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Abstract

In this thesis we derive mathematical models for the glass sheet redraw

process for the production of very thin glass sheets. In the redraw process,

a prefabricated glass block is fed into a furnace, where it is heated and

stretched by the application of draw rollers to reduce its thickness. Re-

drawn sheets may be used in various applications including smartphone

and battery technology. Our aims are to investigate the factors determin-

ing the final thickness profile of a glass sheet produced by this process, as

well as the growth of out-of-plane deformations in the sheet during redraw.

Our method is to model the glass sheet using Navier–Stokes equations and

free-surface conditions, and exploit small aspect ratios in the sheet to sim-

plify and solve these equations using asymptotic expansions.

We first consider a simple two-dimensional sheet to determine which phys-

ical effects should be taken into account in modelling the redraw pro-

cess. Next, we derive a mathematical model for redraw of a thin three-

dimensional sheet. We consider the limits in which the heater zone is

either short or long compared with the sheet half-width. The resulting

reduced models predict the thickness profile of the redrawn sheet and the

initial shape required to redraw a product of uniform thickness. We then

derive mathematical models for buckling of thin viscous sheets during re-

draw. For buckling of a two-dimensional glass sheet due to gravity-induced

compression, we predict the evolution of the centreline and investigate

the early- and late-time behaviour of the system. For a three-dimensional

glass sheet undergoing redraw, we use numerical solutions to investigate

the behaviour of the sheet mid-surface.
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B.2 Governing equations for ûs1 . . . . . . . . . . . . . . . . . . . . . . . 153

B.3 Change of variables . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155

B.4 Solution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155

Bibliography 157

iv



List of Figures

1.1 Schematic of the glass redraw process. . . . . . . . . . . . . . . . . . 2

1.2 Thick edge in a redrawn glass sheet. . . . . . . . . . . . . . . . . . . . 3

1.3 Ripples in a redrawn glass sheet. . . . . . . . . . . . . . . . . . . . . 3

2.1 Schematic of two-dimensional glass sheet undergoing redraw. . . . . . 12

2.2 Typical furnace profile. . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2.3 Steady-state temperature profiles for the diffusion-dominated limit. . 20

2.4 Steady-state temperature and thickness profiles in the asymptotic limit

ǫ2 Pe = O(1). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

2.5 Neutral stability curves for draw resonance in the redraw process. . . 28

3.1 (a) Thickness profile of a glass sheet drawn at Schott AG plant, (b)

Numerical solutions calculated at Schott AG of final sheet cross-section

for various heater zone lengths. . . . . . . . . . . . . . . . . . . . . . 31

3.2 Schematic diagram of three-dimensional glass sheet undergoing redraw. 33

3.3 Boundary-layer thickness profile of a sheet undergoing redraw . . . . 40

3.4 Boundary-layer velocity profile of a sheet undergoing redraw. . . . . . 40

3.5 Dependence of final sheet profile on the draw ratio. . . . . . . . . . . 42

3.6 Thickness profile at the bottom of the heater zone: comparison of

asymptotics and full numerical solutions. . . . . . . . . . . . . . . . . 45

3.7 Thickness profile at the bottom of the heater zone: comparison of

asymptotics and numerics with experimental data. . . . . . . . . . . . 46

3.8 Optimal preform shape required to draw a rectangular product. . . . 48

3.9 Thickness profile of (a) sheet with optimal initial thickness profile, (b)

sheet with linear taper, (c) final cross-section of tapered sheet shown

in (b). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

4.1 Final thickness profile for varying heater zone length. . . . . . . . . . 54

4.2 Final thickness profile for varying capillary number. . . . . . . . . . . 55

4.3 Change in final cross-section due to surface tension. . . . . . . . . . . 60

v



4.4 Numerical solution to the boundary-layer problem for corrections to

thickness profile. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

4.5 Correction to final sheet dimensions as a function of draw ratio. . . . 68

4.6 Thickness variation as a function of surface tension coefficient. . . . . 69

4.7 Change in thickness for varying heater zone lengths. . . . . . . . . . . 71

4.8 Change in width for varying heater zone lengths and draw ratios. . . 71

4.9 Final thickness profile of sheets drawn with surface tension: comparison

between full numerical solutions and asymptotics. . . . . . . . . . . . 72

4.10 Final width of glass sheet (with surface tension) as a function of draw

ratio. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

5.1 Schematic diagram of a two-dimensional glass sheet undergoing redraw

in a gravitational field. . . . . . . . . . . . . . . . . . . . . . . . . . . 81

5.2 Neutral stability curve for an initially flat sheet. . . . . . . . . . . . 92

5.3 Fastest-growing eigenmodes for gravity-driven buckling. . . . . . . . . 97

5.4 Evolution of sheet shape illustrated by numerical solutions to centreline

equation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

5.5 Plot of centreline amplitude as a function of time. . . . . . . . . . . . 100

5.6 Comparison of numerical solution with a late-time asymptotic approx-

imation and a hybrid asymptotic-numerical solution. . . . . . . . . . 105

5.7 Late-time asymptotic solutions for the centreline shape in the neigh-

bourhood of x = 1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

6.1 Photos of ripples in glass sheets. . . . . . . . . . . . . . . . . . . . . . 112

6.2 Schematic of compression zones in a three-dimensional sheet. . . . . . 113

6.3 Schematic diagram of a three-dimensional glass sheet undergoing buck-

ling. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

6.4 Curvilinear coordinates . . . . . . . . . . . . . . . . . . . . . . . . . . 119

6.5 Principal stresses in a thin sheet undergoing redraw through a short

heater zone. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

6.6 Principal stresses in a thin sheet undergoing redraw. . . . . . . . . . . 130

6.7 Principal stresses in a thin, narrow sheet undergoing redraw. . . . . . 131

6.8 Fastest-growing buckling modes in a three-dimensional sheet undergo-

ing redraw. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

6.9 Schematic diagram of a rectangular sheet segment . . . . . . . . . . . 134

vi



Chapter 1

Introduction

1.1 Overview

Thin glass sheets are becoming more and more prevalent in everyday technology, with

current applications including substrates in thin-film batteries and thumbprint sensors

in smartphones, and futuristic applications such as bendable televisions and tablets

on the horizon (Horvatitsch, 2016; Burke, 2016). Drawing is a technique widely used

in the manufacture of these thin glass sheets, as well as glass fibres. The most common

drawing techniques require hot molten glass to be extruded and stretched as it cools.

However, this method requires glass to be heated to very high temperatures, and so

may be unsuitable when using specialist glasses which are prone to devitrification or

which contain components that will evaporate or react with the atmosphere. This

method is also inefficient if only a small quantity of product is required. In such

situations, an alternative two-step approach to drawing can be used. A sheet known

as a preform is first cast in a mould or by the float-glass process (Howell, 1994), and

later fed vertically into a furnace where it is reheated and stretched by the application

of a tensile force at a fixed distance downstream. As the glass stretches, it thins and

contracts laterally. A schematic of this redrawing process is shown in figure 1.1.

Glass is characterized by a viscosity that decreases rapidly with increasing tem-

perature; for a typical glass used in the redraw process the required temperature

change of approximately 250K corresponds to a viscosity change of three orders of

magnitude. For this reason most of the stretching takes place in the region where the

glass temperature is maximal. Redraw is a batch process, but each process runs for

a long time so that it typically operates in a steady state. In an ideal scenario, this

process would produce long (∼ 10–100m), very thin (∼ 100µm) glass sheets of close

to uniform thickness, or more generally with a particular desired thickness profile.

1



Preform clamp
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Thickness
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Figure 1.1: Schematic of the glass redraw process.

Schott AG are a supplier of specialist glasses and glass products, and use the

redraw process in the manufacture of thin glass sheets. They are interested in under-

standing two key phenomena that occur during redraw:

• necking-in and thinning of the sheet, and the resulting thickness profile, and

• development of out-of-plane deformations such as ripples.

The thickness profile of the sheet exiting the furnace depends on the length of the

heater zone compared with the width of the preform. Experimental observations at

Schott AG indicate that when minimal reduction in width is desired, a short heater

zone is preferable. The redrawn sheet then has a uniform thickness profile except for

in small regions near the edges, where it is thicker (see figure 1.2). Ideally, redrawn

sheets are cooled and rolled onto large spools for post-processing, but sheets with non-

uniform thickness are likely to break when rolled, and thick edges must be removed

before the product is sold. Meanwhile, in scenarios where the desired final product

has the same aspect ratio as the preform, a very long heater zone is required (Lange,

2016), but in reality the finite length of the heater zone and the effect of surface

tension both act to change the shape of the sheet.

Out-of-plane deformations of the glass sheet sometimes develop in the redraw

process at Schott AG. A very drastic example are the ripples shown in figure 1.3.

2



Figure 1.2: Thick edge in a glass sheet redrawn at Schott AG. Photo by Dominic
Vella.

These out-of-plane ripples persist downstream of the heater zone and draw rollers,

and render the product unusable. The source of these ripples is not immediately

obvious, and the extreme temperatures required for the manufacturing process make

in situ imaging of ripple formation very difficult. During the redraw process, glass is

stretched under tension, but may experience compression in the lateral direction in

some parts of the sheet, rendering it unstable to out-of-plane deformations, and this

instability may give rise to the observed ripples.

Figure 1.3: Ripples in a glass sheet redrawn at Schott AG. Photo from Schott pilot
plant.

Schott AG currently undertake a number of experiments on the redraw process in
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a pilot plant and use these, along with fully three-dimensional CFD calculations, to

learn about how the process operates and to suggest ways to reduce defects. Simplified

mathematical models provide a means to gain further insight into the process. Thus,

our overarching aim is to derive a collection of mathematical models to describe

various aspects of the redraw process and provide insight into a range of phenomena

observed during manufacture.

1.2 Typical parameter values

The material parameters used for one particular glass type and redraw process are

shown in Table 1.1. These parameters may vary significantly between glass types and

manufacturing processes.

Parameter Symbol Approximate Value Units

Density ρ 2100 kgm−3

Feed speed U 8.33× 10−4 ms−1

Heater zone length d 0.12 m
Preform half-thickness hin 10−3 m
Preform half-width bin 0.2 m
Maximum temperature Ts 1300 K
Minimum viscosity µs 3.16× 104 Pa s
Surface tension coefficient γ 0.3 Nm−1

Specific heat cp 1300 J kg−1K−1

Thermal conductivity kc 2.0 Wm−1K−1

Refractive index n0 1.47 –
Stefan-Boltzmann constant σSB 5.67× 10−8 Wm−2K−4

Absorption coefficient χ 200 m−1

Specific emissivity ǫr 0.9 –
Heat transfer coefficient mh 100 Wm−2

Table 1.1: Typical parameter values for redraw of a borosilicate glass sheet through
a short heater zone (Griffiths and Howell, 2008; Taroni et al., 2012; Lange, 2014;
Buellesfeld et al., 2014).

1.3 Literature review

Redraw is an example of an extensional flow problem, in which the longitudinal and

transverse velocities do not vary significantly across the sheet thickness. Models

developed for other extensional flow problems, such as downdraw (Matovich and
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Pearson, 1969) and the float glass process (Howell, 1994, 1996) may be adapted for the

redraw process. These processes share a number of key features and are characterized

by small ratios of thickness to other lengthscales which may be exploited to simplify

corresponding mathematical models. We give an overview of existing studies of these

processes here, and we will provide a more comprehensive review of the literature

relevant to the problem at hand at the beginning of each chapter.

Studies of extensional flow date back to the experimental work of Trouton (1906),

who developed an empirical formula for the extension of a fibre subject to a tensile

force. The Trouton model, which governs the velocity and thickness (radius) profiles

of a sheet (fibre) under tension, has since been derived, generalized and analysed by

various authors. Solutions for steady-state isothermal drawing of a fibre are obtained

by Matovich and Pearson (1969), who consider the effects of viscosity, inertia, surface

tension and gravity. Studies typically focus on the leading-order behaviour in the

limit of a thin sheet or slender fibre, although Schultz and Davis (1982) propose an

asymptotic expansion in powers of ǫ2, where ǫ is the ratio of fibre radius to its length.

Beyond leading order, the boundary conditions at the top and bottom of the fibre

cannot be applied directly to the bulk solution, so the authors instead apply a cross-

averaged version and thus calculate the proposed O(ǫ2) correction terms. Dewynne

et al. (1989) consider the tapering of a cylindrical glass fibre in which the central region

is heated and the ends are pulled apart, and track the evolution of imperfections in

the initial radius when viscous stretching dominates the stress balance. Griffiths and

Howell (2008) model drawing of a non-axisymmetric tube, solving an inverse problem

to obtain the die shape required to produce a desired final shape.

The temperature profile of fibres and sheets undergoing drawing has received sig-

nificant attention due to its role in the dynamics and stability of drawing processes.

Matovich and Pearson (1969) extend their model for isothermal fibre drawing to a fi-

bre that is being cooled due to heat transfer with the surrounding atmosphere. Myers

(1989) investigates the role of radiation in determining the temperature during draw-

ing of a cylindrical preform, and determines that radiation dominates heat transfer

in the particular process of interest. Taroni et al. (2012) study the interplay between

extensional flow and heat transport in a glass fibre where both radiation and diffu-

sion play a role in heat transport in the bulk, and both radiation and Newton cooling

contribute to heat transfer with the surroundings. They determine a hierarchy of

problems for the temperature profile in the fibre in various heat-transfer regimes.

A model for the viscous flow of a three-dimensional sheet characterized by its small

aspect ratio of thickness to other lengthscales is derived by Howell (1994, 1996),
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who used this as a model for the float glass process. This thin-sheet model has

also been used by Filippov and Zheng (2010) to study the redraw process. They

calculated numerical solutions for the thickness and stress profile in the sheet for

different temperature profiles. Meanwhile, drawn sheets with thick edges have also

been studied in the related problem of casting of polymer films. For example, Dobroth

and Erwin (1986) propose formulas for the bulk and edge thickness in terms of the

ratio of the draw to the feed speed, and d’Halewyu et al. (1990) and Silagy et al.

(1999) use a thin-sheet model for casting of a polymer film.

An early study of buckling of a viscous material is presented by Taylor (1969),

whose experiments include a viscous thread floating on mercury, which buckles when

its ends are pushed together. This inspired the development of a mathematical model

by Buckmaster et al. (1975), who investigate the timescale for buckling compared with

the timescale for thickness changes and derive solutions for the buckling of a viscous

thread whose ends are pushed together. Howell (1994) derives governing equations

for a thin-sheet model undergoing out-of-plane motion, applying the resulting model

to the examples of windscreen sagging and glass blowing. Filippov and Zheng (2010)

suggest that the stability of a stretched thin viscous sheet is linked to the existence of

so-called hyperbolic zones in which the principal stresses have opposite signs. They

calculate these zones for a glass sheet undergoing redraw, and observe qualitatively

different hyperbolic zones for different temperature profiles. More recently, Srini-

vasan et al. (2017) solve the linear-stability problem for small out-of-plane deforma-

tions, determining the fastest-growing eigenmodes and corresponding growth rates for

early-time growth of ripples in sheets, and investigate the dependence of the buck-

ling behaviour on the length of the heater zone through which the sheet is drawn.

They determine that compressive buckling zones are always present upstream of the

stretching region, and that short heater zones give rise to a second buckling region

downstream of the stretching region.

1.4 Thesis outline

In this thesis, a collection of mathematical models is derived to describe aspects

of the redraw process and provide insight into various phenomena observed during

manufacture. In Chapter 2 we discuss the role of heat flow and stability in models

of glass sheet redraw. We consider stretching of a two-dimensional thin glass sheet

and determine the temperature profile in the sheet in different parameter regimes.

We discuss the coupling between heat and fluid flow in industrially relevant regimes,
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and assess the stability of the sheet to thickness perturbations. In Chapters 3–4 we

develop mathematical models for three-dimensional thin sheets undergoing redraw

to determine the dependence of the product thickness on process parameters. In

Chapter 3, we consider the scenario in which the furnace is short compared with the

sheet width. In this case the redrawn sheet has almost uniform thickness, but is

thicker in small regions near the sheet edges. We quantify the size and extent of these

thick edges and their dependence on process parameters, as well as investigating how

thick edges may be avoided. In Chapter 4 we consider the alternative scenario, in

which the furnace is long compared with the sheet width. In this limit, the aspect

ratio of the sheet is preserved at leading order, but correction terms are significant

in reality, and we quantify these. In Chapters 5 and 6 we turn our attention to

buckling of thin viscous sheets. The gravity-driven buckling of a two-dimensional

sheet provides a starting point for the study of a sheet in which regions of both

tension and compression are present, and we develop a model for this process in the

thin-sheet limit in Chapter 5. We investigate the interplay between the growth of

out-of-plane deformations and the evolution of the stress profile in the sheet through

numerical solutions as well as an asymptotic analysis of the late-time behaviour. In

Chapter 6 we extend our model to buckling of a three-dimensional thin glass sheet

undergoing redraw, taking particular care to derive the free-boundary conditions at

a curved edge. We determine the fastest-growing buckling modes and corresponding

growth rates, and propose a simple model to quantify the dependence of the growth

rate on the sheet properties. Finally, in Chapter 7 we draw conclusions and discuss

related work that should be carried out in the future.

1.5 Publications

At the time of submission, one paper (O’Kiely et al., 2015) has been publised from this

thesis, containing the work in Chapter 3 and co-authored by D. O’Kiely, C. J. W. Bre-

ward, I. M. Griffiths, P. D. Howell and U. Lange (supervisors). In this paper, a model

is developed for redraw of a three-dimensional thin sheet through a short heater zone,

the model is analysed and solutions are compared to i) numerical simulations carried

out in Polyflow, and ii) experimental data. The model analysis and numerical solution

of this model were carried out by DOK under the supervision of CJWB, IMG, PDH

and UL, while the numerical simulations in Polyflow and experiments were carried

out by UL and colleagues at Schott AG; this is acknowledged in Chapter 3. UL also
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carried out the numerical simulations in Polyflow presented in Chapter 4, and this is

acknowledged.
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Chapter 2

Modelling of two-dimensional glass

sheets: heat flow and stability

2.1 Introduction

In this chapter we study the behaviour of a two-dimensional thin glass sheet under-

going redraw. Since the viscosity of the glass is a strong function of temperature,

the temperature and flow of the glass may be coupled, and we investigate this here.

We also investigate the stability of the sheet to thickness perturbations. Draw res-

onance is a phenomenon observed in fibre and sheet drawing in which oscillatory

perturbations propagate along the fibre or sheet and grow in amplitude, resulting

in a product with a varicose variation in thickness. Typically, the drawing process

becomes unstable when the speed of the draw rollers relative to the input speed is

too large. The aim of this chapter is to examine heat flow and draw resonance in

a two-dimensional sheet to determine the extent to which they should be taken into

account in modelling the glass sheet redraw process. For the most part, this is a

direct application of existing models of float glass, downdraw or fibre drawing from

the literature to the case of two-dimensional redraw. However, this chapter will form

a basis for modelling more complicated systems, and the results obtained here will

be used to justify simplifications made elsewhere in the thesis.

During the redraw process, glass is heated and cooled by feeding it through a

furnace, and this temperature change leads to a spatial variation in the viscosity.

The flow of glass in the sheet is affected by the temperature-dependent viscosity, and

flow of heat is affected by the glass motion, so there is a two-way coupling between

heat and fluid flow. Equations governing extensional flow in a fibre in the slender

limit have been previously derived by Matovich and Pearson (1969), while equations

governing extensional flow in a thin sheet were derived by Howell (1994). Matovich
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and Pearson (1969) also present a model for the temperature in a fibre, where the

temperature inside the fibre is governed by an advection–diffusion equation and heat

is exchanged with the surroundings by Newton cooling. Myers (1989) presents a

model for the temperature during drawing of a cylindrical preform through a furnace,

in the particular case where radiation dominates the transport of heat inside the fibre

as well as heat transfer with the surroundings. Taroni et al. (2012) also consider

the problem of drawing of a cylindrical glass fibre. They track the temperature and

fluid flow and investigate the asymptotic behaviour of the steady-state solution in

two different distinguished limits of the aspect ratio

ǫ =
hin
L
, (2.1)

(where hin is the preform half-thickness and L the sheet length) and the Péclet number

Pe =
ρcpUL

kc
. (2.2)

Here ρ, cp and kc are the density, specific heat capacity and thermal conductivity of

the glass respectively, and U is a characteristic velocity, so that Pe is the ratio be-

tween the rates of advection and diffusion of heat. Taroni et al. (2012) find that, when

ǫPe = O(1), the temperature profile is approximately uniform across the cylinder ra-

dius, while for ǫ2 Pe = O(1) significant temperature variations are expected across

the cylinder radius due to competition between convection and transverse diffusion.

In both cases, the flow affects the temperature profile at leading order and vice versa.

Meanwhile, Scheid et al. (2009) model coupled heat and fluid flow in downdraw of a

two-dimensional thin sheet. They consider regimes in which temperature variations

across the sheet thickness are significant, and make the ad hoc simplifying assump-

tion that the temperature profile is parabolic across the sheet thickness. After this

assumption is made it is only necessary to solve for the average temperature, which

is coupled to the thickness and velocity of the sheet.

Redraw is a batch process, but each batch is very long and we assume that the

process operates in a steady state most of the time. The stability of fibre and sheet

drawing to thickness perturbations has received a great deal of attention due to the

restrictions that such instabilities place on industrial operating regimes. Comprehen-

sive reviews of the vast literature on draw resonance may be found in Petrie and Denn

(1976) and Hyun (1999); we limit our discussion to the literature of most relevance

here. The study of draw resonance has focused mainly on (i) isothermal drawing, and

(ii) downdraw, in which a sheet or fibre of molten glass is extruded vertically and un-

dergoes stretching as it cools. Pearson and Matovich (1969) investigate the stability of
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steady-state isothermal fibre drawing, and predict that this process becomes unstable

when the “draw ratio” D between the speed at the draw rollers and the input speed

exceeds a critical value of approximately 20.2. The effect of temperature variation on

stability has been studied for fibres by authors such as Shah and Pearson (1972) and

Myers (1989), and more recently by Scheid et al. (2009) for sheets. Shah and Pearson

(1972) show that cooling of a fibre during redraw increases the critical draw ratio

above which the sheet is unstable to draw resonance, while Myers (1989) finds that

radiative heat transfer with a furnace during drawing of a cylindrical preform also

increases the critical draw ratio. Scheid et al. (2009) carry out stability analysis of

a sheet with coupled heat and fluid flow undergoing downdraw in regimes where the

temperature varies across the sheet thickness at leading order. Their analysis shows

cooling to be stabilizing over a range of values of the heat transfer coefficient, which

measures the importance of heat transfer with the surrounding air. However, their

analysis also shows that, in the limit when heat transfer with the air dominates, cool-

ing is destabilizing. These results demonstrate that, except under extreme conditions,

significantly larger draw speeds can be achieved for non-isothermal drawing without

encountering resonance than can be achieved for isothermal drawing. Draw resonance

is typically not observed in industrial redraw processes (Lange, 2014), which suggests

that the sheet is stable to thickness perturbations for typical process parameters.

In §2.2 we outline the equations governing the thickness and velocity of a two-

dimensional sheet in the limit where the sheet is very thin compared with its length.

In §2.3 we derive equations governing the temperature in a thin sheet during redraw in

two asymptotic limits, (i) where diffusion in the transverse direction dominates over

advection in the direction of drawing, and (ii) where diffusion and advection both

enter the governing equations at leading order. In each case we present numerical

solutions for the temperature profile in the sheet and discuss the role of fluid flow in

determining the temperature. In §2.4 we analyse the stability of a two-dimensional

sheet undergoing redraw to thickness perturbations, and determine the critical draw

ratio above which the sheet becomes unstable. Finally, in §2.5 we discuss the impli-

cations of our results for modelling redraw of a three-dimensional thin glass sheet.

2.2 Fluid flow

We use two-dimensional Cartesian coordinates (x, z), with x pointing in the direction

of drawing and z in the transverse direction. We consider a sheet of thickness 2h(x, t)

with velocity (u, w) undergoing redraw through a furnace of length L with furnace
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h(x, t)

hin

Length L

w

u

Figure 2.1: Two-dimensional glass sheet with thickness 2h(x, t) and velocity vector
u = (u, w) subject to a furnace profile Tf(x) undergoing redraw in the x-direction
with inlet speed U and increased draw speed DU .

profile Tf(x) as shown in figure 2.1. The equations governing redraw of a thin sheet

can be adapted directly from models for float glass (Howell, 1994) or the downdraw

process (Scheid et al., 2009). The Reynolds number Re = ρLU/µs (where ρ is density,

U characteristic velocity and µs characteristic viscosity) is typically small in industrial

processes, so we neglect inertia, and the flow in the sheet is governed by the two-

dimensional Stokes equations

∇ · u = 0, ∇ · σ = 0, (2.3)

where u = (u, w) is the velocity vector, ∇ = (∂/∂x, ∂/∂z), and

σ = −pI + µ
(

∇u+ (∇u)T
)

(2.4)

is the stress tensor, with p denoting pressure, µ the viscosity and I the identity matrix.

We emphasize that the viscosity µ(x, z, t) can vary due to local temperature changes.

A typical expression for the viscosity is (Filippov and Zheng, 2010)

µ = exp

[

−A +
B

T − T̂c

]

, (2.5)

where T is the temperature, and A, B and T̂c are experimentally determined param-

eters.
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In principle, we should also include gravitational effects in our model. Indeed, the

Stokes number

St =
gravity effects

viscous effects
=
ρgL2

µU
≈ 10 (2.6)

using the parameters in Table 1.1. However, this value overestimates the effect of

gravity as we have used the smallest value of viscosity µ (which typically varies over

three or more orders of magnitude, cf. §2.3) and the smallest value of U , which

increases by a factor of the draw ratio D, typically between 20 and 100 - so in reality

the lengthscale over which µU takes the value obtained from Table 1.1 is shorter than

the length of the furnace, and the ratio of gravity to viscous effects is smaller. In this

thesis we will typically neglect gravity, assuming that its effect is small compared with

the viscous stresses imposed by the draw rollers. The exception to this assumption is

in Chapter 5, where we will consider scenarios in which the effect of gravity contributes

significantly to the acceleration of the glass sheet.

There is no fluid flux across the free surfaces z = ±h(x, t) of the sheet, and we

neglect surface tension so that there is no surface traction, i.e.

D

Dt
(z ∓ h) = 0, σ · n̂ = 0, (2.7)

where D/Dt = ∂/∂t+u ·∇ is the convective derivative and n̂ is the outward-pointing

normal to the sheet. A sheet with initial thickness 2hin is fed into the furnace at a

characteristic velocity U , and drawn out of the furnace at a velocity which is increased

by a factor D known as the draw ratio, so we write

u = U, h = hin on x = 0, (2.8a)

u = DU on x = L. (2.8b)

In principle, we should also impose boundary conditions on the transverse velocity

w, but this is not necessary in the thin sheet limit (we discuss this in more detail in

Chapter 4).

We introduce dimensionless variables

(x′, z′) =
(x

L
,
z

ǫL

)

, h′ =
h

ǫL
, t′ =

t

L/U
, (2.9a)

(u′, w′) =
( u

U
,
w

ǫU

)

, µ′ =
µ

µs

, p′ =
p

µsU/L
, T ′ =

T

Ts
, (2.9b)

where ǫ = hin/L≪ 1 is the aspect ratio of the sheet, and µs = µ(Ts) is the viscosity

at some characteristic temperature Ts which we will choose in §2.3. Substituting our
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dimensionless variables into the governing equations (2.3)–(2.8) and dropping primes

from the notation, we find that the Stokes equations (2.3) are transformed to

ux + wz = 0, (2.10a)

(−p + 2µux)x +
(

ǫ−2µuz + µwx

)

z
= 0, (2.10b)

(

µuz + ǫ2µwx

)

x
+ (−p + 2µwz)z = 0, (2.10c)

where subscripts are used to denote differentiation. The no-flux and no-stress condi-

tions (2.7) become

w = ± (ht + uhx) , (2.11a)

±hx (−p + 2µux) =
(

ǫ−2µuz + µwx

)

, (2.11b)

±hx
(

µuz + ǫ2µwx

)

= (−p + 2µwz) , (2.11c)

on z = ±h(x, t), and the boundary conditions (2.8) at either end of the sheet can be

written as

u = h = 1 on x = 0, (2.12a)

u = D on x = 1. (2.12b)

Here and in later chapters we will exploit small aspect ratios in glass sheets un-

dergoing redraw to derive simplified models. The result for the leading-order velocity

and thickness of a flat two-dimensional sheet is well-known (see, for example Howell,

1994), but we give a brief overview of the derivation here because it will be useful for

reference in later chapters. Our procedure is to expand variables in powers of ǫ2, for

example

u = u0 + ǫ2u1 + · · · (2.13)

and so on. Evaluating the in-plane momentum equation (2.10b) at leading order and

applying no-stress boundary condition (2.11b), we find that

u0 = u0(x, t), (2.14)

i.e. the leading-order flow is extensional. We then determine an expression for the

leading-order pressure by evaluating the transverse momentum equation (2.10c) at

leading order and applying no-stress condition (2.11c) to find

p0 = 2µw0z = −2µu0x, (2.15)

where the second equality is obtained by applying conservation of mass (2.10a). We

now integrate the mass-conservation equation (2.10a) and in-plane momentum equa-

tion (2.10b) across the sheet thickness and apply the free-boundary conditions (2.11)
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to obtain equations governing the average flux and tension in the sheet. Evaluating

at leading order, we find

h0t + (u0h0)x = 0, (2.16a)

4µ̄h0u0x = F (t), (2.16b)

where F (t) is the uniform tension in the sheet, and

µ̄(x, t) =
1

2h0

∫ h0

−h0

µ(x, z, t) dz (2.17)

is the viscosity averaged across the sheet thickness. The feed and draw condi-

tions (2.12) evaluated at leading order are

u0 = h0 = 1 on x = 0, (2.18a)

u0 = D on x = 1. (2.18b)

We solve the equations (2.16)–(2.18) governing the leading-order velocity and thick-

ness in conjunction with equations governing the temperature and hence viscosity of

the glass.

2.3 Heat flow

2.3.1 Full dimensional problem

In this section we derive equations governing the leading-order temperature in a thin

two-dimensional sheet undergoing redraw by adapting the model of Taroni et al.

(2012) for fibre drawing. At very high temperatures, radiative heat transport may

be comparable to heat transport via diffusion. We assume that the sheet is optically

thick, i.e. that the thickness is large compared with the typical lengthscale for absorp-

tion of photons. In this limit, the transport of heat in the glass by radiation may be

taken into account by modifying the diffusion coefficient in the advection–diffusion

equation using the Rosseland approximation (Myers, 1989), so the flow of heat in the

sheet is governed by

ρcp (Tt + u · ∇T ) = ∇ ·
[(

kc +
16n2

0σSB
3χ

T 3

)

∇T
]

, (2.19)

where n0 is the refractive index, χ is the glass absorption coefficient and σSB is the

Stefan–Boltzmann constant. The validity of the optically-thin assumption can be

checked by comparing the sheet thickness 2hin = 2× 10−3m with 1/χ, where χ is the
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estimated absorption coefficient χ = 200m−1 (Paek and Runk, 1978; Taroni et al.,

2012). These values suggest that our assumption may not be physical, but we note

that χ depends on both temperature and wavelength (Taroni et al., 2012) and make

the assumption that the sheet is optically thick so that we can write down a relatively

simple model for heat transport in the sheet.

The flux of heat across the free surfaces z = ±h(x, t) is balanced by heat ex-

change with the atmosphere. In the absence of radiative heat transfer, this exchange

is modelled using Newton’s law of cooling, so the heat flux is proportional to the

temperature change across the surface. We assume that the heat absorbed by the

air from the glass is redistributed by convection, so that the ambient air temperature

Ta in the furnace does not change in time. We modify Newton’s law of cooling by

including black-body radiation emitted from the sheet surface and absorbed from the

furnace to give

∓
(

kc +
16n2

0σSB
3χ

T 3

)

∂T

∂z
= σSBǫr(T

4 − T 4
f ) +mh(T − Ta) on z = ±h, (2.20)

where Tf (x) and Ta(x) denote furnace temperature and ambient air temperature

respectively, ǫr is the specific emissivity of the glass and mh is the heat transfer

coefficient. The heat transfer coefficient mh can be calculated by dividing the thermal

conductivity of the air by the lengthscale across which the heat transfer occurs, i.e.

the thickness of the thermal boundary layer in the air (which depends on the air flow

in the furnace). We also assume the inlet temperature is given by

T (0, t) = Ta(0). (2.21)

We note that this is similar to the model used by Scheid et al. (2009) for heat flow in

a sheet undergoing downdraw, but includes terms describing the flow of heat inside

the sheet due to radiation, as well as heat transfer between the sheet and the furnace

due to radiation.

2.3.2 Non-dimensionalization

We use the dimensionless variables introduced in (2.9), choosing the maximum furnace

temperature as the characteristic temperature Ts. Substituting the dimensionless

variables (2.9) into the governing equations and dropping primes from the notation,

we find that the heat equation (2.19) is transformed to

ǫ2 Pe

(

∂T

∂t
+ u

∂T

∂x
+ w

∂T

∂z

)

= ǫ2
∂2

∂x2
(

T + γrT
4
)

+
∂2

∂z2
(

T + γrT
4
)

, (2.22)
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and the boundary condition (2.20) becomes

∓
(

1 + 4γrT
3
) ∂T

∂z
= ǫα

(

T 4 − T 4
f

)

+ ǫβ(T − Ta) on z = ±h, (2.23)

where Tf and Ta are now the dimensionless furnace temperature and ambient air

temperature profiles, and

γr =
4n2

0σSBT
3
s

3χkc
, α =

σSBǫrT
3
s L

kc
, and β =

mhL

kc
(2.24)

are dimensionless parameters which may be interpreted as follows. In the glass, the

transport of heat is characterized by the Péclet number Pe defined by (2.2) and γr,

which quantifies the importance of radiative heat transport. At the glass surface,

parameters α and β measure heat transfer from/to the sheet due to radiation and

air convection respectively. Estimates for these dimensionless parameters are listed

in Table 2.1.

Parameter Symbol Approximate Value

Péclet number Pe 140
Bulk radiation coefficient γr 0.9
Surface radiation coefficient α 6.7
Air transfer coefficient β 6.0

Table 2.1: Estimates for dimensionless parameters relating to heat flow in glass sheets
during redraw (Taroni et al., 2012; Lange, 2013).

We consider a dimensionless temperature profile of the form (Lange, 2013)

Tf (x) = θ0 + (1− θ0)

(

1

1 + exp[−k(x− xL)]
+

1

1 + exp[k(x− xR)]
− 1

)

, (2.25)

and assume Ta(x) = 0.75Tf(x) (Taroni et al., 2012). The coefficient k characterizes

the shape of the furnace profile, and in particular how steep the temperature gradients

are, while xL and xR are the inflection points. A schematic is shown in figure 2.2

illustrating the significance of these values. The dimensionless viscosity is governed

by

µ = exp

[

1

ν

(

1

T − Tc
− 1

1− Tc

)]

, (2.26)

where ν = Ts/B and Tc = T̂c/Ts. We expect the glass viscosity to vary strongly in

the temperature ranges of interest, and hence typically ν ≪ 1.

Finally, we specify the inlet temperature T (0, t) and the initial temperature profile

T (x, 0). In principle, we should also impose a downstream condition on T at x = 1,
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but, as we will see below, this is no longer required when our specific thin-sheet ap-

proximations are made. Our procedure now is to exploit the small aspect ratio and

perform an asymptotic expansion of T . In §2.3.3 we address regimes in which trans-

verse diffusion in the bulk dominates over advection in the direction of drawing, and

in §2.3.4 we consider the limit where heat transfer with the surroundings dominates

the behaviour at the sheet surface. In §2.3.5 we consider regimes in which transverse

diffusion in the bulk is balanced by advection.

x

Tf

xL xR 1

θ0

1

O(1/k) O(1/k)

Figure 2.2: Schematic of the furnace profile and the role played by the coefficients
θ0, k, xL and xR. The dimensionless temperature profile increase from θ0 to 1 over a
distance of O(1/k) around x = xL, and then decreases from 1 to θ0 over a distance
of O(1/k) around x = xR.

2.3.3 Diffusion-dominated regime

We first consider the asymptotic regime where ǫ2 ≪ ǫ2 Pe ≪ 1 as ǫ → 0, which cor-

responds physically to a system in which transverse diffusion and radiation dominate

the transport of heat in the bulk of the sheet. We assume α/(ǫPe) and β/(ǫPe)

are O(1), so that heat exchange with the surroundings balances advection. We also

treat γr as O(1) so that radiation contributes to the transport of heat in the bulk,

although we will find that γr does not enter the problem at leading order in this limit.

We expand T in powers of ǫ2 Pe. Solving the heat equation (2.22) at leading order

together with the surface heat balance (2.23), we find

T0 = T0(x, t), (2.27)

so that the temperature is uniform across the sheet thickness. Evaluating (2.22)

at O(ǫ2Pe), integrating across the sheet thickness and applying boundary condi-

tions (2.23), we arrive at

h0 (T0t + u0T0x) = −
[

a
(

T 4
0 − T 4

f

)

+ b (T0 − Ta)
]

, (2.28)
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where the dimensionless parameter

a =
α

ǫPe
=

1

ǫ

σSBǫrT
3
s

ρcpU
(2.29)

measures radiative heat transfer from the surface relative to the heat capacity of the

sheet, and the reduced Stanton number

b =
β

ǫPe
=

1

ǫ

mh

ρcpU
(2.30)

measures heat transfer with the atmosphere relative to heat capacity. The terms on

the left-hand side of (2.28) correspond to advection of heat by the glass, and the

terms on the right-hand side correspond to heat exchange with the surroundings.

The full model describing fluid and heat flow in the glass sheet in this regime is

then given by

h0t + (u0h0)x = 0, (2.31a)

4µ(T0)h0u0x = F (t), (2.31b)

h0 (T0t + u0T0x) = −
[

a
(

T 4
0 − T 4

f

)

+ b (T0 − Ta)
]

, (2.31c)

with boundary conditions

h0 = u0 = 1, T0 = Ta(0) on x = 0, (2.32a)

u0 = D on x = 1. (2.32b)

We study the steady-state behaviour by letting T0t = h0t = 0. We integrate mass

equation (2.31a) and use boundary conditions (2.32a) to find u0h0 = 1. Substituting

into (2.31c) then yields

T0x = −[a(T 4
0 − T 4

f ) + b(T0 − Ta)]. (2.33)

This immediately yields the key result that, in a steady state, the leading-order

temperature profile in this limit is independent of the thickness and velocity profiles

in the sheet. This is in contrast to the case of a fibre (Taroni et al., 2012), in which

a square root of the axial velocity is retained in front of the convection term. In this

regime, one can first determine the temperature profile in the sheet and then later

prescribe the viscosity profile while modelling the flow.

We solve (2.33) numerically using MATLAB’s built-in ode solver ode45, for two

different (a, b) pairs with Tc = 0.34 and ν = 0.1 in the viscosity–temperature rela-

tion (2.26). In all cases the furnace profile is given by (2.25), with θ0 = 0.8, k = 20,
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xL = 0.25 and xR = 0.75, the ambient air temperature is given by Ta = 0.75Tf(x)

and the inlet temperature is chosen to be Ta(0). These parameters are chosen for

their relevance in industrial processes of interest (Lange, 2013). For heat transfer

parameters a = b = 1, heat transfer with the atmosphere and furnace are balanced

by the advection of the sheet, so that the temperature in the sheet increases and

then decreases due to heat exchange with both the atmosphere and the furnace (see

figure 2.3). The sheet does not heat up as much as the furnace due to advection of

the glass and heat transfer with the atmosphere. In the case a = 50, b = 1, radiative

heat transfer with the furnace dominates, and the temperature profile in the sheet is

close to that of the furnace except in a boundary layer near x = 0 (cf. §2.3.4). In

both cases, the varying temperature profile of the sheet causes the glass viscosity to

change by many orders of magnitude as it moves through the furnace. In particular,

a dimensionless temperature change of 0.2 corresponds to a typical dimensional tem-

perature change of 260K, which gives rise to a viscosity change of about three orders

of magnitude.
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(a) Temperature of glass sheet.
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100

104
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x
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(b) Viscosity of glass sheet

Figure 2.3: (a) Steady-state temperature (2.33) and (b) viscosity (2.26) profiles for
the diffusion-dominated limit ǫ2 Pe ≪ 1, for furnace profile (2.25) with θ0 = 0.8,
k = 20, xL = 0.25 and xR = 0.75, and with viscosity parameters ν = 0.1, Tc = 0.34.
The blue solid curves correspond to a = b = 1, and the green solid curves are for
a = 50, b = 1. The furnace profile (2.25) is shown for comparison as a black dashed
curve in (a).

2.3.4 Heat-transfer-dominated limit

We now consider scenarios in which at least one of a or b is large. Physically, this

corresponds to a regime in which heat transfer with the surroundings dominates heat

flow at the glass–air interface, so that the temperature of the glass is close to that of
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the furnace or the atmosphere throughout the process. Formally, we set b/a = O(1)

and take the limit a → ∞. At leading order in the small parameter a−1, (2.28)

imposes that

T0(x) = τ(x), (2.34)

where τ(x) is the unique positive solution to the algebraic equation

(

τ(x)4 − Tf(x)
4
)

+
b

a
(τ(x)− Ta(x)) = 0. (2.35)

We make two key observations about this solution. Firstly, τ(x) does not depend

on u and h, which implies that the temperature profile is not coupled to the flow at

leading order, even in the time-dependent case, as expected when heat transfer with

the surroundings dominates over convection. Secondly, the solution cannot satisfy a

general inlet condition T0(0) = Ta(0), indicating that this solution is not valid in a

boundary layer of O(a−1) near x = 0 where T0x is large and the temperature of the

sheet adjusts rapidly (see figure 2.3).

2.3.5 Advection balances diffusion regime

We now consider the regime ǫ2 Pe = O(1), which corresponds to a situation in which

heat transport across the sheet is balanced with convection in the heat equation (2.22)

so that temperature gradients across the sheet thickness exist at leading order. The

leading-order thickness, velocity and temperature are then governed by

h0t + (u0h0)x , (2.36a)

4µ̄(T0)h0u0x = F (t), (2.36b)

Pe (T0t + u0T0x − zu0xT0z) =
[

T0 + γrT
4
0

]

zz
, (2.36c)

where Pe := ǫ2 Pe = O(1) and w0 = −zu0x is obtained from the mass equation (2.10a).

The free-surface boundary conditions (2.23) become

∓
(

1 + 4γrT
3
0

)

T0z = ᾱ
(

T 4
0 − T 4

f

)

+ β̄ (T0 − Ta) on z = ±h0, (2.37)

where ᾱ = ǫα and β̄ = ǫβ are treated as O(1) constants to give a dominant balance,

and the feed and draw conditions at leading order are given by

h0 = u0 = 1, T0 = Ta(0) at x = 0, (2.38a)

u0 = D at x = 1. (2.38b)
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In the time-dependent case an initial condition T (x, z, 0) is also required.

The leading-order temperature T0 is now a function of two spatial variables, and

is coupled to the leading-order velocity u0 and thickness h0 on a domain whose shape

is not known a priori. We seek a steady-state solution and map the governing equa-

tions (2.36)–(2.38) to a fixed domain (x/Pe, z/h0) ∈ [0, 1/Pe] × [0, 1]. We then use

second-order finite differencing in η = z/h0 to obtain a series of ODEs in ξ = x/Pe.

We use ode15s in MATLAB to determine the solution for a given value of the tension

F , and use fsolve to find the correct F for a given draw ratio D.
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Figure 2.4: Temperature and thickness profiles (2.16)–(2.18) and (2.36)–(2.38) of glass
sheets for (a), (b) Pe = 1 and (c), (d) Pe = 5, with ᾱ = β̄ = 5, γr = 1, Tc = 0.34,
ν = 0.1 and D = 20. The temperature at the sheet edge is shown as a blue solid
line and the temperature at the sheet centre as a dashed blue line. The furnace
profile (2.25) with θ0 = 0.8, k = 20, xL = 0.25 and xR = 0.75 is shown for comparison
as a black dashed line in (a) & (c).

We calculate temperature and flow profiles for two different values of Pe with

ᾱ = β̄ = 5 (see figure 2.4). We observe a temperature difference between the centre
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and surface of the sheet. This temperature variation is larger for the Pe = 5 case than

the Pe = 1 case due to the increased role of advection relative to transverse diffusion.

In both cases the temperature is approximately uniform across the sheet thickness

near the bottom of the furnace, where the sheet is very thin. When Pe = 1, the

temperature profile experiences only a small delay relative to the furnace profile due

to the strong heat transfer between the sheet and the atmosphere and furnace (see

figure 2.4a). When the reduced Péclet number Pe is increased to 5 so that advection

is increased relative to diffusion, the sheet heats up less and there is a larger spatial

delay in the temperature profile relative to the furnace profile (see figure 2.4c). We

also observe that the thickness change is localized in the portion of the sheet where

temperature is maximized and hence viscosity is minimized (see figure 2.4b and d).

2.3.6 Radiative heat transfer

Redraw is undertaken at sufficiently high temperatures that radiative heat transfer

is significant. In this chapter we have assumed the sheet is optically thick, meaning

the mean free path of photons is very small compared with the sheet thickness, and

radiative heat transfer may be treated as a diffusion-like process. If the glass sheet

is so thin that its thickness is comparable with the mean free path, this assumption

breaks down, and a new model for radiative heat transfer is required. Modest (2013)

determines the fraction of incident radiation absorbed, transmitted and reflected by

a window pane using ray tracing. In the limit where the sheet is optically thin,

and temperature variations across the sheet thickness can be neglected, we could

in principle derive a simplified model for the radiative heat transfer between the

semi-transparent glass and its environment by extending the ray-tracing approach of

Modest (2013).

Comparing the typical values of glass thickness and absorption coefficient shown in

Table 1.1 suggests that a sheet undergoing redraw might be more accurately modelled

using an optically-thin assumption. However, in this thesis we use established models

for optically thick sheets, and we leave the development of a model for optically thin

sheets as future work.

2.3.7 Summary

We consider two regimes for the Péclet number Pe, the first in which transverse

heat flow across the sheet dominates over advection, i.e. ǫ2 ≪ ǫ2 Pe ≪ 1, and the

second in which the two effects are balanced, i.e. ǫ2 Pe = O(1), and derive a model
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for the leading-order temperature profile in each case. These models demonstrate the

role that the material parameters and the temperature profile play in determining

the thickness and velocity profiles of the sheet. In the case ǫ2 ≪ ǫ2 Pe ≪ 1, the

steady-state temperature is uniform across the sheet and independent of the flow.

The temperature profile follows loosely that of either the furnace or ambient air

temperature depending on the relative importance of radiative and conductive heat

transfer at the surface. The temperature profile of the sheet exhibits a delay relative

to that of the furnace and atmosphere; this is due to advection. If heat transfer

with the surroundings dominates and ǫ2 ≪ ǫ2 Pe ≪ 1, then there is no delay; the

temperature is controlled by the furnace and ambient air temperatures and does not

depend on the velocity or thickness of the sheet. This means that by imposing a

particular furnace profile we effectively impose a corresponding temperature profile

in the sheet. In the case ǫ2 Pe = O(1) the behaviour of the sheet is more complicated,

with temperature variations across the sheet observed even at leading order and the

temperature and flow profiles fully coupled. The two-dimensional system of equations

governing temperature, velocity and thickness are mapped to a rectangular domain

and then solved numerically using the method of lines. As in the case when ǫ2 Pe ≪ 1,

the temperature profile in the sheet differs from that of the furnace due to advection,

with the size of the delay increasing as the Péclet number increases. The temperature

also varies across the sheet thickness, and this variation increases as the Péclet number

increases.

For the parameter estimates given in Table 2.1 and the aspect ratio ǫ = 8.3×10−3

given in Table 1.1, we observe that ǫ2 Pe ≪ 1, and we assume this is the case in

the processes modelled in Chapters 3–6. Under this assumption (and assuming the

sheet is optically thick), the temperature is approximately uniform across the sheet

thickness and, in steady-state conditions, the temperature and hence viscosity profile

can be calculated before the thickness and velocity profiles are known, so we can

impose a prescribed viscosity profile in the equations governing fluid flow in the

sheet. However, the ǫ2 Pe = O(1) case and the optically thin case may be important

for other processes and/or material parameters.

2.4 Draw resonance

2.4.1 Background

Pearson and Matovich (1969) propose that cooling stabilizes fibre drawing to thickness

perturbations because parts of the fibre that are thinner will cool more and resist
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further thinning compared with parts of the fibre that are thicker. In redraw, the

sheet undergoes both heating and cooling, so we might expect a combination of

stabilizing and destabilizing effects. Myers (1989) finds that the critical draw ratio

above which drawing of a cylindrical preform (which is heated and then cooled)

becomes unstable to draw resonance is larger than that for isothermal drawing, and

that this stabilizing effect increases as the dependence of viscosity on temperature

increases. Scheid et al. (2009) find that, during drawing of a thin sheet, the effect of

cooling is typically stabilizing, but can actually destabilize the process if heat transfer

with the surroundings is very strong. These conflicting results make it difficult to

predict how the critical draw ratio will behave for redraw of a thin sheet.

2.4.2 Linear-stability analysis

We determine the stability of a sheet undergoing redraw to thickness perturbations by

performing a linear-stability analysis in the industrially relevant limit ǫ2 ≪ ǫ2 Pe ≪ 1.

For brevity of notation we drop subscripts denoting expansion in powers of ǫ2 Pe. The

steady-state temperature T (0) is governed by (2.33) subject to T (0)(0) = Ta(0), and

the steady-state velocity u(0) and thickness h(0) are then given by

u(0) = exp



log(D)

∫ x

0
dx′

µ(T (0))
∫ 1

0
dx

µ(T (0))



 , (2.39a)

h(0) = exp



− log(D)

∫ x

0
dx′

µ(T (0))
∫ 1

0
dx

µ(T (0))



 , (2.39b)

while the steady-state tension F (0) in the sheet is

F (0) =
4 log(D)
∫ 1

0
dx

µ(T (0))

. (2.40)

We consider a small perturbation to the steady-state solution using the notation

F (t) = F (0)[1 + φ], (2.41a)

h(x, t) = h(0)(x)[1 + φh̃], (2.41b)

u(x, t) = u(0)(x)[1 + φũ], (2.41c)

T (x, t) = T (0)(x)[1 + φT̃ ], (2.41d)
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where the perturbation to the tension φ(t) ≪ 1, and all other perturbations are

measured relative to this. Taylor-expanding the viscosity (2.26) about the steady-

state temperature, we find the perturbed viscosity is given by

µ = exp

[

1

ν

(

1

T (0) − Tc
− 1

1− Tc

)]

[

1− φT̃
T (0)

ν (T (0) − Tc)
2 +O

(

φ2
)

]

. (2.41e)

We substitute (2.41) into (2.31)–(2.32) and neglect terms that are quadratic or higher

in φ. The resulting equations are thus linear in the perturbation variables, and we

consider a single Fourier mode φ = eλt, where λ is the growth rate of the perturbation

and the spatial variation is given by h̃(x), ũ(x) and T̃ (x). The perturbation variables

are governed by

ũx = −u
(0)
x

u(0)

(

h̃ + ũ− T̃
T (0)

ν (T (0) − Tc)
2 − 1

)

, (2.42a)

h̃x = −ũx − λh(0)h̃, (2.42b)

T̃x = −T
(0)
x

T (0)
T̃ −

[

4a(T (0))3 + b
]

T̃ − T
(0)
x

T (0)
(ũ+ h̃)− λh(0)T̃ , (2.42c)

with boundary conditions

ũ(0) = h̃(0) = T̃ (0) = 0, (2.43a)

ũ(1) = 0. (2.43b)

This is analogous to the linear-stability analysis carried out by Scheid et al. (2009)

for downdraw (taking the limit ǫ2 Pe → 0 in their analysis), but with an extra term

describing radiative heat transfer between the sheet and furnace, and a modified

viscosity-temperature relation (2.26). We note that, even though the leading-order

steady-state temperature does not depend on the thickness and velocity profiles, the

time-dependent temperature is altered by a perturbation to the flow.

After calculating the steady-state temperature, velocity and thickness for a given

value of the draw ratio D (following the procedure outlined in §2.3.3 and integrat-

ing for u0 using Chebfun, Driscoll et al., 2014), we solve (2.42) with initial condi-

tions (2.43a) for a given value of λ using MATLAB’s built-in solver ode45. We use

fsolve to find the (largest) growth rate λ for which ũ(1) = 0. We then search for

the critical draw ratio Dcrit for which the appropriate eigenvalue λ has zero real part,

again using fsolve. Beyond this value of Dcrit, λ has positive real part and the

system becomes unstable. We use continuation to provide suitable initial guesses to

the nonlinear solver, starting from the result of Renardy (2006) that for a = b = 0

the critical draw ratio Dcrit ≈ 20.2 with λ ≈ 14i.
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2.4.3 Results

We determine the critical draw ratio above which the sheet is unstable to draw res-

onance for a range of different heat exchange and viscosity parameters. Since heat

exchange with the atmosphere and radiative heat exchange with the furnace are com-

parable (see table 2.1), we set a = b and vary the Stanton number b for a range

of different values of ν, which determines how strongly the viscosity (2.26) depends

on the temperature. Neutral stability curves are plotted in figure 2.5 for a redraw

process with furnace temperature profile

Tf (x) = θ0 + (1− θ0)

(

1

1 + exp[−k(x− xL)]
+

1

1 + exp[k(x− xR)]
− 1

)

, (2.44)

with θ0 = 0.8, k = 20, xL = 0.25 and xR = 0.75, and T (0, t) = Ta(0) = 0.75θ0, and

Tc = 0.34 in (2.26).

In the limit where the heat transfer coefficients satisfy a, b ≪ 1, the response of

the glass temperature to the surroundings is weak and it is almost isothermal, so the

critical draw ratio is close to the isothermal result of 20.2 (see figure 2.5). For a, b≪ 1,

we observe that the critical draw ratio above which the sheet is unstable is smaller

than in the isothermal case. For moderate values of a and b we observe that the

critical draw ratio increases, i.e. the sheet is stabilized during redraw compared with

isothermal drawing. When a, b ≫ 1, heat transfer with the surroundings dominates

the heat balance in the sheet and the temperature is only very weakly affected by

perturbations to the flow, so the stabilizing effect is decreased. As a, b → ∞, the

temperature profile in the sheet does not change and the critical draw ratio approaches

a constant value for a given ν.

As ν is decreased the viscosity gradients in the sheet increase (2.26), and the

stabilization effect is amplified, as expected (Myers, 1989). We note in particular that

for ν = 0.5 and a, b ∈ [1, 10], the critical draw ratio beyond which the sheet becomes

unstable is always in excess of 106. For smaller values of ν the solver encounters

difficulties with the very large values of Dcrit, but we expect that the critical draw

ratio will be even larger for the industrial value of ν = 0.1. These critical draw ratios

are much larger than typical industrial draw ratios of D = 101–102, which explains

why draw resonance is not observed in reality in the redraw process (Lange, 2014).

2.4.4 Summary

In this section we investigate the stability of the redraw process for a glass sheet by

performing a linear-stability analysis about the steady-state. We derive an eigen-
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Figure 2.5: Neutral stability curves for the redraw process governed by (2.31)–(2.32)
with Tf given by (2.44) for ν = 2.0 (blue), ν = 1.0 (purple) and ν = 0.5 (red).

value problem for perturbations to the steady state, which we solve numerically to

determine the critical draw ratio beyond which the sheet is unstable. We present

neutral stability curves for typical industrial parameters, and observe that typical

critical draw ratios are much larger than typical industrial draw ratios, so that draw

resonance is not a concern in the glass sheet redraw process.

2.5 Discussion

In this chapter we investigate the coupling between heat and fluid flow in a two-

dimensional thin sheet undergoing redraw, and examine the stability of the sheet to

draw resonance. We categorize the heat transfer problem into one of two regimes:

• The aspect ratio ǫ and Péclet number Pe satisfy ǫ2 ≪ ǫ2 Pe ≪ 1, so transverse

flow of heat dominates in the bulk, and the heat transfer coefficients α and

β satisfy α/(ǫPe), β/(ǫPe) = O(1) so that advection is balanced by heat ex-

change with the surroundings. Under steady-state conditions, the leading-order

temperature profile does not depend on the velocity or thickness of the sheet.

• ǫ2 Pe = O(1) so advection of heat by the moving glass balances transverse

diffusion, and ǫα, ǫβ = O(1) so these effects are balanced by heat transfer with

the surroundings at the surface. The leading-order temperature varies across
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the sheet thickness, and the temperature, velocity and thickness of the sheet

are fully coupled.

In industrial processes of interest in this thesis, ǫ2 ≪ ǫ2 Pe ≪ 1, so that the temper-

ature profile is independent of the flow. Furthermore, the representative parameters

given in Tables 1.1 and 2.1 imply that α/ǫPe = 5.7 and β/ǫPe = 5.1, which suggests

that heat transfer with the surroundings is more important than advection. Based

on these results, in Chapters 3–6 we do not study the flow of heat inside the glass

sheets considered, and instead supplement the equations governing the motion with

a prescribed viscosity profile.

For an industrial furnace profile in the limit ǫ2 ≪ ǫ2 Pe ≪ 1, we determine the

critical draw ratio above which a sheet undergoing redraw becomes unstable to draw

resonance. For the viscosity profile and heat transfer coefficients relevant in this

thesis, the critical draw ratios are much larger than draw ratios typically used. Fur-

thermore, draw resonance has not been observed in any of the numerous numerical

and laboratory experiments carried out into the redraw process, so we can safely as-

sume that that draw resonance is not a concern in the redraw processes we consider

in the remainder of this thesis.
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Chapter 3

Redraw through a short heater

zone

3.1 Introduction

One method used by Schott AG to manufacture very thin glass sheets (thickness ∼
100µm) is to redraw prefabricated glass blocks through very short heater zones (Buelles-

feld et al., 2014). This method allows sheets to be redrawn without substantial loss of

width, and with essentially uniform final thickness except for in small regions near the

edges. Near the edge, the sheet thickness is typically larger than in the bulk; we refer

to this phenomenon as edge thickening. A sample measured thickness profile is plotted

in figure 3.1(a). It is evident that after redraw the cross-section is far from uniform,

with the edges thicker than the centre by a factor of around six. The presence of such

thick edges may result in breakage when the sheet is rolled up for storage and trans-

portation, and it is therefore desirable to understand and eliminate this behaviour.

Figure 3.1(b) shows the results of simulation experiments (Lange, 2013, details may

be found in §3.5). Again the edges are much thicker than the centre, and, apart from

the case where the heater zone is longer than the sheet half-width, there is a large

region in the centre of the sheet with approximately uniform thickness.

A model for the viscous flow of a three-dimensional sheet characterized by its small

aspect ratio of thickness to typical in-plane lengthscales is derived by Howell (1994,

1996), who used this as a model for the float glass process. This thin-sheet model has

also been used by Filippov and Zheng (2010) to study the redraw process. Studies of

the redraw process, for example by Filippov and Zheng (2010), as well as experimental

results such as those shown in figure 3.1, show that both the width and the thickness

of the sheet are affected by stretching and that the final thickness of the sheet is typi-

cally non-uniform. Furthermore, numerical simulations using Polyflow (Lange, 2013)
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Figure 3.1: (a) Thickness profile of a glass sheet drawn with draw ratio
draw speed/feed speed = 38 at Schott AG plant, (b) Numerical solutions calculated
at Schott AG of final sheet cross-section for draw ratio 20 and various heater zone
lengths: the ratios of heater zone length to initial sheet half-width are 0.1 (blue line),
0.2 (red dashed), 0.4 (yellow dot-dashed), 0.8 (purple circles) and 1.6 (green crosses).

show that when the heater zone is very short, these non-uniformities are confined to

neighbourhoods of the sheet edges, as shown in figure 3.1(b).

The same edge-thickening phenomenon has been observed in the related problem

of casting of polymer films, for example by Dobroth and Erwin (1986) and Silagy et al.

(1999). Dobroth and Erwin (1986) investigate the relative importance of die swell,

surface tension and edge stress effects in the edge-thickening phenomenon. They

determine that edge stress effects dominate the behaviour and, by assuming that the

centre of the sheet is subject to plane strain while the edge experiences uniaxial stress,

propose the relationships

final bulk thickness

initial bulk thickness
=

1

draw ratio
, (3.1a)

and
final edge thickness

initial edge thickness
=

1√
draw ratio

, (3.1b)

where the draw ratio is the ratio of the sheet speed at the draw rollers to the preform

speed. D’Halewyu et al. (1990) and Silagy et al. (1999) use the thin-sheet model to

describe casting of a polymer film of uniform temperature, and show numerically that

this model does indeed predict the experimentally observed non-uniform thickness

profiles. Other studies (for example, Debbaut et al., 1995; Beaulne and Mitsoulis,

1999) include viscoelasticity to model polymer film casting more accurately. Smith

and Stolle (2000) use numerical simulations to show that edge thickening can be

reduced by using a non-rectangular extrusion die.
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In this chapter we develop a model for the redraw process in the limit where the

heater zone is short compared with the sheet width, and predict and quantify the

phenomenon of edge thickening. In §§3.2–3.3 we exploit several features of the prob-

lem to facilitate our analysis and gain insight. First we use the fact that the Reynolds

number is typically small (Re . 10−4) to neglect inertia and model the flow using

the three-dimensional Stokes equations. Second, we exploit the geometrical property

that the preform thickness is small compared with the heater zone length, which in

turn is short compared with the preform width. (We use the terms thickness, width

and length as defined in figures 1.1 and 3.2). We use asymptotic analysis to examine

the structure of the flow and capture the one-dimensional behaviour in the bulk, with

two-dimensional behaviour in a boundary layer at the sheet edge. This represents an

advance on previous work by authors such as d’Halewyu et al. (1990), Silagy et al.

(1999) and Filippov and Zheng (2010), as we demonstrate that the distance over

which edge thickening persists scales with the length of the heater zone, and that the

edge thickening phenomenon is described by a canonical two-dimensional boundary

layer problem. Only the boundary-layer problem requires numerical solution, and our

approach thus removes the numerical stiffness associated with the large separation of

lengthscales in the full free-boundary problem.

In §3.3.2 we present numerical solutions to this boundary-layer problem. In our

solutions, the final thicknesses at the centre and at the edge of the sheet depend on

the draw ratio D(= draw speed/feed speed) through the universal power laws (3.1),

as proposed by Dobroth and Erwin (1986). The corresponding exponents are ex-

plained in §3.4 through an exact conservation property of the thin-sheet equations at

a stress-free edge, thus providing a more systematic justification than that of Dobroth

and Erwin (1986). In §3.5 we compare the predictions of our model with numerical

solutions to the full three-dimensional problem and with experimental data. In §3.6
we extend the idea of Smith and Stolle (2000) of modifying the preform shape with

the aim of producing a perfectly rectangular final cross-section, by presenting and

illustrating a simple method for calculating the exact preform shape required. In §3.7
we discuss the validity of our main assumptions (namely that heat flow is decoupled

from fluid flow and that surface tension is not important) and the extension of the

model to include a fully coupled temperature equation and surface-tension effects.

Finally, in §3.8 we discuss our findings and their implications.
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3.2 Mathematical model

3.2.1 Full dimensional problem

We use Cartesian coordinates x = (x, y, z), with the x-axis aligned with the direction

of drawing, the y-axis spanning the width of the sheet as it enters the heater zone,

and z in the transverse direction as shown in figure 3.2. We consider a planar sheet

of glass, of width 2b(x) in the y-direction and thickness 2h(x, y) in the z-direction,

undergoing redraw through a furnace of length d in the x-direction. The sheet enters

the heater zone across the x = 0 plane and exits through the x = d plane. We assume

that the mid-surface of the sheet is flat so that the glass surfaces are located at

z = ±h(x, y) for −b(x) < y < b(x) and 0 < x < d. In industrial processes of interest,

the Reynolds number is small, the sheet is thin compared with other lengthscales,

and the heater zone is short compared with the preform width. We will exploit these

features to derive a simplified model governing the behaviour of the sheet.

x

y

z T (x, y, z)
U

DU

Thickness 2h(x, y)

v

u

w

Width 2b(x)

Length d

Figure 3.2: Three-dimensional glass sheet with width 2b(x) and thickness 2h(x, y)
undergoing redraw in the x-direction subject to an imposed temperature profile
T (x, y, z). The sheet has velocity u = (u, v, w), with feed speed u = U and draw
speed u = DU .

We assume that the flow is steady and governed by the Stokes equations

∇ · u = 0, ∇ · σ = 0. (3.2)

Here u = (u, v, w) is the velocity vector, ∇ = (∂/∂x, ∂/∂y, ∂/∂z) and

σ = −pI + µ
(

∇u+ (∇u)T
)

(3.3)
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is the stress tensor, with p denoting the pressure, µ the viscosity, and I the identity

matrix.

We initially consider a preform with rectangular cross-section. The preform has

half-thickness hin and half-width bin, and is pushed slowly into the heater zone by

the preform clamp, moving at speed U , so that the inlet conditions read

h = hin, b = bin, u = U, v = 0 (3.4)

at x = 0. Over the length of the heater zone the speed is increased by a factor of the

draw ratio D by the use of draw rollers at the bottom of the heater zone, so that the

final velocity is given by

u = DU, v = 0 (3.5)

at x = d. The sheet moves like a rigid body upstream and downstream of the heater

zone. In principle one should also specify boundary conditions at x = 0 and x = d

for w, the velocity out of the xy-plane, such as

w = 0 on x = 0, d. (3.6)

However, we will see later that this is no longer necessary when a thin-sheet approx-

imation is made. On the free surfaces z = ±h(x, y), we impose no-flux and no-stress

conditions

u · n̂ = 0, (3.7a)

σ · n̂ = 0, (3.7b)

where n̂ is the unit normal to the surface. We neglect the effect of surface tension since

the capillary number Ca = µsU/γ ≫ 1, where γ is the surface-tension coefficient at

the glass–air interface and µs is the minimal viscosity (here the viscosity varies along

the sheet as a function of temperature; we will discuss this in more detail in §3.3.2).
We note that this assumption will break down in a very small region near the edge

of the sheet, and we will discuss the effects of surface tension further in §3.7.

3.2.2 Non-dimensionalization

We define two aspect ratios

ǫ =
preform thickness

preform width
=

2hin
2bin

, (3.8a)

δ =
length of heater zone

preform half-width
=

d

bin
. (3.8b)
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In manufacture of glass sheets, the sheet thickness is invariably much smaller than the

length and the width, and it follows that both ǫ≪ 1 and ǫ≪ δ must be satisfied. In

this chapter, we focus on industrial processes where the heater zone is short relative

to the sheet width, and therefore we assume that the two parameters ǫ and δ satisfy

0 < ǫ≪ δ ≪ 1. (3.9)

We now non-dimensionalize the system and exploit these two small parameters

by introducing

(x′, y′, z′) =

(

x

δbin
,
y

bin
,
z

ǫbin

)

, (b′, h′) =

(

b

bin
,
h

ǫbin

)

, (3.10a)

(u′, v′, w′) =
( u

U
,
v

δU
,
w

ǫU

)

, (3.10b)

p′ =
δbin
µsU

p, T ′ =
T

Ts
, µ′ =

µ

µs
. (3.10c)

Here Ts is the maximum temperature attained by the glass inside the furnace, and

µs = µ(Ts). Inserting these new variables into the governing equations (3.2) and

dropping the primes from the notation yields

ux + δ2vy + δwz = 0, (3.12a)

ǫ2(−p + 2µux)x + ǫ2δ2 (µuy + µvx)y +
(

δ2µuz + ǫ2δµwx

)

z
= 0, (3.12b)

ǫ2 (µuy + µvx)x + ǫ2
(

−p+ 2δ2µvy
)

y
+
(

δ2µvz + ǫ2δµwy

)

z
= 0, (3.12c)

(

δµuz + ǫ2µwx

)

x
+ δ2

(

δµvz + ǫ2µwy

)

y
+
(

−δp+ 2δ2µwz

)

z
= 0, (3.12d)

where subscripts denote differentiation.

The kinematic and dynamic conditions (3.7) become

±
(

uhx + δ2vhy
)

= δw, (3.13a)

±ǫ2hx (−p + 2µux)± ǫ2δ2hy (µuy + µvx) = δ2µuz + ǫ2δµwx, (3.13b)

±ǫ2hx (µuy + µvx)± ǫ2hy
(

−p+ 2δ2µvy
)

= δ2µvz + ǫ2δµwy, (3.13c)

±hx
(

δµuz + ǫ2µwx

)

± δ2hy
(

δµvz + ǫ2µwy

)

= −δp + 2δ2µwz, (3.13d)

on z = ±h(x, y, t). Finally, our choice of non-dimensionalization yields the feed and

draw conditions

u = h = b = 1, v = 0 on x = 0, (3.14a)

u = D, v = 0 on x = 1. (3.14b)
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3.2.3 Thin-sheet limit

We now consider the thin-sheet limit ǫ → 0, with δ held fixed for the moment.

The details of the asymptotic analysis may be found in Howell (1994, 1996) and are

omitted here. The leading-order flow is found to be extensional, meaning that the

in-plane velocity is uniform across the sheet, i.e.,

u = u(x, y), v = v(x, y). (3.15)

Net conservation of mass and momentum then yield the leading-order governing equa-

tions

(uh)x + δ2 (vh)y = 0, (3.16a)
(

4µ̄hux + 2δ2µ̄hvy
)

x
+ δ2

(

µ̄huy + µ̄hvx
)

y
= 0, (3.16b)

(

µ̄huy + µ̄hvx
)

x
+
(

2µ̄hux + 4δ2µ̄hvy
)

y
= 0, (3.16c)

where

µ̄(x, y) =
1

2h

∫ h

−h

µ(x, y, z)dz (3.17)

is the viscosity averaged across the sheet thickness.

We assume symmetry about the x-axis and hence impose the conditions

v = uy = 0 at y = 0. (3.18)

Net conservation of mass and momentum at the edge of the sheet lead to the boundary

conditions

δ2v = ub′(x), (3.19a)

δ2
(

uy + vx
)

=
(

4ux + 2δ2vy
)

b′(x), (3.19b)

2ux + 4δ2vy =
(

uy + vx
)

b′(x) (3.19c)

at y = b(x). The feed and draw conditions are

u = h = b = 1, v = 0 on x = 0, (3.20a)

u = D, v = 0 on x = 1. (3.20b)

We note that (3.16)–(3.20) are equivalent to the equations used by Filippov and Zheng

(2010) to model redraw, when gravity is neglected from their model

The equations (3.16)–(3.20) should be supplemented by an equation for the thickness-

averaged viscosity µ̄, which depends on the glass temperature. In principle the tem-

perature and flow of the glass are coupled. However, in Chapter 2 we presented a
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model for the coupled temperature and flow in a two-dimensional thin sheet and found

that, in the industrially relevant limit where one or both of α, β (defined by 2.24)

are large, the temperature is uniform across the sheet thickness and is not affected

by the thickness or velocity of the sheet. We therefore assume that the viscosity is

a known function, and does not vary across the sheet thickness. A full discussion of

this assumption and the role of heat transfer in the system will be presented in §3.7.

3.2.4 Short-heater-zone limit

We now apply the additional industrially relevant asymptotic limit δ ≪ 1, in which

the heater-zone length is short relative to the preform width (but still much larger

than the preform thickness), by writing the variables u, v, h and b as asymptotic

expansions in δ2, i.e.,

ψ = ψ0 + δ2ψ1 + · · · . (3.21)

Note that the subscripts refer to an expansion in δ about the leading-order (in ǫ)

solution.

In addition to our assumption that the temperature profile in the sheet is pre-

scribed, we will restrict our consideration to temperature profiles that vary along the

length of the sheet only, i.e., T = T (x), and µ̄ = µ(x). This is valid provided the

furnace temperature is constant in the y-direction.

At leading order, conservation of mass (3.16a) and x-momentum (3.16b) with

boundary conditions (3.20) imply that the axial velocity and film thickness are inde-

pendent of y, i.e.,

u0 = u0(x), h0 = h0(x), (3.22)

and satisfy the familiar one-dimensional model (2.39)

u0(x) = exp

(

log(D)

∫ x

0
µ−1ds

∫ 1

0
µ−1ds

)

, h0(x) =
1

u0(x)
. (3.23)

The y-component of momentum conservation (3.16c) at leading order yields an

equation for v0. Integrating twice and applying homogeneous Dirichlet conditions (3.20),

we find that the leading-order lateral velocity is zero:

v0 ≡ 0. (3.24)

Continuing to O (δ2), one can quickly find that the first corrections u1, h1, v1 are

all zero and, indeed, that all algebraic corrections are zero. Hence the leading-order

outer solution (3.23)–(3.24) is exponentially accurate in δ.
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Finally, evaluating the no-flux condition (3.19a) we see that b(x) ∼ 1 at leading

order, while the no-stress conditions (3.19b)–(3.19c) can only be satisfied by (3.23),

(3.24) in the trivial case of no stretching (i.e., D = 1). From this result we infer

that there must be a boundary layer in the region near y = b(x), in which a different

scaling is required.

3.3 Boundary-layer behaviour

3.3.1 Rescaled problem

To satisfy the free-boundary conditions on y = b(x) we must introduce a boundary

layer at the sheet edge where the fluid behaviour changes rapidly. We therefore

perform the rescaling

b = 1 + δB, y = 1 + δY, v = δ−1V, (3.25)

so that the free surface is now located at Y = B(x) and the outer flow (3.23) is

recovered as Y → −∞. The quantity δB may be interpreted as the displacement of

the preform edge in the y-direction from its position at the top of the heater zone. The

rescaling of the lateral velocity v reflects the expectation that the velocity components

should be comparable in the boundary layer.

The conservation laws (3.16) become

(uh)x + (V h)Y = 0, (3.26a)

(4µhux + 2µhVY )x + (µhuY + µhVx)Y = 0, (3.26b)

(µhuY + µhVx)x + (2µhux + 4µhVY )Y = 0, (3.26c)

and we recover the fully two-dimensional problem, as expected. The feed and draw

conditions are

u = h = 1, V = B = 0 on x = 0, (3.27a)

u = D, V = 0 on x = 1, (3.27b)

and the boundary conditions (3.19) on the sheet edge Y = B(x) are now given by

V = uBx, (3.28a)

uY + Vx = (4ux + 2VY )Bx, (3.28b)

2ux + 4VY = (uY + Vx)Bx. (3.28c)

This system is closed by matching to the outer solution (3.23)–(3.24), i.e.,

u→ u0(x), V → 0, h→ 1/u0(x) as Y → −∞. (3.29)
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3.3.2 Numerical solution

We now present numerical solutions of the boundary-layer problem (3.26)–(3.29)

obtained using the finite-element software FEniCS (Logg and Wells, 2010; Logg

et al., 2012). To enable solution with FEniCS, the domain is transformed from

(X, Y ) ∈ [0, 1] × (−∞, B(X)] onto a fixed rectangle [0, 1] × [−L, 0], with L ≫ 1.

We use a regular triangular mesh with Lagrange elements of degree 1, and the result-

ing nonlinear problem is solved using a built-in Newton solver. For the case when

µ = 1 and D = 20, we find that 300×260 nodes with L = 3.5 suffice to give solutions

correct to two significant figures.

For the moment we focus on the case of constant viscosity µ ≡ 1, so that the

solution depends on a single parameter D. A typical spatially varying viscosity profile

used in industrial simulations will be considered in §3.5.
In figure 3.3 we show the thickness profile in the boundary later for a sheet redrawn

at draw ratio D = 20. As the sheet moves through the heater zone (x increasing),

we see that the cross-sectional area decreases, as expected, as the velocity increases.

We also observe a departure from uniform thickness. The location of the sheet edge

moves inwards and as a result the thickness at the edge increases relative to the bulk.

In §3.4 we will argue that this is a universal consequence of conservation of mass near

a stress-free surface.

In figure 3.4 we show the velocity profile in the sheet, as well as the evolution of

the sheet edge, during drawing at D = 20. Comparing figures 3.3 and 3.4 we see that

the sheet necks inwards in both the y- and z-directions during drawing. Far from the

sheet edge, the solution approaches the one-dimensional far-field behaviour (3.29),

which depends only on x, and the velocity vector points strictly in the x-direction.

However, close to the sheet edge the velocity points inwards, and this results in the

necking in of the sheet as well as the observed difference between the edge and bulk

thicknesses.

Finally, we ask how this behaviour depends on the draw ratio D. Since draw

resonance is not a concern (see §2.4), it is sensible to study (3.26)–(3.29) even for

large D. Figure 3.5(a) shows the final edge displacement B(1) as a function of draw

ratio; as D increases so too does the magnitude of the change in edge position, with

the rate of change decreasing for large draw ratios. Figure 3.5(c) shows the final

sheet thickness h(1, Y ) at varying distances from the sheet edge. We observe that the

difference between the edge and bulk thickness increases with increasing draw ratio.

We also note the appearance of two power laws as predicted by Dobroth and Erwin

(1986) and given in (3.1). Far from the edge the final thickness scales with 1/D; this
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Figure 3.3: Thickness profiles inside the boundary layer for a constant-viscosity sheet
drawn at a draw ratio D = 20.
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shown.
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corresponds to the one-dimensional behaviour described by (3.23). Close to the edge

the final thickness scales with 1/
√
D; we discuss this further in §3.4. We also note

that as D grows large small oscillations occur as the thickness profile decays away

from the sheet edge; the first minimum is highlighted in figure 3.5(b) for a draw ratio

of 80.

3.4 Edge behaviour

We investigate the phenomenon of edge thickening in a more general setting by re-

turning to the governing equations (3.16)–(3.20) and considering the behaviour of the

fluid at the free surface y = b(x). Close to this free surface it is natural to use a local

curvilinear coordinate system; we let s parametrize arc-length along the free surface

and n be the normal distance from the free surface, so that

x̃ = (δx, y) = st̂+ nn̂, (3.30)

where t̂ and n̂ are the unit tangent and normal to the sheet edge. We also define

tangential and normal velocity components us and un respectively by

ũ = (u, δv) = us(s, n)t̂+ un(s, n)n̂. (3.31)

The factors of δ in the definitions (3.30) and (3.31) account for the fact that x and y

variables were non-dimensionalized using different scalings.

The conservation-of-mass equation (3.16a) may now be rewritten as

∇̃ · (hũ) = 0. (3.32)

In terms of the new coordinates, the kinematic boundary condition (3.19a) and the

normal component of the no-stress condition (3.19b)–(3.19c) at the sheet edge take

the forms

un = 0,
∂us
∂s

+ 2
∂un
∂n

= 0 at n = 0. (3.33)

Now, by evaluating equation (3.32) at the free surface n = 0 and using the bound-

ary conditions (3.33), we obtain the exact relation

∂

∂s
(h
√
us) = 0 at n = 0. (3.34)

Thus the product of the sheet thickness and the square root of the fluid speed at the

sheet edge is a conserved quantity. From the inlet conditions h = u = us = 1 at
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x = 0 and outlet condition u = us = D at x = 1, we deduce that the final sheet edge

thickness is given by

h
(

1, b(1)
)

= 1/
√
D. (3.35)

Dobroth and Erwin (1986) give the following simple physical argument for this result.

In the direction of drawing, x, the elongation ratio is equal to the draw ratio D. At

the edge of the sheet there is no stress either across the sheet thickness or across

the sheet width, so the elongation ratios in these directions must be the same and

equal to 1/
√
D. In contrast, the outer solution (3.23) yields h(1, y) ∼ 1/D at the

centre of the sheet, since the behaviour here is equivalent to that of an infinitely wide

sheet, with no flow in the y-direction. These are exactly the power-law behaviours

observed in figure 3.5(c). It is thus clear that the final sheet thickness will always

be larger at the edges than in the middle, with the disparity increasing as the draw

ratio increases. Hence we provide a systematic derivation of the same power-law

relationships proposed by Dobroth and Erwin (1986) for casting of a polymer film.

It is worth emphasizing that the relation (3.35) is exact for any thin viscous sheet

under tension with no stress at the edges. In contrast, the one-dimensional outer

solution (3.23) is valid only in the limit δ → 0, i.e., in the regime where the heater

zone is short compared with the sheet width. In the regime where δ = O(1), the

inward retraction of the edge would affect the whole sheet and cause the thickness

at the centre to be larger than the one-dimensional result h ∼ 1/D. At the other

extreme where δ ≫ 1, so the sheet is long and narrow, the edge-thickening effect

would be eliminated at leading order: the sheet thickness would remain approximately

uniform and scale with 1/
√
D everywhere (Howell, 1994). We address this scenario

in Chapter 4.

3.5 Comparison with three-dimensional model and

with redraw data

We now test the validity of our model by comparing our predictions with numerical

solutions to the full three-dimensional problem (3.2)–(3.7) and with measurements

from a redraw plant at Schott AG. We impose a typical dimensionless temperature

profile used in industrial simulations to mimic the effects of furnace heating, namely

T (x) = θ0 + (1− θ0)

(

1

1 + exp[−k(x− xL)]
+

1

1 + exp[k(x− xR)]
− 1

)

, (3.36)
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where xL < xR, θ0 < 1 and k ≫ 1 are parameters, with k = 20, xL = 0.25, xR = 0.75

and θ0 = 0.8, and the dimensionless viscosity

µ = exp

[

1

ν

(

1

T − Tc
− 1

1− Tc

)]

, (3.37)

with ν = 0.1 and Tc = 0.34.

In figure 3.6 we show the final sheet profile calculated numerically by U. Lange

at Schott AG. These numerical solutions were obtained by solving the dimension-

less version of the full three-dimensional Stokes equations (3.2)–(3.3) with associated

boundary conditions (3.4)–(3.7) using the finite-element package Polyflow (Ansys Inc.

Polyflow, 2013). The temperature profile (3.36) is prescribed on the free surface and

at the inlet boundary, and the temperature in the bulk is then calculated by solving

the energy equation (13.1–4 in Ansys Inc. Polyflow, 2013). The corresponding vis-

cosity is then determined using equation (3.37), as this was found to be numerically

more stable than imposing the viscosity field directly in the bulk. The other param-

eter values are ǫ = 0.01, D = 20 and two different small values of δ ∈ {0.1, 0.2}. In

all cases, the sheet was discretized using linear elements for temperature and mini-

elements for velocity and pressure (for details see Ansys Inc. Polyflow, 2013; Fortin,

1981). Remeshing was carried out via a streamwise method, full details of which

may be found in Ansys Inc. Polyflow (2013). Grid independence was established for

typical grid sizes of 100× 50× 4.

Figure 3.6 demonstrates that the scalings from (3.25) collapse the two thickness

profiles onto a single curve in a neighbourhood of the edge y = b(x). We have

also plotted the Polyflow numerical solutions to the three-dimensional problem when

surface tension is included (with Ca = 80), and these collapse onto the same curve,

verifying that surface-tension effects are not important in the inner region for this

process.

In figure 3.6, we also plot the numerical solution to the boundary-layer problem

(3.26)–(3.29), calculated using the same viscosity profile. The agreement between the

full numerical solution and the boundary-layer solution is extremely good, despite the

values of δ not being especially small. This is because we retain all of the terms in

the governing equations (3.16)–(3.20) inside the boundary layer near the edge, and

the influence of the free surface decays exponentially away from the edge (cf. §3.2.4).
The thin-sheet model surely breaks down very close to the sheet edge but nevertheless

gives an excellent approximation to the thickness profile everywhere else. In summary,

figure 3.6 demonstrates that, provided the heating zone is sufficiently short, the edge

thickening effect is independent of the sheet width. The details of the thickness
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Figure 3.6: Final thickness profile h(1, y) at the bottom of the heater zone for a draw
ratio D = 20 and temperature and viscosity profiles (3.36), (3.37). The coloured data
points are numerical solutions to the full three-dimensional Stokes problem calculated
using software package Polyflow for ǫ = 0.01. The blue circles correspond to δ = 0.1
and the red × symbols to δ = 0.2. The black diamonds and green plus signs are for
cases with surface tension Ca = 80, for δ = 0.1 and δ = 0.2 respectively. The data is
scaled so that the profiles collapse onto the black dashed curve which is the numerical
solution to the boundary-layer problem (3.26)–(3.28).

profile plotted in figure 3.6 do depend on the draw ratio and on the viscosity profile,

but the asymptotic variations h ∼ 1/D in the bulk and h ∼ 1/
√
D at the edge are

universal. We note a small discrepancy between the thicknesses predicted by the

boundary-layer solution and by the three-dimensional solution near the sheet edge.

The numerical solution of the three-dimensional problem is more challenging than

the two-dimensional boundary-layer problem, due to the presence of very small and

large parameters, and the discrepancy may be to numerical error arising in Polyflow,

or it may be a failure of the thin-sheet approximation ǫ→ 0.

We were also kindly provided with thickness data and corresponding process pa-

rameters from a redraw plant at Schott AG (see figure 3.7). By measurements with

thermocouples fixed on a plate travelling through the heater zone, it was established

that this heater zone corresponds to a dimensionless length of δ = 0.4 and that

the induced glass temperature profile can be roughly approximated by a function of

type (3.36). The glass thickness was measured offline using a contact profilometer,

and measurements were taken for three different times during redraw of a borosilicate

glass sheet with aspect ratio ǫ = 0.01 at draw ratio D = 38. We compare this to
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Figure 3.7: Thickness profile h(1, y) at the bottom of the heater zone for a draw ratio
D = 38 and temperature and viscosity profiles given by (3.36) and (3.37). The blue,
red and green data points show thickness profiles measured at three different times
during an experimental run of the redraw process whose parameters correspond to
ǫ = 0.01 and δ = 0.4. The black dashed lines show the solution of the boundary-layer
problem (3.26)–(3.28), and the black solid line in the centre, located at h = 1/38,
is the one-dimensional bulk solution (3.23). The thin pink line shows the numerical
solution to the full three-dimensional problem (3.12)–(3.14) calculated using Polyflow.
The arrows highlight regions where the discrepancy between experimental data and
the numerical solutions is significant.
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our asymptotic solution, composed of the numerical solution to the boundary-layer

problem (3.26)–(3.29) matched with the one-dimensional bulk solution (3.23), and

to the numerical solution to the full three-dimensional problem (3.12)–(3.14), calcu-

lated U. Lange. Even for such a moderate value of δ, the agreement between the

three-dimensional and thin-sheet models is very good. Our asymptotic solution gives

an excellent prediction of the final sheet width as well as the edge and bulk thick-

nesses observed experimentally. However, the physical sheet is not completely flat

in the bulk, and there appears to be a significant discrepancy between the predicted

and measured profiles in the regions indicated by arrows in figure 3.7. One possible

source of error is an over-simplification of the temperature profile. The two- and

three-dimensional simulations assume that the temperature is a known function of x;

in reality, the temperature will vary across the sheet width (and may also vary across

the thickness). A more accurate, two-dimensional temperature profile would better

reflect the industrial process and improve the prediction of the thickness transition

between the bulk and edge, in particular in the region highlighted in figure 3.7.

3.6 Non-rectangular preforms

The ubiquitous edge-thickening effect demonstrated in figures 3.3–3.7 is a nuisance

for glass manufacturers, and it is natural to ask whether the shape of the preform

might be modified to counteract the accumulation of glass at the sheet edges. From

the analysis performed in §3.4 we know that the final edge thickness scales with 1/
√
D

while the bulk thickness scales with 1/D. This suggests that a tapered preform whose

edges have reduced thickness 1/
√
D will provide a final product with edge thickness

1/D, in line with that of the bulk of the sheet. It is not obvious, however, exactly

what the shape or extent of the taper should be.

The analysis presented in this chapter is valid for non-rectangular preforms, pro-

vided the preform is only doctored over a length O(δ) at the edge, i.e., provided the

imposed non-uniformity is confined to the naturally occurring boundary layer. One

can therefore conduct numerical experiments by solving the boundary-layer problem

from §3.3 with different preform thickness profiles imposed at x = 0 and discover

the corresponding final thickness profiles produced at x = 1; an approach similar to

this was adopted by Smith and Stolle (2000). Alternatively, one could impose the

condition of a uniform final sheet thickness at x = 1 and then try to determine the

required preform profile h(0, y). At first glance, one would expect the resulting in-

verse problem to be ill posed. However, we can exploit the scaling and reflectional
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symmetries of the governing equations (3.26) to translate the inverse problem into a

version of the forward problem already solved in §3.3.
The idea is to solve the boundary-layer problem (3.26)–(3.29) numerically for

draw ratio D = D∗ < 1. While physical compression of the sheet would certainly

lead to a mid-surface instability, the purely in-plane thin-sheet model (3.26)–(3.29) is

mathematically well posed regardless of whether D is greater or smaller than unity.

A suitable reflection and scaling of the resulting forward (starred) solution, namely

x = 1− x∗, h(x, Y ) = D∗h∗(x∗, Y ), u(x, Y ) =
1

D∗u
∗(x∗, Y ), (3.38a)

V (x, Y ) = − 1

D∗V
∗(x∗, Y ), B(x) = B∗(x∗)− B∗(1), (3.38b)

gives a solution of the inverse problem with draw ratio D = 1/D∗ > 1 and uniform

thickness at the downstream end x = 1. Therefore, to find the optimal taper for a

given draw ratioD, we simply impose a uniform thickness at x∗ = 0, solve the forward

problem for draw ratio 1/D and an appropriately reflected temperature profile, and

record the thickness profile produced at x∗ = 1. Such an “optimal preform” is shown

in figure 3.8 for three different draw ratios, D = 10, 20, and 40 and constant temper-

ature and viscosity. We see that the edge thickness is 1/
√
D as expected, increasing

to 1 away from the sheet edge.

Y

-5 -4 -3 -2 -1 0

h
(0
,
Y
)
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-0.5

0

0.5

1

Figure 3.8: Optimal preform shape to draw a rectangular product at draw ratios 10
(green dot-dashed), 20 (blue solid) and 40 (red dashed) with constant viscosity.

Drawing of the optimal preform at D = 20 is illustrated in figure 3.9(a), and

we see that it does indeed produce a rectangular thin sheet. While it is likely to

be impractical and expensive to create a preform with a precisely specified smooth

taper, it is relatively easy via a cutting process to produce a piecewise linear pre-

form profile. The result of drawing such a linear preform is shown in figure 3.9(b).
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Figure 3.9: Drawing of (a) sheet with optimal initial thickness profile, (b) sheet with
linear taper, at draw ratio D = 20 at constant viscosity, (c) final cross-section of
tapered sheet shown in (b).
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We see that the shape of the final product is greatly improved compared with that

shown in figure 3.3, but that the sharp corner in the preform results in a kink in

the final product as indicated by the arrow, and shown more clearly in 3.9(c). The

exact inverse-problem solutions shown in figure 3.8 would provide a valuable guide in

designing a preform shape that reduces the thickness variations in the final product

while satisfying manufacturing constraints.

3.7 Redraw of a thin viscous sheet including fully

coupled heat transfer and surface tension

The model used in this chapter relies on three basic assumptions, namely that (i)

inertia effects are negligible, (ii) the temperature is a known function of position in

the heater zone, (iii) surface-tension effects are negligible. The Reynolds number in

industrial processes of interest is almost always small, and therefore inertia effects are

indeed unlikely to be significant. However, situations may arise in which it is prudent

to include coupled heat transfer and/or surface tension effects in the model. In this

section we will briefly discuss the implications of each.

3.7.1 Heat transfer

Models for coupled heat transfer are discussed in §2.3, and for a two-dimensional sheet

heat flow decouples from fluid flow to a first approximation in regimes of interest. For

a three-dimensional sheet the temperature in the glass is known a priori provided

heat transfer between the glass sheet and the surrounding atmosphere is effectively

instantaneous (see §2.3.4), i.e. provided one or both of the reduced Stanton number

a =
khd

ρcpUh0
=
δ

ǫ

kh
ρcpU

, (3.39)

and the parameter

b =
σSBǫRT

3
0 d

ρcpUh0
=
δ

ǫ

σSBǫRT
3
0

ρcpU
, (3.40)

is sufficiently large. The representative parameters given in Tables 1.1 and 2.1 imply

that a ≈ 5.7 and b ≈ 5.1. While these values are sufficiently large to indicate that

the heat-flow problem decouples to a first approximation, the effects of coupling may

be important, especially near the edges. In this case we would extend the models

derived in §2.3 to three spatial dimensions.
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3.7.2 Surface tension

The parameter values listed in Table 1.1 indicate that the capillary number Ca =

µ0U/γ ≈ 80. Including surface tension in the model requires the imposition of a

normal force on the free surface. In the thin-sheet limit the bulk momentum equa-

tions (3.26) remain unchanged, and only the boundary conditions (3.28b) and (3.28c)

on y = ±b(x, t) need be modified. At the sheet edge, a normal force balance in

dimensional terms yields

−2γ
√

1 + h2n
=

∫ h

−h

n̂ · (σ · n̂) dz, (3.41)

where hn = n̂ · ∇h is the normal derivative of the sheet thickness at the sheet edge.

Non-dimensionalizing and integrating provides a normal stress condition

2µ

1 +B2
x

[

B2
x(2ux + VY )−Bx(uY + Vx) + (ux + 2VY )

]

= − δ

ǫCa

1

h
, (3.42)

along with the condition of zero tangential stress. These new boundary conditions

could easily be incorporated into the numerical solution of the boundary-layer prob-

lem, and the presence of surface tension will act to exacerbate the problem of edge

retraction. The size of the effect is δ/(ǫCa) which may be O(1) in processes of inter-

est. However, in figure 3.6 we compare solutions to the full three-dimensional Stokes

problem (3.12)–(3.14) with and without the inclusion of a surface tension term. The

solutions are plotted in figure 3.6 for the cases ǫ = 0.01, δ = 0.1 and ǫ = 0.01, δ = 0.2

and temperature and viscosity profiles (3.36)–(3.37). We observe that the data are

virtually indistinguishable and collapse onto the same curve in the boundary layer, so

our assumption that surface tension may be neglected is accurate for the particular

process of interest here, in which δ/(ǫCa) = 0.5.

3.8 Conclusions

In this chapter we examine the glass redraw process when the heater zone through

which the sheet is drawn is short compared with its width. We derive a mathematical

model to predict how the thickness profile of the resulting final product depends on

the process parameters and, in particular, to explain and quantify the anomalous

thickening observed near the edges of the sheet. We find that the bulk flow is purely

one-dimensional, with the axial velocity and sheet thickness varying in the direction

of drawing only. Variations in the sheet thickness are confined to boundary layers

near the edges of the sheet, where the flow is governed by a canonical free-boundary
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problem. The inward displacement of the sheet edge and the local thickness profile

depend on the draw ratio and on the temperature profile in the heater zone, but not

on the width of the sheet. This finding should inform future manufacture of thin

sheets by redraw: increasing the width of the preform while keeping the heater zone

length constant will increase the yield of uniformly thin glass by the same amount,

with no increase in the amount of waste due to edge thickening.

In the limit where the heater zone is very short compared with the preform width,

mass conservation in the one-dimensional bulk flow implies that the ratio of final to

initial bulk thickness is equal to the inverse of the draw ratio. On the other hand,

the mass-conservation equation and stress-free edge conditions imply that the ratio

of final to initial edge thickness is equal to the inverse square root of the draw ratio.

This result holds for any thin sheet (i.e., regardless of the length of the heater zone),

provided that surface tension is negligible. We thus provide a rigorous derivation of

the draw-ratio relationships previously proposed by Dobroth and Erwin (1986).

We demonstrate that the inverse problem of how to determine the optimal preform

shape that will redraw to a uniform-thickness sheet may be transformed to a version

of the forward problem and then solved numerically in a straightforward way. This

allows us to determine the required preform that achieves a uniformly thick sheet

following redraw. In addition, we predict a preform shape that achieves a final product

that is close to uniform in the case where we are only able to taper the preform linearly.

Here we find that the final cross-sectional profile is close to uniform but possesses an

unavoidable “kink” that arises from the gradient discontinuity in the preform where

the taper begins. This second result provides insight into the optimization strategy

given certain preform fabrication constraints.

Finally, we extend our theory to include surface tension. In principle surface

tension will exacerbate the thick-edge phenomenon, but we find that it has little

impact on the observed behaviour here.
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Chapter 4

Redraw through a long heater zone

4.1 Introduction

In contrast to the process considered in Chapter 3, in this chapter we will consider

the limit in which the heater zone is long compared with the sheet width. A long

heater zone is used in processes where the aim is to redraw a thin sheet, but preserve

the aspect ratio or even cross-sectional shape of the preform. Howell (1994) showed

that, for a long rectangular sheet in the absence of surface tension, each cross-section

preserves its aspect ratio to leading order as it convects along. However, in reality it

is not economic to construct extremely long heater zones, and the finite length of the

heater zone means that the cross-sectional profile of the sheet is not, in fact, preserved.

A rectangular preform redraws to a product that is thick at the edges and thin in the

centre (see figure 4.1), and both the width of the product and the thickness variation

increase as the ratio of width to heater zone length increases. Furthermore, surface

tension acts to pull in the sheet edges, decreasing the final width and increasing the

final thickness, and the sharp corners in the preform become rounded (see figure 4.2).

To determine how long a heater zone is required to yield final products acceptably

close to rectangular, a clear understanding of the dependence of the final cross-section

of the glass sheet on process parameters is required. In the case of a fibre whose radius

is small compared with its length, the Trouton model describes the velocity and radius

to leading order in the small aspect ratio. Schultz and Davis (1982) derived higher-

order corrections to this model. The boundary conditions on the velocity at the sheet

ends cannot be applied directly to the bulk velocity after the long narrow limit is

taken, so they instead applied these conditions to the cross-sectional average of the

bulk flow. This assumption yields correction terms which scale with the inverse heater

zone length squared. However, numerical solutions of a three-dimensional model for
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the thickness profile of a thin sheet (Lange, 2016) indicate that the deviation is linear

in the inverse heater zone length, not quadratic.
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Figure 4.1: Final thickness profile of glass after redraw at draw ratio 20, with a ratio
of preform half-width to heater zone length equal to 0.01 (red), 0.05 (orange), 0.1
(yellow), 0.2 (green), 0.35 (blue) and 0.5 (violet). These are numerical solutions to
the three-dimensional Stokes equations calculated in Polyflow by U. Lange at Schott
AG.

In this chapter we determine the cross-sectional profile of a glass sheet undergoing

redraw through a long heater zone (as opposed to Chapter 3 where we considered

a short heater-zone limit). We quantify the deviation in the final shape from the

preform shape by calculating corrections to the leading-order asymptotic solution. In

§4.2 we adapt the thin-sheet model to the case where the heater zone is long compared

with the preform width. In this limit, the leading-order behaviour in the bulk of the

sheet is one-dimensional, with boundary layers near the sheet ends where the flow is

two-dimensional. We revisit the calculation of Howell (1994) in §4.3, considering the

more general scenario in which the sheet has a non-uniform initial thickness profile,

and show that its shape is preserved at leading order in the absence of surface tension.

In regimes where surface tension plays a role at leading order, we calculate the relative

change in the final thickness and width of the sheet. In §4.4 we proceed to next order

in our asymptotic expansion to determine the first correction to the leading-order

solution, quantifying the deviations from the preform shape when the heater zone

has finite length. Matching between the bulk and boundary layers at the sheet ends
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Figure 4.2: Final thickness profile of glass after redraw at draw ratio 20, with a ratio
preform half-width to heater zone length equal to 0.01, with and without surface
tension, calculated using Polyflow by U. Lange at Schott AG.

motivates an expansion in powers of the ratio of heater zone length to preform half-

width, B, as opposed to the B2 expansion often employed in the literature (Schultz

and Davis, 1982). We thus show that corrections to the leading-order behaviour are

larger than previously predicted, and that simply averaging the boundary conditions

at the sheet ends and applying them to the bulk is not appropriate beyond leading

order. In §4.5 we study the behaviour in the boundary layers at either end of the sheet

and determine the matching conditions for the bulk problem. We present solutions

to the higher-order correction problem and investigate the dependence on process

parameters in §4.6, and we compare our predictions with numerical solutions to the

full three-dimensional problem in §4.7. In §4.8 we discuss the inverse problem: what

preform shape redraws to a rectangular final product?

4.2 Dimensionless model

The velocity, thickness and width in the bulk of the sheet are governed by the thin-

sheet equations derived in Chapter 3, but in this scenario

δ =
length of heater zone

preform half-width
≫ 1. (4.1)
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We define B = δ−1 ≪ 1 and scale the horizontal velocity with B2 since it will be

small. Then the governing equations (3.16) become

(uh)x + (vh)y = 0, (4.2a)

B2 (4µhux + 2µhvy)x +
(

µhuy + B2µhvx
)

y
= 0, (4.2b)

(

µhuy + B2µhvx
)

x
+ (2µhux + 4µhvy)y = 0. (4.2c)

At the free edge y = ±b(x) we impose a no-flux condition, and include the effect of

surface tension in the stress balance, so that

v = ±bxu, (4.3a)

(

4µhux + 2µhvy B−1µhuy + Bµhvx
B−1µhuy + Bµhvx 2µhux + 4µhvy

)(

∓Bbx
1

)

= −Γ

(

∓Bbx
1

)

, (4.3b)

where

Γ =
1

ǫBCa
=

heater length

preform half-width

γ

µsU
(4.4)

measures the importance of surface tension relative to viscous effects, with

Ca =
µsU

γ
(4.5)

the capillary number, µs a characteristic viscosity, U the feed speed and γ the surface

tension. We will investigate the regime Γ = O(1) in which surface tension effects play

a role at leading order.

We expect the sheet to be symmetric about y = 0, i.e., the thickness h and

lengthwise velocity u should be symmetric in y, and the transverse velocity v should

be antisymmetric. In addition, we impose feed and draw conditions at the top and

bottom of the heater zone. At the top of the heater zone, we impose the dimensionless

velocity and sheet dimensions

u = b = 1, h = hin(y) on x = 0, (4.6)

and at the bottom of the heater zone we impose the dimensionless velocity

u = D on x = 1. (4.7)

In principle we should also impose boundary conditions on the transverse velocity

v(0, y) = v(1, y) = 0. However, we shall see below that this is not straightforward in

the limit B → 0, when the bulk velocity cannot fully satisfy the boundary conditions.

The velocity adjusts rapidly in boundary layers at either end of the sheet from the
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profile imposed by the feed and draw rollers to the bulk profile. At leading order,

we may simply impose the feed speed u(0, y) = 1 and draw speed u(1, y) = D and

disregard the transverse velocity conditions. However, the boundary-layer behaviour

must be properly resolved for accurate determination of higher-order corrections; we

return to this in §4.5.
In principle the viscosity µ of the glass varies spatially due to temperature vari-

ations as the sheet moves through the heater zone. In this chapter we will assume

µ ≡ 1 and focus our attention on the boundary-layer structure of the sheet, although

most of the results that follow can also be extended to the case µ = µ(x).

4.3 Leading-order behaviour

We examine the behaviour for a very long heater zone by considering the limit B → 0

and expanding variables in powers of B (the necessity for expansion in powers of

B as opposed to B2 arises from the boundary layers at either end of the sheet, as

we shall see in §4.5). Evaluating the x-momentum equation (4.2b) at leading order

and integrating using the stress condition (4.3b) at the free edge, we find that the

leading-order velocity varies only along the length of the sheet, i.e.,

u0 = u0(x), (4.8)

and, as usual, the flow is extensional. Evaluating the y-momentum equation (4.2c)

at leading order and integrating using the free-boundary condition (4.3b) we find

2h0u0x + 4h0v0y = −Γ, (4.9)

which represents a net lateral stress balance. Solving for v0 and integrating (requiring

symmetry) yields

v0 = −1

2
u0xy −

Γ

4

∫ y

0

1

h0
dy. (4.10)

Integrating the mass conservation equation (4.2a) across the sheet width and using

no-flux condition (4.3a) and inlet conditions (4.6) yields

u0

∫ b0

0

h0 dy = 1, (4.11)

implying a constant net flux along the sheet. Integrating force balance (4.2b) across

the sheet width and using no-stress condition (4.3b) yields a cross-averaged longitu-

dinal force balance, which may be simplified using (4.10) to give

∂

∂x

∫ b0

−b0

3h0u0x dy = −Γb0x. (4.12)
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We note that the Trouton ratio in this regime is 3; this is to be expected since in the

limit of a long heater zone the sheet is quasi one-dimensional. A further discussion

of this point may be found in Chapter 8 of Howell (1994).

We obtain a third equation for u0, h0, b0 by applying the no-flux condition (4.3a)

at leading order to obtain

u0b0x +
1

2
u0xb0 +

Γ

4

∫ b0

0

1

h0
dy = 0. (4.13)

In the absence of surface tension (Γ = 0) the governing equations are simplified signif-

icantly. We can eliminate between (4.11)–(4.13) to determine a differential equation

for u0 only, which may be integrated subject to (4.6)–(4.7), yielding

u0 = elog(D)x, (4.14)

and similarly

b0 = e− log(D)x/2. (4.15)

To determine h0, we return to mass balance (4.2a) at leading order and substitute in

our leading-order velocities to find

h0x −
1

2
log(D)yh0y = −1

2
log(D)h0, (4.16)

which has solution

h0 = hin
(

yelog(D)x/2
)

e− log(D)x/2, (4.17)

where hin(y) is the initial thickness profile of the sheet at the top of the heater zone.

Thus the thickness of the sheet decreases with the inverse square root of the velocity,

and any variation in the initial thickness profile is retained. The width and thickness

results (4.15) and (4.17) together confirm that, in the absence of surface tension, the

aspect ratio and initial shape are preserved in the limit of a long heater zone.

For Γ 6= 0 we can make progress by assuming that the initial thickness profile is

uniform, i.e., h(0, y) = hin(y) ≡ 1. It can then be shown (see, for example Howell,

1994) that h0 = h0(x), so that the leading-order governing equations (4.11)–(4.13)

reduce to

u0b0h0 = 1, (4.18a)

d

dx

(

3
u0x
u0

)

= −Γ

2
b0x, (4.18b)

b0x
b0

= −1

2

u0x
u0

− Γ

4
b0, (4.18c)
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with boundary conditions

u0(0) = h0(0) = b0(0) = 1, u0(1) = D. (4.19)

This leading-order problem has solution

u0 =
3κ

Γ + 3κ− Γe−κx/2
eκx, (4.20a)

h0 =

(

Γ + 3κ− Γe−κx/2

3κ

)2

e−κx/2, (4.20b)

b0 =
3κ

Γ + 3κ− Γe−κx/2
e−κx/2, (4.20c)

where κ > log(D) satisfies the transcendental equation

Γ =
3κ (eκ −D)

D(1− e−κ/2)
. (4.21)

The ratio between the thickness/width of the cross-section with and without sur-

face tension can thus be quantified by

h0(1)

D−1/2
=

(

b0(1)

D−1/2

)−1

= e3(κ−log(D))/2. (4.22)

The ratio e3(κ−log(D))/2 is plotted in figure 4.3 as a function of the surface-tension

coefficient Γ for a range of values of the draw ratio D. As expected, κ → log(D)

in the limit Γ → 0 where surface tension is not important, while the final thickness

increases and the final width decreases as surface tension becomes more dominant.

4.4 Correction terms

We calculate corrections to the leading-order behaviour by proceeding to O(B) in our

asymptotic expansion. We limit our attention to the case hin(y) = 1 to allow further

analytical progress. We return to the x-momentum equation (4.2b), integrating and

applying (4.3b) to obtain u1 = u1(x). Evaluating the y-momentum equation (4.2c)

at O(B) and integrating, we obtain

2h0v1y + 2h1v0y = −h0u1x − h1u0x, (4.23)

so that substituting in (4.10) and solving for v1 yields

v1 = −1

2
u1xy +

Γ

4

1

h20

∫ y

0

h1 dy. (4.24)
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Figure 4.3: Change in final cross-section due to surface tension for D = 2 (blue),
D = 10 (red) and D = 100 (green). The leading-order final thickness relative to
that in the absence of surface tension is given by e3(κ−log(D))/2, with κ(Γ) the solution
to (4.21), while the ratio for width is given by the reciprocal of this.

Integrating the mass equation (4.2a) across the sheet thickness and evaluating at

O(B) yields

u0

∫ b0

0

h1 dy = −h0b0u1 − u0h0b1. (4.25)

We again integrate the x-momentum (4.2b) equation across the sheet thickness, and

use (4.25) to eliminate h1 to obtain

(

3
u1
u0

)

xx

= −Γ

2
b1x. (4.26)

Meanwhile, the no-flux boundary condition (4.3a) together with (4.24)–(4.25) and

leading-order solutions (4.20) yields

(

b1
b0

)

x

+
1

2

(

u1
u0

)

x

+
Γ

4
b1 = 0. (4.27)

In the special case Γ = 0 these equations simplify significantly, and we obtain

u1 = u0 log(D) (c1x+ c2) , (4.28a)

b1 = b0 log(D)
(

−c1
2
x+ c3

)

, (4.28b)
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where c1, c2 and c3 are constants of integration to be determined by the boundary

conditions, which will be obtained in §4.5 by examining the boundary layers at either

end of the sheet. Still with Γ = 0, we evaluate the mass equation (4.2a) to obtain

h1x −
1

2
log(D)yh1y = −1

2
log(D)h1 − c1

log(D)

2
e− log(D)x/2, (4.29)

with solution

h1 = log(D)f
(

yelog(D)x/2
)

e− log(D)x/2 − c1
log(D)

2
xe− log(D)x/2, (4.30)

with the function f also to be determined by the boundary conditions.

For Γ 6= 0, the momentum balance (4.26) and no-flux condition (4.27) are satisfied

by

b1(x) = b0(x)

[

d1x+ Γ

(

2d1
κ
e−κx/2 + d1xe

−κx/2 + d2

Γ + 3κ− Γe−κx/2

)]

, (4.31a)

u1(x) = u0(x)

[

d3 − 2d1x+ Γ

(

2d1
κ
e−κx/2 + d1xe

−κx/2 + d2

Γ + 3κ− Γe−κx/2

)]

, (4.31b)

where d1, d2 and d3 are constants of integration. The mass equation (4.2a) then yields

1

2

u0x
u0
h1 + h1x −

(

1

2

u0x
u0

+
Γ

4

1

u0h0

)

yh1y = −1

2

u1x
u0
h0 −

u1
u0
h0x, (4.32)

with solution

h1(x, y) = h0(x)

[

d1x− d3 − 2Γ

(

2d1
κ
e−κx/2 + d1xe

−κx/2 + d2

Γ + 3κ− Γe−κx/2

)]

+ e−κx/2
√

Γ + 3κ− Γe−κx/2f ∗
(

y

b0(x)

)

, (4.33)

where f ∗ arises from the integration and is to be determined by the boundary condi-

tions.

We now must apply appropriate boundary conditions to the correction terms (4.28)

and (4.30) to determine c1, c2, c3 and f in the surface-tension-free case or to (4.31)

and (4.33) to determine d1, d2, d3 and f
∗ when surface tension is included. However,

these correction terms cannot satisfy all of the boundary conditions (4.6)–(4.7); there

are boundary layers at either end of the sheet where the solution adjusts from its bulk

behaviour to that at the boundaries, and we must examine these boundary layers in

order to determine the correct boundary conditions for the bulk solution.
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4.5 Boundary-layer behaviour

4.5.1 Without surface tension

To obtain the correct boundary conditions for the bulk solution at x = 0 and x = 1

we must investigate the behaviour in the boundary layers around these regions, where

the behaviour is two-dimensional and the solution adjusts from that imposed by the

draw rollers to the bulk profile. For clarity, we first present a detailed account of the

special case Γ = 0, and subsequently extend the analysis to include surface tension.

We examine the behaviour in the boundary layer near x = 0 by scaling x = Bx̂ and

re-examine the governing equations (4.2)–(4.7), using hats to denote variables inside

the boundary layer. Matching between the bulk and boundary regions verifies that

the correction terms must indeed be of O(B), not O(B2) as proposed by Schultz and

Davis (1982). We propose solutions of the form

û = 1 + B log(D)û1(x̂, y) + · · · ,
v̂ = log(D)v̂0(x̂, y) + O(B),
ĥ = 1 + B log(D)ĥ1(x̂, y) + · · · ,
b̂ = 1 + B log(D)b̂1(x̂) + · · · .

(4.34)

The extra factors of log(D) are included to allow D to be scaled out of the boundary-

layer problem entirely. We thus obtain from (4.2) governing equations for û1, v̂0, ĥ1

and b̂1, namely

û1x̂ + ĥ1x̂ + v̂0y = 0, (4.35a)

(4û1x̂ + 2v̂0y)x̂ + (û1y + v̂0x̂)y = 0, (4.35b)

(û1y + v̂0x̂)x̂ + (2û1x̂ + 4v̂0y)y = 0. (4.35c)

The boundary conditions (4.3) at the free edge y = ±1 are transformed to

v̂0 = ±b1x̂, (4.36a)

û1y + v̂0x̂ = 0, (4.36b)

2û1x̂ + 4v̂0y = 0, (4.36c)

while the feed conditions (4.6) become

û1 = v̂0 = ĥ1 = b̂1 = 0 on x̂ = 0. (4.37)

Matching with the bulk solutions (4.28) and (4.30) yields

û1 ∼ x̂+ c2, (4.38a)
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v̂0 ∼ −1

2
y, (4.38b)

ĥ1 ∼ −1

2
x̂+ f(y), (4.38c)

b̂1 ∼ −1

2
x̂+ c3 (4.38d)

as x̂→ ∞, and the force integrated across the sheet width should be fixed, so

4û1x̂ + 2v̂0y = 3 as x̂→ ∞. (4.39)

We note that our scalings (4.34) ensure the draw ratio D does not appear in the

boundary-layer equations (4.35)–(4.39), so we only need to solve this problem once.

We may solve the linear equations (4.35b)–(4.35c) together with boundary condi-

tions (4.36b)–(4.36c), (4.37), (4.38b) and force condition (4.39) on the fixed domain

[0,∞)× [−1, 1] for velocity components û1, v̂0. We can then solve the mass and no-

flux equations (4.35a) and (4.36a) together with input conditions (4.37) for the size

components h1 and b1. Finally, we infer the integration constants c2, c3 and function

f by matching with the bulk using (4.38). We must then examine the boundary layer

near the bottom of the sheet to determine the final constant c1.

We solve the system of equations (4.35)–(4.39) numerically using finite-element

software FEniCS. Since the system is symmetric about y = 0, we solve in y ≥ 0 only.

A convergence check shows that the solution may be determined to three significant

figures with a 1000 × 400 mesh and the domain truncated at x̂ = 5. This yields the

integration constants

c2 = −0.064, c3 = 0.129, (4.40)

along with the function f(y), which is plotted in figure 4.4.

In the neighbourhood of x = 1 we scale into the boundary layer via x = 1 −
Bx̄/

√
D, also scaling y = −ȳ/

√
D, and denote variables inside the boundary layer

with bars. The factors of
√
D are included to rescale the domain width to ȳ ∈ [−1, 1].

We propose solutions of the form

ū = D

(

1− B log(D)
ū1(x̄, ȳ)√

D
+ · · ·

)

,

v̄ = D

(

− log(D)
v̄0(x̄, ȳ)√

D
+O(B)

)

,

h̄ =
1√
D

(

1− B log(D)
h̄1(x̄, ȳ)√

D
+ · · ·

)

,

b̄ =
1√
D

(

1− B log(D)
b̄1(x̄)√
D

+ · · ·
)

,

(4.41)
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Figure 4.4: Numerical solution f(y) to boundary-layer problem (4.35)–(4.39), which
contributes to the correction to the thickness profile (4.30).

where again extra scaling factors have been introduced to remove dependence on D

from the resulting problem. Substituting these expansions into the governing equa-

tions, we find that the barred variables in the lower boundary layer near x = 1 satisfy

analogous governing equations to the hatted variables in the upper boundary layer

near x = 0, and so a second computation to solve these equations in the lower bound-

ary layer is not necessary. Comparing governing equations and boundary conditions

for the velocity components, we observe

ū1(x̄, ȳ) = û1(x̂, y), (4.42a)

v̄0(x̄, ȳ) = v̂0(x̂, y). (4.42b)

Matching the velocity in the lower boundary layer with the bulk velocity as x → 1,

we find

c1 = −c2
(

1 +
1√
D

)

. (4.43)

We examine the width and thickness in the lower boundary layer by introducing h∗

and b∗ such that

b̄1(x̄, ȳ) = b̂1(x̂, y) + b∗, h̄1(x̄, ȳ) = ĥ1(x̂, y) + h∗. (4.44)

Comparing the governing equations for the barred and hatted quantities we determine

that b∗ is a constant while h∗ is a function of ȳ only, and these may be determined by
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comparing the far-field matching conditions for the two boundary layers. This then

provides the final glass width and thickness,

h(1, y) =
1√
D

{

1 + B log(D)
[

f(y
√
D) +

c2
2

]

(

1 +
1√
D

)

+O
(

B2
)

}

, (4.45a)

b(1) =
1√
D

{

1 + B log(D)
[

c3 +
c2
2

]

(

1 +
1√
D

)

+O
(

B2
)

}

, (4.45b)

where f is the numerically-determined function plotted in figure 4.4. We note that the

thickness variation across the sheet width scales with log(D)(1/
√
D + 1/D), which

has a maximum at D = 4.56 and decreases as D increases beyond this value (see

figure 4.5c).

4.5.2 Including surface tension

We can extend the analysis performed in §4.5.1 to the case Γ 6= 0. In the upper

boundary layer we rescale x = Bx̂. Adapting the expansions proposed in (4.34) and

scaling out the linear terms in the far-field conditions (4.38), we propose solutions of

the form
û = 1 + Bκ

[

(

1− Γ
6κ

)

x̂+
(

1 + Γ
3κ

)

ˆ̂u(x̂, y)
]

+ · · · ,
v̂ = κ

[

−
(

1
2
+ Γ

6κ

)

y +
(

1 + Γ
3κ

)

ˆ̂v(x̂, y)
]

+O(B),
ĥ = 1 + Bκ

[

−
(

1
2
− Γ

3κ

)

x̂+
(

1 + Γ
3κ

) ˆ̂
h(x̂, y)

]

+ · · · ,

b̂ = 1 + Bκ
[

−
(

1
2
+ Γ

6κ

)

x̂+
(

1 + Γ
3κ

) ˆ̂
b(x̂)

]

+ · · · ,

(4.46)

where the factors (1 + Γ/3κ) are included to ensure the boundary condition on ˆ̂v

does not depend on Γ and κ. Similarly, in the lower boundary layer we rescale

x = 1− Bb0(1)x̄, y = −b0(1)ȳ and adapt (4.41) and propose solutions of the form

ū = D
(

1− Bκb0(1)
[(

1− Γb0(1)
6κ

)

x̄+
(

1 + Γb0(1)
3κ

)

¯̄u(x̄, ȳ)
]

+ · · ·
)

,

v̄ = D
(

−κb0(1)
[

−
(

1
2
+ Γb0(1)

6κ

)

ȳ +
(

1 + Γb0(1)
3κ

)

¯̄v(x̄, ȳ)
]

+O(B)
)

,

h̄ =
1√
D

(

1− Bκb0(1)
[

−
(

1
2
− Γb0(1)

3κ

)

x̄+
(

1 + Γb0(1)
3κ

)

¯̄h(x̄, ȳ)
]

+ · · ·
)

,

b̄ =
1√
D

(

1− Bκb0(1)
[

−
(

1
2
+ Γb0(1)

6κ

)

x̄+
(

1 + Γb0(1)
3κ

)

¯̄b(x̄)
]

+ · · ·
)

.

(4.47)

In the upper boundary layer the governing equations (4.2) become

ˆ̂ux̂ +
ˆ̂
hx̂ + ˆ̂vy = 0, (4.48a)

(

4ˆ̂ux̂ + 2ˆ̂vy

)

x̂
+
(

ˆ̂uy + ˆ̂vx̂

)

y
= 0, (4.48b)
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(

ˆ̂uy + ˆ̂vx̂

)

x̂
+
(

2ˆ̂ux̂ + 4ˆ̂vy

)

y
= 0. (4.48c)

The free-boundary conditions (4.3) on y = b(x) are transformed to

ˆ̂v = ±ˆ̂bx̂, (4.49a)

ˆ̂uy + ˆ̂vx̂ = 0, (4.49b)

2ˆ̂ux̂ + 4ˆ̂vy = 0 (4.49c)

on y = ±1. The feed conditions (4.6) become

ˆ̂u =
ˆ̂
h =

ˆ̂
b = 0, ˆ̂v =

y

2
(4.50)

on x̂ = 0, and the far-field matching conditions as x̂ → ∞ are

4ˆ̂ux̂ + 2ˆ̂vy ∼ 0, (4.51a)

ˆ̂uy + ˆ̂vx̂ ∼ 0, (4.51b)

so the dependence on D and Γ is removed from the upper-boundary-layer problem.

In the lower boundary layer the velocity components are again governed by analogous

equations to the upper-boundary-layer velocity, with

¯̄u(x̄, ȳ) = ˆ̂u(x̂, y), (4.52a)

¯̄v(x̄, ȳ) = ˆ̂v(x̂, y). (4.52b)

The upper-boundary-layer variables ˆ̂u, ˆ̂v,
ˆ̂
h and

ˆ̂
b and the lower-boundary-layer veloc-

ity components ¯̄u, ¯̄v must now be calculated only once. The integration coefficients

d1, d2, d3 and f ∗(y) may then be inferred from the matching conditions

û1 ∼
d3
κ

+
Γ

κ

(

2d1/κ+ d2
3κ

)

∼ c2, (4.53a)

b̂1 ∼
Γ

κ

(

2d1/κ+ d2
3κ

)

∼ c3, (4.53b)

ĥ1 ∼ −d3
κ

− 2Γ

κ

(

2d1/κ+ d2
3κ

)

+

√

3

κ
f ∗ (y) ∼ f(y) (4.53c)

as x̂→ ∞, and

ū1 ∼
2d1 − d3
κb0(1)

− Γ

κ

(

2d1/κ+ d1 + d2e
κ/2

3κ

)

∼ c2 (4.54)
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as x̄ → ∞. Meanwhile, the width and thickness components in the lower boundary

layer are governed by

¯̄ux̄ +
¯̄hx̄ + ¯̄vȳ = 0, (4.55a)

¯̄v(ȳ = ±1) = ±¯̄bx̄, (4.55b)

together with far-field matching conditions, which may be written

¯̄b ∼ 1

1 + Γb0(1)
3κ

[

− d1
b0(1)κ

− Γ

κ

(

2d1/κ+ d1 + d2e
κ/2

3κ

)]

, (4.56a)

¯̄h ∼ 1

1 + Γb0(1)
3κ

[

d3 − d1
b0(1)κ

+
2Γ

κ

(

2d1/κ+ d1 + d2e
κ/2

3κ

)

−
√
D

√

3

κ
f ∗(ȳ)

]

. (4.56b)

Finally, we repeat the procedure used in §4.5.1 in the absence of surface tension, and

introduce h∗ and b∗ such that

¯̄b(x̄, ȳ) =
ˆ̂
b(x̂, y) + b∗, ¯̄h(x̄, ȳ) =

ˆ̂
h(x̂, y) + h∗. (4.57)

As before, b∗ is a constant and h∗ is a function of ȳ only, and comparing the bound-

ary conditions for the barred and hatted variables we find that the final width and

thickness are given by

b(1) = b0(1)

{

1− Bκb0(1)
[

−
(

1

2
− Γb0(1)

3κ

)

x̄+

(

1 +
Γb0(1)

3κ

)

b∗
]}

, (4.58a)

h(1, y) = h0(1)

{

1− Bκb0(1)
[

−
(

1

2
+

Γb0(1)

6κ

)

x̄+

(

1 +
Γb0(1)

3κ

)

h∗
]}

, (4.58b)

where b∗ and h∗ are given by

b∗ =
1

1 + Γb0(1)
3κ

[

− d1
b0(1)κ

− Γ

κ

(

2d1/κ+ d1 + d2e
κ/2

3κ

)]

− 1

1 + Γ
3κ

Γ

κ

(

2d1/κ+ d2
3κ

)

,

(4.59a)

h∗ =
1

1 + Γb0(1)
3κ

[

d3 − d1
b0(1)κ

+
2Γ

κ

(

2d1/κ+ d1 + d2e
κ/2

3κ

)

−
√
D

√

3

κ
f ∗(y)

]

− 1

1 + Γ
3κ

[

−d3
κ

− 2Γ

κ

(

2d1/κ+ d2
3κ

)

+

√

3

κ
f ∗(y)

]

, (4.59b)

and d1, d2, d3 and f ∗(y) are given by (4.53) and (4.54).
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(c) Variation in thickness correction.
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Figure 4.5: Correction to final sheet width and thickness (4.45) & (4.58) as a function
of draw ratio D for surface tension coefficient Γ = 0.0 (black dashed), 0.1 (orange),
1.0 (red), 5.0 (magenta), 10.0 (violet), 20.0 (blue) and 50.0 (green).
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4.6 Results

For small to moderate values of the surface tension coefficient Γ, the width correction

b1(1) attains a local maximum at some critical draw ratioD, beyond which it decreases

(see figure 4.5a). As Γ increases, the correction b1(1) decreases, except for when

the draw ratio D ≈ 1. For sufficiently large values of Γ, the necking-in effect of

surface tension outweighs that of drawing, and the correction b1(1) becomes negative.

In this scenario, the size of the correction decreases monotonically with increasing

D ∈ [1.001, 20]. The size of the width correction relative to the leading-order final

width b1(1)/b0(1) increases as D increases for scenarios where the correction is does

not change sign, so that the effect of the finite heater zone is larger for larger draw

ratios (see figure 4.5b).

The thickness variation across the sheet h1(1, b0(1))−h1(1, 0) attains a local max-

imum at some critical draw ratio D when the surface tension coefficient Γ is small

(see figure 4.5c), and for large draw ratios the thickness variation decreases as D in-

creases. The thickness variation increases as the surface tension coefficient Γ increases.

The relative thickness change across the sheet width [h1(1, b0(1))− h1(1, 0)] /h0(1) in-

creases as the draw ratio D increases (see figure 4.5d), and is maximized at a critical

value of surface tension coefficient Γ (see figure 4.6), beyond which it decreases as Γ

increases.
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Figure 4.6: Change in thickness correction (4.58b) as a function of the surface tension
coefficient Γ, scaled with the leading order thickness (4.20b) for draw ratios D = 2.0
(magenta), 5.0 (violet), 10.0 (blue) and 20.0 (green). Local maxima are marked with
crosses.
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4.7 Comparison with numerical experiments

We now test the validity of our model by comparing our predictions with numerical

solutions to a full three-dimensional model for the glass redraw process, supplied

by U. Lange at Schott AG. The final sheet profile was determined by solving the

three-dimensional Stokes equations with appropriate boundary conditions using the

finite-element package Polyflow (Ansys Inc. Polyflow, 2013). Uniform viscosity was

prescribed throughout the sheet, and solutions calculated for a range of values of the

small parameter B and draw ratio D, with the thin-sheet parameter ǫ = 0.05 ≪ 1.

We consider sheets redrawn at draw ratioD = 20 in the absence of surface tension,

and plot the difference between the final thickness profile and a uniform profile for

varying values of B (figure 4.7). The coloured lines are the same data as in figure 4.1,

but the width and thickness of the sheet are scaled so that the profiles all collapse

onto one curve. A black dashed line shows the thickness correction predicted by the

asymptotics, given by (4.45a). We note that the agreement is good even when B
is comparable with the thin-sheet parameter ǫ. The change in width as a function

of B is plotted in figure 4.8, and compared with numerical solutions to the three-

dimensional Stokes equations for a range of draw ratios D. The data is scaled so

that it collapses onto one line for all values of D. The asymptotic prediction (4.45b)

is shown as a black dashed line. The agreement between the asymptotics and full

numerical solutions is good, especially for small values of B when the long-heater-zone

approximation is valid.

We show the final thickness profile of sheets drawn with surface tension Γ = 1 in

figure 4.9, for B = 0.01, B = 0.05 and B = 0.2. (The data is scaled with 1/
√
D in

both directions so that the scaled width and average thickness would both be 1 in

the absence of surface tension.) The agreement between the full numerical solution

and the two-term asymptotic solution (4.58) is good except for in a region of O(ǫB)
at the edge of the sheet, where surface tension smooths out the sharp corners. This

is not captured by our model, which only gives the leading-order behaviour in the

limit ǫB ≪ 1. This gives rise to an offset in the predicted width compared with the

actual width, which persists over all values of B (see figure 4.9). We plot the final

width as a function of draw ratio D for B = 0.01 in figure 4.10, and our asymptotic

solution (4.20) gives a good prediction of the trend, but again an offset is present due

to the smoothing effect of surface tension in the corners.

70



0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

−0.1

−0.08

−0.06

−0.04

−0.02

0

y/b(1)

B−
1
(

h
−

1 √
D

)

Figure 4.7: Scaled change in thickness for B = 0.01 (red), 0.05 (orange), 0.1 (yellow),
0.2 (green), 0.35 (blue) and 0.5 (violet), with thin-sheet parameter ǫ = 0.05, draw
ratio D = 20 and Γ = 0 (no surface tension). The coloured lines are the numerical
solution to the three-dimensional Stokes equations computed by U. Lange and the
black dotted line gives the asymptotic solution in the limit B → 0, (4.45a).
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Figure 4.8: Scaled change in width as a function of B. Numerical solutions to the
three-dimensional Stokes equations computed by U. Lange are plotted as circles for
D = 5 (red), D = 10 (orange), D = 15 (pink), D = 20 (magenta), D = 25 (yellow),
D = 30, (brown), D = 35 (lime), D = 40 (olive), D = 45 (green), and D = 50 (blue).
The asymptotic prediction (4.45b) for the change in width in the limit B → 0 is given
by the black dashed line for the case ǫ = 0.05, Γ = 0.
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Figure 4.9: Final thickness profile of sheets drawn at draw ratio D = 20 with (a)
B = 0.01, (b) B = 0.05 and (c) B = 0.2 and surface tension Γ = 1. Numerical solutions
to the full three-dimensional problem computed by U. Lange are shown in red, the
black solid lines show the leading-order asymptotic solution in the limit B → 0 (4.20),
and the black dashed lines show the two-term asymptotic solution (4.58).
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Figure 4.10: Final width of glass sheet redrawn with B = 0.01 and surface tension
Γ = 1 for varying draw ratio D, normalized with the expected final thickness in the
absence of surface tension. The blue circles denote numerical solutions to the three-
dimensional Stokes equations provided by U. Lange at Schott AG, and the black line
gives the leading-order prediction (4.22) in the limit B → 0.

4.8 Inverse problem

It is natural to ask whether the preform can be modified so that a rectangular final

product is obtained. In this long-heater-zone limit, since the thickness variation is of

O(B), we propose an optimal preform of dimensions

h(0, y) = 1 + Bhp(y), b(0) = 1 + Bbp. (4.60)

We exploit the fact that the upper and lower boundary layers are analogous, and

simply impose boundary conditions on the sheet shape in the lower boundary layer

instead of the upper boundary layer, i.e. we set

b̄ = h̄ = 0 at x̄ = 0, (4.61)

instead of setting ĥ and b̂ at x̂ = 0 in (4.37). It is then straightforward to repeat the

comparison between upper and lower boundary layers outlined in §4.5 to determine

hp(y) and bp. For example, in the absence of surface tension hp(y) = h∗(y)/
√
D and

bp = b∗/
√
D, so that the optimal preform is given by

h(0, y) = 1− B log(D)

(

1 +
1√
D

)

(

f(y) +
c2
2

)

, (4.62a)

73



b(0) = 1− B log(D)

(

1 +
1√
D

)

(

c3 +
c2
2

)

, (4.62b)

where the constants c2 and c3 are given by (4.40) and f(y) is shown in figure 4.4.

We note that it is also possible to arrive at this optimal preform by the method

employed for a short heater zone in §3.6, i.e. by introducing a “compressive” draw

ratio D∗ = 1/D and rescaling the variables as appropriate. The linear nature of the

long-heater-zone problem simplifies matters even further, and comparing the solutions

to the forward (4.45) and inverse (4.62) problems, we see that from a practical point

of view one may follow a straightforward procedure when surface tension is negligble:

upon observing some thickness variation in a redrawn sheet, determine the thickness

variation across its width and remove the same profile from the preform, scaled with

a factor
√
D and stretched across the preform width.

4.9 Discussion

In this chapter we examine the glass redraw process in the limit where the heater

zone is long compared with the width of the preform, and investigate how thickness

variations across the width of the final product are affected by the length of the

heater zone. This analysis, together with the short-heater-zone analysis carried out

in Chapter 3, illustrates that thick edges are an endemic problem in the redraw of

thin glass sheets, and that a preform with uniform thickness will always redraw to

a product that is thicker at the edge than in the centre, regardless of whether it

is drawn through a long or short heater zone. We derive a mathematical model to

predict how the thickness profile and width of the final product depend on the process

parameters, and in particular to quantify the deviation from a preserved aspect ratio

that arises in practice due to surface tension, the finite length of the heater zone or

a combination of both. We first address the leading-order governing equations in the

small aspect ratio of width to length, and find that the preform shape is preserved

at leading order in the absence of surface tension, with necking-in of the sheet edges

increasing as the importance of surface tension relative to viscous effects increases. In

both cases, the final product has uniform thickness at leading order if the preform has

uniform thickness. In the absence of surface tension we can make the more general

statement that the leading-order final thickness profile matches that of the preform.

By matching between the bulk of the sheet and boundary layers at either end

where the solution adjusts rapidly to satisfy the boundary conditions, we deter-

mine that the correction terms for a sheet of finite length are of O(B), with B =
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preform half-width/heater zone length. Schultz and Davis (1982) have previously

bypassed the solution of the boundary-layer problem for a fibre by applying an aver-

aged version of the boundary conditions directly to the bulk solution, but our results

indicate that this approach is flawed, as it fails to predict the existence of O(B) terms,

instead giving correction terms of O(B2). The O(B) corrections can be determined

upon numerical solution of the two-dimensional boundary-layer problems at the sheet

ends. We find that the governing equations in the two boundary layers are equivalent,

and can be rescaled to be independent of the draw ratio and surface tension, so that

the problem needs only to be solved once.

We compare our asymptotic results with numerical solutions to the three-dimensional

Stokes equations. In the absence of surface tension, the agreement is excellent. Fur-

thermore, the scalings predicted by the asymptotics mean all the numerical data can

be collapsed onto one curve for any value of B and draw ratio D. When surface ten-

sion is included, the agreement between numerics and asymptotics is good except for

near the corners of the sheet, which are smoothed out by surface tension. Our model

relies on a thin-sheet approximation that breaks down in the region at the edge of

the sheet where the smoothing effect occurs, and so smoothing can only be resolved

by re-examining the governing equations inside this edge region.

We use the two-term asymptotic solution to the long-heater zone problem to

investigate how the geometric properties of the final product depend on the process

parameters. The size of the higher-order corrections relative to the leading-order

solution increases as the draw ratio D increases (for industrially relevant values of

D and Γ). The width correction is typically positive, except in the limit where

surface tension dominates over drawing, in which case it may be negative. The

relative thickness variation across the sheet width is maximized at a critical value

of the surface tension coefficient, beyond which it decreases as the effect of surface

tension increases. It may therefore be advantageous to increase the effect of surface

tension (e.g. by increasing the furnace temperature) to decrease thickness variations,

even though the aspect ratio of thickness to width will be altered, since it is more

straightforward to alter the aspect ratio of the preform than it is to modify the initial

thickness profile.

We restrict our attention to sheets with uniform viscosity in this chapter. An

identical methodology may be followed for µ = µ(x), and the bulk behaviour may be

found in terms of constants to be determined by matching with the boundary layer,

although the symmetry between the upper and lower boundary layers no longer holds,

since the viscosity profile may be different in the two different boundary layers.
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Finally, we address the inverse problem of how to determine the optimal preform

shape that will redraw to a sheet of uniform thickness. Similarly to the short-heater-

zone case (cf. §3.6), it is possible to pose this inverse problem in terms of the forward

problem. In the long-heater-zone case studied here, the inverse problem may be

solved in the same computation as the forward problem, with just some extra algebra

required to determine the correct adjustment to the preform. Furthermore, in the

absence of surface tension it is possible to simply measure the thickness variation in

a product redrawn from a rectangular preform, and apply a straightforward scaling

to determine the preform modification required, with no computation necessary.
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Chapter 5

Gravity-driven buckling of a

two-dimensional thin viscous sheet

5.1 Introduction

The buckling of thin viscous sheets has been studied extensively due to its prevalence

in everyday life (Mahadevan et al., 1998), industrial manufacturing processes (Batty

et al., 2012; Perdigou, 2015), and geophysical flows (Ribe, 2001). In the context of thin

glass sheets, the presence of buckling or ripples is highly undesirable, motivating an

investigation of the production of ripples during glass drawing. A three-dimensional

thin sheet undergoing redraw will typically have regions in which there is pure tension

in the plane of the sheet, as well as regions in which there is tension in one direction

and compression in another. These compressive forces can, in some cases, give rise to

an instability in the sheet shape, leading to out-of-plane buckling. The study of the

buckling of such a sheet is complicated by the question of whether a sheet in a given

process will buckle in the first place, as well as the feedback between the out-of-plane

deformation and the evolving two-dimensional stress field. We begin by considering

the simpler canonical problem of the buckling of a two-dimensional glass sheet in the

presence of a sufficiently strong gravitational field, in which the sheet experiences

tension in one region and compression in another.

The complexity of the mathematical model required for studying centreline de-

formation of a viscous sheet or thread depends on the size of the deformation. In

particular, if the centreline deformation is comparable with the sheet thickness, then

a relatively simple “nearly planar” model can be used, while if the deformation is com-

parable with the sheet length then a more complicated model must be derived, either

using a curvilinear coordinate system aligned along the sheet centreline (Buckmaster
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et al., 1975) or by performing a transformation to allow continued use of Cartesian

coordinates (Howell, 1994).

Buckmaster et al. (1975) consider buckling of a two-dimensional thin viscous sheet

whose ends are pushed together at a constant speed (sufficiently slowly that inertia

can be neglected) and derive a model for the sheet centreline as a function of time

and position. For a small centreline deformation, they note that buckling takes place

on a timescale which is a factor ǫ2 shorter than that associated with stretching of

the sheet, where ǫ is the aspect ratio of the sheet, and show that at late times the

amplitude of the buckled centreline grows with the square root of time. When the

centreline deformation is comparable with the sheet length, an alternative scaling is

required and the resulting governing equations are solved numerically. Howell (1994,

1996) notes that even small inertia effects dramatically change the behaviour in the

model of Buckmaster et al. (1975), and a buckling lengthscale shorter than the sheet

length must be introduced to resolve the behaviour. By identifying the wavelength

and growth rate of the fastest-growing mode in a simplified linear centreline equa-

tion, Howell (1994, 1996) proposes that the dominant lengthscale is of O(ǫ2/3Re−1/6),

where Re = ρLU/µ is the Reynolds number (where ρ is density, L sheet length, U

characteristic velocity and µ viscosity), and that the corresponding linear growth rate

is of O(ǫ−2/3Re−1/3). Le Merrer et al. (2012) carry out an experimental investigation

of the behaviour of a viscous rod whose ends are slowly pushed together in a regime

where inertia and gravity are not important, and observe that the rod buckles if its

aspect ratio is sufficiently small and surface tension effects are sufficiently weak.

Equations governing the dynamics of a nearly planar three-dimensional thin vis-

cous sheet were derived by Howell (1994, 1996). Pfingstag et al. (2011a) extend this

model to include arbitrary external forces, and derive equations governing the sta-

bility and response of a planar sheet subject to arbitrary in-plane strain. They find

that, in the unstable case, for a fixed, uniform strain rate, the sheet deformation

undergoes exponential growth at early times, and at late times grows with the square

root of time as predicted by Buckmaster et al. (1975). Pfingstag et al. (2011b) in-

clude spatially varying viscosity and show that, if a sheet with a varying viscosity

profile that is not symmetric about its centreline is subjected to a prescribed tension,

the centreline becomes non-planar even if the tension is positive. They calculate the

steady-state centreline shape of such a sheet in the cases of both stretching and com-

pression. Meanwhile, Filippov and Zheng (2010) hypothesize that compressive forces

are linked to a change of type in the governing equations from elliptic to hyperbolic,
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and calculate ‘hyperbolic zones’ for a planar three-dimensional thin glass sheet under-

going redraw for two different heater zones. The parts of the sheet under compression

are associated with buckling, and so a hyperbolic zone is indicative that ripples may

form in that part of the sheet.

Benjamin and Mullin (1988) study buckling of a thin viscous sheet due to shearing

in an axisymmetric Couette geometry. Shear is induced in the sheet by rotating one

of the boundaries, and ripples appear in the sheet above a threshold speed. Slim et al.

(2012) develop a model for this phenomenon in a rectangular geometry and present

numerical solutions for the growth rate and phase speed of unstable modes, noting,

like Howell (1996), that there is a most unstable mode at an intermediate wavelength.

A substantial body of work has been developed on the buckling of a viscous sheet

or jet impinging on a perpendicular plate since the experimental study of Cruickshank

and Munson (1981), who measure the periods of folding and coiling of thin sheets

and jets of viscous fluid and record the increase of folding/coiling frequency with the

length of the falling jet. Cruickshank (1988) and Tchavdarov et al. (1993) develop

mathematical models for this buckling phenomenon and predict the heights at which

a plane jet and an axisymmetric jet become unstable along with the corresponding

period of folding/coiling. Chiu-Webster and Lister (2006) and Morris et al. (2008)

modify the standard impinging-jet experiments to observe a falling jet impinging on a

perpendicular moving belt, so that the jet is draped along the surface. The unstable

buckling modes depend on the fall height, belt speed and viscosity, and the large

range of observed modes has caused the apparatus to be dubbed a “fluid-mechanical

sewing machine.”

In this chapter we consider the buckling of a two-dimensional thin sheet under-

going drawing in the presence of gravity. In a sufficiently weak gravitational field

the sheet will experience a positive tension everywhere due to the combined effects

of gravity and draw rollers, and undergo steady extensional flow. As the effect of

gravity is increased, the sheet velocity increases beyond the draw velocity, and an

instability forms. Because the glass sheet cannot escape through the draw rollers

as quickly as it arrives, the sheet centreline increases in length and buckles out of

plane (cf. figure 5.1), which in turn modifies the tension/compression in the sheet.

In this scenario the location of the sheet centreline is fixed by rollers at the top and

bottom of the heater zone, in contrast to the studies carried out by authors such as

Cruickshank and Munson (1981), in which the point of contact of the sheet (or jet)

is free to move across a perpendicular surface. In §5.2 we present a mathematical

model for the dynamics of a two-dimensional thin glass sheet buckling due to gravity
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while undergoing redraw, and determine the appropriate length and timescales for

the study of buckling (reproducing the findings of Howell, 1996). We focus on the

special case in which the buckling lengthscale is comparable with the length of the

sheet, and discuss suitable initial conditions for the onset of buckling. In §5.3 we

determine the steady-state solution, and investigate the effect of process parameters

on centreline stability. In §5.4 we present numerical solutions of our simplified model,

and analyse the behaviour of the sheet in early- and late-time regimes. The form of

the late-time problem is reminiscent of low-Reynolds-number flow past a cylindrical

body (Boyd, 1999), in which the appropriate asymptotic expansion is a double series

in powers of the small parameter and the logarithm of this small parameter. We

adapt the approach of Kropinski et al. (1995), using a hybrid asymptotic–numerical

scheme to determine the late-time centreline shape. Finally, in §5.5 we discuss our

findings and their implications for a more general study of buckling processes in thin

viscous sheets.

5.2 Model derivation

5.2.1 Full dimensional model

We consider a two-dimensional (infinitely wide) nearly planar sheet, and use Cartesian

coordinates x = (x, z), with the x-axis aligned with the direction of drawing and z in

the transverse direction, as shown in figure 5.1. We consider a sheet with thickness

2h(x, t), which undergoes drawing over a distance L in the x-direction, with gravity

also acting in the positive x-direction. We denote the sheet centreline by H(x, t), so

that the glass surfaces are located at z = z± := H(x, t) ± h(x, t) for 0 < x < L. In

industrial processes of interest, the Reynolds number is invariably small (Re . 10−4),

and the sheet is thin compared with the length over which it is drawn. We exploit the

geometry of the sheet to derive a simplified model for out-of-plane buckling, noting

that inertia terms may be promoted to leading order if buckling takes place over a

sufficiently short timescale.

We assume the glass is Newtonian and incompressible, and therefore governed by

the Navier–Stokes equations

∇ · u = 0, (5.1a)

ρ
Du

Dt
= ∇ · σ + ρgı̂. (5.1b)

Here u = (u, w) is the velocity vector, ∇ = (∂/∂x, ∂/∂z) is the two-dimensional

gradient operator, D/Dt = ∂/∂t + u · ∇ is the convective derivative and ı̂ is a unit
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Figure 5.1: Two-dimensional glass sheet with thickness 2h(x, t) undergoing redraw
over a distance L in the x-direction subject to gravity g, also acting in the x-direction.
The sheet has velocity u = (u, w) with feed speed u = U and draw speed u = DU ,
and centreline z = H(x, t).

vector in the x-direction. The stress tensor is given by

σ = −pI+ µ
(

∇u+ (∇u)T
)

, (5.2)

with p denoting pressure, I the identity matrix and µ the viscosity. In practice glass

has a strongly temperature-dependent viscosity (cf. Chapter 2). However, our focus

here is on the fundamental fluid-mechanical processes involved in buckling, and we

assume for simplicity that the sheet has uniform viscosity µ throughout this chapter.

A glass sheet with initial thickness 2hin is fed into the stretching zone at a speed

U . We assume it is “simply-supported”, that is, no bending moment is applied, so

that the inlet conditions are

h = hin, u = U, H = Hxxt = 0 at x = 0. (5.3)

Over the length of the stretching zone the velocity is increased by a factor D through

the combined action of gravity and draw rollers applied to the sheet at x = L. We

assume the sheet is again simply-supported at the draw rollers so that

u = DU, H = Hxxt = 0 at x = L. (5.4)
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On the free surfaces z = z±, we impose kinematic and no-stress conditions

D

Dt

(

z − z±
)

= 0, σ · n̂ = 0, (5.5)

where n̂ is the unit vector normal to the free surface. We neglect the effect of surface

tension under the assumption that the capillary number Ca = µU/γ ≫ 1, where γ is

surface tension (typically Ca ≈ 102).

We also need initial conditions for this time-dependent problem; we will discuss

how these might be chosen in §5.3.

5.2.2 Non-dimensionalization

We define the aspect ratio of the sheet

ǫ =
initial half-thickness

length of drawing process
=
hin
L
. (5.6)

The thickness is always much smaller than the length in glass drawing processes, so

we assume that ǫ≪ 1. We introduce dimensionless length variables

(x′, z′) =
(x

L
,
z

ǫL

)

, h′ =
h

ǫL
, H ′ =

H

ǫL
, (z±)′ =

z±

ǫL
. (5.7)

However, the wavelength of buckling may be much shorter than the length of the

sheet L, so we introduce an additional length variable

ξ = ǫ−θ x

L
, (5.8)

where θ is an unknown scalar which characterizes the buckling wavelength. We

will assume all variables with x-dependence now depend on x′ and ξ and perform

a multiple scales analysis. The feed speed U provides a natural choice for the non-

dimensionalization of speed in the x-direction. If the sheet were undergoing stretching

with a fixed centreline, a sensible scaling for transverse motion would be ǫU , but when

the sheet undergoes centreline deformation it is not obvious a priori how large the

out-of-plane velocity w will be, so we introduce

(u′, w′) =
( u

U
, ǫβ

w

ǫU

)

, (5.9)

where β, along with the length scaling exponent θ, will be determined by requiring

a dominant balance in the governing equations. The two different velocity scalings

provide two natural timescales

t′ =
t

L/U
, τ = ǫ−β t

L/U
, (5.10a,b)
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the first associated with the time taken for glass to move through the heater zone, and

the second a characteristic timescale for buckling of the sheet. This motivates a mul-

tiple scales analysis with two separate timescales as well as two separate lengthscales.

Finally, we non-dimensionalize pressure according to

p′ =
p

µU/L
. (5.11)

In the absence of inertia only one lengthscale is needed (θ = 0), and it is well

known (see, for example Buckmaster et al., 1975) that the correct scaling for time

is ǫ2 (i.e. β = 2). This can be explained physically by considering the role of the

in-plane velocity in buckling of a thin sheet or filament. When the leading-order

in-plane velocity is uniform across the sheet thickness, the flow is extensional and

the glass moves in the x-direction. For the sheet to bend, the velocity must be

larger at one surface than the other. Returning to the Trouton model derived for

a two-dimensional thin sheet undergoing extensional flow in §2.2, we see that the

leading-order in-plane velocity is uniform across the sheet thickness by the in-plane

momentum equation (2.10b). By contrast, if the size of the out-of-plane velocity w is

increased by a factor ǫ−2, the leading-order in-plane velocity may vary across the sheet

thickness and the sheet bends. Since the out-of-plane velocity is larger by a factor

ǫ−2 in problems with buckling than problems with extensional flow, the timescale for

out-of-plane buckling is shorter than the timescale for stretching by a factor ǫ2. When

inertia is included in the problem the correct scalings are less obvious, and we take a

more careful approach. However, we expect the same principle to apply, namely that

bending only occurs if the in-plane velocity varies across the sheet thickness in the

correct way.

Inserting the new dimensionless variables into the governing equations (5.1) and

dropping primes from the notation yields

ǫ−θuξ + ux + ǫ−βwz = 0, (5.12a)

ǫφRe
(

ǫ−βuτ + ut + ǫ−θuuξ + uux + ǫ−βwuz
)

=
(

−ǫ−θp+ 2ǫ−2θuξ + 2ǫ−θux
)

ξ
+
(

−p + 2ǫ−θuξ + 2ux
)

x

+ (ǫ−2uz + ǫ−β−θwξ + ǫ−βwx)z + St, (5.12b)

ǫφ+2Re
(

ǫ−βwτ + wt + ǫ−θuwξ + uwx + ǫ−βwwz

)

= (−ǫβp+ 2wz)z+

(ǫβ−θuz + ǫ2−2θwξ + ǫ2−θwx)ξ + (ǫβuz + ǫ2−θwξ + ǫ2wx)x, (5.12c)
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where φ > 0 is chosen to characterize the smallness of the Reynolds number

Re =
ρLU

µ
= ǫφRe ≪ 1, (5.13)

with Re = O(1), and the Stokes number

St =
ρgL2

µU
(5.14)

gives the ratio of gravity to viscous forces. We anticipate that, even if Re ≪ 1,

inertia may play a role on the short buckling timescale τ given by (5.10b) (Howell,

1994, 1996).

The inlet conditions (5.3) on x = 0 become

u = h = 1, H =

(

ǫ−β ∂

∂τ
+
∂

∂t

)(

ǫ−θ ∂

∂ξ
+

∂

∂x

)2

H = 0, (5.15)

while the outlet conditions (5.4) are transformed to

u = D, H =

(

ǫ−β ∂

∂τ
+
∂

∂t

)(

ǫ−θ ∂

∂ξ
+

∂

∂x

)2

H = 0, (5.16)

on x = 1. The no-flux and no-stress conditions (5.5) on the free surfaces z = z±

become
(

ǫ−βz±τ + z±t
)

+
(

ǫ−θz±ξ + z±x
)

u = ǫ−βw, (5.17a)
(

ǫ−θz±ξ + z±x
) (

−p + 2ǫ−θuξ + 2ux
)

= (ǫ−2uz + ǫ−β−θwξ + ǫ−βwx), (5.17b)
(

ǫ−θz±ξ + z±x
)

(ǫβuz + ǫ2−θwξ + ǫ2wx) = (−ǫβp+ 2wz). (5.17c)

5.2.3 Characteristic lengthcales and timescales

An equation governing the motion of the centreline of the sheet H(x, t, ξ, τ) may

be derived by multiplying both sides of the momentum balance in the direction of

drawing (5.12b) by (z−H) and integrating across the sheet thickness (using boundary

condition (5.17b)). Omitting the workings for brevity, we differentiate in the direction

of drawing and apply the transverse momentum equation (5.12c) and corresponding
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boundary condition (5.17c), to give

ǫφR̄e

(

ǫ−θ ∂

∂ξ
+

∂

∂x

)
∫ z+

z−

(

ǫ−βuτ + ut
)

(z −H) dz

+ ǫφR̄e

(

ǫ−θ ∂

∂ξ
+

∂

∂x

)
∫ z+

z−

(

ǫ−θuuξ + uux + ǫ−βwuz
)

(z −H) dz =

(

ǫ−θ ∂

∂ξ
+

∂

∂x

)2 ∫ z+

z−
(z −H)

(

−p+ 2ǫ−θuξ + 2ux
)

dz

+

(

ǫ−θ ∂

∂ξ
+

∂

∂x

)

[

(

ǫ−θHξ +Hx

)

∫ z+

z−

(

−p + 2ǫ−θuξ + 2ux
)

dz

]

− ǫφ−βRe

∫ z+

z−

(

ǫ−βwτ + wt + ǫ−θuwξ + uwx + ǫ−βwwz

)

dz. (5.18)

On the left-hand side of this centreline equation are inertia terms, while on the right-

hand side the first term is a bending term, the second a tension/compression term

and the third an inertia term. Examining the bending term we observe that, if the

pressure and in-plane velocity are symmetric about the centreline, then this term will

integrate to zero and there will be no bending – this is consistent with our observation

that we must choose scalings so that u has the correct z-dependence. We seek the

lengthscale and timescale for which bending, tension and inertia balance at leading

order. We investigate this by performing an asymptotic analysis in the thin-sheet

limit ǫ→ 0 for an arbitrary choice of short lengthscale and short timescale. We quote

the main results here, and give details in Appendix A.

Note that we only consider regimes in which φ > 0, so that the Reynolds number

Re ≪ 1, and in which β, θ ≥ 0, so that the timescale and lengthscale for buckling

are shorter than or the same as those for stretching. If β < 0 buckling would be ex-

tremely slow (in particular, the buckling timescale would be longer than the stretching

timescale), while if θ < 0 the predicted lengthscale would be much longer than the

distance between the rollers holding the sheet in place, which is inconsistent. In that

case the buckling lengthscale is controlled by the distance between the draw rollers

rather than a balance between the three effects in (5.18).

The largest contribution from the inertia terms in the centreline equation (5.18)

is O
(

max
(

ǫφ−2θ, ǫφ−2β
))

, depending on whether θ or β is larger. For inertia, bending

and tension to balance, we require

max
(

ǫφ−2θ, ǫφ−2β
)

∼
(

ǫ−θ ∂

∂ξ
+

∂

∂x

)2

M ∼
(

ǫ−θ ∂

∂ξ
+

∂

∂x

)

[(

ǫ−θHξ +Hx

)

T
]

,

(5.19)
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where

T =

∫ z+

z−

(

−p + 2ǫ−θuξ + 2ux
)

dz (5.20)

is the tension in the sheet and

M =

∫ z+

z−
(z −H)

(

−p + 2ǫ−θuξ + 2ux
)

dz (5.21)

is the bending moment.

By careful asymptotic analysis of the governing equations (5.12)–(5.17) (see Ap-

pendix A), we can show that θ < β, and that either

• θ = 0 so there is only one lengthscale, or

• 0 < θ < 1 so the buckling lengthscale is between the sheet length and the sheet

thickness. In this case the leading-order velocity does not change over the short

(buckling) lengthscale.

In both scenarios, we find that the tension T = O(1), so that inertia and tension

balance in (5.19) if

φ− 2β = −2θ. (5.22)

The bending term in (5.19) only balances with the tension and inertia terms if the

bending moment M = O(1), i.e. if the in-plane velocity varies across the sheet thick-

ness. Comparing the two σxz terms in (5.12c) we observe that this corresponds to

(see Appendix A for details)

β + 2θ − 2 = 0. (5.23)

Combining the two balance conditions (5.22) and (5.23), we find

θ =
2

3
− φ

6
, β =

2

3
+
φ

3
, (5.24)

provided φ ≤ 4, so the lengthscale and timescale associated with buckling for a given

Reynolds number are

lengthscale ∼ ǫ2/3 Re−1/6, timescale ∼ ǫ2/3 Re1/3 . (5.25)

These are the same scalings obtained by Howell (1994) by examining the fastest-

growing mode in a simplified linear-stability problem. Increasing the Reynolds num-

ber gives buckling with shorter wavelengths and shorter timescales. For sufficiently

small Reynolds numbers, Re = o(ǫ4), the predicted lengthscale is longer than the size

of the sheet, and we cannot balance all three effects. In particular, the inertia term
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does not enter the centreline equation at leading order, and tension and bending are

balanced by the timescale choice

timescale ∼ ǫ2. (5.26)

This is the scaling proposed by Buckmaster et al. (1975) for scenarios where inertia

is not important.

5.2.4 Re = O(ǫ4) regime

In the remainder of this chapter we will consider the regime in which Re = O(ǫ4)

(i.e. φ = 4), so that inertia plays a role on the bending timescale, but the lengthscale

for buckling is the same as the length of glass undergoing drawing. This corresponds

to the choice β = 2, θ = 0 in the non-dimensionalization (5.6)–(5.11). We determined

these scalings by focusing on the moment balance in the sheet, and we now consider

the mass and force balances in the sheet to derive a full system of governing equa-

tions in the thin-sheet limit. In the Re = O(ǫ4) regime, the mass and momentum

equations (5.12) may be rewritten

ux + ǫ−2wz = 0, (5.27a)

ǫ4R̄e
(

ǫ−2uτ + ut + uux + ǫ−2wuz
)

= (−p + 2ux)x + ǫ−2 (uz + wx)z + St, (5.27b)

ǫ4R̄e
(

ǫ−2wτ + wt + uwx + ǫ−2wwz

)

= (uz + wx)x +
(

−p + 2ǫ−2wz

)

z
(5.27c)

and the free-boundary conditions (5.17) become

ǫ−2z±τ + z±t + uz±x = ǫ−2w, (5.28a)

z±x (−p + 2ux) = ǫ−2 (uz + wx) , (5.28b)

z±x (uz + wx) =
(

−p+ 2ǫ−2wz

)

. (5.28c)

The centreline equation (5.18) is simplified to

ǫ4R̄e
∂

∂x

∫ z+

z−
(z −H)

(

ǫ−2uτ + ut + uux + ǫ−2wuz
)

dz =

∂2

∂x2

∫ z+

z−
(z −H) (−p+ 2ux) dz +

∂

∂x

[

Hx

∫ z+

z−
(−p + 2ux) dz

]

− ǫ2Re

∫ z+

z−

(

ǫ−2wτ + wt + uwx + ǫ−2wwz

)

dz. (5.29)
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Integrating the mass equation (5.27a) across the sheet thickness and applying the

no-flux condition (5.28a) we find

w(0) = H(0)
τ , h(0)τ = 0, (5.30)

so the sheet thickness remains fixed over the buckling timescale. The thickness profile

is therefore given by the initial conditions. In reality these initial conditions may be

quite difficult to determine, as they are a solution of a time-dependent problem on

the original stretching timescale, and this problem depends on the route by which the

system approaches the unstable regime. We consider three idealized scenarios:

(i) Redraw is attempted on a sheet of uniform thickness in the presence of gravity.

This configuration is unstable and immediately undergoes buckling, with h(0) ≡
1.

(ii) Redraw is performed on a sheet in the presence of gravity, with the centreline

held fixed so that the thickness and velocity reach steady-state profiles. At

t = 0 the centreline is released and the sheet undergoes buckling. This scenario

is appropriate if the centreline is held fixed by some mechanism, or if the sheet

first reaches steady-state drawing at a stable draw ratio, which is then gradually

decreased towards instability.

(iii) Redraw is performed on a sheet in the absence of gravity, so that the thickness

and velocity acquire steady-state profiles for gravity-free drawing. At t = 0

gravity is “switched on” and the sheet buckles. Although this scenario is unlikely

in the case of glass manufacture, this or a similar setup may be relevant in other

systems in which a sheet is drawn or a fibre spun in a bath of another liquid, e.g.

spinning of polymer fibres for use in tissue engineering, where water is used as

as coagulant during the spinning process (see, for example Wang et al., 1996).

Interestingly, the threshold for instability is slightly different in each of these scenarios;

we discuss this further in §5.3.
Evaluating the force balance in the direction of drawing (5.27b) and corresponding

no-stress condition (5.28b) we find

u(0)z + w(0)
x = 0, (5.31)

so that integrating across the sheet thickness and using (5.30) to substitute for the

out-of-plane velocity yields

u(0) = ū(0) − (z −H(0))H(0)
xτ , (5.32)
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where

ū(0) =
1

2h(0)

∫ z+(0)

z−(0)

u(0) dz (5.33)

is the velocity averaged across the sheet thickness, so the leading-order in-plane ve-

locity now varies linearly across the sheet thickness. We determine the leading-order

pressure by evaluating the out-of-plane momentum equation (5.27c) and applying

no-stress condition (5.28c) to find

p(0) = −2
[

ū(0)x +H(0)
x H(0)

xτ − (z −H(0))H(0)
xxτ

]

, (5.34)

so that integrating the in-plane momentum equation (5.27b) over the sheet thickness

and applying (5.28b) yields

[

4h(0)
(

ū(0)x +H(0)
x H(0)

xτ

)]

x
= − St h(0), (5.35)

and the centreline equation (5.29) yields

Reh(0)H(0)
ττ +

(

4

3
h(0)3H(0)

xxτ

)

xx

=
[

4h(0)H(0)
x

(

ū(0)x +H(0)
x H(0)

xτ

)]

x
. (5.36)

Evaluating the boundary conditions (5.15) and (5.16) on the velocity and thickness

at leading order, we find

u(0) = h(0) = 1 on x = 0, (5.37a)

u(0) = D on x = 1. (5.37b)

Integrating (5.35) in the direction of drawing x, we find that the tension in the

sheet is

4h(0)
(

ū(0)x +H(0)
x H(0)

xτ

)

= St

∫ 1

x

h(0)(s)ds+ c(τ), (5.38)

where c(τ) corresponds to the force on the sheet at x = 1: if c(τ) < 0 then the

force is in the upward direction so some portion of the sheet is under compression,

and the centreline is susceptible to buckling. (This may be confirmed by solving the

associated linear-stability problem given by (5.63).) Integrating (5.38) and applying

boundary conditions (5.37), we find that this force is given by

c(τ) =
D − 1−

∫ 1

0
1

4h(0)

(

∫ 1

x
St h(0)ds

)

dx+
∫ 1

0
H

(0)
x H

(0)
xτ dx

∫ 1

0
dx/4h(0)

. (5.39)

We may obtain a single non-local equation for the centreline H(0) by substitut-

ing (5.38), (5.39) into the moment balance (5.36) to give

Reh(0)H(0)
ττ +

(

4

3
h(0)3H(0)

xxτ

)

xx

=

[

H(0)
x

(
∫ 1

x

St h(0)(s)ds+ c(τ)

)]

x

. (5.40)
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Finally, evaluating the boundary conditions (5.15) and (5.16) on the centreline at

leading order, we find

H(0) = H(0)
xxτ = 0 on x = 0, 1. (5.41)

We drop superscripts from the notation and use leading-order (in ǫ) equations only

in the remainder of this chapter.

We note that the model derived here will break down once the centreline deforma-

tion is sufficiently large that H = O(1/ǫ). Once that regime is reached, the centreline

deformation should be scaled with the sheet length rather than its thickness, and ad-

ditional nonlinearities are promoted into the leading-order governing equations (see

Chapter 3 of Howell, 1994, for details of the nonlinearities).

5.3 Steady state

On the timescale for buckling, the thickness of the sheet does not change while the

velocity of the sheet evolves from an initial profile. The thickness and initial velocity

are determined by the behaviour of the sheet on the longer stretching timescale. In

this section, we will determine the steady-state solution on this longer stretching

timescale, when H ≡ 0, and the velocity and thickness are the solution to

ūh = 1, (5.42a)

(4hūx)x = − Sth, (5.42b)

with boundary conditions

ū = h = 1 on x = 0, (5.43a)

ū = D on x = 1. (5.43b)

We note that these equations correspond to a steady-state Trouton model with grav-

ity (Howell, 1994). In the absence of gravity, St = 0, the thickness and velocity

profiles are well known (Scheid et al., 2009) and given by

ū = Dx, h = D−x, (5.44)

while for St 6= 0,

ū =

(

St

2a

)

sin2

(√
a

2
x+ sin−1

√

2a

St

)

, (5.45a)

h =

(

2a

St

)

1

sin2
(√

a
2
x+ sin−1

√

2a
St

) , (5.45b)
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where a satisfies the transcendental equation

D =

(

St

2a

)

sin2

(√
a

2
+ sin−1

√

2a

St

)

. (5.46)

The stability of this steady-state solution depends on whether or not a portion

of the sheet is under compression. This is most likely to occur near x = 1, as the

contribution to the tensile force due to gravity is minimized. At x = 1, the force on

the sheet is given by

c =
D − 1−

∫ 1

0
1
4h

(

∫ 1

x
St h ds

)

dx
∫ 1

0
dx/4h

. (5.47)

If c > 0, the force is positive and the whole sheet is under tension, and therefore

stable to centreline perturbations. If c < 0 then at least some of the sheet is under

compression, and the sheet is unstable to centreline perturbations. We determine the

neutral stability curve separating regions of stability and instability by finding the

draw ratio D for which c = 0 for each of the idealized scenarios (i)–(iii) introduced

in §5.2.4 (see figure 5.2). We note that the neutral stability curve is determined

by the interplay between drawing and gravity, i.e. the parameters St and D; inertia

does not affect whether the sheet is stable or unstable. When St . 10, the neutral

stability curves are almost indistinguishable for the three scenarios, and the critical

draw ratio below which the sheet is unstable is close to 1. As St increases further,

the three curves diverge: the critical draw ratio is highest for scenario (i), in which

the thickness h ≡ 1, and lowest for scenario (iii), in which the sheet evolves first

in the absence of gravity. It is noteworthy that neutral stability curves for (i) (red

dashed) and (ii) (blue) are significantly different: stable drawing can be achieved at

much lower draw ratios (or much higher St) if the sheet first evolves to a steady-state

thickness profile (5.45b) for a large draw ratio D, and D is then gradually decreased

toward the blue curve. By contrast, even if scenario (iii) were physically realizable,

stable drawing could not actually be achieved at the draw ratios on the green dot-

dashed curve: once gravity was switched on, the thickness and velocity profiles would

evolve towards (5.45a)–(5.45b), rendering the sheet unstable to buckling. The solid

blue line corresponding to scenario (ii) is therefore an absolute lower bound on the

draw ratio D at which stable drawing can be achieved for a given value of St.
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Figure 5.2: Neutral stability curve for an initially flat sheet with uniform viscosity for
scenarios (i)–(iii) introduced in §5.2.4 (red dashed, blue solid and green dot-dashed
lines respectively). Two particular unstable points are marked at D = 2, St = 12 (+)
and D = 2, St = 200 (×).

5.4 Buckling solutions

The tensile force acting on the sheet centreline has two components: a spatially vary-

ing downward force due to the weight of the sheet, and a time-dependent contribution

c(τ) which is uniform throughout the sheet (cf. the centreline equation (5.40)). The

centreline exhibits dramatically different behaviour depending on the sign of c and

on whether the weight of the sheet is significant. We consider two distinct unstable

scenarios: one in which gravity does not play a role and the entire sheet experiences

uniform compression, and the other in which the buckling is gravity-driven. The first

of these scenarios has been studied in detail by Buckmaster et al. (1975), and the

relevant results are highlighted in §5.4.1. The major focus of this section will be on

the latter, gravity-driven scenario. We consider an initially straight centreline, so

that the force balance (5.39) may be rewritten

[c(τ)− c0)]

∫ 1

0

dx

4h
=

∫ 1

0

HxHxτ dx, (5.48)

where c0 = c(0) is given by the planar-sheet solution (5.47). The early-time response

to a small perturbation is investigated via a linear-stability analysis in §5.4.2, and full

numerical solutions are presented in §5.4.3. The observation of self-similar, power-

law behaviour of the centreline deformation H at late time in the numerical solutions
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motivates an analysis of the governing equations in the limit τ ≫ 1, which we present

in §§5.4.4–5.4.6.

5.4.1 Gravity-free buckling

In the absence of gravity and inertia, i.e. with St = Re = 0, the sheet experiences

a uniform tension c(τ). The thickness of the sheet D−x is given by the steady-state

solution (5.44), while the velocity and centreline deformation are governed by the

force (5.39) and centreline (5.40) equations, which simplify to

c(τ) =
D − 1 +

∫ 1

0
HxHxτdx

∫ 1

0
dx/4h

, (5.49a)

4

3
D−3xHxxτ = c(τ)H, (5.49b)

where boundary conditions (5.41) are used in integrating the centreline equation. If

c < 0 then the entire sheet experiences a compressive force and undergoes buckling;

this is true at time τ = 0 if D < 1. This scenario was considered by Buckmaster et al.

(1975) in the general case of a centreline of arbitrary amplitude. Here we summarize

their findings in the special case when the centreline amplitude is small so that we

can use Cartesian coordinates. We consider the unstable case c < 0 and introduce a

new time-like variable m(τ) given by

4

3

dm

dτ
= −c(τ), m(0) = 0. (5.50)

We propose a solution to (5.49) of the form

H =

∞
∑

n=1

gne
m(τ)/σnΨn(x), (5.51)

where the eigenmodes Ψn(x) are normalized (for reasons we will see below) according

to
∫ 1

0

[Ψ′
n(x)]

2
dx = 1, (5.52)

and the coefficients gne
m(τ)/σn give the amplitude of the contribution of each mode to

H . The momentum equation (5.49b) is linear and so may be simplified to

D−3xΨ′′
n(x) = −σnΨn(x), (5.53)

which has solution

Ψn(x) = AnJ0
(

ΣnD
3x/2
)

+BnY0
(

ΣnD
3x/2
)

, (5.54)
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where Σn = 2
√
σn/3 log(D) and J0 and Y0 are Bessel functions of zeroth order. Ap-

plying the boundary conditions Ψn(0) = Ψn(1) = 0, we find the coefficients An and

Bn are related by

An = −Bn
Y0(Σn)

J0(Σn)
, (5.55)

and the Σn are constrained to satisfy

Y0 (Σn)J0
(

ΣnD
3/2
)

− J0 (Σn)Y0
(

ΣnD
3/2
)

= 0, (5.56)

which, in turn, determines the σn. Finally, we can use the normalization condi-

tion (5.52) to find Bn.

We still need to calculate c(τ) to determine how quickly the centreline deforms. We

note from (5.53) that the eigenmodes satisfy an appropriate orthogonality condition,

∫ 1

0

Ψ′
p(x)Ψ

′
q(x) dx = 0, p 6= q, (5.57)

and are normalized according to (5.52), so the force condition (5.49a) reduces to

D − 1 +
∑

n

g2n
1

σn

dm

dτ
e2m/σn = c(τ)

∫ 1

0

dx

4h
= −1

3

dm

dτ

∫ 1

0

dx

h
, (5.58)

which gives a first-order ODE for m and hence c. In the limit m → ∞ the fastest-

growing eigenmode dominates, and

H ∼ g1e
m/σ1Ψ1(x). (5.59)

If c(τ) = −dm/dτ is small, then integrating the length equation (5.58) yields

(1−D)τ ∼ g21
2
e2m/σ1 , (5.60)

so that

H ∼
√

2(1−D)τΨ1(x). (5.61)

Note that this does indeed satisfy the requirement dm/dτ → 0 as m → ∞. The

amplitude of the centreline grows with τ 1/2 in agreement with Buckmaster et al.

(1975) and is proportional to
√
1−D, which is a measure of excess loading.
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5.4.2 Early-time behaviour

For the gravity-driven buckling case, we perform a linear-stability analysis of an ini-

tially planar centreline by considering a perturbation with |H(x, τ)| ≪ 1. Linearizing

the governing equations, the force balance (5.38) reduces to

4hūx =

∫ 1

x

St h ds + c(0), (5.62)

subject to boundary conditions ū(0, τ) = 1, ū(1, τ) = D. We note that the velocity

profile does not change so long as the centreline deviation is small. Upon lineariz-

ing the centreline equation (5.39)–(5.40), we may decompose H into Fourier modes

eλτψ(x),which grow if λ > 0 and decay if λ < 0. We also introduce corresponding

modes eλτΩ(x) for w = Hτ , which turns (5.40) into the eigenvalue problem

λRehΩ = −
(

4

3
h3Ωxx

)

xx

+ (4hūxψx)x , (5.63a)

λψ(x) = Ω(x), (5.63b)

with boundary conditions Ω = Ωxx = 0 on x = 0, 1.

In figure 5.3 we present numerical solutions to the eigenvalue problem (5.63) for

D = 2, St = 12 (marked with a purple + in figure 5.2) and D = 2, St = 200

(purple × in figure 5.2), for Re = 0 (blue) and Re = 100 (red, dashed). Numerical

solutions are calculated by using second-order finite differencing to give a matrix

equation which is solved with eig in MATLAB. In each case we plot the fastest-

growing mode, corresponding to the largest value of λ. Note that D = 2, St = 12

is close to the stability threshold, so we anticipate growth rate λ ≪ 1, i.e. slow

centreline growth, while D = 2, St = 200 is far from the stability boundary and we

expect fast buckling. In figures 5.3(a) and (b), we show the eigenmodes for scenario

(i) described in §5.3, in which the sheet has uniform thickness, while figures 5.3(c)

and (d) correspond to scenario (ii), in which the sheet reaches a steady-state thickness

profile before undergoing buckling. In the almost-stable regime the upward force at

the draw rollers is small, |c| ≪ 1, and only dominates over the downward force from

gravity in a small portion of the sheet where |1 − x| ≪ 1 (cf. force balance (5.62)).

As a result, only a small segment of the sheet near x = 1 experiences compression,

and the growth rate is small: for scenario (ii) λ = 4.62 × 10−3 when Re = 0 and

λ = 4.63× 10−3 when Re = 100. We also observe that the rescaled Reynolds number

Re appears to have very little impact on the sheet dynamics: the fastest-growing

eigenmodes are almost indistinguishable for Re = 0 and Re = 100 (figure 5.3a,c).
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By contrast, in the far-from-stability case a substantial portion of the almost-flat

sheet experiences compression, and since the compressive force is larger (cf. (5.47)),

so too is the corresponding growth rate: in scenario (ii) λ = 20.9 for Re = 0 and

λ = 3.74 for Re = 100. We note that the Reynolds number plays a more significant

role in this regime. In scenario (ii), we observe two turning points rather than one

in the fastest-growing eigenmode for Re ≫ 1 (figure 5.3d), and the growth rate is

slower, so the lengthscale is shorter and the timescale is longer, as predicted by (5.25).

However, for scenario (i), increasing the rescaled Reynolds number to Re = 100 does

not change the sheet shape significantly even at large St (figure 5.3b). This is due to

the difference in the bending stiffnesses of the sheets. Bending stiffness opposes the

formation of high-curvature regions required for shorter wavelengths. In scenario (i)

the sheet has uniform thickness and better resists bending than in scenario (ii), where

the sheet gets thinner, making the lower portion less resistant to bending. Even more

disparate values of Re are required to effect a significant change in the early-time

centreline shape in scenario (i).

5.4.3 Numerical solution

Beyond very small centreline perturbations, numerical solution of (5.39)–(5.41) is

required to fully determine the evolution of the centreline profile. Unlike in the

gravity-free case (cf. §5.4.1), we cannot simplify the gravity-driven problem by de-

composing into modes except at very early time (see §5.4.2) because the tension has

both a spatially varying part and a time-dependent part. Instead we solve (5.39)–

(5.41) numerically using the method of lines, with second-order finite differencing in

space to give a series of ODEs, which are then integrated in time using MATLAB’s

built-in solver ode15s. All the numerical solutions presented here are for scenario (ii)

(cf. §5.2.4), with thickness profile (5.45b) and an initial centreline deformation (5.63).

We illustrate the evolution of the sheet in time by plotting a series of snapshots of a

sheet centreline with D = 2, St = 200, for both Re = 0 and Re = 100 (figure 5.4).

The early-time solutions are dramatically different for different Re, with the larger

Re case corresponding to much slower initial growth, as expected. However, as time

proceeds, solutions for different values of Re appear to converge: by time τ = 100

the sheet centreline appears to have the same shape for Re = 0 and Re = 100 (fig-

ure 5.4e,f). We investigate further by plotting the amplitude of the centreline (defined

as maxx |H|) as a function of time (figure 5.5). For τ ≫ 1 the curves for Re = 0 and

Re = 100 are in good agreement, and fall on a line whose slope is close to 1/3 on

a loglog plot. As time proceeds the centreline amplitude grows larger, and the peak
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Figure 5.3: Fastest-growing eigenmodes of (5.63) corresponding to centreline shape
at early times for D = 2, St = 12, (a,c) and D = 2, St = 200, (b,d) in scenarios (i)
(a,b) and (ii) (c,d). In each case blue is for Re = 0 and dashed red is for Re = 100.
Corresponding growth rates are (a) 6.58 × 10−3 for Re = 0 and 6.66 × 10−3 for
Re = 100, (b) 1.41 and 1.22 respectively, (c) 4.62×10−3 and 4.65×10−3 respectively,
and (d) 20.9 and 3.74 respectively.
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moves closer to x = 1 (figure 5.6). The resulting large gradients in the region near

x = 1 necessitate the use of an increasingly fine grid to maintain accuracy; at τ = 105,

the peak is located in x ∈ [0.99, 1] and a mesh spacing of 1.25× 10−3 gives a relative

error of 10−2.

5.4.4 Overview of late-time analysis

The late-time analysis of the centreline equations poses a challenging asymptotics

problem. Since this analysis becomes quite involved, we first present an outline of

the main steps and results, and then lay out the analysis in full in the sections that

follow.

• We assume (and subsequently verify) that inertia does not play a role at leading

order.

• On rescaling the centreline equation (5.40) for τ ≫ 1, it becomes clear that the

bending moment is only significant in boundary layers at each end of the sheet.

• We find that the centreline is almost flat in the boundary layer near x = 0,

although bending is significant here.

• Buckling is driven by the boundary layer near x = 1, where the sheet is under

compression, and this also gives rise to leading-order centreline motion in the

bulk of the sheet.

• We use the method of matched asymptotic expansions to derive expressions

for the centreline in the x ≈ 1 boundary layer and in the bulk of the sheet.

The appropriate asymptotic expansion for the late-time buckling of the sheet

involves both powers of τ 1/3 and powers of log(τ 1/3).

• We calculate consecutive terms in this expansion individually, but find that this

logarithmic approximation is only accurate at extremely late times.

• We improve on this by using a hybrid asymptotic–numerical method.

• We determine that the sheet thickness is almost uniform inside the boundary

layer near x = 1. This allows us to rescale in such a way that we only need to

solve the late-time problem inside the boundary layer once and rescale to find

the boundary-layer solution for any thickness profile.
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Figure 5.4: Numerical solutions to (5.39)–(5.41) for D = 2, St = 200 for scaled
Reynolds numbers Re = 0 (a,c,d) and Re = 100 (b,d,f).
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Figure 5.5: Loglog plot of centreline amplitude as a function of time for D = 2,
St = 200, Re = 0 (blue) and Re = 100 (red, dashed). A line of slope 1/3 is shown for
comparison.

5.4.5 Late-time analysis

Since the numerical solutions to the system (5.39)–(5.41) shown in figures 5.4 and 5.5

indicate that inertia does not play a role in the late-time behaviour (cf. §5.4.3), we
will neglect this term in our analysis of the equations, and justify this simplification

a posteriori. We compare the size of the bending stiffness and inertia terms in the

centreline equation (5.40) at late times by scaling τ = δ−1S, where δ ≪ 1 is an

arbitrary small parameter and S = O(1) to give

δ

(

4

3
h3HxxS

)

xx

=

[

Hx

(
∫ 1

x

St hds+ c(δ−1S)

)]

x

. (5.64)

We see that the bending term on the left-hand side of (5.64) will not play a role at

leading order in the majority of the sheet. Since there are then two fewer spatial

derivatives in the leading-order governing equations, the boundary conditions (5.41)

cannot all be satisfied. There will be boundary layers near either end of the sheet

where the bending term is significant, and the sheet adjusts rapidly. By seeking a

balance between bending and tension in (5.64), we observe that the effect of the

bending moment is comparable in size to tension in a boundary layer of size δ1/2

(i.e. τ−1/2) near x = 0. Near x = 1 the positive contribution to the tension from

gravity is small, and a balance exists between bending stiffness, the uniform upward

force from the draw rollers and the spatially-varying downward force from gravity if

δ|1− x|−4 ∼ |1− x|−1 ∼ c|1− x|−2 (5.65)
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i.e. the bending moment, gravity and the compression from the draw rollers balance

for c(τ) ∼ O(δ1/3) in a boundary layer of O(δ1/3) (i.e. O(τ−1/3)). This implies that,

at late times, the size of the region under compression and the magnitude of the

compressive force both decay like τ−1/3.

We know from (5.30) that the thickness profile of the sheet does not change on the

buckling timescale, and is given by the initial conditions, which are the solution to

the corresponding problem on the longer stretching timescale, as discussed in §5.2.4.
Since the size of the boundary layers shrinks in time, at late times the thickness

should be almost uniform inside the boundary layers. This suggests that it should

be possible to write the governing equations in the boundary layers in a way that

does not depend on the exact thickness profile. To this end, and with the benefit of

hindsight, it is useful to introduce rescaled variables h̃, H̃, τ̃ , c̃ in the whole sheet

defined by

h = h1h̃, (5.66a)

H̃x (1− x)
h1
√
d√
3

√
1− 2b = Hx

∫ 1

x

h̃ds, H̃(1) = 0, (5.66b)

τ =
4h21
3 St

τ̃ , (5.66c)

c = St h1c̃, (5.66d)

where h1 = h(1) is the final thickness and b and d are defined by

b =
4(D − 1)

St d
, d = 2

∫ 1

0

1
h̃

(
∫ 1

x

h̃ds

)

dx. (5.67)

Substituting this change of variables into the governing equations (5.39)–(5.40), it is

straightforward to integrate the centreline equation (5.40) (in the absence of inertia)

with respect to x twice and apply boundary conditions (5.41) to arrive at

h̃3

(

H̃x
1− x
∫ 1

x
h̃ds

)

xτ̃

= c̃(τ̃ )

∫ x

1

H̃x′
1− x′
∫ 1

x′ h̃ds
dx′

+ (1− x)

∫ 1

0

H̃x(1− x)dx+

∫ x

1

H̃x′(1− x′)dx′, (5.68)

while the force balance condition (5.39) may be rewritten as

∂

∂τ̃

∫ 1

0

H̃2
x

(

1− x
∫ 1

x
h̃ds

)2

dx = 1 +
2c̃

d(1− 2b)

∫ 1

0

dx

h̃
. (5.69)
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We may interpret the integral constraint (5.69) as a condition governing the increase

in the length of the sheet.

We scale into the boundary layer near x = 1 by introducing a new variable

η = (1− x)τ̃ 1/3. Substituting this rescaling into the centreline equation (5.68) and

comparing terms, we confirm that the force on the end of the sheet must be of

O(τ̃−1/3), i.e.

c̃(τ̃ ) = τ̃−1/3K(τ̃ ), (5.70)

with K(τ̃ ) = O(1).

Next we consider the boundary layer near x = 0. For this purpose it is useful to

rewrite the right-hand-side of the centreline equation (5.68) as

h̃3

(

H̃x
1− x
∫ 1

x
h̃ds

)

xτ̃

= τ̃−1/3K(τ̃)

∫ x

0

H̃x′
1− x′
∫ 1

x′ h̃ds
dx′

+

∫ x

0

H̃x′(1− x′)dx′ − x

∫ 1

0

H̃x(1− x)dx, (5.71)

where definition (5.66b) has been used to change the lower limit in the first integral

on the right hand side. We rescale by introducing ζ = τ̃ 1/2x and use H̃ top to denote

the scaled centreline variable H̃ inside the x ≈ 0 boundary layer. We compare terms

in (5.71) to relate the size of the centreline deformation inside the x ≈ 0 boundary

layer to the bulk. On the left-hand side, the bending stiffness is of O(H̃ top). On the

right hand side, the first tension term is of O(τ̃−1/3H̃ top). Finally, the two gravity

terms are of O(H̃ top) and O(τ̃−1/2H̃) respectively, where H̃ refers to the solution away

from x = 0. Balancing terms, we deduce that H̃ top = O(τ̃−1/2H̃).

Finally, we split the integral on the left-hand side of the length condition (5.69)

into three components corresponding to the three regions. Requiring a balance with

the force term on the right-hand side of the length condition (5.69) motivates the

scaling

H̃(x ≈ 1, τ̃) = τ̃ 1/3F (η, τ̃) (5.72)

when |1− x| ≪ 1, where F (η, τ̃) = O(1). Since we will match between the boundary

layer near x = 1 and the bulk, we also scale

H̃(x, τ̃) = τ̃ 1/3Θ(x, τ̃ ), (5.73)

in the bulk of the sheet. We can now verify our assumption that inertia is not

important, since at late times the inertia term will not affect the solution before

corrections of O(τ̃−5/3).
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We determine the bulk behaviour by substituting scaling (5.73) into centreline

equation (5.68) and evaluating at leading order to find

Θ = α(τ̃) [− log |1− x|+ C] +O(τ̃−1/3), (5.74)

where C is an integration constant which may be determined by imposing H(0, τ) = 0.

(Note from definition (5.66b) that C may be non-zero if the thickness is non-uniform.)

To match between regions we must rewrite the bulk solution (5.74) in terms of η, to

give

Θ = α(τ̃)
[

− log(η) + log(τ̃ 1/3) + C
]

+O(τ̃−1/3). (5.75)

Matching between the boundary layer and bulk solutions (5.72)–(5.73) suggests that

the amplitude α(τ̃) is of O(1/ log(τ̃ 1/3)), and that the boundary layer has terms of

O(τ̃ 1/3), O(τ̃ 1/3/ log(τ̃ 1/3)) and so on. Inspecting the centreline equation (5.68) and

scalings (5.72)–(5.73), we determine that the correct asymptotic expansions are

α (T ) =
α1

T
+
α2

T 2
+ · · · , (5.76a)

F (η, T ) = F0(η) +
1

T
F1(η) + · · · , (5.76b)

K (T ) = K0 +
1

T
K1 + · · · . (5.76c)

where T = log(τ̃ 1/3) + C. It is not strictly necessary to include C in T , but it helps

our aim of writing the boundary-layer problem in such a way that it does not depend

on the thickness profile.

Scaling into the boundary layer x = 1−ητ̃−1/3 in (5.68) yields an equation in terms

of F (η, T ), which may be simplified by rewriting in terms of G = Fη. Performing the

asymptotic expansion (5.76) and evaluating at leading order, we find

1

3
(4G0ηη + ηG0ηηη)− (K0 + η)G0 = 0. (5.77)

The simple-support boundary condition (5.41) on x = 1 is transformed to

G0η = 0 at η = 0, (5.78)

and requiring the bending stress to decay as η → ∞, we find

G0 ∼ 0 as η → ∞. (5.79)
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Non-trivial solutions to the homogeneous linear problem (5.77)–(5.79) will only exist

for particular values of the force component K0, and the corresponding G0 should

then be normalized according to (5.69) at leading order, i.e.

∫ ∞

0

G2
0dη = 1. (5.80)

We calculate the shape F0 by integrating G0 subject to F0(0) = 0, and the outer

amplitude α1 can then be inferred from the far-field condition

F0 ∼ α1 as η → ∞. (5.81)

To enable the calculation of higher-order corrections, we must also solve the adjoint

problem
1

3
(φηη − ηφηηη)− (K0 + η)φ = 0, (5.82)

subject to φη(0) = 0 and φ ∼ 0 as η → ∞. We can then calculate the first correc-

tion to the leading-order solution given by (5.77)–(5.81) by evaluating the centreline

equation (5.68) inside the boundary layer at next order to give

1

3
(4G1ηη + ηG1ηηη)− (K0 + η)G1 = K1G0 + α1. (5.83)

Evaluating the simple-support condition (5.41) on x = 1 and matching the bending

moment with the bulk, we find

G1η = 0 at η = 0, (5.84a)

G1 ∼ 0 as η → ∞. (5.84b)

and the length condition (5.69) yields

∫ ∞

0

G0G1dη = 0. (5.85)

Multiplying (5.83) with the adjoint φ and integrating over [0,∞) yields a condition

for the correction to the force, namely

K1 = −α1

∫∞
0
φ dη

∫∞
0
φG0 dη

. (5.86)

We then solve equations (5.83)–(5.85) for G1, integrate as before to find F1, and

determine α2 from the far-field condition

F1 ∼ −α1 log η + α2 as η → ∞. (5.87)
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Figure 5.6: Late-time centreline shape for a sheet undergoing redraw at draw ratio
D = 2 in a gravitational field St = 200. The numerical solution to (5.39)–(5.41)
is shown in black. The late-time asymptotic approximation (cf. §5.4.5) is shown in
red, with a dashed line for the bulk solution and a solid line for the boundary-layer
solution. A hybrid asymptotic–numerical solution (cf. §5.4.6) is shown in blue, with
dashed and solid lines used for the bulk and boundary-layer solutions respectively.

Subsequent correction terms may be calculated by the same routine. The centreline

shape in the bulk is then given by

H =
(α1

T
+
α2

T 2
+ · · ·

)√
d
√
1− 2b

(

St h1τ

4
√
3

)1/3 ∫ x

0

dx′
∫ x′

0
h̃(s)ds

, (5.88)

with T = (1/3) log (3 St τ/4h21)+C. The integral on the right hand side of (5.88) may

be calculated exactly in each of the three idealized scenarios laid out in §5.2.4, but
for brevity we will omit the solutions here.

We solve the eigenvalue problems (5.77)–(5.81) and (5.83)–(5.87) together with

the adjoint problem (5.82) numerically using Chebfun (Driscoll et al., 2014), and so

determine two-term inner and outer asymptotic solutions for the sheet centreline at

late times. The two-term asymptotic solution for a sheet undergoing redraw with

draw ratio D = 2 and St = 200 at time τ = 105 shows reasonably good agreement

with the full numerical solution to (5.39)–(5.41) (see figure 5.6). However, we observe

that the two-term asymptotic prediction does deviate from the numerical solution

even though τ = 105 ≫ 1, and further correction terms do not improve the accuracy.
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5.4.6 Hybrid method

We have seen that, while one may in principle calculate successive terms in the se-

ries (5.76), such an approximation may not be very accurate unless τ is extremely

large. A hybrid asymptotic–numerical scheme for a perturbed eigenvalue problem

with gauge functions of the same form as in §5.4.5 has been developed by Ward et al.

(1993) and adapted by Kropinski et al. (1995) for the case of low-Reynolds-number

flow past a cylindrical body. In this scheme, rather than calculating individual terms

in the logarithmic sequence separately, they are all calculated together as the function

of a new variable which is the logarithm of the small parameter in the asymptotic

expansion. We adopt this approach here by treating T = log(τ̃ 1/3) + C as a new

independent variable. Returning to our scalings (5.70)–(5.73) in the two regions of

interest, and evaluating the centreline equation in the boundary layer at leading or-

der in τ̃ 1/3 (remembering to treat T independently), we obtain a partial differential

equation for F , namely

1

3

[

(ηF )ηηη + FTηη

]

= KF + αη +

∫ η

0

η′Fη′dη
′, (5.89)

which must satisfy boundary conditions

F = Fηη = 0 on η = 0, (5.90)

and match with the bulk solution (5.74) via

F ∼ αT − α log(η) as η → ∞, (5.91)

We also impose the normalization condition (5.69), that is
∫ ∞

0

F 2
η dη = 1. (5.92)

Although we must still solve a partial differential equation to determine the shape

of the centreline, the rescaling into the inner region means the new boundary-layer

problem (5.89)–(5.92) does not have the stiffness of the original problem (5.39)–(5.41),

allowing much faster calculation at late times. Furthermore, we have removed any

dependence on the process parameters, meaning that this boundary-layer problem

must only be solved once, and the centreline shape and the force in the boundary

layer may be deduced for any process by an appropriate rescaling. The centreline

shape in the bulk is given by an equivalent rescaling to (5.88).

The boundary-layer equations (5.89)–(5.92) may be discretized in η using second-

order finite differencing to give a system of ODEs in T supplemented by two algebraic
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Figure 5.7: Late-time asymptotic solutions for the centreline shape at T = 10. The
blue line shows the hybrid asymptotic–numerical solution (5.89)–(5.92). The solution
F0 =

∫ η

0
G0dη to (5.77)–(5.80) is illustrated with a dashed red line, and the two-term

solution F0 + F1/T (where the correction term F1 may be determined using (5.83)–
(5.85)) is plotted with a solid red line.

conditions. We solve this system of equations using MATLAB’s built-in DAE solver

ode15i. A suitable starting guess is provided to the solver from the straightforward

asymptotic solution (cf. §5.4.5). This improved asymptotic–numerical solution shows

better agreement with the full numerical solution than the straightforward two-term

solution proposed in §5.4.5 (figure 5.6). The asymptotic–numerical solution is accu-

rate up to O(τ−1/3) and, as expected, the agreement with the numerical solution to

the centreline equation (5.39)–(5.41) is excellent at τ = 105. In figure 5.7 we com-

pare the straightforward late-time asymptotic solution for the centreline shape in the

boundary layer near x = 1 presented in §5.4.5 (red) with the asymptotic–numerical

scheme (5.89)–(5.92) (blue) for T = 10. Even at such a late time the performance of

the one-term solution (dashed line) is poor; this is largely because it must tend to a

constant as η → ∞. We observe good agreement between the asymptotic-numerical

solution and the two-term solution (solid line), but note that this plot corresponds to

an extremely late time; for the scenario considered in §5.4.6 in which St = 200 and

D = 10, T = 10 corresponds to τ ≈ 5× 107.
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5.4.7 Validity of late-time analysis

We conclude our study by returning to the question the validity of our nearly-planar

assumption, in particular at late times when H ∼ τ 1/3. As noted in §5.2.4, our model

breaks down when H ∼ 1/ǫ. Comparing the typical value ǫ ∼ O(10−2) suggested by

Table 1.1 with the numerical solution shown in figure 5.5 indicates that the late-time

solution with H ∼ τ 1/3 is valid for 1 ≪ τ ≪ 105. However, we should also check the

size of the curvature, which may be large in the boundary layer near x = 1. Inside

this boundary layer, we require the curvature to satisfy Hxx ∼ τFηη ≪ 1/ǫ, so the

late-time solution is valid for 1 ≪ τ ≪ 1/ǫ.

Although the late-time analysis presented in this section breaks down eventually,

it provides a valuable first step in the study of buckling in three-dimensional thin

viscous sheets, because it demonstrates that the sheet is unstable to buckling in any

process where some part of the sheet experiences compression, and that the stress

profile and thus the out-of-plane deformation of the sheet will change significantly as

it buckles. Furthermore, our late-time solution provides the matching conditions that

would be needed to solve a geometrically nonlinear model for times τ ∼ 1/ǫ.

5.5 Discussion

In this chapter we present a model for a two-dimensional thin viscous sheet undergoing

redraw in the presence of a gravitational field, which may be sufficiently strong to

render the sheet unstable to buckling. We derive a mathematical model to predict

how the sheet centreline evolves, and in doing so provide a systematic derivation of

the buckling lengthscale and timescale (also predicted by Howell, 1994), namely

timescale ∼ ǫ2/3 Re1/3, lengthscale ∼ ǫ2/3 Re−1/6, (5.93)

where ǫ is the aspect ratio of the sheet and Re the Reynolds number. Our multiple-

scales analysis implies that for buckling of thin viscous sheets, the wavelength and

growth rate/frequency will be governed by the relationship (5.93).

In this chapter we focus on the scenario where the Reynolds number Re ∼ O(ǫ4), in

which the buckling lengthscale is the sheet length and the buckling timescale is shorter

than that for stretching by a factor ǫ2. As a consequence the thickness profile of the

sheet evolves relatively slowly, and only the centreline and velocity profile change on

the buckling timescale. During redraw in the direction of gravity, gravity accelerates

the sheet in conjunction with the draw rollers as it moves through the heater zone.

The upper part of the sheet experiences positive tension but, if gravity is sufficiently
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strong, a region near the bottom of the heater zone experiences compression, causing

the sheet to buckle.

We first address the question of stability, and plot the neutral stability curves of

the sheet by determining the direction of the vertical force acting on the sheet as

it exits the drawing region. Our results demonstrate that the stability of the sheet

to centreline perturbations depends on the thickness profile of the sheet before it is

perturbed – a sheet of uniform thickness becomes unstable at a higher draw ratio D

(or lower Stokes number St) than one which has been allowed to reach its equilibrium

profile.

We determine a system of equations governing the buckling behaviour of the sheet

centreline when it is unstable, depending on a rescaled Reynolds number Re = ǫ4 Re,

the Stokes number St and the draw ratio D. Straightforward numerical solution of

these equations as well as the linearized early-time version yields some insight into

the parameter dependence of the process. If the effect of gravity is sufficiently large,

the Reynolds number dramatically changes the early-time behaviour, with larger

Reynolds numbers corresponding to shorter wavelengths and slower growth, in line

with the predictions of our scaling analysis (5.93). At later times, inertia becomes

negligible and the sheet adopts a self-similar shape, with the maximum of the centre-

line continuing to grow and moving towards the end of the drawing domain as time

proceeds. Increasing the effect of gravity modifies the centreline shape and increases

the growth rate by increasing both the size of the region under compression and the

magnitude of the compressive force.

Analysis of the late-time problem illustrates that the sheet centreline responds

to compression in such a way as to expel that compression from the system: as the

sheet buckles, the size of the region under compression shrinks, and so too does the

magnitude of the compressive force. The sheet may therefore be split into two regions,

a bulk region in which the sheet is under tension, and a boundary layer in which the

sheet is under compression and which drives the centreline motion. Matching between

these regions reveals that the appropriate asymptotic expansion for large values of

time τ̃ is a double series in powers of τ̃ 1/3 and log(τ̃ 1/3). We circumvent this by

instead writing an expansion with τ̃ 1/3 times a function of T = log(τ̃ 1/3) + C as its

first term (with C a constant). We then solve numerically the partial differential

equation that appears at leading order in τ̃ 1/3. This hybrid asymptotic–numerical

scheme yields excellent agreement with numerics at late times, significantly better

than an approximate solution derived by considering only the first two terms in the

sum.
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Our model does not display the periodic folding behaviour investigated by authors

such as Cruickshank and Munson (1981), or observed in the often-cited scenario of

cake batter poured from a height (Skorobogatiy and Mahadevan, 2000; Batty et al.,

2012). This is due to a difference in the treatment of the sheet at the bottom of

the domain. Folding occurs in scenarios where the sheet impacts a surface, deforms,

and the point of contact moves across the surface as the deformation evolves. In the

case of glass redraw, the glass is removed from the stretching region at a fixed speed,

and its position at the point of removal is fixed in space by draw rollers, so folding

behaviour does not emerge. This is reflected in the choice of boundary conditions

in our model. Furthermore, our “nearly-planar” model does not predict the sagging

behaviour one might expect at extremely late times, when the weight of glass at the

apex of the deformed sheet is large enough to pull it down past the draw rollers. The

use of Cartesian coordinates is appropriate as long as the centreline deformation is

smaller than, or comparable with, the sheet thickness; when the centreline deforma-

tion is significantly larger than the sheet thickness the governing equations should

be reformulated in terms of a curvilinear coordinate system embedded in the sheet,

which evolves with the sheet centreline.

The velocity profile in the sheet and the dynamics of its centreline are fully cou-

pled during buckling. The equilibrium velocity profile of the sheet, and in particular

whether it decelerates, determines whether the sheet buckles out of plane. As the

sheet centreline grows, it affects the velocity of the sheet, which decreases the magni-

tude of the compressive force experienced by the sheet and curtails the growth rate

of the centreline. The shape of the sheet also changes dramatically from the initial

fastest-growing eigenmode of a linearized problem at early times, and at late times

we observe a self-similar shape in a shrinking boundary layer near the bottom of the

sheet, while in the bulk only the amplitude of the centreline changes, with the shape

remaining fixed.
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Chapter 6

Buckling of a three-dimensional

glass sheet

6.1 Introduction

Out-of-plane ripples are sometimes observed in a thin glass sheet that has undergone

redraw (see figure 6.1). Understanding how and why these ripples form is a necessary

first step in eliminating them. The origin of these ripples is not clear, nor is it easy to

determine whether a given choice of process parameters will give rise to ripples in the

final product. Observation of ripple formation inside the heater zone is challenging

due to the very high operating temperatures. However, inspection of sheets with

ripples after redraw suggests that the ripples travel inward from the sheet edge, and

that the angle relative to the sheet edge in the product remains fixed during the

course of a run, giving rise to a very regular pattern of ripples known as “tyre tracks”

(see figure 6.1).

Filippov and Zheng (2010) calculate the “hyperbolic zones” in a glass sheet during

redraw in an effort to learn about instabilities. A transition in the stress profile of

the sheet from tension to compression corresponds to a change in the equation for

the mid-surface from elliptic to “mixed type”, i.e. hyperbolic in parts of the domain.

The authors suggest that these hyperbolic zones are directly linked to out-of-plane

buckling of the sheet, but do not solve for the buckling profile. Perdigou and Audoly

(2016) perform a linear-stability analysis of an almost-rectangular thin viscous sheet

stretched by a very weak gravitational field, and determine numerically the fastest-

growing buckling modes in this scenario. Srinivasan et al. (2017) perform a linear-

stability analysis of redraw of a thin glass sheet with aspect ratio of length to width

of O(1), and determine the buckling modes and corresponding growth rates for a

range of heater-zone profiles. The observed eigenmodes and (positive) growth rates
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Figure 6.1: Photographs of glass sheets with ripples after undergoing redraw at Schott
AG pilot plant.

support the proposition of Filippov and Zheng (2010) that a glass sheet undergoing

redraw is inherently unstable to out-of-plane deformations. In regimes where there

are two compression regions, the eigenmodes calculated by Srinivasan et al. (2017)

fall into two separate groups corresponding to buckling in either region. The fastest-

growing buckling modes in each region can, therefore, have different associated growth

rates. Based on their analysis, Srinivasan et al. (2017) make two key observations

about the relationship between buckling modes and the heater-zone profile, namely (i)

compression regions always exist in the upper part of the heater zone (see figure 6.2 for

a schematic), and (ii) for sufficiently short heater zones this compression region spans

the width of the sheet, and a second compression zone may occur downstream. At

the time of submission of this thesis, Srinivasan et al. (2017) had just been submitted

for peer review. This chapter was developed in tandem, and as a result there is

some overlap between the paper and the results presented in §§6.4–6.5, which we will

highlight.
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Figure 6.2: Schematic of a three-dimensional thin sheet undergoing redraw, showing
the location of typical compression regions relative to the heater zone.

In this chapter, we will present a preliminary study of the stability of the mid-

surface of a thin three-dimensional glass sheet during redraw. In §6.2 we derive

equations governing the shape, velocity and mid-surface of a thin sheet, and in §6.3
we derive free-boundary conditions at the curved sheet edge. In §6.4 we investigate

qualitatively the occurrence of compression zones in a glass sheet undergoing redraw in

the short-heater-zone limit, and compare this with compression zones in a sheet whose

aspect ratio of length to half-width is O(1). We focus on sheets with aspect ratio O(1)

in the remainder of the chapter. In §6.5 we perform a linear-stability analysis of a

thin sheet undergoing redraw and determine the fastest-growing buckling modes and

corresponding growth rates in two sample sheets, one with uniform viscosity and one

with stretching localized in a region of low viscosity. In §6.6 we consider a rectangular

sheet segment under uniform tension along one axis and uniform compression along

the other axis, and present a simple calculation of the number of wrinkles and growth

rate, which we compare with our observations for the sheets considered in §§6.4–6.5.
We compare the fastest-growing buckling modes with the deformations observed in

redrawn glass sheets in §6.7, and outline some of the steps required to adapt the work

so far to predict the buckling patterns observed in the final product. Finally, in §6.8
we discuss the implications of our findings.
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6.2 Governing equations

We assume that the deformations in the sheet mid-surface are small, so that the

glass sheet is almost planar. We use Cartesian coordinates x = (x, y, z), with the

x-axis aligned with the direction of drawing, the y-axis spanning the sheet width as

it enters the heater zone and z in the transverse direction as shown in figure 6.3.

We consider the evolution in time t of a glass sheet of width 2b(x) and thickness

2h(x, y), with velocity u = (u, v, w) and mid-surface H(x, y, t). Based on the analysis

of buckling in a two-dimensional sheet in Chapter 5, we anticipate that the sheet

buckles on a timescale shorter than that for stretching, and that the sheet width and

thickness are fixed on this shorter timescale, while the mid-surface and velocity evolve.

We neglect inertia, so the motion of the sheet is governed by the three-dimensional

Stokes equations, and begin by considering a thin sheet whose length and width

are comparable. In Chapter 3 we identified that the key dimensionless parameter

relating surface tension and viscous stresses is δ/(ǫCa) ≈ 0.5. This suggests that

surface tension may be significant, although numerical simulations show that it is not

important in determining the thickness profile or necking in of the sheet (cf. figure 3.6).

While surface tension may play a role in the exact stress distribution and hence

buckling profile of the sheet, we neglect it here and focus on the fundamental fluid

mechanics behind buckling of a viscous sheet undergoing redraw, and the dependence

on the viscosity profile and the distance over which the sheet is drawn. We note,

however, that Srinivasan et al. (2017) include surface tension in their analysis and

find that it has a stabilising effect.

We non-dimensionalize the governing equations as in Chapter 3, except that we

scale the out-of-plane velocity and time in line with the results of §5.2.3 for inertia-free
buckling, i.e. we scale w to be a factor ǫ−2 larger than in the stretching problems con-

sidered in Chapters 2–4, and we introduce a short buckling timescale τ = ǫ2t/(δbin/U),

where

ǫ =
preform thickness

preform width
=

2hin
2bin

≪ 1, (6.1a)

δ =
length of drawing domain

preform half-width
=

d

bin
= O(1). (6.1b)

Note that δ is defined here using the distance over which the sheet is drawn rather

than the distance over which it is heated and cooled; the reason for this distinction

will become clear in §6.4.
For convenience, we also introduce special notation for in-plane variables, namely

X = (δx, y), U = (u, δv), (6.2)
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Width 2b(x)

z = H(x, y, t)

Figure 6.3: Three-dimensional glass sheet with width 2b(x) and thickness 2h(x, y)
undergoing redraw in the x-direction. The sheet has mid-surface z = H(x, y, t) and
velocity u = (u, v, w).

for the in-plane position and velocity, an in-plane gradient vector

∇̃ =

(

δ−1 ∂

∂x
,
∂

∂y

)

, (6.3)

and

S = −δ−1pI2×2 + µ
(

∇̃U + ∇̃U
T
)

, (6.4a)

σ̄ = µ

(

∂U

∂z
+ ∇̃w

)

, (6.4b)

for the in-plane stress tensor and out-of-plane stress components respectively, with

p the pressure, µ the viscosity and I
2×2 the identity matrix. For simplicity we allow

µ to vary in x and y only (allowing variation in the z-direction gives rise to extra

terms in the governing equations in the thin-sheet limit, see Pfingstag et al., 2011b,

for details).

The dimensionless Stokes equations can be written

∇̃ · U + ǫ−2∂w

∂z
= 0, (6.5a)

∇̃ · S + ǫ−2∂σ̄

∂z
= 0, (6.5b)

∇̃ · σ̄ +
∂

∂z

(

−δ−1p+ 2ǫ−2µ
∂w

∂z

)

= 0. (6.5c)

On the sheet surfaces z = z± = H(X, τ)± h(X, τ), we impose no-flux and no-stress

conditions

δǫ−2∂z
±

∂τ
+ U · ∇̃z± = ǫ−2w, (6.6a)
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S · ∇̃z± = ǫ−2
σ̄, (6.6b)

σ̄ · ∇̃z± = −p + 2ǫ−2µ
∂w

∂z
. (6.6c)

At the free edge y = b(x, τ) the no-flux and no-stress conditions are given by

ǫ−2 ∂b

∂τ
+ δ−2u

∂b

∂x
= v, (6.7a)

S · n̂ = 0, (6.7b)

σ̄ · n̂ = 0, (6.7c)

where n̂ is the outward-pointing normal to the free edge. At the top of the drawing

domain, x = 0, the sheet shape is known, its velocity (1, 0, 0) is controlled by the

rollers and it is simply-supported, so that

U = (1, 0), w = 0, (6.8a)

b = h = 1, (6.8b)

H =
∂3H

∂x2∂τ
= 0. (6.8c)

At the bottom of the drawing domain, x = 1, draw rollers impose an increased veloc-

ity (D, 0, 0), and the sheet is again simply-supported, so the appropriate boundary

conditions are

U = (D, 0), w = 0, (6.9a)

H =
∂3H

∂x2∂τ
= 0. (6.9b)

We treat δ as an O(1) constant and consider the thin-sheet limit ǫ→ 0 to obtain

a simplified system of equations in two spatial dimensions. The bulk equations have

been derived previously (see, for example Howell, 1994), and the derivation is very

similar to that carried out in the preceding chapters, so we give only a brief overview

here. At leading order in ǫ, conservation of mass (6.5a) together with the no-flux

condition (6.6a) on the free surface z = ±h yields

∂h

∂τ
= 0, w = δ

∂H

∂τ
, (6.10)

and the no-flux condition (6.7a) at the free edge y = b yields

∂b

∂τ
= 0, (6.11)

so the thickness and width of the sheet do not change on the buckling timescale,

as expected. Carrying out the same process for the in-plane momentum (6.5b) and
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corresponding no-stress condition (6.6b), the leading-order in-plane velocity may be

written

U = Ū − δ(z −H)∇̃
(

∂H

∂τ

)

, (6.12)

where

Ū =
1

2h

∫ z+

z−
U dz (6.13)

is the in-plane velocity averaged across the sheet thickness. We evaluate the transverse

momentum equation (6.5c) at O(1) and use the no-stress condition (6.6c) and mass

conservation (6.5a) to obtain an expression for the leading-order pressure in terms of

the in-plane velocity, namely

δ−1p = −2µ∇̃ · U , (6.14)

so, at leading order,

S = 2µ∇̃ · UI
2×2 + µ

(

∇̃U + ∇̃U
T
)

. (6.15)

We then proceed to next order in the in-plane momentum equations, integrating

across the sheet thickness and applying the boundary conditions (6.6b) to arrive at

(to leading order)

∇̃ · S̄ = 0, (6.16)

where

S̄xx = 4δ−1µh

(

∂ū

∂x
+
∂H

∂x

∂2H

∂x∂τ

)

+ 2δµh

(

∂v̄

∂y
+
∂H

∂y

∂2H

∂y∂τ

)

, (6.17a)

S̄xy = S̄yx = µh

(

∂ū

∂y
+
∂H

∂y

∂2H

∂x∂τ
+
∂v̄

∂x
+
∂H

∂x

∂2H

∂y∂τ

)

, (6.17b)

S̄yy = 2δ−1µh

(

∂ū

∂x
+
∂H

∂x

∂2H

∂x∂τ

)

+ 4δµh

(

∂v̄

∂y
+
∂H

∂y

∂2H

∂y∂τ

)

, (6.17c)

with subscripts used to denote tensor components.

One additional equation is required to fully describe the system including the mid-

surface H . This is obtained by multiplying the in-plane momentum equation (6.5b)

with (z−H), integrating across the sheet thickness and applying the no-stress condi-

tion (6.6b). Taking the divergence of the resulting equation and using the transverse

momentum equation (6.5c) and corresponding no-stress condition (6.6c) yields

δ∇̃ ·
(

∇̃ ·M
)

+ ∇̃ ·
(

∇̃H · S̄
)

= 0, (6.18)
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where

M = −µh
3

3









4δ−2 ∂3H

∂x2∂τ
+ 2

∂3H

∂y2∂τ
2δ−1 ∂3H

∂x∂y∂τ

2δ−1 ∂3H

∂x∂y∂τ
2δ−2 ∂3H

∂x2∂τ
+ 4

∂3H

∂y2∂τ









. (6.19)

The governing equations (6.16)–(6.19) must be supplemented by appropriate bou-

ndary conditions. To determine the boundary conditions on the free surface y = b(x),

one might naively integrate the boundary conditions (6.7) multiplied by (z−H) across

the sheet thickness, as we did with the bulk equations (6.5) in deriving the governing

equations (6.16)–(6.19). However, this gives rise to more boundary conditions than

can be satisfied in general. There is a boundary layer near the sheet edge where the

stresses adjust rapidly, and we must study the behaviour in this boundary layer to

determine appropriate conditions for the bulk equations.

6.3 Free-boundary conditions

For a solid rectangular plate, Howell et al. (2009) show that the boundary conditions

associated with the sheet mid-surface at a free edge y = constant are

Myy =
∂Mxy

∂x
+

∫ z+

z−
τyz dz = 0. (6.20)

(We note that the notation used here and in recent viscous-sheet literature (Perdigou

and Audoly, 2016; Srinivasan et al., 2017) is different from the notation used for

solid plates in Howell et al., 2009.) In this section we systematically derive the

boundary conditions at the free edge of a viscous sheet of arbitrary shape, using an

analogous asymptotic analysis to the derivation of the conditions at the edges of a

solid rectangular plate by Howell et al. (2009). We determine simple relations for the

stresses and bending moments inside a boundary layer near the sheet edge, and from

these infer conditions on the bulk stresses and moments at the edge. We expect our

boundary conditions for the mid-surface to resemble (6.20), but to take into account

the fact that, in the case of redraw of a thin glass sheet, the sheet edge is curved.

6.3.1 Boundary-layer governing equations

We first change from Cartesian coordinates to a coordinate system embedded in the

sheet edge. We identify a tangent vector to the sheet edge t̂, and denote arclength
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along the sheet edge by s as shown in figure 6.4. The position in the sheet is then

given by

r(s, n, z) =

∫ s

0

t̂(s′) ds′ + nn̂(s) + zẑ, (6.21)

where ẑ is a unit vector in the z direction. We note that ∂r/∂s = (1 − κn)t̂, where

κ = −dθ/ds = −∇ · n̂ is the curvature of the sheet edge, so that the gradient vector

in this coordinate system is given by

∇ = t̂
1

1− κn

∂

∂s
+ n̂

∂

∂n
+ ẑ

∂

∂z
. (6.22)

We scale into the boundary layer n = ǫN at the sheet edge (using hats to denote

variables inside this boundary layer), noting that n, N < 0 in the sheet. The three-

x

y

n̂

t̂ θ

s

Figure 6.4: Curvilinear coordinates with unit vectors n̂ and t̂, and θ the angle between
the tangent vector and the x-axis.

dimensional Stokes equations (6.5) are transformed to

∂ûs
∂s

+ ǫ−1 ∂

∂N
[(1− ǫκN) ûn] + ǫ−2 ∂

∂z
[(1− ǫκN) ŵ] = 0, (6.23a)

∂τ̂ss
∂s

+ ǫ−1 ∂

∂N
[(1− ǫκN) τ̂sn] + ǫ−1 ∂

∂z
[(1− ǫκN) τ̂sz]− κτ̂sn = 0, (6.23b)

∂τ̂sn
∂s

+ ǫ−1 ∂

∂N
[(1− ǫκN) τ̂nn] + ǫ−1 ∂

∂z
[(1− ǫκN) τ̂nz] + κτ̂ss = 0, (6.23c)

∂τ̂sz
∂s

+ ǫ−1 ∂

∂N
[(1− ǫκN) τ̂nz] + ǫ−1 ∂

∂z
[(1− ǫκN) τ̂zz] = 0, (6.23d)

and the stress components in the new coordinate system are given by

τ̂ss = −p̂+ 2µ

1− ǫκN

(

∂ûs
∂s

− κûn

)

, (6.24a)

τ̂nn = −p̂+ 2µǫ−1∂ûn
∂N

, (6.24b)
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τ̂ns = τ̂sn = µ

(

κ

1− ǫκN
ûs + ǫ−1∂ûs

∂N
+

1

1− ǫκN

∂ûn
∂s

)

, (6.24c)

τ̂zs = τ̂sz = ǫ−1µ

(

∂ûs
∂z

+
1

1− ǫκN

∂ŵ

∂s

)

, (6.24d)

τ̂zn = τ̂nz = ǫ−1µ

(

∂ûn
∂z

+ ǫ−1 ∂ŵ

∂N

)

, (6.24e)

τ̂zz = −p̂ + 2µǫ−2∂ŵ

∂z
. (6.24f)

We will assume that the viscosity µ is approximately uniform across the boundary

layer. The no-flux and no-stress boundary conditions (6.6) on the free surface z =

ẑ± = Ĥ ± ĥ are transformed to

ǫ−2∂ẑ
±

∂τ
+ ûs

1

1− ǫκN

∂ẑ±

∂s
+ ǫ−1ûn

∂ẑ±

∂N
= ǫ−2ŵ, (6.25a)

1

1− ǫκN

∂ẑ±

∂s
τ̂ss + ǫ−1∂ẑ

±

∂N
τ̂sn = ǫ−1τ̂sz, (6.25b)

1

1− ǫκN

∂ẑ±

∂s
τ̂ns + ǫ−1∂ẑ

±

∂N
τ̂nn = ǫ−1τ̂nz, (6.25c)

1

1− ǫκN

∂ẑ±

∂s
τ̂zs + ǫ−1∂ẑ

±

∂N
τ̂zn = ǫ−1τ̂zz. (6.25d)

On the free edge N = 0 the no-flux and no-stress boundary conditions (6.7) are

simplified to

ûn = 0, (6.26a)

τ̂ns = 0, (6.26b)

τ̂nn = 0, (6.26c)

τ̂zn = 0. (6.26d)

6.3.2 Leading-order variables

Our procedure is now to expand variables in powers of the small aspect ratio of

thickness to length, ǫ. We first consider the stress components (6.24), and determine

how large they can be. This will allow us to determine which of the variables have

N -dependence, i.e. which of the sheet properties vary across the boundary layer and

which are uniform. The stress components τ̂sn, τ̂nn and τ̂zn are all zero at the edge

according to no-stress conditions (6.26), and increase to O(1) as N → −∞ (by

matching to the bulk), so we expect

τ̂sn, τ̂nn, τ̂zn ∼ O(1). (6.27)
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Comparing with definitions (6.24), we deduce

ûs0 = us0(s, 0, z, τ), (6.28a)

ûn0 = un0(s, 0, z, τ), (6.28b)

ŵ0 = w0(s, 0, τ), (6.28c)

so the leading-order velocity is uniform across the boundary layer, and

∂ûn0
∂z

+
∂ŵ1

∂N
= 0. (6.29)

Comparing the leading-order in-plane velocity (6.28a) and (6.28b) to the bulk (6.12),

we can write the leading-order velocity inside the boundary layer in terms of bulk

variables at the sheet edge, i.e.

ûs0 = ūs0 − (z −H0)
∂w0

∂s
, (6.30a)

ûn0 = ūn0 − (z −H0)
∂w0

∂n
, (6.30b)

where ūs0 and ūn0 are the bulk velocity components averaged across the sheet thick-

ness according to (6.13), and all the terms on the right-hand side are evaluated at

n = 0. Returning to the question of the size of the stress components, we balance

terms in the momentum equations (6.23b) and (6.23d). Taking into account that τ̂sn

and τ̂zn are O(1) from (6.27), we deduce that

τ̂sz, τ̂zz ∼ O(1). (6.31)

Now that we have established the size of the terms in the governing equations (6.23)–

(6.26), we proceed by evaluating at leading order in ǫ. Integrating the continuity

equation (6.23a) across the sheet thickness and applying the kinematic boundary

condition (6.25a) we find

ŵ0 =
∂Ĥ0

∂τ
,

∂ĥ0
∂τ

= 0. (6.32)

Integrating (6.32) with respect to τ we see that, since ŵ0 is uniform across the bound-

ary layer by (6.28c), it follows that the leading-order sheet centreline Ĥ0 and thickness

ĥ0 are uniform across the boundary layer if this is the case initially. The initial condi-

tions are given by the steady-state solution on the stretching timescale t. Considering

the no-flux condition (6.25a) on this longer stretching timescale (rescaling both time

and out-of-plane velocity ŵ for stretching) reveals ∂ẑ±0 /∂N = 0, so the sheet surfaces

ẑ±0 = Ĥ0 ± ĥ0 are uniform across the boundary layer on the stretching timescale, and

so on the buckling timescale

ẑ±0 = z±0 (s, 0, τ). (6.33)
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6.3.3 Stress conditions

To determine the variation of the stresses inside the boundary layer, we follow the

same procedure we used in §6.2 to derive the bulk momentum equations (6.16)–

(6.17). Integrating the momentum equations (6.23b)–(6.23d) and applying boundary

conditions (6.25) yields

∂

∂s

∫ ẑ+

ẑ−
τ̂ss dz + ǫ−1 ∂

∂N

∫ ẑ+

ẑ−
(1− ǫκN) τ̂sn dz − κ

∫ ẑ+

ẑ−
τ̂sn dz = 0, (6.34a)

∂

∂s

∫ ẑ+

ẑ−
τ̂sn dz + ǫ−1 ∂

∂N

∫ ẑ+

ẑ−
(1− ǫκN) τ̂nn dz + κ

∫ ẑ+

ẑ−
τ̂ss dz = 0, (6.34b)

∂

∂s

∫ ẑ+

ẑ−
τ̂sz dz + ǫ−1 ∂

∂N

∫ ẑ+

ẑ−
(1− ǫκN) τ̂nz dz = 0. (6.34c)

Evaluating at leading order, integrating over N ∈ (−∞, 0] and applying edge condi-

tions (6.26) on N = 0 gives

∫ ẑ+0

ẑ−0

τ̂sn0 dz =

∫ ẑ+0

ẑ−0

τ̂nn0 dz =

∫ ẑ+0

ẑ−0

τ̂zn0 dz = 0, (6.35)

so the leading-order normal stress components, integrated across the sheet thickness,

are uniform across the boundary layer and, since there are no stresses at the free

edge, these averaged quantities are all uniformly equal to zero. Matching with the

bulk, we obtain boundary conditions for the leading-order in-plane stress at the free

edge, namely

∫ ẑ+0

ẑ−0

τsn0 dz =

∫ ẑ+0

ẑ−0

τnn0 dz =

∫ ẑ+0

ẑ−0

τzn0 dz = 0 on n = 0. (6.36)

We note that the conditions on τsn0 and τnn0 are equivalent to the condition of no

normal stress we have imposed at the sheet edge in Chapter 3.

6.3.4 Moment conditions

Since we are now also modelling out-of-plane deformations using the mid-surface

equation (6.18), we require two further boundary conditions at the free edge. To

determine the variation of the bending moments across the boundary layer, we follow

the procedure used in §6.2 to derive the mid-surface equation (6.18) in the bulk. We

multiply (6.23c) by (z − Ĥ), integrate across the sheet thickness, and use boundary
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condition (6.25c) to arrive at

∂

∂s

∫ ẑ+

ẑ−
(z − Ĥ)τ̂sn dz + ǫ−1 ∂

∂N

∫ ẑ+

ẑ−
(z − Ĥ) (1− ǫκN) τ̂nn dz

+
∂Ĥ

∂s

∫ ẑ+

ẑ−
τ̂sn dz + ǫ−1∂Ĥ

∂N

∫ ẑ+

ẑ−
(1− ǫκN) τ̂nn dz

+ κ

∫ ẑ+

ẑ−
(z − Ĥ)τ̂ss dz = ǫ−1

∫ ẑ+

ẑ−
(1− ǫκN) τ̂nz dz. (6.37)

Evaluating at leading order and using (6.33), (6.35) to eliminate terms, and then

integrating over N ∈ (−∞, 0] and using no-stress condition (6.26c) on N = 0, gives

∫ ẑ+0

ẑ−0

(

z − Ĥ0

)

τ̂nn0 dz = 0, (6.38)

so, to leading order, the nn-component of the bending moment is uniformly equal to

zero across the boundary layer. Matching with the bulk we deduce that
∫ z+0

z−0

(z −H0) τnn0 dz = 0 on n = 0. (6.39)

We now have two free-boundary conditions (6.36) for the in-plane stress components,

together with one free-boundary moment condition (6.39), and we require another to

close the problem. We evaluate the transverse momentum equation (6.34c) at O(1)

and use (6.35) to arrive at

∂

∂s

∫ ẑ+0

ẑ−0

τ̂sz0 dz +
∂

∂N

∫ ẑ+0

ẑ−0

τ̂zn1 dz = 0. (6.40)

Integrating over N ∈ (−∞, 0], applying no-stress condition (6.26d) on N = 0 and

matching with the bulk for N → −∞ gives
∫ 0

−∞

(

∂

∂s

∫ ẑ+0

ẑ−0

τ̂sz0 dz

)

dN =

∫ z+0

z−0

τzn1 dz on n = 0. (6.41)

We are aiming to derive boundary conditions on the bulk variables, so we deter-

mine the boundary-layer stress component

τ̂sz0 = µ

(

∂ûs1
∂z

+
∂ŵ1

∂s
+ κN

∂ŵ0

∂s

)

(6.42)

in terms of bulk quantities. This involves some easy but tedious calculations which

we present in Appendix B. Inserting the result directly into (6.41) we arrive at

∫ z+0

z−0

τzn1 dz = − ∂

∂s

(

∫ z+0

z−0

(z −H0)τsn0 dz

)

on n = 0. (6.43)

This is the final boundary condition at the free edge.
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6.3.5 Summary

Employing the tensor notation introduced in §6.2 for the bending moment M and

stress S̄, the boundary conditions (6.36), (6.39) and (6.43) on the bulk variables at

the free edge are thus

S̄sn = S̄nn = 0, (6.44a)

Mnn = 0, (6.44b)
∫ z−0

z+0

τzn1 dz = −∂Msn

∂s
. (6.44c)

We can verify that these are the natural boundary conditions for the momentum (6.16)

and centreline (6.18) equations by rewriting (6.16) and (6.18) in weak form and setting

the boundary terms equal to zero, and that they are consistent with the conditions

for a solid rectangular plate (Howell et al., 2009) by setting κ = 0, s = x and

n = y. This is also consistent with the boundary conditions derived heuristically

by Srinivasan et al. (2017) by evaluating the work done on the edge and recognizing

that it must be zero at a free edge.

We can write the final boundary condition (6.44c) in a more useful form for the

problem at hand by considering the normal momentum equation in the bulk

∂τsn
∂s

+
∂

∂n
[(1− κn)τnn] + ǫ−1 ∂

∂z
[(1− κn)τnz ] + κτss = 0. (6.45)

Integrating with (z−H) across the sheet thickness and applying no-stress conditions

on the free surface gives

∂

∂s

∫ z+

z−
(z −H)τsn dz +

∂H

∂s

∫ z+

z−
τsn dz

+
∂

∂n

∫ z+

z−
(z −H)(1− κn)τnn dz +

∂H

∂n

∫ z+

z−
(1− κn) τnn dz

+ κ

∫ z+

z−
(z −H)τss dz = ǫ−1

∫ z+

z−
(1− κn)τnz dz. (6.46)

Evaluating at O(1) allows us to rewrite the final boundary condition (6.43) on n = 0

as

2
∂Msn

∂s
+
∂Mnn

∂n
+ κMss = 0. (6.47)
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6.4 Compression zones

Studies by Filippov and Zheng (2010) and Srinivasan et al. (2017) note that the size

and location of compression zones in glass sheets undergoing redraw depend strongly

on the length of the heater zone. In both cases the authors consider thin sheets where

the aspect ratio of the length of the drawing domain to the sheet half-width δ = O(1),

and impose a temperature profile with a hot zone of some characteristic length. Their

main qualitative observations regarding compression zones can be summarized as

follows:

• when the heater zone length is comparable with sheet length considered, one

compression zone is observed in the upper region of the heater zone,

• when the heater zone is short compared with the sheet length considered, two

compression zones are observed, one in the upper region of the heater zone and

one below (see figure 6.2).

We determine which parts of the sheet are under compression by calculating the

principal stresses in the sheet (Filippov and Zheng, 2010), i.e. the eigenvalues of the

stress tensor

P± =
1

2

(

S̄xx + S̄yy ±
√

(

S̄xx − S̄yy

)2
+ 4S̄2

xy

)

. (6.48)

The principal stresses P± together with their corresponding eigenvectors characterize

the stress at a point in the sheet, and P+ > P−. For redraw, we expect P+ > 0

everywhere, but P− may change sign, depending on the sign of

∆ = S̄xxS̄yy − S̄2
xy. (6.49)

In regions where P− > 0 (∆ > 0), the sheet is under tension in every direction, but in

regions where P− < 0 (∆ < 0), the sheet experiences compression in the direction of

the corresponding eigenvector. This compressive force may lead to buckling or wrin-

kling of the sheet, with the wrinkles aligned perpendicular to the axis of compression.

We note that P− = 0 along the sheet edge by the no-stress conditions (6.44a).

6.4.1 Stresses in a planar sheet

We begin by calculating the steady-state solution, in which the mid-surface is flat so

H = 0, and the stress profile

S̄0 := S̄(H = 0) = µh
[

2∇̃ · ŪI+ ∇̃Ū + ∇̃Ū
T
]

(6.50)
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can be determined together with the sheet width b and thickness h by solving the

governing equations

∇̃ ·
(

hŪ
)

= 0, (6.51a)

∇̃ · S̄0 = 0, (6.51b)

together with free-boundary conditions

Ū · n̂ = 0, (6.52a)

S̄0 · n̂ = 0 (6.52b)

on y = b(x), symmetry conditions

∂ū

∂y
= v̄ = 0 (6.53)

on y = 0, and feed and draw conditions

ū = h = b = 1, v̄ = 0 on x = 0, (6.54a)

ū = D, v̄ = 0 on x = 1. (6.54b)

We determine the steady-state solution shown in figure 6.6 numerically by mapping

the equations (6.50)–(6.54) to a fixed domain (x, y/b) ∈ [0, 1] × [0, 1] and using the

finite-element software FEniCS. We calculate the principal stresses P± as well as

the corresponding directions, which we will use later in the chapter. Our numerical

method for determining the steady-state behaviour of the sheet is relatively straight-

forward compared with the ALE and deformed mesh methods used by Filippov and

Zheng (2010) and Srinivasan et al. (2017) since, once the mapping is made, the gov-

erning equations are solved in a known rectangular domain. We use a 400× 800 grid

on the fixed square domain; for higher resolution plots of the principal stresses in

figure 6.6 do not change visibly.

Motivated by our interest in wrinkling at the bottom of the heater zone (giving rise

to buckling in the final product), we also investigate the occurrence of compression

zones in a thin sheet in the asymptotic limit where the heater zone is short compared

with the sheet width. We determine which parts of the sheet are under compression by

calculating P− using solutions to the short-heater-zone model outlined in §§3.2–3.3.
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6.4.2 Results

We first examine the compression zones observed in the short-heater-zone limit. For

a uniform viscosity profile, one compression zone is observed near the sheet edge in

the upper part of the stretching domain (see figure 6.5a). A separate compression

zone in the lower portion of the sheet is not observed. Despite the observations

of Filippov and Zheng (2010) and Srinivasan et al. (2017), this is not very surprising

since the compression zones observed in the lower portion of sheets with O(1) aspect

ratio but a short heater zone are actually located below the main stretching region

(see figure 6.6b) where the sheet width is almost constant, and are therefore outside

of the domain typically considered in the short-heater-zone approximation. In the

short-heater-zone approximation, the compression regions change qualitatively when

the heater profile is further localized within this zone (see figure 6.5b and c). In this

case, two separate compression zones can be observed in the upper and lower parts

of the sheet, and the lower region of compression is mostly located outside of what

might sensibly be classified as the heater zone.

In our studies of stretching of thin glass sheets in Chapters 2–4, our main interest

is in calculating the thickness and width of the sheet, and so we restrict our attention

to the region in which the glass temperature is high and its viscosity is low, since

most of the in-plane acceleration, thinning and lateral necking are confined to this

region. This can be seen, for example, in figure 6.5(c), where the sheet width changes

significantly for x ∈ [0.15, 0.5], but is almost uniform outside of this interval, where

the glass is more viscous and more resistant to stretching. In Chapters 2–4, this

allows us to apply the draw conditions to the sheet at some fixed distance below the

heater zone, once the sheet is viscous enough to resist further stretching, even if the

draw rollers are actually further downstream. By contrast, returning our focus to out-

of-plane buckling we observe that the sheet in figure 6.5(c) has a compression zone

in x > 0.5, so for studies of buckling it is necessary to study the sheet behaviour in

the region between the end of the heater zone and the draw rollers, where important

sheet dynamics may occur. Furthermore, contrasting figures 6.5(b) and (c) we note

that the distance between the end of the heater zone and the line x = constant where

the draw conditions are applied numerically has a significant effect on the size of the

compression zone.

In the remainder of this chapter we will focus on sheets whose aspect ratio of

length to half-width δ = O(1), with either uniform or localized heating. In figure 6.6

we plot the principal stresses P± for the case δ = 1 for (a) a sheet with uniform
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Figure 6.5: Principal stress P− (6.48) in a thin sheet undergoing redraw with draw
ratio D = 20 through a short heater zone for three different viscosity profiles (illus-
trated). Regions in which P− > 0 are coloured red, regions in which P− < 0 are
coloured blue.
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viscosity and (b) a sheet with localized heating

T (x) = θ0 + (1− θ0)

(

1

1 + exp[−k(x− xL)]
+

1

1 + exp[k(x− xR)]
− 1

)

, (6.55)

for θ0 = 0.8, k = 20, xL = 0.25 and xR = 0.75, with viscosity

µ = exp

[

1

ν

(

1

T − Tc
− 1

1− Tc

)]

, (6.56)

where Tc = 0.34 and ν = 0.1. (We note that this is the profile supplied by Schott AG

and used for comparison with experiment in the short-heater-zone limit in §3.5.) In

the uniform viscosity case, P− < 0 near the sheet edge in the upper part of the sheet.

In the localized heating case, P− < 0 in two separate regions, one in the upper part

of the sheet and the other below the heater zone.

We also plot arrows indicating the axes along which the principal stresses are

directed in figure 6.6. The tensile stress P+ is aligned primarily with the motion of

the sheet, and is approximately parallel to the sheet edge. Meanwhile, P− is aligned

perpendicular to the motion of the sheet, and perpendicular to the sheet edge. We

expect the wrinkles to form in the compression zones where P− < 0, and to be aligned

perpendicular to P−, i.e. approximately parallel to the sheet edge.

We note that Srinivasan et al. (2017) also consider a viscosity profile of the

form (6.55)–(6.56), with altered parameters k = 40, xL = 0.125, xR = 0.625 and

ν = 0.15, for a sheet with aspect ratio δ = 1.4 undergoing redraw with draw ratio

D = 10. For this profile, and others considered by Filippov and Zheng (2010) and

Srinivasan et al. (2017), the compression zone in the lower region either stretches

across the sheet width or is localized near the centre of the sheet, and the compres-

sion zone in the upper region may stretch across the sheet width or be localized near

the sheet edge. We observe that the temperature and viscosity profiles (6.55)–(6.56)

yield compressive zones that are localized near the sheet edge when the width of the

preform is the same as the distance over which the sheet is drawn (see figure 6.6b),

but extend towards the centre of the sheet as the aspect ratio of length to half-width

δ is increased (see figure 6.7). This provides further evidence that the shape of the

viscosity profile as well as both the length of the heater zone and the distance over

which the sheet is drawn relative to the preform width are important for determining

the compression zones and hence buckling profiles for a sheet undergoing redraw.
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Figure 6.6: Principal stresses P± (6.48) and corresponding eigenvectors in a
thin sheet undergoing redraw with draw ratio D = 20, with aspect ratio
drawing distance/half-width = 1, for two different viscosity profiles µ(x) (illustrated).
Regions in which P− > 0 are coloured red, regions in which P− < 0 are coloured
blue.
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Figure 6.7: Principal stress P− (6.48) in a thin sheet undergoing redraw with draw
ratio D = 20 through a heater zone (6.55)–(6.56) (a), for a sheet whose aspect ratio
of length to half-width δ is (b) 1.4 and (c) 2.0. Regions in which P− > 0 are coloured
red, regions in which P− < 0 are coloured blue.

6.5 Buckling profiles

We investigate the stability of the sheet to out-of-plane deformations by considering

an infinitesimal mid-surface deformation |H| ≪ 1. Motivated by the observation of

compression zones below the heater zone in sheets with aspect ratio O(1) and localized

heating in §6.4, we focus on a thin sheet whose aspect ratio of length to half-width

δ = 1, and investigate the effect of the viscosity profile on the buckling profile.

6.5.1 Linear-stability analysis

We linearize the governing equations (6.16)–(6.19) and boundary conditions (6.8)–

(6.9) and (6.44) about the steady state solution. Linearizing the stress balance (6.16)–

(6.17) forH ≪ 1, we find that the stress is unchanged from the steady-state result S0,

and we only need to solve (6.18) for H . Linearizing the mid-surface equation (6.18),

we consider a single mode H = eλtH̃, where λ is the growth rate and H̃ gives the

spatial buckling profile. Substituting into (6.18), we find

λ∇ ·
(

∇ · M̃
)

+∇ ·
(

∇H̃ · S̄0

)

= 0, (6.57)
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where S̄0 is the known steady-state stress profile (6.50) and

M̃ = −µh
3

3









4
∂2H̃

∂x2
+ 2

∂2H̃

∂y2
2
∂2H̃

∂x∂y

2
∂2H̃

∂x∂y
2
∂2H̃

∂x2
+ 4

∂2H̃

∂y2









. (6.58)

On the boundaries, we integrate the conditions of simple-support at the rollers (6.8c)

and (6.9b) and use the fact that the sheet is initially flat to arrive at

H̃ =
∂2H̃

∂x2
= 0 (6.59)

on x = 0 and x = 1, while the free-boundary conditions (6.44b) and (6.47) become

M̃nn = 2
∂M̃sn

∂s
+
∂M̃nn

∂n
+ κM̃ss = 0 (6.60)

on y = b(x). Finally, we impose symmetry conditions

∂H̃

∂y
=
∂M̃yy

∂y
= 0 (6.61)

along y = 0. We note that Srinivasan et al. (2017) use clamped boundary conditions

in their computations rather than simple-support at the sheet ends. In reality neither

boundary condition is correct; we discuss this further in §6.7.
In Chapters 3–4 and so far in this chapter we have used open-source finite-element

software FEniCS to solve the two-dimensional steady-state equations governing the in-

plane behaviour of a thin viscous sheet. In the case of the eigenvalue problem (6.57)–

(6.61), numerical errors on the mesh scale were observed in FEniCS, and grid inde-

pendence could not be achieved. Instead, we follow the example of Srinivasan et al.

(2017) and use COMSOL, which suppresses these errors. We then solve the eigen-

value problem (6.57)–(6.61) on the fixed domain (x, y/b) ∈ [0, 1]× [0, 1], using quintic

basis functions on an irregular mesh with elements whose size is below 0.02.

6.5.2 Results

In figure 6.8 we plot the fastest-growing buckling mode for (a) a sheet with uniform

viscosity and (b) a sheet with localized heating (6.55)–(6.56). This is the eigenfunction

H̃ associated with the largest value of real(λ) in the eigenvalue problem (6.57)–(6.61).

The eigenfunctions are normalized so that max |H̃| = 1. The level curve P− = 0

is also shown. In the case of a uniform heater zone we observe buckling in the

upper portion of the sheet, near the sheet edge (see figure 6.8a). The deformation
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is localized in the region under compression and for a sheet with viscosity µ ≡ 1

undergoing redraw at draw ratioD = 20 the most unstable buckling mode has growth

rate λ = 2.5 × 10−4. For a sheet with localized heating (6.55)–(6.56), we observe

two compression zones in the sheet. The fastest-growing eigenmodes correspond to

buckling in the lower compression region, below the heater zone (see figure 6.8b), and

λ = 1.3× 10−3 ± i 5.4 × 10−7. For both the uniform viscosity case and the localized

heating case, the wrinkles are aligned parallel to the sheet edge, and perpendicular

to the compressive stress (cf. figure 6.6), as expected.

We note that the fastest-growing eigenmode and corresponding eigenvalue are

complex in the short-heater-zone case. The eigenvalue has a very small imaginary

part, which indicates that the buckling mode oscillates very slowly. In both cases

the growth rate is small, which indicates that the wrinkles grow slowly. If real(λ) is

sufficiently small that the actual timescale for wrinkle growth is comparable with the

stretching timescale, it is possible that oscillations are swept out of the heater zone

before they have time to grow significantly. We will give some explanation for the

size of λ in §6.6.

100 101 102 103

µ

0.0

0.2

0.4

0.6

0.8

1.0

x

(a)

(b)

0.0 0.5 1.0
y

0.0

0.5

1.0

x

−1.0

−0.5

0.0

0.5

1.0

0.0 0.5 1.0
y

0.0

0.5

1.0

x

−1.0

−0.5

0.0

0.5

1.0

(a) (b)

Figure 6.8: Fastest-growing buckling modes H̃ of the linear-stability problem (6.57)–
(6.61) in a thin sheet undergoing redraw with draw ratio D = 20 through a domain
of dimensionless length δ = 1, with (a) uniform viscosity (λ = 2.5× 10−4), and (b) a
localized heater zone (λ = 1.3 × 10−3 ± i 5.4 × 10−7). In the case (b) the buckling
mode is complex and the real part is plotted. Contours of P− = 0 are plotted in cyan
for comparison.
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6.6 Simple compression-zone problem

In §6.5, we determined the buckling profile and corresponding growth rate of buckling

in the compression zone in a glass sheet undergoing redraw by solving numerically

a fourth-order eigenvalue problem (6.57)–(6.61) in the whole sheet. In this section

we focus our attention on the section of the sheet under compression, and estimate

the expected growth rate and wavelength of buckling based on the bending stiffness

µh3/3 of the sheet, the size of the compression zone and the magnitude of the tension

and compression forces inside this zone. We have seen that the compression zones

in a sheet undergoing redraw are a range of shapes and sizes, and the stresses vary

significantly across each compression zone (cf. figure 6.5 and 6.6). The properties of

the compression zone in turn determine the buckling behaviour. We can gain insight

into this complicated problem by considering a very simplified version in which a

rectangular compression zone with uniform stresses and bending stiffness is embedded

in a flat sheet under tension. We assume the principal stresses P± are aligned along

the edges of the rectangular compression zone.

We consider a sheet of length a and width b, under uniform tension P+ = T > 0

in the x1 direction and compression P− = −C < 0 in the x2 direction as shown

in figure 6.9. (In principle we could scale this rectangular sheet segment onto a

unit square, but for direct comparison with real sheets it is more straightforward to

use a rectangle of arbitrary size.) Comparing the fastest-growing buckling modes in

T

T

C C

b

a

x2

x1

Figure 6.9: Rectangular sheet segment embedded in the coordinate system (x1, x2)
experiencing tension along the x1 axis and compression along the x2 axis.
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figure 6.8 with the principal stresses in figure 6.6, we observe that buckling is localized

around the compression zones, and that the rest of the sheet is approximately flat.

For simplicity, we assume here that the compression zone is simply-supported, so

H =
∂3H

∂x21∂τ
= 0 on x1 = 0, a, (6.62a)

H =
∂3H

∂x22∂τ
= 0 on x2 = 0, b. (6.62b)

We assume the thickness and viscosity are approximately uniform inside the rectangle,

so that the centreline equation (6.57) can be simplified to

4µh3

3
∇4∂H

∂τ
= T ∂

2H

∂x21
− C ∂

2H

∂x22
. (6.63)

This admits non-trivial solutions of the form

H = eλτ sin
(nπx1

a

)

sin
(mπx2

b

)

, (6.64)

where n and m are positive integers, and the growth rate λ satisfies

4µh3

3
λπ2

(

n2

a2
+
m2

b2

)2

= C
(

m2

b2

)

− T
(

n2

a2

)

. (6.65)

We note that in this scenario λ is real, and that for any C > 0 there exists λ > 0 for

sufficiently large m, but that this positive growth rate may be very small. We seek

the fastest-growing eigenmode by maximizing λ > 0 with respect to n and m. We

observe that ∂λ/∂n < 0 for all n > 0, so we choose n = 1, and λ is then maximized

for

m =
b

a

√

1 + 2
T
C , (6.66)

with growth rate

λ =
3

4µh3
a2

4π2

C2

C + T . (6.67)

We note that the number of wrinkles m and growth rate λ depend not only on the

size of the region under compression and the magnitude of the compressive force, but

also on the viscosity, thickness and tension. Increasing the viscosity or thickness in

the sheet suppresses the growth of out-of-plane deformations. Out-of-plane defor-

mations are also penalized by the tensile force, so that increasing tension relative to

compression increases the number of wrinkles m and also decreases the growth rate

λ.
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In a three-dimensional sheet undergoing redraw, the compression zones will not

be rectangular and the principal stresses P± will vary over the compression zone, as

will the viscosity µ and the thickness h. However, we can obtain rough estimates

for the number of oscillations m and growth rate λ by approximating the average

values across the compression region, using our numerical solution to the steady-state

in-plane problem (6.51)–(6.54). Estimates for the average parameter values in the

compression regions illustrated in figure 6.6 for (a) a uniform viscosity profile and (b)

a sheet with a localized region of low viscosity are shown in table 6.1. Based on these

approximations, the scaling law (6.66) predicts that there will be 3–4 wrinkles in the

buckling region in the two sheets considered in §§6.4–6.5. This is comparable to the

behaviour observed in the numerical solution to the linear-stability problem (6.57)–

(6.61) illustrated in figure 6.8. Furthermore, the growth rates λ = 2.5 × 10−4 for a

sheet with uniform viscosity and λ = 1.3× 10−3 ± i 5.4× 10−7 for the profile (6.55)–

(6.56) are comparable with the values λ = 1.8× 10−4 and λ = 1.3× 10−4 respectively

suggested by the scaling law (6.67). In particular, we note that even though the

growth rates computed in §6.5 may appear very small, they are in fact in line with

the simple stability analysis performed here.

Uniform viscosity Localized heating

a 0.4 0.1
b 0.25 0.1
µ 1 300
h 0.75 0.2
T 10 50
C 0.5 10

n 1 1
m 4 3–4
λ 1.8× 10−4 1.3× 10−4

Table 6.1: Average parameters in compression zones for sheets with draw ratio D and
either (a) uniform viscosity or (b) localized heating (6.55)–(6.56), estimated using
the numerical solutions to the steady-state problem (6.51)–(6.54) shown in figure 6.6.
These average parameters are used to calculate predictions for the number of wrinkles
n and m and the growth rate λ using rectangle model (6.66)–(6.67).
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6.7 Comparison with experimental observations

In experimental tests of the glass redraw process at Schott AG, the redrawn product

is sometimes observed to have significant out-of-plane deformations (see figure 6.1).

These deformations have a very regular shape, are typically localized near the sheet

edge, and the wavelength and angle of the buckling pattern appear to be fixed during

a given redraw cycle. In §6.5 we have calculated the fastest-growing buckling modes

for the industrial furnace and viscosity profiles (6.55)–(6.56). We observe buckling

localized near the sheet edge (see figure 6.8), which is consistent with the patterns

observed in the final product. In principle we could apply the simple scaling analysis

outlined in §6.6 or solve the linear-stability problem (6.57)–(6.61) numerically to

estimate the buckling wavelength, and compare this with experimental observations,

although we would require measurements of the drawing distance and the viscosity

profile over the whole domain so that we could estimate the stresses in the sheet.

The analysis of a rectangular sheet segment under compression in §6.6 suggests

that the growth rate of buckling may be decreased by changing the parameters

in (6.67), for example by increasing the bending stiffness µh3/3 or modifying the

compression zone. We note that using (6.67) to control buckling is not straight-

forward in reality, since the aim is to produce sheets of some particular thickness,

and since the dimensions a and b of the compression zone and the principal stresses

T and C are determined by the nonlinear problem (6.51)–(6.54), and depend para-

metrically on the viscosity µ. However, one option is to introduce a second pair of

rollers (Anderson et al., 2016) located near the lower compression zone and tilted to

apply an outward force, in order to modify the stress profile and reduce or eliminate

compression.

In the buckling solutions of the linear-stability problem calculated numerically in

§6.5, the sheet mid-surface is always flat exiting the drawing region, i.e. there are

no out-of-plane deformations in the final product. One reason for this is that the

compression zones calculated in §6.4 (and those calculated by Filippov and Zheng,

2010 and Srinivasan et al., 2017 for other viscosity profiles and draw ratios) are always

located just above the draw rollers (see, for example, figure 6.6b). The buckling modes

predicted by the linear-stability analysis are based on the steady-state stress profile,

and so will predict buckling profiles localized in the steady-state compression zones

and away from the draw rollers. In Chapter 5 we saw that the stress profile in

the sheet evolves as the sheet deforms, and that this in turn changes the buckling

profile of the sheet (see, for example, figure 5.4). In the case of a three-dimensional
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sheet, when out-of-plane deformations grow sufficiently large for the nonlinear terms

in (6.16)–(6.19) to be important, the stress profile will evolve in response to the mid-

surface deformation. In some parameter regimes, the compression zone may then

stretch down as far as the draw rollers, so that the sheet experiences compression and

can buckle there. However, further study of the full nonlinear problem (6.16)–(6.19)

would be necessary to determine the cases for which this occurs. Furthermore, the

boundary conditions in their current form would counteract the buckling in the sheet

and smooth out any deformations as the sheet exits the drawing region. In our linear-

stability analysis we assumed simple-support at each end of the sheet by imposing

H = Hxxτ = 0. However, the situations of real interest here are the ones in which the

sheet exits the drawing domain with out-of-plane deformations that are “frozen in”, so

it is evident that the boundary condition H = 0 at the draw rollers is not appropriate

when studying nonlinear buckling in redraw of a three-dimensional sheet. Before

solving the nonlinear buckling problem it will be necessary to first reformulate the

boundary conditions, taking into account the fact that the draw rollers may suppress

the out-of-plane motion of the sheet but do not eliminate it.

6.8 Discussion

In this chapter we address out-of-plane deformation of a three-dimensional thin glass

sheet undergoing redraw, motivated by the observation of out-of-plane ripples in the

mid-surface of redrawn glass sheets at Schott AG. During the redraw process, the

sheet is stretched by draw rollers to make it thin, but lateral contraction of the

sheet edges can give rise to compression in some directions in parts of the sheet. We

present a model to predict the buckling modes in the sheet, and derive the boundary

conditions for the bending moment at the curved free edge of the sheet. These have

an extra term compared with the conditions at a straight edge derived by Howell

et al. (2009) for a solid rectangular plate, accounting for the curvature of the free

edge.

We first calculate the principal stresses in the sheet in equilibrium, i.e. when it

is planar, and determine the regions of the sheet that experience compression. We

consider both the short-heater-zone limit and cases where the aspect ratio of drawing

distance to sheet width is of O(1), motivated by observations (Srinivasan et al., 2017)

of one compression zone for long heater zones and two for short heater zones. In

regimes where the heater zone is shorter than the sheet length considered, there is

one compression zone in the upper part of the sheet and one in the lower part of
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the sheet near the draw rollers, and we observe that the compression zone in the

lower part of the sheet is actually located below the heater zone. This result implies

that, when studying buckling behaviour in a sheet undergoing redraw through a short

heater zone, it is not appropriate to apply the simplified model presented in Chapter 3

for the short-heater-zone limit, as buckle formation may occur outside of the solution

domain if the draw rollers are located far below the heater zone in reality.

We present a linear-stability analysis for a sheet with O(1) aspect ratio undergoing

redraw, and calculate the fastest-growing eigenmodes and corresponding growth rates

in two cases: (i) when the viscosity is uniform, and (ii) when the viscosity is varying,

with a local minimum near the middle of the drawing domain and regions with very

high viscosity near the ends of the drawing domain. When the viscosity is uniform,

buckling is localized in the single compression zone in the upper part of the drawing

domain. For the case of varying viscosity there are two compression zones, but the

fastest-growing mode corresponds to buckling in the lower compression region. For the

industrial temperature and viscosity profiles considered here, the buckling is localized

near the sheet edge, and decays towards the centre of the sheet, in agreement with

experimental observations.

We also present a simple model for buckling inside a compression zone by con-

sidering a rectangular sheet segment embedded in a tensile sheet, and derive scaling

laws for the wavenumber and growth rate of out-of-plane deformations. We assume

that the rectangle is under uniform tension along one axis and uniform compression

along the other, and that the sheet is simply-supported at the rectangle boundaries.

We thus write down the shape of each buckling mode, together with its growth rate.

We then determine the maximum growth rate as a function of viscosity, sheet thick-

ness, the size of the rectangle and the size of the tension and compression forces.

In principle this growth rate may be decreased by adjusting the process to modify

these parameters. However, in reality this is either difficult or counter-productive.

For example, increasing the sheet thickness to increase the bending stiffness will slow

down buckling, but this is not helpful in a process where the aim is to make very

thin sheets. The size of the compression region and the magnitude of the compressive

force are determined by a nonlinear system of equations, and changing the viscosity

also changes these properties.

Finally, we compare our model with glass sheets redrawn at Schott AG, and con-

sider the modifications necessary to predict the buckling observed in these sheets.

Our linear-stability analysis predicts buckling modes localized near the sheet edge,

and this agrees qualitatively with experimental observations. However, the buckling
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modes predicted by linear-stability analysis are localized in the regions under com-

pression in a planar, steady-state sheet during redraw. These regions are above the

draw rollers, and the product exiting through the draw rollers is always flat. Numer-

ical solution of the full nonlinear problem would be necessary to model the coupled

evolution of the stress profiles and mid-surface, and the draw boundary conditions

would need to be modified to reflect the fact that the draw rollers do not remove

deformations from the sheet in reality.
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Chapter 7

Conclusions

In this thesis we discuss mathematical modelling of thin viscous sheets in the context

of the glass sheet redraw process, in particular focusing on the thickness profile and

out-of-plane deformations of the sheet. In this chapter we summarize our results and

suggest some further work that could be carried out in the future.

7.1 Summary of results

We treat molten glass as an incompressible, Newtonian fluid, with temperature-

dependent viscosity and Reynolds number Re ≪ 1. We exploit the fact that sheets

undergoing redraw are very thin compared with other lengthscales, and use asymp-

totic analysis to reduce the dimensionality of our mathematical models. We use these

reduced models to investigate the thickness profile a of redrawn glass sheet and its

dependence on process parameters, as well the development of out-of-plane deforma-

tions in a sheet undergoing redraw.

We present a model for heat and fluid flow in a thin two-dimensional glass sheet

undergoing redraw in Chapter 2. By considering the thin-sheet limit, we determine

that, in parameter regimes of interest, the temperature profile is independent of the

thickness and velocity profiles of the glass sheet. Based on this finding, we supplement

the equations governing fluid flow with a prescribed viscosity profile in the remainder

of this thesis. We also investigate the stability of a redrawn sheet to draw resonance,

in which perturbations to the thickness grow in amplitude above a critical draw ratio.

We find that the critical draw ratio above which a sheet undergoing redraw becomes

unstable is much larger than typical industrial draw ratios, which is consistent with

the fact that draw resonance is not observed to be a problem in the redraw process in

reality, and therefore it is not considered in the more complicated three-dimensional

redraw processes analysed in later chapters.
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A redrawn sheet is typically thicker at the edges than in the centre; this is a

ubiquitous problem in the redraw of glass sheets and is observed for both long and

short heater zones. In Chapter 3 we develop a mathematical model for redraw of

a thin glass sheet through a very short heater zone. This study is motivated by

experimental observations that, when the heater zone is short, the redrawn glass

sheet has a uniform thickness profile except near the edges, where it is thicker. The

thin-sheet approximation allows us to model the three-dimensional sheet using a two-

dimensional model, and considering the asymptotic limit of a very short heater zone

allows us to reduce the problem further to one spatial dimension in the bulk, with

two-dimensional boundary layers at the edges where so-called “thick edges” form.

Our analysis demonstrates that the extent of these thick edges depends linearly on

the length of the heater zone through which the sheet is drawn, and this length may

be scaled out of the problem. We compute numerical solutions to the two-dimensional

boundary-layer problem, matching with an analytical solution in the one-dimensional

bulk to give a complete picture of the thickness profile of the redrawn sheet. The

predictions of this reduced model give excellent agreement with a numerical solution

of the full three-dimensional Stokes problem, validating the various assumptions made

in deriving the reduced model. The agreement with experimental data is also good,

although a more accurate measurement of the furnace temperature profile might give

further improvement. We observe that the ratio between the edge and bulk thicknesses

scales with the square root of the draw ratio. This conforms with observations of

film casting in the polymer industry. We show that this relationship is exact as a

consequence of conservation of mass at the stress-free edge.

We also address the inverse problem: what shape preform will redraw to a fi-

nal product with uniform thickness? In the short-heater-zone limit it is possible to

reformulate this as a modified version of the forward problem, in which the sheet un-

dergoes compression rather than stretching. We again compute numerical solutions

of the two-dimensional boundary-layer problem and hence predict “optimal preform”

profiles that will redraw to rectangular final products. We also investigate the op-

tion of linearly tapering the preform rather than using the exact optimal thickness

profile, since this is more feasible in an industrial context. We find that the sharp

corner in the preform gives rise to an unavoidable “kink” in the final product, which

would need to be removed during post-production, but that the thickness at the edge

can nonetheless be reduced significantly, so that the redrawn sheet can be rolled up

without breakage.
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In Chapter 4 we modify the mathematical model developed in Chapter 3 for the

regime in which the heater zone through which the sheet is redrawn is much longer

than the sheet width. We consider the asymptotic limit in which the ratio of sheet

half-width to heater zone length is small, and determine analytical solutions for the

leading-order behaviour. In doing so, we confirm that the preform shape is preserved

in the absence of surface tension to leading order, and we quantify the effect of surface

tension on the leading-order sheet shape. Previous work suggests that the next-order

correction terms should scale with the square of the aspect ratio of sheet half-width

to heater zone length. However, by matching between the one-dimensional bulk and

two-dimensional boundary layers at the top and bottom of the heater zone we show

that the first correction terms scale linearly with the aspect ratio, and this is in

agreement with numerical solutions of the full three-dimensional problem calculated

by Schott AG. We calculate the corrections to the bulk solution analytically, with

unknown terms to be determined by matching with the leading-order solution in the

aforementioned boundary layers. We calculate the solution in these two-dimensional

boundary layers numerically. It is possible to rescale all process parameters out of the

problem so that the two-dimensional equations need only be solved once. We observe

excellent agreement between the two-term asymptotic solution for the thickness profile

in the limit of a long heater zone and simulations performed by Schott AG in the

absence of surface tension. When surface tension is included we again predict the

final thickness profile to a very good approximation, except for in a small region near

the edge of the sheet where surface tension smooths the sharp corners in the thickness

profile, which is not resolved by our thin-sheet model.

We also address the inverse problem, which is simpler than in the short-heater-zone

case because the thickness variations in the long-heater-zone case are at higher order

in the small aspect ratio of width to length, and these correction terms are governed

by a system of linear differential equations. The boundary layers at either end can

be rescaled onto the canonical boundary-layer system from the forward problem, so

that the preform required to redraw to a final product with uniform thickness may

be calculated directly from the solution to the forward problem.

In Chapters 5 and 6 we address the problem of ripples or out-of-plane deformations

appearing in the redrawn glass sheet in some processes. Inside the heater zone, the

glass is stretched in the direction of drawing, but it is not necessarily the case that

the sheet experiences tension in every direction. Indeed, there are regions in the sheet

where the glass experiences tension in one direction and compression in another. The

development of out-of-plane ripples in the sheet is linked to these compressive regions.

143



In Chapter 5 we develop a model for a two-dimensional glass sheet undergoing

redraw in a gravitational field as a first step towards understanding the buckling

behaviour of a sheet in which one region experiences tension and another compression.

In the case of a two-dimensional sheet under the influence of gravity, the upper part

of the sheet experiences tension due to the combined effect of gravity and the draw

rollers, but if the effect of gravity is sufficiently large then the lower part of the sheet

will experience compression because the glass accelerates beyond the draw speed and

must subsequently decelerate. This compressive force renders the sheet unstable to

out-of-plane buckling. We exploit the thin geometry of the sheet to reduce the model

to one spatial dimension, and assume the sheet is nearly planar so the model can easily

be expressed in Cartesian coordinates. We use a time-dependent model to capture

the evolution of the out-of-plane deformation, and supplement the reduced mass and

momentum equations with an equation for the centreline of the sheet. We compute

numerically the fastest-growing eigenmodes of the linearized stability problem. We

observe that the sheet typically buckles with one bump, but that far from the stability

threshold it may oscillate in space, as both the magnitude of the compressive force

and the size of the region under compression increase. We also compute numerical

solutions to the nonlinear time-dependent governing equations. This allows us to

investigate the feedback between the growth of the centreline and the velocity profile

of the sheet and to model the evolution of the sheet shape as it grows. In particular,

we note that inertia becomes less important as time proceeds, and that the sheet

appears to adopt a self-similar shape near the bottom of the heater zone where the

centreline deviation is maximized. We investigate the late-time behaviour of the

system and determine that the buckling sheet is composed of a shrinking compressive

boundary layer which drives the buckling, and a bulk region under tension where

the amplitude is controlled by matching with the boundary layer. We find that

the size of the compressive region decreases with time−1/3 and determine asymptotic

approximations to the sheet shape in the late-time limit.

In Chapter 6 we extend our model to buckling of a three-dimensional thin sheet

undergoing redraw, and derive boundary conditions at the free curved edge of a

thin viscous sheet. In this process, the sheet experiences tension in one direction

due to the stretching effect of draw rollers, but may experience compression in the

lateral direction as the sheet edges neck in. In “compression zones” where the sheet

experiences compression in some direction, the sheet mid-surface is unstable to out-of-

plane deformations, and localized buckling is observed. We investigate the occurrence

of compression zones during redraw in the short-heater-zone limit as well as for sheets
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where the length is comparable to half the preform width. In both regimes further

sub-cases are considered in which the sheet has either uniform viscosity or a viscosity

profile corresponding to localized heating of the sheet. Regardless of the sheet length,

we observe one compressive zone in sheets with uniform viscosity and two compressive

zones in sheets with localized heating. The second compressive zone is typically

located in the region below the heater zone, which is discarded in the short-heater-

zone limit in studies of stretching planar sheets since the viscosity is very large and

the sheet shape does not change significantly.

We perform a linear-stability analysis and calculate the fastest growing eigenmodes

and corresponding growth rates for the cases of uniform viscosity and localized heat-

ing. In a sheet with uniform viscosity, buckling is localized in the single compressive

zone, while in a sheet with localized heating the fastest-growing eigenmode corre-

sponds to buckling in the lower compressive region, below the heater zone and close

to the draw rollers. This is consistent with a similar linear-stability analysis carried

out by Srinivasan et al. (2017). In our particular case, the buckling modes predicted

with the viscosity profile of Schott AG are located near the sheet edge, and this is

consistent with ripples observed in sheets drawn at Schott AG. We also consider a

very idealized model for the compressive zone in a sheet during redraw, in which a

uniform rectangular sheet segment under compression in one direction is embedded

in a sheet under tension. By determining the fastest-growing mode in such a rectan-

gular sheet segment, as a function of the size of the zone, the stress inside the zone

and the viscosity and thickness of the sheet, we predict approximate scaling laws for

the dominant wavenumber and growth rate of buckling during redraw. Finally, we

present a discussion of the further steps required to relate our analysis thus far to

experimental observations.

7.2 Future work

We have made a number of simplifying assumptions about the role of temperature

and heat flow in the redraw process; one could extend the work in this thesis by

relaxing these assumptions:

• The thickness profiles plotted in Chapter 4 are all for the case of uniform vis-

cosity. For comparison with experiment it will be necessary to use a profile that

better reflects the reality inside the furnace, as in Chapter 3.
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• In §3.5, we noted a discrepancy between the thickness profile predicted by both

full numerical simulation and reduced models and thickness profiles observed

experimentally. Although the good agreement between the full simulation and

the reduced model indicates that neglecting both surface tension and coupled

heat flow is valid, there is evidence to suggest that the supposed furnace profile

used for both models, and therefore the temperature and viscosity profiles used

to predict the fluid flow in the sheets, is not fully accurate. Re-measuring the

furnace profile and then redoing the calculation should improve the agreement

between predictions and observations.

• In Chapter 2 we model heat flow in a two-dimensional thin sheet, and determine

that heat flow is decoupled from fluid flow to leading order in the redraw process.

This allows us to impose a prescribed temperature (and hence viscosity) profile

when solving the equations of motion for the sheet. Although this seems to be

valid for the redraw processes studied in this thesis, it may not always be the

case. We discuss possible approaches to relaxing this assumption in §2.3, and
doing so could broaden the applicability of this work.

In addition, the following areas could benefit from further attention:

• In Chapter 4 we note that our two-dimensional thin-sheet model cannot predict

the rounding of the sheet edges due to surface tension, which was observed in full

numerical simulations of the three-dimensional system. This is true whenever

surface tension is present; the sheet thickness is modified by the smoothing effect

of surface tension in a region near the sheet edge whose size is comparable to the

sheet thickness. One can resolve this behaviour by scaling into the boundary

layer and re-introducing previously neglected terms. It is then possible, in

principle, to numerically solve a Stokes problem to determine the shape of each

two-dimensional slice at the sheet edges.

• In Chapter 5 we note that our nearly-planar assumption prevents the model

from predicting “tipping over” or slumping of the sheet at very late times. This

could be captured by matching the existing model in Cartesian coordinates with

an arclength formulation of the problem in which large centreline deformations

are permitted.

Finally, in Chapter 6 we present a preliminary analysis of buckling in a three-dimensional

thin glass sheet during redraw. This should be extended in the following ways:
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• Our linear-stability analysis predicts buckling modes which are localized in the

regions under compression in steady state, and these regions are located above

the draw rollers. By studying the full nonlinear problem we could predict the

evolution of the stresses in the sheet and determine the process parameters for

which the out-of-plane deformations reach the draw rollers.

• So far we have assumed that the centreline is flat at the draw rollers. This is

unrealistic, since ripples are observed in redrawn sheets. It will be necessary

to develop more appropriate draw-roller boundary conditions which reflect the

fact that the draw rollers only touch the sheet at two points near the edges, and

that deformed sheets may in principle pass through the rollers.

7.3 Closing remarks

The subject of this thesis arose from a real-life industrial process. The mathematical

consideration of glass drawing is a well-studied area, but open problems in the glass

redraw process motivate further development and study of models tailored specifically

for redraw. These open problems relate to three-dimensional behaviour of thin vis-

cous sheets, and each give rise to interesting free-boundary fluid dynamics problems.

Industrially relevant assumptions about the thinness of the sheet and the length of

the heater zone compared with its width result in natural small parameters, moti-

vating the use of perturbation methods to analyse models for the redraw process. A

significant amount of insight is gained from asymptotic analysis, supplemented with

numerical methods where appropriate.

This work gives key insight into the thickness profile of a glass sheet produced

using the redraw process, and the results should allow for design optimization that

can minimize costs and improve efficiency within the glass industry. As noted in

the previous section, our model for buckling of glass sheets during redraw is far

from complete. However, it is our hope that it may provide a foundation for the

development of a comprehensive theory of buckling in thin viscous sheets with non-

uniform stress profiles.
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Appendix A

Length and timescales for buckling

We seek a lengthscale ǫθ and timescale ǫβ for which inertia, bending and tension are

balanced in the centreline equation (5.18),

ǫφR̄e

(

ǫ−θ ∂

∂ξ
+

∂

∂x

)
∫ z+

z−

(

ǫ−βuτ + ut
)

(z −H) dz

+ ǫφR̄e

(

ǫ−θ ∂

∂ξ
+

∂

∂x

)
∫ z+

z−

(

ǫ−θuuξ + uux + ǫ−βwuz
)

(z −H) dz =

(

ǫ−θ ∂

∂ξ
+

∂

∂x

)2 ∫ z+

z−
(z −H)

(

−p+ 2ǫ−θuξ + 2ux
)

dz

+

(

ǫ−θ ∂

∂ξ
+

∂

∂x

)

[

(

ǫ−θHξ +Hx

)

∫ z+

z−

(

−p + 2ǫ−θuξ + 2ux
)

dz

]

− ǫφ−βRe

∫ z+

z−

(

ǫ−βwτ + wt + ǫ−θuwξ + uwx + ǫ−βwwz

)

dz. (A.1)

The left-hand-side of (A.1) corresponds to inertial effects, while on the right-hand-side

the first term is a bending term, the second term tension and the third term inertia.

We determine the size of each of these terms by performing an asymptotic analysis in

the thin-sheet limit ǫ→ 0, with θ and β unknowns to be determined by ensuring the

three effects are the same size, assuming φ, θ, β > 0. We follow the procedure used in

Chapters 2–4 to derive the leading-order governing equations, noting conditions that

must hold for this procedure to be valid. Since θ and β are still to be determined, we

propose general expansions

u = u(0) + ǫκu(1) + ǫ2κu(2) + · · · , (A.2a)

w = w(0) + ǫκw(1) + ǫ2κw(2) + · · · , (A.2b)

h = h(0) + ǫκh(1) + ǫ2κh(2) + · · · , (A.2c)
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H = H(0) + ǫκH(1) + ǫ2κH(2) + · · · , (A.2d)

p = p(0) + ǫκp(1) + ǫ2κp(2) + · · · , (A.2e)

where κ ∈ R is chosen so that powers of ǫθ, ǫβ, ǫφ and ǫ2 are all encompassed in

the expansion. We use bracketed superscripts for indices to avoid confusion between

ordering and differentiation, and we take the largest possible choice of κ to avoid the

appearance of extraneous terms. We define integers

m =
β

κ
, n =

θ

κ
, q =

φ

κ
, j =

2

κ
(A.3)

to act as indices in our expansion so, for example, the scaling for the buckling timescale

ǫβ = ǫmκ.

The largest contribution from the inertia terms in the centreline equation (A.1)

is O
(

max
(

ǫφ−2θ, ǫφ−2β
))

, depending on whether θ or β is larger. We determine the

size of the bending and tension terms by performing an asymptotic analysis of the

governing equations (5.12) and boundary conditions (5.15)–(5.17). Letting k be a

dummy index, we follow the usual procedure used in deriving the motion of thin

viscous sheets (see, for example, Chapter 2). We first consider the transverse mo-

mentum equation (5.12c). Based on the derivation of the leading-order velocity and

thickness in a two-dimensional flat sheet in §2.2, we expect σzz to enter the trans-

verse momentum equation before the other terms, and determine this (and hence the

leading-order pressure) by integrating across the sheet thickness and applying no-

stress condition (5.17c). We can then substitute for the transverse velocity w using

conservation of mass (5.12a). Systematically evaluating (5.12c) at successive orders,

subject to the condition that all terms other than σzz vanish at that order, we find

at each order ǫkκ

−p(k−m) = −2w(k)
z = 2u

(k+n−m)
ξ + 2u(k−m)

x , (A.4a)

with subscripts denoting differentiation as before, while the condition that the other

terms do not enter at that order may be written

k +m− q − j < 0, (A.4b)

k + n− q − j < 0, (A.4c)

u(k+n−m)
z + w

(k+2n−j)
ξ + w(k+n−j)

x = 0, (A.4d)

u(k−m)
z + w

(k+n−j)
ξ + w(k−j)

x = 0. (A.4e)
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We emphasize that this step is simply an evaluation of the stress component σzz =

−p + 2wz, which will later be used to determine the leading-order pressure in terms

of the velocity. The inequalities (A.4b)–(A.4c) are used to check whether the inertial

terms on the left-hand side of (5.12c) play a role at O(ǫkκ), while (A.4d)–(A.4e) are

necessary to ensure the two σxz terms on the right-hand side of (5.12c) vanish. We can

better quantify the conditions (A.4d) and (A.4e) by evaluating the in-plane momen-

tum equation (5.12b) atO(ǫkκ+θ−β−2) = O(ǫ(k+n−m−j)κ) andO(ǫkκ−β−2) = O(ǫ(k−m−j)κ)

respectively. This time, we expect to integrate across the sheet and use the no-stress

boundary condition (5.17b) to evaluate terms in the expansion of σxz, and in order for

a term to be zero we require the contributions to the momentum balance (5.12b) from

inertia and the σxx stress component to be sufficiently small. The smallness of the

inertial term is guaranteed by conditions (A.4b)–(A.4c) provided n ≤ m (i.e. θ ≤ β),

and there is no contribution from σxx on the right-hand side of (5.12b) provided

u
(k+3n−m−j)
ξ = 0, (A.5a)

k −m+ 2n− j < 0. (A.5b)

We may obtain two results of significance from our expression (A.4)–(A.5) for the σzz

stress component by considering the cases k − m < 0 and k − m = 0. In the first

scenario we find that the transverse velocity is uniform across the sheet width up to

O(ǫβ) = O(ǫmκ), i.e.

w(k)
z = 0 if























k < m,

u
(k+3n−m−j)
ξ = 0,

k −m+ 2n− j < 0,
k + n− q − j < 0,
k +m− q − j < 0.

(A.6)

Setting k −m = 0 in (A.4)–(A.5), we can solve for the leading-order pressure

−p(0) = 2u
(n)
ξ + 2u(0)x if u

(3n−j)
ξ = 0, θ < 1, 2m− q − j < 0, (A.7)

using the fact that (A.5b) reduces to 2n < j (i.e. θ < 1) and that n ≤ m.

The results (A.6)–(A.7) are complicated by validity conditions involving the spa-

tial variation of the in-plane velocity u with the buckling distance ξ. We determine

this dependence by analysing the conservation-of-mass equation (5.12a) and noting

that u
(k)
ξ = 0 provided either k is sufficiently large that no other terms are present

at that order, or if the terms present can be evaluated to zero. Inserting our result

for the transverse velocity (A.6) into the conservation-of-mass equation (5.12a), and
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updating the conditions associated with (A.6), we find that the spatial variation of

the in-plane velocity is simplified according to

u
(k)
ξ = 0 if















k < n,

u
(k+2n−j)
ξ = 0,

k + n− j < 0,
k + 2m− n− q − j < 0.

(A.8)

In particular, evaluating for k = 0 we uncover two scenarios regarding the exponent n

in the buckling lengthscale ǫθ = ǫnκ: either n = 0 so that there is only one lengthscale,

or 0 < θ < 1 and

u
(0)
ξ = 0 if 2m− n < q + j, (A.9)

so that the leading-order velocity does not change over the short (buckling) length-

scale. From this result we deduce that the tension

T =

∫ z+

z−

(

−p + 2ǫ−θuξ + 2ux
)

dz (A.10)

is O(1), so that the tension and inertia terms in (A.1) balance provided

q − 2m = −2n, n < m, (A.11)

that is (using definition (A.3))

φ− 2β = −2θ, θ < β. (A.12)

Combining (A.4d), (A.5), (A.6) and (A.8) and integrating for u we find

u(k) = ū(k)(x)− (z −H(0))
(

w
(m+n+k−j)
ξ + w(k+m−j)

x

)

, (A.13)

where

ū(k) =
1

2h(0)

∫ z+(0)

z−(0)

u(k) dz. (A.14)

We define the bending moment

M =

∫ z+

z−
(z −H)

(

−p+ 2ǫ−θuξ + 2ux
)

dz, (A.15)

and note that inertia, tension and bending in the centreline equation (5.18) are only

balanced if this bending moment is O(1). Inserting (A.5) and (A.13) into defini-

tion (A.15) we see this is only achieved if

β + 2θ − 2 = 0. (A.16)
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Combining the two balance conditions (A.12) and (A.16), we find

θ =
2

3
− φ

6
, β =

2

3
+
φ

3
(A.17)

provided φ ≤ 4, so the lengthscale and timescale associated with buckling for a given

Reynolds number are

lengthscale ∼ ǫ2/3 Re−1/6, timescale ∼ ǫ2/3 Re1/3 . (A.18)
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Appendix B

Calculation of τ̂sz0

B.1 Introduction

In Chapter 6 we derive the boundary conditions for the stress and bending moment

at a curved free edge. In §6.3.4 we derive the condition

∫ 0

−∞

(

∂

∂s

∫ ẑ+0

ẑ−0

τ̂sz0 dz

)

dN =

∫ z+0

z−0

τzn1 dz on n = 0. (B.1)

In this appendix we determine the boundary-layer stress component

τ̂sz0 = µ

(

∂ûs1
∂z

+
∂ŵ1

∂s
+ κN

∂ŵ0

∂s

)

(B.2)

in terms of bulk quantities. We use (6.28c) to substitute for ŵ0. Integrating (6.29)

and using (6.30b) gives the out-of-plane velocity correction

ŵ1 =
∂w0

∂n
(n = 0)N + c(s, τ). (B.3)

The unknown function c(s, τ) arises from the integration, and we shall see later that

it is not necessary to determine it, although we will use the fact that it is independent

of z (comparing definition (6.24f) with (6.31)). We can use expressions (6.28c) and

(B.3) for the out-of-plane velocity to rewrite the stress component as

τ̂sz0 = µ

[

∂ûs1
∂z

+
∂2w0

∂s∂n
(s, 0, τ)N +

∂c

∂s
+ κN

∂w0

∂s
(s, 0, τ)

]

. (B.4)

It now remains to determine the velocity component ûs1 in terms of bulk quantities.

B.2 Governing equations for ûs1

We return to the momentum equation (6.23b) and use the fact that the leading-order

in-plane velocity and the viscosity are both uniform across the boundary layer to
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arrive at
∂2ûs1
∂N2

+
∂2ûs1
∂z2

= 0. (B.5)

Now that we have a governing equation for ûs1, we require boundary conditions

to determine the solution. Evaluating the no-stress condition (6.26b) at O(1) and

simplifying with the in-plane velocity solutions (6.30) yields

∂ûs1
∂N

(s,N = 0) = −κ
[

ūs0 − (z −H0)
∂w0

∂s

]

− ∂

∂s

[

ūn0 − (z −H0)
∂w0

∂n

]

, (B.6)

where all the bulk terms on the right-hand-side are evaluated at n = 0 here and

throughout the remainder of this section and §B.3. Evaluating the no-stress con-

dition (6.25b) at O(1) and substituting for the out-of-plane velocity using (6.28c)

and (B.3) yields

∂ûs1
∂z

= −N ∂2w0

∂s∂n
(s, 0, τ)− ∂c

∂s
− κN

∂w0

∂s
(s, 0, τ) on z = z±0 . (B.7)

In the bulk, we note that the leading-order stress component evaluated at the sheet

edge

τsn0(s, 0, z, τ) = µ

(

∂un0
∂s

+ κus0 +
∂us0
∂n

)

(B.8)

is linear in z, and so may be written in the form

τsn0(s, 0, z, τ) =
1

2h0

∫ z+0

z−0

τsn0 dz +
12

(2h0)3
(z −H0)

∫ z+0

z−0

(z −H0)τsn0 dz. (B.9)

Enforcing matching between the inner and outer regions and using definitions (6.30)

for the leading-order in-plane velocity components yields

lim
N→−∞

µ
∂ûs1
∂N

= µ

(

−κūs0 −
∂ūn0
∂s

− ∂H0

∂s

∂w0

∂n

)

+
1

2h0

∫ z+0

z−0

τsn0 dz

+ (z −H0)

[

µ

(

∂2w0

∂n∂s
+ κ

∂w0

∂s

)

+
12

(2h0)3

∫ z+0

z−0

(z −H0)τsn0 dz

]

. (B.10)

Cross-differentiating (B.7) and (B.10) we derive a compatibility condition

µ−
(

∂2w0

∂s∂n
+ κ

∂w0

∂s

)

=
6

(2h0)3

∫ z+0

z−0

(z −H0)τsn0 dz. (B.11)

154



B.3 Change of variables

We introduce a new variable Φ defined by

µûs1 =

[

µ

(

−κūs0 −
∂ūn0
∂s

− ∂H0

∂s

∂w0

∂n

)

+
1

2h0

∫ z+0

z−0

τsn0 dz

]

N

+N(z −H0)
6

(2h0)3

(

∫ z+0

z−0

(z −H0)τsn0 dz

)

− µz
∂c

∂s
+ Φ. (B.12)

By construction, ∂Φ/∂N → 0 as N → −∞, while the differential equation for û1s,

(B.5), becomes
∂2Φ

∂N2
+
∂2Φ

∂z2
= 0. (B.13)

The free-surface condition (B.7) tells us that

∂Φ

∂z
= 0 on z = z±0 , (B.14)

and the edge condition (B.6) becomes

∂Φ

∂N
=

−1

2h0

∫ z+0

z−0

τsn0 dz − 12

(2h0)3
(z −H0)

∫ z+0

z−0

(z −H0)τsn0 dz (B.15)

on N = 0.

B.4 Solution

We solve for Φ using separation of variables. In order to satisfy the far-field condition

as N → −∞ and free-surface condition (B.14), solutions to (B.13) must be of the

form

Φ =

∞
∑

k=1

αke
kπN/2h0 cos

(

kπ
z − z−0
2h0

)

+ constant, (B.16)

where the Fourier coefficients αk are determined using the edge condition (B.15) and

are given by

αk =
12

h0

1

k3π3

[

1− (−1)k
]

∫ z+0

z−0

(z −H0)τsn0 dz. (B.17)

Returning to the quantity of interest τ̂sz0, we note that (B.2) is transformed to

τ̂sz0 =
∂Φ

∂z
, (B.18)
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so we use (B.16)–(B.17) to rewrite our final boundary condition (B.1) as

∫ z+0

z−0

τzn1 dz = − ∂

∂s

(

∫ z+0

z−0

(z −H0)τsn0 dz

)

on n = 0, (B.19)

where we have used the identity

∞
∑

k=1

[

1− (−1)k
]

k4π4
=

1

48
. (B.20)
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