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Abstract

The success of modern machine learning methods can be attributed to three main
factors: 1) The availability of increasing amounts of high quality data, ii) the sustained
growth in computational resources, iii) the invention of algorithms that can reap the
gains of both of these simultaneously, being specifically tailored to consume ever larger
datasets on cutting-edge hardware. In this thesis, we focus on the first question of data
quality in the subfield of ML that intersects with another field, causality.

Causality aims to produce a precise mathematical formulation for the age-old question
of cause and effect. In doing so, it provides a framework to formally reason about
interventions, counterfactuals, and when valid causal inferences can be drawn. Graphical
causal inference- the setting of this thesis - represents causal systems using directed
graphs, with arrows from cause to effect. These are not just convenient visualisations
but are a type of statistical model, which allow us to predict the distribution after
intervening on variables. This makes them particularly well suited for reasoning about
data quality, as statistical biases can be viewed as intervening or conditioning in these
models.

Causal machine learning began by using machine learning methods to answer questions
in causal inference, particularly in high dimensional, large data settings where modern
ML excels. Later, a stream of work began in the opposite direction, aiming to
understand how causality can be used to alleviate some of the flaws of machine learning
methods. Much of this focused on the issue of data quality, looking to understand how
to make ML models that generalise beyond the data they are trained on. In this thesis,
we initially focus on issues of data quality when using ML in classical causal problems,
presenting two papers on this topic. Firstly, we discuss the problem of estimating causal
effects from observational studies - which may be subject to unmeasured confounding
- when a small amount of experimental data is available to de-bias estimates. We
place theoretical limits of the effectiveness of these methodologies, and provide a
Gaussian process assumption which permits valid inference. Secondly we present a
paper discussing the problem of data merging for improved estimation of conditional



causal effects. We frame this as a Bayesian experimental design problem, and develop
a cryptographically secure method to evaluate the expected information gain. After
this we move on to the second set of questions, asking what causality can do for the
field of fair machine learning.

Fair machine learning (or algorithmic fairness) is interested in understanding how ML
models can be made compliant with legal anti-discrimination requirements in decision-
making settings, such as employment, criminal justice, and healthcare. In order to
answer this, significant effort was placed in trying to formalise mathematically what
violations of these requirements would look like. Initially, this focused on measuring
various statistics -such as model performance by group - hoping that problems of
discrimination could be broken down into statistical disparities. However, two clear
issues were found with this approach. Firstly, for every statistic it seemed possible to
draw up a scenario where discrimination intuitively was/wasn’t present despite the
statistic saying it wasn’t/was. Secondly, in most practical cases, it is impossible to be
non-discriminatory or "fair' relative to multiple statistics simultaneously. This created
the problem where one statistic alone couldn’t capture the problem of fairness, but it
was also impossible to have multiple. These concerns lead to the field of causal fairness,
which aimed to solve this problem by providing such statistics with causal meaning.
These works argued that discrimination is a causal effect of protected characteristics
on outcomes. Framing things in this way lead to the development of numerous new

fairness statistics, which crucially varied with causal context.

We present two papers in the field of causal fairness. Firstly, we draw attention to
the issue that selection bias plays in this context. We argue that from the perspective
of causal fairness, selection bias is almost always present in fair ML applications.
We then argue that this can create significant issues for the field as a whole, as it
leaves the majority of causal effects fundamentally unidentified from observational
data alone. Secondly, we look at the problem of data quality in fair machine learning
more generally from a causal perspective. We provide a unified causal framework for
multiple measurement biases that are typically present in fair ML applications. We
then use tools from causal sensitivity analysis to create general sensitivity analysis
tools to reason about the impact of measurement biases in Fair ML applications.

Finally, to conclude this thesis we present some of the limitations with these works as

they stand, alongside promising directions for future work.



Introduction

This thesis follows the format of an integrated thesis and is composed of 6 chapters. It
begins by introducing the field of causality, reviewing causal approaches to data bias
and algorithmic fairness from a causal perspective. The bulk of the thesis is then made
up of four independently published papers, each with its own review of the literature,
and appendices. Finally, we conclude by outlining the limitations of each of these

works, as well as potential avenues for future extensions.

1.1 Background on Causality

We will begin by reviewing the relevant background in causal inference. We will follow
the graphical tradition, pioneered by Pearl [162] and Spirtes et al. [201], however we
will frame this through the SWIG framework of Richardson and Robins [175]. We
make this choice so that we can easily present the work on path-specific effects using
Malinsky et al. [147], which is needed to discuss path-specific fairness [158]. This also
allows us to discuss alternative theories of counterfactuals, specifically single world
and cross world independences Robins and Richardson [178], which is relevant for later

discussions.



1.1.1 Structural Causal Models

The key workhorse for graphical causal inference is the structural causal model:
Definition 1. A Structural Causal Model (SCM) over a set of variables V = (V;);_,
consists of a set of functions F = {f;},_,, a tuple of noise variables € = (¢;);~, and a

distribution over the noise variables P(€) such that:
Vi = fi(Pa(Vi), €), (1.1)

where Pa(V;) C {Vi}_,. The distribution P(€) is assumed to factorise as P(e) =
[T, P(e;). Pushing this distribution forward through the functions F we get the

observational distribution P(V). Given this we define the structural causal model to be

the pair C = (F, P(€)).

We define the Causal Graph to have a node for each element of V and a directed edge
from all nodes in Pa(V;) into V;. We will assume the graph is acyclic'. and therefore
refer to it as a Directed Acyclic Graph (DAG).

The relationship between a structural causal model and the graph is given in the

following diagram:

Vi = filer)
Vo = foa(Vi, €2)
Vi = f3(V1,€3)

Vi = fa(Va, V3, €4)
C = ({fi, [, f3, fa}, P(€))

(a) An example of an SCM C. (b) The directed acyclic graph corresponding
to the SCM.

Figure 1.1: Example of a DAG and the corresponding SCM.

The underlying causal structure will have implications for the observed distribution in
terms of conditional independences. To see this, consider the causal graphs in Figure

1.2. We can see that for all causal structures which comply graphs (a) - (¢) we will

!Causal models with cyclic graphs are possible but not considered in this thesis. More information
can be found in [27]
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Figure 1.2: Causal graphs showing the possible conditional independence structures over

three variables. For graphs (a) - (c) we have Vi 1L V3 | V5 whereas for (d) we have V; I V3
but V1 AL V3 | Va.

have that V4 1L V3 | V5. But for graph (d) we have that V; 1 V3 but V; ML V3 | V5.
These three variable relationships can be chained together to give a rule for reading
conditional independences from DAGs, which is known as d-separation. It is defined
as follows:

Definition 2. Consider disjoint sets of variables A, B C C. We say an undirected-path
from A € A to B € B is blocked by C if we have either of the following:

1. The path contains a triplet of vertices (Vi, Vs, V3) such that the subgraph on this
triplet is of the form (a)-(c) in Figure 1.2 and V5 € C.

2. The path contains a triplet of vertices (Vi,Va, V3) such that the subgraph is of the

form (d) where neither Vo nor any of its children are in C.

We say A is d-separated from B by C if all undirected paths from A to B are blocked
by C. We write this as A 1 ; B | C.

Now d-separation allows conditional independences to be read off the causal graph
according to the following proposition:

Proposition 1. The d-separation A 1, B | C implies the conditional independence
A 1l B | C for all SCM’s compatible with the causal graph.

This was first proved in Verma and Pearl [210]. Meek [149] then demonstrated that
this criterion is complete so that all possible independences shared between causal
models that comply with a given graph can be found using d-separation. The DAG

also implies the following factorisation of the observational distribution:

P(V) =[] P(Vi | Pa(V))) (12)

=1

Which is equivalent to d-separation implying conditional independence [131].



1.1.2 Potential Outcomes and the Interventional Distribution

Whilst causal models have observational implications, the key point of is that they
allow us to define counterfactuals (also known as potential outcomes [183]) which can
be used to define interventional distributions. These are defined as follows:

Definition 3. For any tuple of variables A C 'V we define the potential outcomes

when setting A = a recursively as follows:

1. For V; € V if Pa(V;) C A we define V(a) = fi(apa;), €)

i

2. For other V;, we define V;(a) recursively as:

Vi(a) = Vi(apav), {V; | J € Pa(Vi) \ A}) (1.3)

Note, we take V;(v;) to be the random variable V;.

The interventional distribution is then defined as P(V(a)). The natural question is,
how can we estimate the interventional distribution from observational data alone?
The first key step is to notice that for a variable Y a fixed value pa, of Pa(Y’) the

interventional distribution may be written as:
P(Y (pay) | Pa(Y) = pay) = P(Y" | Pa(Y) = pay) (1.4)

This is the central fact which allows us to relate interventional distributions to
observational ones. It allows us to write the interventional distribution, P(V(a)),

in terms of the observational distribution as:

P(V(a) = v) =[] P(Vi | Pa(Vi) \ A = eupa. Pa(Vi) N A = apyviyoa)

i=1

when [ P(4; =a; | Pa(V;) \ A = vpaipa, Pa(Vi) N A = apaiyna) > 0
AjGA
This is known as the extended G-formula [179] and a proof can be found in Richardson
and Robins [175].

1.1.3 Counterfactual Distributions

Structural causal models also allow us to define distributions over counterfactual events.

Counterfactuals are "what if?" questions, asking what would have happened if events



had been different, given that we observe a particular outcome. Such events may be

written using the distribution over multiple different potential outcomes, for example:
P(Y(a) =y,Y(a) =y, X =x) (1.5)

Using the SCM, we can evaluate these probabilities as follows: Let E be an event over
a number of different potential outcomes and the structural causal model be given by
C = (F,P(e)). We write F(€) = FE if for a given value ¢ of the noise variables the
event E holds. Then the probability of E is given as follows:

P(E) = Ep« [1{F(e) = E}] (1.6)

As this probability relies on the SCM, in general we would need access to the SCM
to evaluate a counterfactual probability - which would be a very strong assumption.
However, for some counterfactual probabilities the causal graph alone is sufficient to

identify the probability. For example, consider the following causal model:

(1.7)

For all structural causal models compliant with this graph, we have that the counter-
factual probability P(Y (t) | T = t') is identified as:

P(Y(t) | T = ¥) = Epxree [P(Y | X,T = 1) (L8)

So long as P(X | T =1t) < P(X | T =t). That is, for measurable sets S when
P(XeS|T=t)=0wehave P(X € S|T =1t)=0. Imagining 7' = ¢ corresponds
to the allocation of a medical treatment, P(Y (t) | T'= ') would be the distribution of

outcomes for the untreated group, had they counterfactually received treatment.

1.1.3.1 Debate over Counterfactual Dependencies

It is worth making a note at this stage that there is some debate over the correct
assumptions to be made when performing counterfactual inference. So far we have
written everything under the assumptions of non parametric structural equation models
with independent errors, also known as the NPSEM-IE. That is, when setting out the
definition of an SCM we assumed that the distribution factorises as P(€) =[], P(e;).



This assumption leads to a large number of independences between unobserved

counterfactuals. For example consider the following graph?:

(x) @_' (1.9)

Under an NPSEM-IE, we make the assumptions that for any choice of xy,Z1, xs we

have the following:
X1 A XQ(Il) A Xg(.%l,xg) (110)

This assumption is controversial, as it implies an independence between counterfactuals
which can never be jointly observed. Therefore, we could never experimentally
verify statements of the form Xo(zy) AL X3(#1,29). Such statements are known
as cross-world independences. Robins and Richardson [178] argue that these cross-
world independencies are inherently unscientific, as they cannot be falsified. Instead,
they argue for an alternative set of counterfactual independences, known as the Finest
Fully Randomized Causally Interpretable Structured Tree Graph (FFRCISTG) first
introduced in Robins [177]. This implies that for any vector, v, the following set of

variables are all independent:
{Vilveaun) | Vi € V1, (1.11)

where V;(Vpay;)) corresponds to setting the values of Pa(V;) to their corresponding
values in v. Returning to the graph in 1.9 this would imply the following dependences

only:
X1 A Xg(a?l) A Xz(f]fl,l‘g) (112)

For any choice of z, xs.

1.1.4 Causal Structure Learning

In all of the above, we have taken the causal graph as somewhat of a given. Given how
central it is for correctly estimating the causal effect, the natural question is where
does it come from? The first main answer to this question is that the graph comes

from expert knowledge on a given problem, be these from physical laws, otherwise

2Example taken from the lecture notes of Prof. Qingyuan Zhao.



understood mechanisms, or randomised controlled trials. It is also argued that if you
try to do causal inference without the knowledge of the graph, you are not avoiding
this problem, you are just implicitly assuming a certain causal graph. This graph will
arise from the statistically estimable quantity that is claimed to represent a causal
effect.

There is, however, a second option for getting the graph, which is known as causal
discovery or causal structure learning. Causal discovery notes that the underlying causal
structure can have implications for the observational distribution, most commonly in
the form of conditional independences, as discussed in Section 1.1.1. The goal of causal
discovery is to use this structure to guide us to a set of feasible causal graphs. The
field is very broad and mostly lies outside of the scope of this thesis. However, for

completeness we will briefly discuss the most famous method for causal discovery, the

PC algorithm [200].

The PC algorithm is built upon the observation that if these is no edge between X
and Y in the graph G, we must have some set Z such that X 1l Y | Z. The algorithm
builds upon this, starting with the complete undirected graph removing the edge
between X and Y whenever we find some set Z such that X 1L Y | Z. There is a
subtlety here, whilst d-separation allows us to conclude that the lack of an edge implies
a conditional independence, it does mean a conditional independence implies a lack of
an edge. It is possible to construct SCMs such that the impact across different paths
"cancel out", creating a conditional independence in the observational distribution
which is not implied by the graphical structure. Therefore, for this to step to be valid,
we must assume that the conditional independences in the observational distribution
are only the ones implied by the graphical structure. This assumption is known as

faithfulness, and is essential for performing causal discovery in this way.

Once all edges have removed that can be, we are left with an undirected graph over all
variables. There are now two ways to orient the edges. Firstly, note that according to
the graphs in Figure 1.2, the only way we can have two variables X and Y that are
adjacent to a vertex Z, but independent of each is if we have X — Z < Y. Therefore,
for any triplets of variables (X, Y, Z) where X and Y to Z but not each other, we test
if X 1L Y | S where S does not contain Z. If this holds for any S we can orient the
edges as X — Y < Z. After we have completed all of these orientations, we then use

the acyclicity assumption to orient any edges which would create a cycle if they pointed
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Figure 1.3: Example graphs for the cases given by Reichenbach’s common cause principle.

one way. Once this procedure is complete, we are left with a graph containing both
directed and undirected edges, known as a Completed Partially Directed Acyclic Graph
(CPDAG). In this graph, all undirected edges could be oriented in either direction
to give a valid DAG. However, the information in the observational distribution does
not allow us to distinguish between any of these possibilities. For this reason, the
CPDAG represents what is known as a Markov equivalence class over DAGs, where

the equivalence is in the sense of permitted observational distributions.

1.2 Causal Approaches to Data Quality

We now review the literature on data quality and causality. We specifically focus on
three forms of bias that are most relevant to this thesis: unmeasured confounding,

selection bias, and multi-environment data.

1.2.1 Unmeasured Confounding, Hidden Variables, and Iden-
tifiability

As the focus of this thesis is causal approaches to statistical biases, it feels right to
begin this section with the statistical bias that arguably gives rise to causal inference,
unmeasured confounding. When you begin a PhD in causal inference, you may expect
you will learn the "secret sauce" that makes the phrase "correlation is not causation" a
thing of the past, meaning that no arrangement of sprinklers, rain, or wet pavement
will confuse you again. In reality the secret sauce works the other way round. Most
correlations would be causal if not for the problem of unmeasured confounding - that

is when two variables share an unmeasured common cause.

The fact that correlations either arise through causal relationships or a shared common
cause was historically justified using Reichenbach’s common cause principle. This

states that if two variables, V; and V5, are dependent, either one causes the other or



they share a common cause, U, which when conditioned on would render V; and V5
independent. An example of these cases are given in Figure 1.3. In fact, this statement
can be proved under the assumption that V7, V5 are embedded in a structural causal
model:

Proposition 2 (Reichenbach’s common cause principle). Suppose Vi, Vs € V and we
have a structural causal model C = (F, P(€)) which describes the relationships between
the variables. If Vi JL V, then one of the following holds:

1. There exists a directed path Vi — --- — V4 in the causal graph, G.
2. There exists a directed path Vo — --- — Vi in the causal graph, G.

3. There ezists a set of variables U such that Vi 1L Vo | U and for some U, U" € U
we have the directed paths U — -+ = Vi and U' — -+ — V5, in the causal graph,

g.

Proof. As Vi /L. V, there must exist an unblocked path in G between V; and V5. Now,
let U be the set of variables in V which cannot be reached from a directed path from

V1. Now we have two cases:

1. Vi AL V5 | U. In this case, there must still exist an unblocked path from V; to
Vo in G. Let (Vi, Xy, -+, X, Vo) be such a path. Now we cannot have V; < X,
as otherwise X; would be in U and so the path would be blocked by U. Hence,
we must have V; — X;. Now for all remaining vertices we must have X; — X,
as having X; < X;,; would block the path. Therefore (Vi, Xy, -+, X, Vs) is a
directed path from V; to V5.

2. Vi 1L V4 | U. If this is the case then there must be a path (Vi, Xq,--- U, -+ | X, V5)
in G which is blocked by the vertex U € U. As U cannot be reached from V; via
a directed path we must have U — X,,,--- — V;. Now consider the portion of
the path (U, X419, -+, Vo). If U = X,,,11 then all edges on this path must be —
and so we have found a set U satisfying condition (3). If not, then let X’ be the
last vertex on this path such that we have a directed path (X,--- ,U,---  V}). If
X = V5 we have a directed path from V5 to V; but if not we must have X € U
as if X could be reached from V; by a directed path the graph would contain a

cycle.



Therefore, structural causal models can provide a theoretical justification for the
common cause principle of Reichenbach. As we will later see in the selection bias
section, this is not the full story on the matter, but framing everything in causal models

does allow such claims to be formally verified.

Now we know that correlations are either due to causal relationships or a shared
common cause (known as a confounder) we should be able to disentangle causal
relationships from statistical correlations, putting an end to the phrase "correlation is
not causation' forever. However the key challenge of causal inference comes from the
problem of unmeasured confounding. That is when we do not observe all the common
causes. If this is the case, we cannot correct for the effects of unmeasured confounders
to properly estimate causal effects. In order to reason about this, we first need to

consider the problem of hidden variables in causal inference.

1.2.1.1 Hidden Variables and Marginalisation
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Figure 1.4: Example the marginalisation operations given in Evans [70] applied to a DAG
with hidden variables.

First we will look at the problem of hidden variables from the perspective of structural
causal models. Specifically, suppose the variable set can be split as V U U where we
only observe the variables V. If no restrictions are placed over U, then in theory there
are infinitely many possible causal structures. As in practice we would never expect to
observe every single variable that is relevant to a problem, this would preclude any
realistic chance of doing causal inference. Thankfully, Evans [70] showed that any

structural causal model over V can be reduced to one of finitely many causal models,



irrespective of the cardinality of the set of hidden variables. Specifically, an SCM in
canonical form which is defined as follows:

Definition 4. Let C = (F, P(€)) be a structural causal model over variables V.U U
where the variables U are unobserved. We say C is in canonical form if the following
holds:

1. Each U € U has no causal parents.

2. There are no two variables U, U" € U such that Ch(U) C Ch(U’) where Ch(U) is
the set of X € V.U U such that there is an edge U — X.

Marginalisation Operation Evans [70] provide a marginalisation operation which
converts an arbitrary SCM over variables V' U U to one over variables V U U which is

in canonical form. This consist of two steps:

1. For all U € U, add an edge Z — Z if the current graph contains Z — U — Z
and then delete any edges Z — U,

2. After completing the first step for all variables in U, delete any U if there exists

another U € U that influences all of the variables U influences.

Evans [70] showed that there is a structural causal model over the resulting graph
which preserves the causal structure over the variables V. Importantly, due to the
deletion step, this model has a bounded number of unobserved variables, regardless of

how large the set U is. We illustrate these steps in Figure 1.4.

Latent Projection Suppose we want to represent the causal structure over V without
having to draw the hidden variables in U. This is done via Latent Projection, first
introduced by Verma [209]. This involves replacing hidden variables in a graph by

generalised edges. It can be done in two ways, leading to two different types of graphs:

1. ADMGs [209]. Begin with a hidden variable model in canonical form. We then
add a bidirected edge between V; <+ V; if there exists a hidden variable U such
that V; <~ U — Vj. After adding all such edges we remove the hidden variables,
U. This forms the class of Acyclic Directed Mized Graphs (ADMGs).
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Figure 1.5: Example of the two different forms of latent projection. (b) and (c) are both
latent projections of the graph (a), where (b) is the projection into the space of mDAGs and
(c) is the projection into the space of ADMGs.

2. mDAGSs [70] Begin again a hidden variable model in canonical form. For any
hidden variable U € U we add a hyper-edge between all children of U and then
remove U. This forms the class of Marginalised DAGs (mDAGs).

We illustrate the difference between these projections in Figure 1.5. Conditional
independences can still be read off such graphs using an extension of d-separation

which accounts for generalised edges, known as m-separation [174].

For both ADMGs and mDAGs, there exists a model in the projected space which has the
same distribution as the hidden variable model. However, projecting into the space of
ADMGs can result in the loss of some constraints implied by the hidden variable model.
For example, in the hidden variable model in Figure 1.5a, Fritz [84] demonstrated that
for binary Vi, Vs, V3 we cannot have P(V; = Vo =V3=1)=P(V; =Vo =V3 =0) = 1.
This constraint is lost when projecting into the space of ADMGs, unlike when projecting
into the space of mDAGs. Despite this, we will work with the space of ADMGs
throughout, as much of the theory of identifiability of causal effects has been developed

for this case.

1.2.1.2 Identifiability of Causal Effects with Hidden Variables

A bi-directed edge between variables V; <> V5 in an ADMG corresponds to an
unmeasured confounder- that is an unmeasured common cause of the variables V;
and V5. Unmeasured confounding represents the largest obstacle to performing valid
causal inference. This is because in the presence of unmeasured confounding we
cannot break down a correlation into a series of causal relationships. In the most

simple example, given by the following DAG, we cannot estimate the interventional



distribution, P(Y (x)), without further assumptions:

O .

However, there are some scenarios where if we have more details in the causal graph,

we can still correctly estimate causal effects. For example, consider the alteration to
the graph in 1.13, which results from an intermediate variable on the path from V; to
Vs

&30 -

In this case, the interventional distribution P(Y (z)) is now identified as:

P(Y(2)) = Eppurix=o)Epx) [P(Y | M, X)), (1.15)

a fact known as the front-door criteria, whose proof can be found in Pearl [162]. In
general, we want to be able to understand when an expression involving potential
outcomes can be written in terms of factual probabilities, and so estimated from data?.
For this, Pearl [162] developed the do calculus which shows when two expressions
involving interventional operators are equivalent given a causal graph. Here we present
the po calculus of Malinsky et al. [147]. We do this as it will allow us to use potential
outcomes with graphical models, which will be especially useful later for considering
path-specific effects. To do this we first introduce a new, modified graph called a

single-world intervention graph (SWIG) that is used to reason about interventions.

SWIGSs [175] SWIGs are graphical models that are used to graphically represent
the interventional distribution V(a). It is denoted by G(a) and is formed from G by
the following steps:

1. Begin with a node for each variable V and then split each A € A into two nodes
labelled a and A, denoting the fixed and random parts respectively. We refer to
this node set as V(a).

3There is a subtly here, which is that being able to write an expression in terms of factual
probabilities is not exactly the same as being able to estimate it with finite data, due to estimators
being discontinuous in the distribution. For a discussion of this issue in relation to causal inference,
we refer the reader to [146].
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Figure 1.6: Example of a SWIG for the graph in 1.14 with the hidden variables drawn in.
Figure 1.6a shows the normal graph and Figure 1.6b shows the SWIG for the intervention
X ==

2. For edges V. — Aand A — V in G draw edges V — A and a — V in G(a)
respectively. Otherwise keep all the edges the same as G.

3. Replace each node V' in G(a) by V(aang,,(v)) where Ang)(V) is the set of
ancestors of V' in G(a) (i.e the set of nodes from which there exists a direct path
to V). If Ang(a) (V') = 0 simply leave V' unchanged.

We illustrate this operation for a simple DAG in Figure 1.6. Just as the observational
graph implied conditional independences in the observational distribution the interven-
tional graph implies conditional independences in the interventional distribution. This
is given by the SWIG global Markov property:

Definition 5 (SWIG Global Markov Property). The SWIG global Markov property
states that for disjoint subsets Y (a), X(a), and Z(a) and a subset a’ of a if we have:

Y(a),a’ 1L, Z(a) | X(a), (1.16)
where 1L, denotes d-separation®, then for some f(-) we have:

P(Z(a) | Y(a), X(a)) = P(Z(a) | X(a)) (1.17)
= f(Z,X,a\a’). (1.18)

When the data is generated according to an SCM with independent errors (or the
weaker FFRCISTG model), the SWIG global Markov property holds. In fact, once we
add the consistency property (B(a) =b = V;(a,b) = V;(a)) the expression:

PV H P(Vi | Pa(Vi) \ A = vpana, Pa(Vi) N A = ap,v;)na),

4m-separation is the extension of d-separation to graphs with bidirected edges. It implies the same

set of conditional independences as performing d-separation on the graph where every bidirected edge
Vi <+ V; is replaced by V; <~ U — V.
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Figure 1.7: Example of a SWIG for the graph in 1.14 with the hidden variables drawn in.

Figure 1.6a shows the normal graph and Figure 1.6b shows the SWIG for the intervention
X ==

can be viewed as a factorisation of the distribution of P(V'(a)) according to the SWIG
G(a) that arises from the DAG G. We could even see the original global Markov
property and factorisation as specific cases of the SWIG global Markov property when

the intervention set is empty.

The SWIG global Markov property is combined with the two additional rules to give a
sound and complete way for reducing statements about involving potential outcomes
into ones involving observational quantities. That is- any statement involving potential
outcomes can be reduced to one with only observational properties if and only if it can

be reduced using the three following rules:

Lo p(Y(2) | Z(z), W(z)) = p(Y (z) | W(x))
|

if (Y(2,2) ALy 2)g(a,2)

These are equivalent to the rules of do calculus [162] and they were introduced in
Malinsky et al. [147].

As an example, we will now use the po calculus to re-derive the front door criteria

from Equation 1.15. To do so we have drawn up all the relevant SWIGs in Figure 1.7.



P(Y(2)) = Ep(mey Y (z) | M(x) = m](Law of Total Expectation) (1.19)
=Epm@nlY (x,m) | M(z) = m](Consistency) (1.20)
= Ep(u)Y (m) | M(z) = m](Rule 3 in G(z,m)) (1.21)
= Epu(ay[Y (m)](Rule 1 in G(z,m)) (1.22)
=Epm@)[Epcx)[Y | M = m, X]](Consistency) (1.23)
= Epmix=2)Epx)[Y | M = m, X]](Rule 1, Consistency in G(z)) (1.24)

1.2.2 Selection Bias

Selection bias occurs when we sample in a biased way from the target population.
This is a problem as it means statistical estimates from this sample will themselves be
biased and not representative of the target population. A common example of selection
bias would be in collection of survey data. We only ever see responses from individuals
who fill out the survey and it is unlikely that those who fill out the survey will be
representative of the target population. For example, people with particularly strong
opinions may be more motivated to fill out the survey to express them. Or as the joke

goes, "85% of survey respondents said they enjoy the process of filling out surveys'.

In causal inference we depict selection bias using a binary selection variable, denoted
by S, which is added to the causal graph. The biased population we sample from
corresponds to having S = 1 and the goal of learning under selection bias is to estimate
statistics or causal effects for the whole population, including when S = 0. Selection

nodes are depicted with dashed edges, with a selection of examples in Figure 1.8.

In the context of causal inference there are three questions we could ask about recovering
from selection bias: i) When is an observational distribution recoverable from biased
data? ii) When is an interventional distribution recoverable from biased data? iii) How
can external data from the unbiased population help in either of these cases? We will

now detail the solutions to these problems given by Bareinboim et al. [19].

1.2.2.1 Recovering Observational Distributions

First, we focus on recovering observational distributions. Generally this is a distribution
of the form P(Y | X), where XUY C V and V is the whole set of observed variables.
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Figure 1.8: Examples of some of the most simple graphs in which P(Y|X) is and isn’t
recoverable from selected data, taken from Bareinboim and Tian [17]. In (a), P(Y|X) is
recoverable whilst the changing of the edge to (b) makes it unidentifiable. Likewise, in (¢) we
can recover P(Y|X) but adding the variable W makes it unidentifiable as conditioning on X
now opens a path from S to Y through Z, X, W.

We assume we observe the selected data, so P(V | S = 1) and that the data is generated
according to a structural causal model that complies with the graph Gs where the S
denotes the fact that we have added a selection node to the graph. Therefore, the goal
is to write the distribution P(Y | X) in terms of probabilities conditional on S = 1.
Firstly, we can see that the condition Y 1 S | X is easily sufficient to correct for

selection bias as we can write:
PY | X)=P(Y|X,S=1), (1.25)

which uses conditional independence to show that the distributions are equal in the
selected and unselected data. Bareinboim et al. [19] show that Y 1L S | X turns out to
be necessary and sufficient for the recovery of the distribution from observational data:
Proposition 3 (Bareinboim et al. [19]). The distribution P(Y | X) is recoverable from
P(V|S=1)ifand only if Y 1L S| X.

It is worth noting that there are specific cases where additional assumptions can
allow for recovery of the observational distribution more broadly. For example, Evans
and Didelez [72] give a scenario where knowledge of independence constraints in the

unbiased distribution can lead to identifiability for discrete variables.



Recoverability with External Data In some scenarios we may have access to
external unbiased data which can be used to recover the conditional distribution
P(Y | X) more broadly than when Y L S | X. For example, we may have access
to census data which gives information on a variety of demographic characteristics
such as age, gender, or income distribution. The hope is that this could be used in
conjunction with more specific survey data to get unbiased estimates of the observational
distribution. The following proposition gives an example of this:

Proposition 4. Suppose we observe samples from the unselected distribution for
variables X, C where Y 1L S | X, C. Then the distribution P(Y | X) can be written

as:
P(Y | X) = Epo [P(Y | X, C, S = 1)], (1.26)
Which can be estimated with samples from P(V | S =1) and P(X,C).

1.2.2.2 Recovering Causal Effects

Now we have discussed the recoverability of observational distributions from selected
distributions, we move on to the question of interventional distributions. Firstly, we can
see that the rules of do (or po) calculus lead directly to a statement about recovering
interventional distributions:

Corollary 5 (Bareinboim and Tian [17]). An interventional distribution, P(Y (z)), is
recoverable from selected data generated by the graph G if and only if it can be reduced
by the rules of do calculus to an expression involving observational probabilities which

are themselves recoverable by Proposition 3.

Whilst this gives a condition for the recoverability of an interventional distribution, it
is not clear when it is or is not satisfied for a given graph and distribution. This is
because do calculus can lead to many different expressions in terms of observational
probabilities, and it may be the case that only one of these expansions is recoverable
from selected data. In general, searching over all sets would be exponentially costly
in the size of the graph. However, for DAG models, Bareinboim and Tian [17] are
able to reduce this to a complete condition for the recoverability of the interventional
distribution:

Proposition 6. Let XY be disjoint subsets of V. The interventional distribution
P(Y(z)) is recoverable if and only if for every V; € Ang,, ,(Y') where Ang,, . (Y) are



the set of ancestors of Y in the subgraph with vertices V' \ X, there is no direct path to

S. In this case the distribution can be written as:

PO)) = [ TL Pl Pa(w), s = 1) (127)

ieD
Where D = Ang,,, (V).

Bareinboim and Tian [17] then present an algorithm for recovery of causal effects under
selection bias in ADMGs, which Correa et al. [49] prove is complete. This means it is

precisely known when a causal effect is recoverable from selection biased data given
the ADMGs.

Recoverability with External Data On the other hand, complete conditions for
the recoverability of causal effects under selection bias with external data are not
known. As such, we will present a brief review of the literature in this area. Correa
and Bareinboim [47] were the first to present a general approach for recovering causal
effects from selection bias with access to external data, presenting a variation on the
standard adjustment formula. This was then extended further by Correa et al. [48]
to be applicable in ADMGs. Finally, Correa et al. [49] provided an algorithm for the
recovery of causal effects with unbiased data which extends both of these and is the
current state of the art. Their method relies on splitting the distribution into Q factors,
which are the distributions on subgraphs of vertices that can be reached by bi-directed

paths. The algorithm then aims to ascertain the identifiability of each Q factor.

1.2.3 Multi-Environment Data

One of the main challenges to performing valid causal inference is having correct
knowledge of the causal structure. The standard method for finding the causal structure
is a mixture of expert knowledge and causal discovery, as detailed in Section 1.1.4.
However this cannot always be relied upon. This is especially true if the data is very
high dimensional, as this makes causal discovery expensive and increases the probability
of errors. One solution to this problem is the method of invariant causal prediction

[163] which leverages multi-environment data, and is the focus of this section.

Multi-environment data is data from different experimental settings or contexts. In

order for this to be beneficial for the learning of causal relationships there must be
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Figure 1.9: In multi-environment data setting we often imagine different environments and
experimental settings as corresponding to interventions on a subset of variables. This figure
is taken from Peters et al. [163].

some shared causal structure across sites. Bithlmann [32] and Peters et al. [163] argue
that this is to be expected, stating that there is a deep relationship between invariance
and causality. These works make the case that the causal relationships are precisely
the relationships that we should expect to be invariant to changes in environment.
As an example, the laws of physics should remain constant regardless of where an
experiment is performed. Therefore, we should expect that if we find a particular
catalyst speeds up a chemical reaction in Australia, the same thing should be true
in Antarctica. How much of an impact the catalyst has may change, but that it has
an impact should remain true. On the other hand, spurious correlations such as the
colour of the experimenters lab coat should not be correlated with the outcome of the
experiment over a large number of different settings. However, it may be if we only
have a small number of experiments. For example if the only person who can initially
get an experiment to work is a particularly extravagant scientist in a red coat then the
colour of the coat will be a correlate to experimental outcome. If we were to repeat this

experiment enough times over, we would expect this spurious correlation to disappear.

The goal of invariant causal prediction is to make use of this variation across environ-
ments to discover the direct causes of an outcome - graphically speaking the causal
parents. As discussed above these are described at the correlations with the outcome
which are consistently observed across experimental settings. The original invariant

prediction paper of Peters et al. [163] makes this precise using linear structural causal



models. Specifically they make the following invariance assumption:

Assumption 1. Suppose we have data (X¢,Y¢) generated from a collection of envi-
ronments e € £. We assume there exists a vector of coefficients v* = (71, ,7,) such
that for all e € &:

Y =p+ X9 + €, (1.28)

Where  is an intercept term, €€ is a random noise variable drawn from some distribution

F, with zero mean and finite variance, and the distribution over X¢ is arbitrary. We
let S* = {k : v # 0}.

This can be implied by certain causal assumptions, but is notably weaker than having
a full causal structure over (Y¢, X¢). As an example of a set of causal assumptions
which imply assumption 1, we have the following:

Proposition 7. Suppose we have a linear structural causal model which generates the
distribution across environments and leads to a causal graph Gg which includes the
environment indicator E. Suppose further that E has no causal parents and there is no
edge from E toY . Then Assumption 1 is satisfied with S* = Pa(Y).

Proof. This follows directly from the definition of causal parents and linear structural

causal models. 0

Now let £ be a set of environments. Depending on how similar the experimental settings
are, (v*,S*) may not be the only sets which satisfy this. Therefore, for each set S we
say it is a set plausible causal predictors if there exists a v, u with 3, #0 <= i€ S
and F, such that we cannot reject the null hypothesis:

Y€ =p+ X+ €, (1.29)

for € ~ F.. Write Hy (&) for this null hypothesis. We then define the set of identifiable
causal predictors to be the intersection of all sets S that are plausible causal predictors

relative to experiments £. Or written in terms of Hy s(€):

S(E) = N S. (1.30)

S:Hop,s(£) true



Now, as S* by definition satisfies assumption 1 it is a plausible causal predictor for the
set of experiments €. Therefore, we have that S* C S(€). If we have a statistical test

for Hy s(€) then we can construct an estimate for S(&) as follows

S(€) = N S. (1.31)
S: Hy,s(€)not rejected

Proposition 8. Assume that the estimator S() is constructed according to (1.31)

with a valid test for Hy 5(E) for all sets S C {1,...,p} at level « in the sense that for

all S, supp. y, s(e) true PIHo,5(E) rejected) < a. Consider now a distribution P over
(Y, X) and consider any v* and S* such that Assumption 1 holds. Then, S(E) satisfies

P83 c s> 1-a

Peters et al. [163] then give a variety of tests based on regression coefficients which
achieve this. This allows us to use data from multiple experiments to construct datasets
which contain a subset of the direct causes with high probability. This was extended to
non-linear causal models by Heinze-Deml et al. [97] and to more varied experimental
settings by Mooij et al. [154].

1.3 Algorithmic Fairness

We now move on to the background on Algorithmic Fairness. This field aims to
understand and mitigate the discriminatory impact that algorithms - based on ML/AI
or otherwise - can have when used as part of decision-making processes. It was shot into
the academic and public consciousness through Propublica’s finding that algorithms
used in the US justice system were more likely to incorrectly rank black inmates as
high risk of reoffending compared to white inmates [9]. The field grew from this to
discuss issues of potential algorithmic discrimination in healthcare, employment, and
more standard ML applications like image classification or language modelling. Across
all of these fields the goal was roughly the same. We have some algorithm which makes
decisions or predictions about a set of individuals. This can be quite broad, varying
from prison inmates and an algorithm used to decide parole, or an algorithm that selects
which adverts people see on social media. These individuals can be split into groups
based on a protected characteristic such as race, gender, or disability. As it is illegal to

discriminate based on these characteristics, and algorithms can reproduce historical



discrimination in their training data , we need methods to understand and measure

algorithmic discrimination, which can be in turn used to mitigate these problems.
This is usually mathematically formulated in the following way:

o We have access to a training dataset of individuals, where for each individual
we observe a set of covariates denotes by X, a set of protected characteristics

denoted by A, and an outcome of interest, denoted by Y.

e The goal is to train a model to output some prediction YV of Y. We will use our

training dataset to fit this model.

e We would like to ensure the model cannot be said to discriminate on the basis of
the characteristics A. Said differently, we want to ensure that the model is fair

relative to A.

The final point was mainly approached by defining a large number of "fairness metrics'
which are statistics that aim to measure the level of discrimination in the outputs of a
model. We will now detail some of the most popular approaches to this, both causal

and non causal.

1.3.1 Non-Causal Fairness Methods

We first survey some of the non-causal approaches to this problem. The first and most
widely used fairness statistics revolve around independence statements, often referred
to as parity conditions. The most common definitions are detailed below, with how

they are measured for binary Y, Y, A:

Demographic Parity Definition: VA oA

Measured as: ‘P(ff —1]A=0—PY =1|A= 1)’

False Positive Rate Parity Definition: ¥ 1L A|Y =0

Measured as: ‘P(?:l |A=0,Y =0)—P(Y =1| Azl,Y:O)’

False Negative Rate Parity Definition: ¥ 1L A |Y =1

Measured as: |[P(Y =1[A=0,Y =1) - P(Y =1|A=1Y = 1)



Positive Predictive Parity Definition: ¥ 1L A|Y =1

Measured as: ‘P(Yzl | A:O,f/:l)—P(Y:HA:L}A/:l)’

Negative Predictive Parity Definition: Y 1L A | V=0

Measured as: ‘P(Yzl | AzO,f/:l)—P(Y: 1] A:l,f/:())'

Equalized Odds Definition: ¥ 1L A |Y

Measured as: max {FPR(Y, A,Y), FNR(Y, 4,Y)} or FPR(Y, 4, V) +FNR(Y, 4, V) for
false positive rate (FPR) and false negative rate (FNR) given above.

Predictive Parity Definition: Y 1L A | Y

Measured as: max {NPP(Y, A,YV),PPP(Y, A,Y)} or NPP(Y, A, V) + PPP(Y, A, Y) for
negative predictive parity (NPP) and positive predictive parity (PPP) given above.

Large values of any of these statistics are indicative that at some stage of the process,
a difference has formed between the two groups. This difference could be in the process
that formed the data, the training of the model, the deployment onto the target
population, or a variety of other factors. As such it is not exactly clear if a large value
of any one of these statistics corresponds directly to a discriminatory impact from the
model. One naive approach to solving this problem would be to demand that all of
these statistics are small, so we aim to train the predictor Y such that the groups look
equal under all the metrics. However, as the following result shows, in all but very
restrictive cases this is not possible:

Proposition 9 (Kleinberg et al. [120]). We have the following impossibility results:
o IfY N A then we cannot have predictive and demographic parity simultaneously.
o If we have a strictly positive probability distribution with Y JL A then we cannot

have predictive parity simultaneously.

Proof. This follows relatively easily from the graphoid axioms of conditional indepen-
dence [55]. Specifically the first point follows directly from the contraction axiom and

the second from the intersection axiom. O



In most common applications, we cannot expect to have Y 1L A. This means we would
have to make a choice regarding which of the parity metrics we should satisfy to be
"fair" in the given context. Again it is not clear which one of these to choose, or if
there even is a correct choice. Many arguments have been made for the strengths and
weaknesses of each of these parity metrics in common fairness scenarios [173] with
no clear answers emerging. As a result of these problems, alternative metrics were
developed which aimed to provide a more overarching view of fairness and prevent
practitioners from having to choose between the parity metrics. Whilst there were
other non causal approaches such as individual fairness [64] and envy-free fairness [199],

we will focus on causal fairness as it is more relevant to this thesis.

1.3.2 Causal Fairness Methods

Inspired by some of the shortcomings of statistical fairness definitions, a new set of
approaches to fairness were developed which incorporated causality. These works
argued that discriminatory impact is better understood as some kind of causal impact
of the protected characteristics of an individual on the predictions of a model. As an
example of how causal reasoning may be helpful for fairness problems, we first consider

the analysis presented in Pearl [162] of the Berkeley gender discrimination case.

In 1973, the University of Berkeley admitted 44% of male applicants for graduate study
but only 35% of female applicants. Over fears that this would lead to the university
being sued, they hired a group of statisticians to analyse the data in order to understand
the evidence it provided of discrimination in the admissions process [25]. They found
that when admissions was segregated by department, there was little to no difference
in admissions rate- if anything, women were admitted at a slightly higher rate. This
is a classic example of Simpsons paradox, where the apparent relationship between
admissions and gender disappears or reverses after conditioning on a third variable, in

this case department. Pearl [162] represent this using the following DAG:

(D)
@ , (1.32)

where A is the gender of an applicant, D is the choice of department, and Y is the

admissions decision. Stated in this way, Pearl argues the original finding focuses on



the direct causal effect of A on Y, written as:
E[Y(a) —Y(d)]. (1.33)

The switch to conditioning on department can be framed as now targeting the direct
effect of A on Y, removing the impact that flows through the department choice D.

This can be written as:
E[Y(a,D(a)) —Y(d', D(a))], (1.34)
and it is then identified as:
Eppja=a) [E[Y | D,a]] = Eppja=a) [E[Y | D,d]], (1.35)

which corresponds directly to the final target of the study in that we now stratify by
department. Viewing things from a causal perspective makes the arguments involved
more clear. The argument is that if the causal impact of gender on admission only
flows through department and not as a direct impact of gender on outcome it does not
constitute discrimination. It is worth noting that this argument can be disagreed with,
and often is. However by writing things in terms of causal graphs we have been able to
give a more precise statement of the argument involved. This framing is closely related
to a notion of path-specific fairness, which we will discuss later. But first, we discuss

the most famous causal notion of fairness, counterfactual fairness.

1.3.2.1 Counterfactual Fairness

Intuitively when we think about fairness, we often frame problems of discrimination
through the lens of a counterfactual. Arguments such as "this would not have happened
if they were a man" or "this only happened because this person is black" are often used
to understand if an incident is discriminatory. Counterfactual fairness [128] aims to
use causal inference to make such statements precise. It is defined as follows:

Definition 6. We say a prediction Y is counterfactually fair if we have:
PY(a)| X =2, A=2)=PY(d)| X =z, A=z, (1.36)

For all z,a,d’.



This definition aims to solidify the notion that the probability of any given outcome
should be the same in the observed case as in a counterfactual world where an
individuals sensitive attribute had been different, given everything else was kept
constant. Counterfactual fairness is strongly related to the notion of actual causation

[92], a field which aims to understand what causes a particular event.

In practice, as this definition relies on counterfactual statements we cannot estimate
the degree to which a predictor satisfies counterfactual fairness without access to
a structural causal model. However, there are some special settings where we can
guarantee counterfactual fairness without access to a structural causal model, for
example:

Proposition 10 (Kusner et al. [128]). Let Y = f(Nd(A)) where Nd(A) are the non
descendants of A. Then Y s counterfactually fair.

We will discuss counterfactual fairness extensively in Chapter 4.

1.3.2.2 Path-Specific Fairness

Whilst counterfactual fairness was able to provide formal causal definitions of fairness,in
its basic form it cannot account for the argument made by Pearl [162] at the start
of this section regarding the Berkeley gender discrimination case. The crucial part
that is missing is the argument that some causal influences are discriminatory, whilst
others are not. Counterfactual fairness presents every causal influence of the protected
attribute on the prediction as problematic. To account for "fair" causal influences on

predictions, we need the notion path-specific effects.

Path Specific Effects Path-specific effects or mediated effects occur when we set a
particular variable to one value for one set of paths and to a different value for another

set of paths. For example, revisiting the Berkeley example with the following graph

(D)
(D—), (137)

we have that the causal impact we were interested in is the effect that flows through
the black edge alone and not the red path. To make this precise, we have the following
definition of a path-specific effect, take from Malinsky et al. [147]:



Definition 7. Fix a set of causal paths m where each path intersects A exactly once.
Now for two values a,a’ of A we define the potential outcome, Vi(m,a,a’), resulting

from setting A = a on the paths © for any V; € V' as follows:

Vi(r,a,d) =a if V; € A (1.38)
Vi(m,a,d) = Vi ({V (w,a,a) | V; € Pa]} {Vj(d') | V; € Pa]}) (1.39)

where Pal are the parents of V; along a path in ™ and Pa] is the set of other causal

parents.

So once again for path-specific effects we have defined the potential outcome via
recursive substitution. Now having introduced path-specific counterfactuals, we now
discuss the important notion of edge consistency:

Definition 8. A counterfactual Vi(m,a,a’) is said to be edge inconsistent if the
expression in Equation 1.39 contains counterfactuals of the form Vi(ay,---) and
Vi(ay,---) for some variable V;. If the counterfactual is not edge inconsistent, it

is said to be edge consistent.

In fact, edge consistency is exactly the condition that is required for the identifiability
of counterfactuals:

Theorem 11 (Shpitser and Tchetgen Tchetgen [195]). A path-specific counterfactual
Vi(m, a,d’) is identifiable under a given causal graph G if and only if it is edge consistent.
In which case it is given by:

K
p(V(mad))=]]p (V} |anpal,a' N pa’?,Palg\A) : (1.40)

=1

Malinsky et al. [147] demonstrated that this is equivalent to standard identification
of interventional distributions in a particular extended causal graph. In the extended
causal graph, G¢, we have an extra node for every edge, which has the same parent and
child as the original edge. Interventions then correspond to setting these edge value to
be a different value of its parent, allowing for multiple different interventional values
of a given variable to be taken according to paths. Any edge consistent path-specific
intervention can be framed as a normal intervention in this graph. This allows the
standard PO calculus and algorithms for identifying conditional causal effects to be
used as complete algorithms for the identification of conditional path-specific effects.

As example of an extended causal graph is given in Figure 1.10.



Figure 1.10: (a) A simple causal DAG G, with a treatment A, an outcome Y, a vector C' of
baseline variables, and a mediator M. (b) A SWIG G(a) derived from (a) corresponding to
the world where A is intervened on to value a. (c) An extended graph G¢ derived from (a).

Path Specific Fairness Definitions Having now given the definition of path-specific
effects, we can now define path-specific fairness as follows:
Definition 9 (Nabi and Shpitser [158]). A prediction Y is said to be fair relative to a

set of causal paths 7 if we have:
E[Y(r,a,a)] - E[V(a)] =0 (1.41)

for all a,a’. Or said differently, if the path-specific effect of the protected attribute

along m is zero.

Although it may seem that this definition is restricted by the need to specify a set
of paths 7, this is actually viewed as a strength of the method. This allows us to
incorporate normative judgments on fair / unfair influences, as Pearl does for the
Berkeley gender discrimination case, into the set of paths m. Path-specific fairness was

also extended to not just effects but path-specific counterfactual fairness in Chiappa

[41].

1.4 Thesis outline

This thesis contains 4 published papers and a conclusion section. Even though they
did not make it into this thesis, I have been lucky enough to be part of a number of

other publications during my PhD, which are listed here:

o Doubly Robust Kernel Statistics for Testing Distributional Treatment Effects .
Jake Fawkes, Robert Hu, Robin J. Evans, Dino Sejdinovic. Published at TMLR,
[74].



o The Role of Learning Algorithms in Collective Action. Omri Ben-Dov*, Jake
Fawkes™, Samira Samadi, Amartya Sanyal. Published at ICML 2024 [29].

o Returning the favour: when regression benefits from probabilistic causal knowl-
edge. Shahine Bouabid*, Jake Fawkes*, Dino Sejdinovic. Published at ICML
2023 [29].

With a brief introduction, the four papers featured in this thesis are:

The Hardness of Validating Observational Studies with Experimental Data.
Jake Fawkes, Michael O’Riordan, Athanasios Viontzos, Oriol Corcoll, Ciardn Mark
Gilligan-Lee. Published at AISTATS 2025 [78].

In this paper, we discuss the problem of using small quantities of experimental data to
partially resolve the issue of unmeasured confounding in large observational studies.
Existing methods in this field aim to do this by either debiasing the observational study,
or using the experimental data to benchmark the level of unmeasured confounding. We
theoretically analyse these both of these approaches, showing there are fundamental
limitations to trying to do either of them in an assumption-free manner. We identify a
lack of smoothness in the unknown correction function as the cause of this problem.
Based upon this, we propose a novel Gaussian process based approach, which is able

to produce a region that contains the true treatment effect with high probability.

Is merging worth it? Securely Evaluating the Information Gain for Causal

Dataset Acquisition. Jake Fawkes*, Lucile Ter-Minassian®, Desi Ivanova, Uri
Shalit, Chris Holmes. Published at AISTATS 2025 [75].

This work proposes a novel problem of selecting from a number of datasets which one
best to merge with your current dataset, based on an improvement in estimation of
conditional treatment effects. We aim to construct a methodology that can not only
select datasets, but be evaluated in a secure and privacy-preserving manner. To evaluate
the improvement from selecting a given dataset, we draw inspiration from Bayesian
experimental design, aiming to evaluate the expected information gain in causal model
parameters if we were to select a particular site. In order to ensure this can be done
securely and privately, we make use of multi-party communication- a cryptographic

technique which allows functions to be evaluated where a number of parties have secret



inputs- and differential privacy jointly. We build this methodology on top of a number
of the most popular Bayesian CATE estimation techniques, specifically polynomial

regression, Bayesian causal forests, and causal multi-task Gaussian processes.

Selection, Ignorability, and Challenges with Causal Fairness. Jake Fawkes,
Robin Fvans, Dino Sejdinovic. Published at the Conference on Causal Learning and
Reasoning 2022 [76].

This chapter is the first of two discussing the problem of data quality in fair machine
learning. In this work we focus on the problem selection bias presents to causal fairness
methods. We argue that because many of the traits we are often interested in being
fair in relation to affect outcomes from the very early stages of people lives, we are
almost always working with data that is subject to heavy selection bias. We argue
that this is a particular problem for causal fairness as it means that DAG like models
cannot correctly capture any of the causal quantities of interest. Despite this, many
methods in the field of causal fairness continue to use DAGs. We argue that continuing
to do so in light of the problems due to selection bias leaves models with little to no

causal interpretation.

The Fragility of Fairness: Causal Sensitivity analysis for Fair Machine Learn-
ing. Jake Fawkes*, Nic Fishman*, Mel Andrews, Zachary C. Lipton Published at
the Neurips 2024 track on Datasets and Benchmarks [77].

This work extends the results of the previous chapter, looking at the problems that
measurement biases and data quality present for the field of fair machine learning as
a whole. To do this, we focus on three biases in particular: i)Proxy Label Bias , ii)
Selection bias, and iii) Extra Classificatory policies- that is policies in the control of
firms which impact outcomes they aim to measure. In order to gain understanding
of the issues these biases present to the field of fair machine learning, we survey a
selection of the most popular datasets in the field, aiming to asses if they fall victim to
any of these biases. We find that 100% of the datasets express at least one of these
biases, and 60% contain all three simultaneously. In light of this, we propose the use of
causal sensitivity analysis for practitioners to reason about the effects that such biases
can have on the evaluation of statistical fairness metrics. Leveraging recent advances

in discrete causal sensitivity analysis, we construct sensitivity analysis tools which



can simultaneously handle all of the measurement biases discussed in the paper. We
apply these tools to reproduce existing results in the literature on sensitivity analysis
for fairness, before demonstrating that we can vary assumptions and extend existing

results.
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Abstract

Observational data is often readily available in large quantities, but can lead to biased
causal effect estimates due to the presence of unobserved confounding. Recent works
attempt to remove this bias by supplementing observational data with experimental
data, which, when available, is typically on a smaller scale due to the time and cost
involved in running a randomised controlled trial. In this work, we prove a theorem that
places fundamental limits on this “best of both worlds” approach. Using the framework
of impossible inference, we show that although it is possible to use experimental data
to falsify causal effect estimates from observational data, in general it is not possible
to wvalidate such estimates. Our theorem proves that while experimental data can be
used to detect bias in observational studies, without additional assumptions on the
smoothness of the correction function, it can not be used to remove it. We provide a
practical example of such an assumption, developing a novel Gaussian Process approach
to construct intervals which contain the true treatment effect with high probability,
both inside and outside of the support of the experimental data. We demonstrate
our methodology on both simulated and semi-synthetic datasets and make the code
available.


https://github.com/Jakefawkes/Obs_and_exp_data
https://github.com/Jakefawkes/Obs_and_exp_data

2.1 Introduction

It is often said that randomised controlled trials (RCTs) are the gold standard for
establishing causal relationships [94, 88], and estimating treatment effects [11, 87].
However, in many cases, it is prohibitively costly, slow, or even unethical to run
experiments that are large enough to accurately estimate such effects. Meanwhile,
observational data is abundant, being significantly easier and cheaper to obtain.
Unfortunately, such data is often subject to unmeasured confounding. This leaves
treatment effects unidentifiable, and naively attempting to use the observational data

despite this will lead to biased estimates of causal effects.

As a response to these problems, there has been substantial recent research effort
to develop methodology for combining experimental and observational data sources,
aiming to get the strengths of each [46, 138, 207, 109]. These approaches aim to use
the experimental data to de-bias the observational data [225, 112], falsify observational

studies [106, 105], or benchmark the level of unmeasured confounding [56, 57].

In this work, we prove a selection of fundamental limitations of this approach. We
use the framework of impossible inference [13, 24|, a popular tool in econometrics [35].
This field studies when it is possible for a non-trivial hypothesis tests to exist for a
problem, where trivial hypothesis tests are those which are unable to distinguish any
alternative from the null. We apply this to show that whilst non-trivial tests exist to
falsify estimates from observational studies, we cannot validate heterogeneous treatment
effects estimates using experimental data without additional assumptions. In terms of
benchmarking confounding with a causal sensitivity model, our result corresponds to
the statement that it is possible to form valid lower bounds of the sensitivity parameter
but that it is impossible to form non-trivial upper bounds—again, absent additional

assumptions.

Our hardness proof relies on the lack of smoothness in the unknown correction function.
Therefore, as an example of an assumption that does permit this type of inference, we
take the corrective function to be a sample from a Gaussian Process, a probabilistic
function family with inherent smoothness guarantees. Developing this into a workable
and practical methodology leads us to create a novel Gaussian Process based approach
to learning from pseudo-outcomes [116], which correctly accounts for the unwieldy error
distribution of pseudo-outcomes. We experimentally evaluate our approach against

other Gaussian Process effect estimation approaches, showing strong improvement



in predictive performance and uncertainty calibration. In short, to summarise our

contributions:

e A proof of the limits of current approaches that use a learned corrective term to

reconcile experimental and observational data.

o A demonstration that the smoothness properties of Gaussian Processes circumvent
the assumptions required for the above proof and provide guarantees that
Gaussian Processes give intervals which contain the treatment effect over the

whole observational support with high probability.

o A novel Gaussian Process method to learn from inverse propensity weighted

pseudo-outcomes—which may be of independent interest.

» Extensive experimentation validating the aforementioned novel method on syn-

thetic and semi-synthetic data.

2.2 Background and Notation

2.2.1 Notation

We let the random variables X, T, and Y represent the covariates, treatment, and
outcomes, with domains X, {0, 1}, and R respectively, and use x, ¢, and y to denote
realisations of the variables. We suppose we have two datasets, the observational
D, = {x¢,t2,y?}>, and the experimental D, = {x{,t¢,y¢} ., which are drawn from
distributions P,.(x,t,y) and P,(x,t,y) respectively, with D = D, U D, denoting the
full dataset of size n = n, + n.. We will use a variable E to denote if we are in the
observational or experimental regime, so that, for example, P.(x,t,y) = P(x,t,y |
E =e). Letting x € {0, e} we use X* C X for the support of P,(x) and assume that
X¢ C X°. Vectors of observations and treatment in a dataset, D,, are denoted by y,
and t, respectively, while X, refers to the data matrix, so that y, = (y;)ic, t. = ()i,

and X, = (x;)i;. We let w,(x) be defined as:

we(x) =ElY|X =x,T =1, FE =] (2.1)
—EY|X =x,T=0,FE =], (2.2)



Figure 2.1: Causal Structure for generating the experimental and observational datasets.
Dashed edges are only present in the observational dataset, whilst all others are present and
fixed across both datasets.

be the difference between expected conditional outcomes for each treatment conditional
on ' =% and X = x. We use potential outcomes [182], so that Y (¢) represents the

outcome from setting 7' = t!.

2.2.2 Objectives and Assumptions

Throughout we focus on estimating the Conditional Average Treatment Effect (CATE)

for the observational datasets, which is given by:
7(x) =E[Y(1)-Y(0)|X =x,E=0]. (2.3)

We assume the datasets are generated according to the causal structure in Figure 2.1,
where dashed edges are present only in the observational dataset. Importantly, this
implies Y (t) L E' | X = x, which ensures that the CATE is fixed across environments

as:
7(x)=E[Y(1) - Y(0)|X =x, E = 0] (2.4)
=E[Y(1)-Y(0)|X =x,FE=¢. (2.5)

We demonstrate this in Appendix 2.A.1.

For the experimental study we assume that treatment is randomised according to a
known propensity score 7(x) = P.(T'=1| X = x) which we assume to satisfy strict

overlap [66]. That is we assume that there exists a ¢ > 0 such that:

d <m(x)<1l—¢forall x € X (2.6)

'We make use of the SWIG framework to combine causal graphical models with potential outcomes.
More details can be found in Richardson and Robins [175].



Under the additional assumption of consistency (Y (¢) =Y when T = t) we have that
the CATE is identified [162, 175] within the support of the experimental dataset, and
given by:

T(X) = we(x) for all x € X°. (2.7)

This is not the case in the observational dataset, where the hidden confounding induced

by U means that 7(x) # w,(x) in general. We use A(x) to denote this gap as:
A(x) = 7(x) — w,(x). (2.8)

So that if A(x) = 0, an unbiased estimate of w,(x) from the observational study is an
unbiased estimate of the true CATE. Throughout, we will assume a model @,(x) has

been fit for w,(x) from the observational sample and let A(x) = 7(x) — W, (x).

The idea is that A(x) should be simpler than the true CATE function, 7(x). Under
such circumstances, it should be more efficient to use to the experimental dataset to
estimate or bound A(x) and combine it with ,(x) than use the small experimental
dataset to learn the CATE directly[225]. Ideally, we would want these to be extendable
from the support of the experimental distribution to the support of the observational
distribution [112], potentially by incorporating bounds on the correction function as

opposed to point estimates. This would give us expression for CATE over all of X°.

Finally, we introduce the IPW pseudo-outcome [116, 53], which throughout we will
only refer to relative to the experimental distribution, as follows:
Definition 10 (IPW Pseudo-Outcome). The IPW Pseudo-Outcome is given by:

(T
P~ (e ) Y 2

Where 1(X) = P(T = 1| X,E =¢). Y has the property that E[Y|X = x,E = ¢] =

7(X).

We assume that 7(X) is known, which is common for a well conducted randomised

controlled trial.



2.2.3 Related work bounding A(x)

Our setting is first considered in Kallus et al. [112], where they assume that A(x) is
linear in order to allow for extrapolation from the experimental sample. By taking
A(x) = 34 x and assuming [, is identifiable from experimental data, they can obtain
an estimate A(x) that generalises beyond the experimental sample by performing a
linear regression of {x¢}i¢; onto {g¢ — &,(x)}1,. Kallus et al. [112] prove that as the
number of experimental and observational samples tend to infinity this will converge
to the true CATE at a faster rate than using the experimental sample alone. This
has been extended to the semiparametric [225] and nonparametric case [221], however
extrapolation still requires the function to be uniquely identified from the experimental

study.

A strongly related area of work aims to use data from the experimental study to test
causal effect estimates from observational studies. One approach aims to falsify causal
estimates from observational studies using experimental data [105, 106]. This work
converts a variety of assumptions regarding the validity of the observational study,
consistency of the CATE across studies and external validity of the RCT into testable
statistical hypothesis, which can then be falsified. Another approach aims to estimate
how much unmeasured confounding must be present in an observational study for it to
be consistent with the RCT [56, 57]. This is achieved using causal sensitivity models
[181], which uses a single parameter to control the strength of unmeasured confounding.
The goal is then to use the RCT to lower bound this parameter. A significant portion of
work in both these areas utilises non-parametric tests of conditional moment restrictions
[155].

2.3 The Hardness of Validating Observational Stud-
ies

We now provide some theoretical limits on using experimental data to measure the level
of unmeasured confounding in an observational study. We do this using the framework
of impossible inference [24], a popular tool in econometrics [35]. This field studies when
it is possible for a non-trivial hypothesis tests to exist for a problem, where trivial
hypothesis tests are those which are unable to distinguish any alternative from the

null.



Impossible inference has been applied within causal inference to show the hardness
of conditional independence testing [191]. In our case, the conditional independence

Y L F| X, T would imply a total lack of unmeasured confounding as:

PY|X=xT=t)=P(Y | X=x,T=t,E=e)
=PY(®)| X=x,FE=e).

Therefore, the hardness of this testing problem already demonstrates that there are no

non-trivial tests for full unconfoundedness in the observational distribution.

However, this still doesn’t preclude us from being able to estimate CATE in an
unbiased manner from the observational dataset. Or, failing full estimation, bounding
the correction function, A() to return intervals for CATE. Therefore, in this section,
we apply the same techniques to focus on what experimental data allows us to test for
in term unbiasedness of CATE estimates. This translates to estimating or bounding
A(x) with confidence guarantees, which we do via the following definition:

Definition 11. We say that that A() is controlled by functions f,f X — R if we

have:

A

A(x) € [f(x), f(x)] as for z ~ Py(x) (2.10)
Where f(x) < f(x) for allx € X.

If the unmeasured confounding were controlled by f(x) = f(x) = 0 for all x € X
then we would have that the CATE estimate from the observational study is unbiased
to the true CATE. Going further than this, if we knew functions that controlled
the confounding, then we could use them alongside the CATE estimate from the
observational study to give intervals which contain the true CATE. Therefore, the goal
is to understand how we can use the observational study to learn the functions, f, f

that control the confounding.

2.3.1 Testing Notation and Background

First, we will assume a fixed propensity score function 7 : X — [0,1]. Now we define
Emx to be the set of distributions over (X, 7, Y’) which are absolutely continuous in
X with respect to Lebesgue measure, bounded above in ¢, norm by M, and whose

propensity score is given by 7. As before, the domains of T,Y, E are {0,1},R and



{0, e} respectively. For this section, we will use the notation Pp to denote a probability

taken with respect to P € &y .

A potentially randomised test 1, is a measurable function which takes in a dataset, D,
a random variable U ~ U [0, 1] that represents the randomness of the test—a choice
of permutations in permutation testing, for example—and outputs a result in {0, 1}
where 1 corresponds to a rejection. So we write v, (D, U) for the result of the test 1,
with dataset D and U as input.

Suppose we observe an experimental dataset D sampled i.i.d from a distribution
Py € &y, and wish to test the null hypothesis Hy : Py € N C &y, against the
alternative hypothesis Hy : Py € A C €y -. Then we have the following important
definitions:

Definition 12. Let ¢, be a randomised test which takes in a dataset D of size n. We
say ¥y, has level a at size n if we have suppepy Ppopn (¥n(D,U) =1) < a. For an
alternative distribution P € A, we define Pppn (n,(D,U) = 1) as the point-wise

power against P at size n.

Ideally, we would want a test to have power against as many alternatives as possible,
preferably uniformly so that infpe 4 Pppn (¢,(D,U) = 1) — 1. For non-parametric
hypothesis, restrictions on the alternative such as smoothness conditions are often

required to achieve this [14].

A particular problem given by sets (N, .A) is known as untestable if for all tests the
point-wise power is bounded by the level for any alternative. In this case, there exists
no test that can distinguish the null from any alternative, therefore the null has to be

restricted for there to be an informative test.

2.3.2 Setting the Testing Problem for Unmeasured Confound-
ing

We now apply the above to testing for bias in treatment effect estimation due to
unmeasured confounding. Fixing the observational estimate @&(+) and so the correction

function A(+), we define the following sets of distributions:
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Figure 2.2: Illustration of both the sets of distributions and proof of the technical result

in Section 2.3. The first figure demonstrates the sets of distributions Pas~(f, f), Q= ([, f)-

Puar<(f, f) is the set of distributions where A(-) is always contained in the blue region, and
Qumx(f f) is the set of all other distributions, so those where A(-) leaves the blue region.
To prove the hardness of validating observational study estimates, we show that for any

P € Pryx(f, f) we can find distributions Q € Qur«(f, f) that are arbitrarily close by adding
spikes as in Figure b.

Definition 13. Let f, f : X — R. We define:

Puxf, f)= {P € Eux: A() controlled by f,f }

Which way round to test? Now with both sets of distributions , the question is

what to take as the null and alternative? We have the following choices:
Test 1: {HO 1P e PM,#(I? f_>7 Hl P e QM,#(I? f_>7

Test 2: {Ho : P € Qualf.f), Hi:PePuqff)

Rejecting under test 1 is more standard, and would correspond to falsifying the
hypothesis that the observational study has a level of confounding controlled by f, f.
This would mean finding statistical evidence that bias in the observational CATE

estimate is not contained in the intervals given by (f, f).

However, failing to reject under test 1 does not provide evidence that the confounding
is controlled by (f, f). We may fail to reject because of other reasons, such as a lack of
data or the test having limited power against the true distribution. In an ideal world,

we would like to reject the hypothesis that confounding is above a certain level. Fixing



this level using some f, f, this would correspond to test 2, where the data is used to
reject the hypothesis that A is not controlled by f, f.

The formulation of test 2 is strongly related to bioequivalence testing? [218, 45]. In
this field, the goal is to find statistical evidence that one medical treatment works
almost equivalently to another, where there is some tolerance specified due to working
with finite samples. This is used to approve generic drugs, which have the same active
ingredient as a branded drug but can only be sold once the branded drug’s patent
expires. Here the aim is to ensure the generic drug works as well as the branded one,

and so consumers can use them interchangeably.

In our context, we have a similar goal, in that we would like to show that the
observational CATE estimate with the adjustment from the RCT is “good enough" up

to some tolerance. We specify this tolerance by functions, (f, f), that control A as in
Definition 11.

Following this discussion we provide the following definitions, we refer to tests of type

1 as falsification tests and tests of type 2 as equivalence test.

2.3.3 Limits on Testing

Having laid out the two testing problems in Section 2.3.2, we now apply the impossible
inference framework detailed in Section 2.3.1 to these problems. Firstly, we demonstrate
that whilst equivalence testing is more aligned with the aim of the field, the problem
as set out is untestable:

Theorem 12. Fiz any f,f_ : X — R and let 1, be an equivalence test with null
Qu(f, f) and alternative Pux(f, f). If the level of this test is, a we have that:

Pp(ih, = 1) < a, (2.11)

for any P € Prx(f, f). That is 1, does not have power against any alternative.

This shows that any equivalence test which has level a against the null will fail to

distinguish any alternative. This means that there is no hypothesis test that can confirm

from data that the difference function A is controlled by any pair of functions (f, f).
We visualise the proof of Theorem 12 in Figure 2.2. The idea is that for any distribution

P € Pyx(f, f), we can construct a series of distributions {Q;}:°; : Qi € Qu(f, f)

2Also referred to as simply equivalence testing.



that tends to P in total variation distance. Therefore, not statistical procedure can

distinguish the two.

This result has implications for falsification tests:
Corollary 13. For fized f, f: X = R, any falsification test 1, with null Pux(f f)
and alternative Qur(f, f) has:

inf  Pov,=1) <a, 2.12
QEQnm «(f.f) Q( ) ( )

where a is the level of 1,,.

This means that for any n, any falsification test will always fail to distinguish some
set of alternatives from the null with power distinctly above the level. However, the
next result shows there are alternatives which can be distinguished from the null in
falsification tests:

Proposition 14. There exists a distribution Q € Q. (f, f) such that:

TV(Q7 CO(PM,TF(_fa f))) Z 5a (213)

for some 8 > 0 where co(Pu ([, f) is the convex hull of Py (f, f) and TV is the
total variation distance. Following Bertanha and Moreira [24], this guarantees that

there is a test with 0 + « against Q) where « is the level of the test.

This demonstrates that, unlike validation, falsification is possible relative to certain

alternatives.

2.3.4 Implications for Sensitivity Models

Finally, we apply the results in Section 2.3.3 to approaches that make use of causal
sensitivity models to measure the degree of unmeasured confounding. First, defining a
generalised sensitivity model as follows:

Definition 14. A sensitivity model is a parameterised set of pairs of functions:

{(,f’wf'y) :fy,fVZX—HR,’yE [F07F1]}7 (2.14)

where for fived x, f-(x), f,(x) are continuously decreasing/increasing respectively in 7.
Moreover, that fr,(x), fro(x) =0 and fr,(x), fr,(x) are =M and M respectively. For

a distribution in P € &y we define:

['(P) = inf {7 : (fy, f) controls A()} (2.15)



Viewed this way, a sensitivity model is a way of constructing intervals around the
confounded CATE, w,(x), that contain the true CATE. Moreover, previous work in
this area can be seen as aiming to use the experimental dataset to perform inference
on I'(P). Specifically, De Bartolomeis et al. [56, 57| both look to use the experimental
data to construct probabilistic lower bounds on I'(P). We now apply results Section
2.3.3 to constructing confidence intervals for I'(P), showing non-trivial upper bounds
are not possible:
Theorem 15. Fiz a sensitivity model and let D be a dataset sampled from P™ where
Pe&yn. Let {Q (D),C (D)} be a confidence interval for I'(P) in that it satisfies the
following coverage requirement:

Peirglof:M Pppm (D(P) € C(Dy)) > 1 —« (2.16)

Then C (D) =T'y with probability 1 — . That is, there are no non-trivial upper bounds
on I'(P).

This demonstrates that in contrast to the lower bound case, non-trivial probabilistic
upper bounds on I'(P) are not possible without further assumptions on the set of
distributions, £y;. This creates difficulties in using sensitivity models to benchmark
unmeasured confounding, as a lower bound represents the smallest amount of confound-
ing that can explain the data. Therefore, it does not allow us to say with confidence

that a treatment effect is contained in some interval.

2.4 Pseudo Outcome Gaussian Processes and Uni-
form Error Bounds

The results presented in Section 2.3 show that without further assumptions, we cannot
produce intervals which contain the true CATE with high probability. The proof relied
on constructing arbitrary peaks in the correction function, which was possible due to
a lack of smoothness. As an example of an assumption that can permit this type of
inference, we leverage Gaussian process (GPs) which come with inherent smoothness
constraints. We then adapt uniform error bounds for Gaussian processes [80, 133] in

order to get functions which control A(-).

Before doing this, we develop a Gaussian process approach to learning CATE from

pseudo-outcomes. To this best of our knowledge, this is first example of such a method.



This is important as it allows us to learn the difference function directly from an
estimate of w,(x) in the observational study. Alternative causal Gaussian process
approaches, such as Alaa and Van Der Schaar [4], would require access to an estimate
of E[Y | X =x,T =t,E = 0], to learn a separate correction for each t. By using the
pseudo-outcome approach, we sidestep this issue and so allow users full flexibility on

how to model w,(x).

2.4.1 Pseudo Outcome Regression with Gaussian Processes

We now turn to designing a GP based pseudo-outcome approach. pseudo-outcomes
are designed so that the minimiser of the pseudo-outcome mean squared error is the
same as the minimiser of the mean squared error under the true unobserved CATE. If
the propensity score is correctly specified, the pseudo mean square error will converge
optimally to the true CATE mean square error [116]. However, GP based methods
are fit via maximum likelihood, with closed form solutions to the posterior requiring
Gaussian errors. This creates a problem for applying them directly to pseudo-outcomes,

which have distinctly non Gaussian errors. Specifically, they may be written as:
Y =71(X)+e (2.17)

Where Ele | X] = 0 but E[e | X,T] # 0. As we show in Appendix 2.C, this breaks
Gaussianity assumptions even in cases where the errors on Y are Gaussian. However,
the next proposition suggests a simple correction term which allows us to recover
well-behaved errors:

Proposition 16. There exists a function ¢ : X — R such that the IPW pseudo-outcome

can be written as:

- T —m(X) .
Y=mX)+ <w<x> - w<X>>> HX) e

Where E[¢ | X,T] =0 and € | T, X is Gaussian if the original errors on'Y are.

Using the decomposition provided by this proposition we may model this using
independent Gaussian Processes for A and ¢, so A ~ GP(0, k), ¢ ~ GP(0, l,). This
is equivalent to using a vector valued GP [7] for multitask regression, where we take

the three tasks to be predicting the pseudo-outcome when 7' = 0, predicting the
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Figure 2.3: A particularly pathological example of the behaviour we observe for each
method in our simulated experiment of Section 2.5.1. For the standard GP, hyperparameter
optimisation leads to uninformative predictions as it cannot account for close x values with
seemingly no correlation. For the trained LCM, we get strong predictive performance but
poor uncertainty quantification, especially out of distribution. Our approach gets the best
of both scenarios, with strong predictive performance and calibrated uncertainty out of
distribution.

pseudo-outcome when T' = 1, and finally predicting the CATE. This corresponds to
using the following LCM multitask kernel [7]:

K =aa'ks+bb'l, (2.18)

a=[1 1 1] (2.19)
—1 1

b=|=wm =0 9 (2.20)

From here, we can compute the posterior for A given the pseudo-outcomes whilst
marginalising out the effect of ¢. That can all be done in closed form, and gives a
posterior of the form A(x) ~ GP(Ap,(-), kp, (-, -)) with expressions for Ap,_(-), kp, (- )
in Appendix 2.C.

2.4.2 Uniform Error Bounds

We now turn to the main purpose of using Gaussian Processes in that we provide a set
of assumptions under which our method we can learn functions that control A(-) from
experimental data. We do this by adapting the uniform error bounds for GPs from
Lederer et al. [133] to our specific model. First, providing the assumption which makes
inference possible:

Assumption 2. The unknown A and ¢ are samples from Gaussian processes with
kernel k and | respectively, i.e A(-) ~ GP(0,k) and ¢ ~ GP(0,1). Further we assume



X, is compact, the errors have distribution N'(0,0?) given T = t, k has Lipschitz

constant Ly, and A has a Lipschitz constant L .

This implies the following bounds on the A(-):

Theorem 17. Let the posterior for A() from the GP model defined in Section 2.4.1 be
given pointwise by N'(A(x), 0%(x)) where A, o : X, — R and let 7(x) = &(x) + A(x).
Then, under assumption 2, for fized § € (0,1),7 € R we have:

P(|#(x) = 7(x)| < B(x) ¥x € X,) > 1 -0
B(x) = leog (W>a<x>

+ ’7(7—7 X87 Lk? LA)

Where M (1,X,) is the T covering number of X,, defined as the minimum number
of spherical balls of radius T needed to cover X,, and v(7,Xe, Ly, La) is defined in
Appendixz 2.C.

There is not a uniformly optimal value of 7 due to dependence on other constants.
However, if our covariate space is a hypercube of length r with dimension d, we
have that M (7,&,) < (1 + £)? and as we show in Appendix 2.C, we have that
v(7,X., Ly, La) = o(72). This ensures we can always recover log dependency in § and
7. Further, the kernel choice gives us knowledge of L; and allows us to probabilistically

bound Ly as in Lederer et al. [133] and shown in Appendix 2.C.

2.5 Experiments

For the experiments, we demonstrate the improvements in predictive performance and
calibrated uncertainty provided by our pseudo-outcome GP approach when compared
against other causal GP approaches. We compare against fitting a naive standard GP,
and a GP with a multitask LCM kernel to pseudo-outcomes. This second approach
which can be viewed as a scaled version of the causal multitask Gaussian process of
[4],which represents the state of the art in GP’s for CATE estimation®. For all models
we tune the free hyperparameters using gradient descent on the marginal log likelihood,
details in Appendix 2.D.1. For results on the coverage of uniform error bounds for our

model specifically, see 2.F.

3For more on the comparison between the LCM GP and Causal Multitask GP’s see Appendix
2.C.3



Model MSE Coverage | Interval Width
Ours 1.77+0.01 | 0.785£0.04 3.31+0.02
Naive GP | 2.05+0.02 | 0.796 + 0.04 3.65 £ 0.03
LCM 1.91+£0.01 | 0.303+0.11 1.09 £ 0.06

Table 2.1: Results for the simulated experiment in Section 2.5.1 with d = 10 and n. = 1000,
averaged over 200 runs. Our approach leads to both the best predictive performance and
well calibrated uncertainty, achieving a similar coverage to the standard GP with smaller
predictive intervals.

2.5.1 Simulated Experiment

Firstly, we use an adaptation of the simulated provided in Kallus et al. [112]. We let
the experimental and observational covariate distribution be ¢([—1, 1]¢) and U([-3, 3]%)
respectively, where d is the covariate dimension, and 7" ~ Ber(%). The observational
outcomes are simulated using a quadratic in the first component of X and T with
normal noise. For the experimental outcomes, we simulate use the same polynomial
but add a sample from a GP. We do this in order to test our methodology in setting

where assumptions are satisfied. Full details are given in Appendix 2.D.

Finally, as we focus on assessing the GP portion of the model, we use the true w,(x)
for this experiment. This represents a case where n, is so large, we approach fitting a

perfect model. We later relax this.

2.5.1.1 Results

We present results for this experiment with d = 10 and n, = 1000 in Table 2.1, alongside
an illustrative figure for d = 1 and n. = 200 in Figure 2.3. In Table 2.1 we compare the
mean squared error to the true CATE, the coverage of 95% Bayesian credible intervals,
and the width of these intervals. We use Bayesian credible intervals to form a fair
comparison for uncertainty quantification, as uniform error bounds are only available
for our model. Additional results including varying dimension, varying sample size,

and extrapolation beyond the experimental sample in Appendix 2.E.1.

Across all settings, our results show the following trends: i) The naive GP shows poor
predictive performance and is totally uninformative in some settings. This is because
it is unable to correctly optimise hyperparameters to capture the highly variable noise
distribution in the pseudo-outcomes, and so it reverts to the prior ii) The trainable LCM
multitask kernel has good predictive performance but poorly calibrated uncertainty,

This is because the hyperparameter optimisation either leads to overly confident or



Model MSE Coverage Interval Width
Ours 1.10+0.04 | 0.831 +0.008 2.66 £0.02
Naive GP | 2.19£0.13 | 0.752 £ 0.010 3.38 £0.03
LCM 1.394+0.05 | 0.828 £0.010 3.00 £0.05

Table 2.2: Results for the IHDP setting described in Section 2.5.2 with n. = 400 averaged
over 100 runs. We again find that our method has the best predictive performance and
most informative coverage intervals, in the sense that they contain the true CATE with high
probability whilst also being significantly smaller.

overly wide credible intervals, depending on the dimension and the number of samples.
Further, this optimisation leads it to overfit training data and extrapolate poorly. iii)
Our approach is able to incorporate both strong predictive performance and calibrated

uncertainty, with intervals that have the coverage guarantees of other methods that

produce much wider intervals.

2.5.2 Semi-Synthetic Experiments

To assess our method in a more realistic setting, we use the Infant Health and
Development Program (IHDP) dataset [144], similarly to Hussain et al. [106, 105].
The THDP dataset comes from a randomised controlled trial, and it contains n = 985
samples and a 28 dimensional covariate distribution with 7 continuous covariates. The

dataset comes with a treatment allocation, but outcomes need to be simulated.

We form our data from the IHDP dataset as follows: for the observational sample, we
uniformly sample the covariates and treatment with replacement until reaching the
desired sample size. For the experimental study, we do a weighted sampling to ensure
a covariate shift and then randomly sample the treatment from T ~ Ber(p). For the
outcomes in the observational dataset, we simulate from a sparse linear model in X
and T. We do this as we want to emulate a scenario where we have relatively low
error in estimating w,(x) due to a large n,, but we do not want to repeat the small
dataset multiple times. Finally, we again simulate the difference between observational
and experimental distributions with a GP as in Section 2.5.1. Full details available in
Appendix 2.D.3.

2.5.2.1 Results

We present the results for the experiment with n, = 400 in Table 2.2, with other results

for varying sample size, treatment proportion and out of distribution generalisation



in Appendix 2.E.2. We can see that our proposed methodology outperforms both
alternatives in terms of predictive performance and calibrated uncertainty, having the
joint best coverage with the smallest intervals. The advantage becomes even more
clear when extrapolating beyond the experimental study to the observational study, as
shown in Table 2.E.2 in Appendix 2.E.2. In this case, the trained GP predicts overly

broad intervals due to over-fitting the hyperparameters to the experimental data.

2.5.3 Additional Results

Finally, we highlight some additional results available in the Appendices. In Appendix
2.E.1, we present our simulated experiment over different dimensionality and sample
sizes, in Appendix 2.E.2 we present the IHDP study for different treatment proportions,
and for a varying quality of fit of the observational model and in Appendix 2.E.3 we
present results for both scenarios, varying the difference function so that it is not a
GP. Finally, in Appendix 2.E.3, we provide results on our uniform error bounds for our

proposed GP model.

2.6 Conclusion

It is well known in causal inference that there are no observational tests for unmeasured
confounding. In this work, we showed that even with experimental data, there are
fundamental limits to testing for unmeasured confounding. We showed that in order
to validate observational studies, one needs to make assumptions on the smoothness
of the correction function. Following this, we developed a Gaussian Process approach
to learning from pseudo-outcomes, and assumptions arising from this model which
produce intervals that contain the CATE with high probability.

Acknowledgements

JF gratefully acknowledges funding from the EPSRC.



Appendix

2.A Causal Assumptions

2.A.1 Constant CATE

Drawing the graph with an environment node in Figure 2.A.1, we can read off the graph
using the SWIG framework [175] for conditional indecencies of potential outcomes from

graphical models that Y (¢) L £ | X. This implies:
EY(#t) | X,E=¢=E[Y(t)| X,E =0 (2.21)

And so constant CATE.

2.B Hardness of Testing

Theorem 12. Fix any f,f : X — R and let i, be an equivalence test with null
([, f) and alternative Pux(f f). If the level of this test is o we have that:

Pp(ihy = 1) < a, (2.22)

Figure 2.A.1: Causal Structure for generating the experimental and observational datasets
with environment node drawn in.

94



Proof. Following Romano [180], we need to show that the null is dense in the alternative
in total variation distance. This corresponds to showing that for P € Py (f, f) we

can find a sequence of distributions {Q,},~; € Qu«(f, f) such that drv(P,Q,) — 0.

Firstly, note that as Y is bounded by M we must have that ’A(X) + c&o(x)‘ < 2M
which implies — (&,(x) +2M) < A(x) < 2M — @,(x). So in order for the bounds to
be non vacuous we need f(x) < 2M — A(x) < ,(x) or f(x) > — (Qo(x) +2M) on
some set of positive measure. Assume wlog that we have f(x) < 2M — @,(x) and then
let A, =C X be a measurable set such that P(A,,) = ¢, where 0 < ¢, < % such that
this holds. We can find such a set as P is absolutely continuous in x with respect to

the Lebesgue measure.

Now define R, as a distribution over (X, 7T,Y’) where X is uniform on A, conditional
distribution of 7" given X coming from 7 and the distribution over Y is such that the
true CATE is 2M. Now we let:

—1_ 1
Qn="""P+ R, (2.23)
n n

Now consider the expectation of Y under this distribution, given X € A,,:

Eq,[V | X € AJ=Ep[Y | X € AJP((Y,X) ~ P| X € A,) (2.24)
+Eg, [V | X € AJP((V,X) ~ R, | X € A,) (2.25)

We have the following;:

P(X €| (V,X) ~ P)P((V;X) ~ P)

P((V,X)~P|X€A,)= FX A (2.26)
= # (2.27)
_ &n—1)
T a—1D+1 (2.28)
And:
P((V,X)~Qu|X€A)=1-P((V,X)~P|X €A, (2.29)
S (2.30)

en(n—1)+1



So that:
(n—1DEp[Z | X € A,] EQn[Z\XEAn}

EqulV | X € A] = - en()n —1)+1 en(n—1)+1 (2:31)
_ &(n— DEp[Y | X € A,] 2M
- en(n—1) 11 Tam D11 (2:32)

Now as e,(n — 1) — 0 as n — oo we have Ep [V | X € A,] — 2M. As we have
A(x) = Ep[Y | x] — @o(x), we have that A(x) — 2M — &,(x) for x € A, . Therefore,
by taking the cutoff sequence {Q,} %, for some k we have a sequence of distributions
such that A(x) expectation is greate; than f(x) on a set of positive measure and that
drv(Q, P,) — 0. O

Corollary 13. For fized f, f: X = R, any falsification test v, with null Pux([f, f)
and alternative Qur(f, f) has:

inf Po(y, =1) < a, 2.33
ocal Q(n =1) (2.33)

=
i
=

where « is the level of 1,.

Proof. This follows as a direct result of the fact that the alternative is dense in the

null, as shown in the previous proposition O

Proposition 14. There exists a distribution Q € Qur«(f, f) such that TV(Q, co(Parx(f, f))) >
B for some B > 0 where co(Px(f, f) is the convex hull of Par(f, f). Following
Bertanha and Moreira [24], this guarantees that there is a test with 5+ a against Q)

where o is the level of the test.

Proof. As in the proof of Theorem 12 assume wlog that we have f(x) < 2M — &,(x)

for some measurable set A. Now define a distribution @ € Q. (f, f) as follows:
e X is uniform on A.
. TIX ~7(X).
. Y|T=M@2T-1).

Now let A = supp(Q) be the support of Q. We have that Ep[Y[(X,T,Y) € A] = 2M

for any distribution P. Now for P € Qur(f, f) we have that Ep[Y|(X) € A] < f(x) <



2M — &,(x). Now we have:

Ep[Y|X € Al = Ep[Y|(X,T,Y) € APp((X,T,Y) € A| X € A) (2.34)
+Ep[Y[(X,T,Y) € A\NA] (1 =Pp((X,T,Y) € A| X € A)) (2.35)
> 2M (2Pp((X,T,Y) € A| X € A) - 1) (2.36)

AsEp[Y|(X,T,Y) € A\ Al > —2M. Putting this together implies:

2M — iy(x) > 2M (2Pp((X,T,Y) € A| X € A) 1) (2.37)
= ]P)p((X,T,Y)E.ZHXEA)Sl—wL(\;) (2.38)
~ Wo(x
<1-— .
= Pp((X,T,Y)e A) <1 R (2.39)
Which completes the proof. O

Theorem 15. Fiz a sensitivity model and let D be a dataset sampled from P™ where
Pe&yy. Let [Q (D),C (D)} be a confidence interval for T'(P) in that it satisfies the
following coverage requirement:

inf Pp_pw (D(P) € C(Dy) > 1—a (2.40)

P&y

Then C (D) =Ty with probability 1 — . That is, there are no non trivial upper bounds
on I'(P).

Proof. This follows from the fact that for any v € [, I';] we have that Qur~(f, fy) is
dense in Py (f5, f,). Therefore, for any distribution P € & 5/ is arbitrarily close in
total variation to a distribution whose true sensativity parameter is arbitrarily high.
Therefore, if we are to satisfy the coverage requirment uniformly over all distributions
we must have C (D) = I'; with probability 1 — a. O

2.C Gaussian Process

Proposition 16. There exists a function ¢ : X — R such that the IPW pseudo-outcome

can be written as:

Y:T(X)+< r—mX)

m(X) (1 —7(X))

)¢<X>+€

Where E[¢ | X,T] =0 and € | T, X is Gaussian if the original errors on'Y are.



Proof. Suppose we have:
Y =u(X,T)+e¢ (2.41)

Where p(X,T) = E[Y | X,T] so that E[e | X,T] = 0. Now the error of the pseudo-

outcome from 7(X) is:

T —e(X)
e(X) (1 - e(X))

YV — (u(X,1) = (X, 0)) = — (u(X, 1) = (X, 0))

(2.42)

i (2.43)
s er??f) (u(X,1) — u(X,0) if T=0

_ {e(lX)((1_6(X))M(X»1)+€(X)M(X 0)+e) if T =1
o (X)X, 0) + (1 — e(X)) p(X,1) — €) i T =0

If we let ¢(X) = (1 —e(X)) (X, 1) + e(X)u(X,0) then we have that (2.44) is equal

to:

B {( L0+ (X 1) — (X, 0)) if T =1

(2.44)

Now if we let € = (—1)" eﬁfex&()) we can see that we now have E[¢ | X, T]| = 0.

Moreover, since the distribution of € given X, T is just a constant scaled version of €
we have that € | X, T is Gaussian if and only if € | X, T is. O
2.C.1 Closed Form Posterior Expressions

Now, for the closed form expressions have as follows, were the training dataset is

{Xivtia Yi — wO(XZ)}Z 1

My = (K@), ), (2.46)

Yy = diag ((af)) (2.47)

yNn = (Ji — @o(x4)); (2.48)

ko (x) = (k(xi, %)), (2.49)
Ap,(x) = ky(x)"(My + Zy) 'yn (2.50)
kp, (x,X') = k(x,xX') — kn(x) ' (My + Zy) ky(x) (2.51)



2.C.2 Closed Form Bounds

Theorem 17. Let the posterior for A(:) from the GP model defined in Section 2.4.1
be given pointwise by N'(A(x),02(x)) where A, o : X, = R. Then, under assumption
2, for fized § € (0,1),7 € RT we have:

P(A(x) = A(x)| < B(x) Vx € X,) > 16
B(x) = JQlog (W) o(x)

+ 7(7—7 X67 Lk7 LA)

Where M (1,X,) is the T covering number of X,, defined as the minimum number
of spherical balls of radius T needed to cover X,, and ~y(1,Xe, Ly, La) is defined in
Appendiz 2.C.

Proof. This follows from theorem 3.1 in Lederer et al. [133] which we reproduce here:

Theorem (Lederer et al. [133]). Consider a zero mean Gaussian process defined
through the continuous covariance kernel k(-,-) with Lipschitz constant Ly on the
compact set X. Furthermore, consider a continuous unknown function f : X — R with

Lipschitz constant Ly and N € N observations y; satisfying:

Assumption 3. The unknown function f(-) is a sample from a Gaussian process

GP (0,k (x,x')) and observations y = f(x) + € are perturbed by zero mean i.i.d.
2

ne

Gaussian noise € with variance o

Then, the posterior mean function vn(-) and standard deviation on(-) of a Gaussian
process conditioned on the training data {(ml,yl)}f\il are continuous with Lipschitz

constant L, and modulus of continuity wy, (-) on X such that:

~1
L, < Lk\/NH<k (XN, Xn)+ UZIN) yNH

Wy (1) < \/QTLk <1 + N ([ (X, X )+ 020Ly) | max & (, w/)>

x,x’eX

Moreover, pick 6 € (0,1),7 € R, and set



s =i (150)

V7)) = (Luy + L) 7+ 1/ B(T)woy (7)
Then, it holds that

P (yf(;c) —un(@)] < /B(Mon(@) +(7), Yz € x) >1-6

In our case, the bounds on the Lipschitz constants and modulus of continuity are

different. However by the same argument as Lederer et al. [133] we have:

Lip, = LiVN||(My + Zx) 'yl (2.52)

o (T) < \/QTLk (1 N |[(My + Sy)-1| max k (x, w’)) (2.53)

z,x’eX

Putting this in to the above Theorem of Lederer et al. [133] that, under assumption 2,
for fixed 6 € (0,1),7 € Rt we have

P(AX) — A(x)| < B(x) ¥x € X)) > 1 — 6
B(x) = J2log (M)U(X)
+ (Lk\/NH(MN + EN>_1}’N|| + Lf) T

B 2rLe (14 My + 200 s, b (2. 2)

Where we can see the claimed convergence property in 7. O]

2.C.3 LCM Kernel and Causal Multitask Kernel of Alaa and
Van Der Schaar [4]

In this the work of Alaa and Van Der Schaar [4], CATE is modelled using a multitask
Gaussian process [28]. Multitask Gaussian Processes use a GP in vector-valued
Reproducing Kernel Hilbert Space (vv-RKHS) to share information between tasks [7].
In Alaa and Van Der Schaar [4], learning the conditional outcome function for each

treatment is seen as a separate task, so we jointly model:

Y|x,t ~ N(0, fi(x),07) (2.54)



Where each f; is a Gaussian Process. The kernel Kn X x X — R*? is now a
symmetric positive semi-definite matrix-valued function, with hyper-parameters 7. In
the case of Alaa and Van Der Schaar [4] they use a linear model of coregionalization®,

giving the kernel as:

K(x,x') = Aok(x,x) + Ayl(x,%) (2.55)
Where A, is given by:
~ 02 p ~ 6? P
Ag=| 70 O A = |10 2.56
0 [ Po 981 ] ! [ P1 9%1 ( )

And A, are now free hyperparameters to learn.

This is equivalent to the LCM kernel that we make use of for our experiments, however
we regress onto pseudo-outcomes as opposed to observed outcomes. This is equivalent
to scaling the task ¢ is scaled by mﬁ)—(;ri% and leaving all hyper-parameters free to
learn. As scaled Gaussian processes are still Gaussian processes this is same as using

the kernel:
K(x,x') = MAgk(x,x') + MA;l(x,x') (2.57)

Where:

M= () (w(i;(_lﬁ—(};)(lc))))t,ﬂ:o,l (259

This demonstrates an equivalence between the Pseudo-outcome based LCM method
we use for the experiments and the methods of [4].
2.D Experiment Details

2.D.1 Model Tuning Details

For each of the models we regress from x,t onto 3§ — w,(x) where 1,(x) is our estimate

of w,(x). We do so as:
¥ = 0,(X) ~ N(fi(X),02) (2.59)

With specific model details as follows:

4See Alvarez et al. [7] for more details.



1. Standard or Naive GP Taking fy = f; = f and 02 = 07 = 03. We then
model f directly using a GP(0, kg) where ky is a kernel with hyper parameters 6.

Described throughout as standard or naive GP. The hyperparmeters are given by
0,0.

2. LCM GP Modelling f; using a multitask GP. This corresponds to using the

vector valued kernel:
K(x,x') = Aoko(x,x") + Ayl (x,x) (2.60)
Where A, is given by:

02, p 0%, p
Ag=| 00 TO L A = 10 2.61
0 [ Po 881 ] ' [ P1 9%1 ( )

CATE differences are then formed as the weighted average between both treat-

ments. So modelled as:
Ax) = th(x) (2.62)

Where f; is the prediction for task t. For this method the hyper-parameters to

learn are 6,7, Ay, A1, 09, 01.

3. Our Approach. We use a multitask Gaussian process given by:

K =aa'ky+bb'l, (2.63)

a=[1 1 1] (2.64)
-1 1

b=|=m 0 9 (2.65)

Where the first task models fy, the second f;, and the final is the CATE gap,
A(x). Using the decomposition:

~ T —7(X) ~
Y=mlX)+ <w<x> 0= w<X>>> X+ ¢

This is equivalent to modelling 7(X) ~ GP(0, ky) and ¢(X) ~ GP(0,[,). The

hyper-parameters for this method are 1,0, oy, 0y.



2.D.2 Simulation Details

For the first experiment, we simulate data as follows:

X|E =o0~U([-3,3]"), X!EzeNU([— 1) (2.66)
YiX—xT=t,E=0 ZZ L ox) +e (2.67)
= 0_] 1
Y| x=x1=t.E=0 ZZ L ox") + fi(x) + (2.68)
=0 j=1
e ~ N(0,00),f; ~ GP(0, kq,) (2.69)

Where 3;; = 1 for each 7, j and 0y = 0.5

2.D.3 IHDP details

We simulate covariates following a similar approach to Hussain et al. [106]. For the
observational dataset we uniformly sample from the IHDP covariate distribution. For

the experimental covariate distribution we sample with weights:
w; = 0.81{mother is smoker }+1{is male} (270)
So that the experiment dataset is significantly more likely to include male babies whose

mothers are smokers. For the experimental dataset treatment is simulated as Ber(p).

The outcome is then simulated as:

11

YixexTetEeo = Y. D @Tj ' Ox')+e (2.71)
i= Oj 1

Y| Xex, Tt =0 ZZ LX)+ fi(x) + € (2.72)
=0 j=1

e ~ N(0,00),f; ~ GP(0, kg,) (2.73)

Where, 3;; = Z;N; where Z; ~ Ber(0.3) and N; ~ N (0,1) and o9 = 0.5.



2.E Additional Results

2.E.1 Simulated Experiment Additional Results

MSE Coverage Interval Width
Dim X Ours Standard LCM Ours Standard LCM Ours Standard LCM
5 0.301 £0.006 | 1.21+0.06 | 0.352 £ 0.007 0.935 £ 0.003 | 0.858 £+ 0.008 | 0.932 +0.003 || 1.97 £0.02 | 3.22+0.02 | 2.15+0.02
10 1.77 4+ £0.0157 | 2.05+0.02 | 1.91+£0.02 | 0.785+ £0.005 | 0.796 + 0.007 | 0.303 & 0.021 || 3.31 +£0.03 | 3.65 £0.04 | 1.09 £ 0.08
25 2.15+0.02 2.27+0.03 | 2.02+0.01 0.779 £0.004 | 0.754 +0.008 | 0.128 £ 0.012 || 3.60 £ 0.02 | 3.50 4 0.04 | 0.463 £ 0.045

Table 2.E.1: In distribution results for nexp, = 1000 across dimension, average across 200
runs with 95% confidence interval.

MSE Coverage Interval Width

Dim X Ours Standard LCM Ours Standard LCM Ours Standard LCM
5 2.10 £0.05 | 2.17+£0.06 | 2.31 £ 0.07 || 0.825+0.010 | 0.817 +0.010 | 0.997 £ 0.01 || 3.91+0.00 | 3.924+0.00 | 9.65 £ 0.20
10 2.01 +£0.02 | 2.054+0.02 | 2.38 +0.02 || 0.832 +0.002 | 0.829 + 0.003 | 0.720 +0.041 || 3.91 £0.02 | 3.91 £ 0.02 | 3.85+0.15
25 2.01 +£0.01 | 2.03+0.01 | 2.04 +0.00 || 0.832 £+ 0.001 | 0.831 £ 0.002 | 0.239 £ 0.030 || 3.92 £ 0.00 | 3.92 £ 0.00 | 0.910 £+ 0.14

Table 2.E.2: Out of distribution results for nex, = 1000 across dimension, average across
200 runs with 95% confidence interval.

MSE Coverage Interval Width

Dim X Ours Standard LCM Ours Standard LCM Ours Standard LCM
5 0.155 4+ 0.002 | 0.808 £ 0.06 | 0.290 & 0.010 || 0.950 + 0.002 | 0.897 £ 0.006 | 0.892 & 0.005 || 1.48 +0.01 | 2.86 £0.08 | 1.76 +0.03
10 1.49 + +0.01 | 1.94+0.02 1.69+£0.02 || 0.807 4+ £0.003 | 0.812 4 0.006 | 0.481 £0.019 || 3.17+£0.02 | 3.67+0.04 | 1.70 £+ 0.07
25 2.08 +0.01 2.194+0.02 | 2.0140.02 0.804 4+ 0.002 | 0.775 4 0.005 | 0.104 £ 0.008 || 3.742 4 0.01 | 3.587 £ 0.03 | 0.373 + 0.03

Table 2.E.3: In distribution results for nex, = 2500 across dimension, average across 200
runs with 95% confidence interval.

MSE Coverage Interval Width

Dim X Ours Standard LCM Ours Standard LCM Ours Standard LCM
5 2.134+0.11 | 2.21 +£0.12 | 2.76 +0.27 || 0.819 £0.011 | 0.810 £0.013 | 0.999 + 0.001 || 3.92 £ 0.00 | 3.92 +0.00 | 11.42 4+ 0.32
10 2.01 +£0.02 | 2.03+0.02 | 2.33+£0.02 || 0.833 £0.002 | 0.831 £0.003 | 0.931 £0.011 || 3.92£0.00 | 3.92+0.00 | 5.80 £0.18
25 1.99 +£0.01 | 2.01 £0.02 | 2.01 £0.00 || 0.834 £0.001 | 0.832£0.002 | 0.216 £ 0.011 || 3.92 4+ 0.00 | 3.92 +£0.00 | 0.794 + 0.18

Table 2.E.4: Out of distribution results for ney, = 2500 across dimension, average across
200 runs with 95% confidence interval.

2.E.2 THDP Experiment Additional Results

Model MSE Coverage Interval Width
Ours 1.19+0.04 | 0.795 + 0.008 2.572 +£0.02
Naive GP | 2.43+0.13 | 0.752 £ 0.010 3.42£0.03
LCM 1.57£0.05 | 0.752+0.010 3.21 £0.05

Table 2.E.5: In of distribution results for the IHDP setting described in Section 2.5.2 with
ne = 400 averaged over 100 runs where now the experimental treatment proportion is 0.7.



Model MSE Coverage Interval Width
Ours 1.93+0.04 | 0.812 + 0.008 3.65£0.02
Naive GP | 2.27+£0.13 | 0.797 £ 0.010 3.81+£0.03
LCM 2.50£0.05 | 0.961 £0.010 8.03 £ 0.05

Table 2.E.6: Out of distribution results for the IHDP setting described in Section 2.5.2 with
ne = 400 averaged over 100 runs where now the experimental treatment proportion is 0.7.

Model MSE Coverage Interval Width
Ours 1.63 £0.04 | 0.643 +0.008 2.27 +0.02
Naive GP | 2.59+0.13 | 0.732+0.010 3.48 +0.03
LCM 2.04+0.05 | 0.931+0.010 6.33 4+ 0.05

Table 2.E.7: Out of distribution results for the IHDP setting described in Section 2.5.2 with
ne = 400 averaged over 100 runs where now the experimental treatment proportion is 0.7.

Model MSE Coverage Interval Width
Ours 2.07+0.04 | 0.778 £ 0.008 3.58 £0.02
Naive GP | 2.37+£0.13 | 0.789 £ 0.010 3.824+0.03
LCM 2.58 +£0.05 | 0.931+0.010 6.33 £ 0.05

Table 2.E.8: Out of distribution results for the IHDP setting described in Section 2.5.2 with
ne = 400 averaged over 100 runs where now the experimental treatment proportion is 0.7.

2.E.3 Robustness Results

We now repeat the experiment for the IHDP dataset but we add squared terms to the

simulation as follows:

11
YixexTetimo = Y. D 5;] (t ©x7) + %Tj(tj Ox7)? +e (2.74)
=0 j=1
1 1 . . . .
Vixex1—tr—o = »_ 2 Bt Ox)) + 3 ©x)? + fi(x) + ¢ (2.75)
i=0 j=1
e ~ N(0,00),f; ~ GP(0, kg,) (2.76)

We still fit a linear model for w,(x) which ensures that A(x) is not a GP.

Model MSE Coverage | Interval Width
Ours 1.10+0.03 | 0.824 +0.03 2.63 £0.02
Naive GP | 2.134+0.10 | 0.761 £+ 0.01 3.39 £0.04
LCM 1.34+£0.04 | 0.832+0.01 2.96 £+ 0.04

Table 2.E.9: In of distribution results for the IHDP setting described in Section 2.5.2 with
ne = 400 averaged over 100 runs where now the experimental treatment proportion is 0.7.




Model MSE Coverage Interval Width
Ours 1.91+£0.03 | 0.821 + 0.003 3.66 £0.05
Naive GP | 2.15+0.04 | 0.805 £ 0.004 3.80 £0.014
LCM 2.22+0.09 | 0.832+0.01 7.76 £ 0.27

Table 2.E.10: In of distribution results for the IHDP setting described in Section 2.5.2 with
ne = 400 averaged over 100 runs where now the experimental treatment proportion is 0.7.

2.F Uniform Error Bounds

Finally, we repeat the experiment in Section 2.E.3 but with the uniform error bounds.

Ne 500 1000 5000 10000
Whole Function Coverage 1.00 £ 0.00 | 1.00 £ 0.00 | 1.00 £ 0.00 | 1.00 £ 0.00
Interval width in Distribution 21.3+0.12 | 14.0£0.01 | 5.36 £0.01 | 3.76 = 0.03
Interval width out of distribution | 31.7 £0.04 | 30.4 £0.04 | 28.94+0.05 | 28.6 +0.1

Table 2.F.1: Uniform error bounds averaged over 100 runs. We vary the sample size to
show that the in distribution bounds decrease in width as n. increases.
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Abstract

Merging datasets across institutions is a lengthy and costly procedure, especially when
it involves private information. Data hosts may therefore want to prospectively gauge
which datasets are most beneficial to merge with, without revealing sensitive information.
For causal estimation this is particularly challenging as the value of a merge depends
not only on reduction in epistemic uncertainty but also on improvement in overlap.
To address this challenge, we introduce the first cryptographically secure information-
theoretic approach for quantifying the value of a merge in the context of heterogeneous
treatment effect estimation. We do this by evaluating the Fxpected Information Gain
(EIG) using multi-party computation to ensure that no raw data is revealed. We
further demonstrate that our approach can be combined with differential privacy (DP)
to meet arbitrary privacy requirements whilst preserving more accurate computation
compared to DP alone. To the best of our knowledge, this work presents the first privacy-
preserving method for dataset acquisition tailored to causal estimation. Code is publicly

available: https://github.com/LucileTerminassian/causal_prospective_merge.


https://github.com/LucileTerminassian/causal_prospective_merge

3.1 Introduction

As the demand for data-driven decision making grows, the question of how to optimally
collect data for a given task becomes increasingly important. Data fusion [36], which
integrates pre-existing data from various sources, is a popular method to increase
sample size, reduce sampling variability, and enhance statistical power and robustness
[134, 60]. However, merging datasets is often a time-consuming and resource-intensive
task. This is especially true in sensitive domains such as healthcare, where concerns
surrounding privacy, downstream applications, and data security mean long ethical
approval procedures are required before undergoing a merge [165, 150, 68]. Consequently,
practitioners crucially need methods to determine the value of a potential merge in

advance, whilst also complying with privacy requirements [1].

In this work, we focus on data fusion in the context of heterogeneous treatment effect
estimation. As a concrete example of this problem, consider a hospital that wishes
to assess the impact of a medical intervention on its patients. Upon finding that its
own data is insufficient to get accurate estimates, the hospital plans to select one of K

possible candidate hospitals for a potential data merge.

Given the costs involved, the hospital would like to identify in advance which potential
dataset would provide the most information upon merging, whilst complying with
privacy regulations. We propose a solution for such types of problems, allowing for
scenarios where patient outcomes at the candidate hospitals to be unobserved or simply

masked.

We quantify the value of a merge in a principled, information theoretic way by applying
techniques from Bayesian experimental design [169, 139, 37]. Our solution shares
similarities with standard Bayesian dataset acquisition [145, 119], however in causal
contexts data serve an additional, distinct purpose. Specifically acquired data should not
only enhance our understanding of the outcome function, but also assist in combating
the selection bias that is inherent to causal effect estimation [100] by balancing treatment.
Put differently, whilst generic data fusion aims at reducing the epistemic uncertainty
from incomplete knowledge of the outcome, causal estimation also seeks to improve
treatment overlap [184, 52], i.e. reducing the epistemic uncertainty for counterfactual
outcomes. To resolve this, we make use of favourable parameterisations available

in popular Bayesian causal inference methods [91, 4], which allows us to prioritise
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Figure 3.1.1: Flow chart depicting our method. In step 1 the host site chooses a
parameterised model class for the conditional outcome, given by fy and sets the prior
P(0). They then perform a local Bayesian update, and communicate information on the
posterior P(0|Dy) to the candidate site using secure multi party computation (MPC). The
candidate applies MPC once more to privately calculate the Expected Information Gain
(EIG) and communicate it back to host. This allows the host to select the best merge out of
the potential candidates.

information gain in the parameters relevant for the causal problem, rather than gaining

information in irrelevant parts of the conditional outcome.

To ensure privacy, we employ Secure Multi-Party Computation [226, 69, 121]. This
cryptographic protocol enables multiple parties to jointly compute the output of a
function without revealing any of their own private inputs. A classic example involves
determining the wealthiest person in a group without anyone revealing their personal
net worth. In our context it allows the different candidate sites to compute their
expected information gains relative to the initial sites’ data, without exposing the
contents of their datasets. This ensures that the noise required for privacy guarantees

can be added to the final statistic as opposed to the raw data at each site.

Our contributions can be summarised as follows:

o We propose information-theoretic methods to measure the value of a data merge in
the context of heterogeneous treatment effects estimation. Our primary contribution
is a novel approach that specifically targets the reduction of entropy in parameters
that directly influence the conditional average treatment effect (CATE). We also
present a standard approach based on expected entropy reduction in all parameters

of a conditional outcome model.

o We demonstrate how both of the approaches can be used with three popular
CATE estimators; Bayesian Polynomial Regression [86], Causal Multitask Gaussian

Processes [4], and Bayesian Causal Forests [91]. We derive closed form expressions



for the expected entropy reduction in the first two models and give a Monte Carlo

estimator for the other.

o We provide a privacy protocol for our methods based on multi-party computation
[MPC; 226]. This ensures that statistic can be computed without any party
revealing their raw data. Therefore, differential privacy [DP; 63] guarantees can be
achieved by noising the final computed statistic, rather than to the original raw

data, ensuring less loss of accuracy.

o We experimentally validate our methodology across a range of synthetic and semi-
synthetic tasks, demonstrating strong agreement between our prospective rankings
and the true rankings obtained after performing the merge. Moreover, we find that
our proposed methodology to target CATE parameters improves over traditional
Bayesian data selection and a number of other baselines. Finally, we show that, for
the same level of privacy guarantees, our MPC protocol chained with DP performs

better than applying DP to the raw inputs in the linear case.

3.2 Problem Statement, Assumptions & Notation

Notation The random variables X, T', and Y represent the covariates, treatment, and
outcomes, with domains X', {0,1}, and Y, respectively; x, ¢, and y denote realisations
of these variables. We let D, be the dataset comprised of elements {x;,t;,y;}r<,
drawn i.i.d. from a distribution P,(x,t,y), where e € {0,--- , K} indexes the datasets.
Vectors of observations in D, are denoted in bold, i.e. y. = (y;)iy, te = (t;)7<,, and
Xe = (x;)1e, refers to the data matrix. We use potential outcomes framework [182], so

that Y'(¢) represents the outcome resulting from an intervention setting 7' = t.

Assumptions and objective Throughout we focus on estimating the Conditional
Average Treatment Effect (CATE), given by:

7(x) =E[Y(1) =Y (0)|X =x]

To estimate CATE, we begin with an initial dataset, Dy, referred to as the host. Our goal
is to accurately estimate CATE with respect to the distribution of this dataset, Py(x).
Specifically, we focus on minimising the Precision in Estimation of Heterogeneous
Effects [PEHE; 144] given by eppnr(f) = [p ) (F7(x) — 7(x))? dx, where 7 is the

CATE estimate arising the outcome model f.



T

Figure 3.2.1: Assumed DAG

We consider a set of potential datasets for merging, D,, referred to as the candidate
sites. In these candidate datasets, we assume that the outcomes are unmeasured or
masked, and so denote them by D, = {x¢,t¢,Y,?}¢, to show the randomness in Y;°.
The goal is to prospectively identify which of the candidate datasets D., would reduce
the uncertainty over CATE if we were to measure or unmask the Y;*’s and merge with

the host dataset D,.

We assume that datasets are generated according to the Directed Acyclic Graph
(DAG) in Figure 3.2.1.! This implies that P(y|x,t,¢) is fixed across environments,
but both covariate distributions and treatment allocation schemes are free to vary i.e.
P(x,tle) can depend on e. We also assume positivity over the whole population, so
that V x,0 < P(T = 1|X = x) < 1, but allow for violations at the site level. Adding
the consistency assumption (i.e. Y (¢) =Y when T = t) to positivity and the causal
structure in Figure 3.2.1 (which implies no hidden confounders) we have that CATE is

identifiable [162, 175], constant across environments e, and given by:

T(x)=EY|X=x,T=1-E[Y|X =x,T =0
=EY|X=x,T=1FE=¢]
_E[Y|X=x,T=0E =

3.3 Method

We take a Bayesian approach to modelling the CATE. Specifically, we define fy :
X x {0,1} — Y to be a function representing the expected outcome conditional
on covariates and treatment, i.e., fp(x,t) seeks to approximate E[Y|X =x,T = t].
We assign a prior distribution P(f), to the parameters 6 and denote the conditional

likelihood of the outcome given parameters, covariates, and treatment as P(Y'|0,x,t),

'We make us of the SWIG framework to combine causal graphical models with potential outcomes.
More details can be found in Richardson and Robins [175].



which is chosen appropriately based on the type of outcome being modelled. For
example, we can select a normal likelihood for continuous outcomes, or a Bernoulli

likelihood for binary ones. The data-generating process can be written as
0~ P(#), Y|fo(x,t) ~ P(Y]0,(x,t)).

Throughout this paper we focus on continuous y and use a normal likelihood with
fixed variance o2, i.e. P(Y|x,t,0) = N(Y; fo(x,t),0?). CATE is then estimated via
the current posterior mean, so that if we have conditioned on data D our estimate is

7(x) = Eopiopp) [fo(x, 1) = fo(x,0)].

3.3.1 Quantifying Data Merge Utility through Expected In-
formation Gain

In order to quantify the value of a data merge, we draw inspiration from Bayesian
experimental design [BED; 37, 169]. BED applies information theory to provide a
measure of what performing a particular experiment would tell us about a parameter
of interest, relative to our current beliefs about the parameter value. In our context,
the ‘design’ of the experiment corresponds to choosing a dataset D,., and the outcome
is observing {Y;°}1¢;. The value of an experiment is quantified via the expected
information gain [EIG; 139], which measures the expected reduction in uncertainty in
the parameters, as measured by Shannon entropy, when moving from the post host

posterior, P(0|Dy) to the post merge posterior, P(6|Dy, D.):
ElGop, (¢) = E[H[P(0|Do)] — H[P(6|Do, D )]},

where the expectation is over P(y¢|Xe, te, Do) = Ep@gpy) [P (|0, Xe, te)]—the Bayesian
marginal distribution of y.. The EIG is equivalent to the mutual information between

parameters and outcomes under the design and can be equivalently written as:

P(y.l0,X,, t.)

(3.1)

where the expectation is over P(ye, 0|Xe, t., Dy). This form known as Bayesian Active
Learning by Disagreement (BALD) in the active learning literature [102]. For certain

classes of models, such as polynomial regression or Gaussian processes, the EIG is



available in closed form [189]. In other cases if the likelihood function isn’t analytically

available, we can approximate it using nested Monte Carlo [NMC; 168, 83| as follows:

P(y?10%, X, t.)
(YB |Xe7teaD0)

—— NMC 1 X
EIGQ‘DO (e) N Z
, X,

(3.2)

where 00,y ~ P(0|Dy) P(y.|0®

the denominator

t.), and further M; samples 0’ ~ h) for
d further M 1 0’ P(0|Dy) fi

1 U
P(y?|X.,t.,Dp) = — ZP( 9107, X, ) - (3.3)
1 j=1
Note that since we assume a normal likelihood, we can construct a Rao-Blackwellised

estimator by analytically computing the entropy of the likelihood in Eq. 3.1 to give:

EIG9|DO = — Zlog ( Z P( ye \Xe,te, 0’))
- ?e(l +log(2m0?)).

Nested estimators are biased but consistent, converging to the true EIG at a rate
O((N~! + cM;?)2) [168]. A detailed algorithm for both estimators is given in Appendix
3.A.1.

These estimators allow us gauge the value of a merge before observing outcomes {Y;}'¢;
in the dataset D,. However, whilst this approach provides us with information on the
parameters for the conditional outcome, it may not necessarily lead to improved CATE
predictions. This is because EIGyp, encourages uniform entropy reduction across
all dimensions of #, not just the ones relevant for CATE estimation. For instance, a
dataset with untreated individuals only would provide information about the conditional
outcome, but less for CATE, which requires viewing treated individuals as well. This

motivates our improved methodology, which we present in the next section.

3.3.2 EIG Targeting CATE Parameters

Many causal inference models have additional parameter structure that allows us to
target CATE estimation more directly. Specifically, the parameter set, 6 can often be
split as 0 = 6.U0,,. where 0, parameterises the CATE model and 6, is a set of nuisance

parameters. For example, in Bayesian Causal Forests [91] the model is parameterised



as fo(x,t) = py,.(X) + t1y.(x), where pp,. and 7 (x) jointly model the conditional
outcome, and 7y_(x) directly models CATE. Leveraging such a parameterisation, we

can prioritise uncertainty reduction in 6., and therefore CATE, by maximising

P(Yew(:a Xe7 t’67 DO)

EIG =E|l 3.4
90|D0 (6) Og P(ye|Xe7 te, DO) Y ( )

where expectation is over P(y,, 0.|Xe, te, Dy). Here:
P(Yé‘em Xe, te, DO) = IEP(9nc|9c,Do) [P<ye‘97 Xe, te)]a (3'5)

is the Bayesian distribution of the outcomes conditional on the CATE-related parameters
only, and is generally not available in closed form. To deal with this intractability, we
suggest approximating both the numerator and denominator empirically, yielding the

following estimator:

NMC N ( |9 , X, te, Do)
EIG erber 70). 3.6
o |D0 Z ‘Xe7teapﬂ) ( )
where 0%,y ~ P(0.|Dy)P(y.|fc, X, t.), the denominator P(y|X,,t., Dy) is as in

Eq. 3.3, and use further My samples %) ~ PR |90 Dy) for the numerator:
Py®16%), X, te, D)= ZP( (0) | ik) uefj),Xe,te)

This ensures that we prioritise a gain in information in the part of the model directly
responsible for CATE. We again give an algorithm in Appendix 3.A.1.

3.3.3 Procedure and Model Classes

We now apply both procedures to three popular Bayesian causal inference methods:
Bayesian Polynomial Regression, Bayesian Causal Forests [91], and Causal Multi-task
Gaussian Processes [4]. We describe the standard predictive method as well as the
parameter split used to target CATE.

Bayesian Polynomial Regression Due to its ubiquity across numerous fields,
we first apply our method to Bayesian Polynomial Regression model. This involves
specifying an initial polynomial transformation® ¢ : X x 7 — RP, a mean fyg, and
precision matrix Ay to parameterise the prior as:

fo(x,t) = o(x,8) 0, 0~ N(po,0?Ag"). (3.7)

2This could be an arbitrary non-linear function but we focus on polynomial transformations.



¢ allows for higher order, or interaction terms. We further assume ¢(x,t) and 6 can be
split as:

o0, t) = [6uex) tac(x)] . 0= [ 6]

This covers a broad range of Bayesian polynomial regressions, including the selection
used in Gelman et al. [86]. In Appendix 3.B.2.1 we show that both EIGs can be
computed in closed form:

Proposition 18. For the Bayesian Polynomial Regression model defined in Eq. 3.7
we have:

EIGyp, (¢)=log det (®] @, + &g ®q + Ag)+C
EIGecmo(e): log det((I)cT’e(bcve + (I)cT,o(I)c,o + A([)c,c])_'_C/7

where q)e - ¢(X€7t’€); @0 = ¢(X07t0); (I)c,e — te ® ¢C<Xe)7 (I)C,O = t0 © ¢C(X0)7 with
o, ¢ applied row-wise and © denoting element-wise multiplication; C,C" are constant
m e.

Bayesian Causal Forest Bayesian Causal Forests [BCF; 91] are one of the most
popular causal inference methods, building upon Bayesian Additive Regression Trees
[BART; 44], which are themselves a mainstay in observational causal inference [98].
The BCF model can be expressed as fy(x,t) = pg,.(Xx) + t79,(x), where py,. and 74 (x)
are independent BART models; further details and alternative parameterisations can be

found in Appendix 3.B.1. As the posterior is only available via sampling, we estimate
both EIGs using NMC as given in Eq. 3.2 and Eq. 3.6.

Causal Multi-task Gaussian Processes Causal multi-task Gaussian Processes
[4] use a vector-valued GP [7] to jointly model the conditional outcomes, allowing
information sharing between them:

£=[f(x,0) f(x,1)] , where f ~ GP(0,K) (3.8)

for a vector-valued kernel K : X x X — R?**2. The outcomes are then modelled
by evaluating the relevant portion of the GP. Under this setting CATE is given by
7 =ef for e = [—1 1}, meaning that 7 is also a GP given by 7 ~ GP(0,e"Ke). The
advantage of causal multi-task GPs is that they allow us to get a closed form posterior
for 7 without having to observe any samples from Y (1) — Y(0).

As GPs are inherently non-parametric they do not fit directly into the framework laid
out in subsection 3.3.1 and subsection 3.3.2. This is not a problem for the predictive
case as we can replace 6 with f in Eq. 3.1 and get closed form expressions [102].
However, for the causal case this creates challenges as we cannot directly evaluate the
expressions in Eq. 3.4 with 7 in the place of 6.. To resolve this we instead focus on



entropy reduction in CATE predictions on the host dataset. We denote this by 7(X),
where X is the host data matrix. The information gains e denote these by EIG¢p,(e)
and EIGzx,)p,(€) respectively. As the following proposition shows, both of these are
now available in closed form:

Proposition 19. Let n{!) be the number of subjects receiving treatment t in dataset e.
For the causal multi-task GP model, defined in Eq. 3.8 we have

1
EIG¢ip, = 3 log det (31)
—n®log(cy) — n'M log(a)
1
EIG3x,)p, (€) = 3 log (det(3;) det(Xs))

_ ;log (det(%)),

where Y1, X9, 2 and the proof are given Appendiz 3.B.35.

3.4 Privacy

For privacy we use Multi-Party Computation [MPC; 69]. First introduced by Yao [226],
MPC focuses on a setting where m separate parties wish to compute the value of a
function f(zy,--- ,,,) where the i*® party inputs z; and wishes to keep this private.
To resolve this, MPC involves the specification of a protocol of message passing between
parties which if followed would lead to the computation of f. In this work, we focus
on the semi-honest setting, in which all parties follow the specified protocol, but some
corrupt parties will try to learn as much about their peers inputs in the process. The
goal is to devise a protocol which will preserve the privacy of the non-corrupt party’s
inputs, up to a given computational budget by the adversary. In our setting this means
that any collection of corrupt sites are unable to learn anything about the other sites
data during the EIG calculation, so any noise needed for privacy guarantees can be
added to the final statistic.

For implementing multi-party computation, we employ the open source library CrypTen
[121]. CrypTen builds upon PyTorch [161] allowing for standard tensor operations
to be performed in an MPC protocol. For arithmetic operations on floating-point
values this is achieved as follows: A float, xg, is multiplied by some large scaling factor
B = 2% and rounded to the nearest integer |xy], where L is the number of precision
bits. The integer |zp| is then associated with its equivalence class x € Z/QZ where
Z/QZ is a ring of @) elements. The value x can then be shared across all m parties
using Shamir secret sharing [192], in which each party gets access to a share of x is
given by [z], € Z/QZ which is generated such that the sum of all shares recovers the
original value, so x = >/°; [z], mod Q. At any point all parties can combine their



shares to decode the output as xp ~ x/B. We let [z] = {[z],}I", denote the set of all
shares corresponding to the secret value .

Arithmetic operations building on addition are performed locally, so that for two secret
values [z], [y| each party performs [z]; = [z]; + [y]; and the result, z is obtained by all
parties summing their share. M ultiplication is implemented using Beaver triples [20],
logarithms are approximated using householder iterations [103], and reciprocals use
Newton-Raphson. We implement log-determinants using Cholesky LDL decompositions,
which are preferred to standard Cholesky factorisations as they avoid the use of square
roots, which would require additional approximation in Crypten. This is possible as we
only compute the log determinant of positive semi-definite matrices. This provides all
the operations necessary to implement the above EIG calculations in a private manner
using MPC.

When returning EIG statistics to the host, we add a small amount of noise to
prevent information leakage. If we only need to output the best site, we use the
exponential protocol [63] ensuring minimal information leakage. Finally, we note that
the discretisation required to represent a float in the ring Z/QZ involves some degree
of precision loss. Nevertheless, as we empirically demonstrate in the next section, this
leads to minimal depreciation in performance compared to differential privacy.

3.5 Experiments & Results

We experimentally validate our approach in a setting where the host has to rank a
number of candidate datasets based on the estimated gain from merging. We use
selection of synthetic and semi-synthetic benchmark datasets as this allows us to use
the known CATE to get a ground truth ranking. For each model, we do this by ranking
datasets on the true PEHE on Py(x) of the relevant model trained on the merged
dataset Dy U D,. This is then compared against implied EIG rankings. Throughout,
we tune any model hyper-parameters on the host site when measuring the information
gain as well as re-tuning parameters on each merged dataset when getting the ground
truth ranking.

To generate the datasets, we begin with an initial, large dataset D from which we
subsample the host and candidate sites. We do this by choosing a selection function,
Se(x,t), and using it to subsample a dataset of size n., where S(x;, t;) is the probability
of subsampling point ¢ for dataset D.. Varying the selection functions across sites
ensures heterogeneity amongst datasets whilst complying with the independences given
by the causal structure in Figure 3.2.1. We begin by providing an illustrative example
on synthetic data before evaluating on the causal benchmarks, specifically: Lalonde
[130] and Infant Health and Development Program [IHDP; 144]. Further details and
results can be found in Appendix 3.C and 3.D, respectively.
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Figure 3.5.1: Difference in post host EIG and épgyg for a linear CATE model trained
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seeds. The three regions show different datasets preferences. In region 2, EIGyp, incorrectly
favours Diyin, whilst EIGg,|p, correctly selects Domyp for the causal task.

3.5.1 Illustrative experiment

Concept To illustrate the difference between our two methods—the standard ap-
proach based on the full parameter set, EIGy (Eq. 3.1), and the CATE-targeting one,
EIGy, (Eq. 3.4)—we start with a simple example where the host must choose between
two candidate sites. We design these sites as follows: a complementary site, representing
the “ideal” merge for causal purposes, and a twin site, containing information similar
to the host. To create these, we first simulate an initial large dataset D as if it were a
randomised controlled trial with an equal probability of treatment and subsample the
host dataset, Dy, using a selection function Sy(x,t). The data of the complementary
site, Deomyp, is subsampled using 1 — Sy(x,t) as a selection function, whilst the twin
site uses Sp(x,t). This ensures the twin dataset mirrors the host’s distribution and
the complementary causally “complements” it. Assuming equal sizes, merging Dy
with Domp would recreate the initial randomised trial D, as the variable e acts as
a collider for x and ¢, removing their conditional dependency (see causal DAG in
Appendix 3.C.1). Therefore, Dy, represents an ideal merge as it balances treatment
allocation, whereas Dy, covers similar regions of the data space to those in the host,
Dy, potentially amplifying pre-existing biases and imbalances.



Model Objective p(1) p@1 (1) p@3 (1) p@5 (1)
EIG@cmO 0.70£0.08 0.50+0.15 0.70+0.04 0.78 +£0.04
Polynomial EIGop, 0.68+0.06 0.50+0.15 0.70+£0.06 0.76 +0.04
Best baseline 0.40+0.11 0.40%+0.15 0.60+0.15 0.66 +0.04
EIG;(x,)p, 0.494+0.06 0.50+0.15 0.50+0.08 0.62+0.06
Causal GP EIG¢p, 0.33+0.06 0.30£0.15 043£0.05 0.604+0.04
Best baseline 0.314+0.12 0.10+0.20 0.20£0.07 0.46 £0.05
EIG@ClDO 0.54+0.10 0.60+0.15 0.63+0.08 0.70+0.04
Bayesian CF EIGyp, 0.36 +£0.10 0.30£0.14 0.50£0.07 0.66 +0.05
Best baseline 0.45+0.11 0.60+0.14 0.63+0.08 0.70+ 0.04

Table 3.5.1: Ranking experiment for the IHDP dataset, measured by Spearman p and
precision at k (p@k). We include the best performing baseline method, which is different for
different models.

For the illustrative experiment, we vary the ratio of sample sizes, %, in order to
compare which dataset is chosen by EIGgp, and the causally targeted EIGq,p, for
linear regression. The aim is to demonstrate that EIGgp, will prefer Dy, at points
where D, dataset is still the preferable dataset for CATE estimation. Indeed,
for large values of the ratio ;:T%’ Diwin provides significant information about the
conditional outcome, but not in the regions that are most relevant for causal estimation.
On the other hand, EIG,, should continue to select Dy, whilst it remains preferable
for CATE estimation. We simulate x € R3 where x; is Bernoulli and other covariates
are normal. The true outcome is sampled from a normal linear model, and the selection
functions are logistic regressions. We also include sample based estimates for each EIG
to demonstrate how they differ from their closed form counterparts. Experimental
details provided in Appendix 3.C.

Results Figure 3.5.1 shows the results of the experiment divided into three regions. In
region one, both methods choose the complementary dataset over the twin dataset which
is consistent with ground truth ranking given by the PEHE upon merging. In region
two, EIGgp, chooses Dy, whilst EIGQC‘DO opts for Dy Here, the complementary
dataset is still the optimal in terms of CATE, but EIGgp, preferences Dy, as it leads
to a greater entropy reduction in the full set of parameters. This result shows that by
focusing on the causal parameters alone, EIGQC‘DO is able to make the correct decision
in selecting Domp- In the final region we see all lines have crossed the z axis, showing
that all methods agree with the ground truth in choosing Dy,,. Finally, we note the
MCMC estimates agree with the closed form counterparts, with increased variability
due to sampling.



Method MSE () p(1)

MPC Linear (3.80+0.04) x 10°% 0.797 + 0.06
DP Linear 9.80 £ 0.30 0.06 £0.11

Table 3.5.2: Multi-Party Computation Results for EIGy, .

3.5.2 Ranking experiment

Concept For our main experiment we validate our framework in a setting where the
host must choose between many potential candidates, each with different distributions.
To do so we begin with a standard causal inference benchmark dataset, D, and form
the host and candidates datasets using subsampling functions, S.(x,t) as detailed
above where subsampling function is a logistic regression with random parameters.
This ensures that each site has a different covariate distribution. We apply the three
methods described in Section subsection 3.3.3 to estimate both the two expected
information gains for each candidate site, D.. Ultimately, like before, we compare the
implied rankings with the ground truth ranking given by the PEHE. Full details are
provided in Appendix 3.C.

Baselines We provide a number of simple comparison methods as baselines for our
task. Specifically, (a) ranking by sample size, (b) ranking by similarity of covariate
distribution measured by a multivariate Gaussian fit to the host, and (c) ranking by
dissimilarity of treatment allocation measured by the error of a propensity model fit
on the host. We compare using Spearman rho(p) and precision at k (p@Qk).

Results Table 3.5.1 shows the results of our experiment on the IHDP dataset [144]
where the host has to rank the best datasets out of 10 candidates. We report the average
performance of the rankings across 20 repeated experiments, and according to Spearman
p [198] and precision at k. We include the best baseline by Spearman p performance.
Additional metrics and baseline performance can be found in Appendix 3.D. These
results demonstrate that across all models, our EIGy, based approach, focusing on
causal parameters, outperforms the standard approach which seeks expected entropy
reduction in all parameters. Further, our method works significantly better than all
baselines.

3.5.3 Multi-Party Computation Experiments

Finally, we experimentally demonstrate the performance of our cryptographic protocol.
We repeat a similar experiment as in subsection 3.5.2 on the IHDP dataset, this time
choosing between twenty datasets. Results are given using a linear model as this
allows us to compare our MPC based approach against differential privacy [DP; 63,
see Appendix 3.A.2 for definition]. We use € = 100 and Laplace noising [65], following



existing work on DP linear regression [23, 12]. In order to ensure a fair comparison, we
noise the final statistics from the MPC computation with an appropriate amount of
Laplace noise. This comes from the sensitivity of the EIG statistic which we derive
in Appendix 3.A.3. Table 3.5.2 shows both the MSE induced by the privacy method
and the Spearman p against the noise-free ranking. Results show that MPC vastly
outperforms differential privacy, both in terms of MSE and ranking, with DP producing
a near random ranking, despite the relaxed noising.

3.6 Related Work

Federated Learning Via Multi-Party Computation Our setting bares large
with federated learning [135], a distributed machine learning approach that enables
multiple parties to collaboratively train a shared model while keeping their raw data
decentralised and private. Our goal differs from this as we focus not on learning a
model across sites, but deciding which sites to pool. The application of multiparty
computation within federated learning is a growing area [137, 157, 114], with much of
the work focusing on how to learn predictive models in a secure cross site fashion. Most
similar to our work is Muazu et al. [156], who develop a similar federated approach to
data fusion focusing on healthcare, however they do not take a causal approach. To the
best of our knowledge, there are no existing applications of multi-party computation
within causal inference.

Federated /Private Causal Estimation There are, however, federated approaches
to estimating causal effects. In this area, a majority of works partition the loss function
into multiple components, with each component corresponding to a specific data
source [212, 140, 213]. However, modelling complex, non-linear relationships remains
challenging [6]. Many of these algorithms come without privacy guarantees, with
the exception of Niu et al. [159], who add DP guarantees to various popular CATE
estimation techniques. The latter approach however contrasts with ours as the use of
sample splitting reduces data efficiency.

Causal Bayesian Active Learning Bayesian Active Learning by Disagreement
[BALD; 102] is a framework for strategic training data acquisition, focusing on regions
of high uncertainty. Our method based on maximising EIGgp, (Eq. 3.1) can be viewed
as applying BALD after an initial update to an entire datasets rather than individual
datapoints. Most similar to our work is CausalBALD [108], which applies an active
learning approach to CATE estimation. However, the acquisition function cannot
easily be extended to datasets without ignoring the correlation in information provided
by different points. Most applications of active learning in causality focus on causal
discovery and intervention selection [205, 95, 10].



3.7 Discussion

Limitations Due to the cost of computing high dimensional determinants and
performing multiple rounds of conditional sampling, our method can be computationally
costly in high dimensions. Moreover, the cost of multi-party computation will also
increase as higher order approximations are required to retain accuracy. However,
both of these remain negligible compared to the data engineering and expenses of
data fusion [31, 110]. Finally, whilst our method offers a secure and principled way to
prospectively quantify the value of dataset merges, the amount of information needed
to justify such expenses may vary depending on application. It might, therefore, be
beneficial to consider introducing a problem-specific threshold to determine when a
proposed merger is worthwhile.

Conclusion We introduce an information-theoretic, cryptographically secure frame-
work for evaluating the utility of potential data merges for causal estimation. To
the best of our knowledge, this is the first work addressing this relevant challenge.
Through empirical evaluation, we demonstrate that our framework can reliably rank
datasets according to their ability to improve CATE estimation. We show that entropy
reduction in the CATE parameters alone gives an improvement when compared to a
more standard approach to Bayesian dataset acquisition. Finally, we demonstrate that
our cryptographic procedure can be applied in conjunction with DP, resulting in lower
loss of accuracy, compared to applying DP alone.
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Appendix

3.A Mathematical Details

3.A.1 Algorithms for Computing EIG

Algorithm 1 Algorithm for E/If}eNll\;f (e)
Input: Data Matrix X., Treatment Vector t., Variance o
— NMC
Output: EIGyp, (e)
Require: | = NM; for some n, M; >0
S+ 0
Sample {0;}_, ~ P(0 | Dy) for | = NM,
Split {6;}i_; as {(6), (6:,;);24 }iYs
forie{1,---,N} do
Sample y{ ~ P(ye|Xe, te, 0;)

[OIVS
S« S + log ——Lye 10 Xete)

o -
vey Zj:ll P(y(el)|9i,j7X6at8)

2

end, for
EIGp, (€) < %5

— NMC
return EIG9N|1\;O (e)

84



Algorithm 2 Algorithm for E/I\G:;(e)
Input:{6;}._, ~ P(0 | Dy), Data Matrix X,, Treatment Vector t., Variance o>
Output: ETI\GZ];O(G)

S <0
Sample {0;}_, ~ P( | Dy) for | = NM,
Split {6}, as {(0:), (6i,5)721 }Y
forie{l,---,N} do

Sample y ~ P(y | X, tc, 6;)

S+ S5— log ML1 Z;W:ll P(yg)|9i,jv Xe, te)
e/rEin]gr
EIGyp, (€) + +9

— NMC
return EIGeNllgo (e)

Algorithm 3 Algorithm for E/I\ch‘po(e)
Input Data Matrix X., Treatment Vector t., Variance o
Output: ElIGy,p,(e)
S+ 0
Sample {0;}Y, ~ P(6 | Do)
forie {1,---,N} do
Sample Ye ~ P<ye‘67 Xea te)
Sample {6} ~ P(6 | Do)
Sample {(9n0>(ik) 2/[:21 ~ P(buc | (6c)i, Do)
P(y[Xe, te, Do) 4= 3= 235 P (y9105, X, )
P(y@169, X, te, Do) < 7 2 P (91050 U090, X, 8. )

Brv®g®)
P(Ye |90 7X€7t87D0)
S+ S+1lo ( Ye [
g P(yEZ)|XE,t67DO)

2

end for
return %S

3.A.2 Differential Privacy Definition

Definition 15. We say a randomised algorithm, A satisfies € differential privacy if
for any input dataset D and dataset D' differing by a single entry, we have

P(A(D) € O) < exp(e)P(A(D') € O).



3.A.3 Sensitivity of Linear Statistic

We derive the sensitivity of the linear EIG statistic in order to give a fair comparison
with naive differential privacy in subsection 3.5.3.
Proposition 20. Let:

f(X,) = logdet(X/] X, + Xg Xy + Ag) (3.9)
If Ao =cl and ||x|| ., < M for all x ~ P.(x) and e. Then we have that:

Md
/
e — <
Ay = g 1F(X0) = (X)) < 7 (3.10)
Where X., X, differ in at most one row. This implies f(X.) + Z for Z ~ Laplace(—?\/[/‘é)
is a € differentially private release of f(X.).

Proof. To prove this we will use the fact that if max x|<a ||Df(X)||z = L we have
that |f(X)) — f(X¢)| < L||X] — X,|| for all X!, X, with norm bounded by M where
|||  is the Frobenious norm. Write E = X X + Ao, via the chain rule we have that

Df(X) = (X]X. +E) X/ Now:

H (XIX.+E) 'X]|| = \/tr (XIX. +E) ' XX, (XX, + E)!) (3.11)
F
= Jtr (XIX.+E)"' = (X]X, +E)'E(X]X. + E) )
(3.12)
d
< \/tr (XIX +E)) < /= (3.13)
&

We have used the fact that (XZX6 + E)i1 E (XeTXe + E)i1 is positive semi definite
and so has positive trace, and that the eigenvalues of X! X, +E are bounded below by ¢
so the eigenvalues of (XeTXe + E>_1 are bounded above by % Finally for neighbouring
datasets we can change at most d entries by M so || X! — X.||, < VdM O

3.B Model Details

Throughout all methods will aim to model the outcome as some function plus an error,
SO:



3.B.1 Models via Sampling

Bayesian Additive Regression Trees (BART) BART models [44] f as the sum
of L piecewise constant binary regression trees, so we have:

L
f(x,t) = Zgi(x,t,Tl, m;) (3.15)
1=1
where T; is a regression tree given by a partition (Ai,---, Apy)) of X x T and the set
of leaf parameter values m; = (my,- -+, myg(y) so that:
a(x,t)=m; ifx,t € A; (3.16)

The mean parameters are given with independent normal parameters my; ~ N (0, 0,,).
Over trees, the prior is such that the probability of a node having children at depth d
is given by:

a(l+d)~? for a € (0,1),0 € [0, 00) (3.17)

The original BART model explores this space using Metropolis-Hastings Markov chain
Monte Carlo, but we make use of XBART [96] for accelerated posterior sampling.

Bayesian Causal Forest Bayesian Causal Forests [BCF; 91] build upon BART
models utilising specific parameterisations for causal inference tasks. The two parame-
terisations suggested in Hahn et al. [91] are firstly:

f(x,t) = p(x) + tr(x) (3.18)

Where u,7 are independent BART models. To draw specific attention to their
parameters will write them as pg,_, 7. noting that 7y, is a model for CATE. Hahn et al.
[91] note that this parameterisation is not invariant to which treatment is assigned as
positive or negative, leading them to propose the following invariant parameterisation:

fo(x,t) = fig, (%) + by75, (%) (3.19)

Where by ~ N(0,3). Under this parameterisation a CATE estimate is given by
(b1 — by)75 (x). When sampling we make use of the accelerated BCF approach [127]
which builds upon XBART and uses the following slightly modified model:

fo(x,t) = ajig, (x) + b;75 (%) (3.20)

Where a ~ N(0,1).

We define the set 6. to be any parameters affiliated with the 7 model, including b; for
the invariant parameterisation. In order to sample P(0,.|6., Dy) we refit 6, parameters



on the dataset Dy to the residuals resulting from subtracting the 7 portion of the
model. So this refitting u is as follows for the standard parametrisation:

Y —17y.(x) = po,..(x) (3.21)
Or for the accelerated BCF approach [127]:
Y — b7y (%) = ajfig, (X) (3.22)

Where any parameters on the left hand side are fixed.

3.B.2 Closed Form Models

In this section we give details of models for which the EIG is available in closed form.
We provide details of the models as well as proofs for the expressions.
3.B.2.1 Bayesian Polynomial Regression Derivations

In this we derive the results for Bayesian polynomial regression. We have modelled our
data as:

y~N(o(x,1)'0,0%), 0~ N(uo,0*Ag") (3.23)
In this context, the posterior is available in closed form as:
0|Do ~ N (o, 0*Ag ") (3.24)
Ao = (¢ (Xo,t0) " ¢ (X0, to) +A81) (3.25)
1o = (o)™ <¢ (Xo, to) " ¢ (Xo, to) B + AOMO) (3.26)
b= (& (Xo.to) " & (Xo. to)) 6 (Xo,t0)" v (3.27)

Expected Information Gain Over all parameters We use the fact that EIGgp,
can be written as:

ElGypp,(€) = Ep(y.x. te.00) [H[P(0]Do)] = H[P(0Do, D],

As the posterior over ¢ is Gaussian we can directly evaluate these expressions using
the closed form entropy for a Gaussian distribution as:

H[P(0|Dy)] = % (1 + log(2m)) + ; (log det (]\61»

The distribution 0|Dy, D,) can be obtained as above, where we now use Ao as the prior
precision matrix before updating on Dy. This gives:

HIP(OID)] = 5 (1+ 1og(2m)) + 5 (logdet ((6 (vt 0(Xe.t) + A0) )

Using the above form for Ay and collecting all constants gives the expression presented
in the text.



EIGy,p,: Expected Information Gain Over all parameters This follows as
above but using the fact that the block form of the matrices to allow us write the
covariance precision matrix for the post host posterior over 6. as follows:

(tO ® ¢C(XO)>T (tO ® ¢C(XO)) + (AO)[QC]

Where (Ag)(c,q corresponds to block of Ay with entries after [c, ¢] in the row and column.

3.B.3 Causal Multitask Gaussian Processes [4]

In this work, CATE is modelled using a multitask Gaussian process [28]. Multitask
Gaussian Processes use a GP in vector-valued Reproducing Kernel Hilbert Space
(vv-RKHS) to share information between tasks [7]. In Alaa and Van Der Schaar [4],
learning the conditional outcome function for each treatment is seen as a separate task,
so we jointly model:

Y|x,t ~ N(0, fi(x),07) (3.28)

Where each f; is a Gaussian Process. The kernel K, : X x X — R**? is now a
symmetric positive semi-definite matrix-valued function, with hyper-parameters n. In
the case of Alaa and Van Der Schaar [4] they use a linear model of coregionalization?,
giving the kernel as:

K, (x,x') = Aoko(x,x') + Arki(x,X) (3.29)

Where k; is the RBF kernel, given by:
1
hi(x,x') = exp(—5 (x = x)' R (x — X)) (3.30)

Where R; ! = diag (ﬁit, e ,ﬁfu) and /;; is the length-scale parameter for the treatment
T =t in the j*® coordinate of x. A, is given by:

02, p 02, p ]
Ag=| 00 TO | A= 10 LI 3.31
0 [ Po 9(2)1 ] ' [ p 05 ( )

Where 6,5 and p; determine the variances and covariances of the shared tasks f;. So
we have that the full set of hyper-parameters n = (6,01, Ro, R1, Ag, A1). Once all
these hyper-parameters have been learnt we have that the covariance between different
function evaluations, fi(x), fy(x'), is given the ¢,t" coordinate of K, (x,x’). So:

cov(fu(x), fi(x')) = Ky, X e (3.32)

3See Alvarez et al. [7] for more details.




Now, if we let K((x,t), (x',t') = K, (x,x)jt» then we can obtain the posterior kernel
in a similar way to the standard case. Precisely if we the training data be given by:

. T

X = [{Xibpoo- {Xitna]| (3.33)
T
Y (T3) (T3)

Y = { ¢ }Ti:O ’ {yl }ti1:| ’ (3.34)
% = diag (0§Tu-n,, 071, ) (3.35)
K, (z) = (K, (2, Xi); ) (3.37)
Then we have that the posterior multitask GP has mean and posterior kernel given by:
mP (x) = K7 (x) (K,(X,X) +£)7'Y (3.38)
K™ (x, %) = Ky (%, X)) = Ky (%) (K, (X, X) + %) K] () (3.39)
(3.40)

This leads to the following posterior over CATE, where e = [—1,1]":
Flz) ~ N(mP>(x) e, e KD (x,x')e) (3.41)

3.B.3.1 Expected Information Gain

First, let XV, X and y(", y© be the covariance and outcomes for environment e
that is treated and untreated respectively. To avoid confusion with treatment we will
use X, to refer to the host environment for this derivation. We will also use K|p, to
refer to the posterior kernel. Now to derive the Expected Information Gain in closed
form we need the distribution of the following vector:

yM
y(O) |Xea 2)0 ~ N (mv E) (342)

e

7(Xex)
Where we have that:

Y = K\Do (Xgo)v Xgo)) + USInQ I<|Do (X£1)7 Xgo))) (3 43)
L K|D0 (Xgo)’ Xgl)) K\Do (Xgl)a Xél)) + U%Inl '
£ = Kipy (X2, XD) + Ky (X0, X0 - 2K p, (X, X0) (3.4
D) ~(0)) _ 0) ~(0)
Y = [ZTl 2121 where X9 = [KDO(XPZ?)’ Xe(l)> KDO(XPZB’X&) >] (3.45)
212 iy K|DO (Xe* 7Xe ) - KIDO (Xe*7Xe )

Now from the covariance matrix we can derive the standard Expected Information
Gain EIGgp, and CATE-specific EIG(;C'DO. Throughout we will use K to the posterior
kernel irrespective if it has been fit or not.



Expected Information Gain over the conditional outcome parameters For
the EIG¢ we use the BALD form:

H(Ye|XeaD0) - H(Y|Xe>f7D0) (346)

Using the standard form of entropy for a Gaussian distribution we can read H (y.|Xe, Do)
off of the covariance matrix above as:

HMMJMZ%OH%%N am@m> (3.47)
And H(y.|f, X.,Dy) being:
H(ylf, X, Do) = " (1 + log(2m)) + 5 (n log(03) +n log(o?))  (3.49)
This gives the Expected Information Gain as:
Tr(e) = 5 logl(3i]) — 5 (nl? log(o) + (" log(o?) (3.50)

Expected Information Gain on the CATE parameters We now target an
Expected Information Gain on the CATE parameters on our host dataset, so 7(Xo).
By using the fact that the Expected Information Gain can be written as the mutual
information between 7(Xj) and the observed outcomes in dataset e, we use the closed
form mutual information for Gaussian’s to directly write this as:

1 DY
@m@:2moigﬂ (3.51)

where ¥, = K, (X, X)) + K, (X9, X0y — 2K, (x, X0 (3.52)

€ €

3.C Experimental Details

General experimental settings and hyperparameters All standard deviations
and precisions were taken equal to 1. Throughout experiments, priors were taken as
zero-valued vector.

In the illustrative experiment, 400 samples were used for computing outer expecta-
tions, and 800 samples for inner expectations. Here, we consider X = (Xp, X1, X5) € R3.
We use the sampling selection function B (,t) = sigmoid(1+2 X xg — 1 +2 X t) +€
and outcome model y =1+ 29 — 21 + 29+ 5 Xt +2 X 29+ 2 X g — 4 X 25 + € with
Xo ~ B(12,3), X1 ~ N (4,1), Xo ~ B(1,7) and € ~ N (0, 1).
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(a) Before merging: causal structure in Dy, ox(b) After merging: causal structure in Dj,o50UD comyp
D i, or D omyp taken separately. E acts as a collider
and thus creates a dependency between X and T

Figure 3.C.1: Causal structure for the illustrative experiment.

In both ranking experiments, the selection functions are randomly generated. We
first generate a binary vector of the size of the dimension of X to define the subset of
covariates that would be impact selection. We then generate two other random vectors,
one for the multiplicative coefficients for each selected covariate, and another to define
a power for each term in the sum. Ultimately, the probability of selection is taken as
the sigmoid of this randomly generated polynomial.

In the ranking experiment with IHDP, 10 candidates were generated with a sample
size ranging from 300 to 500. The host sample size was equal to 400. The experiment
was across 20 seeds. We kept a minimum of 50 subjects in each treatment group. The
hold out test dataset had a sample size of 2000. For the linear model, X, T"and X x T
were included. For the Gaussian Process model, a maximum of 1000 iterations was set.
In CBF, both the predictive and conditional models were used with a maximum depth
of 250, and a shrinkage av = 0.95.

In the ranking experiment with Lalonde, 15 candidates were generated with a
sample size ranging from 200 to 400. The host sample size was equal to 600. The
experiment was across 20 seeds. We kept a minimum of 50 subjects in each treatment
group. The hold out test dataset had a sample size of 2000. For the linear model, X,
T and X x T were included. For the Gaussian Process model, a maximum of 1000
iterations was set. In CBF, both the predictive and conditional models were used with
a maximum depth of 200, and a shrinkage o = 0.9.

Datasets We describe the two datasets used in our experiments, with high-level
summary given in Table 3.C.1.

Table 3.C.1: Description of the datasets: Lalonde [130] and IHDP [144].

ihdp lalonde

Number of samples 747 16,177
Number of features 24 8




The Infant Health and Development Program, or IHDP is a randomized
controlled study designed to assess how home visits by specialist doctors impact the
cognitive test scores of premature infants. Initially, the dataset serves as a benchmark for
evaluating treatment effect estimation algorithms, as described in [98]. This evaluation
introduces selection bias by excluding non-random subsets of treated individuals to
construct an observational dataset, with outcomes derived from the original covariates
and treatments.

The Lalonde originates from the National Supported Work Demonstration used by
Dehejia and Wahba [58] to evaluate propensity score matching methods. The data
consists of demographic variables (age, race, academic background, and previous real
earnings), as well as a treatment indicator. The outcome is the real earnings in the
year 1978.

Compute times Approximate compute times for the ranking experiment on causal
benchmark datasets are given in Table 3.C.2. Experiments were performed on an Apple
M3 chip with a 12-core CPU and 18 GB of RAM.

Table 3.C.2: Approximate compute times.

ihdp lalonde

Polynomial < 1 min < 1 min
Causal GP 3 mins 3 mins
BART 14 mins 9 mins

3.D Further experimental results

For completeness, we include the performance of all baselines on the IHDP dataset in
Table 3.D.1 and the Lalonde in Table 3.D.2.



Average Site Runtime By Number of Parties (Linear)
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(a) In this we repeat the multi-party com-
putation experiments from subsection 3.5.3
varying the number of sites. Each site is
treated as a separate party in the multi-party
computation and the average runtime per site
is reported. Runtime recorded on an M3
macbook. Averaged over 5 runs.

Run Time as Candidate Site Size Varies (BCF)
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(b) Runtime of Bayesian Causal Forest as the
candidate sample size increases. We run the
algorithm for the task of selecting between 5
sites with average size 500, 5000, and 10,000.

Table 3.D.1: THDP dataset ranking experiment results with 10 candidate datasets

Model Objective p(1) p@1 (1) p@3 (1) p@5 (1)
EIG(;C'DO 0.70+0.08 050+0.15 0.70+0.04 0.784+0.04
EIGop, 0.68+0.06 0.50+0.15 0.70+0.06 0.76 +0.04
Polynomial PropScore Error 0.40 +£0.11  0.404+0.15 0.60£0.15 0.66 £ 0.04
Sample Size 0.34+0.08 0.104+0.08 0.274+0.04 0.50 +0.06
CovDist 0.03£0.07 0.10£0.08 0.234+0.06 0.48+0.04
EIG#(x4) D0 049+ 0.06 050+0.15 0.50+0.08 0.62+0.06
EIGg¢p, 0.33+£0.06 0.30+£0.15 0.434+0.05 0.60+0.04
Causal GP Sample Size 0.31+0.12 0.10£0.20 0.204+0.07 0.46 £0.05
PropScore Error  0.21+£0.09 0.10£0.20 0.30+0.07 0.43+0.05
CovDist 0.03+0.06 0.104+0.20 0.1604+0.04 0.46 + 0.05
EIG(;C'DO 0.54+0.10 0.60+0.15 0.63+0.08 0.70+0.04
EIGop, 0.36 +0.10 0.304+0.14 0.50+0.07 0.66 + 0.05
Bayesian CF PropScore Error 0.4540.11 0.60+0.14 0.634+0.08 0.7040.04
Sample Size 0.16 +0.09 0.204+0.11 0.26+0.06 0.52+ 0.05
CovDist 0.07£0.09 0.00£0.00 0.26=+0.06a 0.46 £ 0.05

3.E Related work:

further details

On Causal Federated Learning Federated learning is a distributed machine
learning approach that enables multiple parties to collaboratively train a shared model
while keeping their raw data decentralised and private. Various federated learning
approaches have been proposed, including federated stochastic gradient descent [193],



Table 3.D.2: Lalonde dataset ranking experiment results with 15 candidate datasets

Model Objective p(1) p@1 (1) p@3 (1) p@5 (1)
ElGo, 0.47+0.05 040+0.11 0.60+0.05 0.79+0.04
EIGyp, 0.434+0.05 0354+0.13 0.484+0.04 0.53+0.03
Polynomial =~ PropScore Error 0.194+0.10 0.20+0.17 0.32+0.06 0.49 4+ 0.05
Sample Size 0.24+0.10 0.254+0.08 0.38+0.08 0.58 £ 0.06
CovDist 0.20+0.04 0.254+0.07 0.38+£0.06 0.48+0.07
EIG#(x4)p0 0.42+0.07 05+012 0.554+0.05 0.72+0.03
EIG¢p, 041+0.04 04+0.1 0.43+0.04 0.584+0.07
Causal GP PropScore Error  0.19+0.05 0.21+0.15 0.32+0.06 0.43+0.07
Sample Size 0.13+0.07 0.154+0.08 0.31£0.09 0.53+0.06
CovDist 0.22+0.04 0.254+0.07 0.36£0.08 0.48+0.04
ElGo, 0.44+0.05 045+0.08 0.55+0.05 0.78+0.04
EIGyp, 0.39+0.05 045+0.06 043+0.04 0.524+0.03
Bayesian CF  PropScore Error  0.224+0.06 0.2+£0.07 0.3240.06 0.47 £0.07
Sample Size 0.18£0.07 0.2+£0.06 0.354£0.09 0.41+£0.06
CovDist 0.34 +£0.03 0.3+ 0.07 0.42+0.08 0.61+0.04

federated averaging [148], and more recently, methods for joint learning of deep neural
network models [186, 215]. However, these algorithms do not inherently support causal
inference, as the dissimilar distributions across different data sources may lead to biased
causal effect estimation. To date, limited research has been conducted on the federated
estimation of causal effects, highlighting the need for further exploration in this area.
Due to the scope of our work, in the following paragraphs, we will focus on presenting
Federated Learning methods for CATE estimation, where covariate distribution and
treatment allocation are not assumed to be identical across datasets.

Several methods propose disentangling the loss function to facilitate federated learning.
Vo et al. [212] propose CausalRFF, an adaptive kernel approach for causal inference
that utilises Random Fourier Features to partition the loss function into multiple
components, with each component corresponding to a specific data source. However,
CausalRFF approach lacks strong privacy guarantees to prevent data recovery, and
modelling complex non-linear relationships remains challenging [6]. Liu et al. [140]
introduce a Bayesian method where parameters refer to a local disentangled loss and
are updated cross-silo using server aggregation. Similarly, Vo et al. [213] divide the loss
function into site-specific functions, and specify a variational posterior distribution for
cach local loss. Instead of tackling the loss function, Almodévar et al. [6]) introduce a
method based on disentanglement of latent factors into instrumental, confounding, and
risk factors, which are then used for treatment effect estimation. They apply federated
averaging on a neural network-based generative causal inference model. Ultimately,



FedCov [203] is a parametric method for federated adjustment of covariate distributions
between sites, where sample weights are derived from a propensity-like model. In all
the aforementioned methods, the accuracy of causal estimation is reduced due to the
constraints of federated learning. Conversely, our approach does not alter the causal
estimation step, thereby maintaining optimal estimation accuracy. The framework we
propose focuses on federated learning of the Expected Information Gain that would be
obtained by merging with a dataset. While some Federated Causal Learning methods
(212, 213] provide uncertainty bounds, which could potentially be used to decide which
dataset to merge with by comparing the uncertainty in these bounds, the provided
bounds apply to the federated estimate and not the causal estimate potentially obtained
after merging. Ultimately, none of these methods provide strong privacy guarantees,
such as differential privacy (DP), which would ensure that raw data cannot be recovered
from the model parametrisation or summary statistics. Moreover, all these methods
use the outcome values for training their federated model, and outcome values tend to
be more sensitive in nature.

On Causal Differential Privacy Contrasting with previous approaches, Niu et al.
[159] introduce a meta-algorithm that adds differential privacy (DP) guarantees
to various popular CATE estimation frameworks, addressing the privacy concerns
mentioned earlier. However, their method relies on multiple sample splitting, where
separate subsets of the data are used for estimating the propensity score and the
joint response model. This approach allows for parallel composition, a property of
differential privacy. In contrast, our work prioritises data efficiency, and aims to utilise
the entire dataset for CATE estimation without the need for sample splitting.

On Bayesian Experimental Design Bayesian Active Learning by Disagreement
(BALD) [102] is a method designed to strategically acquire training data by focusing
on regions of high uncertainty. BALD introduces an acquisition function rooted in
information theory, which guides the data acquisition process. When reducing entropy
towards all parameters in subsection 3.3.1, we introduce a new setting for BALD
where dataset are considered as data points. In the CausalBALD [108] approach, the
acquisition function is altered to specifically target areas where the distributions of
different treatment groups overlap, thereby maximizing sample efficiency for learning
personalised treatment effects. CausalBALD is also made for the acquisition of
individual data points. However, contrarily to BALD, CausalBALD’s acquisition
function cannot provide a scalar measure if we compute it for a dataset (i.e. a
matrix {x;,¢;}1¢,) instead of data points (i.e. a vector x;,t; for a given i). To apply
CausalBALD in our setting, one would need to approximate the higher-order interaction
terms between all combinations of data points within each dataset, thus making the
computation intractable.
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Abstract

In this paper we look at popular fairness methods that use causal counterfactuals.
These methods capture the intuitive notion that a prediction is fair if it coincides with
the prediction that would have been made if someone’s race, gender or religion were
counterfactually different. In order to achieve this, we must have causal models that
are able to capture what someone would be like if we were to counterfactually change
these traits. However, we argue that any model that can do this must lie outside the
particularly well behaved class that is commonly considered in the fairness literature.
This is because in fairness settings, models in this class entail a particularly strong
causal assumption, normally only seen in a randomised controlled trial. We argue
that in general this is unlikely to hold. Furthermore, we show in many cases it can be
explicitly rejected due to the fact that samples are selected from a wider population.
We show this creates difficulties for counterfactual fairness as well as for the application
of more general causal fairness methods.



4.1 Introduction

Recently there has been a large body of work on the problem of fair machine learning.
This has stemmed from concerns that training data often contains human and societal
biases that can be replicated by machine learning models, causing unfair treatment to
certain groups on the basis of protected attributes such as race, gender and disabilities.
This has given rise to a large variety of statistical fairness definitions such as demographic
parity [79], equality of opportunity [93], fairness through awareness [64] and many
more [208]. Following this there have been many different approaches to achieve these
definitions, such as variational inference [143], adversarial learning [228] and optimal
transport [43].

Following results showing many statistical fairness definitions are mutually incompatible
[120, 167], and so can not be simultaneously satisfied apart from in trivial scenarios,
new definitions were proposed based on causality [117, 229, 128, 158, 41]. This work
argues that causal definitions using interventions and counterfactuals capture a more
intuitive and correct understanding of what it means for an algorithm to be fair, and
that only by understanding the causal relationships in our data can we hope to satisfy
fairness [42, 142].

In this paper we focus on the most popular causal fairness definitions, which use causal
counterfactuals [128, 158, 41]. Causal counterfactuals aim to answer questions of the
form “what would have happened to Y had X been different, given we hold anything
that doesn’t depend on X constant?”. In fairness settings the counterfactuals are based
on what would have happened had the value of a sensitive attribute been different,
given we hold all other background conditions constant. Counterfactual Fairness [128]
says our predictions are fair for an individual if they align with those in a counterfactual
world in which their sensitive attribute had been different. For example, a prediction
of the probability that a woman defaults on her loan is fair if it coincides with the
prediction they would receive if they had they been counterfactually born a man, given
everything else is held constant.

To achieve this requires a causal model to be fitted to data. This model allows us to
compute approximate counterfactuals which our model is fair in relation to. Therefore,
it is critically important that the class of causal models we search over contains at
least one model with the correct counterfactuals. The most common class in causal
literature is the class of models with independent noise. Informally, this assumes that
our factual data and the counterfactuals can be described by a set of deterministic
equations with the addition of random noise that is not correlated with anything else.

In this paper we challenge this in a fairness context. Our argument rests on the fact
that if you assume this, the approximate counterfactuals generated by these models
have properties you would only expect to see in a randomised controlled trial, and
so seem implausible. Moreover, data in fairness problems is usually selected in some



way. So, we show that if an independent model could fit the general population the
faithfulness assumption inherent to graphical models suggests that none could fit the
selected population. Hence, the noise variables effectively must be dependent.

We argue this creates problems for achieving counterfactual fairness and for causal
fairness more generally. This is because correctly fitting models with dependent noise is
considerably more challenging as we do not know the correct nature of the dependency
and cannot tell without more data. It also means that the modelling assumptions
required for many methods from the field of causality do not hold. We give an explicit
example of this in the case of path-specifc fairness.

4.1.1 Paper Outline

In Section 4.3 we introduce the ignorabillity assumption which is key to our argument.
We discuss it’s relevance to a randomised controlled trial, how it arises from common
modelling assumptions in the fairness literature and why it is unlikely to hold in
practice. Following this in Section 4.4 we lay out an explicit causal argument against
ignorability. This leads to conditions for when we can assume an independent noise
model and a constraint which can show no independent noise model fits. Finally in
Section 4.5 we discuss the difficulties this raises for causal fairness.

4.2 Preliminaries

4.2.1 Notation and Definitions
4.2.1.1 Causal Definitions

Following Pearl [162] and Peters et al. [164] a Structural Causal Model (SCM) M =
(U,V,F,P(U)) consists of:

o U, a set of noise variables or latent background variables; these are factors not
caused by any variable in the set V' of observable variables.

o F, a set of structural equations {fi,..., fn.}, one for each V; € V such that
Vi = fj(pa;,U;), pa; € V\{V;} and U; C U where pa; is notation for the
parents of V;. This notation comes from the fact that the model gives rise to a
causal graph which we assume to be a DAG.

o A probability distribution P(U) over the latent variables U.

We may model the distribution of a set Z following an intervention on a subset of the
other variables W C V' \ Z, by replacing the structural equation for each W; € W by
the fixed value W; = w;. We use the potential outcome notation, so Z(w) is a random
variable that has distribution of Z after we have intervened to set W = w. Further
the SCM allows for the computation of structural counterfactuals. That is, for an



individual with background variables U = u, the structural counterfactual for Z given
W = w is denoted by Z(w,u) and is the unique solution for Z given U = u and by
replacing the equations for W with the fixed value W = w. We often omit the u when
it is clear from context and just write Z(w).

Given our probability distribution, P(u), we can infer the distributions over our
structural counterfactuals given evidence. That is, we can compute P(Z(w) = z |
E = e) by finding the posterior distribution for U given E = e, substituting W = w
in our equations, and then using our posterior distribution P(U | E = e) to give
the probability in question. The evidence, E, could be something counterfactual; for
example, we might have observed Z = 2/, /W = w' and then want to compute the
probability that Z = 2z in a counterfactual world in which W is fixed to the value w.

We refer to these as structural counterfactuals in order to emphasise that they are
counterfactuals from a structural causal model. This does not mean they are truly
counterfactuals and generally we can only give them this interpretation when the causal
model is suitably motivated by our beliefs about the true state of the world. Whenever
we make the assumption that there is a true causal model that generates our data we
will denote it by M*. Whenever a true causal model M* is assumed, we will use V*(a)
to denote the counterfactual of V according to this causal model.

The key focus of this paper is whether or not it is valid to assume that the noise variables,
U, are jointly independent in fairness settings. This assumption is commonplace in the
wider causal literature [164] and many key results rely on it, the most obvious being
that d-separation implies conditional independence.

4.2.1.2 Counterfactual Fairness

Now we introduce counterfactual fairness [128]. First in the general fairness setup
we suppose we have access to a dataset A = {a", 2™, y"}ﬁle of individuals where a”
indicates the sensitive attributes, 2™ is a list of covariates and y” is some outcome of
interest we wish to predict. We want to form a predictor Y which is not discriminatory
on the basis of our sensitive attributes, this is known as being fair’. In order to do this
we need some definition of fairness. For counterfactual fairness we assume that there is
some true causal model of the world M* and that relative to this model a predictor Y
is counterfactually fair if for all contexts X = x, A = a we have

P(?(a):y\X:x,A:a):P(?(a’):y\X:x,A:a) (4.1)

for all values y and a’.

In order to achieve counterfactual fairness, we fit some causal model M aiming to
approximate M*. We then either use noise variables arising from M and covariates
that are not causally dependent on A as inputs to }7, or use M to generate structural
counterfactuals and use regularisation to enforce that the predictor outputs the same



value on the potential outcomes as in their observed values [185]. Kusner et al. [128§]
emphasise that the causal model M we fit must be suitably causally motivated for us
to expect any predictor formed in this way to be counterfactually fair, relative to the
true causal model M*. Therefore we would hope there exists some causal model in
the space we search over that has the correct counterfactuals. That is, the structural
counterfactuals align with these ‘true counterfactuals’ from M*.

4.2.2 Introducing the Law School Example

We use one of the main examples from Kusner et al. [128]

throughout to explain our ideas. They aim to form a predictor

for US law school admissions, which should be fair with

respect to the sensitive attributes race and sex. To train the @

predictor we have data from people who previously attended '
law school. We have their college GPA and LSAT scores, ‘

as well as their sensitive attributes race and sex. From here @

we aim to impute their first year average grade (FYA). We

would then use this to predict if a new applicant would

succeed at law school and so if they should be admitted or Figure 4.2.1: A causal
not. Kusner et al. [128] assume the observed variables follow DAG for the Law School
the causal DAG in Figure 4.2.1; whilst they use different example

causal models to estimate the noise variables, this structure

over the observed variables remains constant.

4.2.3 Ancestral Closure of the Sensitive Attributes

When drawing these causal graphs to describe our data, a common assumption is that
the set of sensitive attributes is ancestrally closed. By this we mean it has no observable
cause or unobserved cause that is shared with another variable. This makes sense in
many scenarios; for example, nothing could be said to cause someone’s gender or many
disabilities. In the case of counterfactual fairness ancestral closure is mentioned as an
explicit requirement on the set of sensitive attributes [128]. This is because otherwise
we could discriminate on the basis of things that cause our sensitive attribute. Kusner
et al. [128] give the example that we could discriminate on the basis of mother’s race if
only race was sensitive and we did not enforce ancestral closure. Therefore given the
fact that ancestral closure can be seen as a requirement and is also assumed in most
DAGs we can find in the literature [128, 185, 118, 158, 41], we make this assumption
throughout.



Ancestral closure Ignorability in

+ : Structural Counterfactuals

Independent Noise (X(a) L A, Va e A)

4.3 Ignorability

As stated, our main focus will be on whether it is reasonable to assume that the noise
variables, U, are mutually independent in fairness settings. The difficulty comes from
the fact that independent noise and ancestral closure together imply that our structural
counterfactuals satisfy ignorability'. This assumption is more commonly seen in the
context of randomised controlled trials and it is as follows:

X(a) L A, Va € A. (4.2)
This implies that for all a, a’:

(X [{A=a}) £ (X(a) | {A=a}) £ (X(a) [ {A=d}). (4.3)

Imagined in a randomised control trial where A is now our treatment and X is the
measured covariates, this says if we want to know how the untreated group would look
had we counterfactually given them the treatment then we only need to look at what
happened in the treated group. That is, due to the randomisation of the treatment,
those individuals in the untreated group would (on average) look like individuals in
treated group, had we counterfactually chosen to treat them instead. This is what
allows us to estimate the effect of a treatment in a randomised controlled trial by the
difference in means between the treated and untreated groups. Ignorability is therefore
a very strong assumption in general, the fact that know we it is satisfied in randomised
controlled trials is what makes them the ‘gold standard’ of causal inference.

In fairness settings where there is no such motivation from randomisation of ‘treatment’,
ignorability seems like a much stronger assumption. In the context of the law school
example with counterfactuals relating to sex, this would mean if the group of males
that applied were counterfactually born female, they would look like the group of
applying females.

This implies that for every male that applied, if they had counterfactually been born
female then they would have attended college to get a GPA, taken the LSAT, and that
their GPA and LSAT grades would be indistinguishable from the grades attained in
the real world by the women who applied to law school.

It seems natural to be concerned that this will not hold. We might feel our society
unfairly pushes women away from considering a career in law, and so believe if some men

TAlso known as exchangeability.



who applied for law school had been born female instead they would have been deterred
from taking the LSAT, for example. If we imagined the same scenario in the 1950s,
when there was poor access to higher education for many women, we would almost
certainly expect that most men who attend college would not have attended college
if they had been born female and therefore would not have a GPA. If our structural
counterfactuals are not at all similar to what we would expect a true counterfactual to
be like in this extreme case, it is hard to see how can we have confidence that they
resemble true counterfactuals when applied to other fairness scenarios.

Furthermore, we can imagine scenarios when treating counterfactuals like this could
be intuitively very unfair. As an example, again we look at law school admissions,
but now our sensitive attribute A is the presence of a particular disability with severe
adverse effects; for instance, it might mean that, on average, sufferers can only work
or study for half the amount of time per day than someone who does not have this
disability. If an individual were able to attend college to get a GPA, take the LSAT,
and perform well enough in both of these to apply to law school despite having this
disability, it is reasonable to assume that they are an exceptional candidate and would
have performed exceptionally well relative to all candidates had they been born without
any disability. However, their structural counterfactuals formed as above would look
like an average applicant born without the disability. Therefore a predictor which is
counterfactually fair relative to these structural counterfactuals would simply treat
this candidate as an average applicant without the disability. This does not capture
an intuitive notion of fairness in this scenario. Further it does not align with what we
imagine counterfactual fairness as doing. The structural counterfactuals are failing to
correcting for the difficulties of having this sensitive attribute, which is one of the main
appeals and claims of counterfactual fairness.

We note that almost all models we found in the literature on fairness using causal
counterfactuals assumes a causal model that is both ancestrally closed and has inde-
pendent noise variables, either explicitly [128, 185, 118] or implicitly for identification
results [158, 41]. We now give more detailed analysis of when this may seem to be a
reasonable or unreasonable assumption.

4.4 Selection

4.4.1 Theoretical Results

In order to formalise the issues raised in the previous section we cast it as a problem due
to selection from a wider population. Key to our analysis is that in this population we
are comfortable with the assumption that the ‘true’ counterfactuals satisfy ignorability.
Therefore we focus our analysis on birth sex and take the wider population to be the
general population of, for example, a country. Now ignorability does not seem such
a strong assumption as birth sex is random and there is no selection whatsoever, so



we can loosely imagine this as a large randomised trial?. This allows us to make the
following assumption about the nature of the data generating process:

Assumption 4. There is some true causal model M* that generates our covariates,
X, for the entire population. In M™* the noise variables are independent and in the
causal DAG following from M* the sensitive attribute set is ancestrally closed. Further,
we allow the domain of X to be expanded so that we write X; = 0 if an individual does
not possess the jth covariate.

We denote the structural counterfactuals arising from M* by X*(a) and call these the
true counterfactuals. Due to the form of M* the counterfactuals will satisfy X*(a) L A;
however as we stated, this is a more comfortable assumption in the general population.
It is important to note we do not consider race here, as the assumption of ignorability
or behaving like a randomised control trial seems much more unreasonable. We discuss
this further in Appendix 4.A. However it should be said that if whenever it is assumed
that an SCM with independent noise in which race is ancestrally closed can fit the

counterfactuals we make the same assumption of ignorability and this is still unlikely
to hold.

Continuing with the example of the law school predictor our covariates X are GPA and
LSAT and we use GPA = () to indicate when an individual in the general population
has not completed college and so lacks a GPA. As above we focus our analysis on birth
sex, and assume A can only take two values a, a’; we do this because it is consistent
with the measurements used in many of the datasets we will look at.

We use a binary variable S to indicate if an individual lies in the dataset we have
access to. For example, in the law school example S = 1 if an individual applied to
law school. Now to try to achieve counterfactual fairness with our dataset we would
be fitting a causal model M on those with S = 1. As discussed in Section 4.3 many
models in the causal fairness literature fall into the following class:

Definition 16. Let Mg_; be the set of causal models that fit the data, in which all
noise variables are jointly independent and further, give rise to a DAG in which the set
of sensitive attributes is ancestrally closed.

The question is: when does there exist a model M € Mg_; such that the structural
counterfactuals of M align with the true counterfactuals from M*? The following
gives a characterisation of this:

Proposition 21. There exists an M € Mg_; such that the structural counterfactuals
from M align with the true counterfactuals from M* if and only if we have:

X*a) LA|S=1,Vae A (4.4)

2We note that even still this is an approximation and at most there would be near ignorability. We
take this assumption exactly simply to allow us to make some formal analysis. However rejecting this
assumption in general supports our argument as it shows in no population should a practitioner be
happy with ignorability.




That is, if we satisfy ignorability under selection. Furthermore, we can state this in
terms of a constraint on selection which resembles a scaled version of counterfactual
fairness:

Proposition 22. We have ignorability under selection if and only if selection satisfies
the following:

P(S(a)=1|X=x,A=a) PS(d)=1|X=2A=a)
P(S=1|A=a) B P(S=1|A=da)

for all a,a’ and x such that P(X =z | A=a) > 0.

Therefore if either of these conditions are violated we should not expect any model in this
class to capture the correct counterfactuals. This is clearly a problem if the justification
of our causal fairness method relies on it being able to—in principal—capture the
correct counterfactuals.

4.4.2 When will Ignorability Under Selection Hold?

We now look further at when we can expect ignorability under selection to hold and
therefore when we can fit or assume a model in Mg_;. In order to do so we first
introduce the definition of faithfulness:

Definition 17. A distribution P(V') is faithful with respect to some graph G if whenever
we have A L B | C for sets of variables A, B, C then A is d-separated from B by C in
G. That is any conditional independences are implied by d-separation.

Faithfulness is the converse to the statement that d-separation implies conditional
independence and is commonplace in the causal inference literature. A violation of
faithfulness entails an exact balancing out of causal effects so that they leave no
probabilistic trace and the assumption is often justified by arguing that this is unlikely
to occur in practice. Moreover, there are theoretical results showing that for certain
families of distributions such as discrete or Gaussian, violations will occur on a set of
measure zero with respect to any continuous measures over parameters [149]. However
many argue that this should not be taken as a blanket assumption and that sometimes
particular causal effects can occur precisely to balance out other ones, such as in for
example biological systems or policy decisions [101, 8|.

Faithfulness is relevant in as if we consider the very general graphical model in Figure
4.4.1 to describe our scenario we can see by conditioning on S we open up the paths
A— X + X*(a) and A — S < X < X*(a). Therefore if these paths are present and
faithfulness holds we will have X*(a) £ A| S =1 and so the counterfactuals cannot
be captured by a model in Mig_;3. Therefore if it is assumed that the underlying data

3Technically we are referring to faithfulness in a twin network which does not hold in general due
to the deterministic relations implied by consistency. This is discussed more in [196]. However as we
discuss in appendix 4.D this does not create an issue for this graph.



generating mechanism follows a model in Mg_;, either for particular properties of
causal DAGs or to approximate counterfactuals, justification should be given for one
of the following, ordered by the strength of the assumption:

1. There is no selection from the general population; a census would satisfy this
condition, for example.

2. There is selection from the general population, but we are without a direct path
from either A or X*(a) to S. This could be the case if we randomly sample
individuals from the general population.

3. The selection is such that a direct paths from A and X*(a) to S are present.
However, this dependence occurs in such a way as to violate faithfulness. In
practice it is hard to see how to make a clear argument for this in fairness contexts
as it would amount to saying that selection occurs in some suitable ‘fair’ way
given by Proposition 22.

Now applying this to the running example of law school

prediction we can see the law school applicants are a subset @
of the general population, so we violate 1. Further this ’
selection is not random, and in general the likelihood of

application would depend on GPA and LSAT so we also

violate 2. Therefore in order to suppose a model in Mg_;

that can fit the counterfactuals we have to make an argument

for 3, but there is no obvious reason to suggest the data

distribution would violate faithfulness. Therefore, there is no Figure 4.4.1: A causal
reason to believe structural counterfactuals from any model DAG for selection

in Mg—; could capture the counterfactuals. Thus, by using

these steps we have given a clear causal argument supporting

the concerns we raised about the counterfactuals for the law school example in Section
4.3.

These steps can be applied to any dataset and if we plan on fitting a model in Mig_;,
justification for at least one of these points should be given. Unfortunately, in many
fairness settings it is hard to imagine being able to argue for any of these, and so
we run into the difficulties discussed at the end of the previous section. That is, we
cannot generate both our dataset and the counterfactuals by models usually assumed
in causal inference. Further, fitting any model to approximate the counterfactuals
becomes significantly harder in practice.

4.4.3 Explicit Violation in certain cases

The scaled counterfactual fairness condition leads to a constraint that can be tested
on a dataset to explicitly verify that no model in Mg_; can correctly capture the
counterfactuals. It is worth noting that if this constraint is not clearly violated, that is



Table 4.4.1: Constraint for popular causal fairness datasets

Does there exist an x such that Adult Law school German Credit

P(S=1|X =z, A=Female) > 0.475 0.753 0.421

not good evidence that a model in Mg_; does fit the counterfactuals, and instead the
list of conditions for ignorability under selection in Section 4.4.2 should be referred to.
The aim is instead to show beyond doubt that no such model fits. The constraint is as
follows:

Corollary 23. If there exist x,a,a’ such that P(X = x| A=a) > 0 with

P(A=a|S=1)PA=d)

PE=1IX =0 Ad=0)> 5o s 1 pa—a)

then there exists no model in Mig—, that has the correct counterfactuals.
Note this places no restriction on the form of M* apart from Assumption 4.

We now apply this method to some datasets used in the causal fairness literature with
sex as our sensitive attribute. The results are shown in Table 4.4.1. The bound is
computed using census data to estimate the probability of individuals having a given
sex in the general population.

We use the Adult dataset as an example to demonstrate the usefulness of this result;
the observations in this dataset are taken from census data with certain deterministic
constraints on the covariates. For example, the total number of hours worked has to
be positive and the yearly earnings must be more than 100 dollars. Anyone satisfying
these who is part of the census is guaranteed to get selected, and so for women with z
satisfying this P(S = 1| X =z, A = Female) = 1 > 0.477. Therefore this violates the
constraint and so there is no causal model in Mg_; that can accurately capture the true
counterfactuals, regardless of the true causal model M* that describes the world. A
similar argument to the above can be applied whenever there is a deterministic rule for
selection from the general population. Namely if P(S=1|A=a) < P(S=1|A=4d)
and we can find a set of values for the covariates X = z such that P(S =1 | X =
xr,A = a) =1, then the constraint is violated.

4.5 Challenges for Causal Fairness

In this section we discuss the challenges created when no model in Mig_; fits. We first
look at the issues this causes to the general application of causal fairness methods and
then to specific difficulties this creates for counterfactual fairness and path-specific
counterfactual fairness.



4.5.1 Difficulties when no model in Mg_; fits

If no model in Mg_; fits this does not mean that there exists no causal model which
captures the true counterfactuals. However it does mean that in any correct causal
model, the distribution of the noise variables will depend on A. This creates the
following two challenges for the application of causal fairness methods.

Firstly the models that lie outside of Mig—; are not well behaved enough to guarantee
many properties and identification results that are normally assumed in causal inference.
The most obvious is that d-separation in the graph will not generally imply a conditional
independence in the distribution. This is a problem as many key results in causality rely
on d-separation, for example identification results, the do-calculus, and the adjustment
criteria. Therefore if we find no model in Mg_; fits we should be cautious about
applying results from the wider causal inference literature in fairness problems without
clearly justifying that we still satisfy the required assumptions.

Secondly this makes the identification of counterfactuals strictly harder as we lose any
way to connect them to real world observed variables. Under the assumption that some
model in Mig—; fits we could identify the distribution of the group level counterfactuals
without knowing the true model. That is, we know P(X*(a) | A=d/,S=1) = P(X |
A =a,S =1) using the assumption of ignorability under selection. Therefore we only
need a way to find P(X*(a) | A=a,X =2',5 = 1) in order to satisfy individual level
counterfactual fairness. However if no model in Mig_; fits we are now in a strictly
more challenging setting, where we cannot even identify the distribution of the group
level counterfactuals. This is because the noise variables in our model are dependent
on our sensitive attribute and the structure of the dependency is not clear without
further assumptions or data. In the selection context this corresponds to the fact the
distribution of those noise variable in the whole population is not identifiable from the
data [18].

This creates problems for fairness based on causal counterfactuals as we now need to
introduce some dependencies between the sensitive attributes and any noise variables
we include in our model. However this cannot be done arbitrarily as it is unclear how a
particular dependency would affect the accuracy of your counterfactuals and therefore
the fairness of the model. Thus, making any arbitrary changes to the model without
any clear idea of its affect on the fairness would be high contentious. Furthermore
making principled changes would require more assumptions, data or both.

4.5.2 Do Structural Counterfactuals from models in Mig_; have
a causal interpretation?
We now ask, can we give the structural counterfactuals from a model in Mg_; a

separate causal interpretation? Maybe as some other kind of counterfactual? We
will argue not, and look at two possible interpretations. In the first the structural



counterfactuals represent the counterfactual given that in the world where an individual
is born with a different attribute they would have made it into the selected set. In
the second it captures how an individual would appear at the time of selection if they
counterfactually had a different sensitive attribute.

The first is in general difficult as we cannot identify who, if anyone, would have been
selected in the real world and the counterfactual one in which they were born with a
different sensitive attribute. This is related to work on causal inference in the presence
of competing effects. Stensrud et al. [202] explain competing events using the example
of a 3 year medical trial and note that people in both the treatment and control group
may die of other related effects before the trial is completed. As a result it is hard
to come up with an appropriate counterfactual contrast for treatment effects as we
cannot pinpoint who, if anyone, would have survived if they were in both the treatment
and the control arm. Therefore the identification and definition of any counterfactual
contrasts relies on strong untestable assumptions about a group of people who survive
in both arms. In the same way it is hard to come up with the correct counterfactual
contrast for fairness here as we cannot tell who, if anyone, would have made it to our
selected set regardless of the value of their sensitive attribute at birth. This makes it
challenging to take this interpretation and further to asses if we have achieved it.

In the second case, if we are trying to look at how an individual would appear if at
the time of selection they had had a different sensitive attribute. The difficulty here
is whether this is what we are aiming for: why should we propagate a causal effect
through covariates that occur pre-selection? Again using the law school example, we
could imagine saying we want our counterfactually fair predictor to align with the one
in which an individual had a different sex in the moment of application. This seems
to align with the intuition our predictor is fair if a female applicant will get in if the
same applicant would be accepted if they were male. However if this is our aim, then it
makes little sense to propagate causal effects through GPA and LSAT, as these occur
before application. Instead the correct counterfactual would be obtained by simply
flipping the value of our sensitive attribute, as Wachter et al. [214] advocate for.

Therefore we argue that if ignorability is violated in our dataset violated then it is hard
to believe that the structural counterfactuals from any model in Mg_; can be given a
correct causal interpretation. This violation could either be due to a general rejection
of ignorability (as in the case of race) or via the selection arguments in Section 4.4.

4.5.3 Counterfactual Fairness and Demographic Parity

In this section we consider what fairness guarantees are obtained when we aim to
achieve counterfactual fairness with a model in Mig_; when none fits. In the previous
section we argue that this will give no causal guarantees. Therefore the only fairness
properties will be statistical. To this avail we provide the following:



Proposition 24. Let Y bea predictor that is counterfactually fair according to some
causal model M € Mg—1. Then'Y satisfies demographic parity on the data it fits. That
isY LA|S=1.

This also leads to the following corollary which gives a more general relationship
between counterfactual fairness and demographic parity when we make Assumption 4.
Corollary 25. Let F be the set of predictors, possibly with random noise, which are
counterfactually fair according to the true model M* under Assumption 4. Then we
have that all Y € F will satisfy demographic parity if and only if we have ignorability
under selection.

In other words, if we do not have the conditions for ignorability under selection then
truly counterfactually fair predictors need not necessarily satisfy demographic parity.

Therefore we argue that in many fairness settings, applying a model from Mg_; with
the hope of achieving counterfactual fairness will only give us demographic parity, with
no extra causal interpretation.

4.5.4 Path Specific Fairness

Recently, new causal fairness variants have been proposed that rely on the use of
path specific effects [158, 41]. These involve labelling pathways from our sensitive
attribute to outcome of interest as fair or unfair, and controlling for the effect along
the unfair pathways in our predictor. We give a brief example of these methods using
the classic UC Berkeley Gender discrimination case. In this dataset we find that there
is a correlation between acceptance rate to Berkeley and Gender, which seems unfair.
However after stratifying by department this correlation disappears. Therefore the
argument is the original correlation is due to the fact that the women who apply, apply
for more competitive departments.

In Chiappa and Isaac [42] they represent this by the causal

DAG in Figure 4.5.1 with covariates gender (A), department @
(D), qualifications (@) and acceptance to Berkeley (Y). They 2

argue that gender has two potential causal effects on outcome, j’féﬂ,{-)

a direct effect and an effect through department. They

label the direct effect as unfair and the indirect effect as

fair. Now according to path specific fairness the outcome

is unfair if it takes in any causal effect in through unfair Figure 4.5.1: Causal
pathways, therefore by the same argument we have that a DAG for the Berkeley Gen-
fair predictor will only take information about the sensitive der Discrimination
attribute through fair pathways.



4.5.4.1 Identifiability of Path Specific Effects

In order to be able to apply these path specific fairness methods we need to be able to
identify the underlying path specific effects. In the Berkeley data, for example, we need
to be able to identify the distribution of Y'(D(a), a’), denoting the effect when A is set to
a along the pathway leading to D and a’ on the direct pathway to Y. In general results
for the identification of path specific effects rely on the correct causal model having
independent noise. Without this assumption we do not necessarily have identifiability
of path specific effects [194]. However if we assume an ancestrally closed sensitive
attribute set, this is just Mig—;. Therefore, the conditions in Section 4.4.2 can also
allow us to reason about when we can apply path specific fairness variants with such
DAGs. Furthermore we can apply the results in Section 4.4.3 to the experiments on
the Adult dataset in both Chiappa [41] and Nabi and Shpitser [158]. As the constraint
in Corollary 23 is violated, we do not have the necessary conditions to guarantee
identifiability of the path specific effects these experiments rely on.

4.6 Conclusion

In this paper, we have argued that more care should be taken as to what type of SCM
is assumed in order to achieve fairness through the use of structural counterfactuals.
We show that often any SCM with independent noise cannot capture the correct
counterfactuals and further that the structural counterfactuals from these models
cannot be given a clear causal interpretation. Finally we have show this creates issues
for a variety of causal fairness methods due to model fitting and an inability to apply
results from the wider causal inference literature.
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Appendix

4.A Race and Ignorability

The analysis in this paper using selection did not include race and this is because we
do not feel it correct to make the assumption of ignorability at any stage when race is
our sensitive attribute. Therefore Assumption 4 would be misguided.

This is because race is correlated with many covariates and it is unclear in general
what we are trying to counterfactually correct for. This point relates more to recent
philosophical work on counterfactual fairness [115, 104, 125] as well as work on race in
causal studies [190]. This is beyond the scope of this paper as we have raised challenges
for counterfactual fairness methods from within the causal framework, as opposed to
the work referenced which raises problems with the use of the causal framework in this
setting. However we give a brief example to highlight why we did not include race.

In America and many other Western nations, the race a child is born to is correlated
with many crucial demographic features; these include the level of education in their
family, socioeconomic status and the neighbourhood of their birth. This makes any
comparisons to randomised control trials seem far fetched as these features are likely to
affect almost all outcomes we measure in later life. Should our counterfactuals correct
for this or not? This relates to what philosophical definition one uses of race, the point
made in ‘Race as a bundle of sticks’ [190]. The perspective of a racial constructivist, the
most popular view in the social sciences, says that racial categories are not a biological
fact but they are a social reality and they are inextricably tied with historic ‘differences
in resources, opportunities, and well-being’ [227]. Therefore maybe our counterfactuals
should correct for this. However taking this point of view it is not clear how we should
interpret any counterfactual or if the causal framework fairness for race makes sense as
Kohler-Hausmann [125], Hu and Kohler-Hausmann [104] and Kasirzadeh and Smart
[115] point out.

If one instead takes an essentialist point of view (this is largely unpopular in the
social sciences but it is often implicitly assumed in causal studies) then potentially
not, but then we clearly will not satisfy ignorability as we have features that are not
caused by race at birth but are correlated with it. [128] mention possibly including
as parents’ race as a causal ancestor of race in our DAG and also having this as a

113



protected attribute. However, we again run into the same problems as parents’ race
will be correlated with the same features but one generation back. Therefore when, if
ever, would we be happy to say our data could be described by a causal graph with
ancestrally closed sensitive attribute set and independent noise variables? This tracking
of features back generations in an effort to counterfactually correct for them once again
relates more to racial constructivist perspectives, since we are struggling to separate
race as something to correct for the discriminatory effects for from the historic context
that created it.

We also note these perspectives also apply to gender and other sensitive attributes.
However as we mention at the start of the appendix we have raised challenges for
counterfactual fairness methods from within the causal framework as opposed to
potential problems with the framework.

4.B Proof of Proposition 21

Proof. First for any model in Mg—_; due to the ancestral closure and the fact U L A
we must have for all the potential outcomes X (a) that is generates:

X(a) LA, Vae A

Hence if we have for some a, X*(a) £ A|S =1 then no model in Mg_; can generate

these X*(a).

Now if we have X*(a) L A| S =1, Va € A then we construct a causal model
M € Mg_; with the correct counterfactuals by taking our U to be {X*(a), Ya € A}
and simply X = > I(A = a)X (a). This clearly generates our data for S = 1, we have
UlAas X(a) L A|S=1,Vae A Finally this causal model trivially has the same
counterfactuals as M* O

4.C Proof of Proposition 22

Proof. First we note the independence X*(a) L A|S =1 is equivalent to saying for

all a,a’ with P(S=1|A=a)>0and (S=1|A=4d)>0:
P(X*(a)=z|A=a,S=1)=P(X*(a)=x | A=d,S=1).

Applying Bayes rule gives:

P(S=1|X*(a)=2z,A=a)P(X*(a) =2 | A=a) _
P(S=1]A=qa)

P(S=1|X*a)=2,A=d)P(X*(a)=2| A=4d)
P(S=1|A=d) '




Now we use the fact that X*(a) L A in the population, so we have P(X*(a) =z | A =
a) = P(X*(a) =z | A = d); hence since we have P(X*(a) =z) = P(X =z | A =
a) > 0 we can cancel these to give:

P(S=1|X*(a)=2,A=a) P(S=1|X*a)=2,A=4d)
P(S=1|A=a) PS=1|A=d) '

All that remains to show is that:
PS=1|X*(a)=2,A=d)=P(S(d)=1|X=x,A=a).

We have:

P(S=1|X*(a)=xz,A=d) g (4.5)

P(S(@)=1]|X"(a)=2z,A=a
P(S(d)=1]|X*(a) =z,A=a)

P(S(@)=1]|X =x,A=a),

where (4.5) and (4.7) follow from the consistency property, and (4.6) follows from the
fact that S(a’) L A | X*(a). This can be read off the following ‘triplet’ network which
is Markovian under our Assumption 4.

A

I
X X*(a) X*(d)
!

S \S(;i)/v S(a’)

Hence under assumption one the required equation is equivalent to ignorability under
selection. O

4.D Faithfulness in the Twin Network

We note that when talking about the independence X*(a) L A| S =1 in the graph in
figure 4.4.1 we are actually referring to a conditional independence in the following
twin network:



A Ux
NN
X X*(a)

|

S

However a potential problem with this is that d-separation in twin-networks is not
complete. Therefore it is possible to have an open path between two vertices with no
models in the class able to give the corresponding dependence. This problem arises
due to the deterministic relationships within twin networks.

This concern is relevant as it could be possible that there is no model in the class with
X*(a) L A|S =1 despite the fact that conditioning on S opens up a path between A
and X*(a). However we can show that for this particular twin network this is not a
problem. TO do so, consider the following example of a model violating this consider
the following where all variables are binary:

A~ Ber(;) (4.8)
Ux ~ Ber(;) (4.9)
X=A® Ux (410)
S=X (4.11)

Now under this model the dependency X(a) L A|S =1 corresponds to X (a) L A |
X = 1. However given X = 1 we know X (a) =1if A =a and X(a) =0 if A = —a.
Therefore X(a) = 1(A = a) given X = 1 and so X(a) £ A| S = 1 for this model.
As this constraint is violated for one discrete model it must be violated on all but a
measure zero subset of discrete models. Therefore as one model exists in the class which
violates the independence we must have this for almost all discrete models. Therefore
giving faithfulness level guarantees.



4.E.  Proof of Corollary 23

Proof. By rearranging the requirement given in Proposition 22, we have that if X*(a) L
A | S =1 then for all z with P(X =2 | A=a) > 0:

P(S=1|A=a)
P(S=1|A=d)
P(A=a|S=1)P(A=4d)
P(A=d|S=1)PA=a)
(4.12)

PS=1|X=2,A=a)=P(S(a)=1|X=2,A=aq)

=P(S(a)=1|X=2,A=a)

_P(A=a|S=1)PA=0d)
= PA=d|S=1)PA=a)

(4.13)

where (4.12) follows from applying Bayes’ rule and (4.13) uses that a probability is
bounded above by 1. Hence if there exists an x which violates this bound we must
have X*(a) £ A ]S =1 and so by Lemma 21 no model in Mg_; captures the true
counterfactuals. O

4.F Detailing the Calculations and Datasets

In this appendix we detail all the datasets and calculations from Table 4.4.1. All
population data for this section is from the World Bank [220].

4.F.1 Adult Dataset

The Adult Dataset [124] contains data on 48 842 individuals taken from the 1994 US
census database. The dataset contains 16 attributes for each individual with an aim
to predict if an individuals income is greater than $50,000. The dataset was formed
by taking all individuals in the US census database with these 16 attributes recorded
and then removing based on certain attributes to get clean records. For example all
individuals who were logged as not working any hours were removed.

In the this dataset the gender distribution is 67% male and 33% female. The World
Bank estimates that in 1994, 49.1% of the US population were male and 50.9% were
female. Plugging this in gives:

P(A = Female | S = 1)P(A = Male)
P(A =Male | S =1)P(A = Female)
033 x 0.491

~0.67 x 0.509

= 0.475.

P(S=1|X ==z, A= Female) >




4.F.2 German Credit Dataset

The German Credit Dataset [99] describes has the financial details of 1000 bank
customers applying for a loan. The task is to predict from a list of 20 covariates if
someone is a good or bad credit risk. This dataset is from the year 1994.

In the German credit dataset the gender is 31% female and 69% male. The World
Bank estimates that in 1994, 51.5% of the German population were female and 48.4%
were male. This gives:

P(A = Female | S = 1)P(A = Male)
P(A =Male | S =1)P(A = Female)
~0.31 x 0.484

~0.69 x 0.516

= 0.421.

P(S=1|X =z, A=Female) >

4.F.3 Law School Dataset

The law Sshool dataset [219] is as described in Section 4.2.2. The dataset was collected
in 1998.

Again using World Bank estimates we have that in 1998 the US population is 49.7%
female and 50.3% male. In the law school dataset the gender distribution is 43.8%
female and 56.2% male. This gives:

P(A = Female | S = 1)P(A = Male)
P(S=1]X =2, A= Female) > P(A = Male | S = 1)P(A = Female)
~0.438 x 0.503
~0.562 x 0.497
= 0.789.

4.(G Proof of Lemma 24

Proof. As noted previously we have X (a) L A for the counterfactuals generated by
causal models satisfying the assumptions on M in this Lemma. Hence as Y is a



function of X (possibly also with some independent noise) we have Y (a) L A.

P(Y | A=d)=P(¥V(d)|A=d) (4.14)
=P(Y(d) | A=a) (4.15)
= Ep(x|a=a) ( (Y(d)| X,A= a)) (4.16)
= Ep(x|a=a) ( (Y(a) | X,A:a)) (4.17)
= P(Y(a)| A=a)
—P(Y|A=a)

Where (4.14) follows from consistency, (4.15) follows from Y (a’) L A, (4.16) uses the
law of total expectation and (4.17) uses the definition of counterfactual fairness. Hence
Y L A O

4.H Proof of Corollary 25

Proof. We take predictors to mean any function, since counterfactual fairness places
no restriction on what value the predictors take.

First if we satisfy the counterfactual outcome independence under selection then we
have by Lemma 21 that we have a model in Mg—_; with the correct counterfactuals
and Y is clearly counterfactually fair relative to this as it has the same counterfactuals
as the true model. Therefore by Lemma 24 Y is independent of A on the dataset, so
when S = 1.

Now for the converse we show that functions f counterfactually fair according to M*
will not in general satisfy f(X,A) L A|S =1 by finding a specific function which
violates this.

First as X*(a) £ A | S = 1 for some a we have some coefficient X; such that
Xi(a) £ A| S =1. Now let f; be a function such that for inputs X =z and A = o/,
fi(z,a’) will be a random draw from the true posterior for X*(a) arising from M*,

that is P(X{(a) | X =2, A =d).

Now, clearly this function will be counterfactually fair according to the true model.
However we have fi(X,A) £ A|S = 1. This is because given A = a’ a random draw
from f1(X,A) | {S =1} will be a random draw from Xj(a) | {A =d', S =1}. As we
know X (a) L A|S =1 we conclude f,(X,A) L A|S =1 and so we are done. [J
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Abstract

Fairness metrics are a core tool in the fair machine learning literature (FairML), used
to determine that ML models are, in some sense, “fair.” Real-world data, however,
are typically plagued by various measurement biases and other violated assumptions,
which can render fairness assessments meaningless. We adapt tools from causal
sensitivity analysis to the FairML context, providing a general framework which (1)
accommodates effectively any combination of fairness metric and bias that can be posed
in the “oblivious setting”; (2) allows researchers to investigate combinations of biases,
resulting in non-linear sensitivity; and (3) enables flexible encoding of domain-specific
constraints and assumptions. Employing this framework, we analyze the sensitivity
of the most common parity metrics under 3 varieties of classifier across 14 canonical
fairness datasets. Our analysis reveals the striking fragility of fairness assessments to
even minor dataset biases. We show that causal sensitivity analysis provides a powerful
and necessary toolkit for gauging the informativeness of parity metric evaluations. Our
repository is available here.


https://github.com/Jakefawkes/fragile_fair

5.1 Introduction

Fair machine learning (FairML) is a theoretical approach to studying and remediating
disparities in prediction and allocation systems based on machine learning algorithms.
A core focus of the field has been to develop, evaluate, and train models to satisfy a
number of “fairness metrics”. These metrics operationalize the social ideal of fairness as
a statistical quantification of some performance measure compared across demographic
groups. Such evaluations often play an important role in auditing ML systems [33, 170,
153] to certify whether models satisfy some tolerable level of statistical disparity.

Real-world data, however, is frequently plagued by a variety of measurement biases and
other violated assumptions which can undermine the validity of fairness metrics[16, 107].
While such biases come in many forms, in this work we focus on the following: noisy
or poorly-defined outcome measures (proxy bias) [81], the observation of samples or
outcomes from only a subset of the population (selection bias) [19, 111], or causal
impacts on outcomes through background policies within a firm’s control [50], which
we term extra-classificatory policies, or ECPs. We focus on these varieties of bias due
to their ubiquity in FairML applications, which we demonstrate through an analysis of
their prevalence and magnitude in a range of benchmark datasets (see Table 5.3.1 and
App. 5.D).

Motivated by the problems posed by such measurement biases, we offer a framework
based on graphical causal inference to operationalize assumptions about data quality
issues, alongside methods adapted from causal sensitivity analysis for statistical
quantification of their impacts on fairness evaluations. This framework enables both
ML practitioners and auditors to empirically gauge the sensitivity of parity metrics
to assumption violations for specific combinations of metrics, datasets, and use cases.
Causal inference is particularly apt for this problem, as it provides a formal language
within which to precisely identify the goals of a particular study: what is the quantity
we seek to estimate, and in which population? This accounts for the success of causal
inference in the social sciences and makes it similarly well-suited for use in the arsenal
of ML auditing tools.

We leverage recent developments in automated discrete causal inference, particularly
the autobounds framework of Duarte et al. [62], to provide a unified causal sensitivity
analysis framework for the “oblivious” setting, as laid out in Hardt et al. [93]. In
this setting, we only have access to protected attributes A, the true target labels
Y, and the predicted labels )A/, but not to covariates X. For example, in evaluating
racial discrimination in loan granting, one has access to the race attribute A, the true
repayment rate Y, and the predictions }A/, but not to input features X nor the form of
Y (X).

This lends us a straightforward procedure for performing sensitivity analyses for any
combination of measurement bias and suitably well-behaved metric that can be posed



obliviously: (i) Express the bias in terms of a causal graph—a directed acyclic graph,
henceforth DAG, (ii) choose a sensitivity parameter to control the degree of bias, (iii)
provide any additional probabilistic assumptions or relevant structural knowledge. The
problem of bounding a statistic under a given degree of bias can then be converted to
solving a given constrained optimization problem [62], which is achieved via a branch
and bound solver [22], leading to valid bounds even when a global optimum is not
reached.

We apply this framework to systematically explore the sensitivity of different metrics to
the three biases—proxy label bias, selection bias, and extra-classificatory policy bias—
for different datasets and classifiers. Our results reveal that many fairness metrics are
in fact fragile: realistic violations of core underlying assumptions can imply vacuously
wide sensitivity bounds. In other words, features of typical deployment contexts can
easily render fairness evaluations useless or uninformative.

The fragility of well-known fairness metrics to pervasive biases represents one key
empirical finding. Our second core result demonstrates the existence of tradeoffs
between the complexity and fragility of fairness metrics. The robustness of parity
notions scales inversely with their dependence on predictive outcomes and the intricacy
of this dependence function. We find demographic parity to be most robust to
measurement biases, while predictive parity metrics exhibit the most fragility to
bias. In light of known incommensurability results [120], we urge the importance of
understanding these tradeoffs and their practical implications, for both practitioners
and auditors alike.

With these experiments, we aim to demonstrate that the biases we describe are an
unavoidable aspect of the FairML problem, not a mere addendum. As such, we have
hopes that our unified sensitivity analysis framework can enable both auditors and
practitioners to understand how robust their “fairness” evaluations are to various
measurement biases by precisely articulating the quantity they wish to evaluate and
its divergence from what has been measured. Finally, we hope this work will inspire
greater emphasis going forward on the realities of real-world deployment scenarios,
such as measurement biases, and their impacts on fairness evaluations.

5.2 Related work

Proxy Label Bias Proxy Label bias is a foundational problem in FairML, endemic
within criminal justice and legal applications of ML, which the fairness literature
originally arose to address [16, 82]. Fogliato et al. [81] presents one of the earliest
considerations of sensitivity analysis within FairML, algebraically deriving sensitivity
bounds for proxy label bias. As we demonstrate in 5.6, our approach is capable of
re-deriving and extending these results. In a similar vein, Adebayo et al. [2] studied
the effects of label noise on fairness metric evaluation, although this work was largely



empirical. Guerdan et al. [90] propose several causal models for reasoning about proxy
labels in human—algorithm joint decision making, which can be rendered compatible
with our sensitivity analysis framework. Further work has explored alternate aspects
of fairness evaluations under proxy label bias [216, 222].

7

Selection Bias Selection bias was first considered in FairML as “selective labels
by Lakkaraju et al. [129], focused on the scenario in which a policy determines which
outcomes are observed. Kallus and Zhou [111] study the effects such a biased policy can
have on equalized odds for the unselected population when predictors are trained only
on the selected population. Various works now link selection bias in fairness to causal
inference [76, 188] with Goel et al. [89] providing a summary of the different types of
selection in terms of causal graphs. Coston et al. [51] take an importance-weighting
approach to train FairML classifiers with selective labels, under assumptions on the
structure of the missingness. Zhang and Long [230] study how to assess the accuracy
parity in unselected data, from the selected data, under assumptions on selection
structure and the FairML model class.

Extra Classificatory Policy Bias We investigate the impacts of extra classificatory
policies, that is, policies under the control of the predicting agent which causally
affect the outcome of interest. This work is related to counterfactual risk assessments
[50], and subsequent work on counterfactual equalized odds [152]. Sensitivity analysis
approaches have further been developed for unmeasured confounding [34, 171]. Our
methodology differs from these works in our focus on the oblivious setting. As such,
we focus less on identification, but rather on how influential a policy would need to be
before it could significantly impact a fairness evaluation.

Additional Related Work Beyond the above work on sensitivity analysis there are
other general approaches to understanding the robustness of algorithmic fairness to
data bias [136], such as adversarial robustness [38, 126] and distributional robustness
[204]. These are very flexible in terms of the types of bias they can represent, however,
this renders them less interpretable and less able to incorporate additional assumptions.
One measurement bias we did not consider is proxy attribute bias [39], for which there
exist quite comprehensive sensitivity analysis results [113]. There is also a selection
of work performing sensitivity analysis for unmeasured confounding in causal fairness
[118, 187, 223]

5.3 Measurement Biases

This section introduces the measurement biases we consider via two recurring examples,
demonstrating how they arise in the wild and emphasizing the role of practitioner choice.
We first deliver a conceptual illustration of said biases (3.1-3.3) before presenting an



empirical analysis of their prevalence across a range of FairML benchmark datasets
[132].

5.3.1 Proxy Label Bias

We first discuss proxy label bias, introducing it via the following example:

An Algorithmic Hiring System: Suppose that a company receives thousands
of applications for every job they advertise. To handle this, they elect to build an
ML-based system to assist in sifting through candidates. They opt to construct
a model for predicting employees’ performance review scores from their resumeés,
which is then used to assign scores to applicants based on predicted performance
reviews. Finally, to ensure that the model is fair, they check against standard
fairness metrics on a held-out subset of the training data.

The company described has taken steps to ensure that its job candidate filtering model
is “fair.” However, it has only run parity tests relative to the variable chosen as its target
of prediction. The latent variable of interest in this scenario, what the firm ideally
strives to predict, is “employee quality.” However, “employee quality” is multifaceted
and socially constructed; it is not a phenomenon that can be directly and objectively
measured.!. Instead, engineers leverage a prozy label. Unlike the nebulous property
of employee quality, employee performance reviews are readily available. It is facially
not unreasonable to take performance reviews to stand in for employee quality; after
all, the one exists, at least putatively, to track the other. However, there is a problem
with this strategy: It has been extensively documented that performance reviews are
often discriminatory—in other words, performance reviews are both a worse signal of
the true underlying latent for certain demographics, and are skewed negative for those
demographics relative to the true latent [61, 176].

If an outcome is biased, then classifiers optimizing predictive accuracy on a proxy
can appear to satisfy a fairness metric when, in reality, the metric has inherited the
biases of the outcome. Practitioners must understand whether a particular outcome is
well-suited to the underlying decision problem, alongside any skew or measurement
bias that may be induced by using such a measure. Often the use of a proxy outcome
is unavoidable. If so, sensitivity analysis is a key tool for understanding what impact
biases in the proxy could have on parity metric evaluations.

5.3.2 Selection Bias:

Introducing our second example to discuss selection bias:

I For discussion of how mismatches between unobservable latents and their proxies play in fair
ML, see [107].



An Automated Loan-Approval Algorithm: A large bank has an online lending
platform that receives thousands of loan applications per day, the vast majority of
them for under USD $1,000. The bank cannot afford to assign employees to assess
all the applications, and elects to automate the process. The bank uses its data on
loan repayment to fit a model for likelihood of repayment, with loans automatically
approved if the estimated probability of repayment sits above some threshold. The
model is once again assessed via standard fairness metrics on holdout data.

As in the previous example, the bank only possesses repayment information for the
population that has historically been approved for loans; the subset of the broader
population that was not granted a loan is therefore unobserved. Each firm trains a
classifier on the subpopulation for which it possesses outcome data. The classifiers’
performance on the entire population of job applicants and loan applicants, respectively,
are unknown. Further, fairness guarantees on only selected populations can fail to
meaningfully extrapolate to deployed models, especially when historical selection
procedures encode biases. This phenomenon has been referred to as selective labels
[129] or prejudiced data [111], and now more commonly under the catch-all term of
selection bias [89].

While selection bias covers the selective labels case, it encompasses a broader class
of examples. An important question in the evaluation of fairness metrics is what
population the practitioner would ideally want to evaluate the statistic in. We refer to
this as the reference population. At bare minimum, the reference population should be
the population the model is deployed on, not the training population—as the selective
labels literature points out. However, there are situations where arguments could be
made for broader reference populations. For example, should fairness metrics for an
algorithmic hiring system be assessed on the local pool of applicants to that company,
or the global pool of applicants to similar roles? Dai et al. [54] demonstrate that,
with reputational dynamics in play, applicants may strategically apply to firms based
on their chances of success. A firm’s hiring practices can therefore satisfy fairness
desiderata relative to their applicant pool having radically skewed the demographics
of that population via a history of discriminatory hiring policies. Put crudely: the
firm that “women candidates know not to apply to” is not non-discriminatory, but
an evaluation of hiree demographics relative to the applicant pool might deceptively
depict it as such.

There are no universalisable solutions to such issues, as the choice of reference population
must depend on precisely what task the model is being trained to perform, and where
it will ultimately be deployed. This further points to a need for practitioners to be
clear about what population they have chosen, how it may differ from the data they
have measured, and why this specific reference population is preferable to others for
the task at hand.



5.3.3 Extra-Classificatory Policy Bias

A third issue emerges when considering additional context in the loan-approval case
study:

Automated Loan-Approval (cont): Our bank now has a model for loan approval.
Howewver, they must also set interest rates for approved loans. For this, they employ
a legacy model, which works off of a number of factors including credit score, loan
amount, lendee address, and various macroeconomic variables.

While the bank has determined that the classifier is fair in the sense that it does
not discriminate according to known demographic features and relative to repayment
history, these notions of fairness fail to account for the interest rate that the bank
determines. As this has a direct and powerful impact on a lendee’s likelihood of
repayment, if it is set in an (intentionally or unintentionally) discriminatory manner, it
can have a large and unaccounted-for effect on the evaluation of fairness metrics.

This is not specific to the loan approval setting; in many scenarios, firms control a
number of “levers” that causally impact outcomes for classified populations—we call
these extra-classificatory policies. Such extra-classificatory policies can drastically affect
outcomes, and so shape the data on which models are trained. Through such policies,
a firm can create the appearance of demographic base rate discrepancies which then,
via predictive models trained on historical data, serve to justify differential lending
policies across demographic subpopulations.

The issues pointed towards by extra-classificatory policies are multi-faceted and context-
specific. As such, a key challenge to the FairML community is detailing such issues
and forming mathematical models of them. We focus on binary policies (e.g. [50]),
leaving more general settings to future work.

5.3.4 Cross-Dataset Analysis

To demonstrate the prevalence of these issues, we analyze the presence of each
measurement bias for the FairML benchmark datasets given in Le Quy et al. [132].
We remove any datasets not associated with a concrete decision problem, leaving 14
datasets from a variety of different domains, including financial risk, criminal justice,
and employment /university admissions. We summarise the results in Table 5.3.1, with
the full table of datasets and biases along with rationales available in Appendix 5.D.
Our results demonstrate the scope of the problem created by measurement bias, with
all the datasets displaying at least one of the problems and 60% displaying all three
simultaneously. From this, we see that such biases are themselves a key part of the
FairML problem, not optional complications. Moreover, this points to the need for
methodological solutions for evaluating and training FairML models in settings where
multiple biases are present simultaneously.



Proxy Bias | Selection Bias | ECP Bias | One Bias | Two Biases | Three Biases
69% 85% 85% 100% 92% 61%

Table 5.3.1: We document the proportion of realistic FairML benchmark datasets (from
Le Quy et al. [132]) that exhibit each of the three biases we discuss. For more details see
App. 5.D.

5.4 Graphical Causal Sensitivity Analysis

Here we outline some technical background on graphical causal sensitivity analysis,
from graphical sensitivity analysis to the autobounds framework [62] which automates
discrete sensitivity analysis. In the following section, we apply this to FairML to
construct a sensitivity analysis tool for oblivious settings [93], where we do not observe
covariates and all other variables are discrete.

Notation We let Y denote the outcome the practitioner wishes to measure, X the
observed covariates, A the protected/sensitive attribute, and Y the prediction of Y
with domains ), X', A, V.

5.4.1 Causal Background

We begin by defining the structural causal model (SCM) approach to causality [162, 175].
Here we model causal relationships via deterministic functions of the observed variables
and additional latent variables, with the latter representing the unobserved or random
parts of the system. We will always label the observed variables V and the unobserved
variables U. These equations lead to a causal graph that has a node for each variable
and a directed edge Vi — V5 if V] is an argument of the function determining the value
of V5. To illustrate this, the following figure demonstrates the SCM and corresponding
graph we assume throughout for the relationships between A, X,Y, and V:



X = fX<A7 Ul)
Y = (X, A Uy)
Y/ - fY(XaA7 U3)
(a) The directed acyclic graph representing C={fx,fv. fs},PU))

the relationships between A,Y,Y and the un-
observed X. The latent variables are implicit
in the DAG.

(b) The SCM C over the DAG in (a) defined
by a set of functions on V = {A, XY, f/} and
a probability distribution over the implicit
latent variables.

Figure 5.4.1: Example of a DAG and the corresponding SCM. Unobserved variables are
dashed.

We will use C to depict an SCM, which consists of a collection of functions and a
probability distribution over the noise terms. A complete definition of SCMs can be
found in Appendix 5.B.1.

Marginalisation In Causal Models Often—and especially in FairML applications—
we do not observe all relevant variables. For example, in this work, we assume the
covariates X are unobservable. However, this is less of a problem than it originally
appears due to latent projection, as introduced by Verma and Pearl [211]. Latent
projection allows us to marginalize out any unobserved variables while preserving the
causal structure over observed variables, as demonstrated by Evans [70]. We visualize
this process in Fig. 5.5.1, where we marginalize over X leaving just A, }A/, and Y
and latent variable, U. We outline this procedure in detail in Appendix 5.B.2. The
important point is that we can always preserve the causal structure over our observable
variables by using a finite number of latent variables. This is the case regardless of
how many variables we marginalize out.

5.4.2 Partial Identification and Sensitivity Analysis

We now show how structural causal models can be used to perform sensitivity analyses
for causal (or non-causal) queries, first introducing the important concept of partial
identification.

Partial Identification In partial identification, the goal is to understand what
values a particular statistic can take relative to our assumptions. We call this a Query
and write it as a function Q(C) which takes an SCM and returns a real number. For
example, if we wanted to measure counterfactual fairness (for binary A), we could



define the query Qcr as:
Qcr(C) = Pe(Y(A=1) # Y(A=0))

Where Qcr(C) = 0 exactly when the predictor is counterfactually fair according C [73].

Given a query of interest, O, the goal of partial identification is to understand what
possible values Q can take given the practitioner’s prior knowledge and assumptions.
Here we will consider partial identification for a fixed DAG and a set of constraints on
the probability distributions and functions defining the SCM. Practitioners can encode
these assumptions by defining a set of SCM models, which we will write M. The most
natural example here is to let M contain all possible causal models arising from the
graph with the same observational distribution as the measured dataset. Practitioners
can restrict this set of SCMs to incorporate more domain-specific information, making
the bounds more informative. Using this notation, partial identification is rendered as
a pair of optimization problems that lower and upper bound the query of interest over

M:
min Q(C) < Q(C) < max 9(C) (5.1)

CeM eM

(@Y

Sensitivity Analysis In sensitivity analysis, the goal is to understand how violations
of assumptions affect the measure of a statistic. The initial step is to define some
sensitivity parameter, which measures the degree to which an assumption is violated.
For example, in the proxy attribute literature [39, 113], the goal is to understand how
sensitive fairness metrics are to mismeasured protected attributes. For example, as
we will discuss later in terms of proxy bias, a natural sensitivity parameter would
be P(Yp # Y'), where Yp is the proxy outcome. We may then let Mp,.(5) be the
set of causal models that have P(Yp # Y) < § and comply with the practitioner’s
assumptions. By repeatedly solving the partial identification problem for different ¢ to
understand how large 0 must be, the statistic @ becomes uninformative.

5.4.3 Discrete Causal Sensitivity Analysis

To perform the partial identification required for causal sensitivity analysis, we have
to solve the max/min problem in (5.1). This problem as formulated generically is not
tractably solvable, but additional structure on either the query, 9, or set of models,
M, can lead to tractable optimization problems and computable bounds. We focus
on settings where all variables are discrete, which is particularly helpful for partial
identification problems [85, 26, 172] due to the function response framework [15]. This
framework takes advantage of the fact that, given a causal graph G, if we fix the
latent variables U, the structural equations are deterministic functions of their other
inputs in V. If the observed variables are discrete, there are only finitely many such
functions. As a result of this, we can represent every single SCM using the one set of



Marginalise

(a) Proxy bias (b) Selection bias (c) ECP bias

Figure 5.5.1: Causal graphs for each of the biases showing the assumed causal structure
over all variables, and the implied structure upon marginalizing out X. Dashed lines denote
varying assumptions.

fixed structural equations and a distribution over some discrete latent variables, U.
This means that any SCM with discrete observed variables and a fixed graph G can

be represented entirely by the distribution P(U), and so by a point in the probability
simplex A* for some k [62, 71].

Duarte et al. [62] showed that this allows partial identification problems (5.1) to be
converted into tractable optimization problems, where now the set of causal models
M corresponds to a subset of the probability simplex M* C A* and the query Q
becomes a function fo : A¥ — R. Moreover, any statement that can be written as a
polynomial in probabilities over factual and counterfactual statements corresponds to
a fractional polynomial in pe. So, if fo is a polynomial in such probabilities and any
prior assumptions can be stated via probabilistic statements and arithmetic operations,
the partial identification problem can be converted into a polynomial programming
problem. Duarte et al. [62] propose to solve these partial identification problems via
branch and bound solvers [22], which ensures that the program produces valid bounds
even if convergence is not reached.

5.5 Causal Sensitivity Analysis for FairML

We now apply the methodology outlined in Section 5.4.3 to the FairML setting to
create a sensitivity analysis tool for parity metric evaluations. We focus on settings
where (A,Y, }A/) are discrete and the auditor does not have access to the covariates
X. The following steps lead to a sensitivity analysis tool for any measurement bias
that can be stated obliviously and any statistic that can be written as a polynomial in
factual and counterfactual probabilities:

1. Determine how the sampled population differs from the target population, expressing
the difference in terms of a causal graph over all variables. Marginalize out X, to
leave a causal structure over (A4,Y)Y") and any bias-specific variables.

2. Choose a sensitivity parameter to control the degree of measurement bias and
provide any additional knowledge relevant to the task at hand.

3. With all this perform the sensitivity analysis by repeatedly solving the optimization



problem in (5.1) for the test statistic using the methodology outlined in 5.4.3.

We apply this procedure to each of the measurement biases given in Section 5.3, using
the causal graphs in Fig. 5.5.1 to depict the biases. Causal graphs are context-specific,
so we do not expect these to be appropriate in all cases. Instead, we use them as
plausible graphs for showcasing our framework.

Proxy Label Bias (1) We represent the difference between the measured and target
populations using an additional variable Yp. This denotes the measured proxy of the
outcome. We assume that this outcome is a noisy version of the true outcome Y, where
the noise depends on A and can optionally depend on X. As we show in Appendix
5.B.3, assuming the proxy depends on additional unobservables leads to the same graph
over (Y, A, 17) (2) For the sensitivity parameter, we use the probability that the proxy
differs from the outcome the practitioner hopes to measure, so P(Yp # Y).

Selection Bias (1) We signal whether or not an individual is selected with a binary
variable S, which we assume depends on an individual’s protected attribute, covariates,
and, in some instances, the outcome. (2) For the sensitivity parameter, we choose
P(S = 0), the probability of a sample not being selected. This controls the proportion
of the population which remains unobserved. However, there are other natural choices
for sensitivity parameters, such as statistical measures of sample quality [151]. For
selection bias, the practitioner could have significant information about the unselected
population which could be used to tighten bounds. For example, selective labels would
lead to information on the covariates for the unselected populations, and thus the
(A, 17) proportions.

Extra-Classificatory Policies There are a plurality of plausible ways to mathemati-
cally represent the problems arising from ECPs, with different formulations being better
suited to different concerns. Here we proceed as follows: (1) We use an additional
variable, D, to depict the policies in the firm’s control, which we take to be binary. We
then use counterfactual versions of parity metrics, similar to Coston et al. [50], with
formulations given in Appendix 5.A.2. (2) We assume the treatment is monotonic, so
Y(D =1)>Y(D =0) and use the average treatment effect, E(Y (D =1) =Y (D = 0)),
as a sensitivity parameter. For ECPs, there are additional constraints that could be
added, for example, if a policy is observed we can include that data explicitly.

5.6 Experiments

In this section, we showcase the use of causal sensitivity analysis for fairness applications
by performing sensitivity analyses for each of the biases introduced above on a set of
benchmark datasets. In doing so, we aim to reveal some of the nuances of performing



Proxy Bias Under Varying Assumptions
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Figure 5.6.1: In this we directly recreate the plots from Fogliato et al. [81] for a predictor
trained on the COMPAS dataset, allowing for some probabilistic and causal assumptions to
vary. The dashed lines represent exact bounds on each statistic for increasing P(Yp #Y),
which follow from Fogliato et al. [81] or our derivations in Appendix 5.C.1.2. (a) represents
the original setting, where we have P(Yp =1|Y =0) =0, in (b) we drop the dashed edge
between X and Yp in the causal graph in Fig. 5.5.1a, and finally for (c) we instead take
P(Yp=0|Y =1) =0. As we can see, at all points we query, the automatically derived
bounds recover the algebraically derived bounds.

sensitivity analyses for various types of bias. These experiments further lend themselves
to some general conclusions about the complexity of real-world fairness evaluations.
We present additional results in Appendix 5.C, including tests of causal fairness metrics
that reveal the effects of measurement bias in a causal setting.

5.6.1 Recreating Fogliato et al. [81] under varying assumptions

Fogliato et al. [81] aims to assess how sensitive the false positive rate (FPR), false
negative rate (FNR), and positive predictive value (PPV) are to proxy bias for a
predictor trained on the COMPAS dataset [9], under the assumption that P(Yp = 1|Y =
0) = 0. The outcome in the COMPAS dataset is reported re-offense. This outcome a
proxy, because we cannot actually observe whether someone has re-offended, we only
know if they were convicted of a new offense. The assumption that P(Yp = 1|Y = 0) =0
implies that whenever someone is reported to have re-offended they actually re-offend;
all the measurement error hence comes from people who did re-offend who did not get
caught. We start by recreating the results of the original study from just the DAG in
Fig. 5.C.1(a). This confirms the correctness of the computational bounds: they always
match the true algebraically derived bounds in Fogliato et al. [81].

Next we demonstrate the flexibility of our framework by switching from the assumption
that P(Yp = 1Y =0) =0 to P(Yp = 0|Y = 1) = 0. This is probably a less realistic
assumption in the COMPAS dataset, implying all measurement error comes from
false convictions rather than under-reporting, but in a different context, this might



be a more reasonable assumption. We derive the algebraic bounds to confirm the
computational bounds match. The point here is that practitioners can easily encode
whatever assumptions make sense in their particular context and quickly get results
without needing to algebraically derive bounds, and that these results really do vary
under different assumptions.

Finally, in Fig. 5.C.1(c), we drop the dashed edge between X and Yp in Fig. 5.5.1a.
This might seem like an odd experiment: we do not actually observe X, and X already
causes Y, so how could dropping the edge from X to Yp really matter? Without the
X — Yp edge Yp is independent of U conditional on Y, which significantly tightens
the bounds for FPR and PPV and fully identifies FNR.? Once again, we derive the
algebraic bounds and find that the computational bounds match. This final experiment
simultaneously demonstrates potential drawbacks of causal sensitivity analysis and
the enormous benefit of being able to easily run analyses under varying assumptions.
Sensitivity analysis can be dangerously misleading if we include unrealistic assumptions,
giving us a false sense of security. But the remedy is straightforward: analysts should
always run an assumption-lite analysis before incorporating more domain-specific
information so that they can understand which assumptions are driving their results
and make a decision about whether those assumptions are realistic.

5.6.2 Intersection of Biases

MOtiV&ted by Section 5.3.4, we NoOw consider Upper Bound on Equalised Odds by Degree of Bias
settings exhibiting multiple simultaneous bi-
ases. In Fig. 5.6.2, we provide a sensitivity
plot for proxy and selection bias simultaneously
for an equalized odds predictor trained on the
Adult dataset [21]. We plot the upper bound of
the equalized odds value as the sensitivity pa-
rameters for both biases vary, with a maximum
of 5% proxy labels and 5% of the population
being unmeasured. This exercise demonstrates

0.0 0.01 0.02 0.03 0.04 0.05
that the presence of multiple biases can quickly PS=0)
render parity evaluation meaningless, with the
upper bound reaching the maximum possible
value of the statistic. Whilst an upper bound
inherently represents the worst-case scenario,
this experiment showcases that practitioners
must provide additional context-specific assumptions to imbue parity evaluations with

P(Yp#Y)
0.03 0.04 0.05

0.02

0.01

0.0

Figure 5.6.2: Combination of Proxy
and Selection Bias for an equalized odds
predictor on the Adult dataset.

20n a technical level, the identification of the FNR points to the utility of sensitivity analysis for
discovering new FairML-specific identification theory, an area which has received little attention to
date.



Upper bound on Fairness Metric Value, Averaged Across Dataset and Model, by Bias Type
(a) Proxy label bias (b) Selection Bias (c) Extra Classificatory Policies
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Figure 5.6.3: Results of our cross-dataset study, in which we assess the sensitivity of multiple
ML predictors trained to satisfy various parity constraints on the fairness benchmarking
datasets listed in Appendix 5.D. We can see different metrics are susceptible to bias in
different ways, with notably demographic parity being more robust than more complicated,
outcome-dependent metrics.

meaning in the presence of measurement biases, especially when multiple biases are
present simultaneously. We include additional results in Appendix 5.C.2.2, which show
that biases compound in unpredictable, nonlinear ways.

5.6.3 Cross-Dataset Experiments

Finally, we leverage our framework to systematically explore the sensitivity of the most
ubiquitous parity metrics to the measurement biases here surveyed on real benchmark
datasets. We run sensitivity analyses on 14 commonly used fairness datasets from
[132] training logistic regression, naive Bayes, and decision trees to satisfy different
parity metrics. In Fig. 5.6.3, we provide the results of this experiment, plotting
the average upper bound for each metric value at different levels of sensitivity. This
further supports our thesis that measurement biases present a severe issue to the
informativeness of parity metric evaluation, as we see that even small amounts of
bias can render the original parity evaluation meaningless relative to what it seeks to
measure. Secondly, we find that this fragility is not uniform across metrics. We can
see that demographic parity is, unsurprisingly, more robust than more complicated
outcome-dependent metrics. Equalized odds is less robust than FPR/FNR due to the
fact that it is measured as the maximum of both. Finally, predictive parity metrics are
less robust to biased outcomes than metrics which involve conditioning on the outcome,
such as FPR/FNR and equalized odds. We present full experiment details, further
analysis, and plots per dataset in Appendix 5.E. We also include a sensitivity for the

Folktables dataset [59], which represents one of the most popular datasets for modern
FairML.



5.7 Codebase and Web Interface

We have developed both a codebase and a web interface to ensure our framework is as
usable as possible. The core of both tools are our bias configs — described in App. 5.F
and our codebase documentation—which allow for portable, modular, and reproducible
sensitivity analysis. Our codebase is essentially a parser for these configs along with a
set of fairness metrics we have implemented. Biases and metrics are designed to allow
flexibility to suit particular use cases. The codebase wraps around these biases and
fairness metrics and parses them into optimization problems which can be solved to
produce bounds, currently using the Autobounds backend. We also provide a website
that acts as a user interface for less technical users. The website allows for configs to
be loaded or exported, and every element of the config can be edited via the interface.
Users can also upload datasets and analyze the sensitivity to their chosen fairness
metric/bias combinations.

Discussion & Limitations

In this work, we have described three prevalent measurement biases, argued that they
are almost always present in FairML applications, and put forward a toolkit based on
newly available methods in causal inference [62] for understanding how these biases
impact parity metric evaluation. To apply this methodology, we have focused on the
discrete, oblivious setting, however, causal sensitivity analysis is not limited to this
domain [224, 40] and therefore its usefulness to FairML should not be either. We hope
that the present work will encourage the causal inference community to look to FairML
as a key application area for sensitivity analysis. Finally, additional biases that are
likely topical to FairML cannot be readily expressed in this framework. For example,
the issue of interference, where individuals within a classified population can affect the
outcomes of others, would seem to hold in many FairML applications but can be a
challenge to express graphically.
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Appendix

5.A Disparity Metric Definitions

5.A.1 Observational Metrics
False Positive Rate Parity Definition: ¥ L A|Y =0
Measured as: P(Y =1|A=0,Y =0)—P(Y =1|A=1,Y =0)

False Negative Rate Parity Definition: ¥ L A Y =1
Measured as: P(Y =1|A=0,Y =1)—P(Y =1|A=1,Y =1)

Positive Predictive Parity Definition: Y L A | V=1
Measured as: P(Y =1|A=0,Y =1)—P(Y =1|A=1,Y =1)

Negative Predictive Parity Definition: Y 1L A | V=0

Measured as: P(Y =1|A=0,Y =1)—P(Y =1|A=1,Y =0)

Equalized Odds Definition: ¥ 1L A|Y

Measured as: max {FPR(KA, }7), FNR(Y, A, Y/)} for false positive rate (FPR) and
false negative rate (FNR) given above.

5.A.2 ECP Parity Metric Definitions
Counterfactual False Positive Rate Parity Definition: ¥ 1L A|Y(D =1) =0
Measured as: Po(Y =1|A=0,Y(D=1)=0)—-PY =1|A=1Y(D=1)=0)

Counterfactual False Negative Rate Parity Definition: ¥ L A|Y =1
Measured as: P(Y =1|A=0,Y(D=1)=1)—PY =1|A=1Y(D=1)=1)
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Counterfactual Positive Predictive Parity Definition: Y(D=1) L A|Y =1
Measured as: P(Y(D=1)=1|A=0,Y =1)—P(Y(D=1)=1|A=1Y =1)

Counterfactual Negative Predictive Parity Definition: Y(D=1) L A|Y =0
Measured as: P(Y(D=1)=1|A=0,Y =1)—P(Y(D=1)=1|A=1,Y =0)

Counterfactual Equalised Odds Definition: Y(D =1) L A|Y

Measured as: max {CFFPR(Y, A, 37), CFpNR(Y, A, 37)} for counterfactual false posi-
tive rate (CFpPR) and counterfactual false negative rate (CFgNR) given above.

5.B Technical Description

5.B.1 Structural Causal Model definition

Definition 18. A structural causal model (SCM) over the variables V.= {Vi,--- , V4}
with latent variables U = (Uy,--- ,Uy) consists of a set of structural assignments so
that every variable V; € V can be written as:

fvi(Pa(Vi)), i=1,....d,

Where Pa(V;) € V UU are the parents of V; respectively, fy, is the structural
equation for V;, and we have a distribution P(U) which we assume factorises as
P(U) =1L, P(U;). The causal graph, G, arising from the structural causal model
consists of a vertex for each variable in VU U, and an edge Z — V if Z € Pa(V) for
Ze€VUU and V € V; we assume throughout that G is acyclic. Finally, letting F be
the set of structural equations, we can denote a causal model by C = (F, P(U)) and the
set of all causal models over V as My .

From the structural causal model we get the observational distribution, P(V), by
propagating the noise through the structural equations. The potential outcomes
(counterfactuals) when intervening on a set A C V are defined via recursive substitution
[178], so that when intervening to set A = a we take U;(a) = U; and A(a) = a and
then defining the general potential outcome as Vj(a) = fy. ({Z(a)|Z € Pa(V;)}). For
any event x involving factual or counterfactual versions of variables in V, we use Fg(x)
to denote the probability of this event under the structural causal model C.

5.B.2 Margnalisation in DAGs

Marginalisation Operation Suppose V can be split as V = V U U where we are
interested in the causal structure over V and do not observe the variables U. We start



Figure 5.B.1: Example of step one in the marginalization, taken from Evans [70].
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Figure 5.B.2: Example of step two in the marginalization.

from a causal graph G, with unobserved U we marginalise to get to a graph G’ which
is of the form of Definition 18 by doing the following:

1. For all U € U, add an edge Z — Z if the current graph contains Z — U — Z
and then delete any edges Z — U,

2. After completing the first step for all variables in U, delete any U if there exists
another U € U that influences all of the variables U influences.

Evans [70] showed that there is a structural causal model over the resulting graph
which preserves the causal structure over the variables V. Importantly, due to the
deletion step, this model has a bounded number of unobserved variables, regardless of
how large the set U is.



Graphical examples

5.B.3 Alternative Causal Graphs for Proxy Bias

Here we provide the following result demonstrating that a wide variety of graphs can
give the same outcome under proxy bias:
Proposition 26. So long as any additional unobserved variables U’ satisfy the following:

1. U’ does not cause A.
2. There is no direct arrow from U’ to Y.
Then marginalizing over U’ will lead to the same graph as Fig. 5.5.1a.
Proof. To show this we need to demonstrate that once we have performed the marginal-

ization operations, no additional edges or nodes will be added to the graph. We do
this step by step:

1. This step will add edges if we have two vertices V, V' such that V' — U’ — V",
However, if neither of V, V" are Y then these vertices will already be adjacent in
the graph. As the graph is acyclic that means we cannot add any edges.

2. After removing all edges in step one, we will be left so that U’ has no parents
and affects a subset of vertices in the graph. However, as U’ does not cause A,
this must be a subset of {f/, Yp,Y}. As these are the vertices caused by U this
will lead to the deletion of U’.

]



5.C Additional Results

5.C.1 Proxy Label Results
5.C.1.1 Plots from Fogliato et al. [81] under varying assumptions
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Figure 5.C.1: In this plot, we recreate the results from Fogliato et al. [81], where we are
interested in the false positive rate (FPR), false negative rate (FNR), and positive predictive
value (PPV) for a classifier trained on the COMPAS dataset. In this plot, we consider varying
for which j we have P(Yp =1—j | Y = j), and we can see that doing so greatly changes the
shape of the sensitivity set. Moreover, when we pair these assumptions by dropping of the
red dashed edge in Fig. 5.5.1a we see we can identify some of the metrics of interest under
any degree of bias. For j = 1 we identify the FNR and for j = 0 we identify the FPR. We
prove these identification results in Appendix 5.C.1.2

5.C.1.2 Proxy Identification Results

In the setup of Fogliato et al. [81], the objective is to obtain the false positive/negative
rate in a group A = a, where it is assumed that P(Y = 1,Yp = 0) = 0. Now declaring



the following parameters:
pZ]:P(szz,f/:j|A:a)
aj=PY =1,Yp=0,Y =j| A=a)
a=0og+ o

Under these assumptions ay, oy are sufficient to parameterise the distribution, P(Y, Yp, 1% |
A = a). Now, following [81] we have that:

FPRy — Po1 —
Poo + Po1 — &
FNRy — P1o + Qg
Pio + P11+«
PPVy — P11+ g
Po1 + P11

Now, with the absence of the dashed edge, the DAG in Fig. 5.5.1a implies the
independence Y L Yp | Y, A. Therefore we get the following:

;=P =1Yp=0,Y =j|A=a)

PY=1Yp=0|A=a)P(Y =1,Y =j | A=a)
PY=1|A=a)

_alpy +ay)
Pio +pu +«
Solving for «;, we get o; = o <mfﬁ)' Now, inputting this for «q in the expression
for FNRy we get:
FNRY = Do < 1+ P1o+p11 >
Pio + P+«
_ P1o
P10 + P11
= FNRy,

Therefore, under the assumptions given, the true false negative rate is identified and
equal to the observed false negative rate on the proxy labels. Inputting the value for
aq into FPRy we instead get:

P
FPRY _ Po1 a (Ploj-(;n)
(Poo + po1 — @)

As this is a decreasing function of o we can see that for a < agy, FPRy is bounded as:

_ p
Po1 < FPRY < Po1 @ (Pwr;?u)
(poo + po1) — = (poo + po1 — @)




For PPV, we again input a; to give:

P11+« (71)” )

p1o+p11

PPVy =
Po1 + P11

Leading to the bounds:

P11

PPVYP < PPVY < pu+o (p10+p11>
Po1 + P11

The statements for the identification of the false positive rate and false negative rate
are as follows:

Proposition 27. Suppose we have P(Yp =1|Y =0) = 0. Then under the conditional
independence statement Y L Yp | Y, A, for all level of proxy bias P(Yp #Y):

FNRY|A:a = FNR‘YP |A=a

Where FNRy|a—, is the true false negative rate for the group A = a and FNRy,|a—q is
the proxied false negative rate.

Proof. Follows from the above derivations. m

Now the equivalent statement for the false positive ratio:
Proposition 28. Suppose we have P(Yp =0|Y =1) =0. Then under the conditional
independence statement Y L Yp | Y, A, for all level of proxy bias P(Yp #Y):

FPRY|A:a = 1'_"Pl:{YPM:a

Where FPRy|a—, is the true false negative rate for the group A = a and FPRy,ja—, is
the proxied false negative rate.

Proof. This follows from considering the distribution where Y, Yp and Y are all flipped
as any statement about the false positive rate in the original distribution translates to
a statement about the false negative rate in the flipped distribution. The assumption
P(Yp =0]Y = 1) in the original distribution translates to P(Yp =1 |Y = 0) in
the flipped distribution, whereas all other assumptions are symmetric to the flipping
operation. Therefore we can apply proposition 27 to see that the flipped FNR is
constant under any degree of proxy noise. This leads us to conclude that under these
assumptions the FPR in the original distribution must also be constant under any
degree of proxy noise. O



5.C.2 Selection Results
5.C.2.1 Selective labels under MNAR

Here we include an experiment applying the framework to selective labels under the
missing not at random assumption (MNAR)[183]. This supposes that we only see the
outcome on a subset of the full dataset, with the outcome on the rest of the dataset
free to vary arbitrarily. We work with the Dutch census dataset Van der Laan [206],
first fitting an unconstrained logistic regression, then forming the selected population
as those who have a predicted probability higher than 0.3.

Once we have formed the selected subset, we then train four classifiers, each to satisfy a
different parity metric. We train to false negative rate parity, false positive rate parity,
positive predictive parity, and negative predictive parity. False negative/positive rate
parity are trained using the reductions approach [3], whereas for positive predictive
parity and negative predictive parity, we train 100 predictors, each weighting different
parts of the distribution, taking the one with the lowest parity score above a given
accuracy threshold. The plots are shown in Fig. 5.C.2.

Selective Labels under MNAR
04
02

00

FPR FNR PPP NPP

Figure 5.C.2: This plot demonstrates a sensitivity analysis for selective labels on the Dutch
dataset under the missing, not at random assumption.

5.C.2.2 Selection and Proxy Plots

Here we demonstrate the effect of selection and proxy bias jointly on the Adult dataset.
We include the results in Fig. 5.C.3, which show that the occurrence of multiple biases
acts differently for different parity metrics.
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Figure 5.C.3: In these plots, we can see the effect of doing a sensitivity analysis jointly
for selection and proxy bias. We can see that for the false positive rate parity (FPR) and
false negative rate parity (FNR) the combined biases behave roughly as the sum of both
biases, however, for positive predictive parity (PPP) and negative predictive parity (NPP)
the combination behaves differently with the combined bias amounting to a smaller possible
range for the metrics than the sum of the range of both biases individually.

5.C.3 ECP bias results
5.C.3.1 ECP experimental set up

For this experiment, we focus on finding the possible ranges for the counterfactual
parity metrics from the given observational statistics. We use the sensitivity parameter
of P(Y(1) # Y(0)), adding additional causal assumptions such as monotonicity (
Y (1) > Y(0) ) and if the policy is observed or not. When simulating the policy, we
draw ECP ~ Ber(% + ¢ x A) for ¢ = 0.2 to skew the policy in one direction. Results
show in Fig. 5.C4

5.C.4 Causal Fairness Experiments

In this section, we deliver some results on applying our sensitivity analysis framework
to causal fairness metrics of the variety detailed in [166]. Before doing so, we add some
technical comments on these types of interventions in FairML and some nuances of
measurement bias in the context of causal inference.

Firstly, we would like to note that our framework can still be applied to perform
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Figure 5.C.4: In these plots, we perform a sensitivity analysis for the value of the
counterfactual parity metrics given in Appendix 5.A.2. In each case, we work under 3
differing levels of assumption and information

sensitivity analysis for measurement bias for other fairness metrics without having to
consider counterfactuals relative to protected characteristics such as race or gender,
thereby avoiding difficulties with intervention on such traits [125, 104, 115]. In this
case, A could be seen as denoting membership to a group and indexing different graphs
for each group as in Bright et al. [30]. In this case, the arrows leading from A would
only express conditional independence relationships as opposed to causal ones. Notably,
in the graphs, we suggest they are unconstrained.

Secondly, measurement biases and, specifically, selection bias in causal fairness entail
additional complications. This is because almost always, membership in such a dataset
is causally downstream of the protected attribute, meaning that when conditioning
on individual presence in a dataset, we are introducing selection bias in some form.
As Fawkes et al. [76] argue, this means that DAG models will be unable to correctly
capture the causal structure in most datasets we come across in FairML. Failing to
account, for such effects can lead to erroneous causal conclusions.

Having said this, we will proceed with applying the causal graphs in Fig. 5.5.1 to do
causal fairness analysis for the following metrics:

A

Counterfactual Fairness (CF) [128] We measure this as Po(Y(A=1)#Y (A=
0)) which is equal to 0 exactly when Y is counterfactually fair [73].



Total Effect (TE) [166] Measured as Po(Y (A = 1)) — Po(Y(A = 0)).

Spurious Effect (SE) [166] Measured as Po(Y (A = a)) — P.(Y | A = a).

Results are shown in Fig. 5.C.5, where we have assumed that counterfactual fairness is
identified at a particular value. We can see that all causal fairness metrics recover a
linear relationship under selection in this context.

Causal Fairness Metrics Under Selection On Adult Dataset
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Figure 5.C.5: Causal fairness metrics under selection. We show plots for Counterfactual
Fairness (CF), Total Effect (TE), and Spurious Effect (SE) using graph 5.5.1b where we have
additionally assumed that counterfactual fairness is the point identified.

5.D Details of cross dataset bias analysis

In this section, we analyze the datasets presented in Le Quy et al. [132] for the three
biases we present in Section 5.3. We describe each dataset, describe the task that most
closely relates to the use of this dataset, and, relative to this task, we describe the
measurement biases present. For each bias, we justify our decision.

Synthetic tasks Synthetic tasks are difficult to discuss, since biases are contextual
and these tasks are purely theoretical. Given a downstream task, they may or might
not exhibit the biases we discuss. We therefore drop them from the analysis.

Bank Marketing Dataset The goal here is to target current clients for the bank to
open more accounts. Since the outcome, in this case, is exactly what the bank seeks to
maximize, this dataset does not exhibit proxy or ECP bias. However, contacts were
made via phone, so there is selection bias in whether customers answered the phone.



Dataset Task Proxy Bias | Selection Bias | ECP Bias
Adult Synthetic
KDD Census-Income Synthetic
German credit Credit risk v v
Dutch census Synthetic
Bank marketing Client v
Credit card clients Default Risk v v
COMPAS recid. Risk prediction v v v
COMPAS viol. recid. Risk prediction v v v
Communities&Crime Neighborhood risk v v v
Diabetes Re-admission risk v v
Ricci Promotion Prediction v v v
Student-Mathematics Admissions v v v
Student-Portuguese Admissions v v v
OULAD Admissions v v v
Law School Admissions v v v

Table 5.D.1: Analysis of the datasets from Le Quy et al. [132], split by task. The explanation
for the biases are given in Appendix 5.D.

German credit and Credit card clients For both of these datasets, the goal
is to predict whether customers face default risk. The aim is to use this to decide
if applying customers presents a risk to the bank or not. As a result, there will be
selection bias, since defaults are only observed for a firms’ prior customers. Finally,
as with the example in the main text, this exhibits ECP bias, since the firm sets the
credit limit, which impacts likelihood of default.

COMPAS recid. and COMPAS viol. recid. and Communities and Crime
Datasets built off COMPAS have been well documented to exhibit all these biases
and more [16]. Such issues are not unique to COMPAS, and are exhibited in all
recidivism and crime prediction datasets. We see similar issues in the Communities
and Crime dataset, where the aim is to predict the number of historical crimes per
hundred thousand population for a number of cities. Both under-reporting of crimes
and over-criminalization render the per-capita crime estimates proxy variables. Due to
controversy over the reporting of rape statistics many midwestern communities were
excluded, leading to sampling bias. Finally, police practices affect the likelihood of a
crime being reported, and police often act in discriminatory ways, so ECP bias seems
likely to be a problem as well.

Diabetes For this dataset, the goal is to predict if a patient will be readmitted in
the next 30 days. The aim is to use this to assess patient health risk upon leaving the
hospital, to determine if they should be discharged. The population is a sample of the



patient pool, and so there should not be selection bias. Readmissions differ from the
underlying recurring illness, so this does represent a proxy, albeit a fairly reasonable
one. In this case, ECP bias is a cause for concern due to the differences in quality of
care by demographic group [67].

Ricci The Ricci dataset is an employment dataset, where the goal is to predict the
likelihood of a promotion based on a selection of available covariates. A model trained
on this data would then be used to predict the potential of applying candidates in
order to decide if they are invited to interview or do additional tests. This application
would fall prey to all biases we have presented and, as such, strong justification would
be required as to the usefulness of the model. Going through biases one by one, proxy
bias is exhibited in a similar way to the example presented in the main text, selection
bias is present as the model is evaluated on a different population to the one it is
trained on and, finally, the firm’s policies will have an impact on who succeeds and is
promoted at the company.

Admissions datasets The final datasets can all be grouped under admissions to
academic institutions. Similarly to the employment example, these are prone to exhibit
all the biases we have outlined. This is due to the challenges of having a perfectly
objective measure of performance, deployment of models on applying populations but
fit on accepted populations, and universities’ policies affecting the success of students.
Therefore, when using these predictors, arguments should be made as to why using
such a measure would not induce demographic skew.

5.E Details of cross-dataset experiment

For this experiment, we train numerous predictors across a variety of common fairness
benchmark datasets [132] to satisfy parity constraints. For each dataset we train 18
classifiers total, where the ML model is one of logistic regression, naive Bayes, and a
decision tree and the parity constraint is false negative rate parity, false positive rate
parity, positive predictive parity and negative predictive parity, demographic parity,
and equalized odds. With the exception of positive/negative predictive parity, we
train all classifiers to satisfy these constraints using the reductions approach [3]|. For
positive /negative predictive parity, we train 100 predictors, each weighting different
parts of the distribution, taking the one with the lowest parity score above a given
accuracy threshold. We vary the sensitivity parameter over a range of realistic values
for many real-world settings, computing the sensitivity bounds for each level of the
parameter. We find that, except for demographic parity, all parity measures we
evaluate exhibit significant sensitivity over these parameter ranges. This makes it
hard to understand what satisfying, e.g., equalised odds, means on a given dataset.
The caveat is that equalised odds is only satisfied as long as there are no significant



measurement biases in the underlying data, which is almost never the case in FairML
audits.

5.E.1 Analysis of Results
5.E.1.1 Correlational Plots

Here we explore how sensitivity varies according to class imbalance in either A or
Y. We find that for some metrics (Negative Predictive Parity) class imbalance seems
to make little difference to the sensitivity of metrics, with next to no correlation
observed between imbalance and sensitivity. This sits in contrast to other metrics
(Positive Predictive Parity) where we can see a clear, positive, correlation between class
imbalance and sensitivity.
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5.E.1.2 Cross-Dataset Analysis

These results reveal some heterogeneity across datasets. While we do not find that
parity metrics adhere to a universal ordering in terms of robustness against measurement
bias, we find that these metrics can be generally grouped together with respect to their
order of complexity, and that fragility to bias scales with this complexity. In particular,
on the Adult New, Adult, Bank, COMPAS Recid/Viol, Credit, and Dutch datasets,
we observe that positive predictive parity is a standout fragile method across biases,
followed by false negative rate parity and negative predictive parity. On the German
Credit, Law, and Ricci, Student mat/por we see NPP and FNRP tend to be the worst,

followed by FPRP and PPP.
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Finally, we also perform a sensitivity analysis for a predictor trained on the folktables
[59] dataset:
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5.F Codebase and web interface

We have developed both a codebase and a web interface to ensure our framework is
as usable as possible. The core of both tools are our bias configs, which allow for
portability, modularity, and reproducibility.

The bias config file is a JSON file that specifies the DAG, constraints, and other
parameters for the analysis. For example, the selection bias config specifies the
following:

{
"dag_str": "A->Y, A->P, A->S, U->P, U->Y, U->S, Y->3",
"unob": ["U"],
"cond _nodes": ["S"],
"attribute_node": "A",
"outcome node": "Y",
"prediction_node": "P",
"constraints": ["P(S = 1) >= 1 - D"]
}

The dag_str field is an edgelist for the DAG. The unob field specifies the unobserved
variables in the DAG, which are used to compute the conditional independencies
between the observable variables. The cond_nodes field specifies the variables that
are observed conditional on some value, e.g., in the selection case we only observe
individuals conditional on S = 1.

The attribute_node, outcome_node, and prediction_node fields specify the nodes
for the observed attribute, outcome, and prediction, which will be used in the parity
metric. Usually, these will be set to "A", "Y", and "P" respectively, but some biases may
require different nodes. For example, in Prozxy Y Bias, the observed attribute Y is not
the true outcome but a proxy for the true outcome, so the outcome_node field would
be set to the true outcome node. In the Prozy Y config, we call this true outcome Z.

The constraints field specifies a set of probabilistic constraints on the variables in the
DAG. The variable D is a protected variable name that is used to specify the sensitivity
parameter, which is a bias-specific level of measurement bias. In the selection bias, we
have P(S =1) > 1— D, so D is the probability of observing an individual. In Proxy
Y Bias, we have P(Z =0&Y =0)+ P(Z=1&Y =1) > 1— D, so D lower bounds
the probability that the observed (proxy) outcome equals the true outcome.

Our codebase is essentially a parser for these configs along with a set of fairness metrics
we have implemented. Biases and metrics are designed to allow combinations to suit
any particular use case. The codebase wraps around these biases and fairness metrics
and parses them into optimization problems which can be solved to produce bounds,
currently using the autobounds backend.


https://github.com/Jakefawkes/fragile_fair
https://fragile.ml

The website offers a user interface for constructing and editing bias configs. Configs can
be loaded or exported, and every element of the config can be edited via the interface.
Users can upload their own datasets and analyze the sensitivity of their dataset to
their chosen fairness metric/bias combinations.

5.G Impact Statement

This work aims to broaden the discussion of measurement biases in FairML and provide
practical tools for practitioners in the area to use. Our hope is that any potential
societal consequences of the work will be positive, corresponding to more equitable
algorithmic decision making.



Conclusion, Limitations and Future Outlook

6.1 Conclusion

To conclude, we first discuss the limitations of each of the works presented, and potential
resolutions that could make up future work. We then finish by presenting a few broad
conclusions to be taken from the work in this thesis.

6.1.1 The Hardness of Validating Observational Studies with
Experimental Data

In terms of this paper, we identify two main limitations. Firstly, we focused on
the problem of creating bands that almost surely contain the function, referred to
as confidence bands in Wasserman [217]. Whilst doing this allowed us to show the
impossibility of upper bounding a sensitivity analysis parameter, there are limitations
to taking this view. Most notably, the problem we point to is not unique to CATE
functions, as any outcome function suffers from similar impossibility results. This is
unsurprising because if we could construct confidence bands for normal regression tasks,
we could simply construct a band for each treatment arm and then add each of the
bands’ width together to construct a band for the difference between the arms. As a
consequence of this, much work in nonparametric statistics considers sets which satisfy
some marginal guarantee instead. By this, we mean constructing intervals such that
for X sampled from a distribution P(X), the bands contain the true function 95% of
the time. Future work should focus on the most efficient way to construct these types
of intervals for CATE, possibly drawing on the literature on conformal prediction for
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CATE [3].

Secondly, whilst we isolated that smoothness is the assumption required to produce
valid bands, we did not resolve this by proposing a method which bakes in exact
smoothness constraints. Instead, we used a Gaussian process based approach, which
imposes smoothness assumptions implicitly through the choice of kernel. A natural
extension would therefore be to propose a method which would allow you to specify a
smoothness parameter and directly produce the appropriate bounds, which decay to 0
as the sample size tends to infinity.

6.1.2 1Is merging worth it? Securely Evaluating the Informa-
tion Gain for Causal Dataset Acquisition.

For this paper, we again isolate two main limitations. Firstly, whilst this paper focuses
on the problem of data merging - a task commonly done with incredibly large datasets
- the methods it builds upon are more commonly employed in small sample settings,
with issues scaling GPs and Bayesian causal forests. This also holds for our use of
multiparty computation, as when the dataset size increases the function that is to be
evaluated becomes more complicated, which creates problems in terms of computational
cost and accuracy. Therefore, an important area of future exploration should focus on
understanding how such methods can scale up to larger datasets.

Secondly, in order to evaluate the information gain on the causal predictions only, we
required that the parameters could be split into causal and non-causal portions. This
places fundamental restrictions on what models can be used within our framework.
Whilst there are alternative approaches to gauging information gain in CATE predictions
[108], these apply to individual data points and cannot easily be extended to datasets.
Therefore, an important area of inquiry following this work would be to provide
theoretically justified measures of information gain which can be applied at the dataset
level when the model does not factorise.

6.1.3 Selection, Ignorability, and Challenges with Causal Fair-
ness

For this work, we identify the main limitation as not precisely identifying the target
of the intervention when discussing causal effects of protected attributes. This is a
problem for the field of causal fairness as a whole, with Kasirzadeh and Smart [115]
and Hu and Kohler-Hausmann [104] arguing the counterfactual contrast is not clear in
these contexts. However, there have been works in the social sciences and economics
[123, 122, 190] which resolve this by taking significant care to specify the causal contrast.
This could be through making the distinction between race and perception of race,
where we could imagine in a causal intervention on the latter in, for example, criminal
justice. This could also include specifying which point in time we are imagining an



intervention, as discussed in Loftus [141]. As an example of this, in a hiring context
there may be a significant difference between correcting for the causal effect of gender
from birth, to correcting for the causal effect of gender in the specific hiring process.
Incorporating this into the chapter, we could imagine that under different targets
of intervention the assumption of an ancestrally closed protected attribute set of
the claim that almost all traits are causally downstream of the protected attributes
could come under question. To resolve this, the work could be extended to consider
longitudinal causal effects or more complicated selection structures, including selection
on unobservables.

6.1.4 The Fragility of Fairness: Causal Sensitivity Analysis
for Fair Machine Learning

In this chapter, the major limitation to directly applying this methodology comes from
the sensitivity analysis we make use of. Firstly, autobounds [62] relies upon solving a
non-linear optimisation problem where the number of parameters grows exponentially
in the number of variables. This means, it is constrained to settings with small graphs,
which in turn constrains how many biases we can perform sensitivity analysis for
simultaneously. To resolve this would require constraining the set of causal models in
order to make the optimisation problem easier, or relaxing the optimisation problem
[197]. Secondly, as autobounds is constrained to working with discrete variables, we
cannot easily incorporate biases which depend on continuous values or information
from continuous covariates. Again, to incorporate this would require using alternative
causal sensitivity analysis tools, such as Padh et al. [160]. Having said this, the aim of
this paper was to demonstrate that causal graphs can be a useful tool for reasoning
about multiple sources of measurement bias simultaneously in algorithmic fairness.

6.1.5 Concluding Remarks

In this thesis, we have presented numerous works at the intersection of causal inference,
machine learning, and data quality. We have demonstrated the importance of thinking
about data quality when trying to estimate causal effects using machine learning, and
the usefulness of causality for reasoning about measurement biases in fair ML. Through
this, we hope we have demonstrated the utility of causality as a tool for reasoning
about data in machine learning more generally.
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