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Abstract

The subject of this dissertation is the construction of a functional calculus for
functions of two variables and pairs of commuting operators.

Analytic Besov functions in one variable in the context of operator theory ap-
peared in the works of Vladimir V. Peller, Steven White, and Pascal Vitse. More
recently, Charles Batty, Aleander Gomilko, and Yuri Tomilov offered a novel and
unifying approach to constructing a functional calculus for the generators of bounded
semigroups on Hilbert spaces and generators of bounded holomorphic semigroups on
Banach spaces. Our main aim is to extend the latter construction to the setting of
two commuting operators.

We begin by providing an overview of the basic theory of one-parameter strongly
continuous semigroups, and the theory of Besov functional calculus in one variable.
We establish a new result concerning the spectral features of the one-dimensional
Besov calculus, and show that compositions of certain functions are in the one-
dimensional Besov class, B.

We define and characterise a two-dimensional analogue of the class B, denoted by
B2, and show that it shares many desirable characteristics with its one-dimensional
counterpart. We prove that the class B? is a Banach algebra containing the two-
dimensional Hille-Phillips algebra as its proper subspace, and discuss some of its
topological properties. We obtain a number of results on spectral decompositions
and provide useful approximation techniques. We show that all functions in our class
enjoy representations given in terms of a partial duality, and prove a convergence
lemma for sequences of functions in the class.

We then construct a two-dimensional functional calculus for pairs of commuting
semigroup generators and functions in the class B2. We show that our construction
yields a bounded algebra homomorphism. We demonstrate that the resulting cal-
culus extends the two-dimensional Hille-Phillips calculus, that it is compatible with
the joint holomorphic and half-plane calculi, and consistent with the Besov calculus
for functions in one variable. Finally, we obtain a spectral mapping theorem, and

establish that our calculus is essentially unique.
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1 Introduction

1.1 Background

One of the key building blocks in the spectral theory of linear operators is the construc-
tion of a rich functional calculus for a relevant class of operators under investigation.
As a first approximation, a functional calculus assigns meanings to expressions such

as
A% e log A,

where A is a linear, in general unbounded, operator on some Banach space. To be
slightly more precise: given a linear operator A of an appropriate type and a suitable

class of functions A, a functional calculus provides a mapping:
A f— f(A) e L(X).

At the very least, it is required that certain properties of f(A) come out as correlated
in a natural manner with appropriate properties of the function f. These intuitive
remarks will be made precise in the main text.

In the special case when A is a (not necessarily bounded) self-adjoint operator on
a Hilbert space X, the existence of a functional calculus for A can be immediately
deduced from a version of the Spectral Theorem. Indeed, by the Spectral Theorem
(e.g. [24, Theorem 4.1]), there is a (localised) measure space (€2, 1), a real-valued
measurable function i on €, and a unitary operator U : X — L*(Q, ) such that U
maps D(A) onto D(My) and A = U*M,U. Here, M, is the standard multiplication
operator on L2(§2, u) associated with h. Denote by A’ the algebra of all bounded

Borel-measurable complex-valued functions on ¢(A) and consider the map
.Ab € f — f(A) = U*MfohU € L(X)

It can be seen, in particular, that such a mapping is an algebra homomorphism from
A’ to L(X), the set of bounded operators on X, and that if A € p(A), the resolvent
set of A, then the function ry(t) = (A —t)~! applied to A yields the resolvent of A,
i.e. 7\(A) = (A — A)~!. With some care, this can be further extended to unbounded
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Borel-measurable functions on o(A). Admittedly, the outlined approach has limited
scope: since the procedure crucially relies on the Spectral Theorem, it does not
admit a straightforward generalisation to situations where X is not a Hilbert space.
Nonetheless, the functional calculus for self-adjoint operators represents an important
prototype for more encompassing modern treatments.

Given a uniformly bounded Cy-semigroup (7'(t));=0 on a Banach space X with gen-
erator —A, one may wish to interpret T'(¢) = e~ (by analogy with finite-dimensional

deterministic systems, cf., for instance, [20, Chapter 1]), setting

0

f(A) = foo T(s)du(s), where f(z)= Lu(z) = f e *du(s), Rez>0,

0 0

with g in the space of bounded measures M (R, ). Here and subsequently, the integrals
involving operators are in the strong operator topology. This yields a bounded ho-
momorphism from M (R, ) to L(X), which corresponds to the so-called Hille-Phillips

(or HP-) functional calculus:

M) 2 La(A) = [ T dus).

R4

The HP-calculus relies on a fairly direct construction; nonetheless, it has proved to
be an extremely useful concept in many areas of analysis.

Another example of a functional calculus is given by the so-called Bochner-Phillips
calculus (cf. [46, Chapter 13]). Let (u)=0 be a vaguely continuous semigroup of sub-
probability measures on [0, 00) and let (T'(¢));=0 be a contraction Cy-semigroup. Then
the subordinate semigroup (77 (¢));=0 with respect to the subordinator (y;)¢=o is given

by the Bochner integral

T!(t) = Lw T(s)dpe(s), t=0.

The superscript f in T7(t) refers to the Bernstein function f, which is given by the
logarithm of the Laplace transform of 1y, i.e.,

Q0

L (z) = J e dpy(s) = e Wt >0.
0
A classical result by Phillips ([43, Theorem 4.3]) states that the generator A/ of
(T7(t))s=0 is of the form

Q0

Alu = au + bAu + L (u—"T(t)u)du(t), ue D(A),



which corresponds naturally to the so-called Lévy-Khinchine representation of f on
the half-line:

0

f()\)za+b>\+J (1= ™M) du(t), A= 0. (1.1.1)

In (1.1.1), a,b > 0, and p is a measure on (0, o0) satisfying {” min(1, t)du(t) < oo (cf.
[46, Theorem 3.2]).

In both of these approaches, the semigroup (7'(¢));>0 is treated as a fundamental
object, whereas the generator and its resolvent are viewed as in some sense derivative
concepts.

One may, however, take an alternative route by focusing first and foremost on
the resolvents. Suppose that a class of functions on a given set €2 has a reproducing

kernel, so that for any f in the class

Jf K(z,w)du(w), zeQ,

for some measure . Knowing K (A, w), one may attempt to define f(A) by setting

ff K (A, w) dp(w).

With the right amount of luck, such a definition turns out to be meaningful and
provides grounds for a rather powerful functional calculus. For instance, if €2 is a
neighbourhood of o(A) u {0}, and f € Hol(Q2), the algebra of functions holomorphic
in 2, then choosing an appropriate contour I' =  one may set K(z,w) = (w — 2)7,

K(A,w) = R(A,w), obtaining

£A) = = | £(2)R(w, A) dw.

21 Jp

This yields the classical Riesz-Dunford calculus. The idea can be extended to func-
tions which have singularities at some points on the boundary of the spectrum. A
drawback of this method is that, for unbounded A, it only produces bounded f(A)
in some restricted settings.

Following the seminal paper [34], one might proceed in this vein but restrict the
class of operators under consideration. As it turns out, the natural class to look at
is given by all those operators A having their spectrum in Sy u {0}, where 0 € (0, )
and Sy = {\ € C\{0} : |arg \| < 0}, and allowing resolvent estimate of the form

RO A< C/IAL A e C\(Sp v {0}).



Any such operator is said to be sectorial; for a sectorial operator A, the infimum of
all those 0 for which A satisfies the above conditions is called the sectorial angle of
A. In particular, generators of bounded Cy-semigroups are easily seen to be sectorial
with sectorial angle less than or equal to m/2. Suppose A is sectorial with sectorial
angle § < w. The point of departure is then to consider the class of holomorphic
functions on Sy decaying sufficiently fast at 0 and oo, i.e.

i

HF(Sy) = {f : Sgp — C holomorphic and |f(\)] < CTMPE,

for some5>O,C’>0}.

For functions in Hi(Sy), one may then define f(A) by using Cauchy’s integral formula

and setting
1

S =5 |, RG e
for 6 < 6 < m. The integral can be shown not to depend on the choice of 9; the
construction is then extended via a regularisation procedure to include more functions
of interest. The calculus provides a closed operator f(A) for any f € H*(Sy) as long
as A is injective; f(A) may in general be unbounded. A systematic framework for such
defined holomorphic calculus has been provided in [25]. It is worth noting that there
are analogous approaches to functional calculi of strip-type and half-plane operators
(cf. e.g. [25], [7]).

Once we have a functional calculus at our disposal, it becomes very natural to
pose a number of questions. Of particular importance is the question whether, for a
fixed function f, the mapping

M: [ f(A)

preserves some relevant classes of operators, e.g. the class of generators of sectorially
bounded holomorphic Cy-semigroups. The sectorial case, in particular, has drawn
significant attention in connection with Bernstein functions. It is now known that
Bernstein functions do preserve sectoriality and sectorial angles for operators with
sectorial angle less than 7/2; there exist several independent proofs of this result in
the literature. The varied techniques used in these proofs use, e.g., the subclass of the
so-called associated complete Bernstein functions in [23], the class of NP -functions
mapping the right half-plane and the right half-axis into themselves in [6], and the
class of analytic Besov functions in the most recent work [4].

Whatever the means by which we define a functional calculus, it is customary to
require that it should enjoy a number of desirable properties (cf. [4]). Ideally, we
want it to be defined for wide classes of functions and operators, take values in L(X)

and yield sharp estimates for operator norms. So for instance, the norm-estimates
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obtainable via the HP-calculus are given in terms of the representing measure p; and
this is hardly ever optimal. In the case of the holomorphic calculus, of particular
interest is the question of which operators enjoy a bounded H%-calculus, i.e. for

which A does the following inequality

[f (A < Call flleo

hold for all functions in the admissible class and with constant C'y depending only
on A. The existence of a bounded H*-calculus is related to bounds on the imag-
inary powers, and square function estimates (cf. [13], [26], [29], and [31]). In the
Hilbert space case, the Boyadzhiev-deLaubenfels theorem ([10, Theorem 3.2]) states
that every generator of a bounded Cy-group has bounded H*-calculus on vertical
strips of heights exceeding the exponential type of the group. The analogue of this
result for general Banach spaces under the assumption that the Cy-group is exponen-
tially 7-bounded was originally obtained in [29, Theorem 6.8], and a new proof using
transference techniques was given in [26, Theorem 6.5].

While there are known concrete examples of differential operators with bounded
H®-calculus, it is usually quite difficult to verify that a given operator enjoys this
property. At the very best, one can hope for positive results only in restricted settings.
For instance, if — A is the generator of a strongly continuous semigroup of contractions
(T'(t))+=0 on a Hilbert space, then the continuous version of von Neumann’s inequality

yields

fﬂh T(t) du(t)H <|Lulw, pe M(R,),

or equivalently

[F(A)] <[]

where f = Lp for some g€ M (R, ). In general, however, it might be most reasonable

OO,C+7 f € EM?

to settle for identifying those classes of functions and semigroup generators for which
it is possible to obtain non-trivial norm-estimates weaker than those stated in terms of
the | - | norm. A class of functions that has recently received considerable attention
in the context of operator theory is that of analytic Besov functions.

Analytic Besov functions appeared already in the work of Vladimir V. Peller
[42], in which the author investigated power bounded operators on a Hilbert space,
and obtained upper bounds for polynomials of such operators. Steven White in
his PhD thesis extended Peller’s methods and results to study polynomials in two
commuting power bounded operators ([51, Chapter 4]), and obtained ([51, Section

5.5]) Besov estimate for generators of bounded semigroups on Hilbert spaces and



Schwartz functions. Pascale Vitse in [50] considered the Besov space BY, | (R), defined

as consisting of holomorphic functions f on the complex right half-plane such that

1£l5 = 1 Flo + J 1w + i) dr < 0.

As shown in [4, Appendix], this space can be naturally identified with a closed sub-
space of B9 |(R). Vitse studied the behaviour of f(A), basing the construction of
the functional calculus on the holomorphic sectorial calculus, and making use of the

explicit representation

F(A) = Y (FF = Foi)(A).

keZ
Here, F stands for the Fourier transform, F'is a distribution with supp(F') < [0, o)
such that f = FF, ¢, is a triangular function with supp(¢y) < [2871, 28+1] taking
its maximal value at 2%, >, ¢, = 1, and A is a negative generator of a bounded
holomorphic Cy-semigroup. Markus Haase put Vitse’s results in a wider context of
transference principles in [26]. In [26], Haase obtained functional calculus estimates
for generators of Cj)-semigroups and analytic Besov functions that are Laplace trans-
forms of measures.

Building on work by Haase, Peller, Vitse, White, and others, Charles Batty,
Alexander Gomilko, and Yuri Tomilov offered in [4] a novel and unifying approach
to constructing a functional calculus for the generators of bounded semigroups on
Hilbert and Banach spaces. We now sketch the construction from [4]; a more com-
prehensive survey of this approach is provided in Chapter 2.

Let —A be the generator of a bounded Cy-semigroup on a Hilbert space X or the
generator of a bounded holomorphic Cy-semigroup on a Banach space X. Then for
all z € X and all z* € X*, the weak resolvent {(- + A)~'z, z*) belongs to the space £
given by

e = {gemolC.): lale, = swpa [ If(a+ig) s <0

Consider the Banach algebra B given by

- {f e Hol(Cy) : | flls, = f sup | f' (o + i) da < oo},
BER

0
with the norm | f|| = | flleo + | f|l5,- Then the following duality gives a natural pairing
between B and &:

{9, f>B—J f a—ifB)f'(a+if)dBda, feB,gek.



For A as above, one can define a mapping
by B— L(X, X™),
a(f) = f(A),

as a w*-integral:
(A, = f(o0) + 2+ A, s, we X, 2% € X" (11.2)
It then can be shown that (1.1.2) defines a bounded algebra homomorphism
b, B— L(X),
A(f) = f(A),

and that ||f(A)| < C4lf|s holds for any f € B with a constant C'4 depending only
on A. Our aim is to extend this construction to functions of two variables and pairs
of commuting operators.

It is noteworthy that the Besov norm || - ||z gives significantly better bounds for
HP-functions than the standard HP-norm. For instance, let —A be the generator of a
bounded Cy-semigroup on a Hilbert space X, and let V(A) be the Cayley transform
(A—I1)(A+I)7' of A. We have V"(A) = x"(A), with x(z) = (z = 1)(z +1)7L. Tt

1/2

can be shown (cf. [4, Section 5.5]) that the HP-norm of x™ grows like n'/* ; whereas

an elementary application of B-calculus yields ([4, Corollary 5.9])
IV (A)"| < 2K3(3 + 2log(2n)).

For some functional calculi, it is more or less straightforward to generalise them
to a multivariable setting. Consider, for instance, a two-variable Bernstein function

f:[0,00)* — [0,0) with the representation given by

fA) =a+bX+ f (1 — e ) du(t),
R3\{0}
with A € R%, @ > 0, b € R, and p is a uniquely determined positive measure on
R? (cf. [37] and references therein). Then for a pair of commuting generators of

uniformly bounded Cy-semigroups, A = (A;, Ay), we may obtain (as in [36])

f(A)z = ax + bAx + JRQ \{0}(1 —T(u))x du(u),

with T'(u) = Ty(u1)T(usg), and study the properties of these operators. In particular,

it is known that —f(A) is a generator of a two-parameter bounded Cp-semigroup.



Similarly, we might define the joint holomorphic functional calculus for a pair of
commuting sectorial operators A; and A, with sectorial angles 6, and 6,, respectively,

by considering first
H (Spuy % Spy) = {f € H (S, x Spp) t Fss0 7" f € HP(Su X Sy, )}

with
z1%2

¢(Z1,Z2) = (1 + 21)2(1 + 22)2'
Take 51 € (01,[,62),52 € (02,#2). For f € HSO(SNI X SHZ) we define

1

b 472 085, xS,

F(Ag, A2) R(A1, A1) R(Aa, Ag) dXy d)s.
The integral on the right-hand side can be shown to be independent of the choice of
01 and J,. Extension to a wider class of functions is then carried out in a very similar
fashion to the one-dimensional case (see Chapter 6 below for details). The joint holo-
morphic functional calculus was studied in [30, Section 6], where the authors focus
on sums of sectorial operators, in the spirit of the celebrated Dore-Venni theorem (cf.
[17]).

Notwithstanding the fact that some multi-dimensional calculi can be set up in
a rather straightforward manner, the progress in the area has been relatively slow.
Many of the technical difficulties arise due to the fact that the underlying function
theory in several variables is still in development and/or significantly more compli-
cated than its one-dimensional counterpart. The present dissertation aims to fill this
gap by adapting the approach presented in [4] and providing a construction of a

functional calculus based on a suitable class of functions in two variables.



1.2 Overview of the thesis

We shall consider the function space B2, defined as the space of those bounded holo-

morphic functions f on C2 such that

[flsz + 1l + [ fll2x < 0,

where

y1,Y2€R

e} e}

I fllsz = f J sup [D1Dyf (w1 + iy, 2o + iy2)| dry das,
o Jo
o0

[ flx = f sup |Dif(z1 + iy, 22)| daq,
0

y1ER
22€C+

o0
[ Flox = f sup [Daf (21,25 + iyn)| ds < o0,

0 y2€R
21€(C+

with D; = 2= for i = 1,2. We let
B* = {f € H*(CY) : |fllgg + [ flas + [ fllox < 0}

We then endow B* with the norm | fllgz = | f[o + [ fllx + [ fl2x + [ flsz. The crucial
step will consist in pairing elements of B? with functions in an auxiliary class £2 via
a suitably constructed partial duality. More precisely, £2 is defined as the space of

holmorphic functions g on C% such that

Q0 Q0
lgllgz = sup $1$2[ J |D1Dog(w1 + iy1, w2 + 1y2) | dyy dys < o0.
—o J-w

x1,22>0

The (partial) duality between £? and B? will be given by

<g7f>32 =

o0 0 0 o0
f J T1T2 f J D1Dsg(x1—iy1, xa—iy2) D1 Da f (x1+iy1, Xa+iy2)dyr dys dzy das.
0 0 —o0 J—00

Let Ay, As be closed commuting operators on a Banach space X, with D(A;) n
D(As3) dense in X. We shall assume that the spectra of A; and Ay are contained in
in C,, and that the operators satisfy



Supozf (o —iB 4+ A) 2z, 2% dB < o, i=1,2, (1.2.1)
R

a>0

sup vy J}R JR [{(a — i3+ Ay) 2 (y — i + Ag) 2w, 2*)| dB dd < oo. (1.2.2)

a,y>0

The inequality (1.2.1) is a version of the so-called Gomilko-Shi-Feng condition intro-
duced in [22] and [48]; it ensures that weak resolvents of A; and A, belong to £2. As
shown in [22] and [48], (1.2.1) also guarantees that —A; and —A, are generators of
bounded Cj-semigroups.

We will then define

(f(Ay, Ag)x, 2™y = f(oo,00) x, x*) + %<<( + A a2, f)
(1.2.3)

260+ AT, ) + 5K+ AN+ A, D,
with

f(o0,0) = lim f(z1,22),  filz) = hmoof('thZ): Ja(z2) = lim  f(2, 22).

Re z1,Re zg—00 Rezo— Re z9—0

We devote Chapter 2 to an overview of the basic theory of one-parameter strongly
continuous semigroups, and the theory of Besov functional calculus in one variable.
This will serve as a starting point for providing a corresponding framework for a two-
dimensional analogue of the class B* (cf. [4]). We base most of this discussion on [4]
and [5].

In Proposition 2.3.17, we establish a new result showing that approximate -
eigenvectors of A are approximate f(\)-eigenvectors of f(A). Before concluding
Chapter 2, we show that compositions of certain functions are in the one-dimensional
Besov class (Proposition 2.3.18), and that this allows one to consistently define oper-
ators on Hilbert spaces in two different ways (Proposition 2.3.19).

Chapter 3 of the present work is devoted to preliminary considerations concern-
ing the class B%2. We shall see that B? shares many of its characteristics with its
one-dimensional counterpart. In Section 3.1 we introduce the class, and define the
subspace B2 which will play a key role in subsequent considerations. In Section 3.2
we prove that B? is indeed a Banach space with respect to the norm || - |2, and that
the limiting functions f(21) = imRge,, e f(21, 22) and fa(z2) = limge_o f(21, 22) are
both in the one-dimensional Besov class, with f;(0) = f3(o0). We then establish in

Section 3.3 that B? is a Banach algebra. In Section 3.4 we introduce two alternative
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norms on B2, and show that they are both equivalent to | - |s2; we make extensive
use of this fact throughout the thesis. We consider some classes of functions in B2
in Section 3.5; the results in this section are derived from the one-variable case. In
Sections 3.6-3.8, we explain the relations between the classes B? and B, prove a two-
variable analogue of Proposition 2.3.18 concerning compositions of functions, and
provide further examples of functions in B2.

In Chapter 4, we prove a number of results on spectral decompositions, which we
will need later on. We also provide approximation techniques for functions in B? in
terms of the partial duality with £2. Following auxiliary considerations in Section 4.1,
we show in Section 4.2 that the union of suitably chosen spectral subspaces is dense
in B3. We then introduce the class £2 and the partial duality (-, )z in Section 4.3,
and establish that any function f € B* admits an approximation in terms of (-, )ps.
In Section 4.4 we discuss topological properties of B?; we show that the subspace of
Laplace transforms of measures is not norm-dense in B2, but it is dense in B2 in the
topology of uniform convergence on compact subsets.

Chapter 5 extends the earlier discussion on functions in B?; it contains a charac-
terisation of functions in B? in terms of their representations, as well as a discussion
of dual Banach spaces in the light of the partial duality, and a number of exam-
ples. Proposition 5.1.1 establishes that any f € B? can be represented in terms of
the partial duality introduced in the preceding chapter. Section 5.2 covers a general
method of constructing functions in B?; in Section 5.4 we characterise the behaviour
of (two-parameter) semigroups of shifts acting on B2. After providing two negative
results on dual spaces and density in Section 5.5, we close the chapter with Theorem
5.6.1 expressing a convergence lemma for sequences of functions in B2.

Chapter 6 encapsulates the core results on our two-dimensional functional calculus.

We show that (1.2.3) defines a bounded algebra homomorphism

(I)A1,A2 B — L(X)v (I)ALAz(f) = f(AlaAQ)

and that [|f(A1, A2)|| < Ca, a,| fls2, with the constant C4, 4, depending only on A;
and A,. We establish that the B2-calculus extends the two-dimensional Hille-Phillips
calculus, that it is compatible with joint holomorphic and half-plane calculi, and
consistent with the Bl-calculus as defined in [4]. We shall obtain a spectral mapping
theorem for the joint spectrum of A; and A,. Finally, we will see that the B2-calculus

is essentially unique.
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1.3 Notation

We shall adopt the following notation throughout the dissertation. We denote Banach
spaces by X and Y, and the dual space of X by X*. The duality between x € X and
y € X* will be denoted by (z,y). For a Banach space X, L(X) denotes the space
of all bounded linear operators on X. The domain, spectrum and resolvent set of an
(unbounded) operator A on X are denoted by D(A), o(A) and p(A), respectively.
For A € p(A), we let:

R(MA) =(A—A)L

Two linear operators, A; and Aj, are said to be commuting if for all Aj, A € p(A;) N

p(As) we have
R(A1, A1) R(A2, Ag) = R(Aa, Aa)R(A1, Ay).

We introduce the following notational conventions.
Ry = [0, ),
C,={2eC:Rez>0},C, ={zeC:Rez =0},
Sp={2€C:z+#0,|argz| <0} for 8 € (0,7); Sy = (0,0),
R, ={2€C:Rez > al},
supp(f) denotes the support of a function or distribution f on R.

The Cartesian product of two sets, D and E, is denoted by D x E, and D? = D x D.
For f:C, — C, we write
feo) = dim f(2)
€ z—>00

if this limit exists in C. Similarly, for f: C2 — C, we write

fl(zl) = f(Zl, OO) = lim f(Zl, 22),

Re zo—0
fa(z2) = f(o0,20) = _lim  f(21, 20),
Re z1—0
and denote the partial complex derivatives a‘% and o% by D, f and D, f, respectively.

For a € C,, we define functions on C, by
ea(2) =€ 14(2) = (2 +a)" "

We use the following notation for spaces of functions or measures, and transforms,

on Ror R,:
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S(R) denotes the Schwartz space on R,

BUC(R) denotes the space of bounded, uniformly continuous, functions on R,

with the sup-norm,
Hol(Q2) denotes the space of holomorphic functions on an open subset €2 of C,

M (R) denotes the Banach algebra of all bounded Borel measures on R under
convolution, and M (R, ) denotes the corresponding algebra for R,. We shall
identify L'(R,) with a subalgebra of M(R,) in the usual way,

L denotes the Laplace transform applied to distributions, measures or functions

on R,

F denotes the Fourier transform on R. For f e L'(R),

(FF)(s) = fRf@)e-m d.

We shall also consider F applied to measures and distributions on R, and F !

will be the inverse Fourier transform on R.

We adopt analogous notation for spaces of functions or measures, and transforms on
R? or R%. In particular, we denote by ]-"(5)1 the inverse Fourier transform on R?. We
note that (see e.g. [49, Corollary 1.24]) if f and F9) f are both integrable, then the
following holds a.e.

Fay f(s) = 75 Fo f(—s).
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2 Preliminaries

2.1 C(Cy-semigroups

For a systematic treatment of Cyp-semigroups and related topics see e.g. [2], [20], [15].

We begin with a definition of a strongly continuous function.

Definition 2.1.1. A function T : R, — L(X) is called strongly continuous if
t— T(t)x
is continuous for all v € X.

A Cy-semigroup can then be viewed as just a special type of a strongly continuous

function, i.e.

Definition 2.1.2. A strongly continuous semigroup, or a Cy-semigroup, is a strongly
continuous function T : Ry — L(X), denoted by (T'(t))i=0, such that

T(t+s) = T(OT(s) (s> 0),
7(0) = 1.

To each Cy-semigroup we can associate an operator, called its generator. The genera-
tor of a Cy-semigroup is a linear, closed, but in general unbounded, operator defined
only on a dense subspace D(A) of the Banach space X.

Every norm-continuous semigroup (7°(t));=0 on a Banach space X can be charac-
terised as an operator-valued exponential function (see [20, Theorem 1.3.7]), i.e. there
is an operator A € L(X) such that

o0
A (tA)"
T(t) = et = ZO ——, 120, (2.1.1)
where the convergence is understood to be in the operator norm. The notion of a

Cp-semigroup generator provides us with an analogue of the bounded operator A

appearing in (2.1.1).
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Definition 2.1.3. The generator A of a Cy-semigroup (T(t))i=0 on a Banach space
X s the operator
1
Az = ’111\1\% z(T(h)x — ),

defined for every x in its domain

D(A) = {$ € X :lim %(T(h)x — ) ea:ists} .

Throughout the present section, we make the convention that A denotes the generator;
when convenient, we take A to be the negative generator elsewhere in the dissertation.
We believe that this slight abuse of notation should not cause any confusion.

The following lemma collects some basic properties of the Cy-semigroups and their

generators.

Lemma 2.1.4 (Lemma II.1.3, [20]). Let A be a closed operator that generates a
Co-semigroup (T'(t))i=0. Then the following properties hold.

1. If x € D(A) then T'(t)x € D(A) and

%T(t)x =T(t)Ax = AT (t)x for allt > 0.

2. Fort >0 and z € X we have

L "T(s)rds < D(A)

Tt)r —x= AJ T(s)xds.

3. For everyt =0 and x € D(A) we have

T(t)xr —z = Lt T(s)Ax ds.

We have the following characterisation of Cy-semigroups which are norm-continuous

on R, .

Theorem 2.1.5 (Theorem 3.1.10, [2]). Let A be the generator of a Cy-semigroup

(T'(t))e=0- The following assertions are equivalent:
(i) The operator A is bounded, i.e. D(A) = X.

(ii) limp o |T(t) — I| = 0.
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In that case, T(t) = et = 3% CA fort > 0.

n=0 n! 7’

Consider the abstract, i.e. Banach-space-valued, linear initial value problem:

u(t) = Au(t), (£=0),

uw0)= =z, xzelX,
where ¢ represents time, u is a function with values in a Banach space X, A : D(A) c
X — X a linear operator. This initial value problem is referred to as the abstract
Cauchy problem (ACP) associated to (A, D(A)) and the initial value z. The impor-

tance of (ACP) stems from the fact that many equations of mathematical physics

can be expressed in the above form, e.g. the wave equation or the heat equation (cf.

[21]).

A function u € C'(R,, X) such that u(t) € D(A) for each ¢t = 0 and (ACP) holds
is called a a classical solution of (ACP). A function u € C'(R,, X) is called a mild
solution of (ACP) if §; u(s)ds € D(A) for all t > 0 and

u(t) = Ajotu(s)ds e (2.1.2)

If now A generates a Cy-semigroup (T'(t)):=o, then for each x € X the orbit map

u:t — u(t) = T(t)x is known to be the unique mild solution to the associated
(ACP).

In order to retrieve the Cy-semigroup (7T'(t))s=o from its generator, a third object is

needed, that is: the resolvent of the generator of (T'(¢));>o.

Definition 2.1.6. We call

p(A)={AeC:X—A:D(A) - X is bijective}.
the resolvent set of A. The holomorphic mapping

R(,A): p(A) > L(X), R\ A) = (A~ 4)!
1s called the resolvent of A.

We now briefly remark on the connection between resolvents and Laplace trans-

forms of semigroups (cf. [2, Section 3.1]).
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Definition 2.1.7. Let \g € R and let R : (Mg, 0) — L(X) be a function. We say that
R is a Laplace transform if there exists a strongly continuous function T : Ry — L(X)
such that .

abs(T") = inf {Re Az lim | e Mf(t)dt exists } < Ao,

T—00 0
and i,
RNz = lim | e MT(H)xdt (A> X, v € X).

T—00 0

It can be shown that Cy-semigroups are exactly those strongly continuous (operator-
valued) functions whose Laplace transforms are resolvents (cf. [2, Section 3.1, The-
orem 3.1.7]). The following proposition makes this fact precise, and shows some

relations holding between the resolvent and the generator.

Proposition 2.1.8 (Theorems I1.1.4 and II.1.10, [20]; Theorem 3.1.7, Definition
3.1.8, Proposition 3.1.9, [2]). Let A be the generator of a Cy-semigroup (T(t))so-
Then

(1) A is closed and densely defined, and there exist constants M,w > 0 such that
IT()| < Me*t, forteR,.

(2) Let
w(T') = inf {w eR:sup e ™™T(t)]| < oo} :
=0

Then for Re X > w(T'), X is in the resolvent set of A, and the following holds

R\ A)x = lim | eMT(t)zdt, zeX. (2.1.3)

T [,
Note that trivially abs(T') < w(T).

(3) limy o AR(A, A)x = x for all x € X. Let (T(t))i=0 be a Co-semigroup on X
and let A be its generator. Then the following properties hold.

(4) RO\, A)T(t) = T(t)R(\, A) for all X e p(A) and t > 0.

We note that property (4) in Proposition 2.1.8 is equivalent to (cf. e.g.[2, Proposition
B.7])

for all x € D(A) and t > 0, T(t)xr € D(A) and A(T(t)x) = T(t)Ax.

The classical Hille-Yosida generation theorem provides necessary and sufficient

conditions for a linear operator on a Banach space X to generate a Cy-semigroup.
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Theorem 2.1.9 (Hille-Yosida). Let (A, D(A)) be a linear operator on a Banach space
X, weR, M = 1. Then the following are equivalent.

1. A generates a Cy-semigroup (T'(t))i=0 such that

ITt)| < Me™  for all t = 0.

2. (A, D(A)) is closed, densely defined, and for every A > w we have \ € p(A)
with
I[N —w)R\, A" <M for alln e N.

3. (A, D(A)) is closed, densely defined, and for every A € C with Re A > w we
have X € p(A) with

I[A —w)RO\, A" < M for all n e N.

The estimates appearing in Theorem 2.1.9 involve all powers of the resolvent; this
limits the practical use of Theorem 2.1.9 in concrete applications. A result due to
Gomilko (cf. [22]), Shi and Feng (cf. [48]), gives a sufficient condition on a general
Banach space, involving only a single resolvent power. The condition turns out to be

necessary on Hilbert spaces.

Theorem 2.1.10. Let A be densely defined, closed operator on a Banach space X
such that
o(A)c{AeC: Re) <0}

Consider the following conditions:

(i) For every r € X,z* € X*,

supwf |R(w + it, A)x|* dt < oo,
R

w>0

supwf |R(w + it, A*)2z*||* dt < 0.
R

w>0

(ii) For every x € X, z* € X*,

Supwf [KR(w + it, A)?z, x*)|* dt < 0.
R

w>0

(i1i) A generates a bounded Cy-semigroup.
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Then (i) = (it) = (di1). If X is a Hilbert space then the implication (iii) =
(1) also holds.

A particularly important class of Cy-semigroups is constituted by the so-called

holomorphic semigroups, i.e. semigroups that can be extended analytically.

Definition 2.1.11. Let 0 € (0, §]. A semigroup T on X is called holomorphic of angle
8 if it has a holomorphic extension to Sy which is bounded on Sy N {z e C: |z| < 1}
for all @ € (0,0). A semigroup T is called a bounded holomorphic semigroup of angle
¢ if T has a bounded holomorphic extension to Sy for each 6" € (0,6).

We will now introduce the key notion of resolvent commuting operators.

Definition 2.1.12. Two closed operators Ay and Ay on a Banach space X are said
to commute in the resolvent sense if R(\, A1)R(p, As) = R(u, A2)R(\, Ay) for all
A€ p(Ar) and pe p(As).

The operators A1 + Ay and A1 Ay are then understood with their natural domains

D(A; + Ay) = D(Ay) n D(Ay),
D(A1Ay) = {x € D(Ay) : Ay € D(Ay)}.

Let A; and As be the generators of Cy-semigroups (77(t));=0 and (T5(t))s=0, respec-
tively. Then A; and A, commute in the resolvent sense if and only if the semigroups
(T1(t))t=0 and (T(t))¢=0 commute (the right to left direction follows from (2.1.3); for
the left to right direction see e.g. [16, Theorem 6.1.27]).

If A; and A, commute in the resolvent sense, then A; + Ay, with the core D(A;)n
D(Ay), generates the product semigroup S(t) = T1(t)T5(t) (cf. [20, I1.2.7]).

2.2 Sectorial operators

We begin by reviewing some definitions.

For 0 < w < 7 let:

g {zeC: 2+#0, and |argz| <w} ifwe (0,n],
v (07 OO) if w=0.
Definition 2.2.1. Let w e [0, 7). An operator A on X is called sectorial of angle w,
in short A € Sect(w), if conditions (i) and (i) are satisfied:
(i) o(A) = S,
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(ii) M(A,w'") = sup{|AR(A, A)|| : A e C\S,} < oo for all ' € (w, ).
In that case, the spectral angle (or sectoriality angle) of A is defined by:

wa =min{0 < w < 7|A € Sect(w)}.
The set of sectorial operators on X will be denoted by Sect.

We note that the condition (i) in Definition 2.2.1 already implies that A is closed.
Although in what follows we shall often assume that A is densely defined, we follow
[25] in not making density of the domain a part of the definition of a sectorial operator.

If A is a closed operator and (—o0, 0) = p(A) and also sup,q |t(t+A) 7| < oo, then
the fact that A is sectorial follows from the von Neumann series expansion formula
(see the proof of [25, Proposition 2.1.1a)]). Moreover, the inverse of an injective

sectorial operator is sectorial. More specifically, one has the following proposition.

Proposition 2.2.2 (Proposition 2.1.1, [25]). Let A be a closed operator on a Banach
space X.

(i) If (—0,0) < p(A) and

M(A) = sup [t(t + A)7Y] < o,
t>0

then M(A) =1 and A € Sect(m — arcsin(M(A)™1)).
(i) If A is injective and A € Sect(w) for some w € [0,7), then A~! € Sect(w) and the

fundamental identity:
~1
MA+AHY =12 (— + A)

holds for all X € C\{0} such that \™* € p(A).

If —A generates a bounded semigroup (7(t));>0, then by taking M = sup,, ||T(t)|
one obtains:

. M
[\ + A7 = RO, -A)| < o5 Red>0,

This establishes that A is sectorial of angle 7/2. Sectorial operators of angle strictly
less than /2 coincide with negative generators of bounded holomorphic semigroups
([20, Theorem 4.6]).

A family of operators (A4;)es is called uniformly sectorial of angle w € [0, 7) if

A; € Sect(w) for each i € I, and sup,.; M (A4;,w’) < oo for all W' € (w, 7).
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A uniformly sectorial sequence (A,,)nen of angle w is called a sectorial approxima-
tion for the operator A if for some (equivalently: for any, cf. [25, Proposition A.5.3])
A e C\S, we have A ¢ o(A) and

RO\ A,) — RO A) in L(X).

If (A, )nen is a sectorial approximation for A on S,,, we write A, — A (S,) and speak
of sectorial convergence. The following proposition collects some basic properties of

sectorial approximations.

Proposition 2.2.3 (Proposition 2.1.3, [25]). 1. If A, — A(S,), and all A, as
well as A are injective, then A1 — A~ (S,).

2. If A, > A(S,) and 0 € p(A), then 0 € p(A,) for large enough n.

3. If A, — A(S,), and A € L(X), then A, € L(X) for large enough n, and

A, — A in norm.

4. If (Ap)nen < L(X) is uniformly sectorial of angle w, and if A, — A in norm,
then A € Sect(w) and A,, — A(S,).

5. If A e Sect(w), then (A + €).~0 is a sectorial approximation for A on S,,.

6. If A e Sect(w) and Ac = (A+¢€)(1+eA)™t for 0 < e < 1, then (Ad)o<e<t @5 a

sectorial approzimation for A on S,,.

Holomorphic functional calculus Let X be a Banach space, and let M be a
commutative algebra with 1 and with a subalgebra & < M. Let ® denote a homo-
morphism ¢ : (e — ®(e)) : £ — L(X). Such defined triple (£, M, ®) will be referred

to as an abstract functional calculus over X. If f € M, then members of the set
Reg(f) ={ee M :ef € M, ®(e) injective}

are called regularisers for f. Abstract functional calculus is said to be proper if
Reg(1) # . In the case of a proper abstract functional calculus (£, M,®) an

extension procedure may be applied as follows. Take:
M, ={f e M :Reg(f) # T}
For f € M, define (abusing the notation):
®(f) = D(e)~'D(ef), (2.2.1)
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where e € Reg(f) is an arbitrarily chosen regulariser for f. (2.2.1) can be easily seen
to be independent of the chosen regulariser e. The new ® can then be shown to

extend the old one, i.e. we have

Theorem 2.2.4 (Lemma 1.2.1, [25]). Let (£, M, ¢) be a proper abstract functional
calculus on a Banach space X. Then (2.2.1) defines a closed operator on X, and the
map

O = (f— P(f)): M, — {closed operators on X}

extends the original mapping ® : £ — L(X). In general, the operator ®(f) may be

unbounded.

The holomorphic calculus for sectorial operators can now be defined in the follow-

ing manner. Let A € Sect(w), and for ¢ such that w < ¢ < 7 define
HF(Sy) :={f€0O(Sy) : |f(2) < Cmin(|z|°,|z|"*) for some C,s > 0},

where O(S,) denotes the set of all holomorphic functions on the sector S,. Take

and let
B(Sy) ={f:5, > C:7"f e H(S,) for some n € N}.

For each f e H(S,) we may now define

T o

B(f) = f(A) = - f F(2)(z — A) e, (222)

where I' is the downward oriented boundary of a sector S, with w < wy < ¢. This

definition is independent of the particular choice of wy, and
®: H(Sy) — LX), @(f) = f(A),

is an algebra homomorphism, with ®(7) = A(1 + A) 2.
If A is injective, so is ®(7). In that case, we have a proper abstract functional
calculus for A, (€, M, ®), with

E=Hy(Ss), M=0(S,),

and the corresponding extended calculus is called the holomorphic calculus for A.

Any function f € B(Sy) has a regulariser of the form 7" for some n € N,
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2.3 B!-calculus

The material in this section is based on the recent work [4] and [5].
Definition. We begin with the definition of the relevant class of analytic Besov

functions. Let B! be the space of those holomorphic functions f on C, such that

Q0
| £y = J sup | f'(z + iy)| dz < 0. (2.3.1)
0 yeR

It can be shown that functions in B* enjoy the following properties.
Proposition 2.3.1 (Proposition 2.2, [4]). Let f € B!.

1. f(o0) = limge, o f(2) exists in C.
[ is bounded, and || floo < [f(0)| + | f]sy-

fis) =lim,_o4 f(z + is) uniformly for s € R.

The extended function f is uniformly continuous on C,, and so f* € BUC(R),

where f° denotes the boundary value of f.

5. If U is an open set containing the range of f, and h is a bounded holomorphic

function with bounded derivative on U, then ho f e B

6. If f is bounded away from 0, then 1/f € B.

7. Assume that the range of f is contained in S,. If B > 1, then fP(z) = f(2)P €
B. If f is bounded away from 0, then f? € B! for all 3 € R.

A norm on B! is then defined as follows:

0¢]
[£lsr = [ Fllo + 1f 5y = [f ]l +f sup | /(v + iy)| da. (2.3.2)
0 ye
As observed in [4, Section 2.2], | - | is equivalent to each norm of the form

[f@) +1flsy  (aeTiu{n}).

Furthermore, B! is a Banach algebra and || - [z is an algebra norm ([4, Proposition
2.3(2)]).

Hille-Phillips algebra. A key thing to note is that B! properly contains the Hille-
Phillips algebra as a subalgebra. Let LM be the Hille-Phillips algebra, which is the
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subalgebra of H*(C, ) consisting of Laplace transforms Lu of measures p e M(R.).
Let m = Ly and |m|gp = |p|. Then

m(2)] < [l(Ry), m(z) = — f te du(t), zeC,.

and "
f sup |m/(z + iy)| dz < f J te " d|p|(t) dz = |u|(0, ). (2.3.3)
Ry

0 y>0
So m € BY, |m|zp < 2|m|gp and m(ow0) = p({0}). If u is a positive measure, then
equality holds in (2.3.3) and |m|z = u(R)+ (0, ). The subspace LM is not closed
in B!, and it is not dense in B' in the norm-topology. However, LM is dense in B! in

the topology of uniform convergence on compact subsets of C. by [4, Proposition 2.3].

Examples The following concrete functions are known to be members of B! (the first
three in virtue of belonging to LM, cf. [4, Examples 2.12, Lemma 3.4, Lemma 3.5,
Lemma 3.7]):

- eq(z) = e, for a > 0,

-ra(z) = (A+2)7 for Ne Cy,

() = (1- ez,

- exp(—t/(z + 1)), for t > 0,
(z—=1)/(z+1))", for ne N,

Each function given by
1

A+ f(z2)P
with a € (0,1), 5 € (1,1/a] and an arbitrary Bernstein function f.

h(z) =

Subalgebra G. Working directly with functions in B! is not entirely straightfor-
ward. The setup in [4] involves subtle approximation techniques, utilising a certain

subalgebra of B! as its key ingredient. Let

G ={feH”(C,):supp(F 'f") is a compact subset of (0,0)}

= U H% e, o].

O<e<o<0

Then, by [4, Lemma 2.5, G is a subalgebra of B'. Moreover, by [4, Proposition 2.10],

the closure of G in B! is
G=By={feB": f(x)=0}. (2.3.4)
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In other words, any function f € B! is the sum of a function in G and a constant

function.

Space £!. A partial duality between B! and an auxiliary space, £!, is yet another
building block of the approach in [4]. Let &' be the space of holomorphic functions g
on C, such that

o0

lgley = sup f ¢/ (@ + iy)| dy < . (2.3.5)
x>

—00
The constant functions are in ', and | - [|e1 is a seminorm which vanishes on the
; &

constant functions. A norm || - |[¢1 on £! can be defined on £! by setting

lgler = lg(0)| + lgley.  ge&. (2.3.6)

It can be seen (cf. [4, Section 2.5]) that £' equipped with | - |¢1 becomes a Banach

space.

Partial duality. There is a (partial) duality between &' and B! given by
Q0 0¢]
g, [rsr = f xf g(x—wy)f(z+iy)dyde, ge&', feB. (237
0 —00

The duality is only partial in the sense that B! and £ are not the dual or predual of
each other with respect to this duality, and the constant functions in each space are

annihilated in the duality.
Remark 2.3.2. The duality (2.3.7) induces a contractive map Wpi : E! — (BL)*, where

(Bl)* can be identified in the natural way with the space of functionals in (B')* which
annihilate the constant functions. Similarly, let &1 = {g € &' : g(0) = 0}, with the
norm || - [lgr which coincides with | - [z on &;. Identify the dual £} with the space
of linear functionals in (£')* which annihilate the constant functions. Then (2.3.7)

provides a contractive map Wgi from B! to (E3)*.

We have

Proposition 2.3.3 (Propositions 2.22 and 2.23, [4]). 1. The range of Wpi is not

norm-dense in (BY)*. 2. The range of Wer is not norm-dense in (E3)*

Approximations. The importance of the partial duality stems from the fact that it
provides means for approximating functions in B'; more specifically, any function in
B! can be weakly approximated (with respect to the partial duality) in the following

way:
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Lemma 2.3.4 (Lemma 2.19, [4]). Let pe M(Ry) satisfy
PR =1 | tdul(e) <
Ry
Letm = Lue LM, and f € B. For§ >0, let

ms(z) = m(62), o) =ms(2)f(z)  (zeC.).

Then, for all g € £,
61_i>%l+<ga f§>31 = <g7 f>81'

Representations. With this at hand, one can show that any function in B can be

represented in terms of the duality.

Proposition 2.3.5 (Proposition 2.20, [4]). Let f € B!, 2 € C; andr.(\) = (A\+2)7!
Then 5
F() = ) + 2, P 238)

The following representations are variants of (2.3.8).

Proposition 2.3.6 (Propositions 2.4 and 2.5, [5]). Let f € B}, and z =z +iye C,.

Then
B Ref’a—i—zﬁ
fz) =~ f f o _ipe P
& Imf’a—i—zﬁ
B J f z+a—zﬁ 3 df da

Il

%L (‘”O‘)J( flatiB) s,

m R (z+a)?+ (y—5)?

Bl-calculus. Let A be a closed operator on a Banach space X, with dense domain
D(A). We assume that the spectrum o(A) is contained in C, and

supaf [{(a +iB + A) %z, 2%)| dB < o (2.3.9)
a>0 R

for all x € X and z* € X*. By the Closed Graph Theorem, there is a constant ¢ such
that 5
Za | K+ i+ A)2n,a]ds < clof 7] (23.10)
R
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for all @« > 0, z € X and z* € X*. Note that (2.3.9) says precisely that the function
Goax » 2 — {(z + A)7la, 2% (2.3.11)

belongs to £'. We let 4 be the smallest value of ¢ such that (2.3.10) holds, so

2
Ya = —sup|geatle, : |z =[] = 1}. (2.3.12)

Assume that (2.3.9) holds, so that the functions g, .+ in (2.3.11) are in €', and let
f € B'. We aim to define f(A) by replacing z by A and r, by (z + A)~! in the
representation formula in Proposition 2.3.8.

Let f € B! and A be as above. Define

(f(A)z,z*) (2.3.13)

= f(oo)w,z*) — % LOO a JR<(04 —if+ A) 2z, 2*) f'(a +iB) dB da

= Fo0), 7%+ gae, D

for all z € X and 2* € X*. Note that (2.3.13) defines a bounded linear mapping
f(A) : X — X** and that the linear mapping

Dy B - LIX, X)), fe f(A),

is bounded, with
[FA] < [f(0)| +al fllsy < val fls- (2.3.14)

In order to show that this is, in fact, a suitable definition, it is best to proceed in

steps, building-up on the preceding considerations.

Step 1. A direct calculation allows one to establish that (2.3.13) is consistent with

the Hille-Phillips functional calculus, i.e. we obtain

Lemma 2.3.7 (Lemma 4.2, [4]). Let f € LM and f(A) be as defined as in (2.3.13).
Then f(A) coincides with the operator x — SR+ T(t)xdu(t) as defined in the Hille-
Phillips functional calculus. In particular, f(A) € L(X).

Consequently, for any f in the Hille-Phillips algebra, f(A) : X — X** turns out to

be a bounded operator on X.

Step 2. The next step is a version of Lemma 2.3.4 for operators. Let

B 1—e*

n(z) R ns(z) =n(dz), 6 >0,
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Lemma 2.3.8 (Lemma 4.3, [4]). Let f € B}, and assume that fns € LM for each
d > 0. Then lims_o4(fns)(A)x exists in X for every x € X. Moreover f(A)x =
lims o4 (fns)(A)x for all z € X, and thus f(A) e L(X).

Since, by [4, Lemma 2.13], fns € LM, for any f € G, Lemma 2.3.8 implies that
f(A) € L(X) whenever f € G.

Step 3. In the final step, one obtains the main result showing that the map ® 4 has

the essential properties of a bounded functional calculus.

Theorem 2.3.9 (Theorem 4.4, [4]). Under the assumptions (2.3.9), the map P4 :
[ — f(A) is a bounded algebra homomorphism from B! into L(X), which extends the
Hille-Phillips calculus. Moreover, |®a| < va.

Theorem 2.3.9 essentially follows from Lemma 2.3.8 and the fact that G is norm-dense

Rl
in B;.

Necessity and uniqueness. Somewhat surprisingly, such obtained functional calcu-
lus turns out to be optimal. To make this remark precise, let us say that a (bounded)
B!-calculus for A is a bounded algebra homomorphism ® : B' — L(X) such that
O(r,) =(2+ A" forall zeC,.

Remark 2.3.10. If ®(r,) = (z + A)~! for some z € C, then the same equation holds
for all 2 € C,. Moreover, the existence of ®, and the fact that |r.[ g = 1/Rez, imply
that ||(z + A)™'| < |®|/Re 2. Hence A is sectorial of angle at most /2.

The initially imposed resolvent assumption on A can then be shown to be a necessary

condition for the existence of a B'-calculus.

Theorem 2.3.11 (Theorem 6.1, [5]). Let A be an operator on X with o(A) < Cy,
and suppose that there exists a B'-calculus for A. Then the resolvent assumption
(2.3.9) holds.

We say that A admits a B'-calculus if there exists such bounded homomorphism ®
and/or if A satisfies (2.3.9). The following result shows that the calculus given in
(2.3.13) is unique.

Theorem 2.3.12 (Theorem 6.2, [5]). Let A be an operator on X with o(A) < C,.
If A admits B*-calculus ®, then ® is unique, in the sense that the following holds

2
@(P.a®) = F) + 2 e Py
forall feB', v e X and z* € X*. Here g, .+(2) = {(z + A) 7'z, 2*), gp.x € EL.
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Spectral features. The statement below shows that the B'-calculus possesses the

standard spectral features.

Theorem 2.3.13 (Theorem 4.17, [4]). Let A be a densely defined operator on a
Banach space X such that o(A) < C, and (2.3.9) holds. Let f e B' and \ e C.

o [fxe D(A) and Ax = Az, then f(A)x = f(\)z.
o [fx*e D(A*) and A*z* = \z*, then f(A)*x* = f(\)z*.
o If e a(A) then f(N\) € a(f(A)).

o [f A€ Sect(m/2—), then o(f(A)) u {f(0)} = f(o(A)) U {f(x0)}, where
Sect(m/2=) = [Ugefo,x/2) Sect(6).

Convergence Lemma. We now present a Convergence Lemma formulated in the

context of Bl.

Lemma 2.3.14 (Lemma 8.1, [5]). Let (f,)ns1 < B be such that sup,=, | fals < 0.

Assume that for every z € C, there exists

fo(z) = lim f,(z) € C, (2.3.15)
n—o0
and for every r > 0 one has
5
lim | sup |f,(a+i5)|da =0, (2.3.16)

6—0+ 0 |8l<r

uniformly in n. Let g € B with limp, .o, g(2) = 0, and let g,(z) = fu(2)g(z),n = 0.
Then foe B, g, € Bt,n >0, and

lim |lgn, — go|s = 0.
n—aoo

From Lemma 2.3.14, one can then obtain an immediate corollary applicable to oper-

ators.

Corollary 2.3.15 (Corollary 8.3, [5]). Let A be an operator which admits B*-calculus,
and let f, and fo be as in Lemma 2.3.14. Then f,(A) — fo(A) in the strong operator

topology. If A e L(X), then the convergence is in operator-norm.

By applying Lemma 2.3.14 to the function ¢ — f(tA), one gets
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Theorem 2.3.16 (Theorem 8.4, [5]). Let A be an operator which admits B*-calculus,
and let f € BL. Then t — f(tA) is continuous from R, to L(X) with the strong
operator topology. If A€ L(X), then the map is continuous with respect to the norm
topology on L(X).

Fine structure of o(f(A)). Suppose that A admits B'-calculus. It has been estab-
lished in [4, Theorem 4.17] that, for any f € B,

Aeo(A) = f(A) ea(f(A)). (2.3.17)

This result does not, however, immediately imply anything about the fine structure of
a(f(A)). As already mentioned in [4, Remark 4.18], it is of some interest to investigate
whether there exists a connection between the eigenvalues of A and the eigenvalues of

f(A). The following proposition is a new result that makes this connection explicit.

Proposition 2.3.17. Suppose that A admits B'-calculus. Then approximate \-

eigenvectors of A are approximate f(\)-eigenvectors of f(A).

Proof. If A admits B'-calculus, then, by [5, Theorem 6.1], A satisfies

Supozj (a+iB + A) 2, 2% dB < .
R

a>0

In particular, —A generates a bounded Cpy-semigroup (7'(t))=o. We shall mainly
follow the approach used in [38, p. 20]. For each ¢ = 0, T extends canonically to a
bounded operator on {*(X) given by

T(t)x = (T(t)xp)nen,

for any x = (x,)nen € [P(X); here [*(X) denotes the space of bounded sequences
with elements in X. Let [(X) denote the subspace

{(zp)nen € I7(X) : %1_{% IT(t)z, — x,| = 0, uniformly in n}.

~ A

Let (T'(t))¢=0 denote the restriction of (T'(t));=0 to IF(X). Tt is immediate to see that
(T(t))s=0 is a strongly continuous semigroup; let —A be its generator.
Consider the quotient space E7 = X (X)/N, with N' = (¢o(X) n IF (X)) equipped

with the quotient norm and note that

|G )nen + N = lim sup [z,
n—a0
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Define (Tg(t))i=0 on ET by
Tp()((xn)nen + N) = (T'(t)(¥0)nen) + N,

and denote its generator by —Ag. Take the mapping

U, :B'— ET,

f=qo f(A),

where f/(Z) is the canonical extension of f(A) to [¥(X), and ¢ denotes the quotient

—

map ¢(z) = x+N. This is well defined, since f(A) leaves co(X)NIF(X) invariant. We

e~

have that ||go f(A)|| < | f(A)|, so in particular W4, is bounded, and, by construction,
for f,g € B!,

Vi, (f9) = d((F9)(A) = a(F(A)g(A)) = W, () V().
Fix any z € C;. Then, by [38, p.78], z € p(A) = p(Ag). We have, again by [38, p.
78],
Wy (r)a(x) = q(((z + A)2n)n) = (2 + Ap) q(2).
for any = = (2,,)nen € {*(X). This implies that U4, is a bounded algebra homomor-
phism that acts on r, in the expected fashion. Thus, Ag admits the B'-calculus.

We want to show that any approximate A-eigenvector of A is an f(\)-eigenvector of
f(A). Suppose that A € 0(A), and that we have

(Enlnen © D(A),  [&af = LneN, (A= A)&| —now 0.

Define a vector in IF(X)

~

5 = (fn)neN + N

Then it can be shown, by [38, p. 78], that € e ET, and that \ € o(Ag), with
Apé = Aé. By [4, Theorem 4.17], f(Ag)é = f(NE, ie.

(f(Ag) — FN)E = ((f(Ar) — F(N)&)nen + N,
with
107 (AR) = FONEl = limsup |(£(Ar) = FA)éal = 0.

But this implies that there is n, € N such that for all n > ny,

[(f(Ap) = F(N)&nll < 1/k.

Hence, (&,)nen is an approximate f(\)-eigenvector for f(A). O
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Compositions.

Proposition 2.3.18. Let f € B!, and h : C, — C, such that h is holomorphic,

maps R, to R, , is monotonic increasing on R, and
Reh(z) = c1h(Rez), |h'(2)|] < e’ (Re2),
for some strictly positive constants c; and co. If g(2) = f(h(z)), then g € B!.

Proof. Note first that, by the maximum principle for f’,

z > sup | f'(z + ip)|
BeER

is non-increasing on (0, 0). Calculating directly

0 (00

J sup |¢'(a +if)| da = sup [W (a +iB8) f'(h(a + iB))| da
0 pBeR Jo pBeR

pOO

< sup co|h/ (o +1iB8) f'(Reh(a +iB) + i Im h(a + i0))| da

Jo B,0eR

(O

< | supe|h (@) f'(c1h(a) + id)| do

Jo deR

C1h(OO)
= cgf sup | f'(u + 49)| du < oo.
Clh(o) 0eR

]

The class of functions satisfying the assumptions of Proposition 2.3.18 includes all
Bernstein functions (cf. [4, Section 3.5]). Given the above result, one can now consider
some questions concerning functional calculi. Suppose we are working with a Hilbert

space X. We have the following result.

Proposition 2.3.19. Let X be a Hilbert space. Suppose that —A generates a bounded
Co-semigroup on X, f € B, and h is as in the preceding proposition. Then if h(A)

is defined in the half-plane calculus and —h(A) generates a bounded Cy-semigroup,

F(h(A)) = (f o h)(A),
where both sides are given by the B!-calculus.

Here, half-plane calculus is understood in the sense of [7] (cf. also [24, Section 8]).
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Proof. Since h(A) is a negative semigroup generator on a Hilbert space, h(A) satisfies
the condition (i) in Theorem 2.1.10. Hence, by [4, Proposition 4.11 and Remarks 4.12],
f(h(A)) exists and

f(h(A)) = lim f(h(A) + a),

a—0+
where the left-hand side is given by the B'-calculus, the right-hand side limit exists in
the operator norm, and each of the operators f(h(A) + a) is defined by the half-plane
calculus (as before, half-plane calculus is understood in the sense of [7], cf. also [24,

Section 8])). On the other hand,

(foh)(A) = lim (fo o h)(A),

a—0+

by convergence lemma for the half-plane calculus (since f o h € B, and A is of the
half-plane type, (f o h)(A) exists in the extended half-plane calculus and agrees with
its B! incarnation by the compatibility result [4, Proposition 4.11]). So it is then

enough to show that, for each a > 0,

f(h(A) + a) = (fa o h)(A).

Since (f, o h) € B, it is bounded, and hence 7 = r? can serve as its regulariser. We

have

A (fulh(A)) = = F)T(A)R(A, (h(A) + a))d A

2mi Re A=n

1 1

277 Jpery T M ((1 TR () + a))) (4)d>

1 1
= iy f f TN T 0= ) + o)
1 f(h(z) + a)

= 97 Sy (L 220 — (o) T a)) o A2

= ((fao h)-7)(A).

Injectivity of 7(A) implies f,(h(A)) = 7(A)"*(f.(h)-7)(A), and the conclusion follows
from the definition of the extended half-plane calculus. O
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3 The class B? — preliminaries

In the paper [50], Pascale Vitse introduced and studied a functional calculus for neg-
ative generators of bounded holomorphic Cy-semigroups. In his PhD thesis, Steven
White extended Peller’s methods and results to study polynomials in two commut-
ing power bounded operators ([51, Chapter 4]), and obtained ([51, Section 5.5]) a
Besov estimate for generators of bounded semigroups on Hilbert spaces and Schwartz
functions. Charles Batty, Alexander Gomilko, and Yuri Tomilov in [4] and [5] have
recently refined and generalised Vitse’s construction, relaxing the assumptions im-
posed on the admissible class of operators. The class of functions lying at the heart
of those approaches is that of the so-called analytic Besov functions and is denoted
by B! (see Section 2.3 in Chapter 2 for a discussion).

Our primary aim in Chapter 3 is to obtain and describe a two-dimensional ana-
logue of the class B'. We shall see that the class B2, as defined below, shares many
characteristics with its one-dimensional counterpart. In Section 3.1, we write down
the definitions and establish some elementary facts about our class B2. With this in
place, we characterise Banach space properties of B? in Section 3.2. We prove that B2
is indeed a Banach space with respect to the norm ||-||zz and that, for any f € B2, the
limiting functions fi(z1) = limpge., o f(21, 22) and fa(22) = limRge,, oo f(21, 22) are
both in B!, with fi(c0) = fa(o0). As shown in Section 3.3, B? is a Banach algebra,
and a subalgebra of H*(C%). In Section 3.4 we establish the equivalence of some
other norms B%. We provide a brief discussion of the relations between B! and B2
in Section 3.5, and conclude the present chapter with examples of functions in B? in

Sections 3.6-3.8.

3.1 The space H*(C2)

Throughout, we will be considering complex functions of two (complex) variables.
We begin by surveying the known characterisations and basic properties of the space
H®*(C2). For a parallel discussion concerning functions of one variable, see [4] and

references therein, and our Section 2.3.
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We shall consider the space of bounded holomorphic functions on C2, equipped

with the supremum norm and denoted by H*(C%). It is a standard result (cf. e.g.
49, Theorem 3.24], [47, p. 112]) that each f € H*(C2) has a boundary function,
fb e L*(R?), given by the Fatou relation

fP(s1,80) = flisy,is9) = Um f(t +isy, t +isy) a.e. (3.1.1)

t—0t

The map f — f, where

1—|—w1’1+w2

f(th)Q) _ f (1 — W1 1 —w2>

is an isometric isomorphism of H*(C%) onto H*(D?); here D is the unit disc in
C. The existence of boundary functions in the H*(D?) case is proved e.g. in [44,
Theorem 2.3.1], and the corresponding result for H*(C%) can be deduced from this.

The original f can then be recovered from f° via the Poisson-formula (cf. [49,
Chapter 3, Section 5]; see also [47, Section 2])

f(x1 +iyr, xo + iy2) = Jj FP(y1 — s1,Y2 — 52)p(s1, 52, 71, T2)dsy dss, (3.1.2)
R2

where x1,29 > 0,y1,72 € R, with the two-dimensional Poisson kernel given by (cf.
[49, p. 115])

T1T2
m2(s] + 27)(s5 + x3)

p(S1, S2,T1,T2) = . 1,72 > 0,581,580 € R,

Moreover (cf. [47, Corollary 3.3]),

122y = £ o, (3.1.3)

and we have the following.

Theorem 3.1.1 (Theorems 2.2 and 2.4, [33]). The mapping f — f° maps the space
H*(C2%) onto the space H*(R2%) of those functions in L*(R?) for which the inverse

distributional Fourier transform has support in RZ, i.e. supp(}"(g)l)(fb) c R2.

Theorem 3.1.1 is a special instance of higher-dimensional generalizations of the Pa-
ley-Wiener Theorem (see [33, Section 2] for a comprehensive discussion).
If = (o, ) € Z2 is a two-dimensional multiindex, and D is the corresponding

higher-order partial derivative, then there is an absolute constant, C,, such that

Cal flo
(Re z1)*1 (Re zp)2’

|Daf(2’1, ZQ)| < (Ozl, 042) #* (O, 0) (314)

35



Given the Poisson formula (3.1.2), the estimate (3.1.4) can be justified by differen-
tiating through the integral sign in (3.1.2) and estimating the appropriate norms.

The inequality (3.1.4) can alternatively be deduced from the one-variable estimate [4,
Lemma 2.1(3)] applied to functions f(z1,-) and D5 f(, 22).

3.2 The Banach space 5>

Let f: C% — C be any bounded holomorphic function. Define

y1,y2€R

| fllsz = Jf sup |DiDof(z1 + iy1, xo + iys)| dxy dxs.
Ry

We will be interested in functions f for which |f||s: is finite. Note that, since f is

assumed to be holomorphic, one has

Ifllgz =0« DiDof =0 < f(21,22) = g1(21) + g2(22),

where ¢g; and g, are some (bounded) holomorphic functions on C,. It is not clear
whether the space of all bounded functions f such that |f|zz < c is an algebra. In

order to ensure that we obtain an algebra, let

(o0

[ fllix = J sup |Dif(x1 + iy, 22)| dq,
0 weR
22€C+
o0
[ fllox = ,J sup |Daf (21,2 + iy2)| dzs.
0 y2€R
21€(C+

We define B? to be the space of those bounded holomorphic functions f on C2 such
that

e} o0
[fllsz + 1f e + [ f 2 = J J sup |D1Dsf(x1 + i1, 2 + iyn)| dzy dovs
0 Jo

y1,y2€R

o0
+f sup | Dy f(xy + iy1, 22)| dxq

0 wneR
226(C+

0

+ J sup |Daf(z1, 22 + iys)| dzy < 0.
0 y2€R
z1€Cq
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In other words,

B* ={feH*(CL): |flgg + | flx + |flox < o0},

and we endow B2 with the norm

[fllm2 = [ fllsz + [l + [l + [ Fllo-

Proposition 3.2.1. B? with the norm | - |2 is a Banach space.

Proof. Suppose that (f,)nen is a Cauchy sequence with respect to | - [|z2. Then, in
particular, it is Cauchy with respect to || - |,. Hence, it converges uniformly on C2 to
some f. By Weierstrass’s limit theorem, f is holomorphic. It is now enough to show

that || f| gz < oo and that (f,,)nen converges to f with respect to | - [|zz. We have

17 = 1 [ fullo

Moreover, for x +iy e C, and z € C,,

’le(x + Zy,Z2)| = h% |len(x + Zya ZQ)‘ < hmloglf sup |D1fn(x + iS,Zz)’-
n— n— seR
29eC4

From this and Fatou’s lemma, it follows that

o0 o0

f sup |Dif(x + iy, z2)|dx < J liminf sup |D;fn(x + is, 29)| dx
0 yeR, 0 "% R
Z2€(C+ ZQE(C+

0]

< liminff sup |Difn(x + is, 29)| dz,
n—=0  Jg  seR
ZQE(C+

and similarly for Dy f. Let x1 + ty1, 22 + iyp € C,. Then

|D1D2f(l’1 + iyl, To + Zy2)| = nh—I»Iolo |D1D2fn(l‘1 + iyl, To + Zyg)‘

< liminf sup |Dyfn(x1 + 81,22 + i82)].
n—a0 Sl,SQER

Hence, applying Fatou’s lemma once more,

o0 o0
J f sup |D1Dof(z1 + iy1, o + iys)| day dae
o Jo

y1,Y2€R

0 e}
< J f liminf sup |[DiDsf,(z1 + iy1, T2 + 1ys)| dxq dxo
o Jo

=% y1,y2€R

0 0
< lim mff f sup ’DlDan(l'l + iyl, o + ZyQ)‘ d.ﬁEl deQ.
0 JO

n—0 y1,Y2€R
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All in all,
£l < limint | £, .

(~0

+ lim inf sup | D1 fo(z1 + iy, 22)|
n—0o0 JO ylER
Z2€C+

0

+ lim inf sup | D1 fu(21, 2 + iy2)| do
n=%0 Joo yeeR
21€C+

00 o0
+ lim inf J sup |D1fn(x1 + ty1, w0 + iys)| dxy de
=0 Jo Jo yiy2eR

< liminf || f,|| 52 < o0.
n—ao0

Hence, f € B? and || f||z2 < . Replacing f,, by f, — fm with fixed m € N, and then

letting n — o0, one obtains upper bounds for | f — f,.| sz, i.e.
”f - fm||B2 < h}}iloglf an - me82 —0 asm — o,

by the Cauchy condition, which establishes that (f,).en converges to f with respect
to | - |52 O

We note the following elementary properties of functions f € B2.

Proposition 3.2.2. Let f € B2. Then the limits

f(Zl,OO) = lim f(Zl,Zg),

Re z9—0

f(OO,ZQ) = lim f(Zl,Zg),

Re z1—0

exist, so that the functions f1(z) = f(z,0), fo(2) = f(o0,2) are well-defined and
satisfy

o0
f sup | fj(x + iy)|dx < 0, j=1,2.
0 yeR

Furthermore, the limits f;(00) = limge .o fj(2) exist in C for j = 1,2 and are equal,
i.€.

fi(0) = fa(0).

Moreover, the limit imge ., Re 2—w f (21, 22) exists and we have

Relzilfgoof(zhzz) = fi(0) = fa(0).
Re zo—0
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Proof. Without loss of generality, fix z; € C,. Since

o0 o0
‘[ sup | Daf (1,03 + i) dirs < sup j' sup | Daf (2, w3 + iya)| dzs < | f]2e,
0 w2€R 26C4+ Jo  y2€R

f(z1,-) € B! and Proposition 2.3.1 implies that fi(z;) exists. Let (22, )nen © Cy be
any sequence such that Rezy,, — o0 as n — o0. Then (f(-, 22.4))nen is a (locally)
bounded family of holomorphic functions such that lim,_,, f(2, z2,,) exists for each
z € C4. Then, by Vitali’s theorem [45, p. 44], (f(:, 22.n))nen converges uniformly
on compact subsets of C, to a holomorphic function. This establishes analyticity of
fi(2). Now, one has

[fulie < Y inf | (- 22,0) e

Moreover, for x + iy e C,,

\fi(z+ iy)| = lim | Dy f(z + iy, z2,)| < liminfsup | Dy f(z + is, 29.)|.
n—0o0

n—%0  secR

Fatou’s lemma then yields

Q0 Q0
f sup | fi(z + iy)| dzx < f lim inf sup | Dy f(z + iy, 22.,)| dz
0 yeR 0 "% yeR

0
< lim inff sup | Dy f(x + 1y, z2.,)| dz

n—00 0 weR

0
< sup J sup | Dy f(x + iy, zo)| dx < | f1% < 0.
z22eCt Jo  yeR

Since we showed

o0
| swlse il <e, -1z,
0 yeR

so that f; € BY, Proposition 2.3.1 then implies that fi(c0) and f2(c0) exist. Moreover,

for fixed 21,29 € C, |
| f1(0) = fa(0)] < [fi(o0) = flz1,20)| + | f(21,90) = f(21, 22)]
+ | f (21, 22) = fa(0, 22)[ + [ f(0, 22) — fa(o0)].
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Each of the functions fi(-), f2(*), f(+, 22), f(21, ) is in the class B!, so that we have

(0
| fi(0) = fi(z1)] < sup | fi(t +ds)|dt, j=1,2,

JRez; s€R
(0

’f(zlaoo)_f(zlaZQ)’ < SU.p|D2f(21,t+Z.S)‘dt,
JRe zy s€R
(0

| f (215 22) = fa(o0, 22)| < sup | D1 f(t + is, 22)| di.
JRez; s€R

Letting Re z; — o0 and then Re zs — o0 yields the conclusion that fi(w0) = fo(00).

As for the final statement, we have

|f(21, 22) = f1(o0)| < [f(21,22) — f(21,0)| + [f(21,0) — fi(00)]

o0 0
<J sup]Dgf(zl,t+i3)\dt+J sup | f1(t + is)| dt

Rezy s€R Rez; seR

o0 o0
< f sup |D2f(z7t+is)|dt+f sup | f1(t +is)| dt.
Re 2o SE([H:?, Rez; s€R
zel 4

]

Remark 3.2.3. Similarly to the one-dimensional case, the boundedness assumption
can be dropped in the definition of B% For consider (f(,22,))neny as in the proof
of Proposition 3.2.2. Let us first show that this is a (locally) bounded family of
holomorphic functions. Each function in the sequence is in B!, hence is bounded.

Then we have that, for each n € N and any x > 0,

0

(0, 22)| < £z, 22,0) +j Dy fults 20| d.

xT

0

<If(ema)l+ swp [ 1Dif(E )
ZQE(C+ €T

But the sequence (f(x, 22,,))neny converges for any particular choice of x > 0, hence

is bounded. So the right-hand side is bounded by some constant and thus, for some

c>0

sup | f(o0, z2.m)| < c.
meN

Now, for any z € C, and any n € N,
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’f(za z2,n)| < |f<oo722,n)| + ’f(za z2,n) - f(oosz,n)‘

0

< (o0, 29| + j sup | D f (¢ + s, 20,)| dt

xT seR

o0
< sup|f(o, z2m)| + sup J sup | Dy f(t + is, z9)| dt,

meN 20€C1 Jo seR

which shows that (f(-, z2.,))nen is indeed a locally bounded family. Take f € B2
We now have by Proposition 3.2.2 that f; is well-defined and belongs to B! and in

particular f; is a bounded holomorphic function, and f;(c0) exists in C by Proposition
2.3.1. Finally,

[f1(0) = fz1, 22)| < [fi(o0) = filz)] + [f (21, 0) = f(z1, 2))

0
< 2| fillo + sup J sup [ Dy f (21,1 + is)| dt < 2| filloo + [ f]2#-

z1€C+ Jo  seR
So then it follows that f is bounded as required.

We shall need the following auxiliary result.

Proposition 3.2.4. If f € B2, then [ is uniformly continuous on C2. Consequently,
f eatends to a uniformly continuous function f on C2, and has a boundary function

fP(s1,89) = lim f(z1,29),

Z1,Z2€C+
(21,22)—(is1,i82)

where the limit is uniform in (s, S2).
Proof. Let f:C2 — C be holomorphic, and let

hi(z) = sup |Dif(z + 1y, 2)], = eRy,
yeR
zeCy

hao(x) = sup |Daf(z,z + iy)|, xeR,.
yeR
ZE(C+

Assume that

oo
J hi(z) dz < o0, i—1,2. (3.2.1)
0

Note that (3.2.1) is satisfied if f € B?, since then we have both |f|;x < o and

|f]2+ < o0. We show that f is uniformly continuous on C2.
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Let § > 0 and take z = (21, 22), w = (w1, ws) € C? such that |z — w| < §. We want

to estimate
| f(21, 22) — f(wi,wy)|.
We have
|f(21, 22) = fwi,wa)| < |f(21,22) — flwn, 22)| + [f(wr, 22) — f(wa, w2)].

Consider first
|f(21, 22) - f(w1722)’

with |21 —wy| < 9. Let 21 = 1 +iyy, w; = uy +iv; € C,. Let v be a path in C; from

z1 to wy of the following form
- either 7 is one line-segment from z; to wy, with gradient in [—1, 1], or
- 7 is the union of two line-segments, v, with gradient 1 and -, with gradient —1.

Each line segment is of length at most /2. Now
fluns) = o) = | Dif(€ ) de
gl

On each line-segment v;, 1 = 1,2,

[ puste z2>d§\ < [ Vasuw |pustete). o) g

zeCy

< V2| sup |Dif(x + iy, )| de.

I; yeR
ZE(C+

Here I; = {Re& : € € ,;}, which is an interval of length at most §. Hence,

Jle(f,zg)dﬁ‘ <22 | sup \le(x+iy,z)]dx=2ﬁj hy(z) dx.

where I is also an interval of length at most §. Let € > 0. Since h; € L'(R), there
exists d; > 0 such that

J hi(z)dr < e,
I

whenever [ is an interval (or a measurable set) in (0,0) of length (or measure) at
most d;. Thus, §; depends only on ¢ and f, i.e. ¢; is independent of (z,2) and

(w1, ws). Consequently,
|f(21,22) = f(wr,20)| < 24/2¢, whenever |21 — wi| < dy.
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Similarly, we can show that there exists do > 0 such that
|f(wr, 20) — f(wy,ws)] < 242, whenever |29 — wa| < ds.
Hence,
|f(21, 22) — f(wy,wy)| < 4v2e,  whenever |(z1, 23) — (w1, ws)| < min(dy, ds),

as required. O

We will often consider the subspace

B2 ={feB: f(z1,0) = f(0,2) =0}

As we shall see below, | - [z and | - |5 are equivalent norms on 5.

3.3 B? is a Banach algebra

Take any f,g € B?; we want the pointwise product fg to be in B? with |fg|z <
Yy 59

| fls2llgls2. We have, for example

o0

f sup |Da(f(21, @2 4 iy2)g(21, T2 + iy2))| do
0 yzfcR
z1EC 4

o0
< J sup |f(z1, 22 + iy2) Dog(21, X2 + 1yo)| dzs
0 y2fCR
z1eC 4

o0

+ f sup |g(z1, xo + iy2) Do f (21, X2 + 1ys)| dzs.
0 yzf(fcR
z1EC 4

Since f and g are both bounded, the right-hand side is then bounded from above by

o0 o0
£l j sup [ Dag(z1, s + iya)| das + gl f sup [Daf (=1, s + iys)| dea,

0 y2€R 0 y2€R
zZ1 E(C+ zZ1 E(C+
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which is finite by assumption, and similarly for the factor with only D; appearing in

it. Now, as for the part of | - ||z involving the mixed derivative, we have

J J sup |D1Dy (f(x1 + iy1, 22 + iy2)g(x1 + 141, T2 + 1ye)) | dxy dg
0

y1,Y2€R

f J sup |g(zq + iyr, xe + 1y2) D1 Do f (21 + iy1, o + iys)| dxy dg
0

y1,Yy2€R
+ ( sup |f(z1 + iy1, xo + iya) D1Dag(x1 + iy, 2 + iy2)| dxq dy
Jo JO y1,42¢€R
o N0
+ sup |Daof(x1 + iy, X2 + ty2) D1g(x1 + iy1, 2 + iy2)| dxq dy
Jo Jo y1,y2¢€R
o 0
+ sup |Dif(x1 + 1y, X2 + iy2) Dag(xy + iy1, 2 + iy2)| dxy das.

Jo Jo y1,y2€R

The first two factors appearing on the right-hand side are dominated by

0 o0
910 j sup |DyDaf (21 + iy, s + iys)| dar das,
Jo 0 v1,y2€R

and

(‘OO o0
£ f sup | DyDaglar + iys, v + i) d des,
JO 0 y1,¥2€R

respectively, hence they are finite by the assumption that f,g € B?. As for the

remaining pair, we have for instance

J J sup |Dof(x1 + iy1, xe + iy2) D1g(x1 + iy1, T2 + iy2)| dxy daso
0 y1,y2€R

o0 o0
< J sup |Dof(z1, %o —I—iyg)]def sup |Dyg(x1 + iy1, 29)| dey < | flox]lg]1%-

0 y2¢€R, 0 yi€R,
zZ1 E(C+ Z2€C+

Putting all this together, we have shown that
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o0 o0
fols < 1 lo j sup [Drgler + iy, 20)| dy + f sup [Dag(z, 2 + iys)| des
0 vi€R 0 2€R
ZQE(C+ 21€C+

o0 0
+ J f sup |D1Dog(x1 + iy1, o + iyo)| day, dxg)
o Jo

y1,y2€R

o0 Q0
+ | g/l J sup | Dy f(xy + iy1, z2)| dzq + f sup |Daf(z1, 29 + iys)| dxy

0 yi€R 0 y2€R
2z2eC4 z1€eCq

y1,y2€R

o0 o0
+ J f sup |D1Dsyf (1 + iy1, o + iys)| d:pldx2>
o Jo
0

o0
+ sup |Daf (21, 22 + iys)| d.ﬂng sup |Dig(xy + iy1, 22)| dxq
Jo  y2€eR 0 wyeR
21€C+ Z2€C+

0 0 0]
+ sup |Dag(21, w2 + iyo)| d$2f sup |Dyf(z1 +dy1, 22)| dzy + | flloollg] oo
0 y2€R 0 wie€eR
z1€C4 29eC4

[

< | fls gl

3.4 Equivalence of norms

It will sometimes be convenient to consider alternative norms on B%. In the present

section, we define two such norms and establish that they are both equivalent to |- | zz.

Lemma 3.4.1. Let f € B%. Define

o0 o0
|||f|||32 = Hf”oo + f J sup |D1D2f($1 + 11, To + iyz)\ dxy dzy
o Jo

y1,Yy2€R

o0
+ sup J sup | Dy f (21, o + 1ya)| dxs
216C+ Jo  y2€R

0
+ sup f sup | Dy f(z1 + i, 20)] das.
22€C4 Jo y1€R

Then | - g2 and ||| - || 52 are equivalent norms on BB
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Proof. Clearly, |||z < | - |lg2, so it is enough to show that the reverse inequality

holds with some constant, c, i.e. that
|+ Iz < el Il g2
Consider two points 29, 25 € C, and the quantity
Dif(z + iy, z5) — Dif(z + iy, 22).

This is equal to the integral of Dy D, f along the line-segment from 2z, to zj, that is

2
Dif(x + iy, 25) — Dif(x + 1y, 22) = J DyDy f(x + 1y, 2) dz.
22

First, assume that the imaginary parts of zo and 2z} are equal, so the line-segment is

horizontal. Then the integral is given by

Re 24
J D2D1f<27 + Zy,t +iIm 22) dt,

Re zo
and we have
Re 24 0
f | Do Dy f(x + iy, t +ilm z0)| dt < J |D1 Do f (z + iy, t + iIm 2o)|dt
Re zo 0

0
< J sup |D1 Dy f(x + iy1, xo + iy2)| ds.
0 w1,y2€R

Next, assume that the gradient of the line from [z, 23] lies between —1 and 1, i.e.
that zo = 29 + iy and 2 = (xg + &) + i(y2 + &') with \%’| < 1. Then

|Dif(x+ 1y, 21) — Dif(x + 1y, 20)| = J DyDy f(x + iy, z) dz

Tote & g
J (1+i?> DsDy f <x+iy,t+i <;(t—x2) +y2>) dt‘
o2 1/2 rxote
(-2)]
€ -

0
<2 sup |D1 Dy f(x + iy1, T2 + iy2)| dao,
0 w1,y2€R

DyD, f (3:+z'y,t+i (%/(t—xg) +y2)>' dt

where the last inequality follows from the assumption on ¢’ and «.

In the general case (where the gradient may be infinite), one can argue by going

46



from z5 to z4 by two line segments, as in the proof of [4, Proposition 2.2]. More explic-
itly, integrating Do D f with respect to the second variable along the line segment from
29 = Ty +1Ya t0 X9+ +iIm 2}, and then the horizontal segment [z5 + & 44 Im 25, 25 ].

Choosing ¢ so that |¢7!(Im 2, — Im 23)| < 1, we obtain as before

o0
<V2 sup |DiDsyf(x + iy1, x2 + iy2)| dzs.
0 y1,y2€R

x2+e+iIm 2
f DuDs f(x + iy, 2)| d=

22

We can then bound the integral over the horizontal segment by

Re 2},

Tr2+€

2
f DyDy f(z + iy, 2) dz

x2+e+iIm 2

o0
<J sup |D1Dsf(x + 1y1, T2 + 1yo)| dxs.

0 y1,92€R
Altogether,
A 0
f |DyDy f (z + iy, 2)|dz < (1+\/§)J sup |D1Dof (x + iy1, o + iys)| das.
22 0 vy1,y2€R

It then follows that, for arbitrary z,y;, 25 and fixed zs, that

0e]

|Dy1f(x1 + dyy, 29)| < |Dif (21 + iy1, 22)| + (1 + \/5)] sup |D1Dsyf(x1 + iy1, o + iys)| dxs.
0 ¥y1,y2€R

So now, taking sup over ¥y, z, and integrating with respect to 1,
Q0 0 0]
J sup |Dyf(xy + iy1, 25)| dxy < J sup | Dy f(xz1 + iy, 20)| day

0 yi€R 0 yieR
Z/2€C+

y1,y2€R

o0 o0
+(1+ \/5) J f sup |DyDof(z1 + iy1, ke + 1yo)| dxo day
o Jo
o0

(3.4.1)
< sup J sup | D1 f (21 + iy, 2)| day
zeC4+ Jo wyieR
00 o0
+ (1 + \/5) J f sup ’D1D2f<$1 + iyl, To + Zy2)| dxg d.ﬁCl.
0 Jo w1,42€R
O
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Remark 3.4.2. Inspection of the above proof reveals that there exists yet another

equivalent norm on B?, given by

(0O Q0
[£l32 = £l + f sup |DiDaf (21 + iy1, 2 + iy2)| dzy dz

Jo Jo yi1,y2€R

(O
+ sup | Dy f (21, 2 + 1y2)| dz2
JO yQER

pOO
+ sup | Dy f(z1 + iy1, 29)| dq,
Jo yeR

with arbitrary z, 2z € C; U {o0}. More specifically, from the first inequality in (3.4.1)
we obtain for arbitrary fixed zo € C; U {0},
Q0 Q0
J sup |Dyf(xy + iyr, 25)| dry < J sup | Dy f(x1 + iy1, 20)| day

0 yieR 0 vieR
Zé€C+

o0 o0
+ (1 + \@) f f sup |D1Dyf(x1 + iy1, o + iy2)| das dy,
o Jo

y1,y2€R

and similarly for an arbitrary fixed z; € C, U {oo}

o0 o0
f sup | Do f (2,25 + iys)| das < f sup [ Daf (21, 25 + iys)| ds
0 y2€R 0 y2€R

Zi€C+

o0 Q0
+ (1 + \/§)J f sup |D1Dyf(x1 + iy1, 2 + iy2)| das day,

0 Jo wy1,y2€R
so that
|l < 2+ 2v2)] - |-
Since | - |2 < || - || g2 trivially, the three norms are equivalent. When required, we
shall use | - ||g2, || - [z, | - | 5> interchangeably.

Remark 3.4.3. Note that

|f(00,0) = f(z1, 22)| < |f(90,0) = f(21,0)[ + [f(21,0) = f(21, 22)]|

o0
<J ]le(x1+i1mz1,oo)]d:v1—l—J | Do f(z1, 22 + iIm 25)| dag

Re z1 Re z2

o0 o0
< J sup | Dy f(x1 + iyy, 0)| dxy + f sup | Dy f (21, o + iya)| dxs.

0 vi€R 0 y2€R
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Since, by (3.4.1),

o0
f sup [ Dafa(z1, 22 + i) | ds < | faley + (1 + V) flse

0 y2€R

we get, for any z1,20 € C,,

|f (21, 22)] < | f(o0,0)| + I fullmy + | fellmy + (1 + V2)|f]g3-

Consequently, another equivalent norm on B2 is given by

[f (o0, 0 + [ fillsy + [ f2llsy + [ f]53-

More precisely, taking | - |4. with z; = 2z, = o0, we have e.g.

|52 < (2 +2v2)(1f (o0, 0)| + | fillsy + | fellsy + 1 ls2)-

Observe that if f € B2, then

fi(z1) = fa(z2) = f(o0,00) =0, 21,2 € C,.

As a result, we have for any f € B2

| f(o0,0)[ + [ fills + [ follsz + 152 = 11152

We thus obtain as an immediate corollary

Corollary 3.4.4. Let f be holomorphic on C% and satisfy

o0 00
f J sup |D1D2f(l'1 + iyl, To + Zyg) dl’l d$2 < 00,
0 0

y1,y2€R

and f(o0, z5) = f(z1,0) = 0. Then f € B:. Moreover, on the subspace BE, the two

norms | - [s2 and | - ||g2 are equivalent.

We note the following proposition which is a direct analogue of [4, Proposition 2.3]

(cf. the discussion in Section 2.3).

Proposition 3.4.5. 1. The closed unit ball U of B? is compact in the topology of
uniform convergence on compact subsets of C%.

2. For f € B2, the spectrum of f in B? is the closure of the range of f and the spectral
radius of f in B? is | f]o-
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Proof. 1. By Montel’s theorem (e.g. [39, Proposition 6, p. 8]) the closed unit ball of
H®*(C%) is compact in the topology of uniform convergence on compact sets. Thus,
as in the proof of [4, Proposition 2.3], it suffices to consider a sequence (f,,)nen in U

which converges to a holomorphic function f uniformly on compact sets and to show

that f € U. One has

[flloo < Tim inf || £, oo,
n—oo

|Dy f(x1 + iy, 220)| = 7}1_{1010 | Dy fr(x1 + Y1, 22)| < liminf sup | Dy f,(z1 + is1, 22)|,

n—0 SleR

|Da f (21, 22 + iy2)| = nlgrolo | Dy fn(21, 2 + dy2)| < liminfsup | Dy f, (21, 22 + iss)],

n—a0 SQER

and also

|D1Ds f(x + iy1, 2 + iy2)| = nlgrolo |D1Ds fr (21 + iy1, 22 + 1Y)

< liminf sup |DyDsf, (21 + iyr, xo + iya)].

n—0 S1 ,SQER

It then follows from Fatou’s Lemma that

Q0 Q0
f sup |Dyf(x + iy, 20)|dzy < J liminf sup |Djf,(z1 + is, 22)|dzy

0 wyeR 0 n—=0 R
ZQE(C+ ZQE(C+

0

< lim inff sup | Dy fn(xq + is, 29)|dz,
n—0  Jg seR
ZQE(C+

and similarly for Dsf. Also,

o0 o0
J J sup |D1Dof(z1 + iy1, o + iya)|dzy das
o Jo

y1,Y2€R

0 o]
< J f liminf sup |[D1Dsf, (21 + i1, 22 + iye)|dxy dy
o Jo

=0y ,y0eR

o0 0
< lim infj J sup |D1Dsfn(x1 + iy1, 2 + iy2)|dxy dxs.
o Jo

n—w y1,y2€R

Thus
| £l < liminf | fufs> < 1.
n—0o0

2. Tt is clear that, for any f € B2, the range of f is contained in the spectrum of f

in B2, and since f is holomorphic, so is the closure of the range. It remains to show
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that \ ¢ o(f) whenever \ is not in the closure of the range of f, i.e. that if f € B?
and bounded away from 0, then 1/f € B2. Indeed, since

1 _ 2D, f (21, 22) D1 f (21, 22) — f(21, 20) D1 Da f (21, 22)
f(z1, 22) f(z1,22)3 7

and f is bounded away from 0, we have with constant ¢ = sup,, ¢, |f(21, 22)]

0 (O
f f sup
0 JOo w1,y2€R

J f sup |Dif(x1 + iy1, 22 + ty2) Do f (21 + ty1, 2 + iys)| dxq, das
0

y1,Y2€R

DD,

-3

1

DD - -
! 2f(x1 + 1y1, T2 + 1Ys)

de’l dl’g

+ cf J sup |f(xy + iy, xo + iya) D1 Do f (21 + iy1, To + 1y2)| dxy, das
0 y1,y2€R

QCJ f sup |D1f(x1 + iy1, 22)| sup |Daf(z1, 22 + iys)| dxy, dzy
y1€R y2€R

22€C+ zZ1 E(C+

o0 o0
el fl f f sup |DyDaf (21 + iy, s + )| dor, des
0 0

y1,y2€R

< 2| fllux ][ fllax + el fllol 1 52

< 2| f 3

Finally, by [4, Proposition 2.2(6)], 1/f(-, z2),1/f(21,) € B! for some (and hence for

any) 21,22 € C,, and thus, by the equivalence of norms and the above,

o0 0¢]
1
. L sup | DD : — | dz, dx
Wil = || s 191D
% 1
+ sup |D - dx
Jo yleJR| ' $1+@y1»z2)| 1
ZQG(CJr
© 1
+J sup !Dz | dz
0 ueeR f(z1, 29 + 1y2)
21€(C+

< C (/G2 + 11/ £ (21, ) s + 1 f152) -

for arbitrary 21, 20 € C, and some constant C' > 0. [
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3.5 Relations between the classes B2 and B!

Note that if f,g € B!, then the functions
(f®@1)(21,22) = f(21),

(L®9g)(21,22) = g(22),

are in B2. Since B? is an algebra, the function

(f®g)=(fRA®Y): (21,22) = f(21)g(22)
is also in B%. The maps
g—(g®1),
9~ (1®y),
are isometric algebra homomorphism of B* onto subalgebras M; and M, respectively:
M, ={g®1:geB'},
1= 1} (3.5.1)
My={1®g:geB}.

Indeed, we have for instance

o0 o0
l9@Llm = g ® L] + j f sup |D1Dalg ® 1)(y + iy, s + iys)| dar, des
0 0

y1,y2€R

o0 0

—i—f sup |Dy(g ® 1)(zy +iy1,x2+iy2)|dm2+J sup |D1(g® 1) (1 + iy1, o + iys)| day
0 y2€R 0 wneR
216C+ ZQE(C+

0
~ gl + | sup Diglas + ivn)| dos = lglen.
0 yi€eR

Moreover, for i = 1,2, there exists a natural contractive projection of B? onto M;,

denoted by F;, and given by

Pi(f(21,22)) = fi(=1),
Py(f(21,22)) = fa(za).

As a direct consequence of Proposition 3.2.2, we have that PP, = P,P;, i.e. the
projections commute, and Py Py(f (21, 22)) = PaPi(f(21,22)) = f(o0,0). We can now
define

Po=P + P, - PP

Note that P is a projection of B% onto M; + My with kernel B2.
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Finally, if f € B? then for fixed x, + iy, € C,,

f sup | D1 Da f (21 + iy1, 22 + 1ys)| dry < J sup |D1Dsof(z1 + iy1, xo + iys)| day,
Ry y1€R R4 y1,y2€R
(3.5.2)

where the right-hand side is finite for a.e. x5 € R,. Consequently, for a.e. z5 € C,, the

function Dy f(-, z3) is in the class B'. Analogously, for a.e. 21 € C,, Dy f(2,) € B

Remark 3.5.1. It is not clear to us whether the class B? can be naturally identified

with any class of Besov functions, in the way that the class B! is identified with

B%H (R) in [4, Appendix].

3.6 Basic examples

Laplace transforms of measures. A particularly important class of functions
f € B? is the Hille-Phillips algebra, £Ms), consisting of Laplace transforms £)u
of measures 11 € M(R?%). We establish below that each f € LM is already an
element of B2. We will see in Proposition 4.4.2 that £M g is not norm dense in B2
Nonetheless, functions in LMy will be a key ingredient in certain approximation
arguments involving partial duality.

Consider now m = L), with g € M(R%). Then

Dlm Zl, ZQ = th e —tiz— t222dﬂ<t1, tg) Z1,%2 € (C_;,_,
Dom(z1, 22) th e ARt 1), 21,206 Cy,

Dngm(zl, ZQ) = Jj tltge_tlzl_t222d,l,b(t1, tg), 21,29 € C+.
Hence,

©0]
sup f sup | Diym(z + 1y, 29)|dx; < J fjt e~ T2 gy () ty)day

22€C4+ Jo y1>0

s Jf e 2"2d|u|(tr, t2) < pl(Ry x Ry ),
R2
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and similarly for the other variable. Also,

o0 0
f f sup |DyDom(xy + iy, 2 + iy2)| dxq day
o Jo

y1,y2€R
Q0 Q0
< J J fj titge 22| | dry dag < |p|(RY),
o Jo
R2

so that m € B2
Remark 3.6.1. We note that if f € LM o) with f = L), then
Ji= ﬁ(l),“l:
fa = Laypa,
where
i (E) = p(E > {0}),
p2(E) = p({0} x E).
In particular, if f € LM n B}, with f = Lo)p, so that f; = f> = 0, then
u(R, % 0}) = ({0} x R) = 0.

Holomorphic extensions to the left. For fixed w,w;,wy > 0, we let

R_,={2eC:Rez> —w}, H ., =H"(R_,, x R_,),
| flms ,, = sup [f(z1,22)], [ fllo = sup |f(z1,20)].
ZleR,wl 21,22€Cy
ZQER_WQ

Proposition 3.6.2. Let f e HY . where w,wy > 0. Then DD, f € B*.

Proof. By (3.1.4) applied to f(z; —w, 22 —ws), we have for z; +iy; € C, withi = 1,2,
Cral fllug

w1,w2

(w1 + 1) (w2 + 22)’

Conl fllae

w1,wW2

(w1 + 21)2(wg + x2)’

Chra [l
Dy D2f(zy + iy, a2 + i1p)| < ’ e
| 1 Qf( 1 Y1, T2 y2)| ((JJ1+ZL’1)(OJ2+$2)2

Coa| flax

w1,w2

(w1 + 21)%(wg + x9)%

|D1 Dy f (21 + iyr, xa + iys)| <

| DDy f (21 + iy1, 29 + iya)| <

|D%D§f($1 + Y1, T2 + 1y2)| <

o4



Hence,

Ll fllae © Conllfllaes © Crol fllae
1Dy Dy flse < —12+f 2 s g f AWy g,
Wiwsa 0 (w1 + 33'1) W9 0 (CL)Q + 33'2) w1

f f CQ2HfHHw1 w9y d"]j dl‘ < 0
1 aX2 )

(w1 + 1) (we + 9)?

3.7 Compositions

We now show that there is an analogue of Proposition 2.3.18 for functions in two
variables; we consider ‘Bernstein-like’ functions, h; and hs, characterised as in the

aforementioned proposition and acting separately on each variable. The composition

9(21, 22) = f(hi(21), ha(22))
then turns out to be in B? for any f € B?, as stated below.

Proposition 3.7.1. Let f € B%, i = 1,2, and h; : C,. — C such that h; is holomor-

phic, maps Ry to R, , is monotone on R, and
Rehi(z) = ¢;hi(Rez), |hi(2)| < c|h(Rez)],
for some constants ¢y, ca, ¢ = 0. If g(21,22) = f(h1(z1), ha(22)), then g € B2,

Proof. First, fix 2z, € C,. We have

J sup\Dlg(a—l—iﬁ,zg)]da:f sup [hy (o +iB) D1 f (hi(a + i8), ha(22))| da
0 pBeR 0 pBeR

= fo sup |k (a + i) Dy f(Re h(a + i) + i Im hy (o + if3), ho(22))| dev
0 pBeR

< J sup c|hy(a) Dy f(ch(a) + i3, ha(22))| da

0 BeR

Clhl(OO)
—cf sup | Dy f(u + i, ha(22))| du < 0.
c1h1(0) BeR
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Analogously, we can show that, for fixed z; € C,,

Q0
f sup | Dag(z1, a + i8)| dav < o0.
0 peR

Also,

0 0
l9llsz :L Jo sfjuﬂ;gs(sug]Dngg(a+iﬂ,7+ié)\dad’y
€ S

f J supsup |y (a + i8)hy(y + i0) D1 Do f (hi(a + i), ha(y + 9))| dacdry
0 PeR JeR

o0 o0
<f j sup sup |, (a)Hy(y) Dy Daf (erhn (@) + i, esha(7) + i6)| da dry
0 0 PeR feR

caha (00 c1hi (00
J f Sup sup | D1 Dy f(uy + i3, ug + i0)| duy duy < 0.
c2h2(0) 1h1(0) BeR beR

We have established that [g|z. < o (cf. Remark 3.4.2); since | - |3 and | - ||z are

equivalent norms on B2, this implies that [g|z> < oo. O

3.8 Further examples

We shall first establish a certain useful result concerning a method of generating

members of B2 out of functions in the class B'.
Lemma 3.8.1. Let g(21,22) = f(21 + 22). Then f € B' if and only if g € B>

Proof. Suppose that f € B!. Remark 3.4.3 together with the fact that f is bounded
and holomorphic if and only if g is imply that we only have to check whether gz <

o0. We have

o6



o0 0
HgHBg = Jo fo sup |D1Dag(w1 + iyr, vz + iya)|dzy day

y1,Y2€R

o0
= J J sup | f"(x1 + @ + iy)|dxy dxy
0 Jo yeR

ro0
=J J sup |f"(t + iy) \dtda@—f Jsup]f (t +iy)| dxo dt
T 0

0 2 YER yeR
o0

= J tsup |f"(t + iy)| dt,
0 yeR

so that g € B? if and only if

t i t-sup |f"(t +ay)| € L'(0, ).
yeR

Since f e H*(C,), Cauchy’s formula yields (cf. [4, Lemma 2.1(4)])

su "t +1
Sup|f”(2t+zy)| < py€R|f< y)|7
yeR t

Hence,

o0 0
[ Ceswlpe s iplde< [ suplf(e i)l de <l
0

yeR 0 yeER

Conversely, if g € B2, then | f|o = |¢]w, and

o0

o0
w%=jswuﬁ+mwhnm sup | f/(t + 1/n + iy)| dt
0 yeR =% Jo  yeR

o0

<f sup |Diglt + iy, 22)| der < [ glse-
0 v1€R,
22eC4

Ezxample 3.8.2. Consider
f~t(21:22) =exp(—t/(z1+22+1)), t>02,2¢€C,.

It was shown in [4, Lemma 3.4] that the function exp(—t/(z + 1)) is in B! for any

t > 0 and satisfies
1+ 2t
1+¢

|exp(—t/(z +1))|s < +e tlog(t +1).

o7



Consequently, by Lemma 3.8.1, ft(zl, 29) € B? for any t > 0. It would be desirable to

obtain explicit bounds on the | - |z norm of fi.

We have
DuDaf (21, 20) — thxp(—ZthZH) 2t exp (— 5577 B texp (—5o77) (= 2(21 + 22 + 1))
152111, <2 (21+22+1)4 (21+ZQ+1> (21+22+1)4 '
Hence
|D1D2ft(21 22)| _ t(t—2(x1+iy1+x2+iy2+1)) o _ t
’ (I1+iy1+x2+iy2+1)4 I1+iy1+$2+iy2+1

|t = 2(2y +iys + 2 +iys + 1)) B t(ry + 29+ 1)
(x1 +iy1 + 22 + 1yp + 1)4 P (1 + 22+ 1)2 + (y1 + 12)?

Applying triangle inequality we see that the right-hand side is less than or equal to
( 2 N 2t >
((z1+ 22+ 12+ (11 +42)?)* (31 + 22+ 1)2 + (g1 + 42)?)*2

< exp (_( t(ry + 29+ 1) )

1+ 2o+ 1)2 + (Y1 + y2)?

We shall consider each term in this sum separately. Let

( ) 1 ts
(r)=———-—exp| — )
9t (s241)? P s2+r

Then

max g 5(r) = (3.8.1)

r=0

{gts( /2(=252 + st)) = 1/(es22), > 2s
)

(0) = e~ /%) /54, 0<t<2s.

Our ultimate aim is to provide an upper bound for

o0 o0
J J sup |Di1Dsfi(z1 + iy1, o + iys)| day dxs.
o Jo

y1,y2€R

We split the area of integration to make use of (3.8.1), thus obtaining

712(/. 2 71.[: 2
J J dLUQ dl‘l f J d$2 dl‘l
131+ZE2+ $1+$2+1)

~ 2log(t + 1) —log(2t + 1)
B et? '

o8



Moreover

t 1 t 1
f J exp (—t/(xq + mo + de do, “‘f J exp (—t/(xy + xo + 1)) do, dis
ZL’1+JI2+1) 131+.T2+1)

JJeXp t/I1+x2+1)>dx1dx2<e_t(et(t_2)+t+2).
$1+JI2+1) 3

Similarly, let
2
gt,s(r) = m exp (—tS/(S2 =+ 7‘2)).

Then

max gp,s (1) =

3./3
01s(1/3(=3s% + 251) = VA ¢ > 35/2
gi.s(0) = exp (—t/s)/s 72, 0<t<3s/2.

We have

3t/2 (3t/2—11 o—3/24-3/2 3t/2 (3t)2 o 14-3/2
dxo dr, < dxq dxs.
J J (1 + @9 + 1)3/2 r2n Jo f (1 4+ @9 + 1)3/2 L

B JBt/Q 2671.[; 3/2 %¢ 71.[: 3/2
o \Vmtl mistzil)
= el («/6t/2 Tl o3t2 41+ 1) .

Moreover,

t+et—1

o0 oo
L JO exp (~t/(e1 + 72 + 1)1 + s+ 1) drydry <

All in all,

o6} o0
”ftHBg = J f sup |DiDafi(z1 + iy1, 22 + iy2)| dzy dzg
o Jo

y1,Y2€R

_ 2log(t +1) —log(2t + 1) N et (e(t—2)+t+2)
= e t

4(A/6t/2 +1+24/3t/24+1+1) t+et—1

et3/2 t

29



Example 3.8.3. Consider the family of functions

t
21+ 1) (29 + 1)

Gi(z1, 22) = exp (—( ) , t>0,21,20€Cy.
While the form of § is not completely dissimilar from that of the functions f, con-
sidered in the previous example, Lemma 3.8.1 does not by itself imply that g, € B2.

It is nonetheless true that g, € B2 We have for example

t
texp (‘ <z1—+1>(@+1)>
(21 + 1)2(2’2 + 1)

|D1§~]t(2’1, 22)| =

Hence, by [4, Lemma 3.4] and for z, = 1,

* . . 1+t
sup |D1ge(x1 + iy1, 22)| dxy < + e log(1l +t/2).

0 omeE L+1t/2
Moreover,
—Re[ ——t
tt_ 1 1 <2z+2+z+1)
| D1 Do gy (21, 20)| = [t (21 + )(2’24—3 )| e h 172171 t22 |
|Zl + 1| |2’2 —+ 1|
Hence

o0 o0
J J sup |D1Dsgi(x1 + iy1, 2o + iyo)| duq dag
0 Jo wy1,y2€R

0 oo 2 w0 (oo t 12
éf f 3 Sdf[‘ldffg'i‘f f 3 2d$1d$2=—+t.
o Jo (:131 + 1) (ZL‘Q + 1) o Jo (231 + 1) (ZL‘Q + 1) 4

Summarising,

2+ 2t 2
2¢ log(1 +t/2) + — + t.
1+t/2+e og(l+1t/2) + — +

Jgu(z1, )2 < :
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4 Spectral subspaces and a partial duality

In this chapter we present certain results related to spectral subspaces. The theory
of spectral subspaces, as introduced by Arveson, is typically developed in the ab-
stract context of integrable representations. In most places, however, we restrict our
attention to the special case of Cy-groups.

We begin by presenting some preliminary results on spectral decompositions in
Section 4.1. In Section 4.2, we characterise the spectral subspaces of B?; we then
identify (cf. Proposition 4.2.4) a dense subspace of B2 which will play a key role in
the construction of our functional calculus. In Section 4.3, we introduce the auxiliary
class £ and define a (partial) duality between B* and £2. We then establish that
each function in B? can be approximated in terms of that duality by functions with
compact spectrum separated from zero. We consider some topological properties of
B? in Section 4.4; we show, in particular, that £Ms) is not dense in B? in the norm
topology but that it is dense in B2 in the topology of uniform convergence on compact

subsets.

4.1 Spectral decompositions

For any closed subset I < R%, define H*([) as
H*(I) = {f e H*(C2) : supp (Fé;fb) c I},

with F(2) denoting the two-dimensional Fourier transform. Since shifts of the Fourier

transform correspond to multiplication by exponential functions, one has
|f(z1 + iy, ke + 1yo)| < e 717272 f|l,,  fe H([o1,0) x [09,0)).  (4.1.1)

We say that an entire function f : C* — C is of exponential type at most 7 = (71, T2),

where 7,75 > 0, if for all € > 0 there is a constant A, such that
|f (21, 22)| < AcelmHolal+(te)lal ) o e C. (4.1.2)

The Paley-Wiener-Schwartz theorem [27, Theorem 7.3.1, p. 181] implies, in particu-

lar, that any function which is a Fourier transform of a distribution with a support
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contained in a convex compact subset of R? is an entire function of exponential type.
Furthermore, if f € H*([0,01] x [0,02]), then, since f* e L*(R?), applying the

multivariable version of Bernstein’s inequality (cf. [11, Theorem 2.2]) yields
|Diflloo < il flloo, @ =1,2. (4.1.3)

Since the property of being a function of exponential type (at most 7) is preserved
under taking partial derivatives by [11, Theorem 2.2], iterating (4.1.3) and applying
it to D1 Dy f gives

|D1 Do f (1 + iy1, ko + iyo)| < 0109 sup | f(x1 + 081,20 +1i89)]. (4.1.4)

Sl,SQER

We shall consider the spectral subspaces H*(I), where [ is a compact subset of Re.
In Proposition 4.2.6 we show analogues of the Bohr inequalities for these spaces. First

we show that these spaces are contained in B2.
Lemma 4.1.1. Let f € H®([e,0]?), 0 <e < o. Then f € B>

Proof. Note first that by (4.1.1), imge,, e f(21,22) = liMRe., o f(21,22) = 0. In
view of Corollary 3.4.4, it then suffices to check whether f satisfies the condition
| flsz < o0. Let x1,29 > 0, y1,y2 € R*. Then (4.1.1) gives

sup |f(z1 +is1, 29 +i82)| < e’s(“”"’)HfHoo,
s1,82€R

and, by Bernstein’s inequality (4.1.4),

|D1 Dy f (z1 + iyy, w9 +iye)| < 0% sup |f(z1 + is1, 20 +i89)| < 02675(“*‘”2)“wa

s1,52€R

On the other hand,

| Dy Do f (21 + iy1, xo + iya)| < |/l
T1X2
Thus,
ot i (ara) 211
1 (z1+22) o
|D1Dy f (21 + iy1, 2o + 1y2)| < || f]loo min ((z120) ™, e 7)) < A
(4.1.5)
J f Ay 4, JOOJOO ds dt o)
0o T1T2 + ec(z1+m2 /0-2 o Jo st+ 526(s+t)/0.2' 1.

Fix s e R,. Then
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JOO dt _ f dt N fo dt
o St +e2elt) /o2 T ) st e2es/o2 )| s+ e2elst) /o2

o? o?
s 1log <1 + €—2$es) “!log (1 + —se 3> (4.1.7)

o2
2
25 ' log (1 + 0—286_5> .
3

Hence,

o log (1 + ‘;—236_5
J f dzy dxs < QJ ( 2 ) ds. (4.1.8)

T1Tg + efl@1+e2) /g2 0 s
Denote 02/e* by ¢ and pick a > e — 1. First,
1 - 1
log (1 s log (1
f og(L+ese™™) o f l0g (1 %) 1« Lin(—c) < oo, (4.1.9)
0 § 0 8

where Li, denotes the dilogarithm function. Next, noting that - (logz)? = 210596,

Jlog(c+a) log (1 + 086_s> e < 2J*10g(c+a) log (1 + CS) J
S < — asS
1 S 1 1+s

-y Jlog(c—i-a) log (1 + S) s+ Jlog(c—&-a) IOgC "
h 1 1+s 1 1+s

= log?®(1 + log(c + a)) — log®(2) + 2log(c) (log(1 + log(c + a)) — log(2)) .

(4.1.10)
Finally, by the fact that log(1 + z) < x
x log (1 —* x
f og (1 + cse”) ds < f ce™tds = —— < 1. (4.1.11)
log(c+a) N log(c+a) c+a
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Hence, by (4.1.5) and (4.1.8),

| fllsz = J f sup |[D1Dyf(x1 + iy1, x2 + iys)| day dy
0

y1,y2€R

© o dzy dx
<2l [ f 1y

b 0 Ty + ez—:(aclercg)/O—Q

w log (1 + g—ise_s>

<alfl [ ds.
Jo S
Since (4.1.9)—(4.1.11) jointly imply
« log <1 + ‘;—2236_5)
J ds < o0,
0 s
we obtain that | f|zz < o0, as required. O

4.2 Spectral subspaces

Let (T1(t))ier and (T2(t))ier be commuting bounded Cy-groups on a Banach space X,
with generators A; and A,, respectively, so that o(A;) < iR, for j = 1,2. Denote

T(ty,t) = Ti(t1)Ta(t2), ti,ta € R.
For x € X, define the spectrum spp(z) of z as
spr(z) = supp Fo)(T'(-, )).
For a closed subset I = R?, define the spectral subspace X7(I) to be
Xr(I) = {z e X :spp(z) = I}.

As described in [41, p. 299 and Lemma 8.1.2], any two-parameter Cy-group of
bounded invertible isometries can be viewed as an integrable representation of R?
(corresponding to « in the notation of [41]). Moreover, one can define spectral sub-
spaces (denoted by M*(I) in [41]) in terms of annihilators of certain subspaces of the
dual space (cf. [41, p. 300]); the two definitions are known to coincide (cf. [40]).

Proposition 4.2.1. Let (T'(t1,t2))s, t,er be as above and assume that the range of
Ay Ay is dense in X and that o(A;) < i[0,00) fori = 1,2. Then the set

U{XT(]) : I compact, I < (0,0)%}
is dense in X.
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Proof. Reasoning as in the proof of [4, Proposition 2.8], take f € S(R?) with compact
support and identically 1 in a neighbourhood of (0,0). Define

ga(tl,tg) = an(atl, atg) — a_Qf(tl/a,tg/a), tl,tg € R, a > 0.

Let y € D(A;Ay), take z = A Ayy, and set

Ty = J J ga(tl,tQ)T(tl,tg)l' dtl dtQ
R JR

Since (T;(t))wer is a Co-group for i = 1,2,

lim f f atl, (ltg (tl, tg)[E dtl dtQ — T

a—00

= lim J J f(tl,tg)(Tl(tl/a,)Tg(tQ/a)ﬂf — .T) dtl dtQ = 0. (421)

a—00 R

Integrating by parts twice

lim f J tl/CL t2/d) (tl,tg)I dtl dtQ

a—0

= limf J f(t1,t2)T (aty, aty) Ay Asy diy diy
R

a—00 R

= lim GQJ f f(tl,tg)DlDQT(CLtl, (It2>y dtl dtg
R JR

a—0o0

= lim G_QJ f D1D2f<t1, tg) . T(atl, atg)y dtl dtQ = 0.
R JR

a—00
Hence, lim, .o z, = x. By [40, Lemma 2.2.1],
spr (%) < supp (F(2)9a) N spr(T).

Note that supp(F(2)g.) is a compact subset of R?\(0,0). Since (cf. [41, Proposition
8.1.5))
Xr(—io(Ay) x —iog(A1)) = Xp (—io(A1)) n Xp(—io(Ag)),

and (cf. [2, Remark 4.6.2, Lemma 4.6.8], [15, Lemma 8.1.7])
Xr, (—io(Ar)) = Xp,(—io(As)) = X,

one has that © € Xp(—io(A;) x —io(A;)), which implies spp(z) < (—iog(A4y) x
—i0(A;)). Altogether,

spr(2a) < supp (F2)90) N (—io (A1) x —io(Ay)),
so the conclusion follows from the assumption. n
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We shall make extensive use of products of shift semigroups on B?. The next

propositions concern some basic properties of these.

Proposition 4.2.2. Let
(Ts2(a,b) f)(21,22) = f(21 +a, 20+ 1), fe€ BZ, a,be @4-7 z1,22€ Cy.
Then for each f € B2,

|T52(a, 0) flle> < [f]2, |72 (a, b) f = fls2 = 0.

lim
a,bE(C+
a,b—0

Moreover, the families (Tg2(a,0))aec, and (Tp2(0,0))pec, are both holomorphic Cy-

semigroups of contractions on B%. Furthermore,
G(tl, tg) = ng(—itl, —itg), tl, tQ € R,
form a representation of R? by isometries on B2.

Proof. Tt is easily seen that, for each a,b € C,, Tg2(a,b) is a contraction on B? . Since
f is uniformly continuous on C; x C,, || Tz2(a,b)f — flew — 0 as a,b — 0.
Applying (3.1.4) to D1D3f and D?D,f we obtain

|D1Dyf(21 + a, 20 + b) — D1 Dy f (21, 22)]
< |D1Daf (21 +a,20 +b) — DiDsf (21 + a, 22)| + |D1D2f (21 + a, 22) — D1 Do f (21, 22)|

_ Cuplblifle | Ceylallfle
“ Rez(Rez)?  (Rez)?Rez’

Hence,

lémo sup |D1Dof(x1 +iy1 + a,x2 + iys + b) — D1 Do f(x1 + iy1, 22 + iys2)| = 0.
a,0— yl,yQER

Now,

sup |D1Dof (x1 +iy1 + a, 29 + iys + b) — D1 Do f (21 + iy1, 2 + iys)|
yl,yQER

< sup |DyDof(xq + iy + a, o +iys + b)| + sup |D1Daof(x1 + i1, 22 + 1ys)|-
y1,y2€R y1,Y2€R
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Since f € B2, the functions on the right-hand side are integrable, i.e.

Q0 0
f f sup |D1Dof (z1 +iy1 + a, zo + iys + b)| dxq das
o Jo

y1,y2€R

o0 o0
= J f sup |D1Dsyf(x1 + ty1, o + 1yo)| dxq do
Rea JR

eb y1,y2€R

o0 0
< J J sup |D1Dyf (1 + iy1, 2 + iy2)| day dog < | f|g2 < 0.
0 Jo wyi,y2€R

Moreover, since (cf. Proposition 3.2.2) f; € B, i = 1,2, it follows from the bounded-
ness of f/ on {z: Rez > 0} that

lim sup |f](z1 + iy + a) — fi(x1 + iy1)] = 0,

a,b—0 y1eR

lim sup | f3(22 + iy2 + ) — f3(x2 + i) = 0.
a,b—0 y2€R

By the maximum principle for f] on {z: Rez < 1},

sup | f1 (21 + iyy + a) — fi(z1 +iy)| < sup | fi(21 + iyy + a)| + sup | fi (@1 + iy1)]
y1ER y1€R y1€R

< 2sup | fi(z1 + iy1)],
y1eR

and this function is integrable on R, since f; € B'. Analogously,

sup | fy(xa + iyo + a) — fy(xa + iy2)| < 2sup | f5(xa + iy0)],
y2€R y2€R

where the right-hand side is integrable since f, € B'. By the dominated convergence

theorem (cf. Remark 3.4.2 for the definition of || - ||3; here we take z; = 2, = ),

al})r_r)lo |Tp2(a,b)f — f”g2

o0 0
= lim ( j sup |D1Dof(x1 +iy1 + a,z2 +iys + b) — D1 Do f (21 + iy1, 2 + iys)| dxy das
a,b=0 Jo  Jo y1,y2¢€R
0
+ lim J sup | f1(z1 + g1 +0) — fi(x1 + iyr)| day
a,b—0 0 v1€R
(00
+ lim ], s |fo(xa + iy + a) — fi(z2 + iy2)| dzy = 0.
a,b—0 0 v2€R
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Remark 3.4.2 then yields
T [ Tee (0,0)f — 2 = 0.
Consider now the family of functionals

f'_)f(zl722>7 21722€<C+-

Such functionals form a separating subspace of (B2)*. Both

a— (Tp2(a,0)f)(21, 22) = f(z1 + a, 22)

and
b (T52(0,0) f) (21, 22) = f(21,22 +b)
are holomorphic on C2. Since Ty2(a,0) and Tp2(0,b) are contractions, it follows

immediately from a theorem of Arendt and Nikolski ([2, Theorem A.7]) that Tj2(a,0)
and Tp2(0,b) are holomorphic on C2. O

We shall need the following auxiliary result.

Proposition 4.2.3. Let —Ap2; and —Ap25 be the generators of the Cy-semigroups
(Tr2(t,0))i=0 and (T;2(0,1))i=0, respectively. Then

D(Apey) = {feB®:DifeB*, Ap.f=—Dif,

(4.2.2)
D(Apeo) = {f € B®: Dyf € B*}, Apgeof = —Daf.

Moreover, the generators of the Cy-groups (Tp2(—is,0))ser and (Tp2(0, —is))ser are
—iApz2 1 and —iApz o, respectively. Finally, 0(Agz1) = 0(Agz22) = Ry.

Proof. If f € D(Ap2 1), then trivially Agz1f = —D; f. Similarly, if f € D(Ap22), then
Apzof = —Dsf. Conversely, if f, Dy f € B2, then

t

(T (£,0) f — f) = tlfo Ti(s,0)D1f ds, ¢ 0.

Since this formula holds pointwise and the integral is a B?-valued integral with con-
tinuous integrand, letting ¢ — 0+ yields f € D(Apz2). This together with analogous
considerations in the case when f, Do f € B2 establishes (4.2.2). It then follows (cf. [2,
Corollary 3.9.9 and 3.9.10]) that the Cy-groups (Tj2(—is,0))ser and (Tp2(0, —is))ser
have —iApg2; and —iAg2 5 as their respective generators. Finally, in view of Section
3.5, forany a e R,, e @ 1,1 ®e %2 € B2 The functions e ** @1 and 1 ® e~ **
are easily seen to be eigenvectors of Ap2; and Age 5, respectively, corresponding to

the eigenvalue a, hence Ry € o(Ap21) N o(Apz2). O
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The following proposition establishes that there is a one-to-one correspondence
between the closed subspaces H*(I) from Lemma 4.1.1 and the subspaces of the

two-parameter group of vertical shifts arising from Proposition 4.2.2.

Proposition 4.2.4. Let G be the Cy-group given by

G(tl, tg) = TB2(—it1, —itg), tl, ng € R,

and let I be a compact subset of (0,00)%. Then BA(I) = H*(I).
The proof proceeds in a similar fashion to the proof of [4, Lemma 2.9].

Proof. Let (S(t1,2))s.,er be the two-parameter group of shifts on BUC(IR?):

(S(t,t2) f)(51,82) = f(s1— t1, 52 — t2).

We have that

(Fio)(S(, ) f (51, 52)) (b1, t2) = 47> (F i) f)(s1, 52) e Crh+e2t2),

Let K : B> — BUC(R?) be given by Kf = f*. By (3.1.3), K is a bounded linear
map. Then
S(ty, 1)K = KG(tr, 1s).

Hence, for f € B2,
spg(f*) = supp Fia)(S(-, ) K f) = supp(KF)G(-,-) f) = spa(f). (4.2.3)

This implies B%(I) < H*(I). Conversely, if I is compact, then H*(I) < B? by
Lemma 4.1.1, and then (4.2.3) implies that H*(I) = B4(I). O

The next proposition identifies a dense subspace of B3 which will play a crucial

role in the construction of the functional calculus.
Proposition 4.2.5. The set G* = J,_._; H*([¢,6]?) is dense in Bf.

Proof. Consider G(ty,t3) restricted to B2 and take f € B2. By (3.1.4) one has

Calflw
DD < —
[D1D2f (21, 22)] Re z; Re z,
Hence,

thmoo ”Dngf(iEl +it+i,09+ s+ Z)”oo =0,
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for every x1, x5 > 0. Then, since f € B2,

o0 oe]
JMgﬂ@@JNW%=1M1J\f|Ddhﬂx+t+my+s+¢)®Mﬂy
78—) 0 0

t,5—00

0 o]
=1M1J.f|deﬂx+uy+immwdy=0
t s

t,5—00

By Corollary 3.4.4,
Jim [Tia(t.5) o2 = .

Take

f=lim (f =To(s)f — (To(t) f — Th(t)Ta(s)f) = lim Alj Ti(t)(f — Ta(s) f) dty

t,s—00 t,s—00 0

t S t s
= — lim Al J\ Tl (tl)AQ f T2 (tg)f dtQ dtl = — thm A]_A2 f J T(tl, tg)f dtQ dtl
1§ 0 Jo

t,s—00 0 0

This shows that the range of A; Ay is dense in B3, so it now suffices to apply Propo-
sition 4.2.1 to G(t1,t2). O

We will need a two-dimensional version of the one-dimensional Bohr and Bernstein
inequalities ([4, (2.6) and (2.7)]; the required two-dimensional version of Bernstein
inequalities is already covered by (4.1.3) and (4.1.4) above). We want to obtain similar
results for spaces of the form H*([e1,2]?), where 0 < &; < &5. Note that [e1,5]? is
contained in the quarter-annulus Q = {s € R : &; < |s| < v/2e5}. In [3, Lemma 2.1],
it is shown that, for any k € N, the norm

max [0°fle,  fe H?[Q],

laf=k

where the maximum is taken over all multi-indices of length k, is equivalent to the
sup-norm ||f|, on H*[Q]. The following result shows that, on the smaller space

H*([e1,€2])?), the sup-norm is equivalent to each individual norm [0 f] .

Proposition 4.2.6. Let a be a multi-index, and let 0 < &1 < 9. Then the norm

0% f|loo is equivalent to the norm || f|lw on the space H* (|1, e2]?).

Proof. We give the proof in the case when a = (1,0), so d* = D;. An identical argu-
ment covers the case when 0 = Dy. Since (3.1.2) implies that if f € H*([e1,&2]?),
then the functions D;f, for ¢ = 1,2, also have distributional inverse Fourier trans-
forms with support in [e1, &2]?, the general result follows by an easy induction on the

length of a.
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Let X be the space BUC(R?), with the sup-norm, and let S(t;,¢5) be the 2-
parameter group of vertical shifts as in the proof of Proposition 4.2.4. Let S;(t;) =
S(t1,0) and Ss(t2) = S(0,ts), which define commuting Cy-groups on X. Let A; be
the negative generator of S;(t). Then

D(A;) = {ge X : 0,9 is defined on R? and 0,9 € X}, A1g = 19,

where 0;¢ denotes the derivative of g with respect to the first variable ¢;.

Let f € H®([e1,e2)%). Then (4.1.3) shows that |D;f|x < &3] f|w. For the lower
bound, note that f extends to an entire function of exponential type (cf. Section 4.1)
on C? (also denoted by f) and that D, f € H*([e1,e2]?), since (D1f)? = —id(f°)
and the support of the inverse Fourier transform of this is contained in the support

for f°. Moreover
fb € Xs([€1,€2]2) - Xs([€1,82] X R) = Xgl([€1,€2]> =: Y,

by [40, Lemma 2.4.8]. By the theory of the Arveson spectrum for Cy-groups (see [40,
Section 2.4]), Y is a closed subspace of X contained in D(A;), the generator of the
Co-group Si(t1)]y is the restriction A, of A, to Y, A, is a bounded operator on Y

and o(A;) € [e1, e2] (in fact, equality holds).
Now f* = (A1)~ (A, "), so

[0 < CI A1 f¥]o0 = C'| D1 oo,
where € = || (A;)™!|, giving the lower bound.
Hence there exists a unique g € Y such that A1g = (D1f)? = A, (f?), and |g]

C'|(D1.f)|0, where €' is the norm of the inverse of A;. Thus g — f* € Ker A; =
Xs,(0). In addition g — f* € Xg, ([e1,2]), so

N

g—J" € Xs5,({0}) n X, ([e1,e2]) = X, (D) = {0},
by [15, Lemma 8.9]. Hence
[fla=ezy = 17 1x = lglx < C1(D1f)")|x = C'ID:1 fllgen(c2)s

giving the required estimate. It follows from (4.1.3) that D, f € B2, and then A, f°
—i(D; f)°. Hence we have that

I fllo < [D1flloc < C[f oo

where C'is the norm of the restriction of A; to Xg, ([€1,22]), and ¢! is the norm of

the inverse of that operator. n
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4.3 Class &% and a partial duality

Define £2 to be the space of those holomorphic functions g on C% such that

Q0 00]
lgllez = sup 931$2f J |D1Dag(zy + iyr, xo + iy2)| dyr dya < 0. (4.3.1)
o Jo

:c1,:r:2>0

Consider now the (partial) duality between £? and B? given by
<ga f>32 =

o0 o0 oe] o0
f J T1T2 f J D1Dsg(z1 — iyr, x2 — iy2) D1 Do f(x1 + iy1, 2 + iy2) dyr dys day dxs.
—00 J—00 —00 J—00

(4.3.2)
It is easily seen that the partial duality is bounded. Calculating directly

0 oo 0 Lo
J f 1T f J Dngg(ZL'l — iyl, XTo — iyg)DlDQf(ZL‘l + iyl, ZTo + in)dyl dyQ dl’l dl‘g
0 0 —o0 J—00

o0 o0 o0 o0
< f J -T1x2f J (|D1Dag(xy — iy1, w2 — iy2)])
0 0 —o0 J—0

X (BSIﬁlp ’D1D2f<.l’1 + iﬁl, o + 262)|) dyl dyg d[L’l dZL'Q
1, 2R

0 o0}
< [ oty (s 1DiDf o i, 4 520 ) o
0 0

1,82€R

< |lglez fllsz-
Consider now

l—e™1—e*
= . 4.3.3
n(z1, 22) P PN ( )

Then, as in [4, Example 2.12(4)], n is the double Laplace transform of Lebesgue
measure on [0,1]%?. Hence, as a Laplace transform of a bounded measure, n € B2
The following proposition shows how to approximate functions f € B? by functions
in LM ) in certain senses, which enable us to extend results from LM q) to B* (see
Propositions 4.4.3, 5.1.1 and 6.1.5); the proof makes substantial use of Proposition
4.2.6.

Proposition 4.3.1. Let 1(zy, 29) be as above. For § > 0 and any f € B2, let
sN(21,22) = n(021,022),  5f = gnf.
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Then, for each g € E2,
Jm g, o = (g, fre

Proof. We may assume f(z;,0) = f(0,2) = 0, so f € Gy. Since (by direct cal-
culation) ||n]gz = | snlse, the set {sn : 0 < 6 < 1} is bounded in B?. Consider
fe H®([e1,&2]?) for 0 < g1 < &y. In view of (4.1.4), Dy f, Dof, D1 Dyf € B?. More-
over, the function f extends to an entire function of an exponential type (cf. Section
4.1) on C? (also denoted by f). For fixed x1, x5 > 0, let:

fm,m(yla Yo) := f(x1 + i1, 22 + iy2).

It follows from (3.1.2) that if f € H*([), then the functions f,, +,, and D;f, 4,
for « = 1,2, also have distributional inverse Fourier transforms with support in I.

Applying Proposition 4.2.6 to fi, 4, and D; fy, 4,, ¢ = 1,2, and using (3.1.3) we obtain

sup |f(zy +is1, @9 +1i82)| < ¢ sup |DiDaf(xq +isy, x2 + is9)], (4.3.4)

81,82€R 81,52€R

sup |D;f(x1 +is1,22 4+ 152)| < ¢ sup |DiDof(x1 + is1, 22 +is2)], j=1,2

81,52€R 51,52€R

(4.3.5)

with some constant ¢ > 0. These two inequalities imply in turn the following (with

Zj :.l’j+iyj,j= 1,2)

|f(21,22)| < ¢ sup |DiDyf (w1 +isy, zg + is3)|, (4.3.6)
Sl,SQER
|D; f(z1,22)] < ¢ sup]R |D1 Do f (1 +is1,m0 +i82)|, j=1,2. (4.3.7)
51,82€

Now,

|D1Dsf — D1 Dy sf| < |fD1Ds gn| + |D1f Do sn| + |Dof D1 gn| + |(1 — sm) D1 D f|

< (|f| + |Dof| + [Dof| + |D1D2f]) s,

with
Y5 = |1 = sn| + |D1gn| + [Da sn| + | D1 Dy 51|
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Hence,

K9, f = 5/ )]

e} ee} o0 0
f J T1T2 f f D1 Dyg(xy — iyr, T2 — iyo)
0 0 —0o0 J—00

X [DlDQf — D1D2 5f] (ZL’l + Y:yl, To + ’LyQ)dyl dyg d$1 dl‘g

o0 o0 Q0 0
< (J f xlxgj f |D1Dag(x1 — ty1, 2 — iy2)|
o Jo —o0 J—o0

 [(|f| + |Dif| + [Dof] + |D1Daf]) vs] (w1 + iyr, 2 + 1y2)dy: dys dxy d$2>~

<

Given (4.3.6) and (4.3.7),
K9, f = 5./)5°]

0] oo o0 0
< CJ J :clng J | D1 Dag(x1 — iy1, v2 — )|
o Jo —o0 J—o0

x sup |DyDof(x1 + is1,m9 + i89)| X v5(x1 + 191, T2 + 1y2)dy; dys dz1 do,

81752€R

with some constant C. Since f € B?, g€ £2, and
51_igl+7(217 2) =0, 2,2eC,..

From these properties, the absolute convergence of the repeated integral (4.3.2), and

the dominated convergence theorem we obtain

(lsl_r)%<g7f - 6f>82 = 0.

4.4 Some topological properties

We shall need the following auxiliary result.

Proposition 4.4.1. Let f € H*([0,0]%), g € LM q), with F5yg" € L*([0,6]*), where
0,0 >0. Then fge LM ).

As before (cf. (3.1.1)), f° and ¢* denote the boundary functions of f and g, respec-
tively.
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Proof. Since f € H*([0,0]%), F) f* is a distribution on R?* with support in [0, 0],
Then
supp(f(_?)lfb * f(_Q)lgb) < [0,0 + 8]

Here ¢ = .7-'(_2)1 by .7-"(;)1 ¢" is understood as a convolution of distributions; it is well-
defined since the support of each of the distributions is a subset of [0, o + §]*. Conse-
quently, ¢ is itself a distribution on R? with compact support, and F) = fP¢°. Since
f% is bounded and ¢® € L?(R?) by Plancherel, f°¢® € L?*(R?). Applying Plancherel
once more, ¢ € L*(R?), and L = fg. Since ¢ has support in [0, 0+ d]?, ¢ € L'(R%),
and hence fg e LM y). H

Proposition 4.4.2. Consider B> with its norm topology. Then LM 2 is not dense
in B2,

Proof. For each measure p € M(R?), ]—"(’2)1/1 is weakly almost periodic ([18, Corol-
lary 4.2.4]), and weakly almost periodic functions form a proper closed subspace of
BUC(RR?) ([19, Theorem 5.3, 12.1]). Much like in the one-dimensional case, it can be
seen that the entire functions of exponential type on C? (cf. Section 4.1 and (4.1.2)
above) are dense in BUC(R?). For let f € BUC(R?). Define

K(t,ty) = (20 1) (¢ sin(t,/2))%(t; sin(ty/2))2.
Let 7, 7 > 0 and consider the function

G(Zl,ZQ) = Tngf J K(Tl(tl — 21>,T2(t2 —22))f(t1,t2) dtl dtQ
-0 J—w

Then, as in the proof of [9, Theorem 12.11.1], K is entire of exponential type 7 =

(1,1), whereas G is entire of exponential type 7 = (71, 73). Also,

|G (21, 22) — f(21,72)]

o0 o0
< J f K(t1,ta) dty dty sup |f(aq + t1/11, a0 + ta/12) — flag, as)],
—0 J—m

O{l,QQGR

where the right-hand side tends to 0 as 71,7 — o0, since f is assumed to be in
BUC(RR?). Hence, there exist an entire function G of exponential type and § > 0 such
that, for all u e M(R?),

|Gre — Foyplloo = 9,

where G is the restriction of G' to R% If 7 = (71, 72) is the exponential type of G,
take (0,0) with o > 7; for i = 1,2, so that .7-—(_2)1G c ([~0o,0]?). Let

g(z1,22) = 6_2i0(21+22)G(21, 23),
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so that supp(}"(;)lg) < ([0,30]%). For any u € M(R?), let u,(A; x Ay) = u(A; +

20, Ay + 20) for any Borel subsets Ay, Ay of R. Then
”ng — F(_Q)IMHLOO(R2) = HGRZ — f(;)l/LUHLoo(Hp) 2 (5

Letting f(z1,29) = g(—iz1, —i23), one has f € H*([0,30]*) < B? and |f — m|p =
If —m|e = 0 for any m e LM,). O

Proposition 4.4.3. The space LM ) is dense in B* in the topology of uniform

convergence on compact subsets of C2.

Proof. Letn, sn be as in Proposition 4.3.1. For f € G2, let 5f (21, 22) = f(21,22) §n(22, 22).
Then zn(z9,22) — 1 and hence ;f(z1,22) — f(z1, 22) uniformly on compact subsets,
as § — 0+. By Proposition 4.4.1, ;f € LM ). By Proposition 4.2.5, G is dense in
B:.

By [4, Lemma 2.14], LMy is dense in in B'. Furthermore, the embedding f —
f ®1 (respectively: the embedding f — 1 ® f) is continuous from B' to B* (cf.
Section 3.5) and maps LM 1) to LM gy, i.e. i — p® 6y (respectively: 11— 0o @ p)).
So the conclusion then follows from Proposition 3.2.2.

Since 1 ® Ly, Lp®@ 1 € LM ), for any p € M(R,), the result follows from the

one-dimensional version in [4, Lemma 2.14]. O
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5 The class B? — further properties

In the present chapter we collect some important further properties of functions in
the class B?, many of which are later employed in our construction of the functional
calculus. In Section 5.1 we discuss representations of functions in B2. We have seen
in Chapter 4 (cf. Proposition 4.4.2) that the subspace LM ) is not dense in 5.
We have also shown that this is, in a sense, merely a technical inconvenience as we
can approximate any function in B* with functions in LM o) via the partial duality
with £2. In the present context, in order to obtain that each f € B? enjoys the par-
ticular representation given in Proposition 5.1.1, we will first show the result holds
for arbitrary functions in LM ), and secondly, extend it to the whole space using
Proposition 4.3.1. In Section 5.4 we explore the behaviour of the two-parameter semi-
group of shifts on B? with respect to the partial duality. While the result expressed
in Proposition 5.4.1 is not particularly interesting on its own, it then allows us to
prove some topological results on the dual space of £ in Section 5.5. In Section 5.6

we obtain a convergence lemma for sequences of functions f,, in the class B2.

5.1 Representations

The next proposition establishes that any function in B? can be represented in terms

of the partial duality introduced in Section 4.3.
Proposition 5.1.1. Let f € B?, z = (21, 2) € C;, x C,, and take
(A, A2) = (M + 21) 7 (e + 22) 7,

T2 (A1) = (M + Zl)_17
T2 ()\2) = ()\2 + 22)71.
Then

f(zb ZZ) = f(OO7 OO) + %<Tz1> f1>31 + %<7ﬂ227 f2>61 + %<T2, f>82- (511)
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Proof. Let f = Ly € LMy n B3. Then (cf. Remark 3.6.1) p({0} x Ry) = p(Ry x

{0}) = 0, so we may consider u as a measure on (0,00)?. Now

<rz; f>B2 =

CoIoe) 0 0
f f 12 f J DlDQTZ(Jfl — iyl, Ty — iyg)DlDQf($1 + iyl, To + ’lyg)dyl dyg dl’l d%g
0 0 —00 J—0

T
-0 J—w0oJo JO (Il - iyl + Z1)2 (1:2 - Z'y2 + 22)2

X J t1t26_($1+iy1)t1 6_(m2+iy2)t2dﬂ(t1, tg) dl’l dl’g dyl dy2
(0,00)?

0 oo
= J J J xltlxgtge*xltle’“t? X
(0,00)2 JO 0

e gy dys day s d
" w1 dwy dp(t, t
f—oo J—oo (xl - /Lyl —+ 21)2 (ZEQ _ ZyQ + 22)2 yl y2 1 2 ILL( 1 2)

a0 o0
= 472 f J f (xltfe_%ltle_zltl) (xgtge_%me_””) dxy dxo du(ty, to)
(0,00)2 JO Jo

2 2

=T ettt ) = T f (),
4: (0700)2 4

where we have used that y — (x—iy+2)? is the inverse Fourier transform (cf. Section
1.3) of t — 27wte *!'e~*" on R, , taken to be 0 on (—o0,0).

This establishes that (5.1.1) holds for all functions in LM 9)nB§. Consider f € G2,
so with f1(z1) = fa(z2) = 0. Take

l—e*1—e*

77(217 22) = 2 Z

Let § > 0. By Proposition 4.4.1 and [4, Example 2.12(4)],

5[ (21, 22) = f(21, 22)n(021,02)

is in LM 2); and since s f(z1,0) = 5f(o0, 20) = 0, we have ;f € B3, so that ;f satisfies
(5.1.1). Hence, by Proposition 4.3.1,

Flen ) =l (o1, 22) = I o, o) = e, ).

The formula then extends to B3 by continuity in view of Proposition 4.2.5, and then
to B? by adding arbitrary functions fi(z1), fo(22) € B such that f;(o0) = fy(0) = 0,

78



and adding an arbitrary constant corresponding to f(c0,c0). This is consistent, since
we established (cf. Section (3.5)) that

Piof(21,22) = fi(21) + fa(22) — f(o0, 00),
f=U—-Paf)+ Piaf.

The following proposition is a two-dimensional version of [5, Proposition 2.2].

Proposition 5.1.2. Let f € B2, g € £%, and suppose that for every z, € C, one has
Dog(-, 29) € HY(C), and that for every z; € C, one also has g(z1,-) € HY(C,). Then

9, s = % fR JRQ(—i?Jl7 —iya) f (iy1, iy2) dys dy: . (5.1.2)

Proof. We have

o0 0
f f o f f DyDsf(a+ 8,7 + i0) Dy Dag(a — iB,y — i8)dB d dov dy
0 0 R JR

) foor)/f <Jwaj DDy f(a+iB,v + i6)D1Dag(av — i,y — i0) dﬁda) do dry.
o Jr \Jo R

Now, for any 2o € C,, Dyg(+, 20) € H'(C,) and, for almost any 2z, € C,, Dof (-, 25) €
B! (cf. Section 3.5). Hence, applying Green’s formula to

F(z,y) = Daf (z + 1y, 22) Dag(x — iy, 20)

and using [5, Proposition 2.2}, we obtain

1 . . * . .

ZJ Dog(—iy1, 22) Do f (i1, 22) dyy = J OZJ D1 Dsg(a—if3, z0) D1 Dy f (i3, 25) dB dev.
R 0 R

Let us fix y; € R and consider

f g(—iyr, —1y2) f (iy1, 1y2) dyo.
R

Since, for any z; € C, f(z1,-) € B} and g(z1,-) € H'(C, ), we obtain by applying [5,

Proposition 2.2] once more,

1

ZJ g(=iyr, —iy2) f (iy1, 1y2) dys = J WJ Dog(—y1,7 — 8)Daf (y1,y + i) dd dr.
R 0 R
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Hence,

JOO JOO oryf J DDy f(a+iB,v +i6)D1Dag(ac — i3,y — i0)dp dé dev dry
o Jo R JR
= Joovj <Jooozf D Dsf(a+iB,v +i6)D1Dag(cv — i3,y — i0) dﬁdoz) do dry
0 r \Jo R

* 1 . . . .
= J ’YJ <Z J Dog(—iyy,y — i0) Dy f (iyr, v + i9) dyl) do dry
0 R R

1 o0
= ZJ U vf Dog(—iyy,y — i0) Dy f (iy1,y + 16) do dv) dy,
R 0 R

— —6J J g(—iy1, —iya) f (iy1, iye) dys dy .
R JR

5.2 Constructing functions in 5>

The present section serves to introduce certain methods of obtaining functions in B2.
We first define an auxiliary class W? of measurable functions on C%. We then study
the behaviour of a certain linear operator on W?, and establish that any function
in B2 can be constructed from a suitably chosen function in W?. We conclude this

section by providing a procedure for approximating functions in 2.

Let W? be the space of all equivalence classes of measurable functions g : C2 — C
such that

lglwz = f J esﬁsﬁsﬁp lg(a +if, v+ id)| dady < oo, (5.2.1)
(S

with the norm given by (5.2.1). Clearly,

{D1Dyf : f € B} = W? A Hol(C2).

For g e W2, let

5
(Qeg)(a, 2) JJMJJ zl+aijﬁlﬁ(zzilv)—i5)2dﬁdédad%
(5.2.2)
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If f € B2, the reproducing formula (5.1.1) for f can now be written as

f(z1,22) = f(o0,0) + Quy(f1)(21) + Qe (f2)(22) + Qi (f) (21, 22).
where (cf. [5, Section 3])

(Quy =——f f XD g 40,

(z+a— zﬁ
for any h € W', i.e. the space of all (equivalence classes) of measurable functions
h : C, — C such that

0 0]
f esssup |h(a + if)| da < 0.

0  fBeR
We obtain the following analogue of [5, Proposition 3.1(1)].

Proposition 5.2.1. Let ¢ € L*(R?), and a,7 > 0. Let

B,9)
Ga ; dp do, , C,.
a2, 22) JJ zl+a—zﬁ (z2+fy—z5) b 2,72 € Ly

Then Gy~ € BS, and

16
TER ( ) oo,

ay

24 + 2
Gl < (25 Il

Proof. Let z1 = x1+iyy, 20 = T2+1ys, and note that G (21, 0) = Gg,0(90, 22) = 0.
We have

©(B,0)
D Ga ’ — _2 - . d d(sa
1Ga (21, 22) JR fR (21 +ia = B)*(z2 + iy — 0)? ’
©(8,0)
D = -2
2Gayp(21, 22) f J (z1 + i — B)? (22+Z’Y_5)3dﬁd6’

_ ©(B,9)
D1 DyGo (21, 20) = 4 J;R fR (o Fia = Bz + 7 =) dp do.

Hence,

dps dd
D\Gynoo(21,220) <2 wf J
ID1Ganolor, 2l <2l | o o | e 6P

ol [ i (o
== 2
(1 4+ )2 (w2 +7) Jp (L+7)%2 Jp (1 +73)

4|l oo
(21 + a)?(22 + )

81



Consequently,

* Al * day 4]z
sup |D1Ga o1 + 191, 22)| dvy < J = .
fa y16R| 1Ganip(T1 i, 2) o Y o (71 +a)? oy
ZQE(C+
Similarly,

dp s

|D1D2Go (21, 22)| < 4] o0 fR ((z1 + )2 + (B — 11)2)32 J;R (2 +7)2 + (6 — 1)2)3/2

”SDHLOO J dT1 J dTQ
(21 + @) (22 + ) Jp (L+ 7£)%2 Jg (14 73)%2

16] ||
T (w4 @) (g + )
Moreover,
@ d[L‘ldIQ
sup |D;D->G, T+, + 10 dzidxrs < 16 wJJ
[T s 100Dt + i i) dy o < 161l [ [ e
= —HSDIILOO-
ay
Finally,
dé 2
Ga < o = — ©.
Gayele < el | | Tz = Tl
All in all,

16
Gaolez < <—,y) ol

24 + 72
Gl < (225 Il

O

We turn to the operator Q) as defined in (5.2.2) above. We shall now establish that
(Q(2) is bounded, and that it maps the whole of W? into B2.
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Proposition 5.2.2. The operator Q) belongs to L(W?, B}).
Proof. Q) is clearly linear. If z1, 2 > 0, then

[(Q2)9) (w1 + iy, T2 + iys)]

J do
(1 +a)?+ (11— B8)? Jg (x2 +7)2 + (y2 — 0)?

4 0 o]
<Ff J a7y sup |g(a+iﬁ,7+z§|f dadry

0o Jo B,6eR

© o, 0 v
:4f f sup |g(a + i3,y +i0)|da dy < 4] g[we.
0o T1+a )y T1+ 7Y BseRr

Moreover, (Q2)9)(%0,22) = (Q2)9)(21,%0) = (Q29)(%,%) = 0, by the monotone
convergence theorem. We also have

. . 4 . .
Di(Q2)9)(x1 + iy1, v2 + iys) = ) f J avD1Ga g, (X1 + iy, T2 + iy2) dacdy,
o Jo
and

sup ‘Dl(Q(Q)g)(iUl + iy1, T2 + 1y2)| < J J ary SU% ‘DlGa,'y,@amg<x1 + iy1, T2 + 1y2)| dadry,
y1€R Y1€

so that for fixed 25 € C,.

o0 . 4 oo 0 o0 )
f sup |D1(Q2)9)(x1 + iy1, 22)| dzy < 3 J f om/J sup | D1Gaypa . (@1 + 141, 22)| day docdry
o Jo 0

0 w1€R y1€R
4 (*(* 4
< _ZJ f ay— sup |g(a + 18,y + id)|da dy
™ Jo Jo a7y g,6eR

16
= —lglwe.

Similarly, for arbitrary z; € C,,

®© . 16

f sup | Do(Q(2)9) (21, T2 + iya)| dry < —Hg||w2
0 y2€R

Furthermore,

. . 4 . .
DlDQ(Q(g)g) (C(fl + Y1, Lo + Zyg) = F J f a’yDlDQGa,'y,cpamg (5131 + 1Yy, To + Zy2) do d’%
0 0
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and hence using the estimate from Proposition 5.2.1 with ¢(8,d) = g(a + i, + i9)
for fixed a > 0 and v > 0

o0 0
f f sup |D1D2(Q2)9) (@1 + ty1, T2 + iy2)| day day
o Jo

y1,y2€R

4 o0 o8] . .
< PL Jo owfo L sup |D1D2Go g , (@1 + iy, T2 + 1y2)| davy dag docdry

y1,Y2€R

4 (* [ 16 , ,
< —QJ f ay— sup |g(a + 8,y + id)|da dy
™ Jo Jo Q7 B,6eR

64
= —lglwe
m
Consider now the cut-off operators V,,, n > 1, on W? defined by
| 1 <
(Vig)(n, ) = { S01030) [Tzl sl <
0 otherwise.
We also consider the operators 2V}, : W? — B, given by
gla+if,v +1id)
n ; = —— df ddda dry.
(Q(2 g Zl Z2 J f Oé’yfnfn Zl—i-O{—Zﬂ) (2,’2—{—’7—15)2 6 “

Proposition 5.2.3. For every g € W2, z1, zp € C, and eachn > 2max(| Im 21|, | Im 2y|),

(Q2)Vag) (21, 22) — (Q29) (21, 22)| < FSn(g), (5.2.3)

where

Q@ 0 . .
= + su a+if8,y+1i0)|dady — 0, n— .
LL (a+n/2 7+n/2>m%\g( B, +i6)| dovdy
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Proof. Let z; = x1 4+ 1y1, 25 = X2 + 1y2. Then

[(Q2)Vng) (21, 22) — (Q2)9)(21, 22)]

x[0,00)U[0,00) X [r,00)

L gla+ 1B,y +1id)
= ) J L>n J,B>n ff (21 + @ — iB)2(zs + 7 — i0)2 dp dé dody

4 (*(* , , do
<_2J ay sup |gla+isy,y +isy)|

m 0 0 s1,52€R
[n,00) x[0,00) LU[0,00) X [r,00)

If n > 2max(|y1], |y2|), we have

H‘ ds dp
|zo + v — 0] |21 + a — if)?

[n,00)x[0,00) U x [n,00)

* s * do
= 4L (21 +a)? + (8 = |n])? L (22 +7)% + (0 = [1])?

” ds ” ds
4
" L (v1+ )2 + (B — [wi])? Jo (72 +7)% + (0 — |yo])?

0 dﬁ ee] dé 0 dﬁ o0 ds
<4(J0 0‘2+52L/N2+52+L/2a2+52ﬁ) 72+52)
*dp ©ds © 4B ©ds
<16
) (L WW)QL/z (7+5>2+L/2 (a+6)2L (7+5)2)

et e Taraan)
) ( 1 1 )

It follows that (5.2.3) holds. Since g € W2, the monotone convergence theorem implies
that

64 N y
m? ' 0)| dovdy —
WQJO L <Oé+n/2+7+n/2)5s’?£§|g(a+lﬁ,”y+z)| ady— 0

as n — 0. ]

Consider the operator K2 on W? defined by
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(K(2)9)(zl,z2)—{g(zl’z2)’ 1/m < |Rezl, [Rez| <

(2 —
0, otherwise.

Furthermore, consider the operator K2 on B? given by

Enf = Qu(KPDiDaf) + Quy(K) 1) + Quy(K) f),
where the operator K\ on W! is defined as follows (cf. [5, Section 3])

0, otherwise.

(K(”g)(z)z{g(z)’ 1/m < |Rez| <

Then we have

(K5 f)(z1,22) =

+_J f JJ ayD1Dsyf(a + i3,y + id) 45 d6 dov dn
1m J1ym (z1+ a—if)% (29 + v — i9)?

aD; f(a+ i3, 0) (5.2.4)
L/mf (z1 + a—if)? af do

vDy f (00, + i6)
L/mJ (ot 7= i0)2 do dry.

We are now ready to show that, for any f € B2, the sequence (K2 f)men approximates

f in the | - ||z2z norm.

Proposition 5.2.4. For every f € B2, and every m > 2, the following holds:

(K2 f)(21,20) = 16 f ayDiD3f (20 + 21,27y + ) dacdy.
1/m

1/m
Moreover,
| K flgz < C| f]loo log® m, (5.2.5)
where C' > 0 s a constant which does not depend on the choice of f, and
64

where

1/m 0 1/m 0
N f +J f +J sup |Dy Dy f (a+if3, y+id)| dady — 0, m — oo.
0 m 0 m B,0eR
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Proof. Let f € B2, and let 21,20 € C,, with 21 = @1 + iy, 20 = To + iys

. Applying
Cauchy’s theorem twice we obtain

J DlDQf Oé+Z5 ")/+Z(S)

dp déd
(z1 + a—iB)%(29 + v — i9)? &

J J D1D2f(a+lﬁ v+ i0)
(200 + 21 —

(a0 +1i08))%2(2y + 290 — (7 + 19))? dp do

=41 DiD; f(20 + 21,27 + 23),

so multiplying by ay and integrating,

(K2 f) (21, 20) = 16 f ayDiD3f (20 + 21,27y + ) dacdy.
1/m J1/m

Moreover, applying (3.1.4) we obtain

DD
(DyDoK2 ) (21, 2)] J/ f/ JJ “ 1Dofla+ By + 10| s 5 dedy
1/mJl/m

2+ a— i3z + v —id)?

4Jm Jm JJ Ciallflloo
< — = —dBdddad
T2 Jijm Jiym Jr Jr |21 + o= iB32y + 4 — 463 4 !

1601 1”fHoo f dOéd’}/
ym Jim (21 + a)? )2 (w2 + )%

so that

Um J1im (21 + @) (22 + 7)?

16011Hf||oo J dody
1/m J1/m

ary
< C|f| log™ m,

with C' = 64 Cy ;7 2. Finally, if f € B2, we have by Proposition 5.2.3

64
If = K2y = [Qa(DiDf - KE DDy = 1DDof = K bwn < (5 ) ()

]
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5.3 Density of LMy in other topologies

In Proposition 4.4.3, we estabished that £M ) is dense in B? in the topology of
uniform convergence of compact subsets. We now show density in a slightly stronger

sense; our discussion parallels that of [5, Section 4.1].

Proposition 5.3.1. Let g € W? and assume that g is supported by ([a,0) x
[—ib, ib])* = C%, with a,b> 0. Then Qg € LMs), and

165>
HQ(2)9HHP < HQHW
2
Proof. Since
1 ” (zta=iB)t g C
N t —(Z2TO—1 t E
(z+a—1iB)? JO ¢ ’ ® o

we have Q29 = L2)h, where

4t1t2 e — ity —~t b i(Bt1+6t2)
h(ti,ta) = —; arye thT gla+ B,y + i0)e’P1+9%) 43 45 dady.
Q a a —bJ-b

Thus Q29 € LM () and

o0 o0
1Q@ 9= J J \h(t1,t2)| dty dty
o Jo

4 0 o0 0 [0 b b
<= J J t1ts J f aye Tt f f lg(a + i,y + id)| dB dd dodry dty dts
™ Jo Jo a Ja —bJ-p

1652
< — J J tltgf J aye T2 qup |g(a + isy,y + isy)| da dy dty dty

Sl,SQER

162 i ) 1602
- J f a 'yt sup |g(a+dsy, v+ iso)| dady < 5 ——5 gl

s1,52€R
0
For f e B2 and n > 0, define Q2 f = Q) V, K\ Dy Dy f, so that
DDy f(a+if,v + id)
- dBdsdad C,.
(@) Lnﬁ/no”fnfn G+ a— i)+ a0 0P s e by

Proposition 5.3.2. For every f € BZ,
Qﬁf S £M(2)7 ne N,
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and
T [(Q2F)(1,22) — £ (21, 22)] = 0,

uniformly for all z1, 2, € Cy with |Im 21| + |Im 25| < ¢, for any ¢ > 0.

Proof. Since DD, f € W?2, it follows from Proposition 5.3.1 that Q(Q)VnKr(?)DlDQf €
LM ). By Proposition 5.2.3,

sup (QeyK P DDy f) (21, 22) — (Qn f) (21, 22))|

| Im 21 |[+] Im 22| <c

64

T2

64
< 5 S(KP DDy f) <

n
7-‘-2

Sp(D1Dof), n>c.

Note that Q(Z)K,(LQ)DIDQf — f € B2; hence combining Remark 3.4.3 and (5.2.6) we

obtain
©) 2) 64
Q)K" DiDaf — flo S Q) K DiDaf — fllge < — Rulf)

2
Consequently,

sup ’f(ZhZQ) - (Qﬁf)(zlazm < % (Sn(D1D2f> + Rn(f))> n>c.

| Im 21 |+] Im 22| <c

5.4 Semigroups on B? and £?
We have seen in Section 4.2 that the two-parameter semigroup of shifts on B2
(TBQ(a7b)f)(ZlyzQ) :f(Zl-f—CL,ZQ-f—b), CL,bER+.

plays a distinguished role in considerations on spectral subspaces and related matters.
We will now show that shifting f within the pairing (g, f)52 yields the same result as
shifting g.

Proposition 5.4.1. Let f € B?, a,be R, and Tg2(a,b) be as above. Define Te2(a,b)
on E? by

(Te2(a,b)g) (21, 22) = gla + 2z1,b+ 2), ge &>
Then

(Te2(a,b)g, frs: =g, Tp2(a,b) f)p2, a,beR,.
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Proof. Let f e B2, x1,75 > 0, and let
h(Zl, ZQ) = Dngg(a +x — 21, b + Ty — Zg)Dlsz(l’l + 21,2 + ZQ)

for —r; < Rez; < 21 + Rea, and —x5 < Rezy < o5 + Reb. Since f € B? and g € £2,

we have that

f |D1Dgg(a + T — iyl, b + Ty — iyg)Dngf(ZEl + iyl, To + Zy2>| dyl d’yg
R2

< f |D1Dgg(a + X — iyl, b + X9 — Zy2)| sup |D1D2f($1 + iSl, To + ’i82)| dyl dyg
s1,52€R
R2

< sup |Di1Dyf(z1 + is1, 22 + i52)| - ||g]le2,

s1,52€R

with the product in the last line being bounded for almost any choice of x; and ws.

Moreover, since

© (oo lgle
DiDagla+ w1 —ty — iyr, b+ @y — t2 — iys)| dyr dys < ’
fo L [D1Dagla+ 2y — b — iy, b 22 — by — i)  dy dys (a+z1 —t)(b+ 22— t2)

1 f1le0
(l‘l + tl)(l’g + tg)’

|D1D2f(.731 + tl + iyl, To + t2 + 2y2)| <

we obtain

J.J

b pra
[ lgles 1 s =
o Jo (xl +t1)(a+a:1 —t1)<x2+t2)(b+x2—t2)

b ra
J f h(tl + iyl, ty + Zyg) dtl dtg dyl dy2
0 JO

Consider now a double contour integral around a product of two rectangles with
vertices at +iy, and a + y,, and +iy, and b + 1y,, respectively. Taking suitable

yn — o0 and noting that, by Cauchy’s theorem, the contribution from the horizontal
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parts of the contour tend to 0, we conclude that

J f Dngg(CL + T, — iyl, b + To — yl)DlDQf(l'l + iyl, ) + Zyg) dyl dyg
R JR
= f J‘ Dngg(a + 1 — iyl, To — yl)D1D2f<CCl + iyl, b + T + ’Lyg) dyl dyg
R JR
= J f D1Dog(x1 —iy1, b+ o — y1) D1 Do f(a + z1 + iy1, T2 + iy2) dyr dys
R JR

= f J DlDQQ(LL’l — iyl, To — yl)DlDQf(ax +x1 + iyl, b + X9 + 2y2> dyl dyQ
R JR
Consequently, this shows that
<T52 (CL7 b)g7 f>32 = <T52 ((l, O).g) TB2 (07 b)f>32

= <T52 (07 b)gv T2 (CL, O)f>82 = <g, Tp2 (CL, b)f>827

as required. N

If 21,29 € C4, a,b € Ry, we have two formulas for f(z; + a1, 29 + a3), obtained by
either shifting the resolvent function or the function f itself. On the one hand, by
Proposition 5.1.1,

2 2 4
f(zl +ay, 29+ a2) = f(OO, OO) + ;<rz1+a1> f1>Bl =+ ;<rz2+a2> f2>Bl + F<Tzl+a1,zz+a2a f>82~

On the other hand, once more by Proposition 5.1.1,

2 2 4
f(z1+ar, mtaz) = f(o, OO)+;<7"Z1 ,Ti(ay) fi)m +;<7”ZQ> T (az) f2)p +;<Tz1,zy Tg2(ay,a2) f)ge.

Proposition 5.4.1 then allows us to establish that this does not lead to an inconsis-

tency, i.e. that these two representations agree with each other.

Corollary 5.4.2. Let f € B2 If z1,2,a,be C, then

2 2 4
fz1 +a,z+b) = f(o0,0) + ;<7"z1+a> fios + ;<7”ZQ+b, fo)p + F<7ﬂ(zl+a,zz+b)a [one

= f(o0,0) + %<TZI,T32(CL, b) fiys + %(rZQ,TBz(a, b) formt + %O‘Z,ng(a, b) sz

Proof. This follows immediately from (5.1.1), Proposition 5.4.1 and [4, Remark 2.21].
[
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5.5 A closer look at the duality between B? and &2

The partial duality defined in Section 4.3 induces a bounded linear mapping
£ 39— g, m € (B°)*.

By restricting the functional {g, )z to the subspace B2, we obtain a bounded linear

mapping ¥s: from £2 to (B2)*, given by

(Usg)(f) =g [y, ge & feB.
We shall see that the range of Wgo is not norm-dense in (B2)*. Namely, we have
Proposition 5.5.1. The range of Vg2 is not dense in (B2)*.
The proof is similar to the one variable case ([4, Proposition 2.22]).

Proof. Suppose that the range is dense in (B2)*. Take f € G* and let s5f be as in
Proposition 4.3.1. Then Proposition 4.3.1 shows that lims_o; ¢¥(5f) = ¥(f) for all
¥ in the range of WUgz.. Note that the functions sf form a bounded subset of G2,
so convergence for all functionals ¢ in the range of Wz implies convergence for all
functionals in the closure of the range; which, by assumption, implies convergence for
all functionals in (B3)*.

By Proposition 4.4.1, 5f € LM s). This would imply that LM sy is weakly dense
in G, and thus in B§. By Mazur’s theorem, £M ) would be norm-dense in Bj.

But this would contradict Proposition 4.4.2. Thus, the range of W2 is not dense in
(B3)* O

Let & = {g € & : g(z1,0) = g(©, 25) = 0}, with the norm [ - |z which coincides
with || - [¢2 on &2. Identify the dual (£2)* with the space of linear functionals in
(£%)* which annihilate the functions of one variable. Our duality then provides a
contractive map We: from B? to (2)*. The following is a two-dimensional analogue
of [4, Proposition 2.23].

Proposition 5.5.2. The range of Vg2 is not norm dense in (E3)*.

Proof. Let (Tp2(t1,t2))t, 1,50 and (Te2(t1,t2))e, 1,50 be as before. Suppose that the

range of We2 is norm-dense in (£2)*. We obtain

(Te2(t,0)g, frr: = {9, Tp(t,0) f)r2 — {9, f)B2,
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as t — 0+, by Propositions 4.2.2 and 5.4.1. It then follows that
Jim ¢(Te2g) = 9(g),

for all ¢ € (£2)* and g € &. By [15, Proposition 1.23], this implies that

Jim [ Tex(t,0)g — glex = . (5:5.1)
for all g € &. Consider now
1
9(z1, 22) P

We have that

o0 o0
ﬂ%=swaw4“fmeMm+%wrmmmm@2
0 0

z1,22>0

0
sup rq f
x1>0 0

since £ € ' by [4, Examples 2.17(1)], so that g € £F. Estimating directly

1
(.CCl + iy1)2

1
(LCQ + iy2)2

00]
dyy - sup xzj dys < o0,

x2>0 0

|Te2(a,0)g — gz

o 1 1
= sup 1% : : — - , dy, d
zl,xgp>0 ! QL L (x1 4+ 1y1) 2 (29 + 1y2) 2 (g + iya) 2 (@ + x1 + iyp) 2 e
JOO 1 d JOO 1 1 d
= Sup x —_— - Sup T ; - B
B A [ B Al N [ E R PR el R

= |roes 'sugsJ(s; 1) >0,
§>

where (as in the proof of [4, Lemma 2.18(3)])
* 1 1
J(z1; a) =f

o (@1 +1y1)2 B (@ + xq +iy;)?2

dy,

so that z;J(x1;a) = sJ(s;1), with s = x1/a. Hence, (Tg2(t,0)):=0 is not strongly

continuous, which contradicts (5.5.1). O

5.6 Convergence lemma

In [5, Lemma 8.1], the authors obtain a convergence lemma for sequences of functions
f, in the Besov class B!. The result applies only to sequences of functions satisfying
the following auxiliary condition: for any r > 0,

)

lim | sup |f,(a+iB)|da =0 (5.6.1)
6—+0 0 |Bl<r
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uniformly in n. The condition (5.6.1), while perhaps somewhat artificial, appears
to be crucial for the proof, and it is valid for examples (cf. [4, Examples 4.16], [5,
Theorem 8.4]). The following result is intended to be viewed as a natural analogue
of [5, Lemma 8.1]. Our assumptions (5.6.2) and (5.6.3) play the roles of [5, (8.5)] and
[5, (8.6)], respectively.

Theorem 5.6.1. Let (fn)nen € B? be such that sup,s; | fallgz < 0. Assume that for

all z1,z9 € C, there exists

fo(zl, ZQ) = 7}1—{{.10 fn(Zl, 22) € (C, (562)

and for every r > 0 one has

lim J sup |D1Ds fr(a + 18,7y + is)| dady = 0, (5.6.3)
=0+ |8|<r

0<a<5|ﬂ<r
or
0<y<d

.
lim sup | Dy fo(ov + 8,y + is)| dady = 0, (5.6.4)
6—0+ J 18]<r

0<a<6|ﬂ<r
or
0<y<o

.
lim sup | Dy fr(a + 8,y + is)| dady = 0, (5.6.5)
6—0+ J 18|<r
0<a<§|ﬂgr
or

0<y<d

uniformly in n. Suppose further that g € B2, and that fori = 1,2,
D;g is bounded , D;g(z1,22) — 0, ¢g(z1,22) >0 as |z1]| + |22 = 0, (5.6.6)

and that

0

Gra(a) = J sup |Dag(a + B,y +is)|dy — 0 as a — o0,
0 fB,seR

0
Ga1 (@) =J sup |Dig(a +iB8,v +is)|da — 0 as v — o0.
0 pB,seR

Let g,(z1,22) = (21, 22) fu(21, 22), n = 0. Then fo€ B* and
lim ||g, — gollzz = 0.
n—0

Proof. Note that g € B with limy,, 4|20 [9(21, 22)] = 0, and for all A, Ay € Cy
we have lim,| o |g(21, A2)| = 0 and limy, o |g(A1, 22)| = 0. Since bounded subsets
of B? are relatively compact in the topology of uniform convergence on compact

sets (see Proposition 3.4.5), there is a subsequence of (f,,)nen Which converges to a
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function in B? uniformly on compact subsets, and since that function must be fo,
fo € B?. Assuming without loss of generality that f; = 0, we need to show that

lim,, o0 |gn/|5z = 0. Consider

o0 o0
f J sup |Di1Dsgn(21,22)| dox dry
o Jo

Rezi=«
Re zo=v

{-OO 0
< f sup |D1D2fn(21722)9(21,z2)|dOé dry

JO 0 Rezi=«a
Rezo=v

00 o0
J sup ’len<zla Zz)ng(Zh 2’2)| dacdry

0 0 Rezi=«a
Re zo=7

_|_

00 o0
+J J sup |Da fr(21, 22) D1g(21, 22)| docdry

0 0 Rezi=«
Re zo=vy

[0 OO
J sup | fu(21, 22) D1D2g(21, 22)| dadry

0 0 Rezi=«a
Re zo=v

+

=1,+J,+ K, + L,.

We shall estimate each of the four terms separately. Let 0 < § < r. Beginning with

I,,, we have

© o
I, = J f sup |D1D2fn(2’17 22)9(217 22)| dovdy
0 0

Rezi=a
Re zo=v

+ gl ff ‘SUP | D1 Dy fo(a + i3,y + is)| dacdy

Bl<r
dIsasr |s|<r
d<y<r

+  sup |g(z1, 22)| ff sup | D1 Do fn(a + i,y + is)| dady

|z1]+]22|>7 |8|=r
0<a<r or
0<y<r |s|zr
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+  sup  |g(z1, 22 \f sup |D1Dsyfp(c + i3,y + is)| da dy

\z1|+|zz|>7’ B,seR
a/r

'Y>T
=idp + ]n’g + In,3 + ]n,4'

Note that

Ing+Ina < sup ’9(21722)”|fn||3(2)<0 sup  [g(21, 22)l,

|z1]+|22] =7 |z1]4]22|=7
and that [,» — 0 as n — o, by Vitali’s theorem [28, Corollary 1.2.6] as applied to
DD, f. Hence,

limsupl, < C  sup |g(z1,29)]

n—0o0 |z1|+|z2]| =T

Letting 6 — 0+, we obtain from the assumption (5.6.3)

limsupl, < C sup |g(z1, 22)|.

n—o0 |z1|+]|22| =T

By (5.6.6), letting r — oo yields lim,,_,,, I, = 0. Consider now

= [ [ 0 1o Dagta o
0

Rezl o
Re zo=v

I

Jf sup | Dy fn(a + 18,y + is)Dag(a + i3,y + is)| do dry
|Bl<r

0<a<6 |s|<r

0<7<5

Jf sup | Dy fo(a + i,y + is)Dog(a + if8,y + is)| da dry
|Bl<r

6<o¢<7" ls|<r

§<7<T

Jj sup |Dyfu(a+iB,y +is)Deg(a + 15,7y + is)| da dy

B,s€R
a>r
veR+
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ff sup | D1 fu(a+ 8,7 +is)Dag(a + i3,y + is)| dady
B,seR

CMER+
y>r

J] sup | Dy fo(a + 8,y + is)Dag(a + i3,y + is)| da dry

CM<7‘ ‘ ‘>T‘

,y

|81=r

O(<7‘ seR

<T’
f sup |Dy fo(a + i,y + is)Dag(a + i3,y + is)| da dry
'y<r

=dJdp1 T Jn,Q + Jn,3 + Jn,4 + Jn,5 + Jn,ﬁ.
We have

Jn1 = Jf sup | Dy fo(a + 18,7 +is)Dog(a + if, v + is)| dadry
|8]<r

0<a<6 |s|<r

0<'y<6

< [ D2gllo ff sup | Dy fo(a + 8,7 +is)| dady

|8]<r
0<a<6 |s|<r

0<v<6

HDggﬂwsup J:[ sup |Dy fr(a + 18,y + is)| dady = T
B<r

0<a<6 |s|<r

0<,y<5
As for J, o,

Ino = fj sup | Dy fo(a + 18,7 + is)Daog(a + i,y + is)| da dy
|B|<r

(5<a<r |s|<r

5<'y<r

< [ Daglle ﬂ sup D (e + i+ is)| dady — 0 s — o0,

1Bl<r
6<a<r \s\<'r

5<*y<7’

Since | Daglles < o0 by (5.6.6), the last line follows by Vitali’s theorem
By (5.6.1)

J, 3 < G12(T>an||32 < j3 = C . G12(T) - 0, as r — 0.
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Similarly,

Ina = ff sup |D1fu(a+iB,y +is)Dag(cv + i3,y + is)| dady
B,s€R

QER+
y>r

< f sup D1 fuler + i, )| Giay (@) dov,
BeR 4
a€R z9eCy

where

Gror(a) = J sup |Dag(a+iB,7y +is)|dy.
BvSER‘F
y>r

Consequently,

Jpa<C f sup |Dog(a+i8,v+is)|dy < C J sup | Dag(z1, vy + is)| dy =: Jy.

B,seR 4 z1eC4
y>r Y>r seR.

Let us now turn to J, 5.

BER
0{<'I’ | |>T’

Ins = fj sup | D1 fo(a+ 8,y +1is)Dag(a + i,y + is)| dadry
<7’

’Y

< J sup | D1 fn(a +if, 20)| f sup |Dag(21,7 + is)| dady.
BeR z1eC4
a<r zpeCy y<r |s|=r

Since g € B? and by (5.6.6)

J sup |Dseg(z1,v +is)|dy < oo, and  sup |Dag(z1,y +is)| \\ 0, asr — .
z1€Cy z1eC4
yeR4+  seR [s|=r

Thus
Jns < Js=C- J sup |Dsg(z1,v +is)|dy — 0 as r — .

21EC+
V< |s|=r
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Finally, as for J, ¢,

|B]=r

Oé<’r’ seR

W

Ine = ff sup |Dy fo(a + 8,y + is)Dag(a + i3,y + is)| do dry
<'f'

< f sup | Dy fu(a + i3, 29)] J sup |Dag(a’ +i8,~v + is)| dvy da.
=r seR
a<r 2‘256|E+ y<r a€6R+

|8]>r

00]
<C- J sup |Dag(a’ + i,y +is)|dy =: Js.
0 seR
a’eRy

18]>r

The last integral is finite for » = 0 since g € B?, decreasing in r and tending to 0 so

Jn — 0 asr — o0. Now

Jp < Ji+ Jno+ Js+ Ju+ Js + Js.

Taking first n — oo, we have J,, o — 0, hence
limsup Jn < jl + jg + j4 + j5 + jﬁ.
n—ao0

The bounds on all terms on the right-hand side depend on r; in addition, the bound

on J; depends also on 4, i.e.

< | Daglloo sup ff sup |Dy fr(a + 18,y + is)| dady.

|8|<r
0<a<5 |s|<r

0<’y<5

Letting § — 0, we obtain by (5.6.5)

limsup J, < jg + Jy + j5 + jﬁ.

n—0o0

Finally, taking » — o0, we have

limsup J,, = 0.

n—0o0

The exact same reasoning, with the roles of z; and 2 swapped, and using (5.6.6) and
(5.6.1), leads to the conclusion that K,, — 0 as n — . As for L,, let § € (0,1),
r > 0, and take Cyy = sup,,oy || fullo- Let

Ss = (6,1/8) x (5,1/5).
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Then

J f sup | fn(z1, 22)D1D2g(21, 29)| dov dry

Rezi=a
Re zo=v

Jf sup | fola+1i8,vy +1is)D1Dog(a + 18,y + is)| da dy
B,seR

R3\S;5

JJ sup |fu(a+ B,y +is)D1Dag(a + i3,y + is)| da dy

18] <r
S5 Jsl<r

JJ sup |fo(a+ B,y +is)D1Dog(a + i,y + is)| da dy
|,3|>7“

ls \>T
=: Ln,l + Ln,2 + Ln,3~

Looking at L, ; first,

limsup L, ; = limsup Jf sup |fu(a +i8,v + is)D1Dag(a + i3,y + is)| dady

n—00 n—00 3,s€R
R%\Ss

Jj sup |D1Dag(a + i3,y + is)| da dry,
B,seR

R3\Ss

which tends to 0 as § — o0, since g € B2, so that

lim L,; = 0.

n—0o0

Now,

L,s= Jf sup |fo(a + B,y +is)D1Dag(a + i3,y + is)| da dry
|Bl<r

S5 |sl<r

< sup |Di1Dag(a+ i3,y + is) \Jf sup | fu(a+if, v + is)| dady

O!,’Y>6 ‘ <r
B,seR Ss |s|<r

—0 asn— o0,

where the last line follows from Vitali’s theorem [28, Corollary 1.2.6] applied to f,,.
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Finally,

L,s= ff sup |fula+ 4B,y +i8)D1Dag(a + i3,y + is)| da dry
|/3\>7“

|s|>7'

< Cy stup |DyDog(a + i3,y + is)|dady -0 asr — oo,
|B|=r
Ss oOr

|s|=r

Hence

limsup L, < Cy q sup |D1Dog(a + 18,y + is)| dady
n—00 J 3,seR
R%\Ss

+ Oy ﬂ sup |D1Dag(a + i3,y + is) dadry.
|B|=r
or

Ss
|s|=r

Letting r — o0,

limsup L,, < Cy, Jf sup |Dy1Dag(a +i8,7y +is)| da dy.
n— B,seR
. Ri\Sg ©
And letting  — 0, we see that

lim L, = 0.

n—00
We have shown that g,z — 0 as n — o0. Since (gn)nen < Bj, and by Remark

3.4.3 the norm | - |z is equivalent to | - [zz on Bj, we are done. O

In Theorem 6.5.1 we will obtain a convergence result for operators applying the above
result with g(z1,22) = (14 21) 11 + 22) 7!
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6 The B2-calculus

6.1 Definitions and setup

Let Ay, Ay be closed commuting operators on a Banach space X, with D(A;) n D(A,)
dense in X. We shall assume throughout this section that o(A;) = C,, i = 1,2, that
both operators satisfy

supaf (o —if + A) 2w, a*)|dB < o0, i=1,2, (6.1.1)
R

a>0

for all x € X and z* € X* and that the following holds

sup oy JR JR (e — i+ Ay) 2 (y — i + Ag) 2w, 2*)| dB dd < oo, (6.1.2)

a,y>0

for all x € X and x* € X*. By the Closed Graph Theorem, there are constants c;
and ¢y such that, for all x € X and z* € X*

—supaf (@ —if + A) 2w, 2*)| dB < || |z*], i=1,2. (6.1.3)

a>0

Similarly, it follows from (6.1.2) that there exists a constant ¢; 5 such that, for all
r € X and 2% € X*

—GﬁmaT[JKa—w+A) 2(y — i645) 2z, 2| dBdS < cralz||]. (6.1.4)

a,y>0
Note that (6.1.1) says that, for all x € X and z* € X*

00z (i + Ay, = 1,2, (6.1.5)

belongs to the class £, as defined in [4, Section 2.5]. Correspondingly, (6.1.2) states
that, for all z € X and z* € X*

082 ¢ (21, 20) = (21 + A1) (2 + An) a2 (6.1.6)

belongs to the class £2 in the sense of Chapter 2.
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We let 4, be the smallest value of ¢; such that (6.1.3) holds, i.e.
— 2 (%) ) — lz* =1
Ya; = = sup{llgsley - 2] = ™l = 1}.
Analogously, we define
_ 4 W21 il = ] =
Yar Ay = —5 SUP gy 0n ez + 2] = ™[ = 1}.

Example 6.1.1. Suppose that —A; and — A, generate commuting bounded Cy-semigroups
on a Hilbert space X. Then it follows from [4, Examples 4.1] that both operators
automatically satisfy (6.1.1). By a similar argument we see that they have to satisfy
(6.1.2) as well. First, by applying Plancherel’s theorem in the Hilbert space L*(R%, X)

with o,y > 0 we obtain for any x € X

foo foo (o —iB + Ay) "My — 6 + As) "'z ?dB db
0 0

o0 oo 7T2K2 K2
- 47T2f f e 2N eT T (1) Ty ()| diy dty < ——2—22 ||,
0o Jo ary

where K4, = sup, |T5(¢)|, ¢ = 1,2. Similarly, for y € X we have

|| e ap - is 4 a3y ylas as
0 0

0 o0 7.‘.2[(2 KQ
= g2 fO fo e T ()T () dty dty < =y

The Cauchy-Schwarz inequality then yields

oy JOO Jm (o — i+ A1) (7 — i + As) 2z, 2| dB do
0 0

= ay JOO JOO [((a =i+ A) Ty —id + Ag) o, (o + i+ AF) My +i0 + AY)ta*)|dB d6S
0 0

< K3, K, )],
(6.1.7)

where A¥ is the Hilbert space adjoint of A;, with 7 = 1,2. Since the right-hand side

of (6.1.7) does not depend on the choice o and +, the conclusion follows, that is

2 2 2
YA; §2KA“ YAi1,As <4KA1KA2'
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Example 6.1.2. Suppose now that both —A; and — A, generate sectorially bounded
commuting holomorphic semigroups. Then it is easy to see (cf. [4, Examples 4.1(2)])
that both operators satisfy (6.1.1) and (6.1.2). For the sake of completeness, we give

an explicit argument concerning (6.1.2) below. We have

[(e 4B+ A)) 7| < MayJe+ Bl

[(v + @6 + As) | < M|y + 6],

where M4, and M4, are the sectoriality constants of A; and Aj, respectively, i.e.

My, = sup.cc, |2(z + A;)7'||, i = 1,2. Hence,

oz’yf f (o — i+ Ay)2(y — i6 + Ay) 2z, 2| dB do
R JR

< M2 M2 . gl daf a« (6.1.8)
3 Jalle) | s [ s

2072 g2
< My, My, |z 2*].
This yields
VA S QMEAN VAL, Ay S 4M311Mi2
We now state our definition of the B2-calculus.

Definition 6.1.3. Let f € B%,x € X,2* € X*. Let Ay, Ay be closed commuting
operators on a Banach space X, with D(A;) n D(Ay) dense in X with o(A;) < Cy,
i =1,2, and assume that Ay and Ay satisfy (6.1.1) and (6.1.2). Define

<f(A17A2)I',ZE*>
= f(OO, OO)<'I7$*>

2 (* ) ) #\ o/ .
—%JO ajR<<a—zﬁ+A1> z,2")f{(a +i8) dB da

. (6.1.9)
—%J aJ<(a—iﬁ+A2)2$7$*>f£<04+i5) dfs dev
0o Jr

* %Jw fo ‘”MR«a — i+ A1)y = 6+ Ag) a2

X D1 Do f(a+ i,y +id) df db dadr,
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for all x € X, 2* € X*. Here, fi and fy denote (cf. Proposition 3.2.2 above)

filz) = lim f(z1,22),

€ 29—0

fa(z2) = limoof(zl,zg).

Rez1—

Note that using (6.1.5) and (6.1.6) we can write equivalently:

2 2 4
(F(Ar, Ay, a®) = f(0,00), 2™ + —(gha fom + —Cg. 00 Jo)sr + {00 Pes.
(6.1.10)

It is easily seen that this defines a bounded linear mapping f(A41, A3) : X — X**,
and that the linear mapping

(I)ALAQ(f) : 62 - ,C(X,X**)7

[ f(AL, Ag),

is bounded. More precisely,

1f (A, Ag)|| < [f (00, 0)[ + va, [ fill sy + vzl f2ll By + Vs, 400l fll 2

< (YA, + 745 +74,4) | fl2

If Ay and A, satisfy (6.1.1), then they are negative generators of Cy-semigroups
(T1(t))t=0 and (T5(t))s=0, respectively (cf. Theorem 2.1.10 and the discussion in Sec-

tion 2.3). In such case it is meaningful to consider the mapping

M(R2) 3 pu— . Ty (t) To(ta)dp(ty, to), (6.1.11)
+
where the integral is in the strong operator topology, to which we shall refer as the
two-dimensional Hille-Phillips calculus. It is then immediate that each operator of
the form as in (6.1.11) is bounded with norm less than K 4, K4,. We will now establish
a simple but important consistency result between (6.1.10) and the two-dimensional
Hille-Phillips calculus as in (6.1.11).

Lemma 6.1.4. Let f € LM, [ = Lyp, and f(Ar, As) be defined as in (6.1.10).
Then f(Ai, Ay) coincides with the operator

T T(ty,te)xdu(ty, ty) = J

Tl (tl)Tg (tg)l‘d,u(tl, tz).
R2+ R2

+
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Proof. Suppose that f € Bf, f = Liyp for some p € M(R?%). Let f € B3, so that
u({0} xRy) = u(Ry x {0}) = 0, and we may thus consider x as a measure on (0, c0)?.
Then using (6.1.2), Fubini’s theorem and (2.1.3)

o et = | T m)e ) )

(0,00)?

oe]
o[ [ et ) T, ) dadutt)
(0,00)2 JO

o0 0
16| || atte s P () Talta), 5" dadydult
(0,0)2 Jo Jo

4 e} o0
== f J f aty e Btyelt?
™ Jo,0)2 Jo Jo

X f J {a—if 4+ A) 72 (y — 00 + Ag)2x, 2*)e e ™02 4B d5 do dry dp(t)
R Jr

X J titae”@F BN =0+ g (1) AR d5 dov dry
(0,00)2

= %@Sﬁ, -
The general case then follows by considering f(z1, 22) — f(0, 29) — f(21, ) + f (00, o)
and noting that f(z1,00) and f(o0, 29) are the Laplace transforms of measure p re-
stricted to Ry x {0} and {0} x R, respectively (with f(o0,00) = u({0,0})). O

As in Section 5.1, take

l—e™1—e*
n(z1, 22) = . . . sh(z1,22) = n(021,029). (6.1.12)
1 2

The following is an analogue of [4, Lemma 4.3] and is an operator version of our

Proposition 4.3.1.

Proposition 6.1.5. Let f € B2, and assume that f sn € LMy for all 6 > 0. Then

lim (f 51)(A1, A2) = f(Ar, As)

6—0+

in the strong operator topology. Hence, f(Aj, Ay) € L(X).
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Proof. Take 11(z1,22) = (14 21) (1 + 22)7%, so 11 = Lgye11, where e 1(z1, 22) =
e 772 hence r1(A;, Az) = (14 A1) (1+ Ay) L. If § > 0, 47 is the Laplace transform
of 5*2X[0’5]2(t1, ty). Note that (1 —e™%)(62)" (1 +2)"! = ﬁ(l)(((;*lx[oﬁ] xeq)(t)), and
that (6~ 'xjo,6 * €1)(t) converges to e; in L'(R.), due to the fact that the functions

6 X[0,5) form an approximimate unit for L'(Ry) as § — 0+. Since r; and 4n can be

viewed as the tensor products (1+2;) '®(1+25)~! and % ® %, respectively,

continuity of the mappings (cf. Section 3.5)
B31®f— feB,

B> f®l— feB,

together with the fact that the Laplace transform is a bounded algebra homomorphism
from L'(R,) to B! implies

| snr1 —rillgz — 0, & — 0.
It then follows from Proposition 4.4.1 and Lemma 6.1.4 that
(f smr1) (A1, Ag) = (f sn) (A1, A2)ri (A, Ag) = (f 5m)(Ar, Ag)(1+ Ay) 11+ Ap)
For x € D(A;A,), we obtain
(f sm) (A1, Az = (f 5nr1) (A1, A2)(1+ A1) (1+ Az)x — (fr1) (A1, A2)(1+ A1) (1+Ap)z.

Moreover, for 6 > 0, ||(f s1) (A1, A2)| < c|f| 2. Now, D(A;Az) = Ran((1+ A;)~*(1+
Ay)™h); since the range of (1 + A;)™1, with ¢ = 1,2, is dense, D(A;A,) is dense in X.
Hence, lims_,o+ (f sm) (A1, A2)z exists for every z € X. By Proposition 4.3.1,

<51i%1+(f s (A1, Ag)z, %) = 61if(1)1+<99(j;2>37f577>82 = (f(A1, Ag)z, 2%).

6.2 Main theorem

We now have all the ingredients necessary to prove our main result. In Theorem 6.2.1
we show that the map ®4, 4, has the essential properties of a bounded functional
calculus. We shall subsequently refer to ®4, 4, as the B?-calculus for (A, Ay). We

will show later (see Section 6.3) that the B2-calculus is essentially unique.

Theorem 6.2.1. The map P4, 4, : [ — f(A1, A2) is a bounded algebra homomor-
phism from B? to L(X).
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Proof. Let s4n be given by (6.1.12). If f € G, then f - ;n € LMy by Proposition 4.4.1,
so Proposition 6.1.5 applies to all such f. In particular ®4, 4, maps G* into L(X).
Since, by Proposition 4.2.5, G? is norm-dense in B3, it follows that ® 4, 4,(f) € L(X)
whenever f1(z1) = fa(z2) = 0. Since P4, 4,(fRL) = f(A1) and Py, 4,(IQf) = f(A)
for any f € B, it follows from [4, Theorem 4.4] that ®4, 4, maps B? into L(X).
Consider now f,g € G2. Take 6,8 > 0. We have

(f sm9 5m) (A1, A2) = (f s1)(Ar, A2)(g 1) (A1, Ag).

Letting first ' — 0+ and then § — 0+, and using Proposition 6.1.5, we obtain
(f9)(Ar, Ag) = f(A1, A2)g(A1, Ag). O

Ezample 6.2.2. If f € B2, then by Lemma 3.8.1, f®) (21, 20) = f(21 + 20) is in B2. Let
A, and A, be sectorial commuting operators on X such that w4, + wa, < 7, where
wa is the spectral angle of A (Definition 2.2.1). In view of Lemma 3.8.1, we can now
define, for any f € B', the operator f®(A;, Ay) in accordance with the B?-calculus.
It is well known that the operator A; + A,, while necessarily closable, may in general
fail to be closed. The operator A; + As is guaranteed to be closed, for instance,
when X is an UMD space and both A; and A, admit bounded imaginary powers,
in virtue of the Dore-Venni theorem (see e.g. [25, Theorem 9.3.11]). That said, we
may always consider the closure A, + A, instead and define f (M) in the one-
dimensional B!-calculus. One can then ask if the two definitions agree, i.e. whether
the operator f((A;, Ay) defined in the B2-calculus is the same as f(A; + Ay) defined

in the Bl-calculus. The next proposition shows that this is indeed the case.

Lemma 6.2.3. Suppose that f(z) € B! and let f)(21,2) = f(z1 + 22). Then the
operator f (A, Ay) defined in the B*-calculus equals f(A; + Ay).

Proof. Assume first that f = Ly for some p e M(R,). We then have for 21,29 € C

f(21+22)=f

e_t(z1+zg) d,u(t) _ f e—(t121+t222) dﬁ(t1,t2)a
Ry

R
with i(E) = u(¢ ' (E)) for E in the Borel o-algebra of R% and ¢ : R, — R? given by
q(t) = (t,t). Then, in view of [4, Lemma 4.2] and Lemma 6.1.4, for x € D(A;)nD(A,),

FT A = |

Ry

A () = [l t) = £ (A A,

2
RY
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so that the two definitions agree, by density of the domain and boundedness of the
calculi. If f(z) € G', then f ;g € LM, with ;9 = 1_5;52 by [4, Lemma 2.13|, and
(f 59)(2)(2’1, 23) € LM 2), so that

flAr+ Ap) = lim (f 59) (A1 + Ap)e = lim (f 59) P (A1, Ag)z = fP(Ay, Ag)z,

by [4, Lemma 4.3] and Proposition 6.1.5. Since G' is dense in B}, the result holds for

all f e B2. In the general case, it suffices to consider f(z) — f(o0) and observe that

(AL + Ag)x = (f — f(0)) (A1 + Ag)z + f(0) (A1 + Ag)z
= (f = f(0)@ (A1, Ag)z + [P (o0, 0)x

= f(z) (Al, AQ)ZL‘

6.3 Necessity and uniqueness

In the present section, we shall be concerned with the optimality of the B2-calculus.
Firstly, we shall see that the resolvent assumptions (6.1.1) and (6.1.2) are optimal,
and secondly, that the calculus is uniquely defined, so that it is necessarily given by
the reproducing formula (6.1.10).

Let (A, As) be a pair of closed commuting operators on a Banach space X, with
dense domains, and assume that o(4;) U 0(A43) < C,. An abstract (bounded) 32-

calculus for (Ay, As) is a bounded algebra homomorphism
B — L(X), (6.3.1)
such that
P(M+2)'@D) =M +A4) AN +2)) =N +4)" (632

We say that the pair (A;, Ay) admits a B*-calculus in case there is a homomorphism
¢ such that (6.3.1) and (6.3.2) hold. We have the following result concerning the

necessity of our resolvent assumptions.

Theorem 6.3.1. Let Ay and Ay be commuting operators on X with o(A;) < C,. for

i = 1,2, and assume that the pair (Ay, As) admits a B?-calculus ®. Then the resolvent
assumptions (6.1.1) and (6.1.2) hold.
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Proof. We only provide an explicit argument for (6.1.2). As for (6.1.1), consider for
instance the embedding of B! in B? given by f — f®1. Then ®(f®1) is a B-calculus
for Ay, and [5, Theorem 6.1] yields that (6.1.1) holds for ¢ = 1. The same reasoning
with A; and f ® 1 replaced by As and 1 ® f, respectively, establishes that (6.1.1)
holds for ¢ = 2 as well.

Let ¢ be a continuous function on R? with compact support, and let K, ., be
given by

e p(8,0)

Ragplar22) = L,O LO (21 +a—iB)(z + 7 — i0)?

We showed in Proposition 4.2.2 that the two-parameter semigroup

dﬁ d5, 21,22 € C+. (633)

Tp2(a,b)f(z1,22) = f(z1 + a, 22 + D),
is a product of strongly continuous semigroups on B2. Since the function
A1, (2’1, 22) = (2’1 + )\1)_1(2’2 + )\2)_1

is a product of two functions in B* (cf. [4, Examples 2.12(2)]), 7y, », is itself in B? for

all A1, Ay € C,. Hence the function
R? 5 (8,0) = 72 g is (6.3.4)

belongs to C'(R? B3) for every a,y > 0, and is bounded. Indeed, the continuity
follows of (6.3.4) follows from the continuity of A — r) considered as a mapping from
R to B!, the continuity of f — f® 1(or 1 ® f) viewed as a mapping from B! to B2
(see Section 3.5) and then the continuity of multiplication in the Banach algebra B2
(see Section 3.3).

This establishes that

f f D800y s dBdb

exists as a B?-valued Bochner integral. Since the point evaluations are continuous in

the B?-norm, we obtain

o0 0
f f DB, 605z, ) AB 6 = Koy (2, 22).

Note that ¢ is compactly supported and continuous, so by the Dominated Conver-

gence Theorem K, - ,(21,0) = Kq,,(0, 29) = 0 for any 21,2, € C. We have

[ (8,9)
DDy K =4 )
1D K y,0(21, 22) f_oo J_OO it a—if) (st v — ) dpdd, z1,z0€C,
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Hence

|D1Ds Ko oy (21 + iy1, T2 + iy2)]

) dg @O do
< 4l fw (@1 + @) + (B — y)?)*" f_oo (w2 + )7 + (6 = 12)°)°"

4|l * dn © dm
< e
(21 + @) (z2 +7)? ) oo (L +78)%2 )y (1 +75)32

_ 16 ] -
(11 + @)?(xg +7)?’
so that
2
||K0c,%<pHB§ < a_,y”@Hw- (6.3.5)
Moreover, we have
© o dg © o dy 72
arole <lele | =25 ST5-Tlele 630
If ¢ is a B?-calculus for (A4;, As), then
o0
BKons) = | (A= 5)2(Aa 4 = 8)0(5.6) A3 b,
—0

Hence, by the boundedness of the calculus,

o0 o0
\ [ cara=in 2 -0206.0) 5 dé\ < 1B K
for all z € X, 2* € X* with ||z = ||2*| = 1. By (6.3.5) and (6.3.6),
- \ [ [ aniraminy 2 sn -0 2ne(5.0) 05 dfs\
—o0 J—0
< 1Bar| Kangla < (16 + 72)|@]l] o

Since the continuous functions with compact support are weak*-dense in L*(R?), it
follows that (6.1.2) holds. O
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Having proved the necessity of our resolvent assumptions, the following question
addressing uniqueness of B?-calculus is natural. If commuting (bounded) negative

semigroup generators A; and A, admit B?-calculus, then is the calculus given by

(®(f)z, 2*> = f(o0, ) + %<<(. A7, A
b2 A ) P+ (U AT A 05, P

for all z € X and z* € X*?

We show that this question has a positive answer.

Theorem 6.3.2. Let Ay, Ay be commuting operators on X with o(A;) uo(Ay) < Cy.
If the pair (A1, Ay) admits a B*-calculus @, then ® is unique.

Proof. Note first that the functions e, q,(2,22) = e~ **17%% for a;,a; > 0 span a
dense subspace of L'(R%) (this follows from the uniqueness of Laplace transforms for
functions in L*(R?) considered as the dual of L*(IR?) together with the Hahn-Banach
theorem). Since L£2)€4,.0, = (21 + a1) (22 + a2) ™!, ®(L2)9) is uniquely determined
for every g € L'(R%). Let f € G* and g € L*([0,7]?) < L'(R%). By Proposition
4.4.1, fL)g is also the Laplace transform of a function in L'(R?%). Thus ®(L2)g)
and ®(f)®(L(2)g) are both determined uniquely. It follows that ®(f) is uniquely
determined on the range of ®(L(2)g). In particular this implies that ®(f) is uniquely

determined on vectors of the form
J J eftleftle (tl)TQ (tg)I dtl dtg,
o Jo

and hence on (1+ A;) ' (14 Ay) 'z, Here (T (t))i=0 and (T5())s=0 are the semigroups
generated by —A; and — Ay, respectively. Since A; and As are densely defined and
commuting, it follows that ®(f) is uniquely determined for all f € G2. By the
density of G? in B2, ® is uniquely determined on B2. Recall that (cf. Section 3.5)
My ={g®1:geB} cB>and My = {1 ®g:ge B'} « B2 Hence ®(f ® 1) and
®(1® f) are uniquely determined for all f € B} by Theorem 2.3.12. O

6.4 Spectral inclusion and mapping

In the one-dimensional case, as noted in [4, Section 4.5], given a semigroup generator
—A and a functional calculus T, the full spectral mapping theorem typically fails,
and we are left with the inclusion f(0(A)) < (T a(f)). In the present setting, the
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situation is further complicated by the existence of several types of joint spectra of
families of commuting closed operators (see [35] for a discussion). We shall establish
below that, for a particular notion of the joint spectrum, the spectral inclusion theo-
rem for B2-calculus holds.

Let —A; and —A, generate bounded commuting Cy-semigroups (7} (t));=0 and
(T5(t))¢=0, respectively, on a Banach space X. Denote by A the Banach algebra gen-
erated by all the operators f(A;, Ay), with f € B2, and all their resolvents. Then A
is an abelian subalgebra of L(X') and contains R(\, A;) for all \; € p(A;) and ¢ = 1, 2.
Clearly, if f € B? then the spectrum of f(A;, As) in A coincides with its spectrum in
L(X). It can be shown (cf. [35, p. 1238]) that, for i = 1,2, the Gelfand spectrum
M 4 of A splits into two subsets 91, and 4;, and that there is a continuous function

a; on M; such that for every character x of A we have

X(R(z, A)) = {(()Z—oci(x))‘l iiigj

for all z € p(A;), and o(A;) = a;(M;). We define the joint spectrum o(A;, As) of a
pair of Cy-semigroup generators, A; and A, on X by

o(Ay, Ag) = {(a1(x), a2(x)) : x € My N Ny}
We are now ready to state the theorem.

Theorem 6.4.1. Assume that o(4A;) < C, fori = 1,2 and that (6.1.1) and (6.1.2)
hold. L@tf € 82 and /\1, /\2 e C. [f(/\l, /\2) € O'(Al, AQ), then f()\l, )\2) € O'(f(Al, Ag))

Proof. Suppose that f € B2. We shall first assume that the resolvents of A; and A,

are bounded on the left-half plane. By the resolvent identity, we have for z € C,
Iz +A) 21+ A) [ <CA+]z—1))7% i=1,2. (6.4.1)

From (6.1.10), (6.4.1), and the fact that f; are identically zero for i = 1,2, one may
then obtain the following formula, with the integral absolutely convergent in the

operator norm:

(AL A (1 + A 721 + Ay) 2

_ %f LOO JR fRay(a—iﬁ+A1)‘2(7—z'5+A2)‘2(1+A1)‘2(1+A2)‘2

X D1Dyf(a+iB,7v + i) da dy df do.
(6.4.2)
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Let (A, \2) € 0(Ay, Ay). Then, for i = 1,2, (1+ X))t € o((1+ A;)™!), so there exists
a character y in A such that y((1 + A;)™') = (1 + X;)7}, with a;(x) = A;. Since  is
multiplicative, applying it to both sides of (6.4.2) and using (5.1.1) we obtain

X(f (A1, A2))(1+ M) 2 (1 + Ag) 2

4 0 e}

:_QJ J J J047(61—2'5+/\1)_2(7—i5+Ag)_Z(l+>\1)‘2(1+)\2)‘2
™ Jo Jo Jr JR

X D1Dof(a + i3,y + id) da dy dfs dd

= F(A, ) (1 + A1) 721+ \p) 2
Thus f(A, A2) = flea(x), c2(x)) = x(f(A1,42)) € o(f(A1,42)). If fi # 0 and
fo # 0 with f1(o0) = fa(00) = 0, then by [4, Theorem 4.17] (or repeating the above

calculation with the representation formula [4, (4.20)] and the same choice of x)

fili) = filai(x)) = x(fi(Ai)) € o(fi(As)), i = 1,2, hence

FQLA2) = (F(A1, A2) = fi(Ar) = fa(X2) + fi(A1) + fa(A2))
= X((f = f1 = f2) (A1, A2)) + x(f1(A1)) +7(f2(A2))

= X(f(A1, A2))) € o(f (A1, A2)).

For the general case, we proceed as follows. If ¢ > 0,7 = 1,2, then \; + ¢ € 0(4; + ¢).
Applying the case above to A; + &, with the same choice of x, we obtain f(A; +¢&, Ao +
e) = x(f(A1+¢, As+¢)). By Proposition 4.2.2 and Proposition 5.4.1, || f(A; +¢, Ay +
) — f(A1, As)| (x) — 0 as € — 0+, which implies the conclusion. O

Remark 6.4.2. As seen in the proof, it is critical that we should be able to find a
character y such that its value at R(\, A;) is just (1 + \;)~!, with \; € o(A4;), for
1 = 1,2. Our choice of the notion of a joint spectrum is then dictated by this par-
ticular requirement. This may be a limiting feature of the Banach algebraic methods
employed in the proof; it remains an open question whether similar spectral mapping

theorems hold for other types of joint spectra.

As mentioned above, in the one-dimensional case the spectral inclusion is the best
we can generally hope for. However, provided that the operator involved satisfies
some sharp resolvent estimates, e.g. is sectorial of angle less than /2, one may

expect the equality
flo(A)) v {f(0)} = a(Talf)) v {f(0)},
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to hold for a given functional calculus Y 4 (cf. [4, Theorem 4.17)]). We will now verify
that the B2?-calculus does indeed satisfy a spectral mapping theorem of this type.
Suppose that the Banach space operators A; and A commute, and that A, As €
Sect(m/2—), where Sect(m/2—) = (Jpc(o,i/2) Sect(f). Then the estimates

[(—iB + A) 72| < M3 (0® + 87", i=1,2, (6.4.3)

where My, = sup,c, |2(z+ A;)7"||, imply that the integrals in (6.4.4) are convergent

in the operator norm

F(An Ag) = (oo, 50) — % L aJR(oz — B+ A2l (o + iB)dB da

2 f o Lm —iB+ A9) 2 fy(a + if)dB da

+ % Loo LOO oryfRfR(a —if+ A3y —id + Ap) P x

X D1 Do f(a+ i,y +i0) df do dadry,

(6.4.4)

and the identity follows from (6.1.10). Reasoning as in Example 6.1.2 above, we have,

for instance,

ary

DDsf(a+iB,vy + i
<oy, [ oo [ [ P asasdaas

(0 —if + A1) 2(y —i0 + A9) 2Dy Do f (o + i3,y + i0) dB dd de de
R

< M3 M3, | fl2|1/(z122)||e2 < oo,

and similarly for the other terms, which yields convergence in the operator norm. We
can now obtain the desired result using (6.4.4); the proof remains almost identical to

the proof of the final part of [4, Theorem 4.17(4)], with some obvious modifications.

Theorem 6.4.3. If A; and Ay are a pair of commuting operators on a Banach space
X and Ay, Ay € Sect(m/2—), where Sect(m/2—) = Uge(o x/2) Sect(0), then

o(f(A1, A)) U {f(0,0)} = f(a(Ar, Az)) U fi(o (A1) L fao(Az)) w {f(e0, 20)}-

Proof. Let A be as above, and let f(o0,0) = 0. Let x be any character of A.
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Applying x to (6.4.4) gives

W) = =2 ["a [ wla =i+ A) ) fita+ i8)d5da

2 0
_— a—iB+ As)" ) fy(a+ip)dB da
2| o] Mg+ an s i) .

+%LOOLOO@7LLX((a—¢5+A1)2(7—i6+A2)2>><

x D1 Dyf(a +if3,y + i6) dB dé da dry

We consider three cases.

L. If x € 8y n Uy, then x((z + A1) = x((z + 43)7') = 0, for all z € Cy, and
then x(f(A1, A2)) =0 = f(o0, o).

2. Suppose that x € M; N Uy, Then x((z + Az)7!) = 0, for all z € C,. Also,
there exists p1 € o(A;) such that x((z+ A;)™") = (2 + 1), Consequently, equation
(6.4.5) reduces to

(s A = =2 [Ta [ xl(a=i8+ 40l + i)ds da

= fi(m1) € fi(o((Ar)),

where the last equality follows from [4, (4.18)]. Respectively, if x € t; n 9y, we
obtain that X(f(Al, Ag)) € fQ(O'(AQ))

3. Finally, suppose that x € 9, n 9y, Then there exist pq, po such that (pg, po) €
o(A1, Ag), with x((z + A1)™Y) = (2 4+ 1) 7' and x((z + A2)™!) = (2 + pu2) ™!, so that

X(f(A1, Az)) = f(p, pu2) € f(o(Ar, Ag)).
]

Fine structure of the spectrum. Let f € B? and suppose that A; and A, admit
B?-calculus. We have shown in Theorem 6.4.1 that there is a natural analogue of

(2.3.17) which holds in the two-dimensional setting, i.e. we have

(A, A2) € 0(A1, As) = f(A, A2) € a(f(Ar, A2)). (6.4.6)
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It is, perhaps, interesting to ask whether one can obtain some analogue of Proposi-
tion 2.3.17 in the present context. The answer is: yes, as long as we restrict ourselves
to a suitable subset of the joint spectrum. For a pair of commuting closed opera-
tors A; and A,, define the approximate joint spectrum, o,,(A;, A2) as the set of all
(A1, A2) € C? such that there is a sequence of vectors z,, € D(A;) n D(As) with

|Aizy, — Nin| 2noo 0, |zul| =1, i=1,2.

It is known (cf. [35, Theorem 1]) that the approximate joint spectrum behaves as
expected, that is, we have o,,(A;1, A2) < (A1, As). Proceeding essentially as before,

we can now obtain

Proposition 6.4.4. Suppose that Ay, Ay are commuting operators such that they ad-
mit B2-calculus. Then approzimate (A1, \2)-eigenvectors of (Ay, Ay) are approzimate
f(A1, A2)-eigenvectors of f(Ay, As).

Proof. The proof is similar to that of Proposition 2.3.17 but with the following mod-
ifications. Let (T7(t))i=0 and (72(t))i=0 be the bounded Cy-semigroups generated by
—A; and —A,, respectively. Consider the space

Uy 1) (X) ={(@n)nen € 2(X) T [T3(#) 2, — 20| = 0,

uniformly in n for i = 1,2}.

This can be viewed as a closed invariant subspace of either [7 (X) or as a closed
invariant subspace of [, (X'). Similarly as in the proof of Proposition 2.3.17, consider
the space E(71:72) = U7y oy (XN, with N = (eo(X) N7, 1, (X)), equipped with the
norm

1(n)nery + N = Tim sup [, .

For i = 1,2, define (Tj(t))iz0 on E1) by

Tp()(n)ners + N) = (Ti(t) (n)nen) + N,

and denote its generator by —A%. It now follows from Theorem 6.3.2 that the pair
A = (AL, AZ) has B?-calculus. The only slightly non-trivial part in the present
context is ensuring that ‘there are enough’ vectors in D(AL) n D(42%) to allow the
argument to go through. So suppose that A = (A, A\y) € 0(A;, A2) and consider the

corresponding approximate A-eigenvector (&, )nen. For i = 1,2, we have ([38, p. 78]):
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HTZ(t)gn - gnH < HTZ(t)gn - eAitgnH + |6)\it - 1|

+ ettt — 1],

t
f AU (8) (N — A&y ds
0

which converges uniformly to 0 as n — c0. Hence, it is meaningful to define a vector
in l?%hTz)(X) by

~

5 = (fn)neN + N
Since \; € 0,(Af) and Ay € 0,(A%), we obtain that FAL A2Z)E = (A, Ao)E, and

from this it follows as before that (én)neN is an approximate f(A;, Ay)-eigenvector for
f(Alv A2)
]

6.5 Convergence lemma for operators

Theorem 6.5.1. Let Ay and As be a pair of commuting operators which admit the
B2-calculus, and let fo and f, be as in Theorem 5.6.1. Then f, (A1, As) — fo(Ay, Ay)
in the strong operator topology. If Ay, Ay € L(X), then the convergence is in operator

norm.

Proof. Let g(z1,22) = (1+21) (1 + 22)~ . Then Dg, Dog, and D;Dyg are clearly all
bounded; Dyg(z1, 22), Dag(21, 22), and Dy Dsg(z1, 29) all tend to 0 as |z;1| + |z2| — o;

moreover (using the notation as in the statement of Theorem 5.6.1),

0
Gra(a) = J sup [(1+a+i8) (1 +v+i0) dy=(1+a)* -0, as a — o,
0 B,0eR

0¢]
Go(a) = J sup |[(14+a+iB)2(1 +v +id) Hda=(1+7)" -0, asy — 0.
0 pB,0eR

Thus, the first statement follows from Theorem 5.6.1, continuity of the B?-calculus,

and Corollary 3.4.4 (i.e. the fact that the norms | - [jp2 and | - |5z are equivalent on
B?2). Since D(A;Ay) is dense and f,,(A;, Ay) € L(X),

gn(A1, Ag) = fu(Ar, A2)(1+ A)7HL + Ag) ™ — fo(ArAg)(1+ A)7H(1 + Ay) ™!

in operator norm. ]
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6.6 Compatibility with the holomorphic calculus

We now proceed to show that the B2-calculus is compatible with two other functional
calculi, namely the sectorial holomorphic calculus and the half-plane holomorphic
functional calculus.

To keep the presentation concise, we assume throughout the remainder of this
section that both A; and A, are injective Banach space operators.

Let A; € Sect(6;), where 6; € [0,7/2), for i = 1,2. Assume that A; and A
commute in the resolvent sense. For ¢; € (0;,7), we denote by H*(S,, x Sy,) the
Banach algebra of all bounded holomorphic scalar-valued functions on Sy, x Sg,.

Denote
2122

(1 + 21)2(1 + 22)2'
Given ¢1, ¢ € (0,7), we define a subspace of H*(Ss, x Sy,) as follows

w('zl? ZQ) =

(6.6.1)

H(Sg, x Sg,) ={f € H*(Sy, x Sg,) 1 Js=0 W °f € H*(Sy, x Sg,)}-
For f e HP(Sy x Sp,) we define
F(Ay, Ay) — —# H FOUNYROL ADR(Y, Ag) dAdX,
FQ/IXFO/Q

for 0} € (0;, ¢i),i = 1,2. Here, I'y is the downward oriented boundary of the sector
Sg;. This integral converges and is independent of the choice of 6:. To extend this to
general f e H®(Sy, x Sy,), we may observe that fi belongs to H? (S, x Sy,), so

that we may define

F(A1 Ag) = (A1, As) 7 (f) (Al Ay).

Let f +— W4, 4,(f) stand for the thus obtained (extended) holomorphic functional

calculus. We note that, given (6.6.1), we have
Waya,(10) = Ar(1+ A2 Ay (14 Ag) ™% = Py a, (). (6.6.2)

Interested readers should consult [32] for the properties of the joint holomorphic cal-
culus. The following elementary lemma is a two-dimensional analogue of [25, Lemma

2.6.7]; it will be used subsequently in the proof of Proposition 6.7.3.

Lemma 6.6.1. Let A; € Sect(6;) fori = 1,2 with commuting resolvents. Let (A;,,)nen
be a sectorial approximation of A;, with i = 1,2. Take f € H{(Sp, x Sg,). Then
f(Arn, Asp) — f(A1, Ag) in norm as n — .
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Proof. We have

1
i (A, Az) = lim | =5[] FONIROAL)R(Y, Agy) dha
n v

Fgl XF92

-
_ Jf()\,)\’)limR()\,ALn)R(X;AQ,n)d)‘d)‘/

X F92

_ PJ FOUNIRO, ADR(N, Ag) dA dN

Fgl XF@Z

= f(A17A2)'
O

Since we assume that both A; and A, are injective, our class B? is automatically

contained in the domain of Wy, 4,. We have the following compatibility result.

Proposition 6.6.2. Let f € B2 n HP(C%). If Ay and Ay are commuting injective
operators on a Banach space X, and Ay, Ay € Sect(m/2—), then

(I)ALAQ (f) = \I,ALAQ (.f)

The proof of Proposition 6.6.2 resembles closely that of [4, Proposition 4.9], except

for some necessary adjustments.

Proof. For i = 1,2, let A; be an injective operator in Sect(f;), where 6; € [0,7/2).
Then, for any 0. € (0;,7/2),

Cy
[ AT + A)7 (2 = A) 7 = I(zizi = A) ™ = D1+ A) 7Y < o % # S

Let f e B andlet g = f(m @11 —m ®1)2(1®r)(1 — 1®ry)~2, so that
g € B3 N HF(Sz2 x Srso). It then follows from the definition of W4, 4,, Proposition
5.1.1 together with the fact that g € B2, the identities (6.6.1) and (6.6.2), and Fubini’s
theorem that
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\IJALAE (¢)‘1’A1,A2 (g>

1
==V ,(Y) = f f (21 — A1) (z2 — Ag) " lg(21, 22) dzp
dm 08y JoSy

-t [ [T L e

x (a0 — i+ 21) "2 (y — 0 + z2) 2 dzo d22> ayD1Dyg(a + i3,y +140) dfS dé dacdry.

Now, by applying the primary functional calculus for invertible sectorial operators
first to (21 — A1) '(a —iB + z1) 7% and then to (22 — Ag) (7 — id + 22) "2 we obtain

J J (Zl — Al)_l(ZQ — A2>_1(Oé — Zﬁ + Zl)_2(’y — 2(5 + ZQ)_2 dZQ le
0Sgr JOSy

=2miA (1 + A Ha—if+ A2 f (v —i6 + 29) % dzy
28y,

= —Ar?*(a — B + A)) 2 (y —id + Ag) 72

Hence, it follows from (6.4.4) and (6.6.2) that

\I[Al Az <¢)\IJA1 A2 (g>

) [ [ [ (@500 -0s 4

x ayDyDag(a + i3,y + 25)> dp do do dry

= \IlAl,Az (w)q)Al,Az (g> :

Since A; and A, are both injective, it follows that W4, 4,(9) = ®a, 4,(g9).Then it
follows from (6.6.1) and (6.6.2) that U4, 4,(f) = Pa, 4,(f). O

6.7 Compatibility with the half-plane calculus

Following the notation and terminology of [8], we denote by

L,={zeC:Rez<w}, R,={2eC:Rez>uw},
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the open left and right half-planes defined by the abscissa Re z = w. An operator A
on X is said to be of half-plane type w € (—o0, 0], Ae HP(w), if 6(A) € R, and, for
every a < w,

M,(A) = sup{|R(z,A)| : Rez < a} < .

An operator A is said to be of half-plane type if it is of half-plane type for some

w e (—oo,00]. Let wy,ws € (—1,00). Let
P(z1,22) = (L4 21)(1 + 29), 2 € Ry,
and let
HY(Ry, x Ry,) ={f € Hol(R,, x R,,):v°fe H"(R,, x R,,) for some s > 1}.

Then H (R, x R,,) is an algebra.
By applying [8, Lemma 2.2] separately to each variable we obtain

Proposition 6.7.1. Let f € HP (R, x R.,), and let w; < 6;, i = 1,2. Then

_ 1 f(ZlaZQ)
f(al, CLQ) = 12 LR61 LR62 (Zl — al)(zz — a2) le dZQ, (51 < Re ai, 52 < Re CLQ).

Now, let A;, for i = 1,2, be resolvent commuting operators of half-plane type, with

w; < 0; < so(A4;), where

S0(A) = max{w : A€ HP(w)} = sup{a: sup |R(z, A)| < oo}.

Rez<a

For f e HP(R,, x R,,) we let
1
f(A1, Ag) = ] J f(z1, 22) R(21, A1) R(22, Az) d21 d2a,
T JoRs, JoRs,
where w; < 9;, for ©+ = 1,2. It is easy to see that the so-defined mapping
Wl 4, H (Ruy X Ru) = L(X)

is a homomorphism of algebras (cf. [8, Proposition 2.3]). For example, to establish

multiplicativity, one can reason directly as in [12, VIL.4.7]. Alternatively, supposing

that &; < J; < so(A,),
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f(AL, A2)g(Ar, Ap) =

161 LRJ LR51 LR/ o, f(z1,22)9(81, &2) R(21, A1) R(z22, Ag) R(&1, A1) R(E2, A2) dzy dzo dSy dy

~ 873 LR5 LR, 8R / f(z1,22)9(21, &) R(21, A1) R(29, A2) R(&o, Ag)dzy dzo ds

— j f(21, 22)g(z1, 22) R(z1, A R(z2, As) d2y don,
T oRy JOR,

1 2

by repeated application of [8, Proposition 2.3(a)].
Now suppose that f € Hol(R,, x R,,) and v "f € H®(R,, x R,,) for some n > 0
. In this case, v~ "2 f € HX(R,, x R,,) and one defines

F(AL As) = (14 A" 21+ Ag)" 2= £)(Ay, Ay)

with the appropriate domain. Standard arguments show that this operator is closed
and independent of the choice of n.

In the remainder of the section we will prove that B?-calculus and the half-plane
holomorphic calculus are compatible. We shall need the following auxiliary lemma,

which is a two-dimensional analogue of [8, Theorem 3.1].

Lemma 6.7.2. Let Ay, Ay be densely defined resolvent commuting operators of half-

plane type on X, and let w; < so(A;) fori =1,2. Consider a net of functions
(fL)LEI - HOO<Rw1 X sz):

indexed by I, with the following properties:

1) sup, | fimo(po, < Ray) < 0

2)  f(Ay, Ay) € L(X) for all v, and sup, | f,(A1, A2)| < oo;

3)  flz1,29) =lim, f,(21, 22) exists in C for all zy € R, and z3 € R,,.

Then f € H*(R,, x Ry,), f(A1,As) € L(X), f.(A1,A2)x — f(A, Ay)x for each
ve X, and |f(Ar, Ay)| < limsup, |f,(Ar, A)].

Proof. By Vitali’s convergence theorem, [39, Proposition 7], f is holomorphic and the

convergence f, — f is uniform on compact subsets of R,, x R,,. Condition 1) then
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implies that f is bounded. Let w; < §; < so(A;), for i = 1,2. We then have (cf. the
proof of [8, Theorem 3.1])

(filz1,22) (i — 210) 2 (2 — 22) %) (Ar, Ag) =

(01 + sy, 00 + is . .
,}Erolo — J J o _f61 1_ 2Sl)l(luj ! 5221 = R(61 +is1, A1) R(9g + 159, Ag) dsy dss,

where the limit is uniform in ¢. Since the integrand converges uniformly on [—n, n| x

[—n,n], this implies

(fulz1, 22) (1 — 21) 7 (p2 — 22) ) (A1, A2) = (f (21, 22) (11 — 21) 7 (42 — 22) %) (A1, Ag)
in norm. Hence, for z € D(A2A2) (cf. Definition 2.1.12),

fb(zla Z2)
(11 — 21)2(p2 — 22)?

fu(Ar, Ag)z = ( ) (A1, Ag) (1 — A1) (p2 — Ag)*x —

( f(z1, %)

(Ml - 21)2(,“2 - 2’2)2) <A17 A2)<'u1 - Al) (,u2 B A2> e f(Al’ AQ)x'

By an argument as in the proof of Proposition 6.1.5, D(A%A2) is dense in X. Clearly,
[f(A1, Ag)z| < limsup, || f.(A1, As)z|||x||. Hence, f(A;, As) is bounded with | f( A1, As)| <
limsup, || f.(A1, As)|, and since D(f(A1, Ay)) is dense, f,(A1, Ay) — f(Aq, As) strongly.

[

Proposition 6.7.3. Let f € B?, and assume that either of the following conditions
holds:

(C1) For somee >0, 0(A;) < R. and ||R(z, A;)|| is bounded for z € R_., fori=1,2;

(C2) There exist e > 0, n =2, and a holomorphic extension of f to R_. x R_. such
that ™" f e H*(R_. x R_.).

Assume further that Ay and As are commuting operators such that o(A;) U o(Ay) <
C,, and they satisfy both (6.1.1) and (6.1.2).
Then

(pALAQ (f) = \I[j:h,Ag (f):

whenever ® 4, a,(f) is defined as a closed operator.
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Proof. Assume first that (C1) holds.

a) Assume further that | f(z1, 22)| < C(14 |21])72(1 + |22]) 2 for 21, 20 € C,. Consider

1
472

W, 4, (f) = LR . (21 — A1) (22 — A2) 7 f (21, 20) dz1 d2a,

with 0 < n < e. We obtain

W4, (f) = ;—f LOC LOO L fR(a —iB + A1) 2y —i0 + A) Pay

X DiDof(a+ i,y + 1) dB do dady = 4, a,(f).

b) Assuming that A; and Ay are both invertible, replace f by g(z1,22) = f(z1, 22) -

m. Then g decreases quadratically as |z;| — oo, for i = 1,2, and

(1+ A1) (1 + Ag) 200, 0, (F) = Ui, a,(9) = @(g) = (1 + A1) (1 + Ag)*(f).

¢) Assume now that (C2) holds for some ¢ > 0. Assume initially that f € H*(R2,)
and let n € (0,¢). Then the operators A; + 7, As + 1 satisfy (C1) with e replaced by
7. We obtain from b) that

\I/Zl+n,A2+17(f) = CI)A1+n,A2+7](f>‘

From Corollary 5.4.2 we get that ®4, 1y a,109(f) = Pa; a,(fy). Also, W4, 4,4, (f) =
W%, 4, (f) by applying the argument in the proof of [4, Proposition 4.10] separately
to each variable for f € HP(R?.) and then extending to more general functions. Let
n — 0+. By Lemma 6.6.1, ®4, 4,(f,) = P4, 4,(f) in the operator norm. By Lemma
6.7.2, we have that W% , (f;) — W4, 4,(f) in the strong operator topology.

Finally, if (C2) holds and f is polynomially bounded in R?_, then we can apply the

f(z1,22)

above case to f(z1, z2) replaced by (TN T

73 for sufficiently large ny, no, and the
result follows.

[]
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7 Epilogue

7.1 The class &2

As discussed in [4], there is an interesting relation linking the classes B! and &!;
namely, we have (cf. [4, Proposition 2.15]) that if g € ' and ¢,(2) = g(a + 2), z €
C,,a > 0, then g, € B! for each a > 0. A direct analogue of this result fails for B
since we do not impose any explicit restrictions on the first-order derivatives in our
definition of £2, horizontally translated functions in £2 may not in general belong to
B?. One may nonetheless ask whether a result in the vein of [4, Proposition 2.15] can
be obtained by restricting attention to a certain subclass of £2. We will now discuss
our attempt at obtaining such result.

For fixed integer d, we denote by H'(C%) the space of analytic functions f : C —
C, such that

| fllzrn = SUPJ |f(x +iy)| dy < oo.
>0 JRd

The notation z > 0 where = € R? means that x; > 0 for each j € {1,...,d}.

Let £2 be the space of all functions g holomorphic on C% such that

o0 0
Hg”si = sup J J |D1Dog(x1 + iy1, 22 + iya)| dys dys
o Jo

T1,T2 >0

o0
+J sup |D1g(z1 + i1, 22)| di (7.1.1)

0 x1>0
ZQE(C+

o0

+ J sup |D2g(z1, 2 + iys)| dys < 0.
0 Z1€(C+
x9>0

If g € £F, the condition expressed in (7.1.1) implies that, for each 21,2, € C, and

a,b> 0, we have
Dig(- + a,23), Dag(z1,- + b) € H'(Cy),
Dlng(' +a,- -+ b) € Hl(Ci>
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Consequently, by [4, Proposition 2.4], D1g(-+a, z3), D2g(21, - +b) € B'. The following
conjecture concerning functions in the class H*(C2) is far from new, but no proof or

counterexample is known to us.

Conjecture 7.1.1. If f € H'(C2), then

f J ’F f xl’xQ)‘ del deQ < 00. (712)

T1X2

Under the supposition that Conjecture 7.1.1 holds we can establish that horizontal

translations of functions in £2 are in our class B2.

Proposition 7.1.2. Let g € 2, and let go (22, 22) = g(z1+a, 22+b), 21,20 € C,a,b >
0. Suppose that Congecture 7.1.1 holds. Then for each a,b > 0, go, € B>.

Proof. We will first show that

o0 0
f f sup |D1Dagap(x1 + 141, To + iy2)| dzy dae < 0. (7.1.3)
0

y1,Yy2€R

Note that, by the preceding remarks, D;Dag,, € H'(C%), and so by [33, Theorem
2.1] its non-tangential boundary function, h(ti,t,), exists as a function in L!(R?),

and SuppF 1h < R?; we also have

D1D2gap(21, 22) = 47r2j J e-(bitat) p lh(& §y) d&y dés.

We can now estimate

o0 o0
f J sup |D1Dagap(z1 + iy1, x2 + iy2)| dxy das
o Jo

y1,y2€R

1 [OO OO OO OO
S o ) J f f sup e~ 19722 FoAR(Ey, &)| déy dés dy s
0 0 0 0

y1,y2€R

(0 0 0 0
an? 0 Jo fo L 6_(x1€1+Z2£2)|]:(5)1h(§1,52)|dmd@d&d&

B [ (* [Fay M, &)l
=0, L ae  de=w

where the last inequality follows from (7.1.2).
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Finally, since Dig(- + a,22), Dag(21,- + b) € B! for any 2,2, € C,, then by the

equivalence of norms on B2 and the above,

0 o0
g2 = f J sup D1Dagap(21 + iy1, X2 + 1y2) day das
o Jo

y1,Y2€R

Hga,b

o0

+ J sup |Dygap(x1 + iy1, 20)| dxy
0 ZQE(C+
y1€R

o0

+ J sup |Dagap(21, 2 + iy2)| dg
0 21€(C+
y2€R

<C sup (HD1D29a,b

Z1,z2€(C+

2y + ID19as( 22) s + [ Dagasl, ) )
for some C' > 0. O]

Remark 7.1.3. Assuming that Conjecture 7.1.1 holds, Proposition 7.1.2 and Propo-
sition 3.2.2 jointly imply as an immediate corollary that if g € 2, then the limit

9(00,00) := liMRe 2, Re 2y (21, 22) exists.

Define a norm on £2 by setting

llglllez == lg(o0, ) + lglez, g€ €

If Conjecture 7.1.1 is true, then we can show that £2 equipped with the norm ‘ngi
becomes a Banach space. To see this, let (gn)nen < Si be a Cauchy sequence with
respect to ||| - |||53' Then (g,,(00, 20))nen is convergent in C. Let a > 0, and f,(21, 22) :=
gn(a + 21,a + 29) — gn(0,00). By Proposition 7.1.2, (f,) is Cauchy in B2, and hence
in H*(C?%). Thus the limit f(21, 29) = limy, o0 fn(21, 22) for every 21, 20 € C4, and f
is holomorphic. Proceeding essentially as in the proof of Proposition 3.2.1, we have

1711z < liminf, o | full 2. and hence [|7 — fulles < subpsn [l — fulles-

7.2 The case of n commuting operators

We have not so far considered the question whether the methods employed in the
present work may be extended to cover the case of n commuting operators, where
n > 2. We believe that this may not be an entirely straightforward task. When

attempting to construct a functional calculus for n commuting operators along the
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lines of the present work, one faces the challenge of choosing an appropriate class of
functions for which the calculus is to be defined. It is not obvious to us that the
approach we rely on extends readily even to the case n = 3. Our considerations in
Chapter 3, where we define the class B2, involve establishing a number of results
concerning the limiting functions and equivalences of norms. Those results, however,
seem to us to be rather specific to the two variable case and may not admit immediate
generalisations to functions of more than two variables. The same is true but even
more evident e.g. for Lemma 4.1.1 and Theorem 5.6.1, the proofs of which rely on
estimates specific to our setting.

It is plausible that the situation is analogous to that of von Neumann’s inequality
which states that if 7" is a contraction on a Hilbert space and p is a polynomial in

one variable with complex coefficients, then

Ip(T)] < sup |p(z)]. (7.2.1)

|z|<1

The inequality (7.2.1) is essentially equivalent to the fact that a sectorial operator
A € Sect(n/2) is m-accretive if and only if A has a bounded H*-calculus on Sy
with constant 1 (cf. [25, Theorem 7.1.7]). Ando [1] proved that (7.2.1) extends to
the case of two commuting contractions, i.e. if S and 7" are commuting contractions
on a Hilbert space and p is a polynomial in two variables with complex coefficients,

we have
Ip(T,S)| < sup [p(z1, 22)]. (7.2.2)

|z1],]22]<1
However, the analogue of this for three commuting contractions is not true in general

(cf. [14] and discussion therein).
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