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ELECTRON TUNNELING RATE EQUATION AND STEADY-STATE OCCUPATION

We first briefly note that, while the paper exclusively discusses a single-level quantum dot, all results should hold to
a very good approximation for an arbitrary N —level dot, provided that the spacing of energy levels is much larger
than the source-drain potential difference or broadening energy scales. In that case, at most one energy level (say,
the j*) lies within the bias window and is partially occupied, with the all lower levels fully occupied and all higher
levels completely empty at all times. In that case, the bit is encoded in the occupation of the j level, and all others
can be neglected.

We will treat the state of the dot as being described by a tunneling rate equation, which arises as the second-order
master equation for the quantum dot Hamiltonian, where we neglect the superposition of different electronic states
due to the particle-superselection rule; see [1, 2] for details. We assume that the electronic occupation of the source

and drain electrodes are described by the Fermi-Dirac distributions fg,p(e) = Trenn(3 1 E— The tunnelling
ex s/D\E—Hs/D

rates between the quantum dot and electrodes are denoted I's and I'p, and assumed to be constant. Then, at a given
energy ¢, the electron currents I' in and out of the dot depend on the dot occupation p and the electrode occupations
fs and fp are as follows:

3 = Tsfs(e) (1 - p(e),
r?t Ps(1= fs() (o).

(S1)
=Tpfo(e) (1 —ple)),
F‘B“ (1= fp(e)) ple).
The steady-state occupation pg is achieved when the total currents in and out are balanced:
Fin + Fin _ Fout + Fout
S S D (S2)

= po(e) = roiys f5() + vogi o (o).

Introducing the shorthand vg,p = rl;,ii/rDDv we arrive at Eq. (1) in the main text, noting that ys + yp = 1. In
fast-tunnelling regimes, the energy level of the quantum dot is described by a distribution g about the chemical
potential p, due to lifetime broadening. Then the overall (broadened) occupation of the dot is given by averaging the
unbroadened occupation pg(e), weighted by the probability g(e | p) that the dot’s energy level takes the value e given
that the chemical potential is u:

MM=[%MHMm@k. (s3)

If we additionally assume that the shape of the broadening distribution g is independent of the dot’s chemical potential,
such that we can write g(e| 1) = g(e — p), then the above leads to Eq. (2) (this assumption is revisited in Eqs (S36)



onwards). In this case, the broadened occupation p(u) is equivalent to the cross-correlation (g po)(p), a product of
functions closely related to convolution:

oo

p(1) = g % polu) = / g — ppole)de. (s4)
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ACCOUNTING FOR WORK

Suppose that the dot’s chemical potential is driven as pu(t), and that its occupation varies as p(t). We take the rate
at which work is done on the dot by the driving field to be given by [3]:

G =) G- (S5)

If the driving is much slower than the dot occupation’s equilibration rate (i.e. the tunnelling rates), then the occupation
is given by the instantaneous steady state p(u(t)) as given in Eq. (2). In this quasistatic regime, the explicit time-
dependence can be eliminated from Eq. (S5), which integrates to:

w= " s, (6)
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where p; and py are the initial and final values of the dot’s chemical potential. In the other extreme, when the
chemical potential is suddenly quenched from p; to p1y over a timescale much quicker than the tunnelling rates, then
the occupation undergoes negligible evolution during the process. If the occupation is initially in the steady state
p(p;), then the work done on the dot during the quench is:

W= " pui)dp = (g — pi)p(pi)- (S7)
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Erasure to Zero—Starting in the configuration (u = p L= %), the dot level is quasistatically raised to some up; >
us, for which the steady state occupation is vanishingly small: without lifetime broadening, p(up;) ~ e (uni=ps)  The
new configuration is (i = pni, p = p(uni)), and by Eq. (S6), the work cost of raising the energy level is f:i p(p)dp.
Then, the level is quenched back to 111, so that the final configuration is (1 = p1,p = p(pni)). The (negatzive) work
done on the dot during the quench is —(pun; — u%)p(,uhi), by Eq.(S7). Overall, in the limit as pn; — +00, the operation
takes (u = pisp = %) = (u= pi,p = 0), at a total work cost given by:

o0

Hhi
W= lim / p(u)dp — (pni — p2)p(pmi) | = / p(p)dp, (S8)
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assuming that p(u) decays sufficiently fast.

Erasure to One—Again, starting at (u = pip = %), the dot level is slowly lowered to p, < pp so that the
new configuration is (¢ = po,p = p(io)) with p(p) = 1; during which the (negative) work done on the dot is
W=— le% p(p)du. Then, the energy level is quickly quenched back to py at a work cost (u% — p1o)P(p1o). Taking

the limit as p, — —o0, the protocol maps (i = fr1,p = 3) = (p= p1,p = 1), at a work cost given by:

Wh=lim | (ug — fuo)p(o) — /ﬂ% p(u)du] = /ﬂ% (1 —p(p)) dp. (S9)
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Thermodynamic reversibility—Both the erasure-to-zero and erasure-to-one protocols are reversible in the follow-
ing sense. If the initial configuration was (u = p 1P = 0) and p was quenched to up; and then gradually lowered back

to pa (the time-reverse of the erasure-to-zero protocol), then the configuration would be mapped to (u = u 1,p= %)



at a work cost —WO. Therefore, if the erasure-to-zero protocol was applied to (4 = p1,p = %) and immediately
followed by its time-reverse, then the configuration would be unchanged, and the total work cost would vanish. The
same is true for erasure to one. The caveat is that neither (u = pi,p = 0) nor (p = pi,p = 1) are steady-state
configurations, and if u were held fixed following the erasure protocols, the dot population would begin to irreversibly
equilibrate back towards %

Resetting the energy level to p 1 following erasure ensures that there is no average change in the dot’s internal energy
U = pp. In the erasure-to-zero operation (u = pi,p = %) = (u = pi,p = 0), the change in internal energy is
AU = f%u%, and in erasure-to-one (u = pi,p = e (p= pi,p = 1), the change is AU = %u%. Averaging with
equal weighting gives AU = 0. Moreover, if the quantum dot has additional energy levels outside the bias window,
resetting p means that there is no change in the internal energy associated with those levels.

Relation to Mean Absolute Deviation—Defining the average work cost W = % (WO + Wl), we have:

2T = / (au+ [ (1= o)) d

— 00

:[m—u%)p(u)}“’ /:om p) S i+ [ - u;)(lp(u))}ui/H%(uu;)<$)du (s10)
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If po is as in Eq. (S2) and g is a well-defined probability density function, then p = g x pg meets the definition of a
complementary cumulative distribution function (i.e. monotone decreasing, p — 0 as u — +o00, p — 1 as yu — —00).
The corresponding probability density function (PDF) is p'(u) = _37 with median equal to 411. Equation (S10) is
equivalent to the mean absolute deviation (MAD) of that distribution: in general for a PDF f (z) with median m,
the MAD is given by:

[

o0

D)= [ le—mipe)ds = min [ o —yls(e)da (s11)
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The property that the MAD is minimised about the median has a physical consequence: the mean cost of erasure’

from an arbitrary initial steady state (p, ) can never be lower than from (u = p P = %), even though W° and W
might radically differ.

BOUNDING THE MEAN ABSOLUTE DEVIATION

We here state and prove two general properties of the MAD, which will later be applied to bound W.

Lemma 1. Let f and g be probability density functions. Then the mean absolute deviation D of the cross-correlated
function (called the “convolution” in the main text for short) f % ¢ is bounded by:

(i) D(f xg) = max{D(f),D(g)}

G)  D(f+g) < D(f)+ Dlg). (812)

1 Assuming equal weighting of W° and W1.



Proof. Recall fxg = ffooo fW)g(y —x)dy = ffooo f(y+ x)g(y)dy. Letting my, be the median of f * g, we have:

D(f*g)= /_O; |z — my,| (/f(erw)g(y)dy) dx

= / (/ 2 —mypq|f(y + w)d:v> 9(y)dy (S13)
> [ D(gtay
= D(f)

Since f x g(z) = g * f(—x), and since the mean absolute deviation of a function h(x) is equal to that of h(—z), then
by the above reasoning we also have D(f * g) > D(g), which completes the proof of 1(i). On the other hand to show
the upper bound,

oo

D(fxg) = / ot — g £  g(u)du

— 00

< / fu = (g — mg)|f * g(uu)du

:/|u_ (my —my)] (/ f(u+y)g(y)dy> du
- / </|u (my m9)|f(“+y)dU) 9(y)dy

-/ ( = —mg)f(m)dx> 9(u)dy (514)

= // (I = myl + [y — myl) f(x)g(y)dady

= [ ([ 1e=msls@c)swar+ [ ( [10=milats) e

:/D(f)g(y)der/D(g)f(x)dw
= D(f) + D(g),

where my and my are the medians of f and g respectively (unless otherwise specified, the integrals run from —oo to
00). In the first line, we used Eq.(S11), and in the fifth line we used the substitution = u + y. This completes the
proof of 1(ii).

Lemma 2. Let f be a probability density function which is even about its median m¢, such that for all z, f(ms+z) =
f(my —x). Similarly, let g be a probability density function which is even about its median m,, where my < my. Let
p¢ and pg be probabilities such that ps +py; = 1. Then the mean absolute deviation of the convex sum p¢f + pgg is
bounded by:

(i) D(pff +p99) 2> max {pr(Mf) +pgD(:Ug)a min{pf,pg}(mf - mg)}
(i) D(psf +pgg) < prD(ps) +pgD(pg) +min{ps, pg}(mys —myg).

(S15)

Proof. Let us denote h(z) = pyf(x) + pyg(x); note that h is also a probability density function and its median
mp € [mg,my]. We will use the fact that the median minimises the mean absolute deviation, in that for all a,



7 |z —alf(z)dz > [7_ |z — my|f(z)dz. Then the mean absolute deviation of h is bounded as follows:
o0
D) = [ o= mal(ps 1 (@) + pag(a))ds
— o0

=Dbpr / |z — mu|f(x)dz + pg / |z — mp|g(w)dz (s16)
Z Py / |z —my|f(z)dx + p, / |z — my|g(z)dz
=psD(f) +pgD(9).

On the other hand, we also have:

| e mls@e = [ e —ms@de = [ e —milf@e 2 [ e s

—00 mp —00 —00

= [ ms@de+ [ - mf@dez [ - mlse

oo myg — 00

= h (mg —u—myp)f(my —u)du+ /OO(mf +u—myp)f(my +u)du
’ . (S17)
—|—2/ | — mp| f(z)dx
=2(my — mh)/oC>C f(my +u)du+2/mh | — mp| f(x)dx

mp,
:mf—mh+2/ |x — mp| f(z)de.

— 00

In the penultimate line we used that f(my + z) = f(my — ). In the final line we used that f;i f(z)dz = %, by
definition of the median. By a similar argument for g, ‘

/ |z — mp|g(z)de = mp —my +2/ | —mp|g(z)de. (S18)
Combining (S17) and (S18):
mp 0o
D(h) = ps(my —mp) + pg(mp —mg) + 2 (pf/ |m—mh|f(m)da:+pg/ |x—mh|g(x)dm) (S19)
—o0 mp

Since the integral terms are always positive, it follows that:

D(h) > pg(mg —mp) + pg(mn —my)

> min{py, pg}H(mys —my). (520)

Taking inequalities (S16) and (S20) together, the claim 2(i) follows. Moreover, since D(h) = min,, [~ |z — m|h(z)dz,
then from (S19) we have:

m

D(k) = win {ps(ms )+ pyfom = mg) 42 (py [ o = mlf@)da 4, [ o - mlgta)ae) |

mg 0
< byl = my) + pylmg —my) + 255 [ o~ my|f@)do+2p, [ 2= mylg(o)ds
—o0 mg
o 521
= by —mg) + ,D(0) + 207 [ o = my| (o) 52

myg
< pylmy —my) +2,D(0) + 20y [ [0~ my|f(a)da
—00

= pf(mf - mg) +pgD(9) +pr(f)-



In the penultimate line we used that m; > m,, and in the final line we used the assumption that f is even about my.
If we instead take m = my, then by the same arguments,

D(h) < pg(my —mg) +peD(g) +psD(f). (522)

Combining (S21) and (S22), we certainly have D(h) < min{ps,ps}(ms — mgy) + psD(f) + pgD(g), which was the
claimed bound 2(ii).

BOUNDING THE WORK COST OF ERASURE

We now apply Lemmas 1 and 2 to bound the work cost of erasure in the quantum dot device. Recall from Eq. (S10)
that W = 2 D(p’), where p/(u) = _%' Combining equations (S2) and (S4), it can be seen that:

— 1
W=3D(gx (vsfs+0fD)); (523)
where f/(¢) = —%fl,(es)7 for v = S, D; which can be explicitly written as:

5ueﬁu(57ﬂ'u)

1+ ePle—m))2 (524)

fole) =

f} defines a probability density function with median equal to the chemical potential p,,. The mean absolute deviation

is given by:

2In2
By

Returning to (S23), we can apply lemmas 1(i) followed by 2(i), using the fact that that f,(u, +¢) = f,(u, —¢€) for
all e:

D(f}) = : (525)

w

Y

max {D(g), D(vsfs+vpfp)}

Y
N — N

max {D(g), vsD(f$) +vpD(fp), min{vs,vp}(ps — pp)} (S26)

1 1 .
max{2D(g), (gf + %) In2, 3 min{vys, vp Hus — ,uD)} .

In the above, we have identified the three independent energy scales which contribute to the work cost of erasure:

Etherm = (gf + %) In2

1.
Ehias = 3 min{vys,vyp } (s — pp) (S27)
1
Ebroad = §D(g)

Eq. (S26) is not a tight bound, and so far we cannot rule out that in fact an optimal erasure protocol would require
much more work that the right hand side of (S26) suggests. However, applying lemmas 1(ii) and 2(ii) to (S23), we
can upper-bound the minimum work cost:

W< %(D(g) + D(ysfs+ vab))

< %(D(g) + vsD(fs) +vpD(fp) + min{vs,vp}(us _MD)) (S28)
- %D(g) + (g% + /%) In2 + %min{VSﬂD}(Ms — KD).

Putting this together with (S26), we have the full bound:

max {Etherrm Ehas, Ebroad} < w < Eiherm + Ebias + Eoroad- (829)



DEPENDENCE ON LIFETIME BROADENING DISTRIBUTION

We have established that the work cost of erasure is related to the mean absolute deviation of the lifetime broadening
distribution, which in turn depends on the total tunnelling rate between quantum dot and electrodes. However, the
exact relationship between D(g) and Tyt is determined by the form of the broadening distribution, which in general
depends on the details of the coupling between dot and electrodes. Here we will treat two common models: Lorentzian
and Gaussian broadening.

Gaussian broadening—If lifetime broadening is described by a Gaussian g(e — u) = m exp(—%(%)%,
tot to
then the mean absolute deviation straightforwardly integrates as:

1 o 1 (e—pn\’ 2
D(g)= —— - - de = Al opr/ 2. S30
(9) o /_w e ulexp< 5 (hrm) ) 5 ; t\/; (S30)

— hrtot
i

The lifetime broadening energy scale is then E}0q = %D(g)

Lorentzian broadening—If lifetime broadening is described by a Lorentzian distribution, then the work cost of
perfect erasure to either p = 0 or p = 1 is unbounded, since the mean absolute deviation of a Lorentzian does not
converge. However, we can derive an expression for work required to ‘erase’ to p within some small 7-neighbourhood
of 0 or 1.

Suppose that temperature and bias are negligible, and take pg = pup = 0 without loss of generality; such that the
unbroadened distribution is described by a Heaviside step function po(u) = H(—p). Take lifetime broadening to be
described by a Lorentzian:

hrt ot

T T ((ACw)? + (e — 2]’ (S31)

gle —p)

Then, using the symmetry of g(e — ) about u, we have:

= /0 g(e — p)de (S32)

Let 0 < n < 1, and let u, be such that p(u,) =n. In fact p, is described by the quantile function for the Lorentzian:
fy = AT gop tan (m(3 — n)). (S33)

The work cost of raising p from p 1 (= 0) to p, while the dot occupation remains in the steady state, followed by
resetting the energy level from p, to 0 at constant population p = 7, is:

w —/OM p(u)du+/: p(py)dp

n

129 dp
_ Hn & _
= [p()]o /0 ju dudu Niky

Hn
/0 pg(p)dpe

Ao
= ﬁ [In((Al4ot)? + 1%)]5"

(S34)



where we have used that j—l’: = —g(p) in the third line. Substituting our expression for fi,,:
Rl 2
W = 9 [ ((A)? = (Wvoq tan(n(3 = 1)) ) = In((A4or)?)]
Al
= 7; “In[1 + tan®(m(3 —n))] (535)
m
_ hrtot

S Infsec? (n(4 — )

So, while the energy cost of exact erasure diverges, for any given 1 > 0 the broadening-related work cost of erasing to
within 7 of 0 or 1 is proportional to hl'yo: the tunneling rates still determine the characteristic energy scale.

Energy-dependent broadening— We assumed that the quantum dot’s lifetime broadening distribution does not
change shape depending on its chemical potential  but instead is only shifted, allowing us to write g(e|u) = g(e—u). we
found that p(u) = g*xpo(n) is a well-defined complementary cumulative distribution function (i.e. monotone-decreasing
with lim, o p(p) = 0 and lim,, o p(1) = 1); and moreover that the mean absolute deviation D(p) > D(g).

If we relax the assumption that g(e|pu) = g(e — p), and instead impose only that p is the median of g(e|u), then p(u)
is given by Eq. (S3), and D(g) is no longer a fixed quantity but depends on u:

D@l = [ e =l glelu) de. (836)

We might still hope to prove something like D(p) > min, D(g)|,. However, this is not true at all. Let’s consider the
version of Eq. (S36) involving probability density functions f(z), g(z|y):

o) = [ (@) g(aly) de. (s37)

Here, h(y) is not necessarily a well-defined probability density function, and D(h) may vanish even if f and g are
well-defined and have D(f) > 0 and D(g)|, > 0, Vy. In particular, g(z|y) might be fine-tuned such that for all y,
g(z]y) and f(x) have non-overlapping support. A pathological example is as follows:

_ 1 for — % <x< %
flw) = {O elsewhere (S38)
g(zly) = F26(z — (y+ yl + 1)) + F2o(z — (y — |yl = 1)) + nd(z — y),

for some small 7 > 0. In this case y is always the median of g(z|y), and D(g)|, = (1 —n)(Jy| +1) > 1 — . However,
we have:

for —L<y<i
hy) =770 ~2s¥Se (S39)
0 elsewhere

which is not a normalised probability density function since [ h(y)dy =7, and moreover has mean absolute deviation
D(h) = 7}, vanishing in the limit of small 5. While this example is clearly un-physical, it illustrates that nontrivial
assumptions about the form of g(¢|u) are necessary to lower-bound D(p) in terms of D(g).

WORK PENALTY FOR FINITE-SPEED ERASURE

Finally, we include a note about the additional work penalty which results when erasure is performed in finite time,
rather than in the quasistatic limit.

A consequence of the rate equation model (S1) is that the time-evolution of the average dot occupation is described
by

T () — ()] (510)



where we have introduced a subscript to distinguish the actual occupation p(t) from the steady state pss(u(t)) as
given in (S3). Now, consider that u is ramped at a uniform rate f from f11 up to 400, in order to perform erasure to
zero. Since there is a one-to-one correspondence between ¢ and p, we can consider p to be a function of u along that
trajectory, and we can write ‘é—f = udp Then (S40) becomes

u%:4mww—%w» (841)

We are interested in the work cost of erasure to zero, W0 = f:? pdp. But this is easy to find from (S41):
2

£ dp
- = + Pss
T dp p(p) + pss (1)
pdp
- ss
p(p) = pss(p) — Toon i <)
oo [ dp
— SS d / 7d
/% /u; b )y = Fiot ny dp :
0 _ 4
Ftot

Here we identified that f:i pss(pt)dp is the quasistatic work cost W(%S. Moreover, since we have erased from p = % to
2

p =0, we have that Ap = —%, so that
(S43)

i.e. a work penalty of ﬁ for finite-speed driving. We can follow a similar argument for erasure to one — in fact

B
everything is the same up to the second line of (542), but now we are integrating for W' = [_2 (1 — p)du, so we get:

lt% d H% d Y HL dpd
1- = 1 — pss + / —
JHa=stman= [0 paydes £ [ L

(S44)
W= W+ A
— QS + Ftot p.
Here, Ap = —|—7 so in the end we have the same penalty W' = WQS , and therefore also for the average
W =Waqs + . S45
Qs+ op — (545)

This fits with the intuition that the finite-speed penalty should depend on the ratio of driving rate to tunneling rate
(the population equilibration rate). Note, however, that this analysis has assumed uniform driving, leaving open the
possibility of improvements with an adaptive strategy.
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