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Abstract

The main purpose of this work is to prove short-time structural stability of compressible vortex sheets
with surface tension.

The main result can be summarised as follows. Assume we start with an initial vortex-sheet con-
figuration which consists of two inviscid fluids with density bounded below flowing smoothly past each
other, where a strictly positive fixed coefficient of surface tension produces a surface tension force across
the common interface, balanced by the pressure jump. We assume the fluids are modelled by the com-
pressible Euler equations in three space dimensions with a very general equation of state relating the
pressure, entropy and density in each fluid such that the sound speed is positive. Then, for a short time,
which may depend on the initial configuration, there exists a unique solution of the equations with the
same structure, that is, two fluids with density bounded below flowing smoothly past each other, where
the surface tension force across the common interface balances the pressure jump.

The mathematical approach consists of introducing a carefully chosen artificial viscosity-type regu-
larisation which allows one to linearise the system so as to obtain a collection of transport equations for
the entropy, pressure and curl together with a parabolic-type equation for the velocity. We prove a high
order energy estimate for the non-linear equations that is independent of the artificial viscosity parameter
which allows us to send it to zero. This approach loosely follows that introduced by Shkoller et al in the
setting of a compressible liquid-vacuum interface.

Although already considered by Shkoller et al, we also make some brief comments on the case of
a compressible liquid-vacuum interface, which is obtained from the vortex sheets problem by replacing
one of the fluids by vacuum, where it is possible to obtain a structural stability result even without surface

tension.
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1. Introduction

1.1 Description of a Vortex Sheet and the Stability Problem

In this work, a vortex sheet refers to a virtual surface separating two inviscid fluids or two phases of the
same inviscid fluid across which there is no fluid flow. We consider the three-dimensional vortex-sheet
problem, which means that the fluids occupy three space dimensions and the surface is two-dimensional,
but our results can easily be adapted to the two-dimensional problem. In general the tangential velocity is
discontinuous across the surface, although we do not require this, and the density and entropy (depending
on the equations of state satisfied by the two fluid phases) may jump. The fluid flow is modelled by the
conversation of mass, momentum and energy, which leads to the use of the compressible Euler equations
for the fluid either side of the surface. Conservation of momentum implies that the jump in pressure
across the surface is not arbitrary, but must balance any surface force. Such structures are often seen in
nature such as when two currents of air at different temperatures meet in the atmosphere, or when oil is
spilt on top of water. Vortex sheets can also develop in certain situations starting with smooth initial data
for the Euler equations of gas dynamics. In this case clearly the same equations of state are satisfied by
the two fluid phases, but here we will allow different equations of state which enables us to model the
flow of two different fluids past each other.

We note that there are trivial vortex-sheet solutions to the Euler equations consisting of two constant
states separated by a flat surface with zero normal velocity and zero pressure jump. For the rest of this
section we denote the velocity of these constant states by @4 and %_, the density by g4 and p_, and
the sound speed by ¢4 and ¢_. We are interested in whether such structures are stable, at least for a
short time. By short-time stability here we really mean the short-time existence of a unique solution
with a vortex-sheet structure given initial data with a vortex-sheet structure - i.e. short-time structural
stability. However, in the course of the proof of uniqueness we do prove a kind of stability result whereby
a certain energy of the difference of two solutions is controlled in terms of the corresponding energy of
the difference of its initial values. In this work we do not require the initial data to be a perturbation of
the flat vortex sheet described, but it is a good example to have in mind.

In the absence of a surface tension force which acts to flatten the surface of discontinuity, vortex
sheets with a jump in tangential velocity are unstable in general. If the fluids are incompressible then
we always have instability - this is the well-known Kelvin-Helmholtz instability. Miles in [17] showed
by normal modes analysis that compressible vortex sheets in two dimensions are linearly unstable unless

the following stability criterion is satisfied.



Flat Vortex Sheet

Fluid in
Density P+
Velocity uy = (4/,0)
Q4 ={z3 >0} Pressure P =P
Internal Energy e,
Entropy Sy
Sound Speed C+
— P = {o3 =0}
U
Fluid in Q_
Density p—
Velocity a_ = (a_,0)
Q- ={z3 <0} Pressure P =D
Internal Energy e_
Entropy S_

Sound Speed c_

where [u] = @4 — @_, under the simplifying assumption

prci = p-ct
In this case they are linearly stable. In fact Coulombel and Secchi in [9] and [8] have shown using
Nash-Moser iteration that (isentropic) vortex sheets in two dimensions are stable for a short time under
this condition (as a strict inequality) if the initial perturbation of the flat vortex sheet is small enough in
a high-order Sobolev norm. Miles and Fejer in [16] also showed, using a simple extension of the two
dimensional argument, that vortex sheets in three dimensions are always linearly unstable.

Still in the absence of a surface tension, if the vortex sheet has no jump in tangential velocity initially,
but the density jumps, then Rayleigh-Taylor instability will occur. Even if the Rayleigh-Taylor condition
is satisfied (loosely speaking the pressure at the surface of discontinuity increases in the direction of
the denser fluid), so that Rayleigh-Taylor instability does not occur, it seems that for general perturba-
tions preserving the continuity of the velocity initially, the tangential velocity will immediately become
discontinuous and then we will have the same instability as described above.

We therefore consider here vortex sheets in three dimensions with surface tension, in the hope that

surface tension will provide a stabilising effect. A brief overview of surface tension is presented below.

1.1.1 Surface Tension

Surface tension is a surface force between two fluids or two fluid phases which acts to flatten the fluid
interface. From a physical point of view it usually models an imbalance of electrostatic forces on the
molecules in the surface, thus it is most often applied to liquids rather than gases, although mathe-
matically this distinction will not be important here. In our case we are modelling general inviscid
compressible fluids, which could be either gases or liquids.

Surface tension is most easily visualised as its lower dimensional equivalent, ‘line’ tension, acting

on a curve in two dimensional space. In this case it gives rise to a pressure force per unit length which is



proportional to the curvature and acts to flatten the curve, thus its magnitude is

1
o=

R

where R is the radius of curvature of the curve and we call o the coefficient of line tension.

For a surface in three dimensional space, this generalises as follows. Surface tension gives rise to a
pressure force per unit area acting to flatten the surface which is proportional to the sum of the curvatures
in two orthogonal directions, thus its magnitude is

1 1

TR

o

where R; and Ry are the principle radii of curvature of the surface and we call ¢ the coefficient of surface

tension, which has units of force per unit length. Note we can also write this as
20H
or
oV -1

where H is the mean curvature, and 7 is a unit normal to the surface. The resulting surface force is given
by

—o(V - R)R

Note that although 7 is defined only on the surface, we compute V - i as V - h, where h is any (suffi-
ciently smooth) unit vector field on R? which coincides with 7 on the surface, which one can check is
independent of the choice of h.

In this work the coefficient of surface tension o > 0 will be a constant for each pair of fluid phases

considered.

Perturbation of a Flat Vortex Sheet

Fluid in Q. ()
Density o+ (t,x)
Velocity ug(t, x)
Q4 (t) Pressure p4(t, )
. Internal Energy ey (¢, )
Normal Velocity A / Entropy si(t,z)
Unit Normal 72 Sound Speed cy(t, o)
I(t)
-

Surface Tension —o(V - 7)1

Fluid in Q_ (¢)

Density p—(t,x)
Velocity u_(t,x)
Q_(t) Pressure p—(t,x)
Internal Energy e_(t, z)
Entropy s_(t,x)
Sound Speed c_(t, x)



1.2 Summary of the Mathematical Problem

The main goal of this work is to prove theorem 2.4.1, which we summarise in words in its physical
context as follows. Assume we start with an initial configuration which consists of two inviscid fluids
with density bounded below flowing smoothly past each other, where a strictly positive fixed coefficient
of surface tension produces a surface tension force across the common interface, balanced by the pressure
jump. We assume the fluids are modelled by the compressible Euler equations with a very general
equation of state relating the pressure, entropy and density in each fluid such that the sound speed is
positive. Then, for a short time, which may depend on the size of the initial data, there exists a solution
of the equations with the same structure, that is, two fluids with density bounded below flowing smoothly
past each other, where the surface tension force across the common interface balances the pressure jump.
The solution is unique within the class of solutions of the same regularity. In fact we also prove a
stability statement which says that a certain energy of the difference of two solutions is estimated by
the corresponding energy of the difference of their initial values multiplied by a time dependent factor,
where the factor depends on a higher order energy of the initial data. This stability result is stated in

4.6.1 after fixing the domains.

1.3 Existing Results and Methodology for Similar Problems

The case of incompressible vortex sheets with surface tension has been studied by Shkoller, Coutand
and Cheng in [6], where they succeed in proving short-time structural stability. Their paper [6] is based
on the methodology of their previous work [12] and [11] for the incompressible fluid-vacuum interface
problem. Here, we consider the case of compressible vortex sheets with a very general pressure law.

All we will need is that the sound speed is well-defined - that is g—z > 0. We will also assume we

are away from vacuum, ie the density is bounded below away from zZro. We have already mentioned
the short-time structural stability result proved by Coulombel and Secchi in [9] and [8] for compressible
(isentropic) vortex sheets in two space dimensions without surface tension, which does not hold in three
space dimensions as shown by the linear stability analysis of Miles and Fejer in [16]. The approach
of Coulombel and Secchi involves a direct linearisation followed by the use of Kreiss’ symmetrisers to
obtain an energy estimate with loss of derivatives, then Nash-Moser iteration to overcome this loss of
derivatives. This approach is very technical and complicated modifications have to be made to the stan-
dard Nash-Moser scheme. We use completely different methodology more similar to that of Shkoller et
al, which involves approximating the equations before linearisation so that the linearised energy estimate
for the approximate problem does not involve a loss of derivatives with respect to the coefficients.

The proof of our main result ultimately relies on being able to derive an a priori high-order energy
estimate for the non-linear equations. Our approach in deriving an energy estimate is similar in parts
to the approach of Shkoller et al in [6], except that they use Lagrangian coordinates on one side of the
vortex sheet with an extension of the change of coordinate map to the other side whereas we simply add
a lift of the graph of the free the surface to the third coordinate in order to fix the surface. However, since
Shkoller et al in [6] are dealing with the incompressible case and we consider here the compressible case,

some crucial differences arise.



In order to construct approximate solutions which preserve the energy estimate, we follow the ar-
tificial viscosity type regularisation of Shkoller, Coutand and Hole from [10], where they consider the
free-surface problem for inviscid compressible liquids with surface tension, which they also use in their
work on the physical vacuum boundary problem for gases, [13].

Another possible stabilisation effect on vortex sheets other than surface tension is the existence of a
background magnetic field, assuming the fluid is electrically conducting, and this gives rise to current-
vortex sheets in magnetohydrodynamics (MHD). Trakhinin in [18] and Chen and Wang in [4], [5] have
succeeded in proving short-time existence of compressible current-vortex sheets under certain stabil-
ity criteria involving the non-parallel jump in the magnetic field. Coulombel, Secchi et al in [7] have
obtained an a priori energy estimate for incompressible current-vortex sheets under equivalent stability
criteria, and the derivation of the energy estimate here is similar in some ways to their approach. We
remark that in fact by combining the curl and divergence estimates together, we can avoid the smallness

condition that they impose on the initial perturbation of the interface.

1.4 The Euler Equations for Inviscid Compressible Fluids
1.4.1 Physical Derivation of the Equations

Although a fluid is made up of many colliding particles at a microscopic level, we make the assumption
that the macroscopic behaviour of a fluid can be described in terms of only a few quantities, called the
state variables, which will be the dependent variables in our system of equations. These can be thought
of as obtained by averaging over a large number of particles but on a sufficiently small scale for us to be
able to justify defining them at every point in space. These quantities are the density, or mass per unit
volume, p, the velocity, u, the pressure, or normal force per unit area experienced by a virtual surface
in the fluid, p, and the internal energy per unit mass, e, which allows for the energy due to the random
motion of the fluid particles which is not captured by the bulk fluid velocity u when averaged out.

To determine the conservation laws which should be satisfied by these quantities, we fix an arbitrary
region of fluid, {2, with smooth boundary 02 and outward unit normal v, and consider the rate of change
of mass, momentum and energy within this region, which must be consistent with the principles of
conservation of mass, Newton’s second law, and conservation of energy. Note that locally the volume of
fluid leaving €2 through an infinitesimal surface element d.S is given by u - vd.S. We make the assumption
of no viscosity so that the only force on a virtual surface in the fluid is a normal force due to the pressure,
or a surface tension force along a surface of discontinuity, and we also assume there is no heat conduction.
The assumptions of no viscosity and no heat conduction usually make sense for gases but may also make
sense for other inviscid fluids where there is no significant heat conduction over the time scale being
considered.

We assume that surface tension acts only on a surface of discontinuity I'(¢). We will assume I'(¢) is
smooth with a well defined unit normal (¢, z), and moves with normal velocity A(¢, x), for z € T'(t).
We allow the coefficient of surface tension o to be zero in the current section, although later we will

require it to be strictly positive.



From conservation of mass, we obtain the following equation, where the term on the right hand side
is the rate at which mass enters {2 due to the flow.

4 pdx——/ pu - vdS (1.4.1)
dt Jo 00

From Newton’s second law, we obtain the following equation, where the first term on the right hand
side is the rate at which momentum enters €2 due to the flow, the second term is the force exerted on
the region €2 due to the pressure, and the third term is the force exerted on the fluid in €2 due to surface
tension on the surface I'(¢).

4 pudz = —/ (pu)u - vdS — prdS — o(V-n)ndsS (1.4.2)
dt Jg o0 09 QAr(1)

From conservation of energy, which is given per unit volume by the sum of internal energy pe and
kinetic energy due to the bulk motion, % pu?, we obtain the following equation, where the first term on the
right hand side is the rate at which energy enters {2 due to the flow, the second term is the work done by
the pressure-induced force on the fluid, and the third term is the work done by the surface tension-induced
force on the fluid.

1 1
4 / pe + —pu’dx = —/ (pe + =pu*)u - vdS — pu - vdS — o(V-n)AdS (1.4.3)
dt Jo 2 o9 2 09 QAr(t)

If we assume that the flow is smooth inside some region of fluid of which 2 is a subset, so that in
particular €2 does not intersect a surface of discontinuity I'(¢), then we may use the divergence theorem
applied to the terms on the right hand side, together with the fact that € is arbitrary to obtain the following

system of differential equations which must be satisfied in regions of smooth flow.

Op+V - (pu) =0 (1.4.4)
O(pu) +V - (pu@u+pl)=0 (1.4.5)

2 2
8t(pe+p’u2|) +V‘(u(pe+pu2| +p)) =0 (1.4.6)

Here, we have used the notation V- for divergence, which is defined to act row-wise on matrices. The

matrix u ® u has (7, j)-entry u;u; and I is the identity matrix, so the i-entry of V - (pu ® u + pI) is
3

Zj:l 836;‘ (puiuj) + axip'

1.4.2 Physical Derivation of the Jump Conditions

Now let us consider the case where ) intersects I'(¢), which divides our arbitrary region €2 into two
halves, Q4 (t) and 2_ (), with outward normals v, and v_, where the unit normal of I'(¢), 7, points into
Q4 (t). Welet pi, ug, pi, ex denote the state variables in Q2 (¢), which will assume are smooth inside
Q4 (t) and continuous up to the boundary.

From the conservation of mass equation (1.4.1) applied to 2 = Q. (¢) UI'(¢) U Q_(¢), we have the

following.
d d
— p+dr + — p—dx
dt Jo, " dt Ja_q)

= —/ Pty - vidS — p_u_-v_dS — / pruy - ndS +/ p—u_ - ndS
994 () o9_(t) r(t)NQ r(t)NQ



Using the formula for differentiating moving regions, we obtain

/ Opsde —I—/ Oyp—dz —/ p+)\dS+/ p—AdS
QL (t) Q_ (1) NORY NORY

= —/ Pty - vedS — p—u_ -v_dS — / pyuy - ndS +/ p—u_ -ndS
894 (1) 80 (t) NOIRY) INOIRY)

Using the divergence theorem in €2 (¢) together with the above equations (1.4.4)-(1.4.6) for smooth flow,

we are left with only the surface terms on I'.
/ pr(uy -n—A) —p_(u—-n—XA)dS =0
INORIY
Since €2 is arbitrary, we obtain the jump condition
[p(u-f—A)] =0

where [a] = a4 — a_ denotes the jump in the quantity a across I'(¢). Physically this means that the mass
flux my = p(u - 7 — A) across I'(¢) must be continuous.

From the conservation of momentum equation (1.4.2) applied to Q = Q. (¢)UT'(t) UQ_(t), we have
the following.

4 Pu dac—l—g p—u_dz
dt Jo." T T dt o)
== / (pus)ug - vy + prvgdS — (p—u_)u_-v_+p_v_dS
o0y o0 _

- / (pyrus)ug -1+ prndS —I—/ (p—u_)u_ -n+p_ndS — / o(V-n)ndS
r(t)NQ INORY INOIRY

Using the formula for differentiating moving regions, we obtain

/ at(p+u+)d:1:—|—/ O (p—u—_)dx —/ p+u+>\d5~|—/ p—u_AdS
Q4 (1) Q_(¢) r#)NQ T(#)NQ

= - / (prus)ug vy +pprvydS — (p—u—)u—-v_ +p_v_dS
20 (1) o9 (t)

- / (prug)ut -1+ pyndS —I—/ (p—u_)u_ -n+ p_ndS — / o(V-n)ndS
r't)nQ T)NQ L#)NQ

Using the divergence theorem in 2+ (¢) together with the above equations (1.4.4)-(1.4.6) for smooth flow,

we are left with only the surface terms on I'.
/ prug(ug -1 —N) —p_u_(u_ - =N+ (p —p— +0oV-n)ndS =0
INORY)

Since () is arbitrary, we obtain the jump condition

A~

[p(u-n—XNu+pn| =—o(V-n)n
Similarly, we obtain the following jump condition from the energy equation.

[p(u- 7 — N)(e+ %zﬂ) +pu-i) = —o(V-n)A



Rewriting these jump conditions in terms of m; we obtain

[ma] =0
mafug) + [p] = =0V -7
mﬁ[uf] =0
mal(e+ gu?) + Ly Alpl = ~o(V i)

where u; = u - 7 is the normal component of u and u; is the tangential part of w.
For vortex sheets, where by definition m; = 0, the above conditions simplify to the following jump

conditions.

where the first line is equivalent to (m;)+ = 0.

1.4.3 Equation of State

Note that the unknowns, or state variables, p, u, p, e consist of six scalar quantities (in three space dimen-
sions), whereas there are only five scalar equations in the above system (1.4.4)-(1.4.6), hence we do not
expect to be able to solve the system uniquely given some initial data without relating the state variables
through an equation, known as an equation of state.

We consider here a compressible fluid in which the density may vary, a model for which comes from
considering what occurs at a microscopic level. A virtual surface in a fluid will experience a force on
each side due to particles colliding with it, and this force per unit area is what we have called the pressure.
The frequency and impact speed of collisions will increase with e, and the frequency of collisions will
also increase with p. Hence we expect p = p(p, €) to be a positive function of p and e which increases
with e and p (although we will not make exactly this assumption). The above equations (1.4.4)-(1.4.6)

with this equation of state are known as the compressible Euler equations.

1.4.4 Entropy and a Symmetric Form of the Equations

The Euler equations as we have written them are not symmetric, which makes it impossible to obtain
high-order energy estimates by differentiating the equations and integrating by parts. Therefore, we seek
to rewrite the equations in symmetric form. In the general framework systems of conservation laws, this
can be achieved by multiplying the system by the Hessian of a convex (mathematical) entropy. However,
it turns out in this case that the equations can be made symmetric in regions of smooth flow by a change
of dependent variables involving the physical entropy.

The physical quantity, entropy per unit mass, s, can be defined as a function of p and e through the

fundamental thermodynamic relation
_ _ p
Tds =de+pdV =de — —dp
p

where V' = % is the volume per unit mass and this equation also defines the state variable temperature

T = T'(p, e), which must be strictly positive.



There are various ways of justifying this definition and explaining why it might be useful. Very
briefly, we see that for a smooth reversible process the right hand side is the gain in internal energy of
the system minus the work done on the system by its surroundings due to local volume expansion, which

should equal all the energy gained by the system via the microscopic motion of its molecules, which we

call heat transfer. We introduce % as an integrating factor so that we can write this heat transfer as T’
times a differential, which we call ds.

If we wish to explicitly calculate s(p, e) given p(p, ), we combine the equations

O9s| __1p

Bpe_ T p?

9s| _ 1

86P_T

to obtain

0s p Os
=z = 71 =0 1.4.7
dpl, p* Oel, ( )

where the requirement 7' > 0 becomes % }p > (. Of course this gives us some degree of freedom in

defining s as a function of p and e. For example, we may think of the above equation as a scalar linear
transport equation for s which has smooth coefficients for p > 0, where p takes the place of the usual
time variable. Thus if we fix some p° > 0 and a smooth function s° = s°(e) with % > 0, then by
standard theory there is a unique solution s(p, ¢) with s(p", e) = s%(e), which also satisfies % ‘p > 0.
Note that we have the freedom to choose the function s° with %f > 0. However, any smooth function
s(p, e) that satisfies the above equation with % ‘p > ( for p > 0 will be fine for our purposes.

Now we see the justification for the introduction of entropy. Since there is no heat conduction term in
the Euler equations, we expect the change in internal energy e moving with the flow to be due only to the
work done due to local volume change, assuming smooth flow (reversibility), hence, via the fundamental
thermodynamic relation, we expect entropy s to be constant moving with the flow. The transport of

the bulk energy is already encoded in the momentum equation. Indeed, using the first two equations to

simplify the energy equation we obtain

Combining this with the first equation we obtain
_ b

Now we calculate the change in entropy moving with the flow.

0s Js
(at+u~V)S— %e(at+U‘V)p+%p(at+U'V)e
B Js p 0s
= (8t+u V)P(ap . ,02 e p)
=0



where we have used the above equations. Using the density equation, we may also write this in diver-

gence form as
Oc(ps) + V- (pus) =0 (1.4.8)

Hence, assuming s is a smooth solution of (1.4.7) with % |p > (), we may replace the energy equation
(1.4.6) in regions of smooth flow by the above equation for s, and we may write p = p(p, s). Thus

equations (1.4.4)-(1.4.6) become

(Or+u-V)p+pV-u=0 (1.4.9)
p(Or+u-V)u+Vp=0 (1.4.10)
(O +u-V)s=0 (1.4.11)

for the dependent variables p, u and s.
This is still not symmetric, but, assuming g—’; > 0, we may write p = p(p, s) and replace the
S

dependent variable p with p. The system then becomes

1
p(Or+u-V)u+Vp=0
(8t+u-V)s:0

p

where ¢ = | > 0 is called the sound speed. This system is symmetric, and makes sense provided

S

p > 0 and ¢ > 0. We note that these two conditions are physically reasonable. The condition p > 0

requires that the flow is away from vacuum, which we will assume throughout. If we examine the

condition g—i > ( in terms of the original pressure law p = p(p, €), we see that
S

op| _ 9p| , 9p| Oc
8/)5_8/)6 86p8ps
_ 9| , pOp
= o).t 2 86p (1.4.12)

so this condition is fulfilled for example under the physically reasonable assumption that p strictly in-
creases with density and internal energy per unit mass, assuming p > 0 and p > 0.

Finally, we make a remark on entropy and non-smooth solutions, where for the purposes of this re-
mark we will neglect surface tension. The second law of thermodynamics requires that physical entropy
should either remain constant or increase. We have seen that for smooth solutions of the Euler equa-
tions it remains constant moving with the fluid, but we will be considering solutions with a surface of

discontinuity. We can write (1.4.8) in integral form as

d

— | psdx = —/ pus - vdS
dt Jo o9

where € is a fixed domain. This should hold for smooth flows. For non-smooth flows we should have

d
— [ psdx > —/ pus - vdS
dt Jo o9
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Applying the same arguments as we did for the mass, momentum and energy equations, we obtain that

across a surface of discontinuity I'(¢), we should have
m[s] >0

In the case of vortex sheets, since m; = 0, this is automatically satisfied as an equality and the total

entropy is conserved.

1.5 The Final Form of the Equations for Vortex Sheets

To summarise, we have shown that two compressible inviscid fluid phases which flow past each other
without mixing, and experience a surface tension force with coefficient o along their common interface,

satisfy the following equations on either side of the interface

1
E(&H—u-V)p%—V'u:O (1.5.1)
p(Oy+u-V)u+Vp=0 (1.5.2)
(O +u-V)s=0 (1.5.3)

for the dependent variables pressure, p, velocity, u and entropy, s, where the density, p = p(p, s) > 0,
satisfies (g—z

which has unit normal » and normal velocity X in that direction.

-1
) =: ¢? > 0. We also have the following conditions which are satisfied on the interface,
S

(us)+ = (up)— = A

[p]=—oV -7

where [p| denotes the pressure on the side of the interface into which 7 points minus the pressure on the
other side and (u; )+ denotes the normal velocity of the fluid on the +-side of the interface.

From now on, we will assume the coefficient of surface tension o > 0 is fixed.

We also fix two functions p+ and p_, which we call the equations of state for the density in the +

and — regions, such that
pr=p+(p,s):R* =R

are smooth functions of p and s in the region where p+ > 0. We also assume

Op+
Op

s

for p+ > 0. We define the equation of state for the sound speed cy as

(%)
cr = —

dp
To simplify the analysis, we will make the assumption that the interface I'(¢) can be written as the

so that c1. > 0 for po > 0.

graph of a function f : (0,7) x R? — R. This assumption is fine if we start with an interface which

11



can be written as a graph initially and we are only interested in short-time existence of solutions with the

same structure. In this case, the normal 7 pointing into the region above the graph is given by

R n
n—=—
n

where we have defined

n= (_8:B1f7 _angv 1)

and the normal velocity ) is given by

The jump conditions then become

This is the form of the equations which we will start with in the analysis which follows.

1.5.1 Recovering Solutions to the Original Conservation Laws

Note that, as stated in the previous section, if we are given p = p(p, s), then, provided that g—’; . > 0 for
p > 0, we may invert the function p = p(p, s) to obtain p = p(p, s). The calculations in the previous
section show that, supposing we can obtain a smooth solution (p, u, s)(¢, ) of the system (1.5.1)-(1.5.3),
we may set p(t, z) = p(p(t, =), s(t, z)) to obtain a smooth solution (p, u, s)(t, z) of the system (1.4.9)-
(1.4.11). So solving the system (1.5.1)-(1.5.3) for smooth (p, u, s)(¢, x) given p = p(p, s) with %Z . >0
for p > 0 is equivalent to solving the system (1.4.9)-(1.4.11) for smooth (p, u, s)(t, x) given p = p(p, s)
with %Z,; . > 0 for p > 0. Also note that any energy estimates for (p, u, s) can be converted to energy
estimates for (p, u, s) using the chain rule.

Similarly, the calculations in the previous section show that if we are given p = p(p, e), then we can
solve the equation (1.4.7) for s(p, e), in addition ensuring that % ‘p > 0 so we can write e = e(p, 5).
Reversing the calculations in the previous section by setting s = s(p, ) in (1.4.11) and using the density
equation (1.4.9) and the velocity equation (1.4.10) multiplied by u, we see that, supposing we can obtain
a smooth solution (p, u, s)(¢, ) of the system (1.4.9)-(1.4.11), we may set e(t,z) = e(p(t,x), s(t,x))
to obtain a smooth solution (p, u, e)(t, x) of the system (1.4.4)-(1.4.6). Combining this with the previous
deduction, provided that g—ﬁ . > 0 for p > 0, which can be written in terms of p and e as in (1.4.12),
solving the system (1.5.1)-(1.5.3) for smooth (p, u, s)(¢, x) given p = p(p, s) with g—z . > 0forp>0
is equivalent to solving the system (1.4.4)-(1.4.6) for smooth (p,u,e)(t,z) given p = p(p,e) which
satisfies (1.4.12) for p > 0. Also note that any energy estimates for (p, u, s) can be converted to energy
estimates for (p, u, ) using the chain rule.

Thus for smooth solutions with p > 0 and ¢ > 0 there is no loss of generality in considering the

system (1.5.1)-(1.5.3) instead of the system (1.4.4)-(1.4.6).

12



1.6 Notation

In this section we introduce the notation used throughout what follows.

Notation. Let Q be an open set in R and let k > 0. Then C{f(Q) will denote the space of k-times
continuously differentiable bounded functions on €} with bounded derivatives up to order k. Note we
write Cp,(2) := CP(Q).

We write C¥(Q) for the space of k-times continuously differentiable functions on Q with compact
support in Q and we write C°(QY) for the space of infinitely differentiable functions on Q2 with compact

support in §Q.

Notation. We shall often need to refer to a quantity, say a, defined in two regions, denoted by + and —.
We will write a4 for the quantity represented by a in the 4 region and a_ for the quantity represented by
a in the — region. Sometimes for brevity we will use ay in formulae which hold for both a,. and a_ and
sometimes for ease of reading we will omit the subscripts + altogether in such formulae, but the meaning

should be clear from the context.

Notation. For a vector w € R3, we will write w' for the first 2 components of w, so that w = (w', w3).
For example, x = (x',x3), so that x' denotes horizontal position, u = (u',u3), so that v’ denotes
horizontal velocity, and V = (V', 8553), so that V' denotes horizontal gradient.

We will also write A a for the two-dimensional Laplacian 8%1 a—i—@iafor any function a(x1, T2, T3).

We will refer to the x1 and 2 directions as the horizontal or tangential directions and the x3 direction
as the vertical or normal direction. It will be important to distinguish these directions throughout what
follows.

To avoid confusion, we will never use a prime’ to denote a derivative. However, we will sometimes
use T' to denote a time interval when we have already used T to represent a different time interval and

this has nothing to do with the notational convention introduced above.

Notation. Suppose a € Li ((0,T) x R%), where d = 2 or d = 3 in the main body of this work, has

weak derivatives up to order m. Then we write
o _ a0 Yol L. A%
0% = 000! -+~ 0yta

where o € Nyt is a multi-index with || < m.

It is important to note that our definition of 0 includes time derivatives.

Ifa € L _(R%) is a function of space only or if a € LL ((0,T) x R%) as above, and has weak

loc loc

spatial derivatives up to order m, then we write
(0% — (0% (0%
V% =0y -+ 0y%a

where a € N is a multi-index with |a| < m.

We also write

O0a = (Oa, 0y, q, . .., 04.a)

13



and
Va = (0y,a,...,05a)

Note that for convenience, we will sometimes write 9®a where o € Ny*3 but a € L} _((0,T) x R?).

Clearly in this case derivatives with respect to x3 are zero. If there is a possibility of confusion, then we
will either explicitly write a3 = 0 or use the notation ' to denote a multi-index o € Né”, so that 9

involves no derivatives with respect to x3. We use the same convention for V*a. Explicitly,
0% a = 00901 9%2a
V¥a = 0210%2a
da = (Oa, 0y, a,0z,a)
V'a = (0y,a,0z,a)
Sometimes we will also write 0'a for the collection of all the time and space derivatives of a of

order I, and the product of this with another such quantity should be interpreted as sums of products of

elements of the two quantities, and may be scalar or vector-valued as appropriate.

Notation. If we write w € X where X usually denotes a space of scalar-valued functions, but w =
(w1, ..., wk) is a vector-valued function, then we mean that w; € X for each i. Similarly, if we write

0%w then we mean (0®wy, ..., 0%wy).

Notation. Let Q- be two C domains with common C* boundary T. If a4 are functions defined on )+

which are uniformly continuous, so can be defined on I' by continuity, write
[a] = ay|r —a_|p
Ifax € HY(Q4) then we also use
ax|r
to denote the trace of ax on I' and we recall that
laxlpllgosry < Cllax|l gy

See eg Adams and Fournier [1] for a proof.

It will be useful to have the following definition for smoothing later on.

Notation. For d = 2 or 3, let ) be the standard mollifier on R%. In particular n € cr (Rd) is supported
in {|z] < 1} with 0 < n < C for some constant C and [z, n(x)dz = 1. For e € (0,1), set ne(zx) =
e~ In(Z) so that ne € C2°(R?) is supported in {|z| < €} with0 < ne < Ce~% and [pqne(z)dz = 1.
It will also be useful to have the following definition of Sobolev extension.
Notation. Let Q@ C R3 be a Lipschitz domain. We let Extg : LL _(Q) — Li (R3) denote a Sobolev
extension operator such that
|[Exto aHW’%P(]}@) < Cy ||GHW’€7P(Q)

foralla € L (), all p € [1,00] and all k > 0, where Cy, denotes a constant depending on k. For
example we could take Stein’s extension operator. In fact we really only need the extension operator to

satisfy the above inequality for k up to a certain order - for example, k < 30 would do.
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2. The Main Theorem

2.1 Definition of Vortex Sheets with Surface Tension

Definition 2.1.1. Fix T € (0,00). Let f € CL((0,7") x R?) with V/f € C}((0,T") x R?) for all
T’ € (0,T), which we call the (graph of) the front or interface.

Define the moving domains 4 (¢) as

Q4 (1) = o € B a3 > f(1,2))
Q_(t) = {w € B s a3 < f(1,2))

We also write

QF ={(t,x) € (0,T) xR : 23 > f(t,2')}
QT = {(t,) € (0,T) x R® : 23 < f(t,2/)}

Define the moving boundary (or front or interface) I'(¢) as
D(t) = {z € R® 1 23 = f(t,2')}

We also write

Define

as a spatial normal and the spatial unit normal to the interface pointing into 2 (¢). Note that since these
are independent of 3, we can think of them as being defined on (0,7) x R? or on I'"" via n(t,z) =
(=V'f(t,2"),1) for (t,z) € TT.

Let p, (ui)s (i = 1,2,3),52 € CHQY) forall T" € (0,T). Write ux = ((u1)x, (u2)+, (u3)+),
Ut = (p+,us,sy). Note that Uy |;—o and f|;—¢ are defined by uniform continuity.

Define p4(t,z) = p+(p+(t,x),s+(t,x)) and c1(t, x) := cx(p+(t, ), s+(¢, z)), where p+(p, s)
and c4 (p, s) are the equations of state defined in 1.5.

We will say that (U;,U_, f) is a vortex sheet solution of the Euler equations with surface ten-
sion on the time interval (0,7") with initial data (U2, U°, f°) := (U |i=0, U— |10, f|t=0) provided that

p+(t,x) > 0in QL, and py,uy, s+, f satisfy the following system of PDEs.
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1
Or+u-Vp+V-u=0 (2.1.1)

pc?
p(Or +u-V)u+Vp=0 (2.1.2)
(Or+u-V)s=0 (2.1.3)
in Q7
Orf =ut-n (2.1.4)
[p] = —oV' -7 (2.1.5)
onI'7T.

2.2 The Initial Data and the Compatibility Conditions

Definition 2.2.1. We say that (p%., u%, s, f°) are initial data for the system (2.1.1)-(2.1.5) if the follow-
ing holds. We require that f* € C} (R?). We define the initial domains Q2 as

0) = {2 € B a3 > )
0 ={z eR?: 23 < f(a)}

and the initial boundary (or front or interface) 0 as
I ={zecR3: 23 = f(t,2))}

and the initial normal and unit normal as

n® = (-V'f° 1)
0

NUN L

n-: ‘n0|

We also require that pY, u},s% € Cy(QY) are uniformly continuous functions (where u{. are vectors
representing the initial velocity), so that we may define them on the interface I'’ by uniform continuity.

Finally, we require

forall x € QY.

Definition 2.2.2. For integer j > 0, we define the following differential operators &) associated with the
system (2.1.1)-(2.1.5) which act on differentiable expressions involving the initial data and its derivatives
(including compositions). We call the operator 68 the initial time derivative operator of order 7 associated
to the system (2.1.1)-(2.1.5).

To start with, we define Ggpgt, 88u3[, 8833[, 88 f© as follows. We set
a9y =id
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then for j > 0 we inductively define

RS = 0 (wr (D)) - (D)) =g = O (ws (b2, f(t.21)) - n(8))] g 2.2.1)
R = O (—(ux(t) - V)p(t) — p(t) A (DY - us (1)), (222)
0l 1= 0] (~(us (1) Vs (1) = — =0 (223)
A% = 0 (—(us(t) - V) ()], (2.2.4)

where the right hand side means we think of u4 (¢) etc as functions of ¢ and formally differentiate with
respect to t j times according to the chain and Leibniz rules, then replace aéui (t) for0 <1 < jby ﬁéui
etc. Note that it is necessary for us to pick either 4 or — in the above definition for 88“ f9 since we have
not yet imposed any compatibility conditions on the initial data. Note we require sufficient regularity on
the initial data for the above to make sense.

We can now generalise the operators 88 to general differentiable expressions involving the initial
data and its derivatives (including compositions) in the obvious way. Suppose H (p%, u, s%., f°) is such

an expression. For j > 0, we set

%(H(pi, uoi? Si? fo)) = 81{(H(p:t(t)7ui(t)7 Sﬂ:(t)v f(t)))‘tzo

where, as above, the right hand side means we think of u4 () etc as functions of ¢ and formally dif-
ferentiate with respect to ¢ j times according to the chain and Leibniz rules, then replace d}u..(t) for

0 <1< jbydul etc.

Definition 2.2.3. Let (p%, uY., s, f°) be initial data for the system (2.1.1)-(2.1.5). We say that the initial
data (pY, ul, s%., f0) satisfy the compatibility conditions for the system (2.1.1)-(2.1.5) up to order k, for
integer k& > 0, if the following holds for all 2’ € R2.

34 [u°] o (2) - n°(2")] = 0 2.2.5)
for0 < j < kand
05(0° | o (2))] = —0 (V" - 20)(2') (2.2.6)

for 0 < j < k, where

2.3 The Energy Functional

Definition 2.3.1. Let f € LL ((0,7) x R?), Uy € LL (Q%). We define the energy E for the vortex
sheet equations, associated to (U4, U_, f), as follows.

Define the energy E : (0,7] — [0, co] by

ZesssupHUiHLoo (Qu(r +Z Z esssup ||0“ Ui“mgi(r)

T€(0,t) + 1<|a]<3 T€(0,t)

—i—esssuprH%oo(Rz Z esssup ||0%f||3 (R?) +ZesssupHV’8Jf‘
)

H3-5—3 (R2
re(0,t 1<[al<3 TEOH) =0 T€(0,0) (R?)
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Note we adopt the convention that if the solution does not have sufficiently many weak derivatives in
QT to define the energy then it is infinite, and if we write E(T”) < oo then this implies that all the
weak derivatives in Qi’ present in the energy exist. Note also that if F(T”") < oo then F is uniformly
continuous on (0, 7”].

Similarly, let (U9, U?, f9) be initial data for the system (2.1.1)-(2.1.5). We define the energy EY €
[0, 00] of the initial data as

E°=guviuiw+z > ||vavy

+ 1<]Bl+5<3

2
2

L2 (%)

2

2 .
S » LT

Note that we may consider the class of initial data such that E° < oo, which has the obvious meaning
that U° € L>=(Q%), f0 € LY, vU° ¢ H?(QY), V'f0 € H33(T), which allows us to define
%(UR,UE,fO) for 0 < 5 < 3 using 2.2.2, and we then require 88f0 € H*7(IT% for1 < j <3
and 9 f° € H45I(TY) for 1 < j < 2. (Note that the required regularity of GUY for 1 < j < 3

P e+ 2 [[79058°| 2
1<|8]+5<3

H3-5-3(R2)

automatically follows from the definition 2.2.2 and the spatial regularity).

2.4 Statement of the Main Theorem

Theorem 2.4.1. Let (UJOr, UY, f9) be initial data as described in 2.2.1 with energy E° < co. Assume
that this initial data satisfies the compatibility conditions (2.2.5)-(2.2.6) up to order 2, and note that these
conditions make sense up to order 2 since we have E° < co. Assume also that the initial density satisfies

inf p%(z) =:6°>0 (2.4.1)
eri

Then there exists a time T® > 0 and a vortex sheet solution (U, U_, f) of the Euler equations with
surface tension on the time interval (0, TO), as in definition 2.1.1. Moreover,
E(T% < C°
50
P+ = b} in Qg)
The time T° > 0 is bounded below as follows.
1
50

where T'(-) is a smooth decreasing function. Similarly, the constant C° > 0 is bounded above as follows.

T°>T(E° =) >0

1
c’ < C(E°, 67]) < 00

where C(-) is a smooth increasing function.
In addition, the solution (U ,U_, f) is unique on the time interval (0, T°) in the sense that it is the
only solution of the equations given in 2.1.1 on the time interval (0, T°) with initial data (U?,U°, f°)

satisfying the following properties
E(T% < oo

inf  pyr >0
(t,x)en’
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Proof. See chapters 3-15. 0

Remark 2.4.2. In fact a statement of stability also holds in addition to uniqueness, but this is more easily
stated after fixing the domains, so we leave this statement to 4.6.1. Note that the statement in 4.6.1 seems
to require an extra condition, namely that the Jacobian J¥ of the change of coordinates used to fix the
domains is bounded below, but given two solutions (U1, U2, f1) and (U%,UZ2, f?) on a time interval
(0, T°) satisfying the energy estimate above, we have ess SUP;e(0,70) Hf” ‘iw(RQ) < EY(T°) < oo for
¢ = 1, 2, from which it follows that we may choose our change of coordinates so that Jacobians are indeed
bounded below. (Specifically, we set a = max;—1 2 ess SUPye(0,70) H fi ‘ ‘ Lo (R?) in the construction of
the lift in 4.2.2).

Remark 2.4.3. Note the requirement that the initial data satisfies the compatibility conditions (2.2.5)-
(2.2.6) up to order 2 is necessary in order to obtain a solution with E(t) < oo for some ¢ > 0. Indeed,
given a solution with F(t) < oo, there is enough regularity to define the trace at the time ¢ = 0 of the

quantities

]u-n
3] ([p] + oV’ - i)

for 0 < j < 2. But of course for a solution these are zero by (2.1.4)-(2.1.5), and we may also write these

quantities at time ¢ = 0 in terms of the initial time derivatives, hence we obtain

R’ n] =

0
R[]+ oV -7) =0

for0 < j < 2.
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3. Summary of the Proof of the Main
Theorem

Here we summarise the main steps in the proof of the main theorem 2.4.1.

3.1 Fixing the Domains

The graph of the interface f is part of the solution of the equations (2.1.1)-(2.1.5), thus the domains
Q£ and I'” in which the equations (2.1.1)-(2.1.5) should hold are unknown before we have solved these
equations. To apply any sort of standard theory, we must know the domains on which the equations
are posed in advance. Therefore we must introduce a change of coordinates 6 : (0,7) x Q4 — QF,
(t,z) — O(t, x) depending on the solution to obtain a new system of equations for the unknowns p = pof
etc on fixed known domains (0,7) x Q4 with 9Q; = 9Q_ =: T and 6((0,7) x T') = I'". In order that
the pressure interface condition (2.1.5) should transform to a reasonable condition in the fixed domains,
we require that # should be continuous across I'. We then intend to solve the new system of equations,
and show that solutions of this new system of equations on the fixed domains correspond in a one-to-one
manner to solutions of the original system (2.1.1)-(2.1.5) on the moving domains.

There are several obvious choices for the change of coordinates 6(¢, x). One is Lagrangian coordi-
nates, in which (the spatial component of)  is defined as the solution to 9;0 = w o 6 with (0, z) = =z,
so that ' = T'°. However, since the velocity u is discontinuous across I'’, we cannot apply a global
Lagrangian coordinate transformation which is continuous across I', and hence we would have to pick a
region ), or €2_ in which to apply Lagrangian coordinates, and then extend the change of coordinates
to R? by Sobolev extension. This approach is used by Shkoller et al in [6], but has the disadvantage of
producing a different set of equations in €2, and §2_.

Other obvious approaches involve constructing a lift ¢ of f defined on (0,7") x4 such that ¢)|p = f,
where O = R23,,Q_ = R3 and ' = {x € R? : 23 = 0} = R% We would then set §(t,z) =
(t,a', x5 + (t,x)). One way of constructing 1 is to require that 1)1 satisfy the equations dypy =
ugy — u'y (t, 3 + ¥(t,z)) - Vi1 in (0,7) x Q4, which is an extension of the equations (2.1.4) to
(0,T) x 4, as in [9] and [4]. However, this has the major disadvantage that ¢» does not inherit the high
spatial regularity of f gained due to the presence of surface tension. The simplest method of defining
1 is to specify 1) directly in terms of f. This can be done in such a way that ¢ gains half a degree
of regularity from f - see A.2.3 for the construction, and this method is used in [7]. However, since it
appears to be sufficient, we have chosen to use the simplest possible lift of f - we merely multiply f
by a smooth cut-off function depending on x3. This has the advantage that ¢ inherits the regularity of

f and is smooth in the x3-direction. It is a little awkward that 8];31/1 is not in L2, but since this always
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appears as a coefficient in the equations this is not a problem - in fact it should make things better from
a regularity point of view, the only problem being that the high-order horizontal and time derivatives of
1) will have to be estimated in a different space - L? rather than L>°.

Thus we obtain the system of equations (4.3.1)-(4.3.5) on the fixed domains (0,7") x 4 and the
analogous theorem to 2.4.1 corresponding to these new equations is given by 4.6.1.

Full details of the reduction of the theorem 2.4.1 in the moving domains to the theorem 4.6.1 in the

fixed domains are given in 5.

3.2 Smoothing the Initial Data

Later on, we will need to introduce an approximation to the equations in the fixed domains (4.3.1)-(4.3.5).
To maintain compatibility of the initial data, we will need to add a combination of the initial data and its
derivatives to the equations, which will then be treated like a zero order term from the point of view of
energy estimates. We will also solve these new equations with slightly higher regularity than the original
equations, which will require that the compatibility condition (2.2.5) is satisfied to order 3 rather than 2.
Also, in our fixed point scheme later on we will need to construct a approximate solution to start the iter-
ation which at zero order (in terms of the energy) involves initial time derivatives of the initial data. For
all these reasons, it is necessary for us to be able to reduce to the case of smooth compatible initial data.
This means that given some initial data (U, U?, f°) which satisfies the compatibility conditions 2.2.3
(or 4.4.3 if we are considering the problem in the fixed domains) up to order 2 and given m > 1, we need
to be able to construct some smooth initial data (U, T UO _, f9) satisfying the compatibility condition
(4.4.7) up to order 2 and the compatibility condition (4.4.6) up to order 3 such that (USZ T U,?l_, fﬁl)
converges (in the sense of the norms making up the energy E°) to (U_(a, U%, %) as m — oo.

The details of the construction of this initial data are given in 6. We summarise the main ideas here.
Firstly we smooth the initial data in a standard way, by extending U9 to R? by Sobolev extension (and
doing nothing to f?), then convolving with the standard mollifier. We then add a correction term w? | to
the smoothed velocity in €2, and a correction term ¢° . to the smoothed pressure in {2, which ensures
that the initial time derivatives of the smoothed front, aé’j 0 satisfy 85’j o= (86 fO) *nfor0 < j <3,
which is achieved by specifying the normal derivatives of w? ' and q° . on the boundary in terms of the
difference of these two quantities. We use the fact that we can derive an expression relating normal
derivatives and initial time derivatives of u and p°. The the construction of w?, and ¢°, from specified

values of their normal derivatives on the boundary uses the lifting lemma proved in A.2.1. Similarly, we
0

add a correction term w?_ to the smoothed velocity in ©_ and a correction term ¢°_ to the smoothed
pressure in {2_ which together ensure that the compatibility conditions (4.4.6)-(4.4.7) are satisfied up to
order 2. Then we check that the smoothed initial data converges to the original initial data as required.
Having smoothed the initial data, we add another correction term to the smoothed initial pressure in
Q_ so that the compatibility condition (4.4.6) is satisfied up to order 3.
We then show that we can reduce to the case of smooth compatible initial data using the fact that the
bound on the energy of solutions depends only on the size of the initial data and the lower bound on time

interval of existence depends only on the size of the initial data.
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3.3 Motivating a Strategy for Solving the Equations

Note that in the introduction we originally started with a system of equations in integral form (1.4.1)-
(1.4.3). In particular the integral energy equation (1.4.3) gives rise to a conserved zero order energy.
However, there is no good theory of weak solutions of systems of conservation laws in multi-space di-
mensions and even if we were able to obtain a sequence of approximate solutions with bounded zero
order energy which by extracting a subsequence would converge weakly-x in zero order norms, it would
be difficult or impossible to prove that the limit was a solution of the equations due to the lack of con-
vergence of the nonlinear terms. Furthermore, it is unlikely that this solution would be unique. Thus our
approach will involve classical solutions. Since it is possible shocks and other singularities may form in
finite time, we will restrict to the case of short-time solutions.

Since we are working with a complex system of nonlinear equations, any approach will involve an
approximation of the equations at some point. To obtain a classical solution of the original equations, we
must be able to show that a sufficiently high-order energy (by which we mean sum of Sobolev norms)
of the approximate solutions is bounded uniformly with respect to the approximation or without loss of
derivatives with respect to the linearised coefficients in the case that the approximation is a linearisation.
Then we can use weak-* compactness and the Sobolev compact embedding theorem or a fixed point
scheme in the case of linearisation to obtain a strongly convergent subsequence on compact subsets
of (0,7") x Q4 which will converge to a solution of the original equations. Thus the first step from
a motivating point of view is to obtain a closed a priori high-order energy estimate for the system of
equations on the fixed domains (4.3.1)-(4.3.5). One must then choose an approximation to the equations
which makes them easier to solve but which preserves the energy estimate. Since one needs the energy
estimate to apply to the approximate equations, we introduce the approximate equations before deriving
the energy estimate even though motivation-wise one would obtain an energy estimate first.

There are two obvious ways in which to approximate the system of equations on the fixed domains
(4.3.1)-(4.3.5). One approach would be to directly linearise the equations, try to obtain an energy esti-
mate without losing regularity with respect to the coefficients, then use an iteration scheme to obtain a
sequence of solutions to the linearised equations which converges a solution to the nonlinear equations.
This is one of the standard approaches for hyperbolic conservation laws - see eg Serre and Benzoni-
Gavage, [3]. However, a direct linearisation of the equations destroys the structure of the equations and
it seems impossible to obtain an energy estimate without losing regularity with respect to the coefficients.
For example, the fact that u?f Ir = 0, where u¥ is defined in 4.2.3, is crucial to avoid generating additional
boundary terms in the energy estimate. This relies on the fact that ug\p =u-n — Of = 0 by virtue of
the equation (4.3.4) for f, but linearising the equation (4.3.4) as well as replacing the coefficient u¥ with
something from a previous iteration step which preserves the key property Ug}h‘ = 0 seems impossible
unless we first solve 0; f = @ - n where @ and 7 are from the previous iteration step. But then we would
not be able to write V/0%f - V'0%(u - n) = & |V'o°f |2, which is a key part of the energy estimate.
We may overcome a loss of derivatives in the energy estimate with respect to the coefficients caused by
direct linearisation by using a Nash-Moser type iteration as in [9] and [4]. However, the Nash-Moser

iteration scheme is very technical and is hampered by the fact that certain nonlinear constraints such as
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[u - n] = 0 should be satisfied at the start of each step of the iteration procedure which do not fit into a
linear framework very well.

The second approach is to introduce an artificial viscosity or parabolic-type regularisation before lin-
earisation. We must obtain an energy estimate which is independent of the artificial viscosity parameter,
but having done so we may fix the artificial viscosity parameter and then solve the equations using a
method which depends crucially on the artificial viscosity parameter. This is also one of the standard
approaches for hyperbolic conservation laws - see eg Dafermos, [14]. This is the approach we will fol-
low, except that our artificial viscosity will be degenerate because adding a full parabolic regularisation
would not preserve the energy estimate. We follow the choice of artificial viscosity used by Shkoller et

alin [10] and [13].

3.4 The u-Approximate Equations - a Degenerate Parabolic-Type Regu-
larisation

Motivated by the above discussion, we introduce the p-approximate equations (7.1.2)-(7.1.6) in 7 which
reduce to the equations in the fixed domains (4.3.1)-(4.3.5) in the case ¢ = 0. There are four main
points to note. Firstly, we regularise the divergence of the velocity by adding the term V¥ (pc?>VY - u)
to the right hand side of the velocity equation. It is very important to note that by using the pressure
equation, we have pc?V¥ - u = —(0; +u¥ - V)p =: D{p =: p which is the material derivative of the
pressure, so that when moved to the other side we have effectively replaced Vp with Vp + uVp, where
p behaves like a time derivative of p, which will allow us to preserve our estimate of d,,p independent of
. Since V x V(+) = 0, the curl estimate is also preserved. The addition of a full parabolic regularising
term would not preserve these estimates. We replace [p] with [p — upc?V¥ - u] in the pressure interface
condition (4.3.5) which naturally corresponds to the addition of the term V¥ (pc?VY - u) to the right
hand side of the velocity equation.

Secondly, we regularise u - n = 0, f by adding the term p(A’ — 1)(u - n) to the right hand side of
the pressure interface condition (4.3.5). This has a number of benefits. First of all, since u - n = 9.f,
it regularises the time derivative of f, whereas surface tension only regularises in space. Secondly, for
fixed p, it means that good regularity of f follows from good regularity of the ‘normal’ component of u
on the boundary, so that when we come to linearise we may in fact solve 0; f = @ - i before solving the
velocity equation. Thirdly, we may combine regularity of u - n with regularity of V¥ - w and V¥ x u
using the Hodge decomposition estimate A.1.2 to obtain regularity of Vu.

Thirdly, we smooth the coefficient p in the velocity equation (4.3.2). This is harmless for the u-
independent estimate since the coefficient p is already lower order. However, for the p-approximate
equations we will be estimating « to one order higher in space than p and s, hence p is no longer lower
order for fixed p, but the mollified density p, will be lower order.

Fourthly, we add some known smooth functions g; and g to the right hand side of the velocity
equation and pressure interface condition respectively. Eventually we will choose these to be functions
of the initial data. The function g; will be chosen in terms of some given smooth initial data for the
equations in the fixed domains so that the initial time derivatives associated with this initial data for

the p-approximate equations are the same as those for the equations in the fixed domains. Since the
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p-approximate equations reduce to the equations in the fixed domains in the case ¢ = 0, we will have
g1 — 0as u — 0. The function go will be chosen in terms of some given smooth initial data for the
equations in the fixed domains so that the modified compatibility condition (7.2.7) holds up to order 2,

and since the compatibility condition (4.4.7) holds up to order 2 we will have go — 0 as y© — 0.

3.5 The p-Independent Energy Estimate and Reduction to Solving the /-
Approximate Equations

As discussed above, we need to prove that some high-order energy associated to solutions of the u-
approximate equations, which we will call the u-independent energy, remains bounded independent of
1 on some time interval which has a lower bound independent of u, provided that the solution exists for
that length of time. The problem that the solution might not exist for long enough will be overcome if
we can prove existence of solutions to the p-approximate equations on a time interval which is maximal
in the sense that the energy blows up as the ¢ approaches this maximal time. Then in fact the maximal
time interval must be larger than the p-independent lower bound on the time interval from our energy
estimate to avoid contradiction.

Assuming we can prove this energy estimate, we may use weak-* compactness and the Sobolev
compact embedding theorem to obtain a subsequence p; — 0 as j — oo such that solutions of the
jj-approximate equations converge to a solution of our original equations on the fixed domains, which
proves the existence part of the main theorem 2.4.1. See 7 for the details of this reduction.

The p-independent energy is chosen to include roughly space and time derivatives of the solution up
to order 3, L? in space and L> in time. We do not require zero order derivatives to be in L? with respect
to space since we want in particular the density (thus pressure) to be bounded below. In addition there is
one extra space derivative on f with up to 3 time derivatives, and 1.5 extra space derivatives on f with
up to 2 time derivatives, which is an automatic consequence of the elliptic-type equation for f given by
the surface tension term in the pressure interface condition (2.1.5). We need 3 derivatives on the solution
in order to be able to estimate terms involving one derivative of the solution in L* using the Sobolev
embedding theorem. The extra terms involving w are added so that we can close the estimate without
constants depending on p. In fact we can close the estimate with slightly fewer p-dependent terms, but it
is useful to have an estimate for some higher-order terms in order to be able to maximise the time interval
of existence of solutions of the u-approximate equations for fixed  as described above.

The energy estimate is split into several parts which we briefly describe as follows. Firstly, we
estimate the tangential space derivatives of the solution by differentiating the equations and multiplying
by the differentiated solution, adding the equations and integrating by parts, using the symmetry in the
standard manner. Integration by parts generates a boundary term, which after adding the estimates in
Q)4 together can be written as the jump of a certain product of tangential derivatives. Since we are
considering tangential derivatives, we may apply these derivatives to the boundary conditions in order
to estimate this boundary term. Here we use crucially the extra spatial regularity of f provided by the
elliptic-type equation for f on the interface contained in (2.1.5).

Secondly, we estimate the time derivatives of the solution. In order to remove the highest order time

derivative of ¢ from the equations which cannot be treated as a lower order term, we change dependent
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variables to a nonlinear version of the ‘good’ unknowns which were introduced by Alinhac in [2]. We
differentiate the equations with respect to time, replacing the last time derivative by a ‘material’ derivative
Dy~ where in fact we extend u_ to {4 by Sobolev extension so that it is a material derivative only in
€)_ and is continuous across I'. We then proceed as in the estimate of the tangential derivatives, except
that the estimate of the boundary term is more complicated. In fact we will need to split the jump of a
product of two quantities into two terms each of which involves the jump of only one quantity, which
allows us to use the boundary conditions but also generates a term which we must estimate by converting
it to an integral over the interior of {)_ and using the interior equations, which is why we needed to use
the material derivative operator D, ~ instead of a straightforward time derivative.

Thirdly, we must estimate the normal derivatives of the solution. Note that the normal derivatives
of the entropy can be estimated in a standard manner. We may estimate the curl of the velocity by
taking the curl of the velocity equation then differentiating and performing a standard energy estimate.
In the standard way, we may also obtain an estimate weighted by ugf for the normal derivatives of the
solution using the fact that u?f |r = 0 which means no boundary terms are generated. Using this and the
existing time and tangential estimates, we may estimate the divergence of the velocity and the normal
derivative of the pressure by directly rearranging the pressure and velocity equations. We actually obtain
an estimate for 0,,p + p05,p rather than 0,,p, but thinking of p as behaving like 0;p, it is easy to see by
considering a first-order ODE that this gives us a p-independent estimate for ,,p. A combination of the
divergence, curl and tangential derivative estimates of u gives estimates for all the derivatives of w.

The high-order space derivative estimate of f is obtained from the pressure interface condition using
the fact that V' - 72 behaves like —A’f so that this is an elliptic equation for f, combined with existing
estimates for the other terms in this equation. The high-order boundary artificial viscosity term involving
u-n = Of is dealt with in exactly the same way as we dealt with the presence of the term involving p
above.

The extra velocity term in the energy involving p is estimated using a Hodge decomposition argument
and the high-order u-n term involving y is estimated from the elliptic-type equation given by the pressure

interface condition. This completes the proof of the energy estimate. See 8 for the detailed proof.

3.6 Linearisation of the ;-Approximate Equations

We have designed the p-approximate equations so that for fixed p the equations have a nice linearised
structure when linearised carefully. In fact the linearisation reduces to solving the following equations
in order, which are given in 9. Firstly, we solve the very simple ODE 0;f = u - n for f. Next, we
solve scalar linear transport equations where the transport is parallel to the interface for the entropy, the
pressure, and (the components of) the curl, w. We carefully replace u¥ with u? (see 9 for the definition)
which is chosen so that 171’3\11 = u-n — 0.f = 0 by virtue of the equation just given for f. Finally, we
solve a parabolic-type equation for the velocity, where the full parabolicity comes from the fact that we
may add the curl of the curl of the velocity to one side of the equation and the curl of the ‘curl’ w just

obtained from the transport equation for the curl, w, to the other side of the equation.
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3.7 Solving the Linearised Equations

The details of the solution of the transport equations, which is standard, are given in 10, and the de-
tails of the solution of the parabolic-type equation for the velocity are given in 11. Note that we solve
the parabolic-type equation for the velocity in the domains (24 simultaneously whilst maintaining the
boundary condition [u-n| = 0. It seems very difficult to preserve an appropriate energy estimate without
maintaining the condition [u-n] = 0. This contrasts with the incompressible case considered by Shkoller
et al in [6] where the equations are solved separately in {2 in a two-step iteration process.

To solve the parabolic-type equation, we first rotate the velocity and work with the rotated velocity u
so that the condition [u - n] = 0 becomes [u3] = 0 which can be incorporated in the definition of a vector
space which is independent of time. Once we have done this, we formulate a weak version of the problem
and construct a Galerkin basis etc, proceeding much as in the solution of a simple linear parabolic
equation as described in Evans, [15]. However, a technical complication arises from the fact that we
are working on the unbounded domains 2. Note that the standard Galerkin scheme method requires
that the Galerkin basis is constructed so that the L? orthogonal projection onto the linear subspace formed
by the span of the first m basis elements is the same as H' orthogonal projection, which is required in
order to estimate the initial value of the approximate solution in terms of the given initial data. This
requires that the Galerkin basis functions are eigenvalues of an elliptic operator which is required to be
compact, but this only holds on compact domains. There are two ways of overcoming this problem.

One is to subtract the background state to reduce to the case of zero initial data, in which case we do
not need the above property of the Galerkin basis and may use an abstract Hilbert space basis instead.
However, this requires additional regularity on the background state, which would involve smoothing
the background state, which would in turn involve smoothing the initial data for the p-approximate
equations. (It is not enough to solve the p-approximate equations only for some fixed smoothed initial
data for the equations on the fixed domains since we need to maximise the time interval of existence in
order to eventually obtain a time interval of existence independent of p). This would be a significant
amount of work since we would need to preserve the compatibility conditions.

The other method, which we follow, is to solve the equations on a ball of radius » > 1 with zero
boundary conditions on the boundary of the ball and obtain an energy estimate independent of r allowing
us to pass to the limit 7 — oo to obtain a weak solution of the equations on the unbounded domains.
Note that we have to be careful of the order in which we prove the existence and regularity results. We
first prove existence of a weak solution in the bounded domains, then pass to the limit » — co. We then
prove higher time regularity in the bounded domains (in fact this is done via the reuse of the approximate
solutions formed from the Galerkin basis), which requires the compatibility conditions to be satisfied,
then we pass to the limit » — oo. Finally we prove higher spatial regularity directly on the unbounded

domains to avoid any problems on the boundary of the ball of radius r.

3.8 Obtaining a Fixed Point of the Linearised Equations

We use the contraction mapping theorem to prove the existence of a fixed point of the linearised equa-

tions, which is a solution of the p-approximate equations by the construction of the linearised equations.
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This requires three components.

Firstly, we define an energy for the p-approximate equations which we will use for fixed p which
is slightly higher order than the p-independent energy, and we also define a slightly modified linearised
version of this which applies to the linearised equations. The reason that we make this energy higher
order than the p-independent energy is partly because it is convenient given the structure of the u-
dependent equations, and partly because we want to be able to differentiate the equations when obtaining
our pu-independent energy estimate without worrying about whether the solution is regular enough. We
need to show that given a background state with energy bounded by a sufficiently large constant, the
solution of the linearised equations linearised about that state has energy bounded by the same constant
provided we take the solution time interval sufficiently small. (In fact, we want to be slightly more
careful in the energy estimate so that later we can use Gronwall’s lemma to show that the higher-order
p-approximate energy remains bounded provided the p-independent energy remains bounded.) The fact
that the energy remains bounded by the same constant proves that we have a well-defined map from
an appropriate metric space to itself which sends a background state to the solution of the linearised
equations linearised about that state. The metric is defined using the norms which make up the energy,
but two orders of derivatives lower, and the completeness of the metric space follows from weak-x
compactness and weak-* lower semi-continuity of norms.

Secondly, we have to prove this map is a contraction in this metric, which is very similar to the proof
of the energy estimate except that we take the difference of the differentiated equations for two solutions
with two different background states.

The third point to prove is that the metric space is non-empty. This requires constructing a back-
ground state whose time derivatives at ¢ = 0 match the initial time derivatives of some given initial
data. To do this we simply form a truncated Taylor series using the initial time derivatives of the initial
data, but note that this requires the initial data to be smooth. Since we have smoothed the initial data
for the equations on the fixed domains, this, combined with the well-defined contraction map, allows us
to obtain a solution on a y-dependent time interval. However, in order to maximise the time interval of
existence, which combined with our p-independent energy estimate and the control of the higher order
p-approximate energy in terms of the p-independent energy mentioned above allows us to obtain a time
interval of existence independent of 1, we need to be able to take ‘final’ data of the equations as initial
data, which will not be smoothed. We overcome this by constructing a background state on a larger time
interval of existence than the solution just obtained by using Sobolev extension to extend the solution in
time (which produces a background state, but not a solution, on a larger time interval). Thus we do not
require the ‘final’ data to be smooth.

Hence we obtain a fixed point, which solves the p-approximate equations on a maximal time interval
- see 13 for the details. Since we have already reduced to the solution of the p-approximate equations on

a maximal time interval, this completes the proof of the existence part of the main theorem 2.4.1.

3.9 Proof of Uniqueness

The proof of uniqueness is very similar to the u-independent energy estimate with 4 set to zero. Given

two solutions satisfying the conclusions of the existence part of theorem on the fixed domains 4.6.1, we
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define the ‘difference’ energy by replacing the solution by the difference of two solutions in the terms
which make up the energy for the fixed equations as defined in 4.5.1, and decreasing the number of
derivatives by one. We then show that this energy is bounded by a factor depending on the individual
energies of the solutions as defined by 4.5.1 multiplying the sum of the difference energy at time zero
and a time integral of the difference energy. Applying Gronwall’s lemma gives a stability result for the
equations in the fixed domains, from which uniqueness follows, both for the equations in the fixed and
moving domains.

The strategy of the proof is just to follow the proof of the p-independent energy estimate with
1 = 0, where we take the difference of the equations after differentiating. We write terms of the form
GUL, p1o*oU —G(U?,4?)0%0U? as G(UL, 100Ut —U?) + (G(U, y') — G(U?,4?))0*0U*
and estimate the first term as in the p-independent energy estimate. The second term is estimated by ap-
plying the mean value theorem to G(U!, ') — G(U?,4?) and using the fact that this is a lower order
difference term, and using the higher order energy bound to bound the factor 9*90U?2. Thus in fact the

proof is almost exactly the same as that of the u-independent energy estimate.

3.10 A List of the Intermediate Results Combined to Prove the Main The-
orem

Now we list how all the results which make up the proof of the main theorem 2.4.1 fit together. First we
apply 5.2.1 to reduce the proof of the main theorem in the original moving domains, 2.4.1, to the proof
of the main theorem in the fixed domains, 4.6.1. Then we apply 6.2.1 to reduce to the case of smooth
initial data which satisfy the compatibility condition (4.4.6) to one order higher than the original initial
data.

Then we define the p-approximate equations in 7.1.2. We prove a u-independent a priori estimate
(stated in 7.5.1 and proved in section 8) for these equations, and in 7.6.3 we reduce the existence part
of the proof of 4.6.1 to the proof of existence of solutions to the u-approximate solutions on a maximal
time interval as stated in 7.4.2. To prove 7.4.2, we define a linearisation of the p-approximate equations
in 9.1.1 and show that there exists a unique solution of these equations (stated in 9.5.1 and proved in
sections 10-11) which satisfies the energy estimate given by 9.4.1 (proved in section 12).

We then show in section 13 that the map that sends a state about which the equations are linearised
to the solution of the equations is a well-defined (see 13.2.1) contraction (see 13.2.2) in an appropriate
metric space (see 13.1) - this uses the linearised energy estimate 9.4.1 and the contraction property which
is proved in section 14 in a similar manner to the linearised energy estimate. We also show in 13.3.2 that
this metric space is non-empty for smooth initial data. Then in section 13.3.1 we show that there exists
a fixed point, which we showed in lemma 13.3.1 solves the u-approximate equations, which proves the
existence of a solution on a non-maximised time interval as stated in 7.4.1. We then maximise the time
interval in 13.3.2, using an extension of the solution just found to construct an element of our metric
space without the need for any smoothing. This proves 7.4.2, which completes the proof of the existence
part of the main theorem since we have already reduced to the case of proving 7.4.2. We then prove the
uniqueness and stability part of 4.6.1 in 15 and we have already shown in 5.2.1 that this is sufficient to

prove the uniqueness part of 2.4.1.
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4. The Theorem in the Fixed Domains

In this section we present the equations we obtain from the system (2.1.1)-(2.1.5) rewritten on fixed
domains after a change of variables. The change of variables will be detailed in section 5, and the

motivation for this change of variables is summarised in 3.1.

4.1 Important Notational Convention

Everything that follows after section 5 will be devoted to the proof of the theorem in the fixed domains.
Hence, to keep the notation simple, we will now redefine everything in the fixed domains, which will
involve using some of the same symbols as in the moving domains for corresponding quantities, such
as (Uy,U_, f) for the solution, E for the energy, 88 for the initial time derivatives associated with the
system etc. In section 5, where we show how the theorem in the fixed domains implies the main theorem,
we will place a tilde”over variables in the fixed domains in order to distinguish corresponding quantities,

but otherwise we will reserve the tilde ™ for other purposes.

4.2 The Fixed Domains, the Lifting Operator and the Transformed
Derivatives

Definition 4.2.1. Define the fixed domains 24 as
Q, ={zeR®: 23 >0}
_={reR¥:23<0}
Define the fixed boundary (or front or interface) I" as
F={zeR3: 23=0}
Definition 4.2.2. Let a € R>(. We define the lifting operator L* : L?(R?) — L%(R3) by

(L) @) = Xy ) @)

where x € C2°(R) is a smooth cut-off function with 0 < y < 1, x(z3) = 1 for |z3| < 1, x(z3) = 0 for
|z3| > 3 and |0y, x(z3)| < 1forall x3 € R.
Note that this implies the following.

(L*f)(a',0) = f(a)
5x3(Laf)(fv' 0)=0

|05 (L f) () | f(a")|

‘—3<1+
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Clearly for T' > 0 we may also define L% : L?((0,7T) x R?) — L?((0,T) x R3) by

_ "t
3(1+a)

Note that L® f inherits the regularity of f and derivatives of L® f can be bounded by those of f inde-

(L)t ) = x( )f(t,2")

pendently of a. This means that all constants will be independent of a unless explicitly stated otherwise.

Definition 4.2.3. Given 1 € C1((0,T) x R?) bounded with bounded derivatives, and a vector u € R?

(which we later take as a function of ¢ and x), we define

JV =1+ 0y, 4.2.1)

1

Y. g _
¥ =0 = OOy, (4.2.2)
1 1

q/; L o _ / 7/
V=V VipO,, = V' + —ﬂ( V'1p, 1)y, (4.2.3)
u = (u, le (ug — u' - V' — 1)) (4.2.4)

The quantity J¥ will be the Jacobian of the change of coordinates introduced later and O acting on the
fluid variables in the moving domains will transform to 9% acting on the new fluid variables in the fixed

domains after the change of coordinates introduced later.

4.3 Definition of the Equations in the Fixed Domains

Definition 4.3.1. Fix T € (0, c0).
Let f € CH(0,T") x R*) with V' f € C}((0,7") x R?) forall T" € (0, T), which we call the (graph
of) the front or interface (although it is not the graph of the fixed interface I' = R?). Define

which we call a spatial normal and the spatial unit normal to the interface pointing into €2 (although
they are not actually normals to the fixed interface I' = R?).

Let pt, (wi)+ (i = 1,2,3),s1 € CL((0,T") x Q) forall T € (0,T). For convenience we write
utr = ((u1)+, (u2)x, (us)sx), UL = (p+,usx, s+). Note that Uy |;—¢ and f|;—o are defined by uniform
continuity.

Define p4(t,z) = p+(p+(t,2),5+(t,x)) and c1(t, z) := cx(p+(t, x), s+ (¢, 2)), where p4(p, s)
and c. (p, s) are the equations of state defined in 1.5.

We will say that (U, U_, f) is a solution of the equations in the fixed domains on the time interval
(0, T) with lifting operator L® and initial data (U9, U°, f°) := (U|i=0, U—|i=0, f|t=0) provided that
p+(t,z) > 0and JY(t,x) > 0in (0,T) x Qi, and p,us, 54, f satisfy the following system of PDEs.

1
E(&g—l—uw-V)p%—Vw-u:O (4.3.1)
p(0r +u¥ - Vu+V¥p =0 (4.3.2)

(O +u¥-V)s=0 (4.3.3)
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in (0,7) x Qu,

Of =us-n (4.3.4)
[p) = —oV' 1 (4.3.5)

on (0,7) x I', where v is a lift of f defined by
=L (4.3.6)

Remark 4.3.2. Note that for ¢ defined by (4.3.6), because of the properties of the lifting operator, we

have the following on the interface I'.

JY =1
VY =V +nd,,

onI'. Also, if u and f satisfy the equation (4.3.4), then we have the following on the interface I'.
uw’ = (u,0)

onTI'.

4.4 The Initial Data and the Compatibility Conditions

Definition 4.4.1. We say that (p%., u%, s, f°) are initial data for the system (4.3.1)-(4.3.6) if the follow-

ing holds. We require that f° € C} (R?). We define the initial normal and unit normal as

n' = (=V'f91)
0

NN L

no . ’n0|

For convenience we use the obvious notation

wO — LafO

We also require that p%., u., s € Cy(£2+) are uniformly continuous functions (where uY. are vectors

representing the initial velocity), so that we may define them on the interface I' by uniform continuity.

Finally, we require

P (x) = ps(pd(2),s%.(x)) > Oforall z € Qs

JP =14 0,,0° > 0forall z € Q.

Definition 4.4.2. For integer j > 0, we define the following differential operators 8 associated with the
system (4.3.1)-(4.3.6) which act on differentiable expressions involving the initial data and its derivatives
(including compositions). We call the operator 86 the initial time derivative operator of order j associated
to the system (4.3.1)-(4.3.6).

To start with, we define agp(i, 881&, 8333[, 5%]”0, 8j1/10 as follows. We set

9y = id
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then for j > 0 we inductively define

R0 = 0f (ur (D] - (1)), = 0] (ur (1,27, 0) - m(8))] g (4.4.1)
Tyl .= realt 0 (4.4.2)
RMpYL = 0 (— (" (1) - VIp(t) — p= (DO - us (1)), (4.4.3)
R =0l (— (1) Vyus(t) p:(t)vw“’pi(t))\to (4.4.4)
AL =0 (—(wlV (1) - V)se (1)), (4.4.5)

where the right hand side in the first line and last three lines means we think of uy (), 1(t) etc as
functions of ¢ and formally differentiate with respect to ¢ j times according to the chain and Leibniz
rules, then replace 9u.(t) for 0 < 1 < j by 86u3[ etc. Note that it is necessary for us to pick either + or
— in the above definition for 88“ 1 since we have not yet imposed any compatibility conditions on the
initial data. Note we require sufficient regularity on the initial data for the above to make sense.

We can now generalise the operators 88 to general differentiable expressions involving the initial
data and its derivatives (including compositions) in the obvious way. Suppose H (p%., uJ., s%, f°) is such

an expression. For j > 0, we set

R(H(PLul, oL, £0,4°)) = 0] (H (p(t), ws (8), 5(8), (1), (D)) |

where, as above, the right hand side means we think of w4 (¢) etc as functions of ¢ and formally dif-
ferentiate with respect to ¢ j times according to the chain and Leibniz rules, then replace dlu(t) for
0<I<jby 66u9c etc.
For convenience later on, we define the notation
1
()’ = ((u")', W(ug = (u)- V'’ = 959?))

Definition 4.4.3. Let (p%, u%, s, f°) be initial data for the system (4.3.1)-(4.3.6). We say that the initial
data (p., u%, s%, f°) satisfy the compatibility conditions for the system (4.3.1)-(4.3.6) up to order k, for
integer k£ > 0, if the following holds.

66 [UU . no] =0 (4.4.6)
for 0 < j < k and
209 = —od (V' - 2°) (4.4.7)

onI for0 < j <k.

4.5 The Energy Functional

Definition 4.5.1. Let f € LL ((0,T) x R?),Ux € LL _((0,T) x Q). We define the energy E for the

loc loc

fixed equations, associated to (U4, U_, f), as follows.
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Define the energy E : (0,7 — [0, co] by

ZGSSSUPHU:I:HLOQ Q1) +Z Z eSSSUpHaanHH Q1)

T€(0,t) + 1<|a]<3 T€(0,t)

+esssup||f\|Lm(Rz Z esssup ||0°f||3 (R2) +ZesssupHV’8jf‘

7€(0,t) 1<|a|<3 7€(0,t) =0 7€(0,t)

H3-5— 7(R2)

Note we adopt the convention that if the solution does not have sufficiently many weak derivatives in
(0,T) x Q. to define the energy then it is infinite, and if we write E(T") < oo then this implies that all
the weak derivatives in (0,7") x Q2 present in the energy exist. Note also that if F(7”) < oo then E is
uniformly continuous on (0, 7”].

Similarly, let (U, U?, f9) be initial data for the system (4.3.1)-(4.3.6). We define the energy E" €

[0, oo] of the initial data as

ZHUiHLin +Z Z Hvﬁani

+ 1<|B]+5<3

I ey D HvﬁaijHHl(RQ +ZHV’E}’M‘HH . 4.5.1)
1<|B1+5<3

L2(Q4)

Note that we may consider the class of initial data such that E° < oo, which has the obvious meaning
that U° € L>®(Q4), f0 € L=(I), VU° € H?(Qy), V'fO € H35(I'), which allows us to define
83(U$,U9,f0) for 0 < j < 3 using 4.4.2, and we then require & f € H*J(I) for 1 < j < 3
and agfo € H*57J(I') for 1 < j < 2. (Note that the required regularity of 88Ui forl < j7 <3

automatically follows from the definition 4.4.2 and the spatial regularity).

We also define the following lower order energy corresponding to the difference of two states which

will appear in a statement of stability.

Definition 4.5.2. We define the energy Ea : (0,7] — Rxg of the difference of the states (UL, U", f)
for i = 1, 2 defined on the time interval (0,7") as

XY w00 e+ X sl Pl

+ O<|Oé‘<2 TE(Ot OS|O¢‘§2 TE O,t)

4 Z eSSSUPHaaf - f? HH“(F)

0<]al<1 TEOD)

Note that this is effectively the energy E/(¢) reduced by one order of regularity evaluated at the difference
of two solutions. For simplicity we have chosen to require U —U? € L>((0,7T); L?>(Q+)) and f1—f2 €
L>((0,T); L*(T")) for EA(T) < oo so that we no longer have to deal with the zero order L°°-in-space
terms separately.

Similarly, we define the initial energy Eg of the difference of two sets of initial data (Uﬂ’i7 U S’i, )

fori=1,2as

BoY Y ([P |

+ 0<|Bl+5<2 L2(@2)
. . 2 X
S AR o W i LU
0<|Bl+j<2 ® o<isri<t @)
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where 8(])"i denotes the initial time derivatives of order 7 as defined in 4.4.2 acting on the initial data
(U, U, fO4) for i = 1,2.

4.6 Statement of the Theorem in the Fixed Domains

Theorem 4.6.1. Let (UR, UY, f9) be initial data as described in 4.4.1 with energy E° < co. Assume
that this initial data satisfies the compatibility conditions (4.4.6)-(4.4.7) up to order 2, and note that these

conditions make sense up to order 2 since we have E° < co. Assume also that the initial data satisfies

inf pY(z)=:6">0 4.6.1
A, P () (46D
inf JY = k% >0 (4.6.2)
z€R3
where
wO — LafO

Then there exists a time T® > 0 and a solution (U, ,U_, f) of equations in the fixed domains on the

time interval (0, T°) with lifting operator L%, as in definition 4.3.1. Moreover,
E(T% < C°
50 0
PiZEIH(OyT)XQi
1
JY > §/<;0 in (0,7°) x R3

The time T° > 0 is bounded below as follows.

where T(+) is a smooth decreasing function. Similarly, the constant C° > 0 is bounded above as follows.

1 1

0 0
C"<CE 1507 0

) < o0

where C(-) is a smooth increasing function. Note that these bounds are independent of the constant a in
the lifting operator L°.

In addition, the solution (Uy,U_, f) is unique on the time interval (0, T°) in the sense that it is the
only solution of the equations given in 4.3.1 on the time interval (0, T°) with initial data (UR, UY, £

satisfying the following properties

E(T% < oo

inf inf >0
te(0,79) et P+

inf inf JY >0
te(0,79) zeR3

In fact, the following stability statement is satisfied. Given two sets of initial data (U?r’i, U O’i, %9
for i = 1,2 satisfying the hypotheses above, let T%' and T2 be the associated existence times as
given above and set T® = min{T%', T2}, Let (UL, UL, f1) and (U?,U2, f?) be two solutions of
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the equations in the fixed domains as defined in 4.3.1 on the time interval (0,T°) with initial data
(Ui’i, Ul [ respectively, with the properties
EYTY%) =: C" < >0
inf inf pf =:6">0
te(0,70) z€Qy P
inf inf JY = k' >0
te(0,7°) zeR3
fori = 1,2, where the superscript® for i = 1,2 is used to denote quantities associated with the solutions
(UL, UL, f). Assume also that U — U2 € L?(Q4) and fO' — f%2 € L*(T) so that
Eg < 00
where the initial difference energy Eg is defined in 4.5.2. Then

Ea(t) < CYEQ exp(C"?t)

fort € (0,TY) where Ea(t) is defined in 4.5.2 and the constant C*? is bounded above as follows.

1

1 1 1
1,2 1 2
C SF(07075717627;7?)

for some smooth increasing function F(-).

Proof. See chapters 6-15.
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5. Fixing the Domains

In this section we show how the equations and theorem in the fixed domains relate to the equations and

theorem in the original moving domains. See 3.1 for the motivation of this change of coordinates.

5.1 The Change of Coordinates
Lemma 5.1.1. Let f € C*((0,T) x R?) and let a > 0 be a constant. Assume that

inf inf JY>k>0
te(0,T) z€R3

where where 1) = Lf, JY := 1 4 0,,% and the lifting operator L® is defined in 4.2.2. Define 0+ €
CY((0,T) x Q) by

e:i:(ta J)) = (ta$l>$3 + ¢(t7$))

Then 0+ : (0,T) x Q1 — QL are diffeomorphisms, where the domains Q% are defined as in 2.1.1 in
terms of f.

Moreover, if w € C*(QL) and we set 1 = w o 0, then
1 - o~
(Ow) ol = 8—ﬁ8w813 w =: O¥w (5.1.1)
In particular, note that if in addition v € CO(Qz) is a vector-valued function and v := v o 0, then
(0 +v-V)w) o = (0 + ¥ - V)i (5.1.2)

where

- S

7= (7, ﬂ(vz«: — 0 - V'p — Onp))
Proof. Note that J¥ := 1+ Oz > Kk > 0implies x3 — x3 + 1 (t, x) is a strictly increasing function of
x3 for fixed (¢, 2’). Hence, since (¢,2’) — (¢, '), we have that § biject with their images. Now, since
V|zs=0 = f, we have that 04 |,,—o : (0,T) x T' — T'T bijectively, and since x3 — 3+ (¢, x) is strictly

increasing, 0+ : (0,T) x Qx — QX bijectively. From the chain rule we have

0 0 0 0
0 0 0 0
0 0 0 0

O Oy Y 396211) 3x3¢

0L =1+

Note that the determinant is J¥ > 0, so 96 is invertible, and 6. are diffeomorphisms as claimed.
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By computing (964) ™", we obtain

0 0 0 0

1 0 0 0 0

Jol o0 0 0
3t¢ 8x1¢ 8m2¢ 3z3¢

o051 =1 — Y

The coordinate change relation (5.1.1) follows from applying the chain rule to w = @ o §~!. Using

this, we compute

L

(G +v-VIw)ob = +0- V)i — =5

(aﬂb + U - V¢)3I317)

1
= (0 +7 - V)w+ ﬂ(’f}g — Op — 0 - V'1p) Oy
= (O + V- V)W
where
~ . (~) L. ~/ / b
Y = (v,ﬁ(vg—v V') — o))
which is (5.1.2). O

Proposition 5.1.2. Let T > 0, a > Oand let f € C}((0,T") x R?) with V' f € CL((0,T") x R?) for all
T' € (0,T). Assume that

inf inf JY>Kk>0
te(0,T) z€R3

where ¢ = L°f. Let 61+ : (0,T) x Qu — QL be defined in terms of f as in 5.1.1. Let Uy €
CL(0,T") x Q) forall T' € (0,T) and let

Uy = ﬁi 0f!

Then (U+, U_, f) is a solution of the equations in the fixed domains Q)1 with lifting operator L* on the
time interval (0,T), as in definition 4.3.1, if and only if (Uy,U_, f) is a solution of the equations in the

moving domains Q% on the time interval (0,T), as in definition 2.1.1.

Proof. Firstly, note that p > 0 if and only if po > 0 since they have the same image.

Using the coordinate change relations (5.1.1)-(5.1.2), we immediately see that ((L., f]_, f) satisfies
the equations (4.3.2)-(4.3.3) in (0,7") x Q if and only if (U4, U_, f) satisfies the equations (2.1.2)-
(2.1.3) in QL. We note that Utlrpy = Uy |, which immediately implies that (U, U_, f) satisfies the
equations (4.3.4)-(4.3.5) on (0,7") x I" if and only if (U4, U_, f) satisfies the equations (2.1.4)-(2.1.5)

onT7T,

This completes the proof. O

Proposition 5.1.3. Let (U_?_, U9, £%) be initial data for the main theorem 2.4.1.

Let ¢ := L2f9 as defined by (4.2.2) and assume J v 0. Define Ui = U o 0% where 69, :
Qs — QY are defined by x — (2', x5 + ¢°(x)) and are diffeomorphisms as shown in 5.1.2.

Then (ﬁg, Uo, f°) are initial data for the theorem in the fixed domains 4.6.1.
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Moreover, let us write 86 for the initial time derivatives associated with the equations in the moving
domains as defined in 2.2.2 and é(]) for the initial time derivatives associated with the equations in the
fixed domains as defined in 4.4.2.

Let H(p%,u,sY, f°) be a differentiable expression involving the initial data (U?L, UY, 1% and

suppose we can write
0 0 0 0 0 rr(=0 ~0 =0 0
H(p:bu:tasﬂ:’f )OH:I::H(p:I:?u:I:?S:tvf)

where H(pY, 1%, 3%, f°) is a differentiable expression involving the initial data (U9, U°, f°). Then for

7 >0, we have
R H P, 1%, 5%, 1°) = ) (H(PYL, ul, s%, £0) 0 62) (5.1.3)

Proof. Since we have assumed V' f is continuous and bounded, it is clear that 89 : Qi — QY are
diffeomorphisms and that (U, U°, f°) are initial data for the theorem in the fixed domains.

It is clear that (5.1.3) holds for j = 0. Now for j = 1 we have

140 _ 0 0 _ 0 0 _ 3140
0 f’ =il n’ =@l -n’ =0 f

Also
(P 0 05) = (95p) 0 05 + pv°(Ou,pt) 0 03
1
= (—(ul - V)Pl = p(e1)*V - u) 0 61 + 5059 (a0 63)
_0 \ )0 N 0/~ 0.
= —((a)"" - V)pt — pL(e8)* VY al
= op
Similarly,

dp(uk 0 05) = Oyl

Op(s5 0 0%) = 954
Hence by definition we have that (5.1.3) holds for j = 1. Now from the definition of initial time
derivatives, they have the property that 83“- = 0} (86-) and 53“- =} (5{)) provided we write 68- as
a differentiable expression involving the initial data (UJOr7 U, f9) and 5(]) as a differentiable expression

involving the initial data (UE, U, f 0). We assume inductively that (5.1.3) holds true for some j > 1
and try to prove it holds for j + 1. Indeed,

a5 (H (%, ul, 5%, ) 0 09) = 35 (B (H (p, ul, s, f°) 0 63))
= 9GP, uY, 5%, f2) 0 69)
where
(H(p%,ul,s%, ) 06%) 0 (62)7!

(H(pg,a, 3L, /%)) o (02) 7
1

= G, %, 5%, ) 0 (62)~

G u, s, f°) =
87
0
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where we have used the inductive assumption. Hence by the above

(G(pzl:v Uy, 8:|:7 fo))
(%(H(pivuoiﬂ S+t fo)))
N

I;r(p:bﬂg:a gg:a fo))

N (H (P, w9, 12) 0 09) =

a1
0
A1
0
%"

as required. O

5.2 Reduction to the Case of Fixed Domains

Proposition 5.2.1. The theorem 2.4.1 in the moving domains follows from the theorem 4.6.1 in the fixed

domains.

Proof. Assume that 4.6.1 holds. We aim to show that 2.4.1 holds.

Let (U2, U°, f°) be initial data for the main theorem 2.4.1, which satisfy the hypotheses of the main
theorem 2.4.1.

Let 00 := LY as defined by (4.2.2), where we set

a= HfOHLoo(F)

Note from the definition of L® this automatically implies

—_

HamonLoo(]R?’) < §

SO

J =14 0,,0° > k° > 0in R?

where in this case we can take x° = 2. Define U := UY o 69 where 6 : Oy — QY are defined by

x> (2,23 + " (x)) and are diffeomorphisms as shown in 5.1.1.

We claim that (U9, U, f°) are initial data for the theorem on the fixed domains 4.6.1 which satisfy
the hypotheses of the theorem on the fixed domains 4.6.1.

Let us write (96 for the initial time derivatives associated with the equations in the moving domains as
defined in 2.2.2 and 56 for the initial time derivatives associated with the equations in the fixed domains

as defined in 4.4.2. Note that, using 5.1.3,

Using this, we see that the compatibility conditions (4.4.6)- (4.4.7) up to order 2 follow immediately
from the compatibility conditions (2.2.5)- (2.2.6) up to order 2.
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Now, note that
9601 yaasy < C NIV ey < O

2
k=0 HLOO (R3) <CHfOHLOO(R2)§CEO

2
det(V09) = J¥ > 3

Using the definition 4.4.2 to write the initial time derivatives of (LOE in terms of space derivatives, then

3

applying the change of coordinates estimate A.3.7 with m = 2 > % = 5, we obtain

> |||

+ 1<|8]+5<3

< F(E% <

where E denotes the energy of (Ug, UV, f9) as defined in 2.3.1 and F is a smooth increasing function.
We also have by 5.1.3 that 53]"0 = Ggfo for 0 < j < 3, hence we obtain

E° < F(E% < 0

where F is a smooth increasing function.

Clearly, we have inf,cq. pL = 6° > 0 since 5. and p. have the same image. Now we let 7° > 0
be given by 4.6.1 depending on this initial data.

Firstly, we prove the existence part of 2.4.1. Using 4.6.1 we obtain a solution (ﬁ+, U_,f ) on a time
interval (0, 7°) of the system (4.3.1)-(4.3.6) with initial data (f]ﬂ, Uo, s 0) and moreover

B(T%) < ¢V

50
pt > —in (0,7°) x Q4

[\

1
—x% = -in (0,7%) x R3

JY >
3

N =

where E denotes the energy defined in 4.5.1.
The time 70 > 0 is bounded below as follows.

where T (+) is a smooth decreasing function. Similarly, the constant C0 > 0 is bounded above as follows.

where C(-) is a smooth increasing function.

Now, we define 0+ : (0,7°)x Q.+ — QL by (¢,2) — (t, 2/, x3-+1(z)), which are diffeomorphisms
according to 5.1.1. We set UL = Uso 9;1 and according to 5.1.2, we obtain that (U, U_, f) is a vortex
sheet solution of the Euler equations with surface tension (2.1.1)-(2.1.5) on the time interval (0,7’ 0).

We note that since fli—g = f°, we have that 60 = 60.|,—o. Hence (Ui |i=0,U_|i=0, fli=0) =
(UL0(09)~1,U%(8°)~1, 0) = (U, UC, f°). Thus (U, U, ) is a vortex sheet solution of the Euler
equations with surface tension (2.1.1)-(2.1.5) on the time interval (0,7’ 0) with initial data (UR, U, f 0).
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Clearly, we have py > % in Qio as p+ and py+ have the same image. Finally, we note that

1
JY =14 0pytp > 3 in (0,7% x R3

100 sy < NP < O 02 52

< CIf |7 (re) < CC°

k+11/}H

L0 (R3)
hence we may apply the change of coordinates estimate A.3.7 to obtain
E(T°%) < F(C% =: C°

where E denotes the energy defined in 2.3.1 and F' is a smooth increasing function.

We now note that the time 79 > 0 is bounded below as follows.

)2 F(F(EY), 5. 5) = T(E, ) > 0

and, from its definition, 7°(-) is a smooth decreasing function. Similarly, the constant CY > 0 is bounded

above as follows.

) < FIEWE(E), 55, 2) = o8, ) < oc

and, from its definition, C'(-) is a smooth increasing function. This completes the proof of the existence
part of 2.4.1.

Now we intend to prove the uniqueness part of 2.4.1. We let (U}, UL, f') and (U2, U2, f?) be two
solutions of the equations in the moving domains as defined in 2.1.1 on the time interval (0,7°) with

initial data (U, U?, f0), with the properties

EYTY) = C" < 0
inf  pl =:6">0

0.
(t,x) Eﬂi o

for i = 1, 2, where the superscript ‘ for i = 1,2 is used to denote quantities associated with the solutions
(UL, U™, f), and the energy F(t) is defined in 2.3.1. In particular, we have that U} are defined on the

moving domains
QL (t) = {z e R¥: 23 > fi(t,2))}
Q' (t)={x eR3: a3 < fi(t,2)}
O = {(t,2) € (0,T°) x R®: z € QL (1)}
To prove the statement of uniqueness, we need to show that (UL, UL, f!) = (U%,U?, f?) on the time

interval (0,7°).
We set 1) = L*f* where

*= 205 b 1 ) < o
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Note from the definition of L this automatically implies

1 7
30+a) 1] ooy

10259 o e

IA
W =

Thus we have

inf inf JY' =: & >
t€(0,T0) z€R3

>0

GV V)

where J¥' =1 + 051", Thus we know that 6% : (0,7°) x Oy — Qio’i defined by (¢, z) — (t, 2/, x5+

Y¥(t,x)) are diffeomorphisms as shown in 5.1.1. Now we set
UL =ULo0"
so that UL are defined on the fixed domains (0, 7°) x Q. Note that this implies that
Uy =ULo(03)~

so using 5.1.2 we may conclude that (Ui, U, f?) are solutions of the equations on the fixed domains as
defined in 4.3.1 with initial data (U9, U?, f°). Clearly we have

inf 74 >0
(t,:v)EQi *

inf inf JY >0
te(0,T9) zeR3

and applying the change of coordinates estimate A.3.7 we have
EYTY) < 00

where E' denotes the energy associated with (Ui, U, f?) as defined in 4.5.1. Thus we may apply the

uniqueness part of 4.6.1 to obtain that

UL =02in(0,7% x Q4
fl=f2on(0,7% xT

Note that f1 = f? implies 1 = #2 =: 0+, hence we may evaluate the first line at 0;1(t, x) to obtain
that

Ul =v2inQf
1= f*on (0,7°% x R?
which proves the uniqueness part of 2.4.1. O

The sections which follow will be devoted to proving the theorem 4.6.1 on the fixed domains, from

which we have shown the main theorem 2.4.1 follows.
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6. Smoothing the Initial Data

In this section we aim to show that it is sufficient to prove the theorem 4.6.1 for smooth initial data.
The motivation behind smoothing the initial data and a sketch of how to smooth the initial data whilst

preserving the compatibility conditions are given in 3.2. The full details are presented below.

6.1 Constructing Smooth Compatible Initial Data

Definition 6.1.1. For convenience, in this section we will write

Tt
3(1+a)

x3

0 /770 0y/ 7 0
)7u+’F7VUj:7v(ui)7vf 7VX(3(1+CL)

V2 = (UL, f%,x( )

where we recall ¥ = L*f0 .= X(3(fja) ) f°. Note that we have included the terms f°, u |r, X(ﬁ)
whose derivatives are part of the make-up of the initial time derivatives of 1" (and the terms involving x

are obviously harmless).

Lemma 6.1.2. Let j > 0. If j is even then
LR, 1+ [V
B (J¥)i

+ ((ui)wo)sﬂi({vo‘(@, VUL):0< o <j—1})
ORI, 1+ [V
B (J¥)i

+ (W) ) HI({(VE(V,VUL) 1 0 < |a < j —1})

a4 & pL +GIUVVE0< o] <j—1})

(=V'9° )0, ()3 + GLUVVE 0 < o < j - 1})

where Fg, Fj, Gi, G, and Hg, H3, are some functions which are smooth in their arguments for L, >
0, and moreover F}), F are both the quotient of two polynomials with positive coefficients. If j is odd
then
j 2
B L1+ [V
(7
0 \y° 5 a (1,0 0y . .
+ ((ug)” )sHy {V(VE, VUL) : 0 < |af <j —1})
j 2
o R+ V)
o (J4°)7
0 ; .
+ (WD) )sHy({VH(VE, VUL) 1 0 < [a] < j —1})

ol = 0, (u”)sx + GH{VAVE: 0 < o] <j —1})

du (=V'°, 1) p% + GL{VeVL: 0 < |a] <j—1})

Proof. Letususe F', G and H to denote generic functions of the type described above for Fg, Fi , G{,, Gﬁ

and HIZ, H,. We proceed by induction on j > 0. The case 7 = 0 is clear. Now we assume the formulas
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are true up to order j — 1 for some j > 1. Using the definition 4.4.2 of the initial time derivatives, we

have
: 1, g 0 P (c})?
Ok = 0 (- VL + (V) - () + BT (<90 1) - 0yl

0 _ p(ch)?

= (- V)OIph — B (C V1) 0,0l + GV 0 < o] < 1))

Applying the induction hypothesis to Oéflp(i and 6{;*1(u0)3i we immediately obtain the claimed ex-

pression for 88 pY.. Similarly, we have

. - 0 1 1
a(j)u(i = _8(]) 1((“1 ’ V)Ui + T)v/pgc + 00 (—V’lﬁoy 1)({913]91)
Pt JY Pl
0 . 1 i a )
= —(ul VIO ud — o (CV D00 L + GUVIVE: 0 < o <5 - 1))
=+

Applying the induction hypothesis to 86_1 pY. and 68_11& we immediately obtain the claimed expression

for 83 uY . This completes the induction and proves the result. O

Lemma 6.1.3. For j > 0 even, we have

F(p%, c%, 1+ | V0 ") [n°)”

B (u}|r -n°) = T

0, (u)sslo+ > G wdr) - ofn®
k+1=j,k#j
+G{VVY:0< |al < j—1})|p -0’
and for 7 > 0 odd we have
j 2 2
Pl &1+ [V ) [
(J¥°)I
+G{VVY:0< ol < j—1})|p -0’

0 (S |r - n”) = 0L, )<lr+ > 5 lr) - opn°

ktl=j k]

Moreover; if the initial data satisfies the compatibility condition [u° - n°) = 0 then the above also

holds with + replaced by —.

Proof. Using the chain rule and the definition of the initial time derivatives,
i(,,0 .0\ _ 9,0 0 k( 0V _ al, 0
(ug -n") = Ruy -n” + Z I (ux) - hn
k+l=j,k#j
Now we simply use the above lemma 6.1.2 to write the highest order initial time derivative of u° on

the right hand side in terms of 8%3 uly or 8%3 pY.. We use the fact that when restricting to I' we have

((ui)wo):ﬁ = uY - n® — 9} f° which by definition of 93 f° is equal to uY. - n® — u9 - n". O

Proposition 6.1.4. Let (UJOF, U°, f°) be initial data which satisfy the hypotheses of theorem 4.6.1, so in
particular satisfy the compatibility conditions 4.4.3 up to order 2. Then for € > 0 there are functions
U = (pVL,uly, 8% ) € C®(Q1), f0 € C®(R?) which form a set of initial data for the system
(4.3.1)-(4.3.6).

We also have

o7VIUL € L2 ()
%7V e LAT)
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forall j + |B| > 1, where we write 83 for the initial time derivatives associated with the initial data
(UL,U°, %) and ag’j for the initial time derivatives associated with the initial data (U2, ,U2_, f?).
Additionally, this set of initial data satisfies the compatibility conditions 4.4.3 up to order 2. Also, it

converges to the original initial data as € — 0 in the following sense.

|’U£—UOHLOO(Qi)—>Oase—>O

aS,jVBUEO_a(J)'VﬂUO‘ —0ase—0for0<|[B|+j<3

L*(Qx)
ero—foHLoo(RQ) —0ase—0

|

o570 10— 4 ||

38’jvﬁf€0 _ agVBfOHHl(W) —0ase = 0for0<[B|+7<3

H2'5(R2)—>Oase—>0f0r0§ 1Bl +5 <2

In particular,
EY - FE'ase—0

Using the obvious notation

Pgi(l") = Pi(pgi($)7 Sgi(x))

e = LS
we have
: 0 0. 0.
xle%fi Pey =: 0¢ > - in Q4
=z

forall € > 0, where §° > 0 and k° € (0,1) are defined as

: 0 0
inf =:4
TENL Pt

. 0
inf JY =: g0
z€ENL

and we have

60 = 6%ase—0
/48—>/£Oase—>0

Proof. We define p2, , u, , 5%, f‘f by convolution with the standard mollifier (see 1.6 for the notation)
as follows.

Plr = (Bxta, pl) * e,
agi = (Exto, uoi) * Ue‘gi
8l = (Exto, s3) ne|q,

f?:fo*ne
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where in the first three lines 7. denotes the mollifier in three space dimensions and Exto, Sobolev
extension from (2 to R3, and in the last line 7). denotes the mollifier in two space dimensions.

‘We now set

0

Sed = Sex

=1
(u8+)’ = (/ELS+)/

(ul) = (@l

Note that by the properties of mollifiers and the fact that UY € W1°°(Q_), we have
HINJS—UOH —0ase—0
Leo(Qy4)

We also use that fact that f© € W2°°(T") and the standard properties of mollifiers to obtain

“fg_f0|’W1,oo(F)_>OaS€—>0

H@Z)S — wOHWLOO(Ri’)) —0ase—0
In particular, this implies we may take €* > 0 sufficiently small so that

JwS > «0

N |

for all e € (0,€%] and clearly x0 — &% as e — 0. Note that we may simply take (U2, ,U2_, f2) =

(UEOOJF, ero_, fg)) for € > .
To construct p?, and (u?)3+ we will need to use the following result, which is proved in A.2.1 in the
appendix. Let k > 0 and let b/ € H'=705(T") be given for 0 < j < k for some [ > k. Then there exists

a function g € H'*(Q_) such that

d.glr=h for0<j <k
k

HgHHH-l(Qf) <G Z | ‘hj ‘ }Hl7j+045(r)
=0

for some constant C; > 0 depending on /. See A.2.1 for a proof, noting that to fit this proof we set
hW=0fork+1< 7 < 1. We will use this result with £ = 2 and arbitrary [ > 2.

We use this result to construct ¢, € H'*1(94) such that

qelr = Q! — 81 pls|rfor0 < j <k

k
Hqgﬂz ’ ’Hl-&-l(ﬂf) < jz;) ‘ ‘ngl: - 8:%315&: ‘HZ*J*O*”(F)

where the functions Qgi € H'=3%05(T") will be determined below and we have used the Sobolev trace

theorem for the last term in the estimate. Then we set
0 ~() 0
Petr = Pet + Qe
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so that

8‘73])6:‘:‘1" = Q‘Zﬂ: f0r0 SJ S k

k
‘ ‘pgj: - ﬁgj: ‘ ‘HH‘I(Q:E) < Cl ]zz;) HQg:I: - 8%515&: ‘Hl—.7+0~5(F)

Similarly, we construct w?, € H'*1(.) such that

3wl |r =W/ — 89 (a)34|r for0 < j <k

k
ngHHHl(Qi) <G Z HWﬁJi 0] (N )3iHHl—j+0.5(]_“)
=0

where the functions W7, € H'~7+%5(I") will be determined below. Then we set
()34 = (40)3+ + wy
so that
8£3(u8)3i|1“ = Wi for0<j <k

|(u)sz: — (@)s] g o) < CZZ Hng Or, 0 )3iHHl—f+0~5(F)
=0

Firstly, we aim to define )/ <, and w/? 7, in such a way that 9’ ( ul, - n?) = ag(uo - n%) % n, for
0 < j < 2, where here 7, is the mollifier in two space dimensions. From lemma 6.1.3, for 7 > 0 even,
we have
Fg(ﬂg-p c&_, 1+ ‘V,d)gF) ’”8‘2

j e,k €l
(J¥2)i 0, (ud)a+Ir + Z 9" (uly|r)" - 95" n¢

A (uly |r - n?) =

k+l=j,k#j
+GL VIV s 0< ol <j -1 n!
and for j odd we have
j Fg(p8+,cg+, 1+ V,@Dg 2) ng k 1
3 (ugy|r - nf) = (Jwg‘)j =l ’ 0,0l Ir + Z 9" (ue[r)" - 95" n¢

+GLHVVE 0 < ol <j—1})|r

Note that the initial time derivatives of n0 on the right hand side only involve initial time derivatives of
u8+ up to order j — 1.

Thus, inductively for 0 < j < 2, we define Wg+ and Qz . as follows. For j even we define Wg+ by

63;3 (u8)3+ ’F =

(J¥eyi ; Z k !
' a](uo . n()) % . o (UO ‘ )/ . O nO
2 2( 0 Te 0 eIl 0 e
Fi(ply, i 14 |V'9217) [n?] k=3, ki

~GLHVAVE s 0< fal <j— 1))l 1)
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where whenever we see 8;3 (u?)34 for 0 < i < j, we replace it with W/ . We define Qi 4 by Qg L=

8%3 0 ' |r. Similarly, for j odd we define Qi L by

856A3p(e)—|—|1“ =

(J¢?)j
(o0, ey, 1+ [V0[) [0
—GLHEVVE i 0< ol <j— 1) nd)

j k l
(05 (u®-n%) xme— Y O (ulilr) - 9!
k=3, k#j

where whenever we see 8;3]72 4 for 0 < @ < j, we replace it with Qi 4. We define Wng by Wg+ =
Oz (4)3+|r-
Note that in the case j = 0, we have set Q° L= P | hence by the properties of mollification and

the fact that p} , s € W1°°(Q), we may choose € sufficiently small so that

50
p+(Q(€)+7 58+|F) > 5

for all € € (0, €], so there is no problem with the terms involving —+-.

Peyt

This completes our definition of Qg 4 and Wg+ for 0 < j < 2 and allows us to construct (u?)3 and
pY, as described above. We have defined Q7. and W/, in such a way that 957 (u?, -n0) = &) (u®-n) 1,
for0 < j < 2.

Now, we aim to define Qj _and Wej_ in such a way that the compatibility conditions 4.4.3 hold for
(U2, U2, f9) for0 < j < 2.

In the case j = 0, we set

W =l = ()

€e— € €
which ensures that [u - nY] = 0 (replacing (u?)3—_|r with W2 ). We also set
e =Pyl + oV -7

which ensures that [p0] = —oV’ - A (replacing p?_ | with Q2_).

Now inductively for 1 < j < 2, we define Wg+ and QZ . as follows. For j even we define Wg_ by

(JVe)d
Fi(pl_, 2,1+ V2% |n2f?

€e—

— Gﬂ({vano, 0< |a| <5 —1}) '”S)|F

Or, ()3 Ir = (05 (e ) = D ) 05'nd

k=g kA

and ng by
(JVe)d
B (p_ c0_ 1+ V0
— GV 0< ol <5 -1}

(agij (p8+ + oV - 1?)

0.0 |r =

where whenever we see 8;3 pY_ for 0 < i < j, we replace it with Q%_ and whenever we see 9¢ 5 (ud)3—

for 0 < i < j, we replace it with Wﬁi,.
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Similarly, for 7 odd, we define Qj _by

r3t/e— - 2 i 0 e+ € 0 €— 0 "%
’ Q" Fi(pl_, 2,1+ |v/¢2‘2) k-+l=j k]
—GL{VVL0< al <G —13) )l
and Wg_ by

(J¥e )i
F(p2 2 1+ V2%

€—

~G{VVE 0 < o] <5 —1}))Ir

03, (ud)s_|p = — 057 (p2, + oV’ - D)

where whenever we see 95, p?_ for 0 < i < j, we replace it with Q’ _ and whenever we see 02, (u?)3—
for 0 < i < j, we replace it with Wg_.

Using lemma 6.1.2 we see that these definitions ensure that the compatibility conditions

0l !

O] = o0V !

are satisfied for 0 < j < 2 (replacing 85"p?_|r with Q*_ and 95" (u0)s_|r with Wi_ for 0 < i < j).
0

Note we have used the zero order compatibility condition [u - n?] = 0 (replacing (u?)3_|r with W2.)
to ensure that ((u2)%*)s|p = 0 (replacing (u®)s_ | with W2 ) when applying lemma 6.1.2 to remove
the terms involving the functions Hﬁ and Hg.

Note that since (Uﬂ, UV, f9) satisfies the compatibility conditions up to order 2, we have the same
formulas for &,p° | and %sug_hﬂ without the . Hence we may write Q7 — &%.p° |p and W7 —
8%3ugf\p as the difference of the expressions on the right hand side of the above formulas with and

without €. In particular, with j = 0, we may obtain

190 = P21l ooy < HlPEsle =Pe| ooy + o[V (32 = A0)]] oy = Oas €= 0

where we have used the fact that fO € W3°°(I") together with the properties of mollifiers. Hence we

may choose € sufficiently small so that

0 (0 0
p*( e—?se|r) > 5
for all € € (0, €%]. Thus in the above formulas the factor of -~ does not cause a problem.

Using the estimates from the beginning of the proof and the smoothness of the quantities in the

formulae for @/, and W”,, we have

FVPUL, e L* ()
RVP O e LA (1)
forall j + 3] > 1.

Now we need to show the desired convergence properties. Firstly, we note that we have constructed
(u8)3+,pg+ and f9 so that for 1 < j + |B] < 3,
Ba&J £0 _ B4 £0 _ BAaJ £0 _vBad £0
HV D fe=Vion] HHl(r) N HV RS xne=N"00f HHl(F)
—0ase—0
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where we have used the properties of mollifiers. Similarly, for 0 < 7 < 2,

|

- o - air

0710~ 1"

H4.57j(1") H4.5—j(r‘)

—0ase—0

To show the desired convergence properties of (u)3 and p? . we proceed as follows. We note that
the formulas for 8%, (u0)34 and 9%,p%, which we used to define Q7 and W/, hold in the case ¢ = 0
for (Uﬂ, UY, f9). Thus we may subtract the formulas for the case ¢ = 0 from the formulas for Q -+ and

147 <. and use the mean value theorem to obtain

[

H2:5-3(T)

<(||oe, - URHHM(F + [V = VO | sy

# 3 T =T 0 oy + [ AART A il

+ z Qe = 2l + Z ey = Ol gy PO 550
2 el

W2 = o]

< ([0 = 0| ooy + 199 = 90y

+ > V'3) % ne = V'O oo +H8j+1f0*77€ 8J+1fOHHM i(r)
05

+O<; X HQi+ - 553P9F|FHH2-5*1'(F) +0<; ) HWE@F —‘%Ugﬂﬂ{H2-57i(r))F(EO’ 5%’ %)
2 =

Thus using the properties of mollifiers we inductively obtain

Jj _ aj 0
HQ€+ 8$3p+|rHH2'5_j(F)—>Oase—>0

. -
HWg+ - 8%3u3+|p‘ ‘Hz.s—j(p) —0ase—0

Now we show the desired convergence properties of (u?)3_ and p? . Taking the difference of the

formulas for Q’_ and W7_ and their counterparts without the € satisfied by 8%,p° | and &%,u3_|r up to

j = 2, along with the mean value theorem, we obtain

HQJ 3p ‘FHH% i(T)
< (|02 - U7HH2‘5(F) +[|Vee ~ vonHQf’(F) +]|U2y — UJ?HH2~5(F)
196t r0 /90 £0
+ g:ﬁ Hv 9o 0 — i f \ oo
i i % % L1
+ Z HQ_*@BP |FHH25 1F)+ Z HW— axgug—‘r}|H2A5—i(r))F(EO’6707@)
0<i<j—1 0<i<j—1
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and

HWGJ_ g3ug—‘F||H2A57j(F)
S 2% 0 N 1 v 1
!/ 6,@’ 0_ 19t 0

+O<Z'<‘ Hvao fe vaof ) H3-5-4(T)

YA

; ; 11

+ Z HQZ__513p \FHst 1r)+ Z HW%—_aiﬂg—‘ﬂ\st—f(r))F(EO,@7@)

0<i<j-1 0<i<j—1

Thus using the properties of mollifiers and existing estimates we inductively obtain

HQJ'__aﬂsp |FH F)—>Oase—>0

Y
H o’ u3,|pHH2'5ij(F)—>0ase—>0

Hence, using the estimate from the beginning of the proof, we we have

0 r70
Ue:l: - Ue:t

|

2
i <O 00 O -]

gcguczg’i—aggpguwj(r)wiuwg;— i8]

H2:5-3(T)

~0 i 0 ~
+CZH z3Pet — %3piHH2»5 —i( +CZH 33t_8x:3u3>ﬂEHH2d i(T)
— 0 ase — 0
where we have used the above estimates and the properties of mollifiers. Hence we have

70
:I:_Ue:t

,+ [oes vz

102 = 02| s < e

H3(Q4)
—0ase—0

where we have used the above estimates and the properties of mollifiers again. Note that by the Sobolev

embedding theorem this also implies
HUEOjE - UjOEHLOO(Qi) —+0ase—0

Now we note using the chain rule, mean value theorem and definition of the initial time derivatives

that, for 0 < j < 3,

‘ aS’er ajUiHHS» i)
< F(E", 510’* H UiHH3(Qi)+Z‘8”fO 60f0HH31
—0ase—0
where we have used the above estimates.
Finally, note that since
HUEO — UOHLOO(Qi) —0ase—0

51



we may take € > 0 sufficiently small so that
1
pe:t — 2

for all € € (0, €"] and clearly 69 — 6" as e — 0.

This completes the proof. O

Proposition 6.1.5. Let (U_?7 U°, f°) be initial data which satisfy the hypotheses of theorem 4.6.1, so in
particular satisfy the compatibility conditions up to order 2. Then there exists a sequence of initial data
(UL, UL, f9), m > 1, which satisfies all the conclusions of 6.1.4 (replacing € — 0 with m — oc)

and in addition each element of the sequence satisfies the compatibility condition (4.4.6) up to order 3.

Proof. Welet e > 0 and 7 > 0. We define the initial data (Ug?7 +, ern ) Om) as follows.
pg,nJr = p2+
Ug,ni = Ugﬂ:
Sg,ni = Sgi
en =17
Py =P+ . xgx( %)

3!

where p?, etc. are given by the previous proposition 6.1.4 and where xy € C2°(R) is a smooth cut-off
function with y(z3) = 0 for |z3| > 1 and x(x3) = 1 for |z3| < 1 and ¢°_ is defined below.
Note that, after using the definition of the initial time derivatives, the compatibility conditions (4.4.6)-

(4.4.7) up to order 2 only involve spatial derivatives of p® up to order 2. Now note that

1 T3
23x (=) )Ir =0
7l

V=
for 0 < |a| < 2, so the compatibility conditions (4.4.6)-(4.4.7) up to order 2 are unaffected by the
addition of the extra term, and still hold with (U2, , U2_, f?) replaced by (U, ., U2, _, f2,).

The calculations from the proof of 6.1.4 show that the compatibility condition (4.4.6) holds at order

3 for the initial data (ern-H eom_, fgn) if and only if

1 (on) 0 ek, 0 el n?
7(8 ( L ne) — g 0y (u ) -0y
01 3 Ue € €—
| ‘F (pe 7 Ce— ) k+1=3,k#3

— GL({VeVL 10 < Jal <2}) - nf)lr

833])6777 ‘F

Using the definition of (U? It ern , ) this is equivalent to
()

)3 K il
T )(65 (Wl -nd)— > 95l ) - op'n?
Pe—> 6 k+1=3,k#3

qS,\r = 3
—GL{VVE 0 <ol <2}) - nd)lr — 95,0l Ir

¢l

which is how we define ¢°_|r, which is extended to Q_ by being independent of 3.
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‘We now claim that, for fixed € > 0,

—0asn—0for0<j <3

7,63 770 €,J
Hao o, — a5UY, o)

= 0asn—0for0<j <3
4=3(I)

= 0asn—0for0<j <2
H4.5—](I‘)

7,63 £0 €J £0
Ha() fsm_ao fe H

7,€.5 £0 €J £0
Hao fe,n_ao fe

where we use 8"’€’j to denote the initial time derivatives corresponding to the doubly approximating

initial data (ern +,

only on spatial derivatives of U? ent and fo 0 which are exactly equal to U? o and f¢. 0. Also, we note that

Uon  f? '»)- Indeed, note that the initial time derivatives of U, 0,7 4 and f? - depend

oy Sy 27], for 0 < 5 < 3 depends only on spatial derivatives of U, Oni and f ' up to order 3. Since these
are all equal to those for 7 = 0 except the spatial derivatives of (pem)g,, it suffices, by using the mean

value theorem, to prove that

—0asn—0

3! H3(Q)

1
168005 = 02l = | gredEal

Indeed, we have

From the formula for ¢°_ and writing the initial time derivatives on the right hand side of this formula in

1 T3
gng(?)q&

0
‘H3 353X )) ‘ 'LOO(Q) quf | ‘H3(Q,m{\x3\§n})

<c HqﬁHHsm Nlasl<n})

terms of spatial derivatives, we see that
a2 sy < F(ES + Z VU oy + V' £l gy
< Ce
for some increasing function F'. Thus,

‘ 1

3!

0
—aiy (2 ; $ygl ‘Hs@) < Clae- || e npusi<ny)

—0asn—0

as claimed.

Now given m > 1, we pick €, > 0 such that

1
0
|Ue, —U HLoo(Qi)SE
4 . 1
‘%mgvﬁer _%vBUO‘ < —for0< B +5<3
m L2(Q4) m
1
1w = Pl ooy < 57
1
€m’.7 B 0 ﬁ 0 - .
|o5m9v7 g, — 4P s HHR < lor0<ifi+i<s3
' 1
emdgB 0 _ aiwB (0 — '
‘80 VO eV f‘Hz.s(Rz)Smf0r0§|ﬁ|+j§2
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We then pick 7,, such that

1
0 0
HUeme - UemHLOO(Qi) < %
A ~ 1
’ 88manm7]vﬁUgm — 86mvﬂvf3U€0 ‘ L) < —for0 < |,8| +5<3
yIm m :t m
1
0 0
‘ €EmsNMm ~ Jem LOC(RQ) S %
4 4 1
0679 i = B0 o gy < PrO < WAL <3
sfHIm m m
, , 1
’ 8877L77777L7jv5 Sm . _ agnujvﬁ 50 ‘ H25(R2) S _ fOI‘O S |ﬁ| +] S 2
sSTim m . m
Then we set (U, ,US_, f9) = (erm,nm+7 ermmm,, feommm). This completes the proof. O

6.2 Reduction to the Case of Smooth Initial Data

Proposition 6.2.1. Suppose we can prove the theorem 4.6.1 under the additional assumption that the
initial data (U, U°, V) are smooth, ie VUYL € L?(Q4) and VY 0 e L2(R?) for all |a| > 1, and
that the compatibility condition (4.4.6) holds up to order 3. Then the theorem 4.6.1 follows (without the

smoothness assumption).

Proof. Let (UY,UY, f°) be initial data which satisfy the hypotheses of theorem 4.6.1.
Let (U2, U2 _, f2) be the smoothed set of initial data as defined in 6.1.5 for m > 1. Let ] > 1 be

an integer. Note that since £9 — E° as m — oo we have
0 0
E,, < E

for some constant El0 independent of m for all m > [ with EZO — EY as I — oo. From the construction
of (UY, U, v

m—>

fﬁl), we may also bound the difference
> lUm - UOHi?(Qi) + | fm fOHi?(r) < CE}
+
‘We also have

: 0 0 0
1nf p. = (S > 6
20y m+ m = Yl

inf o9 =: k0 > k)
z€R3

for some constants Y > 0 and ) > 0 for all m > [ with §) — ¢° and k) — £° as | — oo. Note that
oo T UO _, £9) also satisfy the compatibility conditions up to order 2 and the compatibility condition
(4.4.6) up to order 3, hence the initial data (U2, T UO _, f9) satisfies the hypotheses of theorem 4.6.1
with E° replaced by E?,, 6" replaced by 60, and x" replaced by x0,, with the additional smoothness and
compatibility assumptions.
Now we apply the theorem 4.6.1 with initial data (U9, 1 U _, f9) for each m > [ to obtain a
solution (Up+, Upm—, fim) on the time interval (0, 7%), for T2, > 0. We also have
En(Ty) < Cp,
Pmt 2> 55” in (0,72) x Q4
Jvm > %/ﬁo in (0,7%) x R?
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(Note we use the obvious notation E,, for the energy of the solution (U, +, Up,—, fin) etc).

The time 7%, > 0 is bounded below as follows.

11
7% > T(E?, 55 >0
m m

where T'(-) a fixed smooth decreasing function given in theorem 4.6.1. Similarly, the constant C2, > 0

is bounded above as follows.

1 1
m m

T,%>T(El,50, 5) =11 >0

1R

0 0 1 1 0

Cm<C(E’50’7O)_ Cl < o0
l K

Let us also note that

0 __ 0 _ .70
lim 7f = T(E°, 55, =) = T° > 0
1 1
0 __ 0 _ 0
lli)lloolcl —C(E ,570,@)— C < 0

Since for all m > [ we have

we may use weak-+ compactness in L>((0,7}); L?(Q+)) and L>=((0,7}) x ) to obtain a subse-

quence my, and elements Uy € L>=((0,7}7) x Q4), f € L>=((0,T}) x R?) such that

9°U € L™=((0,T); L*(4)) forall 1 < |a| < 3
9°f € L=((0,T); H'(R?)) forall 1 < |a| <3
Vol f e L0, T0); H*>77(R?)) forall 0 < j < 2

and

Un, — U = 0in L=((0, 7)) x Q)

fn — [ = 0in L((0,T7) x R?)

OUp, — 0°U = 0in L=((0,TY); L*(Q4)) forall 0 < |a| < 3

0% frm, — O%f = 0in L°°((0,TP); H'(R?)) forall 0 < |a| < 3

V' frn, — V'O f 2 0in L2((0,T0); H>*7I(R?)) forall 0 < j < 2

By weak-* lower semi-continuity of norms, we have

E(TY) <liminfC), = C°
k—o0
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where F denotes the energy associated to (U, U_, f). Note that for the zero order convergence we have

used the fact that we may bound the difference

2 2
D MU = U2y + 1 = L2y
+
<CY R = U2y + C D N0UnmllTai0sy + ClIE = Ll 22wy + C 10Fmll72ry
+ +

< CE}

Note that, using the Sobolev embedding theorem, since OU € H?(Q4) and 2 > % = %, Ui €
CLH((0,TP) x Q4), and similarly f € C}((0,T)) x R?), V'f € CL((0,7) x R?). Note in particular
this implies that Uy and f are uniformly continuous (in fact Lipschitz).

Using Sobolev compact embedding, we have the following strong convergences, where Q. are any

smooth bounded subsets of 2+ and Tis any smooth bounded subset of R2.

Uy, — 0°U — 0in L=((0,T); L?(Q4)) forall 1 < |a| < 2
0% frny, — 0% f — 0in L®((0, T7); HY(T')) forall 0 < |a| < 2

In particular, using the Sobolev embedding theorem again, we have U,,, — U uniformly on smooth
bounded subsets of (0,7}) x Q4 and fr,, — f, O fm, — Of uniformly on smooth bounded subsets of
(0,T) x R?. This also implies Uy, |r — U|r uniformly on smooth bounded subsets of (0,7}) x R?.
Since p,+ are smooth functions of p and s, we also have p,,,+ — p+ uniformly on smooth bounded

subsets of (0, 7)) x Q. Hence, we have pointwise in (0,7}) x 4,

P+ = /{:Hn Pm+ = 2 ? 2

Similarly, we have 0,1, — 0., uniformly on smooth bounded subsets of (0, Tlo) x IR3. Hence,

0 0
JY = lim J¥me > Tme B
k—o0 - 2 2

Note that by passing to a subsequence if necessary we may assume additionally that OU,,, — 0U
almost everywhere in (0,7}) x Q4 and V'0f,,,, — V'Of almost everywhere on (0,7) x I'. We use
this convergence almost everywhere to let k — oo for almost every (t,x) € (0,7)) x Q4 and almost
every (t,2") € (0,T) x R? in the system of equations

1
Py Ciny

(O + u¥m™ - V)8, =0

(O + umy* - V)pm,, + AVALS Up,, =0

in (O,TZ) X Qi,

8tfmk = Umy+ N

[Py = —oV'- Ty,
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on (0,7;) x I,
lbmk = Lafmk

to obtain that (U, U_, f) is a solution of the system (4.3.1)-(4.3.6) on the time interval (0, 7}) as defined
in 4.3.1 with ¢ = L®f. Note that the continuity of U, OU and f, f, V'O f imply that these equations
are in fact satisfied everywhere in the classical sense.

We now claim that (U |t—o, U_ |10, fi=o) = (UL, U?, f9). Indeed, we note that using the uniform

continuity and convergence which we have shown, we have

Unmj+lt=0 = U+ |t=0 in Q4

Smplt=0 = fle=o in R?
But we have from 6.1.4 that

Ud, .+ — ULinQy

0 0: 2
m, — [ ImR

hence (U |i—0, U—|i=0, fi=0) = (U?r, UY, £9) as claimed.

Now for each [ we may apply the above compactness results successively to (Up, 4, U, —, fm, ) tO
obtain further subsequences m; ;, and limit functions Uj4., f; such that the above convergences etc hold
on (0,7) and (U, f1) = (Umx, fim) whenever both are defined. Since T — T° as | — oo, we may
define (UL, f) on (0,7°) by defining it in the manner described above on on (0,7}) for each [, and by
the above it is a solution to the equations on the fixed domains on the interval (0, 7) with the desired

properties. This completes the proof. 0
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7. The y-Approximate Equations

Here we define a sort of viscous regularisation of the equations (4.3.1)-(4.3.6) on the fixed domains. See
3.3 for a motivation of the general strategy of introducing such a viscous regularisation, and see 3.4 for
the motivation behind the specific regularisation chosen.

For brevity we do not redefine quantities whose definition is obvious given notation we have intro-
duced previously.

Also, we will not write explicitly the dependence on 4 of a solution to the p-approximate equations

else the notation would be too messy.

7.1 Definition of the ;-Approximate Equations

Definition 7.1.1. For ¢ > 0, given the density functions p4(t) € C}(Q4) for each ¢, we define the

smoothed density p,,+ as

Put = (Exta, p+) * nﬂ‘Qi
where the Sobolev extension operators Extq, are defined in 1.6 and the standard mollifier 7, is defined
in 1.6. Note that we mollify only in space, not in time. We also apply this definition to the initial data
0
P+

Note that by properties of mollification and Sobolev extension,

Hpu - pHLoo(Qi) < uC HVPHLOO(Qi)

hence

100 = Pl ooy = O s = 0 (7.1.1)
provided |[Vp|[ (g, ) is bounded.

Definition 7.1.2. Let p € (0, 1].

Fix T € (0,00). Also fix (g1)+ € Cp((0,T) x Qx;R3), g2 € Cy((0,T) x ') and write g = (g1, go)
which we will call the right hand side of the equations.

Let f € CH(0, T")xR?) with V' f € C}((0, T")xR?) forall T’ € (0,T). Let Uy = (py, us,s+) €
CLH(0,T") x Qy) forall " € (0,T). In addition, assume uy. € CZ(Q4), ux|r - n € CZ(R?) for each
t e (0,7).

We will say that (U4, U_, f) is a solution of the p-approximate equations on the time interval (0,7")

with lifting operator L® and right hand side g, with initial data

(U?»a UB? fo) = (U-i-‘t:()y U—’t:()v f‘t:O)
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if p(t,x) > 0, pu(t,z) > 0and JY(t,x) > 0in (0,T) x Q4 and py,us, s+, f satisfy the following

system of PDEs.

in (0,7) x Qu,

on (0,7) x T,

1
E(&g—i—uw-V)p—i—Vw-u:O

pu(Or +u? - V)u+ VVp = pV¥(p* V¥ - u) + g1
(O +u¥-V)s=0

Of =ut-n

[p— pp®V¥ -u) = —oV' -4 p(A = 1) (u-n) + go

Y=L

7.2 Initial Data and the Compatibility Conditions

(7.1.2)

(7.1.3)
(7.1.4)

(7.1.5)
(7.1.6)

(7.1.7)

Definition 7.2.1. We say that (p., u%., s%, f°) are initial data for the system (7.1.2)-(7.1.7) if the follow-

ing holds. We require that f € C} (R?). We continue to use notation from before such as 1)* := L2 f°.

We also require that pY,u9,s% € Cy(€24) are uniformly continuous functions (where uY. are vectors

representing the initial velocity), so that we may define them on the interface I' by uniform continuity

and we require

Finally, we require

[u®-n% =0

inf p°=:6">0

rENL

. 0 0

inf =0, >0
reN4 p” ®

X 0

inf J¥" = k0>0
T€R3

Definition 7.2.2. In the same way as we defined the initial time derivatives in 4.4.2, we may define

the initial time derivatives 9} 7 associated with the p-approximate equations with lifting operator L®

and right hand side g, which act on differentiable expressions involving the initial data (U, U?, f°) as

follows.

To start with, we define 9597 p%., 9597 uY., 997 8%, 997 £, 997140 as follows. We set

oY =id
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then for j > 0 we inductively define

O = 3 (wy (1) - (1), = A (s (8,27,0) - (1)) |, (7.2.1)
65’9’j+1¢0 — L“&é"g’ijO (7.2.2)
A = 0l (~ (V1) - VIpe(t) = pr () (VP - us ()] 723

“,g,J+1, 0
80 ui =

O (— (1) - V)u(t) - piu) VYO (pe(t) = pp (B BV cus(®) + 1 (0)],_, (7:24)
OIS = 0 (- (1) - Vs (1) 723

where the expression 85 (+)|t=0 on the right hand side in the first line and last three lines means we think
of uy(t), 1(t) etc as functions of ¢ and formally differentiate with respect to ¢ j times according to the
chain and Leibniz rules, then replace dlu (t) for 0 < I < j by 95%'ud. etc.

As before we can extend this definition so that 9)"Y 7 act on differentiable expressions involving the

initial data.

Definition 7.2.3. Let (Ug, UY, £9) be initial data for the p-approximate equations with lifting operator
L® and right hand side g. We say that (U, UY, f°) satisfies the normal velocity jump compatibility

condition up to order k if
9’ - n’] =0 (7.2.6)

for 0 < j < k. We say that (Uﬁl7 UV, f9) satisfies the pressure interface compatibility condition up to
order k if

K [p° = e ()" ) = 3T (o (Vi) + (A = 1)(lp - n%) + B ge(t)li=o (7.2.7)

for0 <j <k.

Note we continue to use the notation 1" := L f0.

7.3 Energy for the -Approximate Equations

Here, we introduce two separate energies, I, and £,,, associated with the y-approximate equations. We
will call the energy E), the u-independent energy since it will be used in a p-independent energy estimate
and should be thought of as being like the energy E for the equations in the fixed domains as defined
in 4.5.1 but with some extra terms multiplied by powers of ;1 added which correspond to the addition of
the terms involving p to the equations in the fixed domains, allowing us to close the energy estimate for
the p-approximate equations. We will call the energy £, the higher order p-approximate energy and we
will use this for solutions of the p-approximate equations with p fixed. The advantage of introducing
this energy is that we may perform the p-independent energy estimate on solutions of the p-approximate
equations with £,(T") < oo without having to worry about whether the solution has enough derivatives

for us to differentiate the equations in the standard manner.
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Definition 7.3.1. Let f € L{ ((0,T)xR?), Uy € Li ((0,T) x +). We define the lower-order energy

loc loc

E, : (0,T] — [0, oo] for the p-approximate equations associated to (U, U_, f), as follows.

E,(t) = E(t) + u? Z Z esssup H(?gVu‘
+ 0<5<2 TE(O,t)

+ 1 Z /(]t“ﬁg(u.n)“j{4j(R2)dT+M2 Z eSSSUpH(‘)g(u-n)’ 2

4.5—5(R2
0<;<3 0<;<2 7€(0,t) H (R?)

2 2 ! 3,112
H3-i(Q4) +u Zi:/(; HatuHHl(Qi) dr

where E(t) denotes the energy for the fixed equations associated to (U;,U_, f), as defined in 4.5.1.
Note we adopt the convention that if the solution does not have sufficiently many weak derivatives in
(0,T") x Q4 to define the energy then it is infinite, and if we write £(7”) < oo then this implies that all
the weak derivatives in (0,7”) x € present in the energy exist. Note that if E,,(7”) < oo then E, is
uniformly continuous on (0, 7”].

We define the corresponding initial lower-order energy Eg for the p-approximate equations with

lifting operator L” and right hand side g associated to the initial data (U, U2, f) as follows.

2
, 2

ES = E° +MQZZ Hag,gavuo‘

£ j=0

o 2 )

H>3(0 0<j<2

H4-5-3(R2)

where in the definition of E° we replace &) with %97
Note that this is the energy we will use in proving a p-independent energy estimate for the -

approximate equations, hence the exact dependence of the terms on p is important.

Definition 7.3.2. Let f € Li ((0,T) x R?), UL € L ((0,T) x Q). We define the higher order

loc loc

energy £, : (0,T] — [0, oo] associated with (U, U_, f) as follows.

. 2 . 2
50— 5 el e s
w0 “(t)—l_efes(%%);og:gs A H3—-7(Q¢)+ersg(%%)§i:og:§2 Hy XU)‘H4_‘7(Qi)
t t . 2
477]12 J
+zi:/0 HatUHLQ(Qi)dTJrZi:O;Q/O HatquHH(Qi)dr
2

+ Z esssupHd{V’f‘

t
+ ot I, d
0<j<3 T€(0:t) H45-3(T) /0 H tfHHl(F) T

t ) 2
> ot ]l

<j<3

+ esssup H@J(un)H o+
T€(0,t) 0;3 ! HA=I(T)
Note that if £,(7") < oo then &, is uniformly continuous on (0, 7"].

We define the corresponding higher-order initial energy 52 for the p-approximate equations with

lifting operator L* and right hand side g associated to the initial data (U JOF, UY, £9) as follows.

E=En+y. > Hag’g’jVUOH;_mi) +3 3 [l < “O)H;—jmi)

+ 0<5<3 + 0<j<2

+ 3 Hagvg,jv'fOH;M(F)jL > Hagvgvj(u().no)H

0<j<3 0<5<3

2

H4=9(T)

Note that we will use this energy for fixed p when proving existence of solutions to the p-approximate

equations and estimates involving it will always depend on p.
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Definition 7.3.3. Given a right hand side function g for shorthand we define the energy associated with

g as

3 2 4 2
E,(t) = ess su H(‘)j H + ess su HBJ H 7.3.1
(1) Zi:]zg Te(o,s) I s o) jzo Te(o,t§) £ sy 73D

for ¢t € (0,1]. Note that if E,(T") < oo then Ey is uniformly continuous on (0, 7"].
Note that for simplicity we have not attempted to make the order of £,(¢) in space as low as possible

since eventually g will depend on the smoothed initial data for the original problem in the fixed domains.

Definition 7.3.4. We say that initial data (UY, U°, f°) for the y-approximate equations is smooth if

EY < oo

max

where the high-order initial energy £° __ is defined below.

max

2 2 2
Ema = DU oy + 11 e oy + 2 NIV oy + IV O llgoey  732)
+ +

7.4 Statement of Existence of Solutions to the ;-Approximate Equations

Theorem 7.4.1. Let p1 € (0, 1] and let (UR, UY, %) be smooth initial data for the p-approximate equa-

tions with lifting operator L* and right hand side g, with £°, < oo. Assume that this initial data

max

satisfies the compatibility condition (7.2.6) up to order 3 and the condition (7.2.7) up to order 2. Assume
that the right hand side g satisfies E4(1) < co. Assume also that the initial data satisfy

inf pO =:46">0 (7.4.1)
TENL

: 0 _. 50

xlelgi pp=:0,>0 (7.4.2)
inf JY° = k0 >0 (7.4.3)
z€ER3

Then there exists a time TS € (0,1) and a solution (Uy,U_, f) of the p-approximate equations with
lifting operator L® and right hand side g on the time interval (0, TB ), as in definition 7.1.2. Moreover,
Eu (Tg ) < C’g < 00

0
p> —in (O,Tﬁ) X Ot

where C,,(+) is a smooth increasing function of its arguments, and may depend on .

The time TS > 0 is bounded below as follows.

1 1
TP > Tu(Eax =5+ ~5+ —» Bg(1)) > 0

1
w507 507 0
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where T,,(-) is a smooth decreasing function of its arguments, and may depend on ji. Note that the time

interval of existence here depends on the high-order energy EO . of the initial data.
Proof. See sections 9-14. O

Proposition 7.4.2. Let yu € (0,1] and let (UY,UY, f°) and g satisfy the hypotheses of 7.4.1. Then there
exists Ty, € (0,1] and a solution (Uy,U_, f) of the u-approximate equations with lifting operator L*
and right hand side g on the time interval (0,T),), satisfying the following additional properties.

Eult) < o0

inf inf p>0
7€(0,t) z€EQ+

inf inf >0
T€(0,t) T€QL Pu

inf inf J¥ >0
7€(0,t) z€R

forallt € (0,7T,) and if T), < 1 then one of the following holds as t 1 T),.

E,(t) = oo

inf p—0
o0’

inf —0
ven, P1

inf J¥ —0
reNL

Note carefully that the blow-up condition is on the lower-order energy E,,(t).

Proof. See section 13.3. Note that, due to the smoothness requirement on the initial data in 7.4.1, this
proposition is not a directly corollary of 7.4.1 in the usual way via taking final data as initial data to
extend the time interval of the solution. We use a slight variant of this idea, hence we record the proof in

13.3.2 where it can be written more conveniently. O

7.5 Statement of the p-Independent Energy Estimate for the u-
Approximate Equations

Proposition 7.5.1. Let (U;,U_, f) be a solution of the p-approximate equations with lifting operator
L® and right hand side g as defined in 7.1.2 on the time interval (0,T) with initial data (UJOF, U, %,
where ;i € (0, 1]. Suppose in addition that £,(T) < oo and that the initial data satisfies the conditions
(7.4.1)-(7.4.3).

Then there exists a time 0 < T° < 1 and a constant C° > 0 such that

E,(min{T° T}) < C°

IN
Q

v
w\t%w\%

P+ in (0,min{T° T}) x Q4

put > L in (0, min{T°, T}) x Qy

1
JY > 5/10 in (0, min{7°,T}) x R?
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The time T° > 0 is bounded below as follows.

1 1 1

0 0

T Z T(E;u 6707 Ea @7 Eg(l)) > 0
where T(-) is a smooth descreasing function of its arguments. Similarly, the constant C° > 0 is bounded
above as follows.

L1

1
7507 627 EaEg(l)) < oo

Cc? < C(E]

where C(-) is a smooth increasing function of its arguments.

Proof. See section 8. O

7.6 Reduction to Solving the ;-Approximate Equations

Proposition 7.6.1. Let pu € (0,1], ler (UY,U°, f°) and g satisfy the hypotheses of 7.4.1, and suppose
that propositions 7.4.2 and 7.5.1 hold. Then there exists T° € (0, 1] and a solution (Uy,U_, f) of the
p-approximate equations with lifting operator L* and right hand side g on the time interval (0,T°),

satisfying the following additional properties.

50
Put > ?’L in (0,T°%) x Q.

1
JY > 550 in (0,7°) x R3
The time T° > 0 is bounded below as follows.

1 1 1
0 0
1° > T(E,, 507 70" @,Eg(l)) >0
where T(-) is a smooth descreasing function of its arguments. Similarly, the constant C° > 0 is bounded

above as follows.

where C(-) is a smooth increasing function of its arguments.

Proof. We know by 7.4.2 that there exists 7, € (0, 1] and a solution (U, U_, f) of the py-approximate
equations with lifting operator L, right hand side g on the time interval (0, 7},), satisfying the following

additional properties.

Eult) < o0
inf inf p* >0
T€(0,t) TEQL

inf inf p#* >0
7€(0,t) z€EQL Pu

inf inf JY" >0
7€(0,t) z€ER
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forallt € (0,7),) and if 7, < 1 then one of the following holds as ¢ 1 7,.

E,(t) = o0

inf p* —0
e

inf —0
o

inf J¥ —0
e

Now the solution (Uy,U_, f) satisfies the hypotheses of the energy estimate 7.5.1 on the interval
(0,T) for every T < T,.. Hence we may apply the energy estimate 7.5.1 to obtain a 79 € (0,1] and
C° > 0 such that

E,(min{T° T}) < C°
0 ~
Pt > %in (0, min{T°, T}) x Q4

50 -
Put > 5“ in (0, min{7°,7}) x Q.
I‘&O ~
JY > - in (0,min{7° T}) x R?
for every T < T,. Butif T), < 79 and T,, < 1, then this contradicts the assumption that one of the above

singular convergences holds as ¢ — T},, hence we obtain 7}, > T% or 7, = T° = 1 and

E,(T%) < C°
50
px 2 5 in (0,7% x Qs
0
Put > ?,u in (O,TO) X Qi
0

JY > % in (0, 7°) x R3
Note that the energy estimate provides the following bounds on 7° and C°.

7° > T(E° L1

W 6707 Ea @7 Eg(l)) > 0

where T'(-) is a smooth descreasing function of its arguments and

where C'(+) is a smooth increasing function of its arguments.

This completes the proof. O

Proposition 7.6.2. Let (U?,U°, f°) be smooth initial data for the original equations in the fixed do-
mains satisfying the compatibility condition 4.4.7 up to order 2, and the compatibility condition 4.4.6 up
to order 3, plus the conditions

a:le%fi P’ =:6">0

inf JY" = k" >0

z€ER3
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is given in terms of(U_?r, UY, 9 by (7.3.2).
Then there exists a u° € (0, 1] depending only on the initial density p° = p(p°(z), s°(x)) and func-

< oo where E0,,. i

Note that by being smooth we mean E9

max

tions c1(t,x), ca(t, x) depending only on p and the initial data (U,U°, f°) which are smooth for

o°, ,02, JY° > 0 such that the following is true. Firstly,

inf p0 =:§
e, Fr

forall u € (0, u°). Secondly
E.(1)—>0aspu—0

where ¢ = (c1,c2) and E. is defined in (7.3.1) with c replacing g. Thirdly, the initial data (UJOF, UY, £
satisfy the compatibility condition 7.2.7 up to order 2, and the compatibility condition 7.2.6 up to order

3 for the p-approximate equations with right hand side ¢ = (c1, ¢2).
Proof. First of all, fix u° € (0, 1] such that
50
0
plj, Z E

for all i € (0, u°]. Note this is possible by (7.1.1).
We define the functions ¢; and ¢y to make the initial data (U, U?, f°) compatible with the -

approximate equations with right hand side ¢ = (¢, c2). We set

2 tk
ax(t) = Z *,C]fi
k=0
2 tk
k
ea(t) =D 155
k=0

where the coefficients ¢}, c5 are defined below. Note that
O e (t)]i—o =} for 0 < j < 2
& ca(t)]mo = ¢} for 0 < j < 2

We define the coefficients c¥ ., ¢k as follows.

We want to have, for 0 < 5 < 3,

UL =Rul (7.6.1)
A [0 = a7 f0 (7.6.2)

where 8j are the initial time derivatives associated with the equations on the fixed domains as defined in
(4.4.2). We see that the equations defining 9/° “J are all the same as the equations defining 83 except for
the velocity equation (7.2.4). Let us assume inductively that (7.6.1)-(7.6.2) hold for 0 < k& < j (and note

the case j = 0 is trivial). This means it makes sense for us to subtract (4.4.4) from (7.2.4) to obtain

-1 1 0 0 0
i+l +1,, H
oMl — ol = R((oy — )V L+ 5V (R ()Y ud))
P+ Pui Put
1
+ Z 80 )éie + o Cls
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Thus we define inductively, for 0 < 7 < 2,

] ; 1 1 0 1% 0 0
da=—re Y A)di— ey — )+ T P )
k+i=7,1#] u:l: P+ puj: pu:l:

Hence (7.6.1)-(7.6.2) hold for 0 < 5 < 3. Having established this, we will now write ﬁj instead of
ohe 7 for the rest of this proof where appropriate, when acting on this specific initial data (UR, Ul fo.

We want the initial data (Uﬂ, UY, f9) to be compatible with the p-approximate equations, that is,
to satisfy the compatibility condition (7.2.7) up to order 2 and the compatibility condition (7.2.6) up to
order 3.

The fact that (7.2.6) holds up to order 3 for (U?,U?, f°) follows directly from the fact that (4.4.6)
holds up to order 3 and (7.6.1)-(7.6.2) hold for 0 < j < 3. This means 88(1& -n0) = 38(u0_ -n?) for
0 < j < 3 so we can write simply 88(710 -n%). We define

; 0
ch 1= —pu(A = D (u” - n°) = 3 (p"(*) VY - )]
Using the compatibility condition (4.4.7) for 0 < 5 < 2, we have

ARI° — up®(2)?VY ) — O (—o (V' ) + (A — 1) (] - n?))
= =30 (V") = O (A = 1)(u° - n0))
=

which is the compatibility condition (7.2.7). Thus (7.2.7) holds up to order 2.

It remains to show that
E. (1) > 0asp—0

We note from the definition of ¢, that

] e, < & =350
g

1
< 0
— NF(gmaxv 507§

)

i 07,.0\2v° 0
1 A CO R A |
1
0’ 70>
m

—0aspu—0

where F is some smooth increasing function. We estimate c; as follows. Write p. = Extq, pY where
Extq, denotes the Sobolev extension operator as defined in 1.6, and let 7, denote the standard scaled

mollifier as defined in 1.6. First we use the mean value inequity to estimate

obeh — b’ | = ‘/ p (050" (y) — 06 () — y)dy
y—z|<p

< Hﬁkv~OH —z|nu(xz —y)d
/yw<u o Vo Lw(m)!y |1 (2 — y)dy

V" H /RS Nu(z —y)dy

<cultosl .,

<Cu’
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Now we note that

11 0 : v po
s - v = gt - S
N H5(Qs) N |
V¢Op0
- Z (aopp 8 )80( /70,00 )
Hence, from the definition of ¢; we have
0 0 i A 1 P00
HCJHHQ oy = ||Pux > ao )chs + |0 (5 — )V i
+) bt £ i 150 Pt Put H5(Q)
0 0
|| ()29 )
e H5 ()
1 1 1
< Pgi Z a0 Cl:l: +:U‘F(5relax7@7570a E)
k=)l ui H5(Q1) :

where I is some smooth increasing function. Note in the case j = 0 the first term on the right is zero,

hence we obtain ’ ’0(1) } ! o) 0 as ;x — 0. Then we apply the above estimate inductively to obtain

H 1” — 0as pu — 0 for 0 < 5 < 3. Putting these estimates together we have shown that
H5(Q)

E.(1) = 0aspu— 0.

This completes the proof. O

Proposition 7.6.3. Suppose that proposition 7.4.2 and proposition 7.5.1 are true.

Then the main theorem in the fixed domains, 4.6.1, follows, excluding the statement of uniqueness.

Proof. We let (U, U, f°) be smooth initial data for the original equations in the fixed domains, satis-
fying the compatibility condition 4.4.7 up to order 2, and the compatibility condition 4.4.6 up to order 3,
plus the conditions

inf p¥ =:6%>0
€N

inf J¢ = x>0
z€eR3

is given in terms of (Uﬂ, U, 9 by (7.3.2).
By 6.2.1, it suffices to consider such initial data. Let u° € (0, 1] be given by 7.6.2 so that

Note that by being smooth we mean £0 < oo where &£°

max max

for all 41 € (0, u°]. For each pu € (0, %) let ¢* = (cf, &4 be given by 7.6.2 so that (U?,UY, fY) satisty
the compatibility condition 7.2.7 up to order 2, and the compatibility condition 7.2.6 up to order 3 for
the p-approximate equations with right hand side c¢#. Then we apply 7.6.1 for each 11 € (0, 11°], to obtain
T% € (0,1] and a solution (U4 ,U", f*) of the y-approximate equations with lifting operator L,
right hand side ¢* and initial data (U?,U?, f°) on the time interval (0, 70*), satisfying the following
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additional properties.

E#(TO’“) < O0n
50
pt 2 5 in (0, TOH) x Q4

0
Pt > ?“ in (0, T%") x Q4

JY" > ~k%in (0, 7%") x R?

N —

where we use the superscript  to denote quantities corresponding to the solution (U4, U", f*) where
necessary.
The time T%* > 0 is bounded below as follows.

7% > T(EY

wo @7 Ev @,Ecu(l)) > 0

where T'(-) is a smooth descreasing function of its arguments. Similarly, the constant C%* > 0 is

bounded above as follows.

11

1
B,E,Ecu(l)) < 0

where C(-) is a smooth increasing function of its arguments.
For the sake of simplicity let us redefine Ecx (1) to be supjeqo ) Eei (1) so that Eeu (1) is increasing
with . We do the same with &), We recall that .. (1) — 0 as 4 — 0 and 6, — 6% as p — 0.

Thus we have
TO# > 70K’
and
T+ 4 7% .= T(E°, 510 % 5%,0) asp |0
Similarly, we have

oon < o0n°

and

EH(TOM") < o

Thus, using weak-* compactness there exists a subsequence i and functions (U4, U_, f) with energy

E(T%") < oo, where E(t) is the energy associated with (U, U_, f) as defined in 4.3.1, such that the
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following holds.
UM — U 2 0in L=((0, T"") x Q)
f— = 0in L2((0,7%") x R?)
QUM — 9°U = 0in L*=((0, T+"); L2(Q+)) forall 0 < |a| < 3
O 1 — 0% f = 0in L¥((0,T"); H' (R?)) for all 0 < a| < 3
V'Ol i — V'O f 2 0in L((0, T ); H27I(R?)) forall 0 < j < 2
By weak-* lower semi-continuity of norms, we have

E(T%") < liminf C%** = C°

k—o0

Note that for the zero order convergence we have used the fact that we may bound the difference
0|2 0|2 2 2
SoII* = 001 gy + 1 = £y < € SN0 o+ C 00 e
+ +
< oo

Note that, using the Sobolev embedding theorem, Uy € CL((0,T%+") x Qy), f € CL((0, TO*") x
R?) and V'f € CL((0,T%"") x R?). Note in particular this implies that Uy and f are uniformly
continuous (in fact Lipschitz).

Using Sobolev compact embedding, we have the following strong convergences, where Q. are any

smooth bounded subsets of Q- and T is any smooth bounded subset of R2.

QUM — 92U — 0in L*®((0, T%*"); L2(Q)) for all 0 < |a| < 2
DYt — 9% f — 0in L>((0,T%*"); HY(T')) for all 0 < |a| < 2

In particular, using the Sobolev embedding theorem again, we have U** — U uniformly on smooth
bounded subsets of (0, 7%*") x Q. and f* — f, df** — O f uniformly on smooth bounded subsets of
(0, TO#") x R2. This also implies U**|p — U|r uniformly on smooth bounded subsets of (0, 7%+") x
R?. Since p/; are smooth functions of p and s, we also have p** — p uniformly on smooth bounded
subsets of (0, T%*") x Q. Hence, we have pointwise in (0, Tgn) x Q,

0

pe = lim pit > o

~

0
JY = lim JY"* > 5

k—o00
Using the standard properties of mollifiers, we also obtain pj,* — p uniformly on smooth bounded
subsets of (0, TO*") x Q..
Note that by passing to a subsequence if necessary we may assume additionally that OU,,, — OU
almost everywhere in (0, 7)) x Q4 and V'9f,,,, — V'Of almost everywhere on (0, 7)) x I'. We use
this convergence almost everywhere to let & — oo for almost every (¢, ) € (0, T%*") x 4 and almost

every (t,z') € (0, T%") x R? in the system of equations

1
Sy O (@) p e T =0
P (O + ()P uls 4 TV i = g TV (o (e )PVl ) 4 pltk el (L)

(0 + (uuk)df“k’ V) =0
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in (0, T9"") x Qu,
Oy fre = ulk - pi
[puk _ Mkpuk(cuk)2vwk _uuk] = —oV' - A ,Uk(A/ — 1) (uM* - n) + 0’2““ (t)
on (0, T%") x T,
P = Lfofl/«k
In particular, note pp, — 0. Note also that

2
LN ONTINSN TV w i RN 17
w2 (e (emy2 0™ >)L2M

< By (t)
<o
so that, passing to a further subsequence if necessary, we may assume that

VO (P (e )PV ) = 0
almost everywhere in (0, 7%*") x Q.. Similarly,

(A" = 1)@ )| Loy < B (8)

S CO,,LLn
S0 we may assume that
pr (A" = 1) (u!* - pt*) — 0

almost everywhere on (0, T7%+") x T.

We also note that E« (1) — 0 clearly implies that ¢i* — 0 and cb* — 0 as k — 0 almost everywhere
in (0, 7%") x Q4 and on (0, T%*") x T respectively.

Hence in the limit & — oo we obtain that (U, U_, f) is a solution of the system (4.3.1)-(4.3.6) on
the time interval (0, 7%*") as defined in 4.3.1.

We now claim that (U |i—o, U— |10, fi=o) = (UL, U?, f9). Indeed, we note that using the uniform

continuity and convergence which we have shown, we have
Ui = U:'lék|t:0 — Ui|t:0 in Qi
fO = =0 = fle=o in R?
hence (Us |1=0, U—li=0, fli=0) = (U2, U2, f°) as claimed.
By taking successive subsequences of (Uﬁ, U", f#) for each n and repeating the above process, we
can define (Uy,U_, f) on (0, T%*") for all n, and hence on the entire interval (0, 7). We know that

(Uy,U_, f) is a solution of the system (4.3.1)-(4.3.6) on the time interval (0,7°) as defined in 4.3.1

with initial data (U, U2, f?). Moreover, the following inequalities hold.

E(T% <"
50

P+ > E in (O,TO) X Qi

I'QO .

JY > 5 in (0,7°% x R?

This completes the proof. 0
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7.7 The Curl of the Velocity Equation

It will be necessary during the p-independent energy estimate to take the curl of the velocity equation.
We will also introduce a linearised equation for the curl later, which is motivated by taking the curl of
the velocity equation before linearisation. For these reasons we present the curl of the velocity equation,

written as an equation for the curl of the velocity, V¥ x u, below.

Lemma 7.7.1. Suppose that u satisfies the p-approximate velocity equation (7.1.3). Suppose that in
addition to the regularity stated in 7.1.2, we have 0y, Oyu, g1 € Hlloc(Qi), P, 8, u, Vi, Vu € Hl%c(Qi)-

Then VY x u satisfies the following equation.
pu(O+u¥ - V)(VY xu) = =V¥p, x (8 + u¥ - Vu— pulendywd] ug) + V¥ x g (1.7.1)

in (0,T) x Qx, where (eijk8;?bul8;buk) denotes the vector with i-th component qjk@;bul@lwuk and we
have used summation convention for repeated indices.
In particular, our definition of initial time derivatives allows us to restrict the above equation to the

time t = 0 and replace 0y with 957 1 ete.

Proof. We could apply V¥ x to the p-approximate velocity equation (7.1.3) directly, but it is easiest first

to transform back to the original domains 2 (¢). We recall the velocity equation
pu(0r +u? - V)u+ V¥ = uV¥(pc* V¥ - u) + g1

Setting p = poe_l, @ =wuof land § = soh 1, Pu = puoe_l, p= p09_1, ¢=cof 1, Ji1 = g1 0f1,
where the diffeomorphism 6 is defined in 5.1.1, and using the coordinate change relations (5.1.1)-(5.1.2),

we obtain
(O + - V)i + VP = pNV (pEV - i) + §1
in Q1. Now we apply V x to obtain
Pu(Or + - V)(V x @) + (Vi) x (O +1- V)i + ﬁu(fijkaﬂcjalaxzak) =VXaq
Then we use the coordinate change relations (5.1.1)-(5.1.2) again to obtain
pu(0r +u? - V) (VY x u) 4+ (V¥p,) x (8 +u? - V)u + p“(eijka;/’ul(?;puk) =VYx g

as required. O

72



8. Proof of the ;-Independent Energy
Estimate for the y-Approximate Equations

In this section we assume we are given a solution (U, U_, f) of the p-approximate equations (7.1.2)-
(7.1.7) satisfying the hypotheses of 7.5.1 and we proceed to show that the conclusions of 7.5.1 hold. See

3.5 for a summary of the main steps in the proof of the energy estimate.

8.1 Notation for Constants and Functions of the Energy and Initial Data

Definition 8.1.1. It will be convenient to define some generic constants/functions depending on the
energy and initial data in a given way.

Firstly, we will always write I for a generic smooth increasing function of its arguments which is
independent of (.

We will write C for a generic constant which is independent of the solution, including being inde-
pendent of the initial data, and independent of .

We define M° as a generic constant of the form
M= F(E}, % 512 % E,(1))
We define K (t) as a generic function of ¢ of the form
K(t) == F(E,(t), M°)
Remark 8.1.2. Note that for ¢ bounded above, we may bound the square of the expression

M+ tK (t)

by an expression of the same form. In fact, since we are considering short-time existence only, we have
chosen to always bound ¢ above by 1, where 1 is chosen as a convenient strictly positive constant. Note
there is nothing special about this choice of 1, and if we wish the time interval of existence as stated in
the main theorem 2.4.1 may always be maximised using the energy estimate given in 2.4.1 and taking

final data as initial data.

Note that throughout this section we will group lower order terms into generic remainder terms,
denoted by R with appropriate superscripts and subscripts to denote the order of the remainder. We
define these remainder terms and prove estimates for them in 8.18 in order to try and focus on the more

important estimates in the main body of the proof of the p-independent energy estimate.
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8.2 The Material Derivative Operators
Definition 8.2.1. We define the material derivative operators D,* by
D =9, 4+ul -V

It is important to note that we allow D;’~ to act on functions on O by defining u_ on €2 by Sobolev
extension, and vice-versa, in which case Df ~ (or Df*) is no longer a material derivative in 2 (or {2_),
but it has the important advantage of being continuous across the interface I'.

Note that D;* acts along I since
Dy* =0+, -V (8.2.1)

onFasuzfi:OonI‘.

We also define the material derivative of the pressure p by
P+ =D ps

Note that, by virtue of the pressure equation (7.1.2) which is the same as (4.3.1), we have the impor-

tant relation
p=—pV¥ u

for solutions of the equations.

8.3 Restriction of the Time Interval

Note that by uniform continuity and the conditions (7.4.1)-(7.4.3), there exists a 0 < T < min{7, 1},

which may depend on the solution, such that

1

p> 550 (8.3.1)
1

P> 50, (8.3.2)
1

JY > 550 (8.3.3)

fort € (0,7T).

We define T" to be the supremum over all such T.

In the estimates below will will assume that ¢ € (0,7”) until stated otherwise. Part of our goal will
be to prove that 7" can be taken bigger than 7°, which depends only on the initial data.

Our main aim will be to show that for ¢ € (0,7”) we have

Bu(t) < (MO + tK (1) (5 + ¢ E, (1))

€

N}

1 .

where we are free to choose € € (0, 1]. We could absorb the term e2¢K (t) E,,(t) into the term 5K (¢)
€2

but because this is how the estimate naturally comes out, and also to maintain consistency with later

similar notation, we leave it like this.
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8.4 Using the Energy to Extend the Assumptions on the Initial Data

We claim that the following inequalities hold.

o = 2| foo ) < () (8.4.1)
[on = Pl | e 0y S LK) (8.4.2)
[102,9 = 00,0 o ) < HE () (8.4.3)

To prove this, we use the Sobolev embedding theorem H?(Q4) C L>=(Q4).

Indeed, we have

10:(p = )| = 10epl < C10epl g2y < K ()
where we have used the chain rule. Hence
—K(t) < 9(p—p°) < K(1)
and integrating from O to £ we obtain
—tK(t) < p—p’ <tK(t)
which proves the first inequality. The estimate for p,, is exactly similar, and we merely need to note that

0tpul < C10epl| Loo (. y- The third inequality is also similar.

8.5 Estimate of the Lower Order Terms in the Energy

We claim that

10, ¢l o0 0yy < MO +E (1) 8.5.1)

1/ ooy < MO+ LK (8) (8.5.2)

10°U|[f2(0.y < MO+ tK(t) (8.5.3)

107 130y + ([0 1]y ey < MO+ K 354

where 1 < |a| < 2and || = 1.
Indeed, the proof is very similar to the proof of the inequalities in the previous section. Let a be a

component of (U, v). We have
t
la| < |a°] —l—/ 0val dT < M + Ct||0eal| g2,y < M +tK(t)
0

where we have used the fact that H(Uo,wo)Hiw(Qi) < EB and H(’*)t(U,q/J)H%{g(Qi) < E,(t). The
estimate of [ f[y1.0 () is exactly the same witha = f ora = V'f.

Now let a be an entry of 9*U where 1 < |«| < 2. We have

t d t
lall 2.y < HCLOHL2(Qi)+/O dt|a||L2(Qi)dTSMO+/(; 10eall L2 () dr < M° +tK(t)

After squaring, we obtain (8.5.3). Note that the inequality < lall 2.y < [10wallf2q,) is true in
general for the derivative with respect to ¢ of an inner-product-induced norm of a quantity depending on

the parameter ¢ in a differentiable way. The estimate (8.5.4) for f is exactly similar.
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8.6 The Differentiated Equations and the Corrected Pressure, Velocity
and Entropy

Once we have differentiated the equations enough times, the lower order terms may all be estimated
in terms of the energy by the Sobolev embedding theorem, and hence we may try to obtain energy
estimates in the same way as for constant-coefficient linear equations. One problem is that the pressure
and velocity equations involve a time derivative of the lift of the front, ¢/, whose time derivatives can only
be estimated to the same order as the velocity etc, so it cannot be treated as a coefficient. Treating 1 like
the other unknowns U makes the equations non-symmetric so that we cannot obtain energy estimates
directly. To rectify this, we introduce corrected pressure, velocity and entropy functions - introduced in
the linear setting by Alinhac in [2] and referred to as the good unknowns - which absorbs the highest
order derivatives of 1 into the unknowns. Note that we only need to use these when estimating the
highest order time derivatives, although we may use them for estimating other derivatives as well simply

for convenience.

8.6.1 The Differentiated Interior Equations

We apply 0° to the equations (7.1.2)-(7.1.4), where 1 < || < 3, and use the Leibniz and chain rules to
obtain the following equations. Note that, prior to differentiation, we have replaced pc?V¥ - u with —p

which is more convenient to work with.

1 1 1
W@t +u? - V)9 — W(ataaw s VOU) = — (00, 0°9) (O + - V1)) Dugp

Vo Vi N N
S Onu+ W%a Y- Opyu = RINU, ) (8.6.1)

1
p(8; +u? - V)9%u — %(ataaw - VO — 5 (02,0°0) (000 + - V1))

VoY VY o ga _ VY8 + Rl o ;

Taxgp + Waxsa 1/}896517 - _,uv 0 P+ R (U7¢) + MR (U,l/J,p) (8-6-2)
1 1

(O + u? - V)9%s — ﬂ(ataa%b +u- Vo — ﬂ(ama%)(am + U V) Opys = RM(U, ¥)

(8.6.3)

+ VY. 0% —

+ VY% —

in (0,7") x Q4. The lower order remainder terms on the right hand side are defined in 8.18.5 and
8.18.8. Note that in fact, we could absorb the terms involving V9% into the remainder, but not the
terms involving 0;0%% if % consists of all time derivatives.

Indeed, we now assume that oy < 2. Because 0 contains a maximum of 2 time derivatives, we may
absorb the terms involving high-order derivatives of ¢ in the equations (8.6.1)-(8.6.2) into the remainder

terms. Hence we obtain the following equations.

plcz(at +u¥ - V)% + V¥ - 9% = RIN(U, ) (8.6.4)
p(0 + u¥ - V)8% + VY% = — VY% + RIYNU, ¢) + pRI“N U, ¢, p) (8.6.5)
(8 +u¥ - V)8%s = RIYN(U, ) (8.6.6)

in (O, T’) X Qi.
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8.6.2 The Corrected Pressure, Velocity and Entropy

To remove the terms involving high order time derivatives of v from the differentiated pressure and
velocity equations, we introduce the corrected pressure, velocity and entropy. These were first introduced
by Alinhac in [2] in the linearised setting and called the ‘good unknowns’.

For v a multi-index with 2 < |a| < 3, we define the corrected unknowns (pressure, velocity and

entropy) as

o _goy— 2 %ISU (8.6.7)

We write
Un = (", 5°)

Note that, provided |« /| is large enough, U = 00*U — 8?%39:3(] plus lower order terms, and we
see exactly this term in the differentiated pressure equations. This is the motivation for the definition of

U«

Lemma 8.6.1. For2 < |a| < 3 and || = 2, we have

Haavuimi) < CHU*| |72 @ + (MO + K (0)) 10° 13y (8.6.8)

u- 56 < 8 0 B¢ 558
HD U‘ o) CHD U ‘ (MO tK (¢ H (9%f,80 f)H " (8.6.9)
10720,y < C HaaUHm(Qi) + (MO + K ()10 FlI 3y (8.6.10)

Proof. Let2 < |a] < 3and 0 < |y| < 3 — |«|. Using the above definition, we have

1 o o 0"y

L1 @Dy <10 gy + o7 Lm0 .
Y (TTON |2 1 2 2 Y o, (12

< 07U 20s) + 7|, ) 1023 Ul g1 oy 11070 ¢||H1(Qi)

0,

X o
10702, Ul[72(0 ) 110 w”H?(%WH

H ||aa:3UH?{1(Qi) Haaw\ﬁﬂ(ﬁi)
L>(Q4) Leo ()

< 10U L2y + (MO + LK (0)(1070° fll3p ) + HaafllHuwr))

where we have used the lower order estimates (8.5.1)-(8.5.3) and the Sobolev embedding theorem to

estimate the L? norm of a product in terms of the product of H' norms, and the last two terms in the

second to last line do not exist in the case |o| = 3. Along with the lower order estimate (8.5.1) for u?,

this proves (8.6.8)-(8.6.9). Similarly, we have

2

Oa, U

. . o
L0120y < 10V + H

L2(Q4)
< [|0°U (720, ) + (M + K (1)) [|0° fI[E(r
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Lemma 8.6.2. For2 < |a| < 3, we have

(8,5 + U¢y . V)@%ﬁ

(0 +u¥ - V)OU = (0 +u¥ - V)U* + D, U + RIYN(U, 1)

J¢
1
= (O +u” - VYU + (O +u- V)O™ — —(&tw - V) Dy 0°9) O, U + RIN(U, 1))
and
P go
VYoU = VVU® + v Ja w%U + RN, )
= VU (VO — 00, 5°)00,U + BT, )

where R¥(U, ) denotes the same generic remainder term given in 8.18.5.

Proof. We may simply differentiate the formula (8.6.7) to find

88"‘1& 8%!) 0%y

(J¥)?

and we note that the last two terms on the right have the same form as the remainder R/ (U, ), provided

00U = QU + =20y, U + =00, U — 00,05, U

that 2 < |a| < 3. Then we simply use the definitions of V¥ and u¥. O

Remark 8.6.3. Note in the case |«| = 1, the remainder term in the above lemma is not quite of the correct
form, so for convenience we exclude this case. However, estimating such lower order terms is very easy

since their time derivatives are controlled by the energy.

We now substitute

9%

o°U =U J¢

0y, U

in the equations (8.6.1)-(8.6.3) for 2 < |a| < 3 and use the above lemma to obtain

1
?(at +u? - V)p® + V¥ u® = RO, ) (8.6.11)
pu(0 +u? - V)u® + V¥p® = VYo% + RIYNU, ) + pRIY U, 4, p) (8.6.12)
(0, +u¥ - V)s* = Rl*l(U, ¢) (8.6.13)
n (0, T’) X Qi.

8.6.3 Tangential and Time Derivatives of the Jump Conditions

We may differentiate the jump conditions (7.1.5)-(7.1.6) with respect to time and the horizontal directions

to obtain

00°f = 0%uy -m — - V'O f + RIETHU, ) (8.6.14)
[0% + ud®p] = —oV' - 0% + u(A" — 1)0%(u - n) + 0%go (8.6.15)

on (0,7") x I, where « is a multi-index with |a| < 3 and a3 = 0. We find it convenient not to try and
write these in terms of the corrected pressure and velocity for the time being. The lower order remainder

terms on the right hand side are defined in 8.18.14.

78



8.6.4 Differentiating the Unit Normal

Lemma 8.6.4. Let 1 < |a| < 3 with ag = 0. Then

V'f

Id

V'f (V' -OV V'S

o |a]—1
%( ] P + R (f)

)=

where the remainder Rllgl_l (f) is defined in 8.18.19.

Proof. This is a simple application of the product rule. Let 5 < « with || = 1. Then, using the product

rule,
V'f. 0°V'f
o8 = + V' o8
)= Tr VG
OV (V' PVHVS
n| In|?

where we have used the fact that n = (—V’f, 1). Applying more derivatives, they either act on the terms

9PV’ f, or give lower order terms which can be absorbed into the remainder R‘Fa -1 (f)- O

Lemma 8.6.5. Let w € R? be any vector (in particular we are interested in w = O*V' f). Then

1., 1
WW\ §‘77|\w| —7’Vf ‘

Proof. Using Cauchy-Schwartz,

1 2 1 / 2
m|w| —W‘Vf'w’
1

> |
]

1
= W(\wr (1+ \v'fﬁ — V£ fw]?)
L Jwp?

nf?

8.7 A Slightly Lower Order Estimate for the Front

Let || = 3 with a3 = 0. In this section we wish to estimate 0 f as opposed to 9*V'f.

Suppose 0% = 9,,,0” for |3| = 2. Then in fact

107y < |07 V'f

L2(1)
< M?+tK(t)

where we have used the lower order estimate (8.5.4).

Otherwise, 9® = §;0° for | 3| = 2. Then the equation (8.6.14) implies
00 f =0%u-n—u' - 9°V'f + RLU, f)
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Hence, using the lower order estimates (8.5.1)-(8.5.4) and the lower order remainder estimate (8.18.12),

we have

2 2

oo

<l

1 2
m +||Rr(U, f)HL2(F)

9 2
)HnH%oo(r) + HU,HLOO(I‘) Haﬁv,f 2

¢
C L2 L2

< (MO + tK(t)(1 + HaﬁuH;(F))

: 2 . . S .
We estimate | ‘85 u‘ ‘ L2(r) follows, by converting to an estimate over the interior - either 24 or Q_ -

then using Cauchy’s inequality.

o

2
= / 9Pu - 9Puda’
L3(T) r

:¢/ B0y (0% - OPu)dz
Qyp

_ 19 / (05,0%4) - BPuda
Q4

2 1 2
< e‘ &Egﬁﬁu‘ -
L2(Q4) €

aﬁu‘

L2(Qx)

<eE,(t) + %(MO +tK(t))

where we have used the lower order estimate (8.5.3) in the last line. Hence

2

Joo's

o < (MO + tK(t))(% +eE,L(1))

Hence we have shown that

S 110 AIaqry < (MO -+ K (W) + eBu(r) 8.7.1)
|a|=3

8.8 Estimate of the Entropy

We multiply equation (8.6.13) by s, where 2 < |a| < 3, and use the product rule to obtain

1 1 1
30 |s** + SV (u’ |s°*) = §(V -u¥) 5% + RI*N(U, ¢)s”
= Rll(U, ) s

in (0,7") x Q4. Note that we have absorbed the lower-order term generated by the product rule into
the remainder RI°! (U,) on the right hand side. Then we integrate over €21 and apply the divergence
theorem for Sobolev functions to the second term on the left. Note that since (u¥)3+ = 0 on I' we are
left with no boundary terms. Hence we obtain

1d 9
—— [ s dx :/ Rl*NU, ) s*da
Applying Cauchy’s inequality to the right hand side, we obtain

5By < || )|

a2
ey T 51220
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Then using the estimate of the remainder given by lemma (8.18.3), and the estimate of s* from (8.6.8)

we obtain

d 2
3 15 20y < K1)
Integrating from O to ¢, we obtain

15°W172 () < M° +tK(2) (8.8.1)

8.9 Estimate of the Tangential Derivatives of the Pressure, Velocity and
Front

Here we come to the one of the main parts of the energy estimate. Let « be a multi-index with || = 3
and a3 = 0, so that % contains no normal derivatives. Assume also that oy < 2, so that we may, if we
wish, write 0% = 35,;1.86 forsome 1 <i < 2and |B| = 2.

We intend to multiply the differentiated pressure and velocity equations (8.6.4)-(8.6.5) by 0“p and
0“u respectively, then integrate by parts to obtain an energy estimate as for the entropy. Unfortunately,
since there are normal derivatives in these equations, we will generate a boundary term on the interface.
To deal with this boundary term we will need to use the pressure interface condition (7.1.6) and the
equation (7.1.5) for the front. Note that we have differentiated these in the tangential and time directions
to obtain (8.6.15) and (8.6.14), but we cannot do the same for the normal derivatives. Hence we will have
to estimate these separately. In this section we exclude the estimate of the highest order time derivatives
since the surface tension regularises the front in space, but not in time.

We multiply (8.6.4) by 0%p and (8.6.5) by 0%u. We then add the resulting equations to obtain

1
@((at +u? - V)9p)*p + pu((0r + u? - V)0%) - 0%u + (V¥ - 0%u)d™p + (VV9%p) - 0%u

= —uV¥0%% - 9%u+ R3(U,¢)0% + (R*(U, ) + pR*(U, ¢, p)) - 9%u

in (0,7") x Q4. Now we use the product rule to obtain

Lo ooy 4+ L o) 4 17 (w102 + 10 (o u? 19wl

30 10°PP) + 50 (0 [0°u) 4 5V - (50 10°D%) + 5V - (puu” [07uf?)
1,-V’ 1,-V'

_}_v/.(aapaau)_f_axs(( ,Jw w)aap'aau)_f_ﬂ(v/aap_'_a%(( 7JZ ¢)aap)).8au

= R*(U,9)0%p + R*(U, ) - 0%+ uR*(U, ¢, ) - %u

where we have absorbed some lower order terms into the remainder on the right hand side. Now we
integrate over {21 and apply the divergence theorem. Note that the outward unit normal to I" in Q4 is
(0,0, F1). The terms which are tangential divergences vanish, and (u¥)3+ = 0 on I' hence the third and

fourth terms vanish. We obtain

d 1 a |2 d o, 12 / f% -\ Qo /

— | — de + — dz F2 -nd

au Qipcz\a Pl $+dt/ﬂipula ul”dz F F(5p+u<9p)<9u ndz

—u [ 0°pVY - 9%udx = R3(U,¥)0% + R3(U,v) - 0% + pR>(U, 4, p) - 0%udz

Q4 Qi
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We note that

0% = —9%(pPVY - u)
= —pc®VY - 0%+ R*(U, )

Hence

ar 1
dt Jo. pc?

+,u/ pc? )V‘” - 0%
Q4

d
]8%)]2 dz + & o Py ‘aaU‘Q dz F 2 /F(aap + pd*p)0“u - nda’
+

2
‘dx

= [ RYU,%)0% + R¥(U, ) - 0%u + pR3(U, 4, p) - 0%u + pR*(U,¢) V¥ - 0%udz
Qi

We integrate in time from O to ¢, apply Cauchy’s inequality and use the estimates (8.18.3) and (8.18.7)

for the terms on the right hand side. Hence we obtain

1 t 2
/ 2\8"‘p|2dx+/ pu|8au|2dx+u/ / ch‘Vw-aau‘ dzdr
Q4 PC Q4 0 JOu
t
1
ZF2/ /(8“p+u8ap)8au-nd$/d7 < (M° —l—tK(t))(g +€el,(t))
0Jr

To deal with the boundary integral over I', which is a key point in the estimates and is where we need
to use the presence of surface tension, we must sum over & to obtain a jump condition. Doing this we

obtain

1 9 9 t ) 2
— [0%|" dx + / pp |0%u|"dz + p // pc? |V . 9% dadr — 21
£, e S [ iriaerS [ | ol
1
< (M° +K(6))(= + eEp(t))
where
t
I« :/ /[n - 0%u(0%p + pd*p)lda’dr
0o Jr

To estimate 1<, firstly, we use the differentiated equation for the front, (8.6.14), to replace n - 0%u,

and we obtain the following.
t
I = / /[n - 0ud™(p + pp)]da’dr
o Jr
t t
= / / 0,0 f10“(p + pp)]dz’dr + / /[u' -0V fO%(p + pp)]da’dr
o Jr 0o Jr

t

+/ /[R%(U, [)0%(p + pp)]da’dr
0 T

Sy

where, as before, R%(U , ) denotes a remainder term given in lemma 8.18.14 and we feel free to absorb
lower order terms of the correct form into this remainder.

Firstly, we note that, using the remainder estimate (8.18.11), we have

1 1
|1g) < gM0 + R () + e(MY +tK (1)) E,(t)
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Let us consider I7. Using the differentiated pressure interface condition (8.6.15), we have

t t
I = —O‘/ / 0;0%f0*V' - nda'dr + ,u/ / 0,0 fO“(A" — 1)(u - n)da'dr
o Jr 0 Jr

t
+/ /8t8°‘f8aggdw'd7'
o Jr
! 'f
:0/ /ataafv’-aa(
0o Jr n|

dm’d7+u/ /aaafaa( —1)8tfdxd7'+/ /R3 )V2da'dr
t
= —a/ /ataav'f-aa(
0o JI

)da'dr — / /}vaaaﬂ da’dr — / /\aaatf\dede
0 JI
t
+ / / RP(f)*da’dr
0 JI
t 9 t , ‘
:Ifi—ﬂ/ /\V’aa&:f\ dCC/dT—,LL/ /|aaatf| dx’d7+/ /R%(f)zd:c'dr
0 JI 0 Jr o Jr

where we have used integration by parts in the second to last line. Assuming there was no factor of ﬁ

in I{y, we could use the product rule to convert the integrand to %8,5 0>V’ f \2. We intend to do almost
the same thing, but to deal with the factor of ‘—7{4 we will need to use lemma 8.6.4.
We have

t a7/ [ Ao wii /
—Iy _0'/0 /F@t@aV’f‘(a vif VIV + RZ(f))da'dr

i In|”

t a7/
:a/ /ataav’f- 9 Zf —(V'f-0°V'[)

|n| \n

+a//aaaw R(f dxdT—l—a//R3 f)da'dr
o [ L gegrr - L vp0ovipPard
t t
—o [ [00v'r-o.m(narar+o [ ] R Rb(astar
0o JT
zla/l\aav’ff— |V 0oV P da’ — MO
2" Jrn| |n|

— J/Ot Hat@ﬂfHHl(r) HR%(f)HHl(r) dr — U/Ot HR%(f)HiZ(F) dr

where we have used the fact that 0% = 0, 0" together with integration by parts for the second term on

(V'f-0°V'f)

|3 dx'dr

the right. We now apply lemma 8.6.5 to the first term on the right hand side.

Hence

_qa o 1 L sev 2 de — MO — t s 2
Iy > 2U/rn\3 |0°V'f|"da’ — M U/O Hata fHHl(F)HRF(f)HHI(F)dT

t
—o [ RO aqr 0
> 10/ % 0oV f|? da’ — MO — tK (1)
2 Jrn|

where we have used the remainder estimate (8.18.14).

Hence we obtain

—Iy > >3 /’ ’5 ‘ao‘Vf‘ da’ +u/ /!Vﬁo‘u n‘ dach—i—u/ /lﬁo‘u n)\ da’dr

— M° —tK(t)
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Now we proceed to estimate I5. We have

t
|I$ uy - 0V fO% (py + pps)da’dr
r

u'i - 0y,0°V' 0,,0° (p+ + pp+)da’dr

Ui T ‘ azza (p:t +Iujp:t)HH*0-5(l") dr
s; /O Huiuwlmm\ 0w s i
<3 [ sl 03 [ ||
— Jy Ellwee(r) r) — J, PN oy

dr

t 2
2 8. ‘
[

<tK(t)

where we have again used the Sobolev trace estimate and the estimate (8.18.5) for p.

Putting what we have so far together, we have shown that

Z/ ;280‘17\2dx+2/ pu\aau\de—i-,uZ/t/ pcz‘Vw-aau

/| E }8an| da’ —i—u/ /‘V’({)au n’ da:’dT—{—u/ /\8°‘u n)|* da’dr

< (MO +tK(t ))( +eE,(1))

2
dxdr

Thus, using the inequalities (8.3.1)-(8.3.2) and the lower order estimates (8 5.1)-(8.5.2), we have
51y + 210wl + 43 [l

{07V gy + 1 /0 107 (- )2y i

< (M° + tK(t))(% +€eB,u(t)) (8.9.1)

dr
L2(Q:t)

8.10 Estimate of the Time Derivatives of the Corrected Pressure and Ve-
locity and the Front

We cannot apply the elliptic-type estimate for the front to estimate the highest order time derivatives,
although part of the approach will be similar to the previous section. Instead we will need to use the
structure of the equations. We also need to use the corrected unknowns in order to deal with the highest
order time derivative of .

We let 3 be a multi-index with |3| = 2, 83 = 0 and By > 1, then we apply the operator D, ~
O +u?-V (with u_ defined on €24 by Sobolev extension) to the corrected pressure and velocity equations

(8.6.11)-(8.6.12) with index S to obtain the following equations.
1 u u_
—5 @+ u’ - V)Dy~pP + VYD uP = R3(U, ) (8.10.1)

pu(@r +u? - V)Dyu’ + VYD p + uVUD 8% = R¥(U, ) + uR3 (U, ,p)  (8.10.2)
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We now proceed as for the tangential derivatives. Multiplying (8.10.1) by D"~ p? and (8.10.2) by

Dy~ u”, integrating over Q) and summing over + and integrating from 0 to ¢, we obtain

1| w32 " 2 t " 2
Z/ —Q‘Dt’pﬁ‘ dx+2/ pu‘Dt*uﬂ‘ dx+HZ/ / pc2)V¢-(Dt*8Bu) dazdr
+ Qi IOC —+ Qi + 0 Qi

t
-2 / / [n- Dy~ u?(Dy~p + uD}~ 9%p))da’dr
0 I
1
< (M° + tK(t))(E +eE,(t))

where we have used the remainder estimates (8.18.3) and (8.18.7).

Define
t
KP = / / [n- D}~ u?(Dy~p + uDy~0Pp))da’dr
0o JIT

We must write out [n - D;'~u®(D;'~p® + D}~ 3°p)] in terms of the quantities p and u for which we

have boundary conditions.
t
K= / / [n - Dy~ u? (D} p? + Dy~ 0%p)da’dr = KY — Kj — KL + K7
0 Jr
where
t
KV = / [n- Dy~ 0%uD}~ 9% (p 4 pp)da’dr
0.Jr
t
Ki = / [n- Dy~ 9°uDy~ (0° fosp)]da’dr
0.Jr
t
&5 = [ [0 0%+ oD @ osular'as
o Jr
t
K = / [n - Dy~ (9° f03p) Dy~ (8° fOsu)|da’dr
o Jr
To estimate K f , note that

xi|= |/ t [0 D (9% o) D} (0 fow)da'ar

t
< [ NBW Doy dr < M0+ 1100

where we have used (8.18.10).

To estimate K. QB , we note that
t
(Kg \ < / / [00%u - RA(U, f)]da’dr
0 JU
<>
+

where we have used the remainder estimate (8.18.11).

/ t / 0Py - RA(U, f)dadr| < (M® + K (1))(= + B, (1))
0o JI €

Similarly,
t
G| < | [ [100°0+ ) . pastar
0 T

t
/ / 90% (ps + jps) - RA(U, f)da'dr
0 T

< (MO 4 1K (1) + eBul)
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where we have used the remainder estimate (8.18.11).

We now consider K 16 . We use the differentiated equation for the front, (8.6.14), to replace n -

D'~ 9Pu, and we obtain the following.
Klﬁ = /ot/r[n - Dy~ 0PuDy~ 9% (p + pp)]da’dr
= /0 t /F 9D}~ 9P fID}= 95 (p + pp)|da’dr + /0 t /F [W - Dy~ 95V £ Dy~ 0% (p + pp)|da’dr
+ [ 180D+ upjastar
-/ t [ o0i 9 11D} 9o+ pijas'ar + [ t [ 9D} 0 FIDI 0 p + ' dr
/ / N\Di=9° D 9P (p_ + pp_)da'dr + / / R&(U, f)D}~ 9" (p + up)]da’dr
— KV + K, + K5 + K7,
Applying the remainder estimate lemma (8.18.11), we have
K| < (M0 + R () + eBu(0)

The estimate of K fl is similar to the estimate of I{*. Using the differentiated pressure interface

condition (8.6.15) with 9 replaced by D'~ 9" and integrating by parts, we have

t t
Kl =—0o /0 /F 0,Dy~ 9% fDy=9°V' - da'dr + p /0 /F 9, Dy~ 0% Dy~ 0P (A" — 1)0; fda'dr
+ K112

=0 8tD ~9%fv' - D} 0P V'S dxdT—i—u 8tD ~9PfV' . D}~ 9PV, fda'dr
n|

— i /0 /F D=0 fDI 9%9, fdx'dr + KU, + Kﬁg + K7,

t / ¢
S / / 0, D= 9PV f.Dyaﬁ(Tn{ )da'dr — / / V'o,D}~0° f - D}~ 9°V'8, fda' dr
0 Jr 0 Jr
¢
- ,u/ / 0,D;=0° fD}~ 0% 0y fda’dr + Ky + Kijs + Ky + K5
0 Jr

t
:—0/ /atpfaﬂv'f-pfaﬁ(T{)dxdT— //‘VD 8'38tf‘ +‘D 8/3@]" da’dr
0o JI

+ Klﬁm + K1613 + Kfm + K1ﬁ15 + K116 + K117

where all of

¢
Klﬁlzz/o /FatDzlaﬂthuaﬂgzd:E/dT
8 = Ou, |
K3 = _UZ/ /@D:_@Bf(@zjul_) : V’@’B(W)dx’dT
oJo Jr
2t
Ky = —uz /O /F 0;D;~ 0" f(Ou,ul) - V'0° 0,0, fda'dr

115__‘72/ /6,5 (O;ul) - v'0° f)Dy 85( in ‘f)dwdT
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and
Ky = —M/ /V VNP f) - Dy~ 9°V'8, fda'dr
K=y / [ on(0i- o)., ) - V0% fastar

can be thought of as lower order terms. Let us also label the first term on the right as

f
]

Let us estimate the lower order terms. These estimates can be skipped on first reading. Integrating

t
K}y = —o/o /Fath-aﬂv’f.Df-aﬁ( )da'dr

by parts in time then in space, and using the fractional Sobolev product estimate A.3.9, we have

’u,_ ﬁ / B 6 f / !
‘K113 O Oeyul) - VO |n| e 0
Oz
u—aﬁf 0o, ) - V'O (— n ,f>d=’”d7
Oz
1y V’@’B( n ’f)dl'd’i'
2 2 1 O, i
<M +e2 > || D08 f (0,0l I Vo'l
a ;H e 910, )‘LZ(F) €2 ’”’ Tl L)
2 s f
+oy / /D “07 (00l ) - V'O (S n Jrdr
j=1
2 On; f
+O-Z / /VD 8'8f (axgu_)ataﬁ( ’ ’)dl‘/dT
j=1
2 Ox; f
+oy / /D O F(V - 0yl )0,0° (52 )dal dr
> )
2 v,f i
< M°+e2||D} aﬂfH IV ullfosey + ‘Vaﬁ( il 12(r)
u_ np , 2 198 L/f
+C/0 Do fHHl(F HatquHo's‘(F) vl | ) L*(T) o
. , , / 5 O, f 2
e Ay | oLt
O \n\ L2(T)
t FIE , 68 NI
v [ ool IVl ar oo D] o
L2()

< MO 4 €3 (MP + tK () Eu(t) + —(M° + tK(t) Hv

2
K
21y + tK(t)
1 1
— T e2E,(t))
€2

< (MO +tK(t))(

where we have used the Sobolev trace estimate, the chain rule together with the lower order estimates

(8.5.1)-(8.5.4), and the existing tangential estimate for V' f given in (8.9.1).
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We now estimate K lﬁ 15 using fractional Sobolev product estimate A.3.9.

Oz
‘wa < Op;u) - V'O D)= 0P (= ™ |f )da'dr
198 o) f !
) -0 V'O° fD; 0P (1= ] yda'dr
< c/ 05"l Zsgey |[V2°]|, arv [ ||DE PTG
>~ 0 HOAE(F) H! (F) |n| LQ(F)
t 2 833 2
+C/ V'l [fer [[0970°7|| |, ar+ D;‘-aﬂ(—ﬂf) dr
0 @) L2(T) 0 Inl "2
< tK(t)
where we have used the Sobolev trace estimate and the chain rule.
We estimate K fl 4, using the fractional Sobolev product estimate A.3.9 as follows.
’Kﬂ ( ") V9P, O fda'd
14| = _) ;O fda'dT
VNP f(Op,ul) - V'0°0,,0, fdx'dr
<62u/ HD“-aﬁatfH \v’u\\Ho5 dr + C,u,/ Hv 99, 8tfH
/|atu|yLoo F)Hv’aﬁf“ 9] 2 e gy A7 + 42 / [vorval,  dr

< (MO + tK (1)) Ey(t) + C 1/~L/ Voo, o, ., ar+ excto

< (MO + LK (D) (= + €2 E,(t))

€3

»

where we have used the Sobolev trace estimate, the chain rule together with the lower order estimates

(8.5.1)-(8.5.4), and the existing tangential estimate for 0; f = u - n given in (8.9.1).

We estimate K f 16 using the fractional Sobolev product estimate A.3.9 as follows.

V' (0’ -V')OP f - D}~ 0PV 0, fda'dr

‘Kllt‘)’ < p

+ WP f- D98V o fda'dr

< u/ !\V’atullHO5 || 5fH ar + u/ 002y ||770% |

H(T) Hl(F)

+6u/ HD 8'BV’8tf‘

< LR () + (MO + K (£) Eu(t)

T €

L2(T)
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We estimate K 16 17 using the fractional Sobolev product estimate A.3.9 as follows.

)(Op,ul) - V'9P0, fda'dr

x7

‘K117

< eu/o HaaﬁatfHHl(F) d7+1,u/0 (L + [l iy () HaﬁatfH; 0y 97

< LK @) + eB.(1)

T €
To estimate K 16 12> We integrate by parts in time. We have

t
‘Klﬁm‘ = ‘/0 /F@th@ﬂfoﬁﬁggdx’dT

t
- ‘ / D= 8% fD}~ 9P goda’ — MO + / / Dy~ 8° fo, Dy~ 0% goda’dr
r 0 JI

< ¢( ot M + % HaaﬁgQH;(r) + /ot Haaﬂf‘ ;(F)
+ [ ) 0007},  ar

< %Mo + K (t) + e(M° + tK(t)E,(t)

Having estimated the lower order terms, we return to the more important estimate of K 1’3 11- We use

lemma 8.6.4 to obtain the following.

_ KB
111
t U— BT/ e DHU- 987/ l
o [ fonrorwy P2 CLDCCTIT L w pyri(paar
o Jr n| n| ’
t U— B/ e DHU- 987/
:a/ /ath-aﬂv’f-W—at(v’f-Df—aﬁv’f)(vf 1|)f|38 V'h 4atdr
0o JI n

t
+ / / DL 07V f - RO, (U, f)R2(f)da'dr

/ / RS (U, f)RE(F)RE(f)da'dr

/ dt/r I‘

+ / / DI~ 0PV' f - RO (U, f)RE(f)da'dr

——(Vf p-afv' f| da'dr

/ / RS (U, ) RE(f)RE(f)da’dr

We now apply lemma 8.6.5 to the first term on the right hand side and we apply the remainder estimates
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(8.18.8) and (8.18.14) to the last term. The other term is estimated as follows.

t
/ 0;D;~0°V'f - RS, (U, f)R{(f)da'dr
0o JT

t
- ‘ [ DVt RN (N =0+ [ ] D"V s (RS (U R sl
0o JI'

< N R Dy |00 1HRgor(UJ)R%(f)Hiz(p)+/tH385fH;(F) dr

may
/HR (U, f)RNU, f)RE(f HLz(rerr/HR (U, H)RL(f HLZ dr + M°

< (MO 4 tK (¢ ))(1+6E )

where we have used the remainder estimates (8.18.8), (8.18.9), (8.18.14) and (8.18.15). Hence

1 1
KB > U/’D“
111 9 r |n|3 t

Thus we have shown that

1 1
B u_
—Kn 23 /‘n‘g )Dt

The estimate of K 162 is similar to the estimate of K 161, except this time the remainder terms are

2 1
da’ — (M° + LK (1)( + €Bu(t))

1
— + €2 E,u(1))
€2

2
da’ — (MY + tK (t))(

easier to deal with because we have replaced a time derivative with a tangential derivative. Using the

differentiated pressure interface condition (8.6.15) with % replaced by D, 97, we have

y = —0 / / uy - $=0° fD}~ 9PV - nda’dr

t
+ 1 / / uy -V')Dy= 0% D} 9P (A — 1)0; fda'dT + / / (uy - V')D}~ 9P f Dy~ 0% goda’dr
0 JI'

—U//U+ "\D;~dPfV' - D} 85(’{)dxd7‘

+u/ / wy - VD~ 0P V' - D~ 0PV 0, fda'dr

/ /R (U, HYRY(f) - R (f)da dr+u/ /R (U, f)RE(f) - 00°0, fda'dr
:—a/ / uy -V')Dy=9°V'f - D} 85(7{)dx’d7
—u/ / uy -VV' D88 f - D} 85V’8tfdx’dr+/ /R (U, HYRA(f) - RA(f)da'dr

+u/ /R (U, FYRE(S) - aaﬁatfdde/ / (VV'u)RA(f) - R (U, )RA(f)dadr

— B
- K121 + K122 + K123 + K124 + K125

where we have used integration by parts.
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‘We now use lemma 8.6.4 to estimate Kfm.

DY eAwii e DHU- 987/ /
—K121—U//U+ D aﬁvf ( t avf_(vf Dt 83Vf)Vf)d.’EldT

7] In]
—l—a/ / Uy - 7m0V f - RO (U, f)RE(f)da'dr
D}~ 9%V
—or//u+ "Dy~ dPV'f - t’n’fdx'dT
V'f-D/=0°V'f)
—U//u+ )(V'f- Dy 86Vf)( ‘;L|3 )dxdT

//u+ "\D{=0°V'f - RS, p(U, f)RE(f)da/dr

/ / RO (U, )RS - Ri(f)da'dr

e ey

//R (U, fYREV' - Rp(f)dxdr—i—/ /R (U, fYRL(f) - RA(f)da'dr

2
))da'dr

We now apply the divergence theorem and the remainder estimates (8.18.8) and (8.18.14) to obtain

KD < o0 RV R (fda'ar| 4| [ | RL(U RS - RE(f)datdr

<tK

Clearly, applying the remainder estimates (8.18.8) and (8.18.14), we have

‘ng’ < ‘/ /R (U, f) R3(f)R%(f)dx’dT
< MO+ tK(t)

Similarly, applying the the remainder estimates (8.18.8) and (8.18.14), we have

‘Km <u’/ /R (U, fYRS(f) - 90°8, fda’dr

| /\

t 2
3 2 8
/,L/ HR U7 f)HLOO(F) HRF(f)HLQ(F) d7'+€/0 Haa atfHLQ T dT

g%tK (£) + B, (1)

We estimate K 1*825 using the fractional Sobolev product estimate A.3.9 and the remainder estimates

(8.18.8) and (8.18.14) as follows.

t
K| 2| [ [(VT0B() - Rler . 0 RY S0/ dr
o Jr ’

¢ 2 ¢ 2 2
< LUl ooy RN s ey 9+ [ IR r @ ey R e

< tK(t)
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Finally, we estimate K 1522, which requires some care. Recall we have assumed that 5y > 1, ie

0” = 970, for some || = 1. We note that, from the tangential estimate (8.9.1) we already know

t t
" / 6% f1 21 0y A7 = o / 16 (- 2|2y A
1
< (M +tK(8))(- + Bu(t))

provided 0 contains at least one tangential space derivative, for |a| = 3. Using Cauchy’s inequality, we

have

122

‘/ / uy -V\V' D=0V f - DY~ 9°V'0, fda'dr

<t [ |lws - v)vDY 00| r d7+ue2/HD aﬁvatfH

€2

< WO+ 08 (0) [ 110075015y g o+ K /Haa%meF

€
+K(t)/0 199" o0 HaaﬁfHHl(F) dr)+ﬂeé(M°+tK(t))/0 Hﬁaﬁv’atfH; LT

N|—=

where we have used the lower order estimate (8.5.1) and the fractional Sobolev product estimate A.3.9.

Using the above tangential estimate for the first term and the definition of the energy for others, we have

1

€

+ €2 B, (1))

wofwo

K| < (MO + LK (0) (5

Thus we have shown that

1

55

’K ‘< (MO + tK(t))(— + €2 E,(t))

We proceed to estimate K 153. Note that, by rearranging the differentiated equation (8.6.14) for the

front, we obtain

D08 f =0%u_-n+ RO, f) (8.10.3)

Using the the equation (8.10.3), we have
KI’BS—/ / Pu_D}= 0% (p_ + pp_)da'dr
" / [ RRW.1) 00" -+ - ya'ar
o Jr

We want to convert this into an integral over the interior {2_. First of all we need to go back to using the
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corrected pressure and velocity. We have

K, = / / i DI~ (o + pop_)da'dr
/ / )(0° fOpyu_ ) D" P (p_ + pp_)da'dr
+ /O t /F n- -VN0Pu_Dy(9° fOp,p-)da’dr
- /0 t /F n- VO fOysu_) Dy~ (0P fOp,p_)da'dr + / t / R&(U, f) - 90° (p_ 4 pp_)da'dr

t
//n W] -V DI (P + 1ndPp )dx'd7’+/ /RFUf) 0% (p_ + pp_)da'dr
0 Jr

+ /0 /F V'0Pu_ - RA(U, f)de/dr + /0 /F RA(U, f) - RA(U, f)de/dr

= Klﬁ?;l + K1632 + Klﬁ33 + Klﬁ34
Using the remainder estimates (8.18.10) and (8.18.11), we have
K’B Kﬁ Kﬁ 0 1
132 T Kigg + Kigy| < (M +tK(t))(E + €eEyu(t))

To estimate K 1531 we convert the boundary integral into an integral over the interior {)_. Note that
we may add the integral of derivatives in the tangential directions because these integrate to zero. We
also note that (—V'1), 1)|r = n, and J¥|r = 1. Note that by extending u to 2_ by Sobolev extension

we obtain a natural definition for [u/] = uy — u_ in Q_. We obtain

K= [ [ V) D6+ )

5 (=V'9, 1) - (W] - V)’ DY~ (0 + 40P p))dwdr

= [ [ 9wy i o)

+ TN () - DY 0 + ) dwar

v [ ] RO @00+ U )i

- / t / ()T (_vﬁ”l) 0y, uP) D" (pF + pdPp)dadr

[ w6 e+ CGE o0 4 poiasr

t
+ / RY(U, ) - (R¥(U, ) + uB (U, o, p))dedr
0 Q_
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Using the corrected pressure and velocity equations (8.6.11)-(8.6.12), we obtain

t
1 u— U—
Ka=-[ [ P(([u’]-V’)Dt P'D}p)dadr

// p02 VD~ p? D'~ udPp)dadr

// pu(( - D}~ Dy~ uP)dzdr

+ / RY(U,¢) - (RA(U.¢) + uR(U, . $))dadr
0 QO_

= Klﬁgn + K16312 + K1B313 + K1ﬁ314
The remainder estimates (8.18.3) and (8.18.7) together with Cauchy’s inequality imply
[efna] < TR + (M0 + K (1) ()
Using the divergence theorem and the remainder estimate (8.18.3), we have

1]t 1 u u t
2/ V' (— WDy p’ D} pP)dadr +/ R3(U,4) - R3(U, 1p)dzdr
0 Ja_ pc 0 Ja_

K| <

R3(U,v) - R3(U, )dxdr

< MO +tK (1)

Using the definition of p and p®, we have

¢
1 u— U .
‘Klﬁsm‘ =p ‘/ / E([Ul] -V'\D;{ p? D}~ 9Ppdadr

pc2 VNP pDy}~ 0P pdadr| + R3(U, ) D}~ 0P pdadr
1 0 198 ~ U— of,-
SE(M +tK(t / HV8 pH d7'+eu/0 HDt 0 L2Q,)dT
+ 1tK( )+ e(M? +tK () E,(t)
1 0 2 198 2 3 2
<-(M +tK(t))u/O (||pe2v? V' uHLQ(Qi)—i- R )|[ 120y )dT

- t 21 Uu— nf 2 1 0
+eu HpcV (D9 u)HLQ(Qi)dT—i—EtK(t)—i—e(M LK (8)E,(t)

< O+ RO + eBu(0) +én | [pervr - o[, ar

L2(Q-)

where we have used the lower order estimates (8.5.1), (8.5.3) and the remainder estimate (8.18.7). We
have also used crucially the tangential estimate (8.9.1) already obtained to estimate the term involving

i fo (V¥ - V0% ‘12(9,) dr.
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To estimate K 15 313, We use integration by parts in time and space and the divergence theorem.
t
K| <| [ / D} (i) V' Dt“*uﬂ)dxdf

‘// pu(] Du’u - D} “uPdadr| +

/ pu([u'] - Vu? - Df‘uﬂdx + -
0

R3 U,v) - R¥(U,v)dzdr

<

/ \E (uzfpu([u'] -V’ - DY uf)dzdr
Q_

1
+ =

2 Rg(UquZ}) : Rg(U,d})d.fL‘dT

t
/ V' (pu[W1Dy =’ - DY~ uP)dadr| +
0 JOQ_

<

i /0 "K(dr

where we have used the remainder estimate (8.18.3) and the fact that (u%)3|r = 0. We now apply

/ RO (U, )V'W” - ouPdx
0

Cauchy’s lemma to the first term on the right, followed by the estimate we already have for the tangential
derivative V'u/ given by (8.9.1) together with (8.6.10) and the lower order remainder estimate (8.18.2),

to obtain

IN

1 2
RO iy |7, + €2

‘K1313‘ L2

aﬁ’ EQ(Q_) +tK(t)

< (M°+ tK(t))(% +e2E,(t))

Thus we have eventually shown that

1 1
—Kﬁ20/3
2 Jrn|
1

+M/0t/F‘V/Dfaﬁ(u'n)’2+‘D?aﬁ(u'n)rdm’dr—(M0+tK(7f))(3+€;Eu(t))

€

2 /
dx

|

L0 1 _ 290 8
Z(M° + K (8)) (- + €E, (1)) eu/ Hpcv (D 8Py )‘LQ(Q dr

Hence we have shown

Z/ piQ t pﬁ‘ dx—l—Z/ pM‘D uﬁ) dx—l—uZ/ pc ‘VﬂJ (D} aﬁ) dedr
+ /O

1
+a/‘D“
vl
1

< (MO + K (1)) (— + 2 B, (1))

2

d:z:/ —|—,u/0 Hfoaﬁ(u : n)HHI(F)

@)
N

—_

dr

mz\l—l

LM 4R (D) + (1) —i—eu/‘

pctVY (D 8%u )‘

L2(Q-)

Choosing € sufficiently small, we obtain
L pu- s u, 6] L2l (pr-gbu|?
Z — Dy p dx—i—z Pu D, u dﬂH‘MZ pc” VY - (D, ~0"u)| dxdr
T JQx pc + J0

+a/
r|nf?
1

< (MO + tK (1)) (= + €2 B, (t))

€

2

dx —l—,u/ HD ~0P(u- n)HHl(F)dT

M|
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Thus, using the inequalities (8.3.1)-(8.3.2) and the lower order estimates (8.5.1)-(8.5.2), we have

2 2 t 2
u- B u-,,B v (Dt 9B
ZHDt b ‘L?(Qi)JFZHDt “ ‘LQ(Qi)—'_MZ/O HV (D9 u)‘ LQ(Qi)dT
+ + +
p-atvy|| |- o8 S
Ty N TR0l
1
< (MO 4+ tK())(— + €2 E,(t)) (8.10.4)
€2
In particular, we obtain
[0 d|[L,  +o [ [P0 [, dr < 0+ o) + B0
‘ oy S 170 Sy T = g "

Combining this with the tangential estimate for ||V'0°V'f| |iQ ) T fg INEHORED] ﬁ{l(r) dr and

the lower order estimate (8.5.1), we obtain

2 ¢ 2 1 1
! B! 'aB(,, . < 0 =
‘ 90"V f ’L2(F) —i—,u/o ‘ 0’0" (u n)H . dr < (M —i—tK(t))(:% +e2E,(1)) (8.10.5)

Note that if we combine this estimate with the estimate (8.8.1) for the corrected entropy and the

estimate (8.6.8), we obtain the estimate for the entropy

1
10%5][72(0r, ) < (MO + tK () (— + €2 B, (1)) (8.10.6)

€

|

for |o| = 3.
Finally, we convert the estimate (8.10.4) into an estimate for the non-corrected pressure and velocity

using the estimate (8.6.9) together with the estimate (8.10.5) for the front. We obtain

zi: HD;‘*aﬂp‘ ;mi) + ; HDZ‘*@%‘ Emi) n u; /Ot va . (Df*aﬁu)‘

< (MO + K (1) (<5 + B BL(1) (8.10.7)

3
€2

dr

2
L2(Q4)

8.11 A Weighted Normal Derivative Estimate

It is useful to think of the operator D;* as like a time plus a tangential derivative, which is true on the

boundary, since D | = 9, + (u})’ - V/ because (u*)s+|pr = 0. But in the interior in fact we have
Dy =0+ (u?) - V' + (u)30,,

Hence it will be useful to have an estimate for (u¥)30,,0°p and (u¥)30,,0°u where |3| = 2, and this
will be a straightforward energy estimate since (u¥)3|r = 0.

Let w be given by either w = Extq_(u¥)s34 in R3 or w = Extq, (u¥)3_ in R3 or wy = (u¥)3+ in
Q.

We let 3 be a multi-index with |3| = 2. We let 9 = 9,,,0” in the differentiated equations (8.6.4)-
(8.6.5). We then multiply by w to obtain the following.

1

Pl u? - V) (wdp) + V¥ - (wdu) = RI°I(U, )
(0 +u? - V) (wd*u) + V¥ (wd*p) = —uV¥ (wd*p) + R*(U, ) + pR*(U, v, p)
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We multiply the first equation by w0%p and the second by w0“u then sum the equations to obtain the

following.
Lo (L jwarp?) + X ) + v (A 1w + 1 - (o lwdul?
28t(p02 |wd“p|”) + 28t(pu |lwd*ul”) + 2V <p02u |wd*p|”) + 2V (ppu? lwo“ul”)
+ VY - (wduwd*p) + pVY¥ - (wd*pwd®u) — pwd*pVY¥ - (wd*u)
= RI*WU, %) - 0°U + pR“ (U, ¢, p) - 9°u

We integrate over 24 and use the divergence theorem together with the fact that w = 0 on I'. We also
replace wO“p with —wpc2 V¥ - 9%u up to lower order terms. We obtain the following.

1d 1

2
L d
2dt Jq, pc? v

1d
\w@o‘pl2 dx + 2dt/ Pu \w@o‘u|2 dx + ,u/ pc? ’wvd’ 9%
Qy Qi

_ / RN ) - 0°Udz+ p [ RU, 0, p) - 0°uda
Q4 Q4

Integrating from O to ¢, using the remainder estimates (8.18.3) and (8.18.7) and the conditions (8.3.1),
(8.3.2) and the estimate (8.5.1), we obtain

t
/ |w8ap]2dx—i—/ |w8au]2dx+u/ /
Qi Q4 0 JO4

< (MY +tK(t))(% +€eE,(t)) (8.11.1)

2
wVY - 0% dxdr

Assume now £ is a multi-index with |3| = 2 and 83 = 0. Combining the above estimate with the

high-order time derivative estimate (8.10.7), and using the fact that
D} =0+ () - V' + (u¥)3-0u
we obtain the following simpler time derivative estimate.

S (008, 5 [0, 3 [ 0%

< (MO + tK(1)(& + 3 Bu(1)) ®.112)

€

T

2
d
L2(Q4)

[N}

for | 3] = 2 with 3 = 0.

8.12 Estimate of the Curl

We know that the curl of the velocity, V¥ x u, satisfies the equation (7.7.1). We apply 9” to this equation
for 1 < || < 2 and gather the lower order terms on the right hand side, noting that the high order terms

in ¢ can be treated as remainder terms since they all involve at most three time derivatives. We obtain
pu(Br +u? - V)VY x 9Pu = RIFFL (U, ) (8.12.1)

in (0, T’) X Qi.

For  a multi-index with 1 < || < 2, we define the corrected curl as

w? = V¥ x 9% (8.12.2)
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Thus the corrected curl satisfies the equation
pu(0r + u? - V)w? = RIFFLU ) (8.12.3)

n (0, T’) X Qi.
Now it is straightforward to estimate the corrected curl in the standard manner, since (u¥ )31+ = 0 on

I so there is no boundary term. We multiply equation (8.12.3) by w” and use the product rule to obtain
1 2 1 2
50 [0+ 59 - (| ) = RO, )

in (0,7") x Q4. Note that we have absorbed lower-order terms generated by the product rule into the
remainder R3(U, ) on the right hand side.
Then we integrate over (2. and apply the divergence theorem for Sobolev functions to the second

term on the left. Note that since (u¥)3+ = 0 on I" we are left with no boundary terms. Hence we obtain

1d 2
/ Pu ‘w'g’ dx:/ R3(U,¢)wPdz

Applying Cauchy’s inequality to the right hand side, we obtain

< || B 2agony + |7,

ai vl

L2(Q4) L2(Q4)

Then using the estimate (8.18.6) of the remainder, we obtain

< K(t)

ai v

L2(Q4)

Integrating from O to ¢, we obtain

H\/@u . < MY +tK(t)

Since py, > £67 by (8.3.2), we obtain

< MY+ tK(t) (8.12.4)

I,
L2(Q4)

8.13 Estimate of the Normal Derivatives of the Pressure and Velocity
For 1 < |3| < 2, we define the corrected divergence as
n’ =V 9% (8.13.1)

We aim to combine our estimate of the corrected curl along with an estimate of the corrected divergence
with 33 = 0 to obtain an estimate for d,,0”u. We also aim to obtain an estimate of the normal derivative
of the pressure directly from the equations. We then hope to use an inductive argument to estimate all
the normal derivatives. This is detailed below.

To estimate the normal derivative of the pressure, we will need the following lemma, as used by
Shkoller et al in [10] and [13].
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Lemma 8.13.1. Let w € WH1(0,T) and let g € L*(0,T). Let u > 0 and suppose that
n dw <
W f—
H dar = g
for almost every t € (0,T). Then, foranyt € (0,T),

sup w(7) < w(0) 4 esssup |g(7)|
7€(0,t) 7€(0,t)

1
Proof. The case i = 0 is obvious, so assume g > 0. Multiplying by ieﬁt we have

< w(0) + esssup |g(T |/ ZenTdr
7€(0,t)

= w(0) + esssup |g(7)] (eﬁ -1)

7€(0,¢)

Hence
_1, -1y, 1y
w(t) <w(0)e » +esssup|g(T)|e » (er —1)
7€(0,t)
< w(0) + esssup |g(7)|
7€(0,t)

as required. O

We also need the following lemma, which says that the normal derivative of 9’ can be expressed in

terms of the corrected divergence, the corrected curl, the tangential derivatives and the derivatives of ).

Lemma 8.13.2. Let v € H*(Q4;R3). Then
Duyvi = Gi(V) - (02,0, D0, V¥ - 0, V¥ x 0)
where G;(V1)) is a smooth vector-valued function for each i = 1,2, 3.

Proof. First we note that we can write V¥ - v as

Hence, rearranging,
Dpyv3 = JY(VY - 0) — JVV -0 + V') - Dp,0)
From the definition of V¥ x, we have

(vw X U)l = amUS - 8z3U2 - xzwazgvf% + x3¢3x302

ﬂ

1 1
(Vw X U)2 - a;tgvl - 8x1v3 - Jw m3¢ax3vl + JT/’ mlwa;rg,vfﬂ
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Rearranging, we obtain

OryV2 = —Jw(Vw X v)1 + Jw({)xzvg — Oy ¥0z,v3
OrgV1 = J(V¢ X v)9 + J¢3xlvg — Oz, 0z,03

Using these two identities in the equation for 0,,v3, we obtain

Dpyv3 = JY(VY - 0) = JUV 0 + 00y 0 (JY (VY X 0)g + JV0p, 03 — Oy 10Di5v3)
+ Oy (— TV (VY X 1)1 + JV0pyv3 — DpythOyyv3)

Rearranging, we obtain

Oz3v3(1 + \V’W) = JY(VY - 0) = JYV 0 4+ 00 h(JV (VY x 0)g + TV O, 3)
+ Oy (= TV (VY X 0)1 + JVOy,03)

Dividing by 1 + |V’ 1/1]2, we obtain the desired result for J,,v3. Putting this expression back into the

identities for Oy, v2 and 0,,v1, we obtain the result. O

Corollary 8.13.3. Let 1 < || < 2. Then

Proof. This is immediate from the above lemma applied to v = 9%, where we have replaced Gi(Vv)
by the remainder RY_ (U, ). O

amaﬂu‘

<R (U )| Loy (HVIaﬂuHLZ(Qi) + H”ﬁ’

]

)

L2(Qx) L2(Qx) L2(Qx)

Now, let |3| = 2. Note that by (8.6.1), and the fact that n? = V¥ . 9%u, we have
1
0’ = — oGt V)9°p+ RPWU,¢) + RS (U, ¥) - Vpd,0™)

where we have absorbed all the high-order terms in ) involving a spatial derivative into the remainder
RIBI(U, ). Note also that ‘ }ata%\ ‘Hl(Qi) can be estimated by the estimates (8.7.1) and (8.10.5). Thus

%Hn ‘ L2(04) (8.13.2)
2

(7= . )<1+HWHMH> (S s S [ S Wy

H|RA@ ||, g, + O+ KONy |00 wHHl o

< (M° +tK(t))(€1g +e2E,(t) + Hataﬁp) ) T Hv’aﬁp( ey (8.13.3)

where we have used the estimates (8.3.1), (8.5.1), (8.5.3) and the lower order remainder estimate (8.18.4),
together with the weighted normal derivative estimate (8.11.1).

Also, from the third component of (8.6.2), we have
02, 0° (p + 1) = =T pu(0 + w¥ - V)9 ug + RIU,0) + R (U, ) - Vuzdpd™p

where again we have absorbed all the high-order terms in 1 involving a spatial derivative into the re-

mainder R|B|(U, 1) and we note also that H@tﬁﬂw] ‘ H1(0,) Can be estimated by the estimates (8.7.1)
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and (8.10.5). Now we must take some care to deal with the term involving pp. In fact we chose this
approximation to the original equations, as originally done by Shkoller et al in [10] and [13], specifically

so that this term can be easily estimated. We multiply by 0, 0Pp and integrate in space to obtain

).

= D23 0°0ypD,,0°pd — / 02,0 (u¥ - V)pdy, 0°pda — /Q JY p, Dy 0P u30,,0° pda
+ +

2
Ozg 8ﬁp’ dx

+ [ R, $)0,,0%pda + / RO (U, ) - Vg% 605, 0% pda
Q4 Qi

1 d

2 1
< - 0P ‘ s (u?
LT, 8 ,0°p| dz "y V- (u

Qy

1
- ,U/ (89338ﬂuw) ) VPama’del' + N/ (V- u¢)
Q4 2" Ja

+

2
395386]?) )da

2
Ozg 86p’ dx

_ / T 9 DI Py, P pi + / RII(U, )0y, pda
Q

Q4
RO )y 1l |07 o+ 5 110028
_—%u% 6xs8p‘ do + p* Ha‘”’aﬁw vp‘LQQi+411’ s p’LQQi
+,u/ﬂi(v‘u ) 81;3851)‘ da:—FC'/Q ‘pruD iug‘ de + — ‘85,;38 p‘ L)

+ (MO K (D)) (= + S Eu()

|

where we have used the divergence theorem together with the fact that (u¥)3+ = 0 on I, the lower order

estimate (8.5.3), the lower order remainder estimate (8.18.4) and Cauchy’s inequality.

Using the fact that (Uf):’u Ir = 0 together with the divergence theorem, we have

M/in-uw)

t
§M°+u/ (V- u?)
0 JOy

2
Oz Gﬁp’ dx

2
Oy aﬁp’ )dadr

t
:MO—F,U/ Ot((Vu¢)
0 JO4

2 t " 2
p‘ )dzdT + ,u/o ; V- (¥ (V- u?) p‘ )dzdr
+

t 2 t
:Mo—i—,u/o . D= ((V - u¥) 83638'8]9‘ )dxd7’—+—u/ (V- u?)?
+

Q4

2
p‘ dzdr

dr

t
§M0+C/HHD;‘V.U¢H ‘
0 H2(Qyt L2(Q4)

t
+C'/ ,uHVwﬂ’)
0
t
§M0+tK(t)+u2/
0

t
+ [ IE )] dar

< M°+tK(t)

|,

o7 a0

Oz pH dr +tK(t)

H2(Q4) L2(Q4) L2(Q4)

Df’V-uw‘

2
ar+ 4 | |00%p)
H2(Q4) T+M/0 0 07p L2(4)
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where we have used the remainder estimate (8.18.3) and the estimate (8.18.5) for p. Also, we have

1 [[(02,0%u¥) Vp‘
L2(Q4)
t
< M°+ / H (0104 oPu w Vp‘ d7'+/ ,uZ‘ dr
L2(Qx+) 2(Qt)

0 2 B8, Bu¥ 2
§ﬂ1+K@Au‘h%QU‘bmﬁ&+/ 0L o 0l dr
< M°+tK(t)

Combining these estimates, we obtain
0] o
‘ 39 P L2(Q1) +Mdt 3 p L2(Q4)
1
< (MO +tK () + €2 Eu(t) + )
€2
< (MO + K (1) (5 + 2 Bu(t) + [[0.0% +Hv’ o’ ‘ —i—H(u 50, 1 ] )
- e ! L2(Q4) 12(0) AT
1
< (M + LK) (5 + S Eu(t) + |00 Haﬁ‘
—( + ())(€%+62 M()+ t uLQQi+ v L2Qi

where we have used the lower order estimates (8.5.1), (8.5.3) and the weighted normal derivative estimate

(8.11.1). Applying lemma 8.13.1, we obtain

‘ 3 p’ L2(Q4)
< (M0+tK(t))(i3+e%E (t )—i—esssupH&gaﬁ H —|—esssupHV d%u H (8.13.4)
€2 T€(0,t) T€(0,t)
Now we claim that
1
] amaﬁu] < (MO + tK(1)(= + €2 B, (1)) (8.13.5)
Q(Qi) €2
1
‘ O, p‘ < (MY +tK()(= + €2 B, (1)) (8.13.6)
LQ(Qi) €2

We proceed by induction on (3. In the case that 53 = 0, we note that we may apply (8.9.1) and (8.11.2)
to the right hand side of (8.13.3) and (8.13.4) to obtain

< (MO + K (8)(5 + S B,(1)

L2(Q1)

< (MO + tK () (= + €2 B, (2))

[a)) [0}
w\w‘ =l

L2(Qy1)

Then we apply the estimate from corollary 8.13.3 together with the lower order remainder estimate
(8.18.4), the estimate (8.9.1) for the tangential derivatives, the estimate (8.12.4) for the corrected curl

and the estimate just obtained for the corrected divergence to conclude that

2 1 1
B < 0 il 5
] ) “Hpmi) < (M° 6K () (5 + 2B (1)

which proves the result in the case 33 = 0.
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Now we suppose the result is true for B3 < k for some 0 < k < || — 1 and try to show it is true for
B3 = k + 1. But this is straightforward and is done in the same way. Note that the previous induction

step gives us the estimate for

1 1
1070l 22,y < (MO + K (8) (<5 + € Bu(t))

€2

1
107pl72(,) < (M°+ K () (=5 + €2 By(t)

a
wle|

where |y| = 3 and 73 < k + 1. We apply these estimates to the right hand side of (8.13.3) and (8.13.4)

to obtain
2|, . < (80 + K O) 5 + 2 B0)
LQ(Q:N:) o E% .
s |° 0 LI
(0m:07p][, < (MO 4 K@) (5 + S E(1)
L2(Q4) €2

Then we apply the estimate from corollary 8.13.3 together with the lower order remainder estimate
(8.18.4), the previous induction step for the term V’3%u, the estimate (8.12.4) for the corrected curl and
the estimate just obtained for the corrected divergence to conclude the result for the case 83 = k + 1.

This proves the claim.

8.14 Estimate of the Artificial Viscosity Term

Let us observe that we may rearrange the differentiated velocity equation (8.6.2) to obtain
—uVY%p = pu(0; + u? - V)0 u+ VY0Pp + ROU, ) + RY (U, )V - udd’ + uRIP (U, 1, p)

where | 3| < 2. We use the fact that we have already obtained estimates for everything on the right hand

side in L?(£2) to obtain

2 1 1
< (M? +tK (1) (=5 + €2 Ey(t))

2[99, <

Using the fact that
On, 0°p = T (VV)307p

and the lower order estimate for V1), we easily obtain

2 1
;ﬁHvaﬁp’ < (MO + tK ()= + €2 B, (1)) (8.14.1)
L2(Q1) €2
Using the fact that p = —pc? V¥ - u together with the chain rule and existing estimates we also obtain
2 P s ||? 0 1 1
0 HV VO u‘ < (MO + tK(1)(— + €2 B, (1)) (8.14.2)
L2(Qx) €2
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8.15 Elliptic-Type Estimate for the Front

In this section we derive an elliptic type estimate for the front using the pressure interface condition
(7.1.6).

Lemma 8.15.1.

1 1
107V F oy < (MO + K ()< + €2 E,(t)) (8.15.1)

€

Nl

for0 < |a| <3, ap <2and az =0.

Proof. Let abe amulti-index with 0 < |a| < 3, ap < 2 and a3 = 0, so that we can write 0% = 98P0, , for
some i € {1,2}. Let (D')*° denote the half-order derivative operator which corresponds to multiplying
by (¢’ >0'5 in Fourier space - see the notation in the appendix.
Applying (D’ >0'5 to the differentiated pressure interface condition (8.6.15), we have
V'f
n
We multiply both sides by (D’ >0'5 0% f and integrate by parts to obtain
0.5 . 0.5 0.5 o0, V'f 0.5
/F(<D'> [0°(p + 1)) (D) 8,,0° f)da’ = o /F(<D’> () (D)™ 0*V' f)da’
N05 qar N0-5 aar / N0.5 qa NnN0.5 qa /
[ (D) V(D)0 st 4 [ (D) 000 (D) 0
0.5
+ (D) Rb(r) e

where the remainder R2(f) is defined in 8.18.19. We now use lemma 8.6.4 to differentiate TT/If’ together

<D/>0.5 [0%(p + pup)] = o (D > v 9°( )+ (A 1) <D/>0.5 0°0,f + <D/>0.5 94,

with the fractional product rule A.3.8 from the appendix, and following the notation of this lemma, we

denote the remainder term by R(G(V'f),0*V'f), where G is a smooth function. We obtain
/ (DY 0% (p + up)))((D")*° 80, f)da’
B NO5 o V'f
m /F (D)° 9oV a, £)((D')*° 90V f)da’
+ /(<D/>0.5 8tR%(f)) <D/>O.5 R%(f)dx' + /(<D/>0.5 R%(f))de/
r r
L1/ 05 N 0.5
:a/rw (D D'
+a/ (DN RA(f) - (D) 0V fda
+a/F R(G(V'1),0°V'f) - (D)% 07V fda! +’u2dt/‘ (D)% 9o
+ [ (DY k() (D) R (has' + [ (D) RE()Pas’
r r

Za/‘n‘ ‘<D’

_ 1 “R(G(v/f)yaavlf)“ig _ 5/ ‘<D/>0.5

*g @)

) - (DY 0V f)da!

d:c

2 /
dx

da’ — || RE(f HHl(F ||0:RE(S) HL2(F cllov’ fHL2
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where we have used lemma 8.6.5. We have also used Cauchy’s inequality in the last step, and we are
free to choose 0 < § < 1. Note that RZ(f) is a sum of terms of the form G(V'f)(09"(V'f, g2) +
OV'fR2(f)) where |y] < 2 and G is a smooth function. We recall that we have already estimated
00"V’ f in (8.10.5). Hence, using Cauchy’s inequality, the remainder estimate (8.18.15), and the estimate

of the remainder from A.3.8, we obtain

DY 9ov' | da /’ D\*? 0w s [ do!
o s 2 " 3 :
2 1 1
e e ) | | 1o (MO 4+ K (8) (5 + € Ey(t))
L2(I) 5 3
We choose § < W and rearrange and use the Sobolev trace theorem to obtain
MMlLeo(r)
N05 na / d N0-5 qa 2
o —<D> 0 dac+,u— ‘<D> 0 dz
r|n® dt Jr
<czm”?i°°muaﬁ(p+up)H2 + (M + K ()~ + e By(#)
T4 o H(Q1) 5 "

< (MO + LK (D) (< + S B (1))

€

|

where we have used the lower order estimate (8.5.3) and the existing energy estimates (8.9.1), (8.13.6)
2 d 2
do’ + p— / ‘<D'>0’5 0~ da’
dt Jr

and (8.14.1). Hence
[ loyecor
r
( 1

< (MO 4+ tK()(— + €2 E,(t))

€2

Now we apply the lemma 8.13.1 to obtain

Ji e

This completes the proof. O

05 ' < (MO + K () (& + S B (1))

€2

8.16 Estimate of the Additional Terms in the Energy Involving 1

Applying 0 where |a| = 3 and oy < 2 to the curl equation (7.7.1), we obtain
pu(0 +u¥ - V)OUVY xu) = —=VV8%, x (0 +u¥ - V)u— V¥, x (9 +u¥ - V)0
— pul€indy 0 wd wr) — puleijidy wdy 0%uy) + V¥ x 0%gy
+ R (U, ) (R (U, ) + 0% (pp, )0 (p, u, Vb))
= RL(U,%)(V%p, + 00%u + V%1 + R3(U, ) + 03 (ppu, w)0? (s u, 0'1)))

Now we multiply thus equation by x?0%(V¥ x u) and use the product rule to obtain

1 2 1 2
S0 07 (VY )| ) + 125 - (o |09 x )| )
= (2R (U, ) (V0% p,, + 00%u + NV %g1 + R3(U, ) + 03(ppu, w) 02 (s u, 0'))0%(VY x u)

in (0,7") x Q4 where we have absorbed some lower order terms generated by the product rule into the

right hand side.
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Then we integrate over {21 and apply the divergence theorem for Sobolev functions to the second

term on the left. Note that since (u¥)3+ = 0 on I" we are left with no boundary terms. Hence we obtain

1d 2
2- [} P
ey QjEp“ 0*(V xu)‘ dx
o (63 o 2
< p?||RS (U, 0) (VO py + 00%u + VO*g1 + R*(U, ) +83(pu,u)82(pu,u,@'m/)))Hm(Qi)
+ 122 [0 (¥ x ) ’
L2(Q4)
We claim

2
W2 || Ra (U, ) (VO py + 00%u + VO g1 + R (U, ) + 0% (00, w)0* (0, w, ') || 2y, ) < K (1)
Indeed, note that by the properties of mollifiers,
NQ ||V8apu||%2(gi) <C H@O‘p”“%g(gi) < K(1)
Since ag < 2 we have
2|00 ul|72 () < K(2)

We also note that, using the properties of mollifiers again for the highest order term involving p,,,

2 2 2

:u2 ‘ }aB(p,uv U)GQ(IO,LU U, 8,¢) ‘ ‘L2(Q:{:) g ,UQ ‘ ‘ag(ppn U’) ‘ ‘Hl(ﬂi) | ’82(1()#’ U, a/¢) ‘ |H1(Qj:) S K(t)
Clearly
V0 g1 [[12 () < Eolt) < K(1)

Along with the remainder estimates (8.18.1) and (8.18.3), this proves the claim. Hence

21 d

2
L VP |0%(VY % u)) dr < K(t)
2dt Jo,

Integrating from O to ¢, we obtain

M2Hp aa(wau)‘Q < M+ tK(t)
g L2(Qx)

Since p;, > %52 by (8.3.2), and we already have an estimate for 0*V1) given by (8.10.5), we obtain

2 1
ﬁHWxaau‘ ;

< (MY +tK(t))(— + €2 B, (1)) (8.16.1)

€2

Applying 0% where |a| = 2 to the curl equation (7.7.1), we obtain
P V¥ x 0,0% = —(u? - V)V¥ x 0% + R*(U, )
Multiplying by u, squaring, integrating in time and using the remainder estimate (8.18.3), we obtain
t 2
/ﬂ/ va X ataauH dr < tK(t) (8.16.2)
0

for |a| = 2.
Now we obtain an elliptic-type estimate for « - n similar to the elliptic estimate we obtained for f.

First we prove a very simple lemma which we will reuse later.

106



Lemma 8.16.1. Let z € HY(T') and h € H*(T) for s € R>q with
1-ANz=h

on T in the sense of distributions. Then z € H*2(T') with

Izl o2y < ORI s ry
Proof. Taking Fourier transforms with respect to 2, we have

() z=h

Multiplying by (¢')°, then squaring, we obtain

6y 74| = [t

Integrating over R? and using the definition of the Sobolev norm in terms of Fourier transforms, we

obtain z € H*"2(T") with

2

12l Frsr2ry = [1RllFsry
as required. 0
Now we let 0 < j < 2 and apply 85 to the pressure interface condition (7.1.6). We obtain
(1 = AN0] (u-n) = 8] (=[p] = oV - 71+ go — p[p])
We apply the above lemma with

2= pd(u-n)
h=0(~[p] — oV i+ go — plp))

and the Sobolev trace estimate to conclude that

R R L T e
< O |[o08ll sy O osy + €00 gy + T Al
< (M° thK(t))(i +e2 B, (1)) (8.16.3)

3
€2
where we have used the chain and product rules, the lower order estimates (8.5.1), (8.5.3), (8.5.4) and
the existing estimates (8.9.1), (8.10.5), (8.11.2), (8.13.6), (8.13.5), (8.10.6) and (8.14.2).

Let 1 < |a] < 3 with ag = 0. We apply the Hodge decomposition estimate A.1.2 along with the

lower order estimate (8.5.3) to obtain

0%l (60,

0 a, (12 P «a 2
< (MO + K@) (107U 2, + |77 0%

:

L2(Q4) * va x O%u 110w nl[fo5r)

2

L2(Q)
2

< (MO + K (£)(1|0%ul 20, + va 9% . va x 9%

L2(Q4 L2(Q4)

2
+110% (w1 G050y + e - 00 G051y + > Haﬂu ' m”HHo.m)
ﬁ‘i"}’:avﬁ#av')/?éa
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Now in the case ag < 2, we multiply by p? apply the existing estimates (8.14.2), (8.16.1), (8.9.1),
(8.11.2), (8.13.5), (8.15.1) and the Sobolev embedding theorem to obtain

1 1
P2 10%u[F iy < (MO + K (1)) (= + €2 B,(1))
€

|

In the case oy = 3, we multiply by 2, integrate in time, apply the existing estimates (8.16.2), (8.9.1),
(8.11.2), (8.13.5), (8.15.1) and the Sobolev embedding theorem, and rewrite the term ||u - 0%n)| ’?{0-5(1“)

as ||u- 97V (u- n)HiIM(F) to obtain
t
1 1
M/ 6%l s 0, dr < (MO + LK (£)) (< + ¥ B, (1)) (8.16.4)
0 €2

Now it remains to estimate H@“uHHl(Qi) for 0 < |a| < 3 where a3 > 1. But we may apply lemma
8.13.2 to obtain for || = 3 and ap < 2,

Dy 0%u; = Gi(V) - (D, 0%U, By 0%u, V¥ - 3%, V¥ x 0%u)

where G;(V1) is a smooth vector-valued function for each ¢ = 1,2, 3. We claim inductively on a3 for
0 < a3 < 3that

« 1 1
12|00 sl [T2(0, ) < (M° + K (8))(— + €2 Eu(t))
€

N}

Indeed, we have already proved the case az = 0. So we assume it is true for ag < k£ where 0 < k < 2

and try to prove it is true for ag = k 4 1. Using the above formula we have

2
Iu2 HaﬁvgaanHLQ(Qi)

2 2

< (MO + K (1)) (|| V'0°ul 32, + HW : 8°‘u‘

>+HV¢X6a“‘ )

L2(Q4 L2(Q4)

< (MO + 1K (£) (& + e Bu(1))

€2
where we have used the induction hypothesis for the first term on the right, the estimate (8.14.2) for the
second term on the right and the estimate (8.16.1) for the third term on the right. This completes the

proof of the induction step. Hence we have finally proved that

1 .
P2 103 ) < (MO + tK (1)) (= + €2 E,(t)) (8.16.5)
€

N}

for 1 < |a| < 3 with g < 2.

8.17 Conclusion of the Energy Estimate

Combining the estimates (8.5.1), (8.5.3), (8.5.4), (8.7.1), (8.9.1), (8.11.2), (8.10.5), (8.10.6), (8.13.5),
(8.13.6), (8.15.1), (8.16.5), (8.16.4) and (8.16.3) we obtain

Bu(t) < (MO + tK (1))~ + ¢t By (1)

€

N}

Now for each ¢t we may choose
2(MO +tK(t))

108



and rearrange to obtain
E,(t) < M +tK(t) (8.17.1)
where we have redefined M and K (t). We claim that the result of proposition 7.5.1 follows from this

inequality.
Indeed, we set
0 / 260 . 260 2k
T° = sup{t € (0,T') : E,(t) <2M°, inf infp> =, inf infp, > —F, inf infJ% > —}
"re(0,) Qi 3 Tre(0) Qi 3 re(0t) R3
Note that, by uniform continuity, the set is non-empty and 7% > 0. Suppose that 79 = T". If in addition
T' =T or T" = 1 then we have
E,(t) <2M°
for t € (0, min{7’, 1}). Otherwise, by continuity, we have

p> =680

J

T O

Pu =

[en]

JY >

KR

NI N PN =

fort € (0,7" + €), for some € > 0, which contradicts the definition of 7.
Thus we may suppose that 79 < T”. Again using continuity and the definition of the supremum, this

implies that one of the following equalities hold.

E (T =2M°
269

inf p(T°) = =
(T =3
0

269

glf PM(TO) = 3
inf JY(TY) = 20
From the inequalities (8.4.1)-(8.4.3) and (8.17.1) evaluated at ¢t = T9 we have
E(T°) < M° + T°Fy(E,(T°), MY)
inf p(T°) > 0° = T F(Bu(T°), M3)
inf pu(T°) > (52 TOF3(E,(T), M3)
0

inf Jw(TO) > k0 — TYFy(E,(T"), M)

where F; are smooth increasing functions and M) has the same form as M°. Hence, noting that
E,(T% < 2M?", one of the following inequalities holds.

oM < MY + T°F (2M°, MY)
269
3
262 0 0 0 0
= 20— TOR(2M°, M)

2k° 0 0 0 340
72:‘4} T F4(2M ,M4)

> 00 — TOFy(2M°, MJ)
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Thus, rearranging (and simplifying slightly), one of the following inequalities holds.

0
T T
F1(2M ,Ml)
0
° = %
3E(2M sz)
50
70> M
- 3F3(2M0,M§])
70 > w0

~ 3F,(2MO, MY)

Hence T is bounded below by the minimum of the quantities on the right hand side and we have

fort € (0,7°).
This completes the proof of proposition 7.5.1.

8.18 Remainder Estimates

One of the key observations in deriving high-order energy estimates is that once we have differentiated
the equations enough times, the lower order terms may all be estimated in terms of the energy by the
Sobolev embedding theorem, and hence we may try and obtain energy estimates in the same way as for
constant-coefficient linear equations. To make the analysis as clear as possible, in this section we define
the types of generic remainder term which are generated and prove estimates for them, so that we can
concentrate on dealing with the important higher-order terms in the main body of the proof of the energy

estimate. This section or the proofs in it may be skipped on first reading.

Remark 8.18.1. We note that U can be extended to (0,7") x €2_ in such a way that the Sobolev norm
of the extended function is controlled by a constant times the Sobolev norm of the original function, and
similarly U_ can be extended to (0,7") x Q4. Hence in the following section on remainders, we will
write U when we could be referring to either U or U_, or their extensions to (0,7") x Q_ or (0,7") x 4.
We can do this because the estimates only depend on a control of their Sobolev norms, and our energy

functional is symmetric with respect to £ terms.

Definition 8.18.2. Let 0 < k < 1. We will write R%_ (U, ) for a generic remainder term of the form
RE(U,¢) = G{O°(U, pyy b, 0, 1) = |B] < k3)

where G is a smooth function of its arguments in the region p > 0, p,, > 0, J Y > 0.

Lemma 8.18.3. Givent € (0,T"), the remainder term R%_ (U, ) satisfies

HR’;O(U,w)‘ ‘;mi) < K(1) (8.18.1)
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Proof. For || < 1, the Sobolev embedding theorem and the definition of ¢ as a lift of f implies

Haﬁw,w,aw)\\ < C Ul asy + ClIF I ooy + CNIOU 2y + C 11 OF, 02|21

< CE(1)

2
L*>(Q4)

From the definition of the energy F, for g and the Sobolev embedding theorem, we have
2
0° ‘ ‘ < MP°
H 9 Lo(Qg)

Hence, since G is a smooth function of its arguments in the region p > 0, p,, > 0, J ¥ > 0, and we
§0
have p > ﬁ, Pu > 5 JY > %0 on (0,7"), we have

2
G0 W pvs 090 18 < kY| < K@)
Leo(Q4)
O
Lemma 8.18.4. Let k = 0. Then the remainder R (U, ) satisfies
2
RE(U. < MO+ tK(t 8.18.2
[ESCADH WRES R0 (8.18.2)
Proof. From the way we have defined R¥_ (U, ), we have
HRE(U,v) = RN (U, )
Thus, by the estimate (8.18.1),
[rLww|  <c|rww| vo [arsww|_ ar
L>(Q4) L2 (1) |1—g 0 Lo (1)
< M°+tK(t)
O

Definition 8.18.5. Let 0 < k < 3. We will write R¥(U, ) for a generic remainder term which consists

of sums of terms of the form

n

G({agrgw :0< ] <k+ 1})Rgo(U71/}) Haal(U7 Pus v/wvatwagl)e(i)

=1

(which is not allowed in the case k£ = 0) and
G{d24:0<j<k+1}HRY(U ) - 0%

Here, n is an integer with 1 < n < k + 1, o are multi-indices with 0 < |o| < kand1 < Y"1, |a’| <
k+1, (U, pu, V', 0%, g1)e(s) denotes an entry of (U, p,, V'4), 041, g1) depending on 4, RO (U, %) is
defined in 8.18.2, GG is a smooth function of its arguments, and || < k. Finally, we impose the important
constraint that if (U, p,, V9, 0, g1)e(i) = Ortp then ‘oﬂ" < k — 1 or & contains at least one space

derivative (so it is not all time derivatives).

Lemma 8.18.6. Givent € (0,T"), the remainder term R*(U,)) satisfies

Ee)

L2(Q4)

< K(t) (8.18.3)
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Proof. By (8.18.1), we have

||RS (U, % < K()

2
)HLOO(Qi)

Using the definition of 1) as a lift of f which involves multiplying by a smooth cut-off function, we have

i . 2
163,00 <5 < k+1)| [y, < PR <) < K()

Now we intend to apply the Sobolev product lemma A.3.1 to the product which occurs in the re-
mainder, [, 8"‘i(U, P> V', 01, 91)e(i)- Suppose |a;| = 0 for some 4. Then we may estimate the
term aai(U, P> V', 01, g1)e(s) in L*°(2+) and remove it from the product, so we may assume that
|| > 0 for all 4.

Setm; =3 — |a’'| andm =2 > 3 = %. Note that since 1 < |a’| < k < 3, we have 0 < m; < m.
Note also that

n n
Zmi:i%n—Z‘ai‘ >3n—-4>n-12=mn-1m
i=1 i=1

provided n > 2, and if n = 1 then " , ‘oﬂ < k < 3 so we still have the necessary inequality. Hence
we may apply the lemma A.3.1 to obtain

gcﬁ]

L2 (Qi) i=1

[10% W4 V', 000, 91y

=1

aocl(Ua Pus V'ip, 0y, gl)HHg,,‘ai‘(ﬂi)

Clearly, we have

2

where we have used the definition of E; to estimate g, which also allows us the estimate 9%g. Also, we

aai(U7 p/.u v/¢7 gl)’

. < K
B ll(ay) ®)

note that by definition if (U, p,,, V9, 941, g1)e(iy = Oy then ‘ai| < k —1or & contains at least one

Combining this with the estimates for R, (U, 1) and G, we obtain the result. O

space derivative, so

2

0 o

) < K(t
1oty Q
Lemma 8.18.7. Let 0 < k < 2. Then the remainder R* (U, 1)) satisfies

2
HR’“(U,@Z))‘ Py S MO+ tK (%) (8.18.4)

Proof. Note that that by the definition of R¥ (U, 1),
OB (U,¢) = RN (U, )

Thus by the estimate (8.18.3),

: : CtaR’“U ’ dr < M° +tK(t
LZ(Qi)|t:0+ /oHt (’¢)“L2(i T< M4 1K(t)

|Eatagll "

)§CHR’“(U,1!J)\

L2(Q+

O]
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Definition 8.18.8. Let 0 < k < 3. We will write R¥(U, ), p) for a generic remainder term which

consists of sums of terms of the form

RE(U. )

or

G{d,1:0<j <k+1})RL(U, ) - Haa (U, pus V', 9)e(2))0°p

=1

Here, n is an integer with 0 < n < k + 1, o are multi-indices with 0 < |a’| < k, 3 is a multi-index
with 0 < |[B] < kand0 < > ", ‘ai} + 18] <k, (U, pu, V', g)e(iy denotes an entry of (U, py, V'9), g)
depending on i, RY_(U, 1)) is defined in 8.18.2, and G is a smooth function of its arguments.

Lemma 8.18.9. Let 0 < || < 2and 0 < |a| < 3. We have
2
2|58, 0
) H < (M° + tK (1)) E, (¢ 18.
02 {[0%8]] o) < M0+ K () Bu() (8.18.5)
t
“2/0 10°P|| 20y A7 < (MO 4+ LK (1)) E,(t) (8.18.6)
Proof. We have

pp = —ppc®V¥ - u
= 4G (Ory)G(0) Vi

where G is a smooth function, G is a smooth vector-valued function and v = (s,p, V'1). Note that using
(8.18.2) we have

HG Oy t)) HLOO o < MO 4+ tK(t)

IG )l (s) < MO +E(D)

Similarly,

t
12Vl Ba ) < MO+ Cp / 10,7l 22, A
< MY+ tE,(t)

Let 1 < |a| < 3. Applying the chain rule, we have that 3*(G/(9,,%)G(v)) is a sum of terms of the form
GOl 0 <j <3))G Haal
or

G(0251) G (v)0%;

where 1 <n <la|, Y ;" a; <aand 1 < |o;] < || — 1. Using the Sobolev product rule,

atHa Ve(s)

n 2

H 8O‘ive(i)

i=1

dr
L2(Qx)

< M0+C/
L2(Q4)
< M+ tK(t)
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We also have

2

GOm0 | |, < (M0 + K1) B (1)

L2(Qx)
Using these estimates we have

2

= | uion )6y )|

<12 ||G@nw)cw)ovul|

L2 (Qi)

- 2
+ 12 |07 (G (02, ) G (0)) V|

L2(Qy)

+ut Y Ha <G<ax3w>G<v>>3”V“(\;mg

L2(Qx)
BHy=a,|B|=1
< (MO 4 LK (D)2 107Vl Bagy + (MO + LK (1) Bu()
+N2 Z Haﬁ( xsw H |a quHl(Qi

B+v=0a,1<|B]|<2
< (MO 4 K (1) |0Vl o) + (MO + LK (1)) By (1)

If 0% = 0 0” or |a| < 2 then by combining the above estimates we immediately obtain the first

estimate. Else, integrating in time we obtain the second estimate. O

Lemma 8.18.10. Givent € (0,T"), the remainder term R* (U, 1), p) satisfies

L2(Q4) ZZH tpHH3 I(Q+)

RE(U, 0, p) - aaU( dadr < th(t) + (MO + LK (£)) E,(2) (8.18.7)

B U..)]

ays

for1 < |a| < 3 where we are free to choose € in the range 0 < € < 1.

Proof. As before, by (8.18.1), we have

0 2
[R% (U )|[3 e,y < K (8)
Using the definition of ¢ as a lift of f, which involves multiplying by a smooth cut-off function, we have

G020 -0 < j <k +1D)|[ oo,y < FISllpoer)) < K (1)

Now we intend to apply the Sobolev product lemma A.3.1 to the product which occurs in the remain-
der, (JT7, ' (U, P> V'Y, 9) (i )8510 Note if || = 0 for some i then we may estimate this term in
L*>°(Q4) using the Sobolev embedding theorem as above and remove it from the product, so we may
assume ‘ai’ > 0 for all 7. Similarly, we may assume || > 0 else we estimate up in L*° using the
Sobolev embedding theorem and obtain the remainder R* (U, 1)) which we have already estimated.

Forl1 < ¢ <n,setm; =3 — ‘oﬂ, setmp =3 —|fland m = 2 > % = g. Note that since
1< ‘oﬂ .18l < k < 3, we have 0 < m; < m. Note also that

Y omi=3n+1)=> |a'|—|8>3(n+1)—4>2n=nm
i=0 =1

Hence we may apply the lemma to obtain

8ﬁp H aai (Uv Pus V’% gl)e(i)

<clfe
i=1

0 (U, pus V'0,9)

H3-181(0y) 1_[1 ‘

3*‘0@‘
LQ(Qi) a (Qi)

114



Clearly, as before, we have

Combining this with the estimates for RY_ (U, 1) and G, and using Cauchy’s inequality, we obtain

181 (04 ZZH 'fp‘

0 (U, pus V0, 9)|

. <K
RS ()

|[B*U.v.p)

o

Lz(ﬂi) H379 (1)

Using this we obtain

3
/ /Qi RF(U, 1, p) 0aU‘dxdT<u/ 10°U || 2. ) K(t %:JZ%H(%Z?‘ H3*j(Qi)dT
S1/tK(t)dT+eu222/tH3ﬁ’2 o dr
€ Jo T =00 H373(Qx)
< %tK(t) +e(M° +tK(t)EL(t)
as required, where we have used the estimates (8.18.5)-(8.18.6) for p. ]

Definition 8.18.11. Let 0 < k& < 1. We will write R];o,F(U , f) for a generic remainder term of the form

RS, r(U.%) = GHO (U, £,0'f) - |B] < k})
where G is a smooth function of its arguments.

Lemma 8.18.12. Givent € (0,T"), the remainder term R’;OI(U, f) satisfies

2

HR’;QF(U, f)HLOO(F) < K(1) (8.18.8)

Proof. Note that, for |5| < 1, by uniform continuity and the Sobolev embedding theorem,

Haﬁ U]p,f,(‘?f)H <cHaBUH +cHaﬁ f,a’f)H < CEL(t)

Loo(T) L®(Q4) Loo(T)

Hence we have

et Wi sy 1o < w|, <K@

O

Lemma 8.18.13. Let k = 0. Then the remainder R*_ r(U. f) satisfies

HR (U, f)H oy S MO () (8.18.9)
Proof. From the way we have defined Rléo,F<U , ), we have
RS, (U, ) = R (U, f)
Thus, by the estimate (8.18.8),
2
HRISO(U’w)HLoo(Qi) CHR o, f)H o () |, 0+C/ Hat sr (U f)H (r)dT
< M°+tK(t)

O
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Definition 8.18.14. Let 1 < k < 2. We will write RE(U, f) for a generic remainder term which consists

of sums of terms of the form
n .
or W N0 Wik, 8 ey
i=1
Here, n is an integer with 1 < n < k 4+ 1, o are multi-indices with ag =0,1< }ai’ < k and
S]] < k41, (Ulp,d f)es) denotes an entry of (U|r, & f) depending on i, and RO (U, f) is
defined in 8.18.11.

We may sometimes write R2.(U, f), which is defined to be zero.

Lemma 8.18.15. Let t € (0,T"). The remainder term RI’i(U , f) satisfies the following estimate.

2
REU. S|, <K 8.18.10
|RE@. |, 0, < KO (8.18.10)
Let o be a multi-index with oz < |o| — 1 and 1 < || < 3. Thus we have either 0% = 9,,0° for some
1<j<2and|B| = |a| -1, or 0* = 8,0° for some |3| = |a| — 1. Then

t/R{i(U, £ONU, pp)da'dr| < (M0+tK(t))(%+eEu(t)) (8.18.11)
0o JT

where we are free to choose € in the range 0 < ¢ < 1.

Proof. Firstly, we note that since d;f = u-n = ug — u’ - V' f by (7.1.5), we can in fact write RE(U, f)

as a sum of terms of the form
n .
Rer (U, 1) [T0% Wle, V' ey
i=1
We note that in fact this has the form
RE(U,¥)|r
where R¥(U, ) is defined in 8.18.5. Therefore, using the Sobolev trace lemma,

G S LG

HRIF(U’ f)‘ H1(Q4)

< K(t
L2(Q4) ®)

where we have used (8.18.3).

For the second inequality we convert the above to an integral over the interior. We have

t
RE(U, £)0*(U, pp)da’dr| <
I
<>
+
<2
oY u / 1651220,
+
<2

t [ R0 . i)
Qi

RM(U,4)0% 0y, (U, pup)dadr

t
/ / R(U, )0 (U, ) dadr| +
Q4

Q4

/ /Qi RE(U, )00,y (U, pp)dadr| +

o

L2(Qx)

+ tK( )+ e(M? +tK () E,(t)

/ /Q RE(U, )01 (U, pp)dawdr
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where we have used the estimates (8.18.5)-(8.18.6) for p.
Suppose 9% = 0, 0P. Then, using integration by parts,

‘ k
Olax?) 9 ) =
§i /0 /QiR (U, 4)0% Oy (U, pp)dadr| < Ei

< LK (t)

t
| [ 0 B0 00, . pi)dodr
0 JQ4

where we have used the estimate (8.18.3) for 0, RF(U,7p) = R*1(U, ) and the estimate (8.18.5) for
D.
Now suppose 0% = 9;0”. We must integrate by parts in time, but otherwise we proceed in a similar

manner to the above. We have
+

+
+

<M+ % Zi: HR’“(U,w)‘ i2(Qi)

t
| [ R0, . p)azar
0 JQy

<M+
+

t
/ O R* (U, )0P 0, (U, pp)dadr
0 JOQ4

/ RH(U, )0% 00, (U, ) da
Qi

2
+e€ + tK(t)
L2(Q4)

0 0, (U, )

<

| =

(MO + tK(t)) + e(M° + tK (t))E,(t)

where we have used the above estimate (8.18.3) for 9; R¥ (U, 1) = R*+1(U, ), the estimate (8.18.6) for
p and the lower order remainder estimate (8.18.4).

Combining the above estimates proves the result. O
Lemma 8.18.16. Let k = 1. Then the remainder RE(U, f) satisfies

HR{?(U, f)‘ < MO+ tK(t) (8.18.12)

2
L(I)
Proof. Note that that by the definition of RE (U, f),

ORE(U, f) = RE(U, f)

Thus, by the estimate (8.18.10),

|RE@. ) ;(r) <c||rbw, p)] ;(F) =0+ c/ot |eRE@, f)H;(F) dr < MO+ tK(t)
O
Definition 8.18.17. We will write R, (f) for a generic remainder term of the form
G(V'f,g2)
where G is a smooth function of its arguments.
Lemma 8.18.18. Givent € (0,1"), the remainder term R r(f) satisfies
[ Roo.r (P oo (r) < K(2) (8.18.13)
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Proof. We have

|GV £, ey < FUIY Fll2y - N9l 72 ry) < K(®)
)

where F' is a smooth increasing function. This completes the proof. O

Definition 8.18.19. Let 1 < k < 3. We will write RE(f) for a generic remainder term which consists of

sums of terms of the form
n

Roer (/) [T 0 (V' 92)es

i=1
Here, n is an integer with 1 < n < k + 1, o are multi-indices with o = 0, 1 < |a’| < k and
Yo |a | <k+1, (V'] 92)e(i) denotes an entry of (V'f, g2) depending on 4, and Reo r(f) is defined
in 8.18.17.

We may sometimes write R%(f), which is defined to be zero.

Lemma 8.18.20. Givent € (0,T"), the remainder term RE(f) satisfies

HRI’E(f)‘ k@ (8.18.14)

L2(T)
Proof. We intend to apply the Sobolev product lemma A.3.1 to the product [T , " (V'f,92)e(y- In

deed, set m; = 3 — ‘oﬂ andm = 2 > 1 = g (in this case the dimension is 2). Note that since

; < m. Note also that

Zmi:?m—Z‘ai‘23n—42(n—1)2:(n—1)m

i=1 i=1
provided n > 2, and if n = 1 then " , ‘oﬂ < k < 3 so we still have the necessary inequality. Hence

we may apply the lemma to obtain

i (v/f7 g?)e(z)

gCi]i[l\

o (v/fa 92) ‘ ‘H:‘_‘O‘i‘(r‘)
L3(T)

Clearly, by definition of £, we have

o < K(t)

Also, using the definition of £, we have
o

Combining this with the estimate for R r(f), we obtain the result. Ul

w3l ()

<
H3 |al‘ ) K(t)
Lemma 8.18.21. Ler 1 < k < 2. Then the remainder RI’i( f) satisfies
2
R H < MO+ tK(t 8.18.15

[REG| [,y < MO+ 1K) (8.18.15)

Proof. Note that that by the definition of RE(f),
ORE(Sf) = REF(f)

Thus, by the estimate (8.18.14),

5k

t 2
RE 0
£2(I) 2(r) |t:o+C/0 H@t F(f)HLQ(F) dr < M° +tK(t)

<c|lrkwl,.,
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9. The Linearised Equations

In this section we introduce a linearisation of the p-approximate equations which is carefully chosen
so that it admits an energy estimate without loss of regularity with respect to the coefficients and hence
fits nicely into the contraction-mapping framework which we intend to use to prove the existence of a
fixed point which solves the p-approximate equations. See 3.6 for a brief motivation of the choice of

linearisation.

9.1 Definition of the Linearised Equations

Definition 9.1.1. Let 7' € (0,00). Let f € C}((0,T) x R?), Uy = (ps, tix, 5+) € CL((0,T) x Q).

Assume that
[a-n]=0

We say that (Uy,U_, f), where f € C}((0,T) x R?), Ux = (ps,ux,s+) € CL((0,T) x Qy), is
a solution of the linearised equations with lifting operator L and right hand side g on the time interval

(0,T) (where T € (0, T)), linearised about the state (U, U_, f), if the following holds.
u € C(Qy) foreach t € (0,7)
fru-n € CZ(T) foreach t € (0,T)
(Ut li=0, U~ =0, fli=0) = (U lt=0, U|i=0, fli=0)
p>0
pu >0
JV =14 0,0 >0

where
=L 9.1.1)

and p4,u+, s+, f satisfy the following system of PDEs.
Firstly,

Of =u-non(0,T)xT 9.1.2)

In the following equations, we have defined

u¥ = (@, Jiw(ﬂ?’ —u' - V' — )
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Note carefully that the term V'), where ¢ :== L% f, instead of V'1 is used so that ( P)slr = 0.

Next, the following (decoupled) transport equations are to be satisfied in (0,7") x Q..

(O +u¥-V)s=0 (9.1.3)
(O +u¥ - V)p+ peV¥ - 1=0 (9.1.4)

We define p and p,, from p and s in the obvious manner following previous notation.
Next, as an intermediate step, we require that there exist functions wy € C}((0,T) x Q) which we

call the linearised curl, solving the following transport equation in (0,77) x Q4.
pu(Oe +u? - V)w = =V¥p, x (0 + u? - V)i — ppleiudy wd] ux) + V¥ x g1 (9.1.5)
with
wli—o = (V¥ x @)|1—0 (9.1.6)

Where (eijkafﬁlafﬁk) denotes the vector with ¢-th component eijka;-/’ﬂla;/’ﬂk and we have used sum-
mation convention for repeated indices. We call this the linearised curl equation.

Finally, we require that the velocity u+ solves the following parabolic-type equation.

pu(0 4+ u¥ - V)u — uVY (pEVY - u) + uVY x (pPVY x u) = =V¥p + uV¥ x (ptw) + g1

9.1.7)
n (0,7) x Q4 and
[u-n]=0 (9.1.8)
(A = 1) (u-n) + plp?VY -u] = [p] + oV -1 — go (9.1.9)
nx (V¥ X ut) =n x we (9.1.10)

n (0,7) x T

9.2 Definition of the Linearised Energy

Definition 9.2.1. We define the linearised energy &1, : (0,7] — [0, o] associated to (Us,U_, f) as
being equal to the p-approximate energy &,(t) associated to (Uy,U_, f) defined in 7.3.1, but without
the term involving V¥ x w.

We define the energy £ (w) : (0, 7] — [0, oo] associated with the curl w as

Er(w)(t) := Z iess sup H@Jw‘
+ j=0

7€(0,t)

t
gl / | PR
H4=3(Q4) +Zi:ef:£%)|’ thLQ(Qi)—F; 0 | thHl(Q ) 4T
We also define the slightly lower-order energy £, (w) : (0,7] — [0, oo] associated with w as

E,(w)(t) == Zieses%gp‘lagw”
+ j=0T

QZZGSSSUPHGJOJ‘

H2=7(Q4) =0 7€(0,t)

H3=3(Q4)
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9.3 Notation for Constants and Functions of the Energy and Initial Data

Definition 9.3.1. For fixed ;¢ > 0 it will be convenient to define some generic constants/functions de-
pending on the energy and initial data in a given way which are also allowed to depend on p.

We will write F}, for a generic smooth increasing function of its arguments which depends on .

We will write C), for a generic constant which is independent of the solution, including being inde-
pendent of the initial data, which depends on .

We define M B as generic a constant of the form

1 1
Mg = F, (&Y —=

1
Ma@)(s E?Eg(l))

2 )
We write E,, to denote the energy E,, with (Uy,U_, f) replaced by (U, U_, f), and we define &,
similarly.
We define K, (t) as a generic function of ¢ of the form
Ky(t) = Fu(Bu(t), Bu(t), Byu(w)(t), M)
Similarly, we define K1, () as a generic function of ¢ of the form

Kr(t) == Fu(EL(t),EL(t), EL(w)(t), M)

Remark 9.3.2. Note that in the following sections, constants and generic functions will be independent
of T' (for 0 < T' < 1). In particular, we will only use the Sobolev embedding theorem with respect to

space and not with respect to time.

Lemma 9.3.3. Suppose w+ = V¥ x u~. Then

Eu(w)(t) < Fu(Bu(t))
Ku(t) < Fu(Eu(t), Bu(t), M)
Eu(t) < EL(H) + EL(w)(?)
E(t) < &u(t)

EL(Ww)(t) < Fu(Eu(t))Eu(t)

Proof. The first inequality follows from the definitions of E,(w)(t) and E,(t) and the product rule.
The second inequality follows from the first. The third and fourth inequalities are immediate from the
definitions of £,(t), £.(t) and £1(w)(t). The fifth inequality follows from the definitions of £r,(w)(t)
and &,(t) and the product rule. O

9.4 Statement of the Energy Estimate for the Linearised Equations
Proposition 9.4.1. Let (U, U°, f9) be initial data for the pi-approximate equations with initial energy
82 < 00. Assume that

inf p¥ =: ¢

1&[ P >0
glif pg =: (52 >0

i[g Jq”0 = x>0
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Let (Uy,U_, f) be a background state satisfying the conditions stated in the definition 9.1.1 of

the linearised equations above defined on the interval (0,T). Suppose that in addition the following

conditions hold.

Eu(T) < 00
Uy, U_, Plimo = 01U, U°, f°) for0 < j < 3

Let (Uy,U_,wy,w_, f) be a solution of the linearised equations with background state (U, ,U_, f) as

defined in in the definition 9.1.1 on some time interval (0, T) where T € (0,T). Suppose in addition that

EL(T) + E1(w)(T) < o0

AV
w2 e | 2

p

RS
S
vV

<
<

v

=

e

fort e (0,T).

Then in fact the energy satisfies the following bound.

10+ €100 M+ K00+ [ E0(7) + E1() + E0() (7)) + 16100
fort € (0,T). Moreover, we have

p>8— tK(t)
Pu = 52 — LK, (1)
JY > kY —tK,(t)

on the time interval (0,T).

Proof. See section 12. O

9.5 Statement of Existence and Uniqueness of Solutions to the Linearised
Equations

Proposition 9.5.1. Let (U_?_, UV, £9) be initial data for the u-approximate equations with initial energy

52 < o0 satisfying the compatibility condition (7.2.6) up to order 3 and the condition (7.2.7) up to order
2. Assume that
glf P’ =:6">0
inf Py =10, >0
inf IV = k0> 0
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Let (U, U_, f) be a background state satisfying the conditions stated in the definition 9.1.1 of
the linearised equations above defined on the interval (0,T). Suppose that in addition the following

conditions hold.

EL(T) < o0
N Uy, U_, f)limo = 97U, U, fO) for0 < j <3 (9.5.1)

Then there exists aT € (0, T) and a solution (Uy,U_,wy,w_, f) of the linearised equations on the

time interval (0,T), as defined in 9.1.1, satisfying the following additional properties.

EL(T) + EL(w)(T) < oo
50

v

P

vV
>

4
0
Pu Zﬂ
1
4:%

JY 0

v

forallt € (0,T) and
H(Us,U_,wiyw_, Plemo = 0299 (U2, U, V¥ x u, V¥ x 10, ) for0 < j < 3
t 0 + +

Moreover if T < T then one of the following holds as t T T.

50
inf p— —
e’

inf p, —

0
el
TENL 4

1
inf JY — ~x0
z€R3 4

Also, the solution is unique on the time interval (0,T') amongst solutions with the above properties.

Proof. See sections 10-11 for the proof. O

9.6 The Curl of the Linearised Velocity Equation

We record here the result of taking the curl of the linearised velocity equation, although we will only

need this when it comes to proving a fixed point of the linearised equations solves the p-approximate

equations.

Lemma 9.6.1. Suppose that u satisfies the linearised velocity equation (9.1.7). Suppose that in addition
to the regularity stated in 9.1.1, we have Oy, yu, g1, 4 € HL (1), p,s,u, Vb, 1, Vu € HE (Qy).
Then VY x u satisfies the following equation.

pu(Or + ¥ - V)(VY xu) = V¥, x (8 + 0¥ - V)u — pu(eijka;bal@?uk) +VYxg  (96.1)

Z VP x (VY x (V¥ x ) + uV x (VY x w) — V¥ x (pﬂﬁa' V() — D)) (9.6.2)

in (0,T) x Qy, where (eijkﬁfﬂlﬁ;/)uk) denotes the vector with i-th component eijka;#al@lwuk and we

have used summation convention for repeated indices.
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Proof. We could apply V¥ x to the linearised velocity equation (9.1.7) directly, but it is easiest first to

transform back to the original domains Q24 (t). We rewrite the velocity equation as
pu(Or + 0¥ - V)u — uV¥ (p?VY - u) + pV¥ x (p® V¥ x u)
1 _
= =V uVY < (pc?w) + g1 = pu 5@ - V' () = )Dugu

Settingp =pof L u=uao0f L, u=uof 5= 309_1’[)# :puog_l,p: pol~lé=cofl,
where the diffeomorphism 6 is defined in 5.1.1 in terms of v, and using the coordinate change relations
(5.1.1)-(5.1.2), we obtain

Pu(Or + 1 - V)i — pV (pe*V - @) + uV x (pE*V x )
1 - _
= —Vp+ (uV¥ x (pcw) + g1 — Puggt - V' (§ = )0zyu) 0 0 !
in Q1. Now we apply V x to obtain

Pul@ 1= V)V x 0) + (V) X (D + - V)i + pyeigude indayin) + 1V x (V x (52V x )

1 _
=V x ((uV¥ x (pw) + g1 — puﬁa/ V' () = ) Dygu) 007)
Then we use the coordinate change relations (5.1.1)-(5.1.2) again to obtain

pu(({“)t + a? - V)(VQZJ X u) + Vd)pu X (8t + a? - V)u + pu(eijk(?;/’ﬁlaz/’uk)
+ 1V x (VY x (pPVY x u))

1 _
=VY % g1 +uVY x (V¥ xw) — V¥ x (p#ﬂﬂl V(¢ — 1) Dpy10)

as required. O
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10. Solving the Linearised Equations for
the Front, Entropy, Pressure and Curl

In this section we assume we are given the background state (U, U_, f) on the time interval (0, T') and
initial data (U?,U°, f°) such that (Uy,U_, f) and (U?,UY, f9) satisfy the hypotheses of proposition
9.5.1.

10.1 Solving the Linearised Equation for the Front by Direct Integration
We start with the very simple construction of the front f and the lift ¢ of the front f.
Proposition 10.1.1. There exists a T € (0,T] and f € L=((0,T) x T') such that
hf=u-n
on (0,T) x T and
0] fli—o = 0497 fO for0 < j <3
Moreover, f has the following regularity

V' f e L°((0,T); H*>7I(1) for0 < j < 3
e L2((0,T); H™57I(T)) for0 < j < 3
o f e L((0,T); HYI(T) for0 < j < 3

and such an f is unique.

Also, defining

v=L"f
we have
inf JY > - 1 K
rER3 4

forallt € (0,T) and if T < T then

1
inf JY - ~kPast T
z€eR3 4
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Proof. Fort € (0,T), we set
t
f=r+ / @ - ndr
0
Clearly then f satisfies the desired equation and f|;—o = f°. Applying Qf for 0 < j < 2, we see that

O™ fli=o = 0 (- 1) 1=

=" (u’ - n")
since

J _ 9J:H.g,,0
0/ ul—o = 0" u

0] flizo = 05" f°
for 0 < j < 3. Now by definition,
88+1’“’gf0 _ %,uvg(uo . no)
and hence
8g+1f’t:0 _ 86+1,u,gf0

for0 < j <2

The regularity of f follows easily from its definition together with the regularity of f© and @ - 7,
given that £1,(T) < oo.

It is clear that f is unique by integrating the equation to obtain the integral formula for f as given
above.

Now we let T = sup{t € (0,T) : inf (o4 infcps JY > %0} Using uniform continuity and the
fact that J TZ’|t:0 > k0, we know T > 0. We also know from the definition of 7" and continuity that if
T < T then infcps J¥ — 1k0ast 1 7. O

10.2 Solving a General Linear Scalar Transport Equation of the Appro-
priate Form

The solution of the following transport equations is quite standard. However, for completeness we briefly

recall the main steps in the proof. We start with the following lemma about solutions to first order ODEs.

Lemma 10.2.1. Let b € L>((0,T); WL (R4 R%)). Then for each (t,z) € [0,T] x RY, there exists a
unique solution X € WH>°((0,T);R?) to the equation

dX

< (r) = b(r X (7)) (102.1)

with
X(t)==x

which we write as X (7;t,x) to denote the dependence on the point (t,x) through which the solution

passes.
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Moreover, let us define ¥ : [0,T] x R? — R? by
U(t,z) = X(t;0,z)
Then ¥ € W1°°((0,T) x R% RY) and for each t € [0, T) the function (t) : R? — RY, x> U(t,z) is
a Lipschitz-diffeomorphism with inverse ®(t) := ¥ (t)~'. We have ® € W1>((0,T) x R%R?) and in
fact ® is given by ®(t,x) = X (0;¢, x).
Finally, suppose for some k > 1,1 > 0withk +1—1 > %, and all 1 < j < k, we have
dfb € L=((0,T); H*TH(RY)
Vb € Lo((0,T); H*H(R?))
Then
o w0 @ € L=((0,T); H* I (RY)
oV, 9, VP € L*>((0,T); HF 1 (RY))
foralll < j <k
Proof. The existence and uniqueness of such an X is standard since b is Lipschitz in its second argument,
uniformly in time. The regularity of ¥ = X (¢;0, ) and ® = X (0; ¢, x) follow from smooth dependence
of the solution on initial conditions (which can be proved by applying Gronwall’s inequality to difference
quotients).

By uniqueness of solutions, we have X (0;¢, X (¢;0,xz)) = x, since if X(7;0,x) is the unique so-
lution to 10.2.1 passing through (0, x), then it passes through (¢, X (¢; 0, z)), so is the unique solution
to 10.2.1 passing through (¢, X (¢;0,z)) and hence by definition X (7;¢, X (¢;0,2)) = X (7;0,z) so
X (05, X (¢;0,2)) = X(0;0,2) = x. Similarly X (¢;0, X (0;t,z)) = 2. This shows that ¥ has inverse
.

The additional regularity comes from differentiating the equation 10.2.1 with respect to time and then

invoking smooth dependence on initial data. The requirement & + 7 — 1 > % comes from the Sobolev

embedding theorem which is needed to estimate the lower order terms. O

Lemma 10.2.2. Let b € L>°((0,T); WL (R%;RY)), h € L2((0,T); H'(R?)) and w° € LL ((0,T) x

loc

RY) with Vw® € L2(R%). Then there exists a unique solution w € Li _((0,T) x RY) with Vw €
L%((0,T); L*(R%)) and 0yw € L2((0,T); L*(R%)) of the equation
(Ot +b-Vw=nh (10.2.2)
with
Wli=p = w’
Moreover, if for some k > 1,1 > 0withk+1—1> % and all 1 < j < k, we have
/b € L=((0,T); H* 7+ (R))
& h e L((0,T); HF I+ (RY))
Vb e L*®((0,T); H* - (R?))
Vh e L*((0,T); H*1T{(R9))
vVl € HE1H(RY)

(
(
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then
&jw € L®((0,T); HF7+1(R?))
Vw e L*®((0,T); H* 1 (R%))

foralll <5<k
Note that we can allow w, w° and h to be vector valued since then the equation holds for each of the

components of w.

Proof. We let ¥ and ® be as in the previous lemma with b given above. We claim that the solution we

seek is given by
w(t,z) = w’(D(t, z)) +/ h(r, (1, ®(t,z)))dr
0

Clearly from the regularity of ¥, ® and h we have w € Li. ((0,T)xR?) with Vw € L2((0,T); L?(R%))

loc

and Oyw € L%((0,T); L*(R%)). Using the fact that () and ®(¢) are inverses, we have

w(t, U(t,z)) = w’(x) +/0 h(7, ¥ (r,x))dr
so that

d
3 (w(t, W (t,2))) = h(t, ¥ (t,2)

But differentiating the left hand side we obtain

Ow(t, Y (t,x)) + (0 (t,x)) - Vw(t, U (t,x)) = h(t, V(t,x))
and using the fact that

WV (t,x) = b(t,V(t,x))

we obtain

Ow(t, U(t,x)) + b(t,¥(t,z)) - Vw(t,¥(t,z)) = h(t,V(t, z))
for all (t,x) € (0,T) x R% Replacing x by ®(, 2) we obtain

Oww(t,z) + b(t,z) - Vw(t,z) = h(t, x)

as required.

In fact we have also shown uniqueness, since for any solution v € LL ((0,7) x R%) with Vv €

L%((0,T); LA(R%)), 9w € L?((0,T); L?(R)) and v|;—¢ = w of 10.2.2, we have

d
3 (vt U (t,2))) = h(t, ¥ (t,2))

and so

v(t, U(t,z)) = w(x) +/0 h(7, ¥ (r,x))dr
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and using the fact that W(¢) and ®(t) are inverses, we have

¢
oltsa) = u(®(t,) + [ b ¥ 0(2))dr = w(t o)
0
The regularity follows from the formula
t

w(t,z) == w’(®(t, z)) —i—/o h(r, (1, ®(t,z)))dr

together with the chain rule for Sobolev functions.

Lemma 10.2.3. In this lemma functions will be defined either on Q)4 or §2_.

Let b € L>®((0,T); Wb (Qy;R3)), h € L*((0,T); H'(Q4)) and w° € L ((0,T) x Q4) with

Vuw? € L?(Q4). Suppose also that bs|r = 0. Then there exists a unique solutionw € Li. .((0,T) x Q)
with Vw € L?((0,T); L*(Q+)) and ;w € L?((0,T); L*(Q+)) of the equation
(O +b-Vw=nh

in (0,T) x Q4 with

w|t:0 ="

Moreover, if for some k > 1,1 > 0withk +1>3andall1 < j <k

b e L™

((0,7); H*9+ (0 ))
o 'he L((
(

0,7 )
0,7); H* 9+ (Q))
Vb e L=((0,T); H* QL))
Vh e L*((0,T); H*'(Q4))
vl kalJrl(Rd)

then

&w e L=((0,T); H*=1(Qy))
Vw € L=((0,T); H*1H QL))

oralll <4<k
fe J

Proof. First we prove uniqueness. Suppose there are two solutions w' and w? of the equation. Write
w = w! — w? Note that since dyw® € L?((0,T) x Q) for i = 1,2, and w(0) = 0, we have
w € L2((0,T) x ). Subtracting the equation for w? from that for w! we obtain

(ék—i—b-V)u?:O

Multiplying by w and using the product rule we obtain
d | o ~12 ~12
Sl + V- (blf?) = (Vb))
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Integrating over €2 and using the divergence theorem we obtain
d ~ 112 ~12 / ~12
SNl T / bslaf? da’ = | (90) @ dz

Using the fact that b3|r = 0 we obtain

d ~112 o ~12
Il = [ (D)o de

< 1Bl [ gy @120

Applying Gronwall’s lemma together with the fact that @|;—o = 0 we conclude that @ = 0. This proves
the uniqueness.

To prove the existence we simply apply the Sobolev extension operator Extq, in space to extend
b, h and w? to be defined on R3, noting that we have the regularity required to apply the above result
10.2.2 to obtain w € Li ((0,T) x R3) with Vw € L*((0,T); L*(R?)) and dyw € L*((0,T); L*(R?))
satisfying the equation in (0,7) x R3. Then w|q . satisfies the equation in {24 and is the unique solution
by the above.

Also, the regularity of w|q, follows from the regularity of w given in the above result 10.2.2. O

10.3 Solving the Linear Transport Equation for the Entropy

Proposition 10.3.1. Let T, f and 1 be given by 10.1.1. Then there exists s € L>®((0,T) x Q) such
that

(&5 + uiw . V)S =0
in (0,T) x Q and
& slimo = 9970 for0 < j <3 (10.3.1)

Moreover, s has the following regularity

&s € L=((0,T); H*/(Qx)) for 1 < j < 3

Vs e L*((0, ) H3(Q4))

d/'s € Lo((0,T); L* ()
and such an s is unique.

Proof. Apply lemma 10.2.3 with b = u?¥, h = 0 and w® = s° to obtain a unique solution s &
L ((0,T) x Qy) with Vs € L*((0,T); L*(24)) and 9;s € L*((0,T); L*(Q+)) to the equation with
5(0) = sY. Note that from the regularity of @, v, ¢ and s°, we have
db e Lo((0,T); H*71(Qy))
O th € L>((0,T); H* (1))
Vb e L®((0,T); H* 11 (Q4))
Vhe L*((0,T); H*(Q4))
V' € HE-1H(RY)
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for 1 < j <k, where k = 3 and [ = 1. Hence lemma 10.2.3 implies
ofs € L=((0,T); ()
Vs € L*((0,T); H(24))
forall 1 < j < 3. Using this regularity and the equation for s it is also clear that
d/'s € L=((0,T); L* ()
To see that the initial time derivatives match, note that the background state satisfies (9.5.1), that is
(U, U, lli=o = 9677 (U, U2, f°) for 0 < j < 3

by assumption, and note that s(0) = s”. Using these two facts we see that the linearised equation for
s is the same as the p-approximate equation for s when restricted to ¢ = 0, which shows that (10.3.1)
holds for 5 = 1. Now this allows us to differentiate the equations with respect to time and obtain the
case j = 2. We continue until we reach j = 3. (Note we use the fact that the background state satisfies
9.5.1)uptoj = 3). O]

10.4 Solving the Linear Transport Equation for the Pressure

Proposition 10.4.1. Let T, f and 1 be given by 10.1.1. Then there exists p € L®((0,T) x Q) such
that

(8 4+ u¥ - V)p+ pPV¥ - =0
n(0,T) x Q and

O plimo = A9 for0 < j < 3 (10.4.1)
Moreover, p has the following regularity

dpe Lo((0,T); H 7 (Qx)) for1 < j < 3
Vp € L=((0,T); H*(24))
d9ip € L((0,T); L*(Qx))

and such a p is unique.

Proof. Apply lemma 10.2.3 with b = u?, h = —peV¥ - i and w® = p° to obtain a unique solution
p € L ((0,T) x Q) with Vp € L*((0,T); L*(Q+)) and 9yp € L*((0,T); L*(Q+)) to the equation
with p(0) = p. Note that from the regularity of %, p, 3, 1, 1 and p°, we have

afb e L((0,T); H* (1))
o h e L((0,T); HF 74 ()
Vb e L=((0,T); H**(Q4))
Vh e L*((0,T); H*1(Qy))

V’LU 6 Hk*l‘i’l (Rd)
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for 1 < j <k, where k = 3 and [ = 1. Hence lemma 10.2.3 implies

dlp € L=((0,T); H* 7 ()
Vp € L®((0,T); H*(Q4))

forall 1 < j < 3. Using this regularity and the equation for p it is also clear that
d/p € L%((0,T); L*(24))
To see that the initial time derivatives match, note that the background state satisfies (9.5.1), that is
O (U4, U_, f)lemo = 0577 (UL, U°, f0) for 0 < j < 3

by assumption, and note that p(0) = p". Using these two facts we see that the linearised equation for
p is the same as the p-approximate equation for p when restricted to ¢ = 0, which shows that (10.4.1)
holds for j = 1. Now this allows us to differentiate the equations with respect to time and obtain the
case j = 2. We continue until we reach j = 3. (Note we use the fact that the background state satisfies

(9.5.1) up to j = 3). O

10.5 Constructing the Density

Proposition 10.5.1. Let p.(t,z) := p+(p+(t, ), s+(t,x)) in (0,T) x Q.+ where T is given by 10.1.1,
s is given by 10.3.1 and p is given by 10.4.1. Then there exists a T € (0,T) C (0,T) such that the

following holds.
50
p>—in(0,T) x Oy
50
P > ZM in (0,T) x Q4

and if T' < T then one of the following holds.

0

o
inf —ast1T
B ro gt

0

inf O t1TT
_> —_
xle%li Pu 4 ast?

~ 0
Proof. Let T = sup{t € (0,T) : inf (o infreq, p > %,infTE(OJ/) infreq, pu > %“}. Note that
by uniform continuity 7 > 0 since p° > §° and pz > 52. We also know from the definition of 7" and

continuity that if 7' < 7" then one of the above two convergences holds as ¢ 1 7. O

10.6 Solving the Linear Transport Equation for the Curl

Proposition 10.6.1. Let f and 1) be given by 10.1.1 and T, p, be given by 10.5.1. Then there exists
w e L*®((0,T) x Q4) such that

— 1 -
(8 4+ u¥ - V)w = ;(—vau X (0 + u? - V)i — pu(eijudy W) i) + V¥ x g1)
1%
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n(0,7) x Q4 and
&Hwli—g = 99 (VY x u®) for0 < j < 3 (10.6.1)
Moreover, w has the following regularity

dw e L®((0,T); H*(Qs)) for 1 < j < 3
Vw e L¥((0,T); H? (1))
0jw € L*((0,T); L*(Q))

and such an w is unique.

Proof. Apply lemma 10.2.3 with b = u?, h equal to the right hand side of the above equation and
w® = V¥ x u° to obtain a unique solution w € LL ((0,T) x Qy) with Vw € L?((0,T); L*(Q4)) and
dyw € L2((0,T); L2(9)+)) to the equation with w(0) = V¥’ x u°. Note that from the regularity of i,
Pus 1Z, 1) and V¥’ x u%, we have

b e L=((0,T); H* Q)
& th e L®((0,T); HF7+(Qy))

Vb e L®((0,T); H* QL))

Vh e L2((0,T); H* Q)
V' e HFH(RY)

for1 < j < k,where k = 3 and ! = 1. Hence lemma 10.2.3 implies

Blw e L®((0,T); H*(Qy))
Vw e L>®((0,7); H3(Q4))

for all 1 < j < 3. Using this regularity and the equation for w it is also clear that
djw € L*((0,T); L*(94))
To see that the initial time derivatives match, note that the background state satisfies (9.5.1), that is
(U, U, f)limo = 097 (UL, U, f°) for0 < j <3

by assumption, and note that w(0) = v x . Using these two facts we see that the linearised equation
for w is the same as the p-approximate equation (7.7.1) for V¥ x u when restricted to ¢ = 0, which
shows that (10.6.1) holds for j = 1. Now this allows us to differentiate the equations with respect to time
and obtain the case j = 2. We continue until we reach j = 3. (Note we use the fact that the background

state satisfies (9.5.1) up to 7 = 3). [
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11. Solving the Linearised Parabolic-Type
Equation for the Velocity

The basic approach to solving the linearised equation for the velocity uses a weak form of the equation
and a Galerkin approximation with energy estimates for the Galerkin approximation providing additional
regularity - see eg Evans [15] for a simple version of this method. See 3.7 for a brief outline of the proof.

In this section we assume we are given the background state (U, U_, f) on the time interval (0, T
and initial data (U2, U°, f°) such that (Uy, U_, f) and (U2, U?, f°) satisfy the hypotheses of proposi-
tion 9.5.1. Given this initial data and background state, we assume that f and v are given by 10.1.1, s is

given by 10.3.1, pis given by 10.4.1, T', p, p,, are given by 10.5.1, and w is given by 10.6.1.

11.1 Notation for Constants Depending on the Background State and the
Solutions to Preceding Equations

Definition 11.1.1. It will be useful to define a constant depending on the background state and f, s, p
and w which we will use as a bound on a high order energy of solutions of the linearised equations. We

define Cpax as a generic constant of the form

Crnax = Fu (M), € Zesssup (D, 8, @)[7oe ) + €ssSUD || £ [ 700 )
te(0,T) te(0,T)

+Z Z esssup ||0%(p, s, w HHl Q) "‘Z/ H@ b, s,w HL2(Qi

£ 1<|al<3 1€OT
, 2
+1
et EL

for some smooth increasing function F}, depending on /.

+ Z esssupHaj
o<j<s t€O.T)

Note that, using the regularity for p, s, w, f, we have
Chax < 00

It will also be useful to define constants depending on V' f, p,,, pc? which we will use as a bound on
coefficients of the equations. For 0 < j < 1, we define U, ; > 0 as a generic constant which is bounded
above as follows

J J

Coo,j(t) < FH(ZZesssupHy“ pc H2 ,ZZesssupH@ pﬂ,é?tpu)Hz

9

+ k=0 7€(0,t) Wi—k,o(Qy) T k—o TE (0,t) ik (Qy)
i+1
: 11 1>
» 507 §0° .0
= re(01) H2545-k(T) " 00 0 K

for some smooth increasing function F}, depending on (.
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11.2 Statement of Existence and Uniqueness of Solutions to the Parabolic-
Type Linearised Equation for the Velocity

Proposition 11.2.1. Let f and 1) be given by 10.1.1, s be given by 10.3.1, p be given by 10.4.1, T, p, p,
be given by 10.5.1, and w be given by 10.6.1. Then there exists u € L*°((0,T) x Q) such that

(0 +u¥ - V)u — pVY (pctVY - w) + pVY x (p2VY x 1) = =V + uVY x (pcw) + g1
n(0,T) x Q and

[u-n]=0
WA = 1) 1) + ulpPVY o] = ] + 0V — g
nx (VY X ut) =n X ws
n (0,T) x I" and

6gu|t:0 = 6g’g’ju0for0 <j<3

Moreover

Z esssupH@JVuH . dT—l—Z Z / H@JV ‘

T o0<j<3 T€0:)

+Z/ H84uHL2(9 dT—i—ZesssupH(‘)] (u- n)
+ J0 =0

7€(0,t)

dr
H4=3(Q4)

RS o) A L ICR0 R

S Cmax

Proof. See the remainder of this chapter for the proof. O

11.3 Rotating the Velocity to Fix the Normal Jump Condition

Definition 11.3.1. For the purposes of this section we will extend V' f from I’ to V;f defined on R? via

a linear lifting operator which gains half a derivative, so that

e

for [ > 0. See lemma A.2.3 in the appendix for a construction of such a lifting operator.

Hl+1(]R3) S C ‘ ‘v,f‘ ‘HH—OAE)(F)

We define the matrix /N depending on Y’vf as a scalar multiple of an orthogonal matrix, with columns

as follows.

where

=0 X1 = (~0u fOus s 1 + (821 f)?, O f)
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and

—

~1 T
C T

2
2 T
e
. n
n=—

n|

are orthogonal each other, so that (7!, 72,7) form a right-handed orthonormal basis of R3 for each
(t,x) € (0,T) x R3,

We write N7 for the transpose of N and N ! for its inverse. Note that by orthogonality we have
N~ = |p|*NT
Note that orthogonality also implies that, for any vector w,

1
Nw = —(w1' + wat? + w3n)

We also write N to denote the matrix given by replacing f with f in the definition of .
Definition 11.3.2. We define the rotated initial velocity
a0 = N~Y—u®
The initial time derivatives act on 2 in the obvious way. For 0 < 5 < 3,
o7 i = o (N~ (t)u(t))[1=o

where on the right hand side we take the formal derivative with respect to ¢ then replace 8§u|t:0 with
8g’g’lu0 for 0 < [ < j. Note that we have 8gf|t:0 = 8g’g’jf0 for 0 < j < 3, so if we write N for
the matrix defined by replacing V' f with V' f? in the definition of N, then we may write 8,{ Nli=o =
3617973' NO.

Definition 11.3.3. We say that the rotated velocity i€ CZ((0,T) x Q) with iize C2((0,T) x I') is
a solution of the rotated linearised equations for the velocity if the following holds.

u (0) =u’

and 4 satisfies the following equations.

1. . N - o ~
Pu—‘ |28t U —uNTVY(pcPVY - (N %)) + uNTVY x (p2VY x (N %)) + pNT (u¥ - V) (N @)

n
+ puNT(,N) @ +NT(VYp — uVY x (pc*w)) = N g1 (11.3.1)

in (0,7) x Q4 and

[ds] =0 (11.32)
(A" = 1) g +pu[pEVY - (N 4)] = [p] + oV -7 — gy (11.3.3)
nx (VY x (N i) =n X wi (11.3.4)

on (0,7) x I'.
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Proposition 11.3.4. Suppose i is a solution of the rotated linearised equations for the velocity as defined
in 11.3.3 satisfying

U im0 = 97 00 for0<j<3

Z Z esssupH@JV ‘H«‘ J(Qi) Z Z / H@JVU i JQi)dT

+ o0<j<3 T€(00) T 0<;<3

dr

t
—1-2/0 Ha4 HLQ(Q:E d7-—|-ZesssupH8 u;),‘
+

(0,t)

H5-5-3(T)

3 "
gURS o 4 Io3

S Cmax

Then w := N 4 is a solution of the linearised equations for the velocity (9.1.7)-(9.1.10) with
6gu|t 0 —8“’g’j Ofor0<j<3

v H AT+ / Haﬂv ‘

2230 el [orve] o a3 30

+Z/ HﬁquiQ(Q dT+ZesssupH8g(u‘n’
+ 70 j=0

T€(0,t)

dr

H4=3(Q4)

Hi-i Z/ Ha] dr

H55 ](1")
S Cmax

Proof. Let 0 < j < 3. Using the fact that NN~! = id together with the definition of 949 7 4%, the

definition of u := N % and the fact that &/ 4 |—9 = 0L"97 4°, we see that & ul—o = 8} (N(t) 4
() |10 = aél,g,jUO.

We set 4= N ~lu in the equations (11.3.1)-(11.3.4). In (11.3.1), we obtain
pu—s0(N"'u) — uNTVY (p* VY - u) + uNTVY x (p? V¥ x u) + puNT (u¥ - V)u
+ puNT(ON)N " u+ NT(VVp — uV¥ x (pc®w)) = NTgy
We multiply by ‘QP N = (NT)~! to obtain

P — VY (pe*VV - u) + pVY x

(p®VY X u) + pu(u? - V)u+ puNO(N ™ u+ pu(9:N)N
+ V¥ — uVY¥ x (pPw) = g1

Using the fact that

0= (NN~ = NN+ (N)N~!
we obtain the equation (9.1.7).

In (11.3.2)-(11.3.4), we obtain

(N tu)s] =0
(A = )N )y + ulpe VY ] = [p] + 0V -7 — go

nX(waui):nxwi

Using the fact that (N ~'u)3 = u - n, we obtain the equations (9.1.8)-(9.1.10).
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Note that we have

Z ess sup H(‘)]VN’

PRI 3B o A L

T o<j<3 7€) T 0<j<3 H4JQi
2
5 [ 1N gy r
— Jo
S Cmax

where we have used the fact that by the lifting property,

t t
Nl g5y dr < C Hv/fHH‘lf’(F) dr
0 0
S Cmax
We combine this estimate with the estimate for % and the fact that 3= w - n on I, together with the

product rule for Sobolev functions, to obtain the desired energy estimate for w.

This completes the proof. 0

11.4 The Spaces for a Weak Form of the Equations

Definition 11.4.1. For r € [1, o], we define the domains 2, and interface I, as follows.

Qg :=Q4L N BT(O)
T, := T N B,(0)

where B,.(0) denotes the open ball of radius r about 0, and is equal to R in the case r = oo. For r < 0o

we refer to these as the bounded domains.

Definition 11.4.2. For r € [1, 00|, we define the Hilbert spaces BY and B} as follows.
BY .= {v=(vy,v_ ) € L*(Q4;R?) x L*(Q,_;R3)}

For each ¢ € [0, 7] (at the end points we use uniform continuity for the following definition) we define

the inner product (-, -) go(;) on B, as follows, for v, w € BY.

(0, w)pogry = > _(pult) !

50, W) [2(0, 4 )
T In(t)|” :

We define the inner product (-, -) go as

(v, w)BQ = (v, w)BQ(O)

which is independent of time. We will use this inner product on BY when applying any results from
functional analysis. The other inner products are defined for notational convenience. Note that for all
t € [0, T the inner product (-, -) go(y) is equivalent to the standard inner product on L2(Q1) x L2(Q,)
since there exists a constant C o > 0 such that

1
C'i < puﬂ:(t,x) < Coo,()
00,0

)

1
Coo,O

< ‘Q(ta l’)| < COO,O
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for all (¢, x).
We define

B} = {v = (vy,v-) € H'(Qy;R?) x H'(Q_;R?) : [v3] = 0, 03], € H' (), v]j4)=, = 0}

Note that by v||;—, = 0 we mean that the H'(Q,4)-trace of v on {|z| = r} N Q4 is zero and the
HY(T,)-trace of v3 on {|x| = r} N T is zero, and this condition should be dropped entirely in the case
r = oo. Foreach t € [0, T (at the end points we use uniform continuity for the following definition) we

define the semi-norm-inducing-inner product {-, -} g1 ;) on B} as follows, for v,w € B}.
{v,wipie) = §(p(t)62(t)v¢<t) (N (8)0), VPO - (N ()w)) 20,2
+ Y (p)E VI x (N(t)v), VPO x (N (Hw)) 20,4
+
+ (V'v3, V'ws) 2(r,) + (03, w3) 121,
We define the semi-norm-inducing-inner product {-, -} B! as

{Uv w}B} = {U, w}B}(O)

which is independent of time.

We will write the induced semi-norm as

2
lvlBrp = {v, v} B
We then define the time-dependent full inner product and induced norm on B} as
(v,w) g1y = (v, w) oy + {v, W}B1E
101 By = (v, 0)Boge) + {v: 0} 1)

and the time-independent full inner product

(,va)B} = (’an)BQ + {Uv w}B}

We will use this inner product on B} when applying any results from functional analysis. The other inner
products are defined for notational convenience.

We will sometimes write B and B! in the case r = oco.
Proposition 11.4.3. The map ® : B} — ®(B}!) < H'(Q,;R?) x H(Q,_;R3) x HY(T,) given by
v = (v, v_,v3|r)

is an isomorphism between Hilbert spaces, where the target space is equipped with the obvious product
inner product, and there exists Co o > 0 independent of time such that

1
Coo 0

)

2 2 2 2 2 2
ollBry < NPT = llosllgq, ) + lo-llE1q, ) + osllae,) < Cocollollprg

forallt € [0,T).
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Proof. First note that since v |,—, = 0, we may extend v by zero to obtain vy € H HQy), vz €
HY(I).

Note that there exists a constant C'; 9 > 0 such that

C S pu:ﬁ:(tw%') S COO,O
00,0

Hv/f} |H2~5(1") < Coo,O

for all (¢, ). Using this and the definition of [|-[| 514, together with the lifting property in the definition
of NV, the left-hand inequality is clear.
Note that

vy = (N(t)v) - n(t)

Note also that, by orthogonality of }Q’ N(t)

1

7Y < Coop HUHBl(t)

| '
L2 ()

IN@)vll 200,y = ‘
Applying the Hodge decomposition estimate A.1.2 to N (¢)v we have

IV 0l < OO+ V£ ) (IN OVl + ][99 (V00

L2(Q4)

+Hv¢x(Nawﬁ

LQ(Q‘!‘:E)

V0 10

< Cooo(llvll oy + [0l prry)

Now, using the orthogonality of ‘Q| N(t), we have

3 3
IN (el 21y = NIy + S N@N O o, + S INO 0l

j=1 j=1
2 3 1 2 3

= |l 2 g + 2 11@, N[,
~lr2Qy) =11~ L2(Qy) J=1

2
> Cx0 HUH%ﬂ(Qi) —Cxp ‘v/fHWLOO(F) HUHiQ(Q:{:)

Since we have already estimated

HUHL?(Qi) < Coo0 HUHB,Q(t)
The right-hand inequality follows. O

Corollary 11.4.4. For r < oo, B} is compactly embedded in BY (with norms ||-|| Bl(t) and ||‘||B0(t)

respectively).

Proof. Using the above result and the standard Sobolev compact embedding theorem, we have B} C
HY(Q ;R x HY(Q,—;R3) CC L?(Q)4; R3) x L2(Q,—; R3), where the symbol CC means compactly
contained. Now we have already shown that L?(€2,;R3) x L2(Q,_;R3) is isomorphic to B? with

equivalent norms, and this proves the result. 0
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Definition 11.4.5. For r € [1, o], we define the space X, as follows.
Xr = {U = (U+,’U_) SRS Llloc((OﬂT) X Qpt),v € LOO((O,T);B%),(%U € LQ((()?T);BS)}

We will sometimes write X for the case r = oo.
Note that if v € X then v € C([0,T]; BY), since dyv € L?((0,T); BY).

11.5 Construction of a Galerkin Basis
Lemma 11.5.1. Let m > 1 be an integer, and let 21, ..., 2y, € BS be orthonormal with respect to the
inner product (-, -) go. Define the matrix M (t) depending ont € (0,T') by

(M(#)kt = (25 21) Bo(1)

Then M (t) is uniformly positive definite on (0,T"), ie there exists a constant C, o > 0 independent of t

such that
1
b M (t)b >
(1) = C

b

00,0

forall b € R™, and hence M () is invertible with
IM(t)™ < Coopo

for some Cwo > 0 independent of t. Hence, since M € W1>°(0, T') with
|8tM’ S Coo,O

we have that M~' € W1°°(0,T) with
‘atMil} < Coo,()

Proof. Letb € R™. Then
VT M(t)b = Z br(2ks 21) B (1) b
k=1
= (D brzr D i) oy
k=1 =1

= (UWH Um)BQ(t)
m . 1 89 .
where vy, = > ;" | by. Using the fact that C' g > pMW > C—“O, we obtain
n 0,

" M ()b = [|om|[Bo sy
2

B

5) |vm |0
2 g0 |n ’
m

1
> > b2k 20) pobi
Coo 92

>_— |b?
*Coo,oH
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where in the last line we have used the fact that 21, ..., 2, are orthonormal with respect to the inner

product (-, -) go. This completes the proof. O

Lemma 11.5.2. For r < oo, there exists a sequence of functions (z1,)7° , C B} which form an orthogo-
nal Hilbert space basis for B} (with norm ||-|| g1) and an orthonormal Hilbert space basis for BY (with
norm ||-|| go). We call these the Galerkin basis functions. Moreover, the functions zy, satisfy the following

eigenvalue equation
(zk,w)B% = )\k(zk,w)Bgfor allw € B} (11.5.1)
where N\, > 0 for each k.

Proof. We define the bounded linear operator S : B — B as follows.
Sf=u
where u € B} C B is the unique solution to the equation
(u,w) g1 = (f,w) o forallw € B} (11.5.2)

We claim S is well-defined. Indeed, given f € BY, we can define a continuous linear functional ¢ Fon
B! by ¢(w) = (f,w) po forw € Bl. Now the Riesz representation theorem says there exists a unique
element u € B} such that (u, w)pr = ¢y(w) = (f,w)po forall w € B}. We define Sf = u. Itis clear

that S is linear and

1S fllgo < [1SFllzs = llullgr < |1/ 50

Hence S is bounded. What is more, this last line shows that S is a compact operator, since B! cC BY.

We claim that S'is also symmetric and positive definite. Indeed, note that, if Sf = u, then

(Sf f)po = (u, f)po = (f,u)po = (u,u)po = 0

with equality if and only if v = 0 if and only if f = 0. Note that we have used the symmetry of the inner
product followed by the equation (11.5.2) choosing w = u. Also, suppose Sfi = uy and Sfo = ue.

Then, using the same trick,

(Sf1, f2)o = (w1, f2) po = (f2,u1) o = (u2,u1)po

r

(Sf2, f1)Bo = (u2, fi)po = (f1,u2)po = (u1,u2)po

But since (u1,u2)po = (u2,u1)po, we have (Sfi, fa)po = (Sf2, fi)po = (f1,Sf2)po, hence S is
symmetric.

Thus, by the spectral decomposition theorem for compact self-adjoint operators, there exists an or-
thonormal basis (zj);2, of B? consisting of eigenfunctions of S with real strictly positive eigenvalues

(1)32 ;. In particular, this means z; € B} for all k and, defining Ay, := p; ',

(2k, w) g1 = Ak (2k, w) po forall w € B}
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Note that this implies

(21, 21) B2 = M (21, 21) Bo = Ak

for all k, I, hence (z5,)?2, is an orthogonal set in B;.
We claim the span of (z;)2 , is dense in B}. Indeed, let u € B}. Suppose (u, z)p1 = 0 for all k.

It suffices to prove that u = 0. But we know from (11.5.1) that

(2K, u) g1 = Ag(2k, u) o

for all k, hence

(Zkv U)BQ =0

for all k. This implies u = 0 in BY since (21)32 is a basis of BY, and this implies v = 0 in B}. This

proves the claim. O

11.6 Existence, Uniqueness and Regularity Theory for Weak Equations
of the Appropriate Form

Notation. If v is a vector, we will write (v, Vv) as a matrix containing all the entries of v and all the
derivatives Oy ;v; for 0 < i, j < 3. We write just Vv for the matrix with entries 0., v; for 0 < i,j < 3.
For simplicity, we will denote a linear function of v, Vv or (v, Vv) whose output may be a scalar,

vector, or matrix, by an expression of the form

Av
AV
A(v, Vo)

respectively, where A is a tensor of the appropriate rank.
We will also be using G to denote a generic scalar, vector or matrix as appropriate, but note in

particular that if G is a matrix and (-, -) denotes an inner product then

3
(G, VU) = Z Gijam].vz-

ij=1

Also, if G is a matrix then G j will denote the j-th column of G and V- acts on the rows of G.

Notation. If we write G € H or G(t) € H for some normed space H and then we refer to a constant

Cq or Cg(t) it will be implicitly assumed that
Co < Fu(lGlg)
or
Co(t) < Fu(llG®)]g)

for some smooth increasing function F), which may depend on p, and we extend the notation to include

more norms if we write that G belongs to more spaces.

143



Definition 11.6.1. We will sometimes find it convenient to write

(O, w)pogy = Y (A%, w)2(q, )
T

{v, w}B}(t) = Z(Al (v, Vo), (w, vw))LQ(QTi) + (vs, w3)H1(FT)
+

for a scalar function A° and a tensor of appropriate rank A'.

We also define the tensor A2 such that
-V, 1 -V, 1
420, 90) = uN70,,(CT LD g2 - (v — T, (VL)) s (9% s (v
+ puNT (u? - V) (Nv) + pNT(0,N)v

Note that A* have the form

A% = A(pu, N)
Al = A(pc?, Vi), VN, N)
A2 = A(plh PC27 u, vwv v’&a 8“/}7 VN7 atN7 N)

where A denotes a generic smooth function.

Definition 11.6.2. We write C 4 for a constant bounded above as follows.

t
2
Cat) < F”(Z(esssup||z||ioo(gi Z esssup ||0%z|[ 7 Q) /0 HafAlHL%Qi)dT)

T+ T7€(0t) 1<|a|<3 T7€(0,t
1 1
k—i—l
esssup | |0, H —,—,—
— TG(Otp ¥ Leo(®3)’ 607 6 /{0)

for some smooth increasing function F},, where

z = (plm 10027 67 v/¢7 V/I(Z% atwv VNv ath N)

Note that, given the regularity of f, s, p, %, f, we have

Ca(T) < 0

Note that we have used the fact that [[VN|| 4, ) < C'[|V' [ a5 due to the lifting property.

Proposition 11.6.3. Let r € [1,00] and let W, < B}. Let G* € L?((0,T) x Q,.+) be a vector,
G? € L*((0,T) x Q+) be a matrix, G*> € L*((0,T) x ') be a scalar and G* € L*((0,T) x I',.) be a

2-vector. Suppose that v € X N W, is such that
(O, w)pogy + v, whpi + Y (A%(v, Vo), w) 20,4
+

:Z(Gl’w)LQ(Qri)+Z(G27vw)L2(Qr ) (G wg)Lz( r,) (G VU)g)LQ(F)
+
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forall w € W, for almost every t € (0,T). Then we have the estimates

esssup ||v] ]Bo < Coo0([[v(0)] |2BQ
T€(0,t)

2 2 2 2
+/0 Z(HGJHL?(QTQ + HGZHLQ(Qri)) + HG3HL2(FT) + HGZLHLZ(FT) dr) (11.6.1)
+

t
/0 0]y dr <

t
Coon [ 100+ 3016 )+ 162 ) + 16 e+ 116 e 0 (1162
+

Moreover; suppose that we have G* € L>¥((0,T); L*(Q,+)), 0;G? € L*((0,T) x Q,+), G3,G* €
L>((0,T); L3(T,.)), ,G3,0,G* € L?>((0,T) x T;.), v € L2((0,T); W,.), so that in particular v €
C([0,T); BY). Then

/ 10101 07+ esssup [y
7€(0,t)

oo, 2 2 2 2
; 1(/0 loO)I30 + > [16M 20,0y + 221G 2 ny + G2,y + 1G22, 7
+ +

OO+ S esssunl |6, + s 6], + s [,
+ t

T7€(0,¢ T s T7€(0,

t
[ N0 ) + 1O ey + 110G 0 (1163
+

where we are free to choose € € (0, 1].

Proof. Firstly, we note that since the equation holds for all w € W,, and we have v € W,., we may set
w = v in the equation. Doing this and using the product rule in time we obtain

1d 1
gt Pl — 5 2200A% Doy + bl + (420 90 0)iroy
+

= Z(GI’U)LQ(QH[) +Z(G2,VU)L2(QTi) (G vg)Lz( ) (G VUg)LQ( )
+ +
Integrating in time and using Cauchy’s inequality, we obtain
1 2 Lo
5 1Moy + 1 i vlB1(ry) dT
< 1 2 Cooo 1 12 Lo ! 2
< 5 [0l + —5— ; 0lZ2(0, 4y AT +0 ; vllE @,y A7 +6 ; w3l [z, d7
1 t 1112 2112 3112 4112
+ 5/0 ; te HLQ(QH:) +§HG HLQ(QH:) +]|G HLQ(FT) +|G HL2(1"

Using the fact that ||v]| 2, ) < Coopllv]lgo and [[v]|g1(q, ) + osllgir,) < Cooollvllpr) as

proved in 11.4.3, we obtain
1 2 ¢ 2
5 1l + 1 ; o[l 7
1 C 0 t t
< 5 10y + 522 [ ollgggry dr + Cocd [ Nolfyry o
2 T 5 0 T 0 s

1 [t 2 2 2 2
5 [ NG i + Ny 16 ey + 116 s, 0
+ +
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Choosing J sufficiently small depending on C', o we obtain

t t
10l 501y +2u/0 0] By 7y AT < Coo,o/o vl go(ry AT

¢ 2 2 2 2
0O+ oo [ NGy + NGy + 16 e,y + 16
+ +

Applying Gronwall’s lemma, we obtain

o130 < Coeo([[0(0)] 30

t 2 2 2 2
# [ 016 e+ 1621 i) + 116 ey + 116y )
+

which proves (11.6.1). Returning to the previous inequality and taking the supremum over 7 € (0,t)

which allows us to absorb the term ||v(0)||%, into the left hand side, we obtain

t t
/0 01100y 47 < Coo0 /O ol oy, dr

t 2 2 2 2
+ oo [ N6 ai e + N iy + 16 iy #1167 s, 07
+ +

Using the estimate (11.6.1) for |[v|| go(,, we obtain (11.6.2). This proves the first part of the result.

We now assume the additional regularity as stated in the second part of the proposition. Since we
have d;v € W, for almost every ¢ € (0,7), we may set w = 0yv in the equation. We obtain

1 d
100l 300y + SLar 0510y — MZ (0:A

—ZG 8tUL2

(v, Vo), (v Vv))Lg Q) +Z A% (v, Vv), Otv) 12(0,4)
+Zdt G V’U)Lz(g 1)~ (&G VU)L2(Q +)
+E(G3v) — (0,G3, v3) +3(G4v' ) — (0:G*,V'v3)

a »U3)L2(I,) G, U3) L2(1r,) a » V. U3)L2(T,) &, VU3) La(ry,)

Integrating from 0 to ¢ for ¢t € (0,7") and using Cauchy’s inequality, and again using the equivalence of
norms as proved in (11.4.3), we obtain

t
1
/ o0y dr + islolbsgy

fu\v( )|B1+ ,LLZ/ (s At (v, V), (v, Vo)) Nr2(0,.)d Z/ (A%(v, Vv) ), 04v) 2(q,)dT

+Z/O (Gl,atv)L2(Qri)dT+Z(GQ,V’U)Lz(QTi) - Z(Gz‘tzo,vv’tZQ)L2(Qri)
+ +

+
t
—/0 (0:G?, V) 12(00,0)dT + (G®, v3) 121,y — (GPli=0, U3|i=0) r2(T,) —/ (0:G®,v3) r2(r,)d

t
+ (G4, V’vg)Lz(pr) — (G4|t:0, V/U3|t:0)L2(FT) —/ (8tG4, v/’Ug)LQ(FT)dT
0
2 C'oo,l ¢ 2 Coo,() 2 t 2 2
< 5 Ol + =5 ; 1ol ¢y d7 + = ; lvllBy(rydT + 0 ; 10wl go(ry AT + 0 [[v][ 51
t
0,0 1112 2112 3112 4112
52 6 a7 + (G g+ 1167 ey + 1167

t 2 2 2
+ 6/0 Z HatG2HL2(Q,~i) + HatGSHH(FT) + HatG4HL2(FT dr
+

Q =
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Now we choose § > 0 sufficiently small and use the existing estimate for |[v[| go ;) and fg [|v] \231(7) dr

to obtain

t
1000l 00y A7 + 0[50
0 T s

Coon, [*
< = 1</0 Ol + D16 2,y + 2 NG re sy + 1 e,y + 162, 47)
+ +

2 2 2
+ Cooo([[v(0)] 131 + css sup G| 20y + ess sup 16 2aqr,) +es sup 1G4 22,

t 2 2 2
e [ 110G g+ 106 [,y + 106 s, 0
+
This completes the proof. O

Proposition 11.6.4. Let 1 < r < oo.

Let G € L?((0,T) x Q1) be a vector, G* € L>®((0,T); L*(Q,+)) with 8,G* € L*((0,T) x
Qy+) be a matrix, G3 € L*((0,T); L*(T,)) with 8;G® € L*((0,T) x T;) be a scalar and G* €
L>((0,T); L2(I,.)) with 0;G* € L*((0,T) x I,) be a 2-vector. Then there exists a unique v € X, with

v(0) =0
such that
(O, w) oy + v, Wl + Y (A%(v, Vo), w) 120,
t

= Z(Glaw)ﬂ(mi) + Z(GQ, Vw)rza,.) + (G*ws)rzr,) + (G, V'ws) 2, (11.6.4)
£ ¥

for all w € B} for almost every t € (0,T), and v satisfies the estimate (11.6.3).

Proof. Firstly, we claim that for each integer m > 1, there exist functions d’. , ..., d™ € H'(0,T) such
that
m
v =Y _df,(t)z, € H'((0,T); B})
k=1
satisfies the equation (11.6.4) for all test functions w € W™ := (z1,..., zp), and also v, |—g = 0,

where (21,)72 ; is the Galerkin basis defined in 11.5.2. Explicitly,

'Um‘t:O =0

and the following holds for almost every t € (0, 7).

(Ovvm, w) goge) + p{vm, W Ly + D (A (U, VUm), 0) 2(0, )
+
= Z(Gl, 'U))L2(Qri) + Z(GQ, Vw)LQ(QH:) + (GB, UJ3)L2(FT) + (G4, v/wB)LQ(Fr) (11.6.5)
+ +

forallw € W := (21,..., 2m).
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Indeed, we define (d!, ..., d") as the solution of the following system.

> W(t)(zka )o@y + > dr(t) (M{% aYpre + (A% (2k, Vi), Zl)L?(fM))

k=1 k=1 +

=Y (GY 22,0 + > (G2 V) 120, + (G, (20)3) r2(ry) + (G V! (20)3) r2(ry)
+ +

for all 1 < [ < m with d¥ (0) = 0 for all k. Note that we have shown in lemma 11.5.1 that the matrix
(M(t))rt == (2k, 21) po() multiplying the vector d,y, is invertible with inverse in (0, T'), hence we
can write this as a standard first-order linear system of ODEs of the form

dd
— = A(t)d,, + b(t
o = A)dn 1 b(t)

where A(t) € Wh*°(0,T), b(t) € L*(0,T). Hence, by standard theory, a solution d,,, = (d.,,...,d™)
exists on the interval (0,7) with d},,...,d™ € H*(0,T).
We then define

It is clear by the construction of d¥, and linearity that v,, satisfies the equation (11.6.5) for all test
functions w € (21, ..., zp), and also vy, |—¢ = 0.

This proves the claim. We also note that, if, in addition, we have 9,G' € L?((0,T) x Q), then
b(t) € H'(0,T) and hence d.,, ..., d™ € H%(0,T) and v,, € H?((0,T); B}).

Note that since vy, v, € W™, and given the regularity of the G*, we see that v, satisfies the
estimate (11.6.3). Using this energy estimate, we can now prove the existence of a weak solution. Indeed,

using weak-* compactness, there exists a v € X and a subsequence v,,,, such that
Up, — v in L°((0,T); BY)
Ovm, — Opv in L*((0,T); BY)

We also have by weak-* lower semi-continuity of norms that v satisfies the same estimate. We claim that

v is a weak solution of the equation. Indeed, let w € C'([0,T]; B}!) be a function of the form

M
w = Z aF(t)z
k=1

Pick L such that m; > M for all [ > L. Then, by linearity, we have that the equation (11.6.5) holds
for v,,, with test function w(t), for all [ > L and almost every t. We integrate from 0 to 7', then let
Il — oo and use the weak/weak-x convergences above. We obtain that the time-integrated equation
holds for v with test function w. Since (zj);° , are dense in B!, we may approximate any test function
w € L?([0,T); B}) with functions of this form, thus obtaining that the time-integrated equation holds
for v with any test function w € L2([0,T]; B}). In particular, we have that the the equation (11.6.4)
holds for v for all w € B} for almost every t. This proves that v is a weak solution of the equation.

It remains to show that v(0) = 0. We note that dyv € L?((0,T); BY). Letwy € C([0,T); HE (Q))
with w(T") = 0. Then

T T
/O(atv,w)Lg(Qi)dt——/o (0, 00 21t — (0(0), w(0)) 2y
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But we also know that
T T
/0 (ﬁtvml,w)Lz(Qi)dt == —/0 (vml,atw)Lz(Qi)dt - (Uml (O),w(O))Lz(Qi)

T
= —/O (’Uml,atw)[p(ﬂi)dt

since vy, (0) = 0 for all [. Passing to the limit as [ — oo using weak convergence, we find

T T
/ (atv,’w)L2(Qi)dt = —/ (U,atw)LQ(Qi)dt
0 0
Comparing this with the above equation, we find that
(v(0), w(0)) 2(2,) = 0

for all such w, hence v(0) = 0. This completes the proof of the existence of a weak solution.
The proof of uniqueness is straightforward using the energy estimate. Suppose v!' and v? are two

weak solutions. We subtract the equation (11.6.4) for vs from that for v; and write ¥ = v; — v to obtain
(00, w) oy + p{T, wh i) + Y _(A*(B, VD), w) 20,y =0
+
forallw € B} and almost every t. Applying the energy estimate (11.6.1) withG! = G2 = G2 = G* =0
and v(0) = 0, we obtain

esssup ||0|| goyy = 0
te(0,T)

and hence v; = vy almost everywhere in (0,7) X €2,4 as required. OJ

Proposition 11.6.5. The previous proposition holds in the case r = oc.

Proof. Firstly, for each 1 < r < oo, we let ¢, € C2°(B,(0)) with ¢ = 1 on Bz(0) and [V¢,| < C
where C' is independent of 7.
We then define G, G2, G2, G# as follows.

= ¢,G' + G*V¢,
G2 = $,G”

= ¢,G* + V', - G*

= ¢, G*

which implies that for all w € B! we have
Z(Gl w)r2(Q,.) Z (G2, Vw)r2(0,4) + (G2 ws) p2(r,y + (Gr, VVws) p2r,)
= Z Lorw) 2y + Z (G, V(drw))2(0.) + (G°, drws) r2(ry + (G, V' (rw3)) r2(r)
We may apply the previous result to obtain a weak solution v, € X, to the equation
(Ovvr, w)pogey + {ve, whprey + Y (A% (0r, Vor), w) 2, 4)
+

= (G w)20,,) + Z (G2, Vw)r2(0,4) + (G2 ws) r2(r,y + (Gr, VVws) p2r,)
T
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for all w € B} for almost every ¢t € (0,7T) with
v (0) =0

We also have the energy estimate (11.6.3) for v,.. Now let us define v, on the whole of (2. by extension

by zero, using the fact that v,+ | ,—, = 0 to ensure v,+(t) € B ! for almost every ¢. We thus have

vy € L®((0,T); BY)
A, € L*((0,T); BY)

with the same energy estimate. Note the right-hand side of this estimate is independent of . Then we
may use weak-* compactness to pass to a limit along a subsequence r; as [ — oo. We obtain a function
v € L>®((0,T); BY) with d,v € L*((0,T); B®) such that

, = vin L®((0,T); B
dyvr, — Oy in L2((0,T); BY)

Ur

and by weak-* lower semi-continuity of norms the same estimate holds for v.
Now let w € L?((0,T); B') with compact support in B,(0) for almost every t. We see that if r > 2s

then, since ¢, = 1 on Bz (0), we have

T
/0 (Orvr, w) go(yy + p{vr, whpi() + Z(AQ(UT, V), w) 2o )dt
+

T
= /(; Z(Gl, ’LU)LQ(Qi) + Z(GQ, VU])L2(Qi) + (GS, U)3)L2(F)dt + (G4, V/’LU3)L2(F)dt
+ +
Using the above weak-* convergence and passing to the limit along the subsequence r;, we obtain
(Orv, w(t)) oy + {v, w}pr + Z(AQ(U, Vo), w(t)) 2.
+

= (G wt)regas) + 3 (G Vw(t) 2y + (G2 ws(t) oy + (G, Vws () r2r
T T

for almost every ¢t € (0,T). Now given w € B! with compact support in B(0) for each such ¢ we
may pick @ € L?((0,T); B') with w(t) = w and hence the above holds for all w € B! with compact
support in B,(0) for almost every t. But since such w are dense in B*, the above equation is satisfied for
allw € B'.

Now we show that v(0) = 0. We note that dyv € L?((0,7T); B®). Let wy € C*([0,T); HE(Q))
with w(T") = 0. Suppose also w(t) has compact support in B,(0) for all ¢ and let r > 2s. We have

T T
/O (Orv, w) p2(p)dt = —/0 (v, Ow) 20yt — (v(0), w(0)) L2(qy)

But we also know that
T T
/O (Orvp, w) 2 (qy)dt = —/0 (Ur, Opw) L2y )dt — (vr(0), w(0)) L2 ()

T
= —/ (Ur,atw)L2(Qi)dt
0
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since v,(0) = 0 for all r. Passing to the limit along the subsequence r; as [ — oo using weak conver-

gence, we find

T T
/ (at’l),’w)Lz(Qi)dt = —/ (v,@tw)Lz(Qi)dt
0 0

Comparing this with the above equation, we find that

(0(0), w(0)) £2(2,) = 0

for all such w, hence v(0) = 0 by density of compactly supported functions in L?.
As in the previous proposition, uniqueness of the solution follows from applying the energy estimate
(11.6.1) (which holds even in the case r = 00) to the difference of two solutions v! and v?.

This completes the proof. O

Proposition 11.6.6. Let 1 < r < oo. Suppose the assumptions of proposition 11.6.4 hold, and let
v € X, be the unique weak solution given by this proposition.

Suppose in addition that G* € L>((0,T); L*(Q,+)), 0;G* € L?((0,T) x Q1) and that G?|—g €
HY(Q,1). Let us write

Z(Glft:(),w)m(mi) - Z(V - G?li=0, w)12(0,4) = (hyw) o
T T

so that h € BY is given by
2
[n°]

h =

7 (GHi=o — V- G*Js=0)
1

and suppose that

- Z(i)(Gglt:m w)r2(r,y + (GPli=o, ws) r2(r,y + (G*li=0, V'ws) r2(r,) = 0
T

forallw € B}
Then in fact we have
Ow € L*((0,7); By)
drv € L*((0,T); By)

with the estimate

t
esssup ||Oyv]| go(ry + / 10w g1(ry AT < Coo,1C (1)
7€(0,t) 0

where Cg(t) denotes a constant depending linearly on the appropriate norms of G'.
Finally, suppose in addition that we have 0,G* € L>((0,T); L*(Q+)), 02G* € L*((0,T) x 1),
0G3,0,G* € L>((0,T); L*(T,)), 02G3,02G* € L?((0,T) x I;.). Suppose also that h € B}.
Then in fact we have
v € L>((0,7); B)
djv € L*((0,T); By)
8ﬂ)|t:0 =h
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with the estimate

t
ess(?)lg) 10v][ g1(r) —i—/o HatQUHBQ(T) dr < Ca(t)(Ca(t) + HhHQB})
T€(0,

where Cg(t) denotes a constant depending linearly on the appropriate norms of G*. Moreover, Oyv

satisfies the equation
(92w, w) goyy + p{Okw, w1y +Z (O, Vo), w) 20, )

= Z W) r2(,.) + Z L Vw) J2(@e) T (G3717w3)L2(FT) +(GY, V'ws) p2(r,)

for all w € B} for almost every t € (0, T), where we have defined

GY = 9,6 — 9, A%0v — oL Al (v, V) — ;A% (v, Vv)
G*! = 0,G® — po, A (v, Vv)
GH = 0,G?
G4 = 9,G* (11.6.6)

Note that in the first two lines above 0; A (v, Vv) should be understood to mean the appropriate part or
row of the full tensor O A' (v, Vv).

Proof. We let vy, be the same sequence of approximate solutions as in 11.6.4.

We evaluate the approximate equation (11.6.5) at time ¢ = 0 which is possible because of the given
regularity. We use the fact that v,,,(0) = 0 to see that the second and third terms on the left hand side
disappear, the we integrate by parts in the term involving G2, using the fact that w||x|:T = 0, to obtain

the following.

(Orvmli=0, w)go = > (Gi=0, w12,y — Y (V- G0, w) 120, 4)
T T

= (E)(G3li=0, w) 2,y + (G¥li=o, w3) v,y + (G*li=0, V'ws) r2(r )
+
By assumption, the boundary terms cancel and we are left with
(Orvm|t=0, w)po = (b, w)po
for all w € W™, In particular, setting w = 0¢v, |t=0, We obtain
[18svmle=oll go < [IAl] g

Note that since 9;G' € L?((0,T) x €, ), we know from the construction of the Galerkin basis in
11.6.4 that v,,, € H?((0,T); B}). This allows us to differentiate the equation (11.6.5) with respect to t.
We obtain

(0Fvm, w) oy + 1{Ovm, wh g1y + > (A*(Om, VOrvm), w) 120, 4)

+
= Z Gl 1 m L2 Qrt) + Z G2 1m Vw)LQ(Q +) (G&l’mawi’))LQ(Fr) + (G4717m7 v/w3)L2(Fr)
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where G are as defined in (11.6.6), with v,,, replacing v. Note that given the regularity of 9;G? for
1 < i < 4 and the regularity of v,, and d;v,, already obtained, we have G**™ € L2((0,T) x ,+),
G>bm ¢ L2((0,T) x Qpv), G¥bm GHLm ¢ [2((0,T) x T,) with corresponding norms bounded
independently of m. We also know that d;v,,, € W)™ for each ¢, hence we may apply the energy
estimates (11.6.1)-(11.6.2) to O;v,, to obtain that d;v,, satisfies the estimates (11.6.1)- (11.6.2) with G*
replaced by G*1™ for 1 < i < 4 and v(0) replaced by h, which gives

t
ess sup H@tUmHQBQ(T) +/ H@tvazB%(T) dr < Co1Ci (1)
7€(0,t) 0

where we use C(t) to denote a constant depending linearly on the norms of G?. Now we may pass to
the limit m — oo along (a subsequence of) the subsequence m; and use weak-+ compactness to obtain
O € L*((0,T); BY), 9v € L2((0,T); Bl) with v satisfying the same estimate by weak-* lower
semi-continuity of norms. This proves the second part of the proposition.

We now move on to the second part. Given the additional regularity of G* and the estimates proved
for v,, and d;v,, above, we may conclude that G>1™ € L>((0,T); L*(Q+)), ,G*Y™ € L?((0,T) x
O,1), GBLm GghLm ¢ [22((0,T); L2(T,)), 0;G>V™, 0,GH1™ € L2((0,T) x T,.) with corresponding
norms bounded independent of m. We also know that 9?v,, € L?((0,T); W™). Note that, using the

properties of our Galerkin basis, we have
0 = (Qvm|i=0 — hs Zk)BQ = Alzl(atvm‘t:0 - h@’k)g;

for all 1 < k < m (note here we need to use the fact that h € B}) and hence

(3tvm|t=0aw)B; = (hvw)B}

for all w € W™, so in particular, setting w = 0yvy, |¢—0, We obtain

Hatvm|t=0||B} < ||h’|B;

Thus we may apply the energy estimate 11.6.3 to J,v,, to obtain

t
ess(zlg) H@tva%A(T) + /0 H@fvaQBQ(T) dr < Ca(t)(Ca(t) + HhH%A)
T(0,

where we use Cg(t) to denote a constant depending linearly on the norms of G?. Now we may pass to
the limit m — oo along (a subsequence of) the subsequence m; and use weak-+ compactness to obtain
O € L=((0,7T); BY), 0?v € L?((0,T); BY) with
2 r 2112 2
esssup ||9pv|[ 1 +/ HatUHBO(t) dt < Ca(t)(Ca(t) + [|Allp:)
t€(0,T) 0 T

by weak-* lower semi-continuity of norms.

Finally, we show that
8tv|t:0 =h
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Indeed, we note that 92v € L?((0,T); BY). Let wy € CY([0,T]; H}(Q4)) with w(T) = 0. In fact let

us assume that w is of the form

for some a* € C'([0,T]). Then

T T
/0 (afv,w)Lz(Qi)dt == —/0 (8tv,8tw)L2(Qi)dt - (8tv(0),w(0))Lz(Qi)

But we also know that for m > M,

T T
/O (0 0ms 0) 300yl = — /0 (Brtm 00) 1262yt — (D (0), w(0)) 12(cry)

T
= —/0 ((9t’l)m, 8tw)L2(Qi)dt - (]’L, w(O))L2(Qi)
since
(atvm’t:va)BQ = (hﬂU)Bg

for all w € WM. Passing to the limit along a subsequence of m; as m — oo using weak convergence,

we find
T T

/0 (875 v, w)L2(Qi)dt = — /0 (&w, 8tw)Lz(Qi)dt - (h, w(O))Lz(Qi)

Comparing this with the above equation, we find that
(9v(0), w(0)) 2(2y) = (B, w(0)) 2y
for all such w. But by density of functions of the form Zle ¥z, in BY we obtain that
(0r0(0), w)r2(0y) = (hyw)r2(0y)
for all w € L?(Q4), which implies
8t’l)|t:0 = h

This completes the proof of the proposition. O

Proposition 11.6.7. The previous proposition holds in the case r = oc.

Proof. We define ¢, and G® as in 11.6.5, and as before we extend the weak solution v, € X, of the
equation 11.6.4 by zero to the whole of {2..
Now let us add the assumptions corresponding to the first part of the previous proposition. We note

that
= (B)(CD)sli=0, w)r2r,) + (G2lizo, ws) r2(r,) + (Grli=o, VVws) r2r,
+

= =) (£)(G3li=0; drw)r2(ry + (G*li=0 — V' - G*1=0, drws) r2(ry + (G*|i=0, 6+ V'w3) r2(r)
T

== (£)(G3li=0; drw) r2(ry + (G*li=0, drws) r2(ry + (G*li=0, V' (¢rw3)) r2(r)
T

=0
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Also,

D (Grli=0,w) 200y — D (V- G2lizo, w) 120, 1)
T T

= ($r(Gemo = V- G?li=0), w)12(0,4) — > (V) G?lim0, w) 120, )
n T

+) (Vo) G?limo, ) 12004
+
- (gbrha w)BTQ

=: (hh w)BQ

where

Thus we may apply the first part of the previous proposition to obtain

Ay, € L=((0,T); BY)
dw, € L*((0,T); B})

with the estimates

t
ess sup ||8tv7«\|2B7g(T) +/ HaterQB%(t) dr < Cos0,1Cc (1)
7€(0,t) 0

where the constant C, 1 C(t) is independent of r. We thus have, after extension by zero,

Oy, € L=((0,T); BY)
o, € L*((0,T); BY)

with the estimate

t
esssup [0, ogr + / 800y sy 7 < Coon Ca(t)
7€(0,t) 0

where the constant C, 1C(t) is independent of 7. Then we may use weak-* compactness to pass to a
limit along a subsequence r; as [ — oo and by uniqueness of weak-* limits we know that v,, converges
to v. We obtain that ;v € L>((0,T); B®) with ;v € L?((0,T); B') and that the same estimate holds
for v.

Now let us add the assumptions corresponding to the second part of the previous proposition. We see

from the definition of h,. that h,. € B} with
1Al g < ClAlI g
Thus we may apply the second part of the previous proposition to obtain

O, € L=((0,T); BY)
v, € L*((0,T); BY)

8tU7”|t:[) = hy

155



with the estimate

t
2
ess sup Hat?}rHQB}(T) +/() HatzUTHBQ(T) dr < CA(t)(CG(t) + HhHQBl)

7€(0,t)

where the constants C'4(¢) and C(¢) are independent of . We thus have, after extension by zero,

Oy, € L°°((0,T); BY)
d%v, € L*((0,T); BY)

with the estimate

t
2
cssp 950 Pos + / 11020, |2 d7 < Ca()(Calt) + [[h])
7€(0,t 0

Then we may use weak-x compactness to pass to a limit along a subsequence r; as [ — oo and by
uniqueness of weak-* limits we know that v,, converges to v. We obtain that d;v € L>°((0,T); B*) and
0?v, € L2((0,T); BY) with the estimate as above.

‘We now show that
at’t)|t:0 =h

Indeed, we note that 97v € L*((0,7); BY). Let we € C([0,7]; H}(Q+)) with w(T) = 0. Suppose
also w(t) has compact support in B;(0) for all ¢ and let r > 2s. We have

T T
/0 (83U7w)L2(Qi)dt = —/0 (8tv,8tw)Lz(Qi)dt - (8tv(0),w(0))Lz(Qi)

But we also know that
T ) T
/O 020y ) 2yt = — /0 (Brvr 010) 260,y dE — (D0 (0), w(0)) 20y

T
= — /(; (8th, atw)[g(gi)dt — (h, w(0)>L2(Qi)

since
(Opvr|t=0, w) go = (h, w)po

for all such w (because ¢ = 0 on B% (0) and so h, = h). Passing to the limit along the subsequence 7;

as [ — oo using weak convergence, we find

T T
/0 (020, w0) 2, At = — /0 (B0, 0r0) 20yt — (B w(0)) 120

Comparing this with the above equation, we find that

(9r0(0), w(0)) 2(2y) = (hyw(0)) 2y

for all such w. But by density of H} functions in B® we obtain that
(0r0(0), w) 2001y = (hyw)L2(0y)
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for all w € L?(4), which implies
atv‘t:() = h

Finally, we may use the regularity of v to differentiate the equation for v with respect to time to

obtain that 0;v satisfies the equation
(O, w)pogy + v, whp + Y _(A%(v, Vo), w) 120,
+

= Z(Gl’l, w)LQ(Qi) + Z(GQ’l, VM)LQ(Qi) + (G3’1, wg)Lz(F) + (G4’1, V/wg)L2(p)
+ +

for all w € B! for almost every ¢ € (0,7'), where
GH = 9,GY — 9, A%0v — pd, A (v, Vo) — 8, A% (v, Vv)
G*! .= 9,G® — no, Al (v, Vo)

GH = 0,G?
Gh =06
This completes the proof. O

Definition 11.6.8. Let w € L*(Q4) orw € L?(T'). Forh € R, h # 0 and 1 < i < 2, we define the
translation in direction ¢ and difference quotient in direction ¢ respectively as
w(z) :== w(z + he;)

w(x + he;) — w(z)
h

for x € Q4 or x € T', where ¢; denotes the i-th coordinate vector. For w € LQ(Qi) and i = 3 we define

Dlhw(ac) =

w(z) :== w(z + he;)
w(x + he;) — w(z)
h
for z € Q4 and |h| # 0 sufficiently small such that = + he; € Q4 (where we mean Q. if x € Q4 and
Q_ifzxeQ).

To deal with the case i = 3 efficiently, we set {1+ = (o4 = 1 and let (34 € C°(Q21).

Dhp(z) :=

We recall the following standard properties of difference quotients.
¢GiDMwz) = ¢G(w" Dl 2 + 2DMw)
/Q wD; " (¢iz)dx = — / (DMw)Gizda
+

Qyp
/wDihzdx' =— /(Df’w)zdaj' for1 <i<2
r r
assuming |h| is sufficiently small.

We also recall the following standard estimate. Let 1 < p < oo and suppose w € W1P(Q.) or
w € WHP(T'). Then

h
6], < 0

h .
HDZ- “’Hm(r) < C|0,w| oy for1 <i <2
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Moreover, suppose we know that w € L4((0,7"); LP(Q+)) orw € LI((0,7); LP(T")) for 1 < p,q <

oo and there exists a constant C' such that

CiDz}'lw‘

La((0,T);Lr(Qx))

or

HDZ}-’w’ <Cforl1<i<?2

La((0,T);Lr(I))

Then we have, for 1 < i < 2, 9,,w € LI((0,T); LP(21)) or O,,w € L1((0,T); LP(T")) with
HawinLLI((O,T);LP(Qi)) <C
or

100l Lo 0. 1y20 () < €
Suppose that (3 = 1 on a compact set containing Q5 CC Q4. Then dy,w € LI((0,T); LP(25)) and
”a:tsw||Lq((o,T);Lp(Qei)) < Ce
See eg Evans [15] for a proof of all these properties.

Proposition 11.6.9. Suppose v € X satisfies

(at’l}, w)BO(t) —+ /’L{Uv w}Bl(t) + Z(A2 (’U, V’U), w)LQ(Qi)

= Z G w L2(Q4) + Z V'UJ L2 Q1) (G3,w3)L2(p) + (G4,V/UJ3)L2(F)

for all w € B! for almost every t € (0,T), where G*, G?,G3, G* have the following regularity.

Assume also
v(0) € B!
Then in fact

v e L2((0,T); H*(Q4))
vz € L*((0,T); HX(T))
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with corresponding norms bounded by C 4(t)(Cc(t) + ||v(0)||g1). In particular, the following estimate
holds for any € € (0, 1].

t
1970l 3agy + 20 [ 11901y < ClO g
t 2 2 2 2
+ oot [ N6 sy + G iy + 116 ey + 116 ey a7
+ +

Coo t t
6,1/0 HvH%_II(Qi)dT—i—E/O 10wl[72(0, ) d7 (11.6.7)

In addition, the following equations are satisfied.

‘ | ——5 0 — uNTVY (VY - (Nv)) + uNTVY x (p®V¥ x (Nv)) + p, NT (u¥ - V)(Nv)

+puNT (N =G -V - G?
almost everywhere in (0,T) x Q4 and
(A" = s + plpc* VY - (Nv)] = ~[GE3] + G° = V' - G*
pNT (prcin x (V¥ x (Nvg))) = —(Glyz, G35, 0)

almost everywhere on (0,T) x T.
Moreover, suppose for some 1 < k < 3 that

e L2((0,7); H* ()

2 e LX((0,7); H*(94))
G GLQ((O,T) (1))
G* € L2((0,7); H* (1))
v(0) € H* ()
v3(0) € H*H(T)

and
Orv € L*((0,7); H*(Qx)) N L((0,T); H*'(Q4))
Then v € L?((0,T); H*1(Q1)) N L>®((0,T); H*(Q+)), v3 € L2((0,T); H*Y(T")) with correspond-
ing norms bounded by Ca(t)(Ca(t) + |[0(0)| s ey + [0 (0) | prrsi ey + fo 11050l ey dB)-
Proof. We let
w=—D;"(¢D;'v)
for |h| # O sufficiently small and 1 < ¢ < 3. Applying the integration by parts formula for difference

quotients we obtain
(0:GiD}v, G D) poyy + p{¢iDf, DI} gy + Z(AQ(QD?% V(GDI)), GiDM) 20y
= —Z (G', D; (D)) 20y + Z (GDrG?, VQDh V) r2as) — (G, (D¢ D)) 2y
+ (QDZ’?G‘*, V'(¢GiD}vs)) rar) — Z((QD?AO)@W ,GiDM) 120 )

+

— 1> _(GDFAY (", VM), (D} (0, Vo)) p2iay — O ((GDFA%) (0", V™), G Do) 2.
T

+
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where the boundary terms are zero in the case ¢+ = 3 since (3 = 0 in a neighbourhood of I'. Thus we

obtain

1d 2
55 BO()JFM

1 2 2 2
<3 ZHGlHLQ ©1) +ZHGQHH1<Q¢) G2y + G )

Coo,l
+ =23 ol o) + Oe l0rl o + 3|
+

G0l

v B(t)

2
D} ‘
GiDj'v B

Choosing § > 0 sufficiently small and integrating from O to ¢ we obtain the estimate
h||? ! h||? 2
‘ GiD; UHB%) + 2#/0 ‘ GD; UHBl(t) dr <C ||VU(0)HBO(t)
cor [ 1611 ek el G5 d
+ Coo 1 ; > HL?(Qi)JFZH HHl(Qi)+H HL2(F)+H HHl(F) T
+ +

00071 t t
> [ il dr+ e [ lorlfBoar
€ T Jo 0

Since the right hand side is independent of h, using the properties of difference quotients as stated in
11.6.8, we obtain the estimate (11.6.7). Setting ¢ = 1, then using the estimate (11.6.3) with ¢ = 1 for

[[0]1 351y and [|8y0]| oy we obtain

‘ QD?UH;(U +/Ot‘

Thus we see that 0,,v € B 1 for almost every t for 1 < ¢ < 2and

D[, dr < Cal(Calt) + 1o(0)1 )

Bl(r)

t
esssup ||V’ UHBO / HVIUH2Bl(T) dr < Ca(t)(Ca(t) + ||v(0)]] 51) (11.6.8)
7€(0,t) 0

Also, we may take (3 = 1 on a compact set containing 2§ CC . for arbitrary open subsets 2§ CC
Q4 and use the properties of difference quotients with the h-independent estimate to obtain 0,,v €
L2((0,T); Hbo(Q)).

Now let w € C2°(€24) and test the weak equation with w, noting that there are no boundary terms
since w = 0 in a neighbourhood of I'. We intend to integrate by parts to remove the derivatives from w.

Note that since v4 € L%((0,T); H2,.(€24)) this is possible for almost every ¢ € (0, 7). Indeed, we have

{v,whpi =D (p*VY - (Nv), V¥ - Nw) 2oy + > (0 VY X (Nv), V¥ x Nw)2(q,)
T T

_V, 1
= - ST (o) e ~ SV 0, (CVE 0290 (o), 0) 200
+
+) ( NTW (p*V¥ x (Nv)),w) 2y
+

-V, 1
+ 300N 0, (T D) s (09 (), )
+
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In the weak equation we obtain

(Orv, w) poyy

V', 1
—u VT (VY - (N0), gz — 1SV 0y (020 (), ) 200
+ +

+ ) (NTVY 5 (pPVY x (Nv)),w) 20y
+

n uz<pc2NTam<(‘V;ff’”> < (V% (N0)), )2y + 3 (A%(0, T )

+
=D (Ghw)paan — (V- GPw) 2y

+ +

Using the definition of A%(v, Vv), we obtain
- MZ NTv%chw - (Nv)),w) 2y + 1 Y (NTVY % va x (Nv)),w)2(0y4)
+

Z L2(Q:I: Z G w L2(Q:I:)

+ +

81;'0 w LQ(Qi) +Z pu uw V)(NU L2 Q1) +Z pu 8tN U ’w)L2(Qi)

Choosing either w4 = 0 in turn, we obtain

" JuP L 8w+ puNT (WP - V) (Vo) + p NT (0N

pNTVY (pVY - (Nv) + uNTVY x (p?VY x (Nv)) = G} =V - G2
in (0,7) x Q. This is the interior equation above. Note that the Hodge decomposition A.1.1 implies

NTVw(pCQVw - (Nw)) — uNTVY x (pPVY x (Nv))

‘Qpc (VYVY 0 — VY x (VY x v))
n

e
+ A(pc2, V(pc?), Vi, VV, VN)((VN)v, (VVN)v, Vo)

"l

pc 1+ Vg VU

' ()2 J¢
2

=
|
+ A(pc?, Y (pc?), Vip, V1, VN)(VN)v, (VVN)v, Vv)

2,062va + A(pc?, Y (pc?), Vb, VVh, VN)(VN)v, (VVN)v, Vv)

O3v + Av — V'0,0)

for some generic tensor-valued A (not the same throughout) which is a smooth function of its arguments.

Thus, rearranging the interior equation, we obtain

p(1+ [V'Y]%)

v
|n‘2 J"Z))2 3
2 ! vlq/) / 2 2
‘ ‘ ~ Ao 4255 V' 05,0) = Alp®, V(pe), Vb, TV, VN) (YN, (VVN)0, Vo)

+ pu—s ’ atv + puNT (u? - V) (Nv) + p NT(O,N)v — G* + V - G* (11.6.9)
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squaring both sides, integrating over {21 and integrating from 0 to ¢, we obtain

t
2
L1201 o 47 < CaiCalt) + 0O )

where we have used the existing estimates (11.6.8) for the right hand side. Combining this with the

existing estimates (11.6.8), we obtain
t t
Z/O 10][F200 ) A7 +/0 o3l | B2y AT < Ca(t)(Ca(t) + [[v(0)]|51)
+

as required.
We now return to the weak equation for w € B!. Given that v+ € H?(Q1) and v3 € H?(T') for

almost every ¢, we may integrate by parts in the term (v, w) Bl () to obtain

{Ua w}Bl(t) - Z(p62v¢ : (N'U), Vl/) ’ Nw)Lz(Qi)
+

+ Z(p02v¢ X (NU),vw X Nw)L2(Qi) + (Ug,wg)Hl(F)

= (v,w)pogy — Y _(NTVY(p®VY - (N)), w) 120,y — ([p*VY - (N)], w3) 2ty
T

—V'y,
- Z NTars w )) CAVA (Nv),w)p2(ay) + Z(Nva X (p?V¥ x (Nv)),w)r2(ay)
+

+ Z(:I:chn x (VY x (Nv)), Nw) )r2(r) + Z pc2NT6m3(<_vJ/:f’1)) x (V¥ x (Nv)), w) 204
+

+ (1 = A")vs, w3) 2y

Integrating by parts in the term (G2, Vw) £2(Q4) We obtain

D (G Vw) ey =D (V- G* w)raia,) — > (£G3, wi) o)
n T T

= Z(—V ) G2vw)L2(Qi) - ([G33 w3) L1 Z wlh) L2(T)
+ +

Integrating by parts in the G* term we obtain
(G4, v/“)3>L2(F) =(-V'- G*, w3) L2 (r)

By replacing w with we(x) = x(**)z(z’) in the above equation, where x is a smooth cut-off function

and z4 € C2°(T;R3) with (24 )3 = (2_)3 for € > 0, and letting € — 0, we obtain

— ([pPVY - (N)], 23) 20y + Y (Fpecin x (V¥ x (Nog)), Nzs) pary
T

+ (1 = A") (s, 23) L2

—([G33], 28) r2ry — D _(R(G3L), 2 ) ra(ry + (GP = V' - G*, 23) 121
+

for all 24 € C°(T;R3) with (21)3 = (2_)3. Now let us take 24 = (0,0, 23) for z3 € C=°(T). Note

that this implies NV z is parallel to n, so we obtain

— ([pc*V¥ - (N)], 23) 21y + (1 — A') (03, 23) 21
—([G33), 23)r2(r) (G°—-V"-G*, 23)L2(r)
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for all z3 € C2°(I"). Hence
[pVY - (Nv)] + (A — 1)z = —[G2,] + G - V' - G*

which is the first interface condition.
Now let us take 2z = (214, 224, 0) for 214, 204+ € C2°(I"). We obtain
D (ENT(prcin x (VY x (Nvi))), z4) 2y = — > _(£(G32) s 24 ) 12y
+ +
for all z4 € C°(T; R?) with 231 = 0. In fact since (N7 (pc?n x (V¥ x (Nv)))3 = 0 the formula holds
for all z+ € C°(T'; R3). Now, taking one of z4 to be zero in turn, we obtain

(NT(PiC?tn X (Vw X (Nvi)))azi)ﬂ(r) = _Z(i(Ggi)/7zli)L2(F)
+

for all 2. € C°(T'; R?). Hence

NT(pcin x (V¥ x (Nvi))) = —(Gise, G334, 0)

on (0,7) x I', which is the second interface condition.

Now suppose for some 1 < k < 3 that

be L7((0,T); H* (1))

2 e L*((0,T); H*' (1))
€L2((0,T) "(I))
G* € L*((0,7); H* (1))
v(0) € H* ()
v3(0) € H* ()

Assume inductively on k that we have V@ € L2((0,T); H'(Q+))NL®((0,T); L*(Q+)) and V¥ v3 €
L2((0,T); HYT)) for 1 < |a| < k + 1, with

t ) t , 2
ZGSSSHPHV U||L2 Qi)_‘_z/o HvavHHl(Qi) dT+/0 Hva U3HH1(F) dr
+

7€(0,t)

t
2 2 2
< Ca(t)(Ca(t) + [[v(0)|[gn+1auy + [vs(O) ke (ry +/0 VOl go(ry d7)
Note that the case £k = 0 is covered above. If 0 < k < 2, we claim that the same holds true for
k + 1 replacing k. Indeed, let 1 < |a| < k + 1. Assume first g = 0 and test the equation with

(—1)‘O‘|V°‘w instead of w, where w € B! is smooth in the horizontal directions. Then we integrate by

parts horizontally to obtain

(00, w) oy + 1{ Vv, whprey + Y _(A*(V*, V™), w) 1200,
+
= Z(VaGl, w)L2(Qi) + Z(VQGQ, VUJ)L2(Qi) + (VO‘G?’, w3)L2(F) + (VQG4, VIUJ3)L2(F)

- Z Z (VVAOVB@U W) 20y — M Z Z (VY AY VP, VVP), (w, Vw)) 204
+ fty=a,f<a £ Bty=a,8<a

=3 Y (VA VVP0), w) 00,

£ Bt+y=a,f<a

=: Z(Gl’a w) e Q) T Z ¢, Vw) L2 Qe) T (GS’aawEi)L?(r) + (G4’a7 V/wii)L?(F)
+
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where

Gh=VoG = Y (VAP + pVI AN VP, VVP0) + VA2 (VF 0, VVP0))

B+y=a,BF#c
G =VoG—p > VAV, vV
B+y=a,B#c
G =G
G =veE!

Since such w are clearly dense in B! (eg consider horizontal mollification) we have that this holds for
all w € B!. Now, noting that we can use the Sobolev embedding theorem in the case |a| > 2 together

with the existing estimates for V7v in L2((0,T); H?(94)) for | 8| < |, we see that

G e L*((0,T); L*(24))

G** e L*((0,T); H*(Qx))

G** e L*((0,T); L*(I))

Gt e L((0,T); HY(T))
Vevu(0) € L*(02)

with norms bounded by C'4(t)(Ce(t) + |[v(0)|] grrr2(q, ) + [v3(0)|] grsz(ry + fg HVO‘(%UHZBO(T) dr).
We may now apply the first part of the proof again to Vv to obtain V'V € L2((0,7T); B*) N
L>((0,T); B®) with

t
ess sup || V70| |2, + / 199703y dr
7€(0,t) 0

< Ca(t)(Ca + ||U(0)||§{k+2(9i) + ||U3(0)||§{k+2(r) + /Ot ||Va3t?f\|230(f) dr)
Now we claim by a secondary induction on a3 for 0 < ag < || that
Ve € L*((0,T); H* (1))
with corresponding norm bounded by
Calt)(Ca () + 0Ol grr2aryy + 1030 ey + /0 19800l By )

The case g = 0 is covered above, so we suppose it holds true for some 0 < a3 < || — 1 and attempt
to prove it holds for a3 + 1. Indeed, applying V7 to the rearranged interior equation where 33 = a3 + 1
and 1 < |f] < |o

, we have

2
JI,[J 2 2 \v4
‘Q| (%) 5 (upc2(—A/v+2 :f
ppc(1+ [V'9°) ™ |n J
— A(pc®,V(pc®), Vip, VV1h, VN, VVN) (v, Vv)

1 _
78151) + puNT(u? - V)(Nv) + p,NT (9, N)v — G* + V - G?))

92VPy = VA( V'O v)

+ Pu
n
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squaring both sides, integrating over {21 and integrating from 0 to ¢, we obtain

2
dr)

BO(r)

t t
2
L 118201 30y 47 < CAONCEO + 10O ey + e esscry + [ [[7700]

where we have used the previous induction step and the assumed time derivative estimate for the right

hand side. Combining this with the existing tangential estimates, we obtain

t 5 12
5 [ 17

t 2
< Cal)Colt) + 1O ooy + 3Ol s + [ |[V00][, )

-
as required. The L°° in time estimate is proved in exactly the same way, but applying one less derivative.
This completes the secondary induction step, and thus the original induction step and thus proves the
claim.

This completes the proof. O

11.7 Proof of Existence, Uniqueness and Regularity of Solutions of the
Equations for the Rotated Velocity

Definition 11.7.1. We say 7 is a weak solution of the rotated equations for the velocity if & — 4'€ X,
i [1—o ="
and the following holds for almost every t € (0,7).
(Ot w)pogy + p{t, whpry + Y (A4, V @), w) 2y
+

= Z(G17w)L2(Qi) + Z(Gz, Vw)LQ(Qi) + (GB,wg)Lz(p) + (G4, Vlwg)Lz(F) (11.7.1)
+ +

for all w € B!. Note that we rely on the fact that [@g] = 0, which is true due to the compatibility
condition 7.2.6 at order zero, for the term {4, w} Bl (1) to be well-defined.

The functions G, G2, G3 and G* are defined such that
Z(Gl, w) 20y + Z(GQa Vw)r2e0,)
+

+
(=V'¥,1) (=V'¥,1)

= (NT(gl + Oy ( )p — Mazs(T) X PCQW)a w)m(ai)

J¥
+ (p, V¥ - (Nw)) 20y + w(pctw, V¥ x (Nw)) r2(04)
G = 92
G* =on

Note that G have the form
G1 = G(N7 VN7 Vwapv w, PCQ, gl)
G? = G(N, Vi, p,w, pc?)
G = g2
G'=G(V'f)
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for G a generic smooth function which may be scalar, vector, matrix valued etc. Using the product rule

for Sobolev functions, we note that
OFG' € L*((0,7); H**(Qy))
for0 < k < 3and

OFG? € L*((0,T); H*%(Qy))
OFG® € L*((0,T); H**(T))
oFG* € L*((0,T); H*™(I))

for 0 < k < 4 with norms bounded by C,,,x provided

Of (p, s,w, g1, N, Vo) € L*((0,T); H**(Qy))
OV’ f € L((0,T); L* ()

for 0 < k < 4 with norms bounded by C\,ax, Which is indeed the case.

Proposition 11.7.2. There exists unique solution @ with & — °€ X and i (0) =" 1o the weak velocity
equation above.

In fact, for 0 < j < 3, we have &'V tie L>®((0,T); H3(Qx)) N L2((0,T); H*7 (L)), 9} tie
L2((0,T); L2(Q+)), & tise L2((0,T); H>9(I)) N L>®((0,T); H*J(T')), with corresponding norms
bounded by C.x and, for 0 < j < 3,
o= 09 4’

O U J1=

Moreover, U is the unique solution to the equations for the rotated velocity with i (0) =1 as defined in
11.3.3.

Proof. Let us define

We claim that there exists a unique solution v € X of the equation
(O, w) pogey + v, whpi + (AN (v, Vo), w0) 20y
+
= Z (G, w) 2y T Z , V) 20,y + (G3, ws3) r2(r)y + (G*, V'ws) r2(ry
for all w € B! for almost every t € (0,7T) with

v(0) =0



Indeed, applying proposition 11.6.5, we immediately obtain such a solution. Now we may apply propo-
sition 11.6.9 to obtain immediately that v € L2((0,7); H*(Q+)), vs € L*((0,7); H*(T')) and that v
satisfies the corresponding strong form of the equations and boundary conditions almost everywhere in
(0,T) x Q and on (0, T) x T'. We then define 1= v+ %" to find that % satisfies the corresponding strong
form of the equations with G? replacing G’ using the definition of G*. Note that G', G2, G* and G*
were chosen so that these are exactly the equations for the rotated velocity, hence u satisfies the strong
form of equations for the rotated velocity with u (0) =7°. Note also that, from the definition of G L @2,
G3 and G* we have that 7 with % — 4°€ X satisfies the weak velocity equation if and only if v satisfies
the above weak equation with v(0) = 0, thus we immediately obtain a unique solution % to the weak
velocity equation with % (0) =%°. This implies that % with the regularity we have just inferred must be
a unique solution to the strong form of equations for the rotated velocity since by going backwards we
obtain a solution to the weak equation which we know is unique.

We remark that we applied proposition 11.6.9 to 1 — 4" here rather than % because without applying
any derivatives %’¢ L?(Q.). However, for the higher order spatial regularity we will work directly with
derivatives of u else there will be too many derivatives on a°.

Now by induction on j for 0 < j < 3 we claim that % satisfies

VoF 4 e L®((0,T); H %)) for0 < k < j
VoF i e L*((0,T); H17F(Qy)) for0 < k < j
OF iz € L°°((0,T); HP1=F(T)) for 0 < k < j
OF iz € L2((0,T); HI27M(I)) for0 < k < j

o™i e L2((0,7); L2 ()

O 4 Ji—o = 97 W

with corresponding norms bounded by C',ax, and also ag 1 satisfies the equation
(@sjﬂ a710)30(1/) + ;1,{8,{ a77~U}Bl(t) + Z(AQ(&{ u, V@,{ ), W) r2(04)
+

= Z(Gl’j,w)m(ﬂi) + 2(02’j7 Vw) 2y + (G?”j,w:%)L?(r) +(GY, V'ws) r2(ry
+ +

for all w € B! for almost every ¢ € (0,7'), where we have defined

GY=0lGt — Y (9] A°OF T a0 AN (OF 1, VOf i) + 0} A%(0f 1, Vof 1))

k+l=5,k<j
G :=0lG*— > pojAY(of u, Vof i)
k+l=5,k<j
G . =9]G?
GM . =9]G"

Note the case j = 0 is covered above. We assume that this holds for some 0 < 57 < 2 and try to show it

holds for 7 + 1.
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Firstly, we define
Gh = GM — p AN (007 0, Vo i) — A% (99 u°, Vol )
G2 = G — AN (097 w0, Vo9l i)
G ¢ — GBI I
G o= GY — Vo
Defining v/ = @ 4 —9"97 4°, we see that v/ satisfies the equation
(007, w) pogey + pfv?, wh gy + Z(Az(vj» Vol), w)20y)

= Z e W) 2 (Qx) T Z GQ’] Vw)L2( )t (63’j, wg)L2(p) + (é4’j, v,wg)Lz(p)

where we have used the fact that 949 11°c B! due to the regularity of the initial data and the compati-
bility condition (7.2.6) at order j.

Now note that the background solution satisfies the initial conditions in the sense
k 7 r ) 7k 0 k 1 9, 7k+1
at (Svpauafafvw”tzozagg (507p07u07f07f07vw XUO) and8t+ f’t:UZagg fo

for 0 < k < j and also recall the definition of 2 and its initial time derivatives from 11.3.2.

Using this, and the definition of G'7, G*7, G3J and G*7, we have (integrating by parts) that
2. oy S
=Y (E)G5 0, w) roqry + (G* |im0, w3) r2(ry + (G ]1=0, V'w3) r2(r)
+
= i S ERDINT (n x pe (VY x (N L)) =1 x pceos)), ws) p2(ry

O (ulpeP V- @) — [p] + (A~ 1) B~ i+ o), ws) pa(ry

Using the compatibility condition 7.2.7 at order j, and the fact that ag: u® - n%, we have

O (1A' = 1) @ +plp? VY - (N @] = [p] = oV -7t + g2) = 0
Also, using Ofw|i—o = ag’g’k(vwo x u?), we have
op9°7 (n x p (V¥ x (N 4%)) —n x pc2wi) =0
Hence

- Z(i)(ég’j\mo, w) r2(ry + (G* |10, w3) r2(ry + (G |0, V'ws3) p2(ry = 0
¥

We also have
GYW —v.G* = 66"g’j(NT(gl — V¥ + uV¥ x (pctw)
— uVY(pAVY - (N %) + uVY x (p?VY x (N %)) — pu(u? - V(N 4°) = p(9;N) u°))

0

gl Pu 9k+1 A0
- > 86”’(| 0|2)66‘g i
k=g, k<] n

0 0
— eI+l Pu  ~o au,g,l Pu aug k+1 ~0
B (|n0|2 ) = Z 0 (—3 ) u

0

pp 8“ ,9,7+1 mO
- [noP?
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Hence

. o o
D (G im0, w)r2(as) — (V- G0, w) p20yy = (05797 0%, w) po
T T

The compatibility condition (7.2.6) at order j + 1 implies that 9597 4% B!, Now we check that the
regularity on G* and A implies that

1
D 0lGM € LX((0,T); L*(Q))
=0

2
> 0GH € LP((0,T); L*(2x))
=0

2
>0l € L((0,7); LA(T))
=0

2
> oGY € L*((0,T); LA(T))
=0

Using the Sobolev embedding theorem for the terms involving A’ and %, we require that

1
S oGt e LA((0,7); LX)
=0

2

YOG e LP((0,7); L*(2))
=0

2
Y 9GP e L2((0,7); (D))
=0

2
> 9,76 € L*((0,7): LA(I))
=0

which is indeed the case. Thus we may apply proposition 11.6.7 with h = 947 %° to obtain that
87521)j a]+2 c LZ((O T) BO)
By =0 = 6{ U |=0 = 85’%3 20

Moreover, differentiating the weak equation for 8f u with respect to ¢ we have that 8{ +1 4 satisfies the

equation
(&7 4, w) poy + Tt whpiy + Z(A2(3f+1 0, Vol i), w) 2y

= Z (GYH w W) 20y + Z (G>7H , V) 2,y + (G?”jﬂ,w?;)L?(r) + (G4’j+1jvlw3)L2(r)
T

for all w € B! for almost every t € (0,T), where G/ 7! are of the claimed form.
Given that ag’“v ue L2((0,T); L?(2+)), we can successively apply proposition 11.6.9 to the equa-
tions for 8f+1_k u for 0 < k < j + 1 to obtain the spatial regularity ag'“"“v ue L2((0,7); H*(Q4)),
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6{ TR diae L?((0,T); H*+2(I")) with corresponding norms bounded by Ci.y. Note that this requires
the regularity

oFGY e L2((0,T); HIT17F(Qy))
oFG? e L2((0,T); HT27*(Qy))
oFG3 e L2((0,T); HIH1=F(T))
kGt e L2((0,T); HIT27k(T1))

for 0 < k < j + 1, which is indeed satisfied, since 0 < j < 2.

Note that we have shown in the course of this proof that @/ %ize L°°((0,T); H(I')), which
came from applying 11.6.6 to the equation for 6? u. We also have from the above paragraph that
oF ize L2((0,T); HX(T')) for 0 < k < j + 1. To show that 9F %z L>((0,T); H*2=%(T")) for
0 < k < j, we simply use the estimate

2
o |

<ol

Hi+2—k(T)

2 t eil ~ |[2
) + / ‘ ‘at * US) ,
Hg+27k(r) 0 H]+2—k(1")

S Cmax

by the existing estimate for HE){“H ﬁg) , .
Hi+2-k(T)

This completes the proof of the induction step and completes the proof of the proposition. O
We now show the additional boundary regularity. We will use the elliptic estimate lemma 8.16.1.

Lemma 11.7.3. For 0 < j < 3, we have & fize L2((0,T); H>*~(I')) with corresponding norms
bounded by C\yax.

Proof. Applying 87 to the pressure interface condition (11.3.3) we have
] I8 ] 1 A 8%
(1 Ao} s = (95(;(—[19] — oV’ i+ g2) + [pc” VY - (N D))
We apply the lemma 8.16.1 with

z = 8§ ﬁg
h= 0l = oV i )+ [pEVY - (V )

and the Sobolev trace estimate to conclude that for almost every ¢, &/ tize H5>~7(T) with

2
. <

2
H5.5—3 (F) -

az<;<—m — oV i+ ga) + [pEVY - (N )

H35-3(T)

Integrating from O to ¢ and using existing estimates together with the product rule, we obtain

[ ot

This completes the proof. O

S Cmax

2
H5-5-3(T)

Applying proposition 11.7.2, lemma 11.7.3 and proposition 11.3.4, we prove proposition 11.2.1.

Note that together with the results in the previous section, we have now proved 9.5.1.
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12. Proof of the Energy Estimate for the
Linearised Equations

In this section we prove the energy estimate for the linearised equations stated in 9.4.1. The energy
estimate is necessary as part of the construction of a well-defined contraction map sending a background
state to a solution of the linearised equations linearised about that state. See 3.8 for a summary of the
construction of the contraction map. The main steps in the energy estimate are quite clear. The front is
estimated by direct integration and the entropy, pressure and curl are estimated in the standard manner of
energy estimates for transport equations, with some minor differences in the curl estimate. The velocity
is then estimated in a manner which is fairly standard for parabolic equations. We then obtain a slightly
higher order estimate for u - n from the elliptic equation provided by the interface condition (9.1.9).

Our main task will be to show that
E1(1) + E0w)() < TMD+ LK (1)t + /Ot EL(r) + E1(7) + EL(w)(r)dr)
+e(M) + tK, (1) (EL(t) + EL(t) + EL(w)(t))

where we are free to choose € € (0, 1].

12.1 A Chain Rule Lemma

Lemma 12.1.1. Let G be a smooth, possibly matrix-valued, function, v : (0,T) x Qy — R? for some
d > 1 and let 8 be a multi-index with 1 < |3| < 4. Then

18]—2

12(0s) < F(Hv’|Loo(Qi)7 Z HakaHl(Q ))(Ha%HHl(Qi) + Z Hm””m(gi))
- k=1 * V<B£B

HaﬁG(v)

+ F(lloll (s ||070] (12.1.1)

L2(Q+)
for some smooth increasing function F, provided that v is regular enough for the right hand side to be
finite. In particular, if v = (U, p, U, 0, 0) and 1 < |a| < 3 then

107G By < Enl)(En(t) + (1)) (12.12)

Now let w : (0,T) x Qi — RY for some d' > 1 and let 3 be a multi-index with 1 < |S| < 4. Then

18]—2
> TGP < Floll@ 22 |00 0,) 2 1107wllzzge)
Y +6=B.0#8 L2(0) k=1 = y<BA#B
10wy Flell i) |07 o+ ol Fllvlegan) |07, g
(12.1.3)
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for some smooth increasing function F, provided that v and w are regular enough for the right hand side

to be finite. In particular, if v = (U, U, 0, 01b), szz(Qi) < K,(t)and 1 < |a| < 3, then

2
2

2
S %G < Kﬂ“)(ZHakaHl(g | ELlD) + Ex(1) (12.1.4)
BHy=ay#a () k=0 *

Proof. For 0 < |y| < 4, the chain rule implies that 97G(v) is a sum of terms of the form
l .
Gr(v) H 97 ve(i)
i=1

for some smooth function G, where Zi-:l 7" = v and e(i) denotes an entry of v depending on i. Note
that if |’y” > 3 for some 7 or |y| < 3 and "yz‘ > 2 for some i, then "yj‘ < 1forall j # i and if "y"‘ =2
for some ¢, then in fact |’yj ‘ < 2 for all j. Using these observations and the product rule for Sobolev

functions and the Sobolev embedding theorem where necessary, we obtain the result. O

12.2 Matching Initial Time Derivatives

We claim that
B (U, U_wy,w, flimo = 00700, 0°, V¥ x ul, V¥ xu®, f%) for0<j <3 (12.2.1)
Indeed, note that the background state satisfies
N (Us,U_, f)ltmo = 97U, U, fO) for0 < j < 3 (12.2.2)

by assumption, and note that (12.2.1) holds for 7 = 0 by assumption (this was part of the definition of a
solution of the linearised equations). Using these two facts we see that the linearised equations for f, p,
s and u are the same as the p-approximate equations when restricted to ¢ = 0 and the linearised equation
for w is the same as the p-approximate equation for V¥ x u when restricted to ¢ = 0, which shows that
(12.2.1) holds for 7 = 1. Now this allows us to differentiate the equations with respect to time and obtain
the case 7 = 2. We continue until we reach 7 = 3. (Note we use the fact that the background state

satisfies (12.2.2) up to j = 3).

12.3 Lower Order Estimate

We start with the following simple lower order estimate.

Lemma 12.3.1. We have the following lower order estimates.

€ss sup HG<p7 S5, U)H%OO(Qi) + esssup HG(f)HIQ/VL‘X’(F) < M;(L) + tKﬂ(t> (12.3.1)
+ 7€(0,t) T€(0,t)

2

ess sup ‘ )Oﬁ(p, s,u)’
1<|gl<2 T€0D

S Haﬂv’f

0<8|<2

2
ess sup ‘ ’05Vu‘ ‘Hl(ﬂi) < MB +tK,(t)  (12.3.2)

L2(Q4) 0<|B|<1 7€(0,t)

2
<M° 3.
‘HM(F) < MY+ 1K, (t) (12.3.3)

where G is a smooth function of its arguments.
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Proof. For the first estimate, we have
t
G, 5, 0)[2 < |Gp, 5, 1) 1o’ +c/0 0,G(p, 5, )| dr
t
< F(I[(p, 5,0l i=0l T oo () +C/O F(||(p, s, w)l| T oo () 110: 0y 5,1) 3120y AT
< M) + tK,(t)
Similarly have have
t
(G VENF < (G VEDf +C [ a6 Ve ar
t
<PV )y + 0/ F([(F 5 [ o) [10:0F, Y D) 2y A7
0
< M)+ tK,(t)

Taking the supremum over (7,x) or (7,z") for 7 € (0,¢) on the left hand side, this proves the first

estimate.

For the second estimate, we have

> % [P

LQ(Qi)—’_Z Z ebbsupH(‘)ﬁV‘

£ 1<|g|<2 + o<|g|<1 TEOL H ()
< M° LAV
M —i—CZ Z / H@t p,suH d7'+C’u,u Z Z / Hatﬁ Hl(Qi)
+ 1<|8]<2 + o0<|gI<1
< Mﬁ +CM/0 E,(r)dr
Finally, let us note that
2
< MO 3 (- n
re(0 sy = M O D / ‘ 8 n)‘ H25(T)
0<|8|<2 0<|8]1<2
< MB+CN/O E,(r)dr
O]
12.4 Estimate of the Front
Proposition 12.4.1. Define
Er(f)(t) ;== esssup / oLf
(1)@):= essaup 3 <3\ ooy © 08 ey dr
The front satisfies the following estimates fort € (0,T).
c [t =
EL(f)(t) < M)+ / Er(r)dT + €EL(1) (12.4.1)
€

t
< MY c 12.4.2
H () dr < M+C/0 Er(T)dr ( )

. /Haﬁl
7€) 0<j<3 B3 Z

Z / H(?]Hf‘ J— esssupH@ij‘

0<5<3 Oéjf 7€(0,t)

< CELY) (12.4.3)

HA=i(T
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Moreover, we have
JY > k0 —tK,(t) (12.4.4)

Proof. We note that

> | Ha]“fHHS I il

0<j<3 0<j<3 T€(0.1)

2

dr + ess sup H@J ﬁ)’ _

0%23/ H55 i) 0;3 T€(0,t) HA=i(T)
< CEL(t)

H4=3(T)

by definition of &/,(¢). This proves the third estimate.

Now note that, for 0 < 5 < 3,

1 .
dr ‘ (1) = 2((3? V'f, agv,f)H‘“*j(F)

HA4.5—]
1 .
=[G P A
EH&j f Hb5-5— 3(1“ € atvf H4.5—j(1")
Integrating in time we obtain
H <M0+e/ Haﬁlf) d¢+ dr
H4.5— j(l") H5.5— ] H4.5— ](1")
<M —I—CGEL /5[, dT

where we have used the third estimate for the second term. Together with a direct integrating in time of
the third estimate, this proves the first estimate.

To prove the second estimate we note that for 0 < j < 3,

/ Ham

dr
T€(0,t) H3=3(T)
<M°+cC Ha{“ b 47+ Haj“f‘ dr
1 0 HA- ]
t
< Mg + C/ Ep(r)dr
0
where we have used the third estimate.
We have by Sobolev embedding and the definition of ¢ that
o t
JY > Y —/ 10023 || g2 (ry d7
0
t
>0 C [ (1 o yaqey)dr
0
> k0 — LK, (t)
This completes the proof. 0
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12.5 Estimate of the Entropy, Pressure and Curl

We start with an estimate for general transport equations of the correct form.

Lemma 12.5.1. In this lemma functions will be defined either on Q)4 or £2_.
Letb € L=((0,T); Wh*(Q4;R3)), h € L2((0,T); L*(Q4)) and w € L*((0,T); H*(Q4)) with
Opw € L2((0,T); L2(Q4)). Suppose also that bs|r = 0 and that w satisfies the equation

(8t+b-V)w:h

n (0,T) x Q. Then w satisfies the following estimates, where we are free to choose € € (0, 1].

1 t
esssup |[w][72(0,) < [[w(0)||Z2i0) + (= —i—esssuprHW:loo(Qi) / [l 720, dT
7€(0,t) 7€(0,t) 0

t

t t
/ 01010, 07 < Cessoup Bl / V|, dr + C / Bl dr (12.52)

Moreover, if h € L*((0,T); H () and w(0) € H'(Q) then

1
2
esssuprHHmiﬁHw( M ou) + (2 + esssup [|B] {100 (0 )) /HwHHl Rrd) d
7€(0,t) 7€(0,t)

t
6/0 131 oy y A7 (12.5.3)
where we are free to choose € € (0, 1].

Proof. The second estimate is obtained easily by rearranging the equation to give
ow=—-b-Vw+h

then squaring both sides and integrating in space and time.

For the first estimate we multiply the equation by w, then use the product rule to obtain
1 1 1
0wl + 5V - (b wl) = (V- 0) [w]* + hw

We then integrate in space and time, using the divergence theorem for the second term, together with the

fact that bs|p = 0 which implies the boundary term vanishes, to obtain

t t
0]y = 10020y + / (V- b) Juo]? dardr +2 / / hwdzdr
0 JQ4 Q4

< O sy + s by 1) [ Il [ Il
TE

where we have used Cauchy’s inequality. This proves the first estimate.

To prove the third estimate, we would like to differentiate with respect to x;, but w is not regular
enough. To overcome this, we let € C°(IR?) be the standard mollifier, and for v € (0, 1] we define
ny(z) := v~3n(Z) in the standard manner. We apply the Sobolev extension operator Extg, in space to

extend b, h and w® to be defined on R3. We then define @ to be the unique solution to the equation

@, +b- V)b =h
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in (0,7) x R3 with w(0) = w", as given by 10.2.2. Note that the additional regularity we have assumed
on w" and A allow us to apply this result. Note also that by the uniqueness of the solution to the equation
in Q4 stated in 10.2.3, we have that w|o, = w. We fix § > 0, then take the convolution of the equation

with 7, where v < g, to obtain
By, + (b- VD) %y = hy
where W, = W * 7, and h,, = h * n,,. We now apply 0., where 1 < ¢ < 3 to obtain
00z, Wy + (b - VW) % Op,my = Oy, Iy
which we rewrite as
0¢03, Wy + b - VO, Wy = Og;hyy — (b- V) % Op,my + b - VO, 0,

Now we apply the first estimate to 0w, to obtain

. . Lot
102,720y < 102,00 (0)[72(00y) + (eSS(SuPHb”IZ/VLOO(Qi) + 6)/0 1020172,y AT

T7€(0,t
t t
te [0y dr+ [ 110 Vi) 0 = b Vouinl e dr
We claim that
H(b ’ Vu?) * 65177;771/ —b- vazinHB(Qi) <C HbHWLOO(Qi) HV'IIJHLQ(Q‘;)
where
Q) ={z eR®: 23 > —6}
Q= {zecR3: 23 <4}
Indeed, note that
= [, (o) = b(@) - Vi) o = )y

- 1/|_ - (b(y) — b(x)) - Vo (y) (3w, (& — y)dy

v

where (9;,1), () := v~3(0,n)(%£). Hence, applying the mean value theorem to b(y) — b(z) and using

ly — 2| < v to cancel the factor 1, we have
6+ 9)  Bum, = b+ V0, 0] < [l | | 1@l = )] V0]
< Cbllwroe ) [(Gzn)u] * [Vw(y)]|

But, applying Young’s inequality for convolutions we have

11 @amul #1020y < ||| @eindol * [Fiw) 10 )|

L2(R3)

< H(aﬂﬂin)VHLl(R?’) L2(R3)

< Ol V|2 9z
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which completes the proof of the claim.

Thus, summing over 1 < ¢ < 3, we obtain

N - Lot
1960320 < 95Ol Ean,) + (esssup Bllieio + 3) [ 19l

T7€(0,t

t
¢ [/ I9R Ry + Cesssup B~y [ 190130

< ||V, (0)]| 20y + C(GSS(%% 1811100020 + 6)/0 HV?IJHQB(Q(;) dr
T€(0,

t
6/0 thl’HiQ(Qi) dr

Letting v — 0 and using the properties of mollifiers, we obtain
2
IVl < V00 B+ Clessmp blimiay + ) [ 1901,

T€(0,¢)
t
¢ / VAl 220, dr

Letting § — 0, we obtain
2 2 2 NV 2
IVwllz2y) < IVw(0)]720y) + Clesssup (B[00 oy + ) ; IVw][z2q,)dr

T€(0,t
t 2
. /0 VA 220,

as required. O
Lemma 12.5.2. We have that u? satisfies the following estimate.

Y u¥ <K < <
o7 Hmei K, () for0 < |y <1

Proof. Let us note that

== G(8t¢, v¢7 v/¢7 ﬂ)

for some smooth function G (at least in the region where J¥ > 0). The estimate follows immediately

using the chain rule and the Sobolev embedding theorem. 0

Proposition 12.5.3. Define

t
=2 esmpllsllim@y + 2 D emoup sl + 2 | ot o
+

+ 1<[al<3 TEOF
The entropy s satisfies the following energy estimate.

EL(s)(t) < M) + K“(t)(/ot Er(T) + Ep(r)dr) (12.5.4)
fort e (0,T).
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Proof. Let 1 < || < 3 and apply 0° to the linearised entropy equation (9.1.3) to obtain
9;0% + u¥ - Vs = R (s)
where

fs)=— > 9u 9'Vs
B+y=ay#a

We claim that

1RE(8)l[71 () < Ku(O)(EL(t) + EL(1))

Indeed, writing u¥ = G(0,,¢)G (v), where v = (Oy1h, V'1p, V'1), @), and writing w = Vs, it follows
immediately from (12.1.4) that

IR sy < K ZH&’“ | AR H0)
< Ku(t)(Ep(t) + EL(D))

as required.

Applying the estimate (12.5.3) with w = 9%s, b = u¥ and h = R%(s) we obtain

¢
esssup ||0%s < ||0%s 2 + (1 4+ esssu "u¢“ / 0% s||? dr
(ot ?H HHl(Qi) [[0%s(0 )HHl(Qi) ( TE(Otp Wieo (@ i)) ) | HHl(Rd)

+ /0 1RS () 10, A7
< MO+ K, (1)( /0 EL(r) + & (7)dr)

where we have used the above estimate for R (s).

We now apply the estimate (12.5.2) to the differentiated equation to obtain

ydr < | S R Y
/||at8 sllizy dr < Cessup |, [HIV9%8llFz(ay dr

+0 [ IR sy i
¢
< Ku(t) / Ep(r) +Ep(r)dr
0
where we have used the above estimate for R (s). O

Proposition 12.5.4. Define

t
Z:es.ssupHpHLoo (Q4) +Z Z eSSSUPHa Pl Qi)+2/0 HazlpH;(Qi)dT
+

+ 1<|al<3 TEO

The pressure p satisfies the following energy estimate.
1 t - .
EL(p)(t) < M)+ EKM(t)(/ EL(T) + EL(T)dT) + e(M) + tK,(8)(EL(t) + EL(t))  (12.5.5)
0

fort € (0,T), where we are free to choose € > 0.
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Proof. Let 1 < || < 3 and apply 0 to the linearised pressure equation (9.1.4) to obtain
8:0%p + u¥ - V8°p = 8°G, + R$(p)
where
Gp = —p&*V¥ -
Note that we have

IRE (D) 77104y < Ku(D)(EL (D) + Er(1))

exactly as in the estimate of the entropy. We claim that

[ 10°Gal sy 7 < (M + D) E) + €100

and
t ) t
/0 ||8aGp||L2(Qi) dr < Ku(t)/0 Ep(t) + Ep(t)dr

Indeed, we write G, = G(9,,0)G(v)w where v = (p,5, V1), G is a smooth function and G is a

smooth vector-valued function and w = V. Hence
°Gp= > (G(01h)G(0)0"w + G (025G (v) 0w
BHr=a#a
Applying (12.1.4) and estimating 6k+1zp in terms of || f|| Loo(ry for 0 < k < 4 we immediately obtain

2

Y (G(0,1)C(0) 0w < Ku(t)(EL(t) + EL(t))

BHy=ay#a H1(Q4)

We also note that

|G or)Gw)o |

< K,(t)&L(t
20) n()EL(t)

Thus integrating with respect to time proves the second estimate in the claim. Now note that

Hé(@xﬂ))G( wHHl Qi) < Ku(t)er(t +CHG O3 )G HLOO

< Ku()EL(t) + (MO + tK,(t)) |I3C“VUHH1(Qi)

|I3C“Vﬂ|@p(9i)

where we have used the lower order estimate (12.3.1). Integrating with respect to time proves the claim.

Applying the estimate (12.5.3) with w = 9%p, b = u¥ and h = 0“G)p + R} (p) we obtain
ess sup 9By < 10°PO) sy + (& essowp ]y [0l gy o
T€(0,t) Hi(@) HH@2) 7 R r€(0,t) Whe(Qx)" Jo HI(RD)

t
4 / RS (D)) 21, A7 + € / 10°Gl 21, A

< MO+ K0 /0 () 4 E1(r)de) + (MO 1, (1)(EL (D) + £4(1)
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where we have used the above estimates for B¢ (p) and 0°G)p.

We now apply the estimate (12.5.2) to the differentiated equation to obtain

t
/ ||0:0% PHL2 ydr < Cesssup Huw)‘ (Qi)/o HvaaPH%?(Qi)dT

T€(0,t)
+0 [ IR dr+C [ 176 oo
t) /0 () + En(r)dr
where we have used the above estimates for R (p) and 0“G),. O
Proposition 12.5.5. We have

O 1K, (t) (12.5.6)
pu(t,x) > 6 — LK, (t) (12.5.7)

Proof. Note that by Sobolev embedding, Holder’s inequality and the chain rule for Sobolev functions,

we have
plt.2) 2 )~ C [ 1ol
> ) - [ FO N0l w0y S 10009 s » e
> 60 — tK,(t)

In exactly the same way we obtain
pu(t,x) > 52 — 1K, (t)
This completes the proof. 0

Proposition 12.5.6. The curl w satisfies the following energy estimates.

1) < MY+ 200+ [ E1l0) +E0(0) + En(oorar

+ (M) +tK,(6)(EL(t) + EL(t) + EL(w) (1)) (12.5.8)
/0 ||0fw]| ‘iﬂ(Qi) dr < K,(t)(t +/O Ep(t) + EL(t) + Ep(w)(t)dT) (12.5.9)
/Ot ||0fw] ‘imi) dr < (M) + tK, () (1 + EL(t) + EL(t) + EL(w)(1)) (12.5.10)

fort € (0,T), where we are free to choose € > (.

Proof. Let 1 < || < 3 and apply 0 to the linearised curl equation (9.1.5) to obtain
(0 + u¥ - V)0% = 9°Gy, + RS (w)
where

fw=- > u-0'Vw
yH+o=a,0F#
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and
1 N
Gy = ;(_v¢pu X (O +u? - V)i — pu(eiudy o] w) + V¥ x g1)
17

We claim that
1R (@)[[71 00y < Ku(®)(EL(t) + EL(t) + EL(w)(D)
Indeed, writing u¥ = G(8,,1)G(v), where v = (9,0, V'1h, V1), @), writing w = Vw, and using the

fact that || Vw||3 H2(0,) < Ku(?), it follows immediately from (12.1.4) that

1B (@) i 0y < Kilt ZH@’%\ L ELD) + (1)

< Ku(t)(EL(t) + EL(t))

Hl

as required.

Now we claim that
t
/0 16° Gl 22, A < (MO + LR, (0)(1 + E(8) + E1(0))
and if og < 2, then

t
/0 10° Gl sy A7 < (MO + LK, () (1 + EL(t) + E1(2))
107Gl 22,y < KulO)(1+EL(t) + EL(t))

Indeed, we write G, = G(8,,v)G(v)w where v = (Ps Vs Vb, V', 04, , Vi, V), Gisa

smooth function and G is a smooth vector-valued function and w = (v, dyu). Hence
FGo= Y O(GOnY)G)0 W+ G(Oay)G(0) 0w
Bty=anFa
Applying (12.1.3) and estimating 8’;: L) in terms of || f|| roo(r) for 0 < k < 4 we immediately obtain

2

Y. (G09)G(0) 0w

By=aya

< K01+ E(t) + E0(t) +]|0°Va[1 g, )

H(Q1)

We also obtain

< K, () (1+EL(t) + EL(D))
L2(Q4)

Y G(059)G () w

B+r=asa

We also note that

< (MO + K () (1 + EL(t) + E(t) + [10°0ht[72 (g, )

@G0

L2(Q4)

Thus integrating with respect to time proves the first estimate in the claim. Now if o < 2 then

H(;(amq,z))a( w‘ < K, ()1 + (1) + EL(1))

L2(Qy4)
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Combining estimates proves the last estimate in the claim. Finally, we note that if ap < 2 then
~ 2 _
|G @) Gwow] ‘Hlmi) < Ku()(1+ EL(t) + E(t)) + (MO + 1K, (1)) |0°0sul 2

and integrating with respect to time we obtain the second estimate in the claim.
Let ap < 2. Applying the estimate (12.5.3) with w = 0%w, b = u? and h = 8°G,, + R} (w) we

obtain

t
esssup |[0%w < 110%w(0)][? + —i—esssupHud’H / Ow||* dr
sssup 0l ) < 10°0) oy + (5 s [0 [0l

t
4 /0 RS @)1, dr + € /0 16°Gial s A7

<M+ LR+ [ €0+ EL(7) + ELN(TIAT) + (M + D) ELD + E1(0)

where we have used the above estimates for R} (w) and 0“G., with ap < 2.

We now apply the estimate (12.5.2) to the differentiated equation to obtain

¢
0;0%w dr < Cesssu HUT#H / Vol dr
[ 100, 8 1 190%! 20

t
! 2 ! 2
t) /0 HV@O‘wHLz(Qi) dr + C/(; HaaGwHLQ(Qi) dr
t
0 [ E1() + Eulr) + Eu) (B
0
where we have used the above estimate for R} (w). In the case oy < 2, we obtain
t t
[0, dr < Kult)(e+ [ £ +E0() + Eu@)0ar)
0 0

where we have used the above estimate for 0“G,,. This completes the estimate of £1,(w)(t) and also

proves the second estimate. Without the restriction on «, we obtain

t
/0 H@taawHig(Qi) dr

< Kyu() /Ot IV 0°w|[F2q, ) dr + (M) + tKu(£) (1 + EL(w) (1) + EL(t) + EL(1))
< (M + tKu (1) (1 + EL (W) () + EL(t) + E(t)

where we have used the above estimate for 0*G,,, and the estimate just obtained for VO“w.

This completes the proof. O

12.6 Estimate of the Velocity

Definition 12.6.1. We define the part of the energy £, associated with the velocity u for ¢ € (0,7 by
J
Zesssup ||u\|Loo(Qi + Z Z ess sup H8 Vu HH3 )

T 0<;<3 T€0)

Y / A PRRLED wy B L2 AT

+ 0<;<3
aj ) t 5 2 d
+ Z esssupH uU-n ‘ H4_j(R2)+0<z]:<3/0 H t(u'n)HH5—j(R2) T
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Proposition 12.6.2. The velocity u satisfies the following energy estimate.
Er(u)(t) < %Mﬁ + %Ku(t)(t + /Ot EL(T) +EL(1) + Ep(w)(7)dT)
+ (M) + tK,(6)(EL(t) + EL(t) + EL(w) (1)) (12.6.1)
fort € (0,T), where we are free to choose € > 0.
Proof. See the rest of this section for the proof O

We use the weak form of the equations to avoid the difficulty of not having enough regularity on .

Asin 11.3, we set
=Ny

where the matrix N is defined in 11.3.1. We define the energy associated with % as

z:ebssup||u||mo(ﬂi +Z Z esssupH@JV HH3 )

+ o0<j<3 7€(01)

Y / vl dT+Z/ 108 ] %2 0, A7

+ 0<j<3
+ Z esssupH@J Ug} - Z / H@J H5 ; Rz)d’T

0<j<3 T€(0:t) 0<j<3

Lemma 12.6.3. We claim that

EL(u)(t) < (M) + tK () (EL(d)(2) + EL(f)(1)) (12.6.2)
and conversely

EL(U)(t) < (M +tKu(1)(EL(u)(¢) + EL(f)(1)) (12.6.3)

Proof. Recall that tiz= (N ~'u)3 = u - n, so the estimate of the boundary terms is immediate.

Now we note that for 1 < |a| < k, where k =4 or k = 5, and oy < 3, we have

0%l gy = > HaﬁNa'v a‘
BHy=a

L2(Qy)

Note that the lower order estimate (12.3.3) and the lifting property in the definition of N implies that if
0 < |B] < 2then

o1

< M)+ tK,(t)

Lo (Q4) H1:5()

The lower order estimate (12.3.1) implies
107 [T ey < My + K (1) for 0 < 5] < 1
We note also that

107 |7 ) < Kult) for0 < |y <2
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Finally, let us note that for 3 < |3| < 5 (with 8y < 3),

ess sup H@ﬁN’
7€(0,t)

< B <
L2(Q4) Cef:%lg)Hﬁ fHH“’“’ 1Bl(Q) Ex(N)E)

Thus we obtain in the case & = 4,

esssup\|8au||%2( <C Z esssupHE)BN(‘)'y ‘
7€(0,t) Btry= aTG(Ot

< (M) + LK, () (EL(@)(t) + EL(f)(1))

L2(Q4)

In the case kK = 5 we obtain

/HE) UHL2 @ dr=C Z /H@ﬁl\fm“

Bt+y=a

dr
L2(Qy1)

< (MO + K, (0)EL (@) (t) + K (1) /O E1(f)(r)dr

Now we consider the case 9* = 9. Note that if |3| < 4 then

/WWMV mgc/w
0 L2(Q4) 0

< CEL()()

L2(T

Combining this with the estimates above we see that

/Ha ul|F2(q,y dr < C Z/ aﬁNa’Y“

B+y=a
< (M) + K, () (EL (@) (8) + EL(f)(F))

dr
L2(Qi)

This completes the proof of the first inequality. The second inequality follows simply by replacing

N by N~! and reversing v and % in the above estimates. 0

We recall that u satisfies the weak equation (11.7.1). Let 0 < || < 3 with g = 0 be a multi-index.
We may also write 9% = 5{ V# where 53 = 0 and 0 < j + 8] < 3. We apply 8{ to the weak equation
(11.7.1), then test it with (—1)'5 IVPw for w € B' smooth in the horizontal directions, then integrate

8%

by parts horizontally and use the density of such w in B! to obtain that ® % satisfies the following

equation.

(020 U, w) pogyy + p{O0% U, w}p1(sy + Z(A?(aa U, VO™ ), w) 20y

Z LQ(Qi + Z G2 @ Vw)LQ(Qi) + (Gg’a, w3>L2(F) + <G4’a, V/wg)Lz(p) (12.6.4)
+ +

for all w € B! and almost every ¢ € (0,7'), where

Gh=0G = Y (97A%0°0, U +pd" AN(0° 1,00° ) + 07 A%(0° 1, V0P i) (12.6.5)

Bty=a,f#a
G =0"G"—p Y AN U,V 1) (12.6.6)
B+y=a,Ba
G .= 9°G3 (12.6.7)
GH .= 9°GH (12.6.8)

and A for 0 < ¢ < 2 are defined in 11.6.1 and G" for 1 < i < 4 are defined in 11.7.1.
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Lemma 12.6.4. We claim that the constant Cw o(t) and Cu 1(t), as defined in 11.1.1, satisfy the fol-

lowing estimates.

Coo0(t) < M + LK, (t) (12.6.9)
Coon(t) < K, (t) (12.6.10)

Proof. Firstly we recall that

Coo,j(t) SFAZieSSSHPHat (c?) H2

! 2
; . ) esssupHa (ppy Orp H
T o T€0.t) Wi—heoo (4 ) ZZ s (P Orpp)

. )
+ k—0 7€ (0,t) Wi—k.2o(Qy)

Jj+1

1 1 1
E esssupH@t 500 700 o)
= re(o) H25+i—k(T) § oy K

for some smooth increasing function F}, depending on x. Thus we have

Cooo(t) € M° 4+ 1Coo0(2) Zesssup |04 (pc? HLoo @) T Zesssup\\@t(pu,atpu 1% @) T
Te(0,t) 7€(0%)

)

H2.5— k(r)

ke OTGOt
< MO +tK(t)

It follows from the Sobolev embedding theorem and the definition of K ,(t) that
Coo(t) < Ku(t)

Lemma 12.6.5. Let 1 < |a| < 3. We claim that
t 9 t _
J G a7 < Kot + [ E0(r) + Eur) + Ev(w)(r)dn
0 0
t
/ 10667 [ A7 < (M + LKD) (L + EL (1) + E1(1) + EL(w)(1))
0

" t
J 6> o, dr < Ku®)t + [ €0(r)+ 0(r) + Eute) ()
0 0
[l
k=0 "0

L2(T)

= ke dal |2
> [ ||

dr <tK,(t)

t
L2 dr < Ku(t)/o Ep(m)+ Ep(m)dr

Furthermore, for 2 <1 <4,

1 L
ess(%lg) HGzaHLz 0s) < Mg + EK“(t)(t—i—/o E(t)+ EL(T) + Ep(w)(7)dT)

+e(Myy + KL (1)) (EL(t) + EL(t) + EL(w)(1))
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Proof. Firstly, we recall that G have the form

Gl = G(N, VN; v¢7p7 S,W,gl)
G2 - G(N, V%I% Saw)

for G a generic smooth function which may be scalar, vector, matrix valued etc and A° have the form

A = A(p, s, N)
Al = A(p, s, Vi, N, VN)
A2 = A(p7 S, ﬂ? Vwa V1/;7 8t¢7 N7 VN, 8tN)

We start by estimating H@O‘G?‘ ‘LQ(Qi) and H@@O‘G2 ‘ ‘L2(Qi)’ Applying (12.1.1), we see that

HaaaGQHLZ(Qi)SF(||v||L°°(Qi)7;HakaHl(Qi))(Ha%HHl M Z Haaﬁ}

L2 Q
<a,B#a +)

E([lvllpoo () 100%0]| 12(qy)

for some smooth increasing function F, where v = (N, V'9), p, s,w), and we have estimated 8!,?;11# in

terms of ||| oo () for 0 < k < 4. Now we note that from the lower order estimate (12.3.1), we have
2
101 Lo 0y < Mg+ tKL(1)
Also,

100117 (01) < Ku(®)

1020771y < Ka®)

Qx)

If { = 3 then

AL

< c/ Hal(p, 5 + HalNH2 +[fovry
0 H1(Qy) H(Qx)

L2
+ [|0'w dr

2
‘ H(Q4)

H(Q4)
< K, (H)(t+ /0 EL(r) + Ep(r) + E(w)(7)dT)

where we have used the curl estimate (12.5.9) for the term involving w in the case of 3 time derivatives.
If | = 4, then

;o

SCLHymﬂEmm [ | +[[ot]
< CEL(t) + CEL(t) + (M) + tKu(t) (1 + EL(t) + EL(t) + EL(w) (1))

< (M + K () (1 + En(t) + E(t) + EL(w)(1))

L2 Qi)

2 2
dr

L2(Q4)

o
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where in the case of the highest order time derivatives we have used the estimate (12.4.3) for the front
in the second and third terms and the estimate (12.5.10) for the curl in the fourth term. Combining these

estimates, we see that
/0 laoec?] |12y 47 < (M + (D) (L+ EL() + EL(1) + EL(w)(D))
and
/0 169G, dr < Kut)(t + /U EL(7) + E1(7) + Ep(w)(7)d7)

Now let us estimate H@“G4 and H&@O‘Gﬂ | L2(r Applylng (12.1.1), we see that

22y

100°G |20y < Pl ey E:HM\\ 1Pl + 3|
B<a,fa
F(HUHLOO(F)) HaaaUHL?(F)
for some smooth increasing function F', where v = V' f. Note that

10, 00|00,y < Ku(t)

1020/ 710y < K

(24)
If 3 <1 <4, then

/WyMQ (h<o/Hy
0 L2(Q

< C/o Ep(t) + EL(r)dr

L( Q:I:)

where we have used the estimate (12.4.2) for the front in the case of the highest order time derivative.

Combining these estimates, we see that
t t
/0 HaaGA‘H;(r) - HaaaGLlH;(r) dr < Ku(t)/o Ep(r) + Ep(r)dr
Clearly we have
¢
L1107 ey + 11002 ey a7 < 115,00

Now we estimate ] ‘80‘6*1 Applying (12.1.1), we see that

HL%Q;&)’

L2 Qi

2
HaaGlHLQ(Qi)SF(HUHL”(Qi)’;HakaHl(Qi))(HaQUHHl ’ Zﬂ;auaﬁ‘

E([[oll oo i) 1070 L2 ()

for some smooth increasing function F', where v = (N, VN, V'1,p, s,w, g1), and we have estimated
O% 14 in terms of 1%1] o o) for 0 < k < 3. Note

(v, 0)||7 e 24y < K1)
2 2
10" 1710y < Kn(®)
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where we have used the fact that ‘ |82f‘ ‘22,5(1,) < K,(t). If 2 <1 < 3, then

o
<o [|lo.s H oy TPV

<K, (1) +C /0 E1(7) + EL(w)(r)dr

L2(Q4)

[0y * 1l 07

HO5(Qx) L2(Q4)

Combining these estimates, we see that
/ 16°G [2a g, dr < (MO + 1K, / EL(7) + EL(w)(T)dr + LK (1)
Now we estimate the terms involving A’. Firstly, we estimate D o t5=B,648 IVAN(D° U,V )
where |3] < |a| + 1 < 4. Setv = (p, s, V'¢p, N, VN). Note that
[ollZc 0y < My + tK,(2)

2
Ha%HL @) < Ku(t)fork <1
Q2+

2
Haka < K, (t) fork <2
H(Qx)

where we have used the fact that ‘ }82 V'f ! ’i]l s < K, (t) and the lower order estimate (12.3.1). The

@)
lower order estimates (12.3.1)-(12.3.3) imply

113 [fy1.00 (00y < My + EEL(E)
10 U}z 0,y < MO+ tKu(1)

For | = 3, we have

L1l =€ [ 10, €l

H'5(Qx)
< C/O Ep(r)dr
where we have used the lifting property for N. In the case | = 4 we obtain
/ Hal dT<C’/ Halp, H +Hal dr
2(0g) 2(Qx) HO3(Qy)

< C(EL(t) + EL(t))

where we have used the estimate (12.4.3) for the front in the case of the highest order time derivative.
Finally, if 2 < k£ < 3, then

IC& aHZ < &) (®)

HY(Qx)
Combining all these estimates, using the chain and product rule estimate (12.1.3), and estimating 8’;: Ly

in terms of |[¢)][ 00, ) for 0 < k < 4, we have

t

S~

> AN U,V ) dr
v+6=P,6#p L2(04)

< (P + 1, (0) E0(0) + E0(0) + K1) | (@) (r)dr

< (M + tEu(6))(EL(t) + EL(?))
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where we have used the estimate (12.6.3). Note that we also obtain that if 3y < 3 then

2

t t
/ Z 3WA1(55 U, vo° ) dr < Ku(t)/ Ep(t) + E(r)dr
0 ||y +o=po48 HU(Os) 0

Now, we estimate » . s 555 d7AY329; i where |3| < |a| < 3. Setv = (p, s, N). Note that

2
[0][70 () < M + tEu(2)

H@kvuim(ﬂi) < Ku(t)fork <1

H k”HHl(Qi) < K (t) for k <2

If 0 < k < 2then

Hakat izHQ < F(Hakat(J\f,u)H2 )

H1(Q4 H1(Qy)

< Ku(t)

We have

2
2
2 k <K
[[v]I7 (ﬂi)+;Ha UHHl(Qi) < Kul®)

For 2 <[ < 3, we have

[

9 e 2 T
mﬂdfgo/o |CAE R | A

t
<C/ Ep(r)dr
0

Combining all these estimates and using (12.1.3), we see that

2

t t
[ T owead) a<xo [ am+ammar
0 || +s=po8 (60 ’

< w0 [ “e1(r)ar

where we have used the estimate (12.6.3).

Finally, we estimate > 5555 OVA?29%(u, V ) where |3| < |a| < 3. Set
v = (p7 s, U, v/wv V%E, atw7 N, VN, atN)
If 1 < k <2 then

ol

< F(Hak(zv, u)’ i ) < Kyu(t)

H2(Qy H2(Qx)

We have

2
2
2 k
oo <
ol Zoo () + kzzl Ha vHHl(Qi) < Kl
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where we have used the fact that H@QV’f] ‘21‘5(1, < K,(t). For 2 <[ < 3, we have

) —_—
t
/o]
< C/t Ep(T) +EL(r)dr
0

where we have used the estimate (12.4.2) for f in the case of the highest order time derivative. Combining

2 I , , -
LQ(Qi)dfgc/O &', 5,00, v'5)|

;(Qi) + Halainp(ni) dr

all these estimates, estimating a’;;lw in terms of ||| Leo(q) for 0 < k < 3, and applying the chain and

product rule estimate (12.1.3), we see that
2

t t
/ > A (4, V ) dr < K,,(t) / EL(r) + EL(u)(r)dr
0 ||y+s=p.028 120) ‘

< Ku(t) /0 e (r)dr

where we have used the estimate (12.6.3).

Combining all of the above, we have proved the first set of inequalities. Now note that for 2 < 7 < 4,
d o2 . o
a HGz,a‘ }LQ(Qi) - 2((;7”&7 atGl,a)LQ(Qi)
< 1 Gi,a 2 o Gi,a 2
< ZH HLQ(Qi)—i_GH t HLQ(Qi)
Thus, integrating in time,
Gl <m0+t [Cliel, . d oGP d
| HLQ(Qi)— u"“g . | HL2(Qi) Tte ) e HLQ(Qi) T
1 .
< Mg + EK#(t)(t —|—/ EL(t) +En(1) + Ep(w)(7)dr)
0
+e(My) + () (EL(t) + EL(t) + EL(w)(t)
This completes the proof. O

Now we apply the energy estimate (11.6.3) to the equation for 9 %, where 1 < |a| < 3 and a3 = 0

to obtain the following estimate.
C'oo,l 2

€

)

t
| o0 il ar essoup 0 Bl < .

7€(0,t
Coo, t all2 al|? al|? ||
+€1/0 ZHGI’ “LQ(Qi)+Z“G2’ HLQ(Qi)—i_HG& HL?(F)JFHGZL HLQ(F)dT
T +

] ~ 2 o 2 « 2 a 2
+ a0 @[+ essomp(3 116 [y + 116 sy + 116412
T s +

t
b [ ST N0G iy + 1 ey + 106G gy i
+

To estimate the right hand side we use the estimate 12.6.4 for C' o and C'« 1 and the estimate 12.6.5 for

the G, thus we obtain

¢
/ |0 0% ﬁ||2Bo(T) dr + esssup ||0“ ﬂ||231(t)
0 7€(0,t)

<+ o+ [ € +Exln) + Eufe)nan)

+e(My) + K, (1) (EL(t) + EL(t) + E1(w)(1))
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Now to estimate the highest order space derivative, we apply the energy estimate (11.6.7) to the
equation for 9% U= vaﬁ, where 1 < |a| < 3 and a3 = 0. We obtain

t .
190 ]| 00 +/ [0 ][, dr < C ||0f 27 V7 aOHZ
0
t
+C°°vl/0 ZHGLCXH;’(Qi)+ZHG2’QH12LII(Qi) dr + HGMHQLQ(P)+ZHG4’QH12LII(F) dr
+ + +

COO,I t o t o
+ 2L [ il dr +c [ 100 Wl dr
Applying the estimates 12.6.4 and 12.6.5 to the right hand side, we obtain
2 ¢ 2
! o I o

190 il [y + [ 11970l o
1 t _

< MS + EK”(t)(t + / Er(m) +En(T) + EL(w)(m)dT) + €(M,9 +tK,(t)EL(t)

0

It remains to estimate the highest order normal derivatives. We proceed as in 11.6.9. Indeed, we see

from (11.6.9) that

PP+ VU o

n|* (J¥)?
2 /
= (-A +2Z§’ - V' 0z, 1) — A(pc?, V(pc®), Vb, VV, VN)((VN)v, (VVN)v, Vo)
[d
1 ~ 0 ~ 191
# 0 TN )N D)+ pNTON) =G4 9 -6

for some smooth function A.
Now let 1 < || < 3. We claim by induction on a3 for 0 < a3 < |«| that

/Ot IES m@#(ﬁi) dr < %MB + %Ku(t)(t + /Ot EL(T) + EL(1) + E(w)(r)dT)
+e(My) + K, (1)) (EL(t) + EL(t) + EL(w)(?))

We suppose it holds true for some 0 < a3 < |a| — 1 and attempt to prove it holds for a3 + 1. Indeed,

applying 9 to the rearranged interior equation where 33 < a3 + 1 and 1 < |3| < |a/, we have

2
Jz/J 2 2 !
9208 1 = 0° y( 12 umﬂﬂNaHZfN%%m
ppct(1+|VP1%) U |n]

— A(pc?,V(pc?),Vip, VV, VN)((VN) 4, (VVN) 4,V @)

1 ~ 0 ~ 51
0N )N @) 4 N (@) =G4 9 G))
n

=: 0°(G(0py ¥, 02,0, V)W)
= Y 0G0y, 02,1,0)0°w + GOy, D21, 0) 0w (12.6.11)
V+6=B,0#8

for some smooth function G, where
v = (V', YV, p,s w,u, V', 0, N,VN,ON,u,V U) (12.6.12)
w=(Vu,Vp,Vs,Vw, VN, (VN) 4, (VVN) 4, V'V 4,0, u) (12.6.13)
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Now we note that, using the lifting property of N, and the lower order estimates (12.3.1)-(12.3.3), we
have
[0l Zoe () < M + K (2)
100][F1 (0, ) < M+ tKu(t)
Ha2vl|iﬂ(9i) < Ku(t)
|70y < Kou()

H(@w,82 HL?(Q )<K (t)

Using the estimate (12.4.2) for f in the case the highest order time derivative, the existing high-order
time derivative and tangential space derivative estimates for % and the previous induction step in the case

B3 > 0, and the lifting property of N we have

! 3, 112 ! 3,112 Lo
L6l ar+ [ 1157 o < 205

+ %Ku(t)(t + /0 t EL(r) + E(7) + Ep(w)(7)d7) + (M0 + tK,(6)) (EL(t) + EL(t) + EL(w) (1))

Combining these estimates and using (12.1.3), we obtain
t 1 1 ! =
[ llezo? [, dr < tME+ LR+ [ 6+ E0() + Eul)(r)ar)
0 L Qi) € € 0

+e(Myy + K, (1) (EL(t) + EL(t) + EL(w)(1))

Combining this with the existing tangential estimates, we obtain

t 2
Zi:/o o? uHH(Q dr < M0+ K /sL (7) + £1.(w)(r)dr)
+ (M) + tK,(4)(EL(t) + EL(t) + EL(w) (1))

This is the next step of the induction, and we have also proved the case 53 = 0 which starts the induction.
This completes the estimate of the normal derivatives.
Combining all the above estimates, we have shown that

£ < MY+ TR+ [ €0+ Ex(r) + Exl)(r)dn

+ (M + tKu (D)) (EL(t) + EL(t) + EL(w)(1))
Now using the estimate (12.6.2) and the estimate (12.4.1) for the front, we obtain
1 1 t -
Er(u)(t) < EM‘? + EKu(t)@ —i—/ EL(T)+ EL(7) + E(w)(T)dT)
0
+e(M) + K, (4)(EL(t) + EL(t) + EL(w)(t))
This completes the proof of the estimate of the velocity 12.6.2.

Proposition 12.6.6. The normal component of the velocity, u-n, satisfies the following additional energy

estimate.

Z/Hajun

dr < M°+ K t+/SL (1) + EL(w)(7)dT)

H35=3 (1)
+e(My) + K, (1)) (EL(t) + EL(t) + EL(w) (1))

fort € (0,7).
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Proof. Let 0 < j < 3. Applying 8tj to the pressure interface condition (9.1.9) we have
/ ,] ,] 2 ¢ 1 1 / ~ 1
(1—-ANO (u-n) =0 ([pc*VY - u— —p] — —oV' -0+ —g2)
H M H
We apply lemma 8.16.1 with
z=8(u-n)
j 2 w 1 1 / ~ ].
h=09/([pc*VY -u— —p] — —oV' -1t + —g2)
H H H

to conclude that

2

07 ()| ;H(p)

<c|

j 1 1 1
R([pe*VY - u = —p] = 0V i+ — o)
1% H H

H3-5-3(T)

Now we integrate in time and us the Sobolev trace lemma to obtain

t i 2 t
/0 o m) ooy &7 0/0
t

1
Yu—=p)
1

2
dr

j 1 1 1
R([pe*VY - u = —p] = oV i+ —g0)
1% H H

H3-5-3(T)
2 2

d¢+c/0tHag(—av’-ﬁ+gz)] dr

H4=3(Q4) H3:5=3(T)

Note that

/

where v = (p, s, V', Vu) and G,G are smooth functions. Using the lower order estimate (12.3.1), we

2 2

; 1
o (pe*V" - p)

‘ dr
H4=i(Q4)

L@ = [ |t Conmce)

H4=3(

have

0] 70y < M+ tEL(2)
1070|700y < Kp(t) for0 < |5 <1

Also, from the definition of £, (t) and the estimate of the velocity 12.6.2,
2
1070] 220,y < CEL(E) for2 < || < 3

t 1 1 ¢ 5
/ H@VVUH%Q(Qi)dT < GMB+€K/‘(t)(t+/ EL(t) + En(1) + Er(w)(7)dT)
0 0

+ (M, + K, (6)(EL(t) + EL(t) + EL(w) (1)) for |y =3

Combining these estimates and using the chain rule proves that

[

1 2

& (p*V" - u — ;p)

dr

HA3(Qs)
%MM L /& )+ E0(7) + E1.(w)(7)dr)
+ (M) + tK,(8)(EL(t) + EL(t) + EL(w)(t))

Clearly,

2

P dr < tK,(t)

to
| llote
0
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Finally,

dr

2 t .
i [ o)

t
[ o
0

for some smooth function GG. Note that we have

2
H3-5-3(T)

2
OV [0y < Ku(t) for 0 < 7] <1
Also, from the definition of £r,(¢),

10V F |50,y < CEL(E) for2 < 7| <3

Q4)

Combining these estimates and using the chain rule proves that

t
[ o
0

Using these estimates we obtain

[ ot

H5-5-3(T)

2 t
H85-4(r) dr < CKM(t)/O Er(t)dr

dr < %ij - %Ku(t)(t - /0 EL(T) 4+ Ep(r) + Ep(w)(1)dT)

+ (M) + tK,(8)(EL(t) + EL(t) + EL(w)(t))

as required.

12.7 Conclusion of the Energy Estimate
Putting together what we have so far we have shown that

E1(1) + E0w)() < TMD+ LK (1)1 + /0 E4(r) + E0(r) + E0lw)(r)dr)
+e(Myy + K, () (EL(t) + EL(t) + E1(w)(1))
fort € (0,T).
Moreover from (12.4.4), (12.5.6), and (12.5.7), we have
p =07 —tK,(1)
P = Oy = LK (1)
JY > k0 —tK,(t)

Choosing € = , we obtain

1
S5(MO+tK,(t))

Er(t)+En(w)(t) < Mg + K, (t)(t + /Ot EL(T) + EL(T) + Ep(w)(r)dT)

+ %(EL(t) +Er(t) + Er(w)(t))

fort € (0,7") where we have redefined M 2 and K, (t). Rearranging we obtain

10+ €0 MY+ K00+ [ €0(r) + E1() + E0(e) (7)) + 16100

fort € (0,7).
This completes the proof.
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13. The Fixed Point Scheme

Here we intend to prove the existence of a solution to the p-approximate equations for fixed p using the

contraction mapping theorem. See 3.8 for a summary of the approach.

13.1 The Functional Framework

In this section we assume we are given initial data (UJOH UY, f9) for the p-approximate equations with
52 < oo which satisfies the compatibility condition 7.2.6 up to order 3 and the compatibility condition

7.2.7 up to order 2 and

glfpo =6">0
+

igrzlifpg =: 52 >0
iIlngwO =xr">0
R

Definition 13.1.1. We define the set Y as follows.

Y ={(Uy,U_, f): Ux € L((0,T) x Q), f € L=((0,T) x ") with E.(T') < R,
O (U, U=, flimo = 9677 (U, U2, f°) for 0 < j < 3, [u-n] = 0}

where R < oo is a constant which will be fixed later, sufficiently large depending the initial data,
T € (0,1] will be fixed later, sufficiently small depending on the initial data, and £7,(¢) is the energy
associated to (U4, U_, f) as defined in 7.3.2. Note if sufficiently many weak derivatives do not exist to

define &,(¢) then we adopt the convention &, () = oo.
Definition 13.1.2. We define the Banach space Z as follows.

Z ={(Uy,U-, f,w) : Uz € Ljoo((0,T) x Qx), f,w € Lip((0,T) x T)
with ”(U+aU*7f7w)||Z < OO}

where
|(Us, U=, fw)llz = [(Us, U=, f,w)ll 27
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and for each t € (0, 7] we define

(U, U=, £,w)l1 5
J 2 J
P LU WIS f AL PREED vh oy A LU I

+ 3 wssup s+ [ 108 ey 00

t 2
o+ H@jw‘ _
maw>[2;ré RUZEETy

dr

- 3 el

We define the metric dy on Y as follows.

Ay (Us Uy ), (04, 0= ) = || (U2 U fowm) = (04,0 frio )|

Clearly Z is a Banach space with norm |||
(UL, 09, f%u0-n%) € Z.
Note that ||-[| is defined so that ||(Us,U—, f,u- n)HQZ(t) is effectively equal to the linearised

g and if (Uy,U_, f) € Y then (Up,U_, f,u-n) —

energy &7, but two orders of derivatives lower and with L2-in-space instead of L°°-in-space norms at

zero order.
Proposition 13.1.3. Y is a complete metric space with respect to the metric dy.

Proof. Let (UL,U™, f") be a sequence in Y which is Cauchy with respect to the metric dy. Since
Z is a Banach space, there exists (Uy,U_, f,w) with (Uy,U_, f,w) — (U2, U2, fu° - n%) € Z
such that H(U_’ﬁ, ur, frou-n™) — (Ug, U, f,w)HZ

if necessary, we know that U} converges almost everywhere to Uy in (0,7)) x Q4 and f™ converges

— 0. In particular, passing to a subsequence

almost everywhere to f on (0, 7") x I'. We now show that £1,(T") < R, where we write £y, for the energy

associated to (U, U_, f). Let us write £} for the energy associated to (U}, U, f™). We know that
EL(T) < R

for all n. Thus we may use weak-* compactness to obtain a subsequence n; which converges weakly-x
with respect to the L? and L norms making up the energy £1.. Using the weak-* lower semi-continuity

of norms, we have
EL(T) < liminf £*(T) < R
k—o0
We may use Sobolev compact embedding theorems to obtain that
(Uﬁkv Uilk7 fnk7 v/fnk) — (U+7 U—7 f7 v/f)
uniformly on compact subsets of (0,7) x Q4 (or (0,7") x I as appropriate) and hence we have

(U+7 U—7f)|t:0 = (UJ?, U97f0)
[u-n]=0
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Now let w € C°((—o00,T) x R?) and let 0 < j < 3. Integrating by parts in time, we have

/ T U wdadt = — / U™ dywdadt — o7 U%(0)dx
0 JQi 0 JQg Qt
Using weak convergence and letting £ — oo, we obtain
/ M Uwdzdt = —/ o Udywdzdt — U w(0)dx
0 JOg 0 JQg Qg

Integrating by parts in time again we obtain

NUl—ow(0)dz = [ 8497 U w(0)dz
O Q4

Since w(0) for such w forms a dense subset of L?(R?), we obtain that
& (U, Um0 = 097 (U2, U°) for0 < j < 3
Doing exactly the same for f we obtain
0] fli—o = 09 fOfor0 < j <3

This completes the proof. O

13.2 The Contraction Mapping

Proposition 13.2.1. Given a background state (Uy,U_, f) € Y, there exists a solution (Uy,U_, f) €
Y of the linearised equations with background state (U, ,U_, f) assuming we have chosen T > 0
sufficiently small and RO sufficiently large depending on the size of the initial data. In fact T and R°
should satisfy the following inequalities.

11 1
RO 2 Ru(5,97 @a 5707 E?Eg(l))
12
11 1
T<TM(R0,52,E,5—O,E,E9(1))
I

where R, is a smooth increasing function and T}, is a smooth decreasing function. Moreover, if w is the

corresponding solution to the linearised curl equation 9.1.5, we may assume
EL(T) + EL(w)(T) < R

Proof. Let us assume we are given a background state (U, U_, f) defined on the interval (0,7) with
EL(T) < oo satisfying the conditions of 9.5.1. We let (Uy,U_, f) be a solution of the linearised
equations with background state (U, U_, f) as given by proposition 9.5.1 on the time interval (0, T),
where T € (0,T) and if T < T then one of the following holds as ¢ 1 T".

50

inf p— —
e’ T d
(50

inf p, — -
ve. T g

1
inf JY — ~x0°
z€ER3 4
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We note that from 9.4.1 we have the energy estimate
1_
EL(t) + Ep(w)(t) < Mo+ tKp(t) + Z5L(zf)
for t € (0,T), where £, denotes the energy associated to (U, U_, f). We also have

p>8" —tKra(t)
> 0 — KL 3(t)
JY > kY —tKpa(t)

on the time interval (0, 7) where
Kri(t) = Fui(E(t), EL(t), Ep(w)(t), M,);)

for some smooth increasing function F), ;(-) and where M, 0 has the same form as M 2 .
Let us suppose R® > 2M}) ; and assume for the moment &, (T') < R’
Now we let 70 = sup{t € (0,T))} such that the following hold.

EL(t) + En(w)(t) < R°

inf inf > 150
7€(0,t) T€QL 2
1

inf inf > —§0

7'61180,15) zle%i pu(T) —2H
1

inf inf JY(r) > =&

7'61?0,15) rlenR3 (T) - 2KI

Note that by uniform continuity we have 7° > 0 and either 7° = T or one of the above inequalities
holds as an equality. If 70 = T then to avoid contradiction we must have 7° = T = T, so clearly
(together with the other properties of the solution stated in 9.5.1), we have (Uy,U_, f) € Y if Y is
equipped with the time 7" and the constant R?. Otherwise, one of the following holds.

EL(TY) + EL(w)(T%) = R°

inf p(T°) = 150

€N+ 2
1

f TO 0

(T =50,
1

inf JY(TY) = =&
z€R3 ( ) 2

Using the above inequalities, this means one of the following holds

1 3
RO < M)+ TF,1(R°, R, R°, M) ) + ZRO SR+ T°F, 1 (R, R°,R°, M) )

W

1
—(50 2 (50 — TOFu72(R07 RO; Roa MS,Q)

552 > 62 u,S(ROaROvRongﬁ)
1
2/1 >:‘€ —TO (RO R RO MO )
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Hence one of the following holds

RO
TO Z 0 0 0 0

4F,1(R%, RO, RO, MY )

7% > &
= 2F,5(RO, R, RO, MY ,)

0

70 > Ou
~ 2F,3(R° RO, RO, M) 5)

70 > K

= 2F,4(R°, RO, RO, M) )
We set T' to be the minimum of the quantities on the right-hand side of the above.

Thus, if (U, ,U_, f) € Y where Y is equipped with time time 7" and the constant R as just defined,
then we may take T = T in the above proof and the assumption £1(T) < R° automatically holds.
Together with the other properties of the solution stated in 9.5.1, this implies (U4, U_, f) € Y if Y is
equipped with the time 7" and the constant R°. O

Proposition 13.2.2. For i = 1,2, let (UL, U", f') € Y be solutions of the linearised equations with
background states (UL ,U", f*) € Y, as described in 9.1.1. Then

dY((Uia Ulv fl)v (U-%-y Uza f2)) < )‘dY((U—}—a Uiy fl)a (Uia 037 f_Q))

for some A < 1 which is fixed independent of the solutions and background states, provided we have
chosen T > 0 sufficiently small and R° sufficiently large depending on the size of the initial data. In fact
T and R should satisfy the following inequalities.

- 1 1 1
RY > Ru(827 507 507 EaEg(l))
i
- 1 1 1
TSTM(R()?‘S;(L)’@’(;T’E’EQ(U)
I

where Ru is a smooth increasing function and Tu is a smooth decreasing function.
Proof. See chapter 14. O

Proposition 13.2.3. Define the map ® : Y — Y by (U, U_, f) v (Uy,U_, f) where (Uy,U_, f)
is the unique solution of the linearised equations with background state (U ,U_, f) as given by 9.5.1.
Assume that R° and T satisfy the inequalities in propositions 13.2.1 and 13.2.2. Assume also that the
space Y is non-empty. Then ® has a fixed point.

Proof. By proposition 9.5.1 we know that

gL(T) < 00
8‘tj(U+7Uf,f)|t=0 = 661«79,j(U_("]_’U9’f0) for 0 S] <3
[u-n]=0

By proposition 13.2.1 we have

E(T) < R°
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and hence (U4, U_, f) € Y. Now proposition 13.2.2 implies that the map ® : Y — Y is a contraction.
Since Y is complete, we may apply the contraction mapping theorem to conclude that ¢ has a unique

fixed pointin Y. 0

13.3 The Existence of a Solution to the ;-Approximate Equations

Lemma 13.3.1. Suppose (Uy,U_, ) is a fixed point of the linearised equations on the time interval
(0,T), by which we mean (Uy,U_, f) together with (w4,w_) is a solution of the linearised equations
on the time interval (0,T) as defined in 9.1.1, linearised about the state (Uy,U_, f), with initial value
(Us, U, flli=o = (UL, U°, f9). Suppose also

EL(T) < 00
50
p=—

<,

4
0
I
4

1

4

v

Pu

JY > <k

—K

v

where Er,() is the linearised energy associated with (Uy.,U_, f). Then (Uy,U_, f) is a solution of the
p-approximate equations on the time interval (0,T') with initial data (U?L, Uo, £9).
Moreover; there exists TB € (0,T] and C’B > 0 such that
Su(min{Tl?,T}) < C’S < 00

0
p> % in (O,min{Tg,T}) X Qi

50
Pu > 5” in (O,min{TS,T}) X Qy

1
JY > Zk%in (0, mim{TS7 T}) x R3

2

Y

The constant CB > 0 is bounded above as follows.

1 1
00 < Cul€ <, =

o (5075 Eg(l))>0

1
0’ ,.0°
ook
where C,,(+) is a smooth increasing function of its arguments, and may depend on .

The time TS > 0 is bounded below as follows.

where T),(-) is a smooth decreasing function of its arguments, and may depend on .
Proof. Note that the definition of the linearised equations implies that
1
— @ +u? V)p+ VY u=0 (13.3.1)
pc

pu(O+u¥ - V)w = =V, x (0 +u¥ - V)u — puleijudfwdfup) + V¥ x g1 (13.32)

pu(@+u? - V)u+ VPp = pV? (p?VY - w) + g1 + uV¥ x (pPw) — pV¥ x (p?V¥ x )
(13.3.3)

(O +u¥-V)s=0 (13.3.4)
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in (0,7) x Q4 and

Of =ugr-n (13.3.5)
[p— ppVY¥ u) = —oV' i — p(A — 1) (u-n) + go (13.3.6)
nx (V¥ Xug) =n x we (13.3.7)
on (0,7) x I, where
= Laf

1
= (o, 5 (ug — ' - V' — 0))
Thus it remains to show that the velocity equation
pu(Or +u? - V)u+ VP = uV? (p* VY - u) + g1
holds, which will follow from the above if we can show
w=VYxu
To do this we take the curl of the equation (13.3.3) and compare it to the equation (13.3.2). Using
lemma 9.6.1 and the fact that ¢» = 1) and u = @, we see that V¥ x w satisfies the following equation.
pu(Or +u? - V) (VY xu) = V¥, x (8 +u¥ - V)u — pu(eijk(?;/)ulﬁzbuk) + V¥ x ¢
+ uVY x (V¥ x (pcw)) — uV¥ x (V¥ x (p®VY¥ x u))

Subtracting the curl equation (13.3.2) and writing £ = pc>V¥ x u — pc?w, we have

§

(O +u’ - vxﬁ = —uV¥ x (V¥ x§)

Multiplying by £ and integrating by parts separately in {2 we obtain

1d 1 Pu (o 2
s oalePar g [ P ler ar
1
-1 / douleda sy [ V- o) e o
Q4

1 1 1
_Z _Z Yo7 2
3 |, o [ g V) leP

i,u/an(waf)fdx’—,u/

Qi

VY x {’2dx—u/ﬂ axg(%) % (V¥ x £) - da

Note that using the basic vector identity (axb)-c = (cxa)-b we have nx (V¥ x€)-£ = (nx&)-(V¥ x¢&) =
0 using the boundary condition (13.3.7). Hence, using this together with the fact that (u¥)3|pr = 0, we

have

d 2
. <

where the constant Cpy, r < oo depends on HUiHWl,OO((O,T)in) and [ f|lyy2.00(0.17)xr)- We used

Cauchy’s inequality to absorb the last term into the second to last term. Note that by definition

Et+lt=0 =0

201



hence we may apply Gronwall’s lemma to conclude that £+ = 0. This proves that (Uy,U_, f) is a
solution of the p-approximate equations on the time interval (0, 7).
Since (Uy,U_, f)li=0 = (UL, U2, f%) and (U4, U_, f) solves the y-approximate equations, it is

now clear by definition of the initial time derivatives that
O (U, U=, flimo = 99 (U, U2, f°) for 0 < j < 3

Thus we may apply the linearised energy estimate 9.4.1 with background state (U, U_, f) to conclude
that

E(t) + Ep(w)(t) < MY + K, (t)(¢ + /0 t EL(7) + E(w)(r)dr) + %&(t)

for t € (0,7") which we rearrange to obtain

EL(t) + Ep(w)(t) < My + K, (t)(t + /Ot EL(r) + E(w)(r)dr)
Now we relate £1,(t) + £ (w)(t) and &,(t) using 9.3.3 to obtain

Eult) < MY+ K, (t)(t + /Ot E,(r)dr)
< My + tFyua (M1, Eu(t))
Where F), 1 is a smooth increasing function and M, SJ has the same form as M B. Moreover, we have
p> 6" —tK, o(t)
Pu 2 52 — tK,3(t)
JV > kY — K, 4(t)
on the time interval (0,7") where K, ; have the same for as K. Note that we can write K, ;(t) <

Fui(M 3 ;»€u(t)) for some smooth increasing functions F, ;.

We let T)) = sup{T" € (0,T)} such that the following hold for all ¢ € (0,7").

Eut) < 2M),
0
inf p > —
infp >

= N <2

inf
o=

0

l\’)\r—tw‘oq

inf JY >
R3

Note by uniform continuity that T0 > 0 and either TO T or one of the above inequalities holds as an

equality. In the latter case one of the following holds.

2Mp) o < Mo+ T Fu1 (M), 2M))

> 00 = Ty (M 5, 2M,, )

> 52 - T;?Fu,?)(Mu 33 2M )

> K — TSFMA(MM 472M0 )

M‘ Eow“:cqow‘%
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and hence

70 > i { Mo 50 50 ,{0 }
min ’ ,
This completes the proof. 0

Lemma 13.3.2. The metric space Y is non-empty for sufficiently large R° where R depends on the high

order energy E° < 00. More precisely, RY

max

should satisfy

max

of the initial data (U, U°, f°), provided we assume E
R > Fu(Enmax)
where F),(-) is a given smooth increasing function.

Proof. We define (U, U_, f) in terms of the initial data as follows.

3
1.
pr=)_ —t/ 0y SIpd
— j!
J
501
S+ = Z ﬁtjﬁg’g’]si
=07’

501
=07’
Then clearly
O (P 5. Ple=o = 057 (L, s, f°) for 0 < j < 3

Note that having defined f we can now compute n, 72 etc in terms of f. Now, following the notation for
the rotation matrix N defined in terms of f such that (N ~w)3 = w - n for any vector w, as defined in

section 11.3, we set

Then we define
501 .
u(t) = N(t) Y <t @
- J:
7=0

Note that the definition implies that for 0 < j < 3 we have

Auli—o= > OF (NN (t))]1=00% " u°
k+l=j
— agvgz.]uo

as required. Also,

[u-n] = [(N_IU) ]

- Z tjﬁ“ g,J mO
_ Z 775]8# g,J no]

:0
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since the initial data satisfies the compatibility condition 7.2.6 up to order 3.
Since the initial data is smooth, we have £7,(1) < oo, where Er,(t) is the linearised energy associated

with the above (U, U_, f), so we have (Uy,U_, f) € Y provided
RO > &.,(1)
We note that

max)

Er(1) < Fu(&;
for some smooth increasing function F),(-). This completes the proof. O

13.3.1 Conclusion of the Proof of the Existence of Solutions to the ;i-Approximate Equa-
tions

The proof of theorem 7.4.1. By lemma 13.3.2, we have that the space Y is non-empty for sufficiently
large R" depending on the high-order energy £°.  of the initial data. Propositions 13.2.1 and 13.2.2
show that the map ® : Y — Y defined by (U, U_, f) — (U, U_, f) where (Uy,U_, f) is the unique
solution of the linearised equations with background state (U, U_, f) as given by 9.5.1 is a well-defined

contraction, provided that R and T satisfy the following bounds.

where R, is a smooth increasing function and 7}, is a smooth decreasing function. Thus we set RY to be

the maximum of R,, (€Y, &, &, 15 E, (1)) and F, (2

» 505 30 20 ax) as given in lemma 13.3.2, then set
s g

1 1 1
T=T,R" &) —, <, —,Ey(1))
1§07 69" k0

We apply proposition 13.2.3 to conclude that ® has a fixed point (U4, U_, f) € Y. We then apply

lemma 13.3.1 to conclude that (U,,U_, f) is a solution of the p-approximate equations on the time
interval (0, 7). We also obtain a TS € (0,7] and CB > ( such that

Eu(min{TE,T}) < C’S < 0
§0 .
p> 5 in (O,mln{TB,T}) X Q4
50
Ko (0
Pu > 5 in (0, min{7,,T}) x Q4

1
J¥ >~k in (0, min{T7, T}) x R?

2

Y

The constant 02 > 0 is bounded above as follows.

1 1
Ch<CuE), <

M’@’ 5 Eg(l)) >0

1
0’ .0’
u K

where C),(+) is a smooth increasing function of its arguments, and may depend on .
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The time T’ 3 > (0 is bounded below as follows.
1 1

1
0 0
Tli 2 Tu(g/u 507 627@3Eg(1)) > 0

where T),(-) is a smooth decreasing function of its arguments, and may depend on .

Redefining T)) = min{T}), T'}, so that the lower bound becomes

1 1 1
0 0
T'u, Z Tu(gmaxa 5707 @7 E? Eg(l)) > 0
where 7),(-) is a smooth decreasing function of its arguments, we complete the proof. 0

13.3.2 Conclusion of the Proof of the Existence of Maximal-Time Solutions to the -
Approximate Equations

The proof of theorem 7.4.2. We need to maximise the time interval of existence of a solution to the -
approximate equations as given by 7.4.1. We wish to take the final data of the solution given in 7.4.1
and use it as initial data. The only problem is we needed to assume the initial data was smooth in order
to prove the space Y was non-empty. To overcome this we will construct a background state using the
solution given by 7.4.1 and note that we did not need to use the smoothness of the initial data elsewhere.
Let (Ug, UY, %) be smooth initial data as given in the statement of 7.4.2. Let T = sup{T’ €
(0,1)} such that there exists a solution (U;,U_, f) to the p-approximate equations with initial data
(UY,U°, f°) on the time interval (0, 7") satisfying the inequalities
Eu(t) < o0
infp >0
e
inf p,, >0
inf o
inf J¥ >0
R3
forall t € (0,7"). Note that by 7.4.1 we have T > 0. If T = 1 then we are done, so assume not. If one
of
E,(t) = o0
inf p — 0
o
inf p,, = 0
inf oy
inf JY — 0
R3
holds as t 1 T then we are also done so suppose not. In particular, note this implies that

E (T)<C < oo
1

inf infp>—=>0
te(0,T) 2+ C
1

inf infp, > = >0
te(0,7) 2+ C
1

inf infJ¥> % >0
te(0,T) R3 C
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for some constant C' > 0. Note that (Uy,U_, f) together with wy = V¥ x ug solves the linearised
equations with background state (U,,U_, f), hence we may apply the energy estimate 9.4.1 together
with the relation between Er,(t) + £ (w)(t) and £,(¢) given by 9.3.3 to obtain

t
&.() < MY+ (o)t + [ &,(r)dn
0
forall t € (0,7), where K, (t) = F, (M}, E,,(t)). Thus an application of Gronwall’s lemma implies

E(T)<C

where we have redefined C, which may depend on M, 3 . Note that for arbitrary € € (0, T) we can pick
T¢ € (T — ¢, T] such that if we set

(U, 0%, 19 i= (U4(T%), U~ (T, £(T))
then we have

52’6§6~‘<oo

| —

6% :=inf p%¢ > = >0
Qg

= Q

O, .__ : 0,€e
1) .—glifpu >=>0

Q

c 1
1O .= inf J¥” > _—>0
R3 C

where £ denotes the initial energy associated with (UE’E, U, f9¢). Let us also define, for ¢ € (0, 1),
g (t) = g(t +71°)

Technically, ¢ is only defined on the time interval (0,1) but we may as well extend it via Sobolev

extension to be defined on the time interval (0, 2). Note that this implies
E4(1) SCE4(1) < o0

Note that since (U, U_, f) is actually a solution of the p-approximate equations with right hand side g,
by differentiating with respect to time and evaluating at ¢ = 7' we see that the newly defined initial data
(UJOF’G7 U 9’6, [0 satisfies the compatibility condition 7.2.6 up to order 3 and the compatibility condition
7.2.7 up to order 2 for the u-approximate equations with right hand side g°.

We define a background state (U, ,U_, f) on the time interval (0,7¢) as follows. We extend
(Ui, U—, f) to the time interval (0,27°) in the following manner. Firstly, extend p, s, f to the time
interval (0, 27°¢) by Sobolev extension. We set

ti= N"1uon (0,7°)

where N is the rotation matrix defined in terms of V' f in section 11.3 such that (N ~tw)3 = w - n for
any vector w. Then we define % on (0, 27¢) by Sobolev extension, then we set v = N % on (0,27°).

Note since Sobolev extension is linear we have

[ n] = [(NT'N )s] = [us] = 0
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on (0,27¢) and u|(g ey = NN~'u = u. Thus we have constructed (U4, U_, f) on (0,27¢). Now we
define (U4 (t),U_(t), f(t)) = (UL (t +T),U_(t +T°), f(t + T¢)) for t € (0,T°).

Now in the definition of our space Y we take (Uﬂ’e, UE’G, f%€) as the initial data and note that by
construction (U, U_, f) € Y provided we take the time 7' > 0 in the definition of Y small enough such
that 7 < T and the constant R large enough depending on the energy of (U.,U_, f) (which in fact
depends on £7°, which is bounded by &£,(T)) such that E(T) < R.

We now run the argument from the previous proof again. Propositions 13.2.1 and 13.2.2 show that
the map ® : Y — Y sending an element of Y to a solution of the linearised equations with background
state given by that element is a well-defined contraction, provided that R® and T satisfy the following

bounds.

1 1 1
0 0,
B> RE e sy e B (1)
“w

1 1 1
0 ¢0,
T § T/J(R ,(‘:Me, 60’6, 50757 HO’E, ge(l))
w

Let us increase R and decrease 7 if necessary such that these inequalities are satisfied. Note that this

implies we may choose R" and T such that R%and T are bounded as follows.
R" < R,(C, Ey(1))
T > T,(C, E4(1))
for some smooth increasing function R, and some smooth decreasing function 7,.

We apply proposition 13.2.3 to conclude that ® has a fixed point (U$,U¢, f€) € Y. We then apply
lemma 13.3.1 to conclude that (US,U*, f€) is a solution of the pi-approximate equations on the time
interval (0, T') satisfying, for ¢ € (0, 7)),

E(t) < oo

inf p¢ >0

ol

inf p¢ >0

inf >
inf J¥* > 0
R3

We now use uniform continuity of the solution and its derivatives to patch together the solution
(U4, U—, f) on the time interval (0,7°) with the solution (U, U<, f€) on the time interval (0,7") to
obtain a solution satisfying the above inequalities on the time interval (0,7 + T'). Note that we have a
lower bound on 7" independent of € as ¢ — 0 and hence we may choose € such that T° + T > T. But

this contradicts the supremum definition of T. Hence we must indeed have either 7 = 1 or one of the

following must hold as ¢ 1 7.
E,(t) = o0
inf
gli p—0
inf
1&[ pu—0
inf J¥ — 0
R3

This completes the proof. O
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14. Proof of the Contraction Property

In this section we aim to prove the contraction property as stated in 13.2.2. Note that the proof is very
similar to that of the linearised energy estimate proved in 12. We are working two orders of regularity
lower than the energy estimate so we do not need to be so careful about estimating coefficients. The
only other change is that we take the difference of the equations for two solutions after differentiating
before proceeding as in the linearised energy estimate. We write terms of the form G(U!, 4!')0%0U" —
G(U%,4?)0%0U? as G(U', 100U — U?) + (G(UY,4) — G(U?,4?))0%0U? and estimate the
first term as in the linearised energy estimate. The second term is estimated be applying the mean value
theorem to G(U*,4!') — G(U?,4?) and using the fact that this is a lower order difference term, and

using the higher order energy bound to bound the factor 9*9U2.

14.1 Notation and Definitions

Let RV and T satisfy the inequalities given in 13.2.1.

For i = 1,2, we let (Ui, U’ f%) be solutions of the linearised equations with background states
(UL, U™, f') € Y, as given in the statement of 13.2.2. We let w’ be the corresponding solutions of the
linearised curl equation (9.1.5). Note that since R" and T satisfy the inequalities given in 13.2.1, we

have (UL,U", f) € Y and in particular
EL(T) + EL(w')(T) < R°
where &} (t) denotes the energy associated with (U, U", f*).

Notation. In general we will use the superscript * where i = 1,2 to denote quantities associated with
the solution (Ui, U, f%) or the background state (Ui, Ut f%) and if there is more than one superscript
then we will write the superscript i last with a comma before the 1. In particular, we use the following

obvious notation.

|

Definition 14.1.1. For notational convenience we define

2
SA(t) = H(U-}—levflaul : nl) - (U—?—’Uzaf2au2 : n2)HZ(t)

= = 1 -1 - = - _9  _ 2
gA(t) = H(U-}-levflvul 'nl) - (U_%_,UE,F,U,Q 'nQ)“Z(t)
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We also define
2 2
En(w)(t) = gess(?)lg) 0! = 2|2y + El; css sup 10! = )| 120y
t
2
—+ Z:t:/o ”8t(w1 _ W2)HH1(Qi) dr

We aim to show that

EA(t) +Ea(w)(t) < %KL(t)( /O t EA(T) + Ea(T) + Ea(w)(T)dT)
+ eKr(t)(Ea(t) + Ea(t) + Ea(w)(D))

for all t € (0,7") where we are free to choose ¢ > 0. In this section we modify the definition of Ky, (¢)
slightly to include the energies £} (¢) of both (UL, UL, f!) and (U2?,U2, f?) and the energies & (¢) of

their background states and the energies £1,(w?)(t) of their associated curls.

14.2 A Mean Value Lemma

The following simple lemma will be very useful.

Lemma 14.2.1. Let || > 0. Suppose that fori = 1,2 and 0 < |B| < |a/|, we have 0%v* € L>((0,T) x
Q)N L>®((0,T); L*(4)). Let G be a smooth function. Then

2
0G0 = G|y < FQS D 110 ]|y Do |07 =)

L2(Q
i=1 0<7<a 0<pB<a (@)

for some smooth increasing function F.

Proof. Note that using the Fundamental Theorem of Calculus, we have

G — G?) = /01 %G(v2 + s(v! —v?)ds

1
/ DG(v* + s(v! —v?)ds(v! — v?)
0

where DG denotes the derivative of G with respect to its arguments. Now we apply 0“ and use the chain

rule, then square both sides and integrate over ) to obtain the result. O

14.3 Contraction in the Front
Proposition 14.3.1. Define

. 2 t
a0 = essonp 3 [0 = ]y, ] 087 = ey
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The front satisfies the following estimates fort € (0,T).

exth < & / Cen()dr 4 Ea )

(14.3.1)
L g2 2 =
ess sup H@J — f? ‘ / Hﬁj ’ _ <C’/ Ea(T)dr
T€(0:1) g<j<1 H>= (D) <Z:<1 B> (D) 0 7
(14.3.2)
j+1 ]+1 2 < &
S =t 3 el = < 0o
<<
(14.3.3)
Proof. We note that
Z / H@JH 2 ‘2( - dr+ Z esssupH@j+1 fQ)‘2 _
05<1 H35-3(T) 0<j<1 T€(0.0) H?~J(T)
t 2
@ -at —a?-a? ‘ dr + esssupHc‘)J at-at—a?-a? ‘
0;1/0 H £ Miss-sqry 0;1 e (0.) Miz-siry
< CEA(L)
by definition of Ex (¢). This proves the third estimate.
Now note that, for 0 < 57 <1,
d 1aj 1 o202 iH1, el 2\ aigel | g2 .
G [ =2, gy = 20 = P00 = P
: 2 101 .
< +lopl _ f2 ~ 19 ( 2
- eH@i (F =1 )} H35-3(I) T Hat -f )‘ H35-i(T)
Integrating in time we obtain
. 2 t 2 1 [t . 2
1 42 < G+l el g2 / 11_2’
H@f(f / )‘ H35-3(1) ~ 6/0 Hat = )‘ H35-1(I") dr 0 Hat =1 H3-5-1(T) dr

< CE(SA / En(T

where we have used the third estimate for the second term. Together with a direct integrating in time of
the third estimate, this proves the first estimate.

To prove the second estimate we note that for 0 < 5 <1

essswpof = 2| [1, o+ [l =
<OAWWW# ﬂﬂ;umw+AH$Wﬂ—ﬂﬂ;umw
t_

where we have used the third estimate.

O
14.4 Contraction in the Entropy, Pressure and Curl
Lemma 14.4.1. Let 0 < |a| < 1. We have that u? satisfies the following estimate
J— J— 2 _
Haa((uw)l _ (uw)2)H < KL()(Ealt) +Eald) (14.4.1)
H(Q+)
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Proof. Let us note that

= G(aﬂb) V?/)a V,Q;Z_)v /U/)

for some smooth function G (at least in the region where J¥ > 0). We apply lemma 14.2.1 to obtain

2 1 21112
g =0 2 o7 =)o,

0<y<a

[0 ()t~ @Py?)]

where
v = (8161/17 VQ,ZJ, Vizja ﬂ)
Hence

Haa(uj)l B (UW)Q)‘ j{l(ni)

< Kr(t) Z H@V at —u’ Hiﬂ(gi) + HV’&V(J}I —152)“21(%)

0<y<a
10008 =)l ) + 110790 =) [ )
< KL(t)(Ea(t) + Ealt))

where we have used the estimate (14.3.3) for the front. ]

Proposition 14.4.2. Define
t
2
=% T o6 =, o3 [l - g de
+ 0<|al<1 TEOF + 70
The entropy s satisfies the following estimate.

E(s)(t) < Ki(t) /O "Ea(r) + Ea(r)dr (144.2)
fort € (0,7).
Proof. Let 0 < |a| < 1 and apply 0“ to the linearised entropy equation (9.1.3) to obtain
9,0% +u¥ - Vs = R$(s)
where

7(s)=— Z Y - Vs
yH+o=a,0#

We claim that
Q Q 2 o
1R2(sY) = 2[5, < KL (0)(Ealt) + Eat))

Indeed, we have

1B~ By < X [r@ ot - )]

H(Q
Y+o=a,0#a ()

T S | Cal(C R o O R 25

y+o=a,0#a H'(Q1)
< Kr(t)(Ealt) + Ealt))
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where we have used (14.4.1).

Taking the difference of the differentiated equations for s' and s2, we obtain
00%(s" — 8% + (u)' - Vo (s — s?) = —((u¥)! — (u?)?) - VO*s? + R (s') — RY(s?)
Applying the estimate (12.5.3) with w = 8%(s' — s2), b = (u¥)! and h equal to the right hand side

of the above equation, we obtain

ess sup | [9% (5" = )| [ 31 g

7€(0,¢)

27112
< resann [ [ ) [ 176 =

+/0 |Rg(s") — R%(SQ)Hifl(Qi) dr +/O H((“Tp)l — (u’)?)- Vaa‘gQHjﬂ(Qi) dr
<xult) [ CEa(r) + Ea(r)dr

where we have used the above estimate for R$ (s!) — R%(s?) and the estimate (14.4.1).

We now apply the estimate (12.5.2) to the differentiated equation to obtain

t
o 2
/O 810°(s" = )|y d7

< (u¥) H / )| d
Cefses(%lipH ) Wieoa) HV{? -5 )HLQ(Qi) T
t 13 _ I 2
ardy _ page2y||? L _ (52 . aQ‘
+c/0 RS (%) — Ry(s )|\L2(Qi)d7+c/0 @ - @y -vorst||, ar
t
< Ki(®) / En(r) + En(r)dr
0
where we have used the above estimate for R¢ (s') — RY(s?).
This completes the proof. O

Proposition 14.4.3. Define

t
Ealp)(t) == Z Z esssup |[0%(p" — p” Hi{l(gi) +Z/0 197 (0! *p2)HiQ(Qi)dT
T

+ 0<al<1 7€(0,t)

The pressure p satisfies the following estimate.
Exp)() < K1) /0 "Ea(r) + Ea(rdr + KL(B(EA(D) + Ea(1) (14.4.3)
fort e (0,7).
Proof. Let 0 < || < 1 and apply 9 to the linearised pressure equation (9.1.4) to obtain
8:0%p +u¥ - VO°p = RS (p) + 8°G,
where

fo)=— > u-Vp
y+o=a, 0
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and
Gy = —p&V¥ -1
Note that we have
Q Q 2 'l
[RE0Y) — R0y < Kr()(Ealt) +Ea (1))

exactly as in the estimate of the entropy. We claim that

[ 10°(63 = 6Dl d7 < Kul(En() + E8(0)

and

t t
[ 107G = Gl a7 < Kult) [ (Ealr)+ En(r)ar

We note that G, = G(v) where v = (p, §, Vi), V) and G is a smooth function. From the definition of

En (t),

107" = 02| 20,y < C(EA(E) + Ea(t)) for 0 < 7] <1

t
2 —
/0 107" = %) [0y 47 < CEa(t) + Ea®) for 7] =1

Applying lemma 14.2.1 proves the claim.

Taking the difference of the differentiated equations for p!' and p?, we obtain

0,0%(p" = p?) + (u?)' - VO (p' = p*) = —((w?)' = (u¥)?) - VP + RE(p') — RE(p°)
+0%(G, — G3)
Applying the estimate (12.5.3) with w = 8*(p' — p?), b = (u?¥)" and h equal to the right hand side

of the above equation, we obtain

2 1 8% (
eSSSIlpH8 2)HHl(Qi) >~ (6 +€TS€S(%11tpH u’/’ leoo (Q4) / H ]9 —p HHl Rd)d
@ 2 b — a
/ HRL RL(pQ)HHl(Qi) dT—l—/O H((ud’)l (u ) )- Vo pQ‘ o Q:‘:)dT

2
6/0 [0°(Gp - GI27)HH1(Q¢) dr
1 b =
< LKL(t) [ Ealr) + Ealr)dr + eKL(t)(Ea(t) + Ea(0)
0
where we have used the above estimates for R} (p') — R} (p®) and 0*(G}, — G3), and the estimate
(14.4.1).
We now apply the estimate (12.5.2) to the differentiated equation to obtain

t
/()Hataa(pl—pZ)Hsz )dT<CesssupHu1/’ HWlOOQi / Hvaap -’ HLQQi

T7€(0,t)

dr
L2(Q4)

+C/Ut |RE(p") - R%(pzmiz(gi)drwfo [yt = @iy a@pZ\

t
o 2
"‘/0 |0 (Gzlo_Gz%)Hm(Qi)dT
t
SICL(t)/ EA(T) + En(T)dT
0
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where we have used the above estimates for R (p') — R%(p?) and 8"‘(67117 - GIQ,).

This completes the proof. O

Proposition 14.4.4. The curl w satisfies the following estimates.

En(w)(t) < %/CL(t) /Ot SA(T) +EA(T) + Ea(w)(T)dT + GICL(t)(gA(t) +EA(t) + Ea(w)(t))

(14.4.4)

/Ot ||0s (" — w?)] !ip(ai) dr < Kr(t) /Ot EA(T) + EA(T) + En(w)(T)dT (14.4.5)

/Ot P IEACES w2)Hig(Qi) dr < Kp(t)(Ea(t) + Ea(t) + Ea(w)(t)) (14.4.6)
+

fort e (0,T).
Proof. Let 0 < |a| < 1 and apply 0° to the linearised curl equation (9.1.5) to obtain
(8 4 u¥ - V)9% = 0°G., + R (w)

where
H(w) =— Z ¥ - Vw
y+o=a,0#

and

G = Gpyu, Vo, Vb, u?, Vi, 0,1, Vg1 )
1 R
= ;(—v%u X (O +u? - V)i — ppu(eipdy md] u) + V¥ x g1)
m
so that GG is a smooth function for p,, > 0.

Taking the difference of the differentiated equations for w' and w?, we obtain

9,0%(w' —w?) + (u¥)! - VO (W' —w?) = —((u¥)! — (u¥)?) - VO%W? + RG (w') — RS (w?)
+0%(GL, - G2)

We claim that

IR = RE) [ 0 47 < Ku)(Ea(D) +Ea) + Ea(w)(0)

Indeed, we have

Q 6] 2 u¥ 2

|| RE (W) — RL(w2)HH1(Qi) = Z ()t OV (W~ w2)‘ HY(Q
yH+o=a,0# (05)
- _ 2

b oy - @y eve

YH+o=a,0#a )

2

- - 5 12
< Kp(t)(Ea(t) +Ea(t)) + Ki(t) M%a IV —w )‘ H(92)

where we have used (14.4.1). Using the definition of € (w)(t) applied to the last term proves the claim.
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Now we claim that
116 = G20,y 7 < K0 Entt) +E(0)
and if o = 0, then
[ 1197, ) o < K E0) + 20
107(GY ~ G2)| |22,y < Ki(t)(Ealt) +Ealt))

Indeed, we write G, = G(v) where v = (py, Vp, Vb, u?, Vi, o4, Vg1) and G is a smooth function.
From the definition of Ea (1),

|o* — “2Hip(9i) < C(Ea(t) + Ealt))

t
/0 107" = )| |12, A7 < C(Ea(®) + Ea(t)) for 7| =1

t
LIt =¥l a7 < CEate) + Ealt)

Combining these estimates and using 14.2.1 proves the claim.
Let crg = 0. Applying the estimate (12.5.3) with w = 8*(w!' — w?), b = (u?¥)! and h equal to the

right hand side of the above equation, we obtain

a 2 a 2
efi%%p”a =iy = G ressonn [ @10 [ 17 =
o ar 20112 N (T2 o, 2|2
/ || RS (w') — R¢(w )HHl(Qi)dT—I—/O H((uw) — (u¥)?) - Vo“w ’Hl(ﬂi)dT

+e/0 |[o%(GL, — Gi)\@lmi)dr
< %ICL(L‘) /O Ex(T) + EA(T) + En(w)(T)dr + eKp(B) (Et) + En(t))

where we have used the above estimates for R$ (w!) — R$ (w?) and 9%(GL, — G2)) with oy = 0, and the
estimate (14.4.1).
We now apply the estimate (12.5.2) to the differentiated equation to obtain

t
) 1@ =Dl < Cessou ||, S9! =) o

t J— J— 2
+C/O HR%(wl) _R%(WQ)HiQ(Qi) dT—l—C/O H((u"/))l — (u"/’)z) -Vaauﬂ‘ L2 dr
t
o 2
0 [0 = 62 [, 7
t . 9 b 2
< ’CL(t)/O Vo (! —wQ)HL2<Qi)dT+C/O 16°(G% = GOl 2y 4

+ KL /O "Ea () + E(t) + Ealw)()dr

where we have used the above estimate for R¢ (w!) — R (w?). In the case ag = 0, we obtain

/0 [10:0°(" = )| [0, A7 < ICL(t)/O Ea(t) + Ealt) + Eaw)(r)dr
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where we have used the above estimate for 9“G,,. This completes the estimate of Ea(w)(t) and also

proves the second estimate. Without the restriction on ag, we obtain

t
o 242 o, 1 2412
/ 016! = ) [0 dr < Kilt) [ [[90°! =) [, 07
+KL(t)(Ealt) + Ea(t) + Ealw)(t))
< KL(t)(Ealt) + Ea(t) + Ealw)(t))
where we have used the above estimate for 0“G, and the estimate just obtained for VO®w.

This completes the proof. O

14.5 Contraction in the Velocity

Definition 14.5.1. We define

En(u)(t) ::Z Z esssupHa" (u —UQ)’

T o<j<1 7€)

£ 3 [ i - \

+ 0<5<1

2

H?77(Q4)

t
2
H3-3(Qx) dr+ Z/ HOE(UI B UQ)HLQ(Qi) dr
2

¢ 3 et otttk 5[t )

o<j<1 7€(0t) 0<j<1

fort € (0,7).

2

H3-3(R2)

Proposition 14.5.2. The velocity u satisfies the following estimate.

Eau)(t) < %’CL(Q /Ot EA(T) 4+ EA(T) + Ea(w)(T)dT + e (t)(Ea(t) + Ea(t) + Ea(w)(2))
fort € (0,T), where we are free to choose € > 0.
Proof. See the rest of this section for the proof O
We use the weak form of the equations. As in 11.3, we set
4t = (NP~
where the matrix N is defined in 11.3.1 with V' f replaced by V' f. We define

En(u)(t) := Z Z ess sup H(?] — @2)’ ’

T o<j<1 7€(0,t) H2-3(Q4)

t ) 2
~1 ~2 2 f\~2
+ZZ/H0§(1L —u)‘HSJQ dT+E/H8 —u ‘LQ(Q)dT
+ o0<j<1”/0 +) +
11 ~2 f‘x?
+ esssupHag(ug — U3) ‘ o Z / ‘8] ‘ Jp— T
0<j<1 TE€0:t) 0<;<1
Lemma 14.5.3. We claim that
Ea(u)(t) < Kr)(Ea(u)(#) + Ealf)(H)) (14.5.1)
and conversely
Enl@)(t) < Ki(t)(Ea(u)(t) + En(/)(1)) (14.52)
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Proof. Recall that tiz= (N~'u)3 = u - n, so the estimate of the boundary terms is immediate.

Now we note that for 1 < |a| < k, where k = 2 or k = 3, and ap < 1, we have

[0° (" =) [}2(0,) = 0G0 = G| [}2(0,

where G is a smooth function and v = (u, N). Hence, applying 14.2.1, we have
107! = w)[[f2q0yy < KLOC 2 (|07 =) [0y + 107 = 1) [hr05(0,))
0<y<a

where we have used the lifting property for N. Thus we obtain in the case k = 2,

eses(?]tg) H@O‘(ul — uz)HiQ(Qi) < Kr®)(Ea(@)(t) + Ea(f)(?))

In the case £ = 3 we obtain

t
| 0%l d < KuiEs(@®) + Ea(H(0)
where we have again used the lifting property for N.
Now we consider the case 9* = 9?. Note that if | 3| < 2 then

[l -]

o) < CEA(N()

dr < C Haﬂv/(fl - f2)(

2
L2(r)

Combining this with the estimates above we see that

[l =), a7 < Kule)Ea @)+ alhio)

This completes the proof of the first inequality. The second inequality follows simply by replacing

N by N~! and reversing v and % in the above estimates.

Let 0 < |a| < 1 with a3 = 0 be a multi-index. Recall from the proof of the linearised energy

estimate that 9 4" for i = 1, 2 satisfy the weak equation (12.6.4).

Notation. We will write A%' and A3 for 0 < j < 2 to denote the coefficients A’ defined in 11.6.1

evaluated at the states pl., s\, ul etc and p2., s, u% etc respectively. We define G3*' and G3*2 for

1 < j < 4 in a similar way, where G3® are defined in (12.6.5)-(12.6.8).

We will also write (-, ) go.1(y) and (-, -) po.2(y) to denote the inner product (-, -)go(y) as defined in 11

associated with the states p’., s\, ul. etc and p%, s3., u% etc respectively, which we recall can be written

as

(v, w) o) = Z(Ao’lv,w)m(ﬂi)
T

(v, w) o2y = Z(AO’QU,?U)L%Qi)
T

Similarly we define

(v,w)gragy = > (A" (v, V), (w, V) 2. + (vs,ws) prry
T

(v,w)pragy = Y (A% (v, V), (w, V) 2.y + (vs,ws) g ry
T
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Now let us subtract the equation (12.6.4) for 0% %* from that for 9 %' where 0 < |a] <1 to obtain

(0:0°(a" — U%), w) poagy + p{0* (U — @), w}prag
+) (AP0 (@ - 4®), Vo (i — u%)),w) ey
+

= Z(Gza, ’LU)LQ(Qi) + Z(Gia, vw)LQ(Qi) + (G?&a, ’LU3)L2(F) + (Gza, VIWB)LQ(F)
+ +

for all w € B! and almost every ¢ € (0, T'), where

Gkoé — glhal _ gle2 _ (AO,l _ A0,2)8t8a a? —,u(Al’l . A1,2)(8a @2’ \Vo & 62)
o (A2’1 _ AQ,Q)(aa fiszvaa ﬁ2)

Gia — G2,a,1 _ G2,a72 _ M(Al’l o Al,Z)(aa 5[12’ vaa 62)

G?&a — G3,a,1 _ G3,£x,2 =0

4
GA,oz — G4,a,1 . G4,oz,2

Lemma 14.5.4. We claim that

t 1,
| lex]

t
| faci

t

[l
: ¢ k 3,0
kZO/O Ha G%
> [l

k=0"0

Furthermore, for 2 <1 < 4,

r<Kule) [ "EA(r) + £a(7) + Ea(@)(r)dr

2
d
L2(Q4)

2

L) dr < Kp(t)(Ea(t) + Ea(t) + Ealw)(t))

r<Kule) "EA(r) + Ea(r) + Ea(@)(r)dr

2
d
H'(Q1)

2
dr=0
L2(T)

2 b
<
oy 47 < K1) /O En(r)dr

e, . < tku) / CEA(r) + Ea(r) + Ea(@)(7)dT + KL (t)(EA(t) + Enlt) + Enlw)(®))
L2(Q4) € 0

Proof. Firstly, we recall that G have the form
GLa = G({OB(N, VN, Vi, p,s,w, 91,4, VQZ’ 8151/1, atN) 0< ﬁ < OK}, U, 61}’&, VU)
G? = G({0°(N,VN,Vy,p,s,w) : 0 < B < a},u, Vu)
G3,a —_ aa92
GY =G{a°V'f:0< B <a))
for G a generic smooth function which may be scalar, vector, matrix valued etc and A’ have the form
A® = A(p,s,N)

Al = A(p,s,Vi),N,VN)
A2 = A(pa S, ﬂv vd]u V@Z, 8151/)7 Na VN, 875N)
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We start by estimating HGQ’O"1 — GQ’O"QHLQ(QH and H@(G27°"1 — GQ’O"QM ’LQ(Qi). Applying the

lemma 14.2.1, we see that

Haﬁ(GQ,a,l _ GQ,a,Q)‘

2
L TORD D G [P
L2(Qt) 0<97<9B

where
v=({0°(N,VN,V¢,p,s,w) : 0 < B < a},u, Vu)

Note that

[l =l ar<e 3 [ [l st ve - 2.2 9|

H(Q
0<iI<1 ()

+ Hal @ _W2)Hj{1(9i)

e -]

H25(Q4)

<xulo) CEA(r) + Ea(r) + Ea(w)(r)dr

2
+fut = u?| ‘HQ(Qi) dr

where we have used the curl estimate (14.4.5) for the term involving w in the case of 1 time derivative,

and we have also used the lifting property for N. We also have

[ 100 = Pl aayir < [ 06099 - 02900

L2(Q
0<I<2 (@)

+ ot - o) ’

Ll .

< Kr(t)(Ea(t) + Ealt) + Ea(w)(t))

+|0e(u ~ UZ)HJQLP(Qi) dr

where we have used the estimate (14.3.3) for the front in the first and second terms and the estimate
(14.4.6) for the curl in the fourth term in the case of the highest order time derivative. Combining these

estimates, we see that

/0 t |[Dp(G2et — GQ’O‘Q)H;(M) dr < Kr(t)(Ea(t) + Ealt) + Ealw)(t))

and
t ) t
/ H(GQ,QJ _ GQ’Q’2)HH1(QH dr < ICL(t)/ EA(T) + EA(T) + En(w)(T)dT
0 0
Now let us estimate | ’G4 ol gha 2‘ ‘LQ(F and H8G4 ol gha? ’ ‘ Applylng the lemma 14.2.1,
we see that
2
B d,a,l 4,00,2 1 2112
Ha (¢ -G )‘ oy < F20) 2 @ =y
0<97<9P
where

v=({°(V'f):0<B<a})

Note that if 0 < [ < 1 then

[l -,

~
l\')

dT<c/ Ha’ — ‘ )dTgc/Ots‘A(T)dT
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where we have used the estimate (14.3.2) for the front in the case of the highest order time derivative.

Thus we see that

t t
/0 [JGhet = Ghe2|[ L, o+ [JO(GH = GRR)| [y ) dr < Kt /0 Enlr)dr

Clearly we have
t
/0 HG?),a,l _ G3,o¢,2‘ ‘i?(r) + Ha(GE},a,l _ G&a’?)Hi?(r) dr =0
Now we estimate ‘ ‘Gl’o"l — G2 ‘ ‘LQ(Qi). Applying the lemma 14.2.1, we see that

167t = G2,y < Kn ) [l0" = 02|

) )

where
v = ({aﬁ(Nv VNa vdjup)87w7g17ﬂ7v¢78tw7atN) :0 < /B < a},u, 875“’7 vu)
Note that
t 9 t 2
/0 HUl _ UQHLQ(Q:t)dT < CO;I/O Hal((pl,sl,ul,V¢1) - (p2,32,u2,vw2))’ L (@s)
el -, reac -, e e, ar
H2() ' HY(94) 12(04)

t
< /CL(t)/ EA(T) + EA(T) + En(w)(T)dT
0
where we have used the estimate (14.3.2) for the front in the third term. Thus we see that
t t
/ H(G17a71 _ Gl,m?)HiQ(Qi) dr < ICL(t)/ EA(T) + EA(T) + En(w)(T)dT
0 0

Now we estimate the terms involving A»! — A%2, which are in fact lower order. Firstly, we estimate

O'(AVT — A12) where 0 < I < 1. Applying the lemma 14.2.1, we see that

Hal(Al’l - Am)‘ i2(Qi) < Kilt) Oszél Hal(vl B UQ)‘ ;(Qi)
where v = (p, s, Vi), N, VN). We then note that
HIVSPERINNIE
/0 H&(v - )’ [2(0s)
<o [l s - o[+ 0V

t
< C/ Ea(r)dr
0
Now, we estimate A% — A%2, Applying the lemma 14.2.1, we see that

4% = 422 o < K210 = 2o,

) )

where v = (p, s, N). We then note that
! 1 2112 ! 1.1 2 .2V]12 10 pl 21112
/0 o' = v HL2(Qi)dT§C/O (0", s") — (%5 )HLQ(Qi)_'_HV(f —f )HLQ(Qi)dT

t
< C/ Ea(r)dr
0
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Now, we estimate A>! — A%2. Applying the lemma 14.2.1, we see that

421 = 42| Lo < Ka)]]o — 0

Q1) 2HLQ(Qi)

where v = (p, s, 4, V1), Vb, Op3p, N, VN, O;N). We then note that

<c [l st a) - 028 3| ag,, A7

+C/0 “(v/flvv/.fl7atf17v/8fl) - (v/f2’V/F,ath,vlafZ)HiQ(F) dT
t

<C / Ex(r) + En(r)dr
0

Combining all of the above, and estimating factors not involving differences in terms of K (¢), we

have proved the first set of inequalities. Now note that for 2 < ¢ < 4,

il = 2GR A

L2(Qx+)
1 7,00 2 b Gz ,Q
< _ i
= e lloa gy TEllF%A |y
Thus, integrating in time,
HG’ZA’ / H Za d7'+e/ H@Gw‘ dr
L? Qi) Lz(Qi) L2(Qx+)
< EICL(t) gA(T) + EA(T) + Ea(w)(T)dT + e (t) (Ea(t) + Ea(t) + Ea(w) (D))
0
This completes the proof. O

Now we apply the energy estimate (11.6.3) to the equation for 9% (%' — %?), where 0 < |o| < 1 and

a3 = 0 to obtain the following estimate.

[ o @ =@ ar st - a0,

<807 [ N0, + 1008 s # 163 [y 108y

a0 o |65, + sz 65, + szup 65y
/ZHatG Lmi+H8tG3a +H8tG L2(r>dT

To estimate the right hand side we use the estimate 14.5.4 for the GZO‘ and we obtain

¢ 2
/ H&g@a(@l — @2)‘ dr + esssup
0 BO:1(r) T€(0,t)

8@ — az?)]

Bl,l(t)

< %lCL(t) /Ot EA(T) + EA(T) + Ea(w)(T)AT + €KL () (En(t) + Ealt) + Ea(w)(2))
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Now to estimate the highest order space derivative, we apply the energy estimate 11.6.7 to the equa-

~2

—u”), where 0 < || < 1 and a3 = 0. We obtain

ot ) [ =]
<ralt) | ZHG% s+ 2657

Kot /]aa — 2 HHI(%)dwe/Haaa —@2)’2

L2(Q4)
Applying the estimate 14.5.4 to the right hand side, we obtain

oy @t

< TKult) /0 En(r) + En(T) + Ea@)(T)AT + e (1) (Ea(t) + Ea(t) + Ea(w) ()

tion for 9 (4"

Hv’aa(al _ g2

BL.1(T) T

dT—FHGza
H(Q4)

2 Lal|?
L2(T) + ; HGA

HY(T)

dr

dr

[vorat e

It remains to estimate the highest order normal derivatives. Let 0 < |a| < 1. We claim that

/

< EICL(zt) /O EA(T) + EA(T) + Ea(w)(T)AT + KL (t)(Ea(t) + Ea(t) + Ea(w)(2))

i)

HZ(Qy1)

Indeed, we already know from the above estimates that this formula holds in the case a3 = 0, so it
remains to prove the case a3 = 1. Let 9% = Oz4. We recall from the proof of the linearised energy
estimate that 82 88 ' fori = 1, 2 satisfy the equation (12.6.11). Subtracting these equations for u %' and

~2
U~ , we obtain

R0° (i — %) = (GO 0", O, 0" 0w — GO0, 0, 02,0°, v )u?)
=: 97(G(a") - G(0%)

where the function G is defined in (12.6.11), the vectors v and w are defined in (12.6.12)-(12.6.13),
= (0239, 02,1, v, w) and we have defined the function G such that G(y, 1, 02 S, v)w G(D).
Now we note that, using the lemma 14.2.1, we have

2 2
LZ(Qi)SKL( > 106 =)oy,

0<y<8

o7 - )|

Using the existing estimate (14.3.1) for f, the existing time and tangential derivative estimates and the

lifting property of NV we have, for 0 < |y| < 1,

[ 1@ =)0,
< EICL(t) /Ot EA(T) + EA(T) + Ea(w)(T)AT + KL (t)(Ea(t) + Ea(t) + Ea(w)(t))

Combining these estimates we obtain

/ I

2
8ﬁ ut 32)’ dr

L2(Q1)

ICL( )/O EA(T) + EA(T) + Ea(w)(T)AT + €KL (1) (Ea(t) + Ea(t) + Ea(w)(2))
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Combining this with the existing tangential estimates, we obtain
t
> [l -]
T Jo

< %/CL(t) /Ot gA(T) +EA(T) + Ea(w)(T)dT + (—:/CL(t)(gA(t) +EA(t) + Ea(w)())

2

.
H2(Qy1)

This completes the estimate of the normal derivatives.

Combining all the above estimates, we have shown that

ea(i)) < ) | Ea(r) + Ealr) + Ea@)(P)dr + L) Ealt) + Ea(t) + Ea(w)(1)
Now using the estimate (14.5.1) and the estimate (14.3.1) for the front, we obtain

Eau)() < 21(0) [ Ex(r) + Ea(r) + EAN(HIT + EL(A(EAD) +Ea(h) + Eale) ()
This completes the proof of the estimate of the velocity 14.5.2.

Proposition 14.5.5. The normal component of the velocity, u - n, satisfies the following additional esti-
mate.

2

H3-5-3(T)

1 t )
> [ ettt -2 w2
j=0""

1 . .
< E/CL(t)/ EA(T) + EA(T) + En(w)(T)dT + eKL(t)(En(t) + Ealt) + Ea(w)())
0
fort e (0,T).
Proof. Let 0 < j < 1. Applying 8{ to the pressure interface condition (9.1.9) we have
. . 1 1 1 .
(1—-ANI (u-n) =3 ([p*V¥ - u— —p] — —oV' -+ —go) =: & Gum
H K K
We subtract the equations for u' - n! and u? - n? to obtain

(1= A (u' 0! —u?-n) = 9](G.,, — Gi)

We apply lemma 8.16.1 with z = &/ (u! - n' — u? - n?) and h = 8/ (GL.,, — G2 .,,) to conclude that

. 2
H@g(ul -nt —u2-n2)‘

I S ‘ lat](G”i" = Gun) ‘j{lﬁj(r)

35—
Now we use lemma 14.2.1 and the Sobolev trace lemma to conclude that

1
2
k(rl _ 2 ke, 12
< Ke0) Y| = )|y + 2 [0 27|
k=0 +
where v = (p, s, Vu, V). From the definition of £ (¢) and the estimate of the velocity 14.5.2, for

0 <k <1, we have

t
/0 Hak(vl B Uz)‘ H2k(Qy)

< %lCL(t) /Ot EA(T) + EA(T) + Ea(w)(T)AT + €KL () (En(t) + Ealt) + Ea(w)(2))

2

)

ot -t e

H15-3(T)

2

Thus, after integrating in time, we obtain
t .
/ H@f(ul -nt —uz'nQ)‘
0

< %ICL(t) /Ot EA(T) + EA(T) + Ea(w)(T)AT + eKp(t)(Ea(t) + Ea(t) + Ea(w)(t))

2
dr

H3>5*1(F)

as required. 0
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14.6 Conclusion of the Contraction Estimate
Putting together what we have so far we have shown that

En(t) + Eaw)(t)

< 1ICL(t)(/Ot EA(T) + EA(T) + Ea(w)(T)AT) + KL () (Ea(t) + Ealt) + Ea(w)(2))

fort € (0,7).

. _ 1 .
Choosing € = 55 Ve obtain

En(t) + Ea(w)(?)

<Ko [ Ealr) + Ea(r) + Ea() (1)) + L (Ealt) + Ea(t) + Ea(w)(0)

for t € (0,7") where we have redefined K1, (¢). Rearranging we obtain

En(t) + En(w)() < K () /O "M (T) 4 EA(T) 4 E(w)(r)dT) + %gA(t)

fort € (0,7).

Now we apply Gronwall’s lemma to conclude

EA(t) + En(w)(t) < (KL(t) /Ot En(T)dT + igA(t)) exp(tr(t))

fort € (0,7).

Now, let us note that
Ki(T) < Fu(R°, M)

for some smooth increasing function F}, which may depend on p. Hence if 7' > 0 is chosen such that

1

T'< ————
= 8Fu (R, M))

then

and in particular

dy (U3, UL, 1), (U3, U2, %) < My (O3, 0L, 1), (03,02, 7))

where \ = \/g < 1.

This completes the proof of 13.2.2.

224



15. Proof of Uniqueness and Stability

Here we aim to prove the statement of stability in the main theorem in the fixed domains, 4.6.1, from
which the statement of uniqueness immediately follows. We will use the fact that we have already proved
the rest of theorem 4.6.1. For i = 1,2, we let (Ug’i, Ug’i, f%%) be initial data satisfying the hypotheses
of theorem 4.6.1, and we let 7% > 0 be the associated existence times depending on this initial data as
given by 4.6.1. We set 70 = min{T%!, 702}, We let (U},U2, f1) and (U%,U?, f?) be two solutions
of the equations in the fixed domains as defined in 4.3.1 on the time interval (0, 7°) with initial data

(U?r’i, U, £ respectively, with the properties

EYT°%) =:C" < > (15.0.1)

inf inf o\ =:6'>0 15.0.2
te(l(r)l,TO) wle%i P ( ‘
inf inf JY = k>0 (15.0.3)

te(0,T0) zeR3
for i = 1,2, where the superscript * for i = 1,2 is used to denote quantities associated with the solutions

(UL, U™, f), and the energy E(t) is defined in 4.5.1. We assume that U%! — U%? € L?(Q) and
Ol — f92 € L%(T') so that EX < oo, where the initial difference energy EX is defined in 4.5.2.

Notation. In analogy with the proof of the energy estimate proved in 8, we will write
1 1 1 1
) ﬁa ?7 ;> ?)

fort € (0,T), where F is a smooth increasing function, and note that

K(t) = F(B'(t), B*(t)

K(t) < K(T°) = F(C',C?, =, =, —, =) < 00

We also write, for i = 1, 2,

We aim to show that
1 t
Ea(t) < K()ES + S K(1) / Ea(r)dr + S K (8)Ea(t)
€2 0
where we are free to choose € € (0,1] and Ea(t) is defined in 4.5.2.
Note that the proof is almost identical to the proof of the u-independent energy estimate in 8, hence
we will omit some details. See 3.9 for a sketch of how the proof of the u-independent energy estimate in
8 is modified.
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15.1 Remainder Estimates

Notation. If we write RE_ (U, %)), RF(U, ) etc. without placing a superscript ' or 2 on U or v of f,
we mean that the remainders could include terms involving both U' and U? etc, but are still of the same

form as defined in 8.18. Also, we set g1 = go = 0 when we refer to any remainder such as R’cfo(U, ),
RF(U, ) defined in 8.18.

Definition 15.1.1. We write Ra (U, v) for terms of the form
R (U, ) (RS(U', 91) = RO, (U, %))
Similarly we write R oo (U, f) for terms of the form
R r(U. [)(RY (U, f1) = RE (U, f%))
We also write R oo 1(f) for terms of the form
Roo 1 (f)(Roo,r (f1) = Roor (7))

Note that RS, (U, ), RS, (U, f) and Reo 1(f) are defined in section 8.18.
Note that although the remainder terms are generic, when we take a difference such as RO (U, ') —

RY_(U?,4?), the two terms are the same functions of the unknowns, in this case (U, v).

Lemma 15.1.2. We have the estimates

1R Ao (U, )7 ooy < K (8)Ea(t) (15.1.1)
1RA 00U, )]0y < K (8)Ea(t) (15.1.2)
1R A 00, (P oe(ry < K (0 Ea(t) (15.1.3)

Proof. Using the mean value inequality, we have that

1B 1) = R (U2, 92|} )

< | R (U, 0| ey U0 = U2y + 10 = 02|y + 100" = 89|
< K@)(||Ut - U2H§{2(Qi) +|t - ¢2H§{2(Qi) +][o@! - @Z’Q)Hiﬁ(gi))

< K(t)EA(t)

where we have used (8.18.8), which we apply again to obtain

1R 00 (U )72y < K(DEA(1)

as required. Note that Ra oo (U, f) and Ra o r(f) both have the form Ra o (U, %)|r so we may reuse

the above estimate together with uniform continuity to conclude the estimates (15.1.2)-(15.1.3). ]
Definition 15.1.3. For 0 < k < 2, we write RZ(U , 1) for terms of the form

R (U.)(R(UY, 9") = RU(U*, 4%)) or R (U, ) Ra,0 (U, )
where 1 <[l,j<kandj+1<k+1.
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Similarly for 0 < k < 1 we write RZ’F(U, f) for terms of the form
RE(U, P)(RLUY, 1) = RE(U, 1)) o REFH (U, f)Rar (U )

where 1 <[,j<kandj+I1<k+1.

For 0 < k < 2, we also write RkA’F( f) for terms of the form
RL(F)(RE(F') = RE(f%) or REF () Rareo(f)
wherel <[l,j<kandj+I<k+1.

Lemma 15.1.4. Let 0 < k < 2. We have the estimates

2
k
[RA @], < KOEsW (15.14)
2
HRZ_,I}(Ua f)‘ Lo < K(H)EA(t) (fork > 1) (15.1.5)
2
HRZ,r(f)‘ oy S KOEA®) (15.1.6)

Proof. First of all, let us note that if the remainder terms are vector-valued then we only need to prove
the estimate for the components. Applying the mean value theorem and using the form of the product in

the remainder term R?(U, ) we obtain

R*(UY, @) — R*(U?,¢?) = R*(U,¥) - (U, %", 00') — (U, 92, 097))
+ RA(U, ) - 0((UY ¢, opt) — (U2, 42, 09?))
+ RYU, ) - 02((U*, o, V'yh) — (U2, 4%, V'yp?))

Now, using the Sobolev product lemma A.3.1, we obtain

|R* (U, oY) = R(U2, 0[] 2,y < IB2 (U] o) 1T 901,001 — (U 0%,00°)|] 1
RO )| o) 1OWU 01, 001) — (U402, 80))|| 1 g
+ [[RN U0 ooy 12U 91, V9N = (U242 V)| 12

Thus, squaring and using the remainder estimate (8.18.3), we obtain

B2 U, 9 = B2 (U292, < K(DEa(®)

Letl <l,j<kandj+1<k+1. Settingm; =3 —jand mg = 2 —1[, we have 0 < m; < 2 and
m1 + mg > 2, hence we may apply the Sobolev product lemma A.3.1 to obtain

| R @ 9" - R0 02)| 2

L2(Q4)
2

< Cl|R(U,Y R ") - R (U2 )

2
)HH?’*j(ﬂﬂ ‘ H21(Qx)
< C|IB (U, ¥)]| 20, || RO 1) = BAU2 0 |12,

< K(t)Ea(t)
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where we have again used the estimate (8.18.3). We also note that

2
k+1 3 2 2
B 0 Ba @), ) < IR0 o) B2l ) 2o
< K(t)EA (t)
where we have again used the estimate (8.18.3) and also the estimate (15.1.1).
The estimate (15.1.6) is similar. To prove (15.1.5), we merely have to note that R (U f) has the

form RZ ! (U, %)|r (using the fact that we can replace any high-order terms in 0, f with u-n as mentioned

before), then apply the Sobolev trace estimate together with the fact that VR (U, ) = RK (U,v). O

Lemma 15.1.5. Let 0 < k < 1. We have the estimates

t
HRk’ Uw)( K(t)EngK(t)/ Ea(r)dr (15.1.7)
L2(Qx)
|BA R (U, )] |2y < K(OER + K (t /EA )dr (15.1.8)
2
| |[Lp, < KO+ K) [ Batrian (15,19

Proof. We simply note that 9; RK (U, ) = RZH(U , 1) then we use the estimate (15.1.4) to obtain

dr

<c||Rwv| v

HRZ(U’WHQ L2(Q4) |

L2(Q4)

+c/ H&RA Uw)\

t
< K(t)E} + K(t)/ Ea(r)dr
0
The proof of the estimates (15.1.8)-(15.1.9) is exactly similar. ]

Lemma 15.1.6. Let o be a multi-index with as < |a| — 1 and 1 < |a| < 2. Thus we have either
9% = 0,,0° for some 1 < j < 2and |B| = |a| — 1, or 0% = 9,0 for some |B| = || — 1. Then

' / t / REL W, e (U — U?)de'dr| < K()ES + 2K (1) / t Ea(7)d7 + eK () Ea(t)
oJr € 0
(15.1.10)

where we are free to choose € in the range 0 < ¢ < 1.

Proof. This is proved exactly as the estimate (8.18.11) but without the term up and using the estimate
(15.1.4) instead of (8.18.3). O

Definition 15.1.7. For 1 < |a| < 2, we define a slight variant R (U 1) of the remainder R|a| (U, ) as

a sum of terms of the form
RN, ) or 007w R (U, ) or RIHH(U, )8! (! — 4?)
where 1 < j, I <|aland j+1 < |o| + 1.

Lemma 15.1.8. For 1 < |a| < 2, the remainder R‘X' (U, ) satisfies the estimate.

|k

.- < K(t)Ea(t) (15.1.11)
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Proof. Let1 < j,l < |ajand j +1 < |a| + 1. Let m; = 2 — j and ma = 2 — [. Using the Sobolev
product lemma A.3.1 and the remainder estimate (15.1.4), we have
j l
HanwRA(U,wH < 110070 [0
- K(t)Ea(?)

ol

H™2(Q4)

Similarly, using the remainder estimate (8.18.3), we have

j+1 Lol 02 j+1 [
R @00 @ =)o < IR s [0 = 6]
S K(t)Ea(t)
Combining this with the estimate (15.1.4) completes the proof. O

15.2 Difference Estimate of the Lower Order Terms in the Energy

Let 0 < |a| < 1. Using the fact that the norms ||9,0%(U" — U? HiQ(Qi), 0°(ft — f?) HHl and

’ 0:(f1 = 1) ’ ‘22 5(r) are all bounded by Ea(t) together with the fundamental theorem of calculus we

obtain

t
[|o(U" - U2)Hi2(ﬂi) < CE} + C/ Ea(t)dr (15.2.1)
0

t
10°C = P [apsey + 11 = Pl gz < CER +C /0 Ea(t)dr (15.2.2)

15.3 The Equations for the Difference of the Derivatives of the Solutions
15.3.1 The Difference of the Differentiated Interior Equations

We let 1 < |a| < 2, and we subtract the equations (8.6.1)-(8.6.3) for (U?,?) from those for (U!, ')

to obtain

(0 + (u”)' - V)0 (p' — p*)—

p'(ch)?
1

P AU R L Ut b ﬂ,l 02, 0% (" = *)(O)" +u' - V")) D!
1 ga Vo (! —?) Vil .

+ VY9! —u?) - e+ (JW)anga (W' —¥?) - Opyut

= RNw, v) (15.3.1)

pH (B + (u”)- V) (u! = u?)
1
le (ataaW 1/}2) + ul - Vo~ (1/)1 - ¢ ) le

Paagd oy VO —9?) 1 VW a1l 2 1

= RN(w, ) (15.3.2)

(8, + (W)t V)% (st — s?)
ﬂl (0:0%(" —*) +u' - VO* (P! — %) — Jil (02,0% (" = V) (0" + u' - Vp'))Ony 5!

= BRI, ) (15.3.3)

(D2; 0% (" = %)) (00" + 0t - V1)) Oy’
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in (0,7°) x Q.
Now assume that g < 1. Because 0“ contains a maximum of 1 time derivative, we may absorb the
terms involving high-order derivatives of 1) in the equations (15.3.1)-(15.3.3) into the remainder terms

and we may use R| ‘(U 1) for the remainder terms instead of R'al (U, ). We obtain the following.

/)1(101)2(&5 + (W) V) (pt —p?) + VY 0% (! — u?) = RR\(U, ) (15.3.4)
PL O + (W) V)0 (u! — u?) + VP 0% (p' — p?) = RIN(U, ) (15.3.5)
0+ () - V)0 (s" — s%) = RN(U, ) (15.3.6)

in (0,7°) x Q.

15.3.2 The Corrected Pressure, Velocity and Entropy

Definition 15.3.1. For 1 < |a| < 2and i = 1,2, we define

) ) o %
Ut :=0°U" — 1/’ — - 0p, U
Note that here we have used J¥" and Oz, U" in the second term, even for i = 2.

Lemma 15.3.2. For 1 < |a| < 2 and || = 1, we have

107 0 € 1O =0+ KON = Py 52
2 2
praﬁ(U1 - U? <C H “(UPt - UP?)
L2(Q+) L2(Qx)
Bl _ £2 !/ 08 2
+ K1) H(a (1= 12,00 = )| (153.8)
« « 2 a 2 a 2
02 =020y < €O = Uy + KON = Py 1539
Proof. Let1 < |a|l <2and 0 < |y| <2 — |a|. Using the above definition, we have
1 o 2 o a2y ]2 ) ?
g 100U = U)|[ g, < [J07 (@ U ’2)HL2(ﬂi>+’ 87(76“U1) 1290)
e «a 2 1 ? o 2
<||lorwet v ,2)HL2(Qi) + Hﬂl%[ﬂ o |00 (! _W)Hm(gi)

*WwLwﬂ”m%w@mﬂW%w—wm;@>
070, wl 9 . )
H Jd}f 4) H8x3U1HH2(Qi) Ha (wl o )HLQ(Qi)

éwwU”—me;mﬂ+Kumwm%ﬂ—fmﬁmyHW%ﬂ—ﬂw;ww
where we have used the the Sobolev embedding theorem to estimate the L2 norm of a product in terms of
the product of H! norms, and the last two terms in the second to last line do not exist in the case |a| = 2.
Along with the lower order estimate (8.5.1) for (u )1 this proves (15.3.7)-(15.3.8). Similarly, we have

9 (pt —?)
T

<||0* (0" = U?)[ o, + K@ 0% = )2y

2

1
6 H(Ua,l _ Ua,2)HiQ(Qi) < Haa(Ul — UZ)HiQ(Qi) + ’ 8de1

L2(Q1)
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Lemma 15.3.3. For 1 < |a| < 2, we have

O+ (W) - V)" (U = U?) = (8 + (u?)" - VYU = U?)

(O + (u?)! - V)or (¥' — 9?)
Jv!

= (at + (W) V) (Ut — U*?) +

+ a%U1 + R, v)

e (@4t V) )

(O + b - V)0, 0% (0 — 2)) e, UL + RN(U, )

i 11’1
and

Pt — )
J¥!
L
Tt

VY o Ut — U?) = VW(U‘“ —U*?) + 0z, U + RIN(U, )

0,30% (V" — 0205, U' + RY(U, )

_ v¢1 (Ua,l _ er,Q) le (vaa(w w )

Proof. We may simply differentiate the formula for U®! — U®? and rearrange to obtain

90° (¥ —4?) (Pt —4?)
/77l 2y ol rran2 1 1
00U —U*) =0(U U**) + Jo 0z, U™ + Tt 005, U
) 1 771
— W@(?mgw 0z, U
and we note that the last two terms on the right have the form as the remainder R (U ). O
Using the above lemma in the preceding equations we obtain
1 5l
SOt @) V) =) Vel et = RY) (5310
PL (0 + (W) V) (!t — u®?) + VO (p* — p*2) = R, ) (15.3.11)
@ + (u?)- V) (™! — 5*2) = RIY(U, ) (15.3.12)

in (0,7°%) x Q4 for1 < |a| < 2.

15.3.3 The Difference of the Tangential and Time Derivatives of the Jump Conditions
We let 1 < |a| < 2 with a3 = 0 and we subtract the equations (8.6.14)~(8.6.15) for (U2, f?) from those

for (U, f1) to obtain

8t8a(f1 o f2) — 8a(u1 _ ui) . nl o (ul )/ . v/aa(fl . f2) + Rll—?é‘il(Ul, fl) . R|Fa\fl(U2’ f2)
+ 0% - (0t = n?) = (uh —u}) - V'O f?

= 9(uk —ud) ! — (uh) V'O — £2) + RAH (UL f) (15.3.13)
[0°(p" = p°)] = —oV' - 0%(R! —7?) (15.3.14)
on (0,7°) x T.
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15.3.4 The Difference of Derivatives of the Unit Normal
Lemma 15.34. Ler 1 < |a| < 2 with ag = 0. Then

v/fl v/f2

i In?|

aav/ 1 _ r2 V/ 1'8av/ 1 _ r2 v/l ol—
)= (|£1 NN\ ’75{‘3 FNV'f N

9% (

where the remainder Rf';l (f) is defined in 15.1.3.

Proof. We apply lemma 8.6.4 to obtain

v/fl V/fQ B 6av/f1 (V/fl A aav/fl)vlfl

o — _ o] =1/ 1
a nt[ [n?] )= nl| Inl|? a7
8av/f2 (V/f2 . aav/fQ)v/jQ lal=1, 2
- ( ’TL2‘ - ‘7’L2|3 + RF (f ))
- aav/(fl _ f2) (v/fl . aav/(fl _ fQ))v/fl |a|*1
- |n1‘ - ‘n1‘3 + RA,F (f)
as required. O

15.4 A Slightly Lower Order Difference Estimate for the Front

Let |a| = 2 with a3 = 0. In this section we wish to estimate 9% (f' — f2) as opposed to 9°V'(f — f?).
Suppose 9% = d,,.0” for | 3| = 1. Then in fact

2
o2 = Py < [0 = )] L,

t
§CE&+C/ Ea(r)dr
0

where we have used the lower order estimate (15.2.2).

Otherwise, 9* = 9;0” for | 3| = 1. Then the equation (15.3.13) implies
20°(f = %) = 0% (ul — ) -n' = (i)' - V'O (f' = f*) + Ry p(U. f)
We now proceed analogously to 8.7 to obtain eventually

ST le st - f2)Hi2(r) < K(t)EX + 1K(t)/0 Ex(7)dT + eK (t)Ea(t) (15.4.1)
|ae|=2

15.5 Difference Estimate of the Entropy

We multiply equation (15.3.12) by s%! — s%2, where |a| = 2, and use the product rule to obtain
1 a,l a22 1 Y\ | o2 a,2]2 Dlal a,l a2
5@‘3 - 52 +§V-((u ) s*? = s%%|7) = RYN(U, ) (s — s™7)

in (0,7°) x Q.. Note that we have absorbed the lower-order term generated by the product rule into
the remainder on the right hand side. Then we integrate over €2 and apply the divergence theorem for

Sobolev functions to the second term on the left. Note that since (u?) 1. = 0onT we are left with no
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boundary terms. Hence, using the remainder estimate (15.1.4), together with the estimate (15.3.9), we

obtain

d/ |s®1 — 502" de < K (t)Ealt)
dt Jo,

Integrating from O to ¢, we obtain

[0 = 52|72y, < K(DER + K(t /EA )dr (15.5.1)

Applying the estimate (15.3.7) together with the estimate (15.4.1) we obtain

t
|[0°(s" — SQ)Hiz( < K(t)EX + iK(t)/ EA(T)dT + eK(t)Ea(t) (15.5.2)
0

Q)

15.6 Difference Estimate of the Tangential Derivatives of the Pressure,
Velocity and Front

Let a be a multi-index with || = 2 and a3 = 0, so that 9% contains no normal derivatives. Assume also
that oy < 1, so that we may, if we wish, write 0% = 8%.6*3 forsome 1 <4 < 2and || = 1.
We multiply (15.3.4) by 3% (p* —p?) and (15.3.5) by 9% (u'! —u?). We then add the resulting equations

to obtain

(pl(lcl)Q(at + () V)0%(pt — p?))a*(P" — p?) + (P19 + (u¥)' - V)OI (u! — u?)) - 9% (ut — uP)
+ (vwl . aa(ul . u2))aa(p1 _p2) + (vlplaa(pl _p2)) i aa(ul _ u2)

= R\, v)0°(U* - U?)

in (0,7°) x Q. Now we use the product rule to obtain

1 1 N 2. 1 N
§at(mya (" = P*)[) + 500" [0 (u' —?)|

£V () o ! — )

2, 1 1
Y Gy

w0t =)

(1,=V'y!

+ v/ ’ (aa(pl - p2)6a(u1 - u2)) + 6333( le

0% (p' =) - 0%(u! —u?))
= R0, 9)0°(U" - U?)
where we have absorbed some lower order terms into the remainder on the right hand side. Now we

integrate over {1 and apply the divergence theorem. The terms which are tangential divergences vanish,

and (u¥)3. = 0 on T hence the third and fourth terms vanish. We obtain

d 1 o d o 2
dt/ A2 10%(p' —p? } d:v+dt ,01‘6 (ul—u2)‘ dz
:F2/3a pH)0%(u! —u?) - nlda’

= [ RRw o' - U%)da
Qi
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We integrate in time from O to ¢, apply Cauchy’s inequality and the remainder estimate (15.1.4) for the

remainder term on the right hand side. Hence we obtain

1 a (6% 2
/Qp( 2} (p' — p? ‘d:c—i—/giplm (u' —u?)|" da

$2/ /80‘ p2)0%(u! —u?) - nlda’dr

< K(t)EX + K(t)/ Ea(r)dr
0
We sum over =+ to obtain a jump condition. Doing this we obtain

o 22 119l — 42 2 T — 2%
Z/Qi 10 —p?)] dx+;/9ip‘8 (u )| dw — 218
gK(t)Eg+K(t)/ Ea(r)dr
0

where

IA—/ /80‘]7 —pH0%(u' —u?) - n'da’dr

To estimate IR, firstly, we use the differentiated equation for the front, (15.3.13), to replace n" -

0%(u! — u?), and we obtain the following.

1= [ a0 = Pt - e+ [ [y vt - e
n /O /F RN U, 1o (" — p2))da'dr

=Ix 1+ 1Tas+ IR 3
Firstly, we note that, using the remainder estimate (15.1.10), we have

12, < K(6)ES + % K1) /0 " Ba(r)dr + cK(H)EA(l)

Let us consider I ;. Using the differentiated pressure interface condition (15.3.14) for p!

have

t
31 = —U/ /8t8°‘(f1 — oV - (At — A?)da'dr
0o JI

_ ! a7/l av/fl vle
—J/O/FOtOV(f £2)- 0P (L = Joar J'dr

where we have used integration by parts.
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Using the lemma 15.3.4, we have

—1aq

_ [ (gl gay OV =)

_0/0 /Fata Vi(fr—r9) 1] dz'dr

_ ! 1l aoaxg/fl _ £2 (v/fl'aav/(fl_fQ)) /
0/0 /1“at(Vf oV (f* — %)) niP da'dr

+U/Ot/rat8av,(f1 - %) RIAO‘7|1:1(f)dx/dT +J/Ot/raav,(f1 — ). R‘Aa]r‘(f)dfl?/dT
-5 / fft /F |nl oVt
_”/ JLoervst -1 %R'a' ‘parar o [ [ RELG)- RSk artar
0
Z 5 /| y 0°V'(f
o [ o
0

where we have used the fact that 0% = 0y, 0P together with integration by parts. We now apply lemma

1
[V 0 - ) arlar

‘3 |V/f1 -8“V’(f1 _ f2>|2 da’

? K(t)EX
o (t)EA

R'ﬁ‘,‘ﬁf)]

+|| R )

HY(I) H HY(T)

8.6.5 to the first term on the right hand side.

Hence

t
19, > 10/ Lojoev (s — )P e - K(t)/ Ba(r)dr — K(£)EY
2 Jr n| 0

where we have used the remainder estimate (15.1.6).

Now we proceed to estimate I} ,. We have

IR, <) L0V (f1 = o™ (pk — p3)da’dr
- Z / / (L) 0 0°9' (7" — )00, 0 (0 — p)d'dr
T |Jo Jr
t
1y Byl el _ g2 Bl 2
< g/o H(u:l:) azza \Y (f f )‘ HO5(T) ‘ 81'26 (p:t pi)HH—Oﬁ(F) dr
t
<3 [ D ey 0795 = )]y 070 =D
2 t 2
8 8
< Z/ 1R 009" = 7 gy 0+ 2 [ 0208 = 2], 0
K t)/ Ea(r)dr
0
where we have again used the Sobolev trace estimate.
Putting what we have so far together using the inequality (15.0.2), we have
o 2 o 2 o 2
; |0 (»' _p2)HL2(Qi) + ; |0 (u' — UQ)HL2(Qi) +1|0 V'(ft - f2)HL2(1")
t
< K(t)ER + 1K(t)/ EA(7)dT + €K (t)Ea(t) (15.6.1)
0
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15.7 Difference Estimate of the Time Derivatives of the Corrected Pres-
sure and Velocity and the Front

1 1
We let 5 be a multi-index with |3| = 1, 3 = 0. Recall the operator D;f ~ is defined as DZL T o=
9 4 (u?)! - V (with u! defined on € by Sobolev extension).
1
We set @« = 3 in the equations (15.3.10)-(15.3.11) then apply the operator Df ~ to obtain the equa-

tions

1 ul o 1l -
e Ot O VIDE P =) £ 9V DY — ) = RA(U,)
ul

ul ~
P01+ (") VD)™ (W =P+ Y D) (o — ) = RA(U.v)

in (0,7%) x Q4. We now proceed as for the tangential derivatives. We multiply the above equations by

1 1
Df ~(pPt — p??) and Df ~(uP! — uP?) respectively, then add them together. Integrating over Q. we

d/ 1
dt Jo, pt(ct)?

1 1
T 2/ D;L’ (p'B’1 —pﬁ’z)DzL (uﬁ’1 — uﬁ’Q) -nlda
r

obtain

1 2

L d
D~ (™ =) e+ P
+

- ul
-/ RA(U,4)D,~ (UL — UP?)dx
+

Integrating from O to ¢ and summing over +, we obtain

1
2/9 PUCHE

< K(t)ER + K(t) /Ot Ea(7)dr

ul
D, (p”! = p™?)

2 ) 2
dx+2/ pl'D?(uﬂ’l—uﬁ’Q) dJ:—2K§
+ vz

where we have used the remainder estimate (15.1.11) and we have defined

1

t 1
K= [ [ 07 -0 -0 tiastar
0

We must write out [Dfl’ (pPt — pBVQ)D;ll’ (u®! — uP?) - nl] in terms of the quantities p and u for
which we have boundary conditions.
Kﬁ = /Ot/r[Dfl ™! —pﬂ’Q)D:£ (ut —uP?)  plld2/dr = Kf - Kg - Kg + Kf
where
K= [ [ Dl ottt a0l 0% - aatar
Kg g = Ot /F[nl : Dfl_ﬁﬁ(ul — uz)thl_ (DP(fr — fH)Bsp)|da’dr

t ul ul
KR s= /F[nl D, (p' — p*)D;~ (87(f — f*)d5u')]da’dr
0

t 1 L
KR, = i /F [n! - Dy~ (9°(f' — f2)9sp") Dy~ (9P (f' — f2)dsut))da’dr
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Applying the remainder estimates (15.1.5) and (15.1.10) we may estimate K g 9 K g 5 and K g 4
analogously to Kﬁ, K:’f and Kf as in 8.10 to obtain

1 t
KR |+ [KR| + | K24| = KB + K () /0 Ea(r)dr + K (t)Ea(t)

We now consider K g 1- We use the differentiated equation for the front, (15.3.13), to replace nt.

Df - 9P (u' — u?), and we obtain the following.
KB, = /0 t /F ' DY 9% (u} — u?)D!" 88 (p! — p?)]da’dr
-/ t J om0 = Dy 0% — sl
[0V (fH = D9 (pt - p?)|daldr
[ [BAr (. £)D} (! — ) ae'ar
= [ [ a0t (! — DI 0P (! — pY)daldr
WL) VDI (F — f2)[DL 0% (p) — pA)]da’dr
VD08 (1 — DI 0P (pL — p? )da'dr
)

RA (U, f)D, “98(p! — p?)]da’dr

J
J
y
o) ]
o | e
L

11+KA12+KA13+KA14
Applying the remainder estimate (15.1.10), we have
8 1 ¢
’KA,M‘ < K(H)ER + EK(t)/ EA(T)dT + eK(t)EA(t)
0

The estimate of K g 11 1s similar to the estimate of IR ;. Using the pressure interface condition

(15.3.14) and integrating by parts, we have

Ki,, = / / 9D 0P (F1 — YD 9PV - (0)! — (7)2)da/dr

/£l ! £2
:a/ /athaﬁ(fl—fQ)v’-Dflaﬁ(T{‘ — Té] )dz'dr + K3 15
0 JI
t ul \v4 1 \vd 2
:—a/ /atDt—aﬁv’(f — 3 - D, 9% { / )da'dr
0 JT n! n?|

B B
KA,113 + KA,115

where

2 ul NV
K= =73 [ LoDl = ) VO - Tt

A115 UZ/ /@ o5 ( Vaﬁ(f —f ))Dtlaﬁ( \ﬁly — W\ Yda'dr
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can be thought of as lower order terms. Let us also label the first term on the right as
\v& 1 \v4 2
i Yda'dr

t 1
U 5 /
/ /atDt "V (.f f2) ( |n1‘ ’nz‘

B —
Kapmn =
o Jr
The lower order terms K5 ;5 and K ;5 are estimated analogously to K75 and K5 in 8.10, hence

we merely state the relevant estimates
t
\ Rons| S KOB + 5K [ Batr)dr + KB

115 <K /EA

To estimate K ,,, we use lemma 15.3.4 to obtain
DOV (' - P)
¢ dz'dr

t 1
Kﬁ 11120/0 /Fath_a’Bvl(f 12 ]
o [ [antorv . DU =L AU )\ S
0o Jr [nt|
t 1
o [ [aD 0V = 1) B (U )R ()
0
Croa D=V (f1 - f)
_ Bl pl g2y
U/o /FatDt V' (f* — %) P dzdr
¢ ) 1el U aBor £l g2
_ 1el U= 98 (Vf-Dt8V(f f)) /
a/o /Fc‘)t(Vf D;=9°V'(f' — f2)) I dz'dr
t 1
T / / D}~V (f' = f2) - RS p(U. f)RA p(f)da’dr
2
= /)| dadr

Vst D)oV

/ / RL (U, /)RA 1 (f)RE 1 (f)de'dr
2

_ - el - 1_ r2 _
2/0 7 o P = ap
- t Joiov 0 (U, f)RA p(f)da'dr

[ [ Rex@ DR p(ialar
We now apply lemma 8.6.5 to the first term on the right hand side and we apply the remainder estimates

(8.18.12) and (15.1.6) to the last term. The other term is estimated by integrating by parts in time as in

D=0V (f

f'=r-R

8.10 so we merely state the estimate
1
[ oD = ) R (U £)RA £ ()ddr

0o JI'
< K(t)EQ + %K(t) /Ot EA(7)d7 + eK (t)Ea(t)

2
da’

Thus we have eventually shown that

1
_ B

— DotV - )
/EA VA7 + X K(1)Ea(t) — K(1)E

0
A

_?
€2
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The estimate of K g 1o 18 similar to the estimate of K g 11» €xcept this time the remainder terms are
easier to deal with because we have replaced a time derivative with a tangential derivative. Using the

pressure interface condition (15.3.14), we have

K=o [ [d 9Dl — D0V (@) - ()i

— 8 2\ v/ 16 vfl va
J//u+ NDI9P(F' — f2)V . D" a(w PHSLEC
/ | RAr U DA () - B (f)da'ar
- 3 5 v/fl v/f? ,
_a//u+ D@V(f f)D 8(‘n| ‘n2|)dxdr
/ | RAr U DA () B (f)da'ar
[ [TVIRA () Rl U )R (0
0o Jr
= Kg,ml + K£,123 + K§,125
where we have used integration by parts.
We now use lemma 15.3.4 to estimate K§,121-
Dulfaﬁ (el £2
KA121_U/ / uj - aﬁv (ft=r-= TTLS{ ! )dx/dT
(V' DV - VS
—0’/ / ul - "D, 85V(f — . ¢ T dz'dr
wo [ [h VIDI OV~ ) R 0 )R 1)
Dul—aﬁv/ fl _f2
_a/ / ul -V')D, oY (ff—s%. = ’n(l‘ ) ddr
1l U aBor fl g2
—0/ / u+ Vf D aﬁv (f fQ))(vf D, alz(f / )>dx'd7
|

/ / ul - VDIV (f1 = f2) - R p(U. f)RA p(f)da'dr

/ / R, UfRM<f>-R2A,F<f>dx’dT

e ARG

/ / RL (U, /)R (V' - R\ (f)da/dr + / / R (U, f)RA-(f) - Rap(f)da'dr

2
))dz'dr

2
DOV (f1 - 17| — VL DO (f1 - f2)

Il\

We now apply the divergence theorem and the remainder estimates (8.18.8) and (15.1.6) to obtain

!KA121!<‘//R (U.RA Y- By p(f)de'dr

r(U, f)RAr(f) - Rar(f)da'dr

SK(t)/O Ea(r)dr
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We estimate Kg 123 and Kﬁ 125 analogously to K1523 and Klﬁ25 in 8.10 to obtain

t
‘Kg,u?,‘ + ‘Kg,l%‘ < K(t)/o Ea(r)dr

Thus we have shown that
t
KR | = K@) / Ea(r)dr
’ 0

We proceed to estimate K g 13- Note that by rearranging the differentiated equation (15.3.13) we

obtain
Do (f = f2) = 0%(ul — ) -nt + RN WU, 1) (15.7.1)
Using the equation (15.7.1), we have
K3 = / / VNP (uh — w2 )D! 8P (pL — p2)da'dr
+ /0 /F RAL(U, f) - 00° (0 — p?)do'dr

We want to convert this into an integral over the interior 2_. First of all we need to go back to using the

corrected pressure and velocity. We have

1
K= = [t T - D st

L ([(ul)] - V) @2 (F! — £2)0ayul )DL~ 0P (pt — p?)da'dr

+
S

~+

_l_
3,_.
=
<

IS
»

—a)D; (D (f! — 12)0ypt )dadr

nt e ()] - V(O () = F2)0ugul )DL (0P () = f2)0u,pl )da'dr

+

+

— — o —, |

(U, f)-00° (pL — p)da'dr

+ Il
hh

RA (U, f) - 00° (pt. — p? )da'dr

+

\ﬂ\ﬂ\ﬂ\“ﬂ\ﬂ\ﬂ\
=y
= p= :

t
[ V0l ) R (U, pda'dr + / / RX (U, f) - R (U, f)da'dr
0 T

B B
a3t KA,132 + K5 135+ KA,134

Il
15@ =

Using the remainder estimates (15.1.5) and (15.1.10), we have
1 t

Kg,mz + Kg,133 + K§,134 < K(t)ER + EK(L‘) / EA(T)dr + eK(t)Ea(t)
0

To estimate K g 131 We convert the boundary integral into an integral over the interior €2 as for K {331
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in 8.10. We obtain
t 1
Ki,m = /0 ; V([ V)@ = uP?) Dy~ (pP = pP?))
+ 33:3( 5=V, 1) - ([(u Y- V)Pt —u??) D/~ (pP - pPP)dadr
1

= [ [ vty vt ) - )

+ EVULD g ((Y) V) — P2 (5 — P2 dadr

J¥!
t
+ / / RA(U.) - RA (U, ¥)dadr
) A w/At
/ / W (@ -y SV Vjﬁ’”'&53(%1—uﬁ’2>>fol-<pﬁvl—pﬁ’2>dxdr

[ <[<u1>’]~V'><uﬁvl—uﬂ’2>~DZ‘1-<V'<pﬁ71—pﬁ72>+(‘V;Wam3<pﬁ’l—pﬁ’2>dxdr

¢
+ /0 / RA(U,%) - RA(U, ¢)dadr
t 1 S .

_ / / W([(ul)/] . V/)Dt - (pﬁ,l _ pﬁ,2)Dt - (pﬁ,l . pﬁ’z)d:EdT

t
[ [ P -0 D 8

0 Ja_

t
+ /0 / - RAU) - RA(U,¥)dedr
= Kﬁ,lSll + K§,1313 + K§,1314

where we have used the corrected pressure and velocity equations (15.3.10)-(15.3.11) in the second to
last line.

To estimate K 21313, we use integration by parts in time and space and the divergence theorem.

KR s < Vo /Q DI (oM ()] V')t — uP2) - D (P~ uP2)dadr

RA(U,Y) - RA(U,)dadr

<

/ (] - V) WP — uf2) - DI (WP — uP2)da

0

P[] - ) (WP — uP2) - D (P — uP?))dwdr

1

ul u
1)’]Dt *(u'B’l — u5’2) - D, *(uﬁ’l — u'B’Q))dxdT

t
+ / RA(U,¢) - BA(U, )dadr
0 Q_

t

t
< RVt ) 00— u s |+ K1) [ Barar

0
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where we have used the remainder estimate (15.1.11) and the fact that (Ulﬁ)éh‘ = 0. We now apply
Cauchy’s lemma to the first term on the right, followed by the estimate we already have for the tangential
derivative V’ (uﬁ’1 — u5’2) given by (15.6.1) together with (15.3.9) to obtain

2
’K§,1313) < K( >EA+* ||Ro (U, %) HLO@(Q HV (u™! _um)’ 120.)

1 2
+ €2

8(uﬁ’1 — uﬁ’Q)’

L. )—I-K(t)/ Ea(r)dr

<K + K / Ea(r)dr + €8 K(6)Ea(t)
The remainder estimate (15.1.11) 1mplles

t
‘Kg,1314‘ < K<t)/0 Ea(7)dr

Using the divergence theorem and the remainder estimate (15.1.11), we have

t , 1
Y G

ul ul
[(w!)1D;~ (7! = p??) Dy~ (0™ — p™?))dadr

B
‘KA,I?;H‘ <3

/ [ R - FAU, b)dadr
0 Q_

< K(t) /Ut Ea(r)dr

Thus we have eventually shown that

T
K@f/w”

— /EA )dr — 2K (t)Ea(t) — K (t)EX

62

DI 0PV!(f1 — )

Hence, using the inequality (15.0.2), we have

>

2 2

2

+ L2 (Qx) L2(Q4)
2
ul
+ HDté?BV’(fl — )
L2(T)
KB +- K / Ea(r)dr + € K(6)Ea(t) (15.7.2)
In particular, combining this with the tangential estimate for HV’ PV (fL — f?) H r2(ry> We obtain
2
Haaﬁv’(fl - fQ)’ oy K VEQ + —K(t / Ea(r)dr + 2 K(t)Ea(l) (15.7.3)
52

Finally, we convert the estimate (15.7.2) into an estimate for the non-corrected pressure and velocity

using the estimate (15.3.8) together with the estimate (15.7.3) for the front. We obtain

2 2
> ‘Dflaﬁ(pl -7’ + 3 || Dr et ! - u?) (15.7.4)
+ L2(Q4) + L2(Q4)
< KB +- K / En(r)dr + s K(t)Ea(t) (15.7.5)
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15.8 A Weighted Normal Derivative Difference Estimate

Let w be given by either w = Exto_(u¥)}, in R® or w = Exto, (u¥)}_ in R? orwy = (u¥)}, in Qu.
We let /3 be a multi-index with || = 1. We let 9 = 9,,0” in the differentiated equations (15.3.4)-
(8.6.5). We then multiply by w to obtain the following.

O () V(! = )+ V- (w0 (ol =) = RE ()

PHD: + () - V) (wd (! — u?)) + V¥ (wd*(p" - p*)) = REI(U, )

We multiply the first equation by wd®(p! — p?) and the second by wd*(u' — u?) then sum the equations

to obtain the following.

1 1 1
2y lwd(p* — p?)|*) + 0" [wd (uh —u?)[")

+ 5V g ) w00 =) ) + 59 (0 () fuwor (! — )
+ V@/)l . (waa(ul _ u2)w8a(p1 _p2)) — R‘X'(Uﬂf)) . 804(U1 _ U2)

2

2

)

We integrate over {21 and use the divergence theorem together with the fact that w = 0 on I'. We obtain

the following.

1d 1 o1 212 1d 1 a1 2412
2dt/QjE FIEIE ‘w@ (p p)} dx+2dt Qip ’w@ (u u)} dz

= / RN U, y) - 0°(U" — U?)da
Qi
Integrating from O to ¢, using the remainder estimate (15.1.4) and the condition (15.0.2), we obtain
/ lwo (p* — p?)|* da +/ wd* (u! — u?)|* dz (15.8.1)
Q4 Qi

1 t

< K(t)EQ + K(t)/ EA(T)dT 4+ eK(t)EA(t) (15.8.2)
€ 0

Assume now [ is a multi-index with |3| = 1 and 83 = 0. Combining the above estimate with the

high-order time derivative estimate (15.7.5), we obtain the following simpler time derivative estimate.

2 2
B(nl _ 2 B, 1 2
zi:Hata (' —p )] LQ(Qi)JrgHata (' —u )‘ v (15.8.3)
t
< K(t)E + 13K(t)/ Ea(7)dT + €2 K(£)Ea(t) (15.8.4)
€2 0

for |B| = 1 with 53 = 0.

15.9 Difference Estimate of the Curl

Let |3] = 1 and subtract the equation (8.12.1) for (U2, ?) from the corresponding equation for (U, 1)

to obtain
PO+ () V)V x 8P (ul —u?) = RA (U, )
in (0,7°) x Q.
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For # a multi-index with |3| = 1 and 1 < ¢ < 2, we define the corrected curl as
W= V0 % 9P (15.9.1)
Thus the corrected curl satisfies the equation
pH (0 + (u¥)' - V) (W —w??) = RA(U, ) (15.9.2)

in (0,7°) x Q.
We multiply equation (15.9.2) by w”! — w??2 and use the product rule to obtain

) = RA(U, ¢) (! — w?)

1 2
iat(pl ‘wﬁ,l _wm‘

1 2
)+ 5V (o} (u?)! ‘wﬁ,l _ wm‘
in (0,7°) x Q. Note that we have absorbed lower-order terms generated by the product rule into the
remainder R4 (U, 1) on the right hand side.
Then we integrate over (). and apply the divergence theorem for Sobolev functions to the second
term on the left. Note that since (u¥)3, = 0 on I" we are left with no boundary terms. Hence we obtain
1d

2
1 / ol ’wﬂ’l - wﬁ’Q‘ de = [ RA(U.¢)W* — wP?)de
2 dt Qi Qi

Applying Cauchy’s inequality to the right hand side, we obtain

I

L2 (Q4

2

< IR ) ) + [t — w52

L2(Q1)

Then using the estimate (15.1.4) of the remainder, we obtain

il -2

Integrating from O to ¢, we obtain

|V -

Since p' > 6! by (15.0.2), we obtain

2

< K(t)Ea(t)

L2(Q4)

’ < K(t)EQ + K(t) /t Ea(r)dr
0

L2(Q4)

t
[Ea— > KRWE + K(t)/ En(r)dr (1593)
0

L2(Qx)

15.10 Difference Estimate of the Normal Derivatives of the Pressure and
Velocity

For || = 1and 1 < i < 2, we define the corrected divergence as
0’ = v 9ty (15.10.1)

Corollary 15.10.1. Let |3| = 1. Then

< ||R%(U, ¢

0,07 (! — u?)|

L2(Qx)
(‘ ‘V/E)B(ul - u2)‘

)

N oo L2<Qi))

L2(Q4) L2(Q4
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Proof. This is immediate from the lemma 8.13.2 applied to v = 9°(u! — u?), where we have replaced
G;(V') by the remainder R, (U, ). O

Now, let | 3] = 1. Note that by (15.3.1) and the fact that ¢ = V¥" - 9%uf, we have

1 .
W0 = S @ W) V) - ) + RRNU, ) + RS(U ) - Vp' 9,07 (' —4?)
where we have absorbed all the high-order terms in ¢ involving a spatial derivative into the remainder
f?,lg‘(U, ). Note also that H@,ﬁﬁ(@bl - ¢2)“H1(Qi) can be estimated by the estimates (15.4.1) and

(15.7.3). Thus

Hnﬁ’l B 77672‘ i2(Qi)

< KO0 0! =), + ][V =) |, + 00070 =)L)

+|[# )], + KO 007w =)

< K(t)(EX + g/ EA(T)dr + €2 Ealt +Hataﬁp —p )’ ; o) +Hv/aﬁp —p )‘ ;(Qi))
(15.10.2)

where we have used the estimates (15.0.2), (15.2.1) and the lower order remainder estimate (15.1.7),
together with the weighted normal derivative estimate (15.8.2).

Also, from the third component of (15.3.2), we have

02, 0° (0" = %) = =J¥" ! (8 + (u”)' - V)0 (uh — ) + RY (U, 0)
+ R3(U, ) - Vusd, 0’ (91 — 4?)
where again we have absorbed all the high-order terms in 1 involving a spatial derivative into the re-

mainder R'AB‘ (U, %) and we note also that ||8,0° (' — 1?)|]| () C30 be estimated by the estimates
(15.4.1) and (15.7.3). Thus

2

02, 0° (p* — p2)’

L2(Qx)
< K(0)(||00° (0 — )| ;(Qi) 4[|V —ud) i . [ ()302,0° (uh — u3) ;(ﬂi))
2
@), + KO 00w =],
2 2
< K(O)(Fa + e / Ba(r)dr + & Ba(t) + Hataﬂ _u3)HL2(Qi) + Hvlaﬁ(“%’ N “g)‘ s
(15.10.3)

where we have used the estimates (15.0.2), (15.2.1) and the lower order remainder estimate (15.1.7),
together with the weighted normal derivative estimate (15.8.2).

Now we claim that

|

2

9y P (! — u2)‘

K()EA+ K /EA )dr + €2 K(£)Ea(t) (15.10.4)
L2(Qx)

2

02, 0° (p* — p2)’

< KO + K /EA )dr + €3 K(t)Ea(t) (15.10.5)
L2(Q4)
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We proceed by induction on (3. In the case that 33 = 0, we note that we may apply (15.6.1) and (15.8.4)
to the right hand side of (15.10.2) and (15.10.3) to obtain

2
bt =2l < KOB + 5K [ Eatriar + KBGO
L2(Q4)
2
‘azgaﬁ(pl—pQ)‘LQ(Qi) K()EA+ K /EA Jdr + 2K (1) Ea()

Then we apply the estimate from corollary 15.10.1 together with the lower order remainder estimate
(8.18.4), the estimate (15.6.1) for the tangential derivatives, the estimate (15.9.3) for the corrected curl

and the estimate just obtained for the corrected divergence to conclude that

which proves the result in the case 3 = 0.

2

Dy 0° (Ut — u2)‘ < K(t)ER + K( ) /O t Ea(7)dr + e2 K (t)Ea(t)

L2(Q:i:) 62

Now we suppose the result is true for 33 < k for some 0 < k < || — 1 and try to show it is true for
B3 = k + 1. But this is straightforward and is done in the same way. Note that the previous induction

step gives us the estimate for
o7 =) s, < KOES + S K0 /EA ) + S K (1)Es(t)

2
176" =2 g < KOS + K / EA(r)dr + EK (1) Ea()

where |y| = 2 and 3 < k+ 1. We apply these estimates to the right hand side of (15.10.2) and (15.10.3)

to obtain
1 2|2
Hnﬁ, _,7,8,‘ < K()E] + — K /EA )dr + 2 K(t)Ea(t)
L2(Q1) 62
2
0020t =3[ < KOB + 550 [ Baar+ k@B
L2(Qx) 62

Then we apply the estimate from corollary 15.10.1 together with the lower order remainder estimate
(8.18.4), the previous induction step for the term V' 9PBu, the estimate (15.9.3) for the corrected curl and
the estimate just obtained for the corrected divergence to conclude the result for the case 83 = k + 1.

This proves the claim.

15.11 Elliptic-Type Difference Estimate for the Front
Lemma 15.11.1.

|6V (f! —f2)H§{0_5( r < K(6ER +- K / Ea(T)dr + €2 K(t)Ea(t) (15.11.1)
for0<l|a| <2 ap < 1land az = 0.

Proof. Let o be a multi-index with 0 < || < 2, ap < 1 and a3 = 0, so that we can write 9% = 6'88xi for
some i € {1,2}. Let (D’ >0'5 denote the half-order derivative operator which corresponds to multiplying

by (¢’ >O‘5 in Fourier space - see the notation in the appendix.
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Applying (D’)*° 8 to (15.3.1) and subtracting the equation for (U2, f2) from that for (U1, f1), we
obtain

v/fl B Vlf2

ntl [n?]

(D)7 [0 (0" = ) = o (D)7 V" 0%( )

We multiply both sides by (D’)*° (! — £2) and integrate by parts to obtain

/F (D)5 (05 (0" — P ) (D)2 00, (1 — f2))da’
/ (0o (L1 - VL) (0 0o~ )y

ntl [n?|

We now use lemma 15.3.4 to differentiate il v/ ‘1 — ‘ 2| followed by the fractional product rule A.3.8

from the appendix, and using the notation of this lemma, we denote the remainder term by
R(G(V'f1),0°V'(f* = %)
where G is a smooth function. We obtain
/r<<D’>°'5 (' =D 000 (1 £7))da
o oo -5k

=o [l et = - S (9o et - ) e

)) - <<D’>°'5 V' (f — f2))da’

v [ (D)0 By S() (D) 0T~ )
to / R(G(V'f1,0°V'(F' — 12)) - (D" 9° 9 (f1 — f2)da’
T

= |n1‘3 (2o (s - )

— S IIRG 009 (7 = 2 ey 9 /F (Do v (- )
_ HRlA,F(f)HiI1(F) - C’Haav/(fl . fz)H;(r)

where we have used lemma 8.6.5. We have also used Cauchy’s inequality in the last step, and we are
free to choose 0 < § < 1. Note that 8R£7F( f) is a sum of terms which contain factors of the form
V' (fY — f2) where |y| < 2. We recall that we have already estimated 7V’ (f! — f2) in (15.7.3).
Hence, using Cauchy’s inequality, the remainder estimate (15.1.9), and the estimate of the remainder

from A.3.8, we obtain

o /F - \<D’>°‘5 V(1" - fZ)‘dev’

nt

< & |k 0e -

+5HD’°5aa (! f2)‘

L2(T) LA(T)

+§(K()EA+ Lk /EA )dr + €3 K (1) Ea(t))
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We choose § < W and rearrange and use the Sobolev trace theorem to obtain
Lee(T)

o / - \<D’>°'5 o°v'(f' - fQ)\Qdm’

r |[n!|

<Cz“n1HiN(F) Hag( 1.2
SO P p)H

2

oy T RO+ LK /EA )7 + 2 K (t)Ea(t)

K()EA~|— K /EA )dr + €2 K (1) Ea(t)

where we have used the lower order estimate (15.2.1) and the existing energy estimates (15.6.1) and
(15.10.5). Hence

Loy omvis - ) a

< K(t)E + 2K /EA )T + €2 K (£) Ea(t)

€

This completes the proof. O

15.12 Conclusion of the Proof of Uniqueness and Stability

Combining the estimates (15.2.1), (15.2.2), (15.4.1), (15.6.1), (15.8.4), (15.7.3), (15.5.2), (15.10.4),
(15.10.5) and (15.11.1) we obtain

Ea(t) < K(t )EA+ K /EA d7+ezK( JEA(t)
< K(T°)EQ + —SK(TO) /t En(7)dr + e2 K (T°)Ea(t)
0

€2

1

where we are free to choose € € (0, 1]. Choosing €2 = and rearranging we obtain

1
2K(T0)
t
EA(t) < K(TY)EX + K(TO)/ Ea(7)dr
0

where we have redefined the function K (t), but it is still of the same form and K (T°) < co. Applying

Gronwall’s lemma we immediately obtain that
Ea(t) < K(T°)ER exp(K (T°)t)

for t € (0,T°). This is the statement of stability.
Note in particular this implies that if (U), U%!, f01) = (U, U%?, £92) then

Ex(t)=0

fort € (0,7° = (0,T%%) = (0,7°2). Thus

HUl - HLQ(Qi) =0
Hfl _f2HL2(F) =0

for t € (0,7°) and hence U' = U? almost everywhere in (0, 79) x Q4 and f! = 2 almost everywhere

on (0,79 x I'. This completes the proof of uniqueness.
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16. Extensions

16.1 The Two-Dimensional Case

Suppose that the flow is independent of one of the horizontal directions, so that we may consider the
fluid to occupy some two-dimensional regions 2. (t) C R? separated by a one-dimensional surface
['(t). Then in fact exactly the same theorem as 4.6.1 holds, where we replace the three-dimensional
space variable with a two-dimensional one by, say, dropping the x; coordinate, then relabelling the
coordinates so that 1 becomes the horizontal direction and x5 the normal direction. Our proof works in
exactly the same way, and in fact the Sobolev embedding theorem actually gives slightly better estimates
for a fixed number of derivatives, but not quite enough for us to reduce the regularity requirement on the
initial data. Note that we replace the curl V x u with the two-dimensional curl, which can be written as
a scalar, 0,, ua — Oz, u1, Or, to maintain consistency with the three-dimensional notation, as a 3-vector
whose first two components are zero, given by (0, , 03,,0) X (u1,u2,0). Other changes to the proof are

minimal.

16.2 Body Force

We consider here the effect of adding a body force, h(t, x), to the right hand side of the velocity equation
(2.1.2). This means the system (2.1.1)-(2.1.5) remains the same, except that the velocity equation (2.1.2)

is replaced by the equation
p(Or+u-Vu+Vp=h (16.2.1)

First let us consider adding A to the right hand side of the velocity equation (4.3.2) in the fixed domains,
where we allow h = hy in Q. Suppose h = h(t,x,U, ) is a function of (¢, xz,U, 1) where U =
(p,u, s) such that

3.t
ZOESY Z;/O 08 (s (7.2, U (), (7, ) s A < M + LR (E()
j=
for any (Uy,U_, f) and ¢ = L*f with E(t) < oo, where M}, is a constant depending on the function
h and F}, is a smooth increasing function depending on the function h. Thus h(t,z, U(t, x), ¥ (t, x))
has basically the same regularity in space as solutions with E(t) < oo, with the only difference being
that h is L? in space at zero order. Then it is straightforward to show that the main theorem in the fixed
domains 4.6.1 with the addition of this body force is proved in exactly the same way. Note that when

passing to the p-approximate equations we would mollify / as we did p and replace it with h,, which is
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smooth in space. If we allow M and K (t) as defined in 8 to depend on the function h, then it is clear

that the energy estimate in 8 remains the same, so that we have the following bounds on 7° and C°.

where C, () is a smooth increasing function which may depend on the function h. The main other point
to note is that when we come to linearise the p-approximate equations, we will simply replace i, by
Ry o= (h(t, 2, U (1), 6(t,2))), = (Exto, (bt 2, U(t,2), §(t, 2)))) * nula.

Using the above result for the fixed domains, we may add any function h(¢, z, U) to the right hand
side of velocity equation (2.1.2) in the moving domains such that we can write h(t,2’, x5 + ¢, U) =
h(t,x,1,U) as a function of (¢,z,,U) for some h satisfying the conditions above. Note since the
domains Q. (t) are unknown, we require that h is defined for 2 € R3 rather than separately for = € Q.
as above. Thus we obtain the conclusions of the main theorem 2.4.1 with the addition of the body force
h, where we modify the bounds on 79 and C” as above (without the dependence on x°).

Note that, if we were working in a horizontally periodic domain with top and bottom walls or a
bounded domain, the above would allow the the addition of a gravity force h = pg where g is the
constant vector acceleration due to gravity, but to fit the setup above we need h € L?(Q+) so we would

have to multiply the gravitational force by a cut-off function or weight.

16.3 Constructing Compatible Initial Data

We know that there exist piecewise constant flat vortex sheet solutions to the vortex sheet equations
(2.1.1)~(2.1.5) as described in the introduction, with p4 = p+ = P, uyx = a4 = (@/.,0), s+ = 54,
f = f = 0 where p, @y, 54 are constants. We have also shown in theorem 2.4.1 that given initial data
with E? < oo satisfying the compatibility conditions (2.2.5)-(2.2.6) up to order 2 we have solutions, but
it is difficult to construct initial data which actually satisfy the compatibility conditions (2.2.5)-(2.2.6)
up to order 2. However, one way to do so would be to use the result with a given body force described
above. We take h = h to be given bump functions in time so that &/ ho € C,((0,T); H377(Q)) for
0 < j < 3 where T > 0 will be taken sufficiently small. We then solve the system (4.3.1)-(4.3.5) on the
fixed domains with initial data (U, U_, f) being the flat vortex sheet solution above, and body force h.

We have that the existence time 7 is bounded below by

11
T° > T(E°, —, —, Ep(1)) >0

where we may take, say, K0 = % Now we make the energy Ej(1) of h sufficiently small and the

time 7" smaller than the corresponding existence time 7°. Then we may take the solution at time some
time T < T’ < T° as initial data for the problem without a body force, which will be non-trivial for
most non-trivial functions h. The time 7" may be chosen so that this new initial data (U{,U?, f9) =
(U (T"),U_(T"), f(T")) has E° < oo, and the compatibility conditions (4.4.6)-(4.4.7) up to order 2 are

automatically satisfied since (U4, U_, f) is a solution of the equations (4.3.1)-(4.3.5) near time 7" with
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energy E(T") < oo. Defining the diffeomorphism 6 from ¢ as in 5.1.1, we have that (U 060~1(T"),U%0
6=1(T"), f°) are non-trivial initial data for the system (2.1.1)-(2.1.5) on the moving domains satisfying

the compatibility conditions (2.2.5)-(2.2.6) up to order 2.

16.4 Horizontally Periodic Domain with Top and Bottom Walls

Instead of working on the unbounded domains % with interface I'”" as defined in 2.1.1, we could work

on a horizontally periodic domain with top and bottom walls, by which we mean we redefine

QY = {(t,x) € (0,T) x Q: 3 > f(t, )}
QF = {(t,z) € (0,T) x Q: x3 < f(t,z)}
"= {(t,z) € (0,T) x Q: x3 = f(t,2)}

where the fixed domain €2 is defined as
Q:={(t,z) € (0,T) xR3: 23 < Dy, 23 > —-D_,—L < xy,29 < L}

for some fixed constants Dy > 0, D_ > 0, L > 0. We impose periodic boundary conditions in the

horizontal directions, and we impose the solid wall boundary condition
uz =0

on (0,T) x {xs = =Dy }. Note that this is exactly the statement that the fluid does not flow through the

walls at 3 = £ D4 since ug is the component of the velocity normal to these walls.

Cross-Section of () with x5, Constant

x3 =Dy uz =0
I 1
| |
| Q t |
Ty = _L: +( ) P+, U, S+ ::Cl =L

| I
| I
I Surface Tension Force o :
L —o(V-n)n — WU :
I I
L I

Q) p_u_,s-
r3=—D_ us = 0

We require that initially the surface I'’ does not touch the walls, which means that for a short time
by continuity it will still not touch the walls. We note that when constructing the lift ¢) of f, we want to
ensure that 1) = 0 in a neighbourhood of the walls so that the change of coordinates 6 is the identity in a
neighbourhood of the walls. Thus we want to set ¢ = x(x3)f where x is a smooth cut-off function with
sufficiently small support depending on D. But then 0., might be quite large, so one way to ensure
that 6 remains a diffeomorphism would be to set 0(¢, x) = (¢, 2", Axs+1(t, x)) for A a sufficiently large

positive constant, to ensure that the Jacobian J¥ := A + 0z,% is uniformly positive. This slight change
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should not cause any difficulties in adapting the proof of 2.4.1 to the case of a horizontally periodic
domain with top and bottom walls. Note that the boundary condition uz = 0 on (0,7") x {z3 = £D4+}
ensures that the boundary terms generated in the energy estimate due to the walls are in fact zero.

Thus we conclude that it would be straightforward to adapt the proof of 2.4.1 to the case of a horizon-
tally periodic domain with top and bottom walls, or indeed a domain which is unbounded horizontally

but bounded by walls above and below.

16.5 Bounded Domain

The case of a bounded domain was considered by Shkoller et al in [6] in the incompressible setting. In
this setup, R is replaced by a sufficiently smooth simply connected domain 2 C R? and the interface
between the two fluids I" is a closed surface which divides the interior of €2 into two pieces, €24 and €2_,

where, say, {2 is the outer region.

Cross-Section of () with 5 Constant

P+,U+, 5+

The interior equations and the pressure interface condition remain the same, and the interface I still
moves with the fluid, which in a local chart would still be the condition d; f = u - n. We assume that the
outer boundary of €2 acts as a fixed wall, so the boundary condition on 952 is u - ¥ = 0 where v is normal
to 0€). This implies that any boundary terms generated in the energy estimate due to the outer boundary
0N are lower order terms provided €2 is a sufficiently smooth domain.

The analysis of this problem requires the introduction of coordinate charts and a partition of unity to
define derivatives on I', which adds significant technical complications to the problem. However, since
we have not imposed any smallness assumption of the graph of the from f in the above work, it seems
likely that there is no fundamental obstruction in adapting the above work to the case of a bounded

domain, although we will not comment any further in this direction.
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17. The One-Phase Problem With and
Without Surface Tension

The one-phase problem with and without surface tension has been considered by Shkoller et al in [10],
so we do not devote a large section to this problem. However, we sketch the details of the results we
would hope to obtain for the one-phase problem using the above methods since the exact statements are

slightly different to those given by Shkoller et al in [10].

17.1 Statement of the One-Phase Problem

Perturbation of a Flat Liquid-Vacuum Boundary

Vacuum
Normal Velocity A /

Unit Normal 7

Surface Tension —o(V - 11)7

Fluid in Q(¢)
Density p(t,z) >0
Velocity u(t, x)
Q(t) Pressure p(t, x)
Internal Energy  e(t, z)
Entropy s(t,x)
) T)

(t
Sound Speed c(t,

When we say the one phase problem, we are referring to the problem obtained from the vortex-sheet
problem when we replace one of the fluids, say the fluid in the region Q% by vacuum. The interior
equations in Q7 remain the same, the interface still moves with the fluid and we replace p by 0 in the
pressure interface condition (2.1.5). Thus the system of equations can be written as follows, where we

drop the subscript _ since it is now redundant, so Q7 refers to Q7 etc.

1
E(&—&-u-V)p%—Vw:O 17.1.1)
p(Or+u-V)u+Vp=0 (17.1.2)
O +u-V)s=0 (17.1.3)
in QT
Ohf=u-n (17.1.4)
p=oV i (17.1.5)
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onI'T.
If o > 0 we call this the one-phase problem with surface tension, and if 0 = 0 we call it the
one-phase problem without surface tension.

The compatibility conditions given in 2.2.3 reduce to the following compatibility condition.

Definition 17.1.1. We say that initial data (U, f9) satisfy the compatibility condition for the system
(17.1.1)-(17.1.5) up to order k, for integer k& > 0, if the following holds for all 2’ € R?.

R 0° o) (@') = a0V - %) (') (17.1.6)
for 0 < j < k, where
P°|po (@) == p° (', fO(a))

Note that in order to relate this to the above work, we will require that the density is bounded below,
so it is non-zero at the boundary, and hence physically we would probably be modelling a compressible
liquid rather than a gas. One could also replace the vacuum region with a region of constant pressure
p > 0, in which case the pressure interface interface condition would become p = oV’ - 7 + p, which

would cause no difficulties in the proof since p would disappear upon differentiation.

17.2 The One-Phase Problem With Surface Tension

Here we assume o > 0. In this case it is straightforward to adapt the proof of the main theorem 2.4.1
given above to prove an analogous result for the one-phase problem. The statement of the result for the
one-phase problem with surface tension can be written as follows. Note that the energy is the same as

defined in 2.3.1 but without the {2 terms.

Theorem 17.2.1. Let (U, f0) be initial data with energy E° < co. Assume that this initial data satisfies

the compatibility condition (17.1.6) up to order 2. Assume also that the initial density satisfies

inf p%(x) =:0° >0 (17.2.1)
€0

Then there exists a time T° > 0 and a solution (U, f) of the the system (17.1.1)-(17.1.5) with o > 0

on the time interval (0, T°). Moreover;

E(T% < C°
0
p> % in QT°

The time T° > 0 is bounded below as follows.

1
7° > T(E°, @) >0

where T(+) is a smooth decreasing function which may depend on o. Similarly, the constant C° > 0 is

bounded above as follows.

1
CO S C(EO, 5*0) < o0
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where C(-) is a smooth increasing function which may depend on o.
In addition, the solution (U, f) is unique on the time interval (0, T°) in the sense that it is the only
solution of the equations on the time interval (0, T") with initial data (U°, f°) satisfying the following

properties

E(T% < o0

inf p>0
(t,z)enT®

We avoid repeating all the details of the proof, but we note that there are some significant simplifica-
tions particularly in the energy estimate. Indeed in proving the energy estimate, everything is estimated
in an exactly analogous way as in 8, except that a large simplification can be made when estimating the
highest order time derivative. The boundary term K 1’33, which we had to estimate by going back to the
equations in the interior, is no longer present at all. In particular, this means that we can use the time
derivative O, instead of the material time derivative D'~ in this high order time derivative estimate, and
we can skip all the estimates dealing with the term K 163. In fact it becomes possible to estimate the
tangential and time derivatives in the same way, provided that we estimate the term corresponding to /5

in the same way as K 152.

17.3 The One-Phase Problem Without Surface Tension

It is also possible under slightly modified assumptions to prove short-time existence and uniqueness for
the one-phase problem without surface tension, that is o = 0. Indeed, all that is required is to prove an
energy estimate for the one-phase problem with surface tension that is independent of o (which is the
same as proving an energy estimate for the py-approximate one-phase problem that is independent of ¢ in
the case p = 0). One could then use weak-* compactness and the Sobolev compact embedding theorem
for solutions of the problem with surface tension to pass to the limit o = 0 and obtain solutions to the
problem without surface tension. Note that obtaining a time interval of existence independent of o given
a o-independent energy estimate would be straightforward assuming that the time interval of existence
for the case o > 0 can be maximised in such a way that the o-independent energy blows up ¢ reaches the
maximal time.

Note that in the case ¢ = 0 we no longer obtain an elliptic-type estimate for the front f from
the pressure interface condition (17.1.5). In fact, to obtain a good estimate for f we need to make an

additional assumption on the initial data. That is, the Taylor sign condition should be satisfied as follows.
- Isp0|F0 > >0

for some \Y > 0. Note this implies by continuity that the Taylor sign condition holds for a short time
T >0,ie
/\0

Note that in the case of an unbounded domain, the requirement —9,,p%|ro > A% > 0 conflicts with

Vp? € L2(20). It may be possible to allow for this by adding a gravitational body force and subtracting
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a background pressure, but even then it seems that we would need to introduce a bottom wall to pre-
vent the density from tending to infinity. Hence in this section for simplicity we will restrict to the case
of a horizontally periodic domain with bottom wall, but we expect the same result to hold for a gen-
eral sufficiently smooth bounded domain, or a horizontally unbounded domain with bottom wall with

gravitational body force after subtracting an appropriate background pressure. We define

(t,x) € (0,T) x Q: a3 < f(t, )}
(t,z) € (0,T) x Q:x3= f(t,x)}

where the fixed domain €2 is defined as
Q:={(t,z) € (0,T) xR3: 23> —-D,~L < x1,29 < L}

for some fixed constants D > 0, L > 0. We impose periodic boundary conditions in the horizontal

directions, and we impose the solid wall boundary condition
ug =0 (17.3.1)

n (0,7) x {xg = —D}.

The loss of the estimate for the front f from the pressure interface condition (17.1.5) means that we
should modify our energy so that U and f are estimated to the same order. If we try and do this with
an energy with only 3 derivatives, then the remainder terms become impossible to estimate, hence we
should increase the order of the derivatives in our energy by one. If we include the terms in our energy
that we would have in the case o > 0, but this time multiplied by the appropriate factor of ¢ so that we

can obtain a o-independent estimate for this energy, we obtain the following definition.

Definition 17.3.1. Define the o-independent energy E, : (0,7 — [0, co] by

Eo(t) = esssup|U|[ Ly + Y esssup||0°U|[12a(r) +esssuprHLoo(R2
T€(0,t) 1<|a|<4 T€(0,t) 7€(0,t)

+ Z esssup ||0“ f||L2(R2 +o Z esssup ||0“ f||H1(R2 +o ZesssupHV@ij

H4.5—] ]R2
1<]al<4 T€(0%) 1<|o|<4 7€(0,t) j=0 TE(0.1) (

We allow the case o = 0, in which case the energy is written as F(t).
The initial energy E° of the initial data is defined in the obvious way, replacing time derivatives in

the above energy by initial time derivatives.

The statement of the result for the one-phase problem without surface tension in a horizontally peri-

odic domain with bottom wall can be written as follows.

Theorem 17.3.2. Let (U°, f0) be initial data with energy E8 < 00. Assume that this initial data satisfies
the compatibility condition (17.1.6) up to order 3 with o = 0, plus the compatibility condition associated

with the bottom wall,

Q| wse—p = 0for0 < j <3 (17.3.2)
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Assume also that the initial density satisfies

inf p°(z) =: 6% >0 (17.3.3)
zeQo

and that the following Taylor sign condition is satisfied
— inf 9y p°lpo =: A2 >0 (17.3.4)
zel™©
and that the initial surface and bottom wall satisfy
dist(I°, {z3 = —=D}) = 1" > 0 (17.3.5)

Then there exists a time T® > 0 and a solution (U, f) of the the system (17.1.1)-(17.1.5) with o = 0

plus (17.3.1) on the time interval (0, T"). Moreover,

Eo(TY) < C°
0
p> % in QT°

20
—OpaD > 5 on r?’

0
. . n
f dist(I'(t =-D}) > —
jeint,, dis (T'(), {xs =5
The time T° > 0 is bounded below as follows.
1 1 1
0 0
T > T(EO,(S—O, F’ﬁ) >0

where T(-) is a smooth decreasing function. Similarly, the constant C° > 0 is bounded above as follows.

where C(-) is a smooth increasing function.
In addition, the solution (U, f) is unique on the time interval (0, T°) in the sense that it is the only
solution of the equations on the time interval (0, T") with initial data (U°, f°) satisfying the following

properties

E(T% < oo

inf p>0
(t,x)EQTO

— inf  0Opp >0
(t,x)EFTo

te(i(I)l,fTO) dist(T'(t),{z3 = —D}) >0

We sketch some details of how to obtain the o-independent energy estimate. Firstly, we should
use the corrected unknowns as defined in (8.6.7) throughout the energy estimate in order to remove the
highest order terms in v from the differentiated equations, as we did for the time derivative estimate

in 8.10. In fact the time derivatives are now estimated in the same way as the tangential derivatives,
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provided we estimate the term corresponding to IS in the same way as K 1’82. The boundary term that we

obtain during the time and tangential estimates using the corrected unknowns is

t
—KO‘:/O /Fn~u°‘padx/d7 = K- K§ — K§ + K

where

t
Kt :/ /n-&“u@o‘pdx'dT
0 Jr

t
Ké)‘:/ /n'ﬁo‘uao‘fﬁgpdx'dr
o Jr
t
Kg‘:/ /n'ao‘pao‘fﬁgudaﬁ'dr
o Jr
t
Ki :/ /n-@o‘fagp@afagudx'dr
o Jr

Note that K'{ can be estimated directly by ¢/ (¢) using notation analogous to that in 8. The term K can
also be estimated by ¢ K (t) after using (17.1.5) to replace 9“p by 00*V’ - fi and integrating by parts in
space. The term K¢ can be estimated as before, again by using (17.1.5) to replace 9“p by 00“V"' - 7.

Now let us consider K5'. Using the equation for the front (17.1.4), we obtain
t t
K§ = / /8a(u -n)0* fOspda’dr —/ /u - 0Ynd* fOspda’dT + R
oJr 0o Jr

t t
= / / 0“0, fO* fO3pda’dr + / / w-V'0¥fO* fOspda’dr + R
0o Jr 0 Jr

where we are using R to denote a generic remainder term satisfying |R| < tK (¢) and we are not being
very precise with the remainder terms. We use the product rule and apply the divergence theorem to the
second term to obtain

t

1 1 [t

0
1
> =5 [ 1% oupeda’ — 31° ()
r

. .. 0 .
Hence the Taylor sign condition —0sp|r > )‘7 > ( ensures we have an estimate for ||0% f| \%g(r).
The rest of the energy estimate is much the same as in 8, except we use the corrected unknowns
throughout. The estimate of the unknowns given an estimate for the corrected unknowns is simple given

that we have 4 derivatives in our energy, and is obtained as follows.

2

fe” « fe 81 U
It U||i2(Q) <C|lU H%%Q)"’Ha @bH%?(Q) TZ,
L(2)
2 2 "y OusU |
< CIIU ey + C IO ey 0+ [ [la( %)) an
0 H2(Q)

< ClU*|[72() + 10°FI[ 72y (M° + tE (1))

where we have used the Sobolev embedding theorem.

This completes our sketch of the proof of 17.3.2.
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A. Appendix

A.1 A Hodge Decomposition Based Estimate

The following estimate based on Hodge decomposition allows us to separate an estimate for first or-
der derivatives of a vector field into an estimate of the curl, divergence, and normal component on the
boundary.

Note that in this section, f € C([0,T] x W2°(R?)), 1 = L*f for some a > 0 as defined in 4.2.2,
the domains Q0+ and I are defined in 4.2.1,n = (=V'f, 1), J¥ and the notation V¥ are defined in 4.2.3,
and J¥ > k > 0 for some constant x > 0.

First we write the Hodge decomposition in our setting.

Lemma A.1.1. Fixt € [0,7T). Let w € C%(Q+;R3). Then
AYw = VY(VY - w) — V¥ x (V¥ x w) (A.1.1)
where
(A%Yw); == V¥ - (VYw;)
Proof. Fix t. We define z € C?(0+(t)(+); R?) by
z=wof(t)

where the diffeomorphisms 6+ : (0,7) x Qy — QX are defined in terms of f in 5.1.1, and we may
evaluate them at ¢ € [0, 7'] using uniform continuity. We sometime write € for just the spatial components

of 6 since § maps ¢ to itself. We recall the formula (5.1.1) for taking derivatives.
Va= (V¥ ao0h)of!
Note that the formula also implies

Vxa=(V¥x(a0h)oh™?
V-a= (VY (a06))od™!

if a is a vector. Hence

Vz = (VVw;) 067!
Vxz=(V¥xw)oh™ !
V2= (VY w)oh™!
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Applying these formulae again to a = V z; etc, we obtain
V- (Vz) = (VY- (VVw;)) 0 07
V(V-2)=(V¥VY w))oh™?
Vx(Vxz)=(V¥x (V¥xw))oh!

Now we can apply the well-known identity
Az=V(V-2)-Vx(Vxz)
to obtain
A%w = V¥(VY - w) — V¥ x (V¥ x w)
O
Proposition A.1.2. Fixt € [0,7T). Letwy € L*(Qx;R3) with V¥ -w € L*(Q4), V¥ xw € L*(Q4;R3)
and wy - n € HO5(T). Then wy € H'(Qy) with
113
HwHHl(Qi) < C(l + HV fHWl,oo(l"))
[ (4 . 5

x (||w||L2(Qi) + HV wHLz(Qi) + HV . pr(Qi) v nHHO'“’(U)
Proof. Note we may assume w € C2°(§21) else we may approximate w by a sequence of C2°(€24)
functions which converges to w pointwise, and for which the norms on the right hand side are bounded
by those of w up to a constant, from which we obtain that w € H'({..) with the above estimate.

We dot the formula A.1.1 with w, integrate over {2 and use integration by parts. We use summation

convention for notational efficiency, where
V. 1
8j = 8j - 8]1/18553

(le)

=0+ 75 L 0s,

We obtain the following.
0= —/ wia;-l}a;bwidx +/ wia;p(vd’ -w)dx —/ eijkwiaf(vd’ X w)pdx
Qi Qj: Qj:

= — 6f(wi8fwi)dx+/ 8;?Dwi6;pwidx
Q4 Q4

2
+ 3;/)(in¢ ~w)dz — / \A w‘ dz
Q4

Q4

- / 61310 (wi (V¥ X w))dz + / €131 (0w3) (V¥ X w)yda
Q4 Qi

2
_j:/n]wlﬁ w;dz’ +/ O ( VQ’Z)’ ) wlawwldmjtz:/ ‘afw) dx

T / niw; V¥ - wdz' — / axg(%’)’)wivw ~wdx — / VY. w‘ dx
r Qi J Qx
Vb 1) 2
+ / eijknjwi(vw X w)da’ +/ eijk(‘)m(%)wi(vw x w)pdx —/ AVARY w‘ dz
r Q+ J Qx
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Let us denote by [ all the terms on the right hand side involving boundary integrals.

Note that we have
eijknjwi(vw X W) = eijkeklmnjwialwwm
Using the formula
€ijk€kim = 0i10jm — 0j10im
we obtain
eijknjwi(vw X W) = njwiafwj — njwiﬁ;pwi
Thus we have

I = j:/njwi(?;?bwid:c'$/niwivw-wdx':lz/njwiaf)wj —njwiﬁfwidx'
r r r

= :F/ niw; V¥ - wda' £ / njwiagpwjdx'
r r
after cancelling the first and last terms. Now we use the definition of 9% to obtain

I= ¢/F(n cw)(Vw') + (n-w)(n - Opyw)da’ + /F njwidjw; + njwin; Oy w;ida’

= $/(n-w)(V’-w')d:n':l:/nngﬁgwjdx'
r r

=F /F(n cw) (V' w')da! & /F(w/ V) w-n) —w- ((w' - V)n)d'

after cancelling the second and last terms then using the product rule. Thus

<V || ooy 1w - 2l rosry + ||V (@ )| oo oy || sy
+ HwHQL?(F) Hv/nHLOO(F)

Note that

1 2 2
lollfay =72 | - duywds < < ulfEagany + ellelan)

Qt

where we are free to choose € > 0. Choosing € = W, for 6 > 0 to be determined, and using the
L>®(T

Sobolev trace estimate and Cauchy’s inequality, we obtain
C C 2
1] < 5 ||w - ”||12L[0-5(F) + s Hv/fHWLoo(F) ||w||%2(gi) + 9 HwH%{l(Qi)

After rearranging we obtain

3 ) ) )
S [ el = [ [oreufars [ [0 a1
j=1 Qi Qi Q4
V915, a0 (V%1
- s () wid; wid s (= )wi V" - wd
Qi(93( 7 Jw;0; widx + Qic’%( T Jw; VY - wdz
/
—/ €ijkax3(%>wi(vd} X w)pdz
(O J
<Hv¢-w]2 +HV¢><w’2
B L2(Q+) L2(Q)

C C 2
+ 5w |30y + 5 V' £ 3yrt.00 ) [l 2. + OOl o,

C 2
+ S Hv/wal,oo([‘) HwH%?(Qi) +Co HwH?P(Qi)
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Finally, we observe that

Opyw = 0w + 0105w

Hence
C 4
2
HwHHl(Qi) < 7(]‘ + Hv/fHWLOO(]_"))
2
2 2
(HV“’ w\ o * HW’ x wH sy -+l allosy + ol
. o 1 .
Choosing 0 = SV Py e )’ we obtain
2 6
lwl3 0y < CA+[[VF][n, (1))
2 2
(17wl + 157 5] g, + -l + ol
which implies the result (up to adjusting the constant and taking square roots). O

A.2 Lifting Lemmas

Notation. We will use the notation (§) = (1 + |§|2)% for & € R4,

Lemma A.2.1. Let [ > 0 be an integer and d > 2 be an integer. Let h* € H'=Ft0-5(RI-1) for0 < k < 1.
Then there exists g € H1(R?) such that

Tr(0) g) = hF for0 <k <1

and

l
k
HgHHH-l(Rd) < Ckz_o Hh HHl—k-&-Oﬁ(Rd—l)

Moreover, the map L : (h°, ... h') — g is linear.

Proof. First suppose h* € C°(R4™1) for 0 < k < [. Write © = (2/,24) € R? with 2/ € R9™L, Let
x € C°(R) be a smooth positive cut-off function with x(s) = 1 for |s| < 1. We define g : R? — R by

l
Zki Z/Rd 1 2ma: L 1 de o <€> hk)(fl)df/

k=0

Note that, for 0 < m <[+ 1, we have

xdg Z Z /Rd 1 27TZLE 6/ 1 )'xsflx(])(xd <£/>> <§/>J f(hk)(fl>d£/

k=0 i+j=m,i<k

Evaluating at x4 = 0, we obtain, for 0 < m <,

(0 Z/Rdl N g (€1)) (€)™ F ) €)'

_ /Rd_l 62771'1: 5/.7-"(hm)(§’)d§’
~ W)
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where we have used the fact that x(s) = 1 for |s| < 1 so x()(0) = 0 for ! > 1.
Now let m,n > 0 with 0 < m + n <[ + 1. Note that from the above formula we have

FongE e =Y Y G €)Y FRR)E)

k=0 i+j=m i<k

where we are taking the Fourier transform with respect to 2’. Thus

[T — / / F(@rg)(€,wa)* (€)™ d¢'dag
l
<oy X[ O] @) Futer ) aca

0i+j=m, i<k

=C ' Z /Rd_l Rxd Y $d<§>’ dzg <§> ]:hk I)2<§/>2nd§,

2

—i (5 1 N2J / N2 et
=C Z' /Rdl i yh X(])(Z/d)’ Wdyd (&Y F(hF) ()2 (&)™ de

l .
<CY X /]R d1Wlm<f’>2ﬂf<h’“><s’>2<5’>2”d5’

This shows that £ : (h?, ..., h!) ~ g is a bounded linear map on ch:o (HH05=k(RI-1 N O (RI1)).
Since this is a dense subset of HLZO(H [+0-5-F(Rd=1)), the map extends uniquely to a bounded linear

map on the whole space. This completes the proof. O

Remark A.2.2. Note that we can use the above lemma with h* = 0 for 1 < k < [ if we don’t require

constraints on ¥ Gleg=0 for k > 1.

Lemma A.2.3. Let | > 0 be an integer and d > 2 be an integer. Let h : (0,T) x R¥~! — R be such
that & h € H'+05=1(RI=1) for 0 < j < I. Define g : (0,T) x R? — R by

where L is given above. Then for 0 < j </,
&g = LB N),0,...,0)
50
o490

for some constant C > 0 and

o <€ 10

Hl+1_]'( Hl—j+0.5(]Rd—1)

Te(8g) = O/ h

Also, for0 < j <l—kandk > 1,



Proof. We apply the above result to (h,0...,0) with ¢ as a parameter. The result then follows using
the linearity of £ and exchanging the order of integration when calculating the weak time derivatives, to

obtain that the weak derivatives of g with respect to ¢ are given by

&g =L@h(1),0...,0)

A.3 Products and Compositions in Sobolev Spaces

The following lemma is very useful for proving chain and product rules in Sobolev spaces. This is

important for obtaining high-order energy estimates.

Lemma A.3.1. Let p € [1,00], Q C RY with d > 1 be a domain where the standard Sobolev embedding
holds and let m > % be an integer. Let 0 < m; < mbe integersfor1 <i <nwithy ;  m; > (n—1)m
and let u; € W™P(Q). Then []}"_, u; € LP(Q) and

n
[[w
i=1

Proof. For p = oo the result is obvious and in fact only requires m > 0, so we will assume p < oo.

< C T uillwmingoy
Lr(9) i=1

We will use the following Sobolev embeddings. Let k& > 1 be an integer and u € W*P?(£2). Then for

q20p,
HUHLq(Q) <C HUHWk.,p(Q)
provided
1Lk
g p d

and kp < d. (Note it is the case kp = d that requires the inequality to be strict). If kp > d then
||UHL°°(Q) < C||U’|Wk,p(g)
Suppose m;p > d for some ¢. By renumbering if necessary, we may assume m,p > d. Then

n—1
I1w

=1

n

[l

i=1

<
LP(Q)

[unll oo o)
Lr(Q)

n—1
1w
i=1

Also note that since m,, < m, we have 37" ' m; > (n — 2)m. Hence we are reduced to proving the

<C

|[un| ’WmnvP(Q)
LP(Q)

result with n replaced by n — 1. Thus we may assume m;p < d for all 7.
Suppose m; = 0 for some ¢. By renumbering if necessary, we may assume m, = 0. Then

Z:le m; > (n— 1)mand 0 < m; < m implies m; = m > % for all 7 < n, hence

n
[[w
=1

n—1
< H HUiHLw(Q) ||UnHLp(Q)
Lr(Q) i=1
n—1

<C H |‘ui‘|W7”ivP(Q) ||unHW7nn,p(Q)
=1
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Thus we may assume m; > 0 for all 7.

Now, using Holder’s inequality,

n
[[w
i=1

where Z?:l A; =1and 0 < \; <1 for all i. Hence, using Sobolev embedding, we have

n
[[w
i=1

< | | .
- HUlHL)%(Q)
LP(Q) 1=1

< CH [willymsw

Lr(Q) i=1
provided

Mo Lomi

p p d

for all z. But, summing the above inequalities, it is possible, assuming 0 < m; < %, to choose such
0 <X\ <1with> ", \; = 1if and only if

n

" omy 1 d
no2am™i LNt oY
p d p — p
But this does indeed hold since ) ; m; > (n — 1)m and m > g. O

Corollary A.3.2 (The Leibniz Rule or The Product Rule). Let p € [1,00],  C R? with d > 1 be a
domain where the standard Sobolev embedding holds and let m > % be an integer. Let 0 < m; < m
and be integers for 1 < i < nand 0 < k < m be an integer, with y ;- m; > (n — 1)m + k. Let
u; € W™MiP(Q). Then [[1—, u; € WEP(Q) with weak derivatives given by the classical Leibniz rule and

n
[

i=1

<C H i ‘Wmiap(Q)
Wk:p(Q) i=1

Proof. Let 4' be multi-indices with > | v = «, where |a| < k. Note that >  (m; — |vi|) >

(n — 1)m, hence we may apply the above result to obtain

n .

T
| | 87 Us
i=1

<C H HuiHWmi«,P(Q)
Lr(Q) =1

Assuming u; are smooth, we immediately obtain the result, since 9* []"_; u; is a sum of terms of
the form [[;" 8"’iui by the classical chain rule. For non-smooth u; we use approximation by smooth

functions together with this inequality. O

Corollary A.3.3 (The Chain Rule). Letp € [1, 0], Q C R? with d > 1 be a domain where the standard
Sobolev embedding holds and let m > % be an integer. Let I' € C{,”(Rd/) and v : Q — R with

u € W™P(Q). Let o be a multi-index with 1 < |a] <m. Let0 < 3 < a,0 <y <a (1 <5 <|B]), be
|81
j:

multi-indices with >, |47 | = |a|. Then

Bl
(0°F)(w) [[ 07w, < C[[ul [y
7=t Lr(Q)
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where u;; denotes a component of u depending on j. Moreover, the function F (u) € L*°(Q) has a weak
a-derivative in LP(§)) given as in the classical chain rule by sums of terms of the above form which

satisfies the inequality

Haa(F(u))HLP(Q) <C ||u||Wm7P(Q) (1+ ||u||Wm7P(Q))m_1

In addition, if F(0) = 0, then F(u) € W"™P(Q) with

HF(U)HW"M}(Q) <C HUHWm,p(Q) (1+ HU”Wm,p(Q))m

Proof. Note that Zle(m —|+9]) = |8 m — |a| > (|8] — 1)m, hence we may use the above result and
the fact that 9° F is bounded to obtain

18 E
B T T
(07F)(w) [T 07w, <[] 7w, .
Jj=1 LP(Q) 7j=1
< Clullyy
= Mlltllwme @)

Assuming u; are smooth, we immediately obtain the required inequalities, since 0“(F'(u)) is a sum
of terms of the form (0° F)(u) HLB:‘ 1 o’ u;; by the classical product and chain rules. For non-smooth u;
we use approximation by smooth functions together with this inequality.

Finally, if F'(0) = 0, then we have

|F(u)| = /0 1 DF(tu)udt'

< Clul

since D F' is bounded.
Thus F(u) € LP() with [|[F'(w)]| 1n(q) < C ||uf| 1n(q)- Together with the previous part, this implies

the final statement of the result. O

Corollary A.3.4. Let D, D’ C R¥ be open with D' cC D. Let F € C™(D) and u : Q@ — D' with
u € W"P(Q). Then the above chain rule holds with these new F' and u.

Proof. Since u takes values in D', we may modify F outside D’ by multiplying by a smooth cut-off
function which is identically 1 on D" and 0 outside D” for some D” CC D, so we may assume F €

C’{]"”(Rd,), and then we can apply the above result. O

Corollary A.3.5 (Change of Coordinates). Let p € [1, 00] and let Q1,Qy C R? with d > 1 be domains
where the standard Sobolev embedding holds. Let 0 : Q01 — Q9 be a bijection and suppose that 0 is
Lipschitz. Set J = |det(V0)| and assume % < K almost everywhere for some constant K > 0. Let
v € LY(Qy) for some q € [0, 00]. Then

000l Laga,) < Cr lvllLo(qy,)

where the constant Crc < oo is an increasing function of K. Let u € WP (Qy). Thenuo € WhHP(€))

with weak derivatives given by the classical chain rule, and

||uo 9|’W1,p(Ql) < Ck Lip6 ”U||W1,p(g2)
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where the constant C 1ip9 < 00 is an increasing function of K and Lip 0. Moreover, suppose that
u € W™P(Qy) and VFVO = VO 4 Vo8P where VO € L>®() and VO*P € LP() for
1 <k<mwithm > g and ) <m' <m-+1. Thenuof € Wmlvp(Ql) with derivatives given by the

classical chain rule, and

[luo QHWm’,p(Ql) < Cy H“HWm’,p(QQ)

where the constant Cy < oo is an increasing function of K, Lip 6, |

forl1 <k <m.

Vor| ‘LOO(Ql) and || V9*7| ‘LP(Ql)

Proof. Firstly, note that by the change of variables formula for integrals, we have

1
4 g, — q
/Q1 lvod| dx—/92|v\ Jog—ldx
< K |||

q
La(22)

which proves the first part.

Now

[1(Biw) © 0003l Lo,y < ||Dw o bl oy 1D oo ()

< CkLipo ||Dull 1o (qy)

by the first part.

Thus, assuming u is smooth we may apply the classical chain rule to conclude that u o 6 has weak
derivatives of first order in LP(£21) given by the classical chain rule, satisfying the claimed inequality. If
u is not smooth, we obtain the same result by considering the standard mollification «¢ of » and using
the inequality just proved to pass to the limit e — O . Together with the first part, this proves the second
part of the result.

Now we suppose that u € WP (£);) for some integer m’ > 0 and V¥V = V¥ + VO*P where
Vok>* ¢ L°(Q) and VO*P € LP(Qy) for 1 < k < m with m > % and0 <m' <m+1. Letabea
multi-index with || < m/. Let 3,77 be multi-indices with |3| + Zlle 1 [77] = |a|. We claim that

C
CENEYA | A
= LP(2)

< Cy HUHWm’,p(QQ)

where V0, ;) denotes an entry of the matrix V6 depending on j. Indeed, note that (0Pu) 0 0 €
W' -1p "p(Ql) by the first part, and that in the worst case scenario for Sobolev embedding we may as-
sume that 87jV9€(j) € Wm_‘”’j"p(Ql) forall j. Now m’ — || —i—Z']fil(m— [V|) =m'+ 8| m—|al >
| 3| m, which is one less the number of terms in the product times m, and we note that m’— 3| < m/—1 <
m and m — "yj ‘ < m for all j, hence we may apply the above result on products A.3.1 to conclude the
claim.

Using the classical chain rule, this proves the result for v smooth, then we conclude by mollifying

Uu. O
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Lemma A.3.6 (Inverting a Change of Coordinates). Let p € [1,00], let Q1,9 C R? with d > 1 be
domains where the standard Sobolev embedding holds and let m > % be an integer. Let 0 : (21 — Qg be
a bijection and suppose that 0 € C1(Qy) with VFVO = V> 4+ VO*P where VO € L>(Q) and
VO € LP(Q) for 1 < k < m. Set J = |det(V0)| and assume % < K for some constant K > 0.
Then 01 € CY(Qq) and VEV(0~1) = V(01> + V(0P where V (6~ 1)k € L>°(Qy) and
V(O 1rP € LP(Qy) for 1 < k < m, and we have

Hv(g_l)HL"O(QQ) < Cy

78 =

et

< Cy
LP(Q2)

for 1 < k < 'm, where the constant Cy > 0 is an increasing function of K, Lip 6, }|V9k’°°| ’LOO(Ql) and
Hvek,pHLp(Ql)for 1<k<m.

Proof. Since % < K, the inverse function theorem implies #—* € C'*(€5) and
VO Hob= (Vo
Now
1 1
(V) | = — |cof V4|
J
where the entries of the matrix cof V are products of entries of V6. This immediately implies

IN4C < Oy

"I o) <

so that §~1 is Lipschitz. Now, setting F'(M) W |cof M| for M a d x d matrix, which is smooth

~ Tdet
on the set |det(M)| > 0, we may us the fact tha‘t % < K to apply the chain rule above to conclude that
V(6~1) o 0 satisfies the conclusions of the lemma.

Now we proceed by induction, using the change of coordinates rule above one derivative at a time.
Let « be a multi-index with 1 < |y| < m. We assume by induction that V(1) has weak a-derivatives

either in L>°(€Q9) or LP(Qs) for 1 < || < |y| — 1 with components satisfying one of the inequalities

10°V507 )il 1o 0, < Co
109507 | oy < Co

Note that by induction 9>V (6~1) is given by the classical chain rule, so is a sum of terms of the form

B
°(VO) o0 [T V(0 ey
j=1

where E‘fil 77| 4 |8 = || But we can rewrite this as

18]
(Vo) [] o7 (Vo)) oo~

J=1
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Now we apply the product rule to

Bl
V(@' (Do)~ [T 07 (Do) )
j=1
and use our estimates for the components of 37 (D)~ together with the fact that §~! is bijective and

Lipschitz, to conclude that we can apply the change of coordinates lemma to obtain the desired result. [

Proposition A.3.7. Let p € [1,00], let Q1,Q2 C R with d > 1 be domains where the standard Sobolev
embedding holds, let m > % be an integer and let m' be an integer with 0 < m/ < m + 1. Let
0 : Q — Qo be a bijection and suppose that 0 € C1 (1) with VFVO = VO + VOFP where
Vb € L®(Qy) and VP € LP(Qy) for 1 < k < m. Set J = |det(V0)| and assume 3 < K
for some constant K > 0. Suppose either u € W' ?(Qy) or v € W™ ?(Qq) where v = u 0 . Then
we W™P(Qy), v e WP(Qy), and we have the estimates

ol ey < Co lullyo o)

Hunm’,p(QQ) < Ch H"‘)me’,p(gl)

where the constant Cy > 0 is an increasing function of K, Lip 6,

forl1 <k <m.

VO] o ) an [ |V OR7]| o

Proof. Note that |[ul]yym »q,) < Cp HvHWm/,p(Ql) if and only if

‘ ‘fu 0~ (@) = Cy ||v] ’Wm’*z’(m)‘ Now apply the above two results. O

! | ‘WM’«P

Lemma A.3.8. Let s € [0,1] and let r > 4 where d > 1 is an integer. Let a € H**"(RY) and

u € H*(R?). Then au € H*(RY) and 2
(D)® (au) = a (D)° u + R(a,u)
where the remainder R(a, u) satisfies
1B(a, )| L2 may < Cllall gosrmay [l L2 (ra)
for some C' > 0.

Proof. First of all, assume a,u € C°(R?). We define R(a,u) by
(D)” (au) — a(D)" u = R(a, u)
Taking Fourier transforms, and using the fact that products become convolutions, we have

(€) (axa)() — (ax ((m)*a)(€) = R(&)

Hence



Now we use the inequality

(&) =7 < C{E—n)°

which holds for some C' > 0 provided s € [0, 1]. We obtain

R < [ late—mllawn] €~
= ()" fal) » i

Applying Young’s inequality for convolutions, we have

Joc

)< C &) all 1 (mey ] L2 (ra)

=C ‘ ‘ <€>S+T a <£>7T‘ }Ll(Rd) HUHLQ(Rd)
<Cl[©a

L2 (Rd

L2(R4) H<£>7T’ ’LQ(Rd) ||UHL2(Rd)

< Cllall gt ay l1ull L2 (ra)

where we have used Holder’s inequality and the fact that (¢)™" € L?(R¢) for r > %. Hence

|R(a, w)|| 2ay < Cllall grotrmay [[ull 2(ga)

as claimed. If a and u are not smooth the we use approximation by mollification, noting that the result
we have just proved will show that the approximating sequence a,u, is Cauchy in H?®, which together

with almost everywhere convergence shows that au € H?, and the result follows. O

Lemma A.3.9. Letu € H*(R?), v € HY"5(R?). Then

||| p2gey < Cllull ey [[0]] o5 ge)

Proof. Setd = 2, p = 2 and s = 0.5. Note that the standard Sobolev embedding theorem implies

|ull par2y < Cqllull g1 g2y for any g € [2,00) since g = 2 = 1. Note also that the fractional version

of the Sobolev embedding theorem implies that for s € (0,1), [[v]| g2y < Cr |[v]]gs(ge) for any
4

r € [2,2*] where 2* = 5=, which is 4 in the case s = 0.5. Now we use Holder’s inequality to estimate

[wv|| p2mey < |ull ps(me) [1V]] L3 (Re2)
< Clfull g g2y ||v]] o5 gy
Note in fact we could have used an L*-L* estimate and estimated both terms in the product in H%°

but we don’t need this so we have avoided using the critical case to show that this estimate is not one of

the most important ones. O
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