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Abstract

The persistent homology of a point cloud or finite metric space summarises
the pertinent topological features in the data, as they appear and disappear
when we view the data at a range of scales. Recently, there has been interest in
developing persistence pipelines for directional data, such as finite quasimetric
spaces or weighted digraphs, in a way that is sensitive to the data’s intrinsic
asymmetry. A key ingredient in developing such a pipeline is a homology
theory for digraphs. In this thesis we study two such theories: directed flag
complex homology and path homology. The primary aim of this thesis is to
further develop our mathematical and statistical understanding of these two

homology theories, so that we may more appropriately apply them to data.

First, we seek to understand the statistical behaviour of these theories in an
Erdés-Rényi random digraph model. We describe both low-density and high-
density regimes in which one should expect trivial degree-1 path homology
with high probability. In contrast, we show there is a medium-density regime in
which one should expect non-trivial degree-1 path homology. We repeat this

analysis for the directed flag complex and find similar results.

Secondly, we develop a persistence pipeline which is more directly applicable
to data which takes the form of a weighted digraph. We alter persistent path
homology to ensure that the number of features in the barcode coincides with
the circuit rank of the digraph, and that representatives correspond to circuits in
the original digraph. Using path homotopy theory, we show that the resulting
pipeline is stable to a range of numerical and structural perturbations to the
input weighted digraph.

Finally, through comparison with path homotopy theory, we develop a
homotopy-like equivalence relation for digraph maps such that equivalent
maps induce the same map on directed flag complex homology. This allows

us to identify conditions under which two digraphs have isomorphic directed



flag complex homology. Moreover, this equivalence allows us to obtain stability
theorems for the persistent directed flag complex homology of a filtration of

digraphs.
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Chapter 1

Introduction

A fundamental challenge in data analysis is how to combine insights into phenomena
that occur at different scales but are nevertheless connected. As an extreme example, the
behaviour of a whole organism is the collective behaviour of its cells, but integrating new
understanding of subcellular mechanics into a model of the entire organism is a formidable
task. Topological data analysis (TDA) proposes an approach to this challenge: functorial
statistics.

At a high level, any statistic can be viewed as a function
S:DxP—=C, (1.1)

taking as input data from some domain D, depending on parameters from some space
P, and producing a summary in some space C. If D x P is given the structure of a
discrete category then any categorical structure on C makes S into a functor. However, the
utility and interpretability of S increases if we can maintain functoriality whilst adding
more morphisms to the categorical structure on D x P and restricting C to a category of
well-understood, informative morphisms. This increased functoriality is helpful because it
allows us to characterise and control how the output of S changes in response to a broader
class of changes in both the data and the parameters.

The prototypical example from TDA is the offset filtration. This function takes a finite
subset X C R" (known as a point cloud) and a radius parameter » > 0, and constructs the
union of balls of radius 7 around each point in X, i.e.

O : PointClouds x [0,00] — Top, (X,r)+— | J B(x,7). (1.2)

xeX
This construction is functorial in the sense thatif Y C X and r < s then O(Y,r) C O(X,s).
Whilst the resulting topological space O(X, r) is an elegant model for the data X viewed

at some particular scale 7, it is still too complicated to analyse directly. As such, it is prudent



to further summarise this space by a topological invariant — most typically, homology.

Composing with the homology functor H and fixing the point cloud X, we obtain a functor
PH(X) : [0,00] — grVec, r+— (HoO)(X,r), (1.3)

from the category on [0, o] generated by the <-relation, to the category of graded vector
spaces. This functor is commonly referred to as the persistent homology of X.

At any particular scale 7, the invariant PH(X)(r) is already a useful summary of X.
The 0-dimensional component captures the clusters in the data whilst the 1-dimensional
component detects looping structures. However, the true power of PH(X) is that it also
captures how these homological features relate to each other as we vary our choice of
radius parameter. The linear map PH(X)(r < s) summarises how homology appears and
disappears as we change our viewpoint to a larger scale. It is precisely this additional
structure that allows us, via the structure theorem [36], to canonically decompose the
isomorphism type of PH(X) into its barcode. The barcode consists of a finite multiset of
half-open intervals {{ [b;,d;) }};_, with each interval representing a homological feature
in the data that first appears when viewing the data at scale b;, that can be consistently
identified at scales r € [b;, d;) via the map PH(X)(b; < r), and that finally disappears at
scale d;.

The primary advantage of the barcode is that it segments the rich, multi-scale infor-
mation captured by the functor PH(X) in a principled way, thus achieving the goal of
reconciling homological phenomena that appear across a range of scales. As such, it has
seen success across a wide range of application domains (see [40] for a database of ex-
amples). Furthermore, the offset filtration also exhibits functoriality in its data category
that we have yet to fully exploit. Namely, given any subset of the original point cloud,
Y C X, there is an induced map on persistent homology, i.e. a natural transformation
PH(Y) = PH(X). These maps allow us to interrogate how subsets of the data contribute
to the persistent homology of the whole. Moreover, these maps admit summaries that are
similar to the barcode [35], and recent innovations in computing these statistics [37, [82]]
promise to provide fresh insights, particularly into biological data.

However, not all data can be adequately modelled as a finite point cloud in R". Consider,
instead, the flow of blood through a network of vessels, the synaptic connections between
neurons in the brain or the passing of messages through a social network. At the core of
each of these systems is directionality. Blood flows through vessels in a particular direction,

chemical synapses consist of a presynaptic and a postsynaptic terminal, and authorities in



social networks can be characterised by the asymmetry in their interactions. Accordingly,
these systems are better modelled by mathematical objects which are also directional, such
as finite quasimetric spaces or weighted digraphs. In order to obtain insight into these
systems, we require functorial statistics of directional data types that admit interpretable
summaries and are sensitive to the intrinsic asymmetry in the data.

If we wish to follow a similar approach, leveraging the structure theorem to obtain a

barcode, we require two ingredients:

1. afiltration of the data, i.e. amap F : D X [0,c0] — C, where D is the domain of the
data and C is some target category, such that F is functorial in the second parameter;

2. ahomology functor H : C — grVec for the target category of the filtration.

There are numerous choices one could make for F, C and H; the correct choice is highly
domain specific. A first approach, most frequently used in practice, is to symmetrise your
data (for example into a finite metric space or a weighted, undirected graph) and then apply
traditional filtrations and homology theories from TDA. When the asymmetry in the data is
not critical to the task at hand, this approach often suffices and indeed emphasises this lack
of dependence on directionality (e.g. [97]). A second approach is to construct a filtration of
non-directional objects, such as simplicial complexes, so that the filtration is sensitive to
the asymmetry in the data (e.g. [79]). With this approach, one can leverage the literature
and software for pre-existing homology theories. A third approach, to which this thesis
primarily attends, is to construct a filtration of simpler directed objects. This approach is
potentially advantageous because it maintains the directionality in the data throughout the
pipeline up until homology is computed. Arguably the simplest type of directed object one
could use for this purpose is the unweighted, directed graph.

In order to take this approach, we therefore require a homology theory for digraphs,
i.e. a functor H : Dgr — grVec from some category of digraphs. Despite being intrinsically
1-dimensional, digraphs can contain complicated substructures; in applications, these
substructures may be evidence of higher-order interactions in the original data. As such, it
is often desirable that such a theory be capable of producing non-trivial homology in higher
dimensions. In this thesis, we focus on two theories that achieve this aim: directed flag
complex homology and path homology.

We delay the precise definition of these homology theories to the later chapters. How-
ever, it is worth justifying the use of the term ‘homology theory’ for each of these functors.
First, both functors can be written as a composition, H o C, where C constructs a chain com-

plex from relevant substructures in the digraph and then H is the usual homology functor
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for chain complexes. The directed flag complex is in fact an ordered simplicial complex
and thus is analogous to the more classical clique complex of an undirected graph. Path
homology comes in two variants: regular path homology and non-regular path homology.
For each of these variants the chain complex C is constructed directly from paths in the
digraph, rather than via a simplicial complex.

In general, the two variants of path homology are not isomorphic. As a minimal
example, the 1-dimensional path homology (over R) of a complete digraph on 2 nodes
is trivial for the regular variant but is isomorphic to R for the non-regular variant. The
non-regular variant is slightly simpler to define, but the regular variant enjoys much
stronger theoretical properties, including invariance with respect to a homotopy theory
for digraphs [55], analogues of the Eilenberg—Steenrod axioms [56] and a relationship to
magnitude homology [3]. Accordingly, the regular variant is more frequently studied in the
literature and is often referred to simply as ‘path homology’. Where possible, we attempt to
treat both variants in this thesis. However, due to these desirable properties, in Chapter
we quickly fall back to regular variant and Chapter {4| exclusively discusses the regular
variant.

In this thesis, we seek to develop our understanding of both directed flag complex
homology and path homology, with a particular focus on theoretical advancements that

might aid in the application of these theories to data.

1.1 Structure of this thesis

Each of the subsequent chapters of this thesis are self-contained, containing the relevant
definitions, literature review and notation. Below we provide brief overviews of each

chapter.

1.1.1 Chapter 2

For our first study of these two homology theories, we set aside persistence and ask a
simpler, statistical question: when is it unusual to observe a directed graph with trivial,
or non-trivial, homology? In order to answer this question, one requires a null model of
digraphs; as a starting point, we take the Erd6s-Rényi model. This random graph model
depends on two parameters: n € IN, the number of nodes, and p € [0, 1], the probability
with which each edge appears.



This question has already been well-treated for the clique complex of an undirected
graph, wherein it is known that homology is typically non-trivial in precisely one dimen-
sion (see [66] for a summary). Returning to directed graphs, we find empirical evidence for
three regions of (1, p)-parameter space: a low-density region, a high-density region and a
goldilocks zone. Focusing on degree-1 path homology, in the first two regions one typically
observes trivial homology, whilst in the final region, one typically observes non-trivial
homology. Moreover, the boundaries in parameter space between these regions appear to
follow a power law.

To investigate this analytically, we traverse power-law trajectories through (1, p)-
parameter space and show that, depending on the power-law exponent, one observes
either trivial or non-trivial homology with probability tending to 1. Our analysis leaves
open an interval of exponents, which we conjecture to be in the high-density region of trivial
homology. We repeat the study for the directed flag complex and obtain similar results.
Finally, we use a computer-aided search to obtain sharper probability bounds, which could
be used for hypothesis testing.

Authorship. The work in this chapter was fully undertaken by the author of this thesis,
under the supervision of his two supervisors, to whom he is most grateful. The content of
this chapter was published in a special issue of the Journal of Applied and Computational

Topology [24].

1.1.2 Chapter 3

Returning to persistence, we develop a persistent homology pipeline for data taking the
form of a weighted digraph. Persistent path homology (PPH) is a pre-existing methodology
that provides a stable summary of a finite quasimetric space [32]. The natural way to apply
this pipeline to a weighted digraph would be to first compute its shortest-path quasimetric.
However, doing so discards the underlying topology and combinatorics of the digraph. For
example, it is possible to construct a sequence of weighted digraphs with identical PPH
barcodes but strictly increasing circuit rank.

We present a modification of PPH that is targeted towards weighted digraphs and
alleviates these issues, called grounded persistent path homology (GRPPH). In particular,
we show that the number of features in the barcode of GRPPH is equal to the circuit rank of
the underlying digraph. Moreover, we show that any weighted digraph admits a choice
of combinatorial circuits that forms both a circuit basis for the underlying graph and a

persistence basis for GRPPH. Although this choice is not unique, these circuits can be used



in practice to interpret the features in the barcode. Finally, we consider how GRPPH varies
as the input digraph is modified through operations such as weight perturbation, edge
subdivision and edge deletion. We show that, under sufficient constraints, the barcode
is stable to these modifications, thus making the methodology practical for real-world
applications.

Authorship. The work in this chapter was a collaboration between the author of this
thesis and his two supervisors, Prof. Heather A. Harrington and Prof. Ulrike Tillmann. The
results were obtained by the author and writing was undertaken collaboratively, but the
majority of the writing was the author’s. Notably, the introduction was partially written
by both collaborators. Particular assistance was provided in deciding on the appropriate
operations to consider in the stability section, and in deciding on the level of generality
in which to present the main pipeline. The content of this chapter was published in

Foundations of Computational Mathematics [26].

1.1.3 Chapter 4

In the final chapter, we turn our attention towards the directed flag complex. In proving
the stability results in the previous chapter, we lean heavily on the path homotopy theory
of digraphs. This theory provides an equivalence relation of digraph maps such that
equivalent digraph maps induce identical maps on path homology. Our goal in this chapter
is to develop a similar relation such that equivalent digraph maps induce identical maps on
directed flag complex homology. Such a relation will also allow us to identify an equivalence
relation for digraphs such that equivalent digraphs have isomorphic directed flag complex
homology.

We will derive the relation for digraph maps by viewing the directed flag complex
as a ‘path complex” — the main object of study in path homology. However, one could
equally view the directed flag complex as a simplicial set. This alternative perspective
comes equipped with a similar equivalence relation, via left homotopies of simplicial maps.
We show that these two viewpoints yield identical “pull-back” equivalence relations for
digraph maps.

Authorship. The work in the final chapter of content is also a collaboration between
the author and his two supervisors, Prof. Heather A. Harrington and Prof. Ulrike Tillmann.
The results were obtained by the author and writing was undertaken collaboratively, but
the majority of the writing was the author’s. Collaborators provided assistance in writing

the introduction, and in the decision to pay particular attention to the system of one-step



homotopies for ordered simplicial complexes. The content of this chapter is currently

available as a pre-print [25] and will be submitted in due course.

1.2 Other contributions

For completeness, we note that during the course of his doctoral studies the author of this
thesis also contributed to the pre-print [82], concerning the chromatic alpha filtration. The
author also developed numerous open-source software packages, of which we list the main

contributions below:

The CAT List — cat-1list.github.io
Developed alongside fellow DPhil candidate Otto Sumray, this is an online, searchable
repository of open-source software for TDA. Individual packages are tagged by
features and language, and the database has received numerous contributions from

the wider TDA community.

phlite — github.com/tomchaplin/phlite
This package aims to bring some of the advances of Ripser [6] to a wider class
of persistent homology pipelines. In particular, phlite provides a framework for
implementing lazy oracles into sparse matrices D, with indexes and coefficients of
arbitrary type. Under sufficient type constraints, the package provides functions
for decomposing these matrices in the form R = DV, enabling the computation of
persistent (co)homology. This approach avoids constructing the entire (co)boundary
matrix and thus significantly reduces memory usage. An implementation of GRPPH

was developed in this framework.

lophat — github.com/tomchaplin/lophat
The primary contribution of this package is an implementation of the parallel, lock-free
persistent homology algorithm, presented by Morozov and Nigmetov [78]. Unlike the
original, the lophat implementation uses epoch-based memory management. Python

bindings are provided, with a similar API to the PHAT package [7].

phimaker — github.com/tomchaplin/phimaker
This is a package for computing the barcodes of the images, kernels and cokernels for
maps of persistent vector spaces. The package implements the algorithm proposed

by Cohen-Steiner et al. in [35] and all matrix decompositions are completed via lophat.


https://cat-list.github.io
https://github.com/tomchaplin/phlite
https://github.com/tomchaplin/lophat
https://github.com/tomchaplin/phimaker

This package was used in the chalc software package for the chromatic alpha complex,

developed by fellow DPhil candidate Abhinav Natarajan (see [82]).

gramag —|github.com/tomchaplin/gramag
This software package computes the magnitude homology of a directed graph (see [59,
3]). Computation is accelerated by a parallelised depth-first search for generators

of the magnitude chain groups, and homology calculations are conducted either

via lophat or phlite.


https://github.com/tomchaplin/gramag

Chapter 2

First Betti number of the path
homology of random directed graphs

2.1 Introduction

In applications, networks often arise with asymmetry and directionality. Chemical synapses
in the brain have an intrinsic direction (see [86| §5]); gene regulatory networks record the
causal effects between genes (e.g. [1]]); communications in social networks have a sender and
a recipient (e.g. [70]). A common hypothesis is that the structure of a network determines
its function [61, 87]], at least in part. In order to investigate such a claim, one requires
a topological invariant which describes the structure of the network. To obtain such a
summary for a digraph, one often symmetrises to obtain an undirected graph, before
applying traditional tools from TDA (e.g. [58]). This potentially inhibits the predictive
power of the descriptor, since the pipeline becomes blind to the direction of edges. In recent
years, particularly in applications related to neuroscience (e.g. [17, 87]), researchers have
explored the use of topological methods which are sensitive to the asymmetry of directed
graphs.

A much-studied construction, for undirected graphs, is the clique complex (or flag
complex) — a simplicial complex in which the k-simplices are the (k + 1)-cliques in the
underlying graph. An obvious extension to the case of directed graphs is the directed flag
complex [74]. This is an ordered simplicial complex in which the ordered k-simplices are
the (k + 1)-directed cliques: (k + 1)-tuples of distinct vertices (vy, ..., vx) such that v; — v;
whenever i < j. An important property of this construction is that is able to distinguish
between directed graphs with identical underlying, undirected graphs; it is sensitive to the
asymmetry of the digraph.

Path homology (first introduced by Grigor’yan et al. [54]) provides an alternative



construction which, while more computationally expensive, is capable of distinguishing
between digraphs which are indistinguishable to the directed flag complex (e.g. Figure
which was first shown in [32, Figure 2]). Path homology admits two variants, namely
regular and non-regular path homology. The regular and non-regular chain complexes,
underlying the respective variants, each contain the directed flag complex as a subcomplex.
Intuitively, the generators of the k™ chain group of the directed flag complex are all the
directed paths, of length k, such that all shortcut edges are present in the graph. Whereas,
the k' chain group of the non-regular chain complex consists of all linear combinations of
directed paths, of length k, such that any missing shortcuts of length (k — 1) are cancelled

out.

~. 0— @ —.
Se—e =
—

(a) (b)

Figure 2.1: Two motifs which are indistinguishable to the directed flag complex but have
different path homology.

Other desirable features of regular path homology include good functorial properties
in an appropriate digraph category [55, 52] and invariance under an appropriate notion
of path homotopy [55, Theorem 3.3]. Furthermore, path homology is a particularly novel
method since it operates directly on directed paths within the digraph, rather than first
constructing a simplicial complex. Rather than being freely generated by distinguished
motifs, the chain groups for path homology are formed as the pre-images of the boundary
maps. As such, finding a basis for the chain groups is often non-trivial, which complicates
the understanding of how homology arises in a random digraph. Hence, it is desirable
to develop an understanding of the statistical behaviour of path homology, both from an
applied perspective and from independent interest.

Key questions include (as discussed for the clique complex in [64} 65, 67]): when should
one expect homology to be trivial or non-trivial; when homology is non-trivial, what are
the expected Betti numbers; and how are the Betti numbers distributed? In order to obtain
concise, qualitative answers to these questions, one often makes assumptions about how
null model parameters depend on the number of nodes n. Then, one can show that a

property P holds with probability tending to 1 as n — co. Under these conditions, we say
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that the property P holds with high probability. Moreover, for two random variables X, Y,
we write X ~ Y with high probability if for any € > 0

X
11’1—e§?§1+e —1 asn — oo. (2.1)

To date, traditional topological invariants enjoy a greater statistical understanding in the
context of basic null models. In particular, Kahle showed the following for the Erd6s-Rényi
random undirected graph model G(n, p), in which every graph has n nodes and each edge

appears independently with probability p.

Theorem 2.1.1 (Kahle [64, 65]). For an Erdds-Rényi random undirected graph G ~ G(n, p),
denote the k" Betti number (over a field of characteristic 0) of its clique complex X(G) by By. Let fi
denote the number of k-cliques then E[fi] = (kil)p(k?). Assume p = n*, then

1. if =1/k < a < =1/(k+ 1) then By ~ E[Bx] ~ E[fx] ~ fx with high probability;
2. if=1/k <a < =1/ (k+ 1) then By > 0 with high probability;

3. ifa < —1/k then By = 0 with high probability;

4. ifa > —1/(k+1) then By = 0 with high probability.

In essence, this characterises the understanding that, in any given degree, random
graphs only have non-trivial, clique complex homology in a ‘goldilocks’ region, wherein
graph density is neither too big nor too small. Moreover, the boundaries of this region
are dependent on the number of nodes in the graph, scaling as a power law. Our primary
contribution is a similar description for two different flavours of path homology, in degree

1.

2.1.1 Summary of results

In order to derive useful probability bounds, it is often necessary to prescribe a null model
which is highly symmetric and depends on few parameters. Therefore, throughout this
paper we will be focusing on an Erd6s-Rényi random directed graph model, in which the
number of nodes is fixed (at ) and each possible directed edge appears independently,
with some probability p. Note, this model allows for the existence of a reciprocal pair of
directed edges.

Although individual results are potentially stronger, the following theorems characterise
the theoretical understanding that we will develop. Denote the k! Betti number of the
non-regular path homology of a digraph by ?k' Firstly, (Fo + 1), is the number of weakly

connected components. This coincides with the number of connected components of the
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flat symmetrisation of the digraph (see Definition 2.2.10). If G ~ c (n, p) is an Erdés-Rényi
random directed graph then its symmetrisation is an Erdés-Rényi random undirected
graph, G ~ G(n, ), where p = 1 — (1 — p)2. Thus, we use a standard result due to Erd&s

and Rényi [43, §9] (see [64, Therorem 1.1] for a modern summary) to prove the following.

Theorem 2.1.2. For an Erdds-Rényi random directed graph G ~ E(n, p(n)), let FO denote
the 0" Betti number of its non-reqular path homology over Z. Assume 1 — (1 — p(n))? =
(log(n) 4 f(n))/n, then

1. iflim, e f(n) = —oo then FO > 0 with high probability;
2. iflimy e f(n) = oo then FO = 0 with high probability.

The same result holds for reqular path homology.

Our primary contribution identifies a similar ‘goldilocks’ region for the first Betti number

of path homology, Fl-

Theorem 2.1.3. For an Erd6s-Rényi random directed graph G ~ 8(11, p(n)), let ?1 denote
the 15 Betti number of its non-reqular path homology over Z.. Let Ny denote the number of edges,
Ny = #E(G), then E[N;] = n(n — 1)p. Assume p(n) = n®, then

1. if 1 <a<—2/3then B1~E[B1] ~E[N)] ~ Ny with high probability;
2. if =1 <a < —2/3 then Fl > 0 with high probability;

3. ifa < —1then Fl = 0 with high probability;

4. ifa > —1/3 then ?1 = 0 with high probability.

The same result holds for reqular path homology.

By way of justifying the assumption p(n) = n* with « < 0, in Figure we plot
IP[EH(G) = 0], for G ~ B(n, p), in colour against log(n) and log(p) along the two spatial
axes. We observe two transitions between three distinct regions in parameter space. There
is an interim region, in which we observe mostly Fl > 0; when p becomes too small we
suddenly observe mostly ?1 = 0, and likewise when p becomes too large. On this plot, the
boundaries between the three regions appear as straight lines. Hence a reasonable conjecture
is that these boundaries follow a power-law relationship log(p) = alog(n) + c. Therefore,
following power-law trajectories through parameter space will allow us to derive either
H’[?l(G) > 0] — 1lor ]P[E)l(G) = 0] — 1. Taking « large (i.e. close to 0) yields a ‘high
density’ regime whilst taking lower « causes p to shrink faster and hence corresponds to a

‘low density’ regime. We will see that the numbers —1 and —2/3 result from comparisons
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of the growth rates of chain groups (Proposition 2.4.2). The number —1/3 appears due
to the combinatorics of certain subgraphs called directed centres, which we will show are
abundant in the high density regime and imply vanishing B ; (Remark[2.4.19).

Turning our attention to higher degrees, we provide weak guarantees for the asymptotic

%
behaviour of B, for arbitrary k > 1, at low densities.

%
Theorem 2.1.4. For an Erd6s-Rényi random directed graph G ~ E(n, p(n)), let B denote the
I . , _ ; N+1
k™ Betti number of its nz-regulur path homology over Z.. Assume p(n) = n* with « < —=3+
for some N € IN. Then, P = 0 with high probability for every k > N. The same result holds for

regular path homology.

For comparison, in Section 2.5, we apply the techniques used to prove Theorem in

order to obtain analogous results for the directed flag complex.

Theorem 2.1.5. For an Erdos-Rényi random directed graph G ~ 8(71, p(n)), let By denote the
k" Betti number of its directed flag complex homology over Z. Let Nj denote the number of directed
(k + 1)-cliques, Ny = rank ?k(G), then E[N¢] = (/1) (k+1)! p(kgl). Assume p(n) = n®, then
foreach k > 0

if —1/k <« < —1/(k+1) then E[Bx] ~ E[Nk;

if =1 <wa < —1/2then B1 ~ E[B1] ~ E[N1] ~ Ny with high probability;
if =1 < a < —1/2 then By > 0 with high probability;

if & < —1 then By = 0 with high probability;

if o > —1/4 then By = 0 with high probability.

MR

In Section 2.6) we summarise these results and compare path homology and the directed
flag complex to more traditional symmetric methods. We provide Table 2.1{in which we
record, for each of the homologies under consideration, the a-region in which we know
is either zero or positive, with high probability (assuming p = n*).

In Appendix[2.A} with a view towards hypothesis testing, we derive a tighter explicit
bound for ]P(?l (G) > 0), which becomes useful when p is large. In order to identify
a given Betti number as statistically significant, against a Erdés-Rényi null model, one
would usually resort to a Monte Carlo permutation test (e.g. [41]). This would require the
computation of path homology for a large number of random graphs. For large graphs
(n > 100 nodes), this is often infeasible, due to the computational complexity of path
homology. However, if graph density falls into one of the regions identified by the results

in Appendix one can potentially circumvent this costly computation.
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2.1.2 Data Availability

The code and data for the experiments of Appendix[2.B| as well as an implementation of
the algorithm described in Lemma[2.A.7] are available on both the OSF repository [22] and
GitHub [21]. All code is written in MATLAB and data from the experiments is available in the

.mat format.

2.2 Background
2.2.1 Graph theory definitions and assumptions

For clarity, we present a number of standard definitions, and assumptions that we will use

throughout this paper. First, we fix our notation for graphs.

Definition 2.2.1. 1. A (undirected) graph is a pair G = (V, E), where V is an arbitrary

set and E is a set of 2-element subsets of V.

2. A directed graph (or digraph) is a pair G = (V,E), where V is an arbitrary set and
ECVxV.

3. A (resp. directed) multigraph is a (resp. directed) graph G = (V, E) in which E is
allowed to be a multiset.

4. In all cases, we call V(G) := V the set of nodes or vertices and E(G) := E the set of
edges.

5. A digraph G = (V,E) issimpleif E C (V x V) \ A, where A := {(i,i) | i € V}.

6. The density of a simple digraph G = (V, E) is the ratio of edges present, relative to

the maximum number of possible edges:

#E

denSlty(G) = m.

(2.2)

Assumption 2.2.2. Throughout this paper, unless stated otherwise, we assume that all
digraphs G = (V, E) are simple. This means that they contain no self loops and contain at

most one edge between any ordered pair of vertices.

Given a directed graph G, we make the following definitions to refer to subgraphs

within G.
Definition 2.2.3. Given a digraph G = (V, E), we make the following definitions.
1. A subgraph is another graph G’ = (V’,E’) such that V' C V and E’ C E; we denote

thisas G’ C G.
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Given a subgraph G; C G and a subset of edges E; C E(G) we let G; U E; denote a
new graph with edges
E(GiUEy) = E(Gy) UE,. (2.3)

and node-set V(G; U E,), the smallest superset of V(G;) that contains all endpoints
of edges in E;.

A (combinatorial) undirected walk is an alternating sequences of vertices and edges
p = (vo,e1,01,€2, .., Un-1,€n,0n) (2.4)

such that edges connect adjacent vertices, in either direction. That is, for each i, either
e; = (vi-1,0;) or e; = (0v;,vi1).

A (combinatorial) directed walk is an undirected walk such that all edges are forward
edges, thatis e; = (v;_1,v;) for every i.

A (combinatorial) directed /undirected path is a directed /undirected walk which
never repeats vertices or edges, that is v; = v; or ¢; = ¢; implies i = .

A (combinatorial) directed /undirected cycle is a directed /undirected walk such that

v =v,i#] <= {i,j} =1{0,n}. (2.5)

. The length of a walk is the number of edges it traverses, e.g. the length of p in equation

(2.4) is n.
A double edge is an unordered pair of vertices {i,j} C V such that both directed
edges are in the graph, i.e. (i,), (j,i) € E.

Notation 2.2.4. 1. For vertices i,j € V, we writei — jif (i,) € E.

2.

If E; = {e} is a singleton then we define Gy Ue := G; U E.

Remark 2.2.5. Assumption allows for the existence of double edges.

2.2.2 Analytic and algebraic definitions

Next, we provide definitions of ‘Landau symbols’, which we use describe the asymptotic

behaviour of two functions, relative to one another.

Definition 2.2.6. Given two functions f, g : R — R we write

1.
2.
3.

15



Remark 2.2.7. There is an equivalence, f(x) = w(g(x)) <= g(x) =o(f(x)).

Finally, we make a formal, algebraic definition, which will be required later in order to

define path homology.

Definition 2.2.8. Given a ring R and a set V, we let R(V) denote the R-module of formal

R-linear combinations of elements of V. That is,

R(V) = {i ey,

neN, a; €R, v; € V} (2.6)
i=1

where {e, | v € V} are formal symbols which form a basis of the free R-module R(V).

2.2.3 Erd6s-Rényi random graphs

Throughout this paper, we will primarily be investigating random directed graphs under

an Erd6s-Rényi model.

Definition 2.2.9. 1. The Erd6s-Rényi random undirected graph model, G(n, p), is a
probability space of undirected graphs. Each graph has exactly n nodes {1,...,n}
and each directed edge is included, independently, with probability p. A given graph
G on n nodes with m edges appears with probability

n

P —p) D 2.7)

2. The Erdds-Rényi random directed graph model, 8(11, p), is a probability space of
directed graphs. Each graph has exactly n nodes {1, ..., n} and the each directed edge
is included, independently, with probability p. A given digraph G on n nodes with m
edges appears with probability

pr(L—p) (2.8)
2.24 Symmetrisation
Definition 2.2.10. Given a directed graph G = (V,E),
1. the flat symmetrisation is an undirected graph, G := (V, E), where
{i,j} € E < (i,j) € Eor (j,i) € E or both. (2.9)

2. the weak symmetrisation is an undirected multigraph G = (V,E), where {i,j}
appears in E with multiplicity 2 if both (i,j) € E and (j, i) € E, or with multiplicity if

1 if only one of these edges is present.
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Remark 2.2.11. We can view G and G as topological spaces by giving them the natural
structure of a simplicial complex and delta complex respectively. Both of these structures

have no simplices above dimension 1, so clearly B;(G) = ﬁk(G) =0forall k > 1.

Lemma 2.2.12. Given a random directed graph G ~ c (n, p), the flat symmetrisation is distributed
as G ~ G(n, p) where
pi=1—(1-p)P?=2p—p> (2.10)

Proof. A given undirected edge {i,j} appears in G if and only if at least one of (i, ) or (j, 1)

is in G. Therefore

P({i,j} ¢ E) =P((i,j) ¢ Eand (j,i) ¢ E) = (1 —p). (2.11)

Hence, the undirected edge appears with probability 1 — (1 — p)z. The existence of each
undirected edge depends on the existence of a distinct pair of directed edges. Hence each

undirected edge appears independently. O

Remark 2.2.13. Note that p —+ 0 <= p — 0 hence p ~ 2p and therefore, for any « < 0,
p=o(n") < p=o(n").

Definition 2.2.14. Throughout this paper, we define p as in (2.10), whenever the underlying

p is clear from context.
Definition 2.2.15. Given an undirected graph G = (V,E),

1. a k-clique is a subset of vertices V! C V, such that #V' = k and for any two, distinct
vertices, i,j € V’, the edge between them is present, i.e. {i,j} € E;
2. the clique complex, X(G) is a simplicial complex where the k-simplices are the (k 4 1)-

cliques in G.

We now investigate the behaviour of these ‘symmetric methods” on random directed
graphs. Since the flat symmetrisation of a random digraph 8(71, p) is a random graph
G(n, p) and the asymptotics of p do not differ greatly from those of p, Theorem can be

k+1

restated immediately for B (X(G)) with the only change being that E[f;] = (,;) pla),
Alternatively, we can view G and G directly as 1-dimensional cell complexes without
taking the clique complex. In this setup, we prove that if p = p(n) shrinks too quickly then
B1 will vanish for G and G, with high probability. This is a special case of the proof given
by Kahle [64, Theorem 2.6]. We repeat the proof to illustrate that it can be applied to f1(G),

B1 (G) and, later on, path homology Fl (G).
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Proposition 2.2.16. If p = p(n) = o(n~1) then, given a random directed graph G ~ 8(11, p),
we have
lim P(B1(G) = 0) = lim P(8;(G) =0) = 1. (2.12)

n—»00 n—00

Proof. Note that the existence of an undirected cycle in G of length L € [3, 1] is a necessary
condition for B1(G) > 0. For each L, by a union bound (i.e. given events (4;);.;, we can
bound the probability of the union by P[U;c;A;] < Y:c;P[A;]), the probability of there
being an undirected cycle of length L is at most (})L!( 7)< (np)". Hence, the probability
that there is an undirected cycle of any length is at most (1)’ /(1 — (nf)). The assumption
p = o(n~!) implies that lim, . (n7) = 0 and hence the bound converges to 0 as n — co.
To prove Fl (G) = 0 with high probability, all that remains is to bound probability of
there being an undirected cycle on 2 nodes (i.e. a double edge) in G. The probability that

there is some double edge is at most (;)p* < n*p? which tends to O since p = o(n™1). O

Finally, we investigate conditions under which we expect f1(G) > 0 and B1(G ) >0
with high probability, and determine the growth rate of [E[;] in each situation. Standard

techniques, as employed for the clique complex in [64], shows the following.

Proposition 2.2.17. If p = p(n) = w(n"1) then, given a random directed graph G ~ 8(11, p),

E[B1(G)] ( ) p and E[B1(G)] ~ n(n—1)p. (2.13)
Moreover, B1(G) ~ E[B1(G)] and B1(G 3) ~ E[B1( G)] with high probability and hence
lim P(B1(G) > 0) = lim P(1(G) > 0) = 1. (2.14)

Proof. Denoting the original digraph G = (V, E), we deal with the flat symmetrisation first.
For convenience, we define Nj := #E and Np := #V. Note that E[N;] = (5)p and E[Np] = n.

A standard application of the Euler characteristic shows
Ny — Nop < B1 < MNp. (2.15)

The assumption p(n) = w(n~!) yields [E[Ny] = o(IE[N;]) and hence E[B1] ~ E[Ny].

Now we show 1 ~ [E[B1] with high probability. Since E[B1] ~ E[N;] — oo, by an
application of Chebyshev’s inequality [2, Theorem 4.1.1], it suffices to show that Var(B1) =
o(E[B1]?). Using the inequalities we can (eventually) bound

Var(f1) _ E[B3] ~E[pi]* _ E[N7] — E[Ni — NoJ?
E[B1]? E[B1]? - E[N; — NoJ? .

(2.16)
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Then since N; is a binomial random variable with mean E[N;] — oo we have E[N?]| ~
[E[N;]%. We have already seen that E[N;]* ~ E[N; — No]* and hence the bound in (2.16)
tends to 0.

Now since f1 ~ [E[B1] with high probability and eventually E[f;] > 0, the final
conclusion B > 0 with high probability follows because for any € € (0, 1) we can eventually
bound

P[B1(G) > 0] > P[B1(G) > (1 —€)E[B1]] — 1. (2.17)

The case for the weak symmetrisation has an identical proof, except that [E #E] = E [#E| =
n(n—1)p. O

2.3 Path homology of directed graphs
2.3.1 Definition

Path homology was first introduced by Grigor’yan et al. [54} |52]]. The key concept behind
path homology is that, in order to capture the asymmetry of a digraph, we should not
construct a simplicial complex, but instead a path complex. In a simplicial complex, one can
remove any vertex from a simplex and obtain a new simplex in the complex. This property
may not hold for directed paths in digraphs; if we bypass a vertex in the middle of a path
then we may not obtain a new path. However, we can always remove the initial or final
vertex of a path and obtain a new path. This is the defining property of a path complex [54,
§1].

Path homology can be defined on any path complex but for this paper we focus on the
natural path complex associated to a digraph. Throughout this section we fix a ring R and a

simple digraph G = (V, E).
Definition 2.3.1. We make the following definitions to classify sequences of vertices in V:

1. Any sequence vy ... v, of (p + 1) vertices v; € V is an elementary p-path.

2. Anelementary path is regular if no two consecutive vertices are the same, i.e. v; # v
for every i. Otherwise, the path is called non-regular or irregular.

3. An elementary path is allowed if subsequent vertices are joined by a directed edge in

the graph, i.e. (v;,v;11) € E for every i.

Remark 2.3.2. An allowed path coincides with a combinatorial, directed walk.
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Definition 2.3.3. The following R-modules are defined to be freely generated by the genera-
tors specified, for p > 0:

Ap := Ay(G;R) := R({vg...v, elementary p-pathon V} ) (2.18)
Ry = Rp :=R({vg...vp regular p-pathon V} ) (2.19)
Ap = Ay( :=R({vg...vp allowed p-pathin G} ) (2.20)
Forp = —1, welet Ay := R_; := A_; := R. Given an elementary p-path vy...vy,

the corresponding generator of A, is denoted €y,..0,- FOr convenience, given an edge

= (a,b) € E(G) we define e; := ¢, as an alias for the basis element of A;.
We can construct homomorphisms A, — A,_1 for each p.

Definition 2.3.4. Given p > 0, we can define the non-regular boundary map d, : A, — A,

by setting
4
evo Up . Z er...Z?i...‘Up (221)
where vg . .. vp denotes the elementary (p — 1)-path vy ... v, with the vertex v; omitted.

This defines ap on a basis of Ay, from which we extend linearly. In the case p = 0, we define

80:A0—>Rby

do (Z (xvev> = Z Xy (2.22)

veV veV

which yields an element of R.

Remark 2.3.5. 1. A standard check verifies that d, 1 0 d, = 0 [54, Lemma 2.4] and hence
{Ap, ap} forms a chain complex.
2. Since we assume all digraphs are simple, there are no self-loops. Therefore, any

allowed path must be regular and hence
Ap SRy C Ay (2.23)

In order to incorporate information about paths in the graph we would like a boundary
operator between the A,. However, the boundary of an allowed path may not itself be
allowed, because it involves removing vertices from the middle of paths. To resolve this,

we define a R-module, for each p > 0, called the space of 0-invariant p-paths

Since d, 100, = 0, we see that ap(np) C O, 1. Hence, we can make the following

construction.
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Definition 2.3.6. The non-regular chain complex is

63 82 81 30 a71

R 0 (2.25)

o} o, 0

where each d,, is the restriction of the non-regular boundary map to ;.

Definition 2.3.7. The homology of the non-regular chain complex (2.25) is the non-regular
path homology of G. The p!" homology group is denoted

kerd,
; = . 2.2
Hp(GiR) i= — o (2.26)

—>
The rank of the p'" homology group is p!* Betti number, denoted B ,(G; R).

When computing (), one often encounters paths v € A, with irregular summands in
their boundary. For example,
02(eiji) = eji — eii + ejj. (2.27)
Since irregular summands are never allowed, these must be cancelled to obtain an element
of Q). An alternative construction, which is featured more frequently in the literature, alters
the boundary operator to remove these irregularities.
There is a projection map 7 : A, — R, which sends every irregular path to 0. This

allows us to make the following construction:

Definition 2.3.8. For each p > 0, the regular boundary operator E)Z} : Rp — Rp—1is defined

by
Iy =100, (2.28)

With this new boundary operator we still have the issue that the boundary of an allowed
path may not be allowed. Therefore, we again construct an R-module, for each p > 0, called

the space of 9™-invariants p-paths.
QFf .= QF(G;R) := {v e A, ( fve Ay 1t =400 (A1), (229)

One can check that, given any irregular path v, either dv = 0 or dv is a sum of irregular

paths [54, Lemma 2.9] and hence
Iy 00y =m0dy 100, =7m00=0. (2.30)

Definition 2.3.9. The regular chain complex is

] ; N G o,
ofF QfF QFf — R ——0 (2.31)

where each 9 is the restriction of the non-regular boundary map to QR.
P g y map )
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Definition 2.3.10. The homology of the regular chain complex is the regular path homology
of G and the k' homology group is denoted

ker 8,7}

. R .
ima;%

HF(G;R) := (2.32)

We denote the Betti numbers for these homology groups by FkR(G ;R).

Remark 2.3.11. 1. If R is also a field, then the homology groups Hy and HJ are vector
spaces and so fully characterised, up to isomorphism, by ? x and F;} respectively.
2. Since we augment the chain complex with R in dimension —1, this is technically a
reduced homology, but we omit additional notation for simplicity.

3. As noted in [54} §5.1], given a subgraph G’ C G then, for every p > 0,
0,(G') CQ,(G) and QF(G') COF(G). (2.33)

Notation 2.3.12. When G is clear from context, we shall omit it from notation. If the

coefficient ring R is omitted from notation, assume that R = Z.

Note that the primary difference between the regular and non-regular chain complex is
the boundary operator. The difference between the boundary operators d, and 8]7} affects

the difference between the R-modules Qp and QZ}.

2.3.2 Proof of Theorem [2.1.4

As an easy first step, we show that, when graph density is too low, it is very unlikely that
there are any long paths within the digraph. Therefore, for large k, .Ax becomes trivial and

_>
consequently p; = 0.

Proposition 2.3.13. Given N € N, if p = p(n) = o(n=N*V/N) for some N € N then, given a
random directed graph G ~ a(n, p), for all k > N we have

lim P( B +(G) = 0) = 1. (2.34)

n—oo

Proof. Note that it suffices to show that P(Ay = {0}) — 1 as n — oo because, if there are
no allowed N-paths, then there are certainly no allowed k-paths. If there are no allowed
k-paths then () = {0} and so ?k = 0.

For Ay to be non-trivial there must be some combinatorial, directed walk of length N.
Equivalently, there must exist a combinatorial, directed cycle or a combinatorial, directed

path of length N (or both).
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If p = o(n”(N+1/N) then certainly p = o(n~!) and hence, following the proof of
Proposition [2.2.16] the probability that there is a directed cycle tends to 0 as n — oo.

A combinatorial, directed path is a sequence of N + 1 distinct nodes, each joined by an
edge in the forward direction. By a union bound, the probability that there exists such a

sequence is at most

(N’i 1) (N+1)1pN < aNH1pN (2.35)
which, by the assumption on p, tends to 0 as n — oo. ]

Proof of Theorem By Proposition [2.3.13 it suffices to note that n* = o(n~(N+1)/N)

whenever a < —%. O

_)
This theorem is very weak. For example, to obtain p ; = 0 with high probability, we
require p = o(n~2), in which case the expected number of edges in the digraph tends to 0.

The weakness of this result stems from its reliance on the chain of inequalities
ﬁ
Bk < rank(kerdy) < rank () < rank A;. (2.36)

There is likely a region of graph densities wherein one or more of these inequalities is strict.
Hence, in order to obtain stronger results, we require an understanding of (), at the very

least.

2.3.3 Chain group generators
Proposition 2.3.14 ([54} §3.3]). For any simple digraph G = (V,E),
Oy =QF =R(V)=Ay and O =QF = R(E) = A;. (2.37)

Proof. Certainly g C A and Q; C A;. Moreover, the boundary of any vertex is just an
element of R = A_; and hence allowed. The boundary of any edge is a sum of vertices and

any vertex is an allowed 0-path. Therefore 4y C ()p and A; C Q). O

We can also see that the non-regular chain complex is a subcomplex of the regular chain
complex. This subcomplex relation was first noted by Grigor 'yan et al. [54, Proposition 3.16].
Since the chain groups agree in dimension 1, this yields an inequality between the first Betti

numbers.

Proposition 2.3.15. For any simple digraph G, the non-reqular chain complex is a subcomplex of

the regular chain complex. In particular, for each p > 0, we have
0,(G) € QX(G). (2.38)
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Proof. Suppose v € ), then 9,(v) € A,_1. We have seen that A, | C R, _1. Hence, if we

project d,(v) onto R, 1 via 71, we do not remove any summands. Therefore
R (v) = 7 (3,(0)) = 9,(v) € Ap_1. (2.39)

Certainly v € A, and hence v € QZ}. Since the two operators, d, and R, agree on (), the

non-regular chain complex is a subcomplex of the regular chain complex. O
. . — —
Corollary 2.3.16. For any simple digraph G, B X (G) < B1(G).

Proof. By Proposition 2.3.14} the two complexes coincide in dimensions 0 and 1 and hence
rank ker 9; = rank ker 8?. By Proposition 2.3.15, imdy C im 8;3 and hence rankimad, <

rank im 8?. Therefore,

%?(G) = rank ker 9]° — rankim 0} < rankkerd; — rankimd, = Fl(G). (2.40)

O]

Note, given a directed edge T = (i, ), 91 (eij) = 91 (e;;) = ¢; — ¢;. From this, it is easy to

obtain the characterisation of the lowest Betti number first stated in Section 2.1}

Proof of Theorem[2.1.2} A standard argument shows that FO = ?(7)3 = #C — 1, where #C
is the number of weakly connected components of the digraph G. Note, #C coincides
with the number of connected components of the symmetrisation G. The result follows by
Lemma[2.2.12and a standard result due to Erd6s and Rényi (see [43, §9] or [64, Therorem 1.1]

for a modern summary). O

Unfortunately, higher chain groups do not enjoy such a concise description. However,
when working with coefficient over Z, it is possible to write down generators for QF, in

terms of motifs within the digraph G.

b A

(@) (b) (©

Figure 2.2: Generators for Q¥ (G; Z) as described in Proposition [2.3.17| (a) A double edge.
(b) A directed triangle. (c) A long square. The red, dashed line must not be present for the
third motif to constitute a long square.
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Proposition 2.3.17 ([55, Proposition 2.9]). Let G be any finite digraph. Then any w € QR (G; Z)

can be represented as a linear combination of 2-paths of the following three types:

1. ejji withi — j — i (double edges);
2. ejjk withi — j — kand i — k (directed triangles);

3. eijk — eimk Withi — j — k, i — m — k, i /> kand i # k (long squares).

Remark 2.3.18. Note that all vertices i, j, k, m in this theorem are distinct, either due to the

existence of an edge (e.g. i — j implies i # j) or explicit statement (e.g. i # k).

The following non-regular corollary follows immediately since, by Proposition[2.3.15
0, COR.

Corollary 2.3.19. Let G be any finite digraph. Then any w € Oy(G; Z) can be represented as a
linear combination of 2-paths of the three types enumerated in Proposition

Note that each of the generators in Proposition are elements of QO and hence
they form a generating set for Q¥(G; Z). Note that elements of each type reside in comple-
mentary subspaces of A, because they are supported on distinct basis elements. That is, we

can write

Of=DeTa®s (2.41)

where D is freely generated by all double edges ¢;;; in G, and T is freely generated by
all directed triangles e;jx in G. The final component, S, is generated by all long squares

eijk — eimk in G. However, they may not be linearly independent, for example, as seen in

Figure

(eijk — eimk) + (€imk — €inx) + (eix — eijk) = 0. (2.42)
k
AN
je® m @]

N

Figure 2.3: Linearly dependent long squares with source i and sink k.

o—0

~.

Note that double edges are not d-invariant paths, i.e. e;;; ¢ (). However there are linear
combinations of double edges which do belong to (). For example, suppose i — j — i

and i — k — i, then e;; —ej; € (). It is possible to state a non-regular version of
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Proposition [2.3.17} in which all generators are elements of (),. This can be achieved by
replacing double edge generators with such differences of double edges, which share a
common base point. However, we omit this result, as it is not necessary for our main

contribution.

Remark 2.3.20. 1. An alternative approach to computing rank (), and rank QF was first
seen in [54, Proposition 4.2] and is explored further in Appendix

2. For the interested reader, more results which characterise relations between the ),
are available in [54]} 52].

3. We can use Proposition to obtain an intuition for HZQ(G ; Z). Starting with the
cell complex G, glue in a 2-cell for each generator identified by Proposition
by identifying its boundary with the corresponding motif in G. Then Hj of this cell
complex coincides with HF (G; Z). Unfortunately, since we do not have generators

for QZ} for p > 2, developing intuition in higher degrees is much harder.

Example 2.3.21. For further intuition, we reproduce the example given in [54, Proposi-
tion 4.7] but compute both regular and non-regular path homology. A cycle graph is a
weakly connected digraph, on n > 2, nodes such that each vertex has degree 2. Fix a cycle
graph G. Then, H¥(G;Z) = Z unless G is a double edge, directed triangle or long square,
in which case HF¥(G;Z) = 0. Whereas, H;(G;Z) = Z unless G is a directed triangle or

long square, in which case H;(G;Z) = 0. For more examples, please consult [54].

2.4 Asymptotic results for path homology

Intuitively, we expect that the two transitions, identified in Figure correspond to two
distinct topological phenomena. When density becomes sufficiently large, cycles start to
appear in the graph and ker 0; is non-empty for the first time. Then, when density becomes
too large, boundaries enter into (), which begin to cancel out all of the cycles, removing
all homology. In the interim period, we expect that the number of cycles and the number
of boundaries is approximately balanced. Therefore, in order to understand the lower
boundary we should study ker d; and in order to understand the upper boundary we
should study imd,. In order to show that Fl > 0 in the “goldilocks” region we should
compare the growth rates of rank ker d; and rankim d,, or some approximation thereof.
Moreover we expect reasonable conditions on p(1) to be of the form p = o(n*) or p = w(n*)

for some w, since conditions of this sort constrain p(n) relative to straight lines through

Figure

26



2.4.1 Proof of Theorem (1)

In order to characterise the behaviour of ?1 when it is non-trivial, we will follow the
approach of Kahle in [64, §7]. The approach is to use the ‘Morse inequalities’. In the
context of a digraph G, denote the ranks of the chain groups by N := rank () (G; Z) and
NF :=rank Qf(G; Z). Then we have

%
—Ng-1+ N — Ney1 < B < Ny (2.43)
%

and a similar set of inequalities between the N/* and B . It is usually easier to compute the
rank of chain groups than the rank homology groups. Hence, we use the limiting behaviour

—
of Nj to investigate the limiting behaviour of B . First we will need estimates for IE[Ny]|.

Lemma 2.4.1. For a random directed graph G ~ B(n, p) we have the following expectations

E[No] = E [Nﬂ =n (2.44)
E[N] = E [Nﬂ = n(n—1)p (2.45)
E[N>] < E [Nﬂ < 2p* + 13p® + npt, (2.46)

Proof. The first two claims are clear since they count the expected number of nodes and
edges in G, respectively. There is no difference between the regular and non-regular chain
complex in dimensions 0 and 1.

We use Proposition to compute bounds for IE[NJ] and then the bound on [E[N3]
follows immediately because O, C QF (by Proposition . Since both orientations of a
double edge constitute a distinct basis element of QJ, the expected number of double edges
is n(n — 1) p?, which is bounded above by 1n?p?. The expected number of directed triangles
is 6(3) p°, because each subset of 3 vertices can support 6 distinct directed triangles.

Counting linearly independent long squares is more involved. For an upper bound,
note that any subset of 4 vertices can support 12 long squares (not double counting for the
two orientations since they differ by a factor of £1). Each fixed long square appears with
probability p*(1 — p). Therefore an upper bound on the number of linearly independent long

squares is
12 (Z) p*(1—p) <n'pt. (2.47)
Combining these counts yields the upper bound on E[NJX]. O
Proposition 2.4.2. If G ~ 8(71, p) where p = p(n), with p(n) = w(n=) and p(n) = o(n=%/3),
then
E[~No+ Ny — No] ~ E[Ni] and hence E[B1(G)] ~ E[Ni]. (2.48)
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%
Moreover, the same relations hold between the N and B }.

Proof. We prove the non-regular case, but the regular case follows from an identical argu-
ment. Using our expectations from Lemma we see E[Ny] = o(IE[N;]) because

fim BNl o L) (2.49)
n—s00 ]E[Nl] n—yo0 n(n — 1)p n—co 1P

where the final equality follows from the assumption p = w(n!). Next, note that

) N o 22+l 4 ntpt )

zs

The assumption p = o(n~2/3) is equivalent to n%/3p — 0 as n — co. This is sufficient to
ensure p — 0, np?> — 0 and n?p® — 0 as n — oo and so E[N,] = o(IE[N;]). Hence the first
relation follows and the latter follows immediately from the Morse inequalities (2.43). [

Remark 2.4.3. If we choose p = n” to satisfy the hypotheses of Proposition then we
must have —1 < a < —2/3 in which case IE[Nj] is of the order n?p = n**2. Thena +2 > 1

%
so E[ B 1] — oo at least linearly as n — oo.

Proposition 2.4.4. If G ~ 8(71,;9) where p = p(n), with p(n) = w(n=1) and p(n) = o(n=2/3),
then B 1(G) ~ E[B1(G)] and B R(G) ~ E[ B R(G)] with high probability.

Proof. We prove the non-regular case but the regular case follows by an identical argument.
Asin Proposition it suffices to show that Var(?l) =o(E [?1]2)

We have seen that E[N;] ~ E[—Np+ N; — N;| and certainly E[N;] — o0 as n — .
Therefore, eventually E[—Np + N3 — Nz] > 0 so, by the Morse inequalities, eventually we
can bound

Fl]z > E[—No+ N1 — NoJ*. (2.51)
<

Moreover, we always have N? so eventually we can bound

Var(§1) _ E[B31-E[F1] _ E[NF] —E[-No+ Ny — Ny’
== = < 5 : (2.52)
E[B1]2 E[B1]? E[No + N1 — N,

To conclude, it suffices to show E[N?| ~ E[—Np+ N; — N,]*. By Proposition we
know E[—Np + N; — NoJ* ~ E[N;]%. Then E [NZ] ~ E[N;]? because Nj is a binomial

random variable with mean [E[N;] — oo. O

Proof of Theorem21.3([). If p(n) = n* for -1 < & < —2/3 then p = w(n™!) and p =
0(n=2/3). Moreover, p = w(n~!) is sufficient to ensure IE[N;] — oo as n — co. Since Nj is
a binomial random variable, this implies N; ~ [E[Nj] with high probability. Combining
Proposition [2.4.2/and Proposition 2.4.4] yields the result. O
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2.4.2 Proof of Theorem (2)

— —
Having done the work of showing 1 ~ Nj, showing that 1 > 0is now an easy corollary.

Corollary 2.4.5. If G ~ B(n,p) where p = p(n), with p(n) = w(n=1) and p(n) = o(n=2/3),
then
lim ]P(?l(G) >0) = lim ]P(E)?(G) >0)=1. (2.53)

n—00 n—oo

— — —
Proof. As in Proposition this follows immediately because 1 ~ E[f 1] and BT ~
E [F?] with high probability and both expectations are eventually positive. O

Proof of Theorem2.1.3|2). 1f p(n) = n® for -1 < a < —2/3 then p = w(n!) and p =
o(n~2/3). Hence, by Corollary H’[?l(G) > 0] — 1and ]P[E)F(G) > 0] - 1as

n — oo. O

2.4.3 Proof of Theorem (3)

%
Having understood the behaviour of E[ B 1] in the “goldilocks’ region, we turn our attention
to the boundaries of this region. As with the symmetric methods, we expect that if p is too

small then Fl will vanish due to the lack of cycles.

Proposition 2.4.6. If p = p(n) = o(n~!) then, given directed random graphs G ~ 8(71, p), we
have

lim P(B1(G) = 0) = lim P(BR(G) =0) = 1. (2.54)

n—00 n—o00

Proof. Given a double edge iji, the cycle on its boundary is null-homologous in regular path
homology because 85(61-];) = e;; + eji. Hence, for the regular case, a necessary condition for
F? > 0 is that there is some undirected cycle, of length at least 3, in the digraph. Whereas,
the cycle e;; + e;; may or may not be null-homologous in non-regular path homology. Hence,
for the non-regular case, a necessary condition is that there is some undirected cycle, of
length at least 2, in the digraph. Therefore, the proof of the regular case is identical to the
proof that Fl (G) = 0 with high probability and the proof of the non-regular case is identical
to the proof that ?1 (G) = 0 with high probability, as seen in Proposition O

Proof of Theorem . Assume that p(n) = n*. If &« < —1 then p = o(n~!) and hence, by
_)
Proposition ]P(Fl(G) =0) > land P(BR(G) =0) — lasn — oo. O
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2.4.4 Proof of Theorem (4)

For the previous subsection we chose p small enough to ensure that it is highly likely that
%

ker 91 is empty. We also observe f 1 vanishing for larger values of p. In these regimes ker d;

is likely non-empty but all cycles are cancelled out by boundaries. Put another way, we

wish to show that, when p is large, every cycle w € ker d; can be shown to satisfy
w=0 (mod imdy). (2.55)

The strategy is to find conditions under which cycles supported on many vertices can
be reduced down to cycles supported on just 3 vertices, and then show that small cycles
%
can be reduced to 0. For this subsection, we will prove that P[ 8 1(G) = 0] — 1 which then
L —n .
implies, by Corollary that P[ B *(G) = 0] — 1, as n — co. First, we need to ensure

that we can choose a basis for ker d; which will be amenable to our reduction strategy.

Definition 2.4.7. Given an element w € ;(G), we can write w in terms of the standard
basis

w = Krer. (2.56)
TEE(G)

1. We define the support of v to be
supp(w) :={t € E| ar #0}. (2.57)

2. We call w a fundamental cycle if w € kerdq, ar € {£1} for each 7 € E, and supp(w)

forms a combinatorial, undirected cycle in G.
Lemma 2.4.8. Given a simple digraph, ker 01 has a basis of fundamental cycles in G.

Proof. Take an undirected spanning forest T for G, i.e. a subgraph of T in which every two
vertices in the same weakly connected component of G can be joined by a unique undirected
path through T. One can check that 091 : Q1 (T; R) — Qo(T; R) has trivial kernel, since there
are no undirected cycles in T.

Given an edge outside the forest T = (a,b) € E(G) \ E(T), there is a unique undirected
path p through T which joins the endpoints of T:

p=(a=0,7,01,..., T—1, k-1, T, b = V). (2.58)
for some v; € V(G), T; € E(G). Define

w; = {1 ifTi = (vi,l,vi)

2.59
-1 if 5 = (v;,vi1) 259
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and note that .
o1 (eT - Z txieTi> =0. (2.60)
i=1

Hence b; :=e; — Zﬁ-‘zl ajer; € ker d1. Note that b; is a fundamental cycle.
The set B := {b; | T € E(G) \ E(T)} is linearly independent because, given b; € B, no

other b» € B involves the basis element e; of ()1. Note, we can write
Oy =R{{er | T€E(T)}) ®R(B). (2.61)

Since there are no cycles in the spanning forest T, the kernel of 0d; on the first component is

trivial. Therefore, rank ker 9; < #B and hence B spans ker 0. O

Now we can describe the strategy by which we will systematically reduce long funda-
mental cycles into smaller ones. We design a combinatorial condition on a directed graph

which is more likely to occur at higher densities.

0o
U1 Un U1 Up e UO/\)Ul
[ B ) @ ° [
we® a0y w e T en . \/
N N
v *.‘k ¢ K .
K K 01 02 K
(a) (b) (© (d)

Figure 2.4: (a, b) Directed centres for undirected paths of length 3. The blue, dashed edges
constitute J; . (c) A cycle centre for a 3-cycle. (d) A cycle centre for a 2-cycle.

Definition 2.4.9. 1. An undirected path ¢ C G, on vertices (v1,...,vx), is said to be
reducible if there is some shortcut edge, ¢ = (v;,v;), with [i —j| > 1 such that

Fl (cUe) = 0. If a path is not reducible then it is called irreducible.
2. Given an undirected path o C G of length 3, on vertices (v, v1,v2,v3), and a vertex

k € V(G) \ V(0), define the linking set
Jox :={e € E(G) | e= (v;,x) ore = (x,v;) for some i} . (2.62)

Such a vertex, «, is called a directed centre for ¢ if there is some subset of linking
edges J' C J, . such that Fl(a UJ") = 0and ¢ U]’ contains an undirected path, of
length 2, on the vertices (v, , v3).

3. A cycle centre for a directed cycle of length k, on vertices (vy, ..., vx_1), is a vertex x €
V(G)\ {vo,...,vk_1} such that (k,v;) € E(G) foralli =0,...,k—1or (v;, k) € E(G)

for all i.

31



o1y 1
o 2 o 2
7 \‘iog\ T e
UO [ % /;. 03 UO .\ \7\. ’03
~ . g N N ,
[ | N
’0 ]\ K . 04 ’U ]\ N /’/ . U4
7@ e 7@ e
\./). \./,)(./ Us = K
vg U5 g
(a) (b)
(%} 01
/w.\\ /".\
- > e X
(K ¢ %vz v @- - - - 7@ 2
N 1
R U3 o ® U3
U5 @ \ 7 5 @ /
\ 7/
\J.L \.
U4 =K U4
(c) (d)

Figure 2.5: Examples of the reductions used in Lemma Which are explained in greater
depth in Example Black, solid edges indicate the initial cycle. Blue, dash-dotted
edges are new edges in the reduced cycle. Red, dashed edges are those removed in the
reduced cycle. Green, dotted edges must be present in order to do the illustrated reduction.
Square nodes symbolise directed centres for the undirected path (vo, v1, v, v3).

In the following examples, we demonstrate the utility of directed centres.

Example 2.4.10. Figure shows four examples of the reduction strategy described by
Lemma[2.4.11] For illustration, we describe these reductions in more detail below.

1.

In Figure the initial undirected path of length 3 has a directed centre x which

does not coincide with a vertex in the rest of the cycle. Therefore, we can write

[evovl + €vivy 32;302] + €u30s — Cusvy — Cogus + €ugv; + €700
(2.63)
:[eUOK + eKU3] + €usv, — €os0, — Cugus + €usv; + €u7v0 (mOd m 82)‘

. In Figure the path has a directed centre x = v5. Replacing the initial path with

the smaller path, via the directed centre, yields a sum of two fundamental cycles:
[evgor + €010, — €vg0,] + €og0, — vy — Cogus T Eugry + €0y0g
=[evpx + €xvs] + €os0, — Cosv, — Cogos + Cugo, + €00,  (moOd iM ) (2.64)
=[evgos — €ogvs + Cugo, + €os00] + [€vs0; + €030, — €vs,]  (mod imdy).

In Figure the path has a directed centre x = v4. Replacing the initial path

(vo, v1, 2, v3) with the smaller path (v, k, v3) yields a much smaller support since the
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edge (v3,v4) gets cancelled out:
[evgo1 + €010, — €o30,] + o3, — €o50, — Cogos
=[eoox — Cusx] + €os0, — Cusu, — €ogus  (MOd imM9y) (2.65)
=€pyn, — Cvsu, — Copvs (MO imdy).
4. Finally, in Figure the initial path is reducible via the shortcut edge (vo, v2) and
hence
[evgor + €010, — €og0,] + €us0, — €os0, — Eugos
(2.66)

:[evovz - 30302] + €u30, — Cusp, — Cogus (mOd im 82)'

These examples tell the story of each case in the following lemma, in which we confirm

that the presence of directed centres allows us to systematically reduce fundamental cycles.

Lemma 2.4.11. For any simple digraph G, suppose every irreducible, undirected path of length 3
has a directed centre. Given a fundamental cycle w € ker 01 with #supp(w) = k > 4, there exists

fundamental cycles @1, @, € ker 01 such that
w=w;+ &, (mod ima,) (2.67)
with #supp (1) + #supp(@2) < k — 1 and, potentially, one or more &; = 0.

Proof. Since w is a fundamental cycle, it is supported on some combinatorial, undirected
cycle

P = (vOI T,01+ s Ok—1, Thy O = UO)- (268)

for some v; € V and T1; € E ordered such that

k
w = ZaieTi (2.69)
i=1
where
g )1 = ) (2.70)
-1 if 5 = (v;,vi1)

Since k > 4, the vertices (v, . .., v3) are distinct and, along with the edges 71, T, 13, form
an undirected path of length 3. Either this is reducible via some shortcut edge T € E, or
there exists a directed centre x € V. In either case, there is some undirected path, from v, to
v3, of length at most 2. This path is represented by some 1" € ()1 with coefficients in {£1},
such that 011" = ey, — e, and #suppy’ < 2.

Since both 5’ and 7 := Y_7_; a;e, are supported on undirected paths from vy to v3, we

have 01 (7 — ') = 0. Since supp(n7) € E(G’) and supp(y’) € E(G’) for some subgraph
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%
G' C G with B1(G’) = 0 (either due to reducibility or a directed centre), there is some
u € Np(G) such that d,u = 1 — 1. Therefore we can replace the initial undirected path of
length 3, in v, with an undirected path of length at most 2, i.e

k
w=n"+ Z(xieTi =:@ (mod imay). (2.71)
i—4

i
Certainly #supp(@) < 2+ (k—3) < 3+ (k—3) = #supp(w) so @ has a strictly
smaller support. It remains to prove that @ can be decomposed into a sum of at most two
fundamental cycles. In the case that the path has a directed centre x, we split into two
further sub-cases.
Case 1.1: If ¥ # v; for any i, supp(w) and supp(#’) are disjoint so all coefficients of @
are still 1. Moreover, since « is distinct from the vertices of p, replacing (vy, . .., v3) with
(vo, x,v3) certainly yields an undirected cycle in G.
Case 1.2: If x = v; for some i € {0, ...,k — 1} then there are number of possible sub-cases.
If supp(w) Nsupp(n’) = @ then all coefficients of @ are still £1. However, the replacement
procedure has the effect of pinching supp(@) into two edge-disjoint, undirected cycles,
which share a vertex at k. Hence, we can easily decompose @ into a sum of two fundamental
cycles @; and @, supported on each of these underlying cycles.

If the intersection is non-empty, then supp(w) Nsupp(y’) € {1, %}, so there are at
most two offending edges. Moreover, in order to attain d1(n7 — ') = 0 these edges must
appear with opposite signs in w and 7’ respectively. If there are two offending edges then
we must have 4 = k — 1 and the replacements procedure yields @ = 0. If there is only
one offending edge then this edge is no longer contained in supp(@) and the length of the
underlying undirected cycle is further reduced.

Case 2: If the path was reducible, in most cases supp(w) and supp(#’) are disjoint and
the replacement process simply removes one or two vertices from the undirected cycle.
The only remaining case is if k = 4 and supp(w) Nsupp(’) = {7}, in which case the

replacement procedure yields @ = 0. O

Once we have reduced large cycles into smaller ones, we need conditions to ensure that

the resulting small cycles are themselves homologous to zero.

Lemma 2.4.12. Given a fundamental cycle w € ker 91 such that supp(w) is a directed cycle of
length k, if supp(w) has a cycle centre k € V then

w=0 (mod imay). (2.72)
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Proof. For some vertices vy, ...,vx_1 € V and edges 11, ..., Ty € E we can write the under-
lying cycle as

p= (UOI TyeeerOk=1,Ths UO) (273)

so that 1
w== Z e (2.74)
i=0

Since « is a cycle centre, either 7; := exy0,,, € ()2 for every i or ; := ey, ,x € (X for every

i (identifying vy = vp). In either case, by a telescoping sum argument,

k-1 k-1
81 (E ’)/1') = Ze'fi' (275)
i=0 i=0

After adjusting for a factor of £1, this concludes the proof. O

_>
Piecing these lemmas together, gives us a topological condition, which implies B 1(G) =

0, and which is likely to occur in high density graphs.

Proposition 2.4.13. For any simple digraph G, if every irreducible, undirected path of length 3 has
a directed centre, and every directed cycle of length 2 or 3 has a cycle centre, then Fl (G) =0and
gR

p1(G)=0.

Proof. We prove the non-regular case from which the regular case immediately follows by
Corollary

Fix a basis {w;, ..., w;} of fundamental cycles for ker 91, as described by Lemma [2.4.8|
Choose an arbitrary i € {1,...,k}. It suffices to show that w; = 0 (mod imd,). By
Lemma we can reduce each w; to a sum of fundamental cycles

B

i
w; = CDi]

i (mod imay) (2.76)
j

Il
=

with #supp @; ; < 3 for each j.

If supp(@; ;) is a directed triangle then @; ; is the boundary of the corresponding basis
element in ()y; hence @;; = 0 (mod imdy). Otherwise, supp(cbi/j) must be a directed cycle
or length 2 or 3. In either case, the support has a cycle centre and hence, by Lemma

@;j =0 (mod imd,). Therefore w; = 0 (mod imdy). O

Remark 2.4.14. Every double edge (i, ), (j,i) € E appears as an allowed 2-path in QF and
8{2 (eiji) = ¢j; + e;j. Therefore, the requirement that every cycle of length 2 has a cycle centre

. . -
is not strictly necessary to ensure g F(G) = 0.
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Definition 2.4.15. For each n € IN, the complete directed graph on n-nodes, K, is defined
by
V(Ky):={1,2,...,n}, E(K,):={(j)]i#]}. (2.77)

Moreover, we define the following collection of subgraphs contained within K,:

1. P} := {subgraphs ¢ C K,, | ¢ is an undirected path of length 3};
2. For each k > 2, C}! := {subgraphs ¢ C K, | ¢ is a directed cycle of length k}.

Given a random graph G ~ G(n, p), we define the following events:

1. for o € P} or o € C}! for some k > 2, S;; is the event that ¢ is a subgraph of G;

2. for o € P}, I, is the event that ¢ is irreducible in the graph G U 7;

3. for o € Py, Ay is the event that « is a directed centre for ¢ in the graph G U 7;

4. for o € C for some k > 2, By« is the event that « is a cycle centre for ¢ in the graph

GUo.

Remark 2.4.16. For a fixed o € P}, the events S, I, and A« for every x € V(G) \ V(o) are
mutually independent. For a fixed o € C}! for some k > 2, the events S, and B, « for every

x € V(G) \ V(o) are mutually independent.
Proposition 2.4.17. If G ~ a(n,p), where p = p(n) = w ((n/ log(n))fl/s’), then

lim P(B1(G) = 0) = lim P(BR(G) =0) = 1. 2.78)

n—oo n—oo

Proof. By Proposition 2.4.13} it suffices to show that the probability that there exists an
irreducible, undirected path of length 3 without directed centre, or a cycle of length 2 or 3
without directed centre, tends to 0 as n — co. The probability that there is an irreducible,

undirected path of length 3 without a directed centre is at most

N Ao |- (2.79)
keV(G)\V (o)

Because the events {Ay | x € V(G)\ V(0)} are independent, P[NcAs ] = TL.(1 —
IP[Ay]). Note that #P} = (}})4!22. This count arises because an undirected path of length 3

y (IP[SU] “P[L] - P

cePy

is determined by a choice of 4 nodes, an order on the nodes and a choice of orientation on
each edge. However, this counts each path twice: once in each direction. Also, each path
arises in G with probability P[S,] = p? and clearly P[I,] < 1.

For each o € P} and x € V(G) \ V(0), there is at least one choice of 3 directed edges,

from « to the vertices of the path, which forms a directed centre. Namely, label the vertices
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of o by (vy, ...,v3). Then we can always choose an edge between k and vy and another edge
between « and v; so that there is a long square on {x, vg, v1, v2 }, as illustrated in Figure
The third edge can then be chosen to ensure that there is a directed triangle on {x, vz, v3}.
If these three edges are present in G, they constitute |’ C ], . with the properties required

to form a directed centre and hence P[A,,] > p>. Therefore we can bound the probability

(2.79) further by
<Z> 412%2p3[1 — pﬂni4 <dn*plexp (—p°(n—14)). (2.80)

We wish to show that this bound tends to 0 as n — co. Since p < 1, it suffices
to show lim, ;e n*exp(—p®n) = 0. By Lemma the condition on p ensures
that lim,_.(4log(n) — p>n) = —oco. By the continuity of the exponential function,
limy, 00 nt exp(—pn) = 0.

Note #C = () and #C} = 2(3). By another union bound, we see that the probability

that there is a directed cycle, of length 2, without cycle centre, is at most
n 2n—4
L <H’[So—] - I IP[BU,KC]> = (2> Pl (2.81)
oeCy keV(G)\V(c)

Similarly, the probability that there is a directed cycle, of length 3, without cycle centre is at

most
n 216
2(3) PP -7 (2.82)
Again, by Lemma 2.4.18} the condition on p suffices to ensure that these two bounds also

tend to 0 as n — co. O

Lemma 2.4.18. Given k € N~gand A,B > 0,if p = w ((n/ log(n))fl/k> then

1i_r>n (Alog(n) — Bnp*) = —co. (2.83)
n—oo

Proof. The condition on p is equivalent to lim, .« 10’;% = oo, which implies (Aloflg,’f) -
B) - —Band np* — coasn — . O

Proof of Theorem[2.1.3[[4). Assume that p(n) = n*. If « > —1/3 then an application
of L’'Hopital’s rule shows p = w ((n / log(n))fl/ 3) and hence, by Proposition [2.4.17]
P(B1(G) =0) = 1and P(FR(G) = 0) — 1asn — co. O

Remark 2.4.19. Lemma 2.4.18|reveals the origin of the ratio 1/3, which appears in Theo-
rem [2.1.3(4) and Proposition In particular, it arises as the ratio between the power of
n and the power of p inside the exponential of equation (2.80). The power of 7 is 1 because
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there are on the order of n! possible directed centres for an undirected path of length 3. The
power of p is 3 because we require at least 3 edges from « to the path, in order for « to form
a directed centre. In Lemma we will see that this is indeed the minimal number of

edges required to form a directed centre.

The bounds used in the proof of Proposition [2.4.17are by no means the best possible.
Indeed, by splitting P§ into four isomorphism classes, it is possible to get exact values for
IP[I,] and IP[A,x]. We explore this further in Appendix in order to obtain tighter
bounds, useful for hypothesis testing.

Moreover, the topological condition for Fl(G) = 0 presented in Proposition
was chosen since it is likely to occur at high densities. However, there may (and indeed
probably does) exist weaker topological conditions which imply Fl(G) = 0 and occur
at somewhat lower densities. This could potentially allow for a weaker hypothesis on
Proposition 2.4.17] In order to conjecture the weakest possible hypothesis, we conduct a
number of experiments in Appendix[2.B]

2.5 Directed flag complex of random directed graphs

For comparative purposes, we now apply the techniques of Section[2.4]to the directed flag

complex, which features more readily in the literature.

Definition 2.5.1. [74, Definition 2.2] An ordered simplicial complex on a vertex set V is a
collection of ordered subsets of V, which is closed under taking non-empty, ordered subsets
(with the induced order). A subset in the collection consisting of (k 4 1) vertices is called a

k-simplex.
Definition 2.5.2. [74] Definition 2.3] Given a directed graph G = (V, E),

1. a directed (k + 1)-clique is a (k + 1)-tuple of distinct vertices (v, ..., vx) such that
(vi,vj) € E wheneveri < j;
2. the directed flag complex, Y(G), (often denoted dFI(G)) is an ordered simplicial

complex, whose k-simplicies are the directed (k + 1)-cliques.
Given a ring R, the directed flag chain complex is {Yk(G), Ok }k>—1 where, for k > 0,
Yk(G) = ?k(G;R) = R{{(vo,...,vx) | directed (k + 1)-clique in G}), (2.84)

k .
ak (e(vo,...,vk)) = Z:(_1)16(00,...,’(71',...,0]() * (2'85)
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where (vg,...,7;,...,v;) denotes the directed k-clique (vy, ..., vx) with the vertex v; re-
moved. This defines dy on a basis of X k(G), from which we extend linearly. We also define
Y_l (G) = R and 9y simply sums the coefficients in the standard basis, as in equation
(12.22)).

The homology of this chain complex is the directed flag complex homology. The Betti
numbers are denoted ,Bk(Y(G)) When the coefficient ring R is omitted from notation,

assume R = Z.

Firstly, as with path homology, 130(? (G)) captures the weak connectivity of a digraph
G and hence Theorem also holds for the directed flag complex. Next, since we have
an explicit list of generators for Yk(G), and they are easy to count, we can calculate the
expected rank of the chain groups in every dimension. As before, we denote the ranks of

chain groups as Nj := rank )_gk( G) and use these to estimate the Betti numbers.

Lemma 2.5.3. For an Erdds-Rényi directed random graph G ~ 8(71, p), for any k > 0 we have

n

E[Ni] = <k+

Proof. A possible directed clique is uniquely determined by an ordered (k + 1)-tuple of

(k+1)

1) (k+1)tptar. (2.86)

distinct vertices. Therefore, there are (,./)(k + 1)! possible cliques. For a given clique to be

present, one edge must be present in G for every pair of distinct nodes. ]

Using the Morse inequalities as before, this allows us to compute the growth rate of the

expected Betti numbers, under suitable conditions on p = p(n).

Proposition 2.5.4. For k > 0, if G ~ B(n, p) where p = p(n), with p(n) = w(n=V*) and
p(n) = o(n=V 1), then

E[~Ni_1 + N — Nesa] ~ B[N and hence E[r(X (G))] ~ E[Ni]. (2.87)

Proof. It is easy to check that

E[Ne] 1 —k 1

ENG 07 " (258)

which tends to 0 thanks to the condition p(1n) = w(n~1/¥). It follows that IE[Ny 1] /E[N;] ~
np**1 which tends to 0 thanks to the condition p(n) = o(n~"/*+1)), Asin Propositionm
the result then follows by the Morse inequalities. O

Proposition 2.5.5. If G ~ B(n, p) where p = p(n), with p(n) = w(n=') and p(n) = o(n=1/2),
then ﬁl(Y(G)) ~ IE[,BK?(G)] with high probability.
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Proof. The proof is identical to Proposition except we only need p(n) = o(n"1/2) to
ensure E[—Np + N; — Ny] ~ E[Ny]. O

Corollary 2.5.6. If G ~ B(n,p) where p = p(n), with p(n) = w(n=1) and p(n) = o(n=1/2),
then
lim P(1(X (G)) > 0) = 1. (2.89)

n—y00

Proof. The proof is identical to Corollary except again we only require p(n) = o(n~1/2)
to invoke Proposition[2.5.5 O

As with path homology, degree 1 homology appears in the directed flag complex
with the appearance of undirected cycles in the underlying digraph. Therefore, the same
conditions show that p4 (Y(G)) = 0 with high probability, when p = p(n) shrinks too
quickly.

Proposition 2.5.7. If p = p(n) = o(n~1) then, given a random directed graph G ~ 8(71, p), we

have
lim P(g1(X(G)) =0) = 1. (2.90)
n—oo

Proof. The proof is identical to the non-regular case of Proposition [2.4.6] O

The techniques from Section can be applied, mutatis mutandis, to show B1(G) =0
with high probability, when p = p(n) shrinks too slowly.

Proposition 2.5.8. If G ~ B(n,p), where p = p(n) = w <(n/ log(n))_l/4>, then

lim P(1(X (G)) = 0) = 1. (2.91)

n—r00

Proof. This follows from the same argument as Proposition [2.4.17| The only difference is
that a directed centre for an undirected path of length 3 requires at least 4 edges, in order to

form 3 directed cliques. This results in the ratio 1/4 instead of 1/3. O

As in the earlier sections, the results obtain here suffice to prove the summary result,
Theorem presented in the introduction.
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2.6 Discussion

We have identified asymptotic conditions on p = p(n) which ensure that a random directed
graph G ~ c (n,p) has Fl (G) > 0 with high probability. Moreover, under these conditions
we showed that E [Fl (G)] ~ n(n —1)p. Beneath the lower boundary of this positive region,
we showed that ?1 (G) = 0 with high probability. Inmediately after the upper boundary
of the positive ?1 range, our theory is inconclusive, but experimental results (shown in
Appendix provide evidence that Fl(G) = 0 with high probability. Further away
from the positive region, e.g. when p = n* for & > —1/3, our theory again guarantees
that ?1 (G) = 0 with high probability. For comparison, we applied these techniques to
the directed flag complex and found similar results, with minor changes to the gradient of

the boundary lines. We summarise these results, along with similar results for ‘symmetric
methods’ in Table

Homology Expected growth Positive region («) Zero region (x)

Symmetric methods

B1(G) n(n—1)p ~1,0] (=00, 1)
B1(G) (5)P (—1,0] (—o0,—1)
B1(X(G)) (5)p (—-1,-1/2) —o0, —1) U (—1/2,0]
Br(X(G)), k> 1 (1Pt —t 51 (=00, =) U (—51,0]
Directed methods

ﬁ(?(@)) n(n—1)p (—1,-1/2) (—co,~1) U (—1/4,0]
B1(G) n(n—1)p (—1,-2/3) (—o0,—1) U (~1/3,0]
BR(G) n(n—1)p (—1,-2/3) (—o0,—1) U (~1/3,0]
Bi(G)k>1 ? ? oo, k41
BRG),k>1 ? ? Eook';c'lg

Table 2.1: Given a random directed graphs G ~ 8(71, p), assuming p = n*, we record the
known regions of « for which various homologies are either positive, or zero, with high
probability. Moreover, we describe the growth rate of the expected Betti numbers, in the
respective positive regions. That is, for Betti number p, we give a function f(#) such that,
when « is in the positive region, E[B(G)] ~ f(n).

These results, along with known results for the clique complex of a random undirected

graph, motivate the following research directions:

1. Tighter upper boundary — Experimental results, in Appendix indicate that the
condition « > —1/3 of Theorem could be weakened significantly, potentially as
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far as « > —2/3. Indeed this is the best possible result because Fl > 0 with high
probability for —1 < a < —2/3. We saw how the ratio 1/3 arose from our proof in Re-
mark[2.4.19] which informs how we might improve this result. Generalising a directed
centre to be a set of k > 1 nodes, with suitable conditions, might yield better results
since there are on the order of n* sets of k nodes. However, this would complicate
the probability bound because two directed centres would no longer be independent.
Alternative approaches may include finding a cover of the random graph which can
be used to show that the digraph is contractible via path homotopy [55].

2. Higher degrees — So far we only have weak guarantees for the behaviour of F x for
k > 1. One potential avenue for improvement is to find conditions under which
PO = {0}] — 1 as n — co. In order to get better results for vanishing Fk at small
p, we require a greater understanding of generators of ker di. In order to get better
results at large p, we need a high-density, topological condition which implies that
these generators can be reduced to 0 (mod imdy,1).

3. Distributional results — One direction of research is to show that normalised Fl
converges to a normal distribution as n — co. More evidence for this conjecture is
given in Appendix This could be done, for example, by Stein’s method [30], as
is done by Kahle and Meckes [67] for B1(X(G(n, p))).

2.A Explicit probability bounds

The results presented in Section [2.4] provide a broad-stroke, qualitative description of the
behaviour of Fl on random directed graphs. However, they provide no guarantees for a
digraph of a fixed size, such as those arising in applications. For hypothesis testing, it is
desirable to have explicit bounds on the ]P[E)l (G) > 0] and IP[EZ (G) =0]for G ~ c (n,p),
given n and p. In this section, we describe such bounds arising from the proofs in Section[2.4]

and improve on them where possible.

2.A.1 Positive Betti numbers at low densities

First we refine the bound developed in Proposition in order to show that it is unlikely
%
to observe B 1(G) > 0 when graph density is low.

Theorem 2.A.1. If G ~ 8(11, p) then

P[?l(c) >0| < Z (Z)ZLL’(zzo)L- (2.92)



The same bound holds for H’[ﬁl(?(G)) > 0]. The same bound holds for IP[F?(G) > 0] after

removing the L = 2 term.

Proof. We start with the non-regular and directed flag complex case. We follow the same
argument as the proof of Proposition [2.4.6|but make more accurate estimates. A sufficient
condition for both Fl (G) =0and By (Y (G)) is that there are no undirected cycles of any
length 2 < L < nin G. For each L, there are

<Z> %zL (2.93)

possible undirected cycles. This is because an undirected cycle can be determined by a
choice of L vertices, an order on those vertices, and a choice of orientation for each edge.
However, this over-counts, by a factor of 2L, since we could traverse the cycle in either
direction and start at any vertex. Each cycle of length L appears with probability p’, so a
union bound yields the result.

For regular path homology, the only undirected cycles of length 2 are double edges,
which are boundaries in the regular path complex. Therefore, we can remove the L = 2

term from the bound. O

The region of parameter space in which this theorem applies is illustrated in Figure
For each 1, we plot p!(n), the maximum value such that for all p < p!(n), Proposition
%
implies that P[ 8 1(G) > 0] < 0.05.

2.A.2 Zero Betti numbers

In order to obtain the best possible estimate, following the second moment method of
Corollary[2.4.5, we need an exact value for E[rank ();]. We reproduce the approach of [54,
Proposition 4.2], making the necessary alterations for the non-regular case. The approach is
to determine the number of linearly independent conditions required to describe (), as a

subspace of A,.
Definition 2.A.2. Given a directed graph G = (V, E),

1. a semi-edge is an ordered pair of distinct vertices (i,k) € V?,i # k such thati /4 k
but there is some other vertex j € V, j # i,k such thati — j — k;
2. a semi-vertex is a vertex i € V such that there is some other vertex j € V, j # i such

thati —j — 1.
We denote the set of all semi-edges by Sk and all semi-vertices by Sy.

43



Lemma 2.A.3. IfG ~ 8(11, p) then
E[rank (O (G; Z)] = n(n — 1)2p* — n(n — 1)(1 — p) [1 —(1- p2)"‘2]
—n [1 —(1- pz)””] (2.94)

E [rank Q?(G;Z)] = n(n—1%p* —n(n—1)(1—p) [1 —(1- pz)"‘z] (2.95)

Proof. First we deal with the non-regular case. Given v € A;, then v € (), if and only if

dv € A;. Let A, denote the set of all allowed 2-paths in G, then we can write

v=Y dey (2.96)
ijke Ay
so that
0V = Z vijk(ejk — e +e;j). (2.97)
ijke Ay

Since ijk is allowed, so too are ij and jk. Therefore,

dv=— Y oe; (mod A). (2.98)
ijkEAz

Now we split off terms corresponding to double edges

0V = — Z vike, — E v'ie;  (mod Ay). (2.99)
ifkeA, ijic Ay
i£k

Note ii is never an allowed 1-path. However, for i # k, ik is an allowed 1-path if i — k, so

we can remove these summands

w=— ) ovley— Y ole; (mod A). (2.100)
ijkeAs ijic A,
ik, i ok

Therefore, dv € A if and only if for each (i, k) € V? withi # kand i /4 k

Yo ok =0 (2.101)
jiijk€ Ay
and foreachi e V
Yy i =o. (2.102)
ji ijic Ay

Some of the indexing sets of these summations may be empty and hence some of these
conditions may be trivial. The remaining conditions are linearly independent and hence it

remains to count the number of non-trivial equations. Equation (2.101) is non-trivial if and

44



only if (i, k) is a semi-edge and equation (2.102) is non-trivial if and only if 7 is a semi-vertex.

Therefore,
rank O, = rank A, — #S¢ — #Sy. (2.103)
Taking expectations
E[rank Ay] = n(n — 1)*p?, (2.104)
E[#Sg] = n(n —1)(1— p) [1 —(1- pz)”’z} , (2.105)
E[#Sy] = n [1 —(1- p2)”‘1] (2.106)

which concludes the non-regular case.

For the regular case, note that equation (2.100) becomes

Rv=— Y o (mod A) (2.107)
ijke Ay
ik, i/k
since the e;; terms are removed by the projection. Hence, all the semi-vertex conditions of

equation (2.102) are removed. O
Theorem 2.A4. If G ~ 8(11, p) then

max (0, —n+n(n—1)p — IE[NZ])Z
nn—1)p(1 —p) +n?(n—1)2p?

P[Fl(c) > 0] > (2.108)

where
E[No] = n(n—17p* —n(n =) (1~ p) [1- (1= p)" "] =n[1-(1-p)""]. @109

Proof. In theory, we could track back the bound from the theorems invoked by Corol-
—
lary Instead, we use a more direct bound. Since f1(G) is a non-negative random

_>
variable, an application of the Cauchy-Schwarz inequality to E[ 1]1E>1> 0] gives

%
P(B.(C) >0 > ELA1(G) 2.110
[B1(G) > ]_m ( )

Employing the Morse inequalities again, we see

(2.111)

max(0, E[— = 2
P[F1(G) > 0] > (0 IE[]EZ\E?V%M Na)

where Ny := rank () (G; Z). We obtain the numerator using the expectations for Ny and
Nj from Lemma and the expectation of N, from Lemma Then Nj is a binomial
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Figure 2.6: (a) If (n,p) falls beneath the line pf(n) then Theorem implies

P(Fl(a(n,p)) > 0) < 0.05. Both axes are linearly scaled. (b) For n € [10%,1.5 x 107],
we plot the minimum value of the bound of Theorem for p € [0,1]. Both axes are
logarithmically scaled.

random variable on n(n — 1) trials, each with independent probability p, and hence the

second moment is

E[N7] = n(n —1)p(1 - p) + n*(n —1)*p? 2.112)
which concludes the proof. O

Remark 2.A.5. Letting Nj denote the rank of the k' chain group in each of the respective
chain complexes, it is quick to see that Nj is the same random variable across all complexes.
In order to obtain an analogous theorem to bound IP[?F (G) > 0] one need simply replace
[E[N] with the computation of E [rank Q] from Lemma m To obtain a result for the
directed flag complex, one can use the expectations from Lemma

Unfortunately, this bound is not useful for practical applications. In Figure we
plot the minimum value of this bound over all p € [0, 1], for a range of n. Note that the
bound does not reach a significance level of 0.1, at any p, until approximately n = 7.4 x 10°
and does not reach a significance level of 0.05 until approximately n = 1.2 x 107. At these
large graph sizes, computing Fl (G) is currently infeasible and hence, without significant

%
advances in computing p 1, this bound will not serve much practical use.
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2.A.3 Positive Betti numbers at high densities

Finally, we tackle bounding ]P[Fl(G) > 0] when graph density is large. In order to
improve upon the naive bound available from Proposition we provide more avenues
for reducing long paths into shorter ones. Specifically, we will obtain better bounds on IP[I]
and IP[A,]. This will not affect the asymptotic behaviour of the bound, but may provide a
substantially lower bound, at a fixed n and p.

In order to achieve this, we must partition Py, the set of all possible undirected paths of
length 3, on an n-node graph. Every undirected path of length 3 is uniquely determined by
a choice of 4 distinct nodes in the graph, an ordering on these nodes (vy, v1,v2,v3), and a
choice of orientation for the edges joining {vg, v1 } and {v,, v3}. The edge joining the middle
two nodes is assumed to be ‘forward’, i.e. via (v1,v2), so as to avoid double counting each
path. Therefore, we can partition P§, based on the choices of edge orientations, into one of
four classes, Pa’,"’m form € {0,1,2,3}. These classes are visualised in Figure

01 (%] 01 U2 (%1 (%) 01 (%]
(LK 2 ® U3 V) @---5@ U3 (4 ofl U3 0@ “@U3
(a) (b) (c) (d)

Figure 2.7: The four possible ‘3-path motifs” which partition P}, shown with black edges.
From left to right we see the edge orientations for ¢ belonging to P, P3,, P3, and Py,
respectively. Dashed, red edges indicate edges which must not be present for the path to be
considered irreducible.

Lemma 2.A.6. If o € P}, then P[l;] = (1 —p)", where ¢ = (cw) = (2,4,4,4)".

Proof. The red, dashed edges shown in Figure 2.7|identify ‘shortcut” edges; if any one of

these edges is present then ¢ is reducible. Moreover, these are the only shortcut edges, since
—>

the addition of any other edge would create a subgraph with 1 > 0. Hence, if o € P, , it

is irreducible if and only if none of these ¢, edges are present. Since the existence of each

edge is independent, the result follows. O

Lemma 2.A.7. Ifo € P, then

8
PlAcs] = Y quip'(1—p)*, (2.113)
=0
where
0002 11 22 23 8 1
0004 19 33 25 8 1
Q=Wm)=10 00 4 19 33 25 8 1 (2.114)
0002 16 34 26 8 1
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Proof. Assume that ¢ = (v9,0v1,02,03) € P}, and x € V(G) \ V(0). Let g, denote the
number of [-element subsets | C L := {(v,x), (x,v) | v € V(0)} such that x is a directed

centre for ¢ in the graph ¢ U J. Then, conditioning on the cardinality of ], we can write
PlAs] = Z]P[AU,K\ #lox =1 P#]or =1) (2.115)

—y (f) pPa—p)® (2.116)

Note that we can write

Qi =Y YmJs (2.117)

where 7, ; is the indicator variable that « is a directed centre for ¢ in ¢ U J. Recalling the

definition of directed centres, in order to compute ,, ; we must check whether there is any

subset of |’ C ] such that the graph ¢ U J' contains an undirected 2-path from vy to v3 and

?1 (cU]') = 0. Hence, if we let a,, y denote the indicator variable that ]’ satisfies these
conditions, we can decompose 7y, as

Ym,] = r}r}g? Ky, ] (2.118)

Note that g, is independent of the underlying digraph G and the particular choices of

o and « because, for a fixed m, all ¢ U | are isomorphic for ¢ € P3,, and ¥ € V(G) \ V(o).

Therefore, q,,; depends only on m and I, so we can compute an exact value as follows, using

equations (2.117) and (2.118):

1. For each m =0, 1,2, 3, initialise a graph G,, with nodes V(G,,) = {vy,...,v3,k}. The

edge set E(G,,) consists solely of an undirected path ¢, of length 3, on the vertices
(vo,...,v3), such that o € Ps,, (the black, solid edges of Figure .
2. Define the set of all possible linking edges

L:={(v;,x),(x,v;) |i=0,1,2,3}.

3. For each subset | C L, construct Gy, j := (V(Gn), E(Gw) U]).

4. Set ay,; := 1 if Gy contains an undirected path of length 2 from vy to v3 and
Fl(cm,]) = 0. Otherwise, set a,, j := 0.

5. For each subset | C L, set v, ; := 1if a,, p = 1 forany J' C J. Otherwise, set ,,; = 0.

6. Finally, compute g,,; according to equation (2.117).
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This algorithm was implemented as a MATLAB script and was subsequently used to compute
the matrix Q given in the statement of the theorem. In step 4, Betti numbers are computed
via the pathhomology package [99], using the symbolic option. This uses MATLAB's symbolic
computational toolbox in order to avoid any numerical errors. Details on how to access the

codebase are available in Section O

Theorem 2.A.8. If G ~ 8(11, p) then
— n 3 3 c 8 1 8—1 "
P[ﬁl(G)>0}§<4>4 Zp(l—p)m<1—2qm,zp(1—p) >
1=0 (2.119)
[1-p

!
=0
n 2n—4 n 3 o 32)’!—6
+<2 ] +2<3)P 1=

)7
where ¢ = (cyy) = (2,4,4,4)" and

000021 22 23 8 1
000419 33 25 8 1

Q=Wm) =10 0 04 19 33 25 8§ 1 (2.120)
0002 16 34 26 8 1

Proof. We follow the same approach as Proposition 2.4.17} but with tighter bounds. One
can bound the probability that there is an irreducible, undirected 3-path, without a directed

centre by
3

Y X (113[50]-113[10]. IT [1—JP(AU,K)]>. (2.121)

m=0ceP} keV(G)\V (o)

3,m
By Lemma and Lemma we can bound this further by

(Z) 4! mio pP(1-p)™ <1 -

since #P} = (})4! for each m. The same bounds, from Proposition apply to the
probability that there is a directed cycle, of length 2 or 3, without cycle centre. Combining

3 n—4
Q1 P (1 — P)Bl> (2.122)

=0

these bounds concludes the proof. O

Remark 2.A.9. By Corollary the bound identified in Theorem also holds for
?{2 (G). However, as noted in Remark[2.4.14) we can obtain a stronger bound by removing

the term
(Z) T (2.123)

which corresponds to undirected cycles of length 2.

49



To demonstrate the utility of this theorem, in Figure[2.8} at each 1, we plot the minimum
pl,(n) such that the bounds from Proposition (respectively Theorem imply
H’(?l(é(n,p)) > 0) < 0.05 for all p > p!,(n). We compute p!,(n) via MATLAB’s fzero
root-finding algorithm, with an initial interval of [0.1,1]. For graphs on n < 470 nodes,
the region of p in which Theorem applies is at least 0.1 larger. With p,(t) plotted on
logarithmic axes, the boundaries both appear to be straight lines with the same gradient.

This demonstrates that the bound derived in Theorem 2.A.8lwould not allow for weaker

asymptotic conditions on p(n) in Proposition

1
09
0.8

0.7

Prop. 2.4.17
Theorem 2.A.8

06

—~

50.5'

0.4 r

0.3 r

10" 102 103
n

Figure 2.8: Boundaries of the parameter regions in which Proposition and Theo-
rem apply. If (n, p) falls above a given line then the corresponding theorem implies

P(B1(C (n,p)) > 0) < 0.05.

Finally, these same techniques can be applied to the directed flag complex to get a similar

explicit bound.

Theorem 2.A.10. If G ~ 8(71, p) then

" 3 8 n—4
H’[ﬁl(?((})) > O] < <4>4! Y prPa-p (1 Y gt (1 - p)SZ)
m=0 1=0 (2.124)
n 2n—4 n 2n—6
+ <2>p2[1—p2} +2(3)P3[1—p3] :
where ¢ = (cy) = (2,3,3,4)" and
0O 0005 16 19 81
0 00 0 7 20 20 8 1
Q=Wm)=10 0007 20 20 8 1 (2.125)
00008 2221 81



Proof. This follows from the same argument as Theorem The only changes are the
counts of possible shortcut edges for each isomorphism class in Lemma and the
output of the algorithm in the proof of Lemma 2.A. O

2.B Experimental results

2.B.1 Data collection

In order to further investigate the behaviour of path homology on random directed graphs,
we sample empirical distributions of Betti numbers. Table[2.2records the four experiments
that were conducted. In each experiment, a number of random graphs were sampled from
G~ B(n, p), for n evenly spaced in intervals of 5 in the noted n-range, and 50 values of p
logarithmically spaced in the noted p-range. Then, we compute the first Betti number of
either non-regular path homology or directed flag complex, as noted in the table.

By logarithmically spaced in the range [4,b] we mean that values are chosen evenly
spaced between log(a) and log(b) and then we apply the exponential function. We discuss
the reason for this logarithmic spacing in Appendix[2.B.3] Non-regular path homology is
computed with the pathhomology package [99]]. Unlike in Appendix we do not use
the symbolic option and hence Betti numbers are subject to numerical errors, due to error
in rank computations. Directed flag complex homology is computed with the flagser
package [74], without approximation turned on. Also note that, due to computational re-
strictions, Experiments 1 and 2 were occasionally stopped and restarted. These experiments
were run before rng persistence was implemented and hence reproduction attempts may

yield slightly different results.

Exp. # Homology Samples n-range p-range
1 81(G) 100 [20,150] [10-4,0.15]
2 £1(G) 100 [20,100] [0.05,0.35]
3 81(X(G)) 200 [20,200]  [5x107%03]
4 (X (G)) 200 [20,200] [0.1,0.45]

Table 2.2: Scope of the four data collection experiments.

2.B.2 Illustrations

In Figure we merge the samples from Experiments 1 and 2 for n € [20,100]. We then

use the colour axis to plot statistics for each of these samples, against the logarithm of each
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Figure 2.9: Statistics for the path homology of samples of 100 random directed graphs

G~ 8 (n, p), sampled at a range of parameter values, plotted against the natural logarithm
of the parameters. Our primary contribution is descriptions of the boundaries of the darker,
blue region in Figure and a limiting value for the lighter, yellow region of Figure

as n — oo.
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Figure 2.10: Statistics for the directed flag complex homology of samples of 200 random
graphs G ~ 8 (n, p) sampled at a range of parameter values.
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parameter on the two spatial axes. In Figure we record the empirical probability that
Fl = 0 for each of the samples. In Figure we record <F1(G)) /n(n —1)p, where
<F1 (G)) is the mean Fl for each random sample of graphs. In the following informal
discussion, we refer to these figures as proxies for the exact probabilities and expectations
of the distributions from which we sample.

We observe two distinct transitions between three distinct regions in parameter space.
Namely, when graph density is relatively low ]P[?l = 0] is almost 1. Next, there is
a ‘goldilocks’ region in which suddenly ll’[?l = 0] is close to 0 and ]E[Fl] appears to
be growing. Finally, when density is too large, we transition back to a regime in which
H’[?l = 0] is almost 1. Thanks to the logarithmic scaling of the parameter axes, the
boundaries between these regions appear to be straight lines.

Theorem describes the fate of straight line trajectories through this diagram. The-
orem says that a straight line with gradient m < —1 (resp. m > —1/3) will
eventually cross into and remain in the lower (resp. upper) yellow region of Figure
where P(?l = 0) is close to 1. Theorem says that a straight line with gradient
—1 <m < —2/3 will eventually reach the blue region of Figure where ]P(Fl =0)is
close to 0. In particular, this implies that the gradient of the lower boundary tends towards
—1 and the gradient of the upper boundary is eventually in the region [—2/3, —1/3]. Finally,
Theorem 2.1.3[(1) says that a straight line with gradient —1 < m < —2/3 will eventually
reach the yellow region of Figure and the ratio (?1 (G))/n(n —1)p will approach 1.

In Figure we merge the samples from Experiments 3 and 4 for n € [20,200]. This
figure provides Theorem 2.1.5|with a similar interpretation, as above, except that the upper
boundary is eventually in the region [—1/2, —1/4].

It is worth reiterating that these interpretations and results all hold in the limit. That is,
Theorem [2.1.3|provides no guarantees for a finite line segment, regardless of its gradients
or length. However, we do observe that the boundaries between the three regions converge
onto straight lines, of the correct gradient, relatively quickly (i.e. within n < 50 nodes). We

will see empirical evidence for this in the following section.

2.B.3 Finding boundaries

Note, Theorem says nothing of the region —2/3 < a < —1/3. In the following
discussion we attempt to determine, empirically, the equations of the boundaries between

the positive region and the two zero regions identified in Figure[2.9} This provides evidence
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Figure 2.11: Over a range of parameters (1, p) we measure the first Betti number, Fl (G),
for 100 sampled random graphs G ~ G (n, p). Then, at each n, we determine maximum
pi(n) (and minimum p,(n)) such that for all p < p;(n) (and all p > p,(n)) at most 5% of
graphs sampled from 8(71, p) have Fl (G) > 0. The figures show log-log plots of these
two functions. In both cases, we fit a line of best fit in order to obtain an approximate
power-law relationship.
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Figure 2.12: As for Figure but for 200 samples of ; (Y(G) ).
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to support the conjecture that the zero region for path homology can be expanded to

(—oco, —1) U (=2/3,0].

Conjecture 2.B.1. For an Erd6s-Rényi random directed graph G ~ g(n, p(n)), let Fl denote
the 15 Betti number of its non-reqular path homology. Assume p(n) = n®, if a > —2/3 then
Fl (G) = 0 with high probability. The same holds for reqular path homology.

Using the samples from Experiment 1, for each n, we determine the maximum p;(n)
such that for all p < p;(n) we observe P[?l(G) = 0] > 095 for G ~ B(n,p), where
IP denotes the empirical probability, derived from our sampled distribution. Similarly,
using the samples from Experiment 2, we determine the minimum p,, (1) such that for all
p > pu(n) we observe If’[ﬁﬁ(G) =0] > 0.95 for G ~ 8(11, p). Since we anticipate a power-
law relationship, the logarithmic spacing of p allows us to achieve greater precision as n
increases, since the values of log(p) are evenly spaced. Moreover, we chose the boundaries
of the p-region so that precision is greater near the lower boundary in Experiment 1 and
near the upper boundary in Experiment 2.

We then compute a least-squares, line of best fit between log(p;(n)) and log(n), to
obtain a power-law relationship of the form p;(n) = An7. We repeat this for the upper
boundary to obtain a similar relationship for p,(n). The results of this experiment are

shown in Figure
Figure shows that the empirical lower boundary has a similar dependency on n

to that predicted by Theorem , i.e. py(n) ~ n~1. Moreover, Figure contains
a plot of pf(n), as defined in Appendix For a parameter pair (n, p) falling below
this line, Theorem implies ]P[Fl (G) > 0] < 0.05. We observe that this theoretical
boundary of significance lies very close to the observed, experimental boundary, indicating
that Theorem is close to the best possible bound.

Conversely, Figure predicts an upper boundary of p, (1) ~ n~%6%0_ This is consis-
tent with Theorem since —0.660 < —1/3, but indicates that there is significant room
for improvement. This suggests that the hypothesis of Theorem [2.1.3f can be weakened to
a > —2/3. However, short of a stronger theoretical result, we require more experiments
with graphs on n > 150 nodes to confirm this; computational complexity is currently the
limiting factor.

In Figure we repeat the same analysis with Experiments 3 and 4 respectively, in
order to discern the boundaries of the positive region for directed flag complex homology.

Again, Figure shows that the empirical lower boundary has a similar dependency
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Figure 2.13: Results for 10 normality tests on samples of Fl (G) for G ~ 8(71, p) at a range
of n and p. Red rectangles indicate that at least 5% of samples were zero and hence are
excluded from the experiment. Colour indicates the IP-value for the hypothesis test in
question. Finally, for each test and at each 1, we average the IP-value of the range of relevant
p, which is recorded on the line graph. Note adjacent densities, p, on the horizontal axis are
shown with equal width, despite being logarithmically spaced.

on 7 to that predicted by Theorem [2.1.5(3 EI), i.e. py(n) ~ n~1. Figure shows an
upper boundary of p,(n) ~ n~%43. This is also consistent with Theorem [2.1.5p| since

—0.437 < —1/4. This provides evidence that the zero region for directed flag complex can
be expanded as far as (—co, —1) U (—1/2,0].

2.B.4 Testing for normal distribution

In analogy to known results for the clique complex Theorem 2.4], one conjecture is
%
that, in the known positive region, the normalised Betti number p ; approaches a normal

distribution.

Conjecture 2.B.2. If G ~ G(n, p), where p = p(n) with p(n) = w(n™") and p(n) = o(n=2/3),
then
B1(G) ~E[F1(G)]

= = N(0,1)asn — o (2.126)
Var ( B1(G))

where N'(0,1) is the normal distribution with mean 0 and variance 1.
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Figure 2.14: As Figurebut for By (?(G))

To provide some empirical evidence towards this conjecture, we perform 10 normality
tests on the distributions of Fl, obtained in Experiment 1. We restrict our focus to the
samples in which at most 5% of samples were zero, so that we are in a parameter region
where we hope our conjecture would apply.

We normalise each of the remaining samples and perform 10 hypothesis tests under the
null hypothesis that the samples come from normal distributions. To avoid confusion with
the null model parameter, we refer to the significance of these hypothesis tests as IP-values.
These tests are computed with the MATLAB package normalitytest [84]. The IP-values (and
names of the tests) are recorded in Figure along with the average IP-value against
edge-inclusion probability p. In all tests, we see a noisy but consistent trend: there is a
decreasing amount of evidence for discarding the null hypothesis as n — co.

In Figure we repeat this analysis with the distributions of 4 (? (G)) collected in
Experiment 3. Again we observe a similar but stronger trend: there is a decreasing amount
of evidence for discarding the null hypothesis as n — cc.

While no individual test is sufficient to conclude that Fl tends towards a normal
distribution, the ensemble of tests provide good evidence towards this claim. Larger sample

sizes, as well as samples at larger 1, are required for more convincing evidence.
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Chapter 3

Grounded persistent path homology: a
stable, topological descriptor for
weighted digraphs

3.1 Introduction

Directed graphs with positive edge-weights arise both as natural objects of mathematical
study and as useful models of real-world systems (e.g. [10} 14} 76, 94]). A common task
is to distinguish between weighted digraphs. Frequently, this is achieved by defining an
invariant, i.e. a map Z : WDgr — X from weighted digraphs into some set X, together
with a metric 4 on X. The metric allows us to quantitatively measure to what extent a pair
of weighted digraphs differ. When 7 is well understood we may be able to explain why
the weighted digraphs differ. In order to determine desirable characteristics of such an Z,

consider the examples shown in Figure 3.1} in which edge weights correspond to length as

drawn.
o/ .\o o/ .\‘o o”.).x.}o 02.383.}0
. / e \. ] / e \. .f./ V0 e® \.\. ) / Vo8 \.
\4./ .\./ \./ .\./ \.\".).ﬂ.\.\‘. /‘f \. )OQ:EON./
e e Ve Veygie
Gy G Gs Gy

Figure 3.1: Four example weighted digraphs; weights correspond to length as drawn.

The main application motivating this work is the study of blood flow through vascular
networks. Flow through such a network can be summarised by a weighted digraph
wherein each vessel is represented by an edge, with the direction indicating flow direction

and the weight indicating the time it takes for a particle to flow down that vessel. From
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the perspective of such a particle, loops (or circuits) in the graph are significant features.
However, loops can vary greatly based on the orientation and weight of constituent edges.

Despite sharing the same underlying undirected graph, G; and G, support very different
flows since G; has a single source and a single sink whereas G, has 4 sources and 2 sinks.
To reflect this, d(Z(G1),Z(Gz)) should be large. In contrast, G; has a different undirected
graph but can be obtained from G; by simply subdividing each edge. In applications, this
may arise from a finer resolution image of the same system. A suitable invariant should
be relatively stable to such subdivisions. Moreover, consider the sequence of digraphs
(Hy)nen beginning (G, Gs, ... ) where each subsequent digraph is obtained iteratively
via the same subdivision procedure, in which the weight of each parent edge is divided
equally amongst its children. Ideally Z(H,) should converge to a limiting value. Finally,
G4 has a higher circuit rank, but the new loops are on a small scale, whilst the large scale
organisation is mostly similar to G;. Therefore, d(Z(G),Z(Gs)) should be small and the
difference between Z (G ) and Z(Ga) should reflect this multiscale comparison.

For successful application, any invariant should be stable to a reasonable noise model.
A typical requirement is that 7 is continuous (or better yet Lipschitz), with respect to a
choice of metric on WDgr. Designing metrics for graphs is an active area of research, but
a common choice is the graph edit distance [46]. For this metric, costs are assigned to
operations such as deleting an edge or modifying a weight, then the distance between two
graphs is the minimal cumulative cost of modifying one into the other. Since assigning
costs to graph operations is somewhat arbitrary, it is reasonable instead to require a bound
ond(Z(G),Z(0G)), over a range of graph operations, O : WDgr — WDgr.

Finally, in many applications (particularly in biology), it is important that any invariant
7 is interpretable. That is, one must be able to explain why the invariant has the value it
does. Typically, this is achieved through the identification of key contributing subgraphs.

In summary, we seek an invariant for weighted digraphs which

(a) distinguishes graphs with different flow profiles due to directionality;
(b) can detect and describe features (i.e. loops) across a range of scales;
(c) is stable to reasonable perturbations and converges under iterated subdivision; and

(d) is interpretable, e.g. through the identification of important subgraphs.

Pursuant to these goals, we employ two tools from topological data analysis (TDA) —
path homology and persistent homology. A number of homology theories for digraphs have

been developed (see summary in Section 2 of [18]). Path homology is one such theory [54],
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which is sensitive to directionality and has useful functorial properties [32,55]. Persistent
homology is a tool for developing stable descriptors [8] that extract relevant information in
multiscale scenarios. As such, persistent homology has seen successful applications to fields
including neuroscience [17, 50, 51, 98], vasculature [81, 93] and financial networks [62],
to name but a few [47]. A theory of persistent path homology (PPH) was proposed by
Chowdhury and Mémoli [32] and is a stable descriptor for directed networks. In a search
to develop an interpretable invariant for weighted digraphs, which respects the inherent
topology of the underlying graph (viewed as a cell complex), we are lead to an alteration of

PPH which we prove meets goals (a)-(d).

3.1.1 Contributions and outline

In Section 3.2 we give an overview of path homology and persistent homology, and set up
the categorical framework for the rest of the paper. In particular, we define a category of
weighted digraphs ContWDgr in which morphisms are digraph maps of the underlying
digraphs as well as contractions of the natural, shortest-path quasimetric.

In Section we review a standard pipeline for extracting a topological invariant
of a weighted digraph, via PPH. Evaluating this invariant against our stated goals, moti-
vates an alteration of this pipeline, which we call the ‘grounded pipeline’. We define this
new pipeline and describe categories upon which the resulting invariant is functorial in
Section

Arising from the grounded pipeline, our main contribution is Definition/Theorem[3.3.16
wherein we define grounded persistent path homology (GRPPH). This new invariant is a
functor

8H, : ContWDgr — PersVec (3.1)

where PersVec is the category of persistent vector spaces. Couching this definition in
category theory yields a strong framework for comparing weighted digraphs through
the invariant. Indeed, we use this functoriality later in the paper to aid the proof of
decomposition and stability results.

Section [3.4]is devoted to developing an interpretation of GRPPH. The early subsections
are dedicated to understanding the features detected by ¢H;(G); the following theorem

summarises our findings.

Theorem 3.1.1. Given a weighted digraph G € WDgr, denote the underlying undirected graph by
U(G), which contains an undirected edge for every directed edge in G, including 2 distinct edges

whenever there is a reciprocal pair of edges in G.
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(a) All features in $H,(G) are born at t = 0;
(b) 3H1(G) at time t = 0 is the cycle space of U(G) (i.e. the 15 homology group of U (G) viewed
as a cell complex); and moreover

(c) there is a choice of circuits in U(G) whose homology classes generate $H1(G).

These results demonstrate how GRPPH is sensitive to circuits in the digraph at all
scales, meeting goal (b), and can be interpreted through a persistence basis of such circuits,
meeting goal (d). We also discuss how to use €#;(G) to assign a ‘scale’ to any circuit in
U(G) in Section [3.4.2] In Section [3.4.4) we prove that if G can be decomposed into smaller
parts, then GRPPH also decomposes.

Theorem 3.1.2. Given a weighted digraph G € WDgr, if G decomposes as a wedge decomposition
G = Gy V4 Gy or a disjoint union G = Gy U Gy then

SH1(G) ZEH 1(Gr) B 3H1(Gy). (3.2)

In Section 3.5 we investigate the stability of £7{;. We employ path homotopy theory to
prove the main stability theorem (Theorem [3.5.8), which provides a strategy for obtaining
bounds on the bottleneck distance of the barcode, upon perturbing the input weighted
digraph. Applying this result, we find local stability to weight perturbation (Theorem3.5.11),
edge subdivision (Theorem and certain classes of edge collapses (Theorem
and edge deletions (Theorem 3.5.31). In particular, edge subdivision stability automatically
implies that our invariant converges under iterated subdivision (Corollary 3.5.19). In
contrast, the descriptor is unstable to generic edge collapses (Theorem and edge
deletions (Theorem , which we demonstrate through a number of counter-examples.
We argue that these stability properties suffice to meet goal (c) and indeed stability to larger
classes of edge collapses and edge deletion would be undesirable. For a summary of all
stability results obtained, please consult Table

In order to build intuition for what is measured by GRPPH, we compute a number of
illustrative examples in Section In particular, in Section we consider a simple,
cycle graph and determine the limiting value of GRPPH under iterated edge subdivision.
In Section we compute the invariant for a number of small square digraphs with
varying edge orientations, illustrating sensitivity to directionality, as required by goal (a).
Finally, in Section we describe properties of $#;(G) when G is a complete digraph,
with weights forming a finite quasimetric space, and compute the descriptor for a point

sample of the unit circle.
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3.1.2 Computations

An algorithm for computing PPH in arbitrary degrees was proposed by Chowdhury and
Mémoli [32]; a more efficient algorithm for computing PPH in degree 1 was later proposed
by Dey, Li, and Wang [38]. We modify the latter algorithm to compute GRPPH; an imple-

mentation, capable of computing representatives, is available as a Python package [23].

3.2 Background
3.2.1 Basic notation and category theory

We introduce some basic language for graphs and categories, and then recall the definitions
of path homology and persistent homology, the two theories we combine later in a new

way to define our invariant.

Notation 3.2.1. For d € N, the standard d-simplex is
A= {(xo,. .. xg) € R ‘ Y xi=1,andx; >0 Vi} : (3.3)

Notation 3.2.2. Given a category C, we denote the collection of objects Obj(C) and the
collection of morphisms Mor(C). For two objects X,Y € Obj(C), we denote the set of
morphisms X — Y by Mor¢ (X, Y). Where it is clear from context whether  is an object or

a morphism, we simply write « € C.
Notation 3.2.3. Fix any three categories C, D and D'

(a) We denote the category of functors C — D, where morphisms are natural transforma-
tions, by [C, DI.

(b) For a morphism f € Mor¢ pj(M, N), we denote the components of the natural
transformation by fy : M(x) — N(x) for each x € C.

(c) Given a functor u : D — D', there is a functor [C, u] : [C, D] — [C, D']. Given F €
Obj([C, DI), we map [C, ul(F) := p o F. Given a natural transformation v : F = F’
between functors F, F’ € [C, D], we map [C, ul(v) := p o v which one can confirm is

a natural transformation yo F = po F'.

Notation 3.2.4. (a) We let R denote the poset of R equipped with the < relation, viewed
as a category.
(b) We let Vec denote the category of R-vector spaces and vec denote the full subcategory

of finite-dimensional R-vector spaces.
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(c) We let Ch denote the category of chain complexes over R.
(d) Given a category C, a filtration is a functor F : R — C where the morphisms F(s < t)

are inclusions (assuming such a notion is defined in the category C).

Definition 3.2.5. Given a chain complex Co € Ch, we denote the k' chain group by Cy and
the boundary map by 9y : Cx — Cy_;. For each k € IN, the k" homology group, Hi(C) is

the quotient
ker o;

imodgyq

Hk(C) = (34)

We can view Hj as a functor Ch — Vec.

3.2.2 Directed graphs

Definition 3.2.6.  (a) A (simple) digraph is a tuple G = (V, E) where V, the set of vertices,

is a finite set and E, the set of edges, is a subset of V x V' \ Ay where
Ay :={(v,v) e VxV]|veV}. (3.5)

(b) A directed acyclic graph (DAG) is a simple digraph G = (V, E) such that there is a
partial order < on the nodes such that (i,j) € E = i < j. This is equivalent to G
not containing any directed cycles.

(c) An oriented graph is a simple digraph G = (V, E) with no double edges, i.e. (i,]) €
E = (j,i) ¢ E.

(d) A weighted (digraph/DAG/oriented graph) is a triple G = (V, E, w) such that (V,E)
is a (simple digraph/DAG/oriented graph) and w : E — R+ is a positively-valued
function on the edges.

(e) An undirected graph is a tuple G = (V, E) where E is a multiset of 2-element subsets

of V.
(f) Given a digraph G = (V, E), the underlying undirected graph is (G) := (V,U(E))
grap ying grap
where
(i,j) € E,(j,i) ¢ E = {i,j} € U(E) with multiplicity 1, (3.6)
(i,7),(j,i) € E = {i,j} € U(E) with multiplicity 2. (3.7)

(g) The weakly connected components of G are the connected components of /(G), as a
partition of V(G). If a and b belong to the same weakly connected component, we say
they are weakly connected, else we say they are weakly disconnected.

(h) Given two digraphs G = (V4,E1), Go = (V, Ez) with V4, Vo C V, their union is
G1UG, := (V1 UV,, E; UE). If V4, V; are disjoint, then we denote this G LI G,.
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Notation 3.2.7. Fix a weighted digraph G = (V,E, w).

(a)
(b)

(©)
(d)

We denote V(G) :=V, E(G) := E, w(G) := w.

For an edge e = (i,]) € E, we write st(e) := i and fn(e) := j, to denote the ‘start’ and
‘finish” of e. Furthermore, we say that i and j are incident to e.

For an edge e = (i,]) € E, we write w(i, j) := w(e).

We write i — j to mean there is an edge (i,]) € E.

Definition 3.2.8. Fix a weighted digraph G = (V, E, w).

()

(b)

(©)

(d)

(e)

(f)

Given V' C V, the induced subgraph on V' is (V/,E/,w’), where E' = EN (V' x V')
and w' is w restricted to E’. Note that the induced subgraph on V is all of G.

Given E’ C E, the induced subgraph on E’ is (V’, E/,w'), where V’ is the set of all
vertices incident to some edges in E’ and w'’ is w restricted to E’. Note that the induced

subgraph on E may be a proper subgraph of G.

Forv e V,
Niw(v;G):={a€V |a— v}, (3.8)
Nout(v;G) :={beV|v—b}, (3.9)
N(v;G) := Niu(0) U Nowe (0) (3.10)

and the vertex-neighbourhood graph, NG (v; G), is the induced subgraph on N (v).
Where G is clear from context, we omit it from notation.

For F C E,
N(F;G) := {t € E | Je € F such that 7, e are incident to a common vertex} (3.11)

and if F = {e} is a single edge, we use the notation N (e; G). The edge-neighbourhood
graph, NG(F; G), is the induced subgraph on N (F; G). Where G is clear from context,
we omit it from notation.

Given a vertex v € V, the closed star of v is the induced subgraph on those edges that
are incident to v, which we denote Star(v; G). Where G is clear from context, we omit
it from notation. Note that Star(v) C NG(v).

For two vertices a,b € V, a (directed) trail from a to b is an alternating sequence of

vertices, v; € V, and forward edges, ¢; € E,

p=(vo=a,e,vy,€,...,6,0r=D0) (3.12)
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such that e; = (v;_1,v;). We write that p is a trail a ~» b. In a simple digraph, the
e; uniquely determine the v; (and vice versa) so we occasionally omit one from the
notation.

(g) A trail with no self-intersections is a path,i.e. v; =v; = i =].

(h) An undirected circuit is an alternating sequence of vertices, v; € V, and edges, ¢; € E,
p=(vo=a,e,v1,€,...,60=a) (3.13)

such that {st(e;), fn(e;)} = {vi_1,v;} and vy = vg. Unlike trails, we also require k > 1
to ensure the circuit contains at least one edge.
(i) Given an undirected circuit p, as above, if vy, . .., vx_1 are all distinct then we say p is

simple.

Remark 3.2.9. We allow trails and paths to contains zero edges, i.e. p = (a) isa traila ~ a

but not an undirected circuit.
Notation 3.2.10. Fix a weighted digraph G = (V,E, w).

(a) Given a trail p, the length of p is defined as
k
len(p) := Y w(e). (3.14)
i=1
(b) We denote the set of all paths i ~» jby P(i, j).
Definition 3.2.11. For a weighted digraph G, the shortest-path quasimetric d : V(G) x
V(G) — R U {oo} is defined by

(i, j) = {mlnpew len(p) #P(0.) #O, (3.15)

00 otherwise.

Note that for any vertex v € V(G), d(v,v) = 0.
There is a notion of morphisms between (weighted) digraphs.

Definition 3.2.12. (a) Given two simple digraphs G, H, a digraph map (or simply map),
f: G — H,is amap on vertices, f : V(G) — V(H), such that

i—j = f(i) = f(j)or f(i) = f(j)- (3.16)

Given a vertex map f : V(G) — V(H) satisfying condition (3.16), we say f induces a
digraph map G — H.
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(b) A digraph map f : G — H is called an inclusion if V(G) C V(H) and f is induced by
the inclusion vertex map.

(c) Given two weighted digraphs G, H, a digraph map f : G — H is called a contraction
if for all nodes i,j € V(G), we have

du(f (i), f(7)) < dc(iy ) (3.17)

where d; and dp are the shortest-path quasimetrics on G and H respectively.

Notation 3.2.13. (a) Fore = (i,j) € E(G), we denote f(e) := (f(i), f(j)). Note that
f(e) € E(H) U Ay ).
(b) Given a path p = (vg, ey, ..., ¢, ) and a digraph map f : G — H, the image of p is
the path, f(p), obtained from

(f (o), f(er), f(v1),---, flex), () (3.18)

by removing f(e;) and f(v;) from the sequence if f(e;) is a self-loop, i.e. f(vi_1) =

f(vi).

Remark 3.2.14. Suppose f : G — H is a digraph map such that w(H)(f(e)) < w(G)(e) for
every edge e € E(G) with f(e) & Ay(y). Then for any path p : i ~ jin G, f(p) is a path
f(i) ~ f(j) in H and len(f(p)) < len(p). Therefore, f is a contraction. Whilst this is a
sufficient condition to form a contraction, it is not a necessary condition; the shortest path

joining f (i) ~> f(j) in H need not be the image of the shortest path joining i ~~ j.

Given these ways of mapping between (weighted) digraphs, a number of categories

naturally arise.

Definition 3.2.15. (a) We denote the category of simple digraphs, directed acyclic graphs
and oriented graphs, where the morphisms are all digraph maps, by Dgr, Dag and
Dor respectively.

(b) We use the prefix W to denote the corresponding categories of weighted digraphs
where a morphism is any digraph map of the underlying, unweighted digraphs. For
example, WDgr is a category of weighted simple digraphs.

(c) For a category of weighted digraphs, we use the prefix Cont to denote the subcate-
gory, containing all objects, with the additional restriction that morphisms must be

contractions.
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(d) For a category of weighted or unweighted digraphs, we use the prefix Incl to de-
note the wide subcategory, containing all objects, with the additional restriction that

morphisms must be inclusions.

Finally, in order to align our terminology with that of [32] we make the following

definition.

Definition 3.2.16. Given a finite set V, a directed network is a non-negative function

A:V xV —[0,00) such that A(v1,v7) =0 <= ©v1 = vy.

Typically, directed networks are a dissimilarity measure, meaning that a high value
of A(x,x") represents that x and x’ are ‘far apart’ or “dissimilar’. A common example is a
quasi-metric space, but a directed network need not satisfy the triangle inequality. Note
that a directed network could alternatively be defined as a positively-weighted complete

digraph.

3.2.3 Path homology

Path homology is a homology theory for directed graphs, which was first introduced by
Grigor’yan et al. [54]. Subsequent papers prove Kiinneth theorems for Cartesian products
and joins [52]], and invariance under an appropriate notation of digraph homotopy [55]. A
directed network gives rise to a natural filtration of digraphs which leads to a stable theory
of persistent path homology [32], where the distance between two such networks is defined
to be the minimum distortion of a correspondence between their respective domains..
(Persistent) path homology has also been extended to vertex-weighted digraphs [73]. Path
homology can be defined for an arbitrary path complex; here we present the definition for a
digraph.
Fix a ring R and a simple directed graph G = (V, E).

Definition 3.2.17. The following definitions classify sequences of vertices in V:

(a) An elementary p-path is any sequence vy ... v, of (p + 1) vertices, v; € V.
(b) An elementary p-path, vg...v,, is regular if v; # v, for every i. Otherwise, we say
it is non-regular.

(c) An elementary p-path, vy ...0v), is allowed if (v, v;;1) € E for every i.
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Definition 3.2.18. We freely generate R-modules from these sequences of vertices, for each

p=0.

Ap = Ap(G;R) := R{{vp...v, elementary p-pathon V} ) (3.19)
Rp = Ry(G;R) := R({vg ... v, regular p-pathon V} ) (3.20)

I, :=I,(G;R) := R({vo...vp non-regular p-pathon V} ) (3.21)
A, == A,(G;R) := R{ {vy ..., allowed p-path in G ) (3.22)

Forp=—-1,weletA_;:=R_;:=A4A_1:=R.

Definition 3.2.19. Given p > 0, the non-regular boundary map ;" : Ap — Ap_1 is given

on the standard basis by
P .
dy (v ...vp) 1= Y (—D'vg...%;...0, (3.23)
i=0

where v ...9;...v, is the (p — 1)-path obtained by removing v; from vy ... v,.

Definition 3.2.20. Since Ay = R, ® Ly, let 1 : A, — R, denote the projection onto R,

along 7, and let 1 : R, — A, denote the natural inclusion. The regular boundary map
dp : Rp — Ry_11is given by

dp:=Tmo agr oL (3.24)

To justify the name, a standard check confirms that indeed d,,_1 09, = 0 [54, Lemma 2.9].

However, the { R} do not depend on the edge set and although A, is a subspace of each

Rp, the boundary map d,, does not pass down to a boundary operator. Hence, we must

define the following sub-modules.
Definition 3.2.21. The space of 0-invariant p-paths is
O, :=0,(GR):={ve A, |9 Ay1}. (3.25)
Elements of this space are called d-invariant p-paths.
Note that 9, restricts to a homomorphism (2, — (), 1 and hence forms a chain complex.

Definition 3.2.22. The regular path (chain) complex is

% % EX

o)} o Qo R 0 (3.26)

The homology of the regular path complex is the regular path homology of G, the k'

homology group is
ker oy

Hy := Hy(G;R) := o

(3.27)

ﬁ
The k' Betti number is f x := rank Hj.
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Remark 3.2.23. Note that the chain groups of this complex are (), not R, we use the

adjective regular because (), is constructed via the regular boundary map.

Remark 3.2.24. Note that when R = Z or IR, rank(ker d1) coincides with the circuit rank of

U(G) — those unfamiliar with this notion can take this as the definition.

Definition 3.2.25. Given a digraph map f : G — H, the induced map f : R,(G) — R,(H)
is given on the standard basis by

f(vo)...f(vp) if f(vo)...f(vp)is regular

) (3.28)
0 otherwise

f#(Uo ce Up) = {

Notation 3.2.26. Given a digraph map f : G — H, we denote the induced map on homology
by f* = Hk(f#) : Hk(G) — Hk(H) for each k € IN.

Lemma 3.2.27 ([55, Theorem 2.10], [32, Proposition A.2]). The induced maps restrict to maps
fa: Qp(G) — O, (H) which commute with 0, and hence form chain maps between the regular
path complexes. Moreover, these chain maps are functorial, i.e. (f o §), = fy o gu and (id), = id.

Hence, () is a functor Dgr — Ch.

We will primarily be interested in the 1 homology group H;. Hence, the following

characterisation of the low-dimensional chain groups will be of use.

Proposition 3.2.28 ([54, §3.3]). For any simple digraph G = (V,E), Qo (G) is isomorphic to the
R-module freely generated by the vertices and O (G) is isomorphic to the R-module freely generated
by the edges, i.e.

O0(G) Z2R(V) and (G) = R(E). (3.29)

Notation 3.2.29. Note thatanedge e = (a,b) € E gives rise to an allowed 1-path ab € A;(G).
Moreover, ab € ;(G). For ease of notation, given an edge ¢ € E, we will also use

e = ab € O;(G) to refer to the generator in ()4 (G).
Since (), is generated by edges in G, any trail p has a representative.

Notation 3.2.30. Given a directed trail p = (e, ..., ¢) in a digraph G, the representative of
pis
k
R(p) =) ei€ . (3.30)
i=1

Likewise, there is a representative for any undirected circuit.
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Notation 3.2.31. Given an undirected circuit p = (vp = a,e1,v1, ..., €, Uk = a) in a digraph

G, the representative of p is
k

E)fi(p) = sziei e (331)
i=1

where a; = 1ife; = (v;_1,7;), else a; = —1.

Remark 3.2.32. The representative of a circuit p, does not depend on the starting point, but if

p’ traverses the circuit in the opposite direction then R(p’) = —R(p).

j j ok k
I N A B T
i i k i om i

(a) (b) (© (d)

Figure 3.2: The three types of generators for ()>(G;Z) and ,(G;R): (a) A double edge. (b)
A directed triangle. (c) A long square (the dashed red edge must not be present). Finally, (d)
shows a linear dependency between long squares.

Proposition 3.2.33 ([55, Proposition 2.9], [38, Theorem 3]). Let G be a finite, simple digraph
and R = R or Z. Any w € Ou(G; R) can be written as a linear combination of 0-invariant 2-paths

of the following three types (represented in Figure[3.2):

(a) (iji) wherei — j — i (double edge);
(b) (ijk) wherei — j — k, i — kand i # k (directed triangle); and
(c) (ijk — imk) wherei — j — k,i — m — k, i / kand i # k (long square).

First note that all of the elements identified in Proposition(3.2.33|are elements of (> (G; R)
and hence they form a generating set. However, the generators corresponding to long

squares are not necessarily linearly independent. For example, in Figure we see
(ijk —ilk) = (ijk — imk) + (imk — ilk). (3.32)

Removing some long squares to account for these linear relations, we can obtain a basis of

02 (G, IR)
3.2.4 Path homotopy

Path homotopy, also introduced by Grigor’yan et al. [55], is a homotopy theory under

which path homology is invariant. We employ this theory in order to build interleavings
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between the grounded persistent path homology of two related weighted digraphs. Below,
we present the basic definitions and results of path homotopy theory, extending it to a

relative version in which we fix a subset of the vertices throughout the homotopy.

Definition 3.2.34. (a) A line digraph of length n is a digraph on 0, 1, ..., n with exactly
oneof (i,i 4+ 1), (i+1,i) for each i and no other edges.
(b) Denote the two length 1 line digraphs by I for 0 — 1 and I_ for 0 <— 1.
(c) Given two digraphs G, H, their box product is the digraph G ] H where

V(GEH) == V(G) x V(H), (3.33)

E(GOH) :={((xy),*,y)) | (x > xandy=y)or (x =x"andy — ')} .
(3.34)
(d) Given two digraph maps f,g : G — H, a homotopy between f and g is a digraph
map F : GLII — H, where [ is a line digraph of length n

F‘GX{O} =f and F|GX{H} =gq. (3.35)

(e) If I is length 1 in the above, we say F is a one-step homotopy. Otherwise, we say F is
a multi-step homotopy.

(f) Suppose F is a one-step homotopy. If, furthermore, I = I, we say F is from f to g else
I = I_ and we say F is from g to f.

(g) If there is a homotopy in either direction, we say f and g are homotopic and write
f~gq

(h) Given A C V(G), we say F is a homotopy relative A if for each a € A, the partially
applied function F(a,e) : V(I) — V(H) is constant.

Given an arbitrary homotopy F : G111 — H between f and g where I is of length 7, let
fi : G — H denote the restriction of F to G x {i} and let I; denote the induced subgraph of I
on {i —1,i} (a single edge). By restricting F to each G [ I;, we obtain n one-step homotopies
F:GUI — Hfori=1,...,n. Each homotopy F; is between f;_; and f;, with the direction
dependent on the direction of the edge I;. Moreover, if F is relative A C V(G) then so too is
each F;.

Grigor’yan et al. [55] showed that path homology is invariant with respect to path
homotopy, i.e. path homotopic digraph maps induce identical maps on regular path homol-
ogy. In [55, Theorem 3.3] the chain homotopy which achieves this invariance is only made
explicit in the one-step homotopy case. In order to describe the behaviour of relative path

homotopies, we make the construction explicit for multi-step homotopies.
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Theorem 3.2.35. Given a homotopy F : G I — H between two digraph maps f,g: G — H,
there is an induced chain homotopy, i.e a sequence of morphisms Ly : Q,(G) — Q,1(H), such

that for all c € Qp(G),
g#(c) — fu(c) = 0L, (c) + Lp_19(c). (3.36)

Proof. Suppose F is a one-step homotopy from f to g, then in the proof of [55, Theorem 3.3]
it was shown that there exists a chain homotopy L satisfying equation (3.36). Suppose
instead that F is an arbitrary homotopy between f and g. Then, as described above, there is

a sequence of digraph maps
f:f(]:/fl/"'/fﬂ:g (337)

and a sequence of one-step homotopies Fy, ... F, such that either F; is from f;_; to f; or is
from f; to f;_1. In the first case, we define ¢; := 1 and in the latter we define ¢; := —1. Each
of the one-step homotopies induces a chain homotopy which we denote L and the signs

ensure that, for each i,

(fi)u(e) = (fim1)y(e) = 03 [OL},(c) + Ly, 4(c)]- (3.38)

Finally, we linearly combine these homotopies in each degree L := Y ; 0;L’ to obtain the

required chain homotopy. This L satisfies equation (3.36) thanks to a telescoping sum. [

Corollary 3.2.36 ([55, Theorem 3.3]). If f,g : G — H are homotopic digraph maps then they
induce identical maps on homology f., g« : Hy(G) — Hy(H) for every k € IN.

If f,g : G — H are path homotopic relative A C V(G) then any ¢ € Q(G) supported
entirely on vertices of A has the same image under f4 and gu. As one might hope, these
d-invariant paths are in the kernel of the induced chain homotopy. This behaviour will be

crucial in the proof of the main stability theorem (Theorem 3.5.8).

Lemma 3.2.37. Suppose F : G 1 — H is a path homotopy relative A C V(G), let G4 denote
the induced subgraph of G on A and let L denote the induced chain homotopy from Theorem|3.2.35)

Proof. Due to the linear construction above, it suffices to show this result in the case where
F is a one-step homotopy. We also assume I = I ; the I = I_ case admits a similar proof.
To ease notation, for each vertex v € V(G), let v denote (v,0) € V(G I) and let ¢/
denote (v,1) € V(G I). Next, we can write any ¢ € Q,(G4) in terms of the standard
basis of A,(G4)
c= cho"'vwo ST (3.39)
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where the sum is over all p-paths, v ...v,, with v; € A for all i. Following the construction

in [55, Theorem 3.3], one can show

Ly(c) = Y ¢ ;(—1)"71[13(00) ... F(0)F(v}) ... F(v})]. (3.40)
In each summand, we note F(v;) = F(v}) since F is relative A. Therefore, each of the paths
F(vo)...F(v)F(vy) ... F(v),) is an irregular path which is sent to 0 under 7. O

3.2.5 Persistent homology

Topological data analysis (TDA) is a field of applied mathematics which employs the pow-
erful, discriminative tools of algebraic topology to study complex datasets. The cornerstone
of the field is persistent homology (PH) which yields a stable, discrete, topological invariant,
called a barcode (see [16, 27, 85] for an overview). The barcode summarises topological
features in the data (e.g. connected components and loops) and measures the range of scales

across which they persist.

Definition 3.2.38. (a) A persistent chain complex is a functor R — Ch.
(b) A persistent vector space is a functor R — Vec. We denote the category of such
functors PersVec := [R, Vecl.
(c) A persistent vector space M is pointwise finite-dimensional (p.f.d) if M(#) is finite
dimensional for all t € R, thatis M € [R, vec]. We denote the category of p.f.d
persistent vector spaces Persvec := [R, vec].

(d) A persistent vector space M : R — Vec is tame [80, Definition 6.13] if

(i) M(t) is finite dimensional for all t € R, and
(ii) there are at most finitely many t € R such that there is no € > 0 such that
M(t — e < t+€) is an isomorphism.
(e) For aninterval I C R, we define the corresponding interval, P(I) € PersVec, in which

the vector spaces are

P(I)(t) = {IR el (3.41)

0 otherwise,

and P(I)(s < t) is the identity if s, f € I and the trivial map otherwise.
(f) Given M, N € PersVec, their direct sum M @ N € PersVec is given pointwise by
(M@ N)(t) := M(t) @ N(t), (3.42)
(M®&N)(s<t):=M(s<t)®N(s<t). (3.43)



(g) A morphism of persistent vector spaces is a morphism in the category [R, Vec].
That is, for M, N € [R, Vec] a morphism ¢ : M — N is a family of linear maps
{¢s : M(t) — N(t)} such that

N(s < t)ogs = o M(s < t) (3.44)

whenever s < t. We say ¢ is an isomorphism if each ¢ is an isomorphism of vector

spaces. If an isomorphism M — N exists, we write M = N.

A (p.f.d) persistent vector space can be decomposed as a direct sum of interval modules,
the indecomposable persistent vector spaces. Moreover, this decomposition is unique and

described by a finite amount of information in all practical applications.

Theorem 3.2.39 (Structure Theorem for p.f.d persistent vector spaces, [36, Theorem 1.1], [28),
Theorem 2.8]). Given M € Persvec, there is a multiset BM of intervals of R such that
M= @ P(I) (3.45)
leBM

and any such decomposition is unique, up to reordering. We call BM the barcode of M.

Definition 3.2.40. (a) A multiset of intervals of R is called a barcode.
(b) We call an interval I in a barcode a feature. If I starts at 2 and ends at b, we say the
feature is born at time a and dies at time b.

(c) Given a barcode B, the diagram of B is the multiset of endpoints
Dgm(B) := {{ (ax, bx) | Ix € B has endpoints a; < by }} . (3.46)
(d) Given M € Persvec, the persistence diagram of M is Dgm (M) := Dgm(BM).

The barcode can be used as a summary of the persistent vector space. When arising as
the homology of a filtration of topological spaces, this summary captures how topological
features are born and killed throughout the filtration. In order to use this summary for
further statistics, it is desirable that this summary is stable to noise and perturbations in the
input data. To quantify this stability, we require metrics on persistent vector spaces and the

resulting barcodes.

Definition 3.2.41 ([42, §6]). Given two multisets D1, D, C IR?, the bottleneck distance is

dg(D1,Dy) :==1inf sup |x — 7(x)|w (3.47)
T xeD;UAR
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where v is over all multi-bijections D; UAR — Dy UAR and Ar = {(x,x) | x € R} is the
diagonal with multiplicity 1. Given barcodes B, B, we define the bottleneck distance

between them to be the bottleneck distance between their diagrams
dB(Bl,Bz) = dB(ng(Bl),ng(Bz)) (348)

Definition 3.2.42 ([34, §3]). Given p > 1 and two multisets D, D, C R?, the p-Wasserstein

distance is

1/p
dw, (D1, D2) ::igf( )3 ||x—fy<x>u£o) (3.49)

x€DUAR
where 7 is over all multi-bijections D; U AgR — Dy U Ag and Agr = {(x,x) | x € R} is the
diagonal with infinite multiplicity. The p-Wasserstein distance between two barcodes B,
B, is
dw, (B1, Ba) := dy, (Dgm(By), Dgm(5,)). (3.50)

Definition 3.2.43 ([8, §3.1]). Given a category C, fix M, N € [R, Cland § > 0.
(a) The é-shift of M is M[é] € [R, C] where
M[S](t) ;= M(t+06) and MI6|(s<t):=M(s+6<t+9). (3.51)

(b) Given a morphism f € Morg ¢j(M, N) the -shift of f is f[4] : M[6] — N[J] in which
ft := fi+s. When clear from context we often denote f[] = f.

(c) The d-transition morphism is a morphism 7 (M, ) : M — M[é] which att > 0 is
given by M(t < t+9).

(d) A d-interleaving is a pair of morphisms ¢ : M — N[d] and ¢ : N — M[J] such that

Pldlop =T(M,26) and ¢[6]oyp =T (N,2). (3.52)
(e) The interleaving distance of M and N is
di(M,N) :=inf {6 > 0 | 3 é-interleaving} . (3.53)

Remark 3.2.44. Recall that, given a J-interleaving ¢ and ¢, in order to constitute morphisms

M — NJé] and N — M[J], they must satisfy relations
proM(s <t)=N(s+6<t+6)oyps and Y;oN(s<t)=M(s+<t+75)o¢; (3.54)

for each s < t.
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Now that we have metrics on persistent vector spaces and their barcode summaries, we
can state the isometry theorem. This guarantees that the barcode is a stable summary of the

input persistent vector space.

Theorem 3.2.45 (Isometry Theorem [8, Theorem 3.5]). Given p.f.d persistent vector spaces
M, N € Persvec,
dg(BM, BN) = d;(M, N). (3.55)

Finally, when a persistent vector space is tame, there are finitely many critical values
to < .-+ < tysuch thatif t; 1 < s < t < t; then M(s < t) is an isomorphism [28,
§1.1]. Hence, all information of the persistent vector space is contained within the maps
M(ti-y < t;) fori = 1,...,k. In particular, any interval in the barcode must have its
endpoints at one of the critical values (or £00). In these scenarios, it suffices to consider
M as a functor [kl< — Vec, where [kl< is the sub-poset of R consisting of the integers
0,...,k[80, §6.4].

3.3 Motivation and definition of GrPPH

Firstly, in Section[3.3.1} we describe a standard pipeline for extracting a topological summary
from a weighted digraph, and illustrate a number of issues that naturally arise. Motivated
by this in Section we alter the standard pipeline in order to define a ‘grounded
pipeline’. We prove that this new pipeline is functorial in an appropriate sense, which
we will later exploit for stability results. The pipeline is parameterised by two choices; in

Section we fix these choices in order to define our proposed descriptor.

3.3.1 Standard pipeline

A typical TDA pipeline for weighted digraphs consists of three ingredients:

1. amap F : Obj(WDgr) — Obj([R, Dgrl), which assigns a filtration of digraphs to
every weighted digraph;

2. achain complex functor C : Dgr — Ch which maps each digraph to a chain complex
and induces chain map for every digraph map; and finally

3. a choice of homology functor Hy : Ch — Vec in some degree k.
These components can then be combined into the following pipeline.

H,: WDgr — 5 [R, Dgrl — < [R, chl -2 R, Vec] (3.56)
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Examples of this pipeline include persistent homology of the directed flag complex [74] and
persistent path homology [32]. However, it is possible to use these pipelines with filtrations
of digraphs that do not arise from an initial weighted digraph.

We obtain a map Hj : Obj(WDgr) — ODbj(IR, Vecl) given by H; := [R, Hglo[R, C] o F.
Since F is not a priori functorial, neither is ;. Under mild assumptions on F and C, it is

possible to define a subcategory of WDgr which makes this pipeline functorial.
Notation 3.3.1. Given F : Obj(WDgr) — Obj([R, Dgrl), G € WDgr and s < t we write

(a) F'G := F(G)(t), the image of t under the functor F(G); and
(b) (s, t) := F(G)(s < t), the image of s < t under the functor F(G).

Definition 3.3.2. (a) A filtration map is any map F : Obj(WDgr) — ODbj([R, InclDgr])
such that V(F!G) C V(G) for all t € R. In particular, i(s,t) must always be an
inclusion.

(b) Given a filtration map F, a morphism of weighted digraphs f & Morwpgr(G, H) is
called F-compatible if for every t € R the underlying vertex map f : V(G) — V(H)
restricts to a vertex map V(F'G) — V(F'H) which in turn yields a digraph map
F'G — F'H.

(c) Given a filtration map F, the F-compatible category of weighted digraphs, WDgr, is
the subcategory of WDgr such that Obj(WDgr,) = Obj(WDgr) and

Mor(WDgr;) = {f € Mor(WDgr) | f is F-compatible} . (3.57)

Lemma 3.3.3. Any filtration map F : Obj(WDgr) — Obj([R, InclDgr]) induces a functor
F : WDgr — [R, Dgr], which we call a filtration functor.

Proof. Given f € MorWDng(G, H), since f is F-compatible, the underlying vertex map
induces digraph maps f : F'G — F'H for every t € R. Given s < t, both F(G)(s < t) and
F(H)(s < t) are digraph maps induced by the inclusion vertex map. Hence, the following

square of morphisms in Dgr commutes.

FG L FH
F(G)(sgt)l lF(H) (s<t) (3.58)

FiG T> F'H

Hence, f induces a natural transformation between F(G) and F(H). Moreover, since each
f : F'G — F'H is fully determined by the underlying vertex map V(G) — V(H), this

construction is certainly functorial. O
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Remark 3.3.4. Since any filtration map induces a filtration functor, it suffices to define a

filtration functor only as a map on objects.

When F is a filtration map, it induces a functor WDgr; — [R, Dgr] and hence Hy is a
functor WDgr. — [R, Vec], as desired. We will now consider an illustrative example of this
pipeline. Assuming the weight of an edge corresponds to a distance between its endpoints
(e.g. the time it takes for a particle to flow down the edge), a natural choice of filtration

functor is the following.

Definition 3.3.5. The shortest-path filtration is a map F; : WDgr — [R, Dgrl. For G =
(V,E,w) € WDgr and t € R, we define

Fi(G)(t) := G':= (V,E") where E':={(i,j)e (VxV)\Ay|d(ij) <t} (3.59)

and d is the shortest-path quasimetric on G. For s < ¢, the digraph map G* — G is induced
by the identity vertex map idy.

o/ \o ) x1 oi.) N'}o
/ \./ \ ./( .\\ .). \ ‘o .
o ® g L O/ \o 5
\ o / s P \. = ./( .
o/ \o o No® N.‘o/
~ . \.N.).)
Gy Birth Gy " Birth

Figure 3.3: Persistent path homology of the shortest-path filtration of flow through a
bifurcation network, before and after edge subdivision. In G; all edges have unit weight, in
G, all edges have weight 0.5.

Example 3.3.6. Choosing F = F; as above and C to be the regular path complex, we obtain a
functor H; : WDgr; — [R, Vec]. The shortest-path quasimetric of a weighted digraph is a
directed network and this pipeline measures the persistent path homology of that network.
This pipeline was first considered in [32] for cycle networks, alongside a stability analysis
of persistent path homology for arbitrary directed networks.

In Figure 3.3 we apply this pipeline (with k = 1) to a small bifurcating network G, a toy
model for vasculature networks, in which each edge is given unit weight. The resulting
barcode has a single feature with lifetime [1,2). The second network, G, is obtained
by subdividing each edge in Gi, giving all edges weight 0.5. The resulting barcode is
{{[0.5,1),]0.5,1),[0.5,2) }} which has three features.

This example highlights three key issues with this pipeline:
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(a) the number of features in the barcode changes upon subdivision;
(b) loops bounded by triangles or long squares are ‘killed” as soon as they are born; and

(c) the birth-time of each feature is an artefact of the ‘resolution” of the weighted digraph.

A subtler issue arises when we attempt to interpret the diagram. A feature born at time ¢ is
supported on edges of the digraph G', which may not be edges in the original weighted
digraph G. This makes interpretation of features more challenging. Note, this issues does
not arise for either G; shown in Figure since, in each case, there is some T such that

G!' = G; and moreover E(G!) = @ forall t < T.

3.3.2 Grounded pipeline

We now describe an alteration to the standard pipeline which alleviates these issues by
including the underlying digraph G in degree 1 for all t € R. The main distinction is that
we do not factor through a filtration functor F. Instead, we use F and C € [Dgr, Ch] to

construct a new functor $Cr : WDgr. — [R, Ch].

____________________________________

WDgr —'— [R, Dgrl —~L [R, ch] 2L, [R, Vec] (3.60)

In order to define the map on objects, we only need a weaker condition on C.

Definition 3.3.7. Given a filtration functor F : WDgr, — [R, Dgr], a functor C : InclDgr —
Ch, G € WDgr and t € R, the chain complex €C,(G, ¢t; F) is the top row of the following
diagram.

1#082

- G3(FIG) —2 Co(F'G)

Cl(GUFG) —5 Co(GUFIG) -
82) e 4’“7 l#v
C1(F'G) PR Co(F'G)

(3.61)

In the above, ¢ : F'G < G U F'G is the inclusion digraph map, induced by the inclusion

vertex map. Then 4 = C(1) is the image of this map under the functor C. The boundary
maps Jy are derived either from the chain complex Co(F'G) or Co(G U F'G).

We denote the chain groups as $Ci(G, t; F) and the boundary maps as $9;. When F and

t are clear from context, we omit them from notation

We use the prescript €01 to denote that this chain complex is grounded; as we will show
in Lemma [3.4.2) after appropriate choices of F and C, all degree 1 homology classes have

representatives in the underlying digraph.

79



Lemma 3.3.8. Foreacht € Rand G € WDgt, (3Co(G, t;F),30) is a chain complex.
Proof. Since 14 is a chain map C(F!G) — C(G U F'G) we have
81 o] (t# o 82) =140 81 o 82 =0 (362)

and hence C, (G, t; F) defines a chain complex. All other adjacent pairs of boundary maps

come entirely from C(F!G) or C(G U F'G) and hence compose to 0. O

Lemma 3.3.9. Fix a filtration functor F : WDgr; — [R, Dgr] and a functor C : InclDgr — Ch.
Given G,H € WDgr and a vertex map f : V(G) — V(H), suppose that f induces digraph maps
f:FG— F'Hand f : GUF*G — H U F'H for some s < t. Then there is a chain map

J(f,s <t):3Ce(G,s;F) — 3Cq(G, t; F). (3.63)
Moreover, given ¢ : V(K) — V(H) which satisfies the necessary conditions to induce J(g,7 < s),

J(fogr<t)=](fs <t)o](gr<s). (3.64)
Finally, for any t € R, J(idy ), t < t) is the identity chain map.
Proof. To distinguish the two digraph maps induced by f, we denote them
f:FFG—FH and f':GUFG-— HUFH. (3.65)

First note that the two digraph maps induced by f commute with the relevant inclusions so
that the following square commutes.
F°'G —— GUFG
fi jf/ (3.66)
F'H —— HUF'H
Applying the functor C to the digraph maps f and f’ we obtain two chain maps f :
C(F°G) — C(F'H) and f', : C(GUFG) — C(HUF'H). These chain maps can be

combined as in the following diagram.

- G3(F5G) % Cy(FG) 1% CI(GUFG) 25 Co(GUFG)---
82 ) L...»-'l#
Ci (F5G)
fo fo e /o [D] fa
Ci(F'H)
9% .y .k
- C3(F'H) 5> Co(F'H) — Ci(HUF'H) =+ Co(HUF'H) -
3 #0002 1

(3.67)
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Squares and and @ commute because all vertical maps are components of
the same chain map. Square commutes because it is the image of the initial square
of commuting digraph maps under the functor C, restricted to degree 1. Therefore, the
vertical solid arrows constitute a chain map between the required chain complexes, which
we denote J(f,s < t). The remaining functorial relations follow automatically because in

each degree J(f,s < t) coincides with either fy or f’,, which each satisfy the relations. [J

Lemma 3.3.10. Given a filtration functor F : WDgrr — [R, Dgrl and a functor C : InclDgr —
Ch, the chain complex $C4(G, t; F) is functorial in t.

Proof. For each s < t we require chain maps ®i(s, ), : $C4(G, s) — 8C4(G, t) which satisfy
the usual functorial axioms in t. First note that the identity map id : V(G) — V(G)
induces a digraph map id : G — G. Moreover, for each s < t the identity induces
digraph maps (s, t) : F°G — F'G since F is a filtration functor. Hence, the identity also
induces digraph maps G U F°G — G U F!G. Applying Lemma we obtain a chain map
J(id,s < t) :8Ca(G,s) = 8Ca(G, t). Now, given s < t < r, Lemma 3.3.9|implies that

JGd,s <) = J(id,t <)o J(id,s < t) (3.68)

and moreover J(id, t < t) is the identity chain map on $C(G, t). Therefore, we can take

8i(s, t)y :=J(id,s < t). O

Definition 3.3.11. Given a filtration functor F : WDgr, — [R, Dgr] and a functor C :
InclDgr — Ch, we define the functor §Cr : WDgr — [R, Ch] as follows. The map on
objects is given by
SCr(G)(t) == (5Co(G, £ F),%3,) (3.69)
and the morphism $Cp(G)(s < t) is as constructed in the proof of Lemma3.3.10
Notation 3.3.12. (a) We denote the induced map on chain complexes by ®i(s, t), =
8Cr(G)(s <t).

(b) In each homology degree k, we denote the induced map on homology by %:(s, t), :=
[R, HI(3u(s, t)y)-

Thanks to Lemma [3.3.10} $Cr gives us a map Obj(WDgr) — Obj([R, Ch]), which we
can compose with homology to obtain a persistent vector space. Under additional functorial

assumptions on C, when we restrict to the appropriate category 8Cr becomes a functor.

Theorem 3.3.13. Given a filtration functor F : WDgr — [R, Dgr] and a functor C : Dgr — Ch,
8Cr is a functor $Cp : WDgr; — [R, Chl].
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Proof. Given f € Morwpgr, (G, H) and t € R, we need a chain map 8f, : $C.(G,t) —
8Cq(H,t). Moreover, f must satisfy the usual functorial axioms, and given s < t, commute
with the chain maps ®i(s, t),.

Note that f is given by a vertex map f : V(G) — V(H) which induces a digraph map
G — H. Moreover, since f is F-compatible, it induces digraph maps F'G — F'H. Therefore,
f must also induce digraph maps G U F!G — H U F'H. Hence, using Lemma we
can take 8f,, := J(f,t < t). The functorial axioms follow immediately from the functorial
relations shown in Lemma Moreover, since ¢ i(s, 1) 418 also constructed via Lemmam

equation (3.64) implies

8fu0di(s, t)y = J(f oidy(g),s <t) =J(idym o f,s <t) = S1(s, 1)y 08 f, (3.70)
and hence ¢ f,, constitutes a morphism €Cr(G) — $Cr(H). O

Notation 3.3.14. Given a morphism f € Mor(WDgr;), we denote the induced map on
chain complexes, constructed above, by ¢ f,, := ¢Cr(f) and the induced map on homology
in degree k by 8 f_ :=[R, Hl(3f,).

3.3.3 Definition of GRPPH

In order to investigate properties and stability of the grounded pipeline, we make choices
for both F and C. As we have already discussed, since we interpret edge-weights as a
measure of distance, a natural choice for F is the shortest-path filtration. Choices for C
include the regular path complex, non-regular path complex and the directed flag complex.
However, the latter two constructions are not functors Dgr — Ch. Henceforth, for the
rest of the paper, we fix F to be the shortest-path filtration and C to be the regular path
complex,

F=F and C=AQ. (3.71)
Since F is fixed, we will largely remove it from notation. We also use C instead of ().

Lemma 3.3.15. The F;-compatible category of weighted digraphs is the contraction category of
weighted digraphs (see Definition , WDgr; = ContWDgr.

Proof. First note f € Mor(WDgr) is precisely a vertex map f : V(G) — V(H) which
induces a digraph map G — H. A vertexmap f : V(G) — V(H) induces a digraph map
G' — H' for every t € R if and only if

d(f(@), f(7)) < d(i,j) (3.72)
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for every i,j € V(G). Hence, f € Mor(WDgr) is F;-compatible if and only if it is a
contraction map. So a morphism f € Mor(WDgry, ) is precisely a contraction digraph map

G — H. O

Now that we understand the category WDgr; , applying Theorem 3.3.13|yields a functor
8C : ContWDgr — [R, Ch]. Taking the first homology yields a persistent vector space in a

functorial way; this functor is our proposed invariant for weighted digraphs.

Definition/Theorem 3.3.16. Grounded persistent path homology (GRPPH) is the functor
8H; :=[R, H1]103C : ContWDgr — PersVec (3.73)

from the contraction category of weighted digraphs (see Definition [3.2.15) to the category
of persistent vector spaces (see Definition 3.2.38).

Notation 3.3.17. Given G € WDgr, in degree k at filtration step ¢, we denote

the space of grounded k-cycles by 8Z(G,t) := ker89}; (3.74)
the space of grounded k-boundaries by 8B(G,t) := im %9}, (3.75)
37
the (degree k) grounded homology by $Hy(G,t) == gB’kEg,:))' (3.76)
kG,

Remark 3.3.18. Note that for any t € R,

k>1 = SHi(G,t) = Hy(G"),
k<1 = S8Hi(G,t) 2 H(GUG").

Therefore, the only new homology occurs in degree k = 1, since it compares 1-cycles in
G U F!G with 1-boundaries from G!. This justifies our focus on degree 1 homology in

Definition/Theorem|3.3.16

o/ >o /‘oﬂ.) N’}o\
y / \‘o \. . . e o\.
\, s, T e
G1 G2

Figure 3.4: A bifurcation network, before and after subdivision; all edges in G; have unit
weight, all edges in G, have weight 0.5 (as in Figure . Highlighted in red, green and
blue are circuits whose representatives generate $1(G;).
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Example 3.3.19. In Figure we consider again the bifurcating network example of
Figure[3.3] in which all edges have weight 1. We see the barcodes of the grounded persistent
homology are both

BEH1(G1) = B¥H1(G2) = {{10,1),[0,1),[0,2) }}. (8.77)

In G; the two [0, 1) features correspond to the smaller 4-node circuits in the centre of the
network, coloured in blue. These circuits birth homological cycles in G U G! att = 0, which
are then killed by long squares when the edges appear in G at t = 1.

The [0, 2) feature corresponds to the large inner circuit (coloured in green). Again this
circuit births a homological cycle at t = 0 which then becomes null-homologous at t = 2
when shortcut edges give rise to a new long square.

The outer red cycle is a linear combination of the inner green and blue cycles, hence it
does not give rise to a fourth feature in the barcode. Moreover, at t = 1 the red and green
cycles becomes homologous.

In G, the features correspond to the same circuits (once subdivided).

3.4 Interpretation of GrPPH
3.4.1 Decreasing Betti curves

In the first example we considered (Example|3.3.19), we saw that all features were born at
t = 0. Indeed, this is always the case and € H;(G, 0) is in fact the cycle space of U (G) (with

R-valued coefficients).

Lemma 3.4.1. Given a digraph G = (V, E,w), two distinct nodes a,b € V and a trail p : a ~> b,
then for all t > len(p)

R(p)= ), t=ab (mod $B1(G,t)). (3.78)
T€E(p)

Proof. Fix arbitrary t > len(p) and denote the vertices of the path asa = vy,..., v, = .
Whenever i < j we can truncate p to obtain a path v; ~» v; of length at most ¢ and so
(vi,v;) € E(G"). Hence, whenever i < j < k, there is a directed triangle v;v;v; € C2(G') and

hence v;vy = v;v; + vjvr (mod $B1(G,t)). Therefore, inductively we can write

m
ab = vgv, = VU1 + V10 = VU1 + V10 + 00y = -+ - = Zvi_lvi (mod éB1(G,t))
i=1
(3.79)

as required. O
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Proposition 3.4.2. Fix a weighted digraph (G, w) and t > 0. For any cyclev € $Z1(G, t), there is
an initial cycle v’ € 8Z1(G,0), supported on the edges of G, such that v is homologous to $1(0, t) 0.

Proof. Given any edge T = (a,b) € E(G'), there is a path p : a ~» b in G of length at most ¢.
Denoting the edges of p by (7, ..., Ty ), Lemma tellsus, 7 = Y"; 7; (mod $B1(G,t)).

Now, since 7; € E(G), we see %1(0,t),7; = T; for each edge in p. O
Corollary 3.4.3. Given G € WDgr,

(a) any interval in BSH1(G) has birth time 0;
(b) $H1(G,0) has a basis of simple undirected circuits; and
(c) #Dgm(8H1(G)) coincides with the circuit rank of the underlying undirected graph.

Proof. The first point follows immediately from Proposition To see the final two points,
consider the chain complex, €C,(G,0) at the start of the filtration. Since GY has no edges,

the chain complex is simply
0 ——= 0 —— C1(G) —— Co(G) - -~ (3.80)

Since G is an orientation of U(G), the first homology of this chain complex is precisely
the real cycle space of U(G). Fix an arbitrary spanning forest T of /(G), and label the
remaining edges ey, ...,ex. Note k is the circuit rank of U (G). Let p; denote the simple
undirected circuit in G which traverses e; and then returns to st(e;) through the unique path

in T. Then {R(p1),...,R(pk)} is a basis for $H1 (G, 0). O

3.4.2 Circuit lifetimes

While all features in the barcode (and hence all cycles) are born at time ¢t = 0, their death
times generally differ. We can assign a death-time to any cycle v € $Z1(G,0), as the first

time v becomes null-homologous.
Definition 3.4.4. Given v € 8Z1(G,0), the death-time of v is
D(v) :=inf{t > 0| %:(0,),[v] =0} (3.81)

where we let D(v) := oo if there is no such t. The lifetime of v is the interval £(v) :=
[0,D(v)).

Remark 3.4.5. Let p be an undirected circuit in G and p’ the same circuit, traversed in the
opposite direction so that R(p’) = —R(p). Since ¢1(0,t), is linear, D(R(p)) = D(R(p')).
Also, since RR(p) does not depend on the starting vertex of p, neither does D(R(p)).
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This pipeline gives us a method for associating a lifetime to an undirected circuit in G
which is ‘geometric” in the sense that it does not depend on the starting vertex or direction.
The length of this lifetime gives us a ‘size’ to the circuit from the perspective of the filtration.
Since we use the shortest-path filtration, we interpret this size as the time it takes for the

flow to “fill in” the circuit.

Lemma 3.4.6. Given G = (V,E,w) € WDgr and two directed paths p1,p2 : a ~> b between
distinct vertices a,b € V, let p. denote the undirected circuit which traverses p; forwards and then

p2 in reverse. For i = 1,2, define
hi :=min {t > 0 | Jv; € V along p; such that d(a,v;) < tand d(v;, b) < t}. (3.82)
Then D(p.) < max(hy, hy).

Proof. Denote T := max(hy, h). First assume that there are at least 2 edges in each p;. Then,
by the definition of h;, there exists v; € V'\ {a,b} along each p; such that d(a,v;) < T and
d(v;,b) < T. Hence, there is a long square avib — av,b € 8C(G, T). By Lemma[3.4.1}

= 80y (av1b — avyb) = R(p:) (mod €B1(G,T)). (3.83)

Finally, if p1 contains one edge then /1y = len(p1) so d(a,b) < hy < T. The definition of
hy ensures there is v, € V along p, such that d(a,v2),d(v2,b) < T. Hence, there is a directed
triangle avob € 8C(G, T). By Lemma[3.4.1

= 83, (avsb) = R(pe) (mod $B;(G,T)) (3.84)

which concludes the proof. ]

Figure 3.5: A simple example of a weighted digraph for which the bound of Lemma
fails to be sharp.

Example 3.4.7. Note that the bound of Lemma is by no means sharp. Consider for
example Figure[3.5] Let p; be the outer red path (4, b, d), p, the lower red path (a, ¢, d) and
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pc the undirected circuit which traverse p; forward then p; in reverse. Then hy = hy = 10
but D(R(p.)) = 2.

To see this is the correct death time, first note that $ H; (G, t) can only change at integer
values. Att = 1, the only edges present in G! are the black ones drawn in Figure Hence,
C2(G, 1) is generated by the long square ebf — ecf, whose boundary is not 93(p).

However, at t = 2 the edges (a,b), (b,d), (a,c) and (c,d) also appear in G'. These
generate additional long squares and directed triangles. In particular abd — acd € C(G,2)
and

80y (abd — acd) = R(pc). (3.85)

3.4.3 Representatives

After computing persistent homology, it is common to compute homological cycles which
represent the intervals in the barcode. In general, these “representatives” are not unique
and may be quite complicated. In practice, one can often compute representatives with
integer (and even unit) coefficients [71] and these representatives are frequently used for

interpreting features (e.g. [9, 92]).

Definition 3.4.8. A persistence basis for ¢ 7—[1( ) is a choice of initial cycles {b; € €Z;(G,0)}
such that for each t > 0, the set {%:(0,¢),[b;]} \ {0} yields a basis for $H;(G, t). We call

elements of a persistence basis representatlves.
Lemma 3.4.9. Given any G € WDgr, a persistence basis for $H1(G) always exists.
Proof. This follows from the structure theorem (Theorem 3.2.39) and Corollary O

Obtaining a persistence basis B C $Z;(G, 0) is desirable because the constituent cycles
represent the features of the barcode, in the following sense. If the barcode is BSH1(G) =
{ L,..., I }} then there is an ordering on the cycles B = {b, ..., by} such that L(b;) = I;
and

@ P(I;) = 8H,(G). (3.86)
Moreover, the isomorphism ¢ : @ | P(I;) — $H;(G) is given by mapping
1 € I;(t) — 21(0,t), [b;] whenever t € I,. (3.87)

This mapping gives an isomorphism because {°/(0,t) [b;]} \ {0} is always a basis for

8H1(G, t). In this sense, the representatives in B generate $H1(G).
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Representatives live in €Z1(G,0) so they are just R-linear combinations of edges in
G. However, a priori, the coefficients of these linear combinations may be arbitrarily
complicated. The goal of this section is to show that grounded persistent homology always

admits a geometrically interpretable persistence basis, in the following sense.

Theorem 3.4.10. Given G € WDgr with circuit rank m there exist undirected circuits p1, ..., Pm

in G, such that {R(p1), ..., R(pm)} is a persistence basis for $H1(G).

a a
/. /.
bogoc bhe 2 ®c
° °
d d
G1 G2

Figure 3.6: Two weighted digraphs with the same underlying digraph but different persis-
tence bases, illustrating that not every circuit basis of ¢ H; (G, 0) yields a persistence basis

for g?‘h (G)

Example 3.4.11. First, we note that it does not suffice to choose any basis of undirected cir-
cuits for §Z; (G, 0). For example, consider the two weighted digraphs pictured in Figure
In both digraphs, ignoring choice of direction, there are three undirected simple circuits,

whose representatives we denote

9t :=ab + bc — ac, (3.88)
vy :=bc+cd — bd, (3.89)
vy :=ab+bd — cd — ac (3.90)

where ’y;- € 8Z1(G;,0). Note 7, = 9% — v%. The GRPPH of these two weighted digraphs is
BEH1(G1) =4{{]0,2),[0,1)}} and B3H1(G2)={{]0,2),[0,1)}}. (3.91)

A persistence basis for 811 (Gy) is {7}, v3} with £(71) = [0,1) and L(7}) = [0,2). Note
that {1, 7}} is not a persistence basis for $H;(G;) because L(7}) = [0,2).

However, £(73) = L(v3) = [0,2), hence {73, 73} does not form a persistence basis for
8M1(Gy). Att = 2, we see ¢1(0,2),73 = 0 and hence ¢1(0,2),y3 = ¢1(0,2),73. Instead, a
persistence basis for $H1(G,) is {73,713}

This illustrates that an arbitrary choice of undirected circuit basis for € H; (G,0) may not

yield a persistence basis of ¢H1(G). Moreover, a correct choice of basis does not depend
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only on U (G); we must incorporate information about how cycles in ¢Z; (G, 0) die, in order

to choose a persistence basis.

To begin tackling Theorem 3.4.10} since G is finite, we note there are finitely many critical
values t; = 0, ..., t,, where the chain complex $C,(G, t) changes. Therefore, it suffices to

study the following finite persistent chain complex instead.

- C(Gh) —— C(GUGH) —— Co(GUGH)--- 8H1(G, t1)
fultyh),
- C(GR?) —— C1(GUGR) —— Co(GUGHh) - -- 8H1(G, tp)
fultats),
S1(tm—1tm),
- C(GMm) —— C(GUG!") —— Co(GUGH) - -- 8H1(G, ty)

(3.92)

To the right of the chain complex we show the induced maps on homology %:(t;_1, ), .

By Lemma these maps on homology are always surjective. Our strategy is to find
undirected circuit bases for the kernel of each of these maps; Lemma achieves this
and is the key result. We then collect these elements into a basis for ker?:(0, t,,),. Together,
these elements form representatives for the homology classes with finite lifetime. To obtain
representatives for the infinite feature, we extend this to a basis for all of $H;(G,0) and

show that we obtain a persistence basis.

Lemma 3.4.12. Foreachi = 2,...,m, there is a basis {b1, ..., by} of ker$u(t; 1, ti), such that
bj =410, ti_1) [R(pi j)] for some undirected circuit p;; in G.

Proof. For notational convenience, we define r := t;_; and s := t;. When the filtration
increases from t = r to t = s, some number of edges are added to G’ which yield new
generators for both C;(G U G') and C,(G"). Our approach is to decompose 4i(r,s), into
a sequence of chain maps. In the first, all the new generators of C;(G U C*) are added,
along with sufficient new generators in C;(G*) to make the new edges homologous to a
sum of edges already present in C1(G U G"). Therefore, on homology this first map is an
isomorphism. We then add the remaining generators of C,(G®) one at a time in order to
find a basis for ker®i(r,s) . Since we are only interested in degree 1 homology, it suffices to

restrict our attention to degrees 0,1 and 2.
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Denote the set of new edges Eep := E(GUG*) \ E(GUG"). Givenan edge e = (a,b) €
Eyew, there is some directed path p : a ~» b in G, of length at most s. Moreover, this path
must have at least one vertex distinct from the endpoints of ¢, otherwise e € G. Choose
arbitrary such v, € V(p). Then (a,v,,b) is a directed triangle in G° so w, := av,b is a new

generator of C»(G®). Repeating this for all new edges we obtain a set of generators
Upew := {we | ec Enew} (3.93)

which were not present in C;(G") and are linearly independent. Define Wy := (Uye) and

let Qp denote the degree 1 homology of the chain complex
8 8
C(GT) B Wy —25 CL(GUG) —2 Co(GUG?) (3.94)
which is a subcomplex of $C4 (G, s).

Claim 3.4.12.1. The inclusion chain map

Co(G7) —— C(GUG) —— Co(GUG) $H, (G, 7)
iﬁig l‘i? lqg q”lg (3.95)
GG B Wy —— CI(GUG?) —— Co(GUG?) Qo

induces an isomorphism on degree 1 homology, q° : $H1(G,r) — Qo.

Proof of Claim. We define a chain map cy in the opposite direction and a homotopy P :
C1(GUG®) — Co(G") ® Wy such that ¢; 0 g9 = id while g9 0 ¢; — id = €9, o P. Hence, on
degree 1 homology, c4 induces an inverse to 4°. The chain map in degrees k # 1 is given by

v ifvedCi(G,r),
ck(v) '_{ HGr)

= ) (3.96)
0 otherwise,

and c; is defined on the basis of C; (G U G°) by

av(ap) + V(apb  if (a,0) € Enew,

) (3.97)
ab otherwise.

ci(ab) := {
The homotopy is given on the basis of C;(G U G°) by
P(ab) := { V@b) if (a,b) < Enew, (3.98)
0 otherwise.

where Wap) € Unew- A standard check of the two cases verifies that c4 is a chain map and

the relations ¢; 0 g9 = id and ¢ o ¢; — id = 89, o P hold.
Intuitively, cx collapses a new edge e = (a,b) € Epew onto the sum of edges av, + veb in
G U G". The homotopy P shows the two elements are homologous thanks to the presence of

the directed triangle w, € Ujey. U of Claim.
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By Proposition (3.2.33| there exists u1, ..., u, € C2(G®) such that
CZ(GS> = Cz(Gr)EBWOEB<u1,...,un> (3.99)

where each u; is amongst the generators identified in Proposition [3.2.33| Define W; :=

Wo @ (uy, ..., u;). This gives a sequence of inclusion chain maps

Cz(Gr) @Wi—l E— C1(GUGS) E— Co(GUGS) Qi—l
lqé loﬂi l% lq" (3.100)
Cz(Gr) eW, —— Cl(GUGS) — Co(GUGS) Q;

where each row is a subcomplex of $C, (G, s). We denote the degree 1 homology groups by
Q;, with Q, := ¢Hy(G, S), and the induced homology maps by ¢' : Q; 1 — Q;. Together
these chain maps decompose ®.(r, s), and hence the ¢ decompose i(r, s),, as show in the

following diagram.

Co(G") ——— C1(GUG") —— Co(GUG") $Hy(G,r)
Q
=
GG Wy —— C1(GUG®) —— C(GUG®) Qo
g
Co(GN®&W; —— C1(GUGS) —— Co(GUG®) Q1
0/2 \\\ N g,(r,s)*
qn—l \\\\
C2(G") D Wy_1 —— C1(GUG) —— Co(GUG) Qn_i
T
Co(G¥) ——— C1(GUG®) —— Co(GUG®) $Hy(G,s)
(3.101)

Note that dim Q; drops by at most 1 at each step, since dim W;;; = dim W; + 1. Let |

denote the subset of indices where the dimension drops, i.e.
J:={ie N|dimQ; =dimQ; ; —1}. (3.102)

Then for each i € J, the map on homology ¢’ has nullity 1 and a basis for ker g’ is {[b;]}
where b; := $0u; € C1(G U G®).
Note that [b;] € Qpand (g~ o---0g')[h;] = [b;] in Q;_;. Since each [b;] for i € | dies in

a different Q;, they must be linearly independent in Qg. Moreover, the nullity of " o - - - 0 g1
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is #] so {[b;] | i € J} gives a basis for ker(g" o - -- o g). Hence, {(4°) [b;] | i € ]} forms a
basis for ker%:(r, s),. It now remains to prove that each (¢°) ! [b;] has an undirected circuit

representative.

Claim 3.4.12.2. For each i € |, there exists an undirected circuit p; in G such that
510,7), [R(pi)] = (4°) ' [bi].

Proof of Claim. First we recall that b; = $d,u; where u; is either a double edge, a directed
triangle or a long square in G°. Some of the boundary edges may be edges in G but at least
one boundary edge is new in G*. By the previous claim, a representative for (q°) ~1[b;] is
c1(by).

We can write b; = R(p) where p is the undirected circuit which traces the outline of the
generator u;. Now c; maps edges in G” to themselves and edges not in G” to a sum of two
edges in G” with the same boundary. Therefore, no matter which type of generator u; is, we
can write ¢ (b;) = 9i(p) for some undirected circuit p through G”. Using Lemma for
each edge T € E(p) in this circuit there is a directed path T; through G of length at most
r such that T = R(T;) (mod €B1(G,r)). Concatenating the T; we obtain an undirected
circuit p; through G such that R(p) = R(p;) (mod $B1(G,1)). O of Claim.

This claim concludes the proof. O

Remark 3.4.13. Note that the undirected circuits p; ; may not be simple. We conjecture that it

should be possible to choose every p; ; to be simple but do not, as yet, have a proof.
v v V3 41 U3
o—0——0 7.%.
1
Hl%.%lﬁ >‘.*>.

04205206

G G3

Figure 3.7: An example weighted digraph with a single feature which dies at t = 3. To
the right we show G>, colouring the new edges in G® in blue and highlighting the new
generators in C,(G?®) via blue and green polygons.

Example 3.4.14. To illustrate how the generators are added in the proof of Lemma 3.4.12
consider Figure First note that there is a single feature with representative
v := (av1 4+ v1v2 + VU3 + v3b) — (avy + V4U5 + V5VE + VD) (3.103)
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which dies at t = 3. Further note that new edges appear at integer values in the shortest-path
filtration and B*H1(G) = {{ [0,3) }}.

The new edges which appear at t = 3 are highlighted in blue. The new generators of
C2(G?®) are the four blue directed triangles and the central green long square. The blue
directed triangles form the elements of U, and the central long square is the sole remaining
generator u1. So a basis for ker g! is {[$9,11]}.

To find a basis for ker$:(2,3), we must compute c¢1(892u1). Firstly 0,11 = avy + v2b —
vsb — avs. Then the chain map c¢; maps each of the blue edges to a sum of edges in G2. In

fact 1 (¥9p11) = 7y which is the representative of the sole simple undirected circuit in G.

The following Lemma follows by a standard linear algebra argument, since each

Si(ti_1,t;), is surjective.

Lemma 3.4.15. Given B; C $H;(G,0) such that %1(0,t;),(B;) is a basis for ker®i(t;,ti11),, the

union U ' B; is a basis for ker1(0, t,,)

%

Certainly a basis of undirected circuits for £ H; (G, 0) exists (by Corollary [3.4.3). There-
fore, we can always extend linearly independent undirected circuits to a basis of such

circuits for $Hy (G, 0).

Lemma 3.4.16. Given undirected circuits p1, ..., px such that [R(p1)], ..., [R(px)] are linearly
independent in $Hy (G, 0), there exists undirected circuits py,1, . .., pn such that {[R(p;)]}N, is
a basis for $H1 (G, 0).

We now have all the ingredients we need to prove the main theorem.

Proof of Theorem|3.4.10, Using Lemma [3.4.12| and Lemma [3.4.15, we obtain undirected
circuits py,...,p; such that {R(p1),...,R(p;)} forms a basis for ker®:(0,t,),. Using

Lemma [3.4.16| we extend this to a basis {R(p1),...,R(p1), R(pis1), ..., R(pN)} for
8H1(G,0). This is a persistence basis for €, (G). O

Remark 3.4.17. While we are guaranteed a basis of undirected circuits, this choice of basis is
by no means unique. As a simple example, consider again Example and Figure
Two possible persistence bases for $H1(Gy) are {73,793} and {73, v%}. The non-uniqueness
of the basis arises in the proof of Lemma Namely, there is a choice of v, and w, for

each e € E;z, and a choice of order on the remaining u;.
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Figure 3.8: Illustrations of the disjoint union and wedge decomposition considered in

Section

3.4.4 Decomposition

In order to more easily compute GRPPH, it is desirable to understand how decompositions
of the input weighted digraphs give rise to decompositions of the descriptor. The simplest
such decomposition is a disjoint union; as one might expect, the descriptor decomposes as

a direct sum.

Theorem 3.4.18. Suppose G € WDgr decomposes as a disjoint union, G = Gy U Gy, then
§H1(G) = SH1(Gr) @ EH1(Gr). (3.104)
Proof. Note that for each t > 0,
G'=GlUG, and GUG' = (GIUGHU(GUG). (3.105)

For each degree k > 0, if H = Hy Ll H, then Cy(H) = C¢(H;) @ Ci(Ha). Therefore, for each
k > 0,8Ck(G,t) splits as direct sum $Cy (G, t) ® $Cy(Gy, t). The boundary operator respects
this split, mapping $Ci(G;, t) — 8Cy_1(Gj, t) and the maps %:(s, t),, also respect this split,
mapping $C(G;,s) — $C(G;, t). Taking homology in degree 1 maintains this direct sum

decomposition. O

Definition 3.4.19. (a) Given a weighted digraph G = (V, E, w), a wedge vertex is a vertex

0 € V such that there is a decomposition
V=ruWw, (3.106)

with Vi NV, = {6} such that E C (V4 x V1) U (Va x V3).

(b) Given a wedge vertex, 0 as above the corresponding wedge decomposition of G is the
pair (Gy, G2) where G; and G; are the induced subgraphs on V; and V; respectively.
We write G = Gy V4 Go.
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(c) Given a wedge decomposition as above, a pair of vertices a,b € V are called separated

if they do not lie in a common V;.

Remark 3.4.20. Given a wedge decomposition G = Gy Vs Gy note that G = G U Go.

In the case of a wedge decomposition G = G; V3 Gy, since each simple circuit is con-
tained either entirely in G; or entirely in G;, one expects that GRPPH also decomposes. The
proof is more complicated because, in general, G' # G{ Vs GE, since there may be paths
between separated vertices, through 9. However, using a chain homotopy, we can show

that these edges do not affect the homology.

Theorem 3.4.21. For a weighted digraph G = (V, E, w) and a wedge decomposition G = G1 V4 Gy,
SH1(G) = EH1(G1) ®EH1(G2). (3.107)

Proof. There are natural inclusion digraph maps j; : G; — G which are also contractions.

Less obviously, there are contraction digraph maps f; : G — G;, where

v ifvey,

filv) == { (3.108)

0 otherwise.

Since these are all morphisms in ContWDgr, we obtain induced morphisms ¢j;,, and & f;,,.

We combine these morphisms to get two morphisms as follows

] :8C(G1) @3C(Ga) = 2C(G), J(71,72) := &jugm1 + Sy 12 (3.109)
F:8C(G) = 8C(G1) ®@5C(Ga), F(7) = Cfryr, S fayy)- (3.110)

Composing with homology in degree 1, denote J. := [R, Hi]lo Jand F; := [R, Hi]o F. In

the rest of the proof, we show that |, and F, are mutually inverse.

Claim 3.4.21.1. Indegree 1, F o | = id is the identity map on $C(G1) ®3C(Gy).

Proof of Claim. First note that, f; o j; is the identity digraph map id; : G; = G;. However,

f3—i o ji is the constant digraph map c¢; : G; — G3_; which maps all of G; to the vertex 3.
Hence, in matrix form, we can write F o | as
<.

FoJ= <;il# ;‘;;) , (3.111)

Since the constant maps c; send all vertices to a single vertex, $c;; maps every edge to

0. Hence, in degree 1, 8c;y is the zero map. Whereas, in degree 1, ¢id;, is the identity

map on 8C;1(G;, t) at each t. Therefore, on degree 1, F o | is the identity map on éC(G;) @

8C(Gp). O of Claim.
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Composing with homology in degree 1, we see F; o J, = id is the identity map on
H1(G1) @ 3H1(Go).

Claim 3.4.21.2. In degree 1, ] o F, = id is the identity map on $H1(G).

Proof of Claim. First, we compute J o F in degree 1. Recall that $C; (G, t) is freely generated
by the edges in G U G'. Given an edge e = (a,b) € E(G U G'), if the vertices 4,b lie in a
common V; then (] o F)(e) = e. However, if a, b are separated then (] o F)(e) = a0 + 6b. So
we see, at the level of chains, | o F does not compose to the identity.

Ife = (a,b) € E(GU G') but the endpoints are separated then we must have e € E(G').
Hence, there is a path p : 2 ~~ b in G of length at most t. Moreover, this path must traverse
the vertex 9. Hence, p decomposes into two paths a ~» ¢ and 9 ~~ b, each of length at most
t. Therefore, the directed triangle adb is present in G! and is a generator of $C»(G, t). Note

that the boundary of adb is
d2(adb) = ad + 0b — (ab) = (Jo F)(e) —e. (3.112)
This discussion show that we can define a map P : €C1(G, t) — $C2(G, t) by

atb if a, b are separated,

P(ab) := { (3.113)

0 otherwise.

Then, J o F — id = 9P as maps on $Cy(G). Composing with homology, we see |, o F, = id
is the identity on $H1(G). O of Claim.

Since ], and F, are mutually inverse, they induce isomorphisms of persistent vector

spaces. O

3.5 Stability analysis of GrPPH

It is important that GRPPH is stable with respect to a reasonable noise model. Typically, this
is shown by proving that ¢#; is Lipschitz with respect to reasonable metrics on WDgr and
the bottleneck distance on PersVec. A common choice of metric on graphs is the graph edit
distance. However, assigning costs to operations such as edge deletion or edge subdivision
is somewhat arbitrary.

Therefore, in this section, we consider operations O] : Obj(WDgr) — Obj(WDgr) for
editing weighted digraphs, where T is the type of operation 6 is the parameter of the

operation. For each type T, we derive bounds of the form
dg(B8H1(G), B¥H1(0]G)) < f(G, ) (3.114)
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Figure 3.9: Illustration of a number of operations for altering a weighted digraph. For
formal definitions, see the corresponding subsections of Section 3.5 (a) The initial weighted
digraph G. (b) Weight perturbation OZJ/G. (c) Edge subdivision O3G where the subdivision
is S : {(vo,vs5), (vs,v4)} — A% where S((vp,vs)) = (4/10,3/10,3/10) and S((vs,v4)) =
(1/2,1/2,0). (d) Edge collapse OSG where ¢ = (vp,v5). (e) Edge deletion OYG where
e = (vg, vs). (f) Vertex deletion O%G where v = vy.

and then say GRPPH is stable with respect to operations of type T.

Often the operations only alter the graph at a subset of vertices or edges. We say that
GRPPH is locally stable to the operation if we obtain a bound as in (3.114) and f depends
only on the neighbourhood graph around the altered vertices/edges and 0. If we can show
that no such local f exists (for general G and 0) then we say GRPPH is locally unstable. If,
in general, f depends on all of G then we say GRPPH is non-locally stable to the operation.
Occasionally, some operations do not change the descriptor and we can find an isomorphism
811 (G) = 8H1(O]G).

Figure 3.9illustrates all of the operations we consider, the precise definitions of which
are provided in the relevant subsection. Table [3.1|summaries our findings. It is important
to emphasise that other operations are possible. In particular, there is often ample choice
in how to assign weights to the altered digraph. We choose to focus on the operations
presented herein because they are most relevant to the primary application domain of

interest: blood flow through vascular networks.
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Operaton | Locly Noloaly Lol 1o
Weight perturbation | Thm[3.5.11
Edge subdivision Thm3.5.16
Edge collapse Thm [3.5.25¢ Thm|3.5.28
Edge deletion Cor.3.5.34" Thm{3.5.31] Thm3.5.35 Thm|3.5.38
Vertex deletion Thm|3.5.43] Cor.3.5.42] Cor.|3.5.41

Table 3.1: Stability and instability theorems for €#;, under various digraph operations. 4
Denotes a theorem which only applies to a subset of such operations.

3.5.1 Main stability theorem

In order to prove stability, we will have to build interleaving chain maps. We construct

these via maps of the underlying vertex sets.

Definition 3.5.1. For § > 0, a J-shifting vertex map, between two weighted digraphs G and
H,is a vertex map f : V(G) — V(H) such that f induces digraph maps G! — H'*® and
GUG! - HUH! forall t > 0.

Remark 3.5.2. By Lemma [3.3.15} a 0-shifting vertex map is precisely a contraction digraph

map.
Lemma 3.5.3. Any -shifting vertex map f : V(G) — V(H) induces a morphism
S(f,6), : §C(G) — 8C(H)[5). (3.115)
Given another e-shifting vertex map g : V(H) — V(K),
S(gof,e+0),=385(8,€)s0S(f,0)s (3.116)
Moreover, if f is 0-shifting then S(f,0), = Sf,.

Proof. Since f is é-shifting, it induces the necessary digraph maps so that Lemma [3.3.9
yields a chain map J(f,t < t+0) : $Co(G,t) — 8Co(H,t+ J) for any t > 0. Given s < t,
the chain map ®i(s, t),, is induced, through Lemma by the identity vertex map. Hence,

by equation (3.64), we see
J(ft <t+6)o8us,t)y=](f, s <t+0)=%(s+d,t+06),0](f,s<s+96). (3.117)

Therefore, we can combine the chain maps J(f,t < t+ ¢) into the required morphism
S(£,6), :5C(G) — SC(H)d).
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Equation (3.116)) follows immediately from equation (3.64). Finally, when é = 0, we note
that in fact f € WDgr;, and the construction of S(f,0),, is identical to the construction of

§f,, as done in Theorem 3.3.13 O

Recall that T (8C(G),€) ateach t > 0 is the chain map ®(t, t + €), : 8C(G,t) = 8C(G, t +
€). Shifting this by §, T (8C(G),€)[d] is given at t > 0 by the chain map $i(t + 5, + 6 +€),.

Lemma 3.5.4. A §-shifting vertex map is a 6'-shifting vertex map for any &' > 6 and
S(f,6")y=TEC(H), 8" —08)[6] 0o S(f,0), (3.118)

Proof. Ateach t > 0, each of the morphisms in equation are induced by Lemma 3.3.9}
Namely, S(f,d'), is given by J(f,t < t+4'), T(SC(H),d' — 0)[9] is given by J(idy ), t +
o <t+¢')and S(f,0),is given by J(f,t < t+0). Since idy ) o f = f as vertex maps and
t<t+6<t+¢, equation follows immediately from equation (3.64). O

Definition 3.5.5. Fix weighted digraphs G, H and two vertex maps f : V(G) — V(H) and
g:V(H) = V(G).

(a) Denote

Viin(8, f) = {v € V(G) | g(f(0)) = v}, Vaigr(8, f) := V(G) \ Vsir (8, ), (3.119)
Efir(8, f) = {v € E(G) | g(f(e)) =€}, Eairr(g f):=E

Also, denote the following unweighted digraph Ggif¢(g, f) := (V(G), Eaifr (8, f))-
(b) Ifid : Guifr(8, f) — G¥ and go f : Guifp(g, f) — G? are both digraph maps and
furthermore are path homotopic relative Vy;, (g, f) then we say the ordered pair (g, f)
has grounded codistortion < 4.
(c) If f and g are both J-shifting vertex maps and the pairs (g, f) and (f, g) both have

grounded codistortion < é then we say they form a j-grounded interleaving.

Remark 3.5.6. (a) Fix 8’ > 6. Since t — G' is an increasing filtration, if a pair of ver-
tex maps (g, f) has grounded codistortion < J, then they certainly have grounded
codistortion < ¢'.

(b) If go f = id as a vertex map then (g, f) has grounded codistortion < 0.
(c) A 0-grounded interleaving is precisely a mutually inverse pair of isomorphisms of the

underling digraphs which also induce isometries of the shortest-path quasimetrics.
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Remark 3.5.7. For the interested reader, this definition is strongly inspired by the Kalton-
Ostrovskii characterisation of network distance, which first appeared for directed networks
in [31]. In particular, this characterisation was subsequently used to prove the stability of

persistent path homology in [32, Theorem 4.1].

Theorem 3.5.8 (Main Stability Theorem). Given two weighted digraphs G, H, if there is a
d-grounded interleaving between them then dg(BSH1(G), BEH1(H)) < 6.

Proof. Denote the é-grounded interleaving by f : V(G) — V(H) and g : V(H) — V(G).
Since the vertex maps are J-shifting they induce chain maps S(f,¢), and S(g,9),. In the
following we will show they induce a d-interleaving between $71(G) and ¢H;(H). The
result then follows by the isometry theorem.

Since (g, f) has grounded codistortion < § there is a homotopy F : Ggiff(g, f) — G*
between id and g o f, relative Vy;c(g, f). By Theorem this induces a chain homotopy
L : Co(Guiff(8 f)) = Cas1(G*) between idy and (g o f),. Observe that

C1(G) = R(Eaiff(&, f)) © R(Efix(8, f)), (3.121)
C1(Gaifr(8, f)) = R(Eaifr (8 f)), (3.122)
Co(Gairr(8,f)) = Co(G) = R(Vuifr (8, f)) © R(Vrix (8, f))- (3.123)

Hence, from the chain homotopy, we obtain the following diagram where the top row is
8Cq(G,0) and the bottom row is €C,. (G, 26). To ease notation, we drop the ring R and we

use blue to denote the domain of the L; maps.

0 (Eair (8, ) @ (Efin(8, ) -2 (Vairr (8 F)) @ (Viin(g, f))
idy (8°of)s
I
C2(G%) \)Cl(GUGm) Co(GUG?)

L#Oa

(3.124)
Now take a degree-1 cycle in the top row, i.e. some chain ¢ € C;(G) such that dc = 0.
Thanks to equation (3.121), we can decompose ¢ = ¢ + ¢z where ¢1 € R(Egif£(g, f)) and

c2 € R{Efix(g, f))-
Since c; is supported only on edges of Gyiff(g, f), the chain homotopy equation for L
yields
(g0 f)ylcr) —ids(cr) = oL1(e1) + Lod(cy). (3.125)
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Since c; is supported only on edges in Ef;,(g, f), one can easily verify that idy(c2) =
(g0 f)y(c2). Moreover, dc; is supported only on vertices in Vi, (g, f) and the homotopy
is relative Vyx(g, f) so Lemma ensures that Lo(dcz) = 0. Piecing these together we

obtain

(g0 flu(c) —idu(c) = (g0 fylcr) —ids(ca)

)

L1 Cl) + Loa(Cl + Cz) (3.126)
)
)

Note that (g o f), is the degree-1 component of the chain map S(g,6), o S(f,9),, at t=0.
Similarly, id4 is the degree-1 component of the chain map ¥1(0, 26),. Therefore, on the level of
homology, S(g,6), o S(f,8), = 1(0,25),. Moreover, Proposition[3.4.2]implies that ¥1(0, t),
is a surjection for all t > 0 from which it follows that S(g,d), o S(f,9), = ®i(t,t +26), for
all t > 0. The same argument holds with the opposite composition and hence we obtain a

d-interleaving as required. O

Remark 3.5.9. Given d-shifting vertex maps f and g, we obtain chain maps S(f,¢), and
S5(g,0)4. Rather than showing the pairs have grounded codistortion < 4, it is possible to
show they form an interleaving on homology by instead considering their action on a basis
of undirected circuits for $Z; (G, 0). One must show that for any undirected circuit c, there

is some b € C»(G?) such that
(S(8,0)4 0 S(f,8)y)(R(c)) —51(0,20),(R(c)) = ob. (3.127)

This approach was taken in a previous version of this manuscript, available on the arXiv.
Note that if (g, f) has grounded codistortion < § then one can take b = L;(9R(c)), where L,

is the degree-1 component of the induced chain homotopy between g o f and id.

3.5.2 Weight perturbation

The classical stability theorem of persistent homology (first shown in [33]) is that for two
continuous tame functions f, ¢ : X — R of a triangulable topological space X, denoting the

persistence barcode of their sub-level set filtration by B¢ and B, respectively,

a(By, By) < |f = gl (3.128)
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In our setting, the closest analogy to changing the function is changing the weighting, as
well as the corresponding effect that has on the shortest-path quasimetric. We find that
GRPPH is stable to perturbations of the edge weights. Moreover, the stability is local since
it depends only on the weights of the perturbed edges.

Definition 3.5.10. Given a weighted digraph G = (V,E,w) and a new weight function
w' : E(G) — Rso, we define OY G := (V,E, w').

Theorem 3.5.11. Given a weighted digraph G = (V,E, w) € WDgr and a new weighting function
w' : E(G) = Ry, let d and d' denote the shortest-path quasimetric on G and O, G respectively.
Then
dp (BSH1(G), BSH1(04,G)) < max|d(i,f) —d'(i,j)| < ) [w(e) —w'(e)|. (3129
ij€

ecE
Proof. For brevity, denote G’ := Of ;G and 6 := max;jev |d(i,j) — d'(i, j)|. First note that for
any (i,j) and any path p € P(i — j)
T ale) - D@ < ¥ fwoe) w0 < Tlwle) —w'(e) = Wi (330)
ecp ecp ecp ecE
So the cost of p differs by at most W;. Minimising over P (i — j), we see |d(i,j) —d'(i,j)| <
Wi.

Since V(G) = V(G’), there are identity vertex maps i; : V(G) — V(G') and i, :
V(G') — V(G). Now iy defines a digraph map G — G’ since G = G’ as digraphs. Moreover,
given (i,j) € E(G'), then d(i,j) < tsod'(i,j) < t+ 6 and hence (i,]) € E((G’)H&). This
shows i defines a digraph map G' — (G’ )t+5 for all t+ > 0. Therefore, i; (and likewise i) is
a -shifting vertex map. Moreover, since composing i; and i, in either ordered yields the
identity vertex map, these morphisms certainly constitute a J-grounded interleaving. The

first inequality then follows by the main stability theorem (Theorem 3.5.8). O

Remark 3.5.12. Continuing the analogy to the classical stability theorem, note that the sharper
bound obtained by Theorem 3.5.11|is ||d — d'|| while the weaker bound is ||w — w'|;.

3.5.3 Edge subdivision

Weighted digraphs arising in applications are subject not only to numerical noise (i.e. weight
perturbation) but also structural noise. For the remainder of this section, we investigate the
effects of various structural perturbations.

First, we consider edge subdivision, in which one or more parent edge is split into

multiple child edges with the weight distributed amongst them. Since we are interpreting
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edge weights as corresponding to a length, it is natural to require that the sum of the
weights of the child edges equals the weight of the parent edge. In order to formalise how
the weight of an edge is subdivided amongst its children, we use maps into the standard

d-simplex, where d is the number of child edges.

Definition 3.5.13. Given a weighted digraph G = (V, E, w), a subdivision S of G is a choice
of edges F C E, along with amap S : F — Uyep int(A?) from edges in F to the formal

disjoint union of the interiors of each standard d-simplices.

Intuitively, a subdivision gives us a recipe for subdividing the edges of F where S(e);

describes the fraction of w(e) which the i child edge of e should receive.
Notation 3.5.14. Given a subdivision S : F — U int(A%),

(a) Let d(e) denote the simplex dimension such that S(e) € int(A%)). Note S(e) is a
(d(e) + 1)-tuple whose components we denote S(e) = (S(e)o, - - - S(€)4(e))-
(b) Let CS(e) denote the (d(e) + 1)-tuple of cumulative sums, i.e. CS(e); := §:0 S(e);.

Definition 3.5.15. Given a subdivision S : F — Lijep int(A?), define

Vs := Vo U Vyew :=V U I_I {ve,lz ceey Ue,d(e)} (3.131)
ecF
Es := Egiq U Enew = (E \ F) L |_| {TL’,O/ e '/Te,d(e)} (3.132)
ecF
ws(7) = w(T) if T € Eyg (3.133)
S(e)i-w(e) ift=r1,

where T,; = (i, V¢i+1) and we denote v, := st(e) and v, 4(¢)41 := fn(e). We then define
(DSSG = (Vs, Es,ﬂ)s).

We show that the descriptor is stable to arbitrary subdivisions of arbitrary subsets of
edges. Moreover, this stability is local since the bound depends only on the weight of

subdivided edges.

Theorem 3.5.16. Given a weighted digraph G = (V,E,w) € WDgr and any subdivision S : F —
Ugen int(A7),
dg(BSH1(G), BSH1(0%G)) < maxw(e). (3.134)

ecF
Proof. To begin, denote § := max.cr w(G)(e). We will construct a J-grounded interleaving

and then employ the main stability theorem (Theorem 3.5.8). First, we set up some notation.
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Denote Gs := O(G = (V,14 U Viiew, Eotd U Enew, ws). We let d and ds denote the shortest-path

quasimetric on G and Ggs respectively. Define the following vertex maps

f:V(G) - V(Gs) v—u; (3.135)

v ifv e Vg,
§:V(Gs) = V(G) v sstle) ifvy; € Vyew and CS(e); < 1/2, (3.136)
fn(e) ifv,; € Vyew and CS(e); > 1/2,

which are visualized in Figure [3.10}

b

a
G: o
(N}
Gs : o () ®
2

[ )
() [
a Ue,l Ue, UE,3 b

Figure 3.10: Visualising the vertex maps f and g under the subdivision S(e) =
(1/4,1/4,1/4,1/4) wheree = (a,b).

Claim 3.5.16.1. For verticesi,j € V4, thereis a path i ~ jin G of length t if and only if there is

one in Gg.

Proof of Claim. This is clear to see, since the weight of an edge is shared amongst its child

edges in the subdivision. U of Claim.
Claim 3.5.16.2. Forany t > 0, f defines a digraph map G' — G5 and G U G' — Gs U GE™.

Proof of Claim. Since f is just the inclusion vertex map, Claim 3.5.16.1]shows that f defines
a digraph map G' — G and so certainly G! — G5. For the second map, pick an edge
e € Eand note f(e) = e. Ife & F then itis undivided and e € E(Gg). Otherwise, e € F and
e ¢ E(Gs), however we note ds(st(e), fn(e)) < w(e) < 4. Therefore, for any t > 0, e € GE™
and hence f defines a digraph map G U G! — Gs U GE™. U of Claim.

Claim 3.5.16.3. For any t > 0, g defines a digraph map G5 — G'*° and Gs U G5 — G U G'*.

Proof of Claim. Given an edge T = (a,b) € E(GY}) there is a path p : a ~~ b in Gg of length
at most . We may assume that g(a) # g(b), else there is nothing to check for this edge. If
a = v,; is a new vertex from subdividing an edge e € F then g(a) is either st(e) or fn(e).
Either by adding or removing relevant child edges of e to/from the start of p, we obtain a

new path g(a) ~» b in Gg. By construction, this will add at most w(e) /2 < §/2 to the length
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of p. Likewise, we can alter the end of p to obtain a path g(a) ~» g(b) in Gs of length at
most ¢ + 8. By Claim [3.5.16.1) we see g(T) € E(G'*?).

Finally, given an edge T € Ggs there are two cases. If T € E,j; then the edge is preserved
under g. Else T = 7,; € E;ew in which case either 7 is collapsed to one of the endpoints
of e, or it is mapped to e. Hence, ¢ is digraph map Gs — G and the final requirement
follows. U of Claim.

These claims show that f and g are J-shifting vertex maps. Note that, as vertex maps,
go f = idy(g)- Therefore, (g, f) certainly has grounded codistortion < J. Composing vertex
maps in the opposite order, we do not obtain the identity. Note that Egif¢(f,§) = Enew and
Vaifr(f,8) = View-

For each divided edge e = (a,b) € F, we construct a homotopy F, : Ch(e) I —
Gs? where Ch(e) is the induced subgraph of Gs on the child edges of e, namely
{70, Te1s - -+ Tea(e) }- It is a two-step homotopys; in the first step all v, ; with CS(e); < 1/2
are mapped to a and the second step the remaining v, ; are mapped to b. The homotopy for

each edge is shown schematically in Figure[3.11]

2 a—a—b—>b—b

[ 7 11

a—a—02-03—p Chle)DI
a

L]

— U1 - U2 - Ue3 — b

(e}

—~
—_
o—0—0

° ° o——eo——e Chle)
a Vel Ue2 Ue3 b

Figure 3.11: Schematic for the homotopy between f o ¢ (on the top row) and id (on the
bottom row). The label on each node in Ch(e) [J I is its image under the homotopy F..

This is indeed a digraph map F, : Ch(e) 1 I — G because the original edge e had
weight < § and all edges point along the path (a,v,1,...,b). Note that the top of the
diagram is the map f o g and the bottom is the map id, when restricted to Ch(e). Moreover,
for each edge e € F, F, fixes the vertices st(e), fn(e). Also note that Ggifr(f, &) = UeerCh(e).
Hence, the F, can be combined into a homotopy F : Gyirf(f,g) LT — GZ by the formula

Fe(vrj) ifo= Ue,i € View,

] (3.137)
v otherwise.

F(v,j) := {

This is a homotopy between f o ¢ and id on all of Gg;f¢(f, g) and is relative Vg = Vyix(f, g)-
Hence, we see that (f, g) has grounded codistortion < §, concluding the proof. O
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Remark 3.5.17. Since subdividing an edge does not affect circuit rank of ¢/ (G), the number
of features does not change upon subdivision (by Corollary 3.4.3).

Definition 3.5.18. Fix a weighted digraph G = (V, E,w) € WDgr.

(a) The medial subdivision, S,,.4(G) : E(G) — A?,is givenby S(e) = (1/2,1/2) for every
e € E(G).

(b) The n'" iterated medial subdivision of G, IMS,(G), is defined iteratively as follows.
Firstly, IMSy(G) := G then for each 1, we define IMS, (G) := O3IMS,,_1(G) where
S = Sied(IMS,—1(G)).

Corollary 3.5.19. Given a weighted digraph G € WDgr, the sequence of barcodes
(B8H1(IMS,,(G)))nen (3.138)
converges under the bottleneck distance.

Proof. We first note that

1
= — . 3.139
eeE(%\l/IaS):(G)) w(e) 2" ereréa(lé) w(e) ( )

Hence, Theorem (3.5.16| implies that the sequence of barcodes is Cauchy. The space of
persistence diagrams with the bottleneck distance is complete [29, Theorem B] and hence

the sequence of barcodes converges. O

For an example, we refer the reader forward to Proposition While we have
bottleneck stability, we do not have p-Wasserstein stability for any p € [1,00).

Proposition 3.5.20. Fix 1 < p < co. There exists no function f : WDgr — R such that for any
weighted digraph G = (V,E,w) € WDgr and any subdivision S : F — int(A?) we have

dw, (BSH1(03G), BSH1(G)) < f(NG(F; G)). (3.140)

Proof. Suppose such f exists and consider the following sequence of digraphs in which

each edge has unit weight.

o————0 o————0 o———0
[ ] [ ] o—F— 0
\ .X*n\\
*—0—0—0 *—0—0—0 *—0—0—0
Ogp 01 02 U3 Vo 01 U2 U3 OUgp 01 02 03
G1 GZ G3

Figure 3.12: A sequence of weighted digraphs G, in which all edges have unit weight and
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Intuitively, G, is constructed by gluing n disjoint copies of G; along the path (vg, v1,v2, v3).

Note that each copy of G; introduces a feature which dies at t = 3 so

BEH1(Gr) = {{ [0,3) with multiplicity n }} . (3.141)
Upon subdividing the edge e = (v1,v2) via S(e) = (1/2,1/2), each feature changes to
[0,2.5). Hence,

1/p
v, (BSH1(03Gy), BSH1 (Gy)) = (n - 1) = Znl/y (3.142)

which eventually exceeds the constant f(NG(e; G)). O

3.5.4 Edge collapse

Another potential structural perturbation is that of edge collapses, in which the two end
points of an edge are identified and the edge deleted. In applications, this may happen
particularly to low-weight edges, which cannot be discerned by the imaging method and
hence collapsed to a vertex instead. Since we interpret edge-weights as corresponding to
distance, we add half the weight of the collapsed edge to each of its neighbours so that the
length of paths through the collapsed edge are not changed.

Definition 3.5.21. Given a weighted digraph G = (V, E, w) we say a subset of edges F C E
is collapsible if the edge sets of the neighbourhoods NG (e; G) for each e € F are pairwise
disjoint.

Definition 3.5.22. Given a weighted digraph G = (V,E, w) and F C E collapsible we define
the edge collapse O%G := (Vr, Er, wr) as follows.

(a) We define an equivalence relation ~ on V such thati ~j <= i=jor (i,j) € For
(j,i) € F. The vertex set is the set of equivalence classes of this relation Vr := V..
(b) Given two distinct vertices I,] € Vg, we include an edge (I,]) € Er if and only if
there is some i € [ and j € | such that there is an edgei — jin G.
(c) Finally, given an edge (I, ]) € Er, we define the weight by
we((I,])) == min (w(i,]’) +) wge) : ]1(1-,]-)6N(E)> (3.143)

iclje] st i—j =
where L.cye) =1 < T€ N (e), else Lrene) = 0.

Remark 3.5.23. The minimum is required in equation (3.143) because, when collapsing an

edge e = (a,b), there may be edges v — a and v — b with different weights.
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Notation 3.5.24. Thanks to the collapsible condition on F, all equivalence classes in Vr are
singletons except for those of the form {a,b} for e = (a,b) € F. Therefore, we denote any

singleton class {i} by its sole representative i and the class {a, b} by the symbol v,.

Arbitrary edge collapses can drastically change the connectivity of the digraph and
in turn alter the shortest-path quasimetric. However, given some control on the local
neighbourhood of collapsed edges, it is possible to bound these effects and hence get local

stability.

Theorem 3.5.25. Given a weighted digraph, G = (V,E,w) € WDgr and F C E collapsible,
suppose that for each e € F, Ny (st(e)) = {fn(e)} and N, (fn(e)) = {st(e)} (as in Figure .
Then, for each e € F, define
00 := w(e +min< max w(v,st(e)), max wfne,v) (3.144)
¢ ( ) veEN;, (st(e)) ( ( )) €Nt (fn(e)) ( ( ) )

then dg(BSH1(G), BSH1(0%G)) < maXeer de.

el e
/ \.

° \‘0 °
Figure 3.13: Schematic of NG(e) C G and NG(v,) C OSG, under the assumptions of

Theorem [3.5.25

0SG

Proof. Denote Gr := O%G = (V, Ep, wr) and § := max,cr d.. Note that the condition on
each e € F ensures given any edge (I, ]) € Er, there is exactly one i € I and j € ] such that
i—J.

We define two vertex maps. Firstly f : V — Vg is givenby a,b — v, for eache = (a,b) €
F and v — v otherwise. Secondly, we define g : Vr — V as follows. For most elements
of V., we choose the only representative of the equivalence class v — v. The only classes
containing more than one element are of the form v, = {st(e), fn(e)} for some e € F. For

this class, we choose g(v.) = st(e) if

max w(v,st(e)) > max w(fn(e),v), (3.145)

€N (st(e)) vENout (fn(e))

else we choose g(v,) = fn(e). We show that f and g define a J-grounded interleaving.

Claim 3.5.25.1. f defines a digraph map G — Ge.
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Proof of Claim. All edges of G are mapped to edges of G, with the exception of e = (4, b).
The two endpoints of e are mapped to the same point, v.. Therefore, f define a digraph map

as required. U of Claim.

Givenapathp:i~-jinG, f(p) is a path f(i) ~ f(j) in G,. Suppose the edges of p
are all contained in NG(e; G) for some e = (a,b) € F. Ifi € Nj,(a) and j € Now(b) then
length of f(p) equals that of p, thanks to the weight distribution. In any other case f(p) can

increase in length by at most w(e) /2.

Claim 3.5.25.2. f defines a digraph map G' — GL*° forall t > 0.

Proof of Claim. Given a path p : i ~» jin G, f(p) is a path f(i) ~» f(j) in Gr. Suppose
the edges of p are all contained in NG (e; G) for some e = (a,b) € F. If i € Nj,(a) and
j € Nout(b) thenlength of f(p) equals that of p, thanks to the weight distribution. Otherwise,
one of i or j must be a or b and in these cases f(p) can increase in length by at most
w(e)/2<6,/2<6/2.

If (i,j) € E(G'), then there is a path p joining i ~ j of length at most ¢ in G. We
can decompose p into a sequence of maximal sub-paths pj, ..., p such that each py is
either entirely contained in NG(e; G) for some e € F or contains no edge in any such
neighbourhood. Sub-paths not contained in any NG (e; G) for e € F have the same length
after mapping through f. Sub-paths p; contained in some NG(e;G) for e € F where
1 < i < m must fully traverse from some in-neighbour of st(e) to an out-neighbour of fn(e)
and thus f(p;) has the same length as p;. The remaining p1, p,, can increase in length by
at most 6/2 each and hence f(p) is a path f(i) ~» f(j) of length at most t 4 ¢. Therefore,
(i,j) € E(GEM). O of Claim.

Claim 3.5.25.3. g defines a digraph map G& — G'+°.

Proof of Claim. Suppose (i,]) € E(GL), then there is a path p : i ~ j in Gr of length at most
t. We construct a path p’ in G as follows: replace any singleton class i € V, with its single
representative i € V and replace any other class v, for e = (a,b) € F with the vertices a, .
We claim that p’ is a path of length at most t + ¢ that contains a sub-path (i) ~~ g(j).

As in the previous claim, we can decompose p into a sequence of maximal sub-paths
p1,-..,Pm such that each py is either entirely contained in NG (v,; Gr) for some ¢ € F or
contains no edge in any such neighbourhood. We let p! denote the corresponding sub-paths

of p'.
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If p; is not contained in any NG (v,; Gr) for e € F then p; has the same length as p;. If
p; is contained in some NG (v,; Gp) for e € F where 1 < i < m, then p; must fully traverse
from some in-neighbour of v, to an out-neighbour of v,. Then p! must also traverse from
the same in-neighbour of st(v,) to the same out-neighbour of fn(v.). Since the weight of e is
distributed evenly to the neighbouring edges, p; has the same length as p;. The remaining
sub-paths p1, py; can increase in length by at most /2 each and hence p' is a path of length
at most t + 4.

Finally, note that if p traverses v, for some e € F then both vertices st(e), fn(e) appear in
the path p’. Hence, no matter which vertex of e is chosen for g(v.), the path p’ will traverse

it. Therefore, p’ contains a sub-path g(7) ~ g(j). O of Claim.
Claim 3.5.25.4. g defines a digraph map Gp U Gt — G U G'*.

Proof of Claim. Thanks to the previous claim, we only need to check edges (i,j) € E(Gr).
Any edge (i,j) € E(Gr) which is not incident to some v, is mapped by g to itself (i,]) €
E(G). For the remaining cases, thanks to the collapsibility condition on F, we can assume
that exactly one of i, j is a vertex of the form v, € Vr for some e € F. Further assume that
g(v.) = st(e); the case where g(v,) = fn(e) admits a similar proof.

If j = v, theni € V, is a singleton and i € N, (st(e)) and hence (g(i),g(ve)) =
(i,st(e)) € E(G). Else, if i = v, then j is a singleton and j € Ny (fn(e)). Note that the
path (st(e), fn(e),j) in G is of length w(e) + w(b,j) < &, < 4. Therefore, (g(v.),g(j)) =
(st(e),j) € E(GH?) forall t > 0. O of Claim.

Case1: g(v.) =a,v="> Case 2: g(v,) =b,v=a

le u*fb

b3 1\ as
/
0Oe a—-sp = b ﬂz%a%b
\b 2 o

I Star(v; G) I I Star(v; G) D 1

Figure 3.14: Schematic for the homotopy between g o f (on the top row) and id (on the
bottom row). The label on each node of Star(v; G) [J I is its image under the homotopy F,.
There are two cases depending on whether g(v,) = a or g(v.) = b. The red edges denote
the only time the image of a vertex differs between the layers.
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As vertex maps we note that f o ¢ = idy, and hence it only remains to show that (g, f)
has grounded codistortion < 4. First, we note that the vertices v € Vy;f¢(g, f) are precisely
the endpoints of each e € F such that g(v,) # v. Hence, Gyif¢(g, f) is just the union of the
closed stars of such v and moreover the edge sets of these neighbourhoods are disjoint
thanks to the collapsibility condition. For a fixed line digraph I and each v € Vj¢/(g, f) we
will define a path homotopy F, : Star(v; G) [J I — G that is relative all the neighbours of

v. We can then combine these homotopies according to the formula

rlo o (00 0 VoS a2
to obtain the desired homotopy F : Gyiff(g, f) — G%.

The homotopies F, and line digraph I are shown schematically in Figure 3.14|for a vertex
v which is the endpoint of some collapsed edge e = (a,b) € F. All vertices are fixed through
the homotopy except for v, whose image varies with j € I as shown in the schematic. There
are two cases, depending on whether ¢(v,) = a or g(v.) = b. Focusing on the first case, the
vertex v = b has a single in-neighbour a2 and a finite number of out-neighbours by, by, . . ., by.
The fact that g(v.) = a implies that

bv) =26, <o 3.147
w(e)+ver&auj<(b)w( v) ( )

and hence (a, b, b;) is always a path of length at most ¢. Therefore, all of the edges (a,b),
(a,b;) and (b, b;) are contained within G%. A similar proof works in the case ¢(v,) = b.

O

Remark 3.5.26. Suppose G is a DAG and contains an edge e = (a,b) that satisfies the
condition of Theorem Then one can number the vertices of G as vy, ...,v, such
that v; — v; = i < j and moreover a and b are adjacent. However, note that this
is not a sufficient condition for local stability to edge collapse. For an example, we refer
the reader to Figure and the subsequent discussion in Section In the digraph
Gy, note that a,d, ¢, b is a valid ordering of the vertices but $H1(Gz) = {{ [0, c0) }} whilst
(05, Ga) = {1[0,15) -

Remark 3.5.27. Collapses of the sort described in Theorem [3.5.25 remove exactly #F vertices
and #F edges, and do not change the number of weakly connected components. Therefore,
the circuit rank of U (G) does not change and hence, by Corollary[3.4.3/we have #35H; (G) =
#B5H1(05G).
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Given a collapse of the sort required by Theorem 3.5.25|and two vertices v, w that are not
adjacent to a collapsed edge, there is a path v ~» w in G if and only if there is such a path in
O%G. In general this is not the case (see Figure 3.15); indeed this leads to local instabilities.

Theorem 3.5.28. There exists no function f : WDgr — R such that for any weighted digraph
G = (V,E,w) € WDgr and any edge e € E therein we have

dp (BSH1(G), B¥H1 (05G)) < f(NG(e; G)). (3.148)

Proof. Suppose such f exists then consider the weighted digraphs illustrated in Figure
First, denote the edges e; := (vp, vs5) and e := (v2,v3) in all three graphs (wherein those
edges exist). Note that G’ is independent of the weight W; hence we can safely define
W :=2f(NG(e1; G')) + 4 to be the weight of ¢, in G. Observe that NG(e1; G) = NG(ey; G')
and hence

W = 2f(NG(e1;G')) +4 = 2f(NG(e1; G)) + 4. (3.149)

U3 ——@ U4 U3 0——@ U4 U3 ——@® U4

]
A VAR N . V.
NEVARANEV AN

U1'e——@ U2 U17'e——@ U2 U1 e——@ U2

G G’ 0:G

Figure 3.15: An example weighted digraph which illustrates that 87, is locally unstable
to arbitrary edge collapses. Unlabelled edges have weight 1. Note that there is no path
v4 ~ 01 in G but there is such a path in Og, G.

Initially, B8H;(G) has 3 features, which die at 2, 2 and W. After collapsing e;,
BEH, (‘Dg1 G) has 3 features, which die at 2.5, 2.5 and 3. The longer feature, supported on the
red edge (v, v3), has a reduced death-time in O¢, G because there is a shortcut (v2,Ve,, 03),
of length 3. Any bijection between these features (and the diagonals) must have bottleneck

cost at least min(W /2, W — 3) > f(NG(ey; G)). O

While this seems like a serious problem for our descriptor, note that the collapse in
Figure 3.15 makes significant changes to the connectivity of the underlying digraph. That
is to say, originally, G was a DAG with source vy and sink v5; the edge collapse identifies
these two nodes, introduces directed cycles and makes the digraph strongly connected.

Moreover, in G the only path vy ~ v3 was via the costly red edge but in O?G there is a
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shortcut via v.. Therefore, since the profile of paths has changed drastically, it is arguably

desirable that our descriptor changes too.

3.5.5 Edge deletion

3.5.5.1 General case

Another important class of structural perturbations is edge deletion. Intuitively, as with
edge collapse, some edge deletions can have drastic impact on the descriptor whereas some

deletions are minor events.

Definition 3.5.29. Given a weighted digraph G = (V,E,w) and a subset of edges F C E,
we define O%G := (V, E \ F,wr) where wr is obtained by restricting w to E \ F. If F = {e}

is a single edge, we denote this O%G.

Remark 3.5.30. We do not distribute the weight of e to neighbouring edges. In applications,
we anticipate these errors may appear due to, for example, imaging errors, in which case

the neighbouring edges would not change weight.

We find that our descriptor is stable to deletions but the bound depends on the minimum

length of a possible diversion. In general, this diversion cost may be infinite.

Theorem 3.5.31. Given a weighted digraph G = (V,E,w) € WDgr and a subset of edges F C E,
let d and d denote the shortest-path quasimetric for G and O G respectively. Then

dp (BSH1(G), BSH1(04G)) < max (max |dr(i,j) —d(i, )|, max dp(i,j)) . (3.150)

ijev (i,j)EF

Proof. Denote Gr := (D‘l’l_-G = (V,,E\ F,wg),

o1 1= max |dp(i ) —d(ij)l, 2= (Iillf]}flédlf(i/]') (3.151)
and ¢ := max(dj, d2). We claim that idy constitutes a d-shifting vertex map G — Gr and
Gr — G. Then, since the vertex maps are both the identity, they constitute a J-grounded
interleaving and thus we obtain the result via the main stability theorem.

The shortest-path distance between any two nodes in G increases by at most 6; upon
deleting the edges of F. Hence, since § > 1, idy defines a digraph map Gl — G?F‘S and
Gt — G'*°forallt > 0. Then E \ F C E, so idy certainly defines a digraph map Gr — G
and thus G UGL — GU G forall t > 0.

In the other direction, idy does not define a digraph map G — Gr. However, given
any deleted edge e € F, e € E(GL) for all t > &,. Hence, idy does define a digraph map
GUG! — GrUGE? forall t > 0. O
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Remark 3.5.32. The above bound is infinite if and only if there is some deleted edge e =

(i,j) € F such that the only path i ~» jin G is through e.

Corollary 3.5.33. Given a weighted digraph G = (V,E,w) € WDgr and an edge e = (a,b) € E
let d and d, denote the shortest-path quasimetric for G and O%G respectively. Then

dp (BSH1(G), B¥H1(04G)) < de(a,b). (3.152)
Proof. Denote G, := 0%G and § := d,(a,b). We aim to show that

max |de(i, j) —d(i, j)| < |de(a,b) —d(a,b)| < de(a,b) = 0. (3.153)
ije

The result then follows by Theorem [3.5.31] To see this inequality, note that for arbitrary
i,j € Vwehaved,(i,j) > d(i,]) since any path i ~~ jin G, is also a path i ~» j in G of the
same length. Moreover, there is path p, : a ~» b in G, of length at most 6. Then, given a
path p : i ~ jin G of length t, the path contains e at most once. We can replace e with

pe to obtain a new path i ~» j in G, of length at most t + (6 — w(e)) < t + J. Therefore,
do(i, ) < d(i, ) + 6. 0

In general, Theorem 3.5.31]is a non-local bound, but if an edge has an alternative route

in its local neighbourhood then the bound becomes local.

Corollary 3.5.34. Given a weighted digraph G = (V,E, w) and an edge e = (a,b) € E such that

there exists a vertex v € V such that a — v — b then
dp (BSH1(G), BSH1(0LG)) < w(a,v) + w(v,b). (3.154)

In general, the shortest-path distance between the endpoints of an edge, upon its dele-
tion, can depend on all remaining edges in the graph. Therefore, the bound of Theorem|3.5.31

is non-local and indeed no generic, local stability theorem is possible.

Theorem 3.5.35. There exists no function f : WDgr — R such that for any digraph G =
(V,E,w) € WDgr and any edge e € E therein we have

dp(BSH1(G), BH1(01G)) < f(NG(e;G)). (3.155)

Proof. Suppose such f exists then consider the following weighted digraph G, where
e:= (v1,v3) and W := 2f(NG(¢e; G)) + 2.
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Figure 3.16: An example weighted digraph which illustrates that $# is locally unstable to
arbitrary edge deletions. Unlabelled edges have weight 1.

Note, G has a single feature which dies at time W, whereas (DZG has no features. Therefore,

the bottleneck distance is W/2 > f(NG(e; G)). O

3.5.5.2 Separating edges

Since all features are born at t = 0 and $Z;(G, 0) has a basis of simple undirected circuits,
one might expect that edges never involved in such circuits can be safely deleted without
changing the descriptor. Indeed, this is the case and is a direct consequence of the wedge

decomposition theorem.

Definition 3.5.36. In a weighted digraph G = (V,E,w), an edge ¢ = (a,b) € E is called a

separating edge if 2 and b are not weakly connected in O%G.

Remark 3.5.37. An edge is separating if and only if there are no simple undirected circuits

containing it.
Corollary 3.5.38. Given a weighted digraph G = (V, E, w) and a separating edge e = (a,b) € E,
811 (G) = 8H1(0%G). (3.156)

Proof. First note that a and b are both wedge vertices. Let V; denote the vertices in the weak
connected component of a in O¢G. Define V; := {a,b}. Finally, define V3 := (V(G) \ V).
Let G1, G2 and G3 denote the induced subgraph of G on Vi, V, and V3 respectively.

Then a wedge decomposition of G is G = (G1 V. Gy) Vp Gz and a disjoint union decom-
position of O9G is OYG = G; U G3. Note that G, is just a single edge connecting two vertices
s0 871 (Gy) is the trivial persistent vector space. Using Theorem and Theorem 3.4.21}

we see
$11(G) = 8H1(G1) @ 5H1(Ga) B 3H1(Gs) = §H1(Gr) B 3H1(Gs) = §H1(0IG)  (3.157)

as required. O
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Figure 3.17: Some example weighted digraphs, used to interpret the consequences of the
stability theorems obtained in Section Unlabelled edges have weight 1.

3.5.5.3 Interpretation

Theorem 3.5.31]tells us that we are stable to deleting edges which have fast diversions. That
is, if there is a path p : i ~» j, not involving the edge e := (i, j), of length ¢, then removing e
changes the barcode by at most é in bottleneck distance. Note, this bound is independent of
the weight of the deleted edge w(e).

To illustrate this point, consider G; in Figure Removing (v, v3) incurs a bottleneck
cost of at most 2, since there is a diversion of length 2. Likewise, despite being a highly-
weighted edge, we can also remove (vp, v1) for a bottleneck cost of at most 2.

On the other hand, consider now G, in Figure The barcode contains a single feature,
BEH1(G2) = {{ [0,10) }}. The edge (wo, w1 ) has a high weight and the only diversion is via
the black edges, of length 10. Deleting the edge (wy, w1 ) removes the single feature, which
can be matched with [5,5) on the diagonal and thus incurs a bottleneck cost of 5. Moreover,
deleting one of the smaller edges (for example (w, w3)) also incurs a bottleneck cost of 5

since it deletes the same feature.

3.5.6 Vertex deletion

Definition 3.5.39. Given a weighted digraph G = (V, E,w) and a vertex v € V, we define
04G := (V\ {v}, E,,w,) where E, := EN (V\ {v}) x (V \ {v}) and w, is obtained by
restricting w to E,. Given a subset of vertices W C V, we define O’{l,\,G iteratively by

choosing an arbitrary w € W then setting O%,G := ‘ng\ {w}(Di)G.

Remark 3.5.40. As with edge deletion, we do not distribute the weight of deleted edges
because we anticipate these errors occurring due to imaging, in which case the neighbouring

edges would not change weight.

Since a single vertex graph has trivial GRPPH the disjoint union decomposition theorem
(Theorem [3.4.18) allows us to delete isolated vertices.
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Corollary 3.5.41. Given a weighted digraph G = (V,E,w) and an isolated vertex v; € V
(ie. N'(v) = @), then
B3H1(G) = BSH1(04 G). (3.158)

However, in general, deleting a vertex from a digraph can drastically change its topology.
This follows immediately from Theorem [3.5.16| and Theorem [3.5.35| since a local vertex

deletion stability theorem would imply a local edge deletion stability theorem.

Corollary 3.5.42. There exists no function f : WDgr — R such that for any digraph G =

(V,E,w) and any vertex v € V therein we have
dp (BSH1(G), B¥H1(04G)) < f(NG(v;G)). (3.159)

As with edge deletion, it is possible to bound the effect of a deleting a vertex vy, but
the bound depends on the choice of an alternative vertex v; and the length of a number of

diversions. In general, this is a non-local bound.

Theorem 3.5.43. Given a weighted digraph G = (V,E,w) and a vertex vy € V, let d denote the
shortest-path quasimetric. Suppose that for some 6 > 0 there is some vertex vy € V' \ {vg} such
that, for all a € Njy,(vo) and b € Noyt(vo)

(a) d(a,v9) < 26and d(vy,b) < 26;
(b) there are paths p, : a ~ vy and qy, : v1 ~~ b each of length at most é and not traversing vo;
(c) thereis a path p, : a ~> b of length at most w(a, vo) + w(vy, b) + 6 and not traversing vy;

(d) thereis a path q connecting vy ~+ vq or v1 ~> vg of length at most 26.
Then dg(BSH1(G), BSH1(04,G)) < 6.
Proof. Note there is an inclusion map g : V(0% G) — V(G) and define a map in the
opposite direction f : V(G) — V(04 G) by

o —
F(o) == {vl no="o (3.160)
v  otherwise.

Denote the altered digraph by G; := (DgOG. We claim that, under the conditions of the
theorem, f and g constitute a /-grounded interleaving.

First note that ¢ is a digraph map G; — G because G, is a subgraph. Moreover, g
induces a contraction on the shortest-path quasimetric and hence g is certainly a J-shifting

vertex map.

Claim 3.5.43.1. f induces digraph maps G' — G;J”S.
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Proof of Claim. Suppose (i,j) € E(G"); hence there is a path p : i ~ j of length at most ¢ in
G. We require a path f (i) ~ f(j) of length at most t + ¢ in Gg.

Assume that i,j # vg so that f(i) = i and f(j) = j. If p does not traverse vy then p
is a path in G; and we are done. Else p contains a sequence of vertices (a, v, b) for some
a € Niu(vg) and b € Ny (vg). Thanks to conditionof the theorem, we can replace this
sequence with the path p, , to obtain a new path i ~ jin Gy, of length at most t 4- 6.

Next, suppose j = vg but i # vyg. Then p must finish with the sequence (a,vg) for some
a € Nju(vg). We can replace this sequence with p, to obtain a new path i ~» v = f(vp) in

G, of length at most 0. A similar proof works for the final case i = vy, j # vo. U of Claim.
Claim 3.5.43.2. f induces digraph maps GU G' — G4 U G;"s.

Proof of Claim. Thanks to the previous claim we only need to consider edges in E(G). Given
an edge (i,j) € E(G) suppose thati,j # vg. Then f(i) = iand f(j) = jand (i,j) is still an
edge in G;. Suppose (a,v9) € E(G), then f(a) = a and f(vp) = v1; the existence of the path
pa shows that (a,v1) € E (G;“S) for all t > 0. Likewise, if (vg,b) € E(G) then the existence
of g, shows that (v1,b) € E(G4™) forall t > 0. O of Claim.

Now note that f o ¢ = id is the identity on V(G;) and hence (f, g) has grounded

codistortion < 4.

as b3
le P /bz
as bg
0e T P = by
a / T by
I Star(vg; G) I I

Figure 3.18: Schematic for the homotopy between g o f (on the top row) and id (on the
bottom row). The label on each node in Star(vo; G) [ I is its image under the homotopy F.

Claim 3.5.43.3. (g, f) has grounded codistortion < §.

Proof of Claim. First note that Ggifs(g, f) = Star(vp; G) so we require a homotopy F :
Star(vg) I 1 — G* for some line digraph I. Note further that g o f fixes all vertices
except vgp which gets mapped to v;. Assume that g is a path vy ~» v; of length at most 29,
then set I = I and define the homotopy via

v1 if (v,)) = (vo,1),

. (3.161)
v otherwise,

F(v,j) = {
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which is shown in Figure Each of the edges in the lower layer belong to G% thanks to
condition |(a)| of the theorem. Each of the edges in the upper layer belong to G* thanks to
condition of the theorem. The only non-trivial vertical edge is v9p — v; which exists in
G% thanks to our assumption on 4. Moreover, F is relative all vertices except vy, as required.

In the case where g is a path v; ~ vy we follow the same construction and proof, except we

take I = [_. U of Claim.
The bound on bottleneck distance now follows from the main stability theorem. O

This theorem can be extended to the case of deleting multiple vertices, W C V. In order
for the proof above to easily extend, each of the neighbourhoods must be sufficiently iso-
lated, i.e. the subgraphs Star(w; G) for w € W should be pairwise edge-disjoint. This allows
us to join the homotopies around each w € W together, as in the proof of Theorem

Next, one must choose a replacement vertex for each of the deleted vertices, i.e. a map
f: W — V\ W. The resultant bound on the bottleneck distance will then depend on a

number of factors, such as:

1. the extent to which f changes the quasi-metric, i.e. the minimum J such that f induces
a digraph map G' — (O%G)H(s forallt > 0;

2. the maximum distance in O% G amongst d(a, f(v)) and d(f(v),b) overv € W, a €
Nin(v;G), b € Nout(v; G);

3. the maximum distance in G amongst d(a,v) and d(v,b) overv € W, a € N, (v; G),
b € Now(v;G);

4. the maximum distance between v and f(v) (in either direction) in O%,G, over v € W.

Once these factors are controlled, by the existence of sufficiently short paths in G and O, G,
then a similar proof yields a bound on the bottleneck distance. However, one may have to
replace F with a two-step homotopy to allow for the possibility that there are only short

paths wq ~ f(wy) and f(wy) ~> w; for some wy, wy € W.

3.5.7 Combining operations

Given Gi, Gy, G3 € WDgr, suppose that the previous stability theorems give

dp(BEH1(G1), B¥H1(G2)) <01 and  dy(B¥H1(G2), B¥H1(Gs)) < . (3.162)
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One immediately obtains the bound dg(BSH1(G1), BSH1(G3)) < 1 + 2. A natural ques-
tion arises as to when this bound can be improved upon. Suppose that {f,g} is a J;-

grounded interleaving and {p, g} is a d,-grounded interleaving arranged as follows:

V(Gy) # V(Gy) # V(Gs). (3.163)
It is easy to see that both p o f and g o g form (& + 2)-shifting vertex maps. However, it is
not clear, a priori, that either of the ordered pairs have grounded codistortion < (614 62).
Nevertheless, depending on the combination of operations, it is often possible to show that
{pof,goq}isad-grounded interleaving for some é < é; + .

As an illustrative example, given G € WDgr, suppose an edge e € E(G) is subdivided
according to some subdivision S, to obtain Gg := OgG. Then suppose one of the child edges
T := T,; is deleted (as shown in Figure , to obtain O¢Gs. In the final digraph, O%Gs,
there is no alternative path between the endpoints of T so Theorem [3.5.31|would yield an

infinite bound

dp(BSH1(Gs), BSH1(0%Gs)) < co. (3.164)

However, the remaining child edges and vertices from the subdivision can be further
deleted from O%Gjs to obtain G, := O%G. Then, Corollary 3.5.38{and Corollary 3.5.41|imply
that $H1(0%Gs) =2 8H;(G,). Combining Theorem 3.5.16/and Theorem 3.5.31} we can bound

dp (BSH1(Gs), BSH1(0%Gs)) = dp(BSH1(Gs), BSH1(Ge)) (3.165)
<dp (BgH1(G5),BgH1(G)) +dp (Bg’Hl(G),Bg’Hl(Ge))

(3.166)

< w(e) +d.(st(e), fn(e)) (3.167)

where d, is the shortest-path quasimetric in G,.

Recall that the grounded interleaving used to prove edge deletion stability (Theo-
rem was a pair of identity vertex maps. Therefore, in the following, we show that the
grounded interleaving used to prove subdivision stability directly yields a sharper bound

for this combination of operations.

Theorem 3.5.44. Given a weighted digraph G = (V,E,w) € WDgr, an edge e = (a,b) € E
and a subdivision S : {e} — int(A?), denote Gs := O%G and G, := O4G. Let d, denote the
shortest-path quasimetric in G,. Choose any of the child edges T := 1,; € E(Gg), then.

dp (B¥H1(Gs), B¥H;(0%Gs)) < max (de(a,b), wée)) . (3.168)
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G Gs 0%Gg Ge

Figure 3.19: Schematic of the four weighted digraphs in Theorem |3.5.44, where e is the
curved bottom edge and 7 is as labelled.

Proof. As discussed above, it remains to prove
w(e)
dp (Bg’Hl(GS),Bg"Hl(G@)) < max | de(a,b), — ) = 0. (3.169)
Define the following vertex maps
f:V(G) = V(Gs) v (3.170)
v ifv eV,
§:V(Gs) = V(Ge) v sstle) ifv,; € Vyew and CS(e); < 1/2, (3.171)
fn(e) ifv,; € Vyew and CS(e); > 1/2.
We note that f induces a contraction digraph map G, — Gs and is hence a §-shifting vertex

map.
Claim 3.5.44.1. g induces a digraph map G5 — GE0, for every t > 0.

Proof of Claim. Given (i,]) € E(GY), there is a path p : i ~» j in Gg of length at most t. Since
de(a,b) < 6 there is a path p, : a ~» b in G, of length at most §. We construct a new trail p’
in G, as follows.

If the entire sequence of child edges (71, - . -, T.4(c)) appears in p then we replace that
sequence with p,. If i € Ve and g (i) = a then we replace the initial sequence of child edges
with pe. If i € Vyep and (i) = b then we simply remove the initial sequence of child edges.
Likewise, if j € Vye and g(j) = b then we replace the final sequence of child edges with p,.
If j € Viyew and g(j) = a then we simply remove the final sequence of child edges. This yields
atrail p’ : g(i) ~» g(j). Since p cannot repeat edges, this construction inserts p, at most once

and hence the length of p’ is at most t + 6. Therefore, (i,j) € E(G!?). O of Claim.
Claim 3.5.44.2. g induces a digraph map Gs U G5 — G, U G, for every t > 0.

Proof of Claim. It remains to check the image of edge e € E(Gg). Any un-subdivided edge
e € Eyyis preserved under g. Given an edge 7,; = (X, ) € Epew then 7 = (0,1, 0, ;) for

some i and there are three cases
(8(ve,i-1),&(vei)) = (st(e), st(e)) or (st(e), fn(e)) or (fn(e), fn(e)). (3.172)
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Hence, either ¢(x) = g(y) or (g(x),g(y)) = e. The edge e does not appear in G, but it does
appear in G/ for all t > 0. Therefore, g defines a digraph map as required. O of Claim.

First observe g o f = idy () and hence (g, f) has grounded codistortion < 0. The homo-
topy used to show (f, g) has grounded codistortion < § is identical to the corresponding
homotopy in the proof of Theorem 3.5.16} However, note that we require 26 > w(e) so that
all edges in the image of the homotopy are edges of GZ. O

3.6 Examples
3.6.1 Iterated medial subdivision

In order to develop intuition for how the descriptor behaves under iterative subdivision,
we explicitly derive the limiting diagram for a DAG with exactly one loop (shown in
Figure 3.20). Certainly, the diagram contains exactly one feature which is born at t = 0.
Intuitively, the death time corresponds to the earliest time that a long square can appear

between the source and sink nodes, filling in the central hole.

Figure 3.20: Illustration of the weighted digraph G, considered in Proposition The top
path p; has length [; and the bottom path p; has length ;. The limiting death time of the
sole feature corresponds to the limiting value of the earliest time that a long square appears
of the form av b — avob where v; is along p; and v, is along p» (as drawn in red dashed
lines).

Proposition 3.6.1. Suppose G € WDag is the union two directed paths pi, py from a source

to a sink, with lengths I; > I, respectively. Recall the definition of iterated medial subdivision

(Definition [3.5.18). Then
lim BSH; (IMS, (G)) = {{ [o, ;ll> }} (3.173)

Proof. For brevity we denote G, := IMS,(G). By Corollary the barcode BSH;(Gy)
(n)

has exactly one feature. Let p;"’ denote the path a ~ b in G, arising from subdividing the

edges of p;. For each n, let c(") denote the simple undirected circuit in G, which follows p%n)

and then pé”) in reverse. Clearly {9(c(™)} is a persistence basis for $#(G,). Therefore, it

suffices to show D(%R(c(™)) — 1l as n — co. Fix some natural 7.
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Using Lemma we see D(R(cM)) < max(hgn), hén)) where
hfn) = min {t >0 ‘ Jv; € V along pl(n) such that d(a,v;) < tand d(v;, b) < t} . (3.174)

Note that hgn) — %ll and hgn) — %lz and hence max(hgn),hgn)) — %ll asn — oo.
Next, we wish to show D(9R(c(™))) > 11;. Choose arbitrary t, < 1, then it suffices to

show that dim&H1(Gy, t2) # 0. In order to do so, we claim the inclusion chain map

8
0 Ci(Gn) — 5 Co(Gy)
y I L (3.175)
ta f9, 1) f0 1)
C(G2) — 25 C1(GyUG2) — s Co(Gy UGH)

induces an isomorphism on homology in degree 1. It then follows that dim$H; (G, t2) = 1
because the first homology of top row is the real cycle space of G,.

We define a chain map g in the opposite direction to j. In degree 2, q» is the zero map
and in degree 0, g is the identity map. Finally, in degree 1, given (i,j) € C1(G, U G?2), if
(i,j) = (a,b) then let p; ; := p», otherwise let p; ; denote the unique path i ~ jin G, Then
q1 is given by g1 (ij) := %R(p; ;). This is a chain map because there is no 2-path avb where v
is somewhere along p".

It is certainly the case that, at the level of chain maps, q1j1 = id. Choose arbitrary
(i,) € C1(G, U GP) and note that jig1(if) — (if) = R(pi;j) —ij. By Lemma there is
some u;; € C2(Gf?) such that 89au;; = R(p;;) — ij. Define P : C(G, U G2) = C(GR) by
ij = ujj. Then, by construction, we see jiq; —id = $9,P. Hence, j and q are mutually
inverse on homology in degree 1.

To conclude, we have shown for each #,
%zl < D(R(c™)) < max(h{™, 1), (3.176)
Taking the limit n — co finishes the proof. O

Note that description of Proposition is not unique to this descriptor, indeed the
same result holds for the standard pipeline. As discussed in Section [3.3.1} for the standard
pipeline, as the weighted digraph is subdivided, the birth times of all features tend to 0.
When the digraph is sufficiently subdivided, all edges enter the filtration very early on and
the effect of adding the edges from G at t = 0 has negligible effect. Hence, in the subdivision

limit, the diagrams obtained from the two pipelines coincide.
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Theorem 3.6.2. Given G € WDgr, let H, denote the ‘standard pipeline’ with C = Q and F = F,
as used in Example Then

lim BSH1(IMS,(G)) = lim BH:1(IMS,(G)). (3.177)

n—oo n—oo

Proof. For brevity, we denote G, := IMS,(G). Fix e > 0 and choose N sufficiently large that
for any n > N we have w(e) < € for all e € E(G,). For any t > 0, define

il : Cl(Gfl) — Cl(Gn U G1t1+€)
ip: Cz(G;) — Cz(G;—’_e)
where each iy is taken from the chain map induced by the relevant inclusion of digraphs.

It can be easily checked that i10, = €0, and hence 7; induces a map on homology i, :

Hi(GL) — 8H1(Gp, t + €). Similarly, for any t > 0 define

jl : C](Gn U sz) — Cl(sz+€)
j2: C2(Gy) = Ca(G,)

where each ji is likewise taken from the chain map induced by the relevant inclusion
of digraphs. Note, in particular, given an edge e € E(G,,), we know d(st(e),fn(e)) < e
and hence e € E(G"). Again j; 89, = 9j» and hence j; induces a map on homology
j« 1 8H1(G, t) — Hy(G'*e).

Clearly i, o j, = 8u(t,t+2¢), and j, oi, = i(t,t +2€),. Therefore, by the algebraic

*

stability theorem, we see
dp (Bngl(Gn)/ BHl(Gn)) <e€ (3.178)

foralln > N. O

3.6.2 Square motifs

Example 3.6.3. Further to the interpretation developed in Proposition consider the
four weighted digraphs in Figure All edges are given unit weight and the barcodes
are indicated under each digraph. Homology representatives for each of the features are
given by

ab 4+ bd — cd — ac;

ab —db+dc — ac;

ab+be—ce—ac , db+ be—ce—dc

ab—eb+ec—ac , db—eb+ec—dc.
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G1 Gz Gs Gy

/\ /\ /\\ /\\

®Jae o] ecae o] ec

\/ \/ \/J N

{ [0, 1)} { [0100) B { [0, 1),10,1) 1} {10,00),[0,00) }}

Figure 3.21: Interpreting €#;(G) via differences between directed paths in square motifs.
Top row: name of weighted digraph; middle row: diagram where all weights are 1; bottom
row: barcode of GRPPH.

aq U.l by
(%)
/L—\)e bz
a .\>: ®)
n-1 ® b,_
Un—1 n-1
[ )
fn On by

Figure 3.22: A weighted digraph with many paths (of 2 edges each) from source to sink for
which we can compute B3H1(G).

In G1, note that the flow starting at a2 recombines at d after flowing for t = 2 seconds. In
contrast, the flow in G; splits from the sources and then never recombines. This is reflected
in the lifetime of the feature changing from [0,1) to [0, c0).

If we add additional edges to G to recombine the flow at a new vertex (as in G3), we
add an additional feature, but all features now have finite lifetime. Finally, reversing these
additional edges (as in G4) prevents the flow from recombining again and the features
return to lifetime [0, c0).

This further emphasises the interpretation that features arise when flow is split between
two paths and the lifetime of the feature is related to the time it takes for the flow to

recombine.

3.6.3 Multiple paths

Example 3.6.4. Consider Figure in which there is a single source and a single sink but

multiple paths between. Define «; := max(a;, b;) and assume that a; < ap < ...a,_1 < .
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Then, the barcode is

BSH1(G) = {{[0,a2), [0, &3), - .., [0, 1), [0, ) }} . (3.179)

A persistence basis for $H1(G) is {ca, ..., cn } where ¢; :== avy + v1b — v;b — av; and D(¢;) =

o

3.6.4 Digraphs with identical quasimetrics

01 01
) ®
V) @ ® U3 0 @ 2 ® U3
\‘ /’ x N
[ ®
(%] (%]
G1 GZ

Figure 3.23: Two weighted digraphs with identical shortest-path quasimetric network but
differing GRPPH which can be explained by the difference in circuit rank.

Example 3.6.5. Finally, consider the two weighted digraphs illustrated in Figure Since
they both have the same shortest-path quasimetric, they yield the same barcode under
the standard pipeline. More formally, F;(G1) = F;(Gz) and hence H1(G1) = Hi(Gy).
Moreover, BH;(G1) is empty because the circuit (vo, v1, v3, v2) is filled-in with a long square

as soon as it appears in the filtration. In contrast,
BEH1(Gr) =4{{[0,1)}} and B3H1(Gz) =1{{]0,1),[0,2)}}. (3.180)

A persistence basis for $71(Gy) is {vov1 + v1v3 — (vv2 + v2v3) } while a persistence basis
for ng(GQ) is {002}1 + 0103 — (7)02)2 + 0203) , 0901+ 0103 — 007)3.} Note that at t = 1 the
two triangular cycles becomes homologous in $71 (G ) but are still non-trivial, until they

die att = 2.

3.6.5 Finite (quasi)metric space

Given a finite quasimetric space d : X x X — [0, 0), one can construct a complete digraph,
weighted by d as MG(X) := (X, X x X \ Ax, w) where

w((v;,vj)) :=d(v;,v;) forall (v;,v;) € X x X\ Ax. (3.181)

Naturally one can ask what B8, (MG(X)) measures, and how it compares to persistent

path homology.
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Figure 3.24: GRPPH of 100 points sampled on the unit circle. (a) A histogram of the death
times of each of the features in $7;. (b) Quantile-quantile plot of GRPPH deaths against
the distribution of the 9801 largest pairwise distances. (c) The point sample along with a
directed triangle which is a representative of the largest feature, with death time almost 2.

Firstly, since the input digraph has n(n — 1) edges, n nodes and 1 weakly connected

component, the resulting barcode contains
#edges — #vertices + #weak components = n(n —1) —n+1 = (n — 1) (3.182)

features. Also given any three distinct vertices vy, v1, v € X, all of the edges (vo, v1), (v1,v2)

and (v, v2) are present in G and thus form a circuit, ¢, with death time
D(R(c)) = max(d(vy, v1),d(v1,v2),d(vo, v2))- (3.183)

Indeed, any cycle ¢’ supported on an edge (v;,vj) must have death time D(R(c')) >
d(v;, vj).

Defining, the diameter of X via diam(X) := maxy,,ex d(v;, vj), we note that MG(X )t
is the complete graph for t > diam(X). Since any complete graph has trivial path homol-
ogy [55, Example 3.11], all features must have death time at most diam(X). Therefore, the
largest feature in B8 (MG(X)) must have death time equal to diam(X).

In Figure we have sampled 100 points on the unit circle X C S! and computed
BEH1(MG(X)), using the ambient Euclidean metric. We see a large quantity of features
with death time of approximately 2, the diameter of the circle. A representative of the
largest feature is shown in the second panel, which is indeed a directed triangle supported
on an edge which spans almost the full diameter of the circle.

The distribution of death times is well-aligned with the distribution of the top (100 —
1)? = 9801 pairwise distances, as illustrated by the quantile-quantile plot in Figure m

The main deviation between the two distribution occurs at the small scales whilst the larger
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quantiles are almost identical. This illustrates that GRPPH has similar descriptive power to
the collection of pairwise distances. That is, not much information is lost, but consequently
the output is not very interpretable and provides little additional insight.

In contrast, computing standard PPH, the degree 1-barcode contains a single feature
with lifetime approximately [0.291,1.418). The birth time corresponds to the length of the
largest gap in the point sample (at the top of the circle). Meanwhile, the death time is
approximately /2, the side length of a square inscribing the circle.

Grounded persistence was designed as a descriptor of sparse weighted digraphs where
the existence of an edge is an important signal from the input data and the circuits are of
interest. We enrich the circuits already present in G with an intrinsic, directed notion of
scale, using the weighting and an appropriate filtration. In the finite (quasi)metric space
scenario, all possible edges are present in MG(d) and thus the circuit representatives are
not as interpretable as in the sparse case. As such, our recommendation would be to use
non-grounded persistent path homology [32] (viewing the data as a directed network) or

traditional, symmetric TDA methods.
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Chapter 4

A notion of homotopy for directed
graphs and their flag complexes

4.1 Introduction

Digraphs appear naturally in numerous application domains, including neuroscience [87],
traffic network analysis [10] and social network analysis [83]. Frequently these digraphs
support a dynamical system such as brain activity, traffic flow and (dis)information spread.
A common hypothesis is that the structure of the digraph is critical in determining the
evolution of the dynamical system. In order to assess this hypothesis, there is a need
for interpretable and informative summaries of digraphs, that are amenable to statistical
analysis.

A common approach is to associate a combinatorial object to the digraph built out of
substructures in the digraph which are relevant to the application in hand. For example,
one could study the set of all paths [54], all tournaments [51] or all directed cliques [75] in
the digraph. The interest to us is that each of these combinatorial objects carries sufficient
structure to build a chain complex, the homology of which can be used as an algebraic
invariant of the underlying digraph. These invariants are most useful (such as in the context
of persistence) when they are functorial, in the sense that there is a class of digraph maps
which induce maps on homology.

In order to assess the discriminative power of these homologies and hence their utility in
applications, some natural questions arise: When do two digraphs give rise to isomorphic
homology? When do two digraph maps induce the same maps on homology?

In this work, we make progress towards these two questions in the case of the directed
flag complex. This is a simplicial set in which the k-simplies are the directed (k 4 1)-cliques,

i.e. (k+1)-tuples of distinct vertices vy ... vy such that there is an edge v; — v; whenever
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i < j. We focus on the directed flag complex because it has seen particular success in the
tield of neuroscience. The homology of the directed flag complex was proposed as a digraph
invariant by Masulli and Villa [75] and, shortly thereafter, the Betti numbers of the complex
associated to the activation graph of numerically simulated neocortical microcircuitry was
shown to exhibit significant temporal patterns in response to stimuli [87, Figure 6]. Further
applications may be enabled by the incorporation of persistence, and the presence of highly
performant software for its computation [74], which can be used to capture the topological
organisation of directed structures, across a range of scales [17].

In contrast, the directed flag complex has received comparatively little theoretical
treatment. Here, we describe an equivalence relation ~4p for digraph maps such that if
two maps are ~gp-equivalent then they induce identical maps on the homology of the
directed flag complex. In particular, this induces an equivalence relation ~4p; on digraphs
themselves, such that if two digraphs are ~4g-equivalent then their directed flag complexes
have isomorphic homology. To illustrate the utility of these relations in the context of
persistence, we use the relation ~4p to show that the persistent homology of the directed

flag complex applied to a filtration of digraphs is stable in certain circumstances.

4.1.1 Summary

Given a digraph G, we denote the associated directed flag complex by dFl(G). The directed
flag complex is a particular example of a more general class of objects called ordered sim-
plicial complexes (Definition [4.2.4). In this work, we primarily view an ordered simplicial
complex as a special case of a regular path complex (Definition[4.2.3). The latter were first
introduced in [54] as an invariant of directed graphs. To any regular path complex one can
associate a chain complex and moreover this can be made into a functor (2 : WkRPC — Ch,
where WKRPC is a category of regular path complex and Ch is the category of chain
complexes of vector spaces over some background field.

The morphisms in WkRPC are called weak path morphisms (Definition and
are defined to be maps of the underlying vertex sets, subject to certain constraints. In
Lemma we show that a vertex map f defines a weak path morphism between

ordered simplicial complexes if and only if

1. the image of a simplex is either contained in the target complex or is non-simplicial;
and

2. if vyv1v; is a simplex in the domain and f(vy) = f(v2) then f(vg) = f(v1) = f(v2).
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We call the latter condition triangle-collapsing (Definition [4.2.7) since it ensures 2-simplices
are either preserved in the image or are collapsed to degenerate lower-dimensional sim-
plices, but crucially cannot be mapped to a reciprocal pair of 1-simplices. Taking these maps
together with all ordered simplicial complexes yields a full subcategory of WkRPC, which
we denote TcOSC.

Pre-composing with the functor which takes digraphs to their directed flag complex, we

obtain a sequence of functors
dFl ! Q
TcDgr — TcOSC — WKRPC — Ch (4.1)

where TcDgr is a category of digraphs in which morphisms are defined via a similar
‘triangle-collapsing” condition, so that dFl becomes a full and faithful functor. We show
that this is a factorisation of the chain complex of dFl(G) (Lemmal[4.2.25). This factorisation
is the main perspective through which we construct our equivalence relation, ~gp, by
comparison with a similar relation for the well-studied category WkRPC.

In particular, there is a notion of homotopy, ~, between the morphisms of WkRPC
such that if f ~ ¢ then Q(f) and Q(g) are chain homotopic (see [53, Theorem 3.8]).
The equivalence relation for digraph maps that we will construct is a pull-back of this

equivalence relation, i.e.

fang <= (todFI)(f) = (ro dFI)(g). (42)

Our main contribution is an “intrinsic’ characterisation of this pull-back (Section [4.5.2).

To be more precise, [53] describes a system of one-step homotopies between morphisms
in WKRPC. This is essentially a binary relation on the morphisms of WkRPC, which is
then completed to the equivalence relation ~. As above, we can pull back this binary
relation to one for the morphisms of TcDgr. Given two morphisms f, ¢ € TcDgr, we can
provide simple, edge-based conditions that are equivalent to the pair (f, g) belonging to
this pull-back binary relation (Corollary [4.5.12). In particular, we relate (f, g) if

1. xZy = f(x) 2 g(y);and

2. x —yand f(x) = g(y) = fx) = f(y) = g(x) = g(y),
where = indicates that either the vertices coincide or are joined by a directed edge. The
relation ~ g can then be constructed by completing this to an equivalence relation.

To provide some intuition for this binary relation, one might imagine defining a one-step

homotopy from f to g to be a sufficiently well-behaved digraph map out of an appropriate
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‘cylinder” digraph (in analogy to a homotopy of continuous maps). Indeed, there is a
‘unit interval” digraph I on the vertices {0,1} and a product operation, x, for digraphs.
Supposing f and g are digraph maps G — H, we will see that condition 1 is equivalent to f
and g jointly defining a weak digraph map F : G x I — H by

F(v,0) = f(v) and F(v,1) = g(v). (4.3)

Condition 2 then ensures that certain directed 3-cliques within G x I are not mapped to
a pair of reciprocal edges by F. However, we will also see that this is not, in general,
equivalent to F defining a morphism in TcDgr.

As a first step, in Section 4.4} we study the pull-back binary relation for TcOSC along the
inclusion functor ¢ : TcOSC — WKRPC. Again, we aim to describe the resulting relation
‘intrinsically” with the category TcOSC. Corollary achieves this by describing related
morphisms in terms of a cylinder functor for this category. For an alternative view, TcOSC
can also be fully and faithfully embedded in the category of simplicial sets, which itself has
a notion of homotopy equivalence. In Section we verify that the pull-back relation
along this embedding coincides with the pull-back along .

Finally, in Section we employ the equivalence relation ~4p to obtain stability
results for the persistent homology of the directed flag complex of a filtration of digraphs.
Typically, such stability results take the form of a bound on the interleaving distance. The
relation ~g4p allow us to construct interleavings of digraph filtrations up to ~4pj, facilitating
the derivation of such bounds. We summarise this approach with Corollary In
Proposition [4.6.10, we apply this result to the shortest-path filtration of a weighted directed
acyclic graph (DAG), showing that its persistent homology is stable to edge subdivision.
However, persistent homology pipelines using the directed flag complex have some notable
instabilities. We discuss some important examples in Section[4.6.3) namely edge subdivision
of a non-DAG and the addition of an appendage edge.

4.1.2 Related work

There are numerous homotopy theories for both directed and undirected graphs. The
relation we will develop is primarily derived from path homotopy theory, which was
introduced by Grigor’yan et al. in a series of papers [52, 54, 55]. Initially developed for
digraphs, path homotopy generalises a prior homotopy theory for undirected graphs [4,
5], viewing undirected graphs as a full subcategory of digraphs. This theory was further

generalised to path complexes in later work [53].
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When the digraph G is oriented, there is at most one directed clique on any subset of
vertices. As such, dF1(G) becomes a simplicial complex and coincides with the definition of
the directed flag complex given in [77]. In that work, the authors view directed graphs as a
subcategory of pseudotopological spaces and show there is a weak homotopy equivalence
between the realizations of G and the simplicial complex obtained by collapsing simplices
in dF1(G) that share a common vertex set. That work draws on the broader discipline of
Cech closure spaces. The Cech closure space perspective on discrete homotopy was first
discussed in [88].

For undirected graphs, similar results were obtained via different methods in the fol-
lowing work [95]. The s-homotopy type of a graph, as defined in [12,|13], coincides with
the simple homotopy type of its undirected flag complex [13, Theorem 2.10], and it was
later shown that s-homotopy also coincides with J-homotopy for undirected graphs [39,
Theorem 1.2]. The undirected flag complex of an undirected graph was generalised to
semi-uniform spaces in [89]; these spaces come equipped with a homotopy theory to which

the homology of the flag complex is invariant.

4.1.3 Notation

Given categories C, D, the category of functors from C to D is denoted [C, D]. We use
Mor¢(Cq,Cz) to denote the set of morphisms between two objects C;,C; € C and use
Obj(C) to denote the objects of C. Given functors F,G : C — D, we denote a natural
transformation by u : F = G. We denote components of u by ¢ for each object C € C, or

optionally omit the notation when the component is clear from context.

4.2 Combinatorial and algebraic complexes
4.2.1 Path complexes

Definition 4.2.1. Let V be an arbitrary set, which we call the vertices.

1. An elementary k-path (on V) is any sequence of (k 4 1) vertices, written p = vy ... v,
where v; € V.

2. Letvg...0;...v, denote the (k — 1)-path obtained by removing the vertex v;.

3. Given a function f : V — W and an elementary path p = v ...y, let f(p) denote the
elementary k-path f(v) ... f(vg).

4. We say p is irregular if v; = v;;; for some i, otherwise we say p is regular.

5. We say p is simplicial if each of the v; are distinct.
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6. If an elementary path p’ can be obtained from another elementary path p by removing
a subset of vertices, we say p’ is a face of p.
7. If an elementary path p’ can be obtained from another elementary path p by succes-

sively removing the initial or terminal vertex, we say p’ is a sub-path of p.

Example 4.2.2. On the vertex set V = {a,b}, p; := aab and p, := aba are both elementary
2-paths. The path p; is irregular and thus non-simplicial, whilst p; is regular but still
non-simplicial. The path p3 := aa is a sub-path and face of p; whilst p3 is a face of p, but

not a sub-path.

Next, we describe the notions of a path complex, first introduced in [54], and an ordered

simplicial complex.
Definition 4.2.3. A path complex on V is a set P of elementary paths on V, such that

1. P contains all singletons, i.e. vy € P for every vy € V;
2. Pis closed under truncating paths at either end, i.e.if vy ... vy € Pthenv;...vx € P

and vg...v4_1 € P.

We denote the base vertex set, V(P) := V. We call a path complex regular if all of its

constituent paths are regular.

Definition 4.2.4. An ordered simplicial complex on V is a set K of simplicial paths on V,

such that

1. P contains all singletons, i.e. vy € K for every vy € V;
2. P is closed under taking ordered subsets, i.e. if vy...v; € K then for every i,

v9...0;...0; € K.
We denote the base vertex set, V(K) := V.

Remark 4.2.5. We emphasise that the ordering on the vertices of a path in a simplicial path
is not inherited from some total order on V. Instead, each simplex carries a total order of its
vertices and it is possible for a given subset of vertices to support multiple simplices (each

with a different order).

For brevity, we refer to paths in an ordered simplicial complex as simplices and take
‘simplicial complex” to mean an ordered simplicial complex. Clearly any simplicial complex
is a regular path complex. Since we are primarily interested in simplicial complexes, we
primarily focus on regular path complexes in this work. Next, we describe a range of

categorical structures for these combinatorial complexes.
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Definition 4.2.6. Given two path complexes, P; and P, amap f : V(P;) — V(P)isa

1. weak path morphism if for any p € Py, f(p) is either irregular or f(p) € Py;
2. strong path morphism if for any p € Py, f(p) € P».

We denote the category of all path complexes with weak path morphisms as WkPathC, and
with strong path morphisms as StPathC. We denote the full subcategories of all regular
path complexes by WKkRPC and StRPC respectively.

Definition 4.2.7. Given two ordered simplicial complexes, K; and K, amap f : V(K;) —
V(Ky) isa

1. weak simplicial morphism if for any p € Ky, f(p) is either non-simplicial or f(p) € Ky;

2. triangle-collapsing simplicial morphism if f is weak simplicial and furthermore
whenever there is a simplex vpv1v2 € Kj such that f(vg) = f(v2) then f(vg) =
f(o1) = f(v2);

3. strong simplicial morphism if for any p € Kj, f(p) € K.

We denote the category of all simplicial complexes with weak simplicial morphisms as
WKkOSC, with triangle-collapsing simplicial morphisms as TcOSC, and with strong simpli-
cial morphisms as StOSC.

Remark 4.2.8. Given a triangle-collapsing simplicial morphism f : K; — Kj if there is a
simplex p = vy ... v} such that f(v;) = f(v;), then all the vertices v;,, for i < m < j, have

the same image under f.
The relationship between strong simplicial and strong path morphism is obvious.
Lemma 4.2.9. Given two simplicial complexes, K1, Ky, a vertex map f : V(Ky) — V(Kz) isa

strong simplicial morphism if and only if it is a strong path morphism. Therefore, StOSC is a full
subcategory of StRPC.

A weak simplicial morphism can fail to be a weak path morphism if it maps a simplex to

a non-simplicial but regular path. For example, consider the following simplicial complexes
K1 =10,1,2,01,02,12,012}, K, ={0,1,01,10}. (4.4)

Consider the vertex map f : {0,1,2} — {0,1} which is the identity on {0,1} and maps
2 +— 0. It is easy to check that f is a weak simplicial morphism. However, it is not a weak
path morphism because f(012) = 010 is regular but does not belong to K;. Thankfully,

precluding this scenario is necessary and sufficient to yield a weak path morphism.
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Lemma 4.2.10. A weak simplicial morphism f : Ky — K3 is a weak path morphism if and only if it
is a triangle-collapsing simplicial morphism. Therefore, TcOSC is the full subcategory of WKkRPC,

with objects restricted to all simplicial complexes.

Proof. Suppose f is triangle-collapsing and take an arbitrary path p = vg...v; € Kj. Since
f is weak simplicial there are two cases. In the first case f(p) € K, and we are done. In
the second case f(p) is non-simplicial, i.e. there is some i < j such that f(v;) = f(v;).
Since f is triangle collapsing, we must have f(v,,) = f(v;) for alli < m < j. In particular,
f(vit1) = f(v;) and hence f(p) is irregular. Therefore, f is a weak path morphism.

Now suppose f is not triangle-collapsing. Hence, there is some simplex vyv1v2 € Ky
with f(vg) = f(v2) but f(v1) # f(vo) and f(v1) # f(v2). Therefore, f(p) is non-simplicial,

and hence not a simplex of Kj, but is also regular. Thus, f is not a weak path morphism. [J

Definition 4.2.11. Given k > 0 and a path complex P, the k-skeleton of P, is the sub—path
complex

Ski(P) := {p € P | pis an elementary I-path for I < k}. (4.5)

Remark 4.2.12. Any weak path morphism f : P — P, induces a weak path morphism
f : Ske(P1) — Ski(P2). Hence, Sk is an endofunctor on WkPathC. This endofunctor

restricts to an endofunctor on all the categories introduced in this section.

Definition 4.2.13. Given a path complex P, removing all irregular paths yields its maximal
regular sub—path complex, which we call its regularisation. This operation constitutes a

functor reg : WkPathC — WKRPC and reg : StPathC — StRPC.

4.2.2 Regular path complexes from digraphs

A directed graph, or digraph, is a pair G = (V,E) where V is an arbitrary set and E C
(V x V). We call V the set of vertices and E the set of (directed) edges. We denote the
sets of vertices and edges by V(G) := V and E(G) := E respectively. An edge belonging
to Ay = {(v,v) | v € V} is called a self-loop. We call a digraph simple if it contains no
self-loops, i.e. E C (V x V) \ Ay. In this work, we assume that all digraphs are simple.
We write vyp — v1 to mean (vp, v1) € E and similarly vy /4 v1 to mean (v, v1) € E; we
write vy = v; to mean either vy = v; or vy — v;. Given an edge, e = (s,t) € E, we denote
its endpoints by st(e) := s and fn(e) := t. We say there is a reciprocal edge on {vp,v1} C V
if v9 — v and v; — vy, and we write vy LY v1. Finally, if G contains no reciprocal edges

then we say G is oriented.
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Definition 4.2.14. Given a directed graph G, a directed k-clique is a k-tuple of distinct
vertices (written v ... vx_1) so that there is an edge v; — v; whenever i < j. The directed
flag complex of G, dF1(G), is the simplicial complex on V consisting of all directed cliques
in G.

This construction can also be made functorial, but first we must define some categories

of digraphs.

Definition 4.2.15. Given directed graphs G; = (V4,E1) and Gy = (Vp,Ez),amap f : V; —

Visa

1. weak digraph map if whenever v — w in G, either f(v) = f(w) or f(v) — f(w) in
Go;

2. triangle-collapsing digraph map if f is a weak digraph map and furthermore when-
ever there is a directed 3-clique, vgv1 v, such that f(vy) = f(v2), then f(vg) = f(v1) =

f(v2);

3. strong digraph map if whenever v — w in G then f(v) — f(w) in G,.

We denote the category of all simple digraphs with weak digraph maps as WkDgr, with
triangle-collapsing digraph maps as TcDgr and with strong digraph maps as StDgr.

Remark 4.2.16. If H is oriented then any weak digraph map f : G — H is triangle-collapsing.
Lemma 4.2.17. Given two digraphs G, H and a vertex map f : V(G) — V(H),

1. fisaweak digraph map G — H if and only if it is a weak simplicial morphism K — dF1(H)
for some simplicial complex Sk; (dF1(G)) C Kg C dF1(G);

2. f is a strong digraph map G — H if and only if it is a strong simplicial morphism Kg —
dFl(H) for some simplicial complex Ski(dF1(G)) C K¢ C dFI(G);

3. f is a triangle-collapsing digraph map G — H if and only if it is a triangle-collapsing
simplicial morphism dF1(G) — dFL(H).

In particular, dF1 is a full and faithful functor WkDgr — WkOSC, TcDgr — TcOSC and

StDgr — StOSC.

Proof. Suppose f induces a weak digraph map G — H. Take any simplex p = vg... v €
dF1(G). Then for every i < j, there is an edge v; — v; in G. Since f is a weak digraph map
f(vi) 2 f(v) for every i < j. Either these are all edges, in which case f(p) € dFI(G), or

there is an equality in which case f(p) is non-simplicial. Hence, f induces a weak simplicial
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morphism dF1(G) — dFI(H) and so certainly induces a weak simplicial morphism K¢ —
dFl(H) for any Sk; (dF1(G)) C K¢ C dFI(H).

Now suppose f induces a weak simplicial morphism Sk; (dF1(G)) — dFI(H). Take an
edge v — w in G. Note there is a simplex vw € Sk; (dF1(G)). Therefore, either f(vw) =
f(v)f(w) € dFI(H), in which case f(v) — f(w) in H, or f(vw) is non-simplicial, in which
case f(v) = f(w). Hence, f induces a weak digraph map G — H.

A similar argument shows the second point and the third point follows immediately

from definitions. O

Another way to construct a path complex from a digraph is by considering the collection

of all its directed paths. This is the object studied by path homology [54].

Definition 4.2.18. Given a directed graph G = (V, E), the allowed path complex, A(G), is

the path complex on V such that given an arbitrary elementary path p = vy ... vy,
vg...0 € A(G) < foralli, v; = v;;1in G. 4.6)

We refer to the elements of A(G) as the allowed paths (in G).

N

W e “eE
W/
S
Figure 4.1: A simple example digraph G for which dFI(G) # A(G)

Example 4.2.19. Figure[4.1]shows an example digraph, G, for which A(G) # dFI(G). First
note that EWE € A(G), but this path is not simplicial and hence does not belong to dF1(G).
Also note that dFI(G) contains two simplices on the nodes {N, E, W}, namely NEW and
NWE. We will see later, in Example that dF1(G) has the homology of the 2-sphere
whilst A(G) is contractible.

Note that A(G) is always a regular path complex but is not, in general, a simplicial
complex. For example, consider any non-oriented digraph or, more generally, a digraph
containing some path @ — b — c for which a /4 c. The functoriality of this construction is

simple: by a proof similar to that of Lemma we obtain the following.

Lemma 4.2.20. Given two digraphs G, H, and a vertex map f : V(G) — V(H),
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1. fis a weak digraph map G — H if and only if it is a weak path morphism P — A(H) for
some path complex Sk (A(G)) C Pg C A(G);

2. fis a strong digraph map G — H if and only if it is a strong path morphism P — A(H)
for some path complex Sk (A(G)) C P C A(G).

In particular, A is a full and faithful functor WkDgr — WKRPC and StDgr — StRPC.

In light of these results, we note that both dF1(G) and .A(G) can be viewed as regular
path complexes and TeDgr is the largest category on which both constructions are functorial.
Therefore, we can view both constructions as functors TcDgr — WkKRPC and then observe

the following relation.
Lemma 4.2.21. When viewed as functors TcDgr — WKRPC, dFl is a subfunctor of A.

Proof. Given a digraph G, if p = vg. .. vk is a directed k-clique then p is certainly an allowed
path. Therefore, dFI(G) C A(G). Moreover, given a triangle-collapsing digraph map
f : G — H, there are induced maps dFl(f) : dF1(G) — dFl(H) and A(f) : A(G) — A(H)

which trivially commute with the inclusions. O

We summarise this section with the diagram of functors shown in Figure[#.2] Each black
arrow is an inclusion of subcategories. The vertical, dashed, black arrows are inclusions of
wide subcategories. The horizontal, solid, black arrows are inclusions of full subcategories.

Each orange arrow is the directed flag complex functor, dFl, and each blue arrow is the

allowed path complex functor, A. By Lemmas 4.2.17|and 4.2.20} the coloured arrows are

full and faithful functors. The sub-diagram of black and orange arrows commutes, as does
the sub-diagram of black and blue arrows. Given two paths through the diagram between
the same categories, one containing an orange edge and one containing a blue edge, the

path containing an orange edge yields a subfunctor of the other.

4.2.3 Chain complexes from regular path complexes

We now construct a chain complex which algebraically represents the combinatorial struc-
ture in a regular path complex. This construction is due to Grigor 'yan et al. [54]. It is possible
to repeat this construction for any path complex P, by first applying the regularisation
functor, reg : WkPathC — WkRPC.

To begin, we choose an arbitrary field IF and let Ch denote the category of non-negatively

graded chain complexes of vector spaces over F. Given a regular path complex P, generate
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Wk : Weak maps/morphisms

WkDgr WkQSC Tc : Triangle-collapsing maps/morphisms

St : Strong maps/morphisms

I
J

J
TCDgI‘ TcOSC — WKRPC Dgr : Digraphs

A |

! OSC : Ordered simplicial complexes

J J

St]Sgr StOSC - StRPC RPC : Regular path complexes
— " T =
— : Allowed path functor, A
: Directed flag complex functor, dFl

Figure 4.2: The categories defined in this section, and the functors between them. The black
arrows denote inclusions of subcategories; the dashed arrows are wide inclusions whilst the
solid arrows are full inclusions. The orange arrows denote dFl and the blue arrows denote

A.

the following free [F-vector spaces:

Ag(P):=F ({p =10p...v¢ | pisan elementary k-path on V(P)}), 4.7)
Ri(P) :==F ({p =vo...v | pisaregular k-path on V(P)}), (4.8)
Iy(P) :=F ({p =vo...vx | pisanirregular k-pathon V(P)}), (4.9)
Ce(P):=F{{p=u0y...00| p € P}). (4.10)

We will not distinguish between paths and their corresponding generators in these free

groups. We drop P from notation when it is clear from context.

Remark 4.2.22. 1. The vector spaces Ai(P), Ry(P) and Zy(P) each depend only on V(P).
2. There is always a direct sum decomposition Ay = Ry @ Zy.
3. Since we only consider regular path complexes, there is a subspace relation, Cy(P) C

Re(P).

We can define a non-regular boundary map amongst the A, in the usual fashion: given

a standard basis element vy . .. v, € Ay, define
k .
R (vo...0p) := )Y (—1)'vg...0;... 0 (4.11)
i=0

and then extend linearly to a map 9} : Ay — Ax_1. Asusual, 9;" ; 0 I} = 0 [54, Lemma 2.3].
Next, one can verify that 0 (Zy) C Zy_; [54, Lemma 2.9] and hence 9}" passes to the quo-
tient to define the regular boundary map 0y : Ry — Ri_1. Intuitively, this boundary map

can be computed by following the usual formula (4.11) and then dropping any summands
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corresponding to irregular paths. The chain complex equation passes to the quotient to give
ak_1 o ak =0.
Unfortunately, this boundary map does not restrict to a map C, — Ci_; because, a

priori, P is not a simplicial complex. Instead, we must pass to a further subspace

O (P) := {p € C(P) | d(p) € C1(P)}. (4.12)

Notice that the chain complex equation implies that Jj restricts to a boundary map J :
O — Q1. Therefore, { (), Jx } -, forms a chain complex, which we call the regular chain
complex of P.

In general, elements of Q) (P) are sums of paths in P. Indeed, there may not even be a
basis of ()(P) for which each basis element is supported on a single path. Computing a

basis for O (A(G)) is often non-trivial [38], especially for k > 2.

Theorem 4.2.23 ([55, Theorem 2.10]). The reqular chain complex of a reqular path complex can be
made into a functor () : WkRPC — Ch.

Proof. Let f : P — P, be a weak path morphism of regular path complexes. We will define
fi 1 Q(P1) — Q(P2) on each component. First we define maps Ri(f) : Rx(P1) — Ri(P2)
on the standard basis. Given an arbitrary path p € P, let

Re(F)(p) = {f(p) if f(p) is regular, (4.13)

0 otherwise.

One can verify that this yields a chain map and moreover, since f is a weak path morphism,
Ri(f)(Q%(P1)) € O(Pa). We let f4 denote the restriction of Ri(f) to Q(P1) — Q(P2).

The construction of Ri(f) is clearly functorial and hence so is the restriction. O

Remark 4.2.24. There is a corresponding non-regular chain complex, which repeats the
construction above but with the non-regular boundary map 0"". This can distinguish
between non-regular path complexes that share the same regularisation. However, this
construction can only be made into a functor StPathC — Ch. We refer the interested reader
to [53].

Given a weak path morphism of regular path complexes f : P} — P>, we let fy := Q(f)
denote the chain map induced by (). We can compose () with the homology functor (in
some degree k) to obtain a functor Hy o (2 : WkRPC — Vec. For brevity’s sake, we denote
Hy(P) := Hy(Q(P)) for a regular path complex P and f. := H(Q(f)) for a weak path

morphism f. We also use similar notational shortcuts when composing with the functor
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which takes homology in every degree simultaneously, viewed as a graded vector space,

H : Ch — grVec. Finally, given an object or morphism in WkPathC, we use the same

notation to denote these induced objects/morphisms, after first applying the reg functor.
In the case where P is in fact a simplicial complex, this construction simplifies substan-

tially.

Lemma 4.2.25. If P is an ordered simplicial complex then O (P) = Cy(P) for every k and moreover

k .
ak(ZJQ...Uk) = E(—l)’vo...zﬁi...vk (414)

i=0

forevery vy ... v € P.

Proof. Given a path p = vg...v, € P, all the vertices are distinct because p is simplicial.
Therefore, all the sub-paths vg...9;... vy are regular and thus equation (4.14) correctly
computes the reqular boundary map. Next, all the sub-paths belong to P because P is
a simplicial complex and thus dx(p) € Cr_1(P) and moreover p € Q(P). Since p was
arbitrary, this shows that Cx(P) C O (P). O

If P = A(G) or P = dFI(G) for some digraph G, then Hy(P) can be used as a functorial,

algebraic invariant of G. For example, Hy encodes the weakly connected components of G.

Proposition 4.2.26 ([54, Proposition 3.24]). Given any digraph G, Hy(dF1(G)) = Ho(A(G))

and moreover dim Hy(dFL(G)) is the number of weakly connected components of G.

4.3 Systems of one-step homotopies

All the homotopies presented herein are generated by a class of directional, one-step
homotopies. The one-step homotopies determine a binary relation on the morphisms,
which is subsequently completed to an equivalence relation by identifying ‘zig-zags” of
one-step homotopies. In this section, we present a small framework for developing these

systems of one-step homotopies and relating them via functors.
Definition 4.3.1. Fix a locally small category C.

1. A system of one-step homotopies S for C is a choice of digraph S(Cy, C2) on the vertex
set Mor¢ (Cy, C), for every pair of objects C1,C, € C.

2. We call an edge f — g in S(Cy, C2) a one-step S-homotopy from f to g.

3. If there is an edge f — gor ¢ — f in §(Cy,C2) then we say f and g are one-step

S-homotopic and write f ~s1 g.
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4. We say two morphisms f, g are S-homotopic, and write f ~s g, if they belong to the

same weak path component of S(Cy, Cy), i.e. if there is a sequence of morphisms

f:f(]/fl/---/fm—lzfm:g (4.15)

such that f; 1 ~s; f; for every i. We refer to such a sequence of morphisms as a

multi-step S-homotopy from f to g.
For brevity, we drop the subscript S from the notation when it is clear from context.

Remark 4.3.2. By construction, ~s is an equivalence relation on Mor¢(Cy, C2).

In many systems of one-step homotopies (such as the usual homotopy theory of topo-
logical spaces) each edge f — g is evidenced by the existence one or more ‘homotopies’,
which are themselves morphisms in C. For an arbitrary system, including the main system
Sqrp1 which we will later define, this may not necessarily be the case. However, we will
shortly define systems which are associated to a choice of ‘cylinder functor” wherein each
edge f — g is indeed associated to at least one such "homotopy” morphism in C.

A system of one-step homotopies can be pulled back through a functor. Under sufficient

conditions this pull-back can induce ‘the same’ equivalence relation on the morphisms.

Definition 4.3.3. Given a functor y : C — D and a system of one-step homotopies S for D,

the pull-back is the system of one-step homotopies y*S for C given by

f=ginpS(C,C) = pu(f) = p(g) inS(u(Cr), u(C2)). (4.16)
Remark 4.3.4. Given a pair of functors u : Co — C1, v : C; — C; and a system of one-step
homotopies S for C», one can check that (v o u)*S = u*v*S.

For every pair of objects, u defines a weak digraph map p*S(C1,C2) = S(u(Cq), u(Cz)).
Indeed, an alternative definition of y*S is that u*S(Cy, Cy) is the largest digraph on
Mor¢(Cy, C2) such that y induces such a weak digraph map. If u is faithful then each
of these vertex maps is injective and hence forms a strong digraph map. If y is full and

faithful then each map is bijective and hence forms an isomorphism of digraphs.
Lemma 4.3.5. Given a functor y : C — D and a system of one-step homotopies S for D then
fws g = plf) =s p(g)- (4.17)

If w is a full functor then
s § = u(f) =s u(g) (4.18)
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Proof. If f ~:s ¢ then there is a sequence of morphisms

f:folfll-'-/fmfllfm:g (4.19)

such that f; 1 — f;in p*S(Cy, Cy) for every i. Hence,

u(f) = ulfo), u(fi), - #(fin-1), u(f) = p(g) (4.20)

is a sequence of morphisms, such that for every i either u(fi_1) = u(fi) or u(fi-1) — u(fi)
in S(u(Cq), u(Cz)). After removing duplicate morphisms, we see u(f) ~s pu(g).

If u is full then, by definition, y is surjective as a vertex map Mor¢(Cy,C2) —
Morp (u(C1), u(Cz)). Hence, if u(f) ~s p(g) then there is a sequence of morphisms as in
equation (4.20) such that u(fi—1) — p(fi) in S(u(Cq1), u(Cz)) for every i. By the construction
of the pull-back

f:fO/fll---/fmfllfm:g (421)
is a sequence of morphisms showing that f ~ -5 g. ]
This equivalence relation for morphisms can induce an equivalence relation on the

objects of C, in the standard way. However, we must first check that the relations between

the morphisms compose transitively.

Definition 4.3.6. Let S be a system of one-step homotopies for a category C. We say two
objects C;, C; € C are S-homotopy equivalent, and write C; ~s Cy, if there are a pair of

morphisms f : C; = Cx and g : C; — C; such that
gof~side, and fog~gidc,. (4.22)
For brevity, we drop the subscript S from the notation ~s when it is clear from context.

Definition 4.3.7. Let S be a system of one-step homotopies for a category C. We say
S is transitive if given morphisms ¢1,¢2 € More(Cy1,Ca), f € More(Cp,Cq) and h €
Mor¢(Cy,C3), such that g1 ~s g2, then g1 0 f ~g gpo fand ho g ~g ho g.

81
f Tk h
Co — (4 C,—— Gs (4.23)
2

Lemma 4.3.8. Let S be a system of one-step homotopies for a category C. If S is transitive then ~ g

is an equivalence relation on the objects of C.
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Proof. 1t is clear that ~s is symmetric and reflexive, so it remains to show that ~ is

transitive. Suppose Cy ~s C; and C; ~s C, then we have morphisms in the following

arrangement
f f2
— ! —
Co C1 Cy (4.24)
<~ _— Y~ —
81 2

such that each f;, g; pair satisfy the equations (4¢.22). Then

(g1082)0o(fa0fi) =g10(g20f2) 0 fi s g1oide o fi =g10f1 =sidg, (4.25)

where in the first ~g step we use the transitivity of S. A similar proof shows that the

opposite composition is S-homotopic to idc,. Hence, we see Cy ~ Cy. ]
A standard application of Lemmas and yields the following corollaries.

Corollary 4.3.9. Given a full functor y : C — D and a system of one-step homotopies S for D, if

S is transitive then the pull-back u*S is transitive.
Corollary 4.3.10. Given a functor yu : C — D and a system of one-step homotopies S for D,
C1 s G = p(Cr) =s p(Co). (4.26)

If w is a full functor then
C =urS C — ‘M(Cl) ~g V(CZ) (427)

One way to construct a system of one-step homotopies is via a choice of cylinder functor

(see [68, §1.2] for an introduction).

Definition 4.3.11. A cylinder functor for a category C is a functor
Cyl:C—=C (4.28)
equipped with three natural transformations
10,41 1ide¢ = Cyl, and p:Cyl=idg, (4.29)
satisfying pt; = id, for eachi = 0, 1.

With such a cylinder functor in hand, one can construct a system of one-step homotopies
S for C as follows. Given f, g : C; — Cy, a one-step S-homotopy from f to g is a morphism
F : Cyl(C;) — C3 such that

Foiw=f and Foy =g (4.30)
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This determines the system S by including an arrow f — ¢ in §(Cy, C;) whenever such a
one-step S-homotopy exists. In a slight abuse of terminology, we use the term ‘one-step
S-homotopy’ to refer interchangeably between the edge in S(Cy, C2) and a morphism that

implies its existence. We refer to S as the system of one-step homotopies associated to Cyl.

Lemma 4.3.12 ([68, Lemma 2.3]). The system of one-step homotopies associated to a cylinder

functor is transitive.

In this work, we opt for slightly more generality than cylinder functors in order to
emphasise the important properties of the resultant systems. Moreover, in Section
we will see that it is not clear how to construct an appropriate cylinder functor in TeDgr

without artificially inflating the category.

4.4 Homotopies for ordered simplicial complexes

In this section, we develop a system of one-step homotopies for ordered simplicial com-
plexes, so that two homotopic simplicial morphisms induce identical maps on homology,
through the functor H o () : TcOSC — grVec. In Section[4.4.1} we recall one such system
for WKRPC, which was first defined in [53] in terms of a cylinder functor Cyl for WKkRPC.

In Section we pull back along the full inclusion TcOSC — WKRPC, to obtain a
system for ordered simplicial complexes. We then describe this pull-back in terms of a
cylinder functor Cyl for TcOSC. More precisely, in Theorem we show that a vertex
map F induces a one-step homotopy with respect to Cyl if and only if it induces one with
respect to Cyl.

For completeness, in Sectionwe instead consider embedding TcOSC in the category
of simplicial sets. We repeat the process above for this inclusion, and show that the system

of homotopies we obtain is identical to the one obtained in Section[4.4.2]

4.4.1 Homotopies for path complexes

Definition 4.4.1. Given a path complex P, the cylinder over P, Cyl(P), is a new path

complex on V(P) x {0,1} containing paths of the following forms

1. (v0,0)...(vk,0) such thatvg...vx € P;
2. (vo,1)...(v, 1) such thatvy... v, € P;
3. (v9,0)...(v;,0)(v;,1)...(vg,1) such thatvy...vx € Pand 0 <i < k.
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(vo,1) — (v1,1) —= (v2,1) — (v3,1) —— (v4,1)

T 1 1 1 T

(v9,0) — (v1,0) —— (v2,0) —— (v3,0) —— (v4,0)

Figure 4.3: Visualisation of the lift £(vov1v2v3v4). The lift is a sum of 5 different 5-paths, the
green paths are added with coefficient (+1) and the red paths are added with coefficient

(—1).

This can be made into an endofunctor on WkPathC by sending a weak path morphism
f : P = P, to the weak path morphism Cyl(f) : Cyl(P;) — Cyl(P,), given by (v,i) —

(f(v),i). Moreover, there are weak path morphisms

it P—Cyl(P), v~ (v,i), (4.31)
p:Cyl(P) - P, (v,i)— v (4.32)

fori = 0, 1. These formulae determine natural transformations which, together with Cyl,
constitute a cylinder functor for WkPathC. Since the cylinder of a regular path complex
is again a regular path complex, this restricts to a cylinder functor on WkRPC. We let
Swipathc and Swirpc denote the associated systems of one-step homotopies. Clearly,
Swirrc = " Swipathc Where 1 : WKRPC — WkPathC is the inclusion of full subcategories.

As one might expect, the homology of a path complex is indeed invariant with respect

to homotopy equivalence.

Theorem 4.4.2 ([53| Theorem 3.8]). Suppose f,g : Py — P, are Swxrpc-homotopic weak path
morphisms of reqular path complexes, then there is a chain homotopy between fy and gy. Therefore,
f and g induce identical maps on homology, f. and g.. In particular, if Py ~ P, then the homology
groups H(Py) and H(P,) are isomorphic.

We automatically inherit a similar result for any pull-back of Swirpc.

Corollary 4.4.3. Given a functor yu : C — WkPathC, denote the pull-back T := p*Swipathc-
If f ~1 g, then (Hou)(f) and (H o u)(g) are identical maps on homology. In particular, if
Cy,Cy € C are two objects such that C; ~t1 Cp then the homology groups (H o u)(Cy) and
(H o u)(Cyp) are isomorphic.

Theorem [4.4.2] was shown in [53]], we reproduce the proof here for clarity’s seek and to
make the chain homotopy explicit in the multi-step case. Given a regular path complex P,
the lifting map is a linear map £ : Ri(P) — Ri,1(Cyl(P)), which is given on the standard
basis by

k
,Q(U() e Uk) = Z(—l)i . (00,0) e (Z)i, 0) (Z)l', 1) e (Z)k, 1), (433)
i=0
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as visualised in Figure Note that this clearly restricts to a linear map £ : C¢(P) —
Cr+1(Cyl(P)). The following result characterises how the lifting map interacts with the

regular boundary map. For a proof, we refer the reader to [53].

Lemma 4.4.4 (Product Rule [53, Lemma 3.2, Theorem 3.8]). Given a reqular path complex P
and ¢ € O (P),
0£(v) + £(9c) = (11)4(v) — (10)4(c) (4.34)

and hence the lifting map restricts to a linear map £ : Oy (P) — Q41 (Cyl(P)).

Proof of Theorem To begin, we deal with the case where f ~; g. Suppose F : Cyl(P;) —
P, is a one-step homotopy from f to g. We define the chain homotopy Ly : O (P;) —
OQy11(P2) by Li(c) := F¢(£(c)). Using the fact that Fy is a chain map, along with the product
rule, given any ¢ € (4 (Py),

(Ly + Li_19)(c) = 9F£(c) + F4£(dc) (4.35)
= F0L(c) + Fp&(c) (4.36)
= F4(0£(c) + £(dc)) (4.37)
= Fa((11)4(c) = (10)4(c)) (4.38)
= &(c) = fu(c). (4.39)

Hence, { Ly}, constitutes a chain homotopy between f; and g#, as required.

In the general case, suppose there is a finite sequence of weak path morphisms

f=fofu funrfu=¢g (4.40)

such that f;_ 1 ~; fifori = 1,...,m. For each i, there is a one-step homotopy F; :
Cyl(P) — P, between f; and fiq. If F is from f; to fii1, let a; = 1. If F; is in the
opposite direction, let «; = —1. By the argument above, F; induces a chain homotopy
{L,((i) : O (Pr) = Og11(Pa)},-, that satisfies

a;- (B + L 19)(c) = (fir1)s(c) — (fi)4(c) (4.41)

(i)

for every ¢ € (O (P;). Therefore, if we define Ly := Y./" ; a; - Lki , then {Lt};~ is a chain

homotopy between fy and g, as required. O
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4.4.2 Ordered simplicial complexes as path complexes

Due to Lemma there is an inclusion of full subcategories TcOSC, ¢ : TcOSC —
WKRPC. Therefore, the system of one-step homotopies described in Section restricts to
a system for ordered simplicial complexes, by taking the pull-back 1*Swyrpc. In this section,
we seek to characterise this system intrinsically within TcOSC, i.e. without reference to
path complexes or morphisms. First, we require the notion of the simplicial closure of a

path complex.

Definition 4.4.5. A path complex, P, is called pre-simplicial if all of its constituent paths are
simplicial. Given a pre-simplicial path complex P, its simplicial closure, P is the smallest

simplicial complex containing K.

Remark 4.4.6. 1. A pre-simplicial path complex is necessarily regular.
2. The simplicial closure of a pre-simplicial path complex is well-defined because the set

of all simplicial complexes is closed under arbitrary intersections.

It will be important to understand the structure of Cyl(K), for a simplicial complex K,
because a homotopy of path complexes has Cyl(K) as its domain. First we list the additional

simplices in the closure of a cylinder.
Lemma 4.4.7. Given any simplicial complex K, Cyl(K) is pre-simplicial. Moreover,

Cyl(K) \ Cyl(K) = {(00,0) ... (v;,0)(vix1,1)(0p, 1) | v0... 04 €K,0<i <k}. (4.42)

Proof. 1t is clear to see that all paths in the cylinder of K are simplicial. Then, for every

vy...v¢ € Kand 0 < i < k, Cyl(K) contains the path
(v0,0)...(v;,0)(v;11,0)(vit1,1) ... (v, 1). (4.43)
Therefore, in order to be closed under taking ordered subsets, Cyl(K) must contain the path
(v0,0)...(v;,0)(vi41,1) ... (v, 1). (4.44)
Finally, note that adding these paths to Cyl(K) yields a simplicial complex. O

With these, we are able to characterise the homotopies between morphisms in TcOSC

without reference to path complexes or morphisms.

Theorem 4.4.8. Given two triangle-collapsing simplicial morphisms f, g : Ky — Ky, a vertex map
F:V(Ky) x{0,1} — V(Ky) induces a one-step Swxrpc-homotopy from f to g if and only if F

induces a triangle-collapsing simplicial morphism Cyl(Ky) — Ky such that

Foiw=f and Fou =g (4.45)
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Proof. First, note that it suffices to show F induces a weak path morphism Cyl(K;) — K if
and only if F induces a triangle-collapsing simplicial morphism m — K5, under the
assumption that F o ;g = f and F o 11 = g. Also note that f and g are weak path morphisms
Ky — Ky, by Lemma

One direction is straight-forward: if F induces a triangle-collapsing simplicial morphism
Cyl(K;) — K; then, by Lemma F induces a weak path morphism Cyl(K;) — K.
Then, because Cyl(K;) C Cyl(K;), F must also induce a weak path morphism Cyl(K;) —
Ks.

For the opposite direction, suppose F induces a weak path morphism Cyl(K;) — Kj.

It remains to show that for p € Cyl(K) \ Cyl(K), either F(p) € Ky or F(p) is irregular. By
Lemma we can assume that p takes the form

(v0,0) ... (v;,0)(vit1,1) ... (v, 1) (4.46)
where vg... v, € Kj and 0 < i < k. Consider the cylinder path
po = (v0,0) ... (v;,0)(0vi1,0)(vit1,1) ... (vk, 1) € Cyl(Ky). (4.47)
Since F induces a weak path morphism Cyl(K;) — Kp, either F(py) € Ky or F(po) is
irregular. If F(py) € K then we are done because p is a face of pp and K is a simplicial
complex. We deal with the remaining case, in which F(py) is irregular. Consider the possible
pairs of adjacent vertices in pg that have the same image under F. In most cases, this
irregularity implies that F(p) is also irregular. The remaining cases are F(v;,0) = F(v;;1,0)
and F(vi41,0) = F(vi41,1).
Case 1: Suppose F(v;,0) = F(v;41,0). Then
F(p) = F((v0,0) ... (vi-1,0)(v;,0)(vi+1,1)(viy2, 1) ... (v, 1)) (4.48)
= F((v0,0) .. (vi-1,0)(0i41,0)(vi41,1)(vig2,1) ... (0, 1)) € F(Cyl(K)) (449
and hence either F(p) € K, or F(p) is irregular.
Case 2: Suppose F(v;;1,0) = F(vj;1,1). Then
F(p) = F((v0,0) ... (vi-1,0)(v;,0)(vis1,1)(vi42,1) ... (vp, 1)) (4.50)
= F((v0,0) ... (0i-1,0)(v;,0)(vi11,0) (vis2,1) ... (v, 1)). (4.51)
Iterating this argument, we either fall into a Case 1 (in which case F(p) € K, or F(p) is

irregular), or we arrive at Case 2 with i = k — 1. This yields F(vg,0) = F(vg, 1) and

F(p) = F((UQ, 0) ce (271;1,0) (Ui, 0) (Ui+1, 1)(7Ji+2, 1) . (Z)k, 1)) (452)
= F((Uo, O) e (kalr 0) (Z)k, 1)) (453)
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From this we can conclude

F(p) = F((v0,0) ... (vk-1,0)(vt,0)) = (Fouo)(vo...vk). (4.54)

Then, since F o  is a weak path morphism K; — K, we obtain that either F(p) € K; or

F(p) is irregular. O

The map K + Cyl(K) is a functor Cyl : TcOSC — TcOSC. Together with the usual
natural transformations ; and p, this determines a cylinder functor for TcOSC. We denote
the resulting system of one-step homotopies by Srosc. To be explicit, in this system,
a one-step St.osc-homotopy from f to g is a triangle-collapsing simplicial morphism
F : Cyl(K;) — Kj such that

Foiw=f and Foyp=g. (4.55)
Theorem tells us that this is an intrinsic description of the pull-back system.

Corollary 4.4.9. The pull-back system along the inclusion 1 : TcOSC — WKRPC is 1* Swxrpc =

S1c0sc-

We conclude this subsection with some simple technical results, which control the

paths in Cyl(K). These allow us to obtain an equivalent condition to F inducing a triangle-

collapsing simplicial morphism Cyl(K;) — K, which depends only on the 1-skelton,
Skj (Kj). This will be useful in the later sections.

Lemma 4.4.10. Let K be a simplicial complex.

1. If (vo,]) ... (vk, j) € Cyl(K) for some fixed j then vy ... v, € K.

2. If (vo,jo) - - - (0x, jx) € Cyl(K) and vy . .. vy is simplicial then vy ... v, € K.
3. If (vo,jo) - - - (vk, jik) € Cyl(K) and v; = vj for j > ithenj=i+1.

4. If (vo, jo)(v1,j1)(v2, j2) € Cyl(K) then vy # vs.

Proof. For the first point, suppose p1 := (vo,]) ... (v, j) € Cyl(K) for some fixed j. Note
that p; is not one of the simplices listed in Lemma because the second coordinate is
constant. Therefore, we have p; € Cyl(K). Considering the three types of paths in Cyl(K)
we see that vy ...y, € K.

For the second point, suppose pz := (v, jo) - - - (vk, jk) € Cyl(K) and vy . . . v is simpli-

cial. If the j; are constant at 0 or 1 then p; is of the form above and hence vy ..., € K.

Otherwise, note that we must have p, € Cyl(K) \ Cyl(K) because the remaining paths
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in Cyl(K) repeat vertices in the first coordinate. Hence, by Lemma we see that
vo...0; € K.
For the third point, suppose p3 := (vo, jo) - - - (vk, jx) € Cyl(K). If v; = v; for some i < j

then vy . .. vy is not simplicial. Considering the four types of paths in Cyl(K), we see that p3

must take the form
p3 = (ZU(), 0) ce (wi, 0) (ZUZ', 1)(wi+1, 1) e (wk,l, 1) (456)

for some wy ... wy_1 € K. Since wy . .. wx_1 is simplicial, the only repeated vertex is w;, and

hence we must have j = i 4 1. The final point follows immediately from the third. O

Lemma 4.4.11. Given two simplicial complexes Ky, Ky and a weak simplicial morphism F :

Cyl(K1) — Ky, denote f := Foigand g := F o 1y. If both f and g are both triangle-collapsing

simplicial morphisms Ky — Kj, then F is triangle collapsing if and only if

xy € Kyand f(x) =g(y) = f(x)=f(y) =g(x) =g(y). (4.57)

Proof. First, suppose F is triangle-collapsing. Then take xy € Kj such that f(x) = g(y). This
implies that F(x,0) = F(y,1). Now note (x,0)(y,0)(y,1) € Cyl(K;) so F(y,0) = F(x,0)

and hence f(y) = f(x). Likewise, (x,0)(x,1)(y,1) € Cyl(K;y) so F(x,1) = F(x,0) and
hence g(x) = f(x).
Now suppose F satisfies condition (4.57). Take a simplex p = (v, jo)(v1,1)(v2, j2) €

Cyl(K7) such that F(vy, jo) = F(vg,j2). By Lemma 4.4.10 we may assume vy # vp. If
p = 1i(p') for some j € {0,1} and p’ € K; then F(vy,j1) = F(vo,jo) because f and g are

both triangle-collapsing. It remains to consider the case where p = (v, 0)(v1,j1)(v2,1). Let
us assume that j; = 0; the j; = 1 case admits a similar proof. First, note the condition
F(vo, jo) = F(v2,j2) becomes f(vy) = g(v2). Since j; = 0 and p is simplicial, we must have
v1 7# vo. We split into two cases.

Case 1: Suppose v1 = v;. Then (v9,0)(v1,71) = (v0,0)(v2,0) is a face of p € W, SO
we must have (vg,0)(v2,0) € Cyl(K;). Therefore, by Lemma we see Doz € Kj and

then condition implies that

F(v1, 1) = f(v1) = f(v2) = f(v0) = F(vo, jo)- (4.58)

Case 2: Suppose v; # vp. In this case note that vpv,v, is simplicial and hence, by
Lemma 190102 € Kj. Then, since K; is a simplicial complex, vgv, € K; and hence
condition (4.57) implies g(v2) = f(v2). Now f is a triangle-collapsing simplicial morphism
and f(vg) = g(v2) = f(v2) so f(v1) = f(vo) which implies F(v1, j1) = F(vo,0). O
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4.4.3 Ordered simplicial complexes as simplicial sets

Those unfamiliar with path complexes may prefer to view an ordered simplicial complex
as a simplicial set. For completeness, we consider this alternative perspective here. The
remainder of this work is not dependent on this section.

First, we describe a full and faithful embedding ¢ : TcOSC — sSet, into the category of
simplicial sets. To each simplicial set, one can assign a chain complex, called its normalised
Moore complex, via a functor N : sSet — Ch (see [48, §2]). From a homological point
of view, these two perspectives are identical, in the sense that (2 and N o ¢ are naturally
isomorphic as functors TcOSC — Ch. The category of simplicial sets is equipped with
a system of one-step homotopies, via its ‘left homotopies’, which we denote Sgger. In
Corollary we show that 0*Ssset = Stec0sc and hence these two perspectives yield
identical systems of one-step homotopies. We begin with definitions of the simplex category

and of simplicial sets, which facilitate the construction of ¢.

Definition 4.4.12. Given an integer n > 0, the n'h ordinal is the ordered simplicial complex,
[n], on the vertex set {0, ..., n} consisting of all strictly increasing sequences. Put another
way, [n] is the minimal simplicial complex containing the simplex 0...n. The simplex

category, A, is the full subcategory of TcOSC, with objects restricted to the ordinals.

Remark 4.4.13. Let G, be the digraph on {0,...,n} with an edge i — jif and only if i < j.
Then notice A(G,,) = dF1(G,) = [n]. By Lemmas{4.2.10|and |4.2.20, a morphism [m] — [n]

in A is just a weak digraph map G,;, — G,. This is equivalent to a (not necessarily strictly)

increasing function {0,...,m} — {0,...,n}.

Definition 4.4.14. A simplicial set is a contravariant functor from the simplex category into
the category of sets, i.e. a functor A°? — Set. A simplicial map is a morphism in the functor
category [A°P, Set], i.e. a natural transformation. This defines the category of simplicial

sets, which we denote sSet.
Lemma 4.4.15. There is a full and faithful embedding o : TcOSC — sSet.

Proof. There is an inclusion of subcategories 15 : A — TcOSC. We define ¢ to be the
restricted Yoneda embedding corresponding to this inclusion, i.e. ¢ := i}, o Y, where 1} is
the restriction functor } : [TcOSC®P, Set] — [A°P, Set] and Y : TcOSC — [TcOSC®P, Set]

is the Yoneda embedding. More concretely, given an ordinal [n] € A,

o (K)([n]) = Morreosc([n], K). (4.59)
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The proof that ¢ is full and faithful follows the usual proof that A is dense in the category
of small categories. Essentially, this amounts to showing that, given simplicial complexes
K1, K, and a natural transformation 1 : 0(K;) = o(K3), there is a unique vertex map
f: V(Ky) — V(Kz) such that f induces a triangle-collapsing simplicial morphism K; — K»
and o(f) = n. This vertex map is fully determined by the function

1jo] : Morteosc([0], K1) — Morreosc([0], K2), (4.60)

which induces to a triangle-collapsing simplicial morphism precisely because 7 is natural.
O

We now recall the homotopies in sSet and explore how they relate to the homotopies in

TcOSC. First, we need the notion of product for a general category.

Definition 4.4.16. Given two objects G, H € C in some category C, the categorical product
is an object G x¢ H together with morphisms 77¢ : G X¢H = Gand g : G x¢ H — H
satisfying the following universal property:

(Universal Property of Products) Given ¢ : Y — G and ¢y : Y — H, there is a unique

morphism f : Y — G X¢ H such that the following diagram commutes
Y
96 N (4.61)

~

Remark 4.4.17. The categorical product may not exist but, if it does, it is unique up to unique

isomorphism.
Definition 4.4.18. Given a simplicial set S € sSet, the cylinder over S is the simplicial set
Cyl(S) := S Xsset ([1]). (4.62)

This construction can clearly be made into a functor Cyl : sSet — sSet. Since sSet
is a category of functors into Set which is complete, this product exists and is computed

‘pointwise’. That is, given an ordinal [n] € A,
Cyl(S)[n] = S[n] x ¢([1]) = S[n] x Mora([n], [1]), (4.63)

where x here denotes the usual Cartesian product of sets. This formula also extends to

describe the structure morphisms, Cyl(S)(0), for each 6 : [m] — [n] in A. There are natural
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transformations ey, e1 : idsset = Cyl and p : Cyl = idgget. On each component S € sSet,

these are given on the ordinals [n] € A by
(ei)g[n] : S[n] = Cyl(S)[n], T~ (T,¢i) (4.64)

and

(p)s[n] : Cyl(S)[n] — S[n], (7,i) —T, (4.65)

where ¢; € Morrosc([n],[1]) denotes the constant morphism which sends all vertices
to i. These natural transformations compose as follows poe, = poe; = idgser which
gives Cyl the structure of a cylinder functor. We denote the associated system of one-step
homotopies by Ssset. Again, to be explicit, given simplicial maps f,g : S; — S, a one-step

Ssset-homotopy from f to g is a simplicial map F : Cyl(S;) — S, such that
Foey=f and Foe =g (4.66)

We refer the interested reader to [49, §1.6] for a more thorough treatment of simplicial homo-

topies. As with Swirpc, homotopic simplicial maps induce identical maps on homology.

Theorem 4.4.19 ([48, Theorem 2.4]). Suppose f,g : S1 — Sz are Ssset-homotopic simplicial maps
then there is a chain homotopy between N(f) and N(g). Therefore, f and g induce identical maps
on homology. In particular, if Sy ~ Sy then the homology groups (H o N)(S1) and (H o N)(Sz)

are isomorphic.

Lemma 4.4.20. For any simplicial complex K, Cyl(c(K)) = o(Cyl(K)) (up to a natural isomor-

phism). Moreover, as natural transformations oi; = e;o.

Proof. Given an ordinal [n],

Cyl(c(K))[n] = Morrosc([n], K) x Morrosc([n], [1]) (4.67)

and

7(Cyl(K))[n] = Morrosc([n1], Cyl(K)). (4.68)

There are triangle-collapsing simplicial morphisms 7tx : Cyl(K) — K and 7py; : Cyl(K) —
[1], given by projection to each of the coordinates of the vertex set. Composition with these
projections induces a simplicial map ¢ : 0(Cyl(K)) — Cyl(c(K)). At each ordinal [n], this

map is given by

qu : MorTCOSC([n],Cyl(K)) — MorTCOSC([n],K) X MOI‘Tcosc([Tl], [1]) (469)

p > (ko p, T o p). (4.70)
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By Lemma each ¢y, is a bijection and hence ¢ is an isomorphism of simplicial sets.
Moreover, the formula is natural in K and hence this is a natural isomorphism between the
two functors TcOSC — sSet. Finally, the equation ¢1; = e;o follows automatically from

unwinding the definitions, modulo the natural isomorphism ¢. O

Corollary 4.4.21. Given two triangle-collapsing simplicial morphisms f, g : K1 — Kp,

1. if F : Cyl(Kq1) — Ky is a one-step homotopy from f to g then o(F) is a one-step homotopy
from o(f) to o (g);

2. if F: Cyl(c(Ky)) — o(Ka) is a one-step homotopy from o(f) to o(g) then o 1(F) is a
one-step homotopy from f to g.

In particular, the pull-back along o is 0* Ssget = Stc0SC-

Proof. The first point follows immediately from Lemma 4.4.20, For the second point, up to
a unique isomorphism F is a morphism ¢(Cyl(K;)) — ¢(K3). By Lemma 4.4.15| ¢ is full

and faithful, so there is a unique morphism G : Cyl(K;) — Cyl(K;) in TcOSC such that

0(G) = F. Since 0 is faithful, the equations
Foey(o(Ky)) =0(G)oc(w) =o(f) and Foe(0(Ky)) = 0(G)oo(n)=0(g) (“71)
imply Goig=fand Goyy = g. O

For the interested reader, these two perspectives can be unified by further embedding
sSet and WKRPC in the category of path pairs of sets, pSetPair, which was introduced
in [63].

Definition 4.4.22. A path set is a functor I1°P — Set where II is the full subcategory
of WKRPC, restricted to the objects {P,},>0 in which P, is the minimal path complex
containing the path 0...n. Any simplicial set restricts to a path set by composition with the
inclusions P, < [n]. A path pair of sets is a pair (S, P) in which S is a simplicial set and
P is a path subset of S. A morphism (51, P;) — (Sa, P») in pSetPair is simply a simplicial
map f : S; — Sy such that f(P;) C P,.

By [63, Proposition 9.6], there is a natural isomorphism ¢ such that the functors N and
¢ o Q) factor through pSetPair, making the diagram of functors commute. To be
explicit, the functor / : sSet — pSetPair is given by the assignment S — (S, S) whilst the
functor o : WKkRPC — pSetPair can be defined as

U'(P) = (MOI‘WkRpc(—,R(P)>/ MoerRPC(_/ P)) € [AOp, Set] x [Hop, Set], (472)
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where R (P) here denotes the path complex of all regular paths on V(P). Note that 10 # o

because the simplicial set component of ¢/(K) is, in general, significantly larger than ¢(K).

WKRPC —7— pSetPair

/
qon

TcOSC

\ N

sSet ———— pSetPair

Ch (4.73)

AL

The category pSetPair comes equipped with a cylinder functor [63] §9.1] which induces
an associated system of one-step homotopies, Spsetpair- This cylinder functor is derived
from a box product for pSetPair. The cylinder functor for WkRPC can also be defined in
terms of a box product for pSetPair and these two box products commute with ¢ by [63,
Proposition 9.7]. Hence, 0*Spsetpair = Swikrpc- Moreover, for a path pair of sets (S, P), the

simplicial set component of the cylinder over (S, P) is Cyl(S) and hence Spsetpair = Ssset-

4.4.3.1 Other viewpoints

Since an ordered simplicial complex contains no ‘degenerate” simplices, one may prefer
to view an ordered simplicial complex as a semi-simplicial set (sometimes called a A-set).
These objects are the combinatorial data underpinning what Hatcher calls a A-complex
structure [57, §2.1]. One can factor the functor ¢ : TcOSC — sSet through the category of
semi-simplicial sets, by composing with the functor which freely adds in all degeneracies
to a semi-simplicial set (the functor G in [90, Lemma 1.1]). We choose to focus here on
simplicial sets since they are better-studied in the literature and the two perspectives are
compatible (see [90| §2]).

Finally, we note that there is a notion of homotopy theory for directed topological spaces,
from the field of directed algebraic topology [44, §4.2]. To the authors” knowledge, this
theory has not yet been connected to the various homotopy and homology theories of
directed graphs. One could choose instead to view the directed flag complex as a directed

topological space; this perspective requires further study.

4.5 Homotopies for digraphs

The over-arching goal for this section is to develop a system of one-step homotopies for
TceDgr, to which the homology of the directed flag complex is invariant. In Section we
pull back along the allowed path complex functor A : WkDgr — WKRPC. We find that the
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resulting system, A*Swirpc coincides with the ‘path homotopy’ theory for digraphs, first
introduced in [55]]. In particular, the one-step homotopies can be characterised in terms of a
cylinder functor for WkDgr. This coincidence is unsurprising since the path homology of
digraphs was first defined as a functor which factors through WkRPC [54]. However, this
connection motivates a similar study of the directed flag complex.

In Section we repeat this process for the directed flag complex functor, dFl :
TeDgr — TcOSC; this yields the desired system for TeDgr. Unlike in Section [4.5.1} there ex-
ist one-step Stcosc-homotopies which cannot be realised as the image of some morphism in
TcDgr, through dFl. However, in Corollary [4.5.12} we obtain simple, edge-based conditions

for the existence of these one-step Stcosc-homotopies and hence characterise dFl* Srcosc.

4.5.1 Pull-back along the allowed path functor

Consider the allowed path functor, 4 : WkDgr — WKRPC. We can characterise the pull-
back system A*Swirpc intrinsically within the category WkDgr. First, in order to construct
an appropriate cylinder functor, we must define sensible notions of intervals and products

in WkDagr.

Definition 4.5.1. The standard unit interval is the digraph I on nodes {0,1} whose only
edgeis 0 — 1.

Definition 4.5.2. Given two digraphs G, H, the box product, G [J H is a digraph on V(G) X
V(H) such that

(x,y) = (¥,y) & (x=xandy =y )or (x —» x andy =¥). (4.74)

Taking the box product with the standard unit interval, gives us a ‘cylinder” digraph. As
one would hope, it is straightforward to show that .A commutes with the relevant cylinder

operations.
Lemma 4.5.3. For any digraph G, A(GI) = Cyl(A(G)).

Moreover, there are weak digraph maps ¢; : G — G I given by (;(v) := (v, i). Clearly
A(1;) is the component (1;)g of the natural transformation ¢;, associated to the cylinder
functor for WKRPC. This allows us to easily characterise when a vertex map constitutes a

one-step homotopy.
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Corollary 4.5.4. Given two weak digraph maps f,g : G — H, avertex map F : V(G) x {0,1} —
V(H) is a one-step homotopy from A(f) to A(g) if and only if it induces a weak digraph map
F:GUI — H such that

Fow=f and Fou =g. (4.75)

Proof. The vertex map F is a weak digraph map G 1] — H if and only if it is a weak path
morphism A(GHI) — A(H), by Lemma By Lemma this is equivalent to F
forming a weak path morphism Cyl(A(G)) — A(H). O

We are led to the definition of a functor Cyl : WkDgr — WkDgr, given by Cyl(G) :=
G [ 1. The inclusions 4; are in fact natural transformation idwkpgr = Cyl and the obvious
projection map Cyl(G) — G induces a natural transformation p : Cyl = idwkpgr- Together,
this gives Cyl the structure of a cylinder functor and determines an associated system of
one-step homotopies for WkDgr, which we denote S 4. For brevity, we use ~ 4, in lieu
of ~s,, to denote the resulting equivalence relations. In this system, given two weak
digraph maps f,g : G — H, a one-step S 4-homotopy from f to g is a weak digraph map
F: GLI — H such that
Foiw=f and Foy=g. (4.76)

Corollary 4.5.5. The pull-back system along A : WkDgr — WKRPC is A*Swirpc = Sa.

A one-step S 4-homotopy is precisely the definition of a one-step digraph homotopy,
in the sense introduced in [55]. Hence, A*Swyrpc coincides with the system introduced
in [55]. It is also worth noting that this system appears in a broader framework of homotopy
theories for digraphs, as the (], H)-homotopy theory in [15]. To conclude, we note that

this system enjoys a particularly simple characterisation of its one-step homotopies.

Corollary 4.5.6 ([55, §3]). Given two weak digraph maps f,g : G — H, there is a one-step
S g-homotopy from f to g if and only if for every x € V(G), f(x) = g(x).

Remark 4.5.7. The category WkDgr admits a cofibration category structure in which the
weak equivalences are those digraph maps which induce isomorphisms on path homology,
(H o A)(G) (see [19]). This structure can be refined so that the weak equivalences are those
maps which induce an isomorphism on the entire second page of the magnitude path

spectral sequence [60, Theorem 7.2].
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4.5.2 Pull-back along the directed flag complex functor

We now consider the directed flag complex functor dFl : TeDgr — TcOSC; we seek an
intrinsic characterisation of dF1* St.osc. As before, we require a product structure for
TcDgr. Note that, if v9 — v7 is an edge in G then (vy,0)(v1,1) ¢ dFI(GJI) and so
W ¢ dF1(G [ I). Hence, we must consider a larger product graph, to ensure that

all the necessary directed cliques are present.

Definition 4.5.8. Given two digraphs G, H, the cross product, G x H is a digraph on
V(G) x V(H) such that

x,y) = (¥,y) <= x=Zx andy =Z v/ butnot (x =x"andy =v/). 4.77)
y y y=Yy y=Yy

0 i—0—— 0
o i—0——0
[}

[ J
[ J

[ J [ J [ ] [ ] [ ] G

Figure 4.4: Illustration of the difference between G ] H and G x H. The box product G [1 H
consists of just the black edges. The cross product G x H additionally contains the red
edges.

For any digraphs G, H there is an inclusion GLIH C G x H, as illustrated in Fig-
ure Unfortunately, dFl does not enjoy as simple a characterisation of its cylinders (c.f.
Lemma for A). However, we can show that G x I is the minimal digraph whose

directed flag complex contains Cyl(dFl(G)). This is in analogy with Cyl(K) being the

minimal simplicial complex containing Cyl(K).

Lemma 4.5.9. For any digraph G, Cyl(dF1(G)) C Cyl(dF1(G)) C dFI(G x I). Moreover, G x I

is the smallest such digraph, i.e.
Cyl(dFl(G)) CdFI(H) = G xIC H. (4.78)
Proof. To begin, note that
Cyl(dFI(G)) C dFI(H) <= Cyl(dFI(G)) C dFI(H) (4.79)

because dF1(H) is a simplicial complex. Therefore, it suffices to prove that Cyl(dF1(G)) C
dF1(G x I) and that G X I is the smallest such digraph.
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Take a simplex vg...vx € dFI(G). Now for any i < j, v; — v; in G and certainly
0=0,1=1and 0 — 1in I. Therefore, the paths (vy,0) ... (v, 0), (vo,1)... (v, 1), and
(v0,0)...(v;,0)(v;,1)...(vg, 1) are all cliques in G x I. Hence, Cyl(dF1(G)) C dFI(G x I).

Now suppose Cyl(dFI(G)) C dFI(H). Take a node v € V(G), then (v,0)(v,1) €
Cyl(dF1(G)), so there is an edge (v,0) — (v,1) in H. Take an edge v — w in G, then
(v,0)(w,0)(w,1) € Cyl(dFI(G)) so there are edges (v,0) — (w,0) and (v,0) — (w,1) in H.
Likewise, (v,0)(w,1)(w, 1) € Cyl(dFI(G)) and hence there is an edge (v,1) — (w,1) in H.
These are all the edges in G x I and hence G x I C H. O

Despite this, it is typically a much stronger condition for a vertex map to induce a
triangle-collapsing digraph map G x I — H than to induce a triangle-collapsing simplicial

morphism Cyl(dFl(G)) — dFl(H). The main exception is when G is oriented.
Lemma 4.5.10. Given a digraph G, the directed 3-cliques in dF1(G x I) \ Cyl(dFl(G)) are
R := {(v0,0)(v1,a)(vo, 1) | vo4yv1, a =00r1}. (4.80)

Moreover, all simplices in dF1(G x I) \ Cyl(dF1(G)) have at least one simplex from R as a face. In
particular, Cyl(dF1(G)) = dFI(G x I) if and only if G is oriented.

Proof. Suppose there is a clique p € dFI(G x I) \ Cyl(dFl(G)). We can write
p = (v0,0)...(vx,0)(wp,1)...(wn,1) (4.81)

where vy ... v and wy . .. wy, are both simplices in dF1(G) and moreover v; = w; for every
0 <i<kand0 < j < m. Note that we must have v;: = w;- for some (i*, j*) because
otherwise v ... vxwy . .. wy, € dFI(G) and so p € Cyl(dFI(G)), by Lemmam Moreover,
we can assume that (i*,j*) # (k,0) because if this is the only time that v; = w; then
p € Cyl(dFl(G)). We split into cases depending on which coordinate differs.

Case 1: If i* # k then a face of p is

p’ = (Ui*,O) (Uk, 0) (w]’*,l) = (Ui*/ 0) (Uk/ 0)(Ui*/1)' (482)

This clique must be in dFI(G x I) which implies that there is a reciprocal edge v;« £ vy.

Case 2: If j* # 0 then a face of p is
p" = (v;,0)(wo,0)(wj+, 1) = (v-,0)(wo,0)(vi+,1). (4.83)

This clique must be in dF1(G x I) which implies that there is a reciprocal edge v;« Ly wp. [
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a e—e |/

ae_——0p

Figure 4.5: The digraph G x I, as relabelled in the proof of Proposition The tree, T,
used to produce the basis for ker 0; is shown in red.

For general G, dF1(G x I) may significantly differ from Cyl(dFl(G)). Indeed, the two
may not even be St.osc-homotopy equivalent.

Proposition 4.5.11. There exists a digraph G for which, as path complexes, Cyl(dF1(G)) #
dFI(G x I) and Cyl(dFI(G)) % dFL(G x I).

Proof. We first note that for any simplicial complex K, Cyl(K) ~ K ~ Cyl(K). The proof of

this is relatively technical, so we delay these results to Propositions 4.A.4/and |4.A.5| Taking
K = dF1(G), we see that it suffices to find G for which dF1(G) % dFI(G x I).

Let G be the complete digraph on two nodes 4, b, i.e. there is a reciprocal edge a L} b

(see Figure [4.5). Since G contains no k-cliques for k > 2, a simple Euler characteristic
argument shows that dim H; (dF1(G)) = 1. Therefore, by Theorem it suffices to show
that dim H; (dF1(G x I)) # 1. In the sequel we show that in fact dim H; (dF1(G x I)) = 0.

To reduce notation we change the names of the vertices in G x I as follows
(a,0) —~a, (b0)—b, (al1)—d, (b1)—1V. (4.84)
In the chain complex
O (dFI(G x 1)) — 2 Q4 (dFI(G x I)) — 2 Q(dFI(G x 1)) (4.85)

we can find a basis for ker d; by first picking an oriented tree T C G and then adding one
cycle to the basis for each edge in E(G) \ E(T). One such basis (corresponding to the tree
shown in Figure[4.5) is as follows

c1:=ab+ba = 0y (aba’ + baa’), (4.86)
cp:=a't) +b'a = 0 (ab’'a’ + ad't’), (4.87)
c3 :=ab+ba' —ad = da(aba’), (4.88)
¢y :=aa' +a'b' —ab = 0y(ad't’), (4.89)
c5 := [aa' +a'b'] — [ab + bb'] = 05(aa't’ — abl"). (4.90)

Note that each of the 3-cliques on the right-hand side belongs to (), (dF1(G x I)). Therefore,

every element of this basis for ker 0; is null-homologous. ]
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In light of this, we choose to characterise when there is a one-step St.osc-homotopy

from dFI(f) to dFI(g) in terms of edge-based conditions, akin to Corollary [4.5.6]

Corollary 4.5.12. Given two triangle-collapsing digraph maps f,g : G — H, a vertex map
F:V(G) x{0,1} — V(H) is a one-step Stcosc-homotopy from dF1(f) to dF1(g) if and only if

the following conditions are all satisfied:

1L x2y = f(x)2g(y);
2. x—=yinGand f(x) =g(y) = f(x) = f(y) =gx) =gy);
3. Foip=fandFouy =g.

Proof. First note that the third condition uniquely determines F and, furthermore, is nec-
essary for F to induce a one-step Stcosc-homotopy from dFl(f) to dFl(g). Given this,
the first condition becomes equivalent to F inducing a weak digraph map G x I — H.
By Lemma this is then equivalent to F inducing a weak simplicial morphism
Cyl(dFI1(G)) — dFI(H). Then, Lemma and Lemma show us that

Skq (dF1(G x I)) C Cyl(dF1(G)) C dFI(G x I). (4.91)

Finally, Lemma shows us that the second condition is equivalent to F inducing a
triangle-collapsing simplicial morphism Cyl(dFl(G)) — dFI(H). O

This begets the definition of a system of one-step homotopies for TeDgr.

Definition 4.5.13. For arbitrary digraphs G, H, we construct a digraph Sqp (G, H) on the
vertex set Morrepg: (G, H) as follows. Given triangle-collapsing digraph maps f,¢ : G — H,
include an edge f — g if and only if

1. x=2Zy = f(x) 2 g(y);and
2. x> yand f(x) = g(y) = f(x) = f(y) = g(x) =g(y).

Repeating this construction over all G, H yields a system of one-step homotopies, Sqp,
for TcDgr. For brevity, we use ~gg, in lieu of ~g_, to denote the resulting equivalence

relations.

Corollary 4.5.14. The pull-back system along the directed flag complex functor dFl : TeDgr —
TcOSC is dF1* STCOSC = SdFl-

Comparing the conditions in Definition to Corollary we see that Syp is a

strictly smaller system.
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Corollary 4.5.15. For triangle-collapsing digraph maps f,¢: G — H, f ~qp § = f ~4 g

This system is of a markedly different quality: we do not define the system in terms of
a cylinder functor. However, when G is oriented, Lemma makes it possible to find

morphisms in TeDgr which induce one-step St.osc-homotopies.

Corollary 4.5.16. Let G be an oriented digraph and let f, g : G — H be triangle-collapsing digraph
maps. A vertexmap F : V(G) x {0,1} — V(H) induces a one-step Stcosc-homotopy from dF1( f)
to dF1(g) if and only if it induces a triangle-collapsing digraph map F : G x I — H, and

Fow=f and Fou =g (4.92)

Remark 4.5.17. Given triangle-collapsing digraph maps f,¢ : G — H, if H is oriented
then condition 2 of Definition is automatically satisfied and hence a one-step Sqp-
homotopy reduces to a weak digraph map F : G x I — Hsuchthat Foiy = 0and Foy = 1.

This coincides with the notion of a (], X )-homotopy introduced in [15].

4.5.3 Comparing the two pull-backs

To illustrate the difference between the two systems, we now discuss a number of standard
examples of ~ 4 equivalence that require extra conditions in order to pass over to the new
system, Sqp;. These examples may help the practitioner to decide which homology theory
is appropriate for a given application. We will primarily be concerned with when a digraph

retracts onto one of its induced subgraphs.

Definition 4.5.18. Given a digraph G = (V, E) an induced subgraph is a digraph consisting
of some of the vertices in V but all the edges between those vertices, i.e. a digraph of the

form A = (V4,Ea) where V4 C Vand E4 = EN (V4 X Vy).

Definition 4.5.19. Let {*} denote the digraph on a single vertex. We say that a digraph G is
A-contractible (resp. dFl-contractible) if G ~ 4 {*} (resp. G ~gp {*}).

Remark 4.5.20. Any dFl-contractible digraph is .A-contractible.

Definition 4.5.21. Given a digraph G and an induced subgraph A C G, we say a weak
digraph map r : G — A is a retraction if 7| 4 = 1da. Let:: A — G denote the inclusion
digraph map. If 1 o r ~ 4 id; then we say r is an A-deformation retraction. If r is triangle-

collapsing and ¢ o r ~4p idg then we say r is a dFl-deformation retraction.

Grigor’yan et al. obtained a particularly simple necessary condition for r to be an

A-deformation retract.
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Proposition 4.5.22 ([55, Corollary 3.7]). Given a digraph G and a retraction r : G — A, suppose
further that
Vx e V(G) x=Zr(x) or VxeV(G) r(x)=x, (4.93)

where edges are required in G, then r is an A-deformation retraction.

A similar result can be obtained for dFl-deformation retractions.

Proposition 4.5.23. Given a digraph G, and a triangle-collapsing retraction r : G — A, suppose
further that
Vx e V(G) x=Zr(x) and VY(x,y) € E(G) x— r(y) (4.94)

or
Vx € V(G) r(x)Zx and V(x,y) € E(G) r(x)—vy, (4.95)

where edges are required in G, then v is a dFl-deformation retraction.

Proof. Let 1 : A — G denote the inclusion digraph map. Thenro: = idg and toris a
digraph map G — G, given by the same vertex map as r. Let us assume the first pair of
conditions holds; the second pair admits a similar proof. We show that there is a one-step
Sgr-homotopy from idg to 1o .
First note that both idg and ¢ o r are triangle-collapsing digraph maps. Then, our
assumptions on r imply that
xZ2y = x=r(y), (4.96)

and hence the first condition of Definition holds. For the second condition, take an
edge x — y in G such that idg(x) = (1or)(y). Then our assumption on r implies that
x — r(y) = x. Therefore, the edge is a self-loop, which cannot exist. Hence, the second

condition is vacuously satisfied. O

A LS
N No®

NN

G1 GZ

Figure 4.6: Examples of two pseudo-trees. The first example, Gy, is oriented and hence
is both dFl-contractible and .A-contractible. The second example, G, is not oriented and
hence is only .A-contractible.
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Definition 4.5.24. We say a digraph G is a pseudo-tree if its underlying undirected graph

(collapsing any reciprocal edges to a single edge) is a tree.

Proposition 4.5.25. If G is a pseudo-tree then G is A-contractible. Furthermore, a pseudo-tree is

dFl-contractible if and only if it is oriented.

Proof. For the first statement, we refer the reader to Example 3.10 of [55]. For the second,
suppose G is not oriented. Then, since G is connected and not oriented, a standard induction
argument shows #E(G) > #V(G). Note that a pseudo-tree has no k-cliques for k > 3.
Therefore, ()(dF1(G)) has homology only in degrees 0 and 1. By considering the Euler

characteristic, we obtain
dim H; (dF1(G)) — dim Hy(dF1(G)) = #E(G) —#V(G) > 0 (4.97)

Moreover, note that dim Hy(dF1(G)) = 1 since this counts the number of weakly connected
components of G. Therefore, H;(dFl(G)) must be non-trivial and hence G is not dFl-
contractible.

It remains to show that if G is oriented then G is dFl-contractible. We proceed by
induction on the number of edges in G. If #£ = 0 then G = {x}, which is clearly dFl-
contractible. Else, pick a leaf node v and let w be its unique neighbour. Let r be given by

r(v) := w and the identity elsewhere. Then we see that G \ {v} is a dFl-deformation retract

of G by Proposition4.5.23 O

/\/\ /\/\
\/\/ \/\/

G1 GZ

Figure 4.7: Two examples of star-like graphs. In both examples the centre node is the star
centre. In the first example, there is no reciprocal edge and hence G is both dFl-contractible
and A-contractible. In the second example, there is a reciprocal edge involving the star
centre and hence G; is only .A-contractible.

Definition 4.5.26. We say a digraph G is star-like if there exists vy € V(G) such that for any
otherv € V(G), vg — v. We say G is inverse star-like if there exists vy € V(G) such that for

any other v € V(G), v — vg. We call vy a (inverted) star centre.

Corollary 4.5.27. If G is star-like or inverse star-like then G is A-contractible. If G has a (inverted)

star centre vy and there are no reciprocal edges involving vo, then G is dFl-contractible.
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Proof. For the first statement, we refer the reader to Example 3.11 of [55]. For the second
statement, we deal with the case where G is star-like with star centre v, the inverse case
admits a similar proof. Let Gy be the induced subgraph on {vp} and let 7 : G — G be the
unique digraph map. We show that r satisfies the conditions of Proposition [4.5.23|
Certainly r is triangle-collapsing. First, since vy is a star centre, for any x € V(G)
we have r(x) = vp = x. Second, given an edge x — y, we cannot have y = vy because
otherwise there would be a double edge vy LY x. Since y # vy, there must be an edge

vo =r(x) = y. 0

Using these examples, we can show that the directed flag complex cannot be made into
a functor from WkDgr. Indeed, even the subsequent chain complex cannot be made into

such a functor.

0
S\ Ul .C. UZ GO /\/\/1\/8/\/\/0\/\/\/\9 g\/‘ \:
H F T F

—
q (%W s A%

G G

Figure 4.8: A commuting diagram in Dgr which illustrates why dFl cannot be made into a
functor Dgr — Ch. For definitions of the digraph maps, see the proof of Proposition

Proposition 4.5.28. The object map, Q) o dF1 : Obj(WkDgr) — Obj(Ch), which assigns to each
digraph the chain complex associated to its directed flag complex, cannot be made into a functor

WkDgr — Ch.

Proof. Suppose, for contradiction, that such a functor exists. Consider the three digraphs
illustrated in Figure The weak digraph map f is given by the obvious inclusion, whilst
g maps v and v, to themselves and vy — v;. Note that g o f composes to the identity and
hence the triangle of digraph maps commutes. Applying H; o (2 o dFl to this diagram we
find that g, o f, is the identity on H;(dF1(G)). Using Lemma [4.2.25| we see that Q(dF1(G))
is

0 —— F(v1v2,0207) a, F(vy,v7) (4.98)

and moreover d1(v1v2) = —01(vv1) # 0. Therefore, H;(dFI(G)) = FF. However,
Hy(dF1(H)) is the trivial vector space because H is star-like and hence dFl-contradctible.
The identity on H; (dF1(G)) cannot factor through 0, so we obtain a contradiction. O
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Definition 4.5.29. If there is a reciprocal edge vy £ Y v1 then we say that w cones the reciprocal
edge if

(w—vpandw — v1) or (vy — wandv; — w). (4.99)

Proposition 4.5.30. Let G be a digraph, let a € V(G) and let the neighbouring vertices of a be
denoted by, . .., b,. Then let H denote the subgraph of G on V(G) \ {a}. Suppose by is such that,
forallie {1,...,n},

a— b, = by — b (4.100)
a<+ b, = byg+ b (4101)

Then there is a weak digraph map r : G — H given by r|,, = idy and r(a) = bo. Moreover, r
is an A-deformation retract. Furthermore, if there is not a reciprocal edge a (> by and there does
not exist i € {1,...,n} such that there is a reciprocal edge by { % b; which is coned by a then r is a

dFl-deformation retract.

Proof. For the proof that r is a weak digraph map and .A-deformation retract, see Exam-
ple 3.15 of [55]]. We prove the final statement, under the assumption that a — by (the by — a
case admits a similar proof). Note that the lack of a reciprocal edge means by / a.

We proceed by checking the conditions of Proposition [4.5.23] To begin, take arbitrary
x € V(G) then either x # a, in which case x = r(x), or x = a, in which case x — by = r(x).
Therefore, we see x =2 r(x). Next, take an edge x — y. Either y # 4, in which case
x — y = r(y), or y = a in which case x = b; for some i. We have seen that by /4 4, so we
must have i > 0 and hence condition implies that x = b; — by = r(y).

It remains to show that r is triangle-collapsing, so take a simplex vyv1v, € dFI(G) and
suppose that 7(vg) = r(v) Since r is the identity on H we must have {vg, v2} = {a,bo} and
v1 = b; for some i > 0. Moreover, we know by /4 a so vgv1v, must have the form ab;by for
some i > 0. But then condition implies by — b; and hence there is a reciprocal edge

b; Ly bp which is coned by 4, contradicting our assumption. O

Proposition 4.5.31. Let G, be a complete digraph on n nodes. Then G, is A-contractible for every
n > 1 but G, is dFl-contractible if and only if n = 1.

Proof. The first statement follows immediately from Corollary because G, is star-like.
For the second, itis clear that G, is contractible. Given n > 1, note that dim O, (dF1(G,)) = 0
because there can be no n-simplices on a vertex set of size n. Therefore, it suffices to find

a cycle, i.e. an element ¢, 1 € Q,_1(dFI(G,)) such that dc,—1 = 0. We construct these

168



inductively via a suspension-style argument, starting with the base case n = 2. We denote
the nodes of G, by x1,...,x,. When n = 2, we can take ¢ := xpx1 + x1xp.

Now suppose c¢,—1 € Q,_1(dFl(G,)) is a cycle, such that dc,_; = 0. Using
Lemma we can write ¢, as a sum of (n — 1)-simplices,

Choq = ) e e (4.102)

vg...vy—1 €dF1(Gy)
for some coefficients a”?-1 € F. Note that every (n — 1)-simplex in dFI(G,) is also an
(n — 1)-simplex of dF1(G,+1). Hence, suppressing notation for the inclusion G, — Gy1,
we can view c¢,_1 as an element of (),,_1(dF1(G,+1)). Moreover, for every (n — 1)-simplex
vy ...0y—1 € dFI(Gy), there are n-simplices vy . .. V1 Xy 41, Xy 1100 - . . Vy—1 € AFL(Gp41). We

form two sums

Cns = ) Q%=1 (x4 00 L Dy 1), (4.103)
00.--Up—1 EdF](G,Z)
Cnp = Z a% U1 (g L U1 X 11), (4.104)

v9...0,—1 €AF1(Gy)

such that ¢, 5, ¢t € Oy (dF1(Gy41)). A standard calculation, using the fact that oc,,—1 = 0,
shows that d(c,s) = ¢,—1 and 9d(cnt) = (—1)"c,—1. Therefore, we can set ¢, := ¢y +

—1)"*1¢, ; to complete the inductive step. ]
, P P

The complex dF1(G,) is otherwise known as the complex of injective words on the
alphabet {1, ...,n}. The author thanks Professor Richard Hepworth for this insight, as well
as the following citations and proof via the Euler characteristic. Since dFl(G,) is a simplicial
set, it can be realised as a cell complex. It was first shown by Farmer that this cell complex
has the homology of a wedge of (!n)-many (n — 1)-spheres, where !n is the number of
derangements on n symbols [45]. A new proof of this was more recently given by Kerz [69,
Theorem 1]. This equivalence on homology was strengthened by Bjorner and Wachs to a

homotopy equivalence, by showing that the complex is shellable [11, Theorem 6.1].

Proposition 4.5.32 ([45]). Let G, denote a complete digraph on n nodes. If n > 1 then

1 ifk=0,
dim Hy(dFI(G,)) =< In ifk=n—1, (4.105)

0 otherwise,

where 'n is the number of derangements of {1,...,n}.
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We note that, for the statement above, it suffices to know that dim Hy(dF1(G,)) = 0 for
0 < k < n —1. Then, since G, is connected, Proposition [4.2.26|gives dim Hy(dF1(G,)) =
We can compute the Euler characteristic of Q(dF1(G,)) in two ways to obtain

1+ (—=1)""tdim H,_1(dFI(G,)) = nf(—nk (ki 1) (k+1)! (4.106)

which rearranges to give
n
dim H,,_1(dFI(G Z < > n—k)!. (4.107)

The latter expression is a well-known expression for !1, as computed via the inclusion-
exclusion principle.

To further elucidate the connection to derangements, denote the set of derangements
by D, := {c = (v1,...,v,) € dFI(G,) | 0 is a derangement} and note that dF1(G,) \ D, is
still an ordered simplicial complex. Libman showed that the cell complex realization of this
simplicial set is contractible [72, Theorem A], showing that the (!n)-many (n — 1)-spheres
can be ‘parameterised” by the derangements. We refer the interested reader to [20] for
further treatment of the topology of classes of directed flag complexes which are similarly

generated by permutations.

Example 4.5.33. Finally, we revisit the digraph, G, in Figure .1 from Example First,
we can show G is A-contractible. Using Proposition we can successively retract
nodes N and S onto the subgraph spanned by {x, x1 }. This is a complete digraph; hence
G is A-contractible. For the directed flag complex, the maximum non-trivial homology is
in dimension 2 because there are no directed 4-cliques. One can then verify computation-
ally (e.g. via Flagser [74]) that H(dF1(G)) is the homology of the 2-sphere. Alternatively,
viewing dF1(G) as a semi-simplicial set, one can recognise that dF1(G) coincides with the
semi-simplicial set underlying a standard A-complex structure on S? (see [57, §2.1] for a

definition).

4.6 Stability of persistent directed flag complex homology

In this section, we study the stability of persistent homology pipelines which use the
directed flag complex. We do not study the stability of path homology, since it has already
been well-treated [26, 32,[100].

Closely related to the directed flag complex is the ordered tuples complex, as defined

by Turner [96]. This complex can also be viewed as a path complex and can be made into a
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functor on WkDgr. This allows Turner to obtain stability theorems for persistent ordered
tuples homology, with respect to the correspondence distance [96, Theorem 21]. In contrast,
Turner showed that ordered set homology (i.e. directed flag complex homology) does not

enjoy such a general stability result [96, §5.2].

4.6.1 The interleaving distance

Let R denote R equipped with the < poset structure, viewed as a category. Given a category
C, a persistent C-object is a functor M : R — C; the morphisms M(s < t) are called
the structure maps of M. Given a persistent TcDgr-object, M € [R, TcDgr], its persistent
(directed flag complex) homology is (H o dFl)(M). The resulting object is a persistent
finite-dimensional graded vector space, commonly known as a persistence module. Any
persistence module can be described by a complete, discrete invariant, called its barcode
(for more information, see [28}36]). The barcode can be used as a statistical descriptor of the
initial persistent object M. For more background on persistent homology and its statistical
analysis, we refer the reader to [27].

In order to be useful for applications, it is important that this construction is stable.
That is, when M, N € [R, TcDgr] differ by some small perturbation to the input data, it is

desirable to obtain bounds on
d((H odFl)(M), (H o dFl)(N)), (4.108)

for some appropriate choice of metric, d. We can use the structure of R to put an extended

pseudometric on [R, C], the category of persistent C-objects.
Definition 4.6.1. Fix a category C and 6 > 0 and two persistent objects M, N : R — C.
1. The é-shift of M, M|¢], is the persistent C-object given by
M[o](t) := M(t+95) and MI[d|(s <t):=M(s+d<t+9). (4.109)

2. The é-transition morphism, 7 (M, J), is a natural transformation M = M|J], given by
T(M,6)(t) := M(t < t+9).

3. A /J-interleaving between M and N is a pair of natural transformations
f:M= N[§| and g:N = M|[J], (4.110)

such that g[6] o f = T(M,26) and f[6] o ¢ = T (N, 26). If such an interleaving exists,

we say M and N are d-interleaved (in C).
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4. Finally, the interleaving distance between M and N is
di(M,N) := {6 > 0| Mand N are é-interleaved} € [0, co]. (4.111)

The interleaving distance is an extended pseudo-metric on persistent C-objects [16,

Theorem 3.3]. Moreover, the interleaving distance behaves well with respect to functors.

Lemma 4.6.2. Any functor F : C — D induces a functor F : [R, C] — [R, D]. Endowing these

functor categories with the interleaving distance, F is a 1-Lipschitz map, i.e.
di(F(M),F(N)) < d;(M,N) (4.112)
forall M,N € [R, C].

Proof. The functor is defined in the obvious way: given M € [R, C], we define F(M)(t) :=
F(M(t)) and F(M)(s < t) := F(M(s < t)). If f, g constitute a J-interleaving between
M, N € [R, C] then F(f), F(g) constitute a d-interleaving between F(M) and F(N). O

4.6.2 Stability theorems

Since Sy is a pull-back of Swipathc, it is a transitive system. Consequently, the composition
operator for morphisms in TcDgr passes to the quotient to define a composition operator
between ~4p equivalence classes of triangle-collapsing digraph maps. This allows us to

define a new category.

Definition 4.6.3. The naive dFl-homotopy category, hqp TcDgr is the category whose objects
are simple digraphs and morphisms are ~4p equivalence classes of triangle-collapsing

digraph maps. We use the notation [e]4p to denote objects and morphisms in this category.

Note that the objects of hyp TcDgr are the same as TcDgr, but the morphisms are col-
lapsed, according to the ~4p equivalence relation. Corollary 4.4.3|automatically yields the

following factorisation and hence a stability theorem.

Corollary 4.6.4. The directed flag complex homology functor H o dFl : TcDgr — grVec factors
through hqp TeDgr. Therefore, given M, N € [R, TcDgr],

di((HodFl)(M), (HodFl)(N)) < d;([M]4r, [Nlgm) < di(M,N). (4.113)
More explicitly, if there are natural transformations
f:M= N[ and g:N= M[J], (4.114)
such that g[6] o f ~qm T (M, 26)(t) and f[6] o g ~qr T (N,26)(t) for every t € R then,

d;((H o dF1)(M), (H o dF1)(N)) < 6. (4.115)
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Essentially, this tells us that it suffices to J-interleave M and N, up to ~4p equivalence.
In general, this is a significantly easier task, especially when M and N are on different
vertex sets. Note that we only require a homotopy at each t € R; the homotopies need not
be natural, i.e. they need not commute with the structure maps of M and N. In the sequel,
we construct explicit examples of such interleavings.

A filtration of digraphs on V is a family of digraphs {G;}, g such that V(G;) = V
is constant and if s < t then E(G;) C E(G;). Connecting these graphs via the natural
inclusions, we can view a filtration as a functor G, : R — StDgr. Equivalently, we can view
such a filtration as a function ET(G, ) : V x V — R U {+0c0}, which records the entrance

time of each edge:
ET(G,)(v,w) := inf {t € R | (v,w) € E(Gy)}. (4.116)
Proposition 4.6.5. Let G,, G, be two filtrations of digraphs on a common vertex set V. Then
di((H o dF1)(G.), (HodFl)(G's)) < |ET(Gs) — ET(Gs)||o- (4.117)

Proof. Take arbitrary € > 0 and denote § := |ET(G.) — ET(G,)||. Using the identity
vertex map in both directions, it is straightforward to show that G, and G, are (6 + €)-
interleaved. Lemmaapplied to the functor H o dFl then implies d; ((H o dF1)(G,), (H o
dF1)(G'.)) < 6 + €. Since € was arbitrary, we can take € — 0. O

Note that, in this proof, we construct an interleaving directly in TcDgr, rather than in
the homotopy category hyp TcDgr. In the following, we will see an example where we must

use Syg.

Definition 4.6.6. A weighted digraph is a triple G = (V,E, w) where (V, E) is a digraph
and w : E — (0, 00) is a positively-valued function, which we call the weighting. We use

w(G) := w to refer to the weighting.
Definition 4.6.7. Fix a weighted digraph G, with weighting w := w(G).

1. A path p is a sequence of edges ey, . . ., ¢x such that, writing e; = (s;, ;), thens; ;1 = t;
for every i. We say p is a path from s to t; and write p : sg ~ #;.

2. The length of such a path is the sum of its weights, £(p) := Y5_, w(e;).

3. The shortest-path filtration of G is a filtration of digraphs on V(G), SP(G) :=
{SP(G),},cr, where

(i,j) € E(SP(G),) <= thereisapath p:i~» jsuchthat/(p) <t. (4.118)

173



4. We say G is directed acyclic, or a DAG, if whenever there is a (non-trivial) path

p : vo ~» v1 then there is not a path v1 ~~ vy.

Remark 4.6.8. If G is a DAG then SP(G); is oriented for every t € R.

Given a weighted digraph, one can obtain a new weighted digraph by subdividing each
of its edges.

Definition 4.6.9. Fix a weighted digraph G, with weighting w := w(G).

1. A subdivision is a map from a subset of edges, F C E(G), into the formal disjoint
union of the interiors of the standard simplices, S : F — Uyenint(A4).

2. Given such a subdivision and an edge e € F, let d(e) denote the dimension such that
S(e) € int(A%)). Further, denote the components of S(e) by S(e),, . .-, 5(€)4e)-

3. The subdivision of G by S is a new weighted digraph O}G := (Vs, Es, ws) given by

Vs :=V(G)U| |{ve1, - Veae)}s (4.119)
ecF
ES = (E(G) \F) LJ I_l{Te,Ol"'fTe,d(e)}/ (4120)
ecF
 Jw(T) ift € E(G),
ws(T) = {S(e)z- cw(e) fT=1, (#12D)

where 7,; = (., e,i+1), and we denote v, := st(e) and Ved(e)+1 -= fn(e).

Z)1
/ N 7‘ N
0o o%o%ogo (%)
G O3G

Figure 4.9: Two weighted digraphs, where weights are denoted by edge annotations. The
second digraph, O3G, is the result of applying the subdivision S to the first digraph, G,
where S(vg,v2) = (1/3,1/3,1/3) and S(vg,v1) = S(v1,v2) = (1/2,1/2).

Proposition 4.6.10. Let G be a weighted DAG and S : F — Uyenint(A?) a subdivision. Then

d; ((H o dF1)(SP(G)), (H o dF1)(SP(O%G))) < maxw(e). (4.122)

ecF

Proof. Denote 8 := max.cr w(e). By Corollary [4.6.4] it suffices to show that [SP(G)]qr and

[SP(O%G)]4m are d-interleaved in hgpTeDgr. We construct this interleaving via two vertex
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maps, as was done in [26, Theorem 5.16]. Let f : V(G) — V(O%G) be given by the obvious
inclusion. Let g : V(O{G) — V(G) be given by the formula

v ifv e V(G),
g(v) := ¢ ste) ifv=uv,;and Yi<iS(e); <1/2, (4.123)
fn(e) ifv=10,;and ¥ ;S(e); > 1/2.
It is easy to see that f does not increase the lengths of paths and hence induces a digraph
map f : SP(G), — SP(03G), atevery t € R. That is, f induces a natural transformation
SP(G) = SP(O%G). Since SP(O}G) is a filtration, f also induces a natural transformation
SP(G) = SP(O%G)[0]. Note that since f is injective, it is certainly triangle-collapsing.

In the opposite direction, g can increase the length of paths. In particular, the start of the
path may increase by /2 and so too may the end of the path. Therefore, g induces a digraph
map g : SP(O3G), — SP(G),, ; atevery t € R. That is, g induces a natural transformation
SP(O%G) = SP(G)[4]. For more details, see the proof of [26, Theorem 5.16]. Next, the only
time we observe g(x) = g(y) with x # yisif x = v,; and y = v, for somee € Fand i < k.
Moreover, x and y must appear in the same half of a subdivided edge. If there is a triangle
xvy € dFI(SP(O%G),) then v must appear between x and y in the subdivision of e (since
G is directed acyclic). That is, we must have v = v, ; for some i < j < k, in which case
¢(v) = g(x). Hence, g is triangle-collapsing.

It remains to show that these transformations constitute a J-interleaving in hgg TeDgr.
Notice that, as vertex maps g o f = idy ) and hence g o f = T (SP(G), 29). In general, it is
not the case that f o g = 7 (SP(O%G), 26). Instead, we will show f o g ~gp T (SP(0%G),29)
atevery t € R.

To prove this dFl-homotopy equivalence, we go via an interim digraph map

h:V(03G) — V(03G), given by

v ifv e V(G),
h(v) := {st(e) ifvo=1v,;and };;S(e); <1/2, (4.124)
v ifv="0,;and Y ;S(e); > 1/2.

We first note that this is indeed a digraph map & : SP(03G), — SP(03G),, ,; because h

t+24
can only lengthen paths at their beginning, and by at most §/2. Moreover, h is triangle-

collapsing at every t € R, by the same argument as g.

Claim 4.6.10.1. If x = y in SP(O3G), then h(x) =2 y in SP(O3G), ;-

Proof of Claim. Take a vertex x € V(O%G), then either hi(x) = x or x = v,; for some e € F
and h(x) = st(e), in which case there is a path of length at most 6/2 in O;G from h(x) to
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x. Therefore, h(x) — x in SP(05G),  »4
SP(0%G),, i.e. there is a path x ~» y in O3%G of length at most t. Again, either h(x) = x or

for every t € R. Suppose now x — y is an edge in

there is a path h(x) ~» x of length at most § /2. Therefore, there is a path hi(x) ~~ y of length
atmostt 4 6/2. U of Claim.

Claim 4.6.10.2. There is no edge x — y in SP(O3G), such that h(x) = y.

Proof of Claim. Suppose for contradiction there is an edge x — y is an edge in SP(03G),
such that h(x) = y. As we have noted before, there is always a path h(x) ~ x in OG,
hence there is a composite path h(x) ~» x ~» y = h(x). Since x # y = h(x), this violates the
assumption that G is directed acyclic. U of Claim.

Hence, there is a one-step Sqp-homotopy from £ to idy (o; ), viewed as digraph maps
SP(05G), — SP(05G), , »5-

Claim 4.6.10.3. If x = y in SP(O3G), then h(x) =2 (f o0 g)(y) in SP(OG),. »s-

Proof of Claim. Take a vertex x € V(O3G), then either h(x) = (f o g)(x) or x = v,; for some
e € Fand h(x) = x and (f o g)(x) = fn(e), in which case there is a path of length at most
6/2in O%G from h(x) to (f o g)(x). Therefore, h(x) — (f o g)(x) in SP(O5G), . ,; for every
t € R. Suppose now x — y is an edge in SP(0%G),, i.e. there is a path x ~ y in O%G
of length at most t. Again, either h(x) = (f o ¢)(x) or there is a path h(x) ~ (f o g)(x)
of length at most 6/2. Since (f o g) increases path lengths by at most J, there is a path
(fog)(x) ~ (fog)(y) of length at most t + 6. Composing these paths yields a path
h(x) ~» (f 0 g)(y) of length at most t 4+ 35 /2. O of Claim.

Claim 4.6.10.4. If there is an edge x — y in SP(OLG), such that h(x) = (f o g)(y) then
h(x) =h(y) = (fog)(x) = (fog)(y)

Proof of Claim. First note that for any node v € V(03G), (f o g)(v) = h(v) if and only if
v € V(G) or v appears in the first half of its subdivided edge (i.e. v = v,; for some e € F
and };; 5(e)j = 1/2)

As we saw in the previous claims, there must be a path /i(x) ~» x and hence there is a
path (f o g)(y) ~» x ~» y. Since G is directed acyclic this means that there cannot be a path
y ~ (f og)(y). Hence, y cannot be a new node in the second half of a subdivided edge.
Therefore, h(y) = (f o g)(y). Finally, note that h(x) = (f o g)(y) is a node in V(G), so x
also cannot be a new node in the second half of a subdivided edge since these are mapped
to V(03G) \ V(G) by h. Again, this implies h(x) = (f o g)(x). O of Claim.

176



Hence, viewed as digraph maps SP(03G), — SP(O3G) there is a one-step Syp-

t+247
homotopy from h to (f o g). O

4.6.3 Instabilities

Despite these stability guarantees, there are many seemingly innocuous edits one can
make to a weighted digraph that drastically alter the persistent homology of its directed
flag complex. As a first example, as a partial converse to Proposition we exhibit a

non-DAG which is not stable to subdivision.

\_/ \_/
1
G
c 1 c
NN | o
a o/ \‘o b ° ° a o@o b
e .
d | d
05G ;
t €1[0,0.5) t € [2,00)

Figure 4.10: A weighted digraph which, upon subdividing, yields a persistence module at
oo interleaving distance.

Proposition 4.6.11. There exists a weighted digraph G and a subdivision S : E(G) — UgenA?
such that
dr((H o dF1)(SP(G)), (H o dF1)(SP(03G))) = co. (4.125)

Proof. Consider the two weighted digraphs illustrated in Figure The second weighted
digraph is obtained from the first via the subdivision S(a,b) = S(b,a) = (1/2,1/2). The
first module, (H o dF1)(SP(G)), has non-trivial homology in degree 1 for t € [1,c0). For
proof of this, recall the computations done in the proof of Proposition [4.5.28] In contrast,
SP(O%G); is the complete digraph on 4 nodes, for all t € [2,00). Via a choice of basis for
ker 01 or through explicit computation (i.e. Flagser [74]), one can verify that this digraph
has trivial homology in degree 1. Rank constraints imply that there is no e-interleaving

between these modules for any € > 0. O
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An arguably worse stability is that adding a single edge can also lead to a change in the

persistent homology that is unbounded.

1
G
c l
° } ° ° °
a8 e | ° ° o e o e
L
te0,1) tell,2) t € [2,00)

Figure 4.11: A weighted digraph which, upon adding a single appendage, yields a persis-
tence module at co interleaving distance.

Proposition 4.6.12. There exists a weighted digraph G such that adding an appendage edge yields
a weighed digraph G’ such that

d; ((H o dF1)(SP(G)), (H o dF1)(SP(G'))) = oo, (4.126)

Proof. Consider the two weighted digraphs illustrated in Figure The first module,
(H o dF1)(SP(G)), has non-trivial homology in degree 1 for t € [1,00). In contrast, the
second module, (H o dF1)(SP(G’)), has trivial homology in degree 1 for t € [2, 00). For proof
of this, recall the computations done in the proof of Proposition Rank constraints

imply that there is no e-interleaving between these modules for any € > 0. O

In contrast, the module (H o .A)(SP(G)) is invariant to adding appendages, because a
0O-interleaving at the homotopy level can be constructed via Proposition

4.A Mapping cylinders

Definition 4.A.1. Given a weak path morphism f : P; — P, the mapping cylinder of
f, MCyl(f), is a path complex on (V(P;) x {0}) U (V(P,) x {1}) containing paths of the

following form

178



1. (x0,0)...(x,0) such that xp...x; € Py;
2. (yo,1)...(yx, 1) such thatyg ...y € Py,
3. (x0,0)...(x;,0)(f(x;),1)...(f(xx),1) suchthatxg...xy € Pyand 0 <i < k.

Remark 4.A.2. Let f : P; — P, be a weak path morphism of regular path complexes. The
mapping cylinder, MCyl(f) is itself a regular path complex if and only if f is also a strong
path morphism.

Note that for any path complex P, MCyl(idp) = Cyl(P). We verify that mapping cylin-
ders satisfy a universal property, analogous to the usual one in the category of topological

spaces.

Proposition 4.A.3. Given a weak path morphism f : Py — Py, let 11 : Py — Cyl(Py) denote the
natural inclusion x — (x,1). Then MCyl( f) is the pushout of f and 1; in WkPathC.

Proof. First, define two vertex maps ¢; : P, — MCyl(f) and ¢, : Cyl(P;) — MCyl(f) by

(x,0) ifi=0,
(f(x),1) ifi=1.

These maps clearly describe weak path morphisms which make the following diagram

p(v) = (11) and falx,i) = { @127)

commute
P % P,
ql l(pl (4.128)
Cyl(P1) —— MCyl(f)

Given another commuting diagram

P1 % P2
% llpl (4.129)

in WkDgr, define ¢ : MCyl(f) — Z by ¢(x,0) := ¢(x,0) and ¢(y, 1) := ¢1(y). As vertex

maps, ¢ is clearly the unique map that makes the following diagram commute

f

Pp——m— P

[

Cyl(Pr) —5— MCyI(f)

~

(4.130)



It remains to verify that ¢ is a weak path morphism. Given a path p € MCyl(f), we split
into three cases:

Case 1: Suppose p = (x0,0) ... (x,0) where xq...x; € P;. Let p’ denote the same path
but viewed as an element of Cyl(P;) so that ¢ (p') = p. Then, ¢(p) = ¢2(p’) must be either
irregular or a path in Z since ¢, is a weak path morphism.

Case 2: Suppose p = (y1,1)...(yx, 1) where p' := yo...yx € P,. Then p = ¢1(p’) so
¢(p) = P1(p’) is either irregular or a path in Z since ; is a weak path morphism.

Case 3: Suppose p = (x0,0)...(x;,0)(f(x;),1)...(f(xx),1) where xg...x, € P; and
0 <i<mn.Thenletp’ := (x0,0)...(x;,0)(x;,1)...(xx,1) € Cyl(P;), and observe

¢(p) = ¥2(x0,0) ... P2 (x;, 0)pr (f (x:)) - .- 1 (f (xx)) (4.131)
= 12(x0,0) ... P2(x;, 0) 92 (x;, 1) . .. 2 (g, 1) (4.132)
= (p') (4.133)

where the second equality holds because diagram (4.129) commutes. Now, since 1, is a

weak path morphism, we see that ¢(p) must be irregular or a path in Z. O

Proposition 4.A.4. Given a weak path morphism f : Py — P, MCyl(f) ~ P,.

Proof. Let v : P, — MCyl(f) denote the natural inclusion y +— (y,1) which is cer-
tainly a weak path morphism. Let p : MCyl(f) — P, be given by (x,0) — f(x)
and (y,1) — y. Again this is a weak path morphism because paths of the form
(x0,0) ... (x;,0)(f(xi),1)...(f(xx),1) € MCyl(f) have an irregular image. Note that
poy = idp. It remains to show that yop =~ idycy(r); we construct the homotopy
explicitly.

We shall denote vertices of Cyl(MCyl(f)) by (v, «, B) where « is the index for the inner
mapping cylinder and f is the index for outer cylinder. Let F : Cyl(MCyl(f)) — MCyl(f)
be given by

F(v,a,0) := (v,a) and F(v,a,1):= {g’(f;'l) ii z (1)' (4.134)
There are inclusion ¢; : MCyl(f) — Cyl(MCyl(f)), fori = 0,1, given by ;(v,a) = (v, a, ).
Note that F o1 = idycyi(s) and F o3 = 1y o p. It remains to show that F is a weak path
morphism.

Take an arbitrary path p € MCyl(f), and denote the vertices p = (xo,0) . .. (xk, k).
Now consider the path

pj = (xo0,&0,0) ... (xj,&;,0)(xj,a;,1)...(x, 1) € Cy(MCyl(f)) (4.135)
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for some j € [0, k|. Note that the «; are either constant at 0 or 1, or there is some index m
such that a; = 0 for i < m and a; = 1 for i > m. We split into cases.

Case 1: Suppose «; = 0 for every i. In this case, note that xq ... x;x € P;. Then,

F(pj) = (x0,0) .- (%3, 0)(f (x7),1) ... (f (xx), 1) (4.136)

which is a path in MCyl(f).

Case 2: Suppose «; = 1 for every i. In this case, xq ... x; € P> and
F(p]) = (Xo, 1) e (x]', 1)(3(,‘]‘, 1) e (xk, 1) (4137)

which is clearly irregular.
Case 3: Suppose «; = 0 fori < mand a; = 1 for i > m where m < j. In this case note
that &; = 1 and hence
F(xj,a;,0) = (x;,1) = F(xj,aj,1). (4.138)

Therefore, F(p;) must be irregular.
Case 4: Suppose a; = 0 fori < m and «; = 1 for i > m such that m > j. In this case,
note that p; contains adjacent vertices (xm,0,1)(xp+1,1,1). Moreover, since p is a path in

MCyl(f) we must have x,,,+1 = f(x;). Mapping through F we see

F(x,0,1) = (f(xn),1) = (xms1,1) = F(xps1,1,1) (4.139)

and thus F(p;) is irregular.

All other paths g € Cyl(MCyl(f)) are of the form (;(q’) for some i € {0,1} and g4’ €
MCyl(f). Ifi = O then F(q) = (Fou)(q') = ¢q;ifi = 1then F(q) = (Fon)(q') =
(vyop)(q). Since v and p are weak path morphisms, we see either F(q) € MCyl(f) or F(q)

is irregular. O

A similar result holds for triangle-collapsing simplicial morphisms. It is possible to show
this either by adapting the proof above, or by appealing to the connection with simplicial

sets.
Proposition 4.A.5. Given a triangle-collapsing simplicial morphism f : K3 — Ky, MCyl(f) ~ K.

Proof. By Corollary the system of one-step homotopies for TcOSC is a pull-back of the
standard system for simplicial sets, Scosc = 0" Ssset- Using Proposition we can also

show MCyl(f) is a pushout in TcOSC and hence 0 (MCyl(f)) is the usual mapping cylinder
for o(f). The result then follows from the homotopy equivalence o (MCyl(f)) ~ ¢(K) in
simplicial sets [91, Proposition 2.68]. ]
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4.B Grounded pipelines

4.B.1 Background

This work was initially motivated by the stability analysis of grounded pipelines for
weighted digraphs (Chapter 3|in this thesis). To recall, these pipelines require two compo-

nents:

1. afiltration map, F : WDgr — ODj([R, Dgrl), which assigns a filtration of digraphs to
each weighted digraph; and
2. adigraph chain complex, i.e. a functor C : InclDgr — Ch, where InclDgr is the wide

subcategory of WkDgr restricted to morphisms which are inclusions.

Given these complexes, one obtains the following commutative diagram for any weighted

digraph G, in which we use F'G as shorthand for F(G)(#):

I#Oaz

- C3(F'G) —2 Co(F'G) Cl(GUF'G) —2 Co(GUFIG) -

9 A e gy oy

C1(F'G) 5 Co(F'G)

(4.140)

The top row of this diagram is a chain complex, which we denote §Cr(G)(t). By

Lemma the functoriality of C ensures that this can be made into a persistent

chain complex $Cr(G) € [R, Ch]. The persistent homology of this can then be used as a
topological summary of G.

The initial study (Chapter 3|in this thesis) considered this pipeline with F = SP and

C = Qo A. In this section, we take F = SP and C = () o dFl and study the resulting

pipeline. The assignment G +— €Cp(G) can be made functorial, but we must restrict

to morphisms between weighted digraphs that induce triangle-collapsing morphisms

Definition 4.B.1. Given a weighted digraph G, the shortest-path quasimetric is a quasimetric
on V(G) given fori,j € V(G) by

dg(i,j) :=1inf{t > 0 | thereisa path p : i ~» jwith ¢(p) < t}. (4.141)

Given two weighted digraphs G, H, a vertex map f : V(G) — V(H) is called a contraction
if

du(f(i), f(j)) < dc(i,]) (4.142)
foralli,j € V(G).
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Note that if f is a contraction then it induces a weak digraph map SP(G); — SP(H); for
every t € R.

Definition 4.B.2. A digraph map f : G — H is path-collapsing if whenever there are paths
i~ j~ kand f(i) = f(k) then f(i) = f(j) = (k).

Note that any path-collapsing digraph map is a triangle-collapsing map. Moreover, if
f : G — H is path-collapsing and a contraction then it induces triangle-collapsing digraphs
maps SP(G); — SP(H); for every t € R. With these observations, we can deduce the
functoriality of this pipeline, via Theorem 3.3.13]

Definition 4.B.3. Let ContPcWDgr denote the category of all simple, weighted digraphs
where morphisms are vertex maps which are both contractions and path-collapsing digraph

maps.

Lemma 4.B.4. The assignment G — $Cp(G) can be made into a functor ContPcWDgr —
[R, Ch].

Definition 4.B.5. Grounded persistent directed flag homology is the functor g771
ContPcWDgr — [R, Vec] given by g771 := H; 03Cp.

In the rest of this section we study the stability of g?-All. Namely, we wish to understand
what alterations can be made to a weighted digraph G without dramatically changing

g771 (G), as measured by the interleaving distance.

4.B.2 Stability theorems

We aim to state a general stability theorem for 1, along the lines of Theorem First,
we require relative version of the homotopies in Sqp such that the induced chain homotopy
is trivial on the fixed component. We keep the presentation fairly close to Chapter B|in order

to emphasise the differences.

Definition 4.B.6. Given two triangle-collapsing digraph maps f, g : G — H and a subset
A CV(G),if f ~4p,1 § and moreover f(v) = g(v) for every v € A, then we say that f and
g are one-step Sqpi-homotopic relative A. This determines a system of one-step homotopies,
which we denote Syp 4. We denote the resulting equivalence relation by f ~gp g (rel A)

and say that f and g are Sqp-homotopic relative A.

By essentially the same proof as Lemma we obtain the following behaviour of

the induced chain homotopy between maps that are Sqp-homotopic relative A.
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Lemma 4.B.7. Suppose f, g : G — H are triangle-collapsing digraph maps that are Sgg-homotopic
relative A, for some A C V(G). Then, dFL(f) and dF1(G) are Swxrpc-homotopic so Theorem[4.4.2]
induces a chain homotopy between Q(dFL(f)) and Q) (dF1(g)), denote its components by

Ly : O (dFL(G)) — Q41 (dFI(H)). (4.143)
Let G4 denote the induced subgraph of G on the vertices in A. Then Ly (Q(dF1(G4))) = 0.

We now introduce é-shifting vertex maps which will be our main method for construct-

ing interleavings.

Definition 4.B.8 (Previously Definition 3.5.1). Given two weighted digraphs G, H, a /-
shifting vertex map is a vertex map f : V(G) — V(H) such that f induces weak digraph
maps SP(G); — SP(H)ys and GUSP(G); — HUSP(H);4,, for every t € R.

Definition 4.B.9 (c.f. Definition 3.5.5). Let G, H be two weighted digraphs and let f :
V(G) — V(H) and g: V(H) — V(G) be two vertex maps between them,

1. Construct the following sets:

Viix(8, f) = {v € V(G) | (g0 f)(v) = v}, (4.144)
Eix(8,f) = {e € E(G) [ (g0 f)(e) = ¢}, (4.145)
Vaiee(g, f) = {v € V(G) [ (g0 f)(v) # v}, (4.146)
Eqite(8, f) = {e € E(G) | (g0 f)(e) # e} (4.147)

Moreover, denote Gk (g, f) := (V(G), Equt(g, f))-

2. If both id : Ggig(g, f) — SP(G)ys and g o f : Gagr(g, f) — SP(G)ys are triangle-
collapsing digraph maps and furthermore they are Sqp-homotopic relative Vi, (g, f)
then we say that (g, f) has grounded dFl-codistortion < ¢.

3. If f and g are both path-collapsing, é-shifting vertex maps and the pairs (g, f) and
(f, ) both have grounded dFl-codistortion < J then we say they form a J-grounded

dFl-interleaving.

With these definitions and a proof essentially identical to that of Theorem we

obtain our main stability theorem for 8771.

Theorem 4.B.10. Given two weighted digraphs G, H, if there is a 6-grounded dFl-interleaving
between them then
di(*H1(G),*Hi(H)) < 5. (4.148)
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In Chapter 3} the analogous theorem was used to study the stability of the pipeline
to various perturbations of weighted digraphs. With this new theory, the results of that
work go through for %711 as soon as one has made the necessary constraints to ensure that
the J-shifting vertex maps are path-collapsing and that the one-step homotopies belong to
SaFL Vi (3.f)

To this end, note that if G is a digraph and H is a DAG then any weak digraph map
G — H is necessarily path-collapsing. Therefore, denoting the category of weighted
DAGs with contractions for morphisms by ContWDag, we have an inclusion of categories
ContWDag C ContPcWDgr. As such, most of the stability theorems obtained in Chapter
apply automatically once we restrict to weighted DAGs. To summarise these results, we
present Table which is a reproduction of Table 3.1 but with additional annotations
to denote when the result applies unrestricted to 8771, and when the result must first be

restricted to DAGs.

Opestion | (ol Mool Lo Tsomorphiam
Weight perturbation | Thm[3.5.11)
Edge subdivision Thm [3.5.16(
Edge collapse Thm 3.5.25%! Thm 3.5.28"
Edge deletion Cor. 3.5.34|W Thm[3.5.31Y Thm[3.5.35" Thm 3.5.38|”
Vertex deletion Thm[3.5.43] Cor.3.542" Cor. 3.5.41|W

Table 4.1: Stability and instability theorems for *7{1, under various digraph operations. ¢
Denotes a theorem which only applies to a subset of such operations. v Denotes a theorem
which applies to the directed flag complex unrestricted. | Denotes a theorem which applies
to the directed flag complex after restricting to weighted digraphs G, such that G and O] G
are both DAGs.

185



Bibliography

[1]

[4]

[5]

8]

[9]

Atte Aalto, Lauri Viitasaari, Pauliina Ilmonen, Laurent Mombaerts, and Jorge
Gongalves. “Gene regulatory network inference from sparsely sampled noisy
data”. In: Nature Communications 11.1 (2020), p. 3493. 1SSN: 2041-1723. DOI:
10.1038/s41467-020-17217-1.

Noga Alon and Joel H. Spencer. The probabilistic method. Fourth. Wiley series in
discrete mathematics and optimization. Hoboken, New Jersey: Wiley, 2016. ISBN:
9781119061953.

Yasuhiko Asao. “Magnitude homology and path homology”. In: Bulletin of the London
Mathematical Society 55.1 (2023), pp. 375-398. DOI: 10.1112/blms . 12734,

Eric Babson, Héléne Barcelo, Mark de Longueville, and Reinhard Laubenbacher.
“Homotopy theory of graphs”. In: Journal of Algebraic Combinatorics 24.1 (Aug. 2006),
pp- 31-44. 1SSN: 1572-9192. DOI: 10.1007/5s10801-006-9100-0.

Hélene Barcelo, Xenia Kramer, Reinhard Laubenbacher, and Christopher Weaver.
“Foundations of a Connectivity Theory for Simplicial Complexes”. In: Advances in
Applied Mathematics 26.2 (2001), pp. 97-128. 1SSN: 0196-8858. DOI: |10 . 1006/ aama .
2000.0710.

Ulrich Bauer. “Ripser: efficient computation of Vietoris—Rips persistence barcodes”.
In: Journal of Applied and Computational Topology 5.3 (Sept. 2021), pp. 391-423. ISSN:
2367-1734. DOI:/10.1007/s41468-021-00071-5.

Ulrich Bauer, Michael Kerber, Jan Reininghaus, and Hubert Wagner. “Phat — Persis-
tent Homology Algorithms Toolbox”. In: Journal of Symbolic Computation 78 (2017).
Algorithms and Software for Computational Topology, pp. 76-90. 1SSN: 0747-7171.
DOI:[10.1016/3 . jsc.2016.03.008!

Ulrich Bauer and Michael Lesnick. “Induced matchings and the algebraic stability of
persistence barcodes”. In: Journal of Computational Geometry 6.2 (2015), pp. 162-191.
DOI:/10.20382/jocg.v6i2a9.

Katherine Benjamin, Lamisah Mukta, Gabriel Moryoussef, Christopher Uren,
Heather A Harrington, Ulrike Tillmann, and Agnese Barbensi. “Homology of
homologous knotted proteins”. In: Journal of the Royal Society Interface 20.201 (2023),
p- 20220727. DOI: 10.1098/rsif .2022.0727.

Alyson Bittner, Brittany Terese Fasy, Maia Grudzien, Sayonita Ghosh Hajra, Jici
Huang, Kristine Pelatt, Courtney Thatcher, Altansuren Tumurbaatar, and Carola
Wenk. “Comparing directed and weighted road maps”. In: Research in Computational
Topology. Cham: Springer, 2018, pp. 57-70. DOI:|10.1007/978-3-319-89593-2_4.

186


https://doi.org/10.1038/s41467-020-17217-1
https://doi.org/10.1112/blms.12734
https://doi.org/10.1007/s10801-006-9100-0
https://doi.org/10.1006/aama.2000.0710
https://doi.org/10.1006/aama.2000.0710
https://doi.org/10.1007/s41468-021-00071-5
https://doi.org/10.1016/j.jsc.2016.03.008
https://doi.org/10.20382/jocg.v6i2a9
https://doi.org/10.1098/rsif.2022.0727
https://doi.org/10.1007/978-3-319-89593-2_4

Anders Bjorner and Michelle Wachs. “On lexicographically shellable posets”. In:
Transactions of the American Mathematical Society 277.1 (1983), pp. 323-341. DOI:|10.
1090/50002-9947-1983-0690055-6.

Romain Boulet, Etienne Fieux, and Bertrand Jouve. “s-homotopy for finite graphs”.
In: Electronic Notes in Discrete Mathematics 31 (2008). The International Conference
on Topological and Geometric Graph Theory, pp. 123-127. 1SSN: 1571-0653. DOTI:
10.1016/j.endm.2008.06.025.

Romain Boulet, Etienne Fieux, and Bertrand Jouve. “Simplicial simple-homotopy of
flag complexes in terms of graphs”. In: European Journal of Combinatorics 31.1 (Jan.
2010), pp. 161-176. 1SSN: 0195-6698. DOI:[10. 1016/ .ejc.2009.05.003

Emma L. Brown, Thierry L. Lefebvre, Paul W. Sweeney, Bernadette J. Stolz, Janek
Grohl, Lina Hacker, Zigiang Huang, Dominique-Laurent Couturier, Heather A.
Harrington, Helen M. Byrne, and Sarah E. Bohndiek. “Quantification of vascular
networks in photoacoustic mesoscopy”. In: Photoacoustics 26 (2022), p. 100357. ISSN:
2213-5979. DOI:[10. 1016/ . pacs.2022. 100357,

Peter Bubenik and Nikola Mili¢evi¢. “Homotopy, homology, and persistent homol-
ogy using closure spaces”. In: Journal of Applied and Computational Topology 8.3 (Sept.
2024), pp. 579-641. 1SSN: 2367-1734. DOI: 10.1007/s41468-024-00183-8.

Peter Bubenik and Jonathan A. Scott. “Categorification of Persistent Homology”.
In: Discrete & Computational Geometry 51.3 (2014), pp. 600-627. 1SSN: 1432-0444. DOTI:
10.1007/s00454-014-9573-x.

Luigi Caputi, Anna Pidnebesna, and Jaroslav Hlinka. “Promises and pitfalls of
topological data analysis for brain connectivity analysis”. In: Neurolmage 238 (2021),
p- 118245. 1SSN: 1053-8119. DOI: 10.1016/j .neuroimage . 2021.118245.

Luigi Caputi and Henri Riihiméki. “Hochschild homology, and a persistent approach
via connectivity digraphs”. In: Journal of Applied and Computational Topology (Mar.
2023). 1SSN: 2367-1734. DOI1: 10.1007/s41468-023-00118-9.

Daniel Carranza, Brandon Doherty, Chris Kapulkin, Morgan Opie, Maru Sarazola,
and Liang Ze Wong. Cofibration category of digraphs for path homology. 2022. arXiv:
2212.12568 [math.CO].

Wojtek Chacholski, Ran Levi, and Roy Meshulam. “On the topology of complexes
of injective words”. In: Journal of Applied and Computational Topology 4.1 (Mar. 2020),
pPp- 29-44. ISSN: 2367-1734. DOI1:110.1007/s841468-019-00039-6.

Thomas Chaplin. First Betti number of the path homology of random directed graphs -
Code and Data Repository. Version 3612203. Aug. 12, 2021. URL: https://github.
com/tomchaplin/phrg-code.

Thomas Chaplin. First Betti number of the path homology of random directed graphs -
Code and Data Repository. Oct. 2022. DOI: 10 . 17605/ 0SF . I0/ZVUMB. URL: https :
//osf .io/zvumb.

Thomas Chaplin. GrPPHATI. Sept. 15, 2023. URL: https : / / github . com /
tomchaplin/grpphatil

Thomas Chaplin. “First Betti number of the path homology of random directed
graphs”. In: Journal of Applied and Computational Topology 8.6 (Oct. 2024), pp. 1503—
1549. 1sSN: 2367-1734. DOI:|10.1007/s41468-022-00108-3.

187


https://doi.org/10.1090/S0002-9947-1983-0690055-6
https://doi.org/10.1090/S0002-9947-1983-0690055-6
https://doi.org/10.1016/j.endm.2008.06.025
https://doi.org/10.1016/j.ejc.2009.05.003
https://doi.org/10.1016/j.pacs.2022.100357
https://doi.org/10.1007/s41468-024-00183-8
https://doi.org/10.1007/s00454-014-9573-x
https://doi.org/10.1016/j.neuroimage.2021.118245
https://doi.org/10.1007/s41468-023-00118-9
https://arxiv.org/abs/2212.12568
https://doi.org/10.1007/s41468-019-00039-6
https://github.com/tomchaplin/phrg-code
https://github.com/tomchaplin/phrg-code
https://doi.org/10.17605/OSF.IO/ZVUMB
https://osf.io/zvumb
https://osf.io/zvumb
https://github.com/tomchaplin/grpphati
https://github.com/tomchaplin/grpphati
https://doi.org/10.1007/s41468-022-00108-3

[25]

[26]

[27]

(28]

[29]

Thomas Chaplin, Heather A. Harrington, and Ulrike Tillmann. A notion of homotopy
for directed graphs and their flag complexes. 2024. arXiv: 2411.04572 [math.AT].

Thomas Chaplin, Heather A. Harrington, and Ulrike Tillmann. “Grounded Persis-
tent Path Homology: A Stable, Topological Descriptor for Weighted Digraphs”. In:
Foundations of Computational Mathematics (Aug. 2024). 1SSN: 1615-3383. DOI: 10. 1007/
510208-024-09679-2.

Frédéric Chazal and Bertrand Michel. “An Introduction to Topological Data Analysis:
Fundamental and Practical Aspects for Data Scientists”. In: Frontiers in Artificial
Intelligence 4 (2021). ISSN: 2624-8212. DOI:|10.3389/frai.2021.667963.

Frédéric Chazal, Vin de Silva, Marc Glisse, and Steve Oudot. The Structure and
Stability of Persistence Modules. Cham: Springer International Publishing, 2016. ISBN:
978-3-319-42545-0. DOI:|10.1007/978-3-319-42545-0_2.

Mauricio Che, Fernando Galaz-Garcia, Luis Guijarro, Ingrid Membrillo Solis, and
Motiejus Valiunas. “Basic metric geometry of the bottleneck distance”. In: Proceedings
of the American Mathematical Society 152 (2024). DOI: 10.1090/proc/16776.

Louis H. Y. Chen, Larry Goldstein, and Qi-Man Shao. “Fundamentals of Stein’s
Method”. In: Normal Approximation by Stein’s Method. Berlin, Heidelberg: Springer
Berlin Heidelberg, 2011, pp. 13—44. I1SBN: 978-3-642-15007-4. DOI: 10.1007/978-3~
642-15007-4_2.

Samir Chowdhury and Facundo Mémoli. “A functorial Dowker theorem and per-
sistent homology of asymmetric networks”. In: Journal of Applied and Computational
Topology 2.1 (Oct. 2018), pp. 115-175. 1SSN: 2367-1734. DOI: 10.1007/s41468-018~
0020-6.

Samir Chowdhury and Facundo Mémoli. “Persistent Path Homology of Directed
Networks”. In: Proceedings of the 2018 Annual ACM-SIAM Symposium on Discrete
Algorithms (SODA), pp. 1152-1169. DOI:[10.1137/1.9781611975031 . 75!

David Cohen-Steiner, Herbert Edelsbrunner, and John Harer. “Stability of persis-
tence diagrams”. In: Proceedings of the Twenty-First Annual Symposium on Computa-
tional Geometry. SCG '05. Pisa, Italy: Association for Computing Machinery, 2005,
pp- 263-271. 1SBN: 1581139918. DOI: 10.1145/1064092.1064133.

David Cohen-Steiner, Herbert Edelsbrunner, John Harer, and Yuriy Mileyko. “Lips-
chitz Functions Have Lp-Stable Persistence”. In: Foundations of Computational Math-
ematics 10.2 (Apr. 2010), pp. 127-139. 1SSN: 1615-3383. DOI:|10.1007/510208-010~
9060-6.

David Cohen-Steiner, Herbert Edelsbrunner, John Harer, and Dmitriy Morozov.
“Persistent homology for kernels, images, and cokernels”. In: Proceedings of the twen-
tieth annual ACM-SIAM symposium on Discrete algorithms. STAM. 2009, pp. 1011-1020.
DOI:/10.1137/1.9781611973068.110.

William Crawley-Boevey. “Decomposition of pointwise finite-dimensional persis-
tence modules”. In: Journal of Algebra and Its Applications 14.05 (2015), p. 1550066.
DOI:/10.1142/50219498815500668.

Sebastiano Cultrera di Montesano, Ondiej Draganov, Herbert Edelsbrunner, and
Morteza Saghafian. Chromatic Alpha Complexes. Dec. 2022. arXiv: 2212 . 03128
[math.AT].

188


https://arxiv.org/abs/2411.04572
https://doi.org/10.1007/s10208-024-09679-2
https://doi.org/10.1007/s10208-024-09679-2
https://doi.org/10.3389/frai.2021.667963
https://doi.org/10.1007/978-3-319-42545-0_2
https://doi.org/10.1090/proc/16776
https://doi.org/10.1007/978-3-642-15007-4_2
https://doi.org/10.1007/978-3-642-15007-4_2
https://doi.org/10.1007/s41468-018-0020-6
https://doi.org/10.1007/s41468-018-0020-6
https://doi.org/10.1137/1.9781611975031.75
https://doi.org/10.1145/1064092.1064133
https://doi.org/10.1007/s10208-010-9060-6
https://doi.org/10.1007/s10208-010-9060-6
https://doi.org/10.1137/1.9781611973068.110
https://doi.org/10.1142/S0219498815500668
https://arxiv.org/abs/2212.03128
https://arxiv.org/abs/2212.03128

[38]

[43]

[44]

[51]

Tamal K. Dey, Tiangi Li, and Yusu Wang. “An Efficient Algorithm for 1-Dimensional
(Persistent) Path Homology”. In: 36th International Symposium on Computational
Geometry (SoCG 2020). Ed. by Sergio Cabello and Danny Z. Chen. Vol. 164. Leib-
niz International Proceedings in Informatics (LIPIcs). Dagstuhl, Germany: Schloss
Dagstuhl-Leibniz-Zentrum fiir Informatik, 2020, 36:1-36:15. 1SBN: 978-3-95977-143-6.
DOI:/10.4230/LIPIcs.SoCG.2020.36.

Anton Dochtermann and Takahiro Matsushita. Simple homotopy of flag simplicial
complexes and contractible contractions of graphs. 2023. arXiv: 2312.10976 [math.CO0].

Barbara Giunti, Janis Lazovskis, and Bastian Rieck. DONUT: Database of Original &
Non-Theoretical Uses of Topology. https://donut.topology.rocks. 2022.

Meyer Dwass. “Modified Randomization Tests for Nonparametric Hypotheses”. In:
The Annals of Mathematical Statistics 28.1 (1957), pp. 181-187. DOI: 10.1214/aoms/
1177707045.

Herbert Edelsbrunner, John Harer, et al. “Persistent homology-a survey”. In: Surveys
on Discrete and Computational Geometry: Twenty Years Later. Ed. by Jacob E. Goodman,
Janos Pach, and Richard Pollack. Vol. 453. Contemporary mathematics. Providence,
RI: American Mathematical Society, 2008, pp. 257-282. 1SBN: 978-0-8218-4239-3. DOI:
10.1090/conm/453.

Paul Erdés and Alfréd Rényi. “On the evolution of random graphs”. In: Publ. Math.
Inst. Hung. Acad. Sci 5.1 (1960), pp. 17-60.

Lisbeth Fajstrup, Eric Goubault, Emmanuel Haucourt, Samuel Mimram, and Martin
Raussen. Directed algebraic topology and concurrency. Springer, 2016. ISBN: 978-3-319-
15397-1. DOI1:110.1007/978-3-319-15398-8.

Frank D Farmer. “Cellular homology for posets”. In: Math. Japon 23.6 (1979), pp. 607—
613.

Xinbo Gao, Bing Xiao, Dacheng Tao, and Xuelong Li. “A survey of graph edit
distance”. In: Pattern Analysis and Applications 13.1 (2010), pp. 113-129. 1SSN: 1433-
755X. DOI:/10.1007/s10044-008-0141-yl.

Barbara Giunti. TDA-Applications. URL: https : / / www . zotero . org / groups /
2425412 /tda-applications (visited on 09/07/2022).

Paul G. Goerss and John F. Jardine. “Classical results and constructions”. In: Simplicial
Homotopy Theory. Basel: Birkhduser Basel, 2009, pp. 139-194. ISBN: 978-3-0346-0189-4.
DOI:/10.1007/978-3-0346-0189-4_3.

Paul G. Goerss and John E. Jardine. “Simplicial sets”. In: Simplicial Homotopy Theory.
Basel: Birkhduser Basel, 2009, pp. 1-64. ISBN: 978-3-0346-0189-4. DOI: 10.1007 /978~
3-0346-0189-4_1.

Christian Goodbrake, David Beers, Travis B. Thompson, Heather A. Harrington,
and Alain Goriely. “Brain chains as topological signatures for Alzheimer’s disease”.
In: Journal of Applied and Computational Topology (Apr. 2024). ISSN: 2367-1734. DOTI:
10.1007/s41468-024-00168-7.

Dejan Govc, Ran Levi, and Jason P. Smith. “Complexes of tournaments, directionality
filtrations and persistent homology”. In: Journal of Applied and Computational Topology
5.2 (2021), pp. 313-337. 1SSN: 2367-1734. DOI:|10.1007/s41468-021-00068-0.

189


https://doi.org/10.4230/LIPIcs.SoCG.2020.36
https://arxiv.org/abs/2312.10976
https://donut.topology.rocks
https://doi.org/10.1214/aoms/1177707045
https://doi.org/10.1214/aoms/1177707045
https://doi.org/10.1090/conm/453
https://doi.org/10.1007/978-3-319-15398-8
https://doi.org/10.1007/s10044-008-0141-y
https://www.zotero.org/groups/2425412/tda-applications
https://www.zotero.org/groups/2425412/tda-applications
https://doi.org/10.1007/978-3-0346-0189-4_3
https://doi.org/10.1007/978-3-0346-0189-4_1
https://doi.org/10.1007/978-3-0346-0189-4_1
https://doi.org/10.1007/s41468-024-00168-7
https://doi.org/10.1007/s41468-021-00068-0

[52]

[53]

[60]

[61]

A. A. Grigor’yan, Yong Lin, Yu. V. Muranov, and Shing-Tung Yau. “Path Complexes
and their Homologies”. In: Journal of Mathematical Sciences 248.5 (Aug. 2020), pp. 564—
599. 1SSN: 1573-8795. DOI:10.1007/510958-020-04897-9.

Alexander Grigoryan, Rolando Jimenez, Yuri Muranov, and Shing-Tung Yau. “Ho-
mology of path complexes and hypergraphs”. In: Topology and its Applications 267
(2019), p. 106877. 1SSN: 0166-8641. DOI: 10.1016/j.topol.2019.106877.

Alexander Grigor’yan, Yong Lin, Yuri Muranov, and Shing-Tung Yau. Homologies of
path complexes and digraphs. July 2012. arXiv: 1207 .2834 [math.CO].

Alexander Grigor’yan, Yong Lin, Yuri Muranov, and Shing-Tung Yau. “Homotopy
theory for digraphs”. In: Pure and Applied Mathematics Quarterly 10.4 (Mar. 4, 2015),
pp. 619-674. DOI:[10.4310/PAMQ . 2014.v10.n4 .22,

Alexander Grigoryan, Rolando Jimenez, Yuri Muranov, and Shing-Tung Yau. “On
the path homology theory of digraphs and Eilenberg-Steenrod axioms”. In: Hormol-
ogy, Homotopy and Applications 20.2 (2018), pp. 179-205. DOI: 10.4310/HHA . 2018,
v20.n2.a9.

Allen Hatcher. Algebraic topology. Cambridge, 2002. I1SBN: 9780521791601.

Alec Helm, Ann S. Blevins, and Danielle S. Bassett. The growing topology of the C.
elegans connectome. bioRxiv. 2021. DOI: 10.1101/2020.12.31.424985.

R Hepworth and S Willerton. “Categorifying the magnitude of a graph”. In: Homol-
ogy, Homotopy and Applications 19.2 (2017), pp. 31-60. DOI: 10.4310/HHA.2017.v19.
n2.a3dl

Richard Hepworth and Emily Roff. Bigraded path homology and the magnitude-path
spectral sequence. 2024. arXiv: 2404.06689 [math.AT].

Piers ] Ingram, Michael PH Stumpf, and Jaroslav Stark. “Network motifs: structure
does not determine function”. In: BMC genomics 7.1 (2006), pp. 1-12. DOI:/10. 1186/
1471-2164-7-108.

Mohd Sabri Ismail, Mohd Salmi Md Noorani, Munira Ismail, Fatimah Abdul Razak,
and Mohd Almie Alias. “Early warning signals of financial crises using persistent ho-
mology”. In: Physica A: Statistical Mechanics and its Applications 586 (2022), p. 126459.
ISSN: 0378-4371. DOI:[10.1016/7 . physa.2021 . 126459

Sergei O. Ivanov and Fedor Pavutnitskiy. “Simplicial approach to path homology of
quivers, marked categories, groups and algebras”. In: Journal of the London Mathemat-
ical Society 109.1 (2024), €12812. DOI: 10.1112/j1ms. 12812

Matthew Kahle. “Topology of random clique complexes”. In: Discrete Mathematics
309.6 (2009), pp. 1658-1671. 1SSN: 0012-365X. DOI:|10.1016/j.disc.2008.02.037.

Matthew Kahle. “Sharp vanishing thresholds for cohomology of random flag com-
plexes”. In: Annals of Mathematics (2014), pp. 1085-1107. DOI: 10.4007/annals.2014 .
179.3.5.

Matthew Kahle. “Topology of random simplicial complexes: a survey”. In: Algebraic
Topology: Applications and New Directions. Ed. by Ulrike Tillmann, Seren Galatius, and
Dev Sinha. Vol. 620. Contemporary Mathematics. Amer. Mathematical Society, 2014,
pp. 201-222. DOL: [10.. 1090/ conm/620/12367,

190


https://doi.org/10.1007/s10958-020-04897-9
https://doi.org/10.1016/j.topol.2019.106877
https://arxiv.org/abs/1207.2834
https://doi.org/10.4310/PAMQ.2014.v10.n4.a2
https://doi.org/10.4310/HHA.2018.v20.n2.a9
https://doi.org/10.4310/HHA.2018.v20.n2.a9
https://doi.org/10.1101/2020.12.31.424985
https://doi.org/10.4310/HHA.2017.v19.n2.a3
https://doi.org/10.4310/HHA.2017.v19.n2.a3
https://arxiv.org/abs/2404.06689
https://doi.org/10.1186/1471-2164-7-108
https://doi.org/10.1186/1471-2164-7-108
https://doi.org/10.1016/j.physa.2021.126459
https://doi.org/10.1112/jlms.12812
https://doi.org/10.1016/j.disc.2008.02.037
https://doi.org/10.4007/annals.2014.179.3.5
https://doi.org/10.4007/annals.2014.179.3.5
https://doi.org/10.1090/conm/620/12367

[75]

[76]

(80]

[81]

Matthew Kahle and Elizabeth Meckes. “Limit theorems for Betti numbers of random
simplicial complexes”. In: Homology, Homotopy and Applications 15.1 (2013), pp. 343—
374. DOI:/10.4310/HHA.2013.v15.n1.al7.

K Heiner Kamps and Timothy Porter. Abstract homotopy and simple homotopy theory.
World Scientific, 1997. 1SBN: 981-02-1602-5.

Moritz C Kerz. “The complex of words and Nakaoka stability”. In: Homology, Homo-
topy and Applications 7.1 (2005), pp. 77-85. DOI: 10.4310/HHA.2005.v7 .n1.ab.

Jure Leskovec and Andrej Krevl. SNAP Datasets: Stanford Large Network Dataset
Collection. http://snap.stanford.edu/data. June 2014.

Lu Li, Connor Thompson, Gregory Henselman-Petrusek, Chad Giusti, and Lori
Ziegelmeier. “Minimal Cycle Representatives in Persistent Homology using Linear
Programming: an Empirical Study with User’s Guide”. In: Frontiers in artificial
intelligence 4 (2021), p. 73. DO1:110.3389/frai.2021.681117.

Assaf Libman. The complex of injective words of permutations which are not derangements
is contractible. 2023. arXiv: 2309.06808 [math.C0].

Yong Lin, Shiquan Ren, Chong Wang, and Jie Wu. “Weighted Path homology of
Weighted Digraphs and Persistence”. In: (Oct. 2019). arXiv: 1910.09891 [math.AT].

Daniel Liitgehetmann, Dejan Govg, Jason P. Smith, and Ran Levi. “Computing
Persistent Homology of Directed Flag Complexes”. In: Algorithms 13.1 (2020). ISSN:
1999-4893. DOI:/10.3390/213010019.

Paolo Masulli and Alessandro E. P. Villa. “The topology of the directed clique
complex as a network invariant”. In: SpringerPlus 5.1 (2016), p. 388. 1SSN: 2193-1801.
DOI:10.1186/s40064-016-2022-y.

John D. Medaglia. “Graph Theoretic Analysis of Resting State Functional MR Imag-
ing.” In: Neuroimaging clinics of North America 27 (4 Nov. 2017), pp. 593-607. DOTI:
10.1016/j.nic.2017.06.008.

Nikola Mili¢evi¢ and Nicholas A. Scoville. The directed Vietoris-Rips complex and
homotopy and singular homology groups of finite digraphs. 2024. arXiv: 2409 . 01370
[math.AT].

Dmitriy Morozov and Arnur Nigmetov. “Towards lockfree persistent homology”. In:
Proceedings of the 32nd ACM Symposium on Parallelism in Algorithms and Architectures.
2020, pPp- 555-557. DOI:|10.1145/3350755.3400244.

David E Mufioz, Elizabeth Munch, Brittany Terese Fasy, and Firas A Khasawneh.
“The Walk-Length Filtration for Persistent Homology on Weighted Directed Graphs”.
In: Computational Geometry: Young Researchers Forum 2024 — book of abstracts. 2024,
pp- 33-36.

Vidit Nanda. Computational Algebraic Topology - Lecture Notes. 2021. URL: https :
//people.maths.ox.ac.uk/nanda/cat/TDANotes.pdf (visited on 07/11/2022).

John T. Nardini, Bernadette J. Stolz, Kevin B. Flores, Heather A. Harrington, and
Helen M. Byrne. “Topological data analysis distinguishes parameter regimes in the
Anderson-Chaplain model of angiogenesis”. In: PLOS Computational Biology 17.6
(June 2021), pp. 1-29. DOI: 10.1371/journal . pcbi. 1009094.

191


https://doi.org/10.4310/HHA.2013.v15.n1.a17
https://doi.org/10.4310/HHA.2005.v7.n1.a5
http://snap.stanford.edu/data
https://doi.org/10.3389/frai.2021.681117
https://arxiv.org/abs/2309.06808
https://arxiv.org/abs/1910.09891
https://doi.org/10.3390/a13010019
https://doi.org/10.1186/s40064-016-2022-y
https://doi.org/10.1016/j.nic.2017.06.008
https://arxiv.org/abs/2409.01370
https://arxiv.org/abs/2409.01370
https://doi.org/10.1145/3350755.3400244
https://people.maths.ox.ac.uk/nanda/cat/TDANotes.pdf
https://people.maths.ox.ac.uk/nanda/cat/TDANotes.pdf
https://doi.org/10.1371/journal.pcbi.1009094

(82]

(83]

[84]

Abhinav Natarajan, Thomas Chaplin, Adam Brown, and Maria-Jose Jimenez.
Morse Theory for Chromatic Delaunay Triangulations. May 2024. arXiv: 2405 . 19303
[math.AT].

Marcia Oliveira and Joao Gama. “An overview of social network analysis”. In: Wiley
Interdisciplinary Reviews: Data Mining and Knowledge Discovery 2.2 (2012), pp. 99-115.
DOI:/10.1002/widm. 1048.

Metin Oner and Ipek Deveci Kocakog. “JMASM 49: A compilation of some popular
goodness of fit tests for normal distribution: Their algorithms and MATLAB codes
(MATLAB)”. In: Journal of Modern Applied Statistical Methods 16.2 (2017), p. 30. DOTI:
10.22237/jmasm/1509496200.

Nina Otter, Mason A. Porter, Ulrike Tillmann, Peter Grindrod, and Heather A.
Harrington. “A roadmap for the computation of persistent homology.” In: EP] data
science 6 (12017), p. 17. DOI:/10.1140/epjds/s13688-017-0109-5.

Dale Purves, George ] Augustine, David Fitzpatrick, WC Hall, AS LaMantia, JO
McNamara, and L White, eds. Neuroscience. International sixth edition. New York:
Sinauer Associates, 2018. ISBN: 9781605358703.

Michael W Reimann, Max Nolte, Martina Scolamiero, Katharine Turner, Rodrigo
Perin, Giuseppe Chindemi, Pawet D totko, Ran Levi, Kathryn Hess, and Henry
Markram. “Cliques of neurons bound into cavities provide a missing link between
structure and function”. In: Frontiers in computational neuroscience 11 (2017), p. 48.
DOI:/10.3389/fncom.2017.00048.

Antonio Rieser. “Cech closure spaces: A unified framework for discrete and continu-
ous homotopy”. In: Topology and its Applications 296 (2021), p. 107613. I1SSN: 0166-8641.
DOI:[10.1016/7 . topol.2021.107613.

Antonio Rieser. Vietoris-Rips Homology Theory for Semi-Uniform Spaces. 2021. arXiv:
2008.05739 [math.AT].

Colin Patrick Rourke and Brian Joseph Sanderson. “A-sets I: Homotopy theory”. In:
The Quarterly Journal of Mathematics 22.3 (Sept. 1971), pp. 321-338. 1SSN: 0033-5606.
DOI:/10.1093/gmath/22.3.321

Christian Riischoff. Lecture notes: simplicial sets. 2017. URL: https://www.mathi.uni-
heidelberg.de/~rueschoff/ss17sset/sset.pdf| (visited on 10/01/2024).

Ann E. Sizemore, Chad Giusti, Ari Kahn, Jean M. Vettel, Richard F. Betzel, and
Danielle S. Bassett. “Cliques and cavities in the human connectome”. In: Journal of
Computational Neuroscience 44.1 (2018), pp. 115-145. 1SSN: 1573-6873. DOI: 10. 1007/
510827-017-0672-6.

Bernadette J. Stolz, Jakob Kaeppler, Bostjan Markelc, Franziska Braun, Florian
Lipsmeier, Ruth ]. Muschel, Helen M. Byrne, and Heather A. Harrington. “Multiscale
topology characterizes dynamic tumor vascular networks”. In: Science Advances 8.23
(2022), eabm?2456. DOI:|10.1126/sciadv.abm2456.

Paul W. Sweeney, Angela d"Esposito, Simon Walker-Samuel, and Rebecca J. Shipley.
“Modelling the transport of fluid through heterogeneous, whole tumours in silico”.
In: PLOS Computational Biology 15.6 (June 2019), e1006751. DOI: 10.1371/ journal .
pcbi.1006751.

192


https://arxiv.org/abs/2405.19303
https://arxiv.org/abs/2405.19303
https://doi.org/10.1002/widm.1048
https://doi.org/10.22237/jmasm/1509496200
https://doi.org/10.1140/epjds/s13688-017-0109-5
https://doi.org/10.3389/fncom.2017.00048
https://doi.org/10.1016/j.topol.2021.107613
https://arxiv.org/abs/2008.05739
https://doi.org/10.1093/qmath/22.3.321
https://www.mathi.uni-heidelberg.de/~rueschoff/ss17sset/sset.pdf
https://www.mathi.uni-heidelberg.de/~rueschoff/ss17sset/sset.pdf
https://doi.org/10.1007/s10827-017-0672-6
https://doi.org/10.1007/s10827-017-0672-6
https://doi.org/10.1126/sciadv.abm2456
https://doi.org/10.1371/journal.pcbi.1006751
https://doi.org/10.1371/journal.pcbi.1006751

[95]

[96]

Jonathan Trevifio-Marroquin. Graphs and Their Vietoris-Rips Complexes Have the Same
Pseudotopological Weak Homotopy Type. 2024. arXiv: 2406.00149 [math.AT].

Katharine Turner. “Rips filtrations for quasimetric spaces and asymmetric functions
with stability results”. In: Algebraic & Geometric Topology 19.3 (2019), pp. 1135-1170.
DOI:/10.2140/agt.2019.19.1135

Yu Wu, Gabriel Shindnes, Vaibhav Karve, Derrek Yager, Daniel B Work, Arnab
Chakraborty, and Richard B Sowers. “Congestion barcodes: Exploring the topology
of urban congestion using persistent homology”. In: 2017 IEEE 20th International
Conference on Intelligent Transportation Systems (ITSC). IEEE. 2017, pp. 1-6. DOI: |10.
1109/ITSC.2017.8317777.

Jiacheng Xing, Jiaying Jia, Xin Wu, and Liqun Kuang. “A Spatiotemporal Brain Net-
work Analysis of Alzheimer’s Disease Based on Persistent Homology.” In: Frontiers
in aging neuroscience 14 (2022), p. 788571. DOI: 10.3389/fnagi .2022.788571.

M. Yutin. Performant Path Homology. Version 89eb473. URL: https://github.com/
SteveHuntsmanBAESystems/PerformantPathHomology (visited on 07/20/2020).

Shen Zhang. Stability of Persistent Path Diagrams. 2024. arXiv:2406.11998 [math.AT].

193


https://arxiv.org/abs/2406.00149
https://doi.org/10.2140/agt.2019.19.1135
https://doi.org/10.1109/ITSC.2017.8317777
https://doi.org/10.1109/ITSC.2017.8317777
https://doi.org/10.3389/fnagi.2022.788571
https://github.com/SteveHuntsmanBAESystems/PerformantPathHomology
https://github.com/SteveHuntsmanBAESystems/PerformantPathHomology
https://arxiv.org/abs/2406.11998

	Introduction
	Structure of this thesis
	Chapter 2
	Chapter 3
	Chapter 4

	Other contributions

	First Betti number of the path homology of random directed graphs
	Introduction
	Summary of results
	Data Availability

	Background
	Graph theory definitions and assumptions
	Analytic and algebraic definitions
	Erdős-Rényi random graphs
	Symmetrisation

	Path homology of directed graphs
	Definition
	Proof of Theorem 2.1.4
	Chain group generators

	Asymptotic results for path homology
	Proof of Theorem 2.1.3(1)
	Proof of Theorem 2.1.3(2)
	Proof of Theorem 2.1.3(3)
	Proof of Theorem 2.1.3(4)

	Directed flag complex of random directed graphs
	Discussion
	Explicit probability bounds
	Positive Betti numbers at low densities
	Zero Betti numbers
	Positive Betti numbers at high densities

	Experimental results
	Data collection
	Illustrations
	Finding boundaries
	Testing for normal distribution


	Grounded persistent path homology: a stable, topological descriptor for weighted digraphs
	Introduction
	Contributions and outline
	Computations

	Background
	Basic notation and category theory
	Directed graphs
	Path homology
	Path homotopy
	Persistent homology

	Motivation and definition of GrPPH
	Standard pipeline
	Grounded pipeline
	Definition of GrPPH

	Interpretation of GrPPH
	Decreasing Betti curves
	Circuit lifetimes
	Representatives
	Decomposition

	Stability analysis of GrPPH
	Main stability theorem
	Weight perturbation
	Edge subdivision
	Edge collapse
	Edge deletion
	Vertex deletion
	Combining operations

	Examples
	Iterated medial subdivision
	Square motifs
	Multiple paths
	Digraphs with identical quasimetrics
	Finite (quasi)metric space


	A notion of homotopy for directed graphs and their flag complexes
	Introduction
	Summary
	Related work
	Notation

	Combinatorial and algebraic complexes
	Path complexes
	Regular path complexes from digraphs
	Chain complexes from regular path complexes

	Systems of one-step homotopies
	Homotopies for ordered simplicial complexes
	Homotopies for path complexes
	Ordered simplicial complexes as path complexes
	Ordered simplicial complexes as simplicial sets

	Homotopies for digraphs
	Pull-back along the allowed path functor
	Pull-back along the directed flag complex functor
	Comparing the two pull-backs

	Stability of persistent directed flag complex homology
	The interleaving distance
	Stability theorems
	Instabilities

	Mapping cylinders
	Grounded pipelines
	Background
	Stability theorems


	Bibliography

