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ABSTRACT. We consider a nonlocal approximation of the quadratic porous medium equa-
tion where the pressure is given by a convolution with a mollification kernel. It is known
that when the kernel concentrates around the origin, the nonlocal equation converges to
the local one. In one spatial dimension, for a particular choice of the kernel, and un-
der mere assumptions on the initial condition, we quantify the rate of convergence in the
2-Wasserstein distance. Our proof is very simple, exploiting the so-called Evolutionary
Variational Inequality for both the nonlocal and local equations as well as a priori es-
timates. We also present numerical simulations using the finite volume method, which
suggests that the obtained rate can be improved - this will be addressed in a forthcoming

work.

1. INTRODUCTION

We consider the nonlocal PDE
Opue — Oy (ue OxWe xus) =0 (1.1)

where W, = dyg as ¢ — 0. More precisely, we choose W, to satisfy W(x) = %W (%) where
W(z) = %e_m. It is well-known that W; satisfies the elliptic PDE

203 We + W2 = &. (1.2)

It is known [13}|18] that solutions of (1.1)) converge as ¢ — 0 to the solution of

2
Ot — O (u Dyut) = Oy — am% = 0. (1.3)
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The nonlocal-to-local limit as above appears in several contexts. In mathematical biology, it
connects models of tissue growth with so-called Brinkman’s and Darcy’s pressures as given
by and respectively [13,/18]. This type of model has been studied in the con-
text of their connection with the free boundary model of tumor growth [14./16,]20,22|. In
numerical analysis, the nonlocal equation , viewed as a continuity equation, provides
an approximation scheme, called the blob method, for solving . Starting from works
of Oelschldger [21] and Lions-MasGallic [19], this approach has been extensively studied
and generalized to more complicated equations and systems, including nonlinear porous
medium equations [8,/10], cross-diffusion systems [5,/15], heat equation and fast-diffusion

equations [9,/12].

The target of this paper is to provide a simple argument leading to the rate of convergence
as ¢ — 0 in the Wasserstein distance. In what follows, we write P2(R) for the space
of probability measures p such that [, p|z[*dz < oo and Wy for the second Wasserstein

distance.

Theorem 1.1. Let u® € Po(R) N L¥(R). Let u. be the unique solution of (L.1) and let
u be the unique solution of (L.3)) with initial condition u®. Then, there exists a constant
C = C(u®, T,W) such that for all t € [0,T]

Wa(ue(t,-),u(t, ) < Cy/e. (1.4)

We present the proof in Section |2} The two main ingredients are a priori estimates for ([1.1)
and evolutionary variational inequality for both (1.1) and (1.3)). In Section [3| we present

numerical simulations obtained via finite volume method.

The recent paper [1]| discusses the rate of convergence of the nonlocal-to-local limit in much
broader generality. First, in one space dimension they are able to consider any kernel which
is convex on (—o0,0) and (0,00) including our result. Second, they are able to establish
the rate in higher dimensions. While it is true that |1] includes our result, the methods are
substantially different and more complicated. The result of |1] is based on the well-known

formula for the time derivative of the Wasserstein distance |25, Theorem 5.24] while our
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work is based on the EVI formulation. The difference is also reflected by the assumptions
on the initial datum: [1] needs u° to be in W1°°(T) (the paper discusses the problem on
the torus T) while we require L!(R) N L*°(R) regularity (together with u°|z|?> € L'(R)). In

particular, we do not make any assumptions on the derivatives of u?.

It is natural to ask whether the rate /e, also obtained in [1], is optimal. The numerical
simulations presented in Figures [2| and [3|suggest that the rate could potentially be improved
to e for small values of €. In a forthcoming work [6], we confirm that this is indeed the case.
The result is based on a new formula for the Wasserstein distance between two gradient

flows and on Aronson-Bénilan-type estimates for the porous medium equation.

2. PROOF OF THEOREM [[.1]

2.1. Uniform estimates for nonlocal equation (|l.1). In this section, for the sake of
completeness, we briefly recall the following uniform bounds on ((1.1]) obtained in |23},24].

Proposition 2.1. Let u® € LY(R) N L*®(R), u® > 0, u’|z|> € LY*(R). Then, there erists a
unique solution {u:} to (L.1) with initial condition u° such that

(A) {ue} is uniformly bounded in LP((0,T) x R) for all p € [1,00],

(B) {u. |log(u:)|}, {ue|z|?} are uniformly bounded in L>(0,T; L' (R)),
(C) {0, Wy % u:} is uniformly bounded in L?((0,T) x R),

(D) {€ 0w :W-  u:} is uniformly bounded in L*((0,T) x R),

(E) {\/uz |0:We x uc|*} is uniformly bounded in L*((0,T) x R).

Remark 2.2. The assumptions on the initial datum u«® imply that [ u®|[logu®|dz < oo.
Indeed, one splits R into three sets A] = {z € R: u® > 1}, Ay = {z € R: w0 < e},
As={z eR:e 7" < u® <1} so that

/uollogu0|da:§/ u’ (u0+1)dx+/ ex|2/2dm+/ u |z)? da.
R Ay As A3
On the set Ay we used that |\/z logz| <1 for 0 <z < 1.

Proof. The existence and uniqueness in one dimension is classical and can be proved either

by a fixed point argument as in [17] or by using geodesic convexity of the energy E.[p] =
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Jr pxWe pda on Pa(R) equipped with the Wasserstein distance W cf. |3, Proposition 11.1.4].
Concerning the estimates, we first write formally (1.1)) as

Optte — Opie O We % U — Ug OpaWe xue =0
so that using ((1.2)) we get
1
Ote = Optte OpWe * ug — 8—2(% — We s ug).

Noting that at the point 2* € R where x — u.(¢, x) reaches a maximum we have 0, u.(t,z*) =

0. Additionally (us — W % uc)(z*) > 0 because

(W ) (2) = /R We(z — y)ue(y)dy < ue(z) /R Wz — y)dy = uc(a”),

by the assumptions on W,. Then we obtain d,u.(x*) < 0 and this proves the claim. This

argument comes from [26, Lemma 2.1].

The other estimates follow by usual energy considerations. Firstly, we multiply (1.1) by

W, * us and we obtain
1
875/ —u W xu. dz + / Ue |0y (W * ug)|2 dz = 0. (2.1)
Rd 2 R

Next, we multiply (1.1)) with |z|?/2 to get

1 1/2 1/2
8t2/u5|ac]2dx— —/uaax(We*us):rde </ u5|ac]2dx> (/ u5|8xW€*u5\2dx> ,
R R R R

so that using ([2.1) and the Gronwall’s inequality, we obtain a uniform bound on [ u. |z|? dz.
Finally, multiplying (1.1]) with logu. and using (1.2]) we get

6}/uglogugd:z:—i-/lﬁmWE*uEFdaﬁ—i—aQ/|8mW€*ua\2d:c:O.
R R R

The negative part fR ue|logus|~ dz is easily controlled by means of the moment estimate

fR e |2|? do as in Remark . The proof of Proposition is concluded. O
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2.2. The theory of gradient flows. We recall from |3, Theorem 11.1.4] the following
result characterizing gradient flows on the space of probability measures P2(R) equipped

with the Wasserstein distance Ws.

Theorem 2.3. Let F : Py(R) — (—o00,+00] be a lower semicontinuous and \-geodesically
convex functional (on (P2(R),Ws)). For any po € P2(R) there exists at most one gradi-
ent flow puy satisfying the initial condition pg characterized by the evolutionary variational
inequality
1d Ao
F(pe) + 5 W (,0) + 5 Wi 0) < Flo) (2.9

which holds for a.e. t and o € D(F') (the domain of F').

In the proof of Theorem [1.1] we apply Theorem [2.3] to two functionals

1 1
Elp] = 2/p2dx, E.[p] = 2/Ws*ppd$-
R R

Proposition 2.4. The functionals E and E. are \-geodesically convex on (Pa(R), Wa) with
A=0.

Proof. The functional E is well known to be geodesically convex cf. |28, Theorem 5.15].
Concerning E., we follow the argument from [11, Proposition 2.7|. Consider pg, p1 € P2(R)
and the geodesic p = ((1—t) I+t T)#po where I is the identity map while T is the optimal

transport map between pg and p;. We compute

Eclpt] = ) RuR
X

We((1 =) (z —y) + (T () — T(y)) dpo(x) dpo(y)
Then we can split the integral for the sets > y and z < y. Since the transport map 7 in
one dimension is monotone (so that x > y implies T'(z) > T'(y)) and W is convex in (—oo, 0]

and |0, +oo) we compute

Eulpr) < & / We(e — ) dpo(e) dpoly / Welz — ) dpy(x) dpa(y)
>y >y

(1-1) W
We(z — y) dpo(z) d e@—y)dpi(e)d
+ / 2<y (z —y) dpo(x) dpo(y / @<y e )
= (1 —t)E.[po] + tE[p1],

so that E. is indeed geodesically convex. O
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2.3. Proof of Theorem The unique solutions of the EVI (2.2) in Theorem with
F = E. and F = F coincide with the unique solutions of u., u of (|1.1)) and (L.3)), see for
instance |2, Proposition 3.28, Proposition 3.38]. By the EVI ({2.2)) for (1.1) we have

5§ VAt ) uls,) < Beluls, ) — Belue(t, ). 2.)
Similarly, by the EVI for
5 VAt ), us(s, ) < Blue(s, ) ~ Bla(t, ). (2.4
Combining and we get
5§ VAt ).t ) < Bo(u(t, ) — Bt ) + Bt ) — Belue(t, ).

By the inequality u(z) u(y) < tu(z)?+5u(y)? we have E.(u(t,-))—E(u(t,-)) < 0. Therefore,
it is sufficient to estimate fOT |Ec(us(t, ) — E(us(t,-))| dt. Clearly,

1

|Be(ue(t, ) = B(ue(t, )| = 5

1
[ e e = e W) da| < 5l e < Wl
R

Using the elliptic PDE (1.2)), we now show that u. — u. ¥+ W. = —£20,,u. * W-.

The formula is true if u. is compactly supported and smooth. Having u. € L'(R) N L*°(R),
we can consider a sequence of compactly supported smooth functions {u"},>; such that
Ju"l 1Ry < lluellnigys U poery < lltelloo(r) and u” — ue strongly in L'(R) as n — oco.
This sequence of functions exists thanks to the density of compactly supported smooth
functions in L'(R) (specifically using mollifiers with unit mass for X[=n,n)te). Hence we
have u™ — u™ * W, = —£20,,u" * W.. In order to pass to the limit as n — oo in the
weak-* topology of L™ (R), we first observe that W. € LY(R), {u™ * W.},>1 is bounded in
L>*(R), so it admits a weak-* limit. The identity for v” implies that {O,u"™ * W, },,>1 is also
bounded in L*°(R) and therefore it also admits a weak-* limit. Since we have the estimate
[ % We —ue * We poor) < [[Well oo ry[w" — wel[L1(R)s w" % We — ue x W, strongly in L>(R)
and this proves ue — ue * We = —€20,5u. * We.

Therefore integrating in time and using @ in Proposition
T 1 )
/0 |Ee(us(t, ) — E(ue(t, )| dt < §||UEHL§I e Opatte * WEHLE@ <Ce.

The proof is concluded.
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3. A FINITE VOLUME SCHEME

We propose now a numerical scheme in one dimension, based on finite volumes, to analyse

further the result of Theorem We consider a one-dimensional domain = (r1,72) and

we divide it into N cells of the form [z, 1,z; 1], for i = 1,..., N, and for simplicity we
2

-1 = (ro —r1)/N =: Az for all

-
assume that the cells have uniform size, that is z, 1

2
i=1,...,N. Each cell is centered at the points z;, where z; = r; + (i/2)Ax.

We denote by @ (t) the average of the solution u.(x,t) over the i-th cell:

() = Alx/c we(t,7) da

If we now integrate equation (|1.1)) on each cell C; we have a system of differential equations,
given by
d 1))

1
3 2

at Ax ’

F(ug(t,xH%)) — F(ue(t, x,

11—

i=1,...,N (3.1a)
where the flux F' is given by F(uc) := ue O, We * uc.

We then approximate the flux at the cell interface with functions F;, 1 and F;_1 approximat-
2 2

ing respectively F'(ue(t, ;1)) and F(uc(t,x;_1)). For constructing these approximations
2 2

we use upwinding in a standard way for which the reader can refer to [4,[7]:
=v" ()R o (u)E, (3.1b)
2 2

where

_ We Us(l‘iJrl) — We * us($z)
Ax ’

V.

i = min(v;_ 1,0).

£
2

NG

+ _ —
vi+%—max(vi+%, ), Vipl

A corresponding expression holds for F,_:.

(NI

For the values of (ul)® and (ul)" we can choose a first or second order approximation. We

can define

e (x) = b + (ue)l(x —x;) fora € [xi_%,wHé]

and we would have
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If one sets (u:)!, = 0 for all i = 1,..., N, we have a first order approximation, while if we
consider a piecewise linear approximation, the scheme is second order accurate in space by
imposing nonnegativity of the density reconstruction. With this purpose, we can make a
choice for a non-vanishing numerical slope limiter guaranteeing that the reconstructed point
values are nonnegative as long as the values of the solution are nonnegative. We can use a

generalized minmod limiter

Citl _ mi mitl il mi il
i ul ul ul ul ul —u
(ue)s = minmod | 0 A A ,
x x

where the parameter 6 controls numerical viscosity and
min{a,b,c} if a,b,c >0,
minmod(a, b, ¢) = max{a,b,c} ifa,b,c <0, (3.2)
0 otherwise.

The term W * u(z;) is approximated as a linear combination

N

W) = 30 ([ e ay Y = (3.3
j=1 2"%_1
where Z € RV*N is the matrix
Li(z1) Ia(z1) ... In(x1)
I I1<.l‘2) IQ(j'I,'Q) IN('Z'Q) 7 (3.4)
L(zy) Ix(zy) ... In(zn)
with
Ii(z;) = /xﬁ% Q—Ze*@dy. (3.5)
w1

Moreover, the above term can be explicitly computed as

1 Iiiz]*% 4 Ij+%
5(6 e —e = ) ifx._1>x,
J—3
Ti—T . ] T;—T 1
Ii(x;) = 1( — itg __ J=3 )
]( Z) 3 e € — e € lfl’j+% <.IZ',
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Remark 3.1. Notice that for fixed Az as e — 0 the matrix Z tends to the identity matrix,
making the scheme converging to the scheme of the standard porous medium equation with
exponent 2. Therefore, from the numerical point of view, we recover the switch from nonlocal
(for larger values of € giving a full matrix Z) to local (for £ approaching zero, the sparsity

of Z increases up to reaching the identity).

Remark 3.2. The scheme has to be paired with some boundary conditions. In our
experiments we will use either a no-flux boundary condition or a periodic boundary con-
dition. The no-flux boundary condition imposes a vanishing flux at the endpoints of the
one-dimensional domain F;_ 1= Fy, 1= 0, while the periodic boundary condition imposes
F._ 1= Fy

. We will see later that the choice of the type of boundary condition is crucial

1
7 +3

for the rate of convergence in €.
Remark 3.3. In our numerical experiments, in addition to the finite volume scheme, that
we have summarised above for equation (1.1]), we will also consider a finite volume scheme

to the self-similar Fokker-Planck equation, associated to it. In particular we will consider

the Fokker-Planck equation
Opu — Oy (u 0yu) — Oy (zu) = 0, (3.6)
together with its nonlocal approximation, given by
O — Oy (ueOxWe x ue) — Oy (zue) = 0. (3.7)

The numerical scheme for (3.7) can be easily written as (3.1), where the flux terms F,, 1
includes an additional term, that takes into account the source of flux due to the Fokker-

Planck term 0, (xu.), see |7] for further details.

Remark 3.4. A consideration on the relationship between Ax and ¢ has to be made. In fact
we will use the scheme to check the order of convergence in estimate . In order to get
numerically the correct order of convergence for € small, one should pick the size of the cells
smaller or at least equal to the value of e: Az < e. The intuition behind this requirement is
sketched in Figure[Il The parameter € controls the level of nonlocal interaction in equation

(1.1) and as it decreases towards zero the non-locality diminishes its range, meaning that



10  JOSE A. CARRILLO, CHARLES ELBAR, STEFANO FRONZONI, AND JAKUB SKRZECZKOWSKI

(1.1) approaches the local problem (1.3). Therefore, for smaller values of ¢, to ensure that
we still detect the nonlocal interactions through the finite volume scheme (3.1)), the size of

the cells must have at least the same size of €.

nonlocal interactions

(A) € large

nonlocal interactions

0O O ‘O o o O

(B) € small

FIGURE 1. Finite Volume scheme: size of cells and ¢

4. NUMERICAL EXPERIMENTS

We use the scheme (3.1)) to analyse the estimate of Theorem The scheme is implemented
on one-dimensional domains with varying initial and boundary conditions, allowing us to

investigate various aspects of convergence as well as the properties of the equation (1.1]). In

the following, we will denote by ug the solution u of the local models ((1.3) and (3.6)).

4.1. Sharpness of the error estimate between the local and the nonlocal problem.
In Figure [2| we report for different times the convergence results in Wasserstein distance W,
between the numerical approximations of ug and u,, solutions of and respectively,
using the finite volume scheme (3.1)). The simulations in Figure [2| for different values of e

0

start all with a Gaussian initial datum u° = \/%e"x */2 These experiments should resemble

the behaviour of the equations on the whole of R. The convergence plot validates the result
of Theorem In particular, we first observe that the estimate, provided by (|1.4), is global

in e, meaning its proof imposes no restrictions on the values of €. Figure [2] shows how the
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rate of convergence for Wh(ue, ug), with this specific initial datum, is linear in e for small
values of €, while for larger values of ¢ there is a transition and the convergence deteriorates
behaving more like £ for 3 < 1/4. We have clearly that ¢ < /& < el for & < 1, and
f<et < Ve < g for ¢ > 1. Therefore, the numerical results provided by our finite volume
scheme demonstrate that the estimate of is in fact the best, global in e estimate, while

the rate of € from [6] is valid for small values of €.

4.2. Periodic boundary conditions. In Figure |3| we test the case of periodic boundary
conditions, starting from a compactly supported initial datum, u® = (1 — |2[?).. The
experiment resembles the behaviour that equation has on the whole of R while the
support does not touch the boundary of the domain. Once the support reaches the boundary
we see the expected behavior converging towards the constant solution. We observe the
expected rate of convergence for Wh(ue, up), similar to the experiments of Figure [2| during
the whole evolution despite the periodic boundary conditions. The order of convergence
remains indeed linear in e for small values of € for all times of the simulation. These

numerical experiments corroborate again the results obtained in [6].
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FIGURE 2. Porous medium equation versus blob method: order of conver-
gence for Wa(ue,up), up solution of (1.3) and wu. solution of (1.1). The
computational domain is Q = (—10,10), u®(x) = (1/v27)exp(—|z|?/2) is

the initial datum, a uniform grid of N = 2'2 cells was used with At = 0.01.
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F1GURE 3. Porous medium equation and blob method: order of convergence
for Wa(ue, ug), ug solution of and wue solution of . The computa-
tional domain Q = (-3, 3), u®(x) = (1 —2?), is the initial datum, a uniform
grid of N = 210 cells with At = 0.01 was used, periodic boundary conditions

were imposed.
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4.3. No flux boundary conditions. In Figure [4| we test on a bounded domain the in-
fluence of the boundary on the convergence rate for Wh(ue,ug), where ug and wu. solve
respectively and . Starting from the same compactly supported initial datum,
that we used in the experiments in Figure [3| we observe how the order of convergence for
e small is clearly linear in e initially, as Figure [] displays. However, after the solutions
touch the boundary, and the density starts to accumulate at the boundary, one can observe
a decrease of the order of convergence, that becomes approximately proportional to /¢, as
reported in Figure [l This experiment empirically highlights how the order of convergence
may vary with respect to the case of the whole space, precisely due to the presence of the
no-flux boundary conditions in contrast to 6], and how the interaction with the boundary
might generally slow down convergence. In addition, we can notice how, imposing no-flux
boundary conditions, lead to the accumulation of the density at the boundary points because
the repulsive kernel pushes the density to concentrate at the boundary. The final steady
states for u. get closer to the constant function as ¢ — 0, except for the two boundary

spikes, as one can observe in Figure [4] for intermediate times.

4.4. Fokker-Planck problem and the effect of a bounded domain. In Figure |5 we
check the convergence for the analogous Fokker-Planck problem (3.7)). All the simulations

start in this case from a uniform distribution u°

= ﬁ +10. Despite the support of the initial
datum being the whole bounded domain €2, the evolution converges towards the expected
stationary state of the Fokker-Planck equation on the whole of R emulating the behavior
on the whole line. We can still observe how the convergence follows a rate proportional ¢
with 8 < 1/4 for € > 1, while, in particular for small times, the convergence for ¢ < 1
follows a rate of /e, with a transition, where it becomes almost linear for € close to 1. For
larger times the behaviour of Wh(u., ug) seems to improve in terms of convergence, keeping
however /¢ as convergence rate for the smallest values. This experiment not only validates
the estimate , but it also show how the estimate is actually sharp for some initial data.

The interaction with the boundary and the boundedness of the domain turns then to be

decisive for obtaining the rate /¢, as in the previous subsection.
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FIGURE 4. Porous medium equation and blob method: order of convergence

for Wa(ue,up), ug solution of (1.3)) and wu. solution of (1.1). The compu-

tational domain is Q = (—3,3), u’(x) = (1 — 2?), is the initial datum, a

uniform grid of N = 20 cells was used with At = 0.01, no-flux boundary

conditions were imposed.
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FIGURE 5. Porous medium Fokker-Planck equation and blob method: order
of convergence for Wh(uc, ugp), up solution of (3.6) and u. solution of (3.7)).
The computational domain is = (—20,20), u°(x) = 1/|92| + 10 is the initial

datum, a uniform grid of N = 2'3 cells was used with At = 0.01.
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APPENDIX A. COMPLEMENTARY MATERIAL

A.1. Nonlocal and local models: acquisition of regularity. In Figure [6] we have the
results for an interesting case, in which we consider an initial datum «°, that is randomly
generated and piecewise constant, with different values in each cell of the domain 2. We
can see in Figure [6] the same convergence behaviour previously observed: the Wasserstein
distance Wy between ug and u. initially decreases like 1/ for small values of €, with conver-
gence slowing down for £ > 1. As time increases, the convergence becomes faster for e < 1,

as reported in Figure [6]

In addition in Figure [7] we can test a property that holds true for the porous medium
equation: starting from an initial datum u%(z) = u(z,0) € L'(R) N L*°(R), the solution
uo(x,t) becomes immediately Holder regular for ¢ > 0 (the reader can refer to [25,[27] for
more information on this property). This is not the case for the solution uc(z,t) of the
nonlocal approximation: while the solution remains in L'(R) N L>°(R), it does not acquire
the same regularity as ug as time progresses. This fact could be noticed also in Figure [6]
where we can observe that u. does not gain regularity for larger values of u. in the center

of the domain, where the density is driven by the Fokker-Planck term.
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Time: 0.80
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FIGURE 6. Porous medium equation and blob method: order of convergence
for Wa(ue, ug), uo (solution of (3.6)) and u. (solution of (3.7)). The com-
putational domain is Q = (—10,10), u’(x) = u(z,0), the initial datum, is
generated using random values on a uniform grid of N = 22 cells, with

At = 0.01.
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Time: 0.20
0.040
0.035
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0.025
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(A)e=0

Time: 0.20
0.04
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0.02
0.01
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—20 =15 -10 =5 0 5 10 15 20
T
(B)e=1

FIGURE 7. Porous medium equation and blob method: u (solution of (3.6))
and u. (solution of (3.7)) for e = 1. Q = (—20,20), u’(x) = u(x,0) initial
datum generated using random values on a uniform grid of N = 29 cells,

At = 0.01.
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