
(in the interpretation) iff

Va, € Sq seeesd g € SC‘n-'I .[[q)[ao/xlo seens an_]/xn_]] I =T.

Theorem (FOURMAN and SCOTT [71): all the axioms of 1.1.3 are valid
in every standard interpretation, and all the rules preserve validity. o

-1 is valid
-1

If some closed formula ¢ is valid in all standard interpretations

over a cHa @, we say that ¢ %olds <n sheaves over Q; we may write then

e
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Sh(2) Fw, and, if © is 0(T) for some topological space T, we may write
Sh{T) for Sh{Q). We distinguish terms and formulae as interpreted in
Sh{2) from those of the "outside world" by using the words "internal” and
"external® respectively. 4 |

4. The law of excluded middle
(II1.1.9), so that if Q is Boolean (11.2.7), Sh(Q) ELEM; while if Q is

anti-Boolean (11.2.9), Sh(Q) E~ LEM. In this latter case then all
{classical) theorems which imply LE¥ are automatically falsified.

Internal (global) propositions just correspond to elements of €
)s

Thus both LEM and its negation are consistent relative to our
system; we will just occasionally have to use classical arguments in prov-
ing a relative consistency result, but the consistency of LEM guarantees
the result relative to the original system.

5. Sets, relations and functions

We now describe how some of the expressions introduced in I.2 appear
"internally" in an interpretation. We will of necessity assume some facility
in manipulating the evaluations of terms and formulae; as a good exercise in
this we suggest the evaluations of topological concepts in bundles in the
chapters (V-VIII) on topology, which we state mostly without proof.

Sets are just sheaves (subsheaves of some S ) and subsets are
subsheaves, or predicates (II1.1.4). If & ,Y¥Y are predicates on a sheaf 8

[ocv] = A{(a(a) > ¥(a))]a € S}

{
V{plva€sS. (pad(a)) < ¥(a)}

and [envl(a) = (¢(a)Aav¥(a)), for each a€Ss,

and so on.' Any formula ¢ with free variable x of type o, say, determines
a predicate on Sy through the evaluation of [Eaae¢la/x]1] for a€Sy, and
this will be the evaluation of [{x€alp}].

Relations on sheaves § ""’Sn—] are predicates on their product,
and conditions (reflexivity, transitivity, etc.) are placed on them by
requiring the appropriate formulae to be valid. Thus equalities and functions
are predicates related in suitable ways; in particular if ¢ acts as a

total operation from S, to Sg» it corresponds to the sheaf morphism F from
Sy to Sg such that va€S.F(a) =[Ix€B. {a,xy € ¢ ].
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This section represents an attempted account of those terms and
formulae which are absolute in the sense that in any interpretaticn their
evaluations are the "locally constant” ones for their external interpreta-
tions. This turns out to work most satisfactorily over proper cHa's, but
encugh is true 1in the arbitrary case for the applications in this section
and IV.2. We have included these results for the sake of their applications,
but they seem rather ad hoc; we feel that there must be some more elegant
and general statement possible.

1. The nierarchy of locally constant sheaves

We now confine ourselves to the language of types over W, that is,
with N as the sole ground type. We want to define a sublanguage of this
whose terms and formulae are all absolute, and we start with the atomic
cases. We regard "G" as "fixed", as usual.

Definition: By induction on the types over N we define for each

term T a term T so that if T is of type «, "EE:SOC in any standard inter-
pretation. (Note that this is fixed, N being the only ground type.)

(i) If t s of type N,T is as given in IIL.1.7.

(i1) If T is of type P{a), T = (0,(Et)") where © corres-
ponds to the subsheaf of S, generated by {x | x€].
(i1i) If © is of type («

[}
~

= (1) ens (I ()Y

A
T

~ . A . .
Remark: If Tt 1s of power type, T corresponds to a sheaf isomorphic
to the locally constant t-valued sheaf (II11.1.7), as will follow from the
next lemma. This definition just makes each such T (and its elements) act

internally as an object of the right type.

2. Drbedding Lenma
Lemma: If the cHa Q@ is proper, for all terms o,T of appropriate
types, in the standard interpretation

>
~>
b

[6=21= (c=1)" and [S€T]= (c€1)".

Prooft  We prove the two statements simultaneously by induction on
types using the results of II.2, the crucial case being (=) for o, 1 of
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L8]

By extensionality (1.1.4), for o,t of type P(a),

[0=71]

[EGAETAVX € 0 (XE€EG <« x€ 7)1

"

[EGAETT A A{[%€ t1|x€o} A A{IX€ GT|x€ET]
(by the definition of G, T)

(EsAETY A A{(x€1) | x€ola N (x€0) | x€ET]
(by induction hypothesis)

(EGAET A VXEGC.XET A VXET.XEO)
(o=1)" (by Theorem 11.2.5(i11)) o

I

Remarks: As Q satisfies kS we can deduce that [o=7l=T iff
c=1, and [G€T]

for any «, EG): TI}

T iff oce€T; conversely these forms imply XS since

(0=T)" =§. We—can-alsodeduca-the{+) condition—for

3. Some absolute terms and formulae

We now define classes of terms and formulae which are to be con-
strued in the language of types over N according to the definitions of
Chapter 1. We use the word "some" advisedly in the title of this sub-

section; the list we give is rather ad hoc, and is not claimed to be
exhaustive.

TERMS

Variables for types over N;j
N, O, S(t), [Tl

(Og seesOp_ e (9 Xoo X0 ) s H?(T);
Seq(t) » 2x(t) » T(i), (0 0"""’n 1) (as in 1.3.3);

(cut), {T]olyys: s VAN Y; € 1.1, IXET.0 .
j<n i
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Er ., o=1, 0 €

C T,

CAY,QVY, @ > U, TP

¥YX € T.@ AX € T .

4, - 4bsoluteness theorem
Definition: & term 1 and formula ¢ with free variables among

Xy seees X g are absolute (over Q) iff in the standard interpretation
(over Q)

~

o ,...,Xm_]) ]]: (T(XO s-'-sxm_,’l))/\.

and Lo(x,seoes Xm—1) T=(0(xys0nns xm“]))

[ t(x

~

Theorem: A1l the terms and formulae of the above classes are

absolute over any proper cHa .

Proof : Among the terms the only difficult case is

{T‘@(YO,-.-S)’n_1)/\ /\ N

j<n

The induction hypothesis applied to @ , T 5 T s...s Ty shows that the

; € Tj} :

evaluation of this term is the sheaf generated by the elements (suppressing
the free variables)

{Tl“’(yq"“’yn—])’\j/(\n y; €14
since these are the only ones with positive extent; but this is
({TI@(Yoﬁ"°3yn_1)7\ /\ yJ'eTJ'])A
J<n
by definition.

For the atomic formulae we use the Embedding lemma, and for A,v,3
we use the fact that (Ao .&) preserves A and V (proposition 11.2.3(1)).
For » we need XS in the form that (@ .®) is one-one (Theorem II.2.4(ii1),
and for Vv we need (*) as in the Embedding lemma to ensure that (o . )
preserves A (Theorem I1.2.5(i11)). o

Remarks: The sense of "absoluteness" is thus that (in a standard
interpretation) an absolute term is evaluated as the locally constant object

for its external interpretation, and an absolute formula is valid iff it is
true externally.
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Tocolly connected cHa's

&
=~

The present facts are well-kncwn, but we include them for use in
Chapter VIil, and tc show how they fit into the general context.

Definition: An element p of a cHa Q is connected iff
voeQ Ip = {gv7q) »psqv p=agql
Q is leocally connected 1ff

vgeEn.qg < Vipsqg|p is connected}.

™o

This definition corresponds in the topological case to the

weak connectcdnzss of VII.Z,

Proposition: If @ is locally connected, the Absoluteness theorem
helds when we extend the formation of terms by adding: (TUH (t is discrete).

Proof: Since discreteness is obviously absolute, we suppose that
T is discrete, so that T is also discrete internally, and show that (TG)
is generated by the elements {%[ f:o > 1}:

Let g€Q be comnected and & an object such that

g <f[é:0->1]. Then for x€o, Y€1,

q<[o(X) =§v-eR) =91 (by discreteness)
el q<[o®) =501 or q<[oX)=y]
Thus weo. (lyet.q<[o(X)=y01)l:0»1,
and denoting this by f, q<[If=ol. o
6. Integers and rationals

Any standard construction of the sets of integers and rationals is
cbsolute, so that Z,Q appear internally as 2,Q; also all the arithmetic
and order relations on N, Z and Q are absolute. It will be clear by
inspection that the geormetric theories introduced in IV.2 are absolute too
(over proper cHa's) .

It turns out in fact for these cases that the assumption that the
cHa be proper 1s not needed, essentially because at each stage every-
thing is decidable. We have been unable so far however to determine
satisfactory general classes of terms and formulae which are absolute over
arbitrary cHa's. If one thinks classically, of course, or confines oneself
to topological cHa's , there is no problem.
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V.1

CHAPTER 1V

GEOMETRIC THEORIES

Iv.1 MODELS OF GEOMETRIC PROPOSITIONAL THEORIES

We define here what we regard as a fundamental mathematical construc-
tion, the space of models of a geometric propositional theory, which serves
to unify the constructions given in IV.2 of Baire and Cantor spaces, the
Dedekind reals and the complex numbers. We also describe the internal
rodels of a locally constant theory over a cHa as a slight generalisation
of a sheaf of partial morphisms; every cHa gives rise naturally to a
theory for which these two sheaves actually coincide.

We use the word "theory" here although we give no formal system of
leduction for the "sequents" involved. It is quite possible to do so, and
interesting relations are then obtained between completeness theorems and
familiar mathematical properties of the spaces of models (see VIII.2);
these resuits are due to FOURMAN [5]

Oy

Historical precedence must be given for the basic idea here to
indré Joyal, though we discovered it more or less independently in attempt-
ing to unify the obviously similar well-known sheaf constructions for the
cases considered in IV.2; this was something we "predicted” in the
Conclusion of GRAYSON [9]. Geometric (predicate) Togic has many applica-
tions, for example the work of Kock, Wraith and Reyes in algebra; see
also REYES [22].

1. Larguages and theories
Definition: A conjunctive preopositional language is a structure
A= (A,L,T) where L1,TE€ A, the set of atoms. The formulae of A are

Seq(A), denoted by F. A sequent of A 1is a pair (§,T) where 6 € F
and T S F.

Notation: We use vy, & to range over F and T , T/ to range over
P(F). We write (yad) for (y=8) and (8 F VI) for (§,71) 5 also (yvd)
for V{y, 8}

Definition: A geometric propositonal theory (in the language A)
is a set @ of sequents of A,

Remarks: We have expressed these definitions in terms of sets and
elements so that in IV.1.3 it will be clear what 1t means to interpret such
things in sheaves. However, as our notation and nomenclature is intended
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to suggest, we think of formulae as representing propositions on which there
is an operation of conjunction; and a sequent (§ |- VI') expresses that &

trplies the disjunciion of T . L,T are the false, true propositions.

With the intuitive motivation given above in mind, we make the
following natural

Definition: A model of a (geometric propositional) theory © is a

subset A of F such that

1§48 ,TEA, VW,86F ((YAS)EA <> YEAAGEA),
and V(SF VI) €0 (€A » 3y € (ANT)) .

Definition: The space of models of a theory 0 is the set of models

Mod (0) with the topology of open sets Up = {playe(anT)} for TcF.

Remarks: For the definitions of topological concepts see V.1. We

could have equivalently defined the topology on Mod(0) by giving it the basis
of sets U& = {a]yeAa}l for ye€F. This is the finite information topology
since membership of an open set can be asserted on the basis of a finite
amount of <nformation about a model.

3. Sheaves of pariial models

In order to give a good concrete representation of internal models
in an interpretation we define for each theory and cHa a special sheaf as
follows:

Definition: If © 1is a theory and @ a cHa, a partial model of
G cver Q 1is a function ¢: F~- Q such that

(L) =L, vy €F.0(y) < o(T), W,8€ F.o(yas) = (&(y) A &(8)),

and V(SF VT) €0.0 8 < Vo(r).

Definition: The sheaf of partial models of © over § consists of
the set of partial models

Wi th E(2) = o(T)
and (o1 p)(v) = (e(y) ap)

ke denote this sheaf by M (0, Q).
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4, Internal models of a locally constant theory
Theorem: The internal models in Snh(Q) of the theory @ in the
language A form a sheaf isomorphic to M (0, Q).

Proof: By the Remarks of III.1.7, an internal model & of & wili
be determined by the values [¥ €Al for v€ F, and clearly the conditiens
of these values imposed by the definition of a model of O correspond to.
those for a partial model of @ over Q. =

' Remark: The applications of this theorem in IV.Z2 will be to
abeolute theories ©, so that O really is the "right" theory when we con-
struct © internally.

5. The topological case
In the case where Q 1is topological we have an even more "concrete”

description of internal models, in terims of the external space of models:

Theorem: If 0 1is a theory and T a topological space, the sheaves
M(e,0(T)) and C (T, Mod(0)) are isomorphic.

Proof: The correspondence is established by

f(t) = {yvlteo(y)} for teo(T),
and

oy) = f'l(UY) for Yy €F ,
from which the necessary prdpert‘ies are obvious. o
6. The theory associated to a cHa

Every cHa @ gives rise naturally to an associated language Aq
and theory G as follows: Ag is (Q,L,T), and O consists of

(p) A (a) F(pag) 5 (paq) F(p)a(g) for p,q€Q

and (p) F VI , for peqQ,T = such that p < VI.

Then it is fairly obvious that M(Q' , Q) and M(Oy »2) are
Zeomorphic for any cHa's @, @', and that A(Q') is homeomorphic to Mod(@ﬂ/).
(See II.1.3 and 111.17.70).

In the converse direction caution is needed since it is not the case
in general that M(0, Q) is isomorphic to M(0 (Mod(0)), ). This assertion
amounts to a compieteness theorem for © in some natural sequent calculus;
that it can fail for the cases considered in IV.2 will appear in VIII.2 and
3 {see FOURMAN [5], and FOURMAN and HYLAND [61.)

o
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V.2 ~PPLICATION

We now use the definitions and results of IV.1 to construct some
familiar spaces as the spaces of models of geometric theories, and to

describe them as they appear in shoaf interpretations. Spaces obtained in

this way have a very simple "logic" — that of the manipulation of finite
tnformation. The recl nunbers we construct are Dedekind cuts; as will be

J
een in VIII1.2, the logic of Cauchy sequences is too complex for such a

A1l the theories here are absolute, sc that these structures appear
internally as sheaves of partial models, by IV.1.4. The descriptions in
the topological case given by IV.1.5 are familiar in the folk-lore of sheaf-
theory; our contribution is to show how they arise wuniformly from their
constructions as spaces of models. These models essentially include the
topological models of SCOTT [24], van DALEN [23, and MOSCHOVAKIS [17],
since in the sheaf description the global elements generate the whole
sheaf. The model for the reals over themselves provides very intuitive and
pictorial counter-examples to classical properties of order and apartness;
we consider topological properties in Chapter VIII.

1. The power—set of N
lie begin with an essentially trivial example, P(N): The Tanguage
has atoms né€X, for neN, plus L, T; the theory is just empiy!

odels are subsets X of N with a basis for the topology consisting
of the sets U, = XeNjecX} for e a (Q-) finite subset of N (see
X.1).

2. Baire space
To construct Baire space B, the set of infinite sequences from M
with the Baire topology, we use the following:
The language has agtoms u € a, for u€Seq(N), plus L, T; the theory is the
union of
(ugcaanw ca) FL| ~(ugu/ v/ cu)}

{
and fuco FV{ux(k) <

N} u€Seq(N)} .

cls are infinite sequences a from N with basts the sets
V(u) = {a:N-N|ucau} for u € Seq(N).

3. Cartor spac

Cantor space C is the space of infinite sequences from {0,1} and
1S constructed similarly to B :
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fiome uw e, for u E.Seq({OS]}), plus L, T theory the uhion of
and J;(.UE’J'?/\U-/ EO’H‘.L] “{ucu vu c:u)}
ek (us(0) o vux(l)ca)lue Seq({0,1])]
Pazis sets  V(u) = {u:N - {0,1} |u < o}
4. The Dzdekind reals

The most complicated example is that of the Dedekind reals R,
wnere we use a theory first introduced by Miles Tierney :
The ‘language has atoms p€L, peU, for peq, plus L, T; the theory

consists of

(i) TFV {peLt aqgeU]|p,ge]

(i1) (9€L/\P€U) F oL for all p

(ii1) pel b q€L, q€U |peU for q<p

(iv) peL} v{gel|p<ql

and  peU} v igeUu|q<pl - for all p-
(v) TF (peL v qEU) for p<q .

Models are pairs (L ,U) of inhabited ((1)) subsets of Q which zare
(i1}), open ((iv)), lover (or upper) cuts ((iii)), and are close
‘(v)). This is obviously classically equivalent to any standard
clascical definition of a Dedekind cut in @ ; this "geometric" form is

just what we need intuitionistically.

We use X,y,... to range over R, with x = (Ly,Uy . We treat G
a5 a subset of R in the usual way. |

5. Order on R
We define an spo <on R by
x<y <> 3p € (U n Ly),

As is well-known from the intuitionistic literature this is a dense linear
orazr;  for example Max({x,y) is ((L, U Ly) s (Uy N Uy)>. The order
topolegy Tor < (V.1.1) coincides with the finite <nformation topology

agd s

C
having as basis the open intervals (p,q) = {x € R|p<x<g} for p,q€ Q.



ot

5. The sheof € (R, R)

The “picture of C(T,X)" given in II1.1.17 is of course really a
picture of C(R.R) (insofar as R represents the "line" 1), and this
picture provices an excellent intuition about properties of the internal
Decekind reals in Sh(R).

2]

For exampie Tet 1 be the generic real in C(R,R), that is,
1 = idR, and consider its internal relation to the constant functicn 0 :

[6<10= (0,

and [1<01= (-=,0)

Thus Kl#@ﬂ=((-w,0)U(O,w))#T,’
while [+1=01=1.

Also A [0<1vis<01=((-=,0)U(0,=)).

This provides elegant counter-examples to classical properties of order
and apartness on R, which are normally obtained by the device of "weak
counter-examples” in standard intuitionistic treatments.

7. The complex numbers

It is an easy exercise to construct the complex numbers in this
fashion, essentially as pairs from R. Many interesting questions arise,
especially for the model of the complex numbers over themselves, but we
de not investigate them here (see ROUSSEAU [23], FOURMAN and HYLAND [61).
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PART TWO
" TOPOLOGY

INTRODUCTION

In this part we investigate some of the basic notions of classical
topology from our intuitionistic view-point. FREUDENTHAL [8] and TROELSTRA
[26] have made investigations of this scort, but mostly for spaces with non-
topological structure, such as metric spaces, and using continuity principles.
Our programme is to rephrase classical definitions and proofs so as to pre-
serve the classical theory as far as possible, and to use sheaf models as
counter-examples otherwise, especially for properties of the Cauchy and
Dedekind reals; of special interest, we consider, is the role that apartness
is found to.play. From the classical point of view then, no entirely novel
concepts are intrcduced; classical results whose proofs require no material
alteration are quoted without proof, our basic reference here being NAGATA
[181.

We give now a brief summary of Part Two:

In Chapter V we define some of the fundamental concepts of topology,
topologies being given as sets of open sets; the classical duality with
c sets is not valid since the complement of a closed set need not be
cpen nor the union of two closed sets be closed. We construct a wide class
of internal topological spaces over a space as the sheaves of sections of
rundles; in each chapter following we interpret the various notions in
bund]es.

Chapter VI 1is concerned with the various conditions of separation,

and here the existence of a suitably behaved apartness corresponds to a
strong "T " property. Sets with apartness are nicely embedded into these

SQparateC“ spaces via their strongly discrete topologies. We define some
new notions of "closed" set which are sometimes suitable substitutes for
the ordinary one in classical theorems. Tychonoff's emnbedding theoren
holds for our notion of completely regular space and (assuming DC) we
prove Torms of Urysoin's lemma and Tietze's extension theorem for strong
normalizy conditiens;  unfortunately only much weaker properties are prov-
able for metric spaces.
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The notion of compact space considered in Chapter VII is that eacu
open cover has a finite subcover, which is not comparabie with that of
BISHOP [7] for metric spaces. We characterise compact subspaces using our
new notions of "closed” set. We define two conditions of connectedness
for which many of the usual results hold. Sober spaces have a rather
different-Tooking definition from the classical one: that every superfilter
on the opens is principal. We give some criteria for soberness and evaluate
some soberifications over a space; the rationals need not be sober although
classically every Hausdorff space is sober.

In Chapter VIII we discuss metric spaces briefly; the usual defini-
tion of wniform space must be strengthened to guarantee that the topology be
separated, but still complete regularity seems not to follow. The completion
of a metric space by Cauchy filters may be given a metric, and this "Dedekind"
completion can (in the absence of CAC) be larger than the usual completion
by Couchy sequences. MWe consider compactness, connectedness and soberness
properties for the Cauchy and Dedekind reals, and give a model due to
FOURMAN and HYLAND [6] in which the unit interval is not compact. We con-
clude with a few remarks on Baire and Cantor spaces.
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CHAPTER ¥

SPACES

V.1 TOPOLOGICAL SPACES

Topologies as defined here are given by sets of "open" sets; we
1.2 how such things arise naturally on the models of geo-
metric propositionzl theories. "Closed” sets are relatively complicated
and, not surprisingly, we cannot recover the open sets from the closed

ones as is done classically.

The sense of "finiteness" used throughout this part is that of
O-finiteness (X.1), that is, of being "finitely indexed".

1. Topologicel spaces

Definition: A topological space X has a set of open subsets 0 (X)

such that E
X€O0(X) ,vUVEOX).(UNV)€ETX)
and
YU S 0(X) .UU € 0(X) .

If AcX, its {nterior A° is U{U € 0(X) |U < A}l A is a neighbourhood
of x, for x € X, iff x € A°. The notions of (netghbourhood) (sub-) basis
for a topology are defined as usual.

Notation: We use X,y,... to range over X;U,V,... over O(X)
and U,V,... over P(0(X)). For ASX we write A for (X~NA)°.

Exagnples:

(i) The Zargest topology on a set X is the discrete one, with

0(X) = P(X).

(ii) The srallest topology is a trivial one, with just the opens
© = UX1ol = {x€X|¢}, for each proposition ¢. Classically
of course this consists of X and QJX only.

(iii) If < dis an spo on X, its order topology has as subbasis
its open intervals (II.1.1). .
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Closure
nginitioq: If A s a subset of a space X, its closure A~ is

ix VU3 x 3y€ (UNA); s A s closed iff A=A, and dense iff A =X.

na

v

Remarks: We may prove as usual that A< A and (A)" = A", and
that complements of open sets are

(D

closed. Other classical properties fail
however:

Proposition: In C(R,R)

(i)  the union of two closed sets may mot be closed, and
(i1) the complement of a closed set may not be open.

Proof: (The reader may check the details directly or use the
results of V.2 and VI.1).

(i) Every singleton subset is closed, so let 1 be the generic
real (IV.2.6) and f = (At€R. Max(0,t)).
Then [f=1v f=07 = ((-=,0) U (0,=))
while[fe{0,1}71 =T,

~

1
so that {0,1} 1is not closed internally.

i}

n

(ii) Although {0} 4s closed internally and [14 01=T,
[1€~ {0} D=0 % 01 # T, so that its complement
is not'open. o

W

Topological cHa's

The open sets of a space X form a cHa 1in the usual way; in
particular, AU = (nU)°. As an example of a difference from the classical
theory, let J be AU. (U )°; classically this is the same as {71 ), so
that (0(X)/J) 1is Boolean. Intuitionistically we have:

J is a J-operator and Ve@€P({0}).J(®) = ¢

so that (if X 1is inhabited) (0(X)(J) is proper and is not Boolean without
L2, To check the second assertion cbserve that @ is always both closed
and open since (x€ (¢) ~ o).

4. Sus

D

paces, continuous functions, quotients
Cefinition: If X is a space and YcX, the subspace topology on
Y has O(Y) = {U nY|UeoX)}

Xand Y (F: X-?Sye,Y) iff it is a.(partial) function such that
5
YVED(Y) . F (V) €eO(X).
Y~ is a quotient of X iff (X 225 Y) (see 1.2.4).

Defirnition: F 1is a (partial) continuous function between spaces
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yotz. Fartizl continuous functions as we have defined them always
have open domainss this is convernient for the sheaf constructions of
b
H

5. Producis

Classical definitions of the product of a family {X;:1{€1} of
spaces (e.g. NAGATA [18], p.57) usually involve negative statements; for
example, that a basic open is a product (1_ >€(I Ui) where each Ui EG(Xi)
and for at mest a finiie nunber of indices VU]‘ + Xy . To obtain a satis-

factory definition we use the natural "finite information" form:

Definition: If {Xi :i€1} ds a family of spaces, the product

torology on ( X X;) has as basis the sets

iel
fe X_x.| /N f( eu}
{Ei({I i TR €T
where
10,...,1n_,|€1 and k/}ﬂUkEO(Xik).
6. Covers, refinements

Definition: If X is a space and A is a set of (open) subsets of X,

A is an (open) cover iff UA =X. If Ac P(X) and B EX,

S(B;A) =UlA€EA|3xEBNA} ,
and for x€X, S(x ; A)

i

U[AEA]| xEA] .
If A, 8 cP(X), we say that

A (B < A) iff vBEB IAE A.BEA

A (B<*A) iff vBeEB3IAe A.S(B;B)=A.

B
B star-refines

7. tlters
Definition: If F is a filter on P(X) {see 11.1.3) and x€X,

we say that . ‘
F s proper iff VAEF.3y€A

F converges to x iff VU3 x.UEF

X <8 a cluster point of F iff VAEF.x€A"
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V.2 BUNDLES

Bundizs of all sorts have peen widely investigated, but we will be
interested almost exclusively in the (internal) topological properties of

[V}

their sheaves of sectione. More discussion may be found in FOURMAN and
SCOTT {71, where a Representation Theorem 1S proved, of which a coroliary

is that all internal spaces arise essentially as subspaces of those obtained
from bundles. Thus we have a good "picture" of many internal spaces, which
inciudes as & special case the sheaves of partial functions of III.1.71.
Detziled evaluations in bundies are routine and tedious, so we leave them

as an exercise for the reader.

1. Sectiong of bundles

Definition: If E, T are spaces, a projection of E into T 1is a

. ts . . . . . .
function w: E 57—~> T. A section of a projection wm 1is a partial contin-

T CES > E such that

uous right inverse of it, that is, a function a:
vtedom(a) . w(a(t)) = t.

A Bundle cver T is a structure (E,w) where = is a projection of E onto
T such that each point x of E has a section a of w through it, that is,

m(x) € dom{a) A a(m(x)) = x.
(Thus a bundle has no “"redundant" points with respect to its sections.)
To avoid triviality we always assume T to be <nhabited.

Notation: For 7 a projection of E into T, we use XsY 5.e.. 1O
range over E; s,t,... over T3 U, U/ ,... over O(T); W,Wo,... over O(E);
a,b,... over E the set of sections of m. For E/f 2E and AS T, we
write EA for (E/ nn *(A)), and for t€T, Efc for E/{t}‘ The set Ey fis
given the subspace topology and is called the fibre at t.

The following is sometimes useful:

Definition: A bundle (E,w) over T has a (topological) property
locally iff T has a neighbourhood basis of subsets A such that the sub-
space Ej of E has the propert&.

2. Sheqves of sections
The sections of a bundle form a sheaf in a natural way (compare
ITI.Y. 11, v.2.7):

Definition: The skeaf of sections E of a bundle (E,w) over T is

the sheaf over 0(T) consisting of the set E of sections of =
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with E{a) = don(a)
and {aqU) = (a FU).
f B/ ©E we define a predicate E' on E by putting
. _ /
Ta€E I= ({t]lat)ckE}".
3. Burdles as internal spoces

Definition: We make a sneaf of sections E 1into an <nternal

topological space by defining ©(E) to be the subsheaf of P(E) generated -
. by the global elements W for WeO(E).

A picture of E

m
—

T
P&

e

A

—]

L

l‘w

[a€g W

U

bmecd

Some evaluations in E

(i) TaeWl=a-'(W), as W s open and a continuous.
(i1) MW I=U{u|H =W}, by the bundle condition.
(1) L(WnW) = (oW = T.

(iv) For WS O(E) put [WeW] = Wew)™,
then [(UW) = UW)I=T.

(v) For & a predicate on O(E) put W ='{(N)®
then U = UMW) =T.

-
(H)HJGO(E)J ,

Corollary: From these evaluations we may deduce that we have indeed
defined a topology on E, whose global elements are exactly the predicates

3

W for WEO(E).

(1) E has the dicerete topotogy iff w is a local homeomorphisr, -
that is (E,w) is a "sheaf" in the original sense.

(11) E has the trivial topology iff O(E) = {E |U€O(T)}.
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luations for predicates cn B —gubhundles

a icate on E » its ronge rge(®) is {a(t) teo(a)}.
Although ¢ s not completely determined by its range, many of its topo-
Togical propert1es re, for example:

e(2)) = rge(d)

(11) [3a€2] = [[3a € (rge )] = 7 (rge @)

(111} rge{2nk) = (rge(a)n W)
1

The range of a predicate is clearly a subbundle in the sense of
forming a bundle under the projection w. Conversely if AS E 1is a sub-
bundle, A = rge(A), so that every subbundle arises in this way. Thus for
preperties such as those above, quantification over P(E) can be replaced
by quantification over zubbundles

5. Bundle morphisms
To obtain a
spaces arising from bundles we make a

description of partial continuous functions between

Definition: If (E,w), (E/,n') are bundles over T, a bundle

; ) s cts . .
rphiem between them is a function f:E ~5ue> E/ commuting with the

projeciions, that is,

(.)

vx € dom(f) . m(x) = o' (f(x)).

Before stating the next theorem we observe that in considering
continuous functions it is sufficient to treat global objects which
are giobally continuous: a simple Zogical argument shows that these gene-

_ Theorem: Assuming that E/ is T, (VI.1.1), the sheaf of internal
partial continuous functions from E to E’ has global elements correpond-
ing exactly to bundle morphisms from (E,m) to (E/ , 7)) in a natural way.

Preof: The correspondence between bundle morphisms f and (partial)
sheaf morphisms F (III.1.6), that are internally continuous, is established
by (+) F(a) = (foa) , for a€kE.

Then for Woeo(E") ,EF (W) = W)1=T,
from which the continuity conditions follow easily. The only tricky part
1s to show that, given F, (+) does define f properly, that is:

a(t) = b(t) » Fla)(t) = F(b)(t):



let alt) = b(t) and F(a)(t) € W € GLE) ,
ie. tefae FPIW) T
Then B(t) = a(t) € rge(F-*(W)) € CG(E), as F continuous, so F(b)(t yew
also; and the result follows from the T, condition on E. o
6. Product bundles

Since an arbitrary family of bundles does not have a product bundie

in a natural way, we give the definition only for finite families.

Definition: The product of bundles (E,, To) seves (En-] . 'nn_]) is the
bundle (E, 7)

with B = {(Xgsevnx 0 mglxg) == q(x, 4}

and w(x) = ﬂo(ﬂ?(x)), for x€E,

and E having its topology as a subspace of the product of E| ”"’Env]'

It is easy to see that E acts as the internal product of the spaces

E;s..vs E 15 via the equation

a(t) =(a (t),....a, _4(t)) , for a€k, a;€E,,teT.

We denote by (E?, n?) the product of (E,m) with itself.

7. The bundle Xy

Each external space X determines a natural bundle over any space
T, which is essentially the sheaf C-T,X).

Definition: The bundle Xy is ((TxX),w) where (TxX) has the

product topology, and 7w is the firet projection w%.

Theorem:

(i)  The sheaves Xy and C(T,X) are naturally isomorphic.

(i1) If © is a geometric propositional theory, the topology on
Mod(@)T
finite information topology on Mod (8) (see IV.1).

coincides (under the isomorphism of (i)) with the

Proof:
(i)  The isomorphism is established by the equation a(t) = (t, f(t))
for a€Xy, fec(T,X), teT

(i1) The topology on Mod(©)y has as a basis the predicates
(U“<U\) , for U€O(T), yEF. But this is the same as
(Ur‘UQ) as an internal open of Mod(®), and the result

follows. ' a
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Thuz sheaves of partial continuous functions and internal spaces
of models of (Jocally constant) theories are special cases of the bundle
nstruction; note also that E is always a subsheaf of C(T,E), though

For convenience we abuse our notation and write Xt for C(T,X);
and, for FeC({T.X), WEO(TxX), put [FfeUT = {t](t,f(t)) € W}. So,
for example, the Dedekind reals in Sh(R) appear as HR’ and we have an
excellent "picture" of their topology via the topology of R2? (see V.2.31).

Finally, if (E,w) is any bundle, bundie morphisms f from it tc a

bundle Xg "reduce" to functions g:E 5%§+> X via the equation

f(x) = (m(x) 5 g(x)) , for x€E.

This will be useful Tater when considering internal continuous real-valued

funztions on a bundle.



CHAPTER VI

SEPARATION

VIl SEPARATION PRINCIPLES

We start our investigation with a consideration of possible forms

N

~

of the classical T T ,T. conditions. As commonly stated these involve

6’ 1% 72

an hypothesis of Znequality between points of the space, but this 1is
.obviously not suitable intuitionistically. One possibility is to contrapose
them into conditions describing how various degrees of “"sameness" or
“closeness"” make points equal. Stronger conditions arise when we replace
irequality by apartness in some sense, and here a natural notion of
eeporated space corresponds to the strong "T," property; nice connections
exist then with separated orders through fhe1r order topologies. TROELSTRA
{267 has a notion of a “space with an apartness", but the conditions are
not strong enough for a good theory. The conditions we use are a develop-
ment of ones abstracted from the internal properties of & "separated"

bundle (VI.1.6) by lMike Fourman.

1. Weak separation
Definition: In any space X we may define three relations of
“sameness" or "closeness" as follows:

X~y Y <+ VU(XEU <> yEU)
xmly4+VUu€U-+y€U)
X, ¥y «>VUV(XEUAYEV »32€UNV)

We then define, for i=0, 1,2, that X is T; iff
VX, YEX (X mj y > X=Y).

Remarks: The relation =, 1is really the "natural" equality on a
space, and open and closed sets, and continuous functiens are always
ertensional with respect to it. So we may without Toss generally asswne
the condition T, . We quote the following simple facts that are proved
nuch as in the classical case:

(1) T, =T =T, and not conversely .

(i) X s T, iff every singleton subset is closed.

(i11) X 1is T, 1iff every proper filter on O(X) converges

to at most one peint.

N (iv) T,,T, and T, spaces are closed under subspaces and products.

0 "1
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for 1=0,1,2; so in particular

(1) if each fibre is T;, so is E, and

(ii) X7 is T, iff X is T; , for any space X.

3. Strong separation
Definition: In parallel with subsection 1 we may define in any
space X two relations of "difference":

X 4,y < 3U(XEU A Y € U)
X #, Y <> E}U,V(XEUAyEVA(UﬂV) = )

We then define, for i=1,2, that X is T*]f iff it is T, and

(*)1. VUVX,YEX (XEU » (yEUvVY *; X)).

The meaning of these will become clearer after another
Definition: X 1is a separated space iff it has an apartness #
which is open, that is,
vyexX. {x|x #y}l€ 0(X),

and with respect to which every open is strongly extensional.

That this is a natural and fundamental notion of & "space with an
apartness" will appear through the examples, and through the role it plays
in the re-statement of classical results. The connection with the preced-

ing definition 1is established by:

Theorem: X is separated iff it is T:'f ; and the apartness relation

is always =

Proof: Let X be separated with apartness # . If X## Y,
x€{zlz=xyle0X) but yé¢{z]z # y}, so X # Y3 conversely if X€U
and y ¢ U, strong extensionality of U gives x# y. Thus = and #, coin-
cide, and X must be T;’iF .
T#

» # 1s an apartness making X separated.

Ke check first the conditions for apartness:

Conversely, 1f X 1is

(i) For Xx,ye€X, —;(x#—l.y) X Ry Y e x=y, as X is T.



(i) If x€U and yeU, y = x, by (*),-

(i11) If %, y,z€X and x€U and yéU, (%), gives

(z€U v z#_ x) whence (z # Y VZH X).

Opzrness of # 1s immediate, and (*)1 1s exactly the strong extensionality

[z
Remarks: The fact that the existence of a suitably behaved apart-
nzss is as strong as the (classical) T, condition accounts for the absence

of & “T;*“ condition. The following are easily seen to hold:

(i) Xis T

ot

e e + .
iff it is T;1 and H o, #, coincide.

(11) Tj#bez and T?# =>T,, and not conversely.

3 L o3
(1i1) Tf and T spaces are closed under subspaces and products.

For the counter-example in (ii) observe that the discrete topology
DERE T, ., but there can be no apartness on it without LEM (1.4.7),

o
=
-o
—
[

4. Order topologies

We have good exainples of separated spaces, including the Dedekind
reals, througn the following

Proposition: The order topology of a separated spo is separated
and T,; also if it is dense, the topology is T“j . But the order topo-
Togy of a sizmple order need not be Tfr' in general.

Proof: Let < be a separated spo on A, and show that all opens
are strongly extensional with respect to the associlated apartness # by
considering the basic open
ﬂ (2, ,L1) , for a, ,b1€A

i<n
If V1'<n.a1.<a<b]. and bEA,
then ' \11'<n((a1.<bvb<a)/\(b<biva<b))
SO (a#bvvi<n.ai<b<bi).

For the T, property, let a,b € A and a=, b, and show 7(a # b):
it a<b, a~, b gives 3Ic.a<c<b; but then a € (-»,c) and b € (c,=),
a

O T NAaL OB
cortraaleing

If < is also demse, and a<b, let a<c<b, so that, as before,
S N . #
@ # b; whence the space is T, .
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Finaliy, for the cownter-example, 1et A be the set {0,(11%), 2}
for some given proposition ¢, with its order inherited from N. This is
clearly sumple, and 0% 2; but if 0,2, there must he ¢,d€A such
that O<c, d<2, and (wom c) n (d,=) = 0. Then

either (c=1vd=1), so "¢ holds,
or ((“"2/\(3 0), so 7@ holds. o

(We prove a stronger property for the topologies of dense linear
orders in VI1.2.2.)

5, Strongly discrete topologies

Definition: If # is an apariness on a set X, its strongly
discrete tcpology consists of all strongly extensional subsets of X.

This topoiogy is obviously the Zargest separated topology on X with
the given apartness. We will see in VIII.2.9 how a weak form of Brouwer's
continuity principle implies that R, B and € all have the strongly discrete
topology. '

The assignment of strongly discrete topologies embeds Set™ in the
category Top# of separated spaces and continuous functions in a way whose
“faithfulness" is described by the following:

Proposition: (i) A1l continuous functions between separated spaces
are strongly extensional.
(ii) A1l strongly extensional functions from a space with the strongly
discrete topology are continuous.

Proof: (i) Let X,Y be separated and f: X—Cts Y. If

>
x,x" €X and f(x) #f(x/), let f(x)EVEQ(Y) and f(x’)¢V. Then
Xx€FH(V)E O(X) , while x/ ¢ Ff (V).

(i1) Now let X be strongly discrete and f:X-Y be strongly extensicnal;
we show, for VEO(Y), that f~!1(V) is strongly extensional: let x, x' €X
and x € f7I(V), so f(x)€V, whence (f(x')evVyv f(x')# f(x)). Then

(x € F1(V)vx % X), as required. =

6. Strong separation in bundles
If (E,7) is a bundle over T and a,b€E,
[a =, bl = {tedom(a) n dom(b) | a(t) €~ rge(b)}

with  f[a#,b] = {i;Edom(a) n dom(b) | a(t) =, b(t)} ,
by straightforward evaluations. We deduce then
(1) E is TV iff for We O(E),b€E and tedom(b) if b(t)eN

then VX€EL(xEWvxE rge(b)).
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1.

(i1) E is T’; iff for WeO(E), teT and yek, if yeW then
VXEEL(REH v x #, ¥).
Furthermore, for the case of the bundle XT R

o

, S0 is X, but not conversely

(i) if X is 1
o
{

i
)

(iv) Xy 1is i X 1s T

The condition on (E,m) expressed in (ii) is precisely that the projec-
tion is "separated" in the sense of bundle theory; it was Mike Fourman's )
.internal interpretation of this that led to the formulation of these strong

separation principles.

For (1i11) and (iv), if X s Tj* (or Tf) , one proves that X is
too by using the constant functions (I11.1.11). For the converse in (iv),
suppose {t,y) € W € 0(TxX), and let UED(T), VEO(X) and (t,y)€ (UxV)cH.

Then for x€X, (x€EV v x#, y) since X is Tﬁf, whence

((tsx)y € W v (t,x)# (t,¥))
and the result follows by (ii).

For the counter-example in (ii1) let X be the following space: we
adjoin a point & to @ with its order topology and give as open neighbour-
hoods of & the complements of finite subsets of Q. X s clearly TT% s
but not T,, since VYpeQ .p~, 6. Now in the bundle Xo (considered as
C(Q,X) as in V.2.7) let f be the identity function (Ap.p), and let

' 6 if p=0
9(p) :{ p otherwise

Then, if W=(aQxq),[fe U] =7
while [ge Wl=(a~{0})and [g=#, fI= 1.
The continuity of g follows from 0 =, 6.

7. Apartness of points from sets

We consider now some properties of subsets of a space which are most
conveniently expressed in terms of a relation of "apartness" between points
and subsets, that can be defined in any space but works most satisfactorily
in eeparated ones. These notions are taken from TROELSTRA [26] who inves-
tigates them more fully, and we refer to him for most proofs; BISHOP [1]
uses parallel notions in the context of metric spaces.

Definition: A point x of a space X is apart from a subset A of X

(x# A) iff 3U2x.(UNA) = p. (Thus A as defined in V.1.1 is {x[x#AL)
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e then define for A,B S X

A s located (L(A)) ATf YUVYXEU (y€ (UNA) v x # A)
S l~contained in B (ACCB) 1iff (PA U B°) = X.

r
©

o
o

Finally for A,B c P(X)
B well-refines A (B € A) iff VB EB3IAEA.BTA.

Remarks: Classically, x# A iff x ¢ A5 all subsets are located;

A @B iff A” S B®; and well-refinements coincide with “"cushioned” ones.

It should be ciear that intuitionistically our conditions are

VAl

tronger, and
it will turn out on many occasions that these stronger forms are exactiy
wnat are needed, for example in the results on normal spaces in VI.2. We
summarise some of the properties of these notions in the following

Proposition: If X 1is separated and inhabited, for all x,y€ZX,
A,B,C,D =X, and ¢ € P({0}),

(i) x# A=>(y #=Av X#HYy)
(i1) x # A< x #=A"

(i11) x # (AUB) <> x#A A X % B

(iv) L{) <> L(A7)

(v) L(A) A L(B) - L(AUB)

(vi) L(©) <> (o vao)

(vii) AGBA CT D+ (AUC) @ (BND)°.

Proof: Straightforward (see TROELSTRA [261). For (vi),

it L(@), let x€X (as X 1is inhabited); then @y€d v x # § ), whence
(e v o). o
8. Few notions of closure

We now introduce two new properties classically equivalent to the
ordinary one of being closed, and prove their distinctness; they do not
appear to arise as the fixed points of closure operations as the ordinary
one does. The more important of these notions ("w-closed") will turn out
to be exactly the right substitute for the ordinary notion in matters relat-

ing

te open covers (normality in V1.2 and compactness in VII.1).

N

P

0 fin

®

Definition: If X is separated and AcX,
A is c~closed iff VX € X(\r’y €A.x# Yy > x % A)

A is w-closed 1iff VU(AcU~>A Q UJ.
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Propesition: For all x€X and A.B

X,

in

(i) {x} {is w-closed

(i) if A,B are a-{w-)closed, so is (AUB)

(111) if AcBc A and A is .a~ (w-)closed, so is B

(iv) if A s w-closed, it is a-closed and Jocated

(v) w-closed % closed # a-closed = w-closed.

Proof: (i) This is simply the strong extensionality of all opens in

a separated space. (ii), (iii) follow easiiy from the previous proposition.

(iv) Let A be w-closed and x€X. If vy € A.x#y, then Aca{x},
so A @ = ix}; but x € -{x}, so x # A. Next, if X€U, we have
Yy €X (yeU vy # x), whence A< ((3y € UN AU ={x}); then as before

(3y € UNn A" v x# A), so that (83y € (UnA) v x=# A).

m m

(x

(v)  Proposition V.1.2 combined with (i) and (ii) above shows that
w-cloced $ closed. Again in the sheaf € (R,R), let 1 be the generic real
and g = (0F(-=,0)): {g] is internally closed, but not a-closed since
E(g) =1+ gD, while 0 ¢ [ #{g} 1. Finally, every ¢ is a-closed, since
(Vy € @.x#y-> @); but if it is w-closed, (v @) by (iv) and Proposition
VILY.7(vi). o

9. Some interpretation in bundles
1f (E,7) is a bundle over T, a€E and ® is a predicate on E ,
Ta#0] = [a+ (rge o) I= {t]a(t) # rge(e)}.

Combining this with V.2.4 we see that all the properties of subsections 7
and 8 depend only on the ranges of predicates.

We evaiuate further for subbundles A, B of E

(1) ELL(A) T 1is the interior of
t{vWvx € He By €(NnA)L v x # A)}

iy

(i1) for UEO(T), UclA C B] iff
Ay & By <n the subspace E, -

(ii1) for U € O(T), UclA is w-closed ]
iff, for WeO(E) and U U, if Ayr €W then
U c[AQUT.
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VI.2

vi.2 REGULAR, COMPLETELY REGULAR AND NORMAL SPACES

e give here suitably adapted versions of the stronger separation
srinciples of classical topolegy, which are usually expressed using negations
and closures. Tycranoff's embedding theorem Seems to justify our definition
of a completely regular space, and then the condition of being separated
regular fits nicely between this and Tft; the weaker regularity property is
useful for uniform spaces (VIII.1.3). The situation with normality is
rather more confused: conditions such as we give, which are strong enough
at least to imply complete regularity, are not provable of metric spaces;
those which are provable (e.g. STOUT [25]) are too weak to give anything
like the classical results, it seems (see VIII.1.7).

1. Regularity, complete regularity, normality

Definition: A to space X 1is

regular iff VUVX EU3IV3IX.V U
separated regular 1ff VUvx €U3V3x.V €U
cts

completely regular iff YUVx € U 3f:X —2= [0,1]1(f(x) =0~ f=1([0,1)) ¢ 1)

A separated space X is
normol iff VA,B<X (ACB~3C.ACC CB)
normat,, iff VU,V (UUV=X +>3W.UUW=X=VU-N)

Remarks: The difference between these two notions of normality is
very slight, nopmazz just being the'specia1isation of normaZZ to the cases
where "U'' is of the form "~ A" . The former will appear as the natural con-
dition for the proof of Urysohn's lemma; the latter is suitable for proper-
ties relating to finite open covers.

The following present no special difficulty:
(i) Regular =T,

.. +:
(i1) Completely regular = separated regular = T, .

(ii1) Regular and completely regular spaces are closed under
subspaces and products.

(iv) (Tychonoff's embedding theorem) Every completely regular

space is homeomorphic to a subspace of a product of metric
spaces. The converse also holds by (iii) and VIII.T.1.

To show how our notions fit together, we prove a

Proposition: A w-closed subspace of a normal, (or normall) space
is also norma12 (or norma]l).

o
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Prcof: Let X be norrna“iz, and A < X be w-closed, and suppose that

fc (UUV). Then AC (UUV), that is, ((UU~A) UV)=X . So let

(CUTA)UH=X=V UT U, whence A< (TUYW) and A< (VUIW), as required.
™

[N
)
©
S
0
[N
o
N
~
N
\
=
Q
N
IS
N
'\\
V3]

Let (A, <) be a dense linear order, and observe that, since
(a,b) n (&’ ,b/) = (Max(a,a’), Min(b,b’)), the open intervals form a basis

Fey

for "its order topology.

Now if a<c<b, Tet a<a’<c<b/ <b, by denseness; then

c € (a’,b/)Q (a,b), as < is separated, and the result follows.

3. Urysohn's Lermma
Assuming 2 C (1.3.4) we have the following
Lemma: X s normal, iff whenever AC B <X,
3F: X S855 [0,11(F(A) < {0} 4 -} (10.1)) < B).

Proof: We can follow the usual pattern of proof (e.g. NAGATA [18]
p.75), but replacing "A” < B°" by "AQB" throughout:

let X be normal, and AT B < X, and choose (according to DC),
for successive values of n and for all m < 27, subsets A(m/2") such that

(i) A(0) = A, A1) =8B
(i1) A2y = A(Zm/2n+])
(i11) Am/2") @ a(m+ 172"y @ A+ 1/2").

The required function f 1is then given by specifying that
p< F£(x) iff 3m2")>p (x# A/2") v m=0)

a> f(x) iff 3m/2")<q (x € Am/2")°v m=2"

for all 'p,q € Q, xeX.
That f(x) € R follows from condition (i11) above since then
vin< 2" (F(x) < (m+1/2™) v (m/2") < £(x));
the remaining properties are proved as usual.
Convereely, if AC BcX, and f:%XS555100,1] is of the kind
described in the lemma, we can put C = {
AT CQ B, since

x | T(x)< i} and prove that

VX EX [(F(x) <1 v £(x)>1) A (F(x)>0 v £(x)<3)] .
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As corollories we may deduce (assuming DC):
(1) Normal, = completely regular.

(i1) If X is norfna]1 and (+ A U-wB)'= X, then

£ : X S50 [0,11(F(A) < {0} A F(B) < {1}).

-h

(i11) X s normal, iff whenever (U U V) = X

af 0 x S8 [0,13(F71((0,11) € V A £71 ([0,1)) < U).

xtension theorem

>
| N
=
®
o
2
®
o~
I

Assuming DC we have the following

Theorem: If F 1is a w-closed subset of a normali space X, and f:
F——== [-1,1], then f has a continuous extension ¢: X cLs i-1,11.

Proof: Again we follow NAGATA [18], (p.78) with a similar notation
for comparison:

With the hypotheses of the theorem, we put

G={x€F|f(x) <-3} ., H={xeF|f(x)>%}

Then Fc(nGUTH), so FC (R GUTH);
but G,HeF, so (R GUAH) =X.

how corollary (ii) of Urysohn's Temma gives g :X>£E§e> [0,1]

such that (9(G) < {0} A g(H) = {1}).

Then put @, (x) = 5. (g(x)-3)

so that vxeX . lo, (x)] = (3)

and VXEF . |F(x) -0, (x)] < (§)

The proof is completed by the usual jteration argument. o

Remarks: This appears to be the best we can do in this general
context; BISHOP [1] has a form for metric spaces which may well he more
useful.

5. “nite open covers

To illustrate the use of the normazg condition we prove from it
some facts about finite open covers fTamiliar from classical treatments.
we need first a |

Lemma: If {U;|1<n} {is an open cover of a normal, space X,
then there is an open cover {wi | i<n} such that vi<n NN CR (G

Freof: Me choose successively W, ,..., W so that, for {<n,
0 n-1

< .n! W 7 7 ‘e : - . N =
Wo s Mo 5055000, Up 4} covers X, and (7 Wy U Uy) = X, o



Theorem: IT X 1s separated and inhabited, then

(i) X s normaiz 1ff every finite open cover has a finiie open
well-refinement,

(ity if X is nomla12 every finite open cover has a finite open
star-refinement. |

Proof: (1) One direction is immediate from the lemma. For the’
converse, it UUV=X, let {W; | i<n} @ {U,V}; then without loss we may
suppose that

Moo Mg @V and W, oo W @ U,

k

Putting W= UJ W, we have UUW=X=VU-U
i<k
(i1) Let {U;j|i<n] cover X and let {W;!i<n} be as in the Temma.

For a€P/ (I[nl]) (I.2.1, 1.3.1) we put

U= [1un [ -~u.

¢ jega * ileﬁa !
Then {Ua la€P/([n1)} 1is also a finite open cover of X (since
P/ (In]) >—s [Zn]), Finally, for Be&P/ (P (In])) we put

Vg = N U, n [ W, and v= Vg 1 Be P/ (P/(InI))};
a€B adB

we show that this finite open cover of X star-refines the original cover
{Ui { j < n}:

Given Be P/ (P/([n])), detachability gives
either Vi<n3za€eB.jé¢a
or 3j<nVva€EB.j€a.

In the first case, Vvj<n ‘VB cn WJ- s SO ‘.IB = 0.

In the second case, if j<n and VYa€B.j€a, we can show that

Suppose xE(anvB,), and let aEP/([n]) and x€W,; then a€ (Bng),
since (a€B Vg e
Thus VB’ - Ua,

while j€a, so U cU.. o
a— ]

(The classically valid converse to (i1) cannot be expected to hold —
see the discussion for uniform spaces in VITI.1.3.)



Vi.

6. "Requlerity and normality <n bundles

If {E,7) is @ bundle over T,

(1)  E is regular iff for xe¥ €0(E)
3U, W [ xe (W), avaeE.Un({t]a(t)eu})” W]

(i1) E is sepgrated regular 1ff for x€W,€0(E)
BU,Hl[xE (NI)U AW C W, in the subspace Eu]

(iii1) E is WOﬂWQZ iff for WeO(E) and A a subbundle
if Ay @ W Zn the subspace Ey
then U< U{U/| 3w . AU/ (s H/ C W <n the subspace E }

(iv) E is normal, i for Wy, W, €0(E)
if B e (M UH)
then U_UU/IEM’. ;< (M

UW)n (W U W)l

0 1

U
Then we can deduce:
(v) If E is Zlocally (separated) regular (or norma11 or norma]z),
then E is also (separated) regular (or normall or normaTZ}.

(vi) X+ is (separated) regular iff X 1is (separated) regular.
T

7. Complete regularity in bundles

We use the analysis of continuous functions given in V.2.5 and 7
to interpret this condition in a bundle (E,m):

E 'iS L,O/'VDZQI/ 7/
1]

regular iff for a€E and a(t)€eWeO(E)
U3t af:E €t . 10, W

VSEU. f(a(s))=0 A F1([0,1)) < W).

The questions of whether the properties of complete regularity or

LI

normality are "preserved" in the passage from a space X to a bundle Zrs

are still open; but the answers seem likely to be
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VIl

CHAPTER VII

COMPACTNESS, CONNECTEDRESS, SOBERNESS

VIT.1  COMPACT SPACES

The notion of compactness considered here is the familiar classical

one relating to open covers; since it does not “provide points”™ in the space,
it does not tie in with properties of being "complete" or "closed" as in _
classical topology. The condition of being w-closed arose first, as a sub-
stitute for the ordinary notion, in connection with compact subspaces. The
incomparability of this notion of compactness with that of BISHOP [1] (and
originally Brouwer) will appear in VIII.2 when we consider compactness
preperties in the reals. The work of FOURMAN [5] in this connection suggestis
that we consider a notion more appiicable to open sets than to closed onss,
but this has yet to be properly investigated.

1. Compacitness .
Definition: A space X 1is compact iff every open cover has a finite
subcover; that is, if U < 0(X) covers X, then there are Ug,..., Un—iéii
such that ,
1_ L<Jn U, = X.
X is Tocally compact iff it has a neighbourhood basis of compact subspaces.
Remark: Our definition of a "locally compact" space corresponds to
what is usually called "properly locally compact”; classically the two
ccincide for T, spaces. This seems to be the right notion for applications
(Remark VII.1.2 and VIII.3.1).

The fellowing gives versions of well-known clasical results, using
some of our previous versions of the separation principles.
) - . N H#
Proposition: (i) Compact T, = Normal,.

(i1) Compact spaces are closed under quotients and finite products, but
not infinite ones.

w#

Proofs (1) Let X be compact T, , and show first that it is

. A - ymg
separated regulaor:

1)

Let XEUEOD(X), so that vy €X (y #,x v y€U);
thus, if W= {4 | x# W}, (Wu {U}) covers X.
Then, if {W ,...,H4

put \Y

<

112Ul is a finite subcover,

il U W.), so that xe€eVQ U .
i<n !
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lext, to prove X normal,, lel (UUV) =X, thus {W|WT Uv W CV} covers
X, as i1t is separated regular. Then a finite subcover is a finite open
w-refinement of {U,V}, as required in VI.2.5.

(i) Closure under quotients is standard, and the proof that the product
of two compact spaces 1s compact presents no special difficulty. For the

unter-example we refer to VIII.3 where we use a result of FOURMAN and
HYLAND (6] to show that Cantor space need not be compact although it is

the power EZ]N (where [2] has the discrete topology.) o

Z. Compact subspaces ,

The results of this subsection show that the notion of a w-closad
subset is exactly the right substitute for the ordinary notion for charac-
terising the compact subspaces of a compact Tf space,

Lemma: Let A be a compact subspace of X. Then

(1) if X s Tj , A is a-closed, and is w-closed iff it is Tocated;
(i) if X is separated regular, A is w-closed.

Proof: (i) Let X be Tf’h and A a compact subspace, and suppose
that vy€A.y #x: Thus {W|x =W} covers A so Tet {W, soees W4} be
a finite subcover. Then

Ac LJ W,
i<n
while Vi<n.x #Wi; so
x#- ] W,
. i
i<n

whence X =A,

In view of Proposition VI.1.8(iv) we have only to show that, if A
is located, it is w-closed:
Let AcU and fix x€X; since Vy€A(y #,xvXx€U),

{Wix W} u{(xeu)*} covers A.
Let W, ueins W _y» (x€U)"} be a finite subcover, and put

V=“!( LJ W.)
i<h !

Then assuming A Zocated we have (3y € (VNA)vx #A); but if ye€ (VNA),
YE(XEU)™, so (x€Uvx #A) as required.

e

(i1) Let X be separated regular and A a compact subspace, and suppose

that A c U:

Thus — {W | W @U} covers A, so let {W ,..., W _q} be a finite subcover;

then  Ac [ W, CU. .
i<n



VI,

Thecrem: If X s compact T2 and Ac X, A s compact iff it

is w-closed.
Prooi:  One direction is immediate from (ii) of the lemma since
X 1is separated regular by Proposition VII.1.1(i).

For the converse Tet A be w-closed and A cUU; then A CUU,
that is, (U u {7A}) covers X. But if {U, pees U qs T Al is a finite
subcover of X, so is {U,,..., Un—1} one of A. o

Remark: It is not hard to see, using these ideas, that locally

compact Tii = Separated regular.

3. Incorpactness — divergence

As noted in the introduction to this section, compactness in our
sense dces not "provide points”, and we will see in VIII.2 that in a com-
pact space not every proper filter need have a cluster point. To express
the content of this classical result we introduce strong notions of "non-
compactness” and "non-convergence" as follows:

Definition: A space X is <Zncompact iff it has an open cover U

such that, if {U ,..., U _q} is any finite subset,

-

axe (X~ | U;) -
i<n ‘
A proper filter F on P(X) 1is divergent iff V¥x € XIA € F.x# A.
Theorem: X is incompact iff it has a divergent proper filter.

Proof: (This is really just the well-known classical proof.) If
X is incompact through some cover U, put
F = {A = X|3{U, ""’Un~1} cU.AD> (X\iyn U}
then F 1is a divergent proper filter.

Conversely, given such an F, put U

i

[ A | A€F}; U covers by
divergence, while for

{Agseiis A 4T 2 Fy (XS U " A2 (] A
1<n 1<n

which is inhabited by properness. o
4. Compactness in bundles

If (E,7) is a bundle over T, E is compact iff for W< 0(E) and
Ued(T), if E,cUW then

— i/ T
Uc UU {a{wo ,...,wn_T} o W, by < .U wi} .

i<n
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Then we can deduce
(i) If E ds locally compact, E 1is compact.
(i1) Xy s compact iff X is compact.

For (i1), Tet X be compact and suppose that W< G (TxX) covers

!
( :
Fix teU, sc that {VEO(X) |30/ 3t aWew. (U xV) < W} covers X {by

definition of the product topology).

Then, if {V,,..., Vn—1} is a finite subcover, choose Uy ,...,U ;.
Wosewws Wy such that
W<n(tEmAwiEWAwVW”EWQ.
So if , |
U o= .ﬂ U, teu and (U xX) e ) W
i<n i<n

as reguired.

For the converse one uses constant functions in the usual way.

-7 -
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Vii.z

vil.2  CONRECTED SPALES
TROELSTRA [281 has considered noticns of comnectedness in intui-
tionistic topology, with applications to separable metric spaces and using

continuity principles. The two notions we investigate are based on proper-
ties of open sets, the stronger one having a very attractive "geometric"
form. Unfortunately (VIILI.2.7) it may fail to hold of intervals of the
real line when CA4C does not hoid. In fact we have not found so far any
“advantage" in this noticn over the weaker one (which does hold in the
reals — VIII.Z2.3).

1. Cormectedness

Definition: A space X is comnected iTf

NSUV[(UUV) = X A3XEUA3X €V A (UNV) = §]

Sor*e propert ties: The following are easily verified as in the

classical theory:
(i) If (©UnvV), (UUV) are both (weakly) connected subspaces
of X, then so are Uand V .

(i) If A€B<E A <X and A is (weakly) connected, then
so is B.
(i1i) If AcP(X) is a set of (weakly) connected sets and
(NA) is inhabited, then (UA) 1is (weakly) connected.
(iv) For each x¢&X, its (weak) component is
VA= X! xeArhA (weakly) connected},
which is (weakly) connected and closed.

(v} (Weakly) connected spaces are closed under quotients and
nroducts over discrete index sets.

2. Order topologies
f the order topology of a separated order (A,<) is connected the
order must be dense; for if a ,bEA and ac<

[(-=,b)u(a,®) =Anrnac (-=,b) Abe€ (a,=)]

$Q connectedness gives 3Ic € (-»,b) n (a, «=).

But this seems to be all tha‘t can be salvaged of the classical
Connexion with complzete dense ordu*s, VIIT.2.6 provides an example of a

Connected space which is not complete with respect to Dedekind cuts.
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Yie now give alternative characterisations of weakly connected
tering of finiie partitions and clopen subsets; as noted in

V.1.3 every ¢ is both closed and open, so our notion of “clopen” set has
+
&~

Definition: A finite partition of & space X is a set of opens

ijngi and Vi<j<n.U nt=@.
A subset A of X 1is clopen iff AU~ A =

Proposition: X is weakly connected iff, for every finite partition

T, ..., Un—?} » 31 < n.U; = X (assuming X finhabited).

Froof: One direction is obvious; conversely, if X is weakly

connected and {UG,.,., Un—l} is any partition, let x€X (as X is inhabited)
and suppese x€U; ¢
Put U=0U; and V= || U., so that

\]#1 J
[(GUV) =X A3x €U A (UNV) = 8]

whence V=@, apd U, =X%. o

Since every element of a finite partition is clopen, we may deduce
the following

Coroliary: If X 1is inhabited, it is weakly connected iff every
ciopen subset is either X or §.

4. Connectedness itn bundles
If (E,n) is a bundie over T
(1) E is connected iff for W, W € O(E) and U € O(T)
if E, e (WuW') and U< (n(M) nw(W))
then Ucldnl),

E is weakly comnected Ciff for W W € 0(E) and U € G(T)
E,c MU )and WnW nEy) =0
Tz nwW)y) = p.

Then we can deduce :

e

~ty -y

then

(1i1)  If each fibre is (weakly) connected, so is E.

{iv}  X; is (weakly) connected iff X is.
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yI1.3  3OBER SPACES

Clessically a sober space is one in which every irreducible closed
set is the closure of a (unique) point. The definition we use is due to
Mike Fourrmon who used 1t to give a Representation Theorem for internal
sober spaces in sheaves over a sober space; see FOURMAN and SCOTT [77,
where the more algebraic and categorical aspects are presented. We confine
ourselves to topological questions mostly, where the theory is rather
different from the classical.

1. Soberness

Definition: A T, space X 15 space iff for every super-filter
&£ on 0(X) there is a point x of X such that A=Ay ={Uc0(X) i % €U},
(Fote: The uniqueness of such a point is guaranteed by the condition T,.)

Some properties: (i) The space of models of a geometric proposi-
tional theory (IV.1) is sober; so also
(i1) the space of superfilters on a cHa 1is sober.
(i11)  Sober -spaces are closed under products.

For (i), let © be a theory and A a superfilter on @(Mod(0)), and

put A = {y | U, € A}s then A € Mod(e), and for T, € 0(Mod(0))

bEU, <3y € (ANT) <> AYET .U EA T,

EA.
r~
2. Some conditions for soberness

The following provide criteria for scberness which will be useful
in VIII.1.6:

Lemma: If x€X and A is a superfilter on 0(X),
(i) if X is regular and A converges to x, then A=2by

(ii) if X ds separated regular and x is a cluster peint of
A, then A=hy .

-

Sinn L

O T .
.

(i) Let X be regular and A converge to x, SO Ay © A3
conversely suppose that U€A:

By regularity U = U{V

Ve Ul so 3VeEA.V cU.
But if VEA, XEV ;, s0o x €0TU.

(1) Let X be separated regular and x a cluster point of A; so
2 cb, as in (1). Conversely let x€U so (UUn{x}) =X; but x¢-1{x}

so 1{x} € A, whence U€ 4. o
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Corollary: (i) If X 1is regular and every superfilter on O(X)
converges, X 1is sober.

(ii) If X is separated regular and every superfilter on 0(X) has a
cluster point, X 1is sober.

3. Soberification

Every space can be "extended" to a sober one in the following way:

Definition: The soberification of a space X is the space Sob(X)
of superfilters on O(X).

By VIIT.3.1 this space is always sober, and X is embedded in it
by taking x to Ay; it is in fact the wnzque sober space Y such that
0(Y) is isomorphic to O(X) (up to homeomorphism). If X 1is a subspace
of Y we can give a very simple condition for this isomorphism:

(%) YU,V € oY) ((UNX) =V >UcV)
The following rather subtle result will be veryv useful in VIII.Z:

Lemma: If Y is a Tq;t space and X is a dense subspace such that
Y has a neighbourhood basis of subsets A for which (AnX) is compact,

then (*) holds.

Proof: With the conditions stated, Tet U,V € 0(Y) with
(UnX) cVand yeuU:
Let yEA®, AcU and (ANX) be compact.
For XEX , (x#, yvx€U); butif X€U, x€V, so that
(X #,y v yev).
Thus  ({W € 0(Y) |y =4} U {(y € V)"]) covers X,
and we have a finite subcover {W ,..., Wo_y» (€ V)™t ef (AnX). Put

so that y€ (A° n-W) whence densencss of X gives 3Ix€ (A° n=4nx).

LA

But then 3x € (y€V)" sc y€7V as required. o

Remark: Since X and Sob(X) have isomorphic cHa's of open subsets,

they share those topolngical properties which can he expressed entirely in
terms of opens; these include compact , (weckly) commected, normal. and
separated regular.
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VII.2

4. Soberification of bundles

General questions about soberness in bundles are considered in
FOURMAN and SCOTT [7]. We just note that if (E,w) 1is a bundle over T
and E is sober then so is E, and concentrate on the special cases of
the form X;.

Lemma:
(i) Xy s sober iff X is.

(i1) Sob(X) ¥ Sob(X7) = ( Sob(X))p» that is, the <nzernal
soberifications of X and Xy coincide
obtained from the bundle (Sob(X))T

(]

with the space

Proof: (i) The results of IV.1 combined with V.2.7 show that an
internal superfilter on O(XT) corresponds to an element of C{T ,Sob(X)),
so that X being sober makes X7 sober also. For the converse use constant
functions as usual.

(i1) By (1), (Sob(X.))T is internally sober and we have only to check
the condition (%) of VII.3.3 for be regarded as a subspace of (Sob(X))T;
that is, for

WL W€ 0(TxSob(X)), HUnX) e W I IeW I:
If teL(WnX) g w’:],(wtnx)gt«l’t
S0 W, ¢ w% and the result follows. s
5. Soberness of Q

Classically every T, space is sober; we use the results above to
give a counter-example,

T

Theorem: In Sh(Q) the rationals are not sober

3

0
of Qg {giving Q@ its usual (order) topology, of course) by the resuits of

Proof: Over any space T the rationals appear as the subsp

D

1 C

r},

[11.3, so the immediately preceding Temma evaluates their internal schberifi-
cation as (SOu\uJ,T; which certainly includes Q-

Now 1in il@ we have a gereric element = (ip.p) which is5 nowhere

3

Tocally constant so not an element of O ; thus O s not sober internally

(See also VITI.2.6 Tor a similar application to the Cauchy reals.)
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CHAPTER VIIX

SPECIAL  SPACES

YITI.1 METRIC AND UNIFORM SPACES

1. letrics

We give here the standard "constructive” definition of a metric
soace, wWhich has already been thoroughly investigated (e.g. BISHOP [11,
TROELSTRA [206]). More general notions are possible — and interesting — for
example via the specification of "open balls"; but we do not consider chem.

Definition: A metric space 1is a structure (X, p) such that

X2 > [0, =) and

O

(1) Y,y € X (p{x,y) = 0« x=y)
(i1) Vx,y €EX.p(x,Y) = ply,x)
(111) Vxoy,z € X p(x, 2) < (p(x,y) +p(y.2z)).

If (X, p) is a metric space, the metric topology on X has as basis the
open spheres

S(x38) = {y € X]op(x,y)<8} for x€X,8>0.

If O(X) 1is a topology on X, a metric p on X is compatible with it iff
the metric topology coincides with O(X).

Remarks: Metric topologies are easily seen to be completely regular,
for if x€U and U is open Tet §>0 and S{x; &) < U; then the required
continuous function is Ay .Min(§, p(x,y))/8. The Dedekind reals have the
usual metric, of course, which is compatible with the order topology; we
will see in VIII.2.7 that this space need not be normal,. The most that we
can prove seems to be the following, due essentially to STOUT [25]:

Proposition: If (X, p) is a metric space and A,B <X are such
that A<-B and B<o=- A, then IU,V[AcCUAB<V A (UNV) = §].

Proof: With A,B as described we put
U= {x]|386>0(S(x;8) nB=0adachAnsSx;s))},

and define V similarly. o

T

Neze: The hypotheses here are classically equivalent to (AnNB)=0,
when A, B are closed, so this is a "normality" property. Alternative
versions may be given, by requiring for example that A,B be "metrically
Tocated" (BISHOP [11).
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Since a metric is compatible with a given topology iff it is a
wctien and the open spheres form a basis, we can use the
enzlysis of V.2.7 to describe metrics on bundles:

If (E,w) is a bundle over T, a metric on E compatible with
s

N L C .
tonology corresponds to a function o: E? =25 [0, «] which acts as a
metric on each fibre of (E ., 7) and satisfies:
for a€f, WeO(E), teT, if a(t) € W

ren 36>03U3t vxEEy [ola(m(x)),x) < § + xE}

P

Here (E*, m%) is the product of (E, w) with itself (V.2.6). The
last condition above corresponds to the internal condition that
dEW ~38>0.5(a; )M

In the special case of a bundle XT’ where X has the metric topo1ogy
tfor a metric o, we may define such a function o by putting

o({t,x), L,y = o(x.y).

Alternatively we may describe this internal metric as a sheaf morphism
o:C(T, ") > C(T,[0,=)) which "reads off" the distance "pointwise"

o(f.g)(t) = p(f(t),g(t)) for te dom(f) n dom(g) .

We define wuniformities in very much the usual way via sets of
"uniftorm covers", but an extra condition is needed even to make the topology
separated, and this still seems to be inadequate for complete regularity.

Is there some stronger "refinement" property which holds in metric and com-
pletely regular spaces (see examples below) and implies complete regularity
of the uniform topology (assuming DC of course) ?

Definition: A wuniform space is a structure (X,C) where € is a

set of covers of X which includes {X} and satisfies (with notation as in
V.1.6):

(i) YAECVB>A.BEC

(i) VA,B€C.{ANB|A € A, BEB} C

(i1i) VAECEBEC.B <*A

(iv) \v'x,yEXWAECSAEA(XEAA}/EA)+x:y].
If {X,C) is a uniform space, the wuniform topology on X has as neighbourhood
ba

asis the sets S(x;A) for x€X,A€C, and the uniformity is compatible

with a given topology iff these topologies coincide.
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Understanding the relation "@" in the uniform topology we definc

-
—ty

nally that (X, C) is a separated uniform space 1ff it is a uniform space
satisfying also
(v) VAECCIBEC.BT A .

VicXYAEC.Y LS(YA); bu

Remarks: Classically condition (v) follows from the others, since

t this is equivalent to VY < X.L(Y), which
implies Lzt (see ¥I.1.7). We give a counter-example below using the
following, which are easily proved:

(i)  (Separated) uniform topclogies are {separated) regular.

(i1} (Separated) uniform spaces are closed under subspaces
and precducts.

4 Examples
(1) The uniformity on P({0}) containing all covers is compatible with

the dZecrete topology; but it carnot be separated unless LEM
holds, since P({0}) cannot have an apartness.

(i) Topological groups may be given the usual uniformity.

(111)  If (X, ) is a metric space, the metric uniformity consists of
those covers with refinements of the form Ug = {S(x; 6) | x€X]
for §>0. This is compatible with the metric topology and is

since, for &<¢&' and x€X, S(x;6)CCS(x; 8 ) whence

O
(iv) Completely regular spaces have compatible separated uniformities
by Tychonoff's embedding theorem. The converse implication, that
(separated) uniform topologies are completely reqular, is proved
classically again using the property VY < XVAE€C.Y (C S(Y;A)
and there appears to be no way of getting round this.

Definition: If (X ,CX) » (Y,C_) are uniform spaces, a function
f:X>Y s wnifcomly continuous iff VAE CY JAFTYAY A € A} € Cy -

Remarks: A uniformly continuous function is always continuous with

respect to the uniform topologies.

The usual proof shows that a continuous function from a compact
metric space is unifermly continuous, but this depends on the property of
the uniformity that

VAEC.{AeAa|axe Al e
ds in metric uniformities but fails in general; we can not add

this concition to the definition without losing closure under subspaces.
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Definition: If (X,C) 1is a uniform space, a Cauchy filter on it
is a proper filter F on P(X) such that VAEC IAE (FNA).

(X,C) is filter-complete iff every Cauchy filter converges. If
F,G are Cauchy filters on (X.C), they are equal iff VAE€ C 3A€ (FNn GN A).

i

Remarks: ese are the usual definitions and require Tittle comment ;
the usual results go through, for example that a uniformly continuous function
from a dense subspace of a uniform space to a filter-complete space has a
unigue unitormly continuous extension to the whole space. We have also a

nice tie-up with some previous notions:

Proposition: Filter-complete uniform spaces are sober.

ProoF: Let (X, C) be filter-complete and A a superfilter on O0(X),
and put F={AcX|3U€ A.UcA}. Since every uniform cover has a uni-
form open refinement by condition (iii), ¥ 1is Cauchy. Then F converges,
so A does too.

Now we can apply Corollary VII.3.2(1) to deduce soberness, since
X 1is reguilar by VIII.1.3. o

-~

7. Filter completions

3

We may prove exactly as in classical treatments (e.g. NAGATA [18],
p.232) that the equality classes of Cauchy filters on a (separated) uniform
space form a filter-complete (separated) uniform space into which the origi-
nal space is unimorphically embedded as a dense subspace.

8. Dedezind completions

One may define as usual the condition on a metric space of being
corplete with respect to Cauchy sequences; but in the absence of CAC
one naturaily asks for a notion not involving the existence of sequences.
We provide this as follows:

Definition: If (X, p) is a metric space, its Dedekind completion
is obtained by giving a metric o on the filter completion of its metric
unitormity, by specifying for p€Q,F,G Cauchy:
o(F,G)< p iff 3q,r 3x,y[S(x3q) €EFAS(y;r) €Gap > (q+r +p(x,y))]

4

o(F, G)>p iff 3q,r3x,y[S(x5q) €F A S(ysr) €Cap<(olxy)-(a+r))]
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It is a purely routine matter to check that this does indeed define
the required metric and that this extends the original metric under the

ambedding of the original space.

We call this the "Dedekind" completion since the Dedekind reals are
obvicusly the Dedekind compietion of the rationals. With DC one can always
find a Cauchy sequence to correspond to any Cauchy fZlzer in a metric space;
but we will see in VIJI.2.6 how completions by Cauchy sequences may diverge
from Dedekind completions in suitable sheaf models. .
9. Totally bournded uniformities

Definition: A uniform space is totally bounded iff every uniform

cover has a finite subcover (not necessarily uniform).

Remarks: Classically a uniform space has a compact topology iff it

is totally bounded and filter-complete, and this Tlatter condition has been
used as a notion of "compactness" for metric spaces (e.g. BISHOP [1]). He
will see in VIII.2 that a metric space with compact topology need not be
sober, and that a filter-complete totally bounded metric space need not

even be normal,.

Examples:

(1) The metric uniformity on the wnit <nterval [0,1]1 is totaily bounded
and complete.

(i1) If X is a normal, space, the results of VI.2.5 show that the covers
of X which have finite open refinements form a totally bounded
separated uniformity compatible with the original topology.

10. Untformities in bundles

We consider just the special bundles Xy over T: If C is a com-
patible uniformity on X, we can define a compatible internal uniformity
C; on X; by specifying for W< 0(TxX) the evaluation

[Wec,I=U{u[aaecC. {(UxA)|Ae A} <W}.

If C is separated, complete or totally bounded, so is CT'
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VIiTi.

VITI.2  CAUCHY AND DEDEKIND REALS

Wwe now consider topological properties of the Cauchy and Dedekind
regte, defining the Cauchy reals as a certain subspace of R. These two
spaces have many properties in common, but not, most notably, soberness.
We use two particular sheaf models to provide the counter-examples promise
in the preceding chapters. We also discuss briefly some consequences of

Hiy)

Brouvier's centinuity principle"

Cauchy reols

fo—
.

Definition: A (Dedekind) real x 1is Cauchy iff there is scme

Cauchy segu effeof rationals converging to it, i.e.
3F:N->-Qvn3kvm 2 k., [x-Fm)| <n?t .

We denote the set of Cauchy reals by R® and for AS R write AC
for (A n RC),

Remarks: Classically every real is Cauchy, and this would 7oiluw
intuitionistically from C4C; it fails to hold in Sh(R‘) as will be seen
in VITL.2.6.

2. Separation

Both R and RS are metric spaces of course, and both are dense
Tinear orders in the usual way; so they are both completely regular spaces.
They may be normal, (VIII.Z2.6) or they may not (VIII.Z2.7); note that this
latter model is not topologicai, and it is still an open problem to find

a gpace over which R is not normal,.

As an example of the notions of VI.1.8 we observe that in R (and
R®) closed bounded inhabited intervals ave w-closed: for if a<b and
fa,bl <U, let 6>0 be such-that (a~-8,b+38) €U; then for x€R
either (a-8) <x< (b+&) so x€U
o (x<avb<x) so x #[a,b].
This argument is easily generalised to the closed spheres of any normed
iznear spaee, in particular to finite products of R (and RC).

[#5)
<
.
3
0
o
ot
©
o
Y
I
o
w

Proposition: A1l intervals of R (and R®) are weakly connected,

and, assuming C4C, also connected.

g

Frooft We prove the two statements simuitaneously pointing out
the differences where they occur.
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Let 1 be an interval of R (or KC) and suppose that
[I< (UUV) A3x € (UNI) a3x € (vni)] .
Let P,q € G with [pe (UNI) A q € (VNI)]
and put r=(p+q)/2; then r€I, so re (UUV)

Now Tor weak connectedness we will suppose alsc that (InUNV) = §
so that just one of reU,re€V holds; Tor comnectedness we need CAC
to “"cheose between” the cases r€U,r€éV at each stage.

Thus we put p,=p,q,=qg and

(Pps1 =Py A4 = (pyray)/2) if (p,+q )/2 eV,

(Pyy1 = (Pa#a,)/2 A ,q=a) if (p,+q.)/2€U.
Then {pn: nE:N},{qn: neEN} are Cauchy sequences in (Un1l), (VA1) respec-

tively, with the same (Cauchy) real x as their Timit.

Now x€1 being between p and q so x€U, say, whence qHEIJ
for some n. But then 9, € (InunvV), which will be the desired conclu-
sion for comnectedness, and contradict the hypotheses for weak conmnectedness.
0
Remarks: By VII.2.4 connectedness of intervals will hold over any
space when it is assumed externally (in particular, classically); VIIL.2.7
gives a counter-examplie to the generai case. Notice that this property for
RC <mplies that for R; the converse is still open, but it seems unlikely.

4. Compactness

FOURMAN [5] shows that the compactness of closed intervals
(equivalently of [0,1]) of R 1is equivalent to a completeness theorem for
the geometric theory defining R (Chapter IV). From VII.1.4 we know that
this property holds over any space when it is assumed externaliy (in
particular, classically); VIII.2.7 gives a counter-example to the general
case.

lle denote the interval [0,1] by 1.

Notice that by lLemma VII.3.3 compactness of 1 implies that
R = Sob(R®), whence 1| 1s compact also; the converse is still open, but
it seems unlikely.
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5. Soberness

As R is the space of models of a geometric theory (alternatively:
as 1t 15 a filter-compiete uniform space), it is sober; VIII.2.6 shows that
RC need not be, but first we evaluate the soberification of RC in sheaves
over a space T using the following notation:

RC denotes the Tocally constant R%~valued elements of RT

-
(RT)” denotes the Cauchy elements of Ry

(RC)T denotes the R%-valued elements of Ry .

Proposition: Over any space T, RC

Sob{(R1)¢) = (Sob(R®))

/

< (HT)C’E~(RC)T whence

T
. . A
Proof: If F is a Cauchy sequence converging to x, F converges

e

internally to X, so RB° EEU%T)C.
If ¢ is an internal Cauchy sequence converging toc f €Ry at
te€T, we put
Fe(n) = Igea(telq = 6(A) 1) for neN

so that F¢ is a Cauchy sequence converging to f(t), whence (RT)C EE(RC)T,

Now the final assertion follows by VII.3.4. o

Remarks: This shows that the property B = Sob (R®) holds over
any space when it is assumed externally (in particular, classically); it
fails for example in the model K(i xt) (FOURMAN and HYLAND [61).

The model over RC

N

We now bring together a Tot of previous results to show how the
nodel over RC  provides counter-examples to various things.

Lemma: In Sh({R®) all Cauchy reals are locally constant.

Proof: By VIII.2.3 RC 4s locally weakly connected, so that all
rational sequences are locally constant (I11.3.5); in particular then all
Cauchy sequences converge to Tocally constant reals.

We Tist some consequences of this for the i<nternal Cauchy reals
over RC, assuming 1C to be compact externally (in particular, classically):

(a) RS 1is not sober, since the generic real 1 = (At.t) s
Cauchy-valued but nowhere Jocally constant.

(b) 1€ ds a compact metric space, but the superfilter deter-
mined by 1 has no cluster point (by VII.3.2).
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(c} B% hss a connected order topoloygy, but is not complete.
{¢d) From (a) R =* R, so C4C must Taii.

Next we list for reference some of the topological properties of

R in this model as seen claseieally:

(a) R s normal, since the bundie R

, is Tocally normal, being
a metric space (VI.2.6(v)): 1in fact, (in the absence of

c4c) the stronger property expressed in Urysohn's lemma
(Vi.2.3, corollary (iii)) also holds.

(b) Closed intervals are compact, and all intervals are connected.

(c) R = Sob(R%)

> *
7. The model over K(R)
We describe briefly here a model due to FOURMAN and HYLAND [61 and

use it to preovide more counter-exampies,

Definition: An open subset U cf a separated space T is coperfect

e VVEOT)VEET ((Vh={t] cU~>VcU).

This is easily seen to correspond classically to the usual defini-

tion as the complement of a perfect closed set; it appears to be the right
notion constructively, certainly for the present applications. The coper-

fect opens form a cHa denoted by K(T).

Next we adjoin a point * to T and define K(T)* to be those
Uc (Tu{«}) such that (UnT) € K(T) and [(3t €(UNT)) = x € UJ.

Lemma: Over K(T)* all Dedekind reals are 1oca1]y constant.

Prooyt If @& is an internal Dedekind real,
p<x<gqg iff *e[pP<@<qgl.
X €R and E(0) <Ix =01 o

Proposition: Over K(B)* the Dedekind reals are not connected or

rnormal, .

FProof: He defi

=

fine two internal opens ¢, ¥ of the Dedekind reals
by specifying for X € R



A}, {(-».%x) v {x,«) =T so that
VXER.[X€ovXey] =T
whence (2 U Y)covers B internally. Furthermore
U I%eel =T= |J 12ev]
XER XER
so that both ¢ and ¥ are inhabited.

But, for x € R, [X € oA R€VY] = {x} sothat [ax€o n¥l =T,

and R <& not connected.

Finally, if ¢f

is an internal open and (® U @) covers R, for any
X€ER, (x+1) €lX€ ¢ ] so e [Re o ] whence [R¢ o T =L, Thus
(- ¢') s empty internally, so that (¥ U-=9’) cannot cover R, and R s

ot nornal - 0

Z

(iote: 1in this model of course R = RC.)

An exactly similar argument shows that over K(i)* the interval i}
is also not normal, , from which (by VII.1.1) it follows that | <s not
compact, although it is a filter-complete totally bounded metric space.

8. Irrationals

A Dedekind real is said to be Zrrational 1iff it is apart from every
rational. This notion was used by Browwer, and many classical proofs of
“irrationality" may be made to yield this property (e.g. HEYTING [11]1, p.28).
Mike Fourman observed that all irrationals are Cauchy, by an argument similar
te that in VIII.2.3. In fact irrationality is exactly the condition needed to
ensure that the standard algorithm for generating a continued fraction converg-
ing to a real continues ad <nfinizwn. From this it follows that the subspace
of irrationals in [0,1] is homeomorphic to Baire space, in the usual way.
9. Brouwer's continuity principle

We do not consider here the widely discussed principles of

corntinuity of functions on Baire space or the reals, but just mention one
consequence of the form of "Brouwer's principle” used in TROELSTRA [27]:

From this form follows
(x): if {Ay|n € N} is any cover of R

{(Ap)" I nen] dis also a cover.
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Now suppose that A is a sirongiy evtensional subset of R, and

let x€ Ay then (AU {x})=R and {#) implies (A°U~ {x]}) = B, whence
T 1

3_
<
w

Pl
%

~
-l
=

plies that R has the strongly diccreis

It is not hard to construct (classieally) a counter-example to this
property over any space; on the other hand this property holds over any
separated space if it is assumed exterrally. The problem of finding a cHa
over which it is provabie is still open. (Similar statements hold for
Baire and Cantor spaces.)
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v oA L RATD N NLNTAD © ~
T1.3 CBAIRE AND CRMTOR SPACE

[92]

£
We constructed Baire space E in IV.Z2.2 as the space of models of
[5

1 shows that the "completeness theorem" for

-t
<
o
o |
D
pos
i
o
(]
Py

the following principle of Bar Induction {(BI}:

Yo € B3an. (al0) ,ce.,a{n=-1)) e X ,
Yu € Xw € Seq(N) l[ugv->vex] ,
aﬂd' vu € Seq(N) [vn.u*(n) € X »u € ¥] ,
then () € X {or equivaiently: X = Seq(N)).
This is easily seen to be equivalent to the usual "Bar Inductici
with monotonicity” using two subsets of Seq(iN).

Je guote some results from FOURMAN and HYLAND [6] for which we
were partly responsible:

e

If we assume BI externally then

(a) BI holds over any locally compact space

(b) BI.holds over B

(c) BI fails over @ and over Seq{N) with
a suitable topology.

Among topological consequences of BI we note that (assuming CAC)
each basic open V(a) of B is normalp and gero-dimenstonal. We remark

alse that B 1is a filter-complete metric space in the usual way, and that
each basic open is clopen in the sense of VI1.Z.3.

P

. Cantor space

Here the completeness theorem is equivalent to a form of the Fan

If X < Seq({0,1}) and va € C3n. (a(0),...,a(n-1)) €X
then 3k va € C3an < k. (a(0),...,a(n-1)) € X.

This is easily seen to be equivalent to the compactness of C. Thus
FT holds over any space when it is assumed‘externa1.y; it fails over K{j)*
(VII1.2.7) since <t <mpiies the compactness of |

We embed C in I in the usual way, taking o € C to

(o) ‘9-(n+1});
N

M1

n
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by FT this image is compact, so that (as for BC) I is its soberification

C 1is of course also a totally bounded filter-complete metric

space.



INTRODUCTION

The title of this part refers to the fact that we Took here at two
topics which form the Dackbone of classical set theory, namely well-ordering

b

Well-founded relations as defined in Chapter IX are those satisfying

le of <nduction, and morphisms between them are rank-preserving
functions. Well-orderings are well-founded, transitive and extensional
(elements with the seme predecessors are equal) and they serve as unique
representatives of the ranks of well-founded relations. They are simply
ordered just in case the order is decidable, and one may construct over
suitable cHa's well-orderings with Zncomparable elements. We define succes~
sors, suprema, sums, products and exponents of well-orderings; without LEM
Caritor normal Forms may not exist. We define a notion of regular well-
ordering and construct some as the Hartogs' mumbers of infinite sets; the
use of egualities and operations obviates the need for choice principles
here

In Chapter X we consider notions of finiteness, building on work of
TROELSTRA 291 and MINIO [16] , with special reference to their closure
prozerties. One group of notions makes a set *finite" iff it is enmwmerated
in some way by natural numbers; a second group places a bound on the number
of its elements. We use as an example here the "finiteness" of the set

({0}) of prorositions, over various cHa's. For subsets of sets with
crariness one can make the obvious modifications to these notions; we
define also a dual notion of coboundedness in order to express fully the
classical theorem that real po]ynomia]s have "finitely many" roots.

The only cardinality relation between sets that we consider is
one of produciivizy (taken essentially from GREENLEAF [10]) which is used
to express classical theorems on "higher cardinality" such as Cantor's
Ll m. The general area of cardinality relations is still very murky, and
ike the classical theory seems likely to emerge; we found the

possibilities even at the lowest level, of "finiteness", both
distracting and discouraging.
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WELL~FOUNDED RELATIONS

Since proofe by induction and definitions by recursion are really
what one wants from a notion of *"well-founded™ re1at*zon, the natural chome
of definition is that the relation be "inductive® ; other classically
equivalent definitions are either toc strong or too weak. Our notion also
includes as a component a (non-standard) equality, which is essential for
the results of IX.3.5.

[ Vell~foundedness
Definition: A well-founded (Wf) relation A consists of a set A,
an equality ay and a binary relation < such that

VKo A[vaeA(¥Yb<ga.beX>a€eX)>X=A].
An element a of A is minimal <n X c A iff
(a € X An3beX.b <y a).

Remarks: The axiom (N) says precisely that the relation (Sm=n)
1s well-founded on N,

Ore may prove {(by induction on the first element) that a weil-founded
ation A can have no infinite descending sequences; in particular <
is irreflexive and asymmetric. On the other hand it is obvious that this
condition is too weak to imply the induction principle.

The Zeast element principle {that every inhabited subset has an
element minimal in 1't) is far too strong a condition to be useful. For if
(As <4) is any non-trivial relation with a <p b say, put X={(a’p),b}
tor any proposition ¢, and (¢v 7 @) follows if either a or b s minimal
in X,

™
3
)]
,

Definition: Let A be Wf. For a€A the set of predecessores

}:  an extensional subset X of A is transitive
X)) iff vaeX.P <X, If S is an initial

he W relation (S, =, <) with relations inherited



For a€ A the proper initial segment Sy below a s the set
GiXah]Tr{E) APy X The fransiitve closure of <, is the relation

@ <3 b iff a €Sy,

We denote by AY the Wf relation (A, mp, <p).
- 3

Remarks: <* is transitive of course as a relation, and one may

orove by induction that for a € A

3. Fecursion
The usual inductive proof justifies the definition of functions (or
Ay

onerations) by recursion in a Wf relation; similarly for simultaneous incuc-

tion and recursion.

If A is Wf one may think intuitively of the "rank" of an element
of A as being determined inductively in terms of the "ranks" of its prede-
cessors. Our notion of a morphism between Wf relations is then of a "rank-

preserving® function.

Definition: A morphism between Wf relations A, B is a function
f:A - B such that

lie write then f:A~> B, and also f:A>—=B (or f:A—B) if f is
cne-cne (or cnto). If BT :A >—>» B) we write Am B ;

ncte that A~ B iff A*,B" are <somorphic as spo's (with equality),
and in particular A=~ A* always holds.

i
O
~

!
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x.z WELL-ORDERTHNGS

The definition we give of a well-ordering looks rather different
froem the usual one, although it is classically equivalent. The idea is to
provide unique representative of the "ranks" of Wf relations; previous
intuitionistic notions have always been too strong to provide a sufficientiy
farge class for this purpcse. Our notion corresponds to the notion of an

ordinal in ZF set theory (a transitive set of transitive sets) that we
considered in GRAYSON [2] under the influence of POWELL [20].

1. Well-orderings

Definition: A well-ordering (Wo) is a Wf relation A such that

<, 1is transitive and extensional, that is

A
va,b € A[vc € A(c <, a <> ¢ <

A g b) v amy bl .

Remarks: The extensionality condition can be seen as making elements
vwith the same "rank" equal; this will be the key to the wuniqueness proper-
ties proved below. It is sometimes convenient to treat < as "primitive"

and ~, as defined from it by the extensionality condition; we may also

A
define an asscciated ipo <n by

a <y b iff vec <p @€ <y b
of which the associated equality is just Ay - The relation with the classi-
cal definition is described by the following

Proposition: If A is Mo, <, 1is simple in the sense that
va,b € Afa <y bvawm bvb<, aj
iff it is decidable; the simpleness of all Wo implies LEN.
Proof: If <p is simple it is clearly decidable. Conversely if

<4 is decidable we can prove by a double <nduction in A using the condi-

tion of extensionaliiy that

va,b e A(na<,bab<a)>any b]

whence the result follows.

For a given proposition ¢ let A = {0,1} with 0 <A;1 iff o,
and 0~y 1 iff -@; then A is Wo but <, is simple iff (ov o). ©



g
i
™>

Examples: Giving N its usual order and equality, we obtain a

Wo which we denote by w; this is in fact the transitive closure of the

3

Wt relation {Sm=n). The proper initial segments of w are just the Wo's

(Inl, =, <) for nel, which we denote by n.

Any initial segment of a Wo 1is again a Wo obviousiy. In the
case of w all its initial segments are simple, but in IX.2.7 we will con-
truct in a suitable sheaf model an initial segment of w which is

incomparable with 1t, being neither o itself nor n for any neéeRN,

2. Horphisms in well-orderings

In order %o describe the relation between Wf and Wo we need a

Lemma: Let A be Wo and B Wf; then

(1)  there is at most one morphism from B into A
(ii) all morphisms from A into B are one-one.

If f,g:8~A we prove by induction in B that

Suppose that Vx <g b f(x) an g(x), ana let vy < f(b).
As f s a morphism there is an x < b such that f(x) MY
Then as g 1is a morphism, g(x) <4 g(b), while g(x) Ny Y

Ry

Thus f(b) <y g(b) and conversely, so f(b) ~p g(b).

(i1) If f:A-> B we prove by induction in A that
va,a’ € A(f(a) ~p f(a’) + a My a’)
by extensionality in A as usual. O
As corollaries we may deduce that morphisms between Wo's are
unique and one-one, and in particular that morphisms onto are isomorphisms.

e

ve now define a construction on Wf relations and morphisms which
ay be called a “functor" from Wf into Wo, in the language of category

Definition: Let A be UWf and define by simultaneous recursion on
a,b in A" the relation w;\ on A by

any b iff [(vx <ya3y <y b.xw y)
AWy <£b3x <;_f\a.x%’ Y)]
Next define a <y b iff (3x < b.aw~y x), and let o(A) be the
siructure (A, 0 <A)
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7B is also Wf and f:rA-+ B we take p(f) to be

{cahy € (AxB) |3 (x,y) € f.a w;\ X A b %A ).

Finally P4 1s the <dent<ty function on A with respect to az;\
8

4
pe

(i.e. ¢y 1is the same as ~ s a set).

Remarks: The relation = captures our intuition about "sameness
S Ial
of rank" among the elements of A, and <% then orders these "ranks". It
A
is clear that if A 1is Wo, p(A) is just the same as A.
Theorem: For any WF A, B and f:A~- & we have the following

commutative diagram

0
A -—-Aw—~>> o(A)

with p(A), p(B) both Wo.

Proof: 1t is easy to see by manipulating the definitions that =

"

is an equality extending My and <A is a transitive relaticn extending

<4 and extensional with respect to wA For induction let X < A and

VaeA[(vb<;\a.bEX)+aEX]

and prove by induction on a in A" that

VaEAVbeA(bwAa+b€X).

Thus p(A) is Wo and, as NA extends =, , p, is a function for these
equalities; to show 0yt A > p(A) observe that by definition of <£\
for a€A

*

{blb<pal ={bfax<;a x~y bl = p(S;)
and ) is obviously onto.

Finally we must show that o(f): p(A) » p(B) since commutativity

is obvious (this illustrates the general technique of proof here).
. . . L
By induction in A" we prove

va,b € Al a NA b » f(a) af f(b)]:

B
* . .
Let a ’NV:\ b and x < f(a), so as f is a morphism x ~p f(y) for some
* ) ¥
/<, 2 21 = ~ < For Y .
y <pas thenas a Ab.’ y & 2 Ab for some z
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Then fly) =~ by induction hypothesis,
(z)

g
while  f(2) <§ f(b) as f s a morphism.
{

* £ . f (N

So x wp F¥) N’B f(z) < f{b) whence x < f(b) as required.

Last of all, for the morphism condition on p(f):
If a <l b let as x<;h
* A L A R
so that f(a) aé f(x) <g f(b) whence f(a) <} f(b);
conversely if y <f f(b) let y =] z <?g f(b),
so that z N f(a) for some a <Z b, whence y w’B fla). o

Remarks: By the lemma of IX.2.2 Op > P and p(f) are the unique
possible morphisms into o(4), ¢(B), and o(‘f) is one-one; furthermore if
f is onto so is p(f), whence p(A)=~ p(B). Thus we have constructed for
each Wf relation a Wo which serves to represent its "rank" and is unique

up to (unique) isomorphism.

4. Order on Wo

We will be considering only Wo's from now on, and we use the
variables o,B,y,... to stand for Wo's .A,B.C,..., so as to make them
Took more Tike the usual "ordinals" of set thecry.

Definition: For o € Wo and a€A (the domain of o) we denote by
o3 LI o , - .
o, the Vo (Sa D <A). Then for o, B € Wo we define

o < B iff EbEB.awBb
a < B iff VaGA.ua<B
R set X of Wo's ds transitive iff Va € Xva € A, oy € X,

Remarks: The order < on Wo corresponds to the ordering of "ranks".
We note the following

(i) (a<Bs<sy=>oa<y), butnot (a <B<y=>ac<ry)
as we will see in IX.2.7.

IA

(i1) (¢ £ 8<>3f:a > B) by IX.2.2, whence
(i11) (0« B <o +aw~B).

A Zromeizive set of Mo's acts as an "initial segment™ in Wo; the sense
in which Wo 1is a "well-ordered class" is then expressed by the following

Proposition: If X s a transitive set of Wo's, (X,~,<) is Wo.
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Trooft As £ 15 the associated ipo to < on X, (i) above
establishes extensionality. For induction fet Y <X and
Vo € X [VB € X (B<a ~ BEY) +a€Y].
and prove by induction in o for o€X that
va € Aoay €V . . o

lote: If we denote this VWo by & it is clear that Vo € X. o =~ Ty
In fact 1t 1s obvious 1in general that, for o € Wo and a,b € A, oy < Oh

iff a <g b, Gy S Oy iff asAb, and oy ROy iff a R~y b.

2
n
N
Q
0
®
0
)
O
s
6]

e

suprems, Limits
nition: If o is Wo we form its successor o by adjoining
& point to its "top" as usual.

If X 1is a set of Wo we form its swpremm Sup(X) as the Wo
(X, ~, <) where X/ = {o, o €X,a €A},

Remarks: For successors we have for a, 8 € Wo
(i) B<at <> (Bma v B <a) , wience
(i1) ot <8 <+ < B.
As will be seen in IX.2.7, (o < B » ot = g v ot < B) s not valid.
ror suprema we have for X a set of Wo and B € Wo
(i} B < Sup(X) <= 3o € X..B < a , whence

(i1) Sup{X) s B -«>Va €X.a

IN

B .

We note further that each Woo is obtained by forming successors
and suprema of smaller ones since

o R I~
o S:pl(td)“LlaEA} .
As will be seen in IX.2.7 this closure under suprema fails for other notions.

Definition: A Woa is a limit iff Vva € A.aof <

3 < 0, and a weak
b.

it iff Va € A 3b e A, <A
Remarks: A limit is always a weak 1imit, but the converse implies

-

Izt fer a given proposition ¢ let A =N with the usual order and

equality except that 0 <A1 iff @, and 0wy 1 iff 7o then a is

Wo and a weak Timit, but af <o iff (ov =9).



& Triticl segments
- PR -~ . o - S . .
Definition: If o 1s Wo its jull swecessor o is the Ho (X, ~, <
where X is tne set of initial segmenis (S, R <A) of a.

1 * > S * W3
Remarks: By the results of IX.2.7 o s much "fuller" than ¢’

5

£ Tl

for & € Wo

<(y_s<*% SO

o

8
2 <a » (B=av B <a) is not valid.

=
ooy
s
——t
D
k]

Notice that when « s 1 its initial segments are just subsets of

[0}, and this gives a well-ordering of P({0}) in which o<y iff (y A~9)

and equality is standard.

)
¥
&
Q
"
S
0
O
O

well-orderings
One may essily construct examples to show that various classical
assertions about the order on Wo imply LEM; e.g. for (Oma v 0 <a) we

4

can take A = {04 ¢} for a given proposition o.

We establish here some stronger results which show how these asser-

.

tions can actually be faleified in suitable sheaf models:

Let Q@ be a cHa (e.g. O(R)) containing elements p,,P;s.--

such that /\ p_ =1 while
nen " ‘
vn € N[p =p ;A (7py)= 1].

We let S be the initial segment of w in Sh(Q) generated by the

glements (n” pﬂ) for né€N, and denote this internal Wo by o.

Then Efi< o= p, so the conditions on p,,p,,... guarantee the
folilowing internal statements:

(i) ¥n."n<go (since p_ = 1)
. - ) /\‘n )
i) “{wso since =1

(1) = (w = o) ( 7 P

From these follow

(vi) o 1is neither a weak 1imit nor a successor.
.. ro-b -+ o . ' |
(vii) Sup{c” ,w"} contains incomparable elements.

situation cannct be retrieved by imposing further "linearity" conditions:

ar (vii) snows that stronger notions cannot be closed under

- 98 -
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TN ° i T RIAY [nREsE BEY N e

.3 ORGINAL ARITHMETIC
b R

1. Sums and products

Sums and procucts of Wo's are defined exactly as usual and have
the expected properties, the only exception being the "recursion equation"

for sum which nas to take the form
4 :
(o4 B} Sup({(c«,+8b)r bb e B} u {a})

ince we cannot assume that (O~ 8 v 0 < B). The equation for product is

S
the usual one v
(axB) = Sup({(acx Bb)-h"x} b € B}) .

(0 course we also cannot take cases on whether 8 is a limit or a
S

We denote by | Z o the sum (a

+o..h 0 .
i<n 0 n-1)

t

More modification is need in the definition of the exponent (uB)
of Wo's o and 3, since the usual form uses the set of functions from B
to A which are 0 (i.e. minimal in A) at all except a finite number of
arguments (compare the discussion of the product of topological spaces in
V.1.5). Our definition uses instead the set of finite partial functions
from B to A which are always "positive", with essentially the lexico-

grapiic ordering:

Definition: If «,B are Wo their exponent (UB) is the Wo

(X,mX , 3,;) wnere X s the set of finite sequences ((@gsbg? seves <an_1 s D
from (AxB) such that

L
r- - P Wihg
. <mu.. < < nda < .1y and denoting
b B g by AVI < n3a Aa_]], enoting
such a sequence by (a, b)

(a,b) < (2’ , /)y iff for some i < min(n,n’)

N Y —~ i s / ! ~ R a - / .
[VJ x\aj_mAajAb.N bL)A{(i=n<n )v(b1.< bi)v(biNBbiAQi <n ai))}‘

/ Y,
asab, bi)]

B

finally (a,b) ~ (a’,b") - iff [n=n’ avic< n(a; a1,
Remarks: With this definition we have a "recursion equation" like
that for sum 8 ‘
(o®) ~ sup (fo "xafbe B} U {1]).

o0

hotice that o > 0 always holds, since the empty sequence is always
=inimal in the exponent.



2 Contor normal form
Definmition: If a.,v are Wo, v 1is expressed in Cantor norma
Form (enf) to base o iff there are Wo's 8, ,..., B 2 Cg seees ¢ g such
that
o (2 Y 3 ' By v O
(pn__'l <-ne< LO A VT < n (OL}- < QA 3/\ C A_i))
and S
v= e )
i<n
Remarks: HNotice first that the definition of the order of the
exponents (ag has precisely the effect that for (a,b) in the domain and

)
T 0 BT Ren ey
) (o x a) = (o
i<n
and the Jeft-hand side be in c¢nf .

R
&

)(a,b)

I am grateful to Dana Scott for pointing out the next fact to me,
that the existence of cnf's for all Wo to base 2 or w implies LEM:
The argument applies in fact to any base o such that

[a>0 A va €A ((3b <y 8) ra > 0)].

Let o be such a base and y (a81 o ai) oy
i<n

be in cnf. Then

either n=0 so y=r0

or n>0 so y = (ugo X o)

Now a§<<a and (3x € A;), so ao,>0 by the condition on a; but then
' o ) 2 060:>9_. Thus we have deduced (v ~ 0 v vy > 0) which implies

LEM i assumed for all Wo.

Cbserve finally that our first remarks now imply that for such a
base o we cannot find for each y a B such that v < P

4, Regular well-orderings
Cur definition of a regular Wo is essentially the classical one
except we now at last reap the benefits of having carried equalities along

With us in the possibility of distinguishing operations from functions;
this is necessary for the results on Hartogs' numbers in the following sub-
section.

Definition: A Wo o is (p-) regular iff it has an operation Sup



¢ is a strong Limit Gff it has an operution Suc: A -2s A such
that va € A. oe ~ (G, ) .
Lidt r ’buc(a) ( a)

Remarks: Thus in & strong limit regular Woo we can “choose

representatives™ for successors and suprema; in particular we can define

ozerationg of sum, product and exponent "inside" o according to the recur-
sion equations of IX.3.1 and 2.

w is a strong limit regular Wo, but is not necessarily p-reguiar
(see X.2.3): we construct "erbitrarily large” p-regular Wo's below.

5. Eartoge ' numbers
POWELL [20] has considered various kinds of Hartogs' numbers as
critrnals in ZF set theory. By using equalities and not taking quotients

we can have operaticns to do our "choosing" for us, and so avoid the use

of chotce principles in proving regularity.

Definition: The Hartogs' number H(X) of a set X is the Wo
(H(X), =, <) where H(X) is the set of Wo's (A, iy <A) with A cX,
and =~,< are as in Wo. If X has an equality N e require each &
~ and each A to be extensional.

Remarks: Note that by allowing the equalities on elements of
H(X) to "expand" we have ensured that

B < H(X) iff (X —b—»'B), for any 8.

For our main theorem we need the notion from X.2.2 of a P-infinite
set X, that is, having at least two elements and a pairing operation
P,y € X (x,y)] into X.

Theorem:

(i) If X is P-infinite, H(X) is a p-regular strong limit.

(ii) If B is a p-regular strong limit and o<B, then
H(A) < 8 (and o < H{A) of course).

(i) To define Suc we have just to "adjoin a point" to any
ASX: fix Xy, %, € X such that x, # x; and put
AY = {(x,,a)]a €A} U {(x, :Xl)} .
next let o € H(X) and f: S(x opx > H(X), and put Sup(f) = B where
B={{a,y)|a€hArye€ flog)]

<(f(@a/))y/ and w~p  similarly.
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(i1) Without less suppose that = Pb for some be€B and define by
tion 9 : H(A) X8 such that
uc

being the operations in g):

o
recursion in H(A) an extensional opera
v)r as follows (Sup., Suc

o(v) = Sup(ha € C.-Suc(2(vy)))

for v = (C,fvc, <C) € H{A); note that the partial operation on A used
1 since ~e extends iy a)
For constructions of P-infinite sets we refer to X.2.2; in
particular then for every Woo we can find larger p-regular strong Timit,
and if A is P-infinite, H(A) is the Zeast such larger than o . This
case includes w of course, and we denote H (N) by w,; a sense in which
w, is of "nigher cardinality" than w will be given in X.2.3. Note that
w, 18 very far from being simple, since it includes for example all the

initial segments of w (see IX.2.7).

r

6. Topology of Wo

We conclude this chapter with a few remarks about the order

[ER 7 . £ . H .
topology of Wo's :

(a) The re1at1‘onsu1 of VI.1.1 on a Woa coincides with o

(b) If a is simple, ot has compact topology by the usual
proof; this seems unlikely for wf , but we do not
have a counter~-example yet.

(c) One may define normal functions on regular strong Timits
and prove them continuous.
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CHAPTER X

CARDINALS

We consider here just a few of the Timitless possibilities for
notions of Ffiniteneze that are availeble in intuitionistic mathematics.
Previous investigations include TROELSTRA [29]1 and MINIO [16], to whom
we refer for many results. We restrict out attention to some of the
simpler ones, concentrating on closure properties and the "finiteness" of
the set P({0}) of propositions. The only worthwhile notion to emerge in
the general context seems to be that of being "finitely indexed" (Q); we
look at some others suitable in the presence of an apartness in X.3.

;

1. Cardinality noticons - notions of finiteness
By a cardinality notion we mean a condition ¢ on sgets invariant

under ong-one correspondence, that is
OX) A (X >—Y) > o(Y).
(For the various notations for functions here we refer to 1.2.4).

We propose then the following minimal conditions for a cardinalit
notion to be a notion of finiteness

(i) v¥n € N.o(Inl)
(i1) ©oX) »7¥n € N ([n] >=X),

that is, it should include all sets of predecessors cf natural numbers but
no "arbitrarily large" sets.

In future we introduce "class names" for cardinality notions,
writing "X € F" for "o(X)" for example.
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ie now give a list of possible closure properties for & notion of
F

finiteness F 3 as we shall see (X.1.6) these are not all mutualiy compat-

ible. We will take for granted the obvious implications between them (for
example (Sing) A (Sub) - {Sing S)).

(Sub) XcYEF»X€F]
{Quot) [YeF A (Y —>X)»XEF]
(Sing) [Ex » {x} € F]

(Sing S) [{x} € F]

() [((KEFAYEFA(XNY)=0) > (XUY)EF]

(uQ) [XKeEFAYEF > (XUY)c€F]

(U)  [(XE€FAVAECX(AEF)AVA,BEX(A=Bv (ANB)=0))~UX€F]
(uQ) [REFAVAEX.ACF)»UXE€EFI]

(Prod) [X€F AYEF > (XxY) € F]

(Power) [X € F » (P(X) N F) € FI

() [((REFAVYEY 9y €X) > Y €F]
(~) [ X€F~XE€F]

Remarks: We always think here of sets as existing. We use the
REp@l ko g
tags "S" and "Q" as a mnemonic te indicate some relation to subsets and

”JOu Sents.

We write "F k (P)" to denote that F satisfres the property (P).
e will be interested below in notions that are the Zeast ones satisfying
certain properties, that is, they are included in any other notions with
the properties.
3 Drameraticn notions

We consider first four notions according to which a set is "finite

ifF it is cromerated in some way by the predecessors of some natural number
I

MINIO [161 (following TROELSTRA 129]1) has studied other similar notions

(2]

znd shown them to reduce to these four.

Definition We define

XeN h‘T in (In] >—= X)
Xeq iff 3n ([n] ~—» X)
Xes i )

)

m

X

[
wy

qQ i



X1

Patations between these:

The implications N—= Q hold,
| z
oo
S —> S0

but no others without LEM, since in fact
(i) if X€3SQ, X&S iff X is discrete
(ii)y if Xe @, XeN iff X is discrete
iii) if X € S0, X € Q iff an af:[n] »E;» X.domf€ P/([nl)

iv) if X €S, X€EN iff 3an af.[n] >—E—>>X.domfe P/ (In])

Closure properties:

We 1ist next the closure properties from the 1ist above which are
satisfied by these notions; the proofs are all easy using the arithmetic
of N. That no stronger ones hold follows mostly from the facts about these
being the Zeast notions satisfying various properties; the other counter-
examples are given in X.1.6 and 7. The proofs of the "least notion" proper-
ties just involve simple inductions in N.

(1) N is the Teast notion of finiteness

(i) S,SQ E (Sub), and S 1is the least such notion of finiteness
(i11)  Q,SQ F (Quot), and Q is the least such notion of finiteness
(iv) NE [(Sing)a{(u)], and N is the Teast such cardinality notion
(v) S

(vi) Q [(Sing) A (uQ)], and Q is the least such cardinality notion
(vii) SQ E[SingS)a(uQ)], and SQ s the least such cardinality notion

[(Sing)a (u)], and S 1is the least such cardinality notion

-

-1

(viti) N E(U) , Q F(UQ).
(ix)  N,S,Q,SQ F (Prod)
(x) N, Q F (Power)

‘ K
Remarks: On the basis of its closure properties (especially (UQ), &\\\
(Power)) G is the most useful of these notions when we are not concerned
e enumeration should give distinct elements; one might describe a

-finite set as "finitely indexed". This was the natural notion for

zorelogy in Part Two, and it is the right notion often for algebra too -

~

for example, for finitely-generated substructures or for "finite" elements
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f algebraic lattices generally. When distinctness is wanted there will
vsually be an gpartness present: we consider this situation in X.3.

Property {vi) above identifies { with the kuratowski finiteness of
KOUY, LECOUTURIER and MIKKELSEN [15], alse studied in the topos setting by
, Johmstene and Linton. When the type N 1{s not included in

ct
oy
o
—ty
C‘!
:'J
4
———t
{"2]
«
w1
@

(as for general topoi) one can take (iv) - (vii) as
iniﬁg these notions; it is still far easier and more natural to prove
properties etc. for these definitiOﬁs in the "internal logic" of a

e
“topos than to reason "externally" about objects and morphisms.

The next two notions place a bound on enumerations of elements of
a "finite" set. The weaker one is Brouwer's "bounded in number" (HEYTING
[111), and the stronger is a more "positive" version of this; one important
difference between them will be in their application to P({0}) in X.1.5.
We consider a "dual" notion for sets with apartness in X.3.2. These twe
noticns do not appear to be the least ones for any natural closure property,
nor do they seem to be of much use in mathematics.

Definition: Ve define for n €N

B (X) iff vf:[n+1]l+X3i<jsn.fi) = f(j)
BQ(X) iff a{In+11>— X)

X), X € B iff an.B (X).

and then: XeB iff 3n.B "

.
Some properties:

(i) SQ > B~ B, but not conversely by X.1.5.
(i1) (X € B’ A X discrete) » X € B.

(iii) B, B’ E(Sub), (Quot), (Sing $), (uQ), and (Prod) but not
(U) by X.1.7.

{(iv) B/ E (nn) whence B’ k (~) and wn.P([nl])€B .

The proofs are all fairly easy except perhaps for B k (Prod): if
Bm(J} and Bn(Y) one proves B, (XxY) by "sorting" the values of any

furction f: [m.n+1] » (XxY) according to their first components.
{ g

For (iv) note that for A« [nl, 7(A € P/(Inl)).




From the preceding we see that P({0}) € B', in fact B/ (P({0}))

so that (even for intuitionists) any "third" possibility (cther than the

rue and Folse propositions) really is "excluded" after all!

The assertion Bp{P({0})) 1is equivalent to the logical schema

(Y )
Q. > Q.
i<jzn J

which is well-known not to be provable intuitionistically for any n; thus
(8’ B) fails. In sheaves over a cHa (global) propositions appear as
elements of the cHa (III.2.4), and it is easy to see that if B,(P({0}))
holds over any space it does so externally. Thus for the following construc-

tion we have to assume LEM:

He give R the topology consisting of the empty set and all comple-
ments of finite subsets, and dencte it by Q.

In Sh(®) , 83(P({O})) since at any point t of R an element of Q
must look either empty; or like an interval, or like an interval with t
missing.

But also in Sh(®), P({0}) 1is not even countable in the sense that
T (N = 5 P({0})); this is because the intersection of any sequence
{Upy:n € N} of non-empty elements of Q is dense in R (by the Buire
category theorem), vhile if

te [] v, and V=@®~{t), té |J (U <.
nen - nen

Thus  Sh(Q) provides a counter-example to (B-SQ).

6. The gize of P(P({O}))

ke show here that in Sh(Q), P(P({0})) is <nfinite in the sense that
[N>— P(P({0}))], so that we cannot include it in general in any notion of
“initeness;  thus also no notion of finiteness can be closed under the full
power-set operation, nor therefore satisfy both (Sub) and (Power).

For the proct let {{qk . keN}:n € N} be a disjoint sequence of
equences from Q each of which is dense. Then put U, = (Q ~ {a, r}) and
5 11 SO

let a, be the subsheaf of Q generated by the (global) elements {U; n[kGIN} .

gotrzness , for m=*n, (U, <« U

3 K n) (U, nuU, ) for all Jj.k;

J.m k,n
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Thus (n .an) is (internally) a functicn: N >—s P(P({0})) .

X1

We note that a similar proof shows " B(P({0})) 1in Sh(Q).

7 Closure wunder unions

Qur final example is to show that in Sh(R) the union of a singleton
{so S-finite) set of N-finite sets need not even be B/ -finite (so
5,5%,8,87 & (U))

Let A be the join in P(N) of the sections

[[n14 ((n+2)7, (n+1)7%) | n € N},

and let X = {A} internaily; so X 1is a singleton and where A exists it
is K-finite being just [n] for some n. But also for each n,0 E([ﬁ] <Al ,

so 0&é[uxes I.

8. Turski — finiteness
Our last notion corresponds to a definition of
wext. (Recall that AgB iff [AcB A3x € (B~ AT.)

the

finite!

I
A
S

Definition: HWe define
XeT iff (P(X), =,g) is well-founded.

Some properties:

(i) B/ - T -8’ (whence T 14s a notion of finiteness).
(i)  XeT iff (P(X), =,3) is Wf.
(111} T E (Sub), (Quot) , (Sing S), (vQ), (U)
(iv) T dis the Teast notion satisfying (T):
[(vY ¢X.YEF) »X€F].

set due to

For (i) one proves (B%(X} +~ X € T) by induction on n, and if X €T,

(vY = X.1 B/ (Y)) by induction in P(X).

fails; it is stil] open whether T satisfies (UQ) or (Prod).

By (ii1) T catches the set constructed in X.1.7, so that (T » B) &\\“N~

One may express the definitions of N,S,Q and SQ in a similar way

to that of T: For example, for Q, define A<B iff (3Ix € B.

B = AU {x}):

then X € Q 1iff (PX),=, <) 1is Wf, essentially by the same argument

as-for X.1.3(vi).



I

-finit

we g

v
AN

1.

nother interesting property of this notion is that any relation on
e set, whose transitive closure is irreflexive, is well~founded;

~ 4 e

et the induction principle “"for free” in virtue of this "finiteness".
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MINIO [16] considers various notions according to which a set is
‘countable™ iff it is enumerated in some way by M, and the same sorts of

distinctions arise as in X.1.3; we used the weakest of these, (N > X)
in X.1.5. The most useful seems to be (M —=> X), for much the same reasons

as Q-finiteness in X.1.
2. Infiniteness
MINIO [16] also investigates similar notions of infinity, of which
we used one, (N>—=>X), in X.1.6. A much stronger notion (the equivalence
i

implies 4¢ classically!) is the following, which we found useful in IX.3.5:

Definition: We define

X € P iff [(X* >— X) a ([2]>= X)]

that is, X has at least two elements and a pairing function, usually
denoted by Ax,y € X. (X,y).

Some properties:

(1) X€P— (N>=>X)
(i1) NeP
(iii) P E{Prod); [X € P — PEX) € P].

(iv)  If (I21>>X), (xN) belongs to P.

For (i) Tet x,,x, € X and x, % x;, and put f(0) = (x,,x,) and
f{Sn) = (f(n),%,); then f:N >>X. N has its usual (diagonal) pairing

function. In view of (iv) any set can be "extended" to a P-infinite one.

IO Py P
ey CQrQLaLiTy

wila o i T A
o L i D i

ey

3.

7
(4

This brief excursion into questions of higher cardinality is the

only point at which we consider cardinality relations between sets; we owe

the idea here to GREENLEAF [10], where he suggests a relation of productivity

e

as a strong measure of being "of higher cardinality then"



Nefinition: We define Y is (p~) producitve in X

(X <y V) AFF VFiX —ms Y 3y € (Y~ rge(f)).
(P) (p)
(If X,Y have equalities we modify this to
vf X (Op)—> Y 3y vx € dom( nvab f(x

Scme properties:

(1) X <<p P(X) and X « [Z}X by Cantor's theorem.

(11)  [X€P— X < HX)] since for f: X~%—>\_> H(X)

Sup(f) € H(X), and Suc(Sup(f)) does the job.

we can form

(i11)  vn{[n] < [n+1]) by induction in N, but in Sh(R), "1({0} <<p N) s
so in particular w 1is not a p-regular Wo .
For (iii) let (m,n. (m,n)) be the usual pairing function on WN;

put Un=U{([(m, ny+21° . [(m,n)+1171) {me N}, and Tet a be the join
in N of LmU ln€e N} .

Then map - £: {0} —>N by f(0) =a,
so that vn.o0 € f() ﬁ]})
whence 0¢ [3n.n ¢ rge(f)

4. The continum hypothesis

On this subject we just note that one may easily modify the usual
classical proof to show that,in Sh([Z]P(P(F“’I)))9 (f{; <<p (P(W))" << P(N)) so

that the continuum hypothesis fails in a strong way.
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subsets of some fixed set A with an apartrness # . Note that as N 1is

dizserete all functions from it into A are strongly extensional already.

Two new natural notions in this context arise by using the property
of etrong one-one-ness (1.4.2):

N

X € iff an{In] s>—s X)

X € ST iff 3n(ln] > X)
These then satisfy modified closure properties such as

(Us) [(KeEFAYEFAVXEZy€EY . x#y) > (XUY)EF|

One may then adapt the form of the Bolzano-Weierstrass theorem of
HEYTING [11], p.48, to give:

If I s compact and X < R is bounded and Zsolated in the sense that each
point of R has a neighbourhood whose intersection X is a singleton, then
Xes™.

Conversely, if X € N 4t is bounded and isolated, but in C{(R,R)
even singletons may not be bounded (e.g. Ax # 0.x71).

e n o T
2. Coboundednegs

The most interesting notion here is a "dual" of the notion B’ which
arose Tirst in connection with the results of X.3.3 below. We treat again
subsets X of some fixed set A with apartness, and read Cp(X) as:
for any (n+1) apart elements of A one at least must belong to X. Thus
X is a "large" subset of A.

Definition: We define for n € N
Ch(X) iff vf:[n+1] »— A3i <n.f(i)€X
and then Xecl iff an.Xe€Cy,.

Some properties:

(1) [Cn() — BI(ANX)] since if f:ln+1l >=A,
A (f:rIn+1] »—> A); whence [X€C-> (A~NX)€B],

and the converse is true classically of course,

(1) wxe€A.C ({y|y#x}), but in R for example the complement of
a singleton need not belong to C:



l(f‘

Clr . R) let f be an "escillating" function defined on (0,«)
which takes all values in (0, 1) arbitrarily close to 0. Then for any
I8

€%+ f1 so that the internal complement of {f} does not

(111)  [(Cu(x) A Cp(Y)) — C . (XN Y)] so that C s closed under
intersections; it is also obviously closed upwards under < ,

so that it forms a filter on P(A).

3. Non~roois of polynomials
ke now apply the preceding notion to characterise strongly the sense
in which real polynomials have "finitely many roots'; this was something we

wor<ed out wiin Dang Scott.

Definition: Let A be any field with apartness (HEYTING [11], p.49).
A oolynomial of degree at most n with coefficients in A 1is determined by
a seguence p = (pO seves Pp) from A, which determines a function p:A ~ A

given as usual by ok
p(a) = ) (a

P -
k<n k
A polynomial p 1is non-trivial iff 31 < n. Ps # 0; an element a
of A is a non-rdot of p iff pfla) # 0.
Theorem: If p is a non-trivial polynomial of degree at most n and
X is its set of non-roots, then Ch(X).

Proof: let a = (a, ,...,ap) € Seq(A) be such that V1<j§n(ai~#aj),
and let M be the (n+1)-by-(n+1) matrix with (k, i) entry (ai)k. Then

the determinanz of M 1is
' T_T (a-i - a') # 0 s
1< J
so M has an <mverse M"! with entries (b ;) say.

Denoting by q the result of the multiplication (p .M) we have
(@.M') £ p, so that for each k,

1';11 ’(qi 'bksi) = Py

\OW as P is non-trivial , Py #0 for some k., whence q; ** 0 for some 1.

w
<
ot
)
i

E P(a].), so that as is a non-root oF p.




Remarke: 1t follows from this of course that the set of roots

07 belongs to BQ; our aim here was to extract the maximum
t
information from the usual classical proof of this result. To
n

ets would involve one in the rather delicate question

S
e existence of roots (for example FOURMAN and HYLAND [6] and work of
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As the reader will have found, any originality in this thesis con-
sists in many smail ideas rather than a few large ones. Some of these ideas
originated in discussions with Dana Scott, Mike Fourman and Martin Hyland,
and it is often hard to-remember just who thought of what; so one can only
repeat the acknowledgement of the debt and thanks that are owing to them.
Tre origins o7 other ideas in the established Titerature are clearly recog-
nisable, so we have refrained from trying to give exact credit there.

Py

E[?
e
O
TS
1%
—+

hat the reader will share our feeling that it is not only

3]

ct

the things that go wrong in intuitionistic logic that are interesting, but
1so the ways in which they can be made to go right. In all areas there

are endless possibilities for "going wrong", some of which we have worked

on but omitted here because they are uninteresting (and take up a lot of
space!}. MWe have concentrated rather on the distinctions to be made between
"reasonable® alternatives, such as weak -and strong separation, connectedness,

a 1
boundedness, Timits etc..

There have been many small outstanding problems noted at various
points: From III.3 there is the question of absoluteness over cHa's not
known to be proper. From Part Two there are questions in topology, about
normal and uniform spaces, or the problem of finding a model in which we can
prove "Brouwer's principle”. We should also like a characterisation of the
topological properties which are preserved in the passage from a space X
to a bundle Xy ¢ many of the conditions considered were found to be so
preserved. Of course there are still vast areas of topology completely

untouched, as well as all sorts of questions about cardinality.

A new direction is suggested by the formal spaces of FOURMAN [5]:
In terms of the geomeiric theories of Chapter IV one thinks of a formula §
determining a "formal" open [Jé rather than a set of points (or models),
and reads a sequent (8- Vr) as “Ug s covered by {UYlwaIﬁ'l Thus one
interprets topological notions without reference to points. We have already
made such interpretations in general cHa's in the notions of positive, proper
and connected, and FOURMAN and HYLAND [6] contains a notion of a locally

corvazt cHa .
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