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The brain accounts for around 2 % of human adult bodyweight but consumes 20

% of the resting oxygen available to the whole body. The brain is dependent on a

constant supply of oxygen to tissue, transported from the heart via the vasculature

and carried in blood. An interruption to flow can lead to ischaemia (a reduced oxy-

gen supply) and prolonged interruption may result in tissue death, and permanent

brain damage.

The cerebral vasculature consists of many, densely packed, micro-vessels with

a very large total surface area. Oxygen dissolved in blood enters tissue by passive

diffusion through the micro-vessel walls. Imaging shows bursts of metabolic ac-

tivity and flow in localised brain areas coordinated with brain activity (such as

raising a hand). An appropriate level of oxygenation, according to physiological

demand, is maintained via autoregulation; a set of response pathways in the brain

which cause upstream or downstream vessels to expand or contract in diameter

as necessary to provide sufficient oxygen to every region of the brain. Further, au-

toregulation is also evident in the response to pressure changes in the vasculature:

the perfusing pressure can vary over a wide range from the basal-state with only a

small effect on flow due to the constriction or dilation of vessels.

Presented here is a new anatomical model of the cerebral vasculature with ex-

perimentally verified geometry, flow and oxygen concentration which is able to au-

toregulate over a perfusing pressure range of ±40% of the basal level. The dynam-

ics of flow and tissue concentration in the capillary following a demand increase

are replicated along with the pathway diameter response in surrounding vessels.

The response is governed by a set of physiological signals which determine the

proportion of activated muscle cells in the vessel wall.



”O Lord, you have searched me and known me! You know when I sit

down and when I rise up; you discern my thoughts from afar.

You search out my path and my lying down and you are

acquainted with all my ways. Even before a word is on my

tongue behold, O Lord, you know it altogether. For you formed

my inward parts; you knitted me together in my mother’s

womb. I praise you, for I am fearfully and wonderfully made.

Wonderful are your works; my soul knows it very well. Your

eyes saw my unformed substance; in your book were written,

every one of them, the days that were formed for me, when as

yet there was none of them. Search me, O God, and know my

heart! Try my and know my thoughts! And see if there be any

grievous way in me, and lead me in the way everlasting!”

Psalm 139
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Abstract

The brain accounts for around 2 % of human adult bodyweight but consumes 20

% of the resting oxygen available to the whole body. The brain is dependent on a

constant supply of oxygen to tissue, transported from the heart via the vasculature

and carried in blood. An interruption to flow can lead to ischaemia (a reduced oxy-

gen supply) and prolonged interruption may result in tissue death, and permanent

brain damage.

The cerebral vasculature consists of many, densely packed, micro-vessels with

a very large total surface area. Oxygen dissolved in blood enters tissue by passive

diffusion through the micro-vessel walls. Imaging shows bursts of metabolic ac-

tivity and flow in localised brain areas coordinated with brain activity (such as

raising a hand). An appropriate level of oxygenation, according to physiological

demand, is maintained via autoregulation; a set of response pathways in the brain

which cause upstream or downstream vessels to expand or contract in diameter

as necessary to provide sufficient oxygen to every region of the brain. Further, au-

toregulation is also evident in the response to pressure changes in the vasculature:

the perfusing pressure can vary over a wide range from the basal-state with only a

small effect on flow due to the constriction or dilation of vessels.

Presented here is a new vasculature model where diameter and length are cal-

culated in order to match the data available for flow velocity and blood pressure

in different sized vessels. These vessels are arranged in a network of 6 genera-

tions each of bifurcating arterioles and venules, and a set of capillary beds. The

input pressure and number of generations are the only specifications required to
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describe the network. The number of vessels, and therefore vessel geometry, is

governed by how many generations are chosen and this can be altered in order to

create more simple or complex networks. The flow, geometry and oxygen concen-

trations are calculated based on the vessel resistance due to flow from geometry

based on Kirchoff circuit laws.

The passive and active length-tension characteristics of the vasculature are es-

tablished using an approximation of the network at upper and lower autoregula-

tion limits. An activation model is described with an activation factor which gov-

erns the contributions of elastic and muscle tension to the total vessel tension. This

tension balances with the circumferential tension due to pressure and diameter

and the change in activation sets the vessel diameter.

The mass transport equation for oxygen is used to calculate the concentration

of oxygen at every point in the network using data for oxygen saturation to es-

tablish a relationship between the permeability of the vessel wall to oxygen and

the geometry and flow in individual vessels. A tissue compartment is introduced

which enables the modelling of metabolic control. There is evidence for a coor-

dinated response by surrounding vessels to local changes. A signal is proposed

based on oxygen demand which can be conducted upstream. This signal decays

exponentially with vessel length but also accumulates with the signal added from

other vessels.

The activation factor is therefore set by weighted signals proportional to

changes in tissue concentration, circumferential tension, shear stress and con-

ducted oxygen demand. The model is able to reproduce the autoregulation curve

whereby a change in pressure has only a small effect on flow. The model is also able

to replicate experimental results of diameter and tissue concentration following an

increase in oxygen demand.
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1
Introduction

The purpose of chapter 1 is to introduce the thesis by giving an overview of background

information and the gaps in current models and physiological questions presented in the

literature so that the motivation and contribution of the project is clear. Section 1.3 also

provides a synopsis of the thesis containing a brief outline of the methods and results

contained in each chapter.

Section 1:1 Background

Oxygen is required by the body for cell respiration. Molecular oxygen, O2,

is used to generate chemical energy as part of metabolism, the chemical reac-

tions in the body. Oxygen is delivered dissolved in the blood and released to

cells by diffusion due to an oxygen concentration gradient between blood and

the tissue surrounding blood vessels. The cardiovascular system is the network

of blood vessels (the vasculature) which delivers oxygen from the lungs to tissue

throughout the body, matching supply to demand. The blood vessels also trans-

port waste products (such as carbon dioxide, CO2) from organs. This movement

of blood is driven by the heart which pumps to drive blood against gravity and

friction.

Blood vessels are essentially hollow tubes, grouped functionally into ar-

1
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teries, capillaries and veins. Arteries carry blood away from the lungs to-

wards the capillaries which form the main site of diffusion to the tis-

sue. Blood is transported back towards the lungs by veins. Organs are

served by sub-systems of vessels, for example the cerebral vasculature car-

ries blood in the brain. Further, there are micro-vessels (arterioles, capillaries

and venules) which are smaller vessels delivering blood to local regions of tis-

sue.

The brain has a particularly high metabolic rate and requires a constant sup-

ply of oxygen in order for cells to function. The demand for oxygen increases

when the neurons in the brain are more active. Prolonged cessation of flow

will lead to brain damage and eventually death. In order to increase the de-

livery of oxygen, arterioles dilate to increase flow in specific areas of the cir-

culation. To reinforce this pathway, surrounding vessels constrict so that blood

flows preferentially in vessels with greater volume. Similarly, if a vessel be-

comes blocked, feeding vessels can dilate in order to increase volume and main-

tain blood flow and oxygen supply. The ability of the vessels to regulate di-

ameter is called autoregulation. This is also evident in the response of ves-

sels to changes in pressure whereby the diameter alters in order to maintain

flow.

Arterioles and venules are able to dilate passively due to the elastic fibres in

the vessel wall. They are therefore able to accommodate increases in flow. Arte-

rioles also actively dilate and constrict in order to redirect flow by contracting

or relaxing the vascular smooth muscle in the walls. The smooth muscle sur-

rounds the vessel circumference and contraction or dilation is triggered by me-

chanical, chemical and electrical stimuli. Relaxed vessels have some cells acti-

vated, providing the ability to dilate if necessary, this is called the basal tone.

The varying contraction of smooth muscle is due to an activation signal which
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sets the proportion of active muscle cells. This signal comprises of several indi-

vidual signals which have varying contributions. Potential signals are, for exam-

ple, due to the oxygen concentration or demand, or the pressure on the vessel

wall.

Blood flows due to a difference in pressure along a vessel, and is propor-

tional to the geometrical resistance of the vessel. An increase in diameter re-

duces the resistance so that flow increases. This is analogous with electrical

circuits with an electrical potential difference (voltage) and flow of electrons

(current). The elasticity of a vessel is similar conceptually to capacitor storage.

These similarities have been widely used to develop models of the vasculature.

Equivalent circuits are created by grouping parallel vessels together into a re-

sistor and connecting an arteriolar, capillary and venular resistor together in se-

ries.

A wide variety of experiments have been carried out in the brain

in order to identify blood flow, vessel geometry and oxygen concentra-

tion behaviour. The relationship between muscle tone and vessel diame-

ter (the length-tension characteristics) has also been investigated in sin-

gle vessels. Autoregulation has been confirmed by experiments whereby

pressure is altered and flow recorded. Similarly, the vessel diame-

ter and blood flow has been recorded following increased oxygen de-

mand.

1.1.1 Current Gaps and Questions

Dynamic models of the vasculature often reproduce the results of exper-

iments using non-physiological parameters. For clinical applications and bi-

ological insight, relevant physiological parameters should be calculated from

the data. For example, there is much data available relating to oxygen con-

centration, as collated in section 2.3, but the data vary with tissue prepara-
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tion, species and experimental method. These data and the differences need

to be examined more closely in order to evaluate the application to ver-

ification of a cerebral oxygen model. This will enable the exploration of

the value of the diffusion coefficient which governs oxygen transport in the

brain and whether oxygen consumption in the vessel wall should be con-

sidered. Oxygen concentration and vessel geometry data have not previously

been co-ordinated into a model which has experimentally validated characteris-

tics.

The effect of vessel geometry on resistance to flow is well understood, but in-

dividual vessels are often grouped in models as equivalent resistors. Similarly, the

variation of parameters in vessels of different sizes has begun to be incorporated

into compartment models, but these compartments are not specifically related

to the branching order, or vessel size. Where individual vessels are considered,

the parameters (such as the permeability of the wall to oxygen) are assumed to

be uniform which is not verified by data. On the other hand, completely phys-

iologically relevant models which require parameters to be calculated for indi-

vidual patients would not be time-efficient; detailed models are computationally

costly to run. What is required is a way to derive parameters for different ves-

sels in different-sized networks, potentially by non-dimensionalisation of refer-

ence data.

Compartmental and equivalent circuit models are useful for establishing the

global (overall) response of the brain but a vascular model with individual ves-

sels is required to learn more about the localised co-ordination of vessels in

regions of the brain, especially for vessels at the smallest scale. The approx-

imation of vessels with compartments is less physiologically relevant than an

anatomical model and so a better incorporation of haemodynamics would im-

prove the usefulness across disciplines. A cerebral model would be especially use-
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ful because of the prevalence of vascular disease such as stroke and Alzheimer’s

amongst the population and the lack of understanding of aspects of these dis-

eases.

The relationship between strain and tension in the vessel wall has been

investigated experimentally for large vessels but without reference to the au-

toregulation state of the vessel. The current models therefore do not incor-

porate the physiological effect of oxygen demand and pressure on the level

of contraction and it is difficult to relate these expressions to small ves-

sels. Understanding the construction of the vessel wall and the mechan-

ics of the vessel in more detail will help with the development of a more

physiologically relevant wall model which incorporates current length-tension

data.

Myogenic and metabolic autoregulation have been modelled separately but not

in compatible models, and not dynamically within a network of vessels. There-

fore the interaction of these responses cannot be investigated with current mod-

els. Further, there are several proposed hypotheses for the simulation of autoreg-

ulation which need to be considered in order to better understand the mech-

anism of diameter regulation. Current models require knowledge of the new

steady-state network following autoregulation in order to calculate the associ-

ated signals which is not predictive. Available data could be used to validate

a model which is able to simulate both myogenic and metabolic autoregula-

tion.
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Section 1:2 Motivation

The motivation for this project is therefore to develop a model which is anatom-

ical in geometry and which accurately replicates experimental flow and oxy-

gen concentration behaviour. This model will be a network of individual vessels

with length-tension characteristics which accurately simulate the passive diam-

eter response of vessels to changes in pressure and oxygen demand. The vessels

should also display an active diameter response which is co-ordinated by path-

ways of feeding and surrounding vessels and therefore incorporates feedback sig-

nals which communicate physical conditions to individual vessels, and along ves-

sel pathways. By validating against all available data, the model will be an orig-

inal contribution to the understanding of autoregulation in cerebral blood ves-

sels due to having individual vessels with appropriate geometry which display a

co-ordinated active diameter response to both pressure changes and oxygen de-

mand.

With an MRI voxel size (spatial resolution) of the order of mm rather

than µm, improved understanding of microvascular networks is imperative to

aid analysis of MRI data for small vessels. In particular, the ability to recre-

ate a full vascular network from conditions in which only the larger vessels

can be imaged would allow more detailed and accurate information about the

cerebral vasculature to be obtained. Further, information related to the in-

teraction of complex networks could then be inferred by using a model to

simulate the dynamic behaviour of vessels, both passive and active, which

can then potentially be directly linked to images in order to interpret such

data.
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Section 1:3 Synopsis

The literature review (chapter 2) contains a more detailed description of rel-

evant physiology and concepts as well as an overview of experimental data. The

current approaches to modelling of cerebral vascular physiology, and of autoreg-

ulation are then described. In particular, the modelling approaches to oxygen ex-

change are investigated in order to make sense of the varying conclusions present

in the literature about oxygen consumption in the vessel wall.

Chapter 3 is a description of the creation of a geometrical vascular model based

on the assumption of a bifurcating network with conserved flow at junctions. The

size of the network is specified by the number of capillaries and available pressure

and velocity data are used to define vessel geometry which replicates experimen-

tally determined flow. Vessels are represented as individual resistors, whereby re-

sistance is determined from the vessel geometry. Pressure is then calculated at the

nodes between vessels with flow evaluated by the relationship between pressure,

flow and resistance.

In chapter 4, data for oxygen concentration in tissue and in vessels are inter-

polated in order to estimate the equivalent concentrations in the new network.

The oxygen concentration in blood vessels is governed by the flux of oxygen across

the vessel wall, which is proportional to the concentration gradient between the

blood and surrounding tissue. The effect of oxygen consumption in the vessel wall

on flux is investigated in order to calculate an applicable diffusion coefficient so

that oxygen concentration can be calculated at nodes only by specifying an overall

inlet concentration. The result is an equivalent wall permeability which incorpo-

rates consumption in the vessel wall and is proportional to wall thickness and

vessel type. A basal tissue concentration is established and the calculated oxygen

concentrations are close to the original estimation from the data.
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The data relating circumferential strain and tension in a single vessel are used

in chapter 5 to find a mathematical relationship between diameter and passive

(elastic) and active (muscle) tension. Passive tension is modelled as gaussian at

low-strain becoming linear with increased diameter. Active tension is approxi-

mated with a base-level tension shift added to separate exponential functions to

replicate the non-symmetrical nature of the data for negative and positive strain.

The data are related to the new model by specifying basal tension calculated us-

ing the upper and lower autoregulation limits. It is shown that the new model

has a higher basal proportion of activated cells than previously assumed. Finally

the data and equations are non-dimensionalised for use in all vessels in the new

network, regardless of diameter.

The passive and active diameter responses to pressure are then simulated in

chapter 6. Signals due to shear and hoop stress are proposed which are summed

to a sigmoidal activation signal which determines the fraction of activated smooth

muscle cells. The contributions of the individual signals are weighted, and de-

termined by calculating the required signal for autoregulation over the pressure

range and minimising the error between the summed, and desired signals. The re-

sulting autoregulation curve mimics the experimental curve accurately for a per-

fusing pressure change of ±40%.

A similar error minimisation is used in chapter 7 to calculate the weights of

a local and a conducted metabolic signal due to tissue concentration and oxygen

demand. The dynamic response is investigated so that the time constant of oxygen

concentration and diameter change can be set in order to replicate experimental

results. The dilating pathway, and surround constriction responses are thus recre-

ated so that, together with the myogenic response in chapter 6, the model is able

to autoregulate in response to global pressure changes, and local oxygen demand.

Finally, chapter 8 concludes the findings and contribution of the research. The
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results are discussed in light of the limitations of the model. Possible future work

is then described by which the model could be used to help to investigate vascular

diseases which occur in the brain.

Summary

The thesis thus aims to describe the development of a model which is able to

replicate autoregulation. The creation of a vascular anatomical model with ex-

perimentally validated geometry, flow and oxygen concentration is described in

chapters 3 and 4. The length-tension characteristics of each vessel are approxi-

mated by a mathematical function as determined in chapter 5. The contribution

of active tension to total tension is set by the activation signal with contribu-

tions from hoop tension, shear stress, oxygen demand and tissue concentration

as described in chapters 6 and 7 so that the myogenic and metabolic diameter

responses are replicated by the model. Chapter 8 provides the conclusion of

the thesis; a discussion of the model and its limitations, and of potential future

usefulness and improvements.

9



C
h

a
p

t
e

r

2
Literature Review

To develop an improved model of the cerebral vasculature requires background knowl-

edge about the function of the cardiovascular system as a whole and the specific details

about the brain. This literature review covers a wide range of physiological background

detail including blood circulation within the brain and the structure of blood vessels. In

order to assess reference data for model validation, experimental data related to the ge-

ometry of the cerebral vasculature and oxygen dynamics are introduced along with a de-

scription of the experimental methods used. With reference to available data as evidence,

the hypotheses of oxygen exchange are then discussed as a foundation for investigation

of parameters. The chapter goes on to introduce the phenomenon of autoregulation; the

ability of blood vessels to dilate and constrict in response to global network pressure

and local tissue demand. Potential mechanisms of autoregulation are reviewed in light

of the physiology of muscle contraction. Also included is an outline of available mathe-

matical relationships and equations which describe the physiology of blood flow, oxygen

exchange, tension and autoregulation which are a basis for further development in the

thesis. Finally, some existing vasculature and autoregulating models are described which

form a useful starting point for further development. The limitations of these models are

presented as motivation for the work in the rest of the thesis.
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Section 2:1 Blood Circulation

This section provides background physiological information related to the cerebral

vasculature. First, there is a general introduction to the cardiovascular system and blood

vessels with a subsequent focus on the cerebral circulation and vessel construction. The

contraction of the smooth muscle in the vessel wall is described since it provides neces-

sary detail for the understanding of the literature relating to autoregulation.

2.1.1 The Cardiovascular System

The cardiovascular circulatory system delivers oxygen to tissue cells and re-

moves carbon dioxide through the transport of blood. As well as oxygen, nutrients

are transported to cells from the gastrointestinal tract and metabolic waste from

cells to the kidneys. The system comprises the pulmonary and systemic circula-

tion. The former is a loop through the heart and lungs, carrying oxygen-depleted

blood away from the heart, through the lungs where it is oxygenated and back

to the heart [258]. The systemic circulation takes the oxygenated blood from the

heart to organs of the body and back to the heart. Together, these form a closed

system of pump, distribution, exchange and collection. The nutrients, waste and

gases are transported around the circulation by blood through a network of blood

vessels. The heart is the pump and periodic contractions generate blood pressure

which causes movement of blood, pumping it against gravity [133].

2.1.2 Blood Vessels

Blood vessels are hollow tubes which form a network known as the vasculature.

The space inside a vessel is the lumen and the diameter of a blood vessel denotes

this internal lumen diameter. There are three broad types of vessel: arteries, cap-

illaries and veins. The ‘distribution’ vessels are arteries taking blood containing

oxygen and nutrients to the capillaries through the arterioles (smaller arteries).

The capillaries are the exchange vessels exchanging oxygen for carbon dioxide,
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and nutrients for metabolic waste. Blood is then collected by venules and taken

back to the lungs and kidneys through the veins [133]. The arterioles and venules

form the micro-circulation serving specific organs and areas of tissue [246]. Arte-

rioles are also the primary regulators of blood flow to the tissue they supply via

contraction and dilation [133]. A single arteriole gives rise to a capillary bed which

empties into a venule (Figure 2.1).

Figure 2.1: Showing two capillary beds connecting an arteriole and venule [223].

Blood exerts pressure against vessel walls (blood pressure) which is normally

expressed in mmHg (millimetres of mercury where 1 mmHg = 133P a, see Ta-

ble C.1) and the difference in pressure between inlet and outlet causes flow. Blood

is a two-phase fluid containing red and white blood cells and platelets, all sus-

pended in a liquid medium (plasma). Plasma carries proteins, electrolytes and hor-

mones and accounts for 55 % of blood volume. The volume percentage of red blood

cells is known as the haematocrit and is typically about 40 %. The red blood cells

(erythrocytes) transport the dissolved oxygen which is attached to haemoglobin

[45]. Platelets are a very small proportion of blood volume (1 %) and are primarily

responsible for coagulation (clotting) of blood after injury. The remainder (white

blood cells or leukocytes) are part of the immune system [258].

2.1.3 Cerebral Oxygen Supply

The brain has a high metabolic rate: even though it accounts for only 2 % of

body weight, it uses 20 % of resting oxygen consumption [48]. Also, since brain
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tissue is unable to store the oxygen and glucose it requires, it is critically de-

pendent on a constant blood supply of between 45 and 65 ml/100gbrain/min or

15− 20 % of blood flow from the heart [274] . This equates to an oxygen supply of

3.5 ml/100gbrain/min [164] or a metabolism of between 1.3 and 1.8 µmol/g/min

[274]. Cerebral tissue is thus the most vulnerable of all tissues to ischaemia [227]

such that cessation of flow, even for a few minutes, leads to permanent brain dam-

age [164] with five seconds of hypoxia leading to a loss of consciousness [22] and

prolonged flow lower than 8 ml/100gbrain/min rapidly resulting in tissue death

[181]. To ensure adequate supply, the vessels are able to regulate flow by dilating

or constricting in order to direct oxygen to local tissue. This diameter adjustment

is called autoregulation.

2.1.4 The Cerebral Circulation

Oxygen is distributed to tissue in the brain through the cerebral vasculature;

the arterial distribution of vessels. The main arteries entering the brain are the two

internal carotid arteries at the front, and the two vertebral arteries at the back [2].

Between these, a ring of arteries encircles the under-surface of the brain (called the

Circle of Willis) which need not be a complete circle and shows individual varia-

tion [21]. From the Circle of Willis, anterior cerebral arteries sprout as well as the

anterior communicating artery, middle cerebral arteries, posterior communicating

arteries, carotid termini, posterior cerebral arteries and basilar artery apex. From

the larger arteries at the base of the brain arise pial arteries which spread over the

surface of the brain and dip downwards. From these arteries emerge the arterioles

at right angles which perforate into the brain substance and end in capillaries,

which drain into venules and back up to veins [69].

2.1.4.1 Vessel Construction

Different vessel types have different wall compositions depending on their

function but arterial and venous vessels have three layers in different proportions:
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Figure 2.2: Showing a cross-section of a brain artery with the hollow lumen. The in-
tima (with endothelial cells coloured in light blue) lying on their basal laminar (the
black circle). The elastic laminer under the basal laminer. The media (smooth muscle
cells) and the adventitia (containing fibroblasts in green, collagen fibres and orange
nerve fibres linking to the smooth muscle cells). The dark blue cell outside is an astro-
cye which surround endothelial cells in the cerebral capillaries. http://www.brain-
aneurysm.com/ba1.html

the inner intima, the thicker media and the outer adventitia [203]. Figure 2.2 shows

a section across a brain artery. Between the intima and media is a thin layer of elas-

tic protein tissue (the elastic lamina). In most non-cerebral vessels there is a further

elastic layer between the media and adventitia [24]. There are also different com-

ponents of the blood vessel wall. The intima (which is also found in capillaries)

consists of a thin layer of endothelial cells (and is called the endothelium) [125].

The media is comprised of smooth muscle cells and elastin fibres. In the adventitia

are fibroblast cells which produce fibrous collagen protein. This fibrous connective

tissue has high tensile strength, especially in larger vessels so that a vessel can ex-

pand to accommodate a pressure wave of blood flow and then contract to squeeze

the blood downstream. As vessels get further from the heart, blood flow becomes

less pulsatile since it has been damped by the storage effect of the upstream vessels

[133].

The endothelial cells line the interior surfaces of blood vessels. These cells
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reduce turbulence of flow by reducing friction and therefore reducing the shear

stress of fluid against the vessel wall [218]. They also form a selective barrier for

the transport of molecules between blood and tissue [8]. Since they are in direct

contact with flowing blood, they are exposed to shear stress which causes cellular

deformation [199]. It is thought (as reviewed by Burnstock [37]) that these cells

release extra-cellular chemicals when exposed to shear stress which are involved

in signalling to the smooth muscles. The smooth muscle enables active contraction

of the wall when necessary to either squeeze blood along (closer to the heart), or to

restrict and to control blood flow. The smooth muscle comprises vascular smooth

muscle cells (VSMCs) which have adrenergic receptors (adrenoceptors) that bind

with adrenaline and affect muscle tone by specifically recepting the vasodilating

and constricting factors released by the endothelium [261].

Both arteries and veins have layers of smooth muscle surrounding them but

arteries have thicker layers of muscle and more elastic fibres and have more pul-

satile flow. In the micro-circulation, arterioles are thinner than arteries with very

little elastic connective tissue and one or two layers of smooth muscle (and there-

fore a higher contractile but lower stretch capability) [223]. Post-capillary venules

(sometimes described as meta-venules [223]), however, have no smooth muscle

[246] since they are functionally more similar to capillaries than venules. Veins

and venules have a higher capacity for blood than corresponding arteries and ar-

terioles due to their thin walls and this allows veins to have increased flow when

necessary. It also reduces the friction on the vessel wall. The venous pressure dif-

ference is not great enough to drive blood flow against gravity (for example from

the legs back to the heart) and so the veins also have valves to stop flow moving

backwards [258]. Capillaries have small diameter and thin walls through which

diffusion occurs [258]. The wall of the capillary comprises of a single layer of en-

dothelial cells so that the diffusion distance from blood to tissue is minimal [223].
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2.1.4.2 Smooth Muscle

At rest, the smooth muscle in the vessel wall is not completely relaxed, since

in order to regulate flow, vessels must be able to both constrict and to dilate. The

vessel diameter is therefore held slightly constricted. This low-level active ten-

sion is called the basal condition [15]. The resulting tone (continuous contraction)

of smooth muscle is based on the interaction of thin and thick filaments: actin

and myosin. These filaments slide over each other using energy from hydrolysis

of ATP (Adenosine-5’-triphosphate). The heads of the myosin filament interact

with the actin to ‘pick up’ and move a few nanometres (similar to a treadmill).

This is repeated along the actin filament. Physiologically, it is the changes in ion

flux, membrane potential and intracellular calcium concentration which control

contraction via calcium-calmodulin-dependent phosphorylation of the regulatory

myosin light chains and subsequent myosin cross-bridge cycling [150].

Unlike skeletal muscle, the smooth muscle contraction is not triggered by an

action potential [223] . VSM contraction can be initiated by mechanical, electrical

and chemical stimuli which lead to an increase in intracellular Ca2+ concentration.

An increase in calcium promotes binding of calcium to the cytoplasmic regulatory

protein calmodulin. This forms a calcium-calmodulin complex CaCM which acti-

vates myosin light chain kinase (an enzyme that assists in the phosphorylation of

myosin light chains). Myosin cross-bridges then repetitively bind and unbind to

actin filaments which generates the active force for contraction, and reducing cell

length [133].

Chemical stimuli (such as angiotensin) can cause contraction by binding to spe-

cific receptors on the muscle cell or to the adjacent endothelium. The amount

of force produced is proportional to the number of active acting/myosin bind-

ing sites. The process of contraction is initiated by an electrical stimulation. This

is induced by an increase in intracellular calcium (either due to opening of cal-

16



Claire Lucas 2.2. Haemodynamics

cium gates, or release of internal calcium) [3]. Intracellular calcium concentration

is a balance between calcium entering the cell through calcium gates, the calcium

released by intracellular storage and the removal of calcium by calcium pumps.

Calcium pumps are ATP dependent and so the energy for contraction comes from

hydrolysis of ATP which requires oxygen [133]. Dilation is initiated by remov-

ing the stimulus for contraction, blocking calcium uptake or by specific dilating

agents.

Section Summary

This section described how blood vessels are arranged in the brain so that the

requirements for oxygen are met. The ability of the blood vessels to dilate and

to constrict in order to maintain supply has been introduced as the physiological

mechanism of autoregulation. In order to dilate or constrict, the smooth muscles

in the vessel wall must be activated and this mechanism (via the interaction of

myosin and actin) has been described in detail along with the chemical initiation

of smooth muscle contraction. In section 2.2, the relationship between blood flow

and vessel geometry is now explored.

Section 2:2 Haemodynamics

The aim of this section is to present the equations used to determine the resistance

of vessels due to their geometry, since it is by diameter adjustment that autoregulation

occurs. The equations which relate geometry, blood pressure and flow (along with the

assumptions necessary to derive them) are described along with the parameters. This

section also presents the results of experiments carried out to identify vessel geometry

and blood flow which can be used to verify the geometry of vessels in a model.
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2.2.1 Poiseuille’s Law

The dynamics of blood flow in vessels are governed by haemodynamic laws, for

individual vessels and over the entire network. They are subject to the same prin-

ciples as the flow of electrons in a circuit; movement due to a potential difference

which faces resistance to flow. Blood flows due to a longitudinal pressure gradient

∆P . For the whole cerebral vasculature, this driving pressure (the cerebral perfu-

sion pressure) is the difference between the mean arterial pressure and cerebral

venous pressure. For an individual vessel, it is the difference between the inlet and

outlet pressure of each vessel ∆P = Pin − Pout [258].

Resistance in a network R is defined by the ratio of driving pressure ∆P and

flow Q:

R =
∆P
Q
. (2.1)

This is comparable with Ohm’s law for electric circuits and the ratio of electromo-

tive force and current [133]. The hydraulic resistance of an individual vessel can

be given by the Hagen-Poiseuille relationship for flow in a tube and is dependent

on the diameter of the vessel, D, the viscosity of the fluid, µ, and the length of the

vessel, L [258]:

R =
128Lµ
πD4 . (2.2)

Flow is thus especially sensitive to the diameter of the vessel (note the fourth

power of diameter) so that small changes have a large effect on resistance. When

groups of parallel vessels are connected in series, blood flows preferentially

through those pathways with least resistance offering greater local control.

Poiseuille’s relationship is valid only with the following assumptions:

• Blood is incompressible

• The vessel is straight, rigid, cylindrical and has constant radius

• The velocity of blood at the wall is zero (the no-slip condition)
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• The blood flow is laminar (concentric cylinders) and steady

In tubes where the internal diameter is large compared with red blood cell diam-

eter, blood behaves essentially as a Newtonian (incompressible) fluid. The elastic

fibres in vessel walls makes the vessels distensible rather than rigid. Although ves-

sels taper, they are sufficiently short to assume that they are cylindrical in shape.

However, a blocked vessel can induce turbulent flow [40, 90] which would inval-

idate Poiseuille’s relationship. Due to the endothelial lining of the vessel wall, it

is reasonable to assume no-slip so that the velocity at the wall is zero. For flow

to become non-laminar, the Reynolds number has to be greater than 3000 [133].

Moore et al. [169] found that flow in the brain can be assumed to be laminar (since

the maximum Reynolds number is approximately 200).

2.2.2 Viscosity

One important further consideration is viscosity, which is non-constant. Vis-

cosity is a property of fluids that indicates the resistance to flow, being the propor-

tionality constant between the stress on the vessel wall due to flow and the velocity

gradient. The viscosity of blood depends on both the vessel diameter (because of

both wall separation and wall surface area) and varies non-linearly haematocrit H

(volume percentage of red blood cells) Figure 2.3 [258]. The latter is due to cell

deformation (at high haematocrit) and cell stickiness (at low haematocrit). Viscos-

ity is monotonically dependent on radius for small vessels (the Fåhræus–Lindqvist

phenomenon): vessels smaller than 1 mm show decreased viscosity down to 5 − 7

µm before increasing again [60]. Figure 2.3 shows this effect for small radius.

A relative viscosity, µrel in centipoise cP , can be used as determined by Pries et

al. [194] accounting for diameter (D µm) and discharge haematocrit (HD %), the
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Figure 2.3: Showing how blood viscosity is affected by haematocrit and diameter

haematocrit at the outlet of the tube, for diameters between 9µm and 40µm:

µrel = 1 + (µrel0.45 − 1)
(1−HD)C − 1
(1− 0.45)C − 1

(2.3)

where µrel0.45 = 220e−1.3D + 3.2− 2.44e−0.06D0.645
(2.4)

and C = (0.8 + e−0.075D)
(
−1 +

1
1 + 10−11D12

)
+

1
1 + 10−11D12 . (2.5)

2.2.3 Transmural Pressure

A vessel is subject to two pressure gradients, the first is the longitudinal gra-

dient which causes the flow of blood, and the other is across the vessel wall

(∆P = Pinternal − Ptissue). This is called transmural pressure Pt and since the inter-

stitial (tissue) pressure is normally assumed to be zero, intravascular pressure at

each point along the vessel is often used as the transmural value [223]. For a short

vessel with steady flow, transmural pressure is given as the mean pressure in the

vessel:

Pt =
Pa + Pv

2
. (2.6)
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2.2.4 Compliance

The cerebral circulation is confined within a closed space (the skull and cran-

iospinal axis) which limits the capacity to buffer blood volume change. Therefore,

a change in vessel diameter affects intracranial pressure through a change in cere-

bral blood volume [253]. This is described by the Monro-Kellie doctrine, a bio-

chemical law which means that any volume variation is accompanied by an alter-

ation in intracranial pressure [166] [123]. There is therefore a non-linear elastic

relationship between transmural pressure and radius.

Compliance C is defined as the change in volume ∆V following a change in

transmural pressure ∆Pt and is similar to electrical capacitance:

C =
∆V
∆Pt

. (2.7)

This analogy with electrical capacitance models the storage of blood in the elastic

vessels. In the cerebral micro-vasculature, the arterioles have a high proportion of

smooth muscle compared with elastic fibres and so their elasticity is often ignored

[182].

2.2.5 Wall Thickness

The vessel wall is normally considered to be incompressible so that wall tissue

volume is conserved [35]. With external radius, Re, equal to internal radius plus

wall thickness, Re = Ri +w, assuming constant length:

(Ri,0 +w0)2 −R2
i,0 = (Ri +w0)2 −R2

i , (2.8)

where subscript 0 denotes reference values of radius and wall thickness.

2.2.6 Measurement of Blood Flow

Flow can be quantified based on the Fick principle, using the concentration

of a radioactive substance as a tracer [126]. The difference between arterial and
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cerebral tracer concentration is a measure of flow. Similarly, the injection of la-

belled micro-spheres can be used to calculate flow [104]. Flow can also be mea-

sured invasively using electromagnetic flow-meters [159] where a vessel is placed

in a magnetic field and flow calculated proportional to voltage induced when the

magnetic blood flows. An alternative method is the ultrasound flow-meter (Tran-

scranial Doppler Insonation) [97, 26] where a pair of probes are placed on the

vessel and flow calculated from the Doppler shift, the difference between emit-

ted and reflected frequencies induced by moving fluid. Both these methods de-

termine velocity; if the vessel cross-section area is assumed constant, this gives a

measure of flow rate [127]. Transcranial doppler ultrasound facilitates continu-

ous measurement of flow velocity enabling monitoring of dynamics, as long as the

cross-sectional area is indeed constant.

Magnetic resonance imaging can be used with angiography to visualise blood

vessels. The addition of phase-contrast allows encoding of flow velocity in ves-

sels [88]. Recent developments in MRI perfusion imaging have made vascular ter-

ritories mapping possible [100]. This uses vessel encoded arterial spin labelling

(VEASL) of water in arterial blood to show flow in specific vessels. It acts as a

tracer for perfusion MRI so that the arterial blood water is magnetised differently

from tissue. This magnetisation of water does not decay radioactively (as with in-

jected contrast agents), it decays much more quickly but the temporal resolution

is correspondingly higher. Vessels are encoded in sequence, and the difference in

images acquired with and without ASL shows the perfusion at each voxel.

2.2.7 Flow in individual vessels

There have been only a few investigations of individual vessel flow in the vas-

culature which are now described in more detail.

Zweifach and Lipowsky [281] adapted methods used to calculate impedance

in circuits to determine resistance for successive segments of terminal vascular
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bed. Flow through individual branches was interrupted by a needle and upstream-

downstream pressure recorded until zero-flow reached. This was treated as a

short-circuit in an analogous electronic circuit. Zweifach and Lipowsky presented

a graph of 200 data points describing arterial to venous distribution of intravas-

cular pressure and velocity in cat mesentery (where each data point is the average

of 3-5 measurements at that diameter). This is reproduced here (Figure 2.4) and is

an invaluable resource since it is indexed by vessel diameter, found by extraction

of the mesentery vessels.

Figure 2.4: The arterial to venous distribution of intravascular pressure and veloc-
ity in mesentery. Diameter is representative of the position of the vessel within the
network. Each data point represents the average value of three to five measurements
at that diameter. The curves are a piece-wise cubic spline fit of the data. Reproduced
directly from [281]

Torres et al. [239] measured red blood cell velocity in hamster skinfold using

photodiodes. Results are given in Table 2.1. The velocities of the smaller vessels are

comparable with those measured at equivalent diameter in Figure 2.4, although

the venules here have much lower velocity.

Vessel D v
Order (µm) (mm/s)

1A 64.3± 20 5.8± 3.5
2A 31.6± 12.1 3.2± 2.1
3A 13.4± 5.5 2.2± 1.1
4A 7.7± 2.4 1.4± 0.9
V 65.5± 38.0 0.7± 0.5

Table 2.1: Results taken from [239] giving vessel diameter and velocity of flow.

2.2.8 Measurement of Vessel Geometry

Table 2.2 collates vessel dimension values from various experimental results.

Where possible, these are characterised by branching order which reduce in diam-
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eter towards the capillaries. For example, 3A is the third generation of arteriole. Of

these experiments, Harper and Bohlen [93] and Vovenko [265] both investigated

the rat cerebral vasculature. Harper extracted the geometry from images of both

hypertensive(*) and control rats and investigated the passive diameter when in-

travascular pressure was increased. The cerebral capillary is larger than that found

in the retractor muscle. Zweifach also found capillaries around 8 µm as shown in

Figure 2.4. However, the arterioles in the brain are smaller than those at equiva-

lent branching order in the retractor muscle (for example, compare the diameter

of second-order arterioles A2: 34.3 and 33 µm in the rat brain with 45 µm in the

hamster retractor). The size of the capillary is limited by the size of red blood cells,

the diameters of the vessels moving away from capillaries is based on the density

of vessels in the vascular bed and this affects the total flow, a more important con-

sideration than branching order.
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Vessel D w Preparation Reference
Order (µm) (µm)
Arteriole 9.5 6.5 Rat liver Seiyama [216]
Arteriole 23.2 6.5 Rat mesentery Tsai [242]
Arteriole 24 2.4 Rat mesentery Tsai [242]
Arteriole 29.9 2.2 Hamster cheek Davis and Gore [57]
1A 51.2 6.02 Rat cerebral Harper [93]
1A 42.5* 7.74 Rat cerebral Harper [93]
2A 34.3 5.69 Rat cerebral Harper [93]
2A 27.1* 5.81 Rat cerebral Harper [93]
3A 21.6 4.08 Rat cerebral Harper [93]
3A 21.1* 4.43 Rat cerebral Harper [93]
4A 12.5 3.80 Rat cerebral Harper [93]
4A 9.4* 4.32 Rat cerebral Harper [93]
1A 64 15.8 Hamster retractor muscle Kuo [139]
2A 45 11.2 Hamster retractor muscle Kuo [139]
3A 35 8.8 Hamster retractor muscle Kuo [139]
4A 19.5 6.5 Hamster retractor muscle Kuo [139]
1A 62 15.3 Hamster retractor muscle Kuo [140]
2A 50 12.4 Hamster retractor muscle Kuo [140]
3A 40 10.0 Hamster retractor muscle Kuo [140]
4A 23.9 6.5 Hamster retractor muscle Kuo [140]
1A 55 13.6 Hamster retractor muscle Swain [234]
2A 45 11.2 Hamster retractor muscle Swain [234]
3A 34 8.6 Hamster retractor muscle Swain [234]
4A 22 6.5 Hamster retractor muscle Swain [234]
1A 45 Rat cerebral Vovenko [265]
2A 33 Rat cerebral Vovenko [265]
3A 26 Rat cerebral Vovenko [265]
4A 13 Rat cerebral Vovenko [265]
5A 8 Rat cerebral Vovenko [265]
Capillary 8 Rat cerebral Vovenko [265]
Capillary 3.4 0.5 Hamster retractor muscle Ellsworth [74]
Capillary 3.6 0.5 Hamster retractor muscle Stein [231]
Capillary type III 4.4 0.17 Rat cerebral Shaver [222]
5V 13 Rat cerebral Vovenko [265]
4V 31 Rat cerebral Vovenko [265]
3V 71 Rat cerebral Vovenko [265]
2V 145 Rat cerebral Vovenko [265]
1V 258 Rat cerebral Vovenko [265]
Venule 65.5 Hamster skinfold Torres [239]
Post-cap. venules 8-30 av 10 Cat cerebral Roggendorf [204]
Collecting
Venule

30-50 av
3.33

Cat cerebral Roggendorf [204]

Table 2.2: Variation in diameter and wall thickness in various tissue preparations
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Section Summary

Haemodynamics describes the relationship between flow, resistance and pres-

sure in the vessel where resistance is a function of the geometry of the vessel.

The Hagen-Poiseuille equation has been given and the parameters and necessary

assumptions outlined. The viscosity of blood is non-constant and a relationship

between vessel diameter and haematocrit is necessary to calculate the vessel resis-

tance. This section also describes the measurement of both blood flow and vessel

geometry with attention paid to those experiments carried out in cerebral prepa-

rations. The next section is a discussion of the distribution and consumption of

oxygen in the brain, both theoretically and in reference to experimental results.

Section 2:3 Oxygen Concentration

Oxygen and carbon dioxide are exchanged between air and blood in the lungs, and

between blood and tissue in vessels. The oxygen transport in the brain is dependent on

the availability of oxygen in the blood and the metabolism of oxygen by cells. The cur-

rent approach to oxygen transport, consumption and exchange differs between models,

partially due to the differences in the data sets which are used. This section aims to as-

sess these differences by collating available data and parameter values and comparing in

light of these differing hypotheses in order to assess their validity for an improved model

and to establish a data source for model validation.

2.3.1 Definitions for Oxygen Content

There are various ways to describe the amount of oxygen present depending on

how oxygen is carried in the blood. Concentration, C, is the mass per unit volume,

saturation, SO2, the percentage (or fraction) of bound oxygen by volume and par-

tial pressure, PO2, the proportion of pressure (or tension) exerted by oxygen in the

mixture of total blood pressure.
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The concentration of oxygen in blood is the number of moles per unit volume

taken by adding the amount dissolved in plasma (typically 2%) and the amount

bound to haemoglobin (typically 98 %) [258]. The oxygen content in a vessel is

calculated as:

C = αPO2 + β[Hb]SO2(P ), (2.9)

where the partial pressure PO2 is measured in mmHg. α signifies the solubility

of O2 in plasma (which is 90 % water [256, 161]). The saturation SO2 is a mea-

surement of oxygen bound to haemoglobin (haematocrit [Hb]) with β being the

oxygen-carrying capacity per unit volume of red blood cells (which are 70 % water

[161]). The capacity of oxygen bound to haemoglobin is greater than the solubility

in plasma [161].

Each molecule of haemoglobin can bind four molecules of oxygen [258] and

this binding is both rapid and reversible. The oxygen saturation SO2 is therefore

calculated as the percentage of bound haemoglobin HbO2 to total, including un-

bound Hb:

SO2 =
HbO2

Hb+HbO2
× 100. (2.10)

Valabrègue et al. [256] use a value of [Hb] = 2.3 mM/L in their cerebral model.

The relationship between blood saturation and partial pressure is shown by the

oxyhaemoglobin dissociation curve which is sigmoidal and well approximated by

the empirical Hill equation [219] for SO2 > 0.3:

PO2 =
(
SO2 × P H50

1− SO2

)1/H

(2.11)

where P50 is the partial pressure at which 50 % of haemoglobin is bound to O2

(typically about 26.6 mmHg in a healthy human [263]) and H the hill coefficient

for (2.7 − 3.0 for haemoglobin [219]). Arciero et al. [6] use values of H = 2.8 and

P50 = 26 mmHg for skeletal muscle. Valabrègue et al. [256] give H = 2.73.
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As oxygen partial pressure increases, more oxygen molecules bind to

haemoglobin until a maximum amount is reached (giving an overall sigmoidal

relationship between partial pressure and oxygen saturation). Above PO2 =

60mmHg, the saturation does not change significantly with partial pressure and

any further increase in oxygen concentration is due to oxygen dissolved in plasma

[263].

An increase in temperature, or decrease in pH , shifts this curve to the right,

increasing P50 (so that there is decreased affinity of haemoglobin for oxygen, mak-

ing it harder for haemoglobin to bind to oxygen but easier to release). A change

in pH can be caused by a change in the concentration of chemicals (e.g. hydrogen

or carbon dioxide): an increase in pCO2 decreases the affinity for O2. The conver-

sion between oxygen partial pressure and saturation was approximated by Kelman

[124] by converting values to standard temperature and pH (see Figure 2.5). The

curve fit for 10 < PO2 ≤ 100 mmHg is modelled as:

x = P aO2
10(0.24(37−T )+0.4(pH−7.4)+0.06(log10(40)−log10(P aCO2 )) (2.12)

SO2 = 100(a1x+ a2x
2 + a3x

3 + x4)/(a4 + a5x+ a6x
2 + a7x

3 + x4) (2.13)

with standard values of P aO2 = 84mmHg, pH = 7.4, P aCO2 = 40mmHg, T = 37oC

and coefficients:

a1 −8.5322289× 103 a5 −3.1346258× 104

a2 2.1214010× 103 a6 2.3961674× 103

a3 −6.7073989× 101 a7 −6.7104406× 101.

a4 9.3596087× 105

Figure 2.5: The Kelman (Equation 2.13) model approximation of the oxygen disso-
ciation curve reproduced from [124] .
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The relationship between partial pressure and plasma concentration is linear,

according to Henry’s law [258]:

CP = αPO2
=

1
Kh
PO2

. (2.14)

In Equation 2.14, Kh is the Henry coefficient, the reciprocal of solubility α. The

relationship between total blood and plasma concentration is:

CB = CP +
[Hb]PO

1 + (αP50
CP

)H
. (2.15)

Various values for solubility are found in the literature, some of which are sum-

marised in Table 2.3. The units vary between the volume fraction in the solvent,

and the molar concentration. The molar mass of oxygen is 32 g/M, and the density

1.429 g/L (at body temperature and pressure), therefore the molar volume conver-

sion is:

1(µM)/mm3 = 22.39(mlO2)/ml. (2.16)

Solubility varies with temperature, pressure and solvent. α refers to the solu-

bility in plasma (3 × 10−5 mlO2/ml(plasma)/mmHg at 37oC [156, 161]), which is

assumed to be the same as in water, αwater = 1.39 × 10−6 µM/mm3/mmHg [256].

Oxygen is also dissolved in red blood cell water and in tissue (αtissue = 2.6 × 10−5

mlO2/ml(tissue)/mmHg in brain tissue [46]). Popel et al. [193] calculated solubility

in vessel wall tissue from the oxygen gradients. Table 2.3 collates various values

from literature and shows that Tsai cites a low value for plasma, which is normally

approximated as water. Likewise, blood is approximated as plasma, for oxygen

diffusion purposes. Tissue has a lower solubility than blood.
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Solvent α ×10−5 α ×10−6 Preparation Reference
(mlO2/ (µM/

mlmmHg) mm3mmHg)
Water 3.11 1.39∗ Water Valabregue [256]

Plasma 2.14∗ 0.96 Rat mesentery Tsai [242]
Plasma 3.3∗ 1.47 Hamster retractor muscle Vadapali [255]
Plasma 3∗ 1.34 Human skeletal muscle McGuire [156]
Blood 3.4∗ 1.52 Human skeletal muscle Hyman [108]
Tissue 2.9∗ 1.30 Human skeletal muscle Hyman [108]
Tissue 2.6∗ 1.16 Human brain Mintun [163]
Tissue 2.84∗ 1.27 Hamster striated muscle Kuo and Pittman [139]
Tissue 2.85 1.275∗ Hamster retractor muscle Popel [193]

Table 2.3: Various solubility values as used by other investigators to convert partial
pressure into oxygen concentration. Asterisked∗ are the original units.

2.3.2 Oxygen Dynamics

The model of oxygen in the brain has two parts: the amount of oxygen extracted

from blood into tissue, and the amount of oxygen in tissue which is consumed.

Figure 2.6 is a vessel diagram showing a compartmental model of oxygen exchange

between capillary and tissue which will be expanded in the following text.

Figure 2.6: The vessel and model compartments showing oxygen entering and exit-
ing the vessel, and being transferred to tissue and metabolised.

In Figure 2.6, Cv is the blood vessel oxygen concentration, CP the plasma con-

centration and CT the tissue concentration. At the arterial end of the vessel, Cin

is the arterial blood concentration and, similarly, Cout the concentration at the ve-

nous end. Flow is Q so that the total amount of oxygen entering the vessel is QCin.
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P S is the wall permeability, P , multiplied by the wall surface area, S, and CMRO2

the rate of consumption of oxygen.

Longitudinal oxygen diffusion can be ignored with comparison to convection

if the Péclet number is greater than 1 (so that convection is more significant than

longitudinal diffusion). Park and Payne [189] calculate the Péclet number to be of

the order of 10− 100. The Péclet number is calculated as:

P e =
LU
D
, (2.17)

where L is the characteristic length (∼O(100) µm),U the velocity (∼O(1)mm/s)

and D the mass diffusion coefficient (∼ O(×10−5) cm2/s).

2.3.2.1 Mathematical Model

The flux of oxygen J is the rate of movement of molecules of oxygen across

the vessel wall (moles/m2/s) [258]. The flux of oxygen is related to the diffusion

coefficient, Dc, of oxygen, and the permeability of the wall, P , and is normally

assumed to be proportional to the concentration gradient, ∆C, across the vessel

wall.

The diffusion coefficient, Dc, refers to diffusion in space and depends on the

substance (oxygen), mass and temperature. The permeability coefficient, Pc, also

depends on the material [165] and is substituted for the diffusion coefficient when

describing flux through a cell membrane. However, most investigators described

here use the diffusion coefficient to refer to the specific diffusion of oxygen in tis-

sue. The overall permeability of the wall depends on the thickness of the mem-

brane, ∆x, so that thinner walls have higher permeability. P and Dc are related by

the non-dimensional partition coefficient K (the ratio of concentrations in a mix-

ture of two phases at equilibrium).

P =
KDc
∆x

. (2.18)
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Boas et al. [27] define vessel permeability, Kw, as a function of diffusion coeffi-

cient Dc and wall thickness w:

Kw =
P
K

=
Dc
w
. (2.19)

Flux can therefore be described by Fick’s law of diffusion, such that oxygen

flux across the wall depends on the permeability of the wall to oxygen, Kw, and

the diffusion distance, z (which could be wall thickness w) [27] :

JO2
= −Kw∆Cz . (2.20)

The concentration gradient of oxygen between tissue, CT (z), and blood, Cv , is

the driving force of diffusion. In their study of labelled O2, Kassissia et al. [120]

found that most oxygen never leaves the capillary (only that dissolved in plasma

CP ). Valabrègue et al. [256] therefore applied this mass balance between plasma

CP and tissue concentration using Henry’s law (Equation 2.14) to convert between

partial pressure and plasma concentration. The barrier to diffusion can be consid-

ered to be either the vessel wall, or inclusive of the tissue surrounding the vessel

[256]. Therefore, Dc can be approximated as either Dw or DT and z as either w (the

wall thickness) or d, the diffusion distance into tissue [258].

The concept of mass balance can be applied to the transport of oxygen in blood

vessels [243] so that, conserving mass, the amount of oxygen entering a segment,

Q × Cin, minus the amount exiting, Q × Cout, equals the diffusion flux out of the

vessel JO2
:

JO2
=

Q
πDL

(Cin −Cout). (2.21)

The oxygen extracted in a vessel then is the flux times the surface area of the

vessel wall (πDL):

OE = πDLJO2
. (2.22)

Vadapalli et al. [255] define a flux into the vessel wall, Ji , and out into tissue,

Jo, assuming that oxygen is consumed in the vessel wall by smooth muscle and
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endothelial cells. The flux from blood into the vessel wall is calculated from the

saturation gradient, ∆SO2/L, with Equation 2.9 as:

Q[Hb]β∆SO2 = πDLJi . (2.23)

Applying a mass balance to Equation 2.22 for vessel concentration Cv results

in a solvable ordinary differential equation for the longitudinal oxygen gradient:

Q
dCv
dz

= −Dc
z
πD(CT −Cv(z)). (2.24)

For Equation 2.24 to be valid, steady state must be assumed. Vessels are assumed

to not taper so that D is constant over the entire length and, similarly, they are

assumed straight. The blood is approximated as well mixed, so that concentra-

tion is the same over the entire radius. Finally, the oxygen concentration in tissue

surrounding the vessel CT is assumed to be uniform over the entire length of the

vessel.

The concept of an oxygen extraction fraction, OEF, has been established to

describe how much oxygen is consumed by tissue compared to the blood concen-

tration [39]:

OEF =
Cin −Cout

Cin
. (2.25)

The fraction of extracted oxygen which is metabolised is described by the efficiency

ε. Kassissia et al. [120] found that the fraction of extracted O2 that returns to the

vasculature from tissue is very small. Therefore, Buxton and Frank [39] argue that

oxygen extraction must be almost completely efficient (ε = 1) so that metabolised

oxygen CMRO2 is equal to the flux of oxygen from the vessel in basal conditions.

2.3.3 Tissue Consumption

Oxygen is delivered to tissue to satisfy the metabolic demand; the amount of

oxygen necessary for reactions in tissue. The oxygen transport system ensures that

the amount of oxygen available to tissue satisfies demand, with a base level of

oxygen dissolved in tissue.
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The Krogh cylinder model [135] assumes that each vessel (radius R) supplies

oxygen to a cylindrical section of surrounding tissue with radius RT . In the vessel,

oxygen is transported through the blood by both convection and diffusion whereas,

in tissue, transport is via diffusion. The volume of tissue is:

VT = π(R2
T −R2)L. (2.26)

Although the Krogh model represents capillary tissue, Duling and Berne [64]

showed that oxygen also diffuses in arterioles in the brain. Data from Vovenko

[265] show a reduction in oxygen concentration across all vessels and radially

through tissue surrounding all three types of vessel (see subsection 2.3.5).

Tsai et al. [242] find a maximum arteriolar diffusion distance of 93.6± 11.1 µm

in rat mesentery by solving Equation 2.24 with CT = 0. Mintun [163] sets capil-

lary tissue radius RT to 32 µm (half of human intercapillary distance). Middleman

[161] defines the ratio of RT to RC as 10. Instead of a cylinder, Hudetz [106] uses a

cone model for capillaries with the tissue radius varying from 38 µm at the arteri-

olar end to 18 µm at the venular end, where less oxygen is available in the vessel.

Therefore, the vessel oxygen concentration is likely to determine the diffusing dis-

tance with arterioles supplying the largest volume of tissue, and venules the least.

There is thus no agreed way of using a Krogh cylinder model.

2.3.4 Wall Consumption

The diffusion coefficient refers to the diffusivity of oxygen in tissue [165]. It

is an approximation of the diffusivity of oxygen in the various components of the

wall and tissue. If the vessel wall consumes oxygen in smooth muscle and endothe-

lial cells, then the demand must be incorporated into the equation for flux so that,

at steady state, M is the steady state oxygen demand of the wall per unit area in

µM/mm2/s.

Instead of setting a wall permeability, Arciero et al. [6] incorporate this func-
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tional demand M of the wall. The model combines mass balance and the Krogh

cylinder model to give the change in concentration measurements across the wall

as a function of demand, wall volume and flow in arterioles and capillaries (but

excluding venules):
dCT
dL

=
πM(R2

T −R2)
Q

. (2.27)

Similarly, Mintun et al. [163] use a Krogh model and calculate the oxygen ten-

sion in radial tissue (at distance r) using POi (the concentration at the vessel/tissue

interface), and tissue consumption M:

POT (r) = POi −
M ·R2

T

2Dw ·α
· ln(r/R)−M(R2

c − r2)
4Pw ·α

. (2.28)

2.3.5 Measurement and Data

There are very few measurements of oxygen concentration available in the liter-

ature. The Clark electrode [47] is a polarographic method where the polarographic

electrode is a noble metal membrane-covered cathode with a reference electrode.

Current flows in the circuit formed by the electrodes and medium. The electrode

consumes oxygen and generates a current proportional to the partial pressure. The

Clark electrode is insulated with a gas-permeable membrane. It is used in-vitro to

determine dissolved oxygen concentration at different points by converting be-

tween partial pressure and oxygen concentration via Henry’s law. Electrodes have

a tendency to drift which reduces their reliability for long-term observation, but

the initial spatial resolution is very fine. Over time, the accuracy of an electrode

diminishes because of the consumption of oxygen by the method, and by the con-

tamination of the electrode surface. A thin membrane (7µm [10]) allows greater

spatial accuracy, and a fast response time, but the degradation of the electrode

happens more quickly. The electrode must also be calibrated frequently in order

to convert the generated current to partial pressure.
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Alternatively, light absorption of haemoglobin can be used to determine the

partial pressure of oxygen in blood [240]. Oxygen saturation is determined by

measurements of light absorption at different wavelengths of the haemoglobin

absorption spectrum and the relative amounts of oxy- and deoxy-haemoglobin

quantified. The partial pressure is calculated by the oxygen dissociation curve.

The method is indirect and must be corrected for light scattering by the red blood

cells. Further, partial pressure cannot be determined in tissue by haemoglobin

spectrophotometric methods. Near infrared spectroscopy (NIRS) uses light in the

infrared region of the spectrum (700 − 1000 nm) which is able to penetrate tis-

sue up to 8 cm [51]. It is also able to monitor changes in the oxygenation of the

brain. Within tissue, there are two compartments of light attenuation: the ab-

sorbers (with fixed concentration) and the chromophores (with varying concen-

tration). The chromophores are, for example, oxyhaemoglobin HbO2 and deoxy-

haemoglobin Hb. Changes in concentration can be determined from the change in

light attenuation assuming that tissue absorption remains constant but with low

spatial resolution.

Blood oxygen level-dependent functional magnetic resonance (BOLD fMRI)

measures blood oxygenation based on the fact that HbO2 is paramagnetic (ex-

hibits magnetisation proportional to the applied magnetic field) and Hb diamag-

netic (not attracted into a magnetic field). Therefore if the concentration of HbO2

increases, there is a change in magnetic susceptibility and alteration of the MR

signal. This method is continuous (with temporal resolution of about 1 s) with 2 or

3 mm spatial resolution. However, the signal is noisy and so statistical procedures

are necessary to establish the underlying signal.

There is also the phosphorescence quenching technique [259] which allows

high spatial resolution of oxygen tension. A slow injection of porphyrin dye is

phosphoresced by excitation with light and the rate of decay of phosphoresce de-
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pends on the amount of oxygen surrounding the dye. The technique allows for

simultaneous optical measurement of PO2 in the vessel and surrounding tissue so

that the gradients, and oxygen flux, can be calculated [241]. The calibrations per-

formed in vitro can be applied to in vivo measurements since the rate of decay is

independent of material. However, the phosphorescence decays consume oxygen

(0.01mmHg/flash [243]) which distorts the signal. This can be avoided by using re-

peated low intensity light excitation so that diffusion can replenish the consumed

oxygen [226, 238]. The spatial resolution is greater than with physical electrodes

[245].

CMRO2 can be measured globally using the disappearance rate of a tracer,

bound to oxygen. To measure local CMRO2 directly involves arresting perfusion

and so it can be done instead by defining a rate factor between flow and tissue

oxygen transport in order to determine the time constant of the oxygen response

to demand [151].

CMRO2 can also be measured with positron emission tomography (PET). PET

combines the principles of CT (computerised tomography) and SPECT (single

photon emission computerised tomography) where radioisotopes are incorporated

into oxygen to make a radio pharmaceutical. When the labelled atom disintegrates,

the emitted positron annihilates with an electron producing two beams of gamma

rays in opposite directions. These rays strike the scanner at 2 points and produce

energy which can be mapped to show regional increases in metabolism.

Oxygen flux can be measured with photon counting. Photon counting is a non-

invasive measurement which uses light. When light enters the photocathode of a

photomultiplier tube, photo electrons are emitted. These photoelectrons induce

secondary electron emission which is collected as an output pulse by the anode.

Values for flux, metabolism, permeability and oxygen gradients can also all

be calculated using the equations described which model oxygen exchange. These
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calculated values have been listed alongside experimental values in the following

section.

2.3.5.1 Vessel Concentration

Vovenko [265] offers data related to the partial pressure of oxygen in the micro-

vasculature of rat brain measured by needle oxygen micro-electrodes, the results

being given in Table 2.4. These can be combined with vessel geometry to show the

consumption of oxygen across the vasculature. The values in Table 2.4 are similar

to those found by Duling [68]: PO2 = 80.1 ± 3.4 mmHg in the lumen of 45 ± 3 µm

cerebral cat arterioles and 72.6 ± 3.6 mmHg for 22 ± 2 µm arterioles. The results

are used by Boas et al. [27] as an approximation of the human cerebral micro-

vasculature. The conversion used by Vovenko between the partial pressure mea-

sured and oxygen saturation requires recalculation of the oxygen disassociation

curve for P aCO2 = 34.2mmHg, P aO2 = 85.6mmHg and pH = 7.37. However, even

with these values the Vovenko results are difficult to replicate. In the brain, the

longitudinal capillary gradient is substantial [243] due to a high metabolic rate.

Vovenko found a longitudinal capillary gradient of 0.0659mmHg/µm [265] with a

drop across the capillaries from 57.9±10.6mmHg at the arterial side, to 40.9±11.1

mmHg measured at the venous side. The partial pressure at the outlet of the cap-

illary is lower than the average concentration in the next venular generation 5V

(41.1± 10.9 mmHg). The rise in oxygen partial pressure in 5V compared with the

capillary C is attributed to collateral circulation (possible shunts directly between

arterioles and venules) by Tsai et al. [243], though it could be due to the variability

of the measurements.

Popel et al. [193] calculated lower values of luminal PO2 in hamster retractor

muscle, for example finding a partial pressure of 31.6 mmHg in the lumen of 23.5

µm diameter arterioles. Similarly, Torres et al. [239] investigated hamster skinfold

with phosphorence and found lower values of PO2 (as given in Table 2.5).
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Vessel D PO2 SO2 Vessel D PO2 SO2
Order (µm) (mmHg) (%) Order (µm) (mmHg) (%)

1A 45± 7 81.2± 6.2 94± 2 1V 258± 31 41.3± 9.7 59± 14
2A 33± 7 78.7± 8.9 94± 2 2V 145± 15 39.6± 10.1 57± 16
3A 26± 7 75.8± 11.1 93± 6 3V 71± 24 40.1± 9.1 57± 14
4A 13± 4 68.3± 8.3 89± 8 4V 31± 9 41.1± 10.9 59± 17
5A 8± 2 61.5± 12 84± 11 5V 13± 6 38.2± 12.3 54± 18
C 8 50 63

Table 2.4: Summarising the results in rat brain from [265] giving vessel diameter
and partial pressure of oxygen. The partial pressure is converted to oxygen satura-
tion using the equation from [219].

Vessel D PO2
Order (µm) (mmHg)

1A 64.3± 20 51.8± 9.8
2A 31.6± 12.1 44.1± 9.1
3A 13.4± 5.5 39.9± 9.2
4A 7.7± 2.4 34.8± 7.9
V 65.5± 38.0 30.8± 10.8

Table 2.5: Summarising the results from Torres [239] in hamster skin giving vessel
diameter and partial pressure of oxygen.

A summary of such data was compiled by Tsai et al. [243] and is reproduced

in Figure 2.7. It compiles information from various studies in microvessels done

by different methods. It shows that the brain study by Vovenko had the highest

partial pressures and, since the brain tissue is of interest, these data are preferred

as a reference. The brain also has the lowest venular oxygen gradient with a large

gradient in pre-capillary arterioles.

Figure 2.7: The oxygen tension in various experiments reproduced from Tsai et al.
[243]

2.3.5.2 Tissue Concentration

The tissue oxygen pressure is characterised as heterogeneous by Lübbers and

Baumgärtl [145] when measured polargraphically, other techniques show tissue

pressure of 10 − 40 mmHg (i.e. slightly lower than venous PO2) [174]. Johnston
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et al. [118] assume that tissue concentration is equal to the concentration in the

end-capillary compartment. Masamoto and Tanishita [151] concluded that since

PT ,O2
is well maintained within a narrow range, it can be considered homogeneous

and, likewise, Boas et al. [27] approximate tissue concentration as 15mmHg for all

vessels as an average of the two values proposed by Popel (20 and 10 mmHg) [99].

Measuring partial pressure in tissue is difficult due to the drifting of oxygen

sensors, and potential consumption of oxygen by the measuring technique [242].

There is therefore much variation in reported tissue concentrations. Metzger and

Heuber [158] measured arteriolar tissue oxygen pressure polargraphically and

found it to be negligible. In cats and dogs, normal tissue concentration is reported

at 28±7mmHg [147], with 32−36mmHg reported in patients during brain tumour

surgery [7] and 25− 104 mmHg in patients having surgery on aneurysms [62].

2.3.5.3 Tissue Oxygen Gradient

The radial oxygen gradient can be used to normalise the tissue concentration.

Vovenko measured oxygen tension in rat cerebral tissue at points up to 40 µm

from 10 − 30 µm diameter arterioles, 5 − 7 µm capillaries and 10 − 40 µm venules

and showed a non-linear decrease in tension. There is a ±10 % experimental error

associated with the results, and some vessels have obviously differing radial oxy-

gen gradients to the others. Vovenko’s results are reproduced in Figure 2.8. The

gradient in tissue surrounding arterioles is normally quoted at about 1 mmHg/µm

[243] as an average of the 1.5 mmHgµm close to the vessel wall established by

Vovenko and 0.5mmHg/µm at 40 µm from the arteriole wall [265] .Tsai et al. [242]

found an oxygen gradient of around 0.7 mmHg/µm in the tissue surrounding rat

mesentery arterioles, up to 40 µm; the results are reproduced in Figure 2.9.

For capillary tissue, Vovenko [265] determined a gradient of 0.25 − 0.5

mmHg/µm in the more distal 40 µm surrounding tissue to cerebral capillaries in

rats. Between the capillary wall, and the distal site of tissue supplied by the capil-
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Figure 2.8: The radial tissue oxygen gradient reproduced from [265] for rat cerebral
microvasculature

Figure 2.9: The radial tissue oxygen gradient for rat mesentery reproduced from
[243] for different individual vessels measured. The shaded portion is the distance
occupied by the vessel wall and the upper line gives the gradient if the wall and
tissue are assumed to have the same rate of oxygen consumption.

lary there was a 10−20 mmHg difference in partial pressure of oxygen. Integlietta

et al. [111] found a higher value of 1.5 mmHg/µm in capillaries using the pho-

spherescence method in experiments close to the wall of skinfold capillaries. This

implies that most of the diffusion occurs close to the vessel in arteriolar and capil-

lary tissue.

Integlietta et al. [111] also investigated the gradient around the venules, find-

ing a value of 3 mmHg/µm in skeletal muscle of hamster. Again, this was higher

than the 0.1 − 0.4 mmHg/µm found by Vovenko in rat pial microcirculation. Tsai

compares these results and proposed that, in venules, the supply of tissue is very

much dependent on the vascular bed and organ [243] with the brain having lower

tissue oxygen gradients, despite the higher intra-vascular PO2.

2.3.5.4 Tissue Consumption

The amount of oxygen metabolised by tissue is the cerebral metabolic rate,

CMRO2, or MT . The oxygen consumption rate of vascular tissue is reported to

be in the range 1.1 − 4.5 ×10−3mlO2/min/g [241]. For 24 µm arterioles, Swain

and Pittman [233] found a tissue consumption rate of 1.57 ×10−4mlO2/ml/s in

the hamster retractor muscle, approximately the same as 1.6 ×10−4mlO2/ml/s de-
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clared for human cerebral by Middleman [161]. Tsai et al. [243] calculated a tissue

consumption rate of 1.4 ×10−2mlO2/(gtissue)/min for tissue in the rat mesentery,

using the partial pressure oxygen profile in tissue and converted with cerebral

tissue density 1.05 g/ml [209]. Hudetz [106] proposed a mathematical model of

the cerebral capillary with consumption 8.34 ×10−4mlO2/(cm3s) and Mintun et al.

[163] calculated a tissue oxygen consumption of 8.2 ×10−4 cm3O2/cm
3/s from the

diffusion coefficient in the human brain. Therefore, the tissue consumption calcu-

lated from the diffusion rate and flux is much higher than that calculated from the

partial pressure oxygen gradient.

Consumption Preparation Reference
MT (×10−4mlO2/ml/s)

1.57 Hamster retractor arterioles Swain and Pittman [233]
1.6 Human cerebral Middleman [161]
2.4 Rat mesentery Tsai [243]

8.20 Cerebral capillary model Hudetz [106]
8.34 Cerebral diffusion model Mintun [163]

Table 2.6: Summarising tissue consumption values from a variety of sources.

2.3.5.5 Tissue Diffusion Coefficient

Mintun et al. [163] set baseline tissue consumption to 8.2 ×10−4mlO2/cm
3/s

starting from a diffusion coefficient DT equal to 1.8 ×10−5 cm2/s . Middleman

quotesDT = 1.5 ×10−5cm2/s in human cerebral tissue. Popel uses a smaller value of

DT = 1.39 ×10−5cm2/s [99] taken from Kuo and Pittman in hamster striated muscle

[139] and Ursino et al. [250] sets DT = 1.6 ×10−5cm2/s for a human cerebral model.

These values have less spread than the tissue consumption values with a higher

value from Mintun compared with Middleman.
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Diffusion Coefficient Preparation Reference
×10−5cm2/s

1.39 Hamster striated muscle Kuo and Pittman [139]
1.5 Human cerebral Middleman [161]
1.6 Human cerebral model Ursino [250]
1.8 Human cerebral model Mintun [163]

Table 2.7: Summarising tissue diffusion coefficient values from a variety of sources.

2.3.5.6 Flux

Vadapalli et al. [255] neatly summarised various values of flux calculated from

values for ∆S/L (saturation gradient) in the literature. These are reproduced here

in Table 2.8 with some other experimental values added.

However, Vadapalli also uses Equation 2.23 to show that flux is of the order of

3−4 ×10−6mlO2/(cm2s) for all vessels, which is smaller than the values reported in

Table 2.8, reinforcing the idea that the diffusion coefficient in tissue and over the

vessel wall cannot be considered the same (as discussed in subsubsection 2.3.5.8).
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Vessel D J Preparation Reference
Order (µm) (×10−6 mlO2/(cm2s))

Capillary 3.4 0.8 Hamster retractor muscle [74]
Capillary 3.6 1.2 Hamster retractor muscle [231]

Terminal Arteriole 8.5 63 Rat pancreas [217]
Arteriole 9.5 11− 32 Rat liver [216]
Arteriole 23.2 27 Rat mesentery [242]
Arteriole 23 24 Rat mesentery [244]

1A 64 51 Hamster retractor muscle [139]
2A 45 50 Hamster retractor muscle [139]
3A 35 58 Hamster retractor muscle [139]
4A 19.5 42 Hamster retractor muscle [139]
1A 62 49 Hamster retractor muscle [140]
2A 50 82 Hamster retractor muscle [140]
3A 40 84 Hamster retractor muscle [140]
4A 23.9 65 Hamster retractor muscle [140]
1A 55 40 Hamster retractor muscle [234]
2A 45 42 Hamster retractor muscle [234]
3A 34 65 Hamster retractor muscle [234]
4A 22 48 Hamster retractor muscle [234]
1A 64.3 41 Hamster skinfold [239]
2A 31.6 21 Hamster skinfold [239]
3A 13.4 6.7 Hamster skinfold [239]
4A 7.7 1.5 Hamster skinfold [239]

Table 2.8: Collating the results of experiments to show variations in intravascular
flux.

2.3.5.7 Transmural Oxygen Gradient

Transmural oxygen gradients have been measured on cat pial arterioles [68],

rat mesenteric arterioles [242], [243], rat cremaster muscle [224], and dog carotid

arteries [210]. These data vary significantly, from ≤ 1 to 20mmHg/mm. The largest

gradient is in the first few micrometres, the endothelial layer [243]. Sharan, how-

ever, found a gradient in the range of 1 − 2 mmHg/µm in rat pial microvessels

[221] and ascribed higher values to misuse of the mass transport equation when

calculating values.

Santilli et al. [210] determined the profile of the partial pressure of oxygen

within the vessel wall of dog with a microelectrode, finding a steep gradient, espe-
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cially in the endothelial layer, of 20 mmHg/µm. Tsai et al. [243] found an overall

gradient between 4 and 11 mmHg/µm over the rat mesentery vessel wall with val-

ues of blood PO2 of 23 and 49 mmHg respectively (see Figure 2.9). This was for

arteriole vessels with walls 2.5 to 3.5 µm thick. For a 23.2±2.9 µm diameter vessel

with wall 2.3 µm thick, the transmural oxygen difference was 18.1±1.7mmHg with

an absolute partial pressure in the vessel of 43.3±3.7 mmHg [242]. In the hamster

skeletal muscle venule, Intaglietta et al. [111] found a transmural gradient of 4.17

µM/mm3/µm.

Of these studies, only Duling et al. [68] investigated cerebral vessels (in cat)

but the experimental method has been criticised by Tsai [243]. Duling found a

transmural difference of 6.5 mmHg and 11.9 mmHg in 45 ± 3 µm and 22 ± 2

µm lumen vessels respectively (corresponding to gradients of approximately 0.81

mmHg/µm and 1.98 mmHg/µm). Vovenko found drops in PO2 in the cerebral cor-

tex of rat comparable to those in pial arterioles, of 1 − 2 mmHg/µm at control

and 0.7 mmHg/µm for dilated vessels [266]. Duling found a relationship between

transmural tissue gradient ∆PO2
mmHg and wall thickness w in µm:

∆PO2

w
= 0.91 + 0.87/w. (2.29)

The high regression coefficient (0.98) implies a uniform wall tissue consumption

proportional to wall thickness.

There are therefore two conflicting conclusions found in the literature: that the

oxygen gradient in the arteriole wall is similar to the surrounding tissue (in which

case the diffusion barrier of the wall can be incorporated into tissue); or that it is

much higher due to the endothelial layer.

2.3.5.8 Consumption in the wall

Swain and Pittman [234] state that “flux of oxygen from the arterioles is greater

than would be expected by passive diffusion”. They calculated oxygen consump-

tion compared to oxygen extraction of 10 % for larger hamster retractor arterioles
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and 35 % for the 4th generation arteriole vessels. This implied a further compart-

ment which consumes oxygen, or another reason for high oxygen gradient longitu-

dinally along the vessel. One possibility is the shunt vessels which link arterioles

to venules [220]. Other hypotheses are a different wall permeability, and consump-

tion in the vessel wall compared with surrounding tissue.

Using the value of flux determined by Kuo and Pittman in hamster striated

muscle [139], Popel [99] calculated the oxygen gradient in the wall required to give

the experimentally determined flux as being 15 mmHg/µm for a Krogh diffusion

coefficient (Kw = Pwα) of 4.2 - 6.8 ×10−10mlO2/cm/mmHg/s and, with reference

to the value found by Sharan in the rat brain, concluded that the the diffusion

coefficient must be an order of magnitude higher than previously thought. The

chosen value was Dw = 1.39 ×10−5cm2/s and Ursino et al. [250] used a similar

value of Dw = 1.3 ×10−5cm2/s. Ursino’s value is smaller than the one used in the

surrounding tissue (1.6 ×10−5cm2/s see Table 2.7). As an approximation for the

whole wall, Tsai et al. [242] set the diffusion constant to be 1.7 ×10−5cm2/s based

on experiments by Baumgartl and Lubbers [12].

A change in wall permeability affects the longitudinal gradient of oxygen since

increased wall resistance to diffusion would also decrease the flux of oxygen out of

the vessel. Endothelial cells studied in cell cultures have an oxygen consumption

rate in the range of 2 − 8 ×10−2 mlO2/min/g [241] measured using the phospho-

rence technique. Consumption by the endothelial and smooth muscle cells of the

wall was therefore deemed a possibility by Tsai et al. [242]. Endothelial cells are in-

volved in the synthesis and production of wall material (collagen and elastin) and

in chemicals which affect muscle tone (e.g. nitric oxide) in which it was pointed

out that the large transmural gradients indicated consumption in the vessel wall.

Figure 2.9 shows that the wall PO2 profile is significantly different to that in sur-

rounding tissue and so two rates of oxygen consumption are implied. Whereas
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other studies suggest a consumption rate closer to that of the surrounding tissue

[85], [192], Tsai proposed a consumption rate, Mw = 3.9 mlO2/gtissue/min, two

orders of magnitude higher than surrounding tissue (on average 277.8 ±45.0 times

higher) with a related diffusive flux of 2.2 ± 0.2 ×10−5mlO2/(cm2s). This is of the

same order as the hamster retractor arterioles seen in Table 2.8. The resulting con-

sumption in the wall is 6.5 ×10−2 ± 0.5mlO2/cm
3tissue/s [243]. Duling et al. [68]

estimated the consumption of the cat pial vessel wall to be 1.7 mlO2/min/gtissue

(2.97 ×10−2mlO2/ml/s) in order to match gradients found by microelectrode study

[255] .

Vadapalli et al. [255] investigated a theoretical model of flux as a function of

demand (see Equation 2.23) and found that it remains constant over four orders of

magnitude of M. This equation assumes flux into the wall to be a function of both

diffusion coefficient and oxygen demand, and uses the transmural oxygen gradi-

ent as POv − POT . The resting hamster retractor muscle consumption is around

5 ×10−3mlO2/ml/s, and demand increases with muscle contraction. Vadapalli cal-

culated that J is of order 10−6 mlO2/cm
2/s, and that the consumption is likely to

be the same as for resting muscle. This flux is an order of magnitude smaller than

found from the longitudinal gradients in Table 2.8. He concluded that the values

of flux found as a function of longitudinal gradient are over-estimates and so dif-

fusion coefficients are likely to be too high.

In endothelial cells in vitro, Dc has been found to vary between 1.4 − 8.7

×10−6 cm2/s . Vadapalli sets the overall Krogh constant for the wall to Kw =

αDw = 3.17 ×10−10 mlO2/cm/mmHg/s (Dw = 9.61 ×10−6cm2/s) with 4.45 ×10−10

mlO2/cm/mmHg/s for the endothelial cell layer, and 4.5 ×10−10mlO2/cm/mmHg/s

for smooth muscle. This value for Dc is 1.77 times smaller than that proposed by

Tsai. The findings of Vadapalli on flux are therefore of interest. Flux calculated

from longitudinal gradients and constant tissue concentration are higher than cal-

47



Claire Lucas 2.3. Oxygen Concentration

culated as a function of demand. This has an impact on reported values for diffu-

sion coefficient calculated from flux.

Instead of the diffusion coefficient, Valebrègue et al. [256] use P S to represent

permeability P multiplied by the surface area S of capillary exchange with a value

of 7020 or 3000 ml/min/100g depending on metabolic demand. This is based on

experiments carried out by Kassissia et al. [120] who calculated a value of tracer

oxygen permeability Pc = Dc/z as 5.3 ×10−3mm/s across the capillary wall in dog

brain. Boas [27] used an approximate extraction coefficient over the vessel wall of

kw = 7 ×10−15M/mmHg/s for all vessels regardless of length or diameter for the

control state (where tissue partial pressure is 15 mmHg). However, Boas models

the vasculature as a network of vessels with constant length which is unrealistic.

The approximation of wall permeability as a function of diffusing distance im-

plies that wall volume may effect resistance to oxygen. If the amount of smooth

muscle, for example, is proportional to the wall volume; this is a way to normalise

permeability and demand for the dimension of the vessel.

Section Summary

The experimental literature considered here shows that the reported oxygen

concentration in vessel and tissue varies with the vasculature and species con-

sidered and with experimental method. Blood and tissue can be considered to be

the same in differing species, the main difference is in the oxygen demand across

species and vasculature. As well as oxygen demand (and therefore flux), the geom-

etry has an effect on the vessel concentration because of the longitudinal gradient

and surface area. Where possible, it is important to use cerebral references and

to relate these to vessel diameter in order to extrapolate from different species.

Vovenko and Duling agree on vessel concentration in the brains of rat and cat

and so these form a useful reference for any model. Similarly, Duling and Vovenko

agree on the transmural gradients as being similar to surrounding tissue gradients.
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There are also differing hypotheses for fitting Fick’s law to data for oxygen con-

centration. These depend on whether the wall and tissue are considered as sep-

arate barriers to diffusion, and therefore if there are two compartments or three

(including the vessel). The diffusion coefficient for the wall may or may not be dif-

ferent to the surrounding tissue. It depends on whether the transmural gradient is

assumed to be larger than in tissue. The wall comprises of tissue, endothelial, and

smooth muscle cells with resultantly different resistance to oxygen (permeability).

Higher transmural gradients imply higher consumption in these vessels than for

surrounding tissue. If the consumption of oxygen by these cells is incorporated

into the model, the demand affects the diffusion coefficient. However, Figure 2.9

shows that this is necessary to replicate the wall and tissue gradient in cerebral

vessels.

Section 2:4 Vessel Mechanics

Although vessel strain is included in current models, the expressions are not explic-

itly linked to physiological parameters and the application to small vessels has not been

investigated. The mechanics of the blood vessel wall are therefore introduced in this

section beginning with an overview of the terminology of stress and strain and continu-

ing with a discussion of the mechanical properties of the components of the vessel wall.

The experimental relationship between diameter stretch and tension is included and the

resulting models of muscle and elastic component tension described.

2.4.1 Background: Stress and Strain

The difference between internal and external pressure P results in a net force

F which is balanced by wall tension T . For a thin-walled vessel and small section

δx, this area of the wall in cross section (two sides of lumen) is approximately

δA = 2wδx. The circumferential (or hoop) tension is a function of both transmural

pressure (Pt which is equal to intravascular pressure P , see subsection 2.2.3) and
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vessel diameter by Laplace’s law:

T =
PD
2
. (2.30)

Laplace’s law holds for thin-walled vessels, where the wall thickness is less than

10 % of the vessel radius. However, Pries and Secomb use a thin-wall assumption

for cerebral vessels [198] where the wall thickness is up to 30 % of the diame-

ter. A thin-walled vessel can be considered a surface where tension is consistent

throughout the wall thickness. There is a relationship with diameter because pres-

sure must stay the same over an entire shape (due to Pascal’s principle of pressure

equilibrium) and therefore a higher radius (with higher surface area) must have a

higher tension.

The force acts to dilate the vessel with a resulting circumference extension ∆L

modified by the wall stiffness k:

F = ∆Lk. (2.31)

The inverse of stiffness is the vessel compliance C which is calculated for an

elastic vessel as:

C =
∆V
∆P

. (2.32)

The circumferential extension can be normalised as strain ε

ε =
∆L
L0

=
∆D
D0

. (2.33)

Under strain, the vessel wall generates a circumferential balancing stress σ [16],

where stress and strain (dilation) are related by the elastic [Young’s] modulus E of

the vessel wall such that:

E =
σ
ε
. (2.34)

Many investigators (see example [38, 142, 152]) describe an incremental mod-

ulus to fit the pressure-radius curve which varies widely for differing vessel types.

Bergel [18] defined an incremental elastic modules for Hooke-type deformation.
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2.4.2 Mechanical Properties of Blood Vessels

The stress-strain relationships of blood vessels are strongly nonlinear and so

there is no definitive Young’s modulus for the stiffness of the vessel wall [270].

The difficulty with ascribing a mathematical description of the vessel lies in the

three components of blood vessel walls having different mechanical characteris-

tics. The stiffness of the vessel and elasticity modulus of the constituent materials

are related by the dimensions of the vessel where A0 is the reference area.

k =
EA0

D0
. (2.35)

This expression implies that large vessels must have stiffer (less elastic) walls

since they have larger radius and therefore greater stress [42]. Monson et al. [167]

investigated the stiffness of vessels of different size, and from different locations.

Monson compared properties of available cadaver vessels to a few fresh vessels in

order to investigate whether the more widely available cadaver data can be used.

He investigated the mechanical properties of fresh cerebral arteries and veins of

around 0.052 mm diameter [168] from the brain surface and demonstrated both

that arteries are dramatically stiffer than veins, and also that they fail at twice the

stress. Furthermore, cadaver vessels behaved similarly to fresh vessels but with

less extensibility.

2.4.2.1 Elastin and Collagen

Elastin is an elastomeric protein which behaves linearly (Hookean) up to large

strains with a Young’s modulus in the range 0.1 − 1 MPa (for example, cited as

0.6 MPa by Middleman [161]). Elastin is a soft nonlinearly elastic material and is

assumed isotropic. It is extensible up to about 140 % before failure [270]. Collagen

is stiffer than elastin and smooth muscle with values of Young’s modulus ranging

from 5−9 GP a [53] with a maximum extension of 10 % [270]. Collagen fibre mesh

is stiff, nonlinear and anisotropic.
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2.4.2.2 Smooth Muscle

The active vascular smooth muscle in the vessel wall generates a contractile

force, or an active tension which opposes the direction of stretch by contraction or

dilation and contributes to the overall tension acting on the vessel wall. Smooth

muscle is a combination of contractile and elastic components and can take differ-

ent contractile states. A contracted smooth muscle cell can generate a stress (force

per unit area) of 240− 400 kP a [173] with an elastic modulus 10 times larger than

relaxed state [270] between 51 kP a [260] and 1.38 MPa, calculated by Brozovich

and Morgan [36] from stress-strain relationships. Smooth muscle present in the

vessel wall can be modelled as something which modifies the stiffness parameter

of the vessel wall. There is therefore a non-linear dependence of total compliance

on muscular compliance [16].

2.4.2.3 Total Stress

There is variation in elasticity between vessels due to the differing proportions

of elastin, collagen and smooth muscle and the total stress σT (calculated as force

over the total area) is the sum of elastic σe and active stress σa.

σT = σe + σa. (2.36)

2.4.3 Length-Tension Relationships

The isometric length-tension curve represents the maximum potential force

that a muscle is capable of generating at varying strain. The length-tension rela-

tionship states that isometric tension generation is a function of the magnitude of

overlap between actin and myosin filaments. There is also a passive force due to

stretching of elastin which increases non-linearly with strain [42, 57]. The length-

tension curve illustrates the two components of the potential maximum force with

the active tension from the interaction between myosin and actin, and the passive

from connective tissue. At low stretch (below the resting radius), muscle stress de-
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termines the overall tension. As the radius saturates towards the maximum value

(1.3 times the resting radius according to Hathaway et al. [95]), muscle stress de-

creases and passive increases exponentially so that the compliance is determined

by the passive component [57].

2.4.3.1 Experimental Data

The passive and maximally active length-tension characteristics of vascular

smooth muscle (VSM) have been explored in several studies [57, 172, 179] based

on techniques established by Bevan and Osher [23] and Duling et al. [66]. Vessels

are perfused with, or bathed in, activating or relaxing salt solutions to determine

the minimal circumferential tension (passive component) and maximally active

tension (maximally active component) present in the vessel wall at a given circum-

ferential length.The force is measured by a force transducer in the solution. Active

tension is obtained by subtracting the tension in relaxing solution (Ca2+− free salt

solution) from the tension in activating solution (with norepinephrine). Thus the

operating range of wall tension can be defined for a given vessel [41] and also the

variation with pressure.

Passive and maximally active length-tension characteristics of rat mesenteric

arteries have been investigated with in-vitro wire [172, 179, 180]. Table 2.9 sum-

marises the experimental findings of Mulvany [172] and Nyborg [179, 180].

Mulvany conducted 8 experiments measuring active and passive tension over

a range of circumferences (0.5L0 − 1.6L0, where L0 is the circumference πD0 at

which maximum active tension Ta,0 is developed). Mulvany determined that the

maximum active tension of ≈ 100− 200µm diameter arteries was at L0 = 0.96L100,

where L100 was the passive circumference at a pressure of 100mmHg. Mulvany

found a plateau of active tension between 0.9L0 and 1.3L0 where active tension

was 0.8TT ,0 (TT ,0 being the total tension). Active tension fell to 0.3TT ,0 at 1.6L0

(with zero-tension at 1.92L0) and 0.2TT ,0 at 0.5L0 (with zero tension at 0.38L0).
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For the 6 arteries investigated by Nyborg [179] : D0 = 0.83±0.02D100 = 225±12

µm; Ta,0 = 3.68±0.18 N/m and Tp,0 = 0.74±0.1 N/m. Below 0.8L0 and above 1.2L0,

the active tension fell linearly with maximum tone at 1.18L0 and zero tension in-

tercepts (the length at which extrapolated tension equals zero) at 0.4± 0.01L0 and

1.72± 0.04L0.

Nyborg also studied in-vitro wall tension in bovine retinal small arteries using

a pressure-myograph system [180]. AtD0 = 1.1D100 = 215±8 µm, the active tension

was maximum at Ta,0 = 0.94± 0.1 N/m and passive tension Tp,0 = 0.89± 0.21 N/m.

The zero-tension intercepts for active tension were at 0.48±0.02L0 and 1.61±0.04L0

and passive tension at 1.4L0 was 42.91± 12.87 N/m or 43Tp,0.

Table 2.9 collects these values and shows that the magnitude of basal tension is

not proportional to diameter.

L Passive (N/m) Active (N/m)
Mulvany [172] D0 = 208± 9 µm

0.38 L0 0 0
0.5 L0 0.2TT 0
0.9 L0 0.8 TT ,0
1 L0 Tp,0 = 0.62 N/m Ta,0 = 2.46 N/m

1.3 L0 0.8 TT ,0
1.4 L0 2.4 TT ,0 = 12Tp,0 0.6 TT ,0
1.6 L0 4.4 TT ,0 0.3TT ,0

1.92 L0 0 0
Nyborg [179] D0 = 225± 12 µm

0.4 L0 0
1 L0 Tp,0 = 0.74± 0.1 N/m Ta,0 = 3.68± 0.18 N/m

1.5 L0 2TT ,0 = 12Tp,0
1.72 L0 0

Nyborg [180] D0 = 215± 8 µm
0.48 L0 0

1 L0 Tp,0 = 0.89± 0.21 N/m Ta,0 = 0.94± 0.1 N/m
1.4 L0 20TT ,0= 43Tp,0

1.61 L0 0
Table 2.9: The experimental length-tension findings of Mulvany [172] and Nyborg
[179, 180] for arteries where L0 = πD0 is the circumference with maximum active
tension T0.
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Davis and Gore [57] dissected single arterioles from hamster cheek pouch. The

ends of the vessel were held with micro-pipettes which were pressurised to in-

flate the vessel. The internal vessel diameter was measured from images taken

of the procedure. Vessels were activated with a solution of potassium and nore-

pinephrine at varying relative concentrations. Measurements of tension were cal-

culated for passive (activation = 0) and fully active (activation = 1) vessels using

Laplace’s relationship between pressure and diameter, Equation 2.30. The results

are especially useful because it is rare to find a set of data for both active and pas-

sive tension; these are reproduced in Figure 2.10 for a 50 µm arteriole (diameter in

vivo) where L0 = 80.8 µm is the circumference at 60 mmHg in Ca2+, when active

tension is maximum. At shortened lengths, active contraction dominates the force

generation. Just beyond resting length, the active tension is reduced and passive

tension increases. Therefore the active curve is triangular, but non-symmetrical,

[170].

Figure 2.10: (adapted from [57]) Length-tension characteristics of an arteriole.

2.4.3.2 Passive Tension Models

Nyborg [179, 180] described the relative passive tension with an exponential

function (with characteristic b = 4.7 ± 0.2 in retinal arteries and b = 10.1 ± 0.4 in

mesenteric arteries):

Tp
Tp,100

= eb( L
L100
−1) (2.37)

where L100 = πD100, the passive circumference at an intra-luminal pressure of

100mmHg.
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Carlson and Secomb [42] re-labelled this function for absolute passive tension

Tpass, introducing constants: Cpass (Tp,100) and C′pass (b).

Tpass = Cpasse
C′pass( LL0

−1)
. (2.38)

Pries and Secomb [197] developed an expression, Equation 2.39 from Fung

[78], for elastic stress which has two components of elasticity (for elastin and col-

lagen) and where ε is the strain, (D −D0)/D0 = (L−L0)/L0, assumed to be the same

for both elastin and collagen.

σe = C1(eα1ε − 1) +C2(eα2ε − 1) (2.39)

This common strain model is analogous to two springs acting in parallel with

different stiffness parameters α [78] where individual stresses can be added. ε, α1,

α2, C1 and C2 are estimated from stress-strain experiments.

2.4.3.3 Active Tension Models

In skeletal muscle, maximal tension is observed at a specific length. Vascular

smooth muscle is mechanically similar to this skeletal muscle [94]. Since contrac-

tile filaments of the muscle cell overlap, the maximum tension is generated when

the overlap between myosin and actin filaments is maximal. Active tension de-

creases non-symmetrically around this maximum point [102].

Feldberg et al. [76] and Paul [190] both approximate active stress as a triangular

stress-strain function:

σa =


Aσmax

(
1−

∣∣∣∣ε−εmaxεw

∣∣∣∣) , for |ε − εmax| < εw

0, otherwise .
(2.40)

where εw is the working (in-vitro) range of strain L/L0. At ε = εmax, the overlap

between myosin and actin filaments is maximal so that the maximum stress is σa =

Aσmax. At maximum stress, the degree of contraction also depends onA, the degree
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of activation of muscles. A takes a value between 0 and 1 where 0 is complete

relaxation and the basal level is 0.5.

This triangular function can be approximated by a Gaussian function:

σa = be−[(ε−m)/s]2
. (2.41)

where b is the maximum active stress the wall can develop and m and s are the

position and width of the active stress-distension curves. Carlson and Secomb [42]

described active tension in this way with a Gaussian curve:

Tact = Cacte
−
 L
L0
−C′act
C′′act

2

, (2.42)

whereCact is the peak active tension,C′act is the location of maximum active tension

as a function of L0, and C′′act determines the width of the active curve.

Otten [185] suggested an exponential expression which incorporates a param-

eter β to determine the gradient skew (since the active curve is non-symmetrical):

F̂ = e

[
−
(

(L/L0+1)β−1
w

)ρ]
, (2.43)

where F̂ is normalised muscle force (F/Fmax), ε is muscle strain (L − L0)/L0 with

optimum length L0 and ρ, β and w control the roundness, skew and width of the

curve. Increasing ρ increases the gradient of the curve; a negative β has a steeper

contracted gradient whereas a positive β gives a steeper dilated gradient. w corre-

lates with the width of the curve . Kaufman et al. [122] set ρ = 2.

There is therefore no universal expression for use in calculating the active ten-

sion. Feldberg and Carlson and Secomb use symmetrical functions with only Otten

including the skew for active tension.

Section Summary

The transmural pressure leads to strain in the vessel wall which is related to

stress by the elasticity of the components of the wall: principally elastin, collagen
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and smooth muscle. The stress due to pressure is therefore balanced by a function

of passive elastic, and active muscle stress. The active tension is a non-symmetrical

triangular function of strain, with a basal condition near maximum. The passive

tension is a non-linear function of strain as shown by experimental data. The con-

tribution of muscle tension is determined by the activation; the proportion of mus-

cle cells contracted. The next section describes how the activation enables autoreg-

ulation in the vasculature.

Section 2:5 Autoregulation

This section details the current knowledge about the autoregulation process. The

responses to pressure and to metabolic demand are described with reference to existing

models and experimental evidence.

2.5.1 The Myogenic Response

Blood flow in the brain is regulated by the activation of smooth muscle in the

walls of arteriole vessels. Greater pressure leads to greater stretch and, conversely,

greater contraction, which is held for as long as the vessel is stretched. This is

called the myogenic response and has been well documented in cerebral arterioles

[28, 54, 235].

The elasticity of the vessel wall constituent material allows for some passive

dilation to accommodate an increase in global perfusion pressure (the difference

between inlet and outlet pressure). However, within the autoregulation range (ap-

proximately 50 to 150 mmHg) changes in blood pressure result in a much smaller

proportional change in blood flow [178]. This is the phenomenon known as au-

toregulation, first described in the kidney in 1931 [201] after being predicted by

Baylis based on changes in dog hind limb volume during alteration in arterial pres-

sure [13].

If vessels are maximally dilated (which can also be done artificially with drugs),
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then increases in pressure lead to large changes in cerebral blood flow (shown as

the ‘dilated’ path in Figure 2.11). If vessels are maximally constricted, the ‘con-

stricted’ pathway is followed. When allowed to adapt, the net result is the ‘auto-

regulating’ path in which flow changes are relatively small despite large changes

in pressure.

Figure 2.11: The relationship between cerebral blood flow and perfusion pressure
[128] showing the range of autoregulation (50 − 150mmHg) and changes outside
this range

Where the paths meet signify the upper limit of autoregulation through con-

striction at around 150 mmHg perfusion pressure, at maximum dilation which

occurs at around 50 mmHg, the lower limit. The autoregulation curve is therefore

made up of three phases: dilation at low pressure, constriction at high pressure

and then elastic dilation beyond the limit of autoregulation. The plateau of the

curve does not necessarily have zero slope [252].

2.5.1.1 Experimental Studies

Biochemical and experimental methods have both been developed which per-

mit the study of vasodilation and thus the analysis of autoregulation. Hughes and

Bund [107] found that a rat mesenteric artery dilated between 1 and 50 mmHg

before contracting (with minimum diameter at 120 mmHg) before dilating again,

becoming passive in nature. For a 35 µm radius arteriole, the maximum radius was
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1.3 times the resting radius [57, 95]. Hayashi et al. [96] applied pressure changes

at 3 mmHg/s to extracted human cerebral arteries and found a (non-linear) higher

distensibility below 80 mmHg than above 150 mmHg. Hayashi also found that the

radius remained unchanged below 40 mmHg and there is therefore a basal (un-

stretched) diameter which ensures that vessels do not collapse at low pressure.

Hayashi describes the autoregulation curve with Equation 2.44:

ln(P /Ps) = β(R/Rs − 1), (2.44)

where Ps = 100 mmHg and Rs is the vessel radius at 100 mmHg. The log-log graph

is linear between 60 and 160 mmHg with β between 10 and 20. However, this

curve simply replicates an experimental study and does not provide physiological

insight.

This reaction to pressure can also be observed in isolated, pressurised blood

vessels indicating that it is an independent mechanism. Kontos et al. [134] discov-

ered that, in cats, the response was diameter dependent. Dropping the pressure

from 200 to 40 mmHg, it was noticed that the larger vessels dilated first (at higher

pressure) but that the maximum response of vessels with diameter between 150

and 170 µm was less than that for smaller vessels. Different vascular segments

therefore contribute differently to overall network control. Large pial vessels play

a major role during moderate pressure change whereas smaller ones undergo large

vasodilation in response to large pressure drops [253] with intermediate diameter

vessels having the strongest response [162]. The vessel location also affects the

response, with a weak response in small rat mesenteric vessels and a strong re-

sponse in similarly sized cerebral vessels [184]. The strength of response can even

vary within the same vessel bed, for vessels of the same size [137].

2.5.1.2 Clinical Studies

Patients with impaired autoregulation are vulnerable to pressure changes with

a resulting risk of hyperperfusion (high blood flow) or ischaemia (decreased oxy-
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gen due to low blood flow). Studies have attempted to assess the static autoregu-

lation limits with reference to other physiological parameters. The most common

experimental approach is to induce changes in the mean arterial blood pressure

(ABP ) via the infusion of drugs which do not affect metabolism [141, 191].ABP can

be increased by the infusion of phenylephrine, angiotensin or noradrenaline and

decreased by the infusion of sodium nitropusside or thrimethapan [187]. How-

ever, each of these chemicals has its own temporal dynamics which means that the

dynamic response is difficult to obtain.

Jørgensen et al. used a head-up tilting method [119] to induce a pressure

change, Bondar et al. used an external decompression applied to the lower body

[29] and Birch et al. extended this to sinusoidal changes in lower body pressure

[25]. A concern with these static approaches however, is that physiological vari-

ables are also affected [187]. Further, these methods are not suitable for many pa-

tients which inhibits their usefulness.

Dynamic autoregulation is the ongoing alteration of vessel diameter in small

vessels. It can be monitored directly and continuously by Transcranial Doppler

Ultrasound (see discussion in subsection 2.2.6). Aaslid et al. [1] used a thigh-cuff

(which is inflated to cut off flow) to induce a step change in ABP finding a 2 second

lag between pressure drop and CBF response, and a 10−15 second recovery time.

This short time-scale minimises the influence of other variables (CO2 for example)

which impair static measurements, but the painful procedure of cuff inflation may

also induce other responses [187].

2.5.2 The Flow Response

The autoregulation curve is evidence that, within a certain perfusion pressure

range, there is a constant flow in the cerebral network. Increased flow of blood

in a vessel results in a linear increase in pressure-stretch on the vessel wall which

initiates the myogenic response of contraction. Despite this, there is a local dilation
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response to low flow which maintains functional and metabolic oxygen needs and

prevents collapse. This dilation response was demonstrated in arteries by Bevan in

collaboration with Garcia-Roldan and Gaw [80, 82].

Any diameter response has further effects on flow, and therefore on shear stress.

It is possible that vessels respond to low flow directly, or to the shear stress caused

by flow [116]. Shear stress is the frictional drag exerted tangentially on a vessel

wall by the flow of blood. Steady state wall shear τw is found by Equation 2.46 and

so is dependent on viscosity, µ, flow, Q, and diameter, D:

τw =
32µQ
πD3 . (2.45)

Viscosity is also a function of diameter due to the Fåhræus–Lindqvist effect (see

subsection 2.2.2). To prevent a shear increase when flow increases, the diameter

must also increase.

Ursino et al. [253, 249] assumed that high flow is related to high pressure, and

is therefore not an independent signal but instead part of the myogenic response.

Similarly, Ursino assumed that low flow is instead regulated by metabolic require-

ments. Since flow is related to both the pressure gradient along the vessel (∆P ),

and the resistance of the vessel, shear stress can be calculated at steady state as:

τw =
32∆PD

128L
. (2.46)

2.5.3 The Metabolic Response

2.5.3.1 Response to Demand

Although total blood flow remains relatively constant in response to changes in

pressure, local blood flow is continuously readjusted to satisfy the metabolic de-

mand of brain cells. In order to meet the oxygen demand of tissue, adequate flow

must be provided. The result of raising a hand, for instance, is an increase in flow

in the relevant motor area of the brain [98] and a reduced flow in surrounding
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vessels [27]. Terminal vascular beds continually adapt to both demand and cir-

cumstance [150]. This is local, acute autoregulation [3] which works dynamically

to constantly meet the demands of tissue in the brain by altering resistance to flow

[6].

Donegan et al. [61] showed that a reduction of O2 consumption by 50% led

to a reduction in cerebral blood flow by 50% without impairing autoregulation. A

coupling between flow and dilation is important for the adaption of the network to

demand for oxygen. Functional activity is accompanied by an increase in oxygen

extraction [129], followed by decreased venous oxygen content and then local and

upstream dilation which increases flow [228, 84, 75]. It has been suggested that

there also exists collateral flow through networks of ‘dormant’ capillaries [176]

which become active when required [129]. Sokoloff et al. [229] suggested that 10%

of capillaries are subject to recruitment in response to need but this is dismissed

by other researchers [17, 105].

The metabolic demand for oxygen increases when local brain areas increase in

functional activity [262]. Lin et al. [144] found that task-induced increases in oxy-

gen demand were small (12−17 %) with associated small change in tissue concen-

tration (< 10 mmHg in rat [151]) but were accompanied by a disproportionately

large flow increase (Lin found that a 52 − 65 % increase in flow accompanied a

12−17 % increase in demand). Similarly, Masamoto and Tanishita [151] described

how a 10 % increase in CMRO2 results in a 54 % increase in CBF . Therefore

metabolism and flow are coupled systems [34, 229] where flow is increased by

dilation of vessels. However, the extent of overcompensation of flow is not yet un-

derstood, nor why there is such an overcompensation.

2.5.3.2 Response to Supply

A change in supply also affects the tissue oxygen level. Rolett et al. [205] mea-

sured the tissue oxygen partial pressure PT in rat brain by electron paramagnetic
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resonance oximetry and found that it changed depending on arterial oxygen levels

(i.e. with oxygen supply). The arterial oxygen partial pressure Pa,O2
values were

145.1 ± 11.7, 56.5 ± 4.4 and 40.7 ± 2.3 mmHg with corresponding PT values of

15.1 ± 1.8, 8.8 ± 0.4 and 6.8 ± 0.3 mmHg. Johnston et al. [118] found that, similar

to the autoregulation curve, there is little change in flow within the normal range

of arterial oxygen partial pressures (52−97 mmHg) but that decreasing P aO2
from

50 to 25 mmHg doubled the cerebral blood flow. The haemoglobin-oxygen disso-

ciation curve means that the range of oxygen concentration is narrow over these

values of partial pressure. Kontos et al. [134] found that elevating O2 levels typ-

ically causes vasoconstriction of arterioles and reduced flow through the network

[65].

2.5.3.3 The Dynamic Metabolic Response

The dynamic response to a demand increase is a rapid PT decrease and slow

recovery taking up to 25 seconds [4]. The lag results in an overall increase in tissue

oxygen concentration [264]. In experiments, Vazquez et al. [264] found that 10

seconds of rat forepaw stimulation induced a 48.8 % increase in flow and 27.7 %

increase in tissue oxygen tension peaking 9.8 seconds after stimulation onset with

an initial tissue oxygen partial pressure measured to be 32.8 mmHg.

Ances et al. [4] conducted similar stimulations of rat forepaw over 4 seconds

and 1 minute finding an initial tissue oxygen decrease of 0.42± 0.24 mmHg (from

a baseline of 23.1 ± 3.2 mmHg) followed by a rapid initial peak in flow (1 second

later peaking at 55.8± 5.9 % of baseline flow, 4 seconds after stimulus onset). Tis-

sue oxygen increased by 4.6± 0.7 mmHg, or 20.7± 5.9 %, peaking 5.6± 0.2 s after

stimulus onset. At the end of the stimulation period (steady state), blood flow re-

turned to 110 ± 2% of baseline with tissue 102 ± 1 % above baseline. Following

stimulation offset, there was a tissue oxygen decrease −0.71 ± 0.31 mmHg. Ances

therefore found a quicker peak response than that found by Vazquez with a lower
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tissue oxygen increase.

Stefanovic et al. [230] also conducted a fore-paw stimulation experiment and

found a 10.9±1.2% dilation of vessels with diameter smaller than 10 µm (labelled

by Stefanovic as capillaries), a decrease in transit time from 1.6± 0.2 s to 1.2± 0.2

s (corresponding to a 64 % increase in flow calculated from volume and transit

time) and a 19.5±6.2 % flux increase (corresponding to a 32.5 % oxygen extraction

increase calculated from flux and surface area, or a 19.2% decrease in the longitu-

dinal oxygen gradient if this was steady state). The medium vessels (10 − 30 µm)

dilated, on average, by 6.4±1 % with a corresponding 51 % flow increase and 27.15

% increase in oxygen extraction with a 15.8 % decrease in longitudinal oxygen gra-

dient.

Mandeville et al. [149] previously performed a fore-paw stimulation experi-

ment finding a capillary volume increase ratio of 1.09± 0.03 accompanying a flow

ratio increase of 1.6±0.25. This volume increase corresponds with a diameter ratio

increase of 1.02±0.009. Capillaries do not have smooth muscle and so any dilation

is due to a very small amount of elastic material in the wall. Therefore, the vessels

labelled as capillaries by Stefanovic are more likely to be terminal arterioles.

Any imbalance between metabolic demand and supply leads to an initially re-

duced tissue-oxygen level PT . Reduced tissue oxygen might therefore also induce

a flow response. The critical tissue concentration for hypoxia is associated with a

threshold of around 10 mmHg by Johnston et al. [118] and 6.8 − 8.8 mmHg (with

flow at 10 % of baseline) by Rolett et al. [205]. However Masamoto and Tanishita

[151] discovered that a decrease in tissue tension due to metabolic increase does

not ever cause hypoxia implying that the blood flow increase is unnecessary. In

fact, the tissue oxygen concentration increases during demand because the evoked

CBF response exceeds requirements, the reason why is as yet undetermined.

Optical imaging shows that the metabolism of oxygen (CMRO2) increases be-
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fore flow [225] and so the increased flow does not supply the increased oxygen.

Lin extends this to argue that a flow increase is not, in fact, required to maintain

tissue oxygen concentration, or to stimulate oxygen delivery. Furthermore, sup-

pressing the vasodilatory response which allows a flow increase does not affect the

ability to match demand. Instead, the increase in flow is thought to supply oxygen

for tissue concentration recovery. Under suppressed flow conditions (Figure 2.12)

with 10 seconds of increased demand, the tissue oxygen decreased by 11.7 % over

the course of the stimulation from a baseline of 42 mmHg, with a minimum at

10.8 seconds, 0.8 seconds after stimulation offset (where the demand returned to

baseline).

Figure 2.12: Oxygen concentration in the tissue following a 10 second demand
increase of 12.5 %. Tissue concentration reduces to 88 % of baseline in 10 seconds
and over 10 seconds of recovery, tissue concentration recovers to 96 % of baseline
[264]

2.5.3.4 Simulations of Tissue Dynamics

For CMRO2 to be an independent parameter, there needs to be a two-

compartment scenario in which tissue concentration CT can vary dynamically. The

relationship between CMRO2 and CBF is affected by the vessel wall permeability

to oxygen, P , and the surface area S. A lower CT allows for more CMRO2 variation,

similarly a higher S. A two compartment model of tissue dynamics was derived by

Valabrègue et al. [256] to represent the change in tissue concentration with supply

and demand:

Vc · ∂C(x, t)
∂t

= −Q(t) · ∂C(x, t)
∂x

− P S ·
(
Cp(x, t)−CT (t)

)
(2.47)

VT · ∂CT (t)
∂t

= P S ·
(
Cp,avg(t)−CT (t)

)
−CMRO2(t), (2.48)
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where Vc is the capillary volume, VT the tissue volume and Cp,avg is the plasma

concentration averaged over the vessel. The capillary inlet boundary condition is

C(0, t) = Ca, the initial capillary concentration C(x,0) = Cinitial(x) and the initial

tissue concentration CT (0) = CT ,initial

Valabrègue solved for steady state to calculate the transmural gradient of oxy-

gen concentration for a given flow and consumption, reducing the equation for

steady state to:

dCT (x)
dx

= −P S
Q

(Cp(x)−CT ) (2.49)

CMRO2 = P S(Cp,avg −CT ). (2.50)

P S was set to either 7020 or 3000 (ml/min.100g) resulting in a high resting OEF

of 60 % in capillaries, with a PT of 15 and 5 mmHg respectively. Valabrègue found

that an increased tissue oxygen pressure decreased the oxygen gradient and there-

fore the extraction fraction and CMRO2. An uncoupling between flow and con-

sumption was proposed since, otherwise, high consumption leads to a negative

tissue concentration in the equation or an increase in tissue concentration is only

found with a decrease in metabolism.

A very similar 2 compartment model of capillary Cc and tissue CT concentra-

tion averaged over space was proposed by Vazquez et al. [264]:

Vc
dCc(t)
dt

= 2q(t) (Ca −Cc(t))− P Sv
(
Cp(t)−CT (t)

)
(2.51)

VT
dCT (t)
dt

= P Sc
(
Cp(t)−CT (t)

)
−CMRO2(t) (2.52)

Cc = Cp(t) +
4[Hb]

1 +
(
αP50
Cp

)h . (2.53)

The variable q is the dynamic ratio change in blood flow (Q(t)/Q0, where Q0 is

the baseline blood flow) and Vc and VT are the capillary and tissue volumes. The

experimental tissue concentration corresponds to CT (t). The partial pressure of
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oxygen was converted to concentration using the oxygen solubility constant so

that CT = αPo2.

In Vazquez’s simulation, the flow response peaked 6.8 seconds after stimula-

tion and returned to baseline 20 seconds after the stimulation was removed. PT

increased from baseline 32.8mmHg to 41.9mmHg (a 27.7 % increase). Tissue PO2

began to increase 2 seconds after stimulation, peaking at 9.8 seconds. There was

a resulting undershoot to 32 mmHg 30 seconds after stimulus offset with a return

to baseline by 54 seconds after offset. If the flow change was suppressed (to match

the experimental method), the tissue signal decreased from baseline 42.5mmHg to

37.7 mmHg (a 12.7 % decrease) with no lag, reaching a minimum at 10.8 seconds

after stimulation and returning to baseline by 22 seconds after the stimulation was

removed.

In order to match simulations with experimental results, Vazquez had to al-

low the capillary volume to change by 82 % (equating to a 35 % increase in vessel

diameter). This dilation is far higher than found experimentally by Stefanovic. Di-

lation of the capillary would cause both a larger surface area, and thinner walls

- both of which would increase P S but the 82 % increase in capillary volume by

dilation is highly unlikely due to the limits of elasticity in the capillary wall. Cap-

illary recruitment is a possibility (and would also increase flow). Similarly, a larger

wall permeability (an increase of 36.7% delayed by 1.7 s) enabled the simulation

to match the data. An independent increase in diffusivity due to neural activity

was proposed by Mayhew et al. [153].A further possibility is that the oxygen ten-

sion at the vessel inlet increases by 27 % which relies on the reduction of oxygen

extraction within other vessels in the network.

2.5.3.5 Metabolic Control

It has been proposed that either oxygen acts as a direct vasoconstrictor, or that

oxygen inhibits a vasodilatory mechanism. A reduction of inflow causes a buildup
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of vasodilatory metabolites such as CO2 as well as increased production of these

anaerobic dilators [114]. Increased flow potentially increases the washout of these

substances restoring basal dilation. However, under conditions of elevated flow,

when oxygen is applied to tissue the dilation of pial arterioles is reduced imply-

ing that the signal comes from production (rather than washout) of vasodilatory

metabolites [267].

Demand is communicated to other vessels in the network. Groebe [87] assumed

that the venules sense oxygen and carbon dioxide levels and that arteriolar con-

striction and dilation occurs only by the myogenic and shear-dependent response

with a non-local oxygen signal conducted from the venules. Granger et al. [86] sug-

gested that terminal arterioles could be more sensitive to oxygen than larger ves-

sels since this would reduce oxygen tension allowing greater perfusion and oxygen

extraction without altering vascular resistance. It is thought that red blood cells

may act as oxygen sensors and communicators of metabolic demand [72]. Winn

et al. [268] found that adenosine levels in the rat brain also increased as systemic

arterial pressure was reduced below the autoregulatory range.

Red blood cells release ATP at a rate depending on their oxyhaemoglobin sat-

uration level with an increased amount of ATP when exposed to low PO2 (as doc-

umented by Bergdeld and Forrester [20] ). Ellsworth et al. [73] defined vessel hy-

poxia as PO2 < 35 mmHg and found that ATP was also released when exposed

to low pH levels. McCullough et al. [155] applied ATP extra-luminally and intra-

luminally to hamster cheek retractor muscle and noted upstream constriction and

dilation respectively. At an ATP concentration of 10−6M applied intra-luminally,

there was an 8 % increase in vessel diameter corresponding to a 17 % increase in

flow. Collins et al. [49] applied 400 pL (4 × 10−4 mm3) of 10−6 M ATP (i.e. with

a concentration of 25,000 µM/mm3) to the hamster cheek retractor venule which

increased second order and terminal arteriole diameters (450 µm upstream) by
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10 − 12 % with a resulting 60 − 50% increase in red blood cell flux and 90% flux

increase in the capillaries.

The concentration of ATP, then, is able to initiate vessel diameter change. Since

ATP is released by the red blood cells in response to vessel hypoxia, it is poten-

tially an underlying mechanism for the reaction. ATP is released in blood vessels,

whereas a change in tissue oxygen concentration can also cause vasodilation which

precedes the concentration change in the blood vessels. It is therefore likely that

the tissue is the initial instigator of the flow response to demand.

Section Summary

There is a non-linear relationship between blood pressure and perfusion (flow)

because of the dilation and constriction of blood vessels [150]. Vessels are able to

regulate diameter which enables control of resistance to flow [6]. This vasocon-

striction and vasodilation is active and described as autoregulation [150]. Acting

alone, vessels can compensate for local conditions and, collectively, the network of

vessels can ensure that functional demands for oxygen are met and that pressure

changes are accounted for.

There are many hypotheses as to how autoregulation occurs but little argument

that there is both a myogenic and a metabolic response governing the diameter of

blood vessels. Contradictions in the literature have been highlighted here such

as whether there is a flow response, or whether the metabolic response incorpo-

rates low flow. Relevant experimental results have been described which give the

dynamics of the flow response to oxygen demand and the tissue concentration

dynamics. Many potential controllers of vessel diameter have been confirmed ex-

perimentally leading to several hypotheses for what governs autoregulation. These

activation factors are discussed in the next section.
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Section 2:6 Activation of Smooth Muscle

It is the activation of the smooth muscles which forms the basis of the autoregulatory

response since these control the vessel diameter. The proportion of muscle cells activated

is called the activation. This section is an overview of possible physiological instigators

of muscle activation which are used in current models. As well as pressure, studies have

suggested that there is a sigmoidal dependence of muscle tone on wall tension, wall

stress, shear, oxygen and strain and these are outlined here. Also described is the need

for a feedback signal to communicate with upstream vessels and the current modelling

approach to the coordination of vessels.

2.6.1 Activation Model

Over the range of the autoregulation curve (see section 2.5), the total tension

varies substantially due to the change in contributions of active and passive com-

ponents. At low stretch (below the resting radius), muscle stress determines the

overall tension. As the radius saturates towards maximum value (1.3 times resting

radius from [95]), muscle stress decreases and the passive component increases ex-

ponentially so that the compliance is determined largely by the passive component

[57].

The total compliance of a muscle and passive material in parallel is analogous

with resistance in a circuit:

Ctot =
CMCP
CM +CP

, (2.54)

where Ctot is the total compliance, CM the active muscle compliance and CP the

passive compliance. At high strain, muscle tension is reduced. It was previously

assumed that the reduction in active tension at large circumferences was due to

damage but Mulvany and Warshaw [172] showed that this was actually due to the

vascular smooth muscle contractile apparatus and variation in the proportions of
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smooth muscle cells activated.

Carlson and Secomb [42] developed a model of the steady-state diameter pres-

sure response considering variable smooth muscle tone. The wall is represented

as a non-linear spring and contractile unit in parallel and the maximum tone that

can be generated is the sum of a passive (non-linear) spring with tension Tpass and

maximally active (contractile) components of tension (total maximally active ten-

sion Tact) [112]:

Ttotal = Tpass +ATact. (2.55)

The amount of activation of smooth muscle A determines the level of active con-

tribution to tension ranging between 0 and 1 [42] and the total tension is in equi-

librium with the circumferential wall tension experienced due to pressure, deter-

mined by Laplace’s law Equation 2.30. The maximum tension at any muscle fibre

length is the sum of the spring (passive) and active vascular smooth muscle unit

and, below normal operating pressure, there is a basal level of tension which pre-

vents collapse of the vessels, the dominant contribution being active. The tension

is a function of strain, and the level of activation A is determined by other factors.

Feldberg et al. [76] also models the wall as a passive elastic and active muscular

compartment arranged in parallel. Using data from Hass et al. [89] and Casellas

and Moore [43] the relationship between pressure and activation A is shown to

be almost linear in the interval of pressure 1.2 to 16 kP a. Feldberg establishes the

following function with Pmin = 1.2 kP a and Pmax = 16 kP a, where A = 0 is no cell

activation so that the vessel is completely passive, A = 1 is complete activation so

that beyond this level no further contraction can occur. In between, the relation-

ship between pressure and radius is nearly linear.
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AMYO(P ) =


0 for P < Pmin

P−Pmin
Pmax−Pmin for Pmin ≤ P ≤ Pmax

1 for P > Pmax


(2.56)

Jacobsen’s expression (Equation 2.57) depends on the level of cell activation

between 0 and 1 [112]. Relaxed microvessels are not strain free due to a basal

muscle tension, modelled as residual strain by Jacobsen, or as a basal activation of

0.5 by Carlson and Secomb [42]:

R ≈ Rmax (1− a1exp (−a2CM)) , (2.57)

where R is the vessel radius, and a1 and a2 are constants to be found. Both models

lack physiological relevance because they model the curve and not the underlying

processes.

2.6.2 Stimulation of activation

Physiologically, following an increase in pressure, there is an influx of sodium

and calcium through ion channels in the membrane which leads to membrane

depolarisation of smooth muscle cells accompanied by contraction of the vessel

[91, 93, 130, 131]. Activation of smooth muscle cells is therefore linked to the

flux of calcium across the cell membrane [213]. The influx of calcium initiates

the release of stored calcium. The free calcium binds to the thin filaments which

induces actin binding to myosin. The myosin light chain phosphorylation leads,

ultimately, to the contraction of the actin-myosin complex via the hydrolysis of

AT P which supplies energy to the actin-myosin complex so that the filaments slide

past each other [42].

Muscles are activated both by local conditions, and also upstream and down-

stream conditions. The latter has been determined experimentally by Duling et al.

[67] since application of acetylcholine to arterioles leads to both local and ascend-
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ing vasodilation. Conducted responses are transmitted both upstream and down-

stream along vessel walls [14] as well as downstream by the condition of the blood

flowing and the chemicals contained within. There are many proposed triggers for

autoregulation. Namely these are: the pressure response (which might be strain or

wall tension and is called myogenic), the response to flow (which may be a shear

response) and the low oxygen metabolic response (as discussed in section 2.5).

2.6.2.1 Stretch Activation

Since calcium channels in the muscle cell can be activated by stretch [213],

it is possible that the muscle could be responding directly to the strain experi-

enced under elastic deformation. The model of Iida [110] assumes that the wall

elastic modulus is a function of pressure. This accurately portrays the first two

phases of the autoregulation curve but not the high-pressure passive response.

Similarly, Cornelissen et al. [52] set tone to depend on intravascular pressure

whereas Lee and Schmid-Schönbein [143] set the elasticity to be modulated by

a pressure-dependent reference diameter. Borgström and Grände [31, 32] used a

force-equilibrium balance within the vessel wall, so that the myogenic reaction is

triggered by the wall tension and the rate of change of wall tension.

For a stretch-model, there must be a transducing mechanism to sense either

wall tension or stretch and to stimulate VSM contraction. There is disagreement

over possible sensors for this stretch, or wall tension. Davis proposes stretch-

activated cation channels [56] whereas McCarron proposes voltage-dependent cal-

cium channels [154]. Bulbring [247] observed depolarisation and contraction fol-

lowing stretch of guinea pig vascular smooth muscle. Harder blocked the nerve

endings in the adventitia and recorded no alteration in the myogenic response of

cat cerebral arteries [91].

Johnson rejects the possibility that diameter, or pressure induced stretch, reg-

ulate the myogenic response [115]. Multiple activation levels can exist at given
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strain, and the level of calcium is not proportional to strain [279]. Further, the

vessels can constrict to less than the steady state diameter [279].

2.6.2.2 Tension Activation

Johnson suggests the alteration of wall tension as the principal factor of activa-

tion since intracellular calcium concentration, and the level of myosin light chain

phosphorylation correlates with wall tension rather than diameter [279]. Wall ten-

sion, as a mechanical load, could be transmitted to cells via the cytoskeleton lead-

ing to muscle contraction [59]. Johansson and Mellander [113] studied the activa-

tion of resistance vessels by dynamic stress and the depolarisation of muscle cells

was found to better correlate with tension than muscle length [208, 33, 132, 117].

Therefore, Vanbavel and Mulvany [257] and Yang and Clark [273, 272] set the

muscle tone to depend on wall tension in their models.

2.6.2.3 Flow Activation

Experimental data from Kuo et al. [136, 138] show that there is a definite in-

dependent response to low and high flow. At low flow, this can be reduced to a

low-oxygen response. However, the response to increased shear stress is not the

myogenic response of vascular smooth muscle, since it is endothelial cells which

experience shear force [176]. Malek and Izumo [148] found that increased flow re-

orientates and elongates the endothelial cells decreasing the effective resistance to

flow, by reducing drag.

Shear stress also stimulates the endothelium to release chemicals. Endothelial

factors have been identified which influence vessel tone by inducing dilation or

constriction of smooth muscles both locally, and in upstream feeding arterioles

[71, 171, 41]. Michiels found evidence of nitric oxide [NO] being released by the

endothelium in response to shear stress [160], an increase in flow also stimulated

the release of PGI2 and NO which induce vasodilation. NO and PGI2 are thus

known as endothelium-derived relaxing factors (EDRFs) [186, 79].
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Reinhart found that this NO response to shear was effectively instantaneous

[202] and Cornelissen et al. [52] assumed the level of tone generated by VSM was

dependent on the concentration of NO, which gave a sigmoidal function of wall

shear stress. NO also plays an important role in maintenance of basal tone. Flem-

ming et al. demonstrated this [11] by infusing an NOS inhibitor which increased

resting blood pressure.

There are also endothelial released vasoconstricting factors. Peptide endothelin

is one of these factors [271] which is released in hypoxic conditions. Endothelial

factors in the bloodstream are transported to other vessels via the blood causing a

continued downstream response. Although endothelial factors can be transported

by the blood stream, ischaemia damages the endothelium which leads to a dis-

ruption in the release of chemical constrictors and dilators. The endothelium also

acts as a barrier (the blood brain barrier) to the cerebral spinal fluid: due to cell

damage, ischaemia causes the barrier to break down.

Investigators have found both validation and counter-validation of the effects

of preventing endothelium response, as reviewed by Meininger and Davis [157].

For example, in cat cerebral arteries the endothelium derived factors were found

to restore the response in vessels without endothelium [92] but not in rat cerebral

vessels [278]. The conclusion drawn by Meininger and Davis is that the former

could be due to a separate mechanism of autoregulation and that, in almost all

vessels, the endothelium is not necessary for a response so that the reaction de-

pends only on the smooth muscle cells in the walls of arteries and arterioles. The

myogenic response in the absence of shear stress has been tested with low perfu-

sion rate experiments using pressure myograph systems. Small arterioles between

25 and 250 µm diameter have been examined in this way [183]. The three phases of

the autoregulation curve are reproduced implying that the endothelium aids the

response but is not essential.
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2.6.2.4 Metabolic Activation

The metabolic hypothesis describes how the levels of carbon dioxide, hydrogen,

lactate and oxygen affect flow [98]. Borgström and Gestrelius [30] coupled oxy-

gen availability with the activation of vascular smooth muscle assuming that the

concentration of vasodilatory substances affects the dependence of activation on

calcium concentration. Since the result of activity is increased tissue metabolism

(utilisation of oxygen) in specific areas of the brain, the response may also be due

to reduced oxygen concentration and the metabolic pathway. Arciero et al. [6] pro-

posed that low oxygen concentration could instead affect the concentration of ATP

which would induce an upstream vasodilatory response. Adenosine, formed by the

breakdown of ATP, is a potent vasodilator [275]

The effects of chemicals on vessels can be investigated experimentally. It has

been shown that ischaemia leads to co-ordinated upstream and downstream mus-

cle activity in many vessels [121]. Independent reduction of O2, or increases in

adenosine or potassium (for example), causes vasodilation upstream as well as lo-

cally, but in a proactive rather than a responsive manner [109].

Mishra [164] showed that above a CO2 partial pressure of 40 mmHg, flow in-

creases by 1−2 ml/100g/min for every 1 mmHg change in P aCO2. Carbon dioxide

is a product of metabolism, as are hydrogen and lactate. Increased hydrogen and

lactate alter the pH of tissue which causes vasodilation. Figure 2.13 shows the ef-

fect of oxygen and carbon dioxide on cerebral blood flow; the independent reduc-

tion of oxygen below 50mmHg causes an increase in flow which brings increased

oxygen supply.

Figure 2.13: The relationship between partial pressure of carbon dioxide and oxy-
gen in tissue and cerebral blood flow. http://web.squ.edu.om/med-Lib/MED CD/
E CDs/anesthesia/site/content/v04/040118r00.htm
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2.6.2.5 Neural Activation

Behzadi and Liu suggested that the compliance of muscle (in parallel with the

compliance of the elastic vessels) is modulated by neural activity [16]. The overall

compliance is then modulated by local factors, whether by elasticity or muscle

tone or both, in order to regulate diameter. The response to brain function may be

due to the release of vasodilatory substances from active neural cells which diffuse

to the vessel walls, or from mediated signals which are transferred from active

neurons to local vessels.

2.6.2.6 Strain-rate activation

There is a further hypothesis that strain rate has an influence on active stress.

Borgström and Grände [31] calculated active tension as the sum of two terms: one

proportional to circumferential stress and one proportional to the rate of change

of circumferential stress with time.

2.6.3 Activation Signal

Zulliger et al. [280] postulated that wall adaption aims to restore an optimal

biomechanical set point implying that there is an absolute equilibrium and that

deviation from this set point can be sensed by the cells. Jacobsen et al. [112] instead

proposed a myogenic response modelled explicitly, with the rest of the signals

lumped into a constant, which modifies smooth muscle cell activation, requiring

activation to be chemically dependent on absolute vessel parameters. Carlson and

Secomb [42] assumed that activation depends sigmoidally on a sum of varying

factors Stone (comprising of wall tension, strain, pressure for example):

A =
1

1 + exp(−Stone)
, (2.58)

where Stone is the signal derived from a combination of local and conducted con-

ditions compared with basal conditions. At control (basal) state, Stone is zero so
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that activation A is 0.5. Carlson noted that the dependence of activation on wall

tension shows a negative feedback mechanism whereby an increase in tension in-

creases activation which contracts the vessel and reduces wall tension.

In-vivo, arterioles have a basal activation level due to this control signal [58].

Each individual component of the signal has a gain (or weight) Csignal so that, for

instance, the myogenic signal is Cmyo × tension. The myogenic, metabolic and con-

ducted responses were combined to one response signal for activation by Pries

and Secomb [196]. They weighted these responses separately and the values for

the weighting were proposed to be dependent on vessel size. There is evidence of

different weightings in different sized vessels, with some positive and some neg-

ative values [112]. For example, since increased shear stress leads to vasodilation,

the weighting of shear would be negative whereas the vasoconstriction caused by

increased pressure means that the weighting of pressure is positive. Larger arte-

rioles are mostly under myogenic control whereas smaller arterioles respond pre-

dominantly to metabolic conditions [134]. Ursino et al. [253], for example, thus

neglected the shear response in smaller vessels

2.6.3.1 Feedback Signal

Secomb reviewed the mechanisms of signal transfer [195] and found that a

response is conducted from cell to cell along the walls via gap junctions (involving

changes in membrane potential and ionic concentrations). Since these occur via

both endothelial and smooth muscle cells, capillaries and venules also participate

in this conducted response [14].

2.6.4 Passive Vessels

Venules lack smooth muscle and therefore do not have an active response

(though they are elastic). With reference to experimental data [83, 175], Ursino

also assumed that the largest basal arteries in the circle of Willis are not directly

involved in response and are therefore passive [253]. Passive vessels are subject to
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the elastic properties described in subsubsection 2.4.3.2.

Section Summary

Autoregulation is possible because of the activation of smooth muscle which al-

ters the total tension of the vessel. The physiology of muscle contraction is linked

to the availability of calcium, which can depend on various physiological param-

eters. The hoop stress, shear stress and tissue concentration are likely contenders,

along with a signal which is conducted upstream to communicate oxygen avail-

ability. A sigmoidal feedback signal enables a saturation of the number of muscle

cells activated due to a combined signal based on other parameters, which have to

be determined individually for each vessel.

Section 2:7 Stroke

A potential clinical application of a cerebral autoregulation model is to improve

the understanding and diagnosis of vascular disease. This chapter contains informa-

tion related to brain injury which are related to the disrupted supply of blood to brain

tissue. Vascular dementia occurs when blood vessels are damaged so that cells become

oxygen deprived and die in small localised areas. Stroke is either the result of a burst

blood vessel (haemorrhage) or a blood clot (ischaemic). The physiology of ischaemic and

haemorrhagic stroke is described and current diagnosis methods and treatment options

outlined.

2.7.1 Physiology

Dementia is characterised by a loss of cognitive ability beyond what is expected

due to normal ageing [63]. Dementia describes a set of symptoms including mem-

ory loss, disorientation, language problems and difficulty with problem solving

which can be progressive or sudden [206]. Alzheimer’s disease is the most com-

mon cause of dementia and causes a gradual deterioration [212]. Vascular demen-
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tia is also known as multi-infarct dementia and can be caused suddenly by stroke,

or small vessel disease (for example, thickening of the vessel wall), or a mixture

[232].

A stroke is a type of brain injury which leads to a disruption of oxygen supply

to brain tissue. A stroke can be ischaemic, originating from an occlusion (blockage)

of a vessel, or be caused by a burst vessel (haemorrhagic stroke). Strokes occur most

commonly in arterioles rather than venules and 85 % of strokes are ischaemic [55].

Haemorrhagic strokes are the most fatal with about half of patients dying com-

pared with 20 % of those who have had an ischaemic stroke [5]. There also exist

transient ischaemic attacks; a series of mini-strokes due to a temporary decrease

in blood supply to the brain. These are indicative of partially blocked or narrowed

vessels and can be predictors of more severe strokes later on if left untreated [269].

The main disease pathways which cause ischaemic stroke are thrombotic or

embolic. The thrombotic pathway is due to plaque in the vessels; these fatty de-

posits build up and narrow the vessel wall whilst also increasing wall stiffness. An

embolic pathway describes a clot breaking, from as far away as the heart, and trav-

elling downstream, blocking smaller vessels. Reduced vessel diameter can cause

flow to become turbulent which can rupture the plaque and damage the vessel

wall [19]. This damage causes clotting (platelets sticking to the wound) which fur-

ther narrows the vessel wall.

Figure 2.14: The mechanisms of embolism, thrombosis and haemorrhage. Repro-
duced from [50]

Haemorrhagic strokes due to the rupture of a blood vessel can be caused by

high blood pressure or aneurysms. Over time, high blood pressure weakens blood

vessels and makes them susceptible to breakage. An aneurysm is a particularly

81



Claire Lucas 2.7. Stroke

dilated blood vessel (like a balloon) caused by a weakened wall. Aneurysms can

eventually burst, filling the space between the surface of the brain and skull with

blood. This increases the pressure on brain tissue.

As an occlusion develops, the available collateral circulation and autoregula-

tory mechanisms can cope to a certain extent. The flow to affected areas reduces

and adjacent areas have increased flow as a consequence [27]. The resulting death

of brain cells due to reduced oxygen supply affects related functions such as move-

ment, speech and memory potentially causing severe disability [211].

2.7.2 Treatment

The treatment for each type of stroke is different. Ischaemic strokes can be

treated with blood thinners (such as Tissue Plasminogen Activator) to dissolve the

clot, or antiplatelet medicine to stop clots forming [277]. Angioplasty may also be

necessary to remove a blockage by inflating a balloon in a vessel. Surgery can be

used to remove a clot. However, treating a burst vessel in the same way would be

catastrophic. Haemorrhages can be treated with surgery: blocking off an aneurysm

by clamping or bypassing a vessel. Also, leaked fluid must be drained to relieve

swelling [248]. Since the treatment for ischaemic strokes and haemorrhage are dif-

ferent, and time critical, the development of fast and accurate techniques for diag-

nosis is very important. A scan can tell whether a stroke has been due to an infarct

(ischaemia) or haemorrhage but finding the location of a stroke and quantifying

the extent of the damage is harder. Subsection 2.7.3 details the imaging options

available.

2.7.3 Imaging Modalities

Conventional computerised tomography (CT) is an X-ray image reconstructed

to show three-dimensional anatomy. It can be contrast or non-contrast depending

on whether or not dye is injected. CT is able to detect haemorrhage immediately
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following a stroke as a high-contrast area [81]. It is therefore the first modality for

fast decision making due to the availability of CT machines in hospitals. However,

after ischaemic stroke a contrast-CT can be negative for the first 36 hours [103]. A

CT can also be used during therapeutic intervention such as thrombolysis [101].

X-ray angiography procedure is to inject a contrast material into the blood-

stream and radio-graphically visualise the blood vessels from a time-series of im-

ages showing the flow patterns. The vessels themselves are seen by subtracting an

image containing dye from one without and so narrowed or bulging vessels can be

identified. This is useful following another test which has detected an abnormality

[236].

A magnetic resonance image (MRI) creates a three-dimensional picture of the

brain using magnetic fields. An MRI detects changes in brain tissue and is there-

fore useful for detecting strokes in small blood vessels. However, it is slower than

a CT image to acquire.

Ultrasound can be used to investigate blood flow into the carotid arteries in

the neck with trans-cranial Doppler [236]. This reveals the speed of blood-flow

and thus identifies reduced blood flow into the brain. A trans-cranial Doppler can

detect cerebral emboli [70]. An echocardiogram (heart ultrasound) can check the

heart for clots which may have led to embolic strokes [207]. PET (positron emis-

sion tomography) also uses radioactive material to look at metabolic activity in the

brain. It can be used to determine the extent of damage [236].

Although imaging gives a wide range of information, clinicians must rely on a

combination of imaging and symptoms to make decisions [101]. The symptomatic

effects of a stroke are due to the reduced blood flow to specific areas [237]. Pro-

longed reduced flow impairs oxygen supply to tissue and causes tissue death. Spe-

cific brain regions are responsible for different brain functions and so the resulting

disability can indicate the broad location of a stroke. A right-hemisphere stroke
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can result in left-side paralysis of the body or difficulty in reasoning. A stroke in

the left side can result in right-side paralysis and inhibited speech. A brain-stem

stroke is the most devastating since it reduces blood flow going into the whole

brain.

Section Summary

A stroke leads to a disruption of oxygen supply to the tissue and an ischaemic

stroke is caused by an alteration of vessel geometry which cannot be overcome by

vessel dilation. The diagnosis of stroke relies on imaging modalities and knowl-

edge of symptoms. The success of treatment depends on the time taken to diagnose

the type of stroke and so improved understanding of how blood flows around the

brain under pathological conditions would improve the current outlook for stroke

patients. In the following section, existing models of the vasculature, flow and au-

toregulation are described.

Section 2:8 Models of the Vasculature

Since the vascular network is highly complex and active, mathematical models play

a key role in understanding its behaviour [214]. This section details the development of

models representing the vasculature found in the literature as well as models of oxygen

transport and autoregulation. The models described here are those considered to be the

foundations for the creation of an improved model.

2.8.1 Advantages of Models

Compared with experimental study, modelling has many advantages for

analysing biological systems. Often, investigations using in vivo animal studies are

limited by the availability of animals and by the differences between animals and

humans. The complexity of procedure also hinders experiments and modelling

can provide fresh insight into biological problems.
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In creating a physiological model, a human system is translated into a set of

ordinary differential equations and data points which can be run as computer sim-

ulations. Data may be introduced into these models in order to check a hypothesis

or to investigate situations and to predict outcome. Data points from experiments

can be used to validate models in order to prove their predictive powers. This can

be used in personalised modelling for investigating the potential effects of med-

ication, procedures or the time-course of disease. These would be impossible to

replicate experimentally, especially individual models.

A further advantage of models is that they can be coupled together such that,

for example, a model of flow in the brain could be linked to a model of oxygen

consumption, or pharmacological intervention developed elsewhere in order to

build an extended system. This also means that models can be broken down into

smaller components for further investigation. This is a concept of ‘lumped’ models

in which a system component is represented as an input, output and process which

approximates the output from available data. These approximate internal complex

processes as a more simple equation which can be solved for a variety of inputs.

Certain assumptions are made in order to find an equation for the discrete entities,

and many entities can be put together to mimic larger systems.

2.8.2 Lumped parameter models

For the cerebral vasculature, lumped models can be derived from electrical cir-

cuit analogies with current representing flow, voltage instead of pressure and resis-

tance calculated for the vessel resistance. The first models which represented the

adaptive cerebro-vasculature in this way were two or three-compartment Wind-

kessel models with a serial pipe, dilating arteriole and passive venule [276]. The

dilation is represented by a capacitor. Inductors may be used to represent the in-

ertia of the blood in the venous section.

In successive models, [252, 253, 254] Ursino et al. represented the circulation in
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rat brain with a circuit of compliances and resistances. Ursino’s model is a detailed

lumped parameter model. The driving voltage is the arterial pressure with input

current Q equivalent to input flow. The arteriolar ability to store blood is repre-

sented by a capacitor Ca, and resistance Ra is used to mimic the necessary pressure

drop to capillary pressure Pc. There are sections for proximal cerebral arteries, dis-

tal cerebral arteries, capillaries, veins and venous sinuses. The model incorporates

arterial mechanics (allowing changes in vessel elasticity) and feedback of autoreg-

ulation. Since Ursino’s model is a first-order system which reproduces autoregula-

tion data, it is difficult to connect the first-order parameters (gain, time-constant)

to physiological parameters.

Banaji et al. [9] created a model which considered the physiological systems

involved with autoregulation. The model incorporates intracellular calcium and

nitric oxide and the effect on vascular smooth muscle tone. It also takes into ac-

count the extracellular pH and CO2 levels. This model is extremely detailed, with

80 differential equations. Although physiologically representative, it is difficult to

translate as a useful clinical model because parameter values for individual pa-

tients are difficult to establish from data.

Lately, multi-compartment models have been proposed. Carlson et al. [41] and

Arciero et al. [6] represent the vascular system as a series of 7 representative com-

partments: the upstream artery (A), large arteriole (LA), small arteriole (SA), cap-

illary (C), small venule (SV), large venule (LV) and downstream vein (V). The ar-

terioles are divided into large and small based on diameter and are assumed to

be vasoactive with other compartments being passive. The compartments are con-

nected in series with each containing n vessels. Vessels within a compartment are

assumed to be identical with uniform length and diameter. The system is also sym-

metric (so that the length of the small arteriole compartment is the same as the

small venule) although this is not confirmed by the data where venules are larger
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than arterioles found at the same branching order (see subsection 2.2.8).

The resistance of a compartment depends on the number of vessels n and the

resistance of individual vessels in the compartment Ri :

1
R

=
n
Ri
. (2.59)

The total resistance, Rt, for m compartments in series from is the sum of these:

Rt = R1 +R2 + ...Rm. (2.60)

Since flow is conserved in these compartment models, total flow is the same in

every compartment and flow in individual vessels is dependent on the number of

vessels in the compartment:

Qvessel =Qtot/n. (2.61)

Existing compartmental models are very simple. However, they are unable to

model the effect of local changes. What is required for a greater understanding of

individual vessel flow is a model which enables the vessels within a compartment

to adapt individually to investigate network interaction.

2.8.3 Vascular Models

A representative segment model has been developed by Boas et al. [27] based

on an earlier geometric model by Quick et al. [200]. The basis for the model is a

set of vessels with length and diameter arranged in such a way as to distribute

flow with vessels modelled by resistors (Figure 2.15). Boas uses a two-dimensional

branching model with each parent vessel branching into two identical vessels (for

arterioles) or the reverse for venules.

Figure 2.15: Branching resistor showing conservation of flow as voltage and resis-
tors representing vessels from [27]
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The geometry of the Boas model is based on experimental data from Zweifach

and Lipowsky [281] with a 20% diameter decrease in arterioles per branch. The

venule diameter increases by 20% per branch with larger venules than arterioles,

representative of the vasculature. The length of capillary vessels is 250µm and of

all other vessels 100µm. However, the resulting velocity is higher than found in-

vitro.

Figure 2.16: Boas model of a vascular network where dashed lines represent micro-
vascular groups. Reproduced from [200]

Boas models oxygen partial pressure with a uniform tissue oxygen partial pres-

sure of 15 mmHg based on oxygen distribution data gathered by Vovenko [265].

The wall permeability is defined as the multiple of oxygen solubility αw and the

diffusion coefficient Dw [193]:

Kw = αwDw = 5× 10−8µl/mm/s/mmHg. (2.62)

Kw is reduced by geometry (diameter D, length L and wall thickness w) so that:

kw = πDL
Kw
w

= 7× 10−15Mol/mmHg/s (2.63)

for all vessels. The average oxygen saturation of vessel inlet and outlet is found

with lower arteriolar saturation than in-vitro The results are reproduced (at deter-

mined diameters) in Table 2.10.

Boas is able to view the effect on the network of reducing diameter of specific

vessels, or increasing oxygen consumption (initially equal to extracted oxygen cal-

culated by Fick’s law Equation 2.22). Boas establishes that there is ‘surround neg-

ativity’, a reduction in flow (−2%), volume and oxygen saturation in vessels sur-
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Type Diameter Saturation
D (µm) SO2 (%)

A1 30.5 94
A2 24.4 93
A3 19.5 92
A4 15.6 89
A5 12.5 84
A6 10 77
C 8 66

V6 12 61
V5 15 59
V4 18.7 58
V3 23.4 58
V2 29.3 58
V1 36.6 58

Table 2.10: Table collating oxygen saturation as calculated by Boas et al. [27]

rounding the perturbed vessel. However, the model does not include any diameter

autoregulation and does not model any collateral circulation.
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2.8.4 Models Incorporating Autoregulation

In models of autoregulation, the exact chemical or mechanical pathways are

inevitably approximated. Through successive models, Ursino et al. [250, 251, 252,

253, 254] modelled the interaction between different control mechanisms based

on the hypothesis that control is activated when flow rate deviates from the basal

condition. This includes the myogenic model and chemical models. The parame-

ter of maximum active tension Tmax0,j is set and an activation factor A alters the

contribution to tension:

Tmax,j = Tmax0,j

(
1 +Aj

)
(2.64)

An absolute change in perfusion pressure (for large vessels D ≈ 150µm) or flow

(for small vessels D ≈ 75µm) is subject to a low pass filter with a time constant

τ = 10 s with gain G = 0.02/mmHg and this is added to another sigmoidal signal

from the logarithmic change in carbon dioxide concentration with gain G = 1.3

and time constant τ = 20 s, together, these signals modify the activation factor

through a sigmoidal static relationship :

A =
∑ G

1 + τS
. (2.65)

A correction factor for CO2 reactivity at low flow is required to mimic the

impeded reactivity found in-vivo. The steady-state autoregulation results of this

model (flow and radius) are good in comparison with data but the radius varia-

tion is larger than for the data resulting in over-regulation of flow. There are few

vessels involved, and the small vessels are much larger than the small arterioles

calculated by Boas. Further, the model is compartmental approximating large and

small arterioles, capillaries and venules separately.

Pries and Secomb created a network with an initial steady state in agreement
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with data from rat mesentery. The adaptive model [196, 197, 215] consists of sen-

sitivity to various parameters (including wall stress and shear ) represented by

different signals. Individual vessel diameters (D) adapt dynamically according to

an information signal S:

dD
dt

= S ×D. (2.66)

The signal resulting from shear stress is termed St, from transmural pressure

Sp and the metabolic signal Sm. The signals are weighted in order to match the

sensitivity for different vessels. The partial pressure of oxygen in the tissue is as-

sumed proportional to flow and the haematocrit. A signal Sc conducted upstream

from the capillaries based on oxygen levels is summed at nodes whilst decreasing

exponentially along vessels. In order to maintain a minimum vessel diameter (and

prevent collapse) a set point ks is also included in the signal:

S = ktSt + kpSp + km[Sm + kcSc]− ks. (2.67)

A perturbed network will adapt iteratively to minimise the error with the

known final steady state. Pries and Secomb were able to adjust the sensitivity so

that different mechanisms could be isolated. They found that the myogenic mech-

anisms alone would cause the network to collapse to one pathway. Without the

conducted signal, the metabolic signal results in capillaries with high flow due to

their large pressure gradients and small diameter and flow. These are important

results; that the stability of the network depends on the interaction of these sig-

nals. Pries and Secomb assign the same signal sensitivity to all vessels. Further,

this model relies on knowing the steady state resulting conditions of a perturbed

network.

Arciero et al. [6] also used a signal which activates vascular smooth muscle.

Arciero proposes that red blood cells may act as oxygen sensors, able to com-
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municate metabolic demand by releasing ATP at a rate depending on the oxy-

haemoglobin saturation level of the cells. It is inferred that this ATP initiates a

conducted response that travels upstream triggering arteriolar vasodilation in the

same way as Pries and Secomb. The release rate of ATP, R, is a function of the

oxygen saturation, S(x), and based on a linear fit of results of experiments:

R = R0 [1−R1S(x)] , (2.68)

where R0 and R1 are constants describing the ‘maximum release rate’ and ‘pro-

portionality constant’ respectively. ATP is degraded by cells in the vessel wall and

so the change in concentration of ATP (CA(x)) is given by the difference between

release rate and degradation rate:

d
dx

[(1−HD)QCA(x)] =
π
4
D2HTR(S(x))− kdπDCA(x), (2.69)

where HT is the tube haematocrit and the degradation is assumed first order with

rate constant kd . This is solved separately for each compartment at several points

over the vessel in order to allow for change of ATP concentration and saturation

along the length of the vessel.

Similarly to Pries and Secomb, Arciero assumes that the signal decays expo-

nentially with distance travelled, with a length constant L0. However, there is a

signal generated at each point in the network (rather than just in the capillaries)

proportional to the local ATP concentration. The signal is summed from the end

of the largest venule to the midpoints of the arterioles:

S(xmp,k) =
∫ xend

xmp,k

e
−(y−xmp,k )

L0 C(y)dy, (2.70)

where xmp,k is the midpoint of vessel k and C(y) is the ATP concentration at dis-

tance y from the largest venule with endpoint xend .

Arciero calculates the dynamic diameter response as:
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dD
dt

=
1
τd

Dc
Tc

(T − Ttotal) (2.71)

where Dc and Tc are the basal values for diameter and tension, T is the current

Laplace tension, and Ttotal the tension calculated from the combination of active

and passive tension. Unlike Ursino, the activation is also subject to iteration as:

dA
dt

=
1
τa

(Atotal −A) (2.72)

where Atotal is calculated with sigmoidal dependence on the input signal.

Arciero finds that metabolic regulation is opposed by the myogenic and shear

dependent responses, by splitting these responses into large and small vessels,

Ursino avoids this opposition. The model is also compartmental but the small

arteriolar compartment has a more relevant diameter of 14.8 µm. However, the

oxygen demand and ATP release rate values are based on the physiology of

skeletal muscle. In muscle, the demand is variable 1 − 25 cm3O2/100cm3/min

whereas in cerebral tissue, a 12.5 % demand change gives a range of 8.75 − 11.25

cm3O2/100cm3/min. Further, in cerebral tissue there is a tightly controlled narrow

range of oxygen saturation and so the effect on AT P concentration is small.

Section Summary

Several models have been described here in more detail since there are useful

aspects in all of them. Boas’ model incorporates individual vessels but does not

include a diameter response. The conducted metabolic signal based on AT P con-

centration is an especially interesting possibility which could be incorporated into

the Boas model, but there is an issue with the reduced variability of oxygen con-

centration in the brain. Pries and Secomb have a signal which directly modifies the

vessel diameter with components for the myogenic and metabolic responses. The

sigmoidal dependence of smooth muscle activation on signal, as used by Ursino
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and Arciero, is more physiologically relevant. There is therefore scope to incorpo-

rate parts of autoregulation compartmental models into the Boas vascular model

in order to model the vascular response to local oxygen demand, diameter varia-

tion and overall perfusion pressure.

Summary

In this chapter the physiological and mathematical background information

have been described which is relevant to the following work. Experimental data

have been collected and data from cerebral preparations identified. Through-

out the literature review, different modelling approaches have been discussed

with the final section concentrating on some specific models of interest.

By addressing the assumptions of these models, and incorporating different

aspects, an improved tool for investigation into the vasculature could be de-

veloped which could be useful for clinicians diagnosing stroke based on the

flow patterns shown in functional imaging. Most vascular models have com-

partments representing similar vessels. An improved model would have indi-

vidual vessels, accurate geometry producing flow and pressure which is vali-

dated by the data for flow and pressure and be easy to manipulate to model

diameter constriction or dilation.

Data for oxygen saturation indicates a non-uniform oxygen distribution in

the vasculature and tissue which has not previously been incorporated (instead

demand, or tissue concentration is assumed constant). An existing upstream

signal is for a compartmental model with each section containing a number

of vessels. The signal is multiplied by the number of vessels, but this doesn’t

show how signals behave when one vessel in a compartment is damaged which

is important for the understanding of local autoregulation found in previous

investigations.
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The work described in the following chapters is the establishment of a new

vascular model which must have experimentally verified geometry, haemody-

namics and oxygen concentration and will be validated by the myogenic and

metabolic responses outlined in this chapter. The model will be physiologically

relevant whilst still simplifying the cellular processes of muscle activation.

95



C
h

a
p

t
e

r

3
An Anatomical Model of the

Cerebral Vasculature

The work presented in this chapter is an expansion of C. Lucas and S. J. Payne, ‘An Anatom-
ical Model of the Cerebral Vasculature and the Autoregulation of Cerebral Blood Flow. In 6th
World Congress of Biomechanics (WCB 2010). August 1-6, 2010 Singapore, pages 446–449.
Springer, 2010. [146]

The new vascular anatomical model proposed here is similar to the model of Boas

[27] where there are 6 bifurcating arterial generations and a further 6 generations of

venous vessels. It is a branching network though with the capillaries connected at the

ends by 2 further generations of “cross-link” capillaries which have zero flow at steady

state but the ability to take flow if necessary. This is representative of multiple potential

pathways in the vasculature and of the redundancy of some vessels.

In this chapter, a method is described which determines the geometry of the vessels

and calculates vessel resistance. Available pressure and velocity data are used to optimise

geometry so that the flow is conserved in a bifurcating network. The geometry depends

only on the capillary diameter chosen, and the number of generations of vessels. The

vessels are represented as a linear set of equations so that flow and pressure can be

calculated at every point in the system.
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Section 3:1 Representation of the Vasculature

The proposed model of the vasculature comprises vessels connected at nodes

which branch from a single arteriole over 6 generations into capillaries (see Fig-

ure 3.1). These capillaries then converge into 6 generations of venules. The vascu-

lature is modelled as a circuit of resistors with vessels arranged in parallel forming

a generation, and generations in series. There are n = 128 nodes in the model con-

nected by 220 vessels forming 13 generations in total. The numbers of vessels in

each branching generation from arteriole to capillary form a geometric series with

common ratio 2 and this is reversed in the converging generations of venules. Suc-

cessive arteriolar generations (from left to right) are referred to as A1 : A6, capil-

laries C and venules V 6 : V 1. Vessels are then referred to by generation and vessel

number within the generation. For example, A3−4 is the fourth vessel in the third

arteriolar generation.

A6 A5 A4A3 A2A1 C V6V5 V4 V3 V2 V1
0

1

2

3

4
Arterioles
Capillaries
Venules

Figure 3.1: Showing the layout of model including the vertical collateral capillaries.

The map of vessels is stored in an adjacency matrix A. This is an n × n matrix

where each row i (and column j) corresponds to a node of the vasculature. Any

element of the matrix Aij specifies whether or not a connection exists between

nodes n = i and n = j. A vessel existing is represented by 1, whereas a 0 shows no
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vessel connecting the nodes.

Section 3:2 Geometry and Flow

It is an important requirement for any network that flow is conserved, i.e. when

a vessel splits into two equal branches, the flow is halved in each branch. Flow

Q(mm3/s) is equal to velocity v(mm/s) times cross sectional area Ac(mm2):

Q = vAc = v(πr2) = (
π
4
vD2). (3.1)

Multiple pressure and velocity data points (including one for each genera-

tion diameter from the Boas model [27]) were extracted from the line of fit of

the Zweifach graph Figure 2.4 and are given, together with calculated flow, in Ta-

ble 3.1.

3.2.1 Velocity

It is possible to find a fit of this data which can be used to find pressure and

velocity values which correspond to any diameter. In order to find a polynomial

fit of diameter and velocity which is able to solve for all generations, arteriole

diameters are set as negative to mirror them being on the negative x-axis on the

Zweifach graph and capillary diameter is set to 0. Figs are given in the appendix:

Table A.8 gives the results of a third (Equation A.1), fourth (Equation A.2) and

fifth (Equation A.3) order fit of this data.

Although a cubic function passes closest to the capillary velocity (+0.55mm/s)

see Table A.8), it has greater overall error. The root mean squared error (RMSE)

for cubic is 0.9806mm/s and for fourth order is 0.4103mm/s. For a fifth order ap-

proximation, the error is 0.4066mm/s, but the error in the smaller vessels is larger

for a fifth order approximation than a fourth order (see Figure A.1 and Table A.8).

For small vessels (Diameter less than 41µm), the RMSE for a fourth order fit is

0.4240mm/s and for fifth order is 0.4318mm/s.
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Vessel Diameter Velocity Pressure Flow
Type D (µm) v (mm/s) P (mmHg) Q

(×10−3mm3/s)
A 54.6 15.0 87.2 35.0
A 50.7 14.7 84.5 29.6
A 47.3 14.4 82.0 25.3
A 43.4 13.8 78.5 20.5
A 40.3 13.3 75.3 13.6
A 36.1 12.7 70.8 13.0
A1 30.5 11.0 63.3 8.0
A 26.2 9.4 58.3 5.1
A2 24.4 8.7 55.8 4.1
A 22.9 8.0 53.7 3.3
A3 19.5 6.7 49.2 2.0
A4 15.6 5.0 43.3 1.0
A5 12.5 3.2 38.3 0.4
A 11.6 3.4 37.9 0.4
A6 10.0 2.8 35.8 0.2
C 8.0 2.3 34.2 0.1
V6 12.0 1.7 31.7 0.2
V5 15.0 1.8 30.0 0.3
V 16.8 1.8 29.7 0.4
V4 18.7 1.9 27.6 0.5
V 21.1 2.3 28.1 0.8
V3 23.4 3.0 26.9 1.3
V 26.0 3.4 26.3 1.9
V2 29.3 4.5 24.6 3.0
V 31.6 5.0 25.7 3.9
V1 36.6 6.3 23.3 6.6
V 41.0 8.5 23.3 9.9
V 46.1 9.3 22.9 14.2
V 51.7 10.2 22.2 19.6

Table 3.1: Values extracted from Zweifach graph Figure 2.4 [281] with vessel type
identified at the diameters used by Boas in his model [27].

A better fit to these small vessels is achieved with a narrower range of vessel

diameter. Equation A.6 is a fifth order fit of velocity for vessels smaller than 41µm.

The RMSE for the small vessels is 0.2908mm/s. However, this fit cannot be extrap-

olated for fifth order beyond the range: the RMSE for all vessels is 3.3040mm/s due

to the turning points of the fit (see Figure A.2). A compromise between the fit of

the smaller vessels, and ability to extrapolate if necessary (for example, if larger
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networks were to be modelled) uses the fourth order fit (Equation A.5) over a nar-

row range with a RMSE of 0.4143mm/s for vessels D ≤ 41µm, and 0.4382mm/s for

all vessels.

3.2.2 Diameter

The capillary diameter is given by Zweifach as 8µm and relates to a velocity of

2.3mm/s (from Figure 2.4) with a flow of 1.17× 10−4µl/s from Equation 3.1. Since

the total flow at each node is assumed to be conserved, the flow in each vessel of

the 6th arterial and venular generations must be equal to the capillary vessel flow.

Conservation of flow at a bifurcation is assumed for each of the other generations

and so generally Equation 3.2 holds for adjacent generations of vessel:

D2
i vi = 2D2

i+1vi+1 . (3.2)

Equation 3.2 is solved over all generations using fzero (a zero solution routine

in MATLAB) to find the diameter which satisfies the velocity. The resulting di-

ameter values (starting with a capillary diameter of 8µm) are given in the results

(subsection 3.4.1, Table 3.3, 106). These diameters are smaller than those used by

Boas (see Table 3.1). This may be because the correct capillary velocity from the

data is above the polynomial fit and so values are shifted. Nevertheless, the values

of diameter better satisfy the velocity required for conservation of flow. Similarly

to Boas, the venule diameters are found to be bigger than the corresponding arte-

riole diameters as found in-vitro by Vovenko [265].

3.2.3 Wall Thickness

It is difficult to find consistent values for the ratio of wall thickness to lumen

diameter from the literature because of the elasticity of these vessels, which means

that they are thinner at high pressure, and the variation between vessel types. In

Table 2.2, data from rat brain for capillaries and venules are given. Capillaries have

very thin walls, only 1 cell thick. The capillary wall thickness can be set to 3.86%
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based on the experiments in rat brain carried out by Shaver [222]. Venules have

thinner walls than arterioles since they do not have the layer of smooth muscle

found in arterioles. The average value found in cat brain by Roggendorf [204] is

10%.

It can be assumed that wall volume Vw is conserved regardless of vessel diame-

ter change, i.e. if a vessel elastically increases in size, the wall will become thinner

(see Equation 2.8).

Vessel wall volume is calculated as

Vw = πL((R+w)2 −R2). (3.3)

The conservation of wall volume is expressed in Equation 3.5 where w0 and D0

are any reference wall thickness and diameter respectively and vessel length L is

assumed constant:

2Rw+w2 = 2R0w0 +w2
0. (3.4)

Since 2R0 ≡D0, this is equivalent to:

w2 +Dw = w2
0 +D0w0 =

Vw
πL
. (3.5)

Parameter λ is declared:

λ =
Vw
πL
. (3.6)

The rat cerebral arteriole diameter and wall thickness data from Harper [93]

(see Table 2.2) can be plotted as the parameter λ from Equation 3.6 (see Figure 3.2).

λ is fit as a function of experimental diameter (assumed to be D0 µm). A second-

order fit is chosen since a linear fit produces negative results at low diameter, and

a higher-order fit has turning points either side of the range of diameters. For this

quadratic fit, the root mean squared error is 17.88 µm2, which is high, however the

resulting error in wall thickness using Equation 3.7 is only 0.5598 µm.

λ =
Vw
πL

= w2
0 +D0w0 = 0.16D2

0 + 1.4(mm)D0 + 14(mm2) (3.7)
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Wall thickness w can then be found for each vessel at any diameter D with

reference to any other diameter D0 and wall thickness w0 by solving Equation 3.8.

w =
−D ±

√
(D2 + 4(w2

0 +D0w0))

2
=
−D ±√(D2 + 4(λ))

2
(3.8)

The fit shows that the walls of smaller arterioles have less volume as a function of
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Figure 3.2: Showing a quadratic fit of arteriolar lumen and tissue volume data from
[93].

diameter whilst having an increase in wall-to-lumen ratio. Results of Equation 3.7

for the model diameters are given in Figure 3.6 and Table 3.3 in subsection 3.4.1.

3.2.4 Pressure

Zweifach also determined the mean intravascular pressure in cerebral vessels.

These data can also be approximated by a polynomial fit between diameter D µm

and mid-vessel pressure Pv mmHg from Table 3.1.

Similarly to the fit for velocity (as described in subsection 3.2.1), the fifth order

fit Equation A.9 has a lower overall root mean squared error (1.3821 mmHg) com-

pared with fourth-order Equation A.8 (1.8921 mmHg), and cubic (2.6433 mmHg)

but the error in the small vessels (≤ 41µm) is large (2.0403 mmHg and 1.4435

mmHg for fourth and fifth order respectively). Fitting to vessels with diameter
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less than 41µm, the RMSE is 1.6248 mmHg for fourth (Equation A.11), and 0.9909

mmHg for fifth order approximations (Equation A.12). The model diameters found

in subsection 3.2.2 are all smaller than 40µm (the maximum is the feeding venule

with diameter 30.98µm). Extrapolating these fits to the entire diameter range pro-

duces large errors (3.8446 mmHg and 10.8244 mmHg) and so if large networks

with more generations were required, then Equation A.9 is more suitable. The

polynomial coefficients for both fits are listed in Table 3.2.

Polynomial Larger Current
Coefficients Networks Network
p1 (mmHg/µm5) 6.7915× 10−8 2.5706× 10−7

p2 (mmHg/µm4) −2.2463× 10−6 −4.0910× 10−6

p3 (mmHg/µm3) −2.5166× 10−4 −6.3397× 10−4

p4 (mmHg/µm2) 0.0138 0.0168
p5 (mmHg/µm) −0.4248 −0.2846
p6 (mmHg) 33.10108 32.4953

Table 3.2: Comparing the polynomial coefficients for fitting for diameters ≤ 41µm,
and for networks with larger diameters

When fitting for velocity, the diameters are unknown and therefore the fourth-

order plot for small vessels is used. Figure A.2 shows that the fourth-order small

vessel plot extrapolates well compared with the fifth-order. This ability to extrap-

olate is not true for the pressure fit, Figure A.4. Since the model diameters are

already known from previous calculations, the higher order fit for smaller diame-

ters is used here. In general, the fit can be chosen to best incorporate the diameter

range found in the model.

The new model diameters from Table 3.3 are used to calculate pressure at the

vessel midpoint, Pm, using Equation A.12. The pressure is interpolated to find the

input and output node pressure, Pn, of each vessel (and therefore the pressure drop

across each generation ∆P ) and over the entire vasculature ∆Ptot giving an arterial

inlet pressure of Pa = 57.79mmHg (compared with 60mmHg for Boas) and venous

outlet pressure Po = 23.61mmHg (compared with Boas 25mmHg). The resulting
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model mid-vessel pressure is given in Figure 3.7 and Table 3.4 in subsection 3.4.1.

3.2.5 Length

The total flow (the sum of flow in each generation) is 3.7× 10−3µl/s. Using the

flow and pressure gradient values evaluated from the Zweifach data, and viscosity

from subsection 2.2.2; the resistance of each segment is found by Equation 2.1. The

length L of each vessel can then be calculated by rearranging Equation 2.2, giving

Equation 3.9:

L =
RD4π
µ128

. (3.9)

Length is found to be non-symmetric for corresponding generations (see Ta-

ble 3.3): the arterial vessels are longer with smaller diameters than equivalent ve-

nous vessels. The capillary length 144.97µm, and venules and large arterioles have

values ranging between 867.09µm and 91.08µm.

Section 3:3 Method Summary

This section summarises the method proposed in chapter 3 and describes how it can

be used for a network of any size to find geometry which satisfies the conservation of

flow requirement, and matches the Zweifach network. A method for calculating flow

and pressure in individual vessels in the network is then described.

3.3.1 Geometry

The total flow in the network is set by the Zweifach capillary velocity and diam-

eter, and the number of capillary vessels. The number of capillary vessels depends

on how many generations there are in the network. Assuming that total flow is the

same for each generation, vessel flow depends only on the number of vessels in

that generation.

Starting from this assumption, and the fit of velocity and flow data proposed

here, any sized network can be optimised so that the diameter of the vessel is at
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the required velocity for conservation of flow, shown in Figure 3.3.

Set capillary
(generation i=7)
diameter to 8µm

Di vi(Di)

Polynomial fit of
Zweifach data

[281] Equation A.6

Qi = πviD
2
i

4

(n = 2j−1)Qv,j = nQv,i

Assume total vessel flow
n × Qv conserved for

next generation j = i + 1

Di+1

Use fit to find
diameter which
gives this flow

Figure 3.3: Flowchart describing processes used to establish the diameter using the
assumption of conserved flow and data for pressure and velocity as a function of
vessel diameter.

The geometry of the network causes resistance to flow which results in a pres-

sure drop across a vessel. Using the proposed fit of diameter and pressure, the

pressure drop and therefore vessel resistance can be found. This can then be used

to determine the necessary vessel length to cause such resistance (see Figure 3.4).

The geometry of the network can then be found for each generation, assuming

that each vessel within the generation has the same characteristics.
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For vessel diameter Dv

Dv µv(Dv)

Fit of Fahraeus-
Lindqvist relation-
ship Equation 2.5

Pv(Dv)

Polynomial fit of
Zweifach data [281]

Equation A.12

for i = 1 : 13

∆Pv,i = Pv,i+1 − Pv,i
approximate as linear pres-
sure drop between gener-
ations (i), Pin = Pv + ∆Pv

2

Rv = ∆Pv
Qv

Lv = RvD
4
vπ

µv128

Figure 3.4: Flowchart describing processes used to establish the vessel length using
the initial approximation of linear pressure drop along a vessel, and the Fahraeus-
Lindqvist relationship between diameter and viscosity.

3.3.2 Calculating flow and pressure

For a network of individual vessels, the flow is calculated from diameter and

length. This enables re-calculation of flow in the network when vessel parameters

are changed. The resulting vessel conductance G = 1/R is used to weight an adja-

cency matrix of connections using Equation 3.10 so that Gi,j gives the conductance

of the vessel connecting nodes i and j.

Gi,j = 1/Ri,j (3.10)

Kirchoff’s circuit laws states that the sum of current into a node is zero. This

can be expressed for 3-resistors in terms of node pressure Pn, conductance G and

flow Q as Equation 3.12: ∑
Q = 0 (3.11)

Q = G∆P (3.12)

Equation 3.12 can be represented for every node n as a matrix of linear equa-

tions where, if Pa and Po are known, the node pressures can be calculated. Fig-
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ure 3.5 describes how the resulting nodal pressure can be interpolated to find

mid-vessel pressure assuming a linear pressure drop across the vessel. This pres-

sure gradient can then be used with vessel resistance to find the flow in each vessel.

These are calculated for the model and given in Table 3.4 and graphically in Fig-

ure 3.7.

D

L

µ

G = πD4

128µL Qv = ∆PvGv

∑
Qn = 0

∆P = Pn,in − Pn,out

Pn

Conductance G
as a function
of geometry

Sum of flow at
a node n is zero

Figure 3.5: Flowchart describing the process of establishing flow and node-pressure
using geometry and Poiseuille’s relationship Equation 2.1.

Section 3:4 Results

This section compiles the results of calculations described in the chapter and presents

the geometry of a 13 generation branching network and resultant flow and pressure.

3.4.1 Geometry

Table 3.3 gives the geometrical characteristics of the network which are also

presented graphically in Figure 3.6.

In Figure 3.6 (b), vessel V 6 has longer length than other venules, and the capil-

lary. Length is calculated from derived pressure and so this may be an error, espe-

cially with the long capillaries. In comparison, the results for diameter (Figure 3.6

(a)) show a smooth, non-symmetrical decreasing diameter towards the capillaries.
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Generation Diameter Wall /Diameter Length
(no. vessels) (µm) (%) (µm)

A1(1) 23.97 20.2 867.09
A2(2) 19.17 22.19 626.32
A3(4) 15.28 24.94 354.19
A4(8) 12.08 28.85 189.97

A5(16) 9.46 34.52 97.48
A6(32) 7.32 42.87 91.08
C(94) 8 3.86 144.97

V6(32) 11.51 10 295.3
V5(16) 14.53 10 177.72
V4(8) 17.79 10 284.49
V3(4) 21.45 10 429.1
V2(2) 25.7 10 577.68
V1(1) 30.77 10 631.86

Table 3.3: Table collating geometrical properties of diameter from equation Equa-
tion 3.2, and length from Equation 3.9.

Arteriole wall thickness (Figure 3.6 (c)) is calculated from the wall volume and

shows that the smaller diameter arterioles have larger wall thickness.
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Figure 3.6: The model diameter, length and wall thickness are displayed for each
generation of vessels, A1:6, C and V6:1 .
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3.4.2 Pressure and Flow

Table 3.4 gives the resulting velocity and flow of blood, and the mean intravas-

cular pressure of vessels in the network. These are also presented graphically in

Figure 3.7. The results using the training data show that the method is able to

calculate a symmetrical flow using the geometry calculated from the data-fit and

calculating pressure, and subsequently flow, from the pressure at the first and last

node.
Generation Velocity Flow Pressure Viscosity
(no. vessels) (mm/s) (×10−3µl/s) (mmHg) (×10−5mmHg s)

A1(1) 8.2 3.7 54.32 1.75
A2(2) 6.41 1.85 47.92 1.68
A3(4) 5.05 0.92 42.98 1.64
A4(8) 4.03 0.46 39.62 1.61

A5(16) 3.29 0.23 37.36 1.59
A6(32) 2.75 0.12 35.27 1.57
C(64) 2.3 0.12 32.79 1.57

V6(32) 1.11 0.12 30.84 1.61
V5(16) 1.4 0.23 29.9 1.63
V4(8) 1.86 0.46 29.15 1.66
V3(4) 2.56 0.92 28.05 1.71
V2(2) 3.57 1.85 26.51 1.78
V1(1) 4.97 3.7 24.61 1.89

Table 3.4: Table collating results of velocity, flow and pressure calculated from poly-
nomial relationship based on Figure 2.4 and viscosity calculated from the Boas re-
lationship .

Flow is conserved so that it is symmetric across corresponding arterioles and

venules in the network (see Figure 3.7 (a)) . The velocity distribution in the arterial

and venous vessels shows the differing conditions in the arterial and venous sides

of the network due to the non-symmetrical lengths. The velocity at the model di-

ameters is displayed along with those calculated using the polynomial fit of the

Zweifach graph at the same diameter, and similarly for pressure. The pressure

drop shows a large drop over the capillary and post-capillary venule generation

despite the low flow here since resistance is very high. This has an effect on the
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Figure 3.7: Flow and velocity calculated for model geometry and inlet pressure
which more closely matches the data. They are displayed for each generation of ves-
sels, A1:6, C and V6:1 .

calculated vessel length.

The method described is a generic method which enables model construction

of any size by specifying the number of capillaries. Further, with applicable data

this method could be extended to other vascular beds.

Summary

The Zweifach network vasculature data [281] is well replicated by the model

proposed here. To establish the vessel geometry, a method is described which

works backwards from the Zweifach data to find diameter values necessary for

velocity, which is related to required flow. The lengths required to create the

pressure drop which equates to the same flow are then found. The resulting

length and diameter values can be used to calculate resistance, and therefore

validate model flow using the input and output pressures of the system. For

individual vessels, the pressure drop can be found by using the Poiseuille re-

lationship between flow, pressure and resistance. These processes can be sum-

marised by a flowchart describing the use of data to find the diameter values
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Figure 3.3 the length Figure 3.4 and the pressure and flow Figure 3.5. This

model moves on from compartmental or lumped parameter models towards

more detailed spatial models.
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AModel of Oxygen Concentration

in the Cerebral Vasculature

Once flow in the network has been calculated, as outlined in chapter 3, the distribu-

tion of oxygen concentration can be found by calculating oxygen flux across the vessel

wall and consumption from the tissue compartment. The literature review section 2.3

presents a variety of parameter values, both calculated and found experimentally. There

are also conflicting hypotheses for these parameters. Therefore, this model starts from the

cerebral oxygen concentration data found by Vovenko and the parameters are explored

in order to determine a likely set of parameters for cerebral oxygen transport.
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Section 4:1 Data

4.1.1 Fick’s Law

As described by Popel in [193], the flux J of oxygen out of a vessel (the amount

of substance in micromoles µM per unit area mm2 per unit time s) is driven by the

transmural concentration gradient (∆Cw) across the vessel wall, (widthwmm) with

Cv the volume mean vessel oxygen concentration (µM/mm3) and CT the oxygen

concentration in surrounding tissue (assumed to be the same over the entire vessel

length).

The rate of diffusion is determined by the physiology of the vessel wall, pa-

rameterised by the diffusion coefficient for oxygen in tissue Dc(mm2/s). This flux is

equal to the oxygen extracted in the vessel (see Equation 2.20 and Equation 2.21).

The resulting longitudinal concentration gradient in the vessel, dCvdx , is found

using Fick’s law at steady state and depends on the circumference of the vessel

πD(mm) and the blood flow Q(mm3/s), as shown in Equation 2.24.

The solution for this first order ordinary differential equation (with diffusion

coefficient for the wall Dw) is :

Cv(x) = [Cin −CT ]e−
DwπD
wQ x +CT , (4.1)

where Cin is the oxygen concentration in the blood at the inlet of the vessel. The

solution is a non-linear oxygen profile along the vessel, assuming constant tissue

concentration along the vessel, so that the output concentration Cout is found by

the solution of Equation 4.1 at x = L.

Cout = [Cin −CT ]e−
DwπDL
wQ +CT (4.2)

Equation 4.2 can be solved sequentially from a known node concentration but

requires the parameters Dw and CT to be known for each vessel.
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4.1.2 Data and Previous Model

Vovenko determined the partial pressure of oxygen on the inner surface of ves-

sels in rat brain [265]; the findings given in Table 2.4. The conversion between

partial pressure and oxygen saturation used by Vovenko does not fit the standard

oxygen dissociation curve (as described in subsubsection 2.3.5.1). Duling mea-

sured the partial pressure in the lumen of cerebral arterioles in cat [68]. Boas [27]

modelled the oxygen saturation in the cerebral vasculature with tissue concentra-

tion and a diffusion coefficient based on physiological considerations. Some of the

resulting oxygen saturation values from Table 4.1 can be converted into partial

pressure by comparing with the values given by Vovenko.

Type Diameter Saturation Partial Pressure
D (µm) SO2 (%) PO2 (mmHg)

A1 30.5 94 78.7
A2 24.4 93 75.8
A3 19.5 92 -
A4 15.6 89 68.3
A5 12.5 84 61.5
A6 10 77 -
C 8 66 -

V6 12 61 -
V5 15 59 41.3
V4 18.7 58 -
V3 23.4 58 -
V2 29.3 58 -
V1 36.6 58 -

Table 4.1: Table collating tissue partial pressure determined from oxygen saturation
as calculated by Boas in [27]

4.1.3 Concentration Data

Oxygen concentration, Cv (µM/mm3) is converted from average partial pres-

sure via Equation 2.14 with Kh = 0.72 mmHg mm3/µM taken from [256]. These

are given in Table 4.2 :
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Vessel Diameter Partial Pressure Concentration
D (µm) (mean) PO2 (mmHg) Cv (µM/mm3)

A1 45 81.2 112.8
45 80.1 111.3

A2 33 78.7 109.3
A3 26 75.8 105.3

22 72.6 100.83
A4 13 68.3 94.9
A5 8 61.5 85.4
C 8 49.4 68.6

V5 13 38.2 53.1
V4 31 41.1 57.1

Table 4.2: Conversion of partial pressure into oxygen concentration from Vovenko
data [265] and Duling data [68].

Values from Table 4.2 are plotted in Figure 4.1, with the axis labelled at the

diameter. Arterioles are given negative diameter to distinguish them from venules;

capillary diameter is set to 0 (see Table 4.3). The results of the Boas model from

Table 4.1 are also plotted.
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Figure 4.1: Showing the collated oxygen concentration from measured partial pres-
sure from Table 4.2 and Table 4.1
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The Vovenko and Duling data fit well together with Boas removing the anomaly

of the post-capillary venule concentration V 5.

Section Summary

The data described in this section are for cerebral vessels but can be fit against

vessel diameter in order to provide an estimate of the Lucas model oxygen con-

centration. Any fit of the data assumes that diameter (D µm) is indicative of vessel

branching order.

Section 4:2 Data Fitting

4.2.1 Data Manipulation

There are a few issues to consider. Firstly, the partial pressure found by

Vovenko decreases in vessel V 5 compared to the capillaries, potentially because of

shunting. The Lucas model does not include shunting and so the Boas value for V 5

can be included for the fit and the Vovenko V 5 value ignored. Secondly, the oxy-

gen saturation calculated by Boas decreases slightly in V 6 and V 5 and then stays

the same over the rest of the venules (58%). There is no direct PO2 value for 58%

in the Vovenko results, but 57% ≈ 40mmHg and 59% ≈ 41 mmHg so 58% is set as

40.5 mmHg. The resulting data set is given in Table 4.3. The longitudinal gradient

of oxygen concentration is non-linear and the shape of the diameter-oxygen curve

can be described as sigmoidal rather than polynomial: with a flatter initial phase

in the larger arterioles (and in the venules), and the steepest gradient through the

capillaries. Due to varying geometries and functional demand, the oxygen gradi-

ents in different vessels are unlikely to have the same mathematical relationship

between diameter and concentration. Furthermore, the Lucas diameter range for

vessels A1 to V 6 is small compared with the range of the available data with sev-

eral vessels falling between two data points.
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Diameter Concentration
D (µm) Cv (µM/mm3)
−45 112.8
−45 111.3
−33 109.3
−26 105.3
−22 100.8
−13 94.9
−8 85.4
0 68.6

15 57.4
18.7 56.3
23.4 56.3
29.3 56.3
36.6 56.3

Table 4.3: Data set of diameter and oxygen concentration compiled from Boas [27],
Duling [68] and Vovenko [265].

4.2.2 Cubic-Spline Interpolation

Cubic spline interpolation can be used to find the piecewise polynomial fit of

the data in Table 4.3. A piecewise function is a set of multiple sub-functions for

the intervals of the data. The two values for 45µm have to be averaged in order to

use them giving 112.02 µM/mm3. For 12 data points, there are 11 intervals with

cubic polynomial coefficients given in the rows of Table 4.4 which are used in

Equation 4.3 to calculate concentration between the data-points.

Cv = p1D3 + p2D2 + p3D + p4. (4.3)

The resulting fit is evaluated at the Lucas diameters and is shown in Figure 4.2

with concentration values given in Table 4.5. Since the fit is an interpolation be-

tween points, the standard deviation of the measurement error affects the calcu-

lated concentration and causes kinks in the curve (see A2 in Figure 4.2).

117



Claire Lucas 4.2. Data Fitting

−50 −40 −30 −20 −10 0 10 20 30 40
50

60

70

80

90

100

110

120

Diameter µ m

C
on

ce
nt

ra
ti

on
µ

M
/m

m
3

Vovenko Data
Boas Data

Duling Data
3rd-order

Figure 4.2: Oxygen concentration data fit to Lucas diameter. Arteriole diameter is
negative to distinguish from venules.

Diameter range p1 p2 p3 p4
(µm)

−45 : −33 -0.002705 0.06571 -0.62567 112.02
−33 : −26 -0.002705 -0.03167 -0.21719 109.3
−26 : −22 0.017945 -0.088476 -1.0582 105.3
−22 : −13 -0.01102 0.12686 -0.90467 100.8
−13 : −8 0.0101 -0.17068 -1.2991 94.9
−8 : 0 0.0047167 -0.019182 -2.2484 85.4
0 : 15 -0.0022543 0.094019 -1.6497 68.6

15 : 18.7 0.0059182 -0.0074266 -0.35084 57.4
18.7 : 23.4 -0.0050302 0.058266 -0.16273 56.3
23.4 : 29.3 0.00066279 -0.012659 0.051618 56.3
29.3 : 36.6 0.00066279 -0.0009279 -0.028546 56.3

Table 4.4: Piecewise polynomial coefficients to fit diameter between data points to
oxygen concentration.
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Order Diameter Concentration
D (µm) Cv (mean) (µM/mm3)

A1 23.97 102.94
A2 19.17 99.01
A3 15.28 97.11
A4 12.08 93.57
A5 9.46 88.61
A6 7.32 83.86
C 8 68.61

V6 11.51 58.63
V5 14.50 57.57
V4 17.79 56.49
V3 21.45 56.19
V2 25.70 56.36
V1 30.77 56.26

Table 4.5: Table showing the mean vessel concentration using a piece-wise fit of
data from Vovenko [265], Duling [68] and model results from [27].

4.2.3 Calculation of the Node Concentrations

The capillaries measured by Vovenko have an average diameter of 8 µm and

length of 258 µm long with a longitudinal oxygen gradient of 91.5 µM/mm3/mm

and mid-vessel concentration 68.61 µM/mm3. The Lucas model capillary has di-

ameter 8 µm and the length is 144.97µm. The inletCin and outletCout node concen-

trations Cn,cap can therefore be calculated using the average longitudinal gradient:

Cn,cap = 68.61± 13.26µM/mm3, (4.4)

so that Cin = 75.24 µM/mm3 and Cout = 61.98 µM/mm3 . These are compared with

the average capillary node concentrations measured by Vovenko of 80.42µM/mm3

and 56.81µM/mm3.

The node concentrations calculated for the capillaries can be used, together

with the mean arteriole concentration, to find the node concentrations sequentially

in the arterioles where j is the vessel generation (j = 6 for A6) and Cout,A6 = Cin,C :

Cin,j = 2Cv,j −Cout,j = 2Cv,j −Cin,j+1. (4.5)
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With this method, the inlet vessel concentration for A6 is calculated to be 92.49

µM/mm3 which is higher than the average concentration of A5. If the value for

Cout,j is greater than the average vessel concentration (as happens in A5), the oxy-

gen inlet concentration is taken to be the average of the vessel concentrations as an

approximation, enabling the calculation of node concentrations to continue. Ta-

ble 4.6 gives these updated results where new concentrations are parenthesised in

and Cv is updated accordingly.

Order Concentration Inlet Outlet Gradient
Cv (mean) (µM/mm3) Cin (µM/mm3) Cout (µM/mm3) ∆C

L (µM/mm3/mm)
A1 102.94 104.9 100.97 4.53
A2 (100.36) 100.97 99.75 1.95
A3 97.11 99.75 94.46 14.94
A4 93.57 94.46 92.68 9.37
A5 (92.58) 92.68 92.49 1.98
A6 83.86 92.49 75.24 189.33
C 68.61 75.24 61.98 91.50

V6 (61.25) 61.98 60.52 4.92
V5 (60.04) 60.52 59.56 5.45
V4 (58.32) 59.56 57.08 8.71
V3 (56.85) 57.08 56.62 1.08
V2 (56.54) 56.62 56.46 0.27
V1 56.26 56.46 56.06 0.64

Table 4.6: The mean vessel concentration with updated values (parenthesised) cal-
culated as described.

4.2.4 Consideration of the Longitudinal Gradient

The longitudinal gradient of A6 is extremely high, although it is expected

that longitudinal gradients increase with decreasing diameter [234]; Swain and

Pittman measured an 18.6%/mm saturation gradient in 21µm hamster retractor

muscle arterioles. The uncertainty in measurement of the smallest arteriole by

Vovenko is ±12mmHg. At a minimum, this vessel would have concentration 68.75

µM/mm3 (compared with 85.42 µM/mm3 as measured). If the longitudinal gra-

dient for the pre-capillary arteriole was set to the same as the capillaries (91.5
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µM/mm3/mm), the mean concentration ofA6 calculated from the outlet concentra-

tion would be 79.41 µM/mm3 (see Table 4.7 for updated values). The consistency of

the longitudinal gradient is improved, althoughA2 has a very low oxygen gradient.

The data is therefore largely affected by where the concentration measurement is

Order Concentration Inlet Outlet Gradient
Cv (mean) (µM/mm3) Cin (µM/mm3) Cout (µM/mm3) ∆C

L (µM/mm3/mm)
A1 102.94 106.74 99.14 8.76
A2 99.01 99.14 98.87 0.42
A3 97.11 98.87 95.34 9.99
A4 94.49 95.34 93.64 8.92
A5 88.61 93.64 83.58 103.25
A6 79.41 83.58 75.24 91.50
C 68.61 75.24 61.98 91.50

V6 60.04 61.98 58.1 13.13
V5 57.57 58.1 57.05 5.94
V4 56.78 57.05 56.52 1.85
V3 56.46 56.52 56.4 0.28
V2 56.36 56.4 56.32 0.13
V1 56.26 56.32 56.19 0.2

Table 4.7: The mean vessel concentration with updated values considering the oxy-
gen gradient of A6.

taken along the vessel length. Assuming that the data points are mid-vessel causes

problems when interpolating nodal concentration. Further, the standard devia-

tion of the concentration measurements affects nodal concentrations. The final set

of reference concentrations in Table 4.7 has been altered by considering the rela-

tionship between longitudinal gradient and vessel diameter in order to establish

nodal concentrations which decrease along the vessel length.

Section Summary

In section 4.2, available data are interpolated to calculate estimates for Lucas

vessel concentration based on the Lucas vessel diameters. A resulting set of ref-

erence vessel concentration and diameters is presented in Table 4.3. A method to

calculate capillary inlet and outlet node-concentration is then described, based
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on averaged capillary longitudinal oxygen gradient from the data. These values

are then used, together with the calculated vessel concentration, to calculate the

nodal concentration for other vessels. The estimated vessel concentrations calcu-

lated from the piece-wise fit are revised due to the necessity for Cin ≥ Cout and

then again due to considerations of longitudinal oxygen gradient. The vessel and

node-concentrations are updated and presented in Table 4.7.

These concentration values are a starting point for exploration of the param-

eters in Fick’s equation: the tissue concentration, and the diffusion coefficient, as

described in section 4.3.

Section 4:3 Fick’s Law Parameters

In this section, the parameters used in Fick’s law are explored using the reference

oxygen concentration calculated in the previous section. As well as vessel geometry and

blood flow, the flux of oxygen from blood into tissue is proportional to the transmural

oxygen gradient (across the vessel wall) and the diffusion coefficient of oxygen in tissue.

Transmural oxygen gradient is the difference between vessel and tissue concentration

and therefore tissue concentration also affects the rate of oxygen transfer.

Initially, the diffusion coefficient is calculated assuming uniform tissue concentra-

tion at 40 µm into the tissue for all vessels. The radial tissue concentration is then

considered both in the tissue and in the vessel wall. Finally the diffusion distance (the

distance into the tissue over which diffusion is calculated) is explored so that both vessel

wall consumption and tissue consumption are examined.

4.3.1 Diffusion Coefficient: Uniform Tissue Concentration

Tsai calculates a value for the diffusion coefficient of the vessel wall in [243]

as Dw = 1.7 × 10−3mm2/s but Vadapalli measures a smaller value of Dw = 9.61 ×
10−4mm2/s [255] in human arteries. Both are calculated from the transmural oxy-

gen gradient which requires knowledge of the tissue concentration. Boas assumes
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a constant tissue partial pressure of 15mmHg in the brain, which converts to

20.83µM/mm3 by Henry’s law (Equation 2.14). Assuming a tissue concentration

of 20.83µM/mm3, the capillary wall diffusion coefficient can be calculated by re-

arranging Equation 4.2 for Dw and the capillary node concentrations taken from

Table 4.7:

Dw = − wQ
πDL

ln

(
Cout −CT
Cin −CT

)
. (4.6)

This givesDw = 2.74×10−6mm2/s, which is much smaller than the values for the

wall calculated by Tsai and Vadapalli. The capillary flow is low (0.12×10−3mm3/s)

and the walls are very thin (3.088×10−4mm from Table 3.3) which results in a very

low value for diffusion coefficient. However, the associated permeability (from

Equation 2.19) is 0.0089 mm/s, which is higher than 0.0053 mm/s calculated by

Kassissia [120], the thin wall increasing permeability. Ursino [252] models the cap-

illaries as supplying tissue up to 40µm away (rather than over just the wall) and

assumes that the wall is not a separate barrier to diffusion. Using this distance in-

stead of w, the value for Dw becomes 3.55 × 10−4mm2/s (permeability still 0.0089

mm/s), which is much larger but is still an order of magnitude smaller than given

by Tsai and less than half of the Vadapalli value.

For other vessels, with CT = 20.83µM/mm3 using w = 40µm, the diffusion co-

efficient has a range over two orders of magnitude (see Table 4.8) but still smaller

than Vadapalli. The capillary and pre-capillary arteriole have similar diffusion co-

efficients. Vessel A5 offers least resistance to oxygen diffusion (hence the large lon-

gitudinal oxygen gradient Table 4.7) and vessel A1 has permeability close to the

value proposed by Kassissia.

A larger value of Dw requires a larger diffusion distance instead of w (which

would also decrease permeability), or a smaller tissue gradient Cv −CT . It is there-

fore likely that vessels supply a larger tissue volume, or that the tissue concentra-

tion is lower at 40 µM distance than assumed by Boas. The assumption of uniform
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tissue concentration is thus explored in the next part.

Order Diffusion Coefficient Permeability
Dw(×10−4mm2/s) Kw (×10−3mm/s)

A1 2.10 5.25
A2 0.07 0.18
A3 1.01 2.53
A4 0.59 1.48
A5 4.75 11.88
A6 3.15 7.88
C 3.55 8.89

V6 0.43 1.08
V5 0.33 0.83
V4 0.17 0.43
V3 0.04 0.10
V2 0.03 0.08
V1 0.09 0.23

Table 4.8: Calculation of the diffusion coefficient using Boas’ uniform tissue con-
centration assumption [27] of CT = 20.83µM/mm3.

4.3.2 Radial Tissue Concentration Gradient

It is clear from experiments carried out in the rat brain by Vovenko [265] (re-

produced in Figure 2.8) that tissue oxygen concentration is non-constant through-

out the vasculature and non-linear radially throughout the tissue. Values given in

Table 4.9 are at external vessel wall oxygen tension PO2,0 (at the interface between

vessel wall and surrounding tissue) and at points throughout the tissue. ∆PO2/30

is the gradient between PO2,0 and PO2,30, likewise for ∆PO2/40. ∆PO2/10 is the

gradient between PO2,30 and PO2,40, i.e. further from the vessel wall. These values

agree with the gradients described in subsubsection 2.3.5.3.

If the tissue tension at 40µm is calculated as a function of wall tension, the

ratios are consistent (Table 4.10). Since C relates linearly to PO2, equations 4.7

- 4.9 are proposed with C0 the concentration at the interface between the vessel

wall and tissue, and CT ,A, CT ,C and CT ,V the tissue concentration at 40 µm. The

relationships found in Table 4.10 can be used to find tissue concentration as a
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Type PO2,0 PO2,30 PO2,40 ∆PO2/30 ∆PO2/40 ∆PO2/10
mmHg mmHg mmHg mmHg/µm mmHgµm mmHgµm

A 73 50 40 0.83 0.88 1
A 68 45 40 0.77 0.7 0.5
A 61 36 - 0.87 - -
A 53 35 32 0.60 0.53 0.3
A 50 31 28 0.63 0.55 0.3

average A - - - 0.74 0.64 0.53
C 47 37 - 0.33 - -
C 43 30 28 0.43 0.38 0.2
C 40 31 - 0.30 - -

average C - - - 0.35 0.38 0.2
V 43 34 32 0.30 0.28 0.20
V 34 27 26 0.23 0.20 0.10
V 33 25 24 0.27 0.23 0.10

average V - - - 0.27 0.24 0.13
Table 4.9: Table extracting approximate tissue partial pressure at 30µm and 40µm
depth, extracted from Figure 2.8 [265]

function of wall concentration, if the concentration immediately next to the wall

is known, using equations 4.7 - 4.9. Therefore the transmural oxygen concentration

gradient (Cv −C0) is required.

Type PO2,0 PO2,40 PO2,40/PO2,0
mmHg mmHg

A 73 40 0.53
A 68 40 0.59
A 53 32 0.60
A 50 28 0.56

average A - - 0.57
C 43 28 0.65
V 43 32 0.74
V 34 26 0.76
V 33 24 0.73

average V - - 0.74
Table 4.10: Table of tissue partial pressure at 40µm depth, extracted from Figure 2.8
[265] as a function of vessel partial pressure

CT ,A = 0.57C0 (4.7)

CT ,C = 0.65C0 (4.8)
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CT ,V = 0.74C0. (4.9)

4.3.3 Transmural Concentration Gradient

There is a concentration gradient across the vessel wall which may be simi-

lar to that in surrounding tissue, or higher due to consumption in the wall (see

discussion in subsubsection 2.3.5.7). The consumption in the capillary wall is

lower than for other vessels due to the lack of smooth muscle. This has an ef-

fect on the calculated diffusion coefficient. Vovenko measured a value of capil-

lary tissue concentration of 59.72µM/mm3 close to the vessel (gradient 2.88 × 104

µM/mm3/mm) through to 38.89µM/mm3 40µm into the tissue (gradient 743

µM/mm3/mm). This correlates to a diffusion coefficient (calculated using Equa-

tion 4.6) of 5.76×10−4mm2/s for distal tissue (permeability 0.0144 mm/s by Equa-

tion 2.19), or 4.45 × 10−6mm2/s for the wall (with the same permeability 0.0144

mm/s). These permeabilities are an order of magnitude higher than calculated in

subsection 4.3.1. The transmural gradient is extremely high. Due to the very thin

capillary wall, however, this measurement is unlikely to have been taken at the

wall/tissue interface and so it is more useful to assume a constant radial gradient

for capillary wall and tissue.

4.3.4 Diffusion Distance (Tissue Radius)

Duling [64] and Boas [27] both state diffusion coefficient to be proportional to

wall thickness. Tsai [243] also proposes consumption in the vessel wall, which is

proportional to the amount of smooth muscle present (and therefore to the tissue

volume). Kassissia [120] calculates a value for permeability Kw = Dw/w of 5.3 ×
10−3mm/s. Over a 40µm tissue distance, Dw would be 2.12× 10−4mm2/s, less than

half the value calculated for capillary vessels in subsection 4.3.3 with CT = 38.89.

For other vessels, setting Dw = Kw×w = 2.12×10−4mm2/s, the tissue concentration
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is calculated for each vessel using Equation 4.10 (rearranged from Equation 4.2).

CT =
C0 −Cie

−DwπDL
wQ

1− e −DwπDLwQ

(4.10)

The resulting values, Table 4.11, show very little consumption in venule tissue

since the oxygen gradient is very low. The negative values in A5,A6 and C are

due to a very high oxygen gradient; Dw in these vessels is therefore higher than

2.12 × 10−4 mm2/s. Since there is a transmural gradient, the ratio CT ,40
Cv

should

be greater than those values used in equations 4.7 - 4.9. If w is considered to

Vessel Concentration Distal Tissue Concentration Ratio
Cv(µM/mm3) CT ,40(µM/mm3) CT ,40

Cv
(µM/mm3µm)

102.94 21.64 0.21
99.01 96.56 0.98
97.11 60.77 0.63
94.49 73.99 0.78
88.61 -62.97 -0.71
79.41 -7.47 -0.09
68.61 -10.98 -0.16
60.04 51.97 0.87
57.57 51.88 0.9
56.78 53.88 0.95
56.46 55.73 0.99
56.36 55.79 0.99
56.26 54.8 0.97

Table 4.11: Calculation of the tissue concentration in the 40µm region and associ-
ated relationship with vessel concentration.

be the actual vessel wall distance, and the diffusion coefficient Dw = 5.3 × w
×10−3 mm2/s, the equation would yield the same concentrations but at the ves-

sel wall with the resulting wall gradients shown in Table 4.12. The transmural

gradient for the arterioles is larger than evaluated in the brain by Duling and

Vovenko (see subsubsection 2.3.5.7). The value for A6 is close to that found by

Santilli (27.78µM/mm3/µm). A3 (diameter 15.28 µm) is similar to the 23.2µm

vessel evaluated by Tsai (10.93µM/mm3/µm). V 6 has a gradient larger than the

4.17µM/mm3/µm value calculated in venules by Intaglietta [111] but V 3, V 2 and
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V 1 have low gradients. The high gradient for C over the thin wall implies large

amounts of consumption in the capillary wall since oxygen loss is large.

Order Dw Wall Gradient
×10−5mm2/s dC

dw (µM/mm3µm)
A1 2.57 16.79
A2 2.25 0.58
A3 2.02 9.54
A4 1.85 5.88
A5 1.73 46.41
A6 1.66 27.68
C 0.16 257.75

V6 0.61 7.01
V5 0.77 3.92
V4 0.94 1.63
V3 1.14 0.34
V2 1.36 0.22
V1 1.63 0.47

Table 4.12: Presenting the results of the assumption of wall permeability as a func-
tion of wall thickness.

Section Summary

In section 4.3 the tissue concentration is shown to be non-uniform. The trans-

mural oxygen concentration gradient is found to be important in calculating an

appropriate diffusion coefficient for the vessel wall. This diffusion coefficient is

not a constant for oxygen in tissue, but is variable, perhaps with tissue volume.

Consumption in the vessel wall results in a higher transmural gradient than in

surrounding tissue, this could also be due to a lower diffusion coefficient. Wall per-

meability is probably higher than in surrounding tissue though, due to the small

wall thicknesses, since setting permeability to 5.3×10−3 mm/s results in transmu-

ral gradients which are too high. Therefore it is the consumption of oxygen which

affects the values for diffusion coefficient calculated previously, as discussed in

subsubsection 2.3.5.8. In subsection 4.4.1, the resulting model parameters of per-

meability and transmural concentration gradient are described.
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Section 4:4 Lucas Oxygen Transport Model

This section describes the parameters used in the Lucas model to calculate tissue

oxygen concentration and flux. There is also a description of the method used to solve

sequentially from the arterial inlet concentration.

4.4.1 Model: Tissue Concentration

In light of the results above, the model of exchange with wall permeability can-

not be assumed to apply over the capillary wall since the gradients calculated are

too high. Capillary oxygen exchange is approximated by assuming that the ves-

sel supplies 40µm tissue with no capillary wall (so that the diffusion distance is

w = 40µm). The distal tissue concentration is set to 31.11µM/mm3 so that over

the first 10µM the gradient is 2.07µM/mm2/µm (as found by Intaglietta) dropping

to 0.52µM/mm2/µm over 35µm as found by Vovenko. The resulting diffusion co-

efficient value is DT = 4.54 × 10−4mm2/s (permeability 0.0113 mm/s.) This value

is twice as much as was calculated using the permeability for tissue proposed by

Kassissia, although the experimental value proposed by Kassissia was based on the

diffusion of tracer oxygen in water in capillaries.

Arterioles have oxygen consumption in the wall as well due to smooth mus-

cle and endothelial cells. The venules also have oxygen consumption in the wall

due to the endothelial layer. In these vessels (A1 : A6 and V 6 : V 1), the amount of

oxygen consumption is proportional to the volume of the cell wall and so can be

standardised by the transmural gradient. Therefore, in arterioles and venules, the

diffusion distance is better approximated as the vessel wall thickness than the tis-

sue radius. To incorporate the transmural wall gradient, β, a function is proposed
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for tissue concentration for arterioles and venules:

CT ,A = Cv,A −wβAµM/mm3 (4.11)

CT ,C = 31.11µM/mm3 (4.12)

CT ,V = Cv,V −wβV µM/mm3 (4.13)

For arterioles, the concentration gradient over the wall can be approximated as

βA = 3.30µM/mm3µm [243]. Since Duling showed that smaller vessels have higher

gradients, the upper bound of the range is chosen. For venules, the gradient over

the wall is set to βV = 4.17µM/mm3/µm [111] .

4.4.2 Model: Wall Permeability

The diffusion coefficient, Dw, is calculated using Equation 4.6 with tissue con-

centration from Equation 4.13. The wall permeability Sw =Dw/w is then evaluated.

Since the transmural gradient is the same for each type of vessel, the difference in

value is due to the longitudinal oxygen gradient and differences in permeability.

The permeability is not consistent due to the varying amount of smooth muscle

and endothelial cells in the wall. The permeability of the thinner-walled arterioles

A5 and A6 is higher than A1 : A4. Similarly V 6 : V 5 have higher permeability val-

ues than V 3 : V 1 but lower values than the arterioles. The values are calculated

based on the estimated reference node concentration from Table 4.7, these values

are affected by the fit of the data. A model based on physiological parameters uses

Sw to calculate the flux. Sw is estimated by taking average values for the small and

large arterioles and venules (vessels A1 : A4, A5 : A6, V 6 : V 5 and V 4 : V 1).
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Order Dw Sw Sw (average)
1× 10−4 mm2/s 1× 10−3 mm/s 1× 10−3 mm/s

A1 1.33 27.48 13.32
A2 0.04 0.92 13.32
A3 0.59 15.41 13.32
A4 0.33 9.46 13.32
A5 2.64 80.77 63.93
A6 1.48 47.09 63.93
C 4.54 11.34 11.34

V6 0.11 9.26 7.12
V5 0.07 4.98 7.12
V4 0.04 2.07 0.85
V3 0.01 0.43 0.85
V2 0.01 0.28 0.85
V1 0.02 0.60 0.85

Table 4.13: Wall permeability calculated from diffusion coefficient.

4.4.3 Model: Node Concentration

Equation 4.2 can be solved sequentially from the inlet of A1 to give node con-

centrations with Equation 4.13 substituted for CT at basal state:

Cout = Cin − 2βw
1− e− SwπDLQ

1 + e−
SwπDL
Q

. (4.14)

The inlet concentration is calculated by solving Equation 4.14 in reverse from the

known capillary inlet concentration with Sw from Table 4.13 givingCin,A1 = 107.23

µM/mm3.

Section Summary

The parameters which describe oxygen transport in the Lucas model are given

in Table 4.14. Arterioles, capillaries and venules are considered to be physiologi-

cally different with resultant different values of wall permeability. The transmural

oxygen gradient across the wall is considered in order to calculate a non-uniform,

steady-state tissue concentration for all vessels. Since the capillary wall is very

thin with no smooth muscle, the wall and tissue are grouped together with tissue

radius 40 µm.
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Parameter Symbol Value Units Reference
Large Arterioles A1 : A4

Inlet Concentration Cin,A1 107.23 µM/mm3 subsection 4.4.3
Permeability Sw =Dw/w 1.33× 10−2 mm/s subsection 4.4.2

Transmural Gradient βA 3.30 µM/mm2/µm [243] subsection 4.4.1
Small Arterioles A5 : A6

Permeability Sw =Dw/w 6.39× 10−2 mm/s subsection 4.4.2
Transmural Gradient βA 3.30 µM/mm2/µm [243] subsection 4.4.1

Small Venules V 6 : V 5
Permeability Sw =Dw/w 7.12× 10−3 mm/s subsection 4.4.2

Transmural Gradient βV 4.17 µM/mm2/µm [111] subsection 4.4.1
Large Venules V 4 : V 1

Permeability Sw =Dw/w 8.46× 10−4 mm/s subsection 4.4.2
Transmural Gradient βV 4.17 µM/mm2/µm [111] subsection 4.4.1

Capillaries
Permeability Sw =Dw/0.04 1.13× 10−2 mm/s subsection 4.4.2

Tissue Gradient βC 0.94 µM/mm3/µm subsection 4.4.1

Table 4.14: The parameters required for calculating node and tissue concentration.
The permeability for capillaries is averaged over a 40 µm tissue radius rather than
wall thickness, as described above.

Section 4:5 Model Results

Final results calculated using Equation 4.14 with A1 inlet concentration 107.23

µM/mm3 and parameters listed in Table 4.14 are given in Table 4.15. The tissue

concentration is calculated with Equation 4.13 with vessel concentration Cv from

Table 4.15 and is given in Table 4.16. Figure 4.3 shows the vessel concentration

with negative arteriole diameter to distinguish from venules, capillary diameter

being displayed at 0. The large arteriole (A1 : A4) concentrations are higher than

calculated with interpolation, similarly with the small venules (V 6 : V 3). The over-

all shape passes close to the data values.
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Vessel Inlet Outlet Gradient
Cv (µM/mm3) Cin (µM/mm3) Cout (µM/mm3) ∆C

L (µM/mm3/mm)
A1 105.36 107.23 103.49 4.31
A2 101.6 103.49 99.7 6.05
A3 98.17 99.7 96.64 8.65
A4 95.45 96.64 94.26 12.54
A5 90.16 94.26 86.05 84.13
A6 80.65 86.05 75.24 118.72
C 68.61 75.24 61.98 91.49

V6 60.45 61.98 58.93 10.33
V5 58.18 58.93 57.42 8.47
V4 57.32 57.42 57.21 0.76
V3 57.09 57.21 56.97 0.55
V2 56.85 56.97 56.74 0.40
V1 56.65 56.74 56.56 0.29

Table 4.15: The mean vessel and node concentration solved sequentially from the
inlet of A1 with Equation 4.14, and parameters from Table 4.14.

Order Tissue
CT (µM/mm3)

A1 89.39
A2 87.56
A3 85.6
A4 83.94
A5 79.38
A6 70.29
C 31.11*

V6 55.65
V5 52.12
V4 49.9
V3 48.14
V2 46.14
V1 43.82

Table 4.16: The tissue concentration is calculated using Equation 4.13 over the ves-
sel wall, except for capillaries where it is calculated as described in subsection 4.4.1.
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Figure 4.3: Oxygen concentration in vessels calculated at steady state
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Summary

In this chapter, an oxygen model is established which is based on physio-

logical parameters and closely matches cerebral oxygen data. Oxygen partial

pressure data from [265] are modelled in vessel walls and tissue by the mass-

transport equations. The diffusion coefficient in tissue is investigated both for

diffusion over the wall, and diffusion over a 40µm radius tissue cylinder. Due to

a transmural oxygen gradient found in available data for arterioles and venules,

and the presence of smooth muscle and endothelial cells in the wall, consump-

tion is assumed to occur in the arteriole and venule vessel wall and a wall per-

meability function proposed so that the diffusion coefficient is a function of

steady state wall thickness. Difficulty with establishing the capillary transmu-

ral oxygen gradient, and the physiology of capillaries being more similar to tis-

sue mean that the capillary wall and tissue are approximated as one compart-

ment and the mass transport equation solved over the tissue radius.

Chapters 3 and 4 have described how a basal state model can be established.

In the next chapter, a model of tension as a function of vessel strain is proposed

in order to approximate the elasticity of the vessel and the response to pressure.
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5
Length-Tension characteristics

In order to use an activation model of autoregulation (section 2.6), it is necessary to be

able to calculate passive and active tension over the diameter range of a vessel. Davis

and Gore [57] found length-tension characteristics over a large range of circumferential

strain. In chapter 5, an existing fit of this model is improved resulting in a continuous,

two-phase function for passive and active tension. The data are related to the Lucas

network vessels and a non-dimensional model is therefore proposed which can be used

for any reference diameter, and therefore for any vessel in the network.
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Section 5:1 Davis and Gore Data

The data of Davis and Gore in hamster cheek pouch are presented for non-

dimensional strain in Figure 2.10. Since the graph shows simultaneous passive

and active values over a range (compared with those in Table 2.9), values of ten-

sion were extracted and converted to mmHgmm using 1× 102 dyne/cm = 0.75006

mmHg mm (see Table C.1). The extracted tension and strain values are given in

Table 5.1 where the length ratio l = L
L0

.

l Passive Tension Maximal Active Tension Total Tension
(mmHgmm) (mmHgmm) (mmHgmm)

0.55 0 1.50 1.50
0.60 0 3.38 3.38
0.65 0.09 4.69 4.78
0.70 0.19 5.50 5.69
0.75 0.25 6.13 6.38
0.80 0.38 6.75 7.13
0.85 0.56 7.50 8.06
0.90 0.62 8.00 8.63
0.95 0.75 8.63 9.38
1.00 1.25 8.87 10.13
1.05 3.00 8.25 11.25
1.10 6.75 6.00 12.75
1.15 10.88 not shown
1.20 14.87 not shown

Table 5.1: The tension curves extracted from Figure 2.10. Passive tension is where
activation is zero, total where activation is one, and maximal active found by sub-
tracting passive from total.

5.1.1 Carlson Fit

Carlson [42] suggested a model of the active length-tension characteristics as

described in subsection 2.4.3 (Equation 2.38 and Equation 2.42). For the Davis and

Gore data, the model parameters are converted using 1 N/m = 7.5006 mmHgmm

where necessary. Carlson cites the diameter Dp extrapolated for a pressure of 100

mmHg, this is converted into the equivalent L0 value (at maximum active tension)

by multiplying by C
′
act (where D

Dp
−C ′act = 0).
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Dp L0 equivalent Cpass C
′
pass Cact C

′
act C

′′
act

(µm) (µm) (mmHgmm) (mmHgmm)
85.7 73.02 4.9129 26.7850 7.6800 0.8520 0.2760
Table 5.2: Parameter values used by Carlson [42] to model the Davis and Gore
length-tension data for hamster cheek arterioles.

When plotted against the data (Figure 5.1), the Carlson model is found not to

follow the length-tension characteristics well. Even with the magnitude varied, the

symmetrical active model does not accurately mimic the high-strain characteris-

tics. Similarly, the passive strain does not model dilated tension very well.

0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3
0

10

20

30

L/L0

Te
ns

io
n

(m
m

H
g

m
m

) Data Passive
Data Active
Data Total
Secomb Passive
Secomb Active
Secomb Total

Figure 5.1: Showing the fit of Davis and Gore data Table 5.1 using the Carlson
model (equations 2.38 and 2.42).

Clearly, the model can be improved so that the passive and active components

of the data are replicated, especially in the non-symmetrical nature of the curve.

Section 5:2 Lucas Fit

Although the Carlson fit of the data is not accurate, the gaussian shape is a good

starting point for a fit of the passive data. In this section, fits are tested using both single

and multiple phases and a combination of linear and non-linear equations.
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5.2.1 Passive Model

5.2.1.1 Passive Continuous

For D/D0 = L/L0 = d, the Davis and Gore data can be fit to the exponential

strain model Equation 2.38 or a two-exponential strain model Equation 2.39 by

optimising the data fit to Equation 5.1 or Equation 5.2, where Tpass values are

those for passive tension in Table 5.1. The optimisation is done via an inbuilt trust-

region-dogleg algorithm. The dogleg algorithm approximates a non-linear func-

tion with a piecewise linear polygon and solves over a trusted step size, reducing

the region size until a solution is reached [177]. These equations are modified from

Equation 2.38 and Equation 2.39. The calculated parameters are given in Table 5.3

and the resulting values for passive tension calculated and presented in Table 5.4

and shown in Figure 5.3.

Tpass = Cp1e
Cd,p1d (5.1)

Tpass = Cp1e
Cd,p1d +Cp2e

Cd,p2d . (5.2)

Model Cp1 Cd,p1 Cp2 Cd,p2
(×10−4 mmHgmm) (×10−4 mmHgmm)

One-Exponential 1.45 9.65
Two-Exponential 0.75 9.65 0.70 9.65

Table 5.3: The continuous model parameters found to model the passive Davis and
Gore length-tension data for both one-exponential and two-exponential functions.

The two-exponential model is essentially the same as the one-exponential

model; the calculated tensions are very similar (see Table 5.4). Therefore, there

seems to be no merit in the use of a second exponential. For a single exponential

model, the RMSE is 0.9084 mmHgmm, the shape of the function does not model

the strain between 0.9 and 1.1 very well.
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d Passive Data Two Exponential Error One Exponential Error
(mmHgmm) (mmHgmm) (mmHgmm) (mmHgmm) (mmHgmm)

0.65 0.09 0.08 -0.01 0.08 -0.01
0.70 0.19 0.13 -0.05 0.13 -0.05
0.75 0.25 0.22 -0.03 0.22 -0.03
0.80 0.38 0.35 -0.02 0.35 -0.02
0.85 0.56 0.58 +0.01 0.58 +0.01
0.90 0.62 0.94 +0.31 0.94 +0.31
0.95 0.75 1.53 +0.77 1.52 +0.77
1.00 1.25 2.48 +1.23 2.48 +1.23
1.05 3.00 4.04 +1.04 4.04 +1.04
1.10 6.75 6.58 -0.17 6.58 -0.17
1.15 10.88 10.71 -0.16 10.71 -0.17
1.20 14.87 17.44 +2.57 17.43 +2.56

RMSE - - 0.91 - 0.91

Table 5.4: The passive tension curve data from Figure 2.10 modelled by one and
two exponentials.
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Figure 5.2: The Davis and Gore data modelled by an exponential function

5.2.1.2 Passive Two-Phase Exponential

If, instead of a continuous function, the passive tension is modelled in two

phases the fit can be improved. It seems logical to split between positive and neg-

ative strain (see Equation 5.3). Table 5.5 gives the two-phase parameters.

Tpass =

 Cp1e
Cdp1d if d ≤ 1

Cp2e
Cdp2d otherwise

(5.3)

140



Claire Lucas 5.2. Lucas Fit

Model Cp1 Cdp1 Cp2 Cdp2
(×10−3 mmHgmm) (×10−4 mmHgmm) mmHgmm

Two-phase 2.40 6.21 4.27 8.74
Table 5.5: The two-phase model parameters found best to model the passive Davis
and Gore length-tension data.

The calculations for a two-phase model are compared with the previous func-

tion in Table 5.6. The root mean squared tension error is 0.46 mmHgmm, which

is an improvement over the continuous model. However, the discontinuity causes

large errors for positive strain d = 1.05 (see Figure 5.3).

d Passive Data Two-phase Model Error Continuous Model Error
(mmHgmm) (mmHgmm) (mmHgmm) (mmHgmm) (mmHgmm)

0.65 0.09 0.14 +0.05 0.08 -0.01
0.70 0.19 0.19 0 0.13 -0.05
0.75 0.25 0.25 0 0.22 -0.03
0.80 0.38 0.35 -0.03 0.35 -0.02
0.85 0.56 0.47 -0.09 0.58 +0.01
0.90 0.62 0.64 +0.02 0.94 +0.31
0.95 0.75 0.88 +0.13 1.52 +0.77
1.00 1.25 1.20 -0.05 2.48 +1.23
1.05 3.00 4.13 +1.13 4.04 +1.04
1.10 6.75 6.40 -0.35 6.58 -0.17
1.15 10.88 9.91 -0.97 10.71 -0.17
1.20 14.87 15.34 +0.47 17.43 +2.56

RMSE - - 0.46 - 0.91

Table 5.6: The passive tension curve data from Figure 2.10 modelled by a two-phase
model compared with the previously established continuous model.
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Figure 5.3: The Davis and Gore data modelled by two-phase exponential function

5.2.1.3 Passive Two-Phase

Instead of this two phase non-linear model, positive strain can be modelled as

linear instead of exponential so that Equation 5.4 is solved with resulting RMSE

0.3350 mmHgmm. The linear and exponential functions cross at a positive strain

of D/D0 = 1.0139 and so Equation 5.4 can be altered so that the condition d ≤
1.0139, giving a continuous passive function (with non-continuous gradient) with

parameters given in Table 5.7.

Tpass =

 Cp1e
Cdp1d if d ≤ 1.0139

mpd + cp otherwise
(5.4)

Model Cp1 Cdp1 mp cp
(×10−3 mmHgmm) (mmHgmm)

Two-phase 2.40 6.21 70.24 -69.91
Table 5.7: The two-phase model parameters found to model the passive Davis and
Gore length-tension data where positive strain has linear tension.

Table 5.8 gives the results of this function. The errors for positive strain are
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reduced up to d = 1.20 compared with the two-phase exponential function.

d Passive Data Two-phase Linear Error Two-phase Exp. Error
(mmHgmm) (mmHgmm) (mmHgmm) (mmHgmm) (mmHgmm)

0.65 0.09 0.14 +0.05 0.14 +0.05
0.70 0.19 0.18 -0.01 0.18 -0.01
0.75 0.25 0.25 0 0.25 0
0.80 0.38 0.34 -0.04 0.34 -0.04
0.85 0.56 0.47 -0.09 0.47 -0.09
0.90 0.62 0.64 +0.02 0.64 +0.02
0.95 0.75 0.87 +0.12 0.87 +0.12
1.00 1.25 1.19 -0.06 0.32 -0.06
1.05 3.00 3.84 +0.84 4.13 +1.13
1.10 6.75 7.35 +0.06 6.40 -0.35
1.15 10.88 10.86 -0.02 9.91 -0.97
1.20 14.87 14.37 -0.50 15.34 +0.47

RMSE - - 0.34 - 0.46

Table 5.8: The passive tension curve data from Figure 2.10 modelled by a two-
exponential two-phase model compared with the previously established continous
model.

0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1 1.05 1.1 1.15 1.2 1.25 1.3
0

2

4

6

8

10

12

14

L/L0

Te
ns

io
n

(m
m

H
g

m
m

)

Data Passive
negative strain
positive strain

Figure 5.4: The Davis and Gore data modelled by two-phase function with positive
strain having a linear length-tension relationship

The correlation between the new model and the passive data is good (see Fig-
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ure 5.4), and implies that tension is linear at higher strain. The point of transition

to the linear relationship is very close to L0 (the point of maximum active tension).

5.2.2 Active Model

A similar progression is employed to find an improved fit of the active tension, start-

ing with the exponential function proposed by Carlson Equation 2.42 and extending to

a two-phase model.

5.2.2.1 Continuous Exponential

Equation 2.42 is redefined at d = l with
(

1
C′′act

)2
= Cda1. The value of Cea1 shifts

the point of maximum tension away from d = 1 (see Figure 5.5) and the function

produces a symmetrical length-tension curve:

Tact = Ca1e
−Cda1(d−Cea1)2

. (5.5)

The function is fit to the data using the same inbuilt trust-region dogleg algo-

rithm with parameters given in Table 5.13.

Ca1 Cda1 Cea1
(mmHgmm)

8.48 8.68 0.94
Table 5.9: The continuous model parameters found to model the active Davis and
Gore length-tension data for a continuous exponential function.

The single exponential fit shown in Figure 5.5 is symmetrical and therefore, in

order to minimise the overall error, the negative-strain length-tension characteris-

tics are fit more successfully than the positive-strain tension. Since Cea1 = 0.94, the

peak of the curve is shifted from D =D0.
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d Active Data Exponential Error
(mmHgmm) (mmHgmm) (mmHgmm)

0.55 1.5 2.25 +0.75
0.6 3.38 3.09 -0.29

0.65 4.69 4.07 -0.62
0.7 5.5 5.13 -0.37

0.75 6.13 6.18 +0.05
0.8 6.75 7.14 +0.39

0.85 7.5 7.9 +0.40
0.9 8 8.36 +0.36

0.95 8.63 8.48 -0.15
1 8.87 8.23 -0.64

1.05 8.25 7.65 -0.6
1.1 6 6.81 +0.81

RMSE - - 0.51
Table 5.10: The active tension curve data from Figure 2.10 modelled by one expo-
nential.
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Figure 5.5: The Davis and Gore active tension data modelled by an exponential
function
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5.2.2.2 Discontinuous Exponential

A non-symmetrical curve can be produced by a discontinuous function, like

Equation 5.6 with parameters calculated and given in Table 5.11.

Tact =

 Ca1e
−(Cda1(d−Cea1)2) if d < 1

Ca2e
−(Cda2(d−Cea2)2) otherwise.

(5.6)

Ca1 Cda1 Cea1 Ca2 Cda2 Cea2
(mmHgmm) (mmHgmm)

8.67 6.77 0.98 8.92 49.14 1.01
Table 5.11: The discontinuous model parameters found to model the active Davis
and Gore length-tension data.

The root mean squared error is 0.3681 mmHgmm (see Table 5.11) and the pos-

itive strain model fits the three values exactly since there are 3 degrees of freedom.

d Active Data Exponential Error
(mmHgmm) (mmHgmm) (mmHgmm)

0.55 1.50 2.46 +0.96
0.60 3.38 3.24 -0.14
0.65 4.69 4.12 -0.57
0.70 5.50 5.07 -0.43
0.75 6.13 6.03 -0.10
0.80 6.75 6.94 +0.19
0.85 7.50 7.71 +0.21
0.90 8.00 8.29 +0.29
0.95 8.63 8.61 -0.02
1.00 8.87 8.87 0
1.05 8.25 8.25 0
1.10 6.00 6.00 0

RMSE - - 0.37
Table 5.12: The active tension curve data from Figure 2.10 modelled by two expo-
nentials for negative and positive strain.

Figure 5.6 shows that although the equations provide a good fit for strain

greater than 0.8, the discontinuity around D = D0 is problematic, and the low-

strain tension is not well modelled.
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Figure 5.6: The Davis and Gore active tension data modelled by separate exponen-
tial functions for negative and positive strain

5.2.2.3 Shifted continuous Exponential

The low-strain exponential can be shifted (by adding Ct) so that the active ten-

sion is better modelled. This shift models the effect of residual tension in the vessel

wall.

Tact =

 Ct1 +Ca1e−Cda1(d−Cea1)2
if d < 0.99

Ca2e
−Cda2(d−Cea2)2

otherwise.
(5.7)

The parameters used in these equations are given in Table 5.13, with the cal-

culated tension given in Table 5.14 and displayed in Figure 5.7. The crossover

between the two phases is at d = 0.9889 so that the function is continuous.

Ct1 Ca1 Cda1 Cea1 Ca2 Cda2 Cea2
(mmHgmm) (mmHgmm) (mmHgmm)

-235.32 244.21 0.11 1.07 8.92 49.14 1.01
Table 5.13: The shifted continuous model parameters found to model the active
Davis and Gore length-tension data.

The root mean squared error for active tension is 0.2033 mmHgmm and Fig-
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d Active Data Exponential Error
(mmHgmm) (mmHgmm) (mmHgmm)

0.55 1.50 1.88 0.38
0.60 3.38 3.15 -0.23
0.65 4.69 4.3 -0.39
0.70 5.50 5.32 -0.18
0.75 6.13 6.22 0.09
0.80 6.75 6.99 0.24
0.85 7.50 7.63 0.13
0.90 8.00 8.14 0.14
0.95 8.63 8.52 -0.11
1.00 8.87 8.87 0
1.05 8.25 8.25 0
1.10 6.00 6.00 0

RMSE - - 0.20
Table 5.14: The active tension curve data from Figure 2.10 modelled continuously
by two separate exponentials where one is shifted.

ure 5.7 shows an improved overall fit compared with the non-shifted model.
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Figure 5.7: The Davis and Gore active tension data modelled continuously by sep-
arate exponential functions for negative and positive strain

Section Summary

Length-tension characteristics for non-dimensional strain have previously

been modelled by single or multiple exponential functions. However, it has been

shown here that passive tension can be approximated as a combination of an expo-

nential and linear function of strain giving a continuous function which becomes
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linear at D = 1.01D0. A continuous active function can also be created using two-

exponentials where the low strain (D ≤ 0.99D0) function includes a linear trans-

lation by −235.32 mmHgmm in order to more accurately replicate the data. Un-

fortunately, this also means that the function is invalid for d ≤ 0.48 since tension

becomes negative at this value.

Section 5:3 Lucas Reference Diameter

There is an assumption so-far that the Lucas model geometry and parameters calcu-

lated in previous chapters is at the maximum-active state, so that D0 = L0. A further

assumption is that all arterioles are at this basal state so that they will respond with the

same length-tension curve. However, each of these assumptions might be incorrect. The

first of these, that D0 = L0, is investigated here using different scenarios of the limits of

the auto-regulation pressure-flow curve so that the basal activation is calculated depen-

dent on a value of a, where D0 = aL0, and L0 is the length at which maximum active

tension occurs. Figure 5.9 gives a summary of the method as a flowchart.

5.3.1 Limits of Autoregulation

At base state, the total network resistance is Rtot,0 = 8,770.90 mmHgs/mm3.

This is split between arterioles, RA,0 = 6401.40 mmHgs/mm3 and capillaries and

venules RCV ,0 = 2369.50 mmHgs/mm3 calculated using equations 2.2 and 5.8:

Rtot =
13∑
1

Ri =
13∑
1

Rv
ni
, (5.8)

where Rtot is the sum of generation resistance Ri calculated as the parallel sum

of vessel resistance Rv for n vessels in generation i (where there are a total of 13

generations).

The total flow is Q0 = 3.7× 10−3 mm3/s (see Table 3.4) and the network driving

pressure ∆Ptot,0 = 34.18 mmHg (calculated from Equation 2.1 so that Pout,0 = 23.61

mmHg and Pin,0 = 57.79 mmHg).
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The autoregulation curve (Figure 2.11) shows that vessels can regulate up to

approximately ±50% of driving pressure. The arteriole diameter stretch required

to achieve this is calculated using the new driving pressure gradient:

∆Ptot,u = 1.5(∆Ptot,0) = 51.27mmHg, (5.9)

where ∆Ptot,u is the upper pressure bound at +50% of baseline. At the upper limit,

inlet arterial pressure is calculated as:

Pin,u = Pout,0 + 51.27 = 74.88mmHg. (5.10)

For autoregulation, flow is assumed not to change:

Qu =Q0 = 0.0037mm3/s. (5.11)

Therefore network resistance:

RT ,u = ∆Ptot,u/Q0 = 13,858mmHgs/mm3. (5.12)

Since it is assumed that only arterioles regulate:

RA,u = RT ,u −RCV ,0 = 11,487mmHgs/mm3. (5.13)

The arteriolar resistance is the series sum of resistance for generations i = 1 to

6 (Equation 5.8). For individual arterioles:

Rv/Rv,0 =
µ/µ0

d4 , (5.14)

and, since the number of vessels n doesn’t change, for generation g:

Rg /Rg,0 =
µ/µ0

d4 . (5.15)

Therefore, the total resistance is the sum of these generations:

RT =
6∑
1

Rg,0

(
µ/µ0

d4

)
. (5.16)
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If viscosity changes are ignored, and d assumed to be the same for all vessels,

this can be approximated as:

RT ≈
RT ,0
d4 . (5.17)

For arterioles, du (at the upper limit) and dl (at the lower limit) are calculated

from resistance as:

du ≈ 4

√
RA,0
RA,u

≈ 0.8640,anddl ≈ 1.2988. (5.18)

By recalculating viscosity at this diameter (using Equation 2.5 and assuming

the same haematocrit as at basal state), the resistance and diameter values can be

iterated for all arterioles until the total arteriolar resistance is found to be equal

to Ra,u = 11,487 mmHgs/mm3 and Ra,l = 2249.40 mmHgs/mm3, when du = 0.8602

and dl = 1.3152.

5.3.2 Vessel A1 at limits

The mean vessel pressure in the first arteriole Pv,A1 can be found since, for the

first vessel (A1), vessel flow is equal to network flow, and vessel inlet pressure is

equal to the network inlet pressure. RA1 can be calculated from the diameter and

viscosity at the autoregulation limits.

Pv,A1 = Pin −Q0RA1 (5.19)

At high pressure, Pv,A1,u = 68.47 mmHg and at low pressure Pv,A1,l = 39.43

mmHg. Table 5.15 gives the total pressure drop, inlet pressure and network re-

sistance as well as the diameter fraction, resistance and vessel pressure for vessel

A1 at the upper and lower limits of autoregulation.
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∆Ptot Pin RT d Rv(A1) Pv(A1)
Basal 34.18 57.79 8770.93 1 1874.68 54.32
Upper 51.27 74.88 13858.48 0.8602 3531.28 68.47
Lower 17.09 40.70 4619.49 1.3152 684.26 39.43

Table 5.15: Parameters calculated to satisfy autoregulated flow at low and high
pressure limits of autoregulation.

5.3.3 Equivalent L0

Referring back to Figure 2.10, it is clear that the passive tension at L/L0 =

1.3152 will be extremely high. This graph must therefore be shifted so that L0

is equivalent to the basal state of the Lucas model. At the maximum limit of au-

toregulation, the diameter is fully constricted against pressure and so activation

is assumed to equal 1. At the low pressure limit, activation is assumed to be 0

since the diameter is fully dilated against pressure. The basal activation, A0, can

be anywhere between these two limits.

At the high pressure limit, Laplace tension is equal to the maximum total ten-

sion, Equation 5.20. For low pressure, activation is zero and therefore the tension

is equal only to passive tension, Equation 5.21. At basal state, the Laplace tension

is a combination of passive and active tension depending on basal activation A0,

Equation 5.22:

TA1,u = Tp,A1,u + Ta,A1,u =
Pv,A1,uDA1,u

2
= 0.7046mmHgmm. (5.20)

TA1,l = Tp,A1,l =
Pv,A1,lDA1,l

2
= 0.6216mmHgmm, (5.21)

TA1,0 = Tp,A1,0 +A0Ta,A1,0 =
Pv,A1,0DA1,0

2
= 0.6510mmHgmm, (5.22)

where TA1 is the circumferential tension in vessel A1 at upper u, lower l and basal

0 state calculated using Equation 2.30 with intravascular pressure Pv and vessel

diameter D. Tp is the passive tension and Ta the active with the same subscript

notation.

At the upper limit, with activation A = 1, the Laplace tension is equal to the

passive tension Tp plus the active tension Ta, at the lower limit with A = 0 the
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Laplace tension is equal only to the passive tension. The ratio, x, of lower to upper

limit Laplace tension (calculated from Equation 5.21 and Equation 5.20) is 0.8822.

There exists a length a = L/L0 on the Davis and Gore graph where:

x =
Tl
Tu

=
Tp,l

Tp,u + Ta,u
= 0.8822. (5.23)

Table 5.1 gives the values of Ta and Tp for a variety of length ratios l. The con-

stricted and dilated diameter ratios can be calculated as if each point were the

basal state by multiplying l by 0.8602 and 1.3152 (see Table 5.16). The passive and

active tensions at these length ratios are found by linearly interpolating the data

between the existing points and evaluating at the new length ratio.

l Constricted Passive Active Dilated Passive Active
(0.8602 l) (mmHgmm) (mmHgmm) (1.3152 l) (mmHgmm) (mmHgmm)

0.65 0.56 -0.08 3.22 0.85 0.57 7.55
0.70 0.60 0 3.91 0.92 0.68 8.26
0.75 0.65 0.08 4.61 0.99 1.12 8.81
0.80 0.69 0.17 5.31 1.05 3.16 8.15
0.85 0.73 0.22 5.89 1.12 8.09 5.19
0.90 0.77 0.31 6.43 1.18 13.03 2.23
0.95 0.82 0.44 7.01 1.25 17.96 -0.72
1.00 0.86 0.57 7.60 1.32 22.89 -3.68
1.05 0.90 0.63 8.04 1.38 27.82 -6.64
1.10 0.95 0.74 8.58 1.45 32.76 -9.60

Table 5.16: Values of passive and active tension calculated at lower and upper au-
toregulation limits if each length were equivalent to the Lucas network basal diam-
eter

Calculating the ratio, x, of Tp,l to Tp,u + Ta,u at each point and interpolating

linearly to find the length ratio L/L0 = a for which x = 0.8822 gives a value of

a = 0.8194 (where x = 0.8824), this value being subject to slight error due to the

interpolation. Therefore, the basal Lucas network (with diameter D0) can be com-

pared with the data of Davis and Gore by shifting so that D0 = 0.8194L0 (as shown

in Figure 5.8).

Figure 5.8 shows the Davis and Gore data projected onto the Lucas model basal

diameter. The calculation of a = D0/L0 is done by assuming a pressure regulation
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Figure 5.8: The Davis and Gore data recast to Lucas model D0, where D/D0 = 1 at
L/L0 = 0.8194

limit of ±50% and calculating the necessary diameter to fulfil the criteria of con-

served flow at these pressure limits. The passive and active tensions at these limits

are calculated by assuming saturated activation A so that the Laplace tension is

equal to the passive, or passive plus fully active tensions. Therefore, a value for the

ratio of lower and upper limit Laplace tensions can be calculated (x) and equated

to a point on the Davis and Gore graph giving the equivalent basal condition of

the Lucas network. The data translated into Lucas diameter fraction d = D/D0 are

given in Table 5.17. With the data in this form, the passive tension when d = 1.3152

is calculated (by interpolation) to be 5.08 mmHgmm.

At the limits of autoregulation du = 0.8602 and dl = 1.3152, the equivalent

Davis and Gore diameter fractions lu and ll are calculated as (for example):

lu = dua, (5.24)

so that lu = 0.70 and ll = 1.08.

The Davis and Gore vessel has tension of a different magnitude to the Lucas

vessel. The position of maximum active tension in Figure 5.8 is at L/L0 = 1 or

154



Claire Lucas 5.3. Lucas Reference Diameter

l d Passive Tension Maximal Active Tension Total Tension
(mmHgmm) (mmHgmm) (mmHgmm)

0.55 0.67 0 1.50 1.50
0.60 0.73 0 3.38 3.38
0.65 0.79 0.09 4.69 4.78
0.70 0.85 0.19 5.50 5.69
0.75 0.92 0.25 6.13 6.38
0.80 0.98 0.38 6.75 7.13
0.85 1.04 0.56 7.50 8.06
0.90 1.10 0.62 8.00 8.63
0.95 1.16 0.75 8.63 9.38
1.00 1.22 1.25 8.87 10.13
1.05 1.28 3.00 8.25 11.25
1.10 1.34 6.75 6.00 12.75
1.15 1.40 10.88 not shown
1.20 1.47 14.87 not shown

Table 5.17: The Davis and Gore data recast to Lucas modelD0 = aL0, whereD/D0 =
1 at L/L0 = 0.8194.

D/D0 = 1.2204. The magnitudes of tension at the autoregulation limits are calcu-

lated by linear interpolation of the existing data points and given in Table 5.18.

d l Tp Ta Tt
(mmHgmm) (mmHgmm) (mmHgmm)

Basal 1 0.82 0.45 7.04 7.86
Upper 0.8602 0.70 0.19 5.56 5.75
Lower 1.3152 1.08 5.08 7.01 5.08

Table 5.18: Passive and action tension at the autoregulation limits of the Davis and
Gore vessel.

5.3.4 Basal Activation

Using the total tension at the limits of autoregulation, the ratio, r, of passive

basal tension Tp,0 to total tension at the upper limit Tp,u +Ta,u can be calculated for

the Davis and Gore values (see Table 5.17 at d = 1):

r =
Tp,0

Tp,u + Ta,u
= 0.78. (5.25)

This ratio can then be used to find the passive tension of the equivalent Lucas

vessel A1 (see Equation 5.20):

Tp,A1,0 = rTA1,u , (5.26)
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so that Lucas Tp,A1,0 = 0.0549 mmHgmm.

The fraction of passive tension to total tension at basal state, f , is interpolated

from the data:

f = Tp,0/TT ,0, (5.27)

for a = 0.8194, f is equal to 0.06. Therefore TT ,A1,0 = 0.9172 mmHgmm and

Ta,A1,0 = 0.7519 mmHgmm.

The contribution of basal active tension Ta,A1,0 to the Laplace tension TA1,0 is

set by the activation A0 which can be found by rearranging Equation 5.22:

A0 =
TA1,0 − Tp,A1,0

Ta,A1,0
, (5.28)

giving A0 = 0.6909.

The vessel is therefore more active than previously assumed by other inves-

tigators (see subsection 2.6.3 where Carlson sets A0 = 0.5). This is because the

length-tension graph is shifted towards a more constricted basal state where there

is a lower proportion of passive tension. It should be noted that the starting point

for these calculations is the assumption that the limits of auto-regulation are ±50%

driving pressure and so the values, or the assumed pressure limit, may not be cor-

rect.

5.3.5 Lucas Tension Parameter Results

This process can of course be repeated for any basal state, or any proposed

autoregulation limits. The values of D/D0 for other pressure limits are given in

Table 5.19.

A pressure limit of ±30 % sets D0 close to L0 (a = 0.99), but activation is high

(0.80). For an activation of 0.50, the pressure limit is ±59 % so that the network

can regulate more than suggested in the literature. The diameter dilation and con-

striction does not need to be symmetrical in order to achieve symmetrical pressure

limits, due to the non-linearity of the model. For a ±50 % pressure regulation, the
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±∆P /∆P 0 A0 f a D/D0 (constricted ) D/D0 (dilated)
0.2 0.7444 0.3439 1.0634 0.9234 1.0651

0.25 0.7876 0.2057 1.0274 0.9112 1.0922
0.3 0.8001 0.1159 0.9904 0.8998 1.1231
0.4 0.7480 0.0741 0.8896 0.8709 1.2009
0.5 0.6909 0.0600 0.8194 0.8602 1.3152

0.55 0.6500 0.0429 0.7609 0.8515 1.3981
0.57 0.5751 0.0370 0.7313 0.8482 1.4394
0.59 0.5026 0.0341 0.7087 0.8449 1.4873
0.60 0.4292 0.0312 0.6924 0.8433 1.5144

Table 5.19: The parameters calculated for varying pressure limits of autoregulation.

diameter constricts by 14 % but dilates by 31 %. The diameter is therefore not held

at the point of maximum tension but below it.

Section Summary

The data collected by Davis and Gore is displayed using non-dimensional

strain with L0 chosen to be the circumference with maximum active tension. Us-

ing a sequence of assumptions and comparisons between the data and the Lucas

model, these data can be re-cast in terms of the basal diameter D0 calculated for

the Lucas model where the relationship between L0 and D0 is set by the param-

eter a = D0/L0. This process relies on interpolation between data points, which is

subject to some error. A summary of the calculations is given in Figure 5.9.

The three most plausible cases from Table 5.19 are at driving pressure gradient

±59% (sinceA0 ≈ 0.5), ±50% (the standard autoregulation curve) and ±30% (where

a ≈ 1 so that D/D0 = L/L0).
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Choose autoregulation limits for pressure (e.g. upper u) e.g ∆PT ,u

Calculate network resistance RT ,u at this limit assuming con-
served flow RT ,u = ∆PT ,u

Q0

Calculate vessel diameter fraction du which sums to correct re-
sistance assuming arteriole only regulation by the same diameter
ratio

RT ,u = RT ,0
d4
u

Calculate mean vessel pressure Pv,u,A1 Pv,u,A1 = Pin,u − Q0Rv,u,A1
2

Calculate laplace tension TA1 TA1,u = TA1,uDv,A1,u
2

Assume that activation Al = 0 at the lower limit and Au = 1 at the
upper limit Calculate the ratio x of upper and lower tension

x = TA1,u
TA1,l

Calculate the constricted and dilated passive and active ten-
sions at each length fraction in the data

e.g Tp,u = Tp(du)

Find the length ratio a with the same tension ratio x a =
Tp,u(adu)

Tp,l (a)+Ta,l (a)
= D0

L0

Find the ratio r of passive and total tension at basal and upper
limit

T =
Tp,0(a)

Tp,u(a)+Ta,u(a)

Therefore calculate the Lucas passive basal tension in A1 Tp,A1,0 = rTA1,u

Find the fraction f of passive to total tension f =
Tp(a)
TT (a)

Therefore calculate the Lucas total TT ,A1,0 = T p,A1,0
f

and active tension in A1 Ta,A1,0 = TT ,A1,0 − Tp,A1,0

Finally calculate the Lucas basal activation A0 in vessel A1 A0 =
TA1,0−Tp,A1,0

Ta,A1,0

Figure 5.9: Procedure for establishing the Lucas vessel length-tension characteris-
tics.
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Section 5:4 Non-Dimensional Tension Model

Since the basal tension is not uniform across the vessels in the Lucas network, it is

important to find a non-dimensional version of equations 5.4 and 5.7 which model the

passive and active length-tension characteristics.

5.4.1 Non-dimensionalisation

In order to replicate the length-tension characteristics for any pressure-limit

conditions, Equation 5.4 and Equation 5.7 are now non-dimensionalised around

TT 0, since this can be found from Th,0 using the values of f (the ratio between

passive and total tension at basal state) and A0 (the basal activation) calculated

previously (Table 5.19).

Tp0 = f TT 0 (5.29)

Ta0 = (1− f )TT 0 (5.30)

T0 = Tp0 +A0TA0
(5.31)

T0 = TT 0(f +A0(1− f )). (5.32)

The parameters Cp1, Ct1, Ca1 and Ca2 are all non-dimensionalised using the

basal total tension TT 0, where non-dimensional parameters are denoted by an as-

terisk:

Tpass

TT 0
=

 C∗p1e
Cdp1d if d ≤ dp

m∗pd + c∗p otherwise
(5.33)

Similarly,

Tact
TT 0

=

 C∗t1 +C∗a1e
−Cda1(d−Cea1)2

if d < da

C∗a2e
−Cda2(d−Cea2)2

otherwise.
(5.34)

where dp and da are diameter ratios at the cross-over between functions: dp =

1.0139, da = 0.9889, when a = 1.
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Table 5.20 gives the non-dimensional tensions at Davis and Gore length ratio

calculated as (for example) T ∗p =
Tp
TT 0

, with TT 0 = 10.13 mmHgmm (at l = 1).

length ratio Passive Data Active Data
l T ∗p T ∗a

0.55 0 0.15
0.60 0 0.33
0.65 0.01 0.46
0.70 0.02 0.54
0.75 0.02 0.61
0.80 0.04 0.67
0.85 0.06 0.74
0.90 0.06 0.79
0.95 0.07 0.85
1.00 0.12 0.88
1.05 0.30 0.81
1.10 0.67 0.59
1.15 1.07 not shown
1.20 1.47 not shown

Table 5.20: Passive and Active data from Figure 2.10 non-dimensionalised with the
total tension at L = L0.

5.4.2 Non-dimensional Model parameters

For each of the pressure limit scenarios, there is a different set of parameters

that can be found by optimising the non-dimensional data in the same way as for

the dimensional parameters. For different values of a, the L/L0 values are shifted

and the basal state tension is found by interpolating the data at new L0 = 1. The

results of these calculations are given in Table 5.21.
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a 0.9904 0.8194 0.7087
Tp,0 1.16 0.45 0.20
Ta,0 8.83 7.04 5.61
T0 9.98 7.49 5.81
dp 1.02 1.24 1.43
da 1.00 1.21 1.40

C∗p1 (×10−4) 2.36 3.17 3.82
Cdp1 6.21 5.11 4.40
m∗p 6.94 7.66 8.57
c∗p -6.90 -9.29 -12.04
C∗t1 -23.52 -105.88 -141.58
C∗a1 24.40 107.07 143.12
Cda1 0.11 0.02 0.02
Cea1 1.07 1.30 1.51
C∗a2 0.88 1.18 1.52
Cda2 47.34 31.49 23.55
Cea2 1.01 1.23 1.43

Table 5.21: The parameters calculated for varying reference diameter for non-
dimensional tension.

5.4.3 Non-dimensional Model Results

The resulting passive and active tension calculated using the a = 0.8194 param-

eters from Table 5.21 are given in Table 5.22 and shown in Figure 5.10.

d Passive Data Passive Model Error Active Data Active Model Error
0.67 0 0.01 0.2 0.35 0.15
0.73 0 0.01 0.45 0.5 0.05
0.79 0.01 0.02 0.01 0.63 0.64 0.02
0.85 0.03 0.02 0 0.73 0.77 0.03
0.92 0.03 0.03 0 0.82 0.87 0.06
0.98 0.05 0.05 0 0.9 0.97 0.06
1.04 0.08 0.06 -0.01 1 1.04 0.04
1.1 0.08 0.09 0 1.07 1.1 0.03

1.16 0.1 0.12 0.02 1.15 1.15 0
1.22 0.17 0.16 -0.01 1.18 1.18 -0.01
1.28 0.4 0.53 0.13 1.1 1.09 -0.02
1.34 0.9 0.99 0.09 0.8 0.79 -0.01
1.4 1.45 1.46 0.01 not shown 0.46

1.46 1.99 1.93 -0.06 not shown 0.21
RMSE - - 0.05 0.05

Table 5.22: Passive and active data from Figure 2.10 non-dimensionalised and
modelled as described
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Figure 5.10: The Davis and Gore tension data modelled non-dimensionally forD0 =
0.8194L0.

The errors are reduced compared with the previous results (Tables 5.8 and 5.14)

due to the reduced magnitude of non-dimensional tension. Multiplying by TT 0

gives an error for both passive and active tension of 0.3745 which is higher than

found previously. However, the usefulness of a non-dimensional model for all the

vessels outweighs the slightly increased error. The maximum and minimum diam-

eter ratios for a ±50 % pressure regulation are 1.32 and 0.86; Figure 5.10 shows

that the highest active tension is towards the top of this diameter range.
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Summary

In chapter 5, a continuous model is proposed for passive and active tension

related to diameter strain, based on a data set from Davis and Gore. This data

set is non-dimensionalised for basal tension so that it can be used for a vessel

of any size. This non-dimensionalised model relies on assumption that vessels

act similarly when stretched regardless of location and size. The basal diameter

is investigated and a method proposed which uses autoregulation pressure lim-

its to establish the diameters which conserve flow at high and low pressure. By

finding the tension at these limits in the Lucas model, and comparing (along

with the basal tension) with the data, the graph is shifted by a parameter a

which relates the Lucas basal diameter D0 with the data basal diameter L0. The

shifting of the data is done by interpolation and the model parameters which

mimic the shifted data are found by trust-region optimisation. Both of these

methods are subject to error but the overall results show a good fit compared to

previous attempts. The approach of the method is empirical, the experimental

data being fit to strain and the model optimised to fulfil the known pressure

limits based on the concept of smooth muscle activation. The resulting equa-

tions are therefore based upon a physiological set of parameters related to the

mechanics of the vessels and activation of the muscle cells. The next chapter

uses these equations, along with the concept of activation, to stimulate the myo-

genic response to pressure in the network.
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6
The Myogenic Response

In this chapter, the elastic and active responses to changes in perfusion pressure are

investigated and an expression for activation described which reproduces the autoregu-

lation curve. This incorporates a weighted signal depending on the shear and hoop stress

which determines the proportion of muscle cells which are active in the vessel, and there-

fore the vessel diameter. A method to calculate the weights is described which follows the

calculations presented in chapter 5.
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Section 6:1 Passive Pressure Response

Without autoregulation, the arterioles and venules undergo a passive elastic re-

sponse to changes in pressure due to the length-tension characteristics determined

in chapter 5. Capillaries lack elastin and therefore do not expand to accommodate

flow.

6.1.1 Diameter Change

The steady-state elastic diameter response to a pressure change is a balance be-

tween hoop stress (Equation 2.30), and total passive and active tension, described

by Equation 2.55. At basal state, the hoop stress is equal to;

Th,0 =
P0D0

2
, (6.1)

which is equal to TT 0. Therefore, the non-dimensional values for passive (Equa-

tion 5.33) and active (Equation 5.34) tension can be found by dividing by basal

hoop stress Th,0:

T ∗pass =
Tpass

Th,0
(6.2)

T ∗act =
Tact

Th,0
, (6.3)

and, by rearranging Equation 2.55, hoop stress is equal to:

PD
2

=
P0D0

2
(T ∗pass +A0T

∗
act) = TT . (6.4)

The activation for the elastic response remains at A0, calculated as described in

subsection 5.3.4 where A0 = 0.6909 for arterioles and A0 = 0 for other vessels.

Following a change in pressure, the diameter changes dynamically until equi-

librium between TT and Th is reached [77]. The elastic dynamics are assumed first

order of the form:

τD
dD
dt

=
2
P0

(PD
2
− TT

)
, (6.5)
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where τD is the time constant of the system and P0 is the basal state pressure. This

equation can be divided by TT 0 to write in terms of non-dimensional tension:

τD
1
D0

dD
dt

=
PD
P0D0

− (T ∗pass +A0T
∗
act). (6.6)

Note that τD only affects the speed of the response where a smaller value in-

creases the speed of the response. An initial value of 1 s is chosen since the elastic

response is close to instantaneous.

6.1.2 A Passive Network

Simulations in the network of vessels are first performed with elastic vessels

(so that the activation does not change). The steady state results of the passive re-

sponse to varying perfusing pressure for vessel A1 are shown in Figure 6.1. Since

the flow in vessel A1 is equal to the total flow in the network, Figure 6.1 (b) also

shows the passive network flow change with pressure. The diameter has a non-

linear dependence on driving pressure which affects flow. A 40% increase in pres-

sure causes a 100% increase in flow when the diameter is subject only to elasticity.

For high pressure (> 1.4∆Ptot,0) the relationship between pressure and flow be-

comes approximately linear.
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Figure 6.1: Flow and diameter at steady state following arterial pressure perturba-
tion .

Section 6:2 Active Response

The activation of smooth muscle affects the contribution of passive and active

vessel tension to the total tension (Equation 2.55) and the amount of activation

is determined by certain physiological conditions. The myogenic response poten-

tially involves both hoop stress, Th, and shear stress, τw (see discussion in sec-

tion 2.6).

6.2.1 Activation

The activation is described by Carlson as being sigmoidally dependent on an

input signal S [42]. At basal state, activation A0 = 0.6909 and the activation satu-

rates at Au = 1 and Al = 0. Therefore, activation can be written in the form:

A =
m

m+ e−S
. (6.7)
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It is assumed that the basal state input signal is 0, but it could be the sum of

absolute physical parameters. Carlson sets A0 to be 0.5, but the basal activation for

the network calculated in subsection 5.3.4 is 0.6909. For S0 = 0 and A0 = 0.5,m = 1

which reduces Equation 6.7 to Equation 2.58. Otherwise m is calculated as:

m =
A0

1−A0
, (6.8)

for A0 = 0.6909, m = 2.24.

6.2.2 Constricted and Dilated Results

If the simulation is run with activation held at 0 and at 1, the resulting fully di-

lated and fully constricted pathways can be calculated and are given in Figure 6.2.

Fully constricted, the flow is equal to basal flow at ∆Ptot/∆Ptot,0 ≈ 1.4 (where

D/D0 ≈ 0.88). When dilated, the flow is equal to basal flow at ∆Ptot/∆Ptot,0 ≈ 0.6

(where D/D0 ≈ 1.29). The potential of the vessels is therefore for autoregulation

(conserved flow) between ±40% of basal driving pressure. However, the length-

tension characteristics were calculated for ±50% in chapter 5. The disparity is due

to the varying approximations in finding the length-tension characteristics and the

basal activation. At 0.5P0 with A = 1, the flow is 0.8Q0, and at 1.5∆Ptot,0, the flow

is 1.2Q0 with activation 0.
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Figure 6.2: Flow and diameter at steady state following arterial pressure perturba-
tion with A = 1 (constricted) A = 0 (dilated) and A = A0 (passive) .

6.2.3 Necessary Activation

By running simulations at varying fixed activation and interpolating the

pressure-flow results, the steady-state pressure-activation curve can be found for

which flow is conserved at basal state (Table B.1). Although it is therefore assumed

that Q = Q0, the flow does actually increase slightly. The required activation for

conservation of flow is linear above 0.64∆Ptot,0 (see Figure 6.3) with a steep drop

below this pressure; this can be compared with the model of Feldberg [76] where

there is linear dependence of activation on pressure between two pressure bound-

aries (Equation 2.56). For ±40% ∆Ptot,0, the relationship between driving pressure

and diameter is very slightly non-linear (see Figure 6.4) with the diameter being

1.3D0 at the lower pressure limit and 0.86D0 at the higher.
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Figure 6.3: Activation necessary for autoregulation of flow.
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6.2.4 Signal

Equation 6.8 can be rearranged for signal:

S = −ln
(
m(1−A)

A

)
. (6.9)

The necessary signal to conserve flow is calculated from Table B.1 using Equa-

tion 6.9. At maximum activation, A = 1, but this cannot be solved with Equa-

tion 6.9 and so instead A = 0.99, S = 3.7908 are used as approximations. Simi-

larly, for A = 0, A = 0.01 gives S = −5.3995. Note that the resulting signal (see

Figure 6.5) is not symmetrical with respect to the driving pressure fraction. The

relationship between signal and driving pressure fraction is approximately linear

between 0.625 and 1.25∆P0 with a steep low-pressure and high-pressure curve,

this is in line with the function for activation proposed by Feldberg Equation 2.56

[76].
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Figure 6.5: Signal required for varying pressure levels in order to maintain flow.
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For non-dimensional signal S, the following function is now proposed (giving

S = 0 at steady state):

S = kp(Th − Th,0) + kw(Tw − Tw,0). (6.10)

Equation 6.10 gives positive and negative signal S for increases and decreases re-

spectively in hoop stress Th and shear stress Tw which correlates with diameter

constriction and dilation, reducing and increasing the hoop stress where neces-

sary.

6.2.5 Signal Weight

By running a simulation with A fixed at the known desired activation for each

pressure change (from Table B.1), the parameters of the network can be deter-

mined as they would be at each pressure change, and at any point in time. kp

(/mmmmHg) and kw (/mmHg) can then be found by solving equations 2.30, 2.46

and 6.10 at these points.

Following a step increase in pressure, there is no immediate effect on activa-

tion and so the vessel diameter stays the same and flow increases due to a larger

pressure difference. The initial time step parameters immediately following a step-

change in flow are given in Table 6.1 with the second column giving the desired

signal for each pressure change.

If these are formed into a set of simultaneous equations (Equation 6.11 for each

row of Table 6.1), then kp and kw can be solved for the immediate step change

by minimising the RMS error between S calculated from Equation 6.11 and the

desired S for autoregulation given in the second column of Table 6.1.

[
Th − Th0 Tw − Tw0

]
×
 kpkw

 = S (6.11)

Over the entire range of Table 6.1, the weights are solved giving kp = 411.80

/mmmmHg and kw = −3024.20 /mmHg. If the non-linear signal part of the signal-
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Pressure Signal Flow Diameter Hoop Stress Shear Stress
∆Ptot
∆Ptot,0

(10−3mm3/s) (µm) (10−2 mmmmHg) (10−2mmHg)
0.58 -5.40 2.15 23.97 49.66 2.78
0.59 -3.00 2.17 23.97 49.92 2.82
0.60 -1.91 2.22 23.97 50.40 2.88
0.62 -1.43 2.28 23.97 50.96 2.95
0.63 -1.21 2.34 23.97 51.58 3.03
0.72 -0.81 2.71 23.97 55.26 3.51
0.87 -0.40 3.22 23.97 60.31 4.17
1.00 0 3.70 23.97 65.09 4.79
1.08 0.29 3.99 23.97 67.96 5.17
1.20 0.93 4.43 23.97 72.36 5.74
1.25 1.39 4.63 23.97 74.38 6.00
1.34 3.79 4.97 23.97 77.70 6.43

Table 6.1: Initial time step parameters following a step pressure change with acti-
vation set to the required value for autoregulation.

pressure curve (see Figure 6.5) is ignored, the weights are calculated to be kp =

901.83 /mmmmHg and kw = −6831.10 /mmHg.

The process of simulations at fixed activation can be repeated with the steady-

state hoop stress and shear stress recorded once the flow has returned to the basal

level. These parameters are given in Table 6.2.

Pressure Signal Flow Diameter Hoop Stress Shear Stress
∆Ptot
∆Ptot,0

(10−3mm3/s) (µm) (10−2 mmmmHg) (10−2 mmHg)
0.58 -5.40 3.70 31.02 65.32 2.40
0.59 -3.00 3.70 30.73 65.01 2.46
0.60 -1.91 3.70 30.21 64.44 2.57
0.62 -1.43 3.70 29.85 64.37 2.65
0.63 -1.21 3.70 29.70 64.84 2.69
0.72 -0.81 3.70 28.12 63.35 3.11
0.87 -0.40 3.70 25.71 65.21 3.95
1.00 0 3.70 23.97 65.09 4.79
1.08 0.29 3.70 23.09 65.16 5.35
1.20 0.93 3.70 21.96 65.47 6.23
1.25 1.39 3.70 21.51 65.70 6.62
1.34 3.79 4.00 20.85 66.12 7.28

Table 6.2: Parameters at steady state with activation fixed at required value for flow
conservation following a pressure change.
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Once again, these can be formed into a set of simultaneous equations and the

weights solved which would give the required signal for autoregulation. Over the

whole pressure range, the weights are calculated as kp = −106.24 /mmmmHg and

kw = 137.61 mm/mmHg. Ignoring the non-linear extreme pressure changes, the

weights are calculated to be kp = −49.63 /mmmmHg and kw = 93.06 /mmHg. These

weights have opposite signs to those calculated following the initial step change

in pressure. Since it is assumed that the weights cannot change dynamically, there

must be a different dominant parameter which sets the activation signal at the start

and end of the autoregulation process.

Noticeably, at steady state (see Table 6.2) the hoop stress is almost back to the

basal value (Th,0 = 0.65 mmHgmm). Therefore, the myogenic signal is very small

at steady state since the diameter changes reduce or increase hoop stress where

necessary. The shear stress, however, changes compared to the basal state (Tw,0 =

4.79−2 mmHg). Initially then, the myogenic signal sets the activation but, at steady

state, it is the shear signal which maintains activation.

The magnitude of activation can saturate in response to the step-change in

hoop stress, before returning to a steady state value. The initial signal can be larger

than required as long as it returns to the desired steady state value, which is deter-

mined by kw since the myogenic signal is so small.

Solving at steady state for S = kw(Tw − Tw,0), the error is minimised over the

entire pressure range when kw = 110.77 /mmHg (RMSE = 1.4722). Solved over the

linear portion of Figure 6.5 (corresponding to rows 5-10 of Table 6.2) results in a

value of kw = 60.55 /mmHg (RMSE = 0.1569, see Table B.2).

With kw = 60.55 /mmHg, kp is then solved at the initial state (see Table 6.1)

where activation is set by the change in hoop stress. Minimising the error between

calculated and required signal gives a value of kp = 10.31 /mmmmHg over the

whole range (RMSE = 1.1256) and kp = 2.50 /mmmmHg over the linear pressure
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range (RMSE = 0.2158).

At the initial state, the signal can be higher than necessary as long as it returns

to the required steady state signal and so the absolute calculated signal can be

greater than the absolute desired signal. Table 6.3 shows the resulting signal error

at the initial time-state for fixed kw = 60.55 /mmHg and varying kp.

S (required) kp = 2.5 kp = 10.31 kp = 20 kp = 27.11
S error S error S error S error

-5.40 -1.60 3.80 -2.81 2.59 -4.30 1.10 -5.40 0.00
-3.00 -1.57 1.43 -2.76 0.24 -4.23 -1.23 -5.31 -2.31
-1.91 -1.52 0.39 -2.67 -0.76 -4.09 -2.18 -5.14 -3.23
-1.43 -1.47 -0.04 -2.57 -1.14 -3.94 -2.51 -4.94 -3.51
-1.21 -1.4 -0.19 -2.46 -1.25 -3.77 -2.56 -4.73 -3.52
-0.81 -1.02 -0.21 -1.79 -0.98 -2.74 -1.93 -3.44 -2.63
-0.40 -0.49 -0.09 -0.87 -0.47 -1.33 -0.93 -1.67 -1.27
0.29 0.30 0.01 0.53 0.24 0.80 0.51 1.01 0.72
0.93 0.76 -0.17 1.32 0.39 2.03 1.10 2.55 1.62
1.39 0.96 -0.43 1.69 0.30 2.59 1.20 3.25 1.86
3.79 1.31 -2.48 2.29 -1.50 3.52 -0.27 4.41 0.62

Table 6.3: Initial time step signal calculated with kw = 60.55 /mmHg and varying
kp compared with the required signal.

A larger value of kp (27.11 /mmmmHg) is better for ensuring that the absolute

signal is greater than required over the range of autoregulation. However, over-

activation is physiologically costly since muscles require oxygen for activation. The

linear portion of the desired signal curve is from rows 5 to 10 of Table 6.3, corre-

sponding to pressure fractions of 0.63 : 1.2, for this range kp = 10.31 /mmmmHg is

sufficient to ensure that the absolute signal is greater than required.

With kp ≥ 10.31 /mmmmHg, the steady state signal error must be minimised.

Instead of the absolute signal error, the fractional error (Scalc/Sreq − 1) can be used

to normalise.Signal errors for varying kp are calculated and the fractional overall

and linear-range error are given in Table 6.4.

There is therefore a compromise between the initial activation and steady-state

solution. kp = 10.31 /mmmmHg is a good compromise on the steady state error
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kp (/mmmmHg) kp = 10.31 kp = 20 kp = 27.11
Overall

RMSE 0.3787 0.4011 0.4241
Linear

RMSE 0.2449 0.3149 0.3719
Table 6.4: Steady state fraction error for differing values of kp with kw = 60.55
mm/mmHg.

and on the initial state signal but kp = 20 /mmmmHg is worth considering for the

better initial state signal.

With varying values of kp and kw = 60.55 /mmHg, the resulting flow ratio error

at steady state (after 60 seconds of simulation) are given in Table 6.5.

kp (/mmmmHg) kw (/mmHg) RMSE (overall) RMSE (linear)
2.5 60.55 0.3952 0.0581

10.31 60.55 0.3363 0.0572
20 60.55 0.3305 0.0636

27.11 60.55 0.3291 0.0649
Table 6.5: Root mean squared error of flow as a fraction of basal state following 60
second simulations with varying kp.

A value of kp = 10.31 /mmmmHg results in the lowest linear flow error. It has

a higher overall error though since autoregulation over the entire range requires

a higher value for kp. Therefore, the value kp = 10.31 /mmmmHg is high enough

that the initial signal saturates, and together with kw = 60.55 /mmHg , results in

the best autoregulation since the steady state depends on kw, and a low value of kp.

Section 6:3 Active Autoregulation Curve

The results obtained for values of kp = 10.31 /mmmmHg and kw = 60.55

/mmHg are shown in Figures 6.6, 6.7 and 6.8 (with results given in Table B.3).

The gradient of the autoregulation curve between 0.6 and 1.36 ∆P0 is approxi-

mately linear at 0.3553. The ‘corner’ of flow regulation around ∆Ptot/∆Ptot,0 = 0.6

does not correspond to the corner of diameter regulation. This is the steepest part

of the activation curve where the diameter is reaching a maximum value. As found

experimentally by Hayashi [96], the diameter does not change below a certain
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Figure 6.6: Autoregulation curve with weighting kp = 10.31 /mmmmHg and kw =
60.55 /mmHg.
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Figure 6.7: Diameter ratio curve with weighting kp = 10.31 /mmmmHg and kw =
60.55 /mmHg.

pressure. At +20% ∆P0, the desired activation is 0.85 and diameter 0.92D0. The

resulting diameter ratio is 0.90 and activation 0.86 and so the signal is slightly too

high, since the weightings kp and kw ensure a high signal over the autoregulation

pressure range. For pressure drops, though, the activation is not high enough as a

result of the compromise for the weighting of kp and kw.
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Figure 6.8: Activation curve with weighting kp = 10.31 /mmmmHg and kw =
60.55 /mmHg.

6.3.1 Dynamic Results

For ±20% pressure change, the dynamics of activation and the resulting diam-

eter and flow ratios can be calculated. The speed of the myogenic response is set

by τd and the steady state results are not affected by this value. A value of τd = 6 s

is chosen to match the dynamics described by Panerai [188].
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Figure 6.9: Activation dynamics over a 60 second simulation following a ±20%
driving pressure increase.
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The activation (Figure 6.9) initially saturates, with a pressure increase having a

smaller step change than a pressure decrease. The steady state activation following

a pressure drop is equal to 0.54. Following a pressure increase, the steady state

activation is 0.86.
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Figure 6.10: Diameter over a 60 second simulation following a ±20% driving pres-
sure increase.

The diameter does not have the same step change and the dynamics are delayed

compared with the activation taking longer to reach steady state (see Figure 6.10).

The dilated diameter ratio following a 20 % pressure decrease is 1.18 and the con-

stricted ratio 0.90. Therefore, the diameter response is non-symmetrical with a

larger dilation required for autoregulation than constriction.

The resulting flow dynamics (Figure 6.11) are a large initial step change fol-

lowed by a fast return towards the basal flow. The flow ratio initially matches the

pressure change (±20 %) but, following a pressure decreases, reaches 0.96 and, in

response to a pressure increase, reaches 1.05. The flow ratio is therefore approxi-

mately symmetrical for the same increase and decrease in pressure.
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Figure 6.11: Flow over a 60 second simulation following a ±20% driving pressure
increase.

Summary

In this chapter, two contributors to the myogenic response are identified,

and the weighting of them in the overall signal determined. These are calcu-

lated from the desired signal, solved from the condition of maintained flow.

Simulations in the network show good autoregulation in the ±40% driving pres-

sure range. There are other signal components described in the literature which

influence metabolic control. These are explored in the next chapter.
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7
The Metabolic Response

In chapter 7, the metabolic response is investigated, first under suppressed flow con-

ditions and then with an added conducted response. Input signals related to oxygen

availability and demand are proposed to add to those calculated in chapter 6 and their

weights calculated. The time constants for diameter and oxygen are varied and the effect

on the magnitude and dynamics of the overall response described.
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Section 7:1 Control-State Demand

At steady state, the rate of flux of oxygen out of the vessel, JO2
, (Equation 2.21)

is assumed to be equal to the sum of the demands of the tissue and components

of the vessel wall (the consumption). For the node concentrations presented in

Table 4.15, basal demand M0 (µM/s) is calculated as:

M0 = JO2
= (Cin −Cout)Q, (7.1)

where Cin and Cout are the vessel inlet and outlet oxygen concentration and Q is

the flow. Tissue demand across generations is therefore not uniform (see Table 7.1

where the molar demand is converted to volume by Equation 2.16).

Generation Molar Demand Volume Demand
M0 (×10−3µM/s) M0 (×10−4 mlO2/s)

A1 27.14 6.08
A2 14.22 3.18
A3 5.51 1.23
A4 2.09 0.47
A5 0.78 0.18
A6 0.54 0.12
C 1.60 0.36

V6 0.49 0.11
V5 0.40 0.90
V4 0.91 0.20
V3 1.94 0.43
V2 3.73 0.84
V1 6.19 1.39

Table 7.1: The basal tissue demand in generations calculated with Equation 7.1.

The values of consumption for the larger vessels are comparable in magnitude

to the tissue consumption values collected in Table 2.6, though smaller vessels

have less demand, since they have less tissue volume.
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Section 7:2 Tissue Dynamics

If demand increases, the tissue oxygen concentration initially reduces which,

in turn, increases the extracted oxygen due to the increased oxygen concentration

gradient across the vessel wall. The change in tissue concentration is due to the

imbalance between the oxygen extracted JO2
and demand M:

VT
∂CT
∂t

= JO2
−M, (7.2)

where VT is the tissue compartment volume and CT is the tissue oxygen concen-

tration.

VT can be redefined in terms of basal flow Q0 as τO ×Q0, so that the oxygen

time-constant τO is:

τO =
VT
Q0
. (7.3)

Using the gradient (∆CT /∆t) of tissue oxygen concentration from the data, τO

can be calculated using Equation 7.4:

τO =

(
JO2
−M

)
Q0

∆t
∆CT

. (7.4)

The dynamics of a 12.5% demand increase in a non-regulating arteriole are re-

produced from experiments by Vazquez et al. [264] in Figure 2.12 where dPT /dt =

−0.5 mmHg/s (−1.52%) or dCt/dt = −0.6757 µM/mm3/s. In the initial period be-

fore flow change (where the vessel can be approximated as non-regulating), Ances

et al. [4] found dPT /dt = −0.42± 0.24 mmHg/s (−1.82%) or −0.5672 µM/mm3s im-

plying a similar demand to that investigated by Vazquez.

The flux out of the vessel changes with tissue concentration so that, by equa-

tions 2.21, 4.2 and 7.1:
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τO =

(
−Q0(e−

DwπDL
wQ − 1)(Cin −CT )−M

)
Q0

∆t
∆CT

. (7.5)

Using the percentage rate of tissue concentration change calculated from the

Vazquez result (−1.52%), the time constant is calculated separately for each gener-

ation of vessel and the results are given in Table 7.2. The tissue radius is calculated

from the tissue volume VT , vessel radius RV and vessel length L:

RT =

√(VT
πL

+R2
V

)
. (7.6)

Generation Time Constant Tissue Radius
τo(s) RT (µm)

A1 0.134 18.05
A2 0.118 14.24
A3 0.077 11.07
A4 0.046 8.49
A5 0.299 15.75
A6 0.580 15.74
C 3.196 28.76

V6 0.028 6.05
V5 0.017 7.74
V4 0.007 9.10
V3 0.014 11.18
V2 0.020 13.61
V1 0.020 16.54

Table 7.2: Oxygen time constant calculated from the rate of percentage change of
tissue concentration in experiments.

For capillaries then, the resulting time constant is 3.20 s so that RT = 28.76µm

(smaller than the assumed 40µm but close to the value of 32µm set by Mintun

[163]). The capillary tissue radius is much larger than for other vessels where the

tissue oxygen gradient is calculated over the vessel wall. The size of the tissue

compartment in other vessels is variable, increasing with vessel diameter in the

venules but with a larger radius in the pre-capillary arterioles.
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Section 7:3 Steady State Calculations

At steady state, Equation 7.2 becomes:

Cin −Cout =
M
Q
. (7.7)

For M = 1.125M0 (the Vazquez demand increase [264]) and Q = 1.488Q0 (the flow

increase found by Vazquez), Cin −Cout = 0.756∆Cv,0 by Equation 7.7. For the cap-

illaries, with no dilation, Equation 4.2 is rearranged to include this 0.756∆Cv and

the flow increase so that:

Cin −CT =
0.756∆Cv,0

1− e−
DwπD0L0
w01.488Q0

. (7.8)

Using Equation 7.8, Cin−CT is calculated to be 46.98 µM/mm3. The basal value

of Cin,0−CT ,0 = 44.14 µM/mm3. There are three options for how this increase hap-

pens: an increase in both tissue and inlet concentration, or a separate inlet or tis-

sue concentration increase. For the first option, the gradient implies a 6 % increase

in tissue concentration and inlet concentration which is slightly higher than the

2% found at steady state by Ances, for a steady-state flow ratio of 1.1. In order to

achieve the 27.7 % increase in tissue concentration found by Vazquez (with no inlet

increase), the demand must increase by 34.96 %, or flow decrease by 44 % (solved

by rearranging Equation 7.8). A further option is that the oxygen concentration at

the inlet of the vessel increases: a value of Cin = 83.87 µM/mm3 (∆Cv = 1.125∆Cv,0)

would reproduce the experimental results .

7.3.1 Steady-state suppressed flow

Under suppressed flow conditions where Q = Q0 and ∆Cv = 1.125∆Cv,0; Cin −
CT = 49.68 µM/mm3 which requires a 17.7 % decrease in tissue concentration

(with no other inputs the inlet concentration is assumed to stay the same), higher

than the value of 11.7 % found by Vazquez et al. [264]. With the proposed time
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constant for the capillaries, the time taken for flux to equal the new demand (JO2
=

1.125M0) is 56 s and an 11.7% decrease in tissue concentration takes 10 s.

For other generations, the steady state tissue concentration reduction is calcu-

lated and given in Table 7.3.

Generation Tissue Concentration Reduction
CT −CT ,0
CT 0

(%)
A1 2.5
A2 2.3
A3 2.1
A4 1.9
A5 2.3
A6 2.8
C 17.7

Table 7.3: The steady state tissue concentration reduction in vessels following a
demand increase of 12.5 % and assuming suppressed flow.

These decreases are small, apart from in the capillary vessels. In order to

achieve tissue concentration decreases of 11.7 %, the required demand percent-

age increase is calculated and given in Table 7.4.

Generation Demand Increase
M
M0

(%)
A1 58.6
A2 64.3
A3 70.8
A4 77.3
A5 62.4
A6 52.1
C 8.2

Table 7.4: The demand increase required for a 11.7 % tissue concentration decrease
at steady state.

It is assumed that Vazquez calculated the tissue concentration reduction to

steady-state, though this is unclear. However, for the Lucas network, the high tis-

sue concentration at basal state allows for adaption so that large demand increases

are required for arteriolar tissue concentration reduction. It is possible that the ex-
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periment of Vazquez did not reach steady state, so that although the tissue concen-

tration rate reduction is reproduced here, the time-constant must actually be re-

calculated using the time taken for the vessel to reach steady-state and the steady

state concentration (in order to use Equation 7.4, the flux must equal the demand).

Section 7:4 Metabolic Signals

The proposed signals described in the literature review are a conducted signal

related to oxygen demand, and a local signal determined by the tissue concen-

tration. The myogenic response described in chapter 6 means that although local

flow increases, the overall network flow remains tightly controlled. The extra flow

is achieved by upstream pathway dilation, and constriction of surrounding ves-

sels. This extra flow also achieves the inlet node concentration increase necessary

to replicate the experimental results, as described on page 183.

7.4.1 Conducted Signal

If it is assumed that the metabolism matches the demand via the redundancy

in the tissue compartment, it is possible that any chemical released as a result of

the metabolism could form the basis of a metabolic signal. Carbon dioxide is an es-

pecially potent vasodilator and also a product of metabolism. Therefore, increased

demand would lead to an increase of carbon dioxide which could potentially be

propagated upstream (the mechanics of how are less important here). A signal Sm

is proposed here which is proportional (with weight ks) to the change in demand:

Sm = ks(M −M0). (7.9)

Sm is conducted upstream from the capillaries, integrated along vessels and

summed at converging nodes. The signal is also assumed to decay exponentially

along vessel length so that at distance z from the end of the vessel:
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Sm(z) = Sme
−z/L. (7.10)

This follows the same decay and accumulation assumption as used by Arciero,

and by Pries and Secomb (described in section 2.8).

7.4.2 Tissue Concentration Signal

The local tissue concentration could also be a direct local signal for dilation or

constriction. Extra oxygen availability would cause an increase in the tissue con-

centration by Equation 7.2 and a proportional signal could counteract this increase

via vessel constriction. The proposed signal So is weighted by a factor ko:

So = ko(CT −CT ,0). (7.11)

7.4.3 Overall Signal

The overall signal is therefore:

S = kp(Th − Th,0) + kw(τw − τw,0) + ks(Sm − Sm,0) + ko(CT −CT ,0), (7.12)

where kp and kw have been initially calculated as 10.31 /mmHgmm and 60.55

/mmHg in subsection 6.2.5.

Section 7:5 Tissue signal weight

When the perfusing pressure changes, there is no effect on the conducted sig-

nal but the resulting changes in flow and diameter affect the tissue concentration.

Referring to subsection 6.2.5, ko is calculated by finding ∆CT at steady state af-

ter running a simulation at fixed inlet pressure, and (known) activation required

for pressure autoregulation (calculated in subsection 6.2.3). Table 7.5 gives the

required total activation signal for autoregulation (calculated with Equation 6.9)
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along with the hoop and shear stress and tissue concentration found in vessel A1

at steady state.

Signal Flow Hoop Stress Shear Stress Tissue Concentration
Sstst Q (10−3mm3/s) Th (10−2 mmHgmm) τw (10−2mmHg) CT (µM/mm3)
-5.40 3.70 65.33 2.40 95.41
-3.00 3.70 65.02 2.46 95.24
-1.91 3.70 64.45 2.57 94.91
-1.43 3.70 64.38 2.65 94.68
-1.21 3.70 64.85 2.69 94.58
-0.81 3.70 63.41 3.10 93.45
-0.40 3.70 65.21 3.95 91.32

0 3.70 65.09 4.79 89.39
0.29 3.70 65.14 5.36 88.27
0.93 3.70 65.45 6.23 86.65
1.39 3.70 65.67 6.63 85.94
3.79 3.70 66.09 7.28 84.81

Table 7.5: Table giving parameters to solve Equation 7.12 to find signal weights at
steady state.

Table 7.6 shows the changes in tissue concentration, hoop and shear stress

where basal state tissue concentration is 89.39 µM/mm3, hoop stress 65.09

mmmmHg and shear stress 4.79 mmHg. The tissue concentration change is large

compared with the hoop and shear stress.

Total Signal Tissue Hoop Shear
S ∆CT (µM/mm3) 100∆Th (mmHgmm) 100∆τw (mmHg)

-5.40 6.02 -6.43 0.23
-3.00 5.85 -0.87 -0.08
-1.91 5.52 6.04 -0.65
-1.43 5.29 7.20 -0.72
-1.21 5.13 2.54 -0.25
-0.81 4.06 -1.68 -1.74
-0.40 1.93 -1.13 0.12
0.29 -0.69 -0.57 0.07
0.93 -2.74 -3.65 0.38
1.39 -3.45 -5.70 0.61
3.79 -4.58 -8.03 1.03

Table 7.6: The signals due to hoop stress, shear stress and tissue concentration cal-
culated at steady state.

With kw = 60.55 /mmmmHg and kp = 10.31 /mmHg, ko is solved by minimis-
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ing the steady-state signal error (Equation 7.13). The the root mean squared error

between the required activation signal, and the signal calculated from the param-

eters and weights is minimised using a trust-region dogleg algorithm (see subsub-

section 5.2.1.1).

ko =
Sstst −

(
kw(τw − τw,0) + kp(Th − Th,0)

)
(CT −CT ,0)

, (7.13)

giving ko = 0.0216 mm3/µM for the linear portion (see Figure 6.5). ko therefore has

to be small compared with kp and kw in order to maintain myogenic autoregula-

tion.
With ko = 0.0216 Without ko

-4.11 -3.98
-1.71 -1.58
-0.61 -0.49
-0.17 -0.05
-0.02 0.09
0.30 0.39
0.06 0.10
-0.02 -0.04
0.08 0.02
0.30 0.22
2.28 2.18

Table 7.7: Error in signal calculated with ko, kp and kw at steady state following
autoregulation.

Table 7.7 gives the error between the required and calculated activation signals

and shows that a small value of ko slightly improves the autoregulation steady

state signal for small pressure changes but reduces the effectiveness of autoregu-

lation for larger pressure changes. In practice, the overall effect is very small (see

Figure 7.1) but autoregulation is reduced at lower pressure.
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Figure 7.1: The autoregulation curve with and without ko.

Section 7:6 Dynamic Response

Under non-suppressed flow with a 12.5% demand increase, Vazquez found a

27.7% increase in tissue concentration (from 32.8 mmHg) and a 48.8% increase

in flow at peak. Ances found a larger peak flow increase of 55.8% with a smaller,

20.7% increase in tissue concentration (from 23.1 mmHg) after an initial decrease

in tissue concentration (to 98.2 %). Vazquez’ tissue concentration is high com-

pared with the tissue concentration of the Lucas network (31.11 µM/mm3 or 23.04

mmHg), but this value is very similar to that of Ances. Therefore, the results of

Ances are preferred as a reference.

7.6.1 Weighting of conducted signal

The magnitude of conducted signal in the capillaries at basal state is 0.1529

and a change of 12.5% demand in the tissue surrounding the vessel results in an

absolute signal change of 0.0191. Since signals over the range of activation are

between −5.4 and 3.79, initially ks is set to −100 s/µM.

Following a demand increase of 12.5% in a capillary (simulated with vessel 74,

between nodes 43 and 75), the resulting maximum flow ratio is 1.33 with a maxi-

mum tissue ratio of 1.14. The magnitude of ks is increased and the maximum flow
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ratio, and maximum and minimum tissue ratios reached are recorded in Table 7.8.
ks flow ratio min tissue max tissue

∆Q
Q0

(%) ∆CT
CT ,0

(%) ∆CT
CT ,0

(%)
-100 32.9 98.3 13.9
-135 49.3 98.5 23.4
-145 55.6 98.5 26.3

-145.5 56.0 98.6 26.6
-146 56.4 98.6 26.9

-146.5 56.8 98.6 27.4
-147 57.2 98.6 28.1
-150 59.8 98.6 29.7

Table 7.8: The diameter and flow ratio reached at steady state in vessel 74 after
a 12.5% demand increase with kp = 10.31 /mmmmHg, kw = 60.55 /mmHg and
ko = 0.0216 mm3/µM.

ks = 135 gives a value close the flow ratio found by Vazquez, with a 23.4% in-

crease in tissue concentration. ks = 145.5 gives the larger flow increase found by

Ances and ks = 147 the tissue increase found by Vazquez. Although the Ances basal

tissue concentration is approximately the same as the Lucas capillary concentra-

tion, ks = 147 is chosen in order to establish the maximum tissue concentration

response.

7.6.2 Time to steady-state

With τo calculated from suppressed-flow results and ks = 147, the dynamic re-

sponse is slow. It takes 38.5 seconds for the tissue concentration to reach maximum

(see Figure 7.2), this is much longer than 5 seconds found by Ances or 6.8 seconds

found by Vazquez. The flow response (to maximum) with τd = 6 s takes 17.1 s com-

pared with 10.8 found by Vazquez and 4 s found by Ances. There is also a 21.4 s

delay between the flow and tissue response (compared with a 1.0 s delay found by

Ances) due to the difference between the diameter and oxygen time constants.

Vazquez found that it took 3.2 s for the flow to reach +48.8 % of the basal value

and 33 s for the tissue concentration to reach +27.7 % of the basal value. Ances
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Figure 7.2: The resulting dynamic flow with τo = 3.20 s in the capillary.

found that it took 15.7 s for the tissue to reach +20.7 % of the basal concentration

and 9 s for the flow to reach +55.8 % of the basal flow. To replicate the results

of Ances, the maximum tissue concentration need not be as high, and the time to

reach it will therefore be reduced.

The time taken to reach steady-state is set by the interaction between the di-

ameter time constant τd , and the oxygen concentration time constant τo. If oxygen

time constants are reduced in all vessels by the same factor, the second set of re-

sults in Table 7.9 are found. The top half is for a change only in the capillary vessel

time constants. Table 7.10 then gives the time taken to replicate both the Ances

and Vazquez tissue and flow results with varying oxygen time constant.

Reducing the time constant in all vessels affects the speed and magnitude of

the flow response whereas reducing only the capillary constant decreases the time

taken for the peak tissue response without affecting flow. With the capillary oxy-

gen time constant at 0.64 (RT = 13.4µm), the time taken to reach 20.7 % is 4.9

seconds and the flow takes 9.0 s to reach +55.8 %. The flow response time can

be reduced by decreasing τd . However, this also affects the speed of the myogenic

response. Tables 7.11 and 7.12 give the result of changing the myogenic time con-

stant on the maximum ratios, and on the time taken to replicate the experimental
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Time Constant max flow ratio time min tissue ratio time max tissue ratio time
τo (s) ∆Q

Q0
(%) (s) ∆CT

CT ,0
(%) (s) ∆CT

CT ,0
(%) (s)

Capillary Time Constant
3.20 (τo,0) 57.2 17.1 98.6 1.3 28.1 38.5

1.60 (0.5τo,0) 57.2 17.1 97.3 1.3 29.1 30.7
0.64 (0.2τo,0) 57.2 17.1 94.4 1.1 29.3 20.7

0.48 (0.15τo,0) 57.2 17.1 93.1 1.1 29.3 19.4
All Time Constants

0.5τo,0 57.2 16.5 97.5 1.1 29.0 29.2
0.2τo,0 53.3 12.4 95.0 0.9 40.2 15.8

Table 7.9: The effect of the oxygen time constant on the maximum tissue ratio, and
the time taken to reach maximum.

Tissue Ratio Flow Ratio
Time Constant time to +20.7 % time to +27.7 % time to +55.8 % time to +48.8 %

τo (s) (s) (s) (s) (s)
Capillary Time Constant

3.20 (τo,0) 15.7 33.0 9.0 3.2
1.60 (0.5τo,0) 9.6 18.0 9.0 3.2
0.64 (0.2τo,0) 5.6 10.2 9.0 3.2

0.48 (0.15τo,0) 4.9 9.0 9.0 3.2
All Time Constants

0.5τo,0 9.4 17.8 9.0 3.3
0.2τo,0 4.1 5.1 - 3.6
Data Ances (5 s) Vazquez (9.8 s) Ances (4 s) Vazquez (6.8 s)

Table 7.10: The effect of the tissue time constant on the rate of change of flow and
tissue concentration.

results. Reducing τd to 3 s moves the simulation towards the Ances result.

Time Constant max flow ratio time min tissue ratio time max tissue ratio time
τd (s) ∆Q

Q0
(%) (s) ∆CT

CT ,0
(%) (s) ∆CT

CT ,0
(%) (s)

4 58.1 15.1 94.9 1.0 29.8 38.5
3 58.2 8.2 95.3 0.9 29.9 38.5

Table 7.11: The effect of the diameter time constant τd on the magnitude and speed
of the maximum flow and tissue response.
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Tissue Ratio Flow Ratio
Time Constant time to +20.7 % time to +27.7 % time to +55.8 % time to +48.8 %

τd (s) (s) (s) (s) (s)
4 4.9 8.5 5.8 2.1
3 4.6 7.7 4.2 1.6

Data Ances (5 s) Vazquez (9.8 s) Ances (4 s) Vazquez (6.8 s)

Table 7.12: The effect of the diameter time constant τd on the rate of the tissue and
flow response.

Section 7:7 Results

7.7.1 Results: Capillary Flow and Tissue Concentration

With τd = 3 s, there is an initial flow peak of +55.8 % before a second slower

increase to +58.2 % (see Figure 7.3). The capillaries do not display the reduction

in flow and tissue concentration after the maximum has been reached because the

demand signal being conducted to the feeding vessels is still large, and there is no

local diameter change in the capillaries. Figure 7.4 shows the initial reduction in

capillary tissue concentration with a slower time to reach maximum than for flow.
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Figure 7.3: The dynamics of flow in the capillary following a 12.5 % demand in-
crease.
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Figure 7.4: The dynamics of the tissue concentration in the capillary following a
12.5 % demand increase.

7.7.2 Results: Network Diameter Response

For vessel 74 (nodes 43 to 75), the vessel pathway is shown in Figure 7.5. Vessels

which should constrict are shaded with a thick black dashed line, dilating vessels

with a thick red line and surrounding vessels are thin blue dotted lines.
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Figure 7.5: The vessel pathway which feeds vessel 74 (between nodes 43 and 75).

Following a 10 s 12.5% demand increase in the capillary, the conditions in the

network at 4.2 s (when the flow in vessel 74 is at +55.8 %) are recorded and given
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in Table 7.13.
Vessel Response Start node End node Flow Ratio Tissue Ratio Diameter Ratio

Q
Q0

CT
CT ,0

D
D0

2 Dilate 2 3 1.25 1.04 1.14
3 Constrict 2 4 1.03 1.00 0.98
4 Constrict 3 5 1.10 1.01 0.97
5 Dilate 3 6 1.41 1.05 1.17

11 Constrict 6 12 1.22 1.02 0.97
20 Constrict 11 21 1.41 1.05 0.97
21 Dilate 11 22 1.78 1.10 1.21
42 Dilate 22 43 1.84 1.14 1.01
43 Constrict 22 44 1.71 1.12 0.98
74 - 43 75 1.56 1.19 1.00

Table 7.13: The flow, tissue concentration and diameter ratio in vessels in the path-
way of vessel 74.

The tissue ratio does not decrease in vessels outside the pathway due to the

local tissue signal which prevents further contraction of these vessels. The dynam-

ics of the diameter response in these vessels is given in Figure 7.6. Vessels in the

same generation have been given the same colour, vessels which should constrict

are dashed and those which should dilate are solid.
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Figure 7.6: The dynamic diameter response of vessels in the pathway which feeds
vessel 74.

Due to the increased tissue concentration ratio in vessel 42 (immediately feed-

ing the capillary) the diameter decreases again. Vessel 42 also has the largest

197



Claire Lucas 7.7. Results

undershoot post demand offset. This pre-capillary arteriole is subject to a large

change in flow ratio and tissue concentration (other than the capillaries) and so

has the biggest diameter response (since the capillaries do not regulate). Similarly,

vessel 43 adjacent to 42 has the largest initial contraction. Vessel 21 saturates since

the conducted signal overrides the smaller increase in flow and tissue concentra-

tion. The vessel response is delayed through the network as the signal is conducted

and this is the reason for the secondary response seen in vessel 74 in Figure 7.3 ear-

lier.

7.7.3 Results: Collateral Circulation

Vessel 105 is between nodes 42 and 43 and is the collateral capillary serving

vessel 74. Vessel 106 is between nodes 43 and 44 and is the collateral draining

capillary for vessel 74. Initially nodes 42, 43 and 44 have the same pressure and

so the flow in these vessels is 0. During the demand increase, the pressure at node

43 increases more than 42 and 44 so that flow is drained, hence the large increase

in the feeding vessel. It is desired that the flow in these vessels would feed the

capillary, but this requires an increase in pressure in these nodes which is achieved

by an increase in flow in the feeding vessels (i.e. the opposite of what is shown in

Figure 7.6). Therefore, the collateral capillaries in the Lucas network are part of

the response to flow, preventing large increases in shear stress in the capillaries

and ensuring sufficient flow to capillary tissue regardless of the feeding vessel.
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Summary

The response to increased oxygen demand in the capillary generation has

been investigated in this chapter. It is shown that a large flow and tissue re-

sponse can be achieved with a conducted upstream signal, and a local tissue

concentration signal. The tissue signal is shown to have only a small, but ben-

eficial, effect on the myogenic response. The tissue signal prevents a decrease

of tissue concentration in the vessels outside of the direct pathway during the

metabolic response. The metabolic response depends on the interaction of two

time constants, as well as the magnitude of the conducted signal. Here, the ex-

perimental result of Ances is modelled, but the process could be followed to

replicate an alternative experimental result. The dynamic diameter response in

the network enables flow to be directed towards a vessel with increased demand

without compromising the demand of these vessels. The collateral circulation

does not aid this response, but instead prevents an increased shear stress in the

capillary vessels which cannot dilate to accommodate extra flow.
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8
Conclusions and Future Work

The thesis describes the development of an anatomical model of the cerebral vasculature

which has accurate geometry, flow and oxygen concentration and is able to autoregulate

over a perfusing pressure range of ±40% of the basal level. The dynamics of flow and

tissue concentration following a demand increase in a capillary vessel are replicated by

a pathway diameter response. This response is governed by an activation factor set by

a weighted sum of physiological signals which controls to the proportion of muscle cells

activated in the vessel wall. This muscle tone in turn contributes to the total tension

in the vessel wall, along with the passive tension due to collagen and elastin fibres.

The vessel diameter regulates until equilibrium is reached between the circumferential

tension (due to transmural pressure and vessel diameter) and this total wall tension.

Section 8:1 Summary of Results

In chapter 3, the geometry of the basal model was established which gave the

vessel resistance necessary for experimentally validated pressure and flow. The

method proposed here to calculate vessel length and diameter can be repeated for

a network of any number of generations based solely on the experimental capillary

diameter and flow velocity. A process is also described by which, using the vessel

geometry and an inlet and outlet network pressure, the nodal pressures and flows
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can be calculated for all vessels. Capillary flow is extracted here from the experi-

mental results of Zweifach [281] and multiplied by the number of capillaries to get

the total network flow. The number of capillaries chosen sets the number of vessel

generations in the network since a branching approximation is assumed. The small

total network flow (3.7 × 10−3mm3/s) is therefore a consequence of the size of the

capillary generation, flow being calculated from the velocity and cross-sectional

area which are validated by the data.

The concentration of oxygen in the vessels and in surrounding tissue was cal-

culated in chapter 4 using Fick’s law for oxygen flux. Reference concentrations in

tissue and vessels were used to investigate the assumption that wall and tissue

radial gradients are different. The assumption made by previous models of uni-

form radial tissue concentration gradient throughout the network has here been

superseded by separate gradients across the wall and radially through tissue. The

diffusion coefficient was redefined in terms of wall permeability which was ap-

proximated as being proportional to wall volume (and therefore vessel diameter)

with different proportionality constants for large and small vessels reflecting the

varying proportion of smooth muscle present. In capillaries, however, the vessel

wall was approximated as being so thin that it can be lumped with surrounding

tissue and so capillaries have a large flux for their size since a large tissue volume

is taken into account. The findings related to oxygen exchange show that there

must be consumption in the wall which is proportional to wall volume and re-

quires a separate wall permeability rather than diffusion coefficient is very useful

in settling debate within the literature and providing new physiological insight.

A basal tissue concentration was then calculated from reference vessel con-

centration and permeability. These values were used to determine nodal oxygen

concentrations in the network using only the overall inlet concentration and the

parameters of Fick’s law. The resulting values approximate the reference values in-
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terpolated from the data, though arteriole concentrations are higher, probably due

to the separation into large and small vessels for wall permeability which could be

separated further.

A new set of mathematical functions describing the passive and active length-

tension relationships were proposed in chapter 5, which are more accurate than

those proposed previously. The equations are based on existing exponential func-

tions but split into two phases for high and low strain. The point of transition

between phases for passive and active tension was found to be close to the point

of maximum active tension. For high strain, passive tension was found to be well

approximated by a linear relationship with strain. Active tension was shown to

have a set tension for low strain. The resulting active strain-tension curve is non-

symmetrical, as found experimentally.

These functions were applied to the new network model by calculating the

basal passive and active tension which enable autoregulation of flow over ±50%

of the basal pressure gradient. The equations were then non-dimensionalised so

that they can be applied to other vessels of any size. The resulting basal activation

(proportion of activated muscle cells) is more than half so that the activation over

the pressure range is non-symmetrical due to the low-strain active tension. The

basal activation and tension can be calculated for any autoregulation limits, or al-

ternatively the potential autoregulation limits calculated from the basal activation

by the method proposed here with a resulting shift on the strain axis. For exam-

ple, for ±50% autoregulation, the basal condition is found to be below the point of

maximum active tension. If it is instead assumed that the basal network is at the

point of maximum active tension, the autoregulation limit is reduced to ±30% with

a large proportion of muscle cells activated at basal conditions. The relationship

between length and tension is linked to the autoregulation state of the network in

this model and therefore provides new insight onto the extent of activation (and
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therefore diameter compensation) possible over a range of pressure.

Simulation of myogenic autoregulation was performed in chapter 6. A sig-

moidal activation signal was proposed with components proportional to shear and

hoop stress. The weight of these signals was determined by minimising the error

with the signal required for conservation of basal flow at varying pressure within

the autoregulation range. The necessary signal for autoregulation was found to be

linear with pressure for ±40% of the driving pressure gradient with steep changes

beyond these limits, this is in agreement with the equation proposed by Feldberg

Equation 2.56 [76] which has activation as a linear function of pressure between

two limits and is based on experimental results. The dynamic analysis of autoreg-

ulation implied that the signal due to hoop stress sets the initial activation and the

steady-state activation is maintained by the shear stress signal. The result of au-

toregulation occurring is that hoop tension almost returns to its basal value and so

this shear signal is necessary. A potential physiological mechanism for shear-stress

maintained activation is that the endothelial layer releases chemicals in response

to shear which affect muscle tone.

The combination of assumptions made in chapter 5 and the compromise be-

tween low and high pressure activation means that the resulting model is able to

autoregulate only between ±40%, rather than ±50%. The autoregulation curve was

thus reproduced for a pressure change of ±40% with a non-symmetrical flow in-

crease of +17% and −13% change in flow over this range. Beyond these limits the

relationship between pressure and flow was similarly non-symmetrical: a 30% in-

crease in flow was found following a 50% increase in pressure with a smaller 23%

decrease in flow after a 50% decrease in pressure.

The response to capillary oxygen demand was investigated in chapter 7 where

further contributions to the activation signal were identified as a local tissue con-

centration signal and a conducted oxygen demand signal. This conducted signal is
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assumed to sum at bifurcations between vessels and to decay along vessel length.

Inclusion of these signals has a very small effect on the myogenic curve, but the

ability to autoregulate is slightly reduced at low pressure. The tissue compart-

ment was found experimentally to give some redundancy after increased demand

with the flow response overcompensating for the reduced tissue concentration,

causing an overall increase. The metabolic signals proposed here enable the model

to replicate this feature, along with the upstream pathway response to increased

tissue demand in the capillaries.

An initial flow peak in the capillaries was found during simulation of capillary

demand increase which was followed by a secondary flow increase due to a delay

in the conducted signal which affected individual vessels in the network. The tis-

sue concentration signal ensures that surrounding vessels only contract by a small

amount with the tissue compartment compensating for reduced flux. The diam-

eter of the immediately feeding vessel decreased following an initial dilation so

that the increased oxygen is directed to the area of demand. In the preceding gen-

eration to the feeding arteriole, the diameter response was found to saturate since

the conducted demand overrides the increase in flow and tissue concentration.

The collateral capillaries were found to respond primarily to flow by draining the

demanding capillary to prevent large increases in shear stress since the capillary

vessels were assumed not to dilate.

Section 8:2 Discussion

8.2.1 Method Repeatability

Existing models of the vasculature have been mostly compartmental: group-

ing vessels together. The model established here is a vasculature model, based

on branching physiology. This yields an improvement to existing compartmen-

tal model since vessels are represented individually. The activation signal in in-
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dividual vessels is set by local conditions of stress and tissue concentration yet

the collection of arterial diameter responses to global pressure ensures that flow

is maintained over a pressure range. Vessels are also co-ordinated by a conducted

signal proportional to oxygen demand which enables simulations of the effect of

localised oxygen demand increases on the rest of the network to be performed.

The parameters in the model have been calculated to reproduce reference val-

ues of pressure, flow and oxygen concentration, where the reference values were

found by interpolating data. In similar calculations for other networks, all that is

required is the number of generations, the inlet and outlet pressure and the in-

let oxygen concentration and tissue concentration. Therefore this model can eas-

ily be linked with other models which provide these boundary conditions (such

as capillary or tissue models) or with data derived from MRI. Alternatively, the

length-tension relationships or, indeed, any other parameters calculated in this

thesis could be incorporated into other models of the vasculature and of autoreg-

ulation.

To make the model more relevant to MRI data, the results of the whole net-

work need to be related to mm voxel size. For example, a 3 mm × 3 mm voxel

contains 6 generations of arterioles with a branching layout. Therefore the volume

and flow of blood contained in a voxel can be used as the reference total flow in this

model from which the number of vessels is derived. Since the network is specified

by the number of capillaries, with experimentally verified diameter and velocity,

the model can easily be re-scaled for any network. Similarly, the permeability of

the vessel wall to oxygen is proportional to vessel diameter and reference tissue

concentrations can be calculated for any vessel size. The length-tension character-

istics of the vessels are found from a non-dimensional set of equations which can

be scaled for any vessel diameter and the basal vessel tension is derived from the

desired autoregulation curve. The method proposed is thus entirely data-driven
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and therefore repeatable and scaleable for other network sizes.

8.2.2 Use of the model

The geometry and parameters used in the model are derived from experimen-

tal data with reference to physiology and are therefore an improvement on models

which reproduce the data without physiological relevance. The use of the branch-

ing order to calculate geometry from the capillaries outwards (rather than the

largest vessels) mean that networks of any size can be created which continue

to mimic the data. Branching order, rather than vessel size, is important when

considering the use of data from larger networks since these can include several

vessel generations of this model within only two data points. The ability to recre-

ate networks with very small vessels is aided by the use of non-dimensionalised

expressions for length-tension and by including wall permeability as a function

of the wall volume. Since the model is branching rather than compartmental, the

effect of individual vessels on the branch, or network, resistance can be modelled

which means that the network can be used to simulate specific experiments.

The review of the literature highlighted the ongoing physiological question of

the inclusion of oxygen consumption in the wall when considering oxygen ex-

change in the cerebral vasculature. The forming of the model showed that oxy-

gen consumption in the vessel wall was necessary to reproduce the flux and tissue

concentration found experimentally. This oxygen consumption correlated with the

vessel wall volume though not linearly. The conclusion was that the amount of

oxygen consumption in the wall was therefore related to the amount of vascu-

lar smooth muscle and endothelial cells present, which depended on the vessel

branching order. The model can therefore be used in support of the usage of per-

meability instead of a diffusion coefficient when calculating oxygen flux.

The autoregulating model could be used to simulate ischaemic stroke whereby

a vessel diameter is reduced and the effect on oxygen delivery to tissue noted.
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By linking with a model which incorporates tissue death, the consequences of is-

chaemia could be studied. The action of surrounding vessels to maintain oxygen

supply in this situation could also be simulated with this model since the individ-

ual vessels are able to respond to a signal conducted due to tissue oxygen concen-

tration. The degree of compensation that the pathway response in the network is

able to provide can also be better understood using the model together with in-

creased demand, or impaired reactions in specific vessels as well as for simulating

stroke.

The model is able to autoregulate with four signals: tissue oxygen concentra-

tion, oxygen demand, hoop stress and shear stress. There is no neural control or

relationship with blood oxygen or carbon dioxide concentration as described in the

literature, though the method used to determine the contribution of the four sig-

nals could be repeated to include other reactions. The ability of vessels to regulate

when compromised could also be investigated by reducing the weighting of spe-

cific signals in individual vessels since all arterioles currently have an identically

weighted response to the same signal.

By having individual vessels at the smallest physiological scales the model con-

tributes towards further understanding of autoregulation at a local scale. This lo-

calised and pathway activation is helpful in interpreting the change in blood flow

data in, for example, the blood oxygen level dependent (BOLD) response found

using functional MRI (fMRI). The modelling of flow in local vessels is also valu-

able for the analysis of data found by other imaging techniques which are based

on perfusion and oxygen transport: for example, arterial spin labelling (ASL) and

positron emission tomography (PET).

The ability to reproduce images by simulation of physiological events could aid

the understanding of the relationship between the image and the activity. mod-

elling the brain as a localised, active network of vessels is particularly valuable as
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part of a large scale model of brain flow and metabolism.

8.2.3 Model limitations

The model has fulfilled the requirements laid out in section 1.2; of having indi-

vidual vessels, with appropriate geometry, which display a co-ordinated active di-

ameter response to both pressure changes and oxygen demand governed by phys-

iologically relevant parameters. However, the model parameters were established

by making sets of assumptions in order to simplify calculations (in some cases) or

be able to calculate parameters (in others).

An underlying approximation of the model is that vessels branch into two equal

daughter vessels (or that two equal vessels combine in the venules). In particular,

capillaries have a more web-like than tree-like structure [44] (for example Fig-

ure 2.1 shows a capillary bed which connects an arteriole and venule).

Although there are some data available for the microcirculation, the length-

tension characteristics derived in chapter 5 were scaled from larger vessels (100−
200µm diameter). The scaleability for these vessels of length-tension characteris-

tics depends on the proportion of the vessel wall taken up by smooth muscle which

is considered to vary between vessels when calculating oxygen permeability. Ex-

perimental data for the fraction in different vessels would improve the model, es-

pecially with investigation of the length-tension characteristics of small vessels.

If smaller vessels have a higher proportion of smooth muscle this will affect the

both active and elastic curves. In the mathematical relationship proposed here the

negative strain function utilises a shift so that a basal tension exists at low strain.

Whilst this enables more accurate modelling of the data, the result is that the func-

tion is invalid below a strain of 0.48.

The activation and diameter ratios during autoregulation were calculated for

vessel A1 but assumed to be the same for all vessels. Along with the smooth mus-

cle fraction, this assumption is necessary since the resistance required to reproduce
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autoregulation at varying pressure can only be calculated for the whole network.

Considering the underlying assumption of uniform diameter ratio response to

pressure, the resulting ability to autoregulate locally, globally and in co-ordinated

pathways to both global pressure and local oxygen demand is a great achievement.

Data for different vessel orders during autoregulation would enable more accurate

determination of activation and tension at basal state throughout the network. The

transmural oxygen gradients are also affected by the basal activation of the vessel

since this affects the vessel wall thickness by stretch and affects the amount of

consumption in the wall because of the increased smooth muscle tone. Therefore,

transmural concentration cannot necessarily be scaled by diameter, even with the

separation into large and small vessels proposed in chapter 4. More experimental

data will be needed to clarify this.

Autoregulation is assumed to be achieved by the alteration of diameter in order

to satisfy equilibrium between circumferential tension due to transmural pressure

and the tension in the material within the vessel wall, due to the elastic material

and vascular smooth muscle. An activation factor sets the contribution of muscle

tension to this total tension and the translation between signal and activation is

approximated by a sigmoidal relationship. However, this does not relate to any

physiological mechanisms, for the conducted signal this too is important because

interference with the vessel pathways will also affect the signalling pathway.

The dynamics of the adaption of the diameter and oxygen concentration are as-

sumed first order. There are no considerations of long-term adaption of wall thick-

ness (for example) or the differing speeds of chemical pathways. Whilst the signals

are based on physiological inputs, the proportionality is assumed linear whereas

the individual signals may saturate. The weights are also assumed to be uniform in

all vessels and proportional to the absolute value. Although this makes for untidy

dimensions, it is physiologically relevant since absolute chemical concentrations
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are related to the metabolism of smooth muscle. With reference to the uniformity

of signal weights, it is possible that larger vessels react more to, for example, shear

stress because of the larger volume fraction of the endothelial layer. Much more

experimental data will be required to disentangle these different effects.

8.2.4 Data limitations

Ultimately the model proposed is based upon previous models relating to ge-

ometry, oxygen exchange and activation which are then improved with reference

to data, and in controlling the signal for the desired response. A fundamental as-

sumption which underlies the model is that the branching order of the vessels

relates to diameter, which in turn relates to flow velocity, pressure and oxygen

concentration. The available data have been invaluable and enabled an approxima-

tion of individual vessel response but the progression and accuracy of the model

are limited by the lack of small-vessel, human cerebral data: both at basal state

and during autoregulation.

The data are taken to be the average for the vessel but for pressure and oxygen

concentration (which have longitudinal gradients along the vessel), data which are

measured at a known point along the vessel would be very useful in improving

the model. This is evident in the results for pressure where the resulting pressure

curve in chapter 3 is not as smooth as in the graph presented by Zweifach. The (as-

sumed) mid-vessel pressures are interpolated to find the nodal pressure, assuming

constant pressure gradient along a vessel length. Finding the vessel length relies

on the pressure values and flow calculated since the length is determined from

the vessel resistance, which is in turn derived from the relationship between the

pressure difference across a vessel and the flow. The calculated capillary length in

the model proposed here is 144.87 µm for an 8 µm diameter vessel. This compares

with an average length of 258 µm in capillaries of the same diameter extracted

by Vovenko [265]. The venules in particular have a resulting variation in length,
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compared with the arterioles in which diameter is related to length. If the relation-

ship between diameter and velocity, and diameter and pressure can be calculated

more accurately, and in particularly the point in the vessel length where pressure

is recorded is known, the method described could be used to specify a network of

any size with greater accuracy.

In chapter 4, reference oxygen concentrations are found at the model diameters

by interpolating the data. As with pressure, the longitudinal gradient of oxygen

concentration along the vessel affects the result if the measurement of concentra-

tion is not recorded mid-vessel. The sparseness of the data set for oxygen concen-

tration (whereby several vessel diameters are contained within a range of the data)

also reduces the accuracy of the interpolation for small vessels. The result is that

some of the concentrations found by interpolation of data have to be altered so that

the nodal concentrations make physiological sense. The longitudinal gradients are

therefore found to be variable, with no clear relationship between vessel size and

gradient. The oxygen concentration data are affected by the accuracy of the exper-

imental technique such as the physical limitation of probe tip size, as discussed

in subsubsection 2.3.5.7. The consistency of the relationship between vessel size

and gradient is improved by taking into account the standard deviation of the ex-

perimental data. Therefore, even small errors in the data can have an effect on the

model unless they are smoothed before use in the model.

The geometry, pressure and flow determined in chapter 3 are derived from

data related to the cat mesentery. Wall thickness is taken from cerebral vessels,

but these are for rats rather than humans. Similarly, the oxygen concentration data

are taken from rat brains. The vessels analysed by Vovenko in rat brain (Table 2.4)

and Duling in cat cerebral vessels show some equivalence between the oxygen con-

centrations in these species but the relationship between flow in mesentery and in

the brain is unknown. Figure 2.7 shows that cerebral vessels have higher oxygen
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concentrations but tissue gradients from other vascular beds (such as skeletal mus-

cle) are also used in this model. The combination of data from different species and

different organs limits the accuracy of the model for analysis of the cerebral micro-

circulation in humans. Even within humans there is individual variation in wall

mechanics and geometry and so a model incorporating all of these data has to be

treated with some caution.

There are discrepancies between data sets due to experimental technique,

species and vascular bed as described above. However, outside of these consider-

ations there is variance between experimental results. For example, the dynamics

of the metabolic response were evaluated from two data sets which gave different

flow and tissue ratios. The data from Ances were chosen as a reference due to the

similarity in tissue concentration values to the model but it was found that repli-

cating the high flow increase also resulted in a high tissue concentration ratio, as

found by Vazquez.

It is evident that although there is sometimes a lot of data on particular aspects

of network behaviour, it is often confusing and contradictory. The method pro-

posed here is a first approach to modelling this complex interacting system. The

major limitation to this is the lack of available data and much more data will be

required before a definitive model can be produced. However, this approach does

provide a framework within which further experimental data can be incorporated.

Section 8:3 Future Work

The method set out for deriving geometry, flow and pressure given a number of

capillaries can be extended to networks of different sizes, and to other organs given

an applicable data-set. The model could now be used to investigate what happens

when a vessel is blocked, wall stiffness increased or conducted responses impaired

which may be useful for those investigating vascular dementia and stroke. The
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model could also be extended by linking with both imaging data, and other mod-

els.

The geometric model is two-dimensional with straight vessels, laminar flow

and no turbulence at junctions. The scope of including more realistic tapering

and twisting geometry, three-dimensional layout and non-laminar flow has been

beyond the scope of the thesis considering the overall aims of the model. It would

be interesting therefore to include the regulating parts of this model with a more

accurate geometry. A statistical approach could be used in future to recreate vessel

geometry and connectivity based on morphometric data with known frequency

distribution of vessel diameter, length, vessel density and connectivity (number of

branches at each junction). As well as connecting this model with a more accurate

tissue compartment or capillary network, this network could also be placed within

a larger scale brain model (i.e. multiscale modelling).

The current model uses uniform signal weights for all vessels whereas pre-

vious investigators have shown that small and large vessels respond differently to

shear and circumferential stress. The calculation of vessel weights was based on all

vessels contracting or dilating to the same diameter ratio at the limits of autoregu-

lation and so experimental data which provides information about vessel response

would be very useful in investigating the differing signal weights. A control theory

approach to the interaction of signals would enable the inclusion of more complex

signals and communication. The weights could be optimised to reproduce the data

so that they might be found to be non-uniform and non-constant.

In Arterial Spin Labelling measurements of perfusion there is a residue func-

tion which represents the amount of blood in the vessel and is modelled as a func-

tion of transit time. The input is evaluated from the signal by a statistical model. By

using data from multiple imaging modalities with linked model approximations

probabilistic and statistical models can be improved. This model could therefore
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be linked directly with modelling data to improve image analysis.
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Appendix A

Section 1:1 Polynomial Fitting of Zweifach Data

A.1.1 Velocity Fit

For all data points:

With D in µm, velocity v is calculated with a cubic fit as:

v = p1D
3 + p2D

2 + p3D + p4, (A.1)

with polynomial coefficients given in Table A.1.

A fourth-order fit has form:

v = p1D
4 + p2D

3 + p3D
2 + p4D + p5. (A.2)

A fifth-order fit is given in Equation A.3 with coefficients in Table A.1.

v = p1D
5 + p2D

4 + p3D
3 + p4D

2 + p5D + p6 (A.3)
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Claire Lucas A.1. Polynomial Fitting of Zweifach Data

Coefficient Cubic Fit Fourth-order fit Fifth-order fit
p1 3.46 ×10−2/µm2 s -1.41 ×10−3/µm3 s -2.88 ×10−6/µm4s
p2 4.16/µms 2.85× 10−2/µm2s −1.44× 10−3/µm3s
p3 −125.42s 7.91/µms 3.78× 10−2/µm2s
p4 2.85× 103µm/s −119.58s 7.97/µms
p5 n/a 1.53× 103µm/s −125.09s
p6 n/a n/a 1.51× 103µm/s

Table A.1: Polynomial coefficients for velocity fits over all data points.

Vessel Diameter Velocity Cubic Fit Fourth-order fit Fifth-order fit
Type (µm) (mm/s) (mm/s) (mm/s) (mm/s)

A 54.6 15.0 16.46 (+1.46) 14.48 (-0.52) 14.6 (-0.41)
A 50.7 14.7 15.39 (+0.69) 14.90 (+0.20) 14.9 (+0.19)
A 47.3 14.4 14.42 (+0.02) 14.81 (+0.41) 14.8 (+0.36)
A 43.4 13.8 13.30 (-0.50) 14.29 (+0.49) 14.2 (+0.41)
A 40.3 13.3 12.39 (-0.91) 13.61 (+0.31) 13.5 (+0.24)
A 36.1 12.7 11.17 (-1.53) 12.42 (-0.28) 12.4 (-0.33)

A1 30.5 11 9.56 (-1.44) 10.51 (-0.49) 10.5 (-0.50)
A 26.2 9.4 8.37 (-1.03) 8.91 (-0.49) 8.94 (-0.46)

A2 24.4 8.7 7.88 (-0.79) 8.24 (-0.43) 8.3 (-0.40)
A 22.9 8.0 7.49 (-0.51) 7.69 (-0.31) 7.7 (-0.28)

A3 19.5 6.7 6.62 (-0.08) 6.45 (-0.25) 6.5 (-0.20)
A4 15.6 5 5.69 (+0.69) 5.13 (+0.13) 5.2 (+0.17)
A5 12.5 3.2 5.00 (+1.80) 4.17 (+0.97) 4.2 (+1.01)
A 11.6 3.4 4.81 (+1.41) 3.91 (+0.51) 4.0 (+0.55)

A6 10 2.8 4.48 (+1.68) 3.47 (+0.67) 3.5 (+0.71)
C 8 2.3 2.85 (+0.55) 1.53 (-0.77) 1.5 (-0.79)

V6 12 1.7 2.00 (+0.30) 1.25 (-0.45) 1.2 (-0.51)
V5 15 1.8 2.02 (+0.22) 1.54 (-0.26) 1.5 (-0.32)
V 16.8 1.8 2.08 (+0.28) 1.78 (-0.02) 1.7 (-0.08)

V4 18.7 1.9 2.18 (+0.28) 2.07 (+0.17) 2.00 (+0.12)
V 21.1 2.3 2.38 (+0.08) 2.52 (+0.22) 2.5 (+0.18)

V3 23.4 3.0 2.63 (-0.37) 3.00 (=) 2.99 (-0.02)
V 26.0 3.4 3.01 (-0.39) 3.62 (+0.22) 3.9 (+0.22)

V2 29.3 4.5 3.61 (-0.89) 4.49 (-0.01) 4.5 (+0.02)
V 31.6 5.0 4.13 (-0.87) 5.14 (+0.14) 5.2 (+0.19)

V1 36.6 6.3 5.52 (+0.78) 6.61 (+0.31) 6.70 (+0.40)
V 41.0 8.5 7.08 (-1.42) 7.90 (-0.60) 7.99 (-0.51)
V 46.1 9.3 9.29 (-0.01) 9.25 (-0.05) 9.30 (=)
V 51.7 10.2 12.25 (+2.05) 10.36 (+0.16) 10.25 (+0.05)

RMS error 0.9806 0.4103 0.4066

Table A.2: Comparison of third, fourth and fifth order fits of the velocity with root
mean squared error.
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Figure A.1: Showing the polynomial fit for velocity as a function of diameter of
selected data-points from Zweifach Figure 2.4.

For small vessels:

Fit for vessels ≤ 41µm are Equations A.4 (cubic), A.5 (fourth-order) and A.6

(fifth-order) with coefficients given in Table A.3:

v = p1D
3 + p2D

2 + p3D + p4. (A.4)

v = p1D
4 + p2D

3 + p3D
2 + p4D + p5. (A.5)

v = p1D
5 + p2D

4 + p3D
3 + p4D

2 + p5D + p6. (A.6)

Coefficient Cubic Fit Fourth-order fit Fifth-order fit
p1 2.78× 10−2/µm2s −1.57× 10−3/µm3s −5.89× 10−5/µm4s
p2 5.74/µms 3.13× 10−2/µm2s −1.62× 10−3/µm3s
p3 −119.97s 8.31/µms 8.51× 10−2/µm2s
p4 2.04× 103µm/s −123.71s 8.33/µms
p5 n/a 1.41× 103µm/s −80.43s
p6 n/a n/a 1.45× 103µm/s

Table A.3: Polynomial coefficients for velocity fits over small vessel data points.
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Figure A.2: Showing the polynomial fit for velocity as a function of diameter of
selected data-points from Zweifach Figure 2.4 where fit is for diameters smaller
than 40µm.
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Vessel Diameter Velocity Cubic Fit Fourth-order fit Fifth-order fit
Type (µm) (mm/s) (mm/s) (mm/s) (mm/s)

A 54.6 15.0 21.16 (+6.16) 13.87 (-1.13) 1.51 (-13.49)
A 50.7 14.7 19.24 (+4.54) 14.58 (-0.12) 7.57 (-7.14)
A 47.3 14.4 17.60 (+3.20) 14.67 (+0.27) 10.82 (-3.58)
A 43.4 13.8 15.77 (+1.97) 14.30 (+0.50) 12.75 (-1.05)
A 40.3 13.3 14.37 (+1.07) 13.70 (+0.40) 13.24 (-0.06)
A 36.1 12.7 12.53 (-0.17) 12.56 (-0.14) 12.84 (+0.14)

A1 30.5 11 10.24 (-0.76) 10.67 (-0.33) 11.10 (+0.10)
A 26.2 9.4 8.62 (-0.78) 9.05 (-0.35) 9.31 (-0.09)

A2 24.4 8.67 7.98 (-0.69) 8.37 (-0.30) 8.52 (-0.15)
A 22.9 8.0 7.46 (-0.54) 7.80 (-0.20) 7.86 (-0.14)

A3 19.5 6.7 6.35 (-0.35) 6.53 (-0.17) 6.41 (-0.29)
A4 15.6 5 5.20 (+0.20) 5.15 (+0.15) 4.90 (-0.10)
A5 12.5 3.2 4.38 (+1.18) 4.16 (+0.96) 3.86 (+0.66)
A 11.6 3.4 4.16 (+0.76) 3.89 (+0.49) 3.59 (+0.19)

A6 10 2.8 3.78 (+0.98) 3.43 (+0.63) 3.15 (+0.35)
C 8 2.3 2.04 (-0.26) 1.41 (-0.89) 1.45 (-0.85)

V6 12 1.7 1.47 (-0.23) 1.15 (-0.55) 1.51 (-0.19)
V5 15 1.8 1.62 (-0.18) 1.45 (-0.35) 1.79 (-0.01)
V 16.8 1.8 1.77 (-0.03) 1.70 (-0.10) 1.99 (+0.19)

V4 18.7 1.9 1.98 (+0.08) 2.02 (+0.12) 2.23 (+0.33)
V 21.1 2.3 2.32 (+0.02) 2.48 (+0.18) 2.58 (+0.28)

V3 23.4 3.0 2.73 (-0.27) 3.00 (=) 2.96 (-0.04)
V 26.0 3.4 3.29 (-0.11) 3.64 (+0.24) 3.45 (+0.05)

V2 29.3 4.5 4.15 (-0.35) 4.55 (+0.05) 4.18 (-0.32)
V 31.6 5.0 4.85 (-0.15) 5.22 (+0.22) 4.78 (-0.22)

V1 36.6 6.3 6.70 (+0.40) 6.72 (+0.42) 6.45 (+0.15)
V 41.0 8.5 8.68 (+0.18) 8.02 (-0.48) 8.53 (+0.03)
V 46.1 9.3 11.43 (+2.13) 9.32 (+0.02) 12.04 (+2.74)
V 51.7 10.2 15.02 (+4.82) 10.31 (+0.11) 17.96 (+7.76)

RMS error 0.979 0.4174 0.4140

Table A.4: Comparison of third, fourth and fifth order fits of the velocity with root
mean squared error.
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A.1.2 Pressure Fit

For all data points.

Cubic:

P = p1D
3 + p2D

2 + p3D + p4. (A.7)

Fourth order:

P = p1D
4 + p2D

3 + p3D
2 + p4D + p5. (A.8)

Fifth order:

P = p1D
5 + p2D

4 + p3D
3 + p4D

2 + p5D + p6. (A.9)

with coefficients in Table A.5.
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Figure A.3: Showing the polynomial fit for mean vessel pressure as a function of
diameter of selected data-points from Zweifach Figure 2.4.

Coefficient Cubic Fit Fourth-order fit Fifth-order fit
p1 −1.99× 10−5mmHg/µm3 −2.92× 10−6mmHg/µm4 6.79× 10−8mmHg/µm5

p2 7.61× 10−3mmHg/µm2 −3.25× 10−5mmHg/µm3 −2.25× 10−6mmHg/µm4

p3 −0.57mmHg/µm 1.54× 10−2mmHg/µm2 −2.52× 10−4mmHg/µm3

p4 35.33mmHg −0.55mmHg/µm 1.38× 10−2mmHg/µm2

p5 n/a 32.59mmHg −0.42mmHg/µm
p6 n/a n/a 33.10mmHg

Table A.5: Polynomial coefficients for pressure fits over all vessel data points.

234



Claire Lucas A.1. Polynomial Fitting of Zweifach Data

Vessel Diameter Pressure Cubic Fit Fourth-order fit Fifth-order fit
Type (µm) (mmHg) (mmHg) (mmHg) (mmHg)

A 54.6 87.2 92.20 (+5.00) 88.09 (+0.89) 85.53 (-1.67)
A 50.7 84.5 86.22 (+1.72) 85.20 (+0.70) 85.36 (+0.86)
A 47.3 82.0 81.27 (-0.73) 82.07 (+0.07) 83.42 (+1.42)
A 43.4 78.5 75.89 (-2.61) 77.94 (-0.56) 79.71 (+1.21)
A 40.3 75.3 71.83 (-3.47) 74.36 (-0.94) 75.99 (+0.69)
A 36.1 70.8 66.64 (-4.16) 69.23 (-1.57) 70.30 (-0.50)

A1 30.5 63.3 60.26 (-3.04) 62.22 (-1.08) 62.32 (-0.98)
A 26.2 58.3 55.76 (-2.54) 56.89 (-1.41) 56.35 (-1.95)

A2 24.4 55.8 53.98 (-1.82) 54.72 (-1.08) 53.97 (-1.83)
A 22.9 53.7 52.54 (-1.16) 52.95 (-0.75) 52.05 (-1.65)

A3 19.5 49.2 49.42 (+0.22) 49.08 (-0.12) 47.99 (-1.21)
A4 15.6 43.3 46.10 (+2.80) 44.94 (+1.64) 43.85 (+0.55)
A5 12.5 38.3 43.64 (+5.34) 41.92 (+3.62) 40.99 (+2.69)
A 11.6 37.9 42.96 (+5.06) 41.09 (+3.19) 40.23(+2.33)

A6 10 35.8 41.78(+5.98) 39.68 (+3.88) 38.95 (+3.15)
C 8 34.2 35.33 (+1.13) 32.59 (-1.61) 33.10 (-1.10)

V6 12 31.7 29.59 (-2.11) 28.03 (-3.67) 29.53 (-2.17)
V5 15 30.0 28.47 (-1.53) 27.48 (-2.52) 28.93 (-1.07)
V 16.8 29.7 27.86 (-1.84) 27.23 (-2.47) 28.58 (-1.12)

V4 18.7 27.6 27.26 (-0.34) 27.03 (-0.57) 28.22 (+0.62)
V 21.1 28.1 26.57 (-1.53) 26.85 (-1.25) 27.76 (-0.34)

V3 23.4 26.9 25.98 (-0.92) 26.74 (-0.16) 27.30 (+0.40)
V 26.0 26.3 25.39 (-0.91) 26.66 (+0.36) 26.75 (+0.45)

V2 29.3 24.6 24.75 (+0.15) 26.58 (+1.98) 26.00 (+1.40)
V 31.6 25.7 24.39 (-1.31) 26.49 (+0.79) 25.43 (-0.27)

V1 36.6 23.3 23.80 (+0.50) 26.07 (+2.77) 24.15 (+0.85)
V 41.0 23.3 23.51 (+0.21) 25.22 (+1.92) 23.09 (-0.21)
V 46.1 22.9 23.43 (+0.53) 23.35 (+0.45) 22.22 (-0.68)
V 51.7 22.2 23.62 (+1.42) 19.69 (-2.51) 22.33 (+0.13)

RMS error 2.6433 1.8921 1.3821

Table A.6: Comparison of third, fourth and fifth order fits of the pressure with root
mean squared error.

For small vessels.

Fit for vessels ≤ 41µm, coefficients given in Table A.7.

P = p1D
3 + p2D

2 + p3D + p4 (A.10)

P = p1D
4 + p2D

3 + p3D
2 + p4D + p5 (A.11)
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Claire Lucas A.1. Polynomial Fitting of Zweifach Data

Coefficient Cubic Fit Fourth-order fit Fifth-order fit
p1 −1.35× 10−4mmHg/µm3 −3.87× 10−6mmHg/µm4 2.57× 10−7mmHg/µm5

p2 1.04× 10−2mmHg/µm2 −1.26× 10−3mmHg/µm3 −4.09× 10−6mmHg/µm4

p3 −0.46mmHg/µm 1.67× 10−2mmHg/µm2 −6.34× 10−4mmHg/µm3

p4 33.89mmHg −0.47mmHg/µm 1.68× 10−2mmHg/µm2

p5 n/a 32.59mmHg −0.28mmHg/µm
p6 n/a n/a 32.50mmHg

Table A.7: Polynomial coefficients for pressure fits over small vessel data points.

P = p1D
5 + p2D

4 + p3D
3 + p4D

2 + p5D + p6 (A.12)
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Figure A.4: Showing the polynomial fit for mean vessel pressure as a function of
diameter of selected data-points from Zweifach Figure 2.4.
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Claire Lucas A.1. Polynomial Fitting of Zweifach Data

Vessel Diameter Pressure Cubic Fit Fourth-order fit Fifth-order fit
Type (µm) (mmHg) (mmHg) (mmHg) (mmHg)

A 54.6 87.2 112.14 (+24.94) 94.21 (+7.01) 40.26 (-46.94)
A 50.7 84.5 101.69 (+17.19) 90.22 (+5.72) 59.62 (-24.88)
A 47.3 82.0 93.35 (+11.35) 86.15 (+4.15) 69.32 (-12.68)
A 43.4 78.5 84.62 (+6.12) 80.99 (+2.49) 74.25 (-4.25)
A 40.3 75.3 78.29 (+2.99) 76.64 (+1.34) 74.65 (-0.65)
A 36.1 70.8 70.53 (-0.27) 70.60 (-0.20) 71.80 (+1.00)

A1 30.5 63.3 61.54 (-1.76) 62.58 (-0.72) 64.48 (+1.18)
A 26.2 58.3 55.61 (-2.69) 56.68 (-1.62) 57.79 (-0.51)

A2 24.4 55.8 53.36 (-2.44) 54.32 (-1.48) 54.99 (-0.81)
A 22.9 53.7 51.59 (-2.11) 52.42 (-1.28) 52.70 (-1.00)

A3 19.5 49.2 47.89 (-1.31) 48.32 (-0.88) 47.82 (-1.38)
A4 15.6 43.3 44.17 (+0.87) 44.06 (+0.76) 42.95 (-0.35)
A5 12.5 38.3 41.58 (+3.28) 41.04 (+2.74) 39.74 (+1.44)
A 11.6 37.9 40.88 (+2.98) 40.22 (+2.32) 38.92 (+1.02)

A6 10 35.8 39.71 (+3.91) 38.85 (+3.05) 37.59 (+1.79)
C 8 34.2 33.89 (-0.31) 32.35 (-1.85) 32.50 (-1.70)

V6 12 31.7 29.58 (-2.12) 28.78 (-2.92) 30.39 (-1.31)
V5 15 30.0 28.81 (-1.19) 28.39 (-1.61) 29.86 (-0.14)
V 16.8 29.7 28.38 (-1.32) 28.21 (-1.49) 29.47 (-0.23)

V4 18.7 27.6 27.96 (+0.36) 28.05 (+0.45) 29.00 (+1.40)
V 21.1 28.1 27.45 (-0.65) 27.85 (-0.25) 28.29 (+0.19)

V3 23.4 26.9 26.99 (+0.09) 27.65 (+0.75) 27.50 (+0.60)
V 26.0 26.3 26.48 (+0.18) 27.36 (+1.06) 26.51 (+0.21)

V2 29.3 24.6 25.82 (+1.22) 26.80 (+2.20) 25.18 (+0.58)
V 31.6 25.7 25.34 (-0.36) 26.24 (+0.54) 24.31 (-1.39)

V1 36.6 23.3 24.21 (+0.91) 24.28 (+0.98) 23.06 (-0.24)
V 41.0 23.3 23.03 (-0.27) 21.40 (-1.90) 23.62 (+0.32)
V 46.1 22.9 21.37 (-1.53) 16.19 (-6.71) 28.04 (+5.14)
V 51.7 22.2 19.04 (-3.16) 7.44 (-14.76) 40.84 (+18.64)

RMS error 6.3640 3.8446 10.8244

Table A.8: Comparison of third, fourth and fifth order fits of the pressure for D ≤
41µm with root mean squared error.
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Appendix B

Section 2:1 Appendix B

B.1.1 Necessary Activation For Conserved Flow

Inlet Pressure Pressure change Activation Diameter fraction
Pa (mmHg) ∆P

∆P0
A D/D0

43.46 0.58 0.01 1.29
43.70 0.59 0.10 1.28
44.15 0.60 0.25 1.26
44.66 0.62 0.35 1.25
45.24 0.63 0.40 1.24
48.31 0.72 0.50 1.17
53.34 0.87 0.60 1.07
57.79 1.00 0.69 1.00
60.45 1.08 0.75 0.96
64.54 1.20 0.85 0.92
66.41 1.25 0.90 0.90
69.50 1.34 0.99 0.87

Table B.1: Diameter and activation required to maintain flow for varying pressure
changes.
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Claire Lucas B.1. Appendix B

B.1.2 Shear Signal Error

Shear Signal Required Signal Calculated Signal Error
100 Tw − Tw,0 S kw(Tw − Tw,0)

-2.39 -5.4 -1.45 3.95
-2.33 -3 -1.41 1.59
-2.22 -1.9 -1.34 0.56
-2.14 -1.42 -1.3 0.13
-2.1 -1.21 -1.27 -0.06

-1.68 -0.8 -1.02 -0.21
-0.84 -0.4 -0.51 -0.11
0.56 0.29 0.34 0.04
1.44 0.93 0.87 -0.06
1.83 1.39 1.11 -0.28
2.49 3.79 1.51 -2.28

Table B.2: Error in calculated steady state shear signal using kw = 60.55 /mmHg.

B.1.3 Autoregulation Results

Pressure Fraction Flow Fraction Diameter Fraction Activation
(required) (required)

∆P
∆P0

Q/Q0 D/D0 A
0.19 0.30 1.26 0.02
0.33 0.54 1.27 0.07
0.48 0.75 1.26 0.17
0.58 0.85 1.25 (1.29) 0.29 (0.01)
0.59 0.86 1.25 (1.28) 0.30 (0.10)
0.60 0.87 1.25 (1.26) 0.31 (0.25)
0.62 0.88 1.25 (1.25) 0.33 (0.35)
0.63 0.89 1.25 (1.24) 0.35 (0.40)
0.72 0.94 1.23 (1.17) 0.47 (0.50)
0.87 0.98 1.11 (1.07) 0.59 (0.60)
1.08 1.01 0.94 (0.96) 0.76 (0.75)
1.2 1.04 0.90 (0.92) 0.86 (0.85)

1.25 1.07 0.90 (0.90) 0.89 (0.90)
1.34 1.13 0.90 (0.87) 0.93 (0.99)
1.36 1.14 0.90 0.94
1.5 1.30 0.92 0.98

1.65 1.54 0.97 0.99
1.8 1.93 1.06 1.00

RMSE 0.3359
RMSE (linear) 0.0572

Table B.3: Flow, diameter and activation results for varying pressure changes.
Where known, the (parenthesised) values are those for which the required diame-
ter and autoregulation have been calculated (see Table B.1).
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Appendix C

Section 3:1 Conversion Factors

Unit Unit
Tension 1× 102 dyne/cm 0.75006 mmHg mm
Tension 1 N/m 7.5006 mmHgmm
Pressure 1 mmHg 133 P a

Molar volume 1 µM/mm3 22.39 mlO2/ml

Table C.1: Conversion between units.
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