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Selection in a spatially structured population

Abstract

Daniel Straulino Torre Doctor of Philosophy

St Cross College Trinity 2014

This thesis will focus on the effect that selection has on the ancestry of a spatially structured
population. In the absence of selection, the ancestry of a sample from the population behaves as
a system of random walks that coalesce upon meeting. Backwards in time, each ancestral lineage
jumps, at the time of its birth, to the location of its parent, and whenever two ancestral lineages
have the same parent they jump to the same location and coalesce. Introducing selective forces
to the evolution of a population translates into branching when we follow ancestral lineages, a
by-product of biased sampling forwards in time.

We study populations that evolve according to the Spatial Λ-Fleming-Viot process with
selection. In order to assess whether the picture under selection differs from the neutral case
we must consider the timescale dictated by the neutral mutation rate θ. Thus we look at the
rescaled dual process with n “ 1{θ.

Our goal is to find a non-trivial rescaling limit for the system of branching and coalescing
random walks that describe the ancestral process of a population. We show that the strength
of selection (relative to the mutation rate) required to do so depends on the dimension; in one
and two dimensions selection needs to be stronger in order to leave a detectable trace in the
population.

The main results in this thesis can be summarised as follows. We define the selection coeffi-
cient to be

sn “

$

’

&

’

%

s?
n

if d “ 1
s logpnq

n if d “ 2
s
n if d ě 3

In two and higher dimensions the ancestral process of a sample of the population converges to
branching Brownian motion. In one dimension, provided we do not allow ancestral lineages to
jump over each other, the ancestral process converges to a subset of the Brownian net.

We also provide numerical results that show that the non-crossing restriction in one dimen-
sion cannot be lifted without a qualitative change in the behaviour of the process. Finally,
through simulations, we study the rate of convergence in the two-dimensional case.
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CHAPTER0

Outline

The last few decades have seen substantial progress in the field of DNA sequencing, with more

efficient techniques allowing scientists to collect vast amounts of genetic data. In parallel, the

mathematical models of coalescence have been developed in order to provide useful tools for

interpretation and inference on this data. In addition to this practical purpose, the coalescent

models have become a topic of great interest in their own right.

For both mathematicians and biologist alike, one of the more interesting questions has been

how to incorporate spatial information into the models in a way that both provides a tractable

mathematical form, and is as faithful as possible to the biological principles that govern the

dynamics of populations. In this spirit Etheridge [2008] proposed a model that is know as the
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Chapter 0: Outline

spatial Λ Fleming-Viot process. This model provides a very flexible framework in which to

understand the evolution of a population that lives in a spatial continuum.

In this thesis we extend the existing results for the spatial Λ Fleming-Viot process by con-

sidering the case of a population with small neighbourhood size under the effects of selective

pressure. Our aims are twofold. On the one hand, we address a question of interest in population

genetics: when will the action of natural selection on a gene in a spatially structured popula-

tion cause a detectable trace in the patterns of genetic variation observed in the contemporary

population? On the other, we investigate some of the rich mathematical structure underlying

mathematical models for spatially evolving populations and, in particular, the systems of inter-

acting random walks that, as dual processes (corresponding to ancestral lineages of the model),

describe the genetic relationships, across both time and space, between individuals sampled from

those populations.

Here we provide an outline of the thesis.

Chapter 1. Population Genetics. The first chapter aims to provide a concise introduc-

tion to the classical theory of population genetics. We begin by presenting the Wright-Fisher

model, one of the earliest attempts to provide a mathematical description of the evolution of a

population. It provides a good starting point since it allows us to introduce terms common in

the population genetics literature, such as fixation probability and effective population size. If

instead of going forwards in time we consider what happens when looking back at the ancestors

of individuals sampled from the population, we arrive at the ancestral process of the population,

which takes us to the Kingman coalescent. We then introduce the Moran model, which allows

us to consider the (moment) duality between the forwards and backwards in time models for a

population. Finally, we consider some generalisations of the previous models that give rise to the

Λ-coalescent and the generalised Fleming-Viot process. The aim of the chapter is to familiarise

the reader with key ideas that will appear in our later work, and to serve as a brief guide for

mathematicians that are interested in the field of population genetics but lack the biological

background.

2



Chapter 2. The Spatial Λ Fleming-Viot process. Here we give an overview of the

different ways in which mathematicians and biologists have attempted to introduce spatial struc-

ture into population models. The difficulties of considering a population evolving in a continuum

motivates the introduction of the SΛFV model, which will be the starting point of our inves-

tigations. This model was introduced relatively recently by Etheridge [2008]. We proceed to

rigorously define the model, and we finish the chapter with a short survey of the literature sur-

rounding the SΛFV model. The first two chapters contain no original results, but we hope they

provide background and motivation for the work to follow.

Chapter 3. Natural Selection This chapter begins by discussing selection, as well as

some of the ways in which we might introduce selective forces to our population models. After

visiting some classical constructions, we present the the SΛFV model with selection. We proceed

to consider its dual (that is, the process that follows ancestral lineages backwards in time). The

rest of the thesis will be devoted to the analysis of this dual process and its rescaling limits. In

particular, we will consider a diffusive rescaling limit. The reason behind this choice is that, in

the absence of selection, an ancestral lineage in isolation follows a symmetric random walk, and

thus will converge to a Brownian motion under our rescaling.

The last two sections of this chapter have our first results concerning these limits, and will

serve as a warm up for the two main results. Here we rescale the selective coefficient by n, that

is, sn “ s{n. We then show that limiting object depends strongly on the dimension. While

in dimensions three and higher we obtain a branching Brownian motion in the limit, in the

two dimensional case we obtain a system of independent Brownian motions, and finally, in one

dimension we obtain a system of independent Brownian motions that coalesce upon meeting.

Since going backwards in time selection manifests itself in the branching of the ancestral lineages,

we deduce that for lower dimensions selection is too weak to be detected and we just recover

the same limit we would do in the neutral case.

Chapter 4. Dimension 2. This chapter shows that by taking sn “ s logpnq{n, we can

ensure that selection is still felt by the genealogical process in the limit. In fact, with this selection

3



Chapter 0: Outline

coefficient we also obtain branching Brownian motion as the limit, just as we did for the high

dimensional case. The crucial observation is that even though the branching rate explodes when

n Ñ 8, all but finitely many of the branches are annulled through coalescing. There is a

considerable amount of work involved in showing that this picture produces a non degenerate

limit. We begin by considering the interactions between the two lineages that arise from a

selective event (a branch) and obtain some useful estimates on the time and the probability of

coalescing. Then, we provide a construction of what we have termed the ‘skeleton’, which can be

thought of as the collection of lineages that manage not to coalesce with their parents. Finally,

we show that the skeleton provides a good approximation of the full process, and furthermore,

that it converges to a branching Brownian motion.

Chapter 5. Dimension 1. In this chapter we prove that the (backwards in time) ge-

nealogical process converges to a subset of the Brownian net. The same reasoning that made

us take sn “ s logpnq{n in two dimensions suggests we take sn “ s{
?
n in the one dimensional

case. Sun and Swart [2008] consider a discrete analogue of our dual process, with the further

restriction that paths cannot cross each other, and prove that it converges to a limiting object

they christened the ‘Brownian net’. By considering our model with this extra restriction, we

show that in our continuous setting the Brownian net still arises in the limit. Our proof owes

a lot to the existing literature, but it is nevertheless not trivial to extend the previous results

to our setting. Some of the more technical results that allow us to prove the convergence of the

genealogical process to the Brownian net appear at the end in the form of an appendix.

Chapter 6. Simulations. In this chapter we summarise the results we obtained by running

simulations of the process for both one and two dimensions. The motivation for these simulations

is different in each case. As we mentioned above, in the one dimensional case we had to add

a non-crossing condition in order to use the framework of the Brownian net. Here we lift that

restriction and show that, in contrast to the neutral setting, it seems to have a qualitative effect

on the behaviour of the genealogical process. Meanwhile, since our result in two dimensions only

gives a logarithmic bound on the rate of convergence, we are interested in whether the process

4



might actually converge faster. We consider two summary statistics of our process, and show

that simulations suggest that both of their empirical distributions seem unaffected by further

increasing the parameter n once n is sufficiently large, but still relatively small.

Chapter 7. Conclusions. We conclude our thesis by providing a review of the results ob-

tained, as well as some comments on their biological interpretation. Finally we explore potential

directions for future research that arise naturally from our findings.

5
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CHAPTER1

Population Genetics

At the intersection between Mathematics and Biology lies the field of Population Genetics.

This field aims to model the dynamics of the genetic composition of a population in order to

understand its evolution. In this first chapter we aim to give a quick overview of the models and

ideas that have shaped the field, and that motivate our research.

1.1 The Wright-Fisher Model

The Wright-Fisher model, developed independently by Sewall Wright and R.A. Fisher, is the

simplest random model of allele frequencies in a population. It considers an idealized finite

7



Chapter 1: Population Genetics

population and the idea behind it is simple. Take a population with a fixed number of individuals,

say N , each of which has a type k chosen from some type space K. Given a generation, construct

the next one by letting each one of the new individuals choose a parent uniformly from among

the N individuals of the previous generation. Each new individual inherits the type of its parent.

Of course this model makes a few assumptions apart from a fixed size population: the

chances of any individual’s reproductive success are independent of its type (neutrality) and

every individual is equally likely to reproduce (panmictic). Nevertheless, it is a very useful

model, which in spite of its simplicity captures important features of many populations. And it

is also possible to introduce other forces to the model, such as mutation, selection, recombination

and varying population size. For the moment though we will restrict our study to the elementary

version we previously described.

Figure 1.1: A graphical representation of the Wright-Fisher model. Here we see a how the
Wright-Fisher model where we took N “ 8 and 4 generations. The two colours represent two different
types.

We notice that each individual has only one parent, so it does not look like a good model

for species that reproduce sexually, but thinking about it differently allows us to bridge this

gap. Instead of thinking about distinct individuals we can imagine ourselves following N genes.

In the case of an haploid population, where each individual carries only one copy of each gene

we can perfectly identify gene with individual and this distinction makes no difference. For a

diploid population, even though each individual has a pair of each gene, we know that each

gene was inherited from one of the parents in the previous generation, so the gene pool can still

8



The Wright-Fisher Model

be modelled in the same way, by sampling from the previous generation. Indeed it is common

practice to use this model for diploid populations as well, by taking the population size to be

2N instead. One has to be careful when considering a sexed population, but we will address this

when we speak about effective population size. Unless otherwise stated, we will use the terms

gene and individual interchangeably.

For the moment we will stick to the haploid case. If we think that the gene we are looking

at in the population has two alleles, say A and a, then the model already allows us to calculate

some quantities of interest. Let us look at the process Xptq that records the number of type A

individuals at time t.

From the description of the Wright Fisher model, it follows that Xptq is a Markov Chain

on the space t0, 1, ..., Nu. Being a Markov process means that given the present state of the

process, the future states are independent of the past ones (in other words, all the information

we have to predict the future is contained in the present state). Since each new gene chooses a

parent uniformly from the previous generation, we have that the number of type A individuals

in generation t` 1 is a binomial pN, XptqN q and it is easy to see that the transition probabilities

of the chain are given by

pi,jptq “

ˆ

N

j

˙ˆ

i

N

˙j ˆ

1´
i

N

˙N´j

.

Notice that we have two absorbing states for Xptq, namely 0 and N . We call these states fixed

states since the population will be fixed with only the a or A allele. We can now calculate the

fixation probability of the A allele. Let us call our fixation time τ ;

τ “ mintt : Xptq “ 0 or Xptq “ Nu.

It is not hard to convince oneself that P pτ ă 8q “ 1. Indeed, no matter in what state we

currently are, we always have a positive probability of fixation in the next generation, and this

probability is bounded from below by 2
`

1
N

˘N . Then, we have the next intuitive result:

9



Chapter 1: Population Genetics

Theorem 1.1 In the Wright Fisher model, the probability of fixation of the A allele is

P pXpτq “ Nq “
Xp0q

N
.

Proof: It is immediate to check that the process Xptq has the martingale property, using the

fact that the number of A individuals in the generation is just a binomial random variable with

parameters Xptq{N and N . Since it is also bounded and we know that the time to fixation is

almost surely finite, we can use the optional stopping theorem to deduce

EpXpτqq “ p0qP pXpτq “ 0q ` pNqP pXpτq “ Nq “ Xp0q.

ñ P pXpτq “ Nq “
Xp0q

N

�

We would also like to have a better idea of how long it takes for the population to fix, but

arriving at an expression for Epτq is not easy in our Markov Chain. Nevertheless, we can find

a related quantity that gives us an idea of the time to fixation.

The heterozygosity of a population is the probability that if we take two genes without

replacement, they are of different type

Hptq “
2XptqpN ´Xptqq

NpN ´ 1q
.

Of course, if we have achieved fixation, the heterozygosity will be 0.

Theorem 1.2 Let h(t)=E(H(t)) be the expected value of the heterozygosity at time t. For the

Wright-Fisher model we have that

hptq “

ˆ

1´
1

N

˙t

Hp0q.

Proof: If we sample two genes at time t, for them to be of different types they must descend

from different genes in the original generation (otherwise they would share the type of their

common ancestors). This gives us the first factor of the right hand side, since every generation

10



The Wright-Fisher Model

we trace backwards, we have a probability 1{N of sharing the parent. And if we avoided sharing

a parent all the way to generation 0, the the probability that two individuals chosen at random

from this generation have different types is just Hp0q. �

1.1.1 Effective population size

So far our model has not included selection, recombination, or any of the forces we can imagine

shape the evolution of a population, but nevertheless we have seen that the allele frequency will

vary and that we should expect one type to fix and the other to disappear. The variation in

allele frequency that results from random reproduction (mating) in a finite population is called

genetic drift and the Wright-Fisher model is the standard way of accounting for it.

Of course, there are many other models of genetic drift, and one way to relate all of them

is the effective population size, which intuitively is the size of a Wright-Fisher population that

would give the same rate of genetic drift as the model in question. This will also allow us to see

whether certain added complexities and structure increase the rate of genetic drift compared to

the one it has in the standard Wright-Fisher model.

There is no clear cut way to measure the rate of genetic drift, and thus the way we decide

to account for it will be reflected in the resulting effective population size. The Wright-Fisher

model has three main properties related to the genetic drift, namely:

1. The probability that two randomly chosen genes descend from the same parent in the

previous generation is 1{N .

2. The maximum non unit eigenvalue of the transition matrix is 1´ 1{N .

3. If we let pptq “ Xptq{N , then varpppt` 1q|pptqq “ pptqp1´ pptqq{N.

So, if we have a model where the probability that two genes descend from the same parent

is π2, then we have that the inbreeding effective population size is simply N i
e “ pπ2q

´1. In a

similar way, the eigenvalue effective population size can be calculated as N e
e “ p1 ´ λmaxq

´1

11



Chapter 1: Population Genetics

where λmax is the maximum non unit eigenvalue of the transition matrix. Finally, the variance

effective population size is given by Nv
e “ pptqp1´ pptqq{varpppt` 1q|pptqq. For the special case

of exchangeable models with discrete generations, Ewens [2004] shows that all three definitions

are equivalent, and he further considers other problems, like changing population size, larger

family sizes and populations with two sexes, where the equivalence no longer holds.

To both illustrate effective population size, and to give a better picture of how to model a

two-sex population, we will consider such a population. Suppose that in any generation there

are Nm diploid males and Nf diploid females, with N “ Nf`Nm and that each diploid offspring

inherits one gene chosen at random from the male population and a second one chosen at random

from the female population. Since we have diploid individuals, our gene pool will have size 2N .

Theorem 1.3 For the two sex model, the inbreeding effective population size is

N i
e “

4NfNm

N

Proof: If we sample two genes from the population, for them to share a parent there are

two possibilities: they both descend from a male or they both descend from a female (otherwise

they would clearly descend from different individuals). The probability they both descend from

a male is 1{4, and given that, the probability they have the same parent is 1{2Nm. In a similar

way, the probability they both have the same mother is 1{8Nf . Thus, the probability that both

genes share a parent in the previous generation is

π2 “
1

4

1

2Nf
`

1

4

1

2Nm
“

1

4

ˆ

1

2Nf
`

1

2Nm

˙

“
1

8

ˆ

Nm `Nf

NmNf

˙

“
1

8

ˆ

N

NmNf

˙

,

which implies that the inbreeding effective population size is

N i
e “ p2π2q

´1 “
4NfNm

N
.

12
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�

Nordborg and Krone [2002] propose a different effective population size. They define the

coalescent effective population size to be the quantity by which one must rescale time in order

to recover the Kingman coalescent as the genealogy of a sample from the population when we let

the population size tend to infinity. Durrett [2008] and Sjödin et al. [2005] consider it the most

satisfactory definition. What is meant by it will become clear after we introduce the coalescent.

1.2 The Coalescent

So far we have considered a population evolving forwards in time, but equally interesting is to

consider what happens if we go backwards in time, that is, if we look at the genealogies of the

individuals in our population. The way these genealogies behave will be dictated by the model

we use for our population, so let us consider what happens under the haploid Wright-Fisher

model.

Suppose that we pick two genes from our population. Then the probability that they share

a parent in the previous generation is 1{N . If they do not, then their parents have again a

1{N chance of having the same parent in the previous generation, and so on. Thus, we see that

the number of generations we must go backwards before two random genes share an ancestor is

geometric with parameter 1{N .

The first individual they both encounter while tracing back their ancestral lineages is called

the most recent common ancestor or MRCA, and will be an important concept hereafter. When

we encounter the MRCA we say that the two lineages have coalesced, since now both genes will

share all the same ancestors and instead of two lineages we find we need to follow only one.

In general, we will be concerned with large populations, where we hope our models can

capture part of the big picture, and in that spirit we will consider what happens when we rescale

time by a large factor. Consider the number of generations we must look back to find the

MRCA of a sample of size 2. We know the expected number of generations is N , and this gives

13



Chapter 1: Population Genetics

us an indication of a sensible timescale to look at. Thus we will measure time in units of N

generations.

Now consider a larger sample, of say size k, and follow the genealogies of the k genes back-

wards in time. The probability that three or more genes share a parent in the previous generation

is of order OpN´2q, and similarly, the probability that two different pairs of genes coalesce in

the previous generation is of order OpN´2q. So whereas the expected time for two lineages to

coalesce is of order OpNq, the expected time we need to wait before seeing one of these multi-

lineage events is of order OpN2q. Thus for large N we expect that before we can see one of these

events, all k lineages will have coalesced via pairwise events. In fact the probability that this is

the case tends to 1 as N Ñ8.

For large N we thus expect that the genealogical process will be driven almost purely by

pairwise mergers. If we are following k lineages then the probability that two of them coalesce

in the previous generation is
`

k
2

˘

N´1 `OpN´2q, which means that for large N , in our rescaled

model the waiting time to see such an event is approximated by an exponential random variable

with mean
`

k
2

˘

, at which time a random pair of genes coalesce while the rest remain unaffected.

After that, we now follow in a similar fashion the k ´ 1 genes till the next merger, till we end

up with a single gene.

The process we have informally described above is called the k-coalescent, and we will now

proceed to define it rigorously, which will allow us to show that indeed the genealogy of a

sample of size k in the Wright-Fisher model converges to the k-coalescent. But first we need

some notation. We will call the set of the first k integers rks :“ t1, 2, ..., ku, and we denote the

space of partitions of rks by Pk.

Definition 1.4 The k-coalescent is a continuous time strong Markov process pπkptqqtě0 that

takes values in the space Pk, with initial condition πkp0q “ tt1u, t2u, ...tkuu, the trivial partition

14
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made only from singletons, and with transition rates given by:

qpπ, π1q “

$

’

&

’

%

1 if π1 is obtained by merging two blocks from π,

0 otherwise.

One of the nicest properties of the k-coalescent is consistency. By this we mean that if we take

an l-coalescent with l ą k and then look at its restriction to rks we obtain a k-coalescent. In

other words, if we call the restricted process πl,k, we have that:

πl,k
pdq
“πk.

The consistency holds because the size of the blocks do not affect the rate at which they merge,

and so ignoring the elements larger than k does not alter the behaviour.

Figure 1.2: The Kingman Coalescent. This is a single realisation of the coalescent for n=200.
Courtesy of Luke Miller.

The most important consequence of this property is that it allowed Kingman (1982) to use

Kolmogorov’s extension theorem to show that there exists a unique in law process pπptqqtě0 with

values in P (the space of partitions of N) such that its restriction to rks is a k-coalescent. The

process π is called Kingman’s coalescent. Although we won’t concern ourselves at the moment

15



Chapter 1: Population Genetics

with proving it, it is worth mentioning one of the most beautiful properties that Kingman’s

coalescent has, namely, coming down from infinity. This property tells us that even though we

start the coalescent with a countably infinite number of singletons at time 0, for any time t ě 0,

πptq consists of only finitely many blocks almost surely.

We are now ready to show that Kingman’s coalescent is indeed the limit of the genealogical

process of a population evolving according to the Wright-Fisher model. The proof is taken from

Berestycki [2009]. Here we are considering that time goes backwards, and thus when we say

time t we mean time t before the present.

Theorem 1.5 Take a population of size N evolving (forwards in time) according to the Wright-

Fisher model. Fix k ě 1, and let πNk ptq denote the ancestral partition at time t of k randomly

chosen individuals from the population at time t “ 0, where two individuals, i and j, belong to

the same block of πNk ptq if and only if they share the same ancestor at time t. Then, @t ě 0,

πNk pNtq
d
Ñ πkptq.

Proof: Start by considering two distinct randomly sampled genes x and y. We previously

showed that the number of generations it takes them to coalesce is a geometric random variable

with success probability 1{N . Thus, when we rescale time by N and let this parameter go to

infinity, the coalescing time converges to an exponential random variable with expectation 1.

Take now an arbitrary k, then for every pair the above still holds. We want to show that the

rates qWF pπ, π
1q of the genealogical process indeed converge to the ones of the k-coalescent. We

have already shown that the probability of seeing multiple mergers vanishes as N Ñ 8, thus,

after rescaling we have:

qWF pπ, π
1q “

$

’

&

’

%

1`OpN´1q if π1 is obtained by merging two blocks from π,

OpN´1q otherwise.

This shows that, in the limit, the rates are precisely those of the k-coalescent. Karr [1975]

showed that weak convergence of Markov Chains follows from the convergence of the transition
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kernels, which concludes the proof. �

This result has a certain universality to it, by which we mean that the result holds for

populations that evolve according to different dynamics than the ones prescribed by the Wright-

Fisher model. One can have overlapping generations, or different reproduction mechanisms, and

still obtain the Kingman coalescent as the limiting object for the genealogies. What is required

for this universality to hold is, roughly speaking, that the population is panmictic and that its

size remains stable, that each individual has few offspring, and that there is no selection (see

Berestycki [2009]). It is of course important to remember that we have rescaled time in order

to obtain this limit, and different models require a different rescaling to arrive at Kingman’s

coalescent, a fact that we should bear in mind whenever we compare models or decide to do

inference about the population.

When we couple the universality with the simplicity of the model, and the fact that it is

rather straightforward to simulate, it should be no surprise that the coalescent has become a

very popular model for genealogies, and been studied in depth, both by mathematicians and

population geneticists. We conclude this first exploration of the coalescent process by calculating

the time that it takes a sample of k genes to coalesce if they follow the dynamics of the Kingman

coalescent.

Theorem 1.6 Let Wk be the time it takes for a k-coalescent to merge into a single block. Then

ErWks “ 2

ˆ

1´
1

k

˙

.

Proof:

Clearly, the time to merge into a single block is the sum of the times that it takes to go from

k to k ´ 1 blocks plus the time it takes to go from k ´ 1 to k ´ 2 and so on. Let these times be

Ti for i “ k, k ´ 1, ..2, since we know that Ti is distributed as an exponential random variable

17
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with parameter
`

i
2

˘

,

ErWks “ E

«

k
ÿ

i“2

Ti

ff

“

k
ÿ

i“2

ErTis

“

k
ÿ

i“2

„

2

piqpi´ 1q



“ 2
k
ÿ

i“2

„

1

pi´ 1q
´

1

i



“ 2

ˆ

1´
1

k

˙

�

It is interesting to notice that the expected time it takes the last two blocks to coalesce is

longer than the expected time it takes to go down to these final two blocks from any number of

initial blocks. In general, we will spend most of the time following a small number of blocks, and

thus should expect that adding more genes to our sample quickly stops increasing the information

we obtain from the genealogy. Figure (1.2) shows a simulation of the Kingman coalescent for

k “ 200 that illustrates this last observation.

1.3 The Moran model

Now we will introduce a continuous time model for a population. The Wright-Fisher model we

have previously discussed considers a population evolving in non overlapping generations, which

might be accurate for certain plants (like seasonal crops and fruits) but is clearly not true about

humans or flies. The Moran model (due to Moran [1958]) is a continuous time process which

allows for overlapping of generations, in particular the times at which two given individuals

reproduce are almost surely distinct.

Definition 1.7 A population of size N evolves according to the Moran model if at exponential

times with rate
`

N
2

˘

a pair of individuals is sampled uniformly at random from the population,

one of which dies and the other splits in two, the two possibilities being equiprobable.

We can see in Figure 1.3 how the Moran model works both forwards and backwards in time.

The left diagram shows the evolution of the population, where an up or down arrow tells us that
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The Moran model

Figure 1.3: The Moran model. On the left we see the evolution of a population according to the
Moran model. The arrow points to the individual who is replaced by a copy of the individual at the
source of the arrow. On the right we see the resulting genealogy, obtained by tracing the individuals
backwards in time.

an event occurred at that time, as well as which two individuals are involved, with the one at

the origin of the arrow reproducing, while the one at the tip dies and is replaced by a copy of the

reproducing individual. We construct the genealogy by following a sample of genes backwards

in time, and whenever one of them meets the tip of an arrow, it coalesces with the individual at

the origin of said arrow (which can be said to be its parent).

Here we followed Etheridge [2011] when choosing the rates at which events happen, since

this way we have that the genealogical process of the population is determined by Kingman’s

coalescent without requiring any time change or rescaling. Since the genealogy of the Wright-

Fisher model is well approximated by the coalescent, we can imagine that even though the

dynamics of these two models are somewhat different, the big picture they convey is not too

different.

1.3.1 Diffusion approximation and Duality

We will now show that, under the right scaling, the behaviour of both the Wright-Fisher and the

Moran model is also very close forwards in time, as they both share a limiting object, namely,

the Wright-Fisher diffusion. As the name suggests, this diffusion can be obtained by rescaling

the Wright-Fisher model (see, for example, Etheridge [2011] or Durrett [2008]). We will assume

this fact and proceed to prove that it is also the case for the Moran model. Remember we used
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pptq to refer to the proportion of the population carrying the A allele.

Definition 1.8 The Wright-Fisher diffusion is the solution of stochastic differential equation:

dpptq “
a

pptqp1´ pptqqdW ptq; pp0q “ p,

where W is a standard Brownian motion.

Equivalently, we can think of the Wright-Fisher diffusion as the strong Markov process with

infinitesimal generator

Lfppq “ 1

2
pp1´ pq

d2

dp2
fppq.

The well posedness of the stochastic differential equation is addressed in Sections 5.3 and 8.8

of Durrett [2008], where its shown that a weak solution exists. Though we won’t go into any

more details here, but we will use this fact to show that the rescaled version of the Moran model

converges to this diffusion.

Theorem 1.9 For a population of size N evolving according to the Moran model, let ppN ptqqtě

be the fraction of individuals of type A, and suppose the initial state is pN p0q “ p P p0, 1q. Then

`

pN ptq
˘

tě0

pdq
ÝÑppptqqtě0 as N Ñ8.

Proof: Here we will follow the proof given by Berestycki [2009] We begin by looking at the

infinitesimal behaviour of the Moran model. Suppose that pptq “ p, and let ∆t be a small

(infinitesimal) increment,

ppt`∆tq “

$

’

’

’

’

&

’

’

’

’

%

p` 1
N w.p. NpN´1q

2 pp1´ pq∆t` op∆tq,

p´ 1
N w.p. NpN´1q

2 pp1´ pq∆t` op∆tq,

p w.p. 1´NpN ´ 1qpp1´ pq∆t` op∆tq.

This is clear from our construction of the Moran model through exponential clocks, where at

rate
`

N
2

˘

we select a pair and then split one of them while killing the other. Let ∆pptq “
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ppt`∆tq ´ pptq, it is immediate to obtain that the infinitesimal parameters are given by:

E r∆pptq|pptqs “ 0,

var r∆pptq|pptqs “
NpN ´ 1q

N2
pptqp1´ pptqq∆t` op∆tq.

It is clear that as N Ñ 8, these parameters converge to the infinitesimal parameters of the

Wright-Fisher diffusion, and thus, standard martingale problem arguments guarantee the con-

vergence. �

Now we can go back to some of the questions we were trying to answer earlier. We had asked

about the time to fixation of a population T :“ mintt : pptq “ 1 or pptq “ 1u, that is, how long

does it take for the allele A to either disappear or take over the whole population? Though this

is a hard question to answer for populations of fixed size N , for the Wright-Fisher diffusion it

is relatively simple to calculate the time it takes to hit either 0 or 1. Indeed, using the methods

found in Karlin and Taylor [1981] we arrive at

EprT s “ 2 pp logppq ` p1´ pq logp1´ pqq ,

where p is the initial fraction of the population with the A allele. If we wish to relate this to the

number of generations in the Wright-Fisher model we obtain

2N pp logppq ` p1´ pq logp1´ pqq

as an approximation whenever we have a large population, where the factor of N accounts for

the rescaling we did to obtain the limiting diffusion (remember we rescaled time by units of N

generations). This showcases the applications and power of the diffusion approximation.

We have seen that the proportion of of a certain type in both the Moran and the Wright-

Fisher model can be approximated forwards in time by a diffusion, and that both of their

genealogies are well approximated by Kingman’s coalescent. Now we will take a look at a very

powerful tool when dealing with population models (and particle systems in general): duality.
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Definition 1.10 We say that two processes X and Y are dual to each other if there exists a

function ψpx, yq such that the following relation holds:

EXx rψpXptq, yqs “ EYy rψpx, Y ptqqs

for all x and y, where we use PZz r¨s for the law of Z conditioned on Zp0q “ z.

Notice that x and y belong to different spaces, since x varies in the state space of the process

X, while y does so in the state space of Y , and these two spaces might be very different. For

example, in our case, one of the processes, the forwards in time model, gives us the proportion

of a certain type in our population, while the (backwards in time) coalescent takes values in the

space of partitions. Still, if allowing y to vary in ψpx0, yq gives place to a rich enough family

of functions, we can characterize the law of Xptq started from x by looking at the right hand

side of the equation above. This approach has proven very successful in proving uniqueness and

existence of processes by looking at its duals. For a more in depth discussion, see Etheridge

[2000].

In our case there is a particularly intuitive interpretation of the duality relation, namely, the

dual of the process that models the population forwards in time is precisely the one that models

its genealogies backwards in time.

We now borrow an argument from Berestycki [2009] that gives good intuition as to why a

duality relationship between the Wright-Fisher diffusion and Kingman’s coalescent holds. Con-

sider a population with an initial proportion p0 of A alleles. At time t pick n individuals at

random from the population. What is the probability of E “ tn individuals are of type Au? We

could go back t units of time, when we would have |πt| different lineages, each of which has the

right type with probability p0, and only if all of them do will E hold:

PrEs “ E|π0|“nrp
|πt|
0 s.
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But we could also use the Wright-Fisher diffusion for our calculations. At time t the propor-

tion of individuals of type A is given by pptq, so if we pick n of them at random, we have

PrEs “ Ep0rpptqns.

Putting both estimates together we conclude:

Theorem 1.11 Let Pd and Pc be the laws of the Wright-Fisher diffusion and Kingman’s coales-

cent respectively. Then, for all 0 ă p ă 1, and for all n P N we have:

Edp0rpptq
ns “ Ecnrp

|πt|
0 s.

1.4 Many types and big events

So far we have considered a population where there are only two types, but one would expect

most populations to manifest a much larger variety. Fortunately, the results explained above

can be easily generalised to the case where we consider k types.

We can take as the starting point either a Wright-Fisher model or a Moran model, but

where individuals can be of k types. It is not hard to show that, after a suitable rescaling, the

population can be modelled by a k-dimensional Wright-Fisher diffusion. If we take piptq to be

the limiting proportion of the population that is of type i, we have that the vector

pptq “
´

p1ptq, p2ptq, ..., pkptq
¯

P tp p1, p2, ..., pkq : pi ě 0,
ÿ

i

pi “ 1u

is a diffusion with generator

Lpfq “ 1

2

K´1
ÿ

i“1

pip1´ piq
B2f

Bp2
i

´
ÿ

1ďiăjďK´1

pipj
B2f

BpiBpj
.

The proof has the same ingredients as the proof of Theorem 1.9; for a rigorous derivation we

refer to Etheridge [2011].

One could go one step further and consider an infinite number of types. That was what
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Ohta and Kimura [1973] did by taking a countable set of possible types when studying elec-

trophoretically detectable alleles. Later Fleming and Viot [1978] would generalise the setting

even further, allowing the type space to be a compact metric space. Before explaining the

(generalised) Fleming-Viot model, we will make an observation.

In the models we have presented so far, as well as in the models mentioned in the previous

paragraph, the number of offspring that any individual leaves is negligible compared to the

population size, a fact that shows the moment we decide to trace back the ancestry of a sample.

Since the ancestry in all these population models is approximated by Kingman’s coalescent,

we know that the probability that three or more individuals share a parent in the previous

generation is very small, even when compared to the probability that two do.

There are many scenarios where one could consider this to be a bad approximation. There

are species where a single individual might lay thousands of eggs, and thus it is likely that

sometimes a sizeable fraction of the next generation comes from it. One can also consider the

so called population bottlenecks; say that for some reason the population is severely reduced in

numbers and only a few individuals survive, then each of them is likely to father a significant

fraction of the next generation.

In any case, introducing big events, understood as events where one individual parents a

sizeable proportion of the population, should be of interest. Notice that if we are following the

ancestry of a sample, in contrast with the Kingman coalescent, we would actually expect that

more than two lineages coalesce given a big event. We will come back to this idea later.

1.4.1 The Fleming-Viot process

Donnelly and Kurtz [1999] introduced a clever construction of the Fleming-Viot process that

incorporates big events. Here we will give an overview of the so called modified lookdown

construction. The qualifier ‘modified’ has been used to distinguish both the process and the

construction from the classical (no big events) Fleming-Viot and the original lookdown con-

struction that appeared on an earlier paper of the same authors (Donnelly and Kurtz [1996]);
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we will drop it from here on. The construction is very general and allows for many different

scenarios, for example a varying population size, mutation of types, etc, but we will restrict

ourselves to a fixed population size without mutation since this is enough for our exposition.

Consider a countably infinite system of particles, each one identified by a level j P N, and

to each level we assign types ζjt from a type space E. We can think of the type space as being

t1, 2, ..., ku, r0, 1s or any other compact metric space that suits our purpose. We require the

initial configuration of types to be exchangeable, so that

lim
NÑ8

1

N

N
ÿ

j“1

δ
ζj0
“ µ

for some finite measure µ on E. For clarity we can consider the types to be i.i.d uniform random

variables on r0, 1s.

The types are updated in two different ways, both of which preserve the exchangeability.

The first part resembles the Moran model. For i ă j P N let Li,j be independent Poisson

processes with rate 1. Whenever the Poisson process Li,j jumps, the particle at level j changes

its type to the type of the particle at level i, that is, if ∆Li,jptq “ 1 then

ζjt “ ζipt´q.

Observe that the updating is well defined since for any n there are only finitely many processes

Li,j , i ă j at whose jump times the type of ζj must be modified. The updating mechanism gives

place to the lookdown moniker since it is always the individual in the higher level that takes the

type of one at a lower level.

We now introduce the big events. Let Π be a Poisson point process on Rˆp0, 1s with intensity

dtˆ F pduq for a probability measure F on p0, 1s. For every point ptk, ukq P Π, let Ykj , j P N be

i.i.d uniform pr0, 1sq random variables. We select a proportion uk of the levels by taking those

for which ykj ă uk, and we take the smallest such j, say level i. We can now update the types
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in the following manner:

ζjt “

$

’

&

’

%

ζit for j such that , ykj ă uk

ζjt´ otherwise,

We can see that this mechanism is well defined. On one hand, the rate at which this

events arrive is finite, and on the other, at any such event the type at level n is determined by

tYkju1ďjďn.

Theorem 1.12 There exists a Markov process pZtqtě0 that takes values in the space of proba-

bility measures on E such that:

lim
NÑ8

1

N

N
ÿ

j“1

δ
ζjt
“ Zt.

This process is known as the generalised or Λ-Fleming-Viot process.

The reason for calling the limiting process Λ-Fleming-Viot will be addressed in the next

section.

1.5 Λ-Coalescents

The previous section introduced a more general model for populations, where infinitely many

types can be considered, as well as large events where a particular individual might have a size-

able impact on the configuration of the population. Here we consider the genealogical process

pertaining to this model. It is called the Λ-coalescent and was first introduced and studied by

Donnelly and Kurtz [1999], Pitman [1999] and Sagitov [1999] who were interested in coalescents

that would allow multiple collisions, that is, where more than two blocks might merge simul-

taneously. In order to define it we need to begin with a restricted version that starts from k

blocks.

Definition 1.13 A k-Λ-coalescent is a Pk-valued Markov process πk “ pπkt , t ě 0q such that

πkt is exchangeable for any t ě 0 and consistent in the sense that the law of πk restricted to rms
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is that of πm for all 1 ď m ď k. The rate at which j blocks of πk merge given that there are

currently b blocks in the partition is given by λb,j, independently of k.

Given a family of consistent k-Λ-coalescents, in similar fashion to the extension of the King-

man coalescent, we know that there exists a process π with values in P whose restriction to rks

has the law of πk. We call this process the Λ-coalescent. It is not hard to see that in order to

be consistent the rates must satisfy the following recursion:

λb,j “ λb`1,j ` λb`1,j`1.

Pitman [1999] showed that in order for the process to exist these rates must have very precise

forms:

Theorem 1.14 The Λ-coalescent exists if and only if there is a finite measure Λ on r0, 1s such

that:

λb,j “

ż 1

0
uj´2p1´ uqb´jΛpduq.

An interesting by-product of this result is that it allows a Poissonian construction of the

process. Take π, we say that a u-merger happens if we choose a proportion u of the blocks by

independent coin toss and merge all of them together. The Λ-coalescent can be then thought of

as a succession of u-mergers plus a Kingman component:

Theorem 1.15 Let Λ be a measure on r0, 1s and let α :“ Λpt0uq. Let pti, uiqiě1 be the points

of a Poisson point process on R` ˆ p0, 1s with intensity dt ˆ u´2pΛpduq ´ αδ0q. The process

pπt, t ě 0q may be constructed by allowing every pair of blocks to merge at rate α and performing

a ui-merger at each time ti.

This construction has very similar ingredients to the construction of the Λ-Fleming Viot in

§1.4.1, where the u-mergers are analogous to the big events, while the pairwise mergers relate to

the lookdown events. In the absence of the Kingman component we see that the measure F pduq

in §1.4.1 is given by F pduq “ u´2Λpduq, which motivates the naming of the process.
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It is no surprise that one can state a duality relation between this pair of processes, in

particular if one considers the case where Λpt0uq “ 0, and extends the Poisson point process

to the whole real line, then the same Poisson point process and its time reversal drive the Λ-

Fleming-Viot and the Λ-coalescent. This forwards and backwards in time duality can be stated

as follows:

Theorem 1.16 Let EÑ denote the expectation for the Λ-Fleming-Viot process pZt, t ě 0q and

EÐ denote the expectation for the Λ-coalescent pπt, t ě 0q restricted to rks. Let f : Ek Ñ R be

a bounded measurable function. Then, for Φ :ME ˆ Pk Ñ R

ΦpZ, πq “

ż ż

Zpdx1q...Zpdx|π|qfpx
πq,

we have that:

EÑrΦpZt, π0qs “ EÐrΦpZ0, πtqs.

There are many generalisations to the models we have considered here, from varying popu-

lation size to mutations, that can be introduced to the framework we have so far presented, but

we now turn our attention to a different difficulty that arises when studying populations and

that we have so far ignored, spatial structure.
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The Spatial Λ Fleming Viot Process

2.1 Introducing spatial structure

So far we have discussed models where we assume that the population is well mixed, and thus

have ignored any spatial structure for the population. But in reality spatial distribution is a

key feature of any population, since it can strongly affect which individuals interact with each

other as well as the environment in which they develop, among other possible effects. Therefore

is not surprising that a lot of effort has been made to introduce spatial structure to models of

population genetics.

One of the very first attempts to do so was Wright’s island model (1943). As the name
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suggests, one could imagine a group of islands, each of which evolves according to the usual

Wright-Fisher model, except for the fact that some migration is allowed between all islands.

The population of each island constitutes what is called a deme.

More generally, we could take any (finite or countable) graph and let a deme sit at every

vertex i P I. Suppose that each deme evolves according to the Wright-Fisher model, but every

generation, after reproduction we send Nimij individuals from deme i to deme j where Ni is the

population size at deme i (mij “ 0 whenever the two vertices are not connected in the graph).

In order to preserve population size at each deme we ask that:

ÿ

j

Njmji “
ÿ

j

Nimij .

The genealogical trees for this model are given by a structured coalescent process, where two

lineages coalesce at rate 1{Ni if they are both in deme i, and each lineage jumps from deme i

to deme j at rate mjiNj{Ni, which one can think of as the probability that it had a parent in

the other deme in the previous generation.

If we rescale this model diffusively, as we did with the Moran model earlier (now we also

let the migration rates go to 0 by taking mn
ji :“ mji{N) , we arrive at the following system of

equations:

dpi “
ÿ

j

mjippj ´ piqdt`

d

1

N i
e

pip1´ piqdWi, (2.1)

where tWiuiPI are independent Brownian motions, N i
e is the effective population size of deme i,

and pi is the proportion of type A alleles in deme i. This system of equations is known as the

Kimura stepping stone model Kimura [1953], and it is usual to choose a lattice, say Z2, as the

underlying graph, to mimic a 2-dimensional space. Although there have been many variations

on this theme, the main features of most models are very similar to the ones of the stepping

stone model, namely, a population is subdivided into demes, and these interact via a migration

process.

The genealogical process one obtains from the stepping stone model is very similar to the
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Kingman coalescent, and is referred to as a structured coalescent. Say we follow a finite sample

of individuals backwards in time, and we start from a vector pnip0qqiPI where niptq is the number

of individuals (or later blocks) in deme i at time t. The dynamics are given by:

1. for each i P I, ni Ñ ni ´ 1 at rate 1
Ni

`

ni
2

˘

,

2. for all i ­“ j P I we have ni Ñ ni ´ 1 and nj Ñ nj ` 1 at rate nimij .

In words, two blocks in the same deme coalesce at the rate of the Kingman coalescent, but

any block can jump to a different deme according to the migration rates. So, if we start with

individuals in different demes, we first have to wait for them to arrive in the same deme before

they have a chance to coalesce. In a similar fashion to the non spatial case, we have a moment

duality between the structured coalescent n :“ pniqiPI and the allele frequencies of the stepping

stone model p :“ ppiqiPI . Let fpp, nq “
ś

iPI p
ni
i “: pn, we have

Lemma 2.1 Suppose that pptq evolves according to the Kimura stepping stone model, and that

nptq is the corresponding structured coalescent, then we have that:

EKrpptqnp0qs “ ECrpp0qnptqs.

An interesting feature of the genealogies in a structured population like this is that, under

lenient conditions (see Wilkinson-Herbots [2003]), the expected coalescence time of two lineages

chosen at random from the the same deme is the same as if we took a non structured population

with the same total size (in this case, the number of demes times their population).

This is actually easy to show for the Wright island model with D demes. Let T11 be the

expected coalescence time of two lineages sampled from the same island, and T12 be the coa-

lescence time of two lineages sampled from different islands, and take m to be the migration

rate across islands. If initially they are both in the same island, the rate at which either of

them migrates or they coalesce is 2m` 1{N , but whenever they are in different islands the only

interesting event is either of them migrating which occurs at rate 2m, and will send one of them
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to the other’s island with probability 1{pD ´ 1q. Thus:

T11 “
1

2m` 1{N
`

2m

2m` 1{N
T12,

T12 “
1

2m
`

1

D ´ 1
T11 `

D ´ 2

D ´ 1
T12,

which yields T11 “ ND, T12 “ pD ´ 1q{2m`ND. Notice that if mÑ8, then the same result

also holds for lineages sampled from different islands.

More generally, Nordborg and Krone [2002] coined the term collapse of structure to indicate

that provided migration is fast enough, the genealogical tree of a sample can be well approx-

imated by an unstructured Kingman coalescent. Roughly, fast migration rates result in an

averaging procedure that ends up ignoring the spatial structure. The variance of the time to

coalesce will differ from an unstructured population, but this difference will vanish if migration

happens sufficiently fast. In similar fashion Wakeley [2001], Wakeley and Aliacar [2001] show

that an analogous effect is achieved if the number of demes is allowed to go to infinity, but time

must also be rescaled by a similar factor. In Theorem 2.4 we will show that a similar result

holds for our model under certain regimes.

So far, the models we discussed introduce spatial structure by subdividing the population

into demes. Though this might be a good approximation for certain situations, it is of interest

to understand what happens with populations that are allowed to live in a continuum.

2.2 Trouble: modelling evolution in a spatial continuum

A natural approach to obtaining a model for a spatial continuum would be to take a diffusive

rescaling of the stepping stone model. Indeed, if we are working in one dimension, we can rescale

the system of ordinary differential equations (2.1) to obtain a single stochastic partial differential

equation:

dpt “ ∆pdt`
a

ptp1´ ptqW pdt, dxq, (2.2)
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where W is space-time white noise. The genealogy of a population converges to a system of

coalescing Brownian motions, where the coalescence rate depends upon the local time they

spend together. But this approach breaks down if we try to move to higher dimensions. For

example, in dimensions two and higher the genealogies still converge to Brownian motions,

but they never meet, and thus we see no coalescence. Moreover, as one should expect since

coalescence corresponds to genetic drift forwards in time, the diffusive rescaling of the forwards

in time model in two dimensions gives us a deterministic system of equations. If instead, we

consider the 2-dimensional version of (2.2) we find that it has no solution.

To try and bridge these difficulties various ideas have been proposed. For example, although

two dimensional Brownian motions never meet, they will come arbitrarily close to each other.

So we could model genealogies through 2-dimensional Brownian motions that coalesce at a rate

that is a function of their distance, with both of them jumping to a new location. One of the

problems with this idea is that it lacks sampling consistency. That is, if we follow the genealogy

of a sample of size k we will see jumps that we wouldn’t if we ignored one of the individuals.

Malécot [1948] (and similarly Wright [1943]) pioneered the study of populations in a con-

tinuum. They assumed an infinitely many alleles model with a fixed mutation rate, where the

spatial displacement was given by a Gaussian distribution, which indicated the position of the

offspring relative to that of its parent. They were interested in calculating what they called the

probability of identity by descent F pxq, that is, the probability that two individuals at a distance

x carry identical alleles inherited from the same ancestor. Even though their work preceded the

development of the coalescent theory by a few decades, the question they were asking is very

closely related. Since in the infinitely many alleles model, two individuals will have the same

allele only if they inherited it from the same ancestor and no mutation happened on that locus,

it is equivalent to calculating the generating function of the time to the MRCA of the sample.

Through a recursion, Malécot was able to obtain an approximation to F pxq given by

F pxq «
1

N ` logpσ{κ
?

2πq
K0

ˆ

a

2µ
|x|

σ

˙

, |x| ą κ, (2.3)
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where κ is a local scale, σ2 is the variance of the Gaussian distribution that determines the

location of the offspring, K0 is the modified Bessel function of the second kind, and N is the

neighbourhood sice, which can be thought of as the potential number of parents of an individual.

The formula 2.3 is known as the Wright-Malécot formula.

Wright and Malécot’s models shared three assumptions about the dynamics of a population

evolving in a continuum, namely: 1) individuals are distributed randomly across space with

constant expected density; 2) they reproduce independently, leaving a Poisson (with mean 1)

number of offspring; 3) the offspring are scattered independently according to a Gaussian dis-

tribution.

Though this seems a very reasonable extension of the Wright-Fisher dynamics to a contin-

uum, Felsenstein [1975] showed that these assumptions are inconsistent, since in one and two

dimensions, a population that evolves according to a spatial branching process, as given by the

last two assumptions, has no stationary distribution, and thus won’t be uniformly dispersed but

it will rather develop "clumps". Felsenstein tried to overcome this by working on a torus instead

of R2, and to avoid extinction he decided to specify the population size exogenously, but could

still not avoid the appearance of clumps, a problem he famously named the pain in the torus.

It is worth mentioning that although Wright and Malécot’s assumptions were inconsistent,

the formula 2.3 provides a very good approximation of what would happen in the stepping stone

model. It is somewhat surprising that the Wright-Malécot formula, based on an inconsistent

model, and a discrete space approximation both give remarkably similar estimates. In Barton

et al. [2002] the authors extend Wright and Malécot’s’s formula to a class of locally regulated

populations, but sadly there are very few explicit models in this class. In summary so far, we

can either mimic a continuum by subdividing the population and taking a fine lattice, or we can

work directly on R2 with Malécot’s formula if we are willing to ignore the inconsistency of its

assumptions.

More recently, models that involve branching rates that are locally regulated have been

developed, with the explicit aim of overcoming clumping, but they soon become too complicated
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to analyse, plus the genealogical trees are usually intractable [Barton et al., 2013b].

2.2.1 Biological considerations

Before we move forward it is valuable to bring to the reader’s attention some biological issues

that have arisen with the arrival of new biological data. In addition to their previously discussed

mathematical shortcomings, the patterns that are seen in the data are at odds with the pre-

dictions of the models. In two dimensional space the Wright-Malécot formula predicts, roughly,

exponential decay in the probability of identity by descent as a function of the separation be-

tween individuals, while populations show correlation over much larger scales. At the same

time the classical models assume that genes at unlinked loci evolve independently, while we can

actually find patterns across loci, reflecting migration and other large demographic events, and

giving rise to the field of phylogeography. We can also add to these the fact that the discrepancy

between census and effective population size, meaning that the actual level of genetic diversity

for large populations is orders of magnitude smaller than the theory suggests. Barton et al.

[2010b] provide a much more in depth look into these biological considerations.

Finally, a feature of the classical models is that as we let N tend to infinity we are implicitly

allowing our individuals to pick their parents uniformly from a very large pool. This is reflected

as we trace genealogies backwards in that we obtain a (structured) Kingman coalescent as an

accurate approximation to the family trees: since we have a large pool of parents, we expect

that coalescence will only happen through pairwise mergers. The size of this pool is commonly

referred to as neighbourhood size and for many populations it may not be sensible to allow it to

go to infinity.

The Spatial Λ Fleming Viot (SΛFV) model which we will now discuss aims to overcome the

mathematical problems discussed in § 2.2, and at the same time address the biological issues

raised above.
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2.3 The individual based model

So far we have given an overview of the classical approach to population genetics, introduced

some important concepts and definitions, and recounted the problems that have been encoun-

tered when introducing spatial structure to these models, in particular whenever the goal has

been to model populations evolving across a continuum. Here we will present a model first pro-

posed by Etheridge [2008] and further developed in other papers (see for example Barton et al.

[2010a], Berestycki et al. [2009], Berestycki et al. [2013], Etheridge and Véber [2012]) which aims

to overcome the pain in the torus while providing a model for understanding evolution and a

suitable framework for doing inference on the vast amounts of genetic data that have become

available in recent years.

We begin our presentation with an individual based model. Just as in the case of the

stepping stone model, where we first considered finite populations evolving according to the

Wright-Fisher model plus an immigration process, it is this first model where we can more

readily see the dynamics that govern the population, and at the same time it allows for some

intuition of the limiting process. The model can be thought of as a spatial version of the Λ

Fleming-Viot process, which we described earlier, and which we also obtained as the limit of

individual based models.

Take a population evolving in Rd, represented by a purely atomic measure where each atom

gives the spatial location of an individual, and give each individual a type k P K. The model

will then be parametrized by a real number λ ą 0 and a σ-finite measure on p0,8q ˆ p0, 1s

ξpdr, duq “ µpdrqνrpduq,

where we assume that
ż 8

0

ż 1

0
urdp1` rdqνrpduqµpdrq ă 8. (2.4)

Take the initial configuration of the population to be a Poisson point process in Rd with intensity

λ (the types can be taken to be uniform on K) and take Π to be a Poisson point process on
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R` ˆRd ˆ p0,8qˆ p0, 1s with intensity dtb dxb ξpdr, duq. The dynamics of the process are as

follows.

1. A point pt, x, r, uq P Π indicates that a reproduction event takes place in the ball Brpxq,

centred at x P Rd and with radius r.

2. If the ball is empty do nothing. If not:

• pick one of the individuals inside uniformly at random to be the parent;

• kill each individual (including the parent) inside Brpxq independently with probability

u;

• throw down offspring of the same type as the parent inside the ball according to an

independent Poisson point process with intensity uλdy.

The first thing we notice is that now reproduction is not driven by individuals, but by

events that affect only a particular region of the space. This can be thought of as a regulating

mechanism, since whenever the event encompasses a crowded region, the probability that any

particular individual reproduces is small. At the same time, an individual in a sparsely populated

region has a good chance of leaving offspring whenever it is inside an event.

Notice as well that our choice of ξ allows us to model both ‘small’ and frequent events

together with rare ‘large’ events. The rare events are introduced to model large demographic

events, such as extinction/recolonization events, which would act as a sort of bottlenecks for the

genealogies and might help explain the low rate of genetic diversity as well as the geographical

correlation across loci.

Berestycki et al. [2009] look at this individual model, under the condition (2.4) which guaran-

tees the existence of the process. They are able to prove that for λ large enough, if we start the

population from a Poisson random measure with constant intensity, then the process survives

with probability one. The proof relies on comparison to oriented percolation.

Following the genealogy of a sample backwards though soon becomes messy. Since regions

of space can and will become empty, the presence of individuals in a certain region provides
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information about the reproduction events that have happened there. Ideally we would like to

reverse the Poisson point process and then follow the lineage of a gene backwards. But since the

lineage can’t jump to a region that was unoccupied, it is not possible to recreate the genealogy

just by this reversal. But if λ is large enough, we expect to see very few empty regions, and

thus can expect the genealogy to be well approximated by coalescing random walks driven by

the reversed Poisson point process.

This reasoning brings us to consider the high density limit of the individual based model,

namely, letting λ Ñ 8. That way we wouldn’t have to worry about empty regions, and can

expect that the genealogies will be obtained by just reversing the Poisson point process. Interest-

ingly, even though we will let the population density go to infinity, we will be able to retain the

signature of a small neighbourhood size, which will become apparent when we see that multiple

mergers of ancestral lineages are still possible when we follow the genealogical process.

It is possible to build an individual based model that overcomes the problem of empty regions.

Barton et al. [2010b] consider a modification of the above dynamics, where instead of a ball,

an event can affect the whole population, with the probability of it affecting a given individual

decaying as a Gaussian distribution away from the centre of the event. This way, it is always

possible, when going backwards, to find a parent to which the genealogical process can jump.

Although closely related, the limiting versions of both individual based models are distinct; in

the second scenario the probability that a particular individual is affected by an event decays

according to its distance from the event’s centre, whereas in the model we consider all individuals

inside the event have the same probability of being affected.

2.4 Definition of the spatial Λ Fleming-Viot process

We will now introduce the Spatial Λ Fleming-Viot process. As before, we take the population

to evolve in Rd and the types to come from some compact space K. Denote the space of of all

probability measures on K byM1pKq. The dynamics are again dictated by the Poisson point
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process Π, which takes values in R` ˆRd ˆ p0,8qˆ p0, 1s and has intensity dtb dxb ξpdr, duq.

Definition 2.2 The spatial Λ-Fleming-Viot process tρpt, x, ¨q, x P Rd, t ě 0u taking values in

the space of measurable functions ρ : Rd Ñ M1pKq specifies a probability measure on K for

every t ě 0 and for almost every x P Rd. The dynamics of the process are given driven by Π. At

every point pt, x, r, uq P Π we choose a position z uniformly at random from with the ball Brpxq

and sample a type k according to ρpt´, z, ¨q. Then, for all y P Brpxq we update the process in

the following manner:

ρpt, y, ¨q “ p1´ uqρpt´, y, ¨q ` uδk,

while for all y outside the ball the process remains unaffected.

As with the individual based model, conditions on the intensity of Π are required to guarantee

the existence of the process. In Barton et al. [2010a] it is shown that is enough to assume that:

Λpuq :“

ż

p0,8q
urdνrpduqµpdrq (2.5)

defines a finite measure on r0, 1s. Notice that this is a weaker condition than (2.4) which was

required for the existence of the individual based model. Instead of describing the location and

type of specific individuals, for every space-time point, this process specifies a measure ρpt, x, ¨q.

The natural interpretation is that if we were to sample an individual from the point x at time

t, its genetic type would be given by a random pick from this measure.

Though the SΛFV was proposed as a high density limit of the individual based model, a

rigorous proof of the convergence has only recently been obtained by Etheridge and Kurtz [2014],

in which the authors also weaken the conditions for existence of both the individual based model

and the limiting model. As a corollary of their work, they have shown that the genealogies also

converge so that the duality between the forwards in time allele frequencies and the coalescent

is more robust than just the weak moment duality. The next section will introduce this dual

process.
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2.5 The genealogical process

In order to consider the ancestry we extend the Poisson point process Π to the whole real line

so that it is time reversible. Now, if we sample an individual and follow its ancestry backwards

in time, the ancestral lineage will be given by a jump process where the jumps are driven by

Π. Whenever the lineage is inside one of the events pt, z, r, uq it has a probability u of being

an offspring of the event and thus it jumps to the location of the parent, which is uniformly

distributed in the ball Brpzq. The rate at which the lineage jumps is given by:

dtb

˜

ż

Rd

ż

p0,8qˆr0,1s
u1t0PBpx,rquξpdr, duqdx

¸

.

The lineage can only jump from y to y`x if the centre of an event lies inside BrpxqXBrpyq. Let

Vr be the volume of a ball of radius r, and Lrpxq be the volume of the intersection BrpxqXBrp0q,

if we are interested in the intensity of the jumps from 0 t x it follows that:

mpxq : “

ż

Rd

ż

p0,8qˆr0,1s

u

Vr
1tzPBrpxqXBrp0quξpdr, duqdz

“

ż

p0,8qˆr0,1s

uLrpxq

Vr
ξpdr, duq.

In order to understand this last equation, suppose that the lineage is currently located at the

origin, in order for it to jump to x, first both of them must be inside Brpzq for some pt, z, r, uq P Π,

so z must be in Brpxq X Brp0q which has volume Lrpxq. And since the new location is chosen

uniformly at random inside Brpzq and it must be in the portion of the population that was

affected by the event, we obtain the factor u{Vr. For this jump intensity to correspond to a

well-defined Lévy process, it is necessary that:

ż

p1^ |x|2qmpxqdx ă 8,

which is guaranteed by our existence condition (2.5) for the SΛFV. In fact, (2.5) guarantees that

the displacement of a lineage will be given by a compound Poisson point process.

So far we focused on the dynamics of a single lineage, and showed it follows a well-defined
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jump process. But usually we are interested in tracing back the genealogy of a larger sample,

in which case we need to follow the different lineages. We denote the genealogical process by

A. Starting from a finite sample of our population at time 0, for any given t ą 0 (backwards in

time) At indicates the position of all potential ancestors of our sample. It might be convenient

then to think that At takes values in the space of finite integer point measures on Rd. Just as

it was the case forwards in time, the dynamics of the genealogy backwards in time are governed

by Π. If pt, x, r, uq P Π we update the genealogical process at time t in the following manner:

1. We check if any of the ancestral lineages of At´ are inside Bpx, rq. If none of them are,

we do nothing.

2. Otherwise every element of At´ inside Bpx, rq is killed with probability u. If one or more

lineages are killed, we add a new element to At with location z uniformly sampled from

Bpx, rq.

Figure 2.1: The updating procedure of the genealogical process A. In panel aq we have the
position of the lineages at time t´ in blue, and in red the centre and the border of the ball of an event
pt, x, r, uq P Π. Particles crossed out in panel bq are those that were killed in the event, while the green
particle is the parent sampled from within the event. Panel cq shows the new configuration of particles.

We want to emphasize that the lineages inside an event are killed with probability u inde-

pendently of the others, and thus even if only a single lineage is present, it might jump to a

new location. This is in contrast to the model we mentioned in §2.2, where lineages behave as

Brownian motion and can coalesce and jump to a new location only when they are close enough.
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In this way, our model preserves sampling consistency, where the behaviour of k lineages has

the same distribution as the behaviour of the restriction of k `m lineages to just k of them.

We see that our lineages are moving according to a jump process, and that they might

coalesce when close together. Let’s look at the rate at which two lineages at a separation z P Rd

coalesce, which is given by:
ż

p0,8qˆr0,1s
u2Lrpzqξpdr, duq.

As was the case with the jump rate, condition (2.5) guarantees that this rate is finite, which

in turns bounds the rate of all other possible coalescence events. Provided we have k lineages

inside one of the events pt, x, r, uq P Π, it is straightforward to notice that the probability that

l of them coalesce is given simply by ulp1 ´ uqk´l, which is closely related to the rates of a

Λ-coalescent. The likelihood of seeing multiple mergers will strongly depend on our choice of

parameters, as we will show in the next section, but this observation clarifies why the dual of

the SΛFV is called the spatial Λ-coalescent. We will also give a formal statement of the duality

between the the forwards and backwards in time models, where we will restrict ourselves to only

2 types, simplifying the required notation.

Remark 2.3 The name spatial Λ-coalescent was previously used by Limic and Sturm [2006],

but their version was constructed by considering a finite graph, where lineages migrate between

demes, and whenever there is more than one lineage in a deme, they coalesce according to a

Λ-coalescent.

2.6 Some results about the SΛFV

We finish this chapter with an overview of some of the results that have been obtained regarding

the spatial Λ Fleming-Viot process. We do not aim to provide a rigorous treatment of every

result, but hope to give a brief outline of the main ideas behind them.
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2.6.1 Large scale events and genealogies

Barton et al. [2010a] provide a proof of existence and uniqueness of the process, and they obtain

some asymptotic results for the genealogies of individuals sampled from far apart. For the

first part, they followed the ideas of Evans [1997] who uses a system of coalescing particles to

construct a family of Markov processes that take values on the space of probability measures on

r0, 1s. Although the particles in the work of Evans move independently, Barton et al. were able

to adapt his arguments to work with the spatial Λ-coalescent we described above, and obtained

existence and uniqueness of the SΛFV under condition (2.5).

Then they explicitly introduce a distinction between frequent small and rare large extinction

/ recolonization events, showing that the interplay between the two types of events dictates

the asymptotic (in terms of the scaling) behaviour of the genealogies. They consider a torus

T Ă R2 of length L, and take small events to have bounded radius, while large events will affect

a region of radius OpLαq for some 0 ď α ď 1. Now, if the small events arrive at some fixed rate,

while large events arrive with a rate 1{ρL (which goes to 0 as L goes to infinity), what does the

genealogy look like if we allow LÑ8?

The answer is twofold. For α ă 1 they obtain a Kingman coalescent where the effective

population size depends on the rate of the large events. If we allow large events to be commen-

surable with the length of the torus then the picture depends on the rate at which they arrive.

A precise statement can be found in the paper, but here we outline the two main theorems.

Theorem 2.4 (Thereom 3.3 in Barton et al. [2010a]) Suppose that α ă 1, then the law of the

genealogical process for particles sampled uniformly at random from the torus of side L converges

in law to the law of the Kingman coalescent.

Depending on ρL the effective population size that will determine the timescale might depend

on both small and large events.

Theorem 2.5 (Thereom 3.7 in Barton et al. [2010a]) Take α “ 1, then we have three different

cases according to the rate of the large events:

43



Chapter 2: The Spatial Λ Fleming Viot Process

1. if ρL « L2, on the timescale ρL the genealogical process converges to a spatial Λ coalescent

where the lineages perform independent Brownian motions in between events.

2. If ρL « L2 logL then the genealogy converges, on the timescale ρL, to a (non spatial)

Λ-coalescent, possibly with a Kingman component.

3. If ρL " L2 logL, on the timescale L2 logL the genealogy converges to a Kingman coalescent.

Theorem 2.4 tells us that if large events are not large enough, in the limit they still won’t

capture more than two lineages at a time, which is why we arrive at the Kingman coalescent,

but still they will affect the effective population size.

On the other hand, Theorem 2.5 shows that different regimes for the large events have

qualitatively different effects on the genealogy. If they happen fast enough they will be the

main source of coalescence, and in between events the lineages will move independently. In the

intermediate regime, the time it takes for a large event to arrive allows mixing of the lineages’

locations to be achieved, which means that the position of a lineage is uniform on the torus, and

independent of the original location. Thus, the probability that any given lineage is affected

by a large event is given by the fraction of the torus the event covers, and this way we recover

a non spatial Λ-coalescent. Finally, if big events happen at a very slow rate, pairwise mergers

dominate and we obtain a Kingman coalescent.

Notice that except for one case, we have that once again the spatial structure collapses and

that the limiting genealogies do not have a spatial component.

2.6.2 The interface between two types

We will now restrict the type space to just two different alleles, say a and A, in order to describe

the interplay between them on a large scale. By dividing the population into two, the aim is

to understand the geometry that arises when different populations come together. Berestycki

et al. [2013] work on the special case where the initial configuration is given by one half plane

having only individuals of type a while the complementary half plane only has individuals of
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type A. Considering only two types also has the advantage that we can present the moment

duality of the SΛFV more concisely. The measure ρ can be replaced by the proportion of type

A individuals in the following manner:

wpt, xq “ ρtpxqptAuq Lebesgue a.e.

We specify an initial state for our process by wp0, ¨q “ w0p¨q, where w0 is not random. We can

now state the duality between the SΛFV and its genealogical process:

Theorem 2.6 (Theorem 4.2 in Barton et al. [2010a]) Sample individuals from locations x1, ..., xj

and write ξ1
t , ..., ξ

Nt
t for the location of lineages evolving according to the genealogical process of

§ 2.5. Then for each ψ P CppRdqjq X L1pdx1...dxjq and every t ě 0,

ż

pRdqj
ψpx1, ...xjqErwpt, x1q...wpt, xjq|wp0, ¨q “ w0p¨qsdx1...dxj

“

ż

pRdqj
ψpx1, ...xjqErw0pξ

1
t q...w0pξ

Nt
t q|N0 “ j, ξ1

0 “ x1, ..., ξ
j
0 “ xjsdx1...dxj .

When studying the interaction between two types, the authors consider two different cases,

one where only small events happen, and a second case where large scale events are allowed to

happen. Since in the first case a single lineage behaves as a random walk with bounded jumps,

it seems natural to consider a diffusive rescaling

wnt pxq “ wpnt,
?
nxq.

For the next theorem, we start from the initial condition described above, that is, the half plane

H “ tx P Rd : x1 ă 0u has only type A individuals while Hc has only type a individuals. Also,

we assume that the impact parameter u and the radius of the events r are fixed.

Theorem 2.7 (Theorem 1.1 in Berestycki et al. [2013]) There exists a random space-time field

tw
p2q
t pxq, x P Rd, t ě 0u such that wnt Ñ w

p2q
t as n Ñ 8 in the sense of the finite dimensional

distributions. Furthermore, at every t ě 0, the local density wp2qt p¨q of type A individuals can be
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described as follows. If W is a standard Brownian motion in d-dimensions and

p2pt, xq :“ PxrWuσ2t P Hs, t ě 0, x P Rd,

where σ2 :“ 1{d
ş

|z|2mpdzq, then:

1. if d “ 1, wp2q is a random field of correlated Bernoulli random variables such that Erwp2qt pxqs “

p2pt, xq a.e., where the correlations can be obtained from Theorem 2.6. Furthermore, if

started from the Heaviside function, the boundary between the two types follows a Brown-

ian motion;

2. if d ě 2, wp2q is deterministic and wp2qt “ p2pt, xq a.e.

We notice that in one dimension the types never coexist almost surely, since the proportions at

every point are given by a Bernoulli random variable, while for higher dimensions the two types

coexist everywhere. This is again related to the properties of Brownian motion. The ancestral

lineages converge to independent Brownian motions that coalesce upon meeting, and since they

can only meet in d “ 1, we obtain the deterministic heat flow for higher dimensions.

In order to allow for large events, we take the radius to be random with µpdrq “ r´α´d´11trě1udr

for a fixed α P p1, 2q. The appropriate rescaling in this case will be

wnt pxq “ wpnt, n1{αxq.

Theorem 2.8 (Theorem 1.5 in Berestycki et al. [2013]) There exists a random space-time field

tw
pαq
t pxq, x P Rd, t ě 0u such that wnt Ñ w

pαq
t as n Ñ 8 in the sense of finite-dimensional

distributions. Furthermore, there exists a symmetric α-stable process Xα such that for all t ě

0, wpαq is a random field of correlated Bernoulli random variables with parameter pαpx, tq :“

PxrXα
uσ2t P Hs almost everywhere.

The first thing we observe is that when large events are allowed to happen, the limiting

process remains stochastic in all dimensions. The intuition is that when we look at the genealo-
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gies, we would expect them to converge to symmetric stable processes. Though independent

symmetric stable processes do not meet in higher dimensions, in this construction lineages do

not evolve independently, and coalescence is still possible through the larger events that might

capture lineages that are at arbitrarily large separations. If the ancestral lineages can coalesce,

then forwards in time we expect to see random genetic drift.

2.6.3 Other results

The SΛFV framework was introduced relatively recently [Etheridge, 2008], but there are already

a number of papers concerned with different aspects of the model. For example, Etheridge and

Véber [2012] introduced recombination, that is, the possibility that different sections of the

genome might be inherited from different parents. Berestycki et al. [2009] discuss an individual-

based model that can be thought of as a prelimiting version of the SΛFV; later Véber and

Wakolbinger [2013] would provide a lookdown construction of a particle system whose empirical

distribution has the same law as the SΛFV; and more recently Etheridge and Kurtz [2014]

provided an even more general construction of a particle system that has the SΛFV process as

its high density limit.

There has been also interest in more applied aspects of the model, namely simulation. In

Barton et al. [2013c] and Kelleher et al. [2014] an algorithm for efficiently simulating the coa-

lescent process is introduced, and the software developed is publicly available (https://pypi.

python.org/pypi/discsim). Work is under way to develop tools to perform statistical infer-

ence under the model, which would allow for genetic data to be incorporated into the model in

order to better understand the evolutionary forces. In particular Barton et al. [2013a] outline

approaches for inference on the neighbourhood size and the dispersal rate of a population based

on allele frequencies.
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CHAPTER3

Natural Selection

The cornerstone of Darwin’s evolutionary theory (Darwin [1859]) is the idea of natural selection,

which can be summarized as stating that “heritable traits that increase reproductive success will

become more common in a population" (Etheridge [2011]). This simple idea was revolutionary

at the time and has been shaping the life sciences for well over a century. Although the idea

slowly became accepted by the scientific community towards the end of the 19th century, it was

not till the modern evolutionary synthesis led by R.A Fisher, S. Wright and J.B.S. Haldane that

it was successfully reconciled with Mendelian genetics, which provided a consistent mechanism

for the traits to be passed on to future generations as well as a source of variation upon which

selection can act.
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How to measure the impact that selection has on the genetic diversity of a population remains

elusive though, and even among population geneticists we find very different points of view, from

those who consider that selection plays a minor role compared to the random genetic drift (the

neutral theory), to those who believe that it is behind even the smallest changes in phenotype.

3.1 Selection in the non spatial models

3.1.1 The Wright-Fisher model with selection

We will begin our study by incorporating natural selection into the Wright-Fisher model. Con-

sider a panmictic haploid population of size N . Suppose that we have two types, a and A, and

let s be the selection coefficient. If the current generation has k individuals of type A, we obtain

the next generation by sampling N times from the following distribution:

Pp a is sampledq “
N ´ k

N ` sk
Pp A is sampledq “

p1` sqk

N ` sk
,

which we notice is giving an extra weight of s to the type A individuals. We say that the relative

fitness of alleles A and a is 1`s : 1. If s is positive then A is advantageous, while if it is negative

the allele A is deleterious.

Before moving forward we will give a definition of fitness. The fitness of an individual is

simply the number of offspring it has in the next generation. Similarly, the fitness of a gene is

the number of copies it leaves after one generation, and the fitness of an allele is the average

fitness of genes of that type. We see that 1` s is the mean fitness of the type A genes.

It is important to remember that fitness (and thus the selection coefficient) captures in

a single parameter many factors that affect reproductive success. For example, if we have

a population where the individuals need to mature before reproducing (we say they have a

juvenile state), the fitness reflects the survival rate throughout this phase, as well as the number

of offspring and the viability of said offspring. So we should be careful not to confuse fitness

with any one isolated factor.
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As we did in the neutral case, we can take a diffusive limit of pt, the proportion of the A allele

in the population at time t. In order to do so we will need to let the parameter s also go to zero.

If we allow sN :“ s{N and let N Ñ 8 we obtain a diffusion with parameters µppq “ spp1´ pq

and σ2ppq “ pp1´ pq which solves the stochastic differential equation:

dpt “ sptp1´ ptqdt`
a

ptp1´ ptqdWt.

This is called the weak selection limit of the Wright-Fisher model with selection, and the

derivation is very similar to the one we did for the neutral case in §1.3.1. A rigorous proof can be

found in section 5.2 of Etheridge [2011]. A natural question to ask is how different is the model

with selection compared to the neutral case. Using the standard tools of diffusion theory it is

not hard to obtain that, if s ą 0 (i.e. the type A is advantageous), the probability of fixation of

the A allele given that its initial proportion is p0 satisfies:

Pp0p allele A becomes fixed q “
1´ expp´2sp0q

1´ expp´2sq
.

As expected, if s ą 0 we have that the fixation probability of the advantageous allele is

strictly larger than under the neutral model. It is clear that the introduction of selection has

altered the dynamics of our population forwards in time, and we would like to now understand

how the process is affected when we look backwards in time.

3.1.2 The Moran model with selection and the Ancestral Selection Graph

In order to understand the genealogical process it will be convenient to think about selection

in the Moran model, instead of the Wright-Fisher model. Recall that the coalescent had a very

natural interpretation for the Moran model, where the genealogy of a finite sample was given

precisely by the Kingman coalescent. Similarly, we will see that the genealogies will have a very

simple interpretation when we incorporate selection.

Once again suppose that the allele A has a selective advantage s ą 0. We consider a

population of size N , and as in the neutral case, at a rate
`

N
2

˘

we pick a pair of individuals at
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random, one of which dies and is replaced by an offspring of the other one. But in addition

to these neutral events, we have selective events happening at a rate
`

N
2

˘

s, in which we again

sample a pair of individuals, and if they have different types we replace the one of type a by

a type A individual, otherwise we pick one of the individuals at random and replace it by an

offspring of the other one. If we take a weak selection limit, with sN :“ s{N we also arrive at

the Wright-Fisher diffusion with selection (see section 5.4 of Etheridge [2011]), so we have that

for large populations it makes little difference if we consider either model.

Figure 3.1: The Moran model with selection and the Ancestral Selection Graph. The picture
on the left represents the Moran model, where now we find two headed arrows that indicate a selective
event. When we trace the genealogy backwards, these events resolve into branching of the lineages, and
instead of a coalescent, we arrive at the Ancestral Selection Graph.

We could have chosen a different way of incorporating selection into the Moran model, but

this mechanism has two advantages: it allows for a useful graphical representation, and it also

prefigures the construction we will use later on in our spatial model. In Figure 3.1 we illustrate

how the Moran model with selection works. As in the neutral case, we have different levels

that represent the individuals in our population, with time running rightwards. The arrows

between levels indicate that the pair at either end of the arrow was involved in an event, with

the individual on the level at the tip of the arrow is replaced by an offspring of the other one.

But we also have now double headed arrows, which represent selective events. In order to know

which individual is killed, we need to look at the types of both of them.
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The dual can then be constructed from this graphical representation in the manner illustrated

on the left side of Figure 3.1. If we have a sample from the population, we follow it backwards

in time up to the first time we see an arrow. One ended arrows represent coalescence, where the

lineage located at the end of the arrow jumps to the position at the origin of the arrow, which

can be thought of as the parent of the event. Whenever we find two ended arrows, since we

don’t know the types of the lineages, we must now follow the two ‘potential’ ancestral lineages.

This process was introduced by Krone and Neuhauser [1997], and it contains all the potential

ancestors of a sample from a population evolving according to a Moran model with selection (or

according to a Wright-Fisher diffusion with selection).

3.2 Introducing selection to the SΛFV

We will now introduce selection into our model. Just as we mentioned in §3.1, it is possible to

think of different ways to account for selection, and once we take space into account more factors,

such as local frequencies or a random environment, can be considered. Here we will mimic the

classical approach of the Wright-Fisher model. In doing so, we will restrict our attention to

a type space K with two types, one of which is advantageous. Although as with the classical

models, this is a simplistic scenario, it already provides a qualitatively different behaviour from

the neutral case.

We suppose that the population is evolving in a geographical space Rd. It will be convenient

to index time by the whole of R. At each time t, the population will be represented by a random

function twtpxq, x P Rdu defined, up to a Lebesgue null set of Rd by

wtpxq :“ proportion of type A at spatial position x at time t.

A construction of an appropriate state space for x ÞÑ wtpxq can be found in Véber and Wakol-

binger [2013]. Using the identification

ż

RdˆtA,au
fpx, κqMpdx, dκq “

ż

Rd

 

wpxqfpx,Aq ` p1´ wpxqqfpx, aq
(

dx,
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this state space is in one-to-one correspondence with the spaceMλ of measures on Rd ˆ ta,Au

with ‘spatial marginal’ Lebesgue measure, which we endow with the topology of vague conver-

gence. By a slight abuse of notation, we also denote the state space of the process pwtqtPR by

Mλ. Just as in the previous chapter, the process will be updated through reproductive events.

To introduce selection to the process, instead of sampling the parent uniformly at random

from inside the event, our choice will be weighted according to the types. So, if just before the

time of the event the proportion of the advantageous type A is w̄, then the probability that the

parent will be of type A is given by:
p1` sqw̄

1` sw̄
.

So far, there is no requirement on the magnitude of s, so we are able to model both strong

and weak selection following this idea. Nevertheless, in order to relate to the classical approach,

we will study weak selection, and thus consider s to be small. For s ! 1 we can approximate

the probability of choosing a type A parent by:

p1` sqw̄

1` sw̄
“ p1´ sqw̄ ` sw̄2 ` 2sw̄p1´ w̄q `Ops2q,

while the probability of choosing a type a individual as the parent can be approximated by

1´ w̄

1` sw̄
“ p1´ w̄q ´ sw̄p1´ w̄q `Ops2q “ p1´ sqp1´ w̄q ` sp1´ w̄q2 `Ops2q.

Thus, up to an error of order Ops2q, we can decompose our events into two kinds. Neutral

events, with an intensity p1´sqdtbdxbξpdr, duq, behave just as the events in the neutral SΛFV.

Meanwhile selective events have an intensity sdt b dx b ξpdr, duq, and instead of sampling one

parent uniformly at random, we pick two potential parents; if either of them is of type A then

the offspring will also be type A, only if both of them are type a will the offspring inherit this

type. This mirrors the selective mechanism in the Moran model, and will similarly result in

a genealogical process where in addition to coalescence, we see branching. The SΛFV with

selection will therefore look like the neutral case except that a proportion s of the events will be

selective and more likely to pick an individual of type A as the parent.
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Also, to simplify calculations going forward we will take a fixed u P p0, 1q, and thus we have

that ξpdr, duq can be written as µpdrq ˆ δu. We shall sometimes refer to the parameter u as the

‘impact’ of the event. In biological terms, it can be loosely thought of as inversely proportional

to the local population density or, equivalently, to the ‘neighbourhood size’. When fixing u (or

more generally, by keeping it macroscopic) we are choosing to consider populations with small

neighbourhood size. The results we present in this chapter generalize to the case where u is

sampled at random from p0, 1q but for clarity we will keep it fixed.

Definition 3.1 (SΛFV with (fecundity) selection (SΛFVS)) FixR P p0,8q and u P p0, 1q

and let µ be a finite measure on p0,Rs. Further, let Π be a Poisson point process on RdˆRˆp0,8q

with intensity measure

dxb dtb µpdrq. (3.1)

The spatial Λ-Fleming-Viot process with selection (SLFVS) driven by (3.1) is the Mλ-valued

process pwtqtPR with dynamics given as follows.

If px, t, rq P Π, a reproduction event occurs at time t, within the closed ball of radius r centred

on x, which we denote by Brpxq. With probability 1 ´ s the event px, t, rq is neutral, in which

case:

1. Choose a parental location z uniformly at random within Brpxq, and a parental type, κ,

according to wt´pzq, that is κ “ A with probability wt´pzq and κ “ a with probability

1´ wt´pzq.

2. For every y P Brpxq, set wtpyq “ p1´ uqwt´pyq ` u1tκ“Au.

With the complementary probability s, px, t, rq corresponds to a selective event within Brpxq at

time t, in which case:

1. Choose two ‘potential’ parental locations z, z1 independently and uniformly at random

within Brpxq, and at each of these sites ‘potential’ parental types κ, κ1, according to

wt´pzq, wt´pz
1q respectively.
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2. For every y P Brpxq set wtpyq “ p1 ´ uqwt´pyq ` u1tκ“Aor κ1“Au. Declare the parental

location to be z if κ “ κ1 “ a or κ “ κ1 “ A and to be z (resp. z1) if κ “ A, κ1 “ a (resp.

κ “ a, κ1 “ A).

In fact this is a very special case of the SΛFVS introduced in Etheridge et al. [2014] and even more

special than those constructed in Etheridge and Kurtz [2014] but, in the interests of tractability,

we have refrained from working in a more general context.

3.3 The genealogical process

We are especially concerned with the dual process of the SΛFVS, a system of branching and

coalescing paths that encodes all the potential ancestors of individuals in a sample from the

population. When there is no selection, the dual contains only coalescing random walks and

each such walk corresponds to the ancestral lineage ` of some individual at px, tq; meaning that

` traces out the locations in space-time occupied by the ancestors of that individual. However,

if selection is present then, looking backwards in time, at a selective event we cannot determine

the genetic types of the ‘potential’ parents without looking further into the past, just as in the

ASG of §3.1.2. To avoid intractable non-Markovian dynamics, in this case we define a dual in

which each (branching, coalescing) random walk corresponds to a potential ancestral lineage. It

traces all the locations in space-time which could have contained ancestors of individuals in a

sample S.

The dynamics of the dual are driven by the same Poisson point process of events, Π, that

drove the forwards in time process. The distribution of this Poisson point process is invariant

under time reversal and so we shall abuse notation by reversing the direction of time when

discussing the dual.

We suppose that at time 0 (which we think of as ‘the present’), we sample k individuals from

locations x1, . . . , xk and we write ξ1
s , . . . , ξ

Ns
s for the locations of the Ns potential ancestors that

make up our dual at time s before the present.
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Definition 3.2 (Branching and coalescing dual) The branching and coalescing dual pro-

cess pΞtqtě0 is the
Ť

ně1pRdqn-valued Markov process with dynamics defined as follows: At each

event px, t, rq P Π, with probability 1´ s,

1. For each ξit´ P Brpxq, independently mark the corresponding potential ancestral lineage

with probability u;

2. if at least one lineage is marked, all marked lineages disappear and are replaced by a single

potential ancestor, whose location is drawn uniformly at random from within Brpxq.

With the complementary probability s, the event is selective:

1. For each ξit´ P Brpxq, independently mark the corresponding potential ancestral lineage

with probability u;

2. if at least one lineage is marked, all marked lineages disappear and are replaced by two

potential ancestors, whose locations are drawn independently and uniformly from within

Brpxq.

In both cases, if no particles are marked, then nothing happens.

Since we only consider finitely many initial individuals in the sample, the jump rate in this

process is finite and so this description gives rise to a well-defined process.

This dual process is the analogue for the SΛFVS of the Ancestral Selection Graph (ASG).

Duality of this type can be expressed in several different ways, but perhaps the simplest is so

called weak duality, which is established in the case of the ASG by checking that the ASG is the

moment dual to the Wright-Fisher diffusion with selection.

To establish the analogous weak duality for the SΛFVS, we would need to be able to identify

Er
śn
i“1wtpxiqs for any choice of points x1, . . . , xn P Rd. The difficulty is that, just as in the

neutral case, the SLFVS wtpxq is only defined at Lebesgue almost every point x and so we have

to be satisfied with a ‘weak’ moment duality, very similar to the duality relationship for the

neutral case that we showed in Theorem 2.6.
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Proposition 3.3 [Etheridge et al. [2014]] The spatial Λ-Fleming-Viot process with selection is

dual to the process pΞtqtě0 in the sense that for every k P N and ψ P CppRdqkq X L1ppRdqkq, we

have

Ew0

„
ż

pRdqk
ψpx1, . . . , xkq

" k
ź

j“1

wtpxjq

*

dx1 . . . dxk



“

ż

pRdqk
ψpx1, . . . , xkqEtx1,...,xku

„ Nt
ź

j“1

w0

`

ξjt
˘



dx1 . . . dxk. (3.2)

In fact, a stronger form of this duality holds, in which the forwards in time process of allele

frequencies and the process of potential ancestors of a sample are realised on the same probability

space though a lookdown construction; see Etheridge and Kurtz [2014].

As we saw in section §2.5, if we had no selective events, a single lineage ξ would perform a

random walk on Rd driven by the neutral events. That is, it would stay in its position until one

of the events affected it, in which case it would jump to a new position uniformly distributed

in the ball associated to the event. If we start with a sample of various lineages, each of them

performs a random walk, almost independently of each other. But once two lineages are close

enough, there is a positive probability that an event will affect both of them and thus they would

coalesce. So we have a system of coalescing random walks.

Once we add to the mix the selective events we find that when we look at a single lineage

it performs the same random walk as above until it is hit and affected by a selection event,

in which case it branches into two lineages, each one in at independent uniformly distributed

position inside the ball. If we start with a sample of more than one lineage then we have that

each of the lineages performs a random walk till two of them come close enough to coalesce, or

one of them is affected by a selection event leading to branching, or both. So we have a system

of branching and coalescing random walks.

Just as in section §2.5, we have that the intensity of the jump process is:

mpdzq “

˜

ż

p0,8q
u
Lrpzq

Vr
µpdrq

¸

dz,
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where we write Vr for the volume of a ball of radius r, and Lrpzq for the volume of the intersection

Bp0, rqXBpz, rq (that is of two balls whose centres are at a distance |z|). We can also calculate

the variance of the jump distribution to obtain

σ2 :“

ż

|z|2

d
mpdzq ă 8. (3.3)

The branching rate of an individual lineage in isolation will simply be given by us
ş

Vrdr, the

rate at which it encounters selective events times the probability it is actually hit.

3.4 First results

In a similar fashion to the results of Barton et al. [2010a] for the neutral case, we look for a

rescaling that can provide us with a more tractable limiting process. It seems natural to consider

the diffusive rescaling of the genealogical process, since the jumps performed by the lineages have

all the same bounded distribution which suggest Brownian motion as a limit for the displacement

of the lineages. This is precisely what we will attempt in the rest of this chapter.

Remark 3.4 Notice that we are rescaling time and space, but we have kept the impact parameter

fixed. In [Etheridge et al., 2012] the case where the impact parameters vanishes as n Ñ 8 is

considered. The difference between these two cases, from a biological point of view, has to do

with the idea of neighbourhood size. By fixing u and v we are able to maintain the signature of a

small neighbourhood size in our population, since every event replaces a positive fraction of the

population inside the ball.

Let us describe the scaling more precisely. Suppose that µ is a finite measure on p0,Rs. For

each n P N define the measure µn by µnpAq “ µpn1{2Aq, for all Borel subsets A of p0,Rs. At

the nth stage of the rescaling, our rescaled dual is driven by the Poisson point process Πn on

Rd ˆ Rˆ r0,8q with intensity

n1{2 dxb ndtb µnpdrq. (3.4)
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Each event of Πn, independently, is neutral with probability 1´sn and selective with probability

sn, where the sequence psnq is defined follows:

sn “
s
n
.

The behaviour of the limiting process will be dictated by the dimension of the space where the

population evolves, and we will show that branching vanishes in the one and two dimensional

cases, a direct result of the (neighbourhood) recurrence of Brownian motion. Before considering

the different cases we introduce a tool that will facilitate the calculations in this and the next

chapter.

3.4.1 Embedding

The rules that govern the genealogical process are simple, with both the jumps and branching

determined by the Poisson point processes, but since the random walks performed by the lineages

are correlated the analysis of the process pΞtqtě0 soon becomes rather involved. Nevertheless, it

is possible to construct a generalized Skorokhod embedding for it, which allows us to readily use

results from the Brownian motion literature to study the genealogical process. We will follow

the construction given by Berestycki et al. [2013] which we outline here and will use throughout

the rest of this chapter as well as in Chapter 4.

Consider the behaviour of a single rescaled lineage pξnt qtě0 and, for the moment, ignore the

branching (which can be done simply by always picking only one of the two possible branches

at random). It behaves as a jump process: it remains at a given location up to the time it is

hit by an event, in which case it will jump to the location of the parent. The expected rate at

which the lineage jumps is given by:

ρn :“ nuErVrs

where Vr is the volume of a ball of radius r. Since the parents are picked uniformly at random

from inside the ball, it follows that the jumps are rotationally invariant. And we notice that
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the length of the jumps is bounded by 2Rn :“ 2R{
?
n. For most of our calculations we will

be interested in ηn “ ξn,1 ´ ξn,2, the difference between two lineages. Since two lineages evolve

independently as long as they are further apart than 2Rn, it follows that, as long as |ηn| ą 2Rn,

ηn will behave as a single lineage but sped up by a factor of 2.

Now, take a d-dimensional standard Brownian motion W started from x. Let pRnj qjě1 be a

sequence of i.i.d. random variables distributed according to the length of the jumps of ηn, also

independent of W. We proceed to recursively define a sequence of random times by:

1. sn0 :“ 0,

2. for every j ě 1, snj , is the first time greater than snj´1 at which the Brownian motion W

exits the ball BRnj pWps
n
j´1qq.

In words, we have a sequence of "jump lengths", and every time the Brownian motion has

moved a distance equivalent to this length we record the time, and wait again for it to move a

distance equivalent to the next jump, record the time, and continue in the same fashion. Since

both Brownian motion and the jump process of a lineage share rotational symmetry, we are in

fact mimicking the lineage by considering the Brownian motion only at certain times.

Indeed, conditional on the jump size being γ, the location of ηn after the jump is uniformly

located over δBγpηnt´q. Equivalently, conditioned on Rnj “ γ, the location of Wpsnj q is uniformly

distributed over BγpWpsnj´1qq. Since the jumps of the lineage arrive according to a Poisson

process of intensity ρn, if we take a Poisson point process pjpn, tqqtě0 with intensity ρn, we have

that the laws of ηnt and Wpsnjpn,tqq are identical.

Proposition 3.5 Consider the process ηn started in Bc2Rn
p0q and let psnj qjPN be the random

times defined above. If we take a Poisson process jpn, tq with intensity ρn we have that @t ą 0,

ηnptq
d
“Wpsnjpn,tqq

We shall refer to this construction as the embedding.
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Notice that jpn, tq is simply counting how many jumps the process has done up to time t, while

snj ´s
n
j´1 reflects the time elapsed between the consecutive jumps. The following Lemma follows

by applying the tower property of conditional expectation to snjpn,tq while conditioning on jpn, tq.

Lemma 3.6 There exists a constant C ą 0 such that:

Ersnjpn,tqs
t

Ñ C as n Ñ8 .

In addition, Chebyshev’s inequality allows us to state the following useful estimate.

Lemma 3.7 For every fixed t ą 0:

P
´

|snjpn,tq ´ Ct| ą n´1{4
¯

ď n´1{4.

These lemmas give us some control on the clock of the embedding, and allow us to apply

some well know estimates for the excursions of Brownian motion to our genealogical process.

Remark 3.8 The embedding holds for an individual lineage, but fails whenever we follow two

or more particles that come closer than 2Rn, since they no longer evolve independently. Never-

theless, we will only require it to calculate the duration of excursions of lineages away from each

other, during which they do move independently.

3.5 Dimensions 3 and higher

We will now consider the limiting behaviour of pΞnt qtě0 as n Ñ 8, and we begin with the case

d ě 3. Our argument has two steps. First we show that after a selective event there is a positive

probability ρd P p0, 1q that the two branches never coalesce back together; we then show that

the process pΞnt qtě0 converges to a Branching Brownian motion (BBM).
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3.5.1 Escape probability

After a selective event it is possible that the two resulting potential lineages quickly coalesce back

together. Indeed, since they are at a distance smaller than 2Rn, there is a positive probability

that the next event to hit either of them actually hits them both in which case they would

coalesce. It of course could happen after a few jumps, but in any case, if the time it takes them

to coalesce is of op1q then the branch would not appear in the limit.

In order to see that branching occurs at a macroscopic scale we will find a positive lower

bound for the probability that the two branches never coalesce. If two lineages never coalesce

we will still be able to distinguish between them after taking the limit.

To show that in every selective event the two lineages have a positive probability of never

coalescing we will make use of the embedding introduced in §3.4.1. This construction only holds

as long as the distance between the lineages, ηn “ ξn,1 ´ ξn,2, is larger than 2Rn, so first we

will estimate the probability that two lineages arising from a selective event move apart. Notice

that this probability is not affected by the parameter n, since we are rescaling the PPP as well

as the location of the lineages.

Lemma 3.9 Consider ηnt :“ ξn,1t ´ ξn,2t , the difference of two lineages that arise immediately

after a selective event. Let τ out be the first time |ηnt | ą 3Rn, and similarly, τ c the first time

|ηnt | “ 0. We have that for all d ě 3,

pout :“ Prτ out ă τ cs ą 0.

Proof: For all d P N the probability that two lineages sampled uniformly from inside the

ball BRnp0q are at a distance at least Rn apart is strictly positive. If two lineages are at a

distance Rn, the probability that the next event pushes them further away by Rn{2 is also

strictly positive. So the probability that the distance between them surpasses 3Rn after the first

4 events that affect either of them is strictly positive as well, which proves the lemma.

�
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Once the lineages are apart, we can use the embedding constructed in §3.4.1 in order to

calculate the probability that the two lineages never coalesce.

Lemma 3.10 Take two lineages started at a distance |η0| “ 3R, then, for all d ě 3, the

probability they never coalesce is bounded from below by

P3Rrτ
c “ 8s ě

˜

1´

ˆ

2

3

˙d´2
¸

.

Proof: From the embedding construction, it is immediate that it suffices to consider the

probability that a Brownian motion started from |x| “ 3R visits the ball B2R. This probability

is precisely 1´
`

2
3

˘d´2, and the result follows. �

Proposition 3.11 The probability ρd that a pair of lineages which have branched never coalesces

is bounded away from 0 for all d.

Proof: From the previous two propositions it follows easily that

ρd ě pout ˆ

˜

1´

ˆ

2

3

˙d´2
¸

ą 0.

�

As mentioned earlier, these estimates are invariant under the rescaling we have chosen, and

thus they hold uniformly in n.

3.5.2 Estimates

We proceed to obtain several estimates on the behaviour of two lineages. The reasoning behind

these estimates will become apparent in the next section. So far we considered two lineages

started close together. We can imagine that if lineages start far enough apart, they will be very

unlikely to coalesce. The following Lemma provides a more rigorous way of stating this idea.
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Lemma 3.12 Take ξn,1, ξn,2 two lineages in the genealogical process such that |ηn0 | “: y ą n´1{3.

Then, as nÑ8,

Pyrτ0 ă 8s “ op1q.

Proof: Since the lineages are further apart than 2Rn, the embedding allows us to bound this

probability

Pyrτ0 ă 8s ď Pyrτ̂2Rn ă 8s,

where τ̂2Rn is the hitting time of B2Rn of a Brownian motion. Since we are considering dimensions

three and higher,

Pyrτ̂2Rn ă 8s ď
2n´1{2

n´1{3
“ Opn´1{6q,

where the last estimate is the probability that a Brownian motion started at a point n´1{3

away from 0 comes closer than n´1{2 from the origin. This is a well known result for transient

Brownian motion, see for example Durrett [1996] . �

Now consider two lineages born at the same selective branching event. Since they move

independently whenever they are not close, if they do not coalesce, we expect they will soon

drift apart.

Lemma 3.13 Take ξn,1, ξn,2 two lineages in the genealogical process such that y “ |ηn0 | satisfies

4Rn ă |y| ă 6Rn, let τ2Rn be first time they are closer than 2Rn, and let τn´1{3 be the first time

they manage to get to a distance of at least n´1{3,

Eyrτn´1{3 |τn´1{3 ă τ2Rns “ Opn´2{3q

Proof: By conditioning on the event tτn´1{3 ă τ2Rnu and its complement, it is easy to see

that:

Eyrτn´1{3 |τn´1{3 ă τ2Rns ď
Eyrτn´1{3s

Pyrτn´1{3 ă τ2Rns
.

Once again, the embedding allows us to estimate the expectation and the probability on the right

hand side. The probability that appears as the denominator is Θp1q, since Brownian motion is
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transient, and the expectation on the numerator is Opn´2{3q, so

Eyrτn´1{3s

Pyrτn´1{3 ă τ2Rns
“ Opn´2{3q

�

From the above Lemma we can conclude that:

Pyrτn´1{3 ą n´1{2|τn´1{3 ă τ2Rns “ op1q. (3.5)

3.5.3 Convergence to BBM

In Proposition 3.11 we showed that the probability ρd that the two lineages that arise from a

selective event never coalesce with each other is strictly positive. For convenience let us consider

one of the lineages in a branch the ‘parent’. The next lemma shows that if a lineages does not

coalesce with its parent, with high probability, it will not coalesce with any of the other lineages

either.

Lemma 3.14 Take the process Ξn started from a single lineage at the origin. At each selective

event we deem one of the particles to be the ‘parent’ branch and the other one to be the ‘new’

branch. Then, for any fixed time period r0, T s, the probability that one of the new branches

coalesces with a particle present at the time of its birth that is not its parent tends to 0 as

nÑ8.

Proof: The maximal number of particles in the system up to time T , say M , is stochastically

bounded by a Yule process with branching rate sVr, so in particular we have that ErM s ă 8.

The Markov inequality allows us to conclude that PrM ą ms “ Opm´1q. Let Aptq be the event

that a particle coalesces with an older particle that is not its parent before time t.

PrApT qs “ PrApT q|M ą msPrM ą ms ` PrApT q|M ă msPrM ă ms

ď PrM ą ms ` PrApT q|M ă ms.
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We are interested in obtaining a bound for the second term of the last line. Conditional on

tM ă mu, the rate at which new particles arrive is at most sVrm, and thus we have that the

time that elapsed between the pi ´ 2q-th and the pi ´ 1q-th branching events is stochastically

bounded from below by an exponential random variable T with rate sVrm, and so, ErT |M ă

ms “ Opm´1q. As long as m ! n1{2, we have that with high probability, all the particles are at

least n´1{3 apart (provided m “ Opn1{8q,if two particles do not coalesce, the probability that

they are further apart than n´1{3 after time T is Opn´1{6q). We will use C for the event that

some lineage is close to the parent at the ime of the pi´ 1q-th branching event.

PrApT q|M ă ms “ PrApT q|M ă m,CsPrC|M ă ms ` PrApT q|M ă m,CcsPrCc|M ă ms

ď PrC|M ă ms ` PrApT q|M ă m,Ccs

ď Opmn´1{6q `Opmn´1{6q,

holds as long as m “ Opn1{8q. By choosing m “ n1{10 we have

PrApT qs ď PrM ą ms `Opmn´1{6q

ď Opn´1{10q `Opn´1{15q,

and the result follows.

�

We have included the qualifier ‘present at the time of the birth’ because the new particle

might coalesce with one of its offspring. Notice however that the Lemma ensures that lineages

can only coalesce with their parent particle. If a ‘new’ branch coalesced with a particle different

from its parent, the older one would be violating the premise that it can’t coalesce with any

particles alive at the time of its birth.

We have thus shown that the probability that a lineage coalesces with a lineage that its not

its parent or its offspring tends to 0 as nÑ 8, and we also showed earlier that the probability

that the two lineages arising from a branch do not coalesce is bounded away from 0. This suggest
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a BBM with branching rate ρd as the natural candidate for the scaling limit of the process Ξn.

In order to finish our argument, we will use the following two definitions.

Definition 3.15 If a selective event hits a potential ancestor in the genealogical process at time

t0, then we will call the time interval rt0, t0 ` tns the deciding period of the branch, where

tn “ n´1{2.

Definition 3.16 Take the difference between the two lineages in a branch ηnt :“ ξn,1 ´ ξn,2, we

say the branch is disjoint if |ηtn | ě n´1{3.

Since ηn can only visit the ball B2Rnp0q a finite number of times before coalescing, equation

(3.5) implies that the probability that a branch that hasn’t coalesced by the end of the deciding

period is also not disjoint is only op1q. It follows that the probability a branch is disjoint is

ρd ` op1q.

Theorem 3.17 As nÑ8, the genealogical process pΞnt q0ďtďT converges weakly to a branching

Brownian motion with rate usVRρd.

Proof: We first observe that if their respective deciding periods do not overlap, the events

that two different branches are disjoint are independent. On the other hand, since the process

Ξn branches at a finite rate, we can control the number of branches M , just as we did in

Lemma 3.14. Conditioning on tM ă mu, the time between successive branches is bounded from

below by an exponential random variable with parameter Opmq. It follows that, conditional on

tM ă mu, the probability of two deciding periods overlapping is bounded by the probability

that the minimum of m exponential random variables (with rate Opmq). This probability is

Op1´exppm2n´1{2q. By conveniently choosing m (say m “ n1{10, as before), we show that both

this probability and PrM ą ms vanish, and it follows the arrival of disjoint branches is given by

a thinning of Πn.

If we only consider disjoint branches, by Lemma 3.14 we have that after their deciding period,

with probability tending to one, the lineages arising from disjoint branches evolve independently
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after the deciding period.

Since, with probability tending to one, disjoint branches arrive at rate ρd ` op1q and the

resulting lineages evolve independently of each other and the other lineages after the deciding

period, we have that the system that follows the lineages arising from disjoint branches converges

to BBM. Since none disjoint branches have coalesced with probability 1 ´ op1q, it follows that

the process Ξn converges to a BBM with branching rate usVRρd.

�

3.6 The lower dimensional case

So far we have shown that if the population evolves in 3 or more dimensions, the genealogical

process Ξn converges to a BBM, which indicates that selection, in the way we introduced it to

the model, has a non negligible effect on the genealogy even in the limit. From a biological

perspective though, higher dimensions are not that interesting, as most natural populations

evolve across a 2, and sometimes 1, dimensional region.

Unfortunately, the approach we have followed so far doesn’t give interesting results in low

dimensions. As it should be clear from the previous section, branching in the limit is closely

related to the transience of Brownian motion in higher dimensions, and we know that it is

actually (neighbourhood) recurrent in dimensions 1 and 2. Effectively, this means that the

branches that appear through a selective event are cancelled by coalescing much faster than our

time scale, and so do not appear in the limit. We won’t dwell too much in the calculations

involved, since they have all already been done by Barton et al. [2010a] and Berestycki et al.

[2013], but we will provide with an overview of the results necessary to show that the limiting

object in dimensions 1 and 2 present no branching.

The first step is to show that coalescence happens very quickly whenever two rescaled lineages

ξn,1 and ξn,2 are close to each other.

Lemma 3.18 Take ξn,1 and ξn,2 and suppose that |ηn0 | :“ |ξn,10 ´ ξn,20 | ď 4Rn. Then, for all
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t ą 0,

Prτ c ą ts Ñ 0 as nÑ8.

This lemma is proven in both Barton et al. [2010a] and Berestycki et al. [2013]. The key

idea is to consider the un-rescaled lineages and notice that the process η will take a time of

order Op1q to visit the ball B2Rp0q, where it has a positive probability of hitting 0, which would

mean the lineages coalesced. Either way, whether the lineages coalesce or move apart again,

the time spent in B2Rp0qzt0u is also of order Op1q. If it exits the ball, it once again will take a

time of order Op1q before visiting it again, and so on. Since every time it visits the ball B2Rp0q

the lineages might coalesce, it is possible to bound the number of excursions away from it by a

geometric random variable, and each of the excursions and incursions lasts a time of order Op1q.

The total time it takes the un-rescaled lineages to coalesce is also of order Op1q, so going back

to the rescaled version gives the desired result.

Proposition 3.19 Let Ξn0 “ δx and W be a standard Brownian motion started from x. In

dimensions 1 and 2 we have:

lim
nÑ8

Ξnt
pdq
“Wpσ2tq,

where σ2 is the variance of the jump distribution given in (3.3).

This result is clearly true in the absence of selection. We can consider one main potential line

by picking one of the two possible lineages at every branching event. This lineage will clearly

converge to Wpσ2tq and lemma 3.18 implies that none of the branches that appear will last

long enough to appear in the limit. So, we have argued that for lower dimensions, a lineage in

the selective case will asymptotically behave like a neutral one. The final step is to consider a

sample of finitely many lineages.

Theorem 3.20 Let pΞnt qtě0 be the diffusively rescaled genealogical process of k particles origi-

nally started at distances of Op
?
nq. We have that as nÑ8:
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1. In dimension 1, pΞnt qtě0 converges to a system of independent Brownian motions with clock

speed σ2 which coalesce instantly upon meeting;

2. in dimension 2, pΞnt qtě0 converges to a system of independent Brownian motions with clock

speed σ2;

where the convergence in the sense of the finite dimensional distributions.

This theorem appears as Lemmas 4.1 and 4.2 in Berestycki et al. [2013], albeit for the neutral

case. The selective case follows from it by virtue of Lemma 3.18. We can choose to follow only

one of the potential ancestries of each of the original lineages by choosing one potential parent

at random whenever we encounter a selective event. This is effectively a neutral genealogy, and

so the convergence holds. Since the process is consistent, adding the paths that we ignored pre-

viously doesn’t alter the behaviour of the original lineages, and given that every path discarded

coalesces with its parental lineage in a negligible time, none of them should appear in the final

picture.

In summary, it appears as if selection has a negligible effect on the genealogies when we

consider populations in 1 and 2 dimensions. Nevertheless, real populations seem to be profoundly

affected by selective forces, and we would like to have a model that reflects this fact. A natural

course of action is to consider a different rescaling for the genealogical process, one that might

have a non trivial limiting object, by which we mean, one that differs from the neutral case.

From a biological perspective, we are strengthening selection, although we are still modelling

somewhat weak selection.
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Dimension 2

In the previous chapter we showed that selection, in the manner we introduced it to the model,

has a vanishing effect in lower dimensions, with the limiting process presenting no branching.

Since we are considering a diffusive rescaling, in order for us to distinguish between two potential

ancestors that arose through a selective event, it is necessary that they achieve a (non-rescaled)

separation of Op
?
nq before potentially coalescing. While for higher dimensions this event has

a probability of Op1q (a by-product of the transience of the random walk), the probability is of

order 1{ logpnq and 1{
?
n for d “ 2 and d “ 1 respectively. Thus, in d “ 2 we must have roughly

logpnq branching events before we can expect to find a branch that will persist. This suggests

speeding up the branching rate by a factor of logpnq, and this chapter is devoted to showing
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that this correction indeed provides us with a non trivial limit, and that this limit is, just as in

the higher dimensional case, a BBM.

The flavour of the arguments will be very similar to the previous chapter, although more

care is needed to control the branching rate, which will tend to infinity as nÑ8. In Section 4.1

we reintroduce the model and provide some useful definitions for the rest of the chapter. Section

4.2 will provide some estimates that illustrate what we have called ‘separation of branches’, by

which we mean that a typical branch won’t live very long and thus will be unlikely to interfere

with any successive branches. Section 4.3 introduces the ‘skeleton’ of the process, and finally

Section 4.4 proves the convergence of the genealogical process to a branching Brownian motion

using the skeleton construction.

4.1 Definitions

Once again we are concerned with the rescaled version of the genealogical process pΞnt qtě0. Recall

from the previous chapter that for each n we have a Poisson point process Πn with intensity

ndtb n1{2dxb µnpdrq that dictates the arrival of the events, with µn a probability measure on

r0,Rns providing the radius of the event. With probability 1´ sn the event is neutral, and with

probability sn it will be selective. As before, we have a parameter u P p0, 1q that determines the

impact probability of the events. But now we make a different choice for the probability of an

event being selective:

sn “
s logpnq

n
.

We are interested in the behaviour of the process ηn “ ξn,1´ξn,2, which describes the separation

between two lineages, and will make use of the embedding introduced in §3.4.1. We will be

particularly interested in whether the size of |ηn| exceeds

γn “
1

log5{2pnq
.
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This choice of γn has been done for convenience, there is nothing special about 5{2 apart from

simplifying some of our calculations. We use ηn to model the distance between two lineages that

arose via a selective event. Earlier we mentioned that our argument relies on the fact that for

most selective events, the two branches that arise coalesce back together rather quickly. This

will be made more precise with the following definitions.

Definition 4.1 If a selective event hits a potential ancestor in the genealogical process at time

t0, then we will call the time interval rt0, t0 ` tns the deciding period of the branching event,

where tn “ 1{ log5{2pnq (which coincidentally is the same as γn).

We want to differentiate between the different behaviours that ηn might show after the deciding

period. Let τs be the first time ηn exits the ball Bγnp0q, and τ0 be the time at which the two

lineages coalesce. Since our process is time and space homogeneous, without loss of generality

we assume that the branching occurs at time 0, and we will use this convention here and in the

following section. We will also drop the index n whenever we can do so without risk of confusion.

Definition 4.2 We say that the branching event that gives place to ηn

1. is successful if τs ă τ0 ^ tn,

2. coalesces if τ0 ă τs ^ tn,

3. hesitates if tn ă τ0 ^ τs.

Our aim is to be able to predict whether the two lineages will separate enough to appear in the

limit at an early stage, before either lineage branches again, and this classification will allow us

to do precisely that.
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4.2 Separation of branches

We know that the lineages move independently whenever they are further apart than 2Rn. If

a branch coalesces we know that |ηn| must remain smaller than γn, and if it managed to get

to a distance larger than 2Rn then it must perform what we will call an ‘excursion’, wandering

between 2Rn and γn and coming back to B2Rnp0q. The following lemma will provide, among

other things, a bound for the duration of such an excursion. For our calculations it will be

convenient to actually be further away than just 2Rn in order to ensure independence and to

make use of the embedding.

Remark 4.3 It is possible to show, in a similar fashion to §3.5.1, that the probability that the

two lineages started close together reach a separation 5Rn before coalescing is uniformly bounded

away from 0, and that the probability that they coalesce first instead is bounded away from 0 as

well, both of them being independent of n. So, there exists c ą 0 such that for all y P B4Rnp0q:

Pyrτ5Rn ă τ0s ě c,

Pyrτ0 ă τ5Rns ě c.

It should also be clear, although it is more cumbersome to show, that for all y P B4Rnp0q

Eyrτ0 ^ τ5Rns ď
ĉ

n

for some ĉ ă 8 (To see this, note that Eyrτ0 ^ τ5Rns “ Eyrτ0|τ0 ă τ5RnsPyrτ0 ă τ5Rns `

Eyrτ5Rn |τ0 ą τ5RnsPyrτ5Rn ă τ0s, and notice that the first expectation is the expected time to

coalesce conditional on both lineages remaining close, while the second one is the expected time

to exit the ball conditioned on not coalescing, both of which must be bounded by ĉ{n for some

constant ĉ). We can therefore describe the behaviour of ηn up to time τ0 ^ τs in the following

terms. After branching, the branch will coalesce or separate to a distance 5Rn in a short time,

and then, starting from |ηn| P r5Rn, 7Rns we will either re-enter the ball B4Rnp0q or exit Bγnp0q.

If it is the second one then we are done, otherwise, once inside B4Rnp0q we will either coalesce
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or separate further than 5Rn again, starting a new excursion. We can apply the Strong Markov

property to actually de-construct the process in the manner explained. Since every time we enter

B4Rnp0q we have a probability at least c of coalescing, it follows we can only perform a geometric

number of excursions before the lineages coalesce back together.

Lemma 4.4 Let τex be the hitting time of the ball B4Rnp0q, then, for all x : |x| P r5Rn, 7Rns

we have:

Exrτex|τex ă τss “ O
ˆ

1

log5pnq

˙

, (4.1)

Exrτs|τs ă τexs “ O
ˆ

1

log4pnq

˙

, (4.2)

Pxrτs ă τexs “ Θ

ˆ

1

logpnq

˙

. (4.3)

Proof: We will begin by considering (4.1). Notice that:

Exrτex ^ τss “ Pxrτex ă τssExrτex|τex ă τss ` Pxrτex ą τssExrτs|τex ą τss.

Since Exrτex ^ τss ă 8, and Pxrτex ă τss, Pxrτex ą τss are positive, we can rearrange to obtain:

Exrτex|τex ă τss ď
Exrτss

Pxrτex ă τss
.

We know that when we have two lineages at a distance larger than 2Rn they move independently

of each other, since the radius of the events that drive their dynamics is bounded by Rn. So, as

long as |ηt| ą 2Rn, it behaves as a single lineage but sped up by a factor of 2, and we can use the

embedding of Proposition 3.5 which states that ηnptq d“Wpsnjpn,tqq. The embedding construction

guarantees that the Brownian motion never gets further away than 2Rn from the jump process.

We will use τ̃ for stopping times of the Brownian motion and P̃ for its law. We have that:

Exrτss ď Ẽxrτ̃γn`2Rns, (4.4)

Pxrτex ă τss ě P̃xrτ̃2Rn ă τ̃γns, (4.5)
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where τ̃γn`2Rn , τ̃γn`2Rn and τ̃2Rn are the embedding Brownian motion’s hitting times of Bcγn`2Rn
p0q,

Bcγnp0q and B2Rnp0q respectively. It is well known that for two dimensional Brownian motion

P̃xrτ̃m ă τ̃M s can be easily calculated (see for example Durrett [1996] page 98), and is given by

the formula plogM ´ log |x|q{plogM ´ logmq. It follows that:

P̃xrτ̃2Rn ă τ̃γns “
logpγnq ´ logpxq

logpγnq ´ logp2Rnq

ě 1´
logp7{2q

1{2 logpnq ´ 5{2 logplogpnqq
“ 1´O

ˆ

1

logpnq

˙

.

It is well known that for a Brownian motion we have that Ẽ0rτ̃as “ a2 (see for example Durrett

[1996] page 107) thus Ẽxrτ̃γn`2Rns ď pγn ` 2Rnq2. We are now able to conclude that

Ẽxrτ̃ex|τ̃ex ă τ̃ss ď
Ẽxrτ̃γn`2Rns

P̃xrτ̃2Rn ă τ̃γns
ď O

ˆ

1

log5pnq

˙

.

To show that (4.3) holds, we just need a lower bound, since we already showed that Pxrτs ă

τexs ď Op1{ logpnqq. Clearly Pxrτs ă τexs ě P̃xrτ̃γn`2Rn ă τ̃4Rns, and thus we have the desired

lower bound. Equipped with it, the proof of (4.2) is entirely analogous to the proof of (4.1). �

Lemma 4.5 (corollary to Lemma 4.4) For all y P B2Rnp0q, the probability that a branch

eventually separates satisfies:

Pyrτs ă τ0s “ Θ

ˆ

1

logpnq

˙

.

Proof: Clearly the probability that it eventually separates is greater than the probability it

achieves it on its very first excursion:

Pyrτs ă τ0s ě Pyrτs ă τ4RnsPyrτ5Rn ă τ0s “ Θ

ˆ

1

logpnq

˙

.

We now need to find an upper bound. We know that the behaviour of the branch can be

described as a succession of excursions, and after each one of them we have at least a probability

c of coalescing. So we can stochastically bound the number of excursions that ηn performs by a

geometric random variable with parameter c. The probability that a given excursion manages
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to separate the lineages further than γn is bounded above by some pn “ Op1{ logpnqq. Let Xe

be a geometric with parameter pn and Xc a geometric random variable with parameter qc, we

can bound the probability we see a successful excursion:

Pyrτs ă τ0s ď PrXe ă Xcs “

8
ÿ

n“1

PrXe ă Xc|Xc “ nsPrXc “ ns

“

8
ÿ

n“1

p1´ p1´ pnq
nq

`

cp1´ cqn´1
˘

“ 1´ c
8
ÿ

n“1

p1´ pnq
np1´ cqn´1

“
pn

c` pn ´ cpn
“ Op1{ logpnqq.

�

Recall from Definition 4.2 that in order for us to consider a branch successful, it must reach

a distance γn by time tn after branching. In the previous lemma we showed that the probability

we reach this distance before coalescing is Θp1{ logpnqq, now we want to see how likely it is to

do so before the deciding period ends. To do so, first we will obtain a bound on the expected

time to separate (conditioned on eventually separating).

Lemma 4.6 For all y P B2Rnp0q

Eyrτs|τs ă τ0s “ O
ˆ

1

log4pnq

˙

.

Proof: Since the branch eventually separates, its path must consist of a random number E of

excursions that go back to B4Rnp0q, before a last excursion that escapes. Let τ in1 be the first time

that ηn started from y exits B7Rnp0q, and define recursively τ exi “ inftt ą τ ini |η
nptq P B4Rnp0qu,

τ ini “ inftt ą τ ini´1|η
nptq P Bc7Rn

p0qu, which we can think as the inner and outer components

of the excursions that ηn performs. We can decompose the time that it takes the lineages to

separate into the excursions away from B4Rnp0q plus the last, successful, excursion.
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Eyrτs|τs ă τ0s ď Er
E
ÿ

i“1

pτ ini ` τ exi q|τs ă τ0s ` Erτs|τs ă τexs (4.6)

ď

ˆ

ĉ

n
`O

ˆ

1

log5pnq

˙˙

ErE |τs ă τ0s `O
ˆ

1

log4pnq

˙

“ O
ˆ

1

log4pnq

˙

, (4.7)

where we have used Remark 4.3 to bound Erτ ini s by ĉ{n, and Lemma 4.4 to obtain Erτ exi |τs ă

τ0s “ O
`

1{ log5pnq
˘

and Erτs|τs ă τexs “ O
´

1
log4pnq

¯

. �

We can now show that the probability of being successful, which means that the branch

separates before the deciding period is over, is of the same order as the probability that it

eventually separates. In other words, branches that separate do so before time tn with high

probability.

Lemma 4.7 The success probability satisfies

Pyrτs ă τ0 ^ tns “ Θ

ˆ

1

logpnq

˙

uniformly for all y P B2Rnp0qzt0u.

Proof: Let Sn be the event that the branching event is successful. Then

PyrSns :“ Pyrτs ă τ0 ^ tns “ Pyrτs ă tn|τs ă τ0sPyrτs ă τ0s (4.8)

“ Pyrτs ă tn|τs ă τ0sΘp1{ logpnqq. (4.9)

To estimate the probability on the last line, consider the complementary probability,

Pyrτs ą tn|τs ă τ0s :“ Py

«

τs ą
1

log5{2pnq

ˇ

ˇ

ˇ
τs ă τ0

ff

ď
Ey rτs|τs ă τ0s

1{plog5{2pnqq
“ O

˜

1

log3{2pnq

¸

.

Substituting in Equation (4.9) gives us the desired result. �

We proceed to calculate the time that it takes for an unsuccessful branch to coalesce. We

will show that its coalescing time is negligible compared to tn. This allows us to claim that

consecutive branches do not overlap since, with high probability, by the time a new branch
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Figure 4.1: Here we illustrate how typically the coalescence of a branch will happen on a much shorter
time-scale than the arrival of the next selective event, and thus an unsuccessful branch is unlikely to
interfere with the next one.

appears the previous ones will have already either coalesced or escaped, and thus they are

unlikely to interact with each other. We illustrate this in Figure 4.1.

Lemma 4.8 The probability that a branch will have coalesced by time tn after appearing is

1´Op1{ logpnqq.

Proof: Let Cn :“ tτ0 ă tnu be the event that the branch has coalesced by time tn. We know

that PyrSns “ Θp1{ logpnqq for y P B2Rnp0qzt0u.

PyrCns “ PyrCn|SnsPyrSns ` PyrCn|ScnsPyrScns

“ PyrCn|SnsΘp1{ logpnqq ` PyrCn|Scnsp1´Θp1{ logpnqqq

ě PyrCn|Scns ´Op1{ logpnqq.
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We need to show that PrCn|Scns ě 1´Op1{ logpnqq. An identical argument to the one in Lemma

4.6 gives us that Eyrτ0|τ0 ă τss “ O
´

1
log4pnq

¯

. So,

PrCn|Scns “ Pyrτ0 ă tn|τ0 ă τss ě 1´
Eyrτ0|τ0 ă τss

1{ log5{2pnq
“ 1´Op1{ log3{2pnqq.

�

So far we have shown that the probability a branching event is successful is of order Θp1{ logpnq,

and that the probability that it coalesces is 1 ´ Op1{ logpnqq. It could, of course, be the case

that the branches ‘hesitate’ and neither coalesce nor separate. The following lemma shows that

the probability of this happening is negligible for our purposes.

Lemma 4.9 The probability that ηn hesitates satisfies : Prtn ă τ0 ^ τss “ op1{ logpnqq.

Proof: Recall that we have chosen Sn to denote the event that a branching event is successful

and Cn for the event that the branch is coalesced. We will use Hn for the event that the branch

hesitates.

PrHns “ PrScn X Ccns “ PrScn|CcnsPrCcns.

Lemma 4.8 implies that PrCcns “ Op1{ logpnqq, and thus we just need to show that PrScn|Ccns “

op1q. One would expect this to be the case since if the lineages ξ1, ξ2 were independent, ηtn

would be a long distance away from 0 with high probability, and conditioning on not coalescing

should push it even further. We again use E to indicate the number of excursions that the

process η performs before coalescing or escaping.

PrScn|Ccns “ PrScn|Ccn, E ď msPyrE ď m|Ccns ` PrScn|Ccn, E ą msPrE ą m|Ccns. (4.10)

We begin by considering the second summand, in particular

PrE ą m|Ccns “
PrCcn|E ą msPrE ą ms

PyrCcns
ď

PrCcn|E ą ms

PrCcns
“ ΘplogpnqqPrE ą ms.
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But PrE ą ms is the probability that a geometric random variable exceeds m, which can be

bounded by expp´λmq for some λ ą 0 (notice that E , the number of times ηn visits B2∇np0q

before coalescing, is independent of n, and thus λ won’t depend on n). Now, for the first

summand in Equation (4.10) we focus on PrScn|Ccn, E ď ms which is the probability of remaining

unsuccessful conditional on not coalescing and performing fewer than m excursions.

PrScn|Ccn, E ď ms ď P

«

E
ÿ

i“1

pτ exi ` τ ini q ą tn |E ď m

ff

ď P
„

τ ex ` τ in ą
tn
m



We can now use Markov’s inequality to obtain:

P

«

τ ex ` τ in ą
log´5{2pnq

m

ff

ď Erτ ex ` τ ins ˆm log5{2pnq

ď m log5{2pnq

ˆ

k1

log4pnq
`
ĉ

n

˙

.

We want to choose mpnq so that both this last expression and logpnq expp´λmpnqq vanish in

the limit as nÑ 8. We can achieve this by letting mpnq “ logpnq, and so we have shown that

indeed PrScn|Ccns “ op1q as required. �

4.3 The skeleton

In the previous sections we made the distinction between successful and unsuccessful branching

events, and showed that with high probability, there are only two cases we need to consider:

either branches are successful or the lineages have coalesced by the end of the deciding period.

Here we will focus on the successful lineages which we can think of as the ‘skeleton’ of the process

of potential ancestral lineages. We will perform a sideways construction of the process started

from a single lineage located at the origin. For convenience, at every selective event where the

process branches we will deem one potential ancestor, chosen at random, to be the ‘main branch’

and the other one to be the ‘secondary branch’.
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4.3.1 Sideways construction

Fix T ą 0, then for all n P N, we can construct the process pΞnt q0ďtďT of potential ancestral

lineages in the following manner. We follow the lineage started at p0, 0q up to the first time it is

hit by a selective event. We keep record of the coordinates of the secondary branch in order to

come back to it later, but follow the main branch until the next event. Once again we pick the

main branch and add the secondary branch to our list of not yet visited branches. We continue

in this manner until time T . This first ancestral path can be thought of as the spine of the

process.

Once we hit time T , we go to the first secondary branch in our list, treating it as a main

branch, and repeat the process until time T , or until we rejoin a path we have already added

(which implies we coalesce with a path already added). For finite n we have a.s. only finitely

many branches and thus our algorithm will halt in a finite number of steps almost surely. Since

for every branch we meet we follow both the ‘main branch’ (the first time we arrive at the

branch) and the ‘secondary branch’ (since we have added it to the list of paths to follow and we

only stop when this list is empty), it follows that this algorithm will track down all of the paths

of pΞnt q0ďtďT .

The results in §4.2 imply that most secondary branches will quickly coalesce back with

their corresponding main ones. We also know that unsuccessful branches won’t appear in our

rescaling limit, since only points that are at a distance of order Op1q will be distinguishable.

Only successful branches will be able to reach such a separation. This leads us to the idea of a

skeleton. Remember that successful branches are those for which τs ă τ0 ^ tn, so it only takes

a time tn after branching to know whether a branch is successful or not.

4.3.2 Constructing the skeleton

We now consider the skeleton. Once again we follow a lineage up to time T while keeping

track of the branches not yet visited. But this time, whenever we start following a secondary

branch from our list of ‘yet to visit’ branches, we follow it for a period tn (the ‘deciding period’
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Figure 4.2: How to construct the skeleton. Here the blue line represents the spine, the first path
we follow, and the dashed blue line is its envelope of size Op1{ log´5{2

pnqq. The paths in red, orange and
violet are successful particles, with their own envelopes, while the green paths are unsuccessful particles
which we discard.

introduced earlier in 4.1), and only if it is successful do we keep following it and paste it to the

skeleton. Otherwise we simply discard it (together with any secondary branches that it might

have).

Definition 4.10 Take a fixed time interval r0, T s, the n-skeleton Sn is the collection of paths

that is obtained when we only paste successful lineages in this way.

Figure 4.2 illustrates the construction of the skeleton. We know that the probability of a

branch being successful is Op1{ logpnqq, so it seems reasonable to expect that the number of

branches in the skeleton is Op1q. The following lemma gives us a bound on the rate at which

branches are added to the skeleton.
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Lemma 4.11 There exists β ă 8 such that, for all n P N, Er|SnT |s ď exppβT q.

Proof: Suppose that |Snt | “ k. Then the instantaneous rate at which Sn is hit by selective

events is bounded by kuVRnsn “ Oplogpnqq, since if lineages are further apart than 2Rn they will

branch independently, and if they are not, they might be hit by the same selective event, reducing

the total rate. When a branch appears, the probability that it is successful is Op1{ logpnqq, in

which case it should be pasted onto the skeleton. It follows that we can stochastically dominate

|SnT | by the number of descendants at time T in a (continuous time) Galton-Watson branching

process with branching rate

kuVRnsnOp1{ logpnqq “ Op1q,

and since |Sn0 | “ 1, the result follows. �

The way we have constructed the skeleton, it is possible to miss successful paths, since the

paths we chose not to paste might have branched during the deciding period (in which case we

followed the ‘main branch’, and it could very well be that the ‘secondary branch happens to be

successful). The following Lemma shows that this possibility vanishes as n tends to infinity.

Lemma 4.12 Fix T ą 0 and construct the skeleton Sn of Ξn on r0, T s. The probability that

there is a branch of Ξn along any of the paths discarded in the construction of Sn is of op1q.

Proof: Since the expected number of lineages in the skeleton is bounded (Lemma 4.11), the

expected number of selective events along it is of order Oplogpnqq. By Lemma 4.9 the probability

that a branch ‘hesitates’ is op1{ logpnqq and thus, with probability tending to 1, we only discard

‘coalesced’ branches. In Lemma 4.8 we showed that Erτ0|τ0 ă τss “ Op1{ log3pnqq. It follows

that the expected total duration of the unsuccessful branches is bounded by Op1{ log2pnqq, and

since selective events arrive at rate Oplogpnqq it follows that the probability that any one of the

unsuccessful branches is hit by a selective event is op1q. �
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4.4 Convergence to BBM

Equipped with the skeleton and the estimates of section §4.2, we now proceed to show that the

genealogical process converges to a BBM as n tends to infinity.

First we show, in a sense to be made more precise below, that the Sn and Ξn are actually

very similar and in particular must converge to the same limit as n Ñ 8. We then prove that

the n-skeleton converges to a BBM with a branching rate of order Op1q.

4.4.1 The skeleton and the genealogical process

It shouldn’t be surprising to see that very little is lost if we are to consider the skeleton instead

of the full process Ξn. Since, with probability tending to one, the skeleton contains all the paths

starting from successful branches, all that is missing are the paths associated with unsuccessful

branches. The expected total lifetime of the unsuccessful branches is op1q, and whenever no

unsuccessful branch is alive in the system the skeleton and the genealogical process are identical

(with probability tending to one).

Notice that we can identify both Ξnpsq and Snpsq with a discrete measure that represents the

locations of the corresponding lineages at time s. We abuse notation by using the same symbols

to denote the discrete measure valued processes, and we write }ν}TV for the total variation

distance.

Proposition 4.13 Fix an interval r0, T s, and take pΞns q0ďsďT be the diffusively rescaled ge-

nealogical process and its skeleton pSns q0ďsďT thought of as measure valued processes, both started

from δx “ Sns “ Ξn0 . We then have that for any finite sequence 0 ď s1 ă s2 ă ... ă sk ď T , and

for all ε ą 0:

lim
nÑ8

P
“

}Ξns1 ´ S
n
s1}TV ă ε, }Ξns2 ´ S

n
s2}TV ă ε, ..., }Ξnsk ´ S

n
sk
}TV ă ε

‰

“ 1.

Proof: Recall that we have constructed the skeleton on the same probability space as Ξn.

Moreover, from Lemmas 4.9 and 4.12 we have that, with probability tending to one, no branch
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‘hesitates’ and all successful branches are in the skeleton. Thus we see immediately that we

can couple the two processes in such a way that, with probability tending to one, outside of the

‘deciding periods’ they must be identical.

It remains to show that the probability that one or more of the times 0 ď s1 ă s2 ă ... ă sk ď

T falls within a deciding period is vanishingly small. Let us call this event I. The probability

that si falls within a deciding period is the probability that a selective event hits the skeleton

in the time interval psi ´ tn, sis (because we only see branches along the skeleton).

By Lemma 4.11, the number of particles in the skeleton has finite expectation. Thus, as

m Ñ 8, Pr|SnT | ą ms Ñ 0. Given that there are at most m branches, the probability that

one of them ocurrs the time interval psi ´ tn, sis for some i is Opm log´5{2pnqq. By choosing

m “ log1{2pnq we show that Pr|SnT | ą ms ` PrI||SnT | ă ms vanishes and the result follows. �

Remark 4.14 We have shown that the probability that for any given 0 ď s1 ă s2 ă ... ă sk ď T ,

the probability that Ξn and Sn are identical at these times converges to one, and so in particular

if one of the processes converge weakly, in the sense of the finite dimensional distributions, they

must both converge to the same limit point.

4.4.2 BBM and the skeleton

It remains to check that the skeleton converges to a binary BBM. A binary BBM is characterised

by the following three properties:

1. During its lifetime, each particle moves in R2 according to a Brownian motion indepen-

dently of all other lineages.

2. Each particle lives for an exponentially distributed time.

3. When a particle dies it leaves two offspring at precisely the location of its death. Condi-

tional on their time and place of birth, offspring evolve independently of each other, in the

same manner as their parent.

88



Convergence to BBM

We will show that the in the limit, the skeleton follows precisely these dynamics, and thus

that it converges to a BBM. Before continuing we need one more definition.

Definition 4.15 If θr is the distribution of the distance between two points sampled at random

from the ball of radius r, we define pn to be:

pn :“

ż ż

PxrSnsθrpdxqµnprq,

where PxrSns is the probability that a branch ηn started from x is successful. We call pn the

true success probability. Notice that pn “ Θp1{ logpnqq just like PxrSns.

Proposition 4.16 Let ξ be a path of the skeleton. With probability tending to one as n Ñ 8

the arrival of successful branches is given by a Poisson process with finite rate.

Proof: If all the success of branches along the path were independent with probability pn

(the success probability), then it would follow that the arrival of successful branches would be

given by a thinning of the original Poisson point process, giving the desired result.

The way we have defined a successful branch it follows that if the deciding periods of two

branches do not overlap, then their respective success is independent (the process Ξn has sam-

pling consistency, so whether an extra lineage meanders around a branch doesn’t alter its dynam-

ics). It should be clear that if deciding periods along the path overlap, at least two consecutive

branches are involved in the overlap, so it suffices to consider the pairs of consecutive branches.

Two consecutive branches will have overlapping deciding periods if and only if either of the

lineages in the earlier branch splits through a selective event before the deciding period is over.

We can bound from above the probability of this happening. Since the branching rate of the

two lineages is at most twice the branching rate of a single one, letting Tn be an exponential

random variable with parameter 2usVR logpnq, the probability that we see an overlap is bounded

by:

PrTn ă tns “ 1´ exp p2usVR logpnqtnq “ Oplog´3{2pnqq.
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Since the expected number of branches along the spine isOplogpnqq, it follows that the probability

of seeing deciding periods overlap is op1q. Let N s
t be the arrival process of successful branches,

and Nt be a Poisson process with parameter usVR logpnqpn, both defined on the interval r0, T s,

then:

PrN s
t
pdq
“ Nts “ 1´ op1q.

�

By thinking of a branching event as the death of a lineage and the birth of two offspring, we

can think of the time to the arrival of the first (successful) branch as the ‘lifetime’ of a particle

in the skeleton. Proposition 4.16 guarantees that as n Ñ 8 the lifetime of distinct particles

converges to independent exponential random variables. Moreover, since paths arising from a

branch start from a distance Op1{
?
nq from each other and their ‘parent’, it follows (because

this distance converges to 0) that as nÑ8 we can think of the parent as splitting into two.

Theorem 4.17 Fix T ą 0, then, as nÑ8, the skeleton pSnt q0ďtďT converges weakly to a BBM

with finite branching rate .

Proof: It is left to show that the successful paths converge to independent Brownian motions.

If we take two paths from a successful branch it is clear that they are actually not independent

up to time tn, since they are conditioned to move far apart. After the deciding period though,

they will evolve independently unless they manage to get to a distance smaller than 2Rn.

Applying the strong Markov property at time τs, and using the embedding of Proposition

3.5, the probability that the lineages come within distance 2Rn before reaching separation M is

bounded by the probability that two Brownian motions started at a separation at least γn come

within distance 2Rn before reaching separation M , which is Oplog logpnq{ logpnqq for any fixed

M .

Since the number of branches in the skeleton can be controlled uniformly in n, we can choose

M arbitrarily large so that the probability that any branch coalesces with its siblings is smaller

than any prescribed δ ą 0.
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Of course we must also control the probability that a newly created branch coalesces with a

branch in the skeleton other than its sibling. We can achieve this in the same manner we did

in Lemma 3.14. It suffices to to show that at a birth event, the branches other than the newly

created ‘siblings’ are sufficiently far apart. Again, since the number of branches in the skeleton

is controlled independently of n, a simple induction shows that it is enough that two siblings

are sufficiently far apart by the first time one of them branches. But on the event that they do

not coalesce, this distance converges to that of two independent Brownian motions run for an

exponential time with rate Op1q, so the result follows.

�

Theorem 4.18 Fix T ą 0, then, as n Ñ 8, the ancestral process pΞnt q0ďtďT converges weakly

to a BBM with finite branching rate .

Proof: It follows immediately from Theorem 4.2 and Proposition 4.13. �

91



Chapter 4: Dimension 2

92



CHAPTER5

Dimension 1

We now turn our attention to the case d “ 1. As we mentioned in the beginning of §4, in

the one-dimensional setting we expect that it will take Op
?
nq branches before we might see a

‘successful’ branch, that is, one where the two lineages manage to separate to a macroscopic

distance. Thus, in this chapter we shall take sn “ s{
?
n in the hope of obtaining a non trivial

limit for our genealogical process.

In fact, it turns out that a very similar problem has been tackled by Sun and Swart [2008],

who consider a system of discrete branching and coalescing random walks, and obtain a limiting

object they have called the Brownian net. In this chapter we will show that the scaling limit

of the genealogical process also converges to this object. Although this result owes a lot to
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the existing literature, the continuum setting provides some new technical challenges, and it is

interesting to show that the Brownian net appears as the a limiting object for a different class

of systems than that initially considered. In other words, we show that the process we consider

belongs to the universality class of the Brownian net.

The first section of this chapter will provide a brief overview of the Brownian net as well

as the Brownian web, two key objects in our study, and will state our main theorem in the

one-dimensional case, namely, the convergence of the SΛFV dual process to the Brownian Net.

The rest of the chapter will be dedicated to its proof.

5.1 The Brownian Web and the Brownian Net

To further motivate the one-dimensional result, let us consider first what happens in the absence

of selection. The dual process then reduces to a system of coalescing random walks and, as proved

in Berestycki et al. [2013], after a diffusive rescaling one recovers a system of coalescing Brownian

motions. In fact, using for example the construction of Véber and Wakolbinger [2013], we can

construct the coalescing dual started from any countable set of space-time points in R2. In the

special case when u “ 1, if we were to take the centre of the event, rather than a randomly

chosen point, as the location of the parent, then this corresponds to the process of ‘trajectoires

d’exploration’ of Micaux [2007], who constructs a stochastic flow of maps by considering the dual

started from every space-time point in the plane. If we specialise still further so that all events

have radius 1 and we start ‘exploration paths’ only from the centre of each reproduction event

then we recover a càdlàg version of the Poisson trees of Ferrari et al. [2004]. By interpolation we

recover the Poisson trees themselves. In Ferrari et al. [2005] it is shown that under a diffusive

rescaling (and in a suitable topology) the Poisson trees converge to the Brownian web. The

Brownian web is the random network consisting of the paths of coalescing one-dimensional

Brownian motions starting from every space-time point in Rˆ R

We recall only the results that we need for the Brownian web. An excellent introduction,
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The Brownian Web and the Brownian Net

Figure 5.1: Web duality. The blue arrows represent the forwards in time pre-limiting coalescing
random walks, while the red arrows represent the backwards in time dual.

some of which we now borrow, can be found in Sun and Swart [2008]. Ferrari et al. [2005]

rests heavily on Fontes et al. [2004], who constructed an appropriate metric space, which we

shall denote pĂM, rdq and describe in more detail in Remark 5.6, in which to consider convergence

of sets of continuous paths and, using this space, established convergence of coalescing simple

random walks to the Brownian web. We write KpĂMq for the space of all compact subsets of ĂM .

Furthermore, for any K P KpĂMq and A Ă R2, we let KpAq denote the collection of all paths in

K with starting points in A, and for z P R2 we write Kpzq :“ Kptzuq.

Arratia [1979] was the first to observe that the Brownian web exhibits a self-duality. As

illustrated in Figure 5.1, if one takes the graphical representation of the pre-limiting system

of coalescing random walks, that is one represents paths as a series of arrows representing the

jump made by the path out of each point of Z at each time t P Z, then there is a natural dual

system of arrows, pointing in the opposite direction of time, which ‘fills out the gaps’ between

the walkers forwards in time. Under the diffusive rescaling, we obtain joint convergence of the

forwards and backwards systems to a pair pW,xWq, where W is the Brownian web as before and

the dual web xW has the same law as W rotated through 180 degrees. We write KpxMq for the

state space of xW. The Brownian web and its dual a.s. uniquely determine one another. They

can be characterised as follows.
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Theorem 5.1 (Schertzer et al. [2014], Proposition 3.1) For each β P R, there exists a

KpĂMq ˆ KpxMq-valued random variable pW,xWq, called the double Brownian web with drift β,

whose distribution is uniquely determined by the following properties:

1. For each deterministic z P R2, Wpzq consists a.s. of a single path Wpzq “ tπzu and xWpzq

consists a.s. of a unique dual path π̂z.

2. For any finite deterministic set of points z1, . . . , zk P R2, pπz1 , . . . , πzkq is distributed as

a system of coalescing Brownian motions, each with drift β, starting at space-time points

z1, . . . zk.

3. For any deterministic countable dense set D Ă R2, a.s. W is the closure of WpDq in ĂM

and xW is the closure of xWpDq in xM .

4. For any deterministic z P R2, the dual path π̂z is the a.s. unique path in xM started from z

that does not cross any path in W.

Remark 5.2 Fontes et al. [2004] defined the Brownian web with β “ 0, but the more general

form considered by Schertzer et al. [2014] is what we shall need in what follows.

Working in (essentially) the same state space, Sun and Swart [2008] showed how to obtain an

analogue of the Brownian web, which they dubbed the Brownian net, as the scaling limit of a

system of branching and coalescing simple random walks. In order to obtain a non-trivial limit,

the branching rate is, of course, scaled exactly as in our dual to the SΛFVS. Not surprisingly

then, our result in d “ 1 will concern convergence to the Brownian net.

In contrast to the Brownian web, the Brownian net will have a multitude of paths coming

out of each space-time point. The key to its characterisation is that it has a well-defined left-

most and right-most path, which we denote lz and rz respectively, emanating from each point

z “ px, tq P R2 and these determine what is called a left-right Brownian web. It turns out that

a Brownian net is completely determined by the corresponding left-right Brownian web and so

it will suffice to study this object.
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For any deterministic points z1, . . . , zk, z
1
1, . . . , z

1
k1 , the paths lz1 , . . . , lzk are coalescing Brow-

nian motions with drift ζ to the left, and rz11 , . . . rz1k1 are coalescing Brownian motions with drift

ζ to the right. Before we can describe the left-right web, we must explain how a left-most path

lz “ lpx,sq and a right-most path rz1 “ rpx1,s1q interact. Their joint evolution after time s_ s1 is

the unique weak solution to the left-right stochastic differential equation

dLt “ ξ1tLt‰RtudB
l
t ` ξ1tLt“RtudB

c
t ´ ζdt,

dRt “ ξ1tLt‰RtudB
r
t ` ξ1tLt“RtudB

c
t ` ζdt,

(5.1)

where Bl
t, Br

t and Bc
t are independent standard Brownian motions. Sun and Swart [2008]

proved (weak) existence and uniqueness of the solution to this system. These equations can

be understood as modelling the interaction of two Brownian motions with drift, that coalesce

instantly upon meeting but are immediately untangled by their opposite drifts, although they

do manage to accumulate local time at the coalesced state.

Remark 5.3 In Sun and Swart [2008] the drift parameter ζ of the left-right stochastic differ-

ential equation used to construct the Brownian net is allowed to vary but the diffusion constant,

ξ2, that is the ‘clock’, of the Brownian motions is not. Applying a linear time change to their

construction yields this extension and we will use such webs and nets (and results from elsewhere

extended trivially to apply to them) without further comment.

This is enough to specify the joint distribution of any finite collection of left-right paths, which we

will call left-right coalescing Brownian motions. The characterisation of the left-right Brownian

web mirrors that of the Brownian web in Theorem 5.1.

Theorem 5.4 (Sun and Swart [2008], Theorem 1.5) There exists a pKpĂMqq2-valued ran-

dom variable pW l,Wrq, the (standard) left-right Brownian web, whose distribution is uniquely

determined by the following properties:

1. For each deterministic z P R2, a.s. W lpzq and Wrpzq each contain a single path W lpzq “

tlzu and Wrpzq “ trzu.

97



Chapter 5: Dimension 1

2. For any finite deterministic set of points z1, . . . , zk, z
1
1, . . . , z

1
k1 P R

2, the collection of paths

plz1 , . . . , lzk ; rz11 , . . . , rz1k1
q is distributed as a collection of left-right coalescing Brownian mo-

tions.

3. For any deterministic countable dense sets Dl,Dr Ă R2, W l “ tlz : z P Dlu and Wr “

trz : z P Dru a.s..

Sun and Swart [2008] establish a self-duality for the left-right Brownian web which charac-

terises the Brownian net in an analogous way to the characterisation of Theorem 5.1 for the

Brownian web. It is this self-duality which underpins the proof of convergence to the Brownian

net.

Since the left (right)-most web a.s. uniquely determines its dual, we can consider the pair of

dual webs pxW l,xWrq. Sun and Swart [2008] show that ´pxW l,xWrq has the same distribution as

pW l,Wrq, and that it is possible to fully characterise the Brownian net associated to pW l,Wrq

by the dual left-right Brownian web. In order to state the theorem we need to introduce the

idea of a wedge. Take l̂ P xW l and r̂ P xWr such that r̂psq ă l̂psq, where time s denotes the birth

time of the younger path (notice that time is running backwards for the dual left-right web).

Let T :“ suptt ă s : r̂ptq “ l̂ptqu, the first time time the paths meet. We call the open set

W pr̂, l̂q :“ tpx, uq P R2 : T ă u ă s, r̂puq ă x ă l̂puqu

a wedge (see Figure 5.2). We say that a path π started at time σπ enters W from outside if

there exists σπ ă u ă t (notice the strict inequalities) such that πpuq RW and πptq PW .

Theorem 5.5 (Sun and Swart [2008], Theorem 1.10) Let pW l,Wr,xW l,xWrq be a left-right

Brownian Web and its dual. Then almost surely,

N “

!

π P Π : π does not enter any wedge of pxW l,xWrq from outside
)

(5.2)

is the Brownian net associated with pW l,Wrq.

In all the work described above, lineages coalesce instantly on meeting and, in particular, they
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Figure 5.2: a) Wedges. On the left we see a represenation of a wedge W pr̂, l̂q, which is the area
shadowed with grey. b) Paths and arrows. The second picture illustrates how to build paths from
arrows. We give the forward and backwards arrow of the point py, sq, which are constant functions up
to the time of the next event. One we see an event, we follow the arrow originating from the parent of
said event.

cannot ‘jump over’ one another. Our one-dimensional results also require this property which

is achieved by setting u “ 1 in the SΛFV process. In this regime, the entire local population is

replaced during a reproduction event. We further impose the condition that, for any t and x,

wtpxq P t0, 1u (and note that this is consistent with taking u “ 1).

In the absence of selection, it is shown in Berestycki et al. [2013] that if instead we fix

u P p0, 1q, the scaling limit that we obtain is a simple timechange of that for u “ 1. However,

in Chapter 6 we present simulations which suggest that things are a bit more complicated once

selection is incorporated.

Nevertheless, even after the simplification u “ 1, our prelimiting process is considerably

more complex than that considered in Sun and Swart [2008]. For each point p “ px, tq P R2,

we think of an individual living at px, tq and construct the set Anppq of its possible ancestral

lineages by looking forwards in (coalescent) time and tracing out the locations in space-time of

successive possible ancestors of p. When lineages are covered by the same neutral reproduction

event, they coalesce. In particular, more than two lineages can coalesce in a single event. At
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Figure 5.3: Complications. The diagram to the left illustrates how paths might both coalesce and
branch through the same event. The second diagram presents a case of multiple collisions.

selective events, when we must trace two potential parents, we can see either just branching or,

if more than one lineage lies in the region affected by the event, a combination of branching and

coalescence (see Figure 5.3).

Further complications compared to systems of branching and coalescing simple random walks

arise since (a) our ancestral lineages jump at random times and the displacement caused by such

jumps is random; and (b) the motion of distinct ancestral lineages becomes dependent when they

are within distance 2Rn of each other.

In spite of the additional complexity, it still makes sense to talk about left-most and right-

most paths and this will be the key to our analysis. In fact (b) can be handled through elementary

arguments. It turns out that the times in which ancestral lineages are ‘nearby but not coalesced’

are too brief to affect the limit. In order to overcome (a), we must identify the dual system of

branching and coalescing lineages which will give rise to the dual left-right web. At first sight,

it is far from obvious that such a dual exists, and still less obvious that it can be constructed in

such a way as to have the same distribution as the forwards system. The required dual, which

is defined in § 5.2 is shown in Figure 5.4.

To formulate our result in d “ 1, we first need to define the space in which the convergence

will take place. This is a slight modification of that used by Sun and Swart [2008], to take

account of the fact that our branching and coalescing ancestral lineages are only càdlàg, not
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continuous. For s P r´8,8s, we set

Drss “ tf : rs,8s Ñ r´8,8s ; f is càdlàgu.

For f P Drss, it will be convenient to define σf “ s to be the first time at which it is defined.

In similar fashion to Sun and Swart [2008], we will compactify the space we are working on in

order to use compactness when proving convergence.

For each s P r´8,8s and f P Drss we define a function f̄ as follows. Let

κptq “ κt “ tanh´1ptq

and note that κ is an order preserving homeomorphism between r´1, 1s and r´8,8s. (We use

the symbol κ in place of tanh´1 to denote a change of time rather than rescaling of space.)

Then if f P Dr´8s we define

f̄ptq “
tanhpfpκtqq

1` |κt|
(5.3)

for t P r´1, 1s. Similarly, if s P p´8,8q and f P Drss then for t P rκ´1pσf q, 1s we define f̄ as

above and for t P r´1, κ´1pσf qs we define f̄ptq “ f̄pκ´1pσf qq. Finally, for f P Dr8s we define

f̄p8q “ 0.

For each s P r´8,8s and f P Drss, f̄ is an element of the space

G “ tg : r´1, 1s Ñ r´1, 1s ; g is càdlàgu.

We equip G with its usual Skorohod metric ρ. Let

dpf1, f2q “ ρpf̄1, f̄2q _ | tanhpσf1q ´ tanhpσf2q| (5.4)

where fi P Drtis. It is easily seen that d is a pseudo-metric on
Ť

sPr´8,8sDrss. We define M to

be the set of equivalence classes of
Ť

sPr´8,8sDrss under d and note that d naturally induces a

metric on M .

Remark 5.6 If we restrict ourselves to continuous paths, and replace the Skorohod metric with
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the usual L8 distance (that is, we replace d by the pseudometric rdpf1, f2q “
∥∥f̄1 ´ f̄2

∥∥
8
_

|tanhpσpf1q ´ tanhpσpf2q|), then we recover the space pĂM, rdq introduced by Fontes et al. [2004]

with two cosmetic differences:

1. We have identified the values of functions at t´8,8u using equivalence classes of ĂM

instead of using a particular compactification of r´8,8s2 (see the appendix of Sun and

Swart 2008).

2. Using f̄ , we extended f P Drσf s to all time and so the Skorohod metric in (5.4) is over

the whole interval of (κ´1-rescaled) time r´1, 1s instead of just rκ´1pσf q, 1s. This makes

no difference for continuous paths but is better suited to càdlàg paths.

We define also the set KpMq of compact subsets of M , equipped with the Hausdorff metric m

and including the empty set H as an isolated point. We show (in the Appendix, A.3) that M is

complete and separable; the space KpMq inherits these properties.

The reason for using the metric (5.4) is captured in the following lemma (which we prove in

the Appendix, A.2).

Lemma 5.7 Let fn P M for n P N and let f P M . Extend fn and f to functions on r´8,8s

by setting f¨ptq “ fpσf q for t ă σf . Then fn Ñ f in pM,dq if and only if both:

1. for all T 1 P p0,8q, fn Ñ f in DRr´T
1, T 1s (càdlàg paths with the usual Skorohod metric),

2. σpfnq Ñ σpfq in r´8,8s.

The topology for the backwards paths will be the same except rotated through 180 degrees.

Let Anppq denote the set of all possible ancestral lineages started from the space-time point

p. We define

Dn “ tpkn´1{2, jn´1{2q ; j, k P Zu (5.5)

and

An “
ď

pPDn

Anppq. (5.6)
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Loosely speaking, Theorem 5.8 says that An converges in law in KpMq to the Brownian net. In

order to make this statement precise we shall need a rather more involved description of Anppq,

which can be found in Section 5.2, and we shall augment An with ‘boundary paths’ in order to

exploit the compactness of the state space. The corresponding collection of paths is defined in

§5.2.3 and will be denoted PÒnpDnq. Our main result in dimension d “ 1 is then:

Theorem 5.8 Let N denote the Brownian net. As n Ñ 8, PÒnpDnq converges weakly to N in

KpMq.

The proof will be object of the rest of this Chapter. Since we will mirror the approach of Sun and

Swart [2008] we will attempt, as far as possible, to adhere to their notation. Before proceeding

we will introduce one extra piece of terminology.

Definition 5.9 In a selective event we refer to both the potential parental locations as parents

of the event. In a neutral event, we call the (sole) parental location the parent of the event.

5.2 Paths and arrows

In order to discuss the self-dual systems of branching and coalescing lineages that converge to

the Brownian net, we must be precise about what we mean by ‘branching-coalescing paths’ and,

in particular, about the direction of time. We shall follow Fontes et al. [2004] in using segments

of paths called arrows. Loosely speaking, paths are formed by concatenating arrows. A path

(or an arrow) is an R-valued function whose domain is a subinterval of R. If a path/arrow is

forwards (resp. backwards), then ‘moving along it’ means moving along the image of the path

forwards (resp. backwards) with respect to the usual ordering on the time domain. We shall use

Ò to denote forwards and Ó to denote backwards paths.

When we are following a backwards path or arrow we interchange left and right, in the same

way as left and right interchange if we reverse the direction in which we walk. For clarity, we

reserve the terms north, south, east and west for global directions associated to the plane R2
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and use the words right and left for local directions whose frame of reference depends on the

direction in which we are travelling.

5.2.1 Constructing paths from arrows

We refer to each px, t, rq P Πn as an event affecting the set Brpxq ˆ ttu Ď R2 or, equivalently,

affecting each point y P Brpxq at time t. The east- and west-most points of this event are px`r, tq

and px´ r, tq respectively. To each py, sq P p´8,8q ˆ p´8,8q we associate a unique forwards

arrow and a unique backwards arrow, defined as follows. Let

T Òy,s “ inftt ; Dpx, t, rq P Πn, y P Brpxq, t ě su

T Óy,s “ suptt ; Dpx, t, rq P Πn, y P Brpxq, t ď su.

Let ‹ P tÒ, Óu. An arrow starting at py, sq is a path α‹y,s : rs, T ‹y,sq Ñ R defined by α‹y,spvq “ y

@v P rs, T ‹y,sq. Forwards arrows point due north, backwards ones due south. In words, T Òy,s is

the time of the first event (non-strictly) northwards of time s that affects the point y and T Óy,s is

the time of the first event (non-strictly) southwards of time s that affects y. We illustrate these

concepts in Figure 5.2. The corresponding event px, t, rq P Πn will be called the finishing event

of αy,s. For each ‹ P tÒ, Óu, we can now associate two important sets of paths to each point

py, sq.

Let us first consider the forwards paths. The set PÒnpy, sq is best described in words; it is the

set of paths that are obtained by following the arrow αÒy,s out of py, sq and then, every time we

finish an arrow, following a new arrow that starts from one of the parents of the finishing event

of αy,s. The forwards paths from py, sq correspond precisely to the set of potential ancestral

lineages of an individual who lived at the point y at time s.

Remark 5.10 If parents of events were always at the centre of the event, then a forwards path

would be precisely an exploration path in the sense of Micaux [2007]. These still differ from the

paths in the Poisson trees of Ferrari et al. [2005] which are continuous (they interpolate between
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Figure 5.4: The movement of forwards and backwards paths (illustrated as interpolated arrows) about
a selective event (left) and a neutral event (right). The events are shown as green dotted horizontal lines
and the parent(s) as small circles. Forwards paths (in blue) travel northwards and backwards paths (in
red) travel southwards.

the centres of events).

The set PÓnpy, sq of backwards paths is also best described in words. It is the set of paths

obtained by following the arrow αÓy,s out of py, sq and then, every time we finish an arrow αÓy1,s1 :

1. If the finishing event of αy1,s1 is neutral with parent v then

(a) if y1 ď v, follow the arrow out of the west-most point of the finishing event of αy1,s1 ,

(b) if y1 ą v, follow the arrow out of the east-most point of the finishing event of αy1,s1 .

2. If the finishing event of αy1,s1 is selective with parents v ă v1 then

(a) if y1 ă v, follow the arrow out of the west-most point of the finishing event of αy1,s1 ,

(b) if y1 ą v1, follow the arrow out of the east-most point of the finishing event of αy1,s1 ,

(c) if y1 P rv, v1s, a path can follow either one of the arrows out of the east-most/west-most

points of the finishing event of αy1,s1 .

See Figure 5.4 for an illustration of the forwards and backwards paths.
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In keeping with our previous notation, for each path we write σpαq “ σα “ s, so that σ

associates to each forwards/backwards path the time at which it starts.

5.2.2 Interpolated paths and arrows

We wish to exploit the existing theory of Brownian webs and nets, which was developed in

a setting restricted to continuous paths, and so we will approximate the systems of (càdlàg)

forwards and backwards paths of the last subsection by corresponding systems in which the

jumps have been interpolated. Ferrari et al. [2005] achieve this by simply taking paths that

interpolate between the starting points of arrows. However, in our situation this would result

in arrows which cross each other and, worse, pass through events that did not previously affect

them. Instead, we adopt a ‘just in time’ approach to our interpolation: we find small non-

overlapping intervals of time and space about each event in which to interpolate. The following

lemma makes this precise.

Lemma 5.11 Let n P N. For each p “ px, t, rq P Πn and each ε ą 0 define the set

Bεpx, t, rq “ tpy, sq P R2 ; |x´ y| ď r, |t´ s| ď εu.

Almost surely, there exists a map Υ : Πn Ñ p0,8q such that the sets pBΥppqppqqpPΠn are distinct.

Proof: This follows immediately since Πn has finite intensity and so the points of Πn have

no point of accumulation. �

Let fÒ P PÒpy, sq and let αÒy,s : rs, T Òy,sq Ñ R be the first of the forwards arrows that make

up fÒ. Suppose that α1 is the next arrow in fÒ after αÒy,s. Let p “ px, T Òy,s, rq denote the

finishing event of αÒy,s and let z “ α1pT Òy,sq be the starting point of the next arrow. We say that

rαÒy,s : rs, tq Ñ R is the interpolated arrow of αÒy,s if both

1. rαÒy,spvq “ αÒy,spvq for all v ď T Òy,s ´Υppq,

2. rαÒy,spvq is linear on rT Òy,s ´Υppq, tq and limvÒt rα
Ò
y,spvq “ z.
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Note that the interpolation of an arrow depends on the path f in which it is contained.

Given a forwards path f P PÒnpy, sq, we define the continuous path f̃ to be the concatenation

of the interpolations of the arrows within f and we define rPÒnpy, sq “ t rf ; f P PÒnpy, squ. The

interpolated backwards paths rPÓnpy, sq are defined in an entirely analogous way. Of course,

interpolated paths are close to their equivalent non-interpolated paths.

Lemma 5.12 Let py, sq P R2 and let f P PÒnpy, sq. Then

sup
tPpσf ,8q

|fptq ´ rfptq| ă 2Rn´1{2

and the analogous estimate holds for backwards paths.

Proof: Note that σf “ σ
rf
. By definition, fpuq “ rfpuq unless u is such that pfpuq, uq P

Bpx, t, rq for some px, t, rq P Πn. By definition of rf , when pfpuq, uq P Bpx, t, rq we have |fpuq ´

rfpuq| ď 2r. By definition of µn we have r ď Rn´1{2, which completes the proof. �

5.2.3 Left-most and right-most paths

We now associate to each py, sq four special paths.

Definition 5.13 Left-most and right-most forward and backward paths are defined as follows.

1. The left-most forward path from py, sq is the element of PÒnpy, sq obtained by choosing the

(forwards) arrow with the west-most pre-parent, whenever a choice is available.

2. The right-most forward path from py, sq is the element of PÒnpy, sq obtained by choosing the

(forwards) arrow with the east-most pre-parent, whenever a choice is available.

3. The left-most backward path from py, sq is the element of PÓnpy, sq obtained by choosing

the (backwards) arrow from the east-most point of the finishing event whenever a choice is

available.
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4. The right-most backward path from py, sq is the element of PÓnpy, sq obtained by choosing

the (backwards) arrow from the west-most point of the finishing event, whenever a choice

is available.

We will sometimes shorten ‘left-most’ and ‘right-most’ to l-most and r-most.

For each ‹ P tÒ, Óu, : P tl, ru and D Ď R2 we define

P‹,:n pDq “ tf ; f “ f‹y,s is the :-most path of some py, sq P Du,

and rP‹,:n pDq “ t rf ; f P P‹,:pDqu to be the corresponding set of interpolated paths. Additionally,

we include the boundary paths

B “ tf : fpxq “ ´8, x P rσf ,8s, σf P r´8,8su Y tf : fpxq “ 8, x P rσf ,8s, σf P r´8,8su

in both P‹,:pDq and rP‹,:pDq. Since the usefulness of our state space relies on the compactness of

r´8,8s, it is convenient to include 8 in the domain of each f P P‹,:pDq by defining fp8q “ 0.

Definition 5.14 Let f and f 1 be paths. We say f and f 1 cross at t if there exists ε ą 0 such

that fpsq ď f 1psq for s P pt´ ε, tq and fpsq ą f 1psq for s P pt, t` εq.

Lemma 5.15 Let D be any subset of R2 and let n P N. Let : P tl, ru. Then, almost surely, for

all fÒ P PÒ,:n pDq and fÓ P PÓ,:n pDq, the paths fÒ and fÓ do not cross.

Further, the same result holds for interpolated paths fÒ P rPÒ,:n pDq and fÓ P rPÓ,:n pDq.

Proof: Evidently paths can only cross if both are affected by a common event and then the

conclusion is an easy consequence of the definitions (or Figure 5.4). �

Remark 5.16 A forwards left-most path and backwards right-most path can cross each other,

as can a forwards right-most and a backwards left-most path. Similarly, a forwards left-most

path can cross a forwards right-most path. These three statements also hold when forwards and

backwards are interchanged.
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Although not immediately obvious from the definition, an important feature of our construc-

tion is that the backwards paths, when rotated through 180 degrees, have the same distribution

as the forwards ones.

Lemma 5.17 A forwards left- (right-) most path has the same distribution as a backwards left-

(right-) most path which has been rotated through 180 degrees.

Proof: First observe that the rate at which an event falls on (an arrow in) a path has the

same distribution whether we look forwards or backwards in time and, when an event falls on

a (forwards or backwards) path, the spatial position of the path will be uniformly distributed

over the region affected by the event. Let us denote that position by V . It will be convenient

to measure spatial position relative to the west-most point of the event. Thus if the event

corresponds to p “ px, t, rq, then V is uniformly distributed on r0, 2rs.

Consider first a left-most forwards path. If a neutral event falls on it, then the path jumps

to the position of the pre-parent, which we denote by U , which is also uniformly distributed on

the event. Thus, by symmetry, the path is equally likely to jump left or right and the length of

the jump is the distance between U and V which, again by symmetry, has the same distribution

as minpU, V q (on r0, 2rs).

Now consider a selective event. The two pre-parents are sampled uniformly from the event.

We denote their positions by U1 ă U2. We now have three uniformly distributed random

variables on r0, 2rs. Let us write them in ascending order as U p1q, U p2q, U p3q.

The left-most forward path jumps to U1. Let us write J for the jump that it has made. Each

of the following events has probability 1/3:

1. V “ U p1q, in which case, necessarily, U1 “ U p2q and J “ U p2q ´ U p1q
d
“ U p1q;

2. V “ U p2q, in which case J “ U p1q ´ U p2q
d
“ ´U p1q;

3. V “ U p3q, in which case J “ U p1q ´ U p3q
d
“ ´U p2q.
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Figure 5.5: Jump distribution of forward and backwards paths. In a) we illustrate the situation
in a neutral event. If V ă U , the left-most forwards path jumps U ´ V

d
“ minpU, V q while left-most

backwards path jumps ´V d
“ ´minpU, V q, which has the same distribution after rotating through

180 degrees. Pictures b), c) and d) deal with a selective event. Each one illustrates one of the three
possibilities: the position of the path is to the left of both parents, in between, or to the right. Each
is equally likely, and in the case of the left-most forward path we see that it jumps U p2q ´ U p1q

d
“ U p1q,

U p1q ´ U p2q
d
“ ´U p1q or U p1q ´ U p3q

d
“ U p2q , while the left-most backwards path jumps are given by

´U p1q, 2r´U p1q
d
“ U p2q and 2r´U p3q

d
“ U p1q, and so we see that the backwards path has the same jump

distribution, but rotated thorugh 180 degrees.



Convergence to the left-right web

Now consider a left-most backwards path. Retaining the notation above, at a neutral event,

with probability 1/2, V ă U and the path jumps to the west-most endpoint, which, once rotated

through 180 degrees becomes a positive jump of size minpU, V q. On the other hand if V ą U ,

which also has probability 1/2, the path jumps to the east-most endpoint, which upon rotation

becomes a negative jump with (by symmetry) the same distribution as minpU, V q.

At a selective event, again each with probability 1/3,

1. V “ U p1q and the path jumps to the west-most endpoint of the interval, a jump whose

rotation through 180 degrees has distribution U p1q;

2. V “ U p2q, in which case the left-most path jumps to the east-most point of the interval, a

jump which when rotated has distribution ´U p2q;

3. V “ U p3q in which case the path jumps to the east-most point of the interval, a jump

which when rotated has distribution equal to that of ´U p1q (by symmetry).

Thus the left-most forwards path and the rotated left-most backwards paths have the same

distribution and a symmetric argument yields the same result for right-most paths. See Figure

5.5. �

5.3 Convergence to the left-right web

Most of the work that lies ahead is in proving convergence of our spaces of left-most and right-

most paths to a left-right Brownian web. To show convergence of the spaces of left-most paths

(and, by symmetry right-most paths) to a Brownian web, we shall apply a result due to Fontes

et al. [2004], restated in convenient form in Ferrari et al. [2005]. To state this result, we first

need some notation.

For a setX of paths in ĂM , let ηXpt0, t, a, bq denote the number of distinct points in tt0`tuˆR

that are touched by paths in X which also pass through tt0u ˆ ra, bs (Figure 5.6).

We denote the Borel σ-algebra of KpĂMq by FK.
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Figure 5.6: ηXpt0, t, a, bq .

Theorem 5.18 (Ferrari et al. [2005], Theorem B) Let D be a countable dense set of points

in R2 (time-space). Suppose that X1, X2, . . . are pKpĂMq,FKq-valued random variables with non-

crossing paths. If, in addition, the following three conditions hold, the distribution of Xn con-

verges to the distribution of the standard Brownian web.

1. There exist θyn P Xn such that for any deterministic y1, . . . , ym P D, θy1n , . . . , θymn converge

in distribution as nÑ8 to coalescing Brownian motions starting at y1, . . . , ym.

2.
lim sup
nÑ8

sup
pa,t0qPR2

PrηXnpt0, t; a, a` εq ě 2s Ñ 0 as ε Ó 0;

3. 1

ε
lim sup
nÑ8

sup
pa,t0qPR2

PrηXnpt0, t; a, a` εq ě 3s Ñ 0 as ε Ó 0.

Condition 1 is an easy modification of Lemma 4.1 of Berestycki et al. [2013] and we do not

verify it here. Conditions 2 and 3 will be verified for our left-most paths in §5.3.3. Compactness

of rPÒ,lpDnq, so that rPÒ,lpDnq P pKpĂMq,FKq, is deferred to §5.3.4, where we combine these results

to deduce convergence to the left-right web, first for our interpolated paths and then for our

original system.

In §5.3.1-§5.3.2 we shall verify that finite collections of our left and right-most paths will

satsify Condition 2 of Theorem 5.4.
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Convergence to the left-right web

5.3.1 Convergence of pairs of paths

To prove convergence of spaces of left/right-most paths to the left-right web, we need to verify

Condition 2 of Theorem 5.4. As a first step, in this subsection we take the limit of a pair of paths,

comprising one left-most path and one right-most path started at some time s (which, since Πn

is homogeneous in both space and time, we may, without loss of generality, take to be zero) and

show that it satisfies the system (5.1). With this in mind, let Ln and Rn denote respectively

the left-most and right-most forwards paths associated to the points pyn,l, 0q and pyn,r, 0q. We

assume that the sequences of starting points converge to pyl, 0q and pyr, 0q respectively.

Following Sun and Swart [2008], and using their Lemma 2.2, there is a one-to-one correspon-

dence between weak solutions of (5.1) and solutions of the system

dLs “ ξdBl
Ss ` ξdB

c
Cs ´ ζds, (5.7)

dRs “ ξdBr
Ss ` ξdB

c
Cs ` ζds, (5.8)

s “ Ss ` Cs, (5.9)

0 “

ż s

0
1tLs ă RsudCs, (5.10)

where Bl, Br and Bc are independent standard one dimensional Brownian motions. The positive

constants ξ and ζ depend on µ and will be specified below in (5.14) and (5.15) respectively. The

solution pLs, Rsq to this system is a CR2r0,8q valued process.

Proposition 5.19 Let T P p0,8q. As nÑ8, pLns , Rns qsPr0,T s converges weakly to pLs, RsqsPr0,T sq

in the sense of DRr0, T s valued processes.

In fact we shall need the analogue of this result for the corresponding interpolated paths,

which we denote by prLn, rRnq:

Corollary 5.20 Let T P p0,8q. As nÑ8, prLns , rRns qsPr0,T s converges weakly to pLs, RsqsPr0,T sq

in the sense of CRr0, T s valued processes with the supremum norm.

Proof: By Lemma 5.12, the weak convergence of Proposition 5.19 also holds (in DRr0, T s)
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when pLn, Rnq are replace by prLn, rRnq. Since the supremum topology on continuous paths is

continuously embedded in the Skorohod topology, it follows that this same convergence holds in

CRr0, T s. �

The remainder of Subsection 5.3.1 is devoted to the proof of Proposition 5.19. We begin by

breaking down the evolution of the pair pLns , Rns q into several different pieces. At time s ě 0, we

say Lns and Rns are

coalesced if Lns “ Rns ,

nearby if Lns ‰ Rns and |Lns ´R
n
s | ď

2R
n1{2

,

separated if |Lns ´R
n
s | ą

2R
n1{2

.

For s ě 0 we set

Cns “

ż s

0
1tLnu, R

n
u are coalescedudu,

Nn
s “

ż s

0
1tLnu, R

n
u are nearbyudu, (5.11)

Sns “

ż s

0
1tLnu, R

n
u are separatedudu,

and we note that Cns `Nn
s ` S

n
s “ s.

Remark 5.21 Here the symbols C,N, S correspond respectively to the terms coalesced, nearby

and separated. Note that this does not match the notation used in Sun and Swart [2008].

We define sequences of stopping times to track the changes of state of pLn, Rnq during r0, T s.

Firstly,

τn,C1 “ infts ě 0 ; pLns , R
n
s q are coalescedu;

τn,Ck “ infts ě τn,Ck´1 ; pLns , R
n
s q are coalesced, pLns´, R

n
s´q are not coalescedu.

Similarly, we define sequences τn,Nk and τn,Sk for ‘re-entrance’ times of pLnr , Rns q to the states of

‘nearby’ and ‘separated’ respectively. It is easily seen that each τn,Ck , τn,Nk , τn,Sk is a stopping
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Convergence to the left-right web

time and pLn, Rnq is strong Markov.

Each jump of pLn, Rnq is caused by one or both lineages being affected by a single event of

Πn. If pLn, Rnq is coalesced immediately before this event then the event affects both Ln and

Rn, whereas if they are separated the event affects only one of the two. The motion is more

complicated when pLn, Rnq is in the nearby state, when events can affect one or both lineages,

but we shall see that the time spent in that state is negligible as we pass to the limit.

In order to identify the limiting objects, it is convenient to isolate the parts of the motion

that contribute to the drift from those that contribute to the martingale terms in (5.7) and (5.8).

The decomposition we make is not unique. Our particular choice highlights the fact that the

martingale part of the motion of lineages is driven by neutral events, while the drift can be

attributed to selection.

First we are going to define three random walks, from which we can build pLn, Rnq when

we are in the coalesced or separated states. To see what they should be, first suppose that a

lineage is hit by a neutral event. When this happens, the position, y, of the lineage is uniformly

distributed on the region affected by the event and it will jump to the position z of the parent,

which is also uniformly distributed on the region. Neutral events fall according to a Poisson

Point Process with intensity

n1{2dxb np1´ snqdtb µnpdrq,

so they hit y at rate

Kn “ np1´ snq
ż 8

´8

ż R

0

ż r

´r
1ty P Brpxqu dxµnpdrqn1{2dx

“ 2np1´ snq
ż R

0
rµpdrq. (5.12)

Thus we define V n to be a symmetric random walk driven by a Poisson Point Process with

intensity

np1´ snqdtb 2rµpdrq.
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At an event pt, rq, the walk jumps with displacement J1{
?
n where

P rJ1 P As “ P rZr ´ Ur P As , (5.13)

where Ur and Zr are independent uniform random variables on r´r, rs.

Now consider the motion due to selective events. If the pair is coalesced immediately before

the event, then their position is uniformly distributed on the affected region and the left-most

path will jump with displacement z1´y and the right-most path jumps with displacement z2´y

where z1 ă z2 are the (uniformly distributed) positions of the two pre-parents of the event. If the

pair pLn, Rnq is separated, then only one of them will be affected by any given event. Selective

events fall with intensity

n1{2dxb nsndtb µnpdrq

and so we define the random walk pDn,´, Dn,`q, whose jumps are driven by a Poisson Point

Process with intensity

nsndtb 2rµpdrq.

At an event pt, rq,Dn,´ jumps with displacement pZ1´Y q{
?
n andDn,` jumps with displacement

pZ2 ´ Y q{
?
n where Z1 “ mintU1, U2u and Z2 “ maxtU1, U2u with U1, U2 and Y independent

uniformly distributed random variables on r0, 2rs.

Lemma 5.22 As nÑ 8, V n converges weakly to ξB where B is a standard Brownian motion

and

ξ2 “
4

9

ż R

0
r3µpdrq. (5.14)

Proof: Evidently J1 has mean zero and, conditional on r its variance is 4r2 times that of the

minimum of two independent uniform random variables on r0, 1s, which is 2r2{9. The lemma

now follows from the Functional Central Limit Theorem (see, for example, Ethier and Kurtz

[1986], Section 7.1). �

Now consider Dn,˘.
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Convergence to the left-right web

Lemma 5.23 Let T ą 0. As nÑ8, pDn,´, Dn,`q converges weakly to the deterministic process

s ÞÑ p´ζs, ζsq where

ζ “
2

3

ż R

0
r2µpdrq. (5.15)

Proof: These walks experience jumps of size Op1{
?
nq at rate

2nsn
ż R

0
rµpdrq “ 2

?
n

ż R

0
rµpdrq, (5.16)

which is proportional to
?
n. In the notation above, conditional on r,

ErZ2 ´ Y s “ ´ErZ1 ´ Y s “
r

3
.

By the functional law of large numbers (see for example Rackauskas and Suquet [2013]) as

nÑ8, pDn,´, Dn,`q converges weakly to the deterministic process

s ÞÑ p´ζs, ζsq,

with ζ as in the statement of the lemma. �

When pLn, Rnq is coalesced, its jumps have the same distribution as pV n`Dn,´, V n`Dn`q.

When pLn, Rnq is separated, its jumps have the same distribution as pV n,l`Dn,l,´, V n,r`Dn,r,`q

where V n,l, V n,r are independent copies of V n and Dn,l,´, Dn,r,` are independent and with the

same distribution as Dn,´, Dn,` respectively. When Ln and Rn are nearby the evolution is more

complicated; in fact in this case the joint jump distribution depends on |Ln ´ Rn|. Happily,

because of Lemma 5.26 (see below) we will not need to describe the evolution in this case

explicitly and we will denote it simply by pN n,l
s ,N n,r

s q.

Since pLn, Rnq is always in exactly one of the states ‘coalesced’, ‘nearby’, and ‘separated’, and

using spatial and temporal homogeneity of Πn, it follows from the above that we can represent

the dynamics of pLn, Rnq in terms of three independent copies of the triple pV n, Dn˘q which we

denote pV n,α, Dn,α,˘q with α P tc, l, ru:

Lns “ Ln0 ` V
n,l
Sns
`Dn,l,´

Sns
`N n,l

Nn
s
` V n,c

Cns
`Dn,c,´

Cns
(5.17)
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Rns “ Rn0 ` V
n,r
Sns
`Dn,r,`

Sns
`N n,r

Nn
s
` V n,c

Cns
`Dn,c,`

Cns
(5.18)

s “ Cns `N
n
s ` S

n
s (5.19)

0 “

ż s

0
1tRnu ą LnuudC

n
u . (5.20)

Of course the ‘time variables’ pCn, Sn, Nnq are coupled with the random walks V n,α and Dn,α,˘.

Our next task is to prove that the time spent in the ‘nearby’ state is negligible. We require

two preliminary estimates on the time between changes of state. The first says that each visit

to the nearby state lasts at most Op1{nq units of time.

The second estimate says that visits to the coalesced state last Op1{
?
nq units of time. This

will limit the possible number of such visits in the time interval r0, T s to be Op
?
nq and since,

moreover, the number of visits to the nearby state before the pair visits the coalesced state is

Op1q, this in turn allows us to control the number of visits to the nearby state.

Lemma 5.24 Let k P N and let τ 1k1 be the next state change after τn,Nk . Then the random

variables pτ 1k1 ´ τ
n,N
k qkPN are an i.i.d. sequence and there exists A P p0,8q, not dependent on k,

such that

E
”

τ 1k1 ´ τ
n,N
k

ı

ď
A

n
.

Further, there exists q P p0, 1q, not dependent on k, such that the probability that pLn, Rnq is

coalesced at τ 1k1 is greater than q.

Proof: If pLn, Rnq are nearby they must either be at a distance smaller than 3
2R{n

1{2, or

at a distance between 3
2R{n

1{2 and 2R{n1{2. In the first scenario, the probability that they

coalesce through the the very next event that affects either of them is bounded away from 0. In

the second scenario, the probability that the next event that affects either of them brings them

closer than 3
2R{n

1{2 is also bounded away from 0. Since the rate at which events arrive is Opnq

the result follows.

�
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Lemma 5.25 Let k P N and let τ2k2 be the next state change after τn,Ck . Then the random

variables pτ2k2 ´ τ
n,C
k qkPN are an i.i.d. sequence and there exists A1 P p0,8q, not dependent on k,

such that

E
”

τ2k2 ´ τ
n,C
k

ı

ě
A1
?
n
.

Proof: This is trivial, since any jump out of the coalesced state is due to a selective event

and the rate at which these occur is given by (5.16). �

Lemma 5.26 Fix T ą 0 and let Nn
T denote the total time spent in the nearby state up to time

T . Then Nn
T Ñ 0 in probability as nÑ8.

Proof: The idea is simple. Since CT ď T , using Lemma 5.25, the number of visits to the

coalesced state in r0, T s has mean at most T
?
n{A1. But by Lemma 5.24, the expected number

of visits to the coalesced state is at least q times the expected number of visits to the nearby

state. Thus the expected number of visits to the nearby state is at most T
?
n{pqA1q and since,

again by Lemma 5.24, each has expected duration at most A{n, ErNT s ď TA{pqA1
?
nq and the

result is proved on applying Markov’s inequality. �

Since Ln and Rn evolve as V n`Dn,´ and V n`Dn,` respectively, both converge individually

and so their joint law is tight. Moreover, just as in Sun and Swart [2008], since Cn, Nn and Sn

are continuous increasing processes, with rate of increase bounded by one, their joint law is also

tight. Evidently we now have that

pLn, Rn, V n,l, V n,r, V n,c, Dn,l,´, Dn,r,`, Dn,c,´, Dn,c,`, Cn, Nn, Snq

is tight and by passing to a subsequence we may assume that it converges weakly to some limiting

process

pLs, Rs, ξB
l
s, ξB

r
s , ξB

c
s,´ζs, ζs,´ζs, ζs, Cs, 0, Ssqsě0,

where Bl, Br and Bc are independent (by construction). By Skorohod’s Representation The-

orem, by passing to a further subsequence if necessary, we can assume that the convergence is
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almost sure. We claim that the limit pLs, Rs, Cs, Ssq then satsifies (5.7-5.10). Indeed, letting

nÑ8 in (5.17), (5.18) and (5.19) we obtain precisely (5.7), (5.8) and (5.9).

Obtaining (5.10) from (5.20) requires a little more work (because the function x ÞÑ 1tx ą 0u

is not continuous), but again we need only adapt the approach of Sun and Swart [2008]. For

each δ ą 0 let ρδ be a continuous non-decreasing function such that ρδpuq “ 0 for u P r0, δs and

ρδpuq “ 1 for u P rδ,8q. Using (5.20) we have

0 “

ż T

0
1tRns ą Lns udC

n
s “

ż T

0
1

"

Rns ´ L
n
s ą

2R
n1{2

*

dCns `

ż T

0
1

"

Rns ´ L
n
s P

ˆ

0,
2R
n1{2

*

dCns

ě

ż T

0
ρδpR

n
s ´ L

n
s qdC

n
s ě 0,

provided that δ ě 2R{
?
n. For such n we thus have

şT
0 ρδpR

n
s ´L

n
s qdC

n
s “ 0 and letting nÑ8

we obtain
şT
0 ρδpRs ´ LsqdCs “ 0 for all δ ą 0. Letting δ Ñ 0 we obtain

şT
0 1tRs ą LsudCs “ 0

which is (5.10).

This completes the proof of Proposition 5.19. An entirely analogous proof gives convergence

of a pair of backwards right and left-most paths. That the constants ξ and ζ are unchanged

follows from Lemma 5.17.

5.3.2 Multiple left/right paths

In this subsection we extend Proposition 5.19 to larger collections of left and right-most paths.

Let N P N. Given a set

D “ tpyi, siq P R2 ; i “ 1, . . . , Nu (5.21)

of distinct points in R2 and a function

O : t1, . . . , Nu Ñ tl, ru (5.22)

we can define the set PÒnpD,Oq “ tfÒ1 , . . . , f
Ò

Nu where fÒi is the Opiq-most forward path from

pyi, siq driven by events in Πn.

120



Convergence to the left-right web

Sun and Swart [2008], Section 2.2, construct a system of left-right coalescing Brownian

motions started from the points of D. (Recall that two left-most paths coalesce on meeting.)

We write

PÒpD,Oq “ tBÒ,pyi,siq ; i “ 1, . . . , Nu (5.23)

which is a system of left-right coalescing Brownian motions, while PÒnpD,Oq is a system of (pre-

limiting) paths. Note that PÒpD,Oq and PÒnpD,Oq are random elements of the product space

MN , where N is the number of paths we are considering.

For each i “ 1, . . . , N let dni “ pyni , s
n
i q P R2 be such that dni Ñ di “ pyi, siq P R2. Set

Dn “ td
n
i ; i “ 1, . . . , Nu and D “ tdi ; i “ 1, . . . , Nu.

Lemma 5.27 Let N P N and let Dn, D,O be as above. Then PÒnpDn, Oq converges weakly in

MN to PÒpD,Oq as nÑ8. Further, rPÒnpDnq converges weakly in ĂMN to PÒpD,Oq as nÑ8.

Proof: The argument is very similar to the proof of Proposition 5.2 of Sun and Swart [2008]

so we will only sketch it here. The construction of PÒpD,Oq in Section 2.2 of Sun and Swart

[2008] is an inductive construction that views PÒpD,Oq as made up of several independent

pieces consisting of segments of either single left-most paths, single right-most paths or a pair

of left/right paths. The same inductive construction breaks down PÒnpD,Oq into corresponding

pieces. The stopping times used in this construction are continuous functionals on MN with

respect to the law of independent evolutions of paths within each such piece, so the first part of

the lemma follows from Proposition 5.19 and Lemma 5.7.

Lemma 5.12 combined with the argument in the proof of Corollary 5.20 allows us to show

that rPÒnpD,Oq converges weakly to rPÒpD,Oq. �

5.3.3 Coalescence of paths

In order to apply Theorem 5.18, we need to control the rate of coalescence of left-most (resp.

right-most) paths. By symmetry, we restrict ourselves to forwards left-most paths.
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To ease notation, we shall write ηlnpt0, t, a, bq for the number of distinct points in tt0` tuˆR

that are touched by paths in PÒ,ln pDnq which also pass through tt0u ˆ ra, bs. The key estimates

that we require are contained in the following two Lemmas. The proofs are adaptations of

analogous results in Ferrari et al. [2003], who consider the neutral case with µ a point-mass δr

and the (single) parent z always at the centre x of the event px, t, rq.

Remark 5.28 In fact, our proof of convergence to the Brownian net will first work with our

continuous interpolated paths, and so we shall need these results for paths in rPÒ,ln pDnq. However,

from Lemma 5.12, those follow on replacing the a and b by a ´ R{
?
n and b ` R{

?
n in our

estimates.

Lemma 5.29 Let t0, t, a P R. Then lim
εÓ0

lim sup
nÒ8

P
“

ηlnpt0, t, a, a` εq ě 2
‰

“ 0.

Proof: Without loss of generality, since the system is homogeneous in both space and time,

it will suffice to take pa, t0q “ p0, 0q. We write fxn for the left-most path constructed from Πn,

starting from the point px, 0q.

Consider the leftmost paths f0
n and f εn. Let T εn “ inftt ą 0 ; f0

nptq “ f εnptqu, so that

tηlnp0, t, 0, εq ě 2u “ tT εn ą tu. As n Ñ 8 pf0
n, f

ε
n, T

ε
nq converges in law in Cr0,T spRq to

pZ0, Zε, T εq where pZ0, Zεq are a pair of coalescing Brownian motions with constant drift to

the left (independent before coalescence) and T ε “ inftt ą 0 ; Z0ptq “ Zεptqu. In particular,

Zε´Z0 is a Brownian motion (with diffusion constant 2ξ2) absorbed at 0 and so, by the reflection

principle,

lim sup
nÑ8

P
“

f0
nptq ă f εnptq

‰

ď 1´ 2

ż 8

ε

1
a

4πξ2t
e´x

2{p4ξ2tqdx

ď

c

1

tξ2π
ε. (5.24)

The result follows immediately. �

Lemma 5.30 Let t0, t, a P R. Then lim
εÓ0

lim sup
nÒ8

ε´1P
“

ηlnpt0, t, a, a` εq ě 3
‰

“ 0.
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Convergence to the left-right web

The proof of this result is more involved. As a preliminary step, we will need the following

lemma. We retain the notation from the proof above.

Lemma 5.31 Let n P N and 0 ď rn ď n´1{2. There exists c2 P p0,8q such that for all n P N,

P
“

f0
nptq ă f rnn ptq

‰

ď
c2
?
nt
.

Proof: We adapt the proof of Lemma 2.9 in Ferrari et al. [2003]. Using our previous terminol-

ogy, whilst f0
n and f rnn are separated, they evolve independently of one another. Adapting the

notation of Section 5.3.1, write τn “ τn,Nk`1 ´ τ
n,N
k for the random time between visits of the pair

to the nearby state. Each can be bounded above by the time taken to enter the nearby state if

we start from separation 2R{
?
n and then the proof of Lemma 2.9 of Ferrari et al. [2005] (which

is presented in full on Ferrari et al. [2003]) tells us (when we take into account our scaling of

space and time) that

Prτn ą ts ď
c
?
nt
,

for a constant c.

The number of visits to the nearby state before coalescence can be bounded above by a

geometric random variable, which we denote by K, with success probability q (a proof of this

can be found in Lemma 5.24). Then

P
“

f0
nptq ă f rnn ptq

‰

ď
ÿ

k

P
“

f0
nptq ă f rnn ptq|K “ k

‰

PrK “ ks

ď
ÿ

k

kPrτn ą t{ksPrK “ ks

ď
ÿ

k

k
c
?
k

?
nt

PrK “ ks “
c2
?
nt
.

�

The idea of the proof of Lemma 5.30 is to reduce its statement to one about pairs of paths,

using an FKG inequality. Again we can adapt arguments from Ferrari et al. [2005]. Define a
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Chapter 5: Dimension 1

partial order ĺ on DRr0, T s by

f ĺ g if and only if fptq ´ fpsq ď gptq ´ gpsq for all t ě s ě 0 (5.25)

and define increasing/decreasing events and functions with respect to this partial order in the

usual way. We shall write µnL for the law of the left-most path, Ln, started from p0, 0q. The

proof of Lemma 2.8 in Ferrari et al. [2003] immediately yields:

Lemma 5.32 The law µnL satisfies the FKG inequality. That is for any increasing events A,B Ď

DRr0, T s,

µnLpAXBq ě µnLpAqµLpBq.

The next step is to find a notation for, and a bound on the size of, the set of all points

in r0, εs ˆ t0u through which at least one path of P Ò,ln pDnq passes. It is the coalescence of the

left-most paths from these points that we must control.

Let

I 1n “ tpx, 0q ; x P r0, εs, Df P PÒ,ln pDnq, σf ă 0, fp0q “ xu

be the set of points in r0, εsˆt0u through which at least one path of PÒ,ln pDnq which starts before

time 0 passes, and set

In “ I 1n Y tpk{n
´1{2, 0q ; k P N, 0 ď k ď εn1{2u.

Lemma 5.33 In the notation above,

lim sup
nÑ8

1
?
n
E r|In|s ď c3ε.

Proof: Evidently it suffices to control the number of points in rIn :“ Inztpk{n
´1{2, 0q ; k P

N, 0 ď k ď εn1{2u. All these points correspond to paths f that have been hit by at least one

event in the time interval pσf , 0q and fp0q is the position of the (left-most) parent in the most

recent such event.

We define a tesselation of the interval r0, εs by tracing due south from each point of the
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Convergence to the left-right web

interval until we first encounter an event of Πn. Points ‘descended’ from the same event are

in the same cell of the tesselation. This tesselation arises from the equilibrium distribution of

what, in two dimensions, is known as the ‘dead leaves tesselation’, introduced in Matheron [1968]

(The dead leaves process is defined as the sequential superposition of random sets, and takes

its name from the fact that it resembles the process by which leaves will fall on and cover an

area. For a more recent overview we refer to Bordenave et al. [2006]). In that language, we are

concerned with the expected number of cells to intersect the interval r0, εs (when the tesselation

is at stationarity). Although a great deal is known about the tesselation, we were unable to find

a reference for exactly the result needed here. However, under our assumptions there is a very

simple proof.

Consider an interval of length r0, where µp3r0,Rq ą δ for some δ ą 0. Tracing backwards

in time, the time Tr0 that we must wait until an event of Π1 completely covers this interval is

an exponentially distributed random variable with rate bounded below by 5r0δ. Conditional

on Tr0 , the expected number of events of Π1 which fall in r´Tr0 , 0s and for which the region

affected intersects our interval of length r0 is bounded above by Tr0r0

şR
0 rµpdrq. This is certainly

an upper bound on the number of cells of the tesselation that intersect the interval, which, on

averaging over Tr0 , we see has mean bounded above by some constant A, say.

By scaling, we are interested in the number of cells of the partition corresponding to Π1 that

intersect an interval of length ε
?
n. This is at most

ˆ

1

r0
ε
?
n` 1

˙

A ď c3ε
?
n, as nÑ8.

�

Proof: [Of Lemma 5.30]

We proceed exactly as in Ferrari et al. [2005]. Suppose that In “ tpξni , 0qu
N
i“1 and simplify

notation by writing f in “ f ξin for the left-most path starting at pξi, 0q. We write µni for the law

of f in, which is of course just a spatial translation of µnL.

If ηlInp0, t, 0, εq ě 3 then there must be some j P t1 . . . N ´ 1u such that f jnptq ă f j`1
n ptq ă
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fNn ptq. Hence,

PIn
”

ηlInp0, t, 0, εq ě 3
ı

(5.26)

ď

N´2
ÿ

i“1

P
“

f inptq ă f i`1
n ptq ă fNn ptq

‰

“

N´2
ÿ

i“1

ż

PIn
“

f inptq ă f i`1
n ptq ă fNn ptq | f

i`1
n “ g

‰

µni`1pdgq

ď

N´2
ÿ

i“1

ż

PIn
“

f inptq ă f i`1
n ptq | f i`1

n “ g
‰

PIn
“

f i`1
n ptq ă fNn ptq | f

i`1
n “ g

‰

µni`1pdgq (5.27)

ď

N´2
ÿ

i“1

ˆ
ż

PIn
“

f inptq ă f i`1
n ptq | f i`1

n “ g
‰

µni`1pdgq

˙

ˆ

ˆ
ż

PIn
“

f i`1
n ptq ă fNn ptq | f

i`1
n “ g

‰

µipdgq

˙

“

N´2
ÿ

i“1

PIn
“

f inptq ă f i`1
n ptq

‰

PIn
“

f i`1
n ptq ă fNn ptq

‰

ď pN ´ 2qPIn
“

f0
nptq ă f rnn ptq

‰

PIn
“

f0
nptq ă f εnptq

‰

where rn ď 1{
?
n. To see the inequality in (5.27), notice that in contrast to the setting of

Ferrari et al. [2005], knowing f i`1
n tells us the times of the events that have affected the path,

but gives only partial information about their left and right-most points. However, consider one

such event, occurring at time τ , say. Partitioning over the size of the event, it is evident that

the events tf inpτq “ f i`1
n pτqu and tf i`1

n pτq “ fNn pτqu are negatively correlated, which implies

the inequality.

To pass from the third line to the fourth we have applied the FKG inequality.

Now, applying Lemma 5.31, equation (5.24) and Lemma 5.33, we have

PIn
”

ηlInp0, t, 0, εq ě 3
ı

ď ErN s
c2
?
nt

1
?
πtξ

ε

ď c4ε
2,

for some constant c4, and the result follows. �
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Convergence to the Brownian Net

5.3.4 Compactness

Before we can apply Theorem 5.18, we must verify compactness.

Lemma 5.34 Let : P tl, ru and n P N. Then rPÒ,:n pDnq and ´ rPÓ,:n pDnq are compact subsets of

ĂM .

Proof: As usual, without loss of generality we may assume ‹ “ Ò and : “ l. It follows easily

from Lemma A.9 that rPÒ,ln pDnq is relatively compact, so it remains only to prove that rPÒ,ln pDnq

is closed. If pfmq is a sequence of elements of rPÒ,ln pDq converging to some f P ĂM then by (5.6)

we have fmpσfmq Ñ fpσf q in r´8,8s. If σf “ 8 then it is immediate that (the equivalence

class of) f is an element of ĂM so without loss of generality we may assume σf ă 8. Since

pfmpσfmq, σfmq P Dn and Dn is a set of isolated points we must have fpσf q P t8,´8u; without

loss of generality we assume that fpσf q “ 8. �

Proposition 5.35 Let ‹ P tÒ, Óu and let : P tl, ru. Then as n Ñ 8, rP ‹,:n pDnq converge weakly

in rK to a :-‹-wards Brownian web which we denote by W‹,:.

Proof: We have now checked the conditions of Theorem 5.18 and the result follows. �

Proposition 5.36 Let ‹ P tÒ, Óu. Then pW‹,l,W‹,rq is a left-right ‹-wards Brownian web.

Proof: Without loss of generality it suffices to prove the case ‹ “ Ò. We verify the conditions

of Theorem 5.4. Conditions 1 and 3 follow from Proposition 5.35 and Condition 2 follows from

Lemma 5.27. �

5.4 Convergence to the Brownian Net

We are finally in a position to prove Theorem 5.8. Recall the set Dn defined in (5.5). Our goal

is to prove convergence of rPÒnpDnq (and consequently PÒnpDnq) to the Brownian net, weakly in

KpĂMq (resp. in KpMq). First we check that rPÒnpDnq is a compact subset of ĂM .
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Lemma 5.37 Let ‹ P tÒ, Óu and n P N. Then rPÒnpDnq and ´ rPÓnpDnq are compact subsets of ĂM .

Proof: Using Lemma A.9 from the appendix, a set rP in ĂM is precompact if and only if its

modulus of continuity, defined by

m
rP
pδq “ sup

"ˇ

ˇ

ˇ

ˇ

tanhπptq

1` |t|
´

tanhπpsq

1` |s|

ˇ

ˇ

ˇ

ˇ

: π P rP ; s, t ě σpπq, | tanh t´ tanh s| ă δ

*

tends to zero as δ Ó 0. By the definition of interpolated arrows,

m
rPÒnpDnq

pδq ď max
´

m
rPÒ,ln pDnqpδq,m rPÒ,rn pDnqpδq

¯

(5.28)

so rPÒpDnq is relatively compact by Lemma 5.34. The same argument as in the proof of

Lemma 5.34 shows that rPÒpDnq is closed, hence it is compact. An analogous argument ap-

plies to ´ rPÓnpDnq. �

5.4.1 Webs and nets

By Proposition 5.35, the sequence of quadruplets

´

rPÒ,ln pDnq,´ rPÓ,ln pDnq, rPÒ,rn pDnq,´ rPÓ,rn pDnq
¯

(5.29)

is tight in KpĂMq4. Let pWÒ,l,´WÓ,l,WÒ,r,´WÓ,rq be a quadruplet of KpĂMq-valued random

variables that are a weak limit point of this sequence. Note in particular that, by Lemma 5.35

this means the pW‹,:q are coupled random variables and that the marginal distribution of W ‹,:

is a :-‹-wards Brownian web.

Lemma 5.38 Let : P tl, ru. Then WÒ,: and WÓ,: are dual Brownian webs.

Proof: Without loss of generality we assume that : “ l. The result will follow once we have

checked Condition 4 of Theorem 5.1. For any given py, sq P R2 there is almost surely a unique

forwards path g PWÒ,l and we must prove that (almost surely) this is the unique element of M

which starts at py, sq and does not cross any path in WÓ,l.
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Convergence to the Brownian Net

Our first step towards this is to prove that, almost surely, any pair of paths fÒ P WÒ,l

and fÓ P WÓ,l do not cross. To see this, suppose, for a contradiction, that fÒ and fÓ did

cross. Without loss of generality, suppose that fÒ was west of fÓ immediately southwards of

the crossing. Then there would exist ε ą 0, t P R such that fÒpsq ă fÓpsq for s P rt ´ ε, tq and

fÒpsq ą fÓpsq for s P pt, t` εs. Set

δ “
1

3
min

 

fÓpt´ εq ´ fÒpt´ εq, fÒpt` εq ´ fÓpt` εq
(

.

By choosing n sufficiently large, there exists paths fÒn P rPÒ,lpDn, Olq and fÓn P rPÓ,lpDn, Olq such

that rdpfÒ, fÒnq ă δ and rdpfÓ, fÓnq ă δ. It follows that fÓnpt´εq ă fÒnpt´εq and fÒpt`εq ą fÓnpt`εq,

which implies that fÒn and fÓn cross; this contradicts Lemma 5.15.

Now, let gÒ P M start at py, sq and suppose that gÒ does not cross any path of WÓ,l. Let

fÒ P M be the (almost surely unique) path in WÒ,l that starts at py, sq. Let ε ą 0, m P N and

let ptiqmi“0 be a strictly increasing sequence of times with t0 “ s.

For each i, let LÓi be the (almost surely unique) path in WÓ,l which starts at pfÒptiq ´ ε, tiq

and let RÓi be the (almost surely unique) path in WÓ,l which starts at pfÒ,lptiq ` ε, tiq. Since g

does not cross any of the paths LÓi , R
Ó

i , for each i ě 1 and all t P pti´1, tis we have

LÓi ptq ď gÒptq ď RÓi ptq, (5.30)

(in Sun and Swart 2008 this type of construction is called a fish-trap).

Since (by the first part of this proof) fÒ also does not cross any of the LÓi , R
Ó

i we have (5.30)

with fÒ in place of gÒ. In particular, for all i ě 1 we have

|fÒptiq ´ g
Òptiq| ď |L

Ó

i ptiq ´R
Ó

i ptiq| “ 2ε.

Note also that trivially fÒpt0q “ gÒpt0q. Since the sequence ptiqm0 and ε ą 0 were arbitrary, by

continuity of f and g we have f “ g (almost surely). �

By Theorem 1.9 of Sun and Swart [2008] a Brownian web uniquely determines its dual (in

the pathwise sense as well as in distribution) and, by Theorem 5.4 the distribution of a pair
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of left-right webs is unique. Hence, by Lemmas 5.38 and 5.36 in fact the distribution of the

KpMq4 valued random variable pWÒ,l,´WÓ,l,WÒ,r,´WÓ,rq does not depend on subsequence of

(5.29) it represents; therefore (5.29) has a unique weak limit point. We abuse notation slightly

by continuing to denote the (unique) weak limit point of (5.29) as

pWÒ,l,´WÓ,l,WÒ,r,´WÓ,rq (5.31)

and noting that Lemmas 5.35, 5.38 and 5.36 apply to W‹,:.

Let N denote the Brownian net associated to pWÒ,l,WÒ,rq. We are now ready to show that

rPÒnpDnq converges weakly to N in KpĂMq. We will then complete the argument by using Lemma

5.12 to show that this implies PÒnpDnq converges to N in KpMq.

Lemma 5.39 The sequence rPÒnpDnq converges weakly to N in rK.

Proof: The argument is essentially the same as the proof of Theorem 5.4 of Sun and Swart

[2008] and we will explain only the steps which are (slightly) different.

Note that tightness of rPÒnpDnq inKpĂMq follows from (5.28) and tightness of p rPÒ,lpDnq, rPÒ,rpDnqq,

which was proved in Lemma 5.35. Let N ˚ denote some weak limit point of this sequence.

Let Dl and Dr be dense countable subsets of R2. For each zl P Dl and zr P Dr we choose

sequences pzlnq, pzrnq Ď R2 such that z:n P Dn and zln Ñ zl, zrn Ñ zr. Let lzn (resp. rzn) denote

the leftmost (resp. rightmost) path, made up of arrows corresponding to events in Πn, from zln

(from zrn). Given any two paths π, π1 we define

τpπ, π1q “ suptt ă maxpσπ, σπ1q ; πptq “ π1ptqu.

By (5.31), and the Skorohod Representation Theorem we can pass to a subsequence and

assume that

´

rPÒnpDnq, rPÒ,ln pDnq,´ rPÓ,ln pDnq, rPÒ,rn pDnq,´ rPÓ,rn pDnq, pτplnz , rnz1qqzPDl,z1PDr
¯

Ñ

´

N ˚,WÒ,l,´WÓ,l,WÒ,r,´WÓ,r, pτplz, rz1qqzPDl,z1PDr
¯

(5.32)
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almost surely. By Lemma 5.38, for each : P tl, ru we have that pWÒ,:,WÓ,:q is a double Brownian

web. By Lemma 5.36 we have that for each ‹ P tÒ, Óu, pW‹,l,W‹,rq is a left-right Brownian web.

From this point on, noting that (5.32) is the equivalent in our setting of equation (5.16) in Sun

and Swart [2008], the proof is identical to the proof of Theorem 5.4 of Sun and Swart [2008] and

establishes that N ˚ is equal to N in distribution. �

Finally, we deduce Theorem 5.8, that is PÒnpDnq converges weakly to N in KpMq.

Proof: [of Theorem 5.8] The result follows from Lemma 5.39 by noticing that there is a one

to one correspondence of paths in PÒnpDnq to paths in rPÒnpDnq, and thus we can bound the

Hausdorff distance between PÒnpDnq and rPÒnpDnq by 2R{
?
n (by Lemma 5.12). �
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CHAPTER6

Simulations

In the previous two chapters we obtained convergence results for the genealogical process pΞnt qtě0

in one and two dimensions. In the case of two-dimensional space, we showed that the (po-

tential) ancestral lineages converge to a system of branching Brownian motions, while in the

one-dimensional case we showed that the process is embedded in the Brownian net, and the

genealogy of a sample behaves as what Sun and Swart [2008] term the ‘branching and coalescing

point set’. But each of these results came with a caveat. In the case of two dimensions, the rate

of convergence we obtained is rather slow, on the order of Oplogpnqq. This is a by-product of

the way we approached the problem, which although it seems rather natural, might not give the

best bound on this rate. In the one-dimensional case, we only considered what happens when
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the impact parameter u is 1, which allowed us to make use of the machinery of the Brownian

net. Here we will address these issues by running simulations of the genealogical process in

order to better understand its behaviour. It will be a rather informal approach, but it should

be considered an exploratory analysis first and foremost. Before proceeding to the numerical

results and analysis, we want to give a quick description of the algorithms employed for our

simulations.

6.1 Algorithms

The updating mechanism of our process is fully given by the Poisson point process Πn, and

so in order to simulate the process our first concern will be to simulate Πn properly. When

simulating pΞnt qtě0, we could begin by considering some large region A P Rd and then simulating

the restriction of Πn to A, but if the region is very large we would incur a very large cost by

sampling many events that do not affect our sample. On the other hand, if A is too small we

run the risk of losing track of potential ancestors that jump outside of the region.

Since we know that only events that fall within 2Rn of any of the lineages present in the

sample have a chance of hitting the lineages, it makes sense to restrict our attention to this

region, which of course will also evolve with time. If Ξnt “
řNt
i“1 δξit we can identify this region

as:

At :“
ď

0ďiďNt

B2Rnpδξitq.

Although it is simple to obtain and keep track of this region in 1 dimension, as soon as we

consider two or more dimensions it becomes a very complicated problem.

One way around it, which we will use to simulate the two dimensional case, is to use what

Kelleher et al. [2014] termed ‘pixels’. The idea is rather simple. Divide the space into unit pixels

of length 1 (they will be squares, cubes or hypercubes depending on the dimension). For every

lineage in the sample, we can keep track of its neighbouring pixels - that is, those pixels close

enough that an event that lands on them might affect the lineage. We can restrict ourselves

134



Algorithms

to sampling events from within the pixels, and since they do not intersect, the volume of the

collection of pixels is simply its number. Of course, we will still sample events that cannot affect

the lineages, but the number of such events will be considerably smaller than if we were sampling

from a very large region. The algorithm becomes considerably more efficient.

We would like to point out that though very similar to the algorithm of Kelleher et al. [2014],

our code for the two dimensional case differs from it in two meaningful ways. The first one is

that we incorporate selective events, allowing the genealogy to branch. The second one is that

instead of considering a bounded domain and constructing a sparse matrix of pixels, we only

keep a list of occupied pixels. This way we do not need to define a priori the region where the

process evolves. Since we are interested in rescaling limits, this is rather useful since we want

the process to evolve for very long times and be able to visit distant regions.

Algorithm 1 To simulate pΞnt qtě0 we will keep track of two lists, one is the sample, which just

includes the location of the potential lineages, and the second one encodes its neighbourhood.

In one dimension the neighbourhood is a collection of intervals, while for dimension 2 it is a

collection of occupied pixels. Remember from the definition of the SΛFV process that events are

given by a Poisson point process, and the rate λ at which they arrive in a fixed bounded region

is proportional to the volume of said region.

1. (Initialisation) We set sampleÐ px1, x2, ..., xkq, construct nbÐ neighbourhoodpsampleq

and we also set tÐ 0.

2. (Sampling event) We obtain the volume of nb, which allows us to calculate the rate λ at

which events fall in the neighbourhood. We can thus update the time by tÐ t`e where e is

drawn from an exponential random variable with rate λ. We sample a location y uniformly

from nb to be the centre of the event. Finally, we draw U from a uniform distribution

Upr0, 1sq, if U is smaller than sn we tag the event as selective, otherwise as neutral.

3. (Updating the sample) We identify the elements of sample that are closer than 2Rn.
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Each one is dropped from the list with probability u. We sample one or two new locations

uniformly from B2Rnpyq according to whether the event’s tag is neutral or selective.

4. (Updating the neighbourhood) The neighbourhood nb is updated to reflect the loss and

addition of elements to the sample. In the two-dimensional case we do so by considering

the pixel we drew the event from as well as its eight neighbouring pixels. For each one

of them we verify if any element of the sample is close enough to keep it, otherwise we

drop them. For the one dimensional case, given the updated sample we construct the exact

neighbourhood If t ă T , go back to 2. Otherwise, halt.

In the one dimensional case we will restrict our algorithm to the fixed radius case. This is simply

to speed up the algorithm. In two dimensions we do sample a radius uniformly from r0,Rns.

6.2 The one dimensional case

Earlier we pointed out that in §5 we only considered the case u “ 1. Allowing u to be smaller

than 1 would mean that we no longer have a strict ordering of the left-most and right-most

paths. Indeed, while for u “ 1 a left-most path P lpx1, 0q can never be to the right of a left-most

path P lpx2, 0q for x2 ą x1, if we take u ă 1 the left-most path started from x1 could potentially

jump to the right of P lpx2, 0q if both of them are affected by the same event and P lpx2, 0q

doesn’t jump. To our knowledge, only non-crossing branching and coalescing walks have been

shown to converge to the Brownian net; nevertheless Sun [2005] showed that, in the case of

the Brownian web, one can relax this condition and still arrive at the same limit starting with

crossing paths.

We could imagine that in the case u ă 1 we could still define left-most and right-most paths,

where the drift would be reduced by u, and potentially construct left-most right-most webs just

as we did earlier. But as we will show now, the picture is more complicated than that. In order

to illustrate this, Figure 6.1 shows some simulations of Ξnt .

In the figure we have presented four typical realisations of the genealogical process with
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Figure 6.1: Naive and true right/left-most paths. We present realisations of the genealogical
process Ξn

t for different values of u: aqu “ 1, bqu “ 2{3, cqu “ 1{2, dqu “ 1{4. All of these simulations
were done for n “ 5000 and run from time 0 to time 5. The black lines represent all the ancestral paths,
while the blue ones are the left/right-most ones. The red paths are ‘naive’ left/right-most paths.

initial condition Ξn0 “ δ0 (a single lineage started at the origin), each one for a different value of

u, where the black dots indicate the location of potential ancestors at a give time. We have also

recorded what we call ‘naive’ left/right-most paths. The ‘naive’ left-most path is obtained by

following the original particle until the first selective event, upon which we jump to the left-most

of the two possible locations, and follow this lineage until the next selective event, where we

again jump to the left-most potential ancestor, and so on. It is easy to check that the path we

follow in this manner converges to a Brownian motion with drift, whose drift is ´2u{3. In the

137



Chapter 6: Simulations

same fashion, we can construct the naive right-most path whose drift is `2u{3. These paths are

coupled with the process Ξn and shown in red in Figure 6.1. We also have coloured in blue the

actual left-most and right-most paths.

100

0

0 50-50

Figure 6.2: Long view of Ξn. Here we see a simulation run until time 100, for u “ 1{2.

Clearly, when u “ 1 both the naive and true left/right-most paths are identical, but in the

other three cases we can see that this is no longer the case. The blue and red paths seem to

follow a ‘sticky’ behaviour, so whenever they coalesce they remain that way for a while, but the

distance between them might grow significantly. From these pictures is hard to decide whether

the ‘naive’ and true paths remain close together or if they diverge, but Figure 6.2 gives a stronger

indication that the latter might hold.

The examples we have shown suggest that, when u ă 1, the left/right-most paths won’t
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Figure 6.3: Naive and true paths comparison. Taking n “ 5000 we have ran 2000 simulations for
each u “ i{20, i “ 1...20. In red we see the average location of the left/right-most paths at time 1, and
in blue the average location of the actual left/right-most lineages.

converge to Brownian motions with drift, or at least not with the drift we might have expected.

It looks like the ability of paths to cross each other has a significant impact on the range of Ξn.

In order to test this further we have considered 20 different values of u and run 2000 simulations

of the process for each of them, with all of the simulations taking n “ 5000. By taking the

expected location at time 1 of the right/left-most paths, as well as of the coupled ‘naive’ paths,

we can better assess the discrepancy between them. We summarize our results in Figure 6.3.

We can see in Figure 6.3 that the naive paths behave exactly as expected, their average

location is given by ˘p2{3qu, the drift. But the location of the actual left/right-most paths,

pictured in blue, do not seem to behave linearly in u, and it is not clear what the relationship

might be. To rule out the possibility that the divergence between the real and naive paths is

compounding with time, we ran similar tests for t “ 3, 5. As we can see in Figure 6.4, the shape
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Figure 6.4: Looking at other times. These two graphs mimic Figure 6.3, with n “ 3000 and 500
simulations; in a) we run it until time t “ 3 and in b) until t “ 5.

of the curve described by the blue dots seems to remain consistent through time, so although

we cannot rule it out, it seems reasonable to consider for the moment that the position of the

left/right-most lineages is roughly linear in t.

Let us try to understand what is going on in the pictures. Even though u directly impacts

the speed at which lineages jump and branch, reducing this parameter seems to have little effect

on how far the process is able to reach. For values over u “ 1{4 the curve turns rather flat, which

seems surprising, since one might expect that the parameter u would behave somewhat like a

clock of the process. Indeed, if we were in the neutral case, the genealogy would converge to a

system of independent Brownian motions that coalesce upon meeting, and where the clock-speed

of the Brownian motions is proportional to u.

With this idea on mind, it seems reasonable to consider the process stopped at time 1{u

instead of simply at 1. In this way we hope to get a picture that is more comparable across

different values of u. This is precisely what we have done in Figure 6.5. Once again, the ‘naive’

paths behave precisely as expected, all at roughly the same height. The average displacement

of the true paths left/right-most lineages increases very rapidly as one approaches u “ 0, which

is of course not defined (if u “ 0, the process is trivial since the lineages never jump). From this
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Figure 6.5: Simulating up to time 1/u. Here we have taken n “ 1000 and ran 1000 simulations for
each value of u. The plot shows the average position of the true and naive left/right-most paths at time
1{u.

it is clear that the likelihood of lineages jumping over each other has a qualitative effect on the

process.

Notice that if we were to consider u ! 1, the probability that lineages coalesce becomes

negligible, and so we would be mostly considering a system of branching random walks that could

be approximated by a BBM with branching rate Op
?
nq. Since for any fixed u the branching

rate still explodes, this could perhaps explain the behaviour we see in Figure 6.5.

The position of the right-most particle of BBM has been studied for a long time (Kolmogorov

et al. [1937]) and it is well known (see for example Bramson [1983]) that if Mptq is the position

of the right-most particle of a BBM at time t,

lim
tÑ8

Mptq

t
“
?

2. (6.1)
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Figure 6.6: BBM approximation for n “ 300. Here we have taken n “ 300 and ran 200 simulations
for each value of u P t0.05, 0.1, 0.5, 1u. The plot shows the average position of the true and naive
left/right-most paths at time 1{u. We have added the locations of the left/right-most particles predicted
by the BBM approximation for this value of n, they are indicated by the black stars.

We would like to see if for small values of u the process is indeed similar to a BBM, or at

least, if the position of the right-most particle bears some resemblance to what we would expect

in the case of BBM. In order to do so we need to calculate the position of the right-most particle

of a BBM that has branching rate
?
n. This can be easily obtained from (6.1), using the self

similarity of Brownian motion. If Zt is a standard BBM, it follows that α´1{2Zαt is a BBM with

branching rate α. Therefore, for every n ă 8, the location of the right-most particle Mnptq of

a BBM with branching rate
?
n satisfies:

lim
tÑ8

Mnptq

t
“

b

2
?
n. (6.2)

We can further assess whether Ξnt indeed behaves in a similar way to α´1{2Zαt with α “ u
?
n for
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small values of u. In order to do so, we first must fix (a large) n, and then look at the expected

location of the right-most particle at time 1{u for values of u close to 0.

Figure 6.5 provides a good initial test. For n “ 1000, the right-most particle of the corre-

sponding BBM should be around
a

2
?

1000 „ 7.9, and we see in the plot that for u “ 1{8, we

are already half way there. Though there are very few points in the plot, they already suggest

that the average position of the right-most path creeps up as u gets smaller.

We decided to further test our hypothesis. Unfortunately, running the simulation for small

values of u soon becomes too expensive in terms of running time, so we scaled down the parameter

n to 300, and ran 200 simulations of the process. The results are shown in Figure 6.6. In this

plot we have also added the approximate location of the left/right-most particle in a BBM with

branching rate
?

300. The plot suggests that for small values of u, the predictions of the BBM

approximation become more and more accurate.

6.3 The two dimensional case

The reason we care about the rate of convergence in two dimensions is that if we have any hope

of saying something meaningful about the genealogy of a given sample, or in general about the

evolution of a population under our model, we need the BBM we have obtained as its limit

to be a good approximation of the pre-limiting models. Even for n on the order of the size of

the population of humans or ants, for example, logpnq is a rather small number, and thus it is

not a good enough bound on the rate of convergence in most practical applications. Therefore,

we would like to see if the convergence actually happens faster. Since we don’t have an exact

expression for limnÑ8 logpnqpn (where pn is the probability that two branches that arise from a

selective event separate), we can’t compare our simulations to a particular BBM with the right

branching rate. Nevertheless, we know that the sequence pΞnt qnPN converges, and so we will

attempt to check whether the number and location of the ancestral lineages seems to become

stationary at a relatively early stage. To do so, we run simulations of Ξn up to time 1 for

143



Chapter 6: Simulations

0.00

0.05

0.10

0.15

0.20

0 10 20
lineages

de
ns

ity

rescaling

n=10,000

n=20,000

n=30,000

Figure 6.7: Count distribution. This plots compares the empirical distribution of the number of
potential ancestral lineages at time 1 for n “ 10000, 20000, 30000.

n “ 10000, 20000, 30000, and compare some summary statistics in the hope they reveal that the

sequence is not varying too much any more at this point. In particular we will compare the

lineage counts, and the maximal distance achieved by the process.

In Figure 6.7 we can see how the empirical distributions of the number of potential ancestors

at time 1 compare for the different values of n. It’s remarkable how close all three distributions

are, and it does seem as though for this particular statistic a reasonable stationarity has been

achieved. Once again, we don’t claim that this is a rigorous test, but it certainly looks like a

reasonable indicator for our purposes.

Figure 6.8 plots the empirical distribution of the distance of the particle furthest away from

the origin at time 1. Just as in the previous example, all three distributions are very similar,

sharing the same shape and location of the mode. We notice that in both cases n “ 20000 seems

to be the more anomalous of the distributions, particularly in the second figure, where it seems
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Figure 6.8: Maximal displacement distribution. This plots compares the empirical distribution
of the location of the particle farthest away from the origin at time 1 for n “ 10000, 20000, 30000.

to be almost bimodal. But given that n “ 30000 doesn’t suffer from this irregularity suggests

that it is due to sampling error.

In any case, both of these plots give us reason for optimism. Even if they of are no guar-

antee of convergence, they do suggest that relevant statistics of the process might be close to

stationarity for relatively small values of n (notice that logp30000q „ 10). In this case it would

be possible to realise meaningful inference about the process Ξn with a BBM approximation,

provided we have a good estimate of limnÑ8 logpnqpn. It is also gives a way of estimating the

probability of success itself, which should be a quantity of interest for any given population

undergoing selection.
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CHAPTER7

Conclusions

In this thesis we have focused on the (backwards in time) dual process of the spatial Λ Fleming-

Viot process with selection. In particular we were interested in obtaining diffusive rescaling

limits for the systems of branching and coalescing random walks that correspond to the potential

ancestral lineages of a sample of the population.

Our first two chapters gave a concise introduction to the field of population genetics and

in particular to spatial models, providing the background and the motivation necessary for

constructing the spatial Λ Fleming-Viot process. We later introduced natural selection, and

considered the dual process that arises when we add selection the SΛFV process.

We were able to identify the limit in two and higher dimensions as a branching Brownian
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motion, although in the two dimensional case we had to take selection to be much stronger in

order to arrive at a non trivial limit. The two dimensional result is of independent mathematical

interest since it provides a way of making sense of a process where the branching rate goes to

infinity but the population remains finite (since we can find an ‘effective’ bounded branching

rate).

Meanwhile, for the one dimensional case we identified the Brownian net to be the limit of

the dual process. In this way we showed that the results of Sun and Swart [2008] extend to

continuous space-time random walks. Furthermore, if we are concerned with the range of a

sub population undergoing selection in one dimension, the leftmost and rightmost paths in the

Brownian net provide a natural way of estimating it.

From a more biological perspective our results are relevant to populations evolving in spatial

continua. As outlined in the introduction, we aimed to answer the question ‘When can we hope

to detect a signal of natural selection in data?’. What we found is that the answer was dependent

on the dimension of the space in which the population evolves.

In contrast Maruyama [1970] showed that under certain conditions the structure of a popula-

tion has little effect on the probability that an advantageous allele fixes in the population. In his

article some rather strong assumptions are made: the population is living on islands, each island

has constant total population size and its contribution to the next generation is in proportion to

that size. Much subsequent work retained Maruyama’s assumptions, and so it is often assumed

that spatial structure has no influence on the accumulation of favourable genes. Nevertheless,

Barton [1993] showed that introducing local extinctions and colonisations into a subdivided

population could significantly change the fixation probability. This work was extended in, for

example, Cherry [2003] and Whitlock [2002]. By taking a fixed parameter u in our model, we

are considering a population with small neighbourhood size, and, since a positive fraction of the

local population is replaced by new offspring, our reproduction events are somewhat akin to the

extinction and colonisation of Barton [1993].

Our main result shows that our ability to detect selection is critically dependent on spatial
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dimension. In higher dimensions spatial structure has a weak effect on the trace left by selection.

But in two dimensions selection has to be stronger, and even stronger in one dimension, if we

are to detect it in the current population. The explanation is that in low dimensions individuals

with an advantageous gene have no choice but to compete with close relatives that carry the

same gene before they can escape a particular region, whereas in higher dimensions they are

more likely to neighbour individuals that do not share the selective advantage.

7.1 Directions for future work

Chapter 6 provides us with two natural courses to continue our investigations, one corresponding

to the one dimensional case and one to the two dimensional case.

By fixing u “ 1 in the one dimensional case we were able to draw from the Brownian net

and web literature and extend their results to our settings. Nevertheless, it is natural to wonder

what can be said if we are to take u ă 1, and allow lineages to jump over each other. Our

simulations showed that the relationship between the behaviour of left/rightmost paths and the

parameter u is anything but linear, and it also showcased that the behaviour of the process for

small values of u seems qualitatively different from the case u “ 1. Since for very small values

of u we expect the behaviour of the rightmost ancestral lineages to be approximated by the

location of the rightmost particle of a branching Brownian motion, it would be interesting to

see if it is possible to characterise the behaviour of the location of left/rightmost paths for fixed

values of u P p0, 1q as a weighted average of the location of a Brownian motion with drift and

the location of the right most particle of a BBM. It would also be of mathematical interest to

consider the limiting behaviour as uÑ8, which should depend on the ratio of u and n.

For the two dimensional case, our numerical results suggest that the rate of convergence of

the dual process to branching Brownian motion should be much faster than logarithmic, and

thus we are interested in whether we can improve the bounds we obtained in our proof. Better

analytic bounds would provide a good basis for using the BBM approximation to do inference
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on genetic data.
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APPENDIXA

Spaces of sets of paths

In this appendix we construct a natural state space on which to consider convergence of branch-

ing/coalescing systems of càdlàg paths necessary for the proofs in Chapter §5. We also establish

some useful relationships to the (continuous path) equivalents introduced by Fontes et al. [2004].

The results presented here are valid for any dimension d P N.

A.1 Càdlàg paths

We definte the tanh function on r´8,8sd by pointwise operations, that is tanhppxiq
d
i“1q “

ptanhpxiqq
d
i“1. Note that r´8,8sd is a complete separable metric space equipped with the
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metric

px, yq ÞÑ || tanhpxq ´ tanhpyq||.

Let

Cr´8s “ tf : r´8,8s Ñ r´8,8sd ; f is càdlàgu

Crss “ tf : rs,8s Ñ r´8,8sd ; f is càdlàgu for s P p´8,8q

Cr8s “ tf : t8u Ñ r´8,8sdu.

For each s P r´8,8s and f P Crss we define a function f̄ as follows. Let

κptq “ κt “ tanh´1ptq

and note that κ is an order preserving homeomorphism between r´1, 1s and r´8,8s. We use

the symbol κ in place of tanh´1 to denote a change of time rather than rescaling of space. Then

if f P Cr´8s we define

f̄ptq “
tanhpfpκtqq

1` |κt|
(A.1)

for t P r´1, 1s. Similarly, if s P p´8,8q and f P Crss then for t P rκ´1pσf q, 1s we define f̄ as

above and for t P r´1, κ´1pσf qs we define f̄ptq “ f̄pκ´1pσf qq. Finally, for f P Cr8s we define

f̄p8q “ 0.

Remark A.1 The function f̄ is a time change κ of f coupled with a time dependent compression

of space. First, we extend f to r´8,8s by taking f to be constant on r´8, σf s. Then, each

time t P r´8,8s is mapped to time κ´1ptq P r´1, 1s and, at this time, the space r´8,8sd is

compressed into r ´1
1`|t| ,

1
1`|t| s

d.

For each s P r´8,8s and f P Crss, f̄ is an element of the space

G “ tg : r´1, 1s Ñ r´1, 1sd ; g is càdlàgu.

We equip G with its usual Skorodhod metric ρ. Recall that for a path f , σf is the time at which
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the path is first defined. Let

dpf1, f2q “ ρpf̄1, f̄2q _ | tanhpσf1q ´ tanhpσf2q| (A.2)

where fi P Crtis. It is easily seen that d is a pseudo-metric on YsPr´8,8sCrss. We define M to

be the set of equivalence classes of YsPr´8,8sCrss under d and note that d naturally induces a

metric on M .

In fact, for s P r´8,8q, each f P Crss has the single element equivalence class tfu PM , but

all f P Cr8s share an equivalence class. For this reason we will typically represent an element

of M as a representative from the equivalence class.

We define also the set K of compact subsets ofM , equipped with the Hausdorff metricm and

including the empty set H as an isolated point. We will shortly show (in Lemma A.3) that M

is complete and separable; the space K inherits the properties of completeness and separability

from M .

Lemma A.2 Let fn P M for n P N and let f P M . Extend f (and similarly fn) to a function

on r´8,8s by setting fptq “ fpσf q for t ă σf . Then fn Ñ f in M if and only if both:

• for all T 1 P p0,8q, fn Ñ f in DRr´T
1, T 1s.

• σpfnq Ñ σpfq in r´8,8s.

Proof: Let ρT 1 denote the Skorohod metric on DRr´T
1, T 1s. Recall that

ρT
1

pf1, f2q “ inf
λ

max p||I ´ λ||T 1 , ||f1 ´ f2 ˝ λ||T 1q

where I is the identity function, ||f ||T 1 “ supt|fptq| ; t P r´T 1, T su and the infimum is taken

over all continuous strictly increasing bijections of r´T 1, T 1s to itself. We first need to establish

the relationship between the Skorohod metric and the map f ÞÑ f̄ .

Note that for each T P p0, 1q there exist C1, C2 P p0,8q (dependent on T ) such that

C1|s´ t| ď |κpsq ´ κptq ď C2|s´ t|.
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for all s, t P r´T, T s.

Let T P p0, 1q, let f1, f2 P Cr´8s and suppose that ρT pf̄1, f̄2q ă ε. Then there is a continuous

strictly increasing bijection λ : r´T, T s such that ||I ´ λ||T , ||f̄1 ´ f̄2 ˝ λ||T ă 2ε. It is easily

seen that η “ κ ˝ λ ˝ κ´1 is a strictly increasing continuous bijection η : r´κpT q, κpT qs Ñ

r´κpT q, κpT qs. Further,

|t´ ηptq| “ |κ ˝ κ´1ptq ´ κ ˝ λ ˝ κ´1|

ď
C2

C1
|t´ λptq|

ď 2ε (A.3)

|f1ptq ´ f2 ˝ ηptq| “
ˇ

ˇ

ˇ
tanh´1pp1` |t|qf̄1pκ

´1
t qq ´ tanh´1pp1` |t|qf̄2pκ

´1
ηptqqq

ˇ

ˇ

ˇ

“ C2p1` |t|q|f̄1pκ
´1
t q ´ f̄2pλpκ

´1
t qq|

ď
C2p1` |T |q

C1
2ε. (A.4)

Combining (A.3) and (A.4) we have ρκpT qpf1, f2q ď 2ε. Similarly, if instead we assume that

ρκpT qpf1, f2q ă ε, we can establish equivalents of (A.3) and (A.4) and thus show that ρT pf̄ ´

1, f̄2q ď 2ε.

Further, essentially the same argument as above can be used for general f1, f2 in M . To see

this, note using our extension of f to r´8,8s, the formula (A.1) holds for all f P Crss and all

t P r´8,8s. For the case σf “ 8 we pick any representative element f P Cr8s P M and note

that (A.1) holds since f̄p8q “ 0. With (A.1) in hand, the remaining modifications needed for

the above argument to go through are trivial. Hence, for each T P p0, 1q, pfnq ĎM and f PM ,

fn Ñ f in DRr´κpT q, κpT qs if and only if f̄n Ñ f̄ in DRr´T, T s. (A.5)

We are now ready to prove the lemma. The forwards implication is immediate from (A.5)

and (A.2). For the backwards implication, suppose that fn Ñ f in DRr´κpT q, κpT qs for each

t P p0, 1q and suppose σpfnq Ñ σpfq. By (A.2) we need only show that ρpf̄n, f̄q Ñ 0. Let ε ą 0

and let T P p0, 1q be such that 1
1`|κT |

ă ε. Then for T ď |t| ď 1 we have |f̄ptq|, |f̄nptq| ď ε, hence
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|f̄nptq ´ f̄ptq| ď 2ε. By (A.5) we can choose N such that ρT pf̄n, f̄q ď ε for all n ě N . We then

have

ρpf̄n, f̄q ď ρT pf̄n, f̄q ` 2ε ď 3ε

for all n ě N , which completes the proof. �

Lemma A.3 The metric space pM,dq is complete and separable.

Proof: Recall that pG, ρq and pr´1, 1s, | ¨ |q are both complete separable metric spaces. It

follows immediately from Lemma (A.2) that pM,dq is a metric space. The map f ÞÑ pf̄ , σf q

is an isometry from M to G ˆ r´1, 1s (with the product metric suppdp¨q, | ¨ |q, hence pM,dq is

separable. It remains to show that pM,dq is complete.

Let pfnq be a Cauchy sequence inM , and extend f to r´8,8s in the same way as in Lemma

A.2. Then σpfnq is Cauchy and has a limit β P r´8,8s.

By Lemma A.2, for all T P p0, 1q, pf̄nq is a Cauchy sequence in DRr´T, T s. Since DRr´T, T s

is complete there is some gT P DRr´T, T s such that f̄n Ñ gT in DRr´T, T s. It is easily seen

that if S P pT, 1q then gS “ gT on p´S, Sq, hence we can define a function g on p´1, 1q by

gptq “ gT ptq for |t| ď T . We extend g to r´1, 1s by defining gp´1q “ gp1q “ 0.

It is immediate from the definition of g that g is càdlàg on p´1, 1q. By the same method

as in the proof of Lemma A.2, for each ε ą 0 there exists T P p0, 1q such that |gptq| ď ε for

T ď |t| ă 1, hence g is continuous at both 1 and ´1. Hence g is càdlàg on r´1, 1s.

By construction for all S P p0, 1q we have f̄n Ñ g in DRr´S, Ss. Since |f̄nptq| ď 1
1`κpSq ă 1

on r´S, Ss in fact this convergence takes place in Dr´ 1
1`κpSq

, 1
1`κpSq

sr´S, Ss, so that |gptq| ă 1 for

all t P r´1, 1s. Hence we can define

fptq “ p1` κtq tanh´1pgpκptqqq

for t P p´8,8q. By (A.5) we then have fn Ñ f in DRr´T, T s for all T ą 0, hence if we define

σpfq “ β, by Lemma A.2 we have fn Ñ f in M . �
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A.2 Continuous paths

In the previous section we used the Skorohod metric ρ to build our spaces of càdlàg paths.

In fact, in some sense our particular application does not require this level of sophistication;

our limit processes will always consists only of continuous paths and for such convergence the

supremum metric would be sufficient. However, the supremum metric does not give completeness

on spaces of càdlàg paths and as such is unsuitable for probability. In fact, we wish to draw on

results from Fontes et al. [2004], Ferrari et al. [2005] and Sun and Swart [2008] which all use the

spaces of continuous paths that were introduced in Fontes et al. [2004], based on the supremum

metric. There are some (essentially unimportant) issues that we must tidy up in order to bridge

the gap between continuous and càdlàg paths.

To this end, let us set up the continuous path spaces from Fontes et al. [2004]. We will use

the same symbols as in Section A.1 but we add a r̈ to indicate that the spaces in this section

contain only continuous paths. Note that this matches the notation for interpolated paths used

in Section 5.2.2.

For s P r´8,8s, let rCrss “ tf P Crts ; f is continuous u. Note that f̄ is continuous for all

such f , in fact for all s P r´8,8s and f P rCrss, f̄ is an element of

tg : r´1, 1s Ñ r´1, 1sd ; g is continuousu.

We equip this space with usual supremum metric, ||¨, ¨||8. We define ĂM to be the set of equiv-

alence classes of YsPr´8,8sCrss under the pseudo-metric

rdpf1, f2q “ ||f̄1, f̄2||8 _ | tanhpσf̄1q ´ tanhpσf̄2q| (A.6)

and note that rd induces a metric on ĂM . As for M , we typically identify elements of ĂM using a

representative of the equivalence class (and, as forM , the only such equivalence class containing

more than one element is rCr8s P ĂM).

Remark A.4 Taking d “ 1, the spaces ĂM and rK are essentially the same spaces of paths on
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which the theory of the Brownian web and net was developed. In previous articles they were

written without r̈s (but in this article we are concerned primarily with càdlàg paths). There are

two cosmetic differences:

• We have identified the values of functions at t´8,8u using equivalence classes of ĂM

instead of using a particular compactification of r´8,8sd (see the appendix of Sun and

Swart 2008).

• Using f̄ , we have extended f P Crσf s across all time and therefore our supremum/Skorohod

metrics in (A.2) and (A.6) are over the whole interval of (κ´1-rescaled) time r´1, 1s instead

of just rκ´1pσf q, 1s. This makes no difference for continuous paths but is better suited to

càdlàg paths.

The natural equivalent of Lemma A.2 is already well known (see e.g. the introduction of Sun

and Swart 2008).

Lemma A.5 Let fn P ĂM for n P N and let f P ĂM . Extend f (and similarly fn) to a function

on p´8,8q by setting fptq “ fpσf q for t ă σf . Then fn Ñ f in ĂM if and only if both:

• for all T P p0,8q, fn Ñ f in CRr´T, T s.

• σpfnq Ñ σpfq.

It was shown in Fontes et al. [2004] that pĂM, rdq is a complete and separable metric space.

We define the space rK of compact subsets of pĂM, rdq, equipped with the Hausdorff metric rm and

with the empty set H as an isolated point. As with K, the space rK inherits the properties of

completeness and separability.

A.3 Backwards paths

The spaces M and K are appropriate spaces for considering convergence of sets of (branch-

ing/coalescing) forwards paths, but they are not suitable for backwards paths. To remedy this,
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if P is a set of backwards paths then we define

´P “ tf̂ ; f P P u (A.7)

where f̂psq “ fp´sq, and note that ´P P M is a set of forwards paths. With slight abuse of

notation, for some mode of convergence (including converge of path valued random variables),

if fn is a sequence of backwards paths and f is a backwards paths, we will say fn Ñ f in M

if f̂n Ñ f̂ in M . Similarly, if Pn is a sequence of sets of backwards paths and P is a set of

backwards paths we way Pn Ñ P in K to mean that ´Pn Ñ ´P in K. We apply the same

terminology to interpolated paths.

A.4 Connections between càdlàg and continuous paths

We will need a small number of results connecting spaces of continuous paths to spaces of

càdlàg paths. As a general principle, a Skorohod space of càdlàg paths continuously embeds

the corresponding subspace of continuous paths. This principle holds true in our setting, as is

shown in the following lemmas.

Lemma A.6 The identity map ι : ĂM ÑM is continuous.

Proof: Since continuous paths are càdlàg it is immediate that ι maps ĂM into M . For T 1 P

p0,8q, convergence in the supremum metric on r´T 1, T 1s implies convergence in the Skorodhod

metric, so it follows from Lemmas A.2 and A.5 that ι is a continuous map. �

Lemma A.7 The identity map ι : rKÑ K is continuous.

Proof: If P is a compact subset of ĂM then Lemma A.6 implies that P is a compact subset of

M . Hence ι maps rK into K. If Pn Ñ P in rK then also by Lemma A.6 we have Pn Ñ P in K. �

The following Lemma will allow us to transfer convergence of sets of interpolated paths in

rK onto convergence of càdlàg paths in K.
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Lemma A.8 Let f P PÒnpR2q and recall that rf denotes the interpolation of f . Then dpf, rfq ď

2Rn´1{2.

Proof: Let us write g “ rf , for easier notation. From Lemma 5.12 we have suptěσf ||fptq ´

gptq|| ď 2Rn´1{2. Since tanhp¨q is a contraction, from (A.1) we have that supt ||f̄ptq ´ ḡptq|| ď

2Rn´1{2, which implies the stated result. �

The following result, which is an application of the Arzela-Ascoli Theorem, can be found

within the proof of Lemma 4.6 of Sun and Swart [2008].

Lemma A.9 Let rP Ď ĂM . Then rP is relatively compact in ĂM if and only if

m
rP
pδq “ sup

"ˇ

ˇ

ˇ

ˇ

tanhpfptqq

1` |t|
´

tanhpfpsqq

1` |s|

ˇ

ˇ

ˇ

ˇ

; f P rP , s, t P R, | tanhptq ´ tanhpsq| ď δ

*

Ñ 0

as nÑ8.
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