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Abstract
The widespread use of market-making algorithms in
electronic over-the-counter markets may give rise to
unexpected effects resulting from the autonomous learn-
ing dynamics of these algorithms. In particular the
possibility of “tacit collusion” among market makers
has increasingly received regulatory scrutiny. We model
the interaction of market makers in a dealer market as
a stochastic differential game of intensity control with
partial information and study the resulting dynamics
of bid-ask spreads. Competition among dealers is mod-
eled as a Nash equilibrium, while collusion is described
in terms of Pareto optima. Using a decentralized multi-
agent deep reinforcement learning algorithm to model
how competing market makers learn to adjust their
quotes, we show that the interaction of market mak-
ing algorithms via market prices, without any sharing of
information, may give rise to tacit collusion, with spread
levels strictly above the competitive equilibrium level.
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1 INTRODUCTION

The widespread use of algorithmic trading and market-marking in financial markets has led to
a market landscape dominated by autonomous algorithms capable of learning from market data.
While this evolution had undoubtedly increased the operational efficiency of markets in many
ways, it has also given rise to new sources of risk and unexpected consequences, which have
focused the attention of market participants and regulators. An important question is thus to
understand the market dynamics resulting from interactions of such market-making algorithms.
In particular, there have been regulatory concerns whether the interactions of learning algo-
rithms could result in undesirable outcomes, even though the algorithms are not intended to do
so by design.
In an insightful study, Calvano et al. (2020) have shown, in the setting of repeated auctions in

a goods market, that competition among pricing algorithms with learning may lead to prices set
at levels different from competitive benchmarks, without any explicit exchange of information
between market makers, a situation known as “tacit collusion”.
Tacit collusion is a well-known issue in oligopolistic markets Ivaldi et al. (2003) and Tirole

(1988), and may emerge in repeated auctions without explicit information sharing (Han, 2021;
Skrzypacz & Hopenhayn, 2004). The possibility that tacit collusion may emerge from the interac-
tion of autonomous algorithms learning from market data in a decentralized fashion, a situation
sometimes referred to as “algorithmic collusion” (Assad et al., 2021; Han, 2021), has attracted the
concerns of market regulators (Competition & Markets Authority, 2021). It is thus of interest to
investigate the present work we investigate whether the tacit collusion exhibited by Calvano et al.
may also arise in the setting of financial markets with market makers competing for two-sided
(buy and sell) order flow. In a recent work (Xiong & Cont, 2021), we examined conditions under
which tacit collusion may arise in a discrete-time dealer market with multiple market makers.
In the present work we revisit these issues in more detail in the framework of a market with
continuous-time trading with competing market makers who learn from market data, extending
the results of Calvano et al. (2020) and Xiong and Cont (2021) to a continuous-time setting which
better captures some important features of intraday trading in financial markets.

Contribution. We model the interaction of market makers in a dealer market as a stochastic dif-
ferential game of intensity control with partial information and study the resulting dynamics of
bid-ask spreads resulting from competition among market makers and their learning dynamics.
We first study two benchmark cases: a competitive market, modeled as a Nash equilibrium

of the game, and collusion among dealers, modeled as a Pareto optimum of the game. We give
conditions for the existence of a Nash equilibrium, which we characterize in terms of a sys-
tem of coupled Hamilton–Jacobi equations, and exhibit an algorithm based on fictitious play for
computing Nash equilibria.
These benchmark cases correspond to the hypothetical situations where the dynamics of order

flow is known to market makers. In practice, market makers interact with client order flow and
learn to adjust their quotes in order tomaximize their profit.Wemodel this learning process using
a decentralized multi-agent deep reinforcement learning algorithm (Hambly et al., 2023) using a
policy gradient method (Fazel et al., 2018) to update market makers strategies, parameterized via
neural networks. Our simulation results show that the interaction of market making algorithms
through market prices, without any sharing of information, may give rise to tacit collusion, as
evidenced by quoted spread levels significantly higher than in competitive (Nash) equilibrium.
This emergence of “tacit collusion” through learning has interesting implications for market

design and market regulation, which call to be explored. Our model, coupled with the use of
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CONT and XIONG 469

multi-agent deep reinforcement learning, provides a conceptual framework for studying “tacit
collusion” showing that the latter is a useful tool for exploring these issues.

Related literature. Our modeling framework builds on the recent literature on continuous-time
models for optimal market making in dealer markets: following pioneering work of Ho and Stoll
(1980, 1983) and (Avellaneda & Stoikov, 2008), the probem of optimal market making has been
formulated as a stochastic control problem where market makers quote ask/bid prices dynami-
cally to maximize their expected profit adjusted for inventory risk over a finite or infinite time
horizon (Avellaneda & Stoikov, 2008; Barzykin et al., 2023 ; Bergault & Guéant, 2021; Cartea et al.,
2014; Guéant, 2017; Guéant &Manziuk, 2019). In contrast to the earlier literature in whichmarket
makers are assumed to know the market dynamics, the recent literature has explored the more
realistic case where market makers learn through trial and error, using reinforcement learning
(Guéant &Manziuk, 2019, 2020; Bergault & Guéant, 2021; Barzykin et al., 2023 ). In most of these
models, the market maker faces a random environment represented by an order flow represented
as a point process, so a naturalmathematicalmodeling framework for the problem is that of inten-
sity control of point processes (Bremaud, 1981). Competition of market makers may be modeled in
this setting as a stochastic differential game (Cont et al., 2021; Guo&Xu, 2019; Luo&Zheng, 2021).
Cont et al. (2021) model inter-bank lending as a stochastic differential game of singular control
and study Pareto optimal strategies. Competition among market makers is studied by Luo and
Zheng (2021).
The emergence of tacit collusion from learning has also been studied in various contexts. Walt-

man and Kaymak (2008) show how competing producers using a Q-learning algorithm learn
to raise prices above Nash equilibrium price by reducing production in a Cournot competition
model. Calvano et al. (2020) show that Q-learning in a Bertrand competition model may result
in prices strictly above competitive levels associated with Nash equilibrium. Abada and Lambin
(2023 ) apply multi-agent Q-learning to Cournot competition in electricity markets, and conclude
that the collusion may result from imperfect exploration. Asker et al. (2021) compare pricing out-
comes from asynchronous versus synchronous learning algorithms. Hettich (2021) shows that
deep Q-learning (DQN) algorithms lead to collusive strategies significantly faster. Han (2021)
investigates the effects of experience replay in learning algorithm, which leads to prices closer
to equilibrium level.
This literature primarily focuses on a one-sided goods market where “producers” fix prices,

and may not directly be applicable to a financial market with two-sided order flow. Xiong and
Cont (2021) study the emergence of tacit collusion among market makers via deep reinforcement
learning in a discrete-time repeated game with competition between multiple market makers.
More recently, Álvaro Cartea et al. (2022) study the impact of discreteness of “tick size” on algo-
rithmic collusion. Álvaro Cartea et al. (2022) study tacit collusion in a model with competing
liquidity providers whose behavior is modeled using a multi-armed bandit algorithm. Ganesh
et al. (2019) and Ardon et al. (2021) build up multi-agent dealer market simulators using rein-
forcement learning agents and show that reinforcement learning agents replicate some “stylized
facts” of dealer market.

Outline. Section 2 describes our model setting for a continuous-time dealer market with
competition among market makers, formulated as a stochastic differential game of inten-
sity control. Section 3 describes competition among dealers in terms of a Nash equilibrium.
Section 4 describes collusion among dealers and establishes the connection between collu-
sion and Pareto optima. In Section 5 we describe a fictitious play algorithm for numer-
ically computing Nash equilibria. In Section 6 we describe how learning dynamics of
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470 CONT and XIONG

market makers may be modeled using decentralized multi-agent deep reinforcement learn-
ing and its implementation using a Decentralized Multi-agent Deep Deterministic Policy
Gradient (Decentralized MADDPG) algorithm and presents simulation evidence for tacit
collusion.

2 A CONTINUOUS-TIME DEALERMARKETWITHMULTIPLE
MARKETMAKERS

Wepropose a continuous-time dynamicmodel of a dealermarket with competingmarket-makers,
formulated as a stochastic differential game of intensity control Bremaud (1981) with partial infor-
mation. In the following, we will be interchangeably using the terms “market maker”, “dealer”
and “agent”.
We consider a market with a single asset and 𝑁 market makers. The market price of the asset

is modeled by a Brownian motion

𝑆𝑡 = 𝑆0 + 𝜎𝑊𝑡 (1)

where (𝑊𝑡)𝑡≥0 is a standard Brownianmotion on a filtered probability space (Ω, , 𝔽 = (𝑡)𝑡≥0, ℙ)
satisfying usual conditions, representing the flow of market information.
Order flow arrives in the form of Request for Quotes (RFQ). Clients send RFQs to all market

makers,who respondby proposing bid/ask quotes around themarket price.Marketmaker 𝑖 quotes
an ask price 𝑆𝑎,𝑖𝑡 and a bid price 𝑆𝑏,𝑖𝑡 where

𝑆𝑎,𝑖𝑡 = 𝑆𝑡 − 𝛿𝑎,𝑖𝑡 𝑆𝑏,𝑖𝑡 = 𝑆𝑡 + 𝛿𝑏,𝑖𝑡 .

We refer to 𝛿𝑎,𝑖𝑡 and 𝛿𝑏,𝑖𝑡 as the centered ask and bid quotes.
We model the buy/sell order flows as càdlàg marked point processes 𝑁𝑎(𝑑𝑡) and 𝑁𝑏(𝑑𝑡) with

constant arrival intensity 𝜆𝑎 and 𝜆𝑏 and constant order size Δ. 1
The market makers’ quotes depend on her inventory, which we denote by 𝑞𝑖𝑡. As orders arrive

in multiples of Δ, the inventory 𝑞𝑖𝑡 takes discrete values, multiples of Δ and is typically sub-
ject to limits. We thus assume that the inventory of market maker 𝑖 to take values in 𝑖 =
{−𝐻𝑖, −𝐻𝑖 + Δ,… ,𝐻𝑖 − Δ,𝐻𝑖}. Hence there are 1 + 2𝐻𝑖∕Δ possible values for 𝑞𝑖𝑡. Note that we
impose inventory limits not only for considering practical market making scenarios, but also for
mathematical reason of boundedness (Guéant, 2017; Guéant et al., 2013). The inventory limits are
essential for proving boundedness of objective function in Proposition 3.2, which will be used
in proof of Theorem 3.6. It would be mathematically challenging to obtain existence of Nash
equilibrium if inventory were unbounded.
The quoting strategy for market maker 𝑖 may then be represented as a map 𝛿𝑖 ∶ 𝑖 ↦ ℝ which

we can represent as a vector 𝜹𝑖 = (𝛿𝑎,𝑖, 𝛿𝑏,𝑖) with components indexed by inventory levels in 𝑖:

𝛿𝑎,𝑖 = (𝛿𝑎,𝑖𝑞𝑖 )𝑞𝑖∈𝑖
, 𝛿𝑏,𝑖 = (𝛿𝑎,𝑖𝑞𝑖 )𝑞𝑖∈𝑖

.

We use bold symbols to represent collection of vectors, where each vector is a quoting strategy for
one market maker.
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CONT and XIONG 471

∙ The centered ask and bid quotes 𝛿𝑎,𝑖, 𝛿𝑏,𝑖 by market maker 𝑖 are vectors in ℝ
2
𝐻𝑖
Δ
+1 with each

coordinate corresponding to quote at a specific inventory level 𝑞𝑖 ∈ {−𝐻𝑖, −𝐻𝑖 + Δ,… ,𝐻𝑖 −
Δ,𝐻𝑖}. For convenience we index the coordinates of these vectors by inventory levels directly.
For example 𝛿𝑎,𝑖𝑞𝑖 , 𝛿

𝑏,𝑖
𝑞𝑖 are, respectively, (𝐻𝑖+𝑞𝑖

Δ
+ 1) − 𝑡ℎ coordinates of 𝛿𝑎,𝑖, 𝛿𝑏,𝑖 , where they

represent centered ask/bid quotes by market maker 𝑖 when her inventory level is 𝑞𝑖 .
∙ 𝜹𝑖 = (𝛿𝑎,𝑖, 𝛿𝑏,𝑖) denote the quoting strategy of market maker 𝑖. Hence 𝜹𝑖 ∈ ℝ

2
𝐻𝑖
Δ
+1

× ℝ
2
𝐻𝑖
Δ
+1.

∙ 𝜹𝑎,−𝑖, 𝜹𝑏,−𝑖 are collections of ask and bid quoting strategies of all market makers excluding

𝑖. They include 𝑁 − 1 vectors each being ℝ
2
𝐻𝑗

Δ
+1-valued corresponding to the quoting strat-

egy of market maker 𝑗 ≠ 𝑖. These vectors are sorted by market maker’s index. Namely 𝜹𝑎,−𝑖 =

(𝛿𝑎,𝑗)𝑗=1,…,𝑖−1,𝑖+1,…,𝑁 ∈
∏
𝑗≠𝑖

ℝ
2
𝐻𝑗

Δ
+1, for 𝜹𝑏,−𝑖 vice versa. We write 𝜹−𝑖 = (𝜹𝑎,−𝑖, 𝜹𝑏,−𝑖) to denote

collections of both ask and bid quoting strategies of market maker 𝑖’s competitors. For simplic-
ity of notations we use 𝛿−𝑖 to denote either 𝜹𝑎,−𝑖 or 𝜹𝑏,−𝑖 as variables in functions 𝑓𝑖

𝑎 and 𝑓𝑖
𝑏

below.

The probability that the RFQ gets executed against amarketmaker depends on their quotes and
those of other competing market makers. We model this probability through a pair of functions
𝑓𝑖
𝑎 and 𝑓𝑖

𝑏
representing the dependence of execution probabilities for market maker 𝑖 on market

makers quotes: 2

𝑓𝑖
𝑎(𝛿, 𝛿

−𝑖) ∶ ℝ ×
∏
𝑗≠𝑖

ℝ
2
𝐻𝑗

Δ
+1

→ ℝ+, 𝑓𝑖
𝑏
(𝛿, 𝛿−𝑖) ∶ ℝ ×

∏
𝑗≠𝑖

ℝ
2
𝐻𝑗

Δ
+1

→ ℝ+

satisfying

𝑁∑
𝑖=1

𝑓𝑖
𝑎(𝛿, 𝛿

−𝑖) ≤ 1,
𝑁∑
𝑖=1

𝑓𝑖
𝑏
(𝛿, 𝛿−𝑖) ≤ 1.

The inequality corresponds to the possibility that an RFQ is not executed by any market maker,

due to cancelation, with probability (1 −
𝑁∑
𝑖=1

𝑓𝑖
𝑎) (resp. (1 −

𝑁∑
𝑖=1

𝑓𝑖
𝑏
)). We will specify assumptions

on execution probabilities in more detail below.
Market maker 𝑖 only quotes prices when her inventory does not exceed the limits ±𝐻𝑖 .The

(ask/bid) order flow executed by market maker 𝑖may then be represented as pair of point process
𝑁𝑎,𝑖(𝑑𝑡) and 𝑁𝑏,𝑖(𝑑𝑡) with intensity

𝜈𝑎,𝑖𝑡 = 𝜆𝑎𝑓𝑖
𝑎(𝛿

𝑎,𝑖

𝑞𝑖𝑡
, 𝜹𝑎,−𝑖)𝕀(𝑞𝑖𝑡 > −𝐻𝑖) 𝜈

𝑏,𝑖
𝑡 = 𝜆𝑏𝑓𝑖

𝑏
(𝛿𝑏,𝑖

𝑞𝑖𝑡
, 𝜹𝑏,−𝑖)𝕀(𝑞𝑖𝑡 < 𝐻𝑖) (2)

We consider stationary feedback quoting strategies 𝛿𝑎,𝑖, 𝛿𝑏,𝑖: 𝛿𝑎,𝑖, 𝛿𝑏,𝑖 represented as ℝ
2
𝐻𝑖
Δ
+1-

valued vectors, in which each coordinate 𝛿𝑎,𝑖𝑞𝑖 corresponds to the centered quote at inventory level
𝑞𝑖 ∈ 𝑖 . Thus at time 𝑡 market maker 𝑖 will quote

𝛿𝑎,𝑖𝑡 = 𝛿𝑎,𝑖
𝑞𝑖𝑡
, 𝛿𝑏,𝑖𝑡 = 𝛿𝑏,𝑖

𝑞𝑖𝑡
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472 CONT and XIONG

The rare circumstance where the quotes are negative is called a “crossed market”. In this case
𝛿𝑎,𝑖 and 𝛿𝑏,𝑖 could be negative, and ask price is lower than bid price. We assume that the centered
quotes under crossed market is constrained by a limit, that is 𝛿𝑎,𝑖 ≥ −𝛿∞, 𝛿𝑏,𝑖 ≥ −𝛿∞ where 𝛿∞ >
0 is a given constant.3 Therefore, the admissible strategy space of each market maker 𝑖 is

𝑖 =

{
𝜹𝑖𝑡 = (𝛿𝑎,𝑖

𝑞𝑖𝑡
, 𝛿𝑏,𝑖

𝑞𝑖𝑡
)|||𝛿𝑎,𝑖, 𝛿𝑏,𝑖 ∈ ℝ

2
𝐻𝑖
Δ
+1
; 𝛿𝑎,𝑖𝑞𝑖 ≥ −𝛿∞, 𝛿𝑏,𝑖𝑞𝑖 ≥ −𝛿∞, ∀𝑞𝑖 ∈ {−𝐻𝑖, … ,𝐻𝑖}

}
(3)

We let 𝐼𝛿 denote the interval [−𝛿∞,∞).𝑖 contains stochastic processes 𝜹𝑖𝑡 = (𝛿𝑎,𝑖
𝑞𝑖𝑡
, 𝛿𝑏,𝑖

𝑞𝑖𝑡
) which

are feedback strategies depending on the inventory 𝑞𝑖𝑡, while (𝐼𝛿)
2
𝐻𝑖
Δ
+1

× (𝐼𝛿)
2
𝐻𝑖
Δ
+1 is the space of

possible values of a market makers’ quoting strategies.
We use the following notations for partial derivatives: for 𝑖 ∈ {1, … ,𝑁} and 𝑗 ≠ 𝑖 we denote

𝜕1𝑓
𝑖
𝑎 =

𝜕𝑓𝑖
𝑎

𝜕𝛿
(𝛿, 𝛿−𝑖), 𝜕1𝑓

𝑖
𝑏
=

𝜕𝑓𝑖
𝑏

𝜕𝛿
(𝛿, 𝛿−𝑖)

𝜕211𝑓
𝑖
𝑎 =

𝜕2𝑓𝑖
𝑎

𝜕𝛿2
(𝛿, 𝛿−𝑖), 𝜕211𝑓

𝑖
𝑏
=

𝜕2𝑓𝑖
𝑏

𝜕𝛿2
(𝛿, 𝛿−𝑖)

𝜕𝑗,𝑞𝑗𝑓
𝑖
𝑎 =

𝜕𝑓𝑖
𝑎

𝜕𝛿
𝑗
𝑞𝑗

(𝛿, 𝛿−𝑖), 𝜕𝑗,𝑞𝑗𝑓
𝑖
𝑏
=

𝜕𝑓𝑖
𝑏

𝜕𝛿
𝑗
𝑞𝑗

(𝛿, 𝛿−𝑖)

𝜕𝑗,𝑞𝑗 𝜕1𝑓
𝑖
𝑎 =

𝜕2𝑓𝑖
𝑎

𝜕𝛿
𝑗
𝑞𝑗𝜕𝛿

(𝛿, 𝛿−𝑖), 𝜕𝑗,𝑞𝑗 𝜕1𝑓
𝑖
𝑏
=

𝜕2𝑓𝑖
𝑏

𝜕𝛿
𝑗
𝑞𝑗𝜕𝛿

(𝛿, 𝛿−𝑖) (4)

Note that the symbol 𝜕𝑗,𝑞𝑗 represents first-order derivative with respect to coordinate 𝛿
𝑗
𝑞𝑗 in 𝛿−𝑖 .

We make the following assumptions on 𝑓𝑖
𝑎 and 𝑓𝑖

𝑏
.

Assumption 2.1. 𝑓𝑖
𝑎, 𝑓𝑖

𝑏
are twice continuously differentiable on ℝ ×

∏
𝑗≠𝑖

ℝ
2
𝐻𝑗

Δ
+1 and satisfy

𝑓𝑖
𝑎(𝛿, 𝛿

−𝑖) > 0, 𝑓𝑖
𝑏
(𝛿, 𝛿−𝑖) > 0,

𝑁∑
𝑖=1

𝑓𝑖
𝑎(𝛿, 𝛿

−𝑖) ≤ 1,
𝑁∑
𝑖=1

𝑓𝑖
𝑏
(𝛿, 𝛿−𝑖) ≤ 1

There exists a function Λ(𝛿) ∈ 𝐶2(ℝ), such that for𝑚 ∈ {𝑎, 𝑏}, 0 < 𝑓𝑖
𝑚(𝛿, 𝛿

−𝑖) < Λ(𝛿), and

lim
𝛿→∞

Λ(𝛿)𝛿 = 0, Λ′(𝛿) < 0, Λ(𝛿)Λ′′(𝛿) ≤ 2(Λ′(𝛿))2

Remark 2.2. Λ(𝛿) in Assumption 2.1 can be understood as the execution probability in the sin-
gle market maker case as in Guéant (2017). The assumption corresponds to the intuition that
competition lowers the execution rate for each market maker.
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CONT and XIONG 473

Assumption 2.3. The execution probabilities {𝑓𝑖
𝑚}𝑚∈{𝑎,𝑏} satisfy: ∀(𝛿, 𝛿−𝑖) ∈ ℝ ×∏

𝑗≠𝑖
ℝ

2
𝐻𝑗

Δ
+1
, ∀𝑗 ≠ 𝑖, ∀𝑞𝑗 ∈ 𝑗 ,

𝜕1𝑓
𝑖
𝑚 < 0, 𝜕𝑗,𝑞𝑗𝑓

𝑖
𝑚 ≥ 0,

𝜕211𝑓
𝑖
𝑚 ⋅ 𝑓𝑖

𝑚

(𝜕1𝑓
𝑖
𝑚)2

< 2

2(𝜕1𝑓
𝑖
𝑚)

2 − 𝜕211𝑓
𝑖
𝑚 ⋅ 𝑓𝑖

𝑚 −
∑
𝑗≠𝑖
∑

𝑞𝑗∈𝑗

|||𝜕1𝑓𝑖
𝑚 ⋅ 𝜕𝑗,𝑞𝑗𝑓

𝑖
𝑚 − 𝑓𝑖

𝑚 ⋅ 𝜕𝑗,𝑞𝑗 𝜕1𝑓
𝑖
𝑚
||| > 0

lim
𝛿→+∞

𝑓𝑖
𝑚(𝛿, 𝛿

−𝑖)

𝜕1𝑓
𝑖
𝑚(𝛿, 𝛿−𝑖)

< ∞, ∀𝛿−𝑖 ∈
∏
𝑗≠𝑖

ℝ
2
𝐻𝑗

Δ
+1 (5)

Remark 2.4. Assumptions 2.1 and 2.3 are needed for proving existence of Nash equilibrium in Sec-
tion 3. In Assumption 2.3 𝜕1𝑓𝑖

𝑚 < 0, 𝜕𝑗,𝑞𝑗𝑓
𝑖
𝑚 ≥ 0 corresponds to monotonicity of execution rate as

functions of market maker’s and competitors’ quotes. Similar to execution probabilities in Guéant
(2017)weneed the function 𝛿 → 𝛿 ⋅ 𝑓𝑖

𝑚(𝛿, 𝛿
−𝑖) to reach a uniquemaximumon [−𝛿∞,∞)hencewe

assume 𝜕211𝑓
𝑖
𝑚⋅𝑓𝑖

𝑚

(𝜕1𝑓
𝑖
𝑚)2

< 2. The last two lines in (5) are the strongest conditions specifying the growth
regularity of execution rate functions. These conditions are motivated by Luo and Zheng (2021)
but generalized to 𝑁-player circumstance. This assumption is used in Proposition A.11 to prove
implicit function property of centered quotes 𝜹 as function of value vector 𝒑. Intuitively, the sec-
ond line of (5) specifies the first variable 𝛿, which is themarket maker’s own quote, dominates the
growth of execution rate 𝑓𝑖

𝑚(𝛿, 𝛿
−𝑖) compared to competitors’ quotes. the last line in (5) specifies

that 𝜕1𝑓𝑖
𝑚(𝛿, 𝛿

−𝑖) does not vanish too fast as function of 𝛿. An example is given in Remark 2.5
satisfying these assumptions.

Remark 2.5. Examples of functions satisfying Assumptions 2.1 and 2.3 are

𝑓𝑖
𝑎(𝛿, 𝛿

−𝑖) =
1
𝑁

1

1 + 𝑒𝑎𝛿+𝑏
𝑒

1

𝐾𝑖

∑
𝑗≠𝑖
∑

𝑞𝑗∈𝑗
(𝑎

𝑗
𝑞𝑗
𝛿
𝑗
𝑞𝑗
+𝑏

𝑗
𝑞𝑗
)

1 + 𝑒
𝑎𝛿+

1

𝐾𝑖

∑
𝑗≠𝑖
∑

𝑞𝑗∈𝑗
(𝑎

𝑗
𝑞𝑗
𝛿
𝑗
𝑞𝑗
+𝑏

𝑗
𝑞𝑗
)

(6)

where 𝐾𝑖 =
∑

𝑗≠𝑖,𝑗∈{1,…,𝑁}
(2

𝐻𝑖

Δ
+ 1) is the number of inventory levels of market maker 𝑖’s competi-

tors, and 𝑎, 𝑏, 𝑎
𝑗
𝑞𝑗 , 𝑎

𝑗
𝑞𝑗 are parameters.

Market maker 𝑖’s inventory 𝑞𝑖𝑡 evolves according to

𝑑𝑞𝑖𝑡 = Δ(𝑁𝑏,𝑖(𝑑𝑡) − 𝑁𝑎,𝑖(𝑑𝑡)) (7)

and her cash holdings 𝑋𝑖
𝑡 evolve according to

𝑑𝑋𝑖
𝑡 = Δ(𝑆𝑡 + 𝛿𝑎,𝑖𝑡 )𝑁𝑎,𝑖(𝑑𝑡) − Δ(𝑆𝑡 − 𝛿𝑏,𝑖𝑡 )𝑁𝑏,𝑖(𝑑𝑡)

= Δ
(
𝛿𝑎,𝑖𝑡 𝑁𝑎,𝑖(𝑑𝑡) + 𝛿𝑏,𝑖𝑡 𝑁𝑏,𝑖(𝑑𝑡)

)
− 𝑆𝑡𝑑𝑞

𝑖
𝑡 (8)
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474 CONT and XIONG

The objective of each market maker is to maximize expected discounted profit. We consider
the problem over an infinite horizon in order to study stationary feedback quoting strategies,
which are more readily accessible to reinforcement learning. Denoting 𝜹𝑖 = (𝛿𝑎,𝑖, 𝛿𝑏,𝑖), 𝜹−𝑖 =
(𝜹𝑎,−𝑖, 𝜹𝑏,−𝑖), market maker 𝑖 has objective function

𝐽𝑖(𝜹
𝑖, 𝜹−𝑖; 𝑞𝑖0, 𝑥

𝑖
0, 𝑠) = 𝑥𝑖0 + 𝑞𝑖0𝑠 + 𝔼

[
∫

∞

0
𝑒−𝑟𝑡𝑑(𝑋𝑖

𝑡 + 𝑞𝑖𝑡𝑆𝑡) − ∫
∞

0
𝑒−𝑟𝑡𝜓𝑖(𝑞

𝑖
𝑡)𝑑𝑡

]
(9)

where 𝜓𝑖 ∶ ℝ → ℝ+ is the running cost for holding inventory.

Lemma 2.6. The objective function in (9) can be written as:

𝐽𝑖(𝜹
𝑖, 𝜹−𝑖; 𝑞𝑖0, 𝑥

𝑖
0, 𝑠) = 𝑥𝑖0 + 𝑞𝑖0𝑠 + 𝐽𝑖(𝜹

𝑖, 𝜹−𝑖; 𝑞𝑖0) (10)

where

𝐽𝑖(𝜹
𝑖, 𝜹−𝑖; 𝑞𝑖

0) = 𝔼𝑞𝑖0

[
∫

∞

0

𝑒−𝑟𝑡
(
𝜆𝑎Δ𝛿𝑎,𝑖

𝑡 𝑓𝑖
𝑎(𝛿

𝑎,𝑖
𝑡 , 𝜹𝑎,−𝑖

𝑡 )𝕀(𝑞𝑖
𝑡 > −𝐻𝑖) + 𝜆𝑏Δ𝛿𝑏,𝑖

𝑡 𝑓𝑖
𝑏(𝛿

𝑏,𝑖
𝑡 , 𝜹𝑏,−𝑖

𝑡 )𝕀(𝑞𝑖
𝑡 < 𝐻𝑖)

)
𝑑𝑡

− ∫
∞

0

𝑒−𝑟𝑡𝜓𝑖(𝑞
𝑖
𝑡)𝑑𝑡

]
(11)

Proof. Since 𝑞𝑖𝑡 takes values from finite set 𝑖 , 𝜓𝑖(𝑞
𝑖
𝑡) is uniformly bounded for 𝑡 ≥ 0 and the

expectation for the running cost term 𝔼[∫ ∞

0
𝑒−𝑟𝑡𝜓𝑖(𝑞

𝑖
𝑡)𝑑𝑡] < ∞ is well defined.

FromAssumption 2.1 we have𝑓𝑖
𝑎(𝛿, ⋅) ≤ Λ(𝛿),𝑓𝑖

𝑏
(𝛿, ⋅) ≤ Λ(𝛿), ∀𝛿 ∈ ℝ, whereΛ(𝛿) is a𝐶2 func-

tion. Given quoting strategies (𝜹𝑖, 𝜹−𝑖), since 𝛿𝑎,𝑖 = (𝛿𝑎,𝑖𝑞 )𝑞∈𝑖
, 𝛿𝑏,𝑖 = (𝛿𝑏,𝑖𝑞 )𝑞∈𝑖

are vectors in space

ℝ
2
𝐻𝑖
Δ
+1, define𝐴 ∶= sup

𝑞∈𝑖

|𝛿𝑎,𝑖𝑞 |, 𝐵 ∶= sup
𝑞∈𝑖

|𝛿𝑏,𝑖𝑞 | and denote 𝑞𝑖𝑡 market maker 𝑖’s inventory process
under quoting strategies (𝜹𝑖, 𝜹−𝑖). Recall that 𝛿𝑎,𝑖𝑡 = 𝛿𝑎,𝑖

𝑞𝑖𝑡
, 𝛿𝑏,𝑖𝑡 = 𝛿𝑏,𝑖

𝑞𝑖𝑡
, we also write 𝜹𝑎,−𝑖𝑡 , 𝜹𝑏,−𝑖𝑡 to

denote the quoting strategy process of other maker makers as functions of their corresponding
inventory levels. We obtain

∫
∞

0
𝑒−𝑟𝑡
(
𝜆𝑎𝛿𝑎,𝑖𝑡 𝑓𝑖

𝑎(𝛿
𝑎,𝑖
𝑡 , 𝜹𝑎,−𝑖𝑡 )𝕀(𝑞𝑖𝑡 > −𝐻𝑖)

)
𝑑𝑡 ≤ 𝐴Λ(−𝛿∞)∫

∞

0
𝑒−𝑟𝑡𝑑𝑡 < ∞

∫
∞

0
𝑒−𝑟𝑡
(
𝜆𝑏𝛿𝑏,𝑖𝑡 𝑓𝑖

𝑏
(𝛿𝑏,𝑖𝑡 , 𝜹𝑏,−𝑖𝑡 )𝕀(𝑞𝑖𝑡 < 𝐻𝑖)

)
𝑑𝑡 ≤ 𝐵Λ(−𝛿∞)∫

∞

0
𝑒−𝑟𝑡𝑑𝑡 < ∞ (12)

Therefore we have

𝔼

[
∫

∞

0
𝑒−𝑟𝑡𝛿𝑎,𝑖𝑡 𝑁𝑎,𝑖(𝑑𝑡)

]
= 𝔼

[
∫

∞

0
𝑒−𝑟𝑡
(
𝜆𝑎𝛿𝑎,𝑖𝑡 𝑓𝑖

𝑎(𝛿
𝑎,𝑖
𝑡 , 𝜹𝑎,−𝑖𝑡 )𝕀(𝑞𝑖𝑡 > −𝐻𝑖)

)
𝑑𝑡

]
𝔼

[
∫

∞

0
𝑒−𝑟𝑡𝛿𝑏,𝑖𝑡 𝑁𝑏,𝑖(𝑑𝑡)

]
= 𝔼

[
∫

∞

0
𝑒−𝑟𝑡
(
𝜆𝑏𝛿𝑏,𝑖𝑡 𝑓𝑖

𝑏
(𝛿𝑏,𝑖𝑡 , 𝜹𝑏,−𝑖𝑡 )𝕀(𝑞𝑖𝑡 < 𝐻𝑖)

)
𝑑𝑡

]
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CONT and XIONG 475

We can apply Itô’s lemma to 𝑋𝑖
𝑡 + 𝑞𝑖𝑡𝑆𝑡 in objective function, to rewrite (9) as:

𝐽𝑖(𝜹
𝑖, 𝜹−𝑖; 𝑞𝑖0, 𝑥

𝑖
0, 𝑠) = 𝔼𝑞𝑖0

[
∫

∞

0

𝑒−𝑟𝑡
(
𝜆𝑎Δ𝛿𝑎,𝑖𝑡 𝑓𝑖

𝑎(𝛿
𝑎,𝑖
𝑡 , 𝜹𝑎,−𝑖

𝑡 )𝕀(𝑞𝑖𝑡 > −𝐻𝑖) + 𝜆𝑏Δ𝛿𝑏,𝑖𝑡 𝑓𝑖
𝑏(𝛿

𝑏,𝑖
𝑡 , 𝜹𝑏,−𝑖

𝑡 )𝕀(𝑞𝑖𝑡 < 𝐻𝑖)
)
𝑑𝑡

− ∫
∞

0

𝑒−𝑟𝑡𝜓𝑖(𝑞
𝑖
𝑡)𝑑𝑡)

]
+ 𝑥𝑖

0 + 𝑞𝑖0𝑠 (13)

= 𝑥𝑖
0 + 𝑞𝑖0𝑠 + 𝐽𝑖(𝜹

𝑖, 𝜹−𝑖; 𝑞𝑖0)

□

The expectation in (13) is taken with respect to the law of the process 𝑞𝑖 whose evolution is
given by (7), with initial condition 𝑞𝑖0. For simplicity of notations, we will use 𝔼 instead of 𝔼

𝑞𝑖0 .

Remark 2.7. In the case where (7) admits a stationary solution (which will be typically the case
in many realistic situations), this term does not depend on 𝑞𝑖0 and we will denote this situation by
𝐽𝑖(𝜹

𝑖, 𝜹−𝑖)

Remark 2.8. The discount rate 𝑟 in (11) is interpreted as interest rate to discount future rewards.
Guéant and Manziuk (2020) prove asymptotic ergodic property of value function as 𝑟 → 0 for
stochastic optimal control on graphs. See also Guéant and Manziuk (2019) in which authors set
small 𝑟 to approximate the ergodic constant instead of adhering to interest rate value.

3 COMPETITION AMONGMARKETMAKERS: NASH
EQUILIBRIUM

A situation of competition among market makers may be modeled through the concept of Nash
equilibrium. In this section we discuss the existence of Nash equilibrium and its characterization
in terms of a Hamilton–Jacobi–Bellman system in the setting of our model.
We first show the existence of Nash equilibrium under Assumptions 2.1 and 2.3. We

then characterize Nash equilibrium quoting strategies in terms of an HJB equation (28) in
Proposition 3.4.
There are 𝑁 competing market makers whose quotes jointly affect the execution of market

order flow.

Definition 3.1 (Nash equilibrium). A Nash equilibrium for system (11) is a tuple of quoting

strategies 𝜹∗ = ((𝜹1)∗, … , (𝜹𝑁)∗) ∈
𝑁∏
𝑗=1

((𝐼𝛿)
2
𝐻𝑗

Δ
+1

× (𝐼𝛿)
2
𝐻𝑗

Δ
+1
), such that for any 𝒒0 ∈ ℝ𝑁 and any

𝑖 ∈ {1, … ,𝑁},

𝐽𝑖((𝜹
𝑖)∗, (𝜹−𝑖)∗; 𝑞𝑖0) ≥ 𝐽𝑖(𝜹

𝑖, (𝜹−𝑖)∗; 𝑞𝑖0), ∀𝜹𝑖 ∈ (𝐼𝛿)
2
𝐻𝑖
Δ
+1

× (𝐼𝛿)
2
𝐻𝑖
Δ
+1 (14)

We say that 𝜹∗ is a stationary Nash equilibrium if under 𝜹∗ the inventories (7) admit a stationary
solution (see Remark 2.7).
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476 CONT and XIONG

We denote

𝑉𝑖(𝑞𝑖) = 𝐽𝑖((𝜹
𝑖)∗, (𝜹−𝑖)∗; 𝑞𝑖) (15)

the value function of player 𝑖 under the Nash equilibrium quoting strategy, with initial condition
𝑞𝑖0 = 𝑞𝑖 .
We first state a proposition on uniformly boundedness of objective function 𝐽𝑖(𝜹

𝑖, 𝜹−𝑖; 𝑞𝑖). This
result will be useful for proving existence of Nash equilibrium.

Proposition 3.2. Under Assumption 2.1 and 2.3, there exists a constant 𝐽𝑚𝑎𝑥 > 0 such that for any
strategy (𝜹𝑖, 𝜹−𝑖)

∀𝑖 ∈ {1, … ,𝑁}, ∀𝑞𝑖 ∈ 𝑖 , |𝐽𝑖(𝜹𝑖, 𝜹−𝑖; 𝑞𝑖)| ≤ 𝐽𝑚𝑎𝑥 (16)

Proof. From the definition of the objective function, we have

|𝐽𝑖(𝜹𝑖, 𝜹−𝑖; 𝑞𝑖)| ≤ 𝔼[
|||||∫

∞

0
𝑒−𝑟𝑡
(
𝜆𝑎Δ𝛿𝑎,𝑖𝑡 𝑓𝑖

𝑎(𝛿
𝑎,𝑖
𝑡 , 𝜹𝑎,−𝑖𝑡 )𝕀(𝑞𝑖𝑡 > −𝐻𝑖)

)
𝑑𝑡
|||||

+
|||||∫

∞

0
𝑒−𝑟𝑡
(
𝜆𝑏Δ𝛿𝑏,𝑖𝑡 𝑓𝑖

𝑏
(𝛿𝑏,𝑖𝑡 , 𝜹𝑏,−𝑖𝑡 )𝕀(𝑞𝑖𝑡 < 𝐻𝑖)

)
𝑑𝑡
||||| +
|||||∫

∞

0
𝑒−𝑟𝑡𝜓𝑖(𝑞𝑖)𝑑𝑡

|||||]
(17)

Since 𝑞𝑖𝑡 takes values from a finite set 𝑖 = {−𝐻𝑖, −𝐻𝑖 + Δ,… ,𝐻𝑖 − Δ,𝐻𝑖}, 𝜓𝑖(𝑞𝑖) is uniformly
bounded by Ψ𝑖 ∶= max

𝑞∈𝑖

𝜓𝑖(𝑞𝑖). Hence

𝔼[
|||||∫

∞

0
𝑒−𝑟𝑡𝜓𝑖(𝑞𝑖)𝑑𝑡

|||||] ≤ Ψ𝑖 ∫
∞

0
𝑒−𝑟𝑡𝑑𝑡 =

Ψ𝑖

𝑟

From Assumption 2.1, |𝛿𝑎,𝑖𝑡 𝑓𝑖
𝑎(𝛿

𝑎,𝑖
𝑡 , 𝜹𝑎,−𝑖𝑡 )| ≤ |𝛿𝑎,𝑖𝑡 Λ(𝛿𝑎,𝑖𝑡 )|, lim𝛿→∞ Λ(𝛿)𝛿 = 0, and 𝛿𝑎,𝑖𝑡 = 𝛿𝑎,𝑖

𝑞𝑖𝑡

takes values on [−𝛿∞,∞), then there exists a constant 𝐵 > 0 such that |𝛿𝑎,𝑖𝑡 Λ(𝛿𝑎,𝑖𝑡 )| ≤ 𝐵. In fact
lim𝛿→∞ Λ(𝛿)𝛿 = 0 implies there exists a positive number 𝑀 > 0, such that ∀𝛿 > 𝑀, we have|Λ(𝛿)𝛿| < 1. Also Λ(𝛿)𝛿 is continuous function on [−𝛿∞,𝑀], hence is bounded. We can then
define 𝐾 ∶= max( sup

𝛿∈[−𝛿∞,𝑀]
Λ(𝛿)𝛿, 1). Hence |𝛿𝑎,𝑖𝑡 𝑓𝑖

𝑎(𝛿
𝑎,𝑖
𝑡 , 𝜹𝑎,−𝑖𝑡 )| ≤ 𝐾 uniformly.

Similarly we have can prove for the bid side |𝛿𝑏,𝑖𝑡 𝑓𝑖
𝑏
(𝛿𝑏,𝑖𝑡 , 𝜹𝑏,−𝑖)| ≤ 𝐾. Therefore from (17) we

obtain

|𝐽𝑖(𝜹𝑖, 𝜹−𝑖; 𝑞𝑖)| ≤ 𝐾(𝜆𝑎Δ + 𝜆𝑏Δ) + max
𝑖∈{1,…,𝑁}

Ψ𝑖

𝑟
(18)

The bound is uniform with respect to 𝑖, 𝑞𝑖 and (𝜹𝑖, 𝜹−𝑖). □

We shall denote the execution probabilities as𝑓𝑖
𝑎(𝛿

𝑎,𝑖
𝑞𝑖 , (𝛿

𝑎,𝑗)𝑗≠𝑖) and𝑓𝑖
𝑏
(𝛿𝑏,𝑖𝑞𝑖 , (𝛿

𝑏,𝑗)𝑗≠𝑖) to empha-
size that 𝛿𝑎,𝑖𝑞𝑖 , 𝛿

𝑏,𝑖
𝑞𝑖 are the current ask and bid quotes by market maker 𝑖 given her inventory level

𝑞𝑖 . This notation will provide clarity in the optimality equations.
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3.1 Dynamic programming principle

The equilibrium value function (15) associated to Nash equilibrium satisfies a Dynamic
Programming Principle:

Lemma 3.3. (Dynamic Programming Principle) Let 𝑞𝑖 ∈ 𝑖 . Given any finite stopping time 𝜃 the
value function 𝑉𝑖 defined by (15)

𝑉𝑖(𝑞𝑖) = sup
𝜹𝑖∈𝑖

𝔼[∫ 𝜃

0
𝑒−𝑟𝑡(𝜆𝑎Δ𝛿𝑎,𝑖

𝑞
𝑖,𝑞𝑖
𝑡

𝑓𝑖
𝑎(𝛿

𝑎,𝑖

𝑞
𝑖,𝑞𝑖
𝑡

, (𝛿𝑎,𝑗)∗𝑗≠𝑖)𝕀(𝑞
𝑖,𝑞𝑖
𝑡 > −𝐻𝑖)

+ 𝜆𝑏Δ𝛿𝑏,𝑖
𝑞
𝑖,𝑞𝑖
𝑡

𝑓𝑖
𝑏
(𝛿𝑏,𝑖

𝑞
𝑖,𝑞𝑖
𝑡

, (𝛿𝑏,𝑗)∗𝑗≠𝑖)𝕀(𝑞
𝑖,𝑞𝑖
𝑡 < 𝐻𝑖))𝑑𝑡 + 𝑉𝑖(𝑞

𝑖,𝑞𝑖
𝜃

)] (19)

where 𝑞𝑖,𝑞𝑖𝑡 is the inventory process of market maker 𝑖 under joint quoting strategy (𝜹𝑖, (𝜹−𝑖)∗), with
𝑞
𝑖,𝑞𝑖
0 = 𝑞𝑖 .

Proof. Given the quoting strategies (𝜹𝑖, (𝜹−𝑖)∗), and a finite stopping time 𝜃 < ∞„ from the
Markovian property of 𝑞𝑖,𝑞𝑖𝑡 , we have

𝑞
𝑖,𝑞𝑖
𝑠 = 𝑞

𝑖,𝑞
𝑖,𝑞𝑖
𝜃

𝑠 , ∀𝑠 ≥ 𝜃

From properties of conditional expectation and change of variable, we have

𝐽𝑖(𝜹
𝑖, (𝜹−𝑖)∗, 𝑞𝑖) = 𝔼

[
(∫

𝜃

0
+∫

∞

𝜃
)𝑒−𝑟𝑡𝑑(𝑋𝑖

𝑡 + 𝑞𝑖𝑡𝑆𝑡) − (∫
𝜃

0
+∫

∞

𝜃
)𝑒−𝑟𝑡𝜓𝑖(𝑞

𝑖
𝑡)𝑑𝑡

]

= 𝔼[∫
𝜃

0

(
𝑒−𝑟𝑡𝑑(𝑋𝑖

𝑡 + 𝑞
𝑖,𝑞𝑖
𝑡 𝑆𝑡) − 𝑒−𝑟𝑡𝜓𝑖(𝑞

𝑖,𝑞𝑖
𝑡 )𝑑𝑡

)
+𝔼

𝑞
𝑖,𝑞𝑖
𝜃

(
∫

∞

𝜃
𝑒−𝑟𝑡𝑑(𝑋𝑖

𝑡 + 𝑞
𝑖,𝑞𝑖
𝑡 𝑆𝑡) − 𝑒−𝑟𝑡𝜓𝑖(𝑞

𝑖,𝑞𝑖
𝑡 )𝑑𝑡

)
]

= 𝔼[∫
𝜃

0

(
𝑒−𝑟𝑡𝑑(𝑋𝑖

𝑡 + 𝑞
𝑖,𝑞𝑖
𝑡 𝑆𝑡) − 𝑒−𝑟𝑡𝜓𝑖(𝑞

𝑖,𝑞𝑖
𝑡 )𝑑𝑡

)
+𝔼

𝑞
𝑖,𝑞𝑖
𝜃

(
∫

∞

0
𝑒−𝑟(𝑢+𝜃)𝑑(𝑋𝑖

𝑢+𝜃
+ 𝑞

𝑖,𝑞𝑖
𝑢+𝜃

𝑆𝑢+𝜃) − 𝑒−𝑟(𝑢+𝜃)𝜓𝑖(𝑞
𝑖,𝑞𝑖
𝑢+𝜃

)𝑑𝑢

)
]

= 𝔼

[
∫

𝜃

0

(
𝑒−𝑟𝑡𝑑(𝑋𝑖

𝑡 + 𝑞
𝑖,𝑞𝑖
𝑡 𝑆𝑡) − 𝑒−𝑟𝑡𝜓𝑖(𝑞

𝑖,𝑞𝑖
𝑡 )𝑑𝑡

)
+ 𝑒−𝑟𝜃𝐽𝑖(𝜹

𝑖, (𝜹−𝑖)∗; 𝑞
𝑖,𝑞𝑖
𝜃

)

]
(20)
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478 CONT and XIONG

By Definition 3.1 𝑉𝑖(𝑞𝑖) = 𝐽𝑖((𝜹
𝑖)∗, (𝜹−𝑖)∗, 𝑞𝑖) = sup

𝜹𝑖
𝐽𝑖(𝜹

𝑖, (𝜹−𝑖)∗, 𝑞𝑖), we have

𝐽𝑖(𝜹
𝑖, (𝜹−𝑖)∗, 𝑞𝑖) ≤ 𝔼

[
∫

𝜃

0

(
𝑒−𝑟𝑡𝑑(𝑋𝑖

𝑡 + 𝑞
𝑖,𝑞𝑖
𝑡 𝑆𝑡) − 𝑒−𝑟𝑡𝜓𝑖(𝑞

𝑖,𝑞𝑖
𝑡 )𝑑𝑡

)
+ 𝑒−𝑟𝜃𝑉𝑖(𝑞

𝑖,𝑞𝑖
𝜃

)

]

≤ sup
𝜹𝑖

𝔼

[
∫

𝜃

0

(
𝑒−𝑟𝑡𝑑(𝑋𝑖

𝑡 + 𝑞
𝑖,𝑞𝑖
𝑡 𝑆𝑡) − 𝑒−𝑟𝑡𝜓𝑖(𝑞

𝑖,𝑞𝑖
𝑡 )𝑑𝑡

)
+ 𝑒−𝑟𝜃𝑉𝑖(𝑞

𝑖,𝑞𝑖
𝜃

))

]
(21)

Taking supremum over 𝜹𝑖 in left hand side of (21) we obtain:

𝑉𝑖(𝑞𝑖) ≤ sup
𝜹𝑖

𝔼

[
∫

𝜃

0

(
𝑒−𝑟𝑡𝑑(𝑋𝑖

𝑡 + 𝑞
𝑖,𝑞𝑖
𝑡 𝑆𝑡) − 𝑒−𝑟𝑡𝜓𝑖(𝑞

𝑖,𝑞𝑖
𝑡 )𝑑𝑡

)
+ 𝑒−𝑟𝜃𝑉𝑖(𝑞

𝑖,𝑞𝑖
𝜃

))

]
(22)

On the other hand, for joint quoting strategy (𝜹𝑖, (𝜹−𝑖)∗) and given stopping time 𝜃, from Defini-

tion 3.1 for any 𝜖 > 0, 𝜔 ∈ Ω there exists quoting strategy 𝜹𝑖,𝜖,𝜔 = (𝛿𝑎,𝑖,𝜖,𝜔, 𝛿𝑏,𝑖,𝜖,𝜔) ∈ (𝐼𝛿)
2
𝐻𝑖
Δ
+1

×

(𝐼𝛿)
2
𝐻𝑖
Δ
+1

× (𝐼𝛿)
2
𝐻𝑖
Δ
+1

× (𝐼𝛿)
2
𝐻𝑖
Δ
+1, such that 𝜹𝑖,𝜖,𝜔 is an 𝜖−optimal control for value function

𝑉𝑖(𝑞
𝑖,𝑞𝑖
𝜃(𝜔)

(𝜔)) starting at 𝑞𝑖,𝑞𝑖
𝜃(𝜔)

(𝜔):

𝑉𝑖(𝑞
𝑖,𝑞𝑖
𝜃(𝜔)

(𝜔)) − 𝜖 ≤ 𝐽𝑖(𝜹
𝑖,𝜖,𝜔, (𝜹−𝑖)∗; 𝑞

𝑖,𝑞𝑖
𝜃(𝜔)

(𝜔))

Now define the following quoting strategy:

𝜹𝑖𝑡(𝜔) =

⎧⎪⎨⎪⎩
𝛿𝑖
𝑞
𝑖,𝑞𝑖
𝑡 (𝜔)

(𝜔) 𝑡 ∈ [0, 𝜃(𝜔)]

𝛿𝑖,𝜖,𝜔
𝑞
𝑖,𝑞𝑖
𝑡 (𝜔)

(𝜔) 𝑡 ∈ [𝜃(𝜔),∞]
(23)

Using a measurable selection argument Bertsekas and Shreve (1978), the process 𝜹𝑖 is an
admissible strategy. Then by the law of iterated conditional expectation we have

𝑉(𝑞𝑖) ≥ 𝐽𝑖(𝜹𝑖, (𝜹
−𝑖)∗, 𝑞𝑖) = 𝔼

[
∫

𝜃

0

(
𝑒−𝑟𝑡𝑑(𝑋𝑖

𝑡 + 𝑞
𝑖,𝑞𝑖
𝑡 𝑆𝑡) − 𝑒−𝑟𝑡𝜓𝑖(𝑞

𝑖,𝑞𝑖
𝑡 )𝑑𝑡

)
+ 𝑒−𝑟𝜃𝐽𝑖(𝛿

𝑖,𝜖, (𝜹−𝑖)∗; 𝑞
𝑖,𝑞𝑖
𝜃

)

]

≥ 𝔼

[
∫

𝜃

0

(
𝑒−𝑟𝑡𝑑(𝑋𝑖

𝑡 + 𝑞
𝑖,𝑞𝑖
𝑡 𝑆𝑡) − 𝑒−𝑟𝑡𝜓𝑖(𝑞

𝑖,𝑞𝑖
𝑡 )𝑑𝑡

)
+ 𝑒−𝑟𝜃𝑉𝑖(𝑞

𝑖,𝑞𝑖
𝜃

)) − 𝑒−𝑟𝜃𝜖

]

≥ 𝔼

[
∫

𝜃

0

(
𝑒−𝑟𝑡𝑑(𝑋𝑖

𝑡 + 𝑞
𝑖,𝑞𝑖
𝑡 𝑆𝑡) − 𝑒−𝑟𝑡𝜓𝑖(𝑞

𝑖,𝑞𝑖
𝑡 )𝑑𝑡

)
+ 𝑒−𝑟𝜃𝑉𝑖(𝑞

𝑖,𝑞𝑖
𝜃

))

]
− 𝜖 (24)
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CONT and XIONG 479

Since 𝜹𝑖 𝜃 and 𝜖 > 0 taken arbitrarily we have

𝑉𝑖(𝑞𝑖) ≥ sup
𝜹𝑖

𝔼

[
∫

𝜃

0

(
𝑒−𝑟𝑡𝑑(𝑋𝑖

𝑡 + 𝑞
𝑖,𝑞𝑖
𝑡 𝑆𝑡) − 𝑒−𝑟𝑡𝜓𝑖(𝑞

𝑖,𝑞𝑖
𝑡 )𝑑𝑡

)
+ 𝑒−𝑟𝜃𝑉𝑖(𝑞

𝑖,𝑞𝑖
𝜃

))

]
(25)

Combining (22) and (25) we have

𝑉𝑖(𝑞𝑖) = sup
𝜹𝑖

𝔼

[
∫

𝜃

0

(
𝑒−𝑟𝑡𝑑(𝑋𝑖

𝑡 + 𝑞
𝑖,𝑞𝑖
𝑡 𝑆𝑡) − 𝑒−𝑟𝑡𝜓𝑖(𝑞

𝑖,𝑞𝑖
𝑡 )𝑑𝑡

)
+ 𝑒−𝑟𝜃𝑉𝑖(𝑞

𝑖,𝑞𝑖
𝜃

))

]
(26)

□

For arbitrary given quoting strategies of𝑁marketmakers (𝜹𝑖, 𝜹−𝑖), we define objective function
associated with this quoting strategy, denoted by 𝑉𝛿

𝑖 (𝑞𝑖), where

𝑉𝛿
𝑖 (𝑞𝑖) = 𝐽𝑖(𝜹

𝑖, 𝜹−𝑖; 𝑞𝑖)

For consistency with reinforcement learning literature we name 𝑉𝛿 state-action value func-
tion. Note that if we denote 𝑉𝛿

𝑖 by 𝑉
𝜹𝑖,𝜹−𝑖

𝑖 to emphasize the dependence on competitors’ strategies

𝜹−𝑖 , then we have the relation 𝑉𝑖(𝑞𝑖) = sup
𝜹𝑖∈𝑖

𝑉
𝜹𝑖 ,(𝜹−𝑖)∗

𝑖 (𝑞𝑖) where 𝜹∗ is a Nash equilibrium. The

objective function 𝑉𝛿 associated with given quoting strategies satisfies following linear Bellman
equation4: (Guéant & Manziuk, 2019)

𝑟𝑉𝛿
𝑖 (𝑞𝑖) + 𝜓𝑖(𝑞𝑖) − 𝕀(𝑞𝑖 > −𝐻𝑖)𝜆

𝑎Δ𝑓𝑖
𝑎(𝛿

𝑎,𝑖
𝑞𝑖 , (𝛿

𝑎,𝑗)𝑗≠𝑖)
(
𝛿𝑎,𝑖𝑞𝑖 −

𝑉𝛿
𝑖 (𝑞𝑖) − 𝑉𝛿

𝑖 (𝑞𝑖 − Δ)

Δ

)

− 𝕀(𝑞𝑖 < 𝐻𝑖)𝜆
𝑏Δ𝑓𝑖

𝑏
(𝛿𝑏,𝑖𝑞𝑖 , (𝛿

𝑏,𝑗)𝑗≠𝑖)
(
𝛿𝑏,𝑖𝑞𝑖 −

𝑉𝛿
𝑖 (𝑞𝑖) − 𝑉𝛿

𝑖 (𝑞𝑖 + Δ)

Δ

)
= 0 (27)

The Dynamic Programming Principle thus leads to a system of Hamilton-Jacobi equations for
the equilibrium value functions 𝑉𝑖(𝑞𝑖), 𝑖 ∈ {1, … ,𝑁}:

𝑟𝑉𝑖(𝑞𝑖) + 𝜓𝑖(𝑞𝑖) − 𝕀(𝑞𝑖 > −𝐻𝑖)𝜆
𝑎Δ sup

𝛿𝑎,𝑖𝑞𝑖
≥−𝛿∞

[
𝑓𝑖
𝑎

(
𝛿𝑎,𝑖𝑞𝑖 , (𝛿

𝑎,𝑗)𝑗≠𝑖
)(

𝛿𝑎,𝑖𝑞𝑖 −
𝑉𝑖(𝑞𝑖) − 𝑉𝑖(𝑞𝑖 − Δ)

Δ

)]

− 𝕀(𝑞𝑖 < 𝐻𝑖)𝜆
𝑏Δ sup

𝛿𝑏,𝑖𝑞𝑖
≥−𝛿∞

[
𝑓𝑖
𝑏

(
𝛿𝑏,𝑖𝑞𝑖 , (𝛿

𝑏,𝑗)𝑗≠𝑖
)(

𝛿𝑏,𝑖𝑞𝑖 −
𝑉𝑖(𝑞𝑖) − 𝑉𝑖(𝑞𝑖 + Δ)

Δ

)]
= 0 (28)

where Nash equilibrium quoting strategy 𝜹∗ is such that the supremum in equation (28) is
achieved simultaneously for 𝑖 ∈ {1, … ,𝑁}.
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Proposition 3.4. If there exists a Nash equilibrium quoting strategy

𝜹∗ = ((𝜹1)∗, … , (𝜹𝑁)∗) ∈
𝑁∏
𝑗=1

(
(𝐼𝛿)

2
𝐻𝑗

Δ
+1

× (𝐼𝛿)
2
𝐻𝑗

Δ
+1
)

with corresponding equilibrium value functions 𝑉𝑖(𝑞𝑖), 𝑞𝑖 ∈ {−𝐻𝑖, … ,𝐻𝑖}, then the 𝑉𝑖 satisfy the
system of equations (28), where ∀𝑞𝑖 ∈ {−𝐻𝑖, … ,𝐻𝑖}

(𝛿𝑎,𝑖𝑞𝑖 )
∗ = argmax

𝛿𝑎,𝑖𝑞𝑖
≥−𝛿∞

[
𝑓𝑖
𝑎(𝛿

𝑎,𝑖
𝑞𝑖 , ((𝛿

𝑎,𝑗)∗)𝑗≠𝑖)
(
𝛿𝑎,𝑖𝑞𝑖 −

𝑉𝑖(𝑞𝑖) − 𝑉𝑖(𝑞𝑖 − Δ)

Δ

)]

(𝛿𝑏,𝑖𝑞𝑖 )
∗ = argmax

𝛿𝑏,𝑖𝑞𝑖
≥−𝛿∞

[
𝑓𝑖
𝑏
(𝛿𝑏,𝑖𝑞𝑖 , ((𝛿

𝑏,𝑗)∗)𝑗≠𝑖)
(
𝛿𝑏,𝑖𝑞𝑖 −

𝑉𝑖(𝑞𝑖) − 𝑉𝑖(𝑞𝑖 − Δ)

Δ

)]
(29)

Proof. The proof of Proposition 3.4 follows by a standard argument using Dynamic Programming
Principle in Lemma 3.3. □

Next proposition is a verification theorem stating that solution to (28) is indeed a Nash
equilibrium for 𝑁 market maker system.

Proposition 3.5. Under Assumptions 2.1 and 2.3, if there exists quoting strategies
(𝛿𝑎,𝑖)∗, (𝛿𝑏,𝑖)∗, ∀𝑖 ∈ {1, … ,𝑁} and functions 𝑉𝑖(𝑞𝑖), 𝑞𝑖 ∈ {−𝐻𝑖, … ,𝐻𝑖} such that 𝑉𝑖 satisfy system of
equations (28), and ∀𝑞𝑖 ∈ {−𝐻𝑖, … ,𝐻𝑖}

(𝛿𝑎,𝑖𝑞𝑖 )
∗ = argmax

𝛿𝑎,𝑖𝑞𝑖
≥−𝛿∞

[
𝑓𝑖
𝑎(𝛿

𝑎,𝑖
𝑞𝑖 , ((𝛿

𝑎,𝑗)∗)𝑗≠𝑖)
(
𝛿𝑎,𝑖𝑞𝑖 −

𝑉𝑖(𝑞𝑖) − 𝑉𝑖(𝑞𝑖 − Δ)

Δ

)]

(𝛿𝑏,𝑖𝑞𝑖 )
∗ = argmax

𝛿𝑏,𝑖𝑞𝑖
≥−𝛿∞

[
𝑓𝑖
𝑏
(𝛿𝑏,𝑖𝑞𝑖 , ((𝛿

𝑏,𝑗)∗)𝑗≠𝑖)
(
𝛿𝑏,𝑖𝑞𝑖 −

𝑉𝛿
𝑖 (𝑞𝑖) − 𝑉𝛿

𝑖 (𝑞𝑖 − Δ)

Δ

)]
(30)

then (𝛿𝑎,𝑖)∗, (𝛿𝑏,𝑖)∗ define a Nash equilibrium (Def. 3.1) and 𝑉𝑖 are the corresponding equilibrium
value functions.

Proof. To show that (𝜹𝑖)∗ = ((𝛿𝑎,𝑖)∗, (𝛿𝑏,𝑖)∗), 𝑖 ∈ {1, … ,𝑁} are Nash equilibrium quoting strategies
and𝑉𝑖(𝑞𝑖) is the equilibrium value function, we need to verify (𝛿𝑎,𝑖)∗, (𝛿𝑏,𝑖)∗ and𝑉𝑖(𝑞𝑖) satisfy Def-
inition 3.1. Given any market maker 𝑖, we denote the joint quoting strategies of her competitors

by (𝜹−𝑖)∗. Assuming market maker 𝑖 takes another quoting strategy 𝜹𝑖 = (𝛿𝑎,𝑖, 𝛿𝑏,𝑖) ∈ ℝ
2
𝐻𝑖
Δ
+1

×

ℝ
2
𝐻𝑖
Δ
+1 while her competitors still keep the joint quoting strategies (𝜹−𝑖)∗, we need to show

that

𝑉𝑖(𝑞𝑖) ≥ 𝐽𝑖(𝜹
𝑖, (𝜹−𝑖)∗, 𝑞𝑖), ∀𝑞𝑖 ∈ {−𝐻𝑖, … ,𝐻𝑖}

Let (𝑋𝑖,𝛿
𝑡 )𝑡≥0 denote the cash process and (𝑞𝑖,𝛿𝑡 )𝑡≥0 denote the inventory process ofmarketmaker

𝑖 with joint strategies (𝜹𝑖, (𝜹−𝑖)∗), where 𝑞𝑖,𝛿0 = 𝑞𝑖 . Since the process 𝑞
𝑖,𝛿
𝑡 takes values from a finite
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CONT and XIONG 481

set {−𝐻𝑖, −𝐻𝑖 + Δ,… ,𝐻𝑖 − Δ,𝐻𝑖}, the value function 𝑉𝑖(𝑞
𝑖,𝛿
𝑡 ) is uniformly bounded. Denote this

uniform bound by𝑀(𝑀 > 0). We can then apply Itô’s formula on function 𝑒−𝑟𝑡𝑉𝑖(𝑞
𝑖,𝛿
𝑡 ).

For 𝑇 > 0,

𝑒−𝑟𝑇𝑉𝑖(𝑞
𝑖,𝛿
𝑇 ) = 𝑉𝑖(𝑞𝑖) − ∫

𝑇

0
𝑟𝑒−𝑟𝑡𝑉𝑖(𝑞

𝑖,𝛿
𝑡 )𝑑𝑡

+ ∫
𝑇

0
𝑒−𝑟𝑡
[
𝑉𝑖(𝑞

𝑖,𝛿
𝑡 − Δ) − 𝑉𝑖(𝑞

𝑖,𝛿
𝑡 )
]
𝑁𝑎,𝑖(𝑑𝑡)

+ ∫
𝑇

0
𝑒−𝑟𝑡
[
𝑉𝑖(𝑞

𝑖,𝛿
𝑡 + Δ) − 𝑉𝑖(𝑞

𝑖,𝛿
𝑡 )
]
𝑁𝑏,𝑖(𝑑𝑡) (31)

FromAssumption 2.1, 𝑓𝑖
𝑎(𝛿, 𝛿

−𝑖) < Λ(𝛿), 𝑓𝑖
𝑏
(𝛿, 𝛿−𝑖) < Λ(𝛿), andΛ(𝛿) is monotonically decreas-

ing on ℝ. Moreover, centered quotes are bounded from below by −𝛿∞, we have

|||||𝔼∫
𝑇

0
𝑒−𝑟𝑡
[
𝑉𝑖(𝑞

𝑖,𝛿
𝑡 − Δ) − 𝑉𝑖(𝑞

𝑖,𝛿
𝑡 )
]
𝑓𝑖
𝑎(𝛿

𝑎,𝑖

𝑞𝑖,𝛿𝑡
, (𝛿𝑎,𝑗)𝑗≠𝑖)𝕀(𝑞𝑖,𝛿𝑡 > −𝐻𝑖)𝑑𝑡

|||||
≤ 2𝑀 ⋅ 𝔼

[
∫

𝑇

0
𝑒−𝑟𝑡Λ(𝛿𝑎,𝑖

𝑞𝑖,𝛿𝑡
)𝑑𝑡

]
≤ 2𝑀 ⋅ 𝔼

[
∫

𝑇

0
𝑒−𝑟𝑡Λ(−𝛿∞)𝑑𝑡

]

≤ 2𝑀Λ(−𝛿∞)∫
∞

0
𝑒−𝑟𝑡𝑑𝑡 < ∞ (32)

Similarly we also have

|||||𝔼∫
𝑇

0
𝑒−𝑟𝑡
[
𝑉𝑖(𝑞

𝑖,𝛿
𝑡 + Δ) − 𝑉𝑖(𝑞

𝑖,𝛿
𝑡 )
]
𝑓𝑖
𝑏
(𝛿𝑏,𝑖

𝑞𝑖,𝛿𝑡
, (𝛿𝑏,𝑗)𝑗≠𝑖)𝕀(𝑞𝑖,𝛿𝑡 < 𝐻𝑖)𝑑𝑡

||||| < ∞ (33)

Therefore we can take expectation on both sides of (31), and obtain

𝔼
[
𝑒−𝑟𝑇𝑉𝑖(𝑞

𝑖,𝛿
𝑇 )
]
= 𝑉𝑖(𝑞𝑖) − 𝔼

[
∫

𝑇

0
𝑟𝑒−𝑟𝑡𝑉𝑖(𝑞

𝑖,𝛿
𝑡 )𝑑𝑡

]

+ 𝔼∫
𝑇

0
𝑒−𝑟𝑡
[
𝑉𝑖(𝑞

𝑖,𝛿
𝑡 − Δ) − 𝑉𝑖(𝑞

𝑖,𝛿
𝑡 )
]
𝑓𝑖
𝑎(𝛿

𝑎,𝑖

𝑞𝑖,𝛿𝑡
, (𝛿𝑎,𝑗)𝑗≠𝑖)𝕀(𝑞𝑖,𝛿𝑡 > −𝐻𝑖)𝑑𝑡

+ 𝔼∫
𝑇

0
𝑒−𝑟𝑡
[
𝑉𝑖(𝑞

𝑖,𝛿
𝑡 + Δ) − 𝑉𝑖(𝑞

𝑖,𝛿
𝑡 )
]
𝑓𝑖
𝑏
(𝛿𝑏,𝑖

𝑞𝑖,𝛿𝑡
, (𝛿𝑏,𝑗)𝑗≠𝑖)𝕀(𝑞𝑖,𝛿𝑡 < 𝐻𝑖)𝑑𝑡

(34)
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482 CONT and XIONG

Since𝑉𝑖(𝑞𝑖) satisfies HJB equation (28) for any 𝑞𝑖 ∈ {−𝐻𝑖, … ,𝐻𝑖}with (𝜹𝑖)∗, (𝜹−𝑖)∗ being the Nash
equilibrium quoting strategy, we can then replace (𝜹𝑖)∗ by 𝜹𝑖 and obtain inequality

𝑟𝑉𝑖(𝑞
𝑖,𝛿
𝑡 ) + 𝜓𝑖(𝑞

𝑖,𝛿
𝑡 ) − 𝕀(𝑞𝑖,𝛿𝑡 > −𝐻𝑖)𝜆

𝑎Δ

[
𝑓𝑖
𝑎(𝛿

𝑎,𝑖

𝑞𝑖,𝛿𝑡
, (𝛿𝑎,𝑗)∗𝑗≠𝑖)

(
𝛿𝑎,𝑖
𝑞𝑖,𝛿𝑡

−
𝑉𝑖(𝑞

𝑖,𝛿
𝑡 ) − 𝑉𝑖(𝑞

𝑖,𝛿
𝑡 − Δ)

Δ

)]

− 𝕀(𝑞𝑖,𝛿𝑡 < 𝐻𝑖)𝜆
𝑏Δ

[
𝑓𝑖
𝑏
(𝛿𝑏,𝑖

𝑞𝑖,𝛿𝑡
, (𝛿𝑏,𝑗)∗𝑗≠𝑖)

(
𝛿𝑏,𝑖
𝑞𝑖,𝛿𝑡

−
𝑉𝑖(𝑞

𝑖,𝛿
𝑡 ) − 𝑉𝑖(𝑞

𝑖,𝛿
𝑡 + Δ)

Δ

)]
≥ 0 (35)

Combining (34) and (35), we obtain

𝔼
[
𝑒−𝑟𝑇𝑉𝑖(𝑞

𝑖,𝛿
𝑇 )
] ≤ 𝑉𝑖(𝑞𝑖)

− 𝔼

[
∫

𝑇

0
𝑒−𝑟𝑡
(
𝕀(𝑞𝑖,𝛿𝑡 > −𝐻𝑖)𝜆

𝑎Δ𝑓𝑖
𝑎(𝛿

𝑎,𝑖

𝑞𝑖,𝛿𝑡
, (𝛿𝑎,𝑗)∗𝑗≠𝑖) + 𝕀(𝑞𝑖,𝛿𝑡 < 𝐻𝑖)𝜆

𝑏Δ𝑓𝑖
𝑏
(𝛿𝑏,𝑖

𝑞𝑖,𝛿𝑡
, (𝛿𝑏,𝑗)∗𝑗≠𝑖)

)
𝑑𝑡

]

+ 𝔼

[
∫

𝑇

0
𝑒−𝑟𝑡𝜓𝑖(𝑞

𝑖,𝛿
𝑡 )

]
(36)

From (32) and (33) and dominated convergence theorem, we can let 𝑇 → ∞ in both sides of (36).

Since 𝑉𝑖 is uniformly bounded, we have 𝔼[𝑒−𝑟𝑇𝑉𝑖(𝑞
𝑖,𝛿
𝑇 )]

𝑇→∞
PPPPP→ 0. We then obtain

𝑉𝑖(𝑞𝑖) ≥
𝔼

[
∫

∞

0
𝑒−𝑟𝑡
(
𝕀(𝑞𝑖,𝛿𝑡 > −𝐻𝑖)𝜆

𝑎Δ𝑓𝑖
𝑎(𝛿

𝑎,𝑖

𝑞𝑖,𝛿𝑡
, (𝛿𝑎,𝑗)∗𝑗≠𝑖) + 𝕀(𝑞𝑖,𝛿𝑡 < 𝐻𝑖)𝜆

𝑏Δ𝑓𝑖
𝑏
(𝛿𝑏,𝑖

𝑞𝑖,𝛿𝑡
, (𝛿𝑏,𝑗)∗𝑗≠𝑖)

)
𝑑𝑡

]
− 𝔼

[
∫

∞

0
𝑒−𝑟𝑡𝜓𝑖(𝑞

𝑖,𝛿
𝑡 )

]
(37)

The right hand side of (37) is exactly 𝐽𝑖(𝜹𝑖, (𝜹−𝑖)∗, 𝑞𝑖). Hence we have

𝑉𝑖(𝑞𝑖) ≥ 𝐽𝑖(𝜹
𝑖, (𝜹−𝑖)∗, 𝑞𝑖) (38)

𝑉𝑖(𝑞𝑖) is the equilibrium value function in Definition 3.1.
Now if market maker 𝑖 takes quoting strategy (𝜹𝑖)∗, while other market makers keep strategies

(𝜹−𝑖)∗, equality in (35) is achieved with 𝜹𝑖 replaced by (𝜹𝑖)∗, as (𝜹𝑖)∗ is the maximum point in
equation (28). Subsequently in (36) and (37) equality will be achieved with 𝜹𝑖 replaced by (𝜹𝑖)∗.
Therefore

𝑉𝑖(𝑞𝑖) ≥ 𝐽𝑖((𝜹
𝑖)∗, (𝜹−𝑖)∗, 𝑞𝑖) (39)

Therefore {((𝜹𝑖)∗, (𝜹−𝑖)∗), 𝑖 ∈ {1, … ,𝑁}} is the Nash equilibrium quoting strategy in Defini-
tion 3.1. □
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CONT and XIONG 483

3.2 Existence of Nash equilibrium

With Proposition 3.4 and Proposition 3.5 the existence Nash equilibrium can be established by
seeking the solution to the system of equations 28. We state the following existence result of Nash
equilibrium. We briefly sketch the proof idea and complete the proof in Appendix A.

Theorem 3.6 (Existence of Nash equilibrium). Under Assumptions 2.1 and 2.3 a Nash equilib-
rium exists.

The proof of Theorem 3.6 is motivated by Luo and Zheng (2021). We extend the proof given
by Luo and Zheng (2021) to the circumstance of multiple market makers. The first main result
we prove is Proposition A.9 that shows the fixed point property of the argmax functions defined
in (A.4). Subsequently we show by Proposition A.11 the uniqueness and continuity of the fixed
point 𝜹𝒑 = 𝜹(𝒑) as function of any given value function vector 𝒑, using a global implicit function
theoremA.10. Finallywe prove the systemof non-linear equations (28) has a solution byBrouwer’s
fixed point theorem.

4 COLLUSION AND PARETO OPTIMA

Collusion refers to the case where market makers coordinate their actions as a cartel in order
to jointly maximize the sum of their objective functions, while sharing their inventory informa-
tion Tirole (1988). An explicit collusion strategy is thus equivalent to solving a “central planner”
problem whose objective is the sum of all market makers’ profits.
Under collusion, market makers make decisions based on both their own inventory and

inventories of other market makers in the cartel. Consequently the quoting strategy for mar-

ket maker 𝑖, depends on the entire set of inventories 𝒒 ∈
𝑁∏
𝑗=1

𝑗 of all market makers. Note that

this is an essential difference from competitive setting studied in Sections 2 and 3, where mar-
ket maker 𝑖’s quoting strategies are solely based on her own inventory level 𝑞𝑖 . Her quoting

strategies 𝛿𝑎,𝑖, 𝛿𝑏,𝑖 are represented as vectors, with coordinates indexed by 𝒒 ∈
𝑁∏
𝑗=1

𝑗 , instead of

𝑞𝑖 ∈ 𝑖 . Because of the difference in dimension of quoting strategies, we need to adapt the exe-
cution probability functions 𝑓𝑖

𝑎, 𝑓
𝑖
𝑏
to be compatible with expanded dimension, as we will see in

(47)–(48).

Denoting the product space by  =
𝑁∏
𝑗=1

𝑗 , ask and bid quotes have the form 𝛿𝑎,𝑖 =

(𝛿𝑎,𝑖(𝒒))𝒒∈, 𝛿𝑏,𝑖 = (𝛿𝑏,𝑖(𝒒))𝒒∈, where 𝛿𝑎,𝑖, 𝛿𝑏,𝑖 ∈ (𝐼𝛿)

𝑁∏
𝑗=1

(2
𝐻𝑗

Δ
+1)

. The quoting strategy of market

maker 𝑖 can thus be represented as 𝜹𝑖 = (𝛿𝑎,𝑖, 𝛿𝑏,𝑖) ∈ (𝐼𝛿)

𝑁∏
𝑗=1

2
𝐻𝑖
Δ
+1

× (𝐼𝛿)

𝑁∏
𝑗=1

2
𝐻𝑖
Δ
+1

. We denote  =

𝑁∏
𝑗=1

((𝐼𝛿)

𝑁∏
𝑗=1

2
𝐻𝑗

Δ
+1

× (𝐼𝛿)

𝑁∏
𝑗=1

2
𝐻𝑗

Δ
+1

) the space of (joint) two-sided quoting strategies for all market

makers.
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484 CONT and XIONG

Definition 4.1 (Collusion). A set of quoting strategies 𝜹𝑐 = ((𝜹1)𝑐, … , (𝜹𝑁)𝑐) ∈  repre-
sents collusion if it maximizes the sum of all market makers’ objective functions for any
𝒒 ∈ ℝ𝑁 :

𝑁∑
𝑖=1

𝐽𝑖((𝜹
𝑖)𝑐, (𝜹−𝑖)𝑐; 𝑞𝑖) ≥

𝑁∑
𝑖=1

𝐽𝑖(𝜹
𝑖, 𝜹−𝑖; 𝑞𝑖), ∀𝜹 ∈  (40)

For given joint quoting strategies 𝜹 ∈  we denote by  the sum of objective functions of 𝑁
market makers.

 (𝜹; 𝒒) =
𝑁∑
𝑖=1

𝐽𝑖(𝜹
𝑖, 𝜹−𝑖; 𝑞𝑖) (41)

The quantity

𝑊(𝒒) =  (𝜹𝑐; 𝒒) = sup
𝜹∈

 (𝜹; 𝒒) (42)

represents the cartel value function. As we see fromDefinition 4.1, computing the cartel’s strategy
and the corresponding value functions amounts to solving a stochastic optimal control problem
for a central agent with objective function 41 in policy space  .
Motivated by Cont et al. (2021), we show that collusion corresponds to a Pareto optimum:

Definition 4.2 (Pareto optimum). 𝜹𝑝 = ((𝜹1)𝑝, … , (𝜹𝑁)𝑝) ∈  is a Pareto-optimal policy if and

only if there does not exist 𝜹 ∈  , such that for all 𝒒 ∈
𝑁∏
𝑗=1

𝑗 ,

∀𝑖 ∈ {1, … ,𝑁}, 𝐽𝑖(𝜹
𝑖, 𝜹−𝑖; 𝑞𝑖) ≥ 𝐽𝑖((𝜹

𝑖)𝑝, (𝜹−𝑖)𝑝; 𝑞𝑖)

∃𝑗 ∈ {1, … ,𝑁}, 𝐽𝑗(𝜹
𝑗, 𝜹−𝑗; 𝑞𝑗) > 𝐽𝑗((𝜹

𝑗)𝑝, (𝜹−𝑗)𝑝; 𝑞𝑖) (43)

The following result links the concept of collusion with Pareto optima of the 𝑁 market-maker
system:

Proposition 4.3. Any collusion strategy 𝜹𝑐 = ((𝜹1)𝑐, … , (𝜹𝑁)𝑐) in the sense of Definition 4.1 is a
Pareto optimum as defined in Definition 4.2.

Proof. By Definition 4.1, for any joint quoting strategy 𝜹 ∈  ,

𝑊(𝒒) ≥  (𝜹; 𝒒) =
𝑁∑
𝑖=1

𝐽𝑖(𝜹
𝑖, 𝜹−𝑖; 𝑞𝑖) (44)

If there exists a quoting strategy 𝜹′ and 𝑘 ∈ {1, … ,𝑁} such that

𝐽𝑘((𝜹
𝑖)′, (𝜹−𝑖)′; 𝑞𝑖) > 𝐽𝑘((𝜹

𝑖)𝑐, (𝜹−𝑖)𝑐; 𝑞𝑖) (45)
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CONT and XIONG 485

meaning that for market maker 𝑘 there is a strictly better joint quoting strategy, we need to prove
that 𝜹′ cannot be an ‘overall better’ joint strategy for all market makers. Since

𝑁∑
𝑗=1

𝐽𝑗((𝜹
𝑖)′, (𝜹−𝑖)′; 𝑞𝑖) ≤ 𝑊(𝒒) =

𝑁∑
𝑗=1

𝐽𝑗((𝜹
𝑖)𝑐, (𝜹−𝑖)𝑐; 𝑞𝑖) (46)

There must exists another market maker 𝑗 ≠ 𝑘 such that her objective

𝐽𝑗((𝜹
𝑖)′, (𝜹−𝑖)′; 𝑞𝑖) < 𝐽𝑗((𝜹

𝑖)𝑐, (𝜹−𝑖)𝑐; 𝑞𝑖)

which can be verified by contradiction argument with (45-46). Therefore 𝜹′ is not a “globally bet-
ter” strategy than 𝜹𝑐 for all market makers. by Definition 4.2, the explicit collusion strategy 𝜹𝑐 is
a Pareto-optimal policy. □

Compared to (28) the dimension of joint quoting strategy is changed since under explicit col-
lusion each market makers’ ask and bid quotes are functions of 𝒒, instead of their own inventory
level. We assume that under explicit collusion, the execution probability for market maker 𝑖,

denoted by 𝑓𝑖
𝑎, 𝑓𝑖

𝑏
, are functions defined on ℝ ×

∏
𝑗≠𝑖

ℝ

𝑁∏
𝑗=1

(2
𝐻𝑗

Δ
+1)

. For 𝛿 ∈ ℝ, 𝛿−𝑖 ∈
∏
𝑗≠𝑖

ℝ

𝑁∏
𝑗=1

(2
𝐻𝑗

Δ
+1)

,

𝑓𝑖
𝑎(𝛿, 𝛿

−𝑖) ∶ ℝ ×
∏
𝑘≠𝑖

ℝ

𝑁∏
𝑗=1

(2
𝐻𝑗

Δ
+1)

→ ℝ+, 𝑓𝑖
𝑏
(𝛿, 𝛿−𝑖) ∶ ℝ ×

∏
𝑘≠𝑖

ℝ

𝑁∏
𝑗=1

(2
𝐻𝑗

Δ
+1)

→ ℝ+ (47)

𝑓𝑖
𝑎, 𝑓𝑖

𝑏
are interconnected through 𝑓𝑖

𝑎, 𝑓
𝑖
𝑏
in the following way. We take the example of ask

quotes. For given joint inventory 𝒒 and joint ask quoting strategies (𝛿𝑎,𝑖𝒒 , ((𝛿
𝑎,𝑗
𝒒̃ )𝒒̃∈)𝑗≠𝑖),

𝑓𝑖
𝑎(𝛿

𝑎,𝑖
𝒒 , ((𝛿

𝑎,𝑗
𝒒̃ )𝒒̃∈)𝑗≠𝑖) = 𝑓𝑖

𝑎(𝛿
𝑎,𝑖
𝒒 , (𝛿̄𝑎,𝑗)𝑗≠𝑖) (48)

where 𝛿̄𝑎,𝑗 ∈ ℝ
2
𝐻𝑗

Δ
+1 is a (2

𝐻𝑗

Δ
+ 1) dimensional vector indexed by 𝑗 . 𝛿̄𝑎,𝑗 is defined by tak-

ing the average of market maker 𝑗’s ask quotes at joint inventories where her inventory is 𝑞𝑗:
∀𝑞𝑗 ∈ 𝑗 , 𝛿̄

𝑎,𝑗
𝑞𝑗 =

1
𝑁∏

𝑘=1,𝑘≠𝑗
(2

𝐻𝑘
Δ

+1)

∑
𝒒̃∈,𝒒̃𝑗=𝑞𝑗

𝛿
𝑎,𝑗
𝒒̃ , where 𝛿

𝑎,𝑗
𝒒̃ is the coordinate of vector (𝛿𝑎,𝑗𝒒̃ )𝒒̃∈ at

joint inventory index 𝒒̃.
From dynamic programming principle, value function 𝑊(𝒒) satisfies HJB equation: ∀𝒒 ∈

𝑁∏
𝑗=1

𝑗,

𝑟𝑊(𝒒) +
𝑁∑
𝑖=1

𝜓𝑖(𝑞𝑖) − 𝜆𝑎Δ sup
𝜹∈

𝑁∑
𝑖=1

𝕀(𝑞𝑖 > −𝐻𝑖)

[
𝑓𝑖
𝑎

(
𝛿𝑎,𝑖
𝒒 , ((𝛿𝑎,𝑗

𝒒̃ )𝒒̃∈)𝑗≠𝑖
)(

𝛿𝑎,𝑖
𝒒 −

𝑊(𝒒) −𝑊(𝒒 − Δ𝒆𝑖)
Δ

)]

− 𝜆𝑏Δ sup
𝜹∈

𝑁∑
𝑖=1

𝕀(𝑞𝑖 < 𝐻𝑖)

[
𝑓𝑖
𝑏

(
𝛿𝑏,𝑖
𝒒 , ((𝛿𝑏,𝑗

𝒒̃ )𝒒̃∈)𝑗≠𝑖
)(

𝛿𝑏,𝑖
𝒒 −

𝑊(𝒒) −𝑊(𝒒 + Δ𝒆𝑖)
Δ

)]
= 0 (49)
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486 CONT and XIONG

We further justify our choice of 𝑓𝑖
𝑎, 𝑓

𝑖
𝑏
from (49). If if we still formulate the central planner’s

problem with partially observed information, that is, applying quoting strategies as functions of
single 𝑞𝑖 and keeping 𝑓𝑖

𝑎, 𝑓
𝑖
𝑏
in (49), (49) would be otherwise an over-determined system which

derives, respectively, on ask and bid sides
𝑁∏
𝑗=1

(2
𝐻𝑖

Δ
+ 1) single variate optimization problem, but

only
𝑁∑
𝑗=1

(2
𝐻𝑖

Δ
+ 1) variables on each side (𝛿𝑎,𝑖𝑞𝑗 and 𝛿𝑏,𝑖𝑞𝑗 ). Hence to formulate explicit collusion,

we define execution probability function 𝑓𝑖 that is close to 𝑓𝑖
𝑚,𝑚 ∈ {𝑎, 𝑏}, but compatible with

expanded dimension of quoting strategies.
The existence and uniqueness of solutions to (49) can be establishedwithmethods of stochastic

control on graphs in Guéant and Manziuk (2020). However, solving equations (49) numerically
involves optimization in high dimension space, which is fairly time consuming due to curse of
dimensionality, making the problem unrealistic to solve directly. Instead we approximate the
collusive spreads with a linear function of inventory levels and solve the optimization on param-
eters of a linear function. For simplicity we only consider homogeneous market makers, but the
approach can be naturally generalized to market makers with different parametrization. The
only difference is that with homogeneous market makers, we can apply shared approximation
functions for their quoting strategies.
Namely for 𝒒 ∈ , the approximated ask and bid quotes for homogeneous market makers

are

𝛿𝑎,𝑖𝒒 ≈ 𝜉𝑎0 +
𝑁∑
𝑘=1

𝜉𝑎
𝑘
⋅ 𝑞𝑘 𝛿𝑏,𝑖𝒒 ≈ 𝜉𝑏0 +

𝑁∑
𝑘=1

𝜉𝑏
𝑘
⋅ 𝑞𝑘 (50)

where {𝜉𝑎
𝑘
, 𝜉𝑏

𝑘
|𝑘 ∈ {0, 1, … ,𝑁}} are the parameters to optimize.

For given joint quoting strategies 𝜹 , denote𝑊𝛿(𝒒) the value function associated to strategies 𝜹 ,
then𝑊𝛿(𝒒) satisfies system of linear equations.

𝑟𝑊𝛿(𝒒) +
𝑁∑
𝑖=1

𝜓𝑖(𝑞𝑖) − 𝜆𝑎Δ
𝑁∑
𝑖=1

𝕀(𝑞𝑖 > −𝐻𝑖)

[
𝑓𝑖
𝑎

(
𝛿𝑎,𝑖
𝒒 , ((𝛿𝑎,𝑗

𝒒̃ )𝒒̃∈)𝑗≠𝑖
)(

𝛿𝑎,𝑖
𝒒 −

𝑊𝛿(𝒒) −𝑊𝛿(𝒒 − Δ𝒆𝑖)
Δ

)]

− 𝜆𝑏Δ
𝑁∑
𝑖=1

𝕀(𝑞𝑖 < 𝐻𝑖)

[
𝑓𝑖
𝑏

(
𝛿𝑏,𝑖
𝒒 , ((𝛿𝑎,𝑗

𝒒̃ )𝒒̃∈)𝑗≠𝑖
)(

𝛿𝑏,𝑖
𝒒 −

𝑊𝛿(𝒒) −𝑊𝛿(𝒒 + Δ𝒆𝑖)
Δ

)]
= 0 (51)

We solve (51) for (𝑊𝛿(𝒒))𝑞∈ given 𝜹 ∈  . For each 𝒒 we seek the parameters 𝜉𝑎,∗ =

(𝜉𝑎,∗
𝑘

)𝑘∈{1,…,𝑁}, 𝜉
𝑏,∗ = (𝜉𝑏,∗

𝑘
)𝑘∈{1,…,𝑁} that maximizes the value𝑊𝛿(𝒒). The collusive spread is then

approximated by

(𝛿𝑎,𝑖𝒒 )∗ ≈ 𝜉𝑎,∗0 +
𝑁∑
𝑘=1

𝜉𝑎,∗
𝑘

⋅ 𝑞𝑘, (𝛿
𝑏,𝑖
𝒒 )∗ ≈ 𝜉𝑏,∗0 +

𝑁∑
𝑘=1

𝜉𝑏,∗
𝑘

⋅ 𝑞𝑘

More specifically we apply a policy iteration scheme for numerically approximating the Pareto
optimum. The algorithm consists of iteratively executing policy evaluation and policy improve-
ment, where the linear approximation (50) is applied in policy improvement step. Within each
iteration, policy evaluation solves a linear system of equation for a given joint quoting strategies
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CONT and XIONG 487

A l g o r i t hm 0 Policy iteration of Pareto optimum for 𝑁 market makers

𝜹 ∈  based on linear Bellman equations (51).

𝑀𝛿 ⋅ 𝑊𝛿 = 𝐴𝛿 (52)

where 𝑀𝛿 is
𝑁∏
𝑗=1

(2
𝐻𝑗

Δ
+ 1) ×

𝑁∏
𝑗=1

(2
𝐻𝑗

Δ
+ 1) matrix, 𝑊𝛿,𝐴𝛿 ∈ ℝ

𝑁∏
𝑗=1

(2
𝐻𝑗

Δ
+1)

. The data 𝑀𝛿,𝐴𝛿 are

derived from (51). Subsequently policy improvement solves optimization problems from Bell-
man equations (49) given values 𝑊𝛿 calculated from policy evaluation, with unknowns being
{𝜉𝑎

𝑘
, 𝑘 ∈ {1, … ,𝑁}} and {𝜉𝑎

𝑘
, 𝑘 ∈ {1, … ,𝑁}} from (50). The details of policy evaluation method are

described in Algorithm 0.
As shown in Xiong and Cont (2021), when market makers adjust their strategies by learn-

ing from market transactions, spreads may converge to levels consistent with collusion, even in
absence of any coordination across market makers. We refer to this situation as tacit collusion
Tirole (1988). As in Calvano et al. (2020), our definition of tacit collusion is thus an operational
one, referring only to price outcomes.

5 COMPUTATION OF NASH EQUILIBRIUM VIA FICTITIOUS PLAY

Fictitious play is an iterative algorithm for computing Nash equilibrium. It is originally proposed
in Brown (1949) and Brown (1951) to compute the value of two-player zero-sum finite game, where
two players each play iteratively the pure best response against the empirical distribution of their
opponent’s historical actions. The convergence of fictitious play for two-player zero-sum finite
game is proved by Robinson (1951). Monderer and Shapley (1996) proves convergence of fictitious
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488 CONT and XIONG

F IGURE 1 Comparison between two -market-maker equilibrium ask and bid quotes and single-market-
maker’s quotes. The ask and bid quotes are centered at mid price. [Color figure can be viewed at
wileyonlinelibrary.com]

F IGURE 2 Left: evolution of value functions during fictitious play iterations; Right: equilibrium value
function obtained from fictitious play algorithm. [Color figure can be viewed at wileyonlinelibrary.com]

play for potential games. However, there are no theoretical guarantee of convergence for general
non-zero sum games, as is shown by a counterexample from Shapley (1962). Nevertheless, the
idea of fictitious play has been a standard tool of game theory for computing practically Nash
equilibrium, and has been extended to broader applications such as mean field game learning
problems (e.g., Cardaliaguet & Hadikhanloo, 2017; Perrin et al., 2020). In this section, we will be
focusing on practical aspects, by applying fictitious play to compute numericallyNash equilibrium
for multi-agent market making problem. Our numerical results in Figures 1–3 suggest fictitious
play leads to convergent quotes. We shall leave theoretical convergence analysis of fictitious play
for our specific problem for future research.
Recently fictitious play has been combined with deep learning methods to find (Markovian)

Nash equilibria in dynamic games (Han & Hu, 2020), with convergence analysis studied in Han
et al. (2022). Hu (2021) has analyzed the convergence of deep fictitious play algorithm for finding
open-loop Nash equilibria. Specifically deep fictitious play algorithm decouples 𝑁-player game
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CONT and XIONG 489

F IGURE 3 Comparison of equilibrium quotes with different number of market makers. The 0 value in
vertical axis represents mid price. [Color figure can be viewed at wileyonlinelibrary.com]

into𝑁 decision problems solved iteratively, in which each player solves the optimal strategy using
deep neural networks, given that competitors’ strategies remain fixed as in previous iteration.
Inspired by Han and Hu (2020), the fictitious play algorithm we propose for𝑁 competing mar-

ket makers problem is based on systems of equations (27) and (28). For each equation in (28), the
optimization problem at a given inventory level 𝑞 is a single-variate optimization problem. Hence
at each iteration of fictitious play one player needs to solve single-variate optimization problem
(57) for each of her inventory level, while the competitors’ strategies in intensity functions are
fixed as in previous iteration. This single-variate optimization allows to avoid curse of dimension-
ality due to number of players and inventory levels of each player, because otherwise a policy
evaluationmethod needs to optimize simultaneously the quotes of all market makers at all inven-
tory levels at every iteration, leading to high-dimensional optimization problems. Note that the
fictitious play algorithm is designed to solve numerically Nash equilibrium, instead of simulating
real competition among market makers. In practice market makers do not have information on
their competitors’ strategies, while in fictitious play each player optimizes for next step based on
competitors’ current strategies. We shall tackle the simulation through Deep Reinforcement
Learning in next section.
Note that in usual fictitious play algorithm, agents play best response against the mixed strat-

egy derived from their opponents’ historical actions (Brown, 1949; Brown, 1951). In our definition
best response is played solely based on competitors’ last stage actions. The algorithm based
on last stage information is sometimes referred to as “Iterated Best Response (IBR)” (Lanctot
et al., 2017) or “Best Response Dynamics” (Roughgarden, 2016), in which an arbitrary agent is
picked to update its best response to opponents’ last stage actions at each iteration. We shall
adhere to our setting with the name “fictitious play”. This will be explained in more details in
Remark 5.1.
Our fictitious play algorithm consists of iteratively executing two steps: best response calcu-

lation and policy evaluation. Policy evaluation computes the values 𝑉𝛿
𝑖 (𝑞𝑖) for joint quoting

strategies based on the linear optimality equations (27). Given joint quoting strategies (𝜹𝑖, 𝜹−𝑖),
we reformulate (27) as a system of linear equations with values 𝑉𝛿

𝑖 (𝑞𝑖) being unknown variables.
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490 CONT and XIONG

To simplify notations, we denote

𝑓𝑖
𝑎(𝛿

𝑎,𝑖
𝑞𝑖 ) = 𝑓𝑖

𝑎(𝛿
𝑎,𝑖
𝑞𝑖 , (𝛿

𝑎,𝑗)𝑗≠𝑖), 𝑓𝑖
𝑏
(𝛿𝑏,𝑖𝑞𝑖 ) = 𝑓𝑖

𝑏
(𝛿𝑏,𝑖𝑞𝑖 , (𝛿

𝑏,𝑗)𝑗≠𝑖)

The system of linear equations obtained is

⎧⎪⎪⎪⎨⎪⎪⎪⎩

(
𝑟 + 𝜆𝑏𝑓𝑖

𝑏
(𝛿𝑏,𝑖−𝐻𝑖

)
)
𝑉𝛿
𝑖 (−𝐻𝑖) − 𝜆𝑏𝑓𝑖

𝑏
(𝛿𝑏,𝑖−𝐻𝑖

)𝑉𝛿
𝑖 (−𝐻𝑖 + Δ) = 𝜆𝑏Δ𝛿𝑏,𝑖−𝐻𝑖

𝑓𝑖
𝑏
(𝛿𝑏,𝑖−𝐻𝑖

) − 𝜓𝑖(−𝐻𝑖)

−𝜆𝑎𝑓𝑖
𝑎(𝛿

𝑎,𝑖
𝑞𝑖 )𝑉

𝛿
𝑖 (𝑞𝑖 − Δ) +

(
𝑟 + 𝜆𝑏𝑓𝑖

𝑏
(𝛿𝑏,𝑖−𝐻𝑖

) + 𝜆𝑎𝑓𝑖
𝑎(𝛿

𝑎,𝑖
𝐻𝑖
)
)
𝑉𝛿
𝑖 (𝑞𝑖) − 𝜆𝑏𝑓𝑖

𝑏
(𝛿𝑏,𝑖𝑞𝑖 )𝑉

𝛿
𝑖 (𝑞𝑖 + Δ)

= 𝜆𝑎Δ𝛿𝑎,𝑖𝑞𝑖 𝑓
𝑖
𝑎(𝛿

𝑏,𝑖
𝑞𝑖 ) + 𝜆𝑏Δ𝛿𝑏,𝑖𝑞𝑖 𝑓

𝑖
𝑏
(𝛿𝑏,𝑖𝑞𝑖 ) − 𝜓𝑖(𝑞𝑖), if 𝑞𝑖 ∈ 𝑖 ⧵ {−𝐻𝑖,𝐻𝑖}

−𝜆𝑎𝑓𝑖
𝑎(𝛿

𝑎,𝑖
𝐻𝑖
)𝑉𝛿

𝑖 (𝐻𝑖 − Δ) +
(
𝑟 + 𝜆𝑎𝑓𝑖

𝑎(𝛿
𝑎,𝑖
𝐻𝑖
)
)
𝑉𝛿
𝑖 (𝐻𝑖) = 𝜆𝑎Δ𝛿𝑎,𝑖𝐻𝑖

𝑓𝑖
𝑎(𝛿

𝑏,𝑖
−𝐻𝑖

) − 𝜓𝑖(𝐻𝑖)

(53)

Let 𝑉⃗𝛿
𝑖 ∶= (𝑉𝛿

𝑖 (−𝐻𝑖), 𝑉
𝛿
𝑖 (−𝐻𝑖 + Δ), … , 𝑉𝛿

𝑖 (𝐻𝑖 − Δ), 𝑉𝛿
𝑖 (𝐻𝑖)), then (53) can be formulated into

following matrix representation.

𝑀𝑖 ⋅ 𝑉⃗𝑖 = 𝐴𝑖 (54)

where𝑀𝑖 ∈ ℝ
(2

𝐻𝑖
Δ
+1)×(2

𝐻𝑖
Δ
+1), 𝐴𝑖 ∈ ℝ

2
𝐻𝑖
Δ
+1.

𝑀𝑖 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑟 + 𝜆𝑏𝑓𝑖
𝑏(𝛿

𝑏,𝑖
−𝐻𝑖

) −𝜆𝑏𝑓𝑖
𝑏(𝛿

𝑏,𝑖
−𝐻𝑖

) 0 … 0 0 0

−𝜆𝑎𝑓𝑖
𝑎(𝛿

𝑎,𝑖
−𝐻𝑖+Δ

) 𝑟 + 𝜆𝑏𝑓𝑖
𝑏(𝛿

𝑏,𝑖
−𝐻𝑖+Δ

) + 𝜆𝑎𝑓𝑖
𝑎(𝛿

𝑎,𝑖
−𝐻𝑖+Δ

) −𝜆𝑏𝑓𝑖
𝑏(𝛿

𝑏,𝑖
−𝐻𝑖+Δ

) … 0 0 0

… … … … … … …

0 0 0 … −𝜆𝑎𝑓𝑖
𝑎(𝛿

𝑎,𝑖
𝐻𝑖−Δ

) 𝑟 + 𝜆𝑏𝑓𝑖
𝑏(𝛿

𝑏,𝑖
𝐻𝑖−Δ

) + 𝜆𝑎𝑓𝑖
𝑎(𝛿

𝑎,𝑖
𝐻𝑖−Δ

) −𝜆𝑏𝑓𝑖
𝑏(𝛿

𝑏,𝑖
𝐻𝑖−Δ

)

0 0 0 … 0 −𝜆𝑎𝑓𝑖
𝑎(𝛿

𝑎,𝑖
𝐻𝑖
) 𝑟 + 𝜆𝑎𝑓𝑖

𝑎(𝛿
𝑎,𝑖
𝐻𝑖
)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(55)

𝐴𝑖 =

⎡⎢⎢⎢⎢⎢⎢⎣

𝜆𝑏Δ𝛿𝑏,𝑖−𝐻𝑖
𝑓𝑖
𝑏
(𝛿𝑏,𝑖−𝐻𝑖

) − 𝜓𝑖(−𝐻𝑖)

𝜆𝑎Δ𝛿𝑎,𝑖−𝐻𝑖+Δ
𝑓𝑖
𝑎(𝛿

𝑏,𝑖
−𝐻𝑖+Δ

) + 𝜆𝑏Δ𝛿𝑏,𝑖−𝐻𝑖+Δ
𝑓𝑖
𝑏
(𝛿𝑏,𝑖−𝐻𝑖+Δ

) − 𝜓𝑖(−𝐻𝑖 + Δ)

…

𝜆𝑎Δ𝛿𝑎,𝑖𝐻𝑖−Δ
𝑓𝑖
𝑎(𝛿

𝑏,𝑖
𝐻𝑖−Δ

) + 𝜆𝑏Δ𝛿𝑏,𝑖𝐻𝑖−Δ
𝑓𝑖
𝑏
(𝛿𝑏,𝑖𝐻𝑖−Δ

) − 𝜓𝑖(𝐻𝑖 − Δ)

𝜆𝑎Δ𝛿𝑎,𝑖𝐻𝑖
𝑓𝑖
𝑎(𝛿

𝑏,𝑖
−𝐻𝑖

) − 𝜓𝑖(𝐻𝑖)

⎤⎥⎥⎥⎥⎥⎥⎦
(56)

Clearly the matrix𝑀𝑖 is diagonally dominant matrix, hence is invertible. For given strategies, we
can solve for value functions

𝑉𝛿
𝑖 = 𝑀−1

𝑖 ⋅ 𝐴𝑖

Subsequently in best response calculation each agent 𝑖 solves her best response to 𝜹−𝑖 using (57).
Han and Hu (2020) applies Deep BSDE method to solve this optimization problem. We directly
apply standard numerical optimization scheme since the objectives in (57) are single-variate hence
not complicated with Assumption 2.3.
The details of fictitious play is presented in Algorithm 1.
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CONT and XIONG 491

A l g o r i t hm 1 Fictitious play for computation of Nash equilibrium for 𝑁 market makers

Remark 5.1. We are following the definition of fictitious play from Han and Hu (2020), Hu
(2021) and Han et al. (2022), which is different from that originated from Brown (1949) and
Brown (1951), in that the 𝑁 agents update simultaneously their best responses against their com-
petitors’ pure strategies from last stage. One can alternatively choose computing best response
against average of opponents’ past strategies in the spirit of classical fictitious play Brown (1951).
But as Hu (2021) points out, convergence with last stage information generally implies conver-
gence with average of past strategies, and switching to the latter tends to better convergence
rate for certain circumstances, but with extra computational cost (Han & Hu, 2020). For our
setting since problem we study already exhibits convergence with last stage information within
reasonable number of iterations, we adhere to this setting of best response using last stage
information.

By Lemma A.1 there exists unique solutions 𝛿𝑎,𝑖,(𝑚+1)
𝑞𝑖 , 𝛿𝑏,𝑖,(𝑚+1)

𝑞𝑖 to optimization problems in
(57). Let 𝐾𝑖 =

∑
𝑗≠𝑖,𝑗∈{1,…,𝑁}

(2
𝐻𝑖

Δ
+ 1). 𝐾𝑖 is the total number of possible inventory levels of market

maker 𝑖’s competitors. We consider 𝑓𝑖
𝑎 and 𝑓𝑖

𝑏
of the form:

𝑓𝑖
𝑎(𝛿, (𝛿

𝑎,𝑗)𝑗≠𝑖) = 1

1 + exp(𝛿)

exp(
1

𝐾𝑖

∑
𝑗≠𝑖
∑

𝑞𝑗∈𝑗

𝛿
𝑎,𝑗
𝑞𝑗 )

1 + exp(𝛿 +
1

𝐾𝑖

∑
𝑗≠𝑖
∑

𝑞𝑗∈𝑗

𝛿
𝑎,𝑗
𝑞𝑗 )

𝑓𝑖
𝑏
(𝛿, (𝛿𝑏,𝑗)𝑗≠𝑖) = 1

1 + exp(𝛿)

exp(
1

𝐾𝑖

∑
𝑗≠𝑖
∑

𝑞𝑗∈𝑗

𝛿
𝑏,𝑗
𝑞𝑗 )

1 + exp(𝛿 +
1

𝐾𝑖

∑
𝑗≠𝑖
∑

𝑞𝑗∈𝑗

𝛿
𝑏,𝑗
𝑞𝑗 )

(58)
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492 CONT and XIONG

We can also verify that the execution probabilities (58) satisfy Assumptions 2.1 and 5 when there
are two market makers. We also assume each of two market makers has the same running cost
function 𝜓1(𝑞) = 𝜓2(𝑞) =

1

2
× 0.01𝑞2. Themarket makers have the same inventory risk limit𝑄1 =

𝑄2 = 5. Order size Δ = 1. Interest rate 𝑟 = 0.01 and order flow arrival intensities 𝜆𝑎 = 𝜆𝑏 = 2. For
simplicity we assume the units of all parameters are already scaled so that the unit of ask and
bid quotes is basis point (bps). We apply fictitious play to the game with two market makers, and
compare the ask/bid quotes with a benchmark model where there is only one monopolistic mar-
ket maker with the ask and bid intensity Λ(𝛿) =

1

(1+𝑒𝛿)2
where 𝛿 is the ask or bid quote of this

monopolistic market maker. Figure 1 compares the equilibrium quotes obtained from fictitious
play algorithm when there are two market makers, with the optimal centered quotes when there
is one monopolistic market maker. The results show lower Nash equilibrium quotes compared
to monopolistic market maker’s quotes, suggesting competition introduced through the execu-
tion probabilities (58) results in more competitive quotes than monopolistic market maker case.
Figure 1 also suggests skewing behavior by market makers caused by exposure to market risk of
their non-zero inventories.
We also plot in Figure 2 the evolution of value function at inventory level 0with 2marketmakers

to illustrate how fictitious play algorithm leads to a stable state in our experiment setting. The
equilibrium value function is also shown in Figure 2. The value function achieves its maximum at
0 inventory level, this is in linewith themarketmakers expecting higher gain by keeping inventory
near 0 since they pay less running cost for holding inventory and are exposed to less market risk
on their inventories.
To study the effects by number of market makers in competition, Figure 3 compares the equi-

librium quotes in scenarios of two and five market makers. Figure 3 suggests that more market
makers tend to have more competitive quotes than the case of two market makers. The equilib-
rium quotes are lower at same inventory level when number of market makers increases to 5.
However, the value of quotes do not show an explicit decreasing trend on half of inventory lev-
els when there are 10 market makers. We think that this could be explained by market makers’
compensating effect from excessively crossing the spreads at the other half of inventory levels
when when there are many market makers. For instance the 10 market makers tend to keep their
ask quotes high at negative inventories because they quote excessively negative values at posi-
tive inventories. It is worth noting that with 5 and 10 competing market makers when inventory
level is at boundaries 𝑄 and −𝑄, market makers even cross the spreads with negative ask and bid
quotes. This is due to the excessive running cost for holding larger inventory so that market mak-
ers would rather change their inventory state at the cost of losing profit from making the spread.
The phenomenon of crossing the spreads is even more remarkable when number of market
makers reaches 10, implying that when there are many market makers they are more risk averse
for holding non-zero inventory.

6 DECENTRALIZED LEARNING AND THE EMERGENCE OF TACIT
COLLUSION

The notions of Nash equilibrium and Pareto optimum described above refer to outcomes but do
not attempt to describe the process through which agents arrive at their quoting strategies. In
practice, market makers rely on algorithms which update their quotes based on observed market
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CONT and XIONG 493

data, and an interesting question is to understand whether the agents’ strategies converges to any
stationary configuration under this learning process and how such a limit may be characterized.
Market makers update their quotes dynamically and receive feedback in the form of profit from

market transactions, based onwhich they adjust their quote. The automation of thesemarketmak-
ing algorithms naturally points to the use of Reinforcement Learning (RL) algorithms to model
the resulting dynamics.
Also, in dealermarkets themarketmakers are not allowed to communicate andmake decisions

based on partial information related to their own inventory, quotes and profits. These features
require RL algorithm to adapt to continuous state or action spaces. Hence we focus on decen-
tralized multi-agent policy gradient algorithms, which account for a type of deep reinforcement
learning algorithm that allow for continuous state and action spaces.
For each market maker we introduce two types of neural networks: the critic and actor net-

works. Critic network is used to approximate the state-action value function 𝑉𝛿
𝑖 (𝑞𝑖) while actor

network approximates optimal quoting strategies. The algorithm we apply is called decentral-
ized Multi-Agent Deep Deterministic Policy Gradient (Decentralized MADDPG), inspired by
Lowe et al. (2017) and Foerster et al. (2018). Lowe et al. (2017) and Foerster et al. (2018) pro-
posed multi-agent actor-critic algorithm with decentralized actors and centralized critics, in
which the actors are functions of each agent’s local observation, and critics are functions of
all agents’ joint states and actions. In their algorithms critics are trained in centralized way,
which implies certain communication during training steps needs to be allowed. We adapt the
MADDPGalgorithm to ourmarketmakingmodel by constraining the critics to be decentralized as
well.
An important feature of our Decentralized MADDPG algorithm is pre-training of critic and

actor networks for initialization. Pre-training is important for the convergence of quoting strate-
gies and has been considered by Guéant and Manziuk (2019). Recall that in Section 2 the upper
bound Λ(𝛿) can be considered as the execution probability of a monopolistic market maker. We
pre-train the critic networks for each market maker to the value function of a single monopolistic
marketmaker with intensityΛ(𝛿), and pre-train the actor networks to the quoting strategies of the
same monopolistic market maker, which is shown by the red curve in Figure 1. This pre-training
step can be implemented by supervised learning on neural networks, since the value function
and quoting strategy in monopolistic case can be explicitly calculated. We think the motif for pre-
training is consistent with practical scenarios in that even though market makers do not have
information on themechanics that influence their market shares, eachmarket maker is supposed
to have a prior estimate on the general form of the execution probability when there is no other
competitor. In the meantime, the actor network is initialized by pre-training so that the ask and
bid quotes are within a reasonable value range. For simplicity we assume market makers know
Λ.

6.1 Reformulation to discrete-time problem

Equations (27) and (28) are local versions of the Dynamic Programming Principle. To adapt to RL
simulation, we first need to formulate the multi-agent market making problem into discrete-time
Bellman equations. In the following derivations, we always assume the joint quoting strategies are

given and fixed 𝜹 ∈
𝑁∏
𝑗=1

(𝐼𝛿)
2
𝐻𝑗

Δ
+1. The corresponding state-action value functions are denoted by
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494 CONT and XIONG

𝑉𝛿
𝑖 (𝑞𝑖) where 𝑖 refers to the index of market maker, and 𝑞𝑖 is the inventory level of market maker

𝑖 at time 0. Let 𝔼𝑖[⋅] denote the conditional expectation 𝔼[⋅|𝑞𝑖0 = 𝑞𝑖]. From (9) we have

𝑉𝛿
𝑖 (𝑞𝑖) = 𝔼𝑖

[
∫

∞

0
𝑒−𝑟𝑡
(
𝛿𝑎,𝑖
𝑞𝑖𝑡
𝑁𝑎,𝑖(𝑑𝑡) + 𝛿𝑏,𝑖

𝑞𝑖𝑡
𝑁𝑏,𝑖(𝑑𝑡)

)
− ∫

∞

0
𝑒−𝑟𝑡𝜓𝑖(𝑞

𝑖
𝑡)𝑑𝑡

]
(59)

where 𝑁𝑎,𝑖(𝑑𝑡) and 𝑁𝑏,𝑖(𝑑𝑡) are order flow to market makers 𝑖 whose intensities are defined in
(2). Define two stopping times 𝜏𝑎 and 𝜏𝑏 denoting the arrival time of first ask and bid RFQ after
0, that is

𝜏𝑎 ∶= inf {𝑡 > 0,∫
𝜏𝑎

0
𝑁𝑎(𝑑𝑡) > 0}

𝜏𝑏 ∶= inf {𝑡 > 0,∫
𝜏𝑏

0
𝑁𝑏(𝑑𝑡) > 0} (60)

Let 𝜏 ∶= 𝜏𝑎 ∧ 𝜏𝑏 denote the first arrival time of an RFQ received by all market mak-
ers simultaneously. From assumption on independence of ask and bid RFQs, 𝜏𝑎 and 𝜏𝑏 are
independent random variables. We state a lemma on the probability distribution of 𝜏𝑎 and
𝜏𝑏.

Lemma 6.1. 𝜏𝑎, 𝜏𝑏 are independent variables of exponential distribution with parameters 𝜆𝑎 and
𝜆𝑏, respectively. Moreover,

𝔼

[
∫

𝜏𝑎∧𝜏𝑏

0
𝑒−𝑟𝑡𝑑𝑡

]
=

1
𝑟 + 𝜆𝑎 + 𝜆𝑏

, 𝔼[𝑒−𝑟𝜏𝑎 |𝜏𝑎 < 𝜏𝑏] = 𝔼[𝑒−𝑟𝜏𝑏 |𝜏𝑏 < 𝜏𝑎] =
𝜆𝑎 + 𝜆𝑏

𝑟 + 𝜆𝑎 + 𝜆𝑏
(61)

The proof of Lemma 6.1 follows easily from fundamental calculation with exponentially
distributed random variables.
By Dynamic Programming Principle, we obtain

𝑉𝛿
𝑖 (𝑞𝑖) = 𝔼𝑖

[
−∫

𝜏

0
𝑒−𝑟𝑡𝜓𝑖(𝑞𝑖)𝑑𝑡 + ∫

𝜏

0
𝑒−𝑟𝑡
(
𝛿𝑎,𝑖
𝑞𝑖𝑡
𝑁𝑎,𝑖(𝑑𝑡) + 𝛿𝑏,𝑖

𝑞𝑖𝑡
𝑁𝑏,𝑖(𝑑𝑡)

)
+ 𝑒−𝑟𝜏𝑉𝛿

𝑖 (𝑞
𝑖
𝜏)

]
(62)

We hereby introduce randomevents𝑅𝑖
𝑎, 𝑅

𝑖
𝑏
indicatingwhethermarketmaker 𝑖wins the ask/bid

RFQ.

𝑅𝑖
𝑎 ∶= {Market maker 𝑖 wins the ask RFQ}

𝑅𝑖
𝑏
∶= {Market maker 𝑖 wins the bid RFQ} (63)

Upon arrival of an RFQ, market maker 𝑖 only profits if she wins the trade, that is when 𝑅𝑖
𝑎 or

𝑅𝑖
𝑏
take place. Hence we discuss different possible values for 𝑞𝑖𝜏, with inventory risk limit taken

into consideration.
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CONT and XIONG 495

If −𝐻𝑖 < 𝑞𝑖 < 𝐻𝑖 ,

𝑞𝑖𝜏(𝜔) =

⎧⎪⎨⎪⎩
𝑞𝑖 − Δ, if 𝜔 ∈ 𝑅𝑖

𝑎

𝑞𝑖 + Δ, if 𝜔 ∈ 𝑅𝑖
𝑏

𝑞𝑖, if 𝜔 ∈ (𝑅𝑖
𝑎)

𝑐 ∩ (𝑅𝑖
𝑏
)𝑐

(64)

If 𝑞𝑖 = −𝐻𝑖 ,

𝑞𝑖𝜏(𝜔) =

{
−𝐻𝑖 + Δ, if 𝜔 ∈ 𝑅𝑖

𝑏

−𝐻𝑖, if 𝜔 ∈ (𝑅𝑖
𝑏
)𝑐

(65)

If 𝑞𝑖 = 𝐻𝑖 ,

𝑞𝑖𝜏(𝜔) =

{
𝐻𝑖 − Δ, if 𝜔 ∈ 𝑅𝑖

𝑎

𝐻𝑖, if 𝜔 ∈ (𝑅𝑖
𝑎)

𝑐
(66)

We have an important proposition relating 𝑉𝛿
𝑖 (𝑞𝑖) in terms of 𝜏𝑎, 𝜏𝑏, 𝑅𝑖

𝑎, 𝑅
𝑖
𝑏
. The proof of

Proposition 6.2 is stated in Appendix B.

Proposition 6.2. The state-action value function 𝑉𝛿
𝑖 (𝑞𝑖) satisfies

𝑉𝛿
𝑖 (𝑞𝑖) = −

𝜓𝑖(𝑞𝑖)

𝑟 + 𝜆𝑎 + 𝜆𝑏

+ℙ(𝜏𝑎 < 𝜏𝑏)𝔼𝑖

[
𝕀(𝑅𝑖

𝑎)
(
𝑒−𝑟𝜏𝑎𝛿𝑎,𝑖

𝑞𝑖 Δ + 𝑒−𝑟𝜏𝑎𝑉𝛿
𝑖 (𝑞𝑖 − Δ)

)
𝕀(−𝐻𝑖 < 𝑞𝑖 ≤ 𝐻𝑖) + 𝕀((𝑅𝑖

𝑎)
𝑐)𝑒−𝑟𝜏𝑎𝑉𝛿

𝑖 (𝑞𝑖)
||||𝜏𝑎 < 𝜏𝑏

]
+ℙ(𝜏𝑏 < 𝜏𝑎)𝔼𝑖

[
𝕀(𝑅𝑖

𝑏)
(
𝑒−𝑟𝜏𝑏 𝛿𝑎,𝑖

𝑞𝑖 Δ + 𝑒−𝑟𝜏𝑏𝑉𝛿
𝑖 (𝑞𝑖 + Δ)

)
𝕀(−𝐻𝑖 ≤ 𝑞𝑖 < 𝐻𝑖) + 𝕀((𝑅𝑖

𝑏)
𝑐)𝑒−𝑟𝜏𝑏𝑉𝛿

𝑖 (𝑞𝑖)
||||𝜏𝑏 < 𝜏𝑎

]
(67)

The Bellman equation (67) is expressed in terms of conditional probabilities. The arrival of RFQ
is incorporated into the simulation of market environment, hence it is exogenous to the market
makers. Themarketmakersmodeled as learning agents receive the RFQ and improve their strate-
gies through interactionwith simulatedmarket environment.Assuming that ask and bidRFQs are
independent, we haveℙ(𝜏𝑎 < 𝜏𝑏) =

𝜆𝑎

𝜆𝑎+𝜆𝑏
andℙ(𝜏𝑏 < 𝜏𝑎) =

𝜆𝑏

𝜆𝑎+𝜆𝑏
. We consider every iteration of

RL learning algorithm as an arrival of an RFQ with ask and bid requests at probabilities 𝜆𝑎

𝜆𝑎+𝜆𝑏

and 𝜆𝑏

𝜆𝑎+𝜆𝑏
. Upon each arrival of RFQ, the probability that market maker 𝑖 fulfills the transaction

is proportional to market share 𝑓𝑖
𝑎 or 𝑓𝑖

𝑏
depending on sides of the RFQ.

Recall that the state space of market maker 𝑖 consists of all of her possible inventory val-
ues 𝑖 = {−𝐻𝑖, −𝐻𝑖 + Δ,… ,𝐻𝑖 − Δ,𝐻𝑖}. We consider discretized time steps 𝑡 = 0, 1, …, as the
arrival of RFQs. Given inventory state 𝑞𝑖𝑡 ∈ 𝑖 at 𝑡, market maker 𝑖 sets up her ask and bid
quotes (𝛿𝑎,𝑖

𝑞𝑖𝑡
, 𝛿𝑏,𝑖

𝑞𝑖𝑡
) ∈ 𝐼𝛿 × 𝐼𝛿. The quoting strategies (𝛿

𝑎,𝑖

𝑞𝑖𝑡
, 𝛿𝑏,𝑖

𝑞𝑖𝑡
) are alternatively denoted as functions

𝛿𝑖𝑎 ∶ 𝑞 ∈ 𝑖 → ℝ, 𝛿𝑖
𝑏
∶ 𝑞 ∈ 𝑖 → ℝ. This function representation transmits quoting strategies to

neural network approximation, which will be introduced in Section 6.2.
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496 CONT and XIONG

The dealer market environment generates an ask or bid RFQ at each unit time step with proba-
bility 𝜆𝑎

𝜆𝑎+𝜆𝑏
and 𝜆𝑏

𝜆𝑎+𝜆𝑏
.5 The RFQ is sent to𝑁marketmakers simultaneously. At time step 𝑡market

maker 𝑖 will set up centered ask quote 𝛿𝑖𝑎 = 𝜋𝑖
𝑎(𝑞

𝑖
𝑡|𝜃𝜋𝑖 ) and centered bid quote 𝛿𝑖

𝑏
= 𝜋𝑖

𝑏
(𝑞𝑖𝑡|𝜃𝜋𝑖 ).

The market maker that executes the RFQ order is selected stochastically by market environ-
ment. Recall the random events 𝑅𝑖

𝑎, 𝑅
𝑖
𝑏
defined in (63). {𝑅𝑖

𝑎, 𝑖 ∈ {1, … ,𝑁}} form a collection of
pairwisemutually exclusive events. This is the same case for {𝑅𝑖

𝑏
, 𝑖 ∈ {1, … ,𝑁}}. We have following

conditional probability for events 𝑅𝑖
𝑎, 𝑅

𝑖
𝑏
.

ℙ(𝑅𝑖
𝑎|𝜏𝑎 < 𝜏𝑏) =

𝑓𝑖
𝑎(𝛿

𝑖
𝑎(𝑞

𝑖
𝑡), ⋅)

𝑁∑
𝑗=1

𝑓
𝑗
𝑎(𝛿

𝑗
𝑎(𝑞

𝑗
𝑡 ), ⋅)

(if RFQ is on ask side) (68)

ℙ(𝑅𝑖
𝑏
|𝜏𝑏 < 𝜏𝑎) =

𝑓𝑖
𝑏
(𝛿𝑖

𝑏
(𝑞𝑖𝑡), ⋅)

𝑁∑
𝑗=1

𝑓
𝑗
𝑏
(𝛿

𝑗
𝑏
(𝑞

𝑗
𝑡 ), ⋅)

(if RFQ is on bid side)𝑎 (69)

Again for simplicity in notations the dependence of 𝑓𝑖
𝑎, 𝑓

𝑖
𝑏
on competitors’ quoting strategies are

replaced by symbol “⋅” in (68). We apply this probability distribution based on Assumption 2.1

with
𝑁∑
𝑗=1

𝑓𝑖
𝑎 ≤ 1,

𝑁∑
𝑗=1

𝑓𝑖
𝑏
≤ 1. We do not consider the circumstance where no market maker wins

the RFQ, which has probability 1 −
𝑁∑
𝑗=1

𝑓𝑖
𝑎 for an ask RFQ and 1 −

𝑁∑
𝑗=1

𝑓𝑖
𝑏
for a bid RFQ. Hence we

normalize the execution probabilities in (68) so that they form probability distributions of random
choice. Note that we hereby make a simplification that if market maker 𝑖 wins the trade and her
inventory is at the risk limit ±𝐻𝑖 , then 𝑖 will not execute the trade that would drive her inventory
out of the risk limit. For instance when 𝑖 has inventory −𝐻𝑖 she will not quote for an ask RFQ.
In this case the market environment will switch to next time step that generates a new RFQ and
select a new market maker stochastically for execution. This simplification is also reflected from
conditional probabilities in equation (67).
Based on equation (67), we now define reward functions in market environment. All market

makers will have to pay the expected running cost

𝔼𝑖

[
−∫

𝜏𝑎∧𝜏𝑏

0
𝑒−𝑟𝑡𝑑𝑡

]
𝜓𝑖(𝑞𝑖) = −

𝜓𝑖(𝑞𝑖)

𝑟 + 𝜆𝑎 + 𝜆𝑏

where 𝑞𝑖 is inventory for market maker indexed by 𝑖 ∈ {1, … ,𝑁}.
It is clear that at time 𝑡 only the market maker who wins the RFQ receives the revenue from

making the spread. Hence market maker 𝑖’s reward function consists of inventory cost she has
paid plus the time-discounted revenue from making the spread had she won the corresponding
RFQ. Considering the risk limit and our simplification, we write formally our reward function
𝑟𝑖(𝑞𝑖, (𝛿

𝑖
𝑎, 𝛿

𝑖
𝑏
)) for market maker 𝑖.

𝑟𝑖(𝑞𝑖, (𝛿
𝑖
𝑎, 𝛿

𝑖
𝑏)) = −

𝜓𝑖(𝑞𝑖)

𝑟 + 𝜆𝑎 + 𝜆𝑏
+

(𝜆𝑎 + 𝜆𝑏)Δ

𝑟 + 𝜆𝑎 + 𝜆𝑏

(
𝕀(𝑅𝑖

𝑎)𝕀(−𝐻𝑖 < 𝑞𝑖 ≤ 𝐻𝑖) ⋅ 𝛿
𝑖
𝑎 + 𝕀(𝑅𝑖

𝑏)𝕀(−𝐻𝑖 ≤ 𝑞𝑖 < 𝐻𝑖) ⋅ 𝛿
𝑖
𝑏

)
(70)

As far as time steps are concerned in RL simulation, we shall include 𝑡 as subscript in state 𝑞
and action 𝛿, so that at time step 𝑡 = 0, 1, …, market maker 𝑖 disposes inventory level 𝑞𝑖𝑡 and set
action 𝛿𝑖𝑡. This notation should not cause ambiguity between subscripts used for inventory and
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CONT and XIONG 497

quotes in Section 2 to 3. Between time step 𝑡 and 𝑡 + 1 only the inventory of the market maker
winning the trade will possibly change depending on whether she reaches inventory risk limit.
The transition of market maker 𝑖’s inventory 𝑞𝑖𝑡 to 𝑞

𝑖
𝑡+1 can be summarized depending on side of

RFQ.

𝑞𝑖𝑡+1 =

{
𝑞𝑖𝑡 − Δ𝕀(𝑅𝑖

𝑎)𝕀(𝑞
𝑖
𝑡 > −𝐻𝑖) for RFQ from ask side

𝑞𝑖𝑡 + Δ𝕀(𝑅𝑖
𝑏
)𝕀(𝑞𝑖𝑡 < 𝐻𝑖) for RFQ from bid side

(71)

(68)-(71) define a Partially ObservedMarkov Decision Process (POMDP). Define the discount fac-
tor 𝛾 =

𝜆𝑎+𝜆𝑏

𝑟+𝜆𝑎+𝜆𝑏
, with strongMarkov property we have the following proposition that the objective

function of market maker 𝑖 can be written as a discrete-time format.

Proposition 6.3. The state-action value function 𝑉𝛿
𝑖 (𝑞𝑖) in (59) can be written in the following

format:

𝑉𝛿
𝑖 (𝑞𝑖) = 𝔼𝑖

[
∞∑
𝑡=0

𝛾𝑡𝑟𝑖
(
𝑞𝑖𝑡, (𝛿

𝑖
𝑎(𝑞

𝑖
𝑡), 𝛿

𝑖
𝑏
(𝑞𝑖𝑡))
)|||𝑞𝑖0 = 𝑞𝑖

]
(72)

where 𝛾 =
𝜆𝑎+𝜆𝑏

𝑟+𝜆𝑎+𝜆𝑏
and reward functions 𝑟𝑖(𝑞𝑖, (𝛿𝑖𝑎, 𝛿𝑖𝑏)) are defined in (70).

The objective of market maker 𝑖 is to find optimal quoting strategy 𝛿𝑖,∗𝑎 , 𝛿𝑖,∗
𝑏
, which maximizes

the expected future rewards discounted by a factor 𝛾 =
𝜆𝑎+𝜆𝑏

𝑟+𝜆𝑎+𝜆𝑏
.

𝑉𝑖(𝑞𝑖) = max
𝛿𝑖𝑎,𝛿

𝑖
𝑏

𝔼𝑖

[
∞∑
𝑡=0

𝛾𝑡𝑟𝑖
(
𝑞𝑖𝑡, (𝛿

𝑖
𝑎(𝑞

𝑖
𝑡), 𝛿

𝑖
𝑏
(𝑞𝑖𝑡))
)|||𝑞𝑖0 = 𝑞𝑖

]
(73)

6.2 The multi-agent DDPG algorithm for market makers

Nowwe elaborate on more details of our DecentralizedMulti-agent DDPG algorithm. OurMAD-
DPG algorithm is a type of actor-critic learning algorithm. The strategies of market maker 𝑖,
𝛿𝑖𝑎 ∶ 𝑞 ∈ 𝑖 → ℝ and 𝛿𝑖

𝑏
∶ 𝑞 ∈ 𝑖 → ℝ, are approximated by neural networks𝜋𝑖

𝑎(𝑞|𝜃𝜋𝑖 ), 𝜋𝑖
𝑏
(𝑞|𝜃𝜋𝑖 ).

These are called actor networks. Similarly the state-action value functions𝑉𝛿
𝑖 (𝑞) of market maker

𝑖 are approximated by neural networks 𝑄𝑖(𝑞, (𝛿
𝑎, 𝛿𝑏)|𝜃𝑄𝑖 ) where 𝑞 is inventory level, (𝛿𝑎, 𝛿𝑏)

are the ask and bid quotes and 𝜃𝑄𝑖 is the collection of network parameters. Neural networks
𝑄𝑖(𝑞, (𝛿

𝑎, 𝛿𝑏)|𝜃𝑄𝑖 ) are named critic networks, which evaluate a given tuple of state-action com-
bination (𝑞, (𝛿𝑎, 𝛿𝑏)). The network parameters 𝜃𝑄𝑖 and 𝜃𝜋𝑖 are learned via interactions with the
market environment, which sends RFQs to market makers, executes transaction according to
market makers’ execution probabilities and feedback rewards to each market makers. For critic
networks𝑄𝑖 Temporal Difference (TD) learning is applied for updating critic parameters 𝜃

𝑄
𝑖 , while

for actor networks 𝜋𝑖
𝑎, 𝜋

𝑖
𝑏
their parameters 𝜃𝜋𝑖 are updated by Stochastic Gradient Descent (SGD)

step to minimize a given loss function. For simplicity in notations we omit parameters 𝜃𝑄𝑖 and 𝜃
𝜋
𝑖

in neural networks 𝑄𝑖 and (𝜋𝑖
𝑎, 𝜋

𝑖
𝑏
) when there is no ambiguity. Since quotes or actions (𝛿𝑖𝑎, 𝛿𝑖𝑏)

come from both ask and bid sides, to simplify notations we sometimes denote the action ofmarket
maker 𝑖 by 𝛿𝑖 = (𝛿𝑖𝑎, 𝛿

𝑖
𝑏
).
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498 CONT and XIONG

In addition to primal critic networks 𝑄𝑖 and actor networks 𝛿𝑖𝑎, 𝛿𝑖𝑏, target critic and actor net-
works are introduced coupling the critics and actors in implementation. The target networks are
denoted by 𝑄̃𝑖(𝑞, (𝛿

𝑎, 𝛿𝑏)|𝜃̃𝑄𝑖 ) and 𝜋̃𝑖
𝑎(𝑞|𝜃̃𝜋𝑖 ), 𝜋̃𝑖

𝑏
(𝑞|𝜃̃𝜋𝑖 ). The introduction of target network is a com-

mon practice in implementation of deep reinforcement learning. It is intended for a more stable
parameter update. While primal network parameters 𝜃𝑄𝑖 and 𝜃𝜋𝑖 are updated at every training
iteration, the target network parameters 𝜃̃𝑄𝑖 and 𝜃̃

𝜋
𝑖 are updated slowly to make the training more

stationary:

𝜃̃𝑄𝑖 ← 𝜇𝜃𝑄𝑖 + (1 − 𝜇)𝜃̃𝑄𝑖

𝜃̃𝜋𝑖 ← 𝜇𝜃𝜋𝑖 + (1 − 𝜇)𝜃̃𝜋𝑖 (74)

where 𝜇 represents the speed of updating target network parameters. A value 𝜇 close to 0
means very slow transition of parameters obtained from training steps into target network
parameters.
At each time step 𝑡, denote 𝑚𝑡 the side of RFQ, which takes values from {𝑎, 𝑏} with 𝑎 for ask

RFQ and 𝑏 for bid RFQ. Denote by 𝐼𝑖𝑡 ∈ {0, 1} the indicator function whether market maker 𝑖 wins
the RFQ. 𝐼𝑖𝑡 = 1 suggests thatmarketmaker 𝑖wins the RFQ at time step 𝑡. The interaction between
market maker 𝑖 andmarket environment generates a tuple of data (𝑞𝑖𝑡, 𝛿

𝑖
𝑡, 𝑞

𝑖
𝑡+1, 𝑟𝑖(𝑞

𝑖
𝑡, 𝛿

𝑖
𝑡), 𝐼

𝑖
𝑡, 𝑚𝑡). In

this data tuple 𝑞𝑖𝑡 is market maker 𝑖’s inventory level at 𝑡, 𝛿
𝑖
𝑡 refers to market maker 𝑖’s centered ask

and bid quotes given inventory 𝑞𝑖𝑡, 𝑞
𝑖
𝑡+1 is the inventory level after taking action 𝛿𝑖𝑡, and 𝑟𝑖(𝑞

𝑖
𝑡, 𝛿

𝑖
𝑡)

is the reward from environment to market maker 𝑖 for state-action combination (𝑞𝑖𝑡, 𝛿
𝑖
𝑡). This data

tuple is stored into an experience replay buffer of corresponding agent. Experience replay is a
technique initially proposed inMnih et al. (2013), widely practiced in reinforcement learning algo-
rithms. The experience replay buffer is used to reduce the correlation between sample data points
in online reinforcement learning which could lead to non stationary distribution of learned pol-
icy. In fact for parameter tuning, mini-batch data points are sampled from this experience replay
buffer, hence unbinding sequential correlation of data samples from interactions with environ-
ment. In our experiment, we assign the replay buffer to have a fixed length with first-in-first-out
queue structure.
For parameter update, each iteration consists of a Temporal Difference (TD) learning phase and

a policy improvement phase. In TD learning phase parameters of critic networks 𝜃𝑄𝑖 are updated
for every 𝑖 ∈ {1, … ,𝑁}, after which policy improvement updates actor network parameters 𝜃𝜋𝑖 . We
first implement a mini-batched stochastic gradient descent on following loss function for param-
eters 𝜃𝑄𝑖 . This loss function is based on dynamic programming equations (B.1)-(B.3) with data
sampled from experience replay.

𝑄
𝑖 (𝜃

𝑄
𝑖 ) = 𝔼

𝑞𝑖,𝛿𝑖 ,𝑞
′
𝑖 ,𝐼𝑖

[(
𝑟𝑖(𝑞𝑖, 𝛿

𝑖) + 𝛾

(
𝐼𝑖𝑄̃𝑖(𝑞

′
𝑖 , (𝜋̃

𝑖
𝑎(𝑞

′
𝑖 ), 𝜋̃

𝑖
𝑏
(𝑞′𝑖 ))
||||𝜃̃𝑄𝑖 )

+(1 − 𝐼𝑖)𝑄̃𝑖(𝑞𝑖, (𝜋̃
𝑖
𝑎(𝑞𝑖), 𝜋̃

𝑖
𝑏
(𝑞𝑖))
||||𝜃̃𝑄𝑖
))

−𝑄𝑖(𝑞𝑖, (𝜋̃
𝑖
𝑎(𝑞𝑖), 𝜋̃

𝑖
𝑏
(𝑞𝑖))|𝜃𝑄𝑖 ))2] (75)

where the pairs (𝑞𝑖, 𝛿𝑖, 𝑞′𝑖 , 𝐼𝑖) are sampled from the experience replay buffer that stores market
maker’s historical states, actions and transitions during training steps. Reward 𝑟𝑖(𝑞𝑖, 𝛿

𝑖) is
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CONT and XIONG 499

calculated depending on ask or bid RFQ, based on (70). The actions 𝜋̃𝑖
𝑎(𝑞

′
𝑖 ), 𝜋̃

𝑖
𝑏
(𝑞′𝑖 ) are given by

the target actor network of agent 𝑖. Then stochastic gradient descent can be applied on (75) to
calibrate parameter 𝜃𝑄𝑖 . Note that parameters 𝜃̃

𝑄
𝑖 of target critic networks 𝑄̃𝑖 are updated at this

stage. The method applied in calibrating 𝜃𝑄𝑖 is called Temporal Difference (TD) learning. More
specifically we apply a mini-batched stochastic gradient descent. Let 𝐾 be the size of mini-batch.
We sample 𝐾 data points from experience replay buffer, denoted by {(𝑞(𝑘)𝑖 , (𝛿𝑖)(𝑘), 𝑞

′(𝑘)
𝑖 , 𝐼(𝑘)𝑖 ), 𝑘 ∈

{1, … , 𝐾}} a stochastic gradient descent is implemented with given learning rate
𝛼𝑄.

𝜃𝑄𝑖 ← 𝜃𝑄𝑖 + 𝛼𝑄
1
𝐾

𝐾∑
𝑘=1

(
𝛽𝑘 − 𝑄𝑖

(
𝑞(𝑘)𝑖 , (𝜋̃𝑖

𝑎(𝑞
(𝑘)
𝑖 ), 𝜋̃𝑖

𝑏
(𝑞(𝑘)𝑖 ))

))
∇

𝜃𝑄𝑖
𝑄𝑖

(
𝑞(𝑘)𝑖 , (𝜋̃𝑖

𝑎(𝑞
(𝑘)
𝑖 ), 𝜋̃𝑖

𝑏
(𝑞(𝑘)𝑖 ))|𝜃𝑄𝑖 )(76)

where

𝛽𝑘 = 𝑟𝑖(𝑞
(𝑘)
𝑖 , (𝛿𝑖)(𝑘)) + 𝛾

(
𝐼(𝑘)𝑖 𝑄̃𝑖

(
𝑞
′(𝑘)
𝑖 ,
(
𝜋̃𝑖
𝑎(𝑞

′(𝑘)
𝑖 ), 𝜋̃𝑖

𝑏
(𝑞

′(𝑘)
𝑖 )
)||||𝜃̃𝑄𝑖
)

+ (1 − 𝐼(𝑘)𝑖 )𝑄̃𝑖

(
𝑞(𝑘)𝑖 ,
(
𝜋̃𝑖
𝑎(𝑞

(𝑘)
𝑖 ), 𝜋̃𝑖

𝑏
(𝑞(𝑘)𝑖 )

)||||𝜃̃𝑄𝑖
))

(77)

When TD learning is conducted, the policy improvement step updates parameters 𝜃𝜋𝑖 to
improve each market maker’s quoting strategy. To calibrate the parameters of actor network 𝜃𝜋𝑖 ,
the loss function we use is the value of critic network.

𝑖(𝜃
𝜋
𝑖 ) = −𝔼

𝑞𝑖

[
𝑄𝑖

(
𝑞𝑖, (𝜋

𝑖
𝑎(𝑞𝑖|𝜃𝜋𝑖 ), 𝜋𝑖

𝑏
(𝑞𝑖|𝜃𝜋𝑖 ))|||𝜃𝑄𝑖 )] (78)

we apply the policy gradient for actor networks:

∇𝜃𝜋𝑖
𝑖(𝜃

𝜋
𝑖 ) = −𝔼

𝑞𝑖

[
∇𝛿𝑖𝑎

𝑄𝑖

(
𝑞𝑖, (𝜋

𝑖
𝑎(𝑞𝑖|𝜃𝜋𝑖 ), 𝜋𝑖

𝑏
(𝑞𝑖|𝜃𝜋𝑖 ))|||𝜃𝑄𝑖 )∇𝜃𝑖𝑎

𝜋𝑖
𝑎(𝑞𝑖|𝜃𝜋𝑖 )+

∇𝛿𝑖
𝑏
𝑄𝑖

(
𝑞𝑖, (𝜋

𝑖
𝑎(𝑞𝑖|𝜃𝜋𝑖 ), 𝛿𝑖𝑏(𝑞𝑖|𝜃𝜋𝑖 ))|||𝜃𝑄𝑖 )∇𝜃𝑖

𝑏
𝜋𝑖
𝑏
(𝑞𝑖|𝜃𝜋𝑖 )] (79)

where 𝑞𝑖 are sampled from the same mini-batch as in TD learning phase. Stochastic gradient
descent is then carried out on parameter 𝜃𝜋𝑖 with learning rate 𝛼𝛿.

𝜃𝜋𝑖 ← 𝜃𝜋𝑖 + 𝛼𝛿
1
𝐾

𝐾∑
𝑘=1

(
∇𝛿𝑖𝑎

𝑄𝑖

(
𝑞(𝑘)𝑖 , (𝜋𝑖

𝑎(𝑞
(𝑘)
𝑖 |𝜃𝜋𝑖 ), 𝜋𝑖

𝑏
(𝑞(𝑘)𝑖 |𝜃𝜋𝑖 ))|||𝜃𝑄𝑖 )∇𝜃𝑖𝑎

𝜋𝑖
𝑎(𝑞

(𝑘)
𝑖 |𝜃𝜋𝑖 )+

∇𝛿𝑖
𝑏
𝑄𝑖

(
𝑞(𝑘)𝑖 , (𝜋𝑖

𝑎(𝑞
(𝑘)
𝑖 |𝜃𝜋𝑖 ), 𝜋𝑖

𝑏
(𝑞(𝑘)𝑖 |𝜃𝜋𝑖 ))|||𝜃𝑄𝑖 )∇𝜃𝑖

𝑏
𝜋𝑖
𝑏
(𝑞(𝑘)𝑖 |𝜃𝜋𝑖 )) (80)

When designing the learning algorithm we also take into consideration the trade-off between
exploration and exploitation by introducing a exploration probability that decreases exponen-
tially as function of iteration steps in each episode. Exploration is an essential technique for
reinforcement learning to avoid being stuck on local minima. It allows RL agents to deviate
from the action given by learned policy according to certain exploration rules. In our context,
exploration means that the agents switch to a randomly new action contingently with an explo-
ration probability, instead of picking the action given by actor networks. Exploration allows
agents to “experience” more diversified situation to avoid being stuck on limited combinations
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500 CONT and XIONG

A l g o r i t hm 2 Decentralized Multi-agent Deep Deterministic Policy Gradient

of states and actions. More specifically we add a random Gaussian noise to actions generated by
actor networks when the agents are required to explore. At the beginning of each episode, each
agent has a probability of 𝑝0 = 5% to explore on actions. This exploration probability decreases
exponentially 𝑝𝑡 = 𝑝0 ⋅ 𝑒

−𝜂𝑡 where 𝜂 is a constant, 𝑡 is index of iteration step. In each episode
exploration is more often at the beginning with higher probability, and decreases as iteration
continues.
Equations (74)–(80) define the scheme of our decentralized Multi-agent Deep Deterministic

Policy Gradient (Decentralized MADDPG) algorithm. Both the critics 𝑄𝑖 and actors (𝜋𝑖
𝑎, 𝜋

𝑖
𝑏
) are

local functions of market maker 𝑖’s own inventory 𝑞𝑖 . This decentralized feature is an essential
difference from original DDPG algorithm in Lowe et al. (2017) and Foerster et al. (2018). The inter-
action between market makers are realized through market shares 𝑓𝑖

𝑎, 𝑓
𝑖
𝑏
which are implicitly

monitored by the market environment. As can be seen from formulation of the algorithm, train-
ing of critics and actors network only requires local information by each market maker. Hence
our algorithm can provide a simulation for a scenario where all market makers apply automated
learning algorithms for setting up ask and bid quotes. The simulation results will be useful for
regulators to evaluate the effects of automated learning algorithms in market making. We hereby
conclude the algorithm in Algorithm 2.
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CONT and XIONG 501

TABLE 1 RFQ and market makers’ parameters for simulation

RFQ arrival rate 𝝀𝒂 = 𝝀𝒃 Interest rate 𝒓 Order size 𝚫 Running cost 𝝍𝟏(𝒒) = 𝝍𝟐(𝒒) Risk limit 𝑸𝟏 = 𝑸𝟐

2 0.01 1 𝜓𝑖(𝑞) = −0.005𝑞2 5

6.3 Numerical experiments

For implementation we consider the same numerical settings as in Section 5. More specifically
there are two market makers, with execution rates defined in (58). Other parameters are present
in Table 1
We use fully connected neural networks for both critic 𝑄𝑖 and actor (𝛿𝑖𝑎, 𝛿𝑖𝑏). There are three

layers in each neural network with 10 hidden units in each layer. We choose Rectified Linear Unit
(ReLU) function as activation function for the hidden layers. The activation for the output layer
of actor network is a multiplier of tanh function. Specifically if 𝑙 is the value before activation
in output layer, then the final output of actor network is 5 ⋅ tanh(𝑙). For critic networks linear
activation is applied. We also introduce a layer normalization for each layer before passing layer
outputs to activation function. Layer normalization (Ba et al., 2016) is a technique to obtain more
stationary distribution when data is passed between layers. It normalizes outputs from all units
of a same hidden layer to avoid vanishing gradient or gradient explosion due to extreme outputs
while maintaining statistical properties of the values. We find layer normalization important to
obtain stationary quotes values given by actor networks. The detailed actor-critic structure of each
market maker is shown in Figure 4.
We use a standardized ADAM optimizer (Kingma & Ba, 2015) for both critic and actor net-

works, with learning rate 0.001, momentum decay rates (0.9, 0.99) and non-zero regularization
10−6. In Reinforcement Learning, an “episode” refers to a complete play of agent interacting with
the environment. Within one episode the agent improves her strategy from these interactions
through repeated iterations. An “episode” starts from a randomized initial state, and either ter-
minates after certain number of iterations or when the interaction reaches certain termination
condition. In our market making context, an “episode” refers to one round of repeated pricing
game where market makers compete by posting centered quotes at each iteration, starting from
a random initial inventory profile. Each iteration step updates the parameter of neural networks
via stochastic gradient descent using data from interactions with environment. Since in dealer
market the agents post centered quotes consecutively, there are no explicit termination condi-
tion to reach for each episode. Hence we set fixed number of iterations within one episode. The
training step takes 500 episodes6, where in each episode there are 500 iterations. In other words,
we set 𝐸 = 500, 𝑇 = 500 for Algorithm 2. The replay buffers have fixed length of 10,000, and the
mini-batch size is 32.
After the training step, we then let the market makers play a repeated pricing game using

trained quoting strategies, starting from all possible combinations of initial inventory levels. The
market makers quotes consecutively using the trained actor networks in the simulated market
environment. This process is similar to training step however without stochastic gradient descent
step. The difference between ask/bid quotes given by actor networks and equilibrium ask/bid
quotes will be used as a measure for detecting collusion. Excessively higher quotes indicates
higher fee charged to clients.
To summarize, we call one round of simulation which consists of following two steps:

∙ Training the critic and actor networks using Algorithm 2.
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502 CONT and XIONG

F IGURE 4 Actor-critic networks for market makers. Each hidden layer has 10 neuron units. [Color figure
can be viewed at wileyonlinelibrary.com]

∙ Applying trained quoting strategies in automated pricing game and compare ask/bid quotes
with equilibrium quotes.

We repeat 100 independent rounds of simulations to study average behavior of reinforcement
learning algorithms applied in dealer market making. Figure 5 shows the average cumula-
tive reward per episode with 95% confidence interval taken over 100 independent simulations.
Cumulative reward per episode refers to the sum of rewards from 500 iterations in each episode.
We can see the average cumulative reward per episode increases during the training step, with a

sharp increase during the first 10 iteration steps. This indicates that the both market makers learn
to set up more profitable ask/bid quotes as training continues. There are oscillations in rewards
suggesting some exploration during training. The effectiveness of Decentralized MADDPG is
hence demonstrated in that the learning algorithms have indeed learn patterns advantageous to
each market maker. We also find the average reward levels are similar between two competing
market makers. This is explained by their homogeneity with same parameter values in Table 1,
where neither market maker could gain more favorable position than her competitor.
Figure 6 shows the distribution of achieved inventory states by two market makers during the

training phase. The distribution of inventory shows that different inventory values are sufficiently
visited during training step. The fact that around 0 inventory is visited most frequently shows the
effect from running cost function𝜓𝑖(𝑞𝑖) that penalizes holding non-zero inventory. Hence Figure 6

 14679965, 2024, 2, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1111/m

afi.12401 by O
xford U

niversity, W
iley O

nline L
ibrary on [26/03/2024]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



CONT and XIONG 503

F IGURE 5 Cumulative reward per
episode of market makers during training,
averaged among 100 simulations with 95%

confidence interval. [Color figure can be viewed
at wileyonlinelibrary.com]

F IGURE 6 Distribution of inventory states for 2 market makers across 500 episodes. [Color figure can be
viewed at wileyonlinelibrary.com]

provides evidence that exploration takes effects in our learning algorithm while the statistical
property of inventory distribution is still kept.
To understand how distribution of inventory levels evolves during training we separately plot

frequency of inventory aggregated from first 250 episodes and that from last 250 episodes in
Figures 7 and 8. The bar plots show that as learning continues, both market makers have learnt
to keep their inventories more centered around neutral inventory, demonstrated by more concen-
trated area around 0 inventory in last 250 episodes compared to first 250 episodes. This indicates
that learning agents manage to avoid accumulating portfolios through interacting with mar-
ket directly, without knowing the competition mechanism. The learned quoting strategies by
decentralized MADDPG is able to take into consideration by itself the inventory constraints from
running cost.
The concentration around 0 inventory presented by the learning algorithms is in line with 0

drift assumption on the asset price dynamic (1). Ganesh et al. (2019) has found that with positive
(negative) drift added in price dynamic, market makers’ learning algorithm learns the increasing
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504 CONT and XIONG

F IGURE 7 Distribution of visited inventory states of two market makers with first 250 episodes. [Color
figure can be viewed at wileyonlinelibrary.com]

F IGURE 8 Distribution of visited inventory states of two market makers with last 250 episodes. [Color
figure can be viewed at wileyonlinelibrary.com]

(decreasing) price trend and maintains positive (negative) inventory to gain profit. It is possible
to extend our research with non-zero drift, in which we expect to observe a skewed inventory
distribution from 0 given by learning algorithms, or more complicated price dynamics. We leave
this topic for future research.
We now study the ask and bid quotes by actor networks after training. We obtain 100 indepen-

dent quoting strategies by each market makers after 100 simulations. Figure 9 shows the average
centered ask and bid quotes of the 100 quoting strategies with 95% confidence interval. The quotes
are present by inventory level. The equilibrium quotes and collusive quotes are plotted as bench-
mark. Note that the explicit collusion ask and bid quotes are approximated by linear functions of
inventory, as described in Section 4.
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CONT and XIONG 505

F IGURE 9 Average ask and bid quotes given by trained actor networks from 100 simulations, with 95%

confidence interval. Nash equilibrium quotes are plotted in blue dashed lines, while approximated explicit
collusion quotes in red dashed lines. The learned quotes are overall higher than competitive quotes in Nash
equilibrium, and even higher than the collusion level across most inventory levels. [Color figure can be viewed at
wileyonlinelibrary.com]

First of all it is worth noting that Decentralized MADDPG algorithm has learned spread skew-
ing pattern in terms of inventory levels. The learned ask quote is a decreasing function of inventory
while learned bid quote is increasing as inventory accumulates.Without knowing the competition
mechanism the learning algorithms are successful in learning the pricing pattern close to theo-
retical results. From Figure 9 we see that algorithms learn to generate higher quotes than Nash
equilibriumat all inventory levels. Bothmarketmakerswill quote higher than equilibrium regard-
less of inventory based on their learned quoting strategies.We have seen that eachmarketmaker’s
learning algorithmonly takes information specific to themarketmakerwithout access to her com-
petitors’ information at all, meaning that the algorithms are not intended to collude by design.
However, both algorithms still learn to quote systematically higher than Nash equilibrium level.
For next step we simulate market making with competition using trained actor networks in the

same market environment. This step is also called a “repeated game” in game theory context. In
this simulation, we let two market makers start from from 0 inventory at 𝑡 = 0, after which they
quote for RFQs sent from simulated market environment, using their trained actor networks.
Since we have 100 independent scenarios, we are able to analyze the average behavior in tacit
collusion while avoiding bias from certain specific simulation scenario. Figure 10 shows average
ask and bid quotes and cumulative profits of 100 trained actor networks at each time step during
the repeated game, compared to those of Nash equilibrium and collusion strategies. We see that
the quotes achieved by Decentralized MADDPG algorithms are systematically wider than the
equilibrium quotes leading to higher cumulative profits earned by the learned strategies. This
result is a dynamic version of Figure 9. The stationary ask and bid quotes in Figure 9 are applied
in a repeated game and averaged on 100 possible inventory levels at each time step.
To further demonstrate robustness of tacit collusion in terms of initial inventories at 𝑡 = 0, we

rerun the above mentioned repeated game with all combinations of initial inventory (𝑞10, 𝑞
2
0) and

calculate the average basis of 1000 time steps. The basis spreads are calculated by the difference
between market makers’ ask-bid spread and Nash equilibrium ask-bid spread at every time step.
Note the average is imposed both on 1000 time steps and 100 independent trained actor networks.
Figure 11 shows a heat map of two market makers’ average basis spreads with respect to the Nash
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506 CONT and XIONG

F IGURE 10 Average quotes and cumulative profits of trained strategies. [Color figure can be viewed at
wileyonlinelibrary.com]

equilibrium spread. In simulation the risk limit 𝑄1 = 𝑄2 = 5 with unit order size Δ = 1, hence
each market maker has 11 possible inventory levels ranging from −5 to 5. With 2 market makers
there are 121 possible combinations of initial inventory levels. We see that the collusive behavior
by trained actor networks is significant and robust in terms of initial states.
To examine the impact from number of competing market makers on learning results, we next

conduct simulations under same settings butwith different number ofmarketmakers. The formof
execution probabilities depend through (6) on the number of market makers𝑁. We run 100 inde-
pendent scenarios each with 3, 5, and 10 market makers, and summarize the results in Figures 12
and 13. Figure 12 shows the average cumulative rewards during training episodes. We observe
an increasing trend in scenarios with 3, 5, and 10 market makers, suggesting effective learning
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CONT and XIONG 507

F IGURE 11 Average level of excess return in repeated pricing game with 1000 time steps, across all
combinations of initial inventories. [Color figure can be viewed at wileyonlinelibrary.com]

F IGURE 1 2 Average cumulative reward per episode during training. [Color figure can be viewed at
wileyonlinelibrary.com]
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508 CONT and XIONG

F IGURE 13 Influence of number of market makers on average ask and bid quotes. [Color figure can be
viewed at wileyonlinelibrary.com]

under all three scenarios. However with more market makers the increasing trend in cumulative
reward slows down, and reward per market maker is significantly lower with more market mak-
ers. With 10 market makers, the cumulative rewards are negative in majority of time. This result
corresponds to intuition since more market makers induces more intense competition, hence the
time for market makers to learn profitable strategies is longer.
Figure 13 presents the learned average ask and bid quotes of 2, 3, 5, and 10 competing

market markers compared to corresponding Nash equilibrium quotes. We see that compared
to learned ask and bid quotes with two competing market makers, the learned ask and bid
quoted prices with 3, 5, and 10 market makers are globally lower at all inventory levels.
This suggests that seemingly collusive phenomenon with two market makers are mitigated to
some extent with more market makers. This mitigating trend is not apparent when number
of market makers increases above 3. We estimate that it is due to insufficient training when
there are 5 or 10 market makers, because the rewards in Figure 12 still oscillates drastically
below 0 with 500 training episodes. However, the learned quotes are still above Nash equilib-
rium levels for most of inventory levels with 3, 5, and 10 market makers. It is worth noting
that the shape of learned ask and bid quotes resembles those of Nash equilibrium quotes,
especially for the case of 10 market makers. This implies that the learning algorithms have
replicated the behavior of Nash equilibrium strategy but produces higher quotes leading to
“tacit collusion”. Another important note is that when number of market makers increases,
the learned ask-bid spreads are more skewed to reduce inventory risk. With more market
makers, the learning algorithm tends to be more risk averse in that the ask-bid spreads are more
skewed when inventory is none zero. For example at inventory level 5, the average ask quotes of 2
market makers is 0.47. This number for 10 competing market makers is −1.35. The negative ask
quotes suggests market makers are more eager to sell when their hold large long position, even
at a cost of losing money. One possible explanation for this skewing behavior is that with more
market makers, the probability that the learning algorithms find profitable quotes is lower hence
they are more cautious to avoid holding large non-zero positions and more eager to reduce their
exposure to inventory risk at such inventory levels.
To summarize this simulation using decentralizedMADDPG algorithm has seen behavior sim-

ilar to collusion among two competing market makers. The learning algorithm is effective in
producing stylized features of ask and bid quotes, but with overall higher level than equilibrium
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CONT and XIONG 509

quotes. This tacit collusion is robustwith different initial inventory levels.Withmoremarketmak-
ers, the learned algorithm tend to produce lower quotes than two market makers, and become
more risk averse in that the ask-bid spreads are more skewed when market makers’ inventory
deviate away from 0.
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ENDNOTES
1Note that the constant order size assumption could be relaxed with an order size distribution. In this case the
system of coupled Hamilton–Jacobi equations will be incorporated with an integral term over order size space.
Bergault andGuéant (2021) and Barzykin et al. (2023 ) study such extension and prove existence and uniqueness of
either a classical and viscosity solution to HJB equation. But for our work the extension will impose challenges on
numerical simulation and the design of reinforcement learning algorithm, with higher approximation error due
to numerical integral and much longer time for learning algorithm to explore on order size space to converge. We
shall leave this extension for future research and focus on current constant order size setting throughout the paper.

2Note that notation 𝛿−𝑖 is exclusively used in intensity functions 𝑓𝑖
𝑎 and 𝑓𝑖

𝑏 . They represent the general variables

related to others’ quoting strategies , that is, 𝛿−𝑖 ∈
∏
𝑗≠𝑖

ℝ2
𝐻𝑗

Δ
+1.

3The lower bound −𝛿∞ is not only a practical concern but is also mathematically necessary for constraining the
upper bound of intensity function as we will see in Assumption 2.1. This boundedness will be applied to validate
Itô’s formula on objective function in (13). Without the lower bound 𝛿∞ it would be challenging to validate the
application of Itô’s formula.

4Although notation 𝑉𝛿
𝑖 (𝑞𝑖) and 𝐽𝑖(𝜹

𝑖, 𝜹−𝑖; 𝑞𝑖) represent the same quantity, we will more frequently use 𝑉𝛿
𝑖 (𝑞𝑖) to

emphasize the functional dependence of objective functions on 𝑞𝑖 , which also benefits better formatting the linear
Bellman equation and algorithm description subsequently.

5This is a simplification on arrival of order flows for tractability in Reinforcement Learning simulation. The arrival
time 𝜏𝑎, 𝜏𝑏 of RFQs follows exponential distributions. Instead of simulating directly 𝜏𝑎 , 𝜏𝑏 we consider the RFQ
arrivals in sense of probabilistic expectation, assuming there is an RFQ arrival at each time step in RL simulation,
which is more tractable.

6Wehave also experimented trainingwith 1000 episodes and find out that average cumulative reward curves exhibit
relatively flat trend after first 500 episodes. The value of learned quotes after 1000 episodes of training are at
the same level as those after 500 episodes presented in Figure 9, implying numerical convergence of learning
algorithm. This comparison hence validates our choice of using 500 episodes.
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APPENDIX A: PROOF OF THEOREM 3.6
From Proposition 3.4 and verification Theorem 3.5, to prove Theorem 3.6 it suffices to prove the
system of HJB equation (28) admits a solution.
We define𝐻𝑖

𝑞𝑖 (𝛿) ∶= (𝛿 − 𝑝𝑖
𝑞𝑖 )𝑓

𝑖
𝑎(𝛿, (𝛿

𝑎,𝑗)𝑗≠𝑖), and give a lemma on the properties of maximum
point of𝐻𝑖

𝑞𝑖 .

Lemma A.1. Suppose that Assumptions 2.1 and 2.3 are satisfied by intensity functions 𝑓𝑖
𝑎, then for

given𝑝𝑖
𝑞𝑖 ∈ ℝ and (𝛿𝑎,𝑗)𝑗≠𝑖 ∈

∏
𝑗≠𝑖

ℝ
2
𝐻𝑗

Δ
+1, function𝐻𝑖

𝑞𝑖 (𝛿) ∶= (𝛿 − 𝑝𝑖
𝑞𝑖 )𝑓

𝑖
𝑎(𝛿, (𝛿

𝑎,𝑗)𝑗≠𝑖) has a unique
maximum point 𝛿∗ onℝ. The maximum point 𝛿∗ satisfies

𝜕𝐻𝑖
𝑞𝑖

𝜕𝛿
(𝛿∗) = 0 (A.1)

Proof. Using notations in (4), we have

(𝐻𝑖
𝑞𝑖 )

′(𝛿) = (𝛿 − 𝑝𝑖
𝑞𝑖 )𝜕1𝑓

𝑖
𝑎(𝛿, (𝛿

𝑎,𝑗)𝑗≠𝑖) + 𝑓𝑖
𝑎(𝛿, (𝛿

𝑎,𝑗)𝑗≠𝑖)

= 𝜕1𝑓
𝑖
𝑎(𝛿, (𝛿

𝑎,𝑗)𝑗≠𝑖)
[
𝛿 − 𝑝𝑖

𝑞𝑖 +
𝑓𝑖
𝑎(𝛿, (𝛿

𝑎,𝑗)𝑗≠𝑖)
𝜕1𝑓

𝑖
𝑎(𝛿, (𝛿𝑎,𝑗)𝑗≠𝑖)

]
(A.2)

Define

ℎ(𝛿) = 𝛿 − 𝑝𝑖
𝑞𝑖 +

𝑓𝑖
𝑎(𝛿, (𝛿

𝑎,𝑗)𝑗≠𝑖)
𝜕1𝑓

𝑖
𝑎(𝛿, (𝛿𝑎,𝑗)𝑗≠𝑖)

Then

ℎ′(𝛿) = 2 −
𝑓𝑖
𝑎(𝛿, (𝛿

𝑎,𝑗)𝑗≠𝑖)𝜕2ii𝑓𝑖
𝑎(𝛿, (𝛿

𝑎,𝑗)𝑗≠𝑖)2

(𝜕1𝑓
𝑖
𝑎(𝛿, (𝛿𝑎,𝑗)𝑗≠𝑖))

2
> 0

from Assumption 2.3. Hence ℎ(𝛿) is an increasing function in 𝛿. Again from Assumption 2.3,
𝜕1𝑓

𝑖
𝑎 < 0, (𝐻𝑖

𝑞𝑖 )
′(𝛿) is a decreasing function in 𝛿. When 𝛿 < 𝑝𝑖

𝑞𝑖 we must have ℎ(𝛿) < 0 hence
(𝐻𝑖

𝑞𝑖 )
′(𝛿) > 0. We then prove there exists 𝛿∗ > 𝑝𝑖

𝑞𝑖 such that (𝐻
𝑖
𝑞𝑖 )

′(𝛿∗) = 0 by contradiction.
First there exists 𝛿̃ > 𝑝𝑖

𝑞𝑖 such that𝐻
𝑖
𝑞𝑖 (𝛿̃) > 0. Assume that for any 𝛿, (𝐻𝑖

𝑞𝑖 )
′(𝛿) > 0. Then𝐻𝑖

𝑞𝑖 (𝛿)
is a strictly increasing function on ℝ. ∀𝛿 ≥ 𝛿̃, 𝐻𝑖

𝑞𝑖 (𝛿) > 𝐻𝑖
𝑞𝑖 (𝛿̃) > 0. This contradicts with the fact

that

lim
𝛿→∞

𝐻𝑖
𝑞𝑖 (𝛿) = 0 (A.3)
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(A.3) is obtained from Assumption 2.1 that 0 < 𝑓𝑖
𝑎(𝛿, (𝛿

𝑎,𝑗)) < Λ(𝛿) and that lim
𝛿→∞

𝛿Λ(𝛿) =

lim
𝛿→∞

Λ(𝛿) = 0.

Therefore, there exists 𝛿∗ such that (𝐻𝑖
𝑞𝑖 )

′(𝛿∗) = 0. When 𝛿 < 𝛿∗, (𝐻𝑖
𝑞𝑖 )

′(𝛿) > 0. When 𝛿 > 𝛿∗,
(𝐻𝑖

𝑞𝑖 )
′(𝛿) < 0. Hence 𝛿∗ is the unique maximum point of𝐻𝑖

𝑞𝑖 , and (𝐻𝑖
𝑞𝑖 )

′(𝛿) = 0. □

We consider a family of mappings  𝑎
𝒑 ∶

𝑁∏
𝑗=1

(𝐼𝛿)
2
𝐻𝑗

Δ
+1

→
𝑁∏
𝑗=1

(𝐼𝛿)
2
𝐻𝑗

Δ
+1, indexed by a vec-

tor 𝒑 = (𝑝⃗1, … , 𝑝⃗𝑁) ∈
𝑁∏
𝑗=1

ℝ
2
𝐻𝑗

Δ
+1 where each 𝑝⃗𝑖 = (𝑝𝑖

𝑞)𝑞∈𝑖
∈ ℝ

2
𝐻𝑖
Δ
+1 is indexed by 𝑞 ∈ 𝑖 =

{−𝐻𝑖, −𝐻𝑖 + Δ,… ,𝐻𝑖 − Δ,𝐻𝑖}.  𝑎
𝒑 is such that ∀𝜹 = (𝛿𝑎,1, … , 𝛿𝑎,𝑁) ∈

𝑁∏
𝑗=1

(𝐼𝛿)
2
𝐻𝑗

Δ
+1 where 𝛿𝑎,𝑖 =

(𝛿𝑎,𝑖𝑞 )𝑞∈𝑖
∈ (𝐼𝛿)

2
𝐻𝑖
Δ
+1 is a vector in ℝ

2
𝐻𝑖
Δ
+1 indexed by 𝑖 , we have

 𝑎
𝒑 (𝜹) =

⎛⎜⎜⎜⎝
⎛⎜⎜⎝argmax
𝛿𝑎,𝑖𝑞𝑖

≥−𝛿∞

[
(𝛿𝑎,𝑖𝑞𝑖 − 𝑝𝑖

𝑞𝑖 )𝑓
𝑖
𝑎(𝛿

𝑎,𝑖
𝑞𝑖 , (𝛿

𝑎,𝑗)𝑗≠𝑖)
]⎞⎟⎟⎠𝑞𝑖∈𝑖

⎞⎟⎟⎟⎠𝑖∈{1,…,𝑁}

(A.4)

From Lemma A.1, given 𝒑, argmax
𝛿∈ℝ

𝐻𝑖
𝑞𝑖 (𝛿) is unique. Hence the mapping  𝑎

𝒑 is well-defined.

RemarkA.2. Note that in (A.4) argmax is taken on interval [−𝛿∞,∞), but  𝑎
𝒑 is still well-defined.

Since if the maximum point 𝛿∗ of function𝐻𝑖
𝑞𝑖 (𝛿) satisfies 𝛿

∗ ≤ −𝛿∞, then

argmax
𝛿≥−𝛿∞

(𝛿 − 𝑝𝑖
𝑞𝑖 )𝑓

𝑖
𝑎(𝛿, (𝛿

𝑎,𝑗)𝑗≠𝑖) = −𝛿∞

We also define symmetrically the mappings  𝑏
𝒑 for the bid quoting strategy side. From now on

we shall focus on  𝑎
𝒑 , and the results follows immediately for  𝑏

𝒑 .

For any given 𝒑 ∈
𝑁∏
𝑗=1

ℝ
2
𝐻𝑗

Δ
+1, we study the existence of fixed point for  𝑎

𝒑 . If  𝑎
𝒑 has a fixed

point, we can then take 𝒑 = ((
𝑉𝑖(𝑞𝑖)−𝑉𝑖(𝑞𝑖−Δ)

Δ
)𝑞𝑖∈𝑖

)𝑖∈{1,…,𝑁} and transfer system of HJB equa-
tions (28) into a system of nonlinear equations where the unknown variables are {𝑉𝑖(𝑞𝑖), 𝑞𝑖 ∈𝑖 , 𝑖 ∈ {1, … ,𝑁}}.

Proposition A.3. For any given 𝒑 ∈
𝑁∏
𝑗=1

ℝ
2
𝐻𝑗

Δ
+1, there exists a nonempty compact set 𝐾𝒑 ⊆

𝑁∏
𝑗=1

(𝐼𝛿)
2
𝐻𝑗

Δ
+1 such that  𝑎

𝒑 (𝐾𝒑) ⊆ 𝐾𝒑.

Proof. We prove that for any 𝜹 ,  𝑎
𝒑 (𝜹) is uniformly bounded.

Define

𝑝𝑚 = min
𝑖∈{1,…,𝑁},𝑞𝑖∈𝑖

𝑝𝑖
𝑞𝑖 , 𝑝𝑀 = max

𝑖∈{1,…,𝑁},𝑞𝑖∈𝑖

𝑝𝑖
𝑞𝑖
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514 CONT and XIONG

For given 𝑖 and 𝑞𝑖 denote the coordinate 𝑞𝑖 ∈ 𝑖 of the 𝑖𝑡ℎ vector in  𝑎
𝒑 (𝜹) by 𝑔𝑖𝑞𝑖 , that is,

𝑔𝑖𝑞𝑖 ∶=  𝑎,𝑖,𝑞𝑖
𝒑 (𝜹) ∶= argmax

𝛿∈ℝ
(𝛿 − 𝑝𝑖

𝑞𝑖 )𝑓
𝑖
𝑎(𝛿, (𝛿

𝑎,𝑗)𝑗≠𝑖) (A.5)

FromAssumption 2.1,𝑓𝑖
𝑎(𝛿, (𝛿

𝑎,𝑗)𝑗≠𝑖) > 0, hencewhen 𝛿 > 𝑝𝑖
𝑞𝑖 wehave (𝛿 − 𝑝𝑖

𝑞𝑖 )𝑓
𝑖
𝑎(𝛿, (𝛿

𝑎,𝑗)𝑗≠𝑖) >
0. Therefore, themaximum in (A.5) must be attained on the interval (𝑝𝑖

𝑞𝑖 ,∞). We obtain the lower
bound 𝑝𝑚

𝑔𝑖𝑞𝑖 > 𝑝𝑖
𝑞𝑖 ≥ 𝑝𝑚, ∀𝑖 ∈ {1, … ,𝑁}, 𝑞𝑖 ∈ 𝑖 (A.6)

Define 𝛿𝑚 = max(𝑝𝑚,−𝛿∞), then we have

argmax
𝛿≥−𝛿∞

(𝛿 − 𝑝𝑖
𝑞𝑖 )𝑓

𝑖
𝑎(𝛿, (𝛿

𝑎,𝑗)𝑗≠𝑖) ≥ 𝛿𝑚 (A.7)

On the other hand, for any 𝜹 such that 𝛿𝑎,𝑗𝑞𝑗 ≥ 𝛿𝑚 where 𝑞𝑗 ∈ 𝑗, 𝑗 ∈ {1, … ,𝑁}, we seek an upper
bound for 𝑔𝑖𝑞𝑖 where 𝑖 and 𝑞𝑖 are arbitrary. Replace the coordinate 𝛿

𝑎,𝑖
𝑞𝑖 inside 𝜹 by 𝛿̂ ≡ 𝑝𝑀 + 1 and

form a new vector 𝜹 ∈
𝑁∏
𝑗=1

ℝ
2
𝐻𝑗

Δ
+1. We then consider the value 𝐺𝑖

𝑞𝑖 defined by

𝐺𝑖
𝑞𝑖 = (𝛿̂ − 𝑝𝑖

𝑞𝑖 )𝑓
𝑖
𝑎(𝛿̂, (𝛿

𝑎,𝑗)𝑗≠𝑖) (A.8)

From Assumption 2.3, 𝑓𝑖
𝑎 is increasing function in 𝛿

𝑗
𝑞𝑗 , ∀𝑞𝑗 ∈ 𝑗, ∀𝑗 ≠ 𝑖, and 𝛿

𝑗
𝑞𝑗 ≥ 𝑝𝑚, ∀𝑞𝑗 ∈𝑗, ∀𝑗 ≠ 𝑖, we have

𝐺𝑖
𝑞𝑖 = (𝛿̂ − 𝑝𝑖

𝑞𝑖 )𝑓
𝑖
𝑎(𝛿̂, (𝛿

𝑎,𝑗)𝑗≠𝑖) ≥ (𝛿̂ − 𝑝𝑖
𝑞𝑖 )𝑓

𝑖
𝑎(𝛿̂, (𝑝𝑚)𝑞𝑗∈𝑗 ,𝑗≠𝑖) ≥ 𝑓𝑖

𝑎(𝛿̂, (𝑝𝑚)𝑞𝑗∈𝑗 ,𝑗≠𝑖) (A.9)

From Assumption 2.1, the upper bound function Λ of 𝑓𝑖
𝑎 satisfies lim𝛿→∞ Λ(𝛿)𝛿 = 0. We can

also derive lim𝛿→∞ Λ(𝛿) = 0. There exists 𝛿𝑀 > max(𝑝𝑀 + 1,−𝛿∞) such that

𝑓𝑖
𝑎(𝑝𝑀 + 1, (𝑝𝑚)𝑞𝑗∈𝑗 ,𝑗≠𝑖) > max

𝑞𝑖∈𝑖

Λ(𝛿𝑀)(𝛿𝑀 − 𝑝𝑖
𝑞𝑖 ) > max

𝑞𝑖∈𝑖

𝑓𝑖
𝑎(𝛿𝑀, (𝛿𝑎,𝑗)𝑗≠𝑖)(𝛿𝑀 − 𝑝𝑖

𝑞𝑖 ) (A.10)

Combining (A.9) and (A.10) we obtain

(𝛿̂ − 𝑝𝑖
𝑞𝑖 )𝑓

𝑖
𝑎(𝛿̂, (𝛿

𝑎,𝑗)𝑗≠𝑖) > max
𝑞𝑖∈𝑖

𝑓𝑖
𝑎(𝛿𝑀, (𝛿𝑎,𝑗)𝑗≠𝑖)(𝛿𝑀 − 𝑝𝑖

𝑞𝑖 ) (A.11)

Hence themaximumpoint 𝛿∗ of function𝐻𝑖
𝑞𝑖 (𝛿) ∶= (𝛿 − 𝑝𝑖

𝑞𝑖 )𝑓
𝑖
𝑎(𝛿, (𝛿

𝑎,𝑗)𝑗≠𝑖) can only be achieved
on interval [𝑝𝑚, 𝛿𝑀], since from LemmaA.1𝐻𝑖

𝑞𝑖 is increasing function on [𝑝𝑚, 𝛿
∗] and decreasing

function on [𝛿∗,∞). Therefore we have

𝛿∗ ≤ 𝛿𝑀

Since 𝑖 and 𝑞𝑖 are arbitrary we finally obtain

𝑔𝑖𝑞𝑖 ≤ 𝛿𝑀, ∀𝑞𝑖 ∈ 𝑖 , 𝑖 ∈ {1, … ,𝑁} (A.12)
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CONT and XIONG 515

Therefore, the compact set 𝐾𝒑 =
𝑁∏
𝑗=1

[𝛿𝑚, 𝛿𝑀]
(2

𝐻𝑗

Δ
+1)

⊆
𝑁∏
𝑗=1

(𝐼𝛿)
2
𝐻𝑗

Δ
+1 satisfies

 𝑎
𝒑 (𝐾𝒑) ⊆ 𝐾𝒑

□

We next prove that  𝑎
𝒑 is continuous on 𝐾𝒑. To proceed we first introduce the notions of upper

and lower hemicontinuity for set-valued functions (or in other name, correspondence).We denote
a correspondence that maps from 𝐴 to subsets of 𝐵 by Γ ∶ 𝐴 ⇒ 𝐵 such that ∀𝑥 ∈ 𝐴, Γ(𝑥) ⊆ 𝐵.

DefinitionA.4. (Upper hemicontinuity) A correspondence Γ ∶ 𝐴 ⇒ 𝐵 is upper hemicontinuous
at 𝑎 ∈ 𝐴, if for any open neighborhood 𝑉 of Γ(𝑎) (i.e. Γ(𝑎) ⊆ 𝑉, there exists a neighborhood𝑈 of
𝑎, such that for any 𝑥 ∈ 𝑈, Γ(𝑥) ⊆ 𝑉).

Definition A.5. (Lower hemicontinuity) A correspondence Γ ∶ 𝐴 ⇒ 𝐵 is lower hemicontinuous
at 𝑎 ∈ 𝐴, if for any open set 𝑉 such that 𝑉 ∩ Γ(𝑎) ≠ ∅, there exists a neighborhood 𝑈 of 𝑎, such
that for any 𝑥 ∈ 𝑈, Γ(𝑥) ∩ 𝑉 ≠ ∅.

We will need below Berge’s Maximum Theorem (Berge, 1963) for the continuity of argmax
function.

Lemma A.6. (Berge’s Maximum Theorem) A function 𝑓 ∶ 𝑋 × Θ → ℝ is continuous on 𝑋 ×
Θ. A correspondence 𝐷 ∶ Θ ⇒ 𝑋 is compact-valued, i.e. ∀𝜃 ∈ Θ,𝐷(𝜃) is a compact subset of
𝑋. Define the maximum function 𝑓∗(𝜃) = sup{𝑓(𝑥, 𝜃), 𝑥 ∈ 𝐷(𝜃)}, and 𝐷∗ ∶ Θ ⇒ 𝑋 by 𝐷∗(𝜃) =
arg sup{𝑓(𝑥, 𝜃), 𝑥 ∈ 𝐷(𝜃)} = {𝑥 ∈ 𝐷(𝜃) ∶ 𝑓(𝑥, 𝜃) = 𝑓∗(𝜃)}. If 𝐷 is both upper and lower hemicon-
tinuous at 𝜃, then 𝑓∗(𝜃) is continuous, and 𝐷∗(𝜃) is upper hemicontinuous with nonempty and
compact values.

For a single-valued mapping, we have following lemma connecting upper hemicontinuity and
the continuity of function.

Lemma A.7. Let 𝑋,𝑌 be 2 topological spaces, and Γ ∶ 𝑋 ⇒ 𝑌 be single-valued mapping. If Γ is
upper hemicontinuous, then Γ is also a continuous as a function Γ ∶ 𝑋 → 𝑌.

Proof. The proof is straightforward. For 𝑥 ∈ 𝑋, let 𝑉 ⊆ 𝑌 be a open set containing 𝑓(𝑥), i.e.
{𝑓(𝑥)} ⊆ 𝑉. Since Γ is upper hemicontinuous and𝑉 is a neighborhoodwith {𝑓(𝑥)} ⊆ 𝑉, fromDef-
inition A.4 there exists a neighborhood 𝑈 of 𝑥, such that for any 𝑢 ∈ 𝑈, {Γ(𝑢)} ⊆ 𝑉. Since 𝑈 is a
neighborhood of 𝑥, there exists an open set 𝑂 satisfying 𝑥 ∈ 𝑂,𝑂 ⊆ 𝑈. Moreover, ∀𝑢 ∈ 𝑂, Γ(𝑢) ∈
𝑉. Hence Γ is continuous in 𝑥 ∈ 𝑋, ∀𝑥 ∈ 𝑋. Therefore, Γ ∶ 𝑋 → 𝑌 is a continuous function. □

Proposition A.8. For any given𝒑 ∈
𝑁∏
𝑗=1

ℝ
2
𝐻𝑗

Δ
+1, Let𝐾𝒑 ⊆

𝑁∏
𝑗=1

(𝐼𝛿)
2
𝐻𝑗

Δ
+1 be the compact set defined

in Proposition A.3. Then  𝑎
𝒑 ∶ 𝐾𝒑 → 𝐾𝒑 is continuous.
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516 CONT and XIONG

Proof. It suffices to verify the continuity of  𝑎,𝑖,𝑞𝑖
𝒑 for given index 𝑖, 𝑞𝑖 , where

 𝑎,𝑖,𝑞𝑖
𝒑 (𝜹) ∶= argmax

𝛿≥−𝛿∞
(𝛿 − 𝑝𝑖

𝑞𝑖 )𝑓
𝑖
𝑎(𝛿, (𝛿

𝑎,𝑗)𝑗≠𝑖)

in other words to prove  𝑎,𝑖,𝑞𝑖
𝒑 is continuous in terms of (𝛿𝑎,𝑗)𝑗≠𝑖 . Write function 𝐻𝑖

𝑞𝑖 (𝛿) ∶=

(𝛿 − 𝑝𝑖
𝑞𝑖 )𝑓

𝑖
𝑎(𝛿, (𝛿

𝑎,𝑗)𝑗≠𝑖). From Lemma A.1, argmax of 𝐻𝑖
𝑞𝑖 (𝛿) exists and is unique for any 𝑖 ∈

{1, … ,𝑁}, 𝑞𝑖 ∈ 𝑖 . Hence  𝑎
𝒑 is well-defined as a single-valued mapping on 𝐾𝒑.

𝐻𝑖
𝑞𝑖 is continuous in terms of (𝛿

𝑎,𝑗)𝑗≠𝑖 , and argmax
𝛿

𝐻𝑖
𝑞𝑖 (𝛿) is taken on a compact set, denoted

by 𝐾𝑖,𝑞𝑖
𝒑 ⊆ ℝ. Hence the conditions in Lemma A.6 are satisfied. In fact, we take 𝑓 = 𝐻𝑖

𝑞𝑖 , 𝑋 = ℝ,

Θ =
∏
𝑗≠𝑖

ℝ
2
𝐻𝑖
Δ
+1, 𝑥 = 𝛿 ∈ 𝑋, 𝜃 = (𝛿𝑎,𝑗)𝑗≠𝑖 ∈ Θ. And 𝐷(𝜃) ≡ 𝐾′ where 𝐾′ is the projection of 𝐾𝒑

on subspace
∏
𝑗≠𝑖

ℝ
2
𝐻𝑖
Δ
+1. Then 𝐷(𝜃) = 𝐾′ is also a compact set. 𝐷 as a constant mapping is both

upper and lower hemicontinuous. Therefore, from Lemma A.6  𝑎,𝑖,𝑞𝑖
𝒑 is continuous as function

of (𝛿𝑎,𝑗)𝑗≠𝑖 . Combining all coordinates 𝑞𝑖 ∈ 𝑖 and 𝑖 ∈ {1, … ,𝑁}, we obtain  𝑎,𝑖,𝑞𝑖
𝒑 is a continuous

mapping on 𝐾𝒑. □

Proposition A.9. For any given 𝒑 ∈
𝑁∏
𝑗=1

ℝ
2
𝐻𝑗

Δ
+1, the mapping  𝑎

𝒑 ∶ 𝐾𝒑 → 𝐾𝒑 has a fixed point.

That is, there exists 𝜹𝒑 ∈
𝑁∏
𝑗=1

ℝ
2
𝐻𝑗

Δ
+1 such that  𝑎

𝒑 (𝜹𝒑) = 𝜹𝒑.

Proof. From Proposition A.3, 𝐾𝒑 is a compact set in
𝑁∏
𝑗=1

ℝ
2
𝐻𝑗

Δ
+1, hence is closed. By construction

in proof of Proposition A.3, 𝐾𝒑 is also a convex set. From Proposition A.8,  𝑎
𝒑 is continuous on

𝐾𝒑. Then by Schauder’s fixed-point theorem,  𝑎
𝒑 has a fixed point in 𝐾𝒑. □

To proceed we also need the uniqueness of the fixed point 𝜹𝒑 and the continuity of the map
𝒑 ↦ 𝜹𝒑. To derive these results we use the following global implicit function theorem (Galewski
& Rădulescu, 2018):

Lemma A.10. Let 𝐹 ∈ 𝐶1(ℝ𝑛 × ℝ𝑚,ℝ𝑛) be a 𝐶1 mapping which satisfies

∙ ∀𝑦 ∈ ℝ𝑚 the function 𝜙𝑦(𝑥) defined by 𝜙𝑦(𝑥) =
1

2
||𝐹(𝑥, 𝑦)||2 is coercive, i.e.

lim||𝑥||→∞
𝜙𝑦(𝑥) = +∞

∙ The Jacobian matrix 𝜕𝑥𝐹(𝑥, 𝑦) is non-singular for any (𝑥, 𝑦) ∈ ℝ𝑛 × ℝ𝑚.

Then there exists a unique function 𝑓 ∶ ℝ𝑚 → ℝ𝑛 such that 𝑓 ∈ 𝐶1(ℝ𝑚,ℝ𝑛) and

{(𝑥, 𝑦) ∈ ℝ𝑛 × ℝ𝑚, 𝐹(𝑥, 𝑦) = 0} = {(𝑥, 𝑦) ∈ ℝ𝑛 × ℝ𝑚, 𝑥 = 𝑓(𝑦)}.
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CONT and XIONG 517

Proposition A.11. For any 𝒑 ∈
𝑁∏
𝑗=1

ℝ
2
𝐻𝑗

Δ
+1, the fixed point 𝜹𝒑 from Proposition A.9 is unique and

the mapping 𝜹𝒑 = 𝜹(𝒑) ∶
𝑁∏
𝑗=1

ℝ
2
𝐻𝑗

Δ
+1

→
𝑁∏
𝑗=1

(𝐼𝛿)
2
𝐻𝑗

Δ
+1 is continuous in 𝒑.

Proof. Given 𝑖 and 𝑞𝑖 ∈ 𝑖 , from Lemma A.1, the maximal point of 𝐻𝑖
𝑞𝑖 (𝛿) =

(𝛿 − 𝑝𝑖
𝑞𝑖 )𝑓

𝑖
𝑎(𝛿, (𝛿

𝑎,𝑗)𝑗≠𝑖) satisfies first order condition:

(𝛿 − 𝑝𝑖
𝑞𝑖 )𝜕1𝑓

𝑖
𝑎(𝛿, (𝛿

𝑎,𝑗)𝑗≠𝑖) + 𝑓𝑖
𝑎(𝛿, (𝛿

𝑎,𝑗)𝑗≠𝑖) = 0 (A.13)

Define a mapping 𝑖
𝑞𝑖 (𝜹, 𝒑) ∶

𝑁∏
𝑗=1

ℝ
2
𝐻𝑗

Δ
+1

×
𝑁∏
𝑗=1

ℝ
2
𝐻𝑗

Δ
+1

→ ℝ.

𝑖
𝑞𝑖 (𝜹, 𝒑) = −

𝑓𝑖
𝑎(𝛿

𝑎,𝑖
𝑞𝑖 , (𝛿

𝑎,𝑗)𝑗≠𝑖)
𝜕1𝑓

𝑖
𝑎(𝛿

𝑎,𝑖
𝑞𝑖 , (𝛿

𝑎,𝑗)𝑗≠𝑖)
− 𝛿𝑎,𝑖𝑞𝑖 + 𝑝𝑖

𝑞𝑖 (A.14)

Then define mapping (𝜹, 𝒑) = ((𝑖
𝑞𝑖 )𝑞𝑖∈𝑖

)𝑖∈{1,…,𝑁} ∶
𝑁∏
𝑗=1

ℝ
2
𝐻𝑗

Δ
+1

×
𝑁∏
𝑗=1

ℝ
2
𝐻𝑗

Δ
+1

→
𝑁∏
𝑗=1

ℝ
2
𝐻𝑗

Δ
+1.

We then compute the gradient of .
𝜕𝑖

𝑞𝑖

𝜕𝛿𝑎,𝑖𝑞𝑖

= −2 +
𝜕2𝑖𝑖𝑓

𝑖
𝑎𝑓

𝑖
𝑎

(𝜕1𝑓
𝑖
𝑎)2

(A.15)

𝜕𝑖
𝑞𝑖

𝜕𝛿𝑎,𝑖𝑞𝑗

= 0, ∀𝑞𝑗 ≠ 𝑞𝑖 (A.16)

𝜕𝑖
𝑞𝑖

𝜕𝛿
𝑎,𝑗
𝑞𝑗

= −
(𝜕1𝑓

𝑖
𝑎)(𝜕

𝑗
𝑞𝑗𝑓

𝑖
𝑎) − 𝑓𝑖

𝑎(𝜕
𝑗
𝑞𝑗𝜕1𝑓

𝑖
𝑎)

(𝜕1𝑓
𝑖
𝑎)2

, ∀𝑗 ≠ 𝑖 (A.17)

Then we have

||||||
𝜕𝑖

𝑞𝑖

𝜕𝛿𝑎,𝑖𝑞𝑖

|||||| −
∑
𝑞𝑗≠𝑞𝑖

||||||
𝜕𝑖

𝑞𝑖

𝜕𝛿𝑎,𝑖𝑞𝑗

|||||| −
∑
𝑗≠𝑖
∑
𝑞𝑗∈𝑗

||||||
𝜕𝑖

𝑞𝑖

𝜕𝛿𝑎,𝑗𝑞𝑗

|||||| =
2(𝜕1𝑓

𝑖
𝑎)

2 − 𝜕2𝑖𝑖𝑓
𝑖
𝑎𝑓

𝑖
𝑎 −
∑
𝑗≠𝑖
∑

𝑞𝑗∈𝑗

|||(𝜕1𝑓𝑖
𝑎)(𝜕

𝑗
𝑞𝑗 𝑓

𝑖
𝑎) − 𝑓𝑖

𝑎(𝜕
𝑗
𝑞𝑗 𝜕1𝑓

𝑖
𝑎)
|||

(𝜕1𝑓
𝑖
𝑎)2

(A.18)

From Assumption 2.3, we have | 𝜕𝑖
𝑞𝑖

𝜕𝛿𝑎,𝑖𝑞𝑖

| − ∑
𝑞𝑗≠𝑞𝑖
| 𝜕𝑖

𝑞𝑖

𝜕𝛿𝑎,𝑖𝑞𝑗

| − ∑
𝑗≠𝑖
∑

𝑞𝑗∈𝑗

| 𝜕𝑖
𝑞𝑖

𝜕𝛿
𝑎,𝑗
𝑞𝑗

| > 0 Hence the Jacobian

matrix∇𝜹(𝜹, 𝒑) is diagonally dominant, hence is non-singular. Therefore,∇𝜹(𝜹, 𝒑) is bijective
for any (𝜹, 𝒑) ∈

𝑁∏
𝑗=1

ℝ
2
𝐻𝑗

Δ
+1

×
𝑁∏
𝑗=1

ℝ
2
𝐻𝑗

Δ
+1.

Now it remains to prove (𝜹, 𝒑) is coercive. Given a sequence {𝜹(𝑛)} ⊆
𝑁∏
𝑗=1

ℝ
2
𝐻𝑗

Δ
+1 such that

||𝜹(𝑛)||→ ∞, there must exists a subsequence {(𝛿𝑎,𝑖𝑛𝑞𝑖𝑛
)(𝑘𝑛)} such that lim

𝑛→∞
|(𝛿𝑎,𝑖𝑛𝑞𝑖𝑛

)(𝑘𝑛)| = ∞. Other-
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518 CONT and XIONG

wise there exists a constant𝑀 > 0, such that for any 𝐾 > 0 there exists 𝑘 > 𝐾 and |(𝛿𝑖𝑞𝑖 )(𝑘)| < 𝑀

holds for any 𝑖, 𝑞𝑖 . Hence ||𝜹(𝑘)|| < 𝑀

√
𝑁∏
𝑖=1

(2
𝐻𝑖

Δ
+ 1). This contradicts with ||𝜹(𝑛)||→ ∞.

When (𝛿
𝑎,𝑖𝑛
𝑞𝑖𝑛

)(𝑘𝑛) → −∞, since −
𝑓𝑖
𝑎(𝛿

𝑎,𝑖
𝑞𝑖

,(𝛿𝑎,𝑗)𝑗≠𝑖 )
𝜕1𝑓

𝑖
𝑎(𝛿

𝑎,𝑖
𝑞𝑖

,(𝛿𝑎,𝑗)𝑗≠𝑖 )
> 0 we have

𝑖𝑛
𝑞𝑖𝑛

(𝜹(𝑘𝑛), 𝒑) = −
𝑓𝑖
𝑎((𝛿

𝑎,𝑖𝑛
𝑞𝑖𝑛

)(𝑘𝑛), ((𝛿𝑎,𝑗)(𝑘𝑛))𝑗≠𝑖)
𝜕1𝑓

𝑖
𝑎((𝛿

𝑎,𝑖𝑛
𝑞𝑖𝑛

)(𝑘𝑛), ((𝛿𝑎,𝑗)(𝑘𝑛))𝑗≠𝑖)
− (𝛿

𝑎,𝑖𝑛
𝑞𝑖𝑛

)(𝑘𝑛) + 𝑝
𝑖𝑛
𝑞𝑖𝑛

> −(𝛿
𝑎,𝑖𝑛
𝑞𝑖𝑛

)(𝑘𝑛) + 𝑝
𝑖𝑛
𝑞𝑖𝑛

→ ∞

(A.19)
When (𝛿

𝑎,𝑖𝑛
𝑞𝑖𝑛

)(𝑘𝑛) → +∞, from Assumption 2.3 let 𝑄 = lim
𝛿→+∞

𝑓𝑖
𝑎(𝛿,⋅)

𝜕1𝑓
𝑖
𝑎(𝛿,⋅)

< ∞ there exists 𝑅 > 0

such that for any 𝑛 > 𝑅 we have

𝑖𝑛
𝑞𝑖𝑛

(𝜹(𝑘𝑛), 𝒑) = −
𝑓𝑖
𝑎((𝛿

𝑎,𝑖𝑛
𝑞𝑖𝑛

)(𝑘𝑛), ((𝛿𝑎,𝑗)(𝑘𝑛))𝑗≠𝑖)
𝜕1𝑓

𝑖
𝑎((𝛿

𝑎,𝑖𝑛
𝑞𝑖𝑛

)(𝑘𝑛), ((𝛿𝑎,𝑗)(𝑘𝑛))𝑗≠𝑖𝑑)
− (𝛿

𝑎,𝑖𝑛
𝑞𝑖𝑛

)(𝑘𝑛) + 𝑝
𝑖𝑛
𝑞𝑖𝑛

≤ −𝑄 + 1 − (𝛿
𝑎,𝑖𝑛
𝑞𝑖𝑛

)(𝑘𝑛) + 𝑝
𝑖𝑛
𝑞𝑖𝑛

→ −∞ (A.20)

When there are two subsequences of (𝛿𝑎,𝑖𝑛𝑞𝑖𝑛
)(𝑘𝑛) → +∞ converging, respectively, to+∞ and−∞

from (A.19) and (A.20) we still have

lim||𝜹𝑘𝑛 ||→∞
||(𝜹𝑘𝑛 , 𝒑)|| = +∞

Therefore, (𝜹, 𝒑) satisfies the conditions in Lemma A.10, hence there exists unique mapping
𝜹 = 𝜹(𝒑) which is 𝐶1 in 𝒑. Define 𝜹𝒑 = max(𝜹(𝒑), −𝛿∞) then 𝜹𝒑 is continuous in 𝒑. □

We can now prove Theorem 3.6.

Proof. (Theorem 3.6) Denote 𝑉⃗ = ((𝑉𝑖(𝑞𝑖))𝑞𝑖∈𝑖
)𝑖∈{1,…,𝑁} is an unknown vector that we want to

solve in space
𝑁∏
𝑗=1

ℝ
2
𝐻𝑗

Δ
+1. Then we take a specific 𝒑̂ ∈

𝑁∏
𝑗=1

ℝ
2
𝐻𝑗

Δ
+1 such that 𝑝̂𝑖

𝑞𝑖 =
𝑉𝑖(𝑞𝑖)−𝑉𝑖(𝑞𝑖−Δ)

Δ
.

From Proposition A.9 we can express the fixed point of  𝑎
𝒑̂
as a function of 𝒑̂, that is, a function

of 𝑉⃗. We denote this fixed point by 𝜹(𝑉⃗) = ((𝛿𝑎,𝑖𝑞𝑖 (𝑉⃗))𝑞𝑖∈𝑖
)𝑖∈{1,…,𝑁}. Note that by Proposition A.11

𝜹(𝑉⃗) is unique given 𝑉⃗, and is continuous in 𝑉⃗.
Equation (28) can be written as

𝑟𝑉𝑖(𝑞𝑖) + 𝜓𝑖(𝑞𝑖) − 𝕀(𝑞𝑖 > −𝐻𝑖)𝜆
𝑎Δ

[
𝑓𝑖
𝑎

(
𝛿𝑎,𝑖𝑞𝑖 (𝑉⃗)), (𝛿

𝑎,𝑗(𝑉⃗)))𝑗≠𝑖
)(

𝛿𝑎,𝑖𝑞𝑖 (𝑉⃗)) −
𝑉𝑖(𝑞𝑖) − 𝑉𝑖(𝑞𝑖 − Δ)

Δ

)]
− 𝕀(𝑞𝑖 < 𝐻𝑖)𝜆

𝑏Δ

[
𝑓𝑖
𝑏

(
𝛿𝑏,𝑖𝑞𝑖 (𝑉⃗)), (𝛿

𝑏,𝑗(𝑉⃗)))𝑗≠𝑖
)(

𝛿𝑏,𝑖𝑞𝑖 (𝑉⃗)) −
𝑉𝑖(𝑞𝑖) − 𝑉𝑖(𝑞𝑖 + Δ)

Δ

)]
= 0 (A.21)

To prove there exists a solution to equation (28), it suffices to prove there exists a vector 𝑉⃗ =

((𝑉𝑖(𝑞𝑖))𝑞𝑖∈𝑖
)𝑖∈{1,…,𝑁} ∈

𝑁∏
𝑗=1

ℝ
2
𝐻𝑗

Δ
+1 satisfying the system of nonlinear equations (A.21).
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CONT and XIONG 519

We define ℝ-valued mappings 𝑎,𝑖
𝑞𝑖 and 𝑏,𝑖

𝑞𝑖 defined on
𝑁∏
𝑗=1

ℝ
2
𝐻𝑗

Δ
+1, such that for 𝑉⃗ ∈

𝑁∏
𝑗=1

ℝ
2
𝐻𝑗

Δ
+1,

𝑎,𝑖
𝑞𝑖 (𝑉⃗) = 𝕀(𝑞𝑖 > −𝐻𝑖)𝑓

𝑖
𝑎

(
𝛿𝑎,𝑖𝑞𝑖 (𝑉⃗), (𝛿

𝑎,𝑗(𝑉⃗))𝑗 ≠ 𝑖
)(

𝛿𝑎,𝑖𝑞𝑖 (𝑉⃗) −
𝑉𝑖(𝑞𝑖) − 𝑉𝑖(𝑞𝑖 − Δ)

Δ

)
(A.22)

𝑏,𝑖
𝑞𝑖 (𝑉⃗) = 𝕀(𝑞𝑖 < 𝐻𝑖)𝑓

𝑖
𝑏

(
𝛿𝑏,𝑖𝑞𝑖 (𝑉⃗), (𝛿

𝑏,𝑗(𝑉⃗))𝑗 ≠ 𝑖
)(

𝛿𝑏,𝑖𝑞𝑖 (𝑉⃗) −
𝑉𝑖(𝑞𝑖) − 𝑉𝑖(𝑞𝑖 + Δ)

Δ

)
(A.22)

Then 𝑎,𝑖
𝑞𝑖 and 𝑏,𝑖

𝑞𝑖 form mappings 𝑎,𝑏 ∶
𝑁∏
𝑗=1

ℝ
2
𝐻𝑗

Δ
+1

→
𝑁∏
𝑗=1

ℝ
2
𝐻𝑗

Δ
+1 when we group together

𝑞𝑖 ∈ 𝑖 and 𝑖 ∈ {1, … ,𝑁}, defined by

𝑎(𝑉⃗) = ((𝑎,𝑖
𝑞𝑖 (𝑉⃗))𝑞𝑖∈𝑖

)𝑖∈{1,…,𝑁},𝑏(𝑉⃗) = ((𝑏,𝑖
𝑞𝑖 (𝑉⃗))𝑞𝑖∈𝑖

)𝑖∈{1,…,𝑁} (A.23)

From equation (A.21) and notations in (A.23) we define mapping Φ ∶
𝑁∏
𝑗=1

ℝ
2
𝐻𝑗

Δ
+1

→
𝑁∏
𝑗=1

ℝ
2
𝐻𝑗

Δ
+1,

where Φ(𝑉⃗) = ((Φ𝑖
𝑞𝑖 (𝑉⃗))𝑞𝑖∈𝑖

)𝑖∈{1,…,𝑁}

Φ𝑖
𝑞𝑖 (𝑉⃗) = (1 − 𝑟)𝑉𝑖(𝑞𝑖) − 𝜓𝑖(𝑞𝑖) + 𝜆𝑎Δ𝑎,𝑖

𝑞𝑖 (𝑉⃗) + 𝜆𝑏Δ𝑏,𝑖
𝑞𝑖 (𝑉⃗) (A.24)

From Proposition 3.2, any equilibrium value function 𝑉𝑖(𝑞𝑖) is uniformly bounded by a constant

𝑀. Hence the vector 𝑉⃗ can be restricted on a convex and compact set𝐾 ⊆
𝑁∏
𝑗=1

ℝ
2
𝐻𝑗

Δ
+1.𝜓𝑖(𝑞𝑖) is also

uniformly bounded ∀𝑞𝑖 ∈ 𝑖 , ∀𝑖 ∈ {1, … ,𝑁} by max
𝑖∈{1,…,𝑁}

Ψ𝑖 defined in the proof of Proposition 3.2.

We now prove that𝑎,𝑖
𝑞𝑖 (𝑉⃗) and𝑏,𝑖

𝑞𝑖 (𝑉⃗) are also uniformly bounded. From (A.23), we obtain

|𝑎,𝑖
𝑞𝑖 (𝑉⃗)| ≤ |||𝛿𝑎,𝑖𝑞𝑖 (𝑉⃗))Λ(𝛿

𝑎,𝑖
𝑞𝑖 (𝑉⃗))

||| + |||Λ(𝛿𝑎,𝑖𝑞𝑖 (𝑉⃗)))
|||2𝐿Δ (A.25)

where 𝐿 is the uniform bound of 𝑉𝑖(𝑞𝑖) defined in Proposition 3.2. From Proposition A.3 𝛿𝑎,𝑖𝑞𝑖 (𝑉⃗))
takes value from a compact set 𝐾𝑖

𝑞𝑖 , the functions Λ(𝛿) and 𝛿Λ(𝛿) are continuous in 𝛿, hence they
are bounded on the compact set 𝐾𝑖

𝑞𝑖 . Therefore, there exists a constant 𝐶
𝑖
𝑞𝑖 such that

|𝑎,𝑖
𝑞𝑖 (𝑉⃗)| ≤ 𝐶𝑖

𝑞𝑖

We then take 𝐶 ∶= max
𝑖,𝑞𝑖

𝐶𝑖
𝑞𝑖 , then 𝐶 is the uniform upper bound for |𝑎,𝑖

𝑞𝑖 (𝑉⃗)| regardless of 𝑞𝑖 and
𝑖. We can similarly prove |𝑏,𝑖

𝑞𝑖 (𝑉⃗)| is also uniformly bounded by a positive constant.
Therefore ∀𝑞𝑖 ∈ 𝑖 , ∀𝑖 ∈ {1, … ,𝑁}, the mapping Φ𝑖

𝑞𝑖 (𝑉⃗) is uniformly bounded by an closed

interval 𝐼𝑖𝑞𝑖 regardless of 𝑉⃗. Define set 𝐴 =
𝑁∏
𝑖=1

(
∏

𝑞𝑖∈𝑖

𝐼𝑖𝑞𝑖 ) then 𝐴 ∈
𝑁∏
𝑗=1

ℝ
2
𝐻𝑗

Δ
+1 and 𝐴 is a convex

and compact set. Meanwhile Φ(𝐴) ⊆ (𝐴).
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520 CONT and XIONG

Finally by Proposition A.9 𝛿𝑎,𝑖𝑞𝑖 (𝑉⃗) and 𝛿
𝑏,𝑖
𝑞𝑖 (𝑉⃗) are continuous functions of 𝑉⃗, then𝑎,𝑖

𝑞𝑖 (𝑉⃗) and

𝑏,𝑖
𝑞𝑖 (𝑉⃗) are also continuous functions of 𝑉⃗. Therefore Φ(𝑉⃗) ∶

𝑁∏
𝑗=1

ℝ
2
𝐻𝑗

Δ
+1

→
𝑁∏
𝑗=1

ℝ
2
𝐻𝑗

Δ
+1 is also

continuous mapping in terms of 𝑉⃗. Applying Brouwer’s fixed point theorem, Φ has a fixed point

𝑉⃗∗ ∈ 𝐴 ⊆
𝑁∏
𝑗=1

ℝ
2
𝐻𝑗

Δ
+1.

Φ(𝑉⃗∗) = 𝑉⃗∗ (A.26)

𝑉⃗∗ satisfies the system of linear equations (A.21). Hence 𝑉⃗∗ satisfies system of HJB equations (28).
By verification theoremProposition 3.5, 𝑉⃗∗ is the equilibriumvalue functions of𝑁marketmakers,
whereas 𝜹(𝑉⃗∗) is the joint quoting strategy under Nash equilibrium. □

APPENDIX B: PROOF OF PROPOSITION 6.2
From Lemma 6.1, the running cost of market maker is

𝔼𝑖

[
−∫

𝜏𝑎∧𝜏𝑏

0
𝑒−𝑟𝑡𝜓𝑖(𝑞𝑖)𝑑𝑡

]
= −

𝜓𝑖(𝑞𝑖)

𝑟 + 𝜆𝑎 + 𝜆𝑏

Hence from (62) we obtain for −𝐻𝑖 < 𝑞𝑖 < 𝐻𝑖:

𝑉𝛿
𝑖 (𝑞𝑖) = −

𝜓𝑖(𝑞𝑖)

𝑟 + 𝜆𝑎 + 𝜆𝑏
+ 𝔼𝑖

[
𝕀(𝑅𝑖

𝑎)𝕀(𝜏𝑎 < 𝜏𝑏)
(
𝑒−𝑟𝜏𝑎𝛿𝑎,𝑖

𝑞𝑖 Δ + 𝑒−𝑟𝜏𝑎𝑉𝛿
𝑖 (𝑞𝑖 − Δ)

)
+𝕀(𝑅𝑖

𝑏)𝕀(𝜏𝑏 < 𝜏𝑎)
(
𝑒−𝑟𝜏𝑏 𝛿𝑏,𝑖

𝑞𝑖 Δ + 𝑒−𝑟𝜏𝑏𝑉𝛿
𝑖 (𝑞𝑖 + Δ)

)
+ 𝕀((𝑅𝑖

𝑎)
𝑐 ∩ (𝑅𝑖

𝑏)
𝑐)𝑒−𝑟𝜏𝑉𝛿

𝑖 (𝑞𝑖)
]

= −
𝜓𝑖(𝑞𝑖)

𝑟 + 𝜆𝑎 + 𝜆𝑏
+ ℙ(𝜏𝑎 < 𝜏𝑏)𝔼𝑖

[
𝕀(𝑅𝑖

𝑎)
(
𝑒−𝑟𝜏𝑎𝛿𝑎,𝑖

𝑞𝑖 Δ + 𝑒−𝑟𝜏𝑎𝑉𝛿
𝑖 (𝑞𝑖 − Δ)

)
+ 𝕀((𝑅𝑖

𝑎)
𝑐)𝑒−𝑟𝜏𝑎𝑉𝛿

𝑖 (𝑞𝑖)
||||𝜏𝑎 < 𝜏𝑏

]
+ℙ(𝜏𝑏 < 𝜏𝑎)𝔼𝑖

[
𝕀(𝑅𝑖

𝑏)
(
𝑒−𝑟𝜏𝑏 𝛿𝑎,𝑖

𝑞𝑖 Δ + 𝑒−𝑟𝜏𝑏𝑉𝛿
𝑖 (𝑞𝑖 + Δ)

)
+ 𝕀((𝑅𝑖

𝑏)
𝑐)𝑒−𝑟𝜏𝑏𝑉𝛿

𝑖 (𝑞𝑖)
||||𝜏𝑏 < 𝜏𝑎

]
(B.1)

For 𝑞𝑖 = −𝐻𝑖

𝑉𝛿
𝑖 (−𝐻𝑖) = −

𝜓𝑖(−𝐻𝑖)

𝑟 + 𝜆𝑎 + 𝜆𝑏
+ 𝔼𝑖

[
𝕀(𝜏𝑎 < 𝜏𝑏)

(
𝑒−𝑟𝜏𝑎𝑉𝛿

𝑖 (−𝐻𝑖)
)

+𝕀(𝜏𝑏 < 𝜏𝑎)
(
𝕀(𝑅𝑖

𝑏)(𝑒
−𝑟𝜏𝑏 𝛿𝑏,𝑖

−𝐻𝑖
Δ + 𝑒−𝑟𝜏𝑏𝑉𝛿

𝑖 (−𝐻𝑖 + Δ)) + 𝕀((𝑅𝑖
𝑏)

𝑐)𝑒−𝑟𝜏𝑏𝑉𝛿
𝑖 (−𝐻𝑖)

)]
= −

𝜓𝑖(−𝐻𝑖)

𝑟 + 𝜆𝑎 + 𝜆𝑏
+ ℙ(𝜏𝑎 < 𝜏𝑏)𝔼𝑖

[
𝑒−𝑟𝜏𝑎𝑉𝛿

𝑖 (−𝐻𝑖)
||||𝜏𝑎 < 𝜏𝑏

]
+ℙ(𝜏𝑏 < 𝜏𝑎)𝔼𝑖

[
𝕀(𝑅𝑖

𝑏)
(
𝑒−𝑟𝜏𝑏 𝛿𝑏,𝑖

−𝐻𝑖
Δ + 𝑒−𝑟𝜏𝑏𝑉𝛿

𝑖 (−𝐻𝑖 + Δ)
)
+ 𝕀((𝑅𝑖

𝑏)
𝑐)𝑒−𝑟𝜏𝑏𝑉𝛿

𝑖 (−𝐻𝑖)
||||𝜏𝑏 < 𝜏𝑎

]
(B.2)

For 𝑞𝑖 = 𝐻𝑖

𝑉𝛿
𝑖 (𝐻𝑖) = −

𝜓𝑖(𝐻𝑖)

𝑟 + 𝜆𝑎 + 𝜆𝑏
+ 𝔼𝑖

[
𝕀(𝜏𝑏 < 𝜏𝑎)

(
𝑒−𝑟𝜏𝑏𝑉𝛿

𝑖 (𝐻𝑖)
)
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CONT and XIONG 521

+𝕀(𝜏𝑎 < 𝜏𝑏)
(
𝕀(𝑅𝑖

𝑎)(𝑒
−𝑟𝜏𝑎𝛿𝑎,𝑖𝐻𝑖

Δ + 𝑒−𝑟𝜏𝑎𝑉𝛿
𝑖 (𝐻𝑖 − Δ)) + 𝕀((𝑅𝑖

𝑎)
𝑐)𝑒−𝑟𝜏𝑎𝑉𝛿

𝑖 (𝐻𝑖)
)]

= −
𝜓𝑖(𝐻𝑖)

𝑟 + 𝜆𝑎 + 𝜆𝑏
+ ℙ(𝜏𝑏 < 𝜏𝑎)𝔼𝑖

[
𝑒−𝑟𝜏𝑏𝑉𝛿

𝑖 (𝐻𝑖)
||||𝜏𝑏 < 𝜏𝑎

]
+ℙ(𝜏𝑎 < 𝜏𝑏)𝔼𝑖

[
𝕀(𝑅𝑖

𝑎)
(
𝑒−𝑟𝜏𝑎𝛿𝑎,𝑖𝐻𝑖

Δ + 𝑒−𝑟𝜏𝑎𝑉𝛿
𝑖 (𝐻𝑖 − Δ)

)
+ 𝕀((𝑅𝑖

𝑎)
𝑐)𝑒−𝑟𝜏𝑎𝑉𝛿

𝑖 (𝐻𝑖)
||||𝜏𝑎 < 𝜏𝑏

]
(B.3)

By combining equations (B.1)–(B.3) with indicator functions 𝕀(−𝐻𝑖 < 𝑞𝑖 ≤ 𝐻𝑖) and 𝕀(−𝐻𝑖 ≤
𝑞𝑖 < 𝐻𝑖) we obtain (67).
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