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1. Introduction1

Spatial reasoning is one of the most interesting abilities that humans2

possess and whose modelling is still a great challenge for AI. Research in3

this area is interesting from a theoretical point of view, for it may help4

us understand how people reason and use language, and from a practical5

perspective, as it may result in methods with a broad range of applications,6

for example, in robotics [2] or geographical information systems [3].7

There is a great variety of logical approaches to spatial reasoning, which8

exploit the machinery of modal logics [4, 5, 6, 7, 8, 9, 10], relational alge-9

bras [11, 12, 13, 14, 15, 16, 17], and first-order theories [18, 13, 19], among10

others. Various aspects of space are modeled by these systems, such as topol-11

ogy, directions, distance, orientation, size, shape, etc.; some use quantitative12

and other qualitative methods. What is, however, common for many of these13

approaches is that a frame of reference used to determine the location of14

objects is absolute, namely the location of an object is described by using ab-15

solute coordinates or directions such as north, south, east, and west [4, 6, 9],16

for example ‘the tree is to the south of the car.’ Hence, the description does17

not depend on the subject’s position or orientation [20]. On the other hand,18

various studies show that users of many languages (e.g., Indo-European lan-19

guages like English or Dutch; or Japanese) mostly adopt the intrinsic frame20

of reference, or the relative frame of reference when performing both linguis-21

tic and non-linguistic tasks [21, 20, 22]. In the intrinsic frame of reference,22

the location of an object is determined by means of a binary relation be-23

tween this object and a landmark object. The landmark object is ‘parsed’24

into its major parts such as its front, back, left side, and right side, and then25

a named facet of the landmark object is used to describe the location of the26

first object [21], for example, ‘the tree is in front of the car.’ The subject27

itself can be treated as the landmark object, and so ‘the tree is in front of28

me’ is a description in the intrinsic frame of reference, too [20]. In the relative29

frame of reference the position of an object is described by a ternary relation30

involving this object, a landmark object, and the subject (say myself) [20],31

for instance ‘the tree is between the car and myself.’ When using the relative32

frame of reference one also needs to perform ‘parsing’ of objects, and so it33

seems that in natural language the relative frame of reference cannot occur34

without the intrinsic one [23, 20].35

In the paper, we construct a subject-oriented modal spatial logic, denoted36

by SOSL, which allows us to reason about both intrinsic and relative rela-37
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tions. We represent the two-dimensional space using the polar coordinate38

system with the subject located at its center. Hence, every point in the space39

is denoted by a pair 〈r, θ〉 of coordinates, where r is the distance from the40

subject (the radius-coordinate) and θ is the angle from the direction in which41

the subject is looking (the angle-coordinate). Then, we divide the space into42

two-dimensional cells of constant radius-size and angle-width. The modal op-43

erators occurring in the language of SOSL are interpreted as binary relations44

between cells. We provide a formal definition of the syntax and semantics of45

SOSL in Section 2. Next, in Section 3, we analyse the expressive power of the46

logic. In particular, we show that SOSL allows us to express hybrid opera-47

tors (nominals and satisfaction operators), operators expressing the distance,48

and a range of operators corresponding to intrinsic and relative relations. It is49

worth noting that relative relations hold between the object being described,50

a landmark object, and the subject, and so they are ternary by their nature.51

However, as the subject is always implicitly involved in our representation of52

the space, there is no need to explicitly involve them as the third argument53

of a relation. As a result, we can interpret relative relations using binary re-54

lations between cells, and consequently, capture them with modal operators.55

Then, in Section 4, we investigate the computational properties of the logic.56

We show that the satisfiability problem for SOSL is PSpace-complete over57

the classes of arbitrary, finite, and infinite models; whereas if the radius-size58

of a model is bounded by a fixed constant, then the satisfiability problem59

becomes NP-complete. In Section 5, we compare SOSL with other modal60

logics for spatial reasoning. Afterwards, in Section 6, we describe possible61

applications of the logic and in Section 7 we conclude the paper.62

2. Syntax and Semantics63

The language of SOSL consists of a countably infinite set prop of propo-
sitional variables, Boolean connectives ¬ and ∨, SOSL-modal operators ,
, , , , , and parentheses (, ). Formulas of SOSL are generated by the

following grammar:
ϕ ::= p | ¬ϕ | ϕ ∨ ϕ | ⊗ϕ,

where p ∈ prop and ⊗ ∈ { , , , , , }.64

The other Boolean connectives are defined in a standard way, namely:65

> = p ∨ ¬p, ⊥ = ¬>, ϕ ∧ ψ = ¬(¬ϕ ∨ ¬ψ), ϕ → ψ = ¬ϕ ∨ ψ, and66

ϕ↔ ψ = (ϕ→ ψ) ∧ (ψ → ϕ), where p ∈ prop and ϕ, ψ are SOSL-formulas.67
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Moreover, we define and as the operators dual to and , respectively,68

so for every SOSL-formula ϕ, we set ϕ = ¬ ¬ϕ and ϕ = ¬ ¬ϕ. We69

use nϕ as an abbreviation for ϕ preceded by an n-times iteration of , and70

we adopt the analogous notation for iterations of , , and . We identify71
−n with n for any n ∈ N (we use N for non-negative integers, and N+ for72

positive integers), and we do similarly in the cases of −n, −n, and −n.73

Next, we define the semantics of SOSL. We consider an infinite plane74

with polar coordinates. The universe of a model consists of two-dimensional75

cells partitioning the space—where each cell has the radius length 1 and the76

angular width of 1 degree—and an additional circular cell located at the77

center of the space, which represents the subject. We depict such a universe78

in Figure 1(a), but to make the picture more readable we present cells of79

angular width of 5 instead of 1 degree.80

0

90−90

−180

(a)

R

R

R

R

(b)

Figure 1: Universe in SOSL (a) and the relations R , R , R , and R (b)

Each cell is identified with the pair of polar coordinates of its central point.
The subject is denoted by 〈0, 0〉 and is assumed to be oriented towards the
angle of 0 degrees. Every non-subject cell is denoted by a pair 〈r, θ〉 of polar
coordinates, for r being a positive integer denoting the cell’s distance from
the subject and θ being an integer from the set {−180, . . . , 179} of 360 angle-
values denoting the angular position with respect to the subject’s orientation.
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Then, a universe of a model is a set C of cells defined formally as

C =
{
〈0, 0〉

}
∪
{
〈r, θ〉 | 1 ≤ r ≤ s and − 180 ≤ θ ≤ 179

}
,

where s ∈ N+ ∪ {∞} is referred to as the size of the model and r, θ ∈ Z.81

Note that s determines the number of cells in C, which equals 1 + s · 360.82

Clearly, if s ∈ N+, then the number of cells in C is finite and if s =∞, then83

the universe consists of infinitely many cells.84

Each SOSL-modal operator ⊗ ∈ { , , , , , } is interpreted by a bi-85

nary relation on C, denoted by R⊗. The relations R , R , R , and R hold86

between adjacent cells and have the intuitive meaning of, respectively, ‘one87

cell outwards’, ‘one cell inwards’, ‘one cell clockwise’, and ‘one cell counter-88

clockwise’, as depicted in Figure 1(b). On the other hand, R and R mean89

‘any number of cells outwards’ and ‘any number of cells inwards.’ Formally,90

we define these relations as follows.91

Definition 1. The relations R and R are defined as:

R =
{(
〈r1, θ1〉, 〈r2, θ2〉

)
| r2 = r1 + 1 and θ2 = θ1

}
∪{(

〈0, 0〉, 〈1, θ〉
)
| −180 ≤ θ ≤ 179

}
;

R =
{(
〈r1, θ1〉, 〈r2, θ2〉

)
| r2 = r1 and θ2 = θ1 + 1

}
,

where 〈r1, θ1〉, 〈r2, θ2〉, and 〈1, θ〉 are cells in C. We define R and R as the92

converse relations of R and R , respectively; whereas R and R as the93

transitive closures of R and R , respectively.294

Observe that if the universe is infinite, then every non-subject cell has95

exactly one R -successor and exactly one R -successor; whereas if the uni-96

verse is finite, the cells with the maximal radius-coordinate do not have R -97

successors. Furthermore, in each model cells with the angular coordinates98

179 and −180 do not have R - and R -successors, respectively.99

A model and the satisfiability relation are defined in a standard way for100

modal logics:101

2Let us recall that the converse of a binary relation R is the following relation
R−1 = {(y, x) | (x, y) ∈ R}, whereas the transitive closure of the relation R is the relation
R+ = {(x1, xn) | there are x1, . . . , xn, with (xm, xm+1) ∈ R for all m ∈ {1, . . . , n− 1}}.
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Definition 2. An SOSL-model M is a tuple (C,R, V ), where C is a universe,
R = {R⊗ | ⊗ is an SOSL-operator}, and V : prop −→ P(C). The relation 

is defined as follows:

M, 〈r, θ〉 
 p iff 〈r, θ〉 ∈ V (p), for p ∈ prop
M, 〈r, θ〉 
 ¬ϕ iff M, 〈r, θ〉 6
 ϕ

M, 〈r, θ〉 
 ϕ ∨ ψ iff M, 〈r, θ〉 
 ϕ or M, 〈r, θ〉 
 ψ

M, 〈r, θ〉 
 ⊗ϕ iff there exists 〈r′, θ′〉 such that 〈r, θ〉R⊗〈r′, θ′〉
and M, 〈r′, θ′〉 
 ϕ,

where 〈r, θ〉, 〈r′, θ′〉 ∈ C, ϕ and ψ are SOSL-formulas, and ⊗ is an SOSL-102

modal operator. We say that a formula ϕ is satisfiable if there exist a model103

M = (C,R, V ) and a cell 〈r, θ〉 ∈ C such that M, 〈r, θ〉 
 ϕ.104

3. Expressive Power105

In this section, we study the expressive power of SOSL. We prove that106

the logic allows us to express the hybrid machinery, namely the difference,107

somewhere, and everywhere operators, nominals, and satisfaction operators.108

Then, we use them to encode modal operators capturing a wide range of109

intrinsic and relative spatial relations. Finally, we present how to express110

distance operators.111

We start by observing that for every cell of the universe we can write
a formula which is satisfied exactly in this cell. Such formulas will be useful
in several parts of the paper. We start by defining a formula cell〈0,0〉 which
holds exactly in the subject cell 〈0, 0〉:

cell〈0,0〉 = ¬ >.

Indeed, 〈0, 0〉 is the only cell which has no R -successors, so ¬ > holds
only there. For every non-subject cell 〈r, θ〉 we define a formula cell〈r,θ〉 as

cell〈r,θ〉 = r cell〈0,0〉 ∧ θ+180 ¬ >.

Observe that the formula cell〈r,θ〉 holds exactly in the cell 〈r, θ〉; the conjunct112
r cell〈0,0〉 assures that the radius-coordinate of the current cell is r, whereas113

θ+180 ¬ > guarantees that the angle-coordinate is θ.114
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3.1. Hybrid Operators115

Next, we show how to express the hybrid machinery. First, we demon-116

strate the way of capturing the difference operator D, where Dϕ is satisfied117

in a cell 〈r, θ〉 if and only if ϕ is satisfied in some cell distinct from 〈r, θ〉.118

Proposition 3. The difference operator is expressible in SOSL.119

Proof. For any SOSL-formula ϕ we define

Dϕ = ϕ ∨ ϕ ∨
∨

1≤|n|≤359

n(ϕ ∨ ϕ ∨ ϕ).

We need to show that the formula above is satisfied in a cell 〈r, θ〉 if and only120

if ϕ is satisfied in some cell distinct from 〈r, θ〉. First, assume that 〈r, θ〉 is not121

the subject cell 〈0, 0〉. Then ϕ∨ ϕ states that ϕ holds in a cell 〈r′, θ′〉, for122

some r′ 6= r and θ′ = θ, or in 〈0, 0〉. Furthermore
∨

1≤|n|≤359
n(ϕ∨ ϕ∨ ϕ)123

states that ϕ holds in a cell 〈r′, θ′〉, for any r′ and θ′ 6= θ, or in 〈0, 0〉.124

It remains to consider the case when 〈r, θ〉 is 〈0, 0〉. Then, ϕ states that125

ϕ holds in some cell 〈r′, θ′〉 with r′ 6= r and any θ′, that is, in some cell126

different than 〈0, 0〉. Observe that ϕ∨
∨

1≤|n|≤359
n(ϕ∨ ϕ∨ ϕ) is false127

in 〈0, 0〉 since 〈0, 0〉 has neither R - nor R -successors.128

It is well known that D allows us to express the somewhere operator E129

stating that a formula holds in some cell, and its dual—the everywhere op-130

erator A—indicating that a formula holds in all cells [24]. Indeed, we express131

them as Eϕ = ϕ∨Dϕ and Aϕ = ¬E¬ϕ. These operators can be used to sim-132

ulate nominals, that is atoms each of which is satisfied in exactly one (but133

arbitrary) cell. We can simulate a nominal i with a propositional variable pi134

by stipulating that pi holds in exactly one cell: Epi ∧ A(pi → ¬Dpi). Then,135

we can express a satisfaction operator @i, where @iϕ states that ϕ holds in136

the cell in which i holds: @iϕ = E(pi ∧ ϕ).137

Corollary 4. The somewhere operator, everywhere operator, nominals, and138

satisfaction operators are expressible in SOSL.139

3.2. Intrinsic Relations140

Now, we consider the following intrinsic relations: ‘in front of the sub-141

ject’, ‘behind the subject’, ‘to the right of the subject’, and ‘to the left of the142

subject.’ Various meanings can be assigned to such relations as presented in143
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Figure 2: Different interpretations of the intrinsic relations ‘in front of the subject’, ‘behind
the subject’, ‘to the right of the subject’, and ‘to the left of the subject’

Figure 2. As we show below, SOSL allows us to express modal operators cor-144

responding to these exemplary meanings, but the class of intrinsic relations145

that can be captured in the logic is much broader.146

One possible semantics for the intrinsic relations—as depicted in Fig-
ure 2(a)—results from associating a relation with a single angular coordi-
nate, so that ‘in front of the subject’, ‘behind the subject’, ‘to the right of
the subject’, and ‘to the left of the subject’ indicate that the angular coor-
dinate of an object is 0, −180, 90, and −90 degrees, respectively. We denote
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such relations by R ,R ,R , and R , and define them formally as follows,
for 〈r, θ〉 ranging over non-subject cells:

R =
{(
〈0, 0〉, 〈r, θ〉

)
| θ = 0

}
; R =

{(
〈0, 0〉, 〈r, θ〉

)
| θ = −180

}
;

R =
{(
〈0, 0〉, 〈r, θ〉

)
| θ = 90

}
; R =

{(
〈0, 0〉, 〈r, θ〉

)
| θ = −90

}
.

Another semantics for the intrinsic relations is obtained by dividing the
space surrounding the subject into four cones whose angular width is 90
degrees, as in Figure 2(b). Then, every cone represents one of the intrinsic
relations, for example, the cone extending in the direction of the subject’s
orientation contains cells which are ‘in front of the subject.’ We denote such
relations by R ,R ,R , and R , and define them below, for 〈r, θ〉 being a
non-subject cell:

R =
{(
〈0, 0〉, 〈r, θ〉

)
| |θ| ≤ 45

}
; R =

{(
〈0, 0〉, 〈r, θ〉

)
| 135 ≤ |θ|

}
;

R =
{(
〈0, 0〉, 〈r, θ〉

)
| 45 < θ < 135

}
;

R =
{(
〈0, 0〉, 〈r, θ〉

)
| −135 < θ < −45

}
.

One can also understand the ‘in front of the subject’ and ‘behind the sub-
ject’ relations as dividing the space into two half-planes, where the division
line coincides with the ‘shoulder line of the subject’ and does not belong to
any half, as depicted in Figure 2(c). Similarly, the ‘to the right of the sub-
ject’ and ‘to the left of the subject’ relations can be obtained by dividing the
space with a line coinciding with the direction the subject is looking in, as
in Figure 2(d). Note that in this case, the intrinsic relations are not disjoint,
as, for instance, an object can be located simultaneously ‘in front of the sub-
ject’ and ‘to the right of the subject.’ Let R ,R ,R , and R denote these
relations. Hence, for 〈r, θ〉 ranging over non-subject cells we define:

R =
{(
〈0, 0〉, 〈r, θ〉

)
| |θ| < 90

}
; R =

{(
〈0, 0〉, 〈r, θ〉

)
| 90 < |θ|

}
;

R =
{(
〈0, 0〉, 〈r, θ〉

)
| 0 < θ

}
; R =

{(
〈0, 0〉, 〈r, θ〉

)
| −180 < θ < 0

}
.

We introduce the modal operators , , , , , , , , , , , and147

corresponding to the intrinsic relations presented above. The semantics of148

these operators is straightforward: for every SOSL-model M = (C,R, V ),149

9



every 〈r, θ〉 ∈ C, every ⊗ ∈ { , , , , , , , , , , , }, and every150

SOSL-formula ϕ it holds that:151

M, 〈r, θ〉 
 ⊗ϕ iff there exists 〈r′, θ′〉 ∈ C such that 〈r, θ〉R⊗〈r′, θ′〉
and M, 〈r′, θ′〉 
 ϕ.

Proposition 5. All the operators , , , , , , , , , , , and are152

expressible in SOSL.153

Proof. We can notice that for each operator ⊗ mentioned in the proposition,
the relation R⊗ holds between the subject cell 〈0, 0〉 and cells that form
a segment of a circle (see Figure 2). Such a segment can be divided into two
sets of cells. The first set, denoted by A⊗, consists of cells lying on the first
ring around the subject and the second set consists of all cells that can be
reached from cells in A⊗ by moving outwards. We use this intuition to define
the modal operators as follows, where ϕ is an arbitrary SOSL-formula:

⊗ϕ = cell〈0,0〉 ∧ E
∨

〈r,θ〉∈A⊗

(
cell〈r,θ〉 ∧ (ϕ ∨ ϕ)

)
.

The first conjunct of the formula states that the current cell is 〈0, 0〉. The154

second conjunct ensures that ϕ holds in some cell belonging to A⊗ or in a155

cell located outwards some cell in A⊗. Note that it is essential that A⊗ is156

finite, so the disjunction over 〈r, θ〉 ∈ A⊗ is also finite.157

The proof of Proposition 5 suggests a method of defining a wide range of158

other intrinsic relations in SOSL. Indeed, the logic allows us to capture each159

intrinsic relation whose range can be described using two finite sets of cells,160

call them A and B, namely it consists of all cells in A and cells which are161

reachable by going outwards from cells in B. Observe that in the proof of162

Proposition 5 the sets A and B coincide (they are denoted by A⊗), but in163

general we do not need to impose such a restriction.164

3.3. Relative relations165

Recall that spatial relations in the relative frame of reference allow us to166

determine mutual spatial arrangement of objects from the subject’s perspec-167

tive, for instance ‘the house is to the left of the tree from my point of view.’168

We consider four relative relations: ‘behind an object’, ‘between the subject169

and an object’, ‘to the right of an object’, and ‘to the left of an object.’ As170
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we show in this section, SOSL allows us to define modal operators for several171

exemplary meanings of these relative relations. Then, we observe that there172

is a much wider class of relations we can capture in the logic.173

To describe relative relations it is useful to define additional notions per-
taining to angular coordinates of cells. We will write θ1 l θ2, if the clockwise
angle from θ1 to θ2 is smaller than the clockwise angle from θ2 to θ1, namely

θ1 l θ2 iff (θ2 − θ1) mod 360 < (θ1 − θ2) mod 360,

where (θ2 − θ1) mod 360 is the clockwise angle from the angle θ1 to θ2, and174

(θ1 − θ2) mod 360 is the clockwise angle from θ2 to θ1. If the opposite inequal-175

ity holds, we write θ1 m θ2. For example, in Figure 3(d), with the reference176

cell 〈r1, θ1〉, the area corresponding to R contains all cells 〈r2, θ2〉 such that177

θ1lθ2 and the area marked as R contains all cells 〈r2, θ2〉 such that θ1mθ2.178

Next we define the angular distance between θ1 and θ2, denoted as ∆(θ1, θ2).
Intuitively, the angular distance is the smaller of the two clockwise angles:
form θ1 to θ2 and form θ2 to θ1. Formally

∆(θ1, θ2) = min
{

(θ2 − θ1) mod 360, (θ1 − θ2) mod 360
}
.

Clearly, ∆(θ1, θ2) takes integer values from the set {0, . . . , 180}.179

Now we can proceed to the exposition of concrete examples of relative
relations, as depicted in Figure 3. One possible meaning of ‘〈r2, θ2〉 is behind
〈r1, θ1〉 from the subject’s point of view’ is that 〈r2, θ2〉 and 〈r1, θ1〉 share the
same angle-coordinate but 〈r2, θ2〉 is located further away from the subject
than 〈r1, θ1〉. Then, ‘〈r2, θ2〉 is between 〈r1, θ1〉 and the subject’ if 〈r2, θ2〉 and
〈r1, θ1〉 share the same angle-coordinate and r2 < r1. Analogously, ‘〈r2, θ2〉 is
to the right of 〈r1, θ1〉 from the subject’s point of view’ if the cells are in the
same distance from the subject and θ1lθ2; and ‘〈r2, θ2〉 is to the left of 〈r1, θ1〉
from the subject’s point of view’ is the inverse of the ‘to the right’ relation.
We will denote these relations by R , R , R , and R , respectively. We
present them in Figure 3(a) and define formally as follows, for 〈r1, θ1〉 and
〈r2, θ2〉 ranging over non-subject cells:

R =
{(
〈r1, θ1〉, 〈r2, θ2〉

)
| r1 < r2 and θ1 = θ2

}
;

R =
{(
〈r1, θ1〉, 〈r2, θ2〉

)
| r1 > r2 and θ1 = θ2

}
;

R =
{(
〈r1, θ1〉, 〈r2, θ2〉

)
| θ1 l θ2 and r1 = r2

}
;

R =
{(
〈r1, θ1〉, 〈r2, θ2〉

)
| θ1 m θ2 and r1 = r2

}
.
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Figure 3: Different interpretations of the relative relations ‘behind an object’, ‘between
the subject and an object’, ‘to the right of an object’, and ‘to the left of an object’

Alternatively, the relative relations can be understood as resulting from
a partitioning of a plane into cone-shape areas, as presented in Figure 3(b).
We denote such relations by R , R , R , and R , and define them below,
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for 〈r1, θ1〉 and 〈r2, θ2〉 ranging over non-subject cells:

R =
{(
〈r1, θ1〉, 〈r2, θ2〉

)
| r1 < r2 and ∆(θ1, θ2) ≤ r2 − r1

}
;

R =
{(
〈r1, θ1〉, 〈r2, θ2〉

)
| r1 > r2 and ∆(θ1, θ2) ≤ r1 − r2

}
;

R =
{(
〈r1, θ1〉, 〈r2, θ2〉

)
| θ1 l θ2 and |r1 − r2| < ∆(θ1, θ2)

}
;

R =
{(
〈r1, θ1〉, 〈r2, θ2〉

)
| θ1 m θ2 and |r1 − r2| < ∆(θ1, θ2)

}
.

Another way of defining the relative relations is depicted in Figures 3(c)
and 3(d), where ‘behind a cell 〈r1, θ1〉’ is understood as ‘in a cell that is further
away from the subject than 〈r1, θ1〉’ and ‘between a cell and the subject’ as
‘in a cell that is closer to the subject than 〈r1, θ1〉.’ Similarly, we can define
‘to the right of a cell’ as ‘in a cell with a l-greater angle-coordinate’, and
to the left of a cell’ as ‘in a cell with a l-less angle-coordinate.’ We denote
these relations by R , R , R , and R ; and define them as follows, where
〈r1, θ1〉 and 〈r2, θ2〉 are non-subject cells:

R =
{(
〈r1, θ1〉, 〈r2, θ2〉

)
| r1 < r2

}
; R =

{(
〈r1, θ1〉, 〈r2, θ2〉

)
| r1 > r2

}
;

R =
{(
〈r1, θ1〉, 〈r2, θ2〉

)
| θ1 l θ2

}
; R =

{(
〈r1, θ1〉, 〈r2, θ2〉

)
| θ1 m θ2

}
.

We denote the modal operators corresponding to the relative relations by180

, , , , , , , , , , , and . Thus, for every modelM = (C,R, V ),181

every 〈r, θ〉 ∈ C, every ⊗ ∈ { , , , , , , , , , , , }, and every182

formula ϕ it holds that:183

M, 〈r, θ〉 
 ⊗ϕ iff there exists 〈r′, θ′〉 ∈ C such that 〈r, θ〉R⊗〈r′, θ′〉
and M, 〈r′, θ′〉 |= ϕ.

Proposition 6. All the operators , , , , , , , , , , , and are184

expressible in SOSL.185

Proof. For each operator ⊗ mentioned in the proposition the relation R⊗ can186

be characterised using three finite subsets of Z×Z, which we denote by ∆1
⊗,187

∆2
⊗, and ∆3

⊗. These sets determine R⊗ in the sense that for all cells 〈r1, θ1〉188

and 〈r2, θ2〉, we have 〈r1, θ1〉R⊗〈r2, θ2〉 if and only if one of the following189

statements hold:190
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1. There is (n,m) ∈ ∆1
⊗ such that r2 = r1 + n and θ2 = θ1 +m;191

2. There is (n,m) ∈ ∆2
⊗ such that 〈r1 + n, θ1 + m〉 ∈ C, r2 > r1 + n, and192

θ2 = θ1 +m;193

3. There is (n,m) ∈ ∆3
⊗ such that 〈r1 + n, θ1 + m〉 ∈ C, r2 < r1 + n, and194

θ2 = θ1 +m.195

Intuitively, given a cell 〈r1, θ1〉, the sets ∆1
⊗, ∆2

⊗, and ∆3
⊗ divide the image of196

〈r1, θ1〉 under R⊗ into three subsets, corresponding to Statements 1, 2, and197

3, respectively, where the first subset needs to be finite, whereas the other198

two can be infinite.199

It is not hard to observe that for each operator mentioned in the proposi-200

tion we can indeed introduce such ∆1
⊗, ∆2

⊗, and ∆3
⊗. For example consider the201

operator , then we can set ∆1 = ∅, ∆2 = {(0, 0)}, and ∆3 = ∅ . For the202

other operators these sets can be more complex; for example in the case of203

we set ∆1 = {(n,m) | 1 ≤ n ≤ 180 and (0 ≤ m < n or 1 ≤ 360 + m ≤ n)},204

∆2 = {(180,m) | |m| ≤ 359}, and ∆3 = ∅.205

Given sets ∆1
⊗, ∆2

⊗, and ∆3
⊗ satisfying Statements 1–3, we can define the

operator ⊗, as follows, where ϕ is an arbitrary SOSL-formula:

⊗ ϕ = ¬cell〈0,0〉 ∧

 ∨
(n,m)∈∆1

⊗

n m(¬cell〈0,0〉 ∧ ϕ) ∨

∨
(n,m)∈∆2

⊗

n m (¬cell〈0,0〉 ∧ ϕ) ∨
∨

(n,m)∈∆3
⊗

n m (
¬cell〈0,0〉 ∧ ϕ

) .

The first conjunct ensures that the current cell is not 〈0, 0〉, as 〈0, 0〉 is never206

the first argument of R⊗. The second conjunct is composed of three disjuncts207

corresponding to Statements 1–3. Note also that 〈0, 0〉 cannot be the second208

argument of R⊗, which we ensure explicitly in each of the three disjuncts.209

Finally, observe that our requirement that each of the sets ∆1
⊗, ∆2

⊗, and ∆3
⊗210

is finite is necessary to make the disjunctions in the formula above finite.211

Like in the case of the intrinsic relations, SOSL enables to define a much212

wider family of relative relations, and the proof of Proposition 6 reveals what213

property such relations need to satisfy to be expressible. In particular, they214

need to be characterisable by finite sets ∆1
⊗, ∆2

⊗, and ∆3
⊗ satisfying the215

requirements formulated in the proof above.216
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3.4. Distance Operators217

Next, we show how to define operators expressing the distance between
the central points of two cells. We can compute the distance between the
points 〈r1, θ1〉 and 〈r2, θ2〉, denoted here by dist(〈r1, θ1〉, 〈r2, θ2〉), as follows:

dist(〈r1, θ1〉, 〈r2, θ2〉) =
√
r2

1 + r2
2 − 2 · r1 · r2 · cos(θ1 − θ2).

Then, for d being a rational number we introduce the operator =d, where218

=d ϕ holds in 〈r1, θ1〉 if and only if ϕ holds in some 〈r2, θ2〉 such that219

dist(〈r1, θ1〉, 〈r2, θ2〉) = d. Similarly, the operators <d and >d state that220

the aforementioned distance is, respectively, less or greater than d.221

Proposition 7. For every rational number d, the operators =d, <d, and222

>d are expressible in SOSL.223

Proof. First, we show that for every formula ϕ we can define =d ϕ as

=d ϕ = dϕ ∨ dϕ ∨ (1)∨
〈r1,θ1〉∈C | r1<last(d)

(
cell〈r1,θ1〉 ∧ (2)

∨
〈r2,θ2〉∈C | dist(〈r1,θ1〉,〈r2,θ2〉)=d

E(cell〈r2,θ2〉 ∧ ϕ)

)
(3)

where last(d) = d + min{n ∈ N+ | dist(〈n, 0〉, 〈n, 1〉) > d} and we identify224
d ϕ and d ϕ with ⊥, if d is not a natural number. It is relatively easy to see225

that if Formulas (1)–(3) hold in 〈r1, θ1〉, there exists a cell 〈r2, θ2〉 in which226

ϕ holds and such that the distance between the cells is d.227

For the opposite implication assume that ϕ holds in 〈r2, θ2〉 which is228

in the distance d from 〈r1, θ1〉. If θ1 = θ2, then as the distance between229

〈r1, θ1〉 and 〈r2, θ2〉 equals d, we have |r2 − r1| = d, which is expressed by230

Formula (1). Now, assume that θ1 6= θ2. We show that r1 needs to be small.231

Suppose towards a contradiction that r1 ≥ last(d). Then, by the definition of232

last(d), for every n ∈ N such that n ≥ r1− d we have dist(〈n, 0〉, 〈n, 1〉) > d.233

Since dist(〈r1, θ1〉, 〈r2, θ2〉) = d and θ1 6= θ2, we obtain that r2 > r1 − d,234

and so dist(〈r2, 0〉, 〈r2, 1〉) > d. Now, let r be the minimum of r1 and r2,235

thus dist(〈r, 0〉, 〈r, 1〉) > d. Since θ1 6= θ2, we have ∆(θ1, θ2) ≥ 1, and so236

dist(〈r, θ1〉, 〈r, θ2〉) > d. On the other hand, since dist(〈r1, θ1〉, 〈r2, θ2〉) = d,237

we have dist(〈r, θ1〉, 〈r, θ2〉) ≤ d, which raises a contradiction, so r1 < last(d).238
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To determine r1 and θ1 it suffices to check which of the formulas of the239

form cell〈r1,θ1〉, for r1 < last(d) and −180 ≤ θ1 ≤ 179, is satisfied in the240

current cell, which is expressed by Formula (2). Note that the number of241

candidate values for r1 and θ1 is bounded, so the disjunction in Formula (2)242

is finite. Assuming that we know the values of r1 and θ1, it is sufficient to243

find out if there are values for r2 and θ2 such that dist(〈r1, θ1〉, 〈r2, θ2〉) = d,244

and ϕ holds in 〈r2, θ2〉. Observe that for any 〈r1, θ1〉 and d there is a bounded245

number of 〈r2, θ2〉 such that dist(〈r1, θ1〉, 〈r2, θ2〉) = d. Hence, the size of the246

disjunction from Formula (3) is bounded. Now, for each 〈r2, θ2〉 such that247

dist(〈r1, θ1〉, 〈r2, θ2〉) = d it is enough to verify whether ϕ is true in the cell248

in which cell〈r2,θ2〉 holds, which is expressed in Formula (3).249

Analogously, we can define <d as follows:

<d ϕ =
∨

n∈N | n<d

nϕ ∨
∨

n∈N | n<d

nϕ ∨

∨
〈r1,θ1〉∈C | r1<last(d)

(
cell〈r1,θ1〉 ∧

∨
〈r2,θ2〉∈C | dist(〈r1,θ1〉,〈r2,θ2〉)<d

E(cell〈r2,θ2〉 ∧ ϕ)

)
.

Using a similar idea we can also define the operator >d, but due to its250

combinatorial nature, the formula is long, so we omit its presentation.251

4. Computational Complexity252

In this section, we study the computational complexity of the satisfiability253

problem in SOSL. As we show, the problem is PSpace-complete. We obtain254

the lower bound by reducing the satisfiability problem in linear temporal logic255

(LTL in short) [25]; we simulate an LTL-model with one ray of an SOSL-model,256

that is, with a set of cells with the same angle-coordinate. Then, we show257

the matching upper bound by constructing a Büchi automaton, where every258

state describes formulas satisfied in cells with the same radius-coordinate. We259

prove that checking satisfiability over only finite as well as over only infinite260

models remains PSpace-complete. On the other hand, if the size of a model261

is bounded by a fixed constant, the problem becomes NP-complete.262

We start by showing the NP-completeness of the satisfiability problem263

over models whose size does not exceed a fixed constant c. Importantly, c is264

not treated as a part of the input to the problem.265

Theorem 8. Let c be fixed constant. Then, checking SOSL-satisfiability over266

models of size at most c is NP-complete.267
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Proof. The lower bound is seamlessly inherited from the well-known NP-268

completeness of propositional calculus [26]. To show the matching upper269

bound we can guess a model M of size at most c over the signature of the270

input formula ϕ and then check whether ϕ is satisfied in M. The number of271

cells in M does not depend on the input (i.e., on ϕ), and so the valuation of272

propositional variables in M is polynomial (in the size of ϕ). Thus, M can be273

guessed in NP. To check whether ϕ is satisfied inM we determine inductively,274

for every subformula ψ of ϕ, the cells of M in which ψ holds. The valuation of275

propositional variables is already determined by M. To check in which cells276

a compound formula ψ holds it is sufficient to know where the subformulas277

of ψ hold, and so the time consumed by such a check does not depend on ϕ.278

The inductive procedure has as many steps as there are subformulas of ϕ,279

and so it is feasible in polynomial time in the size of ϕ.280

Next, we show the PSpace-hardness for checking satisfiability in infinite,
finite, and arbitrary SOSL-models. First, we prove that checking satisfiability
over infinite models is PSpace-hard by reducing the satisfiability problem in
LTL over finite traces, denoted by LTLf [27]. Since we are considering infinite
SOSL-models, it would be more natural to reduce the satisfiability problem in
LTL and not in LTLf , however, the advantage of our approach is that we can
essentially reuse it when considering finite SOSL-models. The LTLf -formulas
are generated by the grammar

ϕ ::= p | ¬p | ϕ ∨ ϕ | ϕ ∧ ϕ | Xϕ | Gϕ,

where p ∈ prop, X is the ‘next point’, and G the ‘everywhere in the future’281

operator. An LTLf -model is a pair (N≤k, V ), where N≤k is the initial segment282

of natural numbers which are smaller or equal to some k ∈ N—such k is283

the size of the model—and V : prop −→ P(N≤k). The forcing relation is284

defined as in standard LTL and the satisfiability of LTLf -formulas is known285

to be PSpace-complete [27].286

Theorem 9. SOSL-satisfiability over infinite models is PSpace-hard.287

Proof. We define a translation τ of LTLf -formulas into SOSL-formulas as:288

τ(p) = p τ(ϕ ∧ ψ) = τ(ϕ) ∧ τ(ψ)
τ(¬p) = ¬p τ(Xψ) = (q ∧ τ(ψ))

τ(ψ ∨ χ) = τ(ψ) ∨ τ(χ) τ(Gψ) = (q → τ(ψ))
289
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where p ∈ prop, q is a fresh propositional variable, and ψ, χ are LTLf -
formulas. Then, given an LTLf formula ϕ we define ϕ′ as:

τ(ϕ) ∧ cell〈1,0〉 ∧ q ∧ A(q →
∧

1≤i≤179

i ¬q ∧
∧

1≤i≤180

i ¬q)∧

A(¬q → ¬q) ∧ E(q ∧ ¬ q),

where cell〈1,0〉, A, and E are as defined in Section 3. Formula ϕ′ states that290

there is k ∈ N such that q holds in all cells 〈r, 0〉, for 1 ≤ r ≤ k; and ¬q291

holds in all other cells. Clearly, ϕ′ can be constructed in logarithmic space;292

in particular to compute τ(ϕ) it suffices to scan ϕ and replace the operators293

X and G with appropriate symbols. Hence, it remains to show that ϕ is294

LTLf -satisfiable if and only if ϕ′ is SOSL-satisfiable in an infinite model.295

First, assume that M = (N≤k, V ) is an LTLf -model, satisfying ϕ, so
M, 0 
 ϕ. Let M = (C,R, V ′) be an infinite SOSL-model such that for all
〈r, θ〉 ∈ C, p ∈ prop, and q a propositional variable not occurring in ϕ:

〈r, θ〉 ∈ V ′(p) iff r − 1 ∈ V (p) and θ = 0,

〈r, θ〉 ∈ V ′(q) iff r ≤ k and θ = 0.

By the definition of M every conjunct of ϕ′ which is different than τ(ϕ) holds296

in M in the cell 〈1, 0〉. To show M, 〈1, 0〉 
 τ(ϕ), we prove inductively on the297

complexity of a formula that for every LTLf formula ψ, and every n ≤ k, if298

M, n 
 ψ, then M, 〈n+ 1, 0〉 
 τ(ψ). Thus, M, 〈1, 0〉 
 ϕ′.299

For the opposite direction assume thatM = (C,R, V ′) is an infinite SOSL-
model, with M, 〈r, θ〉 
 ϕ′. Thus, it needs to be the case that r = 1, θ = 0,
and there is k such that V ′(q) = {〈r, 0〉 | r ≤ k}. We define an LTLf -model
M = (N≤k, V ) such that for all n ≤ k and p ∈ prop distinct from q

n ∈ V (p) iff 〈n+ 1, 0〉 ∈ V ′(p).

We can show by induction on the complexity of a formula that for every300

SOSL-formula ψ and r ∈ N such that 1 ≤ r ≤ k+ 1, if M, 〈r, 0〉 
 τ(ψ), then301

M, r − 1 
 ψ. In particular,M, 0 
 ϕ.302

We can show that the same reduction works also for finite SOSL-models:303

Theorem 10. SOSL-satisfiability over finite models is PSpace-hard.304
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Proof. For every LTLf -formula ϕ, we construct an SOSL-formula ϕ′ in the305

same way as in the proof of Theorem 9. Then, we need to prove that ϕ is306

LTLf -satisfiable if and only if ϕ′ is SOSL-satisfiable over finite models. This,307

however, can be done similarly to the method from the proof of Theorem 9,308

namely for every LTLf -model of size k we construct a corresponding SOSL-309

model of size k + 1, and vice versa. The only difference is that now, the310

SOSL-model is finite, which actually makes the proof even easier.311

As the translation of an LTLf -formula to an SOSL-formula is exactly the312

same in the reductions used to prove Theorems 9 and 10, we obtain:313

Corollary 11. SOSL-satisfiability (over arbitrary models) is PSpace-hard.314

Next, we show the matching PSpace upper bounds. The main difficulty is315

to prove that SOSL-satisfiability over arbitrary models is in PSpace (whereas316

to show that the same upper bounds hold for finite and infinite models it is317

sufficient to introduce formulas ensuring that a model is finite or infinite, re-318

spectively). Clearly, to check whether ϕ is SOSL-satisfiable it suffices to verify319

whether Eϕ can be satisfied in 〈0, 0〉. To that end we build a generalized Büchi320

automaton which to a certain extent resembles the standard construction for321

LTL [28], as and have a similar meaning to the LTL-modal operators322

‘somewhere in the future’ and ‘somewhere in the past’, respectively.323

Thus, our aim is to check, for an arbitrary SOSL-formula ϕ, if it can be324

satisfied in 〈0, 0〉. First, we guess in NP a set K (called kernel) of formulas325

which are satisfied in 〈0, 0〉 (thus ϕ ∈ K). Then, we construct a generalized326

Büchi automaton Gϕ,K , depending on K, whose states determine formulas327

which are satisfied in cells sharing the same radius coordinate (a set of such328

cells forms a ring around 〈0, 0〉); each symbol of the automaton’s alphabet329

describes 360 sets of propositional variables (which encodes a valuation in330

cells located within one ring); the transition relation forces consecutive rings331

to match each other; and the accepting sets assure that every ‘promise’ (e.g.,332

that p holds somewhere behind an object) will eventually be kept. As we333

show, an infinite word w is accepted by Gϕ,K (i.e., there is a run of Gϕ,K on334

w where at least one state from each accepting set occurs infinitely often) if335

and only if w describes an SOSL-model in which ϕ holds in 〈0, 0〉.336

In the construction below, up to Lemma 16, let ϕ be a fixed yet arbitrary337

SOSL-formula. We use the standard notion of closure of ϕ, denoted by cl(ϕ),338

which stands for the set of all subformulas of ϕ and their negations (as usual,339

we identify ¬¬ψ with ψ, for any formula ψ). For a set Y ⊆ cl(ϕ) of formulas340
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we use the following notions: Y is (propositionally) consistent if for all ψ and341

ϕ1 ∨ ϕ2 in cl(ϕ) we have (i) if ψ ∈ Y , then ¬ψ 6∈ Y and (ii) ϕ1 ∨ ϕ2 ∈ Y iff342

ϕ1 ∈ Y or ϕ2 ∈ Y ; Y is maximal if for all ψ ∈ cl(ϕ), ψ 6∈ Y implies ¬ψ ∈ Y .343

Then, we define a kernel for ϕ as follows344

Definition 12. A ϕ-kernel is a consistent and maximal set K ⊆ cl(ϕ) such345

that ϕ ∈ K and ψ, ψ, ψ, ψ /∈ K, for all ψ ∈ cl(ϕ).346

Intuitively, a ϕ-kernel is set of formulas which are to be satisfied in 〈0, 0〉,347

and so it contains ϕ and it does not contain formulas which clearly cannot348

be satisfied in 〈0, 0〉. Next, we define rings which intuitively contain formulas349

satisfied in cells located in consecutive rings around 〈0, 0〉. For brevity, we350

denote the set {−180, . . . , 179} of angle-coordinates by ang.351

Definition 13. A ϕ-ring is a function ρ which maps elements of ang to352

subsets of cl(ϕ), such that one of the following conditions holds:353

– for each θ ∈ ang we have ρ(θ) = ∅ (such a ρ is called empty ring and354

denoted by ρ∅); or355

– for each θ ∈ ang the set ρ(θ) is maximal and consistent and for all
ψ, χ ∈ cl(ϕ) and all m,n ∈ N:

ψ ∈ ρ(θ) iff ψ ∈ ρ(θ + 1) and χ ∈ ρ(θ) iff χ ∈ ρ(θ − 1).

The above definition guarantees that each non-empty ring ρ is locally356

consistent with regard to formulas with and , namely formulas of the form357

ψ and ψ belong to ρ(θ) if and only if they have witnesses in the same358

ring. Next, we define the notions of ring being a successor of a kernel, and359

ring being a successor of another ring. The former notion will be crucial to360

define the initial state of the automaton and the latter to define the transition361

function of the automaton.362

Definition 14. A ϕ-ring ρ is a successor of a ϕ-kernel K if:363

– for each ψ ∈ cl(ϕ): ψ ∈ K iff there is θ ∈ ang such that ψ ∈ ρ(θ);364

– for each ⊗ψ ∈ cl(ϕ) with ⊗ ∈ { , }: either ⊗ψ ∈ ρ(θ) for all θ ∈ ang365

or ⊗ψ /∈ ρ(θ) for all θ ∈ ang;366

– for each ⊗ψ ∈ cl(ϕ) with ⊗ ∈ { , }: ψ ∈ K iff ⊗ψ ∈ ρ(θ) for all367

θ ∈ ang.368
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A ϕ-ring ρ′ is a successor of a ϕ-ring ρ if either ρ = ρ′ = ρ∅, or ρ 6= ρ∅ and369

for all θ ∈ ang:370

– for each ψ ∈ cl(ϕ): ψ ∈ ρ(θ) iff ψ ∈ ρ′(θ);371

– for each ψ ∈ cl(ϕ): if ρ′ 6= ρ∅, then ψ ∈ ρ′(θ) iff ψ ∈ ρ(θ);372

– for each ψ ∈ cl(ϕ): ψ ∈ ρ(θ) iff ψ ∈ ρ′(θ) or ψ ∈ R′(θ);373

– for each ψ ∈ cl(ϕ): if ρ′ 6= ρ∅, then ψ ∈ ρ′(θ) iff we have ψ ∈ ρ(θ)374

or ψ ∈ ρ(θ).375

In the following part of the section we use prop(ϕ) to denote the set of376

all propositional variables occurring in ϕ.377

Definition 15. For a ϕ-kernel K we define a generalized nondeterministic378

Büchi automaton Gϕ,K = (Σ, Q,Q0, δ,F), where:379

– Σ is the set of all functions σ : ang −→ P(prop(ϕ));380

– Q is the set of all ϕ-rings;381

– Q0 is the set of all ϕ-rings ρ ∈ Q such that ρ is a successor of K;382

– δ : Q× Σ −→ P(Q) is such that for each ρ ∈ Q and σ ∈ Σ:

δ(ρ, σ) = {ρ′ ∈ Q | ρ′ is a successor of ρ and
ρ′(θ) ∩ prop(ϕ) = σ(θ), for all θ ∈ ang};

– F that consists of sets of the form:

F θ
ψ

= {ρ ∈ Q | ψ 6∈ ρ(θ) or ψ ∈ ρ(θ)} ∪ {ρ∅},

for each θ ∈ ang and ψ ∈ cl(ϕ).383

Intuitively, the definition of a state of the automaton allows us to cap-384

ture the semantics of formulas preceded by and ; the transition relation385

captures the semantics of formulas preceded by , , and ; whereas the386

accepting conditions correspond to the semantics of formulas preceded by .387

As a result, we can show that the automaton accepts exactly those words388

that represent models in which ϕ holds in 〈0, 0〉.389

Lemma 16. For every SOSL-formula ϕ the following are equivalent:390
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1. There exists a ϕ-kernel K such that the language of Gϕ,K is non-empty.391

2. There exists an SOSL-model M such that M, 〈0, 0〉 
 ϕ.392

Proof. (1 ⇒ 2) Let w = σ2σ3 . . . be an infinite word accepted by Gϕ,K and393

let ρ1, ρ2, . . . be an infinite sequence of states in an accepting run of Gϕ,K394

on w. Note that if ρn = ρ∅ for some n ∈ N+, then ρm = ρ∅ for all m > n. We395

define a model M = (C,R, V ) corresponding to the non-empty rings in the396

run, namely, the size of M is the largest n such that ρn 6= ρ∅ or ∞ if no such397

n exists, and for each p ∈ prop(ϕ) the following hold:398

– 〈0, 0〉 ∈ V (p) iff p ∈ K, and399

– for each 〈r, θ〉 ∈ C distinct from 〈0, 0〉 we have 〈r, θ〉 ∈ V (p) iff p ∈ ρr(θ).400

We can show by simultaneous induction on the complexity of a formula that401

for each ψ ∈ cl(ϕ) the following statements hold:402

– If ψ ∈ K, then M, 〈0, 0〉 
 ψ;403

– For each r ∈ N+ and θ ∈ ang, if ψ ∈ ρr(θ), then M, 〈r, θ〉 
 ψ.404

By Definition 12, we have ϕ ∈ K, and so, by the first of the statements405

above, we obtain M, 〈0, 0〉 
 ϕ.406

(1⇐ 2) LetM = (C,R, V ) be an SOSL-model (which is finite or infinite) such407

that M, 〈0, 0〉 
 ϕ. We define a set K = {ψ ∈ cl(ϕ) | M, 〈0, 0〉 
 ψ}. Since408

M is an SOSL-model, the set K satisfies the conditions from Definition 12, so409

K is a ϕ-kernel. Next, we show that the language of Gϕ,K = (Σ, Q,Q0, δ,F)410

is non-empty. Let w = σ2σ3 . . . be an infinite word such that for each r ≥ 2411

which is smaller or equal to the the size of M and for each θ ∈ ang we set412

σr(θ) = {p ∈ prop(ϕ) |M, 〈r, θ〉 
 p}. Next, let R = ρ1, ρ2, . . . be an infinite413

sequence of functions such that for each r ≥ 1 which is smaller or equal to414

the size of M and for each θ ∈ ang we set ρr(θ) = {ψ ∈ cl(ϕ) |M, 〈r, θ〉 
 ψ}.415

If r is greater than the size of M, we put ρr = ρ∅.416

Each ρr satisfies the conditions from Definition 13, so R is a sequence of417

ϕ-rings, that is, a sequence of states of Gϕ,K . Then, we can show that R is418

an accepting run of Gϕ,K on w, namely, (i) ρ1 ∈ Q0, (ii) for each r ∈ N+419

we have ρr+1 ∈ δ(ρr, σr+1), and (iii) for every set in F there are infinitely420

many elements of R belonging to this set. As a result, the language of Gϕ,K421

is non-empty.422

Finally, we use Lemma 16 to show the matching PSpace upper bound.423
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Theorem 17. SOSL-satisfiability is PSpace-complete.424

Proof. The lower bound is given in Corollary 11. To show the matching upper425

bound assume that we want to check whether a formula ϕ is SOSL-satisfiable.426

To this end it suffices to verify whether there is a model in which ϕ′ = Eϕ427

is satisfied in 〈0, 0〉. Hence, by Lemma 16 we need to check whether there is428

a ϕ′-kernel K such that the language of Gϕ′,K is non-empty. Since cl(ϕ′) is429

of polynomial size (in the size of ϕ) and K ⊆ cl(ϕ′), the size of K is also430

polynomial, and so we can guess it in NP. On the other hand, the size of431

Gϕ′,K is exponential, so we cannot construct it in PSpace, but as the size432

of every state of the automaton is polynomial, we can use the standard ‘on-433

the-fly’ approach [28] to check in PSpace whether the language of Gϕ′,K is434

non-empty. Hence, the whole procedure is in PSpace.435

We showed the upper bound for the class of all models. Now, observe that436

E¬ > (respectively, A >) is satisfied in a model if and only if it is finite437

(respectively, infinite). Thus, the PSpace upper bound for the satisfiability438

problem holds also for the classes of finite and infinite models. Since we have439

already established that these problems are PSpace-hard (Theorems 9 and440

10), we obtain the following tight complexity result:441

Theorem 18. SOSL-satisfiability over finite as well as over infinite models442

is PSpace-complete.443

5. Related Work on Space Representation444

In this section, we consider space representations used in modal logics445

which seem to be the most closely related to SOSL; in particular we re-446

strict attention to compass logic [4], spatial propositional neighborhood logic447

(SpPNL) [6], and cone logic [9]. Although spatial objects (constituting the448

universe of a model) and relations between them (interpreting modal oper-449

ators) differ in these logics, the location of an object is always described in450

the absolute frame of reference using the Cartesian system.451

In compass logic [4, 5] spatial objects are represented as points in the452

two-dimensional space with Cartesian coordinates. Modal operators express453

the relations between points: ‘on the same vertical line and above’, ‘on the454

same vertical line and below’, ‘on the same horizontal line and to the left’,455

and ‘on the same horizontal line and to the right’. It is shown that the halting456

problem of a Turing machine reduces to the satisfiability problem of compass457
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logic formulas, and so the latter problem is undecidable [5, 29, 30]. Simi-458

larly to compass logic, SpPNL uses the two-dimensional space with Cartesian459

coordinates. However, formulas are evaluated over rectangles rather than460

points. Intuitively, each spatial object is approximated with its minimum461

bounding rectangle and modal operators express the relations between rect-462

angles: ‘adjacent from above’, ‘adjacent from below’, ‘adjacent to the right’,463

and ‘adjacent to the left’, which correspond to relations from rectangle al-464

gebra [11]. Every formula of compass logic can be translated into an equi-465

satisfiable SpPNL-formula, and so the satisfiability problem in SpPNL is also466

undecidable. In cone logic [9] a spatial object is an arbitrary subset of the467

two-dimensional space. Each point is denoted by a pair of Cartesian coordi-468

nates and modal operators express the cone-shaped relations between points:469

‘to the north’, ‘to the south’, ‘to the east’, and ‘to the west.’ The satisfia-470

bility problem in cone logic over the rational plane Q × Q is shown to be471

PSpace-complete by using the tree (pseudo) model property [9].472

To see how spatial representations differ in the above-discussed logics let473

us consider the configuration from Figure 4(a), where a subject is oriented474

to the north, and on the right side they see a flower behind which there475

is a door. In compass logic ‘the flower is below and to the left of the door’476

(Figure 4(b)); in SpPNL ‘the minimal rectangle containing the flower is (com-477

pletely) to the left and (completely) below the minimal rectangle containing478

the door’ (Figure 4(c)); in cone logic ‘the flower is to the south of the door’479

(Figure 4(d)). In SOSL the location of the subject, flower and door can be480

described using various relations expressible in the logic (see Section 3), for481

example the flower is in the relation R with the subject, interpreted as ‘the482

flower is in front of the subject’ (Figure 4(e)) and the flower is in the relation483

R with the door, meaning that ‘the flower is between the door and the484

subject’ (Figure 4(f)).485

Observe that in compass logic, SpPNL, and cone logic the subject is not486

distinguished, and so their position has no influence on the spatial represen-487

tation of a scene. On the other hand, the position of the subject is crucial488

when determining the relation between two objects in SOSL. For instance, if489

in the scene from Figure 4 the subject was turned towards the west (instead490

of north), we would have ‘the flower is to the right of the subject’ and if the491

subject was standing on the stairs, we would have ‘the flower is to the right492

of the door’.493

There is a number of other modal logics for spatial reasoning which, how-494

ever, are less related to SOSL. For instance, PDLF
M [10] is an extension of495
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Figure 4: Representation of the same spatial configuration from (a) in compass logic (b),
SpPNL (c), cone logic (d), SOSL (intrinsic frame of reference) (e), and SOSL (relative frame
of reference) (f)

propositional dynamic logic [31] in which the movement of one object with496

respect to another is represented by means of a tuple of parameters. There497

are also logics based on topological spaces [8, 7, 32], where the closure and498

interior operators are used to express topological relations such as ‘discon-499

nected’, ‘overlaps’, and ‘inside’ known from region connection calculus [13].500

There are also modal logics over affine spaces (involving, e.g., the betweenness501

operator), logics of nearness, and logics of convexity, among others [33].502

6. Applications503

In this section, we present scenarios which exhibit the expressive power of504

SOSL and show some fields where SOSL could potentially be applied. In all505

presented examples we use R , R , R , and R to represent the intrinsic506

relations and R , R , R , and R for the relative relations.507

First, we consider modeling human-centered cognition, which is required
in various applications like computer-aided architecture design (CAAD) sys-
tems to address problems such as indoor spatial awareness, visibility analysis,
or wayfinding [34, 35]. The subject-oriented representation of space makes
SOSL an adequate tool for the above-mentioned applications. For the sake
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of example consider the following SOSL-formulas specifying how household
goods should be located with respect to a person sitting on a sofa, where
sofa, tv, and window are propositional variables and d ∈ Q:

sofa ∧ (tv ∧ window) ∧ ≤d lamp;

A((tv ∨ window)→ ¬ lamp) ∧ A(tv→ ¬ window).

The first formula states that the configuration is described from the perspec-508

tive of a person sitting on a sofa. There should be a tv standing in front of509

the sofa and a window located to the right of this tv with respect to the sofa.510

There should be also a lamp located in a distance at most d from the sofa.511

The second formula describes the following universal constraints: no lamp can512

stand between any tv and the sofa or between any window and the sofa (not513

to block the view); and no window can be located behind any tv (for a better514

visibility). Then, determining if the specification is spatially possible reduces515

to checking if the conjunction of the presented formulas is satisfiable.516

Next, we consider preprocessing of spatial data. Such data, when gathered
by artificial visual systems (e.g., in robotics), is often represented in the polar
coordinate system [36], hence SOSL can be used to reason about it. Indeed,
the following example shows how SOSL-formulas allow us to filter noisy data
and detect borders of obstacles, where obst is a propositional variable satisfied
in cells where an obstacle was detected:

noise ↔ obst∧¬ obst∧¬ obst∧¬ obst∧¬ obst;

filt-obst ↔ obst∧¬noise;

bord-obst ↔ filt-obst∧( ¬filt-obst∨ ¬filt-obst∨ ¬filt-obst∨ ¬filt-obst).

The first formula marks as noise each cell recognized as an obstacle, for517

which there are no adjacent cells which are also recognized as obstacles. In518

the second one, the input data is filtered by marking all non-noise cells which519

were recognized as obstacles with filt-obst. Then, the third formula determines520

the borders of obstacles by marking with bord-obst the cells which are marked521

as filt-obst and have at least one adjacent cell which is not marked as filt-obst.522

The modal operators definable in SOSL allow us to express qualitative as
well as quantitative relations, and combine them when performing reasoning.
Indeed, for any d, d1, d2 ∈ Q, any nominals objA, objB, and objC, the following
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formulas are tautologies in SOSL:

cell〈0,0〉 ∧@objA objB ∧ =d objA → >d objB;

(cell〈0,0〉 ∧ =d objA ∧ =d objB ∧
¬@objA(objB ∨ objB ∨ objB)) → @objA =2d objB;

@objA =d1 objB ∧@objB =d2 objC → @objA ≤d1+d2 objC.

The first formula states that if objB is behind objA, then objB is further away523

from the subject than objA. The second one states that if objA and objB are524

in the same distance d from the subject, and moreover, objB neither occupies525

the same spot, nor is to the left nor to the right of objA, then the distance526

between objA and objB is 2d (objA and objB are on the opposite sides of the527

subject). The third formula expresses the triangle inequality theorem.528

7. Conclusions529

We have constructed a two-dimensional modal logic for subject-oriented530

spatial reasoning, denoted by SOSL. The approach employs the polar coor-531

dinate system to divide an infinite plane into cells of constant length and532

constant angle-width. The modal operators of the logic correspond to the533

binary relations between adjacent cells, namely ‘outwards’, ‘inwards’, ‘clock-534

wise’, ‘counterclockwise’, and the transitive closures of the first two. We have535

shown that such a representation of space allows us to reflect the subject’s536

perspective and express a wide class of spatial relations, in particular the537

intrinsic relations ‘in front’, ‘behind’, ‘to the left’, and ‘to the right’ of the538

subject; and the relative relations ‘behind’, ‘to the left of’, and ‘to the right539

of’ an object with respect to the subject, as well as ’between the subject and540

an object.’ Such relations are commonly used in Indo-European languages541

to represent and reason about space. The framework of SOSL allows a wide542

range of different interpretations of these relations. We prove that the logic543

also enables to express hybrid and distance operators, which may be useful544

in various applications. We show that the satisfiability problem in the logic is545

PSpace-complete over only infinite, only finite, and over arbitrary models.546

On the other hand, if the size of models is bounded by a fixed constant, then547

the satisfiability problem becomes NP-complete.548

Since SOSL is subject-centered, it makes it an adequate tool for applica-549

tions such as computer-aided architecture design which addresses the prob-550

lems of spatial awareness, visibility analysis, or wayfinding [34, 35], or pro-551
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cessing spatial data gathered by artificial visual systems (e.g., in robotics),552

which is often represented in the polar coordinate system [36].553

In future we plan to consider a modification of SOSL in which universe is554

dense, and its computational properties. Moreover, we would like to perform555

empirical experiments revealing the meaning ascribed by humans to the basic556

intrinsic and relative relations they use in everyday life.557
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