GLOBAL EXISTENCE AND DECAY RATES TO A
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ABSTRACT. In this paper, we investigate a chemotaxis-fluid system involving both the effect
of potential force on cells and the effect of chemotactic force on fluid:

on+u-Vn=An—V-(x(c)nVe)+ V- (nVg),

Oic+u-Ve=Ac—nf(c),

ou+ k(u-V)u+ VP = Au—nVe¢ + x(c)nVe,
V-u=0

in R x (0,7) (d = 2,3). One of the novelties and difficulties here is that the coupling in
this model is stronger and more nonlinear than the most-studied chemotaxis-fluid model
due to the additional term x(c)nVc in the third equation. We will first establish several
extensibility criteria of classical solutions, which ensure us to extend the local solutions to
global ones in the three dimensional chemotaxis-Stokes case and in the two dimensional
chemotaxis-Navier-Stokes version under suitable smallness assumption on ||co||r~ with the
help of a new entropy functional inequality. Some further decay estimates are also obtained
under some suitable growth restriction on the potential V¢ at infinity. As a byproduct of the
entropy functional inequality, we also establish the global-in-time existence of weak solutions
to the three dimensional chemotaxis-Navier-Stokes system. To the best of our knowledge,
this seems to be the first work addressing the global well-posedness and decay property of
solutions to the Cauchy problem of self-consistent chemotaxis-fluid system.

1. INTRODUCTION

1.1. Background & literature review. In nature, most living cells or organisms (e.g.
Dictyostelium, Bacillus subtilis, Escherichia coli, etc.) are endowed with the ability to sense
certain stimulating chemical signals (e.g. nutrients) in the environment (mostly the viscous
fluid) and adapt their movements accordingly. A significant number of experiments and an-
alytical studies have revealed noticeable facts that organisms and the complex surrounding
fluid may substantially affect the motion of them each other through e.g. chemotactic forces
and gravitational forces by organisms, buoyant forces by fluid, etc. For example, to describe
this kind of cell-fluid interactions mathematically, Tuval et al. [2I] conducted a highly influ-
ential experiment in a water drop suspended with swimming Bactllus subtilis, and proposed
the following chemotaxis-fluid model

&gn-l—u-Vn:)\An—V'(X(c)nVc), e, t>0,

Oc+u-Ve=vAc—nf(c), e, t>0, (L.1)
ou+ k(u-V)u+ VP = pAu —nVo, ze, t>0, '
V.-u=0, zeQ, t>0.

Date: May 6, 2023.
Key words and phrases. Chemotaxis-fluid system, Self-consistent, Blow-up criteria, Global solvability, De-

cay rates.
1



2 CARRILLO, PENG, AND XIANG

Here the time evolution of cell density n = n(z,t) is described by 1, in which the
chemotaxis-induced aggregation with chemotactic sensitivity y, diffusion with strength A
caused by random Brownian motion, and transportation by ambient fluid u = u(x,t) sub-
jected to incompressible (Navier-)Stokes equation with pressure P = P(x,t) are considered.
The signal with concentration ¢ = c¢(z,t) also diffuses with strength v, is transported by
ambient fluid and is consumed by cells with consumption rate f. The external force —nV¢
exerted on the fluid by cells can be produced by various physical mechanisms, e.g. gravity,
centrifugal, electric forces, magnetic forces, etc. We refer to [I7, 2I] for more details con-
cerning its physical background and [2] for a different derivation (under the framework of the
kinetic theory) of chemotaxis-fluid models.

The fundamental mathematical challenges arising in the analysis of appear to consist
in two parts: one arises from the well-known incompleteness theory of existence and regu-
larities with large initial data for the Navier-Stokes system; the other is that it is unknown
whether the global weak solutions to the chemotaxis-only subsystem (u = 0) may
blow-up in finite time before becoming ultimately smooth. Since the seminal analytical work
[17] proved the local existence of weak solutions, there have been plenty of scholars devoting
themselves to the well-posedness and long-time behavior of solutions to ([L.1)). For instance,
Duan et al. [9] proved the global-in-time existence and explicit decay rates of classical solu-
tions for the chemotaxis-Navier-Stokes system near constant state (n.,0,0) in R3, and also
established global-in-time existence of weak solutions for the chemotaxis-Stokes system in R?
provided that the external forcing ¢ is weak or the signal concentration c is small, i.e.

¢ >0, Vo € L®(R?), sup (w(z)|Ve(x)| +w?(2)|VZ¢(x)|) and [collp4(r2y are small, (1.2)

z€ER?2
or
¢ >0, Vo € L¥(R?), sup (w(2)|[Ve(x)| +w?(2)[V?6(z)[) < 00, [lcoll oo (m2) is small, (1.3)
rcR?

where w(z) = (14 |z|)(1+In(1 + |z|)). In [I6], Liu-Lorz got rid of the decay of the potential
¢ at infinity and the smallness of ¢y in ([1.2]) and ([1.3]) by making technical assumptions on x
and f:

Ve L®R?), x,X,f f >0,

i (f(c>> <o, XIHX g (1.4)

de® \ x(c) X

and obtained the global existence of weak solutions even for the full chemotaxis-Navier-Stokes
system. Then Chae et al. [7] presented some blow-up criteria for the local solutions to the
chemotaxis-Navier-Stokes system in R? (d = 2, 3), and proved the global existence of classical

solutions in R? on quite different assumption from (T.4) that for some constant y
& X, X' fs f1>0, sup|x(c) — uf(c)] < e for a sufficiently small € > 0. (1.5)
C

In particular, if the last condition on y and f in is replaced by x(c)—pf(c) = 0, then the
global existence of weak solutions was also showed in R? in [7]. In [§], they further established
the global existence of classical solutions and explicit temporal decay rates under the smallness
assumptions on initial data. For more rigorous analytical results for the Cauchy problems of
the coupled chemotaxis-fluid system , we refer to [111, [15] 29] [I0] and references therein.
Additionally, as far as the physical domain is concerned, various types of initial-boundary
value problems (in bounded domains or unbounded domains with finite depth) for system
are extensively studied (see e.g. [25, 26] 23] 18, [19] and references therein). We also
remark that apart from the model itself, a large amount of significant variants acting
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as an additional regularizing mechanism for preventing possible blow-up solutions have been
widely studied as well. For instance, taking the nonlinearly enhanced cell diffusion at large
densities into consideration by replacing An in 1 with porous medium-type An™ for
m > 1, we refer to [12] I}, 20} [16] for related Cauchy problems and [13] 20, 28] for initial-
boundary value problems.

While system and its relative variants presented above have been well studied and
understood numerically ([21) 5], [14]) and analytically, Lorz [17] and Di Francesco et al. [12]
pointed out that it could be more realistic to include both the effect of gravity (potential
force) on cells and the effect of the chemotactic force on fluid, i.e. they extended the system
to the following self-consistent version

dn+u-Vn=An" -V - (x(c)nVc) + V- (nVe), x€eQ, t>0,

Oc+u-Ve=Ac—nf(c), x e, t>0, (16)
du+ k(u-V)u+ VP = Au—nVe + x(c)nVe, xeQ, t>0, '
V-u=0, e, t>0.

The reasoning behind the coupling x(c¢)nVe in equation (1.6))3 is that the fluid will exert
frictional force on the moving cells to make the cells move without acceleration and thus that
the reaction forces act on the fluid, which also matches the nonlinear cross-diffusion term in
the cell density in equation 1. We would like to remark that the similar forcing nVe
was also appeared in the coupling Nernst-Planck-Navier-Stokes system (see [6] and references
therein).

In contrast to the large amount of existing works on system and its variants, the
researches on the well-posedness of system are far fewer. When Q C R? is a bounded
domain, Di Francesco et al. [I2] proved the existence of global weak solution to the no-
flux/no-flux/no-slip boundary value problem of system with k = 0 and % <m < 2,
which was extended to m > 1 by Yu [27] for k = 0 again and by Wang [22] for general x € R,
respectively. In the three-dimensional setting, the similar global existence was also obtained
in case k = 0 and m > % by [24]. To the best of our knowledge, the only available result for
the linear diffusion case m = 1 is due to Lorz [17], where the local existence of weak solutions
to system with x = 0 in a planar bounded domain was established.

1.2. Main results. Motivated by above works, we concern in this paper with the Cauchy
problem for the self-consistent chemotaxis-(Navier-)Stokes model with linear cell diffusion

on+u-Vn=An—V-(x(c)nVec)+ V- (nVe),
Oc+u-Ve=Ac—nf(c),
du+ k(- V)u+ VP = Au—nVe¢ + x(c)nVe,
V-u=0

(1.7)

in the space-time region R? x (0, T) with d = 2, 3, which will be supplemented with the initial
conditions

(n,c, u)‘t:O = (ng, ¢, o) in R% (1.8)

To state our results precisely, we assume basically that
(A): x, f € CH[0,+00)) with f(0) =0 and f(s) >0 for all s > 0;
(B): V¢ € L=(R%);
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(C): The initial data (ng, co, ug) satisfy that
no > 0, co > 0, V-up=0 in R?
and that
no(1+ |z| + | Inne|) € LY(RY), o € LR N LR N HY(RY), ug € H'(RYRY).

Our first two main results are concerning the Serrin-type extensibility criteria in R? (d =
2,3). Considering that the proof of the case d = 3 is more subtle than the case d = 2, we
firstly state is as follows.

Theorem 1.1 (Extensibility criterion in R3). Let the initial data (ng,co,ug) € H™ 1(R3) x
H™(R3) x H™(R3 : R3) with m > 3 satisfy the assumptions (A) and (C) with d = 3. Suppose
that x, f € C’m([O, —|—oo)) and ¢ € W™>®(R3). If the mazimal existence time T* of the local
solution to system — is finite, then in the case k # 0, it holds that

T*
LIVl gy Il ot = o (1.9)

for any (r;, s;) satisfying T,% + S% <1 and3 <r; <+oo(i =1,2), while in the case k =0, it
holds that

T*
[ 19l e = +oc (1.10)

for any (r1, 1) satisfying % + % <1land3 <r <-+4o0.
The similar results also hold in the two dimensional setting.

Theorem 1.2 (Extensibility criterion in R?). Let the initial data (ng, co,ug) € H™ 1(R?) x
H™(R?) x H™(R? : R?) for m > 3 satisfy the assumptions (A) and (C) with d = 2. Suppose
that k € R, x, [ € Cm([0,+oo)) and ¢ € W™®(R?). If the mazimal existence time T* of
the local solution to system — is finite, then

T*
/0 IVell 7 geydt = +o00 (1.11)
for any (rs, s3) satisfying % + % <1 and?2 < r3<-+oco.

With the help of these extensibility criteria, we can extend the local solutions (constructed
in Lemmabelow) to global classical solution (solves the equations in the sense of pointwise,
which can be realized by some embedding properties in our case due to the assumption m > 3
throughout this paper) for suitably small ¢g.

Theorem 1.3 (Global existence of classical solutions in R?). Suppose that all assumptions
in Theorem hold. If additionally ||col| 100 w3y is suitably small, then the unique classical
solution (n,c,u) of system (L.7)-(1.8) in R3 with k = 0 exists globally in time and satisfies
that for any T < oo,
(n,c,u) € L*®(0,T; H" 1 (R®) x H™(R?) x H™(R*;R?))
and
(Vn,Ve,Vu) € L*(0,T; H"1(R?) x H™(R®) x H™(R*; R?)).

Remark 1.1. Them“em shows the global existence of classical solution to system (1.7))-
(1.8) with k = 0. As for the case k # 0, we can only establish the global existence of weak

solutions due to the well-known challenge in the Navier-Stokes equations. We will postpone
the proof of such global weak solutions to the appendiz section.
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In the two dimensional case, similar global well-posedness can be established even for the
chemotaxis system coupled by the Navier-Stokes equations.

Theorem 1.4 (Global existence of classical solution in R?). Suppose that all assumptions
in Theorem hold. If additionally ||col| oo (r2) is suitably small, then the unique classical
solution (n,c,u) of system (1.7)-(1.8) in R? with x € R emists globally in time and satisfies
that for any T < oo,
(n,c,u) € L*®(0,T; H" 1 (R?) x H™(R?) x H™(R*R?))
and
(Vn,Ve,Vu) € L*(0,T; H™ 1 (R?) x H™(R?) x H™(R*; R?)).

Finally, for the classical solution (n, ¢, u) obtained in Theoremsand we can establish
some temporal decay estimates. For notational simplicity, we denote

2],  z€eR,
w(z) ==

1+ |z))(1 +In(1 + |z])), = € R?

and

Mg = sup (lw(z)] ]V(Z)(x)])Q. (1.12)

z€ER4

Theorem 1.5 (Decay estimates). Suppose that all assumptions in Th,eorem and Theorem
hold. If additionally M defined by (1.12) is suitably small, then the solution (n,c,u)
of system (1.7)-(1.8) enjoys the following temporal decay: for any 1 < p < oo, it holds that

_d_1
In @l oty < CUlnoll  gayo ays lleoll oo gray) (1487207, (1.13)
and
—5(1=3).

el e ey < Cllleoll 1 maynremay) (1 4+18)" 20 7% (1.14)

furthermore, for the signal concentration, it also holds that

_d

e Lo ey < Cllcoll L2@aynnoe mey) (1 + 1) 74 (1.15)

1.3. Main ideas and structure of the paper. We will first establish the extensibility
criteria (Theorems and in Section Here we would like to remark that if we
specially choose s1 = 2, 11 = 0o and s = ¢, ro = p with % + % =1, 3 < p < oo in Theorem
and choose s3 = 2, r3 = oo in Theorem we can cover the corresponding extensibility
criteria obtained in [7, Theorem 1.2] for system . In comparison, our extensibility criteria
— in Theorems and are relatively easier to be verified. Indeed, the bounds

T*
| 19l + ot <
in three dimensional case and -
| 19l <

in two dimensional setting are enough to extend the local solutions to global ones and to
establish the global existence of classical solutions (Theorems and [1.4]) with the help of
the entropy functional inequality

2 2
[ it 19l +
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I [Vn|? 2 12 2
+ 2/0 (/]Rd n + IV C”L2(Rd) + ||VUHL2(Rd))d5 <C,

which will be exhibited in Section [l The key to achieve this relies on deriving an entropy
functional inequality. As is showing in the equation 3, the appearance of the coupling
term x(c)nVe leads to the more stronger nonlinearity, making it difficult to close the entropy
estimate. To overcome this difficulty, we will increase the integrability of n from L'(R%)
to LP(R?) for p € [1,00) under suitable smallness assumption on ||cg|| Loo(rd)- We will next
give the explicit decay rates for the regular solutions (Theorem in Section |5 by suitably
restricting the growth of the potential V¢ at infinity. This extra assumption will remove
the obstacle arising from the lack of inform-in-time estimate of ||Vc| 51 (ga) by introducing

a weighted function g = e(B9)? with 6 > 0. Finally, we will give a sketch for the proof of
global existence of weak solutions to the three dimensional chemotaxis-Navier-Stokes system
in Section [6l

1.4. Notation. We will set 0; = % and 0; = 8%1- fori =1,2,---,d, and denote all the partial
derivatives 9 with multi-index « satisfying |a| = k by V¥ (k > 0). Let C = C(a,3,---) be
a generic positive constant depending only on «, 3,--- but not on k.

2. PRELIMINARIES

In this section, we would like to present some preliminaries. We begin with recalling the
well-known tame estimate for the product of two functions and Moser estimate.

Lemma 2.1 (Corollary 2.54 in [1]). Let k € N. Then for any functions f, g € (H*NL>)(R%),
there exists a positive constant C' = C(k,d) such that

Hvk(fg)Hp(Rd) < C(HfHLoo(Rd)HkaHLz(Rd) + HkaHLz(Rd)HQHL‘X‘(R‘Z))'
Furthermore, if Vf € L®(RY), it holds that

Hvk<fg) - kagHLQ(Rd) < C(HVfHLOO(Rd)Hvk_l.QHL2(Rd) + HkaHL2(Rd)HgHLC’O(Rd))'

Lemma 2.2 (Theorem 2.61 in [I]). Let k € N, p € [1,00] and f € C¥(R?). Then there exists
a positive constant C = C(k,p, f) such that
k k—1 k
I f(w)HLP(Rd) < O] LOO(Rd)HV wHLP(Rd)
for all w € (WP N L) (RY).

We now state the local-in-time existence of classical solutions to the Cauchy problem (1.7)-
(1.8) and give a sketch for its proof.

Lemma 2.3 (Local well-posedness). Let the assumptions (A) and (C) hold. Suppose that
kK €R, x, f€C™(0,400)) and ¢ € W™>(R?) with d = 2,3 and m > 3. If the initial
data (ng,co,ug) € H™ 1 (RY) x H™(RY) x H™(R%;RY), then there exist T* € (0, +o00] and a
unique triple (n, c,u) fulfilling that for any t < T*,
(n,e,u) € L®(0,¢; H™ HR?Y) x H™(RY) x H™(R%RY))

and

(Vn,Ve,Vu) € L*(0,t; H™H(RY) x H™(R?) x H™(R%;RY)),
and solving system ((1.7)-(1.8).
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Proof. This lemma can be shown by following the proof of Lemma 2.2 in [9]. Here we just
mention that we can construct the approximate solution sequence (n/, ¢/, u’);>¢ by iteratively
solving the linear Cauchy problems

( ot - Vndtt = Apitl — V. (X(cj)njHch) + V- (n/V),
(It 4l - VI = AT — 0l (),
ot 4 k(u! - V)u T + VP = Awt! — Ve + x () Ve,
V-uwtt=0
(W71 (2,0), T (x,0), Wt (2,0)) = (no(), co(x), ug())

with the first iterative step (n%(z,t),%(z,t), u’(x,t)) = (no(x), co(x), uo(z)). O

Then the following lemma shows several basic properties of solutions to system ([1.7))-(|L.8]),
e.g., the conservation of mass and the maximum principle.

Lemma 2.4. Suppose that the assumptions in Lemma hold. Then the solution (n,c,u)
of system (1.7)-(1.8]) satisfies

n(xz,t) >0, c(z,t)>0 a.e. in R x [0,400),

() L1 way = [nollprray  for any ¢ >0
and

igg (@)l Lo ey < lleoll Lo (ra) for any ¢>0 and 1<p <oo.

Proof. The proofs are pretty standard and we may refer to [10, Lemma 2.1] for details. O

Based on the assumption (A) and the boundedness of ¢ presented in Lemma we
introduce the following notations for simplicity

Coo = |leollpoomay, Cri= sup ([f()+1f(c), Cy:= sup (Ix(e)l+ X' (c)l)-

0<c<Lcoo 0<c<Lcoo

3. EXTENSIBILITY CRITERIA

In this section, we devote ourselves to establish some blow-up criteria, which will be sig-
nificant tools for the proof of global existence.

As is known that the local existence result is a natural blow-up criterion. That is to say,
if the maximal time T™ of existence obtained in Lemma is finite, then

2 2 2
5P (||n(t)||Hm,1(Rd) + () I7m gay + Hu(t>IIHm<Rd>)

T*
+ /0 (IO i1 gty + IV By + V00 gy )t =00 (3.1)

form >3 and d = 2, 3.
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3.1. Extensibility criterion in R3. With the blow-up criterion (3.1 at hand, we are able
to accomplish the proof of Theorem [I.1]in the following.

Proof of Theorem [1.1. We will prove this Theorem by contradictory arguments. Suppose
that the assertions in Theorem [1.1] are not true, i.e.

T*
A0 [ Vel )+ 5 et < o0 (3.2

for some (r;,s;) satisfying % + S% <land3<r <400 (i=1,2), and

T*
(5 = 0) / Vel gt < +00 (3.3)
0

for some (71, s1) satisfying % + % <1land 3 <7y < +o0o. We now show that the assumption
T* < 400 will lead to a contradiction to the local well-posedness result in Lemma

Step 1: Estimate of (n,c,u) in LL2 x LPH! x LH].

Firstly, multiplying (1.7); by n, integrating by parts, and using V - u = 0, Holder’s in-
equality and Young’s inequality, one has

1d
||n||L2 Rr3) + ||Vn|\L2 R3) 2/ X(c)nVc-Vn—/ nV¢-Vn
2dt R3 R3

1
< §||Vn|\%2(R3) +ACY InVel|72 ey + 4V T2 gsy.  (34)

It follows from Holder’s inequality again and the Gagliardo-Nirenberg inequality that

2(r1—=3)

el < Il o, 19l e < CIVAI S oy 17l ot Vel gy (3.5)
T1—

Substituting (3.5)) into (3.4)) and using Young’s inequality, we have
1d

2dt”n”L2(R3 +(IVnll72 ]R3)

2(r1—3)

< *HV”HLZ R3) + CHVTLH R3)||n||L2 (R3) ||VC||LT1(R3 +4||V¢>||L°°(R3 ||n||L2(R3)

2ry

<7 HVnHLz r#) T CllnlTams) | Vel iy (gay + Cllnllz sy,

which imphes that

d v
aHTLH%?(R?s ||vn||L2(IR3 < C<1 + HVCHLlrl 3R3 )||n||%2(R3)- (3.6)
Multiplying (|1.7))2 by ¢ and using the nonnegativity of f, n, ¢, one can directly obtain that
d
%HCH%%M) +2[|Ve| 2 gsy < 0. (3.7)

For the fluid velocity u, it follows from Hoélder’s inequality, Young’s inequality and (3.5))
that

1d
2dt

:—/Rgu-anﬁ—i—/RBu-Mc)nVc

HUHL2 r3) T IVul[72 (R3)
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1
< |[ullF2 (g + §||v¢||%°°(R3)HnH%2(R3) + §C>2<||nVC”%2(R3)
6 2(r1—3) )
< HU-HL2 R3) + CH”HH R3) + CHVnHL2 R3) ||nHL2 (R3) ||VCHLT1(]R3)

271

< [ullZaqes) + IVAlZaqes) + (1 + Vel ;;af’Rg 2l es)- (3.8)

For the estimate of Ve, we multiply —Ac to both sides of (1.7 2 and integrate the resulting
equation to get that

2dtch”L2 R3) V2c||3, (R?) = / Acu-Ve+ 3Acnf(c)
= /Rs(v c:Vu)c+ - Acnf(c)
< IVl quoy + 900 el ey + I
where we used V- u =0, [[Acl|p2(gay = HV2CHL2(Rd), and the equality that

3 3
Acu-Ve = 8i8¢cu'8'c:— 0;0;0;cu; ¢
s j Oj s §C Uj

RS

_Z/ 8808%64—2/ 886%86—/ (Vc: Vu)e.

i,7=1 i,0=1

Thus we obtain
d
Vel Les) + Vel ia@s) < 265 Vullia@s) + Cllnl72s) (3.9)

due to |[c[|Loo(rs) < [|col| oo (r3) =t Coo-
Analogously, multiplying both sides of ([1.7))3 by —Au and using the integration by parts
and [|Aul|2ga) = [[V?ul|12(ga), one has

1d

5 dtHVUHLQ(W + ([ V2ull7 (R3)

=k [ Au-(u-V)u +/ Au-nVe¢ — Au - x(c)nVe. (3.10)
R3 R3 R3

It follows from Hélder’s inequality and Gagliardo-Nirenberg inequality that

Au- (u- V)u < [|Aul] sl - Vullp2s)

R3
< [[Aul|g2(rs)lull 2 (m3) HVUH
"7 (R3)
5 ro+3 T9—3
< CIV2ul 3 Il s ) |V (3.11)
Thus by applying Young’s inequality and using (3.5)), we have

1d
2dt”vu”L2(R3 + ||V2UHL2 R3)

ro+3 T9—3
< Cr|IV?ull 5ge [l Lo o) [Vl 33 + A sy I 2 VS]] oo )
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3 r1—3
+ CllAul| 2 [Vl b gy 17l 2 (gs) IV el L ma)

27‘2
§HV U—HL2 ®3) T CHT2 & HuHFrzgR:a HVHH%Q (R3)
27"1
+ CH"HQH(RJ anHL2 Rr3) T CH”HL2 r3) I Vellpry 3R3
which implies that

d
IVl @) + V20|72 gs)

279 2rq

T 3 r 3
<CW3WMMWWMHW V) +C (1 IVl oy ) Iy (312)

Collecting (3.6] and , we have

d
&(HnH%?(Rf“) + llellin ®3) T [l (R3 ) + <||V”||i2(R3) + HVCH%Il(R?’) + HVUH%{I(RS))

271 2719

< (14 Vel 2ty + 575 [l 2, ) (Il + s e )

and thus deduce from Gronwall’s inequality that

52 (Il + el o) + Il o))

T*
[ (1900 gay + 1l oy + Vs )
< ©(1InolZaqas) + lleollF sy + ol s

T* -
-exp{/o (14 IVl sy + 5727 2 ey ) e} < (3.13)

where C] is a positive constant depending only on initial data and T™, and we also used the
assumptions (3.2))-(3.3) and the facts that 73723 < 57 and 1333 < s9.

Step 2: Estimate of (Vn, V2c, V2u) in L{L2 x LPL2 x LL2.

Considering that the above obtained estimate is not enough to control the strong
nonlinear chemotaxis term V - (x(c)nVe) when x(c) is not constant (see below), we
estimate V2¢ firstly. To this end, applying V2 to both side of 2, multiplying the resulting
equation by V?2c, and using the integration by parts, we have

1d
||V2c||L2(R3 + ||V30||L2 R3) = — Vic-V3(u-Ve) — Vic. V2 (nf(c))
2dt R3 R3

= [ VAc-V(u-Ve)+ [ VAc-V(nf(c)). (3.14)
]RS RB

By Holder’s inequality and Gagliardo-Nirenberg inequality, one has

- VAc-V(u-Ve) < HV3CHL2(R3)HV(u Vo)l L2(rs)

< 9%l ey (I o oy [ Vel oy + Il oo o 92 2w

1
< 21Vl + Cllul3pa a1Vl 2 g (3.15)
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For the second term on the right-hand-side of (3.14)), we deduce from Holder’s inequality and

(3.5) that

VAc-V(nf(e)) < [IV2ell 2@ IV (nf ()|l 22 )

R3
1
< Vel Zas) + 2671Vl fozs) + 2CF InVel T gs)

6 2(r1—3)

7HV3C”L2(R3 + 2CvanHL2 R3) + OanHL2 R3) ||n||L2 (R3) ||VCH%T1(R3)

27y
< LIVl gy + CUVnlagusy + Ol Vel Gy (316)
Substituting (3.15) and (3.16)) into (3.14]), we obtain
d
$||V20||%2(1R3) + HV?’CH%%R?))
2ry

< Cllulfea) Vel Fas) + ClIVRlZa@a) + Cllnlf2gs Vel gs):

which implied by Gronwall’s inequality, (3.2] -—-, and - ) that

T*
sup ||VZ¢||32 (R3) +/ HV%H%Q(Rg)dt
0<t<T* 0

<C " 2 o imandt Y (V20122 m: T*VZ dt
s Cexpy | [ul[ 2 sy IVZcoll o (ms) + ; IVl z2gs)

T*
+ su n Vel )SC, 3.17
sl [ Vel o) < C .17

where (s is a positive constant depending only on initial data and T*.
With this at hand, we can now estimate Vn. Multiplying both side of (1.7); by —An and
integrating, we have

1d
5 dtHVnHLz Rr3) + HVQnHLz R3) = /RS An(u-Vn+ V- (x(c)nVe) = V- (nVe))
1
< 5’@””%2(11&3) + CllullF o ey V712 )
+ IV (x(©)nVo)llz2(@s) + CIV(VO)|Zoms)  (3.18)

For the last two terms on the right-hand-side of (3.18]), it follows from Holder’s inequality
and Gagliardo-Nirenberg inequality that

IV (X (V)72 sy < 3CEInl 7o) I Vellzomsy + 3CHN VT2 @) Vel Zoo ra)
+3CE Il o oy V2l T sy
< O|IVnl 2o sy Vel T2@s) + ClIVAl 28y Vel Fr2msy  (3:19)
and
I9(0V6) [Z2(gt) < 2V ey IV aty + 2Vl 2 ity Il 2oy (3:20)
Substituting and (3.20) into (3.18)), we conclude that

d
Z1VnlLegs) + 1Vl 72 es)
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< O (1 + Nl + 196l + 96l n e ) 1901y + Cllnla ey
which implied by Gronwall’s inequality, (3.13]) and (3.17)) that

T*
sup anHL2 Rg) +A ||V2n||%2(]g3)dt

0<t<T*

< C(IVnolasy + T* sup lInlazs))
0<t<T*

T*
*exp { /0 (1 + w2 sy + V2l 22y + ||VCH§{2(R3))dt} < (s, (3.21)

where Cj3 is a positive constant depending only on initial data and 7.

For the fluid velocity u, using (3.19) and (3.20)), we can derive that
1d

2dt

= [ V?u-V?*(-k(u-V)u—nVe+ x(c)nVe)
R3

HV2‘1HL2 r3) T IV2ul|7. (R3)

= — VAu: V(- k(u-V)u—-nVe+ x(c)nVe)
R3

< %HVguH%?(RS) + CHQHVUH%}‘(H@)HVUH%G(RS) + C“2||u||%oo(R3)||V211H%2(R3)
+C|IV (V) |72y + CIIV (x()nVe)[[F2(as)
< §||V3u||%2(R3) + CHQHUH%{?(R?’)||v2u”%2(R3) + C””H%P(R?’)
+ ClIVRIZa sy (92l ) + IVeldas) )
which implied by Gronwall’s inequality, , and that

T*
sup (V22 s + /0 R —

0<t<T*

T T*
< CGXP{H2/O HuH?{?(R?’)dt} <”V2u0||%2(R3)+/0 1l syt

T*
+ Sup ||Vn||L2(R3 (T* Sup HV CHL2 R3) +/ |VC||§{2(R3)dt>> §C4,
0

0<t<

where C} is a positive constant depending only on initial data and 7.

Step 3: Estimate of (n,c,u) in L&CH™ ! x L H™ x L H™ (m > 3).

Now, we are ready to estimate (n, c,u) in H™ 1 x H™ x H™ space for m > 1 by induction.
From the above two steps, the case m = 1,2 are proved. To deal with the case m > 3, we
firstly take 9% (2 < |a| < m — 1) derivative to both side of equation (1.7)1, multiply the
resulting equation by d%n, and integrate to get that
;;ltH@O‘nHLQ ®3) T HV@O‘nHLz(Rs = —/ 9*nd*(u-Vn)— [ 0*nd*(V - (x(c)nVc))

R3 R3

+ [ 9*nd*(V-(nVe)). (3.22)
RS
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We will estimate the three terms on the right-hand-side of (3.22) one by one. Firstly, by
divergence-free property of u and the tame estimates in Lemma we have

— [ 0n0%(u-Vn)= V@an -0%un)
R3
< CHVnHHm 1®3) (Iall gm—r gy 72l] oo r3) + 0]l oo sy || rm—1 (r3))
< CIVn|| gm-1@s)l[all gm-1 gs) [l gm-1(gs) (3.23)
due to m > 3. Similarly, we proceed to have
— [ 9*nd*(V - (x(c)nVc)) / Vo*n - 0% (x(c)nVe)
R3

< Cl[9nl g1 g X (@0 Vel 71 g
< OVl g gty [l 1 gy IX(O) Vel pmoa ey (3.24)

For the third factor on the right-hand-side of (3.24)), we use the Leibniz formula, Sobolev
embedding, and Moser estimate in Lemma [2.2] to get that

Ix()Vel rm-rry < Cllelgmmay + Y > R x (Ve

1<|B[<m—1 7 y<B,1v[<|B]

< Olellgman +C 3 (nan(c)an(wanLw(RS)

1<|8|<m—1

L2(R3)

+ > 107X s VO el pa ey + -
[v|=1

Y 1PN ey uvmcnm(m)
|v|=|8]—1

-1
< ClellgmEs +C Y (chfio(Rg)uvﬂ'c\\LZ(Rs>\|VcHH2(R3)
1<|B|<m~1

2 _
- lell s gy 1V el ey [ V2l pageay + -+

n |er||Loo(Rs>Hv'ﬁ'cHLz(Rg))

< Cllel gy + € (14 lelp=ay ) el oy [ Vell s ey
S C”CHHM(R?’) + C (1 + Cglo 2) ||CHHm—1(R3)||VC||Hm—1(]R3), (325)
which together with (3.24)) yields that
—/ 9°nd*(V - (x(c)nVe))
R3
< C|IVnl gm-1ga)llnll gm-1®s) (el gmsy + el pmr@s) Vel gm-1®s)) - (3.26)
Finally, due to the assumption ¢ € W™ (R3), we can deduce from Leibniz formula that
/ 9*nd* (V- (nVe)) / Vo*n - 9% (nVe)
R3

< |Vl gm—1(ws) RV @] grm—1 (ms)
S CHVTLHH’WL*l(R?’)HnHH’ﬂL71(R3). (327)
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Then after substituting (3.23), (3.26) and (3.27) into (3.22) and taking summation over
la] <m —1, it shows

d
@H””%{m—l(ﬂ@) + an”%{m—l(Ri‘)
< (1 s gty + el sy + el g I Vel gy ) Wl sy (3:28)

Similarly, by the divergence-free property of u, for 3 < |a| < m, we deduce that

1d
2 dtH@acHLz r3) T ||V8%HL2 R3)

= [ oreoreve - [ oo (o)

R3

= —/‘ 9% (0%(u-Ve) — (u-V)d%) — / 9%co™(nf(c))
R3 R3

< CHCHHm(RB)(HuHHm(RS)HVCHLoo(M) + Hvu|’L°°(R3)”cHH’"(R3)>
+ ClIVell gm s [Inf ()| rm-—1(r3y,

where

[nf(e)lam—1msy < Cllnllgm-—1rs) + Z

> ComdP T f(e)

1<|8]<m—1 " v<B,||<|8] L2(R3)
< Ol +C Y (HnHLw(Rsmaﬁf(c)\L2<Rs>
1<|8|<m—1

+ Z ||37n||L4(R3)||3ﬁ_7f(0)||L4(R3) +

[v|=1

Py ||a”n||Lz(R3>|aﬁ—”ﬂc)nmRs))

Iy1=181-1

—1
< Cln[lgm-1r3) + C Z (||n||L°°(R3)Hc”Lﬂolo(R3)”VﬂlCHLQ(]R3)
1<|8)1<m—1

+ ||V”HL4(R3 HCHLOO Rs)Hvlﬁ' 1CHL4 R3) + -
4 ||vﬂ'1n||Lz<Ra)||chLoo<Rs))

< Cllnll ey + C (1+ el ) Il oo el e ooy

< Cllnllgm-1@®sy + C (1 + Z72) Il grm—1 @ llll zrm m3)-
Thus we have

%HCH%{m(R% + HVCH%IW(R?’)
< O(1+ 19l mmor ) + Ielmes) + V0 s )
(I mms sy + el sy + I as))

< O+ lellm ey + My ) (I2lrms ey + Neliosy + iy )- - (3:20)
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Finally, for the H™ estimate of u, one has

1d, ., o
2719 |22 gy + VO ul|2gs

= —K,/ 0%u - (80‘((u :V)u) — (u- V)@O‘u) —/ 0%u - (80‘(nv¢) - aa(x(c)nVc))
R3 R3
< CH||vu”L°°(R3)”uH%IM(R?’) + C|[Vul| gm ws) (anﬁbHHmfl(RB) + HX(C)”VCHH"H(RS)>
for 3 < |a| < m, which together with (3.25) and the summation over |«| < m shows that

d
£||u||§{m(R3) IVl sy < CrlIVull gme1(gs) [0l Fpm sy + C(l +llelFrm gsy

o el oy 1Vl sy ) I gy (3:30)
Collecting ((3.28)), (3.29)), (3.30) and the estimates in Step 1-Step 2, we obtain

d
(13 gty + el gy + Il ey

(IR sy + IVl sy + 90
< C<1 + ||C”§1m(R3) + Hu||12qm(R3) + ||C”§{mfl(R3)||VCH§1m71(R3)>
(I ay + el sy + 10l sy )
Using Gronwall’s inequality, we conclude that if (3.2)-(3.3]) is true, it holds

sup (1720131 s+ el ey + 10l e, )
0<t<T*

T*
[ (1900 + IVl + IVl )

< C (10l as) + Neoll3m sy + 100 3ms))
T*
cexp{ [ (1 el + ey )

T*
+ sup HCH?’{ml(R?))/ HVCH%mA(R?,)dt} < (s,
0<t<T™* 0

where Cj is a positive constant depending only on initial data, m and T™. This contradicts the
assumption that 7™ is the maximal time of existence with T* < co. Thus we have completed
the proof of Theorem O

3.2. Extensibility criterion in R?. The proof of Theorem is similar to that of Theorem
except for some key steps. We give a sketch for completeness.

Proof of Theorem[1.3. For any given x € R, suppose conversely that
T*
/0 Vel g < 0 (3.31)
for some (r3, s3) satisfying % + % <land2<rg<oo.

Step 1: Estimate of (n,c,u) in L°L2 x LPHL x L H..
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We first estimate the two dimensional (3.5)) as

4 2(r3—2)
2 2 T T 2
ancHL2 (R2) < HnHL%( Q)HVCHL’B(]R?) < C”V””Lgé(R?)Hn”LQ(ﬁa HVC”L’":’,(RQ) (3.32)
and then obtain
d 2r3
a”””%%ﬂ@) [Vl 2o ey < C( Vel 2 (g2 )HnH%Q(R?) (3.33)
and
1 d rir32 2
5 ) IVl ey < 3y IV ) +C (1 1Vel 357 RQ))HnHLQ(Rz) (339

by following the proof of and -, respectlvely. It is clear that (| still holds in the
two dimensional setting. Then we have from (3.33]) and (3.34)) that

*

sup H(n,c,u)HQLQ(RQ)—i-/O H(Vn,Vc,Vu)HiQ(RQ)dt

0<t<T™
) T
< CH(n(bCOyuO)HLz(Rz) exp{/ <1+ ”vcHLr3 (R2 ) t} < Cla (335)
0
due to T§7"_?'3 < s3 by applying Gronwall’s inequality and (3.31]), where C is a positive constant

depending only on initial data and 7T™.
The estimate of Ve is totally same as in (3.9)), i.e. we have

d
%HVCH%%W) + ||V20H%2(R2) < 2CgoHqu%2(]R2) + C”””%%R?)- (3.36)
On the other hand, to deal with (3.10) in the two dimensional setting, we estimate (3.11]) by
using Gagliardo-Nirenberg inequality as
3 1
[, A V) < Aul g e[ Vol < CIVAl | Vallagee) ol ey

which together with (3.32) and Young’s inequality implies that
1d

5 dtHVUHLQ Rr?) T V2|22 (R2)

3 1
< CHHV2U||22(R2 VUl 2r2) [[all 72 g2y + Al L2@2) 12]] L2 @2) IV | Lo (R2)
rg3—2
+ CHAUHLQ(R2 ”V”HLz R2) HnHL;‘?Rz)chHL%(R?)

1 T2'r3
< S IV*ullZee) + CkIVUllLa@e [ullZ2@2) + CllnlEn g2y + ClinllZzee) Vel ge):
(3.37)

Collecting (3.36]) and (3.37)), we deduce from Gronwall’s inequality that

T*
sup (IVelZaqey + I Vull3aga) ) + /0 (19222 gy + V203 ) ) dt

0<t<T

T*
< CGXP{K Sup. ||u||L2(R2)/O HVHH%Q(RQ)dt}(HVCOH%Q(RQ)+||VUOH%2(R2)

0<t<

T* T*
2 2 2 Se
+/o (IVullZ2 ey + Inll7 ge)) dt + ogszlng* ||n||L2(R2)/O ||vc||L5T3(R3)dt> <O
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for some Cy > 0 depending only on initial data and 7™, which together with (3.35]) yields the
estimate of (n,c,u) in L¥L2 x LPHL x LCHL.

Step 2: Estimate of (Vn, VZc, V?u) in L{°L2 x L°L2 x L°L2.
To estimate Vn, we bound the two-dimensional (3.19) by using the embedding property
H'(R?) — LP(R?) for 2 < p < oo and Gagliardo-Nirenberg inequality as

IV (x(e)nVe) 172 @2y
< C(H”H%Aﬂ(u@)||VCHZES(R2) + anH%‘l(H@)HVCH%‘l(RQ) + HnH%OO(R?)HVQCH%?(RQ))
< C(IVnll 2w Inll 2 [ Vel s gy + 120l 2w 190l 2ge) [ Vel ey
+ 1Vl ey 2l oy IV 2l By )
1
< 1192002y + C (I Vellfps ae) |Vl gy + Vel ey Inl2 g) ) (3.38)
which together with the two-dimensional (3.18)) and (3.20]) shows that
d
%HV”H%?(W) + ||V2n||%2(11§2)
< C (1+ [l + Vel o) ) 19n132ge) + € (1+1Velinge) ) Il
and thus that

T*
sup [Vl + [ 190l
0<t<T* 0

T*
<C L+ [|ul7 Vel dt
< Cexp ; + [ju m2®2) T IVl g (re)

T*
(I9n0leey + sup Il [ (14 IVellpe)dt) <Co (339)
0<t<T* 0

where Cy is a positive constant depending only on initial data and T™.
For the estimate of V2¢, we apply Holder’s inequality and Gagliardo-Nirenberg inequality

to replace (3.15) by

VAc-V(u-Ve)
R2

1
< ZHV?’CH%?(R% + OVl 24 ge

|VCH%4(R2) + C”“H%w(n@)HVQCH%%R?)
1
< ZHV?’C”%%R% + CHVuH%{l(RZ)||V2C||L2(R2)”CHL°°(R2) + CHUH%{?(RQ)’|V2CH%2(R2)

1
< Z”V%”%Q(R?) + Cllulffa@a) Vel To@a) + Cllellfw @a) [Vl ge).

which together with (3.32)) and Young’s inequality gives that
1d

§a||v20||%2(n§2) + HV%H%%R?)

1
< 5\‘V30\\%2(R2) + CH“H?W(W)HVQC”QLZ(RZ) + cho”uH%I?(]RQ)

2(rg—2)

4
T OVl + CIVAL gy Il oy Vel
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1
§HVSCHL2 r2) T C(”“HH? R2) ||V2C||L2(R2 + ||11||H2 r2) T ||Vn||L2(R2)
2r3
T 2
+ 12 ) IVl ey )

It then follows from Gronwall’s inequality that

T*
sup [[V2¢||2 R2)+/0 1922 g

0<t<T™*

T T*
< Cexp / ul|? dt s ([V3¢l|? +/ ul|? + || Vn|? dt
{ ] It} (190l oy + | (e, + 1972 e

T*

b s ol [ 196l i) < Ca (3.40)

where Cj3 is a positive constant depending only on initial data and 7.
As for the estimate of V2u in the current setting, we can use Gagliardo-Nirenberg inequal-
ity, Young’s inequality, (3.38) and (3.20]) to deduce that

1d
2dt

< IVl + O (RIT (0 VW) B2y + V0T B + IV (070 e

Hv2u||L2(R2 + ||V3U”L2 R2)

IN

1
§||V3‘1H%2(R2) + C(’i2HVU\|i4(R2) + ’izHUH%m(R?)HV2U|’%2(R2)

1) + Vel sy Il ) )

[a—

< §||V3 H%2(R2) + C(KZHHHEMR%||V211||%2(1R2) + H”H%ﬂ(u@) + HVC||31{1(R2)||”||§{1(R2))v

which implies by Gronwall’s inequality that

T*
sup || V2 uHLz R?2) +/O HV?’uH%z(Rz)dt

0<t<T™*
T* T*
<Cop {2 [ ulfueydt} (IVu0lageny + [ olfegeny
0
+T* sup | Vell}ge, sup HnHHl(Rg))g@, (3.41)
0<t<T* 0<t<T™

where Cj5 is a positive constant depending only on initial data and 7*. Combining (3.39)),
(3.40) and ([3.41]), we obtain the estimate of (Vn, VZ¢, V?u) in L{°L2 x L°L2 x L°L2.
Step 3: Estimate of (n,c,u) in LICH™ 1 x LH™ x LCH™ (m > 3).
Repeating the estimates of Step 3 in the proof of Theorem enables us to conclude that

if (3.31)) is true, then

(n,c,u) € L®(0, 7% H™ 1(R?) x H™(R?) x H™(R*R?))

and

(Vn,Ve,Vu) € L*(0, 7% H™ 1 (R?) x H™(R?) x H™(R*; R?)),
which is contradictory to the assumption that 7™ is the maximal time of existence with
T* < 0o. This completes the proof of Theorem O
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4. GLOBAL EXISTENCE OF CLASSICAL SOLUTION

In this section, we shall explore the global existence of unique classical solution to the
Cauchy problem of chemotaxis-Stokes system — in R? and chemotaxis-Navier-Stokes
system — in R2. The key is to derive an entropy functional inequality.

As is showing in the equation (1.7)3, the appearance of the force term x(c)nVe leads to
stronger nonlinearity. It is for this reason that we need the bound estimate in the following
Lemma to control this bad term when we establish an entropy inequality.

Lemma 4.1. Let 0 < T < oo, p € [1,400) and d = 2,3. Suppose that the assumptions (A),
(B) and (C) hold. There exists 6 = 6(p) such that if |[col| oo (ray < 9, then n(t) € LP(RY) for
allt € [0,T) and

[n()] Lr(ray < C = C(p, T, ||coll Loo (ray, M0l Lo (r1))- (4.1)

Remark 4.1. As we said, Lemma is used to control the bad term x(c)nVec appeared in
(T.7)3. However, the boundedness of n in space LP(R?) for all p € [1,400) seems relatively
strong from the perspective of the proof of Lemma[].3 below.

Proof of Lemma[{.1 The proof of this Lemma is much similar as the one in [8, Proposition
2]. We give a sketch of the main steps below for completeness.

Firstly, let g € C?([0,4+00)) be a positive function satisfying ¢’ > 0 and g” > 0, which is
to be determined later. Then one can easily deduce that

i nPg(c) :p/ nplg(c)atn—i-/ nPg’ (c)dyc
dt Rd ]Rd ]Rd

= p/ np_lg(c)( —u-Vn+An—V-(x(c)nVec) + V- (nVg))
R

+/ nPg'(c)( —u-Ve+ Ac—nf(c)). (4.2)
Rd

Due to the divergence-free property of u, we have that

—p/Rd nP"lg(c)u- Vn — /]Rd nPg (c)u-Ve = — /Rdg(c)u - VnP —/ nfu-Vg(c) =0. (4.3)

Rd
Substituting (4.3) into (4.2]) and using integration by parts, we obtain

d p — p— p—1_/
G [ =<0 =1) [ 2@k =2 [ wlge)7e- In
olp=1) [ 0 lgln@Tn - Vetp [ g @@ Vel
~plp=1) [ 0 lg(@Vn-Vo—p [ wgeVe o
- [ wrg@ive? - [ artigr, (1.4)
R4 R4

which implied by the nonnegativity of n, ¢/, ¢ and f and the application of Young’s inequality
that

% » npg(c)—kép(p—l)/Rd np29(c)|Vn!2+;/Rd npg”(c)Vc]2+/Rd nPtlg'(c) f(c)
_bp p(gl(c>)2 o2 3pp—1) nP2(ale) I Vel? nPd () Vel?
< S [ e+ PED [ gV +p [ nd(ex(e)ve



20 CARRILLO, PENG, AND XIANG
3p(p—1) / p 2 P / CA )
_ \Y% — P Vol 4.5
+ LD [ wrgarvop+ 5 [ O vy (4.5)
Setting g(c) = (B9 and we aim at looking for g(c) fulfilling

(¢ 2 _
p6_p1(gg((c))) +3p(p2 1)x2(6)9(0)+pg’(6)x(0)§

which is equivalent to

24 3 -1 1
pfplﬁ‘lg + p(];)xz(c) + 2pBrex(c) < 552 + B4 (4.6)
To make (4.6) be satisfied, we can firstly choose 8 such that

Ip(p — 1)C; < B°. (4.7)
Then, due to |[co|| oo (ra) is sufficiently small, we can thus find § = J(p) satisfying that for all
l[coll oo (ray < 6,

g/I(C),

1 9 p—1
CxHCOHLOO(Rd) < 172p and ||Co||Loo(Rd) < m (4.8)

One can easily check that (4.7) and (4.8) are enough to ensure the validity of (4.6). Thus,
we infer from (4.5) and (4.6) that

1 1
wg(e) 4 yplp—1) [ gl 4§ [ ()| vel
Rd Rd

% R4
— 2 ()2
< 2D [ wgorver+ 2 [ dnp(gg,f(z)) Vo[
3p(p—1) , p* (¢'(c)? P
< (T +5 max m)\WW%w(Rd) /Rd” 9(c). (4.9)

Finally, the proof of (4.1]) is immediately implied by Gronwall’s inequality and eB? > 1. O
With (4.1) at hand, we now present the entropy functional inequality as follows.

Lemma 4.2. Let 0 < T < oo, d = 2,3. Suppose that the assumptions (A), (B) and (C) hold.
If l|coll oo (ray s suitably small, then the solution (n,c,u) to the Cauchy problem (1.7)-(1.8)
satisfies the following inequality

[ it 19l +
I |Vn|?
+ 2A </Rd T + HV2CH%2(Rd) + HVHH%Q(Rd))dS S C
forallt € (0,T), where C depends on T, [gqno|Inno|, [pano(z), HVCOH%Q(W) and HuOH%Q(Rd).
Proof. Multiplying (|1.7); by 1+Inn, using the integration by parts, and applying Gagliardo-
Nirenberg inequality, one has

d | +/ |Vn|?
— ninn _
dt Rd Rd n

:/Rdx(c)Vc-Vn—/RdV¢-Vn



GLOBAL EXISTENCE TO A SELF-CONSISTENT CHEMOTAXIS-FLUID SYSTEM 21

n

1 |Vn|?
<3 | R VAR o IVl + 191l e

IN

1 Vnl|?
5 /Rd ‘ n‘ + CHnHLQ(Rd)||V20||L2(Rd)HCHLOO(Rd) + CHnHLl(Rd)

L[ Va1
<z /Rd + §Hv2c‘|%2(Rd) + C||n”%2(Rd)”CH%°°(Rd) + CHnHLl(Rd)a

2 n
which implies that for suitably small cg,
d 1 Vo2 1. _o o
% Rdnlnn-i- 5 /Rd n S *Hv CHL2(Rd) + C, (410)

where we have used Lemma [2.4 and the boundedness of 1] 2(gay in (4.1)) with p = 2.
Similarly, taking the L2-inner product of (1.7)2 with —Ac, we deduce that
1d

§£||VCH%2(Rd) + HVQCH%Z(Rd) = /Rd Acu-Ve+ Acn f(c)

Rd

:/ (VZe:Vu)e+ | Acn f(c)
Rd Rd

1
< §HV2CH%2(Rd) + Hc”%oo(Rd)HVUH%%Rd) + C?H”H%%Rd)-
(4.11)
Putting (4.10) and (4.11]) together, it shows that

d 9 1 Va2 1, 5 o
% (/Rdnlnn—i- HVC”LQ(RCI)> + 2/Rd n + §||V C||L2(Rd)

< 2[|col[F oo gy IV 72 gy + C, (4.12)

where we have used Lemma [£.1] with p = 2 again.

In order to deal with the first term on the right-hand-side of (4.12)), we test ([1.7))3 against
u and apply Gagliardo-Nirenberg inequality to deduce that

1d
2dt

:_/Rdu.nv¢+/Rdu.X(c)nvc

< ||11”L2(Rd) HnHL2(Rd)||V¢”L°o(Rd) + CX||u”L4(Rd)HnHL‘l(Rd)HVCHLQ(Rd)

||u||%2(1gd) + ||Vu||%2(Rd)

d 4—d

< C”“HL?(M)H”HL?(W) + C||Vu”fz(Rd)Hu||L3(Rd)Hn|’L4(Rd)HV0HL2(Rd)
1

< §||VUH%2(Rd) + CH“H%%Rd) + CH”H%%W) + C||"||i4(Rd)HVC||%2(Rd)

1
< §||V11H%2(Rd) +CHU||%2(Rd) +C+CHVCH%2(R11)7 (4.13)

where we have used the boundedness presented in Lemma with p = 2 and p = 4 re-

spectively. Combining (4.12) and (4.13), using the smallness assumption on ||co|| foo(ray, We
obtain

d 1 2 2 1 Wn‘Q 2 112 2
it e ninn + HVC||L2(Rd) + ||u”L2(]Rd) + B ki 7 +[V CHL2(Rd) + ||VuHL2(Rd)

< C (IVelZagga) + l220)) + C. (4.14)
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To bound the possible negative part of f]Rd nlnn, we now devote ourselves to explore the
evolution estimate of the first-order spatial moment of n by testing (1.7)); against (x) :=
/1 + |z|? and using the integration by parts, and obtain

4 n{x) :/ nu-V<x>+/ nA<x>+/ X(c)nVc-V(z:>—/ nVe¢ - V(x)
dt Rd Rd Rd Rd Rd
< ”n”LQ(Rd)HuHLQ(Rd)”v<x>HL°°(Rd) + ||”||L1(1Rd)HA<9U>HLOO(R<1)
+ CxH”HL2(Rd)||VCHL2(Rd)||V<$>||Loo(Rd) + ||n||L1(Rd)||V¢HL<>O(R<1)HV<$>||L°°(Rd)
< C (IVelaga) + 32me) ) + €, (4.15)

where we have used Lemma Lemma (4.1l with p = 2 and the facts that ||V (2})|| o (ra) and
|A(x)|| oo (ra) are bounded by the definition of (z). Hence, a linear combination of (4.14)

and (4.15) gives that

d 2 2
dt(/R ninn+ /R () + Vel ey + 0l

1 Vnl|?
+ 2</Rd ’n’ 11Vl 2y + 19002 gy )
<C (Hv 2 2 C 4.16
= CHL?(Rd)“‘ ||u||L2(]Rd) +C. ( . )

By same reasoning for obtaining (2.27) in [10], we can easily get at

/Rd (nlnn—l—2n<x>> > /Rd n|lnn| — 4e~? /Rd em2 (@), (4.17)

Substituting (4.17)) into (4.16[), one can see that
d

G [ nmnt [ 2nio) + 1Velagy + uldsq)
1 Vn|?
(L 192y + 190 )

< [ nlmal+ [9elagn + 1l +C

<o [ ntnt [ 2n(e)+ 19l + ) + €7t [ i 0 (as)
R4 R4 R4

which implied by Gronwall’s inequality that

/ nlnn +/ 2n(x) + HVCH%Q(RU[) + HuH%g(Rd)
Rd Rd

L |Vn|?
+ 2/0 (/Rd + Vel ey + HVulliz(Rd)>ds < C(T) (4.19)

n

for all t € (0, 7). Using the inequality (4.17) again, we can finally conclude from (4.19)) that
2 2
[ i+ IVl oy + e

L[t vnl? _
+ 2/0 (/Rd IVl gy + HVu||§2(Rd)>d8 <C

n
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for all t € (0,T), where C depends on T, Jra ol Inng|, [pano(z), HVCOHLQ Rd) and HuoH%Q(Rd).
This completes the proof of Lemma O

Next, with the above bound estimates obtained in Lemmas [4.1] and [4.2] at hand, Wthh are
unlform until the maximal time of existence, we can proceed to prove that system (|1.7] .
in R3 with x = 0 and in R? with x € R admits a unique regular solution globally in time
with the help of the blow-up criteria showed in Theorems [I.1] and [I.2}

Proof of Theorem[1.3 As is showed in of Theorem for the proof of global existence
of regular solutions in R® when x = 0, it is sufficient to verify that Ve € L*1(0, T*; L™ (R?))
for some (71, s1) satisfying % + % <1 and 3 < r;1 < +oo. Here, we consider the case of
r1 = s1 = 5. Notice by using the Gagliardo-Nirenberg inequality that

IVl ) < ClIV2elLa s el o) (4.20)
Thus, we only need to verify that V2e € L°°(0, T*; L?(R?)) due to el oo (r3y < [lcoll poo (m3)-
For suitably small ¢y, we use Lemma [£.1] to obtain
[n()|lppmsy <C for 1 <p<oo (4.21)

and Lemma [1.2] to see

[, mitnn + Vel + 0l
R3

1 \V4
AL / ( JE " 9%l agme + [Vl Rs)) ds < C, (4.22)
2 0 RB

n

where C' depends on T, [gs no|Inngl, [gs no(z), [[Veoll2s gy and ||u0||%2(R3).
On the other hand, multiplying —Au to both side of (|1.7)3 and using Holder’s inequality
and Sobolev’s embedding, we have
1d

5 dt”quL2(R3 + || VZull7 (R3)

Au-nVe¢ — Au - x(¢)nVe
R3 R3

1

< §HAU||%2(R3) + {1172y IV o () + CollnlTa oy I Vell 76 sy
1

< §HV211||2LZ(R3) + Clnll72@sy + Clinlzs@s) Vel 22 gs),

which implied by the boundedness in (4.21)), (4.22), and integration with respect to time that
T*

T*
sup ”quLQ(R?’) + / Hvzu”%g(Rg)dt S C =+ C/ HV2CH%2(R3)dt S C (423)
0<t<T* 0 0

We now verify V2c € L*>(0,T*; L?(R3)). Indeed, by applying V2 to (1.7)2 and testing the
resulting equation against V2¢, we can deduce that

1d

2dt

< OVl r2ms (HVUHL3(R3)||VCHL6(R3) + [lull oo v3) [ Vell 2 (r3)

||V20||L2 ®3) T HVSCHLQ (R3)

+ IVl 2@ + Il Vel oges)
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1
< 519222y + C (ulhaqga) + I3 ) IV2el3aqas) + ClIVRIR )
and thus that
d
V2|2 ga) + V2l 2qgay < € (1 + allpzqen) ) IVl age) + Ol VAl age).  (424)

For the term on the rightmost of (4.24)), one can infer from ([4.9)) that Vn € L2(0,T*; L?(R?))
by using Gronwall’s inequality and specially choosing p = 2. This together with the bound-

edness in (4.21))-(4.23) and Gronwall’s inequality to (4.24)) gives that

T*
sup [ V2clageny + [ IVl
0<t<T* 0

T* T*
< Cexp /0 (14 IralBa sy )t } (19720032 sy + /0 [Vl egsydt) < C. (4.25)

Collecting all the above estimates obtained in (4.20)-(4.25)), we can finally conclude that
Ve € LP(0,T*; L*(R3)), which violates the assertion in (1.10]) if 7% < 4o0. This completes
the proof of Theorem O

Proof of Theorem [1.} The proof of this theorem is much simpler compared to the case in R?
since the blow-up criteria in Theoremindicates that the boundedness fOT IVell7a (R2) < 00

is enough to extend the local solution to a global one.
Due to the smallness assumption on [|col|fec(r2), Wwe have the same bound estimate in
Lemma [4.1] and same entropy inequality in Lemma ie.

()|l prey < C for 1<p<oo

and
[, il 19l qua) + ullaee

1 [Vnf?
+ 2/0 </]R2 Tt V2|2, ®R2) T [Vul?2 Rg))ds <C, (4.26)

where C' depends on T*, [po no|Inngl, [pe no(z), [[Veol3e (R2)> Jugl|72 (r2)- Combining the
estimate (4.26]) and the inequality

1 1
||VCHL4(R2) < C”V2C”22(R2)HC||200<R2>’

we have
" 4 2 r 2 112
This completes the proof of Theorem O

5. DECAY RATE ESTIMATES

In this section, based on the global existence of unique regular solution (n, ¢, u) established
in Theorems and we further prove that the obtained regular solution decays in an
explicit rate.
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Proof of Theorem[1.5. We will split this proof into three steps.

Step 1: LP-decay of c.
In case of 2 < p < oo, we multiply (I.7)2 by pcP~! and integrate the resulting equation to
obtain

4(10 - 1) 2,2
el + Ve ey < 0 (5.1)

where we have used the nonnegativity of n, c and f. Then, multiplying (5.1]) by (14 ¢)"* with
~v1 > 0 to be determined and integrating over [0, t], we have

4(p

-1 t »
L+ O e}, gy p)/o (1+8)"[[VeE ()32 g, ds

t
< ol | 7 el ey (5.2

In order to deal with the last term on the right-hand-side of (5.2)), we use the Gagliardo-
Nirenberg inequality to obtain

<cllv 2 a0t || 2, ||| T 3
le(s) 1% gy = 11 ()17 2 gay c5(s) L2(Rd) c(s) ey (5.3)
which together with Young’s inequality gives that
t
[t e
0
t 1 D 2'% d(p—1)+2
_ b p—
<c /0 (st |[veb | 7 s T ds
2(p—1
s%’/(lm'ﬂuw s+ € [ (710D els),
0
2(p - 1) v ’71—*(10—1)
==/ (1+8) IVe2 ()72 g0y ds + Cllcoll 7y gy (1 + )72 (5.4)

whenever 71 > 4(p — 1), where we have used the fact that le@llzr@ay < lleollpr ey In

particular, taking v, = %(p — 1), we can obtain ([1.14]) by substituting (5.4) into (5.2]).
The case 1 < p < 2 can be proved by the interpolation inequality

2—p 2p—2

=F _dq_1
C\)llLr(rd) = [1C\U) |l 1 ray HE) N p2(Rdy = Coll L1 (R)NL2(RY) ),
le(®)llzr@ey < Ne@)ll F gy @]l g < C(llcol )(1+1)7 2

Step 2: LP-decay of n.
Due to the lack of a uniform bound on ||Vel| 1 (ga) with respect to time, we will reestimate
the right hand side of (4.4). Indeed, by the nonnegativity of f, g, ¢’ and ¢”, we can deduce

from (4.4]) that

d
G [rs@ -1 [ 0 2@ vap + [ wgo]vep
R4 R4 R4

< —Zp/Rd nP~1g' (c)Ve- Vn + p(p 1)/11@ nP"1g(c)x(c)Vn - Ve

tp /R g (OO plp~ 1) /R gV V6 - p / g (Ve Vo. (5.5)
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For the fourth term on the right-hand-side of (5.5)), we use Young’s inequality to see that
—plp— 1)/ " g(e)Vn - Vo
Rd

1 _ p
< —plp— 1)/ nP 2g(c)|Vn]2 +4p(p—1) max g(c)/ \nngJ\Q. (5.6)
16 RE 0<e<eoo RY

B |z, z € R3,
w0 = 1+ |z)(1 + (1 +|z]), = €R

it follows from Hardy’s inequality (see [9]) that

/ il S<C | Va2 (5.7)
Rre |w(z)] Rd

Recalling M,y := sup,cpa (Jw(2)] |V¢(a:)|)2 is small enough, we can bound the term on the
rightmost of (5.6]) as

Since

0<c<coo

dp(p—1) max g(c /\nZ’V(Z)\Q

== 1) max o(0) [ | 2] (@) V()

0<c<coo

< Y 2
< CMyy omnax g(c) /Rd |Vns|

1 _
<C’Mw¢ max g(c )0<c<c <> /Rdnp 29(0)|Vn]2

Se<co g(c)
1
< gpr=1) [ g vnp 6
and thus
o= [ 070 Vo < Gpp—1) [ (] (59)

For the fifth term on the right-hand-side of (5.5)), we can use (5.8 to obtain

~p [ w(@ve Vo

1 " (d'(e))? L
<1 Loma et vt [ O nEvop
/C 2
< frrarvet s ot e () e () [ a0rwnr
< i/Rd nPg" (e)|Vel* + %p(p— 1)/Rd n?~2g(c)|Vn|? (5.10)

whenever M, is suitably small. Substituting (5.9)) and (5.10)) into (5.5 and using Young’s

inequality, we have

d 1 3
L rg(e)+ Lo - 1) / P 2g(e)|Vnf? + 2 / g ()| Vel?
dt Rd 2 ]Rd 4 Rd
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S np(g'(c))2 c? — nPx?(c)g(c)|Ve|? nPg’'(c)x(c)|Ve|*
< /Rd [Vel” + 2p(p 1)/Rd x()g()lvlﬂ?/Rd g (©)x(e)|Ve|™.

p—1 g(c)
(5.11)
Similar as in (4.6))-(4.8), we take g(c) = e(B9)? and aim to have
8p (g/(c))Z 2 / 1,
P 2p(p — 1 <=
R +2p(p = 1)x(c)g(c) +pg'(e)x(e) < 197(c),
which is equivalent to
32p 1
HB%Q +2p(p = D)x*() + 2pBex(c) < 557+ Ble”. (5.12)

Indeed, by choosing 3 to be suitably large and using the smallness assumption on ||cgl| Lo (Rd)>
we have
120~ DE < Cllalimen <1 ad el < B
p\p X = s x [1€0 Lo (R4) = 12p al Co Loo(Rd) = 192]7527
which entail the validation of (5.12)) and thus
1
G [ e+ 5= [ @ g@)val <o (513)
dt 2 Rd

Then multiplying (5.13)) by (14 ¢)72 with 72 > 0 to be determined and integrating over [0, ],
one has

(1+1)n /R wg(e) + gplp— 1) / (1+5)7 /R (o) Vnlds

¢
S/ ngg(co)—i-’yg/ (1+s)'y21/ nPg(c)ds.
R 0 R4

Noticing that

VR |2, pa = pj nP=2|Vn|? < p—Q max * nP~2g(c)|Vn/|?
L2RYD ™ 4 Jpa T 4 0<c<ess \ g(€) ) Jpa

and thus that

[ st < max a(@)nl

0<c<coo
p (|2 7t yte 2 T
< C max g(c) HVTﬁ WUy | gt
0<c<coo L2(R4) L7 (R9)

d(pfl
L 2\ DR e
< — p—D+
< e o) (e () Lo ostren?) "

we can apply Holder’s inequality and Young’s inequality to obtain
1 t
o [ g+ o= [ (@ [ nr () Tnpas
Rd 0 Rd

t
< [ bt + € [ o 0Dt o ds
Rd 0

(0
: /Rd n 9(co) + Cllmoll 7 o) (1 + )27 2070, (5.14)
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Taklng ")/2 I(p— 1) and using the facts that g(c) > 1 and g(cp) is bounded, one can infer
from ([5.14)) that ( is hold for 2 < p < oo, while (1.13)) for 1 < p < 2 follows from a direct
interpolation between p=1andp=2.

Step 3: L°°-decay of c.

For simplicity, we set
da
1

) =1+t n(t) = (141)"

Letting (¢ — 7n(t))+ = max{c — mn(t),0}, differentiating 3 [p.(c — 77(t))2 with respect to
time variable t, then using the nonnegativity of n and f and the divergence-free property of
u, we have

33t [Le= o = [ (c=rt)iae—r© [ =)

- / (c = mn(t))+ ( —u- Ve + Ac — nf(e) —7(2) / (c— 1))+
R4 Rd
- / V(e — mn()4 2 — 7 (2) / (c— mn(t)+
R4 Rd

for any 7 > 0, which implied by a direct integration with respect to time that

1 2 4 2
w5 [ emmm@i [ ] 9o

<3 few—nt-r [0 [ e, (5.15)

for any fixed T' > 0. For notational simplicity, we will also denote

= su 1 c—T 2 ! c—T 2
ey = swp 5 [ e—m@i+ [ [ el

um = [ e [ e-mant. Aw= [ €0 [ e

For any 7 > 79 := [|co| oo (ra), @ direct calculation shows that

and

T
()= =2 [ ewm) [ =) = —24(7) (5.16)

due to &(t)n(t) = f(t)%, which together with (5.15) and |1 (t)| = 4£(¢)n(t) implies that

T T
E(r) ST/O |77'(t)‘ c—7'77 / &(t) / (c—m(t))+ < %‘U’(T)‘. (5.17)

On the other hand, an applicatlon of the interpolation and Gagliardo-Nirenberg inequality
yields that

4 2(d+2)
(e = 70(8)+ 1 72 may < (e = T+l T gyl (€ = 70(t))+| L‘é@g) -

< Cll(e =t )+H£T4Rd IV (e =t ))+HL2(W [(c = n(t ))+HZ‘£“Rd)
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for some constant C', which together with Holder’s inequality entails that

) < C/ E@)l(c —Tn(t ))+HZT“Rd)HV(C—T n(t ))+HE§4R4 [(c = n(t ))+|!Z‘£4Rd)

4
< C / )T (e — (1)1l 1 (ra )d+4 V(e —mn(t ))+||Z¥Zz\|(c = 7n() 4+ 51
a+2
< CA(T) d+45(7') a4, (5.18)
Now we can deduce from ([5.16)), (5.18]) and (5.17) that
d+2

U (1) = 2A(r) > CU(T) T E(r)"F > Cr T UE) T ()T
and thus from the nonpositivity of U’(7) that

d+2 da+4
w(r) < —or Fu. (519)
Noticing that
c— ) = Tut)  on 8= {weR!|c(a,t) —ron(t) = 0},

we have

< [ ew /3 (e~ Tnt) " (Zaw)
= (%) ’ g( )d /]Rd CQ(dij)

0 n(t)
_a T 9 4
<ont [ I9elRa o lelfagee
4 2(d+2)

< CT(;d HCOHLQZiRdy

where we used a direct result from (3.7) in the last inequality. Thus we can conclude from
the ODI (5.19) that
4
U(T)d%ﬁ < U(TQ)T‘QFG - C’(TUliJr6 - 7'0‘“6),
which implies that ¢(7) must vanish at some finite point 7 = 7(|[co| Lo (ray, [0/l L2(ray) and
thus that .
el Loemay < C(1+ )74

for any ¢t € (0,7). By the arbitrariness of T, we obtained the desired L*-decay (|1.15]). This
completes the proof of Theorem O

6. APPENDIX

In this appendix, we establish the global-in-time existence of weak solutions to the chemotaxis-
Navier-Stokes system ([1.7)-(T.8)) in R®. The same conclusion can be easily deduced for R2.
We begin with presenting the definition of global weak solutions to system ([1.7])-(1.8].

Definition 6.1 (Weak solution). A triple (n,c,u) is called a global weak solution to the
Cauchy problem (1.7)-(1.8) if for any given T > 0, the following conditions are satisfied:
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(i) 4t holds that n(x,t) > 0, c(x,t) > 0 a.e. in R® x [0,T], and that
n(l+ |lnn|) € L*(0,T; L (R*), Vvne L*(0,T;L*(R%)),
c€ L>(0,T; L'(R*) N L®(R*) n H'(R*)), Ace L*(0,T; L*(R%)),
u e L>®(0,T; L*(R%;R?)) N L?(0, T; H' (R R?));
(ii) for any ¢, ¥ € C§°(R? x [0,T]) with ¢(-,T) =0 and (-, T) = 0, it holds that

T
/ / n(@tcp +Ap+u-Vo+ x(€)Ve Vi — V- w) dwdt + / no(z)p(z,0)dz = 0
0 R3 R3

and
/OT /R3 (c(aﬂﬁ + Ay +u-Vy) — nf(c)¢>d:1:dt + / co(z)p(z,0)dx = 0,

R3
and for any ¥ € C§°((R%R3) x [0,T)) with V- ¥ =0 and ¥(-,T) =0, it holds that

T
/ / (u . (8t\11 + A\I/) +r(u®u): V\I/) dadt
o JRr3
T
+ / / (—nVe¢+ x(c)nVe) - Udadt + / up(z) - ¥(z,0)dx = 0.
o JRr3 R3
The global existence of weak solutions to system ((1.7)-(1.8]) in R? can be stated as follows.

Theorem 6.1 (Global existence of weak solutions in R3 with k € R). Let d = 3,x € R.
Suppose that the assumptions (A), (B) and (C) hold. If additionally ||co| oo (rs) is suitably
small, then the Cauchy problem 1) admits at least a global-in-time weak solution
(n,c,u) in the sense of Definition |6.1]

We will give a sketch for the proof of Theorem [6.1]in Section [6.3

6.1. Preliminaries. In this subsection, we present some preliminaries. Let H~!(R?) stand
for the dual space of H(R?). For notational simplicity, we also set

VR?) = {u]u= (u,uz,u3) € (H'R))?*}, V(R = {v]v = (v1,03,08) € (H'(R))*},

and

Vo(R?) := {u € V(R?) |V-u=0}, H(R3) := the closure of V,(R?) in L?(R3;R3).

3
Then for u € V(R3) and v € V/'(R3), the duality is defined by (u,v) 1= > (us, v;) g1 pr-1-

=1
Based on these, we denote the space V3(R?) := {v € V'(R?) | (u,v) =0 for all u € V,(R?)}.
Next, let us define two operators which will be used in constructing approximate solutions
in section [6.2] and state their properties.

Definition 6.2 ([4]). The bilinear map @Q is defined by
Q: V(R x V(R?) — V'(R?),
(u, v) = Qu, v):=-V-(u®v).

Proposition 6.1 ([4]). There exists a family of orthogonal projections on H(R?), denoted by
(P)ien, which satisfies the following property:
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e For any u € H(R3), the vector field Pou is an element of V,(R3) satisfying
Jim [P —ullyge) =0
and
IV Pl 2 gsy < Vilullzms),  [|AP]|2@s) < |2 ges). (6.1)
e For any u,v € V(R3), there exists a positive constant C such that for any ¢ € V(R?)

3 3 1 1
(@0, v),9) < CIVUNE 50 79 gy [0 g [V g ¥l
Moreover, for any u € Vy(R?) and v € V(R3),
(Qu,v),v) =0.

6.2. Regularisation. In this subsection, we investigate a regularized system to (1.7)-(L.8]),
which is consistent with the entropy stated in Lemma[d.2l We will construct the corresponding
approximate solution by using (F});cz as in [4, Chapter 2] for the pure Navier-Stokes system.
Precisely, we regularize system ([1.7]) as follows:

ot +ubt . Unbt = Anls — V. (nl’e (X(CI’E)VCZ’E) * 175) +V- ((nl’SVg{)) * 776)7

8tcl,€ + ul,E . vcl,E = ACLE - (nl75f(cl7€)) * ,’757

Bruls 1+ kBQUY, u) = PAUYE — P(nb¥Ve) + Pl(nl,ex(cl,a)vcl,a)7 (6.2)
V-ub® =0
in R? x (0, +00) with initial data
(nl’a, e, ul’s) ‘t:o = (nf)’s, cf)’s, ué’e) = (no *n°, co*n°, Pug * 175) in R3, (6.3)

where 7° is a mollifier. For simplicity, we will denote by H;(R3) the space P,H(R3). Then
for each given [ and ¢, one can easily prove that system (6.2))-(6.3) admits a local solution
(nbe, b, ub€) in the class
(nb, = ub®) € L(0,T; H*(R?) x HA(R®) x (H*(R® : R®) N H,(R?)))
(n'<, ¢, ub®) € L?(0,T; H*(R®) x H*(R®) x H*(R*; R?))
for any T' € (0, 7*) with some T™* € (0, +oc]| fulfilling the property that
enl>0 and >0 inR3 x (0,T%);
l, . *
o |In"¥||prrey = Ing"llprrs) < Cllnollpigsy in (0,77);
o [l pors) < Nkl oqrey < Cllcollpos) in (0,T%) for any 1 < p < oo
with some universal positive constant C'. Moreover, we have the following energy inequality:

Proposition 6.2. For any T € (0,T*), the solution (nb¢ cb ub®) of system (6.2)-(6.3)
satisfies the uniform estimate

l l ! l
/Rgn,e’hln ,6} + ch 75”%2(]1{3) + Hu,sH%Q(RS)
1 ¢ ’an,e 2 2 lej2 l,e
N S R

forallt € (0,T), where C is a positive constant depending only on T, [gs no|Inng|, [gs no(x),
||VCO||%2(R3) and ||u0||%2(R3)-

%Z(Rg,))ds S C (64)
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Proof. The proof is similar to that of Lemma We only remark that the definitions of nf)’s
l,e . .
and ¢, and the convexity of xInx imply that

l l !
Vel < IVeollizgoy. [ nbun) < [ noftano,
R R

n(z) < [ nola), nff(lnngf)_go(u n0<x>>,
R3 R3 R3 R3

which entail the dependence on the initial data of constant C'. ]

and

With the energy estimate (6.4) at hand, we can now extend the obtained local solution of

(6.2)-(6.3) to a global one.

Proposition 6.3. The regularized system (6.2)-(6.3) admits a unique global-in-time classical
solution (ne, b, ube).

Proof. Noticing that the same regularity criterion (1.9)) in Theorem can be established for
system — by repeating the proof of Theore we just need to apply this regularity
criterion to the local solution (n’€, che ube).

On the one hannd, since ||ub® Loo(0,7;22(R3)) 18 uniformly bounded in T € (0,7*) by (6.4),
we can infer from the inequality

Vb p2rsy = | VP L2 ey < VU] L2gay
due to (6.1) that

l,eH

< le
Ju ) < Ol

5 (0,515 (R? 5 (0,75 H(R?) )

< OT |[ul?||
= o (0,7%;H (R%))

< OTH (VI+ D0 g 1)

which is uniformly bounded in T € (0,7%) if the maximal time of existence T* < +o0, which
will contradict to the Serrin condition in (1.9]) of u“® by choosing 5 = s = 5.
On the other hand, for ¢¢, we can further deduce from the uniform boundedness of

”VCZ’6HL2(O,T;H1(R3)) due to " that

1d
iﬁf\V%l’EH%Q(RP)) + ||V301’E||%2(R3)

< %HVBCZ’EH%(RS) + C(Hv(ul’g : Vcl’€)||%2(R3) + HV((”l’EﬂCl’S)) 1) H%z(W))

< iHVgCZ’EH%‘Z(R% + C(HVUZ’EH%‘Z(RB)chl’a\\%w(u@) + {10 2o gy V25 s sy + Hnl’aH%l(R%)
< %HV?’CZ’EHZL%RB) + C(HVUZ’EHZLZ(RB)||V3CZ’E||L2(R3)||V20l’g||L2(R3) + Hné)ﬁ”%l(]l%i”))

< %HV?’CZ’EH%%RS) + C(HVUZ’EHZE?(RS)||V20l’6||%2(R3) + ’\”8€|’%1(R3)>-

In particular, a direct application of Gronwall’s inequality can yield the uniform boundedness
l,E : *\ ¢ * . . . o .
of [V (0.1 (&%) inT € (0,T%) if T* < +o00, which contradicts to the Serrin condition

in (I.9) of ¢"* provided that we take r, = 6 and s; = +oo0.
Thus we have completed the proof of Proposition [6.3] O



GLOBAL EXISTENCE TO A SELF-CONSISTENT CHEMOTAXIS-FLUID SYSTEM 33

6.3. Passing to the limit. In this subsection, we shall extract a suitable subsequence from
(nl’s ,che, ul’e) with the help of a priori energy estimates such that it is convergent and the
corresponding limit triple (n, c,u) will be a global weak solution of system ((1.7])-(1.8]).

Proof of Theorem [6.1. Firstly, for any T' € (0,+00), we can use the energy inequality (6.4))
to conclude the following uniform bounds:

(a). HFHLOO(OTL? RS)) La’”LOO(OTLl RS)

which together with the interpolation inequality

3 3
||n “Ilre (R3) < Cllvn ZEHLz Rs)Hv \ ”1’8”22(Rs) <C|Vv ”l’a||22(R3)

l,e

+ [VVnle|

Inn

+ ||

£2(0,1522(R3)) <0,

implies that

le
1, (o) < C

and thus that

IVn'e s <C

L (01503 (r3)) =
by the interpolation inequality

Vb= 4 —”2V nbevvnbe| 4
L3R L3 (r3)
< 2[Vnbe || Laws) [V Ve 12 (gs)
1

< 2|n

B

ORI +lc]l < C;

Lo (0,1;H (R?)) £2(0,1;H2(R?)) =
(O 9l o 1) + 19Nz i) < €

(d). ||8tnl75\| < C, which follows from property (a) and the estimate

L3 (0,13H-3(R3))
‘<8 l,e >’_‘< l,e A > < le, le l,e l,e e l,e 5

' ) | = (05, Ap) + (uhonhe 4 nbe () () V) x i — (n°V ) %17, Vi
< Cllnt | ey (1 + 0"l 2oy + 196 2oy ) Il ooy
< Cllnt <) 2w 9l o ey

for any ¢ € H3(R3);

l,e
(e)- ol 4 (0.1;L2(r%))
together with the estimate

< C, which can be deduced from properties (a), (b) and (c)

(R3) T+ CH”l’EHB(Ri’))

100 | L2 g3y < [lut* ¥ ey + 1A

l 1
< O V']l Rs)IIVQCl’sll @) IV N 2 gy + 1A 12 (gs) + Cllnt<|| 2 gs)

< C|Vu| 2 el

®3) + ClIn"* | 2(rs);
(). |0 ZEHLB(OTH 2(R3)) < C, which can be seen from the fact that for any w €
H?(R3), it holds that

| [ Pt 00) - wida] < gy I o
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| [, (V) - wida] < o IV e [l

< CHnl’EHB(RS)HWHH2(R3)-

Thus for any T' € (0,400), the above uniform estimates entail us to find a subsequence
still denoted by (n!*,ch, ub®) for simplicity and some triple (n,c,u) with the regularities
enquired in Definition (i) such that when [ — 400 and £ — 0, it holds that

. Vnbe X\ /n in L>(0,T; L*(R?)), nl’a‘lnnl75’ X pllnn| in L>(0,T; LY(R3)),

and Vnls —~ \/n in L? (0,T; H(R?)) due to the property (a);
nb® —n in L%(O,T; L?(R%)) and Vn'® = Vn in L7 (O,T;L%(RB’)) due to the
property (a);

nb® — n in L7(0 T, LIOC( %)) by properties (a) and (d), and the Aubin-Lions
Lemma with I/Vl s (R3) ccC L?Q(R?’) C H3(R3);

e B e oin L®(0,T; HY(R?)) and J — ¢ in L2(0,T; H?(R?)) due to the
property (b);

e — ¢ in L*(0,T; Wéf(Rg)) by using properties (b) and (e), and the Aubin—Lions
Lemma;
u® X u in L>(0,T; L*(R3)) and u"® — u in L?(0,T;H'(R?)) due to the
property (c);
u* — u in L?(0,T; LY .(R%) by properties (c) and (f), and the Aubin-Lions
Lemma.

Hence the above convergence properties together with Proposition entail us to pass to
the limit for all terms in the distributional form of system (6.2)) and thus the triple (n,c,u)
satisfies Definition (ii). We take the convergence of the term

T
/ / nbeub® . Vdadt
0 JR3

for any given ¢ € Cg° ( x [0, T]) satisfying ¢(-,7") = 0 as an example: supposing that

supp (-

,t) C K for each t € [0,T], we can deduce that

/ / beubs . Vodrdt — / / nu - Vodrzdt

R3 R3

—/ / nbe (uh* Vgodwdt—l—/ / Ju - Vdadt
R3 R3

<c/’ka5mw#—um6 +c/>m~—w\(Kwhgm>

<o m%mmg(uwﬁ—wuuo+c/ ot =l

T
gc/\
0

2 K)||u||L2(K

gy + € [ =l g Il

T 1 T
< C/o HV v 7ﬂ‘l’€HiZ’(K)Hul“E o uHHl(K) + C/O Hnl’g B nHL%(K)
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i (T 2 T 2 2 v e 7 §
< Cr8( LIV ) () 1% =wlf)* + €78 ([ =l )
-0 as | — 4+oo and e — 0

due to the uniform estimates (a) and (c), and the convergence properties (¢) and (g), which
implies that

T T
/ / nbfube . Vpdedt — / / nu - Vodzdt as [ — +oo and € — 0.
o Jr3 0o Jr3

The other terms can be similarly dealt with. This completes the proof of Theorem O
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