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Abstract

Optimal Motion Cueing for Race-Car Simulators

Ingrid Gael Salisbury

New College

Submitted for the degree of Doctor of Philosophy in Hilary Term 2016

This thesis is a study of motion cueing algorithms in race-car simulators. Mo-
tion cues are accelerations that are used by a driver to infer particular vehicle
behaviours. Motion cueing algorithms use vehicle accelerations to generate simu-
lator accelerations. Typically, these algorithms aim to produce motion cues that
indicate the vehicle accleration and behaviour, without reproducing exactly the
vehicle motion. The cueing algorithms also prevent the simulator motions from
hitting the hardware kinematic and dynamic limits.

Existing simulator platforms and cueing algorithms, most of which have been
developed for passenger car simulators, are discussed to determine how these can
be applied to race-cars. In the process, the distinguishing features of the race-car
application are identified. The large accelerations and high-frequency motions are
a challenging combination to render in a power and workspace limited simulator.

Furthermore, the driver is required to operate the vehicle on the performance
limit, which is a difficult control task requiring particular vehicle information.
The study of fundamental vehicle stability and handling across the range of op-
erating conditions is conducted to understand better the vehicle motion cues
required by the simulator driver to perform the race-driving task.

With a knowledge of the driver cueing requirements, passenger car cueing strate-
gies are modified and implemented in a Formula 1 simulator. Alternative cueing
methods are also developed that address the racing cueing problem. Tests are
conducted and on the basis of the driver feedback the algorithms are retuned to
develop a cueing system that enables the drivers to execute their tasks success-
fully.

The implemented cueing algorithms do not consider explicitly the optimal usage
of simulator workspace. The final element of this thesis is the use of numerical
optimal control to determine the optimal platform workspace exploitation, while
minimising cueing acceleration and velocity errors. The solutions of open-loop
optimal control calculations are used as a baseline against which to compare the
tested cueing techniques. The limitations of, and areas in which to improve the
implemented methods are identified.
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Chapter 1

Introduction

The rising costs of vehicle development have resulted in an increases requirement

for simulation and virtual testing. Driving simulators are used to conduct driver-

in-the-loop experiments. In this manner, vehicle concepts and new designs can

undergo a first stage of testing without the need to make any physical part of the

vehicle. Furthermore, driving simulators can simulate critical situations to test

vehicle safety features, which cannot be attempted in a real vehicle.

In recent years, driving simulators have become more important in the Formula

1 industry, where new regulations limit the amount of track testing time. Ad-

ditionally, with the ever increasing complexity of the vehicle software systems

more troubleshooting and debugging is required, and it is more efficient to do

this in a simulator. In racing, each track requires a different vehicle set-up and

much of the preliminary preparation can be done in the simulator. In these tests

the driver feedback about the vehicle handling is critical, because the vehicle be-

haviour heavily influences the ability of the driver to operate the vehicle on the

limit. The need for and advantages of using driving simulators are clear, however,

the value of the simulator results are dependent on the fidelity of the simulator

environment, and hence the extent to which the drivers respond realistically.
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Figure 1.1: Components of a generic vehicle simulator and their relationship
to the driver.

1.1 Simulator Components

A realistic driving environment is created in a high-fidelity simulator by mounting

a vehicle cab on an actuated platform surrounded by audio-visual equipment. The

driver cockpit is a replica of the simulated vehicle and is equipped with controls

that mimic those in the car. The driver also receives realistic sensory stimuli

(refered to as cues) and thus, ideally, behaves and feels as he/she would in the

actual vehicle.

There are numerous systems that supply the driver with the required sensory

information. Visual display graphics are of primary importance, providing images

of the location and driving conditions, while also conveying the vehicle’s speed.

Auditory cues and haptic feedback, which is provided through the steering wheel

and pedals, communicate a range of vehicle-related dynamic information to the

driver including the engine speed and tyre slip. Acceleration and orientation is

detected in humans by the vestibular system in the inner ear [17]. A dynamic

simulator is able to stimulate this organ thereby providing an enhanced sense of

the motion of the vehicle.

Figure 1.1 shows the integration of various subsystems into a complete simulator

and illustrates how the driver generates control commands in response to sensory
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cues. These inputs are fed into a vehicle model that generates the vehicle-related

state information including its acceleration, velocity and position. This data is

then used to update the visual, audio and motion systems.

The fidelity of the simulator driving experience is necessarily limited by the qual-

ity of the cues. Advanced 3D image projection with fast refresh rates and low

latency together with high-quality computer generated images (CGI) produce an

excellent visual environment. In the case of motion stimuli, however, the plat-

form workspace and bandwidth restrict the fidelity of the motion cues. This is a

physical limitation rather than a technological one, since reproducing the vehicle

motion exactly, requires a workspace as large as the track itself. Since this is

practically infeasible, motion cueing algorithms have been developed that seek

to mimic driving-related motions within the confines of the physical system. To

observe these limits, motion cueing algorithms often contain washout filters that

cause the acceleration to decay as the platform nears the limits, thereby ”washing

out” the motion of the simulator.

Motion cueing algorithms have to balance the trade-off between cueing fidelity

and platform motion. A successful cueing strategy is one that sacrifices the unnec-

essary vehicle motion, while retaining the acceleration stimuli that are required to

produce realistic driver responses. The nub of the cueing problem is identifying

these important acceleration stimuli. The motion cues needed in the simulator

depend on a number of factors, including the experience of the driver, the type

of vehicle being driven and the driving scenario.

1.2 Race Car Applications

While there are common criteria for all driving simulators, there are also situation-

specific differences that must be addressed. The simulator discussed here is used
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Figure 1.2: The left- and right-hand figure contain the frequency responses
of the translational and rotational acceleration signals respectively.

in race car applications, where the primary functions are driver training and car

set-up ahead of races.

Race car driving is characterised by high levels of longitudinal and lateral ac-

celeration (in excess of 4Gs), which cannot be sustained in a confined simulator

workspace. This makes the motion cueing problem challenging and it is important

to identify the information the drivers wish to receive from the motion platform.

The drivers make it clear that they appreciate that a simulator cannot mimic

a real race car. However, they require accurate feedback about the vehicle be-

haviour during braking to detect lock-up, and during cornering to detect under

and oversteer. Understanding the cues that the drivers require assists in both the

design and assessment of cueing algorithms.

A further characteristic of this application is that the car is typically driving

around a known closed track. In racing the aim is to minimise lap-time, and to

achieve this there is an optimal speed profile and racing line [38, 51]. Given that

experienced drivers generally drive the car close to this optimum, there is little

variation in the acceleration profiles between laps. As a result the braking and

cornering situations are highly predictable.

A detailed analysis of the acceleration and angular velocity trajectories that need

to be simulated is provided by examining track telemetry data. Table 1.1 contains
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Table 1.1: Table of typical ranges in acceleration, velocity and displacement
in the vehicle 6 DOF; all quantities are in SI units with the exception of angles

that are given in degrees.

Direction Acceleration Velocity Displacement Frequency

Longitudinal -40:20 -70:70 -650:500 0-5
Lateral -50:50 -65:72 -800:200 0-5
Heave -15:15 -0.5:0.5 -0.3:0.25 2-7
Yaw -20:20 -1.2:1.1 0:360 0-12
Pitch -30:30 -0.65:0.65 -2:2 2-8
Roll -80:80 -1.2:1.2 -5:5 2-25

a representative range of the accelerations, velocities and displacements a race

car will experience during a typical lap of a track. The two graphs in Figure 1.2

display the frequency content of the acceleration signals for the lap. There are

some important problem features that are highlighted in this data. Firstly, in

the translational freedoms, both longitudinal and lateral motions contain more

low-frequency information when compared with the heave direction. The vertical

displacement is small and it should be possible to reproduce this exactly in a

simulator setting. This result is intuitive when one thinks of the motion of a

vehicle on a hard suspension system. Similarly, in the rotational freedoms, the

roll and pitch angles are only a few degrees. These angular freedoms should

also require little, or no filtering before being reproduced by the simulator. The

outcome of this analysis is a reduction of the motion cueing problem from 6

DOF to only 3 DOF (longitudinal, lateral and yaw). Determining the cueing

requirements for these large motion directions, and implementing filters to address

these, is the aim of this thesis.

1.3 Thesis Outline

The development of the race-car cueing strategies requires a model of the hard-

ware which contains the kinematic and dynamic limitations. Chapter 2 compares

the different motion platforms in use and explores the characteristics of each and
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their applicability to racing. A mathematical model for the platform used in this

study is developed and the shape of the workspace is determined.

The existing motion cueing methods that have been developed for the passenger

car context are described in Chapter 3. How these can be applied in the racing

context is discussed, and the gaps in the cueing methodology are identified.

Chapter 4 contains an analysis of the stability of a race-car. A method is de-

veloped to examine the behaviour across all operating conditions, not limited to

steady-state. An understanding of the changing vehicle response is used to de-

velop cueing requirements for the vehicle heading control directions, that is, the

lateral and yaw directions.

The implementation details of the motion cueing algorithms are provided in Chap-

ter 5, and the tuning and experimental results are then presented in Chapter 6.

The cueing algorithms focus on providing the necessary motion cues, but do

not explicitly consider making optimal use of the workspace. This problem is

considered in Chapter 7, where numerical optimal control is used to develop a

baseline cueing signal that simultaneously satisfies the cueing requirements and

fully exploits the platform workspace.

The conclusions and suggested future work are presented in Chapters 8 and 9,

respectively.

1.4 Contributions of Thesis

The work presented in this thesis is based on a number of papers, some pub-

lished and one still under review. A detailed list is provided previously under

Publications.

The focus of this thesis is on motion cueing in driving simulators for race-car

applications. This extends from understanding the particular hardware require-

ments, to testing cueing strategies with drivers.
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The first contribution of this work is to determine the motion cues race-car drivers

require in the simulator. Vehicle behaviour is studied across the performance en-

velope to identify the critical information for effective race-car motion simulation.

The second contribution of this work is the adaptation of existing passenger car

cueing strategies to race-car simulators using the cueing criteria developed. New

cueing methods specifically for the race-car problem are also designed. These

algorithms are implemented in the Scuderia Ferrari Formula 1 car simulator and

tested with their professional drivers.

The development of an offline optimal control framework for the analysis and

optimisation of the simulator workspace usage is the final contribution. This

section uses the previously identified cueing requirements to develop performance

indices for optimal control calculations, which are used to determine the best

platform usage, and the effect of simulator architecture and sizing on the cueing

fidelity.
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Chapter 2

Simulator Motion Platforms

The first car simulators, and many still in existence today, do not have motion

capabilities. Indeed, a realistic driving environment can be created using the cab

of a vehicle with actuated steering and pedals, and advanced graphics systems.

These simulators have the advantage of being cheaper to build, and simulation

fidelity is sufficient for many applications, such as, hazard avoidance training of

novice drivers [1]. However, there is still sensory information missing, which leads

to unrealistic driving behaviour, such as excessive braking [63].

While the visual system is used to determine speed and distance [34], acceleration

is detected by the vestibular system (biological accelerometers) [63]. Hence, in

non-moving simulators sudden changes in acceleration are unobserved and the

level of acceleration is miscalculated. Moving platforms enhance the sensory

perception, and lead to improvements in driver behaviour. These include lower

jerk at the onset of braking, lower lateral acceleration in cornering and lower

deceleration in braking [15]. Additionally, vehicle characteristics, such as the road

and ride feel, which contain high frequency vibrations, cannot be communicated

visually. A motion platform, with appropriate dynamic capabilities, is required

if these are to be reproduced [63].
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The first part of this chapter, Section 2.1, examines the different available simula-

tor hardware. The capabilities of the simulator platform affect the motion cueing

algorithm design. The limitations of the particular platform should be taken into

account, while the advantages must be fully exploited. With this in mind, the

kinematics of the simulator platform used in this research are described in detail

in Section 2.2.

2.1 Motion Platform Designs

There are a number of factors that affect the quality of a vehicle simulator experi-

ence, and it is costly to build a system that can excel in all of these. For example,

a simulator that is highly realistic and contains a test vehicle, will necessarily

be heavy, hence it will be difficult to actuate at high frequencies and so there

will be a loss of road feel. Consequently, in any motion platform design, there

will have to be compromises on the performance in certain areas. The choice of

compromise depends on the application.

In broad terms, there are two classes of simulator: high-immersion and vehicle

dynamics. The first group are simulators that aim to convince the driver that

he/she is in a real vehicle. These simulators are typically used for human factors

experiments. These are studies that examine the interaction of the driver with

the vehicle and environment. This can be used to test human behaviour in critical

situations in order to design driver assistance systems. The efficacy of which can

then also be tested in the simulator.

The second class of simulators are used to study the vehicle behaviour. Typically,

this will involve a professional test driver, operating the vehicle on the limit to

determine the ease with which it can be controlled. These vehicle handling and

response studies are particularly important in the design and set-up of high-

performance road and race cars.
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Figure 2.1: An example of a typical Stewart platform. This large, high-
fidelity hexapod is installed at the Technical University of Delft in the Nether-

lands [49].

For the two classes of simulators, there are very different simulator motion require-

ments. The high-immersion simulators are usually for passenger car applications,

in which the motions are typically smoother and lower in magnitude. In contrast,

race car simulators are characterised by quickly changing, large magnitude ac-

celerations. The kinematic and dynamic characteristics of the motion platform,

therefore, depend heavily on the application. In the first case, the platform needs

to deliver low frequency accelerations for long time periods, whereas in the second

case the platform needs to be highly responsive.

With these two general types of simulator in mind, the different motion platform

designs are examined. In each case, the simulator’s suitability for its application

is discussed, together with the constraints that make it inapplicable to other

situations.

2.1.1 Stewart Platform

The Stewart platform remains one of the oldest and most commonly used motion

bases in vehicle simulators. This 6 DOF hexapod parallel manipulator originated

in the aircraft industry. Based on a mechanism designed by Gough in 1948 [66],

Stewart presented the platform design for a flight simulator in 1965 [70]. However,
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it was only 20 years later that the hexapod was first used by Daimler-Benz as a

base for a car simulator [18].

Examples of typical Stewart platforms are shown in Figures 2.1 and 2.2. The

simulator platform is mounted on 6 actuated legs, and by changing the lengths

of these the position and orientation of the platform in space is controlled. The

motion is kinematically constrained by the actuator stroke length, and the range

and types of joints connecting the legs to the platform and the ground. The

power of the actuators limits the achievable platform accelerations and the system

bandwidth.

Being a parallel manipulator introduces a number of disadvantages. Firstly, the

motion directions are coupled, so movement in one direction reduces the available

workspace of the other freedoms. This makes it difficult to utilise the full platform

workspace under all operating conditions. A detailed analysis of this problem is

given in Section 2.2.4. Additionally, from a dynamic perspective, the frequency

response and acceleration capabilities in all freedoms are the same, which is not

consistent with the properties of a real vehicle. As shown in Chapter 1, the roll,

pitch and heave motions associated with the vehicle suspension are of a higher

frequency than the driving motions of the vehicle.

A further feature of the Stewart platform is the isometric workspace. In the

context of flight simulators, where there are large accelerations in all directions,

this is necessary [29]. However, as shown in Chapter 1, the nature of ground

vehicles is such that the vehicle motions in the heave, pitch and roll directions

are orders of magnitude smaller than those in the remaining freedoms. However,

in many simulator applications sustained longitudinal and lateral accelerations

are simulated by tilting the driver, so the large pitch and roll workspaces are

utilised [10].

Despite the aforementioned limitations, hexapods have an enduring popularity.
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Figure 2.2: A smaller hexapod system with simple controls and graphics,
installed at the University of Loughborough [25].

They vary greatly in size and motion capabilities, and hence can be used for many

different applications.

A large simulator, such as that in Figure 2.1, will usually have the cab of a car

with controls, and the graphics system (projectors and screens) contained in the

dome which is mounted on the actuated platform. The mechanism can support

the high pay-load, in excess of 2 tonnes, since the mass is spread across the 6

legs. This type of system is highly realistic. The driver sits in a real vehicle with

functioning mirrors, the correct vehicle sounds, and a visual environment that

extends to a wide field of view. Such simulators are used in human behaviour

studies, since it is easy for the drivers to become immersed in the simulation and

believe they are in a real vehicle. The large mass of the simulator necessarily

leads to a low platform bandwidth. As a result, much of the road and suspension

feel is lost, and the simulator is not suitable for the study of the ride of a vehicle.

A smaller hexapod system, such as that in Figure 2.2, creates, overall, a far

less realistic experience. Minimalist driving seat and controls are mounted on

the platform with a simple visual system provided by three monitors. These

lighter simulators can achieve a higher bandwidth, but typically have a smaller

workspace. Consequently, these are more useful in applications that require the

vehicle ride information, or that assess the vehicle dynamics which relies on a low
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Figure 2.3: An inverted hexapod motion platform, at the DLR in Germany
[71].

latency platform response.

A third inverted hexapod simulator design, from the Deutches Zentrum für Luft-

und Raumfahrt (DLR) in Germany, is shown in Figure 2.3. In this simulator the

connection points of the legs to the dome are roughly at the level of the driver’s

head. This means the centre of rotation for cueing can be done at a point nearer

the driver’s head without sacrificing any motion performance [33].

The first two simulator examples illustrate the ends of the hexapod spectrum,

with the third being an example of one of the many variations in between. The

choice of hexapod workspace size and dynamic capability depends on the research

application, budget, and often the available room space.

2.1.2 Advanced Hexapod Motion Platforms

The translational motion of a Stewart platform is typically limited to less than

a metre. Within these constraints, only the transient vehicle dynamics (0.4Hz-

3.0Hz) can be rendered, and alternative strategies, such as tilt co-ordination,

need to be used to simulate the sustained accelerations [57]. To combat these

limitations many hexapod simulators have been mounted on moving bases to

create a system with more than 6 DOF, which has additional capacity in any or

all of the lateral, longitudinal and yaw directions.
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To determine the additional workspace needed in the translational directions, the

motion requirements for two simulator applications were studied by Daimler dur-

ing their facility upgrade [87]. In the first application, the vehicle drive dynamics

are assessed by a professional driver. This includes an evaluation of the vehicle

behaviour in slalom and lane change manoeuvres. Ideally, to achieve a realistic

experience the lateral accelerations would be reproduced exactly, which requires

a workspace of 8m [87]. The second application of the simulator is the testing

of driver assistant systems, which is performed with ordinary drivers [87]. The

main requirement in these scenarios is to create an overall realistic environment,

which is achieved predominately through good visual cues, and the simulator mo-

tion produced by the hexapod was found to be sufficient [87]. The feasibility of

generating sustained longitudinal accelerations was examined, but it was deter-

mined that a workspace much larger than 10m was required for any significant

improvement. The cost-benefit ratio of such a large simulator was not favourable,

and hence, in 2010 the Daimler simulator consisting of a hexapod on 12m lateral

rails was built. A quasi-static turntable was included, allowing the simulator to

be rotated through 90 degrees. This flexibility allows better longitudinal cueing

during start-stop traffic scenarios when a large lateral workspace is not required

[87].

To extend both the lateral and longitudinal capabilities, the hexapod simulators

of both the Renault [13] and Citroen [10] car manufacturers were placed on XY

tables [66]. The Citroen simulator is shown in Figure 2.4. These additional axes

provide a large workspace. However, since the entire hexapod is being moved

(hence the mass is much greater), the achievable accelerations will necessarily be

lower than those of the hexapod (the Renault platform can accelerate at up to

0.5g in the horizontal directions [13]). In these duplicated DOF the high frequency

and larger magnitude accelerations are reproduced by the hexapod, and the low
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Figure 2.4: A graphic reproduction of the Citroen simulator platform with 8
DOF [10]. This is an example of a large workspace, advanced hexapod centred

system.

frequency, long duration motions by the XY-moving base. In the passenger car

applications for the which the simulator is used, the driving manoeuvres have

relatively low accelerations, for long time periods, hence the simulator caters to

these requirements. The drivers’ sensations during steady-state cornering and

braking and accelerating are improved with respect to the basic hexapod.

The National Advanced Driving Simulator (NADS) in the USA has 12 DOF, with

all motion freedoms duplicated. The hexapod is placed on a yaw turntable which

is placed on an XY plotter. This allows a large workspace in all the long duration

motion freedoms. Additionally, to provide high frequency cueing information the

vehicle cab within the dome is vibrated [69]. While the mechanism has 12 DOF,

and a car only 6 DOF, the design uses different sub-systems to cue the different

freedoms and frequency ranges. In the passenger car context this simulator sat-

isfies many of the cueing requirements. It can maintain steady-state cueing, as

well as provide ride feel in the vehicle. However, it has a limited capability for

high magnitude accelerations, which feature in high performance vehicles.

Similar to the NADS, is the Toyota simulator, which is currently the largest in

the world with a hexapod moving on a 25mx35m two axis sled [33], [66].
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Figure 2.5: The Desdemona simulator platform [19], which is characterised
by a cylindrical workspace with large yaw capabilities.

2.1.3 Desdemona

A novel simulator, known as Desdemona, shown in Figure 2.5, was built at

the Nederlandse Organisatie voor Toegepast Natuurwetenschappelijk Onderzoek

(TNO) Safety and Security in the Netherlands. It is capable of producing sus-

tained lateral accelerations useful for curve driving experiments [19].

The simulator cab is placed in a gimballed system which allows 3 unlimited rota-

tional DOF. This system can be moved vertically by 1m and horizontally along an

8m rail. The unlimited rotational motion allows the cab to be oriented laterally

or longitudinally on the rail. The rail itself is able to spin on a central vertical

axis. This design allows the simulator to move along a circular path, and the

centripetal acceleration of the simulator produces a sensation of sustained lateral

acceleration [59].

A further advantage of this system is that the vertical, pitch, roll and yaw free-

doms are not coupled so can be independently controlled - a result of being a
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Figure 2.6: The CyberMotion platform [53], which is a novel simulator de-
sign, equipped with unlimited yaw, large longitudinal workspace and capable

of sustaining lateral accelerations.

serial as opposed to parallel manipulator. This also means that each DOF is eas-

ily introduced sequentially, simplifying the development of the cueing algorithm.

The disadvantage of the circular workspace is that, in the generation of sustained

lateral and longitudinal accelerations, unwanted Coriolis and Centrifugal forces

also result. Traditional cueing strategies designed for the hexapod systems do not

take advantage of the simulator workspace [81]. Both of these issues are addressed

by an alternative cueing algorithm which is described in Section 3.6.

2.1.4 CyberMotion Simulator

The simulator installed at the Max Plank Institute for Biological Cybernetics at

the University in Tübingen has a novel architecture which can be used for studies

that are not possible in a standard hexapod.

A Keller und Knappich Augsburg (KUKA) Robocoaster has been modified to

create a platform with 8 decoupled DOF. The mechanism is shown in Figure 2.6,

and consists of a robotic arm, with a motorised cabin attached [28]. The base of

the arm is mounted on a sledge which can move on a 9.88m rail [53]. Being a serial

mechanism allows independent control of the joints and results in a simulator
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Figure 2.7: The Driver in motion platform produced by VI-Grade [7].

with a much larger workspace and capable of more dexterous motions [75]. The

rotational joints in the robotic arm provide unlimited yaw, which can be used

to produce sustained lateral acceleration, or yaw motion, depending whether the

cabin is located on or perpendicular to the vertical axis. The linear rail provides

additional longitudinal motion.

This simulator is used for human factors and perception experiments, and is suit-

able for use with a wide variety of vehicles including cars, and helicopters [46].

The cabin interior can be modified to accommodate different vehicle controls.

The platform architecture is particularly useful for conducting perception thresh-

old experiments, since yaw, roll and lateral motion can be maintained without

requiring the motion washout which characterises a Stewart platform [53].

2.1.5 Driver in Motion Simulator

The Driver in Motion (DiM) simulator is produced by VI-Grade and is designed

for vehicle dynamics applications. The simulator consists of a hexapod, mounted

on a plate that is actuated by a planar tripod, which provides additional yaw,

lateral and longitudinal motion. The DiM mechanism aims to improve the yaw

capabilities of the simulator, and provide a motion envelope better suited to road

car applications.
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The DiM simulator is smaller than the other advanced hexapod systems described

in Section 2.1.2, and only the cab of the vehicle, not the graphics are moved. The

lower mass, and stiff hexapod design allow a higher bandwidth, which is required

in vehicle dynamics studies [7]. Furthermore, the main purpose of the tripod is to

improve the yaw motion, and not to provide sustained accelerations. Indeed, the

tripod can achieve translational accelerations of approximately 1G, which, with a

workspace of less than 2m, cannot be sustained. However, by offloading the yaw,

the hexapod is able to render more motion in the remaining freedoms[7].

Unlike the other systems with more than 6 DOF, it is not immediately obvious

which motions should be produced by each platform. The high frequency compo-

nents that cannot be rendered by the tripod must be generated by the hexapod.

However, the lower frequency motions that can be produced by both systems need

to be split between the two mechanisms. A non-linear model predictive control

(MPC) algorithm is presented in [7] that determines the division of motion, such

that optimal usage is made of each platform. In certain configurations, the tripod

workspace maybe be exhausted in a given direction, in which case the hexapod

will be used instead.

2.1.6 Vehicle Dynamics Simulator

The design of a specialised vehicle dynamics simulator is described in a UK Patent

[29]. This mechanism is intended to address the limitations of the Stewart plat-

form in the high performance, and race-car context.

The simulator platform described in [29], and shown in Figure 2.8 consists of a

front and back rail system; each comprises two sledges mounted on parallel rails.

The platform is connected to the 4 sledges, which can move independently. The

sides of the platform perpendicular to the base rails are tapered, not parallel.

Thus when the sledges are moved apart or together the platform moves in surge.
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Figure 2.8: Simulator platform designed specifically for vehicle dynamics and
race-car applications [29].

By moving all 4 sledges left or right simultaneously, sway motion is produced.

Yaw is created by moving the two back sledges in the opposite direction to the

two front sledges. The platform is connected to the sledges with universal joints

that can be moved up and down. By moving the 4 joints independently roll,

pitch and heave are created. The system is over-constrained, having 8 actuators

to produce motion in 6 DOF, hence the actuators must be controlled in a coherent

fashion.

The advantage of this design is that large horizontal forces and displacements can

be generated by relatively small mechanisms. The system is non-isotropic and

yaw, surge and sway have greater workspaces, which is consistent with the vehicle

motion characteristics. These lower frequency freedoms are also decoupled from

the other 3 which are characterised by higher frequency motions. It is argued in

[8] that it is difficult to re-create the braking and acceleration forces in a restricted

workspace so there is little value in trying to do this. It is more important that

the driver receives the correct information about the vehicle in cornering, which

comes from lateral and yaw cues [82]. As a consequence more workspace is given

to these. Finally the smaller, light system has a higher frequency response than

a standard hexapod, hence the system latency is reduced which improves the
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drivers’ perception of the vehicle behaviour, particularly when the vehicle exhibits

fast responses, such as at the limit of stability.

2.2 Simulator Kinematics

Cueing studies have shown that, since the human mechanism for sensing transla-

tional and rotational accelerations (vestibular system) is located in the inner ear,

the aim in motion cueing should be to subject the simulator driver’s head to the

same accelerations as those experienced by the head of the actual vehicle driver

[72].

The car models used to generate the vehicle telemetry data typically produce

body-fixed, inertial accelerations of the vehicle’s COM. By knowing the location

of the driver’s head in the vehicle it is possible to compute its acceleration. The

details of this calculation are provided in Section 2.2.1. In addition, if the rota-

tional motion of the vehicle is parametrised using Euler angles, then the Euler

angle rates and not the vehicle angular velocity are the appropriate stimuli to the

vestibular system, since the rotational sensors are aligned with each of the axes

of the body-fixed frame. The transformation of angular velocity and acceleration

to Euler angle velocities and accelerations are provided in Section 2.2.2.

The motion cueing filtering is performed on the accelerations of the driver’s head,

and the Euler acceleration signals. The resulting cueing demands are transformed

back into angular accelerations, and the acceleration of the simulator COM. Fi-

nally, the simulator actuator motion demands are computed from the simulator

COM acceleration signals. The transformations from platform to actuator motion

are referred to as the inverse kinematics and are detailed in Section 2.2.3.

The motion platform used in this study is a conventional Stewart Platform. The

cab, which consists of the race car cock-pit, screens and projectors, is mounted

on six actuated legs, which are connected to the platform with spherical joints
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Figure 2.9: A schematic of a Formula 1 car, showing the body-fixed and
head-fixed reference frames.

and to the ground-mounted base plate with pin joints. By controlling the six

actuated leg lengths the cab can be moved with 6 DOF; see Figure 2.10.

During cueing development, the inverse kinematics of the platform are used to

ensure that the platform boundaries are respected and to determine the platform

workspace. In driving simulator applications, large displacements are only re-

quired in the longitudinal, lateral and yaw directions. Hence, it is convenient to

visualise the changing in the translational workspace as a function of the platform

yaw angle. This analysis is given in Section 2.2.4.

2.2.1 Reference Frames

There are two important reference frames in the vehicle, which are shown in

Figure 2.9. The first is the body-fixed frame located at the vehicle COM, in

which the vehicle accelerations are expressed as inertial quantities. The second

frame is the body-fixed frame located at the driver’s head. The origin of the head

frame in the car body frame is given as p
h
.

The output of the vehicle model is the acceleration of the vehicle’s COM (aCOM),

and, for cueing purposes the acceleration of the driver’s head (ah), must be com-

puted from:

ah = aCOM + ω̇ × p
h

+ ω × (ω × p
h
), (2.1)

where, ω̇ and ω are the vehicle angular velocity and acceleration, respectively.
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2.2.2 Euler Angles and Angular Velocity

The angular velocity and acceleration of the vehicle are converted to Euler angle

velocities and accelerations required for motion cueing. For consistency with the

vehicle modelling, the 3-2-1 Euler angle sequence is adopted. This corresponds to

a first rotation about the z-axis (yaw angle (ψ)), then about the y-axis (pitch angle

(θ)) and finally about x-axis (roll angle (φ)). With each rotation is associated a

rotation axis eψ = [0 0 1]T , eθ = [0 1 0]T and eφ = [1 0 0]T , and a rotation matrix,

Rψ, Rθ and Rφ. Lastly, three reference frames are defined which correspond with

each Euler rotation, Fψ, Fθ and Fφ respectively.

The angular velocity of the vehicle is the rotation of the final frame Fφ, and

is expressed in body-fixed co-ordinates. It can be computed by summing the

contributions of each of the Euler rotations, as follows:

ω = ωFφ + ωFθ + ωFψ . (2.2)

This can be written as a function of the Euler angle velocities:

ω = eφφ̇+RT
φ eθθ̇ +RT

φR
T
θ eψψ̇, (2.3)

where, the axes of rotation have been transformed to body-fixed co-ordinates

using the appropriate rotation matrices. This can be expressed more compactly

as:

ω = B


φ̇

θ̇

ψ̇

 , (2.4)
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where,

B =


1 0 −sθ
0 cφ sφcθ

0 −sφ cφcθ

 . (2.5)

The angular acceleration can be found by differentiating equation (2.2) and noting

that the derivative of a vector in a moving reference frame is given by:

d

dt

(
ωFi/Fj

)
Fk

=
d

dt

(
ωFi/Fj

)
Fj

+ ωFj/Fk × ωFi/Fj . (2.6)

The expression for the angular acceleration in terms of the Euler angle velocities

and accelerations is then found to be:

ω̇ = α = B


ψ̈

θ̈

φ̈

+ (eφφ̇)× (RT
φ eθθ̇) + (RT

φ eθθ̇ + eφφ̇)× (RT
θ R

T
φ eψψ̇). (2.7)

2.2.3 Hexapod Inverse Kinematics

The development of the inverse kinematic equations for a hexapod system is a

standard procedure and can be found in [14].

2.2.3.1 Actuator Length

Referring to Figure 2.10, an inertial reference frame xyz with origin O is defined

at the geometric centre of the hexapod base. A second body-fixed frame x′y′z′

is similarly defined with its origin C at the geometric centre of the platform.

The translation of the platform from the origin of the inertial reference frame is

described by the vector S and the matrix R describes the platform orientation

in terms of the 3 Euler angles. The rotation matrix for the 3-2-1 Euler angle
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Figure 2.10: Hexapod motion platform with the body-fixed and inertial ref-
erence frames, and leg, base-joint and platform-joint vectors.

sequence is given by

R = Rz(ψ)Ry(θ)Rx(φ) (2.8)

R =


cθcψ sφsθcψ − cφsψ cφsθcψ + sφsψ

cθsψ sφsθsψ + cφcψ cφsθsψ − sφcψ
−sθ sφcθ cφcθ

 , (2.9)

where cos(θ) is abbreviated as cθ and sin(θ) as sθ, and so on.

The base joints of the hexapod legs are described by six vectors Bj in the inertial

frame, and the platform joints are described by vectors p
j

in the body-fixed frame.

The platform joints can then be described by vectors P j in the inertial frame,

which are related to p
j

by:

P j = S +R · p
j

(j = 1, . . . , 6) (2.10)
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The platform legs can be described by vectors lj, which point from the base joints

to the corresponding platform joints and can be found as the difference between

the platform and base vectors. The leg lengths (lj) are simply the magnitude of

the leg vectors and l̂j are unit vectors associated with the directions of the legs.

lj = lj l̂j = P j −Bj (j = 1, . . . , 6) (2.11)

2.2.3.2 Actuator Velocity

Suppose that the leg angular velocities are ωLj and that their vector-valued rates

of change of length l̇j have magnitudes l̇j in directions l̂j. Thus

Ṗ j = l̇j l̂j + ωLj × lj. (2.12)

It follows from (2.10) that

Ṗ j = Ṡ + ω × p
j
. (2.13)

Equating (2.12) and (2.13) and dotting the result with l̂j gives

l̇j =

[
l̂j p

j
× l̂j

]
·

 Ṡ

ω

 (2.14)

since lj is parallel to l̂j.

The leg angular velocities can be found from (2.12) as follows

l̂j × Ṗ j = l̂j ×
(
l̇j l̂j + ωLj × lj

)
(2.15)

= l̂j × ωLj × lj (2.16)

= ljωLj, (2.17)
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since ωLj is perpendicular to l̂j. Whence ωLj = (l̂j × Ṗ j)/lj.

2.2.3.3 Actuator Acceleration

The accelerations of the platform joints can be found by differentiating (2.14) as

follows

l̈j = (S̈ + ω̇ × p
j
) · l̂j + (Ṡ + ω × p

j
) · ˙̂
lj (2.18)

since ṗ
j

= 0. Whence

l̈j =

[
l̂j p

j
× l̂j

]
·

 S̈

ω̇

+
d

dt

([
l̂j p

j
× l̂j

])
·

 Ṡ

ω

 (2.19)

in which we can use (2.11) to show that

˙̂
lj = (Ṗ j − l̇j l̂j)/lj. (2.20)

2.2.4 Hexapod Workspace

An important feature of the hexapod motion platform is the shape of the workspace.

Since movement in 6 DOF is created by the same six actuators, motion in one

direction affects the capabilities of the platform to move in another. In this ap-

plication large displacements are required in the longitudinal, lateral and yaw

directions, and so the workspace usage relationships between these 3 freedoms

are examined.

Figure 2.11 shows the workspace limits for the lateral and longitudinal motion

for various values of platform yaw angle1. By focussing temporarily on the heavy

1For confidentiality reasons these are representative, and not the actual dimensions of the
hexapod used for testing.
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Figure 2.11: Body-fixed lateral and longitudinal hexapod workspace bound-
aries for increasing yaw angles from 0◦ (black) to 25◦ (yellow) in steps of 5◦.

(black) plot, which corresponds to a yaw angle of zero, one observes that move-

ment in either the longitudinal or lateral direction reduces the workspace avail-

able in the other. The leg configuration employed in this study makes the zero-

yaw-angle workspace symmetrical about the x-axis. The workspace perimeter is

reached when one or more of the leg actuators reaches its maximum or minimum

length limit. The six vertices in this figure correspond to points in configuration

space where multiple legs saturate and there is a change over between saturating

legs.

Figure 2.11 also shows the lateral and longitudinal workspace bounds for in-

creased values of yaw angle. As the platform rotates (yaws), the workspace is no

longer symmetrical and it becomes smaller and more ‘triangular’ in shape. This

irregularly shaped workspace has consequences for the motion cueing algorithm

design. In most cueing algorithms each freedom is tuned individually for a pre-

determined workspace. If the actual available workspace is less than expected,
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because of workspace coupling, the platform may not fully render the cueing sig-

nal. Consequently, it may be better to design for worst-case displacement limits,

even though this results in the workspace not being fully utilised.

2.3 Summary

The different simulator motion platforms have been presented, and it seems that

the most popular is the Stewart platform. It is characterised by 6 DOF and by

changing the size can be used in many applications. It is also common to improve

the hexapod workspace by placing it on rails or an xy-plotter.

Other simulators have been designed to meet particular criteria. In the cases of

the CyberMotion and Desdemona simulators, this is to produce unlimited yaw,

and sustained lateral accelerations.

In any application it is important to consider the motion requirements during the

simulator design. It is also necessary to make compromises, and accept that one

simulator may not be able to achieve all the desired outcomes. Indeed, Daimler,

have three simulators, a fixed based car simulator, a large hexapod on rails, and

finally a simplistic, actuated seat simulator which is used for ride experiments.

This approach can be more cost effective, and is certainly simpler to build.

For the specific race-car application a simulator capable of producing large mag-

nitude accelerations, with a high-bandwidth and fast response is required. Of

the simulators discussed, either an appropriately specified hexapod, or the two

simulators discussed in Sections 2.1.5 and 2.1.6 which are aimed specifically at

vehicle dynamics applications, could be used. In this thesis a hexapod platform

was available for testing, and is used in all the studies.

The kinematic characteristics of the motion platform were determined as they

are necessary for cueing algorithm design. Not only are they required to ensure

the platform limits are adhered to, but are also useful to determine the shape of
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the platform workspace. The latter calculation helps determine the applicability

of the platform in the current application, as well as the interaction between the

different motions. This helps to determine a priority or precedence in the cueing

directions.
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Chapter 3

Motion Cueing Algorithms

In broad terms dynamic driving simulators aim to reproduce vehicular accel-

erations [5], thereby supplementing the visual cues and improving the driver’s

perception of the vehicle behaviour. For example, under braking, motion cues

assist the driver to brake at more realistic rates [63]. However, in order to sat-

isfy workspace and bandwidth constraints, vehicular acceleration signals must be

filtered and/or attenuated and consequently only part of the vehicle’s movement

is rendered by the motion platform. Motion cueing algorithms have evolved to

address the design of these filters [60].

In a real vehicle, the movement stimulates the drivers’ vestibular and somatosen-

sory systems. The vestibular system is a biological mechanism for sensing ro-

tational and linear acceleration, and accurate mathematical models have been

developed for it. The somatosensory system perceives touch and pressure. This

indirectly senses acceleration, for example, the increase in pressure on the back

during large accelerations. Mathematical models do not exist for this complex

system, and it is, therefore, not considered in the design of motion cueing algo-

rithms. Instead, most of the cueing approaches described in the literature aim to

minimise the difference between the accelerations perceived in the simulator and
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those perceived in the real vehicle, where the perception model is a linear transfer

function representing only the vestibular dynamics [73].

Before the different motion cueing algorithms are described, a brief description of

the vestibular models used in many of these is given in Section 3.1. The numerous

motion cueing strategies that are currently applied in a variety of simulators are

then assessed so that their limitations can be identified and discussed. Several

criteria can be used to critique a cueing strategy, including

1. Workspace usage: how well the displacement, velocity and acceleration ca-

pabilities of the platform match those of the vehicle, and how well they are

being exploited;

2. Tuneability: the ease with which the algorithm can be adjusted in response

to driver comments;

3. False and missed cues: false cues refer to simulator accelerations that are

opposite in sign to those produced by the car model. Missing cues refer to

accelerations that are present in the car model output, but are not in the

simulator motion [68];

4. Implementation: a method may in principle produce good results, but if it

cannot be successfully implemented, it is of little practical value.

The classical technique (described in Section 3.2) involves the design of acceler-

ation filters using an iterative process to improve the performance and minimise

the sensation error. The nonlinear coordinated adaptive algorithm presented in

Section 3.3 changes the cueing filter gains such that the sensation error is less

when the platform is close to the centre of the workspace, and performance only

degrades as the platform nears the physical limits. Cueing filters that minimise

vestibular sensation error and platform motion simultaneously are designed using
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linear quadratic regulator (LQR) theory and are described in Section 3.4. In Sec-

tion 3.5 MPC theory is used to create a cueing algorithm that minimises sensation

error while explicitly respecting the workspace bounds. A cueing algorithm that

makes best use of a circular workspace is described in Section 3.6. Finally, in

Section 3.7 a technique is presented that improves workspace usage by predicting

the upcoming manoeuvres and positioning the platform appropriately.

3.1 Vestibular Models

Inertial motion cues are sensed by two biological mechanisms, the semicircular

canals, and the otoliths, both located in the inner ear, and, collectively known as

the vestibular system. Simple linear models are used to represent these sensors in

the development of motion cueing algorithms. However, both have non-linearities,

in the form of thresholds below which no motion is detected.

3.1.1 Semi-Circular Canals

Angular motion is sensed by the two (one in each inner ear) sets of semi-circular

canals. Each organ consists of three ducts containing fluid which flows as the

head turns. This movement bends sensory hair cells, which causes a change in

the firing rate of the vestibular afferent nerves. This is interpreted by the brain,

and the sensation of turning is experienced.

3.1.1.1 Mathematical Model

The movement of the head is related to the motion detected by the brain by the

following model [32]:

ω̂

ω
=

τas

τas+ 1

τ1s

(τ1s+ 1)(τ2s+ 1)
(τLs+ 1). (3.1)

Ingrid Salisbury - Optimal Motion Cueing Page 33



3. Motion Cueing Algorithms 3.1 Vestibular Models

The input and output of the model are the head angular velocity and the angular

velocity sensed by a person, respectively. The model contains three elements,

each of which has been contributed by different researchers. The middle term,

developed by [78], and, known as the torsion-pendulum model, models the decay

in turning sensation for a step change in angular velocity. This function alone

did not capture all the observed effects. The torsion-pendulum model predicts,

that for a constant angular acceleration there is a steady-state turning sensation,

however, in experiments, this feeling decays to zero. Additionally, in response to

a step-change in velocity, the model predicts an exponential decay, however an

overshoot is observed in the sensed velocity. To account for these deviations, an

adaptation operator, the first term in (3.1), was added [85].

The final term in the function is a lead term that was added by [44] to model the

minimum response time of the system to large impulsive inputs.

The time constant τ1 is not easily measured, but can be estimated from the canal

fluid dynamics as 5ms for man [86]. Values of τL have been found to range from

17ms [44] to 60ms [47] which agrees with the 50ms found by [21] which is used

here. The parameter τa was found by [21] to be 80s and this value has been used

in most research since [72, 77].

There is a far greater variety in the accepted value of the long time constant, τ2,

and, in some studies, the value is different for each of the motion axes. In motion

cueing either the single value of 5.73s found by [21] is used (as it is in this work),

or parameters of Melville-Jones with values of 10.2s, 5.3s and 6.1s for yaw, pitch

and roll axes respectively [56].

The Bode plot of the semi-circular canal model used in this work is shown in

Figure 3.1, with the highlighted region corresponding to the frequency range of

the rotational motion of a race-car.
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Figure 3.1: The Bode plot of the semi-circular canal model used in this work.
The highlighted region corresponds to the frequency range of the rotational

motions experienced in a race-car.

3.1.1.2 Rotational Velocity Threshold Values

The semi-circular model is approximated by a linear transfer function, however,

the actual behaviour is nonlinear, with low magnitude rotational velocities below

a threshold not being perceived. As it was noted in [86], there are numerous

studies reporting different threshold values, but the two sets of values used by the

different researchers in motion cueing development are shown in Table 3.1.

Table 3.1: A Comparison of Rotational Velocity Threshold Values

Reference Yaw(deg/s) Pitch(deg/s) Roll(deg/s)

Nahon and Reid [56] 1.6 2 2
Telban and Cardullo [72] 4.2 3.6 2.5

3.1.2 Otoliths

Much less is known about the otolith structures, as compared with the semicircu-

lar canals [86], and, as a result, the models of the sensory function are less devel-

oped. From physiological experiments, it has been determined that the otoliths
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sense both tilt and acceleration [22], referred to collectively in the literature as

specific force, although the units are of acceleration.

When the head tilts or undergoes linear acceleration the otoliths move. They are

attached to a gelatinous layer, and their motion bends hair cells embedded in this

layer. This affects the afferent nerve firing rate in the sensory cells. This sensory

mechanism cannot distinguish between a tilt and an acceleration. This sensation

ambiguity is exploited by the tilt-coordination cueing technique.

3.1.2.1 Mathematical Model

The first otolith model related the sensed velocity to input velocity [41], and did

not capture the system response to a steady-state tilt. Subsequently, a model was

proposed that relates the sensed specific force to that experienced by the subject

[84]. In this framework, linear acceleration and tilt have equivalent sensations.

The transfer function of the model is given by:

f(s)

f(s)
=

K(τLs+ 1)

(τ1s+ 1)(τ2s+ 1)
(3.2)

Table 3.2 summarises the two common sets of parameter values for the otolith

model used in motion cueing. The first set were developed by a pair of researchers

[84], while the second set are a combination of a number of studies [32, 47, 84],

and are used in this work. The Bode plot of the otolith model is given in Figure

3.2, and the highlighted region corresponds to the frequency range of interest in

race-car motion cueing.
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Table 3.2: Otolith Model Parameters

Parameter Young and Meiry [84] Telban and Cardullo [72]

τL 13.2 10
τ1 5.33 5
τ2 0.66 0.016
K 0.4 0.4
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Figure 3.2: The Bode plot of the otolith model used in this work, correspond-
ing to the parameters given in right-most column of Table 3.2. The highlighted

range corresponds to the frequency of motions experienced in a race-car.

3.1.2.2 Linear Acceleration Threshold Values

Similarly to the semi-circular canal behaviour, the otoliths do not detect motion

below a threshold. There are very few studies that determine the linear acceler-

ation thresholds for humans, and the values found in these can differ in orders of

magnitude [86]. However, the values given in Table 3.3, are used in a number of

motion cueing algorithms [56, 72].

Table 3.3: Linear Acceleration Threshold Values

Direction Longitudinal(x) Lateral(y) Vertical(z)

Value(m/s2) 0.17 0.17 0.17
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3.2 Classical Filtering Technique

The oldest cueing strategy, and still one of the most common, is the classical

algorithm. This filtering technique was first formalised by Schmidt and Conrad

in 1970 [61], in which they combined ideas from single axis systems to form the

first washout circuitry for a full six degree-of-freedom (6 DOF) motion platform.

This algorithm has subsequently been implemented in numerous flight and car

simulators, which include both 3 DOF [9, 36] and 6 DOF platforms [11, 37].

In this system, simulator motion demands are generated by high-pass filtering

the translational acceleration and angular velocity signals produced by the car

model. The low frequency (longer duration) components of acceleration signals

result in large displacements, which cannot be replicated in a simulator. Through

an iterative, trial-and-error tuning process the filter gains and cut-off frequencies

are adjusted so that the platform position demand remains within the confines of

the workspace.

The lack of low-frequency acceleration information in the longitudinal and lateral

directions can be partially mitigated by the addition of tilt-coordination. This

technique exploits the fact that humans cannot distinguish between a steady-state

tilt and a translational acceleration; in order to simulate a longitudinal or lateral

acceleration the driver is pitched or rolled. Providing the visuals are moved ap-

propriately, and the rotational motion is sufficiently slow, the driver will perceive

a steady-state forward or sideways acceleration and not a tilt. A rate-limit on the

platform rotation produces a delayed peak in the sensed acceleration. Therefore, if

the acceleration changes direction rapidly, the platform moves too slowly and this

technique is not usable. As illustrated in Figure 3.3, the pitch and longitudinal

(and lateral and roll) freedoms are considered in combination. The translational

acceleration is high-pass filtered in order to generate a position reference for the
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pxsim

φsim

Washout Filter

Washout Filter

1
s2

1
s+

axref

φ̇ref

Translational Channel

Tilt Coordination

Rotational Channel

High-pass Filter

Low-pass Filter

High-pass Filter

Figure 3.3: Structure of the classical cueing system with tilt-coordination.
The input signals axref and φ̇ref are the vehicle longitudinal acceleration and
pitch velocity, respectively. The output signals, pxsim and φsim are the platform

longitudinal and pitch displacement demands.

platform. It is also low-pass filtered and added to the rotation channel in order to

produce tilt coordination in the rotation demand. The translational acceleration

may be scaled and limited so that it is not interpreted as a rotational motion. An

additional platform-centering washout filter must be included in each channel.

There is no cross-coupling between the yaw and heave freedoms.

A well-documented disadvantage of the classical approach is the generation of

false cues that occur after an onset acceleration; this is a feature of any linear

time-invariant filter. As explained in [57], this backlash effect is a characteristic

of linear high-pass filters, and is an intrinsic limitation of any linear technique.

A method is introduced in [57] that reduces the miscues through the addition of

a non-linear post-filtering module. An adaptive gain is applied to the output of

the filter, which reduces the amplitude of the signal during miscuing.

Another limitation of this approach is that it does not explicitly account for the

platform workspace limits [11]. As a result, the filters are either tuned for the

anticipated worst-case acceleration, or for a particular driving session. As noted

in [74] the filters are usually tuned to accommodate the maximum amplitude

acceleration and so smaller onset cues are not sustained for as long as they should

be.
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A final limitation of this technique, is that tuning the filter parameters is, to an

inexperienced user, not clear [25]. A method is proposed in [45] to determine the

range of acceptable parameter values to simplify tuning. The parameter limits

are found using vestibular detection thresholds (miscues are aimed to be kept

below human detection thresholds) and platform excursion constraints.

Despite the limitations of this technique it is easy to implement and, while tuning

may require experience, it is simple to adjust in response to driver comments [43],

hence its enduring popularity.

3.3 Nonlinear Coordinated Adaptive Algorithm

The classical algorithm is tuned to accommodate worst case accelerations and

so poor performance relative to low-amplitude cues results. Adaptive techniques

aim to overcome this limitation by varying the cueing filter parameters in real-

time. These (adaptive) algorithms can be designed to adjust the translational

high-pass, cross-term and rotational filters, or any combination of these. The

filter gains and cut-off frequencies are calculated at each time step to minimise a

cost function of the form [11]

J = (aref − asim)2 + w1v
2
sim + w2p

2
sim (3.3)

in which aref is the acceleration of the vehicle, and asim, vsim and psim are,

respectively, the acceleration, velocity and displacement of the platform, while

w1 and w2 are weights. The cost is a weighted sum of the platform position,

velocity and the acceleration error; this error is the difference between the input

and output of a dynamic system. A steepest descent method is used to find the

cost function minimum [25]. By adjusting the weights in the cost function the
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algorithm can be tuned so that the resulting acceleration demand lies within the

platform workspace.

This method shows an improvement in the fidelity of the motion of the simula-

tor platform when it is close to the neutral position, and accelerations are only

corrupted as the platform nears its limits. The cost function can be defined in

different ways making the method more flexible and intelligent [43]. The tuning

is also more intuitive as the cost function weights cause a clear trade-off between

the fidelity of the acceleration and the extent of the platform motion [25]. The

experimental results in [25] and [45] show a reduction in the false cues produced

by this algorithm as compared with the classical technique.

The disadvantages of this method are that it is computationally demanding, and

so has a higher execution time, with the algorithm being difficult to adjust [43]. It

has also been found that for certain motion trajectories the adaptive filter distorts

the motion perception [2]. These authors suggest a more complex cost function

that considers lateral and roll freedoms in combination. A model of the vestibu-

lar system is included and the adaptive cost function is adjusted to minimise

either the rotational sensory error or the roll angle. This showed an improved

performance in the angular sensations, but the translational perception was com-

promised. The cost function can also be adjusted to penalise acceleration errors

when the derivative of the acceleration is high [2], thereby including a commonly

employed principle of motion cueing - cue for sudden changes in motion.

3.4 Optimal Cueing

This cueing approach uses LQR theory to design optimal washout filters; a de-

tailed description of the algorithm can be found in [43], [73] and [64] and later in

this thesis.
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Figure 3.4: Formulation of the optimal motion cueing problem.

The aim of this approach is to design a filter F (s) that relates the simulator

acceleration demands to the vehicle reference accelerations as shown [45]:

usim(s) = F (s)uref (s), (3.4)

where usim(s) represents the simulator translational acceleration or rotational

velocity, and uref (s) represents the same quantity in the vehicle. This filter is

designed using LQR theory to minimise a cost function of the form:

J =

∫ ∞
0

(
eTQe+ xTsimRdxsim + uTsimRsusim

)
dt. (3.5)

The cueing problem formulation is shown in Figure 3.4. The motion of the vehicle

is given by uref , and is filtered by the vestibular system to produce perceived

vehicle motion ûref . In the simulator the vehicle motion is filtered by the washout

filter F (s) to produce simulator motion demands usim which are also filtered by

the vestibular model to produce perceived simulator motion ûsim. The perceptual

error e is the difference between the motion perceived in the simulator and the

real vehicle.

The second term in the cost function contains xsim which is the simulator velocity

and positon. This and the final term in the cost function require that simulator
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motions as well as perceptual error are minimised.

LQR theory is used to design the optimal cueing filter F (s) that balances the

trade-off between perceptual fidelity and simulator motion. The weights Q, Rd

and Rs are tuned iteratively so that the platform stays within its limits for the

worst-case acceleration input.

The filter structure that results from this technique is similar to the classical

algorithm. By using a model of the vestibular system (where the specific force in

the translational direction is a function of the platform’s rotational motion) the

longitudinal, pitch and cross-term filters are designed simultaneously, and (3.4)

becomes:  axsim

φ̇sim

 =

 FL(s) FPL(s)

FLP (s) FP (s)


 axref

φ̇ref

 (3.6)

for the longitudinal and pitch directions. The filter FPL(s) is the cross-term

from the pitch to longitudinal direction and is usually 0. The filter FLP (s) is

the cross-term from longitudinal to pitch motion and is typically low-pass. The

remain filters FL(s) and FP (s) are the (normally high-pass) longitudinal and pitch

filters. The lateral and roll filter design problem is similarly structured, while the

heave and yaw are independent. These filters are usually 3rd to 5th order [43].

The tuning of this algorithm is transparent to the user as it only involves adjusting

the weights that trade-off platform workspace usage and vestibular error [25].

This approach incorporates directly a model of the vestibular system and so

takes advantages of the natural filtering of humans. The disadvantages of this

method are that the freedoms are assumed to be decoupled and the vehicle motion

a stochastic signal [43], which is not realistic in a practical simulator. It also

shares the limitations of classical filters in that the system is tuned for worst case

accelerations, and so does not use the full workspace in normal operation, and it

suffers from false cueing.
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3.5 MPC Cueing

Recent motion cueing algorithms have explored the use of MPC [5, 13, 25]. These

methods also minimise the perception error, but the platform limits and the driver

motion perception thresholds are included as hard constraints.

In MPC a constrained finite-horizon optimisation problem is solved at every time

step. Since this is a receding horizon technique, only the control action at the first-

step is applied to the system. The numerical solution is found by reformulating

the optimisation problem as a quadratic programming problem, which is solved

using standard algorithms [55].

The cost function of the motion cueing problem is:

J =

HP∑
i=0

yT (t+ i)Qy(t+ i) + uT (t+ i)Ru(t+ i), (3.7)

where R and Q are weighting matrices, u(t + i) is the simulator acceleration

(control action) and y(t+ i) is defined as:

y(t+ i) = x(t+ i)− xref (t) i = 0, . . . , HP . (3.8)

In (3.8) xref (t) is a reference, and x(t + i) are the system states that evolve

according to the linear plant dynamics:

x(t+ i+ 1) = Ax(t+ i) +Bu(t+ i) i = 0, . . . , HP , (3.9)

The problem constraints are:

umin ≤ u(t+ i) ≤ umax i = 0, . . . , HU − 1 (3.10)
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xmin ≤ x(t+ i) ≤ xmax i = 0, . . . , HP (3.11)

u(t+ i) = 0 i = HU , . . . , HP (3.12)

In equations (3.7) to (3.12) HP is the prediction horizon (the number of time-

steps over which the cost function is minimised) and HU is the control horizon (the

number of time steps for which the control action is solved). Since HU ≤ HP the

control is assumed zero from HU to HP , equation (3.12). The state vector x(t+1)

contains vestibular states, and states relating to the platform dynamics. Once

again, by using the vestibular model where the translational specific force depends

on the rotational motion, tilt-coordination will result. When the longitudinal

constraints are encountered, pitch motion can be substituted, and similarly with

lateral and roll.

The MPC problem is converted into a quadratic programming (QP) problem

given by:

min
x
xTHx+ fTx (3.13)

subject to

Ax ≤ B (3.14)

Aeqx = Beq (3.15)

where, x is the optimisation variable, H and f are weighting matrices and (3.14)

and (3.15) are the linear inequality and equality constraints, respectively. The

transformation of the MPC into a QP problem follows the method developed

by [79] and applied to motion cueing by [25]. The QP problem is solved using

standard methods, such as quadprog in Matlab.

A model of the platform is required, so that the workspace limits can be observed.

In the simplest form, constraints on the acceleration, velocity and position of the
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platform centre can be imposed, without using a platform kinematic model. If

the DOF of the platform are largely uncoupled this approach will still make good

use of the available workspace [5]. Alternatively, a linearised platform model

can be employed, such as in [27] which uses a Stewart platform model, simpli-

fied with small-angle approximations. A 9 DOF platform model, consisting of a

hexapod mounted on a flat-bed tripod, is used in [7]. Since the platform has 3

redundant DOF, the MPC algorithm determines the optimal division of the mo-

tion between the different mechanisms, thereby making best use of the unusually

shaped workspace.

In MPC theory, the aim is to determine the plant input that will minimise the

difference between the system states and the reference trajectory, as shown in

equations (3.7) and (3.8). A reference signal (available at least N steps in the

future) is therefore required. In this problem, the reference signal is the vestibular

accelerations of a driver in the actual vehicle, since sensation error should be

minimised. There are two main approaches to generating the reference vestibular

output over the prediction horizon. The first, and simple, approach is to assume

the reference is constant, that is, the vehicle and hence vestibular accelerations

are the same at the future time steps as they are at the initial one [27]. Other

approaches generate a reference trajectory by using a virtual driver simulation

[4] or using a simple car model where the driver inputs remain constant over the

prediction horizon [3].

The error given in (3.8) and the platform acceleration u(t+ i) both appear in the

cost function (3.7), and so both are penalised. As one would expect, the strength

and smoothness of the onset and miscue in the acceleration signal are affected by

the length of control and prediction horizons.

The result of the MPC algorithm is that, typically, the simulator follows the refer-

ence acceleration signal until it nears the platform limits, at which point it slows
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the platform to a stop. With the hardware used in [13], and the incorporation

of vestibular threshold values it is possible to decelerate the platform at a level

imperceptible to the driver. This yields smooth decelerations near the limits.

Washout to the neutral position is not included, but is implemented as a parallel

process that is activated by the accelerations and driver actions [13].

Testing with this method has demonstrated better workspace usage than the

classical technique [13]. It is also the simplest of the cueing algorithms to tune [25].

However, in the period where the platform slows towards the limits, none of the

high-frequency content of the motion is present [25]. Finally, the computational

burden of the MPC problem is high, and to implement in real-time the control and

prediction horizons must necessarily be kept short [5]. Furthermore, the problem

can become too large if the inputs to all DOF are determined simultaneously.

This can be overcome by only considering the tilt-coordination pairs together

[27].

3.6 Spherical Algorithms

The classical and optimal motion cueing algorithms are not applicable in the

Desdemona simulator (Section 2.1.3) as they are not designed for a cylindrical

workspace and will not take advantage of the kinematic characteristics of the

system, such as the ability of the platform to match yaw one-to-one. As a re-

sult a so-called spherical algorithm has been designed to exploit the platform’s

capabilities and provide both onset and sustained cues [81].

The spherical algorithm is described in detail in [81] and functions by transform-

ing the x and y specific forces into radial and tangential accelerations. These

are high-pass filtered and integrated to generate radius, cabin and central yaw

axis values. The algorithm washes out the motion to a neutral radius position

and a tangentially facing cabin, but it does not wash out the central yaw angle.
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For a longitudinal acceleration a curved trajectory is generated so the centripetal

acceleration can be used to generate sustained motion cues. This circular mo-

tion however, causes a lateral false cue, which as mentioned in Section 2.1.3 is

the primary disadvantage of the Desdemona simulator. However, by tilting the

platform a component of the gravity vector can be used to compensate in part for

this acceleration [20]. False cues are also generated in yaw and lateral directions

during the washing out of the platform to its neutral radius position and cabin

yaw position.

In the experiments conducted by [82] the spherical algorithm was proved to be

more successful in the Desdemona than the classical algorithm, and the sustained

lateral and one-to-one yaw cues were liked by the drivers operating the simulator.

3.7 Prepositioning

Prepositioning is not a motion cueing algorithm in itself, but it is a useful tech-

nique that can be employed in conjunction with the classical and optimal ap-

proaches in order to improve workspace usage. Developed by Weiß [80], the idea

behind this technique is to anticipate the next movement of the vehicle and move

the platform to a point that will increase the workspace in the required direction.

If the driver is going to brake (accelerate), the platform should move to the fore-

most (rearmost) longitudinal limit of the workspace. In this way the workspace

for braking, accelerating and cornering is increased and optimal or classical cueing

algorithms can be tuned to give stronger or longer duration cues. The crux of this

technique is moving the platform sufficiently slowly that the pre-manoeuvring is

not detected by the driver and does not interfere with the other motion cues or

introduce new ones. To address this, nonlinear rate limiters are used in [10] to

keep prepositioning movements below the driver perception thresholds.
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Weiß presents two techniques to implement prepositioning [80]. The first is

through filtering a neutral-position-offset demand to ensure a smooth transition

of the platform to the prepositioning location. The filtering technique allows a

slow onset and final motion, however, a limitation lies in the maximum velocity

that the platform needs to achieve in order to move within the prediction time.

The second technique is a logic method. The desired position and prediction time

are used to calculate the velocity at which the platform must move to get there.

At first this was aimed to be at sub-detectable velocities, but this does not ensure

that the platform reaches the position in time and was found to be inadequate.

The filtering technique is smoother, but the logic technique requires a lower peak

velocity.

The limitation of the prepositioning technique is that it requires the ability to

predict the future vehicle motion. In the longitudinal direction it is possible

to estimate the upcoming accelerations by observing the current vehicle speed or

gear ratio (braking is likely to follow high speed driving, while accelerating follows

a period of low speed) [10]. The lateral direction can be prepositioned from the

track data. The curve radius, vehicle speed and an estimated time-to-next-corner

can be used to move the platform into a good position [10].

3.8 Summary

The cueing algorithms presented in this chapter were designed originally for either

aircraft or passenger car simulators, and hence, have limited applicability in race

or high-performance car simulators. The tilt coordination technique that is used

to generate sustained accelerations cannot be applied in racing. The longitudinal

and lateral accelerations change direction very quickly and the platform cannot

be tilted fast enough. However, the sustained accelerations are of the order of

3Gs, and tilt coordination can only simulate a fraction of 1G. Hence, it would
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not provide significant benefit anyway. Finally, the test drivers are more sensitive

to vehicle behaviour, and are more attuned to whether the vehicle is tilting or

accelerating and hence are harder to ‘trick’.

Without the use of tilt coordination, and noting that the heavy, pitch and roll

freedoms only have small motions that do not require filtering, the cueing problem

reduces to designing filters for only longitudinal, lateral and yaw motions. As

such, any of the above algorithms which design filters for multiple directions at

once, would need to be modified.

While it seems that there are more challenges in designing a racing simulator

cueing algorithm, there is, however, one advantage. This is that the driver be-

haviour is very predictable. The race track and speed profile is known, and hence,

the vehicle acceleration is consistent between laps. The ability to anticipate the

driver’s actions makes the prepositioning technique applicable in this context.

This assists with the exploitation of the full workspace to provide the highest

fidelity cues possible.

The aim in both the optimal and model predictive control algorithms is to min-

imise the acceleration sensation error of the simulator driver. This approach is

successful in passenger car simulators that only respond to low-magnitude accel-

erations and slow dynamics. Using the cueing techniques described (particularly

with successful tilt coordination) it is possible to reproduce many features of the

sensed accelerations. However, in race-car and high-performance vehicle appli-

cations, the vehicle accelerations are an order of magnitude larger than those

in typical passenger cars, and so only a small fraction of the motion is rendered.

Since the perceptual error is large relative to the simulator motion, the incorpora-

tion of a vestibular model does not offer much assistance in the cueing algorithm

design. Indeed, there is little value in attempting to replicate vehicular accelera-

tions, since it is both unachievable and unnecessary. Experienced test drivers do
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not need to ‘believe’ the simulator is a car. They merely require sufficient informa-

tion to be able to control and drive the car realistically. The cueing focus should

therefore not be on minimising sensory error, but rather correctly communicating

the vehicle behavioural information. Determining the motion cues required by

the driver to control the vehicle and understand its handling properties is one of

the main themes of this thesis.

Ingrid Salisbury - Optimal Motion Cueing Page 51



Chapter 4

Vehicle Stability Analysis

4.1 Introduction

The aim of motion cueing in a race car simulator differs from that of the passenger

car application. In the latter, an immersive, realistic driving experience is created

by providing cues that minimise the vestibular sensory error. In the former,

however, the simulators are used to evaluate the car set-up and its effect on the

vehicle handling. To perform this task the drivers need motion cues from which

they can infer the vehicle behaviour at the performance limit. This behaviour

is influenced by the vehicle’s handling and stability properties. By studying the

changes in the car’s stability and response characteristics as it approaches the

limit, the necessary motion cues for the vehicle simulator can be analysed. This

insight can be used to evaluate existing and to develop new cueing methodologies.

Since the stability of the vehicle changes with speed and acceleration (both lon-

gitudinal and lateral), it is convenient to use a G-G diagram (Figure 4.1) to

characterise the operating domain of the car. This well-known diagram plots the

lateral vehicle acceleration against the longitudinal acceleration with a boundary

line representing the physical limits of the car. The engine power is the primary
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Figure 4.1: Sample G-G diagram of a Formula One car that shows the ve-
hicle’s lateral and longitudinal acceleration on a qualifying lap at Silverstone.
The measured vehicle data has been filtered to remove noise. The track con-
tains 18 corners, of which 10 are right-handed, that accounts for the vehicle’s
positive-dominated lateral acceleration. In addition, the high-speed corners,
out of which the driver accelerates, are also right-handed, which is consistent
with vehicle’s prolonged operation in the top-right quadrant of the diagram.
The highlighted regions correspond with simultaneous braking and cornering,

a condition in which the vehicle is typically unstable.

influence on the positive longitudinal acceleration limit, while the tyre grip is

the key factor in determining the lateral and braking limits. A graphical overlay

of recorded telemetry data can be used to analyse the driver’s exploitation of

the performance envelope. In racing, the more the driver is able to utilise the

capability of the vehicle, the lower the lap time.

Handling and stability characteristics influence the drivers’ ability to operate

the vehicle on the limit of performance. An unstable vehicle may undermine

the drivers’ confidence, or in extreme cases make the vehicle undriveable. The

highlighted regions in Figure 4.1 correspond to areas where the vehicle is typi-

cally unstable and more difficult to control, thus requiring highly skilled drivers.

Characterising the vehicle stability across the G-G diagram is not only useful for

understanding motion cueing requirements, but can also assist in predicting the

extent to which the driver will be able to exploit the vehicle’s performance.
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The treatment of stability over the full operating range of the vehicle has pro-

duced a number of analysis techniques, but all have their limitations. Milliken

[42] describes the use of stability and control derivatives to assist in the assess-

ment of vehicle handling such as oversteer and understeer [54]. These derivatives

are generated from linearised vehicle models at particular steady-state operating

points. Used originally in the aircraft industry, this approach is practically use-

ful, and characterises the vehicle response to physical stimuli, such as an applied

yaw moment. Despite providing valuable insight into vehicle behaviour, stability

derivatives are only applicable to the portion of the G-G envelope corresponding

to steady-state cornering conditions. More sophisticated methods use phase plane

and bifurcation analysis to determine vehicle stability [83]. These techniques are

only usable with relatively simple vehicle models.

This work uses Lyapunov’s indirect method to study the stability of a vehicle

under steady-state cornering conditions [62]. The analysis is extended to accel-

erating and braking scenarios following the approach developed for motorcycle

stability analysis [12, 39] and more recently applied to the case of a racing vehicle

G-G envelope in [76]. In essence, the car’s stability properties are inferred from

the eigenvalue of linearised vehicle models. While high-fidelity models can be

used, due care must be taken with this type of analysis since it is only valid when

the nonlinear system is ‘varying slowly’ [16, 58, 65].

The time-varying eigenvalue analysis is first developed for accelerating and brak-

ing under straight running conditions. A simple two degree-of-freedom (2 DOF)

car model facilitates the derivation of simple analytic expressions for the vehicle’s

stability and response. The stability analysis is then extended to the remainder

of the operating chart by considering first steady-state and then accelerating and

braking under cornering. A 3 DOF model is used that includes nonlinear, com-

bined slip ‘magic formula’ type tyres. This is then extended to a high-fidelity,

Ingrid Salisbury - Optimal Motion Cueing Page 54



4. Vehicle Stability Analysis 4.2 Stability Theory

4-wheel car model with suspension and aerodynamic forces.

The changes in the vehicle stability and response under different operating con-

ditions are analysed to determine the motion cues that are required by race-car

simulator drivers.

The remainder of this chapter is arranged as follows: the method to determine

the vehicle stability is explained in Section 4.2, the analysis of stability under

straight-running conditions is presented in Section 4.3. The extension to cornering

scenarios is given in Section 4.4, and the analysis of a high fidelity model is given

in Section 4.5.

4.2 Stability Theory

Lyapunov’s Indirect method is applied to the study of the non-linear vehicle [67].

When the vehicle is travelling at a constant velocity, the system is in equilibrium

and can be linearised about the steady-state operating conditions. However, for

accelerating and braking vehicle scenarios the system is changing, and the stability

along a nominal motion trajectory is studied.

The vehicle dynamics are represented by the following non-linear equation:

ẋ = f(x, u). (4.1)

If the braking or accelerating vehicle motion is represented by a nominal state

trajectory, xn(t), which has an associated input trajectory un(t), the stability of

the system to a perturbation away from xn(t) can be studied. The perturbation

of the state and input are given by:

x(t) = xn(t) + ∆x(t), (4.2)
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and

u(t) = un(t) + ∆u(t), (4.3)

respectively. Since (x(t), u(t)) is also a solution to (4.1):

ẋn(t) + ∆ẋ(t) = f(xn(t) + ∆x(t), un(t) + ∆u(t)). (4.4)

This can be rewritten using a Taylor expansion:

ẋn(t) + ∆ẋ(t) = f(xn(t), un(t)) +
df

dx

∣∣∣∣
xn(t),un(t)

∆x(t) +
df

du

∣∣∣∣
xn(t),un(t)

∆u(t) + h.o.t

(4.5)

and, since ∆x is small, this can be simplified by neglecting the higher order terms

in ∆x and ∆u:

∆ẋ(t) = A(t)∆x(t) +B(t)∆u(t), (4.6)

where,

A(t) =
df

dx

∣∣∣∣
xn(t),un(t)

, (4.7)

and

B(t) =
df

du

∣∣∣∣
xn(t),un(t)

. (4.8)

The stability of the accelerating or braking vehicle is inferred from the stability

of the associated time-varying linear system. The use of frozen-time eigenvalues

to infer the stability of this system is discussed in Section 4.2.1 below.

4.2.1 Stability of Linear, Time-varying systems

It is shown in [58] and [16] that the time-varying linear system represented by:

ẋ = A(t)x, (4.9)
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is stable when the associated frozen-time eigenvalues are negative, and the rate

of change of A(t) is sufficiently slow. A detailed derivation of the upper bound

on the rate of change of A(t) is given in [58], with the results quoted here.

The time-varying matrix A(t) is restricted to the form that corresponds to the

differential equation:

xn + an(t)xn−1 + ...+ a2(t)ẋ+ a1(t)x = 0, (4.10)

where, xn is the nth derivative of x. The eigenvalues of A(t) are uniquely related

to the coefficients of the differential equation, and therefore bounds can be placed

on the rates of change of the eigenvalues.

It is shown in [58] that if for all t ≥ t0, every ai(t) satisfies |ai| ≤ a and is

differentiable, and the eigenvalues λ of A are distinct and Re(λi) ≤ −ε < 0 for

all i, then the point x = 0 is asymptotically stable if the matrix L(t) is negative

definite for every t ≥ t0 and some η > 0, where

L = AS + SAT − Ṡ + ηI, (4.11)

and the matrix S is given by:

Sij =
n∑
k=1

λi−1k λ̄j−1k , (4.12)

where, λk are the eigenvalues of A and λ̄k the complex conjugates of the eigen-

values.

This result can be applied to the vehicle model under accelerating and braking

conditions to determine the vehicle speeds and accelerations under which the

system is stable.
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Figure 4.2: Kinematics of a single-track vehicle model showing its basic ge-
ometric parameters.

4.3 Straight Line Motion

The stability of the straight-running car is studied first, with analytic results

derived using a 2 DOF vehicle model.

4.3.1 Vehicle Model

A single-track bicycle model is used to describe the vehicle’s dynamics and stabil-

ity. The kinematics of the car model are shown in Figure 4.2, with all quantities

described in an SAE coordinate system. Balancing forces in the longitudinal and

lateral directions, and balancing yaw moments around the car’s mass centre gives

the following well known equations of motion (EOM):

mu̇ = mωv − Ffy sin δ + Frx (4.13)

mv̇ = −mωu+ Ffy cos δ + Fry (4.14)

Jω̇ = a cos δFfy − bFry. (4.15)

The state vector is x = [u, v, ω]T , where the states are, respectively, the body-

fixed longitudinal, lateral and yaw velocities. The parameters a, b, m and J
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represent respectively the distance of the front and rear axle from the centre-

of-mass, the mass of the vehicle and the vehicle’s yaw moment of inertia. The

front wheel has steering angle δ, which is assumed ‘small’. The front and rear

lateral tyre forces are given by Ffy and Fry respectively. The driven rear wheel

has longitudinal tyre force Frx. The side-slip angle β lies between the vehicle

mass centre velocity V and the vehicle’s longitudinal axis. The front and rear

tyre velocities make slip angles αf and αr with the wheel plane directions. These

three angles are computed using:

β = arctan(
v

u
), (4.16)

αf = arctan

(
u sin δ − cos δ(ωa+ v)

u cos δ + sin δ(ωa+ v)

)
, (4.17)

αr = arctan

(
ωb− v
u

)
. (4.18)

When the vehicle is accelerated, or braked, there is a normal tyre force transfer

between the front and rear axles. By balancing moments around the rear-wheel

ground contact point, and noting that the sum of the tyre down-forces is equal to

the weight of the vehicle, the front and rear down-force, Ffz and Frz respectively,

can be computed as:

Frz = mg
a

a+ b
+max

h

a+ b
(4.19)

Ffz = mg − Frz, (4.20)

where h is the height of the centre-of-mass and ax is the longitudinal acceleration.
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The lateral forces generated by the tyres are assumed to depend linearly on the

tyre normal loads and slip angles, and are computed by:

Ffy = Cf0Ffz

(
δ − ωa+ v

u

)
, (4.21)

Fry = Cr0Frz

(
ωb− v
u

)
, (4.22)

where, Cf0 and Cr0 are the normalised cornering stiffnesses (at the front and rear

axle); (4.17) and (4.18) are simplified using small angle approximations.

Under straight-running conditions the influence of the mwv term on the longitu-

dinal acceleration is assumed negligible, which decouples the longitudinal speed

from the other two EOM. We will assume that

u(t) = u0 + axt. (4.23)

The tyre model is combined with the remaining EOM, and the resulting linear

time-varying EOM are given by:

v̇ = − C

mu(t)
v +

( −Cs
mu(t)

− u(t)

)
ω +

Cf
m
δ, (4.24)

ω̇ =
−Cs

mk2u(t)
v − Cq2

mk2u(t)
ω +

Cfa

mk2
δ, (4.25)
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in which

Cr = Cr0Frz (4.26)

Cf = Cf0Ffz (4.27)

Cs = Cfa− Crb (4.28)

C = Cf + Cr (4.29)

Cq2 = Cfa
2 + Crb

2 (4.30)

mk2 = J. (4.31)

Following [48], the parameter ‘s’ is the distance between the centre-of-mass and

the neutral steer point, q is the average moment arm and k the radius of gyration.

The neutral steer point, which is shown in Figure 4.2, has kinematic significance;

a force applied through this point will cause the vehicle to move laterally without

yawing.

4.3.2 Constant Velocity Stability

Under steady-state conditions (4.24) and (4.25) are time-invariant. When ex-

amining the behaviour of the car, the response in the lateral acceleration, yaw

velocity and side-slip angle to perturbations in steering angle are determined.

These quantities are given by: y = [ay, ω, β]T , where, the lateral acceleration is

given by:

ay = v̇ + uω, (4.32)

ω is a state, and β is given in (4.16), but linearised assuming small angles.
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The state-space model of the car from the steering angle to the output vector is

given by:

A =

 − C
mu0

−Cs−mu20
mu0

−Cs
mk2u0

− Cq2

mk2u0

 B =

 Cf
m

aCf
mk2



C =


− C
mu0

− Cs
mu0

0 1

1
u0

0

 D =


Cf
m

0

0


(4.33)

where u0 is the steady-state velocity of the vehicle.

The stability of this constant-velocity model has been studied extensively, e.g.

[48]. The poles of the system, which are used to determine the stability are the

roots of the characteristic polynomial:

λ2 +
(a2 + k2)Cf + (b2 + k2)Cr

mk2u0
λ+

(
l2CfCr
m2k2u20

− Cs

mk2

)
= 0. (4.34)

Following the Routh-Hurwitz criterion, the system will be stable if all the coeffi-

cients in (4.34) are positive. With a linear tyre model all cornering stiffnesses are

positive, hence only the last term in (4.34) can become negative, which occurs

when the speed exceeds some critical value given by:

u0 > Vcrit =

√
l2CfCr
mCs

. (4.35)

The existence of a positive, real critical speed is dictated by the sign of the Cs

term. Recalling equation (4.28), this depends on the location of the centre-of-

mass and the cornering stiffnesses of the tyres. This is linked to the concepts of

over and understeer, which have a number of equivalent definitions [42, 48]. The

definition given here is not restricted to a linearised tyre model, and is chosen

because it links the ideas to the driver input. If a vehicle is negotiating a turn
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of constant radius, and the speed is increased, the steering angle required to

maintain the turn will change. In an under-steering vehicle it will increase, in

an oversteering vehicle it will decrease and in a neutrally steering vehicle it will

remain constant. It can be shown that if Cs is positive, the vehicle will oversteer

and hence have a critical speed above which it is unstable [48]. If, on the other

hand, it is negative, the vehicle will under-steer and will remain stable at all

speeds.

The stability and steering characteristics of a race car will now be studied, with

the vehicle parameters given in Table A.1 in the Appendix. The tyre parame-

ters are chosen in order to give an oversteering vehicle with a critical speed of

Vcrit = 65 m/s.

From the state-space model in (4.33) the transfer functions from the steering angle

to each of the outputs are determined. While the system poles are determined by

the characteristic equation, the zeros of each of the three transfer functions are

given by

{zay1, zay2} = − bCrl

2mk2u0
±
√

(
bCrl

2mk2u0
)2 − Crl

mk2
(4.36)

zβ =
amu20 − bCrl

mk2u0
(4.37)

zω = − Crl

mu0a
. (4.38)

The zeros of the lateral acceleration transfer function will either be negative

real, or will form a complex conjugate pair with a negative real part. The zero

of the yaw velocity response transfer function will always be negative, however,

at higher speeds, the zero of the side-slip angle transfer function may become

positive, resulting in a non-minimum phase response.

The system poles and the zeros of each transfer function are given in the left-half

of Figure 4.3 for vehicle speeds from 20 m/s to 80 m/s. As the speed increases,
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the poles of the system migrate towards the right-half plane, with one becoming

positive when the critical speed of 65 m/s is reached.

The lateral acceleration, side-slip angle and yaw velocity responses to a step

change in the steering angle are determined at speeds of u0 = {30 m/s, 50 m/s,

70 m/s}. The results are shown in the right half of Figure 4.3. At u0 = 30 m/s

the system responses exhibit overdamped, stable behaviour, approaching finite

final values. At u0 = 50 m/s the responses are quicker, with the outputs achieving

significantly larger values in the same time. At u0 = 70 m/s the system is unstable

and the responses grow indefinitely. In the simulator the driver needs to identify

the car’s steering (over or under) characteristics, as well as its proximity to the

stability limit. As shown in Figure 4.3, the speed of the vehicle response to a

steering input increases as the vehicle becomes progressively less stable. To assist

the driver, the simulator motion cues should recreate these larger magnitude mo-

tions, reduced response times and reduced damping ratios as the car approaches

the stability limit.

4.3.3 Accelerating and Braking Stability

As a first step, the stability of the vehicle under braking and accelerating is studied

by examining the eigenvalues of the frozen-time system (conventional approach).

The vehicle is accelerated (or braked) and the frozen-time eigenvalues along the

manoeuvre are computed. To verify the results, the poles are correlated with the

time response of the yaw velocity to a perturbation. The frozen-time approach is

then validated by computing explicit bounds on the rate of change of the system.

These are used to determine the conditions (vehicle acceleration and velocity)

where the eigenvalues represent the system stability.
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Figure 4.3: The left-hand figure shows the real part of the poles and zeros of
the 2 DOF model given in (4.33) for straight-running vehicle speeds between
20 m/s and 80 m/s. The poles are the roots of the characteristic polynomial
given in (4.34). The zeros of the lateral acceleration, side-slip angle and yaw
velocity transfer functions are computed using (4.36), (4.37) and (4.38), re-
spectively. In the case of the lateral acceleration, the zeros form a complex
conjugate pair. The right-hand figure shows the responses of the lateral ac-
celeration, side-slip angle and yaw velocity transfer functions to step changes
in the steering input. These responses are computed at longitudinal speeds
of u0 = {30 m/s, 50 m/s, 70 m/s} corresponding respectively to the magenta,

green and cyan curves.

4.3.3.1 Closed-Form Solution

The first-order differential equations (4.24) and (4.25) can combined by eliminat-

ing the lateral velocity to produce a second-order differential equation in the yaw

rate ω.

u2(t)ω̈ +
k2max + (a2 + k2)Cf + (b2 + k2)Cr

mk2
u(t)ω̇ + (− Cs

mk2
u2(t) +

l2CfCr
m2k2

)ω

=
u(t)Cf (Crl + aaxm)

m2k2
δ +

u2(t)aCf
mk2

δ̇, (4.39)

This equation can be simplified by defining the parameters P , Q and R as:

P =
k2max + (a2 + k2)Cf + (b2 + k2)Cr

mk2
, Q = − Cs

mk2
, R =

l2CfCr
m2k2

, (4.40)
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and, with the additional assumption that the steering angle is held at zero, (4.39)

can be rewritten as:

u2(t)ω̈ + Pu(t)ω̇ + (Qu2(t) +R)ω = 0. (4.41)

The time-varying differential equation (4.41) has a structure reminiscent of a

Bessel’s differential equation and so a closed-form solution can be found in terms

of Bessel functions. It is assumed that the parameters P , Q and R do not vary

with speed. However, these parameters do change with longtidunal acceleration.

For a given constant acceleration ax the tyre cornering stiffnesses Cf and Cr

can be calculated, based on the required longitudinal driving force, and the load

transfer between the front and rear axels. Aeordynamic forces are neglected in

this model, however, were they to be included then P , Q and R would vary with

speed, and hence the Bessel’s function approach could not be applied.

As demonstrated in [35] an equation with the form:

u2
d2ω

du2
+ Au

dω

du
+ (Bu2 + C)ω = 0 (4.42)

has a solution

ω = c1u
ρ(t)Jν(αu(t)) + c2u

ρ(t)Yν(αu(t)), (4.43)

in which Jv and Yv are Bessel functions of the first and second kind, and c1 and

c2 are constants of integration. The parameters ρ and α, and the order of the

Bessel functions ν, are related to the coefficients of the differential equation by:

ρ =
1

2
(1− A), α =

√
B, ν =

√
1

4
(1− A)2 − C. (4.44)

Comparing equations (4.41) and (4.42) show that a change of variable from t to
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u is needed. The first- and second-order derivatives of ω with respect to t are

related to the derivatives with respect to u by:

dω

dt
=
dω

du

du

dt
= ax

dω

du
(4.45)

and

d2ω

dt2
=
d2ω

du2

(
du

dt

)2

+
dω

du

d2u

dt2
= a2x

d2ω

du2
, (4.46)

in which ax is assumed constant.

The equation in (4.41) can now be rewritten as:

u2(t)
d2ω

du2
+
P

ax
u(t)

dω

du
+

(
Q

a2x
u2(t) +

R

a2x

)
ω = 0, (4.47)

The parameters ρ and α, and the order of the Bessel functions ν, can now be

related to the coefficients of the differential equation and ax by:

ρ =
1

2

(
1− P

ax

)
, α =

√
Q

a2x
, ν =

√
1

4

(
1− P

ax

)2

− R

a2x
. (4.48)

If Q is negative the argument of the Bessel functions is complex. In this case,

in order to obtain real solutions, modified Bessel functions Iv and Kv of the first

and second kind must be used to obtain

ω = c1u
ρ(t)Iν(αu(t)) + c2u

ρ(t)Kν(αu(t)). (4.49)

The sign of Q depends on the sign of Cs. However, unlike the constant velocity

case, this quantity now changes with both the car kinematic parameters and

the vehicle’s acceleration. For example, a car might be oversteering at a constant

velocity (Cs < 0), however when the vehicle accelerates, normal load is transferred

to the rear and Cr increases, while Cf simultaneously decreases thereby producing

Ingrid Salisbury - Optimal Motion Cueing Page 67



4. Vehicle Stability Analysis 4.3 Straight Line Motion

possibly a negative value of Cs. Under braking the opposite occurs and Cs will

remain negative (or may become negative if the vehicle is initially under-steering).

As the sign of Cs changes the appropriate Bessel functions must be used.

The constants of integration, c1 and c2 are found by applying the initial conditions

ω(0) = ω0 and ω̇(0) = ω̇0. The first condition is applied to (4.43) to get

ω0 = uρ0(c1Jν(αu0) + c2Yν(αu0)), (4.50)

where, u0 = u(0). The derivative of the general solution (4.43) is required to

apply the second initial condition:

axω̇0 = c1

[
ρuρ−10 Jν(αu0) + uρ0

(
Jν−1(αu0)−

ν

αu0
Jν(αu0)

)
α

]
+ c2

[
ρuρ−10 Yν(αu0) + uρ0

(
Yν−1(αu0)−

ν

αu0
Yν(αu0)

)
α

]
. (4.51)

If the velocity is assumed constant the yaw differential equation reduces to a

linear second-order time-invariant equation with solution

ω = c1e
λ1t + c2e

λ2t, (4.52)

where λ1 and λ2 are the model eigenvalues. The constants c1 and c2 can be found,

once again, through the application of the initial conditions. The time-invariant

yaw response will differ from the time-varying solution over long time periods,

and a piece-wise time-invariant yaw response can therefore be used. Suppose that

time is divided into intervals, and that the time-invariant solution is computed

on each interval with the terminal conditions from the previous interval used as

the initial conditions for the current interval. As these sub-intervals decrease in

duration the solution accuracy, as expected, improves.
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Figure 4.4: The left-hand figure shows the real parts of the frozen-time eigen-
values of a vehicle braking in straight running at -10 m/s2 for vehicle speeds
from 80 m/s to 20 m/s. The right-hand figure shows the yaw response to a

non-zero initial yaw velocity at 80 m/s.
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Figure 4.5: The left-hand figure shows the real part of the frozen-time eigen-
values of a vehicle accelerating in straight running at 10 m/s2 from 20 m/s to
80 m/s. The right-hand figure shows the yaw response to a non-zero initial yaw

velocity at 20 m/s.

In the case where Cs is negative, the eigenvalues λ1 and λ2 are complex hence ω

in (4.52) is also complex. A real solution is found using the general solution of

the form:

ω = c1e
λrt cos(λit) + c2e

λrt sin(λit), (4.53)

where, λr and λi are the real and imaginary parts of the eigenvalues.
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4.3.3.2 Results

The eigenvalues and system response for a constant -10 m/s2 of braking are shown

in Figure 4.4, for speeds varying from 80 m/s to 20 m/s. One of the eigenvalues

changes sign at Vcrit = 38 m/s, which is much lower than the constant velocity

case (65 m/s). The load transfer due to braking reduces the rear tyre cornering

stiffness. This, in turn, causes Cs to increase with an accompanying reduction in

the critical speed; see (4.35). The response of the time-varying system to a non-

zero initial yaw velocity at 80 m/s is determined using the closed-form solution

in (4.43), as well as a piecewise time-invariant solution using (4.52). Initially,

the yaw angle grows exponentially, typical of an unstable system. However, as

the vehicle speed decreases, and the eigenvalues become negative, the yaw angle

response slows and then decays. This behaviour suggests that a vehicle braking

from 80 m/s may exhibit an undesirable ‘burst’ response.

Under acceleration the eigenvalues of the system remain negative, and indeed, the

system response to a non-zero initial condition exhibits a stable characteristic.

The piecewise frozen-time solution predicts almost exactly the real solution. At

higher speeds the eigenvalues are complex, which manifests in an underdamped

yaw response to a perturbation.

In the simulator, cues that communicate these behavioural changes must be

present so that the driver can keep track of the effects of acceleration and braking.

4.3.3.3 Validation of the Eigenvalues

The results of [58], which have been described in Section 4.2.1, are applied to the

vehicle model for straight-line accelerating and braking conditions. From this,

it can be determined if the system is slowly-varying and, therefore, whether the

eigenvalues can be used to infer stability. The computation of the matrix S, given
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by (4.12), is simplified by considering the case of real and complex eigenvalues

separately. Under braking, the eigenvalues for the particular vehicle studied are

real. As a result of the load transfer to the rear under acceleration, the eigenvalues

are complex. It is therefore convenient to study these two cases independently.

4.3.3.4 Real Eigenvalues

When the eigenvalues of A(t) are real and the system second order, the matrix S

is given simply by:

S(t) =

 2 −a2
−a2 a22 − 2a1

 (4.54)

where, a1 and a2 are the coefficients of the differential equation (4.10).

The time-varying differential yaw equation in (4.41) can be rewritten in the form

of (4.10), and, so S is found to be:

S(t) =

 2 − P
u(t)

− P
u(t)

P 2

u2(t)
− 2

(
Q+ R

u2(t)

)
 , (4.55)

while A(t) and Ṡ are given by:

A(t) =

 0 1

−
(
Q+ R

u2(t)

)
− P
u(t)

 (4.56)

and,

Ṡ(t) =

 0 Pax
u2(t)

Pax
u2(t)

4Rax−2P 2ax
u3(t)

 , (4.57)

respectively.
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The matrix L can be determined analytically:

L(t) =

 −2 P
u(t)

−−2P 2+Pax+4Qu2(t)+4R
u2(t)

−−2P 2+Pax+4Qu2(t)+4R
u2(t)

2−P
3+P 2ax+3PQu2(t)+3PR−2Rax

u3(t)

+

 η 0

0 η


(4.58)

The requirement for stability is that L must be negative definite, which, since it

is symmetric, implies its eigenvalues must be negative. From the Routh criterion,

this requires that the coefficients of the characteristic polynomial be positive.

These are determined analytically from L and with some rearranging are given

by:

BR1(t) =
u2(t)(P − 3PQ) + P 3 − P 2ax + 2Rax − 3PR

u3(t)
> η > 0, (4.59)

and,

BR2(t) =
−8Q2u4(t) + u2(t)(2P 2Q− 16QR− 4PQax) + 2P 2R− 8R2 − 1

2
P 2a2x

u4(t)

> −η2 + η
u2(t)(P − 3PQ) + P 3 − P 2ax + 2Rax − 3RP

u3(t)
> 0, (4.60)

where, the second condition has been simplified by assuming that the first condi-

tion holds. The time-varying vehicle system is stable when these two bounds are

satisfied and the frozen-time eigenvalues are negative.

The conditions BR1(t) and BR2(t) in (4.59) and (4.60), respectively, are evaluated

numerically for a vehicle braking at −10m/s2 at speeds ranging from 80 to 20 m/s,

with the results shown in the left plot of Figure 4.6. The first condition BR1(t) > 0

always holds, but the second, BR2(t) > 0, only holds below the limit speed

Vlim = 37 m/s.

In the frozen-time system the eigenvalues are negative below the vehicle critical

speed Vcrit. This speed is compared with Vlim for accelerations of -20 m/s2 to
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Figure 4.6: The left-hand plot contains the numerical evaluation of the
bounds in (4.59) and (4.60) for vehicle speeds from 80 to 20 m/s, for a ve-
hicle braking at -10 m/s2. The right-hand plot shows the vehicle critical speed,

and the limit speed as functions of the vehicle acceleration.

0 m/s2 in right plot in Figure 4.6. At slower accelerations the critical and limit

speeds are almost equal (being exactly equal at zero acceleration), but as the

braking becomes stronger the limit speed becomes increasingly lower than the

critical speed. This implies that the asymptotic stability of the time-varying

system is assured for u0 < Vlim, while the negative eigenvalues between Vlim and

Vcrit cannot be used to infer stability.

4.3.3.5 Complex Eigenvalues

When the system eigenvalues are complex, S is given by:

S =

 2 −a2
−a2 2a1

 =

 2 − P
u(t)

− P
u(t)

2
(
Q+ R

u2(t)

)
 , (4.61)

and, thus L is found to be:

L(t) =

 −2 P
u(t)

P 2−Pax
u2(t)

P 2−Pax
u2(t)

−2PQu
2(t)+PR−Rax
u3(t)

+

 η 0

0 η

 . (4.62)
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Figure 4.7: Numerical evaluation of conditions (4.63) and (4.64) for vehicle
speeds between 20 and 80 m/s, with a vehicle accelerating at 10 m/s2. Under

accelerating conditions there is no critical speed.

The sufficient conditions for stability are now given by:

BC1(t) =
u2(t)(P + PQ)−Rax + PR

u3(t)
> η > 0, (4.63)

and,

BC2(t) =
2P 2Qu2(t)− 2PRax − 1

2
P 4 + 2P 2R + P 3ax − 1

2
P 2a2x

u4(t)

> −η2 + η
u2(t)(P + PQ)−Rax + PR

u3(t)
> 0, (4.64)

where, once again, the second condition is simplified assuming the first is true.

The bounds BC1(t) and BC2(t) are evaluated for a vehicle accelerating at 10 m/s2

and given in Figure 4.7. Across all vehicle speeds the bounds are satisfied, which

implies that the system is asymptotically stable since the eigenvalues of the frozen-

time system, as shown in Figure 4.5, are negative under acceleration.

4.4 Cornering Stability

The straight-running analysis is now extended to the case of a cornering vehicle

for both the constant and variable speed cases.
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4.4.1 Constant Velocity

Under cornering conditions the longitudinal and lateral dynamics given in (4.13)

and (4.14) interact. Furthermore, in steady-state cornering, the tyre side-slip

angles are no longer zero and the linear tyre model given in (4.22) is no longer

usable. Instead, combined-slip magic formula type tyres must be used. Empirical

formulae, described in Appendix A determine the magnitude of the lateral and

longitudinal tyre forces as functions of the tyre side-slip angle, longitudinal slip

and normal load, and can be represented as:

Fx = g(α, κ, Fz), Fy = f(α, κ, Fz). (4.65)

If the EOM in (4.13), (4.14), and (4.15) are linearised about the steady-state

(constant velocity and radius-of-term) operating point, the state-space model is

given in (4.66), where the state vector is [u, v, ω]T .

A =


−Cf δ0(v0+aω0)

mu20

Cf δ0+mu0ω0

mu0

Cfaδ0+mu0v0
mu0

Cv0+(Cs−mu20)ω0

mu20
− C
mu0

−Cs−mu20
mu0

Csv0+Cq2ω0

mk2u20

−Cs
mk2u0

− Cq2

mk2u0

 B =


−Cf δ0+Ffy0

m

Cf−Ffy0δ0
m

Cfa−Ffy0aδ0
mk2



C =


Csω0+v0C

mu20
− C
mu0

− Cs
mu0

0 0 1

− v0
u20

1
u0

0

 D =


Cf−Ffy0δ0

m

0

0

 .

(4.66)
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The outputs are again [ay, β, ω], where the simplifications in (4.28) to (4.31) are

used and the linearisation of the front tyre forces is given by:



∂Ffy
∂u

∂Ffy
∂v

∂Ffy
∂ω

∂Ffy
∂δ


=
∂Ffy
∂αf

∣∣∣∣
αf0,κf0,Ffz0



∂αf
∂u

∂αf
∂v

∂αf
∂ω

∂αf
∂δ


u0,v0,ω0,δ0

= Cf



ω0a+v
u2

− 1
u0

− a
u0

1


. (4.67)

The rear-tyre force is treated similarly.

The operating conditions required to evaluate the linearised model are determined

for a steady-state velocity (V ) and radius-of-turn (R). Once V and R have been

chosen, ω is determined by the kinematic relation:

ω =
V

R
. (4.68)

The resultant vehicle velocity is related to the lateral and longitudinal velocities

by:

V 2 = v2 + u2. (4.69)

Under steady-state conditions, the EOM reduce to the following algebraic rela-

tions:

0 = mω0v0 − Ffy0δ0 + Frx0 (4.70)

0 = −mω0u0 + Ffy0cosδ0 + Fry0 (4.71)

0 = aFfy0cosδ0 − bFry0. (4.72)

These five equations and the non-linear tyre model are solved simultaneously to

determine the steady-state values of u0, v0, ω0, δ0, Ffy0, Fry0, as well as Frx0,

which is a small driving force required to maintain the vehicle at a constant
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Figure 4.8: The left-hand figure shows the real-part of the eigenvalues of the
3 DOF vehicle model plotted for different vehicle speeds at vehicle accelerations
of ax = 5 m/s2, 0 m/s2, -5 m/s2,. The right-hand figure shows the zeros of each
of the transfer functions across different speeds and at the different acceleration

levels.

velocity. The solution is used to evaluate the stability of the equilibrium point

and to determine the response of the outputs to perturbations in the steering

input.

The parameters of the vehicle studied are given in Table A.1 and the normalised

tyre characteristics are given in Appendix A. The vehicle stability is determined

for speeds ranging from V = 20 m/s to V = 53 m/s in a constant 170 m radius

turn. At speeds above V = 53 m/s the tyres saturate and the vehicle can no

longer maintain the corner. The real-parts of the system eigenvalues are plotted

at different vehicle speeds in the left half of Figure 4.8. As the speed increases the

eigenvalues migrate towards, and ultimately into the right-half plane. From the 2

DOF analysis, this indicates that the vehicle is over steering, which is consistent

with the centre-of-mass being located towards the rear of the vehicle. In contrast

to the 2 DOF model, in this case both the location and type of eigenvalue change.

Initially, there are three negative real eigenvalues, which migrate towards the

imaginary axis as the speed increases. Two of these eigenvalues then form a

complex conjugate pair that moves across the imaginary axis. This is shown

in more detail in the root-locus plot of Figure 4.9. The right half of Figure 4.8
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Figure 4.9: The left-hand figure shows the root-locus plot for two of the three
eigenvalues of the 3 DOF vehicle model under cornering; the varied parameter
is the vehicle’s speed. The eigenvalues corresponding to the longitudinal speeds
V = {48 m/s, 49 m/s, 50 m/s} are highlighted in cyan, magenta and green, re-
spectively. The right-hand figure shows the step responses of the 3 DOF model
at the listed longitudinal speeds. The top plot shows the lateral acceleration
responses to a step in steering angle, the centre plot shows the body side-slip
angle response, while the bottom plot illustrates the yaw rate response. The
cyan and magenta curves are associated with the scale on the left axes, while

the green curves with those on the right.

shows the zeros of each of the three transfer functions. Each has a zero at the

origin, which implies zero steady-state gain. The side-slip angle response contains

a non-minimum phase zero, similar to the 2 DOF model, this is correlated with

the system responses in Figure 4.9.

In Figure 4.9 the system response is computed at V = {48 m/s, 49 m/s, 50 m/s};

the eigenvalue type is different at each speed. At V = 48 m/s all three responses

exhibit overdamped behaviour, consistent with real, negative eigenvalues. When

the eigenvalues become complex at V = 49 m/s and V = 50 m/s the corresponding

responses become underdamped and oscillatory. When the system is still stable

at V = 49 m/s the oscillations decay, however, once the system is unstable at

V = 50 m/s the responses grow. Once again, the side-slip response is differentiated

from the yaw velocity by the non-minimum phase behaviour resulting from the

right-half plane zero.
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4.4.2 Accelerating and Braking Under Cornering

Straight-line accelerating and braking, and steady-state cornering only represent

the axes of the G-G diagram. To determine the stability over the rest of the op-

erating regime it is necessary to develop a method of examining acceleration and

braking under cornering. In this scenario, the vehicle is no longer in equilibrium,

since the states are changing with time. It is possible to study the stability of

an accelerating or braking vehicle by examining perturbations from some nom-

inal motion [67]. To conduct this type of analysis the vehicle states along a

nominal prescribed trajectory are required. These evolving states can be found

by simulating the manoeuvre using the non-linear vehicle model with feedback

controllers that are used to generate the plant inputs that produce the required

motion. This approach has a number of limitations: simulating the manoeuvre

is a time-consuming process and determining vehicle stability is intended to be

a way predicting the vehicle’s response without having to numerically integrate

the equations of motion. Furthermore, as the vehicle becomes unstable, and the

braking and acceleration becomes more aggressive, the feedback controllers are

less able to maintain the vehicle on the reference trajectory.

An alternative approach to determining the frozen-time vehicle states is to use

a D’Alembert force system that acts as a surrogate for the real forces of inertia

experienced under acceleration. In this approach, an accelerating or braking ve-

hicle is approximated by one travelling at a constant velocity, but subjected to

forces that capture the inertial effects of accelerating and braking. The advan-

tage of this method is clear. The vehicle remains in equilibrium and the vehicle

states can be determined from algebraic equations of motion, which now contain

additional terms representing the apparent forces. The frozen-time eigenvalues of

the system are computed at each point along a motion trajectory. The choice of
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Figure 4.10: The left-hand figure shows the root-locus plot of the eigenvalues
of the 3 DOF vehicle model under 5 m/s2 acceleration. At low speeds there
are three negative real eigenvalues. As the speed increases, the pole near the
origin remains there, whilst the other two move together, coalesce, and form
a complex-conjugate pair. While the complex conjugate pair move towards
the imaginary axis as the vehicle speed increases, the car loses traction before
they cross into the right-half plane. The eigenvalues corresponding to speeds
of V = {40 m/s, 45 m/s, 50 m/s} are highlighted in cyan, magenta and green,
respectively. The right-hand figure shows the step response plots for the 3 DOF
model at the cited longitudinal speeds. From top to bottom, the plots show
the lateral acceleration, the side-slip angle and the yaw velocity responses to
a step change in the steering angle. The green curves are associated with the
right-hand axes, while the cyan and magenta curves are associated with the

left-hand axes.

manoeuvres used to ‘fill out’ the G-G diagram is not unique.

For example, the vehicle could be braked while the radius of turn decreases, to

maintain a constant lateral acceleration. This would correspond to a line on

the G-G diagram that is parallel to the longitudinal acceleration axis. A more

common physical scenario, and the one studied here, is the vehicle braking or

accelerating in a constant (170 m) radius-of-turn bend.

Once again, the limitation of this eigenvalue-based approach is that stability can

only be inferred from the frozen-time system eigenvalues if the system is slowly

time-varying.

In Figure 4.8 the eigenvalues and zeros of the vehicle model are computed for

acceleration and braking of ±5 m/s2. In both cases the achievable top speed of
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the vehicle is reduced. When the vehicle is driven or braked, the torque applied

at the rear wheels increases the tyre longitudinal slip angle, which reduces the

ability of the tyre to generate lateral force. Under accelerating there is a normal

load transfer to the rear tyres. This changes the vehicle from oversteering to

understeering. Consequently, the vehicle remains stable to the point where the

tyres lose traction. Under braking the load transfer to the front axle reduces the

critical speed and the vehicle becomes unstable at 37 m/s.

The responses of the vehicle outputs to a step steering angle input is once again

examined at different vehicle speeds. In Figure 4.10 the eigenvalue root-locus

diagram for the accelerating vehicle is given and the step-responses at the high-

lighted eigenvalues computed; these correspond to speeds of V = {40 m/s, 45 m/s,

50 m/s}. The vehicle responses under acceleration differ significantly from the

constant velocity case given in Figure 4.9. Firstly, the responses reach steady-

state more quickly in the accelerating case. Secondly, the responses are more

oscillatory in the accelerating case, with the damping factor decreasing as the

speed increases. Thirdly, the steady-state responses are much smaller in the ac-

celerating case, with the step-response magnitudes becoming smaller at higher

speeds. Thus under acceleration at high speeds, the responsiveness of the vehicle

to steering inputs reduces. In [42] it is noted that as an understeering vehicle

approaches the limit of adhesion control moments which change the orientation

of the vehicle can no longer be generated with front steer.

In the simulator, the change from an over to understeering vehicle due to accel-

eration, should be cued. Furthermore, the reduction in gains from steering input

to the vehicle’s outputs (lateral acceleration, yaw velocity and side-slip), must be

also communicated to the simulator driver so that he/she is forewarned of their

approach to the handling limit of the car.

The vehicle’s braking responses and stability characteristics shown in Figure 4.11
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Figure 4.11: The left figure contains the root-locus plot of two of the eigen-
values of the 3 DOF vehicle model under -5 m/s2 braking. As the vehicle speed
increases, one pole moves away from the origin as the other moves towards
it. These then coalesce and form a complex conjugate pair that migrates into
the right-half plane. At higher speeds these become two positive real poles,
with one moving towards the origin and the other away from it. The eigenval-
ues corresponding to the longitudinal speeds V = {35 m/s, 36 m/s, 37 m/s} are
highlighted in cyan, magenta and green, respectively. The right figure contains
the step response plots for a 3 DOF model, computed at the listed longitudinal
speeds. From top to bottom, the sub-plots contain the responses of the lateral
acceleration, body side-slip angle and yaw velocity transfer functions to a step
in steering angle. The cyan and magenta curves are associated with the scale

on the left axes, while the green curves with those on the right.

are in several ways similar to the steady-state behaviours given in Figure 4.9.

The root loci and the vehicle responses bear a strong resemblance to the constant

velocity case, although the limit responses occur at lower vehicle speeds. While

the braking and constant-speed responses have similar general shapes, the vehicle

is more responsive in lateral acceleration and yaw than it is in the constant

velocity case. This increase in gain must be detectable in the simulator. The

higher damping factors and the reduced overshoot in the responses should also

be cued.

This study illustrates clearly the changes in vehicle behaviour under accelerating

and braking (as opposed to constant speed), and highlights the need for stability

and vehicle responsiveness to be analysed across the full G-G diagram when

contemplating the design of simulator cueing filters.
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Figure 4.12: Plan view of a Formula One car with some of its basic geometric
parameters.

4.5 Model Extensions

The 3 DOF model neglects the effects of aerodynamic forces, brake distribution

and lateral load transfer. The first is important in race cars, where the increase

in down-force enables higher speeds and larger braking and accelerating. In high

speed corners the lateral load transfer reduces the grip on the inside tyres, and

since the vehicle is limited by the lowest grip tyre, this effect influences the top-

speed in a corner. To address these issues, the single-track vehicle is replaced with

a higher-fidelity vehicle model, the kinematics of which are given in Fig. 4.12.

While similar to the 3 DOF model, new parameters for the front and rear wheel

bases (wf and wr) are introduced. The four wheels are connected via a massless,

double wishbone suspension to the main chassis body. This captures the lateral

and longitudinal load transfer effects. The centre-of-pressure (CP ), which is a

distance bA from the rear of the vehicle describes the distribution of the aerody-

namic down-force between the front and rear axles. Both the aerodynamic down

and drag forces vary quadratically with speed. The full, non-linear combined slip

tyre model is also used. The model details are given in Appendix B.

The system is built using the multibody modelling package AUTOSIM [40], which
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computes the symbolic equations of motion for the vehicle and generates FOR-

TRAN code that solves these. The resulting program is used for non-linear simu-

lations. By including proportional-differential (PD) feedback controllers from the

vehicle speed to tyre longitudinal slip angle and yaw velocity to steering angle the

vehicle can be driven at a target velocity in a specific radius-of-turn. The vehicle

trim states are extracted from the output of the non-linear simulation and used

to populate an equivalent linearised model. Using PD-controllers to drive the car

into a steady-state condition, is analogous to determining the operating condi-

tions by solving the algebraic equations (4.68) to (4.72) in the simple model. The

state-space model of the complex system is generated by AUTOSIM and can be

used to determine the stability, and the transfer functions from steering input to

the required outputs.

The stability of the vehicle model is computed across the vehicle operating speeds

for braking, constant velocity and accelerating conditions and given in Figure

4.13. The vehicle behaviour differs from the 3 DOF model, noticeably, under

acceleration, where the vehicle now becomes unstable above speeds of 60 m/s.

In this high-fidelity model, under acceleration the rear tyres are driven, and the

increased longitudinal slip reduces the lateral cornering stiffness at the rear. This

effect dominates the benefit from the increase in normal load due to mass trans-

fer. Furthermore, the critical speed under acceleration is lower than that under

braking. This is attributed to the aerodynamic drag force. Under accelerating

the longitudinal slip of the tyres needs be large to overcome this force. However,

under braking the drag assists the vehicle to decelerate and smaller longitudinal

slip is required. Indeed, when aerodynamic drag is neglected, then the critical

speed under braking is 10m/s lower than accelerating. Furthermore, it is worth

considering a practical situation. A Formula 1 car is power limited and as the
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Figure 4.13: The left figure contains the eigenvalues for the Formula 1 car
under steady-state conditions, 7.5 m/s2 of acceleration and -15 m/s2 of braking.
The right figure contains the root-locus of the eigenvalues for increasing vehicle

speed.

G-G diagram in Fig. 4.1 shows, an acceleration above approximately 1.75G can-

not be achieved. At high lateral accelerations 5 m/s2 acceleration is operating

near to the boundary. However, under braking 15 m/s2 is considered moderate,

and a vehicle should be designed to be stable in this condition. Instability under

braking is only expected at closer to 2-3Gs.

Under braking the critical speed of the vehicle is reduced, which is consistent

with the 3 DOF results, however the reduction in critical speed is not as dramatic,

which is a result of including aerodynamic forces. At high speeds the aerodynamic

loading exceeds that due to the mass of the vehicle. In the 3 DOF case braking

will produce a change in the axle normal loads of approximately 18%,. However,

in the complex model, at high speeds the change in load is in the region of 5%.

Consequently, the change in cornering stiffness of the front and rear wheels is less

significant.

This high-fidelity study shows the importance of using a vehicle model that cap-

tures all of the pertinent features of the real vehicle. In Formula 1 cars the

aerodynamic down and drag forces play a significant role in the behaviour of

the vehicle, and a study of stability and vehicle handling is incomplete without
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considering them.

4.6 Conclusion

High-performance race car simulators cannot reproduce the accelerations experi-

enced in the actual vehicle and so cueing algorithms are used to filter the vehicle’s

accelerations retaining only those motions that the driver requires in order to per-

form specific tasks. Identifying the motion cues that the driver needs is a central

problem in cueing algorithm design. The majority of the literature aims to min-

imise the error in the acceleration sensed by the simulator driver’s vestibular

system. In race car simulators the platform’s inability to reproduce the large

accelerations makes this approach infeasible. Small changes in tuning parame-

ters produce significantly different cueing filters, and without more specific cueing

objectives, a lengthy and subjective hit-and-miss testing process is needed.

In racing, the driver attempts to operate the vehicle on its performance limit, and

to do so requires timely, detailed knowledge of the vehicle handling characteristics.

The simulator must cue correctly the vehicle’s changing state as it approaches,

and possibly over steps, its performance limit.

In Section 4.3 the vehicle stability and response to steering perturbations are

examined for straight-line constant velocity, accelerating and braking situations.

While a frozen-time eigenvalue analysis can be used to study the stability of linear

slowly time-varying systems, this technique must be used with caution. In most

cases an alternative checking procedure, such as time simulations, or theoretically

derived stability checks, should be used to verify the results. In the race-car

context stability must be studied across the full performance envelope, and at

large accelerations it is unclear whether an eigenvalue-based stability analysis

is valid. By applying the conditions derived in [58], it has been shown that

the bounds given in (4.59), (4.60), (4.63) and (4.64) can be used to check the
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bicycle model stability up to some stability limit speed, which is generally lower

than the critical speed given in (4.35). In the braking case, the classical critical

speed is only slightly higher than the limit speed for accelerations up to 2G. In

the accelerating case there is no classical critical speed, while the bounds (4.59),

(4.60), (4.63) and (4.64) predict the vehicle model to be stable at high acceleration

and high speed. These results support the notion that the system described by

the simple bicycle model can be treated as slowly time-varying, and that the use

of frozen-time eigenvalues to infer the stability in the straight-line accelerating

and braking context is valid.

Based on the success of the frozen-time eigenvalue analysis in the straight-line

case, the method is then applied to a cornering accelerating and braking vehicle.

Finally, the stability of a high fidelity model is analysed to include the effects of

lateral load transfer and aerodynamic forces.

The analysis shows that the lateral and yaw responses of the vehicle, and its over

and understeer characteristics, vary significantly with the operating condition.

If the simulator driver is to operate the vehicle on its performance limit under

cornering, and assess continuously the vehicle’s handling behaviour, these changes

must be cued to the simulator driver by appropriate platform motions.

An oversteering vehicle becomes progressively unstable as its speed increases. The

vehicle also becomes more responsive and changes in its disposition occur quickly.

To control the vehicle in this region, the driver requires low-latency motion cues

that correctly indicate changes in the vehicle’s motion. This contrasts with an

understeering vehicle that does not become unstable, and has smaller responses

to perturbations that change more slowly.

As the vehicle speed and acceleration (braking) varies the gain of the from the

steering input to vehicle heading direction also changes. The simulator driver

should be able to detect these differences through the motion cues. As the vehicle
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becomes more unstable the magnitude of the response grows, and this should

be associated with stronger cueing. An overdamped or oscillatory response in

the vehicle should also be perceptible in the simulator. It is important that

all these changing behaviours are not filtered out and “lost” in the simulator.

Different vehicle characteristics should be associated with different motion cues

and a different feeling.

The side-slip angle behaviour is key in cueing vehicle stability. Following a distur-

bance input to a stable car the side-slip angle returns to zero thereby re-aligning

the vehicle velocity with its longitudinal direction [42]. The side-slip angle is also

an indicator of the proximity of the tyres to lateral force saturation. This infor-

mation derived from the side-slip angle is useful to the driver in his/her efforts to

push the vehicle to its performance limit.

The results of the vehicle stability and behavioural analysis from this chapter are

applied to the design and tuning of lateral and yaw filters in Chapter 5.
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Chapter 5

Motion Cueing Implementation

A number of cueing algorithms that were developed for flight simulator and pas-

senger car applications, were discussed in Chapter 3. The optimal and MPC

approaches are adapted here and applied to the race-car motion cueing problem.

These two algorithms are selected, because, in the case of the optimal approach

it has intuitive tuning and is used successfully in many applications, and in the

case of MPC, it is the most recently developed algorithm that is able to consider

the kinematic platform constraints directly.

These two algorithms cannot be applied directly to the race-car problem, since,

as discussed in Chapter 3, the tilt co-ordination technique which is a significant

element of these methods is not applicable. The modifications to the algorithms

to allow the independent design of the filters for the longitudinal, lateral and yaw

freedoms are detailed in this chapter.

The longitudinal motion is considered first in Section 5.1, with a number of vari-

ations of the optimal algorithm being presented. Thereafter, the details of two

non-linear modifications to the standard optimal algorithm are discussed.

The lateral and yaw cues are discussed together, as the driver perceives a com-

bined sensation and cannot always distinguish one from the other. This link
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between the two cues is described in more detail in Section 5.2.

Finally, in Section 5.3, the MPC method is used to generate longitudinal, lateral

and yaw cueing signals simultaneously.

5.1 Longitudinal Cueing Filter Design

The longitudinal motion of a race-car is characterised by high levels of accelera-

tion, particularly under braking, where the high down-force makes decelerations

of 4G possible. The magnitude of these accelerations cannot be replicated in the

simulator, and furthermore, there can be no sustained motion. The general cue-

ing wisdom is to produce some strong onset motion at the beginning of braking to

communicate the sensation of having “hit the brakes”. This acceleration cannot

be maintained for any length of time, and will quickly decay, and thereafter the

visual aids become the dominant source of information. In the latter stages of

braking the driver requires cues that indicate wheel lock-up.

Typically, in motion cueing, after a braking or accelerating manoeuvre the plat-

form will be moved from the extreme of the workspace back to the centre in

preparation for the following, unpredicted motion that could be in any direction.

This ‘washout’ effect is a commonly used strategy to prevent the platform reach-

ing the workspace limits. The advantage of the race driving scenario is that every

braking is consistently followed by an acceleration, since the drivers brake into

a corner and accelerate out of it. So, after braking, the platform will be at the

rearmost extreme of the longitudinal workspace, and since it is known that an

acceleration will follow, there is no need to return the platform to the centre.

The remainder of this section considers the application of the optimal algorithm

to longitudinal cueing, as well as the implementation of two nonlinear modules,

that aim to reduce the platform miscues.
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Figure 5.1: The topology of the standard optimal cueing algorithm, modified
to consider only the longitudinal motion.

5.1.1 Optimal Filter Design

In the literature, the optimal cueing filter is determined by solving the algebraic

Ricatti equation associated with a given cost function and plant model. This

first principles approach is inflexible, and any modifications to the algorithm

require the plant model to be recomputed, which is time-consuming. In this

work, the algorithm is recast in the generalised regulator format, and the optimal

filter designed using standard algorithms (e.g. the Matlab function H2syn which

determines the H2 optimal controller) . Within this framework it is easy to modify

and extend the system.

5.1.1.1 Basic Optimal Algorithm

The longitudinal cueing design structure is given in Figure 5.1. The accelera-

tion produced by the car model, axref , is the system input. The top signal path

generates the vestibular response of a driver in the “real” car. The vehicular accel-

eration is filtered by the otolith system to generate a perceived motion sensation,

âxref . This differs from the method presented in the literature [72], where both

the pitch angular velocity and longitudinal acceleration are inputs to a vestibular

model that includes both semi-circular canals and otoliths.
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Figure 5.2: The basic optimal, translational cueing algorithm recast in the
generalised regulator framework.

The lower signal path represents the simulator, where the vehicle accelerations

are first filtered by F (s) to produce acceleration demands, axsim. The driver’s

otolith system filters the platform motion to produce a perceived motion, âxsim.

The perception error is defined as the difference between the motion sensed by

the driver in the car and by the driver in the simulator; âxref − âxsim. This error

is weighted by Q, and the result z1 forms the first output. The remaining four

outputs z2, z3, z4, z5 are weighted simulator acceleration, velocity, displacement

and absement signals respectively. These are included in the cost function to

produce the washout effect, and prevent workspace saturation. The absement

signal, which is the time integral of displacement, is included to penalise time

spent away from the platform neutral position. The filter design problem can be

solved by embedding it in the standard generalised regulator shown in Figure 5.2

[30]. The filter F (s) is synthesized so as to minimise the H2-norm of the transfer

function axref 7→ z in which z = [z1 z2 z3 z4 z5]
′. This cost function clearly results in

a trade-off between the perception error and the simulator motion. If the platform

motion is heavily penalised, a larger perception error will result, conversely if the

perception error is to be small, increased platform motion is required. With these

simple principles in mind, the weights can be tuned until the platform remains

within its workspace constraints for the desired test scenario.
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5.1.1.2 Frequency Weighted Cost Function

In the first modification of the basic algorithm the perceptual model is still used,

and frequency weighting is introduced. The constant weights Q, Rd, R1 and R2

in 5.2 are replaced by filters w1(s), w2(s), w3(s) and w4(s), respectively. This

allows the perception error and platform states to be both frequency-shaped and

weighted before being included in the optimisation cost function. The platform

absement is neglected in this implementation. It was previously included to allow

a penalty to be placed on the platform having a large large displacement for a

long time. This behaviour is associated with low frequency motion, which in the

current implementation can be penalised more heavily than high frequency. This

added flexibility makes the absement redundant.

In the simulator low frequency perception errors are unavoidable, because the

low frequency accelerations correspond to motions with large displacements and

cannot be rendered. Consequently, the filter w1(s) is a high-pass filter so only

high-frequency perception errors are penalised. Since the workspace is consumed

by low frequency motions, the platform states are all low-pass filtered.

The weighting filters are implemented as second-order Butterworth filters with a

cut-off frequency of ωc and a gain of K. The low-pass transfer function is given

by:

wLP (s) =
Kωc

s2 + ωc
√

2s+ ω2
c

, (5.1)

and, the high-pass by:

wHP (s) =
Ks2

s2 + ωc
√

2s+ ω2
c

. (5.2)

The weighting filters provide an alternative tuning technique from the standard

approach. By changing the filter cut-off frequencies and gains a more direct
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Figure 5.3: The basic optimal, translational cueing algorithm recast in the
generalised regulator framework with frequency weights applied to the elements

of the cost function.
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Figure 5.4: The translational optimal cueing algorithm with a miscue penalty
introduce to the cost function.

control of the errors and platform motions is achieved.

5.1.1.3 False Cue Penalty

A well-documented and observed problem with the optimal filter approach is the

miscues (or false cues). These occur after the onset braking cue, and are defined as

the platform moving in the opposite direction to the vehicle acceleration vector.

As explained in [57], this backlash effect is a characteristic of linear high-pass

filters, and is an intrinsic limitation of this technique. They are also a physical

necessity: false cues slow down the platform and prevent actuator saturation.

They also occur during the washout phase of the cueing.
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Figure 5.5: The left figure contains the error introduced by a typical cueing
filter for a race-car manoeuvre, and the error sensed by the vestibular system.
The right figure, similarly, compares the yaw velocity error in the simulator

with the sensed error.

Ideally, the platform velocity should always be in-phase with the vehicle accel-

eration. Accordingly, a false cue penalty is introduced into the cost function by

calculating the error between the low frequency vehicle acceleration and the plat-

form velocity. This additional term is shown in the cueing topology in Figure

5.4, which retains the perceptual model and frequency weighting described in the

previous sections. The false cue penalty term will reduce the miscues, however,

in doing so it will also reduce the re-centring behaviour of the platform. The

balance between these are found by tuning the weighting filter parameters.

5.1.1.4 Removal of Vestibular Model

A model of the human vestibular system was introduced to flight motion cueing

algorithms by [64], with the assumption that it played an important role in the

sensing of the cues in the simulator. This hypothesis is reconsidered here in the

context of race-cars.

From the vestibular models provided in Chapter 2, the frequency responses of both

the semi-circular canal and otolith organs are mostly flat in the region of race-

car operation, with a constant gain. This suggests that there is little difference
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between the sensed motion, and the motion physically experienced by the body.

The left plot in Figure 5.5 contains the longitudinal acceleration error introduced

by a typical cueing filter for a normal race-car manoeuvre. The error sensed by

the otolith model is also given. Similarly, in the right plot the yaw velocity error

and sensed error are given. These signals differ by a constant gain factor, as

anticipated. Furthermore, the difference between the vehicle and simulator accel-

eration error, and sensed error is insignificant in comparison with the magnitude

of the error. This evidence argues that the inclusion of the vestibular model has

no benefit, while adding to the complexity of the algorithm.

To examine the effect of the vestibular model, optimal filters are also designed

without including the perception filters in the plant model. The system structure

is similar to that in Figure 5.1, however the vestibular model is removed and the

frequency weighted translational acceleration error replaces the perception error

in the cost.

5.1.2 Non-Linear Modifications

The linear filtering approach in the longitudinal direction is now extended to in-

clude two non-linear post-filtering modules. The first is the anti-backlash filter

described in [57]. The performance of this algorithm is compared with an alter-

native miscue-reshaping procedure that is described in section 5.1.4. These two

modules reduce false cues, and their design does not invlove a perceptual model.

5.1.3 Anti-backlash Filter

The system designed in [57] is illustrated in Figure 5.6.

This additional module applies an adaptive gain to the output of the cueing filter

and reduces the magnitude of the acceleration cue during false cueing. The ac-

celeration reference signal, axref , is filtered by the high-pass LQR-designed cueing
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Figure 5.6: Optimal filter cueing structure with an additional anti-backlash
module.

filter, FHP (s). The adaptive gain G, given by

G = exp(−k|α− axref |), (5.3)

is applied to the filtered output α; k is a tuning parameter. The output of the

adaptive gain β, the unfiltered signal α, together with the reference acceleration

are inputs to a switching function S(α, β, axref ). The switching function is given

by:

γ = (1−K)α +Kβ, (5.4)

in which K is a smooth switching function given by:

K = 0.5(1 + tanh(|α− axref | − |β − axref |)). (5.5)

The switch toggles between 0 and 1 as the argument of the hyperbolic-tangent

function changes from negative to positive. Therefore, the output γ switches from

α to β so as to achieve least error.

The cueing filter is required to slow the platform as well as washout the acceler-

ation demand. The miscue reduction produced by the switch S(α, β, axref ) may

produce a non-zero platform terminal velocity. To correct for defect, the output γ

is passed through a high-pass re-centring filter FRC(s) that assists in maintaining

the platform within its workspace.
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Figure 5.7: Structure of the cueing filter with a miscue reshaping module.

5.1.4 Miscue Reshaping Module

The anti-backlash approach described in the previous section does not include

prepositioning. Additionally, an extra re-centring filter is required, which affects

the shape of the onset cues. To address these issues another non-linear module

has been designed with the following requirements:

1. The additional module must not change the acceleration onset cues;

2. The false cues must have lower magnitude, with necessarily longer duration

than the standard LQR filter;

3. The platform must be prepositioned before a manoeuvre;

4. The shape of the onset cues and false cues should be easily, and indepen-

dently, adjustable.

A system shown in Figure 5.7 fulfils these requirements. The reference accelera-

tion axref is filtered by FHP (s) to produce an output α. The filter is second-order,

high-pass and designed to produce large-magnitude onset cues that do not exceed

workspace limits.

The output of the feedback controller G(s) is:

ζ = K1v
x
sim +K2(pref − pxsim). (5.6)
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where ζ is an acceleration signal that drives the platform velocity to zero and the

position to pref . The reference position is +1 when the vehicle is accelerating,

−1 during braking and so the platform is prepositioned for the next manoeuvre.

The selection of the feedback gains K1 and K2 in (5.6) influences the shape of

the acceleration trajectory. The switching function S(α, β, axref ) produces the

acceleration cue as before.

In the onset phase of a manoeuvre axsim = α and so the simulator acceleration

demand is the high-pass filtered reference signal. After this the onset cue axsim = β

and the platform is slowed to a halt at the reference position. The switching

function detects the beginning of a manoeuvre through the sign change in the

vehicle’s acceleration. At this time the output is set to α and after ∆t seconds

the output switches to β. The delay ∆t is chosen to maximise the duration of

the miscue phase without interfering with the onset cue.

5.2 Lateral and Yaw Cueing Filter Design

From the vehicle stability analysis in Chapter 4, it is shown that the lateral and

yaw responses of the vehicle, and its over and understeer characteristics, vary sig-

nificantly with the operating condition. The changes in the vehicle behaviour as it

nears the performance limit should be cued to the simulator driver by appropriate

motion cues.

In cornering, the lateral and yaw motion cues must be examined simultaneously,

since in concert, they create the sensation of rotating about a centre of turning.

The location of the centre of turning varies continuously and is strongly influ-

enced by the car’s over and understeer characteristics; these changes should be

considered in the design and tuning of cueing algorithms, and are discussed in

more detail below.
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Figure 5.8: The kinematics of an oversteering vehicle navigating a turn are
illustrated in the left-hand figure, while those of an understeering vehicle are

illustrated in the right-hand diagram.

5.2.1 Centre of Turning

The centre of turning is a point in the reference frame of the vehicle that is ab-

solutely stationary. One way to find the centre of turning is to determine the

intersection point of perpendiculars to the front- and rear-tyre ground contact

point velocity vectors. This point moves as the front- and rear-tyre slip angles

change. The centre of turning can also be found in terms of the vehicle’s longi-

tudinal, lateral and yaw velocities.

The absolute velocity of a general point, P , in the vehicle’s reference frame is

given by

vP = ω × P + vcar, (5.7)

where vcar is the car’s absolute velocity. The centre of turning is a point Pt,

which is absolutely stationary, and therefore given by

0 = ω × Pt + vcar, (5.8)
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or  Ptx

Pty

 =
1

ω

 v

−u

 . (5.9)

The components of Pt are Ptx and Pty, which are the distances of the rotation

centre from origin of the car-fixed coordinate system. It is clear that

P 2
tx + P 2

ty =
u2 + v2

ω2
=
V 2

ω2
= R2,

where R is the radius of turn.

The locations of the centres of turning for oversteering and understeering vehicles

are compared in Figure 5.8.

When navigating a turn, a vehicle is said to exhibit oversteer if Rint > R, where

Rint is the intended radius of turn. The vehicle tends to steer inside the intended

path (oversteer) if there is less grip available at the rear of the car than at the

front.

Understeering is associated with reduced front-tyre grip. In this case the vehicle

will tend to run outside the intended path, with the front slip angle increasing

more rapidly than that at the rear.

Changes in the perceived location of the centre of turning is important in the

simulator. Although it is not possible to create a sustained sensation of cornering,

miscues that create a false perception of the centre of turning location can lead

to misinterpretations of the vehicle’s behaviour.

5.2.2 Lateral Filter Design

The lateral filter design framework, shown in Figure 5.9, is identical to the lon-

gitudinal freedom, and includes frequency weighted states as well as a vestibular

model. The difference between the lateral and longitudinal approaches lies in
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Figure 5.9: The optimal lateral cueing filter design problem cast in the gen-
eralised regulator framework [30, 60].

the tuning of the cueing filters, since the lateral direction is not characterised by

onset cues as strong as those of the longitudinal direction. Furthermore there

can be two lateral manoeuvres that are in the same direction. This implies more

washout would be necessary.

5.2.3 Yaw Filter Design

The design of the yawing filter follows a similar process to that used in the design

of the lateral acceleration filter. Within the capabilities of the motion platform,

the filter is designed to minimise the yaw velocity (not acceleration) error, since

humans can sense the vehicle’s angular velocity.

The yaw cue filters presented in the literature are designed to take the vehicle yaw

velocity as input [73]. The simulator hardware requires coherent yaw acceleration,

velocity and displacement signals. Since numerical differentiation is noisy, it is

necessary to design a yaw acceleration cueing filter. The filter design problem that

achieves this is shown in Figure 5.10. This resembles the translational freedoms,

although the input to the vestibular model is yaw velocity error.

An alternative yaw cueing strategy is presented in [26], where the vehicle side-slip

angle is the platform yaw demand rather than the filtered yaw velocity. There

are two advantages associated with using the side-slip angle as a cue: firstly, no

filtering (which may remove critical information) is required, and secondly, the
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Figure 5.10: The yaw-cueing washout filter optimisation problem in gener-
alised regulator form.

driver receives correct vehicle side-slip information. The tests provided in [26]

show that in ‘normal’ driving scenarios side-slip cueing gives better results than

traditional yaw-rate cueing. Side-slip angle cueing and filtered yaw-rate cueing

will be compared for limit driving in this paper.

5.3 MPC

The MPC cueing algorithm described in Chapter 3 is applied to the race-car

problem. The plant dynamics are shown in Figure 5.11, with the state vector

given. The control inputs are the platform longitudinal, lateral and yaw acceler-

ations. These are filtered by the vestibular models to generate sensation error.

The accelerations are also integrated twice and transformed to platform actuator

demands. These signals are constrained to observe physical limits.

Recalling that the cost function is given by:

J =

HP∑
i=0

yT (t+ i)Qy(t+ i) + uT (t+ i)Ru(t+ i), (5.10)

where,

y(t+ i) = x(t+ i)− xref (t) i = 0, . . . , HP . (5.11)
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Plant Dynamics
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Figure 5.11: The plant dynamics of the MPC cueing problem.

A reference state vector is required for every time step in the prediction horizon.

The reference vestibular states are generated by assuming the vehicle accelerations

are constant in this time. The reference platform states are assumed to be zero,

which since these are included in the performance index, introduces a penalty on

platform motion.

The MPC algorithm can be tuned by adjusting the control and prediction hori-

zons, and the cost function weights Q and R. The weights associated with the

platform acceleration, velocity and position can be set to 0. This implies that

while the workspace constraints are not violated the platform will follow the ref-

erence acceleration. Once the limits are encountered the platform motion will

be brought to a stop. By including the platform states in the cost function, it

is possible to change this characteristic, and the solver will need, similarly to

the optimal cueing algorithm, to balance platform motion and perception error.

This provides more flexibility for adjusting the algorithm in response to driver

feedback and it also allows more than just an onset cue to be provided.

5.4 Summary

The application of the optimal cueing algorithm to race-car simulators has been

explained in this chapter. The filters produced using this approach are heav-

ily dependent on the tuning weights. Adjustments to these change the cueing
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characteristics, and the amount of platform workspace required.

The details of longitudinal filter tuning and the experimental results are presented

in the next chapter. These are compared with the outcome of the nonlinear filter

cueing systems.

While longitudinal motion can be considered independently, lateral and yaw in-

teract in the generation of over and understeer feeling. In the analysis of the

cueing results, the lateral and yaw signals should be considered in conjunction.

The details of the filter tuning and the driver comments from testing are given in

the following chapter.

Finally, the MPC algorithm has been adapted to cue the 3 large motion freedoms.

In the next chapter, the tuning of this method and the cueing signals produced

are compared with the results of the other algorithms.
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Experimental Results

The cueing algorithms described in the previous chapter are implemented and

tested with experienced test drivers in the Scuderia Ferrari (Formula 1) race-car

simulator. Each motion freedom was tested individually, with the newly designed

cueing filters replacing the existing filter in the simulator system. The motion in

the other directions was unchanged so that the drivers were able to comment on

the particular filter.

The simulator drivers are accustomed to their existing cueing system and have

developed an internal model that maps simulator cues to vehicle behaviour. When

the cueing is changed, the simulator motion to vehicle behaviour associations need

to be adjusted. Being skilled professionals, they are able to do this within a couple

of laps of a track and are then able to give useful feedback about the cueing.

It is well-known that people will judge simulator motion differently. In passenger

car applications, with a sufficient number of subjects and by performing a variety

of tests and asking for ratings on the cueing systems, it is possible to perform

statistical analysis to judge which cueing algorithm is better. In racing simulators

however, there are only a small number of professional test drivers in any team and

quite often each driver will have his/her own and different opinion. Some drivers
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are also resistant to change and will be consistently negative about anything

that feels different. With these factors in mind, when testing the cueing filters,

the drivers were specifically asked to comment on which elements of the vehicle

behaviour were present or missing and the manner in which this affected their

ability to drive the vehicle on the limit.

As mentioned earlier in this thesis, the race drivers use the simulator to evaluate

vehicle set-ups. The drivers regard a good set-up as one in which the car has

good grip and balance, there is little understeer, and no snap oversteer. All these

elements affect the limit of the vehicle, i.e. how late the vehicle can brake, and

how quickly it can navigate a turn. The purpose of the simulator cueing is to

assist the driver to find this limit and a good cueing system is one in which the

driver is easily able to detect the effect of set-up changes.

The different cueing strategies were tested on the Barcelona closed-circuit track

shown in Figure 6.1. This track is commonly used for cueing testing because

it features large magnitude braking, and both low and high speed corners. The

speed profile, longitudinal and lateral accelerations and yaw velocity for a typical

lap are shown in Figure 6.2. At the beginning of a lap the driver brakes into Turn 1

and then accelerates out of the corner. In Turns 2 and 3, the driver lifts off the

throttle on entry into the corner and then accelerates at the exit of the bend.

Similar decelerate-on-entry and accelerate-on-exit speed profiles are exhibited for

the other corners in the lap.

The remainder of this chapter is arranged as follows: the results of the longitudinal

linear and non-linear cueing strategies are given in Section 6.1, the lateral and

yaw cueing test results are described in Section 6.2, and finally in Section 6.3 the

results of the MPC algorithm are discussed.
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Figure 6.1: The racing line on the Barcelona Circuit with corner numbers.
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Figure 6.2: The left figure contains the speed profile for a lap of the track
and the right figure contains the lateral and longitudinal accelerations and the

yaw velocity around the circuit.

6.1 Longitudinal Testing

Different linear filters designed using the methods in the previous chapter are

tested and compared here. The driver response to the non-linear longitudinal

filter methods described in the previous chapter are also discussed.
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6.1.1 Optimal Filter Designs

The cueing filters produced by the optimal methods depend not only on the

problem set-up but also on the choice of cost function weights. While changing

the plant model affects the filter order, it is by changing the weights that the

shape of the filter response is influenced. The cost function weights are selected

through trial-and-error. The weights are adjusted, the cueing filter designed, a

sample lap of track data is filtered, and platform motion demands are generated.

This process is repeated until the cueing demand does not exceed the workspace.

This aspect of the tuning addresses only half the cueing problem, which is to

generate a cueing signal that respects the platform limitations. The second part

of the problem is to produce motion cues that communicate the required vehicle

information to the driver. This is the more challenging task and requires some

prior knowledge and extensive testing with drivers. From discussions with the

test drivers, it is known that they prefer strong cues at the beginning of braking

and for the remaining time use the longitudinal cue to assist with the detection

of wheel spin and lock-up. With this in mind, the cueing filters are tuned to

produce strong onset cues and are then tested with a race-driver for feedback.

The driver comments on each cueing filter are discussed below and the different

options are compared. The numerical values of the tuning weights and the filter

transfer functions are give in Appendix C.1 and the Bode response of the different

filters are given in Figure 6.3. The acceleration cues and associated platform

velocity and displacement demands are shown in Figures 6.4 and 6.5 for Turn

1 of Barcelona since this corner features a large deceleration at the end of the

straight. The platform position for each of the cueing options for the entire lap

of the circuit is given in Figure 6.6
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Figure 6.3: The Bode magnitude plots of the longitudinal cueing filters tested
with the race drivers.
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Figure 6.4: The left figure contains the longitudinal acceleration cueing sig-
nals produced by the different filter options for the braking into and accelerat-
ing out of Turn 1 of the track. The right figure shows the onset cues (the first

2s) more clearly.

6.1.1.1 Basic Optimal Filter

The basic filter design problem contains 5 tuning parameters, which are associated

with the perception error and platform acceleration, velocity, position and abse-

ment. The platform movement is confined to the available workspace by placing

sufficiently large weights on the motion states. The shape of the acceleration cue,
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Figure 6.5: The two plots contain the platform longitudinal velocity and
position demands for each of the cueing options, for the braking/accelerating

manoeuvre in Figure 6.4.
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Figure 6.6: The platform displacement during an entire lap of the Barcelona
track is given for each of the longitudinal cueing options. The platform limits

are also shown to illustrate the fraction of workspace that is utilised.

however, depends on the ratio between the weights. For example, a large accel-

eration penalty will reduce the peak value of the onset cue, but will allow a long

duration, low magnitude acceleration. In contrast, a lower acceleration penalty

but a relatively higher displacement weight will produce a shorter but stronger

onset acceleration and more of the high frequency information will be retained.

Since it is known from experience that this cueing behaviour is preferred, the
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filter tested was tuned accordingly.

The final filter was 4th order and the braking cue generated by it is characterised

by a strong onset cue followed by a large miscue, which is shown as Option 1

in Figure 6.4. This false cue from 0.4s to 2s is correlated with the platform

velocity that is out-of-phase with the vehicle acceleration and the re-centring of

the platform during the vehicle braking phase, which can be seen from 1.5s to 3s

in the plots of Figure 6.5.

After completing two laps of the Barcelona circuit the test driver made the fol-

lowing comments about the cueing filter.

1. The large magnitude onset cue provides a strong sensation of stopping and

is a good indicator that the vehicle is braking.

2. The motion sensed throughout braking is not constant. There is a feeling

of braking, then a loss of braking motion, followed by a sensation of braking

again.

3. Under acceleration, when the driver lifts his foot off the throttle, or reaches

the maximum power, he receives a braking feeling.

4. The driver feels that the platform is too sensitive in the longitudinal direc-

tion. Overall the simulator moves too much, which makes the driver feel

slightly sick.

The driver comments can be correlated with the platform motion demands. The

first comment is a positive response to the strong onset braking cues, however, the

second comment is associated with the false cue that immediately follows. The

positive acceleration of the platform during the miscue is interpreted by the driver

not as a forward acceleration but as a loss of braking feeling. In the simulator,

the visual cues help to compensate for the washout of the onset cue. However, the
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large miscues cannot be disguised so the platform motion still interferes with the

driver’s perceptions and makes it more difficult to operate the vehicle. The driver

responds to the loss in braking feeling by attempting to brake harder. Towards

the end of the braking manoeuvre the false cue also decays and the sensation of

braking returns.

The third comment made by the driver relates to the high-pass nature of the

cueing filter. In the vehicle, the driver lifting his foot off the throttle causes a

decrease in the positive longitudinal acceleration. Once this signal is high-pass

filtered this variation in the positive acceleration becomes a negative acceleration

cue. This is seen in the left plot of Figure 6.4 at 8s. This is inevitable in a

high-pass filter, but this effect is compounded by the velocity washout. Since

the platform velocity has returned to zero, the negative acceleration will cause

it to move backwards, not just slow down (while continuing to move forwards).

A backwards motion in the simulator is associated with a braking manoeuvre,

hence the driver’s comments.

The final comment made by the driver indicates that, in general, there is more

platform motion than the driver desires. Furthermore, sickness is associated with

the platform and visuals providing inconsistent cues. This can be associated with

the washout of the platform to the centre of the workspace. Ideally, under braking

the platform will only move backwards and under acceleration only forwards.

However, the inclusion of the platform displacement and absement in the optimal

cost function causes the inherent washout characteristic in the final cueing filter.

In racing, the predictable acceleration pattern makes washout unnecessary and

undesirable. The platform workspace is not fully utilised, since the platform is

continually being re-centred, which makes only half the workspace available for a

manoeuvre. Finally, the washout effect causes the large false cues and all those

associated problems.
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This basic cueing filter has two main limitations, the large false cues and sub-

optimal use of the platform workspace. While the effects of these to some extent

can be adjusted through different parameter tuning, the issues are features of

the problem set-up and are addressed using the modifications suggested in the

previous chapter.

6.1.1.2 Frequency Weighting Functions

The inclusion of frequency weighting functions on the elements of the cost function

allows greater control over the characteristics of the cueing filter. In the first

implementation of this method only the perception error was given a frequency

weight, in this case a 2nd order high-pass filter. The tuning parameters for this

are the filter cut-off frequency and gain. These, together with the motion state

weights, are adjusted to produce a filter with a strong onset cue.

The driver’s comments following testing were the following:

1. The braking consistency is better as compared with the basic algorithm,

however, it is still not constant throughout.

2. The onset braking cue is good and the feeling at corner exit is good, since

he can feel the traction of the vehicle.

3. In some corners, when braking lightly, the cues were too strong.

These comments indicate an improvement over the basic algorithm and can also

be correlated with the cueing signals given by Option 2 in Figures 6.4 and 6.5.

The first comment, once again, deals with the miscue that follows the onset

cue. The shape of the false cue produced by this filter differs from the previous

option. The peak miscue occurs immediately after the onset and then decreases

constantly in magnitude, resulting in a more consistent miscue, which, based
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on the comments, is more acceptable to the driver. This can be understood by

considering a typical braking manoeuvre, which can be divided into three phases:

the initial application of the brake during which the brake pressure builds up, the

middle phase where the pressure is maintained at a constant level, and the release

of the brake towards the end of the manoeuvre. The cueing filter performs well in

the first and last phases, delivering a realistic feeling during brake pressure build

up and reduction. During the second phase, although the onset cue cannot be

maintained, the platform motion should be constant to correlate with a constant

brake pressure. In the first cueing filter the miscue changes during this phase, so

the perception of the vehicle motion changes which is inconsistent with constant

applied brake. With the current cueing option, the miscue is more constant,

which improves the consistency of the cueing. Furthermore, the platform velocity

during the miscue phase (approximately 1-3s in Figure 6.5) is lower than the first

cueing option, which is an improvement.

By examining the filter frequency responses in Figure 6.3, it is seen that this

second cueing option has a higher gain at high frequencies as compared with the

first cueing filter. This accounts for the stronger onset cue as seen in Figure 6.4,

as well as, the third comment that in some corners these cues were too strong.

The modification to the basic filter problem resulted in cueing filter that the

driver deemed better. The problems of false cues, however, still persist and are

addressed with the false cue penalty option.

6.1.1.3 False Cue Penalty Filter

The aim of this cueing strategy is to reduce the false cues and keep the platform

velocity in-phase with the vehicle acceleration. By placing a large penalty on

the acceleration-velocity relationship, the false cues are greatly reduced. This,
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necessarily, reduces the washout of the platform motion so that it no longer re-

centres. This re-centring of the platform is normally required so that the platform

at any time can accommodate a braking or accelerating manoeuvre. With reduced

washout, after the driver brakes the platform is near the back of the workspace,

accommodating only an accelerating manoeuvre. This is acceptable in the race-

driving context, since drivers follow a pattern of braking into a corner and then

accelerating out of it.

This filter option has a large number of tuning parameters, which provides more

flexibility and control. The acceleration error is high-pass filtered and the plat-

form acceleration is low pass filtered. Both filters have gain and cut-off frequency

tuning parameters. The platform position and velocity have constant weights.

The vehicle acceleration is low-pass filtered (this has a cut-off frequency and gain

to be tuned) and this is compared with the platform velocity. The error between

these is the miscue penalty which is also weighted by a constant. All of these

parameters are adjusted until the cueing filter produces an onset cue and the

platform velocity maintains the same sign as the vehicle acceleration.

After being tested with the driver, the following comments were made:

1. There is insufficient cue during the onset of braking.

2. The driver did not feel a mismatch between the visual and motion cues, or

notice any false cues.

3. There is a good feeling on corner exit and the driver is able to feel the wheel

spin.

This cueing filter addressed the problems discussed in the previous two options.

The miscues and inconsistencies were removed, but the strength of the onset

cue was sacrificed. It is seen in Figure 6.4 that the onset cue for this Option 3 is

slightly lower in magnitude and significantly shorter in duration than the previous
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two. This lack of motion is a problem, the driver does not feel like the vehicle is

stopping so applies more brake and causes the wheels to lock-up.

The platform velocity remains in-phase with the vehicle acceleration, seen in

Figure 6.5. The platform displacement is not washed out to the centre of the

workspace. Indeed, at the end of braking the platform is located almost at the

rear of the workspace. Over the whole lap, as seen in Figure 6.6, this cueing

option uses more of the platform workspace than the other two. A limitation of

using a single linear filter is that the workspace is not explicitly respected which

makes it difficult to utilise fully.

While this cueing option shows improved workspace usage and false cue reduc-

tion, the lack of onset is a significant drawback. The filter can be retuned to

provide more onset, however, this will produce a larger platform velocity, which

will require washout and then the problems encountered in the first two cueing

tests will reappear. This balance of onset cue versus miscues is the challenge in

longitudinal cueing. A lot of tuning, tweaking and iteration is required to achieve

a filter that will satisfy the drivers. This cueing framework, however, shows the

most promise to achieve this.

6.1.1.4 Cueing Filters without Vestibular Model

The final two longitudinal tests were conducted to determine whether the vestibu-

lar model is of any assistance in the design of race-car cueing filters. In the first

test the vestibular model was removed from the second cueing option, and in

second test, the model was removed from the miscue penalty framework. Some

retuning of parameters was required, but the cueing demands remained similar

to the original options. In both tests the drivers found that there was little differ-

ence between the options with and without a vestibular model. The purpose of

including the vestibular model is to produce a cueing filter that reproduces with
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Figure 6.7: The left plot contains the longitudinal acceleration demands
produced by the anti-backlash and miscue reshaping techniques and the Option
2 linear filter for comparison. The right figure contains the acceleration cueing

signals for the first 2s to show the difference in the onsets.

a higher accuracy the accelerations in the frequency ranges with a higher sensory

gain. In the race-car scenario this filtering of the vestibular system is insignificant

in comparison with the errors introduced by the cueing, and the inclusion of the

model does not better inform the cueing filter design.

6.1.2 Non-Linear Filter Testing

The two miscue reduction techniques are compared with the second linear cueing

option. The platform acceleration, velocity and position signals are given in

Figures 6.7, 6.8 and 6.9.

The adaptive gain in the anti-backlash filter is tuned to reduce the false cues,

whilst the re-centring filter was adjusted to ensure compliance with the actuator

limits. In the acceleration responses shown in Figure 6.7, the anti-backlash sys-

tem response is attenuating the miscue present in the linear response. However,

all the high-frequency information in the acceleration signal is being lost. This

is undesirable, because the associated motions are small (hence do not consume

workspace); it is also inconsistent with the rest of the acceleration signal. Refer-

ring to the right plot in Figure 6.8 and the left plot of Figure 6.9, one observes that
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Figure 6.8: The two plots contain the longitudinal velocity and position
demands, respectively, associated with the anti-backlash and miscue reshaping

techniques and the Option 2 linear filter for comparison.
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Figure 6.9: The left plot contains the platform displacement for an entire
lap, as well as the platform limits. The right figure contains a more detailed

view of the motion cues under acceleration.

the anti-backlash system does not utilise the full platform workspace, although it

is an improvement over the linear filter.

The high-pass cueing filter in the miscue reshaping system was tuned to produce

a strong onset cue (Figure 6.7), with the feedback controller adjusted to ensure

the platform is correctly positioned for the subsequent acceleration manoeuvre.

In contrast to the anti-backlash system, the miscue-reshaping module preserves

the high-frequency information in the acceleration reference. The miscue asso-

ciated with the miscue-reshaping module is weaker than both the linear filter
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and anti-backlash methods. This miscue reshaping module makes full use of the

displacement workspace through the inclusion of prepositioning, shown in the

postion plots in Figures 6.8 and 6.9.

Both nonlinear methods were tested with a driver. The following comments were

made about the anti-backlash approach.

1. The onset cues are too aggressive.

2. The cueing is inconsistent and confusing.

3. He loses feeling during braking and the system is too sensitive on corner

exit.

The onset cues produced by this approach are larger in magnitude and longer in

duration than the linear filter option, and the driver found these to be too strong.

The main problem, however, with the cueing strategy is the nonlinear reduction

in the miscue. As noted, this reduces the high frequency information, and feels

inconsistent. Overall this approach has too many different elements that affect

the final cueing signal. It contains a linear filter, a non-linear gain to reduce

miscues and a re-centring filter. The result is an acceleration cue that is difficult

to interpret, and does not communicate the vehicle behaviour.

The driver made the next comments in reference to the miscue reshaping method.

1. The simulator cues are consistent through-out braking, with a strong onset

and none of the loss in feeling experienced in the linear filters.

2. The cues during acceleration are too strong which does not correlate with

the applied throttle.

3. The cues received when braking lightly are too strong. There needs to be

consistency in between the cue strength and the applied brake.
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The first comment is a positive response to the acceleration cue that, while slightly

lower in magnitude as compared with the linear filter, is as long in duration (left

plot in Figure 6.7). The miscue is greatly reduced as compared with the linear

filter option, and this is preferred by the driver as it is more consistent with the

braking phases in the vehicle.

The limitation of this approach is the strength of the prepositioning. During the

accelerating manoeuvres the platform is moved towards the front of the workspace

by both the prepositioning effect and the acceleration cues. The result is an

acceleration cue that is too strong. It can be seen in the left plot of Figure 6.9

that the acceleration cues of this method are larger than those of the linear filter.

This prepositioning problem manifests again during light braking. The braking

cue is stronger than expected because of the backwards motion contributed by

the prepositioning element.

These two nonlinear methods have illustrated a number of points. Firstly, it is

possible to achieve much lower miscues during braking without exceeding the

workspace limits. Secondly, as shown in the right plot of Figure 6.9 the non-

linear methods make better use of the available platform workspace than the

linear approach. This is particularly true of the miscue reshaping method that

prepositions the platform and provides more space to travel during a manoeuvre.

Thirdly, these two tests brought to light another issue, and that is consistency

between corners. The second method produces strong cues in each braking, at-

tempting to use full workspace in every manoeuvre. However, the drivers need a

linear relationship between the magnitude of the braking vehicle and the motion

cue to be able to interpret the vehicle behaviour correctly.
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Figure 6.10: The left-hand plot contains the longitudinal vehicle acceleration
for the first eight corners of the Barcelona Circuit. The vehicle’s lateral velocity

(blue) and the yaw velocity (red) are displayed in the right-hand plot.

6.2 Lateral and Yaw Testing

The results of the lateral and yaw cueing filters are discussed for the the first 8

turns in Barcelona. The vehicle’s lateral and yaw velocities for this section of track

are displayed in the right half of Figure 6.10, and the longitudinal acceleration

in the left half. For the most part, the lateral acceleration and yaw velocity

quantities have opposite signs, implying that the car’s centre of turning is behind

the car’s centre of mass; see equation (5.9). At approximately 20 s and 27 s there

is a change in direction of the lateral velocity and the centre of turning moves in

front of the car’s mass centre. In both cases the driver is accelerating out of a

corner, and the reduced front-tyre loading causes the vehicle to understeer and

run wide in the corner, and so additional corrective steering is required.

6.2.1 Lateral Filter Tuning

Several lateral cueing filters were designed by changing the weighting functions

wi(s) for the different components of the output z in Figure 5.9. The different

tuning weights for each filter option are given in Appendix C.2.
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Figure 6.11: The Bode magnitude plot of the three lateral cueing filter op-
tions.

The first filter option is based on the frequency-weighted optimal approach of

Section 5.1.1.2. The perception error is high-pass filtered, while the platform

states have constant weights.

The second option is tuned using the false cue penalty approach of Section 5.1.1.3.

The perception error is still high-pass filtered and an additional element is in-

cluded in the cost to penalise miscues.

The final cueing filter is designed similarly to the second option. However, the

vestibular model is removed from the system, and a lower order filter results.

The transfer functions for the three filters are given in Appendix C.2, while the

Bode magnitude plots for these filters are illustrated in Figure 6.11, where their

high-pass properties can be seen.

Figure 6.12 illustrates the performance of the three filters. The platform accelera-

tion, velocity and displacement for the highlighted section of the Barcelona track

shown in Figure 6.1 are given in plots (a), (b) and (c), respectively. The response

of the vehicle lateral acceleration to a perturbation in steering angle, computed

in Section 4.4.1, and shown in Figure 4.9, are filtered by each of the cueing filter

options to determine the platform response to a step steering angle input. These
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are are shown in Figure 6.12 as plots (d), (e), and (f).

The cueing filter F1(s) is characterised by a strong onset cue as is evident in

the platform velocity response, which must be washed out in order to prevent

workspace saturation. This cueing option uses the largest ‘per-corner’ fraction of

the workspace (of the three filters) during each corner and returns the platform

to a near-central position following each cornering manoeuvre. The discussion

in Section 5.2 stressed the importance of cueing behaviours that are qualitatively

similar to the vehicle’s actual response. In this instance this qualitatively similar-

ity is not retained, because as the vehicle speed increases the platform response

to steering perturbations decreases in magnitude (shown in (e) in Figure 6.12) as

opposed to the opposite trend shown in Figure 4.9, and no warning of impending

instability is provided. When the vehicle is unstable, the cueing filter produces

an onset cue, which, while longer in duration, is not in the first half second sig-

nificantly different from the stable-car responses. While this filter was tuned to

produce a cueing demand that aims to make full use of the workspace in each cor-

ner, and position the platform in the centre in a manner consistent with general

cueing wisdom, it loses some critical vehicle behavioural information. Addition-

ally, there is a significant difference between the platform’s lateral velocity and

the lateral velocity of the car. During the 10-12 s washout period the platform’s

lateral velocity is in the opposite direction to that of the vehicle. This implies

that in the simulator the centre of cornering will move behind the vehicle mass

centre in a manner not consistent with the vehicle’s actual turning behaviour.

The behaviour predicted from this analysis is correlated with the comments of

the test driver who complained of confusing cues that were the opposite of the

real vehicle behaviour. He was unable to control the vehicle on the performance

limit, which was reflected in increased simulator lap-times. The driver also com-

plained that the platform ‘moved too much’, suggesting that such strong cues,
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Figure 6.12: Reference lateral acceleration for the section of the Barcelona
circuit highlighted in Figure 6.1. Figure (a) shows (in black) the vehicle’s lateral
acceleration. The three coloured plots are the simulator lateral acceleration
demands for the threeH2 optimal filters. Figures (b) and (c) show, respectively,
the associated platform velocity and displacement demands for each of the
three filters. Figure (d) shows the vehicle responses from Figure 4.9, filtered
using F1(s), to determine the platform steering-angle step response at three
different vehicle speeds. Figures (e) and (f) contain the same analysis for F2(s)

and F3(s).
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when accompanied by washout, are undesirable.

The plots (e) and (f) in Figure 6.12 show that the cueing filters F2(s) and F3(s)

produce a platform response that is similar to that of the car. The onset cues

increase as the vehicle approaches the stability boundary and once unstable, the

acceleration cues are much larger. In these designs there is no platform washout

and consequently little or no false cueing. However, the removal of washout

effects enforces the need for low-amplitude cueing. The absence of strong onset

cues means that only the high-frequency content of the lateral acceleration is

retained in the platform demand signal. At first sight these filters appear flawed -

without washout there is no means of preventing workspace saturation. However,

in a racing context, where the car is operating on a fixed closed-circuit track,

only a limited number of left-hand corners, for example, can follow in sequence,

which makes the simulator workspace easier to manage. A right-hand corner that

follows a left-hand corner will ‘unwind’ the platform and move it back towards

the centre of the workspace. For the Barcelona track there are never more than

three consecutive left-hand or right-hand corners, and so it is possible to tune the

filters to avoid significant platform washout. When the vehicle is unstable the

platform cue is large and would normally exceed the workspace. However, with

professional drivers, provided the initial cueing is correct, the driver will bring

the car promptly under control thereby creating a immediate reduction in the

lateral acceleration of the simulator platform. If the driver does lose control, the

platform cues no longer matter since the car is likely to have left the track. In the

case of the F2(s) and F3(s) filters the platform lateral velocity is in many ways

similar to that of the vehicle. Large rapid variations in the platform velocity are

no longer present, and the false cues at 20 s and 27 s have been removed. Any

loss of stability-related information can be partially compensated by yaw cueing

strategies that are discussed in more detail in the next section. When the F2(s)
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Figure 6.13: The yaw cueing filter Bode magnitude response.

and F3(s) filter options were tested, the driver found that the cueing provide

realistic vehicular information, which helped him to control the oversteer on the

entry to corners. The lower-order filter F3(s) was deemed superior, because it has

a fast response which delivers timely cues, although they are of lower magnitude.

The test driver found that the sooner the cues arrived the easier it was to respond

to them and control the vehicle. He also found that F3(s) provided realistic

lateral-grip and car ‘balance’ feedback.

6.2.2 Yaw Filter Testing

The efficacy of using the side-slip angle as a yaw cue is compared with that of

using a more conventional filtered yaw velocity cue. The yaw cueing filter was

designed as described in Section 5.2.3, with a second order high-pass weighting

filter applied to the angular velocity sensation error, and second order low-pass

filters applied to the platform position and velocity.

The tuning parameters and cueing filter transfer function are given in Appendix

C.3, and the high-pass Bode magnitude plot illustrated in Figure 6.13.

As shown in Chapter 2, as yaw motion is produced by the hexapod the longitu-

dinal and lateral workspaces decay. The platform yaw displacement is therefore
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Figure 6.14: Yaw velocity and side-slip angle cues. The left-hand figure
shows the vehicle’s yaw velocity (associated with the right axis), the filtered
yaw velocity and the vehicle side-slip angle velocity (both associated with the
left axis). The right-hand plot shows the platform yaw angle for the filtered

yaw velocity and the vehicle side-slip angle.

restricted to an artificial, smaller workspace to prevent interference with the other

motions. For this study the yaw motion is limited to ±4◦ and so the cueing signal

necessarily contains only high-frequency yaw information. The yaw cue demands

for the side-slip angle and filtered yaw angle algorithms are shown in Figure 6.14.

The left-hand plot contains the yaw velocity of the vehicle, the filtered yaw veloc-

ity cue and the vehicle side-slip angle velocity. The filtered yaw angle is compared

with the vehicle side-slip angle in the right-hand plot.

The two yaw algorithms were tested with the professional driver. During testing

the lateral cues were generated using the final filter (Option 3) and as shown

in Figure 6.12. With both yaw algorithms the driver was able to control the

oversteer on entry to the corners, interpret the vehicle behaviour and operate

the car on its performance limit. The driver reported that the two options felt

‘similar’, however, when compared graphically, the cueing signals show similarities

as well as differences. As shown in Figure 6.14 both cueing options demand

similar platform yaw angle swings during corner entry. This is consistent with

the driver being able to control the oversteer in corner entry with both algorithms.

During corner exit, when the yaw angle is returning to 0◦, the cueing demands are
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almost identical. The differences between the two options occur in mid-corner. In

Corner 4 for example, which starts at approximately 15 s, the filtered yaw angle

demand increases to 3◦ and then decreases to 0◦, with only small fractional-

degree fluctuations. In contrast, the side-slip angle reached a peak of over 5◦ at

approximately 18.5 s when the vehicle understeers and ‘runs wide’ in the turn.

The differences in the platform behaviour during this understeer was not noticed

by the driver.

As mentioned in Section 6.2, and shown in Figure 6.4, at 20s the lateral velocity

of the vehicle rapidly changes sign, which would cause the rotation centre to

move in front of the vehicle COM, and would indicate to the driver that the

vehicle is ‘running wide’; this behaviour is not indicated by the lateral cue. As

shown in Figure 6.12 (b), the lateral velocity of the platform remains negative

at 20s; see the F3(s) response. Figure 6.14 indicates that the yaw velocity of the

vehicle remains positive at this time. The yaw velocity cue and the side-slip angle

velocity are, however, both negative at 20 s. The platform’s centre of turning will

therefore move forwards, and a vehicle understeer is cued. This motion is stronger

in the side-slip angle case. Referring to Figures 4.10 and 4.11, the vehicle yaw

velocity response to a steering perturbation is an order of magnitude smaller

when the vehicle is accelerating and understeering, as compared with a braking

and oversteering vehicle. The lower magnitude angular velocity response will

produce a slower change in vehicle position. The driver was thus able to detect

understeer from visual cues. The driver also receives feedback through the steering

wheel about the vehicle understeer behaviour. There are thus at least three cues

contributing to the driver’s detecting the vehicle understeer and changes in the

motion cues are therefore less noticeable.
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6.3 MPC Cueing Strategy

Since the challenges of real-time and system integration made driver testing of

the MPC cueing algorithm practically infeasible, the results are instead compared

with cueing strategies liked by the drivers in testing. This provides a first level of

insight into the potential success of this method. The MPC algorithm is imple-

mented for the three degrees of freedom, and at first each motion is considered

individually.

The MPC algorithm is implemented for the longitudinal direction. In the first

iteration only the acceleration perception error is included in the cost function.

The cueing demands are given in Figures 6.15 and 6.16 and are referred to as MPC

Option 1. The acceleration cue produced by the algorithm closely follows the

reference acceleration until the velocity saturates, at which point the acceleration

is zero. As the platform approaches the workspace limit it is decelerated at

close to the maximum acceleration. This behaviour is consistent with how the

problem is posed. When the state constraints are not active the platform will

follow the reference trajectory. However, once the velocity constraint is active,

the perception error is minimised by maintaining the platform at a constant

velocity. The platform will only be slowed when the position constraint becomes

active, hence the abruptness with which it is stopped. However, the longer the

prediction horizon the smoother the deceleration of the platform. From experience

this cueing characteristic will be disliked for a number of reasons. Firstly, while

the velocity constraint is active there are no high frequency cues, and a completely

still platform with no vibration or ride information will feel irregular. Secondly,

the large miscue that slows the platform will disorient the driver and most likely

make him/her feel sick.
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The main problem with the first MPC implementation is that the velocity con-

straint becomes active. To overcome this issue, the platform velocity is weighted

and included in the cost function. The cueing signals produced by this approach

are denoted by MPC Option 2 and shown in Figures 6.15 and 6.16. It is im-

mediately obvious that this is an improvement on the previous method. The

large miscues are replaced by lower magnitude false cues, and much of the high

frequency information is retained, particularly when the vehicle is accelerating.

Overall, this option is much closer to the nonlinear miscue reshaping option that

proved quite successful in testing. The main difference occurs after the onset cue,

during the acceleration decay phase there is little high frequency content in the

cueing signal. The inclusion of a penalty on the platform velocity prevents the

velocity constraint from ever becoming active which ensures a more consistent

and smooth cueing. While the full platform workspace is not used under braking,

it is better exploited than the miscue reshaping option.

Having produced a feasible cueing signal in the longitudinal direction the MPC

method is applied to the lateral cue. From the linear cueing experiments, it is

known that miscues in the lateral motion should be avoided where possible. From

the first longitudinal MPC option, it is apparent that encountering the platform

limits introduces false cues, and to prevent this, the motion should be included

in the cost function. The lateral motion produced by the MPC algorithm is

compared with the best lateral linear filter cueing signal in the plots in Figure 6.17.

The two cueing signals are very similar which is to be expected. If the constraints

in the MPC problem are not active, the solution is exactly the solution to the

unconstrained LQR problem. The differences between the two cueing options

depends on the choice of tuning parameters and the problem set-up, since the

linear filter framework included frequency weighting.

The MPC algorithm is implemented for the yaw motion with the results shown
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in Figure 6.18. The MPC cue is larger in magnitude although similar in shape to

the linear filter based approach. This is once again due to differences in the cost

function. The linear filter was tuned to have a similar magnitude to the side-slip

angle, although this did not utilise the full workspace.

Finally, the MPC algorithm is implemented to compute the cueing signals of all

three motions simultaneously. This prevents infeasible actuator demands when

large displacements are required in two freedoms at once. In this event one

motion freedom must be prioritised, which is achieved by the relative weights

of the perception error of each motion. However, interference between cueing

freedoms produces unexpected, irregular motion cues, and therefore should be

avoided. Once again, it is preferable to penalise the platform motion such that

this scenario is not encountered. As shown in Chapter 2, with the hexapod

platform, if the yaw angle is kept small, and the longitudinal and lateral motions

are somewhat conservative in the workspace usage, then interference between the

different motion freedoms can be mostly avoided. When the algorithm is tuned to

avoid interaction between the cueing directions there is little change in the cues,

and hence the plots are not shown.

In summary, the most commonly stated advantage of using MPC cueing tech-

niques is that the algorithm explicitly observes the platform constraints. How-

ever, as it has been shown, allowing the platform to encounter the constraints

introduces abrupt false cues that would be highly disruptive to the driver. By

including the penalties on the platform motion in the MPC cost function this

problem can be avoided. However, in this case the solution of the MPC problem

is that of an unconstrained LQR problem, in which case it is preferable to use the

LQR-based filtering, which has none of the real-time implementation challenges of

MPC. An advantage of the MPC approach that still remains, is that it allows less

conservative weighting of the platform motion. The parameters can be selected so
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Figure 6.15: The left plot contains the longitudinal acceleration demands
produced by the the two MPC options and the miscue reshaping technique for
comparison. The right figure contains the acceleration cueing signals for the

first 2s to show the difference in the onsets.
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Figure 6.16: The left plot contains the longitudinal velocity and the right
plot the position demands associated with the two MPC options and, for com-

parison, the miscue reshaping technique.

that the platform utilises close to the full workspace, while the constraints ensure

the platform is safely within the limits in an unexpected event.

6.4 Conclusion

The different cueing methods for longitudinal, lateral and yaw were implemented

and tested with professional drivers. From the tests with the linear and non-

linear longitudinal cueing options a number of themes emerged from the driver
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Figure 6.17: The three plots contain a comparison of the MPC lateral cue
and the best linear lateral cue option (Option 2). The figures contain from left

to right the acceleration, velocity and position demands for the simulator.
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Figure 6.18: The left figure compares the MPC yaw velocity demand and
the yaw velocity produced by the linear filter. The right plot compares the

corresponding platform yaw angles with the vehicle side-slip angle.

comments. Firstly, the drivers insist on strong onset cues and are prepared to tol-

erate a shorter cue as a consequence. Secondly, continuity is required throughout

the braking manoeuvre. While the drivers tolerate the decay in the onset cue,

they do not like false cues, and it is important to keep the platform velocity in

phase with the vehicle acceleration. This implies that washout to the platform

centre is unachievable. However, in racing, where driving behaviour is very con-

sistent and predictable, an acceleration will follow a braking manoeuvre, and the

re-centring will be unnecessary. The third recurring comment from the drivers is

a need for consistency. The same cues should occur from braking manoeuvres of

similar intensities and lighter braking should have correspondingly smaller cues.
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This suggests that methods, such as the nonlinear adaptive and some implemen-

tations of MPC, that adjust the strength of the cues given the platform’s location

are not applicable. These methods make full use of the workspace for each ma-

noeuvre, and the aim of the cueing method should rather be to produce consistent

cues while using the whole workspace during a lap.

The lateral and yaw cueing filters were tuned to cue the changing vehicle be-

haviour. Importantly, yaw and lateral velocity motions combine to produce a

stationary centre of turning. This, as shown in Section 5.2.1, moves behind the

vehicle’s mass centre for an oversteering vehicle and in front of it for an under-

steering one. Any loss of information in the lateral cue can be compensated for by

the yaw cue so that together they produce a turning centre in the simulator that

agrees qualitatively with that of the car itself. This approach appears successful

as the driver cannot usually identify which cue provides this information. Indeed,

during testing, the yaw cue was changed and the driver was convinced that the

lateral cue had been adjusted.

The driver testing of the lateral and yaw cueing filters is discussed in Section

6.2. The lateral filters were tuned to capture the vehicle’s changing behaviour

and provide realistic cues. These allowed the driver to control the vehicle at the

performance limit; particularly the oversteer at the entry to corners. Both the yaw

filter and side-slip angle cueing approaches performed well during testing. The

difference between the two options was most noticeable during understeering, but

since this is also cued by steering feedback and visual cues this difference was not

important to the driver.

While the MPC algorithm was not tested with drivers, the cueing signals were

compared with those from the other tests. The MPC implementation yields

similar results when it is tuned to avoid hitting the constraints. In this case, the

added complexity of implementing the algorithm in real-time is not immediately
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justifiable. However, with simulator hardware that has more than 6 DOF and the

motion needs to be split between two mechanisms the MPC algorithm is clearly

the better solution.

The cueing experiments have shown that much can be achieved in simulator

cueing with well-tuned linear filters. The main, well-documented drawback with

this approach is that the workspace limits are not explicitly respected. The

filters need to be tuned to operate within the workspace for a variety of race

tracks. Additionally, it is unsafe to produce platform demands that are close to

the platform boundary when it is not explicitly recognised. Consequently, a filter

with a conservative workspace usage will normally be implemented. This problem

can be overcome by using the MPC approach.

The lateral and yaw experiments have also shown that by studying the vehicle

behaviour, and identifying the important motion cues, it is possible to design

cueing filters that more nearly meet the race-drivers’ requirements. In addition,

good cueing results can be found more quickly thereby reducing the test time

needed for cue development.
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Chapter 7

Numerical Optimal Control

The cueing algorithms described thus far have been concerned with the filter-

ing/attenuating of the vehicle acceleration to produce a signal that can be ren-

dered by a simulator platform without exceeding physical limitations. None of

these strategies directly address the problem of seeking best usage of the avail-

able workspace. The LQR method, for example, constrains the output to be a

linearly filtered version of the input, and does not attempt to make optimal use

of the workspace. The MPC method recognises constraints on the workspace,

but it only considers the platform motion over a short horizon, and so does not

optimise the workspace usage over a full driving session.

In a racing situation the acceleration profile for a lap of a given track is essentially

known, although there may be some minor variations between drivers. The aim of

this study is to determine the optimal way to use the platform workspace in order

to cue the driver over an entire lap. Numerical optimal control is applied to this

problem, and in this framework non-linear models can be used, and constraints

imposed.

As has been discussed repeatedly, the problem in cueing is determining which
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vehicle motions need to be reproduced. This issue is relevant again in this con-

text because the two-fold aim is to provide good motion cues, while using the

workspace optimally. In the optimal control framework the cueing characteristic

is influenced by the choice of cost function. For example, the acceleration sen-

sation error may be minimised. The first part of this study examines the cues

produced by different cost function definitions and develops ones that capture the

desirable cueing characteristics.

Having designed cost functions to produce appropriate cueing signals, these can

be used to analyse the optimal workspace usage. The interactions between the

different motion directions is also studied to determine the effects of the platform

kinematic design. The effect of increasing the platform dimensions and dynamic

capabilities is also explored.

Finally, the solution of the optimal control problem is compared with the standard

cueing techniques. This provides insight into the areas in which the algorithms

can be improved.

The vehicle response data for this study is generated by the minimum-lap-time op-

timal control simulation described in [38, 51]. This 3 DOF car model includes tyre

and aerodynamic forces, and captures the vehicle’s low-frequency drive dynamics

but not the higher frequency car ride (suspension) dynamics. Since workspace

analysis is concerned with the filtering of low-frequency data, which results in

large displacements, the use of a simplified vehicle model in this context is legiti-

mate. The higher frequency ride dynamics that come from the vehicle suspension

can be rendered by the simulator without filtering as a separate exercise and are

not a necessary component of this analysis.

The remainder of this chapter is laid out as follows: the optimal control theory is

described in Section 7.1, and the cueing problem is formulated in Section 7.2. The

results of the optimisation over a lap are discussed in Section 7.3, the enlarged
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workspace analysis is described in Section 7.4, and the comparison with the other

cueing methods is presented in 7.5.

7.1 Optimal Control Theory

The purpose of an optimal control calculation is to determine the state and control

associated with a system in order to minimise a performance index [6]. When

expressed in Bolza form, the performance index is given by

J = Φ (t0, x(t0), tf , x(tf ), p) +

∫ tf

t0

l(t, x(t), u(t), p)dt, (7.1)

while the system and operating constraints are given by



dx
dt
− f (t, x(t), u(t), p) = 0

g (t, x(t), u(t), p) = 0

h (t, x(t), u(t), p) ≤ 0

gb (x(t0), x(tf ), u(t0), u(tf ), p) = 0

(7.2)

where t0 ≤ t ≤ tf is the optimisation interval with tf either fixed, or free to be

optimised. The vector p ∈ Rnp contains any fixed parameters to be optimised1;

x(t) ∈ Rn and u(t) ∈ Rm are the state and control vectors respectively. The

vector-valued function f(·) ∈ Rn describes the system dynamics. The vector

functions g(·) ∈ Rng and h(·) ∈ Rnh define the equality and inequality constraints

for the system. The subscript b refers to the boundary constraints with gb(·) ∈

Rngb . The scalar function l(·) is the stage cost that is a function of the state, the

controls and the parameters.

1Rn denotes the set of n-dimensional real vectors.
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Direct methods of the type employed here transcribe, or convert, infinite-dimensional

optimal control problems into a finite-dimensional optimisation problem with al-

gebraic constraints; a nonlinear programming problem (NLP) [6].

The work in this paper makes use of a Gauss-Legendre-Radua psuedospectral op-

timal control solution method that has been implemented in the software package

GPOPS-II [24, 50].

7.2 Optimal Control Problem Formulation

{

Vestibular
Model

Hexapod
Kinematics

y(t)

lact(t)

vact(t)

aact(t)

+

−

u(t)

axsim(t)

aysim(t)

ψ̇sim(t)

axref(t)

ayref(t)

ψ̇ref(t)

Figure 7.1: Formulation of numerical optimal control problem.

The optimal control problem is first formulated similarly to the majority of cue-

ing algorithms, where the aim is to reproduce the accelerations a driver would

experience in a real car. If the car’s translational accelerations are of the form

axref (t) (where the superscript defines the direction of motion), then the acceler-

ation sensed by the driver is given by âxref (s) = V (s)axref (s), in which V (s) is a

model of the human otoliths that are part of the human vestibular system [41]; s

is the Laplace variable. The aim of a cueing algorithm is to make the difference

âxref (t)− âxsim(t) as small as possible. In the yaw freedom the sensed yaw velocity

is given by
˙̂
ψref (s) = W (s)ψ̇ref (s), where W (s) is a model of the semi-circular

Ingrid Salisbury - Optimal Motion Cueing Page 140



7. Numerical Optimal Control 7.2 Optimal Control Problem Formulation

canals. The difference
˙̂
ψref (t) − ˙̂

ψsim(t) must be minimised. The hexapod dis-

placement, velocity and acceleration constraints are included in the problem to

prevent the simulator from matching exactly the motions of the vehicle.

The aims and constraints described above can be embedded in an optimal control

problem with a quadratic form type of performance index

J =

∫ tf

t0

y(t)TQy(t)dt. (7.3)

The optimal control problem set up is shown in Figure 7.1.

The problem constraints are of the form

ẋ(t) = f(x(t), u(t)) (7.4)

y(t) = g(x(t), u(t)) (7.5)

lmin ≤ lact(t) ≤ lmax (7.6)

vmin ≤ vact(t) ≤ vmax (7.7)

amin ≤ aact(t) ≤ amax (7.8)

in which f(x(t), u(t)) describes the plant and vestibular model dynamics. The

remaining constraints are associated with the motion platform. The optimal

control problem is to determine the input u(t) such that the performance index

is minimised with the constraints respected.

As shown in Figure 7.1, the control input is a vector of simulator longitudinal

and lateral accelerations and yaw velocity u(t) = [axsim(t), aysim(t), ψ̇sim(t)]T . This

input and the motion demand [axref (t), a
y
ref (t), ψ̇ref (t)]T are used to compute the

system states x(t) and the outputs y(t) from the system dynamics described in

(7.4) and (7.5). The system dynamics relate the reference accelerations and the
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control input, through a nonlinear hexapod model and linear vestibular system

model, to the actuator accelerations, velocities and displacements as well as the

system output y(t). The actuator accelerations, velocities and displacements are

components of the state vector and are limited in (7.6), (7.7) and (7.8) respec-

tively. The output y(t), which contains the error (the difference between the

motion sensed in the simulator and the car) is a function of the system state.

y(t) =


âxref (t)− âxsim(t)

âyref (t)− âysim(t)

˙̂
ψref (t)− ˙̂

ψsim(t)

 (7.9)

In the cost function given in (7.3), the diagonal matrix Q allows the relative

weighting of the error sensed in each motion direction. The optimal control solver

will determine the platform input that minimises the weighted sensed transla-

tional acceleration error and the weighted sensed rotational velocity error.

7.2.1 Longitudinal Cost Development

At first, each motion direction is considered separately, and the error terms in the

cost function are modified to capture desirable cueing characteristics. In the lon-

gitudinal directions the braking and accelerating scenarios need to be cued, with

the numerical optimal control used to determine the optimal acceleration profile

for each situation. The characteristics of this cueing acceleration are influenced

by the choice of error cost function. At first, for consistency with standard cueing

approaches, the sensed acceleration is minimised. Thereafter, modifications are

made to this to improve the cueing behaviour in accordance with comments from

drivers and the experience gained during the testing of cueing filters. The acceler-

ating and braking scenarios are treated separately, with braking being examined

first since it is the more critical manoeuvre.
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Figure 7.2: This collection of figures contains longitudinal cueing signals de-
termined by the numerical optimal control calculation for different cost function
definitions. The top plot contains the platform acceleration demands produced
for a braking manoeuvre using different cost functions. The bottom two figures

contain the platform velocity and displacement demands, respectively.

The plots in Figure 7.2 contain the acceleration profile and the platform velocity

and displacement demands for the vehicle braking into Turn 1 of the Barcelona

track. The vehicle acceleration reference trajectory is given by the black curve.

The blue curve, denoted by Option 1, is the simulator trajectory computed to

minimise the square of the acceleration error; a standard time-invariant quadratic

cost of the form (7.3) is used. The optimised response is constrained to begin

the manoeuvre with the platform at the front of the workspace under the as-

sumption that it has been correctly prepositioned. There is no constraint on
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where the platform finishes the manoeuvre although, since an acceleration will

follow, it is preferable if the platform is further backwards. Finally, the platform

is constrained to begin and finish with 0m/s velocity.

There are a few features of the Option 1 cueing signal that deserve comment.

Firstly, the onset cue response is delayed, such that the peak deceleration of

the platform coincides with that of the car. Secondly, during the initial 0.1s

of braking the platform acceleration fluctuates and moves with the opposite ac-

celeration to the vehicle. This allows the platform to build a positive velocity,

which decays when the onset cue begins. The third feature of the cueing signal is

the mid-braking loss of motion, which occurs at 0.6s when the platform reaches

its maximum velocity. Finally, the miscue that prevents the platform exceed-

ing the workspace limitations occurs in the last phase of braking. This is poor

workspace management, as the longer the duration of the miscue the lower the

peak magnitude. Overall this response is not satisfactory because it does not

provide the strong initial onset cue required by the race car drivers who were

consulted. Furthermore, the drivers prefer cueing systems with consistent, lower

magnitude miscues. The cueing acceleration resulting from (7.3) does not exhibit

these characteristics and thus required modification.

Recalling that the cost function for the optimal control problem, when considering

only the longitudinal motion, is given by:

Jx =

∫ tf

t0

yT
x

(t)Qy
x
(t)dt, (7.10)

where the subscript x refers to the x-direction, and when considering only sensa-

tion error in the cost,

yx(t) = âxref (t)− âxsim(t). (7.11)

Additional terms can be included in yx(t) to improve the cueing characteristic.
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The first adjustment is made as follows:

y
x
(t) =

 âxref (t)− âxsim(t)

(âxref (t)− âxsim(t))ȧxref (t)

 . (7.12)

The second element in the vector is the sensation error multiplied by the vehicle

jerk signal. This implies that the minimisation of the sensation error is more

critical when the vehicle jerk is large. The jerk of the vehicle is largest at the

onset of braking, and hence this term encourages a higher fidelity onset cue. The

effect of this is seen in Figure 7.2, where the platform acceleration cue is given

in the top figure, and denoted by Option 2. There is a stark difference between

this and the first option. The onset is earlier, higher in magnitude and shorter in

duration. The platform runs into the velocity constraint almost 0.4s earlier than

in the previous case. As a result, the mid-braking no motion phase begins earlier.

However, the miscuing phase is longer, as the change in acceleration from 0.7-1s

also exhibits large jerk and must be cued.

While this cueing signal is an improvement, there are still some issues, one of

which is the large miscue in the latter stage of braking from 1-1.6s. This problem

is addressed with the introduction into the cost function of a miscue penalty,

which penalises simulator accelerations which are in the opposite direction to the

vehicle acceleration. This is implemented by including the simulator acceleration

in the cost (the third term in (7.14)) and multiplying it by a nonlinear weighting

function given by:

w(t) =
1

2

(
1− tanh(βâxref (t)âxsim(t))

)
. (7.13)

The behaviour of w(t) is shown in Figure 7.3. It is a smooth switch that has a

value of 0 when the vehicle and simulator accelerations are in the same direction
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Figure 7.3: The plot shows the nonlinear weighting function given in (7.13).
The output of the function is 1 when the platform and vehicle accelerations

are in opposite directions and 0 when they are in-phase.

and a value of 1 when they are in opposite directions. This introduces a penalty

only on false acceleration cues. The cueing signal produced with this additional

term is given by Option 3 in Figure 7.2, and exhibits lower magnitude miscues.

The final problem with the cueing signal is the lack of smoothness in the acceler-

ation signal. The study in [31] showed that large jerk causes accelerations to be

perceived as stronger. During the miscue phase this is particularly undesirable.

However, by placing a penalty on the simulator jerk (given by the fourth term in

(7.14)), the acceleration demand is made smoother, as shown by Option 4 in the

plots in Figure 7.2. This cueing signal meets the requirements of a strong onset

cue, and smooth low magnitude false cue while tracking some of the acceleration

changes during the latter parts of braking.
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The final cost function used to cue the longitudinal braking manoeuvre is given

by:

y
x
(t) =



âxref (t)− âxsim(t)(
âxref (t)− âxsim(t)

)
ȧxref (t)

âxsim(t)

ȧxref (t)− ȧxsim(t)


, (7.14)

and, the weighting matrix is given by

Qx =



Q1 0 0 0

0 Q2 0 0

0 0 w(t)Q3 0

0 0 0 Q4


, (7.15)

where the diagonal elements are used tuned to balance the different components

of the cost function.

The cueing characteristic is compared to an alternative strategy which has a time

dependent cost function. This approach is designed to produce a high fidelity

onset cue and a minimal false cue, accepting that in the latter phase of braking it is

not possible to reproduce the vehicle acceleration. The terms in the cost function

in (7.10) are defined as follows to induce the desired response characteristics.

Q =

 Q1w(t) 0

0 Q2(1− w(t))

 , (7.16)

and,

y(t) =

 âxerror(t)

âxsim(t)

 . (7.17)
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where

âxerror(t) = âxref (t)− âxsim(t) (7.18)

and

w(t) =
1

2
(1− tanh(β(t− ts))). (7.19)

The first term in the cost function penalises the acceleration error during the

first part of the braking phase. The second term then penalises the platform

acceleration during the remainder of the braking manoeuvre. The weights Q1 and

Q2 are used to balance the relative strengths of the onset cue and the miscue;

not surprisingly, the stronger the onset cue, the worse the miscue. The function

w(t) is a ‘smooth’ switch that is 1 from t = 0 to t = ts and 0 thereafter; the

constant β controls the sharpness of the switch. The switching time and weights

are selected to produce the strongest, and longest onset cue that can be achieved

within the actuator constraints. Since braking manoeuvres have similar strengths,

the tuning parameters are consistent for a given lap.

The result of this adjusted cost function is shown as Option 5 in Figure 7.2. The

acceleration cue contains a strong timely onset cue, while the false cue has been

extended, but with a much reduced amplitude. This cueing signal is a baseline,

describing the strongest miscue, and the lowest magnitude false cue. However, no

acceleration changes are cued after the onset. It can be compared with the Option

4 cueing demand. The two onset cues are similar in magnitude and duration, and

the miscue of the Option 4 is only larger for 0.5s. This suggests that the cost

function developed to produce the Option 4 is sufficient for further use in optimal

control studies, as it captures the desirable cueing characteristics while producing

close to optimal onset and false cues.

The cost function for longitudinal cueing has been developed for a braking ma-

noeuvre. The application of this function to the accelerating scenario is examined

Ingrid Salisbury - Optimal Motion Cueing Page 148



7. Numerical Optimal Control 7.2 Optimal Control Problem Formulation

0 1 2 3 4 5 6 7 8 9 10 11
−5

0

5

10

15

20

Time (s)

A
cc

el
er

at
io

n 
(m

/s2 )

 

 
Acc. Reference
Option 1
Option 2

0 1 2 3 4 5 6 7 8 9 10 11
−1.5

−1

−0.5

0

0.5

1

1.5

2

Time (s)

V
el

oc
ity

 (
m

/s
)

 

 

Option 1
Option 2

0 1 2 3 4 5 6 7 8 9 10 11
−1

−0.5

0

0.5

1

1.5

Time (s)

D
is

pl
ac

em
en

t (
m

)

 

 
Option 1
Option 2

Figure 7.4: This set of figures contains longitudinal cueing signals determined
for an accelerating manoeuvre by the numerical optimal control calculation for
different cost function definitions. The top plot contains the platform acceler-
ation demands, and the bottom two figures contain the platform velocity and

displacement demands, respectively.

next by comparing it to the cueing signal produced by the naive perception error

cost function. A comparison of the platform demands is shown in Figure 7.4. In

this situation the platform is constrained to start at the back of the workspace,

and once again, start and finish with 0m/s velocity. The cueing acceleration

produced by the naive cost function (denoted by Option 1) retains the general

shape of the acceleration reference, but the low-frequency information has been

removed. Unlike the braking case, there are no discernible onset cues and so the

general approach is to cue acceleration changes. The problem with using a simple
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quadratic cost function, is that the velocity of the platform varies between posi-

tive and negative values as the acceleration changes are tracked. This causes a lot

of forwards and backwards platform motion, particularly at 1.2s and 3s when the

throttle is being lifted. These sudden decreases in the platform acceleration are

being cued similarly to a braking manoeuvre, which, as it was found in testing,

the drivers dislike. The motion cue produced by the cost function in (7.14), de-

noted by Option 2, has lower false cues and while it does not preserve the shape

of the acceleration cue as well, it does not, however, produce large backwards

motions. This cost function is therefore suitable for using in both accelerating

and braking situations, and can be applied to further optimal control studies.

7.2.2 Lateral Cost Development

The development of the lateral acceleration follows a similar procedure to that of

the longitudinal although the requirements are different. The lateral acceleration

experienced in a vehicle has a different shape (as compared with the longitudinal)

and may be of high amplitude and long duration in a protracted high-speed corner.

Unlike the longitudinal motion, the drivers do not have a clear preference for onset

cues. Of more importance in this case is the need for no false cues. The lateral

velocity of the platform should be in the appropriate direction to maintain the

correct perception of the vehicle turning centre.

The terms in the cost function used in the lateral direction are given by:

y
y
(t) =



âyref (t)− âysim(t)(
âyref (t)− âysim(t)

)
ȧyref (t)

ȧyref (t)− ȧysim(t)

vysim(t)

âysim(t)


, (7.20)
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and, the weighting matrix is given by

Qy =



Q1 0 0 0 0

0 Q2 0 0 0

0 0 Q3 0 0

0 0 0 w1(t)Q4 0

0 0 0 0 w2(t)Q5


. (7.21)

where,

w1(t) =
1

2

(
1− tanh(−βâyref (t)vysim(t))

)
, (7.22)

and

w2(t) =
1

2

(
1− tanh(−βâyref (t)âysim(t))

)
. (7.23)

The contribution of each of the elements is shown in Figure 7.5. The first cueing

signal, given by Option 1, is produced by the optimal control for a cost function

containing only the acceleration perception error. The acceleration cue contains a

miscue during the first 0.25s. The acceleration magnitude becomes progressively

larger through the corner, until, near the end, there is a large negative acceleration

to slow the platform to avoid exceeding the workspace limits. The two main

problems with this cue lie in the miscues in the initial and final 0.25s.

While onset cueing is not generally considered in lateral filters to the same extent

as it is with longitudinal filters, it still occurs. A linear high-pass filter will

provide stronger cues at the beginning of a corner, since the rapid change in

the acceleration is a high-frequency motion. Consequently, the onset acceleration

will be cued, and to recreate this feature in optimal control solution the second

element in (7.20) is included. This, like the longitudinal case, is an additional

penalty on the acceleration error when the vehicle jerk is large. The effect of this

term is seen by examining Option 2 in Figure 7.5. The onset is larger, but the
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Figure 7.5: This collection of figures contains the lateral cueing signals deter-
mined by the numerical optimal control calculation for different cost function
definitions. The top plot contains the platform acceleration demands produced
for a cornering manoeuvre. The bottom two figures contain the associated plat-

form velocity and displacement demands, respectively.

signal still features a large initial miscue, and is not smooth.

These two issues are addressed with the inclusion of the 3rd and 4th elements

in the cost function. The first of these places a penalty on the jerk error, as is

done in the longitudinal case. The second element is a velocity miscue penalty.

The platform velocity is weighted by a nonlinear function, w1(t) that is 0 when

the platform velocity is in the same direction as the vehicle acceleration and

1 when the two signals are out-of-phase. This causes the platform velocity to

remain positive throughout the cornering manoeuvre. The improvements caused

Ingrid Salisbury - Optimal Motion Cueing Page 152



7. Numerical Optimal Control 7.2 Optimal Control Problem Formulation

0 0.5 1 1.5 2 2.5
−0.1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

A
ng

ul
ar

 V
el

oc
ity

 (
ra

d/
s)

Time (s)

 

 
Yaw Vel. Reference
Yaw Velocity Cue

Figure 7.6: This figure contains the vehicle yaw velocity, and the platform
yaw velocity cue produced by the numerical optimal control computation using

a cost function that minimises the angular velocity error.

by these two terms are shown by Option 3 in Figure 7.5.

The final element in (7.20) is an acceleration false cue penalty (as in the longitu-

dinal cost function), which is included to combat the large negative acceleration

produced at the end of the corner. This term has a significant impact on the cue-

ing signal, which is seen by examining the platform demands produced by Option

4 in Figure 7.5. The onset cue remains similar to the earlier options. However,

the mid-corner cues are much lower in magnitude, and the final miscue also lower.

The platform velocity trajectory is also altered. The velocity no longer reaches

the maximum value, but tends to maintain a more constant value through the

mid-corner. This behaviour is more consistent with the cues produced by the lin-

ear filters that were tested with, and approved by the drivers. The cost function

in (7.20) is, therefore, suitable for further use in optimal control studies.

Ingrid Salisbury - Optimal Motion Cueing Page 153



7. Numerical Optimal Control 7.3 Optimal Cueing for a Racing Lap

7.2.3 Yaw Cost Development

The yaw freedom differs from the previous two in that the platform is able to

render much more of the vehicle yaw velocity signal as compared with the lon-

gitudinal or lateral acceleration signals. As a result, it is sufficient to use a cost

function that simply minimises the sensed yaw velocity error. This is given by:

yψ(t) = ˆ̇ψref (t)− ˆ̇ψsim(t). (7.24)

The yaw velocity cueing demand produce by the optimal control computation is

shown in Figure 7.6. The platform yaw velocity tracks the changes of the vehicle

yaw velocity, although the signal magnitude is attenuated.

7.3 Optimal Cueing for a Racing Lap

The cost functions previously developed are now used to determined an optimal

simulator cueing strategy for a lap of the Barcelona Circuit de Catalunya. The

results focus on corners 1-4, shown in Figure 7.7. This section of the track is

chosen because it features high-amplitude braking cues, high-speed corners (3 and

4) and two consecutive right-hand corners (the relevance of which is discussed in

Section 7.3.2 on lateral acceleration cueing). In Sections 7.3.1, 7.3.2 and 7.3.3,

the longitudinal, lateral and yaw cueing demands are computed separately. In

Sections 7.3.4 the longitudinal and lateral cues are considered in combination,

with three-dimensional cueing assessed in Section 7.3.5. Multi-dimensional cueing

is important, because the various degrees of freedom are coupled, and motions in

one dimension might compromise those in another.
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Figure 7.7: Track and racing line for the first four corners of the Barcelona
circuit used in numerical optimal control simulations [38, 51]. The red markers
are spaced 5 seconds apart, with the first being at 0 seconds and the last at

20; the car travels in a clockwise direction.

7.3.1 Longitudinal Cueing

The longitudinal acceleration produced by the numerical optimal control compu-

tation for the first 4 corners of Barcelona is given in the left plot of Figure 7.8.

The corresponding platform velocity and displacement demands are shown in the

right plot. The purpose of the open-loop numerical optimal control solution is

to provide insight into the best use of the platform workspace. As can be seen,

the braking manoeuvres are characterised by strong onset cues, while during ac-

celeration changes are tracked, although somewhat attenuated. Under braking,

the motion cueing is being restricted by the velocity capability of the platform.

By examining the velocity and displacement signals it is seen that the velocity

achieves its peak value before the platform reaches the displacement limit. It is
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Figure 7.8: The left figure shows the longitudinal acceleration cueing sig-
nal determined by the numerical optimal control computation for the given
longitudinal acceleration reference. The right figure shows the corresponding

simulator velocity and position demand.

thus the velocity limit that prevents the onset cue from being sustained.

After a braking or accelerating manoeuvre the platform is prepositioned forwards,

or rearwards, of the neutral position in anticipation of the next manoeuvre. Be-

fore the second braking manoeuvre from 12-14s the platform accelerates to the

maximum velocity. During the onset braking cue at 14s the platform is first

braked, to zero velocity at the front of the workspace, and then accelerated back-

wards. This velocity-type “prepositioning” allows a stronger braking cue to be

generated since the platform is being decelerated from maximum forward to max-

imum rearwards velocity, instead of from 0m/s. This approach makes optimal use

of the available platform workspace. In a practical situation this would be very

difficult to implement as the timing is critical. If the braking manoeuvre does not

occur timeously then the simulator will reach the workspace limits and a harsh

false cue would be experienced. However, if the principle is employed, but with

a low magnitude velocity magnitude velocity, the workspace of the platform can

be better utilised.
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Figure 7.9: The left figure shows the lateral acceleration cueing signal de-
termined by the numerical optimal control computation for the given lateral
acceleration reference. The right figure shows the corresponding simulator ve-

locity and position demand.

7.3.2 Lateral Cueing

The lateral acceleration cue is determined by the optimal control solver for turns

1-4 of the Barcelona circuit. Unlike cueing in the longitudinal direction, the

lateral acceleration trajectory can have two consecutive manoeuvres in the same

direction; see Figure 7.9 between 6s and 12s, and between 14s and 20s. In this

case it would be best to position the platform away from the same extreme edge

of the workspace at the start of each manoeuvre. However, between corners,

the platform will then need to move in the opposite direction to the vehicle

acceleration and a false cue will result. A balance therefore needs to be established

between a miscue and the workspace needed for the following acceleration cue.

In this case, the platform is returned to the left extreme from 11s to 13s when

the vehicle lateral acceleration is closest to 0m/s2.

The lateral acceleration does not run into the velocity constraints as in the lon-

gitudinal case. This is a result of lower onset cues, and an acceleration cue that

tracks the changes in acceleration.
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Figure 7.10: The left figure shows the yaw velocity reference and cueing signal
computed by the numerical optimal control solver. The right figure shows the

associated platform rotational position demand.

7.3.3 Yaw Cueing

The yawing motion differs from the longitudinal and lateral accelerations in that

the cues can be sustained for longer and in certain circumstances, be almost fully

reproduced by the platform, if its position limits are not exceeded. As with the

lateral freedom, there can be multiple manoeuvres in the same direction. In this

case, a bad miscue is required to preposition the platform: this can be seen from

10s - 14s in Figure 7.10. This is required to move the platform from the one

extreme back to the other in preparation for the next corner.

7.3.4 Longitudinal and Lateral Combined Cueing

Having considered each DOF separately, the next step is to study the two trans-

lational freedoms in combination. The cost functions and weighting matrices

developed for the two freedoms are combined as follows:

y(t) =

 y
x
(t)

y
y
(t)

 (7.25)
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Figure 7.11: The longitudinal and lateral platform acceleration demands
computed using the numerical optimal control solver for given reference accel-
erations. The reference accelerations are associated with the right axis and the
platform acceleration demands with the left axis. The lateral motion is given

priority.

and,

Q =

 Qx 0

0 R1Qy

 , (7.26)

where, y
x
(t), y

y
(t), Qx and Qy are defined in (7.14), (7.20), (7.15), and (7.21),

respectively. The additional parameter R1 is used to assign a relative priority to

the longitudinal and lateral freedoms. By changing the value of R1 it is possible

to study the interaction between the two motion freedoms.

In the first implementation, the lateral freedom is given precedence over the

longitudinal motion by making R1 > 1. The longitudinal and lateral acceleration

cues are given in Figure 7.11, and the associated platform velocity and position

demands in the plots in Figure 7.12. Since the lateral direction is given priority,
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Figure 7.12: The simulator velocity and position demands for the longitudi-
nal (left figure) and lateral (right figure) directions. These are associated with

the acceleration demands given in Figure 7.11.

the lateral cueing demand is unchanged from the lateral only cueing presented in

Section 7.3.2. The longitudinal cueing is necessarily different. Firstly, during the

onset cues at 0s and 14s the platform no longer reaches the maximum velocity.

Additionally, the miscues that follow the onset are larger in order to washout the

platform velocity more quickly. These two changes in the longitudinal behaviour

ensures that none of the actuators are moving at their maximum speed, so the

platform still has the ability to move laterally.

The cueing demands in Figures 7.13 and 7.14 are produced by making R1 < 1,

and assigning priority to the longitudinal direction. In this case, the longitudinal

cueing remains unchanged, while the lateral acceleration now features lower onset

cues and larger miscues. These miscues are required to move the platform away

from the edge of the workspace where the longitudinal motion is more constrained.

The workspace usage of the two cueing options is compared by examining the

xy-displacement of the platform in Figure 7.15. For the first cueing option the

platform operates mainly in the longitudinal range from -0.8m to -0.2m, where the

lateral workspace is the widest. In contrast, the second cueing option produces

the majority of the platform motion in the longitudinal range from -1m to 0m.
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Figure 7.13: The longitudinal and lateral platform acceleration demands
computed using the numerical optimal control solver for given reference accel-
erations. The reference accelerations are associated with the right axis and the
platform acceleration demands with the left axis. The longitudinal motion is

given priority.

The increased travel in the longitudinal direction is consistent with the higher

priority of this motion freedom.

While there is an interaction between longitudinal and lateral motions, it is pos-

sible to select R1 to achieve a compromise such that the quality of the cue in

each direction is only degraded slightly. This is possible since the longitudinal

motion is mainly velocity limited whereas the lateral direction is predominantly

workspace limited. Furthermore, it is only at the workspace extremes that the

two motions interact strongly, so while the platform is operating towards the

centre of the workspace there is no coupling.
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Figure 7.14: The simulator velocity and position demands for the longitudi-
nal (left figure) and lateral (right figure) directions. These are associated with

the acceleration demands given in Figure 7.13.
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Figure 7.15: The platform boundary and the use of the workspace over the
four corners for the cueing option associated with the acceleration demands in
Figure 7.11 (lateral cue priority) and with those in Figure 7.13 (longitudinal

cue priority).

7.3.5 Full 3 DOF Cueing

Adding the yawing freedom to the simulator’s kinematics has important impli-

cations for the utilisation of the workspace. The hexapod workspace analysis

Ingrid Salisbury - Optimal Motion Cueing Page 162



7. Numerical Optimal Control 7.3 Optimal Cueing for a Racing Lap

in Chapter 2 shows that the motion platform’s translational workspace is re-

duced significantly by simultaneous yawing. Once again, it is necessary to assign

a weighting to each of the various freedoms so that a balanced performance is

achieved. The optimal control problem cost for the full 3 DOF problem is given

by:

J =

∫ tf

t0

yT (t)Qy(t)dt (7.27)

where,

y(t) =


y
x
(t)

y
y
(t)

y
ψ
(t)

 (7.28)

and,

Q =


Qx 0 0

0 R1Qy 0

0 0 R2

 , (7.29)

where, y
x
(t), y

y
(t), yψ(t), Qx and Qy are defined in (7.14), (7.20), (7.24), (7.15),

and (7.21), respectively, and R1 and R2 provide a relative weight between the

motion freedoms.

The optimal control computation is performed twice, in the first instance the

yaw motion is given a low precedence, and in the second it is given priority over

the translational motions. The lateral and longitudinal cueing demands for the

two problems are shown in Figures 7.16 and 7.17. In the first case the cueing

demands remain mostly unchanged from the translational motion only case. The

onset cues are strong, and the changes in the two accelerations are tracked. The

corresponding longitudinal and lateral velocity and position demands are shown

in Figure 7.19. The velocity in the longitudinal direction still saturates under

braking, while the workspace in the lateral motion also reaches the boundary.

The yaw velocity cue shown in Figure 7.18 is highly attenuated with only the
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Figure 7.16: The longitudinal and lateral platform acceleration demands
computed using the numerical optimal control solver for given reference accel-
erations. The problem set-up includes all 3 DOF, and the yaw motion is given
a low priority. The reference accelerations are associated with the right axis

and the platform acceleration demands with the left axis.
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Figure 7.17: The longitudinal and lateral platform acceleration demands
computed using the numerical optimal control solver for given reference accel-
erations. The problem formulation includes all 3 DOF, and the yaw motion is
given a higher precedence than the translational cues. The reference accelera-
tions are associated with the right axis and the platform acceleration demands

with the left axis.
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Figure 7.18: The vehicle yaw velocity and the simulator yaw velocity cues
produced when the yaw motion is given a low (blue) and a high (red) priority

in the full 3 DOF motion optimal control computation.

higher frequency changes being tracked. As a result only one-fifth of the yaw

workspace is utilised, as shown in Figure 7.19.

In contrast, the second cueing option is characterised by higher magnitude and

fidelity yaw cues which make full use of the platform yaw capability, as shown

in Figures 7.18 and 7.19. Necessarily, the longitudinal and lateral motion is

penalised. The lateral onset cues are reduced while the longitudinal miscues are

larger, and fewer higher frequency changes are tracked (Figure 7.17). The velocity

and position demands for the translational motions are correspondingly smaller.

The longitudinal velocity decays quickly and the platform remains closer to the

workspace centre. In the lateral direction the workspace usage is approximately

half of that used in the first option.

This analysis highlights the biggest limitation of the hexapod design which is the

rapid deterioration of the translational workspace with yaw motion. While in
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specification the platform is capable of large yaw angles, in practice the motion

must be limited to a few degrees. In cornering there is a combination of large

lateral and yaw motion, which it is particularly difficult to render. The longitu-

dinal motion is more easily combined with the lateral or yaw freedoms, as the

strongest braking occurs before the vehicle starts turning, so it is possible to cue

the longitudinal, and washout the motion before the other directions must be

cued.

This analysis illustrates a limitation of the hexapod as a high-performance motor

vehicle motion platform and provides a means with which to balance the trade-off

between rotational and translational motion.

7.4 Workspace Extensions

Having set-up the simulator cueing problem in an optimal control framework, it

is possible to analyse the effects of improving the platform actuator capabilities

as well as different platform hardware.

In the development of the longitudinal cueing and the subsequent multi-DOF cue-

ing systems, the velocity limitation of the actuators has interfered significantly

with the longitudinal cueing direction. Not only is the onset cue duration limited,

but to allow motion in other freedoms, the onset must be quickly washed out.

The platform motion is determined for a lap of the Barcelona circuit with the

actuator velocity limits doubled. The workspace usage is then compared with

the workspace utilisation during a lap with the standard velocity limits. The

results are presented in Figure 7.20. The additional velocity capability allows the

platform to more fully utilise the workspace. The trajectories of the platform in

the longitudinal direction have longer subarcs, and overall the platform travels

more. The additional velocity capability, improves the platform cues, allowing
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Figure 7.19: This set of figures contains the simulator translational veloc-
ity and position, and rotational position demands for the full 3 DOF motion
problem. The platform motion signals for both the low (Opt 1) and high (Opt
2) yaw priority are given. The top right figure contains the longitudinal veloc-
ity and position demands. The top left figure shows the lateral velocity and
position demands. The bottom figure shows the two yaw platform position

demands.

higher speeds in the longitudinal and lateral directions simultaneously. The plat-

form appears to exceed the workspace boundary but this is due to the change in

workspace shape with yaw angle.

The constraints on the platform position are the main limitation in motion cueing,

and deciding on the size of platform is an important element in hardware design.

Inevitably, a balance is needed between the workspace size and the cost and

other practical factors. It is difficult to determine a priori the cueing advantages

in increasing the platform size. However, in the optimal control framework it is
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Figure 7.20: These two figures describe the simulator workspace utilisation
over a lap of the Bareclona circuit, as determined by the optimal control. The
left figure shows the workspace use computed using the standard hexapod
actuator limits, and the right figure the platform motion using actuators with

double the velocity limits.
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Figure 7.21: These figures show the improvement in the lateral cueing signal
for an increase in simulator workspace. The left figure contains the lateral
acceleration demand computed by the optimal control solver for the standard
workspace (Opt 1) and with a 50% increase in workspace size (Opt 2). The
right figure displays the associated platform velocity and position demands.
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possible to examine the relationship between size and improvement in cueing. In

this example, the platform actuator stroke is increased by 45% which increases

the workspace by approximately 50%. Since the lateral motion is more heavily

influenced by this improvement the platform cues in this direction are examined in

Figure 7.21. The improved workspace allows the lateral cues to be rendered with

a higher fidelity. The motion is sustained for longer, resulting in fewer miscues.

More of the platform velocity capability is used, and overall the cueing motion is

strengthened.

These two examples have illustrated the use of developing cost functions that

capture good cueing characteristics and applying these to the problem of hardware

design. This type of study also highlights the current platform limitations.

7.5 Comparison of Cueing Techniques

The solution of the optimal control computation is compared with the cues pro-

duced by the techniques described in Chapter 4, with the intention of determining

how these could be improved.

7.5.1 Longitudinal Comparison

The longitudinal cueing signal produced by the optimal control computation is

compared with the most successful linear filtering option that was tested with

drivers, and the nonlinear miscue reduction method that also showed promise in

testing. The platform demands are compared in Figure 7.22.

In the first braking the onset cue of all three options is the same. The linear and

nonlinear systems produce miscues that immediately follow the onset, whereas the

optimal control only produces a miscue towards the end of the manoeuvre when

the acceleration decreases. This is lower in magnitude, although slightly longer

than the other two options. In terms of workspace usage, the optimal control
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Figure 7.22: These figures compare the longitudinal cueing demands pro-
duced by the optimal control computation, and the linear and nonlinear filters.
The left figure shows the acceleration cues, and the right top and bottom plots

the platform velocity and displacement demands, respectively.

makes full use of the platform workspace, whereas the linear and nonlinear filters

use approximately half. Additionally, the velocity of the platform in the optimal

control case is both larger in magnitude and maintains a higher speed for longer.

This comparison suggests that the two implemented cueing methods do not fully

utilise the platform capability. The onset cues could be longer, and the miscues

lower in magnitude.

Under acceleration all three options track the acceleration changes, although the

cueing characteristics differ. In this manoeuvre none of the cueing methods makes

use of the full velocity and displacement workspaces. The only significant differ-

ence is that the optimal control system prepositions the platform towards the

front at the end of the manoeuvre, while the linear and nonlinear filters cen-

tralise the platform. It is evident that prepositioning is key to utilising the full

workspace. The optimal control also gives the platform a large forward velocity

just before braking, as mentioned previously, this strategy is in theory good, but

in practise difficult to implement. The advantage of this is seen in the magnitude
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of the following onset braking cue.

In summary, there are three areas where the tested cueing methods are sub-

optimal. Firstly, the platform is not prepositioned for large braking. Secondly,

the onset cues are not maintained, and finally, the false cues are unnecessarily

large.

7.5.2 Lateral Comparison

The lateral linear filter implemented and tested successfully with the driver is

compared with the optimal control solution in Figure 7.23.

It is immediately obvious that the platform motion cues produced by the optimal

control solver are very different from those produced by the linear filter. The onset

cues in the optimal control approach are over 6 times larger in magnitude, more

acceleration changes are tracked through the corner, and the miscues are also

bigger. The linear filter method is characterised by an almost constant platform

velocity through the corner which provides the driver with a consistent cornering

cue. Whereas, in the optimal control approach the platform velocity tends to

decay through the corner.

Setting aside the differences in cueing characteristics, it is possible to compare

the workspace usage. The linear filter method does not use the full platform

workspace: in a short corner only 12.5% of the workspace is used, and in a longer

corner 25% of the available workspace. This contrasts with the optimal control

that moves from one extreme to the other in the course of a corner. When there

are two consecutive same direction corners the optimal control prepositions the

platform towards the end of the first to provide sufficient space for the following

corner.

This comparison shows that the linear filter could be modified to provide stronger

cues and make better use of the workspace.

Ingrid Salisbury - Optimal Motion Cueing Page 171



7. Numerical Optimal Control 7.5 Comparison of Cueing Techniques

0 2 4 6 8 10 12 14 16 18 20
−10

−8

−6

−4

−2

0

2

4

6

8

10
A

cc
el

er
at

io
n 

(m
/s2 )

Time (s)

 

 

−40

−32

−24

−16

−8

0

8

16

24

32

40

A
cc

el
er

at
io

n 
(m

/s2 )

Lat. Acc. Reference
Lat. Cue Opt. Cont.
Lat. Cue Linear

0 2 4 6 8 10 12 14 16 18 20
−2

−1.5

−1

−0.5

0

0.5

1

1.5

V
el

oc
ity

 (
m

/s
)

Time (s)

 

 

−2

−1.5

−1

−0.5

0

0.5

1

1.5

D
is

pl
ac

em
en

t (
m

)

Lat. Vel. Opt. Cont.
Lat. Disp. Opt. Cont.
Lat. Vel. Linear
Lat. Disp. Linear

Figure 7.23: These figures compare the lateral cueing demands produced
by the optimal control computation, and the linear filtering method. The left
figure shows the acceleration cues, and the right figure contains the platform

velocity and displacement demands for both cueing options.

7.5.3 Yaw Comparison

The yaw cues produced by the optimal control are also compared with those

produce by the linear filtering method. From the comparison of the yaw velocity in

Figure 7.24 it is seen that the characteristics of the two cueing signals are similar.

Both methods cue the onset and then retain the higher frequency velocity changes.

The optimal control approach however is, once again, stronger in magnitude.

During the middle phase of a corner the linear filter does not move the platform,

whereas the optimal control approach does. This uses more of the workspace and

provides a longer cue throughout.

Similarly to the lateral case, the yaw linear filter appears to be very conservative

in the workspace usage. While these filters have proved successful in the imple-

mentation with the driver, this analysis suggests both yaw and lateral cues could

be larger, and the hexapod workspace be more fully exploited.
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Figure 7.24: These figures compare the yaw cueing demands produced by
the optimal control computation, and the linear filtering approach. The left
figure shows the yaw velocity cues, and the right figure the associated platform

yaw angle.

7.6 Summary

The use of numerical optimal control to determine optimal platform trajectories

for race-car motion cueing provides insight into platform usage, and can be used

to inform platform design, as well as evaluate existing cueing methods.

The first aspect of this work was to formulate the cueing problem in an optimal

control framework such that the solution can be computed using the software

package GPOPS-II. The second stage of the study involved developing cost func-

tions for the longitudinal, lateral and yaw directions that capture the drivers’

cueing preferences. This is necessary to ensure that the optimal control compu-

tation produces cueing demands that not only utilised the workspace optimally

but also have realistic cueing behaviours. This element of the work was based on

the practical experience and feedback gained during the testing with drivers.

Having developed performance indices, the optimal control problem setup could

then be used to determine the platform cues for a lap of the Barcelona circuit.
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At first each of the DOFs is considered separately, and thereafter in combina-

tion. This development provides insight into the interaction between the dif-

ferent motions when rendered using a hexapod platform. When combining the

lateral and longitudinal motions, additional miscues were required to ensure that

the workspace saturation (either velocity or position) did not compromise the

platforms capability in the other direction. The addition of the yaw motion

highlighted the limitation of a hexapod, which is the rapid deterioration of trans-

lational motion with angular displacement. With relative weighting parameters

between the different motion freedoms it was possible to balance the cues and

miscues in each direction.

The advantage of using the optimal control framework is the ease with which the

platform kinematic model, as well as actuator constraints can be adjusted. Anal-

ysis of the cueing improvements that can be achieved by changing the platform

limitations can then be conducted. The velocity constraint of the hexapod is the

limiting factor in the longitudinal direction and by increasing the maximum actu-

ator velocity the platform workspace is better exploited and the longitudinal cues

more accurately rendered. In the lateral motion the workspace is the constraint

and by increasing the actuator stroke, the cueing improvements can be visualised.

Finally, the solution produced by the optimal control can be used as a baseline

to which other cueing methods can be compared. This approach does not com-

pete with the standard cueing algorithms and is not a real-time, online strategy.

Rather, it generates a set of optimal reference cues that describe the upper limit of

the platform performance. Other cueing strategies can be compared to this, and

their limitations highlighted. This can also be used to determine whether these

methods have room for improvement. The longitudinal linear and non-linear fil-

ters both produce larger miscues than needed and do not exploit the platform

velocity and displacement capability. Both the yaw and lateral linear filters use
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only a fraction of the workspace and could be retuned or designed to provide

stronger cues.
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Chapter 8

Conclusion

This thesis discussed the problem of motion cueing in race-car simulator applica-

tions. In this context, large magnitude accelerations and fast dynamics pose chal-

lenging hardware requirements. Furthermore, there is a high need to exploit the

full potential of the simulator platform. It is critical to determine the important

motion cues and algorithms to recreate these within the hardware constraints.

The problem of fully utilising the hardware to render motion cues with specific

characteristics is addressed in a nonlinear optimal control framework which can

optimise the platform motion demands over specific race tracks.

Race-car motion features both large magnitude and high frequency motion, and

reproducing both of these in a simulator is a difficult task. The simulator sys-

tems analysed were divided into two classes: passenger car and vehicle dynamic

platforms. The first class contains a number of simulators with large workspaces,

which is ideal for sustaining large magnitude accelerations. However, the mass of

the moving platforms is often too large to allow any fast dynamics. Systems of the

second class are capable of rendering higher frequencies, but typically have only

small workspaces. While no simulator system meets all the requirements, a com-

promise is made in the form of a hexapod. The system used in this work has low
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latency, can accelerate at more than 1G and allows a displacement of over 1m in

lateral and longitudinal motions. There are many drawbacks of using a hexapod

in driving applications. Primarily, the hexapod workspace is isotropic, whereas

a vehicle has 3 large motion freedoms and 3 small motion, higher frequency free-

doms. However, the limitations are out-weighed by the practical consideration

that hexapods are commonly available and well-established in vehicle simulation.

Existing motion cueing algorithms mostly originated in flight simulators and have

migrated to passenger car simulators. The majority of these algorithms are based

on two ideas. The first is that the vehicle acceleration signals are high-pass

filtered to produce motion demands that adhere to the platform constraints. The

second principle is that the loss in low frequency motion in the longitudinal and

lateral directions is compensated for by tilting the platform in pitch and roll

respectively. The tilt co-ordination technique is used in the majority of simulators

with great success. Motion cueing algorithms have advanced so that the cueing

filters, both the high-pass and low-pass cross-term filters, are designed to minimise

both perception error and platform motion. This problem is solved using LQR

theory, or more recently, MPC. As they stand, these algorithms are not applicable

to race-cars. Tilt co-ordination relies on slow dynamics, and perception models

do not assist in the filter design since the difference between acceleration error and

perception error is insignificant. Alternative approaches are needed to determine

the motion cueing requirements in race-car simulators.

By examining the changes in behaviour as the vehicle becomes progressively less

stable, the important motion cues are highlighted. Since test drivers use the

simulator to analyse the vehicle dynamics and handling, cueing this behaviour is

necessary to communicate the information to the driver. Stability analysis across

all vehicle operating conditions is conducted using eigenvalue analysis. Under

acceleration the system changes with time. However, as the system changes
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slowly, it is shown that stability can still be inferred from the location of the

system poles. This simple method is easily applied to high fidelity vehicle models

and a variety of non-steady-state braking and cornering scenarios.

The results of the stability analysis and preliminary conversations with the drivers

are used to modify and extend the basic cueing algorithms for the racing context.

The LQR theory filter design approach is reformulated in a generalised regulator

framework, and frequency weighting on error and platform motion is introduced.

Different parameter tunings yield numerous longitudinal filters, which are then

tested with the drivers. Many of these are found to perform well in certain areas

(onset cueing) but poorly in others (miscueing). Nonlinear filtering methods are

used to improve the miscue behaviour, and while these overall yield better results,

the drawback of nonlinear approaches is inconsistency throughout a circuit.

The lateral filters are tuned to preserve the response of the vehicle as it becomes

unstable. The testing with the driver produces a positive response, with the over-

steer being easy to recognise and control. The yaw filter is compared with a yaw

cue based on the side-slip angle, both of which the driver likes and finds assist

in the vehicle control. The approval with which both the lateral and yaw meth-

ods are met supports the notion that filters tuned to retain vehicle behavioural

information more quickly yield good results.

The drawback of the linear and nonlinear filtering approaches is that they do

not exploit the workspace and they do not recognise the workspace constraints,

often leading to a conservative workspace usage. The latter problem is overcome

with the use of MPC based cueing techniques. This method includes the actuator

limits as hard constraints. By including the platform velocity and acceleration

states in the cost function, it is possible to tune the final cueing characteristic.

The real-time limitations and complexity of integrating this with the existing

system means driver testing is not possible, but the comparison with the linear
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filter cues suggests the method would be successful.

While MPC observes the platform limits it still does not address the problem of

optimal workspace usage. Optimality is always measured with respect to a perfor-

mance index, and in motion cueing it is necessary to develop these cost functions.

The definition of these is critical to producing good cueing characteristics that

reproduce the vehicle behaviour that the drivers desire.

Within an optimal control framework cueing costs are designed which are then

applied to a lap of the Barcelona circuit. The optimal control computation pro-

duces cueing demands that simultaneously, optimise the workspace usage, and

exhibit cueing behaviours for which drivers express a preference. This problem

set-up enables the study of motion platform extension, such as actuator velocity

or stroke length improvements. It also produces a base-line to which the imple-

mented methods can be compared to determine in which areas these should be

improved.

The contributions of this thesis lie in the development of cueing methods for

race-car simulators. Race-car applications are a largely undocumented field of

research, and identifying the difference in cueing requirements and developing

algorithms to meet these has required a change in mind-set from the passenger car

cueing approaches. The hardware limitations are the most significant constraints

in the problem and the cueing methods need to exploit completely the platform

capability. Finally, the contribution of the optimal control approach is that it is

not only a means to optimise the use of existing platforms, but also a framework

within which new simulator hardware systems can be evaluated. Studies that

balance the increase in cost and size against the cueing improvement can be

conducted. Furthermore, this approach is appropriate to investigate higher DOF

platforms that require the cueing motion to be split between multiple mechanisms.

Ingrid Salisbury - Optimal Motion Cueing Page 179



Chapter 9

Future Work

9.1 Further Experimental Testing

A limitation of working with race drivers and race-car simulators is their availabil-

ity for experimentation. Simulator time is at a premium, and particularly when

working with highly-paid test drivers it is difficult to schedule many cueing tests.

The result is that there is always scope for more experiments to be conducted.

Firstly, in the tuning of motion cueing algorithms there are often a large number

of parameters which affect the final filter result. In the development it would

be ideal to spend a lot of time making small adjustments to these, testing these

changes with the drivers and slowly improving the cueing algorithm. This itera-

tive process is required to fine tune an algorithm and ensure that it is suitable for

use on all tracks with all the drivers. While a number of the algorithms proved

successful with the drivers, more time could be spent making small adjustments

and improving them further.

From the comparison of the optimal control solution and the linear filter results

it was clear that the platform workspace was not optimally exploited with the
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implemented filters. While these filters were acceptable to the driver, with re-

tuning, a less conservative workspace usage could be achieved, as well as stronger

motion cues. Further testing with the drivers would need to be conducted. In

addition, tuning filters to closely match the optimal control solution would assist

in the validation of the cost functions used in the optimal control. Further ex-

perimental verification of the optimal control method could be made by reducing

the workspace limits, tuning the cueing filters to conform to the optimal control

use of this workspace, and testing these with the driver. This could be compared

with the results of using the full workspace to establish a subjective driver view

of the improvement in cueing. This could be correlated with the reduction in the

cost function. This could help to estimate the advantages in increasing the size

of the workspace.

A second type of cueing test relates to the driver perceptions and motion sensa-

tions. Many studies have been conducted with non-professional drivers to deter-

mine the thresholds of motion perception. Test drivers have more attuned senses,

and as such a reduction in these thresholds is expected. However, establishing

numerical values for these would help with determining acceptable false cues, and

prepositioning the driver.

Additional perception tests to determine the relationship between the strength

of yaw and lateral cues would be useful in understanding more of the interaction

between these motions. In the simulator drivers have commented that they do

not like the lateral motion to be too strong. This is believed to be because

small yaw cues are used, and a mismatch in the strength of these is worse than

lower magnitude cues in both directions. Tests to confirm this theory would be

useful. Furthermore, testing with a strong yaw cue and reduced lateral would be

helpful to improve the understanding of this link. Many newer simulators have a

turntable to allow full yaw motion. However, if there are lateral constraints this
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may prevent the yaw capability being used completely.

Finally, testing the MPC cueing strategy with race-drivers is key to future cueing

development. MPC algorithms are more becoming more important with higher

DOF platforms. This method uses one control algorithm to determine both the

cueing and the optimal motion splitting between mechanisms. A challenge in

MPC is computation speed, and particularly in racing, where low latency cues

are required, this is a critical issue. Furthermore, as the platform models become

more complicated, and multiple DOF are computed simultaneously the number

of states increases, making the problem larger. Through implementation and

testing with a simulator system, the size of the problem that can be solved in

real-time will be determined.

Experimental validation of cueing methods is a lengthy process and often fraught

with practical problems. However, it is a necessary step and tests that verify the

offline optimal control methods are valuable. The optimal control methods aim

to assist the cueing tuning process and thereby ultimately reduce the amount of

driver testing time.

9.2 Platform Design Optimisation

Motion cueing research is usually conducted from the perspective of producing

motion cues to fit within the limitations of a given platform. The optimal control

framework allows this process to be reversed, and a platform designed to be

capable of rendering the desired motion cues.

Much of the focus of this thesis has been on determining the important motion

cues in racing and examining cueing strategies to reproduce these. These ideas

have been combined with an optimal control formulation that allows the optimi-

sation of a platform workspace usage. The natural extension of this work is to

determine the benefits of different platform kinematic designs and sizing. There
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are two potential courses of investigation. One option would be studying the

change in the optimal control computation cost with different platforms, and ex-

amining how the cost decreases as the platform size increases. This could be used

to balance the physical cost and complexity with the cueing fidelity.

A second course of investigation would be to determine the motion cueing quality

required, and use the optimal control solver to determine the minimum hardware

requirements to meet these. This can be used to determine the required size and

power capabilities of different kinematic designs.

These different studies could be combined to provide a thorough analysis of the

potential of a new platform. Combined with an understanding of the driver

requirements, it would be possible to design a simulator to specifically meet the

needs of the race-car problem.

9.3 Passenger Car Applications

While much of this thesis has been concerned with the motion cueing requirements

in race-cars and developing cueing algorithms for this application, the methods

used here could also be applied to passenger car simulators. In particular, the

offline optimal control method has considerable potential in passenger cars.

The extension of this work to the passenger car problem has the advantage that

there are many published studies on the factors influencing human perception

in passenger vehicles. For example, from experiments much is known about the

relative strength of yaw and lateral motion cues [23, 52]. A lot of research has

also been conducted on the determination of motion perception thresholds while

performing driving tasks. The results of these studies can be included in the

optimal control to develop more appropriate cost functions, as well as to introduce

new constraints.
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In passenger car simulators many of the systems are capable of reproducing a high

percentage of the sensed motion. This implies that false cues due to re-centring

and prepositioning have the potential to be below threshold detection levels. Con-

straints to enforce this behaviour can be added to the problem formulation.

Much research has been conducted in the field of driver modelling. This work is

relevant in passenger car simulators because the aim is to stimulate the driver so

that the driving behaviour in the simulator is the same as on the road. Driver

models can be used similarly to vestibular models, to determine the motion cues

that will minimise the change in driving behaviour. Once again, this investigation

fits within the framework of the optimal control solver. The use of driver models

in race car cueing is limited, as the test drivers are sufficiently experienced that

they can, after a short adaptation period, reproduce nearly the same driving

behaviour with different cueing systems.

The strength of the optimal control based cueing approach is its flexibility in

terms of the inclusion of different nonlinear driver and platform models as well as

nonlinear cost function definitions. This framework can be used to study many

different driving scenarios and determine the optimal cues that fully exploit the

kinematic and dynamic capability of a platform.
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Appendix A

Vehicle and Tyre Parameters

The values of the vehicle kinematic parameters used in the vehicle modelling for

stability analysis are given in Table A.1.

Table A.1: Formula 1 car vehicle parameters.

Symbol Description Value

m Vehicle mass 720 kg
J Moment of inertia about the z-axis 450 kg m2

l Vehicle length 3.4 m
a Distance of mass centre from front axle 1.8 m
b Distance of mass centre from rear axle 1.6 m
h Height of mass centre 0.35 m

The non-linear tyre model used in the this thesis is described in detail in [51], and

the parameters used in this model are given in Table A.2. The left plot of Figure

A.1 contains the longitudinal tyre forces as a function of the longitudinal slip

angle for different normal loads and assuming a zero side-slip angle. Similarly,

the right plot shows the lateral tyre forces as a function of side-slip angle for

different normal loads and assuming no longitudinal slip.
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Table A.2: Tyre model parameters.

Symbol Description Value

Fz1 Reference normal load 1 2kN
Fz2 Reference normal load 2 6kN
µx1 Peak longitudinal friction co-efficient at load 1 1.75
µx2 Peak longitudinal friction co-efficient at load 2 1.40
µy1 Peak lateral friction co-efficient at load 1 1.80
µy2 Peak lateral friction co-efficient at load 2 1.45
κ1 Slip co-efficient at peak friction at load 1 0.11
κ2 Slip co-efficient at peak friction at load 2 0.10
α1 Slip angle at peak friction at load 1 9◦

α2 Slip angle at peak friction at load 2 8◦

Qx Longitudinal shape factor 1.9
Qy Lateral shape factor 1.9
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Figure A.1: The right figure contains the longitudinal tyre force for different
normal loads and zero side-slip angle. The left figure contains the lateral tyre

force for different normal loads and zero longitudinal tyre slip.
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Appendix B

4-Wheeled Vehicle Model

The stability of a 4-wheeled vehicle model is studied, with the results discussed

in Chapter 3. The details of the vehicle model which is built in the multibody

modelling package AUTOSIM [40] are presented here. This software tool com-

putes the symbolic equations of motion for the vehicle and generates FORTRAN

code that solves these. The resulting program is used for non-linear simulations.

In addition, AUTOSIM generates a linearised model code, which can be used in

MATLAB to study system stability.

A vehicle model containing a rigid body chassis, double wishbone suspension and

’magic’ formula tyres is used, and in addition to the tyre forces, aerodynamic,

steering and driving effects are included in the model.

B.1 Vehicle body

A schematic of the vehicle with the relevant parameters is given in Figure B.1.

The conventional body-fixed SAE reference frame is used, with the x-axis being

aligned with the longitudinal (forward) direction of the vehicle, the y-axis in

the lateral (right side-ways) direction and and the z-axis vertical (downwards)

direction. The vehicle body has length l, an inertia Jbody = [Jx, Jy, Jz]
T and a
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Figure B.1: Plan view of a Formula One car with some of its basic geometric
parameters.

mass, mbody located at a distance b from the rear of the vehicle, and at a height h

above the ground. The massless double wishbone suspension connects the wheels

to the rigid-body chassis. Each wheel has mass mRR, where the subscript refers

to the wheel’s location: right-rear (RR), left-front (LF) etc. The front wheels are

steered and thus have an inertia (JFR and JFL) about their vertical axes.

B.2 Suspension System

The double wishbone suspension is modelled as a parallel spring-damper pair,

shown in Figure B.2. This arrangement produces a torque that acts on the main

chassis about the body-fixed x-axis, and reacts on the lower wishbone. Anti-roll

bars are included in the model, and generate a torque that opposes vehicle roll

and is proportional to the difference between the angles the left and right lower

wishbones make with the vehicle body. The stiffness of the front and rear anti-roll

bars can be adjusted to set the overall roll balance of the vehicle. The equation

for the left-front suspension moment is given in Equation B.1; the other three are

calculated equivalently.

τsus = −DsusωLWB −KsusqLWB −KARF (qRWB − qLWB) (B.1)
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L1

L2

L3

L4

L5
L6

Figure B.2: Suspension system of a Formula 1 car. L1 through L4 represent
the double-wishbones; L5 is the steering push rod, and L6 is the suspension

push rod to which is connected the spring-damper pair.

where, Dsus and Ksus are the suspension damping and spring stiffness; qLWB and

wLWB are the angle and rotational speed of the left lower-wishbone relative to

the vehicle body (L signifies left); and KARF is the anti-roll bar stiffness (where

F signifies front); finally, qRWB is the angle between the right lower-wishbone and

the vehicle body.

B.3 Aerodynamic Forces

The aerodynamic model used in this work includes speed-dependent drag and

down forces, however, neglects the side-force and aerodynamic moments. Both

forces depend quadratically on speed and can be calculated using the standard

equation B.2, where K represents the co-efficient of either drag Kdrag or down-

force Kdown, and F either the down Fdown or drag Fdrag force.

F = K(
vlong
µref

)2 (B.2)

The drag force acts through the centre of mass and opposes the direction of travel.

The down force acts vertically and is applied to the front and rear vehicle axles.

The distribution of the down-force between the two application points depends on

the location of the vehicle’s centre-of-pressure, which is represented as a fraction
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of the vehicle length Daero. The resulting front and rear force distribution is

calculated by:

Ffront = FdownDAero, (B.3)

and

Frear = Fdown(1−DAero), (B.4)

respectively.

B.4 Tyres

The tyres generate longitudinal, lateral and normal forces that are applied to the

vehicle through the wheel contact points. Empirical formulae, given in [51] deter-

mine the magnitude of the forces as functions of the tyre slip angle, longitudinal

slip and normal load, with the tyre parameters given in Appendix A.

All the tyre forces are applied through the contact point of the tyre and the road,

with one force in each of the wheel vertical, longitudinal and lateral directions.

The vertical force depends on the tyre stiffness and the vertical loading on each

wheel. By modelling the tyres as spring-dampers, the compression is used to

compute the force being exerted on the tyre. Equation B.5 calculates the force,

where Kt and Dt are the tyre stiffnesses and 4ln is the deformation of the tyre.

Fz = Kt(4ln) +Dt
d

dt
(4ln) (B.5)

B.5 Speed and Steering Controllers

The car is driven by the longitudinal slip of the rear tyres. A proportional plus

integral controller is used to generate the slip demand from the speed error - the

difference between a reference and the vehicle longitudinal velocity.
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The vehicle is steered by applying a torque about the vertical axis of the front

wheels. A lateral acceleration reference is computed from the reference longi-

tudinal speed and desired radius of curvature. The lateral acceleration error is

fed back into a proportional plus differential controller to generate the steering

torque.
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Linear Cueing Filters

The weighting parameters and final transfer functions from the optimal linear

filters are given here.

C.1 Longitudinal Weights and Filters

The longitudinal cost function weights are summarised in Table C.1.

Table C.1: Table of the values of the weighting parameters for the longitu-
dinal optimal filter designs.

w1(s) w2(s) w3(s) w4(s) flp(s)

F1(s) 2.4 1.2 20 20 -

F2(s)
4.4s2

s2+10.66s+56.85
1.5 40 40 -

F3(s)
85s2

s2+44.43s+986.96
20 1000 1.26×105

s2+17.77s+157.91
-

F4(s)
0.3s2

s2+39.99s+799.44
3.95

s2+4.44s+9.87
1 0.03 0.32

s2+7.99s+31.98

F5(s)
0.1s2

s2+75.53s+2852.3
19.61

s2+4.44s+9.89
1.5 0.09 16.6

s2+25.77s+332.0

The transfer functions for each of the longitudinal filters are given as follows:
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F1(s) =
47s3 + 9.5s2 + 0.0019s+ 9.5×10−8

s4 + 128s3 + 1189s2 + 1274s+ 208
(C.1)

F2(s) =
81s4 + 807s3 + 3229s2 + 0.64s+ 2.9×10−5

s5 + 182s4 + 3643s3 + 2.9×104s2 + 1.2×105s+ 9.4×104
(C.2)

F3(s) = 13s6+1945s5+1.0×105s4+1.4×106s3+1.0×107s2+2140s+0.10
s7+146s6+9463s5+3.4×105s4+6.4×106s3+6.3×107s2+2.9×108s+1.9×108 (C.3)

F4(s) = 84s8+2762s7+3.7×104s6+2.8×105s5+1.2×106s4+3.2×106s3+4.0×106s2+811.3s+0.04
s9+208s8+8427s7+1.7×105s6+2.1×106s5+1.5×107s4+6.7×107s3+1.6×108s2+1.6×108s+4.7×106

(C.4)

F5(s) = 14s7+1782s6+5.1×104s5+7.9×105s4+2.9×106s3+5.7×106s2+1142s+0.056
s8+113s7+6311s6+2.1×105s5+4.0×106s4+4.5×107s3+2.2×108s2+1.7×108s+8.3×106 (C.5)

C.2 Lateral Weights and Filters

The weighting functions used in the design of the lateral filters that were tested

with drivers are given in Table C.2. The transfer functions of the three lateral

Table C.2: Table of the values of the weighting parameters for the lateral
optimal filter designs.

w1(s) w2(s) w3(s) w4(s) flp(s)

F1(s)
5s2

s2+0.89s+0.39
1 140 140 -

F2(s)
0.15s2

s2+57.76s+1668
0 2.3 0.2 1.58

s2+17.77s+157.91

F3(s)
0.15s2

s2+57.76s+1668
0 2.3 0.2 1.58

s2+17.77s+157.91
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filters are given by:

F1(s) =
117s4 + 105s3 + 46s2 + 0.009s− 1.5e−5

s5 + 324s4 + 9355s3 + 16935s2 + 11355s+ 3454
(C.6)

F2(s) = 23s6+1223s5+27709s4+320888s3+1921608s2+384s+0.019
s7+186s6+12250s5+434247s4+8441725s3+85856787s2+419659437s+32924299

(C.7)

F3(s) =
83s3 + 17s2 + 0.0033s− 1.7e−7

s4 + 546s3 + 25136s2 + 6255s+ 250
. (C.8)

C.3 Yaw Weights and Filter

The weighting functions that produce the linear filter for the yaw motion are

given in Table C.3.

Table C.3: Table of the values of the weighting parameters for the yaw
optimal filter designs.

w1(s) w2(s) w3(s) w4(s)

F1(s)
s2

s2+44.43s+986.96
0.15

s2+57.76s+1668
315.83

s2+17.77s+157.9
0

The transfer function of the resulting filter is given by:

F1(s) = 8.47s6+635s5+12012s4+117627s3+404881s2+696129s+70
s7+70s6+2421s5+49718s4+590875s3+2910807s2+7942101s+9214671

. (C.9)
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