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Abstract

The retina is the ocular tissue responsible for the detection of light. Its extensive demand

for oxygen, coupled with a concomitant elevated supply, renders this tissue prone to both

hypoxia and hyperoxia. In this thesis, we construct mathematical models of the retina, for-

mulated as systems of reaction-di↵usion equations, investigating its oxygen-related dynamics

in healthy and diseased states.

In the healthy state, we model the oxygen distribution across the human retina, examin-

ing the e�cacy of the protein neuroglobin in the prevention of hypoxia. It has been suggested

that neuroglobin could prevent hypoxia, either by transporting oxygen from regions where it

is rich to those where it is poor, or by storing oxygen during periods of diminished supply or

increased uptake. Numerical solutions demonstrate that neuroglobin may be e↵ective in pre-

venting or alleviating hypoxia via oxygen transport, but that its capacity for oxygen storage

is essentially negligible, whilst asymptotic analysis reveals that, contrary to the prevailing

assumption, neuroglobin’s oxygen a�nity is near optimal for oxygen transport. A further

asymptotic analysis justifies the common approximation of a piecewise constant oxygen up-

take across the retina, placing existing models upon a stronger theoretical foundation.

In the diseased state, we explore the e↵ect of hyperoxia upon the progression of the

inherited retinal diseases, known collectively as retinitis pigmentosa. Both numerical solu-

tions and asymptotic analyses show that this mechanism may replicate many of the patterns

of retinal degeneration seen in vivo, but that others are inaccessible to it, demonstrating

both the strengths and weaknesses of the oxygen toxicity hypothesis. It is shown that the

wave speed of hyperoxic degeneration is negatively correlated with the local photoreceptor

density, high density regions acting as a barrier to the spread of photoreceptor loss. The

e↵ects of capillary degeneration and treatment with antioxidants or trophic factors are also

investigated, demonstrating that each has the potential to delay, halt or partially reverse

photoreceptor loss.

In addition to answering questions that are not accessible to experimental investigation,

these models generate a number of experimentally testable predictions, forming the first loop

in what has the potential to be a fruitful experimental/modelling cycle.
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Chapter 1

Introduction

In this thesis we use mathematical models to explore the behaviour of the retina in health and

disease. In health, we explore the role of a protein known as neuroglobin in the prevention of

oxygen deprivation, whilst in the disease state known as retinitis pigmentosa, we examine the

effects of excess oxygen upon the progression of retinal degeneration. We begin by describing

the basic physiology of the eye and retina.

1.1 The Human Eye and Retina: Structure and Function

1.1.1 The Human Eye

The eye is a fluid-filled chamber enclosed by three layers of tissue (Oyster, 1999, see Figure

1.1(a)). The outermost layer consists of the cornea, the limbus and the sclera; the middle

layer, known as the uveal tract, contains the iris, the ciliary body and the choroid, while the

innermost layer consists of the retina (Oyster, 1999). Our focus in this study is upon the retina

and the choroid. The main chamber of the eye lying posterior to the lens is filled with a gel-

like substance known as the vitreous humour, often referred to simply as the vitreous (Oyster,

1999). Light enters the eye through the cornea, passing through the aperture in the centre of

the iris known as the pupil and then through the lens, where it is focused upon the retina on

the inner surface of the eye.
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Figure 1.1: Diagrams of the human eye and retina. (a) Diagram of the (right) human
eye, viewed in the transverse plane. Figure reproduced, with modifications, from http:

//www.nei.nih.gov/health/coloboma/coloboma.asp, courtesy: National Eye Institute,
National Institutes of Health (NEI/NIH). (b) Diagram of the human retina, showing the retinal
layers and cell types. The diagram is oriented such that the top lies outermost and the bottom
innermost in the eye. R: rod photoreceptor. C: cone photoreceptor. H: horizontal cell. B:
bipolar cell. M: Müller glial cell. A: amacrine cell. G: ganglion cell. Figure reproduced, with
permission and modifications, from Swaroop et al. (2010).

1.1.2 The Human Retina

The retina is the layer of tissue at the back of the eye that is responsible for the detection of

light. It extends from the optic disc, where the optic nerve, central retinal artery and vein

puncture the eye, to the ora serrata and has a multilayered structure, consisting of numerous

cell-types (see Figure 1.1(b)). The numerous acronyms below are summarised in the Glossary.

Structure and Cell Types

The structure of the retina is as follows, moving inward from the outermost layer: the reti-

nal pigment epithelium (RPE), the photoreceptor layer, consisting of the photoreceptor outer

segments (OSs) and inner segments (ISs), the outer limiting membrane (OLM, also known as

the external limiting membrane or ELM), the outer nuclear layer (ONL), the outer plexiform
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layer (OPL), the inner nuclear layer (INL), the inner plexiform layer (IPL), the ganglion cell

layer (GCL), the nerve fibre layer (NFL) and the inner limiting membrane (ILM) (see Figure

1.1(b)). The retina can be divided into two halves: the outer retina lying outward from the

boundary between the OPL and INL and the inner retina lying inward from this boundary.

The choroid, which is a vascular layer, lies outward from the RPE and is separated from

it by Bruch’s membrane (BM). Photoreceptor cells occupy not just the photoreceptor layer,

but also the ONL, which contains their nuclei, and the OPL, which contains their axons and

synaptic terminals. The INL contains the bipolar cells, together with the nuclei of the horizon-

tal cells, the interplexiform cells and most of the amacrine cells, all of which are intermediate

between the photoreceptors and ganglion cells (Oyster, 1999). It also contains the nuclei of

the Müller’s cells (Oyster, 1999). The IPL contains the synaptic terminals of the bipolar cells

and the dendrites of the ganglion cells with which they synapse. The GCL contains the nuclei

of the ganglion cells and some amacrine cells (Oyster, 1999), whilst the NFL contains the

ganglion cell axons which lead to the brain via the optic nerve. The OLM is formed by a

series of tight junctions between the photoreceptors and Müller’s cells and the ILM is formed

by the expansion and connection of the outermost tips of the Müller’s cells (Oyster, 1999).

Photoreceptors are the retinal cells which detect and respond to incident light. They come

in two varieties: rods and cones. Rod photoreceptors provide achromatic vision under scotopic

(low light) conditions, whilst cone photoreceptors provide high-acuity colour vision under

photopic (well-lit) conditions. Following light detection the visual signal is transmitted via the

neurons of the inner retina, where some image processing occurs, to the optic nerve and then to

the brain. Photoreceptors have four main structural elements: an outer segment (OS), which

contains discs in which the photopigment molecules are embedded, an inner segment (IS),

which contains the photoreceptor mitochondria and hence is the most metabolically active part

of the cell, a nucleus, and an axon ending in a synaptic terminal (Oyster, 1999) (see Figure

1.2 for diagrams of rod and cone photoreceptors). The OS and IS are connected via a narrow

cilium. Photoreceptors regularly shed disks from the tip of their OS and form replacement

discs at the base of the OS, with an average OS turnover rate of approximately 9–13 days
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Figure 1.2: Diagram of rod and cone photoreceptors. Figure reproduced, with permission and
modifications, from Wright et al. (2010).

(Young, 1971; Oyster, 1999). The shed discs are then phagocytosed by neighbouring RPE

cells.

The RPE comprises a single layer of cuboidal cells which form the blood-retina barrier

and are essential to the proper functioning and maintenance of the photoreceptors. In addition

to removing shed OSs and acting as a mediator between the retina and the choroid of oxygen

and other nutrients, the RPE is thought to play an important role in the maintenance of the

choriocapillaris, via its production of vascular endothelial growth factor (VEGF, an angiogenic

factor, Saint-Geniez et al., 2009).

Oxygen is supplied to the retina via two separate vascular systems: the choriocapillaris

(CC), the fenestrated capillary bed which forms the innermost layer of the choroid next to

BM, supplies the photoreceptors in the outer retina, whilst the retinal circulation supplies the

inner retina (Oyster, 1999). The CC is supplied and drained by the blood vessels lying deeper

in the choroid, which are themselves supplied and drained by the long and short posterior

ciliary arteries, and the superior and inferior ophthalmic veins, whilst the retinal circulation is

supplied and drained by the central retinal artery and vein (see Figure 1.3).
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Figure 1.3: Diagram to show the retinal and choroidal vasculature. Figure reproduced, with
permission and modifications, from Kur et al. (2012) and originates from Anand-Apte and
Hollyfield (2009).

Regional Variations

The structure of the retina is not uniform across the inner surface of the eye, but rather contains

many regional differences. Figure 1.4 shows the regions into which the retina is commonly

decomposed. Here we have followed the convention of Iwasaki and Inomata (1986) in our

labelling of the regions of the central retina. The fovea lies roughly at the centre of the retina,

the other regions lying concentrically outward from this, with the exception of the foveola,

which lies central to the fovea, and the optic disc, which occupies a position nasal to the fovea

in the mid-periphery. The fovea is the region of the retina responsible for high acuity central

vision and the optic disc gives rise to a blind spot which is compensated for by the other eye.

The foveola is the region of the retina from which the GCL is absent (Iwasaki and Inomata,

1986) and the border between the fovea and the parafovea is formed by the thickest part of the

retina, called the foveal rim. The borders between the parafovea and perifovea, and between

the perifovea and mid-periphery are determined by retinal width (see Iwasaki and Inomata,

1986, for details). The equator is the circumference of the eye lying midway between the
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Figure 1.4: Diagram to show the various regions of the retina in the left eye (the optic disc
would be on the right-hand side in the right eye). The equator lies half way between the front
and the back of the eye. Nasal: the side of the eye nearest the nose. Temporal: the side of the
eye furthest from the nose. Superior: the upper part of the eye. Inferior: the lower part of the
eye.

front and the back of the eye and the retina comes to an end at the ora serrata.

Both the total retinal width and the width of most of the retinal layers vary across the retina.

Only the RPE, photoreceptor layer, the ONL, some of the OPL and the ILM are present at the

centre of the fovea (Oyster, 1999), whilst the remainder of the OPL and the inner neural layers

are laterally displaced toward the foveal rim. As a result, the total retinal width is greatest at

the foveal rim, decreasing sharply toward the centre of the foveal pit and decreasing gradually

toward the periphery (see Figures 1.3 and 1.5(a)).

Photoreceptors are unevenly distributed across the retina. Cone density is highest at the

centre of the fovea, falling off sharply toward the edge of the fovea and then more slowly

toward the periphery of the retina, whilst rods are absent from the centre of the fovea, reach

their maximum density in a ring about 20o from the foveal centre and gradually reduce in

density toward the periphery (see Figure 1.5(b)). Both rods and cones are absent from the

optic disc.
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Figure 1.5: Regional variations across the retina. (a) Diagram to show the width of the retina
across the horizontal meridian for a range of eccentricities (angles of displacement from the
centre of the fovea). The retina is shown in profile. All widths are given in mm. The numbers
in red are more accurate. (b) Graph to show rod and cone photoreceptor densities across the
horizontal meridian of the human retina. Photoreceptors are absent from the region of the
optic disc. Figures reproduced, with permission and modifications, from Webvision, http:
//webvision.med.utah.edu/, where (b) originates from Østerberg (1935).

The retinal vasculature consists of two capillary layers, one deep and the other superficial

(Pournaras et al., 2008; Kur et al., 2012). The deep retinal capillary layer lies between the

OPL and the INL, whilst the superficial retinal capillary layer lies in the GCL and NFL (Kur

et al., 2012). The deep retinal capillaries disappear toward the periphery of the retina and

there is a rim of approximately 1.5 mm at the furthest edge of the retina from which retinal

capillaries are absent (Pournaras et al., 2008). There is also a capillary free region, of about

400–500 µm in diameter, spanning the central fovea (Oyster, 1999; Pournaras et al., 2008). A

third capillary layer is present in a small rim around the optic disc, known as the peripapillary

area (Pournaras et al., 2008; Kur et al., 2012). These radial peripapillary capillaries reside in

the superficial portion of the NFL (Pournaras et al., 2008; Kur et al., 2012). Recent studies

examining the human retina identified four retinal capillary layers in regions 3 mm superior

to the optic disc and 2 mm nasal to the fovea (Chan et al., 2012; Tan et al., 2012), confirming

similar findings in the central retina of the macaque monkey in which retinal capillary layers

were found to border the inner and outer edges of both the INL and GCL (Snodderly et al.,
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1992). The innermost and outermost of these layers have a laminar structure, whereas the

middle two have a complex three-dimensional configuration (Chan et al., 2012; Tan et al.,

2012). Similarly accurate measurements have yet to be performed in the mid- or far-peripheral

retina, though at present it is thought that the number of capillary layers decreases toward the

periphery of the retina, decreasing to two and then one layer (Oyster, 1999).

1.2 Retinal Oxygen Distribution and the Role of

Neuroglobin

1.2.1 Retinal Oxygen Distribution

The retina has one of the highest rates of oxygen consumption of any tissue in the human

body (Anderson and Saltzman, 1964; Anderson, 1968; Yu and Cringle, 2001) and, as such, is

particularly vulnerable to hypoxia (oxygen deprivation). Indeed, hypoxia may contribute to

photoreceptor death in the early stages of the retinal degenerative disease retinitis pigmentosa

(Maslim et al., 1997; Valter et al., 1997; Stone et al., 1999; Choi et al., 2001; Mervin and Stone,

2002b) and there is some evidence that the rate of retinal oxygen uptake may be increased in

patients in the early stages of this disease (see Section 1.3, Anderson, 1968; Haugh et al.,

1990; Wangsa-Wirawan and Linsenmeier, 2003; Yu and Cringle, 2005).

Whilst the oxygen distribution across the human retina has not been measured, it has

been measured for other mammals, including rats (Yu et al., 1994, 1999, 2000, 2004), rabbits

(Stefánsson, 1988), cats (Alder et al., 1983; Linsenmeier, 1986; Linsenmeier and Yancey,

1989; Haugh et al., 1990; Linsenmeier and Braun, 1992; Braun et al., 1995; Linsenmeier and

Padnick-Silver, 2000; Padnick-Silver and Linsenmeier, 2003) and monkeys (Birol et al. 2007,

see also Yu and Cringle, 2001, 2005; Wangsa-Wirawan and Linsenmeier, 2003, for reviews).

Under dark conditions (dark adaptation, DA) the photoreceptor ISs consume oxygen at twice

the rate at which they consume oxygen under light conditions (light adaptation, LA). This

is because under DA an ionic flow, known as the dark current, must be maintained by an
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Figure 1.6: Retinal oxygen profiles. Graphs show the oxygen distribution across the peri-
foveal retina of a macaque monkey under DA (a) and LA (b). The retina is normoxic under
LA, whilst hypoxic regions are present in both the inner and outer retina under DA. Grey
lines show the profiles measured using an oxygen-sensitive microelectrode, whilst black lines
show a piecewise linear and quadratic approximation fitted to the outer retinal profile. Figure
reproduced, with permission, from Birol et al. (2007).

ATP dependent NA+/K+ pump, located in the IS membrane (Hart Jr., 1992). As a result, the

retinal oxygen profile drops under DA, meaning that the retina is more likely to experience

hypoxia under DA. Hypoxia is detrimental to cells, both in limiting oxidative metabolism

and in increasing the production of reactive oxygen species, upsetting the redox potential and

leading to oxidative stress and damage (Kohen and Nyska, 2002).

Birol et al. (2007) have measured oxygen profiles across the retina of the macaque monkey

under DA and LA. The outer retina is normoxic under LA and hypoxic under DA, whilst the

inner retina may be hypoxic under either LA or DA, depending upon local retinal capillary

density (see Figure 1.6, where the inner retina is normoxic under LA and hypoxic under DA in

this case). Since the macaque retina is physiologically similar to that of the human, it is likely

that the human retina is also vulnerable to hypoxia, especially under DA. Thus any factor that

promotes retinal oxygenation may be vital in preventing or minimising retinal hypoxia and

hence cell death.
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1.2.2 Neuroglobin

Globins are proteins that bind oxygen reversibly and regulate oxygen transport and storage

(Burmester and Hankeln, 2004). The two best known vertebrate globins are haemoglobin

(Hb) and myoglobin (Mb). Hb increases the oxygen carrying capacity of red blood cells,

whilst Mb facilitates the diffusion of oxygen to mitochondria in striated and cardiac muscle

cells (Burmester et al., 2000; Burmester and Hankeln, 2004, 2009). In 2000, Burmester et al.

discovered a new vertebrate globin protein which they named neuroglobin (Ngb) because

of its preferential expression in the cells of the nervous system, including the retina. Ngb

has a similar structure and molecular mass to that of Mb (Burmester and Hankeln, 2009)

and, as such, it has been proposed that Ngb may play a role in oxygen transport and storage

(Burmester et al., 2000; Burmester and Hankeln, 2004, 2009). In Chapters 2 and 3 we use

mathematical models to test this hypothesis.

By transport, we mean the process by which oxygen is moved from one region of the

retina to another, resulting in a spatial redistribution of oxygen, whilst storage refers to the

temporal retention of oxygen following a drop in oxygen levels within the retina. In the first

case we seek to discover whether Ngb could increase the oxygen concentration in hypoxic

regions under steady-state conditions, whilst in the second case we aim to discern whether

Ngb could act as an oxygen buffer, maintaining an oxygen supply to the retina during a period

of increased uptake, or decreased supply.

That Ngb has a role in oxygen transport and storage seems likely for the following reasons:

1. Ngb appears to be related to invertebrate nerve globins which are thought to be involved

in oxygen supply (Burmester et al., 2000; Burmester and Hankeln, 2009);

2. this hypothesis is the most parsimonious from an evolutionary perspective (avoiding

frequent switching of the role of globins during evolutionary history, Burmester and

Hankeln, 2009);

3. Ngb is most highly concentrated in those areas of the retina with the highest density of

mitochondria, that is, those regions with the highest oxidative metabolism (Bentmann
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et al., 2005);

4. Ngb is likely to occur in high concentrations (� 200µM) in these regions and thus

contribute significantly to the flux of oxygen across the retina (Bentmann et al., 2005);

5. Ngb’s oxygen affinity is higher than that of Hb, but lower than that of the cytochrome

oxidase of the mitochondria, suggesting a similar role to that suggested for Mb in trans-

porting oxygen from the blood supply to mitochondria (Bentmann et al., 2005);

6. Ngb is up-regulated during hypoxia and ischemia, and has been shown to improve neu-

ronal survival after hypoxia (Sun et al., 2001, 2003).

Despite these arguments, it is far from certain that Ngb plays a significant role in oxygen

transport and storage, and opinion as to the main function of Ngb remains divided. To quote

a recent review, ‘the current evidence neither convincingly supports nor excludes an involve-

ment of Ngb in O2 supply’ (Burmester and Hankeln, 2009). The following observations argue

against a role in oxygen transport and storage:

1. As mentioned above, Ngb is thought to play an analogous role to that suggested for

Mb in oxygen transport. However, Ngb’s P50 value (the partial pressure of oxygen at

which half of all Ngb molecules are bound to oxygen, lower values corresponding to a

higher oxygen affinity) may be higher than the value of 2 mmHg originally estimated

(Burmester et al., 2000), with estimates reaching as high as 8.4 mmHg (Hamdane et al.,

2003). This compares with a P50 of 1–5 mmHg for Mb. Indeed, Mb’s role in oxygen

transport is itself a matter of controversy (Jürgens et al., 1994);

2. Dewilde et al. (2001) found that Ngb undergoes a fast autoxidation from a ferrous (Fe2+)

to a ferric (Fe3+) form in vitro, an event which reduces the binding efficiency of O2 to

Ngb;

3. Although Ngb concentrations within certain cells or sub-cellular compartments in the

retina may exceed the average retinal concentration, it is unclear whether they are high

enough for Ngb to significantly affect oxygen transport;
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4. The only previous mathematical model to examine the role of Ngb upon retinal oxygen

distribution suggested that the effect of Ngb is insignificant (Fago et al., 2004b).

In Chapter 2 we show that Ngb’s P50 value, far from arguing against a role in oxygen

transport, is in fact near optimal for this process, whilst in Chapter 3 we show that Ngb can

play a significant role in oxygen transport for biologically realistic concentrations.

A number of alternative roles have been suggested for Ngb. For example, Ngb may act

as a scavenger of reactive oxygen or nitrogen species, it may detoxify excess nitric oxide, it

may play a role in the control of blood pressure, it may be involved in a signal transduction

pathway, it may be involved in a redox process preventing apoptosis or act as a sensor of the

cellular oxygen concentration (Burmester and Hankeln, 2004, 2009). However, for the reasons

outlined above, we consider the oxygen transport and storage hypothesis the most promising.

A fourth vertebrate globin, cytoglobin (Cygb), which is also expressed in the retina, was

discovered in 2002 (Burmester et al., 2002; Trent and Hargrove, 2002). Whilst it may also

play a role in oxygen transport and storage, we ignore its presence in this study, noting that

since its distribution in the vertebrate retina is not correlated with mitochondrial distribution

or oxygen consumption, it is unlikely to play a major role in these processes (Schmidt et al.,

2005).

1.2.3 Previous Mathematical Models

A number of mathematical models for retinal oxygen distribution have been constructed (see

for instance, Dollery et al., 1969; Linsenmeier, 1986; Stefánsson, 1988; Haugh et al., 1990;

Linsenmeier and Braun, 1992; Braun et al., 1995; Linsenmeier and Padnick-Silver, 2000;

Cringle and Yu, 2002; Yu and Cringle, 2002). The majority of these models fit piecewise

linear and quadratic polynomials to oxygen profiles measured using oxygen sensitive micro-

electrodes. They assume that the oxygen concentration is at steady-state and are posed on

one-dimensional domains, oriented in a radial direction, across the width of the retina. They

assume that the rate of oxygen uptake is constant in each model layer (where model layers

incorporate various cellular layers) and so reduce to solving d2c
dx2 = Q in each layer, where c is
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the oxygen concentration, x is the distance across the retina and Q is the rate of oxygen uptake.

In layers for which Q > 0, the profile is quadratic and in those for which Q = 0, the profile is

linear. In Chapters 2 and 3 we employ the more realistic Michaelis-Menten term for oxygen

uptake (Qc/(g + c)), whilst using an asymptotic analysis to place these piecewise linear and

quadratic models on a stronger theoretical foundation.

To the best of our knowledge, only one mathematical model of retinal oxygen distribu-

tion incorporating Ngb has been developed (Fago et al., 2004b). This model contains three

layers spanning the outer retina, between the CC and the deep retinal capillaries. Unlike the

models mentioned above, a Michaelis-Menten term is used for the rate of oxygen uptake. The

proportion of Ngb molecules in their oxygen bound and unbound states are assumed to be

at quasi-steady-state at all times. The model predicts that Ngb concentrations would have to

exceed 100 µM to be effective in oxygen storage and to be greater than 300 µM to be ef-

fective in oxygen transport. Since they assume that Ngb levels do not exceed 100 µM, Fago

et al. conclude that Ngb does not play a significant role in either the transport or storage

of oxygen. However, based upon the reasoning outlined in Appendix A, we argue that Ngb

concentrations could reach, and, perhaps, significantly exceed, these concentrations in some

locations. In Chapter 3 we expand Fago et al.’s model to account for both the inner and outer

retina, dropping the quasi-steady-state assumption and exploring the full range of biologically

realistic Ngb concentrations. Our results suggest that Ngb’s oxygen storage properties are

negligible, in agreement with Fago et al., whilst challenging their conclusion that this holds

true for oxygen transport.

Two models for retinal oxygen supply have been developed using a modified version of

the Krogh tissue cylinder model; however, neither of these models account for the layered

structure of the retina, or the action of Ngb (Friedland, 1978; Seth, 2012).

Oxygen transport in other biological tissues has received a great deal of attention from the

applied mathematics community (see Goldman, 2008, for a review), as has the role of Mb in

the facilitated diffusion of oxygen (see, for instance, Wyman, 1966; Keener and Sneyd, 1998;

McGuire and Secomb, 2001; Whiteley et al., 2002).
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1.3 Retinitis Pigmentosa

1.3.1 Overview

The term retinitis pigmentosa (RP) refers to a range of genetically mediated retinal diseases

that cause the degeneration and subsequent loss of photoreceptors. RP most commonly occurs

as a rod-cone dystrophy, with an initial degeneration of rod photoreceptors, followed by the

degeneration of cone photoreceptors (Hamel, 2006). However, less common forms exist, in

which rod and cone loss occurs on the same time scale, or in which cone loss precedes rod

loss (termed a cone-rod dystrophy, Hartong et al., 2006). Whilst both the mode and rate of

RP progression vary greatly between patients, a general pattern can be discerned. Typically,

patients first exhibit symptoms during adolescence, when they develop difficulties with dark

adaptation and night blindness. This is followed by loss of far- or mid-peripheral vision in

early adulthood, which over time leads to tunnel vision. Central vision is generally the best

preserved, but is usually lost by age 60 (Hartong et al., 2006). Examination of the fundus

(the interior surface of the eye, opposite the lens) of RP patients typically reveals pigmentary

deposits in the periphery of the retina, known as bone-spicules; attenuation of the retinal

vasculature and a waxy pallor to the optic disc (see Figure 1.7).

RP is the most common inherited retinal degeneration (Shintani et al., 2009). Nonsyn-

dromic RP (that is, occurring without any other symptoms) has a prevalence of about 1 in

4000 with about 1.5 million affected individuals worldwide (Hamel, 2006; Hartong et al.,

2006; Shintani et al., 2009). As noted by Hartong et al. (2006), studies in Japan, Kuwait and

Denmark have shown that RP is a major or leading cause of visual disability within certain

age ranges. A number of treatment strategies are being developed (see Section 1.3.7), but as

yet none of these are available in a clinical setting (Musarella and MacDonald, 2011).

In Chapters 4 and 5 we examine the role of oxygen toxicity upon the progression of RP.

In what follows, we describe the genetic basis, pathophysiology and clinical manifestations of

RP, before discussing oxygen toxicity in more detail.
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Figure 1.7: Fundi of a healthy patient (left) and a patient with RP (right). Note the presence
of peripheral pigment deposits, attenuation of the retinal vessels and waxy pallor to the optic
disc in the image of the diseased eye. Figure reproduced, with permission, from Hartong et al.
(2006).

1.3.2 Genetic Basis

RP is genotypically heterogeneous, with mutations in at least 53 genes having been associated

with RP to date (Al-Rashed et al., 2012). Most of these genes are expressed in rod photore-

ceptors and some by RPE cells, but most are not expressed in cone photoreceptors (Hamel,

2006; Hartong et al., 2006; Daiger et al., 2007). The question of why degeneration spreads to

cone photoreceptors is addressed in Sections 1.3.5 and 1.3.6.

Mutant genes expressed in rods typically code for proteins involved in photoreceptor struc-

ture (for instance cytoskeleton proteins), the renewal and shedding of the rod OSs (for instance

rhodopsin), phototransduction cascades (for instance cGMP phosphodiesterase), or the visual

cycle (Van Soest et al., 1999; Hamel, 2006; Shintani et al., 2009), whilst mutation of the RPE

may disrupt disc phagocytosis or retinol (a molecule in the visual cycle) metabolism (Hamel,

2006).

RP may also occur as part of a syndrome, in which other organ systems are affected.

Examples include Usher’s syndrome, Refsum disease, Bassen-Kornzweig syndrome, Bardet-

Biedl syndrome, and Batten disease (Shintani et al., 2009).
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1.3.3 Animal and Human Models

There is a distinct difference between the progression of RP in animals and humans. In animals

(rats, mice, cats and pigs), degeneration occurs much more rapidly, over a period of weeks

to a couple of years, with two temporally distinct phases of degeneration. The first phase

involves rapid rod loss, whilst the second consists of a more gradual cone loss. During this

second phase, cones exist in a virtually rod-free environment. There is generally no clear

spatial pattern to photoreceptors loss, with photoreceptors being lost in all regions of the retina

simultaneously (see in particular, Petters et al., 1997; Tso et al., 1997; Li et al., 1998, see

also, Carter-Dawson et al. 1978; Garcı́a-Fernández et al. 1995; Clarke et al. 2000; Yu et al.

2000, 2004; Yu and Cringle 2001, 2005; Campbell et al. 2006; Padnick-Silver et al. 2006;

Chrysostomou et al. 2008; Huang et al. 2012; Li et al. 2012; Pennesi et al. 2012; Ross et al.

2012; Samardzija et al. 2012; Wang et al. 2012). The morphological features of degenerating

cones are different from those of rods, suggesting that a different mechanism is responsible

for their demise (Petters et al., 1997; Tso et al., 1997).

The RPE is usually well preserved, but may degenerate or migrate toward the inner neural

layers in the later stages of the disease (Tso et al., 1997; Li et al., 1998; Samardzija et al.,

2012). The CC is generally maintained and choroidal blood flow remains unaffected; how-

ever, retinal blood flow decreases with retinal degeneration and retinal vessel attenuation is

common, whilst retinal vessels may also degenerate, particularly at the periphery (Li et al.,

1998; Yu et al., 2000, 2004; Yu and Cringle, 2005; Padnick-Silver et al., 2006; Li et al., 2012;

Samardzija et al., 2012)

In humans, photoreceptor degeneration is more gradual, there is no clear separation be-

tween phases of rod and cone loss, and a spatial pattern of degeneration is evident. Rod

dysfunction typically occurs in adolescence, leading to night blindness and poor dark adap-

tation; however, the rods themselves remain intact (Milam et al., 1998). Significant photore-

ceptor loss does not usually begin until early adulthood, typically initiating in the mid- or

far-peripheral retina and progressing outwards from there (Milam et al., 1998; Hartong et al.,

2006). This corresponds to the loss of mid- or far-peripheral vision and the development of
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tunnel vision (Grover et al., 1998). Central vision is generally best preserved and is usually

lost by age 60 (Grover et al., 1998; Hartong et al., 2006). Prior to the degeneration of pho-

toreceptors, their OSs shrink and vanish, most likely because the rate of production of discs

has decreased, failing to keep pace with disc shedding. This explains the loss in rod function

prior to their degeneration (Milam et al., 1998).

Studies using transgenic rats and Xenopus laevis tadpoles have shown that both rod and

cone photoreceptors may regain OS length and function following light damage (Chrysosto-

mou et al., 2008; Lee et al., 2012), suggesting that photoreceptor recovery may be possible in

RP, following OS loss.

Following photoreceptor degeneration in humans, RPE cells migrate away from Bruch’s

membrane, towards the retinal capillary layers, producing black melanin granules, resulting in

the distinctive bone spicule pattern (Li et al., 1995; Milam et al., 1998, see Figure 1.7). This

is often followed by degeneration of the CC (Li et al., 1995; Milam et al., 1998; Mullins et al.,

2012).

Fundus examination of many RP patients reveals abnormal autofluorescence (AF) patterns

(von Rückmann et al., 1995, 1999). Fundus AF is due to the presence of a substance known

as lipofuscin (LF) which is contained within RPE cells (Sparrow and Boulton, 2005; Ach

et al., 2012). LF is derived from the material within phagocytosed photoreceptor OS tips.

The fluorophore A2E is a major constituent of LF (Sparrow and Boulton, 2005; Zhou et al.,

2006). A2E is not removed from RPE cells, but rather accumulates over time (Sparrow and

Boulton, 2005). It is thought that increases in the levels of A2E may result in RPE dysfunction

and damage (Kennedy et al., 1995; Sparrow and Boulton, 2005), together with photoreceptor

death (Dorey et al., 1989).

The majority of abnormal AF patterns may be characterised as either a single or a double

hyperfluorescent ring. In single ring AF, the ring may remain stable over time, or constrict,

moving towards the fovea (Robson et al., 2006, 2011; Lima et al., 2012). In double ring AF,

the inner ring is seen to constrict to a perifoveal location and the outer ring to expand from

the vascular arcades (branches of the central retinal artery) toward the periphery, eventually
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Figure 1.8: (a) Fundus autofluorescence image of the left eye of a patient with RP, showing a
double ring pattern. (b) OCT scan through a section oriented along the green line in (a); the
photoreceptor IS/OS band is undetectable in the area between the two AF rings (indicated by
the yellow bars). Figure reproduced, with permission and modifications, from Escher et al.
(2012).

becoming hypofluorescent (Escher et al., 2012, see Figure 1.8(a)). The accumulation of LF

which results in AF rings may be caused by alterations in either the rod OSs or the RPE

(Kennedy et al., 1995).

AF imaging has been compared against other measurements of the retina such as optical

coherence tomography (OCT, Murakami et al., 2008; Lima et al., 2009, 2012; Robson et al.,

2011; Escher et al., 2012), electroretinograms (ERGs) – including pattern ERGs (PERGs,

Robson et al., 2003, 2004, 2006, 2008, 2011; Popović et al., 2005) and multi-focal ERGs

(mfERGs, Popović et al., 2005; Robson et al., 2006, 2008) – and visual field tests (perimetry,

Popović et al., 2005; Robson et al., 2006; Murakami et al., 2008; Escher et al., 2012) – in-

cluding fine matrix mapping (FMM, Robson et al., 2004, 2006, 2008) – in order to relate the

observed fluorescence patterns to retinal morphology and function. OCT measures the depth

of various retinal layers, in particular the inner segment/outer segment (IS/OS) boundary and

the outer nuclear layer (ONL). Absence of the IS/OS boundary indicates photoreceptor degen-

eration and perhaps apoptosis, whilst absence of the ONL indicates photoreceptor apoptosis.

ERGs measure the electrophysiological responses of rods and cones and are a good indicator
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of rod and cone function and hence scotopic (rod) and photopic (cone) sensitivity. Visual field

tests measure the visual acuity at a range of points in a patient’s visual field.

In the case of single ring AF, OCT reveals normal retinal morphology central to the ring,

with disorganisation of the IS/OS junction and centrifugal thinning of the ONL across the

width of the ring, the IS/OS junction and ONL vanishing at the outer boundary of the ring

(Murakami et al., 2008; Lima et al., 2009, 2012; Robson et al., 2011). ERG shows preser-

vation of scotopic and photopic vision central to the ring, with sensitivity loss increasing

centrifugally across the ring and absence of both peripheral to the ring, with reduced scotopic

vision encroaching past the inner boundary of the ring into the central retina (Robson et al.,

2004, 2006, 2008; Popović et al., 2005). This is consistent with the characterisation of RP as

a rod-cone dystrophy, with rod degeneration preceding cone degeneration and suggests that

rod dysfunction precedes the accumulation of LF and visual field loss (Robson et al., 2008).

The visual field is found to be preserved central to the ring and absent peripheral to the ring

(Robson et al., 2003, 2006, 2008; Popović et al., 2005; Murakami et al., 2008), with a gradient

of sensitivity change across the ring (Robson et al., 2004, 2008).

The fact that the IS/OS boundary and ONL are preserved across the AF ring and the fact

that visual sensitivity is diminished, but not absent, across the ring, suggest that rescue of

photoreceptors and, hence, visual function, may be possible in this region. The absence of the

IS/OS boundary and ONL peripheral to the ring, together with the absence of visual sensitivity

suggest that functional rescue in this region is not possible.

For double ring AF, OCT shows the absence of the IS/OS junction in the region between

the rings (Figure 1.8(b)) and visual field tests reveal either a mid-peripheral annular scotoma

(island of visual field loss) or tunnel vision in advanced cases (Escher et al., 2012). Fundus

photography also shows RPE atrophy in the mid-periphery and pigmentary deposits along the

vascular arcades (Escher et al., 2012). Escher et al. (2012) also measured the melanin-related

near-infrared AF. It was found to colocalise with the outer and inner rims of the outer and inner

rings respectively suggesting an early stage of photoreceptor degeneration as concentrations

of the antioxidant melanin may increase due to increased rates of RPE phagocytosis.
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It is still unclear whether the photoreceptors or the RPE initiate retinal degeneration.

Mullins et al. (2012) found regions of preserved RPE underlying a completely atrophic ONL,

suggesting that photoreceptors degenerate first. This would also appear to be the case in ge-

ographic atrophy, a late stage of macular degeneration (Panorgias et al., 2013). Alternatively,

the RPE may degenerate first as a result of increased metabolic demand and LF accumulation

due to increased rod OS turnover and photoreceptor apoptosis (Dorey et al., 1989; Popović

et al., 2005; Murakami et al., 2008; Lima et al., 2012).

It is unclear how, on the basis of LF accumulation alone, the typical pattern of disease

progression of RP could be generated. LF accumulation does not explain why degeneration

begins at the mid- or far-periphery and nor does it explain why degeneration would spread. As

such, LF accumulation does not present a promising mechanism for RP progression.

Some recent studies in transgenic rats have demonstrated that rods may die in circular ‘hot

spots’ rather than uniformly across the retina (see Lee et al., 2011; Ji et al., 2012; Garcı́a-Ayuso

et al., 2013; Zhu et al., 2013). In the P23H-1 rat, hot spots are more common in the equatorial

(far- and mid-peripheral) retina (Garcı́a-Ayuso et al., 2013). These hot spots expand over time,

initially maintaining their circular shape (Ji et al., 2012), with widths measured to lie in the

range 60-295 µm, depending upon age and mutation type (Ji et al., 2012; Garcı́a-Ayuso et al.,

2013; Zhu et al., 2013). The cones which formerly inhabited the spots are initially displaced

to the circumference, before degenerating at a later stage (Lee et al., 2011; Ji et al., 2012;

Garcı́a-Ayuso et al., 2013; Zhu et al., 2013). Very little histological data is available for the

early stages of human RP, so these studies provide a key insight into the likely patterns of early

photoreceptor loss. Cideciyan et al. (1998) studied the microscopic pattern of degeneration in

humans. They found that some, but not all, forms of rhodopsin mutations (expressed in rods)

may lead to an initial patchy loss of photoreceptors, with patches appearing to coalesce over

time. In other cases rod dysfunction occurs more evenly across the retina.

Much remains to be understood concerning the aetiology of RP. It is not known why de-

generation initiates in the far- or mid-periphery or why it spreads. Many of the RP-causing

mutations have yet to be identified. Amongst those mutations that have been identified the ma-
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jority are expressed solely by rods (Hamel, 2006; Hartong et al., 2006), though it is often not

clear why these mutations should lead to rod death. Since cones do not generally express the

mutant gene and their death proceeds secondarily to rod death, either cones must depend upon

rods in some direct or indirect fashion, or the death of rods must set in motion other events

which lead to cone death. Since cone loss (and secondary rod loss in humans) is largely inde-

pendent of the disease-causing mutation and since it is the loss of cones that causes the most

serious visual impairment, we will focus our attention upon secondary cone (and rod) loss.

As a consequence, our models will be applicable to most forms of RP and not only to forms

caused by particular mutations.

The reasons for the differences in disease progression between animal and human models

have yet to be determined. The differences may be due in part to differences in eye size, the

distribution and density of rods and cones, the ratio of rods to cones or the retinal architecture.

Indeed, most animal retinas have a lower cone density and lack a cone-rich macula region (Tso

et al., 1997). Wright et al. (2004) found that rates of neurodegeneration amongst mammals ‘are

strongly correlated with maximum lifespan potential and rates of formation of mitochondrial

reactive oxygen and nitrogen species (RONS)’. Noting that cellular stresses are integrated by

mitochondria to determine the time of cell death, they have made the intriguing suggestion

that the greater production of RONS in the mitochondria of shorter lived species increases the

probability of cell death and is thus chiefly responsible for the higher rate of neurodegeneration

in these species.

1.3.4 Visual Fields

Grover et al. (1998) measured the visual fields of 162 patients using Goldman perimetry over

a period of at least 3 years each. They identified three characteristic patterns of visual field

progression.

Pattern 1 A concentric loss of visual field (vision loss starts at the periphery and progresses

inward, see Figure 1.9(1A)). This is sometimes accompanied by a perifoveal or parafoveal

ring scotoma (see Figure 1.9(1B)).
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Pattern 2 Either an initial nasal or superior nasal restriction from which an arcuate (bow

shaped) scotoma winds inferiorly through the mid-periphery from the nasal side (Figure

1.9(2A)), or a superior temporal (Figure 1.9(2C)) or complete temporal (Figure 1.9(2B))

restriction, from which an arcuate scotoma winds inferiorly through the mid-periphery

from the temporal side. In each case both the central and inferior peripheral visual fields

are preserved. Peripheral vision is then lost, leaving only a central island of vision.

Pattern 3 A complete or partial mid-peripheral ring scotoma develops. This then expands

into the superior (more often) or inferior periphery leaving a central island of vision,

together with a U- or n-shaped peripheral visual field. Lastly the arms of the ‘U’ or ‘n’

retract from both sides until the peripheral field is lost leaving only a central visual field

(Figure 1.9(3)).

It was found that the pattern of visual field loss was the same within families and that some

genetic subtypes tended to result in a particular pattern of visual field loss. It was also noted

that, in most cases, visual field loss occurs at the margins of the remaining visual field. In

Chapter 5 we compare the patterns of degeneration predicted by our model with these in vivo

patterns of visual field loss, to test the explanatory power of the oxygen toxicity hypothesis

(see below).

1.3.5 Hypothetical Mechanisms for Secondary Cone Loss

Thus far, four main hypotheses have been proposed to explain cone loss:

1. the oxygen toxicity hypothesis;

2. the rod trophic factor hypothesis;

3. the rod toxic substance hypothesis;

4. the microglia hypothesis.
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Figure 1.9: Diagram to show the patterns of visual field loss described by Grover et al. (1998).
Black regions represent scotomas and white regions areas of preserved vision. See text for
details.

In addition to explaining secondary cone loss, these hypotheses may also help to explain

the loss of both rods and cones during the expansion of degenerate patches in human RP. We

describe the latter three hypotheses below, delaying description of the first to the next section.

Rod photoreceptors are known to release trophic factors that are essential for cone viability

(Mohand-Saı̈d et al., 1997, 1998, 2000; Fintz et al., 2003). Rod loss removes the source

of these factors, leading to cone degeneration. One such factor, rod-derived cone viability

factor (RdCVF), identified by Léveillard et al. (2004), was shown to slow cone degeneration

in both chick and mouse models. Further support for this hypothesis has been provided by

Camacho et al. (2010)’s mathematical model of photoreceptor interactions, which suggests

that the interaction of rods and cones via rod trophic factor is vital to the survival of both

(see Section 1.3.8). The chief weaknesses of this hypothesis are its inability to explain the

survival of cones, in animal models, long after all rods have been lost and the preservation of

the cone-rich fovea in humans.
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Another mechanism by which rod cell death may lead to cone cell death is via the release

of toxic substances by dying rods. These toxic substances are usually assumed to be released

into the interphotoreceptor matrix; however, Ripps (2002) has suggested that they may be

transmitted to healthy cones via gap junctions. This hypothesis could account for the relative

sparing of cone photoreceptors in the foveal area, as cones in this area are likely to be less

extensively coupled to rods (Ripps, 2002). If gap junctions between rods and cones express

a directional selectivity (favouring the rod to cone direction) this may also explain why rod

function is lost at a slower rate in cone-rod dystrophies than cone function is lost in rod-cone

dystrophies (Ripps, 2002). Despite its potential, Ripps’ hypothesis is now in doubt, following

Kranz et al. (2013)’s study, in which the apparent disruption of gap junctions had no effect on

disease progression in transgenic mice. Also, as with the trophic factor hypothesis, the toxic

substance hypothesis fails to account for the preservation of cones long after complete rod loss

in animal models.

Lastly, it has been suggested by Gupta et al. (2003) that cone degeneration could be caused

by activated microglia cells. Under normal conditions microglia exist in a quiescent state in

the inner layers of the retina. However, following activation by rod degeneration, they migrate

to the outer retina where they phagocytose rod cell debris. By analogy with microglia in

the central nervous system, it is hypothesised that activated microglia may release cytotoxic

factors, such as nitric oxide, that kill nearby photoreceptors, including cones. Whilst this

hypothesis might account for the sparing of cones in the fovea, it shares the weakness of the

previous two hypotheses, in not explaining why cones remain in rod-free retinas in animal

models.

Each of these four hypotheses can explain certain aspects of RP progression; however, it

is unclear which, if any of them, is sufficient to explain all aspects. These hypotheses are not

mutually exclusive and are probably best thought of as complimentary. It may be that all, or

a combination of them, regulate RP progression, or that other mechanisms, as yet unknown,

play a part.
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A logical first step is to test these hypotheses in isolation from one another, to determine

whether any one of them is sufficient to explain the spatio-temporal pattern of RP progression.

To date, only the trophic factor and toxic substance hypotheses have received attention from

the mathematical community (see Section 1.3.8). Of the remaining two hypotheses, the oxy-

gen toxicity hypothesis is by far the most promising, both in terms of experimental evidence

and explanatory power. It is upon this hypothesis that we shall now focus.

1.3.6 The Oxygen Toxicity Hypothesis

The oxygen toxicity hypothesis was first suggested by Travis et al. (1991) and later developed

by Valter et al. (1998) and Stone et al. (1999). Following the loss of photoreceptors, the

oxygen demand in the outer retina is significantly decreased, resulting in an increase in outer

retinal oxygen concentrations (Stone et al., 1999; Yu et al., 2000, 2004; Padnick-Silver et al.,

2006). This, combined with the shortening of the photoreceptor OSs, brings the remaining

rod and cone ISs into a toxic environment (Travis et al., 1991; Stone et al., 1999). This results

in a positive feedback loop, as high oxygen levels cause photoreceptor death, which in turn

leads to an increase in oxygen levels (see Figure 4.2). Thus, the second stage of photoreceptor

death is ‘self-reinforcing’ and continues until all photoreceptors are lost (Stone et al., 1999).

The most severe oxidative damage probably occurs under LA, since oxygen levels are higher

under LA (Wellard et al., 2005).

A powerful case can be constructed to support the oxygen toxicity hypothesis. Yu et al.

(2000, 2004) and Padnick-Silver et al. (2006) have shown that oxygen levels rise in the outer

retina in RP following photoreceptor degeneration, but that the inner retina maintains roughly

normal oxygen levels and oxygen uptake (see also Yu and Cringle, 2001, 2005, for reviews).

The choroid autoregulates poorly in response to changes in oxygen concentration, explaining

the rise in outer retinal oxygen levels, whilst the maintenance of inner retinal oxygen levels

is explained by the constriction and degeneration of the retinal capillaries (Yamada et al.,

1999; Yu et al., 2000; Padnick-Silver et al., 2006; Ma et al., 2012; Mullins et al., 2012), their

behaviour providing further evidence for hyperoxia. A number of studies have suggested that
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RP protects against diabetic retinopathy, a disease thought to be driven by hypoxia (Arden,

2001). This again suggests that RP causes hyperoxia.

Valter et al. (1998) and Stone et al. (1999) have shown, using transgenic mouse and rat

models, that hypoxia (a reduced oxygen supply) slows and hyperoxia (an increased oxygen

supply) accelerates retinal degeneration when applied after an early critical developmental

period, whilst Yamada et al. (2001); Okoye et al. (2003); Wellard et al. (2005) have shown,

using mouse and rat models, that hyperoxia results in photoreceptor cell death, with the mid-

periphery being the most vulnerable region.

The case that hyperoxia plays a role in the progression of RP is further strengthened by

consideration of the mechanisms via which it causes damage to retinal cells. It is vital to the

health of a cell that the balance between oxidizing agents and reducing agents, termed the

redox potential, be maintained at a particular level (Kohen and Nyska, 2002). Hyperoxia re-

sults in an increase in oxidizing agents, often called reactive oxygen species (ROS), upsetting

this balance, and resulting in oxidative stress and damage to cells (Kohen and Nyska, 2002).

Mitochondria are the chief producers of oxidants, which play an important role in both ageing

and degenerative diseases (Ames et al., 1995).

Shen et al. (2005) have shown that cones suffer oxidative damage to lipids, proteins and

DNA in an RP (Pro347Leu) model in the pig. It was found that damage was greatest in

the ISs and OSs and in particular within, and in the neighbourhood of, the mitochondria,

which are located in the apical region of the ISs (Shen et al., 2005). This is consistent with

the observation (noted above) that outer retinal oxygen levels rise, but inner retinal oxygen

levels and uptake remain constant, following photoreceptor degeneration. Further evidence

that oxidative damage leads to photoreceptor death was provided by Cingolani et al. (2006)

by injecting the ROS producing chemical paraquat into the mouse vitreous. In this case, since

ROS were no longer localised to the outer retina, inner retinal degeneration was also observed

(Cingolani et al., 2006).

Oxidative damage may be increased in patients with RP mutations that disrupt the phago-

cytosis of shed OSs by the RPE, removing or decreasing the ability of photoreceptors to re-
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move photo-oxidative products via this process (Tsuruma et al., 2012). Light irradiation may

also increase oxidative stress and cause the rate of phagocytosis to decrease (Tsuruma et al.,

2012).

Though it has been shown that hyperoxia can cause damage to and loss of photoreceptors,

it is important to note that the ranges of oxygen concentrations under which different retinal

cell types can remain healthy is still unknown (Yu and Cringle, 2005).

Antioxidants (reducing agents), both endogenous and exogenous, protect retinal cells from

oxidative damage by neutralising ROS (Kohen and Nyska, 2002). Antioxidants have proven

to be effective in reducing retinal damage in mouse models carrying RP genes (Komeima

et al., 2006, 2007; Sanz et al., 2007). This both strengthens the case that the second stage

of photoreceptor degeneration is due to oxygen toxicity and suggests a potential treatment

strategy (Dong et al., 2006; Komeima et al., 2006, 2007; Sanz et al., 2007).

In order to be effective, it is important that antioxidants be present in the right locations, at

the right times and in sufficiently high concentrations to prevent damage by ROS (Kohen and

Nyska, 2002; Dong et al., 2006; Komeima et al., 2007). If this is not the case then oxidative

damage will accumulate and cannot be undone by subsequent treatment with antioxidants

(Ames et al., 1993, 1995; Kohen and Nyska, 2002). Shen et al. (2005) suggest that differences

in the rate of disease progression could be explained by differences in the action of antioxidant

enzymes (due to polymorphisms) or differences in the dietary intake of antioxidants.

In addition to antioxidants, the retina also produces trophic factors to protect against ox-

idative stress. The trophic factors produced in the retina include basic fibroblast growth factor

(bFGF/FGF2), glial fibrillary acidic protein (GFAP), fibroblast growth factor 1 (FGF1), cil-

iary neurotrophic factor (CNTF) and brain-derived neurotrophic factor (BDNF) (Okoye et al.,

2003; Yu et al., 2004). It has been shown that various combinations of these trophic factors

are upregulated, and may improve photoreceptor survival and preserve photoreceptor function

in rat and mouse models either expressing RP genes or in which hyperoxia has been induced

(Yamada et al., 2001; Okoye et al., 2003; Yu et al., 2004).

A promising treatment strategy might be to use antioxidant and trophic factor treatments
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together, the antioxidants neutralising the ROS and the trophic factors increasing photorecep-

tor resistance to apoptosis (Komeima et al., 2006, 2007), by activating antiapoptotic pathways

for instance (Yu et al., 2004). Trophic factors may be delivered either via an intravitreal or

subretinal injection, or using an implantable device for long term delivery (e.g. encapsulated

cell therapy, Musarella and MacDonald, 2011), whilst antioxidants could be upregulated using

ocular gene therapy (OGT, Orosz et al., 2004; Dong et al., 2006).

If oxidative stress causes cumulative damage, then one might expect the kinetics of cell

death to be cumulative, with the risk of cell death increasing over time. Contrary to this

expectation, Clarke and Lumsden (2005b) have shown that animal models of RP (including

cats, dogs, mice and rats) have stretched exponential kinetics1, indicating a constant (in time)

risk of degeneration, where this risk may vary between cells (see also, Clarke et al., 2000;

Clarke and Lumsden, 2005a). However, this does not rule out the oxygen toxicity hypothesis,

as the stress induced upregulation of antioxidants and trophic factors may slow the disease

progression, thus maintaining a constant risk of cell death (Yu et al., 2004). Additionally,

photoreceptor kinetics are unlikely to fit a stretched exponential model in humans, since the

pattern of degeneration is more spatio-temporally heterogeneous, progressing via the expan-

sion of existing patches of loss. In this case, the risk of cell death at a particular location will

increase over time when the death of neighbouring photoreceptors causes the local environ-

ment to become hyperoxic. Here hyperoxia caused cell death is local and rapid, rather than

global and gradual as in animals.

Studies using human epithelial cells (Wang et al., 2003) and rd1 mouse photoreceptors

(Sahaboglu et al., 2013) show that cells take about 72 hours to die from hyperoxia. A rough

calculation shows that this corresponds to a timescale of decades for degeneration to spread

across the retina, which is consistent with the timescale for degeneration in humans (Hartong

et al., 2006).

Only one result appears to directly conflict with the oxygen toxicity hypothesis. It was
1These are given by the stretched exponential, or Kohlrausch-Williams-Watts (KWW) function: N(t) =

N0 exp [�(t/tKWW )b ], where N(t) is the number of neurons at time t, N0 is the initial neuron population, tKWW
is the characteristic timescale of the decay process and b is a shape parameter (Clarke and Lumsden, 2005b).
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found by Vingolo et al. (1999, 2008) that humans treated with hyperbaric oxygen (HBO) ther-

apy (which results in a period of increased oxygen delivery to the retina) preserves visual

fields and results in a mean improvement in ERG responses. On the oxygen toxicity hypoth-

esis we would have expected vision to deteriorate more rapidly. It may be that the transient

challenge to the system posed by HBO results in a prolonged upregulation of trophic factors or

endogenous antioxidants, leading to a net preservation of vision. Further experimental work

is required to test this hypothesis.

1.3.7 Treatment Strategies

Whilst RP is currently incurable, a number of treatment strategies are being developed either

to restore or prevent the loss of visual function. These strategies include light protection,

vitamin therapy, trophic factors, antioxidants, OGT, retinal transplantation, stem cells, drug

delivery and retinal implants (Shintani et al., 2009; Musarella and MacDonald, 2011; Barry

et al., 2012; Kaplan and Fernandez de Castro, 2012; Kusnyerik et al., 2012; Yin and Li, 2012).

1.3.8 Previous Mathematical Models

To date, there has been relatively little modelling work concerning either retinal degeneration

in general or RP in particular. Camacho et al. (2010) produced a dynamical systems model,

formulated as a system of ordinary differential equations (ODEs) for rods, cones and trophic

pool, in which photoreceptors convert nutrients from the trophic pool into new OS discs, which

are continuously shed, whilst rods contribute to cone health via a direct supply of RdCVF, at

no cost to themselves. The model exhibits stable oscillations, corresponding to the rhythmic

shedding and renewal of photoreceptor OSs and provides support for the claim that RdCVF

is necessary for the survival of both rods and cones. Camacho and Wirkus (2013) extend this

model to describe RP, including a fourth compartment for mutant rods. Using bifurcation the-

ory, they determine the different paths that may be traced through various physiological states

on the way to total blindness (see also Colón Vélez et al., 2003). This RP model was further
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extended by Camacho et al. (2014), by applying optimal control theory, enabling optimal treat-

ment strategies to be determined. Whilst these models have proven effective in capturing the

local interaction between rods and cones, they do not include any form of spatial dependence

and are thus unable to explain or predict the spatio-temporal pattern of RP progression.

Clarke et al. (2000, 2001) and Clarke and Lumsden (2005a,b) have suggested a one-hit

model of neuronal cell death for a variety of conditions including RP. According to this model

the time point at which any neuron dies is random (Clarke et al., 2000). This is based upon

the observation that the kinetics of cell death are most consistent with models in which the

risk of cell death is either constant or decreases exponentially with age (Clarke et al., 2000).

This is explained at the biochemical level by the mutant steady-state (MSS) hypothesis, which

suggests that mutations result in elevated levels of a pre-apoptotic compound, placing it closer

to a critical threshold, above which apoptosis is induced (Clarke et al., 2001). Random fluctu-

ations in the concentration of this compound may cause it to exceed this threshold, resulting

in cell death (Clarke et al., 2001).

The MSS hypothesis was incorporated into a spatially explicit 1D model, consisting of a

pair of partial differential equations (PDEs), in which a diffusible toxic factor, produced by

dying photoreceptors, upregulates the production of pre-apoptotic factors in the surrounding

photoreceptors (Burns et al., 2002). This model was able to replicate the patchy photoreceptor

loss observed in the early stages of RP and predicted an exponential decline in photoreceptor

number over the lifetime of the disease, in agreement with Clarke et al. (2000), provided cell

death times were exponentially distributed. Whilst this model accounts for the spatial spread

of photoreceptor degeneration, it does not take into account the distribution of photoreceptors,

nor does it distinguish between rods and cones. It also fails to replicate, and hence explain,

the spatio-temporal pattern of photoreceptor degeneration in humans.

More recently, Lomasko et al. (2007a,b) and Lomasko and Lumsden (2009) have con-

structed stochastic models of cytoskeleton-induced neuron death, extending the work of Burns

et al. (2002). These papers do not have the retina specifically in mind and so are less relevant

to the present work; however, it is worth noting that they also replicate the exponential and
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sigmoidal patterns of cell loss measured by Clarke et al. (2000).

Till et al. (2003) developed a model to describe laser-induced thermal damage in the retina.

The model is initially formulated as a system of ODEs, describing the formation of free rad-

icals and the accumulation of damage, from which expressions are derived to determine the

width of the degenerate patch that will result from a given laser pulse. The model’s dependence

on the artificial nature of the initial cause of degeneration limits its applicability to this study;

however, free radical dynamics of the type described in this model could be incorporated into

a more biochemically detailed model of hyperoxia induced photoreceptor degeneration.

Lastly, Tayyab et al. (2009) conducted a brief study of RP in which they propose combin-

ing image processing and neural networks modelling, in an effort to understand the differences

between the ways in which rod and cone function are affected by the disease. To the best of

our knowledge, this work has not been continued.

In Chapters 4 and 5 we construct spatially explicit PDE models in 1D and 2D, on domains

spanning the region between the foveal centre and the ora serrata. These models are the first

to account for the heterogeneous distribution of rods and cones within the retina, to model RP

in 2D and to consider the oxygen toxicity hypothesis and its associated treatment strategies.

Our models also distinguish between rods and cones where necessary.

1.4 Additional Mathematical Models of the Retina

In addition to the mathematical models described in Sections 1.2.3 and 1.3.8, there have been

several other modelling studies of the retina. Some representative highlights are included

below.

Pearlman (1979) used linear regression analyses to compare the rate of visual loss between

genetic variants of RP. No statistically significant differences were found.

Maggelakis and Savakis (1996, 1999) used 1D PDE models to describe abnormal capillary

growth due to hypoxia in proliferative retinopathy.

Recently, two models have been developed by Aubert et al. (2011) and McDougall et al.
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(2012); Watson et al. (2012) to describe the development of murine superficial retinal vascu-

lature. The first is a PDE model in 1D (Aubert et al., 2011) and the second, which builds

on the first, is a more comprehensive hybrid discrete-continuum model in 2D (McDougall

et al., 2012; Watson et al., 2012). Both models show excellent quantitative agreement with

experimental data and the second may be used to model disease states involving aberrant an-

giogenesis, such as macular degeneration.

Liu et al. (2009) have constructed a model of the flow distribution and oxygen transport

within a 2D retinal arterial network. Whilst this model considers the oxygen concentration

internal to the arterioles it does not describe the oxygen concentration in the surrounding

retinal tissue.

Ganesan et al. (2010a,b) created a network model of the murine (mouse/rat) retinal vas-

culature. It was found that the blood hematocrit (the ratio of red blood cell volume to total

blood volume) is smaller close to the optic disc and greater toward the periphery. This is of

relevance in considering the site of initiation of RP under the oxygen toxicity hypothesis.

Camacho et al. (2004) developed a dynamical systems model to describe the circadian

rhythms in the quantity of melatonin in the eyes (melatonin has been shown to protect against

oxidative stress, Beyer et al., 1998). The model consists of two van der Pol oscillators (the left

and right eyes) coupled via a bath (the bloodstream).

There have also been a number of computational models of retinal mosaic formation (see

Eglen, 2006, for a review).

Lastly, Keener and Sneyd (1998) summarise a number of simple mathematical mod-

els of the retina describing such features as retinal light adaptation, photoreceptor physiol-

ogy (specifically the biochemical events involved in phototransduction, see also, Sneyd and

Tranchina, 1989; Tranchina et al., 1991), photoreceptor and horizontal cell interactions, and

receptive fields. The reader is referred to the aforementioned text for further details.
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1.5 Thesis Aims and Outline

In this thesis we use mathematical models to investigate the behaviour of the retina in health

and disease. In the healthy case we aim to assess the effectiveness of Ngb in oxygen transport

and storage, whilst in the diseased case we isolate hyperoxia as a prospective causative mecha-

nism behind the spread of photoreceptor degeneration in RP, exploring the extent to which this

mechanism alone can explain the in vivo dynamics and assessing possible treatment strategies.

The remainder of this thesis is structured as follows.

In Chapter 2, we develop a single layer model in 1D, investigating the capacity of Ngb to

transport and store oxygen and hence to prevent hypoxia. The model is formulated as a system

of four reaction-diffusion PDEs (for oxygen and the various states of Ngb) and is solved using

the method of lines and the finite element method. It is found that Ngb may play a significant

role in transport, but not in storage. We also perform an analysis of a simplified version of

this model, challenging the prevailing assumption that Ngb’s low oxygen affinity decreases its

ability to transport oxygen and showing that it is in fact near optimal for this process.

In Chapter 3, we extend the model from Chapter 2, decomposing the domain into eight

layers, spanning the full width of the retina between the RPE and the ILM. We use this model

to explore Ngb’s role in oxygen transport and storage in a physiologically human retina, solv-

ing the equations using the method of lines and the finite element method. As with the single

layer model, we find that Ngb may be effective in transport, but not in storage. We also per-

form an asymptotic analysis of a Ngb-free model to determine the conditions under which

the common assumption of piecewise constant oxygen uptake is valid. It is found that the

assumption is valid, provided oxygen levels do not become near hypoxic. When this is the

case, a quadratic may still be used for the oxygen profile; however, the coefficients must be

modified in ways that we describe.

In Chapter 4, we use a 1D model to investigate the effect of hyperoxia on the progression

of retinal degeneration in RP. In the first instance, the model is formulated as a system of

two PDEs, for oxygen concentration and photoreceptor density. This is later extended to
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three PDEs, the equation for photoreceptor density being replaced by separate equations for

rod and cone density. The equations are defined on a domain spanning the region between

the foveal centre and the ora serrata, and are solved using the method of lines. We also use

asymptotic analyses to elucidate the behaviour of the system. We determine conditions under

which degeneration will spread or remain stable, the qualitative dependence of the wave speed

of degeneration upon local photoreceptor density and the effects of antioxidants and trophic

factors in the treatment of RP.

It is found that the retina may be divided into a series of stable and unstable regions.

Our model predicts that patches of photoreceptor loss will spread when one of their margins

lies in an unstable region, but will remain stationary when both margins lie in stable regions.

The wave speed of degeneration is faster in regions with a lower local photoreceptor density,

whilst treatment with antioxidants and trophic factors may delay, halt, or partially reverse

photoreceptor degeneration according to modelling predictions.

In Chapter 5, we extend the model from Chapter 4 in two ways. In the first case we include

degeneration of the CC, exploring how this modifies the progression of hyperoxia driven de-

generation. This involves the addition of a PDE for capillary surface area per unit volume,

enlarging the system to three or four PDEs, depending upon whether rods and cones are taken

together or separately (see above). We solve these equations using the method of lines and

perform an asymptotic analysis to determine the conditions under which degeneration will

spread. In the second case we expand the original 1D model into 2D, investigating the range

of spatio-temporal patterns of degeneration that can be generated and comparing these with

in vivo observations. The 2D system is solved using the finite element method, on a spherical

surface, spanning the region between the foveal centre and the ora serrata.

Our results show that a region of capillary loss must be essentially coincident with a patch

of photoreceptor loss in order to prevent the spread of degeneration, in those cases where

degeneration would spread in the absence of capillary loss. Also, the dynamic loss of cap-

illaries in response to photoreceptor loss may result in the delay, halt or partial reversal of

photoreceptor degeneration. The 2D model replicates a number of the in vivo patterns of de-
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generation, though some patterns are inaccessible to it, indicating that additional mechanisms

are involved.

Lastly, in Chapter 6, we summarise our findings and suggest directions for future research.
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Chapter 2

Retinal Oxygen Distribution and the Role

of Neuroglobin: Single Layer Model

In this chapter, and that which follows, we construct reaction-diffusion models for retinal

oxygen distribution and use them to examine the role of the protein neuroglobin (Ngb) in the

prevention of hypoxia. Here we consider a (toy) model consisting of a single cellular layer,

supplied at one end by a capillary bed, whilst in the following chapter we examine a more

detailed and realistic eight layer model, spanning the region between the choriocapillaris (CC)

and the inner limiting membrane (ILM), capturing the physiology of the human retina.

2.1 Introduction

The retina is the ocular tissue which detects visual information. It has a high oxygen demand

(Anderson and Saltzman, 1964; Anderson, 1968; Yu and Cringle, 2001; Wangsa-Wirawan and

Linsenmeier, 2003) placing it in danger of hypoxia (oxygen deprivation), despite being well

vascularised.

The retina is the innermost layer of tissue in the eye, occupying the region between the

optic disc and the ora serrata (see Figure 1.1(a)). It contains four layers of cells, which extend

between the CC and the ILM, where it meets the vitreous (see Figure 1.1(b) and Figure 1.3).
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The CC is the capillary bed which supplies the outer retina with oxygen, whilst the inner retina

is supplied by the retinal capillaries, which form part of a separate vascular system.

Measurements of the oxygen distribution across the macaque retina (which is physiolog-

ically similar to that of humans) show that both the inner and outer retina are in danger of

hypoxia under dark conditions (dark adaptation, DA), during which the rate of oxygen uptake

by the photoreceptor inner segments is twice that under light conditions (light adaptation, LA,

Birol et al., 2007). Hypoxia is detrimental to cells, both in limiting oxidative metabolism and

in increasing the production of reactive oxygen species (ROS), upsetting the redox potential

and leading to oxidative stress and damage (Kohen and Nyska, 2002). Thus any factor with

the potential to promote retinal oxygenation may be vital in preventing retinal hypoxia and

hence cell death.

In 2000, Burmester et al. discovered a new vertebrate globin protein which they named

neuroglobin because of its preferential expression in the cells of the nervous system, includ-

ing the retina. Ngb has a similar structure and molecular mass to that of myoglobin (Mb)

(Burmester and Hankeln, 2009) and, as such, it has been proposed that Ngb, like Mb, may

play a role in oxygen transport and storage (Burmester et al., 2000; Burmester and Hankeln,

2004, 2009).

Despite its oxygen binding properties, it is unclear whether Ngb plays a significant role

in oxygen transport and storage, and opinion as to the main function of Ngb remains divided

(Burmester and Hankeln, 2009, see Section 1.2.2 for more details and Section 1.2.3 for a re-

view of previous mathematical modelling work in this area). In particular, it has been thought

that Ngb’s oxygen affinity is too low to allow for effective transport, a conclusion which we

challenge in Section 2.4. The analysis in Section 2.4 is similar to that of the problem involv-

ing the facilitated diffusion of oxygen by Mb in a slab reactor considered in Chapter 2 of

Keener and Sneyd (1998), the main difference being that Keener and Sneyd’s equations lack

an oxygen uptake term.

In this chapter, and that which follows, we investigate the possible role of Ngb in oxygen

transport and storage in the human retina. The questions we wish to address are as follows:
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could Ngb prevent tissue hypoxia by transporting oxygen from regions of high oxygen tension

to regions of low oxygen tension, or by providing a temporary store of oxygen during a period

when oxygen is scarce?

We derive two models for the concentration of oxygen and Ngb across the retina. The

first model, described in the present chapter, treats the retina as a single cell layer, whilst the

second model, treated in the next chapter, captures details of its structure and geometry by

decomposing it into four cell layers, spread across eight model layers. The first model is used

to ascertain, for a general case, whether Ngb could play a significant role in oxygen transport

and storage. Its simplicity renders it analytically tractable and enables us to generate important

insights into the affect of Ngb’s oxygen affinity upon its transport properties. The second

model is used to investigate Ngb’s role in a geometry that more accurately approximates that

of the human retina.

We develop time-dependent and time-independent (steady-state) versions of each of these

models. The time-dependent versions are used to investigate the oxygen storage properties of

Ngb, whilst the steady-state versions are used to investigate the oxygen transport properties of

Ngb.

The remainder of this chapter is structured as follows. In Section 2.2 we derive time-

dependent and steady-state models on a single layer geometry for the dynamics of oxygen

and Ngb within the retina. In Section 2.3 we present some numerical results for the time-

dependent and steady-state models. In Section 2.4 we perform a mathematical analysis of a

simplified version of the steady-state model. Lastly, in Section 2.5, we summarise our findings

and discuss their implications.

2.2 Model Formulation

In this section we derive a model to describe oxygen and Ngb dynamics on a single layer

geometry. Before doing this, it is necessary to understand the kinetics of Ngb.
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2.2.1 Neuroglobin Kinetics

Ngb is a ‘hexacoordinate’ globin, with the sixth coordination position of the heme group

occupied by an internal histidine molecule in the absence of an external ligand (Burmester

and Hankeln, 2004, 2009; Fago et al., 2004b). This means that in order for oxygen to bind to

Ngb, the histidine molecule must first unbind from the heme group.

Writing C, N, NH and NO for oxygen, Ngb (pentacoordinate Ngb), Ngb-His (hexacoordi-

nate Ngb) and Ngb-O2 (oxygen-bound Ngb) respectively, the reaction scheme may be written

as

N
kh

+

��*)��
kh

�
NH, (2.1)

N+C
ko

+

��*)��
ko

�
NO, (2.2)

where k+h , k�h , k+o and k�o are the forward and reverse rate constants for the different reactions

(see Table 2.1 for values).

2.2.2 Time-Dependent Model

We begin by formulating a system of four partial differential equations (PDEs) for the con-

centrations of O2, c(x, t), Ngb, n(x, t), Ngb-His, nh(x, t) and Ngb-O2, no(x, t), on a one-

dimensional domain x 2 (0,L) and for time t 2 (0,•). We choose a domain orientation

perpendicular to the wall of the eye, which cuts across the retinal layers, starting at x = 0,

where the retinal pigment epithelium (RPE) meets the CC and ending at x = L, at the ILM,

where the retina meets the vitreous humour (see Figure 2.1).

Using the principle of mass balance and applying the law of mass action to the reaction

scheme (2.1)–(2.2), we derive the following PDE for oxygen,

∂c
∂ t

= Do
∂ 2c
∂x2

| {z }
diffusion

� Qc
g + c| {z }

uptake by
retinal tissue

+ k�o no � k+o nc| {z }
unbinding from and

binding to Ngb

, (2.3)
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Figure 2.1: Single layer model diagram. Oxygen is supplied to the tissue via the choriocapil-
laris at x = 0 and the net-flux of oxygen at x = L is zero.

where Do is the oxygen diffusion coefficient, which is assumed to be constant (Roh et al.,

1990). The rate of oxygen uptake is known to be near constant above hypoxic levels, but falls

rapidly to zero as oxygen levels fall below a critical oxygen concentration (Goldman, 2008).

Since we are interested in the role of Ngb in preventing tissue hypoxia, it is important that our

oxygen uptake term captures this concentration dependence (Goldman, 2008). Thus we use

a Michaelis-Menten term for the oxygen uptake (see Wilson et al., 1988; Costa et al., 1997),

where Q is the maximum rate of oxygen uptake by the retinal tissue (achieved in the limit

as c ! •) and g is the Michaelis constant, the concentration of oxygen at which the rate of

oxygen uptake is Q/2. The inclusion of oxygen dependence in the uptake term represents an

important difference between this model of retinal oxygen distribution and most existing ones

(see, for example, Dollery et al., 1969; Stefánsson, 1988; Haugh et al., 1990; Linsenmeier and

Braun, 1992; Braun et al., 1995; Cringle and Yu, 2002; Yu and Cringle, 2002, an exception

being Fago et al. 2004b). We also interpret g as being the hypoxic threshold: regions in which

oxygen concentrations drop below this value are considered to be hypoxic (Richmond et al.,

1999; McGuire and Secomb, 2001, see also Appendix A.10 for further details).
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Proceeding similarly, we derive PDEs for Ngb (n), Ngb-His (nh), and Ngb-O2 (no),

∂n
∂ t

= Dn
∂ 2n
∂x2 + k�h nh + k�o no � k+h n� k+o nc, (2.4)

∂nh

∂ t
= Dn

∂ 2nh

∂x2 + k+h n� k�h nh, (2.5)

∂no

∂ t
= Dn

∂ 2no

∂x2 + k+o nc� k�o no. (2.6)

In (2.4)–(2.6) we assume that the diffusion coefficients for Ngb, Ngb-His and Ngb-O2 are

identical, since they are almost identical in molecular weight and structure (see Keener and

Sneyd, 1998, where a similar assumption is made about Mb).

We close equations (2.3)–(2.6) by imposing the following initial and boundary conditions:

c(x,0) = cinit(x), n(x,0) = ninit(x), nh(x,0) = nhinit (x), no(x,0) = noinit (x), (2.7)

c(0, t) = cc,
∂n
∂x

(0, t) =
∂nh

∂x
(0, t) =

∂no

∂x
(0, t) = 0,

∂c
∂x

(L, t) =
∂n
∂x

(L, t) =
∂nh

∂x
(L, t) =

∂no

∂x
(L, t) = 0. (2.8)

In (2.8), cc is the oxygen concentration in that part of the retina which abuts the CC. We use

a Dirichlet boundary condition at x = 0, rather than a Robin boundary condition, since the

fenestrated capillaries of the CC are highly permeable to low molecular weight substances

such as oxygen (Törnquist et al., 1990). For simplicity, the flux of oxygen at the ILM (x = L)

is assumed to be zero. This is reasonable since the rate of oxygen consumption by the vitreous

is negligible (Stefánsson, 1988; Cringle and Yu, 2002). We could alternatively have used

Robin or Dirichlet boundary conditions; however, in the absence of better data, this added

complexity is unjustified. Due to their size, Ngb, Ngb-His and Ngb-O2 are unable to leave the

cells of the retina and, hence, we impose zero-flux boundary conditions for these species at

x = 0, L. See Table 2.1 for parameter values.
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2.2.3 Non-dimensionalisation

To simplify the subsequent analysis, we recast the system in non-dimensional form, scaling

the independent variables, dependent variables and initial conditions as:

x⇤ = x
L̃ , t⇤ = Do

L̃2 t, c⇤ = c
c̃ , n⇤ = n

ñ , n⇤h =
nh
ñ , n⇤o =

no
ñ ,

c⇤init =
cinit

c̃ , n⇤init =
ninit

ñ , n⇤hinit
=

nhinit
ñ , n⇤oinit

=
noinit

ñ ,

where L̃ is the minimum retinal width, c̃ is a typical oxygen concentration at the CC and ñ is

the average Ngb concentration across the retina (see Table 2.1). (We scale c and cinit with c̃,

rather than cc, and x and t with L̃, rather than L, so that results using different values of cc and

L can be compared more easily.) We define the following non-dimensional parameters:

L⇤ = L
L̃ , c⇤c =

cc
c̃ , D = Dn

Do
, Q⇤ = L̃2

Doc̃Q, g⇤ = g
c̃ ,

a = c̃
ñ , k1 =

L̃2ñ
Do

k+o , k2 =
L̃2ñ
Doc̃k�o , k3 =

L̃2

Do
k+h , k4 =

L̃2

Do
k�h .

Dropping the stars, the system (2.3)–(2.6) becomes

∂c
∂ t

=
∂ 2c
∂x2 �

Qc
g + c

+ k2no � k1nc, (2.9)

∂n
∂ t

= D
∂ 2n
∂x2 + k4nh +ak2no � k3n�ak1nc, (2.10)

∂nh

∂ t
= D

∂ 2nh

∂x2 + k3n� k4nh, (2.11)

∂no

∂ t
= D

∂ 2no

∂x2 +ak1nc�ak2no, (2.12)

with initial and boundary conditions as in (2.7) and (2.8). See Table 2.2 for non-dimensional

parameter values.

2.2.4 Steady-State Model

At steady-state, summation and integration of (2.10)–(2.12) subject to the zero-flux boundary

conditions yields n+nh+no = constant = nT , where nT , the total Ngb concentration, is given.
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Table 2.2: Non-dimensional parameters associated with the single layer model (see equations
(2.7)–(2.12)). (Values given to an accuracy of at most three significant figures.)

Parameter Value
L 1 to 4
cc 1
nT 0 to 40
D 8.78 ⇥ 10�3

Q 0 to 7.52
g 0.017
a 0.58
k1 55,200
k2 3.95
k3 5,850
k4 1.95

Thus the total quantity of Ngb in its three forms is locally conserved across the domain. We

use this identity to eliminate equation (2.10), writing n = nT � nh � no in equations (2.9),

(2.11) and (2.12), to obtain the steady-state boundary value problem:

0 =
d2c
dx2 �

Qc
g + c

+ k2no � k1(nT �nh �no)c, (2.13)

0 = D
d2nh

dx2 + k3(nT �nh �no)� k4nh, (2.14)

0 = D
d2no

dx2 +ak1(nT �nh �no)c�ak2no, (2.15)

for c = c(x), nh = nh(x) and no = no(x), with boundary conditions as in (2.8).

2.3 Numerical Results

2.3.1 Steady-State Problem – Oxygen Transport

We begin by presenting results for the steady-state single layer problem, where we investigate

the role of Ngb in oxygen transport. The equations for the steady-state model, (2.8) and

(2.13)–(2.15), were solved using the finite element method (FEM), using piecewise linear

44



basis functions. We solved the resulting system of nonlinear algebraic equations using the

Matlab routine fsolve, employing the Trust-Region-Dogleg algorithm. We use a finite element

discretisation, rather than a finite difference discretisation, to facilitate future extensions to a

2D geometry. We validated our FEM solutions to the steady-state problem by checking that

they matched the steady-state solutions to the time-dependent problem, (2.7)–(2.12), solved

using the method of lines. In what follows, all variable and parameter values are given in their

non-dimensional form, unless stated otherwise.

Figure 2.2 shows how increasing the total concentration of Ngb in the retina, nT , affects the

steady-state oxygen distribution. Increased Ngb levels result in a minor decrease in the oxygen

concentration in the well oxygenated region of the tissue near x = 0, but a significant increase

in the oxygen concentration near x = L. The decrease in oxygen concentration near the CC

is insignificant since oxygen is rich here; however, the increase in oxygen concentration near

x = L represents a significant alleviation of hypoxia. Indeed, the oxygen concentration does

not pass beneath the hypoxic threshold, g , for nT � 12, where nT = 16 is the maximum bio-

logically realistic value for a domain of this length.

Figure 2.3(b) shows the results for a sensitivity analysis of the single layer model. The

parameters nT , L, Q and cc were varied over a range of biologically realistic values and the

minimum oxygen concentration, cmin = c(x = L), was plotted for each point in parameter

space. Figure 2.3(a) demonstrates the structure of the plots in Figure 2.3(b). The plots are

divided by a coarse grid over which nT and Q vary in the x and y directions respectively. This

coarse grid is then further sub-divided by a finer grid over which L and cc vary in the x and

y directions respectively. Thus, within each square of the coarse grid, that is for each point

in (nT ,Q)-space, (L,cc)-space is explored. In the left-hand plot of Figure 2.3(b) the effect of

Ngb appears insignificant. The right-hand plot is a thresholded version of that on the left, with

oxygen concentrations greater than or equal to g set equal to g . By looking along the rows of

the coarse grid of this plot, it can be seen that an increase in Ngb concentration may prevent

or significantly reduce tissue hypoxia in many regions of parameter space.
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Figure 2.2: Simulation results from the steady-state single layer model. As the total concen-
tration of Ngb, nT , is increased, the steady-state oxygen concentration at x= L increases above
the hypoxic threshold, g . Equations (2.8) and (2.13)–(2.15) were solved using the FEM with
101 mesh points. Parameter values: L = 1.25, cc = 1 and Q = 1.88. Remaining parameter
values as in Table 2.2.

2.3.2 Time-Dependent Problem – Oxygen Storage

In this section we investigate the effect of Ngb upon oxygen storage. We do this by making a

step-change in a system parameter so that the steady-state concentration of oxygen decreases

or increases, and observe the delay due to Ngb in the time taken to move between steady-

states. We are interested to see whether this effect can prevent or reduce periods of hypoxia.

The parameters we shall vary are the oxygen concentration at the CC, cc, and the rate of

oxygen uptake, Q, both of which may fluctuate over an average day. For instance, Q will

increase at night under DA and cc might decrease as a result of blinking, eye movement or eye

rubbing.

In the results that follow, the FEM is used to solve the steady-state problem (2.8) and

(2.13)–(2.15), as in Section 2.3.1, and the resulting oxygen profiles are then used as initial con-

ditions for the time-dependent problem (2.7)–(2.12). The time-dependent problem is solved

using the Matlab routine pdepe, which employs the method of lines.

Figures 2.4(a) and (c) show the effect of a change in the oxygen concentration at the CC,
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Figure 2.3: Sensitivity analysis of the steady-state single layer model. (a) Diagram to show
the arrangement of the sensitivity analysis grid. Parameters nT (large scale) and L (small
scale) are varied along the x-axis, increasing left-to-right and parameters Q (large scale) and
cc (small scale) are varied along the y-axis, increasing bottom-to-top. (b) Left: the oxygen
concentration at x = L (i.e. the minimum value) is plotted for a range of parameter values.
Right: the same as on the left, but thresholded such that values greater than or equal to the
hypoxic threshold, g , are set to g . Left: the effect of Ngb is barely discernible. Right: as nT is
increased, tissue hypoxia is reduced. Equations (2.8) and (2.13)–(2.15) were solved using the
FEM with 101 mesh points. Parameter values: L = 0.25, 0.50,. . ., 1.50, cc = 0.33, 0.50,. . .,
1.66, nT = 0, 4,. . ., 40 and Q = 0.38, 1.09,. . ., 7.52. Remaining parameter values as in Table
2.2.
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cc(t), upon the minimum oxygen concentration, c(L, t), for a range of concentrations of Ngb,

nT . In Figure 2.4(a), cc(t) is decreased from 1 to 0.33 at t = 10, that is cc(t) = 1� 2
3H(t �10)

where H is a Heaviside step function, such that H(s) = 0 for s < 0 and H(s) = 1 for s � 0.

The values of cc(t) are chosen such that for cc(t) = 1, c(L, t) > g for all nT 2 [0,40] and for

cc(t)= 0.33, c(L, t)< g for all nT 2 [0,40]. It can be seen that as nT is increased, the time taken

for c(L, t) to reach its new steady-state following the drop in cc(t) increases, as does the time

for it to cross the hypoxic threshold, g . The reasons for this are twofold: firstly, the oxygen

concentration drops less rapidly and secondly, it begins at a higher steady-state value. The

time, Dt, for c(L, t) to fall below g , is a monotone increasing function of nT (see Figure 2.4(b)).

In Figure 2.4(c), cc(t) is increased from 0.33 to 1 at t = 10, that is cc(t) = 1
3 +

2
3H(t � 10),

where H is a step function. As in Figure 2.4(a), the time taken for c(L, t) to reach its new

steady-state increases as nT increases, since it rises less rapidly and because it must rise to a

higher concentration. However, the relationship between nT and the time, Dt, to reach g , is

no longer monotonic, reaching a maximum somewhere between nT = 30 and nT = 35 (see

Figure 2.4(d)). From this point onwards further increases in nT reduce the time taken to reach

g . This is because, as nT increases, the steady-state value of c(L, t) at cc(t) = 0.33 increases,

meaning that c(L, t) has less far to rise before reaching g . The same qualitative behaviour can

be obtained by changing Q instead of cc (results not shown).

Figure 2.5(a) shows the net increase in the time spent in normoxia (healthy oxygen levels),

Dtnorm, when Ngb is present and cc(t) is decreased from 1 to 0.33 and then increased back to 1,

the system having been allowed to settle to steady-state before each change in cc(t). In other

words, it is the curve that results from subtracting the curve in Figure 2.4(d) from that in Figure

2.4(b). It can be seen that for nT < 11, the presence of Ngb results in a net decrease in the time

spent in normoxia, whereas for nT > 11, the presence of Ngb results in a net increase in the

time spent in normoxia. For nT = 20 (the maximum biologically realistic concentration for a

domain of this length), the net increase in time spent in normoxia is 4.2 non-dimensional time

units, which corresponds to approximately 1.29 seconds. Figure 2.5(b) shows the equivalent

results for a change in Q(t) from 2.26 to 4.51 and then back again. In this case we require
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Figure 2.4: Simulation results from the time-dependent single layer model. Panels (a) and
(c) show the dynamics of the minimum oxygen concentration, c(x = L, t), following a change
in the oxygen concentration at the CC, cc, for a range of Ngb concentrations, nT . In panel
(a), cc(t) = 1 for t 2 [0,10) and cc(t) = 0.33 for t 2 [10,50]. In panel (c), cc(t) = 0.33 for
t 2 [0,10) and cc(t) = 1 for t 2 [10,100]. Panels (b) and (d) show the time taken, Dt, for the
minimum oxygen concentration to fall and rise to the hypoxic threshold, g , respectively. In
(b) the time taken to reach c(L, t) = g increases as nT increases. In (d) the time taken to reach
c(L, t) = g increases initially as nT increases, but then decreases as nT increases beyond 35.
The steady-state problem (2.8) and (2.13)–(2.15) was solved using the FEM to give the initial
oxygen profiles and then the time-dependent problem (2.7)–(2.12) was solved using pdepe.
In both cases 101 spatial mesh points were used. Parameter values: L = 1 and Q = 2.26.
Remaining parameter values as in Table 2.2.

49



Figure 2.5: Simulation results from the time-dependent single layer model. Graphs show the
net time gained in normoxia due to the presence of Ngb, Dtnorm, when the oxygen concen-
tration at the CC, cc, (panel (a)) and the oxygen consumption rate, Q, (panel (b)) are varied.
These results assume that the oxygen concentration is allowed to reach its steady-state before a
parameter switch is made. (a) The oxygen concentration at the CC is switched between cc = 1
and cc = 0.33, for consistency with the results in Figure 2.4. (b) The rate of oxygen uptake is
switched between Q = 2.26 and Q = 4.51. The addition of Ngb in low concentrations results
in a net decrease in the time spent in normoxia, whereas high concentrations result in a net
increase. The steady-state problem (2.8) and (2.13)–(2.15) was solved using the FEM to give
the initial oxygen profiles and then the time-dependent problem (2.7)–(2.12) was solved using
pdepe. In both cases 101 spatial mesh points were used. Parameter values: L = 1. Remaining
parameter values as in Table 2.2.

nT > 16 in order for the presence of Ngb to be beneficial in oxygen storage and the net increase

in time spent in normoxia for nT = 20 is 1.3 non-dimensional time units, which corresponds

to approximately 0.40 seconds. These results suggest that, even in high concentrations, the

role of Ngb in oxygen storage is minimal if the fluctuation in system parameters occurs on a

timescale slow enough to allow the system to settle to steady-state, that is anything more than

about 5-10 seconds (see Figure 2.4).

However, what if the fluctuation in system parameters were to occur on a faster timescale?

In Figure 2.6 we explore the utility of Ngb in preventing or minimising hypoxia for a range of

durations of low cc(t). Simulations begin with cc(0) = 1, then cc(t) is decreased to 0.33 for
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Table 2.3: Non-dimensional parameters associated with the simplified single layer model (see
equations (2.16)–(2.18)). Only those parameter values that change have been listed, all other
parameter values remain as in Table 2.2. (Values given to an accuracy of at most three signifi-
cant figures).

Parameter Value
nT 0 to 69.4
a 1
k1 31,800
k2 2.27

a period of time, after which it is set back to 1 and the simulation continued until c(x = L, t)

increases above g in those cases where it has dropped below g . The time for which c(x =

L, t) < g is then plotted for a range of values of nT . It can be seen that for nT  10, Ngb

prolongs the duration of hypoxia for all but very short durations of low cc(t). For nT � 15,

however, hypoxia is either eliminated or reduced in all cases. Similar results are obtained

when the tissue is transiently exposed to elevated levels of Q(t) (results not presented). In this

case Q(t) is varied between 2.26 and 4.51 and we require nT � 20 for Ngb to be beneficial for

oxygen storage for all durations of high Q(t). Thus, if the fluctuation in system parameters

were sufficiently rapid and the Ngb concentration sufficiently high, then Ngb could have an

important cumulative effect, were these fluctuations a regular occurrence.

2.4 Analysis of a Simplified Steady-State Single Layer

Model

In this section we develop and analyse a simplified version of the single layer model at steady-

state. We use the simplified model to investigate Ngb’s effect upon the domain length that can

be supported under normoxic conditions and upon the minimum oxygen concentration when

oxygen levels do not become hypoxic. (Keener and Sneyd, 1998, Chapter 2, perform a similar

analysis for a problem involving the facilitated diffusion of oxygen by Mb in a slab reactor,

the main difference being that their equations lack an oxygen uptake term.)
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Figure 2.6: Simulation results from the time-dependent single layer model. The graph shows
how the presence of different levels of Ngb affect the period of time for which the system
is hypoxic as the duration of the period of time for which cc is reduced varies. The oxygen
concentration at the CC is switched from cc = 1 to cc = 0.33 and then returned to cc = 1 after
a given time, plotted on the x-axis, whilst the corresponding time for which c(x = L, t)< g is
plotted on the y-axis (this time spans a period that starts during the period for which cc = 0.33
and ends some time after cc has increased back to 1). For nT  10 the presence of Ngb is only
advantageous for short durations of low cc, whereas for nT � 15 Ngb reduces the duration
of hypoxia for all durations of low cc. The steady-state problem (2.8) and (2.13)–(2.15) was
solved using the FEM to give the initial oxygen profiles and then the time-dependent prob-
lem (2.7)–(2.12) was solved using pdepe. In both cases 101 spatial mesh points were used.
Parameter values: L = 1 and Q = 2.26. Remaining parameter values as in Table 2.2.
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To simplify our analysis we make two changes: we replace the Michaelis-Menten term,

Qc/(g + c), with a step function Q(1�H(g � c)), so that the rate of oxygen uptake is equal

to zero when c  g and Q when c > g . Secondly, we set ñ = 58µM, so that a = 1. This

alternative choice for the non-dimensionalisation does not affect the behaviour of the system,

it merely simplifies the analysis presented below (allowing cancellation of the kinetic terms).

The non-dimensional parameters nT , k1 and k2 also change, attaining the values stated in Table

2.3, whereas all other parameter values remain as in Table 2.2.

Following these simplifications, equations (2.13)–(2.15) take the form

0 =
d2c
dx2 �Q(1�H(g � c))+ k2no � k1nc, (2.16)

0 = D
d2nh

dx2 + k3n� k4nh, (2.17)

0 = D
d2no

dx2 + k1nc� k2no, (2.18)

where n = nT �no �nh. We impose the boundary conditions (2.8) to close the system.

We begin by considering the case where the retina becomes hypoxic, such that c(x)  g

for xc  x  L. Adding equations (2.16) and (2.18), applying the zero-flux boundary condition

for no at x = 0 and integrating between 0 and x supplies

0 =
dc
dx

(x)� dc
dx

(0)+D
dno

dx
(x)�Q

Z x

0
(1�H(g � c))dx̃

| {z }
=min(x,xc)

, (2.19)

where xc is the maximum domain length that can be supported under normoxic conditions,

such that c(xc) = g . Applying the zero-flux boundary conditions for c and no at x = L, we find

that dc
dx(0) =�Qxc. Rearranging equation (2.19), we obtain the following expression for J(x),

the flux of oxygen (in its bound and unbound forms):

J(x) =�
✓

dc
dx

+D
dno

dx

◆
= Q(xc �min(x,xc)). (2.20)
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Integrating equation (2.20) between 0 and xc, we obtain the following expression:

JA =
Z xc

0
J(x)dx = (cc � g)+D(no(0)�no(xc)) =

Qx2
c

2
, (2.21)

where JA is a conserved quantity equal to the area under the curve J(x). We seek an expression

for xc, in order to determine the contribution of Ngb to the domain length that can be supported

under normoxia. We proceed by deriving leading order approximations for no(0) and no(xc)

in terms of c(0) = cc and c(xc) = g respectively.

We begin by re-scaling the variables and parameters, fixing e = 0.1 to separate the various

scales. We scale c = ec⇤, since c is of this order across most of the retina (see, for instance,

Figure 2.2), D = e2D⇤, g = e2g⇤, k1 = e�4k⇤1 and k3 = e�3k⇤3. The parameter scalings are

chosen to ensure that D⇤, g⇤, k⇤1 and k⇤3 are all of O(1) (see Tables 2.2 and 2.3 for unscaled

parameter values).

In Appendix B we show that n is bounded above by ak2nT/k3. Using the alternative non-

dimensionalisation adopted in this section, this becomes k2nT/k3 ⇡ e3nT (where the changes

in a and k2 cancel). Whilst no and nh vary across the domain, they are of the same order

of magnitude, and so, at leading order, they satisfy the conservation relation no + nh = nT .

Assuming that 2  nT  69.4, the Ngb terms can be scaled in one of two ways, depending

upon the size of nT :

• Scaling 1: for 2  nT < 7 we scale n = e3n⇤, where nh = O(1), no = O(1) and nT =

O(1).

• Scaling 2: for 7  nT  69.4 we scale n = e2n⇤, nh = e�1n⇤h, no = e�1n⇤o and nT =

e�1n⇤T .

In both cases n/nT = O(e3), nh/nT = O(1) and no/nT = O(1). In what follows we work with

the first scaling, noting that the leading order solution under the second scaling is the same.
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Applying Scaling 1 to equations (2.16)–(2.18) we obtain:

0 = e d2c⇤

dx2 �Q(1�H(e2g⇤ � ec⇤))+ k2no � k⇤1n⇤c⇤, (2.22)

0 = e2D⇤d2nh

dx2 + k⇤3n⇤ � k4nh, (2.23)

0 = e2D⇤d2no

dx2 + k⇤1n⇤c⇤ � k2no, (2.24)

Upon dropping the stars, equations (2.23) and (2.24) provide

k3n� k4nh = 0, k1nc� k2no = 0, (2.25)

at leading order, using the same notation to denote the dependent variables at leading order

in equation (2.25) as is used for their exact form in equations (2.22)–(2.24) (upon dropping

the stars). Whilst c satisfies equation (2.25) at leading order, we also consider it to include a

first order term, to allow us to capture the dominant behaviour of the system where c = c⇤ =

O(e). Substituting the second of these equations into (2.22), the dominant balance involves

the diffusion and uptake terms. For x � xc, Q(1�H(e2g � ec)) = 0, so that, after applying

c(xc) = eg , together with the zero-flux boundary condition at x = L, we find that c(x) = eg

for x 2 [xc,L]. For x 2 [0,xc), c > eg , so that Q(1�H(e2g � ec)) > 0, and we must scale

x = e 1
2 x⇤ to attain a dominant balance between the diffusion and uptake terms, resulting in a

quadratic oxygen profile in this region. Applying this scaling to equations (2.23) and (2.24)

retrospectively, we see that the leading order equations in (2.25) are preserved. Formally, there

is also a passive boundary layer at x = 0, to allow us to satisfy the boundary conditions there

(though there is no sharp change in the solution in this region).

We use (2.25), together with the leading order conservation relation nh+no = nT , to derive

an expression for no in terms of c as follows

no =
nT c

P50 + c
, where P50 :=

k2k3

k1k4
. (2.26)
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Figure 2.7: Graph showing that the approximate solution for no matches closely with the nu-
merical solution. The numerical solution was obtained by solving equations (2.8) and (2.16)–
(2.18) using the FEM, with 101 mesh points. The approximate solution was obtained using
the numerical solution for c in equation (2.26). Parameter values: L = 1, cc = 1, nT = 34.7
and Q = 1.50. Remaining parameter values as in Tables 2.2 and 2.3. Parameters and variables
are in their unscaled form.

P50 is the oxygen concentration at which exactly half of the Ngb molecules are in their oxygen

bound form, that is at which no = nT/2 (= nh at leading order). This expression for P50

differs from that used by Kiger et al. (2004), where P50 = k2(k3 + k4)/(k1k4). Kiger et al.’s

expression can be obtained by considering the unscaled, spatially homogeneous versions of

equations (2.16)–(2.18) with Q = 0. However, since k4 ⌧ k3 (in their unscaled form), the

difference between these two expressions is small. As Figure 2.7 reveals, the approximate

solution for no in equation (2.26) matches closely with the numerical solution.

Substituting for no from (2.26) into (2.21) we obtain

JA = (cc � g)
✓

1+
P50DnT

(P50 + cc)(P50 + g)| {z }
Ngb contribution

◆
=

Qx2
c

2
. (2.27)

Rearranging equation (2.27), we may derive an expression for xc, the maximum domain
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length that can be supported under normoxic conditions, as follows

xc =

s
2(cc � g)

Q

✓
1+

P50DnT

(P50 + cc)(P50 + g)

◆
. (2.28)

If nT = g = 0 then (2.28) reduces to the expression derived by Dollery et al. (1969) for the

maximum tissue length that can be supported by a single vascular bed. It can be seen both

from equation (2.28) and from Figure 2.8(a) that Ngb increases the size of xc. For cc = 1 and

nT = 34.7 (our predicted maximum Ngb concentration for domains of this length, assuming

a maximal retinal width of 320µm, and that Ngb is absent from all other retinal layers), xc

is 11% longer than it would be in the absence of Ngb. Further, Ngb makes a proportionally

larger contribution to xc as cc decreases (see Figure 2.8(a)), for instance, when nT = 34.7 and

cc = 0.33, xc is 23% larger than it would be in the absence of Ngb.

Differentiating equation (2.28) with respect to P50, we find that xc achieves a global max-

imum at P50,max =
pgcc. Figure 2.8(b) shows the dependence of xc upon P50, with the max-

imum value of xc, at which P50 = P50,max, marked with a circle. It can be seen that the curve

is fairly flat in the vicinity of P50,max such that xc remains near maximal for a small decrease,

or even quite a large increase, in P50 away from P50,max. Further, xc decreases sharply as P50

approaches zero for P50 < 0.05. This result is surprising since it is usually assumed that Ngb

would be a more effective oxygen transporter if it had a lower P50 value: our analysis reveals

that as P50 decreases below P50,max, Ngb will become less effective in oxygen transport. For

cc = 1, P50,max = 0.129 = 7.44 µM = 7.75 mmHg, which is within the range of measured

values in the literature (see Table A.3 in Appendix A.11).

So far we have assumed that the retina becomes hypoxic at some location, x = xc < L. If

instead, oxygen levels are normoxic throughout the domain, that is xc > L, then we may derive

an expression for c(x = L), the minimum oxygen concentration. Equation (2.20) becomes

J(x) =�
✓

dc
dx

+D
dno

dx

◆
= Q(L� x). (2.29)
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Figure 2.8: Graphs showing results for the simplified model. Graphs (a) and (c) show the
proportional increase in xc and c(L) respectively, due to the action of Ngb, the effect being
more pronounced for lower values of cc. Graphs (b) and (d) show the effect of P50 upon xc and
c(L) respectively. The value of the dependent variable at P50 =

pgcc is marked with a circle in
each case. The value of xc is maximal at P50 =

pgcc; however, c(L) takes its maximum value
for some P50 >

pgcc. Graphs (a) and (b) were obtained using solutions to (2.28) and graphs
(c) and (d) were obtained using solutions to (2.31). Parameter values: Q = 1.50, (c)–(d) L = 1,
(b) and (d) cc = 1 and nT = 34.7. Remaining parameter values as in Tables 2.2 and 2.3. The
key on the left applies to graphs (a) and (c) only.
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Integrating (2.29) between 0 and L and substituting for no from (2.26) we obtain

JA = (cc � c(L))
✓

1+
P50DnT

(P50 + cc)(P50 + c(L))

◆
=

QL2

2
. (2.30)

This equation can be rearranged to give the following expression for c(L):

c(L) =
�A+

p
A2 �4B

2
, (2.31)

where we have chosen the positive root to satisfy the condition that c(L) = cc when Q= nT = 0

(see equation (2.30)), and

A = P50 +
QL2

2
+

P50DnT

P50 + cc
� cc, B = P50

✓
QL2

2
� DnT cc

P50 + cc
� cc

◆
. (2.32)

Figure 2.8(c) shows that Ngb acts to increase c(L), making a proportionally larger con-

tribution for lower cc. Indeed, for L = 1, cc = 1, nT = 34.7 (our predicted maximum Ngb

concentration for domains of length L = 1) and Q = 1.50, c(L) is 53% higher than what it

would be in the absence of Ngb.

Plotting c(L) against P50 shows that the maximum value of c(L) does not correspond with

P50 =
pgcc, but instead lies at a P50 significantly above this value (this relationship was found

to hold for all combinations of parameter values tested, see Figure 2.8(d)). It may be that

the optimum P50 lies somewhere above
pgcc, since xc decreases slowly as P50 increases be-

yond
pgcc, but c(L) increases more rapidly. In both cases a decrease in P50 below

pgcc is

disadvantageous, counter to the prevailing assumption that lower P50 values improve Ngb’s

effectiveness in oxygen transport.

2.4.1 Comparing Numerical and Approximate Solutions

In deriving an analytical solution for xc we have made two simplifying assumptions: (i) that

the Michaelis-Menten term for oxygen uptake may be approximated by a step function and (ii)

that no can be approximated as a function of c (equation (2.26)). In this section we compare
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the approximate analytical solutions with the FEM solutions to the full (equations (2.8) and

(2.13)–(2.15)) and simplified (equations (2.8) and (2.16)–(2.18)) problems. As in Section

2.3, we use piecewise linear basis functions for the FEM, solving the resulting system of

nonlinear algebraic equations using the Matlab routine fsolve, employing the Trust-Region-

Dogleg algorithm. When solving the simplified problem numerically, we replace the step

function in (2.16), 1�H(g � c), with the modified hyperbolic function, 1
2(tanh((c� g)/d )+

1), where d = 0.001, to avoid the numerical difficulties resulting from a discontinuity in the

governing equations.

Figure 2.9 (a) compares the approximate solution to the numerical solution to the full

problem, for the proportional increase in xc due to Ngb (the numerical solution to the simpli-

fied problem provides a closer match to the approximate solution, but is omitted for clarity),

whilst Figure 2.9 (b) compares the results for the approximate solution and the numerical so-

lutions to the simplified and full models, for the dependence of xc upon P50. The difference

between results is at most O(e) (where e = 0.1) in all cases, as expected for a leading order

approximation. The numerical solution to the simplified problem achieves its maximum for

P50 slightly above
pgcc, whilst the numerical solution to the full problem achieves its maxi-

mum for P50 ⇡ 0.28 = 16.7 mmHg. This is approximately twice
pgcc = 0.13 = 7.7 mmHg,

and lies at the upper end of the range of measured values in the literature (see Table A.3 in

Appendix A.11, where the bracketed P50 values are the ones consistent with the parameters

used in our model). Unlike the approximate and simplified numerical solutions, the prediction

of xc from the full numerical solution initially decreases as P50 increases from 0 (this result

was verified using the Matlab routine pdepe to solve the time-dependent problem (2.7)–(2.12),

allowing it to settle to steady-state). Whilst this results in a local maximum at P50 = 0, the

global maximum remains at P50,max,numeric > 0.

Figure 2.10 (a) compares the approximate solution and the numerical solution to the full

problem for the proportional increase in c(L) due to Ngb (the numerical solution to the sim-

plified solution provides a closer match to the approximate solution, but is omitted for clarity),

whilst Figure 2.10 (b) compares the approximate solution with the numerical solutions to the
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Figure 2.9: Graphs comparing numerical and approximate solutions to the single layer model.
Graph (a) compares the results for the proportional increase in xc, due to the action of Ngb,
from the approximation (2.28) and the solution to the full problem (2.8) and (2.13)–(2.15). In
general the approximate solution overestimates the numerical solution, particularly for small
values of cc. Graph (b) compares the results for the effect of P50 upon xc from the approxi-
mation (2.28), the solution to the simplified problem (2.8) and (2.16)–(2.18) and the solution
to the full problem (2.8) and (2.13)–(2.15); the value of xc at P50 =

pgcc is marked with a
circle. The numerical solutions to the simplified and full problems lie mostly beneath the ap-
proximate solution. The numerical solutions to the full and simplified problems were obtained
using the FEM with 801 mesh points. Parameter values: L = 2 and Q = 1.50; (b) cc = 1 and
nT = 34.7. Remaining parameter values as in Tables 2.2 and 2.3.
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Figure 2.10: Graphs comparing numerical and approximate solutions to the single layer
model. Graph (a) compares the results for the proportional increase in c(L), due to the ac-
tion of Ngb, from the approximation (2.31) and the solution to the full problem (2.8) and
(2.13)–(2.15). In general the approximate solution overestimates the numerical solution, par-
ticularly for small values of cc. Graph (b) compares the results for the effect of P50 upon c(L)
from the approximation (2.31), the solution to the simplified problem (2.8) and (2.16)–(2.18)
and the solution to the full problem (2.8) and (2.13)–(2.15); the value of c(L) at P50 =

pgcc is
marked with a circle. The numerical solutions to the simplified and full problems mostly lie
beneath the approximate solution. The numerical solutions to the full and simplified problems
were obtained using the FEM with 801 mesh points. Parameter values: L = 1 and Q = 1.50;
(b) cc = 1 and nT = 34.7. Remaining parameter values as in Tables 2.2 and 2.3.

simplified and full problems for the dependence of c(L) upon P50. In this case the error is

greater than that observed in Figure 2.9, though it is still of O(e). Also, as we decrease e , the

error scales with e , indicating that the approximation is valid (results not shown).

Therefore, we have a reasonable agreement between the numerical solutions to the full and

simplified problems and our approximations.
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2.5 Discussion

In this chapter we have investigated, through the use of a single layer model, the possible role

of the protein Ngb in preventing hypoxia. Both steady-state and time-dependent models were

used to explore Ngb’s role in oxygen transport and storage respectively.

Whilst the single layer model does not capture the complex physiology and cellular com-

partmentalisation of the retina, it provides a useful starting point for investigating the role

of Ngb in oxygen transport and storage. Examination of the steady-state single layer model

(Section 2.3.1) demonstrated that Ngb acts by removing oxygen from oxygen rich regions and

redistributing it to oxygen poor regions, with the potential to eliminate or alleviate hypoxia.

Sensitivity analysis of the steady-state single layer model revealed that there exist regions in

parameter space in which Ngb may play an important role in preventing or minimising hy-

poxia.

Ngb must be present in high concentrations and the duration of unfavourable parameter

fluctuations brief in order for Ngb to be of significant benefit in oxygen storage (Section

2.3.2). If there was a scenario in which cc or Q oscillated on the time scale of a few seconds,

and particularly if the periods of recovery were longer than the periods of challenge, then Ngb

could prevent or reduce hypoxia to a significant degree (results not shown); however, as far as

we are aware, no such scenario exists.

Analysis of the simplified single layer model (Section 2.4) demonstrated that Ngb in-

creases the maximum domain length that can be supported under normoxia, xc, and the min-

imum oxygen concentration in a normoxic domain, c(L). It was found that the proportional

contribution of Ngb to these quantities is larger for lower values of cc, the oxygen concen-

tration at the CC. This is consistent with the idea that Ngb has an important role in oxygen

transport, particularly when the oxygen supply is limited.

The analysis also indicated that xc is maximised for an oxygen affinity of P50,max =
pgcc,

decreasing sharply as P50 ! 0 and decreasing gradually initially as P50 increases past its opti-

mum value. This trend was confirmed by the numerical solution to the full problem; however,
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the P50 value for which xc is maximised was shown to be approximately twice that predicted

by the analysis. It is surprising that the optimum P50 value should be so high, since it is as-

sumed in the literature that a lower P50 value will result in more efficient oxygen transport.

For cc in the range 20–100 mmHg (the maximum expected range in humans and other mam-

mals), the numerical solution to the full problem predicts that P50,max,numeric = 9.5-17.9 (± 2)

mmHg, whereas a P50 corresponding to that of Mb (0.9-2.2 mmHg) is generally thought to

be preferable in the literature (see for instance Burmester and Hankeln, 2004, 2009). Four of

the eight measured values of Ngb P50 presented in Table A.3 in Appendix A.11 (relevant P50

values in brackets) fall within our predicted range, meaning that the oxygen affinity has the

value one would expect if Ngb plays a role in oxygen transport. Therefore, the fact that Ngb

has a higher P50 value than Mb is advantageous, rather than problematic, for oxygen transport

(suggesting that natural selection may have tuned this parameter to its present value). Indeed,

given the shallow gradient of the curve in Figure 2.9(b) for P50 > P50,max,numeric, oxygen trans-

port would remain near-optimal even for P50 values significantly higher than P50,max,numeric.

We note also that these results suggest that the P50 value of Ngb may differ between species,

varying according to the square root of the average oxygen concentration at the capillaries.

Further experimental work is required to test this prediction.

A tractable analytical expression for the P50 value which maximises c(L) in a normoxic

domain could not be obtained; however, numerical solution with a range of parameter values

suggests that the optimal P50 value lies consistently above that which optimises xc, that is

above P50,max,numeric. This suggests that the overall optimal P50 value may lie a little above

P50,max,numeric.

In conclusion, Ngb may play an important role in oxygen transport, but is unlikely to be

important for oxygen storage. Contrary to the prevailing assumption, the fact that Ngb has a

higher P50 value than Mb is not evidence against its role in oxygen transport, indeed many of

the P50 values measured thus far are near optimal for oxygen transport.

In the next chapter we move from a single layer geometry to an eight layer geometry, in

order to investigate the role of Ngb in a physiologically human retina.
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Chapter 3

Retinal Oxygen Distribution and the Role

of Neuroglobin: Eight Layer Model

In the previous chapter we explored the role of Ngb in oxygen transport and storage using a

single layer model. In this chapter we extend this investigation by considering the role of Ngb

in the human retina, using an eight layer model to capture its physiology.

3.1 Introduction

The human retina extends from the optic disc to the ora serrata and has a multilayered struc-

ture, consisting of numerous cell-types (see Figure 3.1(a)). It can be divided into inner and

outer regions. The outer retina extends from the RPE to the middle of the outer plexiform

layer (OPL), where the photoreceptors synapse with bipolar and horizontal cells, whilst the

inner retina spans the region between the inner OPL and the ILM.

Oxygen is supplied to the retina via two separate vascular systems: the CC and the retinal

capillaries. The CC is a capillary layer which lies directly outward from the RPE and which

supplies the outer retina with oxygen. It forms the innermost layer of the choroid. The reti-

nal capillaries supply the inner retina with oxygen. Throughout most of the mid-peripheral

retina, the retinal capillaries are divided between two layers, one deep and the other superfi-
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Figure 3.1: Diagrams of the human eye and retina. (a) Diagram of the (right) human
eye, viewed in the transverse plane. Figure reproduced, with modifications, from http:

//www.nei.nih.gov/health/coloboma/coloboma.asp, courtesy: National Eye Institute,
National Institutes of Health (NEI/NIH). (b) Diagram of the human retina, showing the retinal
layers and cell types. The diagram is oriented such that the top lies outermost and the bottom
innermost in the eye. R: rod photoreceptor. C: cone photoreceptor. H: horizontal cell. B:
bipolar cell. M: Müller glial cell. A: amacrine cell. G: ganglion cell. Figure reproduced, with
permission and modifications, from Swaroop et al. (2010).

cial (see Section 1.1.2 for more details Oyster, 1999; Pournaras et al., 2008; Kur et al., 2012).

Therefore, in this chapter, we shall consider only the two retinal capillary layer scenario.

Whilst the oxygen distribution across the human retina has not been measured, it has been

measured for other mammals, including monkeys (Birol et al. 2007, see also Yu and Cringle,

2001; Wangsa-Wirawan and Linsenmeier, 2003; Yu and Cringle, 2005, for reviews). Under

DA the photoreceptor inner segments consume oxygen at twice the rate at which they consume

oxygen under LA. As a result, the outer retinal oxygen profile drops under DA.

Birol et al. (2007) have measured oxygen profiles across the retina of the macaque monkey

under DA and LA. The outer retina is normoxic under LA and hypoxic under DA, whilst the

inner retina may be hypoxic under either LA or DA, depending upon local retinal capillary

density (see Figure 3.2, where the inner retina is normoxic under LA and hypoxic under DA in

this case). Since the macaque retina is physiologically similar to that of the human, it is likely

that the human retina is also vulnerable to hypoxia, especially under DA. Thus any factor that
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Figure 3.2: Retinal oxygen profiles. Graphs show the oxygen distribution across the peri-
foveal retina of a macaque monkey under DA (a) and LA (b). The retina is normoxic under
LA, whilst hypoxic regions are present in both the inner and outer retina under DA. Grey
lines show the profiles measured using an oxygen-sensitive microelectrode, whilst black lines
show a piecewise linear and quadratic approximation fitted to the outer retinal profile. Figure
reproduced, with permission, from Birol et al. (2007).

promotes retinal oxygenation may be vital in preventing or minimising retinal hypoxia and

hence cell death.

A number of mathematical models for retinal oxygen distribution have been constructed

(see for instance, Dollery et al., 1969; Linsenmeier, 1986; Stefánsson, 1988; Haugh et al.,

1990; Linsenmeier and Braun, 1992; Braun et al., 1995; Linsenmeier and Padnick-Silver,

2000; Cringle and Yu, 2002; Yu and Cringle, 2002). They assume that the oxygen concentra-

tion is at steady-state and are posed on one-dimensional domains, oriented in a radial direction,

across the width of the retina (the orientation is the same as the model in this chapter, see Fig-

ure 3.3). They assume that the rate of oxygen uptake is constant in each model layer (where

model layers incorporate various cellular layers) and so reduce to solving d2c
dx2 = Q in each

layer, where c is the oxygen concentration, x is the distance across the retina and Q is the rate

of oxygen uptake. In Section 3.4 we perform an asymptotic analysis to determine conditions

under which the assumption of a constant rate of oxygen uptake is valid, and, in so doing, aim

to place existing models on a stronger theoretical foundation.

To the best of our knowledge, only one mathematical model of retinal oxygen distribu-
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tion incorporating Ngb has been developed (Fago et al., 2004b). This model contains three

layers spanning the outer retina, between the CC and the deep retinal capillaries. Unlike the

models mentioned above, a Michaelis-Menten term is used for the rate of oxygen uptake. The

proportion of Ngb molecules in their oxygen bound and unbound states are assumed to be at

quasi-steady-state at all times. In what follows, we extend the model of Fago et al. to describe

the whole retina, neglecting the assumption that Ngb maintains an instantaneous equilibrium

between its oxygen bound and unbound states.

As in the previous chapter, we address the following questions: could Ngb prevent tissue

hypoxia by transporting oxygen from regions of high oxygen tension to regions of low oxygen

tension, or by providing a temporary store of oxygen for use during periods when oxygen is

scarce?

A fourth vertebrate globin, cytoglobin (Cygb), which is also expressed in the retina, was

discovered in 2002 (Burmester et al., 2002; Trent and Hargrove, 2002). Whilst it may also

play a role in oxygen transport and storage, we ignore its presence in this study, noting that

since its distribution in the vertebrate retina is not correlated with mitochondrial distribution

or oxygen consumption it is unlikely to play a major role in these processes (Schmidt et al.,

2005; however, see Section 3.5 where we challenge this conclusion).

The remainder of this chapter is structured as follows. In Section 3.2 we derive time-

dependent and steady-state models on an eight layer geometry for the dynamics of oxygen

and Ngb within the retina. In Section 3.3 we present some numerical results for the time-

dependent and steady-state models. In Section 3.4 we perform an asymptotic analysis of the

Ngb-free steady-state problem. Lastly, in Section 3.5, we summarise our findings and discuss

possible directions for future research.
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3.2 Model Formulation

3.2.1 Time-Dependent Model

In this section we develop a detailed model that accounts for the multilayered structure of the

human retina. We decompose our model retina into eight layers:

• Layer 1: RPE;

• Layer 2: photoreceptor OSs (outer segments);

• Layer 3: photoreceptor ISs (inner segments);

• Layer 4: ONL;

• Layer 5: the outer half of the OPL;

• Layer 6: the inner half of the OPL, the INL and the outer half of the IPL;

• Layer 7: the inner half of the IPL, and the outer half of the GCL and NFL;

• Layer 8: the inner half of the GCL and NFL (see Figure 3.3).

We note that whilst Cringle and Yu (2002) also divide the model retina into 8 layers, their

layers are arranged differently, incorporating different tissue layers. We label the ends of each

model layer by Li, where i 2 {1,2, . . . ,8} and 0 < L1 < L2 < .. . < L8.

The number and arrangement of layers have been chosen to account for the differing oxy-

gen demands of the various retinal layers, to allow the incorporation of vasculature along the

boundaries between layers and to allow for the containment of Ngb within certain layers. The

model includes all three vascular layers: the CC (on the left-hand boundary of layer 1), the

deep retinal capillaries (on the boundary between layers 5 and 6), and the superficial retinal

capillaries (on the boundary between layers 7 and 8, see Figure 3.3).

In placing the retinal capillaries along the boundaries between layers we are making the

biologically justified assumption that they lie in a plane (due, in part, to the fact that the width
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Figure 3.3: Eight layer model diagram. Oxygen is supplied to the tissue via the choriocap-
illaris and retinal capillaries, and the net-flux of oxygen at x = L8 is zero. The flux of Ngb
between layers is zero, except at those boundaries marked with stars, across which the concen-
tration and flux of Ngb is continuous. RPE: retinal pigment epithelium. ONL: outer nuclear
layer. OPL: outer plexiform layer. INL: inner nuclear layer. IPL: inner plexiform layer. GCL:
ganglion cell layer. NFL: nerve fibre layer.

of the retina is much smaller than the radius of curvature of the eye) and that their width (about

5 µm, Pournaras et al., 2008) is small relative to the other model layers. (The exception is the

RPE which is of a similar width to the capillary layers. We treat the RPE as a layer in its own

right so that we can use our knowledge of the oxygen concentration at the CC, thus avoiding

the problem of determining the drop in oxygen concentration across the RPE.) Placing retinal

capillaries along the boundaries between layers, rather than assigning them their own separate

layers, also allows us to account for the fact at many locations, a vertical section through

the retina is free from deep or superficial capillaries, though still supplied by neighbouring

capillaries.

As with the single layer model, the following non-dimensional equations hold in each

retinal layer:

∂c
∂ t

=
∂ 2c
∂x2 �

Qic
g + c

+ k2no � k1nc, (3.1)

∂n
∂ t

= D
∂ 2n
∂x2 + k4nh +ak2no � k3n�ak1nc, (3.2)

∂nh

∂ t
= D

∂ 2nh

∂x2 + k3n� k4nh, (3.3)

∂no

∂ t
= D

∂ 2no

∂x2 +ak1nc�ak2no, (3.4)

where Qi (1,. . .,8) denotes the maximum rate of oxygen uptake in each layer. Guided by Roh
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Figure 3.4: Diagram of the simple model system used to derive the oxygen boundary condi-
tions along the boundaries containing capillaries. Capillaries are present in the central layer
and absent from the surrounding layers. The boundary condition is obtained in the limit as
e ! 0.

et al. (1990), we suppose that the oxygen diffusion coefficient is constant across the retina and

we make the same assumption for the diffusivity of Ngb.

We impose the following initial conditions:

c(x,0) = cinit(x), n(x,0) = ninit(x), nh(x,0) = nhinit (x), no(x,0) = noinit (x). (3.5)

Boundary Conditions

To determine the oxygen boundary conditions across the boundaries containing capillaries

(x = L5 and x = L7), we consider the case of a layer of tissue perfused by capillaries, sur-

rounded on either side by tissue free of capillaries, on the domain x 2 [0,L] (see Figure 3.4).

The perfused layer is of width 2e and centred at x = xc, where e < xc < L� e and 0 < e ⌧ 1.

Shrinking the width of the perfused layer to zero, we obtain the desired boundary condition

between the two capillary-free layers in the limit as e ! 0. We describe the derivation of this

condition in detail below.

Equations (3.1)–(3.4) hold in the capillary-free layers as do equations (3.2)–(3.4) in the

perfused layer. Equation (3.1) is modified in the perfused layer, to include a term for the
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exchange of oxygen with the capillaries:

∂c
∂ t

=
∂ 2c
∂x2 �

Q̄c
g + c

+ h̄(cv � c)| {z }
exchange with

capillaries

+k2no � k1nc, (3.6)

where h̄ represents the permeability of the retinal capillaries and also accounts for their den-

sity, whilst cv is the concentration of oxygen in the retinal capillaries (see Appendix A.4 and

Appendix A.5 for more details). We define Q̄ := QLH(xc � x)+QRH(x� xc), where H is a

Heaviside step function, to account for the fact that the rate of oxygen uptake may differ either

side of x = xc.

We impose the initial conditions (3.5), with zero-flux boundary conditions for all species

at x= 0 and x= L, and continuity of concentration and flux of all species across the boundaries

at x = xc � e and x = xc + e .

Integrating (3.6) with respect to x we obtain

Z xc+e

xc�e

∂c
∂ t

dx =


∂c
∂x

�xc+e

xc�e
�
Z xc+e

xc�e

Q̄c
g + c

dx+
Z xc+e

xc�e
h̄(cv � c)dx

+
Z xc+e

xc�e
(k2no � k1nc)dx. (3.7)

As the width of the capillary perfused layer shrinks to zero, supply increases to com-

pensate, such that, in the limit as e ! 0, h̄ = ĥd (x� xc), where d (x� xc) is the Dirac delta

function, which is defined such that
R xc+e

xc�e f (x)d (x�xc)dx = f (xc) for any real constant e > 0

(see Ockendon et al., 2003, pg. 97). Therefore,

Z xc+e

xc�e
h̄(cv � c)dx = ĥ(cv � c(xc)),

as e ! 0.

The oxygen concentration is piecewise smooth on the interval x 2 [xc � e,xc + e], with a

discontinuity in its flux at x = xc, due to the point source at this location. Splitting the range
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of integration as follows,

Z xc+e

xc�e

∂c
∂ t

dx =
Z xc

xc�e

∂c
∂ t

dx+
Z xc+e

xc

∂c
∂ t

dx, (3.8)

we note that c is smooth on each of the subintervals x2 [xc�e,xc] and x2 [xc,xc+e], implying

that ∂c
∂ t is continuous and hence bounded in both intervals. Therefore, as e ! 0, the integral

on each subinterval tends to zero and, by equation (3.8), so does the integral over the interval

x 2 [xc � e,xc + e].

Since 0  c/(g + c)< 1, we may deduce that

0 
Z xc+e

xc�e

Q̄c
g + c

dx < e(QL +QR).

We derive an upper bound on c by considering equation (3.6) in its steady-state, spatially

homogeneous form, with the uptake terms (Q̄c/(g + c) and k1nc) removed, this being the

scenario for which c is maximised (assuming that the initial value for c is less than or equal to

this upper bound). Since n+nh+no = nT , n and no are bounded above by nT . Setting no = nT

in equation (3.6), to maximise the oxygen supply, and solving for c, we find that c is bounded

above by ĉ = cv +
k2nT

ĥ
. Therefore we have that

����
Z xc+e

xc�e
(k2no � k1nc)dx

����


Z xc+e

xc�e
|k2no � k1nc|dx


Z xc+e

xc�e
|k2nT + k1nT ĉ|dx

=2e(k2nT + k1nT ĉ).

Therefore, taking the limit as e ! 0 in (3.7), we obtain the boundary condition:

✓
∂c
∂x

+

(xc)�
∂c
∂x

�
(xc)

◆
+ ĥ(cv � c(xc)) = 0, (3.9)
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where the ‘�’ and ‘+’ superscripts indicate that the quantity is evaluated on the left- and

right-hand sides of the boundary respectively.

Returning to the eight layer model, the oxygen boundary conditions are as follows:

c(0, t) = cc,
∂c
∂x

(L8, t) = 0, [c(Li, t)]+� = 0, for i = 1,. . .,7,


∂c
∂x

(Li, t)
�+

�
=

8
<

:
0, for i = 1,. . .,4 and 6,

ĥi(c(Li, t)� cv), for i = 5 and 7.
(3.10)

Thus we impose Dirichlet and zero-flux boundary conditions at the left- and right-hand

ends of the domain respectively, as for the single layer model, with continuity of concentra-

tion and flux at all internal boundaries except those at which the capillaries lie, where the

flux is discontinuous (see equation (3.10)). We use a Dirichlet boundary condition at x = 0,

rather than a Robin boundary condition, since the fenestrated capillaries of the CC are highly

permeable to low molecular weight substances such as oxygen (Törnquist et al., 1990).

We impose zero-flux boundary conditions upon Ngb, Ngb-His and Ngb-O2 at x = 0, L1,

L5, L6 and L8 since these represent boundaries between cell layers and Ngb molecules are

too large to pass through cell membranes (Ngb only existing intracellularly). We also impose

zero-flux boundary conditions upon Ngb, Ngb-His and Ngb-O2 at x= L2 and L3 since we wish

to maintain the high concentration of Ngb found in the photoreceptor ISs of human retinas. It

may be that Ngb is unable to diffuse from the IS to the OS as it is unable to pass through the

narrow connecting cilium; however, it is unclear what prevents Ngb from diffusing into the

ONL. The concentration and flux of Ngb, Ngb-His and Ngb-O2 are continuous across x = L4

and L7 since these model boundaries occur within cell layers, there being nothing to physically

prevent these species from diffusing across these boundaries.
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3.2.2 Steady-State Model

As with the single layer model, the following non-dimensional equations define the steady-

state distributions for c = c(x), nh = nh(x) and no = no(x) in each retinal layer:

0 =
d2c
dx2 �

Qic
g + c

+ k2no � k1(nTi �nh �no)c, (3.11)

0 = D
d2nh

dx2 + k3(nTi �nh �no)� k4nh, (3.12)

0 = D
d2no

dx2 +ak1(nTi �nh �no)c�ak2no, (3.13)

where Qi and nTi (1,. . .,8) denote the maximum rate of oxygen uptake in each layer and the

total Ngb concentration in each layer respectively. The boundary conditions are the same as

for the time-dependent eight layer model (see (3.10) above).

The dimensional and non-dimensional parameters associated with the eight layer model

are presented in Tables 3.1 and 3.2 respectively (where the upper and lower values for Q3

correspond to DA and LA respectively). Those parameters used in the eight layer model

which are the same as in the single layer model are stated in Tables 2.1 and 2.2.

3.3 Numerical Results

3.3.1 Steady-State Problem – Oxygen Transport

As with the single layer model, we solved the steady-state eight layer model, (3.10)–(3.13),

using the FEM. As in Chapter 2, we use piecewise linear basis functions for the FEM, solving

the resulting system of nonlinear algebraic equations using the Matlab routine fsolve, employ-

ing the Trust-Region-Dogleg algorithm. We validated our FEM solutions to the steady-state

problem by checking that they matched the steady-state solution to the time-dependent prob-

lem, (3.1)–(3.5) and (3.10), solved using the method of lines. We now return to the non-

dimensionalisation described in Section 2.2 (as opposed to that adopted in Section 2.4).

Figure 3.5 shows the oxygen profile across a healthy human retina under LA (dotted curve)

75



Ta
bl

e
3.

1:
D

im
en

si
on

al
pa

ra
m

et
er

s
as

so
ci

at
ed

w
ith

th
e

ei
gh

tl
ay

er
m

od
el

(s
ee

eq
ua

tio
ns

(3
.1

)–
(3

.5
)a

nd
(3

.1
0)

–(
3.

13
))

.W
he

re
tw

o
se

ts
of

un
its

ar
e

st
at

ed
,t

he
fir

st
se

tw
as

sp
ec

ifi
ed

in
th

e
re

fe
re

nc
e

an
d

th
e

se
co

nd
,i

n
br

ac
ke

ts
,u

se
s

un
its

co
ns

is
te

nt
w

ith
th

e
di

m
en

si
on

al
m

od
el

.
Pa

ra
m

et
er

D
es

cr
ip

tio
n

Va
lu

e
So

ur
ce

L 1
5

µm
L 2

27
.5

µm
L 3

Po
si

tio
ns

of
th

e
50

µm
(Y

u
et

al
.,

19
94

)
L 4

bo
un

da
rie

s
be

tw
ee

n
10

0
µm

W
eb

vi
si

on
,

L 5
re

tin
al

la
ye

rs
10

6.
5

µm
h
t
t
p
:
/
/
w
e
b
v
i
s
i
o
n
.
m
e
d
.
u
t
a
h
.
e
d
u
/

L 6
19

3.
5

µm
L 7

23
7.

5
µm

L 8
25

0
µm

n T
i
(i
=

1,
4,
..
.,8

)
Ty

pi
ca

lN
gb

2
µM

(S
ch

m
id

te
ta

l.,
20

03
,2

00
5)

n T
2

co
nc

en
tra

tio
ns

0
µM

(B
en

tm
an

n
et

al
.,

20
05

)
n T

3
in

ea
ch

re
tin

al
la

ye
r

20
0

to
40

00
µM

(O
st

oj
ić
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Table 3.2: Non-dimensional parameters associated with the eight layer model (see equations
(3.1)–(3.5) and (3.10)–(3.13)). (Values given to an accuracy of at most three significant fig-
ures.)

Parameter Value
L1 0.063
L2 0.34
L3 0.63
L4 1.25
L5 1.33
L6 2.42
L7 2.97
L8 3.13
nTi (i = 1,4,. . .,8) 0.02
nT2 0
nT3 2 to 40
Q1 1.69
Qi (i = 2,4) 0
Q3 3.76 to 7.52
Qi (i = 5,. . .,8) 1.50
ĥ5 2.64
ĥ7 5.28
cv 0.67
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and DA (solid curve) in the absence of Ngb. The boundaries between model layers are shown

by vertical lines and the layers are labelled 1–8, whilst a horizontal line marks the hypoxic

threshold, g . The only difference between LA and DA in our model is that the rate of oxygen

uptake by the photoreceptor ISs, Q3, under DA is double that under LA. As a result, the oxy-

gen concentration in the outer retina (layers 1–5) and in layer 6, is significantly lower under

DA than under LA, whereas the oxygen concentration in layers 7 and 8 remains relatively

unaffected. The parameters used to generate this plot are either taken directly from the litera-

ture, or estimated from the literature, except for the permeabilities of the deep and superficial

retinal capillaries, ĥ5 and ĥ7. These are chosen to yield profiles similar to those measured in

the rat retina (which is physiologically similar to that of the human, see Yu et al., 1994, Figure

2(a)), whilst satisfying the relationship ĥ7 = 2ĥ5, since the superficial retinal capillary bed has

twice the density of the deep retinal capillary bed (Gillies et al., 1995; Tan et al., 2012, see

Appendix A.5 for more details). Therefore, our simulations of the retinal oxygen profile in

humans constitute testable predictions. Further, as we vary ĥ5 and ĥ7 between 0–5 and 0–10

respectively (results not shown) we find that the outer retina will remain normoxic provided cc

is not significantly reduced, but that the inner retina (layers 6–8) may be in danger of hypoxia

in layer 6, as is the case in Figure 3.5.

In Figure 3.6 we show that Ngb may prevent inner retinal hypoxia. The parameters chosen

are the same as those for Figure 3.5 under DA (for which the inner retina is hypoxic in the

absence of Ngb). The solid curve shows the oxygen profile in the absence of Ngb (this is

the same as the solid curve in Figure 3.5) and the dotted curve shows the oxygen profile in

the presence of Ngb, when Ngb is most heavily concentrated in layers 3, 6, 7 and 8. This

Ngb distribution corresponds with that found in the retina of the rat by Bentmann et al. (2005)

(see Appendix A.6 and Figure A.3(b)). The average Ngb concentration across the retina in

this simulation is approximately 432 µM, which is larger than the average of 100-200 µM

measured in the mouse retina by Schmidt et al. (2003). However, since Ngb is confined to the

cytosol (the fluid compartment of cells excluding the nucleus and organelles) of retinal cells,

it may be that Ngb could reach an average concentration in the cytosol much greater than 200
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Figure 3.5: Simulation results from the eight layer model showing the oxygen distribution in
the healthy human retina under LA and DA in the absence of Ngb. The spatial extent of the
different layers is depicted by the vertical lines, whilst the hypoxic threshold, c = g , is denoted
by a horizontal line. The oxygen concentration in the outer retina (layers 1-5) and layer 6 is
significantly lower under DA due to the increased rate of oxygen uptake by the photoreceptor
ISs. Equations (3.10)–(3.13) were solved using the FEM with 501 mesh points. Under LA
Q3 = 3.76, whereas under DA Q3 = 7.52. In both cases nTi = 0 (i = 1,. . ., 8). Remaining
parameter values as in Tables 2.2 and 3.2.
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Figure 3.6: Simulation results from the eight layer model showing how the presence of Ngb
in the inner retinal layers may prevent inner retinal hypoxia under DA. Key: Ngb absent (solid
curve: nTi = 0, i = 1,. . ., 8); Ngb present (dotted curve: nT1 = nT4 = nT5 = 0.02, nT2 = 0 and
nT3 = nT6 = nT7 = nT8 = 6.50). Equations (3.10)–(3.13) were solved using the FEM with 501
mesh points. Parameter values: Q3 = 7.52. Remaining parameter values as in Tables 2.2 and
3.2.

µM, without the average concentration of Ngb across the whole retina exceeding this value.

As such, the Ngb concentration in our model should be interpreted as the concentration in the

cytosol. It can be seen that the addition of Ngb raises the oxygen profile in the inner retina,

increasing the minimum in layer 6 so that it no longer passes beneath the hypoxic threshold,

c = g . This corresponds to an increase in the minimum rate of oxygen uptake in the inner

retina from 40.1% to 53.3% of Q6, the maximum rate of oxygen uptake in this region (see

equation (3.11)).

In Figure 3.7 we decrease cc, cv, ĥ5 and ĥ7 (the oxygen concentration at the CC and in the

retinal capillaries, and the permeabilities of the deep and superficial retinal capillaries respec-

tively) so that the outer retina is hypoxic in the absence of Ngb, more closely representing the

macaque retina under DA (Birol et al., 2007). It is found that if Ngb is concentrated primarily

in the photoreceptor ISs (L2 < x < L3), then it may prevent outer retinal hypoxia. This corre-

sponds to an increase in the minimum rate of oxygen uptake in the outer retina from 36.8%
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Figure 3.7: Simulation results from the eight layer model showing how the presence of Ngb
in the photoreceptor ISs may prevent outer retinal hypoxia under DA. Key: Ngb absent (solid
curve: nTi = 0, i = 1,. . ., 8); Ngb present (dotted curve: nT1 = nTi = 0.02, nT2 = 0, nT3 = 40, i =
4,. . ., 8). Equations (3.10)–(3.13) were solved using the FEM with 501 mesh points. Parameter
values: cc = 0.5, Q3 = 7.52, ĥ5 = 2.03, ĥ7 = 4.06 and cv = 0.5. Remaining parameter values
as in Tables 2.2 and 3.2.

to 51.8% of Q3, the maximum rate of oxygen uptake in this region (see equation (3.11)). We

remark that the inner retina is hypoxic in both cases since there is insufficient Ngb in this

region. In this case, the average concentration of Ngb across the retina is approximately 362

µM.

3.3.2 Time-Dependent Problem – Oxygen Storage

Two sets of simulations were conducted for the eight layer model to explore the oxygen storage

capacity of Ngb on a more realistic geometry. In both sets of simulations the FEM was used

to solve the steady-state problem, (3.10)–(3.13), as in Section 3.3.1, to provide the initial

conditions for the time-dependent problem, (3.1)–(3.5) and (3.10), which was solved using

the method of lines.

We proceed as with the single layer model, making a step-change in a system parameter

so that the steady-state concentration of oxygen decreases or increases, and observe the delay
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due to Ngb in the time taken to move between steady-states. We are interested in whether this

effect can prevent or reduce periods of hypoxia. The parameters we shall vary are the oxygen

concentration in the retinal capillaries, cv, and the rate of oxygen uptake in the photoreceptor

ISs, Q3, both of which may fluctuate over an average day. For instance, Q3 will increase at

night under DA and cv might decrease as a result of blinking, eye movement or eye rubbing.

In the first set of simulations, the parameter values employed in Figure 3.6 were used

for the Ngb and Ngb-free problems, the only difference being that either cv(t = 0) = 0.58

and is then switched to cv(t = t0) = 0.75, for some t0 > 0, or vice-versa. For cv = 0.58,

the inner retina is hypoxic at steady-state, in a region within layer 6, both in the presence

and absence of Ngb, whereas for cv = 0.75, the inner retina is normoxic at steady-state, both

in the presence and absence of Ngb. Thus, following an instantaneous decrease in cv, from

cv = 0.75 to cv = 0.58, the inner retinal oxygen profile drops beneath the hypoxic threshold,

g , and following an instantaneous increase in cv, from cv = 0.58 to cv = 0.75, the inner retinal

oxygen profile rises above g , the presence of Ngb causing a delay in each case. It was found

that Ngb created a time delay of Dt = 1.6 seconds for the minimum of the inner retinal oxygen

profile to drop to g and a delay of Dt = 0.8 seconds for the minimum of the inner retinal

oxygen profile to rise to g . Thus, assuming that the system is given time to reach steady-state

after each change in cv, the net decrease in time spent in hypoxia is Dt = 0.8 seconds.

In the second set of simulations, the parameter values employed in Figure 3.7 were used

for the Ngb and Ngb-free problems, the only difference being that cc = 0.4 throughout and

Q3(t) is switched between Q3 = 10 (LA), for which the outer retina is normoxic in both the

presence and absence of Ngb, and Q3 = 20 (DA), for which the outer retina has an area of

hypoxia in both the presence and absence of Ngb. Thus, following an instantaneous increase

in Q3, from Q3 = 10 to Q3 = 20, the outer retinal oxygen profile drops beneath g , and following

an instantaneous decrease in Q3, from Q3 = 20 to Q3 = 10, the outer retinal oxygen profile

rises above g , the presence of Ngb causing a delay in each case. It was found that Ngb created

a time delay of Dt = 2.2 seconds for the minimum of the outer retinal oxygen profile to drop

to g and a delay of Dt = 0.2 seconds for the minimum of the outer retinal oxygen profile to
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rise to g . Thus, assuming that the system is given time to reach steady-state after each change

in Q3, the net decrease in time spent in hypoxia is Dt = 2.0 seconds.

These results suggest that Ngb will preserve the human retina in normoxia for at most a

few seconds.

3.4 Asymptotic Analysis of the Neuroglobin-free Problem

In this section we perform an asymptotic analysis of the Ngb-free, steady-state problem, in

order to validate the piecewise linear and quadratic approximations to the oxygen profile used

by Braun et al. (1995); Cringle and Yu (2002) and others.

In the absence of Ngb there is no reason to distinguish between layers 6 and 7, since the

purpose of the boundary between these layers was to ensure that Ngb could not pass between

them. Therefore, we now group layers 6 and 7 together, labelling this new merged layer, ‘layer

6⇤’, and relabel ‘layer 8’ as ‘layer 7⇤’. In addition, equations (3.11)–(3.13) reduce to a single

equation for oxygen:

0 =
d2c
dx2 �

Qic
g + c

, (3.14)

for Qi (1,. . .,7⇤), where we consider the parameter values to be of the same order of magnitude

as those used in Figure 3.5, as these represent standard conditions for the human retina.

In layers 2 and 4, Q2 = Q4 = 0, so that an exact analytical solution to equation (3.14)

may be obtained. In all other layers, Qi is strictly positive, so that an exact analytical solution

cannot be derived. In these layers we look instead for a leading order solution. Since the

value of Qi is not, in general, continuous between layers, we cannot use standard matching

techniques to construct a solution which is valid across all layers. Instead we use patching,

ensuring that the solution in each layer satisfies the boundary conditions between it and the

adjoining layers (see Bender and Orszag, 1999, pgs. 335–336 for a discussion of patching).

We construct an asymptotic expansion for c(x):

c(x)⇠ c0(x)+ ec1(x)+O(e2), (3.15)
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choosing e = 0.1, so as to provide a clear separation between the various scales, and introduce

g⇤ = e�2g so that g⇤ = O(1). We also note that Qi = O(1) for i 2 {1,3,5,6⇤,7⇤} and that

Q2 = Q4 = 0. Applying the scaling on g , equation (3.14) becomes

0 =
d2c
dx2 �

Qic
e2g⇤+ c

. (3.16)

We now consider the leading order solution to equation (3.16) within each layer, grouping

layers that have the same scaling.

Layer 1

In layer 1, c = O(1), as can be seen in Figure 3.5, and equation (3.16) supplies, at leading

order,

c(x)⇠ c0(x) =
Q1x2

2
+A1x+B1, (3.17)

where A1 and B1 are constants.

Layers 2 and 4

In layers 2 and 4, Q2 = Q4 = 0, so that equation (3.16) can be solved exactly to yield

c(x) = Aix+Bi, (3.18)

for i = 2, 4, where Ai and Bi are constants.

Layers 3, 5 and 7⇤

In layers 3, 5 and 7⇤, c = O(e), as can be seen in Figure 3.5. Rescaling oxygen as c = ec⇤,

we then rescale x as x = e1/2x⇤i +Li�1 in order to achieve a dominant balance, so that, after

returning to our original scaling on c and x we have, at leading order,

c(x)⇠ Qix2

2
+Aix+Bi, (3.19)
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for i 2 {3,5,7⇤}, where Ai and Bi are constants.

Layer 6⇤

The situation in layer 6⇤ is less straightforward. On the left- and right-hand sides of layer

6⇤, c = O(e), whereas, toward the centre of the layer, in a neighbourhood around the local

minimum, c = O(e2). Where c = O(e), we could scale c and x as in layers 3, 5 and 7⇤;

however, in the central region, where c = O(e2), we would regain equation (3.14) in the

dominant balance after dropping the stars. Since seeking leading order solutions does not

allow us to avoid dealing with equation (3.14), we instead retain equation (3.14) across the

whole of layer 6⇤ and use quadrature methods to derive approximate analytical solutions for

the oxygen profile in this layer.

We will derive separate approximations to the oxygen profile for the left-hand side, centre

and right-hand side of layer 6⇤, in order to account for the variation in c between O(e) and

O(e2). We will also derive approximations to the minimum oxygen concentration in layer 6⇤,

cmin, and its position, xmin.

Multiplying equation (3.14) by dc/dx and integrating between xmin and x, we find that

dc
dx

=±
p

2Q6⇤

s

c� cmin � g log
✓

g + c
g + cmin

◆
, (3.20)

where we take the positive (negative) root to the right (left) of xmin, since the gradient of

the oxygen profile is positive (negative) there. We note that the values of cmin and xmin are

unknown at this stage.

We begin by seeking the left-hand and right-hand approximations near L5 and L6⇤ respec-

tively. For the left-hand approximation, we integrate equation (3.20) between x and L5 to

obtain
Z cL

c(x)

✓
s� cmin � g log

✓
g + s

g + cmin

◆◆� 1
2

ds =
p

2Q6⇤(x�L5), (3.21)

where cL = c(x = L5) is unknown at this stage. Since c ⇡ cL in the left-hand region, where

cL = O(e), and since cmin = O(e2) and g = O(e2) (see Figure 3.5 for values of cL and cmin),
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we may approximate the integrand by s�
1
2 to obtain the left-hand approximation as

c(x)⇡ Q6⇤

2
(L5 � x)2 +

p
2Q6⇤cL(L5 � x)+ cL. (3.22)

In a similar way, we obtain the right-hand approximation:

c(x)⇡ Q6⇤

2
(x�L6⇤)

2 +
p

2Q6⇤cR(x�L6⇤)+ cR, (3.23)

where cR = c(x = L6⇤) is unknown at this stage. Both cL and cR may be found by applying the

boundary conditions as described at the end of this section.

To derive the central approximation, valid in the neighbourhood of xmin, we integrate equa-

tion (3.20) between xmin and x. Writing log((g + s)/(g + cmin)) = log(1+ (s� cmin)/(g +

cmin)), we expand the integrand (which is the same as in equation (3.21)) about s = cmin, in

powers of (s� cmin)/(g + cmin), where s is the variable of integration and |(s� cmin)/(g +

cmin)| ⌧ 1. Retaining only the first term and neglecting higher order terms, we obtain the

central solution:

c(x)⇡
✓

1+
Q6⇤(xmin � x)2

2(g + cmin)

◆
cmin, (3.24)

in which xmin and cmin are presently unknown.

To determine xmin, we integrate equation (3.20) between the limits xmin and L5, and xmin

and L6⇤ , to obtain the following pair of equations:

Z cL

cmin

✓
s� cmin � g log

✓
g + s

g + cmin

◆◆� 1
2

ds =
p

2Q6⇤(xmin �L5), (3.25)

Z cR

cmin

✓
s� cmin � g log

✓
g + s

g + cmin

◆◆� 1
2

ds =
p

2Q6⇤(L6⇤ � xmin). (3.26)

Subtracting equation (3.25) from equation (3.26), and noting that min(cL,cR) smax(cL,cR)

in the integrand, where cL = O(e), cR = O(e), cmin = O(e2) and g = O(e2) (see Figure 3.5
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for values of cL, cR and cmin), we may approximate the integrand by s�
1
2 to obtain

xmin ⇡
L5 +L6⇤

2
�
✓p

cR �
p

cLp
2Q6⇤

◆
. (3.27)

We obtain an implicit expression for cmin, by substituting for xmin from equation (3.27) into

equation (3.25):

Z cL

cmin

✓
s� cmin � g log

✓
g + s

g + cmin

◆◆� 1
2

ds ⇡
r

Q6⇤

2
(L6⇤ �L5)� (

p
cR �

p
cL), (3.28)

where the integral must be calculated numerically. With xmin and cmin specified by (3.27) and

(3.28) respectively, we can use equation (3.24) to calculate the central solution.

Summary

To summarise, we have found that c(x) is quadratic in layers 1, 3, 5 and 7⇤ at leading order,

that it is linear in layers 2 and 4, and may be approximated by quadratics in layer 6⇤. That is,

c(x) =

8
>>>>>>>>>><

>>>>>>>>>>:

Qix2

2 +Aix+Bi, for i 2 {1,3,5,7⇤},

Aix+Bi, for i 2 {2,4},
Q6⇤

2 (L5 � x)2 +
p

2Q6⇤cL(L5 � x)+ cL, left-hand, layer 6⇤,
⇣

1+ Q6⇤(xmin�x)2

2(g+cmin)

⌘
cmin, central, layer 6⇤,

Q6⇤
2 (x�L6⇤)

2 +
p

2Q6⇤cR(x�L6⇤)+ cR, right-hand, layer 6⇤,

(3.29)

where xmin and cmin, the position and size respectively, of the local minimum in layer 6⇤, are

given by equations (3.27) and (3.28) respectively, cL = c(L5), cR = c(L6⇤) and the Ais and Bis

are constants of integration. The equations contain 14 unknowns (A1 . . .A5, A7⇤ , B1 . . .B5, B7⇤ ,

cL and cR), which can be found by imposing the 14 boundary conditions upon the external and

internal boundaries (c(0) = cc, cx(L7⇤) = 0 and the concentration and flux conditions across

the internal boundaries at x = Li, for i = 1,. . .,6⇤). The approximation is continuous, except

within layer 6⇤, where it is not possible to obtain continuity between the left-hand, central and
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right-hand approximations.

We can iteratively improve the accuracy of our approximation using the exact derivative,

given by equation (3.20), in the oxygen-flux boundary conditions at x = L6⇤ and x = L7⇤ , given

by equation (3.10), to yield:

0 =
p

2Q6⇤

s

cL � cmin � g log
✓

g + cL

g + cmin

◆
+(Q5L5 +A5(cL))� ĥ5(cv � cL), (3.30)

0 =
p

2Q6⇤

s

cR � cmin � g log
✓

g + cR

g + cmin

◆
+Q7⇤(L7⇤ �L6⇤)� ĥ6⇤(cv � cR). (3.31)

The constant cmin takes the value calculated by solving (3.28), using the original values of cL

and cR, whilst the constant A5 is a function of cL, given by:

A5(cL) =
1
L5


cL � cc �

1
2
�
Q5(L2

5 +L2
4)+Q3(L2

2 �L2
3)�Q1L2

1
��

. (3.32)

Equations (3.30)–(3.31) can be solved numerically, using the Matlab routine fsolve (employing

the Trust-Region-Dogleg algorithm), to find updated values for cL and cR. The updated cL and

cR can then be used to calculate an updated value for cmin, using equation (3.28). We may then

repeat the iteration, using the updated value of cmin in equations (3.30)– (3.32), to find new

values for cL and cR. Once the solution has converged, the final values of cL and cR can then be

used to calculate improved values for A1, . . ., A5, B7⇤ , xmin and cmin, by applying the boundary

conditions to equation (3.29) as described above and using equations (3.27) and (3.28).

It was found that iteration results in a small improvement in the accuracy of the approxima-

tion and that the solution does not change significantly (by O(10�4) or greater) after the third

iteration. Therefore, we use the parameters generated by the third iteration for the approximate

solution below.

Figure 3.8 compares the approximate solution with the finite element solution to the full

problem using the same parameter values as in Figure 3.5 for the dark adapted case (the

FEM solution being the same as that plotted in Figure 3.5). The approximate solution agrees

reasonably well with the FEM solution, though it underestimates it, particularly in layers 3
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Figure 3.8: Comparison of the approximate solution with the FEM solution to the full problem.
The approximate solution matches well with the FEM solution, though it is less accurate in
layers 3 and 4. The left-hand solution in layer 6⇤ is plotted from x = L5 to x = xmin, the right-
hand solution is plotted from x = xmin to x = L6⇤ and the central solution is plotted throughout
layer 6⇤. The spatial extent of the different layers is depicted by the vertical lines. Parameter
values are the same as those used in Figure 3.5 for the dark adapted case.

and 4. The approximate value of xmin, xapp
min = 2.0625 (4 d.p.), is very close to the FEM

value, xFEM
min = 2.0625 (4 d.p.), with an error of O(10�5), whilst the approximate value of cmin,

capp
min = 0.0091 (4 d.p.), is less close to the FEM value, cFEM

min = 0.0114 (4 d.p.), though it is of

the same order of magnitude, with an error of O(10�3).

This analysis shows that the piecewise linear and quadratic profiles used by Braun et al.

(1995); Cringle and Yu (2002) and others are valid, provided the oxygen concentration is O(1)

or O(e). If the oxygen concentration drops to O(e2), that is, if it becomes hypoxic or near

hypoxic, a quadratic approximation is valid; however, the coefficients of the quadratic are not

the same as those based on the assumption of constant oxygen uptake used in the literature.
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In this case the coefficients must be modified, as outlined above. We also note that when

fitting curves to measured oxygen profiles, the value of Q in those layers where c = O(e2)

will be underestimated when using a constant oxygen uptake assumption since c/(g + c) is

significantly less than unity in these regions.

3.5 Discussion

The retina is one of the most oxygen hungry tissues in the human body, such that, despite being

well vascularised, it is frequently at risk of hypoxia. In this chapter we have investigated, via

an eight layer model, the role that may be played by the protein Ngb in preventing hypoxia

in the human retina. Both steady-state and time-dependent models were studied to explore

Ngb’s role in oxygen transport and storage respectively.

Steady-state solutions of the eight layer model revealed that Ngb may play an important

role in oxygen transport in the human retina (Section 3.3.1). Whilst the effect of Ngb on

the oxygen profile is subtle, an increase in the oxygen concentration through the hypoxic

threshold, g , may result in a significant increase in the rate of oxygen uptake (as much as 30–

40%) since the Michaelis-Menten curve is steepest in a neighbourhood of c = g . It was found

that Ngb may prevent inner retinal hypoxia, provided it is sufficiently concentrated in this

region. Similarly, if the outer retina is vulnerable to hypoxia, then outer retinal hypoxia may

be avoided, provided Ngb is present in sufficient quantities in the photoreceptor ISs. Detailed

measurements of the cytosolic Ngb concentration in different cellular layers of the retina are

needed in order to determine whether Ngb is present in the quantities that we suggest are

necessary for Ngb to play a significant role in oxygen transport.

We expect Ngb to be most highly concentrated in those layers of the retina that are most

vulnerable to hypoxia. This would mean that Ngb distribution would differ between species,

as retinal oxygen distribution differs between species, and perhaps within individual eyes, as

oxygen supply and demand vary with eccentricity. The most closely related species in which

retinal oxygen and Ngb distributions have been measured are the mouse and rat, where it was
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found that Ngb is indeed most highly concentrated in those regions where oxygen is most

scarce (Yu et al., 1994; Schmidt et al., 2003, 2005). Further studies are needed to confirm

whether this holds true in other species. The only study to date to examine the relationship

between Ngb distribution and eccentricity in the human retina found no differences in the

patterns of immunoreactivity for Ngb between the central and peripheral retina (Ostojić et al.,

2008); however, this does not exclude the possibility that, whilst Ngb may be present within

the same retinal layers across the retina, it may be distributed differently between those layers

for different eccentricities. Further experimental work is required to test this prediction.

We also note that Ngb in one region of the retina can play a protective role in preventing

hypoxia in another region, even if Ngb cannot pass between these two regions. This is evident

in Figure 3.6, where Ngb in layer 7 (x 2 [2.42,2.97]) raises the oxygen concentration on

the left-hand side of the layer, so that it is at a higher concentration as it enters layer 6, a

region vulnerable to hypoxia. Furthermore, whilst Bentmann et al. (2005) observe that Cygb

distribution is unrelated to mitochondria distribution and oxygen consumption, this does not

imply that Cygb cannot play a role in oxygen transport and storage, since it does not need to

be colocalised with mitochondria containing regions in order to increase the oxygen supply to

these regions. Having said this, the compartmentalisation of Ngb within the retina does reduce

its capacity to transport oxygen across the retina, since oxygen-bound Ngb will often meet a

barrier before reaching an oxygen poor region where it can deposit its oxygen. In other words,

if Ngb is confined within a narrow region across which the drop in oxygen concentration is

small, then Ngb will have a less pronounced effect than if allowed to move across a larger

region where the drop in oxygen concentration is large and hence across which the drop in

Ngb oxygen saturation is large.

Our simulations suggest that Ngb could protect the retina from hypoxia for at most a

few seconds, by acting as an oxygen buffer, following a fluctuation in system parameters.

Therefore, it is unlikely to play an important role in oxygen storage (Section 3.3.2).

Lastly, asymptotic analysis of the steady-state Ngb-free problem (Section 3.4) demon-

strated that the assumption of a constant rate of oxygen uptake is valid, provided the oxygen
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concentration is O(e) (where e = 0.1, corresponding to ⇡ 6 mmHg), or larger. This places

existing models for retinal oxygen distribution on a stronger theoretical foundation. If the oxy-

gen concentration drops to hypoxic or near-hypoxic levels, at O(e2), then the oxygen profile

can still be approximated using a quadratic, but the coefficients will be different from those

that result from the constant rate of oxygen uptake assumption.

This work could be extended in several ways. The magnitude of the histidine dissociation

rate, k�h , could be made to vary according to the oxygen concentration, so that Ngb’s oxygen

affinity decreases in hypoxia and increases in normoxia, to examine the extent to which this

enhances the oxygen transport and storage properties of Ngb (see Appendix A.11 and Ham-

dane et al., 2003, for details). Models could be developed to examine the potential role of Ngb

at other eccentricities within the human retina, or in other species, by adjusting the parameters

relating to geometry, oxygen supply and oxygen demand. Also, Cygb could be included in the

models, to determine whether it significantly augments the oxygen transport and storage prop-

erties of Ngb. The model could also be extended to 2D or 3D, and more detailed descriptions

of cell metabolism and blood flow incorporated.

In conclusion, although Ngb’s transport function results in only a minor shift in the oxy-

gen profile, this can result in a significant rise in oxygen uptake and may be enough to prevent

hypoxia if supply and demand are finely balanced. Ngb is unlikely to be important for oxy-

gen storage. Finally, the assumption of a piecewise constant rate of oxygen uptake, used in

previous studies, is valid, provided oxygen levels do not drop to O(e2).

Having explored Ngb’s role in the prevention of retinal hypoxia, we now consider the

role of hyperoxia in the progression of the retinal degenerative diseases known as retinitis

pigmentosa.
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Chapter 4

Retinitis Pigmentosa: The Oxygen

Toxicity Hypothesis (1D)

In the previous two chapters we considered the case in which the retina is in danger of oxygen

deprivation (hypoxia). In this chapter, and that which follows, we use mathematical models,

formulated as systems of PDEs and ODEs, to explore the potential role of excess oxygen (hy-

peroxia) in the progression of the retinal degenerative diseases, known collectively as retinitis

pigmentosa. In this chapter we investigate oxygen and photoreceptor dynamics in 1D, whilst

in Chapter 5 we include capillary degeneration and extend the model to 2D.

4.1 Introduction

The term retinitis pigmentosa (RP) refers to a group of genetically mediated retinal degen-

erative diseases that cause a progressive loss of visual function. RP is the most common

inherited retinal degeneration, with a prevalence (in its nonsyndromic form) of 1 in 4000, cor-

responding to a total of 1.5 million affected individuals worldwide (Hamel, 2006; Hartong

et al., 2006; Shintani et al., 2009). At present no treatments are clinically available either to

slow its progression or reverse its effects (Musarella and MacDonald, 2011). In this chapter

we investigate the prospective role of oxygen toxicity (or hyperoxia) in the progression of RP.
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Figure 4.1: Diagrams of the human eye and retinal photoreceptor distribution. (a) Diagram
of the (right) human eye, viewed in the transverse plane. Figure reproduced, with modifica-
tions, from http://www.nei.nih.gov/health/coloboma/coloboma.asp, courtesy: Na-
tional Eye Institute, National Institutes of Health (NEI/NIH). (b) Graph to show the distribu-
tion of rods and cones, along the horizontal meridian, in the human retina. Figure reproduced,
with permission and modifications, from Webvision, http://webvision.med.utah.edu/
and originates from Østerberg (1935).

We begin by briefly describing the physiology of the retina, the pathophysiology of RP and

previous mathematical models relevant to RP (see Chapter 1 for more details).

As can be seen in Figure 4.1(a), the retina is the innermost tissue layer in the eye, extending

from the optic disc, where the optic nerve, central retinal artery and vein puncture the retina,

to the ora serrata. Oxygen is delivered to the retina via two blood supplies: the choriocapillaris

(CC, the capillary bed forming the innermost layer of the choroid), which mainly supplies the

outer retina, and the retinal capillaries, which mainly supply the inner retina (Yu and Cringle,

2001; Wangsa-Wirawan and Linsenmeier, 2003). In both this and the following chapter we

are concerned with the outer retina and choroid only.

The outer layer of the retina is mainly populated by two types of cell: photoreceptors

and RPE cells. The light detecting photoreceptors come in two varieties: rods and cones.

Rods confer achromatic vision under scotopic (low light) conditions, whilst cones provide

high-acuity colour vision under photopic (well-lit) conditions. The outer parts of the photore-

ceptors are composed of ISs and OSs. The ISs contain most of a photoreceptor’s mitochondria,
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constituting their primary site of oxygen consumption, whilst the OSs are composed of discs

in which light sensitive photopigments are embedded. Discs are periodically shed from the

tips of OSs (where they are phagocytosed by the overlying RPE cells) and are regenerated at

the OS base, with a turnover rate of 9–13 days (Young, 1971, see also Young, 1967; Young

and Bok, 1969; Young, 1978; Oyster, 1999).

The average human retina contains 92 million rods and 4.6 million cones, where rod diam-

eters lie in the range 1.5–3.0µm and cone diameters in the range 1–10µm (Curcio et al., 1990).

Figure 4.1(b) shows the distribution of rods and cones in a typical human retina. Cones attain

their highest density in a sharp peak centred at zero degrees eccentricity, in a region known

as the fovea (see Figure 4.1(a)), their density falling off rapidly with increasing eccentric-

ity, whilst rods are absent from the centre of the fovea, their density increasing sharply with

increasing eccentricity, reaching a maximum at around 20 degrees, before falling off more

gradually toward the periphery. Thus the fovea is cone dominated, whilst the rest of the retina

is rod dominated. Both rods and cones are absent from the optic disc.

RP is (usually) a rod-cone dystrophy, meaning that rods are affected earlier and more

severely than cones (Hamel, 2006). However, less common forms exist, in which rod and

cone loss occurs on the same time scale, or in which cone loss precedes rod loss (termed a

cone-rod dystrophy, Hartong et al., 2006). Histological data from humans and rats suggest that

the initial loss of photoreceptors occurs in roughly circular patches which expand and coalesce

over time (Cideciyan et al., 1998; Lee et al., 2011; Ji et al., 2012; Garcı́a-Ayuso et al., 2013;

Zhu et al., 2013).

The oxygen toxicity hypothesis was first suggested by Travis et al. (1991) and later de-

veloped by Valter et al. (1998) and Stone et al. (1999). Following the loss of photoreceptors,

the oxygen demand in the outer retina is significantly decreased, resulting in an increase in

outer retinal oxygen concentrations (Stone et al., 1999; Yu et al., 2000, 2004; Padnick-Silver

et al., 2006). This, combined with the shortening of the photoreceptor OSs (due to mutation-

or hyperoxia-induced damage), brings the remaining rod and cone ISs into a toxic oxygen

environment (Travis et al., 1991; Stone et al., 1999). This results in a positive feedback loop,

95



Figure 4.2: Flow chart for hyperoxia driven photoreceptor degeneration. Mutant rods degener-
ate, leading to patches of photoreceptor loss. This results in a rise in oxygen levels causing the
degeneration of neighbouring photoreceptors, which leads to a further rise in oxygen levels,
resulting in a positive feedback loop.

as high oxygen levels cause photoreceptor death, which in turn leads to an increase in oxygen

levels (see Figure 4.2). Thus, the second stage of photoreceptor death is ‘self-reinforcing’

(Stone et al., 1999).

Both antioxidants and trophic factors may be used to treat RP: antioxidants neutralise the

excess of reactive oxygen species produced under hyperoxia, while trophic factors increase

photoreceptor resistance to apoptosis (Yamada et al., 2001; Kohen and Nyska, 2002; Okoye

et al., 2003; Yu et al., 2004; Dong et al., 2006; Komeima et al., 2006, 2007; Sanz et al., 2007).

To date, there has been relatively little modelling work concerning either retinal degener-

ation in general or RP in particular.

Colón Vélez et al. (2003); Camacho et al. (2010); Camacho and Wirkus (2013) and Ca-

macho et al. (2014) have produced a series of spatially-averaged ODE models examining the

rod trophic factor hypothesis (see Section 1.3.5). Their work suggests the importance of rod

trophic factor to the survival of both rods and cones. They were also able to trace the pro-

gression of the disease through distinct physiological stages and to suggest optimal treatment

strategies for RP under this hypothesis.

Building on the work of Clarke et al. (2000, 2001), Burns et al. (2002) constructed a

spatially explicit 1D PDE model, to examine the rod toxic substance release hypothesis (see

Section 1.3.5). The model captures the initial patchy loss of photoreceptors as well as the
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exponential decline in photoreceptor number measured by Clarke et al. (2000, 2001) (see

also, Clarke and Lumsden, 2005a,b; Lomasko et al., 2007a,b; Lomasko and Lumsden, 2009).

The rod trophic factor models have no spatial dependence, whilst the rod toxic substance

model does not distinguish between rods and cones. None of these models account for the het-

erogeneous distribution of rods and cones, and, as yet, no model has investigated the oxygen

toxicity hypothesis (see Section 1.3.8 for more details of relevant models).

In this chapter we construct mathematical models to answer the following questions: could

photoreceptor degeneration spread due to hyperoxia? If so, what spatio-temporal patterns of

progression are possible or most likely via this mode of degeneration? Given that photorecep-

tor loss occurs in patches, is there a critical patch width, below which patches are stable and

above which degeneration will spread? If so, what is this width and how does it depend upon

eccentricity, if at all? Does the speed of degeneration vary with eccentricity and if so how?

What effect might treatment with antioxidants and trophic factors have?

The remainder of the chapter is structured as follows: in Section 4.2 we develop our model,

in Section 4.3 we perform an asymptotic analysis to determine conditions under which degen-

eration will spread, in Section 4.4 we solve the model numerically and in Section 4.5 we

discuss our results and suggest directions for future research.

4.2 Model Formulation

Modelling the posterior of the eye as a spherical cap, we describe the geometry of the retina

using spherical polar coordinates, (r,q ,f), where q is the polar angle and f is the azimuthal

angle. Since the part of the eye containing the retina is almost spherical (Oyster, 1999) this is

a reasonable approximation. The fovea lies almost exactly at the centre of the retina, opposite

the lens, and so, ignoring the optic disc, we assume that the retina is axisymmetric about the

z-axis (oriented to pass outwards through the centre of the fovea, perpendicular to the wall of

the eye) and neglect variation in the azimuthal angle, f . We also neglect variation in the radial

displacement, r, in order to form the simplest possible non-trivial model and to ensure that it
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Figure 4.3: Model geometry. The domain is located between the foveal centre, at q = qL, and
the ora serrata, at q = Q+ qL, along the temporal horizontal meridian. The eye is pictured
in the transverse plane. Figure reproduced, with modifications, from http://www.nei.nih.

gov/health/coloboma/coloboma.asp, courtesy: National Eye Institute, National Institutes
of Health (NEI/NIH).

is analytically tractable. This approximation is justified since the retina is extremely thin in

comparison with its displacement from the origin and we are concerned only with its outer

portion, between the photoreceptor ISs and the CC. We rotate the coordinate system such that

q = qL at the foveal centre and q = Q+qL at the ora serrata, displacing the coordinate system

from q = 0 by a positive constant qL, in order to avoid the coordinate singularity there. Figure

4.3 shows the model geometry.

Having defined the geometry, we construct equations for the retinal oxygen concentration,

c(q , t) and photoreceptor density, p(q , t). The oxygen equation is as follows

∂c
∂ t

=
D

R2 sin(q)
∂

∂q

✓
sin(q) ∂c

∂q

◆

| {z }
diffusion

� aQpc
g + c| {z }
uptake

+bh(cch � c)| {z }
exchange with

choroid

, (4.1)

where D is the diffusion coefficient and R is the radius of the retina. We use a Michaelis-

Menten term for the rate of oxygen uptake, where g , the Michaelis constant, is the oxygen

concentration at which the rate of uptake is half maximal. The rate of oxygen uptake is di-
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rectly proportional to the local photoreceptor density, p.1 The parameter Q is defined as the

maximum rate of oxygen uptake per photoreceptor containing tissue unit, achieved as c ! •.

It is defined in terms of photoreceptor containing tissue units, rather than simply photore-

ceptors, since the whole of the outer retina, from the ISs outward, is included in the model,

including the OSs, which do not consume oxygen, and the RPE, which does. The parameter a

is the ratio of unit surface area (per photoreceptor containing tissue unit) to unit volume (per

photoreceptor containing tissue unit) and is required for dimensional consistency. We define

cch as the oxygen concentration in the CC and b as the permeability of the CC vessels to oxy-

gen. Lastly, h is the capillary surface area per unit volume, which is required for dimensional

consistency.

The photoreceptor dynamics are given by the following equation

∂ p
∂ t

= µ p
✓

1� p
p̃(q)

◆
l1(c)

| {z }
regrowth (normoxia)

� d pl2(c)| {z }
degeneration
(hyperoxia)

, (4.2)

where µ is the intrinsic growth rate and d is the rate of hyperoxia driven degeneration. The

functions l1(c) and l2(c) are defined as follows:

l1(c) = 1�H(c� ccrit),

l2(c) = 1�l1(c) = H(c� ccrit) =

8
<

:
0 if c < ccrit ,

1 if c � ccrit ,
(4.3)

1Here we assume that the rate of oxygen uptake by a rod is equal to that of a cone. Hoang et al. (2002) have
measured the mitochondrial densities of rods and cones at a range of eccentricities in macaque and human retinas.
It was found that, on average, cones contain 9-10 times more mitochondria than rods. This might lead one to
expect that the rate of metabolism is greater in cones than in rods. However, the energy requirements of rods
and cones are similar and the additional cone mitochondria most likely serve to enhance the cone light-gathering
properties. Another possibility is that cone mitochondria are less efficient than those in rods (Hoang et al., 2002).
In either case, and in the absence of further information, it is reasonable to assume that the rate of oxygen uptake
of a rod is the same as that of a cone. In addition, cone diameter is at its minimum in the fovea (Hoang et al.,
2002), where cone density is highest, so that the disparity in the width of the ellipsoidal mitochondria containing
region (and hence the number of mitochondria) between rods and cones is minimal there.
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Figure 4.4: Measured and fitted photoreceptor profiles. Profiles correspond to the temporal
horizontal meridian. Cone profile: B1e�b1(q�qL) + B2e�b2(q�qL), and rod profile: B3(q �
qL)e�b3(q�qL). The photoreceptor profile is the sum of the rod and cone profiles. Graphs
are plotted in dimensionless form, using parameter values as in Table 4.3. Experimental data
provided by Curcio and published in Curcio et al. (1990).

where H(c� ccrit) is a Heaviside step function and ccrit is the hyperoxic threshold, below

which oxygen levels are considered normoxic and above which they are considered hyper-

oxic. We assume that rods and cones have the same hyperoxic threshold. Therefore, under

normoxia, l1 = 1, l2 = 0 and regrowth is active, whereas, under hyperoxia, l1 = 0, l2 = 1

and degeneration is active. The carrying capacity, p̃(q), is the healthy photoreceptor profile,

and is given by

p̃(q) = B1e�b1(q�qL) +B2e�b2(q�qL)
| {z }

Cones

+B3(q �qL)e�b3(q�qL)

| {z }
Rods

, (4.4)

where B1, B2, B3, b1, b2 and b3 are positive constants. This is the simplest expression we

could find that gives a good fit with the experimental profiles (see Figure 4.4 for a comparison

between the fitted and experimental profiles).

Before continuing we remark that, whilst the interpretation of p(q , t) as photoreceptor den-

sity is consistent with the work presented throughout most of this chapter, in which regrowth

100



does not occur, it is inconsistent with the scenario, considered in Section 4.4.5, in which re-

growth does occur, since no new photoreceptors are generated following development. In this

case, p(q , t) should be interpreted as the OS biomass density (multiplied by an appropriate

scaling factor to ensure dimensional consistency), since the photoreceptor OSs shrink to near

zero length prior to the point at which irreversible photoreceptor damage is reached and can

regrow once normoxia is restored. In this case photoreceptor oxygen demand is assumed to

scale linearly with OS length, this being a measure of the health of the photoreceptor and

hence its oxygen requirement.

We impose initial and boundary conditions to close equations (4.1) and (4.2). The initial

conditions are as follows:

c(q ,0) = cinit(q), p(q ,0) = pinit(q) = (H(q �q2)+H(q1 �q)) p̃(q), (4.5)

where the initial photoreceptor density consists of the healthy photoreceptor distribution,

p̃(q), with a single patch of photoreceptors removed from the interval q 2 [q1,q2], where

qL  q1 < q2  Q+ qL. The initial oxygen distribution, cinit(q), is the steady-state oxygen

concentration corresponding to the initial photoreceptor profile (that is, the steady-state so-

lution to (4.1) with p = pinit(q)). Figure 4.5 shows an example of the initial oxygen and

photoreceptor profiles.

Lastly, we impose zero-flux boundary conditions at either end of the domain:

∂c
∂q

(qL, t) = 0 =
∂c
∂q

(Q+qL, t). (4.6)

Zero-flux boundary conditions are justified by symmetry at the centre of the fovea (q = qL),

whilst the retina terminates at the ora serrata (q = Q+qL) indicating that zero-flux boundary

conditions are appropriate here also. See Tables 4.1 and 4.2 for dimensional model parameter

values.
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Table 4.1: Parameters associated with the dimensional model (see equations (4.1)–(4.6)).
Where two sets of units are stated, the first set is consistent with the dimensional model and
the second, in brackets, is that specified in the reference.

Parameter Description Value Source
Q Eccentricity of the ora 1.33 rad Curcio et al. (1990)

serrata
qL Angle of displacement 1.33 rad —
q1 Central extremum of 1.33 to 2.65 rad —

degenerate patch
q2 Peripheral extremum of 1.33 to 2.65 rad —

degenerate patch
D Oxygen diffusion 1.97 ⇥ 10�9 m2s�1 Roh et al. (1990)

coefficient
R Retinal radius 1.2 ⇥ 10�2 m Oyster (1999)
a Ratio of unit surface 2.01 ⇥ 104 m�1 Estimate

area to unit volume
Q Maximum rate of oxygen 1.26 ⇥ 10�17 mol s�1 Estimated using data from

uptake per photoreceptor (tissue unit)�1 Wangsa-Wirawan and
containing tissue unit Linsenmeier (2003)

Birol et al. (2007)
g Michaelis constant 9.60 ⇥ 10�7 M Costa et al. (1997)

(1 mmHg) Richmond et al. (1999)
McGuire and Secomb
(2001)
Goldman (2008)

b Capillary permeability 3.6 ⇥ 10�5 m s�1 Estimated using data from
Törnquist et al. (1990)

h Capillary surface area 2.01 ⇥ 104 m�1 Estimate
per unit volume

cch Oxygen concentration 5.76 ⇥ 10�5 M Wangsa-Wirawan and
in the CC (60 mmHg) Linsenmeier (2003)

Birol et al. (2007)
ccrit Hyperoxic threshold 3.86 ⇥ 10�5 M Estimate
µ Photoreceptor intrinsic 10�7 s�1 Estimate

growth rate
d Rate of photoreceptor 10�7 s�1 Estimate

degeneration
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Figure 4.5: An example of the initial photoreceptor profile and associated oxygen profile
used in the (non-dimensionalised) model. The vertical lines demarcate the boundaries of the
degenerate patch. To obtain cinit(q), equation (4.7) was solved using the finite difference
method (see Section 4.4 for details), with p(q) defined by (4.9). Parameter values: q1 = 1.4
and q2 = 1.6. Remaining parameter values as in Table 4.3.

Table 4.2: Dimensional photoreceptor parameters (see equation (4.4)).
Parameter Description Value Source
B1 Cone profile parameter 1.73 ⇥ 1011 Fitted using data from

photoreceptors m�2 Curcio et al. (1990)
B2 Cone profile parameter 1.76 ⇥ 1010 Fitted using data from

photoreceptors m�2 Curcio et al. (1990)
B3 Rod profile parameter 8.84 ⇥ 1011 Fitted using data from

photoreceptors m�2rad�1 Curcio et al. (1990)
b1 Cone profile parameter 54.1 rad�1 Fitted using data from

Curcio et al. (1990)
b2 Cone profile parameter 2.01 rad�1 Fitted using data from

Curcio et al. (1990)
b3 Rod profile parameter 2.31 rad�1 Fitted using data from

Curcio et al. (1990)
p̃A Mean photoreceptor 1.11 ⇥ 1011 Calculated using

density photoreceptors m�2 data from
Curcio et al. (1990)
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4.2.1 Estimation of Parameters

Before non-dimensionalising the model, we explain how the parameter values were estimated.

The photoreceptor profile parameters B1, B2, B3, b1, b2 and b3 were fitted to the mean

photoreceptor profile across the temporal horizontal meridian of a sample of eight human

retinas from seven individuals between 27 and 44 years in age. Data was provided by Curcio

and is published in Curcio et al. (1990). Fitting was performed using Matlab’s curve fitting

toolbox, with the Trust-Region Reflective algorithm. This same data was used to calculate the

mean healthy photoreceptor density, p̃A.

We fixed Q, to the most eccentric point reached by both the rods and cones along the

temporal horizontal meridian (data provided by Curcio and published in Curcio et al., 1990).

The angle of displacement, qL, used to avoid the singularity at q = 0, was fixed such that

qL = Q for three reasons: (i) to be small enough to ensure that Q+qL < p , so as to avoid the

singularity at the other pole, (ii) to be of O(1) to simplify the asymptotics in Section 4.3 and

(iii) so as to rescale to unity when we scale q with Q below.

The ratio of unit surface area to unit volume, a , was calculated by taking the ratio of the

surface area of the outer surface of the RPE with the volume of the retina between the outer

surface of the RPE and the inner boundary of the photoreceptor ISs (a depth of 50µm, see

Table A.1). Since the CC is densely packed, we assume that its surface area is equal to the

surface area of the outer surface of the RPE, therefore we fix the capillary surface area per unit

volume such that h = a , which corresponds to a fully vascularised CC.

The maximum rate of oxygen uptake, Q, is a combination of the oxygen uptake of an

average photoreceptor (rod or cone) IS and OS, combined with the portion of the RPE lying

directly outward from it. We assume that the photoreceptors are under LA, since it is under

these conditions, when the rate of oxygen uptake of the ISs is half that under DA, that the

retina will be most in danger of hyperoxia. We take the height of the RPE to be 5 µm and

that of the ISs and OSs to be 22.5 µm each (see Table A.1), whilst the area of a tissue unit is

assumed to be 1/p̃A, where p̃A is the mean photoreceptor density. The rate of oxygen uptake

by the RPE is 3.00 ⇥ 10�5 Ms�1, whilst that of the ISs under LA is 6.67 ⇥ 10�5 Ms�1 and the
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OSs do not consume oxygen (see Appendix A.9 and Haugh et al., 1990; Cringle and Yu, 2002;

Wangsa-Wirawan and Linsenmeier, 2003; Birol et al., 2007). Multiplying the rate of oxygen

uptake of the RPE, OSs and ISs by their respective volumes and taking their sum, we obtain the

maximum rate of oxygen uptake per photoreceptor containing tissue unit. When multiplied by

the photoreceptor density, p, this gives the maximum rate of oxygen uptake per unit area (mol

s�1 m�2), so that upon multiplying by a , we obtain the maximum rate of oxygen uptake per

unit volume (mol s�1 m�3). We note that, by incorporating the oxygen uptake of the RPE into

Q, we are assuming that the oxygen demand of the RPE is proportional to the photoreceptor

density. This is reasonable given that the RPE uses oxygen to phagocytose shed OS tips and

given that it degenerates around the same time as photoreceptors are lost.

Based upon the atomic weight, charge and size of an oxygen (O2) molecule, the capillary

permeability to oxygen, b , is assumed to be of the same order of magnitude as that of sodium,

which is 1.8 ⇥ 10�5 ms�1 (Törnquist et al., 1990).

Given that neither Q nor b are known exactly, there is a degree of freedom in the choice

of these values. Indeed, provided that the ratio between them is preserved, the qualitative

behaviour of the system remains unaffected for a wide range of values. We have chosen Q and

b so that the oxygen concentration across the retina, under healthy conditions, is similar in

value to that found in the ISs under LA (see, for instance, Birol et al., 2007), whilst maintaining

the correct order of magnitude for both parameters.

We choose the hyperoxic threshold, ccrit , to be slightly larger than the maximum steady-

state oxygen concentration under healthy conditions.

The rate of photoreceptor degeneration, d , is chosen so that degeneration occurs on a

biologically realistic timescale of decades (Hartong et al., 2006). This is consistent with in vivo

and in vitro measurements of the time taken for individual photoreceptors and epithelial cells

to die due to hyperoxia (Wang et al., 2003; Sahaboglu et al., 2013). The intrinsic growth rate

of the photoreceptors, µ , is assumed to be equal to d , which is consistent with the timescale

of photoreceptor OS regrowth (Young, 1971; Oyster, 1999).

Justification for the parameter estimates used for D and g is given in Appendices A.7 and

105



A.10 respectively.

4.2.2 Non-dimensionalisation

To simplify the subsequent analysis, we non-dimensionalise the system, scaling the indepen-

dent and dependent variables, together with the initial condition for oxygen, as follows

q = Qq ⇤, t = t⇤
d , c = cchc⇤, p = p̃A p⇤, cinit = cchc⇤init .

We define the following non-dimensional parameters:

q ⇤
L = qL

Q , q ⇤
1 = q1

Q , q ⇤
2 = q2

Q , D⇤ = D
R2Q2d , Q⇤ = a p̃A

cchd Q,

g⇤ = g
cch

, b ⇤ = hb
d , c⇤crit =

ccrit
cch

, µ⇤ = µ
d , B⇤

1 =
B1
p̃A

,

B⇤
2 =

B2
p̃A

, B⇤
3 =

QB3
p̃A

, b⇤1 = Qb1, b⇤2 = Qb2, b⇤3 = Qb3,

noting that l ⇤
1 (c

⇤) = l1(c) and l ⇤
2 (c

⇤) = l2(c).

Since oxygen diffusion, uptake and production occur on much faster timescales (seconds)

than photoreceptor degeneration and regrowth (days–decades, see the dimensionless values of

D, Q, b and µ in Table 4.3), we assume that the oxygen concentration is at quasi-steady-state.

Therefore, dropping the stars, the system (4.1)–(4.2) reduces to

0 =
D

sin(Qq)
∂

∂q

✓
sin(Qq) ∂c

∂q

◆
� Qpc

g + c
+b (1� c), (4.7)

∂ p
∂ t

= µ p
✓

1� p
p̃(q)

◆
l1(c)� pl2(c), (4.8)

on the domain q 2 [qL,1+qL], with initial conditions:

p(q ,0) = pinit(q) = (H(q �q2)+H(q1 �q)) p̃(q), (4.9)
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Table 4.3: Parameters associated with the non-dimensional model (see equations (4.7)–
(4.10)). (Values given to an accuracy of at most three significant figures).

Parameter Value
qL 1
q1 1 to 2
q2 1 to 2
D 77.7
Q 4.89 ⇥ 106

g 1.67 ⇥ 10�2

b 7.23 ⇥ 106

ccrit 0.67
µ 1
B1 1.56
B2 0.158
B3 10.6
b1 71.8
b2 2.67
b3 3.06

and zero-flux boundary conditions:

∂c
∂q

(qL, t) = 0 =
∂c
∂q

(1+qL, t). (4.10)

Table 4.3 shows the non-dimensional parameter values. The parameters span eight orders of

magnitude, from g = O(10�2) to Q, b = O(106). We exploit this in the next section, where we

perform an asymptotic analysis to determine the leading order behaviour of the steady-state

system.

4.3 Mathematical Analysis: Conditions for the Spread of

Degeneration

In this section we perform asymptotic analyses to determine the conditions under which a

patch of photoreceptor loss will enlarge over time. In particular, we seek to understand how
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the stability of a degenerate patch depends upon its width and the eccentricity of its end points

and how this relates to the (non-uniform) photoreceptor density profile. We consider three

scenarios: in the first (Section 4.3.1), we assume that the width of the degenerate patch is

significantly larger than the width of the diffusive boundary layers; in the second (Section

4.3.2), we assume that the width of the degenerate patch is less than or equal to the width

of the diffusive boundary layers. In both cases we assume that the patch is separated from

either edge of the domain by a distance significantly larger than the width of the diffusive

boundary layers. In the third scenario (Section 4.3.3), we assume that all photoreceptors

have been lost except in a narrow region (with a width of the same order of magnitude as

the diffusive boundary layers) at the centre of the retina. In this way our analysis covers

each stage of the disease progression, as narrow degenerate patches progress to become wide

patches, eventually leading to the loss of all photoreceptors, except in the central retina.

We make the assumption, justified by the subsequent analysis and simulations, that the

effect of a degenerate patch on the oxygen concentration is local. That is, the change in the

oxygen profile resulting from the degenerate patch will not extend far beyond the boundaries

of the patch. By making this assumption we rule out the possibility that a degenerate patch in

one region of the retina could cause hyperoxia driven photoreceptor loss in a separate region,

outside the neighbourhood of the initial degenerate patch. Therefore, the only way in which

a degenerate patch could lead to further photoreceptor loss is by causing oxygen levels to rise

above the hyperoxic threshold in the region that borders it. Thus a patch of photoreceptor

loss, q 2 [q1,q2], can only cause further photoreceptor loss by spreading and will do so if and

only if the oxygen concentration on one or both of the borders of the patch, c(q1) and c(q2),

exceeds the hyperoxic threshold, ccrit .

In order to determine whether a degenerate patch will spread, we need only consider the

quasi-steady-state oxygen concentration corresponding to the photoreceptor profile which in-

cludes this patch of loss. By deriving a leading order solution to equation (4.7), we may derive

expressions for the oxygen concentrations at the boundaries of the degenerate patch and hence

determine which degenerate patches will spread and which will remain stable.
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We begin by scaling the model parameters so that they are all of O(1). Choosing e =

O(10�2), we scale: D = e�1D⇤, Q = e�3Q⇤, g = eg⇤, b = e�3b ⇤ and b1 = e�1b⇤1. We have

chosen e to provide a clear separation between the magnitudes of the parameters. Dropping

the stars, equation (4.7) yields the following singular ODE for c = c(q):

0 = e2D
d2c
dq 2 + e2DQcot(Qq) dc

dq
� Qp(q)c

eg + c
+b (1� c), (4.11)

where p(q) = (H(q �q2)+H(q1 �q)) p̃ is the instantaneous photoreceptor distribution, and

p̃(q) = B1e�e�1b1(q�qL) +B2e�b2(q�qL) +B3(q �qL)e�b3(q�qL). (4.12)

As before, we impose zero-flux boundary conditions so that

dc
dq

(qL) = 0 =
dc
dq

(1+qL). (4.13)

We form the regular perturbation expansions:

c(q) = c0(q)+ ec1(q)+O(e2), p(q) = p0(q)+ e p1(q)+O(e2), (4.14)

noting that

(eg + c)�1 =
1
c0

� e c1 + g
c2

0
+O(e2), (4.15)

and cot(Qq) O(1) for q 2 [qL,1+qL].

In each of the following three cases, the analysis proceeds as follows. We decompose the

domain into outer and inner regions. In the outer regions, photoreceptor and oxygen profiles

vary gradually with eccentricity, whilst, in the inner regions, photoreceptor and oxygen pro-

files vary rapidly with eccentricity. We construct the leading order solution in each interval,

using the boundary conditions and asymptotic matching to determine the constants of integra-

tion (Bender and Orszag, 1999). This enables us to determine the oxygen concentrations on

the borders of a degenerate patch and hence to determine which patches will spread and which
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will remain stationary.

4.3.1 Case 1: Wide Degenerate Patch

We begin by considering the case where the degenerate patch is significantly wider than the

diffusive boundary layers. This scenario emerges as a special case of the analysis presented

in Section 4.3.2. We present this case first as it is the simpler of the two, allowing the key

features of the analysis to be demonstrated more clearly.

It can be seen from equations (4.11) and (4.15) that c0(q) = 1�Qp0(q)/b in the outer

regions. Therefore, there are three outer regions — ‘left-outer’ and ‘right-outer’ regions, in

which the photoreceptors maintain a healthy distribution (p(q) = p̃(q)) and a ‘centre-outer’

region, from which photoreceptors are absent (p(q) = 0) — surrounded by boundary layers,

in which the oxygen concentration varies rapidly in order to match between the outer regions

and to satisfy the boundary conditions at q = qL and q = qL+1. As a result, the domain must

be partitioned as shown in Figure 4.6.

At q = qL and q = qL + 1, boundary layers of width O(e) are introduced in order to

satisfy the zero-flux boundary conditions and, in the former case, to account for the peak

in cone density (see the first term in equation (4.12)). We label these boundary layers the

‘far-left-inner’ and the ‘far-right-inner’ respectively.

The boundary layers (of width O(e)) surrounding the centre-outer region must each be di-

vided in two, at the points q = q1 and q = q2, since p(q) = 0 for q 2 [q1,q2] and p(q) = p̃(q)

for q < q1 and q > q2. These discontinuities in p(q) produce discontinuities in equation

(4.11). As a result, we cannot use standard matching techniques to construct a solution which

is valid across the whole domain. Instead, we use patching at these points, imposing continu-

ity of the concentration and flux of oxygen (Bender and Orszag, 1999). We label the boundary

layers surrounding q = q1 (q = q2) the ‘left-inner’ (‘right-inner’) boundary layers, the bound-

ary layer to the left of this point being the ‘left-left-inner’ (‘left-right-inner’) and the boundary

layer to the right being the ‘right-left-inner’ (‘right-right-inner’, see Figure 4.6).

Since the leading order solutions to the left of the centre-outer region are not coupled
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Figure 4.6: Diagram to show the locations of the outer and inner regions for the case of
a wide degenerate patch. The solid vertical lines demarcate the approximate limits of the
boundary layers, whilst the dashed vertical lines mark the positions of q1 and q2. Equation
(4.7) was solved using the finite difference method, with p(q) defined by (4.9). Parameter
values: q1 = 1.4 and q2 = 1.6. Remaining parameter values as in Table 4.3.

to those from the right of this region, and since they are obtained in a similar way, we will

describe only the calculation concerning the left-hand region in detail, sketching the derivation

of the solutions for the right-hand region.

In the left-outer (and right-outer) region, equation (4.12) supplies p0(q) = F(q), where

F(q) := B2e�b2(q�qL) +B3(q �qL)e�b3(q�qL), while equation (4.11) yields

c0(q) = 1� Q
b

F(q). (4.16)

In the centre-outer region, p0(q) = 0, and equation (4.11) yields

c0(q) = 1. (4.17)

In the far-left-inner region we rescale q ⇤ = e�1(q � qL), in order to achieve a dominant
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balance between the diffusion term and the kinetic terms in equation (4.11), yielding

0 = D
d2c

dq ⇤2 + eDQcot(Q(qL + eq ⇤))
dc

dq ⇤ �
Qp(q ⇤)c

eg + c
+b (1� c), (4.18)

where equation (4.12) supplies p0(q ⇤) = B1e�b1q⇤
+B2. At leading order, equation (4.18)

yields

c0(q ⇤) = A1e
q

b
D q⇤

+A2e�
q

b
D q⇤

+1� QB2

b
� QB1

b �b2
1D

e�b1q⇤
, (4.19)

where the Ais in this equation, and all the equations that follow, are constants.

In the left-inner region we rescale q̂ = e�1(q �q1), in order to achieve a dominant balance

between the diffusion term and the kinetic terms in equation (4.11), yielding an equation

equivalent to equation (4.18), where q ⇤ 7! q̂ and qL 7! q1.

In the left-left-inner region, equation (4.12) supplies p0(q̂) = F(q1), which is constant, so

that we obtain

c0(q̂) = A3e
q

b
D q̂ +A4e�

q
b
D q̂ +1� Q

b
F(q1), (4.20)

whereas, in the right-left-inner region, p0(q̂) = 0, yielding

c0(q̂) = A5e
q

b
D q̂ +A6e�

q
b
D q̂ +1. (4.21)

It now remains to determine the constants A1,. . ., A6 using matching and imposing the

relevant boundary conditions.

We begin by matching the far-left-inner and left-outer solutions using Van Dyke’s match-

ing rule, which states that the m term inner expansion of the n term outer solution, should

equal the n term outer expansion of the m term inner solution. In this case we take both m = 1

and n = 1, since we are dealing with leading order solutions only. The 1 term (far-left-) inner

expansion of the 1 term (left-) outer solution, (4.16), is

c(q ⇤)⇠ 1� Q
b

B2.
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Expanding the 1 term (far-left-) inner solution, (4.19), in (left-) outer variables we obtain

c(q)⇠ A1ee�1
q

b
D (q�qL) +A2e�e�1

q
b
D (q�qL) +1� QB2

b
� QB1

b �b2
1D

e�e�1b1(q�qL).

Since (q �qL)> 0, the second and last terms are exponentially small, and so we may neglect

them. However, the first term is exponentially large. Therefore, in order for the far-left-inner

and left-outer solutions to match, we must have A1 = 0.

Matching the left-outer and left-left-inner regions, and the right-left-inner and centre-outer

regions in the same way, we find that A4 = A5 = 0.

Imposing the zero-flux boundary condition to the far-left-inner solution at q = qL, and

patching the left-left-inner and right-left-inner solutions together at q = q1 by imposing con-

tinuity of concentration and flux at this point, we obtain three expressions for the remaining

three unknowns, A2, A3 and A6 in terms of the model parameters.

Substituting for A1,. . ., A6 into equations (4.19), (4.20) and (4.21), yields the far-left-inner

solution,

c0(q ⇤) = 1� QB2

b
� QB1

b �b2
1D

 
e�b1q⇤ �b1

s
D
b

e�
q

b
D q⇤
!

, (4.22)

the left-left-inner solution

c0(q̂) = 1� Q
2b

(2� e
q

b
D q̂ )F(q1), (4.23)

and the right-left-inner solution

c0(q̂) = 1� Q
2b

e�
q

b
D q̂ F(q1), (4.24)

respectively.

We now proceed to sketch out the derivation of the leading order solutions to the right of

the centre outer region, passing over the matching and patching steps, which are equivalent to

those taken above, and stating the solutions with the integration constants evaluated.

In the right-inner region we rescale q 0 = e�1(q �q2), in order to achieve a dominant bal-
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ance between the diffusion term and the kinetic terms in equation (4.11), yielding an equation

equivalent to equation (4.18), where q ⇤ 7! q 0 and qL 7! q2.

In the left-right-inner region, p0(q 0) = 0, so that we obtain

c0(q 0) = 1� Q
2b

e
q

b
D q 0

F(q2), (4.25)

whereas, in the right-right-inner region, equation (4.12) supplies p0(q 0) = F(q2), which is

constant, yielding

c0(q 0) = 1� Q
2b

(2� e�
q

b
D q 0

)F(q2). (4.26)

Lastly, in the far-right-inner region we rescale q̄ = e�1(q � (qL + 1)), in order to achieve a

dominant balance between the diffusion term and the kinetic terms in equation (4.11), yielding

an equation equivalent to equation (4.18), where q ⇤ 7! q̄ and qL 7! qL + 1. Equation (4.12)

supplies p0(q̄) = F(qL +1), which is constant, so that, at leading order, we obtain

c0(q̄) = 1� Q
b

F(qL +1). (4.27)

Having found the leading order solution in each of the inner and outer regions, we con-

struct composite solutions for the left-hand q 2 [qL,q1], centre q 2 [q1,q2] and right-hand

q 2 [q2,1+ qL] regions, where we have three composite solutions due to the discontinuities

in p(q) at q = q1 and q = q2. Each of these regions is similar, consisting of an outer region,

with an inner region on either side. In each case we expand the outer solution in terms of

inner variables, and the inner solutions in terms of outer variables, to find the common terms

between the inner and outer solutions. We then take the sum of the inner and outer solutions,

subtracting the common terms, which would otherwise be counted twice. This yields:
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the left (q 2 [qL,q1]) composite solution:

c0(q) = 1� Q
2b

⇣
2F(q)�F(q1)e

�e�1
q

b
D (q1�q)

⌘

� QB1

b �b2
1D

 
e�e�1b1(q�qL)�b1

s
D
b

e�e�1
q

b
D (q�qL)

!
, (4.28)

which spans the far-left-inner, left-outer and left-left-inner regions; the centre (q 2 [q1,q2])

composite solution:

c0(q) = 1� Q
2b

⇣
F(q1)e

�e�1
q

b
D (q�q1) +F(q2)e

�e�1
q

b
D (q2�q)

⌘
, (4.29)

which spans the right-left-inner, centre-outer and left-right-inner regions; and the right (q 2

[q2,1+qL]) composite solution:

c0(q) = 1� Q
2b

⇣
2F(q)�F(q2)e

�e�1
q

b
D (q�q2)

⌘
, (4.30)

which spans the right-right-inner, right-outer and far-right-outer regions.

Figure 4.7 compares the composite solution against the numerical solution to equation

(4.7), with p(q) defined by (4.9), where q1 = 1.4 and q2 = 1.6 (see Section 4.4 for de-

tails of the numerical solution). Numerical solutions are plotted with both Michaelis-Menten

(Qpc/(g + c)) and constant (Qp) oxygen uptake terms. The composite solution matches the

numerical solution with constant uptake almost exactly, whilst the match with Michaelis-

Menten uptake is still good for a leading order solution. It can be seen that the centre com-

posite solution matches closely, whilst the left and right composite solutions slightly under-

estimate the numerical solution, the accuracy being lower where the photoreceptor density is

greater. In particular, the oxygen concentrations at q = q1 and q = q2 are a close fit to the nu-

merical solution, which is important in determining whether or not degeneration will spread.

The composite solution remains accurate provided the width of the patch is of O(1). If the

patch width is decreased to O(e) then the composite solution breaks down in the neighbour-
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Figure 4.7: Comparison of numerical and composite solutions for the case of a wide degen-
erate patch. Numerical solutions are plotted with both Michaelis-Menten (Qpc/(g + c)) and
constant (Qp) oxygen uptake terms. The numerical solutions were obtained by solving equa-
tion (4.7) (subject to modification of the uptake term) using the finite difference method, with
p(q) defined by (4.9), whilst the composite solution is given by equations (4.28)–(4.30). Pa-
rameter values: q1 = 1.4 and q2 = 1.6. Remaining parameter values as in Table 4.3, where the
parameters are scaled as described in Section 4.3 for the composite solution.

hood of the degenerate patch, as expected, given our initial assumptions.

By setting q = q1 in either of equations (4.23) or (4.24) and by setting q = q2 in either of

equations (4.25) or (4.26), we may derive the following expression for the oxygen concentra-

tion on the left- and right-hand boundaries of the degenerate patch respectively2:

c0(qi) = 1� Q
2b

F(qi) (i = 1,2). (4.31)

Using this equation, we may determine whether degeneration will spread. We note that, be-

cause the degenerate patch is much wider than the diffusive boundary layers, necessitating a

central outer region, c0(q1) is independent of c0(q2) and vice versa.
2We do not use the composite solutions to derive this expression, since they are not continuous (in concen-

tration or flux) across q = q1 and q = q2, the boundary conditions having been imposed prior to their formation.
In any case, the extra terms introduced in the composite solutions are negligible at these points.
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Figure 4.8: Variation of the oxygen concentration on the edge of a degenerate patch with
eccentricity of the edge. Equation (4.31) is plotted with parameter values as in Table 4.3,
following the application of the scalings described in Section 4.3. The horizontal line marks
the hyperoxic threshold. The positions of the endpoints of the stable region, qcrit1 and qcrit2 ,
are given by equation (4.32).

Figure 4.8 shows a plot of c0(qi), from equation (4.31), for qi 2 [qL,qL+1]. It can be seen

that for qi 2 (qcrit1 ,qcrit2), c < ccrit and that for qi  qcrit1 and qi � qcrit2 , c � ccrit . Therefore,

the degenerate patch will remain stationary provided both ends lie in the interval (qcrit1 ,qcrit2),

henceforth known as the ‘mid-peripheral stable region’. However, if one of its ends lies outside

of this interval, in one of the ‘unstable regions’, then it will move outwards, enlarging the

patch. We label the left unstable region, the ‘para/perifoveal unstable region’ and the right

unstable region the ‘peripheral unstable region’.

Since we have assumed in our analysis that the degenerate patch is separated from the left-

and right-hand boundaries by outer regions, equation (4.31) is inaccurate in a neighbourhood

of qi = qL and qi = qL + 1. Indeed, inspection of equation (4.31) reveals that only the rod

profile and the second term in the cone profile affect this equation, the first term in the cone

profile, which is largely responsible for the central peak in cone density, being absent (see

equation (4.4)). Examination of the steady-state oxygen and photoreceptor profiles at the

boundaries suggests that the approximation will break down for qi < qL + 0.04 (due to the
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peak in cone density) and qi > qL + 0.99 (due to the diffusive boundary layer). The peak in

cone density at q = qL introduces a second, near-central stable region. This is explored in

Section 4.3.3. The effect of the zero-flux condition at q = qL + 1 on the steady-state oxygen

profile is subtle, causing it to flatten out for q 2 [1.99,2] and so does not have a significant

effect on the accuracy of our approximation at this boundary.

Inspection of equation (4.31) and Figure 4.8 reveals that the width of the mid-peripheral

stable region will increase as Q, B2, B3 or ccrit are increased and that its width will decrease

as b , b2 or b3 are increased. It has been shown that rod density decreases with age in healthy

individuals (Curcio et al., 1993), an effect which is exacerbated by RP. Therefore, as rods are

lost, B3 will decrease, leading to a decrease in the width of the mid-peripheral stable region,

which may cause previously stable degenerate patches to become unstable and so to spread.

We explore this possibility in Section 4.4.3.

We can find an implicit equation for the boundaries of the mid-peripheral stable region,

qcrit1 and qcrit2 , by setting c = ccrit in equation (4.31) to yield

0 = (1� ccrit)�
Q
2b

F(qcriti) (i = 1,2). (4.32)

As can be seen from Figure 4.8, this equation has two roots in the interval qi 2 [qL,qL+1], the

lower of which corresponds to qcrit1 and the higher of which corresponds to qcrit2 . Using the

parameter values in Table 4.3 and applying the scalings described above, we find qcrit1 = 1.116

and qcrit2 = 1.643 (to four significant figures).

As we vary q1 and q2 for qL  q1 < q2  qL + 1, four types of region arise. These

are displayed diagrammatically in Figure 4.9. In region A, both boundaries lie within the

mid-peripheral stable region and so the patch remains stationary. In region B, q1 lies in the

para/perifoveal unstable region whilst q2 lies in the mid-peripheral stable region, therefore

the patch degenerates to the left, until q1 reaches the near-central stable region, but remains

stationary on the right. In region C, q2 lies in the peripheral unstable region whilst q1 lies in

the mid-peripheral stable region, therefore the patch degenerates to the right, until q2 reaches
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Figure 4.9: Diagram to show stable and unstable regions in (q1,q2) parameter space, under
the wide degenerate patch assumption. Equation (4.31) was evaluated for a range of values of
q1 and q2 (> q1). If c(qi) < ccrit , then the boundary at qi is stable, and if c(qi) � ccrit , then
the boundary is unstable. Parameter values as in Table 4.3, following the application of the
scalings described in Section 4.3.

qL + 1, but remains stationary on the left. Lastly, in region D (upper-left, upper-right and

lower-left), both boundaries lie within one of the unstable regions, such that one of three sce-

narios pertain. In the first scenario (lower-left), both q1 and q2 lie in the para/perifoveal unsta-

ble region, so that the patch degenerates to the left and right until q1 reaches the near-central

stable region and q2 = qcrit1 . In the second scenario (upper-right), both q1 and q2 lie in the pe-

ripheral unstable region, so that the patch degenerates to the left and right until q1 = qcrit2 and

q2 = qL + 1. Finally, in the third scenario (upper-left), q1 lies in the para/perifoveal unstable

region and q2 lies in the peripheral unstable region, so that the patch degenerates to the left

and right until q1 reaches the near-central stable region and q2 = qL +1.

In summary, through the analysis in this section, applicable to wide degenerate patches,

we have identified the existence and location of a mid-peripheral stable region, within which
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degenerate patch boundaries remain stationary and outside of which they move, enlarging the

patch.

4.3.2 Case 2: Narrow Degenerate Patch

In this section we consider the more general case, where the degenerate patch may be of width

O(e) or less, that is, narrow enough to be contained within a diffusive boundary layer. This

matches well with the patch widths measured in the rat by Ji et al. (2012); Garcı́a-Ayuso et al.

(2013); Zhu et al. (2013), which lie in the (non-dimensional) range 3.8⇥10�3–1.9⇥10�2.

We partition the domain as shown in Figure 4.10. This partitioning differs from that in

Section 4.3.1 in that, since the degenerate patch is of width O(e), there is now no centre-outer

region, and the right-left-inner and left-right-inner regions merge into one. For clarity, we

relabel the remaining three left- and right-inner regions as the left-, centre- and right-centre-

inner regions. The centre-centre-inner region extends from q = q1 to q = q2, whilst the left-

and right-centre-inner regions lie directly to the left and right of these boundaries respectively.

As before, we must patch the solutions at q = q1 and q = q2, due to the discontinuity in p(q)

at these points.

The leading order solutions in each region are found in a similar way to those in Section

4.3.1, the main difference being that, in the absence of a centre outer region, the solutions

in the regions to either side of the degenerate patch are now coupled. We match the far-left-

inner and left-outer solutions, the left-outer and left-centre-inner solutions, the right-centre-

inner and right-outer solutions, and the right-outer and far-right-inner solutions, and apply the

boundary conditions at q = qL, q = q1, q = q2 and q = qL +1, noting that q2 �q1 = O(e).

The solutions in the far-left-inner, left-outer, right-outer and far-right-inner regions are all

the same as for a wide degenerate patch (see equations (4.16), (4.22) and (4.27)), as are the

scalings in those regions. It remains to calculate the solutions in the centre-inner regions.

In the left- and centre-centre-inner regions we rescale q̂ = e�1(q � q1), as with the left-

inner region in Section 4.3.1.

In the left-centre-inner region, equation (4.12) supplies p0(q̂) = F(q1), which is constant,
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Figure 4.10: Diagram to show the locations of the outer and inner regions for the case of
a narrow degenerate patch. The solid vertical lines demarcate the approximate limits of the
boundary layers, whilst the dashed vertical lines mark the positions of q1 and q2. Equation
(4.7) was solved using the finite difference method, with p(q) defined by (4.9). Parameter
values: q1 = 1.5 and q2 = 1.51. Remaining parameter values as in Table 4.3.

and we obtain

c0(q̂) = 1� Q
2b

⇣
F(q1)

✓
2� e

q
b
D q̂
◆
+F(q2)e

�e�1
q

b
D (q2�q1)e

q
b
D q̂
⌘

. (4.33)

The terms containing (q2 � q1), where they occur in this and all following equations, arise

through patching at q = q1 and q = q2. Since q2 �q1 = O(e), e�1(q2 �q1) = O(1) and so

ee�1
q

b
D (q2�q1) = O(1); therefore, these terms should not be neglected as exponentially small,

as would be the case were q2 �q1 = O(1). The F(q2) term arises from patching the centre-

centre-inner and right-centre-inner solutions at q = q2, the three centre-inner solutions being

solved simultaneously within the boundary layer.

In the centre-centre-inner region, p0(q̂) = 0. Since the solution in this region is also

(trivially) the central composite solution, we list it below with the other composite solutions.

In the right-centre-inner region we rescale q 0 = e�1(q �q2), as with the right-inner region

121



in Section 4.3.1. Equation (4.12) supplies p0(q 0) = F(q2), which is constant, and we obtain

c0(q 0) = 1� Q
2b

⇣
F(q2)

✓
2� e�

q
b
D q 0
◆
+F(q1)e

�e�1
q

b
D (q2�q1)e�

q
b
D q 0⌘

. (4.34)

Proceeding as in Section 4.3.1, we may derive the following composite solutions:

the left (q 2 [qL,q1]) composite solution:

c0(q) = 1� Q
2b

⇣
2F(q)+F(q2)e

�e�1
q

b
D (q2�q)�F(q1)e

�e�1
q

b
D (q1�q)

⌘

� QB1

b �b2
1D

 
e�e�1b1(q�qL)�b1

s
D
b

e�e�1
q

b
D (q�qL)

!
, (4.35)

which spans the far-left-inner, left-outer and left-centre-inner regions; the centre (q 2 [q1,q2])

(trivially) composite solution:

c0(q) = 1� Q
2b

✓
F(q1)e

�e�1
q

b
D (q�q1) +F(q2)e

�e�1
q

b
D (q2�q)

◆
, (4.36)

which spans the centre-centre-inner region; and the right (q 2 [q2,1+qL]) composite solution:

c0(q) = 1� Q
2b

✓
2F(q)+F(q1)e

�e�1
q

b
D (q�q1)�F(q2)e

�e�1
q

b
D (q�q2)

◆
, (4.37)

which spans the right-centre-inner, right-outer and far-right-inner regions. We have three com-

posite solutions due to the discontinuities in p(q) at q = q1 and q = q2.

Figure 4.11 compares the composite solution against the numerical solution to equation

(4.7) with p(q) defined by (4.9), where q1 = 1.5 and q2 = 1.51 (see Section 4.4 for de-

tails of the numerical solution). Numerical solutions are plotted with both Michaelis-Menten

(Qpc/(g +c)) and constant (Qp) oxygen uptake terms. As with the wide degenerate patch, the

composite solution is an almost exact match to the numerical solution with constant oxygen

uptake, whilst the match with Michaelis-Menten uptake is also good, becoming less accurate

where the photoreceptor density is greater. The composite solution also accurately approxi-

mates the numerical result for patches of width O(1) (see discussion below).

122



Figure 4.11: Comparison of numerical and composite solutions for the case of a narrow de-
generate patch. Numerical solutions are plotted with both Michaelis-Menten (Qpc/(g + c))
and constant (Qp) oxygen uptake terms. The numerical solutions were obtained by solving
equation (4.7) (subject to modification of the uptake term) using the finite difference method,
with p(q) defined by (4.9), whilst the composite solution is given by equations (4.35)–(4.37).
Parameter values: q1 = 1.5 and q2 = 1.51. Remaining parameter values as in Table 4.3, where
the parameters are scaled as described in Section 4.3 for the composite solution.
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By substituting q = q1 into either of equations (4.33) or (4.36), and by substituting q = q2

into either of equations (4.34) or (4.36), we may derive the following expressions for the

oxygen concentration at the left- and right-hand ends of the degenerate patch respectively:

c0(q1) = 1� Q
2b

⇣
F(q1)+F(q2)e

�e�1
q

b
D (q2�q1)

⌘
, (4.38)

c0(q2) = 1� Q
2b

⇣
F(q1)e

�e�1
q

b
D (q2�q1) +F(q2)

⌘
. (4.39)

In can be seen that as (q2 � q1) increases in magnitude to O(1), the e�e�1
q

b
D (q2�q1) terms

become exponentially small, so that equations (4.38) and (4.39) reduce to equation (4.31) at

leading order. Thus the results of the wide patch analysis emerge as a special case of the

narrow patch analysis, equations (4.38) and (4.39) being valid for (q2 �q1) O(1).

Unlike in the case of the wide degenerate patch, the oxygen concentration at the left-hand

boundary depends upon the position of the right-hand boundary and vice-versa in equations

(4.38) and (4.39). As a result, the expressions that could be derived for the boundaries of

the mid-peripheral stable region (by setting c = ccrit in equations (4.38) and (4.39), to yield

expressions equivalent to (4.32)) are not particularly instructive. Instead, we may use equa-

tions (4.38) and (4.39) to determine the regions in (q1,q2) parameter space in which the patch

is stable and unstable (see Figure 4.12). The same four types of region (A, B, C and D)

arise as for the wide patch case and the graph is identical to that in Figure 4.9, except where

(q2�q1) O(e). Regions A, C and D (upper-right), and A, B and D (lower-left) no longer in-

tersect at q2 = q1 and region A extends along the line q2 = q1 to the right of the upper-right and

lower-left D regions. This shows that patches can remain stable outside of the mid-peripheral

stable region described by the wide patch analysis, provided they are sufficiently narrow.

4.3.3 Case 3: Preservation of the Central Retina

Lastly, we consider the case in which all photoreceptors have degenerated, except in a narrow

region at the centre of the retina, where there is a peak in cone density. This corresponds to
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Figure 4.12: Diagram to show stable and unstable regions in (q1,q2) parameter space, under
the narrow degenerate patch assumption. This figure modifies the picture presented in Figure
4.9, in the region where q1 ⇡ q2, demonstrating the extension of the stable region along the
line q1 = q2. Equations (4.38) and (4.39) were evaluated for a range of values of both q1 and
q2, where q1 < q2. If c(qi) < ccrit , then the boundary at qi is stable, and if c(qi) � ccrit , then
the boundary is unstable. Parameter values as in Table 4.3, following the application of the
scalings described in Section 4.3.
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Figure 4.13: Diagram to show the locations of the outer and inner regions for the case of a
preserved central retina. The solid vertical line demarcates the approximate limit of the right-
inner boundary layer, whilst the dashed vertical line marks the position of qc. Equation (4.7)
was solved using the finite difference method, with p(q) = H(qc�q)p̃(q). Parameter values:
qc = 1.01. Remaining parameter values as in Table 4.3.

the end stage of the disease in which only central vision is preserved (Hartong et al., 2006).

The previous analyses are not applicable here, since they both assumed that the patch of loss

was separated from q = qL by a wide outer region.

We set p(q) = H(qc �q) p̃(q), where qc �qL = O(e). In this case we must partition the

domain into three regions: a left-inner region (q 2 [qL,qc]), where p(q) = p̃(q), and right-

inner and outer regions, where p(q) = 0, as shown in Figure 4.13. We patch the left-inner and

right-inner solutions together at q = qc, imposing continuity of the concentration and flux of

oxygen, and we match between the right-inner and outer regions.

In the outer region, p0(q) = 0 and equation (4.11) yields

c0(q) = 1. (4.40)

Since the outer solution satisfies the zero-flux boundary condition at q = 1+ qL, there is no

boundary layer at this boundary in this case.
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In the left- and right-inner regions we rescale q ⇤ = e�1(q �qL), yielding equation (4.18).

In the left-inner region equation (4.12) supplies p0(q ⇤) = B1e�b1q⇤
+B2, while equation

(4.18) yields

c0(q) = A1e
q

b
D q⇤

+A2e�
q

b
D q⇤

+1� QB2

b
� QB1

b �b2
1D

e�b1q⇤
. (4.41)

In the right-inner region, p0(q ⇤) = 0, while equation (4.18) yields

c0(q) = A3e
q

b
D q⇤

+A4e�
q

b
D q⇤

+1. (4.42)

We use the boundary conditions at q = qL and q = qc, together with matching, to deter-

mine the constants A1,. . ., A4.

We begin by matching the right-inner and outer solutions using Van Dyke’s matching rule,

in the same way as in Section 4.3.1. The 1 term inner expansion of the 1 term outer solution is

c(q ⇤)⇠ 1. (4.43)

Expanding the 1 term inner solution in outer variables we obtain

c(q)⇠ A3ee�1
q

b
D (q�qL) +A4e�e�1

q
b
D (q�qL) +1. (4.44)

Since (q � qL) > 0, the second term is exponentially small, while the first is exponentially

large. Therefore, in order for the inner and outer solutions to match, we must have A3 =

0. Imposing the zero-flux boundary condition at q = qL and patching at q = qc, we obtain

expressions for A1, A2 and A4 in terms of the model parameters.

Substituting for A1,. . ., A4 into equations (4.41) and (4.42), and converting to outer vari-
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ables, yields the left-inner solution
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and the right-inner solution

c0(q) = 1�Q

 
b1B1

b �b2
1D

s
D
b

"
e

e�1
✓q

b
D�b1

◆
(qc�qL)

�1

#

+

"
B2

b
+

B1

b �b2
1D

 
1�b1

s
D
b

!
e�e�1b1(qc�qL)

#

⇥ sinh

 
e�1

r
b
D
(qc �qL)

!!
e�e�1

q
b
D (q�qL), (4.46)

respectively. We note that, since qc �qL = O(e), e�1(qc �qL) = O(1) and so ee�1b1(qc�qL) =

O(1) and ee�1
q

b
D (qc�qL) = O(1); therefore, these terms should not be neglected as exponen-

tially small, as would be the case were qc �qL = O(1).

Equation (4.45) is trivially the left-composite solution, whilst (4.46) is the right-composite

solution, where we have two composite solutions due to the discontinuity in p(q) at q = qc.

Figure 4.14 compares the composite solution against the numerical solution, with both

Michaelis-Menten (Qpc/(g + c)) and constant (Qp) oxygen uptake terms, to equation (4.7)

with p(q) = H(qc � q)p̃(q), where qc = 1.01 (see Section 4.4 for details of the numerical

solution). As in the previous two sections, the composite solution matches the numerical solu-

tion with constant uptake very closely, and matches well, though less closely, when Michaelis-

Menten uptake is included.

By substituting q = qc into either of equations (4.45) or (4.46), we may obtain the fol-

lowing expression for the oxygen concentration at the right-hand edge of the intact patch of
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Figure 4.14: Comparison of numerical and composite solutions for the case of a preserved
central retina. Numerical solutions are plotted with both Michaelis-Menten (Qpc/(g + c))
and constant (Qp) oxygen uptake terms. The numerical solutions were obtained by solving
equation (4.7) (subject to modification of the uptake term) using the finite difference method,
with p(q) = H(qc � q)p̃(q), whilst the composite solution is given by equations (4.45) and
(4.46). Parameter values: qc = 1.01. Remaining parameter values as in Table 4.3, where the
parameters are scaled as described in Section 4.3 for the composite solution.
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photoreceptors:
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allowing us to determine, for a given value of qc, whether the intact patch will remain stable

or shrink. Figure 4.15 shows a plot of c(qc) for qc 2 [1,1.1]. It can be seen that for qc 2

(qcrit3 ,qcrit4), c < ccrit , making this a stable region, whilst for qc  qcrit3 and qc � qcrit4 , c �

ccrit , making these unstable regions. Therefore, if the preserved central region extends to the

right of qcrit4 , it will shrink until qc reaches qcrit4 , at which point it will halt. Similarly, if the

intact patch lies to the left of qcrit3 , it will degenerate until all photoreceptors are lost. Provided

qc 2 (qcrit3 ,qcrit4), the patch will remain stable.

This analysis modifies the picture presented in Section 4.3.1 by introducing a second stable

region, (qcrit3 ,qcrit4), within the para/perifoveal unstable region [qL,qcrit1 ]. We label this new

stable region the ‘near-central stable region’, whilst we label the unstable region in which

qc  qcrit3 , the ‘central unstable region’.

Therefore, the retina may be divided into 5 stability regions, as described in Figure 4.16.

Starting from the centre of the fovea, at q = qL, and proceeding peripherally, these are: the

central unstable region, the near-central stable region, the para/perifoveal unstable region, the

mid-peripheral stable region and the peripheral unstable region.

The transition between Figure 4.15 and Figure 4.8 is seen in the numerical solution in

Figure 4.15. The numerical solution matches quite well with the approximate solution within

the boundary layer, where the assumption that qc = O(e) holds, but diverges as qc increases

past 1.02. As qc exceeds 1.04, the numerical solution starts to descend due to the effect of

increasing rod density. This effect is not captured by the approximate solution since the terms

corresponding to rod density disappear from the leading order solution within the boundary
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Figure 4.15: Variation of the oxygen concentration on the right-hand edge of a preserved cen-
tral region with eccentricity of the edge. Numerical solution: equation (4.7) was solved using
the finite difference method, with p(q) = H(qc � q)p̃(q). Approximate solution: equation
(4.47). The horizontal line marks the hyperoxic threshold. The positions of the endpoints of
the near-central stable region, qcrit3 and qcrit4 , are given by equation (4.48). Parameter values
are chosen as in Table 4.3, where the parameters are scaled as described in Section 4.3 for the
approximate solution.

Figure 4.16: Diagrams to show the locations of the stable and unstable regions within the
retina. (a) shows the relationship between the healthy photoreceptor profile and the stability
regions in 1D, whilst (b) shows the locations of the stability regions in 2D. The central unstable
region, which is extremely narrow, can be seen in the inset in (a).
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layer. Were we to continue the plot beyond qc = 1.1, the numerical solution would trace

out a curve similar to that in Figure 4.8. We note that the numerical solution is not entirely

smooth. This is because we are plotting not only a different solution, but a different point from

the solution profile for each qc. When we plot the same point from the solution profile with

varying qc, the resulting profile is smooth, as are the individual profiles (results not shown).

Since equation (4.47) is more involved than (4.31) it is difficult to make general statements

concerning the effects of parameter changes upon the width of the near-central stable region.

However, provided the other parameters remain fixed, the width of the near-central stable

region will increase as Q, B1, B2 or ccrit are increased. Since terms corresponding to rod

density are absent from this equation, this suggests that rod loss will have no effect upon the

stability properties of the preserved central retina (see Section 4.4.3, where we confirm this

numerically).

We can find an implicit equation for the boundaries of the near-central stable region, qcrit3

and qcrit4 , by setting c0(qc) = ccrit in equation (4.47) to yield

0 = 1� ccrit �
b1QB1

b �b2
1D

s
D
b

✓
e�e�1b1(qcriti�qL)� e�e�1

q
b
D (qcriti�qL)

◆

� Q
2

"
B2

b
+

B1

b �b2
1D

 
1�b1

s
D
b

!
e�e�1b1(qcriti�qL)

#

⇥
✓

1� e�2e�1
q

b
D (qcriti�qL)

◆
(i = 3,4). (4.48)

As can be seen from Figure 4.15, this equation has two roots in the interval qi 2 [qL,qL+1] (the

curve for the approximate solution remains level to the right of qc = 1.1), the lower of which

corresponds to qcrit3 and the higher of which corresponds to qcrit4 . Using the parameter values

in Table 4.3 and applying the scalings described above, we find qcrit3 = 1.002 and qcrit4 =

1.013 (to four significant figures). By comparison, the numerical solution gives qcrit3numeric
=

1.002 and qcrit4numeric
= 1.010 (to four significant figures).
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4.4 Numerical Results

We use numerical simulations to validate and extend the preceding analysis.

4.4.1 Steady-state Model

We begin by solving equation (4.7), with p(q) = (H(q �q2)+H(q1 �q)) p̃(q), for a range

of values of q1 and q2, where q1 < q2, to compare the stability properties of the system with

those predicted in Figures 4.9 and 4.12. Equation (4.7) was discretised in space, using second

order, central difference approximations for the spatial derivatives, and the resulting system

of nonlinear algebraic equations solved using the Matlab routine fsolve, employing the Trust-

Region-Dogleg algorithm. (This method was also used to produce the numerical solutions in

Figures 4.5–4.7, 4.10–4.11 and 4.13–4.15.)

The simulation results presented in Figure 4.17 are similar to the analytical predictions,

matching more closely with Figure 4.12 than Figure 4.9. In particular, the narrow patch anal-

ysis captures the extension of region A along the line q2 = q1 well. A key difference with

Figures 4.9 and 4.12 is the presence, in Figure 4.17, of a narrow region at q1 = 1.01, passing

through region D (upper-left), region B (left) and region D (lower-left). Within this narrow

region, q1 lies within the near-central stable region revealed by the central retinal preservation

analysis of Section 4.3.3 and seen in Figure 4.15 (that is q1 2 [qcrit3 ,qcrit4 ]). Within this nar-

row region there is no leftward degeneration, but degeneration may occur to the right when q2

lies in an unstable region. There is also a tiny isolated region in the bottom left-hand corner

of Figure 4.17, of type B. Here q2 = 1.01, which lies in the near-central stable region, whilst

q1 = 1, and so cannot progress to the left.

The positions of the boundaries between stability regions in Figure 4.17 differ a little

from the positions in Figures 4.9 and 4.12. Our analysis predicted qcrit1 = 1.116, whereas

the numerical solutions show it to be at 1.165 for q1 and at 1.095 for q2, whilst our analysis

predicted qcrit2 = 1.643, whereas the numerical solutions show it to be at 1.575 for q1 and at

1.665 for q2. As a result of the differences in boundary positions, a new B region (region B
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Figure 4.17: Diagram to show stable and unstable regions in (q1,q2) parameter space as re-
vealed by numerical simulations. Equation (4.7) was solved using the finite difference method
(see text for details), with 10,001 mesh points, and with p(q) = (H(q �q2)+H(q1�q)) p̃(q)
for a range of values of both q1 and q2, where q1 < q2. If c(qi)< ccrit , then the boundary at qi
is stable, and if c(qi)� ccrit , then the boundary is unstable. Parameter values as in Table 4.3.

(right)) appears in the numerical solution, to the right of region A.

The reason for the discrepancy between boundary positions is as follows. Inspection of

Figures 4.7 and 4.11 reveals that the composite solution, whilst matching closely to the nu-

merical solution near q1 and q2, is shifted slightly to the right of the numerical solution. As

a result, c(q1) is underestimated and c(q2) is overestimated, this effect being exaggerated due

to the steepness of the gradient in these regions. Consequently, the boundaries of the steady

region are estimated to be more widely (closely) separated in the q1(q2)-dimension.
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4.4.2 Dynamic Model

We solved the time-dependent problem (equations (4.7)–(4.10)) using the method of lines,

discretising in space as for the steady-state problem, and integrating in time using an explicit

Runge-Kutta method (Matlab routine ode45). The quasi-steady oxygen equation (equation

(4.7)) is solved at each time step using fsolve, in the same way as for the steady-state problem

considered earlier. We use 4001 mesh points in all simulations, unless stated otherwise, so

that the distance between mesh points corresponds to the average width of a photoreceptor.

As a result, degeneration will spread only if the hyperoxic region extends by a photoreceptor

width or more beyond the patch of loss, ensuring the results are biologically realistic. With the

exception of Figure 4.20(b) (where the aim is simply to show that the patch is unstable), we

run all simulations to time t = 200 (dimensionless units) or until the system reaches steady-

state, whichever occurs first. We choose t = 200 since this corresponds to just over 60 years,

the natural time span of the disease following the initial patchy loss of photoreceptors.

In Figures 4.18 and 4.19 we present simulation results for the time-dependent problem, for

initial conditions selected from the seven major regions in Figure 4.17 (that is, those labelled

with letters). In each case the solutions behave as predicted: the solution starting in region

A remains stationary (Figure 4.18(a)), those starting in either of the B regions degenerate to

the left (Figures 4.18(b) and 4.18(c)), the solution starting in region C degenerates to the right

(Figure 4.18(d)) and those starting in any of the three D regions degenerate in both directions

(Figures 4.19(a)–4.19(c)).

In addition to their general agreement with our analytical predictions, these simulations

have two further noteworthy features. Firstly, as photoreceptor degeneration proceeds, the

system may move between the regions shown in Figure 4.17. For instance, in Figure 4.18(b),

the wave of leftward degeneration stalls as the system leaves region B (left) and enters region

A (narrow). Similarly, in Figure 4.19(c), leftward degeneration stalls as the system leaves

region D (lower-left) and enters region C (lower-narrow), followed by stalling of rightward

degeneration as the system enters region A (narrow).

Secondly, the speed of the wave of degeneration varies with eccentricity. It is slower in
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(a) Region A: (q1,q2) = (1.35,1.50).

(b) Region B (left): (q1,q2) = (1.08,1.40).

(c) Region B (right): (q1,q2) = (1.62,1.65).

(d) Region C: (q1,q2) = (1.40,1.80).

Figure 4.18: Dynamic simulations of photoreceptor loss and preservation, for a range of initial
degenerate patch locations (q1,q2), corresponding to (a) region A, (b) region B (left), (c)
region B (right), and (d) region C. In all cases the pattern of degeneration proceeds in a manner
consistent with Figure 4.17. Equations (4.7)–(4.10) were solved using the method of lines,
with 4001 mesh points (see text for details). Parameter values as in Table 4.3.
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(a) Region D (upper-left): (q1,q2) = (1.08,1.85).

(b) Region D (upper-right): (q1,q2) = (1.70,1.85).

(c) Region D (lower-left): (q1,q2) = (1.03,1.06).

Figure 4.19: Dynamic simulations of photoreceptor loss and preservation, for a range of initial
degenerate patch locations (q1,q2), corresponding to (a) region D (upper-left), (b) region D
(upper-right), and (c) region D (lower-left). In all cases the pattern of degeneration proceeds
in a manner consistent with Figure 4.17. Equations (4.7)–(4.10) were solved using the method
of lines, with 4001 mesh points (see text for details). Parameter values as in Table 4.3.
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those regions possessing a higher density of photoreceptors and faster in those regions possess-

ing a lower density of photoreceptors. The extreme case occurs in the stable regions, where

photoreceptor density is too high to permit the spread of degeneration. For example, Figure

4.19(a) demonstrates several changes in wave speed. The rightward degeneration accelerates

as the wavefront approaches q = 2, corresponding to the drop in photoreceptor density toward

the periphery of the retina. Meanwhile, the leftward degeneration accelerates until the wave-

front reaches about q = 0.04, at which point it decelerates, corresponding to the drop in rod

density followed by the sharp rise in cone density, as the wavefront approaches the centre of

the fovea (see Figure 4.4).

With the exception of Figures 4.18(c) and 4.19(c), each of the above scenarios deals with

a wide patch of loss. In Figure 4.20 we test our predictions for a narrow patch of loss and

a preserved central patch. In Figure 4.20(a) we set (q1,q2) = (1.61,1.62), which lies within

region A, close to the boundary q2 = q1. As predicted, the patch remains stable. In Figure

4.20(b) we decrease q1 by just 0.01, so that now (q1,q2) = (1.60,1.62), which lies in region B

(right). As predicted, this is sufficient for the patch to degenerate in a leftward direction. The

patch widths used here are of the same order of magnitude as those measured in the rat by Ji

et al. (2012); Garcı́a-Ayuso et al. (2013); Zhu et al. (2013), which lie in the (non-dimensional)

range 3.8⇥10�3–1.9⇥10�2.

In Figure 4.20(c) we set (q1,q2) = (1.01,2.00), which lies within region C (upper-narrow).

As predicted, the central region remains stable. In Figure 4.20(d) we decrease q1 to 1.001, so

that now (q1,q2) = (1.001,2.00), which lies in region D (upper-narrow). As predicted, this is

sufficient for the patch to become unstable, so that it degenerates in a leftward direction until

all photoreceptors are lost. The preservation of the central region, when q1 lies just to the right

of the near-central stable region initially, is seen in Figures 4.18(b), 4.19(a) and 4.19(c).

Having noted that the speed of degeneration depends upon the local photoreceptor density,

it is of interest to explore in more detail the nature of this dependence. Figure 4.21 shows

the magnitude of the distance moved by each boundary of a degenerate patch, between t = 0

and t = 4, for a range of values of initial patch boundaries, q1 and q2, where q2 > q1. Since

138



(a) Region A: (q1,q2) = (1.61,1.62).

(b) Region B (right): (q1,q2) = (1.60,1.62).

(c) Region C (upper-narrow): (q1,q2) = (1.01,2.00).

(d) Region D (upper-narrow): (q1,q2) = (1.001,2.00).

Figure 4.20: Dynamic simulations of photoreceptor loss and preservation, for a range of ini-
tial degenerate patch locations (q1,q2), corresponding to (a) region A, (b) region B (right), (c)
region C (upper-narrow), and (d) region D (upper-narrow). In all cases the pattern of degen-
eration proceeds in a manner consistent with Figure 4.17. Equations (4.7)–(4.10) were solved
using the method of lines, with 4001 mesh points (see text for details). Parameter values as in
Table 4.3.
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Figure 4.21: Graphs to show the distances travelled by the boundaries of degenerate patches
between t = 0 and t = 4, for a range of initial patch locations. Left: distance travelled by
the left-hand boundary, q t

1(0)�q t
1(4). Right: distance travelled by the right-hand boundary,

q t
2(4)�q t

2(0). We define q t
1(t) := inf{q 2 [qL,1+qL] : p(q , t)< pcrit} and q t

2(t) := sup{q 2
[qL,1+ qL] : p(q , t) < pcrit}, where pcrit = 0.1. Equations (4.7)–(4.10) were solved using
the method of lines, with 1001 mesh points (see text for details), for q1 and q2 in the range
1.0,1.04, . . . ,2.0. Parameter values as in Table 4.3.

the photoreceptor density in any region with an initially positive density remains positive,

we define the patch boundaries, or wavefronts, to lie at the infimum and supremum of the

interval for which p < pcrit , where pcrit is a positive constant, denoting the critical density

of photoreceptors. Therefore, the left wavefront is defined as q t
1(t) := inf{q 2 [qL,1+ qL] :

p(q , t)< pcrit} and the right wavefront is defined as q t
2(t) := sup{q 2 [qL,1+qL] : p(q , t)<

pcrit}, where we choose pcrit = 0.1 in our simulations. This means that the distance travelled

by the left-hand boundary is q t
1(0)� q t

1(4), whilst the distance travelled by the right-hand

boundary is q t
2(4)� q t

2(0). We use 1001 mesh points, rather than the 4001 used in previous

simulations, to ensure a feasible computation time, noting that this is sufficient to reveal the

regional variation in wave speed.

Examination of Figure 4.21 reveals that patch boundaries are stationary within region A,

the mid-peripheral stable region. For q1 and q2 eccentric to the mid-peripheral stable region,

the distance moved by the boundaries increases with increasing eccentricity (and decreasing
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photoreceptor density). We note that for q2 = 1.96, the right-hand boundary reaches q = 2 at

t < 2, so that it can progress no further after this point. We could compensate for this effect by

choosing a smaller time interval; however, this would mean that the more subtle progress near

the mid-peripheral stable region would go undetected. For q1 and q2 between q = 1 and the

mid-peripheral stable region, the distance moved by the boundaries increases with decreasing

eccentricity (and decreasing photoreceptor density). The (q1,q2) grid is too coarse to reveal

the effect of the peak in cone density. We refrained from using a finer grid size due to the

prohibitively long computation times involved. We note that the distance travelled by each

boundary is almost entirely independent of the initial position of the other boundary.

4.4.3 Modified Model I: Mutation-induced Rod Degeneration

In the healthy human retina, mid-peripheral rods are lost throughout adult life, whilst cone

numbers, and equatorial and far-peripheral rod numbers, remain relatively stable (Curcio

et al., 1993). In the RP retina, rods express mutant genes, increasing the vulnerability of rods

to apoptosis across the whole retina. In this section we incorporate hyperoxia-independent,

mutation-induced rod degeneration into our model, in order to examine its effects upon the

spatio-temporal pattern of photoreceptor loss.

In order to incorporate this second form of rod loss, we describe the rod and cone densities

independently, using the dependent variables pr(q , t) and pc(q , t) for rod and cone density

respectively. Therefore, in place of equations (4.7)–(4.8), we have the following dimensionless

system:

0 =
D

sin(Qq)
∂

∂q

✓
sin(Qq) ∂c

∂q

◆
� Q(pr + pc)c

g + c
+b (1� c), (4.49)

∂ pr

∂ t
=�(fr +l2(c))pr, (4.50)

∂ pc

∂ t
= µ pc
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1� pc

p̃c(q)

◆
l1(c)� pcl2(c). (4.51)

We do not include a logistic growth term in equation (4.50), assuming that the rods’ mutant
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state compromises their ability to regenerate. We also note that whilst the logistic growth term

used in equation (4.51) is not strictly consistent with that used in equation (4.8), in that the

sum of logistic growth terms for rods, pr, and cones, pc, is not the same as the logistic growth

term for photoreceptors, p = pr + pc, it remains the sensible choice, since we would expect

cone regrowth to obey logistic dynamics.

We have made the assumption, based on the measurements of Clarke et al. (2000), that

mutation-induced rod loss is exponential, denoting its rate by fr, which we define to be

constant across the domain, since RP affects all rods. In the simulations that follow we set

fr = 6.6⇥10�3, consistent with the observation of Curcio et al. (1993) that the total number

of rods in the central 28.5 degrees of vision reduces by 69% between the ages of 34 and 90.

We have also assumed that the contributions of mutation and hyperoxia to rod degeneration

combine in an additive fashion, this being the simplest and hence most reasonable approach

in the absence of further information.

We take as our initial conditions either,

pr(q ,0) = prinit (q) = p̃r(q), (4.52)

pc(q ,0) = pcinit (q) = p̃c(q), (4.53)

corresponding to a healthy photoreceptor distribution, or,

pr(q ,0) = prinit (q) = (H(q �q2)+H(q1 �q)) p̃r(q), (4.54)

pc(q ,0) = pcinit (q) = (H(q �q2)+H(q1 �q)) p̃c(q), (4.55)

corresponding to a single patch of loss, where

p̃r(q) = B3(q �qL)e�b3(q�qL), (4.56)

p̃c(q) = B1e�b1(q�qL) +B2e�b2(q�qL). (4.57)

We close the system by imposing zero-flux boundary conditions on the oxygen concentra-
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tion:
∂c
∂q

(qL, t) = 0 =
∂c
∂q

(1+qL, t). (4.58)

We solve this problem using the method of lines as described above, where the equations for

pr and pc are treated in the same way as the equation for p. In this section, as with Sections

4.4.4 and 4.4.5, we use 1001 mesh points, this being sufficient to fully resolve the dynamics.

Figure 4.22 shows two examples of the patterns of degeneration that are generated when

mutation-induced rod loss is incorporated into the system. In Figure 4.22(a), the steady attri-

tion of rods causes oxygen levels to rise across the retina. This leads to the development of

hyperoxia at q = 1.045 and q = 2, where photoreceptor density is lowest, resulting in waves

of hyperoxia driven photoreceptor degeneration. These waves meet at q = 1.287 (correspond-

ing to 21.8 degrees eccentricity) just to the left of the peak in photoreceptor density in the

mid-periphery at t = 135, whilst cone density is preserved at the centre of the fovea. The

fact that degeneration spreads across the domain shows that the mutation-induced loss of rods

has caused the mid-peripheral stable region (region A in in Figure 4.17) to become unstable,

whilst the preservation of cones at the centre of the retina demonstrates that the near-central

stable region, seen in Figure 4.15, remains stable, as suggested by our analysis in Section

4.3.3.

In Section 4.3.1 we predicted that mutation-induced rod degeneration could cause a stable

patch to become unstable and spread. We test this prediction in Figure 4.22(b), where we

remove a patch of photoreceptors between q1 = 1.57 and q2 = 1.66, which lies in the upper-

right corner of the (stable) region A in Figure 4.17. As rods are lost, the patch becomes

unstable, degenerating to the right (at t = 23) and to the left (at t = 24).

4.4.4 Modified Model II: Mutation-induced Cone Degeneration

RP most commonly presents as a rod-cone dystrophy, in which rod loss precedes cone loss,

since rods express a mutant RP gene not expressed by cones. More rarely, RP can present as a

cone-rod dystrophy, in which cone loss precedes rod loss (Hamel, 2006; Hartong et al., 2006).
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(a) No initial degenerate patch.

(b) Initial degenerate patch at (q1,q2) = (1.57,1.66).

Figure 4.22: Dynamic simulations of photoreceptor loss and preservation with mutation-
induced rod loss, with, (a), and without, (b), an initial degenerate patch. Note that we plot
the natural logarithm of the cone density, log(pc), on the right. (a) and (b): hyperoxic degen-
eration initiates at q = 1.045 and q = 2. (b): the degenerate patch begins to spread to the right
at t = 23 and to the left at t = 24. Equations (4.49)–(4.51), (4.52)–(4.53) (a), (4.54)–(4.55) (b),
and (4.58) were solved using the method of lines, with 1001 mesh points (see text for details).
Parameter values: fr = 6.6⇥10�3. Remaining parameter values as in Table 4.3.
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In this case, the underlying genetic mutation is more detrimental to cones than to rods. Patients

with cone-rod dystrophy lose their central colour vision early in the disease (corresponding to

cone loss), which is followed by loss of night vision and peripheral vision (corresponding to

rod loss, Hamel, 2007).

The equations used to model cone-rod dystrophy are the same as those used to model

rod-cone dystrophy in the previous section, with the exception that equations (4.50)–(4.51)

become:

∂ pr

∂ t
= µ pr

✓
1� pr

p̃r(q)

◆
l1(c)�l2(c)pr, (4.59)

∂ pc

∂ t
=�(fc +l2(c))pc, (4.60)

so that the hyperoxia-independent mutation-induced degeneration term is now included in the

cone equation, rather than the rod equation, and only the rods, rather than the cones, are able

to regenerate. As in the previous section, we set fc = 6.6⇥10�3.

Figure 4.23 shows the results of a simulation of the above equations with no initial patch

of degeneration. It can be see that hyperoxic degeneration initiates first near the centre of the

retina (at t = 71) and later at q = 2 (at t = 208). This is the reverse order to that observed for

mutation-induced rod degeneration. Whilst some rods will be lost near the centre of the retina

for any value of ccrit < 1, only a minor increase in ccrit is required to prevent the hyperoxic

degeneration of rods from q = 2 inwards, since the initial density of cones at q = 2 is tiny

(e.g. in the simulation corresponding to Figure 4.25(b), in which ccrit is increased to 0.8, rod

loss from q = 2 is avoided). We do not show a simulation with an initial degenerate patch

since, except near the centre of the retina, where degeneration occurs even in the absence of a

patch, cone density is low, such that their loss is unlikely to destabilise a patch.

We have also considered the form of RP in which both rods and cones undergo the same

rate of mutation-induced degeneration (fr = fc = 6.6 ⇥ 10�3, Hartong et al., 2006). The

pattern of degeneration is very similar to that in Figure 4.22 for the case of mutation-induced

rod loss, the key difference being that the central island of cones is eventually lost. Two more
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Figure 4.23: Dynamic simulation of photoreceptor loss and preservation with mutation-
induced cone loss and no initial degenerate patch. Note that we plot the natural logarithm
of the cone density, log(pc), on the right. Hyperoxic degeneration initiates at q = 1.03 at
t = 71 and later at q = 2 at t = 208. Equations (4.49), (4.52)–(4.53) and (4.58)–(4.60) were
solved using the method of lines, with 1001 mesh points (see text for details). Parameter
values: fc = 6.6⇥10�3. Remaining parameter values as in Table 4.3.

minor differences are that the two waves of hyperoxic degeneration now meet at q = 1.3 (still

a little to the left of the peak in rod density) and at the slightly earlier time of t = 127 (results

not shown).

4.4.5 Modified Model III: Treatment with Antioxidants or Trophic Fac-

tors

Lastly, we consider the case in which treatment is applied in the form of either antioxidants

or trophic factors. Antioxidants act by neutralising reactive oxygen species, whilst trophic

factors increase photoreceptor resistance to apoptosis (Kohen and Nyska, 2002; Yu et al.,

2004; Komeima et al., 2006, 2007). Thus, in either case, the use of these treatments will have

the effect of increasing the hyperoxic threshold, ccrit .

In the simulations that follow, we set ccrit(t) = ccrit1 + ccrit2H(t � tcrit), where ccrit1 , ccrit2

and tcrit are positive constants and H is a Heaviside step function, such that ccrit(t) = ccrit1 for

146



t < tcrit and ccrit(t) = ccrit1 + ccrit2 for t � tcrit . We set ccrit1 = 0.67 in all simulations.

In Figure 4.24 we examine the effect of treatment (applied at tcrit = 20) following the

spread of degeneration from an initial degenerate patch at (q1,q2) = (1.03,1.06). In this

case mutation-induced rod and cone degeneration is excluded and so equations (4.7)–(4.10)

are solved. We note that, without treatment, this problem is identical to that simulated in

Figure 4.19(c). In Figure 4.24(a) we set ccrit2 = 0.33, so that ccrit increases from 0.67 to 1

at t = 20. This corresponds to a strong treatment, since photoreceptors will remain healthy

for oxygen concentrations close the capillary concentration. In this case degeneration halts

and the degenerate patch shrinks to its original size. In Figure 4.24(b) we set ccrit2 = 0.13, so

that ccrit increases from 0.67 to 0.8 at t = 20. This corresponds to a more mild treatment. In

this case degeneration halts as before, but only a minor regeneration of lost photoreceptors is

achieved.

Figure 4.25(a) shows the effect of mild treatment (ccrit2 = 0.13) when mutation-induced

rod degeneration is included. In this case we solve equations (4.49)–(4.51), (4.54)–(4.55)

and (4.58), with tcrit = 25 and an initial degenerate patch at (q1,q2) = (1.57,1.66). As such,

without treatment, this problem is identical to that simulated in Figure 4.22(b). It can be seen

that treatment temporarily halts the progression of hyperoxic degeneration.

Lastly, Figure 4.25(b) shows the effect of mild treatment (ccrit2 = 0.13) when mutation-

induced cone degeneration is included. In this case we are solving equations (4.49), (4.52)–

(4.53) and (4.58)–(4.60), with tcrit = 100 and without an initial degenerate patch. As such,

without treatment, this problem is identical to that simulated in Figure 4.23. It can be seen

that treatment halts the progression of hyperoxic degeneration near q = 1, resulting in a minor

recovery of rods. Though not visible in Figure 4.25(b), hyperoxic degeneration at q = 2 is

prevented.
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(a) Strong treatment: ccrit2 = 0.33.

(b) Mild treatment: ccrit2 = 0.13.

Figure 4.24: Dynamic simulations showing the effect of treatment upon photoreceptor loss
and preservation. Solutions show (a) full recovery and (b) minor recovery. Without treatment,
the simulation would proceed as in Figure 4.19(c). Equations (4.7)–(4.10) were solved using
the method of lines, with 1001 mesh points and ccrit(t) = ccrit1 + ccrit2H(t � tcrit) (see text
for details). Parameter values: q1 = 1.03, q2 = 1.06, ccrit1 = 0.67 and tcrit = 20. Remaining
parameter values as in Table 4.3.
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(a) Mutation-induced rod loss. Initial degenerate patch at (q1,q2) = (1.57,1.66). Parameter
values: fr = 6.6⇥10�3 and tcrit = 25.

(b) Mutation-induced cone loss. No initial degenerate patch. Parameter values fc = 6.6⇥
10�3 and tcrit = 100.

Figure 4.25: Dynamic simulations showing the effect of (mild) treatment upon photoreceptor
loss and preservation with mutation-induced rod (a) and cone loss (b). Note that we plot
the natural logarithm of the cone density, log(pc), on the right in (a), and pc on the right in
(b). (a) treatment temporarily stalls hyperoxic degeneration, (b) treatment results in a minor
recovery of hyperoxic damage near q = 1. Without treatment, simulations (a) and (b) would
proceed as in Figures 4.22(b) and 4.23 respectively. (a) equations (4.49)–(4.51), (4.54)–(4.55)
and (4.58), and (b) equations (4.49), (4.52)–(4.53) and (4.58)–(4.60) were solved using the
method of lines, with 1001 mesh points and ccrit(t) = ccrit1 + ccrit2H(t � tcrit) (see text for
details). Parameter values: ccrit1 = 0.67 and ccrit2 = 0.13. Remaining parameter values as in
Table 4.3.
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4.5 Discussion

We have derived a model to explore the dynamics of hyperoxia driven photoreceptor degen-

eration in a human retina with RP. The model demonstrates that degeneration may spread via

hyperoxia and predicts specific spatio-temporal patterns of degeneration. Using this model

we have determined conditions under which degeneration will spread or remain localised, and

revealed the qualitative relationship between photoreceptor distribution and the wave speed

of degeneration. We have also explored the effect of treatment with antioxidants and trophic

factors upon the progression of photoreceptor degeneration.

In our asymptotic analysis in Section 4.3, we examined the conditions under which degen-

eration will spread. We considered three scenarios: a wide (O(1) in width) degenerate patch,

a narrow (O(e) or less in width) degenerate patch and a narrow island of preserved photore-

ceptors at the centre of the retina.The analysis revealed that the retina can be divided into five

regions, two stable and three unstable, as shown in Figure 4.16. In order, from the centre of

the retina, these regions are: the central unstable region, the near-central stable region, the

para/perifoveal unstable region, the mid-peripheral stable region and the peripheral unstable

region. The margins of a wide degenerate patch will remain stationary provided they are lo-

cated within a stable region. If a margin lies in an unstable region it will expand outwards

from the centre of the patch until it reaches either the edge of the retina or a stable region.

Narrow patches remain stationary within stable regions and may also remain stationary within

regions where wide patches would be unstable, provided they are sufficiently narrow.

The qualitative nature of these predictions was confirmed numerically in Section 4.4.1

(Figure 4.17), though the precise location of the stable regions differs a little from those pre-

dicted by the asymptotics.

The three scenarios described above can be viewed as different stages in the progression of

RP: early in the disease, narrow patches form, which, over time, grow and coalesce to become

wide patches. Later, these patches grow and coalesce until only a narrow central region, made

up predominantly of cones, remains. Lastly, the central region narrows and is lost, resulting
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in total blindness.

Two questions arise from this description. Firstly, what initiates the loss of a patch of

photoreceptors? And secondly, in those cases where a patch of loss is stable, what causes it to

expand from a narrow to a wide patch or from a wide patch to a totally degenerate retina?

The work presented in this chapter does not seek to answer the first question, treating a

patch of loss as an initial condition, and focussing instead upon the subsequent hyperoxia

driven expansion of the patch. Patches of loss presumably arise due to the stochastic, mu-

tation-induced loss of photoreceptors (most commonly rods), where a cluster of degenerate

photoreceptors causes the loss of neighbouring photoreceptors, perhaps due to a lack of struc-

tural support, an increase in oxygen levels, the release of toxic substances, a decrease in the

production of rod trophic factor, the action of microglia, or some combination of the above.

We have explored one possible answer to the second question, namely the gradual pan reti-

nal, mutation-induced degeneration of rods, cones, or both (see Sections 4.4.3 and 4.4.4). As

photoreceptor numbers decline with age across the retina, the maximum width at which nar-

row patches remain stable decreases, whilst the stable regions, described in Sections 4.3.1 and

4.3.3, narrow. As a result, degenerate patches which were previously stable become unstable

and start to expand, leading to the eventual loss of all photoreceptors.

Simulations predict that, in the absence of mutation-induced cone loss, a narrow island of

cones will remain intact at the centre of the fovea (Sections 4.4.2 and 4.4.3). This fits with

the observation that central vision is generally the last to be lost in RP, but fails to replicate

the eventual loss of cones observed in many patients. It may be that, whist oxygen levels

remain below the ‘hyperoxic threshold’, prolonged exposure to higher than normal oxygen

levels proves toxic over time. Alternatively, or in addition to this, loss of structural support

from neighbouring photoreceptors, the release of toxic substances by dying photoreceptors,

the absence of rod trophic factor or the action of microglia could contribute to the demise of

the cone island.

Our analysis and simulations suggest that the retina is most susceptible to hyperoxic dam-

age in two regions: the peripheral unstable region and the para/perifoveal unstable region (see
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Figure 4.16). Both these regions correspond to local minima in the photoreceptor density

where oxygen levels are highest. It is within these regions that degenerate patches are most

likely to spread and it is here that hyperoxic degeneration initiates when mutation-induced rod

or cone degeneration is included in the model.

Comparison of model predictions with clinical data is instructive. Grover et al. (1998)

identified three patterns of visual field loss, the first of which involves peripheral to central

field loss, sometimes accompanied by parafoveal or perifoveal ring scotomas (blind spots),

whilst the second two patterns originate in the mid-periphery, spreading centrally and pe-

ripherally (the differences between these two patterns cannot be captured in a 1D model, see

Section 1.3.4 and Figure 1.9 for details). These same patterns of retinal degeneration and field

loss were reported in a series of detailed studies described in Section 1.3.3 (Robson et al.,

2003, 2004, 2006, 2008, 2011; Popović et al., 2005; Murakami et al., 2008; Lima et al., 2009,

2012; Escher et al., 2012). In our model, in the absence of mutation-induced photoreceptor

degeneration, the pattern of loss is determined by the location of the initial patches of pho-

toreceptor loss. If they initiate in the peripheral unstable region they will spread peripherally,

to the ora serrata, and centrally, toward the mid-peripheral stable region, whilst if they initi-

ate in the para/perifoveal unstable region they will spread centrally, toward the near-central

stable region, and outward, toward the mid-peripheral stable region. Examination of the vi-

sual field diagrams in Grover et al. (1998) suggests that preservation of photoreceptors in a

mid-peripheral stable region may be a common feature of pattern 1 visual field loss (at least

in the earlier stages of the disease), though not of patterns 2 or 3 (see Figure 1.9). In order for

degeneration to spread across the mid-peripheral stable region, the model must be modified in

some way.

When we incorporate mutation-induced, hyperoxia-independent rod degeneration into the

model, a distinctive pattern of photoreceptor loss emerges. Photoreceptor loss initiates at

the ora serrata, spreading centrally and later initiates in the para/perifoveal unstable region,

spreading centrally and peripherally. The mutation-induced loss of rods causes the mid-

peripheral stable region to shrink and eventually to vanish, so that only a narrow island of
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cones at the centre of the fovea remains at the end stage. This matches well with pattern 1

(peripheral to central) progression described in Grover et al. (1998), and in particular with the

pattern 1B progression, which also includes ring scotomas surrounding the fovea (see Figure

1.9). As noted in Section 4.4.4, the model incorporating mutation-induced degeneration of

both rods and cones progresses in a similar way, the key difference being that central vision is

not preserved.

It appears that mutation-induced rod degeneration will always result in hyperoxic degen-

eration starting from the ora serrata; however, two factors could contribute to its initiating

first in the para/perifoveal region. Firstly, it has been shown in the mouse that trophic factors

are expressed at a higher level at the edge of the retina, protecting against hyperoxic damage

(Mervin and Stone, 2002a; Stone et al., 2005). We increased the hyperoxic threshold, ccrit ,

to unity, in a rim of width 150µm around the ora serrata, as described in Mervin and Stone

(2002a); Stone et al. (2005); however, it was found that hyperoxic degeneration still initiated

at the ora serrata (results not shown). Secondly, since rod degeneration is confined to the mid-

periphery and central retina during normal ageing (Curcio et al., 1993), it might be that rod

degeneration is most severe in this region under RP.

Mutation-induced cone loss, corresponding to the cone-rod form of RP, or other cone-rod

dystrophies, causes hyperoxic degeneration to initiate near the centre of the retina, spreading

toward the mid-peripheral stable region where degeneration stalls. It may also cause hy-

peroxic degeneration to initiate at the ora serrata at a later stage, spreading centrally to the

mid-peripheral stable region. This pattern of progression is similar that described by Hamel

(2007), though the preservation of the mid-peripheral stable region may be unrealistic.

Although there are many studies charting the progression of visual field loss and retinal

degeneration, they do not describe precisely the location (in terms of eccentricity) of the de-

generate patches. Were precise measurements to be made, it would be straightforward to

compare our model predictions with these clinical data.

Simulations also reveal the relationship between photoreceptor density and the wave speed

of the edge of a spreading degenerate patch: the wave speed is higher for lower local photore-
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ceptor densities and lower for higher local photoreceptor densities. Two factors are likely to

account for this behaviour. Firstly, in those regions containing a greater density of photorecep-

tors it will take longer for the photoreceptors to decay beneath a given threshold (the density

will never reach mathematical zero in finite time for a continuum representation, since this is

impossible with an exponential decay term). Secondly, and more importantly, the width of the

region exposed to hyperoxia ahead of the wavefront will be wider in those regions where the

photoreceptor density is lower. More detailed longitudinal studies are required to determine

whether this model prediction is correct.

Our simulations suggest that treatment with antioxidants or trophic factors may prevent the

initiation of hyperoxic degeneration, that it may permanently or temporarily halt degeneration,

or allow some recovery of damaged photoreceptors. Mathematically this occurs by increasing

the hyperoxic threshold and hence the widths of the stable regions. Recovery is likely to be

partial at best since many photoreceptors will have died or degenerated beyond recovery prior

to treatment, therefore, the total recovery seen in Figure 4.24(a) is overly optimistic. Treatment

would need to be maintained throughout the lifetime of the patient, otherwise degeneration

would resume. Antioxidants and trophic factors could be supplied over the long-term using

either encapsulated cell technology or ocular gene therapy (see, for example, Tao et al., 2002;

Orosz et al., 2004; Dong et al., 2006; Tao, 2006; Musarella and MacDonald, 2011; Wen et al.,

2012). If treatment could be targeted to specific regions of the retina, our results suggest

that the unstable peripheral and para/perifoveal regions should be targeted, as they are most

susceptible to hyperoxic damage.

Future work could include a more detailed description of the biochemistry underlying

hyperoxic damage, and the action of antioxidants and trophic factors. This would require, or

could proceed in tandem with, experimental work, to elucidate the relevant pathways. Another

extension would be to simulate retinal degeneration in animal models (e.g. rats, mice and

pigs), for which the healthy photoreceptor distribution is different to that in humans. The

model could also be extended to 2D by including the radial (RPE–ILM) dimension, taking

into account the layered structure of the inner and outer retina. A similar approach to that
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used here, accounting for the regional variation in rod and cone density, could also be used to

investigate the rod trophic factor and rod toxic substance hypotheses.

In this chapter we have shown, using a 1D model, that the oxygen toxicity hypothesis can

explain some of the patterns of photoreceptor degeneration found in RP, and that the wave

speed of hypoxic degeneration is negatively correlated with local photoreceptor density. We

have also explored the effect of treatment with antioxidants and trophic factors. In the next

chapter we extend this work in two ways: firstly, by including the degeneration of the CC and

secondly, by extending the model to 2D to include the azimuthal dimension.
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Chapter 5

Retinitis Pigmentosa: The Oxygen

Toxicity Hypothesis (Capillary Loss and

2D)

In the previous chapter we investigated hyperoxia driven photoreceptor degeneration in 1D.

In this chapter we extend this work in two ways: firstly by including degeneration of the

choriocapillaris (CC) in the 1D model and secondly by extending the 1D model into 2D, to

include variation in the azimuthal direction. Capillary loss is of interest, since it has the poten-

tial to counteract the hyperoxia which results from photoreceptor loss, delaying or preventing

the spread of photoreceptor degeneration, whilst a 2D model allows us to explore patterns of

degeneration inaccessible to the 1D model.

5.1 Introduction

Degeneration of the CC (the inner layer of the choroid) is commonly observed in human

models of RP, although its immediate cause is unknown (Li et al., 1995; Milam et al., 1998;

Mullins et al., 2012). The width of the submacular choroid is significantly thinner in humans

with RP than in healthy controls (Dhoot et al., 2013), whilst the CC is usually absent from
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areas in which photoreceptors have completely degenerated and the bone spicule pattern has

formed (Li et al., 1995; Milam et al., 1998). This pattern forms following photoreceptor

degeneration, when RPE cells migrate away from Bruch’s membrane (BM), which divides the

retina from the CC, towards the retinal capillary layers, producing black melanin granules (Li

et al., 1995; Milam et al., 1998).

It is unclear whether CC degeneration is a direct result of photoreceptor loss, or of RPE

loss, with photoreceptor loss as the indirect cause (Milam et al., 1998). The current evidence

would seem to suggest that RPE loss is the direct cause of CC degeneration. Surgical removal

of the RPE in rabbit and pig models resulted in loss of the CC (Korte et al., 1984; Del Priore

et al., 1996). This led Korte et al. (1984) to suggest that the RPE produces a ‘diffusible

vascular modulating factor’, which is required to maintain the CC in health. The RPE has

been shown to produce vascular endothelial growth factor (VEGF, Maharaj et al., 2006), a

protein which is known to promote the survival of capillary endothelial cells (Ferrara et al.,

2003). Furthermore, Saint-Geniez et al. (2009) have shown, using a mouse model, that the CC

degenerates when the RPE is prevented from producing the soluble forms of VEGF that can

diffuse across BM to the CC.

Whilst this presents a compelling picture, many of the biochemical details associated with

the above processes have yet to be confirmed or elucidated. In particular, it remains to be

determined how photoreceptor degeneration leads to RPE degeneration or migration (see Sec-

tion 1.3.3 for further discussion). Hence, in the modelling work presented below, we shall

assume a simple direct dependence of the CC upon the local photoreceptor density.

The interdependence of oxygen, photoreceptors and capillaries is represented in Figure

5.1. The positive feedback loop between oxygen and photoreceptors remains the same as in

Figure 4.2. The inclusion of capillaries extends the picture, with oxygen supply depending

upon capillary density, which in turn depends upon photoreceptor density.

A number of different spatio-temporal patterns of photoreceptor degeneration have been

observed in humans. Grover et al. (1998) identified three distinct patterns of visual field loss

(see Section 1.3.4 and Figure 1.9 for more details). Pattern 1 involves the concentric loss of
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Figure 5.1: Flow chart for hyperoxia driven photoreceptor degeneration with capillary loss.
Photoreceptors consume oxygen, whilst high oxygen levels damage photoreceptors. Capillar-
ies depend upon photoreceptors for survival, whilst they themselves are necessary to maintain
an oxygen supply. Key: ‘+’ indicates a sustaining effect, whilst ‘-’ indicates decay or con-
sumption.

vision, starting at the far-periphery. This pattern is sometimes accompanied by a parafoveal or

perifoveal ring scotoma (blind spot). Pattern 2 begins with visual field loss in the superior or

nasal region, which then develops into an arcuate (shaped like a bow) scotoma. This scotoma

winds either nasally or temporally through the mid-periphery, leaving central and sometimes

inferior islands of vision. Lastly, pattern 3 consists of a partial or complete mid-peripheral

ring scotoma, which then expands superiorly or inferiorly leaving a central island of vision,

together with a ‘U’ or ‘n’ shaped peripheral visual field. The arms of the peripheral visual field

then retract, extinguishing peripheral vision. In all cases the central visual field is preserved,

being lost only at the end stage of the disease. Studies by Robson et al. (2003, 2004, 2006,

2008, 2011); Popović et al. (2005); Murakami et al. (2008); Lima et al. (2009, 2012); Escher

et al. (2012) describe patterns of degeneration similar to patterns 1 and 3, with pattern 2 also

being apparent in Escher et al. (2012).

In this chapter we seek to answer the following questions: under what conditions will cap-

illary loss slow or prevent photoreceptor degeneration? How significant is the effect? What

patterns of degeneration does our model predict in 2D? What patterns of degeneration, de-
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scribed in the literature, and especially in Grover et al. (1998), cannot be reproduced by our

model? What is the effect of treatment by antioxidants and trophic factors in 2D?

The remainder of this chapter is structured as follows: in Section 5.2 we develop the 1D

model, incorporating capillary degeneration; in Section 5.3 we perform an asymptotic analysis

of the capillary loss model, to determine conditions under which capillary loss will prevent

the spread of degeneration; in Section 5.4 we solve the capillary loss model numerically; in

Section 5.5 we develop the 2D model (without capillary loss); in Section 5.6 we solve the

2D problem numerically and in Section 5.7 we discuss our results and suggest directions for

future research.

5.2 Model Formulation: 1D Capillary Loss

Using the same geometry and coordinate system as in Chapter 4 (see Figure 4.3), we construct

equations for the retinal oxygen concentration, c(q , t), the photoreceptor density, p(q , t) and

the capillary surface area per unit volume (CSA), h(q , t),
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∂ t

=
D
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∂

∂q

✓
sin(q) ∂c
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, (5.3)

where h is the rate of capillary degeneration/regeneration and equations (5.1)–(5.3) are spec-

ified on the domain q 2 [qL,Q+ qL] (the remaining parameters are defined in Section 4.2).

In equation (5.3), we assume that capillaries depend upon photoreceptors for survival. Since

the exact manner of dependence is unknown, we choose an explicit relationship, neglecting

any intermediate mechanisms. In particular, we assume that capillaries adapt to the local pho-

toreceptor density, p(q , t), such that they are maintained in the same proportion to h̃, as local

photoreceptor density is to healthy photoreceptor density p̃(q). As discussed in Section 5.1,

photoreceptor loss may lead to RPE loss, halting the production of VEGF upon which the CC
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may rely for survival (Saint-Geniez et al., 2009). Therefore, we are effectively assuming that

RPE cells are lost in proportion to the photoreceptors upon which they rely, leading to a pro-

portional drop in VEGF production and hence CC density. Note that we do not use a logistic

term in equation (5.3), since capillary regrowth is most likely to emanate from the healthy

regions of the choroid that surround the degenerate patch, rather than from within the patch

itself. The constant h̃ represents the maximum value taken by h(q , t). In what follows we fix

h̃ = 2.01⇥104 m�1, i.e. at the same value used for ‘h’ in Chapter 4 (where h was constant in

Chapter 4).

As in Chapter 4, we define l1(c) and l2(c) as

l1(c) = 1�H(c� ccrit),

l2(c) = 1�l1(c) = H(c� ccrit) =

8
<

:
0 if c < ccrit ,

1 if c � ccrit ,
(5.4)

and p̃(q) as

p̃(q) = B1e�b1(q�qL) +B2e�b2(q�qL)
| {z }

Cones

+B3(q �qL)e�b3(q�qL)

| {z }
Rods

. (5.5)

We close the system by imposing initial and boundary conditions. We impose the following

initial conditions

c(q ,0) = cinit(q), h(q ,0) = hinit(q) = h̃,

p(q ,0) = pinit(q) = (H(q �q2)+H(q1 �q)) p̃(q), (5.6)

wherein q1 and q2 are the margins of the degenerate photoreceptor patch (where q1 < q2), and

cinit(q) is the steady-state oxygen concentration corresponding to the initial photoreceptor

and capillary profiles (that is, the steady-state solution to equation (5.1), with p = pinit(q) and

h = hinit(q)).
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Lastly, we impose zero-flux boundary conditions for oxygen on either end of the domain:

∂c
∂q

(qL, t) = 0 =
∂c
∂q

(Q+qL, t). (5.7)

See Tables 4.1 and 4.2 for dimensional parameter values. Since the rate of capillary degener-

ation/regeneration, h , is unknown, we compare results using a range of possible values (see

Section 5.4.2).

5.2.1 Non-dimensionalisation

To simplify the subsequent analysis, we non-dimensionalise the system, scaling the indepen-

dent and dependent variables, together with the initial conditions for oxygen and capillaries,

as follows

q = Qq ⇤, t = t⇤
d , c = cchc⇤, p = p̃A p⇤, h = h̃h⇤, cinit = cchc⇤init , hinit = h̃h⇤init .

We define the following non-dimensional parameters:

q ⇤
L = qL

Q , q ⇤
1 = q1

Q , q ⇤
2 = q2

Q , D⇤ = D
R2Q2d ,

Q⇤ = a p̃A
cchd Q, g⇤ = g

cch
, b ⇤ = h̃b

d , c⇤crit =
ccrit
cch

,

µ⇤ = µ
d , h⇤ = h

d B⇤
1 =

B1
p̃A

, B⇤
2 =

B2
p̃A

,

B⇤
3 =

QB3
p̃A

, b⇤1 = Qb1, b⇤2 = Qb2, b⇤3 = Qb3,

noting that l ⇤
1 (c

⇤) = l1(c) and l ⇤
2 (c

⇤) = l2(c).

As in Chapter 4, we assume that the oxygen concentration is at quasi-steady-state at all
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times. Therefore, dropping the stars, equations (5.1)–(5.3), (5.6) and (5.7) reduce to

0 =
D

sin(Qq)
∂

∂q

✓
sin(Qq) ∂c

∂q

◆
� Qpc

g + c
+bh(1� c), (5.8)

∂ p
∂ t

= µ p
✓

1� p
p̃(q)

◆
l1(c)� pl2(c), (5.9)

∂h
∂ t

= h
✓

p
p̃(q)

�h
◆

, (5.10)

h(q ,0) = hinit(q) = 1, p(q ,0) = pinit(q) = (H(q �q2)+H(q1 �q)) p̃(q), (5.11)

∂c
∂q

(qL, t) = 0 =
∂c
∂q

(1+qL, t). (5.12)

See Table 4.3 for non-dimensional parameter values.

5.2.2 Mutation-induced Rod Degeneration

As in Section 4.4.3, we construct a modified version of the model to account for mutation-

induced rod degeneration. Denoting rod density by pr(q , t) and cone density by pc(q , t), we

obtain the following dimensionless system:

0 =
D

sin(Qq)
∂

∂q

✓
sin(Qq) ∂c

∂q

◆
� Q(pr + pc)c

g + c
+bh(1� c), (5.13)

∂ pr

∂ t
=�(fr +l2(c))pr, (5.14)

∂ pc

∂ t
= µ pc

✓
1� pc

p̃c(q)

◆
l1(c)� pcl2(c), (5.15)

∂h
∂ t

= h
✓

pr + pc

p̃r(q)+ p̃c(q)
�h
◆

, (5.16)

where we take fr = 6.6⇥10�3 as in Chapter 4, and p̃r(q) and p̃c(q) are defined as

p̃r(q) = B3(q �qL)e�b3(q�qL), (5.17)

p̃c(q) = B1e�b1(q�qL) +B2e�b2(q�qL). (5.18)
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We close the system by imposing initial and boundary conditions. The initial conditions are

pr(q ,0) = prinit (q) = p̃r(q), pc(q ,0) = pcinit (q) = p̃c(q), h(q ,0) = hinit(q) = 1, (5.19)

whilst the zero-flux oxygen boundary conditions are given by equation (5.12).

5.2.3 Mutation-induced Cone Degeneration

Similarly, as in Section 4.4.4, we may account for mutation-induced cone degeneration by

considering the dimensionless system:

0 =
D

sin(Qq)
∂

∂q

✓
sin(Qq) ∂c

∂q

◆
� Q(pr + pc)c

g + c
+bh(1� c), (5.20)

∂ pr

∂ t
= µ pr

✓
1� pr

p̃r(q)

◆
l1(c)�l2(c)pr, (5.21)

∂ pc

∂ t
=�(fc +l2(c))pc, (5.22)

∂h
∂ t

= h
✓

pr + pc

p̃r(q)+ p̃c(q)
�h
◆

, (5.23)

where fc = 6.6⇥10�3 as in Chapter 4. We close the system by imposing initial and boundary

conditions, given by equations (5.19) and (5.12) respectively.

5.3 Mathematical Analysis: 1D Capillary Loss

In this section we perform an asymptotic analysis, similar to those in Section 4.3, to determine

the conditions under which a patch of photoreceptor loss will expand when it is also accom-

panied by a patch of capillary loss. For simplicity, we consider the case where the degenerate

patch of photoreceptors extends from the ora serrata, at q = qL+1, to a point qp 2 [qL,qL+1)

(as opposed to an isolated degenerate patch surrounded on either side by healthy photorecep-

tors as in Sections 4.3.1 and 4.3.2). This is a sensible choice since degeneration often initiates

at the ora serrata, as seen both in clinical studies (see, for example, Grover et al., 1998; Hamel,
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2006; Hartong et al., 2006) and our results in Section 4.4. Since capillary loss occurs in re-

sponse to photoreceptor loss, we assume that capillary loss is confined to the region of the

degenerate photoreceptor patch, such that its left-hand boundary qc � qp. We take the right-

hand boundary of the degenerate capillary patch to lie at q = qL+1, since the degeneration of

photoreceptors, and hence capillaries, is most likely to initiate here.

As in Section 4.3, a degenerate patch will spread if the oxygen concentration on the edge

of the patch is greater than or equal to the hyperoxic threshold, that is if c(qp) � ccrit . In the

absence of capillary loss, this problem reduces to that of the wide degenerate patch, considered

in Section 4.3.1, with q2 = qL+1. In this case, the stability properties of the patch are as shown

in Figure 4.8. Capillary loss reduces c(qp), and, as a result, shrinks the size of the regions in

which photoreceptor degeneration will spread or remain stationary. We note that, as with the

wide degenerate patch case, this analysis is not valid in a narrow region q < qL+0.04, since it

does not account for the sharp peak in cone density there. A separate analysis, similar to that

in Section 4.3.3, would be required to examine the effect of capillary loss on photoreceptor

degeneration in this region.

As in Section 4.3, we fix e = O(10�2) and rescale the model parameters as follows: D =

e�1D⇤, Q = e�3Q⇤, g = eg⇤, b = e�3b ⇤ and b1 = e�1b⇤1, where D⇤, Q⇤, g⇤, b ⇤ and b⇤1 are all

O(1) constants. Under this scaling and upon dropping the stars, equation (5.8) becomes

0 = e2D
d2c
dq 2 + e2DQcot(Qq) dc

dq
� Qp(q)c

eg + c
+bh(1� c), (5.24)

where p(q) = H(qp �q)p̃(q), h(q) = H(qc �q) and

p̃(q) = B1e�e�1b1(q�qL) +B2e�b2(q�qL) +B3(q �qL)e�b3(q�qL). (5.25)

As before, we impose zero-flux boundary conditions so that

dc
dq

(qL) = 0 =
dc
dq

(1+qL). (5.26)
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We form the regular perturbation expansions:

c(q) = c0(q)+ ec1(q)+O(e2), p(q) = p0(q)+ e p1(q)+O(e2). (5.27)

We do not expand h(q) since it is either 1 (for q  qc) or 0 (for q > qc).

We also note that

(eg + c)�1 =
1
c0

� e c1 + g
c2

0
+O(e2), (5.28)

and cot(Qq) O(1) for q 2 [qL,1+qL].

As in Section 4.3, we partition the domain into inner and outer regions. In the outer regions

the oxygen concentration is either constant, or changes gradually in response to the spatial

variation in photoreceptor density. In the inner regions we rescale q , to bring the diffusion

term into the dominant balance, allowing us to account for rapid variations in the oxygen

concentration and so to satisfy the relevant boundary conditions. We construct the leading

order solution in each interval, using the boundary conditions and asymptotic matching to

determine the constants of integration (Bender and Orszag, 1999).

For reasons that will become clear as we proceed, the domain must be partitioned as shown

in Figure 5.2. Equation (5.8) is discontinuous at qp and qc, due to the discontinuities in p(q)

and h(q) respectively at these points. Therefore, we must use patching at these boundaries,

imposing continuity in the concentration and flux of oxygen (Bender and Orszag, 1999).

In the left-outer region, p(q) = p̃(q) and h(q) = 1, so that equation (5.25) supplies

p0(q) = F(q), where F(q) := B2e�b2(q�qL) +B3(q � qL)e�b3(q�qL), while equation (5.24)

yields

c0(q) = 1� Q
b

F(q). (5.29)

In the right-outer region, p(q) = 0 and h(q) = 0, and the kinetic terms disappear from

equation (5.24), leaving

0 =
d2c
dq 2 +Qcot(Qq) dc

dq
, (5.30)

at leading order. Substituting v(q) = dc
dq into equation (5.30) and solving using the integrating
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Figure 5.2: Diagram to show the locations of the outer and inner regions for the capillary loss
analysis. The solid vertical lines demarcate the approximate limits of the boundary layers,
whilst the dashed vertical lines mark the positions of qp and qc. Equation (5.8) was solved
using the finite difference method, with p(q) = H(qp � q)p̃(q) and h(q) = H(qc � q). Pa-
rameter values: qp = 1.8 and qc = 1.9. Remaining parameter values as in Table 4.3.

factor method, we obtain v(q) = K csc(Qq), where K is the constant of integration. Reversing

the substitution, we may use separation of variables to obtain

c(q) = A1 log
✓

tan
✓

Qq
2

◆◆
+A2, (5.31)

where the Ais in this equation, and all equations that follow, are constants. Imposing the zero-

flux boundary condition at q = qL + 1, we find that A1 = 0. We note that, since the outer

solution satisfies this boundary condition, an inner region is not required at this boundary.

The leading order solution in the far-left-inner region is the same as in the wide and narrow

degenerate patch cases in Chapter 4 (see Section 4.3.1 for the derivation), yielding

c0(q) = 1� QB2

b
� QB1

b �b2
1D

 
e�e�1b1(q�qL)�b1

s
D
b

e�e�1
q

b
D (q�qL)

!
. (5.32)

Similarly, the left- and right-inner solutions are the same as those in the wide (left-left-
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inner and right-left-inner) and narrow (left-centre-inner and centre-centre-inner) degenerate

patch cases in Chapter 4, up to the determination of the constants of integration (see Section

4.3.1 for the derivation), yielding

c0(q̂) = A3e
q

b
D q̂ +A4e�

q
b
D q̂ +1� Q

b
F(qp), (5.33)

in the left-inner region, where p0(q̂) = F(qp), h(q̂) = 1 and q̂ = e�1(q �qp), and

c0(q̂) = A5e
q

b
D q̂ +A6e�

q
b
D q̂ +1, (5.34)

in the right-inner region, where p0(q̂) = 0 and h(q̂) = 1.

As in Section 4.3.1, we use Van Dyke’s rule to match the left-outer and left-inner solutions,

yielding A4 = 0. This leaves us with 4 unknowns: A2, A3, A5, and A6. These are determined by

imposing continuity in the concentration and flux of oxygen at q = qp and q = qc. Reverting

to outer variables, this yields the left-inner solution,

c0(q) = 1� Q
2b

✓
2�
✓

1� e�2e�1
q

b
D (qc�qp)

◆
e�e�1

q
b
D (qp�q)

◆
F(qp), (5.35)

the right-inner solution,

c0(q) = 1� Q
2b

✓
e�2e�1

q
b
D (qc�qp)ee�1

q
b
D (q�qp) + e�e�1

q
b
D (q�qp)

◆
F(qp), (5.36)

and the right-outer solution

c0(q) = 1� Q
b

F(qp)e
�e�1

q
b
D (qc�qp). (5.37)

The right-inner and right-outer solutions are valid across the intervals q 2 [qp,qc] and q 2

[qc,qL +1] respectively. We construct a composite solution, using the leading order solutions

in the far-left-inner, left-outer and left-inner regions, to find a solution valid across the interval
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q 2 [qL,qp]. Proceeding as in Section 4.3, this yields

c0(q) = 1� Q
2b

✓
2F(q)�

✓
1� e�2e�1

q
b
D (qc�qp)

◆
e�e�1

q
b
D (qp�q)F(qp)

◆

� QB1

b �b2
1D

 
e�e�1b1(q�qL)�b1

s
D
b

e�e�1
q

b
D (q�qL)

!
. (5.38)

In Figure 5.3 we compare our analytical approximation with the numerical solution to

(5.8) with p(q) = H(qp �q)p̃(q) and h(q) = H(qc �q). The numerical solution is plotted

with both Michaelis-Menten (Qpc/(g +c)) and constant (Qp) oxygen uptake terms. The ana-

lytical solution matches well with the constant uptake numerical solution in all regions, whilst

it underestimates the Michaelis-Menten uptake numerical solution where the photoreceptor

density is highest. The analytical solution is a good match to both numerical solutions in the

neighbourhood of q = qp, which is important, as we will use c(qp) to determine whether a

degenerate patch of photoreceptors will spread.

Substituting q = qp into either of equations (5.35) or (5.36), we obtain the following ex-

pression for the concentration of oxygen on the edge of the degenerate patch of photoreceptors:

c0(qp) = 1� Q
2b

✓
1+ e�2e�1

q
b
D (qc�qp)

◆
F(qp). (5.39)

This expression is similar to equation (4.31), the difference being that it contains a new term

which depends upon qc. This term is exponentially small, and hence negligible, everywhere

except where qc �qp = O(e) (assuming qc > qp). Therefore, the degeneration of a patch of

capillaries will not have a significant effect unless the inner margin of the capillary patch lies

within a distance of O(e) to the inner margin of the patch of photoreceptor loss. In other

words, the region of capillary loss must extend within the boundary layer at the edge of the

degenerate photoreceptor patch in order to affect the oxygen concentration at the edge of this

patch. If this does not occur, an outer region will emerge, in which c0(q) = 1, between the

edge of the patch of photoreceptor loss and the region of capillary loss, returning us to a

scenario like that in Section 4.3.1.
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Figure 5.3: Comparison of numerical and analytical solutions for the capillary loss analy-
sis. Numerical solutions are plotted with both Michaelis-Menten (Qpc/(g + c)) and con-
stant (Qp) oxygen uptake terms. The numerical solutions were obtained by solving equation
(5.8) (subject to modification of the uptake term) using the finite difference method, with
p(q) = H(qp � q)p̃(q) and h(q) = H(qc � q), whilst the analytical solutions are given by
equations (5.36)–(5.38). Parameter values: qp = 1.8 and qc = 1.9. Remaining parameter
values as in Table 4.3, where the parameters are scaled as described in Section 5.3 for the
analytical solutions.
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This is demonstrated in Figure 5.4(a), which shows the regions in (qp,qc) parameter space

where the degenerate patch of photoreceptors is stable or unstable. This figure was obtained by

evaluating equation (5.39) for a range of values of qp  qc and noting whether c(qp) is above

or below the hyperoxic threshold ccrit . In region I the degenerate photoreceptor patch is stable,

remaining stationary. The main portion of this region coincides with regions A and C in Figure

4.9. In region II (left and right) the degenerate photoreceptor patch is unstable, expanding

centrally. Region II (left) coincides with regions D (upper-left and lower-left) and B, whilst

region II (right) coincides with region D (upper-right) in Figure 4.9. The correspondence

between Figures 4.9 and 5.4(a) is due to the fact that qcrit1 and qcrit2 are preserved for qc�qp >

O(e). Region I also extends in a narrow region along the line qp = qc, beneath the unstable

regions, becoming increasingly narrow as qp approaches qL on the left, and qL+1 on the right.

It is in this region, of width O(e) or less, that capillary loss exerts an effect on the stability of

the degenerate photoreceptor patch.

In the limiting case where qc = qp, equation (5.39) reduces to equation (5.29), with q =

qp. Since the left-outer solution gives the oxygen concentration under healthy conditions

and since c(q) < ccrit under healthy conditions, c0(qp) < ccrit when qc = qp and we deduce

that the degenerate photoreceptor patch is always stable in this case. As noted above, our

analysis does not hold for qp < 0.04; however, numerical simulations show that the degenerate

photoreceptor patch is also stable in this region when qc = qp (see Figure 5.4(b)).

Setting c0(qp) = ccrit in equation (5.39), we obtain the following expression for the critical

position of the central boundary of the degenerate capillary patch, qccrit (qp):

qccrit (qp) = qp +
e
2

s
D
b

log
✓

QF(qp)

2b (1� ccrit)�QF(qp)

◆
. (5.40)

For a given value of qp, this expression allows us to calculate how far centrally the degenerate

capillary patch must extend to prevent further photoreceptor loss, in those cases where pho-

toreceptor loss would proceed in the absence of capillary loss. For qp = 1.8 as in Figures 5.2

and 5.3, qccrit (qp) = 1.802 (3 d.p.), so that qccrit (qp)�qp  O(e).
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(a) Asymptotic approximation.

(b) Numerical solution.

Figure 5.4: Diagram to show stable and unstable regions in (qp,qc) parameter space as re-
vealed by the asymptotic analysis and numerical solutions. (a) equation (5.39) was evaluated
and (b) equation (5.8) was solved for a range of values of both qp and qc, where qp  qc.
If c(qp) < ccrit , then the boundary at qp is stable; if c(qp) � ccrit , then it is unstable. The
numerical solution in (b) was obtained using the finite difference method (see text for details),
with 10,001 mesh points, and with p(q) = H(qp �q)p̃(q) and h(q) = H(qc �q). Parameter
values as in Table 4.3 (using the scalings described in Section 5.3 for (a)).
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5.4 Numerical Results: 1D Capillary Loss

We use numerical simulations to validate and extend the preceding analysis.

5.4.1 Steady-state Model

We begin by solving equation (5.8), with p(q) = H(qp�q)p̃(q) and h(q) = H(qc�q), for a

range of values of qp and qc, where qp  qc, to compare the stability properties of the system

with those predicted in Figure 5.4(a). Equation (5.8) was solved in the same way as in Section

4.4.1, discretising in space, and solving the resulting system of nonlinear algebraic equations

using the Matlab routine fsolve, employing the Trust-Region-Dogleg algorithm. (This method

was also used to produce the numerical solutions in Figures 5.2 and 5.3.)

The numerical solution presented in Figure 5.4(b) confirms the arrangement of stable and

unstable regions predicted by the analysis. In particular, we see that capillary loss only sta-

bilises a degenerate patch in a narrow region along the line qp = qc. Unlike in Figure 5.4(a),

region II (left) is interrupted by a narrow (near-central) stable region corresponding to that in

Figure 4.17. This is due to the peak in cone density, which was not included in the analysis

(we assumed that qp and qc lay outside this boundary layer region). The position of the ver-

tical boundaries between region I and region II (left and right) is also slightly different from

that predicted by our analysis, for the same reasons as those discussed in Section 4.4.1.

5.4.2 Dynamic Model

In this section we simulate dynamic patch loss and mutation-induced degeneration prob-

lems (equations (5.8)–(5.23)). In all cases we assume a healthy initial capillary distribution,

h0(q) = 1, and allow capillaries to degenerate subsequent to this in response to photoreceptor

loss. As in Sections 4.4.2–4.4.4, we solve the time-dependent problems using the method of

lines, discretising in space as for the steady-state problem, and integrating in time using an

explicit Runge-Kutta method (Matlab routine ode45). The quasi-steady oxygen equation is

solved at each time step using the Matlab routine fsolve. We use 4001 spatial mesh points
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in the patch loss simulations and 1001 in the mutation-induced degeneration simulations to

maintain consistency with the results in Section 4.4.

Patch Loss

Figure 5.5 shows how capillary degeneration affects the progression of a degenerate patch

of photoreceptors. The patch locations are the same as those in Figure 4.19, corresponding

to region D (upper-left), (upper-right) and (lower-left) (reproduced in the top row of Figure

5.5). Since we do not know the in vivo rate of degeneration, we compare a range of values

of h = 0, 10�2, 10�1, 1 and 10, and find that it is sufficient to demonstrate the full range of

behaviours (described below). We note that when h = 1, this corresponds to a dimensional

value of h = d = 10�7 s�1. In each case we have plotted the contours, (q(t), t), on which

p(q , t) = 0.1, which define the boundaries of the degenerate patches.

When h = 10�2, degeneration proceeds in a manner which is almost identical to that when

h = 0. For h = 10�1, degeneration proceeds as with h = 10�2 in Figure 5.5(a), whilst in Fig-

ure 5.5(b) degeneration proceeds as for h = 10�2 on the right, whilst stalling on the left,

following a minor degeneration and partial recovery. In Figure 5.5(c), significant degenera-

tion occurs, followed by a complete recovery (not including the original degenerate patch).

When h = 1, there is an initial minor photoreceptor loss, but the system soon recovers fully

(again, not including the original degenerate patch). Lastly, when h = 10, the patch remains

stationary, with an almost imperceptible fluctuation in photoreceptor density early on.

In summary, rapid (h = 10) capillary loss prevents the spread of degeneration, whilst grad-

ual (h = 10�2) capillary loss has little effect. Rates of capillary loss between these two ex-

tremes either behave in qualitatively the same ways as at the extremes, or exhibit degeneration,

followed by partial or complete recovery. We note that, whilst full recovery may be possible

mathematically; biologically, recovery may be much more limited, as many photoreceptors

may degenerate past the point of recovery.
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Figure 5.5: Contour plots comparing the progression of photoreceptor degeneration for a range
of values of the capillary degeneration rate, h , following the removal of a patch of photore-
ceptors from the interval q 2 [q1,q2]. Top row: h = 0. Bottom row: h = 0,10�2, . . . ,10.
The lines mark the contours along which p(q , t) = 0.1 and hence show the boundaries of the
degenerate patches. The patch locations in graphs (a), (b) and (c) are the same as those in
Figure 4.19(a), (b) and (c) respectively (reproduced in the top row), corresponding to region
D (upper-left), (upper-right) and (lower-left) respectively. In all cases, the spread of photore-
ceptor degeneration decreases with increasing h . Equations (5.8)–(5.12) were solved using
the method of lines, with 4001 mesh points (see text for details). Remaining parameter values
as in Table 4.3.
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Mutation-induced Rod or Cone Degeneration

Figure 5.6 shows how capillary degeneration affects the loss of rods and cones, when the

retina undergoes mutation-induced rod or cone degeneration. The scenarios considered are

identical to those in Figures 4.22(a) and 4.23, in which h = 0 (reproduced in the top rows of

Figures 5.6(a) and (b)). In this case, we take h = 0, 10�4, 10�3, 10�2, 10�1 and 1, which is

sufficient to demonstrate the full range of behaviours (described below). In each case we plot

the contours (q(t), t) on which pr(q , t) = 10�1 and pc(q , t) = 10�2, taking a lower value for

the cones, since their healthy density is typically much lower than that of rods, such that the

pattern of degeneration is only evident for a lower threshold.

When h = 10�3 and 10�4, the pattern of degeneration is similar to that where h = 0,

except that hyperoxic degeneration does not initiate on the right for mutation-induced cone

degeneration when h = 10�3. For h = 10�2 and h = 10�1, the wave of hyperoxic degener-

ation proceeds more slowly for mutation-induced rod degeneration, stalling on the right and

failing to initiate on the left in the latter case, whilst it fails to initiate for mutation-induced

cone degeneration. Lastly, when h = 1, hyperoxic degeneration does not initiate in either case,

the contours appearing on the left and top-right of the bottom-left graph in Figure 5.6(a) being

due to mutation-induced loss. The contour on the right in the bottom-right graph in Figure

5.6(b) is also due purely to the mutation-induced loss of cones.

In summary, rapid (h = 1,10�1 or 10�2) capillary loss prevents or slows hyperoxic de-

generation, whilst gradual (h = 10�3 or 10�4) capillary loss has little effect. See Section 5.7

for discussion.

5.5 Model Formulation: 2D

As with the 1D model, we model the posterior of the eye as a spherical cap, describing the

geometry of the retina using spherical polar coordinates (r,q ,f ). We neglect variation in the

radial direction, r, as before, but include variation in both the polar, q , and azimuthal, f ,

directions. We orient our coordinate system so that the fovea lies at q = 0, whilst the ora
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(a) Mutation-induced rod degeneration.

(b) Mutation-induced cone degeneration.

Figure 5.6: Contour plots comparing the progression of photoreceptor degeneration for a range
of values of the capillary degeneration rate, h , where the retina undergoes mutation-induced
rod (a) or cone (b) degeneration. (a) and (b) — top row: h = 0, bottom row: h = 0,10�4, . . . ,1.
The lines mark the contours along which pr(q , t) = 10�1 (for the rods) and pc(q , t) = 10�2

(for the cones). The scenarios considered in (a) and (b) are the same as in Figures 4.22(a)
and 4.23, where capillary degeneration was not included (reproduced in the top rows of (a)
and (b)). In all cases, the severity of photoreceptor degeneration decreases with increasing
h . Equations (5.12)–(5.16) and (5.19) (a), and (5.12) and (5.19)–(5.23) (b), were solved
using the method of lines, with 1001 mesh points (see text for details). Parameter values:
fr = 6.6⇥10�3 (a) and fc = 6.6⇥10�3 (b). Remaining parameter values as in Table 4.3.
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Figure 5.7: 2D Model geometry. The domain is located between the foveal centre, at q = 0,
and the ora serrata, at q = Q, for f 2 [0,2p]. The eye is pictured in the transverse plane. Fig-
ure reproduced, with modifications, from http://www.nei.nih.gov/health/coloboma/

coloboma.asp, courtesy: National Eye Institute, National Institutes of Health (NEI/NIH).

serrata lies at q = Q. Since the 2D model results are purely numerical and since our numerical

code can cope with the coordinate singularity at q = 0, we do not rotate the coordinate system

to avoid the singularity in this case. We ignore the optic disc for simplicity, noting that since

it is small and is assumed neither to consume or produce oxygen, it is unlikely to have a

significant effect on the behaviour of the solution. Figure 5.7 shows the model geometry.

Having defined the geometry, we construct equations for the retinal oxygen concentration,

c(q ,f , t), and the photoreceptor density, p(q ,f , t), as follows

∂c
∂ t

=
D

R2 sin(q)

✓
∂

∂q

✓
sin(q) ∂c

∂q

◆
+

1
sin(q)

∂ 2c
∂f 2

◆
� aQpc

g + c
+bh(cch � c), (5.41)

∂ p
∂ t

= µ p
✓

1� p
p̃(q)

◆
l̂1(c)�d pl̂2(c), (5.42)

where p̃(q) is defined as

p̃(q) = B1e�b1q +B2e�b2q
| {z }

Cones

+B3qe�b3q
| {z }

Rods

, (5.43)
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whilst l̂1(c) and l̂2(c) are defined below. Equations (5.41)–(5.42) are identical to those for

the 1D case, except that the Laplacian in the oxygen equation is modified to account for

variation of c in the f direction, and the Heaviside functions in l1(c) and l2(c) are replaced

by hyperbolic functions, in l̂1(c) and l̂2(c), as described below.

We impose initial and boundary conditions to close equations (5.41)–(5.42). The initial

oxygen distribution and photoreceptor density are given by

c(q ,f ,0) = cinit(q ,f), p(q ,f ,0) = pinit(q ,f) = F(q ,f)p̃(q), (5.44)

where 0  F(q ,f)  1 is defined below. The initial oxygen distribution, cinit(q ,f), is the

steady-state oxygen concentration corresponding to the initial photoreceptor profile (that is,

the steady-state solution to (5.41), with p = pinit(q ,f)).

Lastly, we impose a zero-flux boundary condition at the ora serrata:

∂c
∂q

(Q,f , t) = 0. (5.45)

See Tables 4.1 and 4.2 for parameter values (except Q and b ) and Section 4.2.1 for a justi-

fication of parameter choices. We set the parameters Q and b to take a tenth of their values

in Table 4.1, that is Q = 1.26⇥ 10�18 mol s�1 (tissue unit)�1 and b = 3.6⇥ 10�6 ms�1, for

reasons discussed below.

5.5.1 Non-dimensionalisation

To simplify the subsequent analysis, we non-dimensionalise the system, scaling the indepen-

dent and dependent variables, together with the initial condition for oxygen, as follows

q = Qq ⇤, f = f⇤, t = t⇤
d , c = cchc⇤, p = p̃A p⇤, cinit = cchc⇤init .
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We define the following non-dimensional parameters:

D⇤ = D
R2Q2d , Q⇤ = a p̃A

cchd Q, g⇤ = g
cch

, b ⇤ = hb
d ,

c⇤crit =
ccrit
cch

, µ⇤ = µ
d , B⇤

1 =
B1
p̃A

, B⇤
2 =

B2
p̃A

,

B⇤
3 =

QB3
p̃A

, b⇤1 = Qb1, b⇤2 = Qb2, b⇤3 = Qb3,

noting that l̂ ⇤
1 (c

⇤) = l̂1(c), l̂ ⇤
2 (c

⇤) = l̂2(c) and F⇤(q ⇤,f⇤) = F(q ,f).

The numerical code used to solve the 2D problem uses the fully time-dependent equations,

therefore, unlike in the 1D model, we retain the time derivative in the oxygen equation, so that,

dropping the stars, equations (5.41)–(5.42) reduce to:

∂c
∂ t

=
D

sin(Qq)

✓
∂

∂q

✓
sin(Qq) ∂c

∂q

◆
+

Q2

sin(Qq)
∂ 2c
∂f 2

◆
� Qpc

g + c
+b (1� c), (5.46)

∂ p
∂ t

= µ p
✓

1� p
p̃(q)

◆
l̂1(c)� pl̂2(c), (5.47)

on the domain q 2 [0,1], f 2 [0,2p], where l̂1(c) and l̂2(c) are defined as

l̂1(c) = 1� 1
2
(tanh(Sc(c� ccrit))+1),

l̂2(c) = 1� l̂1(c) =
1
2
(tanh(Sc(c� ccrit))+1)⇡

8
<

:
0 if c < ccrit ,

1 if c � ccrit ,
(5.48)

and the parameter Sc determines the sharpness of the step, where Sc = 103 in all simula-

tions. We use hyperbolic functions here, rather than the Heaviside functions used in the 1D

work (see, for example, equation (5.4)), in order to make the governing equations smooth,

improving the convergence of the numerical scheme (described in Section 5.6). This remains

a biologically realistic choice for these terms.

We impose the initial conditions:

c(q ,f ,0) = cinit(q ,f), p(q ,f ,0) = pinit(q ,f) = F(q ,f)p̃(q). (5.49)
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We choose F(q ,f) to create either an annulus or a disc of photoreceptor loss. To remove an

annulus, we set F(q ,f) = 1
2(tanh(S(q1 �q))+ tanh(S(q �q2))+2), where q1 and q2 are the

eccentricities of the inner and outer boundaries respectively and the parameter S determines

the sharpness of the edge of the annulus. To remove a disc (or rather a spherical cap), centred

at (q ,f)= (qc, f̂c) and of radius y , we set F(q ,f)= 1
2(tanh(S((q �qc)2+(f � f̂c)2 sin2(q)�

y2))+ 1), where the parameter S determines the sharpness of the edge of the disc. We take

S = 100 in all simulations. The sin2(q) term is required in order to preserve arc-length in the

azimuthal direction. We choose hyperbolic functions, rather than step functions (as used in

the 1D model), in order to smooth the transition between the healthy and degenerate retina,

allowing us to use a coarser finite element mesh to resolve the initial wavefront of degen-

eration. The initial oxygen distribution, cinit(q ,f), is the steady-state oxygen concentration

corresponding to the initial photoreceptor profile (that is, the steady-state solution to (5.46),

with p = pinit(q ,f)). Healthy oxygen and photoreceptor profiles are shown in Figure 5.9(a).

Lastly, we have the zero-flux boundary condition:

∂c
∂q

(1,f , t) = 0. (5.50)

See Table 4.3 for non-dimensional model parameter values, except for Q = 4.89⇥ 105 and

b = 7.23⇥105.

We use reduced values for Q and b in order to increase the widths of the advancing wave-

fronts of degeneration, ensuring that the uptake and supply of oxygen dominate less heavily

over diffusion in the fronts. This is necessary in order to avoid the need for very fine spatial

meshes to resolve the details of the wavefront in the numerical solution, which would make the

problem computationally infeasible given the resources available. Since the ratio of uptake to

supply is preserved, the oxygen profile is not significantly affected away from the wavefront,

except near q = 0, where the variation in the oxygen profile becomes less dramatic (see Figure

5.8).

Simulations in 1D show that patches of degeneration spread at approximately twice the
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Figure 5.8: Graph to show the effect of reducing Q and b upon the healthy steady-state oxy-
gen profile in the 1D model. Equation (4.7) was solved using the finite difference method (see
Section 4.4 for details), with p(q) = p̃(q), defined by (5.5) (with qL = 0). Parameter val-
ues: original (Q,b ) = (4.89,7.23)⇥106 and reduced (Q,b ) = (4.89,7.23)⇥105. Remaining
parameter values as in Table 4.3.

speed with reduced Q and b . However, since we are interested in the pattern and relative

speed of degeneration, rather than the absolute speed of degeneration, the variation in the

speed observed is unimportant. In addition, 2D simulations using the original values of Q and

b and a finer mesh, show that degeneration spreads at the same speed as in the 1D simulations,

whilst 1D simulations using the reduced values of Q and b , give rise to wave speeds matching

those of the 2D simulations, validating the 2D model and the impact of reduced Q and b .

5.5.2 Mutation-induced Rod Degeneration

As in Section 4.4.3, we modify our model to account for mutation-induced rod degeneration.

Denoting rod density by pr(q ,f , t) and cone density by pc(q ,f , t), we obtain the following
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dimensionless system:

∂c
∂ t

=
D

sin(Qq)

✓
∂

∂q

✓
sin(Qq) ∂c

∂q

◆
+

Q2

sin(Qq)
∂ 2c
∂f 2

◆
� Q(pr + pc)c

g + c
+b (1� c), (5.51)

∂ pr

∂ t
=�(fr + l̂2(c))pr, (5.52)

∂ pc

∂ t
= µ pc

✓
1� pc

p̃c(q)

◆
l̂1(c)� pcl̂2(c), (5.53)

where fr = 6.6⇥ 10�3, as in Chapter 4. We close the system by imposing zero-flux oxygen

boundary conditions (given by equation (5.50)) and the following initial conditions:

c(q ,f ,0) = cinit(q ,f),

pr(q ,f ,0) = prinit (q ,f) = F(q ,f)p̃r(q), (5.54)

pc(q ,f ,0) = pcinit (q ,f) = F(q ,f)p̃c(q),

where p̃r(q) and p̃c(q) are given by

p̃r(q) = B3qe�b3q , (5.55)

p̃c(q) = B1e�b1q +B2e�b2q . (5.56)

The function F(q ,f) is either equal to unity, or removes a patch of photoreceptors as de-

scribed above. As before, the initial oxygen concentration, cinit(q ,f), is the steady-state oxy-

gen concentration corresponding to the initial photoreceptor profile (that is, the steady-state

solution to (5.51) with pr = prinit (q ,f) and pc = pcinit (q ,f)).
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5.5.3 Mutation-induced Cone Degeneration

Similarly, we may account for mutation-induced cone degeneration, as in Section 4.4.4, ob-

taining the dimensionless system:

∂c
∂ t

=
D

sin(Qq)

✓
∂
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✓
sin(Qq) ∂c
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◆
+

Q2

sin(Qq)
∂ 2c
∂f 2
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+b (1� c), (5.57)

∂ pr

∂ t
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l̂1(c)� prl̂2(c), (5.58)

∂ pc

∂ t
=�(fc + l̂2(c))pc, (5.59)

where fc = 1.3⇥ 10�2. This value is twice that used in Chapter 4, in order to reduce the

computation time, whilst remaining within the range of biologically realistic values for this

parameter. We close the system by imposing the initial and boundary conditions given by

equations (5.54) and (5.50) respectively.

5.5.4 Treatment with Antioxidants or Trophic Factors

For each of the cases above, we may apply treatment in the form of antioxidants or trophic

factors. These treatments are assumed to increase the hyperoxic threshold. We set ccrit(t) =

ccrit1 + ccrit2H(t � tcrit), where ccrit1 , ccrit2 and tcrit are positive constants and H is a Heaviside

step function, such that ccrit(t) = ccrit1 for t < tcrit and ccrit(t) = ccrit1 + ccrit2 for t � tcrit . We

set ccrit1 = 0.67 and ccrit2 = 0.13 in all simulations in this chapter (see Sections 4.2.1 and

4.4.5).

5.6 Numerical Results: 2D

We use the finite element method (FEM) to solve the above models numerically. The FEM

code was written by Jonathan Whiteley. It uses the PETSc (Portable, Extensible Toolkit for

Scientific Computation) libraries (which can be found at http://www.mcs.anl.gov/petsc/

at the time of writing) and piecewise linear basis functions. The equations were solved on the
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spherical polar geometry described above and then projected vertically downward onto the

xy-plane for plotting (see Figure 5.9(b)). This preserves elemental areas near the centre and

shrinks them in the polar direction towards the equator. All plots were produced and summary

statistics calculated using Matlab.

The most basic finite element mesh is composed of 4 triangles, each sharing a corner at

q = 0, with the remaining corners at (q ,f) = (1,0), (1,p/2), (1,p) and (1,3p/2) (see the

left-hand graph in Figure 5.9(c)). We refer to this as ‘refinement level 1’. As we move up

from one refinement level to the next, each element is split into 4 by the insertion of a new

triangular element, with corners located at the mid-points of the sides of the original element

(see the middle graph in Figure 5.9(c)). The new points created on the outer boundary are

shifted outwards to lie on the circle described by q = 1, preserving their azimuthal angle, f .

Therefore, the number of elements at refinement level n is equal to 4n. Each of the simulation

results presented below are performed at one of refinement levels 6, 7, or 8; corresponding

to 46 = 4096, 47 = 16,384 or 48 = 65,536 elements respectively (see the right-hand graph in

Figure 5.9(c), for the refinement level 6 mesh).

Both the number of elements and the interval between time steps vary between FEM simu-

lations. The number of elements is chosen to be the minimum necessary to resolve wavefronts

of degeneration, whilst the time intervals are the maximum that can be used whilst ensuring

convergence of the numerical solution.

Simulations for mutation-induced rod degeneration require only 4096 elements, whilst

simulations involving either mutation-induced cone degeneration or annular patch loss require

16,384 elements. Simulations involving a disc of photoreceptor loss are the most demanding,

requiring 65,536 elements. Fewer elements are required when there is a mutation-induced

loss of photoreceptors, since it is this loss, rather than the conditions at the wavefront, that

drives the propagation of hyperoxic degeneration. More elements are required for mutation-

induced cone loss than for mutation-induced rod loss, in order to resolve the wavefront of

degeneration propagating from the narrow peak in cone density at the centre of the retina.

Lastly, more elements are required for disc loss than for annular loss, in order to resolve the
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(a) Healthy oxygen and photoreceptor profiles.

(b) The hemispherical surface is projected verti-
cally downward onto the xy-plane for plotting.

(c) Examples of the finite element mesh for different levels of refinement, projected onto the xy-plane.

Figure 5.9: Graphs showing details of the FEM solution. (a) 3D solution profiles, (b) projec-
tion of the solution onto the xy-plane, (c) finite element meshes.
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more complex geometry of the resulting wavefront of degeneration.

Simulations in which rods and cones are grouped, that is where we use p and not pr and pc,

require time intervals of dt = 0.01, whilst those in which rods and cones are treated separately

(as pr and pc) require time intervals of dt = 10�3 for convergence.

Patch Loss

We begin by removing patches of photoreceptors to determine the patch sizes and locations

that will cause further degeneration. These patches represent the state of the system at possible

stages in the disease progression. We consider two shapes: annuli and discs.

Annulus The removal of an annulus in 2D is equivalent to the removal of a patch in 1D

(see simulations in Section 4.4.2). As with the 1D model, 4 distinct patterns of behaviour are

observed, corresponding to regions A–D in Figure 4.17 (see also Figure 5.10). In region A

degeneration stalls (Figure 5.10(a)), in region B degeneration progresses centrally, leaving a

central island of cones (Figure 5.10(b)), in region C degeneration progresses outward (Figure

5.10(c)) and in region D degeneration progresses both centrally and outward, again leaving

a central island of cones intact (Figure 5.10(d)). These simulations confirm that the 2D sim-

ulations agree with the 1D simulations in the previous chapter with regard to the patterns of

degeneration produced. The time taken to reach steady-state is less in the 2D simulations than

in 1D. This is because the widening of the wavefront, resulting from the decrease in the values

of Q and b for the 2D simulations, increases the size of the region where healthy photore-

ceptors are exposed to hyperoxia ahead of the wavefront, thus increasing the wave speed (see

discussion in Section 5.5.1). Since it is the pattern of degeneration, rather than its speed, that

interests us, this difference is unimportant.

Disc Histological data from humans and rats suggest that the initial loss of photoreceptors

occurs in roughly circular patches (see Cideciyan et al., 1998; Lee et al., 2011; Ji et al., 2012;

Garcı́a-Ayuso et al., 2013; Zhu et al., 2013). Therefore, we conducted a set of simulations
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(a) Region A: (q1,q2) = (0.4,0.6).

(b) Region B: (q1,q2) = (0.08,0.4).

(c) Region C: (q1,q2) = (0.6,0.9).

(d) Region D: (q1,q2) = (0.08,0.9).

Figure 5.10: Simulations of photoreceptor loss following the initial loss of an annulus of
photoreceptors. Left column: t = 1, right column: t = 10. Degeneration (a) stalls, (b) spreads
inwards, (c) spreads outwards and (d) spreads both inwards and outwards. Equations (5.46)–
(5.47) and (5.49)–(5.50) were solved using the FEM, with 16,384 elements and time step dt =
0.01. Parameter values: Q = 4.89⇥ 105, b = 7.23⇥ 105, Sc = 103 and S = 100. Remaining
parameter values as in Table 4.3.
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for a variety of disc eccentricities, qc = 0,0.1, . . . ,1.0, and radii y = 0.05,0.025,0.0125, the

results of which are summarised in Figure 5.11.

We kept the azimuthal position fixed at f̂c = p , since p̃ is radially symmetric, so that

results at other azimuthal angles would be identical. All simulations were run to t = 30, which

corresponds to approximately 10 years. Most simulations have reached steady-state by this

time; however, a few do not.

Figure 5.11 shows how the degenerate area at t = 30 varies with qc and y . An element is

termed degenerate if the photoreceptor density, p, at each of its nodes is less than or equal to

pcrit = 0.1. The areas plotted correspond to a sphere of radius 1, so that the total area of the

retina is approximately 4.8 (dimensionless). Recovery of the disc is possible since photorecep-

tors are removed through multiplication of the healthy initial conditions by smoothly varying

hyperbolic functions which are nowhere zero. This also means that photoreceptor loss within

the patch may be consolidated, such that the photoreceptor density decreases to zero within

the patch. It can be seen from Figure 5.11 that if degeneration occurs at all for a given qc, it is

more severe for larger y . We note also that the regions most prone to degeneration correspond

with the unstable regions identified in Figure 4.16, whilst those in which photoreceptor loss

stalls or recovers correspond with the stable regions.

Degeneration is most severe for qc � 0.8 (corresponding to the peripheral unstable region

in Figure 4.16). The time series for the case in which qc � 0.8 and y = 0.0125 is presented in

Figure 5.12, and is representative of these cases. The pattern of degeneration can be split into

a number of distinct stages: firstly, the loss of photoreceptors within the patch is consolidated;

secondly, the patch spreads outward, towards the periphery, until it reaches the ora serrata

(top-middle, t = 7); thirdly, degeneration spreads around the ora serrata in two arms, one

superior and the other inferior, whilst further (narrow) waves of degeneration, central to and

contiguous with the two arms, proceed outwards from the patch, in the same direction as the

original arms, thickening them (top-right, t = 10; bottom-left, t = 18; bottom-middle, t = 24);

fourthly, the two arms meet at (q ,f) = (1,0) (bottom-right, t = 30); and lastly, the secondary

waves of degeneration, that were formed after the two arms, complete their circuit around the
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Figure 5.11: Graph to show degenerate areas at time t = 30, following the initial loss of
a disc of photoreceptors. Results plotted for a range of disc eccentricities qc, and radii y .
Degeneration is most severe for qc < 0.2 and qc > 0.7, is entirely absent for 0.3  qc  0.4,
where photoreceptors within the disc regenerate, and is greater for larger y . Equations (5.46)–
(5.47) and (5.49)–(5.50) were solved using the FEM, with 65,536 elements and time step
dt = 0.01. The areas plotted are those produced on a sphere of radius 1. Parameter values:
Q = 4.89 ⇥ 105, b = 7.23 ⇥ 105, f̂c = p , Sc = 103, S = 100 and pcrit = 0.1. Remaining
parameter values as in Table 4.3.
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Figure 5.12: Simulation of photoreceptor loss following the initial loss of a disc of photorecep-
tors. The disc spreads outwards towards the periphery until it meets the ora serrata, after which
degeneration spreads around the ora serrata in two arms, one superior and the other inferior,
until they meet at the far side of the retina. The ring of degeneration then spreads centrally
before stalling. Equations (5.46)–(5.47) and (5.49)–(5.50) were solved using the FEM, with
65,536 elements and time step dt = 0.01. Parameter values: Q = 4.89⇥105, b = 7.23⇥105,
qc = 0.8, f̂c = p , y = 0.0125, Sc = 103 and S = 100. Remaining parameter values as in Table
4.3.

retina, leading to steady-state.

For qc = 0.7, photoreceptor loss within the disc consolidates, but does not spread (see

Figure 5.13(c)). For qc = 0.3 and 0.4 photoreceptors completely recover (see Figure 5.13(b)),

whilst for qc = 0.2, 0.5 or 0.6 the disc either consolidates, completely recovers, or recovers

in some areas whilst consolidating in others. For qc = 0, the disc consolidates and spreads

outwards a little (see Figure 5.13(a)).

For qc = 0.1 and y = 0.025 or 0.0125, the disc consolidates; however, for y = 0.05,

degeneration spreads in two arms, one superior and the other inferior, around the central cone

peak, until all photoreceptors in the central retina, including those in the cone peak, are lost

(see Figure 5.14).
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(a) Degenerate disc eccentricity: qc = 0.

(b) Degenerate disc eccentricity: qc = 0.3.

(c) Degenerate disc eccentricity: qc = 0.7.

Figure 5.13: Simulations of photoreceptor loss and recovery following the initial loss of a
disc of photoreceptors. Left column: t = 0.01 or 1, right column: t = 30. (a) the disc spreads
outwards before stalling, (b) the disc recovers and (c) the disc degenerates further, but does not
spread. Equations (5.46)–(5.47) and (5.49)–(5.50) were solved using the FEM, with 65,536
elements and time step dt = 0.01. Parameter values: Q = 4.89⇥105, b = 7.23⇥105, f̂c = p ,
y = 0.05, Sc = 103 and S = 100. Remaining parameter values as in Table 4.3.
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Figure 5.14: Simulation of photoreceptor loss following the initial loss of a disc of photore-
ceptors. The disc spreads outwards, enveloping the central retina, before stalling. Equations
(5.46)–(5.47) and (5.49)–(5.50) were solved using the FEM, with 65,536 elements and time
step dt = 0.01. Parameter values: Q= 4.89⇥105, b = 7.23⇥105, qc = 0.1, f̂c = p , y = 0.05,
Sc = 103 and S = 100. Remaining parameter values as in Table 4.3.
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Mutation-induced Rod Degeneration

Figure 5.15 shows a time series of rod and cone photoreceptor distributions, where photore-

ceptor loss is driven by mutation-induced rod degeneration. The loss of rods causes a rise

in oxygen levels, leading to the initiation of two waves of hyperoxic degeneration, first at

the ora serrata (top-middle, t = 30, Figure 5.15(a) and (b)) and later near the centre of the

retina (bottom-left, t = 90, Figure 5.15(a) and (b)). These waves progress inwards and out-

wards respectively, until they meet in the mid-periphery, leaving only a central island of cones

at steady-state (bottom-right, t = 150, Figure 5.15(a)and (b)). These results are consistent

with those of the 1D model (see Figure 4.22(a)), both in spatial pattern and timescale. The

timescales agree in this case, since it is the mutation-induced rod degeneration (the rate of

which is the same in the 1D and 2D cases), rather than the conditions at the wavefront, that

drives the propagation of hyperoxic degeneration.

Figure 5.16 shows the effect of mutation-induced rod degeneration on the stability of a disc

of photoreceptor loss. In the absence of mutation-induced rod loss, the patch consolidates, but

remains stable (see Figure 5.13(c)). The loss of rods causes the disc to become unstable

and spread, both outwards towards the ora serrata, and in the positive and negative azimuthal

directions. By t = 11 the patch has begun to connect with the centrally spreading annulus

of degeneration (see the bottom-left graphs in Figures 5.16(a) and (b)). By t = 30 the disc

is still discernible as a thickening of the annulus, reminiscent of the pattern of degeneration

produced by the spreading of a more eccentric disc in the bottom-left graph of Figure 5.12

(see the bottom-right graphs in Figures 5.16(a) and (b)).

Mutation-induced Cone Degeneration

Figure 5.17 shows a time series of rod and cone photoreceptor distributions, where photore-

ceptor loss is driven by mutation-induced cone degeneration. The loss of cones causes a rise

in oxygen levels, predominantly in the central retina, where the cone density is highest. This

causes the complete loss of photoreceptors in the central retina. These results are consistent

with those of the 1D model (see Figure 4.23) in that they both show degeneration of the central
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(a) Rod density, pr(q ,f , t).

(b) Natural logarithm of cone density, log(pc(q ,f , t)). The colour scale corresponds to the
range of values taken by log(pc) at t = 1. Whilst log(pc) drops beneath this range for t > 1,
these lower values are displayed in the same colour as the lowest value in the range at t = 1, so
that the pattern of degeneration is not obscured.

Figure 5.15: Simulation of photoreceptor loss with mutation-induced rod degeneration. (a)
rod density, (b) natural logarithm of the cone density. Degeneration initially proceeds inwards
from the ora serrata. A wave of degeneration then initiates near the centre of the retina,
meeting the outer wave in the mid-periphery. Only a central island of cones is preserved at
steady-state. Equations (5.50)–(5.54) were solved using the FEM, with 4096 elements and
time step dt = 10�3. Parameter values: Q = 4.89⇥105, b = 7.23⇥105, fr = 6.6⇥10�3 and
Sc = 103. Remaining parameter values as in Table 4.3.
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(a) Rod density, pr(q ,f , t).

(b) Natural logarithm of cone density, log(pc(q ,f , t)). The colour scale corre-
sponds to the range of values taken by log(pc) at t = 1. Whilst log(pc) drops
beneath this range for t > 1, these lower values are displayed in the same colour
as the lowest value in the range at t = 1, so that the pattern of degeneration is
not obscured.

Figure 5.16: Simulation of photoreceptor loss with mutation-induced rod degeneration and an
initial degenerate disc. (a) rod density, (b) natural logarithm of the cone density. The disc
spreads outwards towards the ora serrata and in the positive and negative azimuthal directions.
Equations (5.50)–(5.54) were solved using the FEM, with 65,536 elements and time step dt =
10�3. Parameter values: Q = 4.89⇥105, b = 7.23⇥105, fr = 6.6⇥10�3, Sc = 103, S = 100,
qc = 0.7, fc = p and y = 0.05. Remaining parameter values as in Table 4.3.
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retina; however, the 2D model does not show the later loss of photoreceptors at the periphery,

demonstrated by the 1D model. In the 1D simulation, hyperoxic degeneration begins at the ora

serrata at t = 208, whereas in the 2D simulation it has still not begun by t = 135, at which point

the cone density at the ora serrata has reduced by the same amount as in the 1D simulation at

t = 270, since the value of fc in the 2D simulation is twice that in the 1D simulation. Since

cone density is negligible at the ora serrata, the effects of cone loss in this region are subtle.

Only a slight difference between the 1D and 2D simulations would therefore be required to

give rise to this difference in results. If the reduced values of Q and b from the 2D simula-

tions are used in the 1D simulation, hyperoxic degeneration does not initiate at the ora serrata

(results not show), suggesting that this is the cause of the discrepancy. This case is extremely

marginal, the sensitivity to the values of Q and b resulting from the fact that ccrit = 0.67 has

been chosen to lie just above the healthy oxygen concentration at the ora serrata. For instance,

increasing ccrit to 0.68 prevents hyperoxic degeneration from initiating at the ora serrata for

either set of values of Q and b . Since the vales of Q, b and ccrit will differ a little between

individuals, we therefore anticipate that hyperoxic degeneration will initiate at the ora serrata

under mutation-driven cone degeneration in only a subset of affected individuals.

Treatment with Antioxidants or Trophic Factors

Figure 5.18 summarises the effects of treatment, portraying changes in the degenerate retinal

area over time for a range of scenarios . We observe that the effectiveness of treatment depends

upon the type of degeneration, the stage at which it is applied and the strength of the treatment.

In each of the following simulations the treatment strength is the same, with ccrit1 = 0.67 and

ccrit2 = 0.13. The areas plotted correspond to a sphere of radius 1, so that the total area of the

retina is approximately 4.8 (dimensionless). As with the disc loss results presented above, an

element is termed degenerate if the photoreceptor density, p, at each of its nodes is less than

or equal to pcrit = 0.1.

For the cases where a patch of photoreceptors is removed, treatment either causes degen-

eration to stall earlier, with a lower degenerate area (Figures 5.18(a) and 5.18(c)), or results in
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(a) Rod density, pr(q ,f , t).

(b) Natural logarithm of cone density, log(pc(q ,f , t)). The colour scale corresponds to the range
of values taken by log(pc) at t = 1. Whilst log(pc) drops beneath this range for t > 1, these lower
values are displayed in the same colour as the lowest value in the range at t = 1, so that the pattern
of degeneration is not obscured.

Figure 5.17: Simulation of photoreceptor loss with mutation-induced cone degeneration. (a)
rod density, (b) natural logarithm of the cone density. Left column: t = 1, right column: t = 90.
Hyperoxic degeneration initiates at the centre of the retina and then stalls after spreading a
short distance. Equations (5.50), (5.54) and (5.57)–(5.59) were solved using the FEM, with
16,384 elements and time step dt = 10�3. Parameter values: Q = 4.89⇥105, b = 7.23⇥105,
fc = 1.3⇥10�2 and Sc = 103. Remaining parameter values as in Table 4.3.
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the recovery of photoreceptors (Figure 5.18(b)). We note that the extent of recovery may be

exaggerated here, since photoreceptors may be unable to recover if they have been exposed to

hyperoxia for a sufficient period of time. For the case involving mutation-induced rod degen-

eration, hyperoxic degeneration is delayed, but will eventually proceed (Figure 5.18(d)). This

is because, whilst the rise in ccrit temporarily renders the retina normoxic, the continued loss

of rods (which dominate over cones in most of the retina) eventually causes oxygen levels to

rise above the new value of ccrit , causing hyperoxic degeneration to recommence. Degenera-

tion also stalls when treatment is applied during mutation-induced cone degeneration (Figure

5.18(e)).

Figure 5.18(a) corresponds to the scenario in Figure 5.10(d), where treatment results in

the stalling of the inward and outward progression of the degenerate annulus, preserving the

edge of the peripheral retina and the central retina. Figure 5.18(b) corresponds to the scenario

in Figure 5.14, where treatment results in the retraction of the arms of degeneration from

around the central retina back towards the patch, preserving the central retina. Figure 5.18(c)

corresponds to the scenario in Figure 5.12, where treatment results in the stalling of degen-

eration, shortly after the two arms of degeneration begin to form, preserving the peripheral

retina. Lastly, Figures 5.18(d) and 5.18(e) correspond to the scenarios in Figures 5.15 and

5.17 respectively.

5.7 Discussion

In this chapter we have investigated the effect of capillary loss on the progression of photore-

ceptor degeneration in 1D and extended our work from Chapter 4 into 2D.

Asymptotic analysis of the capillary loss problem shows that capillary loss must extend to

within O(e) of, and preferably be coincident with, the margins of a degenerate photoreceptor

patch to prevent further photoreceptor degeneration in those cases where it would proceed in

the absence of capillary loss (Section 5.3). This is because the presence of the degenerate

patch of capillaries can only influence the oxygen concentration at the edge of the patch of
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(a) Annulus, region D: (q1,q2) =
(0.08,0.9). Equations (5.46)–(5.47)
and (5.49)–(5.50) were solved using
the FEM, with 16,384 elements and
time step dt = 0.01. Parameter values:
S = 100 and tcrit = 2.

(b) Disc: (qc, f̂c,y) = (0.1,p,0.05).
Equations (5.46)–(5.47) and (5.49)–
(5.50) were solved using the FEM,
with 65,536 elements and time step
dt = 0.01. Parameter values: S = 100
and tcrit = 4.

(c) Disc: (qc, f̂c,y) =
(0.8,p,0.0125). Equations (5.46)–
(5.47) and (5.49)–(5.50) were solved
using the FEM, with 65,536 elements
and time step dt = 0.01. Parameter
values: S = 100 and tcrit = 10.

(d) Mutation-induced rod degenera-
tion: fr = 6.6 ⇥ 10�3. Equations
(5.50)–(5.54) were solved using the
FEM, with 4096 elements and time
step dt = 10�3. Parameter values:
tcrit = 30.

(e) Mutation-induced cone degener-
ation: fc = 1.3 ⇥ 10�2. Equations
(5.50), (5.54) and (5.57)–(5.59) were
solved using the FEM, with 16,384 el-
ements and time step dt = 10�3. Pa-
rameter values: tcrit = 50.

Figure 5.18: Graphs to show the effect of treatment on the change in degenerate area over time for
a range of scenarios. (a)–(c) contain initial degenerate patches, whereas (d) and (e) do not. The areas
plotted are those produced on a sphere of radius 1. Parameter values: Q = 4.89⇥105, b = 7.23⇥105,
Sc = 103, ccrit1 = 0.67, ccrit2 = 0.13 and pcrit = 0.1. Remaining parameter values as in Table 4.3.
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photoreceptor loss if it lies within the (O(e) in width) boundary layer extending from the

edge of the degenerate photoreceptor patch. This was confirmed by numerical simulations

(Section 5.4.1). This model prediction could be tested experimentally, using a laser to ablate

the choroid in those regions from which photoreceptors are absent. This could also be used as

a treatment strategy for RP, similar to those presently used to treat macular degeneration (see,

for instance, Coleman et al., 2008; Jager et al., 2008).

Dynamic simulations of the capillary loss problem reveal that capillary degeneration may

prevent, reverse or retard photoreceptor degeneration, though, as noted in Section 5.4.2, re-

covery is likely to be limited in vivo. Further experimental work is needed to determine the

rate of capillary degeneration and thereby to predict its effect upon photoreceptor degenera-

tion. Experimental work is also required to elucidate the nature of the dependence of the CC

upon photoreceptors and the spatio-temporal pattern of photoreceptor, RPE and CC loss. Such

information would allow for a more mechanistic, as opposed to phenomenological, modelling

approach.

Simulations in 2D serve to confirm and extend our 1D results, revealing several new pat-

terns of degeneration, not accessible to the 1D model (Section 5.6).

Simulations involving an initial annulus of degenerate photoreceptors are directly compa-

rable to those involving an initial patch of photoreceptor loss in 1D. They show the same four

patterns of degeneration as in 1D, either remaining stationary, progressing inwards, progress-

ing outwards, or progressing both inwards and outwards (Figure 5.10). In all cases a central

island of cones is preserved, as in 1D. These concentric patterns of progression are similar

to those described by Robson et al. (2003, 2004, 2006, 2008, 2011); Popović et al. (2005);

Murakami et al. (2008); Lima et al. (2009, 2012); Escher et al. (2012) (see Section 1.3.3 for

more details).

The move into a 2D geometry allows us to break the axisymmetry assumed in the 1D

model. We do this by removing a disc of photoreceptors, for a range of disc radii and ec-

centricities. These represent the circular patches of loss observed in the early stages of RP in

humans and rats (Cideciyan et al., 1998; Lee et al., 2011; Ji et al., 2012; Garcı́a-Ayuso et al.,
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2013; Zhu et al., 2013). Four types of behaviour were observed: recovery; recovery in some

areas of the disc, with consolidation in others; consolidation across the disc; and consolidation

and spreading of degeneration.

In those cases where degeneration spreads, two patterns of degeneration are noteworthy.

In the first pattern, a disc near the edge of the retina expands until it meets the ora serrata,

spreading around the rim of the retina in two arms which meet on the opposite side of the retina

(Figure 5.12). This mode of degeneration could explain the aetiology of the later stages of the

third pattern of visual field loss described by Grover et al. (1998) (see Section 1.3.4 and Figure

1.9). In this case, following the formation of a mid-peripheral ring scotoma, degeneration

expands at one location, either superior of inferior, toward the ora serrata, leaving a U- or n-

shaped peripheral visual field, the arms of which retract from both sides until peripheral vision

is lost.

This pattern of degeneration is also similar to the second pattern of visual field loss de-

scribed by Grover et al. (1998), where degeneration winds around the mid-periphery (see

Figure 1.9). The key differences between our simulations and Grover et al.’s observations

are that the arms of degeneration observed by Grover et al. are often located more centrally

within the mid-periphery, leaving large regions near the ora serrata untouched and that one

of the arms proceeds more rapidly around the retina than the other, whilst ours are perfectly

symmetrical (in terms of the azimuthal angle) either side of the initial disc of loss. The second

of these two discrepancies may be due to variations in the photoreceptor distribution in the

azimuthal direction, or asymmetries in the initial conditions, not captured in our model. It is

hard to see how the first discrepancy could be accounted for by the oxygen toxicity hypothe-

sis, given that it predicts that waves of degeneration should stall as they move more centrally

within the mid-periphery, suggesting that an additional mechanism is at work here.

In the second noteworthy pattern of degeneration produced by our disc loss simulations, a

disc near the centre of the retina expands around the cone island, surrounding and eliminating

it, resulting in a degenerate central retina (Figure 5.14). This pattern of degeneration is similar

to the parafoveal or perifoveal ring scotomas observed in patients with pattern 1B visual field
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loss (Grover et al., 1998) (see Figure 1.9). The key difference is that the central cone island

is preserved in Grover et al.’s observations. Since the cone island is always preserved in our

1D patch loss simulations (see Section 4.4) it is likely that our 2D simulations would show the

same behaviour, were we to use the original values of Q and b , and a much finer mesh. Since

this would make the problem computationally infeasible given the resources available, we are

unable to test this hypothesis; however, based upon our analysis in Section 4.3.3, it is likely to

be correct.

Mutation-induced rod degeneration gives rise to the first pattern of degeneration observed

by Grover et al. (1998), involving a concentric loss of the visual field, starting at the far-

periphery and progressing inward (Figure 5.15, see also Figure 1.9). In particular, it cor-

responds to the form of pattern 1 degeneration which also involves a loss of parafoveal or

perifoveal photoreceptors (see Section 4.4.3 for a similar result in 1D). It may be that, in those

cases where parafoveal and perifoveal photoreceptors are preserved, mutation-induced rod

loss is less severe in this region (spatial variation in the rate of rod loss has been quantitatively

measured in the healthy ageing human retina, but not the RP retina, see Curcio et al., 1993).

Further experimental work is required to test this hypothesis. The mutation-induced loss of

rods can also give rise to the destabilisation of a degenerate patch of photoreceptors (Figure

5.16) suggesting one means by which the first small patches of loss may grow.

Mutation-induced cone degeneration leads to the complete loss of photoreceptors in the

central retina (Figure 5.17). This is consistent with the disease progression in cone-rod dys-

trophies described by Hamel (2007).

Lastly, treatment with antioxidants or trophic factors stalled or reversed photoreceptor de-

generation in patch loss simulations, delayed photoreceptor degeneration in mutation-induced

rod loss simulations and stalled photoreceptor degeneration in mutation-induced cone loss

simulations (Figure 5.18). Further experimental work is required to test our predictions as to

the effects of these treatments upon the spatio-temporal pattern of degeneration.

The work in this chapter could be extended in a number of ways. Instead of the direct

dependence of the CC upon photoreceptors assumed in this chapter, the complex interdepen-
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dence of photoreceptors, RPE, CC and VEGF could be captured in the model (assuming the

cellular and biochemical details could be experimentally determined). The spatio-temporal

patterns of photoreceptor loss generated with photoreceptor distributions corresponding to

mammals, such as mice, rats and pigs could also be explored. This may allow us to explain

some of the differences in disease progression between human and animal models of RP (see

Section 1.3.3). Capillary loss could be incorporated into the 2D model in the same way as with

the 1D model. A more realistic photoreceptor distribution, with variation in the azimuthal di-

rection and inclusion of the optic disc could be used in the 2D model, using data such as that

in Curcio et al. (1990). The present model could also be enhanced by moving into 3D and

incorporating the complex, layered structure of the retina, complete with deep and superficial

retinal capillary layers and regional variations in layer widths and vasculature. The 3D model

could also include constriction and atrophy of the retinal capillary layers in response to hy-

peroxia (which occurs earlier than the degeneration of the CC) as well as shortening of the

photoreceptor OSs, bringing the oxygen-sensitive ISs closer to the CC. Lastly, models for the

rod trophic factor and rod toxic substance hypotheses could be constructed, in 1D and in 2D,

adapting the modelling framework developed in the present and previous chapters. The rod

toxic substance hypothesis in particular has the potential to display preferential photorecep-

tor loss in the rod-rich region of the mid-periphery, and so to replicate patterns 2 and 3 from

Grover et al. (1998), since it is here that the highest levels of toxic substance will be produced.

In conclusion, dynamic capillary loss may slow, prevent or reverse degeneration, whilst

a patch of capillary loss would need to be essentially coincident with the edge of a patch

of photoreceptor loss in order to prevent further photoreceptor degeneration. The 2D model

is able to capture the pattern 1 degeneration observed by Grover et al. (1998), as well as

elements of pattern 2 and 3 degeneration; however, it is unable to explain the preferential

loss of photoreceptors in the rod-rich portion of the mid-periphery, which forms an important

part of patterns 2 and 3, demonstrating that additional mechanisms must be responsible. In

many ways this is the most important result of the 2D model, as it shows the limitations of the

oxygen toxicity hypothesis. On the other hand, our simulations predict the preservation of the
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central island of cones, a feature which is difficult to explain on either of the main alternative

hypotheses: rod trophic factor and rod toxic substance (see Section 1.3.5). Lastly, treatment

with antioxidants or trophic factors may halt or reverse photoreceptor loss in the patch loss

case, may delay photoreceptor loss in the mutation-induced rod degeneration case and halt

photoreceptor loss in the mutation-induced cone degeneration case.

In the next and final chapter we summarise and discuss the findings of this thesis, suggest

directions for future research and draw conclusions.
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Chapter 6

Discussion

The retina is remarkable. Conferring upon us the gift of vision, it enables us to perceive the

world in a way unparalleled by any other tissue. To remain functional, it must be supplied

with an appropriate level of oxygen. Too little, and it will starve. Too much, and it will be

poisoned. In this thesis we have used mathematical models to explore these two scenarios. In

the former, we examined the effect of the protein neuroglobin in the prevention of hypoxia,

whist in the latter, we considered hyperoxia as a prospective cause behind the spread of reti-

nal degeneration in the group of inherited retinal dystrophies, known collectively as retinitis

pigmentosa.

In what follows we summarise the main results of this thesis and suggest directions for

future research, before drawing final conclusions.

6.1 Summary

In Chapter 2 we investigated the role of Ngb in oxygen transport and storage using a 1D model

on a domain representing a single cellular layer, supplied at one end by a capillary bed. The

model was formulated as a system of four reaction-diffusion PDEs for oxygen and the three

forms of Ngb. Solving these equations using the method of lines and the FEM, it was shown

that Ngb may prevent or alleviate hypoxia by transporting oxygen from regions in which it
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is rich to regions in which it is poor. However, Ngb’s role in storage is much more doubtful,

since the Ngb concentration must be high and the challenge to the retina very brief (at most a

few seconds) in order for Ngb to prevent hypoxia.

Analysis of a simplified version of this model demonstrated that Ngb increases the maxi-

mum domain length that can be supported under normoxia and the minimum oxygen concen-

tration in an otherwise normoxic retina, playing an increasingly important role as oxygen sup-

ply diminishes. Our analysis also showed that, contrary to the prevailing assumption, Ngb’s

oxygen affinity, far from limiting its ability to transport oxygen, is in fact near optimal for this

process. At the least, this eliminates an argument against Ngb as an oxygen transporter. It also

suggests that natural selection may have tuned this parameter to optimise transport.

In Chapter 3 we used an eight layer model to explore the role of Ngb in oxygen transport

and storage in a physiologically human retina. The model was formulated as a system of four

reaction-diffusion equations in 1D, as for the single layer model; however, in this case the

domain spans four cellular layers, from the retinal pigment epithelium to the inner limiting

membrane. This is the first time that a model has been constructed to include the dynamics

of both oxygen and Ngb across the entire retina. The system was solved using the method of

lines and the FEM.

It was found that, provided Ngb is distributed appropriately between the retinal layers

and is present in sufficient quantities within those layers, Ngb could prevent either inner or

outer retinal hypoxia, for average retinal concentrations within biologically realistic limits.

The model also shows that, whilst the compartmentalisation of Ngb within cells limits oxygen

transport, it does not prevent Ngb in one compartment from raising the oxygen concentration

in other compartments.

Whilst Ngb’s effect on the minimum oxygen concentration is subtle on the scale of the

maximum retinal concentration, it is significant on the scale of the hypoxic threshold. Fur-

thermore, since the Michaelis-Menten curve is steepest in the neighbourhood of this threshold,

the addition of Ngb may increase the minimum rate of oxygen consumption by as much as

30–40%.
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As with the single layer model, the eight layer model results indicate that Ngb is unlikely

to play an important role in oxygen storage, unless the challenge to the retina was at most a

few seconds long.

Asymptotic analysis of the Ngb-free version of this model demonstrated that the assump-

tion of a piecewise constant rate of oxygen consumption is valid, provided that the oxygen

concentration does not drop to hypoxic or near-hypoxic levels. This condition is satisfied for

the majority of existing models. In those cases where hypoxia does occur, a quadratic approxi-

mation is still valid; however, the coefficients must be modified as described in Chapter 3. This

places existing models of retinal oxygen consumption on a stronger theoretical foundation.

In Chapter 4 we explored the effects of hyperoxia driven photoreceptor degeneration as a

potential mechanism behind the progression of RP. The model was formulated as a system of

two or three PDEs for oxygen concentration and either photoreceptor density or rod and cone

densities, defined on a 1D domain spanning the region between the foveal centre and the ora

serrata. This is the first model of RP to account for the characteristic distribution of rod and

cone photoreceptors in the human retina, and hence the first to be capable of explaining and

predicting the spatio-temporal pattern of photoreceptor loss. It is also the first to examine the

oxygen toxicity hypothesis. The conditions under which a patch of photoreceptor loss will

expand were determined using an asymptotic analysis and verified numerically using a finite

difference discretisation of the steady-state problem.

It was found that the retina may be divided into an alternating series of two stable and

three unstable regions, between the centre of the fovea and the ora serrata. Stable regions

correspond to areas with high photoreceptor density and unstable regions to areas with low

photoreceptor density. The only exception is at the centre of the fovea, where there exists a

narrow unstable region, despite the high cone density in this location. This region is unstable

precisely because it is so narrow: the width of the region is insufficient to support normoxic

conditions when the surrounding retina is dystrophic.

A degenerate patch will remain stationary provided that both boundaries lie within a stable

region. If a boundary lies within an unstable region, it will propagate outwards until it reaches
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either the edge of the domain or the boundary of a stable region. (In this way, regions with

high photoreceptor density act as a barrier to the spread of degeneration via hyperoxia.) The

exception to this rule is when the degenerate patch is very narrow. In this case the patch

may remain stationary in regions where wide patches would spread, provided the patch is

sufficiently narrow.

Patch loss may result in the loss of photoreceptors around the edge of the retina and in the

parafoveal and perifoveal regions; however, the fovea, together with most of the mid-periphery

will be spared, since they lie within stable regions. Inclusion of mutation-induced rod degener-

ation into the model causes waves of hyperoxic degeneration to propagate from the ora serrata

and the parafoveal/perifoveal region, sparing only the fovea, whilst mutation-induced cone

degeneration causes an early hyperoxic loss of photoreceptors in the fovea, which may be

followed by the propagation of a wave of hyperoxic degeneration through the peripheral un-

stable region, initiating at the ora serrata. These patterns of degeneration correspond to some

of those observed in rod-cone and cone-rod dystrophies (e.g. Grover et al. patterns 1A and

1B, see Figure 6.1 for 2D examples); however, some of the patterns observed in rod-cone dys-

trophies cannot be replicated, due in part to the fact that we are working in 1D (e.g. patterns 2

and 3).

It was found that the wave speed of hyperoxic degeneration is negatively correlated with lo-

cal photoreceptor density: higher densities corresponding to lower speeds and lower densities

to higher speeds. We suggested that this is because the width of the photoreceptor-containing

hyperoxic region ahead of the wavefront is wider where the local photoreceptor density is

lower.

Treatment with antioxidants or trophic factors is predicted to have the potential to prevent,

halt or reverse degeneration in the case of patch loss, whilst it may delay degeneration in

the cases of mutation-induced rod or cone loss. We note that in vivo recovery is likely to be

minimal, since most photoreceptors will have degenerated past the point of recovery once the

hyperoxic wavefront has passed by.

In Chapter 5 we extended the model from Chapter 4 in two ways: firstly by incorporating
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degeneration of the choriocapillaris into the 1D model and secondly by expanding the original

1D model into 2D, spanning a spherical surface between the foveal centre and the ora serrata.

This is the first time that a 2D model of RP has been constructed.

Asymptotic analysis of the steady-state 1D capillary loss problem showed that a patch of

capillary loss must be essentially coincident with a patch of photoreceptor loss in order to pre-

vent the spread of degeneration in those cases where degeneration would spread in the absence

of capillary loss. This was confirmed by numerical solutions of the steady-state problem using

a finite difference discretisation. Numerical (method of lines) solutions of the dynamic prob-

lem revealed that capillary loss may prevent, reverse or retard photoreceptor degeneration,

though recovery is likely to be limited in vivo.

Finite element solutions of the 2D problem confirmed the results from the 1D model,

whilst allowing us to observe patterns of degeneration inaccessible to the 1D model. In par-

ticular, when a disc of photoreceptors is removed, two new patterns are observed. For the first

pattern, a disc is removed from near the ora serrata. Having spread toward the ora serrata,

degeneration proceeds around the edge of the retina in two arms, until they meet on the far

side of the retina. For the second pattern, a disc is removed near the centre of the retina. De-

generation then spreads through the parafoveal/perifoveal region around the fovea, leading to

the loss of all photoreceptors in the central retina. These patterns are amongst those observed

in RP (e.g. Grover et al. patterns 1 and 3, see also Figure 6.1), confirming the explanatory

efficacy and sufficiency of the oxygen toxicity hypothesis for some patterns of disease pro-

gression; however, there are some distinctive patterns of degeneration that the 2D model is

unable to reproduce, namely those that involve preferential loss of mid-peripheral photorecep-

tors (e.g. Grover et al. pattern 2 and the initial pattern of loss in pattern 3). This suggests that

additional mechanisms for the spread of photoreceptor degeneration are at work, in addition

to oxygen toxicity. Thus we have demonstrated the strengths and limitations of the oxygen

toxicity hypothesis in explaining the spatio-temporal progression of RP, where before there

was only (hand-waving) speculation.

As with the 1D model, treatment with antioxidants or trophic factors results in predictions
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Figure 6.1: Comparison between in vivo patterns of photoreceptor degeneration and those
predicted using our FEM simulation. Both pattern 1B and the peripheral spread of pattern 3
are replicated by the model. Left: in vivo. Right: FEM. Top: Pattern 1B. Bottom: Pattern 3.

of the prevention, halt, delay or reversal of degeneration.

6.2 Future Work

The work described above suggests a number of avenues for future research. These may be

divided into two types: those of an experimental nature and those of a theoretical nature.

6.2.1 Experimental

In relation to our work on Ngb, detailed quantitative measurements of Ngb concentrations

within each of the retinal layers, and for a range of eccentricities and azimuthal positions,

would enable us to test whether Ngb is present in humans in the concentrations that we suggest

would be required for Ngb to play a significant role in oxygen transport. Measurements of this

type in humans and in other species would enable us to test the further hypothesis that Ngb is

always most highly concentrated in those regions of the retina that are in greatest danger of
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hypoxia. They would also allow us to test whether Ngb concentrations vary with eccentricity

and azimuthal position, in accordance with regional variations in oxygen supply and demand

within individual eyes.

It would be of great interest to test whether the oxygen affinity of Ngb varies between

species in direct proportion to the square root of the average oxygen concentration at the

choriocapillaris or retinal capillaries, as suggested by our analysis. It would also be of interest

to determine if there exist scenarios in which the retina is challenged by an increase in oxygen

demand or a decrease in supply, lasting on the order of a few seconds, in which oxygen storage

by Ngb would be predicted to play an important role in the prevention of hypoxia.

Our work on RP suggests a number of avenues for experimental research. Of the greatest

help in testing our predictions for the spatial spread of degeneration and in forming and test-

ing future models would be a series of detailed longitudinal studies in humans, measuring the

precise position of the boundaries of degenerate photoreceptor, retinal pigment epithelium and

choriocapillaris patches at each disease stage, together with the rod and cone densities across

the retina at each stage. This would also enable us to determine the rate of mutation-induced

rod or cone loss (and whether this varies across the retina), together with the rate of degen-

eration of the choriocapillaris, as well as demonstrating the order in which photoreceptors,

retinal pigment epithelium and choriocapillaries are lost. Provided measurements were made

sufficiently frequently, the velocity of the wavefront of degeneration could also be calculated

and the prediction that wave speed is negatively correlated with local photoreceptor density

tested. These measurements could also be carried out in patients undergoing treatment with

antioxidants or trophic factors, to compare the effects of treatment with those predicted by our

model.

Animal models could be used to test whether ablation of the choriocapillaris is sufficient

to halt or delay degeneration, as predicted by our analysis.

Lastly, examination of the detailed biochemistry behind oxidative damage as well as the

action of antioxidants and trophic factors, would enable us to form more detailed mechanistic

models.

211



6.2.2 Theoretical

In addition to the experimental work described above, there are a number of directions in

which new theoretical work could proceed.

With regard to the work on Ngb, the magnitude of Ngb’s histidine dissociation rate could

be allowed to vary in response to the local oxygen concentration, in order to determine the

extent to which this would enhance its oxygen transport and storage properties. The eight

layer model could be adapted to explore the effect of Ngb at other retinal locations, or in other

species. The model could also be expanded into 2D or 3D and more detailed descriptions of

cell metabolism and blood flow incorporated. Cytoglobin could also be included in the model,

to examine the degree to which it could augment Ngb in oxygen transport and storage.

Our modelling work on RP could also be extended in a number of ways. Capillary loss

could be incorporated into the 2D model. We could also use a more detailed healthy photore-

ceptor distribution with variation in the azimuthal direction and examine how this affects the

patterns of degeneration generated. Photoreceptor distributions corresponding to other mam-

mals such as rats, mice and pigs could also be modelled, to determine the spatio-temporal

patterns of degeneration that would result in these cases. This may allow us to explain, at

least in part, the differences in the pattern of disease progression between animal and humans

models of RP.

The model could be extended to 3D, accounting for the complex, layered structure of the

retina, including the retinal capillary layers. In this case, a hybrid approach, such as that used

by McDougall et al. (2012), could be taken, modelling the respectively lobular and branched

structures of the choroidal and retinal capillaries as discrete entities (for details of this mod-

elling approach, see the reviews by Mantzaris et al., 2004; Peirce, 2008). Details of the blood

flow within the vascular network could also be included and coupled to intravascular, and

hence extravascular, oxygen levels (for details of this approach, see the review by Chaplain

et al., 2006). To capture the pathology of RP, the dynamic adaptation of blood vessels to hy-

peroxia or changes in VEGF levels via constriction and/or atrophy could also be incorporated,

as could shrinkage of the photoreceptor outer segments.
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Whilst the hybrid approach described above would capture the physiology of the retina in

detail, it would be analytically intractable. A complementary approach that would overcome

this weakness, would be to use homogenization to capture the micro level details of capillary

architecture at the macro level, giving rise to a continuum description in terms of the vascular

density (for examples of this approach, see Chapman et al., 2008; Shipley and Chapman,

2010).

Details of the biochemical pathways involved in oxidative damage and the action of antiox-

idants and trophic factors could also be included in the model, once they have been mapped out

experimentally. Lastly, models could be constructed for the rod trophic factor and rod toxic

substance hypotheses, using the modelling framework developed here. In particular, the rod

toxic substance model has the potential to explain the loss of mid-peripheral photoreceptors,

given that the toxin producing rods are most highly concentrated in his area.

6.3 Conclusion

The past few decades have seen great advances in our understanding of the physiology and

biochemistry of the retina in both healthy and diseased states. However, whilst there have been

innumerable experimental and clinical studies, the retina has received little attention from

the mathematical modelling community. Mathematics has a clear role to play in this area,

enabling us to test hypotheses and isolate mechanisms in a way that would not be possible in

an experimental setting. In this thesis we have done just that, exploring the utility of Ngb in

oxygen transport and storage, and isolating hyperoxia as a cause behind retinal degeneration in

RP. Furthermore, these models have enabled us to make predictions that were unlikely to have

been generated in the absence of modelling, and which can be tested experimentally. Thus,

this thesis forms the first loop, in what has the potential to be a fruitful experimental/modelling

cycle.
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Appendix A

Parameter Estimates

A.1 The Width of the Retina and its Layers (Li and L̃)

The total width of the retina, measured from Bruch’s membrane to the ILM, varies between

a maximum of 320 µm (at the foveal rim) and a minimum of 80 µm (at the ora serrata,

Webvision, http://webvision.med.utah.edu/, see Figure A.1). Thus we choose values

for the width of the retina, L, in this range, scaling the independent spatial variable x with the

minimum retinal width, L̃ = 80µm, upon non-dimensionalisation.

Based upon Figure A.1 we consider a retinal width of 250 µm to be typical. By inspec-

tion of a micrograph of the retina and choroid of a normal rat given in Yu et al. (1994) and

reproduced in Figure A.2, we approximate the percentage width of each retinal layer and scale

relative to the typical retinal width to give the absolute widths in Table A.1. Since the rat retina

is anatomically very similar to that of the human retina, we expect the relative widths of the

retinal layers to be similar also.

A.2 Oxygen Solubility (k)

The solubility of oxygen has not been measured in the retina (Linsenmeier and Braun, 1992).

Our value for the solubility of oxygen in retinal tissue, k = 2.4⇥10�5 LO2(L tissue·mmHg)�1,
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Table A.1: Percentage and absolute widths of the tissue layers in a typical section through
the retina. RPE: retinal pigment epithelium. OSs: photoreceptor outer segments. ISs: pho-
toreceptor inner segments. ONL: outer nuclear layer. OPL: outer plexiform layer. INL: inner
nuclear layer. IPL: inner plexiform layer. GCL: ganglion cell layer. NFL: nerve fibre layer.

Retinal Layer Percentage Width (%) Width (µm) Cumulative Width (µm)
RPE 2 5 5
OSs 9 22.5 27.5
ISs 9 22.5 50
ONL 20 50 100
OPL 5 12.5 112.5
INL 20 50 162.5
IPL 25 62.5 225
GCL and NFL 10 25 250

Figure A.1: Diagram to show the width of the retina across the horizontal meridian for a range
of eccentricities. The retina is shown in profile. All widths given in mm. The numbers in red
are more accurate. Figure reproduced, with permission and modifications, from Webvision,
http://webvision.med.utah.edu/.
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Figure A.2: Micrograph of the retina and choroid of a normal rat at a distance of two disc
diameters from the optic disc. Magnification ⇥ 280. BM: Bruch’s membrane. OS: photore-
ceptor outer segment(s). IS: photoreceptor inner segment(s). ONL: outer nuclear layer. OPL:
outer plexiform layer. INL: inner nuclear layer. IPL: inner plexiform layer. GC: ganglion cell
layer. NF: nerve fibre layer. Figure reproduced, with permission, from Yu et al. (1994).

216



is that used by Linsenmeier and Braun (1992); Braun et al. (1995) and was originally derived

from the value in blood at 37�C (Goldstick, 1973; Linsenmeier and Braun, 1992). It is similar

to the values measured in the brain. For example, Ganfield et al. (1970) measured a value of

k = 1.89⇥10�5 LO2(L tissue·mmHg)�1 in the cat cerebral cortex. Fago et al. (2004b) use a

similar value of k = 3.9⇥ 10�5 LO2(L tissue·mmHg)�1. Following Braun et al. (1995), we

assume that k is constant across the retina.

A.3 The ppO2 at the Choriocapillaris (cc and c̃)

We assume the ppO2 at the edge of the RPE adjacent to the CC to be approximately cc = 60

mmHg (Wangsa-Wirawan and Linsenmeier, 2003). Whilst this value has not been measured

in humans, this is within the range of values measured in the macaque monkey (Birol et al.,

2007), which has a retinal physiology similar to that of humans. We also use this as the

reference ppO2, c̃, with which we scale oxygen concentrations upon non-dimensionalisation.

A.4 The ppO2 in the Retinal Capillaries (cv)

The saturation of haemoglobin (Hb) under both DA and LA has been measured in human reti-

nal arterioles and venules (Hardarson et al., 2009; Hardarson and Stefánsson, 2010). Averag-

ing the measurements found in Hardarson et al. (2009); Hardarson and Stefánsson (2010) over

arteriolar and venular saturation, DA and LA, and weighting by patient number, we obtain an

average Hb saturation value of 74.32%. We can convert the Hb saturation to the corresponding

partial pressure of oxygen using the Hill equation:

S =
Pn

Pn
50 +Pn , (A.1)

where S 2 [0,1] is the Hb saturation, P is the partial pressure of oxygen within the retinal

capillaries, P50 is the partial pressure of oxygen at which S = 0.5 and n is the Hill equation

exponent. In a human under normal conditions P50 = 26 mmHg and n = 2.7 (Popel, 1989;
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McGuire and Secomb, 2001). Inverting the Hill equation we obtain the following expression

for P in terms of S,

P =

✓
S

1�S

◆ 1
n

P50. (A.2)

Substituting in the values above, this gives us a partial pressure of 38.1 mmHg in the retinal

capillaries, which we round to 40 mmHg.

A.5 The Permeability of the Retinal Capillaries (ĥ5 and ĥ7)

We assume that the deep and superficial retinal capillaries each form a continuous layer,

whereas, in reality, capillaries are present at discrete locations. Thus the parameters ĥ5 and

ĥ7 account for both the permeability and density of the retinal capillaries, whilst retaining the

units of permeability. We choose the permeabilities such that the outer retina becomes hy-

poxic under DA in the absence of Ngb. Since the superficial retinal capillaries are about twice

as dense as the deep retinal capillaries (Tan et al., 2012) we ensure that ĥ7 = 2ĥ5 in all sim-

ulations. Tan et al. (2012) found that the densities of the retinal capillary beds 3mm superior

to the optic disc in human retinas ranges between 11.28% and 26.74%, depending upon the

capillary layer (there are four capillary beds in this region). In addition, the permeability of

bovine retinal capillaries to H-inulin in vitro has been measured to be 1.7⇥10�3 ms�1 (Gillies

et al., 1995). Multiplying the densities by the permeability to H-inulin, this suggests that ĥ5

and ĥ7 should be on the order of 10�4 ms�1.

A.6 Ngb Concentration (nTi and ñ)

The average concentration of Ngb across the mouse retina has been estimated to lie in the

range 100–200 µM (Schmidt et al., 2003), and we assume this to be true of the human retina

also. Accordingly, we choose to rescale Ngb concentrations with ñ = 100 µM upon non-

dimensionalisation.

Ngb is not distributed uniformly across the retina, but is more highly concentrated in cer-
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tain regions. For instance, in the murine retina Ngb is most highly concentrated in the photore-

ceptor ISs, OPL, IPL and GCL (Schmidt et al., 2003; Bentmann et al., 2005; Schmidt et al.,

2005, see Figure A.3(b)), whilst our examination of confocal images of Ngb immunoreactivity

in Ostojić et al. (2006) suggest that Ngb is most highly concentrated in the photoreceptor ISs

of the canine retina. Only two studies have measured the Ngb distribution across the human

retina. Ostojić et al. (2008) found that Ngb is present in all layers of the human retina, except

the photoreceptor OSs, our examination of their Ngb immunoreactivity images suggesting that

Ngb is fairly evenly distributed throughout the cytosol across these layers. However, the mea-

surements of Rajendram and Rao (2007) suggest that Ngb is most highly concentrated in (the

apical region of) the photoreceptor ISs, with lower, yet greater than average concentrations in

the OPL, IPL and GCL (see Figure A.3(a)).

Assuming an average retinal Ngb concentration of 200 µM (see above), an upper bound on

the mean cytosolic concentration of Ngb across the retina of 500µm is reasonable, given that

organelles may take up more than half the intracellular space (in the macaque, mitochondrial

density is 54-66% in rod and 74-85% in cone ellipsoids, which occupy the outer part of the

ISs, Hoang et al., 2002).

In the case that Ngb is concentrated primarily within the photoreceptor ISs, then since the

ISs (⇡ 25 µm in length) represent approximately one tenth of the width of the retina (a typical

width being ⇡ 250 µm) and since mitochondria and other organelles may take up more than

half the volume of the ISs (see above), we estimate that the Ngb concentration in the cytosol

of the ISs may be as high as 200⇥ 10⇥ 2 = 4000 µM. Since the cell types in all layers of

the human retina other than the photoreceptor layer and the RPE are similar to those found

in brain tissue, we assume that the concentration of Ngb in these layers is equal to that found

in brain tissue, that is 2 µM (Schmidt et al., 2003), in this case. In the absence of further

information it is also reasonable to assume that the RPE has a Ngb concentration of 2 µM.

This results in a mean Ngb concentration of 362 µM across the retina.
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Figure A.3: Graphs showing retinal Ngb distribution. (a) Normal human retina showing im-
munostaining with anti-Ngb antibody (green). Staining is strongest in the photoreceptor ISs,
with some staining in the ONL, OPL, INL, IPL and ganglion cell layer. Figure reproduced,
with permission, from Rajendram and Rao (2007). (b) Graph to show the qualitative distribu-
tion of Ngb within the mouse retina. The solid line indicates anti-Ngb fluorescence, whilst the
dotted line shows anti-cytochrome c staining, highlighting the presence of mitochondria. The
shaded rectangles indicate the regions with the greatest oxygen demand. Ngb is most highly
concentrated in the oxygen consuming, mitochondria rich regions of the ISs, OPL, IPL and
ganglion cell layer. Figure reproduced, with permission, from Bentmann et al. (2005). PR:
photoreceptor layer. OS: photoreceptor outer segment(s). IS: photoreceptor inner segment(s).
ONL: outer nuclear layer. OPL: outer plexiform layer. INL: inner nuclear layer. IPL: inner
plexiform layer. GC: ganglion cell layer.
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A.7 The Diffusion Coefficient of Oxygen (Do)

We take the diffusion coefficient of oxygen in retinal tissue, Do, to be 1.97 ⇥ 10�9 m2s�1.

This is the value measured by Roh et al. (1990) in the retina of a living cat, at a temperature of

37–38�C and was found to be almost constant across the retina. This is also the value used by

Braun et al. (1995) and is similar to the value of 2 ⇥ 10�9 m2s�1 used by Fago et al. (2004b).

A.8 The Diffusion Coefficient of Ngb (Dn)

We were unable to find an estimate for the diffusion coefficient of Ngb in the literature; how-

ever, since Ngb and myoglobin (Mb) have a similar molecular weight (⇡ 17 kDa, Zaia et al.,

1992; Keener and Sneyd, 1998; Schmidt et al., 2003) and structure (Burmester and Hankeln,

2009) it is reasonable to assume that their diffusion coefficients are similar. The diffusion

coefficient of Mb in the rat diaphragm muscle at 22�C is 1.17 ⇥ 10�11 m2s�1 (Jürgens et al.,

1994). We may find the value of the diffusion coefficient at 37�C (the temperature of the

human retina) by using the Q10 rule1 with Q10 = 1.3 (Jürgens et al., 1994). This gives us a

value for the Mb diffusion coefficient, and hence the Ngb diffusion coefficient, of Dn = 1.73

⇥ 10�11 m2s�1 (Jürgens et al., 1994; McGuire and Secomb, 2001). We note that Fago et al.

(2004b) use a value of 1.7 ⇥ 10�10 m2s�1, an order of magnitude larger than our value. The

source of this parameter choice is not given; however, it is likely that they are using the value

measured in highly diluted aqueous Mb solutions (Jürgens et al., 1994). We assume that the

diffusion coefficients of all three forms of Ngb (Ngb, Ngb-His and Ngb-O2) are the same since

the molecular weights and structures are almost identical in each case (see Keener and Sneyd,

1998, for a similar assumption concerning Mb).

1Q10 =
⇣

D2
D1

⌘⇣ 10
T2�T1

⌘

, where D1 (D2) is the rate of diffusion at temperature T1 (T2).

221



A.9 The Rate of Oxygen Consumption (Qi)

The rate of oxygen consumption by the RPE is assumed to be Q1 = 4.5 mlO2 · (100g tissue

·min)�1 by analogy with epithelial cells in other parts of the body and in order to ensure that

the average rate of oxygen uptake of the outer retina is correct. The photoreceptor OSs and

the ONL consume negligible levels of oxygen (Cringle and Yu, 2002; Wangsa-Wirawan and

Linsenmeier, 2003; Birol et al., 2007) and so we set Q2 = Q4 = 0 mlO2 · (100g tissue·min)�1.

The photoreceptor IS layer, which contains 55–65% of all retinal mitochondria (Medrano and

Fox, 1995) is perhaps the most oxygen demanding layer of the retina. Its rate of oxygen con-

sumption depends upon whether the eye is light adapted or dark adapted. Under DA Q3 =

15–20 mlO2 · (100g tissue·min)�1 (Haugh et al., 1990; Wangsa-Wirawan and Linsenmeier,

2003; Birol et al., 2007), whilst under LA its rate of oxygen consumption has been measured

to lie between 36–72% of the DA value (Medrano and Fox, 1995; Wangsa-Wirawan and Lin-

senmeier, 2003; Birol et al., 2007). Since the rate of oxygen consumption of the ISs of the

macaque eye under LA (which are assumed to be more biochemically similar to human eyes

than those of mice, rats and cats from which the other measurements were generated) is about

72 ± 11% of that under DA, we anticipate that the rate of oxygen consumption of the ISs of

the human eye will not drop below Q3 = 10 mlO2 · (100g tissue·min)�1 under LA. Whilst

the remaining layers of the retina vary in their oxygen demands, reliable data on the rate of

oxygen consumption of each individual layer of the inner retina and the OPL are unavailable.

However, the average rate of oxygen consumption across the inner retina is known, and so we

use this value for the remaining layers, that is Qi = 4 mlO2 · (100g tissue·min)�1 for i = 5,. . .,

8 (Birol et al., 2007).

Table A.2 shows the relative oxygen consumption rates of each retinal layer as a percentage

of the total retinal oxygen consumption for a typical 250 µm section through the retina, with

layer widths as in Table 3.1 of Chapter 3, under DA and LA. Under DA the outer retina (RPE–

O-OPL) accounts for 46% of the total retinal oxygen consumption, with an average oxygen

consumption rate of approximately 4.7 mlO2 · (100g tissue·min)�1. This agrees well with
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Table A.2: Percentage oxygen consumption of each retinal layer under DA and LA. RPE:
retinal pigment epithelium. OSs: photoreceptor outer segments. ISs: photoreceptor inner
segments. ONL: outer nuclear layer. OPL: outer plexiform layer. INL: inner nuclear layer.
IPL: inner plexiform layer. GCL: ganglion cell layer. NFL: nerve fibre layer. I-(·): inner-(·).
O-(·): outer-(·).

Retinal Layer
Percentage of
Retinal Oxygen
Consumption (%)
DA LA

1 (RPE) 2.1 2.7
2 (OSs) 0 0
3 (ISs) 42 27
4 (ONL) 0 0
5 (O-OPL) 2.3 2.9
6 (I-OPL, INL, O-IPL) 33 41
7 (I-IPL, O-GCL, O-NFL) 16 21
8 (I-GCL, I-NFL) 4.7 5.9

the value of 4.6 ± 2.3 mlO2 · (100g tissue·min)�1 measured by Birol et al. (2007) in the

Macaque outer retina under DA. Under LA (with Q3 = 10 mlO2 · (100g tissue·min)�1) the

outer retina accounts for 32% of the total retinal oxygen consumption, with an average oxygen

consumption rate of approximately 2.6 mlO2 · (100g tissue·min)�1. The average oxygen

consumption rate of the inner retina (I-OPL–NFL) is 4 mlO2 · (100g tissue·min)�1 under both

DA and LA, since all layers of the inner retina are assigned this oxygen consumption rate

under both DA and LA.

A.10 The Michaelis Constant (g)

Estimates for the Michaelis constant range between approximately 0.5–1 mmHg (Costa et al.,

1997; Richmond et al., 1999; McGuire and Secomb, 2001; Goldman, 2008) thus a value of

g = 1 mmHg is reasonable. This is the ppO2 at which the rate of oxygen uptake is half its

maximum value, that is Qi/2. Estimates for the ppO2 at which tissue can be considered to have

become hypoxic vary. Yu and Cringle (2002) suggest that retinal tissue becomes hypoxic in
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the range 5–15 mmHg, citing the work of Epstein et al. (1994); Epstein (1997) on the kidney.

In contrast, the work of Richmond et al. (1999) on rat skeletal muscle suggests that tissue

becomes hypoxic in the range 1.2–2.9 mmHg. Lastly, McGuire and Secomb (2001) state that

tissue becomes hypoxic for a ppO2 less than 1 mmHg. It seems reasonable then, to assume

that any increase in ppO2 above 1 mmHg could be significant in preventing hypoxia in retinal

tissue. We therefore take g to be the hypoxic threshold, such that oxygen concentrations below

this value are considered to be hypoxic, whilst those above it are normoxic.

A.11 Rate Constants of Ngb Reaction Kinetics (k+o , k�o , k+h

and k�h )

Measured values for the rate constants of human Ngb reaction kinetics show significant varia-

tion between studies. This is due in part to differences in the experimental conditions used in

these studies. Table A.3 gives examples of the measured values of the rate constants, together

with their associated P50 values. Note that only those measurements using a pH similar to that

found in the retina (about pH 7) have been included. The values we have calculated for P50

are included in brackets and are a factor of 1.89 larger than those given in the papers cited.

This discrepancy is discussed in the next section. The P50 of Ngb is the ppO2 at which half the

Ngb molecules in a sample will be bound to oxygen and is a measure of the binding affinity

of Ngb for oxygen. Therefore, a higher P50 value corresponds to a lower oxygen affinity.

The temperature of the retina is equal to body temperature, that is 37�C; however, most

studies measure the reaction kinetics at 25�C or below. Examination of the data in Table

A.3 suggests that the P50 of Ngb is higher at higher temperatures. The reaction rates in the

first row of Table A.3 were measured at 25�C; however, the P50 value was measured at 37�C

(second row). The P50 corresponding to the kinetic terms is approximately 0.77 mmHg, using

Hamdane et al.’s conversion factor (see the following section). So in this case an increase

from 25 to 37�C resulted in a 30% increase in the P50 value, whilst the results of Fago et al.

(2004a) (rows 6 and 7 of Table A.3) suggest a 50% increase.
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The addition of DTT (dithiothreitol) causes the breaking (reduction) of Ngb’s CD7-D5

disulphide bond. This results in an order of magnitude decrease in the histidine dissociation

rate, k�h , and hence an increase in P50 (Hamdane et al., 2003). In the absence of DTT, for

example in the retina, Ngb may exist in a mixture of these two forms, with and without the

disulphide bond (Hamdane et al., 2003). Some of the differences in the measured values for

the rate constants may be due to variations in the proportion of each form present (Hamdane

et al., 2003). Hamdane et al. (2003) have suggested that the redox state of a cell may regulate

this ratio, with reduction equivalents (NADH + H+) accumulating under hypoxia, resulting

in the reduction of Ngb disulphide bonds and a release of oxygen, counteracting hypoxia. As

oxygen levels rise the disulphide bonds reform, increasing the oxygen affinity of Ngb and

hence its average level of oxygen storage.

In the absence of measurements for the rate constants at 37�C, we use values obtained

by Kiger et al. (2004) since they result in the P50 which is in closest agreement with that

measured at 37�C. They are also similar to the values measured by Hamdane et al. (2003)

under the same conditions.

A.12 Conversion between Units

In order to non-dimensionalise our models we must write the parameters involving the con-

centration of oxygen (c̃, cc, cv and g), which are measured in mmHg, in the same units as

the parameters involving the concentration of Ngb, that is in units of Moles (M or molL�1).

Multiplying the former parameters by the oxygen solubility in retinal tissue, k (see Appendix

A.2), allows us to convert to units of LO2·(L tissue)�1. We may then use the Ideal Gas Law

to convert LO2 to mol. The use of the Ideal Gas Law is valid here, since LO2 refers to the

volume that would be occupied by the oxygen dissolved in the retina when in its gaseous form

(under atmospheric pressure and at body temperature).

The Ideal Gas Law relates the number of moles, n, of a substance to the corresponding
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volume, V , via the relation

V =
nRT

p
, (A.3)

where R = 8.31 J mol�1K�1 is the ideal gas constant, T is the temperature of the gas, which

we take as body temperature, so that T = 310.15 K and p is the pressure of the gas, which

we assume to be at atmospheric pressure, that is p = 105 Pa. Substituting these values into

equation (A.3), we find that 1 mol of oxygen corresponds to a volume of 0.025 m3 = 25 L.

The conversion factor used in Hamdane et al. (2003); Kiger et al. (2004) is different from

that derived above. Where we use a conversion factor of 0.96 µM to 1 mmHg, they use a

conversion factor of 1.85 µM to 1 mmHg (Hamdane et al., 2003). As a result, their estimates

for P50 in the fourth, fifth and last rows of Table A.3 are a factor of 1.89 smaller than ours.

Assuming that Dewilde et al. (2001); Fago et al. (2004a) use the same conversion factor as

Hamdane et al. (2003); Kiger et al. (2004), we also show (in brackets) our estimates for the P50

value in rows 2, 6 and 7, multiplying the original P50 values by the ratio between conversion

factors.

To convert Q from units of mlO2(100g tissue·min)�1 to Ms�1, we divide by 1000 to con-

vert from ml to L, divide by 25 to convert from L to mol, divide by 60 to convert from minutes

to seconds and multiply by 10 to convert from ‘100g tissue’ to L, assuming that the retinal

tissue has roughly the density of water for which 1 L weighs approximately 1 kg.
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Appendix B

Placing a Bound on the Concentration of

Pentacoordinate Neuroglobin

It was found in all single and eight layer model simulations that the concentration of pen-

tacoordinate neuroglobin, n, at any given point in space is significantly lower than that of

hexacoordinate Ngb, nh, or oxygen bound Ngb, no, at that point. In this appendix we derive a

bound on n to explain why this is the case.

Beginning with the time-dependent equation for n, equation (2.10), we can re-write it in

the form
∂n
∂ t

= D
∂ 2n
∂x2 + f (x, t)�

✓
1
k
+g(x, t)

◆
n, (B.1)

where 1/k = k3, f (x, t) = k4nh +ak2no � 0 and g(x, t) = ak1c � 0. Whether we are using

the single or the eight layer model, this equation will be defined on a finite domain, which we

can denote as x 2 [0,L] without loss of generality. As usual, we impose zero-flux boundary

conditions at either end of the domain.

Consider the function M = M(t) which satisfies

dM
dt

=

✓
max

x,t
( f (x, t))+b

◆
� 1

k
M, (B.2)
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where the constant b > 0 is arbitrarily small. This can be written as

dM
dt

= F � 1
k

M, (B.3)

where F = (maxx,t( f (x, t))+b )> f (x, t)� 0 is a constant. We close the system by imposing

the initial condition

M(0) = max
x

(n(x,0)). (B.4)

Solving this initial-value problem using the integrating factor method we obtain

M(t) = e�
t
k M(0)+kF(1� e�

t
k ). (B.5)

Taking the limit as t tends to infinity we find that

lim
t!•

M(t) = kF . (B.6)

Let u(x, t) := n(x, t)�M(t), then

∂u
∂ t

�D
∂ 2u
∂x2 = ( f �F)� u

k
�gn, (B.7)

from equations (B.1) and (B.3). Since ( f �F)< 0 and gn � 0 we have that

∂u
∂ t

�D
∂ 2u
∂x2 +

u
k
< 0, (B.8)

and therefore
∂
∂ t

⇣
e

t
k u
⌘
�D

∂ 2

∂x2

⇣
e

t
k u
⌘
< 0. (B.9)

Defining v(x, t) := e
t
k u(x, t), we have that

∂v
∂ t

�D
∂ 2v
∂x2 < 0, (B.10)
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with initial condition

v(x,0) = n(x,0)�max
x

(n(x,0)), (B.11)

and zero-flux boundary conditions.

By the maximum principle for parabolic PDEs we have that v must achieve its maximum

on one of the boundaries x = 0, x = L or t = 0 (Ockendon et al., 2003). Suppose that v

takes its maximum value on x = 0 for some t = t1 > 0. Since nx(0, t1) = 0 by the zero-

flux boundary condition and since Mx(t1) = 0, as M is independent of x, this implies that

ux(0, t1) = 0 and so vx(0, t1) = 0. Therefore, in order for this point to be a maximum, we

require both that vt(0, t1) = 0 and vxx(0, t1)  0. This implies that vt(0, t1)�Dvxx(0, t1) �

0, which contradicts (B.10). Therefore, the maximum cannot lie on the boundary x = 0.

Using a similar argument we can show that the maximum cannot lie on the boundary x = L.

Therefore, the maximum must lie on the boundary t = 0. As a check we can see that if the

maximum lies on the boundary t = 0 for some x = x1, where 0 < x1 < L, then we must have

that vt(x1,0)  0, vx(x1,0) = 0 and vxx(x1,0)  0. Thus (B.10) may be satisfied, provided

|vt(x1,0)|> D|vxx(x1,0)|.

Since v(x, t) takes its maximum value on t = 0 this means that v(x, t)  maxx(v(x,0)) =

maxx(n(x,0)�maxx(n(x,0))) = maxx(n(x,0))�maxx(n(x,0)) = 0. Therefore u  0, which

implies that n  M. Therefore, by (B.6), we have that at steady-state n  kF . Taking the

limit as b tends to zero, we find n  k maxx,t( f (x, t)) = k maxx,t(k4nh +ak2no) kak2nT =

ak2nT
k3

⇡ 4nT ⇥10�4. This bound was found to be satisfied in all simulations.
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