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1 Introduction

Feynman integrals are a cornerstone of perturbative computations in Quantum Field Theory,
and so it is important to have a good knowledge of the mathematics underlying them,
including efficient techniques for their computation and a solid understanding of the space
of functions needed to express them. The simplest class of functions that arise in Feynman
integral computations are multiple polylogarithms (MPLs) [1-3] (see also refs. [4-6]). The
success of MPLs in Feynman integral computations can to a large extent be traced back to
the fact that their algebraic properties are well understood (see, e.g., ref. [7]), and there are
several efficient public implementations for their numerical evaluation [8-14]. Moreover,
it is well known that Feynman integrals satisfy systems of coupled first-order differential
equations [15-18], and MPLs are closely connected to the concepts of pure functions [19]
and canonical differential equations [20]. It is fair to say that, whenever one can find a
system of canonical differential equations that can be solved in terms of MPLs, the problem
can be considered solved.

However, it was realised already early on that MPLs do not suffice to express solutions
to higher-loop Feynman diagrams [21-35], though no analytic results in terms of a well-
defined class of functions was available. The situation changed less than a decade ago,
when it was shown that the two-loop sunrise integral can be expressed in terms of so-called
elliptic dilogarithms [36-42]. The elliptic dilogarithm is a special case of elliptic multiple
polylogarithms [43-46], which also play a prominent role in the context of string amplitudes
at one-loop, cf. e.g., refs. [47-49]. Soon after, it was realised that in the equal-mass case the
two-loop sunrise integral can also be expressed as iterated integrals of modular forms [50, 51].
This class of functions is also of interest in pure mathematics [52-56], and it is understood
how to manipulate and evaluate these integrals efficiently [57, 58]. More generally, it was
suggested that modularity is an important feature of Feynman integrals associated to
families of elliptic curves [59].

Despite all this progress in understanding Feynman integrals that do not evaluate to
MPLs, there are still many questions left unanswered, and no general and algorithmic
solution to evaluate and manipulate them is known, contrary to the case of ordinary MPLs.
For example, while the importance of iterated integrals of modular forms is by now well
established, the reason for why modular forms appear in the first place, and if so of which
type, is not completely settled in the literature, and there was even an argument in the
literature as to which congruence subgroup to attach to the two-loop sunrise integral [50, 60].
Also the link between differential equations and the appearance of these functions is not
completely satisfactory (though there are indications that the concepts of pure functions
and canonical forms known from MPLs carry over to Feynman integrals associated to
families of elliptic curves [61-63]). Finally, and probably most importantly, holomorphic
modular forms are not sufficient to cover even the simplest cases of Feynman integrals
depending on one variable. Indeed, it is known that, while in general higher-loop analogues
of the sunrise integral — the so-called [-loop banana integrals — are associated to families
of Calabi-Yau (I — 1)-folds [64-70], the three-loop equal-mass banana integral in D = 2
dimensions can be expressed in terms of the same class of functions as the two-loop equal-



mass sunrise integral [64, 65, 71]. However, if higher terms in the e-expansion in dimensional
regularisation are considered, new classes of iterated integrals are required, which cannot
be expressed in terms of modular forms alone.

The goal of this paper is to describe the (arguably) simplest class of differential equations
beyond MPLs for which the space of solutions can be explicitly described, to all orders in
the e-expansion. The relevance of this class of differential equations for Feynman integrals
stems from the fact that they cover in particular the two- and three-loop equal-mass banana
integrals. Their solution space can be described in terms of iterated integrals of meromorphic
modular forms, introduced and studied by one of us in the context of the full modular group
SLo(Z) [56]. For Feynman integrals, however, modular forms for the full modular group are
insufficient. We extend the results of ref. [56] to arbitrary finite-index subgroups of genus
zero, and we provide in particular a basis for the algebra of iterated integrals they span.
Our construction also naturally provides an identification of the type of modular forms
required, namely those associated to the monodromy group of the associated homogeneous
differential operator. This explains in particular the origin and the type of iterated integrals
of modular forms encountered in Feynman integral computations. As an application of our
formalism, we provide for the first time complete analytic for results for all master integrals
of the three-loop equal-mass banana integrals in dimensional regularisation, including the
higher orders in the e-expansion, and we see the explicit appearance of iterated integrals of
meromorphic modular forms.

The article is organized as follows: in section 2 we review general material on Feynman
integrals and the differential equations they satisfy, and we describe the class of differential
operators that we consider. In section 3 we review modular and quasi-modular forms.
Section 4 presents the main results of this paper, and we consider iterated integrals of
meromorphic modular forms and present the main theorems. In section 5 we calculate the
monodromy groups for the equal-mass two- and three-loop and banana integrals, while
section 6 is devoted to framing the higher-orders in € results for the three-loop banana
integrals in terms of iterated integrals of meromorphic modular forms. We include several
appendices. In appendix A we present a rigorous mathematical proof the main theorem from
section 4, and in appendix B we collect formulas related to the sunrise and banana integrals

2 Differential equations and modular parametrisations

2.1 Feynman integrals and differential equations

The goal of this paper is to study a certain class of Feynman integrals and to characterize
the functions necessary for their evaluation. We work in dimensional regularisation in
d = dp — 2¢ dimensions, where dy is an even integer. The Feynman integrals to be considered
depend on a single dimensionless variable z or — equivalently — two dimensionful scales.

It is well known that using integration-by-parts identities [72, 73], all Feynman integrals
that share the same set of propagators raised to different integer powers can be expressed
as linear combinations of a small set of so-called master integrals. Those master integrals



satisfy a system of first-order linear differential equations of the form [15-18, 20]
0. L(z,¢) = A(x,€)L(z,€) + N(z,€), (2.1)

where Z(z,¢) = (I(z,¢€),0.1(x,¢€),...,0.  I(x,¢€))T is the vector of independent master
integrals depending on the maximal set of propagators in the family. A/ (z,€) is an inho-
mogeneous term stemming from integrals with fewer propagators, which we assume to be
known and expressible to all orders in the dimensional regulator € as a linear combination
with rational functions in z as coefficients of multiple polylogarithms (MPLs), defined by:

dt
t—a1

G(ay,...,an;x) :/ G(ag,...,an;t), (2.2)
0

where the a; are complex constants that are independent of x. The entries of A(x,¢)
are rational functions in x and e. The differential equation (2.1) is equivalent to the

inhomogeneous differential equation:
L (x,€) = N(w,e), (2.3)

' . . . . . . .
where Egz is a differential operator of degree r whose coefficients are rational functions in

x and e.

In order to solve the differential equation (2.1), we first note that it is always possible
to choose the basis of master integrals such that the matrix A(z,¢) is finite as € — 0 (see,
e.g., refs. [74, 75]). In that case we can change the basis of master integrals according to

L(x,e) = Wy(z) T (x,€), (2.4)

where W, (x) is the Wronskian matrix of the homogeneous part of eq. (2.3) at € = 0,

LNu(x) =0, (2.5)
where £ = 5;7:2:0. Let us write
L) =" a;(x)d], (2.6)
j=0

with a;(x) being rational functions and a,(z) = 1. If we denote the solution space of ) by
Sol(£{") = P Cys(a), (2.7)
s=1

then the Wronskian is W,.(z) = (wgp_l)(m))1§p7sgr, where wgp) (x) := OP1s(z). The Wron-
skian is in fact the matrix for a basis of maximal cuts for Z(z,€) [76-79].

After the change of variables in eq. (2.4), the differential equation for J(z,e¢) takes
the form

Op T (x,€) = Wp(z)™! (A(z,€) — Az, 0)) Wy (z) T (2, €) + W, () N (z, €)

- . (2.8)
= eA(z,e) T (z,€) + N(x,€).



This solution to the above system can be written as a path-ordered exponential:
x ~
J(z,e) =P exp [e/ dz’ A2/, e)} J (zo,€) . (2.9)
xo

The path-ordered exponential can easily be expanded into a series in €, and the coefficients
of this expansion involve iterated integrals over one-forms multiplied by polynomials in the
entries of the Wronskian. We see that in our setting where the e-expansion of the differential
operator Eg(crz and the inhomogeneity A (x, €) involve rational functions and MPLs only, the
class of iterated integrals needed to express J(z,¢€) is determined by the solution space of
£(xr) in eq. (2.7). It is an interesting question when these iterated integrals can be expressed
in terms of other classes of special functions studied in the literature. For example, in the
case where A(w, €) is rational in z, these iterated integrals can be evaluated in terms of
MPLs. In general, however, little is known about these iterated integrals.

The main goal of this paper is to discuss a certain class of differential equations where
the resulting iterated integrals can be completely classified and an explicit basis can be
constructed algorithmically. Before we describe this class of differential equations, we need
to review some general material on linear differential equations.

2.2 Linear differential operators and their monodromy group

A point g is called a singular point of eq. (2.5) if one of the coefficient functions a;(z)
in eq. (2.6) has a pole at xzyp. The point at infinity is called singular if after a change of
variables © — 1/y in eq. (2.5) the transformed equation has a pole at y = 0 in one of
the coefficient functions. Points which are not singular are called ordinary points of the
differential equation. A singular point x; is called regular, if the coefficients a,_; have a
pole of at most order j at x;. If all singular points of eq. (2.5) are regular, the equation is
called Fuchsian. In the following we only discuss Fuchsian differential equations, and we
denote the (finite) set of singular points by ¥ := {z¢,...,zq-1} C IP’(IC, and use the notation
X = ]P(lc \ 3. The differential operators obtained from Feynman integrals are expected to
be of Fuchsian type.

For every point g € IF’%: of a Fuchsian differential operator, the Frobenius method can be
used to construct a series representation of r independent local solutions in a neighbourhood
of this point. The starting point is the indicial polynomial of a point, which can be obtained
as follows: the differential equation (2.5) is equivalent to Zg(f)u(x) = 0, where LY has
the form

LY =3 a;(x)0s, 0, =20,, (2.10)
j=0

where the @;(x) are polynomials that are assumed not to have a common zero. Note that the
singular points are precisely the zeroes of a,(z). The indicial polynomial of Eg(cr) at yo =01is
then Py(s) = Y5 @;j(0)s’. The roots s; of Py(s) are called the indicials or local exponents at
0. The indicial polynomial Py, (s) and the local exponents at another point yo can be obtained
by changing variables to y = x —yg (or y = 1/z if yo = 00). The local exponents characterise
the solution space locally close to the point g in the form of convergent power series. More

precisely, if yo € X = PL \ ¥ is a regular point, then P, (s) has degree 7, and so there are



precisely r local exponents si,. .., s, (counted with multiplicity). Correspondingly, there are

r linearly independent power series solutions ¢;(yo; x), ¢ € {1,...,r}, to eq. (2.5) of the form
Gi(yo;x) = Y cin(x —y0)* ", cio=1. (2.11)
n>0

Note that this representation holds for yg # oo; if yo = 0o, the expansion parameter is 1/x.

If yg € ¥ is a singular point, the degree of the indicial polynomial is less than r, and so
there are less than r local exponents (even when counted with multiplicity) and thus less
than r local solutions of the form (2.11). Without loss of generality we assume yg = z¢ € X.
The missing solutions generically exhibit a logarithmic behaviour as one approaches xg. In
particular, in the case of a single local exponent s1, there is a single power series solution,
and a tower of (r — 1) logarithmic solutions (we only consider the case xg # 00)

di(xo; ) = (x — x0)™ ki:l (k—ll)' log" Y& — 20) op(20; ), (2.12)

where the o (zo; z) are holomorphic at = xy. A singular point with such a hierarchical
logarithmic structure of solutions with s; an integer is called a point of mazimal unipotent
monodromy (MUM-point).

The power series obtained from the Frobenius method have finite radius of convergence:
the solutions ¢(yo; x) := (¢i(yo; z))1<i<r converge in a disc whose radius is the distance
to the nearest singular point. It is possible to analytically continue the basis of solutions
#(yo; ) to all points in X. We can cover P{ by a finite set of open discs D,, centered at
yr € PL such that ¢(yx; ) converges inside D,,. Since the solutions ¢(y; x) and ¢(yi; x)
have to agree for each value of = in the overlapping region D,, N D,,, one can find a matching
matrix from the following equation:

br(yr; ) or (Y15 )
d(yr; v) = = Ryk,yz¢(yl5 T) = Ry, :

: (2.13)
é1(yx; x) b1 (y; )

Note that the matching matrix Ry, ,, must be constant. Practically, it can be found by
numerically evaluating each component of the above equation for several numerical points
in the overlapping region. This allows one to determine the matching matrices at least
numerically to high precision by taking enough orders in the expansion. In some cases, one
may even be able to determine its entries analytically by solving for them in an ansatz
for the matrix R,, ,,. A precise numerical evaluation allows one to identify corresponding
analytic expressions in many situations.

The monodromy group. The Frobenius method allows one to construct a basis of
solutions locally for each point gy € IF’(}:. The local solutions can be analytically continued
to a global basis of solutions defined for all z € X. We can also take a point x € X and a
closed loop 7 starting and ending at x and analytically continue the solution ¢(yo; ) along
~. Clearly, if v does not encircle any singular point, Cauchy’s theorem implies that the



value of ¢(yo; ) must be the same before and after analytic continuation. One can now ask
the question how the vector of solutions ¢(yo; x) is altered if transported along the small
loop 7y encircling a singular point x. Let us denote by ¢ (yo; ) the value of ¢(yo; ) after
analytic continuation along 7. Since ¢ (yo; x) must still satisfy the differential equation
even after analytic continuation, it must be expressible in the original basis ¢(yo;x), and so
there must be a constant r x r matrix py,(y) — called the monodromy matriz — such that

¢6(Yoi ) = pyo (V)P (Yo; ) - (2.14)

The subindex on p denotes the local basis in which the monodromy is expressed. Changing
the local basis from yg to y; amounts to conjugating the monodromy matrix by the matching
matrix from eq. (2.13):

Pyo (V) = Ryoy1 Py (’Y)Rz;)l,yl : (2.15)

Let us now explain how we can find the monodromy matrix for a collection of loops v,
encircling the singular points z; in the counter-clockwise direction, but no other singular
points (see figure 1). We focus for now on the singular point xy. We can fix a reference
point s € Dy, and we can also choose the loop 7, to lie entirely inside D,,. The effect
of the analytic continuation on @(xo; Zyef) is easy to describe. Indeed, consider for example
the local solution in eq. (2.12). Since oy (xo;x) is holomorphic at zg, its value does not
change when it is analytically continued along ~;,. So, only the logarithms log(z — o) and
the non-integer powers (x — z¢)*! are affected. Hence, we find

Gi,o5 (203 Tref) =

1 (2.16)

7
= 2T (g6 — 20) Z m [log(zref — o) + 27ri]k—1
k=1 '

O'kz(x(]; -rref) .

In this way, we can work out the entries of the local monodromy matrices py,(7z,) for each
singular point xg.

For a singular point z;, # o, we can decompose the loop v,, based at z.f € Dy, into a
segment from zf to a new reference point Zyef € Dy, , followed by a loop 7,, based at Tef
around xj, and lying entirely inside Dy, , and finally we add the segment from Zyct to Zyef in
the opposite direction. Correspondingly, we can then express the monodromy matrix as

Pzo(Var) = Rag zy, Py (:Y:Ck>R;01,xk ) (2.17)

and the local monodromy matrix p,, (9z,) can be determined as described previously.

Following this procedure, we can associate a monodromy matrix to every singular point

1

xx € Y. The set of global monodromy matrices around all singularities but one* expressed

in the basis of the reference neighbourhood will then generate the monodromy group.

'The reason for the monodromy group being generated by one generator less than the number of poles is
the following: a loop enclosing no singularity will lead to a trivial monodromy, which is represented as unit
matrix. Accordingly, the appropriately ordered product of monodromy matrices with respect to all poles
should yield the unit matrix, as the corresponding contour can be deformed into the trivial loop.



Figure 1. Paths for the analytic continuation and the calculation of the monodromies for a
differential operator with g regular singular poles, one of which at zero and one at infinity. The
(blue) reference point s has been conveniently chosen in the (green) disc Dy, around zy = 0.

)

Mathematical interpretation. The differential operator £¢(CT determines a rank-r vector
bundle over X = P<1c \ 3, i.e., for each x € X the fiber V,, over x is an r-dimensional complex
vector space, and the solution ¢(yo; ) is a basis of V,, (because the solutions are linearly
independent if = is not a singular point).

Let v in X be a closed loop based at € X. The analytic continuation of ¢(yo; z) along
~v does not depend on the details of the path. More precisely, the result of the analytic
continuation depends on the homotopy class of v in X only. Accordingly, it is sufficient to
consider the fundamental group 71 (X, z). If we fix the basis of solutions ¢(yo; ), analytic

continuation provides a group homomorphism:
s (X, x) — GL(V;) ~ GL,.(C
i M(X,) = GL(Va) = GL, () o1
v Py (Y) -

In other words, we can interpret analytic continuation as a representation of the fundamental
group of X of loops based at = in the fiber V, called the monodromy representation. The



monodromy group is then the image of 71(X,z) in GL,(C) under p,. In the case of the
punctured Riemann sphere X = ]P’(lc \ {zo,...,2q—1} the structure of the fundamental group
is easy to describe: it is the free group generated by the loops v,,, 0 < k < ¢ — 1. Hence,
we see that the monodromy group is generated by the matrices py,(7z,) with 0 <k < ¢ —1,
which are precisely the matrices we have constructed earlier in this section.

2.3 A class of differential equations allowing for a modular parametrisation

After the general review in the previous subsection, we are now going to describe the class
of differential equations we want to discuss in the remainder of this paper. Our starting
point is a differential equation of the form (2.3) satisfying the assumptions from section 2.1,
that is, to all orders in the e-expansion 55;72 and N(z,¢€) only involve rational functions and
MPLs. Here, we would like to make the following additional assumptions:

(r)

1. The operator L (2)

is the (r — 1)th symmetric power of a degree-two operator L.
That is, if the solution space of EQ is

Sol(£P)) = Copy(z) ® Cipo(x) (2.19)
then the solution space of £, reads

Sol(LM) = P  Cuola) (). (2.20)

a+b=r—1

2. We make the following assumptions about E§3). First, we assume that all singular

)

divergent solutions at x = x¢ by 11 (z) and 1s(z) respectively. Second, its monodromy

points of E&Q are MUM-points. We denote the holomorphic and logarithmically-
group, which we will call 'y in the following, is conjugate to a subgroup of SLy(Z) of
finite index, i.e., there exists v € SLa(C) such that y['oy~*
finite index.

is a subgroup of SLa(Z) of

Note that these assumptions imply that the determinant of the Wronskian matrix,

D) i=det (10 20 . wh(@) = Duthula), (2.21)

is a rational function of x. While it may seem that these assumptions are rather restrictive,
differential equations of this type cover several cases of interesting Feynman integrals. For
example, they cover the case of (several) Feynman integrals associated to one-parameter
families of elliptic curves (n = 2) and K3 surfaces [80] (n = 3) where the subtopologies can be
expressed in terms of MPLs without additional non-rationalisable square roots. This includes
in particular the case of the equal-mass two- and three-loop banana integrals, which are going
to be discussed explicitly in section 6. From a mathematical point of view, a prominent class
of examples are the Picard-Fuchs equations for the periods of elliptic curves. For example,
in the case of the Legendre family y? = x(x —1)(x — \), for A € C\ {0, 1}, the corresponding
monodromy group is the principal congruence subgroup I'(2) C SL2(Z) of matrices which
are congruent to the identity matrix modulo 2. In the remainder of this section, we present
a characterisation of the space of functions that is needed to express the result.



The modular parametrisation for f,gf). Let us first discuss the structure of the
solution space Sol(ljg)). We assume that zp = 0 is a MUM-point, and 91 (z) = ¢1(0; z) is
holomorphic at = 0, while () = ¢2(0; z) is logarithmically divergent. We define

o Yo () . p2miT
T = (@)’ = . (2.22)

We can always choose a basis of Sol(fg)) such that 7 > 0 for z € X = PL\ X, and so
T€H:={r€C:37 >0} We see that the change of variable from z to ¢ is holomorphic
at = 0. It can be inverted (at least locally, as a power series) to express z in terms of q.
This series will converge for |g| < 1, or equivalently, for all 7 € §. It may, however, diverge
whenever x approaches a singular point of the differential equation.

Let us analyse how the monodromy group I's acts in the variable 7. Consider v €
71 (X, x). We know that if we analytically continue v (x) = (o(x),%1(z))T along v, then
the solution changes to ¥ (z) = po(7)¥(z) = (24) ¥(x), for some (24) € 'y C SLy(Z). It
is then easy to see that the monodromy group acts on 7 via Mobius transformations:

ar +b
=T
ct +d v

Ty =

(2.23)

Clearly, x should not change under analytic continuation (because x is a rational function,
and thus free of branch cuts), and so x(7) must be invariant under the action of the
monodromy group:

at +0b a
x(CT+d) =ux(r), forall (24)eTy. (2.24)
A (meromorphic) function from $ to C that satisfies eq. (2.24) is called a modular function for

I'y. If we define hy(7) := ¢1(z(7)), then h; changes under analytic continuation according to:

(aT—f—b
! ct +d

) = mr)s = ta(ar))
= co(x(7)) + do1(xz(7)) = (e7 + d) ha (7).

(2.25)

A holomorphic function from $H* := $H U IP’}Q to C that satisfies eq. (2.25) is called a modular
form of weight 1 for T’y (see section 3.1). We see that whenever I'y C SLy(Z), the differential
equation [ﬁému(:c) = 0 admits a modular parametrisation, by which we mean that there is
a modular function z(7) and a modular form h;(7) of weight 1 for I'y such that

Sol(£?)) = hy(7)(C@® Cr) . (2.26)

Mathematical interpretation. The solutions of Z§E) define multivalued holomorphic
functions on X. We can ask the question: on which surface these functions are single-valued
holomorphic functions? This can be realised when expressing the solutions in the new
variable 7 € $). The monodromy group I'y C GL2(C) associated to the differential operator
acts on ) via Mobius transformations. We can identify the space on which 1 (z(7)) = hi(7)
is holomorphic and single-valued with $). Let us mention, however, that the action of I's on
$ factors through its projection I'y on PGL2(C), where we have identified matrices that only



differ by a non-zero multiplicative constant. Indeed, it is easy to see that (294) € GLy(C)
and A (¢%) € GLy(C) lead to the same Mébius transformation in eq. (2.23), for all A € C*.
The action on hy(7), however, may be sensitive to .

Different points 7 in $ correspond to the same value of x in our original space X, and
the points that are identified are precisely those related by the action of the monodromy
group I's. It is thus natural to consider the space Yr, = I'2\$. The function x(7) defines a
holomorphic map from § to X, and it is a bijection between Y1, and X. The punctured
Riemann sphere can be compactified to X ~ P(lc by adding the singularities. Similarly, we
can compactify Y, to the space X, = I'2\H*, with H* := H U I% the extended upper
half-plane. The pre-images of the singular points at the orbits FQ\P}@ are called the cusps
of X7, (see section 3.1).

Let us finish this interlude by mentioning that X, and Yr, are not manifolds, but
orbifolds. Loosely speaking, an n-dimensional manifold is a topological space that locally
‘looks like” R™. Similarly, an n-dimensional orbifold locally looks like a quotient I'y\R™.
This has a bearing on how we choose coordinates on Xr, and Yr,. Indeed, the chosen
coordinate in a neighbourhood of 7 € $* will depend on whether 7 has a non-trivial
stabilizer (I'g); = {y € I'9 : v- 7 = 7}. We will discuss this in more detail in section 3.1.

The modular parametrisation for L:g). Since the solution spaces of [.éz) and ng) are
(2)

related, it is not surprising that all the symmetric powers of £y will also admit a modular

prarametrisation. If we define 7 again by eq. (2.22), we have
r—1
Sol(£{") = hi(r)" ™t @ Cre. (2.27)
s=0

Since the elements of Sol(ﬁgcr)) are the maximal cuts of the Feynman integral /(z,0) in
d = dy dimensions, we see that the maximal cuts are linear combinations of a modular form
of weight r — 1 for 'y, multiplied by additional powers of 7. More generally, hq(7)" ! is
also a modular form of weight 7 — 1 for the monodromy group of £;’. The maximal cuts of
the other master integrals are obtained by differentiation. Using

0= g0 D(r) = Dlalr)), (228)
we see that the maximal cuts of the other master integrals also involve the derivatives
of hi(7) (with respect to 7). As we will see in the next section, the latter are no longer
modular forms, but they give rise to so-called quasi-modular forms.

Let us now return to the original inhomogeneous differential equation. To solve this
equation in terms iterated integrals, we can turn it into a first-order inhomogeneous system
for the vector Z(x,¢) and proceed similar to section 2.1. The entries of the Wronskian

matrix of £ can be expressed in terms of ¢ (x) and 9 (x):

Wi (z)ij = (2.29)

N e Y I » | |
) ( - i) = ( o 1) (j ; 1)% (@) R ) R @) @)
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with determinant

r—1 '
det W, () = D(a) D2 ] % (2.30)
k=1

Note that W, (x) is rational whenever D(x) is. The iterated integrals that arise from
expanding the path-ordered exponential in eq. (2.9) will involve differential one-forms of
the form

dzx R(z) ¢1()* ¢o(a) 4 (2)7 ¢ (2)’ (2.31)
where R(z) is a rational function and «, 5, 7, 0 are positive integers. For applications, one
is often interested in knowing a basis of special functions and associated differential forms by
integration of which all the iterated integrals can be built. In the case a = =v=0 =0,
the answer to this question is well known, and the corresponding basis of special functions
are the multiple polylogarithms in eq. (2.2). In the case where at least one of the exponents
is non-zero, we can change variables to 7. The Jacobian is (cf. eq. (2.28))
_ ha(r)?
~ D(r)

Since D(x) is a rational function, we can eliminate ¢ (z). We can also eliminate 12 (x) in

dx

dr. (2.32)

favour of 1 (x) and 7. Hence, it is sufficient to consider differential forms of the form

dr R(z(7)) ha(7)™ Wy (7)° 7P, (2.33)
where m, s,p € Z, with s, p positive. We can write
1 T T1 Tp—1
P / dry dro - - / dry (2.34)
p! 100 100 100

where the divergence at 00 is regulated by interpreting the lower integration boundary as a
tangential base-point [53]. It is therefore sufficient to consider differential forms with p = 0.
One of the main tasks of the remainder of this paper is to answer this question for the class
of iterated integrals in eq. (2.31). More precisely, we will give a constructive proof of the
following result.

Theorem 1. With assumptions and notations as in section 2.3, at every order in ¢, the
solution of the differential equation (2.3) can be written as a C-linear combination of iterated
integrals of meromorphic modular forms for the monodromy group I's.

We will give a constructive proof of theorem 1 in section 4. In addition, in section 4 we
will completely classify the relevant iterated integrals and give an explicit basis.

3 Review of (quasi-)modular forms and their iterated integrals

The previous section has shown that there are certain classes of Feynman integrals whose
differential equations admit a modular parametrisation. This is to say that their maximal
cuts in D = dj dimensions are linear combinations of derivatives of modular forms multiplied
by powers of 7, and the higher orders in € of the maximal cuts and the full uncut integral
can be expressed in terms of iterated integrals of such functions. The aim of this section is to
briefly review the theory of holomorphic modular forms and their iterated integrals. In the
next section we will extend this to include iterated integrals of meromorphic modular forms.

- 11 -



3.1 The modular group SL2(Z) and its subgroups

We start by reviewing some general facts about (certain) subgroups of the modular group
SLy(Z). For a review, see ref. [81], and references therein. Let I' denote a subgroup of
SL2(Z) of finite index, i.e., the quotient I'\SLy(Z) is finite (which means, intuitively, the we
can cover SLa(Z) by a finite number of copies of I'). In the following we denote the index
of I in SLy(Z) by

[SL2(Z) : T'] = |[T'\SL2(Z)| < oo (3.1)

An important example of finite-index subgroups are the congruence subgroups of level N,
with N a positive integer, defined as those subgroups I' that contain the principal congruence
subgroups I'(N) = {(2%) € SLa(Z) : (2%) = ({9) mod N}. An important example of
congruence subgroup are the groups

Iy (N) = {(¢§) €SLa(Z) = (¢§) = (§7) mod N} (3.2)

In the following we will keep the discussion general, and we do not restrict ourselves to
congruence subgroups, unless specified otherwise.

The modular group and its subgroups naturally act on the extended upper half-plane
H*"=HU IP’(b by Mo6bius transformations via

ar +b

= — (ab
veT p—_ v=(2%) € SLy(Z). (3.3)

I' acts separately on $ and IP)}@, and decomposes IP’}@ into disjoint orbits, called cusps of I':?
Sp:=T\Pg. (3.4)

The number of cusps of I" is always finite and we denote it by €5 (I') := #St < co. The
stabilizer of a cusp s € ]P’(b is generated by an element of the form £7" = £ (}#), for
some integer h called the width of the cusp. In case the stabilizer of the cusp s contains
an element —T" € T, the cusp is called irregular, otherwise it is reqular. The numbers of
regular and irregular cusps are denoted by €,.(I") and ¢;(T") respectively. Note that for every
cusp s € Q there exists a v € SLa(Z) such that v - s = ico.

A point T € 9 is called an elliptic point for I' if T has a non trivial stabilizer group in I':

I.={yel:v-7=1}. (3.5)

One can show that I'; is always a finite-cyclic group. If I'; is cyclic of order n, then 7 is
called an elliptic point of order n. SLy(Z) = I'(1) has exactly two elliptic points, i and
p = e2™/3 in its fundamental domain Dy UDsy U D3, with

1
D1:2{765:|T|>1and|3‘h’|<2},
1
Dy = {Teﬁ:]7\>land 5}%7:—2}, (3.6)

1
Dg:—{reﬁ:]ﬂ—land—2<§RT§O}.

2By abuse of language, one also often calls the elements of P'(Q) cusps.
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They are of order two and three respectively,
U, ~7/2Z and T,~7Z/3Z,  p:=e*™/3. (3.7)

Every elliptic point is SLy(Z)-equivalent to either i or p := €2™/3. The number of elliptic
points of order two or three of I' will be denoted by e2(I') and e3(I"). The principal
congruence subgroups I'(N) have no elliptic points for N > 1. The subgroups I'; (V) have
no elliptic points for N > 3, while I';(3) has no elliptic points of order two and I'1(2) has
no elliptic points of order three.

3.2 Modular curves

The space of orbits X1 := I'\$)* can be equipped with the structure of a compact Riemann
surface, called the modular curve for I'. The genus of I' is defined as the genus of Xr and is
related to the number of cusp and elliptic points of I':

82(F) _ 63(F) _ EOO(F)
4 3 2

_ [SLa@){£1)1]
12

g=1+dr—

(3.8)
where we introduced the shorthand dr : 3 In the remainder of this paper we
are only concerned with the case where I' has genus zero. It is known that 'y () and I'(NV)
have genus zero for N < 12 and N < 5 respectively. In particular, the group I'i(6) relevant
to the equal-mass sunrise and banana graphs has genus zero. A complete list of all genus
zero subgroups can be found in refs. [82, 83].

In the following it will be important to know how we can define local coordinate charts
on the Riemann surface Xp. We recall that Xt is an orbifold, and the points of X are
equivalence classes [7] = {v-7:7 € T'}. Let P = [r9] € Xp. To define a local coordinate z
such that z(P) = 0 in a neighbourhood of P, we need to distinguish three cases:

o If 79 is an elliptic point of order h, a local coordinate is defined by z = (7 — 7).

e If 79 is a cusp of width A, such that v - 79 = ioco, a local coordinate is defined by
z = 2O/ with b = h if 7 is a regular cusp, and k' = 2h otherwise.

e If 79 is neither a cusp nor an elliptic point, z = 7 — 7y is a good local coordinate.

The field of meromorphic functions of Xt is isomorphic to the field My(T") of modular
functions, i.e., meromorphic functions f : $* — C that satisfy

F(EE) =1, v@her. (3.9)
For every meromorphic function, we denote by vp(f) € Z the order of vanishing at P,
ie., vp(f) > 0 (< 0) if f has a zero (pole) of order |vp(f)| at P. If z denotes the local
coordinate introduced above, we have f(7) = A 2*P() 4 O(z»P(N+1) with A # 0.

If Xt has genus zero, the field of meromorphic functions on Xt has a single generator,
Myp(T') >~ C(&), for some & € M(T") called a Hauptmodul. Every modular function is a

3Geometrically, the quantity 12dr is the degree of the branched cover Xp — XsL,(z)-
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rational function in the Hauptmodul &. If h is the width of the infinite cusp, then we can
choose the Hauptmodul to have the g-expansion [82]

) =g "+ > ang™, g=e. (3.10)
n>0

In the following we always assume that such a Hauptmodul ¢ has been fixed.

3.3 Review of (quasi-)modular forms
3.3.1 Meromorphic modular forms

Let k be an integer, I' C SLy(Z). We define the action of weight k& of I' on a function
f:9*—=Chby
fol(r) = (et +d) " f(y-7),  y=(a}) €. (3.11)

A weakly modular form of weight k for I' is a function that is invariant under this I'-action,

fHe(m) =f(r),  Vyerl. (3.12)

A meromorphic modular form of weight k for I' is a weakly modular form f of weight k for
I' that is meromorphic on $) and at every cusp, i.e., it admits a g-expansion of the form

k() =" ang™, Yy =(2%) € SLy(2), (3.13)

n>ng

where h is the width of the cusp 2. We denote the C-vector space of meromorphic modular
forms of weight k for I" by M (T'), and we write M(T") := @), M (I'). In particular, Mo(T")
is the field of modular functions for I' (see eq. (3.9)). Holomorphic modular forms are
defined in an analogous manner. The C-vector space of holomorphic modular forms of
weight k for I' is denoted by My (I'), and we define M (I") := @, My(I"). Note that M (T")
is always finite-dimensional, and dim¢ My (I") = 0 for £ < 0. In the following we refer to
holomorphic modular forms simply as modular forms.

A (meromorphic) cusp form is a (meromorphic) modular form for which ag = 0 for
every cusp. We denote the vector space of (meromorphic) cusp forms of weight k& by Si(I")
(Sk(I')). The space of cusp forms S (I") is an ideal in My (I"). The quotient is the space of
Eisenstein series Ei(I'), and there is a direct sum decomposition

My(T) = E(T') & Si(T). (3.14)

3.3.2 Meromorphic quasi-modular forms

In general, the derivative of a (meromorphic) modular form is no longer a modular form,
but we need to introduce a more general class of functions. A meromorphic quasi-modular
form of weight k and depth p for T" is a function f : $* — C that is meromorphic on $ and
at the cusps, and it transforms according to

=S rm () y—(avyer, 3.15
I =210 () - v= (ke (3.15)

— 14 —



where the fo, ..., f, are meromorphic functions, with f, # 0. Note that eq. (3.15) for v = id
implies that fy = f. The C-vector space of meromorphic quasi-modular forms of weight
k and depth at most p is denoted by QM,%‘D (I"). Quasi-modular forms of depth zero are
precisely the modular forms. Holomorphic quasi-modular forms are defined in an analogous
way, and the corresponding (finite-dimensional) vector space is denoted by QM kgp (T"). Note
that dimg QMEP(F) =0 for £ <0 and 2p > k. We also use the notations

QMy(T) == | QM"(I') and QM () := P QM,(T). (3.16)

p=>0 k

The vector spaces QM (I') and QM(I") are defined in a similar fashion.

The algebra of all (meromorphic) quasi-modular forms is closed under differentiation.
We use the notation ¢ := 2%”.87 = q0,. If f is a quasi-modular form of weight k£ and depth
at most p, then Jf has weight k 4+ 2 and depth at most p + 1.

The Eisenstein series Ga2(7) of weight two is the prime example of a quasi-modular
form of depth 1. The Eisenstein series are defined as?

1

Gor(1) = S (3.17)
(mayezn o) T+
For k # 1, Gax(7) is a modular form of weight 2k for SLo(Z). For k = 1, we have
1 c
_ 201 () — L 1
Gala(r) = (er + )2l - 7) = Galr) — s (3.18)

for every v = (¢%) € SLy(Z). Hence G(7) defines a (holomorphic) quasi-modular form
of weight 2 and depth 1 for SLy(Z). In fact, one can show that every meromorphic
quasi-modular form of depth p can be written as a polynomial of degree p in Ga(7):

OM(T) = M(I)[Ga(T)] . (3.19)

3.4 Iterated integrals of holomorphic quasi-modular forms

The previous discussion makes it clear that the functions f(7) := R(x(7)) h1 (7)™ Rl (7)® in
eq. (2.33) (with p = 0) are a meromorphic quasi-modular forms of weight m + 3s and depth
at most s. Hence, we see that the iterated integrals encountered at the end of section 2 are
iterated integrals of meromorphic quasi-modular forms for the monodromy group I's. In
the remainder of this section we give a short review of iterated integrals of holomorphic
quasi-modular forms, following refs. [52, 53]. In the next section we present the extension
to the meromorphic case.

4For k = 1 the series is not absolutely convergent. Here we assume the standard summation convention
for G2(1), cf., e.g., ref. [81].
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Let hi,...,hx be meromorphic quasi-modular forms for I' C SLy(Z) We define their
iterated integral by [52, 53]

T T1 T2 Tk—1
I(h,. .. ) ;:/ dnhl(ﬁ)/ drth(Tg)/ / dry b () (3.20)

At this point we have to mention that this definition requires a regularisation of the
divergence at 7 = 100, already in the holomorphic case (at least for Eisenstein series). For
the holomorphic case we follow ref. [53], and interpret the lower integration boundary as a
tangential base point. In the meromorphic case, the regularisation requires the use of tools
from renormalisation theory, see ref. [56]. We refer to refs. [53, 56] for a detailed discussion.

The iterated integrals in eq. (3.20) are not necessarily independent, even if the hq,. .., hg
are linearly independent in QM(I"). Rather, we have to identify a set of quasi-modular
forms that are linearly independent up to total derivatives, i.e., modulo §QM(I") (see also
the discussion in section 4.1). Said differently, we need to know which quasi-modular forms
can be expressed as derivatives of (quasi-)modular forms. This question can be answered
completely in the holomorphic case. Writing QM(T') := U,>0 QMEP(F), we have the
decomposition [84, 85]

C, k=0,
M(T), k=1,
MQ(F)@(CGQ(T), k=2,
Mk(l“) @5@Mk_2(r), k> 3.

QM;(T') = (3.21)

Note that the sums are direct, i.e., every holomorphic quasi-modular form of weight k > 2
can be written modulo derivatives as a holomorphic modular form, and this decomposition
is unique. The decomposition can be performed in an algorithmic way, cf. ref. [85]. In
other words, modulo derivatives, QM (I") is generated as a vector space by M (I") and
G4(7). Consequently, in the holomorphic case it is sufficient to consider iterated integrals
of modular forms and Ga(7) [54]. The equivalent of the decomposition in eq. (3.21) in the
meromorphic case for general subgroups I' is currently still unknown, and results are only
available for weakly holomorphic modular forms (i.e., with poles at most at the cusps) [86]
and for meromorphic quasi-modular forms for the whole modular group, I' = SLa(Z) [56].
One of the main results of this paper is the generalisation of eq. (3.21) and the results of
ref. [56] to arbitrary subgroups of genus zero.

4 Iterated integrals of meromorphic modular forms

4.1 A decomposition theorem for meromorphic quasi-modular forms

In this section we state and prove the generalisation of eq. (3.21) for all genus-zero subgroups.
The special case I' = SLy(Z) was proved by one of us in ref. [56], and the proof presented
here is a generalisation of that proof. Before we state the main theorem in this section, we
need to introduce some notation. Let R C Xr \ St be a finite set of points which are not
cusps, and let sy € St be a cusp of X, and Ry, := RU{so} and Rg := RU Sp. We define
M (T, Rs,) to be the sub-vector space of My (I") consisting of all meromorphic modular
forms of weight k for I" with poles at most at points in Ry,.
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Definition 1. Define M(T, R,,) to be the subset of those f € My(T, Ry,) which satisfy:
1. vp(f) > %, for all P € R;
2. vs(f) >0, for all s € Sp\ {so};
3. |vso(f)] > —dim S(T).

In the previous definition |x| is the floor function, i.e., the largest integer less or equal than
x eR.

Theorem 2. Let I' C SLy(Z) have genus zero, R, as defined above. We have a decompo-
sition

dOMy_o(T, Rs) ® My(T, Rg), for k < 2,

I'Rs) = M
) {agMH@,Rs)@MQk<F,Rs>G§—1@Mk<RRso>7 for > 2,

It is instructive to consider examples of the decomposition asserted in theorem 2. In

the case where I' = SLy(Z), it is easy to construct such examples using the normalized
2k—1_n

—1— 4k n q

+—. For example, we have

Eisenstein series Eo(T) B Y

Eg) (Eg E6’ 2 ( 2) 4

These identities can be proved using well-known identities due to Ramanujan for the
derivatives of the Eisenstein series Fo, Ey4, Fg.

The proof of theorem 2 is presented in appendix A. Theorem 2 generalises the result
of ref. [56] to arbitrary subgroups of genus zero. In section 4.2 we sketch the proof for a
subset of subgroups of genus zero, the so-called neat subgroups (see definition 2). The proof
of section 4.2 is constructive, and allows one to perform the decomposition in theorem 2
explicitly for neat subgroups. We expect that this case covers most of the applications to
Feynman integrals. Before we discuss the proof for neat subgroups, however, we review
some consequences of theorem 2.

Proof of theorem 1. We now show that the decomposition in theorem 2 immediately
leads to a proof of theorem 1. We have already argued that the class of differential equations
considered in section 2.3 leads to iterated integrals involving the one-forms in eq. (2.33) with
p = 0, and the functions f(7) := R(z(7)) h1 (7)™ b} (7)*® are quasi-modular forms of weight
k := 3s + m and depth at most s for the monodromy group I's. Let f have poles at most
at the cusps and at some finite set of points R C 9, i.e., f € QM]?S(FQ, Rg). Theorem 2
then implies that, for some fixed choice of cusp sg € Sr,:

o If k <2, thereis h € My(I'2, Rg) and g € QMj,_o(I'2, Rg) such that f = h + dg.

o If k > 2, there are modular forms h € ka(Fg,Rso), h € Ms_(I'2, Rg) and a
quasi-modular form g € QM;,_5(I'2, Rg) such that f = h+ hGg_l + dg.
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The derivatives dg can be trivially integrated away, and we see that we only need to consider
the meromorphic modular form h or the quasi-modular form hGg_l, the latter being
characterised by the fact that it has the maximally allowed depth, s = k — 1. In order to
show that theorem 1 holds, we need to show that these quasi-modular forms with maximally
allowed depth s = k — 1 do not arise from our class of differential equations. To see this, we
start from eq. (2.31) with «, 3, 7, § positive integers, and we change variables from z to 7,
and we trace the powers of GGo that are produced along the way. The Jacobian is given in
eq. (2.32). Moreover, we use eq. (2.28) to obtain

() = B()2ur = () 3T (1)

and
Yo(x)y(z) + D(x) _ D(r)
Y1(z) hi(7)

Since hj is a modular form of weight 1, A} is a quasi-modular form of weight 3 and depth
at most 1, i.e., there are A; € M;(T's) and A3 € M3(T'3) such that b} = A; G2 + As. This
gives:

vh(x) =

5 (T RY(T) + ha (7)) . (4.2)

i 1 (2% 2 ()P Y () G (2)° =
=dr 'D(T)'YJ“S*Q hy (7_)2+a+572'yf26 B (Al Gy + Ag)’y
X (T A(7) Ga(7) + 7 A3(7) + I (7))’

— dTD(T)'YJ”;*Q hl (T)2+a+ﬁf2'yf26 7_6 (4'3)
XD 2 ( ) ( )Al(f)”” G ()P 79 Ag(1)7P (7 A3(7) + ha(7))° 77
p=0q=0 \P/ \4
The term with the highest power of Gy is:
dr D(7)" 072 by (7)2TOFF=2720 28 A (7)7H0 Gy ()70 70 (4.4)

It has depth s = v+ ¢ and weight k =a+8+v+d+2=a+ S+ s+ 2. Since o and
[ are positive integers, we have k > s+ 2 > s+ 1, and so we never reach the maximally
allowed depth s = k — 1.

To finish the proof of theorem 1, we need to comment on the inhomogeneous term
N(z,€) in eq. (2.3). By assumption, the e-expansion of N(z,€) involves at every order only
sums of rational functions of x multiplied by MPLs of the form G(ay,...,a,;z), with a;
independent of z. It is easy to see that MPLs of this form can always be written as iterated
integrals of modular forms for I's, because

dv hi(7)?dr
r—a; D(7)(x(r) —x(ry))

, with z(r) =a;. (4.5)

This finishes the proof of theorem 1.
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Linear independence for iterated integrals. We have seen how theorem 2 leads to
a proof of theorem 1, which characterises the iterated integrals that arise as solutions to a
certain class of differential equations. In applications one is usually also interested in having
a minimal set of iterated integrals, i.e., a basis of linearly-independent iterated integrals.
We now show how theorem 2 yields the desired linear independence result. The crucial
mathematical ingredient is a linear independence criterion for iterated integrals, which is
very general and not at all limited to meromorphic modular forms. We first describe this
criterion in a special case which, while being far from the most general possible statement, is
sufficiently general to exhibit all essential features of the general case (for details, see ref. [87]).

Suppose that F = {f;}ics is a family of meromorphic functions on the upper half-plane,
and let K be a differential subfield of the field of meromorphic functions on $, which
contains all f;. Here, ‘differential subfield’ means that K is a subfield which is closed under
differentiation of meromorphic functions. The following theorem is a variant of a classical
result due to Chen, [88, theorem 4.2].

Theorem 3 ([87, theorem 2.1]). The following assertions are equivalent.

(i) The family of all iterated integrals (viewed as functions of 7) of the form

Jan g [ an ) [ e g (),
for all n > 0 and all f; € F, is K-linearly independent.
(ii) The family F is C-linearly independent and we have
0, () N Spang F = {0},

where Spang F denotes the vector space of all C-linear combinations of functions in
F.

Let us apply this theorem to our setting. Here K := M(T'2, Rg)(G2) is the field
of fractions of QM(I'9, Rg), i.e., the field whose elements are ratios of quasi-modular
forms, or equivalently ratios of polynomials in Go with coefficients that are meromorphic
modular forms. K is a differential subfield, because quasi-modular forms are closed under
differentiation. Clearly, we have QM (I'2, Rg) C K. For F we choose

F=JF, (4.6)
keZ

with Fy, := {fl(k), . ,f,S,’j)} a C-linearly independent set of modular forms from My(T'2, Rg)
for k < 2 and from My(Ts, Ry,) for k > 2 and some fixed choice of cusp s € Sp, (see
section 4.2 how to construct explicit bases for these vector spaces). Since the sums in
theorem 2 are direct, it is easy to see that we have 0, (K)NSpancF = {0}, and so theorem 3
implies that the corresponding iterated integrals are K-linear independent.
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4.2 Sketch of the proof for neat subgroups

We now return to the proof of theorem 2 for a special class of subgroups.

Definition 2. A subgroup I' C SLy(Z) is called neat if (Bl _01) ¢ I' and I" has no elliptic
points nor irregular cusps, e2(I') = e3(I") = ¢;(I") = 0.

One can show that
1. T1(N) is neat and has genus zero for N € {5,...,10,12};
2. T'(N) is neat and has genus zero for N € {3,4,5}.

In particular, the congruence subgroup I'1(6) relevant to the banana graph is neat and has
genus zero.

For k < 2, the proof of theorem 2 is identical to the proof for I' = SLg(Z) considered
in ref. [56], and we do not consider it here. In order to see that theorem 2 holds also
for k > 2, we first note that for every f € QM (T, Rs,) there are meromorphic modular
forms hy € My (T, Rs,) and hy € My_i (T, Rs,) and a meromorphic quasi-modular form
g € OM;,_ (T, Ry,) such that f = hy + hy G5! + §g. This decomposition holds for all
subgroups I', and does not require I' to be neat. It is a direct consequence of the algorithms
of ref. [85]. Theorem 2 then follows from the following claim: for every meromorphic modular
form f € My(T, Ry,) of weight k > 2 there is h € My(T', Rs,) and g € QM;_o(T, Rs,)
such that

f=h+dg. (4.7)

In the remainder of this section we show how to construct h and g explicitly for neat
subgroups of genus zero. Before doing so, we review some mathematical tools required to
achieve this decomposition.

Bol’s identity. A complication when trying to decompose a meromorphic modular f into
an elements h € ka(F, Rs,) up to a total derivative is the fact that in general derivatives of
modular forms are themselves not modular, but only quasi-modular. However, an important
result due to Bol [89] states that we recover again a modular form if we take enough
derivatives. More precisely, Bol’s identity states that for k > 2 there is a linear map

S My (D) = Si(T) . (4.8)

In other words, if £ > 2 and f € My_g(I"), then in general 6 f will not be a modular
form, i.e., §f ¢ My_(T), but the (k — 1) derivative will be a modular form of weight k,
§k=1f € My(T) (and in fact, it will even be a cusp form). Note that eq. (4.8) remains true
if we replace My_(I') and Sy (I") by Ma_(I', Ry,) and Sy (T, Rs,) respectively.

The main idea to achieve the decomposition in eq. (4.7) then goes as follows: assume
we are given f € My(T", Ry,) with a pole of order m > 0 at a point P € R,,, and assume
the order of the pole is too high for f to lie in ka(F’ Rs,). We will show how to construct
G € Mo_1(T, Ry,) such that f — 6*~1g has a pole of order at most m — 1 at P. Applying
this approach recursively, we obtain the decomposition in eq. (4.7).
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Divisors and the valence formula. From the previous discussion it becomes clear
that an important step in achieving the decomposition in eq. (4.7) is the construction of
g € Mo_(T", Rs,) with prescribed poles. An important tool to understand meromorphic
functions (or, more generally, meromorphic sections of line bundles) on a Riemann surface
are divisors, which we review in this section. The material in this section is well-known in
the mathematics literature, but probably less so in the context of Feynman integrals.

A divisor on Xy is an element in the free group Div(Xp) generated by the points of Xp
(divided by their order hp), i.e., a divisor is an expression of the form D =} pcx,. 35 [P,
where the np are integers, and only finitely many of the np are non zero. We can use
divisors to encode the information on the zeroes and poles of a meromorphic function or
modular form. More precisely, if 0 # f € My(I'), we can associate a divisor to it, defined by

=y 2Py > v (4.9

seSTr s PeXr\Sr #FP

where hy = 2 if s is irregular and hy; = 1 otherwise, and I'p is the projection of I'p to
PSLy(Z) (i.e., we have identified v € SLy(Z) and —v € SLa(Z)). Note that we have the
obvious relation (fg) = (f) + (g)-

To every divisor D = 3 pcy, 3= [P] we can associate its degree deg D = Y pcx,. np.
Since every meromorphic function on a compact Riemann surface must have the same
number of zeroes and poles (counted with multiplicity), we must have deg(f) = 0 for all
f € My(T'). For meromorphic modular forms of weight k, the degree of the associated
divisor is no longer zero, but it is given by the wvalence formula:

deg(f) = kdr. (4.10)

Modular forms for neat subgroups of genus zero. From now on we focus on the
case where I" is neat and has genus zero. Equation (3.8) then implies

eoo(T) = 2(1 + dr) . (4.11)

As we will now show, the spaces of meromorphic modular forms for neat subgroups can be
described very explicitly.

Lemma 1. Let T" be a neat subgroup of genus zero. Then there exists 8; € M (T") such
that ve(Rg) = kdr and vp(Xy) = 0 otherwise. In particular, for £ > 0, Ry is a modular
form of weight k for I'.

Proof. If k = 0, we simply choose Xy = 1, and for £ < 0 we set 8 = 1/X_j. So it is
sufficient to discuss k& > 0. Since dimc My (T') # 0,% it contains a meromorphic modular
form h with divisor
(h)= Y np[P]=kdr o]+ D, (4.12)
PeXr

This can be seen by thinking of (meromorphic) modular forms of weight k for the group I' as (meromor-
phic) sections of a certain line bundle (the k-th power of the Hodge bundle) on the modular curve Xr. It
then follows from the Riemann-Roch formula that every line bundle on a compact Riemann surface admits
a meromorphic section. See also ref. [81], the discussion after theorem 3.6.1, for a detailed proof.
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where we used the fact that hp = 1 for neat subgroups, and we defined

D := (no — kdp) [o0] + > np[P]. (4.13)
PeXr
P#oo
The valence formula implies deg D = 0, and so there is a meromorphic function f € Mg(T")
such that (f) = D. Since I' has genus zero, every meromorphic function is a rational
function in the Hauptmodul &, and it is sufficient to pick

f= 1] €¢-p)re. (4.14)

PeXr
P+#oc0

It is now easy to check that N, := %h has the desired property. The fact that N is
holomorphic follows from vp(R;) > 0 for all P € Xr. ]

Note that N, is unique, up to overall normalisation. Indeed, assume that N,(Cl) and fo)
both satisfy the condition, then (N,gl)/N,gQ)) = (NS)) - (Nf)) = 0, and so there is a € C such
that NS) = aNgf). We assume from now on that the normalisation of ¥ is chosen such that
at the infinite cusp we have the g-expansion (h is the width at the infinite cusp):

Ni(r) = ¢4/
n>1

1+ ap q"/h] . q=émT, (4.15)

We can use Ni to give an explicit representation of the spaces of modular forms of
weight k in terms of rational functions,

M (') =R - C(8) , (4.16)

with holomorphic modular forms of weight k£ corresponding to polynomials of degree at
most k dr:

M) =Ry, - Cl§] <kar » (4.17)

where C[X]<,, denotes the vector space of polynomials of degree at most m. We can use
this representation to write down a generating set for My(T"). For p € Xp and m € Z~,
we define:

upm(T) = {

Uso,0(T) = 1.

((r)—P)™™, if P# o0,
m if P=oo, (4.18)

It is an easy exercise (based on partial fractioning) to show that every rational function has
a unique representation as a finite linear combination of the up,,. As a consequence, the
meromorphic modular forms Uy, p,, := Ni up,y, are a generating set for My (I"). In particular,
a basis for My (I") is {Rg woo,m : 0 < m < kdr}. Moreover, we can use this generating set
to write down an explicit basis for M, (T, Rso) in definition 1. For k > 2, we have

My(T, Roo) := My(T) US,(T) UMy(T, R), (4.19)
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where we defined

—

N

Mk(F,R) = @ CUk‘,P,m: @ Cw,
PeR\{oo} PeR
1<m<k—1 1<m<k-1 (4.20)
Si(T) = P CUioom = P Cnem.
kdr<m<2dr (k—1) kdr<m<2dr (k—1)

Note that dimc §k(F) = dim¢ Si(T).

Sketch of the proof of theorem 2 for neat subgroups. We now show how we can
use Bol’s identity to construct for each f = Uy p,, a function g such that the decomposition
in eq. (4.7) holds. We will make repeated use of the following result:

Lemma 2. Let I' be neat and have genus zero, f € My_i ("), for k > 2.
1. If P € Xt \ S, then vp(6571f) > 0 or vp(0*~1f) =1 -k +vp(f).
2. If s € Sr, then vg(0*~1f) > 0 or vs(6* 1 f) = vs(f).

Proof. 1t is sufficient to prove the claim for the elements of the generating set, Us_j p,, =
N2fkuP,m = Nk_;_IQUPﬂ’VL'

We need to show that if 6*~1 f has a pole at P, i.e., vp(6¥71 f) < 0, then it satisfies
the claim of the lemma. Note that if vp(6¥~1f) < 0, then also vp(f) < 0.

Let P € Xr\ Sr. We have vp(Us—k pm) = —m < 0. Then, if 7p is such that t(7p) = P,
Uk, pm admits a Laurent expansion of the form

(07

)m+o<(1>, aeC\ {0} (4.21)

Uka,P,m(T) = (7_ o T _ Tp>m_1

and so

O Uy pan (7) = (200) ' FO T s pin(7)

B (M) 2 1 (4.22)
= (2mi) I (r _27-P)m+k—1 +0 ((7-_7—13)m+k—2> :

where (a), = a(a+1)...(a+n). Hence vp(0* Uyt pm) = 1—k—m = 1—k+vp(Us—k pm).
Let s € Sr, s # [00]. We have vp(Us—i,pm) = —m < 0. If ¢ is a local coordinate in a
neighbourhood of the cusp s, Us_j p,, admits the Fourier expansion:

Us—t.pm(q) = q% +0(@™),  aeC\{0}, (4.23)
and so
B 3 -1 k—1 _ .
510y 4 (@) = (a00)5 Vs pm(q) = o =29 oty (g g

Hence, vs(6* tUs_k pm) = vs(Ua—k.pm)-

If s = [00], then voo(Ua—g00m) = —M — Voo (Rg—2) = —m — (k — 2)dr. By the same
argument as in the case s # [00], we conclude Voo (¥ Uy k. pm) = —m — (k — 2)dr =
Voo(UQ—k,P,m)- L]
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We are now in a position to prove the decomposition in eq. (4.7). The proof is
constructive, and allows one to recursively construct the functions h and § in eq. (4.7). The
decomposition in eq. (4.7) is equivalent to the following result:

Theorem 4. For k > 2, there is a decomposition
My(T, Rg) = My(T, Rso) ® 6 * My_1,(T, Rg) . (4.25)

Proof. 1t is sufficient to consider the case #R = 1.

We first show surjectivity. For this it is sufficient to show that all those Uy, p, not in
ka(F, R) do not define independent classes modulo objects that lie in the image of Bol’s
identity, i.e., these classes can be expressed as linear combinations in M k(I'; Rx), modulo
"My (T, Rs).

Let s € Sp, s # [oo] and m > 0. Let ¢ be a local coordinate around s. Then there are
ag,ag € C\ {0} such that

(6% _
Uksan(9) = - + O™ ),
. et (4.26)
Uz—k,s,m(q) = i O(g™"™).
Lemma 2 implies
o b ok _
Uk,s;m(q) — OT; (=m)'* " s g om(q) = O(g™ ). (4.27)
Applying this identity recursively, we arrive at the conclusion that
Uk.sm =0 mod 6* "My (T, Rs), forallm>0. (4.28)

For the infinite cusp, we know from the proof of lemma 2 that v, (6k_1U2_k7oo7m/) =
Voo (Ua— 00,m’) = —m' — (k — 2)dp, for all m’ > 0. Hence, for all m > 2dr(k — 1) there is
m’ =m — 2dp(k — 1) > 0, and we can pick a local coordinate ¢ at the infinite cusp such
that there is a1, as # 0 such that

« _
Uk,oo,m(q) = T;dr +O(q R
q
" —m/+(2—k)dp+1 " —m4-kdp+1 (4.29)
U2—I<:,oo,m’(Q) = m + O(q ) = gm—kdr + O(q ).
Lemma 2 then implies
« “k ch— _
Uk,com(q) — OT; (kdr —m)' ™% 6" Us_j, o (q) = O(q~ "M HY) (4.30)

It follows that U oo m for m > 2dr(k — 1) does not define an independent class modulo
total derivatives.

Finally, let R = {P}, and m > k — 1. We can take m’ =m — k+1 > 0, and lemma 2
implies VP((Sk_IUQ_k’Rm/) =1—k—m' = —m. Hence, with 7p such that t(7p) = P, there
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is a1, as # 0 such that

mﬂmup:65%55+o«r—@ymﬂp
S Uy pm (1) = = Tj)2m’+k—1 +O((r —7p) ™R (4.31)
:(TfZWn+0«r—@ymﬂy
Hence
U pn(7) — 265 Us_p pon (1) = O((r — 7p) ™), (4.32)

03
and so Uy p, for m >k — 1 does not define an independent class modulo total derivatives.
This finishes the proof of surjectivity.

Let us now show injectivity (for R = {P}). Consider the following general linear
combination of elements from My (T, Ry ):

k1 2dp (k—1)—1
f = Z Qm Uk,P,m + Z 671 Uk,oo,n
m=1 n=0
k—1 o 2dp(k—1)-1 (4.33)
= — 4R Bnk™ .
PN TR P

We need to show that whenever there is g € My_i(T', Rg) such that f = §%=1g, then
necessarily a,, =0 for 1 < m < k and (3, =0 for 0 < n < 2dp(k — 1). Let us start by
showing that the coefficients o, must vanish. To see this, assume that a,, # 0 for some
1 <m < k. Then f hasapoleat £ = P,i.e., 0> vp(f) > —k. Hence, g must also have a pole
at £ = P, i.e., vp(g) < 0. Lemma 2 then implies vp(f) = vp(6*1g) =1 — k +vp(g) < —k,
which is a contradiction. Hence o, = 0 for all 1 < m < k.

Next, let us assume that 3, # 0 for some 2drk < n < 2dr(k —1). Then f has a pole
at the infinite cusp, with 0 > veo(f) > Voo (Ug,00,2d (k—1)—1) = (2 — k)dr + 1. Then g must
also have a pole. The order of the pole is bounded by

Voo (f) = Voo (071 9) < voo (0 Us_1.000) = (2 — k)dr < voo(f), (4.34)
which is a contradiction. Hence (3, = 0 for all 2drk < n < 2dr(k — 1). It follows that f

must be a holomorphic modular form of weight &, but M (T") N §*~1(My_p(T")) = 0 for
k > 0, and therefore f = 0. O

5 The monodromy groups of the equal-mass sunrise and banana integrals

In the remainder of this paper we will illustrate the abstract mathematical concepts on two
very concrete families of Feynman integrals, namely the equal-mass two-loop sunrise and
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three-loop banana integrals, defined by:
P, a5 (PP m*; d) = (5.1)
2 . a4 . as
_ /H@d& (41 -p)*(f2 - p)

o G - mAell - m2e (b — b — p)? —m?]es”
al,...,ag(p27m2;d) = (52)

3 2
_ dy (£3) (L1 - p)*o (€2 - )7 (L3 - p)** (€1 - £2)™
-/ U ot = (@ - 7 = ol = — 7~ e

Iban

2

where a; > 0 are positive integers, m? > 0 and p? are real. We work in dimensional

regularisation in d = 2 — 2¢ dimensions. The integration measure reads

1 diy

/@de = / . (5.3)
id/2
r (2 — g) i/

We follow refs. [90, 91] for the choice of master integrals and the differential equations (see

also section 6 and appendix B).

In this section we focus on identifying the maximal cuts of these integrals as modular
forms for the congruence subgroup I'i(6), and in the next section we see how iterated
integrals of meromorphic modular forms arise. This gives another way to resolve the debate
in the literature whether the two-loop sunrise integral is associated with modular forms
for I'1(12) or I'1(6); see, e.g., refs. [50, 60]. While the discussion in this section focuses on
these specific Feynman integrals, it is easy to transpose the discussion to other differential
operators of degree two or three. This may then provide a roadmap to identify the modular
forms obtained from maximal cuts of one-parameter families of Feynman integrals that are
not described by the same Picard-Fuchs operators as the examples considered here.

5.1 The sunrise family

The monodromy group. The maximal cuts of the integral I ff‘ﬂl,o,o(pZ, m?;2) are anni-
hilated by the second-order differential operator [25]:

1 1 1 1 1 1
[0 = P ( L >a ( _>, 5.4
¢ ct G Tt Y)Y \ea—e Ta— ) " m (54)
where we defined
p2

It is well-known that £3"" is the Picard-Fuchs operator describing a family of elliptic curves.
Consequently, its solutions can be expressed in terms of elliptic integrals of the first kind
(see appendix B.1). In the following we explicitly construct the solutions using the Frobenius
method reviewed in section 2.2 in order to outline the general strategy. While we only
perform the calculations for the differential operator £3“", the different steps can be applied
very generally to second-order differential operators describing one-parameter families of
elliptic curves.
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Figure 2. Geometry associated to the sunrise differential operator £3" in eq. (5.4). The coefficient
functions have poles at (o, ..., t3) = (0,1,9,00). The corresponding radii of convergence are shaded
in green.

The coefficients in £3" have poles at (tg,...,t3) = (0,1,9,00), all of which are regular
singular points. One can show that all of these points are MUM-points [69], and close to
each singular point we can choose a basis of solutions that consists of one holomorphic and
one logarithmically-divergent function. For the singular point ¢y at the origin, the Frobenius
method delivers the two power series solutions whose first terms in the expansion read:

4t 2612 526t 125314
to;t) = — o(° to:t) logt

t 52 312 71t
to;t) =1+ = —_— 4 — + — t5 .
P1(to;?) +3+27+243+729+O()

It is easy to check that these two local solution can be used to express the functions W ()
and Wy(t) in eq. (B.2):
2m
= —= ¢1(0:7),
vz 110

i

\/§¢2

3 (5.7)

(052) 7

log(3) ¢1(0;1) -

Given the form of the solutions in eq. (5.6), it is not difficult to derive a representation
of the local monodromy: the logarithm will acquire a phase of 27¢ when transported around
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the pole at t =ty = 0 counterclockwise. Accordingly, one finds

doto, 1)\ (1 —2mi\ [pa(tost)
<¢1(to;t>> 5 (0 1 )(m(w))' (58)

Repeating the calculation for ¢t; = 1 and to = 9 shows that the structure of the solutions
equals those in eq. (5.6), just the coefficients are different. This is expected, since all singular
points are MUM-points. Accordingly, the three local monodromy matrices are equal:

po(70) = p1(71) = P9(79) = Poo(Voo) = <(1) _21m> : (5.9)

Matching the local solutions according to eq. (2.13) leads to:

3\flog(3) 24+/21og(3 ) zflo
_ — g(3)
Ro1 = ,M 2 6\[+ 3@\[ , (5.10a)
47
—32 1\/3rlog?(3) + 52
Rl,g = _L 8i\/6+7r2+\/§7r2 log2(3) 3 (510b)
V3r 242
_ 372+43v2r2log?(3) 4\[7_‘_
= 4v2
Ry s 0 . (5.10¢)

Using eq. (2.17) one can straightforwardly calculate the monodromy matrices in the basis
of solutions ¢(0;t):

1 —%mn 1— 6ilog(3) 12ilog?(3)
po(Y0) = (0 ) ) : po(%)Z( s 6l | (5.11)
7_ 18ilog(3)  4i(m—3ilog(3))> 7_ 12ilog(3) _ 6i(w—2ilog(3))>
po(m) = T O Po (Vo) = L6 g 12ilg®) |-

This form of the monodromy matrices is not very enlightening. However, we can choose
a basis of solutions such that the entries of the monodromy matrices have integer entries.
Using a little algebra one can show that conjugation with the following matrix will bring

all three monodromy matrices into integral form:

" (1 —2log(3) + 2mip

Z, s = +1. 12
0 ums )’ pess (5.12)

While the scaling parameter a will drop out in the similarity transformation, choosing

different parameters p and s will lead to different choices of generators. Setting p = 0 and
s = —1 for example leads to the following four matrices:

ﬁo(’Yo)Z(éi)’ /30(71)=<_162>7

S S (5.13)
po(v9) = (—18 _5>a po(Voo) = (_12 _5> :
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Combining the four matrices according to the succession of poles in figure 2, one finds
P0(Yoe)P0(79)Po(11)P0(70) = (§ V). Note that the change of basis in eq. (5.7) corresponds to
(a,s,p) = (—i/+/3,1,0). This shows that the monodromy matrices in the basis (Wa(t), ¥y (t))
have integer entries.

The matrices po(7;), ¢ € {0,1,9}, generate the monodromy group of £3"". We can
see that

fol(vi) = ((1) ’;) mod 6. (5.14)

Since this relation holds for the generators, it must hold for all elements of the monodromy
group, and so we see that the monodromy group must be a subgroup of I'1(6) (cf. eq. (3.2)).
We can show that the converse is also true. A short crosscheck shows that the generators for
['1(6) delivered® by SAGE [92] indeed generate the matrices in eq. (5.13). Checking further-
more independence of the three matrices and noting that dimI';(6) = 3, the monodromy
group of £3"" is indeed I';(6).

The modular forms for the sunrise graph. Having identified the monodromy group
of the two-loop sunrise integral with the congruence subgroup I'1(6), it follows from the
general discussion in section 2 that we expect the maximal cuts to define modular forms of
weight 1 for I'1(6). This agrees with the findings of refs. [36, 50]. To make this explicit,
we introduce a modular parametrisation and we define the new variables 7 and ¢ by (cf.
eq. (2.22)):

Wo(t) 4t 14¢2

T = =log(t/9) + — + —— + O(t
_ 2wt ﬁ
g=ce —9+81+(’)( 3Y.

Note that we have chosen Wy (¢) and Wa(¢) such that I7 > 0 for t € X" = PL\ {0,1,9, 00},
and so 7 € $. The change of variable from ¢ to ¢ is holomorphic at ¢ = 0 and can be
inverted to express t in terms of q. The result is the well-known expression for Hauptmodul
for I'1(6) in terms of Dedekind’s eta function [36, 93]:

n(7)'n(67)°
t(r) =9 -t =9q+ O(¢%), (5.16)
n(27)%n(37)*
where 7(7) denotes Dedekind’s eta function:
7] _ z7r7'/12 H 27rmT ) (517)

It is easy to check (e.g., by comparing g-expansions with the basis of modular forms
given by Sage) that the function hy(7) := W1(¢(7)) defines a modular form of weight 1

5The SAGE command to get a 2x2 matrix representation of a minimal set of generators of T'1(6) reads
Gamma1(6) . generators() and delivers (§ 1), (Z2 1) and (5 —2).
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for T'1(6), as expected. In fact, it admits itself an expression in terms of Dedekind eta

functions [36, 50, 93]:

27 7](27')677(37')
V3 n(7)?n(67)*

Note that this is another way to see that the congruence subgroup naturally associated to

ha(7) (5.18)

the two-loop equal-mass sunrise integrals is I';(6) rather than I';(12), in agreement with
the analysis in the literature [50, 60]. Moreover, we emphasise that nothing in our analysis
is specific to the sunrise integral, and the exact same reasoning can be applied to other
second-order differential operators describing families of elliptic curves, in particular those
that appear in Feynman integrals computations.

5.2 The banana family

The third-order operator for the banana graph. We now repeat the computations
of the previous section in the case of the three-loop equal-mass banana integral. Our goal is
to determine the monodromy group of the differential operator in eq. (5.19). The calculation
is slightly more complicated than in the two-loop case because the differential operator that
annihilates the maximal cuts of IP3"; | (. .0,0(p%, m?;2) is of order three [64, 65, 91]:

3(8z — 5) 4% — 2z + 1 1
ban,(3) _ 93 2 )
with )
dm
v (5.20)

In general, finding the kernel of a high-order operator can be a monumental task, and no

,(3)

closed form for the solution is necessarily known. The kernel of LBa” can be determined

by noting that it is [91, 94] the symmetric square of (see subsection 2.3)

8r —5 2 —1
2 —1)(4x —1) ° 4x2(x—1)(4x —1)°

Lo — 92 4 (5.21)

The fact that 523”’(3) is a symmetric square has a geometric origin: the [-loop equal-mass
banana integral is associated to a one-parameter family of Calabi-Yau (I—1)-folds [64, 65, 68—
70], and the maximal cuts of the I-loop equal-mass banana integral are annihilated by
the Picard-Fuchs operator for this family, which has degree [. It is expected that the
degree-three Picard-Fuchs operator of a one-parameter family of Calabi-Yau two-folds (also
known as K3 surfaces) is always the symmetric square of a Picard-Fuchs operator describing
a one-parameter family of elliptic curves, cf., e.g., ref. [80].

If we want to apply the results of section 2, in particular theorem 1, we need all singular
points of the second-order operator to be MUM-points. This, however, is not the case here,
but only the singularities at x = 0 and x = co are MUM-points. We therefore perform the

change of variables
—41t

=G e

(5.22)
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After this change of variables, one can see that Sol(ﬁgan’@)) is spanned by v/tW;(t) and
VtWUs(t), with (Uy(t), ¥1(t)) defined in eq. (5.7), i.e., they form a basis for Sol(L£§'"). It
follows that

Sol(£22MG)y = C Wy (¢)2 @ C W (£)Wo(t) @ CtUy(¢)%. (5.23)

In other words, we see that the solution space has the structure of the solution space of a
symmetric square (up to the overall factor of t). The change of variables in eq. (5.22) is
2-to-1, and the four MUM-points ¢ € {0,1,9, 0o} of £3'" are mapped to the two MUM-points
z € {0,00} of £5™@) The upshot is that after the change of variables in eq. (5.7), theorem 1
applies, and we expect the three-loop equal-mass banana integrals to be expressible in
terms of iterated integrals of meromorphic modular forms for I';(6). We will investigate this
in detail in section 6. In the remainder of this section we analyse the monodromy group
associated to the banana integral in more detail.

The monodromy group. There are four regular singular points, and the coefficient
functions in £2°™®) have poles at (xg,z1,z2,23) = (0,1/4,1,00) (see figure 3). The singular
point g = 0 is a MUM-point, and the Frobenius method delivers three solutions, which
read:

972 13523  7089z* 5
Xg(xo,x)—x<4+ 16 + 556 + O(z°) | + 2x2(xo; z) log(z)

+ x1(z0; ) log? (),

3¢ 57z2  73z% 13081z s (5.24)
Xg(xo,x)—x<2+ 16 + S + 512 + O(x”) | + x1(zo; x) log(z),
7> 5 679z% 5
x1(zo;x) =z |1+2+ — +42° + +0(z2?) | .
4 64
This basis is related to the basis of ref. [91] (see also eq. (B.7)) via a constant rotation
x3(7o; ) Li(z)
x2(zo;z) | =B | Ji(x) |, (5.25)
X1(zo; ) Hy(x)
with
% 78107%(2) + % —1+ 4;1107%‘;(3) 4 l(;g(Q)
— 2 O, 3
B=1]o -2 Zogd) _ i : (5.26)
0 0 =

Ko
In eq. (B.7) we also show how the functions (Hi(x), I1(x), Ji(x)) are related to the maximal
cuts of the two-loop sunrise integral.
The hierarchy of logarithms in eq. (5.24) allows us to read off the monodromy matrix:’

1 —4im —4n?
po()=110 1 —2ir |. (5.27)
0 O 1

"Different than for the sunrise above, this time we are not going to normalize the matrix right away, for
reasons to become clear below.
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Figure 3. Geometry of the banana differential operator in eq. (5.19). The coefficient functions have
poles at (zg, z1,z2,23) = (0,1/4,1,00). The corresponding radii of convergence are shaded in green.

The structure of the local solutions around the poles at 1 = 1/4 and x2 = 1 is different.
For the singularity point x; = 1/4, the Frobenius method delivers the following functions:

x3(z1;2) =1+ 4 (x — /1) + % (z —1/4)° — % (z—Y2)*+0 ((x - 1/4)5) ,
Xaloria) = o= (142 (0= ) — 2 (0 = Yo+ 3o (@ - 1)
1306

~op (- Ya)t +0 ((:C - 1/4)5)> : (5.28)
- 156 1088 3

189
SR w0 (@) )

(@ = 1/2)* +

aleria) = @ =1/ (14+5 @ =1/

The structure of the solution space close to xo = 1 is similar. We see that the local exponents
for x1 and x5 are 0,1/2,1. Hence, the singular points x; and x2 are not MUM-points.
However, the corresponding monodromy matrices can be read off immediately also in this
case: while the polynomials in y3 and x; have trivial monodromy, the square root in
X2(z1; ) acquires a minus sign when transported around the singularity. Thus one finds:

100

pa(ia) = pr(m) =0 -10]. (5.29)
001
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The singular point 3 = co is a MUM-point. Substituting z — % in ﬁ?f’”’(?’) leads to the

differential operator

— 2 —
o) _ s 3(y(dy —15) +8)y” oo (y(Ty —17) + 4)yay - y ;

aed 2y -Hy-1) 7 -y -1
Since y = 0 is a MUM point, the structure of the solutions has a logarithmic hierarchy

(5.30)

again, and the monodromy matrix equals the one in eq. (5.24): poo(Vo0) = po(70)-

Again, the matching matrices can be calculated using eq. (2.13). However, while it
was comparably easy to infer the analytic values of the matrix entries in the sunrise case,
the banana matrices require rather high orders in the expansion of the solutions. Using
expansions up to order 120 and the PSLQ [95] algorithm, as well as eq. (2.17), one obtains
the monodromy matrices (Lo = log(2)):

1 —4im —4n?
po(v)=10 1 —2ir |, (5.31)
0 0 1
| (1213 4Ls (n? - 1203) I(r2-1203)°
po(fyw):P 6Ly  w2—24L3 2Ly (7?—12L3) |,
3 —12Ls 121.2
| (3(Lytim)? —4(dLotir) (12L3+6inLy—7?) 4 (~12L3—6inLo+72)”
po(11) = —5 | 6(4La+im) —9613 —48im Lo+ 7> 2(4Lg+irm) (12L3+6irLo—7?) |,
12 —12(4Lg +im) 3(4Lg+imr)?
. 4(27—3iLg)? —12i(m—2iLg)?(27 —3iLs) —9(m—2iLg)*
po(Yeo) = —5 | —18La—12im  72L34+72imLy—177%  6(3Lo+im)(m—2iLy)?
m
-9 12(3Ly+i) 4(m—3ilLy)?

We can check that po(c0) = (po(1)po(1/4)po(0))~!. These matrices generate the monodromy
ban.(3) as a subgroup of GL3(C). It
is possible to choose a basis for the solution space so that the monodromy matrices have

group associated to the banana differential operator £

integer entries. However, this will not be needed in our case. Instead, we want to use the
fact that 523”’(3) is a symmetric square to identify the image of the monodromy group in
GL3(C) as arising from a group of 2 x 2 matrices. More precisely, we are looking for a set
of 2 x 2 matrices such that acting with the monodromy matrix pg(0) on a 3-dimensional
solutions vector should equal the action of the 2 x 2-representation on the solution vector

v
( 2) . Since the relation between the two- and three-dimensional solution spaces is most
1

transparent from eq. (B.7), we prefer to work here with the basis of the solution space
of £5" from eq. (B.7). Due to the change of basis we need to conjugate the monodromy
matrices in eq. (5.31) with the matrix B from eq. (5.25) resulting in

161 =5 1 0 0
po(vo)=101 i |, po(nu)=|-23 2 [, (5.32)
00 1 4 47 -3
-3 —10: 7
polv) | —12i 31 21
16  40: —-27
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The comparison is made in components, here for example the equation for the third
component:
Il (SL’)
-1 ro 1 2
B ooO)B | @) | | =5t (W0)?), (5.33)
—_——— O
o (o) Hl (.Z') 3

where we use the following ansatz for the monodromy matrices:

Uo(t)\ _ (e iz [(Palt)
<\I/1(t)>o B <621 022> (‘h(t)) : (5.34)

Plugging in a couple of numerical values for ¢, which are selected such as to place x in
the corresponding region, allows to determine the values ¢;; in the ansatz in eq. (5.34) for
each generator. Finally, one finds the following representations for the generators of the
monodromy group:

- (123
Ro := pg*?(70) = (0 ) > : Ry =5 (npa) = =iV3 <_2 —/1> ’

(5.35)

Ri = py () = —ivV3 (_14 1_/f> :

These three matrices generate a subgroup I'®™(2) of GLy(C), which is closely related to the
monodromy group I'®"3) ¢ GL3(C) generated by the matrices 5o (7o), po(v1/4) and po(7y1)
in eq. (5.32). More precisely, consider the map o : GL2(C) — GL3(C) defined by

1 (a+c)(3a+c) 2i(6a279ab+8acf6adf6bc+202730d) —3(3a—3b+c—d)(a—b+c—d)
o (z g) = g ic(a+c) —4ac+3ad+3bc—4c?+-6¢d —3i(c—d)(a—b+c—d) . (536)
—c? —2ic(2¢—3d) 3(c—d)?

One can show that ¢ is a group homomorphism with kernel Ker o = Zs such that
po =0 o pit. (5.37)

Together with —1 ¢ T°2™(2) it follows that o(I'®2™(2)) = T°an:(3)  and so T'2™(2) and rban()
are isomorphic.

Let us discuss the structure of the group 'ban(2) in a bit more detail. First, one can
check (e.g., by comparing to Sage) that Ry, R61R1R1/4R0, R51R1/4R0721/4R0 and —1 are
generators of I'g(6). Note that Ry and R/, are self-inverse. We thus see that, while rban.(2)

does not contain T'g(6) as a subgroup, it does contain.® Tj(6). Moreover, one can easily
check that

Tban.(2) ~ T (6)73, (5.38)
with
To(6)** = {(&.5),v3 (2" € SLy(R)[a,b,c,d € Z}
— T(6) U (iRy/,)To(6)

(5.39)

8The notion T has been defined below equation (4.9).
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Next, let us discuss how modular forms and modular functions make an appearance
here. We define (cf. eq. (5.15)):

IR LG 10
© O Hi(z) 0 W(t)

. (5.40)

We can invert this relation to express x in terms of 7 [96]:
77(27)77(6T)>6
=4 == - A1
()= =4 (s 40
We also define:” (2 )i (6r)!
n(27)*n(67
w(t)=Hi(z(17)) = —F——5.
()= ) = s

Let us discuss the modular properties of z(7) and w(7). One finds that xz(7) is a modular

(5.42)

function and w(7) is a modular form of weight two for I'g(6) Moreover, we find
r(Ryy-7)=2(R1-7) =2(7), (5.43)

which shows that z(7) is a modular function for the monodromy group [ban.(3) ~ ban.(2) ag
expected. In addition, since T'®2™(2) acts via Mcbius transformations via ITPan(2), eq. (5.38)
implies that x(7) is also a modular function for T'g(6)*3. Similarly, we find:

(R, 7) = =321 + 1) w(7),

w(Ry-7) = —3(47 + 1)2w(7) . (5.44)

Accordingly, @(7) is a modular form of weight two for the monodromy group I'®2™() ~
['ban.(2), again as expected. However, t(7) is not a modular form for T'o(6)"3, which would
require the factor of automorphy to be +3(ct + d) in eq. (5.44).

6 Banana integrals and iterated integrals of meromorphic modular forms

The analysis of the monodromy group of the sunrise and banana integrals implies via
theorem 1 that both integrals can be expressed through all orders in € in terms of iterated
integrals of meromorphic modular forms for the congruence subgroup I';(6), which is a
neat subgroup in the sense of definition 2. In the remainder of this section we make this
statement concrete, and we derive a form of the differential equation satisfied by the master
integrals for the sunrise and banana families that involves the basis of meromorphic modular
forms defined in theorem 2 only.

The strategy of section 2.1 of solving the first-order systems then implies that all
iterated integrals that appear in the solution, to all orders in the dimensional regulator e,
only involves the basis of meromorphic modular forms implied by theorem 2. Note that once
this form of the differential equation is known, it is straightforward to solve it explicitly.
In particular, the initial condition is known to all orders in ¢ in terms of I' functions for
banana integrals of arbitrary loop order [70].

9Qur definition of w(7) differs from the one used by Verrill in ref. [96] by a factor (274)?, i.e., @
(2mi)?wwver (7).

() =
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6.1 The iterated integrals for the sunrise integral

We start by discussing the case of the two-loop equal-mass sunrise integral. This case is in
principle well known, and we will show that we can recover the results of ref. [62]. However,
we discuss this case in some detail, as it allows us to set our conventions and to point
out differences with respect to the three-loop equal-mass banana integral, which will be
discussed in section 6.2.

There are two master integrals (Si(e;t), Sa(e;t)) for the two-loop equal-mass sunrise
integral, which are accompanied by a tadpole integral (which is constant in our normalisation:
I3%50,0,0(p%, m?2 — 2¢) = 1) [90]:

Si(et) = —Ifﬂn,l,o,o(pQ» m*2 — 2¢),

Sa(€;t)

1
- [3(t2 — 6t + 21) — 126(t - 1):| Iijln’l’oy[)(pQ; m2; 2 — 26) (61)
= 2(t = 1)(t = 9) I31,0,0(p*, m* 2 — 2€) ,

where the variable ¢ is defined in eq. (5.16). Both master integrals are finite for e = 0 and
satisfy the differential equation:

S1(e;t) S1(e;t) 0
10) ’ = | B*"(t) — 2eD*"" (¢t ’ : 6.2

«&@w 70 =200 g )+ (62)

Explicit expression for the matrices B*'"(t) and D%""(t) are collected in appendix B.1.
In a next step, we want to introduce a modular parametrisation and apply the results
of section 4. In order to do this, the Hauptmodul needs to be normalised as in eq. (3.10).
This is, however, not the case for the Hauptmodul for I'1 (6) defined in eq. (5.16). We define:

9 _ nr)*nBn)t 1

€)= 70 = wmmenr ~q T 0@ ©3)

Similarly, we define

- _ n(on(6n)° )
= o €(7) Uy (t(1)) = n(27)2(37)3 =q+ 0(q%), (6.4)

in agreement with the normalisation in eq. (4.15) for k = 1.! The Jacobian of the change

Nl(T)

of variables from & to 7 is

d¢ = —2mig(7)(&(7) — 1)(E(T) — 9) Nu(7)* dr . (6.5)

Si(gt)) 1 wn Si(et)
<82(6;t)> e23¢ W=h(7) (S}(e;t)) ) (6.6)

142
67N (7) 0
WU () = 6 T € ’
(7) (}L (€+3)2(1 —2e) Ny (1) — (277322(&3(7) 2w (1)

19Since T'1(6) is neat, we must k = 1 in eq. (4.15). Moreover, I'; (6) has four cusps, so eq. (4.11) implies

Then, letting

with
(6.7)

d[‘l(g) = 1
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51(6;75) _ =aun 51(6; t) 0
Oy (5 t)> = e D™"(7) (52(6; t)> +1087%€ (£ — 1) (£ — 9) Ny (7)? <1> : (6.8)

with

—mA(E+3) R (1)t im (€ + 10¢ — 27) W (7)? (69)

Boon(r) — (m(52 +10¢ — 27) Ry (7)? 1 )
In the previous equations we used the shorthand £ = £(7) to keep the notation as light
as possible. Let us comment on the form of the differential equation. We observe that
the differential equation only involves (holomorphic) modular forms of weights up to 4 for
I'1(6). We also observe that e factorises from the matrix multiplying the homogeneous
part, so that the differential equation is in canonical form. As a consequence, the master
integrals in the basis (Si(e;t),Sa(e;t)) can be expressed in terms of iterated integrals of
modular forms for I';(6), which are pure functions of uniform weight [19] according to the
definition of ref. [61]. The initial condition can be fixed to all orders in € in terms of zeta
values. These results are actually not new, but they agree with the findings of ref. [62]. The
change of basis from (S (e;t), Sa(e;t)) to (Si(e;t), Sa(e;t)) involves a matrix whose entries
are rational in € and meromorphic quasi-modular forms for I'; (6) with poles at most at the
cusps. More precisely, for ¢ > j, we have

55”“(7)@' € My1i—5(I'1(6)),

= (6.10)
W (r);; € QM5 Y(T1(6), Sty 6) () -

6.2 The iterated integrals for the three-loop banana integral

We now extend the discussion of the previous section to the three-loop equal-mass banana
integrals. We choose three master integrals as [91]

Ti(e;x) = (14 26)(1+ 3e)11,1,1,100000(p%, 152 — 2¢),
IQ(E; l’) = (1 + 26)[2 1.1.1 07070,070(])2, 1;2 — 26) , (6.11)

[t Rk it ]

Ts(6; ) = 12.2,11,00000(P%, 1;2 — 2€).

All three master integrals are finite at ¢ = 0. The fourth master integral is the three-loop
tadpole integral with squared propagators (which in our normalisation again evaluates to
unity, 12,272,07070,070,0(192, 1;2 — 2¢) = 1). The three master integrals in eq. (6.11) satisfy the
inhomogeneous equation [91]

Ti (e x) Zi(e; ) 0
Or | Taleiw) | = [BY" () + eDP™(2)] | Ta(es) | + 0 . (6.12)
Zs(€;x) I3(e; 2) _2(4;—1)

The explicit expressions of the matrices can be found in appendix B.2.
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We change variables from z to ¢ according to eq. (5.22), followed by the change of
variables in eq. (6.3). We introduce a new basis according to

2%2 3 _ (L 200H36) yppan %E:; . (6.13)
Ty(e; ) ‘ Is(e; )
The non-vanishing entries of W (1) are:
Whan (1)1 = (2m3)2 ER (1)?,
Jban (1) = 3 Ga(7) (6.14)

2(62—-9) (143¢)
(£2—126427) (€+3)2+6¢ (6142063 —90£2 +180£ +-81)

2 2
6(€2—9)2(1+3¢) e )

_l’_

meé

Wban(T)QQ = 2(1+36) (£2_9) P

3 3 Go(7)*
247m2(6—9)(E—1)(£+3)2(14+2€)(1+3¢€) Ny(7)2
E44+6£3 — 54062+ 1626 +243+6¢ (€2 +16£3 —306£2 4 144£ +-81)
- 36(£—9)(E—3)(§—1)(£+3)3(1+2¢)(1+3¢)
TN (7)?
216(6—9)(€—3)2(6—1)(£+3)4(1+2¢)(143¢)
X [(§5+3§4+1062§3—3726§2+7295+2187)(§+3)3

+126(£8 41067 +138665 — 18126¢° +82188¢* —194562¢3
+ 7824662 +39366€ +19683) +36€%(£5+4067+860£° — 1706465 + 684544

—153576§3+6966052+2916og+6561)} ,

B e Ga(T)
127 (6 —9)(E—1)(£4+3)2(142¢) (1+3¢€) Ny (7)2
e [€14-66° —54067 + 1626 +243+6¢ (£ 416£° —3066° +144£4-81) ]
36(£—9)(£—3)(€—1)(§+3)3(142¢)(1+3€) ’
£e?
(€= (E=1)(E+3)2(1+2¢)(1+3e)R (1)

Wban (7_)31 —

£Ga(T)

Wban (T>32 _

Wban(T)gg - 5

Note that the entries of Wba"(7) are again rational in € and meromorphic quasi-modular
forms for I';(6):

WP (1) € QMGG (T1(6), Sty ) U {[reslP)(e),  E(ras) = 3. (6.15)

Unlike the case of the two-loop sunrise integral, now we do not only have poles at the
MUM-points ¢ € {0,1,9,00}, but we also have poles at £ = £3. These poles arise from
the singularities of the differential operator in eq. (5.19) which are not MUM-points, i.e.,
z e {1/4,1}.
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The vector (Zy(e;7), Io(e; 7), Zs(€; 7)) satisfies the differential equation:

T(e;7) . T(e) 0
0r | Tales7) | =ie D" (1) | To(es7) | +8mi(€ — 1)(€ = 9)(E* = 9)®i(n)* [0 ] , (6.16)
Zs(e;T) Zs(€;T) 1
with
d2(7‘) -1 0
Db (e; 1) = dy(7) da(t) =6 |, (6.17)

S ds(7) §da(r) da(r)

where we defined:

4 (€% — 10€3 + 18€2 — 90¢ + 81)

da(1) = 2 o Ri(7)?,
2 (¢2 2 (¢d 3 2 _
Gy = 27 (€2 — 18¢ +9) (5(52 i29§)2+ 102¢* — 108 +81) @ (6.18)
3 2 3 (¢4 3 2 _
do(r) = 57€ (€2 — 18¢ +9) :())5(52 _13; +38¢° — 108¢ +81) (.

The structure of the differential equation is particularly simple, and the functions dy(7) are
meromorphic modular forms of weight k:

di (1) € My(T1(6), {[r=3]}). (6.19)

The appearance of the additional poles at £ = +3 can again be traced back to the singularities
at x € {1/4,1}, which are not MUM-points, and so they do not map to cusps when passing
to the variable 7. We note that in order to arrive at this simple form, the algorithm
of section 4.2, which allows every meromorphic quasi-modular form to be decomposed
according to theorem 2, plays a crucial role. The differential equation can easily be solved
to arbitrary orders in € in terms of iterated integrals of meromorphic modular forms for
I'1(6). The initial condition is known to all order in € from refs. [70, 71]. We have explicitly
computed all master integrals through O(e?), and we have checked numerically that our
results are correct by comparing the numerical evaluation of the iterated integrals in terms
of g-expansions to a direct numerical evaluation of the banana integrals from Mellin-Barnes
integrals in the Euclidean region. The results are lengthy and not very illuminating, and
they are available from the authors upon request.

Let us conclude by making an important observation. Despite all the structural
similarities between D"(7) and DP"(7), the differential equation (6.16) is not in canonical
from, because the entry in the lower left corner of D*2"(7) is not independent of e! This is
not entirely surprising: canonical differential equations are expected to be closely related
to the concept of pure functions [20]. Pure functions in turn are expected to have only
logarithmic singularities [19, 61]. We see, however, that d4(7) and dg(7) have double and
triple poles at £ = £3. More generally, we see that, as soon as we consider poles that do
not lie at the cusps, the basis of meromorphic modular forms obtain from theorem 2 will
generically lead to functions with higher-order poles, and there is in general no way to
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preserve modularity and only have logarithmic singularities. It is possible to achieve an
alternative decomposition which leads to a basis of quasi-modular forms with single-poles.
More precisely, for k£ > 2 we have a decomposition:

OM,(T, Rg) = 6QMy_o(T, Rs) & Ma_j,(T, Rg) G5 & OM, (T, Rso) , (6.20)
where we defined (cf. egs. (4.19) and (4.20)):

OM(T, Roo) := Mu(T') U S(T") U QM(T, Roo)

— Nj_om G5
OM, (T, Rog) := @ CLPz' (6.21)
PER -
0<m<k—1

The difference between the sets My (T, Rso) and EA\/lk(F,ROO) is that the former only
contains meromorphic modular forms, but with poles of higher order, and the latter only
contains quasi-modular forms of higher depth, but with at most simple poles. The proof of
the decomposition in eq. (6.20) (for neat subgroups of genus zero) is similar to the proof
in section 4.2. The form of the differential equation in this basis, however, is extremely
complicated (and even further away from being canonical). For the future, it would be
interesting to investigate if it is possible to define a canonical basis for the equal-mass
three-loop banana integrals. This may involve introducing integration kernels that are
primitives of modular forms with only simple poles, but at the expense of loosing modularity,
similar to the case of elliptic polylogarithms [46] (see also ref. [97]).

7 Conclusion

In this paper we have considered a class of differential equations which can be solved to all
orders in € in terms of iterated integrals of meromorphic modular forms. We have described
these differential equations in detail, and we have argued that the type of modular forms
required is related to the monodromy group of the associated homogeneous differential
equation. On the mathematical side, one of the main results of this paper is a generalisation
of the main theorems for the full modular group SLa(Z) of ref. [56] to arbitrary genus-zero
subgroups of finite index. In particular, we have provided an explicit decomposition of
the space of meromorphic modular forms into a direct sum of two spaces. The first space
collects all those meromorphic modular forms which can be written as derivatives of other
functions, and which are thus irrelevant when considering integrals. We provide an explicit
basis for the second space (at least in the case of so-called neat subgroups), and, using a
classical result due to Chen, we show that the resulting iterated integrals are independent.

On the physics side, we have clarified by explicit calculations how the monodromy groups
of the associated homogeneous differential equations determine the type of modular forms
that can arise. In particular, this gives another argument why the congruence subgroup
associated to the two-loop equal-mass sunrise integral should have level 6, rather than 12
(see refs. [50, 60]). Finally, we have provided, for the first time, a complete description of
the higher orders in € for all master integrals for the three-loop equal-mass banana family.
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The results, which involve iterated integrals of meromorphic modular forms, are rather
lengthy, and they are available from the authors upon request.

In some sense, the differential equations and iterated integrals considered here can
be interpreted as one of the simplest generalisations of MPLs: while MPLs arise from
iterated integrations of rational functions, our integrals arise from iterated integrations of
rational functions multiplied by solutions of a second-order linear differential operator that
admits a modular parametrisation. Moreover, similar to the case of MPLs, we can identify
classes of differential equations which can always be solved in terms of these functions in
an algorithmic way. Note that there are natural generalisations of the class of Feynman
integrals to which our construction applies, like those where the maximal cuts are rational
functions, but the inhomogeneity involves iterated integrals of meromorphic modular forms.
This is for example the case for the two-loop kite integral or some integrals contributing to
the three-loop p parameter [38, 62, 90, 98].

There are still some open questions. First, it often happens for Feynman integrals
that one needs to consider additional square roots, in addition to modular forms (cf., e.g.,
ref. [99]). If all square roots can be rationalised, one can reduce the complexity again to
the situation of rational functions. In the setup of modular forms, however, if the branch
points of the square root are not aligned with the cusps of the modular curve, it is not clear
that the functions obtained by rationalising the square roots will fall within the class of
meromorphic modular forms considered here. Second, we have shown that for the three-loop
banana integrals, the differential equation is very compact when expressed in terms of the
basis of meromorphic modular forms defined in section 4, but it is not in canonical form.
For the future, it would be interesting to understand if and how a canonical form for this
differential equation can be obtained, and what the resulting concept of pure functions
would be. We leave these questions for future work.
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A The case of a general finite-index subgroup of genus zero

The purpose of this appendix is to give a proof of theorem 2 for a general finite-index
subgroup of genus zero. The difference to the case considered in section 4 is that now
there might be elliptic points or irregular cusps, whose local analytic structure is more
complicated.

Throughout this appendix, we keep the notation of section 4.
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A1 Thecase k<1

Proposition 1. For £ < 1, we have
OM(L, Rg) = 6(QMy—2(I', Rg)) & My (T, Rg).
In other words, the following statements are true.

(i) We have
§(QMj_o(T', Rg)) N My (T, Rs) = {0},

as subspaces of QM (T, Rg).

(ii) We have
OM(T, Rs) = 6(QMj—o(T, Rg)) + My(T', Rg).

Proof. To prove (i), we need to show that, if f € 6(QMy_o(T', Rs)) N My(T', Rs), then
f = 0. The proof is essentially the same as in ref. [56, theorem 6.1], so we will omit
some details. Let g € QMy,_o(T', Rg) be such that 6(g) = f, and denote by go,...,gp the
coefficient functions of g. The coefficient functions of f are then given by

k—2—-r+1

fr = 6(97’) + 12

Gr—1, 0<r<p+1,

with the convention that g_; = gp+1 = 0. On the other hand, since f is modular, we have

fr=0for 1 <r <p+1. In particular, for r = p+ 1, we have k_122_pgp =0, hence g, =0

(here, we use that k£ < 1). By recursion on p, the same argument yields that g, = 0 for all
0 <r <p, so that g = 0, by uniqueness of the coefficient functions.

For the proof of (ii), we need to show that every f € QM (T", Rg) can be written as
f =0(g)+ h, for some g € QM;j,_o(T', Rg) and some h € My(T', Rg). Let fo,..., fp denote
the coefficient functions of f and assume without loss of generality that f, # 0. We can
write (cf. ref. [85, theorem 4.1])

p
f = Z?r ’ Egv
r=0

for uniquely determined f, € My _o,(I', Rg), where Ey denotes the normalized, holomorphic
Eisenstein series of weight two, and the integer p is, by definition, the depth of f. Moreover,
we have f, = 71,. We now prove the desired statement by induction on p, the case p =0
being trivial (take g = 0 and h = f = f)). In the general case, a direct computation shows
that the meromorphic quasi-modular form

12

m&?p'EgA)

?pEg_

has depth < p — 1, and we conclude by the induction hypothesis. O
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A.2 The case k > 2

Proposition 2. For £ > 2, we have
(8(QM3—(T, Rs)) + My(T, Rs)) & Ma_(T, Rs) By ™" = QM(T, Rs).
Proof. We begin by proving that
(8(QMy—2(T, Rs)) + My(T, Rs)) N Ma_(T', Rs) B3~ = {0}

Let g € QMj_o(T", Rg) with coefficient functions gy, ..., g, and assume that f + 6(g) =
h- E5™1 for some f € My(T', Rs) and h € My_1(I', Rg). Then

k—2—r+1

5(gr) + o

gr—1 =0, for all r > k,

which shows that g necessarily has depth < k — 2. Moreover, since g has weight k — 2, one
can show that d(g) has depth < k — 2. On the other hand, & - Eé“_l has depth k£ — 1, unless
h =0, so that the equality f 4 d(g) = h - E§_1 yields that h = 0. Therefore, also g = 0, as
was to be shown.

We next show that

5(QMy_o(T, Rg)) + My(T, Rg) + Ma_(T, Rg)E5 ' = QM,(T, Rys).

Let f € QM (T, Rg) with coefficient functions fy,..., fp, such that f, # 0, and write
f=>P_, [, Ej, for some f, € Mg_o,. As remarked above, we have f,, = fp. Ifp#0k—1,
then the same argument as in the proof of proposition 1 shows that fp'Eg — %5 (?p-Eg 71)
has depth < p — 1. The desired statement now follows by descending induction on r. [

Proposition 3. For k£ > 2, we have
§(QMi—2 (T, Rs)) N My(T, Rs) = 6" (Mo (T, Rs)).

Proof. Again, the proof is essentially the same as in ref. [56, theorem 6.1]. Let g €
OM;,_o(I', Rg) be such that 6(g) = f, and denote by go, ..., g, the coefficient functions of
g. We may assume without loss of generality that g, # 0. As in the case k < 2, we have

k—2—-r+1
fr=5(gr)+T9r71, 0<r<p+1,
and f, =0, for 1 <7 < p+ 1. In particular, the equality f,+1 = 0 implies that p =k — 2.
Likewise, by recursion on r, the equality f, = 0 shows that 6(g,) = _k—1r2—1gT_1, for all

1 < r < p. The desired statement now follows from g = go and g, € Ma_i(I', Rg), which are
both general facts about the coefficient functions of quasi-modular forms (cf. ref. [85]). [

In order to conclude the proof of theorem 2 for arbitrary genus zero subgroups in the
case k > 2, it now suffices to prove the following analogue of theorem 4.

Theorem 5. There is a direct sum decomposition

M(T, Rg) = 6" (My_i(T, Rg)) ® My(T, Ry, ).
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A.3 Divisors of meromorphic modular forms in negative weight

The key ingredient for the proof of theorem 5 is a formula for the degree of the divisor

ldiv f] == > |vp(f)] - [P] € Div(Xy),

PeXr

where 0 # f € Ms_(T"). Since the vanishing order of f at an elliptic point or irregular cusp
might be half- or third-integral, the divisor |div f| is in general different from div(f) =

ZPGXF VP(f) -(P).
Proposition 4. We have

0 k=2

deg |div f] =
g Ldiv /] {—1—dimSk(F) k> 3.

Proof. The valence formula yields that

degdiv(f) = (2_15)% =—(2-k)— (Z - ;) €9 — ({; — g) €3 — (k - 1) Ecoy (A.1)

where in the second equality we have also used that Xr has genus zero. This proves the
statement for k£ = 2, since in that case we necessarily have div(f) = |div f]. If £ > 3, we
first need a lemma which provides some arithmetic information about the vanishing order
of f at an elliptic point or an irregular cusp.

Lemma 3. Let k be an integer and 0 # g € Mg/(T'). Then

mod Z if P is elliptic of order two,

vp(g) = mod Z if P is elliptic of order three,

N ol 3

mod Z if P is an irregular cusp.

Proof of lemma 3. The statement is trivial for k = 0, since g is then a holomorphic function
on X and therefore vp(g) € Z. In general, if I' = SLy(Z), then the desired assertion follows
immediately by comparing both sides of the valence formula (where i and p denote the
elliptic points defined in eq. (4.11) above)

vii(9) +vip(9) + > velg) = .
PeXr\{[il,[p]}

For general T, if k is even, then we can write g = ¢'g” where ¢’ € M(T') and ¢’ € My (SL2(Z)),
and the desired statement follows from the above, as every elliptic point is SLo(Z)-equivalent
to either ¢ or p, and every cusp is SLy(Z)-equivalent to co. If T' is arbitrary and k is odd,
then the existence of a non-zero meromorphic modular form of weight k implies that — ¢ T,
hence that there are no elliptic points of order two. On the other hand, if P is elliptic of
order three, then vp(g) = ivp(g?) = g mod Z, by what was just established in the case of
even weights. This proves the statement for elliptic points. Finally, if P is an irregular
cusp of width h, then g(r+h)=(—1)*g(7). On the other hand, the Fourier coefficients

Yo, ame™™T/M of g at P satisfy am, = (=1)™ayy,, and the result follows. O
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We now return to the proof of proposition 4. If k is even, then combining (A.1) with
lemma 3 yields that

k k k

deg |div f| = —(2— k) — M ey — M ey — (2 _ 1) eoo = —1 — dim Sy(T),

proving the desired statement in that case. If k is odd, then a similar argument yields that

deg |div f] = —(2 — k) — V;J ey — (S - 1) cres (’; - ;) S — 1 _ dim S, (T),

irr

o1 denotes the number of regular (respectively, irregular) cusps.

where €8 (respectively, €
This ends the proof of proposition 4. O

Remark 1. If T is an arbitrary finite-index subgroup of SLs(Z), not necessarily of genus
zero, and 0 # f € Ma_p(T"), then essentially the same proof yields that

07 k:2,

deg |div f] =
B ldiv/] {g—l—dimSk(F), k>3,

where g denotes the genus of Xp. We expect that this formula is well-known to the experts
but did not find it in the literature.

A.4 Proof of theorem 5
Theorem 5 follows by combining the assertions in the next two propositions.

Proposition 5. We have
51 (Mo (T, Rs)) N My,(T, Ry) = {0}.

Proof. Let f € 6*"1(My_1(T, Rs)) N My(L, Rs), so that in particular f = 65~1(g), for
some g € Mo_(T',Rg). If P € Xp \ Sp were such that vp(g) < 0, then vp(f) < %,
which contradicts f € Mk(F, Ry). Therefore vp(g) > 0 and a similar argument shows that
vs(g) >0, for all s € Sp \ {so}.

We now distinguish between the cases k = 2 and k > 3. If k = 2, then f € My (T, R;)
implies that vg,(f) > 0 which in turn yields that v, (g) > 0. Therefore the meromorphic
function ¢ has no poles on Xr, hence must be constant, and we conclude that f = §(g) = 0.
If £ > 3 and g # 0, then proposition 4 now implies that

|Vso(9)] = —1 — dim Si(T") — Z lvp(g)] < —1—dim Sk(T).
PeXp\{so}

In particular, vs,(g) < 0, hence that vs,(f) = vs,(g9) < —1 — dim Sk(I"), which contradicts
f € Mg(T', Rs). Therefore we must have g = 0, hence also f = 0, ending the proof. O

Proposition 6. We have

51 (Mo (T, Rg)) + My (T, Ry) = My(T, Rg).
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Proof. Let f € My(T,Rg). If f € ﬂ/lvk(F,Rs), there is nothing to prove. Otherwise, one
of the conditions (i)-(iii) in theorem 5 must be violated. We shall prove that it is always
possible to add an element of §*~1(My_ (T, Rg)) to f such that the result is contained in
M, (T, Ry), which clearly implies the desired result.

Assume first that there exists P € Xr \ Sr such that vp(f) < h—k nd choose
0# g€ Mao_(T,Rg). There exists ¢ € Mo(I', Rg) such that vp(¢) = vp(f)+ h—l —vp(g)
(the right hand side is an integer by lemma 3) and such that vg(¢) > |vg(g)l, for all
Q € Xt \ {P,s0}. Then vp(6*Y(¢-g)) = vp(f), hence there exists a € C such that
vp(f — ad®* e - g)) > vp(f) and vo(f — ad* L - g)) > vo(f) for all Q € Xt \ {so}-
Repeating this step a finite number of times, we may thus ensure that, up to adding an
element of 0*~1(My_1(T, Rs)), we have vp(f) > %, for all P € Xp \ Spr. A similar
argument shows that we may also assume that vg(f) > 0 for all s € Sp \ {so}.

Now assume that |vg,(f)] < —dim Si(I") and choose 0 # g € May_(T', Rs). Up to
possibly multiplying g by a suitable modular function that only has a pole at sg, we may
assume that vp(g) > 0, for all P € X1 \ {so}. Moreover, by proposition 4 and since Xp
has genus zero, there exists ¢ € My(I") such that vp(¢ - g) > 0, for all P € Xt \ {so},
and vy, (¢ - g) = vs,(f). As before, one can now show that, up to adding an element of
F1(Mao_(T, Rs)), we have |vy, (f)| > —dim Si(I"), proving the proposition. O

B The differential equations for the sunrise and banana integrals

B.1 The differential equations for the sunrise integrals

The matrices appearing in the differential equation in eq. (6.2) are

3(3 + 14t — t2) -9
B (1) = oy ,
6(t = 1)(¢ = 9) (t 4 3)(t3 — 1562 + 75t + 3) —3(3 + 14t — 12) (B.1)
D () = 1 6(t — 1)t 0
C6tt -1t —9) \(t+3)(t3 - 92 +63t+9) 3(t—9)(t+1)) "

A basis of maximal cuts for the two-loop equal-mass sunrise integral in d = 2 dimensions,
i.e., a basis for the solution space of the differential operator in eq. (5.4) is

_ 4 t14(t)t2s(?)
o) = [(3—\/5)(1+\/5)3]1/2K< ti3(t)t2 (t)> ’ (B.2)
Uy (t) = 4i K( Q(t)t34(t)> '
2T VH V2 T \tis(talt) )

with tij (t) = ti(t) — t]’ (t) and
ti(t) =4, t(t)=—-1+Vt)?, t3(t)=—-1-Vt)?, ts(t)=0, (B.3)

and K(X) denotes the complete elliptic integral of the first kind:

1 dt
A= /0 NI DI
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B.2 The differential equations for the banana integrals

The matrices B”"(x) and D"2"(z) entering the differential equation (6.12) are:

: : 0
B (z) = s s % R ; (B.5)
8(1171) + 8(1i4x) —1z + pI6l 43;) e Tom ﬁ
2 o
pban () — nE 245 §4 56 : (B.6)
_2(11—1) + 2(li4x) —T5 + pTgE . i7) T T T T

n,(3)

A basis of the solution space for the differential operator Ega in eq. (5.19) can then

be chosen as (for 0 <t <1)

I(z(t) = 3t (Wi (t) + Wa(t)) (Wi (t) + 3Pa(1))

Ji(z(t) =

oo\st—‘

(1) (1 (1) + Wa(t)) (B7)

Hi(a(0) = —5 1 01(0)?,

where Wy (t) and Wi (t) are the maximal cuts of the sunrise integral, and z(t) is defined in
eq. (5.22).
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