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Abstract

The main purpose of this work is to prove short-time structural stability of compressible vortex sheets

with surface tension.

The main result can be summarised as follows. Assume we start with an initial vortex-sheet con-

figuration which consists of two inviscid fluids with density bounded below flowing smoothly past each

other, where a strictly positive fixed coefficient of surface tension produces a surface tension force across

the common interface, balanced by the pressure jump. We assume the fluids are modelled by the com-

pressible Euler equations in three space dimensions with a very general equation of state relating the

pressure, entropy and density in each fluid such that the sound speed is positive. Then, for a short time,

which may depend on the initial configuration, there exists a unique solution of the equations with the

same structure, that is, two fluids with density bounded below flowing smoothly past each other, where

the surface tension force across the common interface balances the pressure jump.

The mathematical approach consists of introducing a carefully chosen artificial viscosity-type regu-

larisation which allows one to linearise the system so as to obtain a collection of transport equations for

the entropy, pressure and curl together with a parabolic-type equation for the velocity. We prove a high

order energy estimate for the non-linear equations that is independent of the artificial viscosity parameter

which allows us to send it to zero. This approach loosely follows that introduced by Shkoller et al in the

setting of a compressible liquid-vacuum interface.

Although already considered by Shkoller et al, we also make some brief comments on the case of

a compressible liquid-vacuum interface, which is obtained from the vortex sheets problem by replacing

one of the fluids by vacuum, where it is possible to obtain a structural stability result even without surface

tension.
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1. Introduction

1.1 Description of a Vortex Sheet and the Stability Problem

In this work, a vortex sheet refers to a virtual surface separating two inviscid fluids or two phases of the

same inviscid fluid across which there is no fluid flow. We consider the three-dimensional vortex-sheet

problem, which means that the fluids occupy three space dimensions and the surface is two-dimensional,

but our results can easily be adapted to the two-dimensional problem. In general the tangential velocity is

discontinuous across the surface, although we do not require this, and the density and entropy (depending

on the equations of state satisfied by the two fluid phases) may jump. The fluid flow is modelled by the

conversation of mass, momentum and energy, which leads to the use of the compressible Euler equations

for the fluid either side of the surface. Conservation of momentum implies that the jump in pressure

across the surface is not arbitrary, but must balance any surface force. Such structures are often seen in

nature such as when two currents of air at different temperatures meet in the atmosphere, or when oil is

spilt on top of water. Vortex sheets can also develop in certain situations starting with smooth initial data

for the Euler equations of gas dynamics. In this case clearly the same equations of state are satisfied by

the two fluid phases, but here we will allow different equations of state which enables us to model the

flow of two different fluids past each other.

We note that there are trivial vortex-sheet solutions to the Euler equations consisting of two constant

states separated by a flat surface with zero normal velocity and zero pressure jump. For the rest of this

section we denote the velocity of these constant states by ū+ and ū−, the density by ρ̄+ and ρ̄−, and

the sound speed by c̄+ and c̄−. We are interested in whether such structures are stable, at least for a

short time. By short-time stability here we really mean the short-time existence of a unique solution

with a vortex-sheet structure given initial data with a vortex-sheet structure - i.e. short-time structural

stability. However, in the course of the proof of uniqueness we do prove a kind of stability result whereby

a certain energy of the difference of two solutions is controlled in terms of the corresponding energy of

the difference of its initial values. In this work we do not require the initial data to be a perturbation of

the flat vortex sheet described, but it is a good example to have in mind.

In the absence of a surface tension force which acts to flatten the surface of discontinuity, vortex

sheets with a jump in tangential velocity are unstable in general. If the fluids are incompressible then

we always have instability - this is the well-known Kelvin-Helmholtz instability. Miles in [17] showed

by normal modes analysis that compressible vortex sheets in two dimensions are linearly unstable unless

the following stability criterion is satisfied.

|[ū]| ≥ (c̄
2
3
+ + c̄

2
3
−)

3
2

1



Flat Vortex Sheet

Γ = {x3 = 0}

Fluid in Ω+

Density ρ̄+
Velocity ū+ = (ū′+, 0)
Pressure p̄+ = p̄
Internal Energy ē+
Entropy s̄+
Sound Speed c̄+

Ω+ = {x3 > 0}

- ū+

Fluid in Ω−
Density ρ̄−
Velocity ū− = (ū′−, 0)
Pressure p̄− = p̄
Internal Energy ē−
Entropy s̄−
Sound Speed c̄−

Ω− = {x3 < 0}

- ū−

where [ū] = ū+ − ū−, under the simplifying assumption

ρ̄+c̄
2
+ = ρ̄−c̄

2
−

In this case they are linearly stable. In fact Coulombel and Secchi in [9] and [8] have shown using

Nash-Moser iteration that (isentropic) vortex sheets in two dimensions are stable for a short time under

this condition (as a strict inequality) if the initial perturbation of the flat vortex sheet is small enough in

a high-order Sobolev norm. Miles and Fejer in [16] also showed, using a simple extension of the two

dimensional argument, that vortex sheets in three dimensions are always linearly unstable.

Still in the absence of a surface tension, if the vortex sheet has no jump in tangential velocity initially,

but the density jumps, then Rayleigh-Taylor instability will occur. Even if the Rayleigh-Taylor condition

is satisfied (loosely speaking the pressure at the surface of discontinuity increases in the direction of

the denser fluid), so that Rayleigh-Taylor instability does not occur, it seems that for general perturba-

tions preserving the continuity of the velocity initially, the tangential velocity will immediately become

discontinuous and then we will have the same instability as described above.

We therefore consider here vortex sheets in three dimensions with surface tension, in the hope that

surface tension will provide a stabilising effect. A brief overview of surface tension is presented below.

1.1.1 Surface Tension

Surface tension is a surface force between two fluids or two fluid phases which acts to flatten the fluid

interface. From a physical point of view it usually models an imbalance of electrostatic forces on the

molecules in the surface, thus it is most often applied to liquids rather than gases, although mathe-

matically this distinction will not be important here. In our case we are modelling general inviscid

compressible fluids, which could be either gases or liquids.

Surface tension is most easily visualised as its lower dimensional equivalent, ‘line’ tension, acting

on a curve in two dimensional space. In this case it gives rise to a pressure force per unit length which is

2



proportional to the curvature and acts to flatten the curve, thus its magnitude is

σ
1

R

where R is the radius of curvature of the curve and we call σ the coefficient of line tension.

For a surface in three dimensional space, this generalises as follows. Surface tension gives rise to a

pressure force per unit area acting to flatten the surface which is proportional to the sum of the curvatures

in two orthogonal directions, thus its magnitude is

σ(
1

R1
+

1

R2
)

whereR1 andR2 are the principle radii of curvature of the surface and we call σ the coefficient of surface

tension, which has units of force per unit length. Note we can also write this as

2σH

or

σ∇ · n̂

where H is the mean curvature, and n̂ is a unit normal to the surface. The resulting surface force is given

by

−σ(∇ · n̂)n̂

Note that although n̂ is defined only on the surface, we compute ∇ · n̂ as ∇ · ĥ, where ĥ is any (suffi-

ciently smooth) unit vector field on R3 which coincides with n̂ on the surface, which one can check is

independent of the choice of ĥ.

In this work the coefficient of surface tension σ > 0 will be a constant for each pair of fluid phases

considered.

Perturbation of a Flat Vortex Sheet

Γ(t)

{x3 = 0}
���

Unit Normal n̂
��

Normal Velocity λ

?
Surface Tension −σ(∇ · n̂)n̂

Fluid in Ω+(t)
Density ρ+(t, x)
Velocity u+(t, x)
Pressure p+(t, x)
Internal Energy e+(t, x)
Entropy s+(t, x)
Sound Speed c+(t, x)

Ω+(t)

PPq u+

Fluid in Ω−(t)
Density ρ−(t, x)
Velocity u−(t, x)
Pressure p−(t, x)
Internal Energy e−(t, x)
Entropy s−(t, x)
Sound Speed c−(t, x)

Ω−(t)

Pq
u−

3



1.2 Summary of the Mathematical Problem

The main goal of this work is to prove theorem 2.4.1, which we summarise in words in its physical

context as follows. Assume we start with an initial configuration which consists of two inviscid fluids

with density bounded below flowing smoothly past each other, where a strictly positive fixed coefficient

of surface tension produces a surface tension force across the common interface, balanced by the pressure

jump. We assume the fluids are modelled by the compressible Euler equations with a very general

equation of state relating the pressure, entropy and density in each fluid such that the sound speed is

positive. Then, for a short time, which may depend on the size of the initial data, there exists a solution

of the equations with the same structure, that is, two fluids with density bounded below flowing smoothly

past each other, where the surface tension force across the common interface balances the pressure jump.

The solution is unique within the class of solutions of the same regularity. In fact we also prove a

stability statement which says that a certain energy of the difference of two solutions is estimated by

the corresponding energy of the difference of their initial values multiplied by a time dependent factor,

where the factor depends on a higher order energy of the initial data. This stability result is stated in

4.6.1 after fixing the domains.

1.3 Existing Results and Methodology for Similar Problems

The case of incompressible vortex sheets with surface tension has been studied by Shkoller, Coutand

and Cheng in [6], where they succeed in proving short-time structural stability. Their paper [6] is based

on the methodology of their previous work [12] and [11] for the incompressible fluid-vacuum interface

problem. Here, we consider the case of compressible vortex sheets with a very general pressure law.

All we will need is that the sound speed is well-defined - that is ∂p
∂ρ

∣∣∣
s
> 0. We will also assume we

are away from vacuum, ie the density is bounded below away from zero. We have already mentioned

the short-time structural stability result proved by Coulombel and Secchi in [9] and [8] for compressible

(isentropic) vortex sheets in two space dimensions without surface tension, which does not hold in three

space dimensions as shown by the linear stability analysis of Miles and Fejer in [16]. The approach

of Coulombel and Secchi involves a direct linearisation followed by the use of Kreiss’ symmetrisers to

obtain an energy estimate with loss of derivatives, then Nash-Moser iteration to overcome this loss of

derivatives. This approach is very technical and complicated modifications have to be made to the stan-

dard Nash-Moser scheme. We use completely different methodology more similar to that of Shkoller et

al, which involves approximating the equations before linearisation so that the linearised energy estimate

for the approximate problem does not involve a loss of derivatives with respect to the coefficients.

The proof of our main result ultimately relies on being able to derive an a priori high-order energy

estimate for the non-linear equations. Our approach in deriving an energy estimate is similar in parts

to the approach of Shkoller et al in [6], except that they use Lagrangian coordinates on one side of the

vortex sheet with an extension of the change of coordinate map to the other side whereas we simply add

a lift of the graph of the free the surface to the third coordinate in order to fix the surface. However, since

Shkoller et al in [6] are dealing with the incompressible case and we consider here the compressible case,

some crucial differences arise.

4



In order to construct approximate solutions which preserve the energy estimate, we follow the ar-

tificial viscosity type regularisation of Shkoller, Coutand and Hole from [10], where they consider the

free-surface problem for inviscid compressible liquids with surface tension, which they also use in their

work on the physical vacuum boundary problem for gases, [13].

Another possible stabilisation effect on vortex sheets other than surface tension is the existence of a

background magnetic field, assuming the fluid is electrically conducting, and this gives rise to current-

vortex sheets in magnetohydrodynamics (MHD). Trakhinin in [18] and Chen and Wang in [4], [5] have

succeeded in proving short-time existence of compressible current-vortex sheets under certain stabil-

ity criteria involving the non-parallel jump in the magnetic field. Coulombel, Secchi et al in [7] have

obtained an a priori energy estimate for incompressible current-vortex sheets under equivalent stability

criteria, and the derivation of the energy estimate here is similar in some ways to their approach. We

remark that in fact by combining the curl and divergence estimates together, we can avoid the smallness

condition that they impose on the initial perturbation of the interface.

1.4 The Euler Equations for Inviscid Compressible Fluids

1.4.1 Physical Derivation of the Equations

Although a fluid is made up of many colliding particles at a microscopic level, we make the assumption

that the macroscopic behaviour of a fluid can be described in terms of only a few quantities, called the

state variables, which will be the dependent variables in our system of equations. These can be thought

of as obtained by averaging over a large number of particles but on a sufficiently small scale for us to be

able to justify defining them at every point in space. These quantities are the density, or mass per unit

volume, ρ, the velocity, u, the pressure, or normal force per unit area experienced by a virtual surface

in the fluid, p, and the internal energy per unit mass, e, which allows for the energy due to the random

motion of the fluid particles which is not captured by the bulk fluid velocity u when averaged out.

To determine the conservation laws which should be satisfied by these quantities, we fix an arbitrary

region of fluid, Ω, with smooth boundary ∂Ω and outward unit normal ν, and consider the rate of change

of mass, momentum and energy within this region, which must be consistent with the principles of

conservation of mass, Newton’s second law, and conservation of energy. Note that locally the volume of

fluid leaving Ω through an infinitesimal surface element dS is given by u ·νdS. We make the assumption

of no viscosity so that the only force on a virtual surface in the fluid is a normal force due to the pressure,

or a surface tension force along a surface of discontinuity, and we also assume there is no heat conduction.

The assumptions of no viscosity and no heat conduction usually make sense for gases but may also make

sense for other inviscid fluids where there is no significant heat conduction over the time scale being

considered.

We assume that surface tension acts only on a surface of discontinuity Γ(t). We will assume Γ(t) is

smooth with a well defined unit normal n̂(t, x), and moves with normal velocity λ(t, x), for x ∈ Γ(t).

We allow the coefficient of surface tension σ to be zero in the current section, although later we will

require it to be strictly positive.
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From conservation of mass, we obtain the following equation, where the term on the right hand side

is the rate at which mass enters Ω due to the flow.

d

dt

∫
Ω
ρdx = −

∫
∂Ω
ρu · νdS (1.4.1)

From Newton’s second law, we obtain the following equation, where the first term on the right hand

side is the rate at which momentum enters Ω due to the flow, the second term is the force exerted on

the region Ω due to the pressure, and the third term is the force exerted on the fluid in Ω due to surface

tension on the surface Γ(t).

d

dt

∫
Ω
ρudx = −

∫
∂Ω

(ρu)u · νdS −
∫
∂Ω
pνdS −

∫
Ω∩Γ(t)

σ(∇ · n̂)n̂dS (1.4.2)

From conservation of energy, which is given per unit volume by the sum of internal energy ρe and

kinetic energy due to the bulk motion, 1
2ρu

2, we obtain the following equation, where the first term on the

right hand side is the rate at which energy enters Ω due to the flow, the second term is the work done by

the pressure-induced force on the fluid, and the third term is the work done by the surface tension-induced

force on the fluid.

d

dt

∫
Ω
ρe+

1

2
ρu2dx = −

∫
∂Ω

(ρe+
1

2
ρu2)u · νdS −

∫
∂Ω
pu · νdS −

∫
Ω∩Γ(t)

σ(∇ · n̂)λdS (1.4.3)

If we assume that the flow is smooth inside some region of fluid of which Ω is a subset, so that in

particular Ω does not intersect a surface of discontinuity Γ(t), then we may use the divergence theorem

applied to the terms on the right hand side, together with the fact that Ω is arbitrary to obtain the following

system of differential equations which must be satisfied in regions of smooth flow.

∂tρ+∇ · (ρu) = 0 (1.4.4)

∂t(ρu) +∇ · (ρu⊗ u+ pI) = 0 (1.4.5)

∂t(ρe+ ρ
|u|2

2
) +∇ · (u(ρe+ ρ

|u|2

2
+ p)) = 0 (1.4.6)

Here, we have used the notation ∇· for divergence, which is defined to act row-wise on matrices. The

matrix u ⊗ u has (i, j)-entry uiuj and I is the identity matrix, so the i-entry of ∇ · (ρu ⊗ u + pI) is∑3
j=1 ∂xj (ρuiuj) + ∂xip.

1.4.2 Physical Derivation of the Jump Conditions

Now let us consider the case where Ω intersects Γ(t), which divides our arbitrary region Ω into two

halves, Ω+(t) and Ω−(t), with outward normals ν+ and ν−, where the unit normal of Γ(t), n̂, points into

Ω+(t). We let ρ±, u±, p±, e± denote the state variables in Ω±(t), which will assume are smooth inside

Ω±(t) and continuous up to the boundary.

From the conservation of mass equation (1.4.1) applied to Ω = Ω+(t) ∪ Γ(t) ∪ Ω−(t), we have the

following.

d

dt

∫
Ω+(t)

ρ+dx+
d

dt

∫
Ω−(t)

ρ−dx

= −
∫
∂Ω+(t)

ρ+u+ · ν+dS −
∫
∂Ω−(t)

ρ−u− · ν−dS −
∫

Γ(t)∩Ω
ρ+u+ · n̂dS +

∫
Γ(t)∩Ω

ρ−u− · n̂dS
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Using the formula for differentiating moving regions, we obtain∫
Ω+(t)

∂tρ+dx+

∫
Ω−(t)

∂tρ−dx−
∫

Γ(t)∩Ω
ρ+λdS +

∫
Γ(t)∩Ω

ρ−λdS

= −
∫
∂Ω+(t)

ρ+u+ · ν+dS −
∫
∂Ω−(t)

ρ−u− · ν−dS −
∫

Γ(t)∩Ω
ρ+u+ · n̂dS +

∫
Γ(t)∩Ω

ρ−u− · n̂dS

Using the divergence theorem in Ω±(t) together with the above equations (1.4.4)-(1.4.6) for smooth flow,

we are left with only the surface terms on Γ.∫
Γ(t)∩Ω

ρ+(u+ · n̂− λ)− ρ−(u− · n̂− λ)dS = 0

Since Ω is arbitrary, we obtain the jump condition

[ρ(u · n̂− λ)] = 0

where [a] = a+−a− denotes the jump in the quantity a across Γ(t). Physically this means that the mass

flux mn̂ := ρ(u · n̂− λ) across Γ(t) must be continuous.

From the conservation of momentum equation (1.4.2) applied to Ω = Ω+(t)∪Γ(t)∪Ω−(t), we have

the following.

d

dt

∫
Ω+(t)

ρ+u+dx+
d

dt

∫
Ω−(t)

ρ−u−dx

=−
∫
∂Ω+

(ρ+u+)u+ · ν+ + p+ν+dS −
∫
∂Ω−

(ρ−u−)u− · ν− + p−ν−dS

−
∫

Γ(t)∩Ω
(ρ+u+)u+ · n̂+ p+n̂dS +

∫
Γ(t)∩Ω

(ρ−u−)u− · n̂+ p−n̂dS −
∫

Γ(t)∩Ω
σ(∇ · n̂)n̂dS

Using the formula for differentiating moving regions, we obtain∫
Ω+(t)

∂t(ρ+u+)dx+

∫
Ω−(t)

∂t(ρ−u−)dx−
∫

Γ(t)∩Ω
ρ+u+λdS +

∫
Γ(t)∩Ω

ρ−u−λdS

=−
∫
∂Ω+(t)

(ρ+u+)u+ · ν+ + p+ν+dS −
∫
∂Ω−(t)

(ρ−u−)u− · ν− + p−ν−dS

−
∫

Γ(t)∩Ω
(ρ+u+)u+ · n̂+ p+n̂dS +

∫
Γ(t)∩Ω

(ρ−u−)u− · n̂+ p−n̂dS −
∫

Γ(t)∩Ω
σ(∇ · n̂)n̂dS

Using the divergence theorem in Ω±(t) together with the above equations (1.4.4)-(1.4.6) for smooth flow,

we are left with only the surface terms on Γ.∫
Γ(t)∩Ω

ρ+u+(u+ · n̂− λ)− ρ−u−(u− · n̂− λ) + (p+ − p− + σ∇ · n̂)n̂dS = 0

Since Ω is arbitrary, we obtain the jump condition

[ρ(u · n̂− λ)u+ pn̂] = −σ(∇ · n̂)n̂

Similarly, we obtain the following jump condition from the energy equation.

[ρ(u · n̂− λ)(e+
1

2
u2) + pu · n̂] = −σ(∇ · n̂)λ
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Rewriting these jump conditions in terms of mn̂ we obtain

[mn̂] = 0

mn̂[un̂] + [p] = −σ∇ · n̂

mn̂[uτ̂ ] = 0

mn̂[(e+
1

2
u2) +

p

ρ
] + λ[p] = −σ(∇ · n̂)λ

where un̂ = u · n̂ is the normal component of u and uτ̂ is the tangential part of u.

For vortex sheets, where by definition mn̂ = 0, the above conditions simplify to the following jump

conditions.

(un̂)± = λ

[p] = −σ∇ · n̂

where the first line is equivalent to (mn̂)± = 0.

1.4.3 Equation of State

Note that the unknowns, or state variables, ρ, u, p, e consist of six scalar quantities (in three space dimen-

sions), whereas there are only five scalar equations in the above system (1.4.4)-(1.4.6), hence we do not

expect to be able to solve the system uniquely given some initial data without relating the state variables

through an equation, known as an equation of state.

We consider here a compressible fluid in which the density may vary, a model for which comes from

considering what occurs at a microscopic level. A virtual surface in a fluid will experience a force on

each side due to particles colliding with it, and this force per unit area is what we have called the pressure.

The frequency and impact speed of collisions will increase with e, and the frequency of collisions will

also increase with ρ. Hence we expect p = p(ρ, e) to be a positive function of ρ and e which increases

with e and ρ (although we will not make exactly this assumption). The above equations (1.4.4)-(1.4.6)

with this equation of state are known as the compressible Euler equations.

1.4.4 Entropy and a Symmetric Form of the Equations

The Euler equations as we have written them are not symmetric, which makes it impossible to obtain

high-order energy estimates by differentiating the equations and integrating by parts. Therefore, we seek

to rewrite the equations in symmetric form. In the general framework systems of conservation laws, this

can be achieved by multiplying the system by the Hessian of a convex (mathematical) entropy. However,

it turns out in this case that the equations can be made symmetric in regions of smooth flow by a change

of dependent variables involving the physical entropy.

The physical quantity, entropy per unit mass, s, can be defined as a function of ρ and e through the

fundamental thermodynamic relation

Tds = de+ pdV = de− p

ρ2
dρ

where V = 1
ρ is the volume per unit mass and this equation also defines the state variable temperature

T = T (ρ, e), which must be strictly positive.
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There are various ways of justifying this definition and explaining why it might be useful. Very

briefly, we see that for a smooth reversible process the right hand side is the gain in internal energy of

the system minus the work done on the system by its surroundings due to local volume expansion, which

should equal all the energy gained by the system via the microscopic motion of its molecules, which we

call heat transfer. We introduce 1
T as an integrating factor so that we can write this heat transfer as T

times a differential, which we call ds.

If we wish to explicitly calculate s(ρ, e) given p(ρ, e), we combine the equations

∂s

∂ρ

∣∣∣∣
e

= − 1

T

p

ρ2

∂s

∂e

∣∣∣∣
ρ

=
1

T

to obtain

∂s

∂ρ

∣∣∣∣
e

+
p

ρ2

∂s

∂e

∣∣∣∣
ρ

= 0 (1.4.7)

where the requirement T > 0 becomes ∂s
∂e

∣∣
ρ
> 0. Of course this gives us some degree of freedom in

defining s as a function of ρ and e. For example, we may think of the above equation as a scalar linear

transport equation for s which has smooth coefficients for ρ > 0, where ρ takes the place of the usual

time variable. Thus if we fix some ρ0 > 0 and a smooth function s0 = s0(e) with ds0

de > 0, then by

standard theory there is a unique solution s(ρ, e) with s(ρ0, e) = s0(e), which also satisfies ∂s
∂e

∣∣
ρ
> 0.

Note that we have the freedom to choose the function s0 with ds0

de > 0. However, any smooth function

s(ρ, e) that satisfies the above equation with ∂s
∂e

∣∣
ρ
> 0 for ρ > 0 will be fine for our purposes.

Now we see the justification for the introduction of entropy. Since there is no heat conduction term in

the Euler equations, we expect the change in internal energy e moving with the flow to be due only to the

work done due to local volume change, assuming smooth flow (reversibility), hence, via the fundamental

thermodynamic relation, we expect entropy s to be constant moving with the flow. The transport of

the bulk energy is already encoded in the momentum equation. Indeed, using the first two equations to

simplify the energy equation we obtain

(∂t + u · ∇)e = −p
ρ
∇ · u

Combining this with the first equation we obtain

(∂t + u · ∇)e =
p

ρ2
(∂t + u · ∇)ρ

Now we calculate the change in entropy moving with the flow.

(∂t + u · ∇)s =
∂s

∂ρ

∣∣∣∣
e

(∂t + u · ∇)ρ+
∂s

∂e

∣∣∣∣
ρ

(∂t + u · ∇)e

= (∂t + u · ∇)ρ(
∂s

∂ρ

∣∣∣∣
e

+
p

ρ2

∂s

∂e

∣∣∣∣
ρ

)

= 0
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where we have used the above equations. Using the density equation, we may also write this in diver-

gence form as

∂t(ρs) +∇ · (ρus) = 0 (1.4.8)

Hence, assuming s is a smooth solution of (1.4.7) with ∂s
∂e

∣∣
ρ
> 0, we may replace the energy equation

(1.4.6) in regions of smooth flow by the above equation for s, and we may write p = p(ρ, s). Thus

equations (1.4.4)-(1.4.6) become

(∂t + u · ∇)ρ+ ρ∇ · u = 0 (1.4.9)

ρ(∂t + u · ∇)u+∇p = 0 (1.4.10)

(∂t + u · ∇)s = 0 (1.4.11)

for the dependent variables ρ, u and s.

This is still not symmetric, but, assuming ∂p
∂ρ

∣∣∣
s
> 0, we may write ρ = ρ(p, s) and replace the

dependent variable ρ with p. The system then becomes

1

ρc2
(∂t + u · ∇)p+∇ · u = 0

ρ(∂t + u · ∇)u+∇p = 0

(∂t + u · ∇)s = 0

where c =

√
∂p
∂ρ

∣∣∣
s
> 0 is called the sound speed. This system is symmetric, and makes sense provided

ρ > 0 and c > 0. We note that these two conditions are physically reasonable. The condition ρ > 0

requires that the flow is away from vacuum, which we will assume throughout. If we examine the

condition ∂p
∂ρ

∣∣∣
s
> 0 in terms of the original pressure law p = p(ρ, e), we see that

∂p

∂ρ

∣∣∣∣
s

=
∂p

∂ρ

∣∣∣∣
e

+
∂p

∂e

∣∣∣∣
ρ

∂e

∂ρ

∣∣∣∣
s

=
∂p

∂ρ

∣∣∣∣
e

+
p

ρ2

∂p

∂e

∣∣∣∣
ρ

(1.4.12)

so this condition is fulfilled for example under the physically reasonable assumption that p strictly in-

creases with density and internal energy per unit mass, assuming p > 0 and ρ > 0.

Finally, we make a remark on entropy and non-smooth solutions, where for the purposes of this re-

mark we will neglect surface tension. The second law of thermodynamics requires that physical entropy

should either remain constant or increase. We have seen that for smooth solutions of the Euler equa-

tions it remains constant moving with the fluid, but we will be considering solutions with a surface of

discontinuity. We can write (1.4.8) in integral form as

d

dt

∫
Ω
ρsdx = −

∫
∂Ω
ρus · νdS

where Ω is a fixed domain. This should hold for smooth flows. For non-smooth flows we should have

d

dt

∫
Ω
ρsdx ≥ −

∫
∂Ω
ρus · νdS
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Applying the same arguments as we did for the mass, momentum and energy equations, we obtain that

across a surface of discontinuity Γ(t), we should have

mn̂[s] ≥ 0

In the case of vortex sheets, since mn̂ = 0, this is automatically satisfied as an equality and the total

entropy is conserved.

1.5 The Final Form of the Equations for Vortex Sheets

To summarise, we have shown that two compressible inviscid fluid phases which flow past each other

without mixing, and experience a surface tension force with coefficient σ along their common interface,

satisfy the following equations on either side of the interface

1

ρc2
(∂t + u · ∇)p+∇ · u = 0 (1.5.1)

ρ(∂t + u · ∇)u+∇p = 0 (1.5.2)

(∂t + u · ∇)s = 0 (1.5.3)

for the dependent variables pressure, p, velocity, u and entropy, s, where the density, ρ = ρ(p, s) > 0,

satisfies
(
∂ρ
∂p

∣∣∣
s

)−1
=: c2 > 0. We also have the following conditions which are satisfied on the interface,

which has unit normal n̂ and normal velocity λ in that direction.

(un̂)+ = (un̂)− = λ

[p] = −σ∇ · n̂

where [p] denotes the pressure on the side of the interface into which n̂ points minus the pressure on the

other side and (un̂)± denotes the normal velocity of the fluid on the ±-side of the interface.

From now on, we will assume the coefficient of surface tension σ > 0 is fixed.

We also fix two functions ρ+ and ρ−, which we call the equations of state for the density in the +

and − regions, such that

ρ± = ρ±(p, s) : R2 → R

are smooth functions of p and s in the region where ρ± > 0. We also assume

∂ρ±
∂p

∣∣∣∣
s

> 0

for ρ± > 0. We define the equation of state for the sound speed c± as

c± =

(
∂ρ±
∂p

∣∣∣∣
s

)− 1
2

so that c± > 0 for ρ± > 0.

To simplify the analysis, we will make the assumption that the interface Γ(t) can be written as the

graph of a function f : (0, T ) × R2 → R. This assumption is fine if we start with an interface which
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can be written as a graph initially and we are only interested in short-time existence of solutions with the

same structure. In this case, the normal n̂ pointing into the region above the graph is given by

n̂ =
n

|n|

where we have defined

n = (−∂x1f,−∂x2f, 1)

and the normal velocity λ is given by

λ =
∂tf

|n|

The jump conditions then become

u±|Γ(t) · n = ∂tf

[p] = −σ∇ · n̂

This is the form of the equations which we will start with in the analysis which follows.

1.5.1 Recovering Solutions to the Original Conservation Laws

Note that, as stated in the previous section, if we are given p = p(ρ, s), then, provided that ∂p
∂ρ

∣∣∣
s
> 0 for

ρ > 0, we may invert the function p = p(ρ, s) to obtain ρ = ρ(p, s). The calculations in the previous

section show that, supposing we can obtain a smooth solution (p, u, s)(t, x) of the system (1.5.1)-(1.5.3),

we may set ρ(t, x) = ρ(p(t, x), s(t, x)) to obtain a smooth solution (ρ, u, s)(t, x) of the system (1.4.9)-

(1.4.11). So solving the system (1.5.1)-(1.5.3) for smooth (p, u, s)(t, x) given ρ = ρ(p, s) with ∂ρ
∂p

∣∣∣
s
> 0

for ρ > 0 is equivalent to solving the system (1.4.9)-(1.4.11) for smooth (ρ, u, s)(t, x) given p = p(ρ, s)

with ∂p
∂ρ

∣∣∣
s
> 0 for ρ > 0. Also note that any energy estimates for (p, u, s) can be converted to energy

estimates for (ρ, u, s) using the chain rule.

Similarly, the calculations in the previous section show that if we are given p = p(ρ, e), then we can

solve the equation (1.4.7) for s(ρ, e), in addition ensuring that ∂s
∂e

∣∣
ρ
> 0 so we can write e = e(ρ, s).

Reversing the calculations in the previous section by setting s = s(ρ, e) in (1.4.11) and using the density

equation (1.4.9) and the velocity equation (1.4.10) multiplied by u, we see that, supposing we can obtain

a smooth solution (ρ, u, s)(t, x) of the system (1.4.9)-(1.4.11), we may set e(t, x) = e(ρ(t, x), s(t, x))

to obtain a smooth solution (ρ, u, e)(t, x) of the system (1.4.4)-(1.4.6). Combining this with the previous

deduction, provided that ∂p
∂ρ

∣∣∣
s
> 0 for ρ > 0, which can be written in terms of ρ and e as in (1.4.12),

solving the system (1.5.1)-(1.5.3) for smooth (p, u, s)(t, x) given ρ = ρ(p, s) with ∂ρ
∂p

∣∣∣
s
> 0 for ρ > 0

is equivalent to solving the system (1.4.4)-(1.4.6) for smooth (ρ, u, e)(t, x) given p = p(ρ, e) which

satisfies (1.4.12) for ρ > 0. Also note that any energy estimates for (p, u, s) can be converted to energy

estimates for (ρ, u, e) using the chain rule.

Thus for smooth solutions with ρ > 0 and c > 0 there is no loss of generality in considering the

system (1.5.1)-(1.5.3) instead of the system (1.4.4)-(1.4.6).
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1.6 Notation

In this section we introduce the notation used throughout what follows.

Notation. Let Ω be an open set in Rd and let k ≥ 0. Then Ckb (Ω) will denote the space of k-times

continuously differentiable bounded functions on Ω with bounded derivatives up to order k. Note we

write Cb(Ω) := C0
b (Ω).

We write Ckc (Ω) for the space of k-times continuously differentiable functions on Ω with compact

support in Ω and we write C∞c (Ω) for the space of infinitely differentiable functions on Ω with compact

support in Ω.

Notation. We shall often need to refer to a quantity, say a, defined in two regions, denoted by + and −.

We will write a+ for the quantity represented by a in the + region and a− for the quantity represented by

a in the − region. Sometimes for brevity we will use a± in formulae which hold for both a+ and a− and

sometimes for ease of reading we will omit the subscripts ± altogether in such formulae, but the meaning

should be clear from the context.

Notation. For a vector w ∈ R3, we will write w′ for the first 2 components of w, so that w = (w′, w3).

For example, x = (x′, x3), so that x′ denotes horizontal position, u = (u′, u3), so that u′ denotes

horizontal velocity, and∇ = (∇′, ∂x3), so that ∇′ denotes horizontal gradient.

We will also write ∆′a for the two-dimensional Laplacian ∂2
x1
a+∂2

x2
a for any function a(x1, x2, x3).

We will refer to the x1 and x2 directions as the horizontal or tangential directions and the x3 direction

as the vertical or normal direction. It will be important to distinguish these directions throughout what

follows.

To avoid confusion, we will never use a prime ′ to denote a derivative. However, we will sometimes

use T ′ to denote a time interval when we have already used T to represent a different time interval and

this has nothing to do with the notational convention introduced above.

Notation. Suppose a ∈ L1
loc((0, T ) × Rd), where d = 2 or d = 3 in the main body of this work, has

weak derivatives up to order m. Then we write

∂αa = ∂α0
t ∂α1

x1
· · · ∂αdxd a

where α ∈ N1+d
0 is a multi-index with |α| ≤ m.

It is important to note that our definition of ∂α includes time derivatives.

If a ∈ L1
loc(Rd) is a function of space only or if a ∈ L1

loc((0, T ) × Rd) as above, and has weak

spatial derivatives up to order m, then we write

∇αa = ∂α1
x1
· · · ∂αdxd a

where α ∈ Nd0 is a multi-index with |α| ≤ m.

We also write

∂a = (∂ta, ∂x1a, . . . , ∂xka)
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and

∇a = (∂x1a, . . . , ∂xka)

Note that for convenience, we will sometimes write ∂αa where α ∈ N1+3
0 but a ∈ L1

loc((0, T )×R2).

Clearly in this case derivatives with respect to x3 are zero. If there is a possibility of confusion, then we

will either explicitly write α3 = 0 or use the notation α′ to denote a multi-index α ∈ N1+2
0 , so that ∂α

′

involves no derivatives with respect to x3. We use the same convention for∇αa. Explicitly,

∂α
′
a = ∂α0

t ∂α1
x1
∂α2
x2
a

∇α′a = ∂α1
x1
∂α2
x2
a

∂′a = (∂ta, ∂x1a, ∂x2a)

∇′a = (∂x1a, ∂x2a)

Sometimes we will also write ∂la for the collection of all the time and space derivatives of a of

order l, and the product of this with another such quantity should be interpreted as sums of products of

elements of the two quantities, and may be scalar or vector-valued as appropriate.

Notation. If we write w ∈ X where X usually denotes a space of scalar-valued functions, but w =

(w1, . . . , wk) is a vector-valued function, then we mean that wi ∈ X for each i. Similarly, if we write

∂αw then we mean (∂αw1, . . . , ∂
αwk).

Notation. Let Ω± be two C1 domains with common C1 boundary Γ. If a± are functions defined on Ω±

which are uniformly continuous, so can be defined on Γ by continuity, write

[a] = a+|Γ − a−|Γ

If a± ∈ H1(Ω±) then we also use

a±|Γ

to denote the trace of a± on Γ and we recall that

||a±|Γ||H0.5(Γ) ≤ C ||a±||H1(Ω±)

See eg Adams and Fournier [1] for a proof.

It will be useful to have the following definition for smoothing later on.

Notation. For d = 2 or 3, let η be the standard mollifier on Rd. In particular η ∈ C∞c (Rd) is supported

in {|x| ≤ 1} with 0 ≤ η ≤ C for some constant C and
∫
Rd η(x)dx = 1. For ε ∈ (0, 1), set ηε(x) =

ε−dη(xε ) so that ηε ∈ C∞c (Rd) is supported in {|x| ≤ ε} with 0 ≤ ηε ≤ Cε−d and
∫
Rd ηε(x)dx = 1.

It will also be useful to have the following definition of Sobolev extension.

Notation. Let Ω ⊂ R3 be a Lipschitz domain. We let ExtΩ : L1
loc(Ω) → L1

loc(R3) denote a Sobolev

extension operator such that

||ExtΩ a||Wk,p(R3) ≤ Ck ||a||Wk,p(Ω)

for all a ∈ L1
loc(Ω), all p ∈ [1,∞] and all k ≥ 0, where Ck denotes a constant depending on k. For

example we could take Stein’s extension operator. In fact we really only need the extension operator to

satisfy the above inequality for k up to a certain order - for example, k ≤ 30 would do.
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2. The Main Theorem

2.1 Definition of Vortex Sheets with Surface Tension

Definition 2.1.1. Fix T ∈ (0,∞). Let f ∈ C1
b ((0, T ′) × R2) with ∇′f ∈ C1

b ((0, T ′) × R2) for all

T ′ ∈ (0, T ), which we call the (graph of) the front or interface.

Define the moving domains Ω±(t) as

Ω+(t) = {x ∈ R3 : x3 > f(t, x′)}

Ω−(t) = {x ∈ R3 : x3 < f(t, x′)}

We also write

ΩT
+ = {(t, x) ∈ (0, T )× R3 : x3 > f(t, x′)}

ΩT
− = {(t, x) ∈ (0, T )× R3 : x3 < f(t, x′)}

Define the moving boundary (or front or interface) Γ(t) as

Γ(t) = {x ∈ R3 : x3 = f(t, x′)}

We also write

ΓT = {(t, x) ∈ (0, T )× R3 : x3 = f(t, x′)}

Define

n := (−∇′f, 1)

n̂ :=
n

|n|

as a spatial normal and the spatial unit normal to the interface pointing into Ω+(t). Note that since these

are independent of x3, we can think of them as being defined on (0, T ) × R2 or on ΓT via n(t, x) =

(−∇′f(t, x′), 1) for (t, x) ∈ ΓT .

Let p±, (ui)± (i = 1, 2, 3), s± ∈ C1
b (ΩT ′

± ) for all T ′ ∈ (0, T ). Write u± = ((u1)±, (u2)±, (u3)±),

U± = (p±, u±, s±). Note that U±|t=0 and f |t=0 are defined by uniform continuity.

Define ρ±(t, x) := ρ±(p±(t, x), s±(t, x)) and c±(t, x) := c±(p±(t, x), s±(t, x)), where ρ±(p, s)

and c±(p, s) are the equations of state defined in 1.5.

We will say that (U+, U−, f) is a vortex sheet solution of the Euler equations with surface ten-

sion on the time interval (0, T ) with initial data (U0
+, U

0
−, f

0) := (U+|t=0, U−|t=0, f |t=0) provided that

ρ±(t, x) > 0 in ΩT
±, and p±, u±, s±, f satisfy the following system of PDEs.
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1

ρc2
(∂t + u · ∇)p+∇ · u = 0 (2.1.1)

ρ(∂t + u · ∇)u+∇p = 0 (2.1.2)

(∂t + u · ∇)s = 0 (2.1.3)

in ΩT
±,

∂tf = u± · n (2.1.4)

[p] = −σ∇′ · n̂ (2.1.5)

on ΓT .

2.2 The Initial Data and the Compatibility Conditions

Definition 2.2.1. We say that (p0
±, u

0
±, s

0
±, f

0) are initial data for the system (2.1.1)-(2.1.5) if the follow-

ing holds. We require that f0 ∈ C1
b (R2). We define the initial domains Ω0

± as

Ω0
+ = {x ∈ R3 : x3 > f0(x′)}

Ω0
− = {x ∈ R3 : x3 < f0(x′)}

and the initial boundary (or front or interface) Γ0 as

Γ0 = {x ∈ R3 : x3 = f(t, x′)}

and the initial normal and unit normal as

n0 := (−∇′f0, 1)

n̂0 :=
n0

|n0|

We also require that p0
±, u

0
±, s

0
± ∈ Cb(Ω

0
±) are uniformly continuous functions (where u0

± are vectors

representing the initial velocity), so that we may define them on the interface Γ0 by uniform continuity.

Finally, we require

ρ0
±(x) := ρ±(p0

±(x), s0
±(x)) > 0

for all x ∈ Ω0
±.

Definition 2.2.2. For integer j ≥ 0, we define the following differential operators ∂j0 associated with the

system (2.1.1)-(2.1.5) which act on differentiable expressions involving the initial data and its derivatives

(including compositions). We call the operator ∂j0 the initial time derivative operator of order j associated

to the system (2.1.1)-(2.1.5).

To start with, we define ∂j0p
0
±, ∂

j
0u

0
±, ∂

j
0s

0
±, ∂

j
0f

0 as follows. We set

∂0
0 = id
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then for j ≥ 0 we inductively define

∂j+1
0 f0 := ∂jt (u+(t)

∣∣
Γ(t)
· n(t))

∣∣
t=0

:= ∂jt (u+(t, x′, f(t, x′)) · n(t))
∣∣
t=0

(2.2.1)

∂j+1
0 p0

± := ∂jt (−(u±(t) · ∇)p±(t)− ρ±(t)c2
±(t)∇ · u±(t))

∣∣
t=0

(2.2.2)

∂j+1
0 u0

± := ∂jt (−(u±(t) · ∇)u±(t)− 1

ρ±(t)
∇p±(t))

∣∣
t=0

(2.2.3)

∂j+1
0 s0

± := ∂jt (−(u±(t) · ∇)s±(t))
∣∣
t=0

(2.2.4)

where the right hand side means we think of u±(t) etc as functions of t and formally differentiate with

respect to t j times according to the chain and Leibniz rules, then replace ∂ltu±(t) for 0 ≤ l ≤ j by ∂l0u
0
±

etc. Note that it is necessary for us to pick either + or− in the above definition for ∂j+1
0 f0 since we have

not yet imposed any compatibility conditions on the initial data. Note we require sufficient regularity on

the initial data for the above to make sense.

We can now generalise the operators ∂j0 to general differentiable expressions involving the initial

data and its derivatives (including compositions) in the obvious way. Suppose H(p0
±, u

0
±, s

0
±, f

0) is such

an expression. For j ≥ 0, we set

∂j0(H(p0
±, u

0
±, s

0
±, f

0)) := ∂jt (H(p±(t), u±(t), s±(t), f(t)))
∣∣
t=0

where, as above, the right hand side means we think of u±(t) etc as functions of t and formally dif-

ferentiate with respect to t j times according to the chain and Leibniz rules, then replace ∂ltu±(t) for

0 ≤ l ≤ j by ∂l0u
0
± etc.

Definition 2.2.3. Let (p0
±, u

0
±, s

0
±, f

0) be initial data for the system (2.1.1)-(2.1.5). We say that the initial

data (p0
±, u

0
±, s

0
±, f

0) satisfy the compatibility conditions for the system (2.1.1)-(2.1.5) up to order k, for

integer k ≥ 0, if the following holds for all x′ ∈ R2.

∂j0[u0
∣∣
Γ0(x′) · n0(x′)] = 0 (2.2.5)

for 0 ≤ j ≤ k and

[∂j0(p0
∣∣
Γ0(x′))] = −σ∂j0(∇′ · n̂0)(x′) (2.2.6)

for 0 ≤ j ≤ k, where

u0
∣∣
Γ0(x′) := u0(x′, f0(x′))

p0
∣∣
Γ0(x′) := p0(x′, f0(x′))

2.3 The Energy Functional

Definition 2.3.1. Let f ∈ L1
loc((0, T ) × R2), U± ∈ L1

loc(Ω
T
±). We define the energy E for the vortex

sheet equations, associated to (U+, U−, f), as follows.

Define the energy E : (0, T ]→ [0,∞] by

E(t) =
∑
±

ess sup
τ∈(0,t)

||U±||2L∞(Ω±(τ)) +
∑
±

∑
1≤|α|≤3

ess sup
τ∈(0,t)

||∂αU±||2L2(Ω±(τ))

+ ess sup
τ∈(0,t)

||f ||2L∞(R2) +
∑

1≤|α|≤3

ess sup
τ∈(0,t)

||∂αf ||2H1(R2) +

2∑
j=0

ess sup
τ∈(0,t)

∣∣∣∣∣∣∇′∂jt f ∣∣∣∣∣∣2
H3.5−j(R2)
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Note we adopt the convention that if the solution does not have sufficiently many weak derivatives in

ΩT
± to define the energy then it is infinite, and if we write E(T ′) < ∞ then this implies that all the

weak derivatives in ΩT ′
± present in the energy exist. Note also that if E(T ′) < ∞ then E is uniformly

continuous on (0, T ′].

Similarly, let (U0
+, U

0
−, f

0) be initial data for the system (2.1.1)-(2.1.5). We define the energy E0 ∈
[0,∞] of the initial data as

E0 =
∑
±

∣∣∣∣U0
±
∣∣∣∣2
L∞(Ω0

±)
+
∑
±

∑
1≤|β|+j≤3

∣∣∣∣∣∣∇β∂j0U0
±

∣∣∣∣∣∣2
L2(Ω0

±)

+
∣∣∣∣f0

∣∣∣∣2
L∞(R2)

+
∑

1≤|β|+j≤3

∣∣∣∣∣∣∇β∂j0f0
∣∣∣∣∣∣2
H1(R2)

+
2∑
j=0

∣∣∣∣∣∣∇′∂j0f0
∣∣∣∣∣∣2
H3.5−j(R2)

Note that we may consider the class of initial data such that E0 < ∞, which has the obvious meaning

that U0 ∈ L∞(Ω0
±), f0 ∈ L∞(Γ0), ∇U0 ∈ H2(Ω0

±), ∇′f0 ∈ H3.5(Γ0), which allows us to define

∂j0(U0
+, U

0
−, f

0) for 0 ≤ j ≤ 3 using 2.2.2, and we then require ∂j0f
0 ∈ H4−j(Γ0) for 1 ≤ j ≤ 3

and ∂j0f
0 ∈ H4.5−j(Γ0) for 1 ≤ j ≤ 2. (Note that the required regularity of ∂j0U

0
± for 1 ≤ j ≤ 3

automatically follows from the definition 2.2.2 and the spatial regularity).

2.4 Statement of the Main Theorem

Theorem 2.4.1. Let (U0
+, U

0
−, f

0) be initial data as described in 2.2.1 with energy E0 < ∞. Assume

that this initial data satisfies the compatibility conditions (2.2.5)-(2.2.6) up to order 2, and note that these

conditions make sense up to order 2 since we have E0 <∞. Assume also that the initial density satisfies

inf
x∈Ω0

±

ρ0
±(x) =: δ0 > 0 (2.4.1)

Then there exists a time T 0 > 0 and a vortex sheet solution (U+, U−, f) of the Euler equations with

surface tension on the time interval (0, T 0), as in definition 2.1.1. Moreover,

E(T 0) ≤ C0

ρ± ≥
δ0

2
in ΩT 0

±

The time T 0 > 0 is bounded below as follows.

T 0 ≥ T (E0,
1

δ0
) > 0

where T (·) is a smooth decreasing function. Similarly, the constant C0 > 0 is bounded above as follows.

C0 ≤ C(E0,
1

δ0
) <∞

where C(·) is a smooth increasing function.

In addition, the solution (U+, U−, f) is unique on the time interval (0, T 0) in the sense that it is the

only solution of the equations given in 2.1.1 on the time interval (0, T 0) with initial data (U0
+, U

0
−, f

0)

satisfying the following properties

E(T 0) <∞

inf
(t,x)∈ΩT

0
±

ρ± > 0
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Proof. See chapters 3-15.

Remark 2.4.2. In fact a statement of stability also holds in addition to uniqueness, but this is more easily

stated after fixing the domains, so we leave this statement to 4.6.1. Note that the statement in 4.6.1 seems

to require an extra condition, namely that the Jacobian Jψ of the change of coordinates used to fix the

domains is bounded below, but given two solutions (U1
+, U

1
−, f

1) and (U2
+, U

2
−, f

2) on a time interval

(0, T 0) satisfying the energy estimate above, we have ess supt∈(0,T 0)

∣∣∣∣f i∣∣∣∣2
L∞(R2)

≤ Ei(T 0) < ∞ for

i = 1, 2, from which it follows that we may choose our change of coordinates so that Jacobians are indeed

bounded below. (Specifically, we set a = maxi=1,2 ess supt∈(0,T 0)

∣∣∣∣f i∣∣∣∣
L∞(R2)

in the construction of

the lift in 4.2.2).

Remark 2.4.3. Note the requirement that the initial data satisfies the compatibility conditions (2.2.5)-

(2.2.6) up to order 2 is necessary in order to obtain a solution with E(t) < ∞ for some t > 0. Indeed,

given a solution with E(t) < ∞, there is enough regularity to define the trace at the time t = 0 of the

quantities

∂jt [u · n]

∂jt ([p] + σ∇′ · n̂)

for 0 ≤ j ≤ 2. But of course for a solution these are zero by (2.1.4)-(2.1.5), and we may also write these

quantities at time t = 0 in terms of the initial time derivatives, hence we obtain

∂j0[u0 · n0] = 0

∂j0([p0] + σ∇′ · n̂0) = 0

for 0 ≤ j ≤ 2.
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3. Summary of the Proof of the Main
Theorem

Here we summarise the main steps in the proof of the main theorem 2.4.1.

3.1 Fixing the Domains

The graph of the interface f is part of the solution of the equations (2.1.1)-(2.1.5), thus the domains

ΩT
± and ΓT in which the equations (2.1.1)-(2.1.5) should hold are unknown before we have solved these

equations. To apply any sort of standard theory, we must know the domains on which the equations

are posed in advance. Therefore we must introduce a change of coordinates θ : (0, T ) × Ω± → ΩT
±,

(t, x) 7→ θ(t, x) depending on the solution to obtain a new system of equations for the unknowns p̃ = p◦θ
etc on fixed known domains (0, T )×Ω± with ∂Ω+ = ∂Ω− =: Γ and θ((0, T )×Γ) = ΓT . In order that

the pressure interface condition (2.1.5) should transform to a reasonable condition in the fixed domains,

we require that θ should be continuous across Γ. We then intend to solve the new system of equations,

and show that solutions of this new system of equations on the fixed domains correspond in a one-to-one

manner to solutions of the original system (2.1.1)-(2.1.5) on the moving domains.

There are several obvious choices for the change of coordinates θ(t, x). One is Lagrangian coordi-

nates, in which (the spatial component of) θ is defined as the solution to ∂tθ = u ◦ θ with θ(0, x) = x,

so that Γ = Γ0. However, since the velocity u is discontinuous across ΓT , we cannot apply a global

Lagrangian coordinate transformation which is continuous across Γ, and hence we would have to pick a

region Ω+ or Ω− in which to apply Lagrangian coordinates, and then extend the change of coordinates

to R3 by Sobolev extension. This approach is used by Shkoller et al in [6], but has the disadvantage of

producing a different set of equations in Ω+ and Ω−.

Other obvious approaches involve constructing a liftψ of f defined on (0, T )×Ω± such thatψ|Γ = f ,

where Ω+ = R3
>0,Ω− = R3

<0 and Γ = {x ∈ R3 : x3 = 0} = R2. We would then set θ(t, x) =

(t, x′, x3 + ψ(t, x)). One way of constructing ψ is to require that ψ± satisfy the equations ∂tψ± =

u3± − u′±(t, x3 + ψ(t, x)) · ∇′ψ± in (0, T ) × Ω±, which is an extension of the equations (2.1.4) to

(0, T )×Ω±, as in [9] and [4]. However, this has the major disadvantage that ψ does not inherit the high

spatial regularity of f gained due to the presence of surface tension. The simplest method of defining

ψ is to specify ψ directly in terms of f . This can be done in such a way that ψ gains half a degree

of regularity from f - see A.2.3 for the construction, and this method is used in [7]. However, since it

appears to be sufficient, we have chosen to use the simplest possible lift of f - we merely multiply f

by a smooth cut-off function depending on x3. This has the advantage that ψ inherits the regularity of

f and is smooth in the x3-direction. It is a little awkward that ∂kx3
ψ is not in L2, but since this always
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appears as a coefficient in the equations this is not a problem - in fact it should make things better from

a regularity point of view, the only problem being that the high-order horizontal and time derivatives of

ψ will have to be estimated in a different space - L2 rather than L∞.

Thus we obtain the system of equations (4.3.1)-(4.3.5) on the fixed domains (0, T ) × Ω± and the

analogous theorem to 2.4.1 corresponding to these new equations is given by 4.6.1.

Full details of the reduction of the theorem 2.4.1 in the moving domains to the theorem 4.6.1 in the

fixed domains are given in 5.

3.2 Smoothing the Initial Data

Later on, we will need to introduce an approximation to the equations in the fixed domains (4.3.1)-(4.3.5).

To maintain compatibility of the initial data, we will need to add a combination of the initial data and its

derivatives to the equations, which will then be treated like a zero order term from the point of view of

energy estimates. We will also solve these new equations with slightly higher regularity than the original

equations, which will require that the compatibility condition (2.2.5) is satisfied to order 3 rather than 2.

Also, in our fixed point scheme later on we will need to construct a approximate solution to start the iter-

ation which at zero order (in terms of the energy) involves initial time derivatives of the initial data. For

all these reasons, it is necessary for us to be able to reduce to the case of smooth compatible initial data.

This means that given some initial data (U0
+, U

0
−, f

0) which satisfies the compatibility conditions 2.2.3

(or 4.4.3 if we are considering the problem in the fixed domains) up to order 2 and givenm ≥ 1, we need

to be able to construct some smooth initial data (U0
m+, U

0
m−, f

0
m) satisfying the compatibility condition

(4.4.7) up to order 2 and the compatibility condition (4.4.6) up to order 3 such that (U0
m+, U

0
m−, f

0
m)

converges (in the sense of the norms making up the energy E0) to (U0
+, U

0
−, f

0) as m→∞.

The details of the construction of this initial data are given in 6. We summarise the main ideas here.

Firstly we smooth the initial data in a standard way, by extending U0
± to R3 by Sobolev extension (and

doing nothing to f0), then convolving with the standard mollifier. We then add a correction term w0
ε+ to

the smoothed velocity in Ω+ and a correction term q0
ε+ to the smoothed pressure in Ω+ which ensures

that the initial time derivatives of the smoothed front, ∂ε,j0 f0
ε , satisfy ∂ε,j0 f0

ε = (∂j0f
0) ∗ ηε for 0 ≤ j ≤ 3,

which is achieved by specifying the normal derivatives of w0
ε+ and q0

ε+ on the boundary in terms of the

difference of these two quantities. We use the fact that we can derive an expression relating normal

derivatives and initial time derivatives of u0 and p0. The the construction of w0
ε+ and q0

ε+ from specified

values of their normal derivatives on the boundary uses the lifting lemma proved in A.2.1. Similarly, we

add a correction term w0
ε− to the smoothed velocity in Ω− and a correction term q0

ε− to the smoothed

pressure in Ω− which together ensure that the compatibility conditions (4.4.6)-(4.4.7) are satisfied up to

order 2. Then we check that the smoothed initial data converges to the original initial data as required.

Having smoothed the initial data, we add another correction term to the smoothed initial pressure in

Ω− so that the compatibility condition (4.4.6) is satisfied up to order 3.

We then show that we can reduce to the case of smooth compatible initial data using the fact that the

bound on the energy of solutions depends only on the size of the initial data and the lower bound on time

interval of existence depends only on the size of the initial data.
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3.3 Motivating a Strategy for Solving the Equations

Note that in the introduction we originally started with a system of equations in integral form (1.4.1)-

(1.4.3). In particular the integral energy equation (1.4.3) gives rise to a conserved zero order energy.

However, there is no good theory of weak solutions of systems of conservation laws in multi-space di-

mensions and even if we were able to obtain a sequence of approximate solutions with bounded zero

order energy which by extracting a subsequence would converge weakly-∗ in zero order norms, it would

be difficult or impossible to prove that the limit was a solution of the equations due to the lack of con-

vergence of the nonlinear terms. Furthermore, it is unlikely that this solution would be unique. Thus our

approach will involve classical solutions. Since it is possible shocks and other singularities may form in

finite time, we will restrict to the case of short-time solutions.

Since we are working with a complex system of nonlinear equations, any approach will involve an

approximation of the equations at some point. To obtain a classical solution of the original equations, we

must be able to show that a sufficiently high-order energy (by which we mean sum of Sobolev norms)

of the approximate solutions is bounded uniformly with respect to the approximation or without loss of

derivatives with respect to the linearised coefficients in the case that the approximation is a linearisation.

Then we can use weak-∗ compactness and the Sobolev compact embedding theorem or a fixed point

scheme in the case of linearisation to obtain a strongly convergent subsequence on compact subsets

of (0, T ) × Ω± which will converge to a solution of the original equations. Thus the first step from

a motivating point of view is to obtain a closed a priori high-order energy estimate for the system of

equations on the fixed domains (4.3.1)-(4.3.5). One must then choose an approximation to the equations

which makes them easier to solve but which preserves the energy estimate. Since one needs the energy

estimate to apply to the approximate equations, we introduce the approximate equations before deriving

the energy estimate even though motivation-wise one would obtain an energy estimate first.

There are two obvious ways in which to approximate the system of equations on the fixed domains

(4.3.1)-(4.3.5). One approach would be to directly linearise the equations, try to obtain an energy esti-

mate without losing regularity with respect to the coefficients, then use an iteration scheme to obtain a

sequence of solutions to the linearised equations which converges a solution to the nonlinear equations.

This is one of the standard approaches for hyperbolic conservation laws - see eg Serre and Benzoni-

Gavage, [3]. However, a direct linearisation of the equations destroys the structure of the equations and

it seems impossible to obtain an energy estimate without losing regularity with respect to the coefficients.

For example, the fact that uψ3 |Γ = 0, where uψ is defined in 4.2.3, is crucial to avoid generating additional

boundary terms in the energy estimate. This relies on the fact that uψ3 |Γ = u · n − ∂tf = 0 by virtue of

the equation (4.3.4) for f , but linearising the equation (4.3.4) as well as replacing the coefficient uψ with

something from a previous iteration step which preserves the key property uψ3 |Γ = 0 seems impossible

unless we first solve ∂tf = ū · n̄ where ū and n̄ are from the previous iteration step. But then we would

not be able to write ∇′∂αf · ∇′∂α(u · n) = 1
2

d
dt |∇

′∂αf |2, which is a key part of the energy estimate.

We may overcome a loss of derivatives in the energy estimate with respect to the coefficients caused by

direct linearisation by using a Nash-Moser type iteration as in [9] and [4]. However, the Nash-Moser

iteration scheme is very technical and is hampered by the fact that certain nonlinear constraints such as
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[u · n] = 0 should be satisfied at the start of each step of the iteration procedure which do not fit into a

linear framework very well.

The second approach is to introduce an artificial viscosity or parabolic-type regularisation before lin-

earisation. We must obtain an energy estimate which is independent of the artificial viscosity parameter,

but having done so we may fix the artificial viscosity parameter and then solve the equations using a

method which depends crucially on the artificial viscosity parameter. This is also one of the standard

approaches for hyperbolic conservation laws - see eg Dafermos, [14]. This is the approach we will fol-

low, except that our artificial viscosity will be degenerate because adding a full parabolic regularisation

would not preserve the energy estimate. We follow the choice of artificial viscosity used by Shkoller et

al in [10] and [13].

3.4 The µ-Approximate Equations - a Degenerate Parabolic-Type Regu-
larisation

Motivated by the above discussion, we introduce the µ-approximate equations (7.1.2)-(7.1.6) in 7 which

reduce to the equations in the fixed domains (4.3.1)-(4.3.5) in the case µ = 0. There are four main

points to note. Firstly, we regularise the divergence of the velocity by adding the term µ∇ψ(ρc2∇ψ · u)

to the right hand side of the velocity equation. It is very important to note that by using the pressure

equation, we have ρc2∇ψ · u = −(∂t + uψ · ∇)p =: Du
t p =: ṗ which is the material derivative of the

pressure, so that when moved to the other side we have effectively replaced ∇p with ∇p+ µ∇ṗ, where

ṗ behaves like a time derivative of p, which will allow us to preserve our estimate of ∂x3p independent of

µ. Since ∇×∇(·) = 0, the curl estimate is also preserved. The addition of a full parabolic regularising

term would not preserve these estimates. We replace [p] with [p− µρc2∇ψ · u] in the pressure interface

condition (4.3.5) which naturally corresponds to the addition of the term µ∇ψ(ρc2∇ψ · u) to the right

hand side of the velocity equation.

Secondly, we regularise u · n = ∂tf by adding the term µ(∆′ − 1)(u · n) to the right hand side of

the pressure interface condition (4.3.5). This has a number of benefits. First of all, since u · n = ∂tf ,

it regularises the time derivative of f , whereas surface tension only regularises in space. Secondly, for

fixed µ, it means that good regularity of f follows from good regularity of the ‘normal’ component of u

on the boundary, so that when we come to linearise we may in fact solve ∂tf = ū · n̄ before solving the

velocity equation. Thirdly, we may combine regularity of u · n with regularity of ∇ψ · u and ∇ψ × u
using the Hodge decomposition estimate A.1.2 to obtain regularity of∇u.

Thirdly, we smooth the coefficient ρ in the velocity equation (4.3.2). This is harmless for the µ-

independent estimate since the coefficient ρ is already lower order. However, for the µ-approximate

equations we will be estimating u to one order higher in space than p and s, hence ρ is no longer lower

order for fixed µ, but the mollified density ρµ will be lower order.

Fourthly, we add some known smooth functions g1 and g2 to the right hand side of the velocity

equation and pressure interface condition respectively. Eventually we will choose these to be functions

of the initial data. The function g1 will be chosen in terms of some given smooth initial data for the

equations in the fixed domains so that the initial time derivatives associated with this initial data for

the µ-approximate equations are the same as those for the equations in the fixed domains. Since the
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µ-approximate equations reduce to the equations in the fixed domains in the case µ = 0, we will have

g1 → 0 as µ → 0. The function g2 will be chosen in terms of some given smooth initial data for the

equations in the fixed domains so that the modified compatibility condition (7.2.7) holds up to order 2,

and since the compatibility condition (4.4.7) holds up to order 2 we will have g2 → 0 as µ→ 0.

3.5 The µ-Independent Energy Estimate and Reduction to Solving the µ-
Approximate Equations

As discussed above, we need to prove that some high-order energy associated to solutions of the µ-

approximate equations, which we will call the µ-independent energy, remains bounded independent of

µ on some time interval which has a lower bound independent of µ, provided that the solution exists for

that length of time. The problem that the solution might not exist for long enough will be overcome if

we can prove existence of solutions to the µ-approximate equations on a time interval which is maximal

in the sense that the energy blows up as the t approaches this maximal time. Then in fact the maximal

time interval must be larger than the µ-independent lower bound on the time interval from our energy

estimate to avoid contradiction.

Assuming we can prove this energy estimate, we may use weak-∗ compactness and the Sobolev

compact embedding theorem to obtain a subsequence µj → 0 as j → ∞ such that solutions of the

µj-approximate equations converge to a solution of our original equations on the fixed domains, which

proves the existence part of the main theorem 2.4.1. See 7 for the details of this reduction.

The µ-independent energy is chosen to include roughly space and time derivatives of the solution up

to order 3, L2 in space and L∞ in time. We do not require zero order derivatives to be in L2 with respect

to space since we want in particular the density (thus pressure) to be bounded below. In addition there is

one extra space derivative on f with up to 3 time derivatives, and 1.5 extra space derivatives on f with

up to 2 time derivatives, which is an automatic consequence of the elliptic-type equation for f given by

the surface tension term in the pressure interface condition (2.1.5). We need 3 derivatives on the solution

in order to be able to estimate terms involving one derivative of the solution in L∞ using the Sobolev

embedding theorem. The extra terms involving µ are added so that we can close the estimate without

constants depending on µ. In fact we can close the estimate with slightly fewer µ-dependent terms, but it

is useful to have an estimate for some higher-order terms in order to be able to maximise the time interval

of existence of solutions of the µ-approximate equations for fixed µ as described above.

The energy estimate is split into several parts which we briefly describe as follows. Firstly, we

estimate the tangential space derivatives of the solution by differentiating the equations and multiplying

by the differentiated solution, adding the equations and integrating by parts, using the symmetry in the

standard manner. Integration by parts generates a boundary term, which after adding the estimates in

Ω± together can be written as the jump of a certain product of tangential derivatives. Since we are

considering tangential derivatives, we may apply these derivatives to the boundary conditions in order

to estimate this boundary term. Here we use crucially the extra spatial regularity of f provided by the

elliptic-type equation for f on the interface contained in (2.1.5).

Secondly, we estimate the time derivatives of the solution. In order to remove the highest order time

derivative of ψ from the equations which cannot be treated as a lower order term, we change dependent
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variables to a nonlinear version of the ‘good’ unknowns which were introduced by Alinhac in [2]. We

differentiate the equations with respect to time, replacing the last time derivative by a ‘material’ derivative

D
u−
t where in fact we extend u− to Ω+ by Sobolev extension so that it is a material derivative only in

Ω− and is continuous across Γ. We then proceed as in the estimate of the tangential derivatives, except

that the estimate of the boundary term is more complicated. In fact we will need to split the jump of a

product of two quantities into two terms each of which involves the jump of only one quantity, which

allows us to use the boundary conditions but also generates a term which we must estimate by converting

it to an integral over the interior of Ω− and using the interior equations, which is why we needed to use

the material derivative operator Du−
t instead of a straightforward time derivative.

Thirdly, we must estimate the normal derivatives of the solution. Note that the normal derivatives

of the entropy can be estimated in a standard manner. We may estimate the curl of the velocity by

taking the curl of the velocity equation then differentiating and performing a standard energy estimate.

In the standard way, we may also obtain an estimate weighted by uψ3 for the normal derivatives of the

solution using the fact that uψ3 |Γ = 0 which means no boundary terms are generated. Using this and the

existing time and tangential estimates, we may estimate the divergence of the velocity and the normal

derivative of the pressure by directly rearranging the pressure and velocity equations. We actually obtain

an estimate for ∂x3p+ µ∂x3 ṗ rather than ∂x3p, but thinking of ṗ as behaving like ∂tp, it is easy to see by

considering a first-order ODE that this gives us a µ-independent estimate for ∂x3p. A combination of the

divergence, curl and tangential derivative estimates of u gives estimates for all the derivatives of u.

The high-order space derivative estimate of f is obtained from the pressure interface condition using

the fact that ∇′ · n̂ behaves like −∆′f so that this is an elliptic equation for f , combined with existing

estimates for the other terms in this equation. The high-order boundary artificial viscosity term involving

u · n = ∂tf is dealt with in exactly the same way as we dealt with the presence of the term involving ṗ

above.

The extra velocity term in the energy involving µ is estimated using a Hodge decomposition argument

and the high-order u·n term involving µ is estimated from the elliptic-type equation given by the pressure

interface condition. This completes the proof of the energy estimate. See 8 for the detailed proof.

3.6 Linearisation of the µ-Approximate Equations

We have designed the µ-approximate equations so that for fixed µ the equations have a nice linearised

structure when linearised carefully. In fact the linearisation reduces to solving the following equations

in order, which are given in 9. Firstly, we solve the very simple ODE ∂tf = ū · n̄ for f . Next, we

solve scalar linear transport equations where the transport is parallel to the interface for the entropy, the

pressure, and (the components of) the curl, ω. We carefully replace uψ with uψ (see 9 for the definition)

which is chosen so that uψ3|Γ = ū · n̄ − ∂tf = 0 by virtue of the equation just given for f . Finally, we

solve a parabolic-type equation for the velocity, where the full parabolicity comes from the fact that we

may add the curl of the curl of the velocity to one side of the equation and the curl of the ‘curl’ ω just

obtained from the transport equation for the curl, ω, to the other side of the equation.
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3.7 Solving the Linearised Equations

The details of the solution of the transport equations, which is standard, are given in 10, and the de-

tails of the solution of the parabolic-type equation for the velocity are given in 11. Note that we solve

the parabolic-type equation for the velocity in the domains Ω± simultaneously whilst maintaining the

boundary condition [u ·n] = 0. It seems very difficult to preserve an appropriate energy estimate without

maintaining the condition [u ·n] = 0. This contrasts with the incompressible case considered by Shkoller

et al in [6] where the equations are solved separately in Ω± in a two-step iteration process.

To solve the parabolic-type equation, we first rotate the velocity and work with the rotated velocity y
u

so that the condition [u ·n] = 0 becomes [
y
u3] = 0 which can be incorporated in the definition of a vector

space which is independent of time. Once we have done this, we formulate a weak version of the problem

and construct a Galerkin basis etc, proceeding much as in the solution of a simple linear parabolic

equation as described in Evans, [15]. However, a technical complication arises from the fact that we

are working on the unbounded domains Ω±. Note that the standard Galerkin scheme method requires

that the Galerkin basis is constructed so that theL2 orthogonal projection onto the linear subspace formed

by the span of the first m basis elements is the same as H1 orthogonal projection, which is required in

order to estimate the initial value of the approximate solution in terms of the given initial data. This

requires that the Galerkin basis functions are eigenvalues of an elliptic operator which is required to be

compact, but this only holds on compact domains. There are two ways of overcoming this problem.

One is to subtract the background state to reduce to the case of zero initial data, in which case we do

not need the above property of the Galerkin basis and may use an abstract Hilbert space basis instead.

However, this requires additional regularity on the background state, which would involve smoothing

the background state, which would in turn involve smoothing the initial data for the µ-approximate

equations. (It is not enough to solve the µ-approximate equations only for some fixed smoothed initial

data for the equations on the fixed domains since we need to maximise the time interval of existence in

order to eventually obtain a time interval of existence independent of µ). This would be a significant

amount of work since we would need to preserve the compatibility conditions.

The other method, which we follow, is to solve the equations on a ball of radius r ≥ 1 with zero

boundary conditions on the boundary of the ball and obtain an energy estimate independent of r allowing

us to pass to the limit r → ∞ to obtain a weak solution of the equations on the unbounded domains.

Note that we have to be careful of the order in which we prove the existence and regularity results. We

first prove existence of a weak solution in the bounded domains, then pass to the limit r →∞. We then

prove higher time regularity in the bounded domains (in fact this is done via the reuse of the approximate

solutions formed from the Galerkin basis), which requires the compatibility conditions to be satisfied,

then we pass to the limit r → ∞. Finally we prove higher spatial regularity directly on the unbounded

domains to avoid any problems on the boundary of the ball of radius r.

3.8 Obtaining a Fixed Point of the Linearised Equations

We use the contraction mapping theorem to prove the existence of a fixed point of the linearised equa-

tions, which is a solution of the µ-approximate equations by the construction of the linearised equations.
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This requires three components.

Firstly, we define an energy for the µ-approximate equations which we will use for fixed µ which

is slightly higher order than the µ-independent energy, and we also define a slightly modified linearised

version of this which applies to the linearised equations. The reason that we make this energy higher

order than the µ-independent energy is partly because it is convenient given the structure of the µ-

dependent equations, and partly because we want to be able to differentiate the equations when obtaining

our µ-independent energy estimate without worrying about whether the solution is regular enough. We

need to show that given a background state with energy bounded by a sufficiently large constant, the

solution of the linearised equations linearised about that state has energy bounded by the same constant

provided we take the solution time interval sufficiently small. (In fact, we want to be slightly more

careful in the energy estimate so that later we can use Gronwall’s lemma to show that the higher-order

µ-approximate energy remains bounded provided the µ-independent energy remains bounded.) The fact

that the energy remains bounded by the same constant proves that we have a well-defined map from

an appropriate metric space to itself which sends a background state to the solution of the linearised

equations linearised about that state. The metric is defined using the norms which make up the energy,

but two orders of derivatives lower, and the completeness of the metric space follows from weak-∗
compactness and weak-∗ lower semi-continuity of norms.

Secondly, we have to prove this map is a contraction in this metric, which is very similar to the proof

of the energy estimate except that we take the difference of the differentiated equations for two solutions

with two different background states.

The third point to prove is that the metric space is non-empty. This requires constructing a back-

ground state whose time derivatives at t = 0 match the initial time derivatives of some given initial

data. To do this we simply form a truncated Taylor series using the initial time derivatives of the initial

data, but note that this requires the initial data to be smooth. Since we have smoothed the initial data

for the equations on the fixed domains, this, combined with the well-defined contraction map, allows us

to obtain a solution on a µ-dependent time interval. However, in order to maximise the time interval of

existence, which combined with our µ-independent energy estimate and the control of the higher order

µ-approximate energy in terms of the µ-independent energy mentioned above allows us to obtain a time

interval of existence independent of µ, we need to be able to take ‘final’ data of the equations as initial

data, which will not be smoothed. We overcome this by constructing a background state on a larger time

interval of existence than the solution just obtained by using Sobolev extension to extend the solution in

time (which produces a background state, but not a solution, on a larger time interval). Thus we do not

require the ‘final’ data to be smooth.

Hence we obtain a fixed point, which solves the µ-approximate equations on a maximal time interval

- see 13 for the details. Since we have already reduced to the solution of the µ-approximate equations on

a maximal time interval, this completes the proof of the existence part of the main theorem 2.4.1.

3.9 Proof of Uniqueness

The proof of uniqueness is very similar to the µ-independent energy estimate with µ set to zero. Given

two solutions satisfying the conclusions of the existence part of theorem on the fixed domains 4.6.1, we
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define the ‘difference’ energy by replacing the solution by the difference of two solutions in the terms

which make up the energy for the fixed equations as defined in 4.5.1, and decreasing the number of

derivatives by one. We then show that this energy is bounded by a factor depending on the individual

energies of the solutions as defined by 4.5.1 multiplying the sum of the difference energy at time zero

and a time integral of the difference energy. Applying Gronwall’s lemma gives a stability result for the

equations in the fixed domains, from which uniqueness follows, both for the equations in the fixed and

moving domains.

The strategy of the proof is just to follow the proof of the µ-independent energy estimate with

µ = 0, where we take the difference of the equations after differentiating. We write terms of the form

G(U1, ψ1)∂α∂U1−G(U2, ψ2)∂α∂U2 asG(U1, ψ1)∂α∂(U1−U2)+(G(U1, ψ1)−G(U2, ψ2))∂α∂U2

and estimate the first term as in the µ-independent energy estimate. The second term is estimated by ap-

plying the mean value theorem to G(U1, ψ1) − G(U2, ψ2) and using the fact that this is a lower order

difference term, and using the higher order energy bound to bound the factor ∂α∂U2. Thus in fact the

proof is almost exactly the same as that of the µ-independent energy estimate.

3.10 A List of the Intermediate Results Combined to Prove the Main The-
orem

Now we list how all the results which make up the proof of the main theorem 2.4.1 fit together. First we

apply 5.2.1 to reduce the proof of the main theorem in the original moving domains, 2.4.1, to the proof

of the main theorem in the fixed domains, 4.6.1. Then we apply 6.2.1 to reduce to the case of smooth

initial data which satisfy the compatibility condition (4.4.6) to one order higher than the original initial

data.

Then we define the µ-approximate equations in 7.1.2. We prove a µ-independent a priori estimate

(stated in 7.5.1 and proved in section 8) for these equations, and in 7.6.3 we reduce the existence part

of the proof of 4.6.1 to the proof of existence of solutions to the µ-approximate solutions on a maximal

time interval as stated in 7.4.2. To prove 7.4.2, we define a linearisation of the µ-approximate equations

in 9.1.1 and show that there exists a unique solution of these equations (stated in 9.5.1 and proved in

sections 10-11) which satisfies the energy estimate given by 9.4.1 (proved in section 12).

We then show in section 13 that the map that sends a state about which the equations are linearised

to the solution of the equations is a well-defined (see 13.2.1) contraction (see 13.2.2) in an appropriate

metric space (see 13.1) - this uses the linearised energy estimate 9.4.1 and the contraction property which

is proved in section 14 in a similar manner to the linearised energy estimate. We also show in 13.3.2 that

this metric space is non-empty for smooth initial data. Then in section 13.3.1 we show that there exists

a fixed point, which we showed in lemma 13.3.1 solves the µ-approximate equations, which proves the

existence of a solution on a non-maximised time interval as stated in 7.4.1. We then maximise the time

interval in 13.3.2, using an extension of the solution just found to construct an element of our metric

space without the need for any smoothing. This proves 7.4.2, which completes the proof of the existence

part of the main theorem since we have already reduced to the case of proving 7.4.2. We then prove the

uniqueness and stability part of 4.6.1 in 15 and we have already shown in 5.2.1 that this is sufficient to

prove the uniqueness part of 2.4.1.
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4. The Theorem in the Fixed Domains

In this section we present the equations we obtain from the system (2.1.1)-(2.1.5) rewritten on fixed

domains after a change of variables. The change of variables will be detailed in section 5, and the

motivation for this change of variables is summarised in 3.1.

4.1 Important Notational Convention

Everything that follows after section 5 will be devoted to the proof of the theorem in the fixed domains.

Hence, to keep the notation simple, we will now redefine everything in the fixed domains, which will

involve using some of the same symbols as in the moving domains for corresponding quantities, such

as (U+, U−, f) for the solution, E for the energy, ∂j0 for the initial time derivatives associated with the

system etc. In section 5, where we show how the theorem in the fixed domains implies the main theorem,

we will place a tilde˜over variables in the fixed domains in order to distinguish corresponding quantities,

but otherwise we will reserve the tilde˜for other purposes.

4.2 The Fixed Domains, the Lifting Operator and the Transformed
Derivatives

Definition 4.2.1. Define the fixed domains Ω± as

Ω+ = {x ∈ R3 : x3 > 0}

Ω− = {x ∈ R3 : x3 < 0}

Define the fixed boundary (or front or interface) Γ as

Γ = {x ∈ R3 : x3 = 0}

Definition 4.2.2. Let a ∈ R≥0. We define the lifting operator La : L2(R2)→ L2(R3) by

(Laf)(x) := χ(
x3

3(1 + a)
)f(x′)

where χ ∈ C∞c (R) is a smooth cut-off function with 0 ≤ χ ≤ 1, χ(x3) = 1 for |x3| ≤ 1, χ(x3) = 0 for

|x3| ≥ 3 and |∂x3χ(x3)| ≤ 1 for all x3 ∈ R.

Note that this implies the following.

(Laf)(x′, 0) = f(x′)

∂x3(Laf)(x′, 0) = 0

|∂x3(Laf)(x)| ≤ 1

3(1 + a)

∣∣f(x′)
∣∣
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Clearly for T > 0 we may also define La : L2((0, T )× R2)→ L2((0, T )× R3) by

(Laf)(t, x) := χ(
x3

3(1 + a)
)f(t, x′)

Note that Laf inherits the regularity of f and derivatives of Laf can be bounded by those of f inde-

pendently of a. This means that all constants will be independent of a unless explicitly stated otherwise.

Definition 4.2.3. Given ψ ∈ C1((0, T ) × R3) bounded with bounded derivatives, and a vector u ∈ R3

(which we later take as a function of t and x), we define

Jψ := 1 + ∂x3ψ (4.2.1)

∂ψ := ∂ − 1

Jψ
∂ψ∂x3 (4.2.2)

∇ψ := ∇− 1

Jψ
∇ψ∂x3 = ∇′ + 1

Jψ
(−∇′ψ, 1)∂x3 (4.2.3)

uψ := (u′,
1

Jψ
(u3 − u′ · ∇′ψ − ∂tψ)) (4.2.4)

The quantity Jψ will be the Jacobian of the change of coordinates introduced later and ∂ acting on the

fluid variables in the moving domains will transform to ∂ψ acting on the new fluid variables in the fixed

domains after the change of coordinates introduced later.

4.3 Definition of the Equations in the Fixed Domains

Definition 4.3.1. Fix T ∈ (0,∞).

Let f ∈ C1
b ((0, T ′)×R2) with∇′f ∈ C1

b ((0, T ′)×R2) for all T ′ ∈ (0, T ), which we call the (graph

of) the front or interface (although it is not the graph of the fixed interface Γ = R2). Define

n := (−∇′f, 1)

n̂ :=
n

|n|

which we call a spatial normal and the spatial unit normal to the interface pointing into Ω+ (although

they are not actually normals to the fixed interface Γ = R2).

Let p±, (ui)± (i = 1, 2, 3), s± ∈ C1
b ((0, T ′) × Ω±) for all T ′ ∈ (0, T ). For convenience we write

u± = ((u1)±, (u2)±, (u3)±), U± = (p±, u±, s±). Note that U±|t=0 and f |t=0 are defined by uniform

continuity.

Define ρ±(t, x) := ρ±(p±(t, x), s±(t, x)) and c±(t, x) := c±(p±(t, x), s±(t, x)), where ρ±(p, s)

and c±(p, s) are the equations of state defined in 1.5.

We will say that (U+, U−, f) is a solution of the equations in the fixed domains on the time interval

(0, T ) with lifting operator La and initial data (U0
+, U

0
−, f

0) := (U+|t=0, U−|t=0, f |t=0) provided that

ρ±(t, x) > 0 and Jψ(t, x) > 0 in (0, T )× Ω±, and p±, u±, s±, f satisfy the following system of PDEs.

1

ρc2
(∂t + uψ · ∇)p+∇ψ · u = 0 (4.3.1)

ρ(∂t + uψ · ∇)u+∇ψp = 0 (4.3.2)

(∂t + uψ · ∇)s = 0 (4.3.3)
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in (0, T )× Ω±,

∂tf = u± · n (4.3.4)

[p] = −σ∇′ · n̂ (4.3.5)

on (0, T )× Γ, where ψ is a lift of f defined by

ψ := Laf (4.3.6)

Remark 4.3.2. Note that for ψ defined by (4.3.6), because of the properties of the lifting operator, we

have the following on the interface Γ.

Jψ = 1

∇ψ = ∇′ + n∂x3

on Γ. Also, if u and f satisfy the equation (4.3.4), then we have the following on the interface Γ.

uψ = (u′, 0)

on Γ.

4.4 The Initial Data and the Compatibility Conditions

Definition 4.4.1. We say that (p0
±, u

0
±, s

0
±, f

0) are initial data for the system (4.3.1)-(4.3.6) if the follow-

ing holds. We require that f0 ∈ C1
b (R2). We define the initial normal and unit normal as

n0 := (−∇′f0, 1)

n̂0 :=
n0

|n0|

For convenience we use the obvious notation

ψ0 := Laf0

We also require that p0
±, u

0
±, s

0
± ∈ Cb(Ω±) are uniformly continuous functions (where u0

± are vectors

representing the initial velocity), so that we may define them on the interface Γ by uniform continuity.

Finally, we require

ρ0
±(x) := ρ±(p0

±(x), s0
±(x)) > 0 for all x ∈ Ω±

Jψ
0

:= 1 + ∂x3ψ
0 > 0 for all x ∈ Ω±

Definition 4.4.2. For integer j ≥ 0, we define the following differential operators ∂j0 associated with the

system (4.3.1)-(4.3.6) which act on differentiable expressions involving the initial data and its derivatives

(including compositions). We call the operator ∂j0 the initial time derivative operator of order j associated

to the system (4.3.1)-(4.3.6).

To start with, we define ∂j0p
0
±, ∂

j
0u

0
±, ∂

j
0s

0
±, ∂

j
0f

0, ∂j0ψ
0 as follows. We set

∂0
0 = id
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then for j ≥ 0 we inductively define

∂j+1
0 f0 := ∂jt (u+(t)

∣∣
Γ
· n(t))

∣∣
t=0

:= ∂jt (u+(t, x′, 0) · n(t))
∣∣
t=0

(4.4.1)

∂j+1
0 ψ0 := La∂j+1

0 f0 (4.4.2)

∂j+1
0 p0

± := ∂jt (−(u
ψ(t)
± (t) · ∇)p±(t)− ρ±(t)c2

±(t)∇ψ(t) · u±(t))
∣∣
t=0

(4.4.3)

∂j+1
0 u0

± := ∂jt (−(u
ψ(t)
± (t) · ∇)u±(t)− 1

ρ±(t)
∇ψ(t)p±(t))

∣∣
t=0

(4.4.4)

∂j+1
0 s0

± := ∂jt (−(u
ψ(t)
± (t) · ∇)s±(t))

∣∣
t=0

(4.4.5)

where the right hand side in the first line and last three lines means we think of u±(t), ψ(t) etc as

functions of t and formally differentiate with respect to t j times according to the chain and Leibniz

rules, then replace ∂ltu±(t) for 0 ≤ l ≤ j by ∂l0u
0
± etc. Note that it is necessary for us to pick either + or

− in the above definition for ∂j+1
0 f0 since we have not yet imposed any compatibility conditions on the

initial data. Note we require sufficient regularity on the initial data for the above to make sense.

We can now generalise the operators ∂j0 to general differentiable expressions involving the initial

data and its derivatives (including compositions) in the obvious way. Suppose H(p0
±, u

0
±, s

0
±, f

0) is such

an expression. For j ≥ 0, we set

∂j0(H(p0
±, u

0
±, s

0
±, f

0, ψ0)) := ∂jt (H(p±(t), u±(t), s±(t), f(t), ψ(t)))
∣∣
t=0

where, as above, the right hand side means we think of u±(t) etc as functions of t and formally dif-

ferentiate with respect to t j times according to the chain and Leibniz rules, then replace ∂ltu±(t) for

0 ≤ l ≤ j by ∂l0u
0
± etc.

For convenience later on, we define the notation

(uψ)0 = ((u0)′,
1

Jψ0 (u0
3 − (u0)′ · ∇′ψ0 − ∂1

0ψ
0))

Definition 4.4.3. Let (p0
±, u

0
±, s

0
±, f

0) be initial data for the system (4.3.1)-(4.3.6). We say that the initial

data (p0
±, u

0
±, s

0
±, f

0) satisfy the compatibility conditions for the system (4.3.1)-(4.3.6) up to order k, for

integer k ≥ 0, if the following holds.

∂j0[u0 · n0] = 0 (4.4.6)

for 0 ≤ j ≤ k and

[∂j0p
0] = −σ∂j0(∇′ · n̂0) (4.4.7)

on Γ for 0 ≤ j ≤ k.

4.5 The Energy Functional

Definition 4.5.1. Let f ∈ L1
loc((0, T )× R2), U± ∈ L1

loc((0, T )× Ω±). We define the energy E for the

fixed equations, associated to (U+, U−, f), as follows.
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Define the energy E : (0, T ]→ [0,∞] by

E(t) =
∑
±

ess sup
τ∈(0,t)

||U±||2L∞(Ω±) +
∑
±

∑
1≤|α|≤3

ess sup
τ∈(0,t)

||∂αU±||2L2(Ω±)

+ ess sup
τ∈(0,t)

||f ||2L∞(R2) +
∑

1≤|α|≤3

ess sup
τ∈(0,t)

||∂αf ||2H1(R2) +

2∑
j=0

ess sup
τ∈(0,t)

∣∣∣∣∣∣∇′∂jt f ∣∣∣∣∣∣2
H3.5−j(R2)

Note we adopt the convention that if the solution does not have sufficiently many weak derivatives in

(0, T )× Ω± to define the energy then it is infinite, and if we write E(T ′) <∞ then this implies that all

the weak derivatives in (0, T ′)× Ω± present in the energy exist. Note also that if E(T ′) <∞ then E is

uniformly continuous on (0, T ′].

Similarly, let (U0
+, U

0
−, f

0) be initial data for the system (4.3.1)-(4.3.6). We define the energy E0 ∈
[0,∞] of the initial data as

E0 =
∑
±

∣∣∣∣U0
±
∣∣∣∣2
L∞(Ω±)

+
∑
±

∑
1≤|β|+j≤3

∣∣∣∣∣∣∇β∂j0U0
±

∣∣∣∣∣∣2
L2(Ω±)

+
∣∣∣∣f0

∣∣∣∣2
L∞(R2)

+
∑

1≤|β|+j≤3

∣∣∣∣∣∣∇β∂j0f0
∣∣∣∣∣∣2
H1(R2)

+
2∑
j=0

∣∣∣∣∣∣∇′∂j0f0
∣∣∣∣∣∣2
H3.5−j(R2)

(4.5.1)

Note that we may consider the class of initial data such that E0 < ∞, which has the obvious meaning

that U0 ∈ L∞(Ω±), f0 ∈ L∞(Γ), ∇U0 ∈ H2(Ω±), ∇′f0 ∈ H3.5(Γ), which allows us to define

∂j0(U0
+, U

0
−, f

0) for 0 ≤ j ≤ 3 using 4.4.2, and we then require ∂j0f
0 ∈ H4−j(Γ) for 1 ≤ j ≤ 3

and ∂j0f
0 ∈ H4.5−j(Γ) for 1 ≤ j ≤ 2. (Note that the required regularity of ∂j0U

0
± for 1 ≤ j ≤ 3

automatically follows from the definition 4.4.2 and the spatial regularity).

We also define the following lower order energy corresponding to the difference of two states which

will appear in a statement of stability.

Definition 4.5.2. We define the energy E∆ : (0, T ] → R≥0 of the difference of the states (U i+, U
i
−, f

i)

for i = 1, 2 defined on the time interval (0, T ) as

E∆(t) =
∑
±

∑
0≤|α|≤2

ess sup
τ∈(0,t)

∣∣∣∣∂α(U1 − U2)
∣∣∣∣2
L2(Ω±)

+
∑

0≤|α|≤2

ess sup
τ∈(0,t)

∣∣∣∣∂α(f1 − f2)
∣∣∣∣2
H1(Γ)

+
∑

0≤|α|≤1

ess sup
τ∈(0,t)

∣∣∣∣∂α(f1 − f2)
∣∣∣∣2
H2.5(Γ)

Note that this is effectively the energy E(t) reduced by one order of regularity evaluated at the difference

of two solutions. For simplicity we have chosen to requireU1−U2 ∈ L∞((0, T );L2(Ω±)) and f1−f2 ∈
L∞((0, T );L2(Γ)) for E∆(T ) < ∞ so that we no longer have to deal with the zero order L∞-in-space

terms separately.

Similarly, we define the initial energyE0
∆ of the difference of two sets of initial data (U0,i

+ , U0,i
− , f0,i)

for i = 1, 2 as

E0
∆ =

∑
±

∑
0≤|β|+j≤2

∣∣∣∣∣∣∇β(∂j,10 U0,1 − ∂j,20 U0,2)
∣∣∣∣∣∣2
L2(Ω±)

+
∑

0≤|β|+j≤2

∣∣∣∣∣∣∇β(∂j,10 f0,1 − ∂j,20 f0,2)
∣∣∣∣∣∣2
H1(Γ)

+
∑

0≤|β|+j≤1

∣∣∣∣∣∣∇β(∂j,10 f0,1 − ∂j,20 f0,2)
∣∣∣∣∣∣2
H2.5(Γ)
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where ∂j,i0 denotes the initial time derivatives of order j as defined in 4.4.2 acting on the initial data

(U0,i
+ , U0,i

− , f0,i) for i = 1, 2.

4.6 Statement of the Theorem in the Fixed Domains

Theorem 4.6.1. Let (U0
+, U

0
−, f

0) be initial data as described in 4.4.1 with energy E0 < ∞. Assume

that this initial data satisfies the compatibility conditions (4.4.6)-(4.4.7) up to order 2, and note that these

conditions make sense up to order 2 since we have E0 <∞. Assume also that the initial data satisfies

inf
x∈Ω±

ρ0
±(x) =: δ0 > 0 (4.6.1)

inf
x∈R3

Jψ
0

=: κ0 > 0 (4.6.2)

where

ψ0 := Laf0

Then there exists a time T 0 > 0 and a solution (U+, U−, f) of equations in the fixed domains on the

time interval (0, T 0) with lifting operator La, as in definition 4.3.1. Moreover,

E(T 0) ≤ C0

ρ± ≥
δ0

2
in (0, T 0)× Ω±

Jψ ≥ 1

2
κ0 in (0, T 0)× R3

The time T 0 > 0 is bounded below as follows.

T 0 ≥ T (E0,
1

δ0
,

1

κ0
) > 0

where T (·) is a smooth decreasing function. Similarly, the constant C0 > 0 is bounded above as follows.

C0 ≤ C(E0,
1

δ0
,

1

κ0
) <∞

where C(·) is a smooth increasing function. Note that these bounds are independent of the constant a in

the lifting operator La.

In addition, the solution (U+, U−, f) is unique on the time interval (0, T 0) in the sense that it is the

only solution of the equations given in 4.3.1 on the time interval (0, T 0) with initial data (U0
+, U

0
−, f

0)

satisfying the following properties

E(T 0) <∞

inf
t∈(0,T 0)

inf
x∈Ω±

ρ± > 0

inf
t∈(0,T 0)

inf
x∈R3

Jψ > 0

In fact, the following stability statement is satisfied. Given two sets of initial data (U0,i
+ , U0,i

− , f0,i)

for i = 1, 2 satisfying the hypotheses above, let T 0,1 and T 0,2 be the associated existence times as

given above and set T 0 = min{T 0,1, T 0,2}. Let (U1
+, U

1
−, f

1) and (U2
+, U

2
−, f

2) be two solutions of
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the equations in the fixed domains as defined in 4.3.1 on the time interval (0, T 0) with initial data

(U0,i
+ , U0,i

− , f0,i) respectively, with the properties

Ei(T 0) =: Ci <∞

inf
t∈(0,T 0)

inf
x∈Ω±

ρi± =: δi > 0

inf
t∈(0,T 0)

inf
x∈R3

Jψ
i

=: κi > 0

for i = 1, 2, where the superscript i for i = 1, 2 is used to denote quantities associated with the solutions

(U i+, U
i
−, f

i). Assume also that U0,1 − U0,2 ∈ L2(Ω±) and f0,1 − f0,2 ∈ L2(Γ) so that

E0
∆ <∞

where the initial difference energy E0
∆ is defined in 4.5.2. Then

E∆(t) ≤ C1,2E0
∆ exp(C1,2t)

for t ∈ (0, T 0) where E∆(t) is defined in 4.5.2 and the constant C1,2 is bounded above as follows.

C1,2 ≤ F (C1, C2,
1

δ1
,

1

δ2
,

1

κ1
,

1

κ2
)

for some smooth increasing function F (·).

Proof. See chapters 6-15.
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5. Fixing the Domains

In this section we show how the equations and theorem in the fixed domains relate to the equations and

theorem in the original moving domains. See 3.1 for the motivation of this change of coordinates.

5.1 The Change of Coordinates

Lemma 5.1.1. Let f ∈ C1((0, T )× R2) and let a ≥ 0 be a constant. Assume that

inf
t∈(0,T )

inf
x∈R3

Jψ ≥ κ > 0

where where ψ = Laf , Jψ := 1 + ∂x3ψ and the lifting operator La is defined in 4.2.2. Define θ± ∈
C1((0, T )× Ω±) by

θ±(t, x) = (t, x′, x3 + ψ(t, x))

Then θ± : (0, T ) × Ω± → ΩT
± are diffeomorphisms, where the domains ΩT

± are defined as in 2.1.1 in

terms of f .

Moreover, if w ∈ C1(ΩT
±) and we set w̃ = w ◦ θ, then

(∂w) ◦ θ =

(
∂ − 1

Jψ
∂ψ∂x3

)
w̃ =: ∂ψw̃ (5.1.1)

In particular, note that if in addition v ∈ C0(ΩT
±) is a vector-valued function and ṽ := v ◦ θ, then

((∂t + v · ∇)w) ◦ θ = (∂t + ṽψ · ∇)w̃ (5.1.2)

where

ṽψ := (ṽ′,
1

Jψ
(ṽ3 − ṽ′ · ∇′ψ − ∂tψ))

Proof. Note that Jψ := 1 +∂x3ψ ≥ κ > 0 implies x3 7→ x3 +ψ(t, x) is a strictly increasing function of

x3 for fixed (t, x′). Hence, since (t, x′) 7→ (t, x′), we have that θ± biject with their images. Now, since

ψ|x3=0 = f , we have that θ±|x3=0 : (0, T )×Γ→ ΓT bijectively, and since x3 7→ x3 +ψ(t, x) is strictly

increasing, θ± : (0, T )× Ω± → ΩT
± bijectively. From the chain rule we have

∂θ± = I +


0 0 0 0
0 0 0 0
0 0 0 0
∂tψ ∂x1ψ ∂x2ψ ∂x3ψ


Note that the determinant is Jψ > 0, so ∂θ± is invertible, and θ± are diffeomorphisms as claimed.
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By computing (∂θ±)−1, we obtain

∂(θ−1
± ) = I − 1

Jψ


0 0 0 0
0 0 0 0
0 0 0 0
∂tψ ∂x1ψ ∂x2ψ ∂x3ψ

 ◦ θ−1
±

The coordinate change relation (5.1.1) follows from applying the chain rule to w = w̃ ◦ θ−1. Using

this, we compute

((∂t + v · ∇)w) ◦ θ = (∂t + ṽ · ∇)w̃ − 1

Jψ
(∂tψ + ṽ · ∇ψ)∂x3w̃

= (∂t + ṽ′ · ∇′)w̃ +
1

Jψ
(ṽ3 − ∂tψ − ṽ′ · ∇′ψ)∂x3w̃

= (∂t + ṽψ · ∇)w̃

where

ṽψ := (ṽ′,
1

Jψ
(ṽ3 − ṽ′ · ∇′ψ − ∂tψ))

which is (5.1.2).

Proposition 5.1.2. Let T > 0, a ≥ 0 and let f ∈ C1
b ((0, T ′)×R2) with∇′f ∈ C1

b ((0, T ′)×R2) for all

T ′ ∈ (0, T ). Assume that

inf
t∈(0,T )

inf
x∈R3

Jψ ≥ κ > 0

where ψ = Laf . Let θ± : (0, T ) × Ω± → ΩT
± be defined in terms of f as in 5.1.1. Let Ũ± ∈

C1
b ((0, T ′)× Ω±) for all T ′ ∈ (0, T ) and let

U± = Ũ± ◦ θ−1

Then (Ũ+, Ũ−, f) is a solution of the equations in the fixed domains Ω± with lifting operator La on the

time interval (0, T ), as in definition 4.3.1, if and only if (U+, U−, f) is a solution of the equations in the

moving domains ΩT
± on the time interval (0, T ), as in definition 2.1.1.

Proof. Firstly, note that ρ± > 0 if and only if ρ̃± > 0 since they have the same image.

Using the coordinate change relations (5.1.1)-(5.1.2), we immediately see that (Ũ+, Ũ−, f) satisfies

the equations (4.3.2)-(4.3.3) in (0, T ) × Ω± if and only if (U+, U−, f) satisfies the equations (2.1.2)-

(2.1.3) in ΩT
±. We note that U±|Γ(t) = Ũ±|Γ, which immediately implies that (Ũ+, Ũ−, f) satisfies the

equations (4.3.4)-(4.3.5) on (0, T ) × Γ if and only if (U+, U−, f) satisfies the equations (2.1.4)-(2.1.5)

on ΓT .

This completes the proof.

Proposition 5.1.3. Let (U0
+, U

0
−, f

0) be initial data for the main theorem 2.4.1.

Let ψ0 := Laf0 as defined by (4.2.2) and assume Jψ
0
> 0. Define Ũ0

± := U0
± ◦ θ0

± where θ0
± :

Ω± → Ω0
± are defined by x 7→ (x′, x3 + ψ0(x)) and are diffeomorphisms as shown in 5.1.2.

Then (Ũ0
+, Ũ

0
−, f

0) are initial data for the theorem in the fixed domains 4.6.1.
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Moreover, let us write ∂j0 for the initial time derivatives associated with the equations in the moving

domains as defined in 2.2.2 and ∂̃j0 for the initial time derivatives associated with the equations in the

fixed domains as defined in 4.4.2.

Let H(p0
±, u

0
±, s

0
±, f

0) be a differentiable expression involving the initial data (U0
+, U

0
−, f

0) and

suppose we can write

H(p0
±, u

0
±, s

0
±, f

0) ◦ θ0
± = H̃(p̃0

±, ũ
0
±, s̃

0
±, f

0)

where H̃(p̃0
±, ũ

0
±, s̃

0
±, f

0) is a differentiable expression involving the initial data (Ũ0
+, Ũ

0
−, f

0). Then for

j ≥ 0, we have

∂̃j0(H̃(p̃0
±, ũ

0
±, s̃

0
±, f

0)) = ∂j0(H(p0
±, u

0
±, s

0
±, f

0) ◦ θ0
±) (5.1.3)

Proof. Since we have assumed ∇′f0 is continuous and bounded, it is clear that θ0
± : Ω± → Ω0

± are

diffeomorphisms and that (Ũ0
+, Ũ

0
−, f

0) are initial data for the theorem in the fixed domains.

It is clear that (5.1.3) holds for j = 0. Now for j = 1 we have

∂1
0f

0 = u0
+

∣∣
Γ0 · n0 = ũ0

+

∣∣
Γ
· n0 = ∂̃1

0f
0

Also

∂1
0(p0
± ◦ θ0

±) = (∂1
0p

0
±) ◦ θ0

± + ∂1
0ψ

0(∂x3p
0
±) ◦ θ0

±

= (−(u0
± · ∇)p0

± − ρ0
±(c0
±)2∇ · u0

±) ◦ θ0
± +

1

Jψ0 ∂
1
0ψ

0(∂x3p
0
± ◦ θ0

±)

= −((ũ0
±)ψ

0 · ∇)p̃0
± − ρ̃0

±(c̃0
±)2∇ψ0

ũ0
±

= ∂̃1
0 p̃

0
±

Similarly,

∂1
0(u0
± ◦ θ0

±) = ∂̃1
0 ũ

0
±

∂1
0(s0
± ◦ θ0

±) = ∂̃1
0 s̃

0
±

Hence by definition we have that (5.1.3) holds for j = 1. Now from the definition of initial time

derivatives, they have the property that ∂j+1
0 · = ∂1

0(∂j0·) and ∂̃j+1
0 · = ∂̃1

0(∂̃j0·) provided we write ∂j0· as

a differentiable expression involving the initial data (U0
+, U

0
−, f

0) and ∂̃j0· as a differentiable expression

involving the initial data (Ũ0
+, Ũ

0
−, f

0). We assume inductively that (5.1.3) holds true for some j ≥ 1

and try to prove it holds for j + 1. Indeed,

∂j+1
0 (H(p0

±, u
0
±, s

0
±, f

0) ◦ θ0
±) = ∂1

0(∂j0(H(p0
±, u

0
±, s

0
±, f

0) ◦ θ0
±))

= ∂1
0(G(p0

±, u
0
±, s

0
±, f

0) ◦ θ0
±)

where

G(p0
±, u

0
±, s

0
±, f

0) = ∂j0(H(p0
±, u

0
±, s

0
±, f

0) ◦ θ0
±) ◦ (θ0

±)−1

= ∂̃j0(H̃(p̃0
±, ũ

0
±, s̃

0
±, f

0)) ◦ (θ0
±)−1

=: G̃(p̃0
±, ũ

0
±, s̃

0
±, f

0) ◦ (θ0
±)−1
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where we have used the inductive assumption. Hence by the above

∂j+1
0 (H(p0

±, u
0
±, s

0
±, f

0) ◦ θ0
±) = ∂̃1

0(G̃(p̃0
±, ũ

0
±, s̃

0
±, f

0))

= ∂̃1
0(∂̃j0(H̃(p̃0

±, ũ
0
±, s̃

0
±, f

0)))

= ∂̃j+1
0 (H̃(p̃0

±, ũ
0
±, s̃

0
±, f

0))

as required.

5.2 Reduction to the Case of Fixed Domains

Proposition 5.2.1. The theorem 2.4.1 in the moving domains follows from the theorem 4.6.1 in the fixed

domains.

Proof. Assume that 4.6.1 holds. We aim to show that 2.4.1 holds.

Let (U0
+, U

0
−, f

0) be initial data for the main theorem 2.4.1, which satisfy the hypotheses of the main

theorem 2.4.1.

Let ψ0 := Laf0 as defined by (4.2.2), where we set

a =
∣∣∣∣f0

∣∣∣∣
L∞(Γ)

Note from the definition of La this automatically implies

∣∣∣∣∂x3ψ
0
∣∣∣∣
L∞(R3)

≤ 1

3

so

Jψ
0

:= 1 + ∂x3ψ
0 ≥ κ0 > 0 in R3

where in this case we can take κ0 = 2
3 . Define Ũ0

± := U0
± ◦ θ0

± where θ0
± : Ω± → Ω0

± are defined by

x 7→ (x′, x3 + ψ0(x)) and are diffeomorphisms as shown in 5.1.1.

We claim that (Ũ0
+, Ũ

0
−, f

0) are initial data for the theorem on the fixed domains 4.6.1 which satisfy

the hypotheses of the theorem on the fixed domains 4.6.1.

Let us write ∂j0 for the initial time derivatives associated with the equations in the moving domains as

defined in 2.2.2 and ∂̃j0 for the initial time derivatives associated with the equations in the fixed domains

as defined in 4.4.2. Note that, using 5.1.3,

∂̃j0Ũ
0
±|Γ = ∂j0(U0

± ◦ θ0
±)|x3=0

= ∂j0((U0
± ◦ θ0

±)|x3=0)

= ∂j0(U0
±|Γ0)

Using this, we see that the compatibility conditions (4.4.6)- (4.4.7) up to order 2 follow immediately

from the compatibility conditions (2.2.5)- (2.2.6) up to order 2.

39



Now, note that ∣∣∣∣∇′ψ0
∣∣∣∣2
H2(R3)

≤ C
∣∣∣∣∇′f0

∣∣∣∣2
H2(R2)

≤ CE0

2∑
k=0

∣∣∣∣∣∣∂k+1
x3

ψ0
∣∣∣∣∣∣2
L∞(R3)

≤ C
∣∣∣∣f0

∣∣∣∣2
L∞(R2)

≤ CE0

det(∇θ0
±) = Jψ

0 ≥ 2

3

Using the definition 4.4.2 to write the initial time derivatives of Ũ0
± in terms of space derivatives, then

applying the change of coordinates estimate A.3.7 with m = 2 > d
p = 3

2 , we obtain

∑
±

∑
1≤|β|+j≤3

∣∣∣∣∣∣∇β ∂̃j0Ũ0
∣∣∣∣∣∣2

Ω±
≤ F̃ (E0) <∞

where E0 denotes the energy of (U0
+, U

0
−, f

0) as defined in 2.3.1 and F̃ is a smooth increasing function.

We also have by 5.1.3 that ∂̃j0f
0 = ∂j0f

0 for 0 ≤ j ≤ 3, hence we obtain

Ẽ0 ≤ F̃ (E0) <∞

where F̃ is a smooth increasing function.

Clearly, we have infx∈Ω± ρ̃
0
± = δ0 > 0 since ρ̃0

± and ρ0
± have the same image. Now we let T 0 > 0

be given by 4.6.1 depending on this initial data.

Firstly, we prove the existence part of 2.4.1. Using 4.6.1 we obtain a solution (Ũ+, Ũ−, f) on a time

interval (0, T 0) of the system (4.3.1)-(4.3.6) with initial data (Ũ0
+, Ũ

0
−, f

0) and moreover

Ẽ(T 0) ≤ C̃0

ρ̃± ≥
δ0

2
in (0, T 0)× Ω±

Jψ ≥ 1

2
κ0 =

1

3
in (0, T 0)× R3

where Ẽ denotes the energy defined in 4.5.1.

The time T 0 > 0 is bounded below as follows.

T 0 ≥ T̃ (Ẽ0,
1

δ0
,

1

κ0
) > 0

where T̃ (·) is a smooth decreasing function. Similarly, the constant C̃0 > 0 is bounded above as follows.

C̃0 ≤ C̃(Ẽ0,
1

δ0
,

1

κ0
) <∞

where C̃(·) is a smooth increasing function.

Now, we define θ± : (0, T 0)×Ω± → ΩT 0

± by (t, x) 7→ (t, x′, x3+ψ(x)), which are diffeomorphisms

according to 5.1.1. We set U± = Ũ± ◦ θ−1
± and according to 5.1.2, we obtain that (U+, U−, f) is a vortex

sheet solution of the Euler equations with surface tension (2.1.1)-(2.1.5) on the time interval (0, T 0).

We note that since f |t=0 = f0, we have that θ0
± = θ±|t=0. Hence (U+|t=0, U−|t=0, f |t=0) =

(Ũ0
+◦(θ0

+)−1, Ũ0
−◦(θ0

−)−1, f0) = (U0
+, U

0
−, f

0). Thus (U+, U−, f) is a vortex sheet solution of the Euler

equations with surface tension (2.1.1)-(2.1.5) on the time interval (0, T 0) with initial data (U0
+, U

0
−, f

0).
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Clearly, we have ρ± ≥ δ0

2 in ΩT 0

± as ρ± and ρ̃± have the same image. Finally, we note that

Jψ := 1 + ∂x3ψ ≥
1

3
in (0, T 0)× R3∣∣∣∣∂j∂′ψ∣∣∣∣2

H2−j(R3)
≤ C

∣∣∣∣∂j∂′f ∣∣∣∣2
H2−j(R2)

≤ CC̃0 for 0 ≤ j ≤ 2

2∑
k=0

∣∣∣∣∣∣∂k+1
x3

ψ
∣∣∣∣∣∣2
L∞(R3)

≤ C ||f ||2L∞(R2) ≤ CC̃
0

hence we may apply the change of coordinates estimate A.3.7 to obtain

E(T 0) ≤ F (C̃0) =: C0

where E denotes the energy defined in 2.3.1 and F is a smooth increasing function.

We now note that the time T 0 > 0 is bounded below as follows.

T 0 ≥ T̃ (Ẽ0,
1

δ0
,

1

κ0
) ≥ T̃ (F̃ (E0),

1

δ0
,
3

2
) =: T (E0,

1

δ0
) > 0

and, from its definition, T (·) is a smooth decreasing function. Similarly, the constant C0 > 0 is bounded

above as follows.

C0 = F (C̃0) ≤ F (C̃(Ẽ0,
1

δ0
,
3

2
)) ≤ F (C̃(F̃ (E0),

1

δ0
,
3

2
)) =: C(E0,

1

δ0
) <∞

and, from its definition, C(·) is a smooth increasing function. This completes the proof of the existence

part of 2.4.1.

Now we intend to prove the uniqueness part of 2.4.1. We let (U1
+, U

1
−, f

1) and (U2
+, U

2
−, f

2) be two

solutions of the equations in the moving domains as defined in 2.1.1 on the time interval (0, T 0) with

initial data (U0
+, U

0
−, f

0), with the properties

Ei(T 0) =: Ci <∞

inf
(t,x)∈ΩT

0,i
±

ρi± =: δi > 0

for i = 1, 2, where the superscript i for i = 1, 2 is used to denote quantities associated with the solutions

(U i+, U
i
−, f

i), and the energy E(t) is defined in 2.3.1. In particular, we have that U i± are defined on the

moving domains

Ωi
+(t) = {x ∈ R3 : x3 > f i(t, x′)}

Ωi
−(t) = {x ∈ R3 : x3 < f i(t, x′)}

ΩT 0,i
± = {(t, x) ∈ (0, T 0)× R3 : x ∈ Ωi

±(t)}

To prove the statement of uniqueness, we need to show that (U1
+, U

1
−, f

1) = (U2
+, U

2
−, f

2) on the time

interval (0, T 0).

We set ψi = Laf i where

a = max
i∈{1,2}

sup
t∈(0,T 0)

∣∣∣∣f i∣∣∣∣
L∞(Γ)

<∞
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Note from the definition of La this automatically implies∣∣∣∣∂x3ψ
i
∣∣∣∣
L∞(R3)

≤ 1

3(1 + a)

∣∣∣∣f i∣∣∣∣
L∞(Γ)

≤ 1

3

Thus we have

inf
t∈(0,T 0)

inf
x∈R3

Jψ
i

=: κi ≥ 2

3
> 0

where Jψ
i

= 1 +∂x3ψ
i. Thus we know that θi± : (0, T 0)×Ω± → ΩT 0,i

± defined by (t, x) 7→ (t, x′, x3 +

ψi(t, x)) are diffeomorphisms as shown in 5.1.1. Now we set

Ũ i± = U i± ◦ θi±

so that Ũ i± are defined on the fixed domains (0, T 0)× Ω±. Note that this implies that

U i± = Ũ i± ◦ (θi±)−1

so using 5.1.2 we may conclude that (Ũ i+, Ũ
i
−, f

i) are solutions of the equations on the fixed domains as

defined in 4.3.1 with initial data (Ũ0
+, Ũ

0
−, f

0). Clearly we have

inf
(t,x)∈ΩT

0,i
±

ρ̃i± > 0

inf
t∈(0,T 0)

inf
x∈R3

Jψ
i
> 0

and applying the change of coordinates estimate A.3.7 we have

Ẽi(T 0) <∞

where Ẽi denotes the energy associated with (Ũ i+, Ũ
i
−, f

i) as defined in 4.5.1. Thus we may apply the

uniqueness part of 4.6.1 to obtain that

Ũ1
± = Ũ2

± in (0, T 0)× Ω±

f1 = f2 on (0, T 0)× Γ

Note that f1 = f2 implies θ1
± = θ2

± =: θ±, hence we may evaluate the first line at θ−1
± (t, x) to obtain

that

U1
± = U2

± in ΩT 0

±

f1 = f2 on (0, T 0)× R2

which proves the uniqueness part of 2.4.1.

The sections which follow will be devoted to proving the theorem 4.6.1 on the fixed domains, from

which we have shown the main theorem 2.4.1 follows.
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6. Smoothing the Initial Data

In this section we aim to show that it is sufficient to prove the theorem 4.6.1 for smooth initial data.

The motivation behind smoothing the initial data and a sketch of how to smooth the initial data whilst

preserving the compatibility conditions are given in 3.2. The full details are presented below.

6.1 Constructing Smooth Compatible Initial Data

Definition 6.1.1. For convenience, in this section we will write

V 0
± = (U0

±, f
0, χ(

x3

3(1 + a)
), u0

+|Γ,∇′U0
±,∇(u0

±)′,∇′f0,∇χ(
x3

3(1 + a)
))

where we recall ψ0 = Laf0 := χ( x3
3(1+a))f0. Note that we have included the terms f0, u0

+|Γ, χ( x3
3(1+a))

whose derivatives are part of the make-up of the initial time derivatives of ψ0 (and the terms involving χ

are obviously harmless).

Lemma 6.1.2. Let j ≥ 0. If j is even then

∂j0p
0
± =

F jp (ρ0
±, c

0
±, 1 +

∣∣∇′ψ0
∣∣2)

(Jψ0)j
∂jx3

p0
± +Gjp({∇αV 0

± : 0 ≤ |α| ≤ j − 1})

+ ((u0
±)ψ

0
)3H

j
p({∇α(V 0

±,∇U0
±) : 0 ≤ |α| ≤ j − 1})

∂j0u
0
± =

F ju(ρ0
±, c

0
±, 1 +

∣∣∇′ψ0
∣∣2)

(Jψ0)j
(−∇′ψ0, 1)∂jx3

(u0)3± +Gju({∇αV 0
± : 0 ≤ |α| ≤ j − 1})

+ ((u0
±)ψ

0
)3H

j
u({∇α(V 0

±,∇U0
±) : 0 ≤ |α| ≤ j − 1})

where F jp , F
j
u ,Gjp, G

j
u andHj

p , H
j
u are some functions which are smooth in their arguments for ρ0

±, c
0
± >

0, and moreover F jp , F
j
u are both the quotient of two polynomials with positive coefficients. If j is odd

then

∂j0p
0
± = −

F jp (ρ0
±, c

0
±, 1 +

∣∣∇′ψ0
∣∣2)

(Jψ0)j
∂jx3

(u0)3± +Gjp({∇αV 0
± : 0 ≤ |α| ≤ j − 1})

+ ((u0
±)ψ

0
)3H

j
p({∇α(V 0

±,∇U0
±) : 0 ≤ |α| ≤ j − 1})

∂j0u
0
− = −

F ju(ρ0
±, c

0
±, 1 +

∣∣∇′ψ0
∣∣2)

(Jψ0)j
(−∇′ψ0, 1)∂jx3

p0
± +Gju({∇αV 0

± : 0 ≤ |α| ≤ j − 1})

+ ((u0
±)ψ

0
)3H

j
u({∇α(V 0

±,∇U0
±) : 0 ≤ |α| ≤ j − 1})

Proof. Let us use F ,G andH to denote generic functions of the type described above for F jp , F
j
u ,Gjp, G

j
u

and Hj
p , H

j
u. We proceed by induction on j ≥ 0. The case j = 0 is clear. Now we assume the formulas
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are true up to order j − 1 for some j ≥ 1. Using the definition 4.4.2 of the initial time derivatives, we

have

∂j0p
0
± = −∂j−1

0 ((uψ
0

± · ∇)p0
± + (∇ψ0

)′ · (u0
±)′ +

ρ0
±(c0
±)2

Jψ0 (−∇′ψ0, 1) · ∂x3u
0
±)

= −(uψ
0

± · ∇)∂j−1
0 p0

± −
ρ0
±(c0
±)2

Jψ0 (−∇′ψ0, 1) · ∂x3∂
j−1
0 u0

± +G({∇αV 0
± : 0 ≤ |α| ≤ j − 1})

Applying the induction hypothesis to ∂j−1
0 p0

± and ∂j−1
0 (u0)3± we immediately obtain the claimed ex-

pression for ∂j0p
0
±. Similarly, we have

∂j0u
0
± = −∂j−1

0 ((uψ
0

± · ∇)u0
± +

1

ρ0
±
∇′p0

± +
1

Jψ0ρ0
±

(−∇′ψ0, 1)∂x3p
0
±)

= −(uψ
0

± · ∇)∂j−1
0 u0

± −
1

Jψ0ρ0
±

(−∇′ψ0, 1)∂x3∂
j−1
0 p0

± +G({∇αV 0
± : 0 ≤ |α| ≤ j − 1})

Applying the induction hypothesis to ∂j−1
0 p0

± and ∂j−1
0 u0

± we immediately obtain the claimed expression

for ∂j0u
0
±. This completes the induction and proves the result.

Lemma 6.1.3. For j ≥ 0 even, we have

∂j0(u0
+|Γ · n0) =

F ju(ρ0
+, c

0
+, 1 +

∣∣∇′ψ0
∣∣2)
∣∣n0
∣∣2

(Jψ0)j
∂jx3

(u0)3+|Γ +
∑

k+l=j,k 6=j
∂k0 (u0

±|Γ)′ · ∂l0n0

+Gju({∇αV 0
+ : 0 ≤ |α| ≤ j − 1})|Γ · n0

and for j ≥ 0 odd we have

∂j0(u0
+|Γ · n0) =

F ju(ρ0
+, c

0
+, 1 +

∣∣∇′ψ0
∣∣2)
∣∣n0
∣∣2

(Jψ0)j
∂jx3

(p0)±|Γ +
∑

k+l=j,k 6=j
∂k0 (u0

+|Γ)′ · ∂l0n0

+Gju({∇αV 0
+ : 0 ≤ |α| ≤ j − 1})|Γ · n0

Moreover, if the initial data satisfies the compatibility condition [u0 · n0] = 0 then the above also

holds with + replaced by −.

Proof. Using the chain rule and the definition of the initial time derivatives,

∂j0(u0
± · n0) = ∂j0u

0
± · n0 +

∑
k+l=j,k 6=j

∂k0 (u0
±)′ · ∂l0n0

Now we simply use the above lemma 6.1.2 to write the highest order initial time derivative of u0 on

the right hand side in terms of ∂jx3u
0
3± or ∂jx3p

0
±. We use the fact that when restricting to Γ we have

((u0
±)ψ

0
)3± = u0

± · n0 − ∂1
0f

0 which by definition of ∂1
0f

0 is equal to u0
± · n0 − u0

+ · n0.

Proposition 6.1.4. Let (U0
+, U

0
−, f

0) be initial data which satisfy the hypotheses of theorem 4.6.1, so in

particular satisfy the compatibility conditions 4.4.3 up to order 2. Then for ε > 0 there are functions

U0
ε± = (p0

ε±, u
0
ε±, s

0
ε±) ∈ C∞(Ω±), f0

ε ∈ C∞(R2) which form a set of initial data for the system

(4.3.1)-(4.3.6).

We also have

∂ε,j0 ∇
βU0

ε± ∈ L2(Ω±)

∂ε,j0 ∇
βf0
ε ∈ L2(Γ)

44



for all j + |β| ≥ 1, where we write ∂j0 for the initial time derivatives associated with the initial data

(U0
+, U

0
−, f

0) and ∂ε,j0 for the initial time derivatives associated with the initial data (U0
ε+, U

0
ε−, f

0
ε ).

Additionally, this set of initial data satisfies the compatibility conditions 4.4.3 up to order 2. Also, it

converges to the original initial data as ε→ 0 in the following sense.∣∣∣∣U0
ε − U0

∣∣∣∣
L∞(Ω±)

→ 0 as ε→ 0∣∣∣∣∣∣∂ε,j0 ∇
βU0

ε − ∂
j
0∇

βU0
∣∣∣∣∣∣
L2(Ω±)

→ 0 as ε→ 0 for 0 ≤ |β|+ j ≤ 3∣∣∣∣f0
ε − f0

∣∣∣∣
L∞(R2)

→ 0 as ε→ 0∣∣∣∣∣∣∂ε,j0 ∇
βf0
ε − ∂

j
0∇

βf0
∣∣∣∣∣∣
H1(R2)

→ 0 as ε→ 0 for 0 ≤ |β|+ j ≤ 3∣∣∣∣∣∣∂ε,j0 ∇
βf0
ε − ∂

j
0∇

βf0
∣∣∣∣∣∣
H2.5(R2)

→ 0 as ε→ 0 for 0 ≤ |β|+ j ≤ 2

In particular,

E0
ε → E0 as ε→ 0

Using the obvious notation

ρ0
ε±(x) := ρ±(p0

ε±(x), s0
ε±(x))

ψ0
ε := Laf0

ε

we have

inf
x∈Ω±

ρ0
ε± =: δ0

ε ≥
δ0

2
in Ω±

inf
x∈Ω±

Jψ
0
ε =: κ0

ε ≥
1

2
κ0

for all ε > 0, where δ0 > 0 and κ0 ∈ (0, 1) are defined as

inf
x∈Ω±

ρ0
± =: δ0

inf
x∈Ω±

Jψ
0

=: κ0

and we have

δ0
ε → δ0 as ε→ 0

κ0
ε → κ0 as ε→ 0

Proof. We define p̃0
ε±, ũ

0
ε±, s̃

0
ε±, f̃

0
ε by convolution with the standard mollifier (see 1.6 for the notation)

as follows.

p̃0
ε± = (ExtΩ± p

0
±) ∗ ηε

∣∣
Ω±

ũ0
ε± = (ExtΩ± u

0
±) ∗ ηε

∣∣
Ω±

s̃0
ε± = (ExtΩ± s

0
±) ∗ ηε

∣∣
Ω±

f̃0
ε = f0 ∗ ηε
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where in the first three lines ηε denotes the mollifier in three space dimensions and ExtΩ± Sobolev

extension from Ω± to R3, and in the last line ηε denotes the mollifier in two space dimensions.

We now set

s0
ε± = s̃0

ε±

f0
ε = f̃0

ε

(u0
ε+)′ = (ũ0

ε+)′

(u0
ε−)′ = (ũ0

ε−)′

Note that by the properties of mollifiers and the fact that U0
± ∈W 1,∞(Ω±), we have∣∣∣∣∣∣Ũ0

ε − U0
∣∣∣∣∣∣
L∞(Ω±)

→ 0 as ε→ 0

We also use that fact that f0 ∈W 2,∞(Γ) and the standard properties of mollifiers to obtain

∣∣∣∣f0
ε − f0

∣∣∣∣
W 1,∞(Γ)

→ 0 as ε→ 0∣∣∣∣ψ0
ε − ψ0

∣∣∣∣
W 1,∞(R3)

→ 0 as ε→ 0

In particular, this implies we may take ε0 > 0 sufficiently small so that

Jψ
0
ε ≥ 1

2
κ0

for all ε ∈ (0, ε0] and clearly κ0
ε → κ0 as ε → 0. Note that we may simply take (U0

ε+, U
0
ε−, f

0
ε ) =

(U0
ε0+, U

0
ε0−, f

0
ε0) for ε > ε0.

To construct p0
ε± and (u0

ε )3± we will need to use the following result, which is proved in A.2.1 in the

appendix. Let k ≥ 0 and let hj ∈ H l−j+0.5(Γ) be given for 0 ≤ j ≤ k for some l ≥ k. Then there exists

a function g ∈ H l+1(Ω−) such that

∂jx3
g|Γ = hj for 0 ≤ j ≤ k

||g||Hl+1(Ω−) ≤ Cl
k∑
j=0

∣∣∣∣hj∣∣∣∣
Hl−j+0.5(Γ)

for some constant Cl > 0 depending on l. See A.2.1 for a proof, noting that to fit this proof we set

hj = 0 for k + 1 ≤ j ≤ l. We will use this result with k = 2 and arbitrary l ≥ 2.

We use this result to construct q0
ε± ∈ H l+1(Ω±) such that

∂jx3
q0
ε±|Γ = Qjε − ∂jx3

p̃0
ε±|Γ for 0 ≤ j ≤ k∣∣∣∣q0

ε±
∣∣∣∣
Hl+1(Ω−)

≤ Cl
k∑
j=0

∣∣∣∣∣∣Qjε± − ∂jx3
p̃0
ε±

∣∣∣∣∣∣
Hl−j+0.5(Γ)

where the functions Qjε± ∈ H l−j+0.5(Γ) will be determined below and we have used the Sobolev trace

theorem for the last term in the estimate. Then we set

p0
ε± = p̃0

ε± + q0
ε±
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so that

∂jx3
p0
ε±|Γ = Qjε± for 0 ≤ j ≤ k∣∣∣∣p0

ε± − p̃0
ε±
∣∣∣∣
Hl+1(Ω±)

≤ Cl
k∑
j=0

∣∣∣∣∣∣Qjε± − ∂jx3
p̃0
ε±

∣∣∣∣∣∣
Hl−j+0.5(Γ)

Similarly, we construct w0
ε± ∈ H l+1(Ω±) such that

∂jx3
w0
ε±|Γ = W j

ε± − ∂jx3
(ũ0
ε )3±|Γ for 0 ≤ j ≤ k∣∣∣∣w0

ε

∣∣∣∣
Hl+1(Ω±)

≤ Cl
k∑
j=0

∣∣∣∣∣∣W j
ε± − ∂jx3

(ũ0
ε )3±

∣∣∣∣∣∣
Hl−j+0.5(Γ)

where the functions W j
ε± ∈ H l−j+0.5(Γ) will be determined below. Then we set

(u0
ε )3± = (ũ0

ε )3± + w0
ε±

so that

∂jx3
(u0
ε )3±|Γ = W j

ε± for 0 ≤ j ≤ k∣∣∣∣(u0
ε )3± − (ũ0

ε )3±
∣∣∣∣
Hl+1(Ω±)

≤ Cl
k∑
j=0

∣∣∣∣∣∣W j
ε± − ∂jx3

(ũ0
ε )3±

∣∣∣∣∣∣
Hl−j+0.5(Γ)

Firstly, we aim to define Qjε+ and W j
ε+ in such a way that ∂ε,j0 (u0

ε+ · n0
ε ) = ∂j0(u0 · n0) ∗ ηε for

0 ≤ j ≤ 2, where here ηε is the mollifier in two space dimensions. From lemma 6.1.3, for j ≥ 0 even,

we have

∂j,ε0 (u0
ε+|Γ · n0

ε ) =
F ju(ρ0

ε+, c
0
ε+, 1 +

∣∣∇′ψ0
ε

∣∣2)
∣∣n0
ε

∣∣2
(Jψ0

ε )j
∂jx3

(u0
ε )3+|Γ +

∑
k+l=j,k 6=j

∂ε,k0 (u0
ε+|Γ)′ · ∂ε,l0 n0

ε

+Gju({∇αV 0
ε+ : 0 ≤ |α| ≤ j − 1})|Γ · n0

ε

and for j odd we have

∂j,ε0 (u0
ε+|Γ · n0

ε ) =
F ju(ρ0

ε+, c
0
ε+, 1 +

∣∣∇′ψ0
ε

∣∣2)
∣∣n0
ε

∣∣2
(Jψ0

ε )j
∂jx3

p0
ε+|Γ +

∑
k+l=j,k 6=j

∂ε,k0 (u0
ε+|Γ)′ · ∂ε,l0 n0

ε

+Gju({∇αV 0
ε+ : 0 ≤ |α| ≤ j − 1})|Γ · n0

ε

Note that the initial time derivatives of n0
ε on the right hand side only involve initial time derivatives of

u0
ε+ up to order j − 1.

Thus, inductively for 0 ≤ j ≤ 2, we define W j
ε+ and Qjε+ as follows. For j even we define W j

ε+ by

∂jx3
(u0
ε )3+|Γ =

(Jψ
0
ε )j

F ju(ρ0
ε+, c

0
ε+, 1 + |∇′ψ0

ε |
2) |n0

ε |
2
(∂j0(u0 · n0) ∗ ηε −

∑
k+l=j,k 6=j

∂ε,k0 (u0
ε+|Γ)′ · ∂ε,l0 n0

ε

−Gju({∇αV 0
ε+ : 0 ≤ |α| ≤ j − 1})|Γ · n0

ε )
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where whenever we see ∂ix3
(u0
ε )3+ for 0 ≤ i ≤ j, we replace it with W i

ε+. We define Qjε+ by Qjε+ =

∂jx3 p̃
0
ε+|Γ. Similarly, for j odd we define Qjε+ by

∂jx3
p0
ε+|Γ =

(Jψ
0
ε )j

F ju(ρ0
ε+, c

0
ε+, 1 + |∇′ψ0

ε |
2) |n0

ε |
2
(∂j0(u0 · n0) ∗ ηε −

∑
k+l=j,k 6=j

∂ε,k0 (u0
ε+|Γ)′ · ∂ε,l0 n0

ε

−Gju({∇αV 0
ε+ : 0 ≤ |α| ≤ j − 1})|Γ · n0

ε )

where whenever we see ∂ix3
p0
ε+ for 0 ≤ i ≤ j, we replace it with Qiε+. We define W j

ε+ by W j
ε+ =

∂jx3(ũ0
ε )3+|Γ.

Note that in the case j = 0, we have set Q0
ε+ = p̃0

ε+|Γ hence by the properties of mollification and

the fact that p0
+, s

0
+ ∈W 1,∞(Ω+), we may choose ε0 sufficiently small so that

ρ+(Q0
ε+, s

0
ε+|Γ) ≥ δ0

2

for all ε ∈ (0, ε0], so there is no problem with the terms involving 1
ρ0
ε+

.

This completes our definition of Qjε+ and W j
ε+ for 0 ≤ j ≤ 2 and allows us to construct (u0

ε )3+ and

p0
ε+ as described above. We have definedQjε+ andW j

ε+ in such a way that ∂ε,j0 (u0
ε+ ·n0

ε ) = ∂j0(u0 ·n0)∗ηε
for 0 ≤ j ≤ 2.

Now, we aim to define Qjε− and W j
ε− in such a way that the compatibility conditions 4.4.3 hold for

(U0
ε+, U

0
ε−, f

0
ε ) for 0 ≤ j ≤ 2.

In the case j = 0, we set

W 0
ε− = u0

ε+|Γ · n0
ε − (u0

ε−)′ · n0
ε

which ensures that [u0
ε · n0

ε ] = 0 (replacing (u0
ε )3−|Γ with W 0

ε−). We also set

Q0
ε− = p0

ε+|Γ + σ∇′ · n̂0
ε

which ensures that [p0
ε ] = −σ∇′ · n̂0

ε (replacing p0
ε−|Γ with Q0

ε−).

Now inductively for 1 ≤ j ≤ 2, we define W j
ε+ and Qjε+ as follows. For j even we define W j

ε− by

∂jx3
(u0
ε )3−|Γ =

(Jψ
0
ε )j

F ju(ρ0
ε−, c

0
ε−, 1 + |∇′ψ0

ε |
2) |n0

ε |
2
(∂ε,j0 (u0

ε+ · n0
ε )−

∑
k+l=j,k 6=j

∂ε,k0 (u0
ε−)′ · ∂ε,l0 n0

ε

−Gju({∇αV 0
ε− : 0 ≤ |α| ≤ j − 1}) · n0

ε )|Γ

and Qjε− by

∂jx3
p0
ε−|Γ =

(Jψ
0
ε )j

F jp (ρ0
ε−, c

0
ε−, 1 + |∇′ψ0

ε |
2)

(∂ε,j0 (p0
ε+ + σ∇′ · n̂0

ε )

−Gjp({∇αV 0
ε− : 0 ≤ |α| ≤ j − 1}))|Γ

where whenever we see ∂ix3
p0
ε− for 0 ≤ i ≤ j, we replace it with Qiε− and whenever we see ∂ix3

(u0
ε )3−

for 0 ≤ i ≤ j, we replace it with W i
ε−.
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Similarly, for j odd, we define Qjε− by

∂jx3
p0
ε−|Γ = − 1

|n0
ε |

2

(Jψ
0
ε )j

F ju(ρ0
ε−, c

0
ε−, 1 + |∇′ψ0

ε |
2)

(∂ε,j0 (u0
ε+ · n0

ε )−
∑

k+l=j,k 6=j
∂ε,k0 (u0

ε−)′ · ∂ε,l0 n0
ε

−Gju({∇αV 0
ε− : 0 ≤ |α| ≤ j − 1}) · n0

ε )|Γ

and W j
ε− by

∂jx3
(u0
ε )3−|Γ = − (Jψ

0
ε )j

F jp (ρ0
ε−, c

0
ε−, 1 + |∇′ψ0

ε |
2)

(∂ε,j0 (p0
ε+ + σ∇′ · n̂0

ε )

−Gjp({∇αV 0
ε− : 0 ≤ |α| ≤ j − 1}))|Γ

where whenever we see ∂ix3
p0
ε− for 0 ≤ i ≤ j, we replace it with Qiε− and whenever we see ∂ix3

(u0
ε )3−

for 0 ≤ i ≤ j, we replace it with W i
ε−.

Using lemma 6.1.2 we see that these definitions ensure that the compatibility conditions

∂ε,j0 [u0
ε · n0

ε ]

∂ε,j0 [p0
ε ] = −σ∂ε,j0 ∇

′ · n̂0
ε

are satisfied for 0 ≤ j ≤ 2 (replacing ∂ε,i0 p0
ε−|Γ with Qiε− and ∂ε,i0 (u0

ε )3−|Γ with W i
ε− for 0 ≤ i ≤ j).

Note we have used the zero order compatibility condition [u0
ε · n0

ε ] = 0 (replacing (u0
ε )3−|Γ with W 0

ε−)

to ensure that ((u0
−)ψ

0
)3|Γ = 0 (replacing (u0

ε )3−|Γ with W 0
ε−) when applying lemma 6.1.2 to remove

the terms involving the functions Hj
u and Hj

p .

Note that since (U0
+, U

0
−, f

0) satisfies the compatibility conditions up to order 2, we have the same

formulas for ∂jx3p
0
−|Γ and ∂jx3u

0
3−|Γ without the ε. Hence we may write Qjε− − ∂

j
x3p

0
−|Γ and W j

ε− −
∂jx3u

0
3−|Γ as the difference of the expressions on the right hand side of the above formulas with and

without ε. In particular, with j = 0, we may obtain∣∣∣∣Q0
ε− − p0

−|Γ
∣∣∣∣
L∞(Γ)

≤
∣∣∣∣p0

ε+|Γ − p0
+|Γ
∣∣∣∣
L∞(Γ)

+ σ
∣∣∣∣∇′ · (n̂0

ε − n̂0)
∣∣∣∣
L∞(Γ)

→ 0 as ε→ 0

where we have used the fact that f0 ∈ W 3,∞(Γ) together with the properties of mollifiers. Hence we

may choose ε0 sufficiently small so that

ρ−(Q0
ε−, s

0
ε |Γ) ≥ δ0

2

for all ε ∈ (0, ε0]. Thus in the above formulas the factor of 1
ρ0
ε−

does not cause a problem.

Using the estimates from the beginning of the proof and the smoothness of the quantities in the

formulae for Qjε± and W j
ε±, we have

∂j0∇
βU0

ε± ∈ L2(Ω±)

∂j0∇
βf0
ε ∈ L2(Γ)

for all j + |β| ≥ 1.

Now we need to show the desired convergence properties. Firstly, we note that we have constructed

(u0
ε )3+, p0

ε+ and f0
ε so that for 1 ≤ j + |β| ≤ 3,∣∣∣∣∣∣∇β∂ε,j0 f0

ε −∇β∂
j
0f

0
∣∣∣∣∣∣
H1(Γ)

=
∣∣∣∣∣∣∇β∂j0f0 ∗ ηε −∇β∂j0f

0
∣∣∣∣∣∣
H1(Γ)

→ 0 as ε→ 0
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where we have used the properties of mollifiers. Similarly, for 0 ≤ j ≤ 2,

∣∣∣∣∣∣∂ε,j0 f0
ε − ∂

j
0f

0
∣∣∣∣∣∣
H4.5−j(Γ)

=
∣∣∣∣∣∣∂j0f0 ∗ ηε − ∂j0f

0
∣∣∣∣∣∣
H4.5−j(Γ)

→ 0 as ε→ 0

To show the desired convergence properties of (u0
ε )3+ and p0

ε+ we proceed as follows. We note that

the formulas for ∂jx3(u0
ε )3+ and ∂jx3p

0
ε+ which we used to define Qjε+ and W j

ε+ hold in the case ε = 0

for (U0
+, U

0
−, f

0). Thus we may subtract the formulas for the case ε = 0 from the formulas for Qjε+ and

W j
ε+ and use the mean value theorem to obtain

∣∣∣∣∣∣Qjε+ − ∂jx3
p0

+|Γ
∣∣∣∣∣∣
H2.5−j(Γ)

≤ (
∣∣∣∣∣∣Ũ0

ε+ − U0
+

∣∣∣∣∣∣
H2.5(Γ)

+
∣∣∣∣∇ψ0

ε −∇ψ0
∣∣∣∣
H2.5(Γ)

+
∑

0≤i≤j

∣∣∣∣(∇′∂i0f0) ∗ ηε −∇′∂i0f0
∣∣∣∣
H2.5−i(Γ)

+
∣∣∣∣∣∣∂j+1

0 f0 ∗ ηε − ∂j+1
0 f0

∣∣∣∣∣∣
H2.5−j(Γ)

+
∑

0≤i≤j−1

∣∣∣∣Qiε+ − ∂ix3
p0

+|Γ
∣∣∣∣
H2.5−i(Γ)

+
∑

0≤i≤j−1

∣∣∣∣W i
ε+ − ∂ix3

u0
3+|Γ

∣∣∣∣
H2.5−i(Γ)

)F (E0,
1

δ0
,

1

κ0
)∣∣∣∣∣∣W j

ε+ − ∂jx3
u0

3+|Γ
∣∣∣∣∣∣
H2.5−j(Γ)

≤ (
∣∣∣∣∣∣Ũ0

ε+ − U0
+

∣∣∣∣∣∣
H2.5(Γ)

+
∣∣∣∣∇ψ0

ε −∇ψ0
∣∣∣∣
H2.5(Γ)

+
∑

0≤i≤j

∣∣∣∣(∇′∂i0f0) ∗ ηε −∇′∂i0f0
∣∣∣∣
H2.5−i(Γ)

+
∣∣∣∣∣∣∂j+1

0 f0 ∗ ηε − ∂j+1
0 f0

∣∣∣∣∣∣
H2.5−j(Γ)

+
∑

0≤i≤j−1

∣∣∣∣Qiε+ − ∂ix3
p0

+|Γ
∣∣∣∣
H2.5−i(Γ)

+
∑

0≤i≤j−1

∣∣∣∣W i
ε+ − ∂ix3

u0
3+|Γ

∣∣∣∣
H2.5−i(Γ)

)F (E0,
1

δ0
,

1

κ0
)

Thus using the properties of mollifiers we inductively obtain

∣∣∣∣∣∣Qjε+ − ∂jx3
p0

+|Γ
∣∣∣∣∣∣
H2.5−j(Γ)

→ 0 as ε→ 0∣∣∣∣∣∣W j
ε+ − ∂jx3

u0
3+|Γ

∣∣∣∣∣∣
H2.5−j(Γ)

→ 0 as ε→ 0

Now we show the desired convergence properties of (u0
ε )3− and p0

ε−. Taking the difference of the

formulas for Qjε− and W j
ε− and their counterparts without the ε satisfied by ∂jx3p

0
−|Γ and ∂jx3u

0
3−|Γ up to

j = 2, along with the mean value theorem, we obtain

∣∣∣∣Qjε − ∂jx3
p0
−|Γ
∣∣∣∣
H2.5−j(Γ)

≤ (
∣∣∣∣∣∣Ũ0

ε− − U0
−

∣∣∣∣∣∣
H2.5(Γ)

+
∣∣∣∣∇ψ0

ε −∇ψ0
∣∣∣∣
H2.5(Γ)

+
∣∣∣∣U0

ε+ − U0
+

∣∣∣∣
H2.5(Γ)

+
∑

0≤i≤j

∣∣∣∣∣∣∇′∂ε,i0 f0
ε −∇′∂i0f0

∣∣∣∣∣∣
H3.5−i(Γ)

+
∑

0≤i≤j−1

∣∣∣∣Qiε− − ∂ix3
p0
−|Γ
∣∣∣∣
H2.5−i(Γ)

+
∑

0≤i≤j−1

∣∣∣∣W i
ε− − ∂ix3

u0
3−|Γ

∣∣∣∣
H2.5−i(Γ)

)F (E0,
1

δ0
,

1

κ0
)
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and ∣∣∣∣W j
ε − ∂jx3

u0
3−|Γ

∣∣∣∣
H2.5−j(Γ)

≤ (
∣∣∣∣∣∣Ũ0

ε− − U0
−

∣∣∣∣∣∣
H2.5(Γ)

+
∣∣∣∣∇ψ0

ε −∇ψ0
∣∣∣∣
H2.5(Γ)

+
∣∣∣∣U0

ε+ − U0
+

∣∣∣∣
H2.5(Γ)

+
∑

0≤i≤j

∣∣∣∣∣∣∇′∂ε,i0 f0
ε −∇′∂i0f0

∣∣∣∣∣∣
H3.5−i(Γ)

+
∑

0≤i≤j−1

∣∣∣∣Qiε− − ∂ix3
p0
−|Γ
∣∣∣∣
H2.5−i(Γ)

+
∑

0≤i≤j−1

∣∣∣∣W i
ε− − ∂ix3

u0
3−|Γ

∣∣∣∣
H2.5−i(Γ)

)F (E0,
1

δ0
,

1

κ0
)

Thus using the properties of mollifiers and existing estimates we inductively obtain∣∣∣∣∣∣Qjε− − ∂jx3
p0
−|Γ
∣∣∣∣∣∣
H2.5−j(Γ)

→ 0 as ε→ 0∣∣∣∣∣∣W j
ε− − ∂jx3

u0
3−|Γ

∣∣∣∣∣∣
H2.5−j(Γ)

→ 0 as ε→ 0

Hence, using the estimate from the beginning of the proof, we we have∣∣∣∣∣∣U0
ε± − Ũ0

ε±

∣∣∣∣∣∣
H3(Ω±)

≤ C
2∑
j=0

∣∣∣∣∣∣Qjε± − ∂jx3
p̃0
ε±

∣∣∣∣∣∣
H2.5−j(Γ)

+ C

2∑
j=0

∣∣∣∣∣∣W j
ε± − ∂jx3

(ũ0
ε )3±

∣∣∣∣∣∣
H2.5−j(Γ)

≤ C
2∑
j=0

∣∣∣∣∣∣Qjε± − ∂jx3
p0
±

∣∣∣∣∣∣
H2.5−j(Γ)

+ C
2∑
j=0

∣∣∣∣∣∣W j
ε± − ∂jx3

u0
3±

∣∣∣∣∣∣
H2.5−j(Γ)

+ C

2∑
j=0

∣∣∣∣∂jx3
p̃0
ε± − ∂jx3

p0
±
∣∣∣∣
H2.5−j(Γ)

+ C

2∑
j=0

∣∣∣∣∂jx3
(ũ0
ε )3± − ∂jx3

u0
3±
∣∣∣∣
H2.5−j(Γ)

→ 0 as ε→ 0

where we have used the above estimates and the properties of mollifiers. Hence we have∣∣∣∣U0
ε± − U0

±
∣∣∣∣
H3(Ω±)

≤
∣∣∣∣∣∣U0

ε± − Ũ0
ε±

∣∣∣∣∣∣
H3(Ω±)

+
∣∣∣∣∣∣Ũ0

ε± − U0
±

∣∣∣∣∣∣
H3(Ω±)

→ 0 as ε→ 0

where we have used the above estimates and the properties of mollifiers again. Note that by the Sobolev

embedding theorem this also implies∣∣∣∣U0
ε± − U0

±
∣∣∣∣
L∞(Ω±)

→ 0 as ε→ 0

Now we note using the chain rule, mean value theorem and definition of the initial time derivatives

that, for 0 ≤ j ≤ 3,∣∣∣∣∣∣∂ε,j0 U0
ε± − ∂

j
0U

0
±

∣∣∣∣∣∣
H3−j(Ω±)

≤ F (E0,
1

δ0
,

1

κ0
)(
∣∣∣∣U0

ε± − U0
±
∣∣∣∣
H3(Ω±)

+

j∑
i=0

∣∣∣∣∣∣∂ε,i0 f0
ε − ∂i0f0

∣∣∣∣∣∣
H3−i(Γ)

)

→ 0 as ε→ 0

where we have used the above estimates.

Finally, note that since ∣∣∣∣U0
ε − U0

∣∣∣∣
L∞(Ω±)

→ 0 as ε→ 0
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we may take ε0 > 0 sufficiently small so that

ρ0
ε± ≥

1

2
δ0

for all ε ∈ (0, ε0] and clearly δ0
ε → δ0 as ε→ 0.

This completes the proof.

Proposition 6.1.5. Let (U0
+, U

0
−, f

0) be initial data which satisfy the hypotheses of theorem 4.6.1, so in

particular satisfy the compatibility conditions up to order 2. Then there exists a sequence of initial data

(U0
m+, U

0
m−, f

0
m), m ≥ 1, which satisfies all the conclusions of 6.1.4 (replacing ε → 0 with m → ∞)

and in addition each element of the sequence satisfies the compatibility condition (4.4.6) up to order 3.

Proof. We let ε > 0 and η > 0. We define the initial data (U0
ε,η+, U

0
ε,η−, f

0
ε,η) as follows.

p0
ε,η+ = p0

ε+

u0
ε,η± = u0

ε±

s0
ε,η± = s0

ε±

f0
ε,η = f0

ε

p0
ε,η− = p0

ε− +
1

3!
x3

3χ(
x3

η
)q0
ε−

where p0
ε± etc. are given by the previous proposition 6.1.4 and where χ ∈ C∞c (R) is a smooth cut-off

function with χ(x3) = 0 for |x3| ≥ 1 and χ(x3) = 1 for |x3| ≤ 1
2 and q0

ε− is defined below.

Note that, after using the definition of the initial time derivatives, the compatibility conditions (4.4.6)-

(4.4.7) up to order 2 only involve spatial derivatives of p0
− up to order 2. Now note that

∇α(
1

3!
x3

3χ(
x3

η
)q0
ε−)|Γ = 0

for 0 ≤ |α| ≤ 2, so the compatibility conditions (4.4.6)-(4.4.7) up to order 2 are unaffected by the

addition of the extra term, and still hold with (U0
ε+, U

0
ε−, f

0
ε ) replaced by (U0

ε,η+, U
0
ε,η−, f

0
ε,η).

The calculations from the proof of 6.1.4 show that the compatibility condition (4.4.6) holds at order

3 for the initial data (U0
ε,η+, U

0
ε,η−, f

0
ε,η) if and only if

∂3
x3
p0
ε,η−|Γ =

1

|n0
ε |

(Jψ
0
ε )3

F 3
u (ρ0

ε−, c
0
ε−)

(∂ε,30 (u0
ε+ · n0

ε )−
∑

k+l=3,k 6=3

∂ε,k0 (u0
ε−)′ · ∂ε,l0 n0

ε

−G3
u({∇αV 0

ε− : 0 ≤ |α| ≤ 2}) · n0
ε )|Γ

Using the definition of (U0
ε,η+, U

0
ε,η−, f

0
ε,η), this is equivalent to

q0
ε−|Γ =

1

|n0
ε |

(Jψ
0
ε )3

F 3
u (ρ0

ε−, c
0
ε−)

(∂ε,30 (u0
ε+ · n0

ε )−
∑

k+l=3,k 6=3

∂ε,k0 (u0
ε−)′ · ∂ε,l0 n0

ε

−G3
u({∇αV 0

ε− : 0 ≤ |α| ≤ 2}) · n0
ε )|Γ − ∂3

x3
p0
ε−|Γ

which is how we define q0
ε−|Γ, which is extended to Ω− by being independent of x3.
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We now claim that, for fixed ε > 0,∣∣∣∣∣∣∂η,ε,j0 U0
ε,η± − ∂

ε,j
0 U0

ε±

∣∣∣∣∣∣
H3−j(Ω±)

→ 0 as η → 0 for 0 ≤ j ≤ 3∣∣∣∣∣∣∂η,ε,j0 f0
ε,η − ∂

ε,j
0 f0

ε

∣∣∣∣∣∣
H4−j(Γ)

→ 0 as η → 0 for 0 ≤ j ≤ 3∣∣∣∣∣∣∂η,ε,j0 f0
ε,η − ∂

ε,j
0 f0

ε

∣∣∣∣∣∣
H4.5−j(Γ)

→ 0 as η → 0 for 0 ≤ j ≤ 2

where we use ∂η,ε,j0 to denote the initial time derivatives corresponding to the doubly approximating

initial data (U0
ε,η+, U

0
ε,η−, f

0
ε,η). Indeed, note that the initial time derivatives of U0

ε,η+ and f0
ε,η depend

only on spatial derivatives of U0
ε,η+ and f0

ε,η which are exactly equal to U0
ε+ and f0

ε . Also, we note that

∂η,ε,j0 U0
ε,η− for 0 ≤ j ≤ 3 depends only on spatial derivatives of U0

ε,η± and f0
ε,η up to order 3. Since these

are all equal to those for η = 0 except the spatial derivatives of (p0
ε,η)3−, it suffices, by using the mean

value theorem, to prove that

∣∣∣∣(p0
ε,η)3− − (p0

ε )3−
∣∣∣∣
H3(Ω−)

=

∣∣∣∣∣∣∣∣ 1

3!
x3

3χ(
x3

η
)q0
ε−

∣∣∣∣∣∣∣∣
H3(Ω−)

→ 0 as η → 0

Indeed, we have∣∣∣∣∣∣∣∣ 1

3!
x3

3χ(
x3

η
)q0
ε−

∣∣∣∣∣∣∣∣
H3(Ω−)

≤ C
3∑

k=0

∣∣∣∣∣∣∣∣∂kx3
(x3

3χ(
x3

η
))

∣∣∣∣∣∣∣∣
L∞(Ω−)

∣∣∣∣q0
ε−
∣∣∣∣
H3(Ω−∩{|x3|≤η})

≤ C
∣∣∣∣q0

ε−
∣∣∣∣
H3(Ω−∩{|x3|≤η})

From the formula for q0
ε− and writing the initial time derivatives on the right hand side of this formula in

terms of spatial derivatives, we see that

∣∣∣∣q0
ε−
∣∣∣∣
H3(Ω−)

≤ F (E0
ε +

∑
±

∣∣∣∣∇U0
ε±
∣∣∣∣
H10(Ω−)

+
∣∣∣∣∇′f0

ε

∣∣∣∣
H10(Γ)

)

≤ Cε

for some increasing function F . Thus,∣∣∣∣∣∣∣∣ 1

3!
x3

3χ(
x3

η
)q0
ε−

∣∣∣∣∣∣∣∣
H3(Ω−)

≤ C
∣∣∣∣q0

ε−
∣∣∣∣
H3(Ω−∩{|x3|≤η})

→ 0 as η → 0

as claimed.

Now given m ≥ 1, we pick εm > 0 such that

∣∣∣∣U0
εm − U

0
∣∣∣∣
L∞(Ω±)

≤ 1

m∣∣∣∣∣∣∂εm,j0 ∇βU0
εm − ∂

j
0∇

βU0
∣∣∣∣∣∣
L2(Ω±)

≤ 1

m
for 0 ≤ |β|+ j ≤ 3∣∣∣∣f0

εm − f
0
∣∣∣∣
L∞(R2)

≤ 1

m∣∣∣∣∣∣∂εm,j0 ∇βf0
εm − ∂

j
0∇

βf0
∣∣∣∣∣∣
H1(R2)

≤ 1

m
for 0 ≤ |β|+ j ≤ 3∣∣∣∣∣∣∂εm,j0 ∇βf0

εm − ∂
j
0∇

βf0
∣∣∣∣∣∣
H2.5(R2)

≤ 1

m
for 0 ≤ |β|+ j ≤ 2
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We then pick ηm such that ∣∣∣∣U0
εm,ηm − U

0
εm

∣∣∣∣
L∞(Ω±)

≤ 1

m∣∣∣∣∣∣∂εm,ηm,j0 ∇βU0
εm,ηm − ∂

εm,j
0 ∇βU0

εm

∣∣∣∣∣∣
L2(Ω±)

≤ 1

m
for 0 ≤ |β|+ j ≤ 3∣∣∣∣f0

εm,ηm − f
0
εm

∣∣∣∣
L∞(R2)

≤ 1

m∣∣∣∣∣∣∂εm,ηm,j0 ∇βf0
εm,ηm − ∂

εm,j
0 ∇βf0

εm

∣∣∣∣∣∣
H1(R2)

≤ 1

m
for 0 ≤ |β|+ j ≤ 3∣∣∣∣∣∣∂εm,ηm,j0 ∇βf0

εm,ηm − ∂
εm,j
0 ∇βf0

εm

∣∣∣∣∣∣
H2.5(R2)

≤ 1

m
for 0 ≤ |β|+ j ≤ 2

Then we set (U0
m+, U

0
m−, f

0
m) = (U0

εm,ηm+, U
0
εm,ηm−, f

0
εm,ηm). This completes the proof.

6.2 Reduction to the Case of Smooth Initial Data

Proposition 6.2.1. Suppose we can prove the theorem 4.6.1 under the additional assumption that the

initial data (U0
+, U

0
−, f

0) are smooth, ie ∇αU0
± ∈ L2(Ω±) and ∇α′f0 ∈ L2(R2) for all |α| ≥ 1, and

that the compatibility condition (4.4.6) holds up to order 3. Then the theorem 4.6.1 follows (without the

smoothness assumption).

Proof. Let (U0
+, U

0
−, f

0) be initial data which satisfy the hypotheses of theorem 4.6.1.

Let (U0
m+, U

0
m−, f

0
m) be the smoothed set of initial data as defined in 6.1.5 for m ≥ 1. Let l ≥ 1 be

an integer. Note that since E0
m → E0 as m→∞ we have

E0
m ≤ E0

l

for some constant E0
l independent of m for all m ≥ l with E0

l → E0 as l →∞. From the construction

of (U0
m+, U

0
m−, f

0
m), we may also bound the difference∑

±

∣∣∣∣U0
m − U0

∣∣∣∣2
L2(Ω±)

+
∣∣∣∣f0

m − f0
∣∣∣∣2
L2(Γ)

≤ CE0
l

We also have

inf
x∈Ω±

ρ0
m± =: δ0

m ≥ δ0
l

inf
x∈R3

ψ0
m =: κ0

m ≥ κ0
l

for some constants δ0
l > 0 and κ0

l > 0 for all m ≥ l with δ0
l → δ0 and κ0

l → κ0 as l → ∞. Note that

(U0
m+, U

0
m−, f

0
m) also satisfy the compatibility conditions up to order 2 and the compatibility condition

(4.4.6) up to order 3, hence the initial data (U0
m+, U

0
m−, f

0
m) satisfies the hypotheses of theorem 4.6.1

with E0 replaced by E0
m, δ0 replaced by δ0

m and κ0 replaced by κ0
m, with the additional smoothness and

compatibility assumptions.

Now we apply the theorem 4.6.1 with initial data (U0
m+, U

0
m−, f

0
m) for each m ≥ l to obtain a

solution (Um+, Um−, fm) on the time interval (0, T 0
m), for T 0

m > 0. We also have

Em(T 0
m) ≤ C0

m

ρm± ≥
δ0
m

2
in (0, T 0

m)× Ω±

Jψm ≥ 1

2
κ0 in (0, T 0

m)× R3
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(Note we use the obvious notation Em for the energy of the solution (Um+, Um−, fm) etc).

The time T 0
m > 0 is bounded below as follows.

T 0
m ≥ T (E0

m,
1

δ0
m

,
1

κ0
m

) > 0

where T (·) a fixed smooth decreasing function given in theorem 4.6.1. Similarly, the constant C0
m > 0

is bounded above as follows.

C0
m ≤ C(E0

m,
1

δ0
m

,
1

κ0
m

) <∞

where C(·) is a fixed smooth increasing function given in theorem 4.6.1. Thus

T 0
m ≥ T (E0

l ,
1

δ0
l

,
1

κ0
l

) =: T 0
l > 0

C0
m ≤ C(E0

l ,
1

δ0
l

,
1

κ0
l

) =: C0
l <∞

Let us also note that

lim
l→∞

T 0
l = T (E0,

1

δ0
,

1

κ0
) =: T 0 > 0

lim
l→∞

C0
l = C(E0,

1

δ0
,

1

κ0
) =: C0 <∞

Since for all m ≥ l we have

Em(T 0
l ) ≤ C0

l

we may use weak-∗ compactness in L∞((0, T 0
l );L2(Ω±)) and L∞((0, T 0

l ) × Ω±) to obtain a subse-

quence mk and elements U± ∈ L∞((0, T 0
l )× Ω±), f ∈ L∞((0, T 0

l )× R2) such that

∂αU ∈ L∞((0, T 0
l );L2(Ω±)) for all 1 ≤ |α| ≤ 3

∂αf ∈ L∞((0, T 0
l );H1(R2)) for all 1 ≤ |α| ≤ 3

∇′∂jt f ∈ L∞((0, T 0
l );H3.5−j(R2)) for all 0 ≤ j ≤ 2

and

Umk − U
∗
⇀ 0 in L∞((0, T 0

l )× Ω±)

fmk − f
∗
⇀ 0 in L∞((0, T 0

l )× R2)

∂αUmk − ∂
αU

∗
⇀ 0 in L∞((0, T 0

l );L2(Ω±)) for all 0 ≤ |α| ≤ 3

∂αfmk − ∂
αf

∗
⇀ 0 in L∞((0, T 0

l );H1(R2)) for all 0 ≤ |α| ≤ 3

∇′∂jt fmk −∇
′∂jt f

∗
⇀ 0 in L∞((0, T 0

l );H3.5−j(R2)) for all 0 ≤ j ≤ 2

By weak-∗ lower semi-continuity of norms, we have

E(T 0
l ) ≤ lim inf

k→∞
C0
mk

= C0
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where E denotes the energy associated to (U+, U−, f). Note that for the zero order convergence we have

used the fact that we may bound the difference∑
±

∣∣∣∣Um − U0
∣∣∣∣2
L2(Ω±)

+
∣∣∣∣fm − f0

∣∣∣∣2
L2(Γ)

≤ C
∑
±

∣∣∣∣U0
m − U0

∣∣∣∣2
L2(Ω±)

+ C
∑
±
||∂tUm||2L2(Ω±) + C

∣∣∣∣f0
m − f0

∣∣∣∣2
L2(Γ)

+ C ||∂tfm||2L2(Γ)

≤ CE0
l

Note that, using the Sobolev embedding theorem, since ∂U ∈ H2(Ω±) and 2 > d
p = 3

2 , U± ∈
C1
b ((0, T 0

l ) × Ω±), and similarly f ∈ C1
b ((0, T 0

l ) × R2), ∇′f ∈ C1
b ((0, T 0

l ) × R2). Note in particular

this implies that U± and f are uniformly continuous (in fact Lipschitz).

Using Sobolev compact embedding, we have the following strong convergences, where Ω̃± are any

smooth bounded subsets of Ω± and Γ̃ is any smooth bounded subset of R2.

∂αUmk − ∂
αU → 0 in L∞((0, T 0

l );L2(Ω̃±)) for all 1 ≤ |α| ≤ 2

∂αfmk − ∂
αf → 0 in L∞((0, T 0

l );H1(Γ̃)) for all 0 ≤ |α| ≤ 2

In particular, using the Sobolev embedding theorem again, we have Umk → U uniformly on smooth

bounded subsets of (0, T 0
l ) × Ω± and fmk → f , ∂fmk → ∂f uniformly on smooth bounded subsets of

(0, T 0
l ) × R2. This also implies Umk |Γ → U |Γ uniformly on smooth bounded subsets of (0, T 0

l ) × R2.

Since ρm± are smooth functions of p and s, we also have ρmk± → ρ± uniformly on smooth bounded

subsets of (0, T 0
l )× Ω±. Hence, we have pointwise in (0, T 0

l )× Ω±,

ρ± = lim
k→∞

ρmk± ≥
δ0
mk

2
→ δ0

2

Similarly, we have ∂x3ψmk → ∂x3ψ uniformly on smooth bounded subsets of (0, T 0
l )× R3. Hence,

Jψ = lim
k→∞

Jψmk ≥
κ0
mk

2
→ κ0

2

Note that by passing to a subsequence if necessary we may assume additionally that ∂Umk → ∂U

almost everywhere in (0, T 0
l ) × Ω± and ∇′∂fmk → ∇′∂f almost everywhere on (0, T 0

l ) × Γ. We use

this convergence almost everywhere to let k → ∞ for almost every (t, x) ∈ (0, T 0
l ) × Ω± and almost

every (t, x′) ∈ (0, T 0
l )× R2 in the system of equations

1

ρmkc
2
mk

(∂t + u
ψmk
mk · ∇)pmk +∇ψmk · umk = 0

ρmk(∂t + u
ψmk
mk · ∇)umk +∇ψmkpmk = 0

(∂t + uψmk · ∇)smk = 0

in (0, Tl)× Ω±,

∂tfmk = umk± · n

[pmk ] = −σ∇′ · n̂mk
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on (0, Tl)× Γ,

ψmk := Lafmk

to obtain that (U+, U−, f) is a solution of the system (4.3.1)-(4.3.6) on the time interval (0, T 0
l ) as defined

in 4.3.1 with ψ = Laf . Note that the continuity of U , ∂U and f , ∂f , ∇′∂f imply that these equations

are in fact satisfied everywhere in the classical sense.

We now claim that (U+|t=0, U−|t=0, ft=0) = (U0
+, U

0
−, f

0). Indeed, we note that using the uniform

continuity and convergence which we have shown, we have

Umk±|t=0 → U±|t=0 in Ω±

fmk |t=0 → f |t=0 in R2

But we have from 6.1.4 that

U0
mk± → U0

± in Ω±

f0
mk
→ f0 in R2

hence (U+|t=0, U−|t=0, ft=0) = (U0
+, U

0
−, f

0) as claimed.

Now for each l we may apply the above compactness results successively to (Umk+, Umk−, fmk) to

obtain further subsequences ml,k and limit functions Ul±, fl such that the above convergences etc hold

on (0, T 0
l ) and (Ul±, fl) = (Um±, fm) whenever both are defined. Since T 0

l → T 0 as l → ∞, we may

define (U±, f) on (0, T 0) by defining it in the manner described above on on (0, T 0
l ) for each l, and by

the above it is a solution to the equations on the fixed domains on the interval (0, T 0) with the desired

properties. This completes the proof.
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7. The µ-Approximate Equations

Here we define a sort of viscous regularisation of the equations (4.3.1)-(4.3.6) on the fixed domains. See

3.3 for a motivation of the general strategy of introducing such a viscous regularisation, and see 3.4 for

the motivation behind the specific regularisation chosen.

For brevity we do not redefine quantities whose definition is obvious given notation we have intro-

duced previously.

Also, we will not write explicitly the dependence on µ of a solution to the µ-approximate equations

else the notation would be too messy.

7.1 Definition of the µ-Approximate Equations

Definition 7.1.1. For µ > 0, given the density functions ρ±(t) ∈ C1
b (Ω±) for each t, we define the

smoothed density ρµ± as

ρµ± = (ExtΩ± ρ±) ∗ ηµ
∣∣
Ω±

where the Sobolev extension operators ExtΩ± are defined in 1.6 and the standard mollifier ηµ is defined

in 1.6. Note that we mollify only in space, not in time. We also apply this definition to the initial data

ρ0
±.

Note that by properties of mollification and Sobolev extension,

||ρµ − ρ||L∞(Ω±) ≤ µC ||∇ρ||L∞(Ω±)

hence

||ρµ − ρ||L∞(Ω±) → 0 as µ→ 0 (7.1.1)

provided ||∇ρ||L∞(Ω±) is bounded.

Definition 7.1.2. Let µ ∈ (0, 1].

Fix T ∈ (0,∞). Also fix (g1)± ∈ Cb((0, T )×Ω±;R3), g2 ∈ Cb((0, T )×Γ) and write g = (g1, g2)

which we will call the right hand side of the equations.

Let f ∈ C1
b ((0, T ′)×R2) with∇′f ∈ C1

b ((0, T ′)×R2) for all T ′ ∈ (0, T ). LetU± = (p±, u±, s±) ∈
C1
b ((0, T ′) × Ω±) for all T ′ ∈ (0, T ). In addition, assume u± ∈ C2

b (Ω±), u±|Γ · n ∈ C2
b (R2) for each

t ∈ (0, T ).

We will say that (U+, U−, f) is a solution of the µ-approximate equations on the time interval (0, T )

with lifting operator La and right hand side g, with initial data

(U0
+, U

0
−, f

0) := (U+|t=0, U−|t=0, f |t=0)

58



if ρ(t, x) > 0, ρµ(t, x) > 0 and Jψ(t, x) > 0 in (0, T ) × Ω±, and p±, u±, s±, f satisfy the following

system of PDEs.

1

ρc2
(∂t + uψ · ∇)p+∇ψ · u = 0 (7.1.2)

ρµ(∂t + uψ · ∇)u+∇ψp = µ∇ψ(ρc2∇ψ · u) + g1 (7.1.3)

(∂t + uψ · ∇)s = 0 (7.1.4)

in (0, T )× Ω±,

∂tf = u± · n (7.1.5)

[p− µρc2∇ψ · u] = −σ∇′ · n̂+ µ(∆′ − 1)(u · n) + g2 (7.1.6)

on (0, T )× Γ,

ψ := Laf (7.1.7)

7.2 Initial Data and the Compatibility Conditions

Definition 7.2.1. We say that (p0
±, u

0
±, s

0
±, f

0) are initial data for the system (7.1.2)-(7.1.7) if the follow-

ing holds. We require that f0 ∈ C1
b (R2). We continue to use notation from before such as ψ0 := Laf0.

We also require that p0
±, u

0
±, s

0
± ∈ Cb(Ω±) are uniformly continuous functions (where u0

± are vectors

representing the initial velocity), so that we may define them on the interface Γ by uniform continuity

and we require

[u0 · n0] = 0

Finally, we require

inf
x∈Ω±

ρ0 =: δ0 > 0

inf
x∈Ω±

ρ0
µ =: δ0

µ > 0

inf
x∈R3

Jψ
0

=: κ0 > 0

Definition 7.2.2. In the same way as we defined the initial time derivatives in 4.4.2, we may define

the initial time derivatives ∂µ,g,j0 associated with the µ-approximate equations with lifting operator La

and right hand side g, which act on differentiable expressions involving the initial data (U0
+, U

0
−, f

0) as

follows.

To start with, we define ∂µ,g,j0 p0
±, ∂

µ,g,j
0 u0

±, ∂
µ,g,j
0 s0

±, ∂
µ,g,j
0 f0, ∂µ,g,j0 ψ0 as follows. We set

∂µ,g,00 = id

59



then for j ≥ 0 we inductively define

∂µ,g,j+1
0 f0 := ∂jt (u+(t)

∣∣
Γ
· n(t))

∣∣
t=0

:= ∂jt (u+(t, x′, 0) · n(t))
∣∣
t=0

(7.2.1)

∂µ,g,j+1
0 ψ0 := La∂µ,g,j+1

0 f0 (7.2.2)

∂µ,g,j+1
0 p0

± := ∂jt (−(u
ψ(t)
± (t) · ∇)p±(t)− ρ±(t)c2

±(t)∇ψ(t) · u±(t))
∣∣
t=0

(7.2.3)

∂µ,g,j+1
0 u0

± :=

∂jt (−(u
ψ(t)
± (t) · ∇)u±(t)− 1

ρµ±(t)
∇ψ(t)(p±(t)− µρ±(t)c2

±(t)∇ψ(t) · u±(t)) + g1(t))
∣∣
t=0

(7.2.4)

∂µ,g,j+1
0 s0

± := ∂jt (−(u
ψ(t)
± (t) · ∇)s±(t))

∣∣
t=0

(7.2.5)

where the expression ∂jt (·)|t=0 on the right hand side in the first line and last three lines means we think

of u±(t), ψ(t) etc as functions of t and formally differentiate with respect to t j times according to the

chain and Leibniz rules, then replace ∂ltu±(t) for 0 ≤ l ≤ j by ∂µ,g,l0 u0
± etc.

As before we can extend this definition so that ∂µ,g,j0 act on differentiable expressions involving the

initial data.

Definition 7.2.3. Let (U0
+, U

0
−, f

0) be initial data for the µ-approximate equations with lifting operator

La and right hand side g. We say that (U0
+, U

0
−, f

0) satisfies the normal velocity jump compatibility

condition up to order k if

∂µ,g,j0 [u0 · n0] = 0 (7.2.6)

for 0 ≤ j ≤ k. We say that (U0
+, U

0
−, f

0) satisfies the pressure interface compatibility condition up to

order k if

∂µ,g,j0 [p0 − µρ0(c0)2∇ψ0 · u0] = ∂µ,g,j0 (−σ(∇′ · n̂0) + µ(∆′ − 1)(u0|Γ · n0)) + ∂jt g2(t)|t=0 (7.2.7)

for 0 ≤ j ≤ k.

Note we continue to use the notation ψ0 := Laf0.

7.3 Energy for the µ-Approximate Equations

Here, we introduce two separate energies, Eµ and Eµ, associated with the µ-approximate equations. We

will call the energyEµ the µ-independent energy since it will be used in a µ-independent energy estimate

and should be thought of as being like the energy E for the equations in the fixed domains as defined

in 4.5.1 but with some extra terms multiplied by powers of µ added which correspond to the addition of

the terms involving µ to the equations in the fixed domains, allowing us to close the energy estimate for

the µ-approximate equations. We will call the energy Eµ the higher order µ-approximate energy and we

will use this for solutions of the µ-approximate equations with µ fixed. The advantage of introducing

this energy is that we may perform the µ-independent energy estimate on solutions of the µ-approximate

equations with Eµ(T ) < ∞ without having to worry about whether the solution has enough derivatives

for us to differentiate the equations in the standard manner.
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Definition 7.3.1. Let f ∈ L1
loc((0, T )×R2), U± ∈ L1

loc((0, T )×Ω±). We define the lower-order energy

Eµ : (0, T ]→ [0,∞] for the µ-approximate equations associated to (U+, U−, f), as follows.

Eµ(t) = E(t) + µ2
∑
±

∑
0≤j≤2

ess sup
τ∈(0,t)

∣∣∣∣∣∣∂jt∇u∣∣∣∣∣∣2
H3−j(Ω±)

+ µ2
∑
±

∫ t

0

∣∣∣∣∂3
t u
∣∣∣∣2
H1(Ω±)

dτ

+ µ
∑

0≤j≤3

∫ t

0

∣∣∣∣∣∣∂jt (u · n)
∣∣∣∣∣∣2
H4−j(R2)

dτ + µ2
∑

0≤j≤2

ess sup
τ∈(0,t)

∣∣∣∣∣∣∂jt (u · n)
∣∣∣∣∣∣2
H4.5−j(R2)

where E(t) denotes the energy for the fixed equations associated to (U+, U−, f), as defined in 4.5.1.

Note we adopt the convention that if the solution does not have sufficiently many weak derivatives in

(0, T ′)× Ω± to define the energy then it is infinite, and if we write E(T ′) <∞ then this implies that all

the weak derivatives in (0, T ′) × Ω± present in the energy exist. Note that if Eµ(T ′) < ∞ then Eµ is

uniformly continuous on (0, T ′].

We define the corresponding initial lower-order energy E0
µ for the µ-approximate equations with

lifting operator La and right hand side g associated to the initial data (U0
+, U

0
−, f

0) as follows.

E0
µ = E0 + µ2

∑
±

2∑
j=0

∣∣∣∣∣∣∂µ,g,j0 ∇u0
∣∣∣∣∣∣
H3−j(Ω±)

+ µ2
∑

0≤j≤2

∣∣∣∣∣∣∂µ,g,j0 (u0 · n0)
∣∣∣∣∣∣2
H4.5−j(R2)

where in the definition of E0 we replace ∂j0 with ∂µ,g,j0 .

Note that this is the energy we will use in proving a µ-independent energy estimate for the µ-

approximate equations, hence the exact dependence of the terms on µ is important.

Definition 7.3.2. Let f ∈ L1
loc((0, T ) × R2), U± ∈ L1

loc((0, T ) × Ω±). We define the higher order

energy Eµ : (0, T ]→ [0,∞] associated with (U+, U−, f) as follows.

Eµ(t) = Eµ(t) + ess sup
τ∈(0,t)

∑
±

∑
0≤j≤3

∣∣∣∣∣∣∂jt∇U ∣∣∣∣∣∣2
H3−j(Ω±)

+ ess sup
τ∈(0,t)

∑
±

∑
0≤j≤2

∣∣∣∣∣∣∂jt (∇ψ × u)
∣∣∣∣∣∣2
H4−j(Ω±)

+
∑
±

∫ t

0

∣∣∣∣∂4
t U
∣∣∣∣2
L2(Ω±)

dτ +
∑
±

∑
0≤j≤3

∫ t

0

∣∣∣∣∣∣∂jt∇u∣∣∣∣∣∣2
H4−j(Ω±)

dτ

+
∑

0≤j≤3

ess sup
τ∈(0,t)

∣∣∣∣∣∣∂jt∇′f ∣∣∣∣∣∣2
H4.5−j(Γ)

+

∫ t

0

∣∣∣∣∂4
t f
∣∣∣∣2
H1(Γ)

dτ

+ ess sup
τ∈(0,t)

∑
0≤j≤3

∣∣∣∣∣∣∂jt (u · n)
∣∣∣∣∣∣2
H4−j(Γ)

+
∑

0≤j≤3

∫ t

0

∣∣∣∣∣∣∂jt (u · n)
∣∣∣∣∣∣2
H5.5−j(Γ)

dτ

Note that if Eµ(T ′) <∞ then Eµ is uniformly continuous on (0, T ′].

We define the corresponding higher-order initial energy E0
µ for the µ-approximate equations with

lifting operator La and right hand side g associated to the initial data (U0
+, U

0
−, f

0) as follows.

E0
µ = E0

µ +
∑
±

∑
0≤j≤3

∣∣∣∣∣∣∂µ,g,j0 ∇U0
∣∣∣∣∣∣2
H3−j(Ω±)

+
∑
±

∑
0≤j≤2

∣∣∣∣∣∣∂µ,g,j0 (∇ψ0 × u0)
∣∣∣∣∣∣2
H4−j(Ω±)

+
∑

0≤j≤3

∣∣∣∣∣∣∂µ,g,j0 ∇′f0
∣∣∣∣∣∣2
H4.5−j(Γ)

+
∑

0≤j≤3

∣∣∣∣∣∣∂µ,g,j0 (u0 · n0)
∣∣∣∣∣∣2
H4−j(Γ)

Note that we will use this energy for fixed µwhen proving existence of solutions to the µ-approximate

equations and estimates involving it will always depend on µ.
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Definition 7.3.3. Given a right hand side function g for shorthand we define the energy associated with

g as

Eg(t) :=
∑
±

3∑
j=0

ess sup
τ∈(0,t)

∣∣∣∣∣∣∂jt g1

∣∣∣∣∣∣2
H5−j(Ω±)

+
4∑
j=0

ess sup
τ∈(0,t)

∣∣∣∣∣∣∂jt g2

∣∣∣∣∣∣2
H5−j(Γ)

(7.3.1)

for t ∈ (0, 1]. Note that if Eg(T ′) <∞ then Eg is uniformly continuous on (0, T ′].

Note that for simplicity we have not attempted to make the order of Eg(t) in space as low as possible

since eventually g will depend on the smoothed initial data for the original problem in the fixed domains.

Definition 7.3.4. We say that initial data (U0
+, U

0
−, f

0) for the µ-approximate equations is smooth if

E0
max <∞

where the high-order initial energy E0
max is defined below.

E0
max =

∑
±

∣∣∣∣U0
∣∣∣∣2
L∞(Ω±)

+
∣∣∣∣f0

∣∣∣∣2
L∞(Γ)

+
∑
±

∣∣∣∣∇U0
∣∣∣∣
H20(Ω±)

+
∣∣∣∣∇′f0

∣∣∣∣2
H20(Γ)

(7.3.2)

7.4 Statement of Existence of Solutions to the µ-Approximate Equations

Theorem 7.4.1. Let µ ∈ (0, 1] and let (U0
+, U

0
−, f

0) be smooth initial data for the µ-approximate equa-

tions with lifting operator La and right hand side g, with E0
max < ∞. Assume that this initial data

satisfies the compatibility condition (7.2.6) up to order 3 and the condition (7.2.7) up to order 2. Assume

that the right hand side g satisfies Eg(1) <∞. Assume also that the initial data satisfy

inf
x∈Ω±

ρ0 =: δ0 > 0 (7.4.1)

inf
x∈Ω±

ρ0
µ =: δ0

µ > 0 (7.4.2)

inf
x∈R3

Jψ
0

=: κ0 > 0 (7.4.3)

Then there exists a time T 0
µ ∈ (0, 1] and a solution (U+, U−, f) of the µ-approximate equations with

lifting operator La and right hand side g on the time interval (0, T 0
µ), as in definition 7.1.2. Moreover,

Eµ(T 0
µ) ≤ C0

µ <∞

ρ ≥ δ0

2
in (0, T 0

µ)× Ω±

ρµ ≥
δ0
µ

2
in (0, T 0

µ)× Ω±

Jψ ≥ 1

2
κ0 in (0, T 0

µ)× R3

The constant C0
µ > 0 is bounded above as follows.

C0
µ ≤ Cµ(E0

µ,
1

δ0
,

1

δ0
µ

,
1

κ0
, Eg(1)) <∞

where Cµ(·) is a smooth increasing function of its arguments, and may depend on µ.

The time T 0
µ > 0 is bounded below as follows.

T 0
µ ≥ Tµ(E0

max,
1

δ0
,

1

δ0
µ

,
1

κ0
, Eg(1)) > 0
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where Tµ(·) is a smooth decreasing function of its arguments, and may depend on µ. Note that the time

interval of existence here depends on the high-order energy E0
max of the initial data.

Proof. See sections 9-14.

Proposition 7.4.2. Let µ ∈ (0, 1] and let (U0
+, U

0
−, f

0) and g satisfy the hypotheses of 7.4.1. Then there

exists Tµ ∈ (0, 1] and a solution (U+, U−, f) of the µ-approximate equations with lifting operator La

and right hand side g on the time interval (0, Tµ), satisfying the following additional properties.

Eµ(t) <∞

inf
τ∈(0,t)

inf
x∈Ω±

ρ > 0

inf
τ∈(0,t)

inf
x∈Ω±

ρµ > 0

inf
τ∈(0,t)

inf
x∈R

Jψ > 0

for all t ∈ (0, Tµ) and if Tµ < 1 then one of the following holds as t ↑ Tµ.

Eµ(t)→∞

inf
x∈Ω±

ρ→ 0

inf
x∈Ω±

ρµ → 0

inf
x∈Ω±

Jψ → 0

Note carefully that the blow-up condition is on the lower-order energy Eµ(t).

Proof. See section 13.3. Note that, due to the smoothness requirement on the initial data in 7.4.1, this

proposition is not a directly corollary of 7.4.1 in the usual way via taking final data as initial data to

extend the time interval of the solution. We use a slight variant of this idea, hence we record the proof in

13.3.2 where it can be written more conveniently.

7.5 Statement of the µ-Independent Energy Estimate for the µ-
Approximate Equations

Proposition 7.5.1. Let (U+, U−, f) be a solution of the µ-approximate equations with lifting operator

La and right hand side g as defined in 7.1.2 on the time interval (0, T ) with initial data (U0
+, U

0
−, f

0),

where µ ∈ (0, 1]. Suppose in addition that Eµ(T ) < ∞ and that the initial data satisfies the conditions

(7.4.1)-(7.4.3).

Then there exists a time 0 < T 0 ≤ 1 and a constant C0 > 0 such that

Eµ(min{T 0, T}) ≤ C0

ρ± ≥
δ0

2
in (0,min{T 0, T})× Ω±

ρµ± ≥
δ0
µ

2
in (0,min{T 0, T})× Ω±

Jψ ≥ 1

2
κ0 in (0,min{T 0, T})× R3
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The time T 0 > 0 is bounded below as follows.

T 0 ≥ T (E0
µ,

1

δ0
,

1

κ0
,

1

δ0
µ

, Eg(1)) > 0

where T (·) is a smooth descreasing function of its arguments. Similarly, the constant C0 > 0 is bounded

above as follows.

C0 ≤ C(E0
µ,

1

δ0
,

1

δ0
µ

,
1

κ0
, Eg(1)) <∞

where C(·) is a smooth increasing function of its arguments.

Proof. See section 8.

7.6 Reduction to Solving the µ-Approximate Equations

Proposition 7.6.1. Let µ ∈ (0, 1], let (U0
+, U

0
−, f

0) and g satisfy the hypotheses of 7.4.1, and suppose

that propositions 7.4.2 and 7.5.1 hold. Then there exists T 0 ∈ (0, 1] and a solution (U+, U−, f) of the

µ-approximate equations with lifting operator La and right hand side g on the time interval (0, T 0),

satisfying the following additional properties.

Eµ(T 0) ≤ C0

ρ± ≥
δ0

2
in (0, T 0)× Ω±

ρµ± ≥
δ0
µ

2
in (0, T 0)× Ω±

Jψ ≥ 1

2
κ0 in (0, T 0)× R3

The time T 0 > 0 is bounded below as follows.

T 0 ≥ T (E0
µ,

1

δ0
,

1

κ0
,

1

δ0
µ

, Eg(1)) > 0

where T (·) is a smooth descreasing function of its arguments. Similarly, the constant C0 > 0 is bounded

above as follows.

C0 ≤ C(E0
µ,

1

δ0
,

1

δ0
µ

,
1

κ0
, Eg(1)) <∞

where C(·) is a smooth increasing function of its arguments.

Proof. We know by 7.4.2 that there exists Tµ ∈ (0, 1] and a solution (U+, U−, f) of the µ-approximate

equations with lifting operator La, right hand side g on the time interval (0, Tµ), satisfying the following

additional properties.

Eµ(t) <∞

inf
τ∈(0,t)

inf
x∈Ω±

ρµ > 0

inf
τ∈(0,t)

inf
x∈Ω±

ρµµ > 0

inf
τ∈(0,t)

inf
x∈R

Jψ
µ
> 0
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for all t ∈ (0, Tµ) and if Tµ < 1 then one of the following holds as t ↑ Tµ.

Eµ(t)→∞

inf
x∈Ω±

ρµ → 0

inf
x∈Ω±

ρµ → 0

inf
x∈Ω±

Jψ → 0

Now the solution (U+, U−, f) satisfies the hypotheses of the energy estimate 7.5.1 on the interval

(0, T̃ ) for every T̃ < Tµ. Hence we may apply the energy estimate 7.5.1 to obtain a T 0 ∈ (0, 1] and

C0 > 0 such that

Eµ(min{T 0, T̃}) ≤ C0

ρ± ≥
δ0

2
in (0,min{T 0, T̃})× Ω±

ρµ± ≥
δ0
µ

2
in (0,min{T 0, T̃})× Ω±

Jψ ≥ κ0

2
in (0,min{T 0, T̃})× R3

for every T̃ < Tµ. But if Tµ ≤ T 0 and Tµ < 1, then this contradicts the assumption that one of the above

singular convergences holds as t→ Tµ, hence we obtain Tµ > T 0 or Tµ = T 0 = 1 and

Eµ(T 0) ≤ C0

ρ± ≥
δ0

2
in (0, T 0)× Ω±

ρµ± ≥
δ0
µ

2
in (0, T 0)× Ω±

Jψ ≥ κ0

2
in (0, T 0)× R3

Note that the energy estimate provides the following bounds on T 0 and C0.

T 0 ≥ T (E0
µ,

1

δ0
,

1

κ0
,

1

δ0
µ

, Eg(1)) > 0

where T (·) is a smooth descreasing function of its arguments and

C0 ≤ C(E0
µ,

1

δ0
,

1

δ0
µ

,
1

κ0
, Eg(1)) <∞

where C(·) is a smooth increasing function of its arguments.

This completes the proof.

Proposition 7.6.2. Let (U0
+, U

0
−, f

0) be smooth initial data for the original equations in the fixed do-

mains satisfying the compatibility condition 4.4.7 up to order 2, and the compatibility condition 4.4.6 up

to order 3, plus the conditions

inf
x∈Ω±

ρ0 =: δ0 > 0

inf
x∈R3

Jψ
0

=: κ0 > 0
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Note that by being smooth we mean E0
max <∞ where E0

max is given in terms of (U0
+, U

0
−, f

0) by (7.3.2).

Then there exists a µ0 ∈ (0, 1] depending only on the initial density ρ0 = ρ(p0(x), s0(x)) and func-

tions c1(t, x), c2(t, x) depending only on µ and the initial data (U0
+, U

0
−, f

0) which are smooth for

ρ0, ρ0
µ, J

ψ0
> 0 such that the following is true. Firstly,

inf
x∈Ω±

ρ0
µ =: δ0

µ ≥
δ0

2

for all µ ∈ (0, µ0]. Secondly

Ec(1)→ 0 as µ→ 0

where c = (c1, c2) and Ec is defined in (7.3.1) with c replacing g. Thirdly, the initial data (U0
+, U

0
−, f

0)

satisfy the compatibility condition 7.2.7 up to order 2, and the compatibility condition 7.2.6 up to order

3 for the µ-approximate equations with right hand side c = (c1, c2).

Proof. First of all, fix µ0 ∈ (0, 1] such that

ρ0
µ ≥

δ0

2

for all µ ∈ (0, µ0]. Note this is possible by (7.1.1).

We define the functions c1 and c2 to make the initial data (U0
+, U

0
−, f

0) compatible with the µ-

approximate equations with right hand side c = (c1, c2). We set

c1±(t) =
2∑

k=0

tk

k!
ck1±

c2(t) =

2∑
k=0

tk

k!
ck2

where the coefficients ck1±, c
k
2 are defined below. Note that

∂jt c1±(t)|t=0 = cj1± for 0 ≤ j ≤ 2

∂jt c2(t)|t=0 = cj2 for 0 ≤ j ≤ 2

We define the coefficients ck1±, c
k
2 as follows.

We want to have, for 0 ≤ j ≤ 3,

∂µ,c,j0 U0
± = ∂j0U

0
± (7.6.1)

∂µ,c,j0 f0 = ∂j0f
0 (7.6.2)

where ∂j0 are the initial time derivatives associated with the equations on the fixed domains as defined in

(4.4.2). We see that the equations defining ∂µ,c,j0 are all the same as the equations defining ∂j0 except for

the velocity equation (7.2.4). Let us assume inductively that (7.6.1)-(7.6.2) hold for 0 ≤ k ≤ j (and note

the case j = 0 is trivial). This means it makes sense for us to subtract (4.4.4) from (7.2.4) to obtain

∂µ,c,j+1
0 u0

± − ∂
j+1
0 u0

± = ∂j0((
1

ρ0
±
− 1

ρ0
µ±

)∇ψ0
p0
± +

µ

ρ0
µ±
∇ψ0

(ρ0
±(c0
±)2∇ψ0 · u0

±))

+
∑

k+l=j,l 6=j
∂k0 (

1

ρ0
µ±

)cl1± +
1

ρ0
µ±
cj1±

66



Thus we define inductively, for 0 ≤ j ≤ 2,

cj1± = −ρ0
µ±

∑
k+l=j,l 6=j

∂k0 (
1

ρ0
µ±

)cl1± − ρ0
µ±∂

j
0((

1

ρ0
±
− 1

ρ0
µ±

)∇ψ0
p0
± +

µ

ρ0
µ±
∇ψ0

(ρ0
±(c0
±)2∇ψ0 · u0

±))

Hence (7.6.1)-(7.6.2) hold for 0 ≤ j ≤ 3. Having established this, we will now write ∂j0 instead of

∂µ,c,j0 for the rest of this proof where appropriate, when acting on this specific initial data (U0
+, U

0
−, f

0).

We want the initial data (U0
+, U

0
−, f

0) to be compatible with the µ-approximate equations, that is,

to satisfy the compatibility condition (7.2.7) up to order 2 and the compatibility condition (7.2.6) up to

order 3.

The fact that (7.2.6) holds up to order 3 for (U0
+, U

0
−, f

0) follows directly from the fact that (4.4.6)

holds up to order 3 and (7.6.1)-(7.6.2) hold for 0 ≤ j ≤ 3. This means ∂j0(u0
+ · n0) = ∂j0(u0

− · n0) for

0 ≤ j ≤ 3 so we can write simply ∂j0(u0 · n0). We define

cj2 := −µ(∆′ − 1)∂j0(u0 · n0)− µ[∂j0(ρ0(c0)2∇ψ0 · u0)]

Using the compatibility condition (4.4.7) for 0 ≤ j ≤ 2, we have

∂j0[p0 − µρ0(c0)2∇ψ0 · u0]− ∂j0(−σ(∇′ · n̂0) + µ(∆′ − 1)(u0|Γ · n0))

= −∂j0[µρ0(c0)2∇ψ0 · u0]− ∂j0(µ(∆′ − 1)(u0 · n0))

= cj2

which is the compatibility condition (7.2.7). Thus (7.2.7) holds up to order 2.

It remains to show that

Ec(1)→ 0 as µ→ 0

We note from the definition of c2 that∣∣∣∣∣∣cj2∣∣∣∣∣∣
H5(Γ)

≤ µ(
∣∣∣∣∣∣(∆′ − 1)∂j0(u0 · n0)

∣∣∣∣∣∣
H5(Γ)

+
∣∣∣∣∣∣[∂j0(ρ0(c0)2∇ψ0 · u0)]

∣∣∣∣∣∣
H5(Γ)

)

≤ µF (E0
max,

1

δ0
,

1

δ0
µ

,
1

κ0
)

→ 0 as µ→ 0

where F is some smooth increasing function. We estimate c1 as follows. Write ρ̃0
± = ExtΩ± ρ

0
± where

ExtΩ± denotes the Sobolev extension operator as defined in 1.6, and let ηµ denote the standard scaled

mollifier as defined in 1.6. First we use the mean value inequity to estimate

∣∣∣∂k0ρ0
µ − ∂k0ρ0

∣∣∣ =

∣∣∣∣∣
∫
|y−x|≤µ

(∂k0 ρ̃
0(y)− ∂k0 ρ̃0(x))ηµ(x− y)dy

∣∣∣∣∣
≤
∫
|y−x|≤µ

∣∣∣∣∣∣∂k0∇ρ̃0
∣∣∣∣∣∣
L∞(R3)

|y − x| ηµ(x− y)dy

≤ Cµ
∣∣∣∣∣∣∂k0∇ρ0

∣∣∣∣∣∣
L∞(Ω±)

∫
R3

ηµ(x− y)dy

≤ Cµ
∣∣∣∣∣∣∂k0∇ρ0

∣∣∣∣∣∣
L∞(Ω±)
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Now we note that∣∣∣∣∣∣∣∣∂j0((
1

ρ0
− 1

ρ0
µ

)∇ψ0
p0)

∣∣∣∣∣∣∣∣
H5(Ω±)

=

∣∣∣∣∣
∣∣∣∣∣∂j0((ρ0

µ − ρ0)
∇ψ0

p0

ρ0ρ0
µ

)

∣∣∣∣∣
∣∣∣∣∣
H5(Ω±)

=

∣∣∣∣∣∣
∣∣∣∣∣∣
∑
k+l=j

(∂k0ρ
0
µ − ∂k0ρ0)∂l0(

∇ψ0
p0

ρ0ρ0
µ

)

∣∣∣∣∣∣
∣∣∣∣∣∣
H5(Ω±)

Hence, from the definition of c1 we have

∣∣∣∣∣∣cj1∣∣∣∣∣∣
H5(Ω±)

≤

∣∣∣∣∣∣
∣∣∣∣∣∣ρ0
µ±

∑
k+l=j,l 6=j

∂k0 (
1

ρ0
µ±

)cl1±

∣∣∣∣∣∣
∣∣∣∣∣∣
H5(Ω±)

+

∣∣∣∣∣
∣∣∣∣∣ρ0
µ±∂

j
0((

1

ρ0
±
− 1

ρ0
µ±

)∇ψ0
p0
±

∣∣∣∣∣
∣∣∣∣∣
H5(Ω±)

+ µ

∣∣∣∣∣
∣∣∣∣∣ 1

ρ0
µ±
∇ψ0

(ρ0
±(c0
±)2∇ψ0 · u0

±))

∣∣∣∣∣
∣∣∣∣∣
H5(Ω±)

≤

∣∣∣∣∣∣
∣∣∣∣∣∣ρ0
µ±

∑
k+l=j,l 6=j

∂k0 (
1

ρ0
µ±

)cl1±

∣∣∣∣∣∣
∣∣∣∣∣∣
H5(Ω±)

+ µF (E0
max,

1

δ0
,

1

δ0
µ

,
1

κ0
)

where F is some smooth increasing function. Note in the case j = 0 the first term on the right is zero,

hence we obtain
∣∣∣∣c0

1

∣∣∣∣
H5(Ω±)

→ 0 as µ → 0. Then we apply the above estimate inductively to obtain∣∣∣∣∣∣cj1∣∣∣∣∣∣
H5(Ω±)

→ 0 as µ → 0 for 0 ≤ j ≤ 3. Putting these estimates together we have shown that

Ec(1)→ 0 as µ→ 0.

This completes the proof.

Proposition 7.6.3. Suppose that proposition 7.4.2 and proposition 7.5.1 are true.

Then the main theorem in the fixed domains, 4.6.1, follows, excluding the statement of uniqueness.

Proof. We let (U0
+, U

0
−, f

0) be smooth initial data for the original equations in the fixed domains, satis-

fying the compatibility condition 4.4.7 up to order 2, and the compatibility condition 4.4.6 up to order 3,

plus the conditions

inf
x∈Ω±

ρ0 =: δ0 > 0

inf
x∈R3

Jψ
0

=: κ0 > 0

Note that by being smooth we mean E0
max <∞ where E0

max is given in terms of (U0
+, U

0
−, f

0) by (7.3.2).

By 6.2.1, it suffices to consider such initial data. Let µ0 ∈ (0, 1] be given by 7.6.2 so that

inf
x∈Ω±

ρ0
µ =: δ0

µ ≥
δ0

2

for all µ ∈ (0, µ0]. For each µ ∈ (0, µ0] let cµ = (cµ1 , c
µ
2 ) be given by 7.6.2 so that (U0

+, U
0
−, f

0) satisfy

the compatibility condition 7.2.7 up to order 2, and the compatibility condition 7.2.6 up to order 3 for

the µ-approximate equations with right hand side cµ. Then we apply 7.6.1 for each µ ∈ (0, µ0], to obtain

T 0,µ ∈ (0, 1] and a solution (Uµ+, U
µ
−, f

µ) of the µ-approximate equations with lifting operator La,

right hand side cµ and initial data (U0
+, U

0
−, f

0) on the time interval (0, T 0,µ), satisfying the following
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additional properties.

Eµ(T 0,µ) ≤ C0,µ

ρ± ≥
δ0

2
in (0, T 0,µ)× Ω±

ρµµ± ≥
δ0
µ

2
in (0, T 0,µ)× Ω±

Jψ
µ ≥ 1

2
κ0 in (0, T 0,µ)× R3

where we use the superscript µ to denote quantities corresponding to the solution (Uµ+, U
µ
−, f

µ) where

necessary.

The time T 0,µ > 0 is bounded below as follows.

T 0,µ ≥ T (E0
µ,

1

δ0
,

1

κ0
,

1

δ0
µ

, Ecµ(1)) > 0

where T (·) is a smooth descreasing function of its arguments. Similarly, the constant C0,µ > 0 is

bounded above as follows.

C0,µ ≤ C(E0
µ,

1

δ0
,

1

δ0
µ

,
1

κ0
, Ecµ(1)) <∞

where C(·) is a smooth increasing function of its arguments.

For the sake of simplicity let us redefine Ecµ(1) to be supµ̃∈[0,µ]Ecµ̃(1) so that Ecµ(1) is increasing

with µ. We do the same with δ0
µ. We recall that Ecµ(1)→ 0 as µ→ 0 and δ0

µ → δ0 as µ→ 0.

Thus we have

T 0,µ ≥ T 0,µ0

and

T 0,µ ↑ T 0 := T (E0,
1

δ0
,

1

κ0
,

1

δ0
, 0) as µ ↓ 0

Similarly, we have

C0,µ ≤ C0,µ0

and

C0,µ ↓ C0 := C(E0,
1

δ0
,

1

δ0
,

1

κ0
, 0) as µ ↓ 0

For each n ∈ N we consider µ ∈ (0, µn] where µn := 1
nµ

0. We have

Eµ(T 0,µn) ≤ C0,µn

Thus, using weak-∗ compactness there exists a subsequence µk and functions (U+, U−, f) with energy

E(T 0,µn) <∞, where E(t) is the energy associated with (U+, U−, f) as defined in 4.3.1, such that the
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following holds.

Uµk − U ∗
⇀ 0 in L∞((0, T 0,µn)× Ω±)

fµk − f ∗
⇀ 0 in L∞((0, T 0,µn)× R2)

∂αUµk − ∂αU ∗
⇀ 0 in L∞((0, T 0,µn);L2(Ω±)) for all 0 ≤ |α| ≤ 3

∂αfµk − ∂αf ∗
⇀ 0 in L∞((0, T 0,µn);H1(R2)) for all 0 ≤ |α| ≤ 3

∇′∂jt fµk −∇′∂
j
t f

∗
⇀ 0 in L∞((0, T 0,µn);H4.5−j(R2)) for all 0 ≤ j ≤ 2

By weak-∗ lower semi-continuity of norms, we have

E(T 0,µn) ≤ lim inf
k→∞

C0,µk = C0

Note that for the zero order convergence we have used the fact that we may bound the difference∑
±

∣∣∣∣Uµ − U0
∣∣∣∣2
L2(Ω±)

+
∣∣∣∣fµ − f0

∣∣∣∣2
L2(Γ)

≤ C
∑
±
||∂tUµ||2L2(Ω±) + C ||∂tfµ||2L2(Γ)

≤ CC0,µ0

Note that, using the Sobolev embedding theorem, U± ∈ C1
b ((0, T 0,µn)×Ω±), f ∈ C1

b ((0, T 0,µn)×
R2) and ∇′f ∈ C1

b ((0, T 0,µn) × R2). Note in particular this implies that U± and f are uniformly

continuous (in fact Lipschitz).

Using Sobolev compact embedding, we have the following strong convergences, where Ω̃± are any

smooth bounded subsets of Ω± and Γ̃ is any smooth bounded subset of R2.

∂αUµk − ∂αU → 0 in L∞((0, T 0,µn);L2(Ω̃±)) for all 0 ≤ |α| ≤ 2

∂αfµk − ∂αf → 0 in L∞((0, T 0,µn);H1(Γ̃)) for all 0 ≤ |α| ≤ 2

In particular, using the Sobolev embedding theorem again, we have Uµk → U uniformly on smooth

bounded subsets of (0, T 0,µn)×Ω± and fµk → f , ∂fµk → ∂f uniformly on smooth bounded subsets of

(0, T 0,µn)×R2. This also implies Uµk |Γ → U |Γ uniformly on smooth bounded subsets of (0, T 0,µn)×
R2. Since ρµ± are smooth functions of p and s, we also have ρµk → ρ uniformly on smooth bounded

subsets of (0, T 0,µn)× Ω±. Hence, we have pointwise in (0, T 0
µn)× Ω±,

ρ± = lim
k→∞

ρµk± ≥
δ0

2

Jψ = lim
k→∞

Jψ
µk ≥ κ0

2

Using the standard properties of mollifiers, we also obtain ρµkµk → ρ uniformly on smooth bounded

subsets of (0, T 0,µn)× Ω±.

Note that by passing to a subsequence if necessary we may assume additionally that ∂Umk → ∂U

almost everywhere in (0, T 0
l ) × Ω± and ∇′∂fmk → ∇′∂f almost everywhere on (0, T 0

l ) × Γ. We use

this convergence almost everywhere to let k →∞ for almost every (t, x) ∈ (0, T 0,µn)×Ω± and almost

every (t, x′) ∈ (0, T 0,µn)× R2 in the system of equations

1

ρµk(cµk)2
(∂t + (uµk)ψ

µk · ∇)pµk +∇ψ
µk · uµk = 0

ρµkµk(∂t + (uµk)ψ
µk · ∇)uµk +∇ψ

µkpµk = µk∇ψ
µk (ρµk(cµk)2∇ψ

µk · uµk) + ρµkµkc
µk
1 (t)

(∂t + (uµk)ψ
µk · ∇)sµk = 0
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in (0, T 0,µn)× Ω±,

∂tf
µk = uµk± · nµk

[pµk − µkρµk(cµk)2∇ψ
µk · uµk ] = −σ∇′ · n̂µk + µk(∆

′ − 1)(uµk · nµk) + cµk2 (t)

on (0, T 0,µn)× Γ,

ψµk := Lf
0
fµk

In particular, note µk → 0. Note also that∣∣∣∣∣∣∇ψµk (ρµk(cµk)2∇ψ
µk · uµk)

∣∣∣∣∣∣2
L2(Ω±)

≤ Eµk(t)

≤ C0,µn

so that, passing to a further subsequence if necessary, we may assume that

µk∇ψ
µk (ρµk(cµk)2∇ψ

µk · uµk)→ 0

almost everywhere in (0, T 0,µn)× Ω±. Similarly,∣∣∣∣(∆′ − 1)(uµk · nµk)
∣∣∣∣2
L2(Γ)

≤ Eµk(t)

≤ C0,µn

so we may assume that

µk(∆
′ − 1)(uµk · nµk)→ 0

almost everywhere on (0, T 0,µn)× Γ.

We also note thatEcµ(1)→ 0 clearly implies that cµk1 → 0 and cµk2 → 0 as k → 0 almost everywhere

in (0, T 0,µn)× Ω± and on (0, T 0,µn)× Γ respectively.

Hence in the limit k → ∞ we obtain that (U+, U−, f) is a solution of the system (4.3.1)-(4.3.6) on

the time interval (0, T 0,µn) as defined in 4.3.1.

We now claim that (U+|t=0, U−|t=0, ft=0) = (U0
+, U

0
−, f

0). Indeed, we note that using the uniform

continuity and convergence which we have shown, we have

U0
± = Uµk± |t=0 → U±|t=0 in Ω±

f0 = fµk |t=0 → f |t=0 in R2

hence (U+|t=0, U−|t=0, f |t=0) = (U0
+, U

0
−, f

0) as claimed.

By taking successive subsequences of (Uµ+, U
µ
−, f

µ) for each n and repeating the above process, we

can define (U+, U−, f) on (0, T 0,µn) for all n, and hence on the entire interval (0, T 0). We know that

(U+, U−, f) is a solution of the system (4.3.1)-(4.3.6) on the time interval (0, T 0) as defined in 4.3.1

with initial data (U0
+, U

0
−, f

0). Moreover, the following inequalities hold.

E(T 0) ≤ C0

ρ± ≥
δ0

2
in (0, T 0)× Ω±

Jψ ≥ κ0

2
in (0, T 0)× R3

This completes the proof.
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7.7 The Curl of the Velocity Equation

It will be necessary during the µ-independent energy estimate to take the curl of the velocity equation.

We will also introduce a linearised equation for the curl later, which is motivated by taking the curl of

the velocity equation before linearisation. For these reasons we present the curl of the velocity equation,

written as an equation for the curl of the velocity,∇ψ × u, below.

Lemma 7.7.1. Suppose that u satisfies the µ-approximate velocity equation (7.1.3). Suppose that in

addition to the regularity stated in 7.1.2, we have ∂tψ, ∂tu, g1 ∈ H1
loc(Ω±), p, s, u,∇ψ,∇u ∈ H2

loc(Ω±).

Then∇ψ × u satisfies the following equation.

ρµ(∂t + uψ · ∇)(∇ψ × u) = −∇ψρµ × (∂t + uψ · ∇)u− ρµ(εijk∂
ψ
j ul∂

ψ
l uk) +∇ψ × g1 (7.7.1)

in (0, T ) × Ω±, where (εijk∂
ψ
j ul∂

ψ
l uk) denotes the vector with i-th component εijk∂

ψ
j ul∂

ψ
l uk and we

have used summation convention for repeated indices.

In particular, our definition of initial time derivatives allows us to restrict the above equation to the

time t = 0 and replace ∂t with ∂µ,g,10 etc.

Proof. We could apply∇ψ× to the µ-approximate velocity equation (7.1.3) directly, but it is easiest first

to transform back to the original domains Ω±(t). We recall the velocity equation

ρµ(∂t + uψ · ∇)u+∇ψp = µ∇ψ(ρc2∇ψ · u) + g1

Setting p̌ = p◦θ−1, ǔ = u◦θ−1 and š = s◦θ−1, ρ̌µ = ρµ ◦θ−1, ρ̌ = ρ◦θ−1, č = c◦θ−1, ǧ1 = g1 ◦θ−1,

where the diffeomorphism θ is defined in 5.1.1, and using the coordinate change relations (5.1.1)-(5.1.2),

we obtain

ρ̌µ(∂t + ǔ · ∇)ǔ+∇p̌ = µ∇(ρ̌č2∇ · ǔ) + ǧ1

in ΩT
±. Now we apply∇× to obtain

ρ̌µ(∂t + ǔ · ∇)(∇× ǔ) + (∇ρ̌µ)× (∂t + ǔ · ∇)ǔ+ ρ̌µ(εijk∂xj ǔl∂xl ǔk) = ∇× ǧ1

Then we use the coordinate change relations (5.1.1)-(5.1.2) again to obtain

ρµ(∂t + uψ · ∇)(∇ψ × u) + (∇ψρµ)× (∂t + uψ · ∇)u+ ρµ(εijk∂
ψ
j ul∂

ψ
l uk) = ∇ψ × g1

as required.
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8. Proof of the µ-Independent Energy
Estimate for the µ-Approximate Equations

In this section we assume we are given a solution (U+, U−, f) of the µ-approximate equations (7.1.2)-

(7.1.7) satisfying the hypotheses of 7.5.1 and we proceed to show that the conclusions of 7.5.1 hold. See

3.5 for a summary of the main steps in the proof of the energy estimate.

8.1 Notation for Constants and Functions of the Energy and Initial Data

Definition 8.1.1. It will be convenient to define some generic constants/functions depending on the

energy and initial data in a given way.

Firstly, we will always write F for a generic smooth increasing function of its arguments which is

independent of µ.

We will write C for a generic constant which is independent of the solution, including being inde-

pendent of the initial data, and independent of µ.

We define M0 as a generic constant of the form

M0 := F (E0
µ,

1

δ0
,

1

δ0
µ

,
1

κ0
, Eg(1))

We define K(t) as a generic function of t of the form

K(t) := F (Eµ(t),M0)

Remark 8.1.2. Note that for t bounded above, we may bound the square of the expression

M0 + tK(t)

by an expression of the same form. In fact, since we are considering short-time existence only, we have

chosen to always bound t above by 1, where 1 is chosen as a convenient strictly positive constant. Note

there is nothing special about this choice of 1, and if we wish the time interval of existence as stated in

the main theorem 2.4.1 may always be maximised using the energy estimate given in 2.4.1 and taking

final data as initial data.

Note that throughout this section we will group lower order terms into generic remainder terms,

denoted by R with appropriate superscripts and subscripts to denote the order of the remainder. We

define these remainder terms and prove estimates for them in 8.18 in order to try and focus on the more

important estimates in the main body of the proof of the µ-independent energy estimate.
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8.2 The Material Derivative Operators

Definition 8.2.1. We define the material derivative operators Du±
t by

D
u±
t = ∂t + uψ± · ∇

It is important to note that we allow D
u−
t to act on functions on Ω+ by defining u− on Ω+ by Sobolev

extension, and vice-versa, in which case Du−
t (or Du+

t ) is no longer a material derivative in Ω+ (or Ω−),

but it has the important advantage of being continuous across the interface Γ.

Note that Du±
t acts along Γ since

D
u±
t = ∂t + u′± · ∇′ (8.2.1)

on Γ as uψ3± = 0 on Γ.

We also define the material derivative of the pressure ṗ by

ṗ± = D
u±
t p±

Note that, by virtue of the pressure equation (7.1.2) which is the same as (4.3.1), we have the impor-

tant relation

ṗ = −ρc2∇ψ · u

for solutions of the equations.

8.3 Restriction of the Time Interval

Note that by uniform continuity and the conditions (7.4.1)-(7.4.3), there exists a 0 < T̃ ≤ min{T, 1},
which may depend on the solution, such that

ρ ≥ 1

2
δ0 (8.3.1)

ρµ ≥
1

2
δ0
µ (8.3.2)

Jψ ≥ 1

2
κ0 (8.3.3)

for t ∈ (0, T̃ ).

We define T ′ to be the supremum over all such T̃ .

In the estimates below will will assume that t ∈ (0, T ′) until stated otherwise. Part of our goal will

be to prove that T ′ can be taken bigger than T 0, which depends only on the initial data.

Our main aim will be to show that for t ∈ (0, T ′) we have

Eµ(t) ≤ (M0 + tK(t))(
1

ε
3
2

+ ε
1
2Eµ(t))

where we are free to choose ε ∈ (0, 1]. We could absorb the term ε
1
2 tK(t)Eµ(t) into the term 1

ε
3
2
tK(t)

but because this is how the estimate naturally comes out, and also to maintain consistency with later

similar notation, we leave it like this.
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8.4 Using the Energy to Extend the Assumptions on the Initial Data

We claim that the following inequalities hold.∣∣∣∣ρ− ρ0
∣∣∣∣
L∞(Ω±)

≤ tK(t) (8.4.1)∣∣∣∣ρµ − ρ0
µ

∣∣∣∣
L∞(Ω±)

≤ tK(t) (8.4.2)∣∣∣∣∂x3ψ − ∂x3ψ
0
∣∣∣∣
L∞(Ω±)

≤ tK(t) (8.4.3)

To prove this, we use the Sobolev embedding theorem H2(Ω±) ⊂ L∞(Ω±).

Indeed, we have ∣∣∂t(ρ− ρ0)
∣∣ = |∂tρ| ≤ C ||∂tρ||H2(Ω±) ≤ K(t)

where we have used the chain rule. Hence

−K(t) ≤ ∂t(ρ− ρ0) ≤ K(t)

and integrating from 0 to t we obtain

−tK(t) ≤ ρ− ρ0 ≤ tK(t)

which proves the first inequality. The estimate for ρµ is exactly similar, and we merely need to note that

|∂tρµ| ≤ C ||∂tρ||L∞(Ω±). The third inequality is also similar.

8.5 Estimate of the Lower Order Terms in the Energy

We claim that

||U,ψ||L∞(Ω±) ≤M
0 + tK(t) (8.5.1)

||f ||W 1,∞(Γ) ≤M
0 + tK(t) (8.5.2)

||∂αU ||2L2(Ω±) ≤M
0 + tK(t) (8.5.3)

||∂αf ||2H1(Γ) +
∣∣∣∣∣∣∂βf ∣∣∣∣∣∣2

H2.5(Γ)
≤M0 + tK(t) (8.5.4)

where 1 ≤ |α| ≤ 2 and |β| = 1.

Indeed, the proof is very similar to the proof of the inequalities in the previous section. Let a be a

component of (U,ψ). We have

|a| ≤
∣∣a0
∣∣+

∫ t

0
|∂ta| dτ ≤M0 + Ct ||∂ta||H2(Ω±) ≤M

0 + tK(t)

where we have used the fact that
∣∣∣∣(U0, ψ0)

∣∣∣∣2
L∞(Ω±)

≤ E0
µ and ||∂t(U,ψ)||2H2(Ω±) ≤ Eµ(t). The

estimate of ||f ||W 1,∞(Γ) is exactly the same with a = f or a = ∇′f .

Now let a be an entry of ∂αU where 1 ≤ |α| ≤ 2. We have

||a||L2(Ω±) ≤
∣∣∣∣a0

∣∣∣∣
L2(Ω±)

+

∫ t

0

d

dt
||a||L2(Ω±) dτ ≤M0 +

∫ t

0
||∂ta||L2(Ω±) dτ ≤M0 + tK(t)

After squaring, we obtain (8.5.3). Note that the inequality d
dt ||a||L2(Ω±) ≤ ||∂ta||L2(Ω±) is true in

general for the derivative with respect to t of an inner-product-induced norm of a quantity depending on

the parameter t in a differentiable way. The estimate (8.5.4) for f is exactly similar.
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8.6 The Differentiated Equations and the Corrected Pressure, Velocity
and Entropy

Once we have differentiated the equations enough times, the lower order terms may all be estimated

in terms of the energy by the Sobolev embedding theorem, and hence we may try to obtain energy

estimates in the same way as for constant-coefficient linear equations. One problem is that the pressure

and velocity equations involve a time derivative of the lift of the front, ψ, whose time derivatives can only

be estimated to the same order as the velocity etc, so it cannot be treated as a coefficient. Treating ψ like

the other unknowns U makes the equations non-symmetric so that we cannot obtain energy estimates

directly. To rectify this, we introduce corrected pressure, velocity and entropy functions - introduced in

the linear setting by Alinhac in [2] and referred to as the good unknowns - which absorbs the highest

order derivatives of ψ into the unknowns. Note that we only need to use these when estimating the

highest order time derivatives, although we may use them for estimating other derivatives as well simply

for convenience.

8.6.1 The Differentiated Interior Equations

We apply ∂α to the equations (7.1.2)-(7.1.4), where 1 ≤ |α| ≤ 3, and use the Leibniz and chain rules to

obtain the following equations. Note that, prior to differentiation, we have replaced ρc2∇ψ · u with −ṗ
which is more convenient to work with.

1

ρc2
(∂t + uψ · ∇)∂αp− 1

ρc2Jψ
(∂t∂

αψ + u · ∇∂αψ − 1

Jψ
(∂x3∂

αψ)(∂tψ + u · ∇ψ))∂x3p

+∇ψ · ∂αu− ∇∂
αψ

Jψ
· ∂x3u+

∇ψ
(Jψ)2

∂x3∂
αψ · ∂x3u = R|α|(U,ψ) (8.6.1)

ρ(∂t + uψ · ∇)∂αu− ρ

Jψ
(∂t∂

αψ + u · ∇∂αψ − 1

Jψ
(∂x3∂

αψ)(∂tψ + u · ∇ψ))∂x3u

+∇ψ∂αp− ∇∂
αψ

Jψ
∂x3p+

∇ψ
(Jψ)2

∂x3∂
αψ∂x3p = −µ∇ψ∂αṗ+R|α|(U,ψ) + µR|α|(U,ψ, ṗ) (8.6.2)

(∂t + uψ · ∇)∂αs− 1

Jψ
(∂t∂

αψ + u · ∇∂αψ − 1

Jψ
(∂x3∂

αψ)(∂tψ + u · ∇ψ))∂x3s = R|α|(U,ψ)

(8.6.3)

in (0, T ′) × Ω±. The lower order remainder terms on the right hand side are defined in 8.18.5 and

8.18.8. Note that in fact, we could absorb the terms involving ∇∂αψ into the remainder, but not the

terms involving ∂t∂αψ if ∂α consists of all time derivatives.

Indeed, we now assume that α0 ≤ 2. Because ∂α contains a maximum of 2 time derivatives, we may

absorb the terms involving high-order derivatives of ψ in the equations (8.6.1)-(8.6.2) into the remainder

terms. Hence we obtain the following equations.

1

ρc2
(∂t + uψ · ∇)∂αp+∇ψ · ∂αu = R|α|(U,ψ) (8.6.4)

ρ(∂t + uψ · ∇)∂αu+∇ψ∂αp = −µ∇ψ∂αṗ+R|α|(U,ψ) + µR|α|(U,ψ, ṗ) (8.6.5)

(∂t + uψ · ∇)∂αs = R|α|(U,ψ) (8.6.6)

in (0, T ′)× Ω±.
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8.6.2 The Corrected Pressure, Velocity and Entropy

To remove the terms involving high order time derivatives of ψ from the differentiated pressure and

velocity equations, we introduce the corrected pressure, velocity and entropy. These were first introduced

by Alinhac in [2] in the linearised setting and called the ‘good unknowns’.

For α a multi-index with 2 ≤ |α| ≤ 3, we define the corrected unknowns (pressure, velocity and

entropy) as

Uα = ∂αU − ∂αψ

Jψ
∂x3U (8.6.7)

We write

Uα = (pα, uα, sα)

Note that, provided |α| is large enough, ∂Uα = ∂∂αU − ∂∂αψ
Jψ

∂x3U plus lower order terms, and we

see exactly this term in the differentiated pressure equations. This is the motivation for the definition of

Uα.

Lemma 8.6.1. For 2 ≤ |α| ≤ 3 and |β| = 2, we have

||∂αU ||2L2(Ω±) ≤ C ||U
α||2L2(Ω±) + (M0 + tK(t)) ||∂αf ||2H1(Γ) (8.6.8)∣∣∣∣∣∣Du−

t ∂βU
∣∣∣∣∣∣2
L2(Ω±)

≤ C
∣∣∣∣∣∣Du−

t Uβ
∣∣∣∣∣∣2
L2(Ω±)

+ (M0 + tK(t))
∣∣∣∣∣∣(∂βf, ∂′∂βf)

∣∣∣∣∣∣2
H1(Γ)

(8.6.9)

||Uα||2L2(Ω±) ≤ C ||∂
αU ||2L2(Ω±) + (M0 + tK(t)) ||∂αf ||2H1(Γ) (8.6.10)

Proof. Let 2 ≤ |α| ≤ 3 and 0 ≤ |γ| ≤ 3− |α|. Using the above definition, we have

1

C
||∂γ(∂αU)||2L2(Ω±) ≤ ||∂

γ(Uα)||2L2(Ω±) +

∣∣∣∣∣∣∣∣∂γ(
∂αψ

Jψ
∂x3U)

∣∣∣∣∣∣∣∣2
L2(Ω±)

≤ ||∂γ(Uα)||2L2(Ω±) +

∣∣∣∣∣∣∣∣ 1

Jψ

∣∣∣∣∣∣∣∣2
L∞(Ω±)

||∂x3U ||
2
H1(Ω±) ||∂

γ∂αψ||2H1(Ω±)

+

∣∣∣∣∣∣∣∣ 1

Jψ

∣∣∣∣∣∣∣∣2
L∞(Ω±)

||∂γ∂x3U ||
2
L2(Ω±) ||∂

αψ||2H2(Ω±) +

∣∣∣∣∣∣∣∣∂γ∂x3ψ

(Jψ)2

∣∣∣∣∣∣∣∣2
L∞(Ω±)

||∂x3U ||
2
H1(Ω±) ||∂

αψ||2H1(Ω±)

≤ ||∂γUα||2L2(Ω±) + (M0 + tK(t))(||∂γ∂αf ||2H1(Γ) + ||∂αf ||2H1+|γ|(Γ))

where we have used the lower order estimates (8.5.1)-(8.5.3) and the Sobolev embedding theorem to

estimate the L2 norm of a product in terms of the product of H1 norms, and the last two terms in the

second to last line do not exist in the case |α| = 3. Along with the lower order estimate (8.5.1) for uψ−,

this proves (8.6.8)-(8.6.9). Similarly, we have

1

C
||Uα||2L2(Ω±) ≤ ||∂

αU ||2L2(Ω±) +

∣∣∣∣∣∣∣∣∂αψJψ ∂x3U

∣∣∣∣∣∣∣∣2
L2(Ω±)

≤ ||∂αU ||2L2(Ω±) + (M0 + tK(t)) ||∂αf ||2H1(Γ)
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Lemma 8.6.2. For 2 ≤ |α| ≤ 3, we have

(∂t + uψ · ∇)∂αU = (∂t + uψ · ∇)Uα +
(∂t + uψ · ∇)∂αψ

Jψ
∂x3U +R|α|(U,ψ)

= (∂t + uψ · ∇)Uα +
1

Jψ
((∂t + u · ∇)∂αψ − 1

Jψ
(∂tψ + u · ∇ψ)∂x3∂

αψ)∂x3U +R|α|(U,ψ)

and

∇ψ∂αU = ∇ψUα +
∇ψ∂αψ
Jψ

∂x3U +R|α|(U,ψ)

= ∇ψUα +
1

Jψ
(∇∂αψ − ∇ψ

Jψ
∂x3∂

αψ)∂x3U +R|α|(U,ψ)

where Rk(U,ψ) denotes the same generic remainder term given in 8.18.5.

Proof. We may simply differentiate the formula (8.6.7) to find

∂∂αU = ∂Uα +
∂∂αψ

Jψ
∂x3U +

∂αψ

Jψ
∂∂x3U −

∂αψ

(Jψ)2
∂∂x3ψ∂x3U

and we note that the last two terms on the right have the same form as the remainderR|α|(U,ψ), provided

that 2 ≤ |α| ≤ 3. Then we simply use the definitions of∇ψ and uψ.

Remark 8.6.3. Note in the case |α| = 1, the remainder term in the above lemma is not quite of the correct

form, so for convenience we exclude this case. However, estimating such lower order terms is very easy

since their time derivatives are controlled by the energy.

We now substitute

∂αU = Uα +
∂αψ

Jψ
∂x3U

in the equations (8.6.1)-(8.6.3) for 2 ≤ |α| ≤ 3 and use the above lemma to obtain

1

ρc2
(∂t + uψ · ∇)pα +∇ψ · uα = R|α|(U,ψ) (8.6.11)

ρµ(∂t + uψ · ∇)uα +∇ψpα = −µ∇ψ∂αṗ+R|α|(U,ψ) + µR|α|(U,ψ, ṗ) (8.6.12)

(∂t + uψ · ∇)sα = R|α|(U,ψ) (8.6.13)

in (0, T ′)× Ω±.

8.6.3 Tangential and Time Derivatives of the Jump Conditions

We may differentiate the jump conditions (7.1.5)-(7.1.6) with respect to time and the horizontal directions

to obtain

∂t∂
αf = ∂αu± · n− u′± · ∇′∂αf +R

|α|−1
Γ (U, f) (8.6.14)

[∂αp+ µ∂αṗ] = −σ∇′ · ∂αn̂+ µ(∆′ − 1)∂α(u · n) + ∂αg2 (8.6.15)

on (0, T ′) × Γ, where α is a multi-index with |α| ≤ 3 and α3 = 0. We find it convenient not to try and

write these in terms of the corrected pressure and velocity for the time being. The lower order remainder

terms on the right hand side are defined in 8.18.14.
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8.6.4 Differentiating the Unit Normal

Lemma 8.6.4. Let 1 ≤ |α| ≤ 3 with α3 = 0. Then

∂α(
∇′f
|n|

) =
∂α∇′f
|n|

− (∇′f · ∂α∇′f)∇′f
|n|3

+R
|α|−1
Γ (f)

where the remainder R|α|−1
Γ (f) is defined in 8.18.19.

Proof. This is a simple application of the product rule. Let β ≤ α with |β| = 1. Then, using the product

rule,

∂β(
∇′f
|n|

) =
∂β∇′f
|n|

+∇′f∂β(
1

|n|
)

=
∂β∇′f
|n|

− (∇′f · ∂β∇′f)∇′f
|n|3

where we have used the fact that n = (−∇′f, 1). Applying more derivatives, they either act on the terms

∂β∇′f , or give lower order terms which can be absorbed into the remainder R|α|−1
Γ (f).

Lemma 8.6.5. Let w ∈ R2 be any vector (in particular we are interested in w = ∂α∇′f ). Then

1

|n|3
|w|2 ≤ 1

|n|
|w|2 − 1

|n|3
∣∣∇′f · w∣∣2

Proof. Using Cauchy-Schwartz,

1

|n|
|w|2 − 1

|n|3
∣∣∇′f · w∣∣2

≥ 1

|n|
|w|2 − 1

|n|3
∣∣∇′f ∣∣2 |w|2

=
1

|n|3
(|w|2 (1 +

∣∣∇′f ∣∣2)−
∣∣∇′f ∣∣2 |w|2)

=
1

|n|3
|w|2

8.7 A Slightly Lower Order Estimate for the Front

Let |α| = 3 with α3 = 0. In this section we wish to estimate ∂αf as opposed to ∂α∇′f .

Suppose ∂α = ∂xi∂
β for |β| = 2. Then in fact

||∂αf ||2L2(Γ) ≤
∣∣∣∣∣∣∂β∇′f ∣∣∣∣∣∣2

L2(Γ)

≤M0 + tK(t)

where we have used the lower order estimate (8.5.4).

Otherwise, ∂α = ∂t∂
β for |β| = 2. Then the equation (8.6.14) implies

∂t∂
βf = ∂βu · n− u′ · ∂β∇′f +R1

Γ(U, f)
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Hence, using the lower order estimates (8.5.1)-(8.5.4) and the lower order remainder estimate (8.18.12),

we have

1

C

∣∣∣∣∣∣∂t∂βf ∣∣∣∣∣∣2
L2(Γ)

≤
∣∣∣∣∣∣∂βu∣∣∣∣∣∣2

L2(Γ)
||n||2L∞(Γ) +

∣∣∣∣u′∣∣∣∣2
L∞(Γ)

∣∣∣∣∣∣∂β∇′f ∣∣∣∣∣∣2
L2(Γ)

+
∣∣∣∣R1

Γ(U, f)
∣∣∣∣2
L2(Γ)

≤ (M0 + tK(t))(1 +
∣∣∣∣∣∣∂βu∣∣∣∣∣∣2

L2(Γ)
)

We estimate
∣∣∣∣∂βu∣∣∣∣2

L2(Γ)
as follows, by converting to an estimate over the interior - either Ω+ or Ω− -

then using Cauchy’s inequality.∣∣∣∣∣∣∂βu∣∣∣∣∣∣2
L2(Γ)

=

∫
Γ
∂βu · ∂βudx′

= ∓
∫

Ω±

∂x3(∂βu · ∂βu)dx

= ∓2

∫
Ω±

(∂x3∂
βu) · ∂βudx

≤ ε
∣∣∣∣∣∣∂x3∂

βu
∣∣∣∣∣∣2
L2(Ω±)

+
1

ε

∣∣∣∣∣∣∂βu∣∣∣∣∣∣2
L2(Ω±)

≤ εEµ(t) +
1

ε
(M0 + tK(t))

where we have used the lower order estimate (8.5.3) in the last line. Hence∣∣∣∣∣∣∂t∂βf ∣∣∣∣∣∣2
L2(Γ)

≤ (M0 + tK(t))(
1

ε
+ εEµ(t))

Hence we have shown that∑
|α|=3

||∂αf ||2L2(Γ) ≤ (M0 + tK(t))(
1

ε
+ εEµ(t)) (8.7.1)

8.8 Estimate of the Entropy

We multiply equation (8.6.13) by sα, where 2 ≤ |α| ≤ 3, and use the product rule to obtain

1

2
∂t |sα|2 +

1

2
∇ · (uψ |sα|2) =

1

2
(∇ · uψ) |sα|2 +R|α|(U,ψ)sα

= R|α|(U,ψ)sα

in (0, T ′) × Ω±. Note that we have absorbed the lower-order term generated by the product rule into

the remainder R|α|(U,ψ) on the right hand side. Then we integrate over Ω± and apply the divergence

theorem for Sobolev functions to the second term on the left. Note that since (uψ)3± = 0 on Γ we are

left with no boundary terms. Hence we obtain

1

2

d

dt

∫
Ω±

|sα|2 dx =

∫
Ω±

R|α|(U,ψ)sαdx

Applying Cauchy’s inequality to the right hand side, we obtain

d

dt
||sα||2L2(Ω±) ≤

∣∣∣∣∣∣R|α|(U,ψ)
∣∣∣∣∣∣2
L2(Ω±)

+ ||sα||2L2(Ω±)

80



Then using the estimate of the remainder given by lemma (8.18.3), and the estimate of sα from (8.6.8)

we obtain

d

dt
||sα||2L2(Ω±) ≤ K(t)

Integrating from 0 to t, we obtain

||sα||2L2(Ω±) ≤M
0 + tK(t) (8.8.1)

8.9 Estimate of the Tangential Derivatives of the Pressure, Velocity and
Front

Here we come to the one of the main parts of the energy estimate. Let α be a multi-index with |α| = 3

and α3 = 0, so that ∂α contains no normal derivatives. Assume also that α0 ≤ 2, so that we may, if we

wish, write ∂α = ∂xi∂
β for some 1 ≤ i ≤ 2 and |β| = 2.

We intend to multiply the differentiated pressure and velocity equations (8.6.4)-(8.6.5) by ∂αp and

∂αu respectively, then integrate by parts to obtain an energy estimate as for the entropy. Unfortunately,

since there are normal derivatives in these equations, we will generate a boundary term on the interface.

To deal with this boundary term we will need to use the pressure interface condition (7.1.6) and the

equation (7.1.5) for the front. Note that we have differentiated these in the tangential and time directions

to obtain (8.6.15) and (8.6.14), but we cannot do the same for the normal derivatives. Hence we will have

to estimate these separately. In this section we exclude the estimate of the highest order time derivatives

since the surface tension regularises the front in space, but not in time.

We multiply (8.6.4) by ∂αp and (8.6.5) by ∂αu. We then add the resulting equations to obtain

1

ρc2
((∂t + uψ · ∇)∂αp)∂αp+ ρµ((∂t + uψ · ∇)∂αu) · ∂αu+ (∇ψ · ∂αu)∂αp+ (∇ψ∂αp) · ∂αu

= −µ∇ψ∂αṗ · ∂αu+R3(U,ψ)∂αp+ (R3(U,ψ) + µR3(U,ψ, ṗ)) · ∂αu

in (0, T ′)× Ω±. Now we use the product rule to obtain

1

2
∂t(

1

ρc2
|∂αp|2) +

1

2
∂t(ρµ |∂αu|2) +

1

2
∇ · ( 1

ρc2
uψ |∂αp|2) +

1

2
∇ · (ρµuψ |∂αu|2)

+∇′ · (∂αp∂αu) + ∂x3(
(1,−∇′ψ)

Jψ
∂αp · ∂αu) + µ(∇′∂αṗ+ ∂x3(

(1,−∇′ψ)

Jψ
∂αṗ)) · ∂αu

= R3(U,ψ)∂αp+R3(U,ψ) · ∂αu+ µR3(U,ψ, ṗ) · ∂αu

where we have absorbed some lower order terms into the remainder on the right hand side. Now we

integrate over Ω± and apply the divergence theorem. Note that the outward unit normal to Γ in Ω± is

(0, 0,∓1). The terms which are tangential divergences vanish, and (uψ)3± = 0 on Γ hence the third and

fourth terms vanish. We obtain

d

dt

∫
Ω±

1

ρc2
|∂αp|2 dx+

d

dt

∫
Ω±

ρµ |∂αu|2 dx∓ 2

∫
Γ
(∂αp+ µ∂αṗ)∂αu · ndx′

− µ
∫

Ω±

∂αṗ∇ψ · ∂αudx =

∫
Ω±

R3(U,ψ)∂αp+R3(U,ψ) · ∂αu+ µR3(U,ψ, ṗ) · ∂αudx
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We note that

∂αṗ = −∂α(ρc2∇ψ · u)

= −ρc2∇ψ · ∂αu+R3(U,ψ)

Hence

d

dt

∫
Ω±

1

ρc2
|∂αp|2 dx+

d

dt

∫
Ω±

ρµ |∂αu|2 dx∓ 2

∫
Γ
(∂αp+ µ∂αṗ)∂αu · ndx′

+ µ

∫
Ω±

ρc2
∣∣∣∇ψ · ∂αu∣∣∣2 dx

=

∫
Ω±

R3(U,ψ)∂αp+R3(U,ψ) · ∂αu+ µR3(U,ψ, ṗ) · ∂αu+ µR3(U,ψ)∇ψ · ∂αudx

We integrate in time from 0 to t, apply Cauchy’s inequality and use the estimates (8.18.3) and (8.18.7)

for the terms on the right hand side. Hence we obtain∫
Ω±

1

ρc2
|∂αp|2 dx+

∫
Ω±

ρµ |∂αu|2 dx+ µ

∫ t

0

∫
Ω±

ρc2
∣∣∣∇ψ · ∂αu∣∣∣2 dxdτ

∓ 2

∫ t

0

∫
Γ
(∂αp+ µ∂αṗ)∂αu · ndx′dτ ≤ (M0 + tK(t))(

1

ε
+ εEµ(t))

To deal with the boundary integral over Γ, which is a key point in the estimates and is where we need

to use the presence of surface tension, we must sum over ± to obtain a jump condition. Doing this we

obtain∑
±

∫
Ω±

1

ρc2
|∂αp|2 dx+

∑
±

∫
Ω±

ρµ |∂αu|2 dx+ µ
∑
±

∫ t

0

∫
Ω±

ρc2
∣∣∣∇ψ · ∂αu∣∣∣2 dxdτ − 2Iα

≤ (M0 + tK(t))(
1

ε
+ εEµ(t))

where

Iα =

∫ t

0

∫
Γ
[n · ∂αu(∂αp+ µ∂αṗ)]dx′dτ

To estimate Iα, firstly, we use the differentiated equation for the front, (8.6.14), to replace n · ∂αu,

and we obtain the following.

Iα =

∫ t

0

∫
Γ
[n · ∂αu∂α(p+ µṗ)]dx′dτ

=

∫ t

0

∫
Γ
∂t∂

αf [∂α(p+ µṗ)]dx′dτ +

∫ t

0

∫
Γ
[u′ · ∂α∇′f∂α(p+ µṗ)]dx′dτ

+

∫ t

0

∫
Γ
[R2

Γ(U, f)∂α(p+ µṗ)]dx′dτ

= Iα1 + Iα2 + Iα3

where, as before, R2
Γ(U, f) denotes a remainder term given in lemma 8.18.14 and we feel free to absorb

lower order terms of the correct form into this remainder.

Firstly, we note that, using the remainder estimate (8.18.11), we have

|Iα3 | ≤
1

ε
M0 +

1

ε
tK(t) + ε(M0 + tK(t))Eµ(t)
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Let us consider Iα1 . Using the differentiated pressure interface condition (8.6.15), we have

Iα1 = −σ
∫ t

0

∫
Γ
∂t∂

αf∂α∇′ · n̂dx′dτ + µ

∫ t

0

∫
Γ
∂t∂

αf∂α(∆′ − 1)(u · n)dx′dτ

+

∫ t

0

∫
Γ
∂t∂

αf∂αg2dx′dτ

= σ

∫ t

0

∫
Γ
∂t∂

αf∇′ · ∂α(
∇′f
|n|

)dx′dτ + µ

∫ t

0

∫
Γ
∂t∂

αf∂α(∆′ − 1)∂tfdx′dτ +

∫ t

0

∫
Γ
R3

Γ(f)2dx′dτ

= −σ
∫ t

0

∫
Γ
∂t∂

α∇′f · ∂α(
∇′f
|n|

)dx′dτ − µ
∫ t

0

∫
Γ

∣∣∇′∂α∂tf ∣∣2 dx′dτ − µ
∫ t

0

∫
Γ
|∂α∂tf |2 dx′dτ

+

∫ t

0

∫
Γ
R3

Γ(f)2dx′dτ

= Iα11 − µ
∫ t

0

∫
Γ

∣∣∇′∂α∂tf ∣∣2 dx′dτ − µ
∫ t

0

∫
Γ
|∂α∂tf |2 dx′dτ +

∫ t

0

∫
Γ
R3

Γ(f)2dx′dτ

where we have used integration by parts in the second to last line. Assuming there was no factor of 1
|n|

in Iα11, we could use the product rule to convert the integrand to 1
2∂t |∂

α∇′f |2. We intend to do almost

the same thing, but to deal with the factor of 1
|n| we will need to use lemma 8.6.4.

We have

−Iα11 = σ

∫ t

0

∫
Γ
∂t∂

α∇′f · (∂
α∇′f
|n|

− (∇′f · ∂α∇′f)∇′f
|n|3

+R2
Γ(f))dx′dτ

= σ

∫ t

0

∫
Γ
∂t∂

α∇′f · ∂
α∇′f
|n|

− ∂t(∇′f · ∂α∇′f)
(∇′f · ∂α∇′f)

|n|3
dx′dτ

+ σ

∫ t

0

∫
Γ
∂t∂

α∇′f ·R2
Γ(f)dx′dτ + σ

∫ t

0

∫
Γ
R3

Γ(f) ·R3
Γ(f)dx′dτ

=
1

2
σ

∫ t

0

d

dt

∫
Γ

1

|n|
∣∣∂α∇′f ∣∣2 − 1

|n|3
∣∣∇′f · ∂α∇′f ∣∣2 dx′dτ

− σ
∫ t

0

∫
Γ
∂t∂

β∇′f · ∂xiR2
Γ(f)dx′dτ + σ

∫ t

0

∫
Γ
R3

Γ(f) ·R3
Γ(f)dx′dτ

≥ 1

2
σ

∫
Γ

1

|n|
∣∣∂α∇′f ∣∣2 − 1

|n|3
∣∣∇′f · ∂α∇′f ∣∣2 dx′ −M0

− σ
∫ t

0

∣∣∣∣∣∣∂t∂βf ∣∣∣∣∣∣
H1(Γ)

∣∣∣∣R2
Γ(f)

∣∣∣∣
H1(Γ)

dτ − σ
∫ t

0

∣∣∣∣R3
Γ(f)

∣∣∣∣2
L2(Γ)

dτ

where we have used the fact that ∂α = ∂xi∂
β together with integration by parts for the second term on

the right. We now apply lemma 8.6.5 to the first term on the right hand side.

Hence

−Iα11 ≥
1

2
σ

∫
Γ

1

|n|3
∣∣∂α∇′f ∣∣2 dx′ −M0 − σ

∫ t

0

∣∣∣∣∣∣∂t∂βf ∣∣∣∣∣∣
H1(Γ)

∣∣∣∣R2
Γ(f)

∣∣∣∣
H1(Γ)

dτ

− σ
∫ t

0

∣∣∣∣R3
Γ(f)

∣∣∣∣2
L2(Γ)

dτ

≥ 1

2
σ

∫
Γ

1

|n|3
∣∣∂α∇′f ∣∣2 dx′ −M0 − tK(t)

where we have used the remainder estimate (8.18.14).

Hence we obtain

−Iα1 ≥
1

2
σ

∫
Γ

1

|n|3
∣∣∂α∇′f ∣∣2 dx′ + µ

∫ t

0

∫
Γ

∣∣∇′∂α(u · n)
∣∣2 dx′dτ + µ

∫ t

0

∫
Γ
|∂α(u · n)|2 dx′dτ

−M0 − tK(t)
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Now we proceed to estimate Iα2 . We have

|Iα2 | ≤
∑
±

∣∣∣∣∫ t

0

∫
Γ
u′± · ∂α∇′f∂α(p± + µṗ±)dx′dτ

∣∣∣∣
=
∑
±

∣∣∣∣∫ t

0

∫
Γ
u′± · ∂xi∂β∇′f∂xi∂β(p± + µṗ±)dx′dτ

∣∣∣∣
≤
∑
±

∫ t

0

∣∣∣∣∣∣u′± · ∂xi∂β∇′f ∣∣∣∣∣∣
H0.5(Γ)

∣∣∣∣∣∣∂xi∂β(p± + µṗ±)
∣∣∣∣∣∣
H−0.5(Γ)

dτ

≤
∑
±

∫ t

0
||u±||W 1,∞(Γ)

∣∣∣∣∣∣∂xi∂β∇′f ∣∣∣∣∣∣
H0.5(Γ)

∣∣∣∣∣∣∂β(p± + µṗ±)
∣∣∣∣∣∣
H0.5(Γ)

dτ

≤
∑
±

∫ t

0
||u±||2W 1,∞(Γ)

∣∣∣∣∣∣∂xi∂β∇′f ∣∣∣∣∣∣2
H0.5(Γ)

dt+
∑
±

∫ t

0

∣∣∣∣∣∣∂βp±∣∣∣∣∣∣2
H0.5(Γ)

dτ

+ µ2
∑
±

∫ t

0

∣∣∣∣∣∣∂β ṗ±∣∣∣∣∣∣2
H0.5(Γ)

dτ

≤ tK(t)

where we have again used the Sobolev trace estimate and the estimate (8.18.5) for ṗ.

Putting what we have so far together, we have shown that∑
±

∫
Ω±

1

ρc2
|∂αp|2 dx+

∑
±

∫
Ω±

ρµ |∂αu|2 dx+ µ
∑
±

∫ t

0

∫
Ω±

ρc2
∣∣∣∇ψ · ∂αu∣∣∣2 dxdτ

+

∫
Γ

σ

|n|3
∣∣∂α∇′f ∣∣2 dx′ + µ

∫ t

0

∫
Γ

∣∣∇′∂α(u · n)
∣∣2 dx′dτ + µ

∫ t

0

∫
Γ
|∂α(u · n)|2 dx′dτ

≤ (M0 + tK(t))(
1

ε
+ εEµ(t))

Thus, using the inequalities (8.3.1)-(8.3.2) and the lower order estimates (8.5.1)-(8.5.2), we have∑
±
||∂αp||2L2(Ω±) +

∑
±
||∂αu||2L2(Ω±) + µ

∑
±

∫ t

0

∣∣∣∣∣∣∇ψ · ∂αu∣∣∣∣∣∣2
L2(Ω±)

dτ

+
∣∣∣∣∂α∇′f ∣∣∣∣2

L2(Γ)
+ µ

∫ t

0
||∂α(u · n)||2H1(Γ) dτ

≤ (M0 + tK(t))(
1

ε
+ εEµ(t)) (8.9.1)

8.10 Estimate of the Time Derivatives of the Corrected Pressure and Ve-
locity and the Front

We cannot apply the elliptic-type estimate for the front to estimate the highest order time derivatives,

although part of the approach will be similar to the previous section. Instead we will need to use the

structure of the equations. We also need to use the corrected unknowns in order to deal with the highest

order time derivative of ψ.

We let β be a multi-index with |β| = 2, β3 = 0 and β0 ≥ 1, then we apply the operator Du−
t :=

∂t+u
ψ
−·∇ (with u− defined on Ω+ by Sobolev extension) to the corrected pressure and velocity equations

(8.6.11)-(8.6.12) with index β to obtain the following equations.

1

ρc2
(∂t + uψ · ∇)D

u−
t pβ +∇ψDu−

t uβ = R3(U,ψ) (8.10.1)

ρµ(∂t + uψ · ∇)D
u−
t uβ +∇ψDu−

t pβ + µ∇ψDu−
t ∂β ṗ = R3(U,ψ) + µR3(U,ψ, ṗ) (8.10.2)
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We now proceed as for the tangential derivatives. Multiplying (8.10.1) by D
u−
t pβ and (8.10.2) by

D
u−
t uβ , integrating over Ω± and summing over ± and integrating from 0 to t, we obtain∑
±

∫
Ω±

1

ρc2

∣∣∣Du−
t pβ

∣∣∣2 dx+
∑
±

∫
Ω±

ρµ

∣∣∣Du−
t uβ

∣∣∣2 dx+ µ
∑
±

∫ t

0

∫
Ω±

ρc2
∣∣∣∇ψ · (Du−

t ∂βu)
∣∣∣2 dxdτ

− 2

∫ t

0

∫
Γ
[n ·Du−

t uβ(D
u−
t pβ + µD

u−
t ∂β ṗ)]dx′dτ

≤ (M0 + tK(t))(
1

ε
+ εEµ(t))

where we have used the remainder estimates (8.18.3) and (8.18.7).

Define

Kβ =

∫ t

0

∫
Γ
[n ·Du−

t uβ(D
u−
t pβ + µD

u−
t ∂β ṗ)]dx′dτ

We must write out [n · Du−
t uβ(D

u−
t pβ + µD

u−
t ∂β ṗ)] in terms of the quantities p and u for which we

have boundary conditions.

Kβ =

∫ t

0

∫
Γ
[n ·Du−

t uβ(D
u−
t pβ + µD

u−
t ∂β ṗ)]dx′dτ = Kβ

1 −K
β
2 −K

β
3 +Kβ

4

where

Kβ
1 =

∫ t

0

∫
Γ
[n ·Du−

t ∂βuD
u−
t ∂β(p+ µṗ)]dx′dτ

Kβ
2 =

∫ t

0

∫
Γ
[n ·Du−

t ∂βuD
u−
t (∂βf∂3p)]dx

′dτ

Kβ
3 =

∫ t

0

∫
Γ
[n ·Du−

t ∂β(p+ µṗ)D
u−
t (∂βf∂3u)]dx′dτ

Kβ
4 =

∫ t

0

∫
Γ
[n ·Du−

t (∂βf∂3p)D
u−
t (∂βf∂3u)]dx′dτ

To estimate Kβ
4 , note that∣∣∣Kβ

4

∣∣∣ =

∣∣∣∣∫ t

0

∫
Γ
[n ·Du−

t (∂βf∂3p)D
u−
t (∂βf∂3u)]dx′dτ

∣∣∣∣
≤
∫ t

0

∣∣∣∣R2
Γ(U, f)

∣∣∣∣2
L2(Γ)

dτ ≤M0 + tK(t)

where we have used (8.18.10).

To estimate Kβ
2 , we note that∣∣∣Kβ

2

∣∣∣ ≤ ∣∣∣∣∫ t

0

∫
Γ
[∂∂βu ·R2

Γ(U, f)]dx′dτ

∣∣∣∣
≤
∑
±

∣∣∣∣∫ t

0

∫
Γ
∂∂βu± ·R2

Γ(U, f)dx′dτ

∣∣∣∣ ≤ (M0 + tK(t))(
1

ε
+ εEµ(t))

where we have used the remainder estimate (8.18.11).

Similarly,∣∣∣Kβ
3

∣∣∣ ≤ ∣∣∣∣∫ t

0

∫
Γ
[∂∂β(p+ µṗ) ·R2

Γ(U, f)]dx′dτ

∣∣∣∣
≤
∑
±

∣∣∣∣∫ t

0

∫
Γ
∂∂β(p± + µṗ±) ·R2

Γ(U, f)dx′dτ

∣∣∣∣ ≤ (M0 + tK(t))(
1

ε
+ εEµ(t))
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where we have used the remainder estimate (8.18.11).

We now consider Kβ
1 . We use the differentiated equation for the front, (8.6.14), to replace n ·

D
u−
t ∂βu, and we obtain the following.

Kβ
1 =

∫ t

0

∫
Γ
[n ·Du−

t ∂βuD
u−
t ∂β(p+ µṗ)]dx′dτ

=

∫ t

0

∫
Γ
∂tD

u−
t ∂βf [D

u−
t ∂β(p+ µṗ)]dx′dτ +

∫ t

0

∫
Γ
[u′ ·Du−

t ∂β∇′fDu−
t ∂β(p+ µṗ)]dx′dτ

+

∫ t

0

∫
Γ
[R2

Γ(U, f)D
u−
t ∂β(p+ µṗ)]dx′dτ

=

∫ t

0

∫
Γ
∂tD

u−
t ∂βf [D

u−
t ∂β(p+ µṗ)]dx′dτ +

∫ t

0

∫
Γ
(u′+ · ∇′)D

u−
t ∂βf [D

u−
t ∂β(p+ µṗ)]dx′dτ

+

∫ t

0

∫
Γ
([u′] · ∇′)Du−

t ∂βfD
u−
t ∂β(p− + µṗ−)dx′dτ +

∫ t

0

∫
Γ
[R2

Γ(U, f)D
u−
t ∂β(p+ µṗ)]dx′dτ

= Kβ
11 +Kβ

12 +Kβ
13 +Kβ

14

Applying the remainder estimate lemma (8.18.11), we have∣∣∣Kβ
14

∣∣∣ ≤ (M0 + tK(t))(
1

ε
+ εEµ(t))

The estimate of Kβ
11 is similar to the estimate of Iα1 . Using the differentiated pressure interface

condition (8.6.15) with ∂α replaced by Du−
t ∂β and integrating by parts, we have

Kβ
11 = −σ

∫ t

0

∫
Γ
∂tD

u−
t ∂βfD

u−
t ∂β∇′ · n̂dx′dτ + µ

∫ t

0

∫
Γ
∂tD

u−
t ∂βfD

u−
t ∂β(∆′ − 1)∂tfdx′dτ

+Kβ
112

= σ

∫ t

0

∫
Γ
∂tD

u−
t ∂βf∇′ ·Du−

t ∂β(
∇′f
|n|

)dx′dτ + µ

∫ t

0

∫
Γ
∂tD

u−
t ∂βf∇′ ·Du−

t ∂β∇′∂tfdx′dτ

− µ
∫ t

0

∫
Γ
∂tD

u−
t ∂βfD

u−
t ∂β∂tfdx′dτ +Kβ

112 +Kβ
113 +Kβ

114

= −σ
∫ t

0

∫
Γ
∂tD

u−
t ∂β∇′f ·Du−

t ∂β(
∇′f
|n|

)dx′dτ − µ
∫ t

0

∫
Γ
∇′∂tDu−

t ∂βf ·Du−
t ∂β∇′∂tfdx′dτ

− µ
∫ t

0

∫
Γ
∂tD

u−
t ∂βfD

u−
t ∂β∂tfdx′dτ +Kβ

112 +Kβ
113 +Kβ

114 +Kβ
115

= −σ
∫ t

0

∫
Γ
∂tD

u−
t ∂β∇′f ·Du−

t ∂β(
∇′f
|n|

)dx′dτ − µ
∫ t

0

∫
Γ

∣∣∣∇′Du−
t ∂β∂tf

∣∣∣2 +
∣∣∣Du−

t ∂β∂tf
∣∣∣2 dx′dτ

+Kβ
112 +Kβ

113 +Kβ
114 +Kβ

115 +Kβ
116 +Kβ

117

where all of

Kβ
112 =

∫ t

0

∫
Γ
∂tD

u−
t ∂βfD

u−
t ∂βg2dx′dτ

Kβ
113 = −σ

2∑
j=1

∫ t

0

∫
Γ
∂tD

u−
t ∂βf(∂xju

′
−) · ∇′∂β(

∂xjf

|n|
)dx′dτ

Kβ
114 = −µ

2∑
j=1

∫ t

0

∫
Γ
∂tD

u−
t ∂βf(∂xju

′
−) · ∇′∂β∂xj∂tfdx′dτ

Kβ
115 = −σ

2∑
j=1

∫ t

0

∫
Γ
∂t((∂xju

′
−) · ∇′∂βf)D

u−
t ∂β(

∂xjf

|n|
)dx′dτ
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and

Kβ
116 = −µ

∫ t

0

∫
Γ
∇′((∂tu′− · ∇′)∂βf) ·Du−

t ∂β∇′∂tfdx′dτ

Kβ
117 = µ

2∑
j=1

∫ t

0

∫
Γ
∂xj (D

u−
t ∂β∂tf)(∂xju

′
−) · ∇′∂β∂tfdx′dτ

can be thought of as lower order terms. Let us also label the first term on the right as

Kβ
111 = −σ

∫ t

0

∫
Γ
∂tD

u−
t ∂β∇′f ·Du−

t ∂β(
∇′f
|n|

)dx′dτ

Let us estimate the lower order terms. These estimates can be skipped on first reading. Integrating

by parts in time then in space, and using the fractional Sobolev product estimate A.3.9, we have

∣∣∣Kβ
113

∣∣∣ ≤ σ 2∑
j=1

∣∣∣∣∫
Γ
D
u−
t ∂βf(∂xju

′
−) · ∇′∂β(

∂xjf

|n|
)dx′

∣∣∣∣ ∣∣∣∣t
0

+ σ

2∑
j=1

∣∣∣∣∫ t

0

∫
Γ
D
u−
t ∂βf(∂t∂xju

′
−) · ∇′∂β(

∂xjf

|n|
)dx′dτ

∣∣∣∣
+ σ

2∑
j=1

∣∣∣∣∫ t

0

∫
Γ
D
u−
t ∂βf(∂xju

′
−) · ∂t∇′∂β(

∂xjf

|n|
)dx′dτ

∣∣∣∣
≤M0 + ε

1
2

2∑
j=1

∣∣∣∣∣∣Du−
t ∂βf(∂xju

′
−)
∣∣∣∣∣∣2
L2(Γ)

+
1

ε
1
2

C

2∑
j=1

∣∣∣∣∣∣∣∣∇′∂β(
∂xjf

|n|
)

∣∣∣∣∣∣∣∣2
L2(Γ)

+ σ
2∑
j=1

∣∣∣∣∫ t

0

∫
Γ
D
u−
t ∂βf(∂t∂xju

′
−) · ∇′∂β(

∂xjf

|n|
)dx′dτ

∣∣∣∣
+ σ

2∑
j=1

∣∣∣∣∫ t

0

∫
Γ
∇′Du−

t ∂βf · (∂xju′−)∂t∂
β(
∂xjf

|n|
)dx′dτ

∣∣∣∣
+ σ

2∑
j=1

∣∣∣∣∫ t

0

∫
Γ
D
u−
t ∂βf(∇′ · ∂xju′−)∂t∂

β(
∂xjf

|n|
)dx′dτ

∣∣∣∣
≤M0 + ε

1
2

∣∣∣∣∣∣Du−
t ∂βf

∣∣∣∣∣∣2
H1(Γ)

∣∣∣∣∇′u∣∣∣∣2
H0.5(Γ)

+
1

ε
1
2

∣∣∣∣∣∣∣∣∇′∂β(
∇′f
|n|

)

∣∣∣∣∣∣∣∣2
L2(Γ)

+ C

∫ t

0

∣∣∣∣∣∣Du−
t ∂βf

∣∣∣∣∣∣2
H1(Γ)

∣∣∣∣∂t∇′u∣∣∣∣2H0.5(Γ)
dτ + C

∫ t

0

∣∣∣∣∣∣∣∣∇′∂β(
∇′f
|n|

)

∣∣∣∣∣∣∣∣
L2(Γ)

dτ

+ C

∫ t

0

∣∣∣∣∣∣∇′Du−
t ∂βf

∣∣∣∣∣∣2
L2(Γ)

∣∣∣∣∇′u∣∣∣∣
L∞(Γ)

dτ + C

∫ t

0

∣∣∣∣∣∣∣∣∂t∂β(
∂xjf

|n|
)

∣∣∣∣∣∣∣∣2
L2(Γ)

dτ

+ C

∫ t

0

∣∣∣∣∣∣Du−
t ∂βf

∣∣∣∣∣∣2
H1(Γ)

∣∣∣∣∇′u∣∣∣∣2
H1.5(Γ)

dτ + C

∣∣∣∣∣∣∣∣∂t∂β(
∂xjf

|n|
)

∣∣∣∣∣∣∣∣2
L2(Γ)

dτ

≤M0 + ε
1
2 (M0 + tK(t))Eµ(t) +

1

ε
1
2

(M0 + tK(t))
∣∣∣∣∣∣∇′∂β∇′f ∣∣∣∣∣∣2

L2(Γ)
+ tK(t)

≤ (M0 + tK(t))(
1

ε
3
2

+ ε
1
2Eµ(t))

where we have used the Sobolev trace estimate, the chain rule together with the lower order estimates

(8.5.1)-(8.5.4), and the existing tangential estimate for∇′f given in (8.9.1).
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We now estimate Kβ
115 using fractional Sobolev product estimate A.3.9.

∣∣∣Kβ
115

∣∣∣ ≤ σ 2∑
j=1

∣∣∣∣∫ t

0

∫
Γ
(∂t∂xju

′
−) · ∇′∂βfDu−

t ∂β(
∂xjf

|n|
)dx′dτ

∣∣∣∣
+ σ

2∑
j=1

∣∣∣∣∫ t

0

∫
Γ
(∂xju

′
−) · ∂t∇′∂βfDu−

t ∂β(
∂xjf

|n|
)dx′dτ

∣∣∣∣
≤ C

∫ t

0

∣∣∣∣∂t∇′u∣∣∣∣2H0.5(Γ)

∣∣∣∣∣∣∇′∂βf ∣∣∣∣∣∣2
H1(Γ)

dτ +

∫ t

0

∣∣∣∣∣∣∣∣Du−
t ∂β(

∂xjf

|n|
)

∣∣∣∣∣∣∣∣2
L2(Γ)

dτ

+ C

∫ t

0

∣∣∣∣∇′u∣∣∣∣2
L∞(Γ)

∣∣∣∣∣∣∂t∇′∂βf ∣∣∣∣∣∣2
L2(Γ)

dτ +

∫ t

0

∣∣∣∣∣∣∣∣Du−
t ∂β(

∂xjf

|n|
)

∣∣∣∣∣∣∣∣2
L2(Γ)

dτ

≤ tK(t)

where we have used the Sobolev trace estimate and the chain rule.

We estimate Kβ
114 using the fractional Sobolev product estimate A.3.9 as follows.

∣∣∣Kβ
114

∣∣∣ ≤ µ 2∑
j=1

∣∣∣∣∫ t

0

∫
Γ
D
u−
t ∂β∂tf(∂xju

′
−) · ∇′∂β∂xj∂tfdx′dτ

∣∣∣∣
+ µ

2∑
j=1

∣∣∣∣∫ t

0

∫
Γ
(∂tu

′
− · ∇′)∂βf(∂xju

′
−) · ∇′∂β∂xj∂tfdx′dτ

∣∣∣∣
≤ ε

1
2µ

∫ t

0

∣∣∣∣∣∣Du−
t ∂β∂tf

∣∣∣∣∣∣2
H1(Γ)

∣∣∣∣∇′u∣∣∣∣2
H0.5(Γ)

dτ +
1

ε
1
2

Cµ

∫ t

0

∣∣∣∣∣∣∇′∂β∂xj∂tf ∣∣∣∣∣∣2
L2(Γ)

dτ

+

∫ t

0
||∂tu||2L∞(Γ)

∣∣∣∣∣∣∇′∂βf ∣∣∣∣∣∣2 ∣∣∣∣∇′u∣∣∣∣2L∞(Γ)
dτ + µ2

∫ t

0

∣∣∣∣∣∣∇′∂β∇′∂tf ∣∣∣∣∣∣2
L2(Γ)

dτ

≤ ε
1
2 (M0 + tK(t))Eµ(t) + C

1

ε
1
2

µ

∫ t

0

∣∣∣∣∣∣∇′∂β∂xj∂tf ∣∣∣∣∣∣2
L2(Γ)

dτ + tK(t)

≤ (M0 + tK(t))(
1

ε
3
2

+ ε
1
2Eµ(t))

where we have used the Sobolev trace estimate, the chain rule together with the lower order estimates

(8.5.1)-(8.5.4), and the existing tangential estimate for ∂tf = u · n given in (8.9.1).

We estimate Kβ
116 using the fractional Sobolev product estimate A.3.9 as follows.

∣∣∣Kβ
116

∣∣∣ ≤ µ ∣∣∣∣∫ t

0

∫
Γ
(∇′(∂tu′− · ∇′))∂βf ·D

u−
t ∂β∇′∂tfdx′dτ

∣∣∣∣
+ µ

∣∣∣∣∫ t

0

∫
Γ
(∂tu

′
− · ∇′)∇′∂βf ·D

u−
t ∂β∇′∂tfdx′dτ

∣∣∣∣
≤ 1

ε
µ

∫ t

0

∣∣∣∣∇′∂tu∣∣∣∣2H0.5(Γ)

∣∣∣∣∣∣∂βf ∣∣∣∣∣∣2
H1(Γ)

dτ +
1

ε
µ

∫ t

0
||∂tu||2L∞(Γ)

∣∣∣∣∣∣∇′∂βf ∣∣∣∣∣∣2
H1(Γ)

dτ

+ εµ

∫ t

0

∣∣∣∣∣∣Du−
t ∂β∇′∂tf

∣∣∣∣∣∣2
L2(Γ)

dτ

≤ 1

ε
tK(t) + ε(M0 + tK(t))Eµ(t)
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We estimate Kβ
117 using the fractional Sobolev product estimate A.3.9 as follows.

∣∣∣Kβ
117

∣∣∣ ≤ µ 2∑
j=1

∣∣∣∣∫ t

0

∫
Γ
∂xj (D

u−
t ∂β∂tf)(∂xju

′
−) · ∇′∂β∂tfdx′dτ

∣∣∣∣
≤ εµ

∫ t

0

∣∣∣∣∣∣∂∂β∂tf ∣∣∣∣∣∣2
H1(Γ)

dτ +
1

ε
µ

∫ t

0
(1 + ||u||4W 1,∞(Γ))

∣∣∣∣∣∣∂β∂tf ∣∣∣∣∣∣2
H1(Γ)

dτ

≤ 1

ε
tK(t) + εEµ(t)

To estimate Kβ
112, we integrate by parts in time. We have

∣∣∣Kβ
112

∣∣∣ =

∣∣∣∣∫ t

0

∫
Γ
∂tD

u−
t ∂βfD

u−
t ∂βg2dx′dτ

∣∣∣∣
=

∣∣∣∣∫
Γ
D
u−
t ∂βfD

u−
t ∂βg2dx′ −M0 +

∫ t

0

∫
Γ
D
u−
t ∂βf∂tD

u−
t ∂βg2dx′dτ

∣∣∣∣
≤ ε(1 + ||u||4L∞(Γ))

∣∣∣∣∣∣∂∂βf ∣∣∣∣∣∣2
L2(Γ)

+M0 +
1

ε

∣∣∣∣∣∣∂∂βg2

∣∣∣∣∣∣2
L2(Γ)

+

∫ t

0

∣∣∣∣∣∣∂∂βf ∣∣∣∣∣∣2
L2(Γ)

dτ

+

∫ t

0
(1 + ||(u, ∂tu)||4W 1,∞(Γ))

∣∣∣∣∣∣∂t∂∂βg2

∣∣∣∣∣∣2
L2(Γ)

dτ

≤ 1

ε
M0 + tK(t) + ε(M0 + tK(t))Eµ(t)

Having estimated the lower order terms, we return to the more important estimate of Kβ
111. We use

lemma 8.6.4 to obtain the following.

−Kβ
111

= σ

∫ t

0

∫
Γ
∂tD

u−
t ∂β∇′f · (D

u−
t ∂β∇′f
|n|

− (∇′f ·Du−
t ∂β∇′f)∇′f
|n|3

+R0
∞,Γ(U, f)R2

Γ(f))dx′dτ

= σ

∫ t

0

∫
Γ
∂tD

u−
t ∂β∇′f · D

u−
t ∂β∇′f
|n|

− ∂t(∇′f ·Du−
t ∂β∇′f)

(∇′f ·Du−
t ∂β∇′f)

|n|3
dx′dτ

+

∫ t

0

∫
Γ
∂tD

u−
t ∂β∇′f ·R0

∞,Γ(U, f)R2
Γ(f)dx′dτ

+

∫ t

0

∫
Γ
R0
∞,Γ(U, f)R3

Γ(f)R3
Γ(f)dx′dτ

=
1

2

∫ t

0
σ

d

dt

∫
Γ

1

|n|

∣∣∣Du−
t ∂β∇′f

∣∣∣2 − 1

|n|3
∣∣∣∇′f ·Du−

t ∂β∇′f
∣∣∣2 dx′dτ

+

∫ t

0

∫
Γ
∂tD

u−
t ∂β∇′f ·R0

∞,Γ(U, f)R2
Γ(f)dx′dτ

+

∫ t

0

∫
Γ
R0
∞,Γ(U, f)R3

Γ(f)R3
Γ(f)dx′dτ

We now apply lemma 8.6.5 to the first term on the right hand side and we apply the remainder estimates
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(8.18.8) and (8.18.14) to the last term. The other term is estimated as follows.

∣∣∣∣∫ t

0

∫
Γ
∂tD

u−
t ∂β∇′f ·R0

∞,Γ(U, f)R2
Γ(f)dx′dτ

∣∣∣∣
=

∣∣∣∣∫
Γ
D
u−
t ∂β∇′f ·R0

∞,Γ(U, f)R2
Γ(f)dx′ −M0 +

∫ t

0

∫
Γ
D
u−
t ∂β∇′f · ∂t(R0

∞,Γ(U, f)R2
Γ(f))dx′dτ

∣∣∣∣
≤ ε

∣∣∣∣R0
∞,Γ(U, f)

∣∣∣∣2
L∞(Γ)

∣∣∣∣∣∣∂∂βf ∣∣∣∣∣∣2
H1(Γ)

+
1

ε

∣∣∣∣R0
∞,Γ(U, f)R2

Γ(f)
∣∣∣∣2
L2(Γ)

+

∫ t

0

∣∣∣∣∣∣∂∂βf ∣∣∣∣∣∣2
H1(Γ)

dτ

+

∫ t

0

∣∣∣∣R0
∞,Γ(U, f)R1

Γ(U, f)R2
Γ(f)

∣∣∣∣2
L2(Γ)

dτ +

∫ t

0

∣∣∣∣R0
∞,Γ(U, f)R3

Γ(f)
∣∣∣∣2
L2(Γ)

dτ +M0

≤ (M0 + tK(t))(
1

ε
+ εEµ(t))

where we have used the remainder estimates (8.18.8), (8.18.9), (8.18.14) and (8.18.15). Hence

−Kβ
111 ≥

1

2
σ

∫
Γ

1

|n|3
∣∣∣Du−

t ∂β∇′f
∣∣∣2 dx′ − (M0 + tK(t))(

1

ε
+ εEµ(t))

Thus we have shown that

−Kβ
11 ≥

1

2
σ

∫
Γ

1

|n|3
∣∣∣Du−

t ∂β∇′f
∣∣∣2 dx′ − (M0 + tK(t))(

1

ε
3
2

+ ε
1
2Eµ(t))

The estimate of Kβ
12 is similar to the estimate of Kβ

11, except this time the remainder terms are

easier to deal with because we have replaced a time derivative with a tangential derivative. Using the

differentiated pressure interface condition (8.6.15) with ∂α replaced by Du−
t ∂β , we have

Kβ
12 = −σ

∫ t

0

∫
Γ
(u+ · ∇′)Du−

t ∂βfD
u−
t ∂β∇′ · n̂dx′dτ

+ µ

∫ t

0

∫
Γ
(u+ · ∇′)Du−

t ∂βfD
u−
t ∂β(∆′ − 1)∂tfdx′dτ +

∫ t

0

∫
Γ
(u+ · ∇′)Du−

t ∂βfD
u−
t ∂βg2dx′dτ

= σ

∫ t

0

∫
Γ
(u+ · ∇′)Du−

t ∂βf∇′ ·Du−
t ∂β(

∇′f
|n|

)dx′dτ

+ µ

∫ t

0

∫
Γ
(u+ · ∇′)Du−

t ∂βf∇′ ·Du−
t ∂β∇′∂tfdx′dτ

+

∫ t

0

∫
Γ
R1
∞,Γ(U, f)R3

Γ(f) ·R3
Γ(f)dx′dτ + µ

∫ t

0

∫
Γ
R1
∞,Γ(U, f)R3

Γ(f) · ∂∂β∂tfdx′dτ

= −σ
∫ t

0

∫
Γ
(u+ · ∇′)Du−

t ∂β∇′f ·Du−
t ∂β(

∇′f
|n|

)dx′dτ

− µ
∫ t

0

∫
Γ
(u+ · ∇′)∇′Du−

t ∂βf ·Du−
t ∂β∇′∂tfdx′dτ +

∫ t

0

∫
Γ
R1
∞,Γ(U, f)R3

Γ(f) ·R3
Γ(f)dx′dτ

+ µ

∫ t

0

∫
Γ
R1
∞,Γ(U, f)R3

Γ(f) · ∂∂β∂tfdx′dτ +

∫ t

0

∫
Γ
(∇′∇′u)R2

Γ(f) ·R1
∞,Γ(U, f)R3

Γ(f)dx′dτ

= Kβ
121 +Kβ

122 +Kβ
123 +Kβ

124 +Kβ
125

where we have used integration by parts.
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We now use lemma 8.6.4 to estimate Kβ
121.

−Kβ
121 = σ

∫ t

0

∫
Γ
(u+ · ∇′)Du−

t ∂β∇′f · (D
u−
t ∂β∇′f
|n|

− (∇′f ·Du−
t ∂β∇′f)∇′f
|n|3

)dx′dτ

+ σ

∫ t

0

∫
Γ
(u+ · ∇′)Du−

t ∂β∇′f ·R0
∞,Γ(U, f)R2

Γ(f)dx′dτ

= σ

∫ t

0

∫
Γ
(u+ · ∇′)Du−

t ∂β∇′f · D
u−
t ∂β∇′f
|n|

dx′dτ

− σ
∫ t

0

∫
Γ
(u+ · ∇′)(∇′f ·Du−

t ∂β∇′f)
(∇′f ·Du−

t ∂β∇′f)

|n|3
dx′dτ

+

∫ t

0

∫
Γ
(u+ · ∇′)Du−

t ∂β∇′f ·R0
∞,Γ(U, f)R2

Γ(f)dx′dτ

+

∫ t

0

∫
Γ
R0
∞,Γ(U, f)R3

Γ(f) ·R3
Γ(f)dx′dτ

=
1

2
σ

∫ t

0

∫
Γ
∇′ · (u+(

1

|n|

∣∣∣Du−
t ∂β∇′f

∣∣∣2 − 1

|n|3
∣∣∣∇′f ·Du−

t ∂β∇′f
∣∣∣2))dx′dτ

+

∫ t

0

∫
Γ
R1
∞,Γ(U, f)R3

Γ∇′ ·R2
Γ(f)dx′dτ +

∫ t

0

∫
Γ
R1
∞,Γ(U, f)R3

Γ(f) ·R3
Γ(f)dx′dτ

We now apply the divergence theorem and the remainder estimates (8.18.8) and (8.18.14) to obtain

∣∣∣Kβ
121

∣∣∣ ≤ ∣∣∣∣∫ t

0

∫
Γ
R1
∞,Γ(U, f)R3

Γ∇′ ·R2
Γ(f)dx′dτ

∣∣∣∣+

∣∣∣∣∫ t

0

∫
Γ
R1
∞,Γ(U, f)R3

Γ(f) ·R3
Γ(f)dx′dτ

∣∣∣∣
≤ tK(t)

Clearly, applying the remainder estimates (8.18.8) and (8.18.14), we have

∣∣∣Kβ
123

∣∣∣ ≤ ∣∣∣∣∫ t

0

∫
Γ
R1
∞,Γ(U, f)R3

Γ(f)R3
Γ(f)dx′dτ

∣∣∣∣
≤M0 + tK(t)

Similarly, applying the the remainder estimates (8.18.8) and (8.18.14), we have

∣∣∣Kβ
124

∣∣∣ ≤ µ ∣∣∣∣∫ t

0

∫
Γ
R1
∞,Γ(U, f)R3

Γ(f) · ∂∂β∂tfdx′dτ

∣∣∣∣
≤ 1

ε
µ

∫ t

0

∣∣∣∣R1
∞,Γ(U, f)

∣∣∣∣2
L∞(Γ)

∣∣∣∣R3
Γ(f)

∣∣∣∣2
L2(Γ)

dτ + ε

∫ t

0

∣∣∣∣∣∣∂∂β∂tf ∣∣∣∣∣∣2
L2(Γ)

dτ

≤ 1

ε
tK(t) + εEµ(t)

We estimate Kβ
125 using the fractional Sobolev product estimate A.3.9 and the remainder estimates

(8.18.8) and (8.18.14) as follows.

∣∣∣Kβ
125

∣∣∣ ≤ ∣∣∣∣∫ t

0

∫
Γ
(∇′∇′u)R2

Γ(f) ·R1
∞,Γ(U, f)R3

Γ(f)dx′dτ

∣∣∣∣
≤
∫ t

0

∣∣∣∣∇′∇′u∣∣∣∣2
H0.5(Γ)

∣∣∣∣R2
Γ(f)

∣∣∣∣2
H1(Γ)

dτ +

∫ t

0

∣∣∣∣R1
∞,Γ(U, f)

∣∣∣∣2
L∞(Γ)

∣∣∣∣R3
Γ(f)

∣∣∣∣2
L2(Γ)

dτ

≤ tK(t)
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Finally, we estimate Kβ
122, which requires some care. Recall we have assumed that β0 ≥ 1, ie

∂β = ∂γ∂t for some |γ| = 1. We note that, from the tangential estimate (8.9.1) we already know

µ

∫ t

0
||∂α∂tf ||2H1(Γ) dτ = µ

∫ t

0
||∂α(u · n)||2H1(Γ) dτ

≤ (M0 + tK(t))(
1

ε
+ εEµ(t))

provided ∂α contains at least one tangential space derivative, for |α| = 3. Using Cauchy’s inequality, we

have

∣∣∣Kβ
122

∣∣∣ = µ

∣∣∣∣∫ t

0

∫
Γ
(u+ · ∇′)∇′Du−

t ∂β∇′f ·Du−
t ∂β∇′∂tfdx′dτ

∣∣∣∣
≤ µ 1

ε
1
2

∫ t

0

∣∣∣∣(u+ · ∇′)∇′Du−
t ∂γ∂tf

∣∣∣∣2
L2(Γ)

dτ + µε
1
2

∫ t

0

∣∣∣∣∣∣Du−
t ∂β∇′∂tf

∣∣∣∣∣∣2
L2(Γ)

dτ

≤ µ 1

ε
1
2

((M0 + tK(t))

∫ t

0

∣∣∣∣∂∂γ∇′∂tf ∣∣∣∣2H1(Γ)
dτ +K(t)

∫ t

0

∣∣∣∣∣∣∂∂βf ∣∣∣∣∣∣2
H1(Γ)

dτ

+K(t)

∫ t

0

∣∣∣∣∇′∇′u∣∣∣∣2
H0.5(Γ)

∣∣∣∣∣∣∂∂βf ∣∣∣∣∣∣2
H1(Γ)

dτ) + µε
1
2 (M0 + tK(t))

∫ t

0

∣∣∣∣∣∣∂∂β∇′∂tf ∣∣∣∣∣∣2
L2(Γ)

dτ

where we have used the lower order estimate (8.5.1) and the fractional Sobolev product estimate A.3.9.

Using the above tangential estimate for the first term and the definition of the energy for others, we have

∣∣∣Kβ
122

∣∣∣ ≤ (M0 + tK(t))(
1

ε
3
2

+ ε
1
2Eµ(t))

Thus we have shown that

∣∣∣Kβ
12

∣∣∣ ≤ (M0 + tK(t))(
1

ε
3
2

+ ε
1
2Eµ(t))

We proceed to estimate Kβ
13. Note that, by rearranging the differentiated equation (8.6.14) for the

front, we obtain

D
u−
t ∂βf = ∂βu− · n+R

|β|−1
Γ (U, f) (8.10.3)

Using the the equation (8.10.3), we have

Kβ
13 =

∫ t

0

∫
Γ
n · ([u′] · ∇′)∂βu−Du−

t ∂β(p− + µṗ−)dx′dτ

+

∫ t

0

∫
Γ
R2

Γ(U, f) · ∂∂β(p− + µṗ−)dx′dτ

We want to convert this into an integral over the interior Ω−. First of all we need to go back to using the
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corrected pressure and velocity. We have

Kβ
13 =

∫ t

0

∫
Γ
n · ([u′] · ∇′)uβ−D

u−
t (pβ− + µ∂β ṗ−)dx′dτ

+

∫ t

0

∫
Γ
n · ([u′] · ∇′)(∂βf∂x3u−)D

u−
t ∂β(p− + µṗ−)dx′dτ

+

∫ t

0

∫
Γ
n · ([u′] · ∇′)∂βu−Du−

t (∂βf∂x3p−)dx′dτ

+

∫ t

0

∫
Γ
n · ([u′] · ∇′)(∂βf∂x3u−)D

u−
t (∂βf∂x3p−)dx′dτ +

∫ t

0

∫
Γ
R2

Γ(U, f) · ∂∂β(p− + µṗ−)dx′dτ

=

∫ t

0

∫
Γ
n · ([u′] · ∇′)uβ−D

u−
t (pβ− + µ∂β ṗ−)dx′dτ +

∫ t

0

∫
Γ
R2

Γ(U, f) · ∂∂β(p− + µṗ−)dx′dτ

+

∫ t

0

∫
Γ
∇′∂βu− ·R2

Γ(U, f)dx′dτ +

∫ t

0

∫
Γ
R2

Γ(U, f) ·R2
Γ(U, f)dx′dτ

= Kβ
131 +Kβ

132 +Kβ
133 +Kβ

134

Using the remainder estimates (8.18.10) and (8.18.11), we have

∣∣∣Kβ
132 +Kβ

133 +Kβ
134

∣∣∣ ≤ (M0 + tK(t))(
1

ε
+ εEµ(t))

To estimate Kβ
131 we convert the boundary integral into an integral over the interior Ω−. Note that

we may add the integral of derivatives in the tangential directions because these integrate to zero. We

also note that (−∇′ψ, 1)|Γ = n, and Jψ|Γ = 1. Note that by extending u+ to Ω− by Sobolev extension

we obtain a natural definition for [u′] = u+ − u− in Ω−. We obtain

Kβ
131 =

∫ t

0

∫
Ω−

∇′ · (([u′] · ∇′)uβDu−
t (pβ + µ∂β ṗ))

+ ∂x3(
1

Jψ
(−∇′ψ, 1) · ([u′] · ∇′)uβDu−

t (pβ + µ∂β ṗ))dxdτ

=

∫ t

0

∫
Ω−

∇′ · (([u′] · ∇′)uβDu−
t (pβ + µ∂β ṗ))

+
(−∇′ψ, 1)

Jψ
· ∂x3(([u′] · ∇′)uβDu−

t (pβ + µ∂β ṗ))dxdτ

+

∫ t

0

∫
Ω−

R3(U,ψ) · (R3(U,ψ) + µR3(U,ψ, ṗ))dxdτ

=

∫ t

0

∫
Ω−

([u′] · ∇′)(∇′ · uβ +
(−∇′ψ, 1)

Jψ
· ∂x3u

β)D
u−
t (pβ + µ∂β ṗ)dxdτ

+

∫ t

0

∫
Ω−

([u′] · ∇′)uβ ·Du−
t (∇′(pβ + µ∂β ṗ) +

(−∇′ψ, 1)

Jψ
∂x3(pβ + µ∂β ṗ))dxdτ

+

∫ t

0

∫
Ω−

R3(U,ψ) · (R3(U,ψ) + µR3(U,ψ, ṗ))dxdτ
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Using the corrected pressure and velocity equations (8.6.11)-(8.6.12), we obtain

Kβ
131 = −

∫ t

0

∫
Ω−

1

ρc2
(([u′] · ∇′)Du−

t pβD
u−
t pβ)dxdτ

−
∫ t

0

∫
Ω−

1

ρc2
(([u′] · ∇′)Du−

t pβD
u−
t µ∂β ṗ)dxdτ

−
∫ t

0

∫
Ω−

ρµ(([u′] · ∇′)uβ ·Du−
t D

u−
t uβ)dxdτ

+

∫ t

0

∫
Ω−

R3(U,ψ) · (R3(U,ψ) + µR3(U,ψ, ṗ))dxdτ

= Kβ
1311 +Kβ

1312 +Kβ
1313 +Kβ

1314

The remainder estimates (8.18.3) and (8.18.7) together with Cauchy’s inequality imply

∣∣∣Kβ
1314

∣∣∣ ≤ 1

ε
tK(t) + ε(M0 +K(t))Eµ(t)

Using the divergence theorem and the remainder estimate (8.18.3), we have

∣∣∣Kβ
1311

∣∣∣ ≤ 1

2

∣∣∣∣∫ t

0

∫
Ω−

∇′ · ( 1

ρc2
[u′]D

u−
t pβD

u−
t pβ)dxdτ

∣∣∣∣+

∣∣∣∣∫ t

0

∫
Ω−

R3(U,ψ) ·R3(U,ψ)dxdτ

∣∣∣∣
=

∣∣∣∣∫ t

0

∫
Ω−

R3(U,ψ) ·R3(U,ψ)dxdτ

∣∣∣∣
≤M0 + tK(t)

Using the definition of ṗ and pβ , we have

∣∣∣Kβ
1312

∣∣∣ = µ

∣∣∣∣∫ t

0

∫
Ω−

1

ρc2
([u′] · ∇′)Du−

t pβD
u−
t ∂β ṗdxdτ

∣∣∣∣
≤ µ

∣∣∣∣∫ t

0

∫
Ω−

1

ρc2
([u′] · ∇′)∂β ṗDu−

t ∂β ṗdxdτ

∣∣∣∣+ µ

∣∣∣∣∫ t

0

∫
Ω−

R3(U,ψ)D
u−
t ∂β ṗdxdτ

∣∣∣∣
≤ 1

ε̃
(M0 + tK(t))µ

∫ t

0

∣∣∣∣∣∣∇′∂β ṗ∣∣∣∣∣∣2
L2(Ω−)

dτ + ε̃µ

∫ t

0

∣∣∣∣∣∣Du−
t ∂β ṗ

∣∣∣∣∣∣2
L2(Ω−)

dτ

+
1

ε
tK(t) + ε(M0 + tK(t))Eµ(t)

≤ 1

ε̃
(M0 + tK(t))µ

∫ t

0
(
∣∣∣∣∣∣ρc2∇ψ · ∇′∂βu

∣∣∣∣∣∣2
L2(Ω−)

+
∣∣∣∣R3(U,ψ)

∣∣∣∣2
L2(Ω−)

)dτ

+ ε̃µ

∫ t

0

∣∣∣∣∣∣ρc2∇ψ · (Du−
t ∂βu)

∣∣∣∣∣∣2
L2(Ω−)

dτ +
1

ε
tK(t) + ε(M0 + tK(t))Eµ(t)

≤ 1

ε̃
(M0 + tK(t))(

1

ε
+ εEµ(t)) + ε̃µ

∫ t

0

∣∣∣∣∣∣ρc2∇ψ · (Du−
t ∂βu)

∣∣∣∣∣∣2
L2(Ω−)

dτ

where we have used the lower order estimates (8.5.1), (8.5.3) and the remainder estimate (8.18.7). We

have also used crucially the tangential estimate (8.9.1) already obtained to estimate the term involving

µ
∫ t

0

∣∣∣∣∇ψ · ∇′∂βu∣∣∣∣2
L2(Ω−)

dτ .
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To estimate Kβ
1313, we use integration by parts in time and space and the divergence theorem.∣∣∣Kβ

1313

∣∣∣ ≤ ∣∣∣∣∫ t

0

∫
Ω−

D
u−
t (ρµ([u′] · ∇′)uβ ·Du−

t uβ)dxdτ

∣∣∣∣
+

∣∣∣∣∫ t

0

∫
Ω−

ρµ([u′] · ∇′)Du−
t uβ ·Du−

t uβdxdτ

∣∣∣∣+

∣∣∣∣∫ t

0

∫
Ω−

R3(U,ψ) ·R3(U,ψ)dxdτ

∣∣∣∣
≤

∣∣∣∣∣
∫

Ω−

ρµ([u′] · ∇′)uβ ·Du−
t uβdx

∣∣∣∣t
0

∣∣∣∣∣+
1

2

∣∣∣∣∫ t

0

∫
Ω−

∇ · (uψ−ρµ([u′] · ∇′)uβ ·Du−
t uβ)dxdτ

∣∣∣∣
+

1

2

∣∣∣∣∫ t

0

∫
Ω−

∇′ · (ρµ[u′]D
u−
t uβ ·Du−

t uβ)dxdτ

∣∣∣∣+

∣∣∣∣∫ t

0

∫
Ω−

R3(U,ψ) ·R3(U,ψ)dxdτ

∣∣∣∣
≤

∣∣∣∣∣
∫

Ω−

R0
∞(U,ψ)∇′uβ · ∂uβdx

∣∣∣∣t
0

∣∣∣∣∣+

∫ t

0
K(t)dτ

where we have used the remainder estimate (8.18.3) and the fact that (uψ−)3|Γ = 0. We now apply

Cauchy’s lemma to the first term on the right, followed by the estimate we already have for the tangential

derivative ∇′uβ given by (8.9.1) together with (8.6.10) and the lower order remainder estimate (8.18.2),

to obtain ∣∣∣Kβ
1313

∣∣∣ ≤ 1

ε
1
2

∣∣∣∣R0
∞(U,ψ)

∣∣∣∣2
L∞(Ω−)

∣∣∣∣∣∣∇′uβ∣∣∣∣∣∣2
L2(Ω−)

+ ε
1
2

∣∣∣∣∣∣∂uβ∣∣∣∣∣∣2
L2(Ω−)

+ tK(t)

≤ (M0 + tK(t))(
1

ε
3
2

+ ε
1
2Eµ(t))

Thus we have eventually shown that

−Kβ ≥ 1

2
σ

∫
Γ

1

|n|3
∣∣∣Du−

t ∂β∇′f
∣∣∣2 dx′

+ µ

∫ t

0

∫
Γ

∣∣∣∇′Du−
t ∂β(u · n)

∣∣∣2 +
∣∣∣Du−

t ∂β(u · n)
∣∣∣2 dx′dτ − (M0 + tK(t))(

1

ε
3
2

+ ε
1
2Eµ(t))

− 1

ε̃
(M0 + tK(t))(

1

ε
+ εEµ(t))− ε̃µ

∫ t

0

∣∣∣∣∣∣ρc2∇ψ · (Du−
t ∂βu)

∣∣∣∣∣∣2
L2(Ω−)

dτ

Hence we have shown∑
±

∫
Ω±

1

ρc2

∣∣∣Du−
t pβ

∣∣∣2 dx+
∑
±

∫
Ω±

ρµ

∣∣∣Du−
t uβ

∣∣∣2 dx+ µ
∑
±

∫ t

0
ρc2
∣∣∣∇ψ · (Du−

t ∂βu)
∣∣∣2 dxdτ

+ σ

∫
Γ

1

|n|3
∣∣∣Du−

t ∂β∇′f
∣∣∣2 dx′ + µ

∫ t

0

∣∣∣∣∣∣Du−
t ∂β(u · n)

∣∣∣∣∣∣2
H1(Γ)

dτ

≤ (M0 + tK(t))(
1

ε
3
2

+ ε
1
2Eµ(t))

+
1

ε̃
(M0 + tK(t))(

1

ε
+ εEµ(t)) + ε̃µ

∫ t

0

∣∣∣∣∣∣ρc2∇ψ · (Du−
t ∂βu)

∣∣∣∣∣∣2
L2(Ω−)

dτ

Choosing ε̃ sufficiently small, we obtain∑
±

∫
Ω±

1

ρc2

∣∣∣Du−
t pβ

∣∣∣2 dx+
∑
±

∫
Ω±

ρµ

∣∣∣Du−
t uβ

∣∣∣2 dx+ µ
∑
±

∫ t

0
ρc2
∣∣∣∇ψ · (Du−

t ∂βu)
∣∣∣2 dxdτ

+ σ

∫
Γ

1

|n|3
∣∣∣Du−

t ∂β∇′f
∣∣∣2 dx′ + µ

∫ t

0

∣∣∣∣∣∣Du−
t ∂β(u · n)

∣∣∣∣∣∣2
H1(Γ)

dτ

≤ (M0 + tK(t))(
1

ε
3
2

+ ε
1
2Eµ(t))
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Thus, using the inequalities (8.3.1)-(8.3.2) and the lower order estimates (8.5.1)-(8.5.2), we have∑
±

∣∣∣∣∣∣Du−
t pβ

∣∣∣∣∣∣2
L2(Ω±)

+
∑
±

∣∣∣∣∣∣Du−
t uβ

∣∣∣∣∣∣2
L2(Ω±)

+ µ
∑
±

∫ t

0

∣∣∣∣∣∣∇ψ · (Du−
t ∂βu)

∣∣∣∣∣∣2
L2(Ω±)

dτ

+
∣∣∣∣∣∣Du−

t ∂β∇′f
∣∣∣∣∣∣2
L2(Γ)

+ µ

∫ t

0

∣∣∣∣∣∣Du−
t ∂β(u · n)

∣∣∣∣∣∣2
H1(Γ)

dτ

≤ (M0 + tK(t))(
1

ε
3
2

+ ε
1
2Eµ(t)) (8.10.4)

In particular, we obtain∣∣∣∣∣∣Du−
t ∂β∇′f

∣∣∣∣∣∣2
L2(Γ)

+ µ

∫ t

0

∣∣∣∣∣∣Du−
t ∂β(u · n)

∣∣∣∣∣∣2
H1(Γ)

dτ ≤ (M0 + tK(t))(
1

ε
3
2

+ ε
1
2Eµ(t))

Combining this with the tangential estimate for
∣∣∣∣∇′∂β∇′f ∣∣∣∣2

L2(Γ)
+ µ

∫ t
0

∣∣∣∣∇′∂β(u · n)
∣∣∣∣2
H1(Γ)

dτ and

the lower order estimate (8.5.1), we obtain∣∣∣∣∣∣∂′∂β∇′f ∣∣∣∣∣∣2
L2(Γ)

+ µ

∫ t

0

∣∣∣∣∣∣∂′∂β(u · n)
∣∣∣∣∣∣2
H1(Γ)

dτ ≤ (M0 + tK(t))(
1

ε
3
2

+ ε
1
2Eµ(t)) (8.10.5)

Note that if we combine this estimate with the estimate (8.8.1) for the corrected entropy and the

estimate (8.6.8), we obtain the estimate for the entropy

||∂αs||2L2(Ω±) ≤ (M0 + tK(t))(
1

ε
3
2

+ ε
1
2Eµ(t)) (8.10.6)

for |α| = 3.

Finally, we convert the estimate (8.10.4) into an estimate for the non-corrected pressure and velocity

using the estimate (8.6.9) together with the estimate (8.10.5) for the front. We obtain∑
±

∣∣∣∣∣∣Du−
t ∂βp

∣∣∣∣∣∣2
L2(Ω±)

+
∑
±

∣∣∣∣∣∣Du−
t ∂βu

∣∣∣∣∣∣2
L2(Ω±)

+ µ
∑
±

∫ t

0

∣∣∣∣∣∣∇ψ · (Du−
t ∂βu)

∣∣∣∣∣∣2
L2(Ω±)

dτ

≤ (M0 + tK(t))(
1

ε
3
2

+ ε
1
2Eµ(t)) (8.10.7)

8.11 A Weighted Normal Derivative Estimate

It is useful to think of the operator Du±
t as like a time plus a tangential derivative, which is true on the

boundary, since Du±
t |Γ = ∂t + (uψ±)′ · ∇′ because (uψ)3±|Γ = 0. But in the interior in fact we have

Du
t = ∂t + (uψ)′ · ∇′ + (uψ)3∂x3

Hence it will be useful to have an estimate for (uψ)3∂x3∂
βp and (uψ)3∂x3∂

βu where |β| = 2, and this

will be a straightforward energy estimate since (uψ)3|Γ = 0.

Let w be given by either w = ExtΩ−(uψ)3+ in R3 or w = ExtΩ+(uψ)3− in R3 or w± = (uψ)3± in

Ω±.

We let β be a multi-index with |β| = 2. We let ∂α = ∂x3∂
β in the differentiated equations (8.6.4)-

(8.6.5). We then multiply by w to obtain the following.

1

ρc2
(∂t + uψ · ∇)(w∂αp) +∇ψ · (w∂αu) = R|α|(U,ψ)

ρ(∂t + uψ · ∇)(w∂αu) +∇ψ(w∂αp) = −µ∇ψ(w∂αṗ) +R|α|(U,ψ) + µR|α|(U,ψ, ṗ)
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We multiply the first equation by w∂αp and the second by w∂αu then sum the equations to obtain the

following.

1

2
∂t(

1

ρc2
|w∂αp|2) +

1

2
∂t(ρµ |w∂αu|2) +

1

2
∇ · ( 1

ρc2
uψ |w∂αp|2) +

1

2
∇ · (ρµuψ |w∂αu|2)

+∇ψ · (w∂αuw∂αp) + µ∇ψ · (w∂αṗw∂αu)− µw∂αṗ∇ψ · (w∂αu)

= R|α|(U,ψ) · ∂αU + µR|α|(U,ψ, ṗ) · ∂αu

We integrate over Ω± and use the divergence theorem together with the fact that w = 0 on Γ. We also

replace w∂αṗ with −wρc2∇ψ · ∂αu up to lower order terms. We obtain the following.

1

2

d

dt

∫
Ω±

1

ρc2
|w∂αp|2 dx+

1

2

d

dt

∫
Ω±

ρµ |w∂αu|2 dx+ µ

∫
Ω±

ρc2
∣∣∣w∇ψ · ∂αu∣∣∣2 dx

=

∫
Ω±

R|α|(U,ψ) · ∂αUdx+ µ

∫
Ω±

R|α|(U,ψ, ṗ) · ∂αudx

Integrating from 0 to t, using the remainder estimates (8.18.3) and (8.18.7) and the conditions (8.3.1),

(8.3.2) and the estimate (8.5.1), we obtain∫
Ω±

|w∂αp|2 dx+

∫
Ω±

|w∂αu|2 dx+ µ

∫ t

0

∫
Ω±

∣∣∣w∇ψ · ∂αu∣∣∣2 dxdτ

≤ (M0 + tK(t))(
1

ε
+ εEµ(t)) (8.11.1)

Assume now β is a multi-index with |β| = 2 and β3 = 0. Combining the above estimate with the

high-order time derivative estimate (8.10.7), and using the fact that

D
u−
t = ∂t + (uψ−)′ · ∇′ + (uψ)3−∂x3

we obtain the following simpler time derivative estimate.

∑
±

∣∣∣∣∣∣∂t∂βp∣∣∣∣∣∣2
L2(Ω±)

+
∑
±

∣∣∣∣∣∣∂t∂βu∣∣∣∣∣∣2
L2(Ω±)

+ µ
∑
±

∫ t

0

∣∣∣∣∣∣∇ψ · ∂t∂βu∣∣∣∣∣∣2
L2(Ω±)

dτ

≤ (M0 + tK(t))(
1

ε
3
2

+ ε
1
2Eµ(t)) (8.11.2)

for |β| = 2 with β3 = 0.

8.12 Estimate of the Curl

We know that the curl of the velocity,∇ψ×u, satisfies the equation (7.7.1). We apply ∂β to this equation

for 1 ≤ |β| ≤ 2 and gather the lower order terms on the right hand side, noting that the high order terms

in ψ can be treated as remainder terms since they all involve at most three time derivatives. We obtain

ρµ(∂t + uψ · ∇)∇ψ × ∂βu = R|β|+1(U,ψ) (8.12.1)

in (0, T ′)× Ω±.

For β a multi-index with 1 ≤ |β| ≤ 2, we define the corrected curl as

ωβ = ∇ψ × ∂βu (8.12.2)
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Thus the corrected curl satisfies the equation

ρµ(∂t + uψ · ∇)ωβ = R|β|+1(U,ψ) (8.12.3)

in (0, T ′)× Ω±.

Now it is straightforward to estimate the corrected curl in the standard manner, since (uψ)3± = 0 on

Γ so there is no boundary term. We multiply equation (8.12.3) by ωβ and use the product rule to obtain

1

2
∂t(ρµ

∣∣∣ωβ∣∣∣2) +
1

2
∇ · (ρµuψ

∣∣∣ωβ∣∣∣2) = R3(U,ψ)ωβ

in (0, T ′) × Ω±. Note that we have absorbed lower-order terms generated by the product rule into the

remainder R3(U,ψ) on the right hand side.

Then we integrate over Ω± and apply the divergence theorem for Sobolev functions to the second

term on the left. Note that since (uψ)3± = 0 on Γ we are left with no boundary terms. Hence we obtain

1

2

d

dt

∫
Ω±

ρµ

∣∣∣ωβ∣∣∣2 dx =

∫
Ω±

R3(U,ψ)ωβdx

Applying Cauchy’s inequality to the right hand side, we obtain

d

dt

∣∣∣∣∣∣√ρµωβ∣∣∣∣∣∣2
L2(Ω±)

≤
∣∣∣∣R3(U,ψ)

∣∣∣∣2
L2(Ω±)

+
∣∣∣∣∣∣ωβ∣∣∣∣∣∣2

L2(Ω±)

Then using the estimate (8.18.6) of the remainder, we obtain

d

dt

∣∣∣∣∣∣√ρµωβ∣∣∣∣∣∣2
L2(Ω±)

≤ K(t)

Integrating from 0 to t, we obtain ∣∣∣∣∣∣√ρµωβ∣∣∣∣∣∣2
L2(Ω±)

≤M0 + tK(t)

Since ρµ ≥ 1
2δ

0
µ by (8.3.2), we obtain∣∣∣∣∣∣ωβ∣∣∣∣∣∣2

L2(Ω±)
≤M0 + tK(t) (8.12.4)

8.13 Estimate of the Normal Derivatives of the Pressure and Velocity

For 1 ≤ |β| ≤ 2, we define the corrected divergence as

ηβ = ∇ψ · ∂βu (8.13.1)

We aim to combine our estimate of the corrected curl along with an estimate of the corrected divergence

with β3 = 0 to obtain an estimate for ∂x3∂
βu. We also aim to obtain an estimate of the normal derivative

of the pressure directly from the equations. We then hope to use an inductive argument to estimate all

the normal derivatives. This is detailed below.

To estimate the normal derivative of the pressure, we will need the following lemma, as used by

Shkoller et al in [10] and [13].
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Lemma 8.13.1. Let w ∈W 1,1(0, T ) and let g ∈ L1(0, T ). Let µ ≥ 0 and suppose that

w + µ
dw

dt
≤ g

for almost every t ∈ (0, T ). Then, for any t ∈ (0, T ),

sup
τ∈(0,t)

w(τ) ≤ w(0) + ess sup
τ∈(0,t)

|g(τ)|

Proof. The case µ = 0 is obvious, so assume µ > 0. Multiplying by 1
µe

1
µ
t we have

d

dt
(we

1
µ
t
) ≤ 1

µ
e

1
µ
t
g

Integrating from 0 to t, we obtain

w(t)e
1
µ
t ≤ w(0) +

∫ t

0

1

µ
e

1
µ
τ
gdτ

≤ w(0) + ess sup
τ∈(0,t)

|g(τ)|
∫ t

0

1

µ
e

1
µ
τ
dτ

= w(0) + ess sup
τ∈(0,t)

|g(τ)| (e
1
µ
t − 1)

Hence

w(t) ≤ w(0)e
− 1
µ
t
+ ess sup

τ∈(0,t)
|g(τ)| e−

1
µ
t
(e

1
µ
t − 1)

≤ w(0) + ess sup
τ∈(0,t)

|g(τ)|

as required.

We also need the following lemma, which says that the normal derivative of ∂βu can be expressed in

terms of the corrected divergence, the corrected curl, the tangential derivatives and the derivatives of ψ.

Lemma 8.13.2. Let v ∈ H1(Ω±;R3). Then

∂x3vi = Gi(∇ψ) · (∂x1v, ∂x2v,∇ψ · v,∇ψ × v)

where Gi(∇ψ) is a smooth vector-valued function for each i = 1, 2, 3.

Proof. First we note that we can write∇ψ · v as

∇ψ · v = ∇′ · v′ − ∇
′ψ

Jψ
· ∂x3v

′ +
1

Jψ
∂x3v3

Hence, rearranging,

∂x3v3 = Jψ(∇ψ · v)− Jψ∇′ · v′ +∇′ψ · ∂x3v
′

From the definition of∇ψ×, we have

(∇ψ × v)1 = ∂x2v3 − ∂x3v2 −
1

Jψ
∂x2ψ∂x3v3 +

1

Jψ
∂x3ψ∂x3v2

(∇ψ × v)2 = ∂x3v1 − ∂x1v3 −
1

Jψ
∂x3ψ∂x3v1 +

1

Jψ
∂x1ψ∂x3v3
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Rearranging, we obtain

∂x3v2 = −Jψ(∇ψ × v)1 + Jψ∂x2v3 − ∂x2ψ∂x3v3

∂x3v1 = J(∇ψ × v)2 + Jψ∂x1v3 − ∂x1ψ∂x3v3

Using these two identities in the equation for ∂x3v3, we obtain

∂x3v3 = Jψ(∇ψ · v)− Jψ∇′ · v′ + ∂x1ψ(Jψ(∇ψ × v)2 + Jψ∂x1v3 − ∂x1ψ∂x3v3)

+ ∂x2ψ(−Jψ(∇ψ × v)1 + Jψ∂x2v3 − ∂x2ψ∂x3v3)

Rearranging, we obtain

∂x3v3(1 +
∣∣∇′ψ∣∣2) = Jψ(∇ψ · v)− Jψ∇′ · v′ + ∂x1ψ(Jψ(∇ψ × v)2 + Jψ∂x1v3)

+ ∂x2ψ(−Jψ(∇ψ × v)1 + Jψ∂x2v3)

Dividing by 1 + |∇′ψ|2, we obtain the desired result for ∂x3v3. Putting this expression back into the

identities for ∂x3v2 and ∂x3v1, we obtain the result.

Corollary 8.13.3. Let 1 ≤ |β| ≤ 2. Then∣∣∣∣∣∣∂x3∂
βu
∣∣∣∣∣∣
L2(Ω±)

≤
∣∣∣∣R0
∞(U,ψ)

∣∣∣∣
L∞(Ω±)

(
∣∣∣∣∣∣∇′∂βu∣∣∣∣∣∣

L2(Ω±)
+
∣∣∣∣∣∣ηβ∣∣∣∣∣∣

L2(Ω±)
+
∣∣∣∣∣∣ωβ∣∣∣∣∣∣

L2(Ω±)
)

Proof. This is immediate from the above lemma applied to v = ∂βu, where we have replaced Gi(∇ψ)

by the remainder R0
∞(U,ψ).

Now, let |β| = 2. Note that by (8.6.1), and the fact that ηβ = ∇ψ · ∂βu, we have

ηβ = − 1

ρc2
(∂t + uψ · ∇)∂βp+R|β|(U,ψ) +R0

∞(U,ψ) · ∇p∂t∂βψ

where we have absorbed all the high-order terms in ψ involving a spatial derivative into the remainder

R|β|(U,ψ). Note also that
∣∣∣∣∂t∂βψ∣∣∣∣H1(Ω±)

can be estimated by the estimates (8.7.1) and (8.10.5). Thus

1

C

∣∣∣∣∣∣ηβ∣∣∣∣∣∣2
L2(Ω±)

≤ (8.13.2)∣∣∣∣∣∣∣∣ 1

ρc2

∣∣∣∣∣∣∣∣2
L∞(Ω±)

(1 +
∣∣∣∣∣∣uψ∣∣∣∣∣∣

L∞(Ω±)
)

(∣∣∣∣∣∣∂t∂βp∣∣∣∣∣∣2
L2(Ω±)

+
∣∣∣∣∣∣∇′∂βp∣∣∣∣∣∣2

L2(Ω±)
+
∣∣∣∣∣∣(uψ)3∂x3∂

βp
∣∣∣∣∣∣2
L2(Ω±)

)
+
∣∣∣∣∣∣R|β|(U,ψ)

∣∣∣∣∣∣2
L2(Ω±)

+ (M0 + tK(t)) ||∇p||2H1(Ω±)

∣∣∣∣∣∣∂t∂βψ∣∣∣∣∣∣2
H1(Ω±)

≤ (M0 + tK(t))(
1

ε
3
2

+ ε
1
2Eµ(t) +

∣∣∣∣∣∣∂t∂βp∣∣∣∣∣∣2
L2(Ω±)

+
∣∣∣∣∣∣∇′∂βp∣∣∣∣∣∣2

L2(Ω±)
) (8.13.3)

where we have used the estimates (8.3.1), (8.5.1), (8.5.3) and the lower order remainder estimate (8.18.4),

together with the weighted normal derivative estimate (8.11.1).

Also, from the third component of (8.6.2), we have

∂x3∂
β(p+ µṗ) = −Jψρµ(∂t + uψ · ∇)∂βu3 +R|β|(U,ψ) +R0

∞(U,ψ) · ∇u3∂t∂
βψ

where again we have absorbed all the high-order terms in ψ involving a spatial derivative into the re-

mainder R|β|(U,ψ) and we note also that
∣∣∣∣∂t∂βψ∣∣∣∣H1(Ω±)

can be estimated by the estimates (8.7.1)
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and (8.10.5). Now we must take some care to deal with the term involving µṗ. In fact we chose this

approximation to the original equations, as originally done by Shkoller et al in [10] and [13], specifically

so that this term can be easily estimated. We multiply by ∂x3∂
βp and integrate in space to obtain

∫
Ω±

∣∣∣∂x3∂
βp
∣∣∣2 dx

= −µ
∫

Ω±

∂x3∂
β∂tp∂x3∂

βpdx− µ
∫

Ω±

∂x3∂
β(uψ · ∇)p∂x3∂

βpdx−
∫

Ω±

JψρµD
u±
t ∂βu3∂x3∂

βpdx

+

∫
Ω±

R|β|(U,ψ)∂x3∂
βpdx+

∫
Ω±

R0
∞(U,ψ) · ∇u3∂t∂

βψ∂x3∂
βpdx

≤ −1

2
µ

d

dt

∫
Ω±

∣∣∣∂x3∂
βp
∣∣∣2 dx− µ1

2

∫
Ω±

∇ · (uψ
∣∣∣∂x3∂

βp
∣∣∣2)dx

− µ
∫

Ω±

(∂x3∂
βuψ) · ∇p∂x3∂

βpdx+
1

2
µ

∫
Ω±

(∇ · uψ)
∣∣∣∂x3∂

βp
∣∣∣2 dx

−
∫

Ω±

JψρµD
u±
t ∂βu3∂x3∂

βpdx+

∫
Ω±

R|β|(U,ψ)∂x3∂
βpdx

+
∣∣∣∣R0
∞(U,ψ)

∣∣∣∣2
L∞(Ω±)

||∇u3||2H1(Ω±)

∣∣∣∣∣∣∂t∂βψ∣∣∣∣∣∣2
H1(Ω±)

+
1

4

∣∣∣∣∣∣∂x3∂
βp
∣∣∣∣∣∣2
L2(Ω±)

≤ −1

2
µ

d

dt

∫
Ω±

∣∣∣∂x3∂
βp
∣∣∣2 dx+ µ2

∣∣∣∣∣∣(∂x3∂
βuψ) · ∇p

∣∣∣∣∣∣2
L2(Ω±)

+
1

4

∣∣∣∣∣∣∂x3∂
βp
∣∣∣∣∣∣2
L2(Ω±)

+ µ

∫
Ω±

(∇ · uψ)
∣∣∣∂x3∂

βp
∣∣∣2 dx+ C

∫
Ω±

∣∣∣JψρµDu±
t uβ3

∣∣∣2 dx+
1

4

∣∣∣∣∣∣∂x3∂
βp
∣∣∣∣∣∣2
L2(Ω±)

+ (M0 + tK(t))(
1

ε
3
2

+ ε
1
2Eµ(t))

where we have used the divergence theorem together with the fact that (uψ)3± = 0 on Γ, the lower order

estimate (8.5.3), the lower order remainder estimate (8.18.4) and Cauchy’s inequality.

Using the fact that (uψ−)3|Γ = 0 together with the divergence theorem, we have

µ

∫
Ω±

(∇ · uψ)
∣∣∣∂x3∂

βp
∣∣∣2 dx

≤M0 + µ

∫ t

0

∫
Ω±

∂t((∇ · uψ)
∣∣∣∂x3∂

βp
∣∣∣2)dxdτ

= M0 + µ

∫ t

0

∫
Ω±

∂t((∇ · uψ)
∣∣∣∂x3∂

βp
∣∣∣2)dxdτ + µ

∫ t

0

∫
Ω±

∇ · (uψ−(∇ · uψ)
∣∣∣∂x3∂

βp
∣∣∣2)dxdτ

= M0 + µ

∫ t

0

∫
Ω±

D
u−
t ((∇ · uψ)

∣∣∣∂x3∂
βp
∣∣∣2)dxdτ + µ

∫ t

0

∫
Ω±

(∇ · uψ)2
∣∣∣∂x3∂

βp
∣∣∣2 dxdτ

≤M0 + C

∫ t

0
µ
∣∣∣∣∣∣Du−

t ∇ · uψ
∣∣∣∣∣∣
H2(Ω±)

∣∣∣∣∣∣∂x3∂
βp
∣∣∣∣∣∣2
L2(Ω±)

dτ

+ C

∫ t

0
µ
∣∣∣∣∣∣∇ · uψ∣∣∣∣∣∣

H2(Ω±)

∣∣∣∣∣∣Du−
t ∂x3∂

βp
∣∣∣∣∣∣
L2(Ω±)

∣∣∣∣∣∣∂x3∂
βp
∣∣∣∣∣∣
L2(Ω±)

dτ + tK(t)

≤M0 + tK(t) + µ2

∫ t

0

∣∣∣∣∣∣Du−
t ∇ · uψ

∣∣∣∣∣∣2
H2(Ω±)

dτ + µ2

∫ t

0

∣∣∣∣∣∣∂x3∂
β ṗ
∣∣∣∣∣∣2
L2(Ω±)

dτ

+

∫ t

0

∣∣∣∣R3(U,ψ)
∣∣∣∣2
L2(Ω±)

dτ

≤M0 + tK(t)
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where we have used the remainder estimate (8.18.3) and the estimate (8.18.5) for ṗ. Also, we have

µ2
∣∣∣∣∣∣(∂x3∂

βuψ) · ∇p
∣∣∣∣∣∣2
L2(Ω±)

≤M0 +

∫ t

0
µ2
∣∣∣∣∣∣(∂t∂x3∂

βuψ) · ∇p
∣∣∣∣∣∣2
L2(Ω±)

dτ +

∫ t

0
µ2
∣∣∣∣∣∣∂x3∂

βuψ · ∂t∇p
∣∣∣∣∣∣2
L2(Ω±)

dτ

≤M0 +K(t)

∫ t

0
µ2
∣∣∣∣∣∣∂t∂x3∂

βuψ
∣∣∣∣∣∣2
L2(Ω±)

dτ +

∫ t

0
µ2
∣∣∣∣∣∣∂x3∂

βuψ
∣∣∣∣∣∣2
H1(Ω±)

||∂t∇p||2H1(Ω±) dτ

≤M0 + tK(t)

Combining these estimates, we obtain∣∣∣∣∣∣∂x3∂
βp
∣∣∣∣∣∣2
L2(Ω±)

+ µ
d

dt

∣∣∣∣∣∣∂x3∂
βp
∣∣∣∣∣∣2
L2(Ω±)

≤ (M0 + tK(t))(
1

ε
3
2

+ ε
1
2Eµ(t) +

∣∣∣∣∣∣Du±
t ∂βu

∣∣∣∣∣∣2
L2(Ω±)

)

≤ (M0 + tK(t))(
1

ε
3
2

+ ε
1
2Eµ(t) +

∣∣∣∣∣∣∂t∂βu∣∣∣∣∣∣2
L2(Ω±)

+
∣∣∣∣∣∣∇′∂βu∣∣∣∣∣∣2

L2(Ω±)
+
∣∣∣∣∣∣(uψ)3∂x3∂

βu
∣∣∣∣∣∣2
L2(Ω±)

)

≤ (M0 + tK(t))(
1

ε
3
2

+ ε
1
2Eµ(t) +

∣∣∣∣∣∣∂t∂βu∣∣∣∣∣∣2
L2(Ω±)

+
∣∣∣∣∣∣∇′∂βu∣∣∣∣∣∣2

L2(Ω±)
)

where we have used the lower order estimates (8.5.1), (8.5.3) and the weighted normal derivative estimate

(8.11.1). Applying lemma 8.13.1, we obtain∣∣∣∣∣∣∂x3∂
βp
∣∣∣∣∣∣2
L2(Ω±)

≤ (M0 + tK(t))(
1

ε
3
2

+ ε
1
2Eµ(t) + ess sup

τ∈(0,t)

∣∣∣∣∣∣∂t∂βu∣∣∣∣∣∣2
L2(Ω±)

+ ess sup
τ∈(0,t)

∣∣∣∣∣∣∇′∂βu∣∣∣∣∣∣2
L2(Ω±)

) (8.13.4)

Now we claim that ∣∣∣∣∣∣∂x3∂
βu
∣∣∣∣∣∣2
L2(Ω±)

≤ (M0 + tK(t))(
1

ε
3
2

+ ε
1
2Eµ(t)) (8.13.5)∣∣∣∣∣∣∂x3∂

βp
∣∣∣∣∣∣2
L2(Ω±)

≤ (M0 + tK(t))(
1

ε
3
2

+ ε
1
2Eµ(t)) (8.13.6)

We proceed by induction on β3. In the case that β3 = 0, we note that we may apply (8.9.1) and (8.11.2)

to the right hand side of (8.13.3) and (8.13.4) to obtain∣∣∣∣∣∣ηβ∣∣∣∣∣∣2
L2(Ω±)

≤ (M0 + tK(t))(
1

ε
3
2

+ ε
1
2Eµ(t))∣∣∣∣∣∣∂x3∂

βp
∣∣∣∣∣∣2
L2(Ω±)

≤ (M0 + tK(t))(
1

ε
3
2

+ ε
1
2Eµ(t))

Then we apply the estimate from corollary 8.13.3 together with the lower order remainder estimate

(8.18.4), the estimate (8.9.1) for the tangential derivatives, the estimate (8.12.4) for the corrected curl

and the estimate just obtained for the corrected divergence to conclude that∣∣∣∣∣∣∂x3∂
βu
∣∣∣∣∣∣2
L2(Ω±)

≤ (M0 + tK(t))(
1

ε
3
2

+ ε
1
2Eµ(t))

which proves the result in the case β3 = 0.
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Now we suppose the result is true for β3 ≤ k for some 0 ≤ k ≤ |β| − 1 and try to show it is true for

β3 = k + 1. But this is straightforward and is done in the same way. Note that the previous induction

step gives us the estimate for

||∂γu||2L2(Ω±) ≤ (M0 + tK(t))(
1

ε
3
2

+ ε
1
2Eµ(t))

||∂γp||2L2(Ω±) ≤ (M0 + tK(t))(
1

ε
3
2

+ ε
1
2Eµ(t))

where |γ| = 3 and γ3 ≤ k + 1. We apply these estimates to the right hand side of (8.13.3) and (8.13.4)

to obtain

∣∣∣∣∣∣ηβ∣∣∣∣∣∣2
L2(Ω±)

≤ (M0 + tK(t))(
1

ε
3
2

+ ε
1
2Eµ(t))∣∣∣∣∣∣∂x3∂

βp
∣∣∣∣∣∣2
L2(Ω±)

≤ (M0 + tK(t))(
1

ε
3
2

+ ε
1
2Eµ(t))

Then we apply the estimate from corollary 8.13.3 together with the lower order remainder estimate

(8.18.4), the previous induction step for the term ∇′∂βu, the estimate (8.12.4) for the corrected curl and

the estimate just obtained for the corrected divergence to conclude the result for the case β3 = k + 1.

This proves the claim.

8.14 Estimate of the Artificial Viscosity Term

Let us observe that we may rearrange the differentiated velocity equation (8.6.2) to obtain

−µ∇ψ∂β ṗ = ρµ(∂t + uψ · ∇)∂βu+∇ψ∂βp+R|β|(U,ψ) +R0
∞(U,ψ)∇ · u∂∂βψ + µR|β|(U,ψ, ṗ)

where |β| ≤ 2. We use the fact that we have already obtained estimates for everything on the right hand

side in L2(Ω±) to obtain

µ2
∣∣∣∣∣∣∇ψ∂β ṗ∣∣∣∣∣∣2

L2(Ω±)
≤ (M0 + tK(t))(

1

ε
3
2

+ ε
1
2Eµ(t))

Using the fact that

∂x3∂
β ṗ = Jψ(∇ψ)3∂

β ṗ

and the lower order estimate for∇ψ, we easily obtain

µ2
∣∣∣∣∣∣∇∂β ṗ∣∣∣∣∣∣2

L2(Ω±)
≤ (M0 + tK(t))(

1

ε
3
2

+ ε
1
2Eµ(t)) (8.14.1)

Using the fact that ṗ = −ρc2∇ψ · u together with the chain rule and existing estimates we also obtain

µ2
∣∣∣∣∣∣∇ψ · ∇∂βu∣∣∣∣∣∣2

L2(Ω±)
≤ (M0 + tK(t))(

1

ε
3
2

+ ε
1
2Eµ(t)) (8.14.2)
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8.15 Elliptic-Type Estimate for the Front

In this section we derive an elliptic type estimate for the front using the pressure interface condition

(7.1.6).

Lemma 8.15.1. ∣∣∣∣∂α∇′f ∣∣∣∣2
H0.5(Γ)

≤ (M0 + tK(t))(
1

ε
3
2

+ ε
1
2Eµ(t)) (8.15.1)

for 0 ≤ |α| ≤ 3, α0 ≤ 2 and α3 = 0.

Proof. Let α be a multi-index with 0 ≤ |α| ≤ 3, α0 ≤ 2 and α3 = 0, so that we can write ∂α = ∂β∂xi for

some i ∈ {1, 2}. Let 〈D′〉0.5 denote the half-order derivative operator which corresponds to multiplying

by 〈ξ′〉0.5 in Fourier space - see the notation in the appendix.

Applying 〈D′〉0.5 to the differentiated pressure interface condition (8.6.15), we have〈
D′
〉0.5

[∂α(p+ µṗ)] = σ
〈
D′
〉0.5∇′ · ∂α(

∇′f
|n|

) + µ(∆′ − 1)
〈
D′
〉0.5

∂α∂tf +
〈
D′
〉0.5

∂αg2

We multiply both sides by 〈D′〉0.5 ∂αf and integrate by parts to obtain∫
Γ
(
〈
D′
〉0.5

[∂β(p+ µṗ)])(
〈
D′
〉0.5

∂xi∂
αf)dx′ = σ

∫
Γ
(
〈
D′
〉0.5

∂α(
∇′f
|n|

)) · (
〈
D′
〉0.5

∂α∇′f)dx′

+ µ

∫
Γ
(
〈
D′
〉0.5

∂α∇′∂tf)(
〈
D′
〉0.5

∂α∇′f)dx′ + µ

∫
Γ
(
〈
D′
〉0.5

∂α∂tf)(
〈
D′
〉0.5

∂αf)dx′

+

∫
Γ
(
〈
D′
〉0.5

R2
Γ(f))2dx′

where the remainder R2
Γ(f) is defined in 8.18.19. We now use lemma 8.6.4 to differentiate ∇

′f
|n| , together

with the fractional product rule A.3.8 from the appendix, and following the notation of this lemma, we

denote the remainder term by R(G(∇′f), ∂α∇′f), where G is a smooth function. We obtain∫
Γ
(
〈
D′
〉0.5

[∂β(p+ µṗ)])(
〈
D′
〉0.5

∂α∂xif)dx′

= σ

∫
Γ
(
〈
D′
〉0.5

∂α(
∇′f
|n|

)) · (
〈
D′
〉0.5

∂α∇′f)dx′

+ µ

∫
Γ
(
〈
D′
〉0.5

∂α∇′∂tf)(
〈
D′
〉0.5

∂α∇′f)dx′

+

∫
Γ
(
〈
D′
〉0.5

∂tR
2
Γ(f))

〈
D′
〉0.5

R2
Γ(f)dx′ +

∫
Γ
(
〈
D′
〉0.5

R2
Γ(f))2dx′

= σ

∫
Γ

1

|n|

∣∣∣〈D′〉0.5
∂α∇′f

∣∣∣2 − 1

|n|3
∣∣∣∇′f · 〈D′〉0.5

∂α∇′f
∣∣∣2 dx′

+ σ

∫
Γ

〈
D′
〉0.5

R2
Γ(f) ·

〈
D′
〉0.5

∂α∇′fdx′

+ σ

∫
Γ
R(G(∇′f), ∂α∇′f) ·

〈
D′
〉0.5

∂α∇′fdx′ + µ
1

2

d

dt

∫
Γ

∣∣∣〈D′〉0.5
∂α∇′f

∣∣∣2 dx′

+

∫
Γ
(
〈
D′
〉0.5

∂tR
2
Γ(f))

〈
D′
〉0.5

R2
Γ(f)dx′ +

∫
Γ
(
〈
D′
〉0.5

R2
Γ(f))2dx′

≥ σ
∫

Γ

1

|n|3
∣∣∣〈D′〉0.5

∂α∇′f
∣∣∣2 dx′

− 1

δ

∣∣∣∣R(G(∇′f), ∂α∇′f)
∣∣∣∣2
L2(Γ)

− δ
∫

Γ

∣∣∣〈D′〉0.5
∂α∇′f

∣∣∣2 dx′

+ µ
1

2

d

dt

∫
Γ

∣∣∣〈D′〉0.5
∂α∇′f

∣∣∣2 dx′ −
∣∣∣∣R2

Γ(f)
∣∣∣∣2
H1(Γ)

−
∣∣∣∣∂tR2

Γ(f)
∣∣∣∣2
L2(Γ)

− C
∣∣∣∣∂α∇′f ∣∣∣∣2

L2(Γ)
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where we have used lemma 8.6.5. We have also used Cauchy’s inequality in the last step, and we are

free to choose 0 < δ ≤ 1. Note that ∂R2
Γ(f) is a sum of terms of the form G(∇′f)(∂∂γ(∇′f, g2) +

∂∇′fR2(f)) where |γ| ≤ 2 and G is a smooth function. We recall that we have already estimated

∂∂γ∇′f in (8.10.5). Hence, using Cauchy’s inequality, the remainder estimate (8.18.15), and the estimate

of the remainder from A.3.8, we obtain

σ

∫
Γ

1

|n|3
∣∣∣〈D′〉0.5

∂α∇′f
∣∣∣2 dx′ +

1

2
µ

d

dt

∫
Γ

∣∣∣〈D′〉0.5
∂α∇′f

∣∣∣2 dx′

≤ C

δ

∣∣∣∣∣∣〈D′〉0.5
[∂β(p+ µṗ)]

∣∣∣∣∣∣2
L2(Γ)

+ δ
∣∣∣∣∣∣〈D′〉0.5

∂α∇′f
∣∣∣∣∣∣2
L2(Γ)

+
1

δ
(M0 + tK(t))(

1

ε
3
2

+ ε
1
2Eµ(t))

We choose δ ≤ σ
2||n||3L∞(Γ)

and rearrange and use the Sobolev trace theorem to obtain

σ

∫
Γ

1

|n|3
∣∣∣〈D′〉0.5

∂α∇′f
∣∣∣2 dx′ + µ

d

dt

∫
Γ

∣∣∣〈D′〉0.5
∂α∇′f

∣∣∣2 dx′

≤ C
∑
±

||n||3L∞(Γ)

σ

∣∣∣∣∣∣∂β(p+ µṗ)
∣∣∣∣∣∣2
H1(Ω±)

+ (M0 + tK(t))(
1

ε
3
2

+ ε
1
2Eµ(t))

≤ (M0 + tK(t))(
1

ε
3
2

+ ε
1
2Eµ(t))

where we have used the lower order estimate (8.5.3) and the existing energy estimates (8.9.1), (8.13.6)

and (8.14.1). Hence ∫
Γ

∣∣∣〈D′〉0.5
∂α∇′f

∣∣∣2 dx′ + µ
d

dt

∫
Γ

∣∣∣〈D′〉0.5
∂α∇′f

∣∣∣2 dx′

≤ (M0 + tK(t))(
1

ε
3
2

+ ε
1
2Eµ(t))

Now we apply the lemma 8.13.1 to obtain∫
Γ

∣∣∣〈D′〉0.5
∂α∇′f

∣∣∣2 dx′ ≤ (M0 + tK(t))(
1

ε
3
2

+ ε
1
2Eµ(t))

This completes the proof.

8.16 Estimate of the Additional Terms in the Energy Involving µ

Applying ∂α where |α| = 3 and α0 ≤ 2 to the curl equation (7.7.1), we obtain

ρµ(∂t + uψ · ∇)∂α(∇ψ × u) = −∇ψ∂αρµ × (∂t + uψ · ∇)u−∇ψρµ × (∂t + uψ · ∇)∂αu

− ρµ(εijk∂
ψ
j ∂

αul∂
ψ
l uk)− ρµ(εijk∂

ψ
j ul∂

ψ
l ∂

αuk) +∇ψ × ∂αg1

+R1
∞(U,ψ)(R3(U,ψ) + ∂3(ρµ, u)∂2(ρµ, u,∇ψ))

= R1
∞(U,ψ)(∇∂αρµ + ∂∂αu+∇∂αg1 +R3(U,ψ) + ∂3(ρµ, u)∂2(ρµ, u, ∂

′ψ))

Now we multiply thus equation by µ2∂α(∇ψ × u) and use the product rule to obtain

1

2
µ2∂t(ρµ

∣∣∣∂α(∇ψ × u)
∣∣∣2) + µ2 1

2
∇ · (ρµuψ

∣∣∣∂α(∇ψ × u)
∣∣∣2)

= µ2R1
∞(U,ψ)(∇∂αρµ + ∂∂αu+∇∂αg1 +R3(U,ψ) + ∂3(ρµ, u)∂2(ρµ, u, ∂

′ψ))∂α(∇ψ × u)

in (0, T ′)× Ω± where we have absorbed some lower order terms generated by the product rule into the

right hand side.
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Then we integrate over Ω± and apply the divergence theorem for Sobolev functions to the second

term on the left. Note that since (uψ)3± = 0 on Γ we are left with no boundary terms. Hence we obtain

µ2 1

2

d

dt

∫
Ω±

ρµ

∣∣∣∂α(∇ψ × u)
∣∣∣2 dx

≤ µ2
∣∣∣∣R1
∞(U,ψ)(∇∂αρµ + ∂∂αu+∇∂αg1 +R3(U,ψ) + ∂3(ρµ, u)∂2(ρµ, u, ∂

′ψ))
∣∣∣∣2
L2(Ω±)

+ µ2
∣∣∣∣∣∣∂α(∇ψ × u)

∣∣∣∣∣∣2
L2(Ω±)

We claim

µ2
∣∣∣∣R1
∞(U,ψ)(∇∂αρµ + ∂∂αu+∇∂αg1 +R3(U,ψ) + ∂3(ρµ, u)∂2(ρµ, u, ∂

′ψ))
∣∣∣∣2
L2(Ω±)

≤ K(t)

Indeed, note that by the properties of mollifiers,

µ2 ||∇∂αρµ||2L2(Ω±) ≤ C ||∂
αρµ||2L2(Ω±) ≤ K(t)

Since α0 ≤ 2 we have

µ2 ||∂∂αu||2L2(Ω±) ≤ K(t)

We also note that, using the properties of mollifiers again for the highest order term involving ρµ,

µ2
∣∣∣∣∂3(ρµ, u)∂2(ρµ, u, ∂

′ψ)
∣∣∣∣2
L2(Ω±)

≤ µ2
∣∣∣∣∂3(ρµ, u)

∣∣∣∣2
H1(Ω±)

∣∣∣∣∂2(ρµ, u, ∂
′ψ)
∣∣∣∣2
H1(Ω±)

≤ K(t)

Clearly

||∇∂αg1||2L2(Ω±) ≤ Eg(t) ≤ K(t)

Along with the remainder estimates (8.18.1) and (8.18.3), this proves the claim. Hence

µ2 1

2

d

dt

∫
Ω±

√
ρµ

∣∣∣∂α(∇ψ × u)
∣∣∣2 dx ≤ K(t)

Integrating from 0 to t, we obtain

µ2
∣∣∣∣∣∣ρµ∂α(∇ψ × u)

∣∣∣∣∣∣2
L2(Ω±)

≤M0 + tK(t)

Since ρµ ≥ 1
2δ

0
µ by (8.3.2), and we already have an estimate for ∂α∇ψ given by (8.10.5), we obtain

µ2
∣∣∣∣∣∣∇ψ × ∂αu∣∣∣∣∣∣2 ≤ (M0 + tK(t))(

1

ε
3
2

+ ε
1
2Eµ(t)) (8.16.1)

Applying ∂α where |α| = 2 to the curl equation (7.7.1), we obtain

ρµ∇ψ × ∂t∂αu = −(uψ · ∇)∇ψ × ∂αu+R3(U,ψ)

Multiplying by µ, squaring, integrating in time and using the remainder estimate (8.18.3), we obtain

µ2

∫ t

0

∣∣∣∣∣∣∇ψ × ∂t∂αu∣∣∣∣∣∣2 dτ ≤ tK(t) (8.16.2)

for |α| = 2.

Now we obtain an elliptic-type estimate for u · n similar to the elliptic estimate we obtained for f .

First we prove a very simple lemma which we will reuse later.
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Lemma 8.16.1. Let z ∈ H1(Γ) and h ∈ Hs(Γ) for s ∈ R≥0 with

(1−∆′)z = h

on Γ in the sense of distributions. Then z ∈ Hs+2(Γ) with

||z||Hs+2(Γ) ≤ C ||h||Hs(Γ)

Proof. Taking Fourier transforms with respect to x′, we have〈
ξ′
〉2
ẑ = ĥ

Multiplying by 〈ξ′〉s, then squaring, we obtain∣∣∣〈ξ′〉s+2
ẑ
∣∣∣2 =

∣∣∣〈ξ′〉s ĥ∣∣∣2
Integrating over R2 and using the definition of the Sobolev norm in terms of Fourier transforms, we

obtain z ∈ Hs+2(Γ) with

||z||2Hs+2(Γ) = ||h||2Hs(Γ)

as required.

Now we let 0 ≤ j ≤ 2 and apply ∂jt to the pressure interface condition (7.1.6). We obtain

µ(1−∆′)∂jt (u · n) = ∂jt (−[p]− σ∇′ · n̂+ g2 − µ[ṗ])

We apply the above lemma with

z = µ∂jt (u · n)

h = ∂jt (−[p]− σ∇′ · n̂+ g2 − µ[ṗ])

and the Sobolev trace estimate to conclude that

µ2
∣∣∣∣∣∣∂jt (u · n)

∣∣∣∣∣∣2
H4.5−j(Γ)

≤ C
∣∣∣∣∣∣∂jt (−[p]− σ∇′ · n̂+ g2 − µ[ṗ])

∣∣∣∣∣∣2
H2.5−j(Γ)

≤ C
∑
±

∣∣∣∣∣∣∂jt p∣∣∣∣∣∣2
H3−j(Ω±)

+ Cµ2
∑
±

∣∣∣∣∣∣∂jt ṗ∣∣∣∣∣∣2
H3−j(Ω±)

+ C
∣∣∣∣∣∣∂jt g2

∣∣∣∣∣∣2
H2.5−j(Γ)

+ C
∣∣∣∣∇′ · n̂∣∣∣∣2

H2.5−j(Γ)

≤ (M0 + tK(t))(
1

ε
3
2

+ ε
1
2Eµ(t)) (8.16.3)

where we have used the chain and product rules, the lower order estimates (8.5.1), (8.5.3), (8.5.4) and

the existing estimates (8.9.1), (8.10.5), (8.11.2), (8.13.6), (8.13.5), (8.10.6) and (8.14.2).

Let 1 ≤ |α| ≤ 3 with α3 = 0. We apply the Hodge decomposition estimate A.1.2 along with the

lower order estimate (8.5.3) to obtain

||∂αu||2H1(Ω±)

≤ (M0 + tK(t))(||∂αu||2L2(Ω±) +
∣∣∣∣∣∣∇ψ · ∂αu∣∣∣∣∣∣2

L2(Ω±)
+
∣∣∣∣∣∣∇ψ × ∂αu∣∣∣∣∣∣2

L2(Ω±)
+ ||∂αu · n||2H0.5(Γ))

≤ (M0 + tK(t))(||∂αu||2L2(Ω±) +
∣∣∣∣∣∣∇ψ · ∂αu∣∣∣∣∣∣2

L2(Ω±)
+
∣∣∣∣∣∣∇ψ × ∂αu∣∣∣∣∣∣2

L2(Ω±)

+ ||∂α(u · n)||2H0.5(Γ) + ||u · ∂αn||2H0.5(Γ) +
∑

β+γ=α,β 6=α,γ 6=α

∣∣∣∣∣∣∂βu · ∂γn∣∣∣∣∣∣2
H0.5(Γ)

)
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Now in the case α0 ≤ 2, we multiply by µ2 apply the existing estimates (8.14.2), (8.16.1), (8.9.1),

(8.11.2), (8.13.5), (8.15.1) and the Sobolev embedding theorem to obtain

µ2 ||∂αu||2H1(Ω±) ≤ (M0 + tK(t))(
1

ε
3
2

+ ε
1
2Eµ(t))

In the case α0 = 3, we multiply by µ2, integrate in time, apply the existing estimates (8.16.2), (8.9.1),

(8.11.2), (8.13.5), (8.15.1) and the Sobolev embedding theorem, and rewrite the term ||u · ∂αn||2H0.5(Γ)

as
∣∣∣∣u · ∂2

t∇′(u · n)
∣∣∣∣2
H0.5(Γ)

to obtain

µ2

∫ t

0
||∂αu||2H1(Ω±) dτ ≤ (M0 + tK(t))(

1

ε
3
2

+ ε
1
2Eµ(t)) (8.16.4)

Now it remains to estimate ||∂αu||H1(Ω±) for 0 ≤ |α| ≤ 3 where α3 ≥ 1. But we may apply lemma

8.13.2 to obtain for |α| = 3 and α0 ≤ 2,

∂x3∂
αui = Gi(∇ψ) · (∂x1∂

αu, ∂x2∂
αu,∇ψ · ∂αu,∇ψ × ∂αu)

where Gi(∇ψ) is a smooth vector-valued function for each i = 1, 2, 3. We claim inductively on α3 for

0 ≤ α3 ≤ 3 that

µ2 ||∂x3∂
αui||2L2(Ω±) ≤ (M0 + tK(t))(

1

ε
3
2

+ ε
1
2Eµ(t))

Indeed, we have already proved the case α3 = 0. So we assume it is true for α3 ≤ k where 0 ≤ k ≤ 2

and try to prove it is true for α3 = k + 1. Using the above formula we have

µ2 ||∂x3∂
αui||2L2(Ω±)

≤ µ2(M0 + tK(t))(
∣∣∣∣∇′∂αu∣∣∣∣2

L2(Ω±)
+
∣∣∣∣∣∣∇ψ · ∂αu∣∣∣∣∣∣2

L2(Ω±)
+
∣∣∣∣∣∣∇ψ × ∂αu∣∣∣∣∣∣2

L2(Ω±)
)

≤ (M0 + tK(t))(
1

ε
3
2

+ ε
1
2Eµ(t))

where we have used the induction hypothesis for the first term on the right, the estimate (8.14.2) for the

second term on the right and the estimate (8.16.1) for the third term on the right. This completes the

proof of the induction step. Hence we have finally proved that

µ2 ||∂αu||2H1(Ω±) ≤ (M0 + tK(t))(
1

ε
3
2

+ ε
1
2Eµ(t)) (8.16.5)

for 1 ≤ |α| ≤ 3 with α0 ≤ 2.

8.17 Conclusion of the Energy Estimate

Combining the estimates (8.5.1), (8.5.3), (8.5.4), (8.7.1), (8.9.1), (8.11.2), (8.10.5), (8.10.6), (8.13.5),

(8.13.6), (8.15.1), (8.16.5), (8.16.4) and (8.16.3) we obtain

Eµ(t) ≤ (M0 + tK(t))(
1

ε
3
2

+ ε
1
2Eµ(t))

Now for each t we may choose

ε
1
2 ≤ 1

2(M0 + tK(t))
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and rearrange to obtain

Eµ(t) ≤M0 + tK(t) (8.17.1)

where we have redefined M0 and K(t). We claim that the result of proposition 7.5.1 follows from this

inequality.

Indeed, we set

T 0 = sup{t ∈ (0, T ′) : Eµ(t) ≤ 2M0, inf
τ∈(0,t)

inf
Ω±

ρ ≥ 2δ0

3
, inf
τ∈(0,t)

inf
Ω±

ρµ ≥
2δ0
µ

3
, inf
τ∈(0,t)

inf
R3
Jψ ≥ 2κ0

3
}

Note that, by uniform continuity, the set is non-empty and T 0 > 0. Suppose that T 0 = T ′. If in addition

T ′ = T or T ′ = 1 then we have

Eµ(t) ≤ 2M0

for t ∈ (0,min{T, 1}). Otherwise, by continuity, we have

ρ ≥ 1

2
δ0

ρµ ≥
1

2
δ0
µ

Jψ ≥ 1

2
κ0

for t ∈ (0, T ′ + ε), for some ε > 0, which contradicts the definition of T ′.

Thus we may suppose that T 0 < T ′. Again using continuity and the definition of the supremum, this

implies that one of the following equalities hold.

Eµ(T 0) = 2M0

inf
Ω±

ρ(T 0) =
2δ0

3

inf
Ω±

ρµ(T 0) =
2δ0
µ

3

inf
R3
Jψ(T 0) =

2κ0

3

From the inequalities (8.4.1)-(8.4.3) and (8.17.1) evaluated at t = T 0 we have

Eµ(T 0) ≤M0 + T 0F1(Eµ(T 0),M0
1 )

inf
Ω±

ρ(T 0) ≥ δ0 − T 0F2(Eµ(T 0),M0
2 )

inf
Ω±

ρµ(T 0) ≥ δ0
µ − T 0F3(Eµ(T 0),M0

3 )

inf
R3
Jψ(T 0) ≥ κ0 − T 0F4(Eµ(T 0),M0

4 )

where Fi are smooth increasing functions and M0
i has the same form as M0. Hence, noting that

Eµ(T 0) ≤ 2M0, one of the following inequalities holds.

2M0 ≤M0 + T 0F1(2M0,M0
1 )

2δ0

3
≥ δ0 − T 0F2(2M0,M0

2 )

2δ0
µ

3
≥ δ0

µ − T 0F3(2M0,M0
3 )

2κ0

3
≥ κ0 − T 0F4(2M0,M0

4 )
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Thus, rearranging (and simplifying slightly), one of the following inequalities holds.

T 0 ≥ M0

F1(2M0,M0
1 )

T 0 ≥ δ0

3F2(2M0,M0
2 )

T 0 ≥
δ0
µ

3F3(2M0,M0
3 )

T 0 ≥ κ0

3F4(2M0,M0
4 )

Hence T 0 is bounded below by the minimum of the quantities on the right hand side and we have

Eµ(t) ≤ 2M0

ρ ≥ 1

2
δ0

ρµ ≥
1

2
δ0
µ

Jψ ≥ 1

2
κ0

for t ∈ (0, T 0).

This completes the proof of proposition 7.5.1.

8.18 Remainder Estimates

One of the key observations in deriving high-order energy estimates is that once we have differentiated

the equations enough times, the lower order terms may all be estimated in terms of the energy by the

Sobolev embedding theorem, and hence we may try and obtain energy estimates in the same way as for

constant-coefficient linear equations. To make the analysis as clear as possible, in this section we define

the types of generic remainder term which are generated and prove estimates for them, so that we can

concentrate on dealing with the important higher-order terms in the main body of the proof of the energy

estimate. This section or the proofs in it may be skipped on first reading.

Remark 8.18.1. We note that U+ can be extended to (0, T ) × Ω− in such a way that the Sobolev norm

of the extended function is controlled by a constant times the Sobolev norm of the original function, and

similarly U− can be extended to (0, T ) × Ω+. Hence in the following section on remainders, we will

write U when we could be referring to either U+ or U−, or their extensions to (0, T )×Ω− or (0, T )×Ω+.

We can do this because the estimates only depend on a control of their Sobolev norms, and our energy

functional is symmetric with respect to ± terms.

Definition 8.18.2. Let 0 ≤ k ≤ 1. We will write Rk∞(U,ψ) for a generic remainder term of the form

Rk∞(U,ψ) = G({∂β(U, ρµ, ψ, ∂ψ, g1) : |β| ≤ k})

where G is a smooth function of its arguments in the region ρ > 0, ρµ > 0, Jψ > 0.

Lemma 8.18.3. Given t ∈ (0, T ′), the remainder term Rk∞(U,ψ) satisfies∣∣∣∣∣∣Rk∞(U,ψ)
∣∣∣∣∣∣2
L∞(Ω±)

≤ K(t) (8.18.1)
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Proof. For |β| ≤ 1, the Sobolev embedding theorem and the definition of ψ as a lift of f implies∣∣∣∣∣∣∂β(U,ψ, ∂ψ)
∣∣∣∣∣∣2
L∞(Ω±)

≤ C ||U ||2L∞(Ω±) + C ||f ||2L∞(Γ) + C ||∂U ||2H2(Ω±) + C
∣∣∣∣(∂f, ∂2f)

∣∣∣∣2
H2(Γ)

≤ CEµ(t)

From the definition of the energy Eg for g and the Sobolev embedding theorem, we have∣∣∣∣∣∣∂βg1

∣∣∣∣∣∣2
L∞(Ω±)

≤M0

Hence, since G is a smooth function of its arguments in the region ρ > 0, ρµ > 0, Jψ > 0, and we

have ρ ≥ δ0

2 , ρµ ≥
δ0
µ

2 , Jψ ≥ κ0

2 on (0, T ′), we have∣∣∣∣∣∣G({∂β(U, ρµ, ψ, ∂ψ, g1) : |β| ≤ k})
∣∣∣∣∣∣2
L∞(Ω±)

≤ K(t)

Lemma 8.18.4. Let k = 0. Then the remainder Rk∞(U,ψ) satisfies∣∣∣∣∣∣Rk∞(U,ψ)
∣∣∣∣∣∣2
L∞(Ω±)

≤M0 + tK(t) (8.18.2)

Proof. From the way we have defined Rk∞(U,ψ), we have

∂tR
k
∞(U,ψ) = Rk+1

∞ (U,ψ)

Thus, by the estimate (8.18.1),∣∣∣∣∣∣Rk∞(U,ψ)
∣∣∣∣∣∣2
L∞(Ω±)

≤ C
∣∣∣∣∣∣Rk∞(U,ψ)

∣∣∣∣∣∣2
L∞(Ω±)

∣∣∣∣
t=0

+ C

∫ t

0

∣∣∣∣∣∣∂tRk∞(U,ψ)
∣∣∣∣∣∣2
L∞(Ω±)

dτ

≤M0 + tK(t)

Definition 8.18.5. Let 0 ≤ k ≤ 3. We will write Rk(U,ψ) for a generic remainder term which consists

of sums of terms of the form

G({∂jx3
ψ : 0 ≤ j ≤ k + 1})R0

∞(U,ψ)
n∏
i=1

∂α
i
(U, ρµ,∇′ψ, ∂tψ, g1)e(i)

(which is not allowed in the case k = 0) and

G({∂jx3
ψ : 0 ≤ j ≤ k + 1})R0

∞(U,ψ) · ∂αg1

Here, n is an integer with 1 ≤ n ≤ k + 1, αi are multi-indices with 0 ≤
∣∣αi∣∣ ≤ k and 1 ≤

∑n
i=1

∣∣αi∣∣ ≤
k + 1, (U, ρµ,∇′ψ, ∂tψ, g1)e(i) denotes an entry of (U, ρµ,∇′ψ, ∂tψ, g1) depending on i, R0

∞(U,ψ) is

defined in 8.18.2,G is a smooth function of its arguments, and |α| ≤ k. Finally, we impose the important

constraint that if (U, ρµ,∇′ψ, ∂tψ, g1)e(i) = ∂tψ then
∣∣αi∣∣ ≤ k − 1 or ∂α

i
contains at least one space

derivative (so it is not all time derivatives).

Lemma 8.18.6. Given t ∈ (0, T ′), the remainder term Rk(U,ψ) satisfies∣∣∣∣∣∣Rk(U,ψ)
∣∣∣∣∣∣2
L2(Ω±)

≤ K(t) (8.18.3)
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Proof. By (8.18.1), we have ∣∣∣∣R0
∞(U,ψ)

∣∣∣∣2
L∞(Ω±)

≤ K(t)

Using the definition of ψ as a lift of f which involves multiplying by a smooth cut-off function, we have∣∣∣∣G({∂jx3
ψ : 0 ≤ j ≤ k + 1})

∣∣∣∣2
L∞(Ω±)

≤ F (||f ||2L∞(Γ)) ≤ K(t)

Now we intend to apply the Sobolev product lemma A.3.1 to the product which occurs in the re-

mainder,
∏n
i=1 ∂

αi(U, ρµ,∇′ψ, ∂tψ, g1)e(i). Suppose |αi| = 0 for some i. Then we may estimate the

term ∂α
i
(U, ρµ,∇′ψ, ∂tψ, g1)e(i) in L∞(Ω±) and remove it from the product, so we may assume that

|αi| > 0 for all i.

Set mi = 3−
∣∣αi∣∣ and m = 2 > 3

2 = d
p . Note that since 1 ≤

∣∣αi∣∣ ≤ k ≤ 3, we have 0 ≤ mi ≤ m.

Note also that

n∑
i=1

mi = 3n−
n∑
i=1

∣∣αi∣∣ ≥ 3n− 4 ≥ (n− 1)2 = (n− 1)m

provided n ≥ 2, and if n = 1 then
∑n

i=1

∣∣αi∣∣ ≤ k ≤ 3 so we still have the necessary inequality. Hence

we may apply the lemma A.3.1 to obtain∣∣∣∣∣
∣∣∣∣∣
n∏
i=1

∂α
i
(U, ρµ,∇′ψ, ∂tψ, g1)e(i)

∣∣∣∣∣
∣∣∣∣∣
L2(Ω±)

≤ C
n∏
i=1

∣∣∣∣∣∣∂αi(U, ρµ,∇′ψ, ∂tψ, g1)
∣∣∣∣∣∣
H3−|αi|(Ω±)

Clearly, we have ∣∣∣∣∣∣∂αi(U, ρµ,∇′ψ, g1)
∣∣∣∣∣∣2
H3−|αi|(Ω±)

≤ K(t)

where we have used the definition of Eg to estimate g1, which also allows us the estimate ∂αg. Also, we

note that by definition if (U, ρµ,∇′ψ, ∂tψ, g1)e(i) = ∂tψ then
∣∣αi∣∣ ≤ k − 1 or ∂α

i
contains at least one

space derivative, so ∣∣∣∣∣∣∂αi∂tψ∣∣∣∣∣∣2
H3−|αi|(Ω±)

≤ K(t)

Combining this with the estimates for R0
∞(U,ψ) and G, we obtain the result.

Lemma 8.18.7. Let 0 ≤ k ≤ 2. Then the remainder Rk(U,ψ) satisfies∣∣∣∣∣∣Rk(U,ψ)
∣∣∣∣∣∣2
L2(Ω±)

≤M0 + tK(t) (8.18.4)

Proof. Note that that by the definition of Rk(U,ψ),

∂tR
k(U,ψ) = Rk+1(U,ψ)

Thus by the estimate (8.18.3),∣∣∣∣∣∣Rk(U,ψ)
∣∣∣∣∣∣2
L2(Ω±)

≤ C
∣∣∣∣∣∣Rk(U,ψ)

∣∣∣∣∣∣2
L2(Ω±)

|t=0 + C

∫ t

0

∣∣∣∣∣∣∂tRk(U,ψ)
∣∣∣∣∣∣2
L2(Ω±)

dτ ≤M0 + tK(t)
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Definition 8.18.8. Let 0 ≤ k ≤ 3. We will write Rk(U,ψ, ṗ) for a generic remainder term which

consists of sums of terms of the form

Rk(U,ψ)

or

G({∂jx3
ψ : 0 ≤ j ≤ k + 1})R0

∞(U,ψ) · (
n∏
i=1

∂α
i
(U, ρµ,∇′ψ, g)e(i))∂

β ṗ

Here, n is an integer with 0 ≤ n ≤ k + 1, αi are multi-indices with 0 ≤
∣∣αi∣∣ ≤ k, β is a multi-index

with 0 ≤ |β| ≤ k and 0 ≤
∑n

i=1

∣∣αi∣∣+ |β| ≤ k, (U, ρµ,∇′ψ, g)e(i) denotes an entry of (U, ρµ,∇′ψ, g)

depending on i, R0
∞(U,ψ) is defined in 8.18.2, and G is a smooth function of its arguments.

Lemma 8.18.9. Let 0 ≤ |β| ≤ 2 and 0 ≤ |α| ≤ 3. We have

µ2
∣∣∣∣∣∣∂β ṗ∣∣∣∣∣∣2

H1(Ω±)
≤ (M0 + tK(t))Eµ(t) (8.18.5)

µ2

∫ t

0
||∂αṗ||2L2(Ω±) dτ ≤ (M0 + tK(t))Eµ(t) (8.18.6)

Proof. We have

µṗ = −µρc2∇ψ · u

= µG̃(∂x3ψ)G(v)∇u

where G̃ is a smooth function,G is a smooth vector-valued function and v = (s, p,∇′ψ). Note that using

(8.18.2) we have ∣∣∣∣∣∣G̃(∂x3ψ)
∣∣∣∣∣∣2
L∞(Ω±)

≤M0 + tK(t)

||G(v)||2L∞(Ω±) ≤M
0 + tK(t)

Similarly,

µ2 ||∇u||2H2(Ω±) ≤M
0 + Cµ2

∫ t

0
||∂t∇u||2H2(Ω±) dτ

≤M0 + tEµ(t)

Let 1 ≤ |α| ≤ 3. Applying the chain rule, we have that ∂α(G̃(∂x3ψ)G(v)) is a sum of terms of the form

G̃({∂j+1
x3

ψ : 0 ≤ j ≤ 3})G(v)
n∏
i=1

∂αive(i)

or

G̃(∂x3ψ)G(v)∂αvi

where 1 ≤ n ≤ |α|,
∑n

i=1 αi ≤ α and 1 ≤ |αi| ≤ |α| − 1. Using the Sobolev product rule,∣∣∣∣∣
∣∣∣∣∣
n∏
i=1

∂αive(i)

∣∣∣∣∣
∣∣∣∣∣
2

L2(Ω±)

≤M0 + C

∫ t

0

∣∣∣∣∣
∣∣∣∣∣∂t

n∏
i=1

∂αive(i)

∣∣∣∣∣
∣∣∣∣∣
2

L2(Ω±)

dτ

≤M0 + tK(t)
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We also have ∣∣∣∣∣∣G̃(∂x3ψ)G(v)∂αvi

∣∣∣∣∣∣2
L2(Ω±)

≤ (M0 + tK(t))Eµ(t)

Using these estimates we have

1

C

∣∣∣∣∣∣∂α(µG̃(∂x3ψ)G(v)∇u)
∣∣∣∣∣∣2
L2(Ω±)

≤ µ2
∣∣∣∣∣∣G̃(∂x3ψ)G(v)∂α∇u

∣∣∣∣∣∣2
L2(Ω±)

+ µ2
∣∣∣∣∣∣∂α(G̃(∂x3ψ)G(v))∇u

∣∣∣∣∣∣2
L2(Ω±)

+ µ2
∑

β+γ=α,|β|=1

∣∣∣∣∣∣∂β(G̃(∂x3ψ)G(v))∂γ∇u
∣∣∣∣∣∣2
L2(Ω±)

≤ (M0 + tK(t))µ2 ||∂α∇u||2L2(Ω±) + (M0 + tK(t))Eµ(t)

+ µ2
∑

β+γ=α,1≤|β|≤2

∣∣∣∣∣∣∂β(G̃(∂x3ψ)G(v))
∣∣∣∣∣∣2
H1(Ω±)

||∂γ∇u||2H1(Ω±)

≤ (M0 + tK(t))µ2 ||∂α∇u||2L2(Ω±) + (M0 + tK(t))Eµ(t)

If ∂α = ∂xj∂
β or |α| ≤ 2 then by combining the above estimates we immediately obtain the first

estimate. Else, integrating in time we obtain the second estimate.

Lemma 8.18.10. Given t ∈ (0, T ′), the remainder term Rk(U,ψ, ṗ) satisfies∣∣∣∣∣∣Rk(U,ψ, ṗ)∣∣∣∣∣∣
L2(Ω±)

≤ K(t)
∑
±

3∑
j=0

∣∣∣∣∣∣∂jt ṗ∣∣∣∣∣∣
H3−j(Ω±)

µ

∫ t

0

∫
Ω±

∣∣∣Rk(U,ψ, ṗ) · ∂αU ∣∣∣dxdτ ≤ 1

ε
tK(t) + ε(M0 + tK(t))Eµ(t) (8.18.7)

for 1 ≤ |α| ≤ 3 where we are free to choose ε in the range 0 < ε ≤ 1.

Proof. As before, by (8.18.1), we have∣∣∣∣R0
∞(U,ψ)

∣∣∣∣2
L∞(Ω±)

≤ K(t)

Using the definition of ψ as a lift of f , which involves multiplying by a smooth cut-off function, we have∣∣∣∣G({∂jx3
ψ : 0 ≤ j ≤ k + 1})

∣∣∣∣
L∞(Ω±)

≤ F (||f ||L∞(Γ)) ≤ K(t)

Now we intend to apply the Sobolev product lemma A.3.1 to the product which occurs in the remain-

der, (
∏n
i=1 ∂

αi(U, ρµ,∇′ψ, g)e(i))∂
β ṗ. Note if

∣∣αi∣∣ = 0 for some i then we may estimate this term in

L∞(Ω±) using the Sobolev embedding theorem as above and remove it from the product, so we may

assume
∣∣αi∣∣ > 0 for all i. Similarly, we may assume |β| > 0 else we estimate µṗ in L∞ using the

Sobolev embedding theorem and obtain the remainder Rk(U,ψ) which we have already estimated.

For 1 ≤ i ≤ n, set mi = 3 −
∣∣αi∣∣, set m0 = 3 − |β| and m = 2 > 3

2 = d
p . Note that since

1 ≤
∣∣αi∣∣ , |β| ≤ k ≤ 3, we have 0 ≤ mi ≤ m. Note also that

n∑
i=0

mi = 3(n+ 1)−
n∑
i=1

∣∣αi∣∣− |β| ≥ 3(n+ 1)− 4 ≥ 2n = nm

Hence we may apply the lemma to obtain∣∣∣∣∣
∣∣∣∣∣∂β ṗ

n∏
i=1

∂α
i
(U, ρµ,∇′ψ, g1)e(i)

∣∣∣∣∣
∣∣∣∣∣
L2(Ω±)

≤ C
∣∣∣∣∣∣∂β ṗ∣∣∣∣∣∣

H3−|β|(Ω±)

n∏
i=1

∣∣∣∣∣∣∂αi(U, ρµ,∇′ψ, g)
∣∣∣∣∣∣
H3−|αi|(Ω±)
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Clearly, as before, we have ∣∣∣∣∣∣∂αi(U, ρµ,∇′ψ, g)
∣∣∣∣∣∣
H3−|αi|(Ω±)

≤ K(t)

Combining this with the estimates for R0
∞(U,ψ) and G, and using Cauchy’s inequality, we obtain∣∣∣∣∣∣Rk(U,ψ, ṗ)∣∣∣∣∣∣

L2(Ω±)
≤ K(t)

∣∣∣∣∣∣∂β ṗ∣∣∣∣∣∣
H3−|β|(Ω±)

≤ K(t)
∑
±

3∑
j=0

∣∣∣∣∣∣∂jt ṗ∣∣∣∣∣∣
H3−j(Ω±)

Using this we obtain

µ

∫ t

0

∫
Ω±

∣∣∣Rk(U,ψ, ṗ) · ∂αU ∣∣∣dxdτ ≤ µ
∫ t

0
||∂αU ||L2(Ω±)K(t)

∑
±

3∑
j=0

∣∣∣∣∣∣∂jt ṗ∣∣∣∣∣∣
H3−j(Ω±)

dτ

≤ 1

ε

∫ t

0
K(t)dτ + εµ2

∑
±

3∑
j=0

∫ t

0

∣∣∣∣∣∣∂jt ṗ∣∣∣∣∣∣2
H3−j(Ω±)

dτ

≤ 1

ε
tK(t) + ε(M0 + tK(t))Eµ(t)

as required, where we have used the estimates (8.18.5)-(8.18.6) for ṗ.

Definition 8.18.11. Let 0 ≤ k ≤ 1. We will write Rk∞,Γ(U, f) for a generic remainder term of the form

Rk∞,Γ(U,ψ) = G({∂β(U |Γ, f, ∂′f) : |β| ≤ k})

where G is a smooth function of its arguments.

Lemma 8.18.12. Given t ∈ (0, T ′), the remainder term Rk∞,Γ(U, f) satisfies∣∣∣∣∣∣Rk∞,Γ(U, f)
∣∣∣∣∣∣2
L∞(Γ)

≤ K(t) (8.18.8)

Proof. Note that, for |β| ≤ 1, by uniform continuity and the Sobolev embedding theorem,∣∣∣∣∣∣∂β(U |Γ, f, ∂′f)
∣∣∣∣∣∣2
L∞(Γ)

≤ C
∣∣∣∣∣∣∂βU ∣∣∣∣∣∣2

L∞(Ω±)
+ C

∣∣∣∣∣∣∂β(f, ∂′f)
∣∣∣∣∣∣2
L∞(Γ)

≤ CEµ(t)

Hence we have ∣∣∣∣∣∣G({∂β(U |Γ, f, ∂′f) : |β| ≤ k)
∣∣∣∣∣∣2
L∞(Γ)

≤ K(t)

Lemma 8.18.13. Let k = 0. Then the remainder Rk∞,Γ(U, f) satisfies∣∣∣∣∣∣Rk∞,Γ(U, f)
∣∣∣∣∣∣2
L∞(Γ)

≤M0 + tK(t) (8.18.9)

Proof. From the way we have defined Rk∞,Γ(U, f), we have

∂tR
k
∞,Γ(U,ψ) = Rk+1

∞,Γ(U, f)

Thus, by the estimate (8.18.8),∣∣∣∣∣∣Rk∞(U,ψ)
∣∣∣∣∣∣2
L∞(Ω±)

≤ C
∣∣∣∣∣∣Rk∞,Γ(U, f)

∣∣∣∣∣∣2
L∞(Γ)

∣∣∣∣
t=0

+ C

∫ t

0

∣∣∣∣∣∣∂tRk∞,Γ(U, f)
∣∣∣∣∣∣2
L∞(Γ)

dτ

≤M0 + tK(t)
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Definition 8.18.14. Let 1 ≤ k ≤ 2. We will write RkΓ(U, f) for a generic remainder term which consists

of sums of terms of the form

R0
∞,Γ(U, f)

n∏
i=1

∂α
i
(U |Γ, ∂′f)e(i)

Here, n is an integer with 1 ≤ n ≤ k + 1, αi are multi-indices with αi3 = 0, 1 ≤
∣∣αi∣∣ ≤ k and∑n

i=1

∣∣αi∣∣ ≤ k + 1, (U |Γ, ∂′f)e(i) denotes an entry of (U |Γ, ∂′f) depending on i, and R0
∞,Γ(U, f) is

defined in 8.18.11.

We may sometimes write R0
Γ(U, f), which is defined to be zero.

Lemma 8.18.15. Let t ∈ (0, T ′). The remainder term RkΓ(U, f) satisfies the following estimate.∣∣∣∣∣∣RkΓ(U, f)
∣∣∣∣∣∣2
L2(Γ)

≤ K(t) (8.18.10)

Let α be a multi-index with α3 ≤ |α| − 1 and 1 ≤ |α| ≤ 3. Thus we have either ∂α = ∂xj∂
β for some

1 ≤ j ≤ 2 and |β| = |α| − 1, or ∂α = ∂t∂
β for some |β| = |α| − 1. Then∣∣∣∣∫ t

0

∫
Γ
RkΓ(U, f)∂α(U, µṗ)dx′dτ

∣∣∣∣ ≤ (M0 + tK(t))(
1

ε
+ εEµ(t)) (8.18.11)

where we are free to choose ε in the range 0 < ε ≤ 1.

Proof. Firstly, we note that since ∂tf = u · n = u3 − u′ · ∇′f by (7.1.5), we can in fact write RkΓ(U, f)

as a sum of terms of the form

R0
∞,Γ(U, f)

n∏
i=1

∂α
i
(U |Γ,∇′f)e(i)

We note that in fact this has the form

Rk(U,ψ)|Γ

where Rk(U,ψ) is defined in 8.18.5. Therefore, using the Sobolev trace lemma,∣∣∣∣∣∣RkΓ(U, f)
∣∣∣∣∣∣2
L2(Γ)

≤
∣∣∣∣∣∣Rk(U, f)

∣∣∣∣∣∣2
H1(Ω±)

≤
∣∣∣∣∣∣Rk+1(U, f)

∣∣∣∣∣∣2
L2(Ω±)

≤ K(t)

where we have used (8.18.3).

For the second inequality we convert the above to an integral over the interior. We have∣∣∣∣∫ t

0

∫
Γ
RkΓ(U, f)∂α(U, µṗ)dx′dτ

∣∣∣∣ ≤∑
±

∣∣∣∣∫ t

0

∫
Ω±

∂x3(Rk(U,ψ)∂α(U, µṗ))dxdτ

∣∣∣∣
≤
∑
±

∣∣∣∣∫ t

0

∫
Ω±

Rk+1(U,ψ)∂α(U, µṗ)dxdτ

∣∣∣∣+
∑
±

∣∣∣∣∫ t

0

∫
Ω±

Rk(U,ψ)∂α∂x3(U, µṗ)dxdτ

∣∣∣∣
≤
∑
±

∣∣∣∣∫ t

0

∫
Ω±

Rk(U,ψ)∂α∂x3(U, µṗ)dxdτ

∣∣∣∣+
1

ε

∣∣∣∣∣∣Rk+1(U,ψ)
∣∣∣∣∣∣2
L2(Ω±)

+ ε
∑
±
µ2

∫ t

0
||∂αṗ||2L2(Ω±) dτ

≤
∑
±

∣∣∣∣∫ t

0

∫
Ω±

Rk(U,ψ)∂α∂x3(U, µṗ)dxdτ

∣∣∣∣+
1

ε
tK(t) + ε(M0 + tK(t))Eµ(t)
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where we have used the estimates (8.18.5)-(8.18.6) for ṗ.

Suppose ∂α = ∂xj∂
β . Then, using integration by parts,

∑
±

∣∣∣∣∫ t

0

∫
Ω±

Rk(U,ψ)∂α∂x3(U, µṗ)dxdτ

∣∣∣∣ ≤∑
±

∣∣∣∣∫ t

0

∫
Ω±

∂xjR
k(U,ψ)∂β∂x3(U, µṗ)dxdτ

∣∣∣∣
≤ tK(t)

where we have used the estimate (8.18.3) for ∂xjR
k(U,ψ) = Rk+1(U,ψ) and the estimate (8.18.5) for

ṗ.

Now suppose ∂α = ∂t∂
β . We must integrate by parts in time, but otherwise we proceed in a similar

manner to the above. We have∑
±

∣∣∣∣∫ t

0

∫
Ω±

Rk(U,ψ)∂α∂x3(U, µṗ)dxdτ

∣∣∣∣ ≤M0 +
∑
±

∣∣∣∣∫
Ω±

Rk(U,ψ)∂β∂x3(U, µṗ)dx

∣∣∣∣
+
∑
±

∣∣∣∣∫ t

0

∫
Ω±

∂tR
k(U,ψ)∂β∂x3(U, µṗ)dxdτ

∣∣∣∣
≤M0 +

1

ε

∑
±

∣∣∣∣∣∣Rk(U,ψ)
∣∣∣∣∣∣2
L2(Ω±)

+ ε
∣∣∣∣∣∣∂β∂x3(U, µṗ)

∣∣∣∣∣∣2
L2(Ω±)

+ tK(t)

≤ 1

ε
(M0 + tK(t)) + ε(M0 + tK(t))Eµ(t)

where we have used the above estimate (8.18.3) for ∂tRk(U,ψ) = Rk+1(U,ψ), the estimate (8.18.6) for

ṗ and the lower order remainder estimate (8.18.4).

Combining the above estimates proves the result.

Lemma 8.18.16. Let k = 1. Then the remainder RkΓ(U, f) satisfies∣∣∣∣∣∣RkΓ(U, f)
∣∣∣∣∣∣2
L2(Γ)

≤M0 + tK(t) (8.18.12)

Proof. Note that that by the definition of RkΓ(U, f),

∂tR
k
Γ(U, f) = Rk+1

Γ (U, f)

Thus, by the estimate (8.18.10),∣∣∣∣∣∣RkΓ(U, f)
∣∣∣∣∣∣2
L2(Γ)

≤ C
∣∣∣∣∣∣RkΓ(U, f)

∣∣∣∣∣∣2
L2(Γ)

|t=0 + C

∫ t

0

∣∣∣∣∣∣∂tRkΓ(U, f)
∣∣∣∣∣∣2
L2(Γ)

dτ ≤M0 + tK(t)

Definition 8.18.17. We will write R∞,Γ(f) for a generic remainder term of the form

G(∇′f, g2)

where G is a smooth function of its arguments.

Lemma 8.18.18. Given t ∈ (0, T ′), the remainder term R∞,Γ(f) satisfies

||R∞,Γ(f)||2L∞(Γ) ≤ K(t) (8.18.13)
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Proof. We have ∣∣∣∣G(∇′f, g2)
∣∣∣∣2
L∞(Γ)

≤ F (
∣∣∣∣∇′f ∣∣∣∣2

H2(Γ)
, ||g2||2H2(Γ)) ≤ K(t)

where F is a smooth increasing function. This completes the proof.

Definition 8.18.19. Let 1 ≤ k ≤ 3. We will write RkΓ(f) for a generic remainder term which consists of

sums of terms of the form

R∞,Γ(f)
n∏
i=1

∂α
i
(∇′f, g2)e(i)

Here, n is an integer with 1 ≤ n ≤ k + 1, αi are multi-indices with αi3 = 0, 1 ≤
∣∣αi∣∣ ≤ k and∑n

i=1

∣∣αi∣∣ ≤ k + 1, (∇′f, g2)e(i) denotes an entry of (∇′f, g2) depending on i, and R∞,Γ(f) is defined

in 8.18.17.

We may sometimes write R0
Γ(f), which is defined to be zero.

Lemma 8.18.20. Given t ∈ (0, T ′), the remainder term RkΓ(f) satisfies∣∣∣∣∣∣RkΓ(f)
∣∣∣∣∣∣2
L2(Γ)

≤ K(t) (8.18.14)

Proof. We intend to apply the Sobolev product lemma A.3.1 to the product
∏n
i=1 ∂

αi(∇′f, g2)e(i). In-

deed, set mi = 3 −
∣∣αi∣∣ and m = 2 > 1 = d

p (in this case the dimension is 2). Note that since

1 ≤
∣∣αi∣∣ ≤ k ≤ 3, we have 0 ≤ mi ≤ m. Note also that

n∑
i=1

mi = 3n−
n∑
i=1

∣∣αi∣∣ ≥ 3n− 4 ≥ (n− 1)2 = (n− 1)m

provided n ≥ 2, and if n = 1 then
∑n

i=1

∣∣αi∣∣ ≤ k ≤ 3 so we still have the necessary inequality. Hence

we may apply the lemma to obtain∣∣∣∣∣
∣∣∣∣∣
n∏
i=1

∂α
i
(∇′f, g2)e(i)

∣∣∣∣∣
∣∣∣∣∣
L2(Γ)

≤ C
n∏
i=1

∣∣∣∣∣∣∂αi(∇′f, g2)
∣∣∣∣∣∣
H3−|αi|(Γ)

Clearly, by definition of Eµ, we have ∣∣∣∣∣∣∂αi∇′f ∣∣∣∣∣∣2
H3−|αi|(Γ)

≤ K(t)

Also, using the definition of Eg we have∣∣∣∣∣∣∂αig2

∣∣∣∣∣∣2
H3−|αi|(Γ)

≤ K(t)

Combining this with the estimate for R∞,Γ(f), we obtain the result.

Lemma 8.18.21. Let 1 ≤ k ≤ 2. Then the remainder RkΓ(f) satisfies∣∣∣∣∣∣RkΓ(f)
∣∣∣∣∣∣2
L2(Γ)

≤M0 + tK(t) (8.18.15)

Proof. Note that that by the definition of RkΓ(f),

∂tR
k
Γ(f) = Rk+1

Γ (f)

Thus, by the estimate (8.18.14),∣∣∣∣∣∣RkΓ(f)
∣∣∣∣∣∣2
L2(Γ)

≤ C
∣∣∣∣∣∣RkΓ(f)

∣∣∣∣∣∣2
L2(Γ)

|t=0 + C

∫ t

0

∣∣∣∣∣∣∂tRkΓ(f)
∣∣∣∣∣∣2
L2(Γ)

dτ ≤M0 + tK(t)

118



9. The Linearised Equations

In this section we introduce a linearisation of the µ-approximate equations which is carefully chosen

so that it admits an energy estimate without loss of regularity with respect to the coefficients and hence

fits nicely into the contraction-mapping framework which we intend to use to prove the existence of a

fixed point which solves the µ-approximate equations. See 3.6 for a brief motivation of the choice of

linearisation.

9.1 Definition of the Linearised Equations

Definition 9.1.1. Let T̄ ∈ (0,∞). Let f̄ ∈ C1
b ((0, T̄ ) × R2), Ū± = (p̄±, ū±, s̄±) ∈ C1

b ((0, T̄ ) × Ω±).

Assume that

[ū · n̄] = 0

We say that (U+, U−, f), where f ∈ C1
b ((0, T ) × R2), U± = (p±, u±, s±) ∈ C1

b ((0, T ) × Ω±), is

a solution of the linearised equations with lifting operator La and right hand side g on the time interval

(0, T ) (where T ∈ (0, T̄ ]), linearised about the state (Ū+, Ū−, f̄), if the following holds.

u ∈ C2
b (Ω±) for each t ∈ (0, T )

f, u · n ∈ C2
b (Γ) for each t ∈ (0, T )

(U+|t=0, U−|t=0, f |t=0) = (Ū+|t=0, Ū−|t=0, f̄ |t=0)

ρ > 0

ρµ > 0

Jψ := 1 + ∂x3ψ > 0

where

ψ := Laf (9.1.1)

and p±, u±, s±, f satisfy the following system of PDEs.

Firstly,

∂tf = ū · n̄ on (0, T )× Γ (9.1.2)

In the following equations, we have defined

uψ := (ū′,
1

Jψ
(ū3 − ū′ · ∇′ψ̄ − ∂tψ))
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Note carefully that the term∇′ψ̄, where ψ̄ := Laf̄ , instead of ∇′ψ is used so that (uψ)3|Γ = 0.

Next, the following (decoupled) transport equations are to be satisfied in (0, T )× Ω±.

(∂t + uψ · ∇)s = 0 (9.1.3)

(∂t + uψ · ∇)p+ ρ̄c̄2∇ψ · ū = 0 (9.1.4)

We define ρ and ρµ from p and s in the obvious manner following previous notation.

Next, as an intermediate step, we require that there exist functions ω± ∈ C1
b ((0, T )×Ω±) which we

call the linearised curl, solving the following transport equation in (0, T )× Ω±.

ρµ(∂t + uψ · ∇)ω = −∇ψρµ × (∂t + uψ · ∇)ū− ρµ(εijk∂
ψ
j ūl∂

ψ
l ūk) +∇ψ × g1 (9.1.5)

with

ω|t=0 = (∇ψ̄ × ū)|t=0 (9.1.6)

Where (εijk∂
ψ
j ūl∂

ψ
l ūk) denotes the vector with i-th component εijk∂

ψ
j ūl∂

ψ
l ūk and we have used sum-

mation convention for repeated indices. We call this the linearised curl equation.

Finally, we require that the velocity u± solves the following parabolic-type equation.

ρµ(∂t + uψ · ∇)u− µ∇ψ(ρc2∇ψ · u) + µ∇ψ × (ρc2∇ψ × u) = −∇ψp+ µ∇ψ × (ρc2ω) + g1

(9.1.7)

in (0, T )× Ω± and

[u · n] = 0 (9.1.8)

µ(∆′ − 1)(u · n) + µ[ρc2∇ψ · u] = [p] + σ∇′ · n̂− g2 (9.1.9)

n× (∇ψ × u±) = n× ω± (9.1.10)

on (0, T )× Γ.

9.2 Definition of the Linearised Energy

Definition 9.2.1. We define the linearised energy EL : (0, T ] → [0,∞] associated to (U+, U−, f) as

being equal to the µ-approximate energy Eµ(t) associated to (U+, U−, f) defined in 7.3.1, but without

the term involving∇ψ × u.

We define the energy EL(ω) : (0, T ]→ [0,∞] associated with the curl ω as

EL(ω)(t) :=
∑
±

2∑
j=0

ess sup
τ∈(0,t)

∣∣∣∣∣∣∂jtω∣∣∣∣∣∣2
H4−j(Ω±)

+
∑
±

ess sup
τ∈(0,t)

∣∣∣∣∂3
t ω
∣∣∣∣2
L2(Ω±)

+
∑
±

∫ t

0

∣∣∣∣∂3
t ω
∣∣∣∣2
H1(Ω±)

dτ

We also define the slightly lower-order energy Eµ(ω) : (0, T ]→ [0,∞] associated with ω as

Eµ(ω)(t) :=
∑
±

2∑
j=0

ess sup
τ∈(0,t)

∣∣∣∣∣∣∂jtω∣∣∣∣∣∣2
H2−j(Ω±)

+ µ2
∑
±

2∑
j=0

ess sup
τ∈(0,t)

∣∣∣∣∣∣∂jtω∣∣∣∣∣∣2
H3−j(Ω±)
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9.3 Notation for Constants and Functions of the Energy and Initial Data

Definition 9.3.1. For fixed µ > 0 it will be convenient to define some generic constants/functions de-

pending on the energy and initial data in a given way which are also allowed to depend on µ.

We will write Fµ for a generic smooth increasing function of its arguments which depends on µ.

We will write Cµ for a generic constant which is independent of the solution, including being inde-

pendent of the initial data, which depends on µ.

We define M0
µ as generic a constant of the form

M0
µ := Fµ(E0

µ,
1

δ0
,

1

δ0
µ

,
1

κ0
, Eg(1))

We write Ēµ to denote the energy Eµ with (U+, U−, f) replaced by (Ū+, Ū−, f̄), and we define ĒL
similarly.

We define Kµ(t) as a generic function of t of the form

Kµ(t) := Fµ(Ēµ(t), Eµ(t), Eµ(ω)(t),M0
µ)

Similarly, we define KL(t) as a generic function of t of the form

KL(t) := Fµ(ĒL(t), EL(t), EL(ω)(t),M0
µ)

Remark 9.3.2. Note that in the following sections, constants and generic functions will be independent

of T (for 0 < T ≤ 1). In particular, we will only use the Sobolev embedding theorem with respect to

space and not with respect to time.

Lemma 9.3.3. Suppose ω± = ∇ψ × u±. Then

Eµ(ω)(t) ≤ Fµ(Eµ(t))

Kµ(t) ≤ Fµ(Ēµ(t), Eµ(t),M0
µ)

Eµ(t) ≤ EL(t) + EL(ω)(t)

EL(t) ≤ Eµ(t)

EL(ω)(t) ≤ Fµ(Eµ(t))Eµ(t)

Proof. The first inequality follows from the definitions of Eµ(ω)(t) and Eµ(t) and the product rule.

The second inequality follows from the first. The third and fourth inequalities are immediate from the

definitions of Eµ(t), EL(t) and EL(ω)(t). The fifth inequality follows from the definitions of EL(ω)(t)

and Eµ(t) and the product rule.

9.4 Statement of the Energy Estimate for the Linearised Equations

Proposition 9.4.1. Let (U0
+, U

0
−, f

0) be initial data for the µ-approximate equations with initial energy

E0
µ <∞. Assume that

inf
Ω±

ρ0 =: δ0 > 0

inf
Ω±

ρ0
µ =: δ0

µ > 0

inf
R3
Jψ

0
=: κ0 > 0
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Let (Ū+, Ū−, f̄) be a background state satisfying the conditions stated in the definition 9.1.1 of

the linearised equations above defined on the interval (0, T̄ ). Suppose that in addition the following

conditions hold.

Ēµ(T̄ ) <∞

∂jt (Ū+, Ū−, f̄)|t=0 = ∂µ,g,j0 (U0
+, U

0
−, f

0) for 0 ≤ j ≤ 3

Let (U+, U−, ω+, ω−, f) be a solution of the linearised equations with background state (Ū+, Ū−, f̄) as

defined in in the definition 9.1.1 on some time interval (0, T ) where T ∈ (0, T̄ ). Suppose in addition that

EL(T ) + EL(ω)(T ) <∞

ρ ≥ δ0

4

ρµ ≥
δ0
µ

4

Jψ ≥ 1

4
κ0

for t ∈ (0, T ).

Then in fact the energy satisfies the following bound.

EL(t) + EL(ω)(t) ≤M0
µ +Kµ(t)(t+

∫ t

0
ĒL(τ) + EL(τ) + EL(ω)(τ)dτ) +

1

4
ĒL(t)

for t ∈ (0, T ). Moreover, we have

ρ ≥ δ0 − tKµ(t)

ρµ ≥ δ0
µ − tKµ(t)

Jψ ≥ κ0 − tKµ(t)

on the time interval (0, T ).

Proof. See section 12.

9.5 Statement of Existence and Uniqueness of Solutions to the Linearised
Equations

Proposition 9.5.1. Let (U0
+, U

0
−, f

0) be initial data for the µ-approximate equations with initial energy

E0
µ <∞ satisfying the compatibility condition (7.2.6) up to order 3 and the condition (7.2.7) up to order

2. Assume that

inf
Ω±

ρ0 =: δ0 > 0

inf
Ω±

ρ0
µ =: δ0

µ > 0

inf
R3
Jψ

0
=: κ0 > 0
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Let (Ū+, Ū−, f̄) be a background state satisfying the conditions stated in the definition 9.1.1 of

the linearised equations above defined on the interval (0, T̄ ). Suppose that in addition the following

conditions hold.

ĒL(T̄ ) <∞

∂jt (Ū+, Ū−, f̄)|t=0 = ∂µ,g,j0 (U0
+, U

0
−, f

0) for 0 ≤ j ≤ 3 (9.5.1)

Then there exists a T ∈ (0, T̄ ] and a solution (U+, U−, ω+, ω−, f) of the linearised equations on the

time interval (0, T ), as defined in 9.1.1, satisfying the following additional properties.

EL(T ) + EL(ω)(T ) <∞

ρ ≥ δ0

4

ρµ ≥
δ0
µ

4

Jψ ≥ 1

4
κ0

for all t ∈ (0, T ) and

∂jt (U+, U−, ω+, ω−, f)|t=0 = ∂µ,g,j0 (U0
+, U

0
−,∇ψ

0 × u0
+,∇ψ

0 × u0
−, f

0) for 0 ≤ j ≤ 3

Moreover if T < T̄ then one of the following holds as t ↑ T .

inf
x∈Ω±

ρ→ δ0

4

inf
x∈Ω±

ρµ →
δ0
µ

4

inf
x∈R3

Jψ → 1

4
κ0

Also, the solution is unique on the time interval (0, T ) amongst solutions with the above properties.

Proof. See sections 10-11 for the proof.

9.6 The Curl of the Linearised Velocity Equation

We record here the result of taking the curl of the linearised velocity equation, although we will only

need this when it comes to proving a fixed point of the linearised equations solves the µ-approximate

equations.

Lemma 9.6.1. Suppose that u satisfies the linearised velocity equation (9.1.7). Suppose that in addition

to the regularity stated in 9.1.1, we have ∂tψ, ∂tu, g1, ū ∈ H1
loc(Ω±), p, s, u,∇ψ, ψ̄,∇u ∈ H2

loc(Ω±).

Then ∇ψ × u satisfies the following equation.

ρµ(∂t + ūψ · ∇)(∇ψ × u) = −∇ψρµ × (∂t + ūψ · ∇)u− ρµ(εijk∂
ψ
j ūl∂

ψ
l uk) +∇ψ × g1 (9.6.1)

− µ∇ψ × (∇ψ × (∇ψ × u)) + µ∇ψ × (∇ψ × ω)−∇ψ × (ρµ
1

Jψ
ū′ · ∇′(ψ − ψ̄)∂x3u) (9.6.2)

in (0, T ) × Ω±, where (εijk∂
ψ
j ūl∂

ψ
l uk) denotes the vector with i-th component εijk∂

ψ
j ūl∂

ψ
l uk and we

have used summation convention for repeated indices.
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Proof. We could apply ∇ψ× to the linearised velocity equation (9.1.7) directly, but it is easiest first to

transform back to the original domains Ω±(t). We rewrite the velocity equation as

ρµ(∂t + ūψ · ∇)u− µ∇ψ(ρc2∇ψ · u) + µ∇ψ × (ρc2∇ψ × u)

= −∇ψp+ µ∇ψ × (ρc2ω) + g1 − ρµ
1

Jψ
ū′ · ∇′(ψ − ψ̄)∂x3u

Setting p̌ = p ◦ θ−1, ˇ̄u = ū ◦ θ−1, ǔ = u ◦ θ−1, š = s ◦ θ−1, ρ̌µ = ρµ ◦ θ−1, ρ̌ = ρ ◦ θ−1, č = c ◦ θ−1,

where the diffeomorphism θ is defined in 5.1.1 in terms of ψ, and using the coordinate change relations

(5.1.1)-(5.1.2), we obtain

ρ̌µ(∂t + ˇ̄u · ∇)ǔ− µ∇(ρ̌č2∇ · ǔ) + µ∇× (ρ̌č2∇× ǔ)

= −∇p̌+ (µ∇ψ × (ρc2ω) + g1 − ρµ
1

Jψ
ū′ · ∇′(ψ − ψ̄)∂x3u) ◦ θ−1

in ΩT
±. Now we apply∇× to obtain

ρ̌µ(∂t + ˇ̄u · ∇)(∇× ǔ) + (∇ρ̌µ)× (∂t + ˇ̄u · ∇)ǔ+ ρ̌µ(εijk∂xj ˇ̄ul∂xl ǔk) + µ∇× (∇× (ρ̌č2∇× ǔ))

= ∇× ((µ∇ψ × (ρc2ω) + g1 − ρµ
1

Jψ
ū′ · ∇′(ψ − ψ̄)∂x3u) ◦ θ−1)

Then we use the coordinate change relations (5.1.1)-(5.1.2) again to obtain

ρµ(∂t + ūψ · ∇)(∇ψ × u) +∇ψρµ × (∂t + ūψ · ∇)u+ ρµ(εijk∂
ψ
j ūl∂

ψ
l uk)

+ µ∇ψ × (∇ψ × (ρc2∇ψ × u))

= ∇ψ × g1 + µ∇ψ × (∇ψ × ω)−∇ψ × (ρµ
1

Jψ
ū′ · ∇′(ψ − ψ̄)∂x3u)

as required.
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10. Solving the Linearised Equations for
the Front, Entropy, Pressure and Curl

In this section we assume we are given the background state (Ū+, Ū−, f̄) on the time interval (0, T̄ ) and

initial data (U0
+, U

0
−, f

0) such that (Ū+, Ū−, f̄) and (U0
+, U

0
−, f

0) satisfy the hypotheses of proposition

9.5.1.

10.1 Solving the Linearised Equation for the Front by Direct Integration

We start with the very simple construction of the front f and the lift ψ of the front f .

Proposition 10.1.1. There exists a T̃ ∈ (0, T̄ ] and f ∈ L∞((0, T̃ )× Γ) such that

∂tf = ū · n̄

on (0, T̃ )× Γ and

∂jt f |t=0 = ∂µ,g,j0 f0 for 0 ≤ j ≤ 3

Moreover, f has the following regularity

∂jt∇′f ∈ L∞((0, T̃ );H4.5−j(Γ)) for 0 ≤ j ≤ 3

∂j+1
t f ∈ L2((0, T̃ );H5.5−j(Γ)) for 0 ≤ j ≤ 3

∂j+1
t f ∈ L∞((0, T̃ );H4−j(Γ)) for 0 ≤ j ≤ 3

and such an f is unique.

Also, defining

ψ = Laf

we have

inf
x∈R3

Jψ ≥ 1

4
κ0

for all t ∈ (0, T̃ ) and if T̃ < T̄ then

inf
x∈R3

Jψ → 1

4
κ0 as t ↑ T̃
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Proof. For t ∈ (0, T̄ ), we set

f = f0 +

∫ t

0
ū · n̄dτ

Clearly then f satisfies the desired equation and f |t=0 = f0. Applying ∂j+1
t for 0 ≤ j ≤ 2, we see that

∂j+1
t f |t=0 = ∂jt (ū · n̄)|t=0

= ∂j,µ,g0 (u0 · n0)

since

∂jt ū|t=0 = ∂j,µ,g0 u0

∂jt f̄ |t=0 = ∂j,µ,g0 f0

for 0 ≤ j ≤ 3. Now by definition,

∂j+1,µ,g
0 f0 = ∂j,µ,g0 (u0 · n0)

and hence

∂j+1
t f |t=0 = ∂j+1,µ,g

0 f0

for 0 ≤ j ≤ 2.

The regularity of f follows easily from its definition together with the regularity of f0 and ū · n̄,

given that ĒL(T̄ ) <∞.

It is clear that f is unique by integrating the equation to obtain the integral formula for f as given

above.

Now we let T̃ = sup{t ∈ (0, T̄ ) : infτ∈(0,t) infx∈R3 Jψ ≥ κ0

4 }. Using uniform continuity and the

fact that Jψ|t=0 ≥ κ0, we know T̃ > 0. We also know from the definition of T̃ and continuity that if

T̃ < T̄ then infx∈R3 Jψ → 1
4κ

0 as t ↑ T̃ .

10.2 Solving a General Linear Scalar Transport Equation of the Appro-
priate Form

The solution of the following transport equations is quite standard. However, for completeness we briefly

recall the main steps in the proof. We start with the following lemma about solutions to first order ODEs.

Lemma 10.2.1. Let b ∈ L∞((0, T );W 1,∞(Rd;Rd)). Then for each (t, x) ∈ [0, T ] × Rd, there exists a

unique solution X ∈W 1,∞((0, T );Rd) to the equation

dX

dτ
(τ) = b(τ,X(τ)) (10.2.1)

with

X(t) = x

which we write as X(τ ; t, x) to denote the dependence on the point (t, x) through which the solution

passes.
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Moreover, let us define Ψ : [0, T ]× Rd → Rd by

Ψ(t, x) = X(t; 0, x)

Then Ψ ∈W 1,∞((0, T )×Rd;Rd) and for each t ∈ [0, T ] the function Ψ(t) : Rd → Rd, x 7→ Ψ(t, x) is

a Lipschitz-diffeomorphism with inverse Φ(t) := Ψ(t)−1. We have Φ ∈ W 1,∞((0, T ) × Rd;Rd) and in

fact Φ is given by Φ(t, x) = X(0; t, x).

Finally, suppose for some k ≥ 1, l ≥ 0 with k + l − 1 > d
2 , and all 1 ≤ j ≤ k, we have

∂jt b ∈ L∞((0, T );Hk−j+l(Rd))

∇b ∈ L∞((0, T );Hk−1+l(Rd))

Then

∂j+1
t Ψ, ∂j+1

t Φ ∈ L∞((0, T );Hk−j+l(Rd))

∂t∇Ψ, ∂t∇Φ ∈ L∞((0, T );Hk−1+l(Rd))

for all 1 ≤ j ≤ k.

Proof. The existence and uniqueness of such anX is standard since b is Lipschitz in its second argument,

uniformly in time. The regularity of Ψ = X(t; 0, x) and Φ = X(0; t, x) follow from smooth dependence

of the solution on initial conditions (which can be proved by applying Gronwall’s inequality to difference

quotients).

By uniqueness of solutions, we have X(0; t,X(t; 0, x)) = x, since if X(τ ; 0, x) is the unique so-

lution to 10.2.1 passing through (0, x), then it passes through (t,X(t; 0, x)), so is the unique solution

to 10.2.1 passing through (t,X(t; 0, x)) and hence by definition X(τ ; t,X(t; 0, x)) = X(τ ; 0, x) so

X(0; t,X(t; 0, x)) = X(0; 0, x) = x. Similarly X(t; 0, X(0; t, x)) = x. This shows that Ψ has inverse

Φ.

The additional regularity comes from differentiating the equation 10.2.1 with respect to time and then

invoking smooth dependence on initial data. The requirement k + l − 1 > d
2 comes from the Sobolev

embedding theorem which is needed to estimate the lower order terms.

Lemma 10.2.2. Let b ∈ L∞((0, T );W 1,∞(Rd;Rd)), h ∈ L2((0, T );H1(Rd)) and w0 ∈ L1
loc((0, T )×

Rd) with ∇w0 ∈ L2(Rd). Then there exists a unique solution w ∈ L1
loc((0, T ) × Rd) with ∇w ∈

L2((0, T );L2(Rd)) and ∂tw ∈ L2((0, T );L2(Rd)) of the equation

(∂t + b · ∇)w = h (10.2.2)

with

w|t=0 = w0

Moreover, if for some k ≥ 1, l ≥ 0 with k + l − 1 > d
2 and all 1 ≤ j ≤ k, we have

∂jt b ∈ L∞((0, T );Hk−j+l(Rd))

∂j−1
t h ∈ L∞((0, T );Hk−j+l(Rd))

∇b ∈ L∞((0, T );Hk−1+l(Rd))

∇h ∈ L2((0, T );Hk−1+l(Rd))

∇w0 ∈ Hk−1+l(Rd)
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then

∂jtw ∈ L∞((0, T );Hk−j+l(Rd))

∇w ∈ L∞((0, T );Hk−1+l(Rd))

for all 1 ≤ j ≤ k.

Note that we can allow w, w0 and h to be vector valued since then the equation holds for each of the

components of w.

Proof. We let Ψ and Φ be as in the previous lemma with b given above. We claim that the solution we

seek is given by

w(t, x) := w0(Φ(t, x)) +

∫ t

0
h(τ,Ψ(τ,Φ(t, x)))dτ

Clearly from the regularity of Ψ, Φ and hwe havew ∈ L1
loc((0, T )×Rd) with∇w ∈ L2((0, T );L2(Rd))

and ∂tw ∈ L2((0, T );L2(Rd)). Using the fact that Ψ(t) and Φ(t) are inverses, we have

w(t,Ψ(t, x)) = w0(x) +

∫ t

0
h(τ,Ψ(τ, x))dτ

so that

d

dt
(w(t,Ψ(t, x))) = h(t,Ψ(t, x))

But differentiating the left hand side we obtain

∂tw(t,Ψ(t, x)) + (∂tΨ(t, x)) · ∇w(t,Ψ(t, x)) = h(t,Ψ(t, x))

and using the fact that

∂tΨ(t, x) = b(t,Ψ(t, x))

we obtain

∂tw(t,Ψ(t, x)) + b(t,Ψ(t, x)) · ∇w(t,Ψ(t, x)) = h(t,Ψ(t, x))

for all (t, x) ∈ (0, T )× Rd. Replacing x by Φ(t, x) we obtain

∂tw(t, x) + b(t, x) · ∇w(t, x) = h(t, x)

as required.

In fact we have also shown uniqueness, since for any solution v ∈ L1
loc((0, T ) × Rd) with ∇v ∈

L2((0, T );L2(Rd)), ∂tv ∈ L2((0, T );L2(Rd)) and v|t=0 = w0 of 10.2.2, we have

d

dt
(v(t,Ψ(t, x))) = h(t,Ψ(t, x))

and so

v(t,Ψ(t, x)) = w0(x) +

∫ t

0
h(τ,Ψ(τ, x))dτ
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and using the fact that Ψ(t) and Φ(t) are inverses, we have

v(t, x) = w0(Φ(t, x)) +

∫ t

0
h(τ,Ψ(τ,Φ(t, x)))dτ = w(t, x)

The regularity follows from the formula

w(t, x) := w0(Φ(t, x)) +

∫ t

0
h(τ,Ψ(τ,Φ(t, x)))dτ

together with the chain rule for Sobolev functions.

Lemma 10.2.3. In this lemma functions will be defined either on Ω+ or Ω−.

Let b ∈ L∞((0, T );W 1,∞(Ω±;R3)), h ∈ L2((0, T );H1(Ω±)) and w0 ∈ L1
loc((0, T ) × Ω±) with

∇w0 ∈ L2(Ω±). Suppose also that b3|Γ = 0. Then there exists a unique solution w ∈ L1
loc((0, T )×Ω±)

with ∇w ∈ L2((0, T );L2(Ω±)) and ∂tw ∈ L2((0, T );L2(Ω±)) of the equation

(∂t + b · ∇)w = h

in (0, T )× Ω± with

w|t=0 = w0

Moreover, if for some k ≥ 1, l ≥ 0 with k + l ≥ 3 and all 1 ≤ j ≤ k

∂jt b ∈ L∞((0, T );Hk−j+l(Ω±))

∂j−1
t h ∈ L∞((0, T );Hk−j+l(Ω±))

∇b ∈ L∞((0, T );Hk−1+l(Ω±))

∇h ∈ L2((0, T );Hk−1+l(Ω±))

∇w0 ∈ Hk−1+l(Rd)

then

∂jtw ∈ L∞((0, T );Hk−j+l(Ω±))

∇w ∈ L∞((0, T );Hk−1+l(Ω±))

for all 1 ≤ j ≤ k.

Proof. First we prove uniqueness. Suppose there are two solutions w1 and w2 of the equation. Write

w̃ = w1 − w2. Note that since ∂twi ∈ L2((0, T ) × Ω±) for i = 1, 2, and w̃(0) = 0, we have

w̃ ∈ L2((0, T )× Ω±). Subtracting the equation for w2 from that for w1 we obtain

(∂t + b · ∇)w̃ = 0

Multiplying by w̃ and using the product rule we obtain

d

dt
|w̃|2 +∇ · (b |w̃|2) = (∇ · b) |w̃|2
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Integrating over Ω± and using the divergence theorem we obtain

d

dt
||w̃||2L2(Ω±) ∓

∫
Γ
b3 |w̃|2 dx′ =

∫
Ω±

(∇ · b) |w̃|2 dx

Using the fact that b3|Γ = 0 we obtain

d

dt
||w̃||2L2(Ω±) =

∫
Ω±

(∇ · b) |w̃|2 dx

≤ ||b||W 1,∞(Ω±) ||w̃||
2
L2(Ω±)

Applying Gronwall’s lemma together with the fact that w̃|t=0 = 0 we conclude that w̃ = 0. This proves

the uniqueness.

To prove the existence we simply apply the Sobolev extension operator ExtΩ± in space to extend

b, h and w0 to be defined on R3, noting that we have the regularity required to apply the above result

10.2.2 to obtain w ∈ L1
loc((0, T )× R3) with ∇w ∈ L2((0, T );L2(R3)) and ∂tw ∈ L2((0, T );L2(R3))

satisfying the equation in (0, T )×R3. Then w|Ω± satisfies the equation in Ω± and is the unique solution

by the above.

Also, the regularity of w|Ω± follows from the regularity of w given in the above result 10.2.2.

10.3 Solving the Linear Transport Equation for the Entropy

Proposition 10.3.1. Let T̃ , f and ψ be given by 10.1.1. Then there exists s ∈ L∞((0, T̃ ) × Ω±) such

that

(∂t + uψ · ∇)s = 0

in (0, T̃ )× Ω± and

∂jt s|t=0 = ∂µ,g,j0 s0 for 0 ≤ j ≤ 3 (10.3.1)

Moreover, s has the following regularity

∂jt s ∈ L∞((0, T̃ );H4−j(Ω±)) for 1 ≤ j ≤ 3

∇s ∈ L∞((0, T̃ );H3(Ω±))

∂4
t s ∈ L∞((0, T̃ );L2(Ω±))

and such an s is unique.

Proof. Apply lemma 10.2.3 with b = uψ, h = 0 and w0 = s0 to obtain a unique solution s ∈
L1

loc((0, T ) × Ω±) with ∇s ∈ L2((0, T );L2(Ω±)) and ∂ts ∈ L2((0, T );L2(Ω±)) to the equation with

s(0) = s0. Note that from the regularity of ū, ψ̄, ψ and s0, we have

∂jt b ∈ L∞((0, T̃ );Hk−j+l(Ω±))

∂j−1
t h ∈ L∞((0, T̃ );Hk−j+l(Ω±))

∇b ∈ L∞((0, T̃ );Hk−1+l(Ω±))

∇h ∈ L2((0, T̃ );Hk−1+l(Ω±))

∇w0 ∈ Hk−1+l(Rd)
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for 1 ≤ j ≤ k, where k = 3 and l = 1. Hence lemma 10.2.3 implies

∂jt s ∈ L∞((0, T̃ );H4−j(Ω±))

∇s ∈ L∞((0, T̃ );H3(Ω±))

for all 1 ≤ j ≤ 3. Using this regularity and the equation for s it is also clear that

∂4
t s ∈ L∞((0, T̃ );L2(Ω±))

To see that the initial time derivatives match, note that the background state satisfies (9.5.1), that is

∂jt (Ū+, Ū−, f̄)|t=0 = ∂µ,g,j0 (U0
+, U

0
−, f

0) for 0 ≤ j ≤ 3

by assumption, and note that s(0) = s0. Using these two facts we see that the linearised equation for

s is the same as the µ-approximate equation for s when restricted to t = 0, which shows that (10.3.1)

holds for j = 1. Now this allows us to differentiate the equations with respect to time and obtain the

case j = 2. We continue until we reach j = 3. (Note we use the fact that the background state satisfies

(9.5.1) up to j = 3).

10.4 Solving the Linear Transport Equation for the Pressure

Proposition 10.4.1. Let T̃ , f and ψ be given by 10.1.1. Then there exists p ∈ L∞((0, T̃ ) × Ω±) such

that

(∂t + uψ · ∇)p+ ρ̄c̄2∇ψ · ū = 0

in (0, T̃ )× Ω± and

∂jt p|t=0 = ∂µ,g,j0 p0 for 0 ≤ j ≤ 3 (10.4.1)

Moreover, p has the following regularity

∂jt p ∈ L∞((0, T̃ );H4−j(Ω±)) for 1 ≤ j ≤ 3

∇p ∈ L∞((0, T̃ );H3(Ω±))

∂4
t p ∈ L∞((0, T̃ );L2(Ω±))

and such a p is unique.

Proof. Apply lemma 10.2.3 with b = uψ, h = −ρ̄c̄2∇ψ · ū and w0 = p0 to obtain a unique solution

p ∈ L1
loc((0, T ) × Ω±) with ∇p ∈ L2((0, T );L2(Ω±)) and ∂tp ∈ L2((0, T );L2(Ω±)) to the equation

with p(0) = p0. Note that from the regularity of ū, p̄, s̄, ψ̄, ψ and p0, we have

∂jt b ∈ L∞((0, T̃ );Hk−j+l(Ω±))

∂j−1
t h ∈ L∞((0, T̃ );Hk−j+l(Ω±))

∇b ∈ L∞((0, T̃ );Hk−1+l(Ω±))

∇h ∈ L2((0, T̃ );Hk−1+l(Ω±))

∇w0 ∈ Hk−1+l(Rd)
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for 1 ≤ j ≤ k, where k = 3 and l = 1. Hence lemma 10.2.3 implies

∂jt p ∈ L∞((0, T̃ );H4−j(Ω±))

∇p ∈ L∞((0, T̃ );H3(Ω±))

for all 1 ≤ j ≤ 3. Using this regularity and the equation for p it is also clear that

∂4
t p ∈ L∞((0, T̃ );L2(Ω±))

To see that the initial time derivatives match, note that the background state satisfies (9.5.1), that is

∂jt (Ū+, Ū−, f̄)|t=0 = ∂µ,g,j0 (U0
+, U

0
−, f

0) for 0 ≤ j ≤ 3

by assumption, and note that p(0) = p0. Using these two facts we see that the linearised equation for

p is the same as the µ-approximate equation for p when restricted to t = 0, which shows that (10.4.1)

holds for j = 1. Now this allows us to differentiate the equations with respect to time and obtain the

case j = 2. We continue until we reach j = 3. (Note we use the fact that the background state satisfies

(9.5.1) up to j = 3).

10.5 Constructing the Density

Proposition 10.5.1. Let ρ±(t, x) := ρ±(p±(t, x), s±(t, x)) in (0, T̃ ) × Ω± where T̃ is given by 10.1.1,

s is given by 10.3.1 and p is given by 10.4.1. Then there exists a T ∈ (0, T̃ ) ⊂ (0, T̄ ) such that the

following holds.

ρ ≥ δ0

4
in (0, T )× Ω±

ρµ ≥
δ0
µ

4
in (0, T )× Ω±

and if T < T̃ then one of the following holds.

inf
x∈Ω±

ρ→ δ0

4
as t ↑ T

inf
x∈Ω±

ρµ →
δ0
µ

4
as t ↑ T

Proof. Let T = sup{t ∈ (0, T̃ ) : infτ∈(0,t) infx∈Ω± ρ ≥ δ0

4 , infτ∈(0,t) infx∈Ω± ρµ ≥
δ0
µ

4 }. Note that

by uniform continuity T > 0 since ρ0 ≥ δ0 and ρ0
µ ≥ δ0

µ. We also know from the definition of T and

continuity that if T < T̃ then one of the above two convergences holds as t ↑ T .

10.6 Solving the Linear Transport Equation for the Curl

Proposition 10.6.1. Let f and ψ be given by 10.1.1 and T , ρµ be given by 10.5.1. Then there exists

ω ∈ L∞((0, T )× Ω±) such that

(∂t + uψ · ∇)ω =
1

ρµ
(−∇ψρµ × (∂t + uψ · ∇)ū− ρµ(εijk∂

ψ
j ūl∂

ψ
l ūk) +∇ψ × g1)
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in (0, T )× Ω± and

∂jtω|t=0 = ∂µ,g,j0 (∇ψ0 × u0) for 0 ≤ j ≤ 3 (10.6.1)

Moreover, ω has the following regularity

∂jtω ∈ L∞((0, T );H4−j(Ω±)) for 1 ≤ j ≤ 3

∇ω ∈ L∞((0, T );H3(Ω±))

∂4
t ω ∈ L2((0, T );L2(Ω±))

and such an ω is unique.

Proof. Apply lemma 10.2.3 with b = uψ, h equal to the right hand side of the above equation and

w0 = ∇ψ0 × u0 to obtain a unique solution ω ∈ L1
loc((0, T )×Ω±) with∇ω ∈ L2((0, T );L2(Ω±)) and

∂tω ∈ L2((0, T );L2(Ω±)) to the equation with ω(0) = ∇ψ0 × u0. Note that from the regularity of ū,

ρµ, ψ̄, ψ and ∇ψ0 × u0, we have

∂jt b ∈ L∞((0, T );Hk−j+l(Ω±))

∂j−1
t h ∈ L∞((0, T );Hk−j+l(Ω±))

∇b ∈ L∞((0, T );Hk−1+l(Ω±))

∇h ∈ L2((0, T );Hk−1+l(Ω±))

∇w0 ∈ Hk−1+l(Rd)

for 1 ≤ j ≤ k, where k = 3 and l = 1. Hence lemma 10.2.3 implies

∂jtω ∈ L∞((0, T );H4−j(Ω±))

∇ω ∈ L∞((0, T );H3(Ω±))

for all 1 ≤ j ≤ 3. Using this regularity and the equation for ω it is also clear that

∂4
t ω ∈ L2((0, T );L2(Ω±))

To see that the initial time derivatives match, note that the background state satisfies (9.5.1), that is

∂jt (Ū+, Ū−, f̄)|t=0 = ∂µ,g,j0 (U0
+, U

0
−, f

0) for 0 ≤ j ≤ 3

by assumption, and note that ω(0) = ∇ψ0×u0. Using these two facts we see that the linearised equation

for ω is the same as the µ-approximate equation (7.7.1) for ∇ψ × u when restricted to t = 0, which

shows that (10.6.1) holds for j = 1. Now this allows us to differentiate the equations with respect to time

and obtain the case j = 2. We continue until we reach j = 3. (Note we use the fact that the background

state satisfies (9.5.1) up to j = 3).
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11. Solving the Linearised Parabolic-Type
Equation for the Velocity

The basic approach to solving the linearised equation for the velocity uses a weak form of the equation

and a Galerkin approximation with energy estimates for the Galerkin approximation providing additional

regularity - see eg Evans [15] for a simple version of this method. See 3.7 for a brief outline of the proof.

In this section we assume we are given the background state (Ū+, Ū−, f̄) on the time interval (0, T̄ )

and initial data (U0
+, U

0
−, f

0) such that (Ū+, Ū−, f̄) and (U0
+, U

0
−, f

0) satisfy the hypotheses of proposi-

tion 9.5.1. Given this initial data and background state, we assume that f and ψ are given by 10.1.1, s is

given by 10.3.1, p is given by 10.4.1, T , ρ, ρµ are given by 10.5.1, and ω is given by 10.6.1.

11.1 Notation for Constants Depending on the Background State and the
Solutions to Preceding Equations

Definition 11.1.1. It will be useful to define a constant depending on the background state and f , s, p

and ω which we will use as a bound on a high order energy of solutions of the linearised equations. We

define Cmax as a generic constant of the form

Cmax = Fµ(M0
µ, ĒL(T̄ ),

∑
±

ess sup
t∈(0,T )

||(p, s, ω)||2L∞(Ω±) + ess sup
t∈(0,T )

||f ||2L∞(Γ)

+
∑
±

∑
1≤|α|≤3

ess sup
t∈(0,T )

||∂α(p, s, ω)||2H1(Ω±) +
∑
±

∫ T

0

∣∣∣∣∂4
t (p, s, ω)

∣∣∣∣2
L2(Ω±)

dt

+
∑

0≤j≤3

ess sup
t∈(0,T )

∣∣∣∣∣∣∂jt∇′f ∣∣∣∣∣∣2
H4.5−j(Γ)

+
∑

0≤j≤3

∫ T

0

∣∣∣∣∣∣∂j+1
t f

∣∣∣∣∣∣2
H5.5−j(Γ)

dt)

for some smooth increasing function Fµ depending on µ.

Note that, using the regularity for p, s, ω, f , we have

Cmax <∞

It will also be useful to define constants depending on∇′f , ρµ, ρc2 which we will use as a bound on

coefficients of the equations. For 0 ≤ j ≤ 1, we define C∞,j > 0 as a generic constant which is bounded

above as follows

C∞,j(t) ≤ Fµ(
∑
±

j∑
k=0

ess sup
τ∈(0,t)

∣∣∣∣∣∣∂kt (ρc2)
∣∣∣∣∣∣2
W j−k,∞(Ω±)

,
∑
±

j∑
k=0

ess sup
τ∈(0,t)

∣∣∣∣∣∣∂kt (ρµ, ∂tρµ)
∣∣∣∣∣∣2
W j−k,∞(Ω±)

,

j+1∑
k=0

ess sup
τ∈(0,t)

∣∣∣∣∣∣∂kt∇′f ∣∣∣∣∣∣2
H2.5+j−k(Γ)

,
1

δ0
,

1

δ0
µ

,
1

κ0
)

for some smooth increasing function Fµ depending on µ.
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11.2 Statement of Existence and Uniqueness of Solutions to the Parabolic-
Type Linearised Equation for the Velocity

Proposition 11.2.1. Let f and ψ be given by 10.1.1, s be given by 10.3.1, p be given by 10.4.1, T , ρ, ρµ

be given by 10.5.1, and ω be given by 10.6.1. Then there exists u ∈ L∞((0, T )× Ω±) such that

ρµ(∂t + uψ · ∇)u− µ∇ψ(ρc2∇ψ · u) + µ∇ψ × (ρc2∇ψ × u) = −∇ψp+ µ∇ψ × (ρc2ω) + g1

in (0, T )× Ω± and

[u · n] = 0

µ(∆′ − 1)(u · n) + µ[ρc2∇ψ · u] = [p] + σ∇′ · n̂− g2

n× (∇ψ × u±) = n× ω±

on (0, T )× Γ and

∂jt u|t=0 = ∂µ,g,j0 u0 for 0 ≤ j ≤ 3

Moreover∑
±

∑
0≤j≤3

ess sup
τ∈(0,t)

∣∣∣∣∣∣∂jt∇u∣∣∣∣∣∣2
H3−j(Ω±)

dτ +
∑
±

∑
0≤j≤3

∫ t

0

∣∣∣∣∣∣∂jt∇u∣∣∣∣∣∣2
H4−j(Ω±)

dτ

+
∑
±

∫ t

0

∣∣∣∣∂4
t u
∣∣∣∣2
L2(Ω±)

dτ +

3∑
j=0

ess sup
τ∈(0,t)

∣∣∣∣∣∣∂jt (u · n)
∣∣∣∣∣∣2
H4−j(Γ)

+

3∑
j=0

∫ t

0

∣∣∣∣∣∣∂jt (u · n)
∣∣∣∣∣∣2
H5.5−j(Γ)

dτ

≤ Cmax

Proof. See the remainder of this chapter for the proof.

11.3 Rotating the Velocity to Fix the Normal Jump Condition

Definition 11.3.1. For the purposes of this section we will extend∇′f from Γ to∇′f˜ defined on R3 via

a linear lifting operator which gains half a derivative, so that∣∣∣∣∣∣∇′f˜
∣∣∣∣∣∣
Hl+1(R3)

≤ C
∣∣∣∣∇′f ∣∣∣∣

Hl+0.5(Γ)

for l ≥ 0. See lemma A.2.3 in the appendix for a construction of such a lifting operator.

We define the matrixN depending on∇′f˜ as a scalar multiple of an orthogonal matrix, with columns

as follows.

N =
1∣∣n˜∣∣
(
τ̂˜1 τ̂˜2 n̂˜)

where

n˜ = (−∇′f˜ , 1)

τ˜1 = (1, 0, ∂x1f˜ )

τ˜2 = n˜ × τ˜1 = (−∂x1f˜ ∂x2f˜ , 1 + (∂x1f˜ )2, ∂x2f˜ )
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and

τ̂˜1 =
τ˜1∣∣τ˜1
∣∣

τ̂˜2 =
τ˜2∣∣τ˜2
∣∣

n̂˜ =
n˜∣∣n˜∣∣

are orthogonal each other, so that (τ̂˜1, τ̂˜2, n̂˜) form a right-handed orthonormal basis of R3 for each

(t, x) ∈ (0, T )× R3.

We write NT for the transpose of N and N−1 for its inverse. Note that by orthogonality we have

N−1 =
∣∣n˜∣∣2NT

Note that orthogonality also implies that, for any vector w,

Nw =
1∣∣n˜∣∣(w1τ̂˜1 + w2τ̂˜2 + w3n̂˜)

(Nw) · n˜ = w3

(N−1w)3 = w · n˜
We also write N̄ to denote the matrix given by replacing f with f̄ in the definition of N .

Definition 11.3.2. We define the rotated initial velocity

y
u0 := N−1|t=0u

0

The initial time derivatives act on y
u0 in the obvious way. For 0 ≤ j ≤ 3,

∂µ,g,j0
y
u0 := ∂jt (N

−1(t)u(t))|t=0

where on the right hand side we take the formal derivative with respect to t then replace ∂ltu|t=0 with

∂µ,g,l0 u0 for 0 ≤ l ≤ j. Note that we have ∂jt f |t=0 = ∂µ,g,j0 f0 for 0 ≤ j ≤ 3, so if we write N0 for

the matrix defined by replacing ∇′f with ∇′f0 in the definition of N , then we may write ∂jtN |t=0 =

∂µ,g,j0 N0.

Definition 11.3.3. We say that the rotated velocity y
u±∈ C2

b ((0, T ) × Ω±) with y
u3∈ C2

b ((0, T ) × Γ) is

a solution of the rotated linearised equations for the velocity if the following holds.

y
u (0) =

y
u0

and y
u satisfies the following equations.

ρµ
1∣∣n˜∣∣2∂t

y
u −µNT∇ψ(ρc2∇ψ · (N y

u)) + µNT∇ψ × (ρc2∇ψ × (N
y
u)) + ρµN

T (uψ · ∇)(N
y
u)

+ ρµN
T (∂tN)

y
u +NT (∇ψp− µ∇ψ × (ρc2ω)) = NT g1 (11.3.1)

in (0, T )× Ω± and

[
y
u3] = 0 (11.3.2)

µ(∆′ − 1)
y
u3 +µ[ρc2∇ψ · (N y

u)] = [p] + σ∇′ · n̂− g2 (11.3.3)

n× (∇ψ × (N
y
u±)) = n× ω± (11.3.4)

on (0, T )× Γ.
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Proposition 11.3.4. Suppose y
u is a solution of the rotated linearised equations for the velocity as defined

in 11.3.3 satisfying

∂jt
y
u |t=0 = ∂µ,g,j0

y
u0 for 0 ≤ j ≤ 3∑

±

∑
0≤j≤3

ess sup
τ∈(0,t)

∣∣∣∣∣∣∂jt∇ y
u
∣∣∣∣∣∣2
H3−j(Ω±)

dτ +
∑
±

∑
0≤j≤3

∫ t

0

∣∣∣∣∣∣∂jt∇ y
u
∣∣∣∣∣∣2
H4−j(Ω±)

dτ

+
∑
±

∫ t

0

∣∣∣∣∂4
t

y
u
∣∣∣∣2
L2(Ω±)

dτ +
3∑
j=0

ess sup
τ∈(0,t)

∣∣∣∣∣∣∂jt y
u3

∣∣∣∣∣∣2
H4−j(Γ)

+
3∑
j=0

∫ t

0

∣∣∣∣∣∣∂jt y
u3

∣∣∣∣∣∣2
H5.5−j(Γ)

dτ

≤ Cmax

Then u := N
y
u is a solution of the linearised equations for the velocity (9.1.7)-(9.1.10) with

∂jt u|t=0 = ∂µ,g,j0 u0 for 0 ≤ j ≤ 3∑
±

∑
0≤j≤3

ess sup
τ∈(0,t)

∣∣∣∣∣∣∂jt∇u∣∣∣∣∣∣2
H3−j(Ω±)

dτ +
∑
±

∑
0≤j≤3

∫ t

0

∣∣∣∣∣∣∂jt∇u∣∣∣∣∣∣2
H4−j(Ω±)

dτ

+
∑
±

∫ t

0

∣∣∣∣∂4
t u
∣∣∣∣2
L2(Ω±)

dτ +

3∑
j=0

ess sup
τ∈(0,t)

∣∣∣∣∣∣∂jt (u · n)
∣∣∣∣∣∣2
H4−j(Γ)

+

3∑
j=0

∫ t

0

∣∣∣∣∣∣∂jt (u · n)
∣∣∣∣∣∣2
H5.5−j(Γ)

dτ

≤ Cmax

Proof. Let 0 ≤ j ≤ 3. Using the fact that NN−1 = id together with the definition of ∂µ,g,j0
y
u0, the

definition of u := N
y
u and the fact that ∂jt

y
u |t=0 = ∂µ,g,j0

y
u0, we see that ∂jt u|t=0 = ∂jt (N(t)

y
u

(t))|t=0 = ∂µ,g,j0 u0.

We set y
u= N−1u in the equations (11.3.1)-(11.3.4). In (11.3.1), we obtain

ρµ
1∣∣n˜∣∣2∂t(N

−1u)− µNT∇ψ(ρc2∇ψ · u) + µNT∇ψ × (ρc2∇ψ × u) + ρµN
T (uψ · ∇)u

+ ρµN
T (∂tN)N−1u+NT (∇ψp− µ∇ψ × (ρc2ω)) = NT g1

We multiply by
∣∣n˜∣∣2N = (NT )−1 to obtain

ρµ∂tu− µ∇ψ(ρc2∇ψ · u) + µ∇ψ × (ρc2∇ψ × u) + ρµ(uψ · ∇)u+ ρµN∂t(N
−1)u+ ρµ(∂tN)N−1u

+∇ψp− µ∇ψ × (ρc2ω) = g1

Using the fact that

0 = ∂t(NN
−1) = N∂tN

−1 + (∂tN)N−1

we obtain the equation (9.1.7).

In (11.3.2)-(11.3.4), we obtain

[(N−1u)3] = 0

µ(∆′ − 1)(N−1u)3 + µ[ρc2∇ψ · u] = [p] + σ∇′ · n̂− g2

n× (∇ψ × u±) = n× ω±

Using the fact that (N−1u)3 = u · n, we obtain the equations (9.1.8)-(9.1.10).
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Note that we have∑
±

∑
0≤j≤3

ess sup
τ∈(0,t)

∣∣∣∣∣∣∂jt∇N ∣∣∣∣∣∣2
H3−j(Ω±)

dτ +
∑
±

∑
0≤j≤3

∫ t

0

∣∣∣∣∣∣∂jt∇N ∣∣∣∣∣∣2
H4−j(Ω±)

dτ

+
∑
±

∫ t

0

∣∣∣∣∂4
tN
∣∣∣∣2
L2(Ω±)

dτ

≤ Cmax

where we have used the fact that by the lifting property,∫ t

0
||N ||H5(Ω±) dτ ≤ C

∫ t

0

∣∣∣∣∇′f ∣∣∣∣
H4.5(Γ)

dτ

≤ Cmax

We combine this estimate with the estimate for y
u and the fact that y

u3= u · n on Γ, together with the

product rule for Sobolev functions, to obtain the desired energy estimate for u.

This completes the proof.

11.4 The Spaces for a Weak Form of the Equations

Definition 11.4.1. For r ∈ [1,∞], we define the domains Ωr± and interface Γr as follows.

Ωr± := Ω± ∩Br(0)

Γr := Γ ∩Br(0)

where Br(0) denotes the open ball of radius r about 0, and is equal to R3 in the case r =∞. For r <∞
we refer to these as the bounded domains.

Definition 11.4.2. For r ∈ [1,∞], we define the Hilbert spaces B0
r and B1

r as follows.

B0
r := {v = (v+, v−) ∈ L2(Ωr+;R3)× L2(Ωr−;R3)}

For each t ∈ [0, T ] (at the end points we use uniform continuity for the following definition) we define

the inner product (·, ·)B0
r (t) on B0

r as follows, for v, w ∈ B0
r .

(v, w)B0
r (t) =

∑
±

(ρµ(t)
1∣∣n˜(t)
∣∣2 v, w)L2(Ωr±)

We define the inner product (·, ·)B0
r

as

(v, w)B0
r

= (v, w)B0
r (0)

which is independent of time. We will use this inner product on B0
r when applying any results from

functional analysis. The other inner products are defined for notational convenience. Note that for all

t ∈ [0, T ] the inner product (·, ·)B0
r (t) is equivalent to the standard inner product on L2(Ωr+)×L2(Ωr−)

since there exists a constant C∞,0 > 0 such that

1

C∞,0
≤ ρµ±(t, x) ≤ C∞,0

1

C∞,0
≤
∣∣n˜(t, x)

∣∣ ≤ C∞,0
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for all (t, x).

We define

B1
r := {v = (v+, v−) ∈ H1(Ωr+;R3)×H1(Ωr−;R3) : [v3] = 0, v3|Γr ∈ H1(Γr), v||x|=r = 0}

Note that by v||x|=r = 0 we mean that the H1(Ωr±)-trace of v on {|x| = r} ∩ Ω± is zero and the

H1(Γr)-trace of v3 on {|x| = r} ∩ Γ is zero, and this condition should be dropped entirely in the case

r =∞. For each t ∈ [0, T ] (at the end points we use uniform continuity for the following definition) we

define the semi-norm-inducing-inner product {·, ·}B1
r (t) on B1

r as follows, for v, w ∈ B1
r .

{v, w}B1
r (t) =

∑
±

(ρ(t)c2(t)∇ψ(t) · (N(t)v),∇ψ(t) · (N(t)w))L2(Ωr±)

+
∑
±

(ρ(t)c2(t)∇ψ(t) × (N(t)v),∇ψ(t) × (N(t)w))L2(Ωr±)

+ (∇′v3,∇′w3)L2(Γr) + (v3, w3)L2(Γr)

We define the semi-norm-inducing-inner product {·, ·}B1
r

as

{v, w}B1
r

= {v, w}B1
r (0)

which is independent of time.

We will write the induced semi-norm as

|v|2B1
r (t) := {v, v}B1

r (t)

We then define the time-dependent full inner product and induced norm on B1
r as

(v, w)B1
r (t) = (v, w)B0

r (t) + {v, w}B1
r (t)

||v||2B1
r (t) = (v, v)B0

r (t) + {v, v}B1
r (t)

and the time-independent full inner product

(v, w)B1
r

= (v, w)B0
r

+ {v, w}B1
r

We will use this inner product onB1
r when applying any results from functional analysis. The other inner

products are defined for notational convenience.

We will sometimes write B0 and B1 in the case r =∞.

Proposition 11.4.3. The map Φ : B1
r → Φ(B1

r ) ≤ H1(Ωr+;R3)×H1(Ωr−;R3)×H1(Γr) given by

v 7→ (v+, v−, v3|Γ)

is an isomorphism between Hilbert spaces, where the target space is equipped with the obvious product

inner product, and there exists C∞,0 > 0 independent of time such that

1

C∞,0
||v||2B1

r (t) ≤ ||Φ(v)||2 := ||v+||2H1(Ωr+) + ||v−||2H1(Ωr−) + ||v3||2H1(Γr)
≤ C∞,0 ||v||2B1

r (t)

for all t ∈ [0, T ].
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Proof. First note that since v±||x|=r = 0, we may extend v± by zero to obtain v± ∈ H1(Ω±), v3 ∈
H1(Γ).

Note that there exists a constant C∞,0 > 0 such that

1

C∞,0
≤ ρµ±(t, x) ≤ C∞,0∣∣∣∣∇′f ∣∣∣∣

H2.5(Γ)
≤ C∞,0

for all (t, x). Using this and the definition of ||·||B1
r (t), together with the lifting property in the definition

of N , the left-hand inequality is clear.

Note that

v3 = (N(t)v) · n˜(t)

Note also that, by orthogonality of
∣∣n˜∣∣N(t)

||N(t)v||L2(Ω±) =

∣∣∣∣∣
∣∣∣∣∣ 1∣∣n˜∣∣v

∣∣∣∣∣
∣∣∣∣∣
L2(Ω±)

≤ C∞,0 ||v||B1
r (t)

Applying the Hodge decomposition estimate A.1.2 to N(t)v we have

||N(t)v||H1(Ω±) ≤ C(1 +
∣∣∣∣∇′f(t)

∣∣∣∣3
W 1,∞(Γ)

)

(
||N(t)v||L2(Ω±) +

∣∣∣∣∣∣∇ψ · (N(t)v)
∣∣∣∣∣∣
L2(Ω±)

+
∣∣∣∣∣∣∇ψ × (N(t)v)

∣∣∣∣∣∣
L2(Ωr±)

+ ||(N(t)v) · n(t)||H0.5(Γ)

)
≤ C∞,0(||v||B0(t) + ||v||B1(t))

Now, using the orthogonality of
∣∣n˜∣∣N(t), we have

||N(t)v||2H1(Ω±) = ||N(t)v||2L2(Ω±) +

3∑
j=1

||(∂jN(t))v||2L2(Ω±) +

3∑
j=1

||N(t)∂jv||2L2(Ω±)

=

∣∣∣∣∣
∣∣∣∣∣ 1∣∣n˜∣∣v

∣∣∣∣∣
∣∣∣∣∣
2

L2(Ω±)

+

3∑
j=1

∣∣∣∣∣
∣∣∣∣∣ 1∣∣n˜∣∣∂xjv

∣∣∣∣∣
∣∣∣∣∣
2

L2(Ω±)

+

3∑
j=1

∣∣∣∣(∂xjN(t))v
∣∣∣∣2
L2(Ω±)

≥ C∞,0 ||v||2H1(Ω±) − C∞,0
∣∣∣∣∇′f ∣∣∣∣2

W 1,∞(Γ)
||v||2L2(Ω±)

Since we have already estimated

||v||L2(Ω±) ≤ C∞,0 ||v||B0
r (t)

The right-hand inequality follows.

Corollary 11.4.4. For r < ∞, B1
r is compactly embedded in B0

r (with norms ||·||B1
r (t) and ||·||B0

r (t)

respectively).

Proof. Using the above result and the standard Sobolev compact embedding theorem, we have B1
r ⊂

H1(Ωr+;R3)×H1(Ωr−;R3) ⊂⊂ L2(Ωr+;R3)×L2(Ωr−;R3), where the symbol⊂⊂means compactly

contained. Now we have already shown that L2(Ωr+;R3) × L2(Ωr−;R3) is isomorphic to B0
r with

equivalent norms, and this proves the result.
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Definition 11.4.5. For r ∈ [1,∞], we define the space Xr as follows.

Xr = {v = (v+, v−) : v± ∈ L1
loc((0, T )× Ωr±), v ∈ L∞((0, T );B1

r ), ∂tv ∈ L2((0, T );B0
r )}

We will sometimes write X for the case r =∞.

Note that if v ∈ X then v ∈ C([0, T ];B0
r ), since ∂tv ∈ L2((0, T );B0

r ).

11.5 Construction of a Galerkin Basis

Lemma 11.5.1. Let m ≥ 1 be an integer, and let z1, . . . , zm ∈ B0
r be orthonormal with respect to the

inner product (·, ·)B0
r
. Define the matrix M(t) depending on t ∈ (0, T ) by

(M(t))kl = (zk, zl)B0
r (t)

Then M(t) is uniformly positive definite on (0, T ), ie there exists a constant C∞,0 > 0 independent of t

such that

bTM(t)b ≥ 1

C∞,0
|b|2

for all b ∈ Rm, and hence M(t) is invertible with∣∣M(t)−1
∣∣ ≤ C∞,0

for some C∞ > 0 independent of t. Hence, since M ∈W 1,∞(0, T ) with

|∂tM | ≤ C∞,0

we have that M−1 ∈W 1,∞(0, T ) with ∣∣∂tM−1
∣∣ ≤ C∞,0

Proof. Let b ∈ Rm. Then

bTM(t)b =

m∑
k,l=1

bk(zk, zl)B0
r (t)bl

= (
m∑
k=1

bkzk,

m∑
l=1

blzl)B0
r (t)

= (vm, vm)B0
r (t)

where vm =
∑m

k=1 bk. Using the fact that C∞,0 ≥ ρµ 1

|n˜|2 ≥
δ0
µ

C∞,0
, we obtain

bTM(t)b = ||vm||2B0
r (t)

=

∣∣∣∣∣
∣∣∣∣∣(ρµ

∣∣n˜0
∣∣2

ρ0
µ

∣∣n˜∣∣2 )
1
2 vm

∣∣∣∣∣
∣∣∣∣∣
2

B0
r

≥ inf
Ω±

(
ρµ
∣∣n˜0
∣∣2

ρ0
µ

∣∣n˜∣∣2 ) ||vm||2B0
r

≥ 1

C∞,0

m∑
k,l=1

bk(zk, zl)B0
r
bl

≥ 1

C∞,0
|b|2
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where in the last line we have used the fact that z1, . . . , zm are orthonormal with respect to the inner

product (·, ·)B0
r
. This completes the proof.

Lemma 11.5.2. For r <∞, there exists a sequence of functions (zk)
∞
k=1 ⊂ B1

r which form an orthogo-

nal Hilbert space basis for B1
r (with norm ||·||B1

r
) and an orthonormal Hilbert space basis for B0

r (with

norm ||·||B0
r
). We call these the Galerkin basis functions. Moreover, the functions zk satisfy the following

eigenvalue equation

(zk, w)B1
r

= λk(zk, w)B0
r

for all w ∈ B1
r (11.5.1)

where λk > 0 for each k.

Proof. We define the bounded linear operator S : B0
r → B0

r as follows.

Sf = u

where u ∈ B1
r ⊂ B0

r is the unique solution to the equation

(u,w)B1
r

= (f, w)B0
r

for all w ∈ B1
r (11.5.2)

We claim S is well-defined. Indeed, given f ∈ B0
r , we can define a continuous linear functional φf on

B1
r by φf (w) = (f, w)B0

r
for w ∈ B1

r . Now the Riesz representation theorem says there exists a unique

element u ∈ B1
r such that (u,w)B1

r
= φf (w) = (f, w)B0

r
for all w ∈ B1

r . We define Sf = u. It is clear

that S is linear and

||Sf ||B0
r
≤ ||Sf ||B1

r
= ||u||B1

r
≤ ||f ||B0

r

Hence S is bounded. What is more, this last line shows that S is a compact operator, since B1
r ⊂⊂ B0

r .

We claim that S is also symmetric and positive definite. Indeed, note that, if Sf = u, then

(Sf, f)B0
r

= (u, f)B0
r

= (f, u)B0
r

= (u, u)B0
r
≥ 0

with equality if and only if u = 0 if and only if f = 0. Note that we have used the symmetry of the inner

product followed by the equation (11.5.2) choosing w = u. Also, suppose Sf1 = u1 and Sf2 = u2.

Then, using the same trick,

(Sf1, f2)B0
r

= (u1, f2)B0
r

= (f2, u1)B0
r

= (u2, u1)B0
r

(Sf2, f1)B0
r

= (u2, f1)B0
r

= (f1, u2)B0
r

= (u1, u2)B0
r

But since (u1, u2)B0
r

= (u2, u1)B0
r
, we have (Sf1, f2)B0

r
= (Sf2, f1)B0

r
= (f1, Sf2)B0

r
, hence S is

symmetric.

Thus, by the spectral decomposition theorem for compact self-adjoint operators, there exists an or-

thonormal basis (zk)
∞
k=1 of B0

r consisting of eigenfunctions of S with real strictly positive eigenvalues

(µk)
∞
k=1. In particular, this means zk ∈ B1

r for all k and, defining λk := µ−1
k ,

(zk, w)B1
r

= λk(zk, w)B0
r

for all w ∈ B1
r
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Note that this implies

(zk, zl)B1
r

= λk(zk, zl)B0
r

= λkδkl

for all k, l, hence (zk)
∞
k=1 is an orthogonal set in B1

r .

We claim the span of (zk)
∞
k=1 is dense in B1

r . Indeed, let u ∈ B1
r . Suppose (u, zk)B1

r
= 0 for all k.

It suffices to prove that u = 0. But we know from (11.5.1) that

(zk, u)B1
r

= λk(zk, u)B0
r

for all k, hence

(zk, u)B0
r

= 0

for all k. This implies u = 0 in B0
r since (zk)

∞
k=1 is a basis of B0

r , and this implies u = 0 in B1
r . This

proves the claim.

11.6 Existence, Uniqueness and Regularity Theory for Weak Equations
of the Appropriate Form

Notation. If v is a vector, we will write (v,∇v) as a matrix containing all the entries of v and all the

derivatives ∂xjvi for 0 ≤ i, j ≤ 3. We write just∇v for the matrix with entries ∂xjvi for 0 ≤ i, j ≤ 3.

For simplicity, we will denote a linear function of v,∇v or (v,∇v) whose output may be a scalar,

vector, or matrix, by an expression of the form

Av

A∇v

A(v,∇v)

respectively, where A is a tensor of the appropriate rank.

We will also be using G to denote a generic scalar, vector or matrix as appropriate, but note in

particular that if G is a matrix and (·, ·) denotes an inner product then

(G,∇v) =

3∑
i,j=1

Gij∂xjvi

Also, if G is a matrix then Gj will denote the j-th column of G and ∇· acts on the rows of G.

Notation. If we write G ∈ H or G(t) ∈ H for some normed space H and then we refer to a constant

CG or CG(t) it will be implicitly assumed that

CG ≤ Fµ(||G||H)

or

CG(t) ≤ Fµ(||G(t)||H)

for some smooth increasing function Fµ which may depend on µ, and we extend the notation to include

more norms if we write that G belongs to more spaces.
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Definition 11.6.1. We will sometimes find it convenient to write

(∂tv, w)B0
r (t) =

∑
±

(A0∂tv, w)L2(Ωr±)

{v, w}B1
r (t) =

∑
±

(A1(v,∇v), (w,∇w))L2(Ωr±) + (v3, w3)H1(Γr)

for a scalar function A0 and a tensor of appropriate rank A1.

We also define the tensor A2 such that

A2(v,∇v) = µNT∂x3(
(−∇′ψ, 1)

Jψ
)ρc2∇ψ · (Nv)− µNT∂x3(

(−∇′ψ, 1)

Jψ
)× (∇ψ × (Nv))

+ ρµN
T (uψ · ∇)(Nv) + ρµN

T (∂tN)v

Note that Ai have the form

A0 = A(ρµ, N)

A1 = A(ρc2,∇ψ,∇N,N)

A2 = A(ρµ, ρc
2, ū,∇ψ,∇ψ̄, ∂tψ,∇N, ∂tN,N)

where A denotes a generic smooth function.

Definition 11.6.2. We write CA for a constant bounded above as follows.

CA(t) ≤ Fµ(
∑
±

(ess sup
τ∈(0,t)

||z||2L∞(Ω±) +
∑

1≤|α|≤3

ess sup
τ∈(0,t)

||∂αz||2H1(Ω±) +

∫ t

0

∣∣∣∣∂4
tA

1
∣∣∣∣2
L2(Ω±)

dτ),

4∑
k=0

ess sup
τ∈(0,t)

∣∣∣∣∣∣∂k+1
x3

ψ
∣∣∣∣∣∣2
L∞(R3)

,
1

δ0
,

1

δ0
µ

,
1

κ0
)

for some smooth increasing function Fµ, where

z = (ρµ, ρc
2, ū,∇′ψ,∇′ψ̄, ∂tψ,∇N, ∂tN,N)

Note that, given the regularity of f, s, p, ū, f̄ , we have

CA(T ) <∞

Note that we have used the fact that ||∇N ||H4(Ω±) ≤ C ||∇′f ||H4.5(Γ) due to the lifting property.

Proposition 11.6.3. Let r ∈ [1,∞] and let Wr ≤ B1
r . Let G1 ∈ L2((0, T ) × Ωr±) be a vector,

G2 ∈ L2((0, T )×Ωr±) be a matrix, G3 ∈ L2((0, T )× Γr) be a scalar and G4 ∈ L2((0, T )× Γr) be a

2-vector. Suppose that v ∈ X ∩Wr is such that

(∂tv, w)B0
r (t) + µ{v, w}B1

r (t) +
∑
±

(A2(v,∇v), w)L2(Ωr±)

=
∑
±

(G1, w)L2(Ωr±) +
∑
±

(G2,∇w)L2(Ωr±) + (G3, w3)L2(Γr) + (G4,∇′w3)L2(Γr)
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for all w ∈Wr for almost every t ∈ (0, T ). Then we have the estimates

ess sup
τ∈(0,t)

||v||2B0
r (τ) ≤ C∞,0(||v(0)||2B0

r

+

∫ t

0

∑
±

(
∣∣∣∣G1

∣∣∣∣2
L2(Ωr±)

+
∣∣∣∣G2

∣∣∣∣2
L2(Ωr±)

) +
∣∣∣∣G3

∣∣∣∣2
L2(Γr)

+
∣∣∣∣G4

∣∣∣∣2
L2(Γr)

dτ) (11.6.1)∫ t

0
||v||2B1

r (τ) dτ ≤

C∞,0

∫ t

0
||v(0)||2B0

r
+
∑
±

(
∣∣∣∣G1

∣∣∣∣2
L2(Ωr±)

+
∣∣∣∣G2

∣∣∣∣2
L2(Ωr±)

) +
∣∣∣∣G3

∣∣∣∣2
L2(Γr)

+
∣∣∣∣G4

∣∣∣∣2
L2(Γr)

dτ (11.6.2)

Moreover, suppose that we have G2 ∈ L∞((0, T );L2(Ωr±)), ∂tG2 ∈ L2((0, T ) × Ωr±), G3, G4 ∈
L∞((0, T );L2(Γr)), ∂tG3, ∂tG

4 ∈ L2((0, T ) × Γr), ∂tv ∈ L2((0, T );Wr), so that in particular v ∈
C([0, T ];B1

r ). Then∫ t

0
||∂tv||2B0

r (τ) dτ + ess sup
τ∈(0,t)

||v||2B1
r (t)

≤ C∞,1
ε

(

∫ t

0
||v(0)||2B0

r
+
∑
±

∣∣∣∣G1
∣∣∣∣2
L2(Ωr±)

+
∑
±

∣∣∣∣G2
∣∣∣∣2
L2(Ωr±)

+
∣∣∣∣G3

∣∣∣∣2
L2(Γr)

+
∣∣∣∣G4

∣∣∣∣2
L2(Γr)

dτ)

+ C∞,0(||v(0)||2B1
r

+
∑
±

ess sup
τ∈(0,t)

∣∣∣∣G2
∣∣∣∣2
L2(Ωr±)

+ ess sup
τ∈(0,t)

∣∣∣∣G3
∣∣∣∣2
L2(Γr)

+ ess sup
τ∈(0,t)

∣∣∣∣G4
∣∣∣∣2
L2(Γr)

)

+ ε

∫ t

0

∑
±

∣∣∣∣∂tG2
∣∣∣∣2
L2(Ωr±)

+
∣∣∣∣∂tG3

∣∣∣∣2
L2(Γr)

+
∣∣∣∣∂tG4

∣∣∣∣2
L2(Γr)

dτ (11.6.3)

where we are free to choose ε ∈ (0, 1].

Proof. Firstly, we note that since the equation holds for all w ∈ Wr, and we have v ∈ Wr, we may set

w = v in the equation. Doing this and using the product rule in time we obtain

1

2

d

dt
||v||2B0

r (t) −
1

2

∑
±

(∂tA
0v, v)L2(Ωr±) + µ |v|2B1

r (t) +
∑
±

(A2(v,∇v), v)L2(Ωr±)

=
∑
±

(G1, v)L2(Ωr±) +
∑
±

(G2,∇v)L2(Ωr±) + (G3, v3)L2(Γr) + (G4,∇′v3)L2(Γr)

Integrating in time and using Cauchy’s inequality, we obtain

1

2
||v||2B0

r (t) + µ

∫ t

0
|v|2B1

r (τ) dτ

≤ 1

2
||v(0)||2B0

r
+
C∞,0
δ

∫ t

0
||v||2L2(Ωr±) dτ + δ

∫ t

0
||v||2H1(Ωr±) dτ + δ

∫ t

0
||v3||2H1(Γr)

dτ

+
1

δ

∫ t

0

∑
±

∣∣∣∣G1
∣∣∣∣2
L2(Ωr±)

+
∑
±

∣∣∣∣G2
∣∣∣∣2
L2(Ωr±)

+
∣∣∣∣G3

∣∣∣∣2
L2(Γr)

+
∣∣∣∣G4

∣∣∣∣2
L2(Γr)

dτ

Using the fact that ||v||L2(Ωr±) ≤ C∞,0 ||v||B0
r (t) and ||v||H1(Ωr±) + ||v3||H1(Γr)

≤ C∞,0 ||v||B1
r (t) as

proved in 11.4.3, we obtain

1

2
||v||2B0

r (t) + µ

∫ t

0
||v||2B1

r (τ) dτ

≤ 1

2
||v(0)||2B0

r
+
C∞,0
δ

∫ t

0
||v||B0

r (τ) dτ + C∞,0δ

∫ t

0
||v||2B1

r (τ) dτ

+
1

δ

∫ t

0

∑
±

∣∣∣∣G1
∣∣∣∣2
L2(Ωr±)

+
∑
±

∣∣∣∣G2
∣∣∣∣2
L2(Ωr±)

+
∣∣∣∣G3

∣∣∣∣2
L2(Γr)

+
∣∣∣∣G4

∣∣∣∣2
L2(Γr)

dτ
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Choosing δ sufficiently small depending on C∞,0 we obtain

||v||2B0
r (t) + 2µ

∫ t

0
||v||2B1

r (τ) dτ ≤ C∞,0
∫ t

0
||v||B0

r (τ) dτ

+ ||v(0)||2B0
r

+ C∞,0

∫ t

0

∑
±

∣∣∣∣G1
∣∣∣∣2
L2(Ωr±)

+
∑
±

∣∣∣∣G2
∣∣∣∣2
L2(Ωr±)

+
∣∣∣∣G3

∣∣∣∣2
L2(Γr)

+
∣∣∣∣G4

∣∣∣∣2
L2(Γr)

dτ

Applying Gronwall’s lemma, we obtain

||v||2B0
r (t) ≤ C∞,0(||v(0)||2B0

r

+

∫ t

0

∑
±

(
∣∣∣∣G1

∣∣∣∣2
L2(Ωr±)

+
∣∣∣∣G2

∣∣∣∣2
L2(Ωr±)

) +
∣∣∣∣G3

∣∣∣∣2
L2(Γr)

+
∣∣∣∣G4

∣∣∣∣2
L2(Γr)

dτ)

which proves (11.6.1). Returning to the previous inequality and taking the supremum over τ ∈ (0, t)

which allows us to absorb the term ||v(0)||2B0
r

into the left hand side, we obtain∫ t

0
||v||2B1

r (τ) dτ ≤ C∞,0
∫ t

0
||v||B0

r (τ) dτ

+ C∞,0

∫ t

0

∑
±

∣∣∣∣G1
∣∣∣∣2
L2(Ωr±)

+
∑
±

∣∣∣∣G2
∣∣∣∣2
L2(Ωr±)

+
∣∣∣∣G3

∣∣∣∣2
L2(Γr)

+
∣∣∣∣G4

∣∣∣∣2
L2(Γr)

dτ

Using the estimate (11.6.1) for ||v||B0
r (τ), we obtain (11.6.2). This proves the first part of the result.

We now assume the additional regularity as stated in the second part of the proposition. Since we

have ∂tv ∈Wr for almost every t ∈ (0, T ), we may set w = ∂tv in the equation. We obtain

||∂tv||2B0
r (t) +

1

2
µ

d

dt
|v|2B1

r (t) −
1

2
µ
∑
±

(∂tA
1(v,∇v), (v,∇v))2

L2(Ωr±) +
∑
±

(A2(v,∇v), ∂tv)L2(Ωr±)

=
∑
±

(G1, ∂tv)L2(Ωr±) +
∑
±

d

dt
(G2,∇v)L2(Ωr±) − (∂tG

2,∇v)L2(Ωr±)

+
d

dt
(G3, v3)L2(Γr) − (∂tG

3, v3)L2(Γr) +
d

dt
(G4,∇′v3)L2(Γr) − (∂tG

4,∇′v3)L2(Γr)

Integrating from 0 to t for t ∈ (0, T ) and using Cauchy’s inequality, and again using the equivalence of

norms as proved in (11.4.3), we obtain∫ t

0
||∂tv||2B0

r (τ) dτ +
1

2
µ |v|2B1

r (t)

=
1

2
µ |v(0)|2B1

r
+

1

2
µ
∑
±

∫ t

0
(∂tA

1(v,∇v), (v,∇v))L2(Ωr±)dτ −
∑
±

∫ t

0
(A2(v,∇v), ∂tv)L2(Ωr±)dτ

+
∑
±

∫ t

0
(G1, ∂tv)L2(Ωr±)dτ +

∑
±

(G2,∇v)L2(Ωr±) −
∑
±

(G2|t=0,∇v|t=0)L2(Ωr±)

−
∫ t

0
(∂tG

2,∇v)L2(Ωr±)dτ + (G3, v3)L2(Γr) − (G3|t=0, v3|t=0)L2(Γr) −
∫ t

0
(∂tG

3, v3)L2(Γr)dτ

+ (G4,∇′v3)L2(Γr) − (G4|t=0,∇′v3|t=0)L2(Γr) −
∫ t

0
(∂tG

4,∇′v3)L2(Γr)dτ

≤ µ

2
||v(0)||2B1

r
+
C∞,1
δ

∫ t

0
||v||2B1

r (τ) dτ +
C∞,0
ε

∫ t

0
||v||2B1

r (τ) dτ + δ

∫ t

0
||∂tv||2B0

r (τ) dτ + δ ||v||2B1
r (t)

+
C∞,0
δ

(

∫ t

0

∑
±

∣∣∣∣G1
∣∣∣∣2
L2(Ωr±)

dτ + ess sup
τ∈(0,t)

(
∑
±

∣∣∣∣G2
∣∣∣∣2
L2(Ωr±)

+
∣∣∣∣G3

∣∣∣∣2
L2(Γr)

+
∣∣∣∣G4

∣∣∣∣2
L2(Γr)

))

+ ε

∫ t

0

∑
±

∣∣∣∣∂tG2
∣∣∣∣2
L2(Ωr±)

+
∣∣∣∣∂tG3

∣∣∣∣2
L2(Γr)

+
∣∣∣∣∂tG4

∣∣∣∣2
L2(Γr)

dτ

146



Now we choose δ > 0 sufficiently small and use the existing estimate for ||v||B0
r (t) and

∫ t
0 ||v||

2
B1
r (τ) dτ

to obtain∫ t

0
||∂tv||2B0

r (t) dτ + ||v||2B1
r (t)

≤ C∞,1
ε

(

∫ t

0
||v(0)||2B0

r
+
∑
±

∣∣∣∣G1
∣∣∣∣2
L2(Ωr±)

+
∑
±

∣∣∣∣G2
∣∣∣∣2
L2(Ωr±)

+
∣∣∣∣G3

∣∣∣∣2
L2(Γr)

+
∣∣∣∣G4

∣∣∣∣2
L2(Γr)

dτ)

+ C∞,0(||v(0)||2B1
r

+ ess sup
τ∈(0,t)

∣∣∣∣G2
∣∣∣∣2
L2(Ωr±)

+ ess sup
τ∈(0,t)

∣∣∣∣G3
∣∣∣∣2
L2(Γr)

+ ess sup
τ∈(0,t)

∣∣∣∣G4
∣∣∣∣2
L2(Γr)

)

+ ε

∫ t

0

∑
±

∣∣∣∣∂tG2
∣∣∣∣2
L2(Ωr±)

+
∣∣∣∣∂tG3

∣∣∣∣2
L2(Γr)

+
∣∣∣∣∂tG4

∣∣∣∣2
L2(Γr)

dτ

This completes the proof.

Proposition 11.6.4. Let 1 ≤ r <∞.

Let G1 ∈ L2((0, T ) × Ωr±) be a vector, G2 ∈ L∞((0, T );L2(Ωr±)) with ∂tG2 ∈ L2((0, T ) ×
Ωr±) be a matrix, G3 ∈ L∞((0, T );L2(Γr)) with ∂tG3 ∈ L2((0, T ) × Γr) be a scalar and G4 ∈
L∞((0, T );L2(Γr)) with ∂tG4 ∈ L2((0, T )×Γr) be a 2-vector. Then there exists a unique v ∈ Xr with

v(0) = 0

such that

(∂tv, w)B0
r (t) + µ{v, w}B1

r (t) +
∑
±

(A2(v,∇v), w)L2(Ωr±)

=
∑
±

(G1, w)L2(Ωr±) +
∑
±

(G2,∇w)L2(Ωr±) + (G3, w3)L2(Γr) + (G4,∇′w3)L2(Γr) (11.6.4)

for all w ∈ B1
r for almost every t ∈ (0, T ), and v satisfies the estimate (11.6.3).

Proof. Firstly, we claim that for each integer m ≥ 1, there exist functions d1
m, . . . , d

m
m ∈ H1(0, T ) such

that

vm :=
m∑
k=1

dkm(t)zk ∈ H1((0, T );B1
r )

satisfies the equation (11.6.4) for all test functions w ∈ Wm
r := 〈z1, . . . , zm〉, and also vm|t=0 = 0,

where (zk)
∞
k=1 is the Galerkin basis defined in 11.5.2. Explicitly,

vm|t=0 = 0

and the following holds for almost every t ∈ (0, T ).

(∂tvm, w)B0
r (t) + µ{vm, w}B1

r (t) +
∑
±

(A2(vm,∇vm), w)L2(Ωr±)

=
∑
±

(G1, w)L2(Ωr±) +
∑
±

(G2,∇w)L2(Ωr±) + (G3, w3)L2(Γr) + (G4,∇′w3)L2(Γr) (11.6.5)

for all w ∈Wm
r := 〈z1, . . . , zm〉.
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Indeed, we define (d1
m, . . . , d

m
m) as the solution of the following system.

m∑
k=1

ddkm
dt

(t)(zk, zl)B0
r (t) +

m∑
k=1

dkm(t)

(
µ{zk, zl}B1

r (t) +
∑
±

(A2(zk,∇zk), zl)L2(Ωr±)

)
=
∑
±

(G1, zl)L2(Ωr±) +
∑
±

(G2,∇zl)L2(Ωr±) + (G3, (zl)3)L2(Γr) + (G4,∇′(zl)3)L2(Γr)

for all 1 ≤ l ≤ m with dkm(0) = 0 for all k. Note that we have shown in lemma 11.5.1 that the matrix

(M(t))kl := (zk, zl)B0
r (t) multiplying the vector dm is invertible with inverse in W 1,∞(0, T ), hence we

can write this as a standard first-order linear system of ODEs of the form

ddm
dt

= A(t)dm + b(t)

where A(t) ∈ W 1,∞(0, T ), b(t) ∈ L2(0, T ). Hence, by standard theory, a solution dm = (d1
m, . . . , d

m
m)

exists on the interval (0, T ) with d1
m, . . . , d

m
m ∈ H1(0, T ).

We then define

vm :=

m∑
k=1

dkm(t)zk

It is clear by the construction of dkm and linearity that vm satisfies the equation (11.6.5) for all test

functions w ∈ 〈z1, . . . , zm〉, and also vm|t=0 = 0.

This proves the claim. We also note that, if, in addition, we have ∂tG1 ∈ L2((0, T ) × Ω±), then

b(t) ∈ H1(0, T ) and hence d1
m, . . . , d

m
m ∈ H2(0, T ) and vm ∈ H2((0, T );B1

r ).

Note that since vm, ∂tvm ∈ Wm
r , and given the regularity of the Gi, we see that vm satisfies the

estimate (11.6.3). Using this energy estimate, we can now prove the existence of a weak solution. Indeed,

using weak-∗ compactness, there exists a v ∈ X and a subsequence vml such that

vml
∗
⇀ v in L∞((0, T );B1)

∂tvml
∗
⇀ ∂tv in L2((0, T );B0)

We also have by weak-∗ lower semi-continuity of norms that v satisfies the same estimate. We claim that

v is a weak solution of the equation. Indeed, let w ∈ C1([0, T ];B1
r ) be a function of the form

w =

M∑
k=1

ak(t)zk

Pick L such that ml ≥ M for all l ≥ L. Then, by linearity, we have that the equation (11.6.5) holds

for vml with test function w(t), for all l ≥ L and almost every t. We integrate from 0 to T , then let

l → ∞ and use the weak/weak-∗ convergences above. We obtain that the time-integrated equation

holds for v with test function w. Since (zk)
∞
k=1 are dense in B1

r , we may approximate any test function

w ∈ L2([0, T ];B1
r ) with functions of this form, thus obtaining that the time-integrated equation holds

for v with any test function w ∈ L2([0, T ];B1
r ). In particular, we have that the the equation (11.6.4)

holds for v for all w ∈ B1
r for almost every t. This proves that v is a weak solution of the equation.

It remains to show that v(0) = 0. We note that ∂tv ∈ L2((0, T );B0
r ). Letw± ∈ C1([0, T ];H1

0 (Ω±))

with w(T ) = 0. Then∫ T

0
(∂tv, w)L2(Ω±)dt = −

∫ T

0
(v, ∂tw)L2(Ω±)dt− (v(0), w(0))L2(Ω±)
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But we also know that∫ T

0
(∂tvml , w)L2(Ω±)dt = −

∫ T

0
(vml , ∂tw)L2(Ω±)dt− (vml(0), w(0))L2(Ω±)

= −
∫ T

0
(vml , ∂tw)L2(Ω±)dt

since vml(0) = 0 for all l. Passing to the limit as l→∞ using weak convergence, we find∫ T

0
(∂tv, w)L2(Ω±)dt = −

∫ T

0
(v, ∂tw)L2(Ω±)dt

Comparing this with the above equation, we find that

(v(0), w(0))L2(Ω±) = 0

for all such w, hence v(0) = 0. This completes the proof of the existence of a weak solution.

The proof of uniqueness is straightforward using the energy estimate. Suppose v1 and v2 are two

weak solutions. We subtract the equation (11.6.4) for v2 from that for v1 and write ṽ = v1− v2 to obtain

(∂tṽ, w)B0
r (t) + µ{ṽ, w}B1

r (t) +
∑
±

(A2(ṽ,∇ṽ), w)L2(Ωr±) = 0

for allw ∈ B1
r and almost every t. Applying the energy estimate (11.6.1) withG1 = G2 = G3 = G4 = 0

and v(0) = 0, we obtain

ess sup
t∈(0,T )

||ṽ||B0
r (t) = 0

and hence v1 = v2 almost everywhere in (0, T )× Ωr± as required.

Proposition 11.6.5. The previous proposition holds in the case r =∞.

Proof. Firstly, for each 1 ≤ r < ∞, we let φr ∈ C∞c (Br(0)) with φr = 1 on B r
2
(0) and |∇φr| ≤ C

where C is independent of r.

We then define G1
r , G

2
r , G

3
r , G

4
r as follows.

G1
r = φrG

1 +G2∇φr

G2
r = φrG

2

G3
r = φrG

3 +∇′ψr ·G4

G4
r = φrG

4

which implies that for all w ∈ B1 we have∑
±

(G1
r , w)L2(Ωr±) +

∑
±

(G2
r ,∇w)L2(Ωr±) + (G3

r , w3)L2(Γr) + (G4
r ,∇′w3)L2(Γr)

=
∑
±

(G1, φrw)L2(Ω±) +
∑
±

(G2,∇(φrw))L2(Ω±) + (G3, φrw3)L2(Γ) + (G4,∇′(φrw3))L2(Γ)

We may apply the previous result to obtain a weak solution vr ∈ Xr to the equation

(∂tvr, w)B0
r (t) + µ{vr, w}B1

r (t) +
∑
±

(A2(vr,∇vr), w)L2(Ωr±)

=
∑
±

(G1
r , w)L2(Ωr±) +

∑
±

(G2
r ,∇w)L2(Ωr±) + (G3

r , w3)L2(Γr) + (G4
r ,∇′w3)L2(Γr)
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for all w ∈ B1
r for almost every t ∈ (0, T ) with

vr(0) = 0

We also have the energy estimate (11.6.3) for vr. Now let us define vr± on the whole of Ω± by extension

by zero, using the fact that vr±||x|=r = 0 to ensure vr±(t) ∈ B1 for almost every t. We thus have

vr ∈ L∞((0, T );B1)

∂tvr ∈ L2((0, T );B0)

with the same energy estimate. Note the right-hand side of this estimate is independent of r. Then we

may use weak-∗ compactness to pass to a limit along a subsequence rl as l → ∞. We obtain a function

v ∈ L∞((0, T );B1) with ∂tv ∈ L2((0, T );B0) such that

vrl
∗
⇀ v in L∞((0, T );B1)

∂tvrl
∗
⇀ ∂tv in L2((0, T );B0)

and by weak-∗ lower semi-continuity of norms the same estimate holds for v.

Now let w ∈ L2((0, T );B1) with compact support inBs(0) for almost every t. We see that if r > 2s

then, since φr = 1 on B r
2
(0), we have∫ T

0
(∂tvr, w)B0(t) + µ{vr, w}B1(t) +

∑
±

(A2(vr,∇vr), w)L2(Ω±)dt

=

∫ T

0

∑
±

(G1, w)L2(Ω±) +
∑
±

(G2,∇w)L2(Ω±) + (G3, w3)L2(Γ)dt+ (G4,∇′w3)L2(Γ)dt

Using the above weak-∗ convergence and passing to the limit along the subsequence rl, we obtain

(∂tv, w(t))B0(t) + µ{v, w}B1(t) +
∑
±

(A2(v,∇v), w(t))L2(Ω±)

=
∑
±

(G1, w(t))L2(Ω±) +
∑
±

(G2,∇w(t))L2(Ω±) + (G3, w3(t))L2(Γ) + (G4,∇′w3(t))L2(Γ)

for almost every t ∈ (0, T ). Now given w ∈ B1 with compact support in Bs(0) for each such t we

may pick w̃ ∈ L2((0, T );B1) with w(t) = w and hence the above holds for all w ∈ B1 with compact

support in Bs(0) for almost every t. But since such w are dense in B1, the above equation is satisfied for

all w ∈ B1.

Now we show that v(0) = 0. We note that ∂tv ∈ L2((0, T );B0). Let w± ∈ C1([0, T ];H1
0 (Ω±))

with w(T ) = 0. Suppose also w(t) has compact support in Bs(0) for all t and let r > 2s. We have∫ T

0
(∂tv, w)L2(Ω±)dt = −

∫ T

0
(v, ∂tw)L2(Ω±)dt− (v(0), w(0))L2(Ω±)

But we also know that∫ T

0
(∂tvr, w)L2(Ω±)dt = −

∫ T

0
(vr, ∂tw)L2(Ω±)dt− (vr(0), w(0))L2(Ω±)

= −
∫ T

0
(vr, ∂tw)L2(Ω±)dt
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since vr(0) = 0 for all r. Passing to the limit along the subsequence rl as l → ∞ using weak conver-

gence, we find ∫ T

0
(∂tv, w)L2(Ω±)dt = −

∫ T

0
(v, ∂tw)L2(Ω±)dt

Comparing this with the above equation, we find that

(v(0), w(0))L2(Ω±) = 0

for all such w, hence v(0) = 0 by density of compactly supported functions in L2.

As in the previous proposition, uniqueness of the solution follows from applying the energy estimate

(11.6.1) (which holds even in the case r =∞) to the difference of two solutions v1 and v2.

This completes the proof.

Proposition 11.6.6. Let 1 ≤ r < ∞. Suppose the assumptions of proposition 11.6.4 hold, and let

v ∈ Xr be the unique weak solution given by this proposition.

Suppose in addition that G1 ∈ L∞((0, T );L2(Ωr±)), ∂tG1 ∈ L2((0, T )× Ωr±) and that G2|t=0 ∈
H1(Ωr±). Let us write∑

±
(G1|t=0, w)L2(Ωr±) −

∑
±

(∇ ·G2|t=0, w)L2(Ωr±) = (h,w)B0
r

so that h ∈ B0
r is given by

h =

∣∣n˜0
∣∣2

ρ0
µ

(G1|t=0 −∇ ·G2|t=0)

and suppose that

−
∑
±

(±)(G2
3|t=0, w)L2(Γr) + (G3|t=0, w3)L2(Γr) + (G4|t=0,∇′w3)L2(Γr) = 0

for all w ∈ B1
r .

Then in fact we have

∂tv ∈ L∞((0, T );B0
r )

∂tv ∈ L2((0, T );B1
r )

with the estimate

ess sup
τ∈(0,t)

||∂tv||B0
r (τ) +

∫ t

0
||∂tv||B1

r (τ) dτ ≤ C∞,1CG(t)

where CG(t) denotes a constant depending linearly on the appropriate norms of Gi.

Finally, suppose in addition that we have ∂tG2 ∈ L∞((0, T );L2(Ωr±)), ∂2
tG

2 ∈ L2((0, T )×Ωr±),

∂tG
3, ∂tG

4 ∈ L∞((0, T );L2(Γr)), ∂2
tG

3, ∂2
tG

4 ∈ L2((0, T )× Γr). Suppose also that h ∈ B1
r .

Then in fact we have

∂tv ∈ L∞((0, T );B1
r )

∂2
t v ∈ L2((0, T );B0

r )

∂tv|t=0 = h
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with the estimate

ess sup
τ∈(0,t)

||∂tv||B1
r (τ) +

∫ t

0

∣∣∣∣∂2
t v
∣∣∣∣
B0
r (τ)

dτ ≤ CA(t)(CG(t) + ||h||2B1
r
)

where CG(t) denotes a constant depending linearly on the appropriate norms of Gi. Moreover, ∂tv

satisfies the equation

(∂2
t v, w)B0

r (t) + µ{∂tv, w}B1
r (t) +

∑
±

(A2(∂tv,∇∂tv), w)L2(Ωr±)

=
∑
±

(G1,1, w)L2(Ωr±) +
∑
±

(G2,1,∇w)L2(Ωr±) + (G3,1, w3)L2(Γr) + (G4,1,∇′w3)L2(Γr)

for all w ∈ B1
r for almost every t ∈ (0, T ), where we have defined

G1,1 := ∂tG
1 − ∂tA0∂tv − µ∂tA1(v,∇v)− ∂tA2(v,∇v)

G2,1 := ∂tG
3 − µ∂tA1(v,∇v)

G3,1 : = ∂tG
3

G4,1 : = ∂tG
4 (11.6.6)

Note that in the first two lines above ∂tA1(v,∇v) should be understood to mean the appropriate part or

row of the full tensor ∂tA1(v,∇v).

Proof. We let vm be the same sequence of approximate solutions as in 11.6.4.

We evaluate the approximate equation (11.6.5) at time t = 0 which is possible because of the given

regularity. We use the fact that vm(0) = 0 to see that the second and third terms on the left hand side

disappear, the we integrate by parts in the term involving G2, using the fact that w||x|=r = 0, to obtain

the following.

(∂tvm|t=0, w)B0
r

=
∑
±

(G1|t=0, w)L2(Ωr±) −
∑
±

(∇ ·G2|t=0, w)L2(Ωr±)

−
∑
±

(±)(G2
3|t=0, w)L2(Γr) + (G3|t=0, w3)L2(Γr) + (G4|t=0,∇′w3)L2(Γr)

By assumption, the boundary terms cancel and we are left with

(∂tvm|t=0, w)B0
r

= (h,w)B0
r

for all w ∈Wm
r . In particular, setting w = ∂tvm|t=0, we obtain

||∂tvm|t=0||B0
r
≤ ||h||B0

r

Note that since ∂tG1 ∈ L2((0, T ) × Ωr±), we know from the construction of the Galerkin basis in

11.6.4 that vm ∈ H2((0, T );B1
r ). This allows us to differentiate the equation (11.6.5) with respect to t.

We obtain

(∂2
t vm, w)B0

r (t) + µ{∂tvm, w}B1
r (t) +

∑
±

(A2(∂tvm,∇∂tvm), w)L2(Ωr±)

=
∑
±

(G1,1,m, w)L2(Ωr±) +
∑
±

(G2,1,m,∇w)L2(Ωr±) + (G3,1,m, w3)L2(Γr) + (G4,1,m,∇′w3)L2(Γr)
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where Gi,1,m are as defined in (11.6.6), with vm replacing v. Note that given the regularity of ∂tGi for

1 ≤ i ≤ 4 and the regularity of vm and ∂tvm already obtained, we have G1,1,m ∈ L2((0, T ) × Ωr±),

G2,1,m ∈ L2((0, T ) × Ωr±), G3,1,m, G4,1,m ∈ L2((0, T ) × Γr) with corresponding norms bounded

independently of m. We also know that ∂tvm ∈ Wm
r for each t, hence we may apply the energy

estimates (11.6.1)-(11.6.2) to ∂tvm to obtain that ∂tvm satisfies the estimates (11.6.1)- (11.6.2) with Gi

replaced by Gi,1,m for 1 ≤ i ≤ 4 and v(0) replaced by h, which gives

ess sup
τ∈(0,t)

||∂tvm||2B0
r (τ) +

∫ t

0
||∂tvm||2B1

r (τ) dτ ≤ C∞,1CG(t)

where we use CG(t) to denote a constant depending linearly on the norms of Gi. Now we may pass to

the limit m → ∞ along (a subsequence of) the subsequence ml and use weak-∗ compactness to obtain

∂tv ∈ L∞((0, T );B0
r ), ∂tv ∈ L2((0, T );B1

r ) with v satisfying the same estimate by weak-∗ lower

semi-continuity of norms. This proves the second part of the proposition.

We now move on to the second part. Given the additional regularity of Gi and the estimates proved

for vm and ∂tvm above, we may conclude that G2,1,m ∈ L∞((0, T );L2(Ωr±)), ∂tG2,1,m ∈ L2((0, T )×
Ωr±), G3,1,m, G4,1,m ∈ L∞((0, T );L2(Γr)), ∂tG3,1,m, ∂tG

4,1,m ∈ L2((0, T )×Γr) with corresponding

norms bounded independent of m. We also know that ∂2
t vm ∈ L2((0, T );Wm

r ). Note that, using the

properties of our Galerkin basis, we have

0 = (∂tvm|t=0 − h, zk)B0
r

= λ−1
k (∂tvm|t=0 − h, zk)B1

r

for all 1 ≤ k ≤ m (note here we need to use the fact that h ∈ B1
r ) and hence

(∂tvm|t=0, w)B1
r

= (h,w)B1
r

for all w ∈Wm
r , so in particular, setting w = ∂tvm|t=0, we obtain

||∂tvm|t=0||B1
r
≤ ||h||B1

r

Thus we may apply the energy estimate 11.6.3 to ∂tvm to obtain

ess sup
τ∈(0,t)

||∂tvm||2B1
r (τ) +

∫ t

0

∣∣∣∣∂2
t vm

∣∣∣∣2
B0
r (τ)

dτ ≤ CA(t)(CG(t) + ||h||2B1
r
)

where we use CG(t) to denote a constant depending linearly on the norms of Gi. Now we may pass to

the limit m → ∞ along (a subsequence of) the subsequence ml and use weak-∗ compactness to obtain

∂tv ∈ L∞((0, T );B1
r ), ∂2

t v ∈ L2((0, T );B0
r ) with

ess sup
t∈(0,T )

||∂tv||2B1
r (t) +

∫ T

0

∣∣∣∣∂2
t v
∣∣∣∣2
B0
r (t)

dt ≤ CA(t)(CG(t) + ||h||2B1
r
)

by weak-∗ lower semi-continuity of norms.

Finally, we show that

∂tv|t=0 = h
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Indeed, we note that ∂2
t v ∈ L2((0, T );B0

r ). Let w± ∈ C1([0, T ];H1
0 (Ω±)) with w(T ) = 0. In fact let

us assume that w is of the form

w =

M∑
k=1

ak(t)zk

for some ak ∈ C1([0, T ]). Then∫ T

0
(∂2
t v, w)L2(Ω±)dt = −

∫ T

0
(∂tv, ∂tw)L2(Ω±)dt− (∂tv(0), w(0))L2(Ω±)

But we also know that for m ≥M ,∫ T

0
(∂2
t vm, w)L2(Ω±)dt = −

∫ T

0
(∂tvm, ∂tw)L2(Ω±)dt− (∂tvm(0), w(0))L2(Ω±)

= −
∫ T

0
(∂tvm, ∂tw)L2(Ω±)dt− (h,w(0))L2(Ω±)

since

(∂tvm|t=0, w)B0
r

= (h,w)B0
r

for all w ∈ WM
r . Passing to the limit along a subsequence of ml as m → ∞ using weak convergence,

we find ∫ T

0
(∂2
t v, w)L2(Ω±)dt = −

∫ T

0
(∂tv, ∂tw)L2(Ω±)dt− (h,w(0))L2(Ω±)

Comparing this with the above equation, we find that

(∂tv(0), w(0))L2(Ω±) = (h,w(0))L2(Ω±)

for all such w. But by density of functions of the form
∑K

k=1 b
kzk in B0

r we obtain that

(∂tv(0), w)L2(Ω±) = (h,w)L2(Ω±)

for all w ∈ L2(Ω±), which implies

∂tv|t=0 = h

This completes the proof of the proposition.

Proposition 11.6.7. The previous proposition holds in the case r =∞.

Proof. We define φr and Gir as in 11.6.5, and as before we extend the weak solution vr ∈ Xr of the

equation 11.6.4 by zero to the whole of Ω±.

Now let us add the assumptions corresponding to the first part of the previous proposition. We note

that

−
∑
±

(±)((G2
r)3|t=0, w)L2(Γr) + (G3

r |t=0, w3)L2(Γr) + (G4
r |t=0,∇′w3)L2(Γr)

= −
∑
±

(±)(G2
3|t=0, φrw)L2(Γ) + (G3|t=0 −∇′ ·G4|t=0, φrw3)L2(Γ) + (G4|t=0, φr∇′w3)L2(Γ)

= −
∑
±

(±)(G2
3|t=0, φrw)L2(Γ) + (G3|t=0, φrw3)L2(Γ) + (G4|t=0,∇′(φrw3))L2(Γ)

= 0
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Also, ∑
±

(G1
r |t=0, w)L2(Ωr±) −

∑
±

(∇ ·G2
r |t=0, w)L2(Ωr±)

=
∑
±

(φr(G
1|t=0 −∇ ·G2|t=0), w)L2(Ωr±) −

∑
±

((∇φr)TG2|t=0, w)L2(Ωr±)

+
∑
±

((∇φr)TG2|t=0, w)L2(Ωr±)

= (φrh,w)B0
r

=: (hr, w)B0
r

where

hr := φrh

Thus we may apply the first part of the previous proposition to obtain

∂tvr ∈ L∞((0, T );B0
r )

∂tvr ∈ L2((0, T );B1
r )

with the estimates

ess sup
τ∈(0,t)

||∂tvr||2B0
r (τ) +

∫ t

0
||∂tvr||2B1

r (t) dτ ≤ C∞,1CG(t)

where the constant C∞,1CG(t) is independent of r. We thus have, after extension by zero,

∂tvr ∈ L∞((0, T );B0)

∂tvr ∈ L2((0, T );B1)

with the estimate

ess sup
τ∈(0,t)

||∂tvr||2B0(τ) +

∫ t

0
||∂tvr||2B1(τ) dτ ≤ C∞,1CG(t)

where the constant C∞,1CG(t) is independent of r. Then we may use weak-∗ compactness to pass to a

limit along a subsequence rl as l → ∞ and by uniqueness of weak-∗ limits we know that vrl converges

to v. We obtain that ∂tv ∈ L∞((0, T );B0) with ∂tv ∈ L2((0, T );B1) and that the same estimate holds

for v.

Now let us add the assumptions corresponding to the second part of the previous proposition. We see

from the definition of hr that hr ∈ B1
r with

||hr||B1
r
≤ C ||h||B1

Thus we may apply the second part of the previous proposition to obtain

∂tvr ∈ L∞((0, T );B1
r )

∂2
t vr ∈ L2((0, T );B0

r )

∂tvr|t=0 = hr
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with the estimate

ess sup
τ∈(0,t)

||∂tvr||2B1
r (τ) +

∫ t

0

∣∣∣∣∂2
t vr
∣∣∣∣2
B0
r (τ)

dτ ≤ CA(t)(CG(t) + ||h||2B1)

where the constants CA(t) and CG(t) are independent of r. We thus have, after extension by zero,

∂tvr ∈ L∞((0, T );B1)

∂2
t vr ∈ L2((0, T );B0)

with the estimate

ess sup
τ∈(0,t)

||∂tvr||2B1 +

∫ t

0

∣∣∣∣∂2
t vr
∣∣∣∣2
B0 dτ ≤ CA(t)(CG(t) + ||h||2B1)

Then we may use weak-∗ compactness to pass to a limit along a subsequence rl as l → ∞ and by

uniqueness of weak-∗ limits we know that vrl converges to v. We obtain that ∂tv ∈ L∞((0, T );B1) and

∂2
t vr ∈ L2((0, T );B0) with the estimate as above.

We now show that

∂tv|t=0 = h

Indeed, we note that ∂2
t v ∈ L2((0, T );B0). Let w± ∈ C1([0, T ];H1

0 (Ω±)) with w(T ) = 0. Suppose

also w(t) has compact support in Bs(0) for all t and let r > 2s. We have∫ T

0
(∂2
t v, w)L2(Ω±)dt = −

∫ T

0
(∂tv, ∂tw)L2(Ω±)dt− (∂tv(0), w(0))L2(Ω±)

But we also know that∫ T

0
(∂2
t vr, w)L2(Ω±)dt = −

∫ T

0
(∂tvr, ∂tw)L2(Ω±)dt− (∂tvr(0), w(0))L2(Ω±)

= −
∫ T

0
(∂tvr, ∂tw)L2(Ω±)dt− (h,w(0))L2(Ω±)

since

(∂tvr|t=0, w)B0 = (h,w)B0

for all such w (because φ = 0 on B r
2
(0) and so hr = h). Passing to the limit along the subsequence rl

as l→∞ using weak convergence, we find∫ T

0
(∂2
t v, w)L2(Ω±)dt = −

∫ T

0
(∂tv, ∂tw)L2(Ω±)dt− (h,w(0))L2(Ω±)

Comparing this with the above equation, we find that

(∂tv(0), w(0))L2(Ω±) = (h,w(0))L2(Ω±)

for all such w. But by density of H1
0 functions in B0 we obtain that

(∂tv(0), w)L2(Ω±) = (h,w)L2(Ω±)
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for all w ∈ L2(Ω±), which implies

∂tv|t=0 = h

Finally, we may use the regularity of v to differentiate the equation for v with respect to time to

obtain that ∂tv satisfies the equation

(∂tv, w)B0(t) + µ{v, w}B1(t) +
∑
±

(A2(v,∇v), w)L2(Ω±)

=
∑
±

(G1,1, w)L2(Ω±) +
∑
±

(G2,1,∇w)L2(Ω±) + (G3,1, w3)L2(Γ) + (G4,1,∇′w3)L2(Γ)

for all w ∈ B1 for almost every t ∈ (0, T ), where

G1,1 := ∂tG
1 − ∂tA0∂tv − µ∂tA1(v,∇v)− ∂tA2(v,∇v)

G2,1 := ∂tG
3 − µ∂tA1(v,∇v)

G3,1 : = ∂tG
3

G4,1 : = ∂tG
4

This completes the proof.

Definition 11.6.8. Let w ∈ L2(Ω±) or w ∈ L2(Γ). For h ∈ R, h 6= 0 and 1 ≤ i ≤ 2, we define the

translation in direction i and difference quotient in direction i respectively as

wh(x) := w(x+ hei)

Dh
i w(x) :=

w(x+ hei)− w(x)

h

for x ∈ Ω± or x ∈ Γ, where ei denotes the i-th coordinate vector. For w ∈ L2(Ω±) and i = 3 we define

wh(x) := w(x+ hei)

Dh
i w(x) :=

w(x+ hei)− w(x)

h

for x ∈ Ω± and |h| 6= 0 sufficiently small such that x + hei ∈ Ω± (where we mean Ω+ if x ∈ Ω+ and

Ω− if x ∈ Ω−).

To deal with the case i = 3 efficiently, we set ζ1± ≡ ζ2± ≡ 1 and let ζ3± ∈ C∞c (Ω±).

We recall the following standard properties of difference quotients.

ζiD
h
i (wz) = ζi(w

hDh
i z + zDh

i w)∫
Ω±

wD−hi (ζiz)dx = −
∫

Ω±

(Dh
i w)ζizdx∫

Γ
wD−hi zdx′ = −

∫
Γ
(Dh

i w)zdx′ for 1 ≤ i ≤ 2

assuming |h| is sufficiently small.

We also recall the following standard estimate. Let 1 ≤ p ≤ ∞ and suppose w ∈ W 1,p(Ω±) or

w ∈W 1,p(Γ). Then ∣∣∣∣∣∣ζiDh
i w
∣∣∣∣∣∣
Lp(Ω±)

≤ C ||∂xiw||Lp(Ω±)∣∣∣∣∣∣Dh
i w
∣∣∣∣∣∣
Lp(Γ)

≤ C ||∂xiw||Lp(Γ) for 1 ≤ i ≤ 2
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Moreover, suppose we know that w ∈ Lq((0, T );Lp(Ω±)) or w ∈ Lq((0, T );Lp(Γ)) for 1 < p, q ≤

∞ and there exists a constant C such that∣∣∣∣∣∣ζiDh
i w
∣∣∣∣∣∣
Lq((0,T );Lp(Ω±))

≤ C

or ∣∣∣∣∣∣Dh
i w
∣∣∣∣∣∣
Lq((0,T );Lp(Γ))

≤ C for 1 ≤ i ≤ 2

Then we have, for 1 ≤ i ≤ 2, ∂xiw ∈ Lq((0, T );Lp(Ω±)) or ∂xiw ∈ Lq((0, T );Lp(Γ)) with

||∂xiw||Lq((0,T );Lp(Ω±)) ≤ C

or

||∂xiw||Lq((0,T );Lp(Γ)) ≤ C

Suppose that ζ3 ≡ 1 on a compact set containing Ωε
± ⊂⊂ Ω±. Then ∂x3w ∈ Lq((0, T );Lp(Ωε

±)) and

||∂x3w||Lq((0,T );Lp(Ωε±)) ≤ Cε

See eg Evans [15] for a proof of all these properties.

Proposition 11.6.9. Suppose v ∈ X satisfies

(∂tv, w)B0(t) + µ{v, w}B1(t) +
∑
±

(A2(v,∇v), w)L2(Ω±)

=
∑
±

(G1, w)L2(Ω±) +
∑
±

(G2,∇w)L2(Ω±) + (G3, w3)L2(Γ) + (G4,∇′w3)L2(Γ)

for all w ∈ B1 for almost every t ∈ (0, T ), where G1, G2, G3, G4 have the following regularity.

G1 ∈ L2((0, T );L2(Ω±))

G2 ∈ L2((0, T );H1(Ω±))

G3 ∈ L2((0, T );L2(Γ))

G4 ∈ L2((0, T );H1(Γ))

Assume also

v(0) ∈ B1

Then in fact

v ∈ L2((0, T );H2(Ω±))

v3 ∈ L2((0, T );H2(Γ))
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with corresponding norms bounded by CA(t)(CG(t) + ||v(0)||B1). In particular, the following estimate

holds for any ε ∈ (0, 1].∣∣∣∣∇′v∣∣∣∣2
B0(t)

+ 2µ

∫ t

0

∣∣∣∣∇′v∣∣∣∣2
B1(τ)

dτ ≤ C ||v(0)||2B1(t)

+ C∞,1

∫ t

0

∑
±

∣∣∣∣G1
∣∣∣∣2
L2(Ω±)

+
∑
±

∣∣∣∣G2
∣∣∣∣2
H1(Ω±)

+
∣∣∣∣G3

∣∣∣∣2
L2(Γ)

+
∣∣∣∣G4

∣∣∣∣2
H1(Γ)

dτ

+
C∞,1
ε

∫ t

0
||v||2H1(Ω±) dτ + ε

∫ t

0
||∂tv||2L2(Ω±) dτ (11.6.7)

In addition, the following equations are satisfied.

ρµ
1∣∣n˜∣∣2∂tv − µN

T∇ψ(ρc2∇ψ · (Nv)) + µNT∇ψ × (ρc2∇ψ × (Nv)) + ρµN
T (uψ · ∇)(Nv)

+ ρµN
T (∂tN)v = G1 −∇ ·G2

almost everywhere in (0, T )× Ω± and

µ(∆′ − 1)v3 + µ[ρc2∇ψ · (Nv)] = −[G2
33] +G3 −∇′ ·G4

µNT (ρ±c
2
±n× (∇ψ × (Nv±))) = −(G2

13±, G
2
23±, 0)

almost everywhere on (0, T )× Γ.

Moreover, suppose for some 1 ≤ k ≤ 3 that

G1 ∈ L2((0, T );Hk(Ω±))

G2 ∈ L2((0, T );Hk+1(Ω±))

G3 ∈ L2((0, T );Hk(Γ))

G4 ∈ L2((0, T );Hk+1(Γ))

v(0) ∈ Hk+1(Ω±)

v3(0) ∈ Hk+1(Γ)

and

∂tv ∈ L2((0, T );Hk(Ω±)) ∩ L∞((0, T );Hk−1(Ω±))

Then v ∈ L2((0, T );Hk+1(Ω±)) ∩ L∞((0, T );Hk(Ω±)), v3 ∈ L2((0, T );Hk+1(Γ)) with correspond-

ing norms bounded by CA(t)(CG(t) + ||v(0)||Hk+1(Ω±) + ||v3(0)||Hk+1(Γ) +
∫ T

0 ||∂tv||Hk(Ω±) dt).

Proof. We let

w = −D−hi (ζ2
iD

h
i v)

for |h| 6= 0 sufficiently small and 1 ≤ i ≤ 3. Applying the integration by parts formula for difference

quotients we obtain

(∂tζiD
h
i v, ζiD

h
i v)B0(t) + µ{ζiDh

i v, ζiD
h
i v}B1(t) +

∑
±

(A2(ζiD
h
i v,∇(ζiD

h
i v)), ζiD

h
i v)L2(Ω±)

= −
∑
±

(G1, D−hi (ζ2
iD

h
i v))L2(Ω±) +

∑
±

(ζiD
h
i G

2,∇ζiDh
i v)L2(Ω±) − (G3, (D−hi (ζ2

iD
h
i v3))L2(Γ)

+ (ζiD
h
i G

4,∇′(ζiDh
i v3))L2(Γ) −

∑
±

((ζiD
h
i A

0)∂tv
h, ζiD

h
i v)L2(Ω±)

− µ
∑
±

((ζiD
h
i A

1)(vh,∇vh), ζiD
h
i (v,∇v))L2(Ω±) −

∑
±

((ζiD
h
i A

2)(vh,∇vh), ζiD
h
i v)L2(Ω±)
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where the boundary terms are zero in the case i = 3 since ζ3 = 0 in a neighbourhood of Γ. Thus we

obtain

1

2

d

dt

∣∣∣∣∣∣ζiDh
i v
∣∣∣∣∣∣2
B0(t)

+ µ
∣∣∣ζiDh

i v
∣∣∣2
B1(t)

≤ 1

δ
(
∑
±

∣∣∣∣G1
∣∣∣∣2
L2(Ω±)

+
∑
±

∣∣∣∣G2
∣∣∣∣2
H1(Ω±)

+
∣∣∣∣G3

∣∣∣∣2
L2(Γ)

+
∣∣∣∣G4

∣∣∣∣2
H1(Γ)

)

+
C∞,1
δε

∑
±
||v||2H1(Ω±) + δε ||∂tv||2B0 + δ

∣∣∣∣∣∣ζiDh
i v
∣∣∣∣∣∣2
B1(t)

Choosing δ > 0 sufficiently small and integrating from 0 to t we obtain the estimate

∣∣∣∣∣∣ζiDh
i v
∣∣∣∣∣∣2
B0(t)

+ 2µ

∫ t

0

∣∣∣∣∣∣ζiDh
i v
∣∣∣∣∣∣2
B1(t)

dτ ≤ C ||∇v(0)||2B0(t)

+ C∞,1

∫ t

0

∑
±

∣∣∣∣G1
∣∣∣∣2
L2(Ω±)

+
∑
±

∣∣∣∣G2
∣∣∣∣2
H1(Ω±)

+
∣∣∣∣G3

∣∣∣∣2
L2(Γ)

+
∣∣∣∣G4

∣∣∣∣2
H1(Γ)

dτ

+
C∞,1
ε

∑
±

∫ t

0
||v||2H1(Ω±) dτ + ε

∫ t

0
||∂tv||2B0 dτ

Since the right hand side is independent of h, using the properties of difference quotients as stated in

11.6.8, we obtain the estimate (11.6.7). Setting ε = 1, then using the estimate (11.6.3) with ε = 1 for

||v||2B1(t) and ||∂tv||2B0(t), we obtain

∣∣∣∣∣∣ζiDh
i v
∣∣∣∣∣∣2
B0(t)

+

∫ t

0

∣∣∣∣∣∣ζiDh
i v
∣∣∣∣∣∣2
B1(τ)

dτ ≤ CA(t)(CG(t) + ||v(0)||B1)

Thus we see that ∂xiv ∈ B1 for almost every t for 1 ≤ i ≤ 2 and

ess sup
τ∈(0,t)

∣∣∣∣∇′v∣∣∣∣2
B0(τ)

+

∫ t

0

∣∣∣∣∇′v∣∣∣∣2
B1(τ)

dτ ≤ CA(t)(CG(t) + ||v(0)||B1) (11.6.8)

Also, we may take ζ3 ≡ 1 on a compact set containing Ωε
± ⊂⊂ Ω± for arbitrary open subsets Ωε

± ⊂⊂

Ω± and use the properties of difference quotients with the h-independent estimate to obtain ∂x3v ∈

L2((0, T );H1
loc(Ω±)).

Now let w ∈ C∞c (Ω±) and test the weak equation with w, noting that there are no boundary terms

since w = 0 in a neighbourhood of Γ. We intend to integrate by parts to remove the derivatives from w.

Note that since v± ∈ L2((0, T );H2
loc(Ω±)) this is possible for almost every t ∈ (0, T ). Indeed, we have

{v, w}B1(t) =
∑
±

(ρc2∇ψ · (Nv),∇ψ ·Nw)L2(Ω±) +
∑
±

(ρc2∇ψ × (Nv),∇ψ ×Nw)L2(Ω±)

= −
∑
±

(NT∇ψ(ρc2∇ψ · (Nv)), w)L2(Ω±) −
∑
±

(NT∂x3(
(−∇′ψ, 1)

Jψ
)ρc2∇ψ · (Nv), w)L2(Ω±)

+
∑
±

(NT∇ψ × (ρc2∇ψ × (Nv)), w)L2(Ω±)

+
∑
±

(ρc2NT∂x3(
(−∇′ψ, 1)

Jψ
)× (∇ψ × (Nv)), w)L2(Ω±)
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In the weak equation we obtain

(∂tv, w)B0(t)

− µ
∑
±

(NT∇ψ(ρc2∇ψ · (Nv)), w)L2(Ω±) − µ
∑
±

(NT∂x3(
(−∇′ψ, 1)

Jψ
)ρc2∇ψ · (Nv), w)L2(Ω±)

+ µ
∑
±

(NT∇ψ × (ρc2∇ψ × (Nv)), w)L2(Ω±)

+ µ
∑
±

(ρc2NT∂x3(
(−∇′ψ, 1)

Jψ
)× (∇ψ × (Nv)), w)L2(Ω±) +

∑
±

(A2(v,∇v), w)L2(Ω±)

=
∑
±

(G1, w)L2(Ω±) −
∑
±

(∇ ·G2, w)L2(Ω±)

Using the definition of A2(v,∇v), we obtain∑
±

(ρµ
1∣∣n˜∣∣2∂tv, w)L2(Ω±) +

∑
±

(ρµN
T (uψ · ∇)(Nv), w)L2(Ω±) +

∑
±

(ρµN
T (∂tN)v, w)L2(Ω±)

− µ
∑
±

(NT∇ψ(ρc2∇ψ · (Nv)), w)L2(Ω±) + µ
∑
±

(NT∇ψ × (ρc2∇ψ × (Nv)), w)L2(Ω±)

=
∑
±

(G1, w)L2(Ω±) −
∑
±

(∇ ·G2, w)L2(Ω±)

Choosing either w± = 0 in turn, we obtain

ρµ
1∣∣n˜∣∣2∂tv + ρµN

T (uψ · ∇)(Nv) + ρµN
T (∂tN)v

− µNT∇ψ(ρc2∇ψ · (Nv) + µNT∇ψ × (ρc2∇ψ × (Nv)) = G1 −∇ ·G2

in (0, T )× Ω±. This is the interior equation above. Note that the Hodge decomposition A.1.1 implies

µNT∇ψ(ρc2∇ψ · (Nv))− µNT∇ψ × (ρc2∇ψ × (Nv))

= µ
1∣∣n˜∣∣2 ρc

2(∇ψ∇ψ · v −∇ψ × (∇ψ × v))

+A(ρc2,∇(ρc2),∇ψ,∇∇ψ,∇N)((∇N)v, (∇∇N)v,∇v)

= µ
1∣∣n˜∣∣2 ρc

2∆ψv +A(ρc2,∇(ρc2),∇ψ,∇∇ψ,∇N)((∇N)v, (∇∇N)v,∇v)

= µ
ρc2∣∣n˜∣∣2 (

1 + |∇′ψ|2

(Jψ)2
∂2

3v + ∆′v − 2
∇′ψ
Jψ
· ∇′∂x3v)

+A(ρc2,∇(ρc2),∇ψ,∇∇ψ,∇N)((∇N)v, (∇∇N)v,∇v)

for some generic tensor-valuedA (not the same throughout) which is a smooth function of its arguments.

Thus, rearranging the interior equation, we obtain

µ
ρc2(1 + |∇′ψ|2)∣∣n˜∣∣2 (Jψ)2

∂2
3v

= µ
ρc2∣∣n˜∣∣2 (−∆′v + 2

∇′ψ
Jψ
· ∇′∂x3v)−A(ρc2,∇(ρc2),∇ψ,∇∇ψ,∇N)((∇N)v, (∇∇N)v,∇v)

+ ρµ
1∣∣n˜∣∣2∂tv + ρµN

T (uψ · ∇)(Nv) + ρµN
T (∂tN)v −G1 +∇ ·G2 (11.6.9)
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squaring both sides, integrating over Ω± and integrating from 0 to t, we obtain∫ t

0

∣∣∣∣∂2
x3
v
∣∣∣∣2
L2(Ω±)

dτ ≤ CA(t)(CG(t) + ||v(0)||2B1)

where we have used the existing estimates (11.6.8) for the right hand side. Combining this with the

existing estimates (11.6.8), we obtain∑
±

∫ t

0
||v||2H2(Ω±) dτ +

∫ t

0
||v3||2H2(Γ) dτ ≤ CA(t)(CG(t) + ||v(0)||2B1)

as required.

We now return to the weak equation for w ∈ B1. Given that v± ∈ H2(Ω±) and v3 ∈ H2(Γ) for

almost every t, we may integrate by parts in the term (v, w)B1(t) to obtain

{v, w}B1(t) =
∑
±

(ρc2∇ψ · (Nv),∇ψ ·Nw)L2(Ω±)

+
∑
±

(ρc2∇ψ × (Nv),∇ψ ×Nw)L2(Ω±) + (v3, w3)H1(Γ)

= (v, w)B0(t) −
∑
±

(NT∇ψ(ρc2∇ψ · (Nv)), w)L2(Ω±) − ([ρc2∇ψ · (Nv)], w3)L2(Γ)

−
∑
±

(NT∂x3(
(−∇′ψ, 1)

Jψ
)ρc2∇ψ · (Nv), w)L2(Ω±) +

∑
±

(NT∇ψ × (ρc2∇ψ × (Nv)), w)L2(Ω±)

+
∑
±

(±ρc2n× (∇ψ × (Nv)), Nw)L2(Γ) +
∑
±

(ρc2NT∂x3(
(−∇′ψ, 1)

Jψ
)× (∇ψ × (Nv)), w)L2(Ω±)

+ ((1−∆′)v3, w3)L2(Γ)

Integrating by parts in the term (G2,∇w)L2(Ω±) we obtain∑
±

(G2,∇w)L2(Ω±) =
∑
±

(−∇ ·G2, w)L2(Ω±) −
∑
±

(±G2
3, w±)L2(Γ)

=
∑
±

(−∇ ·G2, w)L2(Ω±) − ([G2
33], w3)L2(Γ) −

∑
±

(±(G3
3)′, w′±)L2(Γ)

Integrating by parts in the G4 term we obtain

(G4,∇′w3)L2(Γ) = (−∇′ ·G4, w3)L2(Γ)

By replacing w with wε(x) = χ(x3
ε )z(x′) in the above equation, where χ is a smooth cut-off function

and z± ∈ C∞c (Γ;R3) with (z+)3 = (z−)3 for ε > 0, and letting ε→ 0, we obtain

− ([ρc2∇ψ · (Nv)], z3)L2(Γ) +
∑
±

(±ρ±c2
±n× (∇ψ × (Nv±)), Nz±)L2(Γ)

+ ((1−∆′)(v3, z3)L2(Γ)

= −([G2
33], z3)L2(Γ) −

∑
±

(±(G2
3±)′, z′±)L2(Γ) + (G3 −∇′ ·G4, z3)L2(Γ)

for all z± ∈ C∞c (Γ;R3) with (z+)3 = (z−)3. Now let us take z± = (0, 0, z3) for z3 ∈ C∞c (Γ). Note

that this implies Nz is parallel to n, so we obtain

− ([ρc2∇ψ · (Nv)], z3)L2(Γ) + ((1−∆′)(v3, z3)L2(Γ)

= −([G2
33], z3)L2(Γ) + (G3 −∇′ ·G4, z3)L2(Γ)
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for all z3 ∈ C∞c (Γ). Hence

[ρc2∇ψ · (Nv)] + (∆′ − 1)v3 = −[G2
33] +G3 −∇′ ·G4

which is the first interface condition.

Now let us take z± = (z1±, z2±, 0) for z1±, z2± ∈ C∞c (Γ). We obtain∑
±

(±NT (ρ±c
2
±n× (∇ψ × (Nv±))), z±)L2(Γ) = −

∑
±

(±(G2
3±)′, z′±)L2(Γ)

for all z± ∈ C∞c (Γ;R3) with z3± = 0. In fact since (NT (ρc2n× (∇ψ× (Nv)))3 = 0 the formula holds

for all z± ∈ C∞c (Γ;R3). Now, taking one of z± to be zero in turn, we obtain

(NT (ρ±c
2
±n× (∇ψ × (Nv±))), z±)L2(Γ) = −

∑
±

(±(G2
3±)′, z′±)L2(Γ)

for all z± ∈ C∞c (Γ;R3). Hence

NT (ρ±c
2
±n× (∇ψ × (Nv±))) = −(G2

13±, G
2
23±, 0)

on (0, T )× Γ, which is the second interface condition.

Now suppose for some 1 ≤ k ≤ 3 that

G1 ∈ L2((0, T );Hk(Ω±))

G2 ∈ L2((0, T );Hk+1(Ω±))

G3 ∈ L2((0, T );Hk(Γ))

G4 ∈ L2((0, T );Hk+1(Γ))

v(0) ∈ Hk+1(Ω±)

v3(0) ∈ Hk+1(Ω±)

Assume inductively on k that we have∇αv ∈ L2((0, T );H1(Ω±))∩L∞((0, T );L2(Ω±)) and∇α′v3 ∈
L2((0, T );H1(Γ)) for 1 ≤ |α| ≤ k + 1, with∑

±
ess sup
τ∈(0,t)

||∇αv||2L2(Ω±) +
∑
±

∫ t

0
||∇αv||2H1(Ω±) dτ +

∫ t

0

∣∣∣∣∣∣∇α′v3

∣∣∣∣∣∣2
H1(Γ)

dτ

≤ CA(t)(CG(t) + ||v(0)||2Hk+1(Ω±) + ||v3(0)||2Hk+1(Γ) +

∫ t

0
||∇α∂tv||2B0(τ) dτ)

Note that the case k = 0 is covered above. If 0 ≤ k ≤ 2, we claim that the same holds true for

k + 1 replacing k. Indeed, let 1 ≤ |α| ≤ k + 1. Assume first α3 = 0 and test the equation with

(−1)|α|∇αw instead of w, where w ∈ B1 is smooth in the horizontal directions. Then we integrate by

parts horizontally to obtain

(∂t∇αv, w)B0(t) + µ{∇αv, w}B1(t) +
∑
±

(A2(∇αv,∇∇αv), w)L2(Ω±)

=
∑
±

(∇αG1, w)L2(Ω±) +
∑
±

(∇αG2,∇w)L2(Ω±) + (∇αG3, w3)L2(Γ) + (∇αG4,∇′w3)L2(Γ)

−
∑
±

∑
β+γ=α,β<α

(∇γA0∇β∂tv, w)L2(Ω±) − µ
∑
±

∑
β+γ=α,β<α

(∇γA1(∇βv,∇∇βv), (w,∇w))L2(Ω±)

−
∑
±

∑
β+γ=α,β<α

(∇γA2(∇βv,∇∇βv), w)L2(Ω±)

=:
∑
±

(G1,α, w)L2(Ω±) +
∑
±

(G2,α,∇w)L2(Ω±) + (G3,α, w3)L2(Γ) + (G4,α,∇′w3)L2(Γ)
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where

G1,α := ∇αG1 −
∑

β+γ=α,β 6=α
(∇γA0∇β∂tv + µ∇γA1(∇βv,∇∇βv) +∇γA2(∇βv,∇∇βv))

G2,α := ∇αG2 − µ
∑

β+γ=α,β 6=α
∇γA1(∇βv,∇∇βv)

G3,α := ∇αG3

G4,α := ∇αG4

Since such w are clearly dense in B1 (eg consider horizontal mollification) we have that this holds for

all w ∈ B1. Now, noting that we can use the Sobolev embedding theorem in the case |α| ≥ 2 together

with the existing estimates for∇βv in L2((0, T );H2(Ω±)) for |β| < |α|, we see that

G1,α ∈ L2((0, T );L2(Ω±))

G2,α ∈ L2((0, T );H2(Ω±))

G3,α ∈ L2((0, T );L2(Γ))

G4,α ∈ L2((0, T );H1(Γ))

∇α∇v(0) ∈ L2(Ω±)

∇α′v3(0) ∈ H1(Γ)

with norms bounded by CA(t)(CG(t) + ||v(0)||Hk+2(Ω±) + ||v3(0)||Hk+2(Γ) +
∫ t

0 ||∇
α∂tv||2B0(τ) dτ).

We may now apply the first part of the proof again to ∇αv to obtain ∇′∇αv ∈ L2((0, T );B1) ∩
L∞((0, T );B0) with

ess sup
τ∈(0,t)

∣∣∣∣∇′∇αv∣∣∣∣2
B0(τ)

+

∫ t

0

∣∣∣∣∇′∇αv∣∣∣∣2
B1(τ)

dτ

≤ CA(t)(CG + ||v(0)||2Hk+2(Ω±) + ||v3(0)||2Hk+2(Γ) +

∫ t

0
||∇α∂tv||2B0(τ) dτ)

Now we claim by a secondary induction on α3 for 0 ≤ α3 ≤ |α| that

∇αv ∈ L2((0, T );H2(Ω±))

with corresponding norm bounded by

CA(t)(CG(t) + ||v(0)||Hk+2(Ω±) + ||v3(0)||Hk+2(Γ) +

∫ t

0
||∇α∂tv||2B0(τ) dτ)

The case α3 = 0 is covered above, so we suppose it holds true for some 0 ≤ α3 ≤ |α| − 1 and attempt

to prove it holds for α3 + 1. Indeed, applying∇β to the rearranged interior equation where β3 = α3 + 1

and 1 ≤ |β| ≤ |α|, we have

∂2
3∇βv = ∇β(

∣∣n˜∣∣2 (Jψ)2

µρc2(1 + |∇′ψ|2)
(µ
ρc2∣∣n˜∣∣2 (−∆′v + 2

∇′ψ
Jψ
· ∇′∂x3v)

−A(ρc2,∇(ρc2),∇ψ,∇∇ψ,∇N,∇∇N)(v,∇v)

+ ρµ
1∣∣n˜∣∣2∂tv + ρµN

T (uψ · ∇)(Nv) + ρµN
T (∂tN)v −G1 +∇ ·G2))
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squaring both sides, integrating over Ω± and integrating from 0 to t, we obtain∫ t

0

∣∣∣∣∂2
x3
v
∣∣∣∣2
L2(Ω±)

dτ ≤ CA(t)(CG(t) + ||v(0)||2Hk+2(Ω±) + ||v3(0)||2Hk+2(Γ) +

∫ t

0

∣∣∣∣∣∣∇β∂tv∣∣∣∣∣∣2
B0(τ)

dτ)

where we have used the previous induction step and the assumed time derivative estimate for the right

hand side. Combining this with the existing tangential estimates, we obtain∑
±

∫ t

0

∣∣∣∣∣∣∇βv∣∣∣∣∣∣2
H2(Ω±)

dτ

≤ CA(t)(CG(t) + ||v(0)||2Hk+2(Ω±) + ||v3(0)||2Hk+2(Γ) +

∫ t

0

∣∣∣∣∣∣∇β∂tv∣∣∣∣∣∣2
B0(τ)

dτ)

as required. The L∞ in time estimate is proved in exactly the same way, but applying one less derivative.

This completes the secondary induction step, and thus the original induction step and thus proves the

claim.

This completes the proof.

11.7 Proof of Existence, Uniqueness and Regularity of Solutions of the
Equations for the Rotated Velocity

Definition 11.7.1. We say y
u is a weak solution of the rotated equations for the velocity if y

u − y
u0∈ X ,

y
u |t=0 =

y
u0

and the following holds for almost every t ∈ (0, T ).

(∂t
y
u,w)B0(t) + µ{yu,w}B1(t) +

∑
±

(A1(
y
u,∇ y

u), w)L2(Ω±)

=
∑
±

(G1, w)L2(Ω±) +
∑
±

(G2,∇w)L2(Ω±) + (G3, w3)L2(Γ) + (G4,∇′w3)L2(Γ) (11.7.1)

for all w ∈ B1. Note that we rely on the fact that [
y
u0

3] = 0, which is true due to the compatibility

condition 7.2.6 at order zero, for the term {yu,w}B1(t) to be well-defined.

The functions G1, G2, G3 and G4 are defined such that∑
±

(G1, w)L2(Ω±) +
∑
±

(G2,∇w)L2(Ω±)

= (NT (g1 + ∂x3(
(−∇′ψ, 1)

Jψ
)p− µ∂x3(

(−∇′ψ, 1)

Jψ
)× ρc2ω), w)L2(Ω±)

+ (p,∇ψ · (Nw))L2(Ω±) + µ(ρc2ω,∇ψ × (Nw))L2(Ω±)

G3 = g2

G4 = σn̂

Note that Gi have the form

G1 = G(N,∇N,∇ψ, p, ω, ρc2, g1)

G2 = G(N,∇ψ, p, ω, ρc2)

G3 = g2

G4 = G(∇′f)
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for G a generic smooth function which may be scalar, vector, matrix valued etc. Using the product rule

for Sobolev functions, we note that

∂kt G
1 ∈ L2((0, T );H3−k(Ω±))

for 0 ≤ k ≤ 3 and

∂kt G
2 ∈ L2((0, T );H4−k(Ω±))

∂kt G
3 ∈ L2((0, T );H4−k(Γ))

∂kt G
4 ∈ L2((0, T );H4−k(Γ))

for 0 ≤ k ≤ 4 with norms bounded by Cmax provided

∂kt (p, s, ω, g1, N,∇ψ) ∈ L2((0, T );H4−k(Ω±))

∂kt∇′f ∈ L2((0, T );L4−k(Γ))

for 0 ≤ k ≤ 4 with norms bounded by Cmax, which is indeed the case.

Proposition 11.7.2. There exists unique solution y
u with y

u − y
u0∈ X and y

u (0) =
y
u0 to the weak velocity

equation above.

In fact, for 0 ≤ j ≤ 3, we have ∂jt∇
y
u∈ L∞((0, T );H3−j(Ω±)) ∩ L2((0, T );H4−j(Ω±)), ∂4

t
y
u∈

L2((0, T );L2(Ω±)), ∂jt
y
u3∈ L2((0, T );H5−j(Γ)) ∩ L∞((0, T );H4−j(Γ)), with corresponding norms

bounded by Cmax and, for 0 ≤ j ≤ 3,

∂jt
y
u |t=0 = ∂µ,g,j0

y
u0

Moreover, y
u is the unique solution to the equations for the rotated velocity with y

u (0) =
y
u0 as defined in

11.3.3.

Proof. Let us define

G̃1 := G1 − µA1(
y
u0,∇ y

u0)−A2(
y
u0,∇ y

u0)

G̃2 := G2 − µA1(
y
u0,∇ y

u0)

G̃3 := G3 − µ y
u0

3

G̃3 := G4 − µ∇′ yu0
3

We claim that there exists a unique solution v ∈ X of the equation

(∂tv, w)B0(t) + µ{v, w}B1(t) +
∑
±

(A1(v,∇v), w)L2(Ω±)

=
∑
±

(G̃1, w)L2(Ω±) +
∑
±

(G̃2,∇w)L2(Ω±) + (G̃3, w3)L2(Γ) + (G̃4,∇′w3)L2(Γ)

for all w ∈ B1 for almost every t ∈ (0, T ) with

v(0) = 0
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Indeed, applying proposition 11.6.5, we immediately obtain such a solution. Now we may apply propo-

sition 11.6.9 to obtain immediately that v ∈ L2((0, T );H2(Ω±)), v3 ∈ L2((0, T );H2(Γ)) and that v

satisfies the corresponding strong form of the equations and boundary conditions almost everywhere in

(0, T )×Ω± and on (0, T )×Γ. We then define y
u= v+

y
u0 to find that y

u satisfies the corresponding strong

form of the equations with Gi replacing G̃i using the definition of G̃i. Note that G1, G2, G3 and G4

were chosen so that these are exactly the equations for the rotated velocity, hence y
u satisfies the strong

form of equations for the rotated velocity with y
u (0) =

y
u0. Note also that, from the definition of G̃1, G̃2,

G̃3 and G̃4 we have that y
u with y

u − y
u0∈ X satisfies the weak velocity equation if and only if v satisfies

the above weak equation with v(0) = 0, thus we immediately obtain a unique solution y
u to the weak

velocity equation with y
u (0) =

y
u0. This implies that y

u with the regularity we have just inferred must be

a unique solution to the strong form of equations for the rotated velocity since by going backwards we

obtain a solution to the weak equation which we know is unique.

We remark that we applied proposition 11.6.9 to y
u − y

u0 here rather than y
u because without applying

any derivatives y
u0 /∈ L2(Ω±). However, for the higher order spatial regularity we will work directly with

derivatives of y
u else there will be too many derivatives on y

u0.

Now by induction on j for 0 ≤ j ≤ 3 we claim that y
u satisfies

∇∂kt
y
u ∈ L∞((0, T );Hj−k(Ω±)) for 0 ≤ k ≤ j

∇∂kt
y
u ∈ L2((0, T );Hj+1−k(Ω±)) for 0 ≤ k ≤ j

∂kt
y
u3 ∈ L∞((0, T );Hj+1−k(Γ)) for 0 ≤ k ≤ j

∂kt
y
u3 ∈ L2((0, T );Hj+2−k(Γ)) for 0 ≤ k ≤ j

∂j+1
t

y
u ∈ L2((0, T );L2(Ω±))

∂jt
y
u |t=0 = ∂µ,g,j0

y
u0

with corresponding norms bounded by Cmax, and also ∂jt
y
u satisfies the equation

(∂j+1
t

y
u,w)B0(t) + µ{∂jt

y
u,w}B1(t) +

∑
±

(A2(∂jt
y
u,∇∂jt

y
u), w)L2(Ω±)

=
∑
±

(G1,j , w)L2(Ω±) +
∑
±

(G2,j ,∇w)L2(Ω±) + (G3,j , w3)L2(Γ) + (G4,j ,∇′w3)L2(Γ)

for all w ∈ B1 for almost every t ∈ (0, T ), where we have defined

G1,j := ∂jtG
1 −

∑
k+l=j,k<j

(∂ltA
0∂k+1
t

y
u +µ∂ltA

1(∂kt
y
u,∇∂kt

y
u) + ∂ltA

2(∂kt
y
u,∇∂kt

y
u))

G2,j := ∂jtG
2 −

∑
k+l=j,k<j

µ∂ltA
1(∂kt

y
u,∇∂kt

y
u)

G3,j : = ∂jtG
3

G4,j : = ∂jtG
4

Note the case j = 0 is covered above. We assume that this holds for some 0 ≤ j ≤ 2 and try to show it

holds for j + 1.
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Firstly, we define

G̃1,j := G1,j − µA1(∂µ,g,j0
y
u0,∇∂µ,g,j0

y
u0)−A2(∂µ,g,j0

y
u0,∇∂µ,g,j0

y
u0)

G̃2,j := G2,j − µA1(∂µ,g,j0
y
u0,∇∂µ,g,j0

y
u0)

G̃3,j : = G3,j − µ∂µ,g,j0
y
u0

3

G̃4,j : = G4,j − µ∇′∂µ,g,j0
y
u0

3

Defining vj = ∂jt
y
u −∂µ,g,j0

y
u0, we see that vj satisfies the equation

(∂tv
j , w)B0(t) + µ{vj , w}B1(t) +

∑
±

(A2(vj ,∇vj), w)L2(Ω±)

=
∑
±

(G̃1,j , w)L2(Ω±) +
∑
±

(G̃2,j ,∇w)L2(Ω±) + (G̃3,j , w3)L2(Γ) + (G̃4,j ,∇′w3)L2(Γ)

where we have used the fact that ∂µ,g,j0
y
u0∈ B1 due to the regularity of the initial data and the compati-

bility condition (7.2.6) at order j.

Now note that the background solution satisfies the initial conditions in the sense

∂kt (s, p, ū, f, f̄, ω)|t=0 = ∂µ,g,k0 (s0, p0, u0, f0, f0,∇ψ0 × u0) and ∂k+1
t f |t=0 = ∂µ,g,k+1

0 f0

for 0 ≤ k ≤ j and also recall the definition of y
u0 and its initial time derivatives from 11.3.2.

Using this, and the definition of G̃1,j , G̃2,j , G̃3,j and G̃4,j , we have (integrating by parts) that

−
∑
±

(±)(G̃2,j
3 |t=0, w)L2(Γ) + (G̃3,j |t=0, w3)L2(Γ) + (G̃4,j |t=0,∇′w3)L2(Γ)

= −µ
∑
±

(±∂µ,g,j0 (NT (n× ρc2(∇ψ × (N
y
u0
±))− n× ρc2ω±)), w±)L2(Γ)

+ (∂µ,g,j0 (µ[ρc2∇ψ· yu0]− [p] + µ(∆′ − 1)
y
u0

3 −σ∇′ · n̂+ g2), w3)L2(Γ)

Using the compatibility condition 7.2.7 at order j, and the fact that y
u0

3= u0 · n0, we have

∂µ,g,j0

(
µ(∆′ − 1)

y
u0

3 +µ[ρc2∇ψ · (N y
u0)]− [p]− σ∇′ · n̂+ g2

)
= 0

Also, using ∂kt ω|t=0 = ∂µ,g,k0 (∇ψ0 × u0), we have

∂µ,g,j0

(
n× ρc2(∇ψ × (N

y
u0
±))− n× ρc2ω±

)
= 0

Hence

−
∑
±

(±)(G̃2,j
3 |t=0, w)L2(Γ) + (G̃3,j |t=0, w3)L2(Γ) + (G̃4,j |t=0,∇′w3)L2(Γ) = 0

We also have

G̃1,j −∇ · G̃2,j = ∂µ,g,j0 (NT (g1 −∇ψp+ µ∇ψ × (ρc2ω)

− µ∇ψ(ρc2∇ψ · (N y
u0)) + µ∇ψ × (ρc2∇ψ × (N

y
u0))− ρµ(uψ · ∇)(N

y
u0)− ρµ(∂tN)

y
u0))

−
∑

k+l=j,k<j

∂µ,g,l0 (
ρ0
µ

|n0|2
)∂µ,g,k+1

0
y
u0

= ∂µ,g,j+1
0 (

ρ0
µ

|n0|2
y
u0)−

∑
k+l=j,k<j

∂µ,g,l0 (
ρ0
µ

|n0|2
)∂µ,g,k+1

0
y
u0

=
ρ0
µ

|n0|2
∂µ,g,j+1

0
y
u0
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Hence ∑
±

(G̃1,j |t=0, w)L2(Ω±) −
∑
±

(∇ · G̃2,j |t=0, w)L2(Ω±) = (∂µ,g,j+1
0

y
u0, w)B0

The compatibility condition (7.2.6) at order j + 1 implies that ∂µ,g,j+1
0

y
u0∈ B1. Now we check that the

regularity on Gi and A implies that

1∑
l=0

∂ltG̃
1,j ∈ L2((0, T );L2(Ω±))

2∑
l=0

∂ltG̃
2,j ∈ L2((0, T );L2(Ω±))

2∑
l=0

∂ltG̃
3,j ∈ L2((0, T );L2(Γ))

2∑
l=0

∂ltG̃
4,j ∈ L2((0, T );L2(Γ))

Using the Sobolev embedding theorem for the terms involving Ai and y
u, we require that

1∑
l=0

∂l+jt G1 ∈ L2((0, T );L2(Ω±))

2∑
l=0

∂l+jt G2 ∈ L2((0, T );L2(Ω±))

2∑
l=0

∂l+jt G3 ∈ L2((0, T );L2(Γ))

2∑
l=0

∂l+jt G4 ∈ L2((0, T );L2(Γ))

which is indeed the case. Thus we may apply proposition 11.6.7 with h = ∂µ,g,j0
y
u0 to obtain that

∂tv
j = ∂jt

y
u ∈ L∞((0, T );B1)

∂2
t v
j = ∂j+2

t
y
u ∈ L2((0, T );B0)

∂tv
j |t=0 = ∂j+1

t
y
u |t=0 = ∂µ,g,j0

y
u0

Moreover, differentiating the weak equation for ∂jt
y
u with respect to t we have that ∂j+1

t
y
u satisfies the

equation

(∂j+2
t

y
u,w)B0(t) + µ{∂j+1

t
y
u,w}B1(t) +

∑
±

(A2(∂j+1
t

y
u,∇∂j+1

t
y
u), w)L2(Ω±)

=
∑
±

(G1,j+1, w)L2(Ω±) +
∑
±

(G2,j+1,∇w)L2(Ω±) + (G3,j+1, w3)L2(Γ) + (G4,j+1,∇′w3)L2(Γ)

for all w ∈ B1 for almost every t ∈ (0, T ), where Gi,j+1 are of the claimed form.

Given that ∂j+2
t ∇ y

u∈ L2((0, T );L2(Ω±)), we can successively apply proposition 11.6.9 to the equa-

tions for ∂j+1−k
t

y
u for 0 ≤ k ≤ j+ 1 to obtain the spatial regularity ∂j+1−k

t ∇ y
u∈ L2((0, T );Hk(Ω±)),
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∂j+1−k
t

y
u3∈ L2((0, T );Hk+2(Γ)) with corresponding norms bounded by Cmax. Note that this requires

the regularity

∂kt G
1 ∈ L2((0, T );Hj+1−k(Ω±))

∂kt G
2 ∈ L2((0, T );Hj+2−k(Ω±))

∂kt G
3 ∈ L2((0, T );Hj+1−k(Γ))

∂kt G
4 ∈ L2((0, T );Hj+2−k(Γ))

for 0 ≤ k ≤ j + 1, which is indeed satisfied, since 0 ≤ j ≤ 2.

Note that we have shown in the course of this proof that ∂j+1
t

y
u3∈ L∞((0, T );H1(Γ)), which

came from applying 11.6.6 to the equation for ∂jt
y
u. We also have from the above paragraph that

∂kt
y
u3∈ L2((0, T );H2(Γ)) for 0 ≤ k ≤ j + 1. To show that ∂kt

y
u3∈ L∞((0, T );Hj+2−k(Γ)) for

0 ≤ k ≤ j, we simply use the estimate∣∣∣∣∣∣∂kt y
u3

∣∣∣∣∣∣2
Hj+2−k(Γ)

≤ C
∣∣∣∣∣∣∂µ,g,k0

y
u0

3

∣∣∣∣∣∣2
Hj+2−k(Γ)

+

∫ t

0

∣∣∣∣∣∣∂k+1
t

y
u3

∣∣∣∣∣∣2
Hj+2−k(Γ)

dτ

≤ Cmax

by the existing estimate for
∣∣∣∣∣∣∂k+1

t
y
u3

∣∣∣∣∣∣
Hj+2−k(Γ)

.

This completes the proof of the induction step and completes the proof of the proposition.

We now show the additional boundary regularity. We will use the elliptic estimate lemma 8.16.1.

Lemma 11.7.3. For 0 ≤ j ≤ 3, we have ∂jt
y
u3∈ L2((0, T );H5.5−j(Γ)) with corresponding norms

bounded by Cmax.

Proof. Applying ∂jt to the pressure interface condition (11.3.3) we have

(1−∆′)∂jt
y
u3 = ∂jt (

1

µ
(−[p]− σ∇′ · n̂+ g2) + [ρc2∇ψ · (N y

u)])

We apply the lemma 8.16.1 with

z = ∂jt
y
u3

h = ∂jt (
1

µ
(−[p]− σ∇′ · n̂+ g2) + [ρc2∇ψ · (N y

u)])

and the Sobolev trace estimate to conclude that for almost every t, ∂jt
y
u3∈ H5.5−j(Γ) with∣∣∣∣∣∣∂jt y

u3

∣∣∣∣∣∣2
H5.5−j(Γ)

≤ C
∣∣∣∣∣∣∣∣∂jt ( 1

µ
(−[p]− σ∇′ · n̂+ g2) + [ρc2∇ψ · (N y

u)])

∣∣∣∣∣∣∣∣2
H3.5−j(Γ)

Integrating from 0 to t and using existing estimates together with the product rule, we obtain∫ t

0

∣∣∣∣∣∣∂jt y
u3

∣∣∣∣∣∣2
H5.5−j(Γ)

≤ Cmax

This completes the proof.

Applying proposition 11.7.2, lemma 11.7.3 and proposition 11.3.4, we prove proposition 11.2.1.

Note that together with the results in the previous section, we have now proved 9.5.1.
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12. Proof of the Energy Estimate for the
Linearised Equations

In this section we prove the energy estimate for the linearised equations stated in 9.4.1. The energy

estimate is necessary as part of the construction of a well-defined contraction map sending a background

state to a solution of the linearised equations linearised about that state. See 3.8 for a summary of the

construction of the contraction map. The main steps in the energy estimate are quite clear. The front is

estimated by direct integration and the entropy, pressure and curl are estimated in the standard manner of

energy estimates for transport equations, with some minor differences in the curl estimate. The velocity

is then estimated in a manner which is fairly standard for parabolic equations. We then obtain a slightly

higher order estimate for u · n from the elliptic equation provided by the interface condition (9.1.9).

Our main task will be to show that

EL(t) + EL(ω)(t) ≤ 1

ε
M0
µ +

1

ε
Kµ(t)(t+

∫ t

0
ĒL(τ) + EL(τ) + EL(ω)(τ)dτ)

+ ε(M0
µ + tKµ(t))(ĒL(t) + EL(t) + EL(ω)(t))

where we are free to choose ε ∈ (0, 1].

12.1 A Chain Rule Lemma

Lemma 12.1.1. Let G be a smooth, possibly matrix-valued, function, v : (0, T ) × Ω± → Rd for some

d ≥ 1 and let β be a multi-index with 1 ≤ |β| ≤ 4. Then∣∣∣∣∣∣∂βG(v)
∣∣∣∣∣∣
L2(Ω±)

≤ F (||v||L∞(Ω±) ,

|β|−2∑
k=1

∣∣∣∣∣∣∂kv∣∣∣∣∣∣
H1(Ω±)

)(
∣∣∣∣∂2v

∣∣∣∣
H1(Ω±)

+
∑

γ≤β,γ 6=β
||∂γv||L2(Ω±))

+ F (||v||L∞(Ω±))
∣∣∣∣∣∣∂βv∣∣∣∣∣∣

L2(Ω±)
(12.1.1)

for some smooth increasing function F , provided that v is regular enough for the right hand side to be

finite. In particular, if v = (Ū, ρµ, U, ∂ψ̄, ∂ψ) and 1 ≤ |α| ≤ 3 then

||∂αG(v)||2H1(Ω±) ≤ Kµ(t)(ĒL(t) + EL(t)) (12.1.2)

Now let w : (0, T )× Ω± → Rd′ for some d′ ≥ 1 and let β be a multi-index with 1 ≤ |β| ≤ 4. Then∣∣∣∣∣∣
∣∣∣∣∣∣

∑
γ+δ=β,δ 6=β

∂γG(v)∂δw

∣∣∣∣∣∣
∣∣∣∣∣∣
L2(Ω±)

≤ F (||v||L∞(Ω±) ,

|β|−2∑
k=1

∣∣∣∣∣∣∂kv∣∣∣∣∣∣
H1(Ω±)

)
∑

γ≤β,γ 6=β
||∂γw||L2(Ω±)

+ ||∂w||H1(Ω±) F (||v||L∞(Ω±))
∣∣∣∣∣∣∂|β|−1v

∣∣∣∣∣∣
H1(Ω±)

+ ||w||L∞(Ω±) F (||v||L∞(Ω±))
∣∣∣∣∣∣∂βv∣∣∣∣∣∣

L2(Ω±)

(12.1.3)
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for some smooth increasing function F , provided that v and w are regular enough for the right hand side

to be finite. In particular, if v = (Ū, U, ∂ψ̄, ∂ψ), ||w||2H2(Ω±) ≤ Kµ(t) and 1 ≤ |α| ≤ 3, then∣∣∣∣∣∣
∣∣∣∣∣∣

∑
β+γ=α,γ 6=α

∂βG(v)∂γw

∣∣∣∣∣∣
∣∣∣∣∣∣
2

H1(Ω±)

≤ Kµ(t)(

2∑
k=0

∣∣∣∣∣∣∂kw∣∣∣∣∣∣2
H1(Ω±)

+ ĒL(t) + EL(t)) (12.1.4)

Proof. For 0 ≤ |γ| ≤ 4, the chain rule implies that ∂γG(v) is a sum of terms of the form

Gk(v)
l∏

i=1

∂γ
i
ve(i)

for some smooth function Gk, where
∑l

i=1 γ
i = γ and e(i) denotes an entry of v depending on i. Note

that if
∣∣γi∣∣ ≥ 3 for some i or |γ| ≤ 3 and

∣∣γi∣∣ ≥ 2 for some i, then
∣∣γj∣∣ ≤ 1 for all j 6= i and if

∣∣γi∣∣ = 2

for some i, then in fact
∣∣γj∣∣ ≤ 2 for all j. Using these observations and the product rule for Sobolev

functions and the Sobolev embedding theorem where necessary, we obtain the result.

12.2 Matching Initial Time Derivatives

We claim that

∂jt (U+, U−, ω+, ω−, f)|t=0 = ∂µ,g,j0 (U0
+, U

0
−,∇ψ

0 × u0
+,∇ψ

0 × u0
−, f

0) for 0 ≤ j ≤ 3 (12.2.1)

Indeed, note that the background state satisfies

∂jt (Ū+, Ū−, f̄)|t=0 = ∂µ,g,j0 (U0
+, U

0
−, f

0) for 0 ≤ j ≤ 3 (12.2.2)

by assumption, and note that (12.2.1) holds for j = 0 by assumption (this was part of the definition of a

solution of the linearised equations). Using these two facts we see that the linearised equations for f , p,

s and u are the same as the µ-approximate equations when restricted to t = 0 and the linearised equation

for ω is the same as the µ-approximate equation for ∇ψ × u when restricted to t = 0, which shows that

(12.2.1) holds for j = 1. Now this allows us to differentiate the equations with respect to time and obtain

the case j = 2. We continue until we reach j = 3. (Note we use the fact that the background state

satisfies (12.2.2) up to j = 3).

12.3 Lower Order Estimate

We start with the following simple lower order estimate.

Lemma 12.3.1. We have the following lower order estimates.∑
±

ess sup
τ∈(0,t)

||G(p, s, u)||2L∞(Ω±) + ess sup
τ∈(0,t)

||G(f)||2W 1,∞(Γ) ≤M
0
µ + tKµ(t) (12.3.1)

∑
1≤|β|≤2

ess sup
τ∈(0,t)

∣∣∣∣∣∣∂β(p, s, u)
∣∣∣∣∣∣2
L2(Ω±)

+
∑

0≤|β|≤1

ess sup
τ∈(0,t)

∣∣∣∣∣∣∂β∇u∣∣∣∣∣∣2
H1(Ω±)

≤M0
µ + tKµ(t) (12.3.2)

∑
0≤|β|≤2

∣∣∣∣∣∣∂β∇′f ∣∣∣∣∣∣2
H1.5(Γ)

≤M0
µ + tKµ(t) (12.3.3)

where G is a smooth function of its arguments.
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Proof. For the first estimate, we have

|G(p, s, u)|2 ≤ |G(p, s, u)|t=0|2 + C

∫ t

0
|∂tG(p, s, u)|2 dτ

≤ F (||(p, s, u)|t=0||2L∞(Ω±)) + C

∫ t

0
F (||(p, s, u)||2L∞(Ω±)) ||∂t(p, s, u)||2H2(Ω±) dτ

≤M0
µ + tKµ(t)

Similarly have have∣∣(G(f),∇′G(f))
∣∣2 ≤ ∣∣(G(f),∇′G(f))t=0

∣∣2 + C

∫ t

0

∣∣∂t(G(f),∇′G(f))
∣∣2 dτ

≤ F (
∣∣∣∣(f0,∇′f0)

∣∣∣∣2
L∞(Γ)

) + C

∫ t

0
F (
∣∣∣∣(f,∇′f)

∣∣∣∣2
L∞(Γ)

)
∣∣∣∣∂t(f,∇′f)

∣∣∣∣2
H2(Γ)

dτ

≤M0
µ + tKµ(t)

Taking the supremum over (τ, x) or (τ, x′) for τ ∈ (0, t) on the left hand side, this proves the first

estimate.

For the second estimate, we have∑
±

∑
1≤|β|≤2

∣∣∣∣∣∣∂β(p, s, u)
∣∣∣∣∣∣2
L2(Ω±)

+
∑
±

∑
0≤|β|≤1

ess sup
τ∈(0,t)

∣∣∣∣∣∣∂β∇u∣∣∣∣∣∣2
H1(Ω±)

≤M0
µ + C

∑
±

∑
1≤|β|≤2

∫ t

0

∣∣∣∣∣∣∂t∂β(p, s, u)
∣∣∣∣∣∣2
L2(Ω±)

dτ + Cµµ
2
∑
±

∑
0≤|β|≤1

∫ t

0

∣∣∣∣∣∣∂t∂β∇u∣∣∣∣∣∣2
H1(Ω±)

dτ

≤M0
µ + Cµ

∫ t

0
Eµ(τ)dτ

Finally, let us note that∑
0≤|β|≤2

ess sup
τ∈(0,t)

∣∣∣∣∣∣∂β∇′f ∣∣∣∣∣∣2
H1.5(Γ)

≤M0
µ + Cµµ

2
∑

0≤|β|≤2

∫ t

0

∣∣∣∣∣∣∂β(ū · n̄)
∣∣∣∣∣∣2
H2.5(Γ)

dτ

≤M0
µ + Cµ

∫ t

0
Ēµ(τ)dτ

12.4 Estimate of the Front

Proposition 12.4.1. Define

EL(f)(t) := ess sup
τ∈(0,t)

∑
0≤j≤3

∣∣∣∣∣∣∂jt∇′f ∣∣∣∣∣∣2
H4.5−j(Γ)

+

∫ t

0

∣∣∣∣∂4
t f
∣∣∣∣2
H1(Γ)

dτ

The front satisfies the following estimates for t ∈ (0, T ).

EL(f)(t) ≤M0
µ +

C

ε

∫ t

0
EL(τ)dτ + εĒL(t) (12.4.1)

ess sup
τ∈(0,t)

∑
0≤j≤3

∣∣∣∣∣∣∂jt∇′f ∣∣∣∣∣∣2
H3−j(Γ)

+
∑

0≤j≤3

∫ t

0

∣∣∣∣∣∣∂j+1
t ∇′f

∣∣∣∣∣∣2
H3−j(Γ)

dτ ≤M0
µ + C

∫ t

0
ĒL(τ)dτ (12.4.2)

∑
0≤j≤3

∫ t

0

∣∣∣∣∣∣∂j+1
t f

∣∣∣∣∣∣2
H5.5−j(Γ)

dτ +
∑

0≤j≤3

ess sup
τ∈(0,t)

∣∣∣∣∣∣∂j+1
t f

∣∣∣∣∣∣2
H4−j(Γ)

≤ CĒL(t) (12.4.3)
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Moreover, we have

Jψ ≥ κ0 − tKµ(t) (12.4.4)

Proof. We note that

∑
0≤j≤3

∫ t

0

∣∣∣∣∣∣∂j+1
t f

∣∣∣∣∣∣2
H5.5−j(Γ)

dτ +
∑

0≤j≤3

ess sup
τ∈(0,t)

∣∣∣∣∣∣∂j+1
t f

∣∣∣∣∣∣2
H4−j(Γ)

=
∑

0≤j≤3

∫ t

0

∣∣∣∣∣∣∂jt (ū · n̄)
∣∣∣∣∣∣2
H5.5−j(Γ)

dτ +
∑

0≤j≤3

ess sup
τ∈(0,t)

∣∣∣∣∣∣∂jt (ū · n̄)
∣∣∣∣∣∣2
H4−j(Γ)

≤ CĒL(t)

by definition of ĒL(t). This proves the third estimate.

Now note that, for 0 ≤ j ≤ 3,

d

dt

∣∣∣∣∣∣∂jt∇′f ∣∣∣∣∣∣2
H4.5−j(Γ)

= 2(∂j+1
t ∇′f, ∂jt∇′f)H4.5−j(Γ)

≤ ε
∣∣∣∣∣∣∂j+1

t f
∣∣∣∣∣∣2
H5.5−j(Γ)

+
1

ε

∣∣∣∣∣∣∂jt∇′f ∣∣∣∣∣∣2
H4.5−j(Γ)

Integrating in time we obtain

∣∣∣∣∣∣∂jt∇′f ∣∣∣∣∣∣2
H4.5−j(Γ)

≤M0 + ε

∫ t

0

∣∣∣∣∣∣∂j+1
t f

∣∣∣∣∣∣2
H5.5−j(Γ)

dτ +
1

ε

∫ t

0

∣∣∣∣∣∣∂jt∇′f ∣∣∣∣∣∣2
H4.5−j(Γ)

dτ

≤M0
µ + CεĒL(t) +

1

ε

∫ t

0
EL(τ)dτ

where we have used the third estimate for the second term. Together with a direct integrating in time of

the third estimate, this proves the first estimate.

To prove the second estimate we note that for 0 ≤ j ≤ 3,

ess sup
τ∈(0,t)

∣∣∣∣∣∣∂jt∇′f ∣∣∣∣∣∣2
H3−j(Γ)

+

∫ t

0

∣∣∣∣∣∣∂j+1
t ∇′f

∣∣∣∣∣∣2
H3−j(Γ)

dτ

≤M0
µ + C

∫ t

0

∣∣∣∣∣∣∂j+1
t ∇′f

∣∣∣∣∣∣2
H3−j(Γ)

dτ +

∫ t

0

∣∣∣∣∣∣∂j+1
t f

∣∣∣∣∣∣2
H4−j(Γ)

dτ

≤M0
µ + C

∫ t

0
ĒL(τ)dτ

where we have used the third estimate.

We have by Sobolev embedding and the definition of ψ that

Jψ ≥ Jψ0 −
∫ t

0
||∂t∂x3ψ||H2(Γ) dτ

≥ κ0 − C
∫ t

0
(1 + ||∂tf ||2H2(Γ))dτ

≥ κ0 − tKµ(t)

This completes the proof.
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12.5 Estimate of the Entropy, Pressure and Curl

We start with an estimate for general transport equations of the correct form.

Lemma 12.5.1. In this lemma functions will be defined either on Ω+ or Ω−.

Let b ∈ L∞((0, T );W 1,∞(Ω±;R3)), h ∈ L2((0, T );L2(Ω±)) and w ∈ L2((0, T );H1(Ω±)) with

∂tw ∈ L2((0, T );L2(Ω±)). Suppose also that b3|Γ = 0 and that w satisfies the equation

(∂t + b · ∇)w = h

in (0, T )× Ω±. Then w satisfies the following estimates, where we are free to choose ε ∈ (0, 1].

ess sup
τ∈(0,t)

||w||2L2(Ω±) ≤ ||w(0)||2L2(Ω±) + (
1

ε
+ ess sup

τ∈(0,t)
||b||2W 1,∞(Ω±))

∫ t

0
||w||2L2(Ω±) dτ

+ ε

∫ t

0
||h||2L2(Rd) dτ (12.5.1)∫ t

0
||∂tw||2L2(Ω±) dτ ≤ C ess sup

τ∈(0,t)
||b||2W 1,∞(Ω±)

∫ t

0
||∇w||2L2(Ω±) dτ + C

∫ t

0
||h||2L2(Ω±) dτ (12.5.2)

Moreover, if h ∈ L2((0, T );H1(Ω±)) and w(0) ∈ H1(Ω±) then

ess sup
τ∈(0,t)

||w||2H1(Ω±) ≤ ||w(0)||2H1(Ω±) + (
1

ε
+ ess sup

τ∈(0,t)
||b||2W 1,∞(Ω±))

∫ t

0
||w||2H1(Rd) dτ

+ ε

∫ t

0
||h||2H1(Ω±) dτ (12.5.3)

where we are free to choose ε ∈ (0, 1].

Proof. The second estimate is obtained easily by rearranging the equation to give

∂tw = −b · ∇w + h

then squaring both sides and integrating in space and time.

For the first estimate we multiply the equation by w, then use the product rule to obtain

1

2
∂t |w|2 +

1

2
∇ · (b |w|2) =

1

2
(∇ · b) |w|2 + hw

We then integrate in space and time, using the divergence theorem for the second term, together with the

fact that b3|Γ = 0 which implies the boundary term vanishes, to obtain

||w||2L2(Ω±) = ||w(0)||2L2(Ω±) +

∫ t

0

∫
Ω±

(∇ · b) |w|2 dxdτ + 2

∫ t

0

∫
Ω±

hwdxdτ

≤ ||w(0)||2L2(Ω±) + (ess sup
τ∈(0,t)

||b||2W 1,∞(Ω±) +
1

ε
)

∫ t

0
||w||2L2(Ω±) dτ + ε

∫ t

0
||h||2L2(Ω±) dτ

where we have used Cauchy’s inequality. This proves the first estimate.

To prove the third estimate, we would like to differentiate with respect to xi, but w is not regular

enough. To overcome this, we let η ∈ C∞c (R3) be the standard mollifier, and for ν ∈ (0, 1] we define

ην(x) := ν−3η(xν ) in the standard manner. We apply the Sobolev extension operator ExtΩ± in space to

extend b, h and w0 to be defined on R3. We then define w̃ to be the unique solution to the equation

(∂t + b · ∇)w̃ = h
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in (0, T )×R3 with w̃(0) = w0, as given by 10.2.2. Note that the additional regularity we have assumed

on w0 and h allow us to apply this result. Note also that by the uniqueness of the solution to the equation

in Ω± stated in 10.2.3, we have that w̃|Ω± = w. We fix δ > 0, then take the convolution of the equation

with ην , where ν ≤ δ
2 , to obtain

∂tw̃ν + (b · ∇w̃) ∗ ην = hν

where w̃ν = w̃ ∗ ην and hν = h ∗ ην . We now apply ∂xi where 1 ≤ i ≤ 3 to obtain

∂t∂xiw̃ν + (b · ∇w̃) ∗ ∂xiην = ∂xihν

which we rewrite as

∂t∂xiw̃ν + b · ∇∂xiw̃ν = ∂xihν − (b · ∇w̃) ∗ ∂xiην + b · ∇∂xiw̃ν

Now we apply the first estimate to ∂xiw̃ν to obtain

||∂xiw̃ν ||
2
L2(Ω±) ≤ ||∂xiw̃ν(0)||2L2(Ω±) + (ess sup

τ∈(0,t)
||b||2W 1,∞(Ω±) +

1

ε
)

∫ t

0
||∂xiw̃ν ||

2
L2(Ω±) dτ

+ ε

∫ t

0
||∂xihν ||

2
L2(Ω±) dτ +

∫ t

0
||(b · ∇w̃) ∗ ∂xiην − b · ∇∂xiw̃ν ||

2
L2(Ω±) dτ

We claim that

||(b · ∇w̃) ∗ ∂xiην − b · ∇∂xiw̃ν ||L2(Ω±) ≤ C ||b||W 1,∞(Ω±) ||∇w̃||L2(Ωδ±)

where

Ωδ
+ = {x ∈ R3 : x3 > −δ}

Ωδ
− = {x ∈ R3 : x3 < δ}

Indeed, note that

(b · ∇w̃) ∗ ∂xiην − b · ∇∂xiw̃ν = (b · ∇w̃) ∗ ∂xiην − b · (∇w̃ ∗ ∂xiην)

=

∫
R3

(b(y)− b(x)) · ∇w̃(y)∂xiην(x− y)dy

=
1

ν

∫
|y−x|≤ν

(b(y)− b(x)) · ∇w̃(y)(∂xiη)ν(x− y)dy

where (∂xiη)ν(x) := ν−3(∂xiη)(xν ). Hence, applying the mean value theorem to b(y)− b(x) and using

|y − x| ≤ ν to cancel the factor 1
ν , we have

|(b · ∇w̃) ∗ ∂xiην − b · ∇∂xiw̃ν | ≤ ||b||W 1,∞(R3)

∫
R3

|(∂xiη)ν(x− y)| |∇w̃(y)| dy

≤ C ||b||W 1,∞(Ω±) |(∂xiη)ν | ∗ |∇w(y)|

But, applying Young’s inequality for convolutions we have

|||(∂xiη)ν | ∗ |∇w̃(y)|||L2(Ω±) ≤
∣∣∣∣∣∣|(∂xiη)ν | ∗

∣∣∣∇w̃(y)1Ωδ±
(y)
∣∣∣∣∣∣∣∣∣
L2(R3)

≤ ||(∂xiη)ν ||L1(R3)

∣∣∣∣∣∣∇w̃1Ωδ±

∣∣∣∣∣∣
L2(R3)

≤ C ||∇w̃||L2(Ωδ±)
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which completes the proof of the claim.

Thus, summing over 1 ≤ i ≤ 3, we obtain

||∇w̃ν ||2L2(Ω±) ≤ ||∇w̃ν(0)||2L2(Ω±) + (ess sup
τ∈(0,t)

||b||2W 1,∞(Ω±) +
1

ε
)

∫ t

0
||∇w̃ν ||2L2(Ω±) dτ

+ ε

∫ t

0
||∇hν ||2L2(Ω±) dτ + C ess sup

τ∈(0,t)
||b||2W 1,∞(Ω±)

∫ t

0
||∇w̃||L2(Ωδ±) dτ

≤ ||∇w̃ν(0)||2L2(Ω±) + C(ess sup
τ∈(0,t)

||b||2W 1,∞(Ω±) +
1

ε
)

∫ t

0
||∇w̃||2L2(Ωδ±) dτ

+ ε

∫ t

0
||∇hν ||2L2(Ω±) dτ

Letting ν → 0 and using the properties of mollifiers, we obtain

||∇w||2L2(Ω±) ≤ ||∇w(0)||2L2(Ω±) + C(ess sup
τ∈(0,t)

||b||2W 1,∞(Ω±) +
1

ε
)

∫ t

0
||∇w̃||2L2(Ωδ±) dτ

+ ε

∫ t

0
||∇h||2L2(Ω±) dτ

Letting δ → 0, we obtain

||∇w||2L2(Ω±) ≤ ||∇w(0)||2L2(Ω±) + C(ess sup
τ∈(0,t)

||b||2W 1,∞(Ω±) +
1

ε
)

∫ t

0
||∇w||2L2(Ω±) dτ

+ ε

∫ t

0
||∇h||2L2(Ω±) dτ

as required.

Lemma 12.5.2. We have that uψ satisfies the following estimate.∣∣∣∣∣∣∂γuψ∣∣∣∣∣∣2
L∞(Ω±)

≤ Kµ(t) for 0 ≤ |γ| ≤ 1

Proof. Let us note that

uψ = G(∂tψ,∇ψ,∇′ψ̄, ū)

for some smooth function G (at least in the region where Jψ > 0). The estimate follows immediately

using the chain rule and the Sobolev embedding theorem.

Proposition 12.5.3. Define

EL(s)(t) :=
∑
±

ess sup
τ∈(0,t)

||s||2L∞(Ω±) +
∑
±

∑
1≤|α|≤3

ess sup
τ∈(0,t)

||∂αs||2H1(Ω±) +
∑
±

∫ t

0

∣∣∣∣∂4
t s
∣∣∣∣2
L2(Ω±)

dτ

The entropy s satisfies the following energy estimate.

EL(s)(t) ≤M0
µ +Kµ(t)(

∫ t

0
EL(τ) + ĒL(τ)dτ) (12.5.4)

for t ∈ (0, T ).
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Proof. Let 1 ≤ |α| ≤ 3 and apply ∂α to the linearised entropy equation (9.1.3) to obtain

∂t∂
αs+ uψ · ∇∂αs = RαL(s)

where

RαL(s) = −
∑

β+γ=α,γ 6=α
∂βuψ · ∂γ∇s

We claim that

||RαL(s)||2H1(Ω±) ≤ Kµ(t)(ĒL(t) + EL(t))

Indeed, writing uψ = G̃(∂x3ψ)G(v), where v = (∂tψ,∇′ψ,∇′ψ̄, ū), and writing w = ∇s, it follows

immediately from (12.1.4) that

||RαL(s)||2H1(Ω±) ≤ Kµ(t)(
2∑

k=0

∣∣∣∣∣∣∂k∇s∣∣∣∣∣∣2
H1(Ω±)

+ ĒL(t) + EL(t))

≤ Kµ(t)(ĒL(t) + EL(t))

as required.

Applying the estimate (12.5.3) with w = ∂αs, b = uψ and h = RαL(s) we obtain

ess sup
τ∈(0,t)

||∂αs||2H1(Ω±) ≤ ||∂
αs(0)||2H1(Ω±) + (1 + ess sup

τ∈(0,t)

∣∣∣∣∣∣uψ∣∣∣∣∣∣2
W 1,∞(Ω±)

)

∫ t

0
||∂αs||2H1(Rd) dτ

+

∫ t

0
||RαL(s)||2H1(Ω±) dτ

≤M0
µ +Kµ(t)(

∫ t

0
EL(τ) + ĒL(τ)dτ)

where we have used the above estimate for RαL(s).

We now apply the estimate (12.5.2) to the differentiated equation to obtain∫ t

0
||∂t∂αs||2L2(Ω±) dτ ≤ C ess sup

τ∈(0,t)

∣∣∣∣∣∣uψ∣∣∣∣∣∣2
W 1,∞(Ω±)

∫ t

0
||∇∂αs||2L2(Ω±) dτ

+ C

∫ t

0
||RαL(s)||2L2(Ω±) dτ

≤ Kµ(t)

∫ t

0
EL(τ) + ĒL(τ)dτ

where we have used the above estimate for RαL(s).

Proposition 12.5.4. Define

EL(p)(t) :=
∑
±

ess sup
τ∈(0,t)

||p||2L∞(Ω±) +
∑
±

∑
1≤|α|≤3

ess sup
τ∈(0,t)

||∂αp||2H1(Ω±) +
∑
±

∫ t

0

∣∣∣∣∂4
t p
∣∣∣∣2
L2(Ω±)

dτ

The pressure p satisfies the following energy estimate.

EL(p)(t) ≤M0
µ +

1

ε
Kµ(t)(

∫ t

0
EL(τ) + ĒL(τ)dτ) + ε(M0

µ + tKµ(t))(ĒL(t) + EL(t)) (12.5.5)

for t ∈ (0, T ), where we are free to choose ε > 0.
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Proof. Let 1 ≤ |α| ≤ 3 and apply ∂α to the linearised pressure equation (9.1.4) to obtain

∂t∂
αp+ uψ · ∇∂αp = ∂αGp +RαL(p)

where

Gp := −ρ̄c̄2∇ψ · ū

Note that we have

||RαL(p)||2H1(Ω±) ≤ Kµ(t)(ĒL(t) + EL(t))

exactly as in the estimate of the entropy. We claim that∫ t

0
||∂αGp||2H1(Ω±) dτ ≤ (M0

µ + tKµ(t))(ĒL(t) + EL(t))

and ∫ t

0
||∂αGp||2L2(Ω±) dτ ≤ Kµ(t)

∫ t

0
ĒL(t) + EL(t)dτ

Indeed, we write Gp = G̃(∂x3ψ)G(v)w where v = (p̄, s̄,∇′ψ), G̃ is a smooth function and G is a

smooth vector-valued function and w = ∇ū. Hence

∂αGp =
∑

β+γ=α,γ 6=α
∂β(G̃(∂x3ψ)G(v))∂γw + G̃(∂x3ψ)G(v)∂αw

Applying (12.1.4) and estimating ∂k+1
x3

ψ in terms of ||f ||L∞(Γ) for 0 ≤ k ≤ 4 we immediately obtain∣∣∣∣∣∣
∣∣∣∣∣∣

∑
β+γ=α,γ 6=α

∂β(G̃(∂x3ψ)G(v))∂γw

∣∣∣∣∣∣
∣∣∣∣∣∣
2

H1(Ω±)

≤ Kµ(t)(ĒL(t) + EL(t))

We also note that ∣∣∣∣∣∣G̃(∂x3ψ)G(v)∂αw
∣∣∣∣∣∣
L2(Ω±)

≤ Kµ(t)ĒL(t)

Thus integrating with respect to time proves the second estimate in the claim. Now note that∣∣∣∣∣∣G̃(∂x3ψ)G(v)∂αw
∣∣∣∣∣∣2
H1(Ω±)

≤ Kµ(t)ĒL(t) + C
∣∣∣∣∣∣G̃(∂x3ψ)G(v)

∣∣∣∣∣∣2
L∞(Ω±)

||∂α∇ū||2H1(Ω±)

≤ Kµ(t)ĒL(t) + (M0 + tKµ(t)) ||∂α∇ū||2H1(Ω±)

where we have used the lower order estimate (12.3.1). Integrating with respect to time proves the claim.

Applying the estimate (12.5.3) with w = ∂αp, b = uψ and h = ∂αGp +RαL(p) we obtain

ess sup
τ∈(0,t)

||∂αp||2H1(Ω±) ≤ ||∂
αp(0)||2H1(Ω±) + (

1

ε
+ ess sup

τ∈(0,t)

∣∣∣∣∣∣uψ∣∣∣∣∣∣2
W 1,∞(Ω±)

)

∫ t

0
||∂αp||2H1(Rd) dτ

+

∫ t

0
||RαL(p)||2H1(Ω±) dτ + ε

∫ t

0
||∂αGp||2H1(Ω±) dτ

≤M0
µ +

1

ε
Kµ(t)(

∫ t

0
EL(τ) + ĒL(τ)dτ) + ε(M0

µ + tKµ(t))(ĒL(t) + EL(t))
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where we have used the above estimates for RαL(p) and ∂αGp.

We now apply the estimate (12.5.2) to the differentiated equation to obtain∫ t

0
||∂t∂αp||2L2(Ω±) dτ ≤ C ess sup

τ∈(0,t)

∣∣∣∣∣∣uψ∣∣∣∣∣∣2
W 1,∞(Ω±)

∫ t

0
||∇∂αp||2L2(Ω±) dτ

+ C

∫ t

0
||RαL(p)||2L2(Ω±) dτ + C

∫ t

0
||∂αGp||2L2(Ω±) dτ

≤ Kµ(t)

∫ t

0
EL(τ) + ĒL(τ)dτ

where we have used the above estimates for RαL(p) and ∂αGp.

Proposition 12.5.5. We have

ρµ(t, x) ≥ δ0 − tKµ(t) (12.5.6)

ρµ(t, x) ≥ δ0
µ − tKµ(t) (12.5.7)

Proof. Note that by Sobolev embedding, Holder’s inequality and the chain rule for Sobolev functions,

we have

ρ(t, x) ≥ ρ0(x)− C
∫ t

0
||∂tρ||H2(Ω±) dt

≥ ρ0(x)−
∫ t

0
F (
∑
±
||(p, s)||2L∞(Ω±) ,

∑
±
||∂t(p, s)||2H2(Ω±) ,

1

δ0
)dτ

≥ δ0 − tKµ(t)

In exactly the same way we obtain

ρµ(t, x) ≥ δ0
µ − tKµ(t)

This completes the proof.

Proposition 12.5.6. The curl ω satisfies the following energy estimates.

EL(ω)(t) ≤M0
µ +

1

ε
Kµ(t)(t+

∫ t

0
ĒL(t) + EL(t) + EL(ω)(t)dτ

+ ε(M0
µ + tKµ(t))(ĒL(t) + EL(t) + EL(ω)(t)) (12.5.8)∫ t

0

∣∣∣∣∂3
t ω
∣∣∣∣2
H1(Ω±)

dτ ≤ Kµ(t)(t+

∫ t

0
ĒL(t) + EL(t) + EL(ω)(t)dτ) (12.5.9)∫ t

0

∣∣∣∣∂4
t ω
∣∣∣∣2
L2(Ω±)

dτ ≤ (M0
µ + tKµ(t))(1 + ĒL(t) + EL(t) + EL(ω)(t)) (12.5.10)

for t ∈ (0, T ), where we are free to choose ε > 0.

Proof. Let 1 ≤ |α| ≤ 3 and apply ∂α to the linearised curl equation (9.1.5) to obtain

(∂t + uψ · ∇)∂αω = ∂αGω +RαL(ω)

where

RαL(ω) = −
∑

γ+δ=α,δ 6=α
∂γuψ · ∂δ∇ω
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and

Gω :=
1

ρµ
(−∇ψρµ × (∂t + uψ · ∇)ū− ρµ(εijk∂

ψ
j ūl∂

ψ
l ūk) +∇ψ × g1)

We claim that

||RαL(ω)||2H1(Ω±) ≤ Kµ(t)(ĒL(t) + EL(t) + EL(ω)(t))

Indeed, writing uψ = G̃(∂x3ψ)G(v), where v = (∂tψ,∇′ψ,∇′ψ̄, ū), writing w = ∇ω, and using the

fact that ||∇ω||2H2(Ω±) ≤ Kµ(t), it follows immediately from (12.1.4) that

||RαL(ω)||2H1(Ω±) ≤ Kµ(t)(
2∑

k=0

∣∣∣∣∣∣∂k∇ω∣∣∣∣∣∣2
H1(Ω±)

+ ĒL(t) + EL(t))

≤ Kµ(t)(ĒL(t) + EL(t))

as required.

Now we claim that∫ t

0
||∂αGω||2L2(Ω±) dτ ≤ (M0

µ + tKµ(t))(1 + ĒL(t) + EL(t))

and if α0 ≤ 2, then ∫ t

0
||∂αGω||2H1(Ω±) dτ ≤ (M0

µ + tKµ(t))(1 + ĒL(t) + EL(t))

||∂αGω||2L2(Ω±) ≤ Kµ(t)(1 + ĒL(t) + EL(t))

Indeed, we write Gω = G̃(∂x3ψ)G(v)w where v = (ρµ,∇ρµ,∇′ψ,∇′ψ̄, ∂tψ, ū,∇ū,∇g1), G̃ is a

smooth function and G is a smooth vector-valued function and w = (v, ∂tū). Hence

∂αGω =
∑

β+γ=α,γ 6=α
∂β(G̃(∂x3ψ)G(v))∂γw + G̃(∂x3ψ)G(v)∂αw

Applying (12.1.3) and estimating ∂k+1
x3

ψ in terms of ||f ||L∞(Γ) for 0 ≤ k ≤ 4 we immediately obtain∣∣∣∣∣∣
∣∣∣∣∣∣

∑
β+γ=α,γ 6=α

∂β(G̃(∂x3ψ)G(v))∂γw

∣∣∣∣∣∣
∣∣∣∣∣∣
2

H1(Ω±)

≤ Kµ(t)(1 + ĒL(t) + EL(t) +
∣∣∣∣∂3∇ū

∣∣∣∣2
H1(Ω±)

)

We also obtain∣∣∣∣∣∣
∣∣∣∣∣∣

∑
β+γ=α,γ 6=α

∂β(G̃(∂x3ψ)G(v))∂γw

∣∣∣∣∣∣
∣∣∣∣∣∣
2

L2(Ω±)

≤ Kµ(t)(1 + ĒL(t) + EL(t))

We also note that∣∣∣∣∣∣G̃(∂x3ψ)G(v)∂αw
∣∣∣∣∣∣2
L2(Ω±)

≤ (M0 + tKµ(t))(1 + ĒL(t) + EL(t) + ||∂α∂tū||2L2(Ω±))

Thus integrating with respect to time proves the first estimate in the claim. Now if α0 ≤ 2 then∣∣∣∣∣∣G̃(∂x3ψ)G(v)∂αw
∣∣∣∣∣∣2
L2(Ω±)

≤ Kµ(t)(1 + ĒL(t) + EL(t))
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Combining estimates proves the last estimate in the claim. Finally, we note that if α0 ≤ 2 then∣∣∣∣∣∣G̃(∂x3ψ)G(v)∂αw
∣∣∣∣∣∣2
H1(Ω±)

≤ Kµ(t)(1 + ĒL(t) + EL(t)) + (M0 + tKµ(t)) ||∂α∂tū||2H1(Ω±)

and integrating with respect to time we obtain the second estimate in the claim.

Let α0 ≤ 2. Applying the estimate (12.5.3) with w = ∂αω, b = uψ and h = ∂αGω + RαL(ω) we

obtain

ess sup
τ∈(0,t)

||∂αω||2H1(Ω±) ≤ ||∂
αω(0)||2H1(Ω±) + (

1

ε
+ ess sup

τ∈(0,t)

∣∣∣∣∣∣uψ∣∣∣∣∣∣2
W 1,∞(Ω±)

)

∫ t

0
||∂αω||2H1(Rd) dτ

+

∫ t

0
||RαL(ω)||2H1(Ω±) dτ + ε

∫ t

0
||∂αGω||2H1(Ω±) dτ

≤M0
µ +

1

ε
Kµ(t)(t+

∫ t

0
EL(τ) + ĒL(τ) + EL(ω)(τ)dτ) + ε(M0

µ + tKµ(t))(ĒL(t) + EL(t))

where we have used the above estimates for RαL(ω) and ∂αGω with α0 ≤ 2.

We now apply the estimate (12.5.2) to the differentiated equation to obtain∫ t

0
||∂t∂αω||2L2(Ω±) dτ ≤ C ess sup

τ∈(0,t)

∣∣∣∣∣∣uψ∣∣∣∣∣∣2
W 1,∞(Ω±)

∫ t

0
||∇∂αω||2L2(Ω±) dτ

+ C

∫ t

0
||RαL(ω)||2L2(Ω±) dτ + C

∫ t

0
||∂αGω||2L2(Ω±) dτ

≤ Kµ(t)

∫ t

0
||∇∂αω||2L2(Ω±) dτ + C

∫ t

0
||∂αGω||2L2(Ω±) dτ

+Kµ(t)

∫ t

0
EL(τ) + ĒL(τ) + EL(ω)(t)dτ

where we have used the above estimate for RαL(ω). In the case α0 ≤ 2, we obtain∫ t

0
||∂t∂αω||2L2(Ω±) dτ ≤ Kµ(t)(t+

∫ t

0
EL(τ) + ĒL(τ) + EL(ω)(t)dτ)

where we have used the above estimate for ∂αGω. This completes the estimate of EL(ω)(t) and also

proves the second estimate. Without the restriction on α0, we obtain∫ t

0
||∂t∂αω||2L2(Ω±) dτ

≤ Kµ(t)

∫ t

0
||∇∂αω||2L2(Ω±) dτ + (M0

µ + tKµ(t))(1 + EL(ω)(t) + ĒL(t) + EL(t))

≤ (M0
µ + tKµ(t))(1 + EL(ω)(t) + ĒL(t) + EL(t))

where we have used the above estimate for ∂αGω and the estimate just obtained for∇∂αω.

This completes the proof.

12.6 Estimate of the Velocity

Definition 12.6.1. We define the part of the energy EL associated with the velocity u for t ∈ (0, T ) by

EL(u)(t) :=
∑
±

ess sup
τ∈(0,t)

||u||2L∞(Ω±) +
∑
±

∑
0≤j≤3

ess sup
τ∈(0,t)

∣∣∣∣∣∣∂jt∇u∣∣∣∣∣∣2
H3−j(Ω±)

+
∑
±

∑
0≤j≤3

∫ t

0

∣∣∣∣∣∣∂jt∇u∣∣∣∣∣∣2
H4−j(Ω±)

dτ +
∑
±

∫ t

0

∣∣∣∣∂4
t u
∣∣∣∣2
L2(Ω±)

dτ

+
∑

0≤j≤3

ess sup
τ∈(0,t)

∣∣∣∣∣∣∂jt (u · n)
∣∣∣∣∣∣2
H4−j(R2)

+
∑

0≤j≤3

∫ t

0

∣∣∣∣∣∣∂jt (u · n)
∣∣∣∣∣∣2
H5−j(R2)

dτ
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Proposition 12.6.2. The velocity u satisfies the following energy estimate.

EL(u)(t) ≤ 1

ε
M0
µ +

1

ε
Kµ(t)(t+

∫ t

0
EL(τ) + ĒL(τ) + EL(ω)(τ)dτ)

+ ε(M0
µ + tKµ(t))(EL(t) + ĒL(t) + EL(ω)(t)) (12.6.1)

for t ∈ (0, T ), where we are free to choose ε > 0.

Proof. See the rest of this section for the proof

We use the weak form of the equations to avoid the difficulty of not having enough regularity on u.

As in 11.3, we set

y
u = N−1u

where the matrix N is defined in 11.3.1. We define the energy associated with y
u as

EL(
y
u)(t) :=

∑
±

ess sup
τ∈(0,t)

||yu||2L∞(Ω±) +
∑
±

∑
0≤j≤3

ess sup
τ∈(0,t)

∣∣∣∣∣∣∂jt∇ y
u
∣∣∣∣∣∣2
H3−j(Ω±)

+
∑
±

∑
0≤j≤3

∫ t

0

∣∣∣∣∣∣∂jt∇ y
u
∣∣∣∣∣∣2
H4−j(Ω±)

dτ +
∑
±

∫ t

0

∣∣∣∣∂4
t

y
u
∣∣∣∣2
L2(Ω±)

dτ

+
∑

0≤j≤3

ess sup
τ∈(0,t)

∣∣∣∣∣∣∂jt y
u3

∣∣∣∣∣∣2
H4−j(R2)

+
∑

0≤j≤3

∫ t

0

∣∣∣∣∣∣∂jt y
u3

∣∣∣∣∣∣2
H5−j(R2)

dτ

Lemma 12.6.3. We claim that

EL(u)(t) ≤ (M0
µ + tKµ(t))(EL(

y
u)(t) + EL(f)(t)) (12.6.2)

and conversely

EL(
y
u)(t) ≤ (M0

µ + tKµ(t))(EL(u)(t) + EL(f)(t)) (12.6.3)

Proof. Recall that y
u3= (N−1u)3 = u · n, so the estimate of the boundary terms is immediate.

Now we note that for 1 ≤ |α| ≤ k, where k = 4 or k = 5, and α0 ≤ 3, we have

||∂αu||L2(Ω±) =
∑

β+γ=α

∣∣∣∣∣∣∂βN∂γ y
u
∣∣∣∣∣∣
L2(Ω±)

Note that the lower order estimate (12.3.3) and the lifting property in the definition of N implies that if

0 ≤ |β| ≤ 2 then ∣∣∣∣∣∣∂βN ∣∣∣∣∣∣2
L∞(Ω±)

≤ C
∣∣∣∣∣∣∂β∇′f ∣∣∣∣∣∣2

H1.5(Γ)
≤M0

µ + tKµ(t)

The lower order estimate (12.3.1) implies

||∂γ y
u||2L∞(Ω±) ≤M

0
µ + tKµ(t) for 0 ≤ |γ| ≤ 1

We note also that

||∂γ y
u||2L∞(Ω±) ≤ Kµ(t) for 0 ≤ |γ| ≤ 2
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Finally, let us note that for 3 ≤ |β| ≤ 5 (with β0 ≤ 3),

ess sup
τ∈(0,t)

∣∣∣∣∣∣∂βN ∣∣∣∣∣∣2
L2(Ω±)

≤ C ess sup
τ∈(0,t)

∣∣∣∣∣∣∂βf ∣∣∣∣∣∣2
H5.5−|β|(Ω±)

≤ EL(f)(t)

Thus we obtain in the case k = 4,

ess sup
τ∈(0,t)

||∂αu||2L2(Ω±) ≤ C
∑

β+γ=α

ess sup
τ∈(0,t)

∣∣∣∣∣∣∂βN∂γ y
u
∣∣∣∣∣∣2
L2(Ω±)

≤ (M0
µ + tKµ(t))(EL(

y
u)(t) + EL(f)(t))

In the case k = 5 we obtain∫ t

0
||∂αu||2L2(Ω±) dτ ≤ C

∑
β+γ=α

∫ t

0

∣∣∣∣∣∣∂βN∂γ y
u
∣∣∣∣∣∣2
L2(Ω±)

dτ

≤ (M0
µ + tKµ(t))EL(

y
u)(t) +Kµ(t)

∫ t

0
EL(f)(τ)dτ

Now we consider the case ∂α = ∂4
t . Note that if |β| ≤ 4 then∫ t

0

∣∣∣∣∣∣∂βN ∣∣∣∣∣∣2
L2(Ω±)

dτ ≤ C
∫ t

0

∣∣∣∣∣∣∂β∇′f ∣∣∣∣∣∣2
L2(Γ)

dτ

≤ CEL(f)(t)

Combining this with the estimates above we see that∫ t

0
||∂αu||2L2(Ω±) dτ ≤ C

∑
β+γ=α

∫ t

0

∣∣∣∣∣∣∂βN∂γ y
u
∣∣∣∣∣∣2
L2(Ω±)

dτ

≤ (M0
µ + tKµ(t))(EL(

y
u)(t) + EL(f)(t))

This completes the proof of the first inequality. The second inequality follows simply by replacing

N by N−1 and reversing u and y
u in the above estimates.

We recall that y
u satisfies the weak equation (11.7.1). Let 0 ≤ |α| ≤ 3 with α3 = 0 be a multi-index.

We may also write ∂α = ∂jt∇β where β3 = 0 and 0 ≤ j + |β| ≤ 3. We apply ∂jt to the weak equation

(11.7.1), then test it with (−1)|β|∇βw for w ∈ B1 smooth in the horizontal directions, then integrate

by parts horizontally and use the density of such w in B1 to obtain that ∂α y
u satisfies the following

equation.

(∂t∂
α y
u,w)B0(t) + µ{∂α y

u,w}B1(t) +
∑
±

(A2(∂α
y
u,∇∂α y

u), w)L2(Ω±)

=
∑
±

(G1,α, w)L2(Ω±) +
∑
±

(G2,α,∇w)L2(Ω±) + (G3,α, w3)L2(Γ) + (G4,α,∇′w3)L2(Γ) (12.6.4)

for all w ∈ B1 and almost every t ∈ (0, T ), where

G1,α := ∂αG1 −
∑

β+γ=α,β 6=α
(∂γA0∂β∂t

y
u +µ∂γA1(∂β

y
u, ∂∂β

y
u) + ∂γA2(∂β

y
u,∇∂β y

u)) (12.6.5)

G2,α := ∂αG2 − µ
∑

β+γ=α,β 6=α
∂γA1(∂β

y
u,∇∂β y

u) (12.6.6)

G3,α := ∂αG3 (12.6.7)

G4,α := ∂αG4 (12.6.8)

and Ai for 0 ≤ i ≤ 2 are defined in 11.6.1 and Gi for 1 ≤ i ≤ 4 are defined in 11.7.1.
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Lemma 12.6.4. We claim that the constant C∞,0(t) and C∞,1(t), as defined in 11.1.1, satisfy the fol-

lowing estimates.

C∞,0(t) ≤M0
µ + tKµ(t) (12.6.9)

C∞,1(t) ≤ Kµ(t) (12.6.10)

Proof. Firstly we recall that

C∞,j(t) ≤ Fµ(
∑
±

j∑
k=0

ess sup
τ∈(0,t)

∣∣∣∣∣∣∂kt (ρc2)
∣∣∣∣∣∣2
W j−k,∞(Ω±)

,
∑
±

j∑
k=0

ess sup
τ∈(0,t)

∣∣∣∣∣∣∂kt (ρµ, ∂tρµ)
∣∣∣∣∣∣2
W j−k,∞(Ω±)

,

j+1∑
k=0

ess sup
τ∈(0,t)

∣∣∣∣∣∣∂kt∇′f ∣∣∣∣∣∣2
H2.5+j−k(Γ)

,
1

δ0
,

1

δ0
µ

,
1

κ0
)

for some smooth increasing function Fµ depending on µ. Thus we have

C∞,0(t) ≤M0 + tC∞,0(t)(
∑
±

ess sup
τ∈(0,t)

∣∣∣∣∂t(ρc2)
∣∣∣∣2
L∞(Ω±)

+
∑
±

ess sup
τ∈(0,t)

||∂t(ρµ, ∂tρµ)||2L∞(Ω±) +

1∑
k=0

ess sup
τ∈(0,t)

∣∣∣∣∣∣∂k+1
t ∇′f

∣∣∣∣∣∣2
H2.5−k(Γ)

)

≤M0 + tK(t)

It follows from the Sobolev embedding theorem and the definition of Kµ(t) that

C∞,1(t) ≤ Kµ(t)

Lemma 12.6.5. Let 1 ≤ |α| ≤ 3. We claim that∫ t

0

∣∣∣∣G1,α
∣∣∣∣2
L2(Ω±)

dτ ≤ Kµ(t)(t+

∫ t

0
EL(τ) + ĒL(τ) + EL(ω)(τ)dτ)∫ t

0

∣∣∣∣∂tG2,α
∣∣∣∣2
L2(Ω±)

dτ ≤ (M0
µ + tKµ(t))(1 + ĒL(t) + EL(t) + EL(ω)(t))∫ t

0

∣∣∣∣G2,α
∣∣∣∣2
H1(Ω±)

dτ ≤ Kµ(t)(t+

∫ t

0
ĒL(τ) + EL(τ) + EL(ω)(τ)dτ)

1∑
k=0

∫ t

0

∣∣∣∣∣∣∂kG3,α
∣∣∣∣∣∣2
L2(Γ)

dτ ≤ tKµ(t)

1∑
k=0

∫ t

0

∣∣∣∣∣∣∂kG4,α
∣∣∣∣∣∣2
L2(Γ)

dτ ≤ Kµ(t)

∫ t

0
ĒL(τ) + EL(τ)dτ

Furthermore, for 2 ≤ i ≤ 4,

ess sup
τ∈(0,t)

∣∣∣∣Gi,α∣∣∣∣2
L2(Ω±)

≤M0
µ +

1

ε
Kµ(t)(t+

∫ t

0
ĒL(t) + EL(τ) + EL(ω)(τ)dτ)

+ ε(M0
µ + tKµ(t))(EL(t) + ĒL(t) + EL(ω)(t))
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Proof. Firstly, we recall that Gi have the form

G1 = G(N,∇N,∇ψ, p, s, ω, g1)

G2 = G(N,∇ψ, p, s, ω)

G3 = g2

G4 = G(∇′f)

for G a generic smooth function which may be scalar, vector, matrix valued etc and Ai have the form

A0 = A(p, s,N)

A1 = A(p, s,∇ψ,N,∇N)

A2 = A(p, s, ū,∇ψ,∇ψ̄, ∂tψ,N,∇N, ∂tN)

We start by estimating
∣∣∣∣∂αG2

∣∣∣∣
L2(Ω±)

and
∣∣∣∣∂∂αG2

∣∣∣∣
L2(Ω±)

. Applying (12.1.1), we see that

∣∣∣∣∂∂αG2
∣∣∣∣
L2(Ω±)

≤ F (||v||L∞(Ω±) ,
2∑

k=1

∣∣∣∣∣∣∂kv∣∣∣∣∣∣
H1(Ω±)

)(
∣∣∣∣∂2v

∣∣∣∣
H1(Ω±)

+
∑

β≤α,β 6=α

∣∣∣∣∣∣∂∂βv∣∣∣∣∣∣
L2(Ω±)

)

+ F (||v||L∞(Ω±)) ||∂∂
αv||L2(Ω±)

for some smooth increasing function F , where v = (N,∇′ψ, p, s, ω), and we have estimated ∂k+1
x3

ψ in

terms of ||ψ||L∞(Ω±) for 0 ≤ k ≤ 4. Now we note that from the lower order estimate (12.3.1), we have

||v||2L∞(Ω±) ≤M
0
µ + tKµ(t)

Also,

||∂v||2L∞(Ω±) ≤ Kµ(t)∣∣∣∣∂2v
∣∣∣∣2
H1(Ω±)

≤ Kµ(t)

If l = 3 then∫ t

0

∣∣∣∣∣∣∂lv∣∣∣∣∣∣2
H1(Ω±)

dτ

≤ C
∫ t

0

∣∣∣∣∣∣∂l(p, s)∣∣∣∣∣∣2
H1(Ω±)

+
∣∣∣∣∣∣∂lN ∣∣∣∣∣∣2

H1(Ω±)
+
∣∣∣∣∣∣∂l∇′ψ∣∣∣∣∣∣2

H1(Ω±)
+
∣∣∣∣∣∣∂lω∣∣∣∣∣∣2

H1(Ω±)
dτ

≤ Kµ(t)(t+

∫ t

0
ĒL(τ) + EL(τ) + EL(ω)(τ)dτ)

where we have used the curl estimate (12.5.9) for the term involving ω in the case of 3 time derivatives.

If l = 4, then∫ t

0

∣∣∣∣∣∣∂lv∣∣∣∣∣∣2
L2(Ω±)

dτ

≤ C
∫ t

0

∣∣∣∣∣∣∂l(p, s)∣∣∣∣∣∣2
L2(Ω±)

+
∣∣∣∣∣∣∂lN ∣∣∣∣∣∣2

L2(Ω±)
+
∣∣∣∣∣∣∂l∇ψ∣∣∣∣∣∣2

L2(Ω±)
+
∣∣∣∣∣∣∂lω∣∣∣∣∣∣2

L2(Ω±)
dτ

≤ CEL(t) + CĒL(t) + (M0
µ + tKµ(t))(1 + ĒL(t) + EL(t) + EL(ω)(t))

≤ (M0
µ + tKµ(t))(1 + ĒL(t) + EL(t) + EL(ω)(t))
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where in the case of the highest order time derivatives we have used the estimate (12.4.3) for the front

in the second and third terms and the estimate (12.5.10) for the curl in the fourth term. Combining these

estimates, we see that∫ t

0

∣∣∣∣∂t∂αG2
∣∣∣∣2
L2(Ω±)

dτ ≤ (M0
µ + tKµ(t))(1 + ĒL(t) + EL(t) + EL(ω)(t))

and ∫ t

0

∣∣∣∣∂αG2
∣∣∣∣2
H1(Ω±)

dτ ≤ Kµ(t)(t+

∫ t

0
ĒL(τ) + EL(τ) + EL(ω)(τ)dτ)

Now let us estimate
∣∣∣∣∂αG4

∣∣∣∣
L2(Γ)

and
∣∣∣∣∂∂αG4

∣∣∣∣
L2(Γ)

. Applying (12.1.1), we see that

∣∣∣∣∂∂αG4
∣∣∣∣
L2(Γ)

≤ F (||v||L∞(Γ) ,
2∑

k=1

∣∣∣∣∣∣∂kv∣∣∣∣∣∣
H1(Γ)

)(
∣∣∣∣∂2v

∣∣∣∣
H1(Γ)

+
∑

β≤α,β 6=α

∣∣∣∣∣∣∂∂βv∣∣∣∣∣∣
L2(Γ)

)

+ F (||v||L∞(Γ)) ||∂∂
αv||L2(Γ)

for some smooth increasing function F , where v = ∇′f . Note that

||(v, ∂v)||2L∞(Ω±) ≤ Kµ(t)∣∣∣∣∂2v
∣∣∣∣2
H1(Ω±)

≤ Kµ(t)

If 3 ≤ l ≤ 4, then ∫ t

0

∣∣∣∣∣∣∂lv∣∣∣∣∣∣2
L2(Ω±)

dτ ≤ C
∫ t

0

∣∣∣∣∣∣∂l∇′f ∣∣∣∣∣∣2
L2(Ω±)

dτ

≤ C
∫ t

0
ĒL(τ) + EL(τ)dτ

where we have used the estimate (12.4.2) for the front in the case of the highest order time derivative.

Combining these estimates, we see that∫ t

0

∣∣∣∣∂αG4
∣∣∣∣2
L2(Γ)

+
∣∣∣∣∂∂αG4

∣∣∣∣2
L2(Γ)

dτ ≤ Kµ(t)

∫ t

0
ĒL(τ) + EL(τ)dτ

Clearly we have ∫ t

0

∣∣∣∣∂αG3
∣∣∣∣2
L2(Γ)

+
∣∣∣∣∂∂αG3

∣∣∣∣2
L2(Γ)

dτ ≤ tKµ(t)

Now we estimate
∣∣∣∣∂αG1

∣∣∣∣
L2(Ω±)

. Applying (12.1.1), we see that

∣∣∣∣∂αG1
∣∣∣∣
L2(Ω±)

≤ F (||v||L∞(Ω±) ,
2∑

k=1

∣∣∣∣∣∣∂kv∣∣∣∣∣∣
H1(Ω±)

)(
∣∣∣∣∂2v

∣∣∣∣
H1(Ω±)

+
∑

β≤α,β 6=α

∣∣∣∣∣∣∂βv∣∣∣∣∣∣
L2(Ω±)

)

+ F (||v||L∞(Ω±)) ||∂
αv||L2(Ω±)

for some smooth increasing function F , where v = (N,∇N,∇′ψ, p, s, ω, g1), and we have estimated

∂k+1
x3

ψ in terms of ||ψ||L∞(Ω±) for 0 ≤ k ≤ 3. Note

||(v, ∂v)||2L∞(Ω±) ≤ Kµ(t)∣∣∣∣∂2v
∣∣∣∣2
H1(Ω±)

≤ Kµ(t)
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where we have used the fact that
∣∣∣∣∂2f

∣∣∣∣2
H2.5(Γ)

≤ Kµ(t). If 2 ≤ l ≤ 3, then∫ t

0

∣∣∣∣∣∣∂lv∣∣∣∣∣∣2
L2(Ω±)

dτ

≤ C
∫ t

0

∣∣∣∣∣∣∂l(p, s)∣∣∣∣∣∣2
L2(Ω±)

+
∣∣∣∣∣∣∂l∇′f ∣∣∣∣∣∣2

H0.5(Ω±)
+
∣∣∣∣∣∣∂lg1

∣∣∣∣∣∣2
L2(Ω±)

+
∣∣∣∣∣∣∂lω∣∣∣∣∣∣2

L2(Ω±)
dτ

≤ tKµ(t) + C

∫ t

0
EL(τ) + EL(ω)(τ)dτ

Combining these estimates, we see that∫ t

0

∣∣∣∣∂αG1
∣∣∣∣2
L2(Ω±)

dτ ≤ (M0
µ + tKµ(t))

∫ t

0
EL(τ) + EL(ω)(τ)dτ + tKµ(t)

Now we estimate the terms involving Ai. Firstly, we estimate
∑

γ+δ=β,δ 6=β ∂
γA1(∂δ

y
u,∇∂δ y

u)

where |β| ≤ |α|+ 1 ≤ 4. Set v = (p, s,∇′ψ,N,∇N). Note that

||v||2L∞(Ω±) ≤M
0
µ + tKµ(t)∣∣∣∣∣∣∂kv∣∣∣∣∣∣2

L∞(Ω±)
≤ Kµ(t) for k ≤ 1∣∣∣∣∣∣∂kv∣∣∣∣∣∣2

H1(Ω±)
≤ Kµ(t) for k ≤ 2

where we have used the fact that
∣∣∣∣∂2∇′f

∣∣∣∣2
H1.5(Γ)

≤ Kµ(t) and the lower order estimate (12.3.1). The

lower order estimates (12.3.1)-(12.3.3) imply

||yu||2W 1,∞(Ω±) ≤M
0
µ + tKµ(t)

||∂ y
u||2H2(Ω±) ≤M

0
µ + tKµ(t)

For l = 3, we have∫ t

0

∣∣∣∣∣∣∂lv∣∣∣∣∣∣2
H1(Ω±)

dτ ≤ C
∫ t

0

∣∣∣∣∣∣∂l(p, s)∣∣∣∣∣∣2
H1(Ω±)

+ C
∣∣∣∣∣∣∂l∇′f ∣∣∣∣∣∣2

H1.5(Ω±)
dτ

≤ C
∫ t

0
EL(τ)dτ

where we have used the lifting property for N . In the case l = 4 we obtain∫ t

0

∣∣∣∣∣∣∂lv∣∣∣∣∣∣2
L2(Ω±)

dτ ≤ C
∫ t

0

∣∣∣∣∣∣∂l(p, s)∣∣∣∣∣∣2
L2(Ω±)

+
∣∣∣∣∣∣∂l∇′f ∣∣∣∣∣∣2

H0.5(Ω±)
dτ

≤ C(EL(t) + ĒL(t))

where we have used the estimate (12.4.3) for the front in the case of the highest order time derivative.

Finally, if 2 ≤ k ≤ 3, then ∣∣∣∣∣∣∂k y
u
∣∣∣∣∣∣2
H1(Ω±)

≤ EL(
y
u)(t)

Combining all these estimates, using the chain and product rule estimate (12.1.3), and estimating ∂k+1
x3

ψ

in terms of ||ψ||L∞(Ω±) for 0 ≤ k ≤ 4, we have

∫ t

0

∣∣∣∣∣∣
∣∣∣∣∣∣

∑
γ+δ=β,δ 6=β

∂γA1(∂δ
y
u,∇∂δ y

u)

∣∣∣∣∣∣
∣∣∣∣∣∣
2

L2(Ω±)

dτ

≤ (M0
µ + tKµ(t))(ĒL(t) + EL(t)) +Kµ(t)

∫ t

0
EL(

y
u)(τ)dτ

≤ (M0
µ + tKµ(t))(ĒL(t) + EL(t))
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where we have used the estimate (12.6.3). Note that we also obtain that if β0 ≤ 3 then

∫ t

0

∣∣∣∣∣∣
∣∣∣∣∣∣

∑
γ+δ=β,δ 6=β

∂γA1(∂δ
y
u,∇∂δ y

u)

∣∣∣∣∣∣
∣∣∣∣∣∣
2

H1(Ω±)

dτ ≤ Kµ(t)

∫ t

0
ĒL(τ) + EL(τ)dτ

Now, we estimate
∑

γ+δ=β,δ 6=β ∂
γA0∂δ∂t

y
u where |β| ≤ |α| ≤ 3. Set v = (p, s,N). Note that

||v||2L∞(Ω±) ≤M
0
µ + tKµ(t)∣∣∣∣∣∣∂kv∣∣∣∣∣∣2

L∞(Ω±)
≤ Kµ(t) for k ≤ 1∣∣∣∣∣∣∂kv∣∣∣∣∣∣2

H1(Ω±)
≤ Kµ(t) for k ≤ 2

If 0 ≤ k ≤ 2 then ∣∣∣∣∣∣∂k∂t y
u
∣∣∣∣∣∣2
H1(Ω±)

≤ F (
∣∣∣∣∣∣∂k∂t(N, u)

∣∣∣∣∣∣2
H1(Ω±)

)

≤ Kµ(t)

We have

||v||2L∞(Ω±) +

2∑
k=1

∣∣∣∣∣∣∂kv∣∣∣∣∣∣2
H1(Ω±)

≤ Kµ(t)

For 2 ≤ l ≤ 3, we have∫ t

0

∣∣∣∣∣∣∂lv∣∣∣∣∣∣2
L2(Ω±)

dτ ≤ C
∫ t

0

∣∣∣∣∣∣∂l(p, s)∣∣∣∣∣∣2
L2(Ω±)

+
∣∣∣∣∣∣∂l∇′f ∣∣∣∣∣∣2

L2(Ω±)
dτ

≤ C
∫ t

0
EL(τ)dτ

Combining all these estimates and using (12.1.3), we see that

∫ t

0

∣∣∣∣∣∣
∣∣∣∣∣∣

∑
γ+δ=β,δ 6=β

∂γA0∂δ∂t
y
u

∣∣∣∣∣∣
∣∣∣∣∣∣
2

L2(Ω±)

dτ ≤ Kµ(t)

∫ t

0
EL(τ) + EL(

y
u)(τ)dτ

≤ Kµ(t)

∫ t

0
EL(τ)dτ

where we have used the estimate (12.6.3).

Finally, we estimate
∑

γ+δ=β,δ 6=β ∂
γA2∂δ(

y
u,∇ y

u) where |β| ≤ |α| ≤ 3. Set

v = (p, s, ū,∇′ψ,∇′ψ̄, ∂tψ,N,∇N, ∂tN)

If 1 ≤ k ≤ 2 then ∣∣∣∣∣∣∂k y
u
∣∣∣∣∣∣2
H2(Ω±)

≤ F (
∣∣∣∣∣∣∂k(N, u)

∣∣∣∣∣∣2
H2(Ω±)

) ≤ Kµ(t)

We have

||v||2L∞(Ω±) +
2∑

k=1

∣∣∣∣∣∣∂kv∣∣∣∣∣∣2
H1(Ω±)

≤ Kµ(t)
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where we have used the fact that
∣∣∣∣∂2∇′f

∣∣∣∣2
H1.5(Γ)

≤ Kµ(t). For 2 ≤ l ≤ 3, we have∫ t

0

∣∣∣∣∣∣∂lv∣∣∣∣∣∣2
L2(Ω±)

dτ ≤ C
∫ t

0

∣∣∣∣∣∣∂l(p, s, ū, ∂′ψ,∇′ψ̄)
∣∣∣∣∣∣2
L2(Ω±)

+
∣∣∣∣∣∣∂l∂f ∣∣∣∣∣∣2

H1(Ω±)
dτ

≤ C
∫ t

0
EL(τ) + ĒL(τ)dτ

where we have used the estimate (12.4.2) for f in the case of the highest order time derivative. Combining

all these estimates, estimating ∂k+1
x3

ψ in terms of ||ψ||L∞(Ω±) for 0 ≤ k ≤ 3, and applying the chain and

product rule estimate (12.1.3), we see that∫ t

0

∣∣∣∣∣∣
∣∣∣∣∣∣

∑
γ+δ=β,δ 6=β

∂γA2∂δ(
y
u,∇ y

u)

∣∣∣∣∣∣
∣∣∣∣∣∣
2

L2(Ω±)

dτ ≤ Kµ(t)

∫ t

0
EL(τ) + EL(

y
u)(τ)dτ

≤ Kµ(t)

∫ t

0
EL(τ)dτ

where we have used the estimate (12.6.3).

Combining all of the above, we have proved the first set of inequalities. Now note that for 2 ≤ i ≤ 4,

d

dt

∣∣∣∣Gi,α∣∣∣∣2
L2(Ω±)

= 2(Gi,α, ∂tG
i,α)2

L2(Ω±)

≤ 1

ε

∣∣∣∣Gi,α∣∣∣∣2
L2(Ω±)

+ ε
∣∣∣∣∂tGi,α∣∣∣∣2L2(Ω±)

Thus, integrating in time,∣∣∣∣Gi,α∣∣∣∣2
L2(Ω±)

≤M0
µ +

1

ε

∫ t

0

∣∣∣∣Gi,α∣∣∣∣2
L2(Ω±)

dτ + ε

∫ t

0

∣∣∣∣∂tGi,α∣∣∣∣2L2(Ω±)
dτ

≤M0
µ +

1

ε
Kµ(t)(t+

∫ t

0
ĒL(t) + EL(τ) + EL(ω)(τ)dτ)

+ ε(M0
µ + tKµ(t))(EL(t) + ĒL(t) + EL(ω)(t))

This completes the proof.

Now we apply the energy estimate (11.6.3) to the equation for ∂α y
u, where 1 ≤ |α| ≤ 3 and α3 = 0

to obtain the following estimate.∫ t

0
||∂t∂α y

u||2B0(τ) dτ + ess sup
τ∈(0,t)

||∂α y
u||2B1(t) ≤

C∞,1
ε

t
∣∣∣∣∣∣∂µ,g,j0 ∇β y

u0
∣∣∣∣∣∣2
B0

+
C∞,1
ε

∫ t

0

∑
±

∣∣∣∣G1,α
∣∣∣∣2
L2(Ω±)

+
∑
±

∣∣∣∣G2,α
∣∣∣∣2
L2(Ω±)

+
∣∣∣∣G3,α

∣∣∣∣2
L2(Γ)

+
∣∣∣∣G4,α

∣∣∣∣2
L2(Γ)

dτ

+ C∞,0(
∣∣∣∣∣∣∂µ,g,j0 ∇β y

u0
∣∣∣∣∣∣2
B1

+ ess sup
τ∈(0,t)

(
∑
±

∣∣∣∣G2,α
∣∣∣∣2
L2(Ω±)

+
∣∣∣∣G3,α

∣∣∣∣2
L2(Γ)

+
∣∣∣∣G4,α

∣∣∣∣2
L2(Γ)

))

+ ε

∫ t

0

∑
±

∣∣∣∣∂tG2,α
∣∣∣∣2
L2(Ω±)

+
∣∣∣∣∂tG3,α

∣∣∣∣2
L2(Γ)

+
∣∣∣∣∂tG4,α

∣∣∣∣2
L2(Γ)

dτ

To estimate the right hand side we use the estimate 12.6.4 for C∞,0 and C∞,1 and the estimate 12.6.5 for

the Gi,α, thus we obtain∫ t

0
||∂t∂α y

u||2B0(τ) dτ + ess sup
τ∈(0,t)

||∂α y
u||2B1(t)

≤M0
µ +

1

ε
Kµ(t)(t+

∫ t

0
EL(τ) + ĒL(τ) + EL(ω)(τ)dτ)

+ ε(M0
µ + tKµ(t))(EL(t) + ĒL(t) + EL(ω)(t))
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Now to estimate the highest order space derivative, we apply the energy estimate (11.6.7) to the

equation for ∂α y
u= ∂jt∇β , where 1 ≤ |α| ≤ 3 and α3 = 0. We obtain

∣∣∣∣∇′∂α y
u
∣∣∣∣2
B0(t)

+

∫ t

0

∣∣∣∣∇′∂α y
u
∣∣∣∣2
B1(τ)

dτ ≤ C
∣∣∣∣∣∣∂µ,g,j0 ∇β y

u0
∣∣∣∣∣∣2
B1

+ C∞,1

∫ t

0

∑
±

∣∣∣∣G1,α
∣∣∣∣2
L2(Ω±)

+
∑
±

∣∣∣∣G2,α
∣∣∣∣2
H1(Ω±)

dτ +
∣∣∣∣G3,α

∣∣∣∣2
L2(Γ)

+
∑
±

∣∣∣∣G4,α
∣∣∣∣2
H1(Γ)

dτ

+
C∞,1
ε

∫ t

0
||∂α y

u||2H1(Ω±) dτ + ε

∫ t

0
||∂t∂α y

u||2L2(Ω±) dτ

Applying the estimates 12.6.4 and 12.6.5 to the right hand side, we obtain

∣∣∣∣∇′∂α y
u
∣∣∣∣2
B0(t)

+

∫ t

0

∣∣∣∣∇′∂α y
u
∣∣∣∣2
B1(τ)

dτ

≤M0
µ +

1

ε
Kµ(t)(t+

∫ t

0
EL(τ) + ĒL(τ) + EL(ω)(τ)dτ) + ε(M0

µ + tKµ(t))EL(t)

It remains to estimate the highest order normal derivatives. We proceed as in 11.6.9. Indeed, we see

from (11.6.9) that

µ
ρc2(1 + |∇′ψ|2)∣∣n˜∣∣2 (Jψ)2

∂2
3

y
u

= µ
ρc2∣∣n˜∣∣2 (−∆′

y
u +2

∇′ψ
Jψ
· ∇′∂x3

y
u)−A(ρc2,∇(ρc2),∇ψ,∇∇ψ,∇N)((∇N)v, (∇∇N)v,∇v)

+ ρµ
1∣∣n˜∣∣2∂t

y
u +ρµN

T (uψ · ∇)(N
y
u) + ρµN

T (∂tN)
y
u −G1 +∇ ·G2

for some smooth function A.

Now let 1 ≤ |α| ≤ 3. We claim by induction on α3 for 0 ≤ α3 ≤ |α| that∫ t

0
||∂α y

u||2H2(Ω±) dτ ≤ 1

ε
M0
µ +

1

ε
Kµ(t)(t+

∫ t

0
EL(τ) + ĒL(τ) + EL(ω)(τ)dτ)

+ ε(M0
µ + tKµ(t))(EL(t) + ĒL(t) + EL(ω)(t))

We suppose it holds true for some 0 ≤ α3 ≤ |α| − 1 and attempt to prove it holds for α3 + 1. Indeed,

applying ∂β to the rearranged interior equation where β3 ≤ α3 + 1 and 1 ≤ |β| ≤ |α|, we have

∂2
3∂

β y
u = ∂β

( ∣∣n˜∣∣2 (Jψ)2

µρc2(1 + |∇′ψ|2)

(
µ
ρc2∣∣n˜∣∣2 (−∆′

y
u +2

∇′ψ
Jψ
· ∇′∂x3

y
u)

−A(ρc2,∇(ρc2),∇ψ,∇∇ψ,∇N)((∇N)
y
u, (∇∇N)

y
u,∇ y

u)

+ρµ
1∣∣n˜∣∣2∂t

y
u +ρµN

T (uψ · ∇)(N
y
u) + ρµN

T (∂tN)
y
u −G1 +∇ ·G2

))
=: ∂β(G(∂x3ψ, ∂

2
x3
ψ, v)w)

=
∑

γ+δ=β,δ 6=β
∂γG(∂x3ψ, ∂

2
x3
ψ, v)∂δw +G(∂x3ψ, ∂

2
x3
ψ, v)∂βw (12.6.11)

for some smooth function G, where

v = (∇′ψ,∇∇′ψ, p, s, ω, ū,∇′ψ̄, ∂tψ,N,∇N, ∂tN,yu,∇ y
u) (12.6.12)

w = (∇ y
u,∇p,∇s,∇ω,∇N, (∇N)

y
u, (∇∇N)

y
u,∇′∇ y

u, ∂t
y
u) (12.6.13)
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Now we note that, using the lifting property of N , and the lower order estimates (12.3.1)-(12.3.3), we

have

||v||2L∞(Ω±) ≤M
0
µ + tKµ(t)

||∂v||2H1(Ω±) ≤M
0
µ + tKµ(t)∣∣∣∣∂2v

∣∣∣∣2
H1(Ω±)

≤ Kµ(t)

||w||2L∞(Ω±) ≤ Kµ(t)∣∣∣∣(∂w, ∂2w)
∣∣∣∣2
L2(Ω±)

≤ Kµ(t)

Using the estimate (12.4.2) for f in the case the highest order time derivative, the existing high-order

time derivative and tangential space derivative estimates for y
u and the previous induction step in the case

β3 > 0, and the lifting property of N we have∫ t

0

∣∣∣∣∂3w
∣∣∣∣2
L2(Ω±)

dτ +

∫ t

0

∣∣∣∣∂3v
∣∣∣∣2
L2(Ω±)

dτ ≤ 1

ε
M0
µ

+
1

ε
Kµ(t)(t+

∫ t

0
EL(τ) + ĒL(τ) + EL(ω)(τ)dτ) + ε(M0

µ + tKµ(t))(EL(t) + ĒL(t) + EL(ω)(t))

Combining these estimates and using (12.1.3), we obtain∫ t

0

∣∣∣∣∣∣∂2
x3
∂β

y
u
∣∣∣∣∣∣2
L2(Ω±)

dτ ≤ 1

ε
M0
µ +

1

ε
Kµ(t)(t+

∫ t

0
EL(τ) + ĒL(τ) + EL(ω)(τ)dτ)

+ ε(M0
µ + tKµ(t))(EL(t) + ĒL(t) + EL(ω)(t))

Combining this with the existing tangential estimates, we obtain∑
±

∫ t

0

∣∣∣∣∣∣∂β y
u
∣∣∣∣∣∣2
H2(Ω±)

dτ ≤ 1

ε
M0
µ +

1

ε
Kµ(t)(t+

∫ t

0
EL(τ) + ĒL(τ) + EL(ω)(τ)dτ)

+ ε(M0
µ + tKµ(t))(EL(t) + ĒL(t) + EL(ω)(t))

This is the next step of the induction, and we have also proved the case β3 = 0 which starts the induction.

This completes the estimate of the normal derivatives.

Combining all the above estimates, we have shown that

EL(
y
u)(t) ≤ 1

ε
M0
µ +

1

ε
Kµ(t)(t+

∫ t

0
EL(τ) + ĒL(τ) + EL(ω)(τ)dτ)

+ ε(M0
µ + tKµ(t))(EL(t) + ĒL(t) + EL(ω)(t))

Now using the estimate (12.6.2) and the estimate (12.4.1) for the front, we obtain

EL(u)(t) ≤ 1

ε
M0
µ +

1

ε
Kµ(t)(t+

∫ t

0
EL(τ) + ĒL(τ) + EL(ω)(τ)dτ)

+ ε(M0
µ + tKµ(t))(EL(t) + ĒL(t) + EL(ω)(t))

This completes the proof of the estimate of the velocity 12.6.2.

Proposition 12.6.6. The normal component of the velocity, u ·n, satisfies the following additional energy

estimate.
3∑
j=0

∫ t

0

∣∣∣∣∣∣∂jt (u · n)
∣∣∣∣∣∣2
H5.5−j(Γ)

dτ ≤ 1

ε
M0
µ +

1

ε
Kµ(t)(t+

∫ t

0
EL(τ) + ĒL(τ) + EL(ω)(τ)dτ)

+ ε(M0
µ + tKµ(t))(EL(t) + ĒL(t) + EL(ω)(t))

for t ∈ (0, T ).
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Proof. Let 0 ≤ j ≤ 3. Applying ∂jt to the pressure interface condition (9.1.9) we have

(1−∆′)∂jt (u · n) = ∂jt ([ρc
2∇ψ · u− 1

µ
p]− 1

µ
σ∇′ · n̂+

1

µ
g2)

We apply lemma 8.16.1 with

z = ∂jt (u · n)

h = ∂jt ([ρc
2∇ψ · u− 1

µ
p]− 1

µ
σ∇′ · n̂+

1

µ
g2)

to conclude that∣∣∣∣∣∣∂jt (u · n)
∣∣∣∣∣∣2
H5.5−j(Γ)

≤ C
∣∣∣∣∣∣∣∣∂jt ([ρc2∇ψ · u− 1

µ
p]− 1

µ
σ∇′ · n̂+

1

µ
g2)

∣∣∣∣∣∣∣∣2
H3.5−j(Γ)

Now we integrate in time and us the Sobolev trace lemma to obtain∫ t

0

∣∣∣∣∣∣∂jt (u · n)
∣∣∣∣∣∣2
H5.5−j(Γ)

dτ ≤ C
∫ t

0

∣∣∣∣∣∣∣∣∂jt ([ρc2∇ψ · u− 1

µ
p]− 1

µ
σ∇′ · n̂+

1

µ
g2)

∣∣∣∣∣∣∣∣2
H3.5−j(Γ)

dτ

≤ C
∑
±

∫ t

0

∣∣∣∣∣∣∣∣∂jt (ρc2∇ψ · u− 1

µ
p)

∣∣∣∣∣∣∣∣2
H4−j(Ω±)

dτ + C

∫ t

0

∣∣∣∣∣∣∂jt (−σ∇′ · n̂+ g2)
∣∣∣∣∣∣2
H3.5−j(Γ)

dτ

Note that∫ t

0

∣∣∣∣∣∣∣∣∂jt (ρc2∇ψ · u− 1

µ
p)

∣∣∣∣∣∣∣∣2
H4−j(Ω±)

dτ =

∫ t

0

∣∣∣∣∣∣∂jt (G̃(∂x3ψ)G(v))
∣∣∣∣∣∣2
H4−j(Ω±)

dτ

where v = (p, s,∇′ψ,∇u) and G̃,G are smooth functions. Using the lower order estimate (12.3.1), we

have

||v||2L∞(Ω±) ≤M
0
µ + tKµ(t)

||∂γv||2L∞(Ω±) ≤ Kµ(t) for 0 ≤ |γ| ≤ 1

Also, from the definition of EL(t) and the estimate of the velocity 12.6.2,

||∂γv||2L2(Ω±) ≤ CEL(t) for 2 ≤ |γ| ≤ 3∫ t

0
||∂γ∇v||2L2(Ω±) dτ ≤ 1

ε
M0
µ +

1

ε
Kµ(t)(t+

∫ t

0
EL(τ) + ĒL(τ) + EL(ω)(τ)dτ)

+ ε(M0
µ + tKµ(t))(EL(t) + ĒL(t) + EL(ω)(t)) for |γ| = 3

Combining these estimates and using the chain rule proves that∫ t

0

∣∣∣∣∣∣∣∣∂jt (ρc2∇ψ · u− 1

µ
p)

∣∣∣∣∣∣∣∣2
H4−j(Ω±)

dτ

≤ 1

ε
M0
µ +

1

ε
Kµ(t)(t+

∫ t

0
EL(τ) + ĒL(τ) + EL(ω)(τ)dτ)

+ ε(M0
µ + tKµ(t))(EL(t) + ĒL(t) + EL(ω)(t))

Clearly, ∫ t

0

∣∣∣∣∣∣∂jt g2

∣∣∣∣∣∣2
H3.5−j(Γ)

dτ ≤ tKµ(t)
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Finally, ∫ t

0

∣∣∣∣∣∣∂jt∇′ · n̂∣∣∣∣∣∣2
H3.5−j(Γ)

dτ =

∫ t

0

∣∣∣∣∣∣∂jt∇′G(∇′f)
∣∣∣∣∣∣2
H3.5−j(Γ)

dτ

for some smooth function G. Note that we have∣∣∣∣∂γ∇′f ∣∣∣∣2
W 1,∞(Ω±)

≤ Kµ(t) for 0 ≤ |γ| ≤ 1

Also, from the definition of EL(t),∣∣∣∣∂γ∇′f ∣∣∣∣2
H1.5(Ω±)

≤ CEL(t) for 2 ≤ |γ| ≤ 3

Combining these estimates and using the chain rule proves that∫ t

0

∣∣∣∣∣∣∂jt∇′ · n̂∣∣∣∣∣∣2
H3.5−j(Γ)

dτ ≤ CKµ(t)

∫ t

0
EL(t)dτ

Using these estimates we obtain∫ t

0

∣∣∣∣∣∣∂jt (u · n)
∣∣∣∣∣∣2
H5.5−j(Γ)

dτ ≤ 1

ε
M0
µ +

1

ε
Kµ(t)(t+

∫ t

0
EL(τ) + ĒL(τ) + EL(ω)(τ)dτ)

+ ε(M0
µ + tKµ(t))(EL(t) + ĒL(t) + EL(ω)(t))

as required.

12.7 Conclusion of the Energy Estimate

Putting together what we have so far we have shown that

EL(t) + EL(ω)(t) ≤ 1

ε
M0
µ +

1

ε
Kµ(t)(t+

∫ t

0
EL(τ) + ĒL(τ) + EL(ω)(τ)dτ)

+ ε(M0
µ + tKµ(t))(EL(t) + ĒL(t) + EL(ω)(t))

for t ∈ (0, T ).

Moreover from (12.4.4), (12.5.6), and (12.5.7), we have

ρ ≥ δ0 − tKµ(t)

ρµ ≥ δ0
µ − tKµ(t)

Jψ ≥ κ0 − tKµ(t)

Choosing ε = 1
5(M0

µ+tKµ(t))
, we obtain

EL(t) + EL(ω)(t) ≤M0
µ +Kµ(t)(t+

∫ t

0
ĒL(τ) + EL(τ) + EL(ω)(τ)dτ)

+
1

5
(ĒL(t) + EL(t) + EL(ω)(t))

for t ∈ (0, T ) where we have redefined M0
µ and Kµ(t). Rearranging we obtain

EL(t) + EL(ω)(t) ≤M0
µ +Kµ(t)(t+

∫ t

0
ĒL(τ) + EL(τ) + EL(ω)(τ)dτ) +

1

4
ĒL(t)

for t ∈ (0, T ).

This completes the proof.
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13. The Fixed Point Scheme

Here we intend to prove the existence of a solution to the µ-approximate equations for fixed µ using the

contraction mapping theorem. See 3.8 for a summary of the approach.

13.1 The Functional Framework

In this section we assume we are given initial data (U0
+, U

0
−, f

0) for the µ-approximate equations with

E0
µ < ∞ which satisfies the compatibility condition 7.2.6 up to order 3 and the compatibility condition

7.2.7 up to order 2 and

inf
Ω±

ρ0 =: δ0 > 0

inf
Ω±

ρ0
µ =: δ0

µ > 0

inf
R3
Jψ

0
=: κ0 > 0

Definition 13.1.1. We define the set Y as follows.

Y ={(U+, U−, f) : U± ∈ L∞((0, T )× Ω±), f ∈ L∞((0, T )× Γ) with EL(T ) ≤ R0,

∂jt (U+, U−, f)|t=0 = ∂µ,g,j0 (U0
+, U

0
−, f

0) for 0 ≤ j ≤ 3, [u · n] = 0}

where R0 < ∞ is a constant which will be fixed later, sufficiently large depending the initial data,

T ∈ (0, 1] will be fixed later, sufficiently small depending on the initial data, and EL(t) is the energy

associated to (U+, U−, f) as defined in 7.3.2. Note if sufficiently many weak derivatives do not exist to

define EL(t) then we adopt the convention EL(t) =∞.

Definition 13.1.2. We define the Banach space Z as follows.

Z ={(U+, U−, f, w) : U± ∈ L1
loc((0, T )× Ω±), f, w ∈ L1

loc((0, T )× Γ)

with ||(U+, U−, f, w)||Z <∞}

where

||(U+, U−, f, w)||Z := ||(U+, U−, f, w)||Z(T )
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and for each t ∈ (0, T ] we define

||(U+, U−, f, w)||2Z(t)

=
∑
±

∑
0≤j≤1

ess sup
τ∈(0,t)

∣∣∣∣∣∣∂jtU ∣∣∣∣∣∣2
H2−j(Ω±)

+
∑
±

∫ t

0

∣∣∣∣∂2
t U
∣∣∣∣2
L2(Ω±)

dτ +
∑
±

∑
0≤j≤1

∫ t

0

∣∣∣∣∣∣∂jt u∣∣∣∣∣∣2
H3−j(Ω±)

dτ

+
∑

0≤j≤1

ess sup
τ∈(0,t)

||f ||2H3.5−j(R2) +

∫ t

0

∣∣∣∣∂2
t f
∣∣∣∣2
H1(Γ)

dτ

+
∑

0≤j≤1

ess sup
τ∈(0,t)

∣∣∣∣∣∣∂jtw∣∣∣∣∣∣2
H2−j(Γ)

+
∑

0≤j≤1

∫ t

0

∣∣∣∣∣∣∂jtw∣∣∣∣∣∣2
H3.5−j(Γ)

dτ

We define the metric dY on Y as follows.

dY ((U+, U−, f), (Ũ+, Ũ−, f̃)) :=
∣∣∣∣∣∣(U+, U−, f, u · n)− (Ũ+, Ũ−, f̃, ũ · ñ)

∣∣∣∣∣∣
Z

Clearly Z is a Banach space with norm ||·||Z , and if (U+, U−, f) ∈ Y then (U+, U−, f, u · n) −
(U0

+, U
0
−, f

0, u0 · n0) ∈ Z.

Note that ||·||Z(t) is defined so that ||(U+, U−, f, u · n)||2Z(t) is effectively equal to the linearised

energy EL but two orders of derivatives lower and with L2-in-space instead of L∞-in-space norms at

zero order.

Proposition 13.1.3. Y is a complete metric space with respect to the metric dY .

Proof. Let (Un+, U
n
−, f

n) be a sequence in Y which is Cauchy with respect to the metric dY . Since

Z is a Banach space, there exists (U+, U−, f, w) with (U+, U−, f, w) − (U0
+, U

0
−, f

0, u0 · n0) ∈ Z

such that
∣∣∣∣(Un+, Un−, fn, un · nn)− (U+, U−, f, w)

∣∣∣∣
Z
→ 0. In particular, passing to a subsequence

if necessary, we know that Un± converges almost everywhere to U± in (0, T ) × Ω± and fn converges

almost everywhere to f on (0, T )×Γ. We now show that EL(T ) ≤ R0, where we write EL for the energy

associated to (U+, U−, f). Let us write EnL for the energy associated to (Un+, U
n
−, f

n). We know that

EnL(T ) ≤ R0

for all n. Thus we may use weak-∗ compactness to obtain a subsequence nk which converges weakly-∗
with respect to the L2 and L∞ norms making up the energy EL. Using the weak-∗ lower semi-continuity

of norms, we have

EL(T ) ≤ lim inf
k→∞

EnkL (T ) ≤ R0

We may use Sobolev compact embedding theorems to obtain that

(Unk+ , Unk− , fnk ,∇′fnk)→ (U+, U−, f,∇′f)

uniformly on compact subsets of (0, T )× Ω± (or (0, T )× Γ as appropriate) and hence we have

(U+, U−, f)|t=0 = (U0
+, U

0
−, f

0)

[u · n] = 0
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Now let w ∈ C∞c ((−∞, T )× R3) and let 0 ≤ j ≤ 3. Integrating by parts in time, we have∫ T

0

∫
Ω±

∂j+1
t Unkwdxdt = −

∫ T

0

∫
Ω±

∂jtU
nk∂twdxdt−

∫
Ω±

∂µ,g,j0 U0w(0)dx

Using weak convergence and letting k →∞, we obtain∫ T

0

∫
Ω±

∂j+1
t Uwdxdt = −

∫ T

0

∫
Ω±

∂jtU∂twdxdt−
∫

Ω±

∂µ,g,j0 U0w(0)dx

Integrating by parts in time again we obtain∫
Ω±

∂jtU |t=0w(0)dx =

∫
Ω±

∂µ,g,j0 U0w(0)dx

Since w(0) for such w forms a dense subset of L2(R3), we obtain that

∂jt (U+, U−)|t=0 = ∂µ,g,j0 (U0
+, U

0
−) for 0 ≤ j ≤ 3

Doing exactly the same for f we obtain

∂jt f |t=0 = ∂µ,g,j0 f0 for 0 ≤ j ≤ 3

This completes the proof.

13.2 The Contraction Mapping

Proposition 13.2.1. Given a background state (Ū+, Ū−, f̄) ∈ Y , there exists a solution (U+, U−, f) ∈
Y of the linearised equations with background state (Ū+, Ū−, f̄) assuming we have chosen T > 0

sufficiently small and R0 sufficiently large depending on the size of the initial data. In fact T and R0

should satisfy the following inequalities.

R0 ≥ Rµ(E0
µ,

1

δ0
,

1

δ0
µ

,
1

κ0
, Eg(1))

T ≤ Tµ(R0, E0
µ,

1

δ0
,

1

δ0
µ

,
1

κ0
, Eg(1))

where Rµ is a smooth increasing function and Tµ is a smooth decreasing function. Moreover, if ω is the

corresponding solution to the linearised curl equation 9.1.5, we may assume

EL(T ) + EL(ω)(T ) ≤ R0

Proof. Let us assume we are given a background state (Ū+, Ū−, f̄) defined on the interval (0, T̄ ) with

ĒL(T̄ ) < ∞ satisfying the conditions of 9.5.1. We let (U+, U−, f) be a solution of the linearised

equations with background state (Ū+, Ū−, f̄) as given by proposition 9.5.1 on the time interval (0, T̃ ),

where T̃ ∈ (0, T̄ ] and if T̃ < T̄ then one of the following holds as t ↑ T̃ .

inf
x∈Ω±

ρ→ δ0

4

inf
x∈Ω±

ρµ →
δ0
µ

4

inf
x∈R3

Jψ → 1

4
κ0
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We note that from 9.4.1 we have the energy estimate

EL(t) + EL(ω)(t) ≤M0
µ,0 + tKL,1(t) +

1

4
ĒL(t)

for t ∈ (0, T̃ ), where EL denotes the energy associated to (U+, U−, f). We also have

ρ ≥ δ0 − tKL,2(t)

ρµ ≥ δ0
µ − tKL,3(t)

Jψ ≥ κ0 − tKL,4(t)

on the time interval (0, T̃ ) where

KL,i(t) = Fµ,i(ĒL(t), EL(t), EL(ω)(t),M0
µ,i)

for some smooth increasing function Fµ,i(·) and where M0
µ,i has the same form as M0

µ .

Let us suppose R0 ≥ 2M0
µ,0 and assume for the moment ĒL(T̄ ) ≤ R0.

Now we let T 0 = sup{t ∈ (0, T̃ )} such that the following hold.

EL(t) + EL(ω)(t) ≤ R0

inf
τ∈(0,t)

inf
x∈Ω±

ρ(τ) ≥ 1

2
δ0

inf
τ∈(0,t)

inf
x∈Ω±

ρµ(τ) ≥ 1

2
δ0
µ

inf
τ∈(0,t)

inf
x∈R3

Jψ(τ) ≥ 1

2
κ0

Note that by uniform continuity we have T 0 > 0 and either T 0 = T̃ or one of the above inequalities

holds as an equality. If T 0 = T̃ then to avoid contradiction we must have T 0 = T̃ = T̄ , so clearly

(together with the other properties of the solution stated in 9.5.1), we have (U+, U−, f) ∈ Y if Y is

equipped with the time T̄ and the constant R0. Otherwise, one of the following holds.

EL(T 0) + EL(ω)(T 0) = R0

inf
x∈Ω±

ρ(T 0) =
1

2
δ0

inf
x∈Ω±

ρµ(T 0) =
1

2
δ0
µ

inf
x∈R3

Jψ(T 0) =
1

2
κ0

Using the above inequalities, this means one of the following holds

R0 ≤M0
µ,0 + T 0Fµ,1(R0, R0, R0,M0

µ,1) +
1

4
R0 ≤ 3

4
R0 + T 0Fµ,1(R0, R0, R0,M0

µ,1)

1

2
δ0 ≥ δ0 − T 0Fµ,2(R0, R0, R0,M0

µ,2)

1

2
δ0
µ ≥ δ0

µ − T 0Fµ,3(R0, R0, R0,M0
µ,3)

1

2
κ0 ≥ κ0 − T 0Fµ,4(R0, R0, R0,M0

µ,4)
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Hence one of the following holds

T 0 ≥ R0

4Fµ,1(R0, R0, R0,M0
µ,1)

T 0 ≥ δ0

2Fµ,2(R0, R0, R0,M0
µ,2)

T 0 ≥
δ0
µ

2Fµ,3(R0, R0, R0,M0
µ,3)

T 0 ≥ κ0

2Fµ,4(R0, R0, R0,M0
µ,4)

We set T to be the minimum of the quantities on the right-hand side of the above.

Thus, if (Ū+, Ū−, f̄) ∈ Y where Y is equipped with time time T and the constant R0 as just defined,

then we may take T̄ = T in the above proof and the assumption ĒL(T̄ ) ≤ R0 automatically holds.

Together with the other properties of the solution stated in 9.5.1, this implies (U+, U−, f) ∈ Y if Y is

equipped with the time T and the constant R0.

Proposition 13.2.2. For i = 1, 2, let (U i+, U
i
−, f

i) ∈ Y be solutions of the linearised equations with

background states (Ū i+, Ū
i
−, f̄

i) ∈ Y , as described in 9.1.1. Then

dY ((U1
+, U

1
−, f

1), (U2
+, U

2
−, f

2)) ≤ λdY ((Ū1
+, Ū

1
−, f̄

1), (Ū2
+, Ū

2
−, f̄

2))

for some λ < 1 which is fixed independent of the solutions and background states, provided we have

chosen T > 0 sufficiently small and R0 sufficiently large depending on the size of the initial data. In fact

T and R0 should satisfy the following inequalities.

R0 ≥ R̃µ(E0
µ,

1

δ0
,

1

δ0
µ

,
1

κ0
, Eg(1))

T ≤ T̃µ(R0, E0
µ,

1

δ0
,

1

δ0
µ

,
1

κ0
, Eg(1))

where R̃µ is a smooth increasing function and T̃µ is a smooth decreasing function.

Proof. See chapter 14.

Proposition 13.2.3. Define the map Φ : Y → Y by (Ū+, Ū−, f̄) 7→ (U+, U−, f) where (U+, U−, f)

is the unique solution of the linearised equations with background state (Ū+, Ū−, f̄) as given by 9.5.1.

Assume that R0 and T satisfy the inequalities in propositions 13.2.1 and 13.2.2. Assume also that the

space Y is non-empty. Then Φ has a fixed point.

Proof. By proposition 9.5.1 we know that

EL(T ) <∞

∂jt (U+, U−, f)|t=0 = ∂µ,g,j0 (U0
+, U

0
−, f

0) for 0 ≤ j ≤ 3

[u · n] = 0

By proposition 13.2.1 we have

EL(T ) ≤ R0

199



and hence (U+, U−, f) ∈ Y . Now proposition 13.2.2 implies that the map Φ : Y → Y is a contraction.

Since Y is complete, we may apply the contraction mapping theorem to conclude that Φ has a unique

fixed point in Y .

13.3 The Existence of a Solution to the µ-Approximate Equations

Lemma 13.3.1. Suppose (U+, U−, f) is a fixed point of the linearised equations on the time interval

(0, T ), by which we mean (U+, U−, f) together with (ω+, ω−) is a solution of the linearised equations

on the time interval (0, T ) as defined in 9.1.1, linearised about the state (U+, U−, f), with initial value

(U+, U−, f)|t=0 = (U0
+, U

0
−, f

0). Suppose also

EL(T ) <∞

ρ ≥ δ0

4

ρµ ≥
δ0
µ

4

Jψ ≥ 1

4
κ0

where EL(t) is the linearised energy associated with (U+, U−, f). Then (U+, U−, f) is a solution of the

µ-approximate equations on the time interval (0, T ) with initial data (U0
+, U

0
−, f

0).

Moreover, there exists T 0
µ ∈ (0, T ] and C0

µ > 0 such that

Eµ(min{T 0
µ , T}) ≤ C0

µ <∞

ρ ≥ δ0

2
in (0,min{T 0

µ , T})× Ω±

ρµ ≥
δ0
µ

2
in (0,min{T 0

µ , T})× Ω±

Jψ ≥ 1

2
κ0 in (0,min{T 0

µ , T})× R3

The constant C0
µ > 0 is bounded above as follows.

C0
µ ≤ Cµ(E0

µ,
1

δ0
,

1

δ0
µ

,
1

κ0
, Eg(1)) > 0

where Cµ(·) is a smooth increasing function of its arguments, and may depend on µ.

The time T 0
µ > 0 is bounded below as follows.

T 0
µ ≥ Tµ(E0

µ,
1

δ0
,

1

δ0
µ

,
1

κ0
, Eg(1)) > 0

where Tµ(·) is a smooth decreasing function of its arguments, and may depend on µ.

Proof. Note that the definition of the linearised equations implies that

1

ρc2
(∂t + uψ · ∇)p+∇ψ · u = 0 (13.3.1)

ρµ(∂t + uψ · ∇)ω = −∇ψρµ × (∂t + uψ · ∇)u− ρµ(εijk∂
ψ
j ul∂

ψ
l uk) +∇ψ × g1 (13.3.2)

ρµ(∂t + uψ · ∇)u+∇ψp = µ∇ψ(ρc2∇ψ · u) + g1 + µ∇ψ × (ρc2ω)− µ∇ψ × (ρc2∇ψ × u)
(13.3.3)

(∂t + uψ · ∇)s = 0 (13.3.4)
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in (0, T )× Ω± and

∂tf = u± · n (13.3.5)

[p− µρc2∇ψ · u] = −σ∇′ · n̂− µ(∆′ − 1)(u · n) + g2 (13.3.6)

n× (∇ψ × u±) = n× ω± (13.3.7)

on (0, T )× Γ, where

ψ := Laf

uψ := (u′,
1

Jψ
(u3 − u′ · ∇′ψ − ∂tψ))

Thus it remains to show that the velocity equation

ρµ(∂t + uψ · ∇)u+∇ψp = µ∇ψ(ρc2∇ψ · u) + g1

holds, which will follow from the above if we can show

ω = ∇ψ × u

To do this we take the curl of the equation (13.3.3) and compare it to the equation (13.3.2). Using

lemma 9.6.1 and the fact that ψ = ψ̄ and u = ū, we see that∇ψ × u satisfies the following equation.

ρµ(∂t + uψ · ∇)(∇ψ × u) = −∇ψρµ × (∂t + uψ · ∇)u− ρµ(εijk∂
ψ
j ul∂

ψ
l uk) +∇ψ × g1

+ µ∇ψ × (∇ψ × (ρc2ω))− µ∇ψ × (∇ψ × (ρc2∇ψ × u))

Subtracting the curl equation (13.3.2) and writing ξ = ρc2∇ψ × u− ρc2ω, we have

ρµ(∂t + uψ · ∇)(
ξ

ρc2
) = −µ∇ψ × (∇ψ × ξ)

Multiplying by ξ and integrating by parts separately in Ω± we obtain

1

2

d

dt

∫
Ω±

ρµ
ρc2
|ξ|2 dx∓ 1

2

∫
Γ

ρµ
ρc2

(uψ)3 |ξ|2 dx

=
1

2

∫
Ω±

∂tρµ |ξ|2 dx+
1

2

∫
Ω±

∇ · (ρµuψ) |ξ|2 dx

− 1

2

∫
Ω±

ρµ∂t(
1

ρc2
) |ξ|2 dx− 1

2

∫
Ω±

ρµu
ψ · ∇(

1

ρc2
) |ξ|2 dx

± µ
∫

Γ
n× (∇ψ × ξ) · ξdx′ − µ

∫
Ω±

∣∣∣∇ψ × ξ∣∣∣2 dx− µ
∫

Ω±

∂x3(
∇ψ
Jψ

)× (∇ψ × ξ) · ξdx

Note that using the basic vector identity (a×b)·c = (c×a)·bwe have n×(∇ψ×ξ)·ξ = (n×ξ)·(∇ψ×ξ) =

0 using the boundary condition (13.3.7). Hence, using this together with the fact that (uψ)3|Γ = 0, we

have

d

dt

∫
Ω±

|ξ|2 dx ≤ 1

δ0
(CU±,f

∫
Ω±

|ξ|2 dx)

where the constant CU±,f < ∞ depends on ||U±||W 1,∞((0,T )×Ω±) and ||f ||W 2,∞((0,T )×Γ). We used

Cauchy’s inequality to absorb the last term into the second to last term. Note that by definition

ξ±|t=0 = 0
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hence we may apply Gronwall’s lemma to conclude that ξ± = 0. This proves that (U+, U−, f) is a

solution of the µ-approximate equations on the time interval (0, T ).

Since (U+, U−, f)|t=0 = (U0
+, U

0
−, f

0) and (U+, U−, f) solves the µ-approximate equations, it is

now clear by definition of the initial time derivatives that

∂jt (U+, U−, f)|t=0 = ∂µ,g,j0 (U0
+, U

0
−, f

0) for 0 ≤ j ≤ 3

Thus we may apply the linearised energy estimate 9.4.1 with background state (U+, U−, f) to conclude

that

EL(t) + EL(ω)(t) ≤M0
µ +Kµ(t)(t+

∫ t

0
EL(τ) + EL(ω)(τ)dτ) +

1

4
EL(t)

for t ∈ (0, T ) which we rearrange to obtain

EL(t) + EL(ω)(t) ≤M0
µ +Kµ(t)(t+

∫ t

0
EL(τ) + EL(ω)(τ)dτ)

Now we relate EL(t) + EL(ω)(t) and Eµ(t) using 9.3.3 to obtain

Eµ(t) ≤M0
µ +Kµ(t)(t+

∫ t

0
Eµ(τ)dτ)

≤M0
µ,0 + tFµ,1(M0

µ,1, Eµ(t))

Where Fµ,1 is a smooth increasing function and M0
µ,i has the same form as M0

µ . Moreover, we have

ρ ≥ δ0 − tKµ,2(t)

ρµ ≥ δ0
µ − tKµ,3(t)

Jψ ≥ κ0 − tKµ,4(t)

on the time interval (0, T ) where Kµ,i have the same for as Kµ. Note that we can write Kµ,i(t) ≤
Fµ,i(M

0
µ,i, Eµ(t)) for some smooth increasing functions Fµ,i.

We let T 0
µ = sup{T ′ ∈ (0, T )} such that the following hold for all t ∈ (0, T ′).

Eµ(t) ≤ 2M0
µ,0

inf
Ω±

ρ ≥ δ0

2

inf
Ω±

ρµ ≥
δ0
µ

2

inf
R3
Jψ ≥ 1

2
κ0

Note by uniform continuity that T 0
µ > 0 and either T 0

µ = T or one of the above inequalities holds as an

equality. In the latter case one of the following holds.

2M0
µ,0 ≤M0

µ,0 + T 0
µFµ,1(M0

µ,1, 2M
0
µ,0)

δ0

2
≥ δ0 − T 0

µFµ,2(M0
µ,2, 2M

0
µ,0)

δ0
µ

2
≥ δ0

µ − T 0
µFµ,3(M0

µ,3, 2M
0
µ,0)

κ0

2
≥ κ0 − T 0

µFµ,4(M0
µ,4, 2M

0
µ,0)
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and hence

T 0
µ ≥ min{

M0
µ,0

Fµ(M0
µ,1, 2M

0
µ,0)

,
δ0

2Fµ,2(M0
µ,2, 2M

0
µ,0)

,
δ0
µ

2Fµ,3(M0
µ,3, 2M

0
µ,0)

,
κ0

2Fµ,3(M0
µ,3, 2M

0
µ,0)
}

This completes the proof.

Lemma 13.3.2. The metric space Y is non-empty for sufficiently largeR0 whereR0 depends on the high

order energy E0
max of the initial data (U0

+, U
0
−, f

0), provided we assume E0
max <∞. More precisely, R0

should satisfy

R0 ≥ Fµ(E0
max)

where Fµ(·) is a given smooth increasing function.

Proof. We define (U+, U−, f) in terms of the initial data as follows.

p± =

3∑
j=0

1

j!
tj∂µ,g,j0 p0

±

s± =

3∑
j=0

1

j!
tj∂µ,g,j0 s0

±

f =
3∑
j=0

1

j!
tj∂µ,g,j0 f0

±

Then clearly

∂jt (p±, s±, f)|t=0 = ∂µ,g,j0 (p0
±, s

0
±, f

0) for 0 ≤ j ≤ 3

Note that having defined f we can now compute n, n̂ etc in terms of f . Now, following the notation for

the rotation matrix N defined in terms of f such that (N−1w)3 = w · n for any vector w, as defined in

section 11.3, we set

y
u0= (N0)−1u0

Then we define

u(t) = N(t)

3∑
j=0

1

j!
tj∂µ,g,j0

y
u0

Note that the definition implies that for 0 ≤ j ≤ 3 we have

∂jt u|t=0 =
∑
k+l=j

∂kt (N(t)N−1(t))|t=0∂
µ,g,l
0 u0

= ∂µ,g,j0 u0

as required. Also,

[u · n] = [(N−1u)3]

=

3∑
j=0

1

j!
tj∂µ,g,j0 [

y
u0

3]

=
3∑
j=0

1

j!
tj∂µ,g,j0 [u0 · n0]

= 0
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since the initial data satisfies the compatibility condition 7.2.6 up to order 3.

Since the initial data is smooth, we have EL(1) <∞, where EL(t) is the linearised energy associated

with the above (U+, U−, f), so we have (U+, U−, f) ∈ Y provided

R0 ≥ EL(1)

We note that

EL(1) ≤ Fµ(E0
max)

for some smooth increasing function Fµ(·). This completes the proof.

13.3.1 Conclusion of the Proof of the Existence of Solutions to the µ-Approximate Equa-
tions

The proof of theorem 7.4.1. By lemma 13.3.2, we have that the space Y is non-empty for sufficiently

large R0 depending on the high-order energy E0
max of the initial data. Propositions 13.2.1 and 13.2.2

show that the map Φ : Y → Y defined by (Ū+, Ū−, f̄) 7→ (U+, U−, f) where (U+, U−, f) is the unique

solution of the linearised equations with background state (Ū+, Ū−, f̄) as given by 9.5.1 is a well-defined

contraction, provided that R0 and T satisfy the following bounds.

R0 ≥ Rµ(E0
µ,

1

δ0
,

1

δ0
µ

,
1

κ0
, Eg(1))

T ≤ Tµ(R0, E0
µ,

1

δ0
,

1

δ0
µ

,
1

κ0
, Eg(1))

where Rµ is a smooth increasing function and Tµ is a smooth decreasing function. Thus we set R0 to be

the maximum of Rµ(E0
µ,

1
δ0 ,

1
δ0
µ
, 1
κ0 , Eg(1)) and Fµ(E0

max) as given in lemma 13.3.2, then set

T = Tµ(R0, E0
µ,

1

δ0
,

1

δ0
µ

,
1

κ0
, Eg(1))

We apply proposition 13.2.3 to conclude that Φ has a fixed point (U+, U−, f) ∈ Y . We then apply

lemma 13.3.1 to conclude that (U+, U−, f) is a solution of the µ-approximate equations on the time

interval (0, T ). We also obtain a T 0
µ ∈ (0, T ] and C0

µ > 0 such that

Eµ(min{T 0
µ , T}) ≤ C0

µ <∞

ρ ≥ δ0

2
in (0,min{T 0

µ , T})× Ω±

ρµ ≥
δ0
µ

2
in (0,min{T 0

µ , T})× Ω±

Jψ ≥ 1

2
κ0 in (0,min{T 0

µ , T})× R3

The constant C0
µ > 0 is bounded above as follows.

C0
µ ≤ Cµ(E0

µ,
1

δ0
,

1

δ0
µ

,
1

κ0
, Eg(1)) > 0

where Cµ(·) is a smooth increasing function of its arguments, and may depend on µ.
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The time T 0
µ > 0 is bounded below as follows.

T 0
µ ≥ Tµ(E0

µ,
1

δ0
,

1

δ0
µ

,
1

κ0
, Eg(1)) > 0

where Tµ(·) is a smooth decreasing function of its arguments, and may depend on µ.

Redefining T 0
µ = min{T 0

µ , T}, so that the lower bound becomes

T 0
µ ≥ Tµ(E0

max,
1

δ0
,

1

δ0
µ

,
1

κ0
, Eg(1)) > 0

where Tµ(·) is a smooth decreasing function of its arguments, we complete the proof.

13.3.2 Conclusion of the Proof of the Existence of Maximal-Time Solutions to the µ-
Approximate Equations

The proof of theorem 7.4.2. We need to maximise the time interval of existence of a solution to the µ-

approximate equations as given by 7.4.1. We wish to take the final data of the solution given in 7.4.1

and use it as initial data. The only problem is we needed to assume the initial data was smooth in order

to prove the space Y was non-empty. To overcome this we will construct a background state using the

solution given by 7.4.1 and note that we did not need to use the smoothness of the initial data elsewhere.

Let (U0
+, U

0
−, f

0) be smooth initial data as given in the statement of 7.4.2. Let T̃ = sup{T ′ ∈
(0, 1)} such that there exists a solution (U+, U−, f) to the µ-approximate equations with initial data

(U0
+, U

0
−, f

0) on the time interval (0, T ′) satisfying the inequalities

Eµ(t) <∞

inf
Ω±

ρ > 0

inf
Ω±

ρµ > 0

inf
R3
Jψ > 0

for all t ∈ (0, T ′). Note that by 7.4.1 we have T̃ > 0. If T̃ = 1 then we are done, so assume not. If one

of

Eµ(t)→∞

inf
Ω±

ρ→ 0

inf
Ω±

ρµ → 0

inf
R3
Jψ → 0

holds as t ↑ T̃ then we are also done so suppose not. In particular, note this implies that

Eµ(T̃ ) ≤ C̃ <∞

inf
t∈(0,T̃ )

inf
Ω±

ρ ≥ 1

C̃
> 0

inf
t∈(0,T̃ )

inf
Ω±

ρµ ≥
1

C̃
> 0

inf
t∈(0,T̃ )

inf
R3
Jψ ≥ 1

C̃
> 0
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for some constant C̃ > 0. Note that (U+, U−, f) together with ω± = ∇ψ × u± solves the linearised

equations with background state (U+, U−, f), hence we may apply the energy estimate 9.4.1 together

with the relation between EL(t) + EL(ω)(t) and Eµ(t) given by 9.3.3 to obtain

Eµ(t) ≤M0
µ +Kµ(t)(t+

∫ t

0
Eµ(τ)dτ)

for all t ∈ (0, T̃ ), where Kµ(t) = Fµ(M0
µ, Eµ(t)). Thus an application of Gronwall’s lemma implies

Eµ(T̃ ) ≤ C̃

where we have redefined C̃, which may depend on M0
µ . Note that for arbitrary ε ∈ (0, T̃ ) we can pick

T ε ∈ (T̃ − ε, T̃ ] such that if we set

(U0,ε
+ , U0,ε

− , f0,ε) := (U+(T ε), U−(T ε), f(T ε))

then we have

E0,ε
µ ≤ C̃ <∞

δ0,ε := inf
Ω±

ρ0,ε ≥ 1

C̃
> 0

δ0,ε
µ := inf

Ω±
ρ0,ε
µ ≥

1

C̃
> 0

κ0,ε := inf
R3
Jψ

0,ε ≥ 1

C̃
> 0

where E0,ε
µ denotes the initial energy associated with (U0,ε

+ , U0,ε
− , f0,ε). Let us also define, for t ∈ (0, 1),

gε(t) = g(t+ T ε)

Technically, g is only defined on the time interval (0, 1) but we may as well extend it via Sobolev

extension to be defined on the time interval (0, 2). Note that this implies

Egε(1) ≤ CEg(1) <∞

Note that since (U+, U−, f) is actually a solution of the µ-approximate equations with right hand side g,

by differentiating with respect to time and evaluating at t = T ε we see that the newly defined initial data

(U0,ε
+ , U0,ε

− , f0,ε) satisfies the compatibility condition 7.2.6 up to order 3 and the compatibility condition

7.2.7 up to order 2 for the µ-approximate equations with right hand side gε.

We define a background state (Ū+, Ū−, f̄) on the time interval (0, T ε) as follows. We extend

(U+, U−, f) to the time interval (0, 2T ε) in the following manner. Firstly, extend p±, s±, f to the time

interval (0, 2T ε) by Sobolev extension. We set

y
u= N−1u on (0, T ε)

where N is the rotation matrix defined in terms of ∇′f in section 11.3 such that (N−1w)3 = w · n for

any vector w. Then we define y
u on (0, 2T ε) by Sobolev extension, then we set u = N

y
u on (0, 2T ε).

Note since Sobolev extension is linear we have

[u · n] = [(N−1N
y
u)3] = [

y
u3] = 0
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on (0, 2T ε) and u|(0,T ε) = NN−1u = u. Thus we have constructed (U+, U−, f) on (0, 2T ε). Now we

define (Ū+(t), Ū−(t), f̄(t)) = (U+(t+ T ε), U−(t+ T ε), f(t+ T ε)) for t ∈ (0, T ε).

Now in the definition of our space Y we take (U0,ε
+ , U0,ε

− , f0,ε) as the initial data and note that by

construction (Ū+, Ū−, f̄) ∈ Y provided we take the time T > 0 in the definition of Y small enough such

that T ≤ T ε and the constant R0 large enough depending on the energy of (Ū+, Ū−, f̄) (which in fact

depends on E0,ε
µ , which is bounded by Eµ(T̃ )) such that ĒL(T ) ≤ R0.

We now run the argument from the previous proof again. Propositions 13.2.1 and 13.2.2 show that

the map Φ : Y → Y sending an element of Y to a solution of the linearised equations with background

state given by that element is a well-defined contraction, provided that R0 and T satisfy the following

bounds.

R0 ≥ Rµ(E0,ε
µ ,

1

δ0,ε
,

1

δ0,ε
µ

,
1

κ0,ε
, Egε(1))

T ≤ Tµ(R0, E0,ε
µ ,

1

δ0,ε
,

1

δ0,ε
µ

,
1

κ0,ε
, Egε(1))

Let us increase R0 and decrease T if necessary such that these inequalities are satisfied. Note that this

implies we may choose R0 and T such that R0and T are bounded as follows.

R0 ≤ Rµ(C̃, Eg(1))

T ≥ Tµ(C̃, Eg(1))

for some smooth increasing function Rµ and some smooth decreasing function Tµ.

We apply proposition 13.2.3 to conclude that Φ has a fixed point (U ε+, U
ε
−, f

ε) ∈ Y . We then apply

lemma 13.3.1 to conclude that (U ε+, U
ε
−, f

ε) is a solution of the µ-approximate equations on the time

interval (0, T ) satisfying, for t ∈ (0, T ),

Eεµ(t) <∞

inf
Ω±

ρε > 0

inf
Ω±

ρεµ > 0

inf
R3
Jψ

ε
> 0

We now use uniform continuity of the solution and its derivatives to patch together the solution

(U+, U−, f) on the time interval (0, T ε) with the solution (U ε+, U
ε
−, f

ε) on the time interval (0, T ) to

obtain a solution satisfying the above inequalities on the time interval (0, T ε + T ). Note that we have a

lower bound on T independent of ε as ε → 0 and hence we may choose ε such that T ε + T > T̃ . But

this contradicts the supremum definition of T̃ . Hence we must indeed have either T̃ = 1 or one of the

following must hold as t ↑ T̃ .

Eµ(t)→∞

inf
Ω±

ρ→ 0

inf
Ω±

ρµ → 0

inf
R3
Jψ → 0

This completes the proof.
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14. Proof of the Contraction Property

In this section we aim to prove the contraction property as stated in 13.2.2. Note that the proof is very

similar to that of the linearised energy estimate proved in 12. We are working two orders of regularity

lower than the energy estimate so we do not need to be so careful about estimating coefficients. The

only other change is that we take the difference of the equations for two solutions after differentiating

before proceeding as in the linearised energy estimate. We write terms of the form G(Ū1, ψ̄1)∂α∂U1 −
G(Ū2, ψ̄2)∂α∂U2 as G(Ū1, ψ̄1)∂α∂(U1 − U2) + (G(Ū1, ψ̄1) − G(Ū2, ψ̄2))∂α∂U2 and estimate the

first term as in the linearised energy estimate. The second term is estimated be applying the mean value

theorem to G(Ū1, ψ̄1) − G(Ū2, ψ̄2) and using the fact that this is a lower order difference term, and

using the higher order energy bound to bound the factor ∂α∂U2.

14.1 Notation and Definitions

Let R0 and T satisfy the inequalities given in 13.2.1.

For i = 1, 2, we let (U i+, U
i
−, f

i) be solutions of the linearised equations with background states

(Ū i+, Ū
i
−, f̄

i) ∈ Y , as given in the statement of 13.2.2. We let ωi be the corresponding solutions of the

linearised curl equation (9.1.5). Note that since R0 and T satisfy the inequalities given in 13.2.1, we

have (U i+, U
i
−, f

i) ∈ Y and in particular

E iL(T ) + EL(ωi)(T ) ≤ R0

where E iL(t) denotes the energy associated with (U i+, U
i
−, f

i).

Notation. In general we will use the superscript i where i = 1, 2 to denote quantities associated with

the solution (U i+, U
i
−, f

i) or the background state (Ū i+, Ū
i
−, f̄

i) and if there is more than one superscript

then we will write the superscript i last with a comma before the i. In particular, we use the following

obvious notation.

(uψ)i := (ui)ψ
i

ni := (−∇′f i, 1)

n̂i :=
ni

|ni|

Definition 14.1.1. For notational convenience we define

E∆(t) :=
∣∣∣∣(U1

+, U
1
−, f

1, u1 · n1)− (U2
+, U

2
−, f

2, u2 · n2)
∣∣∣∣2
Z(t)

Ē∆(t) :=
∣∣∣∣(Ū1

+, Ū
1
−, f̄

1, ū1 · n̄1)− (Ū2
+, Ū

2
−, f̄

2, ū2 · n̄2)
∣∣∣∣2
Z(t)
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We also define

E∆(ω)(t) :=
∑
±

ess sup
τ∈(0,t)

∣∣∣∣ω1 − ω2
∣∣∣∣2
H2(Ω±)

+
∑
±

ess sup
τ∈(0,t)

∣∣∣∣∂t(ω1 − ω2)
∣∣∣∣2
L2(Ω±)

+
∑
±

∫ t

0

∣∣∣∣∂t(ω1 − ω2)
∣∣∣∣2
H1(Ω±)

dτ

We aim to show that

E∆(t) + E∆(ω)(t) ≤ 1

ε
KL(t)(

∫ t

0
Ē∆(τ) + E∆(τ) + E∆(ω)(τ)dτ)

+ εKL(t)(Ē∆(t) + E∆(t) + E∆(ω)(t))

for all t ∈ (0, T ) where we are free to choose ε > 0. In this section we modify the definition of KL(t)

slightly to include the energies E iL(t) of both (U1
+, U

1
−, f

1) and (U2
+, U

2
−, f

2) and the energies Ē iL(t) of

their background states and the energies EL(ωi)(t) of their associated curls.

14.2 A Mean Value Lemma

The following simple lemma will be very useful.

Lemma 14.2.1. Let |α| ≥ 0. Suppose that for i = 1, 2 and 0 ≤ |β| ≤ |α|, we have ∂βvi ∈ L∞((0, T )×

Ω±) ∩ L∞((0, T );L2(Ω±)). Let G be a smooth function. Then

∣∣∣∣∂α(G(v1)−G(v2))
∣∣∣∣
L2(Ω±)

≤ F (
2∑
i=1

∑
0≤γ≤α

∣∣∣∣∂γvi∣∣∣∣
L∞(Ω±)

)
∑

0≤β≤α

∣∣∣∣∣∣∂β(v1 − v2)
∣∣∣∣∣∣
L2(Ω±)

for some smooth increasing function F .

Proof. Note that using the Fundamental Theorem of Calculus, we have

G(v1)−G(v2) =

∫ 1

0

d

ds
G(v2 + s(v1 − v2)ds∫ 1

0
DG(v2 + s(v1 − v2)ds(v1 − v2)

whereDG denotes the derivative ofG with respect to its arguments. Now we apply ∂α and use the chain

rule, then square both sides and integrate over Ω± to obtain the result.

14.3 Contraction in the Front

Proposition 14.3.1. Define

E∆(f)(t) := ess sup
τ∈(0,t)

∑
0≤j≤1

∣∣∣∣∣∣∂jt (f1 − f2)
∣∣∣∣∣∣2
H3.5−j(Γ)

+

∫ t

0

∣∣∣∣∂2
t (f1 − f2)

∣∣∣∣2
H1(Γ)

dτ
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The front satisfies the following estimates for t ∈ (0, T ).

E∆(f)(t) ≤ C

ε

∫ t

0
E∆(τ)dτ + εĒ∆(t) (14.3.1)

ess sup
τ∈(0,t)

∑
0≤j≤1

∣∣∣∣∣∣∂jt (f1 − f2)
∣∣∣∣∣∣2
H2−j(Γ)

+
∑

0≤j≤1

∫ t

0

∣∣∣∣∣∣∂j+1
t (f1 − f2)

∣∣∣∣∣∣2
H2−j(Γ)

≤ C
∫ t

0
Ē∆(τ)dτ

(14.3.2)∑
0≤j≤1

∫ t

0

∣∣∣∣∣∣∂j+1
t (f1 − f2)

∣∣∣∣∣∣2
H3.5−j(Γ)

dτ +
∑

0≤j≤1

ess sup
τ∈(0,t)

∣∣∣∣∣∣∂j+1
t (f1 − f2)

∣∣∣∣∣∣2
H2−j(Γ)

≤ CĒ∆(t)

(14.3.3)

Proof. We note that∑
0≤j≤1

∫ t

0

∣∣∣∣∣∣∂j+1
t (f1 − f2)

∣∣∣∣∣∣2
H3.5−j(Γ)

dτ +
∑

0≤j≤1

ess sup
τ∈(0,t)

∣∣∣∣∣∣∂j+1
t (f1 − f2)

∣∣∣∣∣∣2
H2−j(Γ)

=
∑

0≤j≤1

∫ t

0

∣∣∣∣∣∣∂jt (ū1 · n̄1 − ū2 · n̄2)
∣∣∣∣∣∣2
H3.5−j(Γ)

dτ +
∑

0≤j≤1

ess sup
τ∈(0,t)

∣∣∣∣∣∣∂jt (ū1 · n̄1 − ū2 · n̄2)
∣∣∣∣∣∣2
H2−j(Γ)

≤ CĒ∆(t)

by definition of Ē∆(t). This proves the third estimate.

Now note that, for 0 ≤ j ≤ 1,

d

dt

∣∣∣∣∣∣∂jt (f1 − f2)
∣∣∣∣∣∣2
H3.5−j(Γ)

= 2(∂j+1
t (f1 − f2), ∂jt (f

1 − f2))H3.5−j(Γ)

≤ ε
∣∣∣∣∣∣∂j+1

t (f1 − f2)
∣∣∣∣∣∣2
H3.5−j(Γ)

+
1

ε

∣∣∣∣∣∣∂jt (f1 − f2)
∣∣∣∣∣∣2
H3.5−j(Γ)

Integrating in time we obtain∣∣∣∣∣∣∂jt (f1 − f2)
∣∣∣∣∣∣2
H3.5−j(Γ)

≤ ε
∫ t

0

∣∣∣∣∣∣∂j+1
t (f1 − f2)

∣∣∣∣∣∣2
H3.5−j(Γ)

dτ +
1

ε

∫ t

0

∣∣∣∣∣∣∂jt (f1 − f2)
∣∣∣∣∣∣2
H3.5−j(Γ)

dτ

≤ CεĒ∆(t) +
1

ε

∫ t

0
E∆(τ)dτ

where we have used the third estimate for the second term. Together with a direct integrating in time of

the third estimate, this proves the first estimate.

To prove the second estimate we note that for 0 ≤ j ≤ 1,

ess sup
τ∈(0,t)

∣∣∣∣∣∣∂jt (f1 − f2)
∣∣∣∣∣∣2
H2−j(Γ)

+

∫ t

0

∣∣∣∣∣∣∂j+1
t (f1 − f2)

∣∣∣∣∣∣2
H2−j(Γ)

dτ

≤ C
∫ t

0

∣∣∣∣∣∣∂j+1
t (f1 − f2)

∣∣∣∣∣∣2
H2−j(Γ)

dτ +

∫ t

0

∣∣∣∣∣∣∂j+1
t (f1 − f2)

∣∣∣∣∣∣2
H2−j(Γ)

dτ

≤ C
∫ t

0
Ē∆(τ)dτ

where we have used the third estimate.

14.4 Contraction in the Entropy, Pressure and Curl

Lemma 14.4.1. Let 0 ≤ |α| ≤ 1. We have that uψ satisfies the following estimate.∣∣∣∣∣∣∂α((uψ)1 − (uψ)2)
∣∣∣∣∣∣2
H1(Ω±)

≤ KL(t)(Ē∆(t) + E∆(t)) (14.4.1)
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Proof. Let us note that

uψ = G(∂tψ,∇ψ,∇′ψ̄, ū)

for some smooth function G (at least in the region where Jψ > 0). We apply lemma 14.2.1 to obtain∣∣∣∣∣∣∂α(uψ)1 − (uψ)2)
∣∣∣∣∣∣2
H1(Ω±)

≤ KL(t)
∑

0≤γ≤α

∣∣∣∣∂γ(v1 − v2)
∣∣∣∣2
H1(Ω±)

where

v = (∂tψ,∇ψ,∇ψ̄, ū)

Hence∣∣∣∣∣∣∂α(uψ)1 − (uψ)2)
∣∣∣∣∣∣2
H1(Ω±)

≤ KL(t)
∑

0≤γ≤α
(
∣∣∣∣∂γ(ū1 − ū2)

∣∣∣∣2
H1(Ω±)

+
∣∣∣∣∇′∂γ(ψ̄1 − ψ̄2)

∣∣∣∣2
H1(Ω±)

+
∣∣∣∣∂γ∂t(ψ1 − ψ2)

∣∣∣∣2
H1(Ω±)

+
∣∣∣∣∂γ∇(ψ1 − ψ2)

∣∣∣∣2
H1(Ω±)

)

≤ KL(t)(Ē∆(t) + E∆(t))

where we have used the estimate (14.3.3) for the front.

Proposition 14.4.2. Define

E∆(s)(t) :=
∑
±

∑
0≤|α|≤1

ess sup
τ∈(0,t)

∣∣∣∣∂α(s1 − s2)
∣∣∣∣2
H1(Ω±)

+
∑
±

∫ t

0

∣∣∣∣∂2
t (s1 − s2)

∣∣∣∣2
L2(Ω±)

dτ

The entropy s satisfies the following estimate.

E∆(s)(t) ≤ KL(t)

∫ t

0
Ē∆(τ) + E∆(τ)dτ (14.4.2)

for t ∈ (0, T ).

Proof. Let 0 ≤ |α| ≤ 1 and apply ∂α to the linearised entropy equation (9.1.3) to obtain

∂t∂
αs+ uψ · ∇∂αs = RαL(s)

where

RαL(s) = −
∑

γ+δ=α,δ 6=α
∂γuψ · ∂δ∇s

We claim that ∣∣∣∣RαL(s1)−RαL(s2)
∣∣∣∣2
H1(Ω±)

≤ KL(t)(Ē∆(t) + E∆(t))

Indeed, we have∣∣∣∣RαL(s1)−RαL(s2)
∣∣∣∣2
H1(Ω±)

≤
∑

γ+δ=α,δ 6=α

∣∣∣∣∣∣∂γ(uψ)1 · ∂δ∇(s1 − s2)
∣∣∣∣∣∣2
H1(Ω±)

+
∑

γ+δ=α,δ 6=α

∣∣∣∣∣∣∂γ((uψ)1 − (uψ)2) · ∂δ∇s2
∣∣∣∣∣∣2
H1(Ω±)

≤ KL(t)(Ē∆(t) + E∆(t))
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where we have used (14.4.1).

Taking the difference of the differentiated equations for s1 and s2, we obtain

∂t∂
α(s1 − s2) + (uψ)1 · ∇∂α(s1 − s2) = −((uψ)1 − (uψ)2) · ∇∂αs2 +RαL(s1)−RαL(s2)

Applying the estimate (12.5.3) with w = ∂α(s1 − s2), b = (uψ)1 and h equal to the right hand side

of the above equation, we obtain

ess sup
τ∈(0,t)

∣∣∣∣∂α(s1 − s2)
∣∣∣∣2
H1(Ω±)

≤ (1 + ess sup
τ∈(0,t)

∣∣∣∣∣∣(uψ)1
∣∣∣∣∣∣2
W 1,∞(Ω±)

)

∫ t

0

∣∣∣∣∂α(s1 − s2)
∣∣∣∣2
H1(Rd)

dτ

+

∫ t

0

∣∣∣∣RαL(s1)−RαL(s2)
∣∣∣∣2
H1(Ω±)

dτ +

∫ t

0

∣∣∣∣∣∣((uψ)1 − (uψ)2) · ∇∂αs2
∣∣∣∣∣∣2
H1(Ω±)

dτ

≤ KL(t)

∫ t

0
Ē∆(τ) + E∆(τ)dτ

where we have used the above estimate for RαL(s1)−RαL(s2) and the estimate (14.4.1).

We now apply the estimate (12.5.2) to the differentiated equation to obtain∫ t

0

∣∣∣∣∂t∂α(s1 − s2)
∣∣∣∣2
L2(Ω±)

dτ

≤ C ess sup
τ∈(0,t)

∣∣∣∣∣∣(uψ)1
∣∣∣∣∣∣2
W 1,∞(Ω±)

∫ t

0

∣∣∣∣∇∂α(s1 − s2)
∣∣∣∣2
L2(Ω±)

dτ

+ C

∫ t

0

∣∣∣∣RαL(s1)−RαL(s2)
∣∣∣∣2
L2(Ω±)

dτ + C

∫ t

0

∣∣∣∣∣∣((uψ)1 − (uψ)2) · ∇∂αs2
∣∣∣∣∣∣2
L2(Ω±)

dτ

≤ KL(t)

∫ t

0
Ē∆(τ) + E∆(τ)dτ

where we have used the above estimate for RαL(s1)−RαL(s2).

This completes the proof.

Proposition 14.4.3. Define

E∆(p)(t) :=
∑
±

∑
0≤|α|≤1

ess sup
τ∈(0,t)

∣∣∣∣∂α(p1 − p2)
∣∣∣∣2
H1(Ω±)

+
∑
±

∫ t

0

∣∣∣∣∂2
t (p1 − p2)

∣∣∣∣2
L2(Ω±)

dτ

The pressure p satisfies the following estimate.

E∆(p)(t) ≤ 1

ε
KL(t)

∫ t

0
Ē∆(τ) + E∆(τ)dτ + εKL(t)(Ē∆(t) + E∆(t)) (14.4.3)

for t ∈ (0, T ).

Proof. Let 0 ≤ |α| ≤ 1 and apply ∂α to the linearised pressure equation (9.1.4) to obtain

∂t∂
αp+ uψ · ∇∂αp = RαL(p) + ∂αGp

where

RαL(p) = −
∑

γ+δ=α,δ 6=α
∂γuψ · ∂δ∇p
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and

Gp := −ρ̄c̄2∇ψ · ū

Note that we have ∣∣∣∣RαL(p1)−RαL(p2)
∣∣∣∣2
H1(Ω±)

≤ KL(t)(Ē∆(t) + E∆(t))

exactly as in the estimate of the entropy. We claim that∫ t

0

∣∣∣∣∂α(G1
p −G2

p)
∣∣∣∣2
H1(Ω±)

dτ ≤ KL(t)(Ē∆(t) + E∆(t))

and ∫ t

0

∣∣∣∣∂α(G1
p −G2

p)
∣∣∣∣2
L2(Ω±)

dτ ≤ KL(t)

∫ t

0
(Ē∆(τ) + E∆(τ))dτ

We note that Gp = G(v) where v = (p̄, s̄,∇ψ,∇ū) and G is a smooth function. From the definition of

E∆(t), ∣∣∣∣∂γ(v1 − v2)
∣∣∣∣2
L2(Ω±)

≤ C(Ē∆(t) + E∆(t)) for 0 ≤ |γ| ≤ 1∫ t

0

∣∣∣∣∂γ(v1 − v2)
∣∣∣∣2
H1(Ω±)

dτ ≤ C(Ē∆(t) + E∆(t)) for |γ| = 1

Applying lemma 14.2.1 proves the claim.

Taking the difference of the differentiated equations for p1 and p2, we obtain

∂t∂
α(p1 − p2) + (uψ)1 · ∇∂α(p1 − p2) = −((uψ)1 − (uψ)2) · ∇∂αp2 +RαL(p1)−RαL(p2)

+ ∂α(G1
p −G2

p)

Applying the estimate (12.5.3) with w = ∂α(p1 − p2), b = (uψ)1 and h equal to the right hand side

of the above equation, we obtain

ess sup
τ∈(0,t)

∣∣∣∣∂α(p1 − p2)
∣∣∣∣2
H1(Ω±)

≤ (
1

ε
+ ess sup

τ∈(0,t)

∣∣∣∣∣∣(uψ)1
∣∣∣∣∣∣2
W 1,∞(Ω±)

)

∫ t

0

∣∣∣∣∂α(p1 − p2)
∣∣∣∣2
H1(Rd)

dτ

+

∫ t

0

∣∣∣∣RαL(p1)−RαL(p2)
∣∣∣∣2
H1(Ω±)

dτ +

∫ t

0

∣∣∣∣∣∣((uψ)1 − (uψ)2) · ∇∂αp2
∣∣∣∣∣∣2
H1(Ω±)

dτ

+ ε

∫ t

0

∣∣∣∣∂α(G1
p −G2

p)
∣∣∣∣2
H1(Ω±)

dτ

≤ 1

ε
KL(t)

∫ t

0
Ē∆(τ) + E∆(τ)dτ + εKL(t)(Ē∆(t) + E∆(t))

where we have used the above estimates for RαL(p1) − RαL(p2) and ∂α(G1
p − G2

p), and the estimate

(14.4.1).

We now apply the estimate (12.5.2) to the differentiated equation to obtain∫ t

0

∣∣∣∣∂t∂α(p1 − p2)
∣∣∣∣2
L2(Ω±)

dτ ≤ C ess sup
τ∈(0,t)

∣∣∣∣∣∣(uψ)1
∣∣∣∣∣∣2
W 1,∞(Ω±)

∫ t

0

∣∣∣∣∇∂α(p1 − p2)
∣∣∣∣2
L2(Ω±)

dτ

+ C

∫ t

0

∣∣∣∣RαL(p1)−RαL(p2)
∣∣∣∣2
L2(Ω±)

dτ + C

∫ t

0

∣∣∣∣∣∣((uψ)1 − (uψ)2) · ∇∂αp2
∣∣∣∣∣∣2
L2(Ω±)

dτ

+

∫ t

0

∣∣∣∣∂α(G1
p −G2

p)
∣∣∣∣2
L2(Ω±)

dτ

≤ KL(t)

∫ t

0
Ē∆(τ) + E∆(τ)dτ
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where we have used the above estimates for RαL(p1)−RαL(p2) and ∂α(G1
p −G2

p).

This completes the proof.

Proposition 14.4.4. The curl ω satisfies the following estimates.

E∆(ω)(t) ≤ 1

ε
KL(t)

∫ t

0
Ē∆(τ) + E∆(τ) + E∆(ω)(τ)dτ + εKL(t)(Ē∆(t) + E∆(t) + E∆(ω)(t))

(14.4.4)∫ t

0

∣∣∣∣∂t(ω1 − ω2)
∣∣∣∣2
H1(Ω±)

dτ ≤ KL(t)

∫ t

0
Ē∆(τ) + E∆(τ) + E∆(ω)(τ)dτ (14.4.5)∫ t

0

∑
±

∣∣∣∣∂2
t (ω1 − ω2)

∣∣∣∣2
L2(Ω±)

dτ ≤ KL(t)(Ē∆(t) + E∆(t) + E∆(ω)(t)) (14.4.6)

for t ∈ (0, T ).

Proof. Let 0 ≤ |α| ≤ 1 and apply ∂α to the linearised curl equation (9.1.5) to obtain

(∂t + uψ · ∇)∂αω = ∂αGω +RαL(ω)

where

RαL(ω) = −
∑

γ+δ=α,δ 6=α
∂γuψ · ∂δ∇ω

and

Gω = G(ρµ,∇ρµ,∇ψ, uψ,∇ū, ∂tū,∇g1)

:=
1

ρµ
(−∇ψρµ × (∂t + uψ · ∇)ū− ρµ(εijk∂

ψ
j ūl∂

ψ
l ūk) +∇ψ × g1)

so that G is a smooth function for ρµ > 0.

Taking the difference of the differentiated equations for ω1 and ω2, we obtain

∂t∂
α(ω1 − ω2) + (uψ)1 · ∇∂α(ω1 − ω2) = −((uψ)1 − (uψ)2) · ∇∂αω2 +RαL(ω1)−RαL(ω2)

+ ∂α(G1
ω −G2

ω)

We claim that∫ t

0

∣∣∣∣RαL(ω1)−RαL(ω2)
∣∣∣∣2
H1(Ω±)

dτ ≤ KL(t)(Ē∆(t) + E∆(t) + E∆(ω)(t))

Indeed, we have∣∣∣∣RαL(ω1)−RαL(ω2)
∣∣∣∣2
H1(Ω±)

≤
∑

γ+δ=α,δ 6=α

∣∣∣∣∣∣∂γ(uψ)1 · ∂δ∇(ω1 − ω2)
∣∣∣∣∣∣2
H1(Ω±)

+
∑

γ+δ=α,δ 6=α

∣∣∣∣∣∣∂γ((uψ)1 − (uψ)2) · ∂δ∇ω2
∣∣∣∣∣∣2
H1(Ω±)

≤ KL(t)(Ē∆(t) + E∆(t)) +KL(t)
∑

δ≤α,δ 6=α

∣∣∣∣∣∣∂δ∇(ω1 − ω2)
∣∣∣∣∣∣2
H1(Ω±)

where we have used (14.4.1). Using the definition of E∆(ω)(t) applied to the last term proves the claim.
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Now we claim that∫ t

0

∣∣∣∣∂α(G1
ω −G2

ω)
∣∣∣∣2
L2(Ω±)

dτ ≤ KL(t)(Ē∆(t) + E∆(t))

and if α0 = 0, then ∫ t

0

∣∣∣∣∂α(G1
ω −G2

ω)
∣∣∣∣2
H1(Ω±)

dτ ≤ KL(t)(Ē∆(t) + E∆(t))∣∣∣∣∂α(G1
ω −G2

ω)
∣∣∣∣2
L2(Ω±)

≤ KL(t)(Ē∆(t) + E∆(t))

Indeed, we write Gω = G(v) where v = (ρµ,∇ρµ,∇ψ, uψ,∇ū, ∂tū,∇g1) and G is a smooth function.

From the definition of E∆(t), ∣∣∣∣v1 − v2
∣∣∣∣2
H1(Ω±)

≤ C(Ē∆(t) + E∆(t))∫ t

0

∣∣∣∣∂γ(v1 − v2)
∣∣∣∣2
L2(Ω±)

dτ ≤ C(Ē∆(t) + E∆(t)) for |γ| = 1∫ t

0

∣∣∣∣v1 − v2
∣∣∣∣2
H2(Ω±)

dτ ≤ C(Ē∆(t) + E∆(t))

Combining these estimates and using 14.2.1 proves the claim.

Let α0 = 0. Applying the estimate (12.5.3) with w = ∂α(ω1 − ω2), b = (uψ)1 and h equal to the

right hand side of the above equation, we obtain

ess sup
τ∈(0,t)

∣∣∣∣∂α(ω1 − ω2)
∣∣∣∣2
H1(Ω±)

≤ (
1

ε
+ ess sup

τ∈(0,t)

∣∣∣∣∣∣(uψ)1
∣∣∣∣∣∣2
W 1,∞(Ω±)

)

∫ t

0

∣∣∣∣∂α(ω1 − ω2)
∣∣∣∣2
H1(Rd)

dτ

+

∫ t

0

∣∣∣∣RαL(ω1)−RαL(ω2)
∣∣∣∣2
H1(Ω±)

dτ +

∫ t

0

∣∣∣∣∣∣((uψ)1 − (uψ)2) · ∇∂αω2
∣∣∣∣∣∣2
H1(Ω±)

dτ

+ ε

∫ t

0

∣∣∣∣∂α(G1
ω −G2

ω)
∣∣∣∣2
H1(Ω±)

dτ

≤ 1

ε
KL(t)

∫ t

0
Ē∆(τ) + E∆(τ) + E∆(ω)(τ)dτ + εKL(t)(Ē∆(t) + E∆(t))

where we have used the above estimates for RαL(ω1)−RαL(ω2) and ∂α(G1
ω −G2

ω) with α0 = 0, and the

estimate (14.4.1).

We now apply the estimate (12.5.2) to the differentiated equation to obtain∫ t

0

∣∣∣∣∂t∂α(ω1 − ω2)
∣∣∣∣2
L2(Ω±)

dτ ≤ C ess sup
τ∈(0,t)

∣∣∣∣∣∣(uψ)1
∣∣∣∣∣∣2
W 1,∞(Ω±)

∫ t

0

∣∣∣∣∇∂α(ω1 − ω2)
∣∣∣∣2
L2(Ω±)

dτ

+ C

∫ t

0

∣∣∣∣RαL(ω1)−RαL(ω2)
∣∣∣∣2
L2(Ω±)

dτ + C

∫ t

0

∣∣∣∣∣∣((uψ)1 − (uψ)2) · ∇∂αω2
∣∣∣∣∣∣2
L2(Ω±)

dτ

+ C

∫ t

0

∣∣∣∣∂α(G1
ω −G2

ω)
∣∣∣∣2
L2(Ω±)

dτ

≤ KL(t)

∫ t

0

∣∣∣∣∇∂α(ω1 − ω2)
∣∣∣∣2
L2(Ω±)

dτ + C

∫ t

0

∣∣∣∣∂α(G1
ω −G2

ω)
∣∣∣∣2
L2(Ω±)

dτ

+KL(t)

∫ t

0
Ē∆(t) + E∆(t) + E∆(ω)(τ)dτ

where we have used the above estimate for RαL(ω1)−RαL(ω2). In the case α0 = 0, we obtain∫ t

0

∣∣∣∣∂t∂α(ω1 − ω2)
∣∣∣∣2
L2(Ω±)

dτ ≤ KL(t)

∫ t

0
Ē∆(t) + E∆(t) + E∆(ω)(τ)dτ
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where we have used the above estimate for ∂αGω. This completes the estimate of E∆(ω)(t) and also

proves the second estimate. Without the restriction on α0, we obtain∫ t

0

∣∣∣∣∂t∂α(ω1 − ω2)
∣∣∣∣2
L2(Ω±)

dτ ≤ KL(t)

∫ t

0

∣∣∣∣∇∂α(ω1 − ω2)
∣∣∣∣2
L2(Ω±)

dτ

+KL(t)(Ē∆(t) + E∆(t) + E∆(ω)(t))

≤ KL(t)(Ē∆(t) + E∆(t) + E∆(ω)(t))

where we have used the above estimate for ∂αGω and the estimate just obtained for∇∂αω.

This completes the proof.

14.5 Contraction in the Velocity

Definition 14.5.1. We define

E∆(u)(t) :=
∑
±

∑
0≤j≤1

ess sup
τ∈(0,t)

∣∣∣∣∣∣∂jt (u1 − u2)
∣∣∣∣∣∣2
H2−j(Ω±)

+
∑
±

∑
0≤j≤1

∫ t

0

∣∣∣∣∣∣∂jt (u1 − u2)
∣∣∣∣∣∣2
H3−j(Ω±)

dτ +
∑
±

∫ t

0

∣∣∣∣∂2
t (u1 − u2)

∣∣∣∣2
L2(Ω±)

dτ

+
∑

0≤j≤1

ess sup
τ∈(0,t)

∣∣∣∣∣∣∂jt (u1 · n1 − u2 · n2)
∣∣∣∣∣∣2
H2−j(R2)

+
∑

0≤j≤1

∫ t

0

∣∣∣∣∣∣∂jt (u1 · n1 − u2 · n2)
∣∣∣∣∣∣2
H3−j(R2)

dτ

for t ∈ (0, T ).

Proposition 14.5.2. The velocity u satisfies the following estimate.

E∆(u)(t) ≤ 1

ε
KL(t)

∫ t

0
Ē∆(τ) + E∆(τ) + E∆(ω)(τ)dτ + εKL(t)(Ē∆(t) + E∆(t) + E∆(ω)(t))

for t ∈ (0, T ), where we are free to choose ε > 0.

Proof. See the rest of this section for the proof

We use the weak form of the equations. As in 11.3, we set

y
ui = (N i)−1ui

where the matrix N i is defined in 11.3.1 with∇′f replaced by∇′f i. We define

E∆(
y
u)(t) :=

∑
±

∑
0≤j≤1

ess sup
τ∈(0,t)

∣∣∣∣∣∣∂jt (yu1 − y
u2)
∣∣∣∣∣∣2
H2−j(Ω±)

+
∑
±

∑
0≤j≤1

∫ t

0

∣∣∣∣∣∣∂jt (yu1 − y
u2)
∣∣∣∣∣∣2
H3−j(Ω±)

dτ +
∑
±

∫ t

0

∣∣∣∣∣∣∂2
t (

y
u1 − y

u2)
∣∣∣∣∣∣2
L2(Ω±)

dτ

+
∑

0≤j≤1

ess sup
τ∈(0,t)

∣∣∣∣∣∣∂jt (yu1
3 −

y
u2

3)
∣∣∣∣∣∣2
H2−j(R2)

+
∑

0≤j≤1

∫ t

0

∣∣∣∣∣∣∂jt (yu1
3 −

y
u2

3)
∣∣∣∣∣∣2
H3−j(R2)

dτ

Lemma 14.5.3. We claim that

E∆(u)(t) ≤ KL(t)(E∆(
y
u)(t) + E∆(f)(t)) (14.5.1)

and conversely

E∆(
y
u)(t) ≤ KL(t)(E∆(u)(t) + E∆(f)(t)) (14.5.2)

216



Proof. Recall that y
u3= (N−1u)3 = u · n, so the estimate of the boundary terms is immediate.

Now we note that for 1 ≤ |α| ≤ k, where k = 2 or k = 3, and α0 ≤ 1, we have∣∣∣∣∂α(u1 − u2)
∣∣∣∣2
L2(Ω±)

=
∣∣∣∣∂α(G(v1)−G(v2))

∣∣∣∣2
L2(Ω±)

where G is a smooth function and v = (u,N). Hence, applying 14.2.1, we have∣∣∣∣∂α(u1 − u2)
∣∣∣∣2
L2(Ω±)

≤ KL(t)(
∑

0≤γ≤α
(
∣∣∣∣∂γ(u1 − u2)

∣∣∣∣2
L2(Ω±)

+
∣∣∣∣∂γ(f1 − f2)

∣∣∣∣2
H0.5(Ω±)

))

where we have used the lifting property for N . Thus we obtain in the case k = 2,

ess sup
τ∈(0,t)

∣∣∣∣∂α(u1 − u2)
∣∣∣∣2
L2(Ω±)

≤ KL(t)(E∆(
y
u)(t) + E∆(f)(t))

In the case k = 3 we obtain∫ t

0
||∂αu||2L2(Ω±) dτ ≤ KL(t)(E∆(

y
u)(t) + E∆(f)(t))

where we have again used the lifting property for N .

Now we consider the case ∂α = ∂2
t . Note that if |β| ≤ 2 then∫ t

0

∣∣∣∣∣∣∂β(N1 −N2)
∣∣∣∣∣∣2
L2(Ω±)

dτ ≤ C
∣∣∣∣∣∣∂β∇′(f1 − f2)

∣∣∣∣∣∣2
L2(Γ)

≤ CE∆(f)(t)

Combining this with the estimates above we see that∫ t

0

∣∣∣∣∂α(u1 − u2)
∣∣∣∣2
L2(Ω±)

dτ ≤ KL(t)(E∆(
y
u)(t) + E∆(f)(t))

This completes the proof of the first inequality. The second inequality follows simply by replacing

N by N−1 and reversing u and y
u in the above estimates.

Let 0 ≤ |α| ≤ 1 with α3 = 0 be a multi-index. Recall from the proof of the linearised energy

estimate that ∂α y
ui for i = 1, 2 satisfy the weak equation (12.6.4).

Notation. We will write Aj,1 and Aj,2 for 0 ≤ j ≤ 2 to denote the coefficients Aj defined in 11.6.1

evaluated at the states p1
±, s

1
±, ū

1
± etc and p2

±, s
2
±, ū

2
± etc respectively. We define Gj,α,1 and Gj,α,2 for

1 ≤ j ≤ 4 in a similar way, where Gj,α are defined in (12.6.5)-(12.6.8).

We will also write (·, ·)B0,1(t) and (·, ·)B0,2(t) to denote the inner product (·, ·)B0(t) as defined in 11

associated with the states p1
±, s

1
±, ū

1
± etc and p2

±, s
2
±, ū

2
± etc respectively, which we recall can be written

as

(v, w)B0,1(t) =
∑
±

(A0,1v, w)L2(Ω±)

(v, w)B0,2(t) =
∑
±

(A0,2v, w)L2(Ω±)

Similarly we define

(v, w)B1,1(t) =
∑
±

(A1,1(v,∇v), (w,∇w))L2(Ω±) + (v3, w3)H1(Γ)

(v, w)B1,2(t) =
∑
±

(A1,2(v,∇v), (w,∇w))L2(Ω±) + (v3, w3)H1(Γ)
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Now let us subtract the equation (12.6.4) for ∂α y
u2 from that for ∂α y

u1 where 0 ≤ |α| ≤ 1 to obtain

(∂t∂
α(

y
u1 − y

u2), w)B0,1(t) + µ{∂α(
y
u1 − y

u2), w}B1,1(t)

+
∑
±

(A2,1(∂α(
y
u1 − y

u2),∇∂α(
y
u1 − y

u2)), w)L2(Ω±)

=
∑
±

(G1,α
∆ , w)L2(Ω±) +

∑
±

(G2,α
∆ ,∇w)L2(Ω±) + (G3,α

∆ , w3)L2(Γ) + (G4,α
∆ ,∇′w3)L2(Γ)

for all w ∈ B1 and almost every t ∈ (0, T ), where

G1,α
∆ := G1,α,1 −G1,α,2 − (A0,1 −A0,2)∂t∂

α y
u2 −µ(A1,1 −A1,2)(∂α

y
u2,∇∂α y

u2)

− (A2,1 −A2,2)(∂α
y
u2,∇∂α y

u2)

G2,α
∆ := G2,α,1 −G2,α,2 − µ(A1,1 −A1,2)(∂α

y
u2,∇∂α y

u2)

G3,α
∆ := G3,α,1 −G3,α,2 = 0

G4,α
∆ := G4,α,1 −G4,α,2

Lemma 14.5.4. We claim that∫ t

0

∣∣∣∣∣∣G1,α
∆

∣∣∣∣∣∣2
L2(Ω±)

dτ ≤ KL(t)

∫ t

0
Ē∆(τ) + E∆(τ) + E∆(ω)(τ)dτ∫ t

0

∣∣∣∣∣∣∂tG2,α
∆

∣∣∣∣∣∣2
L2(Ω±)

dτ ≤ KL(t)(Ē∆(t) + E∆(t) + E∆(ω)(t))∫ t

0

∣∣∣∣∣∣G2,α
∆

∣∣∣∣∣∣2
H1(Ω±)

dτ ≤ KL(t)

∫ t

0
Ē∆(τ) + E∆(τ) + E∆(ω)(τ)dτ

1∑
k=0

∫ t

0

∣∣∣∣∣∣∂kG3,α
∆

∣∣∣∣∣∣2
L2(Γ)

dτ = 0

1∑
k=0

∫ t

0

∣∣∣∣∣∣∂kG4,α
∆

∣∣∣∣∣∣2
L2(Γ)

dτ ≤ KL(t)

∫ t

0
Ē∆(τ)dτ

Furthermore, for 2 ≤ i ≤ 4,∣∣∣∣∣∣Gi,α∆

∣∣∣∣∣∣2
L2(Ω±)

≤ 1

ε
KL(t)

∫ t

0
Ē∆(τ) + E∆(τ) + E∆(ω)(τ)dτ + εKL(t)(Ē∆(t) + E∆(t) + E∆(ω)(t))

Proof. Firstly, we recall that Gi,α have the form

G1,α = G({∂β(N,∇N,∇ψ, p, s, ω, g1, ū,∇ψ̄, ∂tψ, ∂tN) : 0 ≤ β ≤ α}, u, ∂tu,∇u)

G2 = G({∂β(N,∇N,∇ψ, p, s, ω) : 0 ≤ β ≤ α}, u,∇u)

G3,α = ∂αg2

G4,α = G({∂β∇′f : 0 ≤ β ≤ α})

for G a generic smooth function which may be scalar, vector, matrix valued etc and Ai have the form

A0 = A(p, s,N)

A1 = A(p, s,∇ψ,N,∇N)

A2 = A(p, s, ū,∇ψ,∇ψ̄, ∂tψ,N,∇N, ∂tN)
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We start by estimating
∣∣∣∣G2,α,1 −G2,α,2

∣∣∣∣
L2(Ω±)

and
∣∣∣∣∂(G2,α,1 −G2,α,2)

∣∣∣∣
L2(Ω±)

. Applying the

lemma 14.2.1, we see that∣∣∣∣∣∣∂β(G2,α,1 −G2,α,2)
∣∣∣∣∣∣2
L2(Ω±)

≤ KL(t)
∑

0≤∂γ≤∂β

∣∣∣∣∂γ(v1 − v2)
∣∣∣∣2
L2(Ω±)

where

v = ({∂β(N,∇N,∇ψ, p, s, ω) : 0 ≤ β ≤ α}, u,∇u)

Note that∫ t

0

∣∣∣∣v1 − v2
∣∣∣∣2
H1(Ω±)

dτ ≤ C
∑

0≤l≤1

∫ t

0

∣∣∣∣∣∣∂l((p1, s1,∇ψ1)− (p2, s2,∇ψ2))
∣∣∣∣∣∣2
H1(Ω±)

+
∣∣∣∣∣∣∂l(f1 − f2)

∣∣∣∣∣∣2
H2.5(Ω±)

+
∣∣∣∣∣∣∂l(ω1 − ω2)

∣∣∣∣∣∣2
H1(Ω±)

+
∣∣∣∣u1 − u2

∣∣∣∣2
H2(Ω±)

dτ

≤ KL(t)

∫ t

0
Ē∆(τ) + E∆(τ) + E∆(ω)(τ)dτ

where we have used the curl estimate (14.4.5) for the term involving ω in the case of 1 time derivative,

and we have also used the lifting property for N . We also have∫ t

0

∣∣∣∣∂t(v1 − v2)
∣∣∣∣2
L2(Ω±)

dτ ≤
∑

0≤l≤2

∫ t

0

∣∣∣∣∣∣∂l((p1, s1,∇ψ1)− (p2, s2,∇ψ2))
∣∣∣∣∣∣2
L2(Ω±)

+
∣∣∣∣∣∣∂l(f1 − f2)

∣∣∣∣∣∣2
H1.5(Ω±)

+
∣∣∣∣∣∣∂l(ω1 − ω2)

∣∣∣∣∣∣2
L2(Ω±)

+
∣∣∣∣∂t(u1 − u2)

∣∣∣∣2
H1(Ω±)

dτ

≤ KL(t)(Ē∆(t) + E∆(t) + E∆(ω)(t))

where we have used the estimate (14.3.3) for the front in the first and second terms and the estimate

(14.4.6) for the curl in the fourth term in the case of the highest order time derivative. Combining these

estimates, we see that∫ t

0

∣∣∣∣∂t(G2,α,1 −G2,α,2)
∣∣∣∣2
L2(Ω±)

dτ ≤ KL(t)(Ē∆(t) + E∆(t) + E∆(ω)(t))

and ∫ t

0

∣∣∣∣(G2,α,1 −G2,α,2)
∣∣∣∣2
H1(Ω±)

dτ ≤ KL(t)

∫ t

0
Ē∆(τ) + E∆(τ) + E∆(ω)(τ)dτ

Now let us estimate
∣∣∣∣G4,α,1 −G4,α,2

∣∣∣∣
L2(Γ)

and
∣∣∣∣∂G4,α,1 −G4,α,2

∣∣∣∣
L2(Γ)

. Applying the lemma 14.2.1,

we see that ∣∣∣∣∣∣∂β(G4,α,1 −G4,α,2)
∣∣∣∣∣∣2
L2(Γ)

≤ KL(t)
∑

0≤∂γ≤∂β

∣∣∣∣∂γ(v1 − v2)
∣∣∣∣2
L2(Ω±)

where

v = ({∂β(∇′f) : 0 ≤ β ≤ α})

Note that if 0 ≤ l ≤ 1 then∫ t

0

∣∣∣∣∣∣∂l(v1 − v2)
∣∣∣∣∣∣2
L2(Γ)

dτ ≤ C
∫ t

0

∣∣∣∣∣∣∂l∇′(f1 − f2)
∣∣∣∣∣∣2
L2(Γ)

dτ ≤ C
∫ t

0
Ē∆(τ)dτ
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where we have used the estimate (14.3.2) for the front in the case of the highest order time derivative.

Thus we see that∫ t

0

∣∣∣∣G4,α,1 −G4,α,2
∣∣∣∣2
L2(Γ)

+
∣∣∣∣∂(G4,α,1 −G4,α,2)

∣∣∣∣2
L2(Γ)

dτ ≤ KL(t)

∫ t

0
Ē∆(τ)dτ

Clearly we have ∫ t

0

∣∣∣∣G3,α,1 −G3,α,2
∣∣∣∣2
L2(Γ)

+
∣∣∣∣∂(G3,α,1 −G3,α,2)

∣∣∣∣2
L2(Γ)

dτ = 0

Now we estimate
∣∣∣∣G1,α,1 −G1,α,2

∣∣∣∣
L2(Ω±)

. Applying the lemma 14.2.1, we see that∣∣∣∣G1,α,1 −G1,α,2
∣∣∣∣2
L2(Ω±)

≤ KL(t)
∣∣∣∣v1 − v2

∣∣∣∣2
L2(Ω±)

where

v = ({∂β(N,∇N,∇ψ, p, s, ω, g1, ū,∇ψ̄, ∂tψ, ∂tN) : 0 ≤ β ≤ α}, u, ∂tu,∇u)

Note that∫ t

0

∣∣∣∣v1 − v2
∣∣∣∣2
L2(Ω±)

dτ ≤ C
∑

0≤l≤1

∫ t

0

∣∣∣∣∣∣∂l((p1, s1, u1,∇ψ1)− (p2, s2, u2,∇ψ2))
∣∣∣∣∣∣2
L2(Ω±)

+
∣∣∣∣∣∣∂l(f1 − f2)

∣∣∣∣∣∣2
H2(Ω±)

+
∣∣∣∣∣∣∂l∂t(f1 − f2)

∣∣∣∣∣∣2
H1(Ω±)

+
∣∣∣∣∣∣∂l(ω1 − ω2)

∣∣∣∣∣∣2
L2(Ω±)

dτ

≤ KL(t)

∫ t

0
Ē∆(τ) + E∆(τ) + E∆(ω)(τ)dτ

where we have used the estimate (14.3.2) for the front in the third term. Thus we see that∫ t

0

∣∣∣∣(G1,α,1 −G1,α,2)
∣∣∣∣2
L2(Ω±)

dτ ≤ KL(t)

∫ t

0
Ē∆(τ) + E∆(τ) + E∆(ω)(τ)dτ

Now we estimate the terms involving Ai,1 −Ai,2, which are in fact lower order. Firstly, we estimate

∂l(A1,1 −A1,2) where 0 ≤ l ≤ 1. Applying the lemma 14.2.1, we see that∣∣∣∣∣∣∂l(A1,1 −A1,2)
∣∣∣∣∣∣2
L2(Ω±)

≤ KL(t)
∑

0≤l≤1

∣∣∣∣∣∣∂l(v1 − v2)
∣∣∣∣∣∣2
L2(Ω±)

where v = (p, s,∇ψ,N,∇N). We then note that∫ t

0

∣∣∣∣∣∣∂l(v1 − v2)
∣∣∣∣∣∣2
L2(Ω±)

dτ

≤ C
∫ t

0

∣∣∣∣∣∣∂l((p1, s1)− (p2, s2))
∣∣∣∣∣∣2
L2(Ω±)

+
∣∣∣∣∣∣∂l∇′(f1 − f2)

∣∣∣∣∣∣2
H0.5(Ω±)

dτ

≤ C
∫ t

0
E∆(τ)dτ

Now, we estimate A0,1 −A0,2. Applying the lemma 14.2.1, we see that∣∣∣∣A0,1 −A0,2
∣∣∣∣2
L2(Ω±)

≤ KL(t)
∣∣∣∣v1 − v2

∣∣∣∣2
L2(Ω±)

where v = (p, s,N). We then note that∫ t

0

∣∣∣∣v1 − v2
∣∣∣∣2
L2(Ω±)

dτ ≤ C
∫ t

0

∣∣∣∣(p1, s1)− (p2, s2)
∣∣∣∣2
L2(Ω±)

+
∣∣∣∣∇′(f1 − f2)

∣∣∣∣2
L2(Ω±)

dτ

≤ C
∫ t

0
E∆(τ)dτ
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Now, we estimate A2,1 −A2,2. Applying the lemma 14.2.1, we see that

∣∣∣∣A2,1 −A2,2
∣∣∣∣2
L2(Ω±)

≤ KL(t)
∣∣∣∣v1 − v2

∣∣∣∣2
L2(Ω±)

where v = (p, s, ū,∇ψ,∇ψ̄, ∂tψ,N,∇N, ∂tN). We then note that∫ t

0

∣∣∣∣v1 − v2
∣∣∣∣2
L2(Ω±)

dτ

≤ C
∫ t

0

∣∣∣∣(p1, s1, ū1)− (p2, s2, ū2)
∣∣∣∣2
L2(Ω±)

dτ

+ C

∫ t

0

∣∣∣∣(∇′f1,∇′f̄1, ∂tf
1,∇′∂f1)− (∇′f2,∇′f̄2, ∂tf

2,∇′∂f2)
∣∣∣∣2
L2(Γ)

dτ

≤ C
∫ t

0
Ē∆(τ) + E∆(τ)dτ

Combining all of the above, and estimating factors not involving differences in terms of KL(t), we

have proved the first set of inequalities. Now note that for 2 ≤ i ≤ 4,

d

dt

∣∣∣∣∣∣Gi,α∆

∣∣∣∣∣∣2
L2(Ω±)

= 2(Gi,α∆ , ∂tG
i,α
∆ )2

L2(Ω±)

≤ 1

ε

∣∣∣∣∣∣Gi,α∆

∣∣∣∣∣∣2
L2(Ω±)

+ ε
∣∣∣∣∣∣∂tGi,α∆

∣∣∣∣∣∣2
L2(Ω±)

Thus, integrating in time,∣∣∣∣∣∣Gi,α∆

∣∣∣∣∣∣2
L2(Ω±)

≤ 1

ε

∫ t

0

∣∣∣∣∣∣Gi,α∆

∣∣∣∣∣∣2
L2(Ω±)

dτ + ε

∫ t

0

∣∣∣∣∣∣∂tGi,α∆

∣∣∣∣∣∣2
L2(Ω±)

dτ

≤ 1

ε
KL(t)

∫ t

0
Ē∆(τ) + E∆(τ) + E∆(ω)(τ)dτ + εKL(t)(Ē∆(t) + E∆(t) + E∆(ω)(t))

This completes the proof.

Now we apply the energy estimate (11.6.3) to the equation for ∂α(
y
u1 − y

u2), where 0 ≤ |α| ≤ 1 and

α3 = 0 to obtain the following estimate.∫ t

0

∣∣∣∣∣∣∂t∂α(
y
u1 − y

u2)
∣∣∣∣∣∣2
B0,1(τ)

dτ + ess sup
τ∈(0,t)

∣∣∣∣∣∣∂α(
y
u1 − y

u2)
∣∣∣∣∣∣2
B1,1(t)

≤ KL(t)
1

ε

∫ t

0

∑
±

∣∣∣∣∣∣G1,α
∆

∣∣∣∣∣∣2
L2(Ω±)

+
∑
±

∣∣∣∣∣∣G2,α
∆

∣∣∣∣∣∣2
L2(Ω±)

+
∣∣∣∣∣∣G3,α

∆

∣∣∣∣∣∣2
L2(Γ)

+
∣∣∣∣∣∣G4,α

∆

∣∣∣∣∣∣2
L2(Γ)

dτ

+KL(t)(
∑
±

ess sup
τ∈(0,t)

∣∣∣∣∣∣G2,α
∆

∣∣∣∣∣∣2
L2(Ω±)

+ ess sup
τ∈(0,t)

∣∣∣∣∣∣G3,α
∆

∣∣∣∣∣∣2
L2(Γ)

+ ess sup
τ∈(0,t)

∣∣∣∣∣∣G4,α
∆

∣∣∣∣∣∣2
L2(Γ)

)

+ ε

∫ t

0

∑
±

∣∣∣∣∣∣∂tG2,α
∆

∣∣∣∣∣∣2
L2(Ω±)

+
∣∣∣∣∣∣∂tG3,α

∆

∣∣∣∣∣∣2
L2(Γ)

+
∣∣∣∣∣∣∂tG4,α

∆

∣∣∣∣∣∣2
L2(Γ)

dτ

To estimate the right hand side we use the estimate 14.5.4 for the Gi,α∆ and we obtain∫ t

0

∣∣∣∣∣∣∂t∂α(
y
u1 − y

u2)
∣∣∣∣∣∣2
B0,1(τ)

dτ + ess sup
τ∈(0,t)

∣∣∣∣∣∣∂α(
y
u1 − y

u2)
∣∣∣∣∣∣2
B1,1(t)

≤ 1

ε
KL(t)

∫ t

0
Ē∆(τ) + E∆(τ) + E∆(ω)(τ)dτ + εKL(t)(Ē∆(t) + E∆(t) + E∆(ω)(t))
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Now to estimate the highest order space derivative, we apply the energy estimate 11.6.7 to the equa-

tion for ∂α(
y
u1 − y

u2), where 0 ≤ |α| ≤ 1 and α3 = 0. We obtain∣∣∣∣∣∣∇′∂α(
y
u1 − y

u2)
∣∣∣∣∣∣2
B0,1(t)

+

∫ t

0

∣∣∣∣∣∣∇′∂α(
y
u1 − y

u2)
∣∣∣∣∣∣2
B1,1(τ)

dτ

≤ KL(t)

∫ t

0

∑
±

∣∣∣∣∣∣G1,α
∆

∣∣∣∣∣∣2
L2(Ω±)

+
∑
±

∣∣∣∣∣∣G2,α
∆

∣∣∣∣∣∣2
H1(Ω±)

dτ +
∣∣∣∣∣∣G3,α

∆

∣∣∣∣∣∣2
L2(Γ)

+
∑
±

∣∣∣∣∣∣G4,α
∆

∣∣∣∣∣∣2
H1(Γ)

dτ

+KL(t)
1

ε

∫ t

0

∣∣∣∣∣∣∂α(
y
u1 − y

u2)
∣∣∣∣∣∣2
H1(Ω±)

dτ + ε

∫ t

0

∣∣∣∣∣∣∂t∂α(
y
u1 − y

u2)
∣∣∣∣∣∣2
L2(Ω±)

dτ

Applying the estimate 14.5.4 to the right hand side, we obtain∣∣∣∣∣∣∇′∂α(
y
u1 − y

u2)
∣∣∣∣∣∣2
B0,1(t)

+

∫ t

0

∣∣∣∣∣∣∇′∂α(
y
u1 − y

u2)
∣∣∣∣∣∣2
B1,1(τ)

dτ

≤ 1

ε
KL(t)

∫ t

0
Ē∆(τ) + E∆(τ) + E∆(ω)(τ)dτ + εKL(t)(Ē∆(t) + E∆(t) + E∆(ω)(t))

It remains to estimate the highest order normal derivatives. Let 0 ≤ |α| ≤ 1. We claim that∫ t

0

∣∣∣∣∣∣∂α(
y
u1 − y

u2)
∣∣∣∣∣∣2
H2(Ω±)

≤ 1

ε
KL(t)

∫ t

0
Ē∆(τ) + E∆(τ) + E∆(ω)(τ)dτ + εKL(t)(Ē∆(t) + E∆(t) + E∆(ω)(t))

Indeed, we already know from the above estimates that this formula holds in the case α3 = 0, so it

remains to prove the case α3 = 1. Let ∂β = ∂x3 . We recall from the proof of the linearised energy

estimate that ∂2
x3
∂β

y
ui for i = 1, 2 satisfy the equation (12.6.11). Subtracting these equations for y

u1 and
y
u2, we obtain

∂2
3∂

β(
y
u1 − y

u2) = ∂β(G(∂x3ψ
1, ∂2

x3
ψ1, v1)w1 −G(∂x3ψ

2, ∂2
x3
ψ2, v2)w2)

=: ∂β(G̃(ṽ1)− G̃(ṽ2))

where the function G is defined in (12.6.11), the vectors v and w are defined in (12.6.12)-(12.6.13),

ṽ := (∂x3ψ, ∂
2
x3
ψ, v, w) and we have defined the function G̃ such that G(∂x3ψ, ∂

2
x3
ψ, v)w = G̃(ṽ).

Now we note that, using the lemma 14.2.1, we have∣∣∣∣∣∣∂β(G̃(ṽ1)− G̃(ṽ2))
∣∣∣∣∣∣2
L2(Ω±)

≤ KL(t)
∑

0≤γ≤β

∣∣∣∣∂γ(ṽ1 − ṽ2)
∣∣∣∣2
L2(Ω±)

Using the existing estimate (14.3.1) for f , the existing time and tangential derivative estimates and the

lifting property of N we have, for 0 ≤ |γ| ≤ 1,∫ t

0

∣∣∣∣∂γ(ṽ1 − ṽ2)
∣∣∣∣2
L2(Ω±)

dτ

≤ 1

ε
KL(t)

∫ t

0
Ē∆(τ) + E∆(τ) + E∆(ω)(τ)dτ + εKL(t)(Ē∆(t) + E∆(t) + E∆(ω)(t))

Combining these estimates we obtain∫ t

0

∣∣∣∣∣∣∂2
x3
∂β(

y
u1 − y

u2)
∣∣∣∣∣∣2
L2(Ω±)

dτ

≤ 1

ε
KL(t)

∫ t

0
Ē∆(τ) + E∆(τ) + E∆(ω)(τ)dτ + εKL(t)(Ē∆(t) + E∆(t) + E∆(ω)(t))
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Combining this with the existing tangential estimates, we obtain∑
±

∫ t

0

∣∣∣∣∣∣∂β(
y
u1 − y

u2)
∣∣∣∣∣∣2
H2(Ω±)

dτ

≤ 1

ε
KL(t)

∫ t

0
Ē∆(τ) + E∆(τ) + E∆(ω)(τ)dτ + εKL(t)(Ē∆(t) + E∆(t) + E∆(ω)(t))

This completes the estimate of the normal derivatives.

Combining all the above estimates, we have shown that

E∆(
y
u)(t) ≤ 1

ε
KL(t)

∫ t

0
Ē∆(τ) + E∆(τ) + E∆(ω)(τ)dτ + εKL(t)(Ē∆(t) + E∆(t) + E∆(ω)(t))

Now using the estimate (14.5.1) and the estimate (14.3.1) for the front, we obtain

E∆(u)(t) ≤ 1

ε
KL(t)

∫ t

0
Ē∆(τ) + E∆(τ) + E∆(ω)(τ)dτ + εKL(t)(Ē∆(t) + E∆(t) + E∆(ω)(t))

This completes the proof of the estimate of the velocity 14.5.2.

Proposition 14.5.5. The normal component of the velocity, u · n, satisfies the following additional esti-

mate.
1∑
j=0

∫ t

0

∣∣∣∣∣∣∂jt (u1 · n1 − u2 · n2)
∣∣∣∣∣∣2
H3.5−j(Γ)

dτ

≤ 1

ε
KL(t)

∫ t

0
Ē∆(τ) + E∆(τ) + E∆(ω)(τ)dτ + εKL(t)(Ē∆(t) + E∆(t) + E∆(ω)(t))

for t ∈ (0, T ).

Proof. Let 0 ≤ j ≤ 1. Applying ∂jt to the pressure interface condition (9.1.9) we have

(1−∆′)∂jt (u · n) = ∂jt ([ρc
2∇ψ · u− 1

µ
p]− 1

µ
σ∇′ · n̂+

1

µ
g2) =: ∂jtGu·n

We subtract the equations for u1 · n1 and u2 · n2 to obtain

(1−∆′)∂jt (u
1 · n1 − u2 · n2) = ∂jt (G

1
u·n −G2

u·n)

We apply lemma 8.16.1 with z = ∂jt (u
1 · n1 − u2 · n2) and h = ∂jt (G

1
u·n −G2

u·n) to conclude that∣∣∣∣∣∣∂jt (u1 · n1 − u2 · n2)
∣∣∣∣∣∣2
H3.5−j(Γ)

≤ C
∣∣∣∣∣∣∂jt (G1

u·n −G2
u·n)
∣∣∣∣∣∣2
H1.5−j(Γ)

Now we use lemma 14.2.1 and the Sobolev trace lemma to conclude that∣∣∣∣∣∣∂jt (G1
u·n −G2

u·n)
∣∣∣∣∣∣2
H1.5−j(Γ)

≤ KL(t)
1∑

k=0

(
∣∣∣∣∣∣∂kt (f1 − f2)

∣∣∣∣∣∣2
H3.5−k(Γ)

+
∑
±

∣∣∣∣∣∣∂kt (v1 − v2)
∣∣∣∣∣∣2
H2−k(Ω±)

)

where v = (p, s,∇u,∇ψ). From the definition of E∆(t) and the estimate of the velocity 14.5.2, for

0 ≤ k ≤ 1, we have∫ t

0

∣∣∣∣∣∣∂k(v1 − v2)
∣∣∣∣∣∣2
H2−k(Ω±)

dτ

≤ 1

ε
KL(t)

∫ t

0
Ē∆(τ) + E∆(τ) + E∆(ω)(τ)dτ + εKL(t)(Ē∆(t) + E∆(t) + E∆(ω)(t))

Thus, after integrating in time, we obtain∫ t

0

∣∣∣∣∣∣∂jt (u1 · n1 − u2 · n2)
∣∣∣∣∣∣2
H3.5−j(Γ)

dτ

≤ 1

ε
KL(t)

∫ t

0
Ē∆(τ) + E∆(τ) + E∆(ω)(τ)dτ + εKL(t)(Ē∆(t) + E∆(t) + E∆(ω)(t))

as required.
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14.6 Conclusion of the Contraction Estimate

Putting together what we have so far we have shown that

E∆(t) + E∆(ω)(t)

≤ 1

ε
KL(t)(

∫ t

0
Ē∆(τ) + E∆(τ) + E∆(ω)(τ)dτ) + εKL(t)(Ē∆(t) + E∆(t) + E∆(ω)(t))

for t ∈ (0, T ).

Choosing ε = 1
5KL(t) , we obtain

E∆(t) + E∆(ω)(t)

≤ KL(t)(

∫ t

0
Ē∆(τ) + E∆(τ) + E∆(ω)(τ)dτ) +

1

5
(Ē∆(t) + E∆(t) + E∆(ω)(t))

for t ∈ (0, T ) where we have redefined KL(t). Rearranging we obtain

E∆(t) + E∆(ω)(t) ≤ KL(t)(

∫ t

0
Ē∆(τ) + E∆(τ) + E∆(ω)(τ)dτ) +

1

4
Ē∆(t)

for t ∈ (0, T ).

Now we apply Gronwall’s lemma to conclude

E∆(t) + E∆(ω)(t) ≤ (KL(t)

∫ t

0
Ē∆(τ)dτ +

1

4
Ē∆(t)) exp(tKL(t))

for t ∈ (0, T ).

Now, let us note that

KL(T ) ≤ Fµ(R0,M0
µ)

for some smooth increasing function Fµ which may depend on µ. Hence if T > 0 is chosen such that

T ≤ 1

8Fµ(R0,M0
µ)

T ≤ log(2)

Fµ(R0,M0
µ)

then

E∆(T ) + E∆(ω)(T ) ≤ 3

4
Ē∆(T )

and in particular

dY ((U1
+, U

1
−, f

1), (U2
+, U

2
−, f

2)) ≤ λdY ((Ū1
+, Ū

1
−, f̄

1), (Ū2
+, Ū

2
−, f̄

2))

where λ =
√

3
4 < 1.

This completes the proof of 13.2.2.
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15. Proof of Uniqueness and Stability

Here we aim to prove the statement of stability in the main theorem in the fixed domains, 4.6.1, from

which the statement of uniqueness immediately follows. We will use the fact that we have already proved

the rest of theorem 4.6.1. For i = 1, 2, we let (U0,i
+ , U0,i

− , f0,i) be initial data satisfying the hypotheses

of theorem 4.6.1, and we let T 0,i > 0 be the associated existence times depending on this initial data as

given by 4.6.1. We set T 0 = min{T 0,1, T 0,2}. We let (U1
+, U

1
−, f

1) and (U2
+, U

2
−, f

2) be two solutions

of the equations in the fixed domains as defined in 4.3.1 on the time interval (0, T 0) with initial data

(U0,i
+ , U0,i

− , f0,i) respectively, with the properties

Ei(T 0) =: Ci <∞ (15.0.1)

inf
t∈(0,T 0)

inf
x∈Ω±

ρi± =: δi > 0 (15.0.2)

inf
t∈(0,T 0)

inf
x∈R3

Jψ
i

=: κi > 0 (15.0.3)

for i = 1, 2, where the superscript i for i = 1, 2 is used to denote quantities associated with the solutions

(U i+, U
i
−, f

i), and the energy E(t) is defined in 4.5.1. We assume that U0,1 − U0,2 ∈ L2(Ω±) and

f0,1 − f0,2 ∈ L2(Γ) so that E0
∆ <∞, where the initial difference energy E0

∆ is defined in 4.5.2.

Notation. In analogy with the proof of the energy estimate proved in 8, we will write

K(t) = F (E1(t), E2(t),
1

δ1
,

1

δ2
,

1

κ1
,

1

κ2
)

for t ∈ (0, T 0], where F is a smooth increasing function, and note that

K(t) ≤ K(T 0) = F (C1, C2,
1

δ1
,

1

δ2
,

1

κ1
,

1

κ2
) <∞

We also write, for i = 1, 2,

(uψ)i := (ui)ψ
i

ni := (−∇′f i, 1)

n̂i :=
ni

|ni|
We aim to show that

E∆(t) ≤ K(t)E0
∆ +

1

ε
3
2

K(t)

∫ t

0
E∆(τ)dτ + ε

1
2K(t)E∆(t)

where we are free to choose ε ∈ (0, 1] and E∆(t) is defined in 4.5.2.

Note that the proof is almost identical to the proof of the µ-independent energy estimate in 8, hence

we will omit some details. See 3.9 for a sketch of how the proof of the µ-independent energy estimate in

8 is modified.
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15.1 Remainder Estimates

Notation. If we write Rk∞(U,ψ), Rk(U,ψ) etc. without placing a superscript 1 or 2 on U or ψ of f ,

we mean that the remainders could include terms involving both U1 and U2 etc, but are still of the same

form as defined in 8.18. Also, we set g1 = g2 = 0 when we refer to any remainder such as Rk∞(U,ψ),

Rk(U,ψ) defined in 8.18.

Definition 15.1.1. We write R∆,∞(U,ψ) for terms of the form

R0
∞(U,ψ)(R0

∞(U1, ψ1)−R0
∞(U2, ψ2))

Similarly we write R∆,∞,Γ(U, f) for terms of the form

R0
∞,Γ(U, f)(R0

Γ,∞(U1, f1)−R0
Γ,∞(U2, f2))

We also write R∆,∞,Γ(f) for terms of the form

R∞,Γ(f)(R∞,Γ(f1)−R∞,Γ(f2))

Note that R0
∞(U,ψ), R0

∞,Γ(U, f) and R∞,Γ(f) are defined in section 8.18.

Note that although the remainder terms are generic, when we take a difference such asR0
∞(U1, ψ1)−

R0
∞(U2, ψ2), the two terms are the same functions of the unknowns, in this case (U,ψ).

Lemma 15.1.2. We have the estimates

||R∆,∞(U,ψ)||2L∞(Ω±) ≤ K(t)E∆(t) (15.1.1)

||R∆,∞,Γ(U, f)||2L∞(Γ) ≤ K(t)E∆(t) (15.1.2)

||R∆,∞,Γ(f)||2L∞(Γ) ≤ K(t)E∆(t) (15.1.3)

Proof. Using the mean value inequality, we have that∣∣∣∣R0
∞(U1, ψ1)−R0

∞(U2, ψ2)
∣∣∣∣2
L∞(Ω±)

≤
∣∣∣∣R0
∞(U,ψ)

∣∣∣∣2
L∞(Ω±)

(
∣∣∣∣U1 − U2

∣∣∣∣2
L∞(Ω±)

+
∣∣∣∣ψ1 − ψ2

∣∣∣∣2
L∞(Ω±)

+
∣∣∣∣∂(ψ1 − ψ2)

∣∣∣∣2
L∞(Ω±)

)

≤ K(t)(
∣∣∣∣U1 − U2

∣∣∣∣2
H2(Ω±)

+
∣∣∣∣ψ1 − ψ2

∣∣∣∣2
H2(Ω±)

+
∣∣∣∣∂(ψ1 − ψ2)

∣∣∣∣2
H2(Ω±)

)

≤ K(t)E∆(t)

where we have used (8.18.8), which we apply again to obtain

||R∆,∞(U,ψ)||2L∞(Ω±) ≤ K(t)E∆(t)

as required. Note that R∆,∞,Γ(U, f) and R∆,∞,Γ(f) both have the form R∆,∞(U,ψ)|Γ so we may reuse

the above estimate together with uniform continuity to conclude the estimates (15.1.2)-(15.1.3).

Definition 15.1.3. For 0 ≤ k ≤ 2, we write Rk∆(U,ψ) for terms of the form

Rj(U,ψ)(Rl(U1, ψ1)−Rl(U2, ψ2)) or Rk+1(U,ψ)R∆,∞(U,ψ)

where 1 ≤ l, j ≤ k and j + l ≤ k + 1.
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Similarly for 0 ≤ k ≤ 1 we write Rk∆,Γ(U, f) for terms of the form

RjΓ(U, f)(RlΓ(U1, f1)−RlΓ(U2, f2)) or Rk+1
Γ (U, f)R∆,Γ,∞(U, f)

where 1 ≤ l, j ≤ k and j + l ≤ k + 1.

For 0 ≤ k ≤ 2, we also write Rk∆,Γ(f) for terms of the form

RjΓ(f)(RlΓ(f1)−RlΓ(f2)) or Rk+1
Γ (f)R∆,Γ,∞(f)

where 1 ≤ l, j ≤ k and j + l ≤ k + 1.

Lemma 15.1.4. Let 0 ≤ k ≤ 2. We have the estimates∣∣∣∣∣∣Rk∆(U,ψ)
∣∣∣∣∣∣2
L2(Ω±)

≤ K(t)E∆(t) (15.1.4)∣∣∣∣∣∣Rk−1
∆,Γ (U, f)

∣∣∣∣∣∣2
L2(Γ)

≤ K(t)E∆(t) (for k ≥ 1) (15.1.5)∣∣∣∣∣∣Rk∆,Γ(f)
∣∣∣∣∣∣2
L2(Γ)

≤ K(t)E∆(t) (15.1.6)

Proof. First of all, let us note that if the remainder terms are vector-valued then we only need to prove

the estimate for the components. Applying the mean value theorem and using the form of the product in

the remainder term R2(U,ψ) we obtain

R2(U1, ψ1)−R2(U2, ψ2) = R2(U,ψ) · ((U1, ψ1, ∂ψ1)− (U2, ψ2, ∂ψ2))

+R2(U,ψ) · ∂((U1, ψ1, ∂ψ1)− (U2, ψ2, ∂ψ2))

+R1(U,ψ) · ∂2((U1, ψ1,∇′ψ1)− (U2, ψ2,∇′ψ2))

Now, using the Sobolev product lemma A.3.1, we obtain

∣∣∣∣R2(U1, ψ1)−R2(U2, ψ2)
∣∣∣∣
L2(Ω±)

≤
∣∣∣∣R2(U,ψ)

∣∣∣∣
H1(Ω±)

∣∣∣∣(U1, ψ1, ∂ψ1)− (U2, ψ2, ∂ψ2)
∣∣∣∣
H1(Ω±)

+
∣∣∣∣R2(U,ψ)

∣∣∣∣
H1(Ω±)

∣∣∣∣∂((U1, ψ1, ∂ψ1)− (U2, ψ2, ∂ψ2))
∣∣∣∣
H1(Ω±)

+
∣∣∣∣R1(U,ψ)

∣∣∣∣
H2(Ω±)

∣∣∣∣∂2((U1, ψ1,∇′ψ1)− (U2, ψ2,∇′ψ2))
∣∣∣∣
L2(Ω±)

Thus, squaring and using the remainder estimate (8.18.3), we obtain

∣∣∣∣R2(U1, ψ1)−R2(U2, ψ2)
∣∣∣∣2
L2(Ω±)

≤ K(t)E∆(t)

Let 1 ≤ l, j ≤ k and j + l ≤ k + 1. Setting m1 = 3 − j and m2 = 2 − l, we have 0 ≤ mi ≤ 2 and

m1 +m2 ≥ 2, hence we may apply the Sobolev product lemma A.3.1 to obtain∣∣∣∣∣∣Rj(U,ψ)(Rl(U1, ψ1)−Rl(U2, ψ2))
∣∣∣∣∣∣2
L2(Ω±)

≤ C
∣∣∣∣Rj(U,ψ)

∣∣∣∣2
H3−j(Ω±)

∣∣∣∣∣∣Rl(U1, ψ1)−Rl(U2, ψ2)
∣∣∣∣∣∣2
H2−l(Ω±)

≤ C
∣∣∣∣R3(U,ψ)

∣∣∣∣2
L2(Ω±)

∣∣∣∣R2(U1, ψ1)−R2(U2, ψ2)
∣∣∣∣2
L2(Ω±)

≤ K(t)E∆(t)
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where we have again used the estimate (8.18.3). We also note that∣∣∣∣∣∣Rk+1(U,ψ)R∆,∞(U,ψ)
∣∣∣∣∣∣2
L2(Ω±)

≤
∣∣∣∣R3(U,ψ)

∣∣∣∣2
L2(Ω±)

||R∆,∞(U,ψ)||2L2(Ω±)

≤ K(t)E∆(t)

where we have again used the estimate (8.18.3) and also the estimate (15.1.1).

The estimate (15.1.6) is similar. To prove (15.1.5), we merely have to note that Rk−1
∆,Γ (U, f) has the

formRk−1
∆ (U,ψ)|Γ (using the fact that we can replace any high-order terms in ∂tf with u·n as mentioned

before), then apply the Sobolev trace estimate together with the fact that∇Rk−1
∆ (U,ψ) = Rk∆(U,ψ).

Lemma 15.1.5. Let 0 ≤ k ≤ 1. We have the estimates∣∣∣∣∣∣Rk∆(U,ψ)
∣∣∣∣∣∣2
L2(Ω±)

≤ K(t)E0
∆ +K(t)

∫ t

0
E∆(τ)dτ (15.1.7)

∣∣∣∣R0
∆,Γ(U, f)

∣∣∣∣2
L2(Γ)

≤ K(t)E0
∆ +K(t)

∫ t

0
E∆(τ)dτ (15.1.8)∣∣∣∣∣∣Rk∆,Γ(f)

∣∣∣∣∣∣2
L2(Γ)

≤ K(t)E0
∆ +K(t)

∫ t

0
E∆(τ)dτ (15.1.9)

Proof. We simply note that ∂tRk∆(U,ψ) = Rk+1
∆ (U,ψ) then we use the estimate (15.1.4) to obtain∣∣∣∣∣∣Rk∆(U,ψ)

∣∣∣∣∣∣2
L2(Ω±)

≤ C
∣∣∣∣∣∣Rk∆(U,ψ)

∣∣∣∣∣∣2
L2(Ω±)

∣∣∣∣
t=0

+ C

∫ t

0

∣∣∣∣∣∣∂tRk∆(U,ψ)
∣∣∣∣∣∣2
L2(Ω±)

dτ

≤ K(t)E0
∆ +K(t)

∫ t

0
E∆(τ)dτ

The proof of the estimates (15.1.8)-(15.1.9) is exactly similar.

Lemma 15.1.6. Let α be a multi-index with α3 ≤ |α| − 1 and 1 ≤ |α| ≤ 2. Thus we have either

∂α = ∂xj∂
β for some 1 ≤ j ≤ 2 and |β| = |α| − 1, or ∂α = ∂t∂

β for some |β| = |α| − 1. Then∣∣∣∣∫ t

0

∫
Γ
R
|α|−1
∆,Γ (U, f)∂α(U1 − U2)dx′dτ

∣∣∣∣ ≤ K(t)E0
∆ +

1

ε
K(t)

∫ t

0
E∆(τ)dτ + εK(t)E∆(t)

(15.1.10)

where we are free to choose ε in the range 0 < ε ≤ 1.

Proof. This is proved exactly as the estimate (8.18.11) but without the term µṗ and using the estimate

(15.1.4) instead of (8.18.3).

Definition 15.1.7. For 1 ≤ |α| ≤ 2, we define a slight variant R̃|α|∆ (U,ψ) of the remainder R|α|∆ (U,ψ) as

a sum of terms of the form

R
|α|
∆ (U,ψ) or ∂∂jψRl∆(U,ψ) or Rj+1(U,ψ)∂l(ψ1 − ψ2)

where 1 ≤ j, l ≤ |α| and j + l ≤ |α|+ 1.

Lemma 15.1.8. For 1 ≤ |α| ≤ 2, the remainder R̃|α|∆ (U,ψ) satisfies the estimate.∣∣∣∣∣∣R̃|α|∆ (U,ψ)
∣∣∣∣∣∣2
L2(Ω±)

≤ K(t)E∆(t) (15.1.11)
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Proof. Let 1 ≤ j, l ≤ |α| and j + l ≤ |α| + 1. Let m1 = 2 − j and m2 = 2 − l. Using the Sobolev

product lemma A.3.1 and the remainder estimate (15.1.4), we have∣∣∣∣∣∣∂∂jψRl∆(U,ψ)
∣∣∣∣∣∣2
L2(Ω±)

≤
∣∣∣∣∂∂jψ∣∣∣∣2

Hm1+1(Ω±)

∣∣∣∣∣∣Rl∆(U,ψ)
∣∣∣∣∣∣2
Hm2 (Ω±)

≤ K(t)E∆(t)

Similarly, using the remainder estimate (8.18.3), we have∣∣∣∣∣∣Rj+1(U,ψ)∂l(ψ1 − ψ2)
∣∣∣∣∣∣2
L2(Ω±)

≤
∣∣∣∣Rj+1(U,ψ)

∣∣∣∣2
Hm1 (Ω±)

∣∣∣∣∣∣∂l(ψ1 − ψ2)
∣∣∣∣∣∣2
Hm2+1(Ω±)

≤ K(t)E∆(t)

Combining this with the estimate (15.1.4) completes the proof.

15.2 Difference Estimate of the Lower Order Terms in the Energy

Let 0 ≤ |α| ≤ 1. Using the fact that the norms
∣∣∣∣∂t∂α(U1 − U2)

∣∣∣∣2
L2(Ω±)

,
∣∣∣∣∂t∂α(f1 − f2)

∣∣∣∣2
H1(Γ)

and∣∣∣∣∂t(f1 − f2)
∣∣∣∣2
H2.5(Γ)

are all bounded by E∆(t) together with the fundamental theorem of calculus we

obtain ∣∣∣∣∂α(U1 − U2)
∣∣∣∣2
L2(Ω±)

≤ CE0
∆ + C

∫ t

0
E∆(t)dτ (15.2.1)

∣∣∣∣∂α(f1 − f2)
∣∣∣∣2
H1(Γ)

+
∣∣∣∣f1 − f2

∣∣∣∣2
H2.5(Γ)

≤ CE0
∆ + C

∫ t

0
E∆(t)dτ (15.2.2)

15.3 The Equations for the Difference of the Derivatives of the Solutions

15.3.1 The Difference of the Differentiated Interior Equations

We let 1 ≤ |α| ≤ 2, and we subtract the equations (8.6.1)-(8.6.3) for (U2, ψ2) from those for (U1, ψ1)

to obtain

1

ρ1(c1)2
(∂t + (uψ)1 · ∇)∂α(p1 − p2)−

1

ρ1(c1)2Jψ1 (∂t∂
α(ψ1 − ψ2) + u1 · ∇∂α(ψ1 − ψ2)− 1

Jψ1 ∂x3∂
α(ψ1 − ψ2)(∂tψ

1 + u1 · ∇ψ1))∂x3p
1

+∇ψ1 · ∂α(u1 − u2)− ∇∂
α(ψ1 − ψ2)

Jψ1 · ∂x3u
1 +

∇ψ1

(Jψ1)2
∂x3∂

α(ψ1 − ψ2) · ∂x3u
1

= R̃
|α|
∆ (U,ψ) (15.3.1)

ρ1(∂t + (uψ)1 · ∇)∂α(u1 − u2)

− ρ1

Jψ1 (∂t∂
α(ψ1 − ψ2) + u1 · ∇∂α(ψ1 − ψ2)− 1

Jψ1 (∂x3∂
α(ψ1 − ψ2))(∂tψ

1 + u1 · ∇ψ1))∂x3u
1

+∇ψ1
∂α(p1 − p2)− ∇∂

α(ψ1 − ψ2)

Jψ1 ∂x3p
1 +

∇ψ1

(Jψ1)2
∂x3∂

α(ψ1 − ψ2)∂x3p
1

= R̃
|α|
∆ (U,ψ) (15.3.2)

(∂t + (uψ)1 · ∇)∂α(s1 − s2)

− 1

Jψ1 (∂t∂
α(ψ1 − ψ2) + u1 · ∇∂α(ψ1 − ψ2)− 1

Jψ1 (∂x3∂
α(ψ1 − ψ2))(∂tψ

1 + u1 · ∇ψ1))∂x3s
1

= R̃
|α|
∆ (U,ψ) (15.3.3)
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in (0, T 0)× Ω±.

Now assume that α0 ≤ 1. Because ∂α contains a maximum of 1 time derivative, we may absorb the

terms involving high-order derivatives of ψ in the equations (15.3.1)-(15.3.3) into the remainder terms

and we may use R|α|∆ (U,ψ) for the remainder terms instead of R̃|α|∆ (U,ψ). We obtain the following.

1

ρ1(c1)2
(∂t + (uψ)1 · ∇)∂α(p1 − p2) +∇ψ1 · ∂α(u1 − u2) = R

|α|
∆ (U,ψ) (15.3.4)

ρ1(∂t + (uψ)1 · ∇)∂α(u1 − u2) +∇ψ1
∂α(p1 − p2) = R

|α|
∆ (U,ψ) (15.3.5)

(∂t + (uψ)1 · ∇)∂α(s1 − s2) = R
|α|
∆ (U,ψ) (15.3.6)

in (0, T 0)× Ω±.

15.3.2 The Corrected Pressure, Velocity and Entropy

Definition 15.3.1. For 1 ≤ |α| ≤ 2 and i = 1, 2, we define

Uα,i := ∂αU i − ∂αψi

Jψ1 ∂x3U
1

Note that here we have used Jψ
1

and ∂x3U
1 in the second term, even for i = 2.

Lemma 15.3.2. For 1 ≤ |α| ≤ 2 and |β| = 1, we have∣∣∣∣∂α(U1 − U2)
∣∣∣∣2
L2(Ω±)

≤ C
∣∣∣∣Uα,1 − Uα,2∣∣∣∣2

L2(Ω±)
+K(t)

∣∣∣∣∂α(f1 − f2)
∣∣∣∣2
L2(Γ)

(15.3.7)∣∣∣∣∣∣∣∣Du1
−
t ∂β(U1 − U2)

∣∣∣∣∣∣∣∣2
L2(Ω±)

≤ C
∣∣∣∣∣∣∣∣Du1

−
t (Uβ,1 − Uβ,2)

∣∣∣∣∣∣∣∣2
L2(Ω±)

+K(t)
∣∣∣∣∣∣(∂β(f1 − f2), ∂′∂β(f1 − f2))

∣∣∣∣∣∣2
L2(Γ)

(15.3.8)∣∣∣∣Uα,1 − Uα,2∣∣∣∣2
L2(Ω±)

≤ C
∣∣∣∣∂α(U1 − U2)

∣∣∣∣2
L2(Ω±)

+K(t)
∣∣∣∣∂α(f1 − f2)

∣∣∣∣2
L2(Γ)

(15.3.9)

Proof. Let 1 ≤ |α| ≤ 2 and 0 ≤ |γ| ≤ 2− |α|. Using the above definition, we have

1

C

∣∣∣∣∂γ∂α(U1 − U2)
∣∣∣∣2
L2(Ω±)

≤
∣∣∣∣∂γ(Uα,1 − Uα,2)

∣∣∣∣2
L2(Ω±)

+

∣∣∣∣∣∣∣∣∂γ(
∂α(ψ1 − ψ2)

Jψ1 ∂x3U
1)

∣∣∣∣∣∣∣∣2
L2(Ω±)

≤
∣∣∣∣∂γ(Uα,1 − Uα,2)

∣∣∣∣2
L2(Ω±)

+

∣∣∣∣∣∣∣∣ 1

Jψ1 ∂x3U
1

∣∣∣∣∣∣∣∣2
L∞(Ω±)

∣∣∣∣∂γ∂α(ψ1 − ψ2)
∣∣∣∣2
L2(Ω±)

+

∣∣∣∣∣∣∣∣ 1

Jψ

∣∣∣∣∣∣∣∣2
L∞(Ω±)

||∂γ∂x3U ||
2
H1(Ω±)

∣∣∣∣∂α(ψ1 − ψ2)
∣∣∣∣2
H1(Ω±)

+

∣∣∣∣∣∣∣∣∂γ∂x3ψ
1

(Jψ1)2

∣∣∣∣∣∣∣∣2
L∞(Ω±)

∣∣∣∣∂x3U
1
∣∣∣∣2
H2(Ω±)

∣∣∣∣∂α(ψ1 − ψ2)
∣∣∣∣2
L2(Ω±)

≤
∣∣∣∣∂γ(Uα,1 − Uα,2)

∣∣∣∣2
L2(Ω±)

+K(t)(
∣∣∣∣∂γ∂α(f1 − f2)

∣∣∣∣2
L2(Γ)

+
∣∣∣∣∂α(f1 − f2)

∣∣∣∣2
H|γ|(Γ)

)

where we have used the the Sobolev embedding theorem to estimate the L2 norm of a product in terms of

the product of H1 norms, and the last two terms in the second to last line do not exist in the case |α| = 2.

Along with the lower order estimate (8.5.1) for (uψ−)1, this proves (15.3.7)-(15.3.8). Similarly, we have

1

C

∣∣∣∣(Uα,1 − Uα,2)
∣∣∣∣2
L2(Ω±)

≤
∣∣∣∣∂α(U1 − U2)

∣∣∣∣2
L2(Ω±)

+

∣∣∣∣∣∣∣∣∂α(ψ1 − ψ2)

Jψ1 ∂x3U
1

∣∣∣∣∣∣∣∣2
L2(Ω±)

≤
∣∣∣∣∂α(U1 − U2)

∣∣∣∣2
L2(Ω±)

+K(t)
∣∣∣∣∂α(f1 − f2)

∣∣∣∣2
L2(Γ)
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Lemma 15.3.3. For 1 ≤ |α| ≤ 2, we have

(∂t + (uψ)1 · ∇)∂α(U1 − U2) = (∂t + (uψ)1 · ∇)(Uα,1 − Uα,2)

+
(∂t + (uψ)1 · ∇)∂α(ψ1 − ψ2)

Jψ1 ∂x3U
1 + R̃

|α|
∆ (U,ψ)

= (∂t + (uψ)1 · ∇)(Uα,1 − Uα,2) +
1

Jψ1 ((∂t + u1 · ∇)∂α(ψ1 − ψ2)

− 1

Jψ1 (∂tψ
1 + u1 · ∇ψ1)∂x3∂

α(ψ1 − ψ2))∂x3U
1 + R̃

|α|
∆ (U,ψ)

and

∇ψ1
∂α(U1 − U2) = ∇ψ1

(Uα,1 − Uα,2) +
∇ψ1

∂α(ψ1 − ψ2)

Jψ1 ∂x3U
1 + R̃

|α|
∆ (U,ψ)

= ∇ψ1
(Uα,1 − Uα,2) +

1

Jψ1 (∇∂α(ψ1 − ψ2)− ∇ψ
1

Jψ1 ∂x3∂
α(ψ1 − ψ2))∂x3U

1 + R̃
|α|
∆ (U,ψ)

Proof. We may simply differentiate the formula for Uα,1 − Uα,2 and rearrange to obtain

∂∂α(U1 − U2) = ∂(Uα,1 − Uα,2) +
∂∂α(ψ1 − ψ2)

Jψ1 ∂x3U
1 +

∂α(ψ1 − ψ2)

Jψ1 ∂∂x3U
1

− ∂α(ψ1 − ψ2)

(Jψ1)2
∂∂x3ψ

1∂x3U
1

and we note that the last two terms on the right have the form as the remainder R̃|α|∆ (U,ψ).

Using the above lemma in the preceding equations we obtain

1

ρ1(c1)2
(∂t + (uψ)1 · ∇)(pα,1 − pα,2) +∇ψ1 · (uα,1 − uα,2) = R̃

|α|
∆ (U,ψ) (15.3.10)

ρ1(∂t + (uψ)1 · ∇)(uα,1 − uα,2) +∇ψ1
(pα,1 − pα,2) = R̃

|α|
∆ (U,ψ) (15.3.11)

(∂t + (uψ)1 · ∇)(sα,1 − sα,2) = R̃
|α|
∆ (U,ψ) (15.3.12)

in (0, T 0)× Ω± for 1 ≤ |α| ≤ 2.

15.3.3 The Difference of the Tangential and Time Derivatives of the Jump Conditions

We let 1 ≤ |α| ≤ 2 with α3 = 0 and we subtract the equations (8.6.14)-(8.6.15) for (U2, f2) from those

for (U1, f1) to obtain

∂t∂
α(f1 − f2) = ∂α(u1

± − u2
±) · n1 − (u1

±)′ · ∇′∂α(f1 − f2) +R
|α|−1
Γ (U1, f1)−R|α|−1

Γ (U2, f2)

+ ∂αu2
± · (n1 − n2)− (u1

± − u2
±)′ · ∇′∂αf2

= ∂α(u1
± − u2

±) · n1 − (u1
±)′ · ∇′∂α(f1 − f2) +R

|α|−1
∆,Γ (U, f) (15.3.13)

[∂α(p1 − p2)] = −σ∇′ · ∂α(n̂1 − n̂2) (15.3.14)

on (0, T 0)× Γ.

231



15.3.4 The Difference of Derivatives of the Unit Normal

Lemma 15.3.4. Let 1 ≤ |α| ≤ 2 with α3 = 0. Then

∂α(
∇′f1

|n1|
− ∇

′f2

|n2|
) =

∂α∇′(f1 − f2)

|n1|
− (∇′f1 · ∂α∇′(f1 − f2))∇′f1

|n1|3
+R

|α|−1
∆,Γ (f)

where the remainder R|α|−1
∆,Γ (f) is defined in 15.1.3.

Proof. We apply lemma 8.6.4 to obtain

∂α(
∇′f1

|n1|
− ∇

′f2

|n2|
) =

∂α∇′f1

|n1|
− (∇′f1 · ∂α∇′f1)∇′f1

|n1|3
+R

|α|−1
Γ (f1)

− (
∂α∇′f2

|n2|
− (∇′f2 · ∂α∇′f2)∇′f2

|n2|3
+R

|α|−1
Γ (f2))

=
∂α∇′(f1 − f2)

|n1|
− (∇′f1 · ∂α∇′(f1 − f2))∇′f1

|n1|3
+R

|α|−1
∆,Γ (f)

as required.

15.4 A Slightly Lower Order Difference Estimate for the Front

Let |α| = 2 with α3 = 0. In this section we wish to estimate ∂α(f1− f2) as opposed to ∂α∇′(f1− f2).

Suppose ∂α = ∂xi∂
β for |β| = 1. Then in fact

∣∣∣∣∂α(f1 − f2)
∣∣∣∣2
L2(Γ)

≤
∣∣∣∣∣∣∂β∇′(f1 − f2)

∣∣∣∣∣∣2
L2(Γ)

≤ CE0
∆ + C

∫ t

0
E∆(τ)dτ

where we have used the lower order estimate (15.2.2).

Otherwise, ∂α = ∂t∂
β for |β| = 1. Then the equation (15.3.13) implies

∂t∂
β(f1 − f2) = ∂β(u1

± − u2
±) · n1 − (u1

±)′ · ∇′∂β(f1 − f2) +R0
∆,Γ(U, f)

We now proceed analogously to 8.7 to obtain eventually

∑
|α|=2

∣∣∣∣∂α(f1 − f2)
∣∣∣∣2
L2(Γ)

≤ K(t)E0
∆ +

1

ε
K(t)

∫ t

0
E∆(τ)dτ + εK(t)E∆(t) (15.4.1)

15.5 Difference Estimate of the Entropy

We multiply equation (15.3.12) by sα,1 − sα,2, where |α| = 2, and use the product rule to obtain

1

2
∂t
∣∣sα,1 − sα,2∣∣2 +

1

2
∇ · ((uψ)1

∣∣sα,2 − sα,2∣∣2) = R̃
|α|
∆ (U,ψ)(sα,1 − sα,2)

in (0, T 0) × Ω±. Note that we have absorbed the lower-order term generated by the product rule into

the remainder on the right hand side. Then we integrate over Ω± and apply the divergence theorem for

Sobolev functions to the second term on the left. Note that since (uψ)1
3± = 0 on Γ we are left with no
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boundary terms. Hence, using the remainder estimate (15.1.4), together with the estimate (15.3.9), we

obtain

d

dt

∫
Ω±

∣∣sα,1 − sα,2∣∣2 dx ≤ K(t)E∆(t)

Integrating from 0 to t, we obtain

∣∣∣∣sα,1 − sα,2∣∣∣∣2
L2(Ω±)

≤ K(t)E0
∆ +K(t)

∫ t

0
E∆(τ)dτ (15.5.1)

Applying the estimate (15.3.7) together with the estimate (15.4.1) we obtain

∣∣∣∣∂α(s1 − s2)
∣∣∣∣2
L2(Ω±)

≤ K(t)E0
∆ +

1

ε
K(t)

∫ t

0
E∆(τ)dτ + εK(t)E∆(t) (15.5.2)

15.6 Difference Estimate of the Tangential Derivatives of the Pressure,
Velocity and Front

Let α be a multi-index with |α| = 2 and α3 = 0, so that ∂α contains no normal derivatives. Assume also

that α0 ≤ 1, so that we may, if we wish, write ∂α = ∂xi∂
β for some 1 ≤ i ≤ 2 and |β| = 1.

We multiply (15.3.4) by ∂α(p1−p2) and (15.3.5) by ∂α(u1−u2). We then add the resulting equations

to obtain

(
1

ρ1(c1)2
(∂t + (uψ)1 · ∇)∂α(p1 − p2))∂α(p1 − p2) + (ρ1(∂t + (uψ)1 · ∇)∂α(u1 − u2)) · ∂α(u1 − u2)

+ (∇ψ1 · ∂α(u1 − u2))∂α(p1 − p2) + (∇ψ1
∂α(p1 − p2)) · ∂α(u1 − u2)

= R
|α|
∆ (U,ψ)∂α(U1 − U2)

in (0, T 0)× Ω±. Now we use the product rule to obtain

1

2
∂t(

1

ρ1(c1)2

∣∣∂α(p1 − p2)
∣∣2) +

1

2
∂t(ρ

1
∣∣∂α(u1 − u2)

∣∣2) +
1

2
∇ · ( 1

ρ1(c1)2
(uψ)1

∣∣∂α(p1 − p2)
∣∣2)

+
1

2
∇ · (ρ1(uψ)1

∣∣∂α(u1 − u2)
∣∣2)

+∇′ · (∂α(p1 − p2)∂α(u1 − u2)) + ∂x3(
(1,−∇′ψ1)

Jψ1 ∂α(p1 − p2) · ∂α(u1 − u2))

= R
|α|
∆ (U,ψ)∂α(U1 − U2)

where we have absorbed some lower order terms into the remainder on the right hand side. Now we

integrate over Ω± and apply the divergence theorem. The terms which are tangential divergences vanish,

and (uψ)1
3± = 0 on Γ hence the third and fourth terms vanish. We obtain

d

dt

∫
Ω±

1

ρ1(c1)2

∣∣∂α(p1 − p2)
∣∣2 dx+

d

dt

∫
Ω±

ρ1
∣∣∂α(u1 − u2)

∣∣2 dx

∓ 2

∫
Γ
∂α(p1 − p2)∂α(u1 − u2) · n1dx′

=

∫
Ω±

R
|α|
∆ (U,ψ)∂α(U1 − U2)dx

233



We integrate in time from 0 to t, apply Cauchy’s inequality and the remainder estimate (15.1.4) for the

remainder term on the right hand side. Hence we obtain

∫
Ω±

1

ρ1(c1)2

∣∣∂α(p1 − p2)
∣∣2 dx+

∫
Ω±

ρ1
∣∣∂α(u1 − u2)

∣∣2 dx

∓ 2

∫ t

0

∫
Γ
∂α(p1 − p2)∂α(u1 − u2) · n1dx′dτ

≤ K(t)E0
∆ +K(t)

∫ t

0
E∆(τ)dτ

We sum over ± to obtain a jump condition. Doing this we obtain

∑
±

∫
Ω±

1

ρ1(c1)2

∣∣∂α(p1 − p2)
∣∣2 dx+

∑
±

∫
Ω±

ρ1
∣∣∂α(u1 − u2)

∣∣2 dx− 2Iα∆

≤ K(t)E0
∆ +K(t)

∫ t

0
E∆(τ)dτ

where

Iα∆ =

∫ t

0

∫
Γ
[∂α(p1 − p2)∂α(u1 − u2) · n1]dx′dτ

To estimate Iα∆, firstly, we use the differentiated equation for the front, (15.3.13), to replace n1 ·

∂α(u1 − u2), and we obtain the following.

Iα∆ =

∫ t

0

∫
Γ
∂t∂

α(f1 − f2)[∂α(p1 − p2)]dx′dτ +

∫ t

0

∫
Γ
[(u1)′ · ∂α∇′(f1 − f2)∂α(p1 − p2)]dx′dτ

+

∫ t

0

∫
Γ
[R
|α|−1
∆,Γ (U, f)∂α(p1 − p2)]dx′dτ

= Iα∆,1 + Iα∆,2 + Iα∆,3

Firstly, we note that, using the remainder estimate (15.1.10), we have

∣∣Iα∆,3∣∣ ≤ K(t)E0
∆ +

1

ε
K(t)

∫ t

0
E∆(τ)dτ + εK(t)E∆(t)

Let us consider Iα∆,1. Using the differentiated pressure interface condition (15.3.14) for p1 − p2, we

have

Iα∆,1 = −σ
∫ t

0

∫
Γ
∂t∂

α(f1 − f2)∂α∇′ · (n̂1 − n̂2)dx′dτ

= σ

∫ t

0

∫
Γ
∂t∂

α∇′(f1 − f2) · ∂α(
∇′f1

|n1|
− ∇

′f2

|n2|
)dx′dτ

where we have used integration by parts.
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Using the lemma 15.3.4, we have

− Iα∆,1

= σ

∫ t

0

∫
Γ
∂t∂

α∇′(f1 − f2) · ∂
α∇′(f1 − f2)

|n1|
dx′dτ

− σ
∫ t

0

∫
Γ
∂t(∇′f1 · ∂α∇′(f1 − f2))

(∇′f1 · ∂α∇′(f1 − f2))

|n1|3
dx′dτ

+ σ

∫ t

0

∫
Γ
∂t∂

α∇′(f1 − f2) ·R|α|−1
∆,Γ (f)dx′dτ + σ

∫ t

0

∫
Γ
∂α∇′(f1 − f2) ·R|α|∆,Γ(f)dx′dτ

=
1

2
σ

∫ t

0

d

dt

∫
Γ

1

|n1|
∣∣∂α∇′(f1 − f2)

∣∣2 − 1

|n1|3
∣∣∇′f1 · ∂α∇′(f1 − f2)

∣∣2 dx′dτ

− σ
∫ t

0

∫
Γ
∂t∂

β∇′(f1 − f2) · ∂xiR
|α|−1
∆,Γ (f)dx′dτ + σ

∫ t

0

∫
Γ
R
|α|
∆,Γ(f) ·R|α|∆,Γ(f)dx′dτ

≥ 1

2
σ

∫
Γ

1

|n1|
∣∣∂α∇′(f1 − f2)

∣∣2 − 1

|n1|3
∣∣∇′f1 · ∂α∇′(f1 − f2)

∣∣2 dx′

− σ
∫ t

0

∣∣∣∣∣∣∂t∂β(f1 − f2)
∣∣∣∣∣∣
H1(Γ)

∣∣∣∣∣∣R|α|−1
∆,Γ (f)

∣∣∣∣∣∣
H1(Γ)

+
∣∣∣∣∣∣R|α|∆,Γ(f)

∣∣∣∣∣∣2
L2(Γ)

−K(t)E0
∆

where we have used the fact that ∂α = ∂xi∂
β together with integration by parts. We now apply lemma

8.6.5 to the first term on the right hand side.

Hence

−Iα∆,1 ≥
1

2
σ

∫
Γ

1

|n1|3
∣∣∂α∇′(f1 − f2)

∣∣2 dx′ −K(t)

∫ t

0
E∆(τ)dτ −K(t)E0

∆

where we have used the remainder estimate (15.1.6).

Now we proceed to estimate Iα∆,2. We have

∣∣Iα∆,2∣∣ ≤∑
±

∣∣∣∣∫ t

0

∫
Γ
(u1
±)′ · ∂α∇′(f1 − f2)∂α(p1

± − p2
±)dx′dτ

∣∣∣∣
=
∑
±

∣∣∣∣∫ t

0

∫
Γ
(u1
±)′ · ∂xi∂β∇′(f1 − f2)∂xi∂

β(p1
± − p2

±)dx′dτ

∣∣∣∣
≤
∑
±

∫ t

0

∣∣∣∣∣∣(u1
±)′ · ∂xi∂β∇′(f1 − f2)

∣∣∣∣∣∣
H0.5(Γ)

∣∣∣∣∣∣∂xi∂β(p1
± − p2

±)
∣∣∣∣∣∣
H−0.5(Γ)

dτ

≤
∑
±

∫ t

0

∣∣∣∣(u1
±)
∣∣∣∣
W 1,∞(Γ)

∣∣∣∣∣∣∂xi∂β∇′(f1 − f2)
∣∣∣∣∣∣
H0.5(Γ)

∣∣∣∣∣∣∂β(p1
± − p2

±)
∣∣∣∣∣∣
H0.5(Γ)

dτ

≤
∑
±

∫ t

0

∣∣∣∣(u1
±)
∣∣∣∣2
W 1,∞(Γ)

∣∣∣∣∣∣∂xi∂β∇′(f1 − f2)
∣∣∣∣∣∣2
H0.5(Γ)

dt+
∑
±

∫ t

0

∣∣∣∣∣∣∂β(p1
± − p2

±)
∣∣∣∣∣∣2
H0.5(Γ)

dτ

≤ K(t)

∫ t

0
E∆(τ)dτ

where we have again used the Sobolev trace estimate.

Putting what we have so far together using the inequality (15.0.2), we have∑
±

∣∣∣∣∂α(p1 − p2)
∣∣∣∣2
L2(Ω±)

+
∑
±

∣∣∣∣∂α(u1 − u2)
∣∣∣∣2
L2(Ω±)

+
∣∣∣∣∂α∇′(f1 − f2)

∣∣∣∣2
L2(Γ)

≤ K(t)E0
∆ +

1

ε
K(t)

∫ t

0
E∆(τ)dτ + εK(t)E∆(t) (15.6.1)
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15.7 Difference Estimate of the Time Derivatives of the Corrected Pres-
sure and Velocity and the Front

We let β be a multi-index with |β| = 1, β3 = 0. Recall the operator D
u1
−
t is defined as D

u1
−
t :=

∂t + (uψ−)1 · ∇ (with u1
− defined on Ω+ by Sobolev extension).

We set α = β in the equations (15.3.10)-(15.3.11) then apply the operator D
u1
−
t to obtain the equa-

tions

1

ρ1(c1)2
(∂t + (uψ)1 · ∇)D

u1
−
t (pβ,1 − pα,2) +∇ψ1 ·Du1

−
t (uβ,1 − uβ,2) = R̃2

∆(U,ψ)

ρ1(∂t + (uψ)1 · ∇)D
u1
−
t (uβ,1 − uβ,2) +∇ψ1

D
u1
−
t (pβ,1 − pβ,2) = R̃2

∆(U,ψ)

in (0, T 0)× Ω±. We now proceed as for the tangential derivatives. We multiply the above equations by

D
u1
−
t (pβ,1 − pβ,2) and D

u1
−
t (uβ,1 − uβ,2) respectively, then add them together. Integrating over Ω± we

obtain

d

dt

∫
Ω±

1

ρ1(c1)2

∣∣∣∣Du1
−
t (pβ,1 − pβ,2)

∣∣∣∣2 dx+
d

dt

∫
Ω±

ρ1

∣∣∣∣Du1
−
t (uβ,1 − uβ,2)

∣∣∣∣2 dx

∓ 2

∫
Γ
D
u1
−
t (pβ,1 − pβ,2)D

u1
−
t (uβ,1 − uβ,2) · n1dx′

=

∫
Ω±

R̃2
∆(U,ψ)D

u1
−
t (Uβ,1 − Uβ,2)dx

Integrating from 0 to t and summing over ±, we obtain

∑
±

∫
Ω±

1

ρ1(c1)2

∣∣∣∣Du1
−
t (pβ,1 − pβ,2)

∣∣∣∣2 dx+
∑
±

∫
Ω±

ρ1

∣∣∣∣Du1
−
t (uβ,1 − uβ,2)

∣∣∣∣2 dx− 2Kβ
∆

≤ K(t)E0
∆ +K(t)

∫ t

0
E∆(τ)dτ

where we have used the remainder estimate (15.1.11) and we have defined

Kβ
∆ =

∫ t

0

∫
Γ
[D

u1
−
t (pβ,1 − pβ,2)D

u1
−
t (uβ,1 − uβ,2) · n1]dx′dτ

We must write out [D
u1
−
t (pβ,1 − pβ,2)D

u1
−
t (uβ,1 − uβ,2) · n1] in terms of the quantities p and u for

which we have boundary conditions.

Kβ
∆ =

∫ t

0

∫
Γ
[D

u1
−
t (pβ,1 − pβ,2)D

u1
−
t (uβ,1 − uβ,2) · n1]dx′dτ = Kβ

1 −K
β
2 −K

β
3 +Kβ

4

where

Kβ
∆,1 =

∫ t

0

∫
Γ
[n1 ·Du1

−
t ∂β(u1 − u2)D

u1
−
t ∂β(p1 − p2)]dx′dτ

Kβ
∆,2 =

∫ t

0

∫
Γ
[n1 ·Du1

−
t ∂β(u1 − u2)D

u1
−
t (∂β(f1 − f2)∂3p

1)]dx′dτ

Kβ
∆,3 =

∫ t

0

∫
Γ
[n1 ·Du1

−
t ∂β(p1 − p2)D

u1
−
t (∂β(f1 − f2)∂3u

1)]dx′dτ

Kβ
∆,4 =

∫ t

0

∫
Γ
[n1 ·Du1

−
t (∂β(f1 − f2)∂3p

1)D
u1
−
t (∂β(f1 − f2)∂3u

1)]dx′dτ
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Applying the remainder estimates (15.1.5) and (15.1.10) we may estimate Kβ
∆,2, Kβ

∆,3 and Kβ
∆,4

analogously to Kβ
2 , Kβ

3 and Kβ
4 as in 8.10 to obtain∣∣∣Kβ

∆,4

∣∣∣+
∣∣∣Kβ

∆,2

∣∣∣+
∣∣∣Kβ

∆,3

∣∣∣ ≤ K(t)E0
∆ +

1

ε
K(t)

∫ t

0
E∆(τ)dτ + εK(t)E∆(t)

We now consider Kβ
∆,1. We use the differentiated equation for the front, (15.3.13), to replace n1 ·

D
u1
−
t ∂β(u1 − u2), and we obtain the following.

Kβ
∆,1 =

∫ t

0

∫
Γ
[n1 ·Du1

−
t ∂β(u1 − u2)D

u1
−
t ∂β(p1 − p2)]dx′dτ

=

∫ t

0

∫
Γ
∂tD

u1
−
t ∂β(f1 − f2)[D

u1
−
t ∂β(p1 − p2)]dx′dτ

+

∫ t

0

∫
Γ
[u′ ·Du−

t ∂β∇′(f1 − f2)D
u−
t ∂β(p1 − p2)]dx′dτ

+

∫ t

0

∫
Γ
[R1

∆,Γ(U, f)D
u1
−
t ∂β(p1 − p2)]dx′dτ

=

∫ t

0

∫
Γ
∂tD

u1
−
t ∂β(f1 − f2)[D

u1
−
t ∂β(p1 − p2)]dx′dτ

+

∫ t

0

∫
Γ
((u1

+)′ · ∇′)Du1
−
t ∂β(f1 − f2)[D

u1
−
t ∂β(p1 − p2)]dx′dτ

+

∫ t

0

∫
Γ
([(u1)′] · ∇′)Du1

−
t ∂β(f1 − f2)D

u1
−
t ∂β(p1

− − p2
−)dx′dτ

+

∫ t

0

∫
Γ
[R1

∆,Γ(U, f)D
u1
−
t ∂β(p1 − p2)]dx′dτ

= Kβ
∆,11 +Kβ

∆,12 +Kβ
∆,13 +Kβ

∆,14

Applying the remainder estimate (15.1.10), we have∣∣∣Kβ
∆,14

∣∣∣ ≤ K(t)E0
∆ +

1

ε
K(t)

∫ t

0
E∆(τ)dτ + εK(t)E∆(t)

The estimate of Kβ
∆,11 is similar to the estimate of Iα∆,1. Using the pressure interface condition

(15.3.14) and integrating by parts, we have

Kβ
∆,11 = −σ

∫ t

0

∫
Γ
∂tD

u1
−
t ∂β(f1 − f2)D

u1
−
t ∂β∇′ · ((n̂)1 − (n̂)2)dx′dτ

= σ

∫ t

0

∫
Γ
∂tD

u1
−
t ∂β(f1 − f2)∇′ ·Du1

−
t ∂β(

∇′f1

|n1|
− ∇

′f2

|n2|
)dx′dτ +Kβ

∆,113

= −σ
∫ t

0

∫
Γ
∂tD

u1
−
t ∂β∇′(f1 − f2) ·Du1

−
t ∂β(

∇′f1

|n1|
− ∇

′f2

|n2|
)dx′dτ

Kβ
∆,113 +Kβ

∆,115

where

Kβ
∆,113 = −σ

2∑
j=1

∫ t

0

∫
Γ
∂tD

u1
−
t ∂β(f1 − f2)(∂xj (u

1
−)′) · ∇′∂β(

∂xjf
1

|n1|
−
∂xjf

2

|n2|
)dx′dτ

Kβ
∆,115 = −σ

2∑
j=1

∫ t

0

∫
Γ
∂t((∂xj (u

1
−)′) · ∇′∂β(f1 − f2))D

u1
−
t ∂β(

∂xjf
1

|n1|
−
∂xjf

2

|n2|
)dx′dτ
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can be thought of as lower order terms. Let us also label the first term on the right as

Kβ
∆,111 = −σ

∫ t

0

∫
Γ
∂tD

u1
−
t ∂β∇′(f1 − f2) ·Du1

−
t ∂β(

∇′f1

|n1|
− ∇

′f2

|n2|
)dx′dτ

The lower order termsKβ
∆,113 andKβ

∆,115 are estimated analogously toKβ
113 andKβ

115 in 8.10, hence

we merely state the relevant estimates.∣∣∣Kβ
∆,113

∣∣∣ ≤ K(t)E0
∆ +

1

ε
3
2

K(t)

∫ t

0
E∆(τ)dτ + ε

1
2K(t)E∆(t)∣∣∣Kβ

115

∣∣∣ ≤ K(t)

∫ t

0
E∆(τ)dτ

To estimate Kβ
∆,111, we use lemma 15.3.4 to obtain

−Kβ
∆,111 = σ

∫ t

0

∫
Γ
∂tD

u1
−
t ∂β∇′(f1 − f2) · D

u1
−
t ∂β∇′(f1 − f2)

|n1|
dx′dτ

− σ
∫ t

0

∫
Γ
∂tD

u1
−
t ∂β∇′(f1 − f2) · (∇′(f1 − f2) ·Du1

−
t ∂β∇′(f1 − f2))∇′f1

|n1|3
dx′dτ

+ σ

∫ t

0

∫
Γ
∂tD

u1
−
t ∂β∇′(f1 − f2) ·R0

∞,Γ(U, f)R1
∆,Γ(f)dx′dτ

= σ

∫ t

0

∫
Γ
∂tD

u1
−
t ∂β∇′(f1 − f2) · D

u1
−
t ∂β∇′(f1 − f2)

|n1|
dxdτ

− σ
∫ t

0

∫
Γ
∂t(∇′f1 ·Du1

−
t ∂β∇′(f1 − f2))

(∇′f1 ·Du1
−
t ∂β∇′(f1 − f2))

|n1|3
dx′dτ

+

∫ t

0

∫
Γ
∂tD

u1
−
t ∂β∇′(f1 − f2) ·R0

∞,Γ(U, f)R1
∆,Γ(f)dx′dτ

+

∫ t

0

∫
Γ
R1
∞,Γ(U, f)R2

∆,Γ(f)R2
∆,Γ(f)dx′dτ

=
1

2

∫ t

0
σ

d

dt

∫
Γ

1

|n1|

∣∣∣∣Du1
−
t ∂β∇′(f1 − f2)

∣∣∣∣2 − 1

|n1|3

∣∣∣∣∇′f1 ·Du1
−
t ∂β∇′(f1 − f2)

∣∣∣∣2 dx′dτ

+

∫ t

0

∫
Γ
∂tD

u1
−
t ∂β∇′(f1 − f2) ·R0

∞,Γ(U, f)R1
∆,Γ(f)dx′dτ

+

∫ t

0

∫
Γ
R1
∞,Γ(U, f)R2

∆,Γ(f)R2
∆,Γ(f)dx′dτ

We now apply lemma 8.6.5 to the first term on the right hand side and we apply the remainder estimates

(8.18.12) and (15.1.6) to the last term. The other term is estimated by integrating by parts in time as in

8.10 so we merely state the estimate.∣∣∣∣∫ t

0

∫
Γ
∂tD

u1
−
t ∂β∇′(f1 − f2) ·R0

∞,Γ(U, f)R1
∆,Γ(f)dx′dτ

∣∣∣∣
≤ K(t)E0

∆ +
1

ε
K(t)

∫ t

0
E∆(τ)dτ + εK(t)E∆(t)

Thus we have eventually shown that

−Kβ
∆,11 ≥

1

2
σ

∫
Γ

1

|n1|3

∣∣∣∣Du1
−
t ∂β∇′(f1 − f2)

∣∣∣∣2 dx′

− 1

ε
3
2

K(t)

∫ t

0
E∆(τ)dτ + ε

1
2K(t)E∆(t)−K(t)E0

∆
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The estimate of Kβ
∆,12 is similar to the estimate of Kβ

∆,11, except this time the remainder terms are

easier to deal with because we have replaced a time derivative with a tangential derivative. Using the

pressure interface condition (15.3.14), we have

Kβ
∆,12 = −σ

∫ t

0

∫
Γ
(u1

+ · ∇′)D
u1
−
t ∂β(f1 − f2)D

u1
−
t ∂β∇′ · ((n̂)1 − (n̂)2)dx′dτ

= σ

∫ t

0

∫
Γ
(u1

+ · ∇′)D
u1
−
t ∂β(f1 − f2)∇′ ·Du1

−
t ∂β(

∇′f1

|n1|
− ∇

′f2

|n2|
)dx′dτ

+

∫ t

0

∫
Γ
R1
∞,Γ(U, f)R2

∆,Γ(f) ·R2
∆,Γ(f)dx′dτ

= −σ
∫ t

0

∫
Γ
(u1

+ · ∇′)D
u1
−
t ∂β∇′(f1 − f2) ·Du1

−
t ∂β(

∇′f1

|n1|
− ∇

′f2

|n2|
)dx′dτ

+

∫ t

0

∫
Γ
R1
∞,Γ(U, f)R2

∆,Γ(f) ·R2
∆,Γ(f)dx′dτ

+

∫ t

0

∫
Γ
(∇′∇′u1)R1

∆,Γ(f) ·R1
∞,Γ(U, f)R2

∆,Γ(f)dx′dτ

= Kβ
∆,121 +Kβ

∆,123 +Kβ
∆,125

where we have used integration by parts.

We now use lemma 15.3.4 to estimate Kβ
∆,121.

−Kβ
∆,121 = σ

∫ t

0

∫
Γ
(u1

+ · ∇′)D
u1
−
t ∂β∇′(f1 − f2) · D

u1
−
t ∂β∇′(f1 − f2)

|n1|
dx′dτ

− σ
∫ t

0

∫
Γ
(u1

+ · ∇′)D
u1
−
t ∂β∇′(f1 − f2) · (∇′f1 ·Du1

−
t ∂β∇′(f1 − f2))∇′f1

|n1|3
dx′dτ

+ σ

∫ t

0

∫
Γ
(u1

+ · ∇′)D
u1
−
t ∂β∇′(f1 − f2) ·R0

Γ,∞(U, f))R1
∆,Γ(f)dx′dτ

= σ

∫ t

0

∫
Γ
(u1

+ · ∇′)D
u1
−
t ∂β∇′(f1 − f2) · D

u1
−
t ∂β∇′(f1 − f2)

|n1|
dxdτ

− σ
∫ t

0

∫
Γ
(u1

+ · ∇′)(∇′f1 ·Du1
−
t ∂β∇′(f1 − f2))

(∇′f1 ·Du1
−
t ∂β∇′(f1 − f2))

|n1|3
dx′dτ

+

∫ t

0

∫
Γ
(u1

+ · ∇′)D
u1
−
t ∂β∇′(f1 − f2) ·R0

∞,Γ(U, f)R1
∆,Γ(f)dx′dτ

+

∫ t

0

∫
Γ
R0
∞,Γ(U, f)R2

∆,Γ(f) ·R2
∆,Γ(f)dx′dτ

=
1

2
σ

∫ t

0

∫
Γ
∇′ · (u1

+(
1

|n1|

∣∣∣∣Du1
−
t ∂β∇′(f1 − f2)

∣∣∣∣2 − 1

|n1|3

∣∣∣∣∇′f1 ·Du1
−
t ∂β∇′(f1 − f2)

∣∣∣∣2))dx′dτ

+

∫ t

0

∫
Γ
R1
∞,Γ(U, f)R2

∆,Γ∇′ ·R1
∆,Γ(f)dx′dτ +

∫ t

0

∫
Γ
R1
∞,Γ(U, f)R2

∆,Γ(f) ·R2
∆,Γ(f)dx′dτ

We now apply the divergence theorem and the remainder estimates (8.18.8) and (15.1.6) to obtain∣∣∣Kβ
∆,121

∣∣∣ ≤ ∣∣∣∣∫ t

0

∫
Γ
R1
∞,Γ(U, f)R2

∆,Γ∇′ ·R1
∆,Γ(f)dx′dτ

∣∣∣∣
+

∣∣∣∣∫ t

0

∫
Γ
R1
∞,Γ(U, f)R2

∆,Γ(f) ·R2
∆,Γ(f)dx′dτ

∣∣∣∣
≤ K(t)

∫ t

0
E∆(τ)dτ

239



We estimate Kβ
∆,123 and Kβ

∆,125 analogously to Kβ
123 and Kβ

125 in 8.10 to obtain

∣∣∣Kβ
∆,123

∣∣∣+
∣∣∣Kβ

∆,125

∣∣∣ ≤ K(t)

∫ t

0
E∆(τ)dτ

Thus we have shown that ∣∣∣Kβ
∆,12

∣∣∣ ≤ K(t)

∫ t

0
E∆(τ)dτ

We proceed to estimate Kβ
∆,13. Note that by rearranging the differentiated equation (15.3.13) we

obtain

D
u1
−
t ∂α(f1 − f2) = ∂α(u1

− − u2
−) · n1 +R

|α|−1
∆,Γ (U, f) (15.7.1)

Using the equation (15.7.1), we have

Kβ
∆,13 =

∫ t

0

∫
Γ
n1 · ([(u1)′] · ∇′)∂β(u1

− − u2
−)D

u1
−
t ∂β(p1

− − p2
−)dx′dτ

+

∫ t

0

∫
Γ
R1

∆,Γ(U, f) · ∂∂β(p1
− − p2

−)dx′dτ

We want to convert this into an integral over the interior Ω−. First of all we need to go back to using the

corrected pressure and velocity. We have

Kβ
∆,13 =

∫ t

0

∫
Γ
n1 · ([(u1)′] · ∇′)(uβ,1− − u

β,2
− )D

u1
−
t (pβ,1− − p

β,2
− )dx′dτ

+

∫ t

0

∫
Γ
n1 · ([(u1)′] · ∇′)(∂β(f1 − f2)∂x3u

1
−)D

u1
−
t ∂β(p1

− − p2
−)dx′dτ

+

∫ t

0

∫
Γ
n1 · ([(u1)′] · ∇′)∂β(u1

− − u2
−)D

u1
−
t (∂β(f1 − f2)∂x3p

1
−)dx′dτ

+

∫ t

0

∫
Γ
n1 · ([(u1)′] · ∇′)(∂β(f1 − f2)∂x3u

1
−)D

u1
−
t (∂β(f1 − f2)∂x3p

1
−)dx′dτ

+

∫ t

0

∫
Γ
R1

∆,Γ(U, f) · ∂∂β(p1
− − p2

−)dx′dτ

=

∫ t

0

∫
Γ
n1 · ([(u1)′] · ∇′)(uβ,1− − u

β,2
− )D

u1
−
t (pβ,1− − p

β,2
− )dx′dτ

+

∫ t

0

∫
Γ
R1

∆,Γ(U, f) · ∂∂β(p1
− − p2

−)dx′dτ

+

∫ t

0

∫
Γ
∇′∂β(u1

− − u2) ·R1
∆,Γ(U, f)dx′dτ +

∫ t

0

∫
Γ
R1

∆,Γ(U, f) ·R1
∆,Γ(U, f)dx′dτ

= Kβ
∆,131 +Kβ

∆,132 +Kβ
∆,133 +Kβ

∆,134

Using the remainder estimates (15.1.5) and (15.1.10), we have

∣∣∣Kβ
∆,132 +Kβ

∆,133 +Kβ
∆,134

∣∣∣ ≤ K(t)E0
∆ +

1

ε
K(t)

∫ t

0
E∆(τ)dτ + εK(t)E∆(t)

To estimateKβ
∆,131 we convert the boundary integral into an integral over the interior Ω− as forKβ

131
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in 8.10. We obtain

Kβ
∆,131 =

∫ t

0

∫
Ω−

∇′ · (([(u1)′] · ∇′)(uβ,1 − uβ,2)D
u1
−
t (pβ,1 − pβ,2))

+ ∂x3(
1

Jψ
(−∇′ψ, 1) · ([(u1)′] · ∇′)(uβ,1 − uβ,2)D

u1
−
t (pβ,1 − pβ,2)dxdτ

=

∫ t

0

∫
Ω−

∇′ · (([(u1)′] · ∇′)(uβ,1 − uβ,2)D
u1
−
t (pβ,1 − pβ,2))

+
(−∇′ψ1, 1)

Jψ1 · ∂x3(([(u1)′] · ∇′)(uβ,1 − uβ,2)D
u1
−
t (pβ,1 − pβ,2))dxdτ

+

∫ t

0

∫
Ω−

R̃2
∆(U,ψ) · R̃2

∆(U,ψ)dxdτ

=

∫ t

0

∫
Ω−

([(u1)′] · ∇′)(∇′ · (uβ,1 − uβ,2) +
(−∇′ψ1, 1)

Jψ1 · ∂x3(uβ,1 − uβ,2))D
u1
−
t (pβ,1 − pβ,2)dxdτ

+

∫ t

0

∫
Ω−

([(u1)′] · ∇′)(uβ,1 − uβ,2) ·Du1
−
t (∇′(pβ,1 − pβ,2) +

(−∇′ψ1, 1)

Jψ1 ∂x3(pβ,1 − pβ,2)dxdτ

+

∫ t

0

∫
Ω−

R̃2
∆(U,ψ) · R̃2

∆(U,ψ)dxdτ

= −
∫ t

0

∫
Ω−

1

ρ1(c1)2
([(u1)′] · ∇′)Du1

−
t (pβ,1 − pβ,2)D

u1
−
t (pβ,1 − pβ,2)dxdτ

−
∫ t

0

∫
Ω−

ρ1([(u1)′] · ∇′)(uβ,1 − uβ,2) ·Du1
−
t D

u1
−
t (uβ,1 − uβ,2)dxdτ

+

∫ t

0

∫
Ω−

R̃2
∆(U,ψ) · R̃2

∆(U,ψ)dxdτ

= Kβ
∆,1311 +Kβ

∆,1313 +Kβ
∆,1314

where we have used the corrected pressure and velocity equations (15.3.10)-(15.3.11) in the second to

last line.

To estimate Kβ
∆,1313, we use integration by parts in time and space and the divergence theorem.

∣∣∣Kβ
∆,1313

∣∣∣ ≤ ∣∣∣∣∫ t

0

∫
Ω−

D
u1
−
t (ρ1([(u1)′] · ∇′)(uβ,1 − uβ,2) ·Du1

−
t (uβ,1 − uβ,2))dxdτ

∣∣∣∣
+

∣∣∣∣∫ t

0

∫
Ω−

ρ1([(u1)′] · ∇′)Du1
−
t (uβ,1 − uβ,2) ·Du1

−
t (uβ,1 − uβ,2)dxdτ

∣∣∣∣
+

∣∣∣∣∫ t

0

∫
Ω−

R̃2
∆(U,ψ) · R̃2

∆(U,ψ)dxdτ

∣∣∣∣
≤

∣∣∣∣∣
∫

Ω−

ρ1([(u1)′] · ∇′)(uβ,1 − uβ,2) ·Du1
−
t (uβ,1 − uβ,2)dx

∣∣∣∣t
0

∣∣∣∣∣
+

1

2

∣∣∣∣∫ t

0

∫
Ω−

∇ · ((uψ−)1ρ1([(u1)′] · ∇′)(uβ,1 − uβ,2) ·Du1
−
t (uβ,1 − uβ,2))dxdτ

∣∣∣∣
+

1

2

∣∣∣∣∫ t

0

∫
Ω−

∇′ · (ρ1[(u1)′]D
u1
−
t (uβ,1 − uβ,2) ·Du1

−
t (uβ,1 − uβ,2))dxdτ

∣∣∣∣
+

∣∣∣∣∫ t

0

∫
Ω−

R̃2
∆(U,ψ) · R̃2

∆(U,ψ)dxdτ

∣∣∣∣
≤

∣∣∣∣∣
∫

Ω−

R0
∞(U,ψ)∇′(uβ,1 − uβ,2) · ∂(uβ,1 − uβ,2)dx

∣∣∣∣t
0

∣∣∣∣∣+K(t)

∫ t

0
E∆(τ)dτ
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where we have used the remainder estimate (15.1.11) and the fact that (uψ−)1
3|Γ = 0. We now apply

Cauchy’s lemma to the first term on the right, followed by the estimate we already have for the tangential

derivative∇′(uβ,1 − uβ,2) given by (15.6.1) together with (15.3.9) to obtain∣∣∣Kβ
∆,1313

∣∣∣ ≤ K(t)E0
∆ +

1

ε
1
2

∣∣∣∣R0
∞(U,ψ)

∣∣∣∣2
L∞(Ω−)

∣∣∣∣∣∣∇′(uβ,1 − uβ,2)
∣∣∣∣∣∣2
L2(Ω−)

+ ε
1
2

∣∣∣∣∣∣∂(uβ,1 − uβ,2)
∣∣∣∣∣∣2
L2(Ω−)

+K(t)

∫ t

0
E∆(τ)dτ

≤ K(t)E0
∆ +

1

ε
3
2

K(t)

∫ t

0
E∆(τ)dτ + ε

1
2K(t)E∆(t)

The remainder estimate (15.1.11) implies∣∣∣Kβ
∆,1314

∣∣∣ ≤ K(t)

∫ t

0
E∆(τ)dτ

Using the divergence theorem and the remainder estimate (15.1.11), we have∣∣∣Kβ
∆,1311

∣∣∣ ≤ 1

2

∣∣∣∣∫ t

0

∫
Ω−

∇′ · ( 1

ρ1(c1)2
[(u1)′]D

u1
−
t (pβ,1 − pβ,2)D

u1
−
t (pβ,1 − pβ,2))dxdτ

∣∣∣∣
+

∣∣∣∣∫ t

0

∫
Ω−

R̃2
∆(U,ψ) · R̃2

∆(U,ψ)dxdτ

∣∣∣∣
=

∣∣∣∣∫ t

0

∫
Ω−

R̃2
∆(U,ψ) · R̃2

∆(U,ψ)dxdτ

∣∣∣∣
≤ K(t)

∫ t

0
E∆(τ)dτ

Thus we have eventually shown that

−Kβ
∆ ≥

1

2
σ

∫
Γ

1

|n1|3

∣∣∣∣Du1
−
t ∂β∇′(f1 − f2)

∣∣∣∣2 dx′

− 1

ε
3
2

K(t)

∫ t

0
E∆(τ)dτ − ε

1
2K(t)E∆(t)−K(t)E0

∆

Hence, using the inequality (15.0.2), we have∑
±

∣∣∣∣∣∣∣∣Du1
−
t (pβ,1 − pβ,2)

∣∣∣∣∣∣∣∣2
L2(Ω±)

+
∑
±

∣∣∣∣∣∣∣∣Du1
−
t (uβ,1 − uβ,2)

∣∣∣∣∣∣∣∣2
L2(Ω±)

+

∣∣∣∣∣∣∣∣Du1
−
t ∂β∇′(f1 − f2)

∣∣∣∣∣∣∣∣2
L2(Γ)

≤ K(t)E0
∆ +

1

ε
3
2

K(t)

∫ t

0
E∆(τ)dτ + ε

1
2K(t)E∆(t) (15.7.2)

In particular, combining this with the tangential estimate for
∣∣∣∣∇′∂β∇′(f1 − f2)

∣∣∣∣2
L2(Γ)

, we obtain∣∣∣∣∣∣∂∂β∇′(f1 − f2)
∣∣∣∣∣∣2
L2(Γ)

≤ K(t)E0
∆ +

1

ε
3
2

K(t)

∫ t

0
E∆(τ)dτ + ε

1
2K(t)E∆(t) (15.7.3)

Finally, we convert the estimate (15.7.2) into an estimate for the non-corrected pressure and velocity

using the estimate (15.3.8) together with the estimate (15.7.3) for the front. We obtain∑
±

∣∣∣∣∣∣∣∣Du1
−
t ∂β(p1 − p2)

∣∣∣∣∣∣∣∣2
L2(Ω±)

+
∑
±

∣∣∣∣∣∣∣∣Du1
−
t ∂β(u1 − u2)

∣∣∣∣∣∣∣∣2
L2(Ω±)

(15.7.4)

≤ K(t)E0
∆ +

1

ε
3
2

K(t)

∫ t

0
E∆(τ)dτ + ε

1
2K(t)E∆(t) (15.7.5)
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15.8 A Weighted Normal Derivative Difference Estimate

Let w be given by either w = ExtΩ−(uψ)1
3+ in R3 or w = ExtΩ+(uψ)1

3− in R3 or w± = (uψ)1
3± in Ω±.

We let β be a multi-index with |β| = 1. We let ∂α = ∂x3∂
β in the differentiated equations (15.3.4)-

(8.6.5). We then multiply by w to obtain the following.

1

ρ1(c1)2
(∂t + (uψ)1 · ∇)((w∂α(p1 − p2)) +∇ψ1 · ((w∂α(u1 − u2)) = R

|α|
∆ (U,ψ)

ρ1(∂t + (uψ)1 · ∇)((w∂α(u1 − u2)) +∇ψ1
((w∂α(p1 − p2)) = R

|α|
∆ (U,ψ)

We multiply the first equation by w∂α(p1−p2) and the second by w∂α(u1−u2) then sum the equations

to obtain the following.

1

2
∂t(

1

ρ1(c1)2

∣∣w∂α(p1 − p2)
∣∣2) +

1

2
∂t(ρ

1
∣∣w∂α(u1 − u2)

∣∣2)

+
1

2
∇ · ( 1

ρ1(c1)2
(uψ)1

∣∣w∂α(p1 − p2)
∣∣2) +

1

2
∇ · (ρ1(uψ)1

∣∣w∂α(u1 − u2)
∣∣2)

+∇ψ1 · (w∂α(u1 − u2)w∂α(p1 − p2)) = R
|α|
∆ (U,ψ) · ∂α(U1 − U2)

We integrate over Ω± and use the divergence theorem together with the fact that w = 0 on Γ. We obtain

the following.

1

2

d

dt

∫
Ω±

1

ρ1(c1)2

∣∣w∂α(p1 − p2)
∣∣2 dx+

1

2

d

dt

∫
Ω±

ρ1
∣∣w∂α(u1 − u2)

∣∣2 dx

=

∫
Ω±

R
|α|
∆ (U,ψ) · ∂α(U1 − U2)dx

Integrating from 0 to t, using the remainder estimate (15.1.4) and the condition (15.0.2), we obtain∫
Ω±

∣∣w∂α(p1 − p2)
∣∣2 dx+

∫
Ω±

∣∣w∂α(u1 − u2)
∣∣2 dx (15.8.1)

≤ K(t)E0
∆ +

1

ε
K(t)

∫ t

0
E∆(τ)dτ + εK(t)E∆(t) (15.8.2)

Assume now β is a multi-index with |β| = 1 and β3 = 0. Combining the above estimate with the

high-order time derivative estimate (15.7.5), we obtain the following simpler time derivative estimate.∑
±

∣∣∣∣∣∣∂t∂β(p1 − p2)
∣∣∣∣∣∣2
L2(Ω±)

+
∑
±

∣∣∣∣∣∣∂t∂β(u1 − u2)
∣∣∣∣∣∣2
L2(Ω±)

(15.8.3)

≤ K(t)E0
∆ +

1

ε
3
2

K(t)

∫ t

0
E∆(τ)dτ + ε

1
2K(t)E∆(t) (15.8.4)

for |β| = 1 with β3 = 0.

15.9 Difference Estimate of the Curl

Let |β| = 1 and subtract the equation (8.12.1) for (U2, ψ2) from the corresponding equation for (U1, ψ1)

to obtain

ρ1(∂t + (uψ)1 · ∇)∇ψ1 × ∂β(u1 − u2) = R2
∆(U,ψ)

in (0, T 0)× Ω±.
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For β a multi-index with |β| = 1 and 1 ≤ i ≤ 2, we define the corrected curl as

ωβ,i = ∇ψ1 × ∂βui (15.9.1)

Thus the corrected curl satisfies the equation

ρ1(∂t + (uψ)1 · ∇)(ωβ,1 − ωβ,2) = R2
∆(U,ψ) (15.9.2)

in (0, T 0)× Ω±.

We multiply equation (15.9.2) by ωβ,1 − ωβ,2 and use the product rule to obtain

1

2
∂t(ρ

1
∣∣∣ωβ,1 − ωβ,2∣∣∣2) +

1

2
∇ · (ρ1(uψ)1

∣∣∣ωβ,1 − ωβ,2∣∣∣2) = R2
∆(U,ψ)(ωβ,1 − ωβ,2)

in (0, T 0) × Ω±. Note that we have absorbed lower-order terms generated by the product rule into the

remainder R2
∆(U,ψ) on the right hand side.

Then we integrate over Ω± and apply the divergence theorem for Sobolev functions to the second

term on the left. Note that since (uψ)1
3± = 0 on Γ we are left with no boundary terms. Hence we obtain

1

2

d

dt

∫
Ω±

ρ1
∣∣∣ωβ,1 − ωβ,2∣∣∣2 dx =

∫
Ω±

R2
∆(U,ψ)(ωβ,1 − ωβ,2)dx

Applying Cauchy’s inequality to the right hand side, we obtain

d

dt

∣∣∣∣∣∣√ρ1(ωβ,1 − ωβ,2)
∣∣∣∣∣∣2
L2(Ω±)

≤
∣∣∣∣R2

∆(U,ψ)
∣∣∣∣2
L2(Ω±)

+
∣∣∣∣∣∣ωβ,1 − ωβ,2∣∣∣∣∣∣2

L2(Ω±)

Then using the estimate (15.1.4) of the remainder, we obtain

d

dt

∣∣∣∣∣∣√ρ1(ωβ,1 − ωβ,2)
∣∣∣∣∣∣2
L2(Ω±)

≤ K(t)E∆(t)

Integrating from 0 to t, we obtain∣∣∣∣∣∣√ρ1(ωβ,1 − ωβ,2)
∣∣∣∣∣∣2
L2(Ω±)

≤ K(t)E0
∆ +K(t)

∫ t

0
E∆(τ)dτ

Since ρ1 ≥ δ1 by (15.0.2), we obtain∣∣∣∣∣∣ωβ,1 − ωβ,2∣∣∣∣∣∣2
L2(Ω±)

≤ K(t)E0
∆ +K(t)

∫ t

0
E∆(τ)dτ (15.9.3)

15.10 Difference Estimate of the Normal Derivatives of the Pressure and
Velocity

For |β| = 1 and 1 ≤ i ≤ 2, we define the corrected divergence as

ηβ = ∇ψ1 · ∂βui (15.10.1)

Corollary 15.10.1. Let |β| = 1. Then∣∣∣∣∣∣∂x3∂
β(u1 − u2)

∣∣∣∣∣∣
L2(Ω±)

≤
∣∣∣∣R0
∞(U,ψ)

∣∣∣∣
L∞(Ω±)

(
∣∣∣∣∣∣∇′∂β(u1 − u2)

∣∣∣∣∣∣
L2(Ω±)

+
∣∣∣∣∣∣ηβ,1 − ηβ,2∣∣∣∣∣∣

L2(Ω±)
+
∣∣∣∣∣∣ωβ,1 − ωβ,2∣∣∣∣∣∣

L2(Ω±)
)
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Proof. This is immediate from the lemma 8.13.2 applied to v = ∂β(u1 − u2), where we have replaced

Gi(∇ψ1) by the remainder R0
∞(U,ψ).

Now, let |β| = 1. Note that by (15.3.1) and the fact that ηβ,i = ∇ψ1 · ∂βui, we have

ηβ,1 − ηβ,2 = − 1

ρ1(c1)2
(∂t + (uψ)1 · ∇)∂β(p1 − p2) + R̃

|β|
∆ (U,ψ) +R0

∞(U,ψ) · ∇p1∂t∂
β(ψ1 − ψ2)

where we have absorbed all the high-order terms in ψ involving a spatial derivative into the remainder

R̃
|β|
∆ (U,ψ). Note also that

∣∣∣∣∂t∂β(ψ1 − ψ2)
∣∣∣∣
H1(Ω±)

can be estimated by the estimates (15.4.1) and

(15.7.3). Thus∣∣∣∣∣∣ηβ,1 − ηβ,2∣∣∣∣∣∣2
L2(Ω±)

≤ K(t)(
∣∣∣∣∣∣∂t∂β(p1 − p2)

∣∣∣∣∣∣2
L2(Ω±)

+
∣∣∣∣∣∣∇′∂β(p2 − p2)

∣∣∣∣∣∣2
L2(Ω±)

+
∣∣∣∣∣∣(uψ)1

3∂x3∂
β(p1 − p2)

∣∣∣∣∣∣2
L2(Ω±)

)

+
∣∣∣∣∣∣R̃|β|∆ (U,ψ)

∣∣∣∣∣∣2
L2(Ω±)

+K(t)
∣∣∣∣∣∣∂t∂β(ψ1 − ψ2)

∣∣∣∣∣∣2
H1(Ω±)

≤ K(t)(E0
∆ +

1

ε
3
2

∫ t

0
E∆(τ)dτ + ε

1
2E∆(t) +

∣∣∣∣∣∣∂t∂β(p1 − p2)
∣∣∣∣∣∣2
L2(Ω±)

+
∣∣∣∣∣∣∇′∂β(p1 − p2)

∣∣∣∣∣∣2
L2(Ω±)

)

(15.10.2)

where we have used the estimates (15.0.2), (15.2.1) and the lower order remainder estimate (15.1.7),

together with the weighted normal derivative estimate (15.8.2).

Also, from the third component of (15.3.2), we have

∂x3∂
β(p1 − p2) = −Jψ1

ρ1(∂t + (uψ)1 · ∇)∂β(u1
3 − u2

3) + R̃
|β|
∆ (U,ψ)

+R0
∞(U,ψ) · ∇u1

3∂t∂
β(ψ1 − ψ2)

where again we have absorbed all the high-order terms in ψ involving a spatial derivative into the re-

mainder R̃|β|∆ (U,ψ) and we note also that
∣∣∣∣∂t∂β(ψ1 − ψ2)

∣∣∣∣
H1(Ω±)

can be estimated by the estimates

(15.4.1) and (15.7.3). Thus∣∣∣∣∣∣∂x3∂
β(p1 − p2)

∣∣∣∣∣∣2
L2(Ω±)

≤ K(t)(
∣∣∣∣∣∣∂t∂β(u1

3 − u2
3)
∣∣∣∣∣∣2
L2(Ω±)

+
∣∣∣∣∣∣∇′∂β(u2

3 − u2
3)
∣∣∣∣∣∣2
L2(Ω±)

+
∣∣∣∣∣∣(uψ)1

3∂x3∂
β(u1

3 − u2
3)
∣∣∣∣∣∣2
L2(Ω±)

)

+
∣∣∣∣∣∣R̃|β|∆ (U,ψ)

∣∣∣∣∣∣2
L2(Ω±)

+K(t)
∣∣∣∣∣∣∂t∂β(ψ2 − ψ2)

∣∣∣∣∣∣2
H1(Ω±)

≤ K(t)(E0
∆ +

1

ε
3
2

∫ t

0
E∆(τ)dτ + ε

1
2E∆(t) +

∣∣∣∣∣∣∂t∂β(u1
3 − u2

3)
∣∣∣∣∣∣2
L2(Ω±)

+
∣∣∣∣∣∣∇′∂β(u1

3 − u2
3)
∣∣∣∣∣∣2
L2(Ω±)

)

(15.10.3)

where we have used the estimates (15.0.2), (15.2.1) and the lower order remainder estimate (15.1.7),

together with the weighted normal derivative estimate (15.8.2).

Now we claim that∣∣∣∣∣∣∂x3∂
β(u1 − u2)

∣∣∣∣∣∣2
L2(Ω±)

≤ K(t)E0
∆ +

1

ε
3
2

K(t)

∫ t

0
E∆(τ)dτ + ε

1
2K(t)E∆(t) (15.10.4)∣∣∣∣∣∣∂x3∂

β(p1 − p2)
∣∣∣∣∣∣2
L2(Ω±)

≤ K(t)E0
∆ +

1

ε
3
2

K(t)

∫ t

0
E∆(τ)dτ + ε

1
2K(t)E∆(t) (15.10.5)
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We proceed by induction on β3. In the case that β3 = 0, we note that we may apply (15.6.1) and (15.8.4)

to the right hand side of (15.10.2) and (15.10.3) to obtain∣∣∣∣∣∣ηβ,1 − ηβ,2∣∣∣∣∣∣2
L2(Ω±)

≤ K(t)E0
∆ +

1

ε
3
2

K(t)

∫ t

0
E∆(τ)dτ + ε

1
2K(t)E∆(t)∣∣∣∣∣∣∂x3∂

β(p1 − p2)
∣∣∣∣∣∣2
L2(Ω±)

≤ K(t)E0
∆ +

1

ε
3
2

K(t)

∫ t

0
E∆(τ)dτ + ε

1
2K(t)E∆(t)

Then we apply the estimate from corollary 15.10.1 together with the lower order remainder estimate

(8.18.4), the estimate (15.6.1) for the tangential derivatives, the estimate (15.9.3) for the corrected curl

and the estimate just obtained for the corrected divergence to conclude that∣∣∣∣∣∣∂x3∂
β(u1 − u2)

∣∣∣∣∣∣2
L2(Ω±)

≤ K(t)E0
∆ +

1

ε
3
2

K(t)

∫ t

0
E∆(τ)dτ + ε

1
2K(t)E∆(t)

which proves the result in the case β3 = 0.

Now we suppose the result is true for β3 ≤ k for some 0 ≤ k ≤ |β| − 1 and try to show it is true for

β3 = k + 1. But this is straightforward and is done in the same way. Note that the previous induction

step gives us the estimate for

∣∣∣∣∂γ(u1 − u2)
∣∣∣∣2
L2(Ω±)

≤ K(t)E0
∆ +

1

ε
3
2

K(t)

∫ t

0
E∆(τ)dτ + ε

1
2K(t)E∆(t)

∣∣∣∣∂γ(p1 − p2)
∣∣∣∣2
L2(Ω±)

≤ K(t)E0
∆ +

1

ε
3
2

K(t)

∫ t

0
E∆(τ)dτ + ε

1
2K(t)E∆(t)

where |γ| = 2 and γ3 ≤ k+ 1. We apply these estimates to the right hand side of (15.10.2) and (15.10.3)

to obtain ∣∣∣∣∣∣ηβ,1 − ηβ,2∣∣∣∣∣∣2
L2(Ω±)

≤ K(t)E0
∆ +

1

ε
3
2

K(t)

∫ t

0
E∆(τ)dτ + ε

1
2K(t)E∆(t)∣∣∣∣∣∣∂x3∂

β(p1 − p2)
∣∣∣∣∣∣2
L2(Ω±)

≤ K(t)E0
∆ +

1

ε
3
2

K(t)

∫ t

0
E∆(τ)dτ + ε

1
2K(t)E∆(t)

Then we apply the estimate from corollary 15.10.1 together with the lower order remainder estimate

(8.18.4), the previous induction step for the term ∇′∂βu, the estimate (15.9.3) for the corrected curl and

the estimate just obtained for the corrected divergence to conclude the result for the case β3 = k + 1.

This proves the claim.

15.11 Elliptic-Type Difference Estimate for the Front

Lemma 15.11.1.

∣∣∣∣∂α∇′(f1 − f2)
∣∣∣∣2
H0.5(Γ)

≤ K(t)E0
∆ +

1

ε
3
2

K(t)

∫ t

0
E∆(τ)dτ + ε

1
2K(t)E∆(t) (15.11.1)

for 0 ≤ |α| ≤ 2, α0 ≤ 1 and α3 = 0.

Proof. Let α be a multi-index with 0 ≤ |α| ≤ 2, α0 ≤ 1 and α3 = 0, so that we can write ∂α = ∂β∂xi for

some i ∈ {1, 2}. Let 〈D′〉0.5 denote the half-order derivative operator which corresponds to multiplying

by 〈ξ′〉0.5 in Fourier space - see the notation in the appendix.
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Applying 〈D′〉0.5 ∂α to (15.3.1) and subtracting the equation for (U2, f2) from that for (U1, f1), we

obtain

〈
D′
〉0.5

[∂α(p1 − p2)] = σ
〈
D′
〉0.5∇′ · ∂α(

∇′f1

|n1|
− ∇

′f2

|n2|
)

We multiply both sides by 〈D′〉0.5 ∂α(f1 − f2) and integrate by parts to obtain∫
Γ
(
〈
D′
〉0.5

[∂β(p1 − p2)])(
〈
D′
〉0.5

∂α∂xi(f
1 − f2))dx′

= σ

∫
Γ
(
〈
D′
〉0.5

∂α(
∇′f1

|n1|
− ∇

′f2

|n2|
)) · (

〈
D′
〉0.5

∂α∇′(f1 − f2))dx′

We now use lemma 15.3.4 to differentiate ∇
′f1

|n1| −
∇′f2

|n2| , followed by the fractional product rule A.3.8

from the appendix, and using the notation of this lemma, we denote the remainder term by

R(G(∇′f1), ∂α∇′(f1 − f2))

where G is a smooth function. We obtain∫
Γ
(
〈
D′
〉0.5

[∂β(p1 − p2)])(
〈
D′
〉0.5

∂α∂xi(f
1 − f2))dx′

= σ

∫
Γ
(
〈
D′
〉0.5

∂α(
∇′f1

|n1|
− ∇

′f2

|n2|
)) · (

〈
D′
〉0.5

∂α∇′(f1 − f2))dx′

= σ

∫
Γ

1

|n1|

∣∣∣〈D′〉0.5
∂α∇′(f1 − f2)

∣∣∣2 − 1

|n1|3
∣∣∣∇′f1 ·

〈
D′
〉0.5

∂α∇′(f1 − f2)
∣∣∣2 dx′

+ σ

∫
Γ

〈
D′
〉0.5

R1
∆,Γ(f) ·

〈
D′
〉0.5

∂α∇′(f1 − f2)dx′

+ σ

∫
Γ
R(G(∇′f1), ∂α∇′(f1 − f2)) ·

〈
D′
〉0.5

∂α∇′(f1 − f2)dx′

≥ σ
∫

Γ

1

|n1|3
∣∣∣〈D′〉0.5

∂α∇′(f1 − f2)
∣∣∣2 dx′

− 1

δ

∣∣∣∣R(G(∇′f1), ∂α∇′(f1 − f2))
∣∣∣∣2
L2(Γ)

− δ
∫

Γ

∣∣∣〈D′〉0.5
∂α∇′(f1 − f2)

∣∣∣2 dx′

−
∣∣∣∣R1

∆,Γ(f)
∣∣∣∣2
H1(Γ)

− C
∣∣∣∣∂α∇′(f1 − f2)

∣∣∣∣2
L2(Γ)

where we have used lemma 8.6.5. We have also used Cauchy’s inequality in the last step, and we are

free to choose 0 < δ ≤ 1. Note that ∂R1
∆,Γ(f) is a sum of terms which contain factors of the form

∂γ∇′(f1 − f2) where |γ| ≤ 2. We recall that we have already estimated ∂γ∇′(f1 − f2) in (15.7.3).

Hence, using Cauchy’s inequality, the remainder estimate (15.1.9), and the estimate of the remainder

from A.3.8, we obtain

σ

∫
Γ

1

|n1|3
∣∣∣〈D′〉0.5

∂α∇′(f1 − f2)
∣∣∣2 dx′

≤ C

δ

∣∣∣∣∣∣〈D′〉0.5
[∂β(p1 − p2)]

∣∣∣∣∣∣2
L2(Γ)

+ δ
∣∣∣∣∣∣〈D′〉0.5

∂α∇′(f1 − f2)
∣∣∣∣∣∣2
L2(Γ)

+
1

δ
(K(t)E0

∆ +
1

ε
3
2

K(t)

∫ t

0
E∆(τ)dτ + ε

1
2K(t)E∆(t))
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We choose δ ≤ σ
2||n1||3L∞(Γ)

and rearrange and use the Sobolev trace theorem to obtain

σ

∫
Γ

1

|n1|3
∣∣∣〈D′〉0.5

∂α∇′(f1 − f2)
∣∣∣2 dx′

≤ C
∑
±

∣∣∣∣n1
∣∣∣∣3
L∞(Γ)

σ

∣∣∣∣∣∣∂β(p1 − p2)
∣∣∣∣∣∣2
H1(Ω±)

+K(t)E0
∆ +

1

ε
3
2

K(t)

∫ t

0
E∆(τ)dτ + ε

1
2K(t)E∆(t)

≤ K(t)E0
∆ +

1

ε
3
2

K(t)

∫ t

0
E∆(τ)dτ + ε

1
2K(t)E∆(t)

where we have used the lower order estimate (15.2.1) and the existing energy estimates (15.6.1) and

(15.10.5). Hence ∫
Γ

∣∣∣〈D′〉0.5
∂α∇′(f1 − f2)

∣∣∣2 dx′

≤ K(t)E0
∆ +

1

ε
3
2

K(t)

∫ t

0
E∆(τ)dτ + ε

1
2K(t)E∆(t)

This completes the proof.

15.12 Conclusion of the Proof of Uniqueness and Stability

Combining the estimates (15.2.1), (15.2.2), (15.4.1), (15.6.1), (15.8.4), (15.7.3), (15.5.2), (15.10.4),

(15.10.5) and (15.11.1) we obtain

E∆(t) ≤ K(t)E0
∆ +

1

ε
3
2

K(t)

∫ t

0
E∆(τ)dτ + ε

1
2K(t)E∆(t)

≤ K(T 0)E0
∆ +

1

ε
3
2

K(T 0)

∫ t

0
E∆(τ)dτ + ε

1
2K(T 0)E∆(t)

where we are free to choose ε ∈ (0, 1]. Choosing ε
1
2 = 1

2K(T 0)
and rearranging we obtain

E∆(t) ≤ K(T 0)E0
∆ +K(T 0)

∫ t

0
E∆(τ)dτ

where we have redefined the function K(t), but it is still of the same form and K(T 0) < ∞. Applying

Gronwall’s lemma we immediately obtain that

E∆(t) ≤ K(T 0)E0
∆ exp(K(T 0)t)

for t ∈ (0, T 0). This is the statement of stability.

Note in particular this implies that if (U0,1
+ , U0,1

− , f0,1) = (U0,2
+ , U0,2

− , f0,2) then

E∆(t) = 0

for t ∈ (0, T 0) = (0, T 0,1) = (0, T 0,2). Thus∣∣∣∣U1 − U2
∣∣∣∣
L2(Ω±)

= 0∣∣∣∣f1 − f2
∣∣∣∣
L2(Γ)

= 0

for t ∈ (0, T 0) and hence U1 = U2 almost everywhere in (0, T 0)×Ω± and f1 = f2 almost everywhere

on (0, T 0)× Γ. This completes the proof of uniqueness.
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16. Extensions

16.1 The Two-Dimensional Case

Suppose that the flow is independent of one of the horizontal directions, so that we may consider the

fluid to occupy some two-dimensional regions Ω±(t) ⊂ R2 separated by a one-dimensional surface

Γ(t). Then in fact exactly the same theorem as 4.6.1 holds, where we replace the three-dimensional

space variable with a two-dimensional one by, say, dropping the x1 coordinate, then relabelling the

coordinates so that x1 becomes the horizontal direction and x2 the normal direction. Our proof works in

exactly the same way, and in fact the Sobolev embedding theorem actually gives slightly better estimates

for a fixed number of derivatives, but not quite enough for us to reduce the regularity requirement on the

initial data. Note that we replace the curl ∇× u with the two-dimensional curl, which can be written as

a scalar, ∂x1u2 − ∂x2u1, or, to maintain consistency with the three-dimensional notation, as a 3-vector

whose first two components are zero, given by (∂x1 , ∂x2 , 0)× (u1, u2, 0). Other changes to the proof are

minimal.

16.2 Body Force

We consider here the effect of adding a body force, h(t, x), to the right hand side of the velocity equation

(2.1.2). This means the system (2.1.1)-(2.1.5) remains the same, except that the velocity equation (2.1.2)

is replaced by the equation

ρ(∂t + u · ∇)u+∇p = h (16.2.1)

First let us consider adding h to the right hand side of the velocity equation (4.3.2) in the fixed domains,

where we allow h = h± in Ω±. Suppose h = h(t, x, U, ψ) is a function of (t, x, U, ψ) where U =

(p, u, s) such that

Eh(t) :=
∑
±

3∑
j=0

∫ t

0

∣∣∣∣∂jτ (h±(τ, x, U±(τ, x), ψ(τ, x)))
∣∣∣∣2
H3−j(Ω±)

dτ ≤Mh + tFh(E(t))

for any (U+, U−, f) and ψ = Laf with E(t) < ∞, where Mh is a constant depending on the function

h and Fh is a smooth increasing function depending on the function h. Thus h(t, x, U(t, x), ψ(t, x))

has basically the same regularity in space as solutions with E(t) < ∞, with the only difference being

that h is L2 in space at zero order. Then it is straightforward to show that the main theorem in the fixed

domains 4.6.1 with the addition of this body force is proved in exactly the same way. Note that when

passing to the µ-approximate equations we would mollify h as we did ρ and replace it with hµ which is
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smooth in space. If we allow M0 and K(t) as defined in 8 to depend on the function h, then it is clear

that the energy estimate in 8 remains the same, so that we have the following bounds on T 0 and C0.

T 0 ≥ Th(E0,
1

δ0
,

1

κ0
) > 0

where Th(·) is a smooth decreasing function which may depend on the function h and

C0 ≤ Ch(E0,
1

δ0
,

1

κ0
) <∞

where Ch(·) is a smooth increasing function which may depend on the function h. The main other point

to note is that when we come to linearise the µ-approximate equations, we will simply replace hµ by

h̄µ := (h(t, x, Ū(t, x), ψ̄(t, x)))µ = (ExtΩ±(h(t, x, Ū(t, x), ψ̄(t, x)))) ∗ ηµ|Ω± .

Using the above result for the fixed domains, we may add any function h(t, x, U) to the right hand

side of velocity equation (2.1.2) in the moving domains such that we can write h(t, x′, x3 + ψ,U) =

h(t, x, ψ, U) as a function of (t, x, ψ, U) for some h satisfying the conditions above. Note since the

domains Ω±(t) are unknown, we require that h is defined for x ∈ R3 rather than separately for x ∈ Ω±

as above. Thus we obtain the conclusions of the main theorem 2.4.1 with the addition of the body force

h, where we modify the bounds on T 0 and C0 as above (without the dependence on κ0).

Note that, if we were working in a horizontally periodic domain with top and bottom walls or a

bounded domain, the above would allow the the addition of a gravity force h = ρg where g is the

constant vector acceleration due to gravity, but to fit the setup above we need h ∈ L2(Ω±) so we would

have to multiply the gravitational force by a cut-off function or weight.

16.3 Constructing Compatible Initial Data

We know that there exist piecewise constant flat vortex sheet solutions to the vortex sheet equations

(2.1.1)-(2.1.5) as described in the introduction, with p± = p̄± = p̄, u± = ū± = (ū′+, 0), s± = s̄±,

f = f̄ = 0 where p̄, ū′±, s̄± are constants. We have also shown in theorem 2.4.1 that given initial data

with E0 <∞ satisfying the compatibility conditions (2.2.5)-(2.2.6) up to order 2 we have solutions, but

it is difficult to construct initial data which actually satisfy the compatibility conditions (2.2.5)-(2.2.6)

up to order 2. However, one way to do so would be to use the result with a given body force described

above. We take h = h± to be given bump functions in time so that ∂jt h± ∈ Cc((0, T̃ );H3−j(Ω±)) for

0 ≤ j ≤ 3 where T̃ > 0 will be taken sufficiently small. We then solve the system (4.3.1)-(4.3.5) on the

fixed domains with initial data (Ū+, Ū−, f̄) being the flat vortex sheet solution above, and body force h.

We have that the existence time T 0 is bounded below by

T 0 ≥ T (E0,
1

δ0
,

1

κ0
, Eh(1)) > 0

where we may take, say, κ0 = 2
3 . Now we make the energy Eh(1) of h sufficiently small and the

time T̃ smaller than the corresponding existence time T 0. Then we may take the solution at time some

time T̃ < T ′ < T 0 as initial data for the problem without a body force, which will be non-trivial for

most non-trivial functions h. The time T ′ may be chosen so that this new initial data (U0
+, U

0
−, f

0) =

(U+(T ′), U−(T ′), f(T ′)) has E0 <∞, and the compatibility conditions (4.4.6)-(4.4.7) up to order 2 are

automatically satisfied since (U+, U−, f) is a solution of the equations (4.3.1)-(4.3.5) near time T ′ with
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energyE(T 0) <∞. Defining the diffeomorphism θ from ψ as in 5.1.1, we have that (U0
+◦θ−1(T ′), U0

−◦
θ−1(T ′), f0) are non-trivial initial data for the system (2.1.1)-(2.1.5) on the moving domains satisfying

the compatibility conditions (2.2.5)-(2.2.6) up to order 2.

16.4 Horizontally Periodic Domain with Top and Bottom Walls

Instead of working on the unbounded domains ΩT
± with interface ΓT as defined in 2.1.1, we could work

on a horizontally periodic domain with top and bottom walls, by which we mean we redefine

ΩT
+ := {(t, x) ∈ (0, T )× Ω : x3 > f(t, x)}

ΩT
− := {(t, x) ∈ (0, T )× Ω : x3 < f(t, x)}

ΓT := {(t, x) ∈ (0, T )× Ω : x3 = f(t, x)}

where the fixed domain Ω is defined as

Ω := {(t, x) ∈ (0, T )× R3 : x3 < D+, x3 > −D−,−L < x1, x2 < L}

for some fixed constants D+ > 0, D− > 0, L > 0. We impose periodic boundary conditions in the

horizontal directions, and we impose the solid wall boundary condition

u3 = 0

on (0, T )×{x3 = ±D±}. Note that this is exactly the statement that the fluid does not flow through the

walls at x3 = ±D± since u3 is the component of the velocity normal to these walls.

We require that initially the surface Γ0 does not touch the walls, which means that for a short time

by continuity it will still not touch the walls. We note that when constructing the lift ψ of f , we want to

ensure that ψ = 0 in a neighbourhood of the walls so that the change of coordinates θ is the identity in a

neighbourhood of the walls. Thus we want to set ψ = χ̃(x3)f where χ̃ is a smooth cut-off function with

sufficiently small support depending on D±. But then ∂x3ψ might be quite large, so one way to ensure

that θ remains a diffeomorphism would be to set θ(t, x) = (t, x′, Ax3 +ψ(t, x)) forA a sufficiently large

positive constant, to ensure that the Jacobian Jψ := A+ ∂x3ψ is uniformly positive. This slight change

251



should not cause any difficulties in adapting the proof of 2.4.1 to the case of a horizontally periodic

domain with top and bottom walls. Note that the boundary condition u3 = 0 on (0, T )× {x3 = ±D±}
ensures that the boundary terms generated in the energy estimate due to the walls are in fact zero.

Thus we conclude that it would be straightforward to adapt the proof of 2.4.1 to the case of a horizon-

tally periodic domain with top and bottom walls, or indeed a domain which is unbounded horizontally

but bounded by walls above and below.

16.5 Bounded Domain

The case of a bounded domain was considered by Shkoller et al in [6] in the incompressible setting. In

this setup, R3 is replaced by a sufficiently smooth simply connected domain Ω ⊂ R3 and the interface

between the two fluids Γ is a closed surface which divides the interior of Ω into two pieces, Ω+ and Ω−,

where, say, Ω+ is the outer region.

The interior equations and the pressure interface condition remain the same, and the interface Γ still

moves with the fluid, which in a local chart would still be the condition ∂tf = u · n. We assume that the

outer boundary of Ω acts as a fixed wall, so the boundary condition on ∂Ω is u · ν = 0 where ν is normal

to ∂Ω. This implies that any boundary terms generated in the energy estimate due to the outer boundary

∂Ω are lower order terms provided Ω is a sufficiently smooth domain.

The analysis of this problem requires the introduction of coordinate charts and a partition of unity to

define derivatives on Γ, which adds significant technical complications to the problem. However, since

we have not imposed any smallness assumption of the graph of the from f in the above work, it seems

likely that there is no fundamental obstruction in adapting the above work to the case of a bounded

domain, although we will not comment any further in this direction.
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17. The One-Phase Problem With and
Without Surface Tension

The one-phase problem with and without surface tension has been considered by Shkoller et al in [10],

so we do not devote a large section to this problem. However, we sketch the details of the results we

would hope to obtain for the one-phase problem using the above methods since the exact statements are

slightly different to those given by Shkoller et al in [10].

17.1 Statement of the One-Phase Problem

Perturbation of a Flat Liquid-Vacuum Boundary

Vacuum

p = 0

Γ(t)

{x3 = 0}
���

Unit Normal n̂
��

Normal Velocity λ

?
Surface Tension −σ(∇ · n̂)n̂

Fluid in Ω(t)
Density ρ(t, x) > 0
Velocity u(t, x)
Pressure p(t, x)
Internal Energy e(t, x)
Entropy s(t, x)
Sound Speed c(t, x)

Ω(t)

Pq
u

When we say the one phase problem, we are referring to the problem obtained from the vortex-sheet

problem when we replace one of the fluids, say the fluid in the region ΩT
+, by vacuum. The interior

equations in ΩT
− remain the same, the interface still moves with the fluid and we replace p+ by 0 in the

pressure interface condition (2.1.5). Thus the system of equations can be written as follows, where we

drop the subscript − since it is now redundant, so ΩT refers to ΩT
− etc.

1

ρc2
(∂t + u · ∇)p+∇ · u = 0 (17.1.1)

ρ(∂t + u · ∇)u+∇p = 0 (17.1.2)

(∂t + u · ∇)s = 0 (17.1.3)

in ΩT ,

∂tf = u · n (17.1.4)

p = σ∇′ · n̂ (17.1.5)
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on ΓT .

If σ > 0 we call this the one-phase problem with surface tension, and if σ = 0 we call it the

one-phase problem without surface tension.

The compatibility conditions given in 2.2.3 reduce to the following compatibility condition.

Definition 17.1.1. We say that initial data (U0, f0) satisfy the compatibility condition for the system

(17.1.1)-(17.1.5) up to order k, for integer k ≥ 0, if the following holds for all x′ ∈ R2.

∂j0(p0
∣∣
Γ0)(x′) = σ∂j0(∇′ · n̂0)(x′) (17.1.6)

for 0 ≤ j ≤ k, where

p0
∣∣
Γ0(x′) := p0(x′, f0(x′))

Note that in order to relate this to the above work, we will require that the density is bounded below,

so it is non-zero at the boundary, and hence physically we would probably be modelling a compressible

liquid rather than a gas. One could also replace the vacuum region with a region of constant pressure

p̄ > 0, in which case the pressure interface interface condition would become p = σ∇′ · n̂ + p̄, which

would cause no difficulties in the proof since p̄ would disappear upon differentiation.

17.2 The One-Phase Problem With Surface Tension

Here we assume σ > 0. In this case it is straightforward to adapt the proof of the main theorem 2.4.1

given above to prove an analogous result for the one-phase problem. The statement of the result for the

one-phase problem with surface tension can be written as follows. Note that the energy is the same as

defined in 2.3.1 but without the Ω+ terms.

Theorem 17.2.1. Let (U0, f0) be initial data with energyE0 <∞. Assume that this initial data satisfies

the compatibility condition (17.1.6) up to order 2. Assume also that the initial density satisfies

inf
x∈Ω0

ρ0(x) =: δ0 > 0 (17.2.1)

Then there exists a time T 0 > 0 and a solution (U, f) of the the system (17.1.1)-(17.1.5) with σ > 0

on the time interval (0, T 0). Moreover,

E(T 0) ≤ C0

ρ ≥ δ0

2
in ΩT 0

The time T 0 > 0 is bounded below as follows.

T 0 ≥ T (E0,
1

δ0
) > 0

where T (·) is a smooth decreasing function which may depend on σ. Similarly, the constant C0 > 0 is

bounded above as follows.

C0 ≤ C(E0,
1

δ0
) <∞
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where C(·) is a smooth increasing function which may depend on σ.

In addition, the solution (U, f) is unique on the time interval (0, T 0) in the sense that it is the only

solution of the equations on the time interval (0, T 0) with initial data (U0, f0) satisfying the following

properties

E(T 0) <∞

inf
(t,x)∈ΩT0

ρ > 0

We avoid repeating all the details of the proof, but we note that there are some significant simplifica-

tions particularly in the energy estimate. Indeed in proving the energy estimate, everything is estimated

in an exactly analogous way as in 8, except that a large simplification can be made when estimating the

highest order time derivative. The boundary term Kβ
13, which we had to estimate by going back to the

equations in the interior, is no longer present at all. In particular, this means that we can use the time

derivative ∂t instead of the material time derivative Du−
t in this high order time derivative estimate, and

we can skip all the estimates dealing with the term Kβ
13. In fact it becomes possible to estimate the

tangential and time derivatives in the same way, provided that we estimate the term corresponding to Iα2
in the same way as Kβ

12.

17.3 The One-Phase Problem Without Surface Tension

It is also possible under slightly modified assumptions to prove short-time existence and uniqueness for

the one-phase problem without surface tension, that is σ = 0. Indeed, all that is required is to prove an

energy estimate for the one-phase problem with surface tension that is independent of σ (which is the

same as proving an energy estimate for the µ-approximate one-phase problem that is independent of σ in

the case µ = 0). One could then use weak-∗ compactness and the Sobolev compact embedding theorem

for solutions of the problem with surface tension to pass to the limit σ = 0 and obtain solutions to the

problem without surface tension. Note that obtaining a time interval of existence independent of σ given

a σ-independent energy estimate would be straightforward assuming that the time interval of existence

for the case σ > 0 can be maximised in such a way that the σ-independent energy blows up t reaches the

maximal time.

Note that in the case σ = 0 we no longer obtain an elliptic-type estimate for the front f from

the pressure interface condition (17.1.5). In fact, to obtain a good estimate for f we need to make an

additional assumption on the initial data. That is, the Taylor sign condition should be satisfied as follows.

−∂x3p
0|Γ0 ≥ λ0 > 0

for some λ0 > 0. Note this implies by continuity that the Taylor sign condition holds for a short time

T > 0, ie

−∂x3p|ΓT ≥
λ0

2
> 0

Note that in the case of an unbounded domain, the requirement −∂x3p
0|Γ0 ≥ λ0 > 0 conflicts with

∇p0 ∈ L2(Ω0). It may be possible to allow for this by adding a gravitational body force and subtracting
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a background pressure, but even then it seems that we would need to introduce a bottom wall to pre-

vent the density from tending to infinity. Hence in this section for simplicity we will restrict to the case

of a horizontally periodic domain with bottom wall, but we expect the same result to hold for a gen-

eral sufficiently smooth bounded domain, or a horizontally unbounded domain with bottom wall with

gravitational body force after subtracting an appropriate background pressure. We define

ΩT := {(t, x) ∈ (0, T )× Ω : x3 < f(t, x)}

ΓT := {(t, x) ∈ (0, T )× Ω : x3 = f(t, x)}

where the fixed domain Ω is defined as

Ω := {(t, x) ∈ (0, T )× R3 : x3 > −D,−L < x1, x2 < L}

for some fixed constants D > 0, L > 0. We impose periodic boundary conditions in the horizontal

directions, and we impose the solid wall boundary condition

u3 = 0 (17.3.1)

on (0, T )× {x3 = −D}.
The loss of the estimate for the front f from the pressure interface condition (17.1.5) means that we

should modify our energy so that U and f are estimated to the same order. If we try and do this with

an energy with only 3 derivatives, then the remainder terms become impossible to estimate, hence we

should increase the order of the derivatives in our energy by one. If we include the terms in our energy

that we would have in the case σ > 0, but this time multiplied by the appropriate factor of σ so that we

can obtain a σ-independent estimate for this energy, we obtain the following definition.

Definition 17.3.1. Define the σ-independent energy Eσ : (0, T ]→ [0,∞] by

Eσ(t) = ess sup
τ∈(0,t)

||U ||2L∞(Ω(τ)) +
∑

1≤|α|≤4

ess sup
τ∈(0,t)

||∂αU ||2L2(Ω(τ)) + ess sup
τ∈(0,t)

||f ||2L∞(R2)

+
∑

1≤|α|≤4

ess sup
τ∈(0,t)

||∂αf ||2L2(R2) + σ
∑

1≤|α|≤4

ess sup
τ∈(0,t)

||∂αf ||2H1(R2) + σ2
3∑
j=0

ess sup
τ∈(0,t)

∣∣∣∣∣∣∇′∂jt f ∣∣∣∣∣∣2
H4.5−j(R2)

We allow the case σ = 0, in which case the energy is written as E0(t).

The initial energy E0
σ of the initial data is defined in the obvious way, replacing time derivatives in

the above energy by initial time derivatives.

The statement of the result for the one-phase problem without surface tension in a horizontally peri-

odic domain with bottom wall can be written as follows.

Theorem 17.3.2. Let (U0, f0) be initial data with energyE0
0 <∞. Assume that this initial data satisfies

the compatibility condition (17.1.6) up to order 3 with σ = 0, plus the compatibility condition associated

with the bottom wall,

∂j0u
0
3|x3=−D = 0 for 0 ≤ j ≤ 3 (17.3.2)
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Assume also that the initial density satisfies

inf
x∈Ω0

ρ0(x) =: δ0 > 0 (17.3.3)

and that the following Taylor sign condition is satisfied

− inf
x∈Γ0

∂x3p
0|Γ0 =: λ0 > 0 (17.3.4)

and that the initial surface and bottom wall satisfy

dist(Γ0, {x3 = −D}) =: η0 > 0 (17.3.5)

Then there exists a time T 0 > 0 and a solution (U, f) of the the system (17.1.1)-(17.1.5) with σ = 0

plus (17.3.1) on the time interval (0, T 0). Moreover,

E0(T 0) ≤ C0

ρ ≥ δ0

2
in ΩT 0

−∂x3p ≥
λ0

2
on ΓT

0

inf
t∈(0,T 0)

dist(Γ(t), {x3 = −D}) ≥ η0

2

The time T 0 > 0 is bounded below as follows.

T 0 ≥ T (E0
0 ,

1

δ0
,

1

λ0
,

1

η0
) > 0

where T (·) is a smooth decreasing function. Similarly, the constant C0 > 0 is bounded above as follows.

C0 ≤ C(E0
0 ,

1

δ0
,

1

λ0
,

1

η0
) <∞

where C(·) is a smooth increasing function.

In addition, the solution (U, f) is unique on the time interval (0, T 0) in the sense that it is the only

solution of the equations on the time interval (0, T 0) with initial data (U0, f0) satisfying the following

properties

E(T 0) <∞

inf
(t,x)∈ΩT0

ρ > 0

− inf
(t,x)∈ΓT0

∂x3p > 0

inf
t∈(0,T 0)

dist(Γ(t), {x3 = −D}) > 0

We sketch some details of how to obtain the σ-independent energy estimate. Firstly, we should

use the corrected unknowns as defined in (8.6.7) throughout the energy estimate in order to remove the

highest order terms in ψ from the differentiated equations, as we did for the time derivative estimate

in 8.10. In fact the time derivatives are now estimated in the same way as the tangential derivatives,
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provided we estimate the term corresponding to Iα2 in the same way as Kβ
12. The boundary term that we

obtain during the time and tangential estimates using the corrected unknowns is

−Kα =

∫ t

0

∫
Γ
n · uαpαdx′dτ =: Kα

1 −Kα
2 −Kα

3 +Kα
4

where

Kα
1 =

∫ t

0

∫
Γ
n · ∂αu∂αpdx′dτ

Kα
2 =

∫ t

0

∫
Γ
n · ∂αu∂αf∂3pdx

′dτ

Kα
3 =

∫ t

0

∫
Γ
n · ∂αp∂αf∂3udx′dτ

Kα
4 =

∫ t

0

∫
Γ
n · ∂αf∂3p∂

αf∂3udx′dτ

Note that Kα
4 can be estimated directly by tK(t) using notation analogous to that in 8. The term Kα

3 can

also be estimated by tK(t) after using (17.1.5) to replace ∂αp by σ∂α∇′ · n̂ and integrating by parts in

space. The term Kα
1 can be estimated as before, again by using (17.1.5) to replace ∂αp by σ∂α∇′ · n̂.

Now let us consider Kα
2 . Using the equation for the front (17.1.4), we obtain

Kα
2 =

∫ t

0

∫
Γ
∂α(u · n)∂αf∂3pdx

′dτ −
∫ t

0

∫
Γ
u · ∂αn∂αf∂3pdx

′dτ +R

=

∫ t

0

∫
Γ
∂α∂tf∂

αf∂3pdx
′dτ +

∫ t

0

∫
Γ
u · ∇′∂αf∂αf∂3pdx

′dτ +R

where we are using R to denote a generic remainder term satisfying |R| ≤ tK(t) and we are not being

very precise with the remainder terms. We use the product rule and apply the divergence theorem to the

second term to obtain

−Kα
2 = −1

2

∫
Γ
|∂αf |2 ∂3pdx

′
∣∣∣∣t
0

− 1

2

∫ t

0

∫
Γ
∇′ · (u |∂αf |2 ∂3p)dx

′dτ +R

≥ −1

2

∫
Γ
|∂αf |2 ∂3pdx

′ −M0 − tK(t)

Hence the Taylor sign condition −∂3p|Γ ≥ λ0

2 > 0 ensures we have an estimate for ||∂αf ||2L2(Γ).

The rest of the energy estimate is much the same as in 8, except we use the corrected unknowns

throughout. The estimate of the unknowns given an estimate for the corrected unknowns is simple given

that we have 4 derivatives in our energy, and is obtained as follows.

||∂αU ||2L2(Ω) ≤ C ||U
α||2L2(Ω) + ||∂αψ||2L2(Ω)

∣∣∣∣∣∣∣∣∂x3U

Jψ

∣∣∣∣∣∣∣∣2
L∞(Ω)

≤ C ||Uα||2L2(Ω) + C ||∂αf ||2L2(Γ) (M0 +

∫ t

0

∣∣∣∣∣∣∣∣∂t(∂x3U

Jψ
)

∣∣∣∣∣∣∣∣2
H2(Ω)

dτ)

≤ C ||Uα||2L2(Ω) + ||∂αf ||2L2(Γ) (M0 + tK(t))

where we have used the Sobolev embedding theorem.

This completes our sketch of the proof of 17.3.2.
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A. Appendix

A.1 A Hodge Decomposition Based Estimate

The following estimate based on Hodge decomposition allows us to separate an estimate for first or-

der derivatives of a vector field into an estimate of the curl, divergence, and normal component on the

boundary.

Note that in this section, f ∈ C([0, T ]×W 2,∞(R2)), ψ = Laf for some a ≥ 0 as defined in 4.2.2,

the domains Ω± and Γ are defined in 4.2.1, n = (−∇′f, 1), Jψ and the notation∇ψ are defined in 4.2.3,

and Jψ ≥ κ > 0 for some constant κ > 0.

First we write the Hodge decomposition in our setting.

Lemma A.1.1. Fix t ∈ [0, T ]. Let w ∈ C2(Ω±;R3). Then

∆ψw = ∇ψ(∇ψ · w)−∇ψ × (∇ψ × w) (A.1.1)

where

(∆ψw)i := ∇ψ · (∇ψwi)

Proof. Fix t. We define z ∈ C2(θ±(t)(Ω±);R3) by

z = w ◦ θ−1(t)

where the diffeomorphisms θ± : (0, T ) × Ω± → ΩT
± are defined in terms of f in 5.1.1, and we may

evaluate them at t ∈ [0, T ] using uniform continuity. We sometime write θ for just the spatial components

of θ since θ maps t to itself. We recall the formula (5.1.1) for taking derivatives.

∇a = (∇ψ(a ◦ θ)) ◦ θ−1

Note that the formula also implies

∇× a = (∇ψ × (a ◦ θ)) ◦ θ−1

∇ · a = (∇ψ · (a ◦ θ)) ◦ θ−1

if a is a vector. Hence

∇zi = (∇ψwi) ◦ θ−1

∇× z = (∇ψ × w) ◦ θ−1

∇ · z = (∇ψ · w) ◦ θ−1
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Applying these formulae again to a = ∇zi etc, we obtain

∇ · (∇zi) = (∇ψ · (∇ψwi)) ◦ θ−1

∇(∇ · z) = (∇ψ(∇ψ · w)) ◦ θ−1

∇× (∇× z) = (∇ψ × (∇ψ × w)) ◦ θ−1

Now we can apply the well-known identity

∆z = ∇(∇ · z)−∇× (∇× z)

to obtain

∆ψw = ∇ψ(∇ψ · w)−∇ψ × (∇ψ × w)

Proposition A.1.2. Fix t ∈ [0, T ]. Letw± ∈ L2(Ω±;R3) with∇ψ ·w ∈ L2(Ω±),∇ψ×w ∈ L2(Ω±;R3)

and w± · n ∈ H0.5(Γ). Then w± ∈ H1(Ω±) with

||w||H1(Ω±) ≤ C(1 +
∣∣∣∣∇′f ∣∣∣∣3

W 1,∞(Γ)
)

×
(
||w||L2(Ω±) +

∣∣∣∣∣∣∇ψ · w∣∣∣∣∣∣
L2(Ω±)

+
∣∣∣∣∣∣∇ψ × w∣∣∣∣∣∣

L2(Ω±)
+ ||w± · n||H0.5(Γ)

)
Proof. Note we may assume w ∈ C∞c (Ω±) else we may approximate w by a sequence of C∞c (Ω±)

functions which converges to w pointwise, and for which the norms on the right hand side are bounded

by those of w up to a constant, from which we obtain that w ∈ H1(Ω±) with the above estimate.

We dot the formula A.1.1 withw±, integrate over Ω± and use integration by parts. We use summation

convention for notational efficiency, where

∂ψj := ∂j −
1

Jψ
∂jψ∂x3

= ∂′j +
(−∇′ψ, 1)j

Jψ
∂x3

We obtain the following.

0 = −
∫

Ω±

wi∂
ψ
j ∂

ψ
j widx+

∫
Ω±

wi∂
ψ
i (∇ψ · w)dx−

∫
Ω±

εijkwi∂
ψ
j (∇ψ × w)kdx

= −
∫

Ω±

∂ψj (wi∂
ψ
j wi)dx+

∫
Ω±

∂ψj wi∂
ψ
j widx

+

∫
Ω±

∂ψi (wi∇ψ · w)dx−
∫

Ω±

∣∣∣∇ψ · w∣∣∣2 dx

−
∫

Ω±

εijk∂
ψ
j (wi(∇ψ × w)k)dx+

∫
Ω±

εijk(∂
ψ
j wi)(∇

ψ × w)kdx

= ±
∫

Γ
njwi∂

ψ
j widx

′ +

∫
Ω±

∂x3(
(−∇′ψ, 1)j

Jψ
)wi∂

ψ
j widx+

3∑
j=1

∫
Ω±

∣∣∣∂ψj w∣∣∣2 dx

∓
∫

Γ
niwi∇ψ · wdx′ −

∫
Ω±

∂x3(
(−∇′ψ, 1)i

Jψ
)wi∇ψ · wdx−

∫
Ω±

∣∣∣∇ψ · w∣∣∣2 dx

±
∫

Γ
εijknjwi(∇ψ × w)kdx

′ +

∫
Ω±

εijk∂x3(
(−∇′ψ, 1)j

Jψ
)wi(∇ψ × w)kdx−

∫
Ω±

∣∣∣∇ψ × w∣∣∣2 dx
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Let us denote by I all the terms on the right hand side involving boundary integrals.

Note that we have

εijknjwi(∇ψ × w)k = εijkεklmnjwi∂
ψ
l wm

Using the formula

εijkεklm = δilδjm − δjlδim

we obtain

εijknjwi(∇ψ × w)k = njwi∂
ψ
i wj − njwi∂

ψ
j wi

Thus we have

I = ±
∫

Γ
njwi∂

ψ
j widx

′ ∓
∫

Γ
niwi∇ψ · wdx′ ±

∫
Γ
njwi∂

ψ
i wj − njwi∂

ψ
j widx

′

= ∓
∫

Γ
niwi∇ψ · wdx′ ±

∫
Γ
njwi∂

ψ
i wjdx

′

after cancelling the first and last terms. Now we use the definition of ∂ψ to obtain

I = ∓
∫

Γ
(n · w)(∇′ · w′) + (n · w)(n · ∂x3w)dx′ ±

∫
Γ
njw

′
i∂
′
iwj + njwini∂x3wjdx

′

= ∓
∫

Γ
(n · w)(∇′ · w′)dx′ ±

∫
Γ
njw

′
i∂
′
iwjdx

′

= ∓
∫

Γ
(n · w)(∇′ · w′)dx′ ±

∫
Γ
(w′ · ∇′)(w · n)− w · ((w′ · ∇′)n)dx′

after cancelling the second and last terms then using the product rule. Thus

|I| ≤
∣∣∣∣∇′ · w′∣∣∣∣

H−0.5(Γ)
||w · n||H0.5(Γ) +

∣∣∣∣∇′(w · n)
∣∣∣∣
H−0.5(Γ)

∣∣∣∣w′∣∣∣∣
H0.5(Γ)

+ ||w||2L2(Γ)

∣∣∣∣∇′n∣∣∣∣
L∞(Γ)

Note that

||w||2L2(Γ) = ∓2

∫
Ω±

w · ∂x3wdx ≤ 1

ε
||w||2L2(Ω±) + ε ||w||2H1(Ω±)

where we are free to choose ε > 0. Choosing ε = δ
||∇′n||L∞(Γ)

, for δ > 0 to be determined, and using the

Sobolev trace estimate and Cauchy’s inequality, we obtain

|I| ≤ C

δ
||w · n||2H0.5(Γ) +

C

δ

∣∣∣∣∇′f ∣∣∣∣2
W 1,∞(Γ)

||w||2L2(Ω±) + Cδ ||w||2H1(Ω±)

After rearranging we obtain
3∑
j=1

∫
Ω±

∣∣∣∂ψj w∣∣∣2 dx =

∫
Ω±

∣∣∣∇ψ · w∣∣∣2 dx+

∫
Ω±

∣∣∣∇ψ × w∣∣∣2 dx− I

−
∫

Ω±

∂x3(
(−∇′ψ, 1)j

Jψ
)wi∂

ψ
j widx+

∫
Ω±

∂x3(
(−∇′ψ, 1)i

Jψ
)wi∇ψ · wdx

−
∫

Ω±

εijk∂x3(
(−∇′ψ, 1)j

Jψ
)wi(∇ψ × w)kdx

≤
∣∣∣∣∣∣∇ψ · w∣∣∣∣∣∣2

L2(Ω±)
+
∣∣∣∣∣∣∇ψ × w∣∣∣∣∣∣2

L2(Ω±)

+
C

δ
||w · n||2H0.5(Γ) +

C

δ

∣∣∣∣∇′f ∣∣∣∣2
W 1,∞(Γ)

||w||2L2(Ω±) + Cδ ||w||2H1(Ω±)

+
C

δ

∣∣∣∣∇′f ∣∣∣∣2
W 1,∞(Γ)

||w||2L2(Ω±) + Cδ ||w||2H1(Ω±)
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Finally, we observe that

∂xjw = ∂ψj w + ∂jψ∂
ψ
3 w

Hence

||w||2H1(Ω±) ≤
C

δ
(1 +

∣∣∣∣∇′f ∣∣∣∣4
W 1,∞(Γ)

)

×
(∣∣∣∣∣∣∇ψ · w∣∣∣∣∣∣2

L2(Ω±)
+
∣∣∣∣∣∣∇ψ × w∣∣∣∣∣∣2

L2(Ω±)
+ ||w · n||2H0.5(Γ) + ||w||2L2(Ω±)

)
+ Cδ(1 +

∣∣∣∣∇′f ∣∣∣∣2
W 1,∞(Γ)

) ||w||2H1(Ω±)

Choosing δ = 1
2C(1+||∇′f ||2

W1,∞(Γ)
)
, we obtain

||w||2H1(Ω±) ≤ C(1 +
∣∣∣∣∇′f ∣∣∣∣6

W 1,∞(Γ)
)

×
(∣∣∣∣∣∣∇ψ · w∣∣∣∣∣∣2

L2(Ω±)
+
∣∣∣∣∣∣∇ψ × w∣∣∣∣∣∣2

L2(Ω±)
+ ||w · n||2H0.5(Γ) + ||w||2L2(Ω±)

)
which implies the result (up to adjusting the constant and taking square roots).

A.2 Lifting Lemmas

Notation. We will use the notation 〈ξ〉 = (1 + |ξ|2)
1
2 for ξ ∈ Rd.

Lemma A.2.1. Let l ≥ 0 be an integer and d ≥ 2 be an integer. Let hk ∈ H l−k+0.5(Rd−1) for 0 ≤ k ≤ l.
Then there exists g ∈ H l+1(Rd) such that

Tr(∂kxdg) = hk for 0 ≤ k ≤ l

and

||g||Hl+1(Rd) ≤ C
l∑

k=0

∣∣∣∣∣∣hk∣∣∣∣∣∣
Hl−k+0.5(Rd−1)

Moreover, the map L : (h0, . . . , hl) 7→ g is linear.

Proof. First suppose hk ∈ C∞c (Rd−1) for 0 ≤ k ≤ l. Write x = (x′, xd) ∈ Rd with x′ ∈ Rd−1. Let

χ ∈ C∞c (R) be a smooth positive cut-off function with χ(s) = 1 for |s| ≤ 1. We define g : Rd → R by

g(x) =

l∑
k=0

1

k!
xkdχ(xd

〈
D′
〉
)hk(x′) :=

l∑
k=0

∫
Rd−1

e2πix′·ξ′ 1

k!
xkdχ(xd

〈
ξ′
〉
)F(hk)(ξ′)dξ′

Note that, for 0 ≤ m ≤ l + 1, we have

∂mxdg(x) =

l∑
k=0

∑
i+j=m,i≤k

∫
Rd−1

e2πix′·ξ′ 1

(k − i)!
xk−id χ(j)(xd

〈
ξ′
〉
)
〈
ξ′
〉j F(hk)(ξ′)dξ′

Evaluating at xd = 0, we obtain, for 0 ≤ m ≤ l,

∂mxdg(x′, 0) =
l∑

k=0

∫
Rd−1

e2πix′·ξ′χ(m−k)(xd
〈
ξ′
〉
)
〈
ξ′
〉m−k F(hk)(ξ′)dξ′

=

∫
Rd−1

e2πix′·ξ′F(hm)(ξ′)dξ′

= hm(x′)
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where we have used the fact that χ(s) = 1 for |s| ≤ 1 so χ(l)(0) = 0 for l ≥ 1.

Now let m,n ≥ 0 with 0 ≤ m+ n ≤ l + 1. Note that from the above formula we have

F(∂mxdg)(ξ′, xd) =
l∑

k=0

∑
i+j=m,i≤k

1

(k − i)!
xk−id χ(j)(xd

〈
ξ′
〉
)
〈
ξ′
〉j F(hk)(ξ′)

where we are taking the Fourier transform with respect to x′. Thus∣∣∣∣∂mxdg∣∣∣∣2Hn(Rd)
=

∫
R

∫
Rd−1

F(∂mxdg)(ξ′, xd)
2
〈
ξ′
〉2n

dξ′dxd

≤ C
l∑

k=0

∑
i+j=m,i≤k

∫
R

∫
Rd−1

∣∣∣xk−id χ(j)(xd
〈
ξ′
〉
)
∣∣∣2 〈ξ′〉2j F(hk)(ξ′)2

〈
ξ′
〉2n

dξ′dxd

= C
l∑

k=0

∑
i+j=m,i≤k

∫
Rd−1

∫
R

∣∣∣xk−id χ(j)(xd
〈
ξ′
〉
)
∣∣∣2 dxd

〈
ξ′
〉2j F(hk)(ξ′)2

〈
ξ′
〉2n

dξ′

= C
l∑

k=0

∑
i+j=m,i≤k

∫
Rd−1

∫
R

∣∣∣yk−id χ(j)(yd)
∣∣∣2 1

〈ξ′〉2k−2i+1
dyd

〈
ξ′
〉2j F(hk)(ξ′)2

〈
ξ′
〉2n

dξ′

≤ C
l∑

k=0

∑
i+j=m,i≤k

∫
Rd−1

1

〈ξ′〉2k−2i+1

〈
ξ′
〉2j F(hk)(ξ′)2

〈
ξ′
〉2n

dξ′

≤ C
l∑

k=0

∫
Rd−1

F(hk)(ξ′)2
〈
ξ′
〉2m−2k+2n−1

dξ′

≤ C
l∑

k=0

∣∣∣∣∣∣hk∣∣∣∣∣∣2
Hl+0.5−k

This shows that L : (h0, . . . , hl) 7→ g is a bounded linear map on
∏l
k=0(H l+0.5−k(Rd−1)∩C∞c (Rd−1)).

Since this is a dense subset of
∏l
k=0(H l+0.5−k(Rd−1)), the map extends uniquely to a bounded linear

map on the whole space. This completes the proof.

Remark A.2.2. Note that we can use the above lemma with hk = 0 for 1 ≤ k ≤ l if we don’t require

constraints on ∂kxdg|xd=0 for k ≥ 1.

Lemma A.2.3. Let l ≥ 0 be an integer and d ≥ 2 be an integer. Let h : (0, T ) × Rd−1 → R be such

that ∂jt h ∈ H l+0.5−j(Rd−1) for 0 ≤ j ≤ l. Define g : (0, T )× Rd → R by

g(t) = L(h(t), 0, . . . , 0)

where L is given above. Then for 0 ≤ j ≤ l,

∂jt g = L(∂jt h(t), 0, . . . , 0)

so ∣∣∣∣∣∣∂jt g(t)
∣∣∣∣∣∣
Hl+1−j(Rd)

≤ C
∣∣∣∣∣∣∂jt h(t)

∣∣∣∣∣∣
Hl−j+0.5(Rd−1)

for some constant C > 0 and

Tr(∂jt g) = ∂jt h

Also, for 0 ≤ j ≤ l − k and k ≥ 1,

Tr(∂kxd∂
j
t g) = 0

263



Proof. We apply the above result to (h, 0 . . . , 0) with t as a parameter. The result then follows using

the linearity of L and exchanging the order of integration when calculating the weak time derivatives, to

obtain that the weak derivatives of g with respect to t are given by

∂jt g = L(∂jt h(t), 0 . . . , 0)

A.3 Products and Compositions in Sobolev Spaces

The following lemma is very useful for proving chain and product rules in Sobolev spaces. This is

important for obtaining high-order energy estimates.

Lemma A.3.1. Let p ∈ [1,∞], Ω ⊂ Rd with d ≥ 1 be a domain where the standard Sobolev embedding

holds and letm > d
p be an integer. Let 0 ≤ mi ≤ m be integers for 1 ≤ i ≤ n with

∑n
i=1mi ≥ (n−1)m

and let ui ∈Wmi,p(Ω). Then
∏n
i=1 ui ∈ Lp(Ω) and∣∣∣∣∣
∣∣∣∣∣
n∏
i=1

ui

∣∣∣∣∣
∣∣∣∣∣
Lp(Ω)

≤ C
n∏
i=1

||ui||Wmi,p(Ω)

Proof. For p =∞ the result is obvious and in fact only requires m ≥ 0, so we will assume p <∞.

We will use the following Sobolev embeddings. Let k ≥ 1 be an integer and u ∈W k,p(Ω). Then for

q ≥ p,

||u||Lq(Ω) ≤ C ||u||Wk,p(Ω)

provided

1

q
>

1

p
− k

d

and kp ≤ d. (Note it is the case kp = d that requires the inequality to be strict). If kp > d then

||u||L∞(Ω) ≤ C ||u||Wk,p(Ω)

Suppose mip > d for some i. By renumbering if necessary, we may assume mnp > d. Then∣∣∣∣∣
∣∣∣∣∣
n∏
i=1

ui

∣∣∣∣∣
∣∣∣∣∣
Lp(Ω)

≤

∣∣∣∣∣
∣∣∣∣∣
n−1∏
i=1

ui

∣∣∣∣∣
∣∣∣∣∣
Lp(Ω)

||un||L∞(Ω)

≤ C

∣∣∣∣∣
∣∣∣∣∣
n−1∏
i=1

ui

∣∣∣∣∣
∣∣∣∣∣
Lp(Ω)

||un||Wmn,p(Ω)

Also note that since mn ≤ m, we have
∑n−1

i=1 mi ≥ (n − 2)m. Hence we are reduced to proving the

result with n replaced by n− 1. Thus we may assume mip ≤ d for all i.

Suppose mi = 0 for some i. By renumbering if necessary, we may assume mn = 0. Then∑n−1
i=1 mi ≥ (n− 1)m and 0 ≤ mi ≤ m implies mi = m > d

p for all i < n, hence∣∣∣∣∣
∣∣∣∣∣
n∏
i=1

ui

∣∣∣∣∣
∣∣∣∣∣
Lp(Ω)

≤
n−1∏
i=1

||ui||L∞(Ω) ||un||Lp(Ω)

≤ C
n−1∏
i=1

||ui||Wmi,p(Ω) ||un||Wmn,p(Ω)
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Thus we may assume mi > 0 for all i.

Now, using Hölder’s inequality,∣∣∣∣∣
∣∣∣∣∣
n∏
i=1

ui

∣∣∣∣∣
∣∣∣∣∣
Lp(Ω)

≤
n∏
i=1

||ui||
L
p
λi (Ω)

where
∑n

i=1 λi = 1 and 0 ≤ λi ≤ 1 for all i. Hence, using Sobolev embedding, we have∣∣∣∣∣
∣∣∣∣∣
n∏
i=1

ui

∣∣∣∣∣
∣∣∣∣∣
Lp(Ω)

≤ C
n∏
i=1

||ui||Wmi,p(Ω)

provided

λi
p
>

1

p
− mi

d

for all i. But, summing the above inequalities, it is possible, assuming 0 < mi ≤ d
p , to choose such

0 ≤ λi ≤ 1 with
∑n

i=1 λi = 1 if and only if

n

p
−
∑n

i=1mi

d
<

1

p
⇐⇒

n∑
i=1

mi > (n− 1)
d

p

But this does indeed hold since
∑n

i=1mi ≥ (n− 1)m and m > d
p .

Corollary A.3.2 (The Leibniz Rule or The Product Rule). Let p ∈ [1,∞], Ω ⊂ Rd with d ≥ 1 be a

domain where the standard Sobolev embedding holds and let m > d
p be an integer. Let 0 ≤ mi ≤ m

and be integers for 1 ≤ i ≤ n and 0 ≤ k ≤ m be an integer, with
∑n

i=1mi ≥ (n − 1)m + k. Let

ui ∈Wmi,p(Ω). Then
∏n
i=1 ui ∈W k,p(Ω) with weak derivatives given by the classical Leibniz rule and∣∣∣∣∣

∣∣∣∣∣
n∏
i=1

ui

∣∣∣∣∣
∣∣∣∣∣
Wk,p(Ω)

≤ C
n∏
i=1

||ui||Wmi,p(Ω)

Proof. Let γi be multi-indices with
∑n

i=1 γi = α, where |α| ≤ k. Note that
∑n

i=1(mi − |γi|) ≥
(n− 1)m, hence we may apply the above result to obtain∣∣∣∣∣

∣∣∣∣∣
n∏
i=1

∂γ
i
ui

∣∣∣∣∣
∣∣∣∣∣
Lp(Ω)

≤ C
n∏
i=1

||ui||Wmi,p(Ω)

Assuming ui are smooth, we immediately obtain the result, since ∂α
∏n
i=1 ui is a sum of terms of

the form
∏n
i=1 ∂

γiui by the classical chain rule. For non-smooth ui we use approximation by smooth

functions together with this inequality.

Corollary A.3.3 (The Chain Rule). Let p ∈ [1,∞], Ω ⊂ Rd with d ≥ 1 be a domain where the standard

Sobolev embedding holds and let m > d
p be an integer. Let F ∈ Cmb (Rd′) and u : Ω → Rd′ with

u ∈Wm,p(Ω). Let α be a multi-index with 1 ≤ |α| ≤ m. Let 0 < β ≤ α, 0 < γj ≤ α (1 ≤ j ≤ |β|), be

multi-indices with
∑|β|

j=1

∣∣γj∣∣ = |α|. Then∣∣∣∣∣∣
∣∣∣∣∣∣(∂βF )(u)

|β|∏
j=1

∂γ
j
uij

∣∣∣∣∣∣
∣∣∣∣∣∣
Lp(Ω)

≤ C ||u|||β|Wm,p(Ω)
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where uij denotes a component of u depending on j. Moreover, the function F (u) ∈ L∞(Ω) has a weak

α-derivative in Lp(Ω) given as in the classical chain rule by sums of terms of the above form which

satisfies the inequality

||∂α(F (u))||Lp(Ω) ≤ C ||u||Wm,p(Ω) (1 + ||u||Wm,p(Ω))
m−1

In addition, if F (0) = 0, then F (u) ∈Wm,p(Ω) with

||F (u)||Wm,p(Ω) ≤ C ||u||Wm,p(Ω) (1 + ||u||Wm,p(Ω))
m−1

Proof. Note that
∑β

j=1(m−
∣∣γj∣∣) = |β|m− |α| ≥ (|β| − 1)m, hence we may use the above result and

the fact that ∂βF is bounded to obtain∣∣∣∣∣∣
∣∣∣∣∣∣(∂βF )(u)

|β|∏
j=1

∂γ
j
uij

∣∣∣∣∣∣
∣∣∣∣∣∣
Lp(Ω)

≤ C
|β|∏
j=1

∣∣∣∣∣∣∂γjuij ∣∣∣∣∣∣
Wm−|γj |,p(Ω)

≤ C ||u|||β|Wm,p(Ω)

Assuming ui are smooth, we immediately obtain the required inequalities, since ∂α(F (u)) is a sum

of terms of the form (∂βF )(u)
∏|β|
j=1 ∂

γjuij by the classical product and chain rules. For non-smooth ui
we use approximation by smooth functions together with this inequality.

Finally, if F (0) = 0, then we have

|F (u)| =
∣∣∣∣∫ 1

0
DF (tu)udt

∣∣∣∣
≤ C |u|

since DF is bounded.

Thus F (u) ∈ Lp(Ω) with ||F (u)||Lp(Ω) ≤ C ||u||Lp(Ω). Together with the previous part, this implies

the final statement of the result.

Corollary A.3.4. Let D,D′ ⊂ Rd′ be open with D′ ⊂⊂ D. Let F ∈ Cm(D) and u : Ω → D′ with

u ∈Wm,p(Ω). Then the above chain rule holds with these new F and u.

Proof. Since u takes values in D′, we may modify F outside D′ by multiplying by a smooth cut-off

function which is identically 1 on D′ and 0 outside D′′ for some D′′ ⊂⊂ D, so we may assume F ∈
Cmb (Rd′), and then we can apply the above result.

Corollary A.3.5 (Change of Coordinates). Let p ∈ [1,∞] and let Ω1,Ω2 ⊂ Rd with d ≥ 1 be domains

where the standard Sobolev embedding holds. Let θ : Ω1 → Ω2 be a bijection and suppose that θ is

Lipschitz. Set J = |det(∇θ)| and assume 1
J ≤ K almost everywhere for some constant K > 0. Let

v ∈ Lq(Ω2) for some q ∈ [0,∞]. Then

||v ◦ θ||Lq(Ω1) ≤ CK ||v||Lq(Ω2)

where the constant CK <∞ is an increasing function of K. Let u ∈W 1,p(Ω2). Then u ◦ θ ∈W 1,p(Ω1)

with weak derivatives given by the classical chain rule, and

||u ◦ θ||W 1,p(Ω1) ≤ CK,Lip θ ||u||W 1,p(Ω2)
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where the constant CK,Lip θ < ∞ is an increasing function of K and Lip θ. Moreover, suppose that

u ∈ Wm′,p(Ω2) and ∇k∇θ = ∇θk,∞ + ∇θk,p where ∇θk,∞ ∈ L∞(Ω1) and ∇θk,p ∈ Lp(Ω1) for

1 ≤ k ≤ m with m > d
p and 0 ≤ m′ ≤ m + 1. Then u ◦ θ ∈ Wm′,p(Ω1) with derivatives given by the

classical chain rule, and

||u ◦ θ||Wm′,p(Ω1) ≤ Cθ ||u||Wm′,p(Ω2)

where the constant Cθ <∞ is an increasing function ofK, Lip θ,
∣∣∣∣∇θk,∞∣∣∣∣

L∞(Ω1)
and

∣∣∣∣∇θk,p∣∣∣∣
Lp(Ω1)

for 1 ≤ k ≤ m.

Proof. Firstly, note that by the change of variables formula for integrals, we have∫
Ω1

|v ◦ θ|q dx =

∫
Ω2

|v|q 1

J ◦ θ−1
dx

≤ K ||v||qLq(Ω2)

which proves the first part.

Now

||(∂iu) ◦ θ∂jθi||Lp(Ω1) ≤ ||Du ◦ θ||Lp(Ω1) ||Dθ||L∞(Ω1)

≤ CK,Lip θ ||Du||Lp(Ω2)

by the first part.

Thus, assuming u is smooth we may apply the classical chain rule to conclude that u ◦ θ has weak

derivatives of first order in Lp(Ω1) given by the classical chain rule, satisfying the claimed inequality. If

u is not smooth, we obtain the same result by considering the standard mollification uε of u and using

the inequality just proved to pass to the limit ε→ 0 . Together with the first part, this proves the second

part of the result.

Now we suppose that u ∈Wm′,p(Ω2) for some integer m′ ≥ 0 and∇k∇θ = ∇θk,∞+∇θk,p where

∇θk,∞ ∈ L∞(Ω1) and ∇θk,p ∈ Lp(Ω1) for 1 ≤ k ≤ m with m > d
p and 0 ≤ m′ ≤ m + 1. Let α be a

multi-index with |α| ≤ m′. Let β, γj be multi-indices with |β|+
∑|β|

j=1

∣∣γj∣∣ = |α|. We claim that∣∣∣∣∣∣
∣∣∣∣∣∣(∂βu) ◦ θ

|β|∏
j=1

∂γ
j∇θe(j)

∣∣∣∣∣∣
∣∣∣∣∣∣
Lp(Ω1)

≤ Cθ ||u||Wm′,p(Ω2)

where ∇θe(j) denotes an entry of the matrix ∇θ depending on j. Indeed, note that (∂βu) ◦ θ ∈
Wm′−|β|,p(Ω1) by the first part, and that in the worst case scenario for Sobolev embedding we may as-

sume that ∂γ
j∇θe(j) ∈Wm−|γj|,p(Ω1) for all j. Nowm′−|β|+

∑|β|
j=1(m−

∣∣γj∣∣) = m′+ |β|m−|α| ≥
|β|m, which is one less the number of terms in the product timesm, and we note thatm′−|β| ≤ m′−1 ≤
m and m −

∣∣γj∣∣ ≤ m for all j, hence we may apply the above result on products A.3.1 to conclude the

claim.

Using the classical chain rule, this proves the result for u smooth, then we conclude by mollifying

u.
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Lemma A.3.6 (Inverting a Change of Coordinates). Let p ∈ [1,∞], let Ω1,Ω2 ⊂ Rd with d ≥ 1 be

domains where the standard Sobolev embedding holds and let m > d
p be an integer. Let θ : Ω1 → Ω2 be

a bijection and suppose that θ ∈ C1(Ω1) with ∇k∇θ = ∇θk,∞ +∇θk,p where ∇θk,∞ ∈ L∞(Ω1) and

∇θk,p ∈ Lp(Ω1) for 1 ≤ k ≤ m. Set J = |det(∇θ)| and assume 1
J ≤ K for some constant K > 0.

Then θ−1 ∈ C1(Ω2) and ∇k∇(θ−1) = ∇(θ−1)k,∞ + ∇(θ−1)k,p where ∇(θ−1)k,∞ ∈ L∞(Ω2) and

∇(θ−1)k,p ∈ Lp(Ω2) for 1 ≤ k ≤ m, and we have∣∣∣∣∇(θ−1)
∣∣∣∣
L∞(Ω2)

≤ Cθ∣∣∣∣∣∣∇(θ−1)k,∞
∣∣∣∣∣∣
L∞(Ω2)

≤ Cθ∣∣∣∣∣∣∇(θ−1)k,p
∣∣∣∣∣∣
Lp(Ω2)

≤ Cθ

for 1 ≤ k ≤ m, where the constant Cθ > 0 is an increasing function of K, Lip θ,
∣∣∣∣∇θk,∞∣∣∣∣

L∞(Ω1)
and∣∣∣∣∇θk,p∣∣∣∣

Lp(Ω1)
for 1 ≤ k ≤ m.

Proof. Since 1
J ≤ K, the inverse function theorem implies θ−1 ∈ C1(Ω2) and

∇(θ−1) ◦ θ = (∇θ)−1

Now ∣∣(∇θ)−1
∣∣ =

1

J
|cof∇θ|

where the entries of the matrix cof∇θ are products of entries of∇θ. This immediately implies∣∣∣∣∇(θ−1)
∣∣∣∣
L∞(Ω2)

≤ Cθ

so that θ−1 is Lipschitz. Now, setting F (M) = 1
|det(M)| |cof M | for M a d× d matrix, which is smooth

on the set |det(M)| > 0, we may us the fact that 1
J ≤ K to apply the chain rule above to conclude that

∇(θ−1) ◦ θ satisfies the conclusions of the lemma.

Now we proceed by induction, using the change of coordinates rule above one derivative at a time.

Let γ be a multi-index with 1 ≤ |γ| ≤ m. We assume by induction that ∇(θ−1) has weak α-derivatives

either in L∞(Ω2) or Lp(Ω2) for 1 ≤ |α| ≤ |γ| − 1 with components satisfying one of the inequalities∣∣∣∣∂α∇j(θ−1)i
∣∣∣∣
L∞(Ω2)

≤ Cθ∣∣∣∣∂α∇j(θ−1)i
∣∣∣∣
Lp(Ω2)

≤ Cθ

Note that by induction ∂α∇(θ−1) is given by the classical chain rule, so is a sum of terms of the form

∂β(∇θ)−1 ◦ θ−1

|β|∏
j=1

∂γ
j∇(θ−1)e(j)

where
∑|β|

j=1

∣∣γj∣∣+ |β| = |α|. But we can rewrite this as

(∂β(∇θ)−1

|β|∏
j=1

∂γ
j
(∇θ)−1

e(j)) ◦ θ
−1
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Now we apply the product rule to

∇(∂β(Dθ)−1

|β|∏
j=1

∂γ
j
(Dθ)−1

e(j))

and use our estimates for the components of ∂γ(Dθ)−1 together with the fact that θ−1 is bijective and

Lipschitz, to conclude that we can apply the change of coordinates lemma to obtain the desired result.

Proposition A.3.7. Let p ∈ [1,∞], let Ω1,Ω2 ⊂ Rd with d ≥ 1 be domains where the standard Sobolev

embedding holds, let m > d
p be an integer and let m′ be an integer with 0 ≤ m′ ≤ m + 1. Let

θ : Ω1 → Ω2 be a bijection and suppose that θ ∈ C1(Ω1) with ∇k∇θ = ∇θk,∞ + ∇θk,p where

∇θk,∞ ∈ L∞(Ω1) and ∇θk,p ∈ Lp(Ω1) for 1 ≤ k ≤ m. Set J = |det(∇θ)| and assume 1
J ≤ K

for some constant K > 0. Suppose either u ∈ Wm′,p(Ω2) or v ∈ Wm′,p(Ω1) where v = u ◦ θ. Then

u ∈Wm′,p(Ω2), v ∈Wm′,p(Ω1), and we have the estimates

||v||Wm′,p(Ω1) ≤ Cθ ||u||Wm′,p(Ω2)

||u||Wm′,p(Ω2) ≤ Cθ ||v||Wm′,p(Ω1)

where the constant Cθ > 0 is an increasing function of K, Lip θ,
∣∣∣∣∇θk,∞∣∣∣∣

L∞(Ω1)
and

∣∣∣∣∇θk,p∣∣∣∣
Lp(Ω1)

for 1 ≤ k ≤ m.

Proof. Note that ||u||Wm′,p(Ω2) ≤ Cθ ||v||Wm′,p(Ω1) if and only if∣∣∣∣v ◦ θ−1
∣∣∣∣
Wm′,p(Ω2)

≤ Cθ ||v||Wm′,p(Ω1). Now apply the above two results.

Lemma A.3.8. Let s ∈ [0, 1] and let r > d
2 where d ≥ 1 is an integer. Let a ∈ Hs+r(Rd) and

u ∈ Hs(Rd). Then au ∈ Hs(Rd) and

〈D〉s (au) = a 〈D〉s u+R(a, u)

where the remainder R(a, u) satisfies

||R(a, u)||L2(Rd) ≤ C ||a||Hs+r(Rd) ||u||L2(Rd)

for some C > 0.

Proof. First of all, assume a, u ∈ C∞c (Rd). We define R(a, u) by

〈D〉s (au)− a 〈D〉s u = R(a, u)

Taking Fourier transforms, and using the fact that products become convolutions, we have

〈ξ〉s (â ∗ û)(ξ)− (â ∗ (〈η〉s û))(ξ) = R̂(ξ)∫
Rd
â(ξ − η)û(η)(〈ξ〉s − 〈η〉s)dη = R̂(ξ)

Hence ∣∣∣R̂(ξ)
∣∣∣ ≤ ∫

Rd
|â(ξ − η)| |û(η)| |〈ξ〉s − 〈η〉s|dη

269



Now we use the inequality

|〈ξ〉s − 〈η〉s| ≤ C 〈ξ − η〉s

which holds for some C > 0 provided s ∈ [0, 1]. We obtain∣∣∣R̂(ξ)
∣∣∣ ≤ C ∫

Rd
|â(ξ − η)| |û(η)| 〈ξ − η〉s dη

= C(〈η〉s |â|) ∗ |û|

Applying Young’s inequality for convolutions, we have∣∣∣∣∣∣R̂(ξ)
∣∣∣∣∣∣
L2(Rd)

≤ C ||〈ξ〉s â||L1(Rd) ||û||L2(Rd)

= C
∣∣∣∣〈ξ〉s+r â 〈ξ〉−r∣∣∣∣

L1(Rd)
||u||L2(Rd)

≤ C
∣∣∣∣〈ξ〉s+r â∣∣∣∣

L2(Rd)

∣∣∣∣〈ξ〉−r∣∣∣∣
L2(Rd)

||u||L2(Rd)

≤ C ||a||Hs+r(Rd) ||u||L2(Rd)

where we have used Holder’s inequality and the fact that 〈ξ〉−r ∈ L2(Rd) for r > d
2 . Hence

||R(a, u)||L2(Rd) ≤ C ||a||Hs+r(Rd) ||u||L2(Rd)

as claimed. If a and u are not smooth the we use approximation by mollification, noting that the result

we have just proved will show that the approximating sequence anun is Cauchy in Hs, which together

with almost everywhere convergence shows that au ∈ Hs, and the result follows.

Lemma A.3.9. Let u ∈ H1(R2), v ∈ H0.5(R2). Then

||uv||L2(R2) ≤ C ||u||H1(R2) ||v||H0.5(R2)

Proof. Set d = 2, p = 2 and s = 0.5. Note that the standard Sobolev embedding theorem implies

||u||Lq(R2) ≤ Cq ||u||H1(R2) for any q ∈ [2,∞) since d
p = 2

2 = 1. Note also that the fractional version

of the Sobolev embedding theorem implies that for s ∈ (0, 1), ||v||Lr(R2) ≤ Cr ||v||Hs(R2) for any

r ∈ [2, 2∗] where 2∗ = 4
2−2s , which is 4 in the case s = 0.5. Now we use Holder’s inequality to estimate

||uv||L2(R2) ≤ ||u||L6(R2) ||v||L3(R2)

≤ C ||u||H1(R2) ||v||H0.5(R2)

Note in fact we could have used an L4-L4 estimate and estimated both terms in the product in H0.5

but we don’t need this so we have avoided using the critical case to show that this estimate is not one of

the most important ones.
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