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Abstract

The subject of this dissertation is the construction of a functional calculus for

functions of two variables and pairs of commuting operators.

Analytic Besov functions in one variable in the context of operator theory ap-

peared in the works of Vladimir V. Peller, Steven White, and Pascal Vitse. More

recently, Charles Batty, Aleander Gomilko, and Yuri Tomilov offered a novel and

unifying approach to constructing a functional calculus for the generators of bounded

semigroups on Hilbert spaces and generators of bounded holomorphic semigroups on

Banach spaces. Our main aim is to extend the latter construction to the setting of

two commuting operators.

We begin by providing an overview of the basic theory of one-parameter strongly

continuous semigroups, and the theory of Besov functional calculus in one variable.

We establish a new result concerning the spectral features of the one-dimensional

Besov calculus, and show that compositions of certain functions are in the one-

dimensional Besov class, B.

We define and characterise a two-dimensional analogue of the class B, denoted by

B2, and show that it shares many desirable characteristics with its one-dimensional

counterpart. We prove that the class B2 is a Banach algebra containing the two-

dimensional Hille-Phillips algebra as its proper subspace, and discuss some of its

topological properties. We obtain a number of results on spectral decompositions

and provide useful approximation techniques. We show that all functions in our class

enjoy representations given in terms of a partial duality, and prove a convergence

lemma for sequences of functions in the class.

We then construct a two-dimensional functional calculus for pairs of commuting

semigroup generators and functions in the class B2. We show that our construction

yields a bounded algebra homomorphism. We demonstrate that the resulting cal-

culus extends the two-dimensional Hille-Phillips calculus, that it is compatible with

the joint holomorphic and half-plane calculi, and consistent with the Besov calculus

for functions in one variable. Finally, we obtain a spectral mapping theorem, and

establish that our calculus is essentially unique.
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1 Introduction

1.1 Background

One of the key building blocks in the spectral theory of linear operators is the construc-

tion of a rich functional calculus for a relevant class of operators under investigation.

As a first approximation, a functional calculus assigns meanings to expressions such

as

Aα, etA, logA,

where A is a linear, in general unbounded, operator on some Banach space. To be

slightly more precise: given a linear operator A of an appropriate type and a suitable

class of functions A, a functional calculus provides a mapping:

A Q f ÞÑ fpAq P LpXq.

At the very least, it is required that certain properties of fpAq come out as correlated

in a natural manner with appropriate properties of the function f . These intuitive

remarks will be made precise in the main text.

In the special case when A is a (not necessarily bounded) self-adjoint operator on

a Hilbert space X, the existence of a functional calculus for A can be immediately

deduced from a version of the Spectral Theorem. Indeed, by the Spectral Theorem

(e.g. [24, Theorem 4.1]), there is a (localised) measure space pΩ, µq, a real-valued

measurable function h on Ω, and a unitary operator U : X Ñ L2pΩ, µq such that U

maps DpAq onto DpMhq and A “ U˚MhU . Here, Mh is the standard multiplication

operator on L2pΩ, µq associated with h. Denote by Ab the algebra of all bounded

Borel-measurable complex-valued functions on σpAq and consider the map

Ab
P f ÞÑ fpAq “ U˚Mf˝hU P LpXq.

It can be seen, in particular, that such a mapping is an algebra homomorphism from

Ab to LpXq, the set of bounded operators on X, and that if λ P ρpAq, the resolvent

set of A, then the function rλptq “ pλ ´ tq´1 applied to A yields the resolvent of A,

i.e. rλpAq “ pλ´ Aq
´1. With some care, this can be further extended to unbounded
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Borel-measurable functions on σpAq. Admittedly, the outlined approach has limited

scope: since the procedure crucially relies on the Spectral Theorem, it does not

admit a straightforward generalisation to situations where X is not a Hilbert space.

Nonetheless, the functional calculus for self-adjoint operators represents an important

prototype for more encompassing modern treatments.

Given a uniformly bounded C0-semigroup pT ptqqtě0 on a Banach spaceX with gen-

erator ´A, one may wish to interpret T ptq “ e´tA (by analogy with finite-dimensional

deterministic systems, cf., for instance, [20, Chapter 1]), setting

fpAq “

ż 8

0

T psq dµpsq, where fpzq “ Lµpzq “
ż 8

0

e´sz dµpsq, Re z ą 0,

with µ in the space of bounded measures MpR`q. Here and subsequently, the integrals

involving operators are in the strong operator topology. This yields a bounded ho-

momorphism from MpR`q to LpXq, which corresponds to the so-called Hille-Phillips

(or HP-) functional calculus:

MpR`q Q µ ÞÑ LµpAq “
ż

R`
T psq dµpsq.

The HP-calculus relies on a fairly direct construction; nonetheless, it has proved to

be an extremely useful concept in many areas of analysis.

Another example of a functional calculus is given by the so-called Bochner-Phillips

calculus (cf. [46, Chapter 13]). Let pµtqtě0 be a vaguely continuous semigroup of sub-

probability measures on r0,8q and let pT ptqqtě0 be a contraction C0-semigroup. Then

the subordinate semigroup pT f ptqqtě0 with respect to the subordinator pµtqtě0 is given

by the Bochner integral

T f ptq “

ż 8

0

T psqdµtpsq, t ě 0.

The superscript f in T f ptq refers to the Bernstein function f , which is given by the

logarithm of the Laplace transform of µt, i.e.,

Lµtpxq “
ż 8

0

e´sx dµtpsq “ e´tfpxq, t, x ě 0.

A classical result by Phillips ([43, Theorem 4.3]) states that the generator Af of

pT f ptqqtě0 is of the form

Afu “ au` bAu`

ż 8

0

pu´ T ptquq dµptq, u P DpAq,
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which corresponds naturally to the so-called Lévy-Khinchine representation of f on

the half-line:

fpλq “ a` bλ`

ż 8

0

p1´ e´λtq dµptq, λ ą 0. (1.1.1)

In (1.1.1), a, b ě 0, and µ is a measure on p0,8q satisfying
ş8

0
minp1, tqdµptq ă 8 (cf.

[46, Theorem 3.2]).

In both of these approaches, the semigroup pT ptqqtě0 is treated as a fundamental

object, whereas the generator and its resolvent are viewed as in some sense derivative

concepts.

One may, however, take an alternative route by focusing first and foremost on

the resolvents. Suppose that a class of functions on a given set Ω has a reproducing

kernel, so that for any f in the class

fpzq “

ż

Ω

fpwqKpz, wq dµpwq, z P Ω,

for some measure µ. Knowing KpA,wq, one may attempt to define fpAq by setting

fpAq “

ż

Ω

fpwqKpA,wq dµpwq.

With the right amount of luck, such a definition turns out to be meaningful and

provides grounds for a rather powerful functional calculus. For instance, if Ω is a

neighbourhood of σpAq Y t0u, and f P HolpΩq, the algebra of functions holomorphic

in Ω, then choosing an appropriate contour Γ Ă Ω one may set Kpz, wq “ pw´ zq´1,

KpA,wq “ RpA,wq, obtaining

fpAq “
1

2πi

ż

Γ

fpzqRpw,Aq dw.

This yields the classical Riesz-Dunford calculus. The idea can be extended to func-

tions which have singularities at some points on the boundary of the spectrum. A

drawback of this method is that, for unbounded A, it only produces bounded fpAq

in some restricted settings.

Following the seminal paper [34], one might proceed in this vein but restrict the

class of operators under consideration. As it turns out, the natural class to look at

is given by all those operators A having their spectrum in Sθ Y t0u, where θ P p0, πq

and Sθ “ tλ P Czt0u : | arg λ| ă θu, and allowing resolvent estimate of the form

}Rpλ,Aq} ď C{|λ|, λ P CzpSθ Y t0uq.
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Any such operator is said to be sectorial ; for a sectorial operator A, the infimum of

all those θ for which A satisfies the above conditions is called the sectorial angle of

A. In particular, generators of bounded C0-semigroups are easily seen to be sectorial

with sectorial angle less than or equal to π{2. Suppose A is sectorial with sectorial

angle θ ă π. The point of departure is then to consider the class of holomorphic

functions on Sθ decaying sufficiently fast at 0 and 8, i.e.

H8
0 pSθq “

"

f : Sθ Ñ C holomorphic and |fpλq| ď C
|λ|ε

1` |λ|2ε
, for some ε ą 0, C ě 0

*

.

For functions in H8
0 pSθq, one may then define fpAq by using Cauchy’s integral formula

and setting

fpAq “
1

2πi

ż

BSδ

fpzqRpz, Aq dz,

for θ ă δ ă π. The integral can be shown not to depend on the choice of δ; the

construction is then extended via a regularisation procedure to include more functions

of interest. The calculus provides a closed operator fpAq for any f P H8pSθq as long

as A is injective; fpAqmay in general be unbounded. A systematic framework for such

defined holomorphic calculus has been provided in [25]. It is worth noting that there

are analogous approaches to functional calculi of strip-type and half-plane operators

(cf. e.g. [25], [7]).

Once we have a functional calculus at our disposal, it becomes very natural to

pose a number of questions. Of particular importance is the question whether, for a

fixed function f , the mapping

M : f ÞÑ fpAq

preserves some relevant classes of operators, e.g. the class of generators of sectorially

bounded holomorphic C0-semigroups. The sectorial case, in particular, has drawn

significant attention in connection with Bernstein functions. It is now known that

Bernstein functions do preserve sectoriality and sectorial angles for operators with

sectorial angle less than π{2; there exist several independent proofs of this result in

the literature. The varied techniques used in these proofs use, e.g., the subclass of the

so-called associated complete Bernstein functions in [23], the class of NP`-functions

mapping the right half-plane and the right half-axis into themselves in [6], and the

class of analytic Besov functions in the most recent work [4].

Whatever the means by which we define a functional calculus, it is customary to

require that it should enjoy a number of desirable properties (cf. [4]). Ideally, we

want it to be defined for wide classes of functions and operators, take values in LpXq

and yield sharp estimates for operator norms. So for instance, the norm-estimates
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obtainable via the HP-calculus are given in terms of the representing measure µ; and

this is hardly ever optimal. In the case of the holomorphic calculus, of particular

interest is the question of which operators enjoy a bounded H8-calculus, i.e. for

which A does the following inequality

}fpAq} ď CA}f}8,

hold for all functions in the admissible class and with constant CA depending only

on A. The existence of a bounded H8-calculus is related to bounds on the imag-

inary powers, and square function estimates (cf. [13], [26], [29], and [31]). In the

Hilbert space case, the Boyadzhiev-deLaubenfels theorem ([10, Theorem 3.2]) states

that every generator of a bounded C0-group has bounded H8-calculus on vertical

strips of heights exceeding the exponential type of the group. The analogue of this

result for general Banach spaces under the assumption that the C0-group is exponen-

tially γ-bounded was originally obtained in [29, Theorem 6.8], and a new proof using

transference techniques was given in [26, Theorem 6.5].

While there are known concrete examples of differential operators with bounded

H8-calculus, it is usually quite difficult to verify that a given operator enjoys this

property. At the very best, one can hope for positive results only in restricted settings.

For instance, if ´A is the generator of a strongly continuous semigroup of contractions

pT ptqqtě0 on a Hilbert space, then the continuous version of von Neumann’s inequality

yields
›

›

›

›

ż

R`
T ptq dµptq

›

›

›

›

ď }Lµ}8, µ PMpR`q,

or equivalently

}fpAq} ď }f}8,C` , f P LM,

where f “ Lµ for some µ PMpR`q. In general, however, it might be most reasonable

to settle for identifying those classes of functions and semigroup generators for which

it is possible to obtain non-trivial norm-estimates weaker than those stated in terms of

the } ¨ }8 norm. A class of functions that has recently received considerable attention

in the context of operator theory is that of analytic Besov functions.

Analytic Besov functions appeared already in the work of Vladimir V. Peller

[42], in which the author investigated power bounded operators on a Hilbert space,

and obtained upper bounds for polynomials of such operators. Steven White in

his PhD thesis extended Peller’s methods and results to study polynomials in two

commuting power bounded operators ([51, Chapter 4]), and obtained ([51, Section

5.5]) Besov estimate for generators of bounded semigroups on Hilbert spaces and

5



Schwartz functions. Pascale Vitse in [50] considered the Besov space B0
8,1pRq, defined

as consisting of holomorphic functions f on the complex right half-plane such that

}f}B “ }f}8 `

ż 8

0

}f 1px` i¨q}8 dx ă 8.

As shown in [4, Appendix], this space can be naturally identified with a closed sub-

space of B0
8,1pRq. Vitse studied the behaviour of fpAq, basing the construction of

the functional calculus on the holomorphic sectorial calculus, and making use of the

explicit representation

fpAq “
ÿ

kPZ

pFF ˚ FφkqpAq.

Here, F stands for the Fourier transform, F is a distribution with supppF q Ă r0,8q

such that f “ FF , φk is a triangular function with supppφkq Ă r2k´1, 2k`1s taking

its maximal value at 2k,
ř

kPZ φk “ 1, and A is a negative generator of a bounded

holomorphic C0-semigroup. Markus Haase put Vitse’s results in a wider context of

transference principles in [26]. In [26], Haase obtained functional calculus estimates

for generators of C0-semigroups and analytic Besov functions that are Laplace trans-

forms of measures.

Building on work by Haase, Peller, Vitse, White, and others, Charles Batty,

Alexander Gomilko, and Yuri Tomilov offered in [4] a novel and unifying approach

to constructing a functional calculus for the generators of bounded semigroups on

Hilbert and Banach spaces. We now sketch the construction from [4]; a more com-

prehensive survey of this approach is provided in Chapter 2.

Let ´A be the generator of a bounded C0-semigroup on a Hilbert space X or the

generator of a bounded holomorphic C0-semigroup on a Banach space X. Then for

all x P X and all x˚ P X˚, the weak resolvent xp¨ `Aq´1x, x˚y belongs to the space E
given by

E “
"

g P HolpC`q : }g}E0 “ sup
αą0

α

ż

R
|g1pα ` iβq| dβ ă 8

*

.

Consider the Banach algebra B given by

B “
"

f P HolpC`q : }f}B0 “

ż 8

0

sup
βPR

|f 1pα ` iβq| dα ă 8

*

,

with the norm }f} “ }f}8`}f}B0 . Then the following duality gives a natural pairing

between B and E :

xg, fyB “

ż 8

0

α

ż 8

´8

g1pα ´ iβqf 1pα ` iβq dβ dα, f P B, g P E .

6



For A as above, one can define a mapping

ΦA : B Ñ LpX,X˚˚
q,

ΦApfq “ fpAq,

as a w˚-integral:

xfpAqx, x˚y “ fp8q `
2

π
xp¨ ` Aq´1x, fyB, x P X, x˚ P X˚. (1.1.2)

It then can be shown that (1.1.2) defines a bounded algebra homomorphism

ΦA : B Ñ LpXq,

ΦApfq “ fpAq,

and that }fpAq} ď CA}f}B holds for any f P B with a constant CA depending only

on A. Our aim is to extend this construction to functions of two variables and pairs

of commuting operators.

It is noteworthy that the Besov norm } ¨ }B gives significantly better bounds for

HP-functions than the standard HP-norm. For instance, let ´A be the generator of a

bounded C0-semigroup on a Hilbert space X, and let V pAq be the Cayley transform

pA ´ IqpA ` Iq´1 of A. We have V npAq “ χnpAq, with χpzq “ pz ´ 1qpz ` 1q´1. It

can be shown (cf. [4, Section 5.5]) that the HP-norm of χn grows like n1{2 ; whereas

an elementary application of B-calculus yields ([4, Corollary 5.9])

}V pAqn} ď 2K2
Ap3` 2 logp2nqq.

For some functional calculi, it is more or less straightforward to generalise them

to a multivariable setting. Consider, for instance, a two-variable Bernstein function

f : r0,8q2 Ñ r0,8q with the representation given by

fpλq “ a` bλ`

ż

R2
`zt0u

p1´ e´λtq dµptq,

with λ P R2
`, a ě 0, b P R2

`, and µ is a uniquely determined positive measure on

R2
` (cf. [37] and references therein). Then for a pair of commuting generators of

uniformly bounded C0-semigroups, A “ pA1, A2q, we may obtain (as in [36])

fpAqx “ ax` bAx`

ż

R2
`zt0u

pI ´ T puqqx dµpuq,

with T puq “ T1pu1qT2pu2q, and study the properties of these operators. In particular,

it is known that ´fpAq is a generator of a two-parameter bounded C0-semigroup.

7



Similarly, we might define the joint holomorphic functional calculus for a pair of

commuting sectorial operators A1 and A2 with sectorial angles θ1 and θ2, respectively,

by considering first

H8
0 pSµ1 ˆ Sµ2q “ tf P H

8
pSµ1 ˆ Sµ2q : Dsą0 ψ´sf P H8

pSµ1 ˆ Sµ2qu,

with

ψpz1, z2q “
z1z2

p1` z1q
2p1` z2q

2
.

Take δ1 P pθ1, µ2q, δ2 P pθ2, µ2q. For f P H8
0 pSµ1 ˆ Sµ2q we define

fpA1, A2q “ ´
1

4π2

ż

BSδ1ˆBSδ2

fpλ2, λ2qRpλ1, A1qRpλ2, A2q dλ1 dλ2.

The integral on the right-hand side can be shown to be independent of the choice of

δ1 and δ2. Extension to a wider class of functions is then carried out in a very similar

fashion to the one-dimensional case (see Chapter 6 below for details). The joint holo-

morphic functional calculus was studied in [30, Section 6], where the authors focus

on sums of sectorial operators, in the spirit of the celebrated Dore-Venni theorem (cf.

[17]).

Notwithstanding the fact that some multi-dimensional calculi can be set up in

a rather straightforward manner, the progress in the area has been relatively slow.

Many of the technical difficulties arise due to the fact that the underlying function

theory in several variables is still in development and/or significantly more compli-

cated than its one-dimensional counterpart. The present dissertation aims to fill this

gap by adapting the approach presented in [4] and providing a construction of a

functional calculus based on a suitable class of functions in two variables.

8



1.2 Overview of the thesis

We shall consider the function space B2, defined as the space of those bounded holo-

morphic functions f on C2
` such that

}f}B2
0
` }f}1˚ ` }f}2˚ ă 8,

where

}f}B2
0
“

ż 8

0

ż 8

0

sup
y1,y2PR

|D1D2fpx1 ` iy1, x2 ` iy2q| dx1 dx2,

}f}1˚ “

ż 8

0

sup
y1PR
z2PC`

|D1fpx1 ` iy1, z2q| dx1,

}f}2˚ “

ż 8

0

sup
y2PR
z1PC`

|D2fpz1, x2 ` iy2q| dx2 ă 8,

with Di “
B

Bzi
for i “ 1, 2. We let

B2
“ tf P H8

pC2
`q : }f}B2

0
` }f}1˚ ` }f}2˚ ă 8u.

We then endow B2 with the norm }f}B2 “ }f}8 ` }f}1˚ ` }f}2˚ ` }f}B2
0
. The crucial

step will consist in pairing elements of B2 with functions in an auxiliary class E2 via

a suitably constructed partial duality. More precisely, E2 is defined as the space of

holmorphic functions g on C2
` such that

}g}E2
0
“ sup

x1,x2ą0
x1x2

ż 8

´8

ż 8

´8

|D1D2gpx1 ` iy1, x2 ` iy2q| dy1 dy2 ă 8.

The (partial) duality between E2 and B2 will be given by

xg, fyB2 “

ż 8

0

ż 8

0

x1x2

ż 8

´8

ż 8

´8

D1D2gpx1´iy1, x2´iy2qD1D2fpx1`iy1, x2`iy2qdy1 dy2 dx1 dx2.

Let A1, A2 be closed commuting operators on a Banach space X, with DpA1q X

DpA2q dense in X. We shall assume that the spectra of A1 and A2 are contained in

in C`, and that the operators satisfy
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sup
αą0

α

ż

R
|xpα ´ iβ ` Aiq

´2x, x˚y| dβ ă 8, i “ 1, 2, (1.2.1)

sup
α,γą0

αγ

ż

R

ż

R
|xpα ´ iβ ` A1q

´2
pγ ´ iδ ` A2q

´2x, x˚y| dβ dδ ă 8. (1.2.2)

The inequality (1.2.1) is a version of the so-called Gomilko-Shi-Feng condition intro-

duced in [22] and [48]; it ensures that weak resolvents of A1 and A2 belong to E2. As

shown in [22] and [48], (1.2.1) also guarantees that ´A1 and ´A2 are generators of

bounded C0-semigroups.

We will then define

xfpA1, A2qx, x
˚
y “ fp8,8qxx, x˚y `

2

π
xxp¨ ` A1q

´1x, x˚y, f1y

`
2

π
xxp¨ ` A2q

´1x, x˚y, f2y `
4

π2
xxp¨ ` A1q

´1
p¨ ` A2q

´1x, x˚y, fy,

(1.2.3)

with

fp8,8q “ lim
Re z1,Re z2Ñ8

fpz1, z2q, f1pz1q “ lim
Re z2Ñ8

fpz1, z2q, f2pz2q “ lim
Re z2Ñ8

fpz1, z2q.

We devote Chapter 2 to an overview of the basic theory of one-parameter strongly

continuous semigroups, and the theory of Besov functional calculus in one variable.

This will serve as a starting point for providing a corresponding framework for a two-

dimensional analogue of the class B1 (cf. [4]). We base most of this discussion on [4]

and [5].

In Proposition 2.3.17, we establish a new result showing that approximate λ-

eigenvectors of A are approximate fpλq-eigenvectors of fpAq. Before concluding

Chapter 2, we show that compositions of certain functions are in the one-dimensional

Besov class (Proposition 2.3.18), and that this allows one to consistently define oper-

ators on Hilbert spaces in two different ways (Proposition 2.3.19).

Chapter 3 of the present work is devoted to preliminary considerations concern-

ing the class B2. We shall see that B2 shares many of its characteristics with its

one-dimensional counterpart. In Section 3.1 we introduce the class, and define the

subspace B2
0 which will play a key role in subsequent considerations. In Section 3.2

we prove that B2 is indeed a Banach space with respect to the norm } ¨ }B2 , and that

the limiting functions f1pz1q “ limRe z1Ñ8 fpz1, z2q and f2pz2q “ limReÑ8 fpz1, z2q are

both in the one-dimensional Besov class, with f1p8q “ f2p8q. We then establish in

Section 3.3 that B2 is a Banach algebra. In Section 3.4 we introduce two alternative

10



norms on B2, and show that they are both equivalent to } ¨ }B2 ; we make extensive

use of this fact throughout the thesis. We consider some classes of functions in B2

in Section 3.5; the results in this section are derived from the one-variable case. In

Sections 3.6–3.8, we explain the relations between the classes B2 and B, prove a two-

variable analogue of Proposition 2.3.18 concerning compositions of functions, and

provide further examples of functions in B2.

In Chapter 4, we prove a number of results on spectral decompositions, which we

will need later on. We also provide approximation techniques for functions in B2 in

terms of the partial duality with E2. Following auxiliary considerations in Section 4.1,

we show in Section 4.2 that the union of suitably chosen spectral subspaces is dense

in B2
0. We then introduce the class E2 and the partial duality x¨, ¨yB2 in Section 4.3,

and establish that any function f P B2 admits an approximation in terms of x¨, ¨yB2 .

In Section 4.4 we discuss topological properties of B2; we show that the subspace of

Laplace transforms of measures is not norm-dense in B2, but it is dense in B2 in the

topology of uniform convergence on compact subsets.

Chapter 5 extends the earlier discussion on functions in B2; it contains a charac-

terisation of functions in B2 in terms of their representations, as well as a discussion

of dual Banach spaces in the light of the partial duality, and a number of exam-

ples. Proposition 5.1.1 establishes that any f P B2 can be represented in terms of

the partial duality introduced in the preceding chapter. Section 5.2 covers a general

method of constructing functions in B2; in Section 5.4 we characterise the behaviour

of (two-parameter) semigroups of shifts acting on B2. After providing two negative

results on dual spaces and density in Section 5.5, we close the chapter with Theorem

5.6.1 expressing a convergence lemma for sequences of functions in B2.

Chapter 6 encapsulates the core results on our two-dimensional functional calculus.

We show that (1.2.3) defines a bounded algebra homomorphism

ΦA1,A2 : B2
Ñ LpXq, ΦA1,A2pfq “ fpA1, A2q

and that }fpA1, A2q} ď CA1,A2}f}B2 , with the constant CA1,A2 depending only on A1

and A2. We establish that the B2-calculus extends the two-dimensional Hille-Phillips

calculus, that it is compatible with joint holomorphic and half-plane calculi, and

consistent with the B1-calculus as defined in [4]. We shall obtain a spectral mapping

theorem for the joint spectrum of A1 and A2. Finally, we will see that the B2-calculus

is essentially unique.
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1.3 Notation

We shall adopt the following notation throughout the dissertation. We denote Banach

spaces by X and Y , and the dual space of X by X˚. The duality between x P X and

y P X˚ will be denoted by xx, yy. For a Banach space X, LpXq denotes the space

of all bounded linear operators on X. The domain, spectrum and resolvent set of an

(unbounded) operator A on X are denoted by DpAq, σpAq and ρpAq, respectively.

For λ P ρpAq, we let:

Rpλ,Aq “ pλ´ Aq´1.

Two linear operators, A1 and A2, are said to be commuting if for all λ1, λ2 P ρpA1q X

ρpA2q we have

Rpλ1, A1qRpλ2, A2q “ Rpλ2, A2qRpλ1, A1q.

We introduce the following notational conventions.

R` “ r0,8q,

C` “ tz P C : Re z ą 0u, C` “ tz P C : Re z ě 0u,

Sθ “ tz P C : z ‰ 0, | arg z| ă θu for θ P p0, πq; S0 “ p0,8q,

Ra “ tz P C : Re z ą au,

supppfq denotes the support of a function or distribution f on R.

The Cartesian product of two sets, D and E, is denoted by DˆE, and D2 “ DˆD.

For f : C` Ñ C, we write

fp8q “ lim
Re zÑ8

fpzq

if this limit exists in C. Similarly, for f : C2
` Ñ C, we write

f1pz1q “ fpz1,8q “ lim
Re z2Ñ8

fpz1, z2q,

f2pz2q “ fp8, z2q “ lim
Re z1Ñ8

fpz1, z2q,

and denote the partial complex derivatives Bf
Bz1

and Bf
Bz2

by D1f and D2f , respectively.

For a P C`, we define functions on C` by

eapzq “ e´az, rapzq “ pz ` aq
´1.

We use the following notation for spaces of functions or measures, and transforms,

on R or R`:
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SpRq denotes the Schwartz space on R,

BUCpRq denotes the space of bounded, uniformly continuous, functions on R,

with the sup-norm,

HolpΩq denotes the space of holomorphic functions on an open subset Ω of C`,

MpRq denotes the Banach algebra of all bounded Borel measures on R under

convolution, and MpR`q denotes the corresponding algebra for R`. We shall

identify L1pR`q with a subalgebra of MpR`q in the usual way,

L denotes the Laplace transform applied to distributions, measures or functions

on R`,

F denotes the Fourier transform on R. For f P L1pRq,

pFfqpsq “
ż

R
fptqe´ist dt.

We shall also consider F applied to measures and distributions on R, and F´1

will be the inverse Fourier transform on R.

We adopt analogous notation for spaces of functions or measures, and transforms on

R2 or R2
`. In particular, we denote by F´1

p2q the inverse Fourier transform on R2. We

note that (see e.g. [49, Corollary 1.24]) if f and Fp2qf are both integrable, then the

following holds a.e.

F´1
p2qfpsq “

1

4π2
Fp2qfp´sq.
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2 Preliminaries

2.1 C0-semigroups

For a systematic treatment of C0-semigroups and related topics see e.g. [2], [20], [15].

We begin with a definition of a strongly continuous function.

Definition 2.1.1. A function T : R` Ñ LpXq is called strongly continuous if

t ÞÑ T ptqx

is continuous for all x P X.

A C0-semigroup can then be viewed as just a special type of a strongly continuous

function, i.e.

Definition 2.1.2. A strongly continuous semigroup, or a C0-semigroup, is a strongly

continuous function T : R` Ñ LpXq, denoted by pT ptqqtě0, such that

T pt` sq “ T ptqT psq pt, s ě 0q,

T p0q “ I.

To each C0-semigroup we can associate an operator, called its generator. The genera-

tor of a C0-semigroup is a linear, closed, but in general unbounded, operator defined

only on a dense subspace DpAq of the Banach space X.

Every norm-continuous semigroup pT ptqqtě0 on a Banach space X can be charac-

terised as an operator-valued exponential function (see [20, Theorem I.3.7]), i.e. there

is an operator A P LpXq such that

T ptq “ etA “
8
ÿ

n“0

ptAqn

n!
, t ě 0, (2.1.1)

where the convergence is understood to be in the operator norm. The notion of a

C0-semigroup generator provides us with an analogue of the bounded operator A

appearing in (2.1.1).
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Definition 2.1.3. The generator A of a C0-semigroup pT ptqqtě0 on a Banach space

X is the operator

Ax “ lim
hŒ0

1

h
pT phqx´ xq,

defined for every x in its domain

DpAq “

"

x P X : lim
hŒ0

1

h
pT phqx´ xq exists

*

.

Throughout the present section, we make the convention that A denotes the generator;

when convenient, we take A to be the negative generator elsewhere in the dissertation.

We believe that this slight abuse of notation should not cause any confusion.

The following lemma collects some basic properties of the C0-semigroups and their

generators.

Lemma 2.1.4 (Lemma II.1.3, [20]). Let A be a closed operator that generates a

C0-semigroup pT ptqqtě0. Then the following properties hold.

1. If x P DpAq then T ptqx P DpAq and

d

dt
T ptqx “ T ptqAx “ AT ptqx for all t ě 0.

2. For t ě 0 and x P X we have

ż t

0

T psqx ds P DpAq,

T ptqx´ x “ A

ż t

0

T psqx ds.

3. For every t ě 0 and x P DpAq we have

T ptqx´ x “

ż t

0

T psqAxds.

We have the following characterisation of C0-semigroups which are norm-continuous

on R`.

Theorem 2.1.5 (Theorem 3.1.10, [2]). Let A be the generator of a C0-semigroup

pT ptqqtě0. The following assertions are equivalent:

(i) The operator A is bounded, i.e. DpAq “ X.

(ii) limtŒ0 }T ptq ´ I} “ 0.
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In that case, T ptq “ etA “
ř8

n“0
ptAqn

n!
, for t ě 0.

Consider the abstract, i.e. Banach-space-valued, linear initial value problem:

#

u1ptq “ Auptq, pt ě 0q,

up0q “ x, x P X,

where t represents time, u is a function with values in a Banach space X, A : DpAq Ă

X Ñ X a linear operator. This initial value problem is referred to as the abstract

Cauchy problem (ACP) associated to pA,DpAqq and the initial value x. The impor-

tance of (ACP) stems from the fact that many equations of mathematical physics

can be expressed in the above form, e.g. the wave equation or the heat equation (cf.

[21]).

A function u P C1pR`, Xq such that uptq P DpAq for each t ě 0 and (ACP) holds

is called a a classical solution of (ACP). A function u P CpR`, Xq is called a mild

solution of (ACP) if
şt

0
upsqds P DpAq for all t ě 0 and

uptq “ A

ż t

0

upsqds` x. (2.1.2)

If now A generates a C0-semigroup pT ptqqtě0, then for each x P X the orbit map

u : t Ñ uptq “ T ptqx is known to be the unique mild solution to the associated

(ACP).

In order to retrieve the C0-semigroup pT ptqqtě0 from its generator, a third object is

needed, that is: the resolvent of the generator of pT ptqqtě0.

Definition 2.1.6. We call

ρpAq “ tλ P C : λ´ A : DpAq Ñ X is bijectiveu.

the resolvent set of A. The holomorphic mapping

Rp¨, Aq : ρpAq Ñ LpXq, Rpλ,Aq “ pλ´ Aq´1

is called the resolvent of A.

We now briefly remark on the connection between resolvents and Laplace trans-

forms of semigroups (cf. [2, Section 3.1]).
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Definition 2.1.7. Let λ0 P R and let R : pλ0,8q Ñ LpXq be a function. We say that

R is a Laplace transform if there exists a strongly continuous function T : R` Ñ LpXq

such that

abspT q “ inf

"

Reλ : lim
τÑ8

ż τ

0

e´λtfptq dt exists

*

ď λ0,

and

Rpλqx “ lim
τÑ8

ż τ

0

e´λtT ptqx dt pλ ą λ0, x P Xq.

It can be shown that C0-semigroups are exactly those strongly continuous (operator-

valued) functions whose Laplace transforms are resolvents (cf. [2, Section 3.1, The-

orem 3.1.7]). The following proposition makes this fact precise, and shows some

relations holding between the resolvent and the generator.

Proposition 2.1.8 (Theorems II.1.4 and II.1.10, [20]; Theorem 3.1.7, Definition

3.1.8, Proposition 3.1.9, [2]). Let A be the generator of a C0-semigroup pT ptqqtě0.

Then

(1) A is closed and densely defined, and there exist constants M,ω ě 0 such that

}T ptq} ďMeωt, for t P R`.

(2) Let

ωpT q “ inf

"

ω P R : sup
tě0
}e´ωtT ptq} ă 8

*

.

Then for Reλ ą ωpT q, λ is in the resolvent set of A, and the following holds

Rpλ,Aqx “ lim
τÑ8

ż τ

0

e´λtT ptqx dt, x P X. (2.1.3)

Note that trivially abspT q ď ωpT q.

(3) limλÑ8 λRpλ,Aqx “ x for all x P X. Let pT ptqqtě0 be a C0-semigroup on X

and let A be its generator. Then the following properties hold.

(4) Rpλ,AqT ptq “ T ptqRpλ,Aq for all λ P ρpAq and t ě 0.

We note that property (4) in Proposition 2.1.8 is equivalent to (cf. e.g.[2, Proposition

B.7])

for all x P DpAq and t ě 0, T ptqx P DpAq and ApT ptqxq “ T ptqAx.

The classical Hille-Yosida generation theorem provides necessary and sufficient

conditions for a linear operator on a Banach space X to generate a C0-semigroup.
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Theorem 2.1.9 (Hille-Yosida). Let pA,DpAqq be a linear operator on a Banach space

X, w P R,M ě 1. Then the following are equivalent.

1. A generates a C0-semigroup pT ptqqtě0 such that

}T ptq} ďMewt for all t ě 0.

2. pA,DpAqq is closed, densely defined, and for every λ ą w we have λ P ρpAq

with

}rpλ´ wqRpλ,Aqsn} ďM for all n P N.

3. pA,DpAqq is closed, densely defined, and for every λ P C with Reλ ą w we

have λ P ρpAq with

}rpλ´ wqRpλ,Aqsn} ďM for all n P N.

The estimates appearing in Theorem 2.1.9 involve all powers of the resolvent; this

limits the practical use of Theorem 2.1.9 in concrete applications. A result due to

Gomilko (cf. [22]), Shi and Feng (cf. [48]), gives a sufficient condition on a general

Banach space, involving only a single resolvent power. The condition turns out to be

necessary on Hilbert spaces.

Theorem 2.1.10. Let A be densely defined, closed operator on a Banach space X

such that

σpAq Ď tλ P C : Reλ ď 0u.

Consider the following conditions:

(i) For every x P X, x˚ P X˚,

sup
wą0

w

ż

R
}Rpw ` it, Aqx}2 dt ă 8,

sup
wą0

w

ż

R
}Rpw ` it, A˚qx˚}2 dt ă 8.

(ii) For every x P X, x˚ P X˚,

sup
wą0

w

ż

R
|xRpw ` it, Aq2x, x˚y|2 dt ă 8.

(iii) A generates a bounded C0-semigroup.
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Then piq ùñ piiq ùñ piiiq. If X is a Hilbert space then the implication piiiq ùñ

piq also holds.

A particularly important class of C0-semigroups is constituted by the so-called

holomorphic semigroups, i.e. semigroups that can be extended analytically.

Definition 2.1.11. Let θ P p0, π
2
s. A semigroup T on X is called holomorphic of angle

θ if it has a holomorphic extension to Sθ which is bounded on Sθ1 X tz P C : |z| ď 1u

for all θ
1

P p0, θq. A semigroup T is called a bounded holomorphic semigroup of angle

θ1 if T has a bounded holomorphic extension to Sθ1 for each θ1 P p0, θq.

We will now introduce the key notion of resolvent commuting operators.

Definition 2.1.12. Two closed operators A1 and A2 on a Banach space X are said

to commute in the resolvent sense if Rpλ,A1qRpµ,A2q “ Rpµ,A2qRpλ,A1q for all

λ P ρpA1q and µ P ρpA2q.

The operators A1 ` A2 and A1A2 are then understood with their natural domains

DpA1 ` A2q “ DpA1q XDpA2q,

DpA1A2q “ tx P DpA2q : A2x P DpA1qu.

Let A1 and A2 be the generators of C0-semigroups pT1ptqqtě0 and pT2ptqqtě0, respec-

tively. Then A1 and A2 commute in the resolvent sense if and only if the semigroups

pT1ptqqtě0 and pT2ptqqtě0 commute (the right to left direction follows from (2.1.3); for

the left to right direction see e.g. [16, Theorem 6.1.27]).

If A1 and A2 commute in the resolvent sense, then A1 ` A2, with the core DpA1qX

DpA2q, generates the product semigroup Sptq “ T1ptqT2ptq (cf. [20, II.2.7]).

2.2 Sectorial operators

We begin by reviewing some definitions.

For 0 ď ω ď π let:

Sω “

"

tz P C : z ‰ 0, and | arg z| ă ωu if ω P p0, πs,
p0,8q if ω “ 0.

*

Definition 2.2.1. Let ω P r0, πq. An operator A on X is called sectorial of angle ω,

in short A P Sectpωq, if conditions (i) and (ii) are satisfied:

(i) σpAq Ă Sω,
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(ii) MpA, ω1q “ supt}λRpλ,Aq} : λ P CzSω1u ă 8 for all ω1 P pω, πq.

In that case, the spectral angle (or sectoriality angle) of A is defined by:

ωA “ mint0 ď ω ă π|A P Sectpωqu.

The set of sectorial operators on X will be denoted by Sect.

We note that the condition (i) in Definition 2.2.1 already implies that A is closed.

Although in what follows we shall often assume that A is densely defined, we follow

[25] in not making density of the domain a part of the definition of a sectorial operator.

If A is a closed operator and p´8, 0q Ă ρpAq and also suptą0 }tpt`Aq
´1} ă 8, then

the fact that A is sectorial follows from the von Neumann series expansion formula

(see the proof of [25, Proposition 2.1.1a)]). Moreover, the inverse of an injective

sectorial operator is sectorial. More specifically, one has the following proposition.

Proposition 2.2.2 (Proposition 2.1.1, [25]). Let A be a closed operator on a Banach

space X.

(i) If p´8, 0q Ă ρpAq and

MpAq “ sup
tą0
}tpt` Aq´1

} ă 8,

then MpAq ě 1 and A P Sectpπ ´ arcsinpMpAq´1qq.

(ii) If A is injective and A P Sectpωq for some ω P r0, πq, then A´1 P Sectpωq and the

fundamental identity:

λpλ` A´1
q
´1
“ I ´

1

λ

ˆ

1

λ
` A

˙´1

holds for all λ P Czt0u such that λ´1 P ρpAq.

If ´A generates a bounded semigroup pT ptqqtě0, then by taking M “ suptě0 }T ptq}

one obtains:

}pλ` Aq´1
} “ }Rpλ,´Aq} ď

M

Reλ
. Reλ ą 0.

This establishes that A is sectorial of angle π{2. Sectorial operators of angle strictly

less than π{2 coincide with negative generators of bounded holomorphic semigroups

([20, Theorem 4.6]).

A family of operators pAiqiPI is called uniformly sectorial of angle ω P r0, πq if

Ai P Sectpωq for each i P I, and supiPIMpAi, ω
1q ă 8 for all ω1 P pω, πq.
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A uniformly sectorial sequence pAnqnPN of angle ω is called a sectorial approxima-

tion for the operator A if for some (equivalently: for any, cf. [25, Proposition A.5.3])

λ P CzSω we have λ R σpAq and

Rpλ,Anq Ñ Rpλ,Aq in LpXq.

If pAnqnPN is a sectorial approximation for A on Sω, we write An Ñ A pSωq and speak

of sectorial convergence. The following proposition collects some basic properties of

sectorial approximations.

Proposition 2.2.3 (Proposition 2.1.3, [25]). 1. If An Ñ A pSωq, and all An as

well as A are injective, then A´1
n Ñ A´1 pSωq.

2. If An Ñ A pSωq and 0 P ρpAq, then 0 P ρpAnq for large enough n.

3. If An Ñ A pSωq, and A P LpXq, then An P LpXq for large enough n, and

An Ñ A in norm.

4. If pAnqnPN Ă LpXq is uniformly sectorial of angle ω, and if An Ñ A in norm,

then A P Sectpωq and An Ñ A pSωq.

5. If A P Sectpωq, then pA` εqεą0 is a sectorial approximation for A on Sω.

6. If A P Sectpωq and Aε “ pA ` εqp1 ` εAq´1 for 0 ă ε ď 1, then pAεq0ăεď1 is a

sectorial approximation for A on Sω.

Holomorphic functional calculus Let X be a Banach space, and let M be a

commutative algebra with 1 and with a subalgebra E Ă M. Let Φ denote a homo-

morphism Φ : peÑ Φpeqq : E Ñ LpXq. Such defined triple (E ,M,Φq will be referred

to as an abstract functional calculus over X. If f PM, then members of the set

Regpfq “ te PM : ef PM, Φpeq injectiveu

are called regularisers for f . Abstract functional calculus is said to be proper if

Regp1q ‰ H. In the case of a proper abstract functional calculus pE ,M,Φq an

extension procedure may be applied as follows. Take:

Mr “ tf PM : Regpfq ‰ Hu.

For f PMr define (abusing the notation):

Φpfq “ Φpeq´1Φpefq, (2.2.1)
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where e P Regpfq is an arbitrarily chosen regulariser for f . (2.2.1) can be easily seen

to be independent of the chosen regulariser e. The new Φ can then be shown to

extend the old one, i.e. we have

Theorem 2.2.4 (Lemma 1.2.1, [25]). Let pE ,M, φq be a proper abstract functional

calculus on a Banach space X. Then (2.2.1) defines a closed operator on X, and the

map

Φ “ pf ÞÑ Φpfqq : Mr Ñ tclosed operators on Xu

extends the original mapping Φ : E Ñ LpXq. In general, the operator Φpfq may be

unbounded.

The holomorphic calculus for sectorial operators can now be defined in the follow-

ing manner. Let A P Sectpωq, and for φ such that ω ă φ ă π define

H8
0 pSφq :“ tf P OpSφq : |fpzq ď C minp|z|s, |z|´sq for some C, s ą 0u,

where OpSφq denotes the set of all holomorphic functions on the sector Sφ. Take

τpzq “
z

p1` zq2
,

and let

BpSφq “ tf : Sφ Ñ C : τnf P H8
0 pSφq for some n P Nu.

For each f P H8
0 pSφq we may now define

Φpfq “ fpAq “
1

2πi

ż

Γ

fpzqpz ´ Aq´1 dz, (2.2.2)

where Γ is the downward oriented boundary of a sector Sω0 , with ω ă ω0 ă φ. This

definition is independent of the particular choice of ω0, and

Φ : H8
0 pSφq Ñ LpXq, Φpfq “ fpAq,

is an algebra homomorphism, with Φpτq “ Ap1` Aq´2.

If A is injective, so is Φpτq. In that case, we have a proper abstract functional

calculus for A, pE ,M,Φq, with

E “ H8
0 pSφq, M “ OpSφq,

and the corresponding extended calculus is called the holomorphic calculus for A.

Any function f P BpSφq has a regulariser of the form τn for some n P N.
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2.3 B1-calculus

The material in this section is based on the recent work [4] and [5].

Definition. We begin with the definition of the relevant class of analytic Besov

functions. Let B1 be the space of those holomorphic functions f on C` such that

}f}B1
0
“

ż 8

0

sup
yPR
|f 1px` iyq| dx ă 8. (2.3.1)

It can be shown that functions in B1 enjoy the following properties.

Proposition 2.3.1 (Proposition 2.2, [4]). Let f P B1.

1. fp8q “ limRe zÑ8 fpzq exists in C.

2. f is bounded, and }f}8 ď |fp8q| ` }f}B1
0
.

3. fpisq “ limxÑ0` fpx` isq uniformly for s P R.

4. The extended function f is uniformly continuous on C`, and so f b P BUCpRq,
where f b denotes the boundary value of f .

5. If U is an open set containing the range of f , and h is a bounded holomorphic

function with bounded derivative on U , then h ˝ f P B1.

6. If f is bounded away from 0, then 1{f P B1.

7. Assume that the range of f is contained in Sπ. If β ą 1, then fβpzq “ fpzqβ P

B1. If f is bounded away from 0, then fβ P B1 for all β P R.

A norm on B1 is then defined as follows:

}f}B1 “ }f}8 ` }f}B1
0
“ }f}8 `

ż 8

0

sup
yPR
|f 1px` iyq| dx. (2.3.2)

As observed in [4, Section 2.2], } ¨ }B1 is equivalent to each norm of the form

|fpaq| ` }f}B1
0

pa P C` Y t8uq.

Furthermore, B1 is a Banach algebra and } ¨ }B1 is an algebra norm ([4, Proposition

2.3(2)]).

Hille-Phillips algebra. A key thing to note is that B1 properly contains the Hille-

Phillips algebra as a subalgebra. Let LM be the Hille-Phillips algebra, which is the
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subalgebra of H8pC`q consisting of Laplace transforms Lµ of measures µ P MpR`q.
Let m “ Lµ and }m}HP “ }µ}. Then

|mpzq| ď |µ|pR`q, m1
pzq “ ´

ż

R`
te´tz dµptq, z P C`,

and
ż 8

0

sup
yą0

|m1
px` iyq| dx ď

ż 8

0

ż

R`
te´tx d|µ|ptq dx “ |µ|p0,8q. (2.3.3)

So m P B1, }m}B1 ď 2}m}HP and mp8q “ µpt0uq. If µ is a positive measure, then

equality holds in (2.3.3) and }m}1B “ µpR`q`µp0,8q. The subspace LM is not closed

in B1, and it is not dense in B1 in the norm-topology. However, LM is dense in B1 in

the topology of uniform convergence on compact subsets of C` by [4, Proposition 2.3].

Examples The following concrete functions are known to be members of B1 (the first

three in virtue of belonging to LM, cf. [4, Examples 2.12, Lemma 3.4, Lemma 3.5,

Lemma 3.7]):

- eapzq “ e´az, for a ą 0,

- rλpzq “ pλ` zq
´1, for λ P C`,

- ηpzq “ p1´ e´zq{z,

- expp´t{pz ` 1qq, for t ą 0,

- ppz ´ 1q{pz ` 1qqn, for n P N,

- Each function given by

hpzq “
1

λ` fpzαqβ
,

with α P p0, 1q, β P p1, 1{αs and an arbitrary Bernstein function f .

Subalgebra G. Working directly with functions in B1 is not entirely straightfor-

ward. The setup in [4] involves subtle approximation techniques, utilising a certain

subalgebra of B1 as its key ingredient. Let

G “
 

f P H8
pC`q : supppF´1f bq is a compact subset of p0,8q

(

“
ď

0ăεăσă8

H8
rε, σs.

Then, by [4, Lemma 2.5], G is a subalgebra of B1. Moreover, by [4, Proposition 2.10],

the closure of G in B1 is

G “ B1
0 “

 

f P B1 : fp8q “ 0
(

. (2.3.4)
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In other words, any function f P B1 is the sum of a function in G and a constant

function.

Space E1. A partial duality between B1 and an auxiliary space, E1, is yet another

building block of the approach in [4]. Let E1 be the space of holomorphic functions g

on C` such that

}g}E1
0
“ sup

xą0
x

ż 8

´8

|g1px` iyq| dy ă 8. (2.3.5)

The constant functions are in E1, and } ¨ }E1
0

is a seminorm which vanishes on the

constant functions. A norm } ¨ }E1 on E1 can be defined on E1 by setting

}g}E1 “ |gp8q| ` }g}E1
0
, g P E1. (2.3.6)

It can be seen (cf. [4, Section 2.5]) that E1 equipped with } ¨ }E1 becomes a Banach

space.

Partial duality. There is a (partial) duality between E1 and B1 given by

xg, fyB1 “

ż 8

0

x

ż 8

´8

g1px´ iyqf 1px` iyq dy dx, g P E1, f P B1. (2.3.7)

The duality is only partial in the sense that B1 and E are not the dual or predual of

each other with respect to this duality, and the constant functions in each space are

annihilated in the duality.

Remark 2.3.2. The duality (2.3.7) induces a contractive map ΨB1 : E1 Ñ pB1
0q
˚, where

pB1
0q
˚ can be identified in the natural way with the space of functionals in pB1q˚ which

annihilate the constant functions. Similarly, let E1
0 “ tg P E1 : gp8q “ 0u, with the

norm } ¨ }E1 which coincides with } ¨ }E1
0

on E1
0 . Identify the dual E1

0
˚

with the space

of linear functionals in pE1q˚ which annihilate the constant functions. Then (2.3.7)

provides a contractive map ΨE1 from B1 to pE1
0 q
˚.

We have

Proposition 2.3.3 (Propositions 2.22 and 2.23, [4]). 1. The range of ΨB1 is not

norm-dense in pB1
0q
˚. 2. The range of ΨE1 is not norm-dense in pE1

0 q
˚

Approximations. The importance of the partial duality stems from the fact that it

provides means for approximating functions in B1; more specifically, any function in

B1 can be weakly approximated (with respect to the partial duality) in the following

way:
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Lemma 2.3.4 (Lemma 2.19, [4]). Let µ PMpR`q satisfy

µpR`q “ 1,

ż

R`
t d|µ|ptq ă 8.

Let m “ Lµ P LM, and f P B1. For δ ą 0, let

mδpzq “ mpδzq, fδpzq “ mδpzqfpzq pz P C`q.

Then, for all g P E1,

lim
δÑ0`

xg, fδyB1 “ xg, fyB1 .

Representations. With this at hand, one can show that any function in B1 can be

represented in terms of the duality.

Proposition 2.3.5 (Proposition 2.20, [4]). Let f P B1, z P C` and rzpλq “ pλ`zq
´1.

Then

fpzq “ fp8q `
2

π
xrz, fyB1 . (2.3.8)

The following representations are variants of (2.3.8).

Proposition 2.3.6 (Propositions 2.4 and 2.5, [5]). Let f P B1
0, and z “ x` iy P C`.

Then

fpzq “ ´
4

π

ż 8

0

α

ż

R

Re f 1pα ` iβq

pz ` α ´ iβq2
dβ dα

“ ´
4i

π

ż 8

0

α

ż

R

Im f 1pα ` iβq

pz ` α ´ iβq2
dβ dα

“
4

π

ż 8

0

αpx` αq

ż

R

f2pα ` iβq

px` αq2 ` py ´ βq2
dβ dα.

B1-calculus. Let A be a closed operator on a Banach space X, with dense domain

DpAq. We assume that the spectrum σpAq is contained in C` and

sup
αą0

α

ż

R
|xpα ` iβ ` Aq´2x, x˚y| dβ ă 8 (2.3.9)

for all x P X and x˚ P X˚. By the Closed Graph Theorem, there is a constant c such

that
2

π
α

ż

R
|xpα ` iβ ` Aq´2x, x˚y| dβ ď c}x} }x˚} (2.3.10)
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for all α ą 0, x P X and x˚ P X˚. Note that (2.3.9) says precisely that the function

gx,x˚ : z ÞÑ xpz ` Aq´1x, x˚y (2.3.11)

belongs to E1. We let γA be the smallest value of c such that (2.3.10) holds, so

γA “
2

π
supt}gx,x˚}E0 : }x} “ }x˚} “ 1u. (2.3.12)

Assume that (2.3.9) holds, so that the functions gx,x˚ in (2.3.11) are in E1, and let

f P B1. We aim to define fpAq by replacing z by A and rz by pz ` Aq´1 in the

representation formula in Proposition 2.3.8.

Let f P B1 and A be as above. Define

xfpAqx, x˚y (2.3.13)

“ fp8qxx, x˚y ´
2

π

ż 8

0

α

ż

R
xpα ´ iβ ` Aq´2x, x˚yf 1pα ` iβq dβ dα

“ fp8qxx, x˚y `
2

π
xgx,x˚ , fyB1 ,

for all x P X and x˚ P X˚. Note that (2.3.13) defines a bounded linear mapping

fpAq : X Ñ X˚˚, and that the linear mapping

ΦA : B1
Ñ LpX,X˚˚

q, f ÞÑ fpAq,

is bounded, with

}fpAq} ď |fp8q| ` γA}f}B1
0
ď γA}f}B1 . (2.3.14)

In order to show that this is, in fact, a suitable definition, it is best to proceed in

steps, building-up on the preceding considerations.

Step 1. A direct calculation allows one to establish that (2.3.13) is consistent with

the Hille-Phillips functional calculus, i.e. we obtain

Lemma 2.3.7 (Lemma 4.2, [4]). Let f P LM and fpAq be as defined as in (2.3.13).

Then fpAq coincides with the operator x ÞÑ
ş

R` T ptqx dµptq as defined in the Hille-

Phillips functional calculus. In particular, fpAq P LpXq.

Consequently, for any f in the Hille-Phillips algebra, fpAq : X Ñ X˚˚ turns out to

be a bounded operator on X.

Step 2. The next step is a version of Lemma 2.3.4 for operators. Let

ηpzq “
1´ e´z

z
, ηδpzq “ ηpδzq, δ ą 0.
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Lemma 2.3.8 (Lemma 4.3, [4]). Let f P B1
0, and assume that fηδ P LM for each

δ ą 0. Then limδÑ0`pfηδqpAqx exists in X for every x P X. Moreover fpAqx “

limδÑ0`pfηδqpAqx for all x P X, and thus fpAq P LpXq.

Since, by [4, Lemma 2.13], fηδ P LM, for any f P G, Lemma 2.3.8 implies that

fpAq P LpXq whenever f P G.

Step 3. In the final step, one obtains the main result showing that the map ΦA has

the essential properties of a bounded functional calculus.

Theorem 2.3.9 (Theorem 4.4, [4]). Under the assumptions (2.3.9), the map ΦA :

f ÞÑ fpAq is a bounded algebra homomorphism from B1 into LpXq, which extends the

Hille-Phillips calculus. Moreover, }ΦA} ď γA.

Theorem 2.3.9 essentially follows from Lemma 2.3.8 and the fact that G is norm-dense

in B1
0.

Necessity and uniqueness. Somewhat surprisingly, such obtained functional calcu-

lus turns out to be optimal. To make this remark precise, let us say that a (bounded)

B1-calculus for A is a bounded algebra homomorphism Φ : B1 Ñ LpXq such that

Φprzq “ pz ` Aq
´1 for all z P C`.

Remark 2.3.10. If Φprzq “ pz ` Aq
´1 for some z P C`, then the same equation holds

for all z P C`. Moreover, the existence of Φ, and the fact that }rz}B1
0
“ 1{Re z, imply

that }pz ` Aq´1} ď }Φ}{Re z. Hence A is sectorial of angle at most π{2.

The initially imposed resolvent assumption on A can then be shown to be a necessary

condition for the existence of a B1-calculus.

Theorem 2.3.11 (Theorem 6.1, [5]). Let A be an operator on X with σpAq Ď C`,

and suppose that there exists a B1-calculus for A. Then the resolvent assumption

(2.3.9) holds.

We say that A admits a B1-calculus if there exists such bounded homomorphism Φ

and/or if A satisfies (2.3.9). The following result shows that the calculus given in

(2.3.13) is unique.

Theorem 2.3.12 (Theorem 6.2, [5]). Let A be an operator on X with σpAq Ď C`.

If A admits B1-calculus Φ, then Φ is unique, in the sense that the following holds

xΦpfqx, x˚y “ fp8q `
2

π
xgx,x˚ , fyB1

for all f P B1, x P X and x˚ P X˚. Here gx,x˚pzq “ xpz ` Aq
´1x, x˚y, gx,x˚ P E1.
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Spectral features. The statement below shows that the B1-calculus possesses the

standard spectral features.

Theorem 2.3.13 (Theorem 4.17, [4]). Let A be a densely defined operator on a

Banach space X such that σpAq Ă C` and (2.3.9) holds. Let f P B1 and λ P C.

• If x P DpAq and Ax “ λx, then fpAqx “ fpλqx.

• If x˚ P DpA˚q and A˚x˚ “ λx˚, then fpAq˚x˚ “ fpλqx˚.

• If λ P σpAq then fpλq P σpfpAqq.

• If A P Sectpπ{2´q, then σpfpAqq Y tfp8qu “ fpσpAqq Y tfp8qu, where

Sectpπ{2´q “
Ť

θPr0,π{2q Sectpθq.

Convergence Lemma. We now present a Convergence Lemma formulated in the

context of B1.

Lemma 2.3.14 (Lemma 8.1, [5]). Let pfnqně1 Ă B1 be such that supně1 }fn}B1 ă 8.

Assume that for every z P C` there exists

f0pzq “ lim
nÑ8

fnpzq P C, (2.3.15)

and for every r ą 0 one has

lim
δÑ0`

ż δ

0

sup
|β|ďr

|f 1npα ` iβq| dα “ 0, (2.3.16)

uniformly in n. Let g P B1 with lim|z|Ñ8 gpzq “ 0, and let gnpzq “ fnpzqgpzq, n ě 0.

Then f0 P B1, gn P B1
0, n ě 0, and

lim
nÑ8

}gn ´ g0}B1 “ 0.

From Lemma 2.3.14, one can then obtain an immediate corollary applicable to oper-

ators.

Corollary 2.3.15 (Corollary 8.3, [5]). Let A be an operator which admits B1-calculus,

and let fn and f0 be as in Lemma 2.3.14. Then fnpAq Ñ f0pAq in the strong operator

topology. If A P LpXq, then the convergence is in operator-norm.

By applying Lemma 2.3.14 to the function t ÞÑ fptAq, one gets

29



Theorem 2.3.16 (Theorem 8.4, [5]). Let A be an operator which admits B1-calculus,

and let f P B1. Then t ÞÑ fptAq is continuous from R` to LpXq with the strong

operator topology. If A P LpXq, then the map is continuous with respect to the norm

topology on LpXq.

Fine structure of σpfpAqq. Suppose that A admits B1-calculus. It has been estab-

lished in [4, Theorem 4.17] that, for any f P B,

λ P σpAq ùñ fpλq P σpfpAqq. (2.3.17)

This result does not, however, immediately imply anything about the fine structure of

σpfpAqq. As already mentioned in [4, Remark 4.18], it is of some interest to investigate

whether there exists a connection between the eigenvalues of A and the eigenvalues of

fpAq. The following proposition is a new result that makes this connection explicit.

Proposition 2.3.17. Suppose that A admits B1-calculus. Then approximate λ-

eigenvectors of A are approximate fpλq-eigenvectors of fpAq.

Proof. If A admits B1-calculus, then, by [5, Theorem 6.1], A satisfies

sup
αą0

α

ż

R
|xpα ` iβ ` Aq´2x, x˚y| dβ ă 8.

In particular, ´A generates a bounded C0-semigroup pT ptqqtě0. We shall mainly

follow the approach used in [38, p. 20]. For each t ě 0, T extends canonically to a

bounded operator on l8pXq given by

T̂ ptqx “ pT ptqxnqnPN,

for any x “ pxnqnPN P l
8pXq; here l8pXq denotes the space of bounded sequences

with elements in X. Let l8T pXq denote the subspace

tpxnqnPN P l
8
pXq : lim

tÑ0
}T ptqxn ´ xn} “ 0, uniformly in nu.

Let pT̃ ptqqtě0 denote the restriction of pT̂ ptqqtě0 to l8T pXq. It is immediate to see that

pT̃ ptqqtě0 is a strongly continuous semigroup; let ´Ã be its generator.

Consider the quotient space ET “ l8T pXq{N , with N “ pc0pXq X l8T pXqq equipped

with the quotient norm and note that

~pxnqnPN `N~ “ lim sup
nÑ8

}xn}.
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Define pTEptqqtě0 on ET by

TEptqppxnqnPN `N q “ pT ptqpxnqnPNq `N ,

and denote its generator by ´AE. Take the mapping

ΨAE : B1
Ñ ET ,

f ÞÑ q ˝zfpAq,

where zfpAq is the canonical extension of fpAq to l8T pXq, and q denotes the quotient

map qpxq “ x`N . This is well defined, since zfpAq leaves c0pXqXl
8
T pXq invariant. We

have that }q ˝zfpAq} ď }fpAq}, so in particular ΨAE is bounded, and, by construction,

for f, g P B1,

ΨAEpfgq “ qp {pfgqpAqq “ qpzfpAqzgpAqq “ ΨAEpfqΨAEpgq.

Fix any z P C`. Then, by [38, p.78], z P ρpAq “ ρpAEq. We have, again by [38, p.

78],

ΨAEprzqqpxq “ qpppz ` Aq´1xnqnq “ pz ` AEq
´1qpxq.

for any x “ pxnqnPN P l
8pXq. This implies that ΨAE is a bounded algebra homomor-

phism that acts on rz in the expected fashion. Thus, AE admits the B1-calculus.

We want to show that any approximate λ-eigenvector of A is an fpλq-eigenvector of

fpAq. Suppose that λ P σpAq, and that we have

pξnqnPN Ă DpAq, }ξn} “ 1, n P N, }pλ´ Aqξn} ÑnÑ8 0.

Define a vector in l8T pXq

ξ̂ “ pξnqnPN `N .

Then it can be shown, by [38, p. 78], that ξ̂ P ET , and that λ P σpAEq, with

AE ξ̂ “ λξ̂. By [4, Theorem 4.17], fpAEqξ̂ “ fpλqξ̂, i.e.

pfpAEq ´ fpλqqξ̂ “ ppfpAEq ´ fpλqqξnqnPN `N ,

with

~pfpAEq ´ fpλqqξn~ “ lim sup
nÑ8

}pfpAEq ´ fpλqqξn} “ 0.

But this implies that there is nk P N such that for all n ą nk,

}pfpAEq ´ fpλqqξn} ă 1{k.

Hence, pξnqnPN is an approximate fpλq-eigenvector for fpAq.
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Compositions.

Proposition 2.3.18. Let f P B1, and h : C` Ñ C` such that h is holomorphic,

maps R` to R`, is monotonic increasing on R`, and

Rehpzq ě c1hpRe zq, |h1pzq| ď c2h
1
pRe zq,

for some strictly positive constants c1 and c2. If gpzq “ fphpzqq, then g P B1.

Proof. Note first that, by the maximum principle for f 1,

x ÞÑ sup
βPR

|f 1px` iβq|

is non-increasing on p0,8q. Calculating directly

ż 8

0

sup
βPR

|g1pα ` iβq| dα “

ż 8

0

sup
βPR

|h1pα ` iβqf 1phpα ` iβqq| dα

ď

ż 8

0

sup
β,δPR

c2|h
1
pα ` iβqf 1pRehpα ` iβq ` i Imhpα ` iδqq| dα

ď

ż 8

0

sup
δPR

c2|h
1
pαqf 1pc1hpαq ` iδq| dα

“ c2

ż c1hp8q

c1hp0q

sup
δPR
|f 1pu` iδq| du ă 8.

The class of functions satisfying the assumptions of Proposition 2.3.18 includes all

Bernstein functions (cf. [4, Section 3.5]). Given the above result, one can now consider

some questions concerning functional calculi. Suppose we are working with a Hilbert

space X. We have the following result.

Proposition 2.3.19. Let X be a Hilbert space. Suppose that ´A generates a bounded

C0-semigroup on X, f P B1, and h is as in the preceding proposition. Then if hpAq

is defined in the half-plane calculus and ´hpAq generates a bounded C0-semigroup,

fphpAqq “ pf ˝ hqpAq,

where both sides are given by the B1-calculus.

Here, half-plane calculus is understood in the sense of [7] (cf. also [24, Section 8]).
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Proof. Since hpAq is a negative semigroup generator on a Hilbert space, hpAq satisfies

the condition (i) in Theorem 2.1.10. Hence, by [4, Proposition 4.11 and Remarks 4.12],

fphpAqq exists and

fphpAqq “ lim
aÑ0`

fphpAq ` aq,

where the left-hand side is given by the B1-calculus, the right-hand side limit exists in

the operator norm, and each of the operators fphpAq`aq is defined by the half-plane

calculus (as before, half-plane calculus is understood in the sense of [7], cf. also [24,

Section 8])). On the other hand,

pf ˝ hqpAq “ lim
aÑ0`

pfa ˝ hqpAq,

by convergence lemma for the half-plane calculus (since f ˝ h P B1, and A is of the

half-plane type, pf ˝ hqpAq exists in the extended half-plane calculus and agrees with

its B1 incarnation by the compatibility result [4, Proposition 4.11]). So it is then

enough to show that, for each a ą 0,

fphpAq ` aq “ pfa ˝ hqpAq.

Since pfa ˝ hq P B1, it is bounded, and hence τ “ r2
1 can serve as its regulariser. We

have

τpAqpfaphpAqq “
1

2πi

ż

Reλ“η

fpλqτpAqRpλ, phpAq ` aqqd λ

“
1

2πi

ż

Reλ“η

fpλq

ˆ

1

p1` zq2pλ´ phpzq ` aqq

˙

pAq dλ

“
1

p2πiq2

ż

Reλ“η

ż

Re z“η1
fpλq

1

p1` zq2pλ´ phpzq ` aqq
Rpz, Aq dz dλ

“
1

2π

ż

Re z“η1

fphpzq ` aq

p1` zq2pλ´ phpzq ` aqq
Rpz, Aq dz

“ ppfa ˝ hq ¨ τqpAq.

Injectivity of τpAq implies faphpAqq “ τpAq´1pfaphq¨τqpAq, and the conclusion follows

from the definition of the extended half-plane calculus.
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3 The class B2 – preliminaries

In the paper [50], Pascale Vitse introduced and studied a functional calculus for neg-

ative generators of bounded holomorphic C0-semigroups. In his PhD thesis, Steven

White extended Peller’s methods and results to study polynomials in two commut-

ing power bounded operators ([51, Chapter 4]), and obtained ([51, Section 5.5]) a

Besov estimate for generators of bounded semigroups on Hilbert spaces and Schwartz

functions. Charles Batty, Alexander Gomilko, and Yuri Tomilov in [4] and [5] have

recently refined and generalised Vitse’s construction, relaxing the assumptions im-

posed on the admissible class of operators. The class of functions lying at the heart

of those approaches is that of the so-called analytic Besov functions and is denoted

by B1 (see Section 2.3 in Chapter 2 for a discussion).

Our primary aim in Chapter 3 is to obtain and describe a two-dimensional ana-

logue of the class B1. We shall see that the class B2, as defined below, shares many

characteristics with its one-dimensional counterpart. In Section 3.1, we write down

the definitions and establish some elementary facts about our class B2. With this in

place, we characterise Banach space properties of B2 in Section 3.2. We prove that B2

is indeed a Banach space with respect to the norm } ¨ }B2 and that, for any f P B2, the

limiting functions f1pz1q “ limRe z2Ñ8 fpz1, z2q and f2pz2q “ limRe z1Ñ8 fpz1, z2q are

both in B1, with f1p8q “ f2p8q. As shown in Section 3.3, B2 is a Banach algebra,

and a subalgebra of H8pC2
`q. In Section 3.4 we establish the equivalence of some

other norms B2. We provide a brief discussion of the relations between B1 and B2

in Section 3.5, and conclude the present chapter with examples of functions in B2 in

Sections 3.6–3.8.

3.1 The space H8pC2
`q

Throughout, we will be considering complex functions of two (complex) variables.

We begin by surveying the known characterisations and basic properties of the space

H8pC2
`q. For a parallel discussion concerning functions of one variable, see [4] and

references therein, and our Section 2.3.
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We shall consider the space of bounded holomorphic functions on C2
`, equipped

with the supremum norm and denoted by H8pC2
`q. It is a standard result (cf. e.g.

[49, Theorem 3.24], [47, p. 112]) that each f P H8pC2
`q has a boundary function,

f b P L8pR2q, given by the Fatou relation

f bps1, s2q “ fpis1, is2q “ lim
tÑ0`

fpt` is1, t` is2q a.e. (3.1.1)

The map f ÞÑ f̃ , where

f̃pw1, w2q “ f

ˆ

1´ w1

1` w1

,
1´ w2

1` w2

˙

is an isometric isomorphism of H8pC2
`q onto H8pD2q; here D is the unit disc in

C. The existence of boundary functions in the H8pD2q case is proved e.g. in [44,

Theorem 2.3.1], and the corresponding result for H8pC2
`q can be deduced from this.

The original f can then be recovered from f b via the Poisson-formula (cf. [49,

Chapter 3, Section 5]; see also [47, Section 2])

fpx1 ` iy1, x2 ` iy2q “

ĳ

R2

f bpy1 ´ s1, y2 ´ s2qpps1, s2, x1, x2qds1 ds2, (3.1.2)

where x1, x2 ą 0, y1, y2 P R, with the two-dimensional Poisson kernel given by (cf.

[49, p. 115])

pps1, s2, x1, x2q “
x1x2

π2ps2
1 ` x

2
1qps

2
2 ` x

2
2q
, x1, x2 ą 0, s1, s2 P R.

Moreover (cf. [47, Corollary 3.3]),

}f b}L8pR2q “ }f}8, (3.1.3)

and we have the following.

Theorem 3.1.1 (Theorems 2.2 and 2.4, [33]). The mapping f ÞÑ f b maps the space

H8pC2
`q onto the space H8pR2

`q of those functions in L8pR2q for which the inverse

distributional Fourier transform has support in R2
`, i.e. supppF´1

p2q qpf
bq Ă R2

`.

Theorem 3.1.1 is a special instance of higher-dimensional generalizations of the Pa-

ley–Wiener Theorem (see [33, Section 2] for a comprehensive discussion).

If α “ pα1, α2q P Z2
` is a two-dimensional multiindex, and Dα is the corresponding

higher-order partial derivative, then there is an absolute constant, Cα, such that

|Dαfpz1, z2q| ď
Cα}f}8

pRe z1q
α1pRe z2q

α2
, pα1, α2q ‰ p0, 0q. (3.1.4)
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Given the Poisson formula (3.1.2), the estimate (3.1.4) can be justified by differen-

tiating through the integral sign in (3.1.2) and estimating the appropriate norms.

The inequality (3.1.4) can alternatively be deduced from the one-variable estimate [4,

Lemma 2.1(3)] applied to functions fpz1, ¨q and Dk
2fp¨, z2q.

3.2 The Banach space B2

Let f : C2
` Ñ C be any bounded holomorphic function. Define

}f}B2
0
“

ĳ

R2
`

sup
y1,y2PR

|D1D2fpx1 ` iy1, x2 ` iy2q| dx1 dx2.

We will be interested in functions f for which }f}B2
0

is finite. Note that, since f is

assumed to be holomorphic, one has

}f}B2
0
“ 0 ô D1D2f “ 0 ô fpz1, z2q “ g1pz1q ` g2pz2q,

where g1 and g2 are some (bounded) holomorphic functions on C`. It is not clear

whether the space of all bounded functions f such that }f}B2
0
ă 8 is an algebra. In

order to ensure that we obtain an algebra, let

}f}1˚ “

ż 8

0

sup
y1PR
z2PC`

|D1fpx1 ` iy1, z2q| dx1,

}f}2˚ “

ż 8

0

sup
y2PR
z1PC`

|D2fpz1, x2 ` iy2q| dx2.

We define B2 to be the space of those bounded holomorphic functions f on C2
` such

that

}f}B2
0
` }f}1˚ ` }f}2˚ “

ż 8

0

ż 8

0

sup
y1,y2PR

|D1D2fpx1 ` iy1, x2 ` iy2q| dx1 dx2

`

ż 8

0

sup
y1PR
z2PC`

|D1fpx1 ` iy1, z2q| dx1

`

ż 8

0

sup
y2PR
z1PC`

|D2fpz1, x2 ` iy2q| dx2 ă 8.
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In other words,

B2
“ tf P H8

pC2
`q : }f}B2

0
` }f}1˚ ` }f}2˚ ă 8u,

and we endow B2 with the norm

}f}B2 “ }f}B2
0
` }f}1˚ ` }f}2˚ ` }f}8.

Proposition 3.2.1. B2 with the norm } ¨ }B2 is a Banach space.

Proof. Suppose that pfnqnPN is a Cauchy sequence with respect to } ¨ }B2 . Then, in

particular, it is Cauchy with respect to } ¨ }8. Hence, it converges uniformly on C2
` to

some f . By Weierstrass’s limit theorem, f is holomorphic. It is now enough to show

that }f}B2 ă 8 and that pfnqnPN converges to f with respect to } ¨ }B2 . We have

}f}8 “ lim
nÑ8

}fn}8.

Moreover, for x` iy P C` and z P C`,

|D1fpx` iy, z2q| “ lim
nÑ8

|D1fnpx` iy, z2q| ď lim inf
nÑ8

sup
sPR
z2PC`

|D1fnpx` is, z2q|.

From this and Fatou’s lemma, it follows that
ż 8

0

sup
yPR,
z2PC`

|D1fpx` iy, z2q| dx ď

ż 8

0

lim inf
nÑ8

sup
sPR
z2PC`

|D1fnpx` is, z2q| dx

ď lim inf
nÑ8

ż 8

0

sup
sPR
z2PC`

|D1fnpx` is, z2q| dx,

and similarly for D2f . Let x1 ` iy1, x2 ` iy2 P C`. Then

|D1D2fpx1 ` iy1, x2 ` iy2q| “ lim
nÑ8

|D1D2fnpx1 ` iy1, x2 ` iy2q|

ď lim inf
nÑ8

sup
s1,s2PR

|D1fnpx1 ` is1, x2 ` is2q|.

Hence, applying Fatou’s lemma once more,
ż 8

0

ż 8

0

sup
y1,y2PR

|D1D2fpx1 ` iy1, x2 ` iy2q| dx1 dx2

ď

ż 8

0

ż 8

0

lim inf
nÑ8

sup
y1,y2PR

|D1D2fnpx1 ` iy1, x2 ` iy2q| dx1 dx2

ď lim inf
nÑ8

ż 8

0

ż 8

0

sup
y1,y2PR

|D1D2fnpx1 ` iy1, x2 ` iy2q| dx1 dx2.
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All in all,

}f}B2 ď lim inf
nÑ8

}fn}8

` lim inf
nÑ8

ż 8

0

sup
y1PR
z2PC`

|D1fnpx1 ` iy1, z2q| dx1

` lim inf
nÑ8

ż 8

0

sup
y2PR
z1PC`

|D1fnpz1, x2 ` iy2q| dx2

` lim inf
nÑ8

ż 8

0

ż 8

0

sup
y1,y2PR

|D1fnpx1 ` iy1, x2 ` iy2q| dx1 dx2

ď lim inf
nÑ8

}fn}B2 ă 8.

Hence, f P B2 and }f}B2 ă 8. Replacing fn by fn ´ fm with fixed m P N, and then

letting nÑ 8, one obtains upper bounds for }f ´ fm}B2 , i.e.

}f ´ fm}B2 ď lim inf
nÑ8

}fn ´ fm}B2 Ñ 0 as mÑ 8,

by the Cauchy condition, which establishes that pfnqnPN converges to f with respect

to } ¨ }B2 .

We note the following elementary properties of functions f P B2.

Proposition 3.2.2. Let f P B2. Then the limits

fpz1,8q “ lim
Re z2Ñ8

fpz1, z2q,

fp8, z2q “ lim
Re z1Ñ8

fpz1, z2q,

exist, so that the functions f1pzq “ fpz,8q, f2pzq “ fp8, zq are well-defined and

satisfy
ż 8

0

sup
yPR
|f 1jpx` iyq| dx ă 8, j “ 1, 2.

Furthermore, the limits fjp8q “ limRe zÑ8 fjpzq exist in C for j “ 1, 2 and are equal,

i.e.

f1p8q “ f2p8q.

Moreover, the limit limRe z1,Re z2Ñ8 fpz1, z2q exists and we have

lim
Re z1Ñ8
Re z2Ñ8

fpz1, z2q “ f1p8q “ f2p8q.

38



Proof. Without loss of generality, fix z1 P C`. Since

ż 8

0

sup
y2PR

|D2fpz1, x2 ` iy2q| dx2 ď sup
zPC`

ż 8

0

sup
y2PR

|D2fpz, x2 ` iy2q| dx2 ď }f}2˚ ,

fpz1, ¨q P B1 and Proposition 2.3.1 implies that f1pz1q exists. Let pz2,nqnPN Ă C` be

any sequence such that Re z2,n Ñ 8 as n Ñ 8. Then pfp¨, z2,nqqnPN is a (locally)

bounded family of holomorphic functions such that limnÑ8 fpz, z2,nq exists for each

z P C`. Then, by Vitali’s theorem [45, p. 44], pfp¨, z2,nqqnPN converges uniformly

on compact subsets of C` to a holomorphic function. This establishes analyticity of

f1pzq. Now, one has

}f1}8 ď lim inf
nÑ8

}fp¨, z2,nq}8.

Moreover, for x` iy P C`,

|f 11px` iyq| “ lim
nÑ8

|D1fpx` iy, z2,nq| ď lim inf
nÑ8

sup
sPR
|D1fpx` is, z2,nq|.

Fatou’s lemma then yields

ż 8

0

sup
yPR
|f 11px` iyq| dx ď

ż 8

0

lim inf
nÑ8

sup
yPR
|D1fpx` iy, z2,nq| dx

ď lim inf
nÑ8

ż 8

0

sup
yPR
|D1fpx` iy, z2,nq| dx

ď sup
z2PC`

ż 8

0

sup
yPR
|D1fpx` iy, z2q| dx ď }f}1˚ ă 8.

Since we showed
ż 8

0

sup
yPR
|f 1jpx` iyq| dx ă 8, j “ 1, 2,

so that fj P B1, Proposition 2.3.1 then implies that f1p8q and f2p8q exist. Moreover,

for fixed z1, z2 P C`,

|f1p8q ´ f2p8q| ď |f1p8q ´ fpz1,8q| ` |fpz1,8q ´ fpz1, z2q|

` |fpz1, z2q ´ f2p8, z2q| ` |fp8, z2q ´ f2p8q|.
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Each of the functions f1p¨q, f2p¨q, fp¨, z2q, fpz1, ¨q is in the class B1, so that we have

|fjp8q ´ fjpz1q| ď

ż 8

Re z1

sup
sPR
|f 1jpt` isq| dt, j “ 1, 2,

|fpz1,8q ´ fpz1, z2q| ď

ż 8

Re z2

sup
sPR
|D2fpz1, t` isq| dt,

|fpz1, z2q ´ f2p8, z2q| ď

ż 8

Re z1

sup
sPR
|D1fpt` is, z2q| dt.

Letting Re z1 Ñ 8 and then Re z2 Ñ 8 yields the conclusion that f1p8q “ f2p8q.

As for the final statement, we have

|fpz1, z2q ´ f1p8q| ď |fpz1, z2q ´ fpz1,8q| ` |fpz1,8q ´ f1p8q|

ď

ż 8

Re z2

sup
sPR
|D2fpz1, t` isq| dt`

ż 8

Re z1

sup
sPR
|f 11pt` isq| dt

ď

ż 8

Re z2

sup
sPR,
zPC`

|D2fpz, t` isq| dt`

ż 8

Re z1

sup
sPR
|f 11pt` isq| dt.

Remark 3.2.3. Similarly to the one-dimensional case, the boundedness assumption

can be dropped in the definition of B2. For consider pfp¨, z2,nqqnPN as in the proof

of Proposition 3.2.2. Let us first show that this is a (locally) bounded family of

holomorphic functions. Each function in the sequence is in B1, hence is bounded.

Then we have that, for each n P N and any x ą 0,

|fp8, z2,nq| ď |fpx, z2,nq| `

ż 8

x

|D1fnpt, z2,nq| dt.

ď |fpx, z2,nq| ` sup
z2PC`

ż 8

x

|D1fpt, z2q| dt,

But the sequence pfpx, z2,nqqnPN converges for any particular choice of x ą 0, hence

is bounded. So the right-hand side is bounded by some constant and thus, for some

c ą 0

sup
mPN

|fp8, z2,mq| ă c.

Now, for any z P C` and any n P N,
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|fpz, z2,nq| ď |fp8, z2,nq| ` |fpz, z2,nq ´ fp8, z2,nq|

ď |fp8, z2,nq| `

ż 8

x

sup
sPR
|D1fpt` is, z2,nq| dt

ď sup
mPN

|fp8, z2,mq| ` sup
z2PC`

ż 8

0

sup
sPR
|D1fpt` is, z2q| dt,

which shows that pfp¨, z2,nqqnPN is indeed a locally bounded family. Take f P B2.

We now have by Proposition 3.2.2 that f1 is well-defined and belongs to B1 and in

particular f1 is a bounded holomorphic function, and f1p8q exists in C by Proposition

2.3.1. Finally,

|f1p8q ´ fpz1, z2q| ď |f1p8q ´ f1pz1q| ` |fpz1,8q ´ fpz1, z2q|

ď 2}f1}8 ` sup
z1PC`

ż 8

0

sup
sPR
|D2fpz1, t` isq| dt ď 2}f1}8 ` }f}2˚ .

So then it follows that f is bounded as required.

We shall need the following auxiliary result.

Proposition 3.2.4. If f P B2, then f is uniformly continuous on C2
`. Consequently,

f extends to a uniformly continuous function f on C2
`, and has a boundary function

f bps1, s2q “ lim
z1,z2PC`

pz1,z2qÑpis1,is2q

fpz1, z2q,

where the limit is uniform in ps1, s2q.

Proof. Let f : C2
` Ñ C be holomorphic, and let

h1pxq “ sup
yPR
zPC`

|D1fpx` iy, zq|, x P R`,

h2pxq “ sup
yPR
zPC`

|D2fpz, x` iyq|, x P R`.

Assume that
ż 8

0

hipxq dx ă 8, i “ 1, 2. (3.2.1)

Note that (3.2.1) is satisfied if f P B2, since then we have both }f}1˚ ă 8 and

}f}2˚ ă 8. We show that f is uniformly continuous on C2
`.
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Let δ ą 0 and take z “ pz1, z2q, w “ pw1, w2q P C2 such that |z ´w| ă δ. We want

to estimate

|fpz1, z2q ´ fpw1, w2q|.

We have

|fpz1, z2q ´ fpw1, w2q| ď |fpz1, z2q ´ fpw1, z2q| ` |fpw1, z2q ´ fpw2, w2q|.

Consider first

|fpz1, z2q ´ fpw1, z2q|

with |z1´w1| ă δ. Let z1 “ x1` iy1, w1 “ u1` iv1 P C`. Let γ be a path in C` from

z1 to w1 of the following form

- either γ is one line-segment from z1 to w1, with gradient in r´1, 1s, or

- γ is the union of two line-segments, γ1 with gradient 1 and γ2 with gradient ´1.

Each line segment is of length at most
?

2δ. Now

fpw1, z2q ´ fpz1, z2q “

ż

γ

D1fpξ, z2q dξ.

On each line-segment γi, i “ 1, 2,
ˇ

ˇ

ˇ

ˇ

ż

γi

D1fpξ, z2q dξ

ˇ

ˇ

ˇ

ˇ

ď

ż

Ii

?
2 sup
zPC`

|D1fpξpxq, zq| dξ

ď
?

2

ż

Ii

sup
yPR
zPC`

|D1fpx` iy, zq| dx.

Here Ii “ tRe ξ : ξ P γiu, which is an interval of length at most δ. Hence,
ˇ

ˇ

ˇ

ˇ

ż

γ

D1fpξ, z2q dξ

ˇ

ˇ

ˇ

ˇ

ď 2
?

2

ż

I

sup
yPR
zPC`

|D1fpx` iy, zq| dx “ 2
?

2

ż

I

h1pxq dx.

where I is also an interval of length at most δ. Let ε ą 0. Since h1 P L
1pRq, there

exists δ1 ą 0 such that
ż

I

h1pxq dx ă ε,

whenever I is an interval (or a measurable set) in p0,8q of length (or measure) at

most δ1. Thus, δ1 depends only on ε and f , i.e. δ1 is independent of pz1, z2q and

pw1, w2q. Consequently,

|fpz1, z2q ´ fpw1, z2q| ď 2
?

2 ε, whenever |z1 ´ w1| ă δ1.
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Similarly, we can show that there exists δ2 ą 0 such that

|fpw1, z2q ´ fpw1, w2q| ď 2
?

2 ε, whenever |z2 ´ w2| ă δ2.

Hence,

|fpz1, z2q ´ fpw1, w2q| ď 4
?

2ε, whenever |pz1, z2q ´ pw1, w2q| ă minpδ1, δ2q,

as required.

We will often consider the subspace

B2
0 “ tf P B2 : fpz1,8q “ fp8, z2q “ 0u.

As we shall see below, } ¨ }B2 and } ¨ }B2
0

are equivalent norms on B2
0.

3.3 B2 is a Banach algebra

Take any f, g P B2; we want the pointwise product fg to be in B2 with }fg}B2 ď

}f}B2}g}B2 . We have, for example

ż 8

0

sup
y2PR
z1PC`

|D2pfpz1, x2 ` iy2qgpz1, x2 ` iy2qq| dx2

ď

ż 8

0

sup
y2PR
z1PC`

|fpz1, x2 ` iy2qD2gpz1, x2 ` iy2q| dx2

`

ż 8

0

sup
y2PR
z1PC`

|gpz1, x2 ` iy2qD2fpz1, x2 ` iy2q| dx2.

Since f and g are both bounded, the right-hand side is then bounded from above by

}f}8

ż 8

0

sup
y2PR
z1PC`

|D2gpz1, x2 ` iy2q| dx2 ` }g}8

ż 8

0

sup
y2PR
z1PC`

|D2fpz1, x2 ` iy2q| dx2,

43



which is finite by assumption, and similarly for the factor with only D1 appearing in

it. Now, as for the part of } ¨ }B2 involving the mixed derivative, we have

ż 8

0

ż 8

0

sup
y1,y2PR

|D1D2 pfpx1 ` iy1, x2 ` iy2qgpx1 ` iy1, x2 ` iy2qq | dx1 dx2

ď

ż 8

0

ż 8

0

sup
y1,y2PR

|gpx1 ` iy1, x2 ` iy2qD1D2fpx1 ` iy1, x2 ` iy2q| dx1 dx2

`

ż 8

0

ż 8

0

sup
y1,y2PR

|fpx1 ` iy1, x2 ` iy2qD1D2gpx1 ` iy1, x2 ` iy2q| dx1 dx2

`

ż 8

0

ż 8

0

sup
y1,y2PR

|D2fpx1 ` iy1, x2 ` iy2qD1gpx1 ` iy1, x2 ` iy2q| dx1 dx2

`

ż 8

0

ż 8

0

sup
y1,y2PR

|D1fpx1 ` iy1, x2 ` iy2qD2gpx1 ` iy1, x2 ` iy2q| dx1 dx2.

The first two factors appearing on the right-hand side are dominated by

}g}8

ż 8

0

ż 8

0

sup
y1,y2PR

|D1D2fpx1 ` iy1, x2 ` iy2q| dx1 dx2,

and

}f}8

ż 8

0

ż 8

0

sup
y1,y2PR

|D1D2gpx1 ` iy1, x2 ` iy2q| dx1 dx2,

respectively, hence they are finite by the assumption that f, g P B2. As for the

remaining pair, we have for instance

ż 8

0

ż 8

0

sup
y1,y2PR

|D2fpx1 ` iy1, x2 ` iy2qD1gpx1 ` iy1, x2 ` iy2q| dx1 dx2

ď

ż 8

0

sup
y2PR,
z1PC`

|D2fpz1, x2 ` iy2q| dx2

ż 8

0

sup
y1PR,
z2PC`

|D1gpx1 ` iy1, z2q| dx1 ď }f}2˚}g}1˚ .

Putting all this together, we have shown that
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}fg}B2 ď }f}8

¨

˚

˝

ż 8

0

sup
y1PR
z2PC`

|D1gpx1 ` iy1, z2q| dx1 `

ż 8

0

sup
y2PR
z1PC`

|D2gpz1, x2 ` iy2q| dx2

`

ż 8

0

ż 8

0

sup
y1,y2PR

|D1D2gpx1 ` iy1, x2 ` iy2q| dx1, dx2

˙

` }g}8

¨

˚

˝

ż 8

0

sup
y1PR
z2PC`

|D1fpx1 ` iy1, z2q| dx1 `

ż 8

0

sup
y2PR
z1PC`

|D2fpz1, x2 ` iy2q| dx2

`

ż 8

0

ż 8

0

sup
y1,y2PR

|D1D2fpx1 ` iy1, x2 ` iy2q| dx1dx2

˙

`

ż 8

0

sup
y2PR
z1PC`

|D2fpz1, x2 ` iy2q| dx2

ż 8

0

sup
y1PR
z2PC`

|D1gpx1 ` iy1, z2q| dx1

`

ż 8

0

sup
y2PR
z1PC`

|D2gpz1, x2 ` iy2q| dx2

ż 8

0

sup
y1PR
z2PC`

|D1fpx1 ` iy1, z2q| dx1 ` }f}8}g}8

ď }f}B2}g}B2 .

3.4 Equivalence of norms

It will sometimes be convenient to consider alternative norms on B2. In the present

section, we define two such norms and establish that they are both equivalent to }¨}B2 .

Lemma 3.4.1. Let f P B2. Define

|||f |||B2 “ }f}8 `

ż 8

0

ż 8

0

sup
y1,y2PR

|D1D2fpx1 ` iy1, x2 ` iy2q| dx1 dx2

` sup
z1PC`

ż 8

0

sup
y2PR

|D2fpz1, x2 ` iy2q| dx2

` sup
z2PC`

ż 8

0

sup
y1PR

|D1fpx1 ` iy1, z2q| dx1.

Then } ¨ }B2 and ||| ¨ |||B2 are equivalent norms on B2.
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Proof. Clearly, ||| ¨ |||B2 ď } ¨ }B2 , so it is enough to show that the reverse inequality

holds with some constant, c, i.e. that

} ¨ }B2 ď c||| ¨ |||B2 .

Consider two points z2, z
1
2 P C` and the quantity

D1fpx` iy, z
1
2q ´D1fpx` iy, z2q.

This is equal to the integral of D1D2f along the line-segment from z2 to z12, that is

D1fpx` iy, z
1
2q ´D1fpx` iy, z2q “

ż z12

z2

D2D1fpx` iy, zq dz.

First, assume that the imaginary parts of z2 and z12 are equal, so the line-segment is

horizontal. Then the integral is given by

ż Re z12

Re z2

D2D1fpx` iy, t` i Im z2q dt,

and we have

ż Re z12

Re z2

|D2D1fpx` iy, t` i Im z2q| dt ď

ż 8

0

|D1D2fpx` iy, t` i Im z2q|dt

ď

ż 8

0

sup
y1,y2PR

|D1D2fpx` iy1, x2 ` iy2q| dx2.

Next, assume that the gradient of the line from rz1, z2s lies between ´1 and 1, i.e.

that z2 “ x2 ` iy2 and z12 “ px2 ` εq ` ipy2 ` ε
1q with | ε

1

ε
| ď 1. Then

|D1fpx` iy, z1q ´D1fpx` iy, z2q| “

ˇ

ˇ

ˇ

ˇ

ˇ

ż z12

z2

D2D1fpx` iy, zq dz

ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ż x2`ε

x2

ˆ

1` i
ε1

ε

˙

D2D1f

ˆ

x` iy, t` i

ˆ

ε1

ε
pt´ x2q ` y2

˙˙

dt

ˇ

ˇ

ˇ

ˇ

ď

ˆ

1`
ε12

ε2

˙1{2 ż x2`ε

x2

ˇ

ˇ

ˇ

ˇ

D2D1f

ˆ

x` iy, t` i

ˆ

ε1

ε
pt´ x2q ` y2

˙˙
ˇ

ˇ

ˇ

ˇ

dt

ď
?

2

ż 8

0

sup
y1,y2PR

|D1D2fpx` iy1, x2 ` iy2q| dx2,

where the last inequality follows from the assumption on ε1 and ε.

In the general case (where the gradient may be infinite), one can argue by going
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from z2 to z12 by two line segments, as in the proof of [4, Proposition 2.2]. More explic-

itly, integratingD2D1f with respect to the second variable along the line segment from

z2 “ x2` iy2 to x2` ε` i Im z12, and then the horizontal segment rx2` ε` i Im z12, z
1
2s.

Choosing ε so that |ε´1pIm z12 ´ Im z2q| ď 1, we obtain as before

ˇ

ˇ

ˇ

ˇ

ˇ

ż x2`ε`i Im z12

z2

|D2D1fpx` iy, zq| dz

ˇ

ˇ

ˇ

ˇ

ˇ

ď
?

2

ż 8

0

sup
y1,y2PR

|D1D2fpx` iy1, x2 ` iy2q| dx2.

We can then bound the integral over the horizontal segment by

ˇ

ˇ

ˇ

ˇ

ˇ

ż z12

x2`ε`i Im z12

D2D1fpx` iy, zq dz

ˇ

ˇ

ˇ

ˇ

ˇ

ď

ż Re z12

x2`ε

|D2D1fpx` iy, t` i Im z2q| dt

ď

ż 8

0

sup
y1,y2PR

|D1D2fpx` iy1, x2 ` iy2q| dx2.

Altogether,

ż z12

z2

|D2D1fpx` iy, zq| dz ď p1`
?

2q

ż 8

0

sup
y1,y2PR

|D1D2fpx` iy1, x2 ` iy2q| dx2.

It then follows that, for arbitrary x1, y1, z
1
2 and fixed z2, that

|D1fpx1 ` iy1, z
1
2q| ď |D1fpx1 ` iy1, z2q| ` p1`

?
2q

ż 8

0

sup
y1,y2PR

|D1D2fpx1 ` iy1, x2 ` iy2q| dx2.

So now, taking sup over y1, z
1
2 and integrating with respect to x1,

ż 8

0

sup
y1PR
z12PC`

|D1fpx1 ` iy1, z
1
2q| dx1 ď

ż 8

0

sup
y1PR

|D1fpx1 ` iy1, z2q| dx1

` p1`
?

2q

ż 8

0

ż 8

0

sup
y1,y2PR

|D1D2fpx1 ` iy1, x2 ` iy2q| dx2 dx1

ď sup
zPC`

ż 8

0

sup
y1PR

|D1fpx1 ` iy1, zq| dx1

` p1`
?

2q

ż 8

0

ż 8

0

sup
y1,y2PR

|D1D2fpx1 ` iy1, x2 ` iy2q| dx2 dx1.

(3.4.1)
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Remark 3.4.2. Inspection of the above proof reveals that there exists yet another

equivalent norm on B2, given by

}f}^B2 “ }f}8 `

ż 8

0

ż 8

0

sup
y1,y2PR

|D1D2fpx1 ` iy1, x2 ` iy2q| dx1 dx2

`

ż 8

0

sup
y2PR

|D2fpz1, x2 ` iy2q| dx2

`

ż 8

0

sup
y1PR

|D1fpx1 ` iy1, z2q| dx1,

with arbitrary z1, z2 P C`Yt8u. More specifically, from the first inequality in (3.4.1)

we obtain for arbitrary fixed z2 P C` Y t8u,
ż 8

0

sup
y1PR
z12PC`

|D1fpx1 ` iy1, z
1
2q| dx1 ď

ż 8

0

sup
y1PR

|D1fpx1 ` iy1, z2q| dx1

` p1`
?

2q

ż 8

0

ż 8

0

sup
y1,y2PR

|D1D2fpx1 ` iy1, x2 ` iy2q| dx2 dx1,

and similarly for an arbitrary fixed z1 P C` Y t8u
ż 8

0

sup
y2PR
z11PC`

|D2fpz
1
1, x2 ` iy2q| dx2 ď

ż 8

0

sup
y2PR

|D2fpz1, x2 ` iy2q| dx2

` p1`
?

2q

ż 8

0

ż 8

0

sup
y1,y2PR

|D1D2fpx1 ` iy1, x2 ` iy2q| dx2 dx1,

so that

} ¨ }B2 ď p2` 2
?

2q} ¨ }^B2 .

Since } ¨ }^B2 ď ||| ¨ |||B2 trivially, the three norms are equivalent. When required, we

shall use } ¨ }B2 , ||| ¨ |||B2 , } ¨ }^B2 interchangeably.

Remark 3.4.3. Note that

|fp8,8q ´ fpz1, z2q| ď |fp8,8q ´ fpz1,8q| ` |fpz1,8q ´ fpz1, z2q|

ď

ż 8

Re z1

|D1fpx1 ` i Im z1,8q| dx1 `

ż 8

Re z2

|D2fpz1, x2 ` i Im z2q| dx2

ď

ż 8

0

sup
y1PR

|D1fpx1 ` iy1,8q| dx1 `

ż 8

0

sup
y2PR

|D2fpz1, x2 ` iy2q| dx2.
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Since, by (3.4.1),

ż 8

0

sup
y2PR

|D2f2pz1, x2 ` iy2q| dx2 ď }f2}B1
0
` p1`

?
2q}f}B2

0
,

we get, for any z1, z2 P C`,

|fpz1, z2q| ď |fp8,8q| ` }f1}B1
0
` }f2}B1

0
` p1`

?
2q}f}B2

0
.

Consequently, another equivalent norm on B2 is given by

|fp8,8q| ` }f1}B1
0
` }f2}B1

0
` }f}B2

0
.

More precisely, taking } ¨ }^B2 with z1 “ z2 “ 8, we have e.g.

}f}^B2 ď p2` 2
?

2qp|fp8,8q| ` }f1}B1
0
` }f2}B1

0
` }f}B2

0
q.

Observe that if f P B2
0, then

f1pz1q “ f2pz2q “ fp8,8q “ 0, z1, z2 P C`.

As a result, we have for any f P B2
0

|fp8,8q| ` }f1}B1
0
` }f2}B2

0
` }f}B2

0
“ }f}B2

0
.

We thus obtain as an immediate corollary

Corollary 3.4.4. Let f be holomorphic on C2
` and satisfy

ż 8

0

ż 8

0

sup
y1,y2PR

|D1D2fpx1 ` iy1, x2 ` iy2q dx1 dx2 ă 8,

and fp8, z2q “ fpz1,8q “ 0. Then f P B2
0. Moreover, on the subspace B2

0, the two

norms } ¨ }B2 and } ¨ }B2
0

are equivalent.

We note the following proposition which is a direct analogue of [4, Proposition 2.3]

(cf. the discussion in Section 2.3).

Proposition 3.4.5. 1. The closed unit ball U of B2 is compact in the topology of

uniform convergence on compact subsets of C2
`.

2. For f P B2, the spectrum of f in B2 is the closure of the range of f and the spectral

radius of f in B2 is }f}8.
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Proof. 1. By Montel’s theorem (e.g. [39, Proposition 6, p. 8]) the closed unit ball of

H8pC2
`q is compact in the topology of uniform convergence on compact sets. Thus,

as in the proof of [4, Proposition 2.3], it suffices to consider a sequence pfnqnPN in U

which converges to a holomorphic function f uniformly on compact sets and to show

that f P U . One has

}f}8 ď lim inf
nÑ8

}fn}8,

|D1fpx1 ` iy1, z2q| “ lim
nÑ8

|D1fnpx1 ` iy1, z2q| ď lim inf
nÑ8

sup
s1PR

|D1fnpx1 ` is1, z2q|,

|D2fpz1, x2 ` iy2q| “ lim
nÑ8

|D2fnpz1, x2 ` iy2q| ď lim inf
nÑ8

sup
s2PR

|D1fnpz1, x2 ` is2q|,

and also

|D1D2fpx` iy1, x2 ` iy2q| “ lim
nÑ8

|D1D2fnpx1 ` iy1, x2 ` iy2q|

ď lim inf
nÑ8

sup
s1,s2PR

|D1D2fnpx1 ` iy1, x2 ` iy2q|.

It then follows from Fatou’s Lemma that
ż 8

0

sup
yPR
z2PC`

|D1fpx` iy, z2q|dx1 ď

ż 8

0

lim inf
nÑ8

sup
sPR
z2PC`

|D1fnpx1 ` is, z2q|dx1

ď lim inf
nÑ8

ż 8

0

sup
sPR
z2PC`

|D1fnpx1 ` is, z2q|dx1,

and similarly for D2f . Also,

ż 8

0

ż 8

0

sup
y1,y2PR

|D1D2fpx1 ` iy1, x2 ` iy2q|dx1 dx2

ď

ż 8

0

ż 8

0

lim inf
nÑ8

sup
y1,y2PR

|D1D2fnpx1 ` iy1, x2 ` iy2q|dx1 dx2

ď lim inf
nÑ8

ż 8

0

ż 8

0

sup
y1,y2PR

|D1D2fnpx1 ` iy1, x2 ` iy2q|dx1 dx2.

Thus

}f}B2 ď lim inf
nÑ8

}fn}B2 ď 1.

2. It is clear that, for any f P B2, the range of f is contained in the spectrum of f

in B2, and since f is holomorphic, so is the closure of the range. It remains to show
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that λ R σpfq whenever λ is not in the closure of the range of f , i.e. that if f P B2

and bounded away from 0, then 1{f P B2. Indeed, since

D1D2
1

fpz1, z2q
“

2D2fpz1, z2qD1fpz1, z2q ´ fpz1, z2qD1D2fpz1, z2q

fpz1, z2q
3

,

and f is bounded away from 0, we have with constant c “ supz1,z2PC` |fpz1, z2q|
´3

ż 8

0

ż 8

0

sup
y1,y2PR

ˇ

ˇ

ˇ

ˇ

D1D2
1

fpx1 ` iy1, x2 ` iy2q

ˇ

ˇ

ˇ

ˇ

dx1 dx2

ď 2c

ż 8

0

ż 8

0

sup
y1,y2PR

|D1fpx1 ` iy1, x2 ` iy2qD2fpx1 ` iy1, x2 ` iy2q| dx1, dx2

` c

ż 8

0

ż 8

0

sup
y1,y2PR

|fpx1 ` iy1, x2 ` iy2qD1D2fpx1 ` iy1, x2 ` iy2q| dx1, dx2

ď 2c

ż 8

0

ż 8

0

sup
y1PR
z2PC`

|D1fpx1 ` iy1, z2q| sup
y2PR
z1PC`

|D2fpz1, x2 ` iy2q| dx1, dx2

` c}f}8

ż 8

0

ż 8

0

sup
y1,y2PR

|D1D2fpx1 ` iy1, x2 ` iy2q| dx1, dx2

ď 2c}f}1˚}f}2˚ ` c}f}8}f}B2
0

ď 2c}f}2B2 .

Finally, by [4, Proposition 2.2(6)], 1{fp¨, z2q, 1{fpz1, ¨q P B1 for some (and hence for

any) z1, z2 P C`, and thus, by the equivalence of norms and the above,

}1{f}B2 “

ż 8

0

ż 8

0

sup
y1,y2PR

|D1D2
1

fpx1 ` iy1, x2 ` iy2q
| dx1 dx2

`

ż 8

0

sup
y1PR
z2PC`

|D1
1

fpx1 ` iy1, z2q
| dx1

`

ż 8

0

sup
y2PR
z1PC`

|D2
1

fpz1, x2 ` iy2q
| dx2

ď C
`

}1{fp¨, z2q}B1 ` }1{fpz1, ¨q}B1 ` }f}2B2

˘

,

for arbitrary z1, z2 P C` and some constant C ą 0.
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3.5 Relations between the classes B2 and B1

Note that if f, g P B1, then the functions

pf b 1qpz1, z2q “ fpz1q,

p1b gqpz1, z2q “ gpz2q,

are in B2. Since B2 is an algebra, the function

pf b gq “ pf b 1qp1b gq : pz1, z2q ÞÑ fpz1qgpz2q

is also in B2. The maps

g ÞÑ pg b 1q,

g ÞÑ p1b gq,

are isometric algebra homomorphism of B1 onto subalgebras M1 and M2, respectively:

M1 “ tg b 1 : g P B1
u,

M2 “ t1b g : g P B1
u.

(3.5.1)

Indeed, we have for instance

}g b 1}B2 “ }g b 1}8 `

ż 8

0

ż 8

0

sup
y1,y2PR

|D1D2pg b 1qpx1 ` iy1, x2 ` iy2q| dx1, dx2

`

ż 8

0

sup
y2PR
z1PC`

|D2pg b 1qpx1 ` iy1, x2 ` iy2q| dx2 `

ż 8

0

sup
y1PR
z2PC`

|D1pg b 1qpx1 ` iy1, x2 ` iy2q| dx1

“ }g}8 `

ż 8

0

sup
y1PR

|D1gpx1 ` iy1q| dx1 “ }g}B1 .

Moreover, for i “ 1, 2, there exists a natural contractive projection of B2 onto Mi,

denoted by Pi, and given by

P1pfpz1, z2qq “ f1pz1q,

P2pfpz1, z2qq “ f2pz2q.

As a direct consequence of Proposition 3.2.2, we have that P1P2 “ P2P1, i.e. the

projections commute, and P1P2pfpz1, z2qq “ P2P1pfpz1, z2qq “ fp8,8q. We can now

define

P1,2 “ P1 ` P2 ´ P1P2.

Note that P1,2 is a projection of B2 onto M1 `M2 with kernel B2
0.
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Finally, if f P B2 then for fixed x2 ` iy
1
2 P C`,

ż

R`
sup
y1PR

|D1D2fpx1 ` iy1, x2 ` iy
1
2q| dx1 ď

ż

R`
sup

y1,y2PR
|D1D2fpx1 ` iy1, x2 ` iy2q| dx1,

(3.5.2)

where the right-hand side is finite for a.e. x2 P R`. Consequently, for a.e. z2 P C`, the

function D2fp¨, z2q is in the class B1. Analogously, for a.e. z1 P C`, D1fpz1, ¨q P B1.

Remark 3.5.1. It is not clear to us whether the class B2 can be naturally identified

with any class of Besov functions, in the way that the class B1 is identified with

B0`
8,1pRq in [4, Appendix].

3.6 Basic examples

Laplace transforms of measures. A particularly important class of functions

f P B2 is the Hille-Phillips algebra, LMp2q, consisting of Laplace transforms Lp2qµ
of measures µ P MpR2

`q. We establish below that each f P LMp2q is already an

element of B2. We will see in Proposition 4.4.2 that LMp2q is not norm dense in B2.

Nonetheless, functions in LMp2q will be a key ingredient in certain approximation

arguments involving partial duality.

Consider now m “ Lp2qµ, with µ PMpR2
`q. Then

D1mpz1, z2q “ ´

ĳ

R2
`

t1e
´t1z1´t2z2dµpt1, t2q, z1, z2 P C`,

D2mpz1, z2q “ ´

ĳ

R2
`

t2e
´t1z1´t2z2dµpt1, t2q, z1, z2 P C`,

D1D2mpz1, z2q “

ĳ

R2
`

t1t2e
´t1z1´t2z2dµpt1, t2q, z1, z2 P C`.

Hence,

sup
z2PC`

ż 8

0

sup
y1ą0

|D1mpx` iy, z2q|dx1 ď

ż 8

0

ĳ

R2
`

t1e
´t1x1´t2x2d|µ|pt1, t2qdx1

ď

ĳ

R2
`

e´t2x2d|µ|pt1, t2q ď |µ|pR` ˆ R`q,

53



and similarly for the other variable. Also,
ż 8

0

ż 8

0

sup
y1,y2PR

|D1D2mpx1 ` iy1, x2 ` iy2q| dx1 dx2

ď

ż 8

0

ż 8

0

ĳ

R2
`

t1t2e
´t1x1´t2x2d|µ|dx1dx2 ď |µ|pR2

`q,

so that m P B2.

Remark 3.6.1. We note that if f P LMp2q with f “ Lp2qµ, then

f1 “ Lp1qµ1,

f2 “ Lp1qµ2,

where

µ1pEq “ µpE ˆ t0uq,

µ2pEq “ µpt0u ˆ Eq.

In particular, if f P LMp2q X B2
0, with f “ Lp2qµ, so that f1 “ f2 “ 0, then

µpR` ˆ t0uq “ µpt0u ˆ Rq “ 0.

Holomorphic extensions to the left. For fixed ω, ω1, ω2 ą 0, we let

R´ω “ tz P C : Re z ą ´ωu, H8
ω1, ω2

“ H8
pR´ω1 ˆR´ω2q,

}f}H8ω1,ω2 “ sup
z1PR´ω1
z2PR´ω2

|fpz1, z2q|, }f}8 “ sup
z1,z2PC`

|fpz1, z2q|.

Proposition 3.6.2. Let f P H8
ω1,ω2

, where ω1, ω2 ą 0. Then D1D2f P B2.

Proof. By (3.1.4) applied to fpz1´ω1, z2´ω2q, we have for xi`iy1 P C` with i “ 1, 2,

|D1D2fpx1 ` iy1, x2 ` iy2q| ď
C1,1}f}H8ω1,ω2

pω1 ` x1qpω2 ` x2q
,

|D2
1D2fpx1 ` iy1, x2 ` iy2q| ď

C2,1}f}H8ω1,ω2
pω1 ` x1q

2pω2 ` x2q
,

|D1D
2
2fpx1 ` iy1, x2 ` iy2q| ď

C1,2}f}H8ω1,ω2
pω1 ` x1qpω2 ` x2q

2
,

|D2
1D

2
2fpx1 ` iy1, x2 ` iy2q| ď

C2,2}f}H8ω1,ω2
pω1 ` x1q

2pω2 ` x2q
2
.
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Hence,

}D1D2f}B2 ď
C1,1}f}H8ω1,ω2

ω1ω2

`

ż 8

0

C2,1}f}H8ω1,ω2
pω1 ` x1q

2ω2

dx1 `

ż 8

0

C1,2}f}H8ω1,ω2
pω2 ` x2q

2ω1

dx2

`

ż 8

0

ż 8

0

C2,2}f}H8ω1,ω2
pω1 ` x1q

2pω2 ` x2q
2
dx1 dx2 ă 8.

3.7 Compositions

We now show that there is an analogue of Proposition 2.3.18 for functions in two

variables; we consider ‘Bernstein-like’ functions, h1 and h2, characterised as in the

aforementioned proposition and acting separately on each variable. The composition

gpz1, z2q “ fph1pz1q, h2pz2qq

then turns out to be in B2 for any f P B2, as stated below.

Proposition 3.7.1. Let f P B2, i “ 1, 2, and hi : C` Ñ C` such that hi is holomor-

phic, maps R` to R`, is monotone on R`, and

Rehipzq ě cihipRe zq, |h1ipzq| ď c|h1ipRe zq|,

for some constants c1, c2, c ě 0. If gpz1, z2q “ fph1pz1q, h2pz2qq, then g P B2.

Proof. First, fix z2 P C`. We have

ż 8

0

sup
βPR

|D1gpα ` iβ, z2q| dα “

ż 8

0

sup
βPR

|h11pα ` iβqD1fph1pα ` iβq, h2pz2qq| dα

“

ż 8

0

sup
βPR

|h11pα ` iβqD1fpRehpα ` iβq ` i Imh1pα ` iβq, h2pz2qq| dα

ď

ż 8

0

sup
βPR

c|h11pαqD1fpchpαq ` iβ, h2pz2qq| dα

“ c

ż c1h1p8q

c1h1p0q

sup
βPR

|D1fpu` iβ, h2pz2qq| du ă 8.
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Analogously, we can show that, for fixed z1 P C`,

ż 8

0

sup
βPR

|D2gpz1, α` iβq| dα ă 8.

Also,

}g}B2
0
“

ż 8

0

ż 8

0

sup
βPR

sup
δPR
|D1D2gpα ` iβ, γ ` iδq| dα dγ

“

ż 8

0

ż 8

0

sup
βPR

sup
δPR
|h11pα ` iβqh

1
2pγ ` iδqD1D2fph1pα ` iβq, h2pγ ` δqq| dα dγ

ď

ż 8

0

ż 8

0

sup
βPR

sup
δPR

c2
|h11pαqh

1
2pγqD1D2fpc1h1pαq ` iβ, c2h2pγq ` iδq| dα dγ

“ c2

ż c2h2p8q

c2h2p0q

ż c1h1p8q

c1h1p0q

sup
βPR

sup
δPR
|D1D2fpu1 ` iβ, u2 ` iδq| du1 du2 ă 8.

We have established that }g}^B2 ă 8 (cf. Remark 3.4.2); since } ¨ }^B2 and } ¨ }B2 are

equivalent norms on B2, this implies that }g}B2 ă 8.

3.8 Further examples

We shall first establish a certain useful result concerning a method of generating

members of B2 out of functions in the class B1.

Lemma 3.8.1. Let gpz1, z2q “ fpz1 ` z2q. Then f P B1 if and only if g P B2.

Proof. Suppose that f P B1. Remark 3.4.3 together with the fact that f is bounded

and holomorphic if and only if g is imply that we only have to check whether }g}B2
0
ă

8. We have
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}g}B2
0
“

ż 8

0

ż 8

0

sup
y1,y2PR

|D1D2gpx1 ` iy1, x2 ` iy2q|dx1 dx2

“

ż 8

0

ż 8

0

sup
yPR
|f2px1 ` x2 ` iyq|dx1 dx2

“

ż 8

0

ż 8

x2

sup
yPR
|f2pt` iyq| dt dx2 “

ż 8

0

ż t

0

sup
yPR
|f2pt` iyq| dx2 dt

“

ż 8

0

t sup
yPR
|f2pt` iyq| dt,

so that g P B2 if and only if

t ÞÑ t ¨ sup
yPR
|f2pt` iyq| P L1

p0,8q.

Since f P H8pC`q, Cauchy’s formula yields (cf. [4, Lemma 2.1(4)])

sup
yPR
|f2p2t` iyq| ď

supyPR |f
1pt` iyq|

t
, t ą 0.

Hence,

4´1

ż 8

0

t ¨ sup
yPR
|f2pt` iyq| dt ď

ż 8

0

sup
yPR
|f 1pt` iyq| dt ď }f}B0 .

Conversely, if g P B2, then }f}8 “ }g}8, and

}f}B1
0
“

ż 8

0

sup
yPR
|f 1pt` iyq| dt “ lim

nÑ8

ż 8

0

sup
yPR
|f 1pt` 1{n` iyq| dt

ď

ż 8

0

sup
y1PR,
z2PC`

|D1gpt` iy1, z2q| dx1 ď }g}B2 .

Example 3.8.2. Consider

f̃tpz1, z2q “ expp´t{pz1 ` z2 ` 1qq, t ą 0, z1, z2 P C`.

It was shown in [4, Lemma 3.4] that the function expp´t{pz ` 1qq is in B1 for any

t ą 0 and satisfies

} expp´t{pz ` 1qq}B1 ď
1` 2t

1` t
` e´1 logpt` 1q.
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Consequently, by Lemma 3.8.1, f̃tpz1, z2q P B2 for any t ą 0. It would be desirable to

obtain explicit bounds on the } ¨ }B2
0

norm of f̃t.

We have

D1D2f̃tpz1, z2q “
t2 exp p´ t

z1`z2`1
q

pz1 ` z2 ` 1q4
´

2t exp p´ t
z1`z2`1

q

pz1 ` z2 ` 1q3
“
t exp p´ t

z1`z2`1
qpt´ 2pz1 ` z2 ` 1qq

pz1 ` z2 ` 1q4
.

Hence

|D1D2f̃tpz1, z2q| “

ˇ

ˇ

ˇ

ˇ

tpt´ 2px1 ` iy1 ` x2 ` iy2 ` 1qq

px1 ` iy1 ` x2 ` iy2 ` 1q4

ˇ

ˇ

ˇ

ˇ

exp

ˆ

´
t

x1 ` iy1 ` x2 ` iy2 ` 1

˙

“

ˇ

ˇ

ˇ

ˇ

tpt´ 2px1 ` iy1 ` x2 ` iy2 ` 1qq

px1 ` iy1 ` x2 ` iy2 ` 1q4

ˇ

ˇ

ˇ

ˇ

exp

ˆ

´
tpx1 ` x2 ` 1q

px1 ` x2 ` 1q2 ` py1 ` y2q
2

˙

.

Applying triangle inequality we see that the right-hand side is less than or equal to

ˆ

t2

ppx1 ` x2 ` 1q2 ` py1 ` y2q
2q2
`

2t

ppx1 ` x2 ` 1q2 ` py1 ` y2q
2q3{2

˙

ˆ exp

ˆ

´
tpx1 ` x2 ` 1q

px1 ` x2 ` 1q2 ` py1 ` y2q
2

˙

.

We shall consider each term in this sum separately. Let

gt,sprq “
1

ps2 ` rq2
exp

ˆ

´
ts

s2 ` r

˙

.

Then

max
rě0

gt,sprq “

#

gt,sp1{2p´2s2 ` stqq “ 1{pes2t2q, t ą 2s

gt,sp0q “ e´pt{sq{s4, 0 ď t ď 2s.
(3.8.1)

Our ultimate aim is to provide an upper bound for
ż 8

0

ż 8

0

sup
y1,y2PR

|D1D2f̃tpx1 ` iy1, x2 ` iy2q| dx1 dx2.

We split the area of integration to make use of (3.8.1), thus obtaining

ż t

0

ż t´x1

0

e´1t´2

px1 ` x2 ` 1q2
dx2 dx1 ď

ż t

0

ż t

0

e´1t´2

px1 ` x2 ` 1q2
dx2 dx1

“
2 logpt` 1q ´ logp2t` 1q

et2
.
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Moreover
ż t

0

ż 8

t´x1

exp p´t{px1 ` x2 ` 1qq

px1 ` x2 ` 1q4
dx2 dx1 `

ż 8

0

ż 8

t

exp p´t{px1 ` x2 ` 1qq

px1 ` x2 ` 1q4
dx1 dx2

ď

ż 8

0

ż 8

0

exp p´t{px1 ` x2 ` 1qq

px1 ` x2 ` 1q4
dx1 dx2 ď

e´t petpt´ 2q ` t` 2q

t3
.

Similarly, let

gt,sprq “
2

ps2 ` rq3{2
exp p´ts{ps2

` r2
qq.

Then

max
rě0

gt,sprq “

#

gt,sp1{3p´3s2 ` 2stqq “
3
?

3
2

2e´3{2pstq3{2
, t ą 3s{2

gt,sp0q “ exp p´t{sq{s´3, 0 ď t ď 3s{2.

We have

ż 3t{2

0

ż 3t{2´x1

0

e´3{2t´3{2

px1 ` x2 ` 1q3{2
dx2 dx1 ď

ż 3t{2

0

ż 3t{2

0

e´1t´3{2

px1 ` x2 ` 1q3{2
dx1 dx2.

“

ż 3t{2

0

˜

2e´1t´3{2

?
x2 ` 1

´
2e´1t´3{2

a

x2 ` 3t{2` 1

¸

dx2

“ 4e´1t´3{2
´

a

6t{2` 1` 2
a

3t{2` 1` 1
¯

.

Moreover,

ż 8

0

ż 8

0

exp p´t{px1 ` x2 ` 1qq{px1 ` x2 ` 1q3 dx1 dx2 ď
t` e´t ´ 1

t2
.

All in all,

}f̃t}B2
0
“

ż 8

0

ż 8

0

sup
y1,y2PR

|D1D2f̃tpx1 ` iy1, x2 ` iy2q| dx1 dx2

À
2 logpt` 1q ´ logp2t` 1q

e
`
e´t petpt´ 2q ` t` 2q

t

`
4p
a

6t{2` 1` 2
a

3t{2` 1` 1q

et3{2
`
t` e´t ´ 1

t
.
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Example 3.8.3. Consider the family of functions

g̃tpz1, z2q “ exp

ˆ

´
t

pz1 ` 1qpz2 ` 1q

˙

, t ą 0, z1, z2 P C`.

While the form of g̃t is not completely dissimilar from that of the functions f̃t con-

sidered in the previous example, Lemma 3.8.1 does not by itself imply that g̃t P B2.

It is nonetheless true that g̃t P B2. We have for example

|D1g̃tpz1, z2q| “

t exp
´

´ t
pz1`1qpz2`1q

¯

pz1 ` 1q2pz2 ` 1q
.

Hence, by [4, Lemma 3.4] and for z2 “ 1,

ż 8

0

sup
y1PR

|D1g̃tpx1 ` iy1, z2q| dx1 ď
1` t

1` t{2
` e´1 logp1` t{2q.

Moreover,

|D1D2g̃tpz1, z2q| “
|t| |t´ pz1 ` 1qpz2 ` 1q| e

´Re
´

t
z1z2`z1`z2`1

¯

|z1 ` 1|3 |z2 ` 1|3
.

Hence
ż 8

0

ż 8

0

sup
y1,y2PR

|D1D2g̃tpx1 ` iy1, x2 ` iy2q| dx1 dx2

ď

ż 8

0

ż 8

0

t2

px1 ` 1q3 px2 ` 1q3
dx1 dx2 `

ż 8

0

ż 8

0

t

px1 ` 1q2 px2 ` 1q2
dx1 dx2 “

t2

4
` t.

Summarising,

}g̃tpz1, z2q}B2 ď
2` 2t

1` t{2
` 2e´1 logp1` t{2q `

t2

4
` t.
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4 Spectral subspaces and a partial duality

In this chapter we present certain results related to spectral subspaces. The theory

of spectral subspaces, as introduced by Arveson, is typically developed in the ab-

stract context of integrable representations. In most places, however, we restrict our

attention to the special case of C0-groups.

We begin by presenting some preliminary results on spectral decompositions in

Section 4.1. In Section 4.2, we characterise the spectral subspaces of B2; we then

identify (cf. Proposition 4.2.4) a dense subspace of B2
0 which will play a key role in

the construction of our functional calculus. In Section 4.3, we introduce the auxiliary

class E2 and define a (partial) duality between B2 and E2. We then establish that

each function in B2 can be approximated in terms of that duality by functions with

compact spectrum separated from zero. We consider some topological properties of

B2 in Section 4.4; we show, in particular, that LMp2q is not dense in B2 in the norm

topology but that it is dense in B2 in the topology of uniform convergence on compact

subsets.

4.1 Spectral decompositions

For any closed subset I Ă R2
`, define H8pIq as

H8
pIq “ tf P H8

pC2
`q : supp pF´1

p2qf
b
q Ă Iu,

with Fp2q denoting the two-dimensional Fourier transform. Since shifts of the Fourier

transform correspond to multiplication by exponential functions, one has

|fpx1 ` iy1, x2 ` iy2q| ď e´σ1x1´σ2x2}f}8, f P H8
prσ1,8q ˆ rσ2,8qq. (4.1.1)

We say that an entire function f : C2 Ñ C is of exponential type at most τ “ pτ1, τ2q,

where τ1, τ2 ą 0, if for all ε ą 0 there is a constant Aε such that

|fpz1, z2q| ď Aεe
pτ1`εq|z1|`pτ2`εq|z1|, z1, z2 P C. (4.1.2)

The Paley-Wiener-Schwartz theorem [27, Theorem 7.3.1, p. 181] implies, in particu-

lar, that any function which is a Fourier transform of a distribution with a support
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contained in a convex compact subset of R2 is an entire function of exponential type.

Furthermore, if f P H8pr0, σ1s ˆ r0, σ2sq, then, since f b P L8pR2q, applying the

multivariable version of Bernstein’s inequality (cf. [11, Theorem 2.2]) yields

}Dif}8 ď σi}f}8, i “ 1, 2. (4.1.3)

Since the property of being a function of exponential type (at most τ) is preserved

under taking partial derivatives by [11, Theorem 2.2], iterating (4.1.3) and applying

it to D1D2f gives

|D1D2fpx1 ` iy1, x2 ` iy2q| ď σ1σ2 sup
s1,s2PR

|fpx1 ` is1, x2 ` is2q|. (4.1.4)

We shall consider the spectral subspaces H8pIq, where I is a compact subset of R2 .

In Proposition 4.2.6 we show analogues of the Bohr inequalities for these spaces. First

we show that these spaces are contained in B2.

Lemma 4.1.1. Let f P H8prε, σs2q, 0 ă ε ă σ. Then f P B2.

Proof. Note first that by (4.1.1), limRe z1Ñ8 fpz1, z2q “ limRe z2Ñ8 fpz1, z2q “ 0. In

view of Corollary 3.4.4, it then suffices to check whether f satisfies the condition

}f}B2
0
ă 8. Let x1, x2 ą 0, y1, y2 P R2. Then (4.1.1) gives

sup
s1,s2PR

|fpx1 ` is1, x2 ` is2q| ď e´εpx1`x2q}f}8,

and, by Bernstein’s inequality (4.1.4),

|D1D2fpx1 ` iy1, x2 ` iy2q| ď σ2 sup
s1,s2PR

|fpx1 ` is1, x2 ` is2q| ď σ2e´εpx1`x2q}f}8.

On the other hand,

|D1D2fpx1 ` iy1, x2 ` iy2q| ď
}f}8
x1x2

.

Thus,

|D1D2fpx1 ` iy1, x2 ` iy2q| ď }f}8 min ppx1x2q
´1, e´εpx1`x2qq ď

2}f}8
x1x2 ` eεpx1`x2q{σ2

.

(4.1.5)

ż 8

0

ż 8

0

dx1 dx2

x1x2 ` eεpx1`x2q{σ2
“

ż 8

0

ż 8

0

ds dt

st` ε2eps`tq{σ2
. (4.1.6)

Fix s P R`. Then
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ż 8

0

dt

st` ε2eps`tq{σ2
ď

ż 1

0

dt

st` ε2es{σ2
`

ż 8

1

dt

s` ε2eps`tq{σ2

ď s´1 log

ˆ

1`
σ2

ε2
se´s

˙

` s´1 log

ˆ

1`
σ2

eε2
se´s

˙

ď 2s´1 log

ˆ

1`
σ2

ε2
se´s

˙

.

(4.1.7)

Hence,

ż 8

0

ż 8

0

dx1 dx2

x1x2 ` eεpx1`x2q{σ2
ď 2

ż 8

0

log
´

1` σ2

ε2
se´s

¯

s
ds. (4.1.8)

Denote σ2{ε2 by c and pick a ą e´ 1. First,

ż 1

0

log p1` cse´sq

s
ds ď

ż 1

0

log p1` csq

s
ds ď Li2p´cq ă 8, (4.1.9)

where Li2 denotes the dilogarithm function. Next, noting that d
dx
plog xq2 “ 2 log x

x
,

ż logpc`aq

1

log p1` cse´sq

s
ds ď 2

ż logpc`aq

1

log p1` csq

1` s
ds

ď 2

˜

ż logpc`aq

1

log p1` sq

1` s
ds`

ż logpc`aq

1

log c

1` s
ds

¸

“ log2
p1` logpc` aqq ´ log2

p2q ` 2 logpcq plogp1` logpc` aqq ´ logp2qq .

(4.1.10)

Finally, by the fact that logp1` xq ď x,

ż 8

logpc`aq

log p1` cse´sq

s
ds ď

ż 8

logpc`aq

ce´s ds “
c

c` a
ď 1. (4.1.11)
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Hence, by (4.1.5) and (4.1.8),

}f}B2
0
“

ż 8

0

ż 8

0

sup
y1,y2PR

|D1D2fpx1 ` iy1, x2 ` iy2q| dx1 dx2

ď 2}f}8

ż 8

0

ż 8

0

dx1 dx2

x1x2 ` eεpx1`x2q{σ2

ď 4}f}8

ż 8

0

log
´

1` σ2

ε2
se´s

¯

s
ds.

Since (4.1.9)–(4.1.11) jointly imply

ż 8

0

log
´

1` σ2

ε2
se´s

¯

s
ds ă 8,

we obtain that }f}B2
0
ă 8, as required.

4.2 Spectral subspaces

Let pT1ptqqtPR and pT2ptqqtPR be commuting bounded C0-groups on a Banach space X,

with generators A1 and A2, respectively, so that σpAjq Ă iR, for j “ 1, 2. Denote

T pt1, t2q “ T1pt1qT2pt2q, t1, t2 P R.

For x P X, define the spectrum spT pxq of x as

spT pxq “ supp Fp2qpT p¨, ¨qxq.

For a closed subset I Ă R2, define the spectral subspace XT pIq to be

XT pIq “ tx P X : spT pxq Ă Iu.

As described in [41, p. 299 and Lemma 8.1.2], any two-parameter C0-group of

bounded invertible isometries can be viewed as an integrable representation of R2

(corresponding to α in the notation of [41]). Moreover, one can define spectral sub-

spaces (denoted by MαpIq in [41]) in terms of annihilators of certain subspaces of the

dual space (cf. [41, p. 300]); the two definitions are known to coincide (cf. [40]).

Proposition 4.2.1. Let pT pt1, t2qqt1,t2PR be as above and assume that the range of

A1A2 is dense in X and that σpAiq Ă ir0,8q for i “ 1, 2. Then the set

ď

tXT pIq : I compact, I Ă p0,8q2u

is dense in X.
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Proof. Reasoning as in the proof of [4, Proposition 2.8], take f P SpR2q with compact

support and identically 1 in a neighbourhood of p0, 0q. Define

gapt1, t2q “ a2fpat1, at2q ´ a
´2fpt1{a, t2{aq, t1, t2 P R, a ą 0.

Let y P DpA1A2q, take x “ A1A2y, and set

xa “

ż

R

ż

R
gapt1, t2qT pt1, t2qx dt1 dt2.

Since pTiptqqtPR is a C0-group for i “ 1, 2,

lim
aÑ8

ż

R

ż

R
a2fpat1, at2qT pt1, t2qx dt1 dt2 ´ x

“ lim
aÑ8

ż

R

ż

R
fpt1, t2qpT1pt1{aqT2pt2{aqx´ xq dt1 dt2 “ 0. (4.2.1)

Integrating by parts twice

lim
aÑ8

ż

R

ż

R
a´2fpt1{a, t2{aqT pt1, t2qx dt1 dt2

“ lim
aÑ8

ż

R

ż

R
fpt1, t2qT pat1, at2qA1A2y dt1 dt2

“ lim
aÑ8

a´2

ż

R

ż

R
fpt1, t2qD1D2T pat1, at2qy dt1 dt2

“ lim
aÑ8

a´2

ż

R

ż

R
D1D2fpt1, t2q ¨ T pat1, at2qy dt1 dt2 “ 0.

Hence, limaÑ8 xa “ x. By [40, Lemma 2.2.1],

spT pxaq Ă supp pFp2qgaq X spT pxq.

Note that supppFp2qgaq is a compact subset of R2zp0, 0q. Since (cf. [41, Proposition

8.1.5])

XT p´iσpA1q ˆ ´iσpA1qq “ XT1p´iσpA1qq XXT2p´iσpA2qq,

and (cf. [2, Remark 4.6.2, Lemma 4.6.8], [15, Lemma 8.1.7])

XT1p´iσpA1qq “ XT2p´iσpA2qq “ X,

one has that x P XT p´iσpA1q ˆ ´iσpA1qq, which implies spT pxq Ă p´iσpA1q ˆ

´iσpA1qq. Altogether,

spT pxaq Ă supp pFp2qgaq X p´iσpA1q ˆ ´iσpA1qq,

so the conclusion follows from the assumption.
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We shall make extensive use of products of shift semigroups on B2. The next

propositions concern some basic properties of these.

Proposition 4.2.2. Let

pTB2pa, bqfqpz1, z2q “ fpz1 ` a, z2 ` bq, f P B2, a, b P C`, z1, z2 P C`.

Then for each f P B2,

}TB2pa, bqf}B2 ď }f}B2 , lim
a,bPC`
a,bÑ0

}TB2pa, bqf ´ f}B2 “ 0.

Moreover, the families pTB2pa, 0qqaPC` and pTB2p0, bqqbPC` are both holomorphic C0-

semigroups of contractions on B2. Furthermore,

Gpt1, t2q “ TB2p´it1,´it2q, t1, t2 P R,

form a representation of R2 by isometries on B2.

Proof. It is easily seen that, for each a, b P C`, TB2pa, bq is a contraction on B2 . Since

f is uniformly continuous on C` ˆ C`, }TB2pa, bqf ´ f}8 Ñ 0 as a, bÑ 0.

Applying (3.1.4) to D1D
2
2f and D2

1D2f we obtain

|D1D2fpz1 ` a, z2 ` bq ´D1D2fpz1, z2q|

ď |D1D2fpz1 ` a, z2 ` bq ´D1D2fpz1 ` a, z2q| ` |D1D2fpz1 ` a, z2q ´D1D2fpz1, z2q|

ď
Cp1,2q|b|}f}8
Re z1pRe z2q

2
`
Cp2,1q|a|}f}8

pRe z1q
2 Re z2

.

Hence,

lim
a,bÑ0

sup
y1,y2PR

|D1D2fpx1 ` iy1 ` a, x2 ` iy2 ` bq ´D1D2fpx1 ` iy1, x2 ` iy2q| “ 0.

Now,

sup
y1,y2PR

|D1D2fpx1 ` iy1 ` a, x2 ` iy2 ` bq ´D1D2fpx1 ` iy1, x2 ` iy2q|

ď sup
y1,y2PR

|D1D2fpx1 ` iy1 ` a, x2 ` iy2 ` bq| ` sup
y1,y2PR

|D1D2fpx1 ` iy1, x2 ` iy2q|.
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Since f P B2, the functions on the right-hand side are integrable, i.e.

ż 8

0

ż 8

0

sup
y1,y2PR

|D1D2fpx1 ` iy1 ` a, x2 ` iy2 ` bq| dx1 dx2

“

ż 8

Re a

ż 8

Re b

sup
y1,y2PR

|D1D2fpx1 ` iy1, x2 ` iy2q| dx1 dx2

ď

ż 8

0

ż 8

0

sup
y1,y2PR

|D1D2fpx1 ` iy1, x2 ` iy2q| dx1 dx2 ď }f}B2 ă 8.

Moreover, since (cf. Proposition 3.2.2) fi P B1, i “ 1, 2, it follows from the bounded-

ness of f2i on tz : Re z ą 0u that

lim
a,bÑ0

sup
y1PR

|f 11px1 ` iy1 ` aq ´ f
1
1px1 ` iy1q| “ 0,

lim
a,bÑ0

sup
y2PR

|f 12px2 ` iy2 ` bq ´ f
1
2px2 ` iy2q| “ 0.

By the maximum principle for f 11 on tz : Re z ď x1u,

sup
y1PR

|f 11px1 ` iy1 ` aq ´ f
1
1px1 ` iy1q| ď sup

y1PR
|f 11px1 ` iy1 ` aq| ` sup

y1PR
|f 11px1 ` iy1q|

ď 2 sup
y1PR

|f 11px1 ` iy1q|,

and this function is integrable on R`, since f1 P B1. Analogously,

sup
y2PR

|f 12px2 ` iy2 ` aq ´ f
1
2px2 ` iy2q| ď 2 sup

y2PR
|f 12px2 ` iy2q|,

where the right-hand side is integrable since f2 P B1. By the dominated convergence

theorem (cf. Remark 3.4.2 for the definition of } ¨ }^B2 ; here we take z1 “ z2 “ 8),

lim
a,bÑ0

}TB2pa, bqf ´ f}^B2

“ lim
a,bÑ0

ż 8

0

ż 8

0

sup
y1,y2PR

|D1D2fpx1 ` iy1 ` a, x2 ` iy2 ` bq ´D1D2fpx1 ` iy1, x2 ` iy2q| dx1 dx2

` lim
a,bÑ0

ż 8

0

sup
y1PR

|f 11px1 ` iy1 ` bq ´ f
1
1px1 ` iy1q| dx1

` lim
a,bÑ0

ż 8

0

sup
y2PR

|f 12px2 ` iy2 ` aq ´ f
1
1px2 ` iy2q| dx2 “ 0.
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Remark 3.4.2 then yields

lim
a,bÑ0

}TB2pa, bqf ´ f}B2 “ 0.

Consider now the family of functionals

f ÞÑ fpz1, z2q, z1, z2 P C`.

Such functionals form a separating subspace of pB2q˚. Both

a ÞÑ pTB2pa, 0qfqpz1, z2q “ fpz1 ` a, z2q

and

b ÞÑ pTB2p0, bqfqpz1, z2q “ fpz1, z2 ` bq

are holomorphic on C2
`. Since TB2pa, 0q and TB2p0, bq are contractions, it follows

immediately from a theorem of Arendt and Nikolski ([2, Theorem A.7]) that TB2pa, 0q

and TB2p0, bq are holomorphic on C2
`.

We shall need the following auxiliary result.

Proposition 4.2.3. Let ´AB2,1 and ´AB2,2 be the generators of the C0-semigroups

pTB2pt, 0qqtě0 and pTB2p0, tqqtě0, respectively. Then

DpAB2,1q “ tf P B2 : D1f P B2
u, AB2,1f “ ´D1f,

DpAB2,2q “ tf P B2 : D2f P B2
u, AB2,2f “ ´D2f.

(4.2.2)

Moreover, the generators of the C0-groups pTB2p´is, 0qqsPR and pTB2p0,´isqqsPR are

´iAB2,1 and ´iAB2,2, respectively. Finally, σpAB2,1q “ σpAB2,2q “ R`.

Proof. If f P DpAB2,1q, then trivially AB2,1f “ ´D1f . Similarly, if f P DpAB2,2q, then

AB2,2f “ ´D2f . Conversely, if f,D1f P B2, then

t1pTB2pt, 0qf ´ fq “ t´1

ż t

0

TBps, 0qD1f ds, t ě 0.

Since this formula holds pointwise and the integral is a B2-valued integral with con-

tinuous integrand, letting tÑ 0` yields f P DpAB2,1q. This together with analogous

considerations in the case when f,D2f P B2 establishes (4.2.2). It then follows (cf. [2,

Corollary 3.9.9 and 3.9.10]) that the C0-groups pTB2p´is, 0qqsPR and pTB2p0,´isqqsPR

have ´iAB2,1 and ´iAB2,2 as their respective generators. Finally, in view of Section

3.5, for any a P R`, e´az1 b 1,1b e´az2 P B2. The functions e´az1 b 1 and 1b e´az2

are easily seen to be eigenvectors of AB2,1 and AB2,2, respectively, corresponding to

the eigenvalue a, hence R` Ď σpAB2,1q X σpAB2,2q.
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The following proposition establishes that there is a one-to-one correspondence

between the closed subspaces H8pIq from Lemma 4.1.1 and the subspaces of the

two-parameter group of vertical shifts arising from Proposition 4.2.2.

Proposition 4.2.4. Let G be the C0-group given by

Gpt1, t2q “ TB2p´it1,´it2q, t1, t2 P R,

and let I be a compact subset of p0,8q2. Then B2
GpIq “ H8pIq.

The proof proceeds in a similar fashion to the proof of [4, Lemma 2.9].

Proof. Let pSpt1, t2qqt1,t2PR be the two-parameter group of shifts on BUCpR2q:

pSpt1, t2qfqps1, s2q “ fps1 ´ t1, s2 ´ t2q.

We have that

pFp2qpSp¨, ¨qfps1, s2qqpt1, t2q “ 4π2
pF´1
p2qfqps1, s2qe

´ips1t1`s2t2q.

Let K : B2 Ñ BUCpR2q be given by Kf “ f b. By (3.1.3), K is a bounded linear

map. Then

Spt1, t2qK “ KGpt1, t2q.

Hence, for f P B2,

spSpf
b
q “ suppFp2qpSp¨, ¨qKfq “ supppKFp2qGp¨, ¨qfq “ spGpfq. (4.2.3)

This implies B2
GpIq Ă H8pIq. Conversely, if I is compact, then H8pIq Ă B2 by

Lemma 4.1.1, and then (4.2.3) implies that H8pIq Ă B2
GpIq.

The next proposition identifies a dense subspace of B2
0 which will play a crucial

role in the construction of the functional calculus.

Proposition 4.2.5. The set G2 “
Ť

0ăεăδH
8prε, δs2q is dense in B2

0.

Proof. Consider Gpt1, t2q restricted to B2
0 and take f P B2

0. By (3.1.4) one has

|D1D2fpz1, z2q| ď
Cp1,2q}f}8
Re z1 Re z2

.

Hence,

lim
t,sÑ8

}D1D2fpx1 ` t` i¨, x2 ` s` i¨q}8 “ 0,
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for every x1, x2 ą 0. Then, since f P B2
0,

lim
t,sÑ8

}TB2pt, sqf}B2
0
“ lim

t,sÑ8

ż 8

0

ż 8

0

}D1D2fpx` t` i¨, y ` s` i¨q}8 dx dy

“ lim
t,sÑ8

ż 8

t

ż 8

s

}D1D2fpx` i¨, y ` i¨q}8 dx dy “ 0.

By Corollary 3.4.4,

lim
t,sÑ8

}TB2pt, sqf}B2 “ 0.

Take

f “ lim
t,sÑ8

pf ´ T2psqf ´ pT1ptqf ´ T1ptqT2psqfq “ lim
t,sÑ8

A1

ż t

0

T1pt1qpf ´ T2psqfq dt1

“ ´ lim
t,sÑ8

A1

ż t

0

T1pt1qA2

ż s

0

T2pt2qf dt2 dt1 “ ´ lim
t,sÑ8

A1A2

ż t

0

ż s

0

T pt1, t2qf dt2 dt1.

This shows that the range of A1A2 is dense in B2
0, so it now suffices to apply Propo-

sition 4.2.1 to Gpt1, t2q.

We will need a two-dimensional version of the one-dimensional Bohr and Bernstein

inequalities ([4, (2.6) and (2.7)]; the required two-dimensional version of Bernstein

inequalities is already covered by (4.1.3) and (4.1.4) above). We want to obtain similar

results for spaces of the form H8prε1, ε2s
2q, where 0 ă ε1 ă ε2. Note that rε1, ε2s

2 is

contained in the quarter-annulus Ω “ ts P R2
` : ε1 ď |s| ď

?
2ε2u. In [3, Lemma 2.1],

it is shown that, for any k P N, the norm

max
|α|“k

}B
αf}8, f P H8

rΩs,

where the maximum is taken over all multi-indices of length k, is equivalent to the

sup-norm }f}8 on H8rΩs. The following result shows that, on the smaller space

H8prε1, ε2s
2q, the sup-norm is equivalent to each individual norm }Bαf}8.

Proposition 4.2.6. Let α be a multi-index, and let 0 ă ε1 ă ε2. Then the norm

}Bαf}8 is equivalent to the norm }f}8 on the space H8prε1, ε2s
2q.

Proof. We give the proof in the case when α “ p1, 0q, so Bα “ D1. An identical argu-

ment covers the case when Bα “ D2. Since (3.1.2) implies that if f P H8prε1, ε2s
2q,

then the functions Dif , for i “ 1, 2, also have distributional inverse Fourier trans-

forms with support in rε1, ε2s
2, the general result follows by an easy induction on the

length of α.
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Let X be the space BUCpR2q, with the sup-norm, and let Spt1, t2q be the 2-

parameter group of vertical shifts as in the proof of Proposition 4.2.4. Let S1pt1q “

Spt1, 0q and S2pt2q “ Sp0, t2q, which define commuting C0-groups on X. Let A1 be

the negative generator of S1ptq. Then

DpA1q “ tg P X : B1g is defined on R2 and B1g P Xu, A1g “ B1g,

where B1g denotes the derivative of g with respect to the first variable t1.

Let f P H8prε1, ε2s
2q. Then (4.1.3) shows that }D1f}8 ď ε2}f}8. For the lower

bound, note that f extends to an entire function of exponential type (cf. Section 4.1)

on C2 (also denoted by f) and that D1f P H
8prε1, ε2s

2q, since pD1fq
b “ ´iB1pf

bq

and the support of the inverse Fourier transform of this is contained in the support

for f b. Moreover

f b P XSprε1, ε2s
2
q Ď XSprε1, ε2s ˆ Rq “ XS1prε1, ε2sq “: Y,

by [40, Lemma 2.4.8]. By the theory of the Arveson spectrum for C0-groups (see [40,

Section 2.4]), Y is a closed subspace of X contained in DpA1q, the generator of the

C0-group S1pt1q|Y is the restriction rA1 of A1 to Y , rA1 is a bounded operator on Y

and σp rA1q Ď rε1, ε2s (in fact, equality holds).

Now f b “ p rA1q
´1p rA1f

bq, so

}f b}8 ď C 1} rA1f
b
}8 “ C 1}D1f}8,

where C 1 “ }p rA1q
´1}, giving the lower bound.

Hence there exists a unique g P Y such that rA1g “ pD1fq
b “ rA1pf

bq, and }g}8 ď

C 1}pD1fq
b}8, where C 1 is the norm of the inverse of rA1. Thus g ´ f b P KerA1 “

XS1p0q. In addition g ´ f b P XS1prε1, ε2sq, so

g ´ f b P XS1pt0uq XXS1prε1, ε2sq “ XS1pHq “ t0u,

by [15, Lemma 8.9]. Hence

}f}H8pC2
`q
“ }f b}X “ }g}X ď C 1}pD1fq

b
q}X “ C 1}D1f}H8pC2

`q
,

giving the required estimate. It follows from (4.1.3) that D1f P B2, and then A1f
b “

´ipD1fq
b. Hence we have that

c}f}8 ď }D1f}8 ď C}f}8,

where C is the norm of the restriction of A1 to XS1prε1, ε2sq, and c´1 is the norm of

the inverse of that operator.
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4.3 Class E2 and a partial duality

Define E2 to be the space of those holomorphic functions g on C2
` such that

}g}E2
0
“ sup

x1,x2ą0
x1x2

ż 8

0

ż 8

0

|D1D2gpx1 ` iy1, x2 ` iy2q| dy1 dy2 ă 8. (4.3.1)

Consider now the (partial) duality between E2 and B2 given by

xg, fyB2 “

ż 8

´8

ż 8

´8

x1x2

ż 8

´8

ż 8

´8

D1D2gpx1 ´ iy1, x2 ´ iy2qD1D2fpx1 ` iy1, x2 ` iy2q dy1 dy2 dx1 dx2.

(4.3.2)

It is easily seen that the partial duality is bounded. Calculating directly
ˇ

ˇ

ˇ

ˇ

ż 8

0

ż 8

0

x1x2

ż 8

´8

ż 8

´8

D1D2gpx1 ´ iy1, x2 ´ iy2qD1D2fpx1 ` iy1, x2 ` iy2qdy1 dy2 dx1 dx2

ˇ

ˇ

ˇ

ˇ

ď

ż 8

0

ż 8

0

x1x2

ż 8

´8

ż 8

´8

p|D1D2gpx1 ´ iy1, x2 ´ iy2q|q

ˆ

ˆ

sup
β1,β2PR

|D1D2fpx1 ` iβ1, x2 ` iβ2q|

˙

dy1 dy2 dx1 dx2

ď

ż 8

0

ż 8

0

}g}E2
0

ˆ

sup
β1,β2PR

|D1D2fpx1 ` iβ1, x2 ` iβ2q|

˙

dx1 dx2

ď }g}E2
0
}f}B2

0
.

Consider now

ηpz1, z2q “
1´ e´z1

z1

1´ e´z2

z2

. (4.3.3)

Then, as in [4, Example 2.12(4)], η is the double Laplace transform of Lebesgue

measure on r0, 1s2. Hence, as a Laplace transform of a bounded measure, η P B2.

The following proposition shows how to approximate functions f P B2 by functions

in LMp2q in certain senses, which enable us to extend results from LMp2q to B2 (see

Propositions 4.4.3, 5.1.1 and 6.1.5); the proof makes substantial use of Proposition

4.2.6.

Proposition 4.3.1. Let ηpz1, z2q be as above. For δ ą 0 and any f P B2, let

δηpz1, z2q “ ηpδz1, δz2q, δf “ δηf.
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Then, for each g P E2,

lim
δÑ0`

xg, δfyB2 “ xg, fyB2 .

Proof. We may assume fpz1,8q “ fp8, z2q “ 0, so f P G2. Since (by direct cal-

culation) }η}B2 “ } δη}B2 , the set tδη : 0 ă δ ă 1u is bounded in B2. Consider

f P H8prε1, ε2s
2q for 0 ă ε1 ă ε2. In view of (4.1.4), D1f,D2f,D1D2f P B2. More-

over, the function f extends to an entire function of an exponential type (cf. Section

4.1) on C2 (also denoted by f). For fixed x1, x2 ą 0, let:

fx1,x2py1, y2q :“ fpx1 ` iy1, x2 ` iy2q.

It follows from (3.1.2) that if f P H8pIq, then the functions fx1,x2 , and Difx1,x2 ,

for i “ 1, 2, also have distributional inverse Fourier transforms with support in I.

Applying Proposition 4.2.6 to fx1,x2 and Difx1,x2 , i “ 1, 2, and using (3.1.3) we obtain

sup
s1,s2PR

|fpx1 ` is1, x2 ` is2q| ď c sup
s1,s2PR

|D1D2fpx1 ` is1, x2 ` is2q|, (4.3.4)

sup
s1,s2PR

|Djfpx1 ` is1, x2 ` is2q| ď c sup
s1,s2PR

|D1D2fpx1 ` is1, x2 ` is2q|, j “ 1, 2

(4.3.5)

with some constant c ą 0. These two inequalities imply in turn the following (with

zj “ xj ` iyj, j “ 1, 2)

|fpz1, z2q| ď c sup
s1,s2PR

|D1D2fpx1 ` is1, x2 ` is2q|, (4.3.6)

|Djfpz1, z2q| ď c sup
s1,s2PR

|D1D2fpx1 ` is1, x2 ` is2q|, j “ 1, 2. (4.3.7)

Now,

|D1D2f ´D1D2 δf | ď |fD1D2 δη| ` |D1fD2 δη| ` |D2fD1 δη| ` |p1´ δηqD1D2f |

ď p|f | ` |D1f | ` |D2f | ` |D1D2f |q γδ,

with

γδ “ |1´ δη| ` |D1 δη| ` |D2 δη| ` |D1D2 δη|.
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Hence,

|xg, f ´ δfyB2 |

ď

ˇ

ˇ

ˇ

ˇ

ż 8

0

ż 8

0

x1x2

ż 8

´8

ż 8

´8

D1D2gpx1 ´ iy1, x2 ´ iy2q

ˆ rD1D2f ´D1D2 δf spx1 ` iy1, x2 ` iy2qdy1 dy2 dx1 dx2

ˇ

ˇ

ˇ

ď

ˆ
ż 8

0

ż 8

0

x1x2

ż 8

´8

ż 8

´8

|D1D2gpx1 ´ iy1, x2 ´ iy2q|

ˆ rp|f | ` |D1f | ` |D2f | ` |D1D2f |q γδspx1 ` iy1, x2 ` iy2qdy1 dy2 dx1 dx2

¯

.

Given (4.3.6) and (4.3.7),

|xg, f ´ δfyB2 |

ď C

ż 8

0

ż 8

0

x1x2

ż 8

´8

ż 8

´8

|D1D2gpx1 ´ iy1, x2 ´ iy2q|

ˆ sup
s1,s2PR

|D1D2fpx1 ` is1, x2 ` is2q| ˆ γδpx1 ` iy1, x2 ` iy2qdy1 dy2 dx1 dx2,

with some constant C. Since f P B2, g P E2, and

lim
δÑ0`

γpz1, z2q “ 0, z1, z2 P C`.

From these properties, the absolute convergence of the repeated integral (4.3.2), and

the dominated convergence theorem we obtain

lim
δÑ0
xg, f ´ δfyB2 “ 0.

4.4 Some topological properties

We shall need the following auxiliary result.

Proposition 4.4.1. Let f P H8pr0, σs2q, g P LMp2q, with F´1
p2q g

b P L2pr0, δs2q, where

σ, δ ą 0. Then fg P LMp2q.

As before (cf. (3.1.1)), f b and gb denote the boundary functions of f and g, respec-

tively.
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Proof. Since f P H8pr0, σs2q, F´1
p2qf

b is a distribution on R2 with support in r0, σs2.

Then

supppF´1
p2qf

b
˚ F´1

p2q g
b
q Ă r0, σ ` δs2.

Here ψ “ F´1
p2qf

b ˚ F´1
p2q g

b is understood as a convolution of distributions; it is well-

defined since the support of each of the distributions is a subset of r0, σ` δs2. Conse-

quently, ψ is itself a distribution on R2 with compact support, and Fp2qψ “ f bgb. Since

f b is bounded and gb P L2pR2q by Plancherel, f bgb P L2pR2q. Applying Plancherel

once more, ψ P L2pR2q, and Lψ “ fg. Since ψ has support in r0, σ` δs2, ψ P L1pR2
`q,

and hence fg P LMp2q.

Proposition 4.4.2. Consider B2 with its norm topology. Then LMp2q is not dense

in B2.

Proof. For each measure µ P MpR2q, F´1
p2qµ is weakly almost periodic ([18, Corol-

lary 4.2.4]), and weakly almost periodic functions form a proper closed subspace of

BUCpR2q ([19, Theorem 5.3, 12.1]). Much like in the one-dimensional case, it can be

seen that the entire functions of exponential type on C2 (cf. Section 4.1 and (4.1.2)

above) are dense in BUCpR2q. For let f P BUCpR2q. Define

Kpt1, t2q “ p2π
´1
q
2
pt´1

1 sinpt1{2qq
2
pt´1

2 sinpt2{2qq
2.

Let τ1, τ2 ą 0 and consider the function

Gpz1, z2q “ τ1τ2

ż 8

´8

ż 8

´8

Kpτ1pt1 ´ z1q, τ2pt2 ´ z2qqfpt1, t2q dt1 dt2.

Then, as in the proof of [9, Theorem 12.11.1], K is entire of exponential type τ “

p1, 1q, whereas G is entire of exponential type τ “ pτ1, τ2q. Also,

|Gpx1, x2q ´ fpx1, x2q|

ď

ż 8

´8

ż 8

´8

Kpt1, t2q dt1 dt2 sup
α1,α2PR

|fpα1 ` t1{τ1, α2 ` t2{τ2q ´ fpα1, α2q|,

where the right-hand side tends to 0 as τ1, τ2 Ñ 8, since f is assumed to be in

BUCpR2q. Hence, there exist an entire function G of exponential type and δ ą 0 such

that, for all µ PMpR2q,

}GR2 ´ F´1
p2qµ}8 ě δ,

where GR2 is the restriction of G to R2. If τ “ pτ1, τ2q is the exponential type of G,

take pσ, σq with σ ě τi for i “ 1, 2, so that F´1
p2qG Ă pr´σ, σs

2q. Let

gpz1, z2q “ e´2iσpz1`z2qGpz1, z2q,
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so that supppF´1
p2q gq Ă prσ, 3σs2q. For any µ P MpR2q, let µσpA1 ˆ A2q “ µpA1 `

2σ,A2 ` 2σq for any Borel subsets A1, A2 of R. Then

}gR2 ´ F´1
p2qµ}L8pR2q “ }GR2 ´ F´1

p2qµσ}L8pR2q ě δ.

Letting fpz1, z2q “ gp´iz1,´iz2q, one has f P H8prσ, 3σs2q Ă B2 and }f ´ m}B2 ě

}f ´m}8 ě δ for any m P LMp2q.

Proposition 4.4.3. The space LMp2q is dense in B2 in the topology of uniform

convergence on compact subsets of C2
`.

Proof. Let η, δη be as in Proposition 4.3.1. For f P G2, let δfpz1, z2q “ fpz1, z2q δηpz2, z2q.

Then δηpz2, z2q Ñ 1 and hence δfpz1, z2q Ñ fpz1, z2q uniformly on compact subsets,

as δ Ñ 0`. By Proposition 4.4.1, δf P LMp2q. By Proposition 4.2.5, G2 is dense in

B2
0.

By [4, Lemma 2.14], LMp1q is dense in in B1. Furthermore, the embedding f ÞÑ

f b 1 (respectively: the embedding f ÞÑ 1 b f) is continuous from B1 to B2 (cf.

Section 3.5) and maps LMp1q to LMp2q, i.e. µ ÞÑ µb δ0 (respectively: µ ÞÑ δ0 b µq).

So the conclusion then follows from Proposition 3.2.2.

Since 1 b Lµ,Lµ b 1 P LMp2q, for any µ P MpR`q, the result follows from the

one-dimensional version in [4, Lemma 2.14].
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5 The class B2 – further properties

In the present chapter we collect some important further properties of functions in

the class B2, many of which are later employed in our construction of the functional

calculus. In Section 5.1 we discuss representations of functions in B2. We have seen

in Chapter 4 (cf. Proposition 4.4.2) that the subspace LMp2q is not dense in B2.

We have also shown that this is, in a sense, merely a technical inconvenience as we

can approximate any function in B2 with functions in LMp2q via the partial duality

with E2. In the present context, in order to obtain that each f P B2 enjoys the par-

ticular representation given in Proposition 5.1.1, we will first show the result holds

for arbitrary functions in LMp2q, and secondly, extend it to the whole space using

Proposition 4.3.1. In Section 5.4 we explore the behaviour of the two-parameter semi-

group of shifts on B2 with respect to the partial duality. While the result expressed

in Proposition 5.4.1 is not particularly interesting on its own, it then allows us to

prove some topological results on the dual space of E2
0 in Section 5.5. In Section 5.6

we obtain a convergence lemma for sequences of functions fn in the class B2.

5.1 Representations

The next proposition establishes that any function in B2 can be represented in terms

of the partial duality introduced in Section 4.3.

Proposition 5.1.1. Let f P B2, z “ pz1, z2q P C` ˆ C`, and take

rzpλ1, λ2q “ pλ1 ` z1q
´1
pλ2 ` z2q

´1,

rz1pλ1q “ pλ1 ` z1q
´1,

rz2pλ2q “ pλ2 ` z2q
´1.

Then

fpz1, z2q “ fp8,8q `
2

π
xrz1 , f1yB1 `

2

π
xrz2 , f2yB1 `

4

π2
xrz, fyB2 . (5.1.1)
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Proof. Let f “ Lµ P LMp2q X B2
0. Then (cf. Remark 3.6.1) µpt0u ˆ R`q “ µpR` ˆ

t0uq “ 0, so we may consider µ as a measure on p0,8q2. Now

xrz, fyB2 “

ż 8

0

ż 8

0

x1x2

ż 8

´8

ż 8

´8

D1D2rzpx1 ´ iy1, x2 ´ iy2qD1D2fpx1 ` iy1, x2 ` iy2qdy1 dy2 dx1 dx2

“

ż 8

´8

ż 8

´8

ż 8

0

ż 8

0

x1

px1 ´ iy1 ` z1q
2

x2

px2 ´ iy2 ` z2q
2
ˆ

ˆ

ż

p0,8q2
t1t2e

´px1`iy1qt1e´px2`iy2qt2dµpt1, t2q dx1 dx2 dy1 dy2

“

ż

p0,8q2

ż 8

0

ż 8

0

x1t1x2t2e
´x1t1e´x2t2ˆ

ˆ

ż 8

´8

ż 8

´8

e´iy1t1

px1 ´ iy1 ` z1q
2

e´iy2t2

px2 ´ iy2 ` z2q
2
dy1 dy2 dx1 dx2 dµpt1, t2q

“ 4π2

ż

p0,8q2

ż 8

0

ż 8

0

`

x1t
2
1e
´2x1t1e´z1t1

˘ `

x2t
2
2e
´2x2t2e´z2t2

˘

dx1 dx2 dµpt1, t2q

“
π2

4

ż

p0,8q2
e´t1z1´t2z2 dµpt1, t2q “

π2

4
fpz1, z2q,

where we have used that y ÞÑ px´iy`zq2 is the inverse Fourier transform (cf. Section

1.3) of t ÞÑ 2πte´xte´zt on R`, taken to be 0 on p´8, 0q.

This establishes that (5.1.1) holds for all functions in LMp2qXB2
0. Consider f P G2,

so with f1pz1q “ f2pz2q “ 0. Take

ηpz1, z2q “
1´ e´z1

z1

1´ e´z2

z2

.

Let δ ą 0. By Proposition 4.4.1 and [4, Example 2.12(4)],

δfpz1, z2q “ fpz1, z2qηpδz1, δz2q

is in LMp2q; and since δfpz1,8q “ δfp8, z2q “ 0, we have δf P B2
0, so that δf satisfies

(5.1.1). Hence, by Proposition 4.3.1,

fpz1, z2q “ lim
δÑ0

δfpz1, z2q “ lim
δÑ0

4

π2
xrz, δfy “

4

π2
xrz, fy.

The formula then extends to B2
0 by continuity in view of Proposition 4.2.5, and then

to B2 by adding arbitrary functions f1pz1q, f2pz2q P B1 such that f1p8q “ f2p8q “ 0,
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and adding an arbitrary constant corresponding to fp8,8q. This is consistent, since

we established (cf. Section (3.5)) that

P1,2fpz1, z2q “ f1pz1q ` f2pz2q ´ fp8,8q,

f “ pI ´ P1,2fq ` P1,2f.

The following proposition is a two-dimensional version of [5, Proposition 2.2].

Proposition 5.1.2. Let f P B2
0, g P E2, and suppose that for every z2 P C` one has

D2gp¨, z2q P H
1pC`q, and that for every z1 P C` one also has gpz1, ¨q P H

1pC`q. Then

xg, fyB2 “
1

16

ż

R

ż

R
gp´iy1,´iy2qfpiy1, iy2q dy2 dy1. (5.1.2)

Proof. We have
ż 8

0

ż 8

0

αγ

ż

R

ż

R
D1D2fpα ` iβ, γ ` iδqD1D2gpα ´ iβ, γ ´ iδqdβ dδ dα dγ

“

ż 8

0

γ

ż

R

ˆ
ż 8

0

α

ż

R
D1D2fpα ` iβ, γ ` iδqD1D2gpα ´ iβ, γ ´ iδq dβ dα

˙

dδ dγ.

Now, for any z2 P C`, D2gp¨, z2q P H
1pC`q and, for almost any z2 P C`, D2fp¨, z2q P

B1 (cf. Section 3.5). Hence, applying Green’s formula to

F px, yq “ D2fpx` iy, z2qD2gpx´ iy, z2q

and using [5, Proposition 2.2], we obtain

1

4

ż

R
D2gp´iy1, z2qD2fpiy1, z2q dy1 “

ż 8

0

α

ż

R
D1D2gpα´iβ, z2qD1D2fpα`iβ, z2q dβ dα.

Let us fix y1 P R and consider

ż

R
gp´iy1,´iy2qfpiy1, iy2q dy2.

Since, for any z1 P C`, fpz1, ¨q P B1
0 and gpz1, ¨q P H

1pC`q, we obtain by applying [5,

Proposition 2.2] once more,

1

4

ż

R
gp´iy1,´iy2qfpiy1, iy2q dy2 “

ż 8

0

γ

ż

R
D2gp´y1, γ ´ δqD2fpy1, γ ` iδq dδ dγ.
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Hence,

ż 8

0

ż 8

0

αγ

ż

R

ż

R
D1D2fpα ` iβ, γ ` iδqD1D2gpα ´ iβ, γ ´ iδqdβ dδ dα dγ

“

ż 8

0

γ

ż

R

ˆ
ż 8

0

α

ż

R
D1D2fpα ` iβ, γ ` iδqD1D2gpα ´ iβ, γ ´ iδq dβ dα

˙

dδ dγ

“

ż 8

0

γ

ż

R

ˆ

1

4

ż

R
D2gp´iy1, γ ´ iδqD2fpiy1, γ ` iδq dy1

˙

dδ dγ

“
1

4

ż

R

ˆ
ż 8

0

γ

ż

R
D2gp´iy1, γ ´ iδqD2fpiy1, γ ` iδq dδ dγ

˙

dy1

“
1

16

ż

R

ż

R
gp´iy1,´iy2qfpiy1, iy2q dy2 dy1.

5.2 Constructing functions in B2

The present section serves to introduce certain methods of obtaining functions in B2.

We first define an auxiliary class W2 of measurable functions on C2
`. We then study

the behaviour of a certain linear operator on W2, and establish that any function

in B2
0 can be constructed from a suitably chosen function in W2. We conclude this

section by providing a procedure for approximating functions in B2.

Let W2 be the space of all equivalence classes of measurable functions g : C2
` Ñ C

such that

}g}W2 “

ż 8

0

ż 8

0

ess sup
β,δPR

|gpα ` iβ, γ ` iδq| dα dγ ă 8, (5.2.1)

with the norm given by (5.2.1). Clearly,

tD1D2f : f P B2
u ĂW2

X HolpC2
`q.

For g PW2, let

pQp2qgqpz1, z2q “
4

π2

ż 8

0

ż 8

0

αγ

ż

R

ż

R

gpα ` iβ, γ ` iδq

pz1 ` α ´ iβq2pz2 ` γ ´ iδq2
dβ dδ dα dγ.

(5.2.2)
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If f P B2, the reproducing formula (5.1.1) for f can now be written as

fpz1, z2q “ fp8,8q `Qp1qpf1qpz1q `Qp1qpf2qpz2q `Qp2qpfqpz1, z2q.

where (cf. [5, Section 3])

pQp1qhqpzq “ ´
2

π

ż 8

0

α

ż

R

hpα ` iβq

pz ` α ´ iβq2
dβ dα,

for any h P W1, i.e. the space of all (equivalence classes) of measurable functions

h : C` Ñ C such that
ż 8

0

ess sup
βPR

|hpα ` iβq| dα ă 8.

We obtain the following analogue of [5, Proposition 3.1(1)].

Proposition 5.2.1. Let ϕ P L8pR2q, and α, γ ą 0. Let

Gα,γ,ϕpz1, z2q “

ż

R

ż

R

ϕpβ, δq

pz1 ` α ´ iβq2pz2 ` γ ´ iδq2
dβ dδ, z1, z2 P C`.

Then Gα,γ,ϕ P B2
0, and

}Gα,γ,ϕ}B2
0
ď

ˆ

16

αγ

˙

}ϕ}L8 ,

}Gα,γ,ϕ}B2 ď

ˆ

24` π2

αγ

˙

}ϕ}L8 .

Proof. Let z1 “ x1`iy1, z2 “ x2`iy2, and note that Gα,γ,ϕpz1,8q “ Gα,γ,ϕp8, z2q “ 0.

We have

D1Gα,γ,ϕpz1, z2q “ ´2

ż

R

ż

R

ϕpβ, δq

pz1 ` iα ´ βq3pz2 ` iγ ´ δq2
dβ dδ,

D2Gα,γ,ϕpz1, z2q “ ´2

ż

R

ż

R

ϕpβ, δq

pz1 ` iα ´ βq2pz2 ` iγ ´ δq3
dβ dδ,

D1D2Gα,γ,ϕpz1, z2q “ 4

ż

R

ż

R

ϕpβ, δq

pz1 ` iα ´ βq3pz2 ` iγ ´ δq3
dβ dδ.

Hence,

|D1Gα,γ,ϕpz1, z2q| ď 2}ϕ}L8

ż

R

dβ

ppx1 ` αq2 ` pβ ´ y1q
2q3{2

ż

R

dδ

px2 ` γq2 ` pδ ´ y2q
2

ď 2
}ϕ}L8

px1 ` αq2px2 ` γq

ż

R

dτ1

p1` τ 2
1 q

3{2

ż

R

dτ2

p1` τ 2
2 q

ď
4π}ϕ}L8

px1 ` αq2px2 ` γq
.
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Consequently,

ż 8

0

sup
y1PR
z2PC`

|D1Gα,γ,ϕpx1 ` iy1, z2q| dx1 ď
4}ϕ}L8

γ

ż 8

0

dx1

px1 ` αq2
“

4}ϕ}L8

αγ
.

Similarly,

|D1D2Gα,γ,ϕpz1, z2q| ď 4}ϕ}L8

ż

R

dβ

ppx1 ` αq2 ` pβ ´ y1q
2q3{2

ż

R

dδ

ppx2 ` γq2 ` pδ ´ y2q
2q3{2

ď 4
}ϕ}L8

px1 ` αq2px2 ` γq

ż

R

dτ1

p1` τ 2
1 q

3{2

ż

R

dτ2

p1` τ 2
2 q

3{2

ď
16}ϕ}L8

px1 ` αq2px2 ` γq2
.

Moreover,

ż 8

0

ż 8

0

sup
y1,y2PR

|D1D2Gα,γ,ϕpx1 ` iy1, x1 ` iy2q| dx1 dx2 ď 16}ϕ}L8

ż 8

0

ż 8

0

dx1dx2

px1 ` αq2px2 ` γq2

“
16

αγ
}ϕ}L8 .

Finally,

}Gα,γ,ϕ}8 ď }ϕ}L8

ż

R

ż

R

dβ

α2 ` β2

dδ

γ2 ` δ2
“
π2

αγ
}ϕ}L8 .

All in all,

}Gα,γ,ϕ}B2
0
ď

ˆ

16

αγ

˙

}ϕ}L8 ,

}Gα,γ,ϕ}B2 ď

ˆ

24` π2

αγ

˙

}ϕ}L8 .

We turn to the operator Qp2q as defined in (5.2.2) above. We shall now establish that

Qp2q is bounded, and that it maps the whole of W2 into B2
0.
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Proposition 5.2.2. The operator Qp2q belongs to LpW2,B2
0q.

Proof. Qp2q is clearly linear. If x1, x2 ą 0, then

|pQp2qgqpx1 ` iy1, x2 ` iy2q|

ď
4

π2

ż 8

0

ż 8

0

αγ sup
β,δPR

|gpα ` iβ, γ ` iδq|

ż

R

dβ

px1 ` αq2 ` py1 ´ βq2

ż

R

dδ

px2 ` γq2 ` py2 ´ δq2
dα dγ

“ 4

ż 8

0

α

x1 ` α

ż 8

0

γ

x1 ` γ
sup
β,δPR

|gpα ` iβ, γ ` iδq|dα dγ ď 4}g}W2 .

Moreover, pQp2qgqp8, z2q “ pQp2qgqpz1,8q “ pQp2qgqp8,8q “ 0, by the monotone

convergence theorem. We also have

D1pQp2qgqpx1 ` iy1, x2 ` iy2q “
4

π2

ż 8

0

ż 8

0

αγD1Gα,γ,ϕα,γ,gpx1 ` iy1, x2 ` iy2q dα dγ,

and

sup
y1PR

|D1pQp2qgqpx1 ` iy1, x2 ` iy2q| ď
4

π2

ż 8

0

ż 8

0

αγ sup
y1PR

|D1Gα,γ,ϕα,γ,gpx1 ` iy1, x2 ` iy2q| dα dγ,

so that for fixed z2 P C`

ż 8

0

sup
y1PR

|D1pQp2qgqpx1 ` iy1, z2q| dx1 ď
4

π2

ż 8

0

ż 8

0

αγ

ż 8

0

sup
y1PR

|D1Gα,γ,ϕα,γ,gpx1 ` iy1, z2q| dx1 dα dγ

ď
4

π2

ż 8

0

ż 8

0

αγ
4

αγ
sup
β,δPR

|gpα ` iβ, γ ` iδq|dα dγ

“
16

π2
}g}W2 .

Similarly, for arbitrary z1 P C`,

ż 8

0

sup
y2PR

|D2pQp2qgqpz1, x2 ` iy2q| dx2 ď
16

π2
}g}W2 .

Furthermore,

D1D2pQp2qgqpx1 ` iy1, x2 ` iy2q “
4

π2

ż 8

0

ż 8

0

αγD1D2Gα,γ,ϕα,γ,gpx1 ` iy1, x2 ` iy2q dα dγ,
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and hence using the estimate from Proposition 5.2.1 with ϕpβ, δq “ gpα` iβ, γ ` iδq

for fixed α ą 0 and γ ą 0

ż 8

0

ż 8

0

sup
y1,y2PR

|D1D2pQp2qgqpx1 ` iy1, x2 ` iy2q| dx1 dx2

ď
4

π2

ż 8

0

ż 8

0

αγ

ż 8

0

ż 8

0

sup
y1,y2PR

|D1D2Gα,γ,ϕα,γ,gpx1 ` iy1, x2 ` iy2q| dx1 dx2 dα dγ

ď
4

π2

ż 8

0

ż 8

0

αγ
16

αγ
sup
β,δPR

|gpα ` iβ, γ ` iδq|dα dγ

“
64

π2
}g}W2 .

Consider now the cut-off operators Vn, n ě 1, on W2 defined by

pVngqpz1, z2q “

#

gpz1, z2q | Im z1|, | Im z2| ď n,

0 otherwise.

We also consider the operators Qp2qVn : W2 Ñ B2
0, given by

pQp2qVngqpz1, z2q “
4

π2

ż 8

0

ż 8

0

αγ

ż n

´n

ż n

´n

gpα ` iβ, γ ` iδq

pz1 ` α ´ iβq2pz2 ` γ ´ iδq2
dβ dδ dα dγ.

Proposition 5.2.3. For every g PW2, z1, z2 P C`, and each n ě 2 maxp| Im z1|, | Im z2|q,

|pQp2qVngqpz1, z2q ´ pQp2qgqpz1, z2q| ď
64

π2
Snpgq, (5.2.3)

where

Snpgq “

ż 8

0

ż 8

0

ˆ

α

α ` n{2
`

γ

γ ` n{2

˙

sup
β,δPR

|gpα ` iβ, γ ` iδq| dα dγ Ñ 0, nÑ 8.
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Proof. Let z1 “ x1 ` iy1, z2 “ x2 ` iy2. Then

|pQp2qVngqpz1, z2q ´ pQp2qgqpz1, z2q|

“
4

π2

ż 8

0

ż 8

0

αγ

ż

|δ|ěn

ż

|β|ěn

ĳ

rn,8qˆr0,8qYr0,8qˆrn,8q

gpα ` iβ, γ ` iδq

pz1 ` α ´ iβq2pz2 ` γ ´ iδq2
dβ dδ dα dγ

ď
4

π2

ż 8

0

ż 8

0

αγ sup
s1,s2PR

|gpα ` is1, γ ` is2q|

ĳ

rn,8qˆr0,8qYr0,8qˆrn,8q

dδ

|z2 ` γ ´ iδ|2
dβ

|z1 ` α ´ iβ|2
.

If n ą 2 maxp|y1|, |y2|q, we have

ĳ

rn,8qˆr0,8qYr0,8qˆrn,8q

dδ

|z2 ` γ ´ iδ|2
dβ

|z1 ` α ´ iβ|2

ď 4

ż 8

0

dβ

px1 ` αq2 ` pβ ´ |y1|q
2

ż 8

n

dδ

px2 ` γq2 ` pδ ´ |y2|q
2

` 4

ż 8

n

dβ

px1 ` αq2 ` pβ ´ |y1|q
2

ż 8

0

dδ

px2 ` γq2 ` pδ ´ |y2|q
2

ď 4

ˆ
ż 8

0

dβ

α2 ` β2

ż 8

n{2

dδ

γ2 ` δ2
`

ż 8

n{2

dβ

α2 ` β2

ż 8

0

dδ

γ2 ` δ2

˙

ď 16

ˆ
ż 8

0

dβ

pα ` βq2

ż 8

n{2

dδ

pγ ` δq2
`

ż 8

n{2

dβ

pα ` βq2

ż 8

0

dδ

pγ ` δq2

˙

“ 16

ˆ

1

αpγ ` n{2q
`

1

pα ` n{2qγ

˙

.

It follows that (5.2.3) holds. Since g PW2, the monotone convergence theorem implies

that

64

π2

ż 8

0

ż 8

0

ˆ

α

α ` n{2
`

γ

γ ` n{2

˙

sup
β,δPR

|gpα ` iβ, γ ` iδq| dα dγ Ñ 0

as nÑ 8.

Consider the operator K
p2q
m on W2 defined by
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pKp2q
m gqpz1, z2q “

#

gpz1, z2q, 1{m ď |Re z1|, |Re z2| ď m,

0, otherwise.

Furthermore, consider the operator K∆
m on B2 given by

K∆
mf “ Qp2qpK

p2q
m D1D2fq `Qp1qpK

p1q
m f 11q `Qp1qpK

p1q
m f 12q,

where the operator K
p1q
m on W1 is defined as follows (cf. [5, Section 3])

pKp1q
m gqpzq “

#

gpzq, 1{m ď |Re z| ď m,

0, otherwise.

Then we have

pK∆
mfqpz1, z2q “

`
4

π2

ż m

1{m

ż m

1{m

ż

R

ż

R

αγD1D2fpα ` iβ, γ ` iδq

pz1 ` α ´ iβq2pz2 ` γ ´ iδq2
dβ dδ dα dγ

´
2

π

ż m

1{m

ż

R

αD1fpα ` iβ,8q

pz1 ` α ´ iβq2
dβ dα

´
2

π

ż m

1{m

ż

R

γD2fp8, γ ` iδq

pz2 ` γ ´ iδq2
dδ dγ.

(5.2.4)

We are now ready to show that, for any f P B2
0, the sequence pK∆

mfqmPN approximates

f in the } ¨ }B2 norm.

Proposition 5.2.4. For every f P B2
0, and every m ě 2, the following holds:

pK∆
mfqpz1, z2q “ 16

ż m

1{m

ż m

1{m

αγD2
1D

2
2fp2α ` z1, 2γ ` z2q dα dγ.

Moreover,

}K∆
mf}B2

0
ď C}f}8 log2m, (5.2.5)

where C ą 0 is a constant which does not depend on the choice of f , and

}f ´K∆
mf}B2

0
ď

64

π2
Rmpfq, (5.2.6)

where

Rmpfq “

#

ż 1{m

0

`

ż 8

m

+#

ż 1{m

0

`

ż 8

m

+

sup
β,δPR

|D1D2fpα`iβ, γ`iδq| dα dγ Ñ 0, mÑ 8.
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Proof. Let f P B2
0, and let z1, z2 P C`, with z1 “ x1 ` iy1, z2 “ x2 ` iy2. Applying

Cauchy’s theorem twice we obtain

ż

R

ż

R

D1D2fpα ` iβ, γ ` iδq

pz1 ` α ´ iβq2pz2 ` γ ´ iδq2
dβ dδ

“

ż

R

ż

R

D1D2fpα ` iβ, γ ` iδq

p2α ` z1 ´ pα ` iβqq2p2γ ` z2 ´ pγ ` iδqq2
dβ dδ

“ 4π2D2
1D

2
2fp2α ` z1, 2γ ` z2q,

so multiplying by αγ and integrating,

pK∆
mfqpz1, z2q “ 16

ż m

1{m

ż m

1{m

αγD2
1D

2
2fp2α ` z1, 2γ ` z2q dα dγ.

Moreover, applying (3.1.4) we obtain

|pD1D2K
∆
mfqpz1, z2q| ď

4

π2

ż m

1{m

ż m

1{m

αγ

ż

R

ż

R

|D1D2fpα ` iβ, γ ` iδq|

|z1 ` α ´ iβ|3|z2 ` γ ´ iδ|3
dβ dδ dα dγ

ď
4

π2

ż m

1{m

ż m

1{m

ż

R

ż

R

C1,1}f}8
|z1 ` α ´ iβ|3|z2 ` γ ´ iδ|3

dβ dδ dα dγ

ď
16C1,1}f}8

π2

ż m

1{m

ż m

1{m

dα dγ

px1 ` αq2px2 ` γq2
,

so that

}K∆
mf}B2

0
ď

16C1,1}f}8
π2

ż 8

0

ż 8

0

ż m

1{m

ż m

1{m

dα dγ dx1 dx2

px1 ` αq2px2 ` γq2

ď
16C1,1}f}8

π2

ż m

1{m

ż m

1{m

dα dγ

αγ

ď C}f}8 log2m,

with C “ 64C1,1π
´2. Finally, if f P B2

0, we have by Proposition 5.2.3

}f ´K∆
mf}B2

0
“ }Qp2qpD1D2f ´K

p2q
m D1D2fq}B2

0
“ }D1D2f ´K

p2q
m }W2 ď

ˆ

64

π2

˙

Rmpfq.
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5.3 Density of LMp2q in other topologies

In Proposition 4.4.3, we estabished that LMp2q is dense in B2 in the topology of

uniform convergence of compact subsets. We now show density in a slightly stronger

sense; our discussion parallels that of [5, Section 4.1].

Proposition 5.3.1. Let g P W2, and assume that g is supported by pra,8q ˆ

r´ib, ibsq2 Ă C2
`, with a, b ą 0. Then Qp2qg P LMp2q, and

}Qp2qg}HP ď
16b2

π2a2
}g}W2 .

Proof. Since
1

pz ` α ´ iβq2
“

ż 8

0

te´pz`α´iβqt dt, z P C`,

we have Qp2qg “ Lp2qh, where

hpt1, t2q “
4t1t2
π2

ż 8

a

ż 8

a

αγe´αt1´γt2
ż b

´b

ż b

´b

gpα ` iβ, γ ` iδqeipβt1`δt2q dβ dδ dαdγ.

Thus Qp2qg P LMp2q and

}Qp2qg}“

ż 8

0

ż 8

0

|hpt1, t2q| dt1 dt2

ď
4

π2

ż 8

0

ż 8

0

t1t2

ż 8

a

ż 8

a

αγe´αt1´γt2
ż b

´b

ż b

´b

|gpα ` iβ, γ ` iδq| dβ dδ dα dγ dt1 dt2

ď
16b2

π2

ż 8

0

ż 8

0

t1t2

ż 8

a

ż 8

a

αγe´αt1´γt2 sup
s1,s2PR

|gpα ` is1, γ ` is2q| dα dγ dt1 dt2

“
16b2

π2

ż 8

a

ż 8

a

α´1γ´1 sup
s1,s2PR

|gpα ` is1, γ ` is2q| dα dγ ď
16b2

π2a2
}g}W2 .

For f P B2 and n ą 0, define Q∆
n f “ Qp2qVnK

p2q
n D1D2f , so that

pQ∆
n fqpz1, z2q “

4

π2

ż n

1{n

ż n

1{n

αγ

ż n

´n

ż n

´n

D1D2fpα ` iβ, γ ` iδq

pz1 ` α ´ iβq2pz2 ` γ ´ iδq2
dβ dδ dα dγ, z1, z2 P C`.

Proposition 5.3.2. For every f P B2
0,

Q∆
n f P LMp2q, n P N,
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and

lim
nÑ8

|pQ∆
n fqpz1, z2q ´ fpz1, z2q| “ 0,

uniformly for all z1, z2 P C` with | Im z1| ` | Im z2| ď c, for any c ą 0.

Proof. Since D1D2f PW2, it follows from Proposition 5.3.1 that Qp2qVnK
p2q
n D1D2f P

LMp2q. By Proposition 5.2.3,

sup
| Im z1|`| Im z2|ďc

|pQp2qK
p2q
n D1D2fqpz1, z2q ´ pQ

∆
n fqpz1, z2q|

ď
64

π2
SnpK

p2q
n D1D2fq ď

64

π2
SnpD1D2fq, n ą c.

Note that Qp2qK
p2q
n D1D2f ´ f P B2

0; hence combining Remark 3.4.3 and (5.2.6) we

obtain

}Qp2qK
p2q
n D1D2f ´ f}8 À }Qp2qK

p2q
n D1D2f ´ f}B2

0
ď

64

π2
Rnpfq.

Consequently,

sup
| Im z1|`| Im z2|ďc

|fpz1, z2q ´ pQ
∆
n fqpz1, z2q| À

64

π2
pSnpD1D2fq `Rnpfqq , n ą c.

5.4 Semigroups on B2 and E2

We have seen in Section 4.2 that the two-parameter semigroup of shifts on B2

pTB2pa, bqfqpz1, z2q “ fpz1 ` a, z2 ` bq, a, b P R`.

plays a distinguished role in considerations on spectral subspaces and related matters.

We will now show that shifting f within the pairing xg, fyB2 yields the same result as

shifting g.

Proposition 5.4.1. Let f P B2, a, b P R` and TB2pa, bq be as above. Define TE2pa, bq

on E2 by

pTE2pa, bqgqpz1, z2q “ gpa` z1, b` z2q, g P E2.

Then

xTE2pa, bqg, fyB2 “ xg, TB2pa, bqfyB2 , a, b P R`.
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Proof. Let f P B2, x1, x2 ą 0, and let

hpz1, z2q “ D1D2gpa` x1 ´ z1, b` x2 ´ z2qD1D2fpx1 ` z1, x2 ` z2q

for ´x1 ă Re z1 ă x1 ` Re a, and ´x2 ă Re z2 ă x2 ` Re b. Since f P B2 and g P E2,

we have that
ĳ

R2

|D1D2gpa` x1 ´ iy1, b` x2 ´ iy2qD1D2fpx1 ` iy1, x2 ` iy2q| dy1 dy2

ď

ĳ

R2

|D1D2gpa` x1 ´ iy1, b` x2 ´ iy2q| sup
s1,s2PR

|D1D2fpx1 ` is1, x2 ` is2q| dy1 dy2

ď sup
s1,s2PR

|D1D2fpx1 ` is1, x2 ` is2q| ¨ }g}E2 ,

with the product in the last line being bounded for almost any choice of x1 and x2.

Moreover, since

ż 8

0

ż 8

0

|D1D2gpa` x1 ´ t1 ´ iy1, b` x2 ´ t2 ´ iy2q| dy1 dy2 ď
}g}E2

pa` x1 ´ t1qpb` x2 ´ t2q
,

|D1D2fpx1 ` t1 ` iy1, x2 ` t2 ` iy2q| ď
}f}8

px1 ` t1qpx2 ` t2q
,

we obtain

ż

R

ż

R

ˇ

ˇ

ˇ

ˇ

ż b

0

ż a

0

hpt1 ` iy1, t2 ` iy2q dt1 dt2

ˇ

ˇ

ˇ

ˇ

dy1 dy2

ď

ż b

0

ż a

0

}g}E2}f}8
px1 ` t1qpa` x1 ´ t1qpx2 ` t2qpb` x2 ´ t2q

dt1 dt2 ă 8.

Consider now a double contour integral around a product of two rectangles with

vertices at ˘iyn and a ˘ iyn, and ˘iyn and b ˘ iyn, respectively. Taking suitable

yn Ñ 8 and noting that, by Cauchy’s theorem, the contribution from the horizontal
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parts of the contour tend to 0, we conclude that

ż

R

ż

R
D1D2gpa` x1 ´ iy1, b` x2 ´ y1qD1D2fpx1 ` iy1, x2 ` iy2q dy1 dy2

“

ż

R

ż

R
D1D2gpa` x1 ´ iy1, x2 ´ y1qD1D2fpx1 ` iy1, b` x2 ` iy2q dy1 dy2

“

ż

R

ż

R
D1D2gpx1 ´ iy1, b` x2 ´ y1qD1D2fpa` x1 ` iy1, x2 ` iy2q dy1 dy2

“

ż

R

ż

R
D1D2gpx1 ´ iy1, x2 ´ y1qD1D2fpa` x1 ` iy1, b` x2 ` iy2q dy1 dy2.

Consequently, this shows that

xTE2pa, bqg, fyB2 “ xTE2pa, 0qg, TB2p0, bqfyB2

“ xTE2p0, bqg, TB2pa, 0qfyB2 “ xg, TB2pa, bqfyB2 ,

as required.

If z1, z2 P C`, a, b P R`, we have two formulas for fpz1 ` a1, z2 ` a2q, obtained by

either shifting the resolvent function or the function f itself. On the one hand, by

Proposition 5.1.1,

fpz1`a1, z2`a2q “ fp8,8q`
2

π
xrz1`a1 , f1yB1`

2

π
xrz2`a2 , f2yB1`

4

π2
xrz1`a1,z2`a2 , fyB2 .

On the other hand, once more by Proposition 5.1.1,

fpz1`a1, z2`a2q “ fp8,8q`
2

π
xrz1 , TB1pa1qf1yB1`

2

π
xrz2 , TB1pa2qf2yB1`

4

π2
xrz1,z2 , TB2pa1, a2qfyB2 .

Proposition 5.4.1 then allows us to establish that this does not lead to an inconsis-

tency, i.e. that these two representations agree with each other.

Corollary 5.4.2. Let f P B2. If z1, z2, a, b P C`, then

fpz1 ` a, z2 ` bq “ fp8,8q `
2

π
xrz1`a, f1yB1 `

2

π
xrz2`b, f2yB1 `

4

π2
xrpz1`a,z2`bq, fyB2

“ fp8,8q `
2

π
xrz1 , TB2pa, bqf1yB1 `

2

π
xrz2 , TB2pa, bqf2yB1 `

4

π2
xrz, TB2pa, bqfyB2 .

Proof. This follows immediately from (5.1.1), Proposition 5.4.1 and [4, Remark 2.21].
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5.5 A closer look at the duality between B2 and E2

The partial duality defined in Section 4.3 induces a bounded linear mapping

E2
Q g ÞÑ xg, ¨yB2 P pB2

q
˚.

By restricting the functional xg, ¨yB2 to the subspace B2
0, we obtain a bounded linear

mapping ΨB2 from E2 to (B2
0q
˚, given by

pΨB2gqpfq “ xg, fyB2 , g P E2, f P B2
0.

We shall see that the range of ΨB2 is not norm-dense in pB2
0q
˚. Namely, we have

Proposition 5.5.1. The range of ΨB2 is not dense in pB2
0q
˚.

The proof is similar to the one variable case ([4, Proposition 2.22]).

Proof. Suppose that the range is dense in pB2
0q
˚. Take f P G2 and let δf be as in

Proposition 4.3.1. Then Proposition 4.3.1 shows that limδÑ0` ψpδfq “ ψpfq for all

ψ in the range of ΨB2 . Note that the functions δf form a bounded subset of G2,

so convergence for all functionals ψ in the range of ΨB2 implies convergence for all

functionals in the closure of the range; which, by assumption, implies convergence for

all functionals in pB2
0q
˚.

By Proposition 4.4.1, δf P LMp2q. This would imply that LMp2q is weakly dense

in G2, and thus in B2
0. By Mazur’s theorem, LMp2q would be norm-dense in B2

0.

But this would contradict Proposition 4.4.2. Thus, the range of ΨB2 is not dense in

pB2
0q
˚.

Let E2
0 “ tg P E : gpz1,8q “ gp8, z2q “ 0u, with the norm } ¨ }E2

0
which coincides

with } ¨ }E2 on E2
0 . Identify the dual pE2

0 q
˚ with the space of linear functionals in

pE2q˚ which annihilate the functions of one variable. Our duality then provides a

contractive map ΨE2 from B2 to pE2
0 q
˚. The following is a two-dimensional analogue

of [4, Proposition 2.23].

Proposition 5.5.2. The range of ΨE2 is not norm dense in pE2
0 q
˚.

Proof. Let pTB2pt1, t2qqt1,t2ě0 and pTE2pt1, t2qqt1,t2ě0 be as before. Suppose that the

range of ΨE2 is norm-dense in pE2
0 q
˚. We obtain

xTE2pt, 0qg, fyB2 “ xg, TB2pt, 0qfyB2 Ñ xg, fyB2 ,
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as tÑ 0`, by Propositions 4.2.2 and 5.4.1. It then follows that

lim
tÑ0`

ψpTE2gq “ ψpgq,

for all ψ P pE2
0 q
˚ and g P E0. By [15, Proposition 1.23], this implies that

lim
tÑ0`

}TE2pt, 0qg ´ g}E2 “ 0, (5.5.1)

for all g P E0. Consider now

gpz1, z2q “
1

z1z2

.

We have that

}g}E2
0
“ sup

x1,x2ą0
x1x2

ż 8

0

ż 8

0

|D1D2gpx1 ` iy1, x2 ` iy2q| dy1 dy2

“ sup
x1ą0

x1

ż 8

0

ˇ

ˇ

ˇ

ˇ

1

px1 ` iy1q
2

ˇ

ˇ

ˇ

ˇ

dy1 ¨ sup
x2ą0

x2

ż 8

0

ˇ

ˇ

ˇ

ˇ

1

px2 ` iy2q
2

ˇ

ˇ

ˇ

ˇ

dy2 ă 8,

since 1
z
P E1 by [4, Examples 2.17(1)], so that g P E2

0 . Estimating directly

}TE2pa, 0qg ´ g}E2
0

“ sup
x1,x2ą0

x1x2

ż 8

0

ż 8

0

ˇ

ˇ

ˇ

ˇ

1

px1 ` iy1q
2 px2 ` iy2q

2
´

1

px2 ` iy2q
2 pa` x1 ` iy1q

2

ˇ

ˇ

ˇ

ˇ

dy1 dy2

“ sup
x2ą0

x2

ż 8

0

ˇ

ˇ

ˇ

ˇ

1

px2 ` iy2q
2

ˇ

ˇ

ˇ

ˇ

dy2 ¨ sup
x1ą0

x1

ż 8

0

ˇ

ˇ

ˇ

ˇ

1

px1 ` iy1q
2
´

1

pa` x1 ` iy1q
2

ˇ

ˇ

ˇ

ˇ

dy1

ě }r0}E1
0
¨ sup
są0

sJps; 1q ą 0,

where (as in the proof of [4, Lemma 2.18(3)])

Jpx1; aq “

ż 8

0

ˇ

ˇ

ˇ

ˇ

1

px1 ` iy1q
2
´

1

pa` x1 ` iy1q
2

ˇ

ˇ

ˇ

ˇ

dy1,

so that x1Jpx1; aq “ sJps; 1q, with s “ x1{a. Hence, pTE2pt, 0qqtě0 is not strongly

continuous, which contradicts (5.5.1).

5.6 Convergence lemma

In [5, Lemma 8.1], the authors obtain a convergence lemma for sequences of functions

fn in the Besov class B1. The result applies only to sequences of functions satisfying

the following auxiliary condition: for any r ą 0,

lim
δÑ`0

ż δ

0

sup
|β|ăr

|f 1npα ` iβq| dα “ 0 (5.6.1)
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uniformly in n. The condition (5.6.1), while perhaps somewhat artificial, appears

to be crucial for the proof, and it is valid for examples (cf. [4, Examples 4.16], [5,

Theorem 8.4]). The following result is intended to be viewed as a natural analogue

of [5, Lemma 8.1]. Our assumptions (5.6.2) and (5.6.3) play the roles of [5, (8.5)] and

[5, (8.6)], respectively.

Theorem 5.6.1. Let pfnqnPN P B2 be such that supně1 }fn}B2 ă 8. Assume that for

all z1, z2 P C` there exists

f0pz1, z2q “ lim
nÑ8

fnpz1, z2q P C, (5.6.2)

and for every r ą 0 one has

lim
δÑ0`

ĳ

0ăαăδ
or

0ăγăδ

sup
|β|ďr
|s|ďr

|D1D2fnpα ` iβ, γ ` isq| dα dγ “ 0, (5.6.3)

lim
δÑ0`

ĳ

0ăαăδ
or

0ăγăδ

sup
|β|ďr
|s|ďr

|D1fnpα ` iβ, γ ` isq| dα dγ “ 0, (5.6.4)

lim
δÑ0`

ĳ

0ăαăδ
or

0ăγăδ

sup
|β|ďr
|s|ďr

|D2fnpα ` iβ, γ ` isq| dα dγ “ 0, (5.6.5)

uniformly in n. Suppose further that g P B2
0, and that for i “ 1, 2,

Dig is bounded , Digpz1, z2q Ñ 0, gpz1, z2q Ñ 0 as |z1| ` |z2| Ñ 8, (5.6.6)

and that

G12pαq “

ż 8

0

sup
β,sPR

|D2gpα ` iβ, γ ` isq| dγ Ñ 0 as αÑ 8,

G21pαq “

ż 8

0

sup
β,sPR

|D1gpα ` iβ, γ ` isq| dαÑ 0 as γ Ñ 8.

Let gnpz1, z2q “ gpz1, z2qfnpz1, z2q, n ě 0. Then f0 P B2 and

lim
nÑ8

}gn ´ g0}B2 “ 0.

Proof. Note that g P B2
0 with lim|z1|`|z2|Ñ8 |gpz1, z2q| “ 0, and for all λ1, λ2 P C`

we have lim|z1|Ñ8 |gpz1, λ2q| “ 0 and lim|z2|Ñ8 |gpλ1, z2q| “ 0. Since bounded subsets

of B2 are relatively compact in the topology of uniform convergence on compact

sets (see Proposition 3.4.5), there is a subsequence of pfnqnPN which converges to a
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function in B2 uniformly on compact subsets, and since that function must be f0,

f0 P B2. Assuming without loss of generality that f0 “ 0, we need to show that

limnÑ8 }gn}B2 “ 0. Consider

ż 8

0

ż 8

0

sup
Re z1“α
Re z2“γ

|D1D2gnpz1, z2q| dα dγ

ď

ż 8

0

ż 8

0

sup
Re z1“α
Re z2“γ

|D1D2fnpz1, z2qgpz1, z2q| dα dγ

`

ż 8

0

ż 8

0

sup
Re z1“α
Re z2“γ

|D1fnpz1, z2qD2gpz1, z2q| dα dγ

`

ż 8

0

ż 8

0

sup
Re z1“α
Re z2“γ

|D2fnpz1, z2qD1gpz1, z2q| dα dγ

`

ż 8

0

ż 8

0

sup
Re z1“α
Re z2“γ

|fnpz1, z2qD1D2gpz1, z2q| dα dγ

“ In ` Jn `Kn ` Ln.

We shall estimate each of the four terms separately. Let 0 ă δ ă r. Beginning with

In, we have

In “

ż 8

0

ż 8

0

sup
Re z1“α
Re z2“γ

|D1D2fnpz1, z2qgpz1, z2q| dα dγ

ď }g}8 sup
RPN

ĳ

0ăαăδ
or

0ăγăδ

sup
|β|ďr
|s|ďr

|D1D2fRpα ` iβ, γ ` isq| dα dγ

` }g}8

ĳ

δďαďr
δďγďr

sup
|β|ďr
|s|ďr

|D1D2fnpα ` iβ, γ ` isq| dα dγ

` sup
|z1|`|z2|ěr

|gpz1, z2q|

ĳ

0ďαďr
0ďγďr

sup
|β|ěr
or
|s|ěr

|D1D2fnpα ` iβ, γ ` isq| dα dγ
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` sup
|z1|`|z2|ěr

|gpz1, z2q|

ĳ

αěr
or
γěr

sup
β,s PR

|D1D2fnpα ` iβ, γ ` isq| dα dγ

“: In,1 ` In,2 ` In,3 ` In,4.

Note that

In,3 ` In,4 ď sup
|z1|`|z2|ěr

|gpz1, z2q|}fn}B2
0
ď C sup

|z1|`|z2|ěr

|gpz1, z2q|,

and that In,2 Ñ 0 as n Ñ 8, by Vitali’s theorem [28, Corollary 1.2.6] as applied to

D1D2f . Hence,

lim sup
nÑ8

In ď C sup
|z1|`|z2|ěr

|gpz1, z2q|

` }g}8 sup
RPN

ĳ

0ăαăδ
or

0ăγăδ

sup
|β|ďr
|s|ďr

|D1D2fRpα ` iβ, γ ` isq| dα dγ.

Letting δ Ñ 0`, we obtain from the assumption (5.6.3)

lim sup
nÑ8

In ď C sup
|z1|`|z2|ěr

|gpz1, z2q|.

By (5.6.6), letting r Ñ 8 yields limnÑ8 In “ 0. Consider now

Jn “

ż 8

0

ż 8

0

sup
Re z1“α
Re z2“γ

|D1fnpz1, z2qD2gpz1, z2q| dα dγ

“

ĳ

0ăαăδ
or

0ăγăδ

sup
|β|ďr
|s|ďr

|D1fnpα ` iβ, γ ` isqD2gpα ` iβ, γ ` isq| dα dγ

`

ĳ

δăαăr
and
δăγăr

sup
|β|ďr
|s|ďr

|D1fnpα ` iβ, γ ` isqD2gpα ` iβ, γ ` isq| dα dγ

`

ĳ

αąr
γPR`

sup
β,s PR

|D1fnpα ` iβ, γ ` isqD2gpα ` iβ, γ ` isq| dα dγ
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`

ĳ

αPR`
γąr

sup
β,s PR

|D1fnpα ` iβ, γ ` isqD2gpα ` iβ, γ ` isq| dα dγ

`

ĳ

αăr
and
γăr

sup
βPR
|s|ěr

|D1fnpα ` iβ, γ ` isqD2gpα ` iβ, γ ` isq| dα dγ

`

ĳ

αăr
and
γăr

sup
|β|ěr
sPR

|D1fnpα ` iβ, γ ` isqD2gpα ` iβ, γ ` isq| dα dγ

“: Jn,1 ` Jn,2 ` Jn,3 ` Jn,4 ` Jn,5 ` Jn,6.

We have

Jn,1 “

ĳ

0ăαăδ
or

0ăγăδ

sup
|β|ďr
|s|ďr

|D1fnpα ` iβ, γ ` isqD2gpα ` iβ, γ ` isq| dα dγ

ď }D2g}8

ĳ

0ăαăδ
or

0ăγăδ

sup
|β|ďr
|s|ďr

|D1fnpα ` iβ, γ ` isq| dα dγ

ď }D2g}8 sup
RPN

ĳ

0ăαăδ
or

0ăγăδ

sup
|β|ďr
|s|ďr

|D1fRpα ` iβ, γ ` isq| dα dγ “: J̃1.

As for Jn,2,

Jn,2 “

ĳ

δăαăr
and
δăγăr

sup
|β|ďr
|s|ďr

|D1fnpα ` iβ, γ ` isqD2gpα ` iβ, γ ` isq| dα dγ

ď }D2g}8

ĳ

δăαăr
and
δăγăr

sup
|β|ďr
|s|ďr

|D1fnpα ` iβ, γ ` isq| dα dγ Ñ 0 as nÑ 8,

Since }D2g}8 ă 8 by (5.6.6), the last line follows by Vitali’s theorem

By (5.6.1)

Jn,3 ď G12prq}fn}B2 ď J̃3 “ C ¨G12prq Ñ 0, as r Ñ 8.
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Similarly,

Jn,4 “

ĳ

αPR`
γąr

sup
β,s PR

|D1fnpα ` iβ, γ ` isqD2gpα ` iβ, γ ` isq| dα dγ

ď

ż

αPR

sup
βPR`
z2PC`

|D1fnpα ` iβ, z2q|G12,rpαq dα,

where

G12,rpαq “

ż

γąr

sup
β,sPR`

|D2gpα ` iβ, γ ` isq| dγ.

Consequently,

Jn,4 ď C

ż

γąr

sup
β,sPR`

|D2gpα ` iβ, γ ` isq| dγ ď C

ż

γąr

sup
z1PC`
sPR`

|D2gpz1, γ ` isq| dγ “: J̃4.

Let us now turn to Jn,5.

Jn,5 “

ĳ

αăr
and
γăr

sup
βPR
|s|ěr

|D1fnpα ` iβ, γ ` isqD2gpα ` iβ, γ ` isq| dα dγ

ď

ż

αăr

sup
βPR
z2PC`

|D1fnpα ` iβ, z2q|

ż

γăr

sup
z1PC`
|s|ěr

|D2gpz1, γ ` isq| dα dγ.

Since g P B2 and by (5.6.6)

ż

γPR`

sup
z1PC`
sPR

|D2gpz1, γ ` isq| dγ ă 8, and sup
z1PC`
|s|ěr

|D2gpz1, γ ` isq| Œ 0, as r Ñ 8.

Thus

Jn,5 ď J̃5 “ C ¨

ż

γăr

sup
z1PC`
|s|ěr

|D2gpz1, γ ` isq| dγ Ñ 0 as r Ñ 8.
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Finally, as for Jn,6,

Jn,6 “

ĳ

αăr
and
γăr

sup
|β|ěr
sPR

|D1fnpα ` iβ, γ ` isqD2gpα ` iβ, γ ` isq| dα dγ

ď

ż

αăr

sup
|β|ěr
z2PC`

|D1fnpα ` iβ, z2q|

ż

γăr

sup
sPR
α1PR`
|β|ąr

|D2gpα
1
` iβ, γ ` isq| dγ dα.

ď C ¨

ż 8

0

sup
sPR
α1PR`
|β|ąr

|D2gpα
1
` iβ, γ ` isq| dγ “: J̃6.

The last integral is finite for r “ 0 since g P B2, decreasing in r and tending to 0 so

Jn,6 Ñ 0 as r Ñ 8. Now

Jn ď J̃1 ` Jn,2 ` J̃3 ` J̃4 ` J̃5 ` J̃6.

Taking first nÑ 8, we have Jn,2 Ñ 0, hence

lim sup
nÑ8

Jn ď J̃1 ` J̃3 ` J̃4 ` J̃5 ` J̃6.

The bounds on all terms on the right-hand side depend on r; in addition, the bound

on J̃1 depends also on δ, i.e.

J̃1 ď }D2g}8 sup
RPN

ĳ

0ăαăδ
or

0ăγăδ

sup
|β|ďr
|s|ďr

|D1fRpα ` iβ, γ ` isq| dα dγ.

Letting δ Ñ 0, we obtain by (5.6.5)

lim sup
nÑ8

Jn ď J̃3 ` J̃4 ` J̃5 ` J̃6.

Finally, taking r Ñ 8, we have

lim sup
nÑ8

Jn “ 0.

The exact same reasoning, with the roles of z1 and z2 swapped, and using (5.6.6) and

(5.6.1), leads to the conclusion that Kn Ñ 0 as n Ñ 8. As for Ln, let δ P p0, 1q,

r ą 0, and take C8 “ supnPN }fn}8. Let

Sδ “ pδ, 1{δq ˆ pδ, 1{δq.
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Then

Ln “

ż 8

0

ż 8

0

sup
Re z1“α
Re z2“γ

|fnpz1, z2qD1D2gpz1, z2q| dα dγ

ď

ĳ

R2
`zSδ

sup
β,sPR

|fnpα ` iβ, γ ` isqD1D2gpα ` iβ, γ ` isq| dα dγ

`

ĳ

Sδ

sup
|β|ďr
|s|ďr

|fnpα ` iβ, γ ` isqD1D2gpα ` iβ, γ ` isq| dα dγ

`

ĳ

Sδ

sup
|β|ěr
or
|s|ěr

|fnpα ` iβ, γ ` isqD1D2gpα ` iβ, γ ` isq| dα dγ

“: Ln,1 ` Ln,2 ` Ln,3.

Looking at Ln,1 first,

lim sup
nÑ8

Ln,1 “ lim sup
nÑ8

ĳ

R2
`zSδ

sup
β,sPR

|fnpα ` iβ, γ ` isqD1D2gpα ` iβ, γ ` isq| dα dγ

ď C8

ĳ

R2
`zSδ

sup
β,sPR

|D1D2gpα ` iβ, γ ` isq| dα dγ,

which tends to 0 as δ Ñ 8, since g P B2, so that

lim
nÑ8

Ln,1 “ 0.

Now,

Ln,2 “

ĳ

Sδ

sup
|β|ďr
|s|ďr

|fnpα ` iβ, γ ` isqD1D2gpα ` iβ, γ ` isq| dα dγ

ď sup
α,γąδ
β,sPR

|D1D2gpα ` iβ, γ ` isq|

ĳ

Sδ

sup
|β|ďr
|s|ďr

|fnpα ` iβ, γ ` isq| dα dγ

Ñ 0 as nÑ 8,

where the last line follows from Vitali’s theorem [28, Corollary 1.2.6] applied to fn.
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Finally,

Ln,3 “

ĳ

Sδ

sup
|β|ěr
or
|s|ěr

|fnpα ` iβ, γ ` isqD1D2gpα ` iβ, γ ` isq| dα dγ

ď C8

ĳ

Sδ

sup
|β|ěr
or
|s|ěr

|D1D2gpα ` iβ, γ ` isq| dα dγ Ñ 0 as r Ñ 8,

Hence

lim sup
nÑ8

Ln ď C8

ĳ

R2
`zSδ

sup
β,sPR

|D1D2gpα ` iβ, γ ` isq| dα dγ

` C8

ĳ

Sδ

sup
|β|ěr
or
|s|ěr

|D1D2gpα ` iβ, γ ` isq dα dγ.

Letting r Ñ 8,

lim sup
nÑ8

Ln ď C8

ĳ

R2
`zSδ

sup
β,sPR

|D1D2gpα ` iβ, γ ` isq| dα dγ.

And letting δ Ñ 0, we see that

lim
nÑ8

Ln “ 0.

We have shown that }gn}B2
0
Ñ 0 as n Ñ 8. Since pgnqnPN Ă B2

0, and by Remark

3.4.3 the norm } ¨ }B2 is equivalent to } ¨ }B2
0

on B2
0, we are done.

In Theorem 6.5.1 we will obtain a convergence result for operators applying the above

result with gpz1, z2q “ p1` z1q
´1p1` z2q

´1.
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6 The B2-calculus

6.1 Definitions and setup

Let A1, A2 be closed commuting operators on a Banach space X, with DpA1qXDpA2q

dense in X. We shall assume throughout this section that σpAiq Ă C`, i “ 1, 2, that

both operators satisfy

sup
αą0

α

ż

R
|xpα ´ iβ ` Aiq

´2x, x˚y| dβ ă 8, i “ 1, 2, (6.1.1)

for all x P X and x˚ P X˚ and that the following holds

sup
α,γą0

αγ

ż

R

ż

R
|xpα ´ iβ ` A1q

´2
pγ ´ iδ ` A2q

´2x, x˚y| dβ dδ ă 8, (6.1.2)

for all x P X and x˚ P X˚. By the Closed Graph Theorem, there are constants c1

and c2 such that, for all x P X and x˚ P X˚

2

π
sup
αą0

α

ż

R
|xpα ´ iβ ` Aiq

´2x, x˚y| dβ ď ci}x}}x
˚
}, i “ 1, 2. (6.1.3)

Similarly, it follows from (6.1.2) that there exists a constant c1,2 such that, for all

x P X and x˚ P X˚

4

π2
sup
α,γą0

αγ

ż

R

ż

R
|xpα ´ iβ ` A1q

´2
pγ ´ iδA2q

´2x, x˚y| dβ dδ ď c1,2}x}}x
˚
}. (6.1.4)

Note that (6.1.1) says that, for all x P X and x˚ P X˚

g
piq
x,x˚ : z ÞÑ xpzi ` Aiq

´1x, x˚y, i “ 1, 2, (6.1.5)

belongs to the class E1, as defined in [4, Section 2.5]. Correspondingly, (6.1.2) states

that, for all x P X and x˚ P X˚

g
p1,2q
x,x˚ : pz1, z2q ÞÑ xpz1 ` A1q

´1
pz2 ` A2q

´1x, x˚y (6.1.6)

belongs to the class E2 in the sense of Chapter 2.
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We let γAi be the smallest value of ci such that (6.1.3) holds, i.e.

γAi “
2

π
supt}g

piq
x,x˚}E1

0
: }x} “ }x˚} “ 1u.

Analogously, we define

γA1,A2 “
4

π2
supt}g

p1,2q
x,x˚ }E2

0
: }x} “ }x˚} “ 1u.

Example 6.1.1. Suppose that´A1 and´A2 generate commuting bounded C0-semigroups

on a Hilbert space X. Then it follows from [4, Examples 4.1] that both operators

automatically satisfy (6.1.1). By a similar argument we see that they have to satisfy

(6.1.2) as well. First, by applying Plancherel’s theorem in the Hilbert space L2pR2
`, Xq

with α, γ ą 0 we obtain for any x P X
ż 8

0

ż 8

0

}pα ´ iβ ` A1q
´1
pγ ´ iδ ` A2q

´1x}2dβ dδ

“ 4π2

ż 8

0

ż 8

0

e´2αt1e´2γt2}T1pt1qT2pt2qx}
2 dt1 dt2 ď

π2K2
A1
K2
A2

αγ
}x}2,

where KAi “ suptě0 }Tiptq}, i “ 1, 2. Similarly, for y P X we have

ż 8

0

ż 8

0

}pα ´ iβ ` A˚1q
´1
pγ ´ iδ ` A˚2q

´1y}2dβ dδ

“ 4π2

ż 8

0

ż 8

0

e´2αt1e´2γt2}T ˚1 pt1qT
˚
2 pt2qy}

2 dt1 dt2 ď
π2K2

A1
K2
A2

αγ
}y}2.

The Cauchy-Schwarz inequality then yields

αγ

ż 8

0

ż 8

0

|xpα ´ iβ ` A1q
´2
pγ ´ iδ ` A2q

´2x, x˚y| dβ dδ

“ αγ

ż 8

0

ż 8

0

|xpα ´ iβ ` A1q
´1
pγ ´ iδ ` A2q

´1x, pα ` iβ ` A˚1q
´1
pγ ` iδ ` A˚2q

´1x˚y| dβ dδ

ď π2K2
A1
K2
A2
}x}}x˚},

(6.1.7)

where A˚i is the Hilbert space adjoint of Ai, with i “ 1, 2. Since the right-hand side

of (6.1.7) does not depend on the choice α and γ, the conclusion follows, that is

γAi ď 2K2
Ai
, γA1,A2 ď 4K2

A1
K2
A2
.
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Example 6.1.2. Suppose now that both ´A1 and ´A2 generate sectorially bounded

commuting holomorphic semigroups. Then it is easy to see (cf. [4, Examples 4.1(2)])

that both operators satisfy (6.1.1) and (6.1.2). For the sake of completeness, we give

an explicit argument concerning (6.1.2) below. We have

}pα ` iβ ` A1q
´1
} ďMA1 |α ` iβ|

´1,

}pγ ` iδ ` A2q
´1
} ďMA2 |γ ` iδ|

´1,

where MA1 and MA2 are the sectoriality constants of A1 and A2, respectively, i.e.

MAi “ supzPC` }zpz ` Aiq
´1}, i “ 1, 2. Hence,

αγ

ż

R

ż

R
|xpα ´ iβ ` A1q

´2
pγ ´ iδ ` A2q

´2x, x˚y| dβ dδ

ďM2
A1
M2

A2
}x}}x˚}

ż

R

γ

|γ ´ iδ|2
dδ

ż

R

α

|α ´ iβ|2
dβ

ď π2M2
A1
M2

A2
}x}}x˚}.

(6.1.8)

This yields

γAi ď 2M2
Ai
, γA1,A2 ď 4M2

A1
M2

A2
.

We now state our definition of the B2-calculus.

Definition 6.1.3. Let f P B2, x P X, x˚ P X˚. Let A1, A2 be closed commuting

operators on a Banach space X, with DpA1q XDpA2q dense in X with σpAiq Ă C`,

i “ 1, 2, and assume that A1 and A2 satisfy (6.1.1) and (6.1.2). Define

xfpA1, A2qx, x
˚
y

“ fp8,8qxx, x˚y

´
2

π

ż 8

0

α

ż

R
xpα ´ iβ ` A1q

´2x, x˚yf 11pα ` iβq dβ dα

´
2

π

ż 8

0

α

ż

R
xpα ´ iβ ` A2q

´2x, x˚yf 12pα ` iβq dβ dα

`
4

π2

ż 8

0

ż 8

0

αγ

ż

R

ż

R
xpα ´ iβ ` A1q

´2
pγ ´ iδ ` A2q

´2x, x˚yˆ

ˆD1D2fpα ` iβ, γ ` iδq dβ dδ dα dγ,

(6.1.9)
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for all x P X, x˚ P X˚. Here, f1 and f2 denote (cf. Proposition 3.2.2 above)

f1pz1q “ lim
Re z2Ñ8

fpz1, z2q,

f2pz2q “ lim
Re z1Ñ8

fpz1, z2q.

Note that using (6.1.5) and (6.1.6) we can write equivalently:

xfpA1, A2qx, x
˚
y “ fp8,8qxx, x˚y `

2

π
xg
p1q
x,x˚ , f1yB1 `

2

π
xg
p2q
x,x˚ , f2yB1 `

4

π2
xg
p1,2q
x,x˚ , fyB2 .

(6.1.10)

It is easily seen that this defines a bounded linear mapping fpA1, A2q : X Ñ X˚˚,

and that the linear mapping

ΦA1,A2pfq : B2
Ñ LpX,X˚˚

q,

f ÞÑ fpA1, A2q,

is bounded. More precisely,

}fpA1, A2q} ď |fp8,8q| ` γA1}f1}B1
0
` γA2}f2}B1

0
` γA1,A2}f}B2

0

ď pγA1 ` γA2 ` γA1,A2q}f}B2 .

If A1 and A2 satisfy (6.1.1), then they are negative generators of C0-semigroups

pT1ptqqtě0 and pT2ptqqtě0, respectively (cf. Theorem 2.1.10 and the discussion in Sec-

tion 2.3). In such case it is meaningful to consider the mapping

MpR2
`q Q µ ÞÑ

ż

R2
`

T1pt1qT2pt2qdµpt1, t2q, (6.1.11)

where the integral is in the strong operator topology, to which we shall refer as the

two-dimensional Hille-Phillips calculus. It is then immediate that each operator of

the form as in (6.1.11) is bounded with norm less than KA1KA2 . We will now establish

a simple but important consistency result between (6.1.10) and the two-dimensional

Hille-Phillips calculus as in (6.1.11).

Lemma 6.1.4. Let f P LM2, f “ Lp2qµ, and fpA1, A2q be defined as in (6.1.10).

Then fpA1, A2q coincides with the operator

x ÞÑ

ż

R2
`

T pt1, t2qxdµpt1, t2q “

ż

R2
`

T1pt1qT2pt2qxdµpt1, t2q.
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Proof. Suppose that f P B2
0, f “ Lp2qµ for some µ P MpR2

`q. Let f P B2
0, so that

µpt0uˆR`q “ µpR`ˆt0uq “ 0, and we may thus consider µ as a measure on p0,8q2.

Then using (6.1.2), Fubini’s theorem and (2.1.3)

ż

p0,8q2
xT pt1, t2qx, x

˚
y dµptq “

ż

p0,8q2
xT1pt1qT2pt2qx, x

˚
y dµptq

“ 4

ż

p0,8q2

ż 8

0

αt21e
´2αt1xT1pt1qT2pt2qx, x

˚
y dα dµptq

“ 16

ż

p0,8q2

ż 8

0

ż 8

0

αt21e
´2αt1γt22e

´2γt2xT1pt1qT2pt2qx, x
˚
y dα dγ dµptq

“
4

π2

ż

p0,8q2

ż 8

0

ż 8

0

αt1e
αt1βt2e

βt2

ˆ

ż

R

ż

R
xpα ´ iβ ` A1q

´2
pγ ´ iδ ` A2q

´2x, x˚ye´iβt1e´iδt2 dβ dδ dα dγ dµptq

“
4

π2

ż 8

0

ż 8

0

αγ

ż

R

ż

R
xpα ´ iβ ` A1q

´2
pγ ´ iδ ` A2q

´2x, x˚y

ˆ

ż

p0,8q2
t1t2e

´pα`iβqt1e´pγ`iδqt2dµptq dβ dδ dα dγ

“
4

π2
xg
p1,2q
x,x˚ , fy.

The general case then follows by considering fpz1, z2q´fp8, z2q´fpz1,8q`fp8,8q

and noting that fpz1,8q and fp8, z2q are the Laplace transforms of measure µ re-

stricted to R` ˆ t0u and t0u ˆ R`, respectively (with fp8,8q “ µpt0, 0uq).

As in Section 5.1, take

ηpz1, z2q “
1´ e´z1

z1

1´ e´z2

z2

, δηpz1, z2q “ ηpδz1, δz2q. (6.1.12)

The following is an analogue of [4, Lemma 4.3] and is an operator version of our

Proposition 4.3.1.

Proposition 6.1.5. Let f P B2
0, and assume that f δη P LM2 for all δ ą 0. Then

lim
δÑ0`

pf δηqpA1, A2q “ fpA1, A2q

in the strong operator topology. Hence, fpA1, A2q P LpXq.
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Proof. Take r1pz1, z2q “ p1 ` z1q
´1p1 ` z2q

´1, so r1 “ Lp2qe1,1, where e1,1pz1, z2q “

e´z1´z2 , hence r1pA1, A2q “ p1`A1q
´1p1`A2q

´1. If δ ą 0, δη is the Laplace transform

of δ´2χr0,δs2pt1, t2q. Note that p1´ e´δzqpδzq´1p1` zq´1 “ Lp1qppδ´1χr0,δs ˚ e1qptqq, and

that pδ´1χr0,δs ˚ e1qptq converges to e1 in L1pR`q, due to the fact that the functions

δ´1χr0,δs form an approximimate unit for L1pR`q as δ Ñ 0`. Since r1 and δη can be

viewed as the tensor products p1`z1q
´1bp1`z2q

´1 and 1´e´z1
z1

b 1´e´z2
z2

, respectively,

continuity of the mappings (cf. Section 3.5)

B2
Q 1b f ÞÑ f P B1,

B2
Q f b 1 ÞÑ f P B1,

together with the fact that the Laplace transform is a bounded algebra homomorphism

from L1pR`q to B1 implies

} δηr1 ´ r1}B2 Ñ 0, δ Ñ 0.

It then follows from Proposition 4.4.1 and Lemma 6.1.4 that

pf δηr1qpA1, A2q “ pf δηqpA1, A2qr1pA1, A2q “ pf δηqpA1, A2qp1` A1q
´1
p1` A2q

´1.

For x P DpA1A2q, we obtain

pf δηqpA1, A2qx “ pf δηr1qpA1, A2qp1`A1qp1`A2qxÑ pfr1qpA1, A2qp1`A1qp1`A2qx.

Moreover, for δ ą 0, }pf δηqpA1, A2q} ď c}f}B2 . Now, DpA1A2q “ Ranpp1`A1q
´1p1`

A2q
´1q; since the range of p1`Aiq

´1, with i “ 1, 2, is dense, DpA1A2q is dense in X.

Hence, limδÑ0`pf δηqpA1, A2qx exists for every x P X. By Proposition 4.3.1,

x lim
δÑ0`

pf δηqpA1, A2qx, x
˚
y “ lim

δÑ0`
xg
p1,2q
x,x˚ , f δηyB2 “ xfpA1, A2qx, x

˚
y.

6.2 Main theorem

We now have all the ingredients necessary to prove our main result. In Theorem 6.2.1

we show that the map ΦA1,A2 has the essential properties of a bounded functional

calculus. We shall subsequently refer to ΦA1,A2 as the B2-calculus for pA1, A2q. We

will show later (see Section 6.3) that the B2-calculus is essentially unique.

Theorem 6.2.1. The map ΦA1,A2 : f ÞÑ fpA1, A2q is a bounded algebra homomor-

phism from B2 to LpXq.
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Proof. Let δη be given by (6.1.12). If f P G2, then f ¨ δη P LM2 by Proposition 4.4.1,

so Proposition 6.1.5 applies to all such f . In particular ΦA1,A2 maps G2 into LpXq.

Since, by Proposition 4.2.5, G2 is norm-dense in B2
0, it follows that ΦA1,A2pfq P LpXq

whenever f1pz1q “ f2pz2q “ 0. Since ΦA1,A2pfb1q “ fpA1q and ΦA1,A2p1bfq “ fpA2q

for any f P B, it follows from [4, Theorem 4.4] that ΦA1,A2 maps B2 into LpXq.

Consider now f, g P G2. Take δ, δ1 ą 0. We have

pf δηg δ1ηqpA1, A2q “ pf δηqpA1, A2qpg δ1ηqpA1, A2q.

Letting first δ1 Ñ 0` and then δ Ñ 0`, and using Proposition 6.1.5, we obtain

pfgqpA1, A2q “ fpA1, A2qgpA1, A2q.

Example 6.2.2. If f P B2, then by Lemma 3.8.1, f p2qpz1, z2q “ fpz1` z2q is in B2. Let

A1 and A2 be sectorial commuting operators on X such that ωA1 ` ωA2 ă π, where

ωA is the spectral angle of A (Definition 2.2.1). In view of Lemma 3.8.1, we can now

define, for any f P B1, the operator f p2qpA1, A2q in accordance with the B2-calculus.

It is well known that the operator A1`A2, while necessarily closable, may in general

fail to be closed. The operator A1 ` A2 is guaranteed to be closed, for instance,

when X is an UMD space and both A1 and A2 admit bounded imaginary powers,

in virtue of the Dore-Venni theorem (see e.g. [25, Theorem 9.3.11]). That said, we

may always consider the closure A1 ` A2 instead and define fpA1 ` A2q in the one-

dimensional B1-calculus. One can then ask if the two definitions agree, i.e. whether

the operator f p2qpA1, A2q defined in the B2-calculus is the same as fpA1 ` A2q defined

in the B1-calculus. The next proposition shows that this is indeed the case.

Lemma 6.2.3. Suppose that fpzq P B1 and let f p2qpz1, z2q “ fpz1 ` z2q. Then the

operator f p2qpA1, A2q defined in the B2-calculus equals fpA1 ` A2q.

Proof. Assume first that f “ Lµ for some µ PMpR`q. We then have for z1, z2 P C`

fpz1 ` z2q “

ż

R`
e´tpz1`z2q dµptq “

ż

R2
`

e´pt1z1`t2z2q dµ̃pt1, t2q,

with µ̃pEq “ µpq´1pEqq for E in the Borel σ-algebra of R2
` and q : R` Ñ R2

` given by

qptq “ pt, tq. Then, in view of [4, Lemma 4.2] and Lemma 6.1.4, for x P DpA1qXDpA2q,

fpA1 ` A2qx “

ż

R`
e´tpA1`A2qx dµptq “

ż

R2
`

e´pt1A1`t2A2qx dµ̃pt1, t2q “ f p2qpA1, A2qx,
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so that the two definitions agree, by density of the domain and boundedness of the

calculi. If fpzq P G1, then f δg P LMp1q, with δg “
1´e´δz

δz
by [4, Lemma 2.13], and

pf δgq
p2qpz1, z2q P LMp2q, so that

fpA1 ` A2qx “ lim
δÑ0`

pf δgqpA1 ` A2qx “ lim
δÑ0`

pf δgq
p2q
pA1, A2qx “ f p2qpA1, A2qx,

by [4, Lemma 4.3] and Proposition 6.1.5. Since G1 is dense in B1
0, the result holds for

all f P B2
0. In the general case, it suffices to consider fpzq ´ fp8q and observe that

fpA1 ` A2qx “ pf ´ fp8qqpA1 ` A2qx` fp8qpA1 ` A2qx

“ pf ´ fp8qqp2qpA1, A2qx` f
p2q
p8,8qx

“ f p2qpA1, A2qx.

6.3 Necessity and uniqueness

In the present section, we shall be concerned with the optimality of the B2-calculus.

Firstly, we shall see that the resolvent assumptions (6.1.1) and (6.1.2) are optimal,

and secondly, that the calculus is uniquely defined, so that it is necessarily given by

the reproducing formula (6.1.10).

Let pA1, A2q be a pair of closed commuting operators on a Banach space X, with

dense domains, and assume that σpA1q Y σpA2q Ď C`. An abstract (bounded) B2-

calculus for pA1, A2q is a bounded algebra homomorphism

Φ : B2
Ñ LpXq, (6.3.1)

such that

Φppλ1 ` z1q
´1
b 1q “ pλ1 ` A1q

´1, Φp1b pλ2 ` z2q
´1
q “ pλ2 ` A2q

´1. (6.3.2)

We say that the pair pA1, A2q admits a B2-calculus in case there is a homomorphism

Φ such that (6.3.1) and (6.3.2) hold. We have the following result concerning the

necessity of our resolvent assumptions.

Theorem 6.3.1. Let A1 and A2 be commuting operators on X with σpAiq Ď C` for

i “ 1, 2, and assume that the pair pA1, A2q admits a B2-calculus Φ. Then the resolvent

assumptions (6.1.1) and (6.1.2) hold.
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Proof. We only provide an explicit argument for (6.1.2). As for (6.1.1), consider for

instance the embedding of B1 in B2 given by f ÞÑ fb1. Then Φpfb1q is a B-calculus

for A1, and [5, Theorem 6.1] yields that (6.1.1) holds for i “ 1. The same reasoning

with A1 and f b 1 replaced by A2 and 1 b f , respectively, establishes that (6.1.1)

holds for i “ 2 as well.

Let ϕ be a continuous function on R2 with compact support, and let Kα,γ,ϕ be

given by

Kα,γ,ϕpz1, z2q “

ż 8

´8

ż 8

´8

ϕpβ, δq

pz1 ` α ´ iβq2pz2 ` γ ´ iδq2
dβ dδ, z1, z2 P C`. (6.3.3)

We showed in Proposition 4.2.2 that the two-parameter semigroup

TB2pa, bqfpz1, z2q “ fpz1 ` a, z2 ` bq,

is a product of strongly continuous semigroups on B2. Since the function

rλ1,λ2pz1, z2q “ pz1 ` λ1q
´1
pz2 ` λ2q

´1

is a product of two functions in B1 (cf. [4, Examples 2.12(2)]), rλ1,λ2 is itself in B2 for

all λ1, λ2 P C`. Hence the function

R2
Q pβ, δq ÞÑ r2

α´iβ,γ´iδ (6.3.4)

belongs to CpR2,B2
0q for every α, γ ą 0, and is bounded. Indeed, the continuity

follows of (6.3.4) follows from the continuity of λ ÞÑ rλ considered as a mapping from

R to B1, the continuity of f ÞÑ f b 1por 1 b fq viewed as a mapping from B1 to B2

(see Section 3.5) and then the continuity of multiplication in the Banach algebra B2

(see Section 3.3).

This establishes that
ż 8

´8

ż 8

´8

ϕpβ, δqr2
α´iβ,γ´iδ dβ dδ

exists as a B2-valued Bochner integral. Since the point evaluations are continuous in

the B2-norm, we obtain
ż 8

´8

ż 8

´8

ϕpβ, δqr2
α´iβ,γ´iδpz1, z2q dβ dδ “ Kα,γ,ϕpz1, z2q.

Note that ϕ is compactly supported and continuous, so by the Dominated Conver-

gence Theorem Kα,γ,ϕpz1,8q “ Kα,γ,ϕp8, z2q “ 0 for any z1, z2 P C`. We have

D1D2Kα,γ,ϕpz1, z2q “ 4

ż 8

´8

ż 8

´8

ϕpβ, δq

pz1 ` α ´ iβq3pz2 ` γ ´ iδq3
dβ dδ, z1, z2 P C`.
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Hence

|D1D2Kα,γ,ϕpx1 ` iy1, x2 ` iy2q|

ď 4}ϕ}L8

ż 8

´8

dβ

ppx1 ` αq2 ` pβ ´ y1q
2q3{2

ż 8

´8

dδ

ppx2 ` γq2 ` pδ ´ y2q
2q3{2

ď
4}ϕ}L8

px1 ` αq2px2 ` γq2

ż 8

´8

dτ1

p1` τ 2
1 q

3{2

ż 8

´8

dτ2

p1` τ 2
2 q

3{2

“
16}ϕ}L8

px1 ` αq2px2 ` γq2
,

so that

}Kα,γ,ϕ}B2
0
ď
π2

αγ
}ϕ}8. (6.3.5)

Moreover, we have

}Kα,γ,ϕ}8 ď }ϕ}8

ż 8

´8

dβ

α2 ` β2

ż 8

´8

dγ

γ2 ` δ2
“
π2

αγ
}ϕ}8. (6.3.6)

If Φ is a B2-calculus for pA1, A2q, then

ΦpKα,γ,ϕq “

ż 8

´8

pA1 ` α ´ βq
´2
pA2 ` γ ´ δq

´2ϕpβ, δq dβ dδ,

Hence, by the boundedness of the calculus,

ˇ

ˇ

ˇ

ˇ

ż 8

´8

ż 8

´8

xpA1 ` α ´ iβq
´2
pA2 ` γ ´ δq

´2x, x˚yϕpβ, δq dβ dδ

ˇ

ˇ

ˇ

ˇ

ď }Φ}}Kα,γ,φ}B2 .

for all x P X, x˚ P X˚ with }x} “ }x˚} “ 1. By (6.3.5) and (6.3.6),

αγ

ˇ

ˇ

ˇ

ˇ

ż 8

´8

ż 8

´8

xpA1 ` α ´ iβq
´2
pA2 ` γ ´ δq

´2x, x˚yϕpβ, δq dβ dδ

ˇ

ˇ

ˇ

ˇ

ď }Φ}αγ}Kα,γ,φ}B2 ď p16` π2
q}Φ}}ϕ}L8 .

Since the continuous functions with compact support are weak*-dense in L8pR2q, it

follows that (6.1.2) holds.
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Having proved the necessity of our resolvent assumptions, the following question

addressing uniqueness of B2-calculus is natural. If commuting (bounded) negative

semigroup generators A1 and A2 admit B2-calculus, then is the calculus given by

xΦpfqx, x˚y “ fp8,8q `
2

π

@

xp¨ ` A1q
´1x, x˚y, f1

D

B1

`
2

π

@

xp¨ ` A2q
´1x, x˚y, f2

D

B1 `
4

π2

@

xp¨ ` A1q
´1
p¨ ` A2q

´1x, x˚y, f
D

B2

for all x P X and x˚ P X˚?

We show that this question has a positive answer.

Theorem 6.3.2. Let A1, A2 be commuting operators on X with σpA1qYσpA2q Ď C`.

If the pair pA1, A2q admits a B2-calculus Φ, then Φ is unique.

Proof. Note first that the functions ea1,a2pz,z2q “ e´a1z1´a2z2 for a1, a2 ą 0 span a

dense subspace of L1pR2
`q (this follows from the uniqueness of Laplace transforms for

functions in L8pR2q considered as the dual of L1pR2q together with the Hahn-Banach

theorem). Since Lp2qea1,a2 “ pz1 ` a1q
´1pz2 ` a2q

´1, ΦpLp2qgq is uniquely determined

for every g P L1pR2
`q. Let f P G2 and g P L2pr0, τ s2q Ď L1pR2

`q. By Proposition

4.4.1, fLp2qg is also the Laplace transform of a function in L1pR2
`q. Thus ΦpLp2qgq

and ΦpfqΦpLp2qgq are both determined uniquely. It follows that Φpfq is uniquely

determined on the range of ΦpLp2qgq. In particular this implies that Φpfq is uniquely

determined on vectors of the form
ż n

0

ż n

0

e´t1e´t2T1pt1qT2pt2qx dt1 dt2,

and hence on p1`A1q
´1p1`A2q

´1x. Here pT1ptqqtě0 and pT2ptqqtě0 are the semigroups

generated by ´A1 and ´A2, respectively. Since A1 and A2 are densely defined and

commuting, it follows that Φpfq is uniquely determined for all f P G2. By the

density of G2 in B2
0, Φ is uniquely determined on B2

0. Recall that (cf. Section 3.5)

M1 “ tg b 1 : g P B1u Ă B2 and M2 “ t1 b g : g P B1u Ă B2. Hence Φpf b 1q and

Φp1b fq are uniquely determined for all f P B1
0 by Theorem 2.3.12.

6.4 Spectral inclusion and mapping

In the one-dimensional case, as noted in [4, Section 4.5], given a semigroup generator

´A and a functional calculus Υ, the full spectral mapping theorem typically fails,

and we are left with the inclusion fpσpAqq Ă σpΥApfqq. In the present setting, the
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situation is further complicated by the existence of several types of joint spectra of

families of commuting closed operators (see [35] for a discussion). We shall establish

below that, for a particular notion of the joint spectrum, the spectral inclusion theo-

rem for B2-calculus holds.

Let ´A1 and ´A2 generate bounded commuting C0-semigroups pT1ptqqtě0 and

pT2ptqqtě0, respectively, on a Banach space X. Denote by A the Banach algebra gen-

erated by all the operators fpA1, A2q, with f P B2, and all their resolvents. Then A
is an abelian subalgebra of LpXq and contains Rpλ,Aiq for all λi P ρpAiq and i “ 1, 2.

Clearly, if f P B2 then the spectrum of fpA1, A2q in A coincides with its spectrum in

LpXq. It can be shown (cf. [35, p. 1238]) that, for i “ 1, 2, the Gelfand spectrum

MA of A splits into two subsets Mi and Ui, and that there is a continuous function

αi on Mi such that for every character χ of A we have

χpRpz, Aiqq “

"

pz ´ αipχqq
´1 if χ PMi,

0 if χ P Ui,

for all z P ρpAiq, and σpAiq “ αipMiq. We define the joint spectrum σpA1, A2q of a

pair of C0-semigroup generators, A1 and A2 on X by

σpA1, A2q “ tpα1pχq, α2pχqq : χ PM1 XM2u .

We are now ready to state the theorem.

Theorem 6.4.1. Assume that σpAiq Ă C` for i “ 1, 2 and that (6.1.1) and (6.1.2)

hold. Let f P B2 and λ1, λ2 P C. If pλ1, λ2q P σpA1, A2q, then fpλ1, λ2q P σpfpA1, A2qq.

Proof. Suppose that f P B2
0. We shall first assume that the resolvents of A1 and A2

are bounded on the left-half plane. By the resolvent identity, we have for z P C`

}pz ` Aiq
´2
p1` Aiq

´2
} ď Cp1` |z ´ 1|q´2, i “ 1, 2. (6.4.1)

From (6.1.10), (6.4.1), and the fact that fi are identically zero for i “ 1, 2, one may

then obtain the following formula, with the integral absolutely convergent in the

operator norm:

fpA1, A2qp1` A1q
´2
p1` A2q

´2

“
4

π2

ż 8

0

ż 8

0

ż

R

ż

R
αγpα ´ iβ ` A1q

´2
pγ ´ iδ ` A2q

´2
p1` A1q

´2
p1` A2q

´2

ˆD1D2fpα ` iβ, γ ` iδq dα dγ dβ dδ.

(6.4.2)
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Let pλ1, λ2q P σpA1, A2q. Then, for i “ 1, 2, p1` λiq
´1 P σpp1`Aiq

´1q, so there exists

a character χ in A such that χpp1` Aiq
´1q “ p1` λiq

´1, with αipχq “ λi. Since χ is

multiplicative, applying it to both sides of (6.4.2) and using (5.1.1) we obtain

χpfpA1, A2qqp1` λ1q
´2
p1` λ2q

´2

“
4

π2

ż 8

0

ż 8

0

ż

R

ż

R
αγpα ´ iβ ` λ1q

´2
pγ ´ iδ ` λ2q

´2
p1` λ1q

´2
p1` λ2q

´2

ˆD1D2fpα ` iβ, γ ` iδq dα dγ dβ dδ

“ fpλ1, λ2qp1` λ1q
´2
p1` λ2q

´2.

Thus fpλ1, λ2q “ fpα1pχq, α2pχqq “ χpfpA1, A2qq P σpfpA1, A2qq. If f1 ‰ 0 and

f2 ‰ 0 with f1p8q “ f2p8q “ 0, then by [4, Theorem 4.17] (or repeating the above

calculation with the representation formula [4, (4.20)] and the same choice of χ)

fipλiq “ fipαipχqq “ χpfipAiqq P σpfipAiqq, i “ 1, 2, hence

fpλ1, λ2q “ pfpλ1, λ2q ´ f1pλ1q ´ f2pλ2q ` f1pλ1q ` f2pλ2qq

“ χppf ´ f1 ´ f2qpA1, A2qq ` χpf1pA1qq ` γpf2pA2qq

“ χpfpA1, A2qqq P σpfpA1, A2qq.

For the general case, we proceed as follows. If ε ą 0, i “ 1, 2, then λi` ε P σpAi` εq.

Applying the case above to Ai`ε, with the same choice of χ, we obtain fpλ1`ε, λ2`

εq “ χpfpA1`ε, A2`εqq. By Proposition 4.2.2 and Proposition 5.4.1, }fpA1`ε, A2`

εq ´ fpA1, A2q}LpXq Ñ 0 as εÑ 0`, which implies the conclusion.

Remark 6.4.2. As seen in the proof, it is critical that we should be able to find a

character χ such that its value at Rpλ,Aiq is just p1 ` λiq
´1, with λi P σpAiq, for

i “ 1, 2. Our choice of the notion of a joint spectrum is then dictated by this par-

ticular requirement. This may be a limiting feature of the Banach algebraic methods

employed in the proof; it remains an open question whether similar spectral mapping

theorems hold for other types of joint spectra.

As mentioned above, in the one-dimensional case the spectral inclusion is the best

we can generally hope for. However, provided that the operator involved satisfies

some sharp resolvent estimates, e.g. is sectorial of angle less than π{2, one may

expect the equality

fpσpAqq Y tfp8qu “ σpΥApfqq Y tfp8qu,
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to hold for a given functional calculus ΥA (cf. [4, Theorem 4.17)]). We will now verify

that the B2-calculus does indeed satisfy a spectral mapping theorem of this type.

Suppose that the Banach space operators A1 and A2 commute, and that A1, A2 P

Sectpπ{2´q, where Sectpπ{2´q “
Ť

θPr0,pi{2q Sectpθq. Then the estimates

}pα ´ iβ ` Aiq
´2
} ďM2

Ai
pα2

` β2
q
´1, i “ 1, 2, (6.4.3)

where MAi “ supzPC` }zpz`Aiq
´1}, imply that the integrals in (6.4.4) are convergent

in the operator norm

fpA1, A2q “ fp8,8q ´
2

π

ż 8

0

α

ż

R
pα ´ iβ ` A1q

´2f 11pα ` iβqdβ dα

´
2

π

ż 8

0

α

ż

R
pα ´ iβ ` A2q

´2f 12pα ` iβqdβ dα

`
4

π2

ż 8

0

ż 8

0

αγ

ż

R

ż

R
pα ´ iβ ` A1q

´2
pγ ´ iδ ` A2q

´2
ˆ

ˆD1D2fpα ` iβ, γ ` iδq dβ dδ dα dγ,

(6.4.4)

and the identity follows from (6.1.10). Reasoning as in Example 6.1.2 above, we have,

for instance,

›

›

›

›

ż 8

0

ż 8

0

αγ

ż

R

ż

R
pα ´ iβ ` A1q

´2
pγ ´ iδ ` A2q

´2D1D2fpα ` iβ, γ ` iδq dβ dδ dα dγ

›

›

›

›

ďM2
A1
M2

A2

ż 8

0

ż 8

0

αγ

ż

R

ż

R

|D1D2fpα ` iβ, γ ` iδq|

|α ` iβ|2|γ ` iδ|2
dβ dδ dα dγ

ďM2
A1
M2

A2
}f}B2}1{pz1z2q}E2 ă 8,

and similarly for the other terms, which yields convergence in the operator norm. We

can now obtain the desired result using (6.4.4); the proof remains almost identical to

the proof of the final part of [4, Theorem 4.17(4)], with some obvious modifications.

Theorem 6.4.3. If A1 and A2 are a pair of commuting operators on a Banach space

X and A1, A2 P Sectpπ{2´q, where Sectpπ{2´q “
Ť

θPr0,π{2q Sectpθq, then

σpfpA1, A2qq Y tfp8,8qu “ fpσpA1, A2qq Y f1pσpA1qq Y f2pσpA2qq Y tfp8,8qu.

Proof. Let A be as above, and let fp8,8q “ 0. Let χ be any character of A.
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Applying χ to (6.4.4) gives

χpfpA1, A2qq “ ´
2

π

ż 8

0

α

ż

R
χppα ´ iβ ` A1q

´2
qf 11pα ` iβqdβ dα

´
2

π

ż 8

0

α

ż

R
χppα ´ iβ ` A2q

´2
qf 12pα ` iβqdβ dα

`
4

π2

ż 8

0

ż 8

0

αγ

ż

R

ż

R
χppα ´ iβ ` A1q

´2
pγ ´ iδ ` A2q

´2
qˆ

ˆD1D2fpα ` iβ, γ ` iδq dβ dδ dα dγ

(6.4.5)

We consider three cases.

1. If χ P U1 X U2, then χppz ` A1q
´1q “ χppz ` A2q

´1q “ 0, for all z P C`, and

then χpfpA1, A2qq “ 0 “ fp8,8q.

2. Suppose that χ P M1 X U2. Then χppz ` A2q
´1q “ 0, for all z P C`. Also,

there exists µ1 P σpA1q such that χppz`A1q
´1q “ pz`µ1q

´1. Consequently, equation

(6.4.5) reduces to

χpfpA1, A2qq “ ´
2

π

ż 8

0

α

ż

R
χppα ´ iβ ` A1q

´2
qf 11pα ` iβqdβ dα

“ f1pµ1q P f1pσppA1qq,

where the last equality follows from [4, (4.18)]. Respectively, if χ P U1 XM2, we

obtain that χpfpA1, A2qq P f2pσpA2qq.

3. Finally, suppose that χ P M1 XM2. Then there exist µ1, µ2 such that pµ1, µ2q P

σpA1, A2q, with χppz ` A1q
´1q “ pz ` µ1q

´1 and χppz ` A2q
´1q “ pz ` µ2q

´1, so that

χpfpA1, A2qq “ fpµ1, µ2q P fpσpA1, A2qq.

Fine structure of the spectrum. Let f P B2 and suppose that A1 and A2 admit

B2-calculus. We have shown in Theorem 6.4.1 that there is a natural analogue of

(2.3.17) which holds in the two-dimensional setting, i.e. we have

pλ1, λ2q P σpA1, A2q ùñ fpλ1, λ2q P σpfpA1, A2qq. (6.4.6)
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It is, perhaps, interesting to ask whether one can obtain some analogue of Proposi-

tion 2.3.17 in the present context. The answer is: yes, as long as we restrict ourselves

to a suitable subset of the joint spectrum. For a pair of commuting closed opera-

tors A1 and A2, define the approximate joint spectrum, σappA1, A2q as the set of all

pλ1, λ2q P C2 such that there is a sequence of vectors xn P DpA1q XDpA2q with

}Aixn ´ λixn} ÑnÑ8 0, }xn} “ 1, i “ 1, 2.

It is known (cf. [35, Theorem 1]) that the approximate joint spectrum behaves as

expected, that is, we have σappA1, A2q Ă σpA1, A2q. Proceeding essentially as before,

we can now obtain

Proposition 6.4.4. Suppose that A1, A2 are commuting operators such that they ad-

mit B2-calculus. Then approximate pλ1, λ2q-eigenvectors of pA1, A2q are approximate

fpλ1, λ2q-eigenvectors of fpA1, A2q.

Proof. The proof is similar to that of Proposition 2.3.17 but with the following mod-

ifications. Let pT1ptqqtě0 and pT2ptqqtě0 be the bounded C0-semigroups generated by

´A1 and ´A2, respectively. Consider the space

l8pT1,T2qpXq “tpxnqnPN P l
8
pXq : lim

tÑ0
}Tiptqxn ´ xn} “ 0,

uniformly in n for i “ 1, 2u.

This can be viewed as a closed invariant subspace of either l8T1pXq or as a closed

invariant subspace of l8T2pXq. Similarly as in the proof of Proposition 2.3.17, consider

the space EpT1,T2q “ l8
pT1,T2q

pXq{N , with N “ pc0pXqX l
8
pT1,T2q

pXqq, equipped with the

norm

~pxnqnPN `N~ “ lim sup }xn}.

For i “ 1, 2, define pT iEptqqtě0 on EpT1,T2q by

T iEptqppxnqnPN `N q “ pTiptqpxnqnPNq `N ,

and denote its generator by ´AiE. It now follows from Theorem 6.3.2 that the pair

A “ pA1
E, A

2
Eq has B2-calculus. The only slightly non-trivial part in the present

context is ensuring that ‘there are enough’ vectors in DpA1
Eq X DpA2

Eq to allow the

argument to go through. So suppose that λ “ pλ1, λ2q P σpA1, A2q and consider the

corresponding approximate λ-eigenvector pξnqnPN. For i “ 1, 2, we have ([38, p. 78]):
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}Tiptqξn ´ ξn} ď }Tiptqξn ´ e
λitξn} ` |e

λit ´ 1|

“

›

›

›

›

ż t

0

eλipt´sqTipsqpλi ´ Aiqξn ds

›

›

›

›

` |eλit ´ 1|,

which converges uniformly to 0 as nÑ 8. Hence, it is meaningful to define a vector

in l8
pT1,T2q

pXq by

ξ̂ “ pξnqnPN `N .

Since λ1 P σppA
1
Eq and λ2 P σppA

2
Eq, we obtain that fpA1

E, A
2
Eqξ̂ “ fpλ1, λ2qξ̂, and

from this it follows as before that pξ̂nqnPN is an approximate fpλ1, λ2q-eigenvector for

fpA1, A2q.

6.5 Convergence lemma for operators

Theorem 6.5.1. Let A1 and A2 be a pair of commuting operators which admit the

B2-calculus, and let f0 and fn be as in Theorem 5.6.1. Then fnpA1, A2q Ñ f0pA1, A2q

in the strong operator topology. If A1, A2 P LpXq, then the convergence is in operator

norm.

Proof. Let gpz1, z2q “ p1` z1q
´1p1` z2q

´1. Then D1g,D2g, and D1D2g are clearly all

bounded; D1gpz1, z2q, D2gpz1, z2q, and D1D2gpz1, z2q all tend to 0 as |z1| ` |z2| Ñ 8;

moreover (using the notation as in the statement of Theorem 5.6.1),

G12pαq “

ż 8

0

sup
β,δPR

|p1` α ` iβq´1
p1` γ ` iδq´2

| dγ “ p1` αq´1
Ñ 0, as αÑ 8,

G21pαq “

ż 8

0

sup
β,δPR

|p1` α ` iβq´2
p1` γ ` iδq´1

| dα “ p1` γq´1
Ñ 0, as γ Ñ 8.

Thus, the first statement follows from Theorem 5.6.1, continuity of the B2-calculus,

and Corollary 3.4.4 (i.e. the fact that the norms } ¨ }B2 and } ¨ }B2
0

are equivalent on

B2
0). Since DpA1A2q is dense and fnpA1, A2q P LpXq,

gnpA1, A2q “ fnpA1, A2qp1` A1q
´1
p1` A2q

´1
Ñ f0pA1A2qp1` A1q

´1
p1` A2q

´1

in operator norm.
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6.6 Compatibility with the holomorphic calculus

We now proceed to show that the B2-calculus is compatible with two other functional

calculi, namely the sectorial holomorphic calculus and the half-plane holomorphic

functional calculus.

To keep the presentation concise, we assume throughout the remainder of this

section that both A1 and A2 are injective Banach space operators.

Let Ai P Sectpθiq, where θi P r0, π{2q, for i “ 1, 2. Assume that A1 and A2

commute in the resolvent sense. For φi P pθi, πq, we denote by H8pSφ1 ˆ Sφ2q the

Banach algebra of all bounded holomorphic scalar-valued functions on Sφ1 ˆ Sφ2 .

Denote

ψpz1, z2q “
z1z2

p1` z1q
2p1` z2q

2
. (6.6.1)

Given φ1, φ2 P p0, πq, we define a subspace of H8pSφ1 ˆ Sφ2q as follows

H8
0 pSφ1 ˆ Sφ2q “ tf P H

8
pSφ1 ˆ Sφ2q : Dsą0 ψ´sf P H8

pSφ1 ˆ Sφ2qu.

For f P H8
0 pSφ1 ˆ Sφ2q we define

fpA1, A2q “ ´
1

4π2

ĳ

Γθ11
ˆΓθ12

fpλ, λ1qRpλ,A1qRpλ
1, A2q dλ dλ

1,

for θ1i P pθi, φiq, i “ 1, 2. Here, Γθ1i is the downward oriented boundary of the sector

Sθ1i . This integral converges and is independent of the choice of θ
1
i . To extend this to

general f P H8pSφ1 ˆ Sφ2q, we may observe that fψ belongs to H8
0 pSφ1 ˆ Sφ2q, so

that we may define

fpA1, A2q “ ψpA1, A2q
´1
pfψqpA1, A2q.

Let f ÞÑ ΨA1,A2pfq stand for the thus obtained (extended) holomorphic functional

calculus. We note that, given (6.6.1), we have

ΨA1,A2pψq “ A1p1` A1q
´2A2p1` A2q

´2
“ ΦA1,A2pψq. (6.6.2)

Interested readers should consult [32] for the properties of the joint holomorphic cal-

culus. The following elementary lemma is a two-dimensional analogue of [25, Lemma

2.6.7]; it will be used subsequently in the proof of Proposition 6.7.3.

Lemma 6.6.1. Let Ai P Sectpθiq for i “ 1, 2 with commuting resolvents. Let pAi,nqnPN

be a sectorial approximation of Ai, with i “ 1, 2. Take f P H8
0 pSθ1 ˆ Sθ2q. Then

fpA1,n, A2,nq Ñ fpA1, A2q in norm as nÑ 8.

119



Proof. We have

lim
n
fpA1,n, A2,nq “ lim

n

¨

˚

˝

´
1

4π2

ĳ

Γθ1ˆΓθ2

fpλ, λ1qRpλ,A1,nqRpλ
1, A2,nq dλ dλ

1

˛

‹

‚

“ ´
1

4π2

ĳ

Γθ1ˆΓθ2

fpλ, λ1q lim
n
Rpλ,A1,nqRpλ

1, A2,nq dλ dλ
1

“ ´
1

4π2

ĳ

Γθ1ˆΓθ2

fpλ, λ1qRpλ,A1qRpλ
1, A2q dλ dλ

1

“ fpA1, A2q.

Since we assume that both A1 and A2 are injective, our class B2 is automatically

contained in the domain of ΨA1,A2 . We have the following compatibility result.

Proposition 6.6.2. Let f P B2 X H8
0 pC2

`q. If A1 and A2 are commuting injective

operators on a Banach space X, and A1, A2 P Sectpπ{2´q, then

ΦA1,A2pfq “ ΨA1,A2pfq.

The proof of Proposition 6.6.2 resembles closely that of [4, Proposition 4.9], except

for some necessary adjustments.

Proof. For i “ 1, 2, let Ai be an injective operator in Sectpθiq, where θi P r0, π{2q.

Then, for any θ1i P pθi, π{2q,

}AipI ` Aiq
´1
pzi ´ Aiq

´1
} “ }pzipzi ´ Aiq

´1
´ 1qp1` Aiq

´1
} ď

Cθ1i
1` |zi|

, zi R Sπ´θ1i .

Let f P B2, and let g “ fpr1 b 1qp1 ´ r1 b 1q´2p1 b r2qp1 ´ 1 b r2q
´2, so that

g P B2
0 XH8

0 pSπ{2 ˆ Sπ{2q. It then follows from the definition of ΨA1,A2 , Proposition

5.1.1 together with the fact that g P B2
0, the identities (6.6.1) and (6.6.2), and Fubini’s

theorem that
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ΨA1,A2pψqΨA1,A2pgq

“ ´ΨA1,A2pψq
1

4π2

ż

BSθ11

ż

BSθ12

pz1 ´ A1q
´1
pz2 ´ A2q

´1gpz1, z2q dz2 dz1

“
1

π4
ΨA1,A2pψq

ż 8

0

ż 8

0

ż

R

ż

R

˜

ż

BSθ11

ż

BSθ12

pz1 ´ A1q
´1
pz2 ´ A2q

´1

ˆ pα ´ iβ ` z1q
´2
pγ ´ iδ ` z2q

´2 dz2 dz2

˙

αγD1D2gpα ` iβ, γ ` iδq dβ dδ dα dγ.

Now, by applying the primary functional calculus for invertible sectorial operators

first to pz1 ´ A1q
´1pα ´ iβ ` z1q

´2 and then to pz2 ´ A2q
´1pγ ´ iδ ` z2q

´2 we obtain
ż

BSθ11

ż

BSθ12

pz1 ´ A1q
´1
pz2 ´ A2q

´1
pα ´ iβ ` z1q

´2
pγ ´ iδ ` z2q

´2 dz2 dz1

“ 2πiA1p1` A1q
´1
pα ´ iβ ` A1q

´2

ż

BSθ12

pγ ´ iδ ` z2q
´2 dz2

“ ´4π2
pα ´ iβ ` A1q

´2
pγ ´ iδ ` A2q

´2.

Hence, it follows from (6.4.4) and (6.6.2) that

ΨA1,A2pψqΨA1,A2pgq

“
4

π2
ΨA1,A2pψq

ż 8

0

ż 8

0

ż

R

ż

R

ˆ

pα ´ β ` A1q
´2
pγ ´ δ ` A2q

´2

ˆ αγD1D2gpα ` iβ, γ ` iδq

˙

dβ dδ dα dγ

“ ΨA1,A2pψqΦA1,A2pgq.

Since A1 and A2 are both injective, it follows that ΨA1,A2pgq “ ΦA1,A2pgq.Then it

follows from (6.6.1) and (6.6.2) that ΨA1,A2pfq “ ΦA1,A2pfq.

6.7 Compatibility with the half-plane calculus

Following the notation and terminology of [8], we denote by

Lω “ tz P C : Re z ă ωu, Rω “ tz P C : Re z ą ωu,
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the open left and right half-planes defined by the abscissa Re z “ ω. An operator A

on X is said to be of half-plane type ω P p´8,8s, A P HP pωq, if σpAq Ď Rω and, for

every α ă ω,

MαpAq “ supt}Rpz, Aq} : Re z ď αu ă 8.

An operator A is said to be of half-plane type if it is of half-plane type for some

ω P p´8,8s. Let ω1, ω2 P p´1,8q. Let

ψpz1, z2q “ p1` z1qp1` z2q, zi P Rωi ,

and let

H8
0 pRω1 ˆRω2q “ tf P HolpRω1 ˆRω2q : ψsf P H8

pRω1 ˆRω2q for some s ą 1u.

Then H8
0 pRω1 ˆRω2q is an algebra.

By applying [8, Lemma 2.2] separately to each variable we obtain

Proposition 6.7.1. Let f P H8
0 pRω1 ˆRω2q, and let ωi ă δi, i “ 1, 2. Then

fpa1, a2q “ ´
1

4π2

ż

BRδ1

ż

BRδ2

fpz1, z2q

pz1 ´ a1qpz2 ´ a2q
dz1 dz2, pδ1 ă Re a1, δ2 ă Re a2q.

Now, let Ai, for i “ 1, 2, be resolvent commuting operators of half-plane type, with

ωi ă δi ă s0pAiq, where

s0pAq “ maxtω : A P HPpωqu “ suptα : sup
Re zďα

}Rpz, Aq} ă 8u.

For f P H8
0 pRω1 ˆRω2q we let

fpA1, A2q “ ´
1

4π2

ż

BRδ1

ż

BRδ2

fpz1, z2qRpz1, A1qRpz2, A2q dz1 dz2,

where ωi ă δi, for i “ 1, 2. It is easy to see that the so-defined mapping

Ψ˚
A1,A2

: H8
0 pRω1 ˆRω2q Ñ LpXq

is a homomorphism of algebras (cf. [8, Proposition 2.3]). For example, to establish

multiplicativity, one can reason directly as in [12, VII.4.7]. Alternatively, supposing

that δi ă δ
1

i ă s0pAiq,
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fpA1, A2qgpA1, A2q “

1

16π4

ż

BRδ2

ż

BRδ1

ż

BR
δ
1

2

ż

BR
δ
1

1

fpz1, z2qgpξ1, ξ2qRpz1, A1qRpz2, A2qRpξ1, A1qRpξ2, A2q dz1 dz2 dξ1 dξ2

“
1

8π3i

ż

BRδ2

ż

BR
δ
1

2

ż

BR
δ
1

1

fpz1, z2qgpz1, ξ2qRpz1, A1qRpz2, A2qRpξ2, A2qdz1 dz2 dξ2

“ ´
1

4π2

ż

BR
δ
1

1

ż

BR
δ
1

2

fpz1, z2qgpz1, z2qRpz1, A1qRpz2, A2q dz1 dz2,

by repeated application of [8, Proposition 2.3(a)].

Now suppose that f P HolpRω1ˆRω2q and ψ´nf P H8pRω1ˆRω2q for some n ě 0

. In this case, ψ´pn`2qf P H8
0 pRω1 ˆRω2q and one defines

fpA1, A2q “ pI ` A1q
n`2
pI ` A2q

n`2
pψ´pn`2qfqpA1, A2q

with the appropriate domain. Standard arguments show that this operator is closed

and independent of the choice of n.

In the remainder of the section we will prove that B2-calculus and the half-plane

holomorphic calculus are compatible. We shall need the following auxiliary lemma,

which is a two-dimensional analogue of [8, Theorem 3.1].

Lemma 6.7.2. Let A1, A2 be densely defined resolvent commuting operators of half-

plane type on X, and let ωi ă s0pAiq for i “ 1, 2. Consider a net of functions

pfιqιPI Ď H8
pRω1 ˆRω2q,

indexed by I, with the following properties:

1) supι }fι}H8pRω1ˆRω2 q ă 8;

2) fιpA1, A2q P LpXq for all ι, and supι }fιpA1, A2q} ă 8;

3) fpz1, z2q “ limι fιpz1, z2q exists in C for all z1 P Rω1 and z2 P Rω2.

Then f P H8pRω1 ˆ Rω2q, fpA1, A2q P LpXq, fιpA1, A2qx Ñ fpA1, A2qx for each

x P X, and }fpA1, A2q} ď lim supι }fιpA1, A2q}.

Proof. By Vitali’s convergence theorem, [39, Proposition 7], f is holomorphic and the

convergence fι Ñ f is uniform on compact subsets of Rω1 ˆ Rω2 . Condition 1) then
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implies that f is bounded. Let ωi ă δi ă s0pAiq, for i “ 1, 2. We then have (cf. the

proof of [8, Theorem 3.1])

pfιpz1, z2qpµ1 ´ z1q
´2
pµ2 ´ z2q

´2
qpA1, A2q “

lim
nÑ8

1

4π2

ż n

´n

ż n

´n

fιpδ1 ` is1, δ2 ` is2q

pµ1 ´ δ1 ´ is1qpµ2 ´ δ2 ´ is2q
Rpδ1 ` is1, A1qRpδ2 ` is2, A2q ds1 ds2,

where the limit is uniform in ι. Since the integrand converges uniformly on r´n, nsˆ

r´n, ns, this implies

pfιpz1, z2qpµ1 ´ z1q
´2
pµ2 ´ z2q

´2
qpA1, A2q Ñ pfpz1, z2qpµ1 ´ z1q

´2
pµ2 ´ z2q

´2
qpA1, A2q

in norm. Hence, for x P DpA2
1A

2
2q (cf. Definition 2.1.12),

fιpA1, A2qx “

ˆ

fιpz1, z2q

pµ1 ´ z1q
2pµ2 ´ z2q

2

˙

pA1, A2qpµ1 ´ A1q
2
pµ2 ´ A2q

2xÑ

ˆ

fpz1, z2q

pµ1 ´ z1q
2pµ2 ´ z2q

2

˙

pA1, A2qpµ1 ´ A1q
2
pµ2 ´ A2q

2x “ fpA1, A2qx.

By an argument as in the proof of Proposition 6.1.5, DpA2
1A

2
2q is dense in X. Clearly,

}fpA1, A2qx} ď lim supι }fιpA1, A2qx}}x}. Hence, fpA1, A2q is bounded with }fpA1, A2q} ď

lim supι }fιpA1, A2q}, and sinceDpfpA1, A2qq is dense, fιpA1, A2q Ñ fpA1, A2q strongly.

Proposition 6.7.3. Let f P B2, and assume that either of the following conditions

holds:

(C1) For some ε ą 0, σpAiq Ă Rε and }Rpz, Aiq} is bounded for z P R´ε, for i “ 1, 2;

(C2) There exist ε ą 0, n ě 2, and a holomorphic extension of f to R´ε ˆR´ε such

that ψ´nf P H8pR´ε ˆR´εq.

Assume further that A1 and A2 are commuting operators such that σpA1q Y σpA2q Ď

C`, and they satisfy both (6.1.1) and (6.1.2).

Then

ΦA1,A2pfq “ Ψ˚
A1,A2

pfq,

whenever ΦA1,A2pfq is defined as a closed operator.
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Proof. Assume first that pC1q holds.

a) Assume further that |fpz1, z2q| ď Cp1`|z1|q
´2p1`|z2|q

´2 for z1, z2 P C`. Consider

Ψ˚
A1,A2

pfq “ ´
1

4π2

ż

BRηˆBRη

pz1 ´ A1q
´1
pz2 ´ A2q

´1fpz1, z2q dz1 dz2,

with 0 ă η ă ε. We obtain

Ψ˚
A1,A2

pfq “
´4

π2

ż 8

0

ż 8

0

ż

R

ż

R
pα ´ iβ ` A1q

´2
pγ ´ iδ ` A2q

´2αγ

ˆD1D2fpα ` iβ, γ ` iδq dβ dδ dα dγ “ ΦA1,A2pfq.

b) Assuming that A1 and A2 are both invertible, replace f by gpz1, z2q “ fpz1, z2q ¨

1
p1`z1q2p1`z2q2

. Then g decreases quadratically as |zi| Ñ 8, for i “ 1, 2, and

p1` A1q
´2
p1` A2q

´2Ψ˚
A1,A2

pfq “ Ψ˚
A1,A2

pgq “ Φpgq “ p1` A1q
´2
p1` A2q

´2Φpfq.

c) Assume now that pC2q holds for some ε ą 0. Assume initially that f P H8pR2
´εq

and let η P p0, εq. Then the operators A1 ` η, A2 ` η satisfy pC1q with ε replaced by

η. We obtain from b) that

Ψ˚
A1`η,A2`η

pfq “ ΦA1`η,A2`ηpfq.

From Corollary 5.4.2 we get that ΦA1`η,A2`ηpfq “ ΦA1,A2pfηq. Also, Ψ˚
A1`η,A2`η

pfq “

Ψ˚
A1,A2

pfηq by applying the argument in the proof of [4, Proposition 4.10] separately

to each variable for f P H8
0 pR

2
´εq and then extending to more general functions. Let

η Ñ 0`. By Lemma 6.6.1, ΦA1,A2pfηq Ñ ΦA1,A2pfq in the operator norm. By Lemma

6.7.2, we have that Ψ˚
A1,A2

pfηq Ñ Ψ˚
A1,A2

pfq in the strong operator topology.

Finally, if pC2q holds and f is polynomially bounded in R2
´ε, then we can apply the

above case to fpz1, z2q replaced by fpz1,z2q
p1`z1qn1 p1`z2qn2

for sufficiently large n1, n2, and the

result follows.
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7 Epilogue

7.1 The class E2

As discussed in [4], there is an interesting relation linking the classes B1 and E1;

namely, we have (cf. [4, Proposition 2.15]) that if g P E1 and gapzq “ gpa ` zq, z P

C`, a ą 0, then ga P B1 for each a ą 0. A direct analogue of this result fails for B2;

since we do not impose any explicit restrictions on the first-order derivatives in our

definition of E2, horizontally translated functions in E2 may not in general belong to

B2. One may nonetheless ask whether a result in the vein of [4, Proposition 2.15] can

be obtained by restricting attention to a certain subclass of E2. We will now discuss

our attempt at obtaining such result.

For fixed integer d, we denote by H1pCd
`q the space of analytic functions f : Cd

` Ñ

C` such that

}f}H1 :“ sup
xą0

ż

Rd
|fpx` iyq| dy ă 8.

The notation x ą 0 where x P Rd means that xj ą 0 for each j P t1, . . . , du.

Let E2
` be the space of all functions g holomorphic on C2

` such that

}g}E2
`
“ sup

x1,x2ą0

ż 8

0

ż 8

0

|D1D2gpx1 ` iy1, x2 ` iy2q| dy1 dy2

`

ż 8

0

sup
x1ą0
z2PC`

|D1gpx1 ` iy1, z2q| dy1 (7.1.1)

`

ż 8

0

sup
z1PC`
x2ą0

|D2gpz1, x2 ` iy2q| dy2 ă 8.

If g P E2
`, the condition expressed in (7.1.1) implies that, for each z1, z2 P C` and

a, b ą 0, we have

D1gp¨ ` a, z2q, D2gpz1, ¨ ` bq P H
1
pC`q,

D1D2gp¨ ` a, ¨ ` bq P H
1
pC2

`q.
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Consequently, by [4, Proposition 2.4], D1gp¨`a, z2q, D2gpz1, ¨`bq P B1. The following

conjecture concerning functions in the class H1pC2
`q is far from new, but no proof or

counterexample is known to us.

Conjecture 7.1.1. If f P H1pC2
`q, then

ż 8

0

ż 8

0

|F´1
p2qfpx1, x2q|

x1x2

dx1 dx2 ă 8. (7.1.2)

Under the supposition that Conjecture 7.1.1 holds we can establish that horizontal

translations of functions in E2 are in our class B2.

Proposition 7.1.2. Let g P E2
`, and let ga,bpz2, z2q “ gpz1`a, z2`bq, z1, z2 P C`, a, b ą

0. Suppose that Conjecture 7.1.1 holds. Then for each a, b ą 0, ga,b P B2.

Proof. We will first show that

ż 8

0

ż 8

0

sup
y1,y2PR

|D1D2ga,bpx1 ` iy1, x2 ` iy2q| dx1 dx2 ă 8. (7.1.3)

Note that, by the preceding remarks, D1D2ga,b P H
1pC2

`q, and so by [33, Theorem

2.1] its non-tangential boundary function, hpt1, t2q, exists as a function in L1pR2q,

and suppF´1
p2qh Ă R2

`; we also have

D1D2ga,bpz1, z2q “
1

4π2

ż 8

0

ż 8

0

e´pz1ξ1`z2ξ2qF´1
p2qhpξ1, ξ2q dξ1 dξ2.

We can now estimate

ż 8

0

ż 8

0

sup
y1,y2PR

|D1D2ga,bpx1 ` iy1, x2 ` iy2q| dx1 dx2

ď
1

4π2

ż 8

0

ż 8

0

ż 8

0

ż 8

0

sup
y1,y2PR

|e´pz1ξ1`z2ξ2qF´1
p2qhpξ1, ξ2q| dξ1 dξ2 dx1 dx2

“
1

4π2

ż 8

0

ż 8

0

ż 8

0

ż 8

0

e´px1ξ1`z2ξ2q|F´1
p2qhpξ1, ξ2q| dx1 dx2 dξ1 dξ2

“
1

4π2

ż 8

0

ż 8

0

|F´1
p2qhpξ1, ξ2q|

ξ1ξ2

dξ1 dξ2 ă 8,

where the last inequality follows from (7.1.2).
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Finally, since D1gp¨ ` a, z2q, D2gpz1, ¨ ` bq P B1 for any z1, z2 P C`, then by the

equivalence of norms on B2 and the above,

}ga,b}B2 “

ż 8

0

ż 8

0

sup
y1,y2PR

D1D2ga,bpx1 ` iy1, x2 ` iy2q dx1 dx2

`

ż 8

0

sup
z2PC`
y1PR

|D1ga,bpx1 ` iy1, z2q| dx1

`

ż 8

0

sup
z1PC`
y2PR

|D2ga,bpz1, x2 ` iy2q| dx2

ď C sup
z1,z2PC`

´

}D1D2ga,b}H1
ApC

2
`q
` }D1ga,bp¨, z2q}B1 ` }D2ga,bpz1, ¨q}B1

¯

,

for some C ą 0.

Remark 7.1.3. Assuming that Conjecture 7.1.1 holds, Proposition 7.1.2 and Propo-

sition 3.2.2 jointly imply as an immediate corollary that if g P E2
`, then the limit

gp8,8q :“ limRe z1,Re z2Ñ8 gpz1, z2q exists.

Define a norm on E2
` by setting

|||g|||E2
`

:“ |gp8,8q| ` }g}E2
0
, g P E2.

If Conjecture 7.1.1 is true, then we can show that E2
` equipped with the norm |||¨|||E2

`

becomes a Banach space. To see this, let pgnqnPN Ă E2
` be a Cauchy sequence with

respect to ||| ¨ |||E2
`

. Then pgnp8,8qqnPN is convergent in C. Let a ą 0, and fnpz1, z2q :“

gnpa` z1, a` z2q ´ gnp8,8q. By Proposition 7.1.2, pfnq is Cauchy in B2
0, and hence

in H8pC2
`q. Thus the limit fpz1, z2q “ limnÑ8 fnpz1, z2q for every z1, z2 P C`, and f

is holomorphic. Proceeding essentially as in the proof of Proposition 3.2.1, we have

|||f |||E2
`
ď lim infnÑ8 |||fn|||E2

`
, and hence |||f ´ fn|||E2

`
ď supměn |||fm ´ fn|||E2

`
.

7.2 The case of n commuting operators

We have not so far considered the question whether the methods employed in the

present work may be extended to cover the case of n commuting operators, where

n ą 2. We believe that this may not be an entirely straightforward task. When

attempting to construct a functional calculus for n commuting operators along the
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lines of the present work, one faces the challenge of choosing an appropriate class of

functions for which the calculus is to be defined. It is not obvious to us that the

approach we rely on extends readily even to the case n “ 3. Our considerations in

Chapter 3, where we define the class B2, involve establishing a number of results

concerning the limiting functions and equivalences of norms. Those results, however,

seem to us to be rather specific to the two variable case and may not admit immediate

generalisations to functions of more than two variables. The same is true but even

more evident e.g. for Lemma 4.1.1 and Theorem 5.6.1, the proofs of which rely on

estimates specific to our setting.

It is plausible that the situation is analogous to that of von Neumann’s inequality

which states that if T is a contraction on a Hilbert space and p is a polynomial in

one variable with complex coefficients, then

}ppT q} ď sup
|z|ď1

|ppzq|. (7.2.1)

The inequality (7.2.1) is essentially equivalent to the fact that a sectorial operator

A P Sectpπ{2q is m-accretive if and only if A has a bounded H8-calculus on Sπ{2

with constant 1 (cf. [25, Theorem 7.1.7]). Ando [1] proved that (7.2.1) extends to

the case of two commuting contractions, i.e. if S and T are commuting contractions

on a Hilbert space and p is a polynomial in two variables with complex coefficients,

we have

}ppT, Sq} ď sup
|z1|,|z2|ď1

|ppz1, z2q|. (7.2.2)

However, the analogue of this for three commuting contractions is not true in general

(cf. [14] and discussion therein).
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nonlinear partial differential equations, volume 343. Springer Science & Business

Media, 2011.

[4] Charles Batty, Alexander Gomilko, and Yuri Tomilov. A Besov algebra calculus

for generators of operator semigroups and related norm-estimates, Math. Ann.

379 (2021), 23–93.

[5] Charles Batty, Alexander Gomilko, and Yuri Tomilov. The theory of Besov

functional calculus: developments and applications to semigroups, J. Funct. Anal.

281 (2021).

[6] Charles J. K. Batty, Alexander Gomilko, and Yuri Tomilov. Resolvent represen-

tations for functions of sectorial operators, Adv. Math. 308 (2017), 896–940.

[7] Charles J. K. Batty, Markus Haase, and Junaid Mubeen. The holomorphic

functional calculus approach to operator semigroups, Acta Sci. Math. (Szeged)

79 (2013), 289–323.

[8] Charles J. K. Batty, Junaid Mubeen, and Imre Vörös. Bounded H8-calculus for

strip-type operators, Integr. Equ. Oper. Theory 72 (2012), 159–178.

[9] Ralph Philip Boas. Entire functions, Academic Press, New York, 1954.

[10] Krhisto Boyadzhiev and Ralph deLaubenfels. Spectral theorem for unbounded

strongly continuous groups on a Hilbert space, Proc. Amer. Math. Soc. 120

(1994), 127–136.

130



[11] Isabelle Chalendar and Jonathan R. Partington. Multivariable approximate

Carleman-type theorems for complex measures, Ann. Prob. 35(1) (2007), 384–

396.

[12] John B. Conway. A Course in Functional Analysis, Springer-Verlag New York,

1985.

[13] Michael Cowling, Ian Doust, Alan McIntosh, and Atsushi Yagi. Banach space

operators with a bounded H8 functional calculus, J. Aust. Math. Soc., Ser. A 60

(1996), 51–89.

[14] Michael J. Crabb and Alexander M. Davie. Von Neumann’s inequality for Hilbert

space operators, Bull. Lond. Math. Soc. 7 (1975), 49–50.

[15] Edward B. Davies. One-parameter semigroups, Academic Press, 1980.

[16] Edward B. Davies. Linear Operators and Their Spectra, volume 106. Cambridge

University Press, 2007.

[17] Giovanni Dore and Alberto Venni. On the closedness of the sum of two closed

operators, Mathematische Zeitschrift 196 (1987), 189–201.

[18] Charles F. Dunkl and Donald E. Ramirez. Topics in harmonic analysis,

Appleton-Century-Crofts, 1971.

[19] William F. Eberlein. Abstract ergodic theorems and weak almost periodic func-

tions, Trans. Amer. Math. Soc. 67 (1949), 217–240.

[20] Klaus-Jochen Engel and Rainer Nagel. One-parameter semigroups for linear

evolution equations, Graduate Text in Math. 194, Springer, New York, 2000.

[21] Hector O. Fattorini. The Cauchy Problem. Addison-Wesley, 1983.

[22] Alexander Gomilko. On conditions for the generating operator of a uniformly

bounded C0-semigroup of operators, Funct. Anal. Appl. 33 (1999), 294—296.

[23] Alexander Gomilko and Yuri Tomilov. On subordination of holomorphic semi-

groups, Adv. Math. 283 (2015), 155-194.

[24] Markus Haase. Lectures on Functional Calculus, 21st Interna-

tional Internet Seminar, Kiel Univ., 2018; http://www.math.uni-

kiel.de/isem21/en/course/phase1/isem21-lectures-on-functional-calculus.

131



[25] Markus Haase. The Functional Calculus for Sectorial Operators, Oper. Theory

Adv. Appl. 169, Birkhäuser, 2006.
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