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A B S T R A C T 

Lava planets have non-global, condensible atmospheres similar to icy bodies within the Solar system. Because they depend on 

interior dynamics, studying the atmospheres of lava planets can lead to understanding unique geological processes driven by their 
extreme environment. Models of lava planet atmospheres have thus far focused on either radiative transfer or hydrodynamics. In 

this study, we couple the two processes by introducing ultraviolet (UV) and infrared (IR) radiation to a turbulent boundary layer 
model. We also test the effect of different vertical temperature profiles on atmospheric dynamics. Results from the model show 

that UV radiation affects the atmosphere much more than IR. UV heating and cooling work together to produce a horizontally 

isothermal atmosphere away from the substellar point regardless of the vertical temperature profile. We also find that stronger 
temperature inversions induce stronger winds and hence cool the atmosphere. Our simulated transmission spectra of the bound 

atmosphere show a strong SiO feature in the UV that would be challenging to observe in the planet’s transit spectrum due to the 
precision required. Our simulated emission spectra are more promising, with significant SiO spectral features at 4.5 and 9 μm 

that can be observed with the James Webb Space Telescope . Different vertical temperature profiles produce discernible dayside 
emission spectra, but not in the way one would expect. 

Key words: instrumentation: detectors – methods: numerical – planets and satellites: atmospheres. 
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 I N T RO D U C T I O N  

.1 Background 

ava planets are rock y e xoplanets that orbit close to their star. Being
idally locked into synchronous rotation, these planets have large 
urface temperature contrasts between the permanent dayside and 
ightside. On the dayside, the stellar flux is intense enough to vapor-
ze rocks, generating a thin atmosphere of mineral vapour (Schae- 
er & Fe gle y 2009 ). On the nightside, the temperature drops and the
tmosphere may collapse back on to the surface, as has been predicted 
or volatiles on M-Earths (Wordsworth 2015 ). In order to qualify as
 lava planet, a world must have a density consistent with rocky bulk
omposition, and the surface temperature must exceed the solidus for 
ilicates; examples include CoRoT-7b (L ́eger et al. 2011 ), Kepler-10b 
Batalha et al. 2011 ), and K2-141b (Mala v olta et al. 2018 ). 

Dynamics of the partial atmospheres on lava planets are similar 
o that of Io (Tsang et al. 2016 ) or Pluto (Gladstone & Young 2019 )
here pressure can vary significantly in response to huge changes 

n temperature. As such, icy bodies in the Solar system are counter-
ntuitively analogous to lava planets and studying one can help to 
nderstand the other. The atmosphere on a lava planet is in vapour
quilibrium with the magma ocean, so atmospheric and interior 
 E-mail: giang@yorku.ca 

1

C  

f

2022 The Author(s) 
ublished by Oxford University Press on behalf of Royal Astronomical Society 
ynamics are intertwined (Kite et al. 2016 ). Therefore, atmospheric 
etection and characterization of a lava planet may reveal the bulk
omposition of its rocky mantle. 

Ito et al. ( 2015 ) used radiative transfer simulations to show that a
ilicon monoxide (SiO) atmosphere near the substellar point can be 
uch hotter than the surface and exhibit a strong inversion (negative

apse rate). Infrared (IR) spectroscopy should reveal dayside SiO 

mission features. Ho we ver, such one-dimensional (1D) radiati ve 
ransfer simulations neglect atmospheric circulation. 

In contrast, Nguyen et al. ( 2020 ) focused on the hydrodynamical
ow of the silicate atmosphere, with an emphasis on the horizontal
dvection of heat and the spatial extent of the atmosphere. We had
odelled an optically thin silicate atmosphere that did not absorb or

mit any radiation. This made it difficult to simulate observables 
uch as emission and transmission spectra. By construction, the 
ptically thin atmosphere does not absorb stellar radiation and thus 
as everywhere colder than the surface. A temperature inversion as 

nvisioned by Ito et al. ( 2015 ) might affect the atmospheric dynamics.
herefore, the next step is to combine radiative transfer and atmo-
pheric circulation to better understand lava planets’ atmospheric 
ynamics and more faithfully simulate observations. 

.2 Objecti v es 

astan & Menou ( 2011 ) and Nguyen et al. ( 2020 ) use the same
ormulation – they are insightful for atmospheric dynamics but both 

http://orcid.org/0000-0001-6129-5699
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Figure 1. T-P profiles at the substellar point adopted by Nguyen et al. ( 2020 ) 
for different β. The black line represents the adiabatic profile. The red 
line represents isothermal and the two blue lines represent profiles with a 
temperature inversion. 
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ssume a transparent atmosphere. Since SiO vapour absorbs IR
nd ultraviolet (UV) radiation very well, we aim to eliminate this
pproximation by adding radiative transfer to the e v aporation-dri ven
ydrodynamics. Hydrodynamical simulations have also assumed a
ry adiabatic vertical temperature profile, contrary to the 1D radiative
ransfer simulations of Ito et al. ( 2015 ). We therefore also test a wider
ange of vertical temperature profiles to harmonize with the radiative
ransfer simulations. 

The resulting model couples radiative transfer to atmospheric
irculation, something yet to be done for lava planets. As an ancillary
enefit, they also allow us to more faithfully predict observables. By
alculating the transmission and emission spectra, we simulate James
 ebb Space T elescope ( JWST ) observations. We continue using K2-

41b as our poster child as it currently has the highest signal-to-
oise ratio among known lava planets, making it the best target for
tmospheric detection (Zieba et al. 2022 ), and is one of the first
lanets that JWST will look at (Dang et al. 2021 ). 
The next section, Section 2 , describes the model’s formulation:

ntroduction of the general turbulent boundary layer (Section 2.1 ),
implification of the general equations to 1D (Section 2.2 ), and
he implementation of radiative transfer (Section 2.3 ). Section 3
resents results from the model. Section 4 discusses the impact of UV
adiation (Section 4.1.1 ) and different vertical temperature profiles
Section 4.1.2 ) on atmospheric dynamics, as well as presenting
imulated transit spectra (Section 4.2.1 ) and eclipse spectra (Section
.2.2 ). We conclude in Section 5 . 

 T H E O RY  

.1 The turbulent boundary layer 

ollowing the formulation of Ingersoll, Summers & Schlipf ( 1985 ),
he atmosphere consists of a turbulent boundary layer that behaves
imilarly to the shallow-water equations. The surface pressure is
ssumed to be in fast equilibration with the magma ocean. As
he flow is assumed to be in steady state, we have the following
eneral equations describing the conservation of mass, momentum,
nd energy, respectively: 

 · ( ρhV ) = m E, (1) 

 · ( ρhV 

2 ) = −∇ 

∫ 

z 

P d z + τ, (2) 

 ·
(

ρhV 

(
V 

2 

2 
+ C p T 

))
= Q, (3) 

here ρ is the air density, h is the atmospheric column thickness, V
s the wind velocity, m is the mass per molecule, P is the pressure,

is the surface drag, C p is the heat capacity, T is the atmospheric
emperature, and Q is the net energy flux for the boundary layer. The
 v aporation/outgassing rate, E , is calculated via 

 = 

P − P v ( T s ) 

m 

√ 

2 πRT s 
, (4) 

here R is the gas constant, T s is the surface temperature, and P v 

s the temperature-dependent saturation vapour pressure and can be
ound in Miguel et al. ( 2011 ). 

The surface drag, τ , is calculated by 

= −ρV w, (5) 

here w is the transfer coefficient defined by Ingersoll et al. ( 1985 )
nd is further parametrized by the mean flow velocity, V e = mE / ρ,
nd the eddy velocity, V d = V 

2 
∗ /V . The frictional velocity, V ∗, is
NRAS 513, 6125–6133 (2022) 
mplicitly solved from the experimental formulation of turbulent
ow o v er smooth flat plates: 

 = 2 . 5 V ∗ log 

(
9 . 0 V ∗ H ρ

2 η

)
, (6) 

here H is the atmospheric scale height and η is the dynamic
iscosity. We can now compute the transfer coefficient w for the
wo cases where there is net e v aporation ( V e > 0) and net deposition
 V e ≤ 0): 

 = 

2 V 2 
d 

V e + 2 V d 
( V e > 0) (7a) 

 = 

V 2 e −2 V d V e + 2 V 2 
d 

−V e + 2 V d 
( V e ≤ 0) . (7b) 

As the flow is assumed to be turbulent, V can be vertically uniform.
o solve the momentum equation, P is v ertically inte grated with
eight by using the pressure and temperature at the top of the
oundary layer, P ∗ and T ∗, respectively: ∫ ∞ 

0 
P d z = 

∫ P ∗

0 

� 

g 
d P = 

C p 

g 

∫ P ∗

0 
( T ∗ − T )d P , (8) 

here � is the geopotential. The change in � is the work done
s the vaporized particles ascend from the surface to the top of the
oundary layer; this can be expressed as C p ( T ∗ − T ). In order to close
he problem, we must assume a vertical temperature profile. For an
diabatic profile, we have T = T ∗( P /P ∗) R/C p . Substituting this into
he integral in equation ( 8 ) yields 

C p 

g 

(
T ∗P ∗ − T ∗P ∗

(
1 

R/C p + 1 

))
= 

C p T ∗P ∗β
g 

, (9) 

here β = R /( R + C p ) for an adiabatic profile. For an isothermal
tmosphere, on the other hand, β = 1. Likewise an atmosphere with
 temperature inversion would have β greater than 1 [Fig. 1 shows
emperature–pressure (T-P) profiles for different β]. The isothermal
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Figure 2. Top panel: absorption cross-section of SiO at 1 kPa and 2800 K. 
The UV data are from Kurucz ( 1992 ) while the remainder are from Barton, 
Yurchenko & Tennyson ( 2013 ). Broadening parameters are approximated 
based on HITRAN data for similar diatomic molecules, assuming an H 2 /He 
background atmosphere (Gordon et al. 2017 ); although this assumption is hard 
to justify, this is currently the best source of SiO absorption cross-section at 
high temperatures. Bottom panel: stellar spectrum of HD 5512 (France et al. 
2016 ), a close analogue of K2-141. 
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nd inverted profiles are more in line with the temperature profile 
redicted by Ito et al. ( 2015 ). We will test these three different
rofiles and see their effects on the dynamics and observability of
he K2-141b’s atmosphere. 

Because of our defined shallow turbulent layer, the vertical 
ntegration of pressure, temperature, and wind speed allow us to 
 v aluate these state variables at the layer’s boundary. Vertical inte-
ration requires an assumption of the temperature profile, which we 
arametrized with β. The calculations become akin to the shallow- 
ater equations where height is fixed within the column. 

.2 Hydrodynamics 

e must now reduce the general equations ( 1 )–( 3 ) to a more
anageable set of calculations. As K2-141b is tidally locked, we can 

mpose axial symmetry and the problem reduces to two dimensions: 
eight and angular distance from the substellar point θ . Assuming a 
hallow turbulent boundary layer further reduces height dependence. 
he problem becomes 1D where we solve for pressure, temperature, 
nd wind velocity with respect to θ at the top of the turbulent
ayer. The general equations describing the conservation of mass, 

omentum, and energy become 

1 

r sin ( θ ) 

d 

d θ

(
V ∗ P ∗ sin ( θ ) 

g 

)
= m E, (10) 

1 

r sin ( θ ) 

d 

d θ

(
( V 

2 
∗ + β C p T ∗) P ∗ sin ( θ ) 

g 

)
= 

β C p T ∗ P ∗
g r tan ( θ ) 

+ τ, (11) 

1 

r sin ( θ ) 

d 

d θ

(
( V 

2 
∗ / 2 + C p T ∗) V ∗ P ∗ sin ( θ ) 

g 

)
= Q, (12) 

here K2-141b’s radius, r , and surface gravity, g , are 9.62 × 10 6 m
nd 21.8 m s −2 , respectively. 

A limitation of the model is that the atmosphere’s composition 
ust be pure. Due to its volatility, sodium has been the prime

utgassing candidate for pre vious lav a planet modelling papers 
Castan & Menou 2011 ; Kite et al. 2016 ). Ho we ver, Na is relatively
carce in the crust, and risks being lost to space (Ito & Ikoma
021 ) or cold trapped on the nightside (Nguyen et al. 2020 ), so
e argue instead for a silicate atmosphere due to the abundance of
iO 2 in the crust. Both SiO 2 and SiO can be e v aporated into the
tmosphere, but the saturated vapour pressure of SiO 2 is several 
rders of magnitude lower (Schaefer & Fe gle y 2009 ). Therefore, the
tmosphere is likely dominated by SiO and its rele v ant parameters
re: m = 7.32 × 10 −26 kg molecule −1 , C p = 851 J K 

−1 kg −1 , R =
88 J K 

−1 kg −1 . 
The system of ordinary differential equations, equations ( 10 )–

 12 ), can be solved numerically as a boundary value problem. To
nd a solution, we use the shooting method where we test different
ublimation rates at the substellar point to see which value leads 
o steady-state flow. When including radiative transfer, as described 
elow, we must also test initial energy flux because e v aporation is
o longer the sole driving force of the flow. 

.3 Radiati v e transfer 

o implement radiative transfer in our model, we need the 
avelength-dependent absorptivity of SiO and the stellar spectrum, 
oth shown in Fig. 2 . SiO absorbs strongly in the UV and relatively
eakly in the IR. Since SiO has negligible optical absorption, we 
nly consider the IR and UV bands for heating and cooling of the
tmosphere. 
Implementing radiative transfer starts with determining the ab- 
orptivity, or equivalently the emissivity, ε, in each waveband: 

= 1 − e −τd , (13) 

here τ d is the optical depth. This depth is determined using the
urface pressure: 

d = xP ∗/mg, (14) 

here x is the absorption cross-section of SiO in the IR or UV: x IR =
0 −29 m 

2 mol −1 and x UV = 10 −22 m 

2 mol −1 . 
With emissivity and absorptivity accounted for, we can now define 

he atmospheric heating Q as 

 = Q sens + F IR + F UV + F surf − 2 F RC , (15) 

here Q sens is the sensible heating as described by Ingersoll et al.
 1985 ), F IR is the atmospheric absorption of stellar IR, F UV is the
tmospheric absorption of stellar UV, F surf is the blackbody radiation 
mitted by the surface and subsequently absorbed by the atmosphere, 
nd F RC is the radiative cooling of the atmosphere. The radiative
eating terms for the atmosphere are 

 IR = εIR C IR F ∗, (16) 

 UV = εUV C UV F ∗, (17) 

 surf = εIR σT 4 s . (18) 
MNRAS 513, 6125–6133 (2022) 
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Figure 3. Atmospheric pressure, wind velocity, and temperature from 1D 

hydrodynamic + radiative transfer simulations of K2-141b assuming an 
adiabatic vertical T-P profile. In each panel, the dotted line represents the 
transparent atmosphere (no radiative transfer, as in Nguyen et al. 2020 ), the 
dashed line represents the simulation with only IR radiative transfer, and the 
solid line is the simulation incorporating both IR and UV radiative transfer. 
The IR-only radiative scheme is similar to the transparent case, but the scheme 
with UV radiation produces stronger winds and a much hotter atmosphere. It 
can be seen that the temperature for the IR-only case rises significantly at high 
θ . This is caused by viscosity, which slows winds and raises the temperature, 
but is only ef fecti ve at low temperatures. However, the transparent atmosphere 
is just as cold but does not heat up. This is because it has significantly less 
pressure than its IR-only counterpart and there is not enough atmospheric 
mass for friction to take effect. 
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In the equations abo v e, F ∗ is the incident stellar flux, which is
 function of θ calculated following Kopal ( 1954 ) to account for
he non-negligible angular size of the star as seen from the planet.
or the stellar spectrum, we use the star HD 5512 as it is a close
nalogue of K2-141; C IR = 0.532 and C UV = 0.009 are the fractions
f stellar flux in the IR and UV range, respectively (France et al.
016 ). We ignore stellar UV absorption via photodissociation of SiO
ecause, as we show below, absorptivity and emissivity in the UV
re ∼1 for most of the dayside. Since nearly all of the stellar UV
as been absorbed, any processes that can further absorb UV are
egligible. Furthermore, significant photodissociation of SiO occurs
t wavelengths less than 0.14 μm (Jolicard et al. 1997 ) and stellar
ux in this range is negligible. 
F or radiativ e cooling, only considering IR emission would yield
 RC = εIR σT 4 ∗ . Ho we ver, since the absorption cross-section of the
tmosphere is several orders of magnitude larger in the UV than the
R, UV emission becomes non-negligible. Therefore, we split the
σT 4 ∗ term using definite integrals of the Planck function, B , o v er IR
nd UV wavelengths, λ, and the equation for F RC becomes 

 RC ( T ) = π

(
εIR 

∫ 

λIR 

B( λ, T )d λ + εUV 

∫ 

λUV 

B( λ, T )d λ

)
. (19) 

A computationally efficient way to evaluate the Planck integral
an be found in Appendix A. The surface albedo is assumed to be
 and this is justified as quenched glass and liquid lava surfaces are
 xpected to hav e v ery low albedo (Essack, Seager & Pajusalu 2020 ).
e account for the greenhouse effect by radiatively coupling the

tmospheric and surface temperatures: 

T 4 s = F ∗ − F IR − F UV + F RC ( T ) . (20) 

 RESU LTS  

tarting with an adiabatic profile ( β = 0.18), we first only include
R absorption and emission. The results did not differ much from
 transparent atmosphere aside from having slightly stronger winds
nd warmer atmospheric temperatures. Atmospheric temperatures
re still al w ays cooler than the surface (cf. dotted and dashed lines
n Fig. 3 ). Pressure almost never changes regardless of the radiative
chemes or temperature profiles used as it cannot deviate far from
he local saturation vapour pressure. 

When we add UV radiation in addition to IR, the resulting winds
re stronger and the atmospheric temperature exceeds that of the
urface for θ > 32 ◦ (solid lines in the bottom panel of Fig. 3 ). The
eason for the high atmospheric temperature is the high optical depth
n the UV compared to that in the IR. As shown in the middle panel
f Fig. 4 , UV absorptivity ho v ers around unity, while the IR opacity,
eing very sensitive to pressure, drops exponentially with θ . 
The bottom panel of Fig. 4 shows that IR absorption from stellar

ux and surface blackbody radiation start out as the dominant heating
erms, balanced by IR radiative cooling. As pressure drops, ho we ver,
R radiation becomes negligible and the UV radiative terms come to
ominate the energy balance. 
Finally, we incorporate IR and UV radiation to two other vertical

emperature profiles: isothermal ( β = 1) and inverted ( β = 1.2).
ressure, wind speed, and temperature for the three vertical profiles
re shown in Fig. 5 . Higher β produce stronger winds and a cooler
tmosphere; in Section 4.1.2 , we offer a physical explanation of this
henomenon. Near the day–night terminator, ho we ver, atmospheric
emperatures are the same regardless of β; we discuss this in
ection 4.1.1 . 
NRAS 513, 6125–6133 (2022) 
 DI SCUSSI ON  

.1 Impact on dynamics 

.1.1 UV radiation 

ur simulations show that the exchange of IR radiation between
urface and atmosphere does not change the dynamics significantly
espite the large fluxes. This is because IR heating and cooling are
ell balanced, leading to a near-zero net radiation budget. Ho we ver,

R radiation becomes negligible at low pressure making UV stellar
ux the dominant heating term, balanced by UV radiative cooling. 
The importance of UV cooling in a planetary atmosphere is

urprising but understandable. Fig. 6 shows the IR and UV cooling
t a fix ed pressure. F or uniform emissivity at all wavelengths, the
lackbody radiation in the IR accounts for almost all of the radiative
ooling. Ho we ver, because emissi vity in the IR is much lo wer than in
he UV, UV emission can o v ertake the IR with only a slight increase
n temperature. 

The temperature sensitivity of UV emission explains the horizontal
niformity in temperature, especially near the terminator ( θ =
0 ◦). As pressure drops, UV stellar flux is the only heating term

art/stac1331_f3.eps
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Figure 4. Radiative properties of the adiabatic atmosphere. Top panel: 
vertical optical depth of the SiO atmosphere. Middle panel: vertically 
integrated absorpti vity (equi v alently emissi vity). Bottom panel: radiati ve 
fluxes absorbed and emitted by the atmosphere. The emissivity in the UV 

is ∼1 for most of the dayside, while emissivity in the IR drops exponentially 
away from the substellar point. While UV heating and cooling are relatively 
small near the substellar point, they dominate the radiation budget at θ > 50 ◦. 
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nd IR cooling is inef fecti ve. The atmosphere will get hotter until
V radiative cooling takes over. Therefore, temperature will hover 

round 2600 K where UV heating and cooling are in equilibrium, 
egardless of the assumed vertical profile (see the bottom panel of
ig. 5 ). 

.1.2 Vertical temperature profile 

s described in Section 2.1 , the model atmosphere’s vertical temper- 
ture profile can be made isothermal by setting β = 1 or inverted for
> 1. This stems from the v ertical inte gration of the pressure,

hich only affects the momentum equation (equation 11 ). The 
igher β value implies a much stronger pressure force, the term 

C p T ∗P ∗/[ gr tan ( θ )] in equation ( 11 ). This is why, winds are stronger
or isothermal and inverted temperature profiles as seen in Fig. 5 . We
lot the temperature profiles at two different locations in Fig. 7 . 
Stronger winds also induce more e v aporation and condensation 

nd this can be inferred from the mass equation (equation 10 ):
 larger V ∗ must lead to a larger E . Therefore, a strong vertical

emperature inversion has a greater e v aporation and condensation 
ate as seen in Fig. 8 . 

Wind speed and atmospheric temperature are coupled within the 
nergy equation (equation 12 ); hence, the increase in wind speed 
reatly affects temperature. The term ( V 

2 /2 + C p T ∗) is balanced by
 , which is mostly dependent on the incoming stellar flux. As stellar
ux does not change regardless of the vertical temperature profile, 
 lower temperature is required to balance out the stronger wind
peeds. 

Radiative transfer models that do not account for horizontal flow 

redict an inverted temperature profile where the overall atmo- 
pheric temperature is hotter than the surface (Ito et al. 2015 ). The
ydrodynamics we present here suggests otherwise: The stronger 
he inversion, the faster the horizontal flow and the cooler the
tmosphere. Ho we ver, because the lapse rate is set up to be the same
verywhere ( β is constant with respect to θ ), the hydrodynamical 
ffects may be o v erestimated. 

.2 Impact on obser v ations 

.2.1 Transmission spectroscopy 

e can now use our model atmospheres to simulate observations, 
he first of which is a transit spectrum. This is done by calculating
he transit depth, D , the fraction of stellar flux blocked as the planet
asses in front of its star. This is e v aluated by 

( λ) = 

(
r 

r ∗

)2 

+ 

2 

r 2 ∗

∫ r ∗

r 

b 
(
1 − e −τd ( λ,b) 

)
d b, (21) 

here r and r ∗ are the planetary and stellar radii, respectively, b is the
rojected distance to the planet’s centre, and τ d is the optical depth
long the cord. Optical depth is calculated by 

d ( b) = 

xP ∗
mg 

√ 

2 πr 

H 

, (22) 
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M

Figure 6. Top panel: atmospheric radiative cooling terms featured in equa- 
tion ( 19 ). The black line is the total blackbody radiative flux across all 
wavelengths, red is the IR contribution, and blue is the UV contribution. 
At constant emissivity, IR flux would be order of magnitude greater than 
UV flux. Bottom panel: emitted blackbody radiation at a fixed pressure. 
The dashed black line is the total emitted flux, the solid black line is what the 
emitted flux would be if the total emission is dependent only on IR emissivity, 
the red line is the individual emitted flux in the IR and blue in the UV. Note 
that UV emission becomes non-negligible when atmospheric temperatures 
exceed 2500 K. 

Figure 7. Temperature profiles at θ = 30 ◦ (left-hand panel) and θ = 45 ◦
(right-hand panel). While the adiabatic profile stays largely the same at 
both locations (cf. the bottom panel of Fig. 5 ), the isothermal and inverted 
temperature profiles are cooler at θ = 45 ◦. 
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Figure 8. Evaporation rate for different vertical temperature profiles. Be- 
cause decreasing the lapse rate results in stronger winds, e v aporation and 
condensation are greater for the isothermal and inverted temperature profiles 
than the adiabatic profile. 
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here H is the atmospheric scale height. In the middle of the transit,
he rele v ant surface pressure P ∗ and H must be e v aluated at θ =
0 ◦, but the extreme geometry of lava planets means that the a
ide range of θ , surface pressures, and scale heights are probed

hroughout transit, as shown in Fig. 9 . Because the boundary layer is
NRAS 513, 6125–6133 (2022) 
eometrically thin compared to scale height, P ∗ can be approximated
s the surface pressure. 

Due to the UV radiative equilibrium, atmospheric temperatures
onverge to the same temperature at the terminator regardless of the
ertical temperature profile. These temperatures are much hotter than
hat of the transparent atmosphere described by Nguyen et al. ( 2020 ),
ncreasing the atmospheric scale height and providing a stronger
ignal for transmission spectroscopy of lava planets. 

Evaluating τ d and completing the integration in equation ( 21 )
roduces the transit spectra shown in Fig. 10 . The biggest peak is at
0.25 μm and the second biggest at ∼9 μm, both corresponding

o SiO absorption features since our model atmosphere is entirely
omposed of that gas. By virtue of having slightly higher atmospheric
ressure and therefore greater optical depth at the terminator (see
ig. 5 ), the isothermal and inverted atmospheres have larger transit
pectrum features than the adiabatic case. 

The spectral feature in the UV is the strongest but likely requires
recision beyond the capabilities of the Hubble Space Telescope .
ut we only simulate the bound atmosphere of the planet – it is
ossible that UV observations with Hubble would be sensitive to its
xosphere. Transit spectral features in the range of JWST /NIRSpec
nd Spitzer /IRAC are negligible, while features in the range of
WST /MIRI are significant. We use the PANDEXO tool from Batalha
t al. ( 2017 ) to simulate JWST measurement uncertainties for 16
ransits and conclude that neither NIRSpec or MIRI has the precision
o identify any spectral features induced by the atmosphere in
ransit. 

.2.2 Emission spectroscopy 

o calculate the emission spectrum of K2-141b at eclipse, we
rst calculate the top-of-atmosphere outgoing irradiance, which is
 combination of atmospheric and planetary emission. While the
reenhouse effect barely changes the surface temperature, it is
ignificant enough to affect the planet’s emission spectrum. Emission
rom the atmosphere is calculated as ελB ( λ, T ∗), while the surface
ontribution is calculated as (1 − ελ) B ( λ, T s ). The top two panels
f Fig. 11 show the atmospheric and surface irradiance at 4.5 μm,
here there is a strong SiO spectral feature. The bottom panel shows

he total top-of-atmosphere outgoing irradiance. 
The emission spectrum is a function of orbital phase because

ifferent regions of the planet rotate in and out of view. Therefore,
utgoing irradiance with respect to θ is translated to spherical
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Figure 9. Scale height as observed at ingress (left-hand panel) and transit (right-hand panel). Assuming an impact parameter of 0, we plot the expected scale 
height around the planet’s limb. At ingress, the viewing geometry exposes much of the airless nightside (left-hand side of the limb) and we can only see the 
dayside atmosphere on the right-hand side. At transit, limb measurements only probe where θ = 90 ◦ and scale height is constant due to the imposed axial 
symmetry. Incorporating radiative transfer in our dynamical model produces a much hotter and hence more extended atmosphere near the terminator, leading to 
a near-constant transmission spectrum throughout the transit. 
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Figure 10. Expected transit spectrum of K2-141b for three possible vertical 
temperature profiles. Dashed lines show the bandpasses for HST /COS (Green 
et al. 2011 ), JWST /NIRSpec (Birkmann et al. 2016 ), Spitzer /IRAC channel 
2, and JWST /MIRI (Wells et al. 2015 ). The UV spectral feature is in-band 
for Hubble but is likely too small to be detectable. Likewise, the IR features 
around 4.5 and 9 μm, while in-band for Spitzer or JWST , are too faint to 
be disentangled from noise. Although cases with different T-P profiles have 
roughly the same scale height at θ = 90 ◦, the surface pressure is slightly larger 
for profiles with a ne gativ e lapse rate. This explains the slight differences in 
transit depth between the T-P profiles. 
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Figure 11. Irradiance of K2-141b at 4.5 μm, i.e. at a wavelength where the 
atmosphere is optically thick o v er much of the dayside. Top panel: modelled 
outgoing atmospheric irradiance. Middle panel: outgoing planetary irradi- 
ance. Bottom panel: total outgoing irradiance at the top of the atmosphere. 
The adiabatic case has stronger emission at this wavelength, while the other 
two cases have a weaker emission than the transparent atmosphere. 
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oordinates with co-latitude ( α) and longitude ( φ). We then integrate
he irradiance o v er the dayside hemisphere follo wing Co wan & Agol
 2008 ) to find the emission, I e : 

 e ( λ, ζ ) = 

∫ π

0 

∫ ζ+ π/ 2 

ζ−π/ 2 
I ( α, φ, λ) sin 2 ( α) cos ( φ − ζ )d φd α, (23) 

here ζ is the position of the planet in its orbit: ζ = 0 at superior
onjunction and ζ = π at inferior conjunction. Keeping λ fixed 
t 4.5 μm and calculating I e ( ζ ) yields the phase curve shown in
ig. 12 . Because the dayside emission from the isothermal and 

nverted temperature profiles are smaller than the adiabatic case, 
heir phase amplitudes are likewise smaller. Eclipse occurs when 
= 0, and calculating I e with respect to λ at this point leads to the

clipse spectrum plotted in Fig. 13 . 
Paradoxically, the adiabatic profile results in SiO emission fea- 
ures, while the isothermal and inverted profiles result in absorp- 
ion features. SiO spectral features probe the atmosphere rather 
han the surface o v er much of the dayside. The adiabatic profile
roduces an atmosphere hotter than the surface and therefore 
ts spectrum shows emission features. Meanwhile, the isother- 
al and inverted temperature profiles lead to cooler atmospheres 
MNRAS 513, 6125–6133 (2022) 
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Figure 12. Simulated 4.5 μm phase curves from the three different vertical 
temperature structures. Note that eclipses have been omitted at phases 0 and 
1; transit is omitted at phase 0.5. The adiabatic temperature profile produced 
an atmosphere with stronger dayside emission and therefore a larger phase 
amplitude. 
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bottom panel of Fig. 5 ) and hence their spectra show absorption
eatures. 

We simulate JWST measurement uncertainties for 16 eclipses
sing PANDEXO (Batalha et al. 2017 ), plotted in the bottom panel of
ig. 13 . Spectral features at 4.5 μm can be detected with NIRSpec.
pectral features at longer wavelengths are difficult to see with MIRI
ut observing more eclipses or phase curves may reduce the errors
nough to make out the features. 
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igure 13. Top panel: simulated eclipse spectrum of K2-141b for three different
ccultation depth as measured by Kepler (Mala v olta et al. 2018 ), as well as Kepler ’s
how the depth as measured by Spitzer (Zieba et al. 2022 ). The adiabatic case e
odels have absorption features. This counter-intuitive behaviour originates from t

tmospheric temperature with respect to the surface. Bottom panel: simulated JWS
ase and simulate NIRSpec and MIRI measurements for 16 eclipses using the tool 
etect the SiO absorption feature at 4–5 μm. 
 C O N C L U S I O N S  

e have improved upon the 1D hydrodynamic model of Nguyen
t al. ( 2020 ) by implementing radiative transfer. We applied this new
odel to the lava planet K2-141b and tested the effects of different

ertical temperature profiles. Our analysis leads to two key insights.
Our first insight is that the atmosphere far from the substellar

oint will be hotter than the surface. Since UV heating dominates
R when pressure is low, atmospheric temperatures will rise to
2600 K, at which point UV radiative cooling takes effect. As
 result, atmospheric temperatures should be horizontally uniform
ear the terminator ( θ ≈ 90 ◦), regardless of the vertical temperature
rofile. 
The second insight is that a vertical temperature inversion produces

 cooler atmosphere. A strong temperature inversion also leads to a
reater horizontal pressure gradient force and hence greater wind
peeds. To conserve energy, thermal energy in the atmosphere is
educed as a reaction to the greater kinetic energy. This result is
articularly important as it sho ws ho w hydrodynamics can lead to
 significantly different atmosphere when compared to models that
ocus on 1D radiative balance (e.g. Ito et al. 2015 ). 

We also simulated the transit spectrum of K2-141b (Fig. 10 ) and
ound that UV radiation leads to a much bigger scale height at the
erminator than what was previously predicted (Nguyen et al. 2020 ).
o we ver, the surface pressure is very small and so features in the IR

re too subtle for Spitzer or JWST to detect, while the larger UV SiO
eature likely have to wait for a more sensitive spectrograph than is
urrently available on Hubble . 

Our simulated eclipse spectra of K2-141b (Fig. 13 ) are more
romising, ho we ver. Because the different vertical temperature
101

gth [ m]

8 10 12 14
gth [ m]

NIRSpec
MIRI LRS

 assumed vertical T-P profiles. The black dot and its bars show K2-141b’s 
 bandwidth (Van Cleve & Caldwell 2016 ). The cyan dot and its bars likewise 
xhibits SiO emission features, while the vertically isothermal and inverted 
he relation between the vertical temperature profile, wind speed, and o v erall 
T observations at eclipse. We take the spectrum from the isothermal profile 
PANDEXO (Batalha et al. 2017 ). Results for NIRSpec are promising and can 
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rofiles lead to different dayside atmospheric temperatures, emission 
pectra ought to be distinguishable with Spitzer and JWST . The 
diabatic profile has a warmer atmosphere, so its spectrum has 
ignificant SiO emission features. The isothermal and inverted 
ertical temperature profiles, on the other hand, produce atmospheres 
ooler than the surface and hence SiO absorption features. Emission 
pectra are not only useful for detecting the atmosphere, but can also
elp to infer more nuanced properties such as the vertical temperature 
rofile. 
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PPENDI X  A :  DEFI NI TE  I N T E G R A L  O F  

L A N C K  F U N C T I O N  

valuating the radiative cooling requires a definite integral of the 
lanck function (equation 19 ). Doing the integral through finite 
ifferences can be computationally e xpensiv e, but Widger & Woodall 
 1976 ) provide a better alternative. We start with the definite integral
f the Planck function from a wavelength λ1 to infinity: 

∫ ∞ 

λ1 

2 hc 

λ5 

1 

e ( hc/λkT ) − 1 
= −2 πk 4 T 4 

h 

3 c 2 

∑ 

n 

G e −nJ , (A1) 

here G = J 3 / n + 3 J 2 / n 2 + 6 J / n 3 + 6/ n 4 and J = hc /( λkT ). Therefore,
he definite integral between two wavelengths is 
∫ λ2 

λ1 

( ... ) = 

∫ ∞ 

λ1 

( ... ) −
∫ ∞ 

λ2 

( ... ) , (A2) 

nd each term is calculated via the summation provided. 
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