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This thesis describe the generation of random fields using elliptic stochastic par-
tial differential equations driven by Gaussian white noise. The intended application
is that of sampling from a prior probability density in the solution of an inverse prob-
lem.

In the first part of thesis, we will study two specific examples of isotropic models,
namely the stochastic Helmholtz equation and stochastic biharmonic equation. We
will address the analytical properties of a particular solution and the conditions re-
quired for the uniqueness of the Green’s function. A useful formula is also derived
linking the computation of the covariance function of the solution to that of the
Green’s function. Moreover, in each example the correlation function and approxi-
mate realizations are computed and simulated.

In the second part of the thesis, we will investigate the possibility of using vector
fields to guide the random fields. The vector fields will be used to build tensor coef-
ficients for an elliptic stochastic partial differential equation. The model considered
is capable of producing non-stationary random fields on curved layers. Approximate
realizations of this model will be drawn by using the finite element method, which is

applied using the MATLAB PDE toolbox.
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Chapter 1

Introduction

A hydrocarbon reservoir is a porous and permeable subsurface rock formation which
contains oil, water and gas under pressure. These formations have been made by
a combination sedimentary and diagenetic processes and transformed by a history
of tectonic changes and therefore they are heterogeneous structures on many scales.
When a reservoir containing hydrocarbons is discovered, the knowledge of the spatial
distribution of the petrophysical properties (porosity and permeability) is of primary
importance for optimizing its development, and engineers are required to understand
the geological structure of the earth so that this information can be added into nu-
merical simulators.

The objectives of reservoir modelling are to build models which incorporate the geo-
logical environment of the deposition, allowing updates of new data, and to represent

a sufficiently wide range of possible scenarios of the reservoir.

1.1 Reservoir Modelling

The workflow involved in reservoir modelling can be summarized in the following

three stages:

1.1.1 Defining the reservoir’s large-scale structure

The aim of this process is to obtain as detailed an understanding of the geological
formations of the reservoir as the measurements will allow. There are many tools of
investigation to quantify the petrophysical properties of the reservoir, and the nature

of the information obtained from these tools is very different. For example:



e Seismic acquisition: Seismic acquisition consists of transmitting acoustic en-
ergy into the subsurface and analysing the echoes. This provides useful infor-
mation regarding the large scale geometry of the reservoir (on a scale of 10-20
metres) and sometimes detailed information regarding the acoustic properties

of the reservoir.

e Well data: Well data consists of gathering core samples from wells. These
samples are then taken to laboratories for microscopic examination to learn

about the rock’s origin and the diagenetic processes that have taken place.

e Outcrop data: Although every individual reservoir is unique, nevertheless
repeated depositional environments create groups of reservoirs that are broadly
similar. Using observations from outcrop studies, it is possible to learn about
large scale geometric features and their associated length scales. In addition
they assist geologists to distinguish between various reservoir architectures and

to define geological rules for building reservoir models.

e Well logging: The purpose of well logging is to identify the properties of
the fluids in the rocks and the geometric and physical properties of the rock.
By interpreting the well log measurements, we can indentify the boundaries

between rock layers and the occurrence of fracturing.

e Well testing: The aim of well testing is to investigate the dynamic behaviour of
the reservoir around wells. A well test involves imposing some flow rate impulse
in the reservoir and measuring the pressure responses. These measurements are

then used to deduce the permeability in the vicinity of the well.

Once the large-scale structure of the reservoir is established, the next stage concen-

trates on specifying the heterogeneity within each depositional unit.

1.1.2 Defining the small-scale structure using geostatistical
techniques

Large-scale reservoir models consist of thousands of grid blocks. Each grid block is
about 100 metres square horizontally and about 1 metre thick. However in order to

learn about small-scale heterogeneity, we need to consider smaller grid blocks. This



requires more measurements than are currently available. For example, seismic data
typically cannot measure fluid flow properties such as permeability. Although it can
reach everywhere, there is not enough knowledge relating seismic data to physical
rock properties. The geostatistical method for modelling heterogeneous reservoirs
allows integrating various kinds of data, and helps to evaluate uncertainties by sim-
ulating multiple possible scenarios of the reservoir’s heterogeneity. One of the key
geostatistical tools used is stochastic simulation. Stochastic simulation allows the
reproduction of a given geological pattern constrained to various type of data. For

detailed discussions on geostatistics see [22,34,28].

1.1.3 Upscaling the geological model for fluid flow simulation

Upscaling is the process of transforming a fine grid to a coarse grid while preserving
the reservoir’s geological properties. Geostatistical methods provide fine grid data to
describe the geological media and upscaling is needed because these fine grids which
contains millions of cells need huge amounts of computational time to a generate a

reservoir simulation. For detailed discussions on upscaling see [22,34].

1.2 Inverse Problems

The most advanced technology available today for producing reservoir performance
prediction is reservoir simulation. However, in practice we cannot have the density
of data required by simulators. This is because in order to accurately simulate field
performance, we need to know the geological properties throughout the reservoir and
in reality there is never enough data to completely describe the subsurface. The
combination of significant spatial heterogeneity with sparse numbers of observations
leads to uncertainty about the values of the geological properties and therefore to
uncertainty in predicting flow behavior in the reservoir. This is an example of an
inverse problem. Notice that forward problems consists of finding the output given
the model and the input, whereas inverse problems consists of determining a model
for a given output. That is, given a limited number of observations e.g. from well
logging, seismic data and so on, we need to infer geological properties such as reservoir
permeability. The main characteristic of an inverse problem, in comparison to a well-

posed forward problem, is that in most cases inverse problem produces solutions



which are not unique or stable to small changes in the given observation data, and
this situation is usually known as ill-posedness. In the literature, inverse problems
are either studied in a deterministic framework using Tikhonov regularization, or in
a probabilistic framework using Bayesian theory. Tikhonov regularization restates
the problem as a least squares minimization problem and provides point estimates
of the unknowns without taking into account the statistics of the uncertainties. The
Bayesian approach on the other hand has a number of advantages. It regularizes
the ill-posed inverse problem through prior probability density, and instead of only
calculating deterministic point estimates, it calculates the probability density of the
geological properties conditioned on the observation data.

For a geological property ¢ (random field) and family of observations O, Bayes’ rule

is given by

(O | o)

(¢ | O) = % (1.1)
where 7(¢), termed the prior density, describes the uncertainty of the geological prop-
erty before any observations, 7(O | ¢) denotes the likelihood function, w(Q) describes
the probability density of the observations O and (¢ | O) is the posterior density.
Formally, solving the inverse problem is closely related to drawing samples from the
posterior distribution. Although this calculation might seem straightforward, the
technique used to draw the samples is not and most of current research concentrates
on building samplers that are both representative and efficient in taking samples from
(¢ ] O).

Selecting a suitable prior density is usually a critical part in solving the inverse prob-
lem. The major problem with computing a suitable prior model lies in the nature of
the prior information. The prior information is usually qualitative in nature and so
one needs to convert the qualitative information into a quantitative form so that it
can then be incorporated in the prior model. More specifically, the prior model can be
represented by a collection of possible realizations ¢ which follows a particular spatial
continuity model. If the prior model is inadequate then either the inverse problem
has no solution because the chosen prior model does not agree with the observation
data or, the inverse problem have many solutions but are all inconsistent with the

spatial variability of the rock property. For instance, if a prior puts zero measure on



regions of the parameter space then no observation can change that value. This is

known as a “dogmatic” prior and such priors can be dangerous.

1.3 Permeability Fields

The focus of this thesis will be on building prior models for the logarithm of rock
permeability. Permeability, measuring the ease with which fluids passes through
rocks, is considered to be one of the most critical parameters responsible for controlling
reservoir performance, but at the same time it is one of the most difficult parameters

to quantify. The permeability tensor, x, occurs in Darcy’s law which is given by

v(x) = - Vp(x), x € R? (1.2)

where v(x) is the fluid velocity, u is viscosity and p(x) is pressure. Although x(x) is a
tensor, in this thesis we shall assume the permeability tensor to be a diagonal tensor
with the same value in each component direction, and so a single scalar governs the
permeability fields.

Permeability can be quantified by collecting core samples and measuring flow rates
in a laboratory, but the disadvantages with this approach are that it is expensive and
there can be significant problems with measurement error when collecting the sam-
ples. Moreover, the value of the permeability field is only computed at a point in the
sample, and so despite using many core samples, we still has a problem determining
the rest of the spatial variations. This has led to the development of stochastic meth-
ods which represent permeability as a random field. Random field models provide a
description of rock heterogeneities when the geological knowledge of the rock is not
enough to predict flow properties deterministically. In theory, a random field model
needs to be selected with spatial correlation structure that matches that of the actual
reservoir. In practice, not enough information is known about this distribution and
only for a few highly studied reservoirs has the permeability been measured densely.
Therefore the decision to select a prior model is made on the basis of practicality,
efficiency and to give answers that are reasonably realistic. In addition the selected
model also requires some assumptions about the smoothness of the permeability field.
The realism of any random field model can be assessed by sampling the prior and

checking that the samples accord with the intuitions of engineers and geologists. In



fact in many practical situations, geologists have a reasonably good understanding
about the geological formation of the reservoir, and this information can be included
in the mathematical modelling of the reservoir.

To simulate flow through porous media, we need to provide realizations of the per-
meability fields. A widely used model of the permeability field x(x) is the lognormal

random field,
K(x) = roe?™, x € RY, (1.3)

where ¢(x) is a zero mean second order Gaussian random field with a prescribed

covariance function and kg is some representative value such that,

E(log (22)) = . (1.4)

This model is known to be practically reasonable, as indicated by experiments in [8],
and preserves the positivity of the permeability field. However, (1.3) cannot be used
to model a reservoir with a fully general system of faults and layers. In addition, it
typically leads to realizations that show no significant correlation of extreme values,
so that both low and high permeability areas have little structure and connectivity.
To model realistic features of geological layers, non-Gaussian random fields need to
be considered. Therefore, in the following we shall study Gaussian and non-Gaussian

random fields.

1.4 Stochastic Partial Differential Equations

There are various stochastic simulation techniques for generating Gaussian random
fields and in chapter 2 we shall briefly explain some of the widely used methods.
These methods however, can only be applied when the principal directions of cor-
relation align with Cartesian coordinate directions. In general, rock layers are not
flat and most geological boundaries do not conform to the simple coordinate lines of
rectangular mesh systems. Therefore in order to use random field generators which
rely on rectangular coordinates, a transformation to “stratigraphic” coordinates is
usually required to map the actual geological layers into flat rectangular layers. But
as the geological complexity increases, constructing such transformations becomes

extremely difficult and tedious to achieve.



Therefore, a random field generator which does not require stratigraphic coordinates
and can be applied to arbitrary shapes is of interest to software developers in the
oil industry. Farmer in [4,33], reviewed and developed further an approach for gen-
erating random fields on arbitrary shapes, which can be conditioned on observation
data, using Partial Differential Equations. One of the many attractive features of
this method of simulation is that it does not require any particular assumption of
a coordinate system until one has to actually perform a computation and then only
locally for each cell of a grid. Hence one can generate random fields directly on the
physical domain without the need for a transformation to rectangular coordinates.
Generating random fields using PDEs was first motivated by the pioneering work of
Whittle [7], where agricultural yields were analyzed using a two dimensional elliptic
stochastic differential equation. Whittle [11] extended the model outlined in Whittle
[7] to higher dimensions and to include elliptic operators with fractional orders. He
also demonstrated that the correlation function of the model considered is given by
the Matérn correlation function. However a limitation with Matérn correlation func-
tions is that it does not contain any correlation function with negative values, such
as oscillating correlation function. For detailed explanations on Matérn correlation
function see [61]. Heine [14] studied various examples of two dimensional elliptic,
parabolic and hyperbolic stochastic PDE and computed the corresponding Green’s
function and correlation functions in each case. Numerical procedures to simulate re-
alizations for elliptic stochastic partial differential equations were then developed in
[36,37]. More recently Lindgren et al [12] have used the model introduced in Whittle
[11] to sample from a prior density to solve various inverse problem.

In chapters 3 and 4 of this thesis, we shall consider isotropic elliptic PDEs driven by
Gaussian white noise. We will study two specific examples of such models, namely
the stochastic Helmholtz equation and the stochastic biharmonic equation. In each
example the correlation function and approximate realizations are computed and sim-
ulated, and the regularity properties are investigated. A useful formula linking the
computation of the covariance function to that of the Green’s function is also de-
rived. The stochastic Helmholtz equation is almost identical to the model considered
in Whittle [7,11] and has exponentially decaying correlation functions. On the other

hand, a variety of spatial correlations including damped oscillatory ones are observed



for the stochastic biharmonic equation.

Since geological features and their associated petrophysical properties are generally
not distributed isotropically within a depositional environment, we shall investigate
in chapter 5 of this thesis, the possibility of using vector fields to guide the ran-
dom fields. The vector fields will be used to build tensor coefficients for an elliptic
stochastic boundary value problem. The model considered is capable of producing
non-stationary random fields with curvilinear features. Approximate realizations of
this model will be drawn by using the finite element method, which is applied by
using the MATLAB PDE toolbox.



Chapter 2

Gaussian Random Fields

One of the critical tasks in reservoir modelling is the simulation of a representative
permeability field. Since it is unreasonable to describe reservoir heterogeneity in a
deterministic manner, stochastic methods are applied to generate random fields.

In this chapter, we will give a brief account of some of the widely used methods to
generate Gaussian random fields. These methods represent statistical characteristics
of reservoir heterogeneity and they require at least the specification of the covariance
function before generating realizations. Specifically, we shall emphasise using Fast
Fourier Transform based techniques for generating realizations. But first we present

a few properties of Gaussian random fields.

2.1 Random Fields

Let (2, F,P) be a probability space, where €2 is the space of all events, F is a o-
algebra of subsets of (2, and P is a probability measure defined on F. Let £ : Q@ — R

be a real valued random variable.

Definition 1 {(w) is said to be Gaussian (or normally distributed) if it has the den-
sity function

1 —(@=—m)®
e 202 r € R, (2.1)

m(z) = 2mo

where m and o? respectively denote the mean and the variance of &(w). When m =0

and 0 =1 we say that {(w) is a standard Gaussian random variable.

An R? valued random variable & = (&1, ...,&,) is said to be multivariate Gaussian if,

for every a = (ay, ..., aq) € RY, Y5_1a;&; 1s Gaussian. In this case there exists a mean

9



vector m € R? and a positive definite covariance matrix C, such that the probability

density function of £ is given by

1 1 T—1
_ —L(x—m)TC~(x—m)
(X)) = ————¢" 2 ) 2.2
(x) (277)% | C ]% 22)

where | C'| is the determinant of C.

Definition 2 An L£1(Q, F,P) space, ¢ > 1, is the linear normed space of random
variables & that satisfy the condition

E|¢|i= / | () | P(dw) < oo, (2.3)

and the corresponding norm is defined by

1€ o= (E | €97, (2.4)

In this thesis we shall primarily study random variables which satisfy (2.3) for ¢ = 2.
Such random variables are called second order random variables and they are equipped

with the scalar product

E[6,6,] = / £1(w)62 (w)P(dw), (2.5)

where & and & are random variables.

Definition 3 Let (0, F,P) and a parameter set X be given. A random field is then
a real valued function ¢(x,w) which, for every fized x € X is a random variable. For

a fited w € Q, ¢(x,w) is called a sample function or a realization.

The d-dimensional Euclidean space, X = R%, d > 1 will be studied in the following,
and the dependency of the random field on the underlying probability space will
usually be suppressed throughout the thesis:

P(x) = d(x,w),x € R

Definition 4 A random field ¢p(x) is Gaussian if all finite dimensional distributions
are multivariate Gaussian. That is, if (¢(x1), ..., 0(X,)) is a multivariate Gaussian

random vector for any X, ...,X, € R%,

10



The basic characteristics of a Gaussian random field are the mean and the covariance
function, but without loss of generality we can assume that the random field under

consideration has zero mean. The covariance function is defined by

C(x,y) = E[p(x)o(y)],

and in particular, when x =y we obtain the variance of ¢(x),

Definition 5 Suppose that L*(Q, F,P) is the Hilbert space of random variables at
x € R4 A second order random field ¢(x) is defined as a mapping on R with values
in L2(Q, F,P),

¢ RY = L*(Q, F,P). (2.6)
Hence, for any second order random field ¢(x),

E[¢(x)?] < co.

2.2 Stationary Random Fields

Definition 6 A random field ¢(x) is a strictly stationary field if the spatial distribu-

tion is invariant under translation of the coordinates,

P(o(x1) < 21,0(x2) < 22, ..., B(X) < 2) =
P(¢(x1 +h) < z1,¢(x2 + h) < 29, ..., 0(x, + h) < z,)

for alln € N and h, x4, ...,x,, € R%. Here P(¢(x) < 2) gives the probability that the

variable ¢ at the location x 1s not greater than any given threshold z.

The condition specified in Definition 6 is a very strong condition which requires that
all moments and cross-correlations, provided that they exist, will not depend on
the location. Since this requirement may well not hold in practice, weaker forms of

stationarity may be enough to provide the foundation for spatial modelling.

11



Definition 7 A random field ¢(x) of second order is called second order stationary,

if the expectation E[p(x)] is identically constant and the covariance function is given

by,
Clx,y) =Cx—y) (2.7)

In general strict stationarity implies second-order stationarity but the converse is not
true. However, in the case of Gaussian random fields which are fully characterized by
their mean and covariance function, second order stationarity implies strict station-
arity.

A valid covariance function must be symmetric and positive semi-definite. To check

semi-definiteness, C(x — y) must satisfy

Z Zai(le(Xi - Xj) Z O, (28)

i=1 j=1
for all n € N and any numbers a; € R and any vector x; € R. As indicated in [28],

a sufficient condition for positive semi-definiteness is that the spectral density, G(k),

of the covariance function
G(k) :/ C(r)e *rdr, k€ R?
Rd
must be nonnegative for all k.

Definition 8 A stationary random field is an isotropic random field if the covariance

function only depends on the Euclidean distance,
Cx,y)=C(r),

where r =|| x —y || is the Fuclidean distance. Hence C(r) is invariant under trans-

lation and rotations.

For an isotropic covariance function, the correlation function is defined by

C(r)
)= 0.
where the variance 02 = C(0). The function c(r) calculates the linear correlation

between values of ¢(x) at points separated by a r. One way to summarise ¢(r) is

through the correlation length.

12



Definition 9 The correlation length p, is a measure of the length over which the

property (e.g. permeability) would be expected to be correlated and is given by

b= /0 " e(rydr. (2.9)

Notice that p is only an appropriate measure of correlation length if ¢(r) > 0 through-
out. The physical significance of p lies in the fact that as H’{;py” increases above 1,

¢(x) and ¢(y) tend to become more and more uncorrelated.

2.3 Continuity and Differentiability

A deterministic function f(x) is continuous, if for any sequence {x,}, f(x,) = f(x)
as x,, — x. Similarly, when considering a random field ¢(x), continuity is defined by
using the convergence of a sequence ¢(x,,) of random variables. In our investigation of
smoothness properties, we shall consider almost sure continuity and differentiability,

and mean square continuity and differentiability.

Definition 10 Let {&,} be a sequence of random variables in L*(Q, F,P). Then {&,}

1s said to converge to the random variable &:

o Almost surely or with probability one, if

]P’( lim &, = g) ~ 1. (2.10)

n—o0

e [n the mean square sense, if
lim E | &, — € [*=0. (2.11)
n—oo

Definition 11 Suppose that ¢(x) is a second order random field defined on a compact
set D, D C R®. Then

e ¢(x) has continuous sample paths with probability one in D if for every sequence

{x,} € D for which x,, = x as n — o0,

P{Vx € D, and for any x, — X, ¢(Xp,w) = ¢(x,w) as n— oo} =1

13



e ¢(x) is mean square continuous in D if for every sequence {x,} € D for which

X, —> X asn — oo,

E|l|¢(x,) —0(x)]>| =0 as n— oo.

Sample path continuity with probability one implies that there are, with probability
one, no discontinuities within D. As shown in [16], one form of continuity does not
imply the other since one form of convergence does not imply the other.

As mentioned for continuity, there are various types of differentiability depending on

different types of convergence.

Definition 12 Suppose that ¢(x) is a second order random field defined on a compact
set D, D C R®. Then

e ¢(x) has differentiable sample paths with probability one in D if there exist a

version ¢;(x), denoting the i-th partial derivatives of ¢(x) at x,

Bi(x) = 0p(x) ~ lim P(x + he;) — ¢(x)

a&:i h—0 h ’

where e; is the unit vector along the i-th direction, such that for every sequence

{xn} € D for which x,, = x as n — 00,
P{Vx € D, and for any x, — X, $;(Xpn,w) = ¢i(X,w)

as n—oo,Vi=1,..,d} =1.

e ¢(x) is mean square differentiable in D if for every sequence {x,} € D for

which X, — X as n — o0, there exist a version ¢;(x) such that

E| | ¢i(xn) — hi(x) 12]%0 as n— 00 Vi=1,..d.

Remark 1 Suppose that ¢(x) is an isotropic random field with covariance function

C(r). Then

o ¢(x) is mean square continuous at any x € R? if and only if C(r) is continuous

at 0.

o [If dii(jg” exists and is finite at the point 0, then ¢(x) is mean square differentiable

at any X.
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For further discussions on mean square continuity and differentiability, see [17,28,31,35].

As explained in [29], in order to study sample path continuity (differentiability) of a
random field, one can either use the Kolmogorov continuity theorem or the Sobolev
embedding theorem. In this thesis we shall use the Sobolev embedding theorem to

establish all the regularity properties.

2.4 Gaussian White Noise

White noise can be physically thought of as a sound with equal intensity at all fre-
quencies within a broad band. The reason why the word “white” is used to explain
this type of noise is due to its similarity to “white light” which consists of all differ-
ent colours of light combined together. Mathematically, white noise can defined as a
Gaussian measure or formally, as the derivative of Brownian motion (Brownian sheet
in higher dimensions). However it is well known that Brownian motion is nowhere
differentiable. To obtain a satisfactory theory of white noise, one approach is to in-
troduce the concept of generalized Gaussian random fields. For detailed discussions

on generalized Gaussian random fields see [28].

Definition 13 A Gaussian random field W (x), x € R% with zero mean and covari-

ance function

E[W ()W (y)] = [ min(ea. v, (2.12)

18 called the Brownian sheet.

As indicated in [20], white noise is formally defined by

: W (x)
=7 2.1
W(X) (9:1:1...8xd’ ( 3)
and has the following properties
EW(x)] = 0 (2.14)
EWW(y) = dx-y)., xyeR. (2.15)
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Remark 2 To make sense of a multidimensional Gaussian random field of the form
o(x) = /d g(x — x0) W (dxo) (2.16)
R

where g(x — xg) € L%(RY) and W (dxo) is a Brownian sheet, one needs to introduce
measure theory. A detailed discussion is given in [57,17,20]. In this thesis we shall

frequently use the following two properties

Elp(x)] = 0, (2.17)
B0 = [ alx—xalgly ~ xo)dxo (2.18)

See [57,17] for a verification of these properties.

2.5 Simulation of Gaussian random fields

In this section we shall present some of the widely used techniques to generate realiza-
tions for second order stationary random fields. We will just describe the case d = 1,
but the same theory applies with appropriate modifications for d = 2,3. Generally,
there are two kinds of second order random fields that can be simulated. Namely,
conditional simulations and unconditional simulations. In conditional simulations,
the generated realizations satisfy the condition that their values at sampled points
equal to those observed, whereas in unconditional simulations, the generated realiza-
tions do not follow the observed values and instead honour the correlation parameters
through the covariance function. In most spatial problems, the covariance function
can be computed from the given observation data. However in the case of log per-
meability of oil reservoir, where we do not have direct measurements of the spatial
field, the covariance function has to be chosen a priori. This is because the data do

not usually provide enough information to approximate the covariance function.

2.5.1 Matrix Decomposition Method

The matrix decomposition method for simulation of a Gaussian field is based on the
Cholesky decomposition of the covariance matrix of the multidimensional Gaussian
vector. Let ¢(z) be a zero mean Gaussian random field with covariance function

C(x;, x;). Assume that we want to simulate a realization with N grid points. Then
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the LU (the lower-upper triangular matrix technique) method to this problem can be

summarised in the following steps

e Step 1: The matrix C(z;,z;), (4,5 = 1,2,...,N) is by definition a positive-
definite symmetric matrix. Thus it can be decomposed into a product of a
lower triangular matrix L and an upper triangular matrix U using the Cholesky

algorithm. So
C=1LU,
where U = LT,

e Step 2: Assume that V is a vector of N independent standard Gaussian random

variables, and let
X =1LV, (2.19)
where X7 = [X (1), ..., X(zn)], X (z;) = &(x;).

e Step 3: The random vector generated by (2.19) have the desired zero mean and

E[(LV)(LV)'] = LEVVTU (2.20)
= LIU (2.21)
= C. (2.22)

The drawbacks of this technique are in the large storage requirement for the covari-
ance matrix and perhaps the computing time required to split C' into lower and upper
triangular matrices. Although the factorization only needs to be done once, for sim-
ulating large random fields these requirements often become very expensive because
the covariance matrix is generally not a sparse matrix. For further details on this

method of simulation see [28].

2.5.2 Moving Window Method

Consider a Gaussian random field ¢(x) given by
b(z) = / oz — 20)W (dao) (2.23)
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where W (dzy) is a Brownian measure and g(x—x) is a weighting function determined
from the covariance function. Notice that by truncating and discretizing the above
integral we obtain the basis for the moving window method

J=51+b

on(@)= Y glz—a)&Vh.

i=l5l-b

Here {5]} _y 1s a family of independent standard Gaussian random variables, h de-
notes the width of the discretization, | x| denotes the greatest integer not exceeding x,
{z; =7 h}évzf ~ are the evenly spaced grid points, and b denotes the truncation band-
width. The bandwidth is chosen as large as possible so that g(x —xg) for | z —x¢ [> b
has a negligible value.

One of the drawbacks of this technique is that, as indicated in [23], in higher dimen-
sions the computations rapidly become cumbersome, and it is inefficient when the

kernel is not given in a closed form.

2.5.3 Spectral Representation Method

Suppose that ¢(z), x € R, is a zero mean second order stationary Gaussian random
field with covariance function C'(z — ) and spectral density G/(k). Then as indicated

in [46], a finite approximation of ¢(x) is given by

\/ Ak (&, cos(kpx) + ny sin(k,x)), (2.24)

where &, and 7, are independent standard normal random variables, k, = nAk and
Ak = km‘“” Here k4, denotes an upper cutoff beyond which G(k,) is negligible for
practical purposes, and it can be selected so that

kmax kmaax
/ G(k)dk = / 2G(k)dk (2.25)

_kmaa:

~ 270’ (2.26)

Notice that ¢x(z) is periodic with period
2m

T=— 2.2
and the covariance function is given by
N-1
G(k,) Ak
—y) = —_— kn(x —vy)). 2.2
it =) = 3 S el — ) (2.28)
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The convergence rate of the spectral representation primarily depends on the smooth-
ness of the covariance function. If the covariance function is very smooth, then the
spectral representation converges rapidly.

Observe that (2.24) can alternatively be written as

3 Mun cos <knx + tan ™! (_fzn>)7 (2.29)

where tan™! (2—””) are independent random phase angles uniformly distributed in the

range (0,27) and

fn = &3+ 107, (2.30)

are called Rayleigh random variables. See [46] or section A.7 for more details. On
the other hand, there is another interpretation of (2.29) in which the amplitude is

treated as a deterministic function. That is

on(z) = Z_ \/ w cos(knz + vy,), (2.31)

where v, is uniform over (0, 27). Formulations (2.29) and (2.31) have some similarities
and differences. Both generators have the same approximate covariance function.
However, while (2.29) is Gaussian for any N, realizations generated using (2.31) are
only asymptotically Gaussian. In other words, (2.31) becomes Gaussian as Ak —

0,N — oo with AkN — oo.

Remark 3 In this thesis, we shall select the Gaussian spectral representation, (2.29),
to generate approximate realizations of ¢n(x). This is because we prefer to preserve

the Gaussian properties of ¢(x).

2.5.4 Karhunen-Loeve Expansion

Let D be a compact set in R, ¢(z) be a second order stationary Gaussian random field
over D and C(z — y) be the corresponding covariance function. Then the Karhunen-

Loeve (K-L) expansion of ¢(z) is given by

3(x) =YV Anbathn(),
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where \,,, 1, respectively denote the eigenvalues and a complete set of normalized
eigenfunctions of C'(x — y), and the parameters &, are independent standard normal
random variables. By definition, C'(x—y) is bounded, symmetric and positive definite.

Thus using Mercer’s theorem, [7,17], it can be written as

= At (@) ()

The eigenvalues and the eigenfunctions can be calculated by solving the homogeneous

Fredholm integral equation

[ o=z = nnlo) (2.32)
D
The eigenfunctions can be chosen to form a complete orthogonal set satisfying
/ U () (x)dx = pm,
D
where §,,,, denotes the Kronecker delta.

Remark 4 The truncated K-L expansion

= Z VAnntbn(2)

converges to ¢(x) uniformly in x in mean square i.e

sup E[(¢(x) — dn(x))?] = sup Z Mt ()2 =0 as N — oo.

zeD xED

See [43] for further details.

A detailed convergence study was carried out in [9] to investigate the robustness of
the K-L expansion by varying the size of D, the correlation length, and the number

of K-L terms. The results were:

e The smoother the covariance function of ¢(z), the fewer K-L terms are required

for the expansion.
e As the ratio of p to D increases, fewer K-L terms are required for the expansion.

e The variance of ¢(z) is larger than the variance of the truncated expansion

qu(I)
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2.5.5 Fast Fourier Transform Implementation

The generation of random fields using a spectral representation method can be com-
putationally expensive. However the computational cost can be significantly reduced
by using the Fast Fourier Transform. A Fast Fourier Transform (FFT) is an efficient
algorithm to compute the discrete Fourier transform and its inverse. Computing the
discrete Fourier transform directly from the definition takes O(N?) arithmetical op-
erations on N points, while an FFT can compute the same result using O(N log N)

operations. In this context, (2.29) can be written as

N-1
¢NWMﬁ:%{E:DWW&Wﬂﬂ}q:OwaN—l, (2.33)

n=0

where 3 denotes the real part, ¢/ denotes the j-th realization and

p, = (JGUARAk 012 N1 (2.34)
m

k
Ak = 22, 2.
I (2:35)

Here v,, are uniformly distributed in (0,27) and p, are Rayleigh random variables.

Rayleigh random variables can be generated by,

fn =/ —21nu,, (2.36)

where u,, are uniformly distributed in (0, 1) and are independent of v,,. To completely
benefit from the FFT technique, it is suggested in [46] that the number of Fourier

coefficients must be an integer power of two,
N =2 (2.37)
In order to avoid aliasing when generating sample functions, the spatial increment

Ax must fulfill the condition,

™

Az < : (2.38)

kma:r

Notice that since (2.29) is periodic with period T,

2
T =""_ 2.
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Ax and Ak are related in the following way

2T
=T =—. 2.4
NAz =T AL (2.40)

As a result of the above relations, (2.33) can be written as

¢’ (qAz) = { Z D GZW‘} g=0,1,..,N —1. (2.41)

However the formula given in (2.41) produces periodic realizations. As explained in
[23], in order to avoid this undesirable effect a lattice size larger than that required
must be selected and the excess ignored. How much larger depends on the correlation
length. That is, Ak must be selected so that

Z; > NAz + 2p, (2.42)
where p is correlation length and then the realization will only be plotted over NAx.
This will create a buffer zone which will eliminate the problem associated with the
periodicity of the numbers arising as a result of using the FFT. Now by combining

(2.35) and (2.42), the following relation between M and N is established:
2r M

> NAx + 2p. (2.43)

max

Remark 5 To prevent having periodic realizations when using the Gaussian spectral
representation, we shall assume that M = N, and select Ax and p such that (2.38)
and (2.43) are satisfied.
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Chapter 3

Isotropic Elliptic Stochastic PDEs

In this chapter we shall briefly study isotropic elliptic stochastic partial differential
equations. We will address the analytical properties of a particular solution and the
conditions required for uniqueness of the Green’s function. A useful formula is also
derived linking the computation of the covariance function of the solution to that of
the Green’s function. In order to discuss the regularity properties of the solution, we

need to introduce Sobolev spaces.

Suppose that ¢(x), x € R? is a zero mean second order Gaussian random field.

Then the probability density function (pdf) is defined by

m(¢) = Zexp(—=J(9)), (3.1)

where Z is a normalization constant, the functional J(¢) given by,
1 _
76) = 1 [ 60T 000, 3:2)
R

and 7 is the covariance operator,

Totx) = [ Clxyoly)ay. 3.3

Here C'(x,y) is the covariance function of ¢(x). There are various algorithms designed
for drawing samples from (3.1) and readers are referred to [22] for a comprehensive
review. One way to achieve this is via the Langevin equation,

0o (x,t)

5 = —VI(0) + VA (x. 1), (3.4)
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where W (x,t) is space-time white noise. As t — 0o, the solution of the Langevin
equation will produce realizations from 7(¢). However for a particular type of Gaus-
sian random field, the Langevin method does not constitute the optimal way for
sampling. For example assume the inverse of the covariance operator 7! to be a

linear elliptic differential operator L2,

T'=1% (3.5)

Notice that
I*To(x) = / L2006, y)0(y)dy. (3.6)
= ¢(x). (3.7)

Hence (3.5) is formally equivalent to
L*C(x,y) = d(x —y). (3:8)

In this thesis we shall investigate generating samples from (3.1) by solving elliptic
stochastic partial differential equations. The idea is to compute a class of covariance
functions which satisfy (3.8), and then use the Gaussian spectral representation for
simulating samples from the pdf. The differential operator will be chosen to be
defined on the whole of R? as it will lead to closed form expressions for the covariance
function.

Consider
Lo(x) =W (x), x€eR? (3.9)

where L is a constant coefficient positive isotropic elliptic differential operator of order

2m,
L= a,V™, (3.10)
p=0

and W (x) is a Gaussian white noise. Observe that (3.9) is formal since W (x) is only
defined as a generalized random field. To overcome this problem, the usual theory of
elliptic PDEs can be applied to this class of stochastic PDEs by casting the problem

in a weak form. However, the weak formulation of (3.9) will not be considered in this
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thesis and instead, we shall only study a particular solution of (3.9) and its properties.

This solution is defined by

o) = [ alllx =0 )W (dxo) (3.11)

where W (dxp) is defined as a Brownian measure and ¢(|| x —xo ||) (if it exists) is the

Green'’s function of L. The Green’s function is the solution of
Lg(]| x — %o ||) = d(x — xo), (3.12)
subject to the condition that g(|| x — Xo ||) and all its derivatives vanish at infinity.

Remark 6 As the differential operator L is an isotropic (rotationally invariant) op-

erator, g(|| x — xo ||) is a function of the Euclidean distance.

3.1 Properties of the particular solution

There are various ways to demonstrate the uniqueness of solutions for a deterministic
elliptic PDE. For instance, uniqueness can be established by using the Lax-Milgram
theorem. However for constant coefficient elliptic differential operators defined on
R?, uniqueness can be verified by using the Fourier transform. Before proceeding any

further, we need to define the notion of strong ellipticity.

Definition 14 The operator (3.10) is said to be a strongly elliptic differential oper-
ator if the symbol

Ak) =) ay(—ik)* >0, (3.13)
for all k =|| k ||,k € RY,

Theorem 15 If L is a strongly elliptic differential operator, then the Green’s function

of L exists and is unique.

Proof: See [45], chapter 12, for further details.

Observe that since L is a deterministic and isotropic differential operator, the Green’s
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function will be deterministic and rotationally invariant. Thus ¢(x) is a zero mean

isotropic Gaussian random field. The covariance function is given by

CNX—YH%iéﬂNX—XoWMHY—MHWM,

and hence the variance is

o’ = / g(|| x —xo “)QdXO-
Rd

If the Green’s function is square integrable, then the variance will be finite and so
¢(x) will be a real valued Gaussian random field. However if the variance is infinite,

then ¢(x) should be understood in a distributional sense.

Theorem 16 Suppose that L is an isotropic strongly elliptic differential operator.

Then the Green’s function and the covariance function satisfy

LC([x=y ) =gl x=yI) (3.14)
Moreover, if L is defined by (3.10) then,

e the covariance function of (3.9) is given by

C(r) = —a@g—g, (3.15)

e the covariance function of L"¢(x) = W (x) is

-1 0 lg(r)
@n—1)! 9o T

Cu(r) = n>1. (3.16)

Formal Proof: The first part of the theorem can be shown by using the shifting
property of the delta function,

LC(ix=y ) = [ Zollx=x0 Dallly =xo [)dxo

=[x = xll v = xa lhixo
= gl x=yI.

When L is defined by (3.10), (3.12) reads
V2" G(1) + a1 V2 Vg (1) + .+ agg(r) = 6(x — xo). (3.17)
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In particular,

g(r) = — / ke (3.18)

(2m)¢ Jra A(K)
Now by differentiating both sides of (3.17) with respect to ag we obtain
9g(r) 9g(r) dy(r)
2m _ VM= =0. q
V" T am=1V ag T a0 g, Tl =0 (3.19)
Hence
Jg
Ll — | = - 3.20
(52) = -otn (3.20)
and so
dg(r)
O(r) — — _ 3.21
)= -2 (3.21)
Consider
L'p(x) =W(x), n>1. (3.22)

The corresponding covariance function is given by

1 etkr
Cn(r) = @) /Rd ()\(k))%dk' (3.23)

By successively applying the quotient rule to (3.18), C), can be written as
-1 97 ig(r)
(2n —1)! Qa2"!

Theorem 16 provides a very useful mechanism to evaluate the covariance functions

Cn(r) =

(3.24)

from the Green’s function. This is because the computation of the Green’s function

is far simpler in comparison to the computation of the covariance function.

Remark 7 As far as we aware the above theorem has not been described previously

in the literature.

3.2 Sobolev Space

In this section we will examine the regularity properties of (3.11). By regularity we
mean Hoélder continuity and differentiability. Before attempting to address these ques-
tions, we first need to identify the solution space of (3.9). Solution spaces of elliptic
PDEs are usually defined in terms of Sobolev spaces and in the following, we shall fo-

cus on the £2 definition of Sobolev spaces. But first we need to define Schwartz space.
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Definition 17 Let us denote 0% (x) := 07"...09"(x) = ¢¥*(x) for any multiindex

a=(o,...,aq) with o; =0,1,2,... Hence

o
8?1¢($)2:: 8ﬁ§f)’

(3.25)

Let C=(R%) be the space of infinitely differentiable function in RY. Then Schwartz
space, S = S(R?), is the space of functions 1(x) € C*(R?) such that

14 flavi= sup (1+ || x [D™ | 9x4)(x) < oo, (3.26)

x€Rd
for any N = 1,2, ... and any multiindex o = (ov, ..., aq) with o; = 0,1,2, ..., and the

sequence 1, (x) — ¥ (x) if
| % =2 lay—0, as n— o0 (3.27)
for any such N and .

Definition 18 The space of tempered distribution, S'(R?), is the space of linear con-
tinuous functionals on S(R?). That is, f € S'(R?) if the following two conditions hold:

o Linearity: f(avy + Biy) = af (1) + Bf(12), o, B €R, ¢y,¢, € S(RY).

o Continuity: f(vy) = f(¥), if by — ¥, as n — 00, ¥, ¢, € S(RY).

Assume that « is a non-negative integer. Then we define the Sobolev space H”(R?),
to be the set of all u € £2(R?) whose (distributional) derivatives 9%u belong to £*(R¢)
for |a |<

HY(RY = {u € L2(RY) | 0°u € L2(RY) for |a|< ).

For fractional and negative exponents, there is an equivalent characterization of this

definition in terms of Fourier transforms.

Definition 19 For v € R, the Sobolev space HY(R?) is defined by

HY(RY) = {u(x) e S'RY | (1+ | k P)3F(u) € EQ(Rd)}, (3.28)
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where F denotes the Fourier transform of u. The corresponding norm is defined by
L =] (A [ P)EF@)(R) e - (3.29)

For detailed discussions on the Fourier transform of a distribution and its properties
see [5,39].

Sobolev spaces and Schwartz space are related as follow
Sc---cH?CcH"CL’CcCH ™M™ CH™c..-C¥,

where 0 < 1 < 2 <3---, and H" C L? denotes that fact that H" is dense in £
One of the fruitful results of the theory of Sobolev spaces is the Sobolev embedding

theorem.

Theorem 20 Suppose that v > s + %l. Then the Sobolev space HY(R?) can be em-

bedded in the space of s-times continuously differentiable functions C*(R?),
HY(RY) C C*(RY).

Proof: See [10], Corollary 1.4.

As a consequence of this theorem, one can deduce that if u(x) € H7(R?) and ~

is large enough, then u(x) can be differentiated [y — ¢ | ( integer part) times, all the
derivatives are square integrable and the last derivative is Holder continuous with
exponent
d d
y-52-b-3

3.2.1 Local Sobolev Space

In [20], the author shows that Gaussian white noise belongs to a special class of
Sobolev spaces known as a local Sobolev space. Before presenting the result we need

to recall some definitions.

Definition 21 A function u(x) is locally square integrable on R if

/|u ) |? dx < oo,

for every compact set D in RY.
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Definition 22 Suppose that v € R. If u(x) is any distribution, we say u(x) €
Hy, (RY) if for any ¥(x) € C°(RY), u(x)¥(x) € HY(RY).

loc

Observe that in a bounded domain H” and H, . are equivalent. In fact as indicated

n [39], if f(x) € H]

locy

then f(x) has the required smoothness for being in H” but
imposes no global square integrability. Hence f(x) belongs to Cr-t provided that
v — g > 0. See [58,5,30] for further details.

Theorem 23 Suppose that W(X) is Gaussian white noise on R¢. Then with proba-

bility one,

_d_,
W(x)e H, > (R, e>0.

loc
Proof: See [20].

Theorem 24 Suppose that L is an isotropic strongly elliptic differential operator of
order 2m and that W (x) is Gaussian white noise on R?. Then with probability one,

the particular solution (3.11) of

m—2—e
belongs to Hy 2 “(R%), e > 0.

: _d_,
Proof: Since L is of order 2m and W (x) € H,,2 " (R?), this theorem follows directly

loc

from the elliptic regularity theorem. See [39], Theorem 6.33 for further details.
Theorem 24 combined with the Sobolev embedding theorem provides a framework

for exploring the regularity properties of ¢(x) for any constant coefficient elliptic

differential operator.
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Chapter 4

Examples of Stationary Random
Fields

In this chapter, we shall study two specific examples of (3.1), namely the stochastic
modified Helmholtz equation and the stochastic biharmonic equation. In each exam-
ple the covariance function and approximate realizations are computed and simulated.
In addition, the regularity properties are investigated. To benefit from the power of
the FFT algorithm, we shall use the Gaussian spectral representation to derive the

approximate realizations.

4.1 Stochastic Helmholtz equation

Consider the stochastic modified Helmholtz equation (we will refer to this as Helmholtz

equation for brevity)
—bV2p(x) + cp(x) = W(x), x€R?, (4.1)

where b and ¢ are strictly positive constants. The symbol of the Helmholtz operator

is given by
k) = bk + ¢, (4.2)

and for any strictly positive b and ¢, A(k) is strongly elliptic. Hence by Theorem 15
there exists a unique Green’s function. We shall only study a particular solution of

- (o oo,
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where the expression inside the brackets is the Green’s function, which can be evalu-
ated explicitly (see Appendix A). Continuity and differentiability properties of sample
functions were discussed in Chapter 3. According to Theorem 24, (4.3) belongs to

s(x) € H 2 “(RY), ¢>0.

loc

Thus using the Sobolev embedding theorem,
¢(x) € C*E(RY), (4.4)
provided that

2—d—e>0. (4.5)

4.1.1 One Dimensional Solution

For the one-dimensional Helmholtz equation,

o(x) € H2,“(R),

loc

and so ¢(z) is Holder continuous with exponent less than one. The Green’s function

is calculated in section A.1 and is given by

c
ET’

g(r) = -

 2Vbe

Using Theorem 16, the covariance function is given by

C(r) = —% (4.6)
_ (\/Er—l—\/g)e_\/%r (4.7)

4bcy/c
and therefore the variance is
1
2
o’ = )
4ev be

Observe that since the variance is finite and positive, the particular solution of the

one-dimensional stochastic Helmholtz equation is a real valued Gaussian random field.
Moreover, the covariance function is positive which means that the correlation length

is a valid measure of geological distance. The correlation length is given by

p= 2\/2. (4.8)
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One can obtain additional insight into the physical significance of p by rewriting the

correlation function as,

e(r) = (— + 1)6_7 (4.9)
and considering the following cases:

e Asp — o0, c(r) — 1 for every r except r = oo when it equal zero. This situation
represents a physical model where the random field is constant in space, but

the value of this constant is random.

e As p — 0, ¢(r) — 0 except at r = 0 where ¢(0) = 1. This situation describes

an uncorrelated random field.

There are many numerical schemes designed for approximating solutions of elliptic
partial differential equations. For instance in the literature, the finite element method
has been extensively used for such a purpose. However in order to use these numerical
schemes, boundary conditions need to be specified before solving the problem. Now
since (4.1) is defined on the entire Euclidean space, artificial boundary conditions
need to be constructed. In this thesis we will not be studying ways of constructing
artificial boundary conditions and instead use the Gaussian spectral representation
to generate realizations of (4.1).

To obtain an approximate realization of (4.3) using the Gaussian spectral represen-

tation, we need to introduce a cutoff k,,,, such that

kmax 1
————dk = o> 4.1
/0 m(bk? + ¢)? 7 (4.10)

The value of k,,,, Will be chosen so that the relative error between the variance and
the left hand side of (4.10) is less than 1073, Thus the approximate realizations can
be generated by

() = i / —2AE In(u,) cos(k,x + vy,) (411)

—~ Jabk2 + ¢)

n

where

k, = nAk = n(k}r{;w> (4.12)
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Figure 4.1 shows how the the correlation function and the approximate realization
changes as the the correlation length is reduced. Based on the selected values of b and
¢, p=2,2.828 and 3.464. Notice that the larger the correlation length, the slower the

decay of the correlation function.

4.1.2 Two Dimensional Solution

For the two dimensional Helmholtz equation,

é(x) € HI-¢(R?).

loc

Observe that in this case the condition specified in (4.5) is violated, and so the £?
definition of Sobolev spaces is no longer sufficient to establish the regularity proper-
ties of the sample function. One way to overcome this problem is by defining (3.9)
on L4 for ¢ > 2. However we shall not be pursuing this avenue in this thesis, and
readers are referred to [13] for a detailed discussion on the regularity properties of

SPDEs using the £? definition of Sobolev spaces.

The Green’s function is calculated in section A.2 and is given by

olr) = VD (1.13

where Ky denotes the zeroth order modified Bessel function of the second kind. The

covariance function is

Jg
- 4.14
5% (4.14)

rKi(r\/%)
747%\/% , (4.15)

where K is the modified Bessel function of order one of the second kind. Hence the

C(r) =

variance is

o = limC(r)

r—0

1
Amtbe’

Thus the particular solution of the two dimensional Helmholtz equation is a real

valued Gaussian random field and is continuous in the mean square sense. The
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Figure 4.1: Correlation functions and realizations for the one dimensional Helmholtz
equation.
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correlation length is

o= [rfem(|for)ar
a0

To obtain an approximate realization, we need to introduce a cutoff k,,,, such that

kmaz kmaz
sdkpdk, — 1] <1077, 4.16
[T a0

Hence approximate realizations are generated by,

o Ao (i) cos(kn &k + )
N( Uy ) COS(K,T mY T Umn
¢N(may) - Z <b<k2 + kg ) )

(4.17)

__N
m,nf—?

Here k, and k,, respectively denote the wave-numbers in direction x and y with the

mesh size

k
A — A — maxr )
kn km N

Figure 4.2 shows the correlation function and a 256 x 256 realization of (4.17) when
p = 1.571,2.221 and 2.721. Notice that larger correlation lengths produce bigger

“blobs” in the realization than smaller correlation lengths.

4.1.3 Three Dimensional Solution

For the three dimensional Helmholtz equation,

o(x) € Hp,

loc

(RY).

The Green’s function is calculated in section A.3 and is given by

c

e Vo'
9(r) = drbr

and so the covariance function is
e VT

C(r) =

8mhv/be

Therefore since the variance is finite, the particular solution is a real valued Gaussian

random field and is continuous in the mean square sense.

36



1 T T T T T T T T T
0.9+ 1 15
0.8 be1 g
c=1 1
0.7 b
0.6 b 05
= osp 4
0
0.4 b
03k | -05
0.2 b
-1
0.1f b
- -15
0 1 2 3 4 5 6 7 8 9 10
T
1
1
0.9+ b
0.8
08 b=2 1
0.6
07k c=1 ]
0.4
0.6 b
. 0.2
< ost 1
T
0
0.41 b
-02
0.3 ]
-04
0.2 b
-06
0.1t b
-08
0 1 2 3 4 5 6 7 8 9 10
r
1 T T T T T T T T T 08
0.9+ b
0.6
0.8 b
0.4
0.7 b
b=3
0.6 =1 i 0.2
< osf 4 o
T
0.4r 7 -02
0.3 ]
-04
0.2 b
-06
0.1t b
-08
0 . . . . . . . : n
0 1 2 3 4 5 6 7 8 9 10
r

Figure 4.2: Correlation functions and 256 x 256 realizations for the two dimensional
Helmholtz equation using k., = 30.
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4.2 Stochastic biharmonic equation

Consider the stochastic biharmonic-Helmholtz equation (we will refer to this as the

biharmonic equation for brevity),
aV4(x) + bV2p(x) + chp(x) = W(x), x € R?, (4.18)

where a, ¢ are strictly positive and b € R. The symbol of the biharmonic operator is

given by
k) = ak* — bk* + c. (4.19)
Therefore for any b such that
b <0, (4.20)

(4.19) is strongly elliptic for all strictly positive a and ¢. Hence the Green’s function
of the biharmonic operator is unique in that case. If b > 0, then the Green’s function

is unique provided that

b < 2v/ac. (4.21)

A particular solution of (4.18) is given by

B(x) = /R | (271r)d /R d &kj“i();:jrcdk)W(dxo). (4.22)

Observe that according to Theorem 24,

$(x) € Hyp,“(RY),
and so by the Sobolev embedding theorem,
p(x) € CH¢(RY), (4.23)

provided that

4—d—e>0. (4.24)
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4.2.1 One Dimensional Solution

In the case of the one dimensional stochastic biharmonic equation,

o(x) € HE“(R),

loc

and so ¢(z) can be differentiated twice and the second derivative is Holder continuous
with exponent less than one. In order to compute the Green’s function, there are
various cases to consider depending on the value of the parameter . For detailed

computations see section A.4

Casel: b < —2\/ac

Observe that for b < —24/ac, the Green’s function is

—Pr

9(r) = 2a(Q21— P?) (ep - e_qu) (4.25)

where

P — \/—b+\/62—4ac

> (4.26)
Q0 = \/_b - ”28;2 = dac (4.27)

Therefore using Theorem 16 the covariance function is given by

Q@ = P)(Pr+1) —4P*)e” ™ + P((Q* — P)(Qr+ 1) +4Q)e ¥,
C(r)= 4a2(Q? — P?)3P3()3 {4.28)

and so the variance is

Q* +3PQ + P*
52 fmz@ k p)3P3Q3’>' (4.29)

The correlation length is given by

B 2(Q + P)?
P~ PQ(Q2 +3PQ + P?)’

(4.30)
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Case2: —2y/ac < b < 2\/ac

For —2+/ac < b < 24/ac, the Green’s function

(Acos(Ar) + Bsin(Ar))e B

— 4.31
where
b 1 /e b 1 /e
A= ==, /= B=y/——+=4/=. 4.32
4qa + 2V a and 4qa + 2V a ( 3 )

The covariance function is given by

(32(27"142 + B +4,/2AB)sin(Ar) + A(A* + Brb 4 4A?B? V) COS(AT))G*BT
32acA3B? ‘

C(r) =

The variance is

- A? 4587
 32B3a2(A% + B2)3’

o

Remark 8 For0 < b < 24/ac, the covariance function has negative as well as positive
values. In such a case the definition of the correlation length as defined in chapter
2 is not a useful measure of the lengthscale over which ¢ is correlated, and should

instead be defined as

p= /000 | ¢(r) | dr, (4.33)

which will be computed using numerical integration.

Notice that for negative values of b, the spectral density decays with frequency.
On the other hand, for positive values of b, the spectral density peaks at some finite
frequency and as demonstrated in Figure (4.3), lead to singular peak as b — 2y/ac.
To derive an approximate realization of (4.22) using the Gaussian spectral represen-

tation, we need to introduce a cutoff k,,,, such that

1 kmaz 1
— dk — 1] <1073, 4.34
o? /0 m(ak* — bk? + c)? = (4:34)

The approximate realizations are therefore generated by,

N-1 /—2Ak In(u,,) cos(k,x + v,) (4.35)

on(z) = Jrlakt —bkz +¢)

n=0
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Figure 4.3: Spectral density of the covariance function for the one dimensional
stochastic biharmonic equation.

where

k, = nAk = n(%ﬂ (4.36)

Figures (4.4) and (4.5) show the correlation function and a realization of (4.35) for
various choices of a,b and c. Notice that b determines the shape of the correlation
function. For negative values of b, the correlation function is monotonically decreasing
and for positive values of b, the structure of the spectral density produces a negative
hole in the correlation function which results in oscillatory behaviour. In fact, the

oscillation increases as

b — 2v/ac. (4.37)

4.2.2 Two Dimensional Solution

For the two dimensional biharmonic equation,

p(x) € HP “(R?), (4.38)

loc

and so ¢(x) can be differentiated once and the derivative is Holder continuous with
exponent less than one. To compute the Green’s function, there are various cases to

consider depending on the value of the parameter b.
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Figure 4.4: Correlation functions and realizations for the one dimensional biharmonic
equation. Here p = 3.206, 3.732 and 4.204, and b < —2ac.
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Casel: b < —2\/ac

For b < —24/ac, the Green’s function is given by
. Ko(PT) — Ko(QT')

g(r) = 2ma(Q7 — P?) (4.39)
The covariance function is
_ (@ = P*)(QK\(Pr) + PE(Qr)) — APQ(Ko(Pr) — Ko(Qr))
C(r) = Ina? PO(Q? — D)7 . (4.40)
Therefore the variance is
o’ = lim C(r) (4.41)
Q' — 4P*Q*(in(Q) ~ n(P)) — P*
ATa2P2Q%(Q? — P?)3 : (4.42)
The correlation length is given by
B (Q — P)*m(Q* + 3PQ + P?) (4.43)
7T 2PQQT = AP Q@ (n(Q) — n(P)) — P |
Case2: —2y/ac < b < 2\/ac
For —2\/ac < b < 2+/ac, the Green’s function is
_ —SKo(r(B+iA))
o) = ——o L) (4.44)

where & denotes the imaginary part and A and B are defined as above. Subsequently
the covariance function is

_ —A’BarSK,(r(B +1iA)) — AB*\/JarRK, (r(B +iA)) — /cSKo(r(B +iA)),
B 32a?w A3B3./c v

c(r)

where R denotes the real part. Hence the variance is

) A2 - B? tan~1(4)

- . 4.46
O RERBA A+ B | 2t ARB (4.46)

In order to obtain an approximate realization, we need to introduce a cutoff k..

such that

1 kmaa Emax 1
o? dk,dk, — 1. 4.4
o2 /0 /0 m2(a(k? + k5)2 — b(k2 + k:;) + )2 Y | (4.47)
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Now approximate realizations can be generated by

N
22:1 V- Ak Ak (U ) cos(knz + kmy + Vmn)
— (a(k2 + k2)? — b(k2 + k2) +¢) ’

(4.48)

where k,, and k,, respectively denote the wave-numbers in direction x and y with the

mesh size

k
Ak, = Ak, = ==,
N

Figures (4.6) and (4.7) show a variety of correlation function and realization of (4.48)
for different choices of a,b and c. For positive value of b, the correlation function
oscillates and the number of oscillations increase as b approaches 24/ac. The oscil-
lations disappear for negative value of b and replaced with monotonically decaying

correlation function. Notice that the “hole effect” is less than those in figure (4.5).

4.2.3 Three Dimensional Solution

For the three dimensional biharmonic equation,

o(x) € H,

loc

(R
Hence ¢(x) is Holder continuous with exponent less than one.

Casel: b < —2\/ac

For b < —2y/ac, the Green’s function is given by

e—Pr o e—Qr

= . 4.4
9(r) drar(Q? — P?) (4.49)
The covariance function is given by
4PO — P3 P 2\ ,—Qr __ 4PO — 3 P2 —Pr
C(T) — ( Q r +r Q )6 ( Q TQ +7r Q)G ' (450)

8ra’r(Q? — P2)3PQ

Case2: —2/ac < b < 2y/ac
For —2y/ac < b < 2+/ac, the Green’s function is

sin(Ar)e 5

9(r) = SrarAB
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Figure 4.6: Correlation functions and 256 x 256 realizations for the two dimensional
biharmonic equation using k.. = 7. Here p = 2.949,3.300 and 3.624, and b < —2ac.
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Figure 4.7: Correlation functions and 256 x 256 realizations for the two dimensional
biharmonic equation using k., = 7. Here p = 2.685,2.559 and 2.541 and 0 < b <

2./ac.
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The covariance function is

((AQBT\/E ++/c)sin(Ar) — \/aAB?r cos(Ar)) e Br
64a2 A3 B3ry/cm '

c(r) =

In conclusion, the stochastic biharmonic equation appears to have several desirable
features in comparison with the stochastic Helmholtz equation. First of all, it has rich
regularity properties making it a suitable model in two or three dimensions. In addi-
tion, for a different choice of parameters, the stochastic biharmonic equation can pro-
duce various correlation behaviors including damped oscillatory ones, whereas only
monotonically decaying ones were observed for the stochastic Helmholtz equation.
However geological formations in general display anisotropies such as stratification,
and so it is useful to construct anisotropic random fields in order to more realisti-
cally describe the effects of field heterogeneity. In the next chapter, we shall study
anisotropic random fields generated by solving an elliptic stochastic boundary value

problem with tensor coefficients.
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Chapter 5

Anisotropic Elliptic Stochastic
PDEs

In this chapter, we will study the generation of anisotropic random fields using elliptic
stochastic pde with tensor coefficients. The model considered is capable of produc-
ing non-stationary random fields on curved layers. Approximate realizations of this
model will be drawn by using the finite element method, which is applied using the

MATLAB PDE toolbox.

There is a growing need for greater realism in geological modelling, which is driven
by the increasing quality and resolution of seismic data. The problem of prediction,
as discussed in the introduction to this thesis, requires the solution of difficult in-
verse problems. In turn, the Bayesian approach to these problems requires good prior
probability densities.

As indicated in [4,33], the presence of features such as faults in complicated 3-
dimensional arrangements, and cross-bedding of sedimentary structures, makes it
very difficult to build a geometric model in the first place. Moreover, in order to
use traditional methods of texture interpolation, a global mapping is usually required
from physical space into a rectangular system of coordinates. However, as the geo-
logical complexity increases, constructing such transformations becomes very difficult
and tedious to achieve.

The problem of constructing a model of the geometry could be eased if it were possible
to interpolate realistic sedimentary textures without having to build a full geometric

model. In the following, we would like to investigate the possibility of using vector
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fields to guide the random fields. The idea is to replace geometric models with vector
fields defined on an arbitrary, Cartesian grid that are not aligned in anyway with
the rock properties. The vector fields will be used to build tensor coefficients for
an elliptic stochastic pde. We will think of the first vector field as a field of vectors
normal to the bedding planes. Then the other vectors are in the tangent planes to the
bedding surfaces. These vectors will be chosen to be unit vectors and to be mutually

orthogonal. Given vectors p,q,r with

p-p=q-q=r-r=1, (5.1)
and
p-q=p-r=q-r=0, (5.2)
we set
Di; = apipj + Baig; +yriry, 0,5,k € {1,2,3}, (5-3)

with, «, 8,7 > 0. This defines a general, symmetric positive definite tensor. In the

following we will restrict our attention to the 2-dimensional case.

5.1 Anisotropic Stationary Random fields

In the last chapter we have investigated isotropic correlation functions for a partic-
ular class of second order random fields. However, spatial correlation does not only
depend on the Euclidean distance between two locations. Very often the correlation
in one direction does not equal to the correlation in another direction. Now given
a stationary and isotropic random field, it is possible to simulate a stationary but

anisotropic random field by performing coordinate transformations.

Definition 25 A second order stationary random field is said to be geometrically

anisotropic if it is characterized by the covariance function
Clx—y)=C(|r"Dr ), (5.4)
where r = x —y and D is a nonnegative matrixz. If D is the identity matriz, then
Clx—y)=C(r), (5.5)
and the random field is isotropic.
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Consider
Lo(x) = W(x), xeR? (5.6)
where W (x) is Gaussian white noise and L is given by
L=a,(V-(DV)* 4+, 1(V- (DY) D 4 +ay (V- (DV)) +ap. (5.7)
Here the a;s are constants and the diffusivity matrix D is defined by

Dij = Oépipj + 6QZQJ 7’7] € {17 2}7 (58)
a, > 0. In the following we shall consider the example given by

p = (cosf,sinf), (5.9)
q = (—sinf,cos), (5.10)

and so D reduces to

acos®f + Bsin0 (o — B)sinfcosf
D pu
(a — B)sinfcosd Bcos?f+ asin®f

( cosf) —sinf ) ( a 0 ) ( cosf  sind )

sinfl  cos# 0 B —sinf cosf

Notice that a and /3 are the eigenvalues corresponding to the eigenvectors (cos @, sin )
and (—sin#,cosf). Any realization of (5.6) would be controlled by the values of
a,f and 0. If a > [, then the direction of stronger correlation follows the vector
(cosf,sinf), whereas if o < 3, then the direction of correlation follows the vector

(—sinf, cosb).

We will study a particular solution of (5.6),

o= [ (o [ S W),

and this solution is an anisotropic stationary Gaussian random field. In fact by

performing the following linear transformation,

hq hy .
kh = — 0 — ——sinf hi,ho € R 5.11
1 Ja CoS NG sin 0, 1,9 € ( )
hy . h
ks = —=sinf — —= cosb, (5.12)

va "B
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the particular solution will reduce to the isotropic case and will have the same regu-
larity properties. Notice that since the angle 6 is constant, L is a constant coefficient

differential operator and so the covariance function formally satisfies
L*C(r) =6(x—y), (5.13)
where

o= r ' Dr |

in%6 20 — in26 20
— \/T%(asm ;—65008 )+2T1T2(6a6a)sint9cos«9—l—T%(ﬁsm ;ﬁacos ).

Here ry = 21y — y1, 72 = x5 — yo. Hence using the same technique as in Theorem 16,
the covariance function and the Green’s function satisfy

_9g(r')

C(r') = oar

(5.14)

For the rest of this section, we shall compute the anisotropic covariance function for
the stochastic Helmholtz equation and the stochastic biharmonic equation. More-
over, approximate realizations of their solution will be simulated using the Gaussian

spectral representation.

5.1.1 Anisotropic Stochastic Helmholtz equation
Consider

—V - (DVo(x)) + c(x) = W (x), (5.15)
where ¢ > 0. The covariance function is

o 1 6ik-(x—xo) " .
) = & /Rg (KTDk + )2 (5.16)
' K1 (r'\/c)

VvV 5.17
Amy/aBc ( )
The variance is
o> = lim C() (5.18)
7‘177‘24)0
1
= (5.19)



Observe that when a = 3, (5.17) reduces to the two dimensional isotropic covariance
function of the stochastic Helmholtz equation.

When dealing with anisotropic random fields, the correlation length needs to be com-
puted for each of the two directions. The correlation length along the r; direction is

computed by setting ro = 0 and integrating over r;

1 [ ,
o= C(r")dry, (5.20)
9= Jo
s af
= = 5.21
2\/c(asin29+50082 0)’ (5.21)

similarly, the correlation length along the r; direction is computed by setting r; = 0
and integrating over ry
1 [e.e]
p2 = — C(r")dr,, (5.22)

o Jo

_ T of
2 \/c(ﬁ sin® 0 + acos? 6) (5.23)

Figure (5.1) illustrate the correlation function and approximate realizations of (5.15)

generated using the Gaussian spectral representation. Notice that the orientation of
the stripes is influenced by the value of #, and the elliptically shaped correlation func-
tion has its semi-major axis in the 6 direction. The correlation lengths are respectively
given by p; = 4.967 and py = 1.571,1.924 and 2.221.

5.1.2 Anisotropic Stochastic biharmonic equation

Consider

a(V - (DV))?p(x) + bV - (DV)p(x) + chp(x) = W (x), (5.24)

where a,c > 0, b € R and D is as defined above. The symbol of the anisotropic

biharmonic operator is given by
k) = a(k” Dk)? — bk" Dk + c. (5.25)

Thus for any b < 0, the symbol is strongly elliptic for all strictly positive a and c.
Hence the Green’s function of the biharmonic operator is unique in that case. If

b > 0, then the Green’s function is unique provided that

b < 2+/ac. (5.26)
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Figure 5.1: Correlation functions and 256 x 256 realizations for the anisotropic
Helmholtz equation using o = 10, 8 = 0, ¢ = 1, ke = 26 and = 1,1.5 and 2
respectively.
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In order to compute the Green’s function, there are various cases to consider depend-

ing on the value of the parameter b.

Casel: b < —2\/ac

For b < —2+/ac, the Green’s function is

(T/) _ KO(PT/> B K()(Q?”/)
N araaB(@ = P?)’

where P and @) are respectively given by (4.26) and (4.27). The covariance function

(5.27)

is

_ (Q* = P*)(QK (Pr') + PE,(Qr')) — 4PQ(Ky(Pr') — Ko(Qr"))

C(r') = . (.28
") ira\aBPQ(Q? — P?)? 529
Therefore the variance is
2 _ : !
o° = Tl%&(} C(r) (5.29)
@ PPQAQ — Pap |
The correlation length along the r; direction is,
P VaB(@Q — P)3n(Q? + 3PQ + P?) (5.31)
1 — ) .
2v/asin? 0 + [ cos? APQ(QY — 4P2Q%(In(Q) — In(P)) — P4)
and the correlation length along the ry direction is,
py = VaB(@Q — P)3n(Q? + 3PQ + P?) (5.32)
9 = . .
2v/Bsin? 0 + acos? OPQ(Q* — 4P2Q%(In(Q) — In(P)) — P*)
Case2: —2y/ac < b < 2\/ac
For —2y/ac < b < 2+/ac, the Green’s function is
—SKo(r'(B+iA
o) = Kol (B +id)) (5.33)

4raABvaB

where & denotes the imaginary part and A and B defined as above. Subsequently

the covariance function is

 —A’B\ar'SK (r'(B +iA)) — AB*\/ar'RK,(r'(B 4+ iA)) — /¢S Ko (r'(B + iA))
B 32a2m A3 B3\/ca3 v
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Figure 5.2: Correlation functions and 256 x 256 realizations for the anisotropic

7 and

I, a =15,0 =0, kppaw =

Helmholtz equation using a = 1, b = 1.9, ¢

0.7,1.4 and 2.1 respectively.
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where R denotes the real part. Hence the variance is

) A2 B2 fan=1(4)

= . 5.35
7 32a2\/caf A2B?r(A? + B?)? * 32ma?\/caf A3 B3 (5:35)

Notice that for 0 < b < 24/ac, the covariance function has negative as well as positive
values. In this case the correlation length will be computed numerically as explained
in section (4.2.1).

Figure (5.2) shows the correlation function and approximate realizations of (5.24)
generated using the Gaussian spectral representation. Notice the concentric ellipses
of the correlation function repeat themselves and have their semi-major axis in the
f direction. The correlation lengths are respectively given by p; = 5.876 and py =
2.415,3.096 and 3.425.

5.2 Nonstationary Random fields

Modelling correlation functions can be a very complicated task to do. Usually the
random field show different patterns over different parts of its domain which does not
allow simple expressions to describe its dependency structure. For example, distinct
geological layers and facies may cause the permeability field of a given geologic forma-
tion to be spatially nonstationary. Now a random field is said to be a nonstationary
random field if either its mean varies spatially or its covariance depend on the actual
locations.

In the following we shall study the construction of nonstationary random fields us-
ing elliptic boundary value problem driven by a piecewise constant approximation
of Gaussian white noise. The generated realizations are locally stationary and the
correlation function will not be computed as it is very difficult to do so. The approx-
imate realizations of the model considered will be drawn by using the finite element
method.

Modelling non-stationary random fields can be divided into global and local methods.
Global methods take into account the whole domain, whereas local methods assume
that a globally non-stationary random field can be approximated as a collection of lo-
cally stationary random fields. For detailed discussions on these methods see [60,35].

In this section however, we shall consider one way of generating locally stationary
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random fields. Notice that a function f(x) which varies in x is a constant in an in-
terval [n,n + €], provided that | € |> 0 is sufficiently small. A similar approach can be
used when modelling nonstationary random fields. In other words, despite the fact
that the mean and covariance functions are nonstationary throughout the domain, it
is possible to assume that the random field is approximately stationary on smaller
subsets of its domain.

Consider

-V (D(xay)v¢h(x7y)) + /\¢h(x7y) - Wh(xay)7 r,y €D, (536)
Vor(z,y)m = 0, on 0D, (5.37)

where D is defined as before except that 6 is spatially varying, and Wh(x,y) is a
piecewise constant approximation of Gaussian white noise, which is motivated by the
need to use the finite element method. Also the homogeneous boundary condition
is chosen for simplicity. Notice that since the coefficients are spatially varying, the
solution of (5.36) will be a nonstationary random field. Moreover, the field will also
be locally stationary and the actual process of combining all the locally stationary
fields into a global field is done by using the finite element method.

As indicated in [32], a piecewise constant approximation of Gaussian white noise is

defined by

Wh(mﬁy) = Tz:; \/%XT(xvy)> (538)

where T}, denotes a triangulation of D, | T' | denotes the area of each triangle T', yr
is the characteristic function of T,

1 (x,y) €T,
0 otherwise

xr(z,y) = { (5.39)

and {&r}rer, is a family of independent and identically distributed normal random
variables with mean 0 and variance 1. Figure (5.3) displays a realization of Wj,(z, ).
The main obstacle to carrying out an error estimate of finite element method for
a stochastic pde is the lack of regularity of its solution. In [32], Cao et al have
demonstrated that for a particular class of semilinear elliptic stochastic pde driven by

Gaussian white noise, which includes the stochastic Helmholtz equation, the solution
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Figure 5.3: A realization of a piecewise constant approximation of Gaussian white
noise with meshsize 0.078125.

can be sufficiently approximated by replacing white noise with (5.38). And conse-
quently, because the resulting problem has the desired regularity for error analysis,
it can be reasonably approximated by the finite element method.

Observe that for a particular realization of Wy (z,y), (5.36) is a deterministic elliptic
boundary value problem of the type studied in Appendix B . Hence in the following,
we will numerically solve (5.36) for various choices of 6 using the MATLAB PDE tool-
box. Ideally, one might expect 6 to be interpolated from real measurements. However
experimental data rarely would be enough to infer #, and so @ itself can be treated as
a correlated random field. In the following 6 will be treated either as a deterministic

function or as a realization of a stationary Gaussian random field.

5.2.1 Deterministic angle

Let the angle 6 be a spatially varying deterministic function of (z,y). Then the
solution of (5.36) will be a nonstationary Gaussian random field. In this section we
shall illustrate one approach of using (5.36) to generate realizations on curved layers.
The idea is to assume that the log permeability has longer correlation along the layer
in comparison to the correlation across the layer. Then the shape of the layer will
provide enough information to find the angle 6(x,y). Figure (5.4) is an example of
such a scenario. Suppose that the top boundary of the layer in Figure (5.4) is given
by the function z(z), which can be interpolated given some information about the

layer. Observe that the orientation of the shape varies according to the derivative of

29



v

Figure 5.4: Schematic picture of a curved layer

z(x). Hence 6 can be represented by the variable angle of inclination of the tangent

to the function z(x),
tanf(x,y) = 2'(x). (5.40)
In the case of figure (5.4), the angle can be approximated by
0(z,y) = tan~*(—0.72x — 0.072). (5.41)

Figure (5.5) displays 4 independent realizations of (5.36) generated using (5.41).
In each of the 4 plots, a different realization of Wh(x,y) is used and the middle
right graph demonstrate how the vector flow (cosé(z,y),siné(z,y)) conforms with

the geometry of the layer.

5.2.2 Random angle

In the previous section we have assumed that the angle 6 can be described by a deter-
ministic function. However a deterministic angle is too limiting to capture curvilinear
features such as channels and cross bedding. In this section we shall investigate how
to use a realization from a stationary random field to construct a realization of a
non-stationary random field.

Suppose that 6(z,y) is an approximate realization of the stochastic Helmholtz bound-
ary value problem,

_bv29h(xay) + Ceh(xay) = Wh(xay)v T,y € D7 (542)
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Vo,(z,y)-n = 0, on oD (5.43)

where b and c¢ are strictly positive constants and, ﬁ/h(x,y) is a piecewise constant
approximation of Gaussian white noise, such that Vf[/h(x, y) is independent of W), (z, ).
The idea is to first simulate 6(z,y), defining the local orientations of the stripes at
each location (z,y), and then generate approximate realizations of ¢, (z,y). Observe
that in this example (5.36) will have spatially varying random coefficients, and so the
solution will be a nonstationary non-Gaussian random field. Figure (5.6) shows the
generated realization of (5.42) when b = 0.8 and ¢ = 1, and 5 independent realizations
of ¢p(x,y) using the same realization of 0y, (z,y). In other words the diffusivity matrix
D is the same in all of the 5 independent realizations. Notice that curvilinear features
are produced and that the local orientations of the stripes are controlled by the value
of the angle 0, (z,y) at each location (z,y). In fact, since o > 3, the local direction
of the stripes depends on the vector (cos @, (x,y),sin0,(x,y)) at each location (z,y).
Similarly, if a < (8, the location orientation of the stripes will depend on the vector

(—sin @y (x,y), cosb,(x,y)) at each location (x,y).
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Figure 5.6: 5 approximate realizations of (5.36) generated using a realization of
(5.42)(top left). The 2nd, 3 and 4th graph simulated using v = 10, § = 0.1,A = 1, and
the 5th and the 6th graph simulated using a = 100, 5 = 0.1, A = 1. A triangulation
with meshsize 0.078125 is used throughout.
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Chapter 6

Conclusion

One of the critical tasks in reservoir modelling is the simulation of representative
permeability fields. In general, reservoir formations usually show a significant level
of heterogeneity and spatial variability in such a way that makes it very hard to
describe the porous medium in any precise quantitative manner. This is due to the
lack of data and the lack of knowledge of the characteristics at small scale. Therefore
deterministic treatments of permeability are less useful since such a method does not
provide any measure of uncertainty.

The aim of this thesis was to generate random fields to build suitable prior models
for the logarithm of permeability fields. Inverse problems in geoscience are usually
ill-posed, needing the specification of a prior model to constrain the nature of the
inverse solutions. As indicated before, standard stochastic simulation techniques can
only be applied when the principal directions of correlation align with Cartesian coor-
dinate directions. However rock layers are not flat and most geological boundaries do
not follow the coordinate lines of rectangular mesh systems. Therefore in order to use
random field generators which rely on rectangular coordinates, a transformation to
stratigraphic coordinates is usually required to map the actual geological layers into
rectangular layers. However, because of the complexity of geological layers which
might be twisted and faulted, the construction such transformation is very difficult to
achieve. To address this problem, many authors have suggested using partial differen-
tial equations to generate random fields particularly, elliptic pdes driven by Gaussian
white noise. One of the many attractive features of this method of simulation is that
it does not require any particular assumption of a coordinate system until one has

to actually perform a computation and then only locally for each cell of a grid. This
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is similar to the fact that when fluid flow are modelled locally using a pde, a global
coordinate system which follows the geometry is not needed, and only a local coordi-
nate system is needed when doing calculations. Hence one can generate random fields
directly on the physical domain without the need for a transformation to rectangular
coordinates.

In chapter 3 of this thesis, we have studied isotropic elliptic stochastic pdes and the
regularity properties of their solutions. The regularity properties were established
using the Sobolev embedding theorem. Moreover, a useful formula linking the com-
putation of the covariance function to that of the Green’s function was derived.

In chapter 4, we considered two specific examples of isotropic stochastic pdes, namely
the stochastic Helmholtz equation and the stochastic biharmonic equation. In each
case the correlation function and approximate realizations were computed and simu-
lated, and the regularity properties were investigated. To benefit from the power of
the FFT algorithm, we used the Gaussian spectral representation to derive the ap-
proximate realizations. The stochastic biharmonic equation appears to have several
desirable features in comparison with the stochastic Helmholtz equation. First of all,
it has rich regularity properties making it a suitable model in two or three dimensions.
In addition, for a different choice of parameters, the stochastic biharmonic equation
can produce various correlation behaviors including damped oscillatory ones, whereas
only monotonically decaying ones occur with the stochastic Helmholtz equation.

As geological features are generally not isotropically distributed, we have investigated
in chapter 5 of this thesis the possibility of using vector fields to guide random fields.
Directional influence appears when the correlation in one direction does not equal to
the correlation in another direction. The vector fields were chosen to be orthonormal
and were used to build tensor coefficients for an elliptic stochastic pde. For a par-
ticular choice of anisotropic constant coefficients, we have computed the correlation
function and approximate realizations for both the stochastic Helmholtz equation
and the stochastic biharmonic equation. On the other hand for spatially varying
coefficients, the model considered was capable of producing non-stationary random
fields with curvilinear features. Approximate realizations of this model were drawn
by using the finite element method, which was applied by using the MATLAB PDE

toolbox.
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The promising results we have obtained so far, suggest that the next phase of this
work should focus on further investigating the generation of non-stationary random
fields using elliptic stochastic pdes. In particular, the following points need to be

addressed in future work:

e Throughout this thesis we have concentrated on simulating unconditional real-
izations. However one needs to consider how to use the stochastic pde method
to condition the realizations on observation data. Potsepaev et al [48] suggest
generating conditional realizations by formulating a minimization problem and
introducing Lagrange multipliers. Hence following the footstep of the work pre-
sented in [48] would be useful for future research. Ideally, it would be interesting
to study the effects of local point conditioning on the angle 6(x, y) and, by con-
sidering spatially varying eigenvalues. That is, when the diffusivity matrix D

defined by

,Dl'vj = Oé(&?, y)plp] + ﬂ('r’y)(bq] Z?j S {17 2}7

where p and q are defined as in chapter 5. Notice that this require the eigen-

values and the eigenvectors to be known in every grid cell.

e In section 5.2.1 we have illustrated how to generate realizations from a nonsta-
tionary Gaussian random field on curved layers, based on the assumption that
the top and bottom boundary of the given curved layer are parallel. Is it pos-
sible to extend the method to examples where the top and bottom boundaries

are not parallel?

e [s the stochastic pde method as good as pixel based algorithms such as multi-
point geostatistics? Multipoint geostatistics does not rely on covariance models
and a key ingredient of this technique is training images, which enables us to

impart geological features to realizations.
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Appendix A

Green’s function computations

Throughout this chapter we will be using integral tables from [3].

A.1 One dimensional Helmholtz equation

The Green’s function is expressed as

( ) B i 00 eikr
= or o b2+ ¢
1 x
_ L cos(kr)dk
7w Jo k?+ 7
eV

2be

dk

A.2 Two dimensional Helmholtz equation

The two dimensional Green’s function is given by

zkr
o // s gk

Using polar coordinates this integral reduces to

pezprcos
—————dfdp.
27T / / (bp? + b) P

2m
/ PO dp = 2m.Jy(pr).
0

Notice that
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Thus

L [ 2mpJo(pr)
a ), G
L[ pJo(pr)

2mh /0 (p? + %)d
KO(T’\/g).

2mb

A.3 Three dimensional Helmholtz equation
Counsider the three dimensional Green’s function

6ik-r
mdkl dkodks.

Using spherical coordinates this integral reduces to

zprcos(G)
g(r) = / // p’sin( dpdfdwo
27T

'LpT COS(@)

> p?sin(6
(bp? +c

dpdo.

Now

2sin(pr)
pr

/ sin(6)e' s0) qg =
0

Thus

g(r) =

1 ™ 2psi
/ psin(pr) ,
0

(2m)2 r(bp? + ¢)

1 < psin(pr)
- 2 / >, o P
2w2rb Jo  (p? + %)

e Vi

A7rb

A.4 One dimensional biharmonic equation

The one dimensional Green’s function is expressed as

()—i/w A
I = on Coo (@K —=bK2 4 )
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where a and ¢ are strictly positive constants and b € R. In order to preserve the

existence of the Green’s function, the symbol of the biharmonic operator

Mk) = ak* — bk? + ¢,

(A.1)

must be positive for all k. As indicated before if b < 0, then A(k) > 0 for all strictly

positive a and ¢. On the other hand if b > 0, then (k) is positive provided that

b < 2V/ac.

Now the Green’s function can be factorised to

1 o] eikr
9 = 5 /Oo e o)™

B 1 > cos(kr) o
- mm=m( Feme-

Here

P \/—b+\/62—4ac

2a
0 — \/—b—\/62—4ac
- o .

(A.2)

(A.5)

(A.6)

To evaluate the above integrals using integral tables, we must choose P and @) so that

their real parts are postive
RP and RQ > 0.

Then the Green’s function reduces to

9t} = 2a<Q21— P2) (1: B cj)

To retain (A.7), we need to investigate the following cases:

e b? —4dac =0,
e b2 —4dac > 0,

e b —dac < 0.
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A.4.1 Casel
Consider the case when b? — 4ac = 0, which leads to

b= +2\/ac. (A.9)

Notice that b = 24/ac compromises the condition required for existence of the Green’s
function and, b = —24/ac result in having zero in the denominator. Therefore Casel

will not considered.

A.4.2 Case2

Consider the example when b?> — 4ac > 0, which implies that either b > 2y/ac or
b < —2y/ac. However to preserve existence of the Green’s function, we shall only

consider
b < —2Vac. (A.10)

In this case P and @ will be positive real numbers and therefore (A.7) is satisfied.

A.4.3 Case3
Consider the example when b? — 4ac < 0, which is true provided that

—2v/ac < b < 2v/ac. (A.11)

Suppose that

b b2 —4
J A2 B and 9 _ya2p, (A.12)
2a 4a?
where A, B > 0 such that
b 1 Jc b 1 Jc
A=—+ =4/— d B=¢|——+=4/—. A.13
4a + 2V a an 4a + 2V a ( )

Hence P and @) are a complex conjugate pair given by

P = B+iA, (A.14)
Q = B-iA (A.15)
In addition since B > 0, (A.7) is satisfied. Now by substituting (A.14) and (A.15)

into (A.4) we obtain

() = (A cos(Ar) + Bsin(Ar))e B
g 1aAB(A? 1 B?)

(A.16)
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A.5 Two dimensional biharmonic Equation

The two dimensional Green’s function is given by

zkr
dkydks.
(27)? // (ak* — bk +¢) =

Using polar coordinates this integral reduces to

p ezpr cos(

(ap* — bp? —|—b)

dfdp.
Notice that
27 )
/ PO dp = 2 Jo(pr).
0

Thus

L= pdo(pr)
“”‘(%A<M—w+ﬂp

Now by using partial fraction the Green’s function reduces to

_ 1 pJo(pr)dp
U TS IR0 (817

_ 1 / = pJolpr)dp / > pJolpr)dp (A18)
ra(Q* = P)\ Jo PP+ P> Jo PP '

where P and () are defined as before. To evaluate the above integrals using integral

tables, we must choose P and () so that (A.7) is satisfied. That is we must select a, b
and ¢ so that (A.7) is obeyed. Then the Green’s function reduces to

K(](P?”) — K()(QT)
2ma(Q? — P?)
As discussed above there are various cases to consider depending on how b — 4ac is

treated. Notice that b* — 4ac > 0 holds provided that b < —2y/ac. In this case P

g(r) =

(A.19)

and (@ are postive real numbers and therefore (A.7) is satisfied. On the other hand,
b* — 4ac < 0 provided that —2y/ac < b < 2y/ac. In that case P and ) are complex

conjugate pair given by

P = B+iA, (A.20)
Q = B-—iA. (A.21)
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Hence

Ko((B+iA)r) — Ko((B —iA)r)

9(r) = 2ra(—4iAB) (A.22)
—SKo((B+iA)r)
draAB (4.23)

Here & denote the imaginary part.

A.6 Three dimensional biharmonic Equation

The three dimensional Green’s function is expressed as

1 o0 oo oo gk
T (2np dley dkpdk A.24
g(T) (277)3 /oo /oo /oo (ak4 — bk2 + C) 10Rk20K3, ( )

where a,b and c are as defined before. Using spherical coordinates

ki1 = psin(w) cos(f), ko = psin(w) sin(0), ks = p cos(w),

(A.24) is written as

1 2r  pm oo p2 Sin<9>€ipr cos(6)
= dpdfd
(r) (2m)3 /0 /0 o (apt —bpEyc) T
™ o0 2 i ipr cos(6)
_ 1 / / p*sin(f)e dpdd.
2m)2 Jo Jo  (ap* —bp*+c)

Using the identity
v 2 :
/ sin(@)e*pr cos(@)de _ SlIl(,O’I“) 7
0 pr
the Green’s function reduces to

o) = — /0 Oo( psinpr) (A.25)

212y ap* — bp? + ¢)

Now by using partial fractions the above integral simplifies to

B 1 > psin(pr)dp [ psin(pr)dp
0= s, e ) Grray) 4w

Here P and () are defined as before. To evaluate the above integrals using integral

tables, we must choose P and @ so that (A.7). Then the Green’s function reduces to

e—Pr o e—Qr

9(r) = drar(Q? — P?)

(A.27)
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As indicated before there are various cases to consider depending on how b* — 4ac
is treated. b* — 4ac > 0 holds provided that b < —2y/ac. In this case P and Q are
positive real numbers and therefore (A.7) is satisfied. On the other hand, b* —4ac < 0
provided that —2y/ac < b < 2y/ac. In that case P and @) are a complex conjugate
pair given by

P = B+iA, (A.28)
Q = B-iA (A.29)
Hence
ef(B+iA)r _ ef(BfiA)r ™
90r) = —16arit AB (A.30)
sin(Ar)e~"P
S8ar ABm (A-31)

A.7 Radius and Angle of Independent Gaussian
random variables

Assume that & and n are zero mean unit variance independent Gaussian random

variables. Consider

p=vn*+&, v =tan ' (%77) (A.32)

The joint cumulative distribution function of p and v is

Fuo(pto,v0) = P(p < po,v < vp) (A.33)

(@242 +y)

= // o ———dxdy (A.34)
:cye

where

D ={(z,y): Va2 + 9% < po,0 < tan™* (_?y) <} (A.35)

Using polar coordinates the above integral reduces to

Flig,vy) = / / 7%dme (A.36)

= 3 (1—6 #2_0), 0<v<2m, 0<py<oo. (A.37)
m
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The joint pdf is obtained by taking partial derivatives with respect to g and vy

1 3
f(po,vo) = %(MOG_TO) 0<wvy<2m, 0<pg<o0. (A.38)

Thus p has a Rayleigh distribution and v is uniformly distributed in (0, 27).

A.8 Gaussian Markov Random Fields

The Markov property of a random field indexed by time describes the independence of
the process in the past from its behaviour in the future, given information on its cur-
rent state. However the concepts of “past” and “future” in a multidimensional space
setting are not easy to understand. For detailed discussions on how the Markov prop-
erty is defined in a multidimensional setting see [50]. In [50], the author obtained an
interesting result which states the Markov property for stationary Gaussian random

fields in terms of the spectral density.

Theorem 26 Let G(k) be the spectral density of a stationary Gaussian random field

¢(x) and suppose that ﬁ 18 an elliptic polynomial of degree 2m. If has no zeros

1
G(k)
then ¢(x) is Markovian of order m.

This theorem indicates that if the reciprocal of the spectral density can expressed as
a polynomial in k

1
o Glki ko, oo ka) = oy aght" K57, (A.39)

|al

where | a |= a1 + ag + ... + ag < 2m, such that (A.39) is strongly elliptic, then ¢(x)

is Markovian of order m.

Remark 9 As indicated in [50], a Gaussian random field ¢(x) is Markovian of order

m if ¢(x) has m — 1 continuous sample derivatives.
As a consequence of this theorem, we can deduce the following result
Lemma 27 The solution of (3.9) is Markovian.

Proof: By Theorem 16, the covariance function of the solution of (3.9) is given by

dg(r)

_8a0'

C(r) = (A.40)

74



Hence the spectral density of C'(r) is given by

- _a%)( /R dg(r)ek'rdr) (A.42)
0F (g)(k)
" dag (A.43)
Now since
Fm = ﬁ (A.44)
1
T Y ap(—ik) (A.45)
COF(g)(k) 1
Oag [ A(k) [ (A.46)
Thus
1 2
cag AW (A.47)

and since A(k) is strongly elliptic by definition, the result follows.

Remark 10 Gaussian Markov random fields have many advantages. They are jointly
Gaussian and have the Markov property which allows fast computation of the condi-
tional densities. These properties are particularly useful for models which depend on

inference using Markov chain Monte Carlo sampling. See [24] for further details.
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Appendix B
The Finite Element Method

The finite element method is one of the most powerful techniques for numerically
solving partial differential equations. Formally, the method consists of the following

five steps:

e Converting the given boundary value problem into a weak form. In order to do

so, we need to decide on the function spaces in which the weak form is viewed.
e The weak formulation is approximated in the chosen finite dimensional space.

e Approximating the infinite dimensional function spaces by finite dimensional
subspaces, for example by using piecewise linear polynomials with respect to

the chosen triangulation.
e Discretising the computational domain using a triangulation.

e As a result of the previous steps, we ultimately obtain a system of equations

whose solution will approximately solve the given boundary value problem.

Consider

=V (D(z,y)Vu(z,y)) + Au(z,y) = f(z,y), zyeD (B.1)
D(z,y)Vu(z,y)m = 0, on 0D, (B.2)

where n is the outward-pointing unit normal vector, A\ > 0, f(z,y) € L£*(D) and

D(z,y) is a symmetric positive definite matrix.
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Assume that v(z,y) is a test function defined on D. Then by multiplying both
sides of (B.1) by v(z,y) and integrating over D we obtain

[ =V D Vae ety + Mgy (B3
D
~ [ feapededy. (B4)
D
Using the Divergence theorem, the left hand side of (B.4) reduces to,
[ Vo) Pl Vule.) + Moot pidsdy (B.5)
D
- / v(x,y)D(z,y)Vu(z,y).n (B.6)
oD
Observe that since D(z,y)Vu(z,y).n is zero on 9D, the second integral vanishes.
Hence (B.4) reduces to

/DVv(x,y)-(D(x,y)Vu(a:,y))dxdy + /D)\u(:p,y)v(:t,y)dxdy (B.7)

= /Df(x,y)v(x,y)da:dy (B.8)

Notice that (B.8) only need to have weak derivatives of order one, which is indeed a
significant reduction of the requirement of u. Weak derivatives only need g_: and g—z

be locally integrable. In (B.8), it must be possible to integrate the products
Ou Ov g Ou Ov

— — . B.9
Oz Ox an oy dy (B.9)
In other words, u(x,y) = v(z,y) must be allowed. Moreover,
/ f(@,y)o(z, y)dedy, (B.10)
D
must be finite. Therefore the solution u of (B.8) need to satisfy
ou Ou
—.— € LD B.11
u(w.9). 5 55 € £4(D), (B.11)

and v(z,y) need to satisfy the same conditions. These conditions define the Sobolev

space H'(D),

HY(D) = {ve L*D): 9 By € L*(D)}. (B.12)
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So overall the weak formulation of (B.1) is defined in terms of the Sobolev space

H'(D), find v € H'(D) such that

/DVv(x,y)-('D(x,y)Vu(x,y))da:dy + /D)\u(x,y)v(x,y)dxdy (B.13)

= /Df(x,y)v(:c,y)da:dy (B.14)

for all v € H*(D). Usually the weak formulation of a given linear boundary value

problem can be written in the form, find © € V' such that
B(u,v) = F(v), Yo eV, (B.15)

where V' is a Hilbert space (one of the Sobolev spaces), B(u,v) is known as a bilinear

form and F'(v) is continuous linear functional. For example in the context of (B.14),
B(u,v) = /DVU - (DVu)dzdy + /D Auvdxdy, (B.16)
Fv) = / fodxdy. (B.17)
D

In fact, in this case B(u,v) is a symmetric bilinear form because

B(u,v) = B(v,u),Yu,v € V. (B.18)
In general, a bilinear form satisfies the following properties:
e Linearity: Yvy,vg,v3 € V and ay,as € R

B(ajvy + agvg, v3) = a1 B(vy,v3) + agB(vg, v3). (B.19)

e B(.,.) is said to be coercive if there exists d; > 0 such that

Blu,u) > 6, || u ||}, Vu € V. (B.20)

e B(.,.) is bounded if there exists d > 0 such that

Blu,v) <& | wllv| v v, Yu,v € V. (B.21)

Remark 11 If (B.18), (B.19), (B.20), and (B.21) are satisfied, then B(.,.) defines
an inner product on V. Such an inner product is known as the energy inner product.

See [51,5]] for further details.
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To ensure the existence and the uniqueness of a weak solution, we use the Lax-Milgram

theorem.

Lemma 28 The weak formulation, find u € H'(D) such that
B(u,v) = F(v), Yve& H'(D) (B.22)
as defined in (B.16) and (B.17) has a unique solution.

Proof: The proof follows from the fact that D is a symmetric positive definite matrix
and that f(z,y) € £?(D).Before presenting the proof, we first recall the Lax-Milgram

Theorem.

Theorem 29 Suppose that V' is a Hilbert space equipped with norm || - ||v. Let B(.,.)

be a bilinear functional on V' x V' such that:
e B(u,u) is coercive
e B(u,v) is bounded,
e and let F(-) be a linear functional on V' with 63 > 0 such that Yv
| F(v) | 65 <[|v v . (B.23)
Then, there exists a unique solution uw € V' such that
B(u,v) = F(v),Yv € V. (B.24)
Definition 30 We say that the differential operator L,
Lu(z,y) = =V - (D(z,y)Vu(z,y)) + \u(z,y), (B.25)
is uniformly elliptic if there exists a constant 6 > 0 such that
ED(z, )" 26 | €| (B.26)

for almost every x,y € D and V¢ € R?.
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To prove coercivity, consider
B(u,u) = /DVU - (DVu) + X | u |? dedy.
Observe that by using (B.26),
Vu- (DVu) >§| Vu |*.
Hence
B(u,u) > /D5 | Vu | +A | u |* dedy.
Now, define §; = min{d, A\}. Then

B(u,u) > 61/ | Vu |2 + | u |* dedy
D

= 0 lullfn-
To show boundedness, consider

B(u,v) = / Vo - (DVu) + Auvdzdy
D

= /jj(a—i_ﬁ%—a_ﬁcoscb( )>0uav+<a—ﬁ>sm2¢(x y)guav

(B.27)

(B.28)

(B.29)

(B.30)
(B.31)

2 2 Oz Ox 2 ox
a—p Ou Ov a+p a—p Ou Jv
+ ( 5 )sm 20(z, y)a—a—y + ( 5~ 5 cos qﬁ(ac,y))a—ya—ydxdy

+ / Auvdxdy.
D

Notices that

| Blu,v) |< o /| 12 5'/|—|\—|ddy
Lo ﬁ'/!—\\—!dd+5/!—\!—!dfcdy

+ )\/\qu\dxdy.
D

Thus using Cauchy Schwartz inequality,

ou ov Oz—ﬁ v
B < o | 2 o) 2 + 122 2 Hﬁu—uc

\04 Al

+ || P Hz || P Hc +5 || P !Ic2|| P ||,c2 A w2
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Assume that 05 =maz{a, S, |a;m ,A}. Then

v v
B 5 < 6*< 2 2 - 2 )( 2 - 2 - 2 >
| Bu,v) | < ([l wlle +H Hz: +H Hc Follee + 1 5= llee + o5 e
Observe that for any positive numbers A, B the following inequality holds
(A+ B) < 2(A2 + B?)z. (B.32)

Hence,

. ou ov 3
B | < 25(lul+ 15 15+ G 2 ) (ol + 1 2 s 2 5 1)

= O ullml vl

As with regard to the functional F'(v), notice that by using Cauchy Schwartz inequal-

ity
| F) [<If ezl v lle2 - (B.33)
However since v € H} (D),
v lle2<[l v la - (B.34)
Hence,
| E@) [ f el v [l - (B.35)

Therefore by choosing d3 such that d3 =|| f ||z, the result follows

B.1 The Galerkin Method

In this section, we shall briefly explain how the weak formulation is discretized. There
a number of ways for achieving this, and for a comprehensive review see [53]. One ap-
proach for discretizing the weak form is by using the Galerkin method. The Galerkin
method enables us to calculate the best approximation to the solution of the bound-
ary value problem from a chosen finite dimensional subspace. Before discussing how

the Galerkin method works, we need to recall the projection theorem.
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Definition 31 If V' is an inner product space with inner product (.,.) and u,v are

vectors in V' satisfying
(u,v)y =0, (B.36)
then w and v are said to be orthogonal.

Theorem 32 Suppose that V is an inner product space, Z is a finite dimensional

subspace of V., and uw € V. Then

e There is a unique vector u* € Z satisfying
| u—u" |[y<||u—v" |y, V0" €Z, u"#v" (B.37)

The vector u* is called the best approximation to u from Z or the projection of

u onto Z.

o A vector u* is the best approrimation to u from Z if and only if it satisfies the

following orthogonality condition: for u* € Z
(u—u*,v")y =0,Yo* € Z. (B.38)
Consider a weak formulation, © € V' such that
B(u,v) = F(v), (B.39)

where B(.,.) is a symmetric bilinear form on the Hilbert space V and F' is a continuous
linear functional on V. Suppose that Z is a finite dimensional subspace of V. Then

Z has a basis {71, ..., 7»} and u* € Z can be written as
ut = Z a;yj. (B.40)
j=1

Now if u* also satisfies the orthogonality condition (B.38), then by taking v* = ;,

(u—zaﬂj,%)v:O, k=1,...n (B.41)
j=1
and so
S (iowvay = W)y, k=10 (B.42)
j=1
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Hence, the best approximation from Z to the solution u of (B.39) is computed by
solving the system (B.42). However, the solution u to the boundary value problem is
unknown, and there is no way of calculating the right hand side of (B.42). One way to
resolve this problem is to use the Galerkin technique. The Galerkin idea is to use the
inner product defined by the bilinear form B(.,.) to compute the best approximation

to w. That is

En:B(Vj,yk)aj = B(u,v), k=1,..,n. (B.43)
j=1
But since
B(u,w) = F(w), (B.44)
we have
i B(vj,v)a; = F(w). k=1,..n. (B.45)
j=1

Now consider the weak formulation defined by (B.16) and (B.17). If K € R™*™,
M € R and F € R are defined by

Kjk: = /V’Y}c(DV’VJ), j,kzl,Q,...,n <B46)
D

My, = /)\%%‘a 5 k=1,2,..n (B.47)
D

F, = fve, k=1,2,..,n, (B.48)
D

then to find the best approximation to the solution u, we need to solve the system

(K + M)U = F. (B.49)

Here K is called the stiffness matrix, M is the mass matrix, F is called the load

vector, and U € R" defines the approximate solution,

w =3 Ui (B.50)
=1
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B.2 Piecewise Polynomials

So far we have presented the weak formulation of an elliptic boundary value problem
and the Galerkin method for producing an approximate solution from a given finite
dimensional subspace. However, the main ingredient of the finite element method is
the kind of the approximating subspace used in the calculations. Notice that as shown
above, the computation of an approximate solution reduces to solving (K +M)U = F.
For this method to be useful, the approximating subspace need to be selected so that
the solution of (B.49) is well-approximated by any element of the subspace. The best
approximating subspace for achieving this consists of piecewise polynomial functions.
This is because polynomials are easy to differentiate and integrate and, piecewise
polynomials produce sparse stiffness and mass matrices, which enable us to solve
(K + MU = F efficiently. For detailed discussions on approximation subspaces see
[53,55].

In the following, we shall briefly explain how piecewise linear polynomials can be used
to construct the approximation subspace. This is because, ultimately, we will use the
MATLAB PDE toolbox to implement the finite element method, and the toolbox is

only programmed to use piecewise linear polynomials.

To define a piecewise polynomial over D, D must be divided into sub-domains. Then
a piecewise polynomial is defined by a polynomial on each sub-domain. The com-
bination of sub-domains is known as a mesh and, the most widely used mesh in 2D
is the triangulation where D is a union of triangles. For any two triangles in the
domain, the intersection has to be a common vertex or a common edge or the empty
set. Figure B.1 shows an example of a triangulation consisting of 9 x 9 vertices and
128 triangles.

Consider a given triangulation 7T}, which consists of N; triangles 77,75, ...,Tx,. And
let 21, 29, ..., zn, be the vertices of these triangles, where z; = (z;,y;). A piecewise

linear function P is a first degree polynomial of the form
a; + b;x + ¢, (B.51)

on each triangle T; € Tj. The coefficients a;, b;, ¢; are uniquely calculated by the

values of (B.51) at the three vertices of T;. Notice that each z; is a vertex of several
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Figure B.1: Triangulation consisting of 128 triangles and 9 x 9 vertices.

triangles. In fact, if 7; and T}, both have z; as a vertex, then the coefficients a;, b;, ¢;

and ag, by, ¢, need to satisfy
a; + bifbj + CGlY; = Qg + bkfbj + CrYj- (B52)

If triangulation T} has N, vertices, then a piecewise linear function on 7}, is calculated
by the N, nodal values of the function. Hence the space of all continuous piecewise
linear functions, P, is a finite dimensional vector space with dimension N,. Each

function v € P can be expressed as

Ny
U= Zajwj, <B53)
j=1

where a; are the nodal values of v and {1, 2, ...,¥n, } is a basis for P. Such a basis

need to be chosen so that for any a € R,

Nv
v(@k, Yu) = Zaj%(iﬂmyk) = Qg (B.54)
j=1
that is,
1 5=k

Observe that 1, vanishes on all the triangles that do not contain the node z;. There-
fore the integrals in K, Mjy, F}, only need to be computed on the triangles that
contain the node z,. Moreover, K, and Mj;, are zero unless z; and z;, are the vertices
of the same triangle. Hence K and M are sparse matrices. For detailed discussion

on how to compute K, M and F, see [55].
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Appendix C
Matlab Codes

C.1 Correlation function of the one dimensional
biharmonic equation

M=10; % domain

r=0:0.01:M;

% coefficients

a=1;

b=19.4;

c=150;

A=sqrt( 0.5xsqrt(c/a) + (b/(4*a)) );

B=sqrt( 0.5xsqrt(c/a) - (b/(4*a)));
deno=32*a”"2*A"3*B"3* (A"2+B"2) "3;

conl=( (A"2+B"2)*(2.*r*A"2 + B) + 4*A~2%xB);

con2=( (A"2+B"2)*(A"2*B.*r-B~3.*r+A"2)+4xA"2*B"2) ;
Variance= (A2 + 5%B~2)/(32x(B"3)*(a"2)*(A"2 + B"2)"3);

rho= 16*B~3/( (A"2 + 5xB"2)*(A"2 + B"2)); Jcorrelation length

CC=((B~2.*conl.*sin(A.*r) + A.xcon2.*cos(A.*r)) .*exp(-B.xr))/(deno); % covarinac
C=CC/(Variance); % correlation function

plot(r,C);

xlabel(’$r$’, ’interpreter’,’latex’,’FontSize’,12);

ylabel(’$C(r)$’, ’interpreter’,’latex’,’FontSize’,12);
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phrase_parameter = ’a=1’;
gtext (phrase_parameter) ;
phrase_parameter = ’b=19.4’;
gtext (phrase_parameter) ;
phrase_parameter = ’c¢=120’;

gtext (phrase_parameter) ;

C.2 Approximate solution of the one dimensional
biharmonic equation

clear all;clc; format long

a=0.1;

b=-32;

c=10;

A= sqrt( (b/(4%a)) + 0.5*sqrt(c/a));
B=sqrt( -(b/(4*a)) + 0.5*sqrt(c/a));

/» Determining Kmax

vari=(A"2 + 5xB~2)/(32*%B"3*a"2%(A"2 + B"2)"3) J Variance in the oscilatory
hcase

%hP=sqrt( (-b + sqrt(b~2-4xaxc))/(2*a));
hQ=sqrt( (-b - sqrt(b~2-4xaxc))/(2*a));
hvari=(Q 2+3*P*Q+ P~2)/(4*a”2% (Q+P) 3% (P*Q) "3) ;
hrho=2x ((Q+P) ~3) / (P*Q* (Q~2+3*Q*P+P~2) )

kmax= 6; %Cut off in the Oscillatory case
j=0(v) (2./(2xpix(a*xv."4-bxv."2 + c)."2));
Truncation=quad(j,0,kmax) ;

M=2"8;

dk=kmax/M;

N=M;

period = 2x*pi/dk;

k=0:dk: (N-1) *dk;

L=32;
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dx=L/N;
x=—(0.5%N-0.5) *dx:dx: (0.5%N-0.5) *dx;
phi=zeros(N,1);

for n=1:N;
v(n)=2xpix*rand;% uniformally distributed in (0,2pi)

end

for n=1:N
tt(n)=rand;
u(n)=sqrt(-2xlog(tt(n))); %Rayleigh

end

for n=1:N
y(n)= dk./(pi*(axk(n)."4 -b*xk(n)."2 + c)."2) ; ’% Spectral density
yy(m)=sqrt(y(n));% Sqart of the spectral density
y3(n) = yy(@).*u(n);
y4(n)=y3(n)*exp(sqrt(-1)*v(n));% sqart of spectral density times exp(iv);

end

phi=real (fft(y4));

plot( x,phi);

xlabel(’$x$’, ’interpreter’,’latex’,’FontSize’,12);
ylabel(’\phi(x)’,’FontSize’,12);
phrase_parameter = ’a=1’;

gtext (phrase_parameter) ;
phrase_parameter = ’b=0.8";
gtext (phrase_parameter) ;
phrase_parameter = ’c=0.5;
gtext (phrase_parameter) ;
phrase_parameter = ’kmax=6’;

gtext (phrase_parameter) ;
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phrase_parameter = ’N=256";

gtext (phrase_parameter) ;

C.3 Correlation function of the two dimensional
biharmonic equation

clear all, close all, format long, format compact,clc

M=10;

r=0:0.01:M;

A= sqrt( (b/(4*a)) + 0.5*sqrt(c/a));
B=sqrt( -(b/(4*a)) + 0.5*sqrt(c/a));
i=sqrt(-1);

Fil=real (besselk(l,r*(B+i*A)));
F2=imag ( besselk(l,r*(B+ixA)));
F3=imag( besselk(0,r*(B+i*A)));

conl=1/(32xpi*xa”~2*xA~2*B~2) ;

con2=1/(A"2+B"2);

con3=1/(A*B) ;

Rconl=r./(32xpi*a”~2%xA"2*xB~2*(A"2 + B"2));

Rcon2=1/(32*pi*a~2* (A*B)"3);

WVariance

V1=(A"2-B~2)/(32xpi*a”2xA~2*B~2* (A"2+B~2)"2) + atan(A/B)/(32*pi*a~2*(A*B)"3);
RR=Rconl.*( -A*F2 -BxF1) - Rcon2x(F3);

C=RR/V1;% correlation function

/» Numerical Correlation length
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FF=@(r)abs ((-A"2*Bxsqrt(a)*r.*imag(besselk(1,r*(B+i*A)))-AxB"2xsqrt(a)*r.
...*real (besselk(1,r*(B+i*A)))-sqrt(c)*imag(besselk(0,r*(B+i*A)))));
QQ=quad (FF,0,10) ;

rho=QQ/ (32+V1xa~2*pi*A~3*B~3*sqrt(c))

plot(r,C);

xlabel(’$r$’, ’interpreter’,’latex’,’FontSize’,12);
ylabel(’$c(r)$’, ’interpreter’,’latex’,’FontSize’,12);
phrase_parameter = ’a=1’;

gtext (phrase_parameter) ;

phrase_parameter = ’b=1’;

gtext (phrase_parameter) ;

phrase_parameter = ’c=1’;

gtext (phrase_parameter) ;

C.4 Approximate solution of the two dimensional
biharmonic equation

clear all; clc; format long

% Coefficients

a=1;

b=1.8;

c=1;

A= sqrt( (b/(4*a)) + 0.5*sqrt(c/a));
B=sqrt( -(b/(4*a)) + 0.5*sqrt(c/a));
hepsilon=40;

hb=-2*xsqrt (axc)-epsilon;

IM=2"7;

Yoo To 1o oo o o ToToTo o o ol ToToTo o o o o o ToTo oo o o o Jo ToTo oo o o o JoToTo oo o o o o To T T o o o o o To o T o o o o o To oo o o o o To To o
%» Determining Kmax

CON=A/B;
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Variance=(A"2-B"2)/(32*pi*a”2%¥A"2xB 2% (A"2+B"2)"2) +...
...atan(CON)/ (32*pi*a~2*(A*B) "3) ;%0scillatory

WP=sqrt( (b + sqrt(b~2-4*axc))/(2%a));

%Q=sqrt( (-b - sqrt(b~2-4*axc))/(2x%a));

%Decaying
WVariance=(Q"4-4*P~2*xQ"2* (log(Q)-log(P))-P~4) / (4*pi*a”2xP"2xQ"2*(Q"2-P"2)"3);
Jkmax=7;

j=e(v1i,v2) (1./(C (pi~2)*(a*x(vl1."2 + v2.72).72-b*x(v1."2 + v2.72) + ¢)."2));
Truncation=dblquad(j,0,kmax,0,kmax,)
M=2"8;

dk=kmax/M;

N=M;

k=dk* [0: (N/2-1) -N/2:-1];

k2=k;

peirod=2xpi/dk

L=26;

dx=L/N;

x=-(0.5%N-0.5)*dx:dx: (0.5%N-0.5) *dx;
X2=X;

phi=zeros(N,N);

[X1,X2]=meshgrid(x,x2) ;
[K1,K2]=meshgrid(k,k2) ;

K=sqrt( K1.72 + K2.72); 7 scalar specturm

TT=2*pi*rand (N,N) ;
T=exp(sqrt(-1)*TT) ;% phase angle
T3=rand(N,N) ;

T4=-1%10g(T3) ;

SS= dkx*dk.*T4./(pi*pi*(a*K."4 -b*K." 2 +c)."2); % Amplitude
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S=sqrt( SS); %sqrt amplitude

zeta= T.%S;

phi=real( fft2(zeta) );
imagesc(x,x2,phi)

xlabel(’$x$’, ’interpreter’,’latex’,’FontSize’,12);

ylabel(°$y$’, ’interpreter’,’latex’,’FontSize’,12);

C.5 Correlation function of the anisotropic bihar-
monic equation

clear all; clc

r=-10:0.01:10;
=1;

b=1.9;

c=1;

alpha=15;

beta=2.1;

theta=0;

[R1,R2]=meshgrid(r,r);

P1=R1.72 *(( alpha*sin(theta) "2 + betax*cos(theta)~2)/(alpha*beta));
P2=2%R1.*R2* (beta-alpha/(alpha*beta))*sin(theta)*cos(theta) ;
P3=R2.72 *(( beta*sin(theta) 2 + alpha*cos(theta)~2)/(alphax*beta));
RR=sqrt( P1 + P2 + P3);

A= sqrt( (b/(4*a)) + 0.5*sqrt(c/a));
B=sqrt( -(b/(4*a)) + 0.5*sqrt(c/a));
F2=imag ( besselk(1l,RR*(B+ix*A)));
Fl=real (besselk(1,RR*x(B+ix*A)));
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F3=imag( besselk(0,RR*(B+ix*A)));

% The variance is
vari=(A~2-B~2)/(32%pi*sqrt (c*alphakxbeta)*a”2%A~2%B 2% (A"2+4B~2)"2) +. ..
. atan(A/B)/(32xpixsqrt (c*alphaxbeta)*a”2*(A*B) "3);

% The covariance is
C=(-A"2*B*sqrt (a) *RR.*F2 -A*B~2*sqrt(a)*RR.*F1l-sqrt(c)*F3)/...
... (32xa"2*pi*A~3*B~3*sqrt (c*alphaxbeta)) ;

CC=C/vari;

Yoo 1o 6 To o ToToTo o ToTo o o o To o o o ToTo o o o ToTo o o JoTo o o o To T To o o To T o o o To o o o To T o o o To oo o o To T o o o To o o o To T o o o To oo o T To T o o o

% Numerical computation of the correlation lengths

% Setting R2=0,

connl=sqrt( (alpha*sin(theta) 2 + beta*cos(theta) 2)/(alpha*beta));
conn2=sqrt ( (beta*sin(theta) 2 + alpha*cos(theta) 2)/(alphaxbeta));

com=B+i*A;

FF1=0(v)abs ((-A"2*B*sqrt (a)*connl*v.*imag(besselk(1l,connl*v*(com)))-...
.. .AxB"2xsqrt (a)*connl*v.*real (besselk(1l,connl*v*(com)))- ...

...sqrt(c)*imag(besselk (0, connl*v*(com)))));
FF2=0(v)abs ((-A"2*B*sqrt (a)*conn2+v.*imag(besselk(1l, conn2*v*(com)))-. ..
.. .A*B"2x%sqrt (a) *conn2*v.*real (besselk (1, conn2*v*(com)))-. ..

...sqrt(c)*imag(besselk (0, conn2*v*(com)))));

QQ1=quad (FF1,0,10);
QQ2=quad (FF2,0,10) ;
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rho1=QQ1/(32*vari*a~2*pi*A~3*B~3*sqrt (c*alpha*beta))
rho2=QQ2/ (32*vari*a~2*pi*A~3*B~3*sqrt (c*alpha*beta))

imagesc(r,r,CC);
xlabel(°$r_{1}$’,’interpreter’,’latex’,’FontSize’,12);
ylabel (°$r_{2}$’,’interpreter’,’latex’,’FontSize’,12);

C.6 Approximate solution of the anisotropic bi-
harmonic equation

clear all; clc; format long

=1;
b=1.9;
c=1;
alpha=15;
beta=2.1;
theta=0;

Al1=betax*(sin(theta)) "2 + alpha*(cos(theta)) 2;
A22=alpha*(sin(theta)) "2 + beta*(cos(theta))"2;
A12=(alpha-beta)*sin(theta)*cos(theta);

sqrt (A22) *A11-A12

hepsilon=40;

Jb=-2%sqrt (axc)-epsilon;

IM=2"7;

Yoo 1o6 1o o To o To o ToToTo o o ToTo o o To o o o Jo To o o o JoTo o o o To o o o o To T o o JoTo o o o To T o o o To T o o Jo To o o o To T o o o To oo o o To o o

/» Determining Kmax

A= sqrt( (b/(4*a)) + 0.5*sqrt(c/a));
B=sqrt( -(b/(4*a)) + 0.5*sqrt(c/a));
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CON=A/B;

varil=(A~2-B~2)/(32*pi*sqrt (c*alphakbeta)*a~2%A~2%B 2% (A2+B"2)"2) +. ..
.. .+atan(CON) / (32*pi*sqrt (cxalpha*beta)*a~2*(A*B) "3)%0scillatory

WP=sqrt( (b + sqrt(b~2-4*axc))/(2x%a));

%Q=sqrt ( (-b - sqrt(b~2-4*axc))/(2%a));

%Vari2=(Q~4-4xP~2*Q"2x (log(Q)-log(P))-P~4) /...
h...(4xpikxsqrt(alpha*beta)*a”2*xP"2xQ"2x(Q"2-P~2) "3)

kmax=7;

j=e(v1,v2) (1./(C (pi~2)*(ax(A1172%v1."4 + A2272%v2.74 +...
. 2% (A11xA22+2%A1272)x(v1.72) . *(v2.72))+. ..

cocax(AxA11xA12% (v1. 73) . *xv2 +4xA12%xA22*% (v1) . *(v2.73))-...

bk (A1 (vl) L T2 + 2%A12%v1Lxv2 + A22%(v2).72) + ¢ )."2));

Truncation=dblquad(j,0,kmax,0,kmax,1.0e-8)

relerror=abs( (Truncation-varil)/varil)

M=2"8;
dk=kmax/M;
N=M;

k=dk*[0: (N/2-1) -N/2:-1];
peirod=2*pi/dk;
L=32;

dx=L/N;
x=-(0.5%N-0.5)*dx:dx: (0.5%N-0.5) *dx;
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X2=X;

phi=zeros(N,N);

[X1,X2]=meshgrid(x,x2);
[K1,K2]=meshgrid(k,k) ;
K=sqrt( K1.72 + K2.72); % scalar specturm

TT=2*pi*rand (N,N);
T=exp(sqrt(-1)*TT) ;% phase angle
T3=rand(N,N) ;

T4=-1*x1og(T3);

denomel=a*(A1172%K1.74 + A2272xK2.74 + 2% (A11%xA2242xA1272)*(K1."2) .*x(K2.72));
denome2=a* (4*xA11%A12x(K1.73) .%K2 +4*xA12xA22*% (K1) .*(K2.73));
denome3=-b* (A11* (K1) .72 + 2*xA12*K1.xK2 + A22%(K2)."2) + c;

denome= denomel +denome2 +denome3;

SS= dk*dk.*T4./(pi*pi*(denome)."2); % Amplitude
S=sqrt( SS); %sqrt amplitude
zeta= T.%S;

phi=real( fft2(zeta) );
imagesc(x,x2,phi)

xlabel(’$x$’, ’interpreter’,’latex’,’FontSize’,12);

ylabel(’$y$’, ’interpreter’,’latex’,’FontSize’,12);
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