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Abstract

In recent years the study of zeta functions of groups and rings has been
expanded rapidly. Many new zeta functions enumerating different sub-
objects have been introduced and studied. However, we still encounter

difficulties when one wants to explicitly compute them.

This thesis comprises three parts. The first part contains the computa-
tion of ideal zeta functions for low dimensional, class-2 nilpotent Lie rings.
In addition, we discuss connections to Higman’s PORC conjecture. The
second part, which is the main part of the thesis, consists of the various
approximations of zeta functions of groups and rings, namely: graded ideal
zeta functions (Chapter 3 and 4), finite zeta functions enumerating sub-
algebras (or ideals) of finite Lie [F,-algebras over F, (Chapter 5), and the
i-th partial zeta functions of groups and rings (Chapter 6). We provide
explicit calculations in many cases, where the classic subgroup/normal
subgroup zeta functions are not available. In addition we study proper-
ties of the zeta functions obtained, such as uniformity properties or the
existence of functional equations. In the final part of the thesis we are
concerned with the connection between the study of zeta functions of
groups and the study of finite p-groups. In particular we show how our
methods from zeta functions of groups and rings can be adapted to study
finite p-groups. With these new approaches we end our thesis with several

interesting conjectures.

Most of the explicit calculations in this thesis have been checked and

verified with computer algebra system MAGMA [3].



Statement of Originality

The results in this thesis are my own work and include nothing which is
the outcome of work done in collaboration, except Chapter 3, Subsection
4.3.1, and Section 7.2 which was a joint work with Christopher Voll (e.g.
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Chapter 1

Introduction

Let G be a finitely generate group. It is well-known that a finitely generated group
has only a finite number of subgroups of each finite index. So for any family §(G)
of subgroups of G, we can define a3 (G) to be the number of subgroups H € F(G) of

index n. The question is: how do these numbers vary with the index n?

1.1 Zeta functions of groups and rings

1.1.1 Zeta functions of groups

Let G be a finitely generated group. In their seminal paper [15] Grunewald, Segal

and Smith defined a zeta function of a group G by associating a Dirichlet series

CGls) = D, |G H|™> =} ax(Gn>,
HxG n=1

where = € {<, <} and
a,(G) = {H | H+G, |G : H| = n}.

We call (5(s) the subgroup zeta function of G and (5(s) the normal subgroup zeta
function of G.

In particular, they were interested in the zeta function of a torsion-free finitely
generated nilpotent group (a ¥-group for short). In this case the nilpotency of G

lends itself to a natural Euler product

Glo) = ] ).

p prime

where

Goplis) = Y s Gp ™



We call (5, (s) the local subgroup zeta function of G and (5, (s) the local normal
subgroup zeta function of G.

Originally introduced as a new tool to study the subgroup growth of ¥-groups,
the theory of zeta functions of groups turned out to be a very interesting topic in
its own right, encompassing a surprising broad sweep of mathematics. As the theory
developed, deep and unexpected connections between group theory, algebra, algebraic
geometry, number theory, model theory, and combinatorics have been revealed. To
name a few: the rationality of local zeta functions ([15]) depends on results from
model theory and p-adic integrations, the analytic properties of local zeta functions
and their uniformity, ([9], [8]) involves deep results from number theory and the
resolutions of singularities, the functional equation of local zeta functions and their

invariants ([40], [41]) generalises work of Denef and Igusa’s local zeta function.

1.1.2 Zeta functions of rings

In an analogous way we can also define zeta functions of rings. Let L be a not-
necessarily-associative ring additively isomorphic to Z? for some d. In the same

paper [15], Grunewald, Segal and Smith also defined zeta functions of a ring L:

0

Gi(s) = Dy IL:H| > = Y an(Ln™,

HxL n=1

where » € {<, <} and
a’(Ly=|{H | H =L, |L:H|=n}|.

As before, we call (F(s) the subring zeta function of L and (;'(s) the ideal zeta
function of L. The good thing about working with rings is that they always satisfy
the Euler product

G = [T Gl

where the Euler factor "

Giols) =D an(Lyp™

i=0
is the zeta function of the Z,-algebra L, := L ® Z,, where Z, is the ring of p-adic

integers. In this thesis we are interested in the zeta functions of Lie rings.

Definition 1.1.1. A Lie ring is a Z-module L together with a bi-additive operation

[,]:LxL—L



which satisfies

|z,2] =0
[z, [y, 2] + [y, [z, 2]] + 2, [z, y]] = O
for all z,y,z € L. If R is a commutative ring and L has the additional structure of a

R-module and if [-, -] is bilinear with respect to scalar multiplication by elements of

R, then we call L a Lie R-algebra over R.

The motivation to introduce zeta functions of rings, in particular Lie rings, was to
provide a easier way of calculating zeta functions of groups. The Mal’cev correspon-
dence tells us that to each T-group G there is an associate Lie Q-algebra £(G) over
Q, of dimension equal to h(G), the Hirsch length of G. There is an injective map

log: G — L(G),

such that log G spans £(G) (for details see [30, Chapter 6], [14] or [31]). Call G an
LR group if log G is actually a Lie subring of £(G).

Theorem 1.1.2 ([15], Theorem 4.1). Let G' be a Z-group of Hirsch length n. Then
there exists f € N, depending only on n, such that G¥ is an LR group, and such that
if L =log G then
Cp(s) = (L p(9)
for all primes p not dividing f.
It gets even better if G is nilpotent of class 2 (a To-group for short). In this case

we can work with the associated graded Lie ring
L:=G/Z(G)® Z(G),

where Z(G) is the centre of G, with the Lie bracket on L induced by the commutator
on G. It is easy to see that

Cp(s) = CLp(9)
for all primes p. Hence one can work with (7 (s) instead of (f (s). Many of the
known results on the study of zeta functions of groups were actually achieved from

the study of the zeta functions of corresponding Lie rings. This thesis is also mainly

concerned with the zeta functions of Lie rings and their variations.

1.2 What do we want to know?

So, what do we want to know about zeta functions of groups and rings?
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1.2.1 Uniformity

As we said, it is now known that the local zeta functions (¢ (s) (and (f (s)) are
rational functions in p and p~°. But how do these functions behave for different

primes?
Definition 1.2.1. The zeta function (}(s) is said to be finitely uniform if there exist
rational functions W1 (X,Y), ..., Wi(X,Y) € Q(X,Y) for k € N such that, for every
prime p,

CGp(s) = Wilp,p )
for some i € [k]. It is said to be uniform if k = 1.

Initially people expected (% (s) to be finitely uniform for any G. But it turned out
to be a much deeper question. In [9] du Sautoy and Grunewald discovered that the
behaviour of (¢ , is related to the problem of counting the number of points mod p

on varieties.

Theorem 1.2.2 (][9], Theorem 1.6). Let G be a T-group, and = € {<, <}. There exists
an algebraic variety V* defined over Q, with irreducible components Ef, 1 € T :=

{1, ..., t*}, all of which are smooth and intersect normally, and rational functions
PHX,Y)eQ(X,Y), I < T* such that, for almost all primes p,

CGp(s) = D e Prp. p™),
ICT*
where
¢ =|{aeV*F,) :ae EF if and only ifie I}
and V denotes the reduction mod p of a Q-variety V.
Du Sautoy then showed in [8] that there exists a Hirsch length 9, class-2 nilpotent
group Gg whose zeta functions are not finitely uniform. Determining the uniformity

of zeta functions of a given group G or a family of groups is now one of the most

fundamental problems in the study of zeta functions of groups.

1.2.2 Local Functional Equations

We say Cap(s) satisfies a local functional equation if it satisfies the local functional

equation of the form

CGp(5)] = (=1, (),

p—p~!



where a, b, ¢ are integers which are independent of the prime p, and p — p~! denotes
the formal inversion of parameter p.
In [40] Voll proved that

1. Céjp(s) always satisfies the local functional equation for any T-groups G.

2. (g ,(s) always satisfies the local functional equation for any T-groups G of nilpo-

tency class 2 (a Ty-group G for short).

This was the best result in the sense that there exist T-groups G of nilpotency class
¢ = 3 where (g (s) fails to have a local functional equation ([44, Theorem 3.4]). Voll
recently improved this in [41] by proving that (5 (s) satisfies the local functional
equation for any T-group G satisfying a certain condition ([41, Condition 1.1]). His
theorems in [40, Theorem A] and [41, Theorem 1.2] even give an explicit formula for

a,b and c in
CGp(9)] 0= (1)U (s).

p—p
Note that one can define the uniformity and the local functional equation of (}(s)

in an analogous way.

1.2.3 p-Adic integrals

Let Q, denote the p-adic numbers, and Z, denotes the p-adic integers. Write v(-)
for the p-adic valuation, and |- |, for the p-adic norm. Let p be the additive Haar

measure on Z, with the following properties:
® N(Zp) =1,

o If S € Z, is measurable and a € Z,, then u(S) = p(a + S). In other words, i

is translation invariant.

e If S; and Sy are disjoint measurable sets, then p(S; U Sa) = u(S1) + u(Sz2), so
w is additive.

Once we have our Haar measure, we can define a p-adic integral, such as
| 1rearan
D

where f(x) is some function in x = (z1,...,z,). One particular type of p-adic

integrals, called cone integrals, are especially important for us. Let f;(x),g:(x) €



Z|x] be polynomials in x for 0 < ¢ < [. The cone integral with cone data D =
{fo(x), 90(x), ..., fi(x), qi(x)} is defined to be

Zp(s,p) = J

| fo() 5190 (%) [pdps,
%(D)

where
Y(D) = {xeZ, | v(fi(x)) < v(gi(x)) fori=1,...,1}.

The crucial idea is the following. Let L be a Lie ring, additively isomorphic to Z",
and L, = L®Z, = Zy,. Let (e1,...,e,) be the basis of L, and let M be an upper-
triangular n x n matrix M = (m;;) with entries in Z,. We may consider the rows
my, ..., m, of this matrix to be additive generators of a submodule of L,. This

submodule will be a subalgebra if
[m;,m;l e (my,...,my,)z, foralll1 <i<j<n,

and an ideal if

lei,m ] € (my,...,my, )z, forall 1 <i,j<n.
For i,j € [n], let C; denote an n x n matrix whose rows are ¢; = [e;,¢;]. Let M’
denote the adjoint matrix of M and

—1 m- L1

T
M —Mdlag(mm m mg 3 My s+ M s )

n,n’

Since M is an upper-triangular matrix, the (i, k)-th entry of M*® is a homogeneous
polynomial of degree k — 1 in the variables m,  with 1 <r < s <k —1.
The rows of M generate an ideal if we can solve, for each 1 < 7,7 < n, the system
of equations
’rn,iC’j]Wu = (leYiS), N (SREE -mn’nY(n))

i,J
for (YZ(;), . ,Yz(Jn)) € Zy. Set g7 . (x) to be the k-th entry of the n-tuple m,;C;M".
Then g7 ,(x) is a homogeneous polynomial of degree k in the m,, and if we set
fi(x) =mq 1 - my ., we obtain the conditions v(fi(x)) < v(g;7,(x)) with deg(fx(x)) =
deg(g7,,(x)).
Similarly, the rows of M generate a subalgebra if we can solve, for each 1 <7 <

J < n, the system of equations

m; (Z mj,r0r> Mh = (le}/Z.S), e, My e mn,n}/zgl))
r=j



for (Y(D Y(@)> € Zy. Again set gfﬁk(x) to be the k-th entry of the n-tuple

i Yos
m; (Z” , mj,,,C’T) M?E. This time gfj7k(x) is a homogeneous polynomial of degree k+1

r=J

in the m,.,, and we obtain the conditions v(fx(x)) < v(gs5; (%)) with deg(fi(x))+1 =

deg (g7, (x))-
Finally, define

Vo? = {M € Trn(Zp) | v(fr(x)) < v(g (%))}

and

We have

GG, = W= | sl
VP

(n=1)/2 By the Mal’cev correspondence

where p is the normalized Haar measure on Z,
we mentioned earlier, this also gives (% (s). One can refer to [15], [9] and [11] for
more details.

The first application of p-adic integrals were made by Grunewald, Segal and Smith
in [15] when they used this to prove that the local zeta functions are rational functions
in p~* for all primes p. Du Sautoy and Grunewald then obtained Theorem 1.6 in [9]
by studying the cone integrals. Many explicit calculations of (% (s) and (f ,(s) for
various groups and rings ([33], [44], [11] and [28]) were computed by this cone integral

method.

1.2.4 Zeta functions of groups and rings and finite p-groups

Zeta functions of groups and rings also have interesting applications to the theory of
finite p-group. The most well-known, and perhaps also the most important connection
may be their application on Higman’s PORC conjecture.

Let f,.(p) denote the number of p-groups of order p". In 1960, Higman [16] conjec-
tured that for a fixed n, there exists a fixed integer N and finitely many polynomials
gi(z) (i =1,2,...,N) such that if p =4 mod N then

fn(p) = gi(p).

This is now known as Higman’s PORC (Polynomial On Residue Classes) Conjecture.
In the same paper Higman proved that for each n the function enumerating the

number of groups of order p” which have Frattini subgroups which are central and
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elementary abelian is PORC. Evseev [12] has extended Higman’s result to groups
where the Frattini subgroup is central. In the more general case, Higman’s PORC
Conjecture is known to hold true for n < 7 (see [24] and [26]). For n = 8, Vaughan-
Lee [34] proved that the number of groups of order p® with exponent p is PORC.
However, it is still not proved for all groups of order p8. For n > 9, the conjecture is
open.

In [7] du Sautoy exposed the link between the normal subgroup zeta functions
and Higman’s PORC conjecture. Let F, 4 be a finitely generated free nilpotent group
of class ¢ on d generators. He explained ([7], Conjecture 5.10 and 5.16) that proving
the uniformity of Cﬁc,d (s) might help proving Higman’s PORC conjecture. Later du
Sautoy and Vaughan-Lee ([10]) further exploited this connection. They proved that
there exists a parametrised family of groups, one for each prime p > 3, of order p°

whose number of immediate descendants of order p'® is not PORC.

1.3 Overview of results and methods employed

This thesis has three main objectives.

1. Enhance our existing knowledge on zeta functions of groups and rings of nilpo-

tency class-2. (Chapter 2)

2. Study various “approximations” of zeta functions of groups and rings. (Chapter
3,4, 5 and 6)

3. Further investigate the applications to zeta functions of groups and rings on the

theory of finite Lie algebras over F, and finite p-groups. (Chapter 2 and 5)

Chapter 2 contains two parts. In the first part we study the normal subgroup
zeta function (Z(s) for Ty-groups G of Hirsch length h(G) < 8. We prove that
for G of h(G) < 8 all these zeta functions are all finitely uniform and ‘Rational
Functions On Residue Classes’ (Definition 2.2.1). We then construct two Tp-groups
of Hirsch length 8, G,,s and G, whose normal subgroup zeta functions are non-
RFORC. In the second part of Chapter 2 we show how G,,s can be used to construct
a parametrised family, G, of groups of order p®, one for each prime p > 3, whose
number of immediate descendants of order p° is not PORC. This is an improvement
of [10]. This part of Chapter 2 is based on the paper [21].

In Chapter 3, let R be a commutative ring and L be a nilpotent Lie R-algebra

of nilpotency class ¢, free of finite rank over R, with lower central series (7;(L))5_;.



We define a graded ideal zeta function 7 ' (s), counting only a graded ideals of finite
index in L. This can be seen as an approximation of (;'(s). We calculate the explicit
formula for various concrete examples using combinatoric methods. In particular we
give the exact formula of (7'#(s) for 35 and f42, where f. 4 denotes the free nilpotent
Lie ring of nilpotency class ¢ on d generators. Our results show that C§ Yfr(s) and
ij fr(s) are both uniform and satisfy local functional equations. Note that we still do
not have explicit formulas for (7(s) for neither of them. This chapter is based on the
paper [22], joint work with Voll.

In Chapter 4 we carry on the combinatoric methods used in Chapter 3 and cal-
culate the graded ideal zeta functions of another important family of nilpotent Lie
rings called £, which is basically a direct sum of maximal class Lie lattices with
amalgamation. This family includes interesting examples such as maximal class Lie
rings and Grenham Lie rings. We prove a general formula for different values of ¢
and d, and provide various explicit calculations.

In Chapter 5 we switch our attention from infinite world to finite world. Let L be
a Lie ring and L(F,) = L®F, to be a Lie Fj-algebra over F,. We calculate (fgp (5),
the zeta functions of L(F,) enumerating subalgebras/ideals of L(F,). Although the
definition of zeta functions of groups and rings clearly embrace these finite Lie al-
gebras, not many observations have been made on this approach. We show how by
modifying the p-adic integral method one can calculate this (finite) zeta functions
with various explicit examples.

In Chapter 6 recall that if L is a Lie ring, additively isomorphic to Z", B =
(€1,...,€n) is the basis of L and M is an upper-triangular n x n matrix M = (m; ;)

with entries in Z, then with a suitable cone data V;)* we have

Gy = =)™ | sl
Ve

Let

) = W= [l
P
v(mj7j)<i

where 1 < j < n, be the i-th partial zeta function of L. This is another approximation
of (7, (s). We want to see whether we can apply Hensel-like approach to study (7 (s)
from (7 p,(s). In other words, we would like to investigate what information on
Cfp (s) can be captured just by looking at their i-th partial zeta functions.

In Chapter 7 we give further questions and conjectures, based on our results and

observations.



Summary of Notation

N={1,2,...} the natural numbers
No=1{0,1,2,...} the natural numbers including zero

P a prime number
Ly, the p-adic integers
Qp the p-adic numbers
F, the field with p elements
v(-) the p-adic valuation
|-, the p-adic norm
G a T-group
H<y G H is a subgroup of finite index in G
H<;d H is a normal subgroup of finite index in G
h(G) the Hirsch length of G
L a Lie ring
L,=LQ®Z, a Lie Z,-algebra
H<; L H is a subring of finite index in L
H<; L H is an ideal of finite index in L
((s) the Riemann zeta function
G(s) the local Riemann zeta function ——
(1—¢™)(A—g™")-(1—g™ "+

(") D R e e e ey R

roa 0 r > m,

the Gaussian binomial coefficients

F.q the free nilpotent group of class ¢ on d generators
fe.d the free nilpotent Lie ring of class ¢ on d generators

Given n € N, we write [n] for {1,2,...,n}. We write N5, for {2,3,...,} < N.
Given a subset I < N, we write I for I v {0}. If I < [n — 1], we denote n — I =
{n—1i|ielI}. Given a,be Ny, we denote the interval {a + 1,...,b} by ]a,b] and the
interval {a + 1,...,b— 1} by |a,b].
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Chapter 2

The local normal subgroup zeta
functions of To-group G and
Higman’s PORC conjecture

2.1 Higman’s PORC conjecture

Let f,(p) denote the number of p-groups of order p™. Higman’s PORC conjecture
predicts that for a fixed n, there exists a fixed integer N and finitely many polynomials
gi(z) (i =1,2,...,N) such that if p =4 mod N then

fn(p) = gi(p).

In each of [24], [26] and [34] the following approach is used to classify the relevant
groups: certain parametrised families of groups of prime-power order are described,
and for each family the theory behind the p-group generation algorithm [25] is used

to compute their immediate descendants.

Definition 2.1.1. If G is a group then the lower exponent-p-central series of G,
G=G12Gy=2... 2G; = ...

is defined by setting G = G, Gy = [G, G]GP, and in general setting G; 1 = [G;, G]GY.
If G is a finite p-group then G..; = 1 for some ¢, and G has p-class ¢ if G, # {1},
Ger1 = {1}. If G is a finite p-group of p-class ¢ > 1 then G is an immediate descendant
of G/G..

The idea underpinning these classifications is the following: every p-group of order
p", apart from the elementary abelian group, is an immediate descendant of a group
of order p* for some k < n. So to compute f,(p), we first list the groups of order

p* for all k < n, for each such group G we use the p-group generation algorithm to

11



compute the number of immediate descendants of G of order p™, and add together
each of these individual contributions. Finally, we add 1 to this total to account for

the elementary abelian group of order p™. For example, the formula
fo(p) = 3p* +39p + 344 + 24 ged(p — 1, 3) + 11ged(p — 1, 4) +2gcd(p — 1, 5)

given in [24] for the number of p-groups of order p® can be obtained by first listing the
groups of order less than p® which have immediate descendants of order p® (42 groups
in this case), summing the number of immediate descendants of order p® for each
group, and adding 1. For each of the relevant 42 parametrised families of groups of
order dividing p°, the number of immediate descendants of order p® is PORC, hence
the total is PORC.

So how is this PORC conjecture related to our study of zeta functions? In [7],
du Sautoy discovered that the behaviour of local normal subgroup zeta functions
of T-groups, the uniformity problem, is closely related to Higman’s PORC conjec-
ture. With this idea du Sautoy and Vaughan-Lee [10] proved that there exists a
parametrised family of groups, one for each prime p > 3, of order p? whose number
of immediate descendants of order p'° is not PORC.

To be precise, they constructed a finite p-group ), which has the following pre-

sentation for all p > 3:
. Ty, Ty, T3, T4, Ts, Te, Y1, Y2, Y3 | [T1, T4] = [22,25] = y3,
p pr—
[951,335] = [952,354] = [963,906] = Y1, [9017356] = [953,334] =12

where all other commutators (commutators in the generators such that neither they
nor their inverses are explicitly written) are defined to be 1 and g? = 1 for all g € G,,.
This group G, is a class 2 group of exponent p and of order p? with the following

properties:
1. The number of conjugacy classes of G,, is not PORC,
2. The order of the automorphism group of G, is not PORC,

3. The number of immediate descendants of G, with exponent p and order p'® is
not PORC.

Furthermore, this family of groups was carefully constructed from du Sautoy’s
“Elliptic Curve-group” Gg in [8], the first example of a T-group whose zeta function

is non-uniform.

12



This was an unexpected result, since it showed that there exists a “natural” par-
tition of the groups of order p!° into subsets, at least one of whose cardinalities is
not PORC, and seems like the uniformity problem of zeta functions of groups and
rings can be exploited to find these partitions. Of course, this does not disprove the
PORC conjecture, since the total number of groups of order p'® might still be PORC.
Clearly, it may be useful to construct a family of groups of order smaller than p'°
exhibiting non-PORC behaviour.

Motivated by these observations and results, we study the uniformity of (5 (s)
for small Ty-groups G of Hirsch length A(G) < 8. Then we construct another

parametrised family G, with the following presentation for p > 3:

G <ZL‘1, Lo, T3, T4y T5, Tg, L7, T§ | [J;la IE4] = [:I;Q; .CC5] = x67>
p ==

[v1, 25)? = |73, 24] = 22, |72, 74] = |23, T5] = 25

where all other commutators are defined to be 1 and ¢g” = 1 for all g € G,. This gives
groups of order p® and exponent p, one for each prime p > 3. We prove that the

number of immediate descendants of G,, of order p° is not PORC.

Remark 2.1.2. Throughout the rest of this thesis, whenever we have a presentation
like this for a group or a ring, we always assume that all other unlisted commutators

are trivial (defined to be 1 for groups and 0 for rings).

2.2 The local normal zeta functions of groups with
small Hirsch length

As one can see, Higman’s PORC conjecture refers specifically to the dependence of
fn(p) on residue classes. Given the connection between f,(p) and (3 ,(s) we observed
in [7] and [10] it therefore seemed natural to investigate how (g (s) depends on residue

classes. Recall the definition of uniformity.

Definition 2.2.1. Let G be a T-group. We say that the zeta function (3 (s) is rational
functions on residue classes (RFORC) if there exists a fixed integer N and finitely
many rational functions W;(X,Y) € Q(X,Y) for i = 1,..., N such that if p = i
mod N then

Crp(s) = Wilp,p?).
We say (7(s) is non-RFORC if these is no such N. One can analogously define the
RFORC-ness for (7(s).

13



Note that being RFORC is stronger than being finitely uniform. We will see
examples of zeta functions that are finitely uniform but non-RFORC.

As we discussed in the introduction, du Sautoy and Grunewald proved in [9] that
the behaviour of (7, is related to the problems of counting the number of points mod

p on varieties. Recall

Theorem 1.2.2 ([9], Theorem 1.6). Let G' be a T-group, and = € {<, <u}. There exists
an algebraic variety V* defined over Q, with irreducible components E}, i € T* :=

{1, ..., t*}, all of which are smooth and intersect normally, and rational functions

PHX,Y)eQ(X,Y), I < T* such that, for almost all primes p,
Cg,p(s) = Z C;,IPI*(pﬂ p—5)7
1T

where
o1 = ‘{G e V*(F,):ac E} if and only ific I}

Y

and V means the reduction mod p of the variety V.

This implies that the behaviour of the number of points mod p on a variety can
vary wildly with the prime p. For example, the normal subgroup zeta function of the
elliptic curve group (g5 introduced in [8] is not finitely uniform because the behaviour
of the local factors of the group G depend on the behaviour of the number of points
mod p on the elliptic curve £ = Y? — X3 + X.

So the next question is, what varieties Y* can arise from ¥-groups G For a general
T-group G, this is still an open problem. Fortunately, if we restrict our G to be a
finitely generated torsion-free class-2 nilpotent group (a To-group for short), then this
question becomes much simpler.

In [37] and [38], Voll introduced a new method for computing normal subgroup
zeta functions of Ty-groups based on an enumeration of vertices in the affine Bruhat-
Tits building associated to SL,,(Q,).

Definition 2.2.2. Let G be a To-group with Z(G) = G’ and suppose G has a presen-

tation
G = <11717 s gy Y1y ooy Yar | [$i, $]:| = M(y)U>’ (221)

where M (y) is an anti-symmetric d x d matrix of Z—linear forms in y = (y1, ..., ya),

and all other commutators not listed are are defined to be 1. If the polynomial
Pf(M(y)) := 4/det (M (y)) is not identically zero we call the hypersurface

Pa = (PH(M(y)) = 0)

14



in P! the Pfaffian hypersurface associated to G. Conversely, every such matrix
M (y) can define a Ty-group G via (2.1).

Theorem 2.2.3 ([38], Theorem 3). Assume that Pf(M(y)) € Z|y] is non-zero and
irreducible. Assume that the Pfaffian hypersurface Pg is smooth and contains no

lines. For a prime p let

e () = [Pa(lFy)]
denote the number of F,-rational points of Pg. Then there are (explicitly determined)
rational functions Wo(X, Y), Wi(X, Y) € Q(X, Y) such that if Pg has good reduction

modp,
G p(8) = Wilp, p=°) + nog (p)Walp, p°). (2.2.2)

With his method, Voll managed to explicitly calculate (5, ,, the local normal
subgroup zeta function of the elliptic curve group G ([37]). By adapting this method,

we are going to prove Theorem 2.2.4 and 2.2.5.

Theorem 2.2.4. Let G be a To-group where the Pfaffian hypersurface associated to
G is smooth and contains no lines. For G of h(G) < 7, its normal zeta functions are
always RFORC.

Theorem 2.2.5. Let Gs be a To—group with the presentation
X1, T2, T3, T4, Ts, Y1, Y2, Y3 | [xla 1'4] = [3727 1'5] = Y3,
Grps = ) ) )
(21, 25]" = [23, 2a] = y1, [22, T4] = [23, 75] = 02

Then (g, . p(s) is Non-RFORC.

2.2.1 Preliminary results from Number Theory

As customary in number theory we represent a quadratic form over a ring R by
specifying a homogeneous polynomial of degree 2. In [23] Lidl and Niederreiter proved

the following theorem.

Theorem 2.2.6 ([23], Theorem 6.21). Let w be a quadratic form over IF,, where p is

an odd prime. Then w is equivalent to a diagonal quadratic form a;x? + -+ + any?,.

If the quadratic form w € F,[y1, ..., y,] is equivalent to a diagonal quadratic form
a1z? + -+ + a,y?, some of a;’s might be 0. If none of them are 0, in other words the
rank of w is n, then we say w is nondegenerate.

Now let us prove the following result.
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Theorem 2.2.7 ([23]). Let w = w(y1, ..., Yn) be a quadratic form in n variables

Yly -« Yo over Z. Let

nu(p) = |{y € P"7(E,) | wly) = 0

Y

then n.,(p) is PORC.

Proof. Instead of n,(p), we start with

Fulp) = [{u e F; [ wly) = 0}].

The trick is that for any given w there are only finitely many primes p such that p
is even or p | D = det(w). Therefore, to prove PORC one only needs to consider odd
primes which do not divide D. For these primes, since they are odd, Theorem 2.2.6
showed that any nonzero quadratic form w € F,[yi, ..., y,] would be equivalent to a
diagonal quadratic form a;z% + - - - + a,,52, where 1 < m < n and all a; # 0. Since
the number of solutions of a;z3 + - -+ + a,,y2, = 0 in [} is p"~™ times the number of
solutions of a;z? + - - -+ a,y?, = 0 in [, it suffices to consider the case where n = m,
that is, where w is nondegenerate. In this case Theorem 6.26 and 6.27 in [23] then
tells us that

pnt if n is odd,
Fu(p) =

el (#) (p—1)(p% 1) ifniseven

where (%) is the Legendre symbol. Finally, we have

ny(p) =

Fw(p)_]-_ p+p2++pn72 lfnlSOdd7
p—1 p+p2+...+pn*2+(#)p%_l it n is even

as required. O
The other important result is the following:

Theorem 2.2.8 ([5], [42]). Let f(x) = x*—2. The splitting behaviour of f(x) modulo
p is not determined by congruence conditions on p. Furthermore, f(x) splits modulo

p if and only if p=1 mod 3 and p = a® + 27b* for integers a and b.

Proof. This follows from Theorem 4.15, Theorem 9.8 in [5] and Theorem 2.2.1, The-
orem 2.2.3 in [42]. O

Later on, in Section 2.5, we use this result to prove that D(p) in Theorem 2.5.1

is not PORC.
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Corollary 2.2.9. Let n(p) denote the number of roots of x> — 2 modulo p. Then

0 ifp=1mod3 and p # a® + 27b* for integers a and b,
n(p) =< 3 ifp=1mod 3 and p = a® + 27b* for integers a and b,
1 if p=2mod 3.

Furthermore, n(p) is not PORC.

2.3 Proof of Theorem 2.2.4

In this section we prove Theorem 2.2.4:

Theorem 2.2.4. Let G be a Ty-group where Z(G) = G' and the Pfaffian hypersurface
associated to G is smooth and contains no lines. For G of h(G) < 7, its normal zeta
functions are always RFORC.

In general both Z(G)/G’ and G/G" are finitely generate abelian groups. However
we can restrict ourselves to primes p not dividing the orders of the respective torsion
parts as we are interested in proving results for all but finitely many primes. Also
we need this condition otherwise the associated Pfaffian hypersurface Ps would be
identically zero.

As we saw from Definition 2.2.2, such %5-group G can be written as

G = <LE1, s Tdy Y1y -0y Yar | [Q?i, QIJ'] = M(y)23>7 (231)

where M (y) is an anti-symmetric d x d matrix of Z—linear forms in y = (y1, ..., ya),
and all other commutators are trivial. The strategy for proving Theorem 2.2.4 is to
look at the behaviour of (5 ,(s) for different values of d and d’. Let us call G a
(d,d")-group if h(G/G") = d and h(G") = d'. As we are only looking at the To-groups
G of h(G) < 7, the possible cases are (2,1), (3,1), (4,1), (5,1), (6,1), (3,2), (4,2), (5,2),
(3,3), (4,3).

231 d=1

When d' = 1, (2,1), (4,1) and (6,1) are the central products of 1, 2 and 3 copies of
the Heisenberg group H respectively, and their local normal zeta functions are given
in [11, Theorem 2.22] and [15]. They are RFORC.
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2.3.2 d =2

For d' = 2 recall Voll’s method in [37].

Theorem 2.3.1 ([37], Theorem 2). Let G be a T—group of class 2 with derived group
G’ of Hirsch length 2. Then there are irreducible polynomials fi(t), ..., fm(t) € Q[¢]
and rational functions Wi(X,Y), I € {1, ..., m} such that for almost all primes p

(g p(s) = Z cp. tWr(p, p°),

Ic{1,...,m}

where
Cp1 = ‘{x e PY(F,) : fi(z) =0 mod p if and only if i € [H )

In particular, (5 ,(s) is finitely uniform.

Although it proves finite uniformity for d' = 2, it does not prove whether (g (s)
is RFORC or not. The key observation here is that the polynomials f; come from
either the anti-symmetric d x d matrix M (y) or its decomposed parts, and as long as
d < 5 (which is our case) the behaviour of ¢, ; satisfies the RFORC condition as we
shall now show.

To make this paper self-contained we recall the definition of indecomposable

groups and Theorem 6.2 and 6.3 in [14].
Definition 2.3.2. Let G be a radicable To-group of finite Hirsch length with centre

of Hirsch length 2, a so-called ®*-groups. A central decomposition of G is a family
{Hy, ..., Hy} of subgroups of G such that:

1. Z(H;) = Z(G) for each i;
2. G/Z(G) is the direct product of the subgroups H;/Z(G); and
3. [Hi, H;] = 1 whenever i # j.
The group G is (centrally) indecomposable if the only such decomposition is {G}.

Theorem 2.3.3 ([14], Theorem 6.2). Every ©*-group G has a central decomposition
into indecomposable constituents, and the decomposition is unique up to an automor-

phism of G. In particular, the constituents are unique up to isomorphism.
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Theorem 2.3.4 ([14], Theorem 6.3). (i) Let G be an indecomposable D*-group of
Hirsch length n + 2. Then, with respect to a suitable basis of G/Z(G) and a suitable
basis (y1, y2) of Z(Q), the alternating bilinear map
va: G/Z(G) x G/Z(G) — Z(G)
(aZ(G), b(Z(G)) = [a, b]

is represented by a matriz M(y) as follows:

o n=2r+1.
. 0 B
M) =g = (G 7).
where
v 00 0
yr Y2 0 0
0 v v 0
B=By=| 0 0w 0
0
0 0 0 "
00 0 Y/ rayxr
e n=2r
0 B
M) = o = (e 0 )
where
yitay2 y2 0 0 0
—a2y2 Y1 Y2 0 0
asys 0 v v 0
B = B(y) = —Q4Y2 0 0 wu 0
(—1)"ar,1y2 0 0 0 ... Yo
(=) a,y, 0 0 0 ...

TXT

and det(B(y)) = g(y1, y2) = ¥} + a1y} ‘o + -+ + a,yh € Q[uyr, yo] is such that
g(y1, 1) is primary, say g = f© for f irreducible over Q, e € N.

(ii) If G is any D*-group, then with respect to a suitable basis as above, pg is repre-
sented by the diagonal sum of matrices like M(y) above.

Since we assumed G' = Z(G), these are precisely the cases where d = 2. We
start from (d,d") = (3,2). For (3,2), Theorem 2.3.4 implies that G has to be an

indecomposable ©*-group. Hence [37, Proposition 2| gives
Cg,p(s) = CZ% (S)CP(E’S - 6)(}:(35 - 4)W(p, p_s)
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where W(X, Y) =1+ X3Y3.
For (d,d) = (4,2), if G is an indecomposable ©*- group then with respect to a
suitable basis of G/G’" and a suitable basis (y1, y2) of G', we have

0 0 wyi+ay2 v

B 0 0 —asly2 W%

M(y) = —Y1 — 1Yz A2l 0 0
—Y2 - 0 0

where ~/det(M(y)) = g(y1, y2) = y? + a1y1y2 + asy3 € Q[y1, yo] is such that g(y;, 1)
is primary, say g = f¢ for f irreducible over Q, e € N. Then if we let p be a prime
unramified in Q[t]/f(t), [37, Proposition 3| gives

Ca.p(s) = Cz3(5)Gp(65—8)(p(35—5)Cy (55—5)(p(3es—(5e—1)) (Pi(p, p~*)—ns(p) Pap, p~°))

where ns(p) is the number of distinct linear factors in f(¢) and

P(X,Y)=(1-XY"(1+X'V°)(1 - X>*Y?)
P(X,Y)=(1-Y)(1+Y)X'Y3(1 - X°Y?).

Now, as f is only either quadratic or linear, e is either 1 or 2, and n, s is always
RFORC by Theorem 2.2.7. Hence (5 ,(s) is RFORC.
If it is decomposable, then the only way to decompose such G is to decompose it

into two groups H; and H,. With respect to a suitable basis we can have

0 U1 + a1yz2 0 0
| i aye 0 0 0
Mfy) = 0 0 0 Y1 + sy
0 0 —Y1 — 2> 0
where 0
Y1 + a1y
M ==
() < —Y1 — 1Y 0 )
and 0
Y1 + a1y
M = .
#:(Y) ( —Y1 — a1Ys 0 )

Thus there are irreducible polynomial f(t) = t+ay, fo(t) = t+ae € Q[¢] and rational
function Wi (X, Y), I < {1, 2} such that for almost all primes p

C§7p(8) = Z Cp,IWI(p7 p*S)’
Ic{1,2}
where

¢, 1 = |{z € P'(F,) | fi(x) =0 (mod p) if and only if i € I}|.
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Since both f; and f; are linear, we can see that (g ,(s) is RFORC.
For (d,d’") = (5,2), again if it is indecomposable [37, Proposition 2| gives
(G p(8) = Cz5(5)Gp(Ts — 10)(, (55 — 6)W (p, p™)

where W(X, V) =1+ X°Y5.
If it is decomposable, then again it can be decomposed into H; and Hs where with

respect to a suitable bases we have

0 U1 + ai1ys 0 0 0
—Y1 — a1Y2 0 0 0 0
M(y) = 0 0 0 0 v
0 0 0 0
0 0 —Y2 —y1 O
where
0 Y1 + a1y
M fr—
m(Y) ( —Y1 — ary2 0 )
and
0 0w
MHz (y) = 0 0 n
—y2 —y1 0

Now we get nothing from Hs and just one irreducible linear polynomial fi(t) = t+a; €
Q[t]. Hence we have

G.p(8) =Wilp, p~°) + ¢, Walp, p°)
where W1 (X, Y), Wy(X, Y) are rational functions and
¢ ={zePY(F,) | filz) =2+ a; =0(modp)} =1
for all p, which is clearly RFORC.
2.3.3 d =
For (d,d’") = (3,3), any (3,3)-group G would have a presentation

(1, T2, 3, Y1, Yo, Y3 | [21, 2] = f1(y), [71, 23] = fo(y), [72, 23] = f3(y))

where f1, fo and f3 are linear polynomials in Z[y;, y2, y3]. For now, consider a corre-
sponding Lie ring L = L(G) = G/G' ® G'. Now, as Z(L) = L', it implies

iy v, y3) = {fr(y), fa(y), f3(y))-
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Since y1, y2 and y3 are linearly independent, the f;’s are linearly independent too.
Hence with a suitable base exchange we can see that there exists a ring R = L with

a presentation

<l'/1, x127 37:/37 Y1, Y2, Y3 | [xllv :LJQ] = Y1, [xlh l‘é] = Y2, [x127 xé] = y3>'

In fact R is a free class-2 nilpotent Lie ring on 3 generators, and we know its local

normal zeta function are RFORC (in fact they are uniform, [11], [15]). As we have

Crop(8) = (L p(8) = (G, (9),

this covers the case (d,d’) = (3, 3).
Finally, suppose G is a (4,3)-group. The Pfaffian hypersurface Pg of a (4,3)-group
G would be a quadric form w in P? (i.e. conic). As long as w is not identically zero,

smooth and contains no line, we will have

CG.p(8) = Wilp, p~°) + nu(p)Walp, p )

where n,,(p) is RFORC by Theorem 2.2.7. This concludes the proof of Theorem 2.2.4.

Remark 2.3.5. Note that the condition on Pfaffian hypersurface associated to G being
smooth and containing no lines is in fact only required for (d,d’) = (4,3) case. We
know by [1] and [38] that this condition holds generically for d' < 6, which includes

our case.

2.4 %y-groups of Hirsch length 8

In this section we present two different Ty-groups G,,,s and Gy,s of Hirsch length 8
whose local normal zeta functions are not RFORC. The name G,,s and G,,,g come
from "Non-PORC of Hirsch length 8”.

Theorem 2.4.1. Let G5 be a T,-group with the associated Lie ring

Xy, T2, T3, T4, Ts5, Y1, Y2, Y3 | ['Ilu 134] = [1'2, 'T5] = Y3,
L(an8) = <

2[x1, x5] = 23, 24| = 201, [72, 24] = 73, T5] = Y2

Then ¢g,  »(s) is not RFORC.
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Proof. We will calculate Qé‘nps,p(s) by computing the local ideal zeta functions of the

corresponding Lie ring

L(anS) = <l'1, <oy Ty Y1, Y2, Y3 | [$i7 xj] = M(y)1]>

where
0O 0 0 vy wn
0 0 0 Y2 Y3
My)=| 0 0 0 2y p»

—ys —Y2 2y 0 O
) —ys —y2 0 0
Now this is exactly the case of [37, Theorem.1] where d’ = 3, except that our d = 5
is odd. Hence we need a crucial modification.
Let L be a Lie ring additively isomorphic to Z4+?. We denote by L' = [L, L] the
derived ring of L. A lattice A € L gives rise to a pair (A, A) of a lattice

N=AnL <L,
Aw = (A+L)/L' <L/

One can see that this map is |L' : A’|¢ to 1. A lattice A defines an ideal if and only
if its associated pair (Ag, A') is admissible, that is, [Ag, L] < A’ Let X(A)/A :=
Z(L/A"). Then we get
CEals) = Gagls) D5 1L N7 L X(A)] ™
N

This is essentially the Lie ring version of [15, Lemma 6.1].

Let us call a lattice A" € Z2" mazimal if p~'A’ ¢ ZZ'. Tt is not difficult to see
that we only need to consider maximal lattices of p—power index, since in general
A =p'Al . where A is maximal in its class. Thus we have

CEp(s) = Gag(s) D 1T N[" L X (A

AL/

= Gug(9)G((d + d)s — dd) Alp, p )

where
Alp, p™°) = > L N X ()]
AN'CSL/, N’ maximal
As mentioned in Section 1, Voll realised this generating function can be computed
using the enumeration of vertices in the affine Bruhat-Tits buildings A, associated
to SL,(Q,). Recall from [37] the definition of the weight functions

w(A') :=log, (|L": A'|)
w'(A') := w(A') +1log, (|L : X(A)]).

23



Put T := p~° we get

Ap, T)= >,  pm™Tv™)

AN'C L/, maximal

Let us compute this generating function associated to the vertices of the building As

as Voll did in [37]. First we put to use the decomposition of Aj into sector-families
Sp, '€ F(p, 3). We have

Alp, T)= ), A, T, F)

FeJF(p,3)

where

1 1 / 7 A
Ap, T, F) := + = > pt i
(D), zg1ine0s;

+ Z A'Tw 1

[A]eST

(we use the notation Sg, dSFr, S% to denote the sector family indexed by the flag F,
its boundary and interior, respectively).
Now, for a given lattice A’ of type (p**’, p’, 1) where s, t > 0 there is a unique
coset
aG, € SL3(Z,)/G,,

where G, := Stabgr,(z,) (Z5 - diag(p*™*, p', 1)) , such that the admissibility condition

becomes
ApM(a')=0 mod p** (2.4.1)
AapM(@*) =0 mod p', (2.4.2)
where we denote by o the jth column of the matrix a. We now have to analyse the
elementary divisors of the system of linear equations (5) and (6). This only depends
on how the flag F' meets the degeneracy locus of the matrix M (y). Here comes the

tricky part. In case d = 2r, this degeneracy locus of M(y) is simply the Pfaffian

hypersurface. This is why we have

G p(8) = Wilp, p~*) + nog (p)Walp, p*)

n [37, Theorem. 1]. However, when d = 2r + 1 (like our case), Pf(M(y)) :=
det (M (y)) is identically zero so there is no Pfaffian hypersurface. So we have to
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manually identify and analyse the degeneracy locus of M(y). I carefully designed the

group Gps so that the degeneracy locus of

0 0 0 'y m

0 0 0 Y2 Y3
My)= 0 0 0 2y w

—ys —Y2 2y 0 O
1 —ys Y 0 0
is
V ={yePQ) | 247 — vays = ¥5 — 2113 = ¥3 — Y192 = 0}.
It is not difficult to see that this variety V is a zero-dimensional smooth subvariety
in P2, namely

V= {(17 kQ? k) | k= 2}7

Since we have identified our degeneracy locus, we can compute A(p, T, F') for the

following two cases:

1. M(ot) maximal, A(p, T, F) =: Aog/ori(p, T'),

2. M(at) not maximal, A(p, T, F') =: Aanpt/on(p, T).

We start with Case (1). We know M (a') always has a (d— 1)-minor which is a p-adic

unit. So we have
W ([A])=s+3t+(d—1)(s+t) =ds+ (d+2)t.

The boundary of a sector-family in Aj falls into three components: the root vertex,
(maximal) lattices of type (p®, 1, 1), and lattices of type (p', p, 1). For s, ¢t > 1
there are p?*=1), p2(t—1) and p*~1p!~1psti=1 = p?+2=3 Jattices in Sr of type (p%, 1, 1),
(p*, p', 1) and (p***, p', 1) respectively. Therefore we get

1 1 - S —
Aoff/off(p7 T) = + <Z p(d+2)s 2rpd +Zp(2d+2)t 2T(d+2)t>

(Q)p(l)p (l)p sz1 t=1
+ Z p((d+2)s+(2d+2)t73)Tds+(d+2)t
s, t=1
_1 —l—pde +pd+1Td +p2de+2 +p2d+1Td+2 +p3d+1T2d+2

(g)p(?)p (1 — p2d+2Td+2) (1 — pd+27d)

Now we deal with Case (2). In this case, the matrix M(a') will always have a
(d — 3)—minor which is a p-adic unit. So by the same logic, we can choose affine local

coordinates (z, y, 1) around o' € P?(Z,) such that
w'([A']) = ds + (d + 2)t — 2min(s, v,(x), vy(y))
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where z, y € pZ/(p®). Start with

Z pdw [A] Tw’ [A]
[A']edSE

[Z3]#
consisting of lattices of type (p®, 1, 1), s = 1. The map
[A/] N pdw[A’]Tw’[A’]
factorises over the set

N:={(a,b,c)eN |a=b, a=>c}

which we view as the intersection of N2 ; with some closed polyhedral cone C' in R?

as 1 where
o [N (s, vp(), vp(y)) (2.4.3)
¥ : (a, b, ¢) — pleda=2mina,b) (2.4.4)
Note that
1 ifa=5b=c,
1 —pHp? if b, a =
o (a, b, o) (L=p")p l ¢=ha=e (2.4.5)
(1 —pHpoe ifa>c, a=0,
(1 —p1)2p?t=< ifa>b a>ec

We decompose the cone N into sub-cones N; on which the values |¢*(a, b, ¢)|¢(a, b, ¢)

are easier to sum over. We choose the decomposition

N = Ny + Ny + Ny + N3 + Ny + N3
No:={(a,b,c)e N|a=b=c=1},

Ny:={(a,b,c)e N|a=c>b=1},
Ny :={(a,b,c)e N|a=b>c>1},
N3 :={(a,b,c)e N|a>c>b>1},
Ny:={(a,b,¢c)eN|a>b>c>1},
Ns:={(a,b,c)e N|a>b=c=1}.

Let n; := dim(N;). Table 1 below records the generating functions F;(X, Y, Z) to-

gether with the integers n; and Laurent monomials m;x (p, T), m;y(p, T'), mjz(p, T).
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Table 2.4.1:

J | Ty F}(Xv Y, Z) ij(p7 T) ij( ) T) mjz(p, T)
0|1 2 p'T? T* 1
L2 (1—X)§2Z§;(Zl2—XZ) pTe p T2 1

2] 2 % pdtiTd 1 p T2
313 (1—XYZ))((31{§(2Z)(1—X) p?Te p'T? p
413 (1—XYZ))((31{2XZY)(1—X) pt?Te p! p'T?
5 3 (17X))(/QZY)(Z17X) pd+2Td p—1T—2 p_l

Thus
5
Z p NI IV < Z Z ‘gp abc‘wabc)
[Z3]#[N]edSk J=0(a,b,c)eN;
5
= > (1- Fi(X,Y, Z)

X=mjx(p,T)

i=0 Y =mjy(p,T)

Z=m;z(p,T)

_ pdefQ(l _ pde>
(1 _ pde—Q)(l _ pd+2Td) '

The generating function counting over lattices of type (p, p’, 1), T > 1, is clearly the

same as Case (1), i.e. is given by

2dd+2
_ 1
2 ]p2t 2 _detT(d+2)t _

_ m2d+27d4+2°
= L —p*=T

Finally, we count over [A’] € S%, i.e. over lattices of type (p*** pt, 1), s, t > 1.
This is easy, since the generating function equals p times the product of the previous

generating functions counting over the boundary. Thus we have

pde_2(1 _ pde) . deTd-i-Q

AI w’ ] - .
A,]ZEJSO p IT o (1 — pde*Q)(l _ pd+2Td) 1 — p2d+27d+2
Hence we get
A ( T) 1 n 1 ( pde*2(1 _ pde) deTd+2 )
sm.pt/off D, =73 5 5 —
(2)p(1)p (1)p (1 — pdTd=2)(1 — pd+27d) =~ 1 — p2d+27d+2
p T2 (1 = p'T?) AT+

tp (1 — pTa2)(1 — ptr2Tdy ' 1 — pra+2]d+2
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and

Ap. T) = (@ - |v<Fp>|> (5) At )

+ |V(F,)] G) Asm pt/fot(p, T)

=A(p, T) + |V(F,)| Az(p, T),

where
Ai(p, T) = 1+ paT? 4 pd+i7d 4 p2dTd+2 | p2dlpd+2 | p3d+lq2d+2
1\D, = (1 _ p2d+2Td+2) (1 _ pd+2Td)
Ay(p, T) = (1 =T)(1 + T)piTe2(1 + pX+1T7e+2)

(1 _ pde—Q)(]_ _ pd+2Td)(]_ _ p2d+2Td+2) :

As d = 5 we have

CGonpsp(8) = i, (5)
= ng(S)Cp(88 —15)A(p, p°)
= (23(5)Gp(8s — 15)Gp(7s — 12)¢y(5s — T)Wi(p, p )

+ [V (Fp)| Cz5()Gp(8s — 15)Cp(3s — 5)Cp(55 — T)Gp(Ts — 12)Wa(p,

where
Wi(X,Y) =1+ XYY"+ X0V + XPY7 + Xy7" 4 x10y!?
Wo(X,Y)=(1-Y)1+Y)X°YV3(1+ X"Y7).
Finally, from Corollary 2.2.9 we know

3 p=1mod 3 and p = a® + 27b%,
V(F,)| = |{(1, k¥, k)}| =10 p=1mod 3 and p # a® + 2702,
1 p=2mod 3,

for integers a and b, is not PORC. Thus we conclude (5 . ,(s) is Non-RFORC as

required.

Note that this is the first example of finitely-uniform but Non-RFORC ideal zeta
function. In fact, we can encode the same variety V' (in a different form) into another

To-group G,y of Hirsch length 8 such that the behaviour of its normal local factor

is also governed by |V (FF,)|.
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Theorem 2.4.2. Let G,y be a To-group whose associated Lie ring L(Gps) has a

presentation

L(ansf) = (X1, T2, T3, Ty, Ts, Te, Y1, Y2 © [T, l‘j] = M(y))

where
0 0 0 Y1 Y2 0
0 0 0 0 v vy
0 0 0 2y2 0 U1
M) =1 _, 0 —25 0 0 0
—Yo —UY1 0 0O 0 0
0O =y -y 0 0 0

Then anp8,7p(s) is Non-RFORC.

Proof. This group G,,s is in fact an indecomposable ®*-group. Look at the shape
of M(y). The matrix M(y) is in the from

(5 0 )

in Theorem 3.4 with a; =0, as =0, ag = —2.
Now det(B(y)) = g(y1, y2) = yi +2y5 and g(y1, 1) = ¢y +2 = f where f is

irreducible over Q. Hence [37, Proposition 3] gives
Ca,p(8) = Czg(5)Gp(8s = 12)Gp (55 = T)(p (75 = T)(p (55 — 6) (Pip, p°) +nyp(p)(Palp.p 7))
where

P(X,Y)=(1-X"Y?)(1+XT(1 - X°V?)
PBX,Y)=1-Y)1+Y)XV°(1 - X"Y?)

and ny(p) is the number of distinct linear factors in f(¢) = (y3 + 2). Again,

3 p=1mod 3 and p = a® + 27b%,
ng(p) =10 p=1mod 3 and p # a® + 270>
1 p=2mod 3,

for integers a and b. Hence (& ,»(8) is Non-RFORC. O
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2.5 G,z and Higman’s PORC conjecture

Let G, be a class-2 group of order p® and exponent p given by the presentation:

G <x17 T, T3, T4, T5, Tg, L7, T8 | ['rla .Z'4] = [IQJ ./E5] = $6,>
p =

[xh $5]2 = [1‘37 1’4] = xi, [952, $4] = [3537 xs] = T3

where g* = 1 for all g € G,. One can see this group as a finite p-group version of
Grps in Theorem 2.2.5. Throughout the remaining chapter we prove the following

theorems:

Theorem 2.5.1. Let D(p) denote the function enumerating the number of descen-

dants of G, of order p° and exponent p. For p > 3,

P*+p+1)/3+5 if p=1mod 3 and p # a* + 272,
D(p) =1 (p*+10p+1)/6+41 ifp=1mod3 and p = a® + 27b?%,
(P> +4p+1)/2+34  ifp=2mod 3,

where a and b are integers. Furthermore, D(p) is not PORC.

Theorem 2.5.2. The number of immediate descendants of G, of order p° is not

PORC.

Vaughan-Lee [35] recently listed all class-2 groups of exponent p with order p* for
k < 8. He then showed that for every group G in his list, the number of conjugacy
classes of the group is a polynomial in p and the order of the automorphism group of
(G is also a polynomial in p. Using this result he proved that the number of groups of
class-3, order p® and exponent p is indeed PORC.

At face value this is a counter-example to Vaughan-Lee’s result in [35]. However,
it turns out that this group G} switches back and forth between three of Vaughan-
Lee’s groups in a non-PORC manner. This is a first example that clearly shows
the existence of “local” non-PORC behaviour does not necessarily reflect “global”
non-PORC outcomes.

In Vaughan-Lee’s [35] list of all class-2 groups of exponent p with order p* for
k < 8, there are 22 class-2, 5-generator groups (namely 8.5.1, 8.5.2, ..., 8.5.22) of
order p® and exponent p. For each group in the list the number of conjugacy classes
is given by a polynomial in p, and the order of the automorphism group is also given
by a polynomial in p. The polynomials giving the orders of the automorphism groups
of these 22 groups are all different. Thus we can identify which group among those

22 is isomorphic to G, by computing the order of the automorphism group of G,,.
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In Section 2.7, we will show that the order of the automorphism group of G,
depends on n(p). Comparing these polynomials with the polynomials given in [35]

we obtain:

Lemma 2.5.3. The group G, is isomorphic to
e group 8.5.7 in [35] when p =1 mod 3 and p # a* + 27b* for integers a and b
o group 8.5.18 in [35] when p =1 mod 3 and p = a* + 27b* for integers a and b,
e group 8.5.13 in [35] when p = 2 mod 3.

This confirms that our G, straddles three of Vaughan-Lee’s groups in a non-PORC
way. The number of descendants of order p? with exponent p of each of the three
groups 8.5.7, 8.5.18 and 8.5.13 is PORC.

2.6 Associated Lie ring L(G,) and its covering al-
gebra

Similar to the zeta functions of groups and rings, when counting the number of
descendants of a finite p-group G it is often easier to work not directly with the group
G, but with its associated Lie ring L. In our case G, has exponent p, and its associated
Lie ring is a Lie algebra over F,. The Lazard correspondence gives an isomorphism
between the category of nilpotent Lie algebras of dimension n over the field F, and
class at most p — 1 and the category of groups of exponent p of order p™ and class
at most p — 1. (Refer to [19, Chapter 10] or [24] for more details.) This implies that
we can count the descendants of GG, of exponent p by counting the descendants of its
associated Lie algebra L(G,,) which we are about to define.

The Lie algebra L(G)) over F, corresponding to the group G, is

Ty, o, T3, T4, L5, Tg, T7, T8 | [l‘l, x4] = [.ZU27 1'5] = Ts,
L(Gp) - < )

2[z1, 5] = [23, 74| = 227, (@2, T4] = [73, 5] = 75

with all other Lie commutators trivial. For p > 3 the immediate descendants of
L(G,) of dimension 9 correspond to the immediate descendants of G, of order p° and
exponent p.

This Lie algebra L(G)) is nilpotent of class 2 and of dimension 8, with [L(G,), L(G,)]
having dimension 3 and vector space basis [z1, z4], |21, x5] and [z2, z4]. A Lie al-

gebra L over F, is an immediate descendant L(G,) if L is nilpotent of class 3 and
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if L/[[L, L], L] = L(G}p). So, how do we count such L? We start with finding the
covering algebra for L(G,).
The covering algebra for L(G,) is the largest Lie algebra M which is nilpotent of

class 3 and contains an ideal I satisfying the following properties:
1. M/I = L(G,),
2. I <M, M],
3. I is contained in the centre of M.

Since very similar calculations are available in the literature, including [10] and
[17, Section 9.4], we will not give full step-by-step calculations. Call this covering
algebra M. Then M has dimension 21, with the ideal I of dimension 13. The nucleus
of M is [[M, M], M] which has dimension 6, and is contained in I. The immediate
descendants of L(G,) are algebras M /J where J is a proper subspace of I with

J+ [[M, M],M] =1I.

There is an action of the automorphism group of L(G)) on M, and two descendants
M/Jy and M/Jy are isomorphic if and only if J; is in the same orbit as Jo under
the action of the automorphism group. We obtained Theorem 2.5.1 by computing
the number of orbits of subspaces J of codimension 1 in I under the action of the

automorphism group.

2.7 The automorphism group of L(G))

Let V' be the vector subspace of L(G,) spanned by x1, z2, T3, x4, 5. It is sufficient
to compute H, the subgroup of the automorphism group of L(G,), which maps V'
onto V.
If ¥ € H, then there exist
A Ay Ay Ay As
By By Bz By Bs
S=| C Cy C3 Cp C5 |[eGL(5 p)
Dy Dy D3 Dy Ds
Ey Ey E3 Ey Ejs

such that
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We now count the number of automorphisms by counting S.

Lemma 2.7.1. The only 3 dimensional subspace of V' which generates an abelian
subalgebra of L(G)p) is (x1, T2, T3).

Proof. Let W be such a subspace of V and U = {(x, x9, x3).

First assume U n W = {0}. Then dim(W @ U) = 6. However W @ U < V, hence
this is impossible.

So UnW # {0}. Let u = UnW\{0}. Then W must be a subspace of the centraliser
of w in V, namely Cy (u). We consider the possibilities for Cy (u).

First note that

Cv(l’l) = <$1, T2, $3>,
Cv(xQ) = <'r17 T2, x3>7
Cv(JC:s) = <$1, Ta, $3>7

and that if A # 0 then

CU(ZL‘l + /\ZL‘Q) = <ZL’1, T2, J/’3>7
CU(ZEQ + )\I‘g) = <I‘17 T2, l'3>,
Cy(xg + A\xy) = {21, T2, T3).

Also we have

(24, 1 + axe + bxs] = —|x5, x| + a|xs, x3] — 2b[xs, 21],
[z5, 1 + axe + bxs] = x5, x1] + a|zs, z2] + b5, x3].
It follows that Cy (x; + axs + bzz) = U unless
a = —2b* (mod p),

b= a® (mod p),

in which case Cy(z1 + axe + brs) = {1, T2, 3, axs — bxyy. Since W < Cy(u) this
implies W = U or W < (x1, 9, 3, axs — bryy. However, the latter implies that W

has non-trivial intersection with {(zy, z5). We know

Cv(fﬂl) = <$1, L2, $3>,
Cv(xQ) = <.Z'1, T2, 'T3>7
CU(J?l + )\1’2) = <I1, T, I3>.

Hence W = U as required. O
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Corollary 2.7.2. Let ¥ € H and M be a corresponding matrixz. Then Ay = Ay =
B4=B5=C4:C5:OCLTLCZ

Ay Ay Az
By, By Bg S GL(3, p)
¢y Gy Cs

Proof. Since v is an automorphism from V' onto V,

I w1, w2, w3)) = (I (21), V(22), V(23))-

It is clear that {(J(x1), ¥(z2), ¥(x3)) is a 3 dimensional subspace which generates an
abelian subalgebra of L(G,). From Lemma 2.7.1 we know {(J(x;), ¥(z2), 9(x3)) =
<ZL’1, X2, .Z'3> . ]

So at this point, we know that our S looks like

A Ay A3 0 0

B, B, By 0 0
S = Cl CQ 03 0 0 € GL(5, p),

Dy Dy D3 D, Ds

E, B, Ey E, Ej

where
A Ay Az
B, B, B3 S GL(?), p)
Gy Cy O3

This obviously satisfies our relations [#(x1), H(x2)] = [I(x1), F(x3)] = [F(x2), Hxsz)] =

0. Now we need to get extra conditions from the remaining relations:

If we solve all these simultaneous equations, we get the following results:

Lemma 2.7.3. (1) If p =2 mod 3

a, ay az 0 0 by b b3 0 O
205 a; a; 0 0 Kby kb3 b 00
S=1| 2ay 2a3 a; 0 0 | orS=| 2kbs kb; kb, 0 0
2a4 a5 ag A O by by bs 0 K2\
as ag Q4 0 A kb6 §b4 §b5 A 0
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where det(S) # 0 and k* = 2 mod p.
(2) If p = 1 mod 3 then

aq (05} as 0 0 bl b2 2)3 0
Zwiag w;a W;ao 0 0 k’?bg k?]2b3 %bl 0 0
S =1 2wlay, 2w?az wla; 0 0O orS = 2k;ibs  kjby Ekjby O O
2@4 as Qg A 0 b4 b5 b6 0 k/’]2/\
wias wiag wiag 0 wik kb by by A0

where det(S) # 0, w) = 1 mod p and kI = 2 mod p for 1 <1, j < 3.

Now we calculate the order of the automorphism group for different cases. Let
h(p) denote the order of automorphism group of L(G,). One can check manually (as
in [10] and [17, Section 9.4]) that

N -3(p—1)p*® if p=1mod 3 and p # a® + 27b%,
hip) =< N-6(p—1)p" if p=1mod 3 and p = a2 + 2702,
N -2(p—1)p*® if p=2mod 3,

for integers a and b where N is the order of the group of matrices in GL(3, p) of the

form
aq s as

2@3 aq a9
2@2 2@3 aq

Since the determinant of this matrix is a$ + 2a3 + 4a3 — 6ajazas, we can compute
N = [{(a1, az,a3) € Fz | a3 + 2a5 + 4a3 — 6a1aza3 # 0  mod p}l.

When 2% — 2 has no roots over the splitting field, then a3 + 2a3 + 4aj — 6a,aza3 is
irreducible and nonzero unless a; = as = a3 = 0. Therefore N = p*> — 1 in this case.

When 2? — 2 has one unique root k, then
a3 +2a3 +4a3 —6arasas = (a; +kay +k*as)(a? + ka3 + k*a3 — kayas — k*a a3 — k*azas),

and N = (p> — 1)(p — 1). Finally, when 2 — 2 has three distinct roots ki, ko and ks,
then

a3 + 2a3 + 4a3 — 6ayazas = (a1 + kray + kias)(ar + keas + kias)(ay + ksas + k3as),
and N = (p — 1)3. Corollary 2.2.9 then gives us:

Corollary 2.7.4. Let h(p) denote the order of automorphism group of L(G)p). Then

3p—1)(p>—1)p*®  ifp=1mod 3 and p # a® + 2712,
h(p) =< 6(p—1)'p'8 if p=1mod 3 and p = a® + 27b?,
2(p— 1)2(p* — 1)p*® if p=2mod 3,

for integers a and b. Thus h(p) is not PORC.
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2.8 Immediate descendants of order p’

We proved Theorem 2.5.1 by counting the immediate descendants of L(G,) of di-
mension 9, as described in Section 2.5. As we explained in that section, the counting
problem for these descendants is equivalent to the problem of enumerating the number
of orbits of subspaces J of codimension 1 in I under the action of the automorphism
group. The fact that the number of descendants is not PORC is directly related to
the fact that the order of the automorphism group is not PORC.

Finally, let E(p) be the number of descendants of G, of order p which do not
have exponent p. Then the total number of descendants of G, is D(p) + E(p). From
Theorem 2.5.1 we can check that if p = 1 mod 3, then D(p) is smaller when p =
a® + 27b% than it is when p # a® + 27b%. Since we know that the order of the
automorphism group is bigger when p = a® + 270? than it is when p # a? + 27b%, we
can deduce that F(p) will either be the same or smaller when p = a? + 270 than it
is when p # a? + 27b%. This proves Theorem 2.5.2.
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Chapter 3

Enumerating graded ideals in
graded Lie rings

3.1 Graded ideals in graded Lie rings

As we discussed in the introduction, one of the main obstacles for studying zeta
functions of groups and rings is that they are simply too difficult to compute. In
this chapter, we define graded ideal zeta functions which enumerate graded ideals in
graded Lie rings. This can be regarded as an “approximation” of ideal zeta functions
of Lie rings.

Let R be a commutative ring and L be a nilpotent R-Lie algebra of nilpotency
class ¢, free of finite rank over R, with lower central series (v;(L))5_,. Fori =1,...,¢c
set L := ~;(L)/vi41(L). The associated graded R-Lie algebra is grL = @;_, LY.
An R-ideal I of grL (of finite index in grL) is graded or homogeneous if it is generated
by homogeneous elements or, equivalently, if I = @$_, (I n L®). In this case we write
I <4 grL. Assume now that L is free and finitely generated as an R-module. We

define the graded ideal zeta function of L as the Dirichlet generating series

()= ) lerL: I (3.1.1)
I<igrgrL
enumerating graded ideals in grL of finite index in grLL. Here s is a complex variable;
our assumptions on L guarantee that (;* (s) converges on a complex half-plane. (For
a similar definition in a slightly more general setting, see [28, Section 3.1]).
Assume now that R = O is the ring of integers of a number field. For a (non-zero)
prime ideal p € Spec(O) we write 0 = O, for the completion of O at p, a complete

discrete valuation ring of characteristic zero and residue field O/p of cardinality ¢ and
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characteristic p, say. Considering L(O,) := L®g O, as an Op-algebra, (3.1.1) becomes

Coon(s) = > lerL(0y) : 1™,

I<grgrL(0p)

A simple application of the Chinese Remainder Theorem yields the Euler product

<]gr | | C<lgr

peSpec(0)

expressing the “global” zeta function (;*(s) as an infinite product of “local”, or p-
adic ones. By abuse of notation we denote here by Spec(O) the set of non-zero prime
ideals of O. Each individual Euler factor is a rational function in the parameter ¢~*
In fact, the graded zeta function in (3.1.1) is an Euler product of cone integrals in
the sense of [9] (cf. [28, Theorem 3.3]), and the far-reaching results of this paper —
regarding both the factors and the product’s analytic properties — apply. The fact that

the analysis of [9] is restricted to the case R = 7Z is insubstantial for this conclusion.

3.1.1 Main results

In this chapter we are mainly concerned with graded ideal zeta functions of free
nilpotent Lie rings of finite rank. Given ¢ € N and d € Nyg, let f.4 be the free
nilpotent Lie ring (scheme over Z) of nilpotency class ¢ on d Lie generators. One
may think of §.4 as the quotient of the free Z-Lie algebra f; on d generators by the
¢ + 1-th term 7..1(fq) of its lower central series. For i € [¢]|, the Z-rank of the i-th

lower-central-series quotient ;(f..4)/vi+1(fe,a) is given by the Witt function

Z w(5)d", (3.1.2)
J|l
where p denotes the Mébius function; cf. [43, Satz 3]. Hence rky (feq) = 25—, Wal(i).
Given a commutative ring R — in this paper always a number ring O or the completion
O, of such a ring at a non-zero prime ideal p — we write f.4(R) = f.qa®z R, considered
as an R-Lie algebra.
For ¢ = 1, the (graded ideal) zeta function of the free abelian O-Lie ring f; 4(0) =

04, enumerating all finite index O-sublattices of O%, is well known to be equal to

<‘gr

G, d(O) (s —i+1), (3.1.3)

||:Q.
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where (x denotes the Dedekind zeta function of K; cf. [15, Proposition 1.1]. The
Euler product (3.1.4) reflects the well-known Euler product (x(s) = | [,espec(o)(1 —

(O/p))~"

d
C;iro) H H 1— o/p ’L 1—s 1_[ go,‘f(s) (314)

peSpec(0) i= peSpec(0)

For ¢ = 2 Voll computed in [39] the ideal zeta functions enumerating (O-)ideals
of finite index in the rings f2 4(O0). (The paper only discusses the case R = Z, but its
computations carry over — mutatis mutandis — to the case of general number rings.)
We compute the graded ideal zeta functions Cf (o)( s) for all d = 2 in Section 3.4 and
those for (c,d) € {(3,2),(4,2)} in Section 3.5 of the current paper.

This chapter’s most involved result is the computation, in Section 3.3, of the
graded ideal zeta function of f33(O0). To this end we compute an explicit formula for
C; ir( 0)(3), valid for all finite extension o of the p-adic integers Z,, where p is a prime,

viz. a local ring of the form o = O, for a non-zero prime ideal p of O lying above p.

Theorem 3.1.1. There exists an explicitly determined rational function W;?fr €
Q(X,Y) such that, for all primes p and all finite extensions o of Z,, with residue

cardinality q, say,
C;g;(o)(s) = W55 (¢,47°).

It may be written as W;Sgr = N3 3/D3 5 where

D33(X,Y)=(1-Y)(1 - XY)(1 - X?Y)(1 - X3VH(1 - XY?)(1 - X*YV°)(1 - YF)
(1-X"YN)(1 = X%YT)(1 - X*Y®)(1 — XPY®)(1 - X°V")(1 — XP°Y?)
(1 _ Xlﬁyl(})(l _ X15Y11)(1 _ X12Y12)(1 _ X7Y13)(1 _ YM),

is a polynomial of degree 115 in X and 131 in'Y, and N33 € Q[X,Y] is a polynomial
of degree 81 in X and 108 in Y.

gr

The rational function I/V3 satisfies the functional equation

Wos (XY™ = X*YPWes(X,Y). (3.1.5)

We note that the Witt function Wi (cf. (3.1.2)) takes the values (W3(1), W5(2), W3(3)) =
(3,3,8) and that 115—81 = 34 = (3) + (3) + () and 131 —108 = 23 = 3-3+2-3+1-8;
cf. Conjecture 7.2.2.

Our proof of Theorem 3.1.1 yields W; & as a sum of 15 explicitly given summands,

listed essentially in Section 3.3.2. We do not reproduce the “final” outcome of this
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summation here, as the numerator N33 of W55 fills several pages. We do record,
. .. <gr

however, several corollaries of the explicit formula for Wy 3",

The first corollary concerns analytic properties of the global zeta function (, ,(0)(s).

Corollary 3.1.2. The global graded ideal zeta function (s, ,0)(s) converges on {s €
C | Re(s) > 3} and may be continued meromorphically to {s € C | Re(s) > 14/9}.

This follows from the observation that the Euler product HpeSpec(O) Ds3(q,q ) !
— a product of finitely many translates of the Dedekind zeta function (x(s) — has
abscissa of convergence 3 and the Euler product HpeSpec(O) N3 3(q,q~°) may be con-
tinued meromorphically to {s € C | Re(s) > 14/9}. The latter reflects the facts that,
if N33(X,Y) =1+>,,0X%Y" for a finite index set I and «a; € Z\{0}, a; € N,
b € N then § := max{3* | i € I} = 14/9; cf. [11, Lemma 5.5].

The second corollary concerns the reduced graded ideal zeta function

Carea(Y) 1= W55 (1Y) € Q(Y);

f3,3,red

cf. Section 3.2.4. This concept was introduced in [13], albeit not in the context of
graded ideal zeta functions. We expect that our ad hoc definition will fit into a general

definition of reduced graded ideal zeta functions along the lines of [13].

Corollary 3.1.3. The reduced graded ideal zeta function ijgr (Y) satisfies

3,red

N3,3,red(Y)

i) = T Sy I - yera - v [T2s(1=Y7)

(3.1.6)

where N3 3,0a(Y) € Z[Y] is equal to

L+2Y3 +4Y* +5Y° +16Y°% + 34Y7 + 53Y% + 77Y° + 98Y !0 + 121" + 182y 12+
30271 4+ 483V 4+ 712V + 953V 16 4 1187Y1T + 1425V + 168910 + 2046Y 0+
2579Y 2 + 3208Y 22 4+ 4162V + 5059Y%* + 5826Y % + 6398Y %6 + 6894y %7+
74T5Y 28 + 8270 4 9265Y %" + 10260Y 3" + 11041Y3% + 1152923 + 11745Y %4+
11798Y3% 4 11811Y%0 + 11811Y37 4 11798Y® + 117453 + 11529Y%° 4+ 11041V *' +
10260Y* + 9265Y % + 8270Y** + 7475Y % + 6894Y 0 4 6398Y*" + 5826Y ¥+
5059Y4% + 4162Y°° 4 3298 + 2579Y5% 4+ 2046Y % 4 1689Y°* + 1425Y 50+
1187Y° + 953Y°7 + 712Y5® 4-483Y + 302V + 182Y%! 4 121Y%% + 98Y %3 4-
7Y% £ 53Y%° 4 34Y5C 4 16V 4+ 5Y08 44y 4 2yT0 L VT3,
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It scems remarkable that W55 (1,Y) has a simple pole at Y = 1 of order 14 =
343438, the Z-rank of {3 3, and that N3 3,.4(Y") has nonnegative, unimodal coefficients.
This is consistent with the speculation that W; $(1,Y) is in fact the Hilbert-Poincaré
series of a 14-dimensional graded algebra, associated to fs;3 in a natural way; cf.
Remark 7.2.5. Note that the right hand side of (3.1.6) is not in lowest terms. The
palindromic symmetry of the coefficients of N 3,cq(Y) is implied by the functional
equation (3.1.5).

The third corollary concerns another limiting object of the local graded ideal
zeta functions C;ir(o)(s), viz. the topological graded ideal zeta function Cfgstop( s); cf.
Section 3.2.5. In [27], Rossmann introduced and studied so-called topological zeta
functions associated to a range of Dirichlet generating series. Informally speaking,
topological zeta functions may be viewed as suitably defined limits of local zeta func-
tions. Whilst topological versions of zeta functions such as C; f:( O)(s) have not yet
been studied specifically, one may define Cf top( s) ad hoc as the leading term of the
expansion of Cf So(s) in ¢ — 1; cf. [27, Definition 5.13].

Corollary 3.1.4. The topological graded ideal zeta function Cf top( s) satisfies

(332503 — 815375 + 6657352 — 208005 + 1920)/56
D3,3,top(5)7

Castop(8) =
where D3 310p(8) € Z[s] is defined to be
s%(s—1)*(5—2)(35—2)(45—3)(55—1)(55—2)(75—8)(25—3)(35—5) (55—8)(115—15)(135—7)

A number of features of the rational functions considered above seem remarkable.

By the degree of a rational function f = P/Q € Q(Y) we mean degy f = degy, P —
degy Q.

Corollary 3.1.5. 1.

degs (Cf33 top( )) =—14= _(3 +3+ 8) = _rkZ(f3,3)a

2,
VPN 19 o
H 73,3 top( )|5=0 = 2889288 = (1 - Y)14 fs,g,red(y)|y=1 € @>07
3.
3 ~<lgr (8)| _1 (_1)2+2+73 ‘ 3 ‘ 8
S s=0 = = ,
Fa.3,top 07 70560 3-6-14-21-21-7
4- B
Caa(o)(5) 2 3-3-8
Cos(8)Co(8)Cos(s)| 7 3-6-14

s=0
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If the above-mentioned connection between the reduced graded ideal zeta function
and Hilbert-Poincaré series of graded algebras were to hold, the rational number in
part (2) — for which we currently do not have an interpretation — were to be interpreted
in terms of the multiplicity of the associated graded algebra.

Based on the explicit computations in this chapter we present, in Chapter 6,
a number of general conjectures pertaining to graded ideal zeta functions of free

nilpotent Lie rings generalizing these features.

3.1.2 Background, motivation, and methodology

Recall that L is a nilpotent Lie algebra over the ring of integers O of a number field.
The ideal zeta function of L is the Dirichlet generating series enumerating the O-ideals

of L of finite index, viz.

(z(s) = Z L1 = n Cro,)(8);

1<l peSpec(0)

where s is a complex variable and, for a (non-zero) prime ideal p of O,

Cf(op)(s) = Z |L(Oy) - I|7".
[<L(0})
Ideal zeta functions of nilpotent Lie rings are well-studied predecessors of the graded
ideal zeta functions studied in the present paper. One of the main results of [15],
which introduced these zeta functions, establishes the rationality of each of the Euler
factors (7o,y(s) in g7, where ¢ = [0 : p|; cf. [15, Theorem 3.5]. For numerous
examples of ideal zeta functions of nilpotent Lie rings, see [11].

By the Mal’cev correspondence, ideal zeta functions of nilpotent Lie rings are
closely related to the normal subgroup zeta functions enumerating finite index normal
subgroups of finitely generated nilpotent groups. In particular, given ¢, d € N, almost
all (i.e. all but finitely many) of the Euler factors of ¢ (s) coincide with those of the
normal subgroup zeta function of the free class-c-nilpotent d-generator group F, 4; cf.
[15, Section 4]. The study of the normal subgroup growth of free nilpotent groups is
connected with the enumeration of finite p-groups up to isomorphism; cf. [7].

Informally speaking, graded ideal zeta functions of nilpotent Lie rings may be
seen as “approximations” of their ideal zeta functions. Indeed, almost all Euler fac-
tors C:(%p)(s) actually enumerate a sublattice of the lattice of ideals enumerated by
C;‘(op)(s). In general, this approximation is quite coarse. In nilpotency class ¢ < 2,
however, the problems of computing ideal zeta functions and graded ideal zeta func-

tions are all but equivalent, as the following example shows.
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Ezxample 3.1.6. Assume that L is nilpotent of class 2, with isolated commutator ideal
L’ such that rko(L/L") = d. Then, essentially by [15, Lemma 6.1],

Gls)= D, IL/L M D L A (3.1.7)

A1<L/L' [Al,L]§A2<L/

whereas
s = D LM D LAy (3.1.8)
ML/ [A1,grL]<A2<L/
In the special cases L = fy 4, the proximity between (3.1.7) and (3.1.8) explains the
proximity between the explicit formulae recorded in Theorems 3.4.1 and 3.4.2 of the

current paper.

In higher nilpotency classes, we are not aware of any such simple parallels. In the
realm of free nilpotent Lie rings of class greater than two, explicit computations of
ideal zeta functions seem all but unfeasible. In particular, we do not know of formulae
for the ideal zeta functions of the Lie rings f33(0) and f42(0).

Numerous questions regarding ideal zeta functions have analogues regarding the
“approximating” graded ideal zeta functions, and one may speculate that the latter
are easier to answer than the former. On p. 188 of [15], Grunewald, Segal, and Smith
formulate, for example, a conjecture which would imply that, for any ¢,d € N there
exists a rational function W, 4(X,Y) € Q(X,Y) such that, for almost all p and all
finite extensions o of Z,, ijd(o)(s) = Wea(q, ¢ *). This consequence is known to hold
for ¢ < 2 and (c¢,d) = (3,2) but wide open in general, including the cases (c,d) €
{(3,3),(4,2)}. Our Conjecture 7.2.1 — which is verified by the explicit computations
in the current paper in particular for ¢ = 2 and (¢, d) € {(3,3),(3,2), (4,2)} — may be
viewed as a “graded” version of this conjecture.

In [27], Rossmann formulates a number of conjectures on certain special values of
p-adic, topological, and reduced zeta functions, pertaining in particular to ideal zeta
functions of nilpotent Lie rings. Our Conjectures 7.2.7, 7.2.9 and 7.2.11 are “graded”
counterparts.

In [41, Theorem 4.4}, Voll proved a local functional equation for the generic Euler
factors of the ideal zeta functions ijd(o) (s) upon inversion of the prime for all ¢ € N
and d € N5,. Our results suggest that this phenomenon also appears for graded ideal

zeta functions of free nilpotent Lie rings; cf. Conjecture 7.2.2.

This chapter’s methodology is combinatorial. All our computations owe their
feasibility to the fact that, for the parameter values considered, viz. ¢ = 2 and (¢, d) €

{(3,3),(3,2),(4,2)}, the enumeration of graded ideals is equivalent to the enumeration
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of various flags of lattices in free abelian o-modules which depend only, and in a linear
fashion, on the lattices’ elementary divisor types. Our computations rely on a simple
polynomial formula, due to Birkhoff, for the numbers of o-submodules of given type
in a finite o-module of given type; cf. Proposition 3.2.2. To obtain closed formulae
for the relevant graded ideal zeta functions we need to organize the enumeration
of infinitely many values of Birkhoff’s formula in a manageable way. We meet this
challenge by organizing pairs of partitions, encoding two lattices’ elementary divisor
types, by their overlap type, formally one of finitely many multiset permutations,
viz. words in two letters (each with multiplicity); cf. Section 3.3.1. For (¢,d) =
(3,3), for instance, we are led to consider 15 specific words in the alphabet {1, 2};
cf. Table 3.3.1. Restricting the relevant enumerations to a fixed word yields formulae
which are products of g-multinomial coefficients and so-called Igusa functions; cf.
Section 3.2.2. In Theorem 3.3.6 we compute such formulae for each of the 15 words
relevant for (¢, d) = (3,3). Similar methodology has been applied before to compute
ideal zeta functions of Heisenberg Lie rings over number rings ([29]) and free nilpotent
Lie rings of class 2 ([39]).

That we are able to reduce our computations to combinatorial considerations with
partitions is essentially owed to the fact that, for the parameters (¢, d) considered, the
automorphism groups of the free Lie rings f. 4 act transitively on the lattices of given
elementary divisor types in relevant sections of f. 4. This allows us to assume that the
relevant lattices are generated by multiples of elements of Hall bases; cf. Section 3.2.3.
That a lattice may always be generated by multiples of some linear basis follows, of
course, from the elementary divisor theorem; that (subsets of) Hall bases may be
used is a lucky consequence of the existence of “many” automorphisms, as we now
explain. The automorphism group of f. 4(0) contains a copy of GL4(0) which allows us
to perform arbitrary invertible o-linear transformations of Lie generators xq, ..., 4
of f.a(0). For ¢ = 2, this observation — which was already exploited in the proof
of [15, Theorem 2] — in conjunction with Birkhoff’s formula is sufficient to compute
the (graded) ideal zeta function of f.4(0); cf. Section 3.4. On the Lie commutators
[z;,xj], 1 < i < j < n, these linear transformations act via the exterior square
representation. In general, the image of the natural map A”GLg(0) — GL(Z)(O)
is rather small. The map is surjective, however, if d < 3, and an isomorphism if
d = 3. This facilitates our computations for (¢,d) € {(3,3),(3,2)}. If d = 2, then
the above-mentioned copy of GLsy(0) even induces the full automorphism group of
the o-module generated by the weight-3-commutators [[x1, x2], 1] and [[z1, 22], 2],
which we exploit for (¢,d) = (4,2).
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3.1.3 Settings

We write 2° for the power set of a set S. By a partition we mean a tuple (A,..., \,, )s €
N§ of nonincreasing nonnegative integers. The notation I = {iy,...,i,}< for a subset
of I < Ny indicates that iy < iy < -+ < ij. Similarly, (A,...,\,)> € Nj denotes a
partition with non-ascending parts A\ = --- >\, = 0.

We write o for a compact discrete valuation ring of characteristic zero, i.e. a finite
extension of the ring Z, of p-adic integers or, equivalently, a ring of the form O,, the
completion of the O, the ring of integers of a number field K, at a nonzero prime ideal
p of O. We write ¢ for the cardinality of the residue field of o and p for its residue
characteristic. We write t = ¢°, where s is a complex variable. We write (i for the
Dedekind zeta function of K.

3.2 (General preliminaries

Let c € N, d € N5y, and set f = f.q be as above. The following is analogous to [15,

Lemma 6.1].

Lemma 3.2.1. Let p be a prime and o be a finite extension of Z,. For each Ay <
£(0)?) et
(X (A2) ®F(0)®)/As = Z((§(0)V ®F(0)®)/As). (3.2.1)

Then

c

>, [ L@@ Al

Ar<f(0)D ..., Ac<f(o)(@ i=1
vie | 1,cl: [Ai1,f(0) PV ]<A;

)

C

= Goa(s) > [F(0)™ s X (M) ] [ - Ay~ (3.2:2)

Aa<f(0)P) ... Ac<f(o)(©) =2

vie]2,c]: [Ai—1,f(0) V<A
Proof. A graded additive sublattice A < grf(o) determines and is determined by the
sequence (Ay, ..., A.), where A; := A n§(0)® for all i € [c]. We have A <, f(o0) if and
only if [A; 1, f(0)M] < A; for all i €]1,¢c]. This proves the first equality. The second
follows from the definition of X (A,) given in (3.2.1), noting that [A;, f(o)M] < Ay if
and only if A; < X(Ay) and that, for each Ay < f(0)®,

ST A = Gals) () - X (Ag)] =

A1 gX(AQ)
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3.2.1 Birkhoff’s formula

Given a pair of partitions (o, 7), let a(o, 7; ¢) denote the number of torsion o-modules
of type 7 contained in a fixed torsion o-module of type 0. Clearly «(o, 7;¢) = 0 unless

7 < 0. Notice that, for 7 = (71,..., )=,
a(ri™, 11q) = #{A < 0" | 0"/A = ®_10/p7}.
The following explicit general formula for a(o, 7;¢q) is attributed to Birkhoff in [4].

Proposition 3.2.2 (Birkhoft). Let 7 < o be partitions, with dual partitions 7" < o”.

Then . .
R B PG Tk+1>
alo,7;q) = KATET Tk € Z|q|.
(o,m9) =] ]4q ( L [q]

I
k=1 Ok — Tk

3.2.2 Igusa functions and their functional equations

Definition 3.2.3. ([29, Definition 2.5]) Let h € N. Given variables X = (X1,..., X})

and Y, we set

1 h X;
Ih(Y,X)—l_Xh > (I)Ynl—Xi e Q(Y, X1,...,Xp),

o rr. B X, h X;
LX) = =% Z_l] (I)Yﬂl_xi e Q(Y, X1, ..., Xp).

We set Ip(Y) = I5(Y) =1 Q(Y).
Note that [;(Y;X) = 25 and I}(Y;X) = %;. We will make repeated use of
the functional equations ([29, Proposition 4.2])

L(Y 75X = ()Y G, (viX),

Ky-5X1 = (XY Gy x). (3.2.3)

h h

Remark 3.2.4. The “symmetry centres” (—1)hXhY*(2) resp. (—1)hXh_1Y*(2) in the
functional equations (3.2.3) depend on Y and X}, but not on Xy,..., X} 1.
Throughout this paper, we always substitute ¢=* for Y and hence write I;,(X)
instead of I;,(¢7!; X) and I} (X) instead of I} (¢~'; X).
Igusa functions are ubiquitous in the theory of zeta functions of groups and rings.
Note, for instance, that
1

J(s) = (d=)igdy . o) = :
Co (S) [d((q 15 )J [d]) 1—[;{;3(1 . qjt)

cf. (3.1.4).
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3.2.3 Hall bases for free nilpotent Lie rings

Let z,..., x4 be Lie generators for f = f.q. A Hall basis for f.q (on z1,...,24) is a
Z-basis H. 4 for f.q which may be constructed by selecting inductively certain basic
commutators in the x;; see [18] for details. Note that |H.q4| = > ;_, Wa(i), where W,
denotes the Witt function (3.1.2).

In Table 3.2.1 we record some Hall bases which are relevant for the current paper.
Here we adopt the standard abbreviation ;, z;, %, . . . z;, for left-normed commutators
[.. . [[zis @in]s ®ig]s - - -, 24, ]. In the case that d = 2 (resp. d = 3), we write z, y (and

z) instead of 1, x5 (and x3).

(c,d) | Hall basis H. 4 (Wa(%))ie[q
(lad) {l’l,...7$d} (d)

(2,d) | {z1,. .. 2q, 2y | 1< i< j<d} (d, (3))
(373) {xayaza LY, TZ, Yz, xyw,xz:c,yz:c,xyy,xzy,yzy,:czz,yzz} (37378)
(3,2) | {z,y, 2y, zyz, zyy} (2,1,2)
(4,2) | {z,y, vy, zyz, Yy, vy7r, vyYyT, TYYY} (2,1,2,3)

Table 3.2.1: Some Hall bases

3.2.4 Reduced zeta functions

In [13], Evseev introduced a certain “limit as p — 1”7 of various local zeta functions.
Informally speaking, the idea is to exploit the fact that the coefficients of these gener-
ating functions enumerate I -rational points of constructible sets. The desired limit is
obtained by replacing these constructible sets by their Euler-Poincaré characteristics.
The resulting rational functions are called reduced zeta functions; cf. [13, Section 3.
This paper does not define reduced graded ideal zeta functions explicitly, but pro-
vides a theoretical framework that allows this quite readily. If ¢, d are such that
Gy (s) = Wi (g, q*) for a rational function W_i(X,Y) € Q(X,Y), for almost

ealo
afllydégimes p and all finite extensions o of Z,, then C:irjred(s) = W:]jr(l, Y) e Q).
Evseev proved in [13, Section 4] that reduced ideal zeta functions of Lie rings with so-
called nice and simple bases are Hilbert-Poincaré series enumerating integral points
in rational polyhedral cones. The Hall bases Hs 4 given in Table 3.2.1, for instance,
have this property. Comparing (3.1.7) and (3.1.8) one sees that, for nilpotent Lie

rings L of nilpotency class 2, szred(Y) = ([ rea(Y); cf. also Remark 3.5.2.
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3.2.5 Topological zeta functions

Another means of defining limits of p-adic zeta functions are topological zeta func-
tions. If ¢, d are such that C:i“(o)(s) = W_i (g, ¢ *) for arational function W_i"(X,Y) €

Q(X,Y), for almost all primes p and all finite extensions of Z,, then (; ¥ op(S) 18 sim-

ply the leading term of the expansion of W:j (¢,q*%) in g — 1.

FEzample 3.2.5. For a € Ny and b € N, l_qﬁ = (¢—1)"' +0(1). Thus
1
g _ _ ) _qydtt
Cl,d(ﬂ)(s) Cod(S) S(S— 1)...(S—d+ 1) (q ) +O((q ) )7
whence .
:ir,top(s) =

s(s—1)...(s—d+1)

More generally, Definition [27, Definition 5.13] applies to any system of local zeta
functions of Denef type over a number field, in the sense of [27, Definition 5.7]. Exam-
ples of such systems are families of p-adic zeta functions of the form (W (g, ¢~*))pespec(o),
where W(X,Y) € Q(X,Y) (and, as usual, ¢ = |O/p| for p € Spec(0)). All the local
graded ideal zeta functions considered in this paper fit into such “uniform” families.
We expect this phenomenon to be universal in the context of free nilpotent Lie rings;
cf. Conjecture 7.2.1.

For a formal and far more general definition of topological zeta functions we refer
to [27, Section 5]. In [27, Section 8], Rossmann collects a number of intriguing con-
jectures about analytic properties of topological zeta functions associated to various
group- and ring-theoretic counting problems. We expect most of these conjectures to
have analogues in the realm of topological graded ideal zeta functions. Motivated by
the computation of various topological graded ideal zeta functions of free nilpotent
Lie rings made throughout the current paper, we make a number of such conjectures

in Section 7.2.

3.3 Proof of Theorem 3.1.1 ((¢,d) = (3,3))

Let f = f33 be the free nilpotent Lie ring on 3 generators of nilpotency class 3.
Let p be a prime and o be a finite extension of Z,, with uniformizer 7. Note that
f(0)®) = 03 = f(0)® and §(0)® = 0. In order to parameterize lattices in f(0)® and
f(0)® we denote by

/’L:(M17M27M3)>7 v= (V17"'7V8)2
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integer partitions of at most 3 and 8 parts respectively, and set

2 @ ) _

= (g s i3 (11, f1, po, po, fo, i3, [3, [3)-

Proposition 3.3.1.

lor —S ' _— —S 8 1%
Cg’gg Z& ,U1 ’lu q (3u1+2u2+p3) Z Oé(,u,V; q)q 2k=1Vk (3‘3‘1)
o

1897

Proof. Our starting point is (3.2.2) in Lemma 3.2.1, which in this case reads

GEo(s) = Cols) D0 0D XA *[f)P Al DT (7o) s Al

A2<f(0)@ A3<j(0)3),
[A2,f(0)M]<As

Let p = (1, o, 13)> be a partition. There are a(uf’),u; q) lattices Ay < f(0)®@
whose elementary divisor type with respect to f(0)® is given by u. Clearly |f(0)® :
As| = ¢=i=115 . We claim that (o)) 1 X (Ag)| = ¢?1+#2. Indeed, lattices such as A,
may be parametrized by their elementary divisor type and a coset oI, € SLs(0)/T",,
of a certain stabilizer subgroup I', < SL3(0), where a@ = (c;;) € SL3(0). By solving
the simultaneous congruences

0 (1/1]‘ Oégj

(r1,29,23) | —a1; 0 asj | =0 mod pH
—042]' —CY3]' 0

for j = 1,2,3, we compute that [f(0)") : X(Ay)| = ¢®1+#2; cf. [37, Section 2.2] for
details.

In fact, after a change of generators for f(o) if necessary, we may assume that
A2 = p’“a:y fan) p“z.fcz fan) p%yz_

At this point we crucially use the fact that d = 3, as GLg(0) = A* GL4(0) if and only
if d = 3. We obtain

[Az, §(0)V] =

(M zyz, T eyy, T eyz, T rze, T rzy, T rzz, Ty ze, Ty zy, Ty 22D, (3.3.2)

The Jacobi identity involving the three underlined terms is the only nontrivial relation

between these terms. Indeed, the relation xyz + zxy + yzz = 0 implies that

(rhrzyz, w2 xzy, Tyza), = (TM (rzy — yzo), m2azy, T yze), = pMazy @ pHyze.
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Hence (3.3.2) implies that

[Az, §(0)V] =
pHayr @ pMayy @ prze @ pPazy @ pazz @ pyze @ pMyzy @ pyzz,

whence [Ag, f(0)M] has type i with respect to f(0)®). This shows that the number of
lattices Az < f(0)® whose elementary divisor type with respect to f(0)® is given by
a partition v = (vy,...,15)> and which satisfy [Ag, f(0)M] < Az is equal to a(7, v; q).
Each such lattice satisfies [f(0)® : Ag| = ¢g=sZk=12, O

3.3.1 Overlap types and 2-dimensional words

Our approach to computing the right hand side of (3.3.1) is similar to the one taken
in [29] to compute local factors of the (Z-) ideal zeta functions of Lie rings of the
form f22(0).

To compute the right hand side of (3.3.1) we carry out a case distinction with
respect to the finitely many ways in which the partitions 77 and v may “overlap”. To
be precise, let u and v be partitions of 3 and 8 parts, respectively, satisfying v < f.
There are uniquely determined numbers r € Ny and M;, N; € N (i € [r — 1]), such
that

M1 22 [y 2V 2 2 VN >
KMy +1 2 0 2 My 2 UNj+1 = 7 2 UN, > -

UM, _+1 = " = (3 ZUN,_ +1 =+ = Us.

Define M, = 3, N, = 8, and My = Ny = 0. We call the integer sequence (M;, N;)ie[r—1]
arising the overlap type of the pair (u,v). Set

~ NO - No, ne—mn- (2,3, 3) = 257121 + 35»,122 + 35n>37

1 n =1,
5n>i =

0 otherwise.

where

An overlap type determines and is determined by the 2D-word

v = 1MNi Mo Mighe=N - 3= Mro1 8=t

i.e. a word on the alphabet {1, 2} of length eleven such that 1 occurs three times and
2 eight times, and M; > N; for i [r—1].
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Observe that the condition v < 71 is equivalent to the condition ]\Z > N, for

i € [r—1]. In this case we write v(u, v) = v. We write D@ for the set of 15 2D-words
arising in this way:.
Remark 3.3.2. Our notion of 2D-word is related to the classical one of (2-dimensional)
Dyck word of length 2n. The latter are words in {1,2}, featuring n occurrences of
each letter. They may be used to model the overlap types of two partitions, each
of at most n parts; cf. [29, Section 2.4]. 2D-words, in contrast, model the overlaps
of two partitions v and ; whilst v has genuinely at most 8 parts, 1z has at most 3
distinct parts, with ties in blocks of respective sizes 2, 3, and 3.

We chose to phrase our results and the supporting notation as similar to the
relevant material in [29] as possible, leaving the reader free to concentrate on the
crucial technical differences. Our Lemmata 3.3.4 and 3.3.5, for instance, are similar to,
but subtly different from Lemmata 2.16 and 2.17 in [29]. Theorem 3.3.6 is analogous
to [29, Theorem 3.1].

For v € D@ we set

Du(q.t) = Y, a(u?, )i, v q)g~ Gt Eic s (3.3.3)

(nv)
v(p,v)=v

Proposition 3.3.1 allows us to write
(e (8) = Ga(s) Y, Dulg,t). (3.3.4)
veD(2)

This section’s main result is Theorem 3.3.6, giving a general formula for the func-
tions D,(g,t). Table 3.3.1 lists the 15 words in D together with their overlap types
and an indication where in Section 3.3.2 an explicit formula for D,(¢,t) may be found.

In order to obtain such formulae, it is useful for us to have notation for the

successive differences of the parts of p and v. For j € [8] we set

P — U if j¢{Ny,...,N,},

rj _ yj I/]+1 1 ] ¢ { 1, ) } (335)

UN; — BM;+1 1f] = Nia

where we define ji4 = 0. Similarly, for j € [3] we set

C— L if j ¢ {M,..., M.},

8]' _ l’[’] lu]+1 1 J¢ { 1 ) } (336)

P — VN1 i g = M.
By our definition, r;, s; > 0 for all j. Note also that r; > 0if j € {Ny, ..., N,_1}

and observe that pn, > pa, 1 and vy, > vy, 41 for each i € [r — 1]. Set

TiNg—= Ny, n—n-(3,2,1) := 30,1 + 20,2 + 1d,>3.
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Table 3.3.1: Overlap types and 2D-words

|7 | (M3, Ni)ier—1) || ve D® | Section |
L] - 1328 3.3.2
2 1(2,1) 122127
21(2,2) 1222126
21(2,3) 1223125 3.3.2
2| (2,4) 1224124
2| (2,5) 1225123
2| (1,1) 121227
31(1,1;2,2) 1212126
31 (1,1;2,3) 12122125 | 3.3.2
3] (1,1;2,4) 12123124
3] (1,1;2,5) 12124123
21 (1,2) 1221226
3] (1,2;2,3) 12212125 239
31(1,2;2,4) 122122124 | O
31(1,2;2,5) 122123123

Then we have

3 r
3pn + 2p0 + pg = Z'\]{Sj + ZMZ (TNz'—H-l +oe Tt TNi) ’

j=1 =1

8 r—1
V1+"'+V8:erj+2Ni(sMi+1+"'+SMi+l)‘

= i=1

Finally, for each ¢ € [r] we define

i ={je[Mi— My — 1] | piag,—j > par,—jia} s (3.3.7)
JU={jeNi—Nix = 1] | vn,—j > vn—jr } - (3.3.8)

We start with an immediate consequence of Proposition 3.2.2.

Lemma 3.3.3. Let o and v be partitions of 3 and 8 parts, respectively, satisfying

v <. Then
, N Ty (3= 1) ", — v}
3 — W) (v kT Vi
S atul? ot via) = [T e (7 V) (M7
n k>1 Hie Jq i\ gy = Vg /g

Let p and v be partitions as in Lemma 3.3.3. Let (M;, IV;)
type and p’ resp. v/ their dual partitions. For k € N, set

ie[r1] be their overlap

—~

di = (3 — ) + vy (1), — )
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Also, set
aj = M; (3= M)+ j (M - ), je Ny, N,
bj =7 (3—7)+ Niza (E_Ni—1> ; j €My, Mj].
Note that 5 determines a unique .

Lemma 3.3.4. Foric [r],

KM, g +1
0 a3 M M, = Vi
H q 33— - /
k=p, i /g \ g, — Uy, g1
M;—M;—y
_ H qb]\/fi_1+j81\li_l+j <MZ _'iwi1> (3 - Mz1> ‘
j=1 Ji ¢\ 3= M )

Proof. Since all the indices k appearing in the product on the left hand side satisfy
UN,_y, > [M_i+1 = Kk = pi, = Un,_ 41, we have v, = v, = N;_; for all £ in the

interval [gepr,, pins, ,+1]- Thus
BM; _y+1 T p ’
H i = Vit 1
7 v o
k=pun, M k /gt

For j e [M; — M;_1] we have pj, = M; 1 + j when iy, +i41 < k < pag, ,+4; observe
that it may be the case for some j that no index k satisfies this condition. As a
result, we see that for each j € [M; — M,_4], there are exactly sy, ,+; elements k of

the segment [gas,, pear, ,+1] for which pj, = M;_1 + j. Now, note that

3 _ !
( 5 :uk;i-l) ~1
— /’Lk qfl

if and only if ju,,, # p,. This is the case exactly when there exists an ¢ such that
wi = k. It follows that if J = {ji1,..., i~} With ji; < ... < ji~, and write
Ji,o = 0, ]'z‘,%-+1 = M; — M,;_;, then

KM, _1+1 . .
3 — ,U/;,C q-1 3—M; + ji,m q—1. o

k=pn, m=0

We make use of the well-known identity

(a) 1= X° <a—1>
B X_l_Xai'B ﬂ X
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for Gaussian binomial coefficients. Applying it inductively, we see that for all m €

3—Mi+ji,m+1)
g-1

(3 - M; + ji7m+1) B (ji,mﬂ) ( 3—M;
. ‘ . - - 3—M;+7i m ’
3 Mz + ]z,m gt Ji,m g1 ( 3—]\/[Ji, )q*l

Hence the right-hand side of (3.3.9) is equal to
(Mi - Mil) <3 - Mil)
J} o \N3=M; ]

—~

KM, g +1
r dy, 3 - lu;c-‘rl '/I‘J - V’/f"'l
H q 33— - /
Fe 7qm N\ gy = Vi /g

k=pnr, q

M;—M; 1
_ 1_[ qui_1+j5]v1i_1+j (M’ o l‘iw’1> <3 o Mil)
1 7)o\ 3= ),

as required. N

Thus

Lemma 3.3.5. Foric [r],
par;—1 , - _
d (3~ Hes1 Hie — Viga
1_[ q 33— - !
k—=tar; 141 e Jq=t N\ =V /g
N;—N;—1 —~
_ GO AN 1 N; — Nij_y M/i\_ Ni .
. J ) a\ M= N, )

1

Proof. Note that the product on the left hand side may be empty; this happens in
the case py, = vn, 41 = *++ = Un, = Ma;+1 + 1. Since pp, > k > ppg, 1, we have
W, = . = M; for all k in the interval |pag 41, fiar,—1]. Finally, observe that for
j € [N; — N;_1] we have v, = N;_1 + j when vy, ,1j41 < k < vn,_,+;. The claim

follows as in the proof of the previous lemma. m
With these preparations in place we now give a formula for the functions D,(q,t).
Theorem 3.3.6. Let v = [[,_, (1M~ M12Ni-Niei) € DO Then

T (3= M, M, — N;_ r

=1

r—1
) <n [](i[i_Nz‘—l (XNiflJrl? L 7XNZ)> : I87NT_1 (XNr_lJrl) CIE 7X8) )

=1
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with numerical data

X; = ¢t je Ny, N, (3.3.10)
Y = ¢utitNer e | My, M. (3.3.11)
Proof. Given v = (vy,vq,v3) € N3 and v’ = (v}, ..., v}) € NS, we set, for each i € [r],

supp (v) = {je[M;—M_1—1]|vm ;> 0},

suppfv('v') = {j €[N, — N1 —1]| %VHH > O} )
In practice, v will be one of the vectors of successive differences s = (s1, $2, $3)
(cf. (3.3.6)) and v’ will be one of the vectors of successive differences r = (rq,...,73)

(cf. (3.3.5)). Given a set of partitions satisfying v < i, recall our definitions (3.3.7)
and (3.3.8). It is easy to see that, for every i € [r],

supp (v) = M; — M;_y — J* and  suppl (v') = N; — Ni_y — J7.

Thus it follows that

(Mi - M,-_l) (MZ— - Mi_l) . (Ni - NH) (Ni - Ni_l)
= an == .
J ) \supp(v) ) J¢ ) \suppM(v')/

Let 4;; be the usual Kronecker delta function. Substituting Lemma 3.3.4 and 3.3.5,
rewriting the expressions in terms of r; and s; and using (3.3.1), we find that formula

(3.3.3) for D,(q,t) splits into a product as follows:

" (3 — M;_4 ]\Z — Nia ;
Dy(q,t) = M, Al

i=1 i=1

where, for i € [r],

0 o 0 N; )
A — Nz — Ni,1 a; Mi+j Tj
DR T o (e EON
TN;_1+1=0 TN;—1=0 TN, =1=8;r bp; a1t j=N; 141
o} [oe) [o'e} M; )
B . MZ — Mi—l bthifl‘f’]’ Sj
. supp} (v) !
sM;_;+1=0 SM;—1=0 Spm; =0 ¢ a7 j=M;_q1+1

We now show that all of the factors A; and B; are products of Igusa functions
and Gaussian binomial coefficients. Given i € [r] and I < [M; — M; 1 — 1], we define

S'(I) to be the set of vectors 8' = (sar, ,41,. .-, sa,) € Nog' "' such that s; = 0
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unless j € {M, 1 + k| ke I} U{M,;}. With the numerical data defined in (3.3.11), we
have
B;

g

IQ[MZ M;_1—1

| (Mz _[Mi1> q Z H (ijtNi,H}) 55

! sieSi(1) je(I+M;_1)u{M;}

Mi - Mi—l o SM, . = SM:
xR (LS ey ]) S o
Ig[Mz‘*Miflfl] q- el S]V]i71+b=1 SM;=0
_ 1 Z (M’L - Mi—l) H YM»;71+L
1 - YMi IS[M;—M;_y 1] 1 ! el 1 - YMi—1+L

:[Mifj\/[ifl (YMZ‘71+17 R YMZ) .

Analogously one shows that, with the numerical data defined in (3.3.10),

A — IJO\QfNifl (XNi71+1, P XNz) for 1 < r,
‘ ISqu-_l (XNT‘_IJ',l’ ey Xg) for i = r.

This completes the proof of Theorem 3.3.6. n

3.3.2 Explicit formulae for the functions D,
v = 1328
Remark 3.3.7. Note that Q;g;(o)(s) = (os(8) I3 (%3, ¢*t°, 19); cf. Proposition 3.4.10.

v=12271287, je{1,...,5}:

) 3
Dy29i128-3(q, ) = ( ) (1) I (‘127537 q2t5)
J/ g1 q!

v=1212"11257, je{l,... 5}
For j =1,
3 2 o 1(8—1 7
Digrear(q,1) = ( ) ( ) L@ () (¢, ) I (1) g ).
g1 g1

For j e {2,...,5},

4 3 2\ 2 .
D1212i-1128- (CL t) = ( . 1) (1> (1) L (QZtg)Il (q3t4)]1(q6t6)
J— g1 g1

qfl

..........
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v =122120"112777, je{1,...,4}:

For j =1,

3 3\ 7o/ i(8—i) ,6-+i
Duow(0:) = (1) PO PO O ) ),

q—l

For j € {2,3,4},

3 3 2 o
Dio219i-1127-i (g, t) = (j _ 1) (1) (1) Il(qztg)IQ (q3t47 q2t5)[1(q8t7)
q-! g1 g1

. [;71 ((q2+i(57i)t5+i)i:3

..........

3.3.3 Completion of the proof

The first two claims of Theorem 3.1.1 follow from (3.3.4) and the explicit formulae for
D,, v e D@ given in Section 3.3.2. To deduce the local functional equation (3.1.5),
one checks, repeatedly using the functional equations (3.2.3) for the Igusa functions
Iy, resp. I} and the well-known fact that, for a,b € Ny, a = b, (Z)q = ¢bleb) (‘;)qfl,
that each of the functions D, satisfies

Dv(qfltfl) _ —qgthODU(q, Zf).
The functional equation (3.1.5) follows from (3.3.4) as

Co3 (3) |qﬁq—1 = _q3t3C03 (S)

3.4 Nilpotency class two (¢ =2)

Let d € N5y. In this section we compute the local graded ideal zeta functions (; o) (s).
We use them to determine the abscissae of convergence of the global graded ideal zeta
functions ij ir(o)(s) and some properties of the associated topological and reduced
graded ideal zeta functions. Throughout we write d’ for (g) = Wa(d); cf. (3.1.2).

3.4.1 p-Adic formulae

The paper [39] gives the normal subgroup zeta functions of the free class-2-nilpotent
d-generator groups [ 4, enumerating these groups’ normal subgroups of finite index.

By the Mal’cev correspondence, these are the ideal zeta functions of the free nilpotent

27



Z-Lie rings f2 4. The computations generalize to the case of general number rings in

a straightforward manner. To recall the paper’s main result define the function
y . v+ 1
p:[d—1]o — [d], i id— 5 )

Given (I, J) € 2l4-1o » 2[¢1 "the paper [39] defines a total order <,(p).; on the disjoint
union [ u J. Without loss of generality, we may assume that the sets I and J have

the same cardinality h. For i e I = {iy,...,9,}_and j € J = {j1,...,Jn}_, set

(i) :==min {j e J U {d} | p(i) <pys:i}

i(j) ==max{ie I U{0} | (i) <upn)., 7},
and jo 1= i := 0 <y)g ¢ ([d—2]) w[d —1] <¢n),s jrs1 = d'. The following is
essentially the main result of [39], in notation compatible with the current paper.

(The underlining of terms of the form d+ in (3.4.3) is meant to facilitate comparison

with the “graded” numerical data (3.4.5) in Theorem 3.4.2, and may be ignored.)

Theorem 3.4.1. [39, Theorem 4] For all primes p and all finite extensions o of Z,,

o) =Gals) D ATla.t), (3.4.1)
Ic[d—2],J<[d 1]
T=1T]e(D<
where
(] d—i
7 - r+1 7 — ir—1
A7 (@ 1) = Con (8)7 Ly (Xa)aetin 11, Xo) n( oli ) (d_i )
r=1 T q*l T q*l

.IZT Tp— 1((Yﬁ)ﬁe]lr llr[7}/; )I]r+1 ]T((Xa) e]jr:jr+1[7X]"r)’ (342)

with numerical data

X, = qi(j)( ~i() (=) (i~ (i(1))) pd—i(G) +d' i, jeld —1],,
Y, = qi(d—i)+(d’—j(i))(d;rj(i)—w(l))td7i+d’fj(i)’ ield-2], (3.4.3)
y! — qir—l(d—ir—1)+(d'—3'(ir))(dij(ir)—w(ir—l))td*iv-—ﬁd’ﬁ'(ir)7 re [h] )

The following is a graded analogue of Theorem 3.4.1.

Theorem 3.4.2. For all primes p and all finite extensions o of Zy,

GEm) =Cals) > A, (3.4.4)
Ic[d—2],J<[d 1]
H|=lT](I)<J
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where A7 (q,t) is defined as A7 ;(q,t) in (3.4.2), but with numerical data

X, = O A=)+ == =)+ = jeld —1],.

Y, = g+~ i d i) ie[d—2]. (3.4.5)
Y! = qir—l(d*ir—l)+(d'*j(ir))(j(ir)*@(ir—l))td*ira+d’fj(ir), relh].

Tr

Proof. The difference between (3.4.3) and (3.4.5) reflects the difference between (3.1.7)
and (3.1.8). O
Corollary 3.4.3.
< U d+d ’
sz,d(ﬂ) (S) = (_1)d+d q( 2 ) 2dtd CfQ d(g)( ) (346)

Caote ()

q—q~1

(1)t )t o (), (3.4.7)

q—q 1

Proof. Eq. (3.4.6) is [39, Theorem 3(a)]. The proof proceeds by establishing the
symmetry in question for each of the summands in (3.4.1), using (3.2.3). The formulae
(3.4.1) and (3.4.4) only differ in their numerical data. By Remark 3.2.4, it suffices
to control the value of Xg - []"_, > Y, in both cases. Inspection of (3.4.3) and (3.4.5),
respectively, reveals that in the 1dea1 case this term is by a factor ¢?¢ larger than in

the graded ideal case. Thus

_ (_1)d+d’q(d+2d)fdd’t2d+d’<s<gr (5).

Caa(o) (8) fa.4(0)

q—q!

As (d+d,) dd' = ( )+ (g), this establishes (3.4.7). O

3.4.2 p-Adic behaviour at zero
We describe the behaviours of ¢ ,(s) and C;ir(o)(s) at s =0.

Theorem 3.4.4. For all primes p and all finite extensions o of Zy,

C2d 0 ( )

Cf dfd,)(s) ~1, (3.4.8)
s=0

Gow® | aa d-1

G )|, " A d)  dr L (349

Proof. To prove (3.4.8) we note that, by (3.4.1),

Gruw(s)
f2,a(0) 7/ H (1—¢'t) | A5 (g t) +
j=d

() Z@g‘AIJ(CL t)

(1,J )
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By inspection of (3.4.3) we see that A7 ,(q,t) = Iy ((¢“+ @ =it?*3) ;141) and that

0 if (1,J) # (9, 9),

A7 71 = '—3))7 - -
77(a,1) {[d/((q(d+(d_]))j)je[d’]):Hj+g f1—-¢/) if(1,J) = (2,9).

To prove (3.4.9) we note that

G o s »
SOt~ Ha-dv [ AEeo+ > AT
0 od =0

(I,0)#(2,9)
By inspection of (3.4.5) we see that A% (q,t) = Ly ((¢'¥ =9%+9) ;ca7), which has a
simple pole at ¢ = 1. In contrast, A} (¢, t) has no pole at t = 1 when (I, .J) # (&, @).
Hence
G | )| - | a
G|, T @ ) | 1| d

Remark 3.4.5. In the pertinent special cases, (3.4.8) confirms [27, Conjecture IV (-

adic form)].

3.4.3 Global analytic properties

The following result compares some of the known analytic properties of ¢ ) (s) (cf.

[39, Theorem 3]) with those of C;Zr(o)(s).

Theorem 3.4.6. The abscissae of convergence of ijd(o)(s) resp. C;g;(o)(s) are

a™(f2,4) = max {d, (() _(jjl()(ljj) +1 |je [(;l) — 1]} resp. , (3.4.10)

d N

< —J)+1 . /d

Q™ (fa,4) = max < d, ((2)d++ | je [(2> —1] ;. (3.4.11)
(5) —J

Both zeta functions allow for some meromorphic continuation beyond their respective

abscissa of convergence and have a simple pole at s = o~ (fo4) resp. s = &~ (fa.q).

Proof. Eq. (3.4.10) and the ensuing claim about the meromorphic continuation is
essentially [39, Theorem 3]. Eq. (3.4.11) and the analogous claim are proved analo-
gously. O]
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3.4.4 Topological zeta functions — degree and behaviour at
Zero

Theorem 3.4.7.

deg, (G2 uop(®)) = —(d + &) = deg, (G0 (5) ) -

Moreover,
_ 1 d+d' -1
SCf2,d,top(s)L=0 = (Ei-{—)d—/—)’ (3.4.12)
< ( 1)(d 1 d, 1) d/
CngdtOp( )L:O = (d + d,) (d _ ) (d, — 1)‘ (3413)

Proof. Note that, given h € N and, for i € [h], X; = ¢%t% for a; € Ny, b; € N,
h!
L(Xy, ..., X)) = — D"+ 0((g—-1)"".
(6000 X0) = g = 1) 4 Ol = 17

The summands in the formula (3.4.1) for ¢, (s) are all products of Igusa functions

and Gaussian binomial coefficients. Hence there exist a7';;, € Ny and 07 ;,,c;'; € N
such that

<3

< CrJg (d+d’) (d+d')+1
Gruo)(8) = D =iz (g— 1)~ +0((g—1)" )
B v ] " (07745 — a7 74)

(Here and in the sequel, the sums are over pairs (I, J) as in (3.4.1).) Hence

< C?J
CfQ,ohtOP(S) Z d+df » - (3.4.14)
1,0 (bl JiS aI,J,i)

is a rational function in s of degree —(d + d’), confirming the first claim.

The second claim, on the degree of Cf ‘f’;wp

tions based on (3.4.4). Indeed, there exist a;%,; € Ng and b5, ¢;% € N such that

(s), follows from analogous considera-

<lgr

<gr cry ) e
szi(o)( ) Z Hd+d ( R )(q — 1) + + O(( ) (d+d")+ )
1,J 1,045 1,00
Hence
<1 C?ir
Goirion(5) = 2 e (3.4.15)

d+d'
IJH+(IJZ aIJz)

is a rational function in s of degree —(d + d’), too.
Turning to the local behaviour around s = 0, we start with the observation that
Coa(8)AT ;(q,t) has no pole at ¢ = 1 unless (1, .J) = (&, @), in which case it is simple.
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Thus the summand L in (3.4.14) has no pole at s = 0 unless (I, J) =

d+d’
I (b?,J,iS*a?,J,i)

(@, @), in which case it is simple. Specifically,

Coa ()45 5(a,1) = La((@" ) iera)) Lo (D744 sean),

whence

oo 1 (d")!

[T Bois —a3o)  Ilie(s—d) TTL((d+5)s — (d+d —j)j)

and thus

sCT op(S)| = (d')! _ (—1)d+d 1
N e H?lzl(—(d Yd—j)j) d+d -1

which establishes (3.4.12).
The proof of (3.4.13) goes along similar lines. We observe that (,a (S)A7§ (q,t)
has a simple pole at ¢ = 1 unless (/,J) = (&, d), in which case it is double. Thus

gr
the summand ———<———— in (3.4.15) has a simple pole at s = 0 unless (I, J) =
i=1 (bI,J,iS_aI,J,i)

(@, ), in which case it is double. Specifically,

Coa(s)AZ%5 (g, t) = Id((qi(d_i)ti)ie[d])]d’ ((q(d/_j)jtd+j)je[d’])u

whence
% _ 1 _ (d')!
[T 555 —azs)  T1Eg(s—i) TIL,((d+j5)s — (d = j)5)
and thus
N ( ) (d/)! (_1)(d71)+(d',1)d/
S S = 7 = )
Pt lamo(d+ @) 12 () [15 (—(@ — 3)g)  (d+d)(d=1Dd —1)!

which proves (3.4.13). O

Remark 3.4.8. In the pertinent special cases, the theorem’s first statement confirms

[27, Conjecture 1], whereas (3.4.12) confirms [27, Conjecture IV (topological form)].

3.4.5 Explicit examples

We record the following consequences of Theorem 3.4.2.
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Proposition 3.4.9 ((¢,d) = (2,2) — Heisenberg).

ijir(o)( ) Cu2(3)]1(t3) = W2<,]2gr(q7t)a
1

(1=Y)2(1-Y?)’

o 1

Cromtop(8) = 325~ 1)

Comred(Y) = Wo3 (1Y) =

f2,2,red

The global graded ideal zeta function wa(o (s) = Ck(s)Ck(s — 1)Ck(3s) has abscissa

of convergence 2 and meromorphic continuation to the whole complex plane.
Proposition 3.4.10 ((c,d) = (2, 3)).

Gy (8) = Coa () Is(*t%, ¢*1°, 1°) = W5 (a, ),

f2,3(0)
g e 1+2Y3+2Y° 4+ Y8
GrareaY) =Wy (1Y) =

fa,3,red 1-YPR1-Y3)(1-YH(1-Y>)(1-Y")’
G epl5) = 1
Faa,topA )T g2(s — 1)(5 — 2)(35 — 2)(5s — 2)
The global graded ideal zeta function Cf ( ) has abscissa of convergence 3 and may

be continued meromorphically to {s e C | e(s) > 1/3}.

<lgr

We omit the (largish) formula for G, o) (s), but do note the following consequences.

Proposition 3.4.11 ((¢,d) = (2,4)). There exists a rational function Wa4(X,Y) €
Q[X, Y] such that
oo (8) = Wai(4:47°).

Setting
Noy(Y) = Y345V 412V B +6Y 2 +15Y 20426V +11Y 4 +39Y 2 +40Y 22 +43Y ! +

62Y° +45Y"7 + 66Y"* + 61(Y'"" + ') + 66V + 45V + 62y "+
43" + 40 4+ 3910 + 11V + 26Y° + 15Y 7 + 6Y° + 12Y° + 5Y% + 1 € Q[Y]

we have
<lgr <lgr N ) Y
Cf24red( ) W274g (17Y) = 4 24( ) 10 NE
(I =Y)H(1 = Y3)[[i(1 =Y
<gr 3 3652 — 43s + 12

Charaop(8) = 10 2(s — 1)3(s — 2)(s — 3)(3s — 4)2(2s — 1)(7s — 9)(9s — 5)

The global graded ideal zeta function §§4(o)(3) has abscissa of convergence 4 and may

be continued meromorphically to {s € C | Re(s) > 7/6}.
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3.5 Two generators (d = 2)

We compute the graded ideal zeta functions ij o lJ)(3) for ¢ € {3,4} as well as their
reduced and topological counterparts. (For ¢ = 1 see (3.1.3), for ¢ = 2 see Proposi-
tion 3.4.9.)

Proposition 3.5.1. ((c,d) = (3,2))

r B 1+t
o) = O T ma )
1+v*
1-Y)20-Y3H(1-YH(1 -Y5)’

=: W3<,]2gr(q’ t)?

Comrea(Y) = W55 (LY) =

f3,2,red

<gr 2

faston (3) = 15s3(s — 1)(4s — 1)

The global graded ideal zeta function

<gr _ (e (8)Cr (s — 1)(k (38)Cr (48)Cr (4s — 1)(x (5s)
CS,Q(O)(S) - CK(&S)

has abscissa of convergence 2 and meromorphic continuation to the whole complex

plane.

Proof. Let § = fs2 and recall the Hall basis Hso for § from Table 3.2.1. Recall
formula (3.2.2) for the zeta function of f(o) in terms of pairs (As, A3) of sublattices of
f(0)® = o0 and §(0)® = 02, respectively. Note that [f(0)? : Ay| = ¢* for some p € Ny,
(o)™ : X(Ay)| = ¢**, and (A, A3) satisfies the condition in (3.2.2) if and only if

p"(0)® < As. (3.5.1)

This proves the first claim; the others are trivial consequences. O

Remark 3.5.2. Comparison with ¢, 1(s) (cf. [11, Theorem 2.35]) yields ijired(Y) =
(iyarea(Y)- Note that the Hall basis Hz » is nice and simple in the sense of [13].

Proposition 3.5.3. ((¢,d) = (4,2)) Set

Nipo(X,Y) = = X2(Y2 4 YB YT 4y 4 vy 4yt
— XYY —yB vy YT YO Y YT+ YO+ YR+ Y+ 1e QX Y
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Then

. Nya(q,t)
o) = &) T T g (= (1 - ) (L= PN — (1~ )
G (Y) = YT+ YB 422+ Y+ YO+ YT+ YO+ V5 4V +1
frared (1= Y)? [T5(1 = Y7)
o 1 (20s — 3)
Gaiaton($) = 60 si(s — 1)(5s — 1)(4s — 1)(7s — 2)(3s — 1)

Y

The global graded ideal zeta function C;Q(o)(s) has abscissa of convergence 2 and may

be continued meromorphically to {s € C | Re(s) > 2/11}.

Proof. Let f = fs0 and recall the Hall basis H,5 for f from Table 3.2.1. Recall
formula (3.2.2) for the zeta function of f(o) in terms of triples (As, A3, A4) of sublattices
of f(0)® = o, f(0)® = 02, and f(0)® = 0%, respectively. Note that [f(0)®) : Ay| = ¢*
for some p € Ny, |f(0)®) : X (Ay)] = ¢*, and (Ag, A3, A4) satisfies the condition in
(3.2.2) if and only if (Ag, A3) satisfies (3.5.1) and [As, grf(o)] < Ay. To investigate
the latter condition, we may assume that Az = (7" zyz, ™2xyy), for a partition v =
(v1,12)>. Then

[As, grf(o)] = (7" wyza, 7" wyzy, 72 wyye, T2 TyYY),
As xyxy = xyyx by the Jacobi identity, the underlined term may be omitted, whence
[As, grf(0)] = 7" ayre ® 7”2 ryyr @ 72 ryyy.

To enumerate the lattices Ay < f(0)® satisfying [As, grf(o)] < A4, we distinguish
according to the “overlap type” such a lattice may have with [As, gr f(0)]. Indeed, if
A4 has elementary divisor type given by a partition (&1, &2, £3), then either

nzr=26=28628 o v =6 > =6 =

Each of the two cases is covered by a formula similar to the one established in Theo-

rem 3.3.6. Adding them yields a formula for the zeta function, viz.
Chaao)(8) = G2 ()1 ()
2

q—l

[1(qt4)I]‘_’(qt5)[1(q2t6)12(q2t7,t8)> :

This proves the first claim; the others are trivial consequences. The claim about the

meromorphic continuation follows from [11, Lemma 5.5]. [
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Chapter 4

Enumerating graded ideals of £

In this chapter we introduce another interesting family of nilpotent Lie lattices. Let
c¢,d e N and let £, be the class-c-nilpotent Z-Lie lattice defined as follows:

Loy = <370,{£Uzg}z 1,.d,j=1,. e|Vi=1,...,d,j=1,...,c—1: [%;%j] = il?ij+1>z§

cf. [41, Section 4.3].

Note that this is essentially a direct sum of maximal class Lie lattice with amal-
gamation. This is a generalisation of many important Lie lattices. For ¢ = 1 we get
L@ (0) = 0%, For d = 1 this yields the maximal class Lie lattice £.1)(0) = M, (o).
For ¢ = 2, Ly (0) is isomorphic to the Grenham Lie lattice G4.1(0). We give explicit

formulas for (fg;( oy (s) for general ¢,d € N.

4.1 General setting

For c =1, Ly (0) = 0%} and C<]gr )(8) = Gor+a(s). So we assume ¢ = 2. In order to

parametrize lattices in £, (0) we erte

Mk = (,Ul,ka ce 7Nd,k)>

for partitions of at most d parts, where 2 < k < ¢. Recall the definition of a(o, 7;q)
in Section 3, denoting the number of torsion o-modules of type 7 contained in a fixed

torsion o-module of type o. Our stating point is the following result:

Proposition 4.1.1. Let d € N.

<‘gr —S i, d_ ey
CL (d)(ﬂ)( ) C01+d(8) (Z (/Lg%a,uz, ) (Bua, 2+221 2 Mi 2)1_[ Z ,Uk: 1,Hk,Q)q (23—1M3,k)>

12 k=3 pr<pr—1

where the sum runs over partitions ux of at most d parts.
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Proof. Like the proof of Proposition 3.3.1, our starting point is (3.2.2) in Lemma 3.2.1,

which in this case reads

77 (8 = Guana () > 20 () X ()| [ 1o (0)? < |
=2

A2<L 2y (0)P,.., Ae<L ) (0)(©)
Vie]?,c]: [Aifl,LC(d) (0)(1)]§Ai

(4.1.1)

Let po = (p12,--.,p42)> be a partition. There are a(ugﬁ,m;q) lattices Ay <
L. (0)? whose elementary divisor type with respect to L. (0)®? is given by ps.
Clearly | £ (0)@ : Ag| = ¢i=112. We claim that [ £, (0)V) : X (Ag)| = 212 Xi=2ki2,
Indeed, lattices such as A may be parametrized by their elementary divisor type and
a coset ol',, € SLg(0)/T',, of a certain stabilizer subgroup I',, < SLg4(0), where

a = (a;;) € SLg(0). This time we solve the simultaneous congruences

0 Q1 Qg5 -+ Qg
—a;;, 0 0 -+ 0

(T1, 29, ..., Tag) | T2 0 0 - 0 |=0mod phi2
—agg 0 0 -+ 0

for j € [d] to get | L (0)V) 1 X(Ay)| = P2t Ei=a ka2 of, [36, Chapter 5] for details.

In fact, after a change of generators for f(o) if necessary, we may assume that
Ay =p" 2215 @ - - @ pl2ago0.

We obtain
[As, Lo (0) V] = pH12a13 @ - - - @ pHogs, (4.1.2)

hence [Ag, L. (0)M] has type s with respect to £ (0)®),

This shows that the number of lattices Ay < £, (0)(3) whose elementary divisor
type with respect to L.a(0)® is given by a partition puz = (v13,...,Hs3)> and
which satisfy [Az, L@ (0)M] < Az is equal to a(us, ti2; q). Each such lattice satisfies
1L (0)3) : Ag| = q’szgzl“jv?’. Applying the same argument inductively, one can see
that for 3 < k < ¢, the number of lattices A, < £ (0)* whose elementary divisor
type with respect to £ (0)* is given by a partition ju, = (V1, ..., ftax)> and which
satisfy [Ar_1, Lu@(0)P] < Ay is equal to a(py_1, px; q). Each such lattice satisfies
Lo (0) )+ Ay = g s Xomrr, O

67



4.2 Explicit formulas for d = 1 and for ¢ < 3

In this section we provide explicit formulas of Cfg;( lJ)(5) for d =1 and for ¢ < 3.

For d = 1, the graded ideal zeta function of the maximal-class o-Lie lattices £

have been computed in [28, Proposition 3.5].

Proposition 4.2.1 ([28, Proposition 3.5]). Let ¢ € N.

1
s T T ) T o sy

Cero)

Remark 4.2.2. Note that we still do not have an explicit formula for ungraded ideal
zeta function of maximal class ¢ Lie lattice, (7' y(s) (or (57 ,)(s)) for ¢ = 5. We do

not even know whether they are (finitely) uniform or not.

For ¢ = 1, £ (0) = 0%, and ng;(o)(s) = Cpi+a(s).

Theorem 4.2.3.

Z;g(rd) () = Goa() ((q(dfj)jt1+2j)je[d]) _ (4.2.1)

Proof. This follows from Proposition 4.1.1, since we have

~lgr —5 d )
L (@) (8) = Corra(s) (Za(uﬁ‘fﬁ, s q)g i ’W) L (422)

B2
O

Remark 4.2.4. Compare this with [38, Theorem 5]
CZ;(d)(U)(S) = (pl+d (S)Id ((q(der*j)jtlJr?j)je[d]) ) (4.2.3)

Corollary 4.2.5 (Uniformity). There exists V, ;" (X,Y) € Q(X,Y) such that, for

almost all primes p and all finite extensions o of Z,,
@) = Vel @a ),
Corollary 4.2.6 (Local functional equations).
<gr 1+2d (31 +(2) 12+3d -
L;(d)(o)(s) - =(-1)"" C]( 2) ()2 CLdi(o)(S)‘ (4.2.4)

We now turn to ¢ = 3.
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4.2.1 Graded ideal zeta functions of Lju

For ¢ = 3, Proposition 4.1.1 gives

M2 B3 2

lgr —s d ; —s d .
Co o 0)(8) = Garra(s) (Za(uﬁ‘g,uz;q)q (Guat2icama) N aps, i 4)a (ZF”‘“))
(4.2.5)

To compute the right hand side of (4.2.5), let us and ps be partitions of d parts
satisfying ps < po. There are uniquely determined numbers r € Ny and M;, N; € N
(i € [r —1]), such that

P12 =00 2 a2 = P13 = 000 2 N3 >
HMy412 2 00 2 UMy 2 2 Ny 41,3 2 00 2 [1UNp,3 > - -

MM, 1412 2 - 0 2 [Hd2 = N, 1 +1,3 = " = [d,3-

Define M, = N, = d and My = Ny = 0, and observe that the condition us < s is
equivalent to the condition M; > N; for i € [r—1]. In this case we write v(pga, p3) = v.
Note that v determines and is determined by M;’s and N;’s.

Recall that a Dyck word of length 2d is a word w in the letters 2 and 3, such
that 2 and 3 each occur d times and no initial segment of w contains more threes
than twos. We denote the set of Dyck words of length 2d by D? and note that the
cardinality of D? is the n-th Catalan number Caty = ﬁ (2;[). The good thing about
L3 is that unlike f3 3, we do not have “artificial” Dyck words in the sense that both
2 and 3 actually happens d times each. It is easy to see that our v(us, pu3) = v is
indeed a Dyck word of length 2d.

For v € D% we set

d } d s
Do(q.t) = > (i, o q)alpia, ps; q)g~ 22 Bime peat s mals - (4.2.6)
(p2,p3)

U(,LLQ,/.LS):U
Proposition 4.1.1 and (4.2.5) allows us to write
oo(8) = Coani(s) D Dl ). (4.2.7)

2
veDZ

This section’s main result is Theorem 4.2.10, giving a general formula for the
functions D,. The proof of Theorem 4.2.10 is very similar to the proof of Theorem

3.3.6, replacing 3 and 8 with d and p, v with uso, s respectively.
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For j € [d] we set the successive differences of the parts of us and pg

3 — [ if 7¢{Ny,...,N,},

Py = Hj3 — Hj+1,3 1 ] ¢ {N1,..., N} (4.2.8)

PNz — a1z ifJ = N,

where we define pi41; 0 = 0. Similarly, we set
o — [bj if j¢{My,..., M.},

Sj _ /’L],2 lu‘]+1,2 1 ]¢ { 1, ) } (429)

M2 — UN;_1+1,3 1f.] = MZ
By our definition, r;, s; = 0 for all j. Note also that r; > 0 if j € {Ny, ..., N,_1}

and observe that pia, 2 > pag+1.2 and pin, 3 > fin, 41,3 for each i € [r —1].

The difference between L3 and fs 3 is that, as we mentioned above, both p, and
13 are partitions of d parts, so one can naturally define pu3 < uo without any extra
effort.

Set

TNy =Ny, n—on-(3,2,...,2) :=30>1 + 20,22 + -+ + 20p54.

Then we have

d d r
3hi1, +22,Uk = Z\]{Sj +ZM¢ (7"NH+1 + "'+TN¢) 5
k=2 j=1 i=1
d r—1
p13+ -+ a3 = erj + Z Ni (Sag1+ -+ Sap,) -
j=1 i=1

Finally, for each ¢ € [r] we define

Jz‘uz = ] e|M; —M;_, -1 HM;—j,2 = KM —j+1,25 5
{. [ 1= it iz} (4.2.10)
Ji? ={j€[Ni— Nioi = 1] | pnvi—j3 > pni—j13) -

We start with an immediate consequence of Proposition 3.2.2.

Lemma 4.2.7. Let s and psz be partitions of d parts, respectively, satisfying s < ps.
Then

! i 7
Z Oé(,ugd%a 23 Q)Oz(Mza 33 Q) = n qulk’g(di%ﬂ)wk’?’(“;@’f}i%’s) (d N Mkjrm) (Mk’? - Mkjrlyg) :
12 7 k=1 d— ) g-1 Hro = Hi3 g1

(4.2.11)

Let ps and pg be partitions as in Lemma 4.2.7. Let (M;, N;) ) be the param-

i€[r—1
eters associated to them and g/, and v/} their dual partitions. For k € N, set

dy = /"L;{),Q (d— M;c,2) + /J“;c,3(lj“;c,2 - N;c,:s)-
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Also, set

aj = Ml(d_MZ)+](Ml_j)a je]Ni—laNi]’
bj == j(d—j)+ Ni—1 (j = Ni-1), J €My, M;].

Lemma 4.2.8. Forie [r—1],

HM;_1+1,2

1—[ g <d - '“2:+1,2) (mc,z - N;c+173>
1 —1

d— ! I
k=pnr; 2 P2 q Fr2 = Pis q

M;—M; 1
= H qui71+j3M¢71+j (MZ - Mi_l) (d B Mi_l) )
j=1 i q! d —M; gt

2

: ! !
Proof. Since pn, 3 > pam,_ 112 = k = la2 = UN,_ 41,3, We have s = M3 =

N,;_; for all k in the interval [pag 2, fiar,_,+12]- Thus we always have

KM, _1+1,2 / ’
H <Nk,2 - /~‘k+1,3> 1
—1

b
k=pn; 2 P2 =™ His q

For ] € [Mz - Mi—l] we have M%,Z = M; +j when MMy +5+1,2 < k< KM _1+5,25
observe that it may be the case for some j that no index k satisfies this condition.
As a result, we see that for each j € [M; — M, 4], there are exactly sy; ,+; elements
of k of the segment [, 2, fear, ,+1,2] for which Hyo = M; 1 + j. Now, note that

d _ !

( Mkj—l,Q) 21

d— M2 g-1
if and only if p ., 5 # j1; ,. This is the case exactly when there exists an i such that
Hio = k. It follows that if Jl'u = {ji,b c. 7jz‘,%}7 with ji,l < ... < ji,’)’i? and write
Ji,o0 = 0, Ji,y41 = My — M;_4, then

M, +1,2 i .
1 d— M; + jim q_1. o

d _ /
k=pnr, 2 Pra /-1 m2o

We make use of the well-known identity

(a) o 1-X° (a—l)
6 X_l_Xa_B 6 X

for Gaussian binomial coefficients. Applying it inductively, we see that for all m €

d—M;+j;, m+1)
g1

(d — M+ ji,mH) B <ji,m+1> ("
d - Mz + ji,m g1 ji,m g1 (diMiJr]i’m)qil

d—M;
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Hence the right-hand side of (4.2.12) is equal to

(Mi — Mi—l) (d — Mi—l)
JZ'/Q g1 d— Mz‘ q—l.
Thus

HM; 1 +1,2
n 4 (d - N§c+1,2) (/‘2,2 - M;c+1,3)
1 -1

d— P
k=pn; 2 k.2 q- Fe2 = His q

M;—M; 1
= 1_[ quif1+J'5Mi71+j (MZ _M i_l) (d o Mi_l)
2
j=1 Ji q! d — M; gt

7

as required. N

Lemma 4.2.9. Fori€ [r],

Hy2—1
H g% (d - M;€+1,2) (MZ 2 N;c+1,3)
—1 —1

d— 1 P
k=pnr;41,2+1 2 q Hr2 ™ His q

N;—N;—1

— ani—1+jTNi—1+j N’L - NZ—I Ml - Ni—l )
Jle q-1 Mz - Nz g1

j=1
Proof. Note that the product on the left hand side may be empty; this happens in
the case par, 2 = pin,_ 113 = "+ = N, 3 = Ma+1,2 + 1. Since pag, 0 >k > piag 41,2, we
have p, o = ptjy 1o = M; for all k in the interval |uar, 1.2, ftar,-12]- Finally, observe
that for j € [N; — N; 1] we have i) 3 = Ny +j when py,_ 1113 < k < pn,_ 153

The claim follows as in the proof of the previous lemma. O

With these preparations in place we now give a formula for the functions D,.

Theorem 4.2.10. Let v = [[I_, (2M=M-13Ni=Niw1) € DI Then

o fd— M; M; — Niy
D,(q,t) =
U(qv ) n( d—Mz )q1< MZ_N’L >q1

i=1
r r—1
(H ]Mi_Mi—l (YMi—1+17 B ’YM1)> ’ 1_[ I](ili—Ni_l (XNi—1+17 o 7XN1')
i=1 i=1
. ]d—NT_l (XN,«_1+17 cee 7Xd) )
with numerical data
X; = gMild=M)j(Mi=g)2Mi+ 1+ j e N1, N, (4.2.13)
Y = @D AN (= Nima )y Nima 42541 je|M,_y, M]. (4.2.14)
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Proof. Given vectors v = (vy,va,...,v4) € N& and v' = (vi,vh,...,v) € Nd, we set,

for each 7 € [r],

supp;’ (v) = {j € [M; — M;—1 — 1] | vag,_,+; > 0},
supp!* (v) = {7 € [Ny = Nicy = 1] | w1 > 0}

In practice, v will be one of the vectors of successive differences r = (r1,...,74) and
v’ will be one of the vectors of successive differences s = (s1,...,s4). Given a set of
partitions satisfying ps < po, recall our definition (4.2.10). It is easy to see that, for

every i € [r],
supp;” (v) = M; — M; 1 — J!”,

4.2.15
suppf-v('v) = Nz - Ni—l - Jl'ug ( )
Thus it follows that
(Mi - Mi—l) B (Mz — M;_,
J? o \suppM(v) ) 4
v (©) /g (4.2.16)

(Nz — Ni—l) . (Nz - Ni—l)
o - N :
S ) \suppy (V1))

Let 6;; be the usual Kronecker delta function. Substituting Lemma 4.2.8 and 4.2.9,
rewriting the expressions in terms of r; and s; and using (4.2.16), we find that formula

(4.2.6) for D,(q,t) splits into a product as follows:
7 (d— M, M; — Ni—y :
D,(q,t) = A;B;,
(.1 H ( d — M; >q1( M; — N; )qlﬂ

where, for i € [r],

o @ 0 N; )
Z Z Z Ni = Ni—1 1—[ aj Mg\
Ai = - N(,U/) q Jt ;
TN;_1+1=0 TN;—1=0 TN; =1—08;ir PP a7 j=N;_1+1
o0 o0 o0 M; )
B N Mz - Mifl bthi71+; Sj
o - supp} (v) ! '
SM;_1+1=0 SM;—1=0 Sm; =0 ¢ a j=M;_q+1

We now show that all of the factors A; and B; are products of Igusa functions
and Gaussian binomial coefficients. Given i € [r] and I < [M; — M;_; — 1], we define
S*(I) to be the set of vectors S* = (SMi_1+17 e sMi) 5 Néwi_Mi‘lsuch that s; = 0

unless j € {M; 1+ k| ke l} o {M;}. With the numerical data defined in Theorem
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4.2.10, we have

B, = Z <Mz _[]\/[il)q1 | H (qutNi—H-;) Sj

Ig[leMl_lfl] S.ESI(I) je(I+M,L 1)U{M}
Mi - M’i*l - SM; . > ST
-y () ([ S e ) S o
IQ[M —M;_1 1] q71 el SI\/Ii—1+":1 SM;=0
N (MZ- ~ M, R
1= Yo 1S[M;—M;—1—1] ! et er 1T YMz 1+

= IMi*M¢_1 (YM,L._1+17 R YMl) .

Analogously one can show that, with the numerical data defined in Theorem
4.2.10,

Ai — Igfi*Nif1 (XNi71+17 SR XNZ) for i < T,
lan, (XN7-71+1; cee Xd) for i =r.

This completes the proof of Theorem 4.2.10. n
Now with (4.2.7) Theorem 4.2.10 implies:

Theorem 4.2.11 (Uniformity). There exists Vs, (X,Y) € Q(X,Y) such that, for

almost all primes p and all finite extensions o of Z,,

o) = Vi (a.a7).
Theorem 4.2.12 (Local functional equations).

<gr : s) :(_1)1+3dq(d+1)+2()t3+6d <gr

Lo (o Lgd(ﬂ)(s) (4217)

q—q!
4.2.2 Explicit examples
We record the following consequences of Theorem 4.2.10.

Proposition 4.2.13. ((c,d)=3,2)

L4+ t3 + " 4+ 15— qt" — qt? — qt'° — t"?
(1= qt?)(1 = gt*)(1 = °)(1 = gt%)(1 — 1)

7 08 = Gals) = ViF(.t),

and

<lgr . 5415 ~<lgr
1;:(2)(0)( s) ot —qt L;(o)(s).

Setting

Myo(Y)=11+4+Y + V2 +2Y? + 3V + 3Y° +4Y° + 3Y7 + 3Y® + 2Y? + Y0
+YH + Y2 eQ[Y],
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we have

Coyrea(8) = V33" (1L,Y)

. M&Q(Y)

1= -Y3)(1-YH(1-Y)(1 =Y (1 -YT)’
e 2 135 — 2
“3(2) 1op )= 35 s3(s — 1)(s —2)(3s — 1)(4s — 1) (65 — 1)

Proof. For (c¢,d) = (3,3), (4.2.7) becomes

() (8) = Cop(s ZQD q,t)
veD3

We have
1)2232 (q7t) = [2 (qt37t5) 12 (qt67t7) )

and
Daan(a) = (}) Bt a0,

]

Proposition 4.2.14. ((¢,d)=3,3) There exists a rational function Vi3 (X,Y) €
Q(X,Y) such that

Zirs) @(5) = Vig (X,Y),

and
— q12 21<’<‘gr )(S)

cm@)|

q9—q9

Setting

M;33(Y) =1+2Y3 +3Y* +3Y° + 5Y° + 3Y" +8Y® + 6Y? + 9Y'* + 10V + 10Y*2
+ 9V 4 10V 4+ 10V + 9Y16 4 6V + 8Y1® 4 3V 4 5y
+3Y% +3Y% 12V B 1 V¥ e Q[Y]

we have
<lgr <lgr M, Y
Qi red( ) Vé,s (LY) = 1 33( )10 N
3 (I-Y)'(Q-Y3)][;Z6(1 —Y7)
<gr 1 —36 + 3965 — 138352 + 150553

53(3),mp(8) - 7_053(5 —3)(s—2)(s —1)(2s = 1)2(3s — 2)(45s — 1)(5s — 2)(7s — 2)(9s — 2)°
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Proof. For (¢,d) = (3,3), (4.2.7) becomes

Zg;(o)(s) = Cos(s) Z D,(q,t).

2
veD3

We have

Da3a32(q, 1) = (g) 1 <1> lfz(qgtg,q2t5)ff ()1 (q°t%) L (g8, 1),
q- q-
Da23203(q, t) = (2) quQ(q2t37 POV (5, 2V (0 L (1),
Daswwla.t) = (1) R@ORGOLGE TR, )
-1
Da32323(q,t) = (2) . <1> qﬂ]l (P (P (PO I (P I (20 I (#19).

]

Proposition 4.2.15. ((¢,d)=3,4) There exists a rational function Vi (X,Y) €
Q(X,Y) such that
C<gr (o)(s) = V;zlgr(X’ Y)’

and

<lgr 22,97 4<Igr
ty (%) gt T PABIOE

Setting

M34(Y) =1+2Y +2Y? +4Y? + 10Y* 4+ 20Y° + 35Y° + 49Y7 + 69Y® + 96Y"?
+ 13510 + 187y M + 2512 4+ 327V 4+ 417V 4+ 51971
+629Y710 4 740V + 861V + 980" 4 1107V 4 1232
+ 1349Y%% + 1448Y% 4 1532Y%* + 1591Y? + 1630Y %0 + 16427
+ 1630Y%8 + 1591V 4 1532Y%° + 1448Y3! 4+ 1349Y3? 4 1232y
+1107Y* + 980Y™® + 861Y°% + 74037 + 629Y°® + 519y
+417Y* 4+ 327V £ 251Y* + 187Y™ + 135Y* + 96Y % + 69y 4°
+49Y4T 4 35V + 20V + 10V + 4V + 2Y% 4 2V 4 Y € Q[Y]

and

Ts4(s) =s*(s — 1)*(s — 2)(s — 3)(s — 4)(4s — 1)(4s — 3)(55 — 4) (65 — 5)(7s — 3)
(7s —4)(8s — 5)(9s — 5)(10s — 3)(11s — 4).
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we have
<lgr <gr M3,4 Y
) = Vi) = M)
(I=Y)PA =Y -Y3)2[[;Z,(1 - Y7)
gr 8 561540s° — 1409277s* 4+ 13656735 — 63617052 + 1417005 — 12000
c (s) = .
117 T5.4(s)

3(4) ,top

Proof. For (c,d) = (3,4), (4.2.7) becomes

ng:(o) §o5 Z D,(q,t)

veD2
v=2%3%:
Daiza(q,t) = I (¢°, ¢*¢, ¢*t7, %) I ((¢"DE),21 4.

v=23312347 je{l,...,3}:

4 3 .
Dasginga-i(q,t) = (1) ( ) I3 (thga 947557 q3t7)
g1 g1

J
. Ig((q3+i(37i)t7+i)i:1 j)[l (qj(47j)t9+j)l4,j((qi(47i)t9+i)i:j+1 .... 4)‘

J

v=22323/"1237 je{1,...,3}:
For j =1,
4 2 o (4—1 7
Dﬁmaa%w=:() () LG ) () (@1, O L (s ).
g1 g1

For j € {2, 3},

~~~~~~~~~~

v = 22322232 .

4 .
Da2329232(q, ) = (2) L(¢*, ¢t I3 (%, ¢t I(¢°, ¢*'t") L(g*t "%, ).
g1
v = 22322323 :

AN (/2 .
Da2329303(q, ) = ( ) ( > L(¢*t, ") I5(¢°t%, ¢*t") I, (¢°°)
gt gt

B L)L)
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v = 232237-12347 .

For j =1,

4 : o ' : i(4—i),9+i
Dagosgs(q,t) = <3> L(PPYL (Pt 13(6°t°, %, *t'0) I ((g (A=o+ )ico,..4)-

q—l

For j € {2, 3},

=Zy,..,3 /- L\4 ¥ JE4—2\\1 ¥  Jr=)+1,...

v = 23232232 ;

4 3 o o
D23232232(q, t) = (3) ( ) Il(qgtz)fl (q3t4)11(q5t6)]1 (q4t7)
g1 g1

L(q, ') (g, ).

v = 23232323 :

4 3 2 .
D23232323(Q> t) = (3) (2> <1> L (Qgts)[f(q3t4)fl (qstG)If (q4t7)
g1 g1 g1

(@) (PO () T (D).

4.3 (7 (d)(o)(s) for ¢ = 4 and higher

In this section we prove and give the formula for (7’ w( o(s) for ¢ = 4 in detail. Then
we would suggest how one can extend this method for higher c.

Recall that for ¢ > 3, Proposition 4.1.1 gives

<Igr d —3 d .
Cﬁcg(d)(o)(s) = Co1+a(8) <Z a(ug,2)7ﬂ2§ q)q (31,242 2sip p1.2)

H2

c s |
1T X elurmiaa (Zﬂ“ﬂ’“) (4.3.1)

k=3 pp<pr_1

To compute the right hand side of (4.3.1), let py be partitions of d parts satisfy-

ing p < pgq for k € [3,¢]. There are uniquely determined numbers r € Ny and
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M®P .. M9 eN (i e [r—1]), such that

Mo = =2 MM1(2),2 Z M3 =2 ,UM1(3)73 Z o Z e = 2 ,LLMl(c)7C >
> ,uM(2> 22 MM(3)+13 =z MM2(3>’3 R Y CIR P [/ Ol

Define M¥ = d and M =0 for all k € [2, ] Observe that the condition py < pg_1
is equivalent to the condition Mi(k Vo> Mi for i € [r — 1]. In this case we write
v(a, ..., pte) = v. Note that v determines and is determined by Ml-(k)’s.

This time the Dyck word of length (c-1)d is a word w in the letters 2,3, ..., ¢ such
that each occur d times and no initial segment of w contains more k’s than k — 1’s.
We denote the set of (¢ — 1)-dimensional Dyck words of length (¢ — 1)d by D5 ' and

note that the cardinality of @2‘1 is the multidimensional Catalan numbers

c—2
Cat§ ! [ ] —1)a)!.
Q d+ 1)

Note that ¢ = 3 indeed gives Cat? = # (Qj). It is easy to see that our v(ua, ..., ) =

v is indeed a (¢ — 1)-dimensional Dyck word.

For v e Dfl_l we set

D7} g,t) =
o ol s q)alpn, s @) - ate, po; q)q TR meat T K )s
(/»‘2)"'7:“‘0)
O(jizopic) =0
(4.3.2)
Proposition 4.1.1 and (4.2.5) allows us to write
(5 (8) = Coani(s ) > D) (4.3.3)

veDy” 1

4.3.1 For c=4

Since we fixed our ¢ to be 4, to improve the readability we would like to introduce

different notations. Let

A=A, 0), = (p1, -y pa), v=_(v1,...,Vq)

79



be partitions of d parts satisfying 4 < A and v < pu. There are uniquely determined
numbers r € Ny and L;, M;, N; € N (i € [r — 1]), such that

MZZAL, 2 =2 Uy, SV = 2 UN, >
ALis1 = Z Ay 2 41 2= 0 = My Z UNj41 = 0 Z VN, > ...
AL 41 Z 0 Z A2 UMy 1 = = fld = UN,_ 41 = - = Vg (4.3.4)

We call the integer sequence (L;, M;, N; )ze[r ] arising the overlap type of the triple
(A, i, ). This determines and is determined uniquely by the 3-dimensional Dyck
word of length 3d. In this case we write v(\, i, v) = v. For v e DO we set

Dig.t) = >, o\ Nga(\ mq)au, v;q)g NP X s
(A pv)
v(\p,v)=v
(4.3.5)
We know
o (8) = Couna(s) D) Dilg,t). (4.3.6)
veD((f)

With this new notation, we have the following result.

Theorem 4.3.1. Let v = [[I_ (2L Li13MimMisigNimNia) ¢ DY Then

e fd—L,;_ L; — M,;_ M; — N;_
Dg(q,t) _ % 1) ( % 7 1) ( % % 1)
ﬂ d—L; J -\ Li=M; } o\ Mi—=N; J
T r—1
) (n ILifLifl (ZLZ'71+17 ey Z[q)) (n I;\}i,Mi71 (YM¢71+17 s 7YMZ)>
i—=1 =1

i
r—1
o]
IN,‘*NZ',l (XNZ‘_1+17 s 7XNZ)
1

1=

g, (YMT,1+1, e >Yd) Iy, (XNT,1+1, e 7Xd) ;

with numerical data

Xj _ qLi(3*Li)+Mi(Ler‘)JrJ'(Mi*j)tfﬁMﬁj je ]Nifl, Nl] , (4.3.7)

}/"7. qL (3 L; )+.7(L ])+Nz 1(] i— l)tLl+Nz 1+ j c ]M’L*17 MZ] ) (438)

Zj _ qj(3—j)+Mi_1(j—Mi—1)+N¢—1(Mi—1—Ni—1)tMi—1+Ni—1+5 je ]Li_17 Lz] 7 (439)
and

T* _ [Mi*Mifl if Nj — Nj_, > 0,
M;—M;_1 []c\)L-fMifl if NZ — Ni*l = 0.
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To prove Theorem 4.3.1 we start with definitions. First we set, for i € [r],

a; 1= Lz (d — Lz) + Mz (Lz — Mz) +] (Mz —j), ] € ]Nz‘—I; Nz] ,
bj =L (d—L;))+j(Li—7)+ Niz1(j — Ni_1), je M1, M,
Cj = j(d _]) + Mifl (] - Mi*l) + Ni*l (Mifl - Ni*l) ) j € ]Li,l, LZ] .

It is also useful for us to have notation for the successive differences of the parts of

A, p, and v. For j € [d] we set

Aj— A1 if j¢{Ly,...,L.},
ri =< AL, — pag_y 41 i j = L; > Li 1, M; > M; 4, (4.3.10)
AL, = VUNioy41 it =Li> Li_y, My = M;_y,
and )
P — Hj+1 if j ¢ {M,..., M},
5; = pa, —Un,_y+1 if g =M; > M;_1, N; > N;_q, (4.3.11)

pn, — A i =My > My, Ny = N;q,

where we define \gy1 = g1 = 0. Similarly, for j € [d] we set

Vj = Vj41 1fj¢{N17aN7‘}7
tj =4 VN, — )\LZ‘-‘rl lfj = Nz > Ni—1> Li+1 > Li, (4312)
Un, — M1 if = Ny > Niq, Liyy = L.

Again set
viNo—’No, n'—>n(3,2,,2) = 35n>1+25n22+"'+2§n2d-

We have

d d r
3/\1+2Z)\k = Z}Tj +ZLZ (SMi_1+1+"'+5M¢ +tN7;_1+1+"'+tNi)a
k=2 j=1 i=1

d r—1 r
/'L1+"‘+lud:stj_l_ZMi(rLi+1+...+TLi+1) +2Mi(tNi_1+1+"'+tNi)7

j=1 i=1 i1

d r—1
V1+"'+Vd:thj‘i‘ZNi(TLiJrl‘i"'""TLiH+5Mi+1+"'+5Mi+1)-

j=1 i—1

By our definition, r;, s; and ¢; = 0 for all j. Note also that s; > 0 if N;_; = NV;
t; > 0if j € {Ny,..., N,_1} and observe that A\p, > A, 11, fiar;, > poar, 1, and
VN, > Un, 41 for each ¢ € [r — 1] . Finally, for each i € [r] we define
Jr={jelLi—Lioa =1 Anij > An,jia}s
JE={jeMi— My = 1] | par,—5 > par,—jaa} (4.3.13)
Ji={jeNi—=Niex = 1] | vn—j > vv—ja}-

81



Lemma 4.3.2. Let A\, p, and v be partitions of d parts satisfying u < X and v <
Then

Z A X @al, i q)ap, vi )

= H q%(d Ajo) i, (N —mi )+ (=) (d o A;€+1> (Aﬁc o “;f"‘l) (’u;“ o VIIC‘H) .
3— )\;ﬂ q~! )\;C - ILL;C g1 ,LL;C - Vllﬂ g1

k=1

Let A, u, and v be partitions as in Lemma 4.3.2. Let (L;, M;, N)ZE[T ;7 be the

parameters associated to them and X, p/, and v/ their dual partitions. For k € N, set
di, := N (3 = No) 4w (N, — pi) + vy, — ).

Lemma 4.3.3. Forie [r—1],
ALi_1+1 ’ / ’ ’
H qdk (d - )‘k+1> Ne — /‘kﬂ) (:uk - Vk+1)
' ' '
k=par; _q+1+1 d— )\k )\ K Hie = Vi g
L’L Lz 1
J)\ q71 d - Lz q—l

] (]
Proof. Note that the product on the left-hand side may be empty; this happens in
the case A\, = Ar,_,. Also since ppag,_, = vn,_, > Ap,_,+1, we have v, = v = N,y
and ), = py, . = M,;_q, for all k in the interval |pas,_ 1, Ar,_,41]. Thus we always

have
AL q+1

n (/\Z/_ :u;c;',-l) (M;cl_ Vl/c-/i-1> —1
k=par, p1+1 Ak — M g1\ M = Vi J =1
For j e [L;—L;—1] we have X\, = L;_1+j when A\r, ;41 <k < Az, ,4;; observe that
it may be the case for some j that no index k satisfies this condition. As a result,
we see that for each j € [L; — L;_1], there are exactly ry, ,+; elements of k of the

segment |fias, 41, Az, ,+1] for which X; = L;_; 4+ j. Now, note that

d_)\;ﬁl)
#1
(),

if and only if Aj,; # A,. This is exactly when there exists an ¢ such that A\; = k. It
follows that if Jz>\ = {ji,l; . ,ji’%} , with ji,l <... < ji,'ym then

AL;_q1+1 d— )\;C 1
+
(0 )

k:,u]ui_lJrl—l-l (4314)
_(d—=Li+ Ji~y _ T (d-Li+ Ji,me+1, . d—Lin
d — L; 1 - d— L; + j@m g1 d— L; + ji,% g1
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We make use of the well-known identity

(a) o 1-X° (a—l)
6 X_l_Xa—ﬂ B X

for Gaussian binomial coefficients. Applying it inductively, we see that for all m €

. . d—Li+Ji, m+1
<d — L + 3, m+1i) _ (]i,erl) ( d—L; )qfl
d— Lz’ + ji,m g1 ji,m g1 (digi—’gj’m)q_l

Hence the right-hand side of 4.3.14 is equal to

Li—Li d—L;
‘]z)\ q! d - Lz qfl
AL, q+1

H L (d - )‘;c+1> (A;c - Mﬁl) <:u;c - Vl/<:+1>
A=A S\ A=t S g \ e = Vg )
L

k=pn_q+1+1
i—Li—1
H qaLi71+eri71+j (L’l - ;\[/Z—l) (d - Lz—l)
j=1 Ji g d— L q!

Thus

7

as required. O

Lemma 4.3.4. Forie [r—1],

MM +1 ’ ’ ’ P
n qdk (d - )‘k+1) AL — :ukﬂ) (Mkz - Vk+1)
/ / P
k=vn,_ +1+1 d—A g1 )‘ ,uk -\ Mg = Vg J 4
M;—M;—y

— qblv[i71+jskfi—1+j (M’L - M’ll) (L’L - M7,1>
" .
j=1 JZ q! L’L - Mz g1

Proof. Analogous to the proof of Lemma 4.3.3. O]

Lemma 4.3.5. Forie [r—1],
UN; 4 +1
1_1[ qdk (d - )\;€+1> (/\;c Meﬂ) (,u; - Vllc+1)
k:)‘Li+l+1 d B )\27 )\;g 'uk q_l Mz B VIIC q_l
N;—N;_
H CNi71+th7;71+]v NZ —4Vi—1 M’L - Ni—l )
j=1 J'V g1 Mz - Nz

Proof. Analogous to the proof of Lemma 4.3.3. O
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Proof of Theorem 4.5.1. Given vectors v = (vy,...,v4) € N, we set, for each i € [r],

supp;y (v) = {j € [Li — Li-1 — 1] | v, ,4; > 0},
supp (v) = {je[M;— My —1]|vag,_,4; >0},
supp (v) = {j€[N;— Nioi —1] | vn,_y4+; > 0}
In practice, v will be one of the vectors of successive differences r = (ry,...,74) or
8 =(81,..., 8q) or t = (t1,...,tq). Given a set of partitions satisfying p < A and
v < p, recall our definition 4.3.13. It is easy to see that, for every i € [r],
suppX(v) = Ly — Li_y — J},
supp) (v) = M; — M;_, — J*, (4.3.15)
supply (v) = N; — N;_y — JV.

<Li - Lil) B (Li - Lil)
J - supp; (v) / .+

M; — M;_, (M — M 4316
w )T Nsupttw) )0 (310

()

(]\/vZ — Ni—l) . (Nz - Ni—l)
v - N :
Ji -1 \supp] (v')/

Let 0;; be the usual Kronecker delta function. Substituting Lemma 4.3.3, 4.3.4, and
4.3.5, rewriting the expressions in terms of r;, s; and ¢; and using (4.3.16), we find

that formula (4.3.5) for D,,(q,t) splits into a product as follows:

(d—Li 4 Li — M;_ M; — Ni4 -
D3(q,t) = A;B;C;,
0 H( d— L )q< Li— M, )q( M; = N, >QUI

=1

Thus it follows that

where, for i € [r],

o0 0

S (Ni— N, Al o ar e\
SRp? 2 2 (Suppﬁv(v’;>q_1 [T (aemomo)”,

tN;,_1+1=0 IN;—1=0 tn,=1=6ir Jj=N;—1+1
0 9] 0 M;
B = Z R Z Z (MZ - Mi—l) H (qutLi+Ni—1+j) ey
i M 7
su A ) 1 .
sm;_,+1=0 SM;—1=0 SM; =0N,_, N; PP; ( ) q "t j=M;_1+1
oo 0 L; )
C _ L’L - Li—l Cthi71+Ni71+j .
T o supp; (v) ) .1 ! '
TL; 14+1=0 rr,; =0 t 9" j=Li—1+1

We now show that all of the factors A;, B;, and C; are products of Igusa functions

and Gaussian binomial coefficients. Given i € [r] and I < [L; — L;_; — 1], we define
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R'(I) to be the set of vectors 1 = (7, ,41,. .., r1,) € Ny “'such that r; = 0 unless
je{Lli1+k|kel}u{L;}. With the numerical data defined in (4.3.7), we have

. = Z (Lz _]Li1> . Z 1_[ (chtMi—l“l‘Ni—l"‘;) rj

IC[Li—Li 1-1] rieRI(T) je(I+Li_1)u{L;}

- on (") Ol S @) S

Ig[Li*Li_lfl] el rLi—1+L:l TL;=0

1 Li—Li 2L 140
T 1-Z 2 ]< I )q1n1

Li re[n,—Li_1—1 el Zr; g+

= ILifLifl (ZL7;71+17 et ZL,L) .

Analogously one can show that, with the numerical data defined in (4.3.7),

B — I]c\%i*Mifl (YM’L71+1, ceey YMz) for Nifl = Nz
Yo e, (Vagiss ooy Yag) for Ny < N,

and
4= I} _n,_, (XNFIH, ce XNZ.) forie[r—1],
‘ ]Ni_Ni—l (XNi—1+17 e XNZ) fori=r.
This completes the proof of Theorem 4.3.1. O]

4.3.2 Computation of the functions D¢~! for higher ¢ — theory

The main difference between ¢ = 3 and ¢ > 4 is that there are “middle values”. What
do we mean by this? When ¢ = 3, the 2-dimensional Dyck words only contain 2
and 3, and it is guaranteed that there are always 2’s after 3’s, except the very last
part where it ends. However, when ¢ > 3, there are “jumps” between numbers with
difference more than one. For example, 232434 € D3 and we have 4 after 2. That
gives the alternating behaviour of the Igusa function ILfk)—M7;(f)1 in Theorem 4.3.1.
Once we deal with this different jumps using alternating Igusa functions, then higher
¢ only means we have higher dimensional Dyck words with more case distinctions.

However, the principle logic behind the proofs of these theorems are the same.

r ) _ @ 3)_ @ ©_ @ c—
Theorem 4.3.6. Letv =1]],_, <2Mi2 MZgMP =My | oM Mi—l) € DEI Y. Then
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DS g, t) =

r 2
(d - Mi()1>
i=1 d— M'(Z) -1

? q

r
2) (2)
| (H Lo, (XM;%’ wXM;m))
1=
c—1r—1
# () )
. ] H IMF)—MfZ)l < Mi(i‘)lJrlv > XMi(j)
j=3i=

with numerical data

()

X = oS mO 4 je M@, Mm@, (4.3.17)
X = @RS M MO e | M) M®)| (4.3.18)
Xj2) _ qa§2)t25=3 Mi(l,)lﬂ ] c | Mz(z)h Mz(2) , (4319)

where k € [3,¢— 1],

[M(k)_M(k) if dve [k +1, c] Mi(b) — Mi(i)l >0,
® . i i-1
MBPMB TN 0 G i Vee [+ 1 e MP - M) =0
7 e |

Theorem 4.3.7 (Uniformity). There exists V_ ;" (X,Y) € Q(X,Y) such that, for

almost all primes p and all finite extensions o of Zj,

G o(8) = Vi (@0 7).
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4.3.3 Explicit examples for ¢ > 3

We record the following consequences of Theorem 4.3.1 and 4.3.6
Proposition 4.3.8. ((c¢,d)=4,2) Let

Upa(q,t) =1+ 3+ t* + 2 + 5 + 47 —qt” + % — gt® — 2qt7 — 2t
L 3qt11 . q2t11 . 2qt12 + q2t12 . 3qt13
_ 2qt14 + q2t14 o 3qt15 + q2t15 o qt16 + 2q2t16
o 2qt17 + q2t17 o qt18 + 3q2t18 o qtlg + 2q2t19
+ 3q2t20 o qt21 + 2q2t21 + qt22 + 3q2t22 o q3t22
+ 2q2t23 + 2q2t24 + (]2t25 o q3t25 + q2t26
. q3t26 . q3t27 . q3t28 . q3t29 . q3t30 . q3t33 e Q(q, ).

We have

G o 3) = G(s)

. U4,2(Q7 t)
(I =gt*)(1 —qt*)(1 = t5)(1 — gt*)(1 — qt®)(1 — ") (1 — gt")(1 — qt¥)(1 — %)
and
<lgr _ 6424 <lgr
@) T e e)(8):
Let
o8 = Vi (XY).
Setting
Mys(Y) =1+2Y? + V' +2Y° + 3% +2Y7 + 3Y® 4+ 2Y? + 3Y'10
+2Yt 43y 42y vy 42y Y e QY]
we have

G aals) = V(LY
Myo(Y)
(1=YP T, (=Y
gr 2 157553 — 64852 + 88s — 4
g‘s(m,mp(s) - 31554 (s — 1) (s — 2)(3s — 1)(4s — 1)(5s — 1)(6s — 1)(7s — 1)(8s — 1)
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Proof. For (c,d) = (4,2), (4.3.6) becomes
22 0(8) = Cog(s) D Dilat
veD3

We have

‘D223242 (q7 t) =1 (qt37 t5) Iy (qt6, t7) I (qts, tg) ,

Dse(0:0) = (1) Lt )1 (o).
D t) = < 7112 (qt®, ) L (qt®) I3 (qt") 11 (qt®) [ (27),

2
323434 ((L = 1>

2

1) L) R ) L B ) B (),
),

3
D334234 (q )

[\

L(qt®) 17 (qt*) I (qt®) I3 (qt ") I (qt®) I (7).

t)
D§32434(qa t) = (1

]

Proposition 4.3.9. ((c,d)=5,2) There exists a rational function V5" (X,Y) € Q(X,Y)
such that
C<]gr (o)(s) = VBT]QEY (X7 Y)?
and
<lgr _ 7435 ~<gr
L5(2)(0)(S) q— N q t CL52(° ( )

Setting

M;so(Y) =1+2Y +2Y? +3Y% + 5Y* + 8Y° + 13Y°® + 17V + 21V*® + 25Y”
+ 28V 4 31V 4 35V 4 40V 4 44y M 47V
+47Y1% 4 44Y17 4 40V 4 35V 4 3120 4 28y
+25Y2 £ 21V 4 17V 4+ 13Y % 4 8y %0 4 5y
+3Y2 1 2Y® 12y 1 v3 e Q[Y]

we have
e g M;,(Y)
ng red( ) V52g (LY) = =11 4 o
5@ [T;2,(1=Y7)
<tgr (s) 2 50175s* — 2272553 + 379852 — 2845 + 8
S frd
“5(2) 10 3465 s5(s — 1) (s — 2) [ [Ls(ks — 1)
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Proof. For (c,d) = (5,2), (4.3.6) becomes

5oy (8) = Coss) D) Dilast

veD4

We have

Diegegos2(q,1) = Lo (qt®, 1) Iy (qt®,t7) I (qt*,¢°) I (qt"%, ¢')

2
q

2
Dispusas(00) = (1) 1 0t ) L) a6 ™).
g-1

D23423452 q,t <i> (gt (gt I () 1 (gt ) T (gt*) L (8) 1 (qtm’tll)’
Dlsaagas (@, (2) (@) (a1 @) I (0 () 1 ()1 (a'°, 1)
D22324545(q,t) = (?) q_1[2 (qtga tS) I (qt(j»t?) 11(qts)flo(th)[1(qt10)[1(t11),
Phsasasta ) = (1) (1), 1@ @@ a0,
D32343545(q,t) = (i) q_1[2 (qt37t5) L@t I () L (gt I () T (gt ™) I (1),

2 K o o
Disaassas(@:0) = (1)t 0t} ) ) 5 ) ) 0,
.

2 [e] (o] (o]
D§3243545(q7 t) = (1) L (qt3)]1 (qt4)11 (qtﬁ)ll (qt7)11 (qt8)_]1 (qt9)11 (th)fl (t11)7
q!
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2 [
D22345345(q, t) = <1> 112 (qt3,t5) L (th)Il(qt7)Il (qts)h(qtg)ll(qtlo)ll(tn)a
-

2 ] (o]
D33425345 (CL t) = <1) 1]1 (qtg)fl (Qt4)11 (th)Il (qt7)[1 (qts)ll (qtg)ll (qtlo)ll (tn)v
-

2 (e} (o]
Di345345 (¢, 1) = (1) 1[1(qt3)11 (gt 1 (qt®) I (gt IT (qt®) [ (qt”) I (gt ") L (1)),
-

Disasasas(@:0) = () Bt ) ) )tV 1),

O
4.3.4 p-Adic behaviour at zero
We describe the behaviours of Cfi‘;l)( o (s) at s =0.
Theorem 4.3.10. For all primes p and all finite extensions o of Z,,
C<gr (8) d 1) - dcfl dcfl
Cea© _ (d+1) _ (4.3.20)

Gorrn(5) (Gals) |, @+ D@AH D) (ed + 1) [[(kd + 1)

S=

Proof. To prove (4.3.20), let

c—1
U(MZ? s 7:“6)@ = Uy € ‘Dgl

such that v = 243%--.¢?, so there is no overlap between j; and p;. In other words
this is the case when r = 1.

Now,

Gl N ’ .
Cod“( )(go (5))6_1 a (n(l —d t)> D Z D q’

J=0 VUG

By inspection of Theorem 4.3.6 we see that

Di g, t) = La((gl@=Di1+20y n]d (¢ te=Dided) oy
k=3
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which has a pole at ¢t = 1 with multiplicity ¢ — 1. In contrast, D¢7!(gq,t) has a pole
at t = 1 with multiplicity ¢ — 2 when v # vg. Hence

Gl (8) L@ ) o) [T Lal(q =298 004 ) )
Cod"'l( )(Co (S))Cil =0 - [d(( (d- ])jtj)]e[d])071 t=1
B (1 _ td)cfl
Hli:z(l o tde) t=1
dcfl

T T o(kd + 1)
]

4.3.5 Topological zeta functions — degree and behaviour at
Zero

Theorem 4.3.11.
degs (C;]g(rd) top( )) = _(1 + Cd)

Moreover,

B (_1)(d)+(d*1)°‘1 (d + 1)de
s=0 () ((d =) T, (1 + jd)

Proof. Note that, given h € N and, for i € [h], X; = ¢%t’ for a; € Ny, b; € N,

S°C2 %, top (S )‘ (4.3.21)

I(Xy,...,X,) = ! (g— 1™ +0((g —1)~"*).

H?:l(bis — a;)

The summands in the Theorem 4.3.6 for Cfg(;) (0) (s) are all products of Igusa functions

. . . . . <lgr T <lgr
and Gaussian binomial coefficients. Hence there exist a,; € Ny and bvf 6 €N
such that

<lgr

o Co —(1+cd (1+ed)+1
C g(d)(o)( ) = Z H1+cd(b<1grs . a<1gr) (q — 1) (14cd) + O((q _ 1) (1+cd)+ )
v i=1 \Yu v,

Hence .
<igr "
CL g(d) top( ) = Z H‘ljfd(b<]g'r8 . (f‘?’) (4.3.22)

is a rational function in s of degree —(1 + ¢d), confirming the first claim.
Turning to the local behaviour around s = 0, we observe that (a1 (s)DS (g, t)

has a pole at ¢t = 1 with multiplicity ¢ — 1 unless v = vg;, in which case it is ¢. Thus
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<g!‘
the summand = =
H%ilc (bv,%rs_av,%r)

unless v = vy, in which case it is c¢. Specifically,

in (4.3.22) has a pole with multiplicity ¢ — 1 at s = 0

go‘Hl(S)Dg;l((b t) = Lopr (@ iepar 1) La (@752 i)

) n [d((q(d_j)jt1+(k_1)d+j)je[d]),
k=3

whence
cfggr
T s — ay®,)
1=1 Vst Vs,
1 (cl!)c_1

T (s =) Ty ((1+2)s — (d — ) [Ty T (14 (k= 1)d + s — (d — D))
and thus
_ (d)!
i k) T () (T2 - ))
(_1)(d)+(d*1)c’1 (d + 1)de!
(@) (= D) T, (1 +jd)”

which proves (4.3.21). O

<1
SC ch(ii) ,top (S)

In fact, one can manually check Theorem 4.3.10 and 4.3.11 with explicit formulas

given here.
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Chapter 5

Zeta functions of Lie [F)-algebras
and finite p-groups

Let p be a prime. Most of the research on zeta functions of groups and rings, including
this thesis, studied infinite objects. However, our definition of zeta functions of groups
and rings is clearly applicable to finite p-groups and Lie algebras as well. For example,
given a Lie ring L and write L(F,) = L®F,, we can compute the zeta functions of Lie
[F,-algebra L(F,), which would enumerate subalgebras or ideals of L(F,). One can
think of this as an approximation of the zeta function of L, = L®Z,. In this direction
we study how this approximation can be used to study the more complicated zeta
functions (7 (s).

One can also treat this as an interesting object on its own right. As we already
exploited in Section 2.6, when we used the associated Lie ring L(G,) instead of the
original group G, to count the number of immediate descendants of G,, of order p° and
of exponent p, the Lazard correspondence gives an isomorphism between the category
of nilpotent Lie algebras of dimension n over the field F,, and class at most p —1 and
the category of groups of exponent p of order p™ and class at most p — 1. (refer to
[19, Chapter 10] or [24] for more details). One can therefore use this to study the
zeta functions of finite p-groups as well. In this chapter we study and calculate the
zeta functions of finite Lie F,-algebra L(IF,), and investigate how these results can be

applied in various ways.

5.1 Zeta functions of Lie F,-algebras

Let L be a Lie ring, additively isomorphic to Z", and let L(F,) = L ® F, be a Lie

[Fp-algebra over F, of dimension n, additively isomorphic to Fj. One can define the
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zeta functions of the Lie F,-algebras L(F,) as follows:

Cir,(8) 1= Z |L(Fy) : H|™ Za Np

HxL(Fp)

where = € {<, <} and

a, (L(Fy)) = {H | H « L(F,), [L(Fy) : H| = m}].

m

Note that they are also (finite) Dirichlet polynomials.

One can regard these “polynomials” as approximations of zeta functions in the
sense that this is the starting points of zeta functions of L, = L®Z,. They do not in
general have functional equations, or palindromic behaviour, but they do have their

own uniformity property.

Definition 5.1.1. The finite zeta functions over finite fields ¢} \(s) is said to be
finitely uniform if there exist polynomials Wiz, y], ..., Wi[x, y] € Z[z, y] for suitable
k € N such that, for every prime p,

Cir,y(s) = Wilp,p~°]

for some i € [k]. It is said to be uniform if k = 1.

So how do we compute them? Let L be a Lie ring additively isomorphic to Z¢ with
basis B = (ey, e, ...,€,), and L, = LRQZ, = Zy,. There is one-to-one correspondence

between submodules of L, of index p* and integer upper triangular matrices

mix M2 -+ Minp
0 Mmao -+ Man

M = (mi;) = :
0 0 Mpn

with entries in Z satisfying
1. m;; = p*, where a; = 0
2. 0 < my; <mjj,
3. myy My = pk,

for 1 <i < j <n. We give a new unique matrix representation for L(FF,).
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Lemma 5.1.2. There is one-to-one correspondence between additive subgroups of

L(F,) of index p* and the upper triangular matriz

miy1 Mi2 -+ Minp
0 Mmoo -+ Man

M = (m;) = .
0 0 Mpn

with entries in F), satisfying
1. mj; =0 or 1,
2.m;; =0ifmj;=1 and0<m;; <p—1ifn;; =0
3. k =n —rank(M),
forl<i<j<n.
Proof. Let M be an additive subgroup of L(F,). Then M has a ‘triangular’ basis

my =my1e1+Mmy2es + -+ +Myn€pn

mo = Mg o€y + -+ +Mopn€y

m, = My 1 En

where m; ; € F,. First, note that since L(IF,) is itself a finite Lie ring of order p”, any
additive subgroup M of L(F,) has finite index. In particular, this implies that we
can have m; = 0, and

|L(F,) : M| =n—rank(M).

As (my;) = (u-m;) for any non-zero unit u in IF,,, each m;; can be either 0 or 1, and
we can deduce that each M can be uniquely represented by a matrix in reduced row
echelon forms. These reduced row echelon forms can be re-written into our required
forms once we exchange the i-th row with j-th row where the leading coefficient of

i-th row is m; ; = 1. O

As a direct consequence of Lemma 5.1.2 we obtain the following corollary.

95



Corollary 5.1.3. Let 0; denote an ¢ x i zero matriz, I; an j x j identity matriz,
and D; ; an arbitrary © x j matriz over F,. Then there is one-to-one correspondence

between additive subgroups of L(F,) of index p* and the upper triangular matriz

0, 0 0 0 0 0
0 I, Dya, O Dy 0
0 0 04 O 0 0

M = 0 0 0 [bz Db27a7‘ 0 € TI‘(FP)
0 0 0 0 0 0
0 O 0 0 O Oq,. 0
0 0 0 0 0 0 I

where Y (a;) =k, >i_(a;i+ b)) =n, a;,b, 20 and ay...,a,by,...,b—y > 0.

Corollary 5.1.3 implies that for any given additive subgroup M of index p* in
L(F,), there are uniquely determined numbers » € N and a = (ay,...,a,),b =
(b1, ...,b,) such that

(maq, Moo ... M) = (O(a1)’ 1(b1)’ o 70(ar)7 1(b,~))‘

Let us call (a, ) the diagonal type of M, and write d(M) = (a,b). Let M, denote
a matrix of diagonal type (a,b), and M,; denote the set of n x n upper triangular
matrices over I, with diagonal type (a,b). Since each a;, b; can be either 0 or 1, there
are 2" possible M, ;’s, and each of them satisfies [M,p| = D7, Z;;ll ab;.

For example, let

L=<uzy,x9,23 | [21,22] = 23 >

be the Heisenberg Lie ring. Then L(F,) becomes a 3-dimensional Lie [F,-algebra of
order p3. One can check that the additive subgroups of L(F,) with index p* are

precisely the following, represented by suitable generator matrices:

100
° 1 0}itk=0,
1

000 I mys 0O L 0O mag
° 1 0}or 0 O0]or 1 megs |if k=1,

0 00 0 0 0 1 mi2 M3
° 0 0]or 1 mggs | or 0 0 Jif k=2,
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000
o 0 0)ifk=3.
0
Here we have 8 = 2° distinct partitions. Note that each M,;, € M,, corresponds to

an additive subgroup of index pXi=1%

5.1.1 Uniformity and the behaviour of ¢ ,(s)

Not every member of M, can give arise to subalgebra/ideal of L(IF,). Hence we need
to find out the conditions which make those matrices become subalgebras/ideals.

Like the p-adic integrations for original zeta functions of groups and rings, let

F5 = {M € Tr(F,) | rows of M defines a subalgebra in L(F,)}

and
Fr = {M e Tr(F,) | rows of M defines an ideal in L(IF,)}
Also let Fy = F5 Mgy and Fij) = F> 0 Mgy Then we have
Chtep)(8) = D |Fay| =)
ab
and
Girp(s) = X [Fy| o0
a,b
One now needs to find formulas for |F ;Q and ‘F wb ‘ We start with the following

lemma:

Lemma 5.1.4. For given r € N, a and b, we have

0, 0 0 0 0 0\ (L, O 0 0 0 0
0 I, Dya O - Dypa O] 0 I, =Dy, O - —=Dpa 0O
0 0 04 O o oo o L, o -+ 0 0
0 0 0 I Dya 0|0 0 0 I —Dyya, 0
0 0 0 0 o oflo o 0 0 . 0 0
o 0o o o0 0 0 OJlOo 0o o 0o 0 I 0
o0 o0 0 0 0 I,/\o0o o0 0 0 0 0 I,

0y 0 0 0 0 0

0 I, 0 0 0 0

0 0 04 O 0 0

_{o o o 1, 0 0

0 0 0 0 = 0 0

0 0 0 0 0 0, O

0 0 0 0 0 0 I
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Proof. Let

0 0 0 0 0 0\
0 I, Dya O Dyyar 0
0 0 0, O 0 0
My=|0 0 0 I, o Dy 0
0 0 0 0 0 0
00 0 0 0 0, O
00 0 0 0 0 1)
L, 0 0 0 0 0
0 I, —Dpya O Dyar 0
0 0 I, O 0 0
e, = |0 0 0 I, Doy 0 |,
0 0 0 0 0 0
00 0 0 0 I, 0
00 0 0 0 0 I
and
0 0 0 0 0 0
0 L, 0 0 0 0
0 0 0, 0 0 0
w,=|0 0 0 & 0 0
0 0 0 0 . 0 0
0 0 0 0 0 0, 0
0 0 0 0 0 0 I

We prove our lemma by induction on r. Note that M,; defines M, and M g,b‘

04, O I,, 0\ (04 O
0 [b1 0 [b1 - 0 Ibl

First, we have

and
0oy O 0 0 I,, O 0 0 0,y O O O
0 Iy, Dpge, O 0 Iy —Dpe O |0 L, 0 O
0O O O, 0 0 0 I, 0] |0 0 04, O
0 O 0 Iy, 0 0 0 Iy, 0 0 0 I

So it holds for r =1, 2.

Now, suppose it holds for » = n. Then for r =n + 1,
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0 0 0 0
Dbl,an+1 0 Dbl Gn+1 0
My y 0 0 My, 0 0
Map Mgy = ; :
‘Dbn An+1 O _Dbﬂ an+1 0
0 0 I 0
0 an+1 O an+1
0 ]bn+1 0 Ibn+1
0 0
Dbl,anﬂ - Dbl,anﬂ 0
Moy Mgy 0 0
Dbnyan-#l B Dbn,an+l O
Oaynin 0
0 0 Ibn+1
0 0
0 0 \
M&g’ 0 0
0 0
Oan+1 0
0 O Ibn+1
= My,
where @’ = (ay,...,a,),b = (by,...,b,). Hence it holds for all r € N. O

With this we are ready to prove the following theorem, analogous to [9, Theorem
5.7]

Theorem 5.1.5. Let L be a Lie ring, additively isomorphic to Z", and L(F,) =
L®TF,. There exists an explicit system of subvarieties E; (i € T, T finite) of a variety
V' defined over Z and, for each subset I of T, a polynomial Wi[X,Y]| € Z[X,Y] such

that for almost all primes p

Cz([Fp) (s) = Z cr(p)Wilp, p~7]

IeT
where c;(p) = |[{a €V (F,) : a€ E; (F,) if and only if i € I}|

Proof. As before let C; denote the matrix whose rows are ¢; = ((e;,e;). Then

M, € FS, if and only if we can solve for each 1 < 7,5 < n the equation

m; (Z mjle'l> = ()/17(]1), c. ,Y;Ejn)> ngb
I=j
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with Z . ”n)> € Z". Similarly, M, € F, if and only if we can solve for each

1 < 1,5 < n the equation

m;C; = ( Y Y(”)) M,,

J LAY

ij 1T
Let us consider the ideals first. We can rewrite this equation as

with (Y( Yo Y.(T‘)) e 7",

m Mg, = (Y, Y5 ) M,

1,7 ? 7,]

Now, let g;j;(m,s) denote the k-th entry of the n-tuple m;C;M;,. Then again the
way we defined our M implies that g7, (m;, ) is at most degree-2 polynomial in m,. .
Since M), = diag(0t), 10 0r) 1¢)) it is clear that the k-th entry of the n-
tuple (Y;(]l), . ,Y;(J )> M}, is either 0 or Y( ). Since the condition Gigp(mys) = Y;(]k)
is redundant, we can conclude that M, gives an ideal if and only if we can solve a
system of equations g7 (m,,) = 0 for 1 <4, j, k < n where my, = 0.

Finally, let Y, denote the variety defined by the corresponding system of equa-
tions g;j,(mys) = mk,mff), and let ¢, =| Y, 5(F,) | Then we get ‘F;b‘ = oy

Hence

(o) (5) anb p =l

C < < < e e
For subalgebras, one can similarly define gijk(mm), Y., and ¢, from our initial

equation

m, (Z mj,zol> = (v ) My
=y

and check that
Copey(8) = Z ¢, - p e

This proves Theorem 5.1.5.
m

This proof is important for two reasons. First, as we said this is an F,-analogy of
[9, Theorem 5.7]. As we have seen in Chapter 2, the original result was significant as
it showed the local zeta functions of groups and rings can behave very wildly. Our
proof of Theorem 5.1.5 suggests that this much-simpler-looking approximation over

[F, can also behave wildly. Second, this proof gives an explicit algorithm for Cf(Fp)(s).
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5.1.2 Zeta functions of finite p-groups

Let G, be a finite p-group of order p". One can define the zeta functions of finite

p-groups G, as follows:

GG, (s) = X, |Gy HIT = Y as(Gyp)p™,
i=0

H=xG)p

where * € {<, <} and

a,(Gp) = [{H | H « Gy, |Gy : H| = m}].

m

Note that they are also (finite) Dirichlet polynomials.

Let L be an n-dimensional class-¢ nilpotent Lie ring and L(F,) = L®F, be a
finite n-dimensional class-c Lie F)-algebra, additively isomorphic to Fy. If ¢ < p,
the Lazard correspondence gives a corresponding finite p-group G(L(F,)) of class c,
order p™ and exponent p using the Baker-Campbell-Hausdorff formula ([19, Chapter
10]). In particular, the Lazard correspondence also gives isomorphism between the
subalgebras (and ideals) of L(F,) and the subgroups (and normal subgroups) of its
corresponding G(L(F,)) ([19, Example 10.24]). This implies that for primes p > ¢ we

have

Crem,))(8) = Cim,) (9)-
Therefore, similar to what we normally do for the zeta functions of groups and rings,
one can study the zeta functions of finite Lie [F,-algebra to prove analogous results

on finite p-groups.

5.2 Algorithm in theory: the Heisenberg Lie alge-
bra H over [,

In theory our algorithm is very simple.
(1) For a given Lie Fj-algebra L(F,) with dim(L(F,)) = n, we write down 2"
distinct partitions M.

(2) For each M, ; we compute

(3) We have
Crr,)(8)

|

O
Q %
=

s

We see how this can be applied in practice.
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Theorem 5.2.1.

Crgr,) (8) (I+pp+p > +p™>,

14
Cieny8) =1+ (L +pp* + (1L +p+p)p > +p >

Proof. As we saw earlier, there are 8 possible partitions corresponding to the additive

subgroups of H of index p*.

1

0

1

o O

We now show how we can explicitly calculate Cf(mp)(s) using these partitions.

0
0
1

)

)

o O O

for k =0,

1 mi2

0

or

or

for k£ = 3.

0
0] or

10 miys
1 ma3

0

1 mio

0

0
0

for k =1,

my3

for k = 2,

1 00 0 00
Start with 1 0] and 0 0 ]. They trivially give 1 ideal of index 1 and
1 0
p? respectively.
000
Consider M, = 1 0 ). Then our equation
1
m, O My, = (Yz(gl)? aYz(]n)) My,
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gives rise to the system of equations

i=1,j=1:(0,00) = (0,v% v,
i=1,j=2:(0,0,0) = (0,3, ),
i=1,j=3:(0,00) = (0% v,
i=2,j=1:(0,0,—1) = (0,Y57, Ya?),
i=2,j=2:(0,0,0) = (0,Y,3,Y33),
i=2,7=3:(0,0,0) = (0,Y,3, Y33,
i=3,j=1:(0,0,0) = (0,Y7,v;),
i=3,j=2:(0,0,0) = (0,Y33,vs3),
i=3,j=3:(0,0,0) = (0,3, 53).

Since we can solve this for all 7, j € [3], we get ¢}, = 1.
1 mi2 0
Consider the next case M) = 0  0]. This gives
1
L= 17.] =1: (O 0 —my 2) = (}/1(,11)a07}/1(,?i))7
i=1,j=2:(0,01) =150,
i=Lj=3(00® (V8,0 YD),
i=1j=3<00m (ﬁ?mwﬁ&
i=3,5=1:(0,0,0) = (v;,0,57),
i=3,j=2:(0,0,0) = (¥5,0,%3),
i=3,7=3:(0,0,0) = (Ys,0,¥,7).
Since we can solve this for all 4, j € [3] and m5 € {0,...,p — 1}, we get Cap = D-
10 mi3
The interesting case is when M, ) = 1 mgy3 |. This gives
0

103



i=1,j=1:(0,00) =Y v¥ 0),
i=1,7=2:00,01) = (¥ {9 0),
i=1,j=3:(0,00) = (¥ v 0),
i=2j=1:(0,0,-1) = (Y3;,Y;7,0),
i=2,j=2:(0,0,0) = (i3, v3,0),
i=2,7=3:(0,0,0) = (Y35, %3,0),
i=3,j=1:(0,0,0) = (¥i v{7,0),
i=3,j=2:(0,0,0) = (i3, 3,0),
i=3,j=3:(0,0,0) = (¥}, v3,0).

When ¢ = 1,5 = 2, one needs to solve 1 = 0, which is impossible. Hence we get

Cap = 0, and all together we get 1 + p ideals of index p.

00 0
Similarly, 0 0] gives
1
1= 17j =1 :(07070) = (anvyl(i))?
i=1,j=2:(0,0,0) = (0,0,\%),
i=1,7=23:(0,0,0) = (0,0,Y,%),
i=2,j=1:(0,0,0)=(0,0,Yy7),
i=2,j=2:(0,0,0) = (0,0,Y53),
1=2,7=3: (07070) = (070’}/2(,?)7
i=3,j=1:(0,0,0)=(0,0,Yy7),
i=3,j=2:(0,0,0) = (0,0,Y53),
i=3,j=3:(0,0,0) = (0,0,Y53),
00 0
1 ma3 | gives
0
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and

1 mio

0

miy3

0

i=1,j=1:
i=1,j=2:
i=1,j=3:
i=2,j=1:
i=2,j=2
i=2j=3:
i=3,j=1:
i=3,j=2:
i=3,j=3:

i=1,j=2:
i=1,j=3:

i=3,j=2:

i=3,7=3:

gives

1(0,0,0) = (0, ;7. 0),
(0,0,0) = (0,v,3,0),
(0,0,0) = (0,¥,7, 0),
1(0,0,-1) = (0,Y,7,0),
:(0,0,0
(
(
(
(

) = (0,Y,3,0),
1(0,0,0) = (0, Y53, 0),
1(0,0,0) = (0, Y47, 0),
0,0,0) = (0,%3,0),
0,0,0) = (0,43, 0),

(0,0, —my2) = (¥,{1,0,0),
0,0,1) = (¥{3,0,0),
0,0,0) = (¥,0,0),
(0,0,0) = (¥5,0,0),
1(0,0,0) = (Y5, 0,0),
(0,0,0) = (¥35,0,0),
(0,0,0) = (¥4}, 0,0),
(0,0,0) = (¥,0,0),
(0,0,0) = (Y53,0,0).

The first case gives 1 ideal of index p?, while the other two cases give no ideals.

Summing all up, we get

Chie)(8) =1+ (1 +p)p~* +p > +p

—3s

as required. Same method applies for (E(Fp)(s).
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Remark 5.2.2. Compare it with

Crign, (5) = Cz2(5)Gp(35 — 2)
=14+0+pp+Q+p+p)p >+ 1 +p+20" +p°)p™*

5.3 Algorithm in practice: 1. Diagonal Conditions

Our algorithm worked well with the Heisenberg case, but it has a clear limitation:
the number of partitions we need to check grows exponentially. For example, if one
wants to compute CE(FP)(S) for a 10-dimensional Lie F,-algebra, then in theory one
needs to check 219 = 1024 different cases. We still have finite number of cases to
check, but this will be very impractical. Fortunately, there are some techniques one
can apply to make this computation easier. The first technique is what we call a
diagonal condition.

Forget about F, for now, and let L be a Lie ring, additively isomorphic to Z". Let

mip M2 -+ Minp
0 Mmoo -+ Man
M =
0 0
0 0 C Mg

be an additive subgroup of L. Let m; denote the i-th row of M, M’ denote the

adjoint matrix of M, and

M* = M'diag(myy ---m;}, ... m>11).

nn """ nn’

Then we showed that
(1) M < L if and only if
mleMu = (leY;S), ceey,Myyce man;EJn))
has a solution (Y, ..., V") e Zy for all i, j € [n].

Z?J ’ ’ Z7j

(2) M < L if and only if
m; (Z mj,z0l> M = (leYiS), sy My ..mn’nyif;‘))
I=j

has a solution (Yz(Jl), . ,Y;(jn)) € Zy for all i,j € [n].
Among these cone conditions, there are some simple conditions of the form m;;|m;;,

one diagonal entry dividing the other diagonal entry for ideals, and of the form
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mi;|mj;mik, one diagonal entry dividing the product of two diagonal entries for sub-
algebras, what we call diagonal conditions. One can think of these conditions as a
backbone of the structure of subalgebras/ideals of L.

How does this help our algorithm?

5.3.1 The Heisenberg Lie algebra H, revisited

Let
my1 Mi2 M13
M = 0 Mo Ma3
0 0 mss

denote the matrix representations of subspaces of H.
Before we check each of 8 different partitions as we did before, one can easily check
the diagonal conditions for H: M < H if and only if ms 3|m1 1, mas. Hence mss =0

forces my 1 = mgs = 0. That means we need to check only 5 cases, namely

100
° 1 0)forn=0,
1
0 0O 1 mi2 0
° 1 0]or 0 O]forn=1,
1 1
0 00
° 0 0] forn=2,
1
0 00
° 0 0] forn=23.
0
10 mi3
This also explains why we could not solve the system of equations for 1 maygs |,
0
00 0 L omyy myg 10 m
1 mgy3 | and 0 0 |. For example, the first case 1 mgyys | asked
0 0 0
us to solve

i=1,j=2:(0,01) =% ¥5,0=0-Y%),

1

G-

A reduction from eight to five cases may not look very significant, but in larger

. : 3
which requires Y1(72) =

examples it could be valuable.
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5.3.2 The maximal class Lie algebra M., counting ideals

For ¢ = 2, let M, = {xy,21,...,2. | Vi€ [c— 1], [x0, x;] = x;11) be a maximal class-c

Lie ring M..

Theorem 5.3.1. Forc > 2,

c+1
Grr,)(8) =1+ 1 +p)p™° + Z p
k=2
c+1
= C]Fg (S) + Z p—ks‘
k=3
Proof. Let
my1 Mi2 -+ M1ctl
0 Mmoo -+ M2ct1
M =
0 0
0 0 Tt Metletl

denote a generator matrix for a vector subspace of M.(F,). If M < M.(F,), then for
3 <1 < ¢+ 1, our diagonal condition implies m;; | m;; for all 1 < j < i. Now, let
mss = 1. Then it forces my4 = -+ = Mmcy1041 = 1. Hence there are only 4 such

available cases with ms3 = 1,

1 00 0 O
010 0 O
My =001 0 ;
00 @ .o
000 ---1
000 0 O 1 mi2 0 0 O
01 0 0 O 0 0 0O 0 O
Moi1.1 = 001 -0 Mior..1 = 0 0 1 - 0 ;
00 : .o 0 0
000 ---1 0 0 0 1
00 0 0 O
00 0 0 O
My .= 00 1 -0
0 0 : .o
000 ---1

This gives us one ideal of index 1, a total of p + 1 ideals of index p and one ideal of

index p?. For the rest, our M would look like

0, O
Mo...01...1 = ( 0 Ib )
1
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where 3 < a; < ¢+ 1. Each of them gives 1 ideal of index p*'. Thus we get

c+1
Gre)() =1+ @ +pp =+ > p ™
k=2
c+1
= Caa(s) + Y p P
k=3

Remark 5.3.2. Note that we do get (g (s) for ¢ = 2.

This result is intriguing in many ways. First, one only needs to check ¢ + 3 cases
instead of 2¢™! cases. We even have an explicit formula for any ¢ > 2. Second, it
demonstrates a well-known fact from finite p-group theory that any maximal class-c
group of order p°*! contains only one normal subgroup of order p™ for 1 <m <c—1
and 14 p maximal (hence normal) subgroups or order p°. Finally, we get the following

immediate corollary.
Corollary 5.3.3. CEC(FP)(S) is uniform for all ¢ > 2.

It is worth noting that the original ideal zeta function Cﬁw(s), where M., =
M.®Z,, is extremely difficult to calculate. In fact, we only know the explicit formulas
for ¢ = 3 and ¢ = 4. Interestingly, various approximations of (37 (s) seem to be rather

easy to calculate. For example, we have

c+1

) = ) []6ls)

([28, Proposition 3.5]),

c+1

<red 2
G ( » n Cp(is)

([13, Example 4.4]), and now

c+1

Crqr,)(8) = Cra(s) + Z P
In all these examples the zeta functions are uniform. In contrast, it is currently not

known whether the zeta functions Cﬁ,cp(s) for ¢ > 4 are uniform as well. Would this

imply that (5. (s) will be also uniform for all ¢ > 27
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5.3.3 The maximal class Lie algebra M., counting subalge-
bras

Theorem 5.3.4. Lett =p=°. Forc > 2,

Gy (8) =1+ (L+p)t + (1 +p+p)t + 1,
Gy () =1+ (L)t + (L+p+20°)8 + (L +p+p* + ") + 1,
Grr,)(8) =1+ (L+p)t+ (1 +p+2p° + p)t* + (L+p+2p° +2p° + ')
+(Q+p+p°+p°+ Nt + 10,
and finally

N c—1 c—1—aya cyc
Cf\g/[chl(Fp)(S) :Cﬂg/fc(Fp Z ( ) ' t - TP b
a=0 p

Proof. Start with ¢ = 2, which is the Heisenberg case.

my1 Mi2 M13
M = 0 Moo Ma3
0 0 mss

gives a subalgebra of My(IF,) if and only if mg 3|m1 1m2 9. Hence we check the 7 cases

1 00
° 1 0] forn=0,
1
0 0 1 mi2 0
) 1 O0)or 0 O0})forn=1,
1 1
0 00 00 O 1 miy mys
° 0 Ojor 1 mos | or 0 0 | forn=2,
1 0 0
0 00
° 0 0| forn=3.
0
We get

Gy (8) =1+ (L+p)t+ (L+p+p*)t* + 1%,
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Now let ¢ = 3 and

mii1 M1z M13 Mi4

M = 0 Moo Ma3 M24
0 0 m33 may

0 0 0 My 4

The diagonal conditions for M < Mjz are myq|lmi1mss and mss|my1mes. If

mya4 = 1, then

mi1 Mi2 M13 0
o 0 Mmoo Ma3 0
M = 0 0 mss 0
0 0 0 1
is a subalgebra of M;(F,) if and only if
mi1 Mi2 M3
M = 0 mop mag
0 0 ms,3

is the subalgebra of My (F,). This gives (5, ,(5)-

If myq = 0, recall that we have my4|mq1mss and msslm;1msoo. That means
at least one of my 1, me2 and ms3 also needs to be zero. Hence we do not get any
subalgebras of index p.

For ideals of index p?, note that by our diagonal condition the only possible case

is

000 O

_ 010 mo 4

M = 0 01 msa

000 O

This gives p? subalgebras of index p?.
For ideals of index p3, we have
0 00 0 00 0 0 1 mio M3 Mig
0 0 0 0 01 Mao3 Ma4 and 0 0 0 0
001 mgqe |’ OO0 O 0 0 0 0 0 ’

000 O 00 O 0 0 0 0 0

and they give p+p? + p? subalgebras of index p3. Finally we get 1 subalgebra of index

p*. Hence we get

st (8) = Gy, (8) + P+ (p+p° + %)+t
1+ A +pt+AQ+p+20)2+ (1 +p+p*+ )t + %

Now fix ¢ > 4. Write
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my1 My -+ My mic+1

0 Moo -+ Mo ma.c+1
M =
0 0 - mec,c Meer
0 0 o 0 Met1,c+1
m1c+1
MI
mc,chl

0 | Mmey1eq1

where
miy; Mi2 -+ Mic
0 Mmoo =+ Magc
M =
0 0 D Mee

For Metlc+1 = 1,

and we get (i g 1(5)-
For mcy1c11 = 0, our diagonal condition requires

mc+1,c+1|m1,1mc,c, mc,c|m1,1mcfl,cflu e 7m3,3|m1,1m2,2-

So again we do not get any subalgebras of index p. Suppose m;; = 1. Then
we need to have meyic11 = Mee = ... = Mmoo = 0, which means we need at least ¢
zeroes. Thus my 1 has to be equal to 0 for subalgebras of index p* where 2 < i < c¢—1
ori=c+ 1.

For m; 1 = 0, note that

[m;,m;] =0
for all 1 < ¢ < j < n. That means we can put whatever we want in (¢ — 1) x (¢ — 1)

upper triangular matrices

Mgago Ma3 -+ Magc
0 mgz -+ ma.

M" =
0 0 Me.c
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Such M would look like

0 O 0 0

0 Mago -+ Mac M2ct1
M =

0 0 - Mee Meert

o o - 0 0

Let a denote the total number of zeroes in the diagonal entries of M”. We know there
c—1

are(a

)p such M”, and each of them gives additional p°~!=* possibilities of M. This

(C - 1) . pc—l—a
a p

subalgebras of index p®*2 for 0 < a < ¢ — 1. Finally we get p°¢ subalgebras of index

gives

p¢ from
1 my2 +++ Mic Micrl
o o0 - 0 0
M =
o o - 0 0
o o - 0 0
Thus we get
c—1 c—1
CEc+1(Fp) (8) :CEC(FP)(S) + Z ( a ) pc—l—ata+2 + pCtC'
a=0 p
as required. 0

Like the previous one this result is intriguing in many ways. First, we have an
explicit formula for any ¢ > 2. Second, it gives 1 + p maximal subalgebras of order
p°¢. In addition, it matches with a result by Berkovich [2] that if G is a group of order
p™ and exponent p, then the number of subgroups of order p™ for 2 < n < m — 2 is

congruent to 1 4+ p + 2p? modulo p®. We also get
Corollary 5.3.5. CEC(]FP)(S) is uniform for all ¢ = 2.

The subring zeta function Qf/[w(s) is even more mysterious than the ideal zeta
function. Not only do we not know the explicit formulas for ¢ = 5, we also do not

have explicit formulas for
Crrey ()
and

G (s).
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5.4 Algorithm in practice: 2. Lower Central Series

Let ¢ be the nilpotency class of L(F,), (v:(L)){_, be the lower central series of L(FF,),
and for i = 1,...,c set L(F,)9 := ~(L(F,))/vi:1(L(F,)). Let d; = dim(L(F,)®).
One of the basic tricks of making p-adic integrals “simpler” is to choose the basis
such that the first d; elements generate ~;(L(F,))/72(L(F,)), the next dy generate
Y2(L(F,))/vs(L(F,)), and so on. In fact we already used this in previous sections.

5.4.1 f.q, the Free nilpotent Lie algebra

Let §.q4(F,) be the free nilpotent Lie [F,-algebra of nilpotency class ¢ on d generators.

Theorem 5.4.1.

Giaey(8) =1+ 1 +pp *+p > +p ™,
oy (8) = G oy (s) + (L +p)p™™ +p~>,

G (8) = Gy () + 0+ )™ + (L +p+p)p ™ + (T +p+p°)p™ ™ +p~™.

Proof. First, note that fy5(F,) = H(F,). Now, the dimension of f33(FF,) is 5, with
dy=2,dy = 1,ds = 2.
Let

mi1 Mi2 | M13 | M14 Migp
Ma2 | Ma3 | M24 M5

M= 0 m3,3 m3,4 m375

0
0
0 0 0 Maa Mys
0 0 0 0 mss

The good thing with choosing basis in such way is that we can easily separate the
cases as we did before.

Suppose my 4 = M55 = 1. Then this corresponds to

mi1 Mi2 | M3 0 0
0 Moo | 23 00
M = 0 0 mss 0 0 s
0 0 0 |10
0 0 0 |0 1

which gives (7 ()
Since my 4 | M1, m33 and ms5lmaa, ma 3, the rest gives (1 4+ p)p~** + p~%.

Similarly, for f,2 we have
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E

1 M1z | M3 | M14 Mis5 | Mie M7 Mg

0 Moo | Ma23 | Mo Moy | Mae a7 MM23g
0 0 |ms33|m3a mas|Mmae M3z M3y
M= 0 0 0 | maa Mmus | Mae Maz Mag
0 0 0 0 mss5|mse ms7 Msg
0 0 0 0 0 Mmee Me7 Me8
0 0 0 0 0 0 mz7r mgg
0 0 0 0 0 0 0 mgg

and one can check with the aid of computer that M < f42(F,) if meg|mi 1, maa,

m7’7|m171, ma o,y 4, M55, m8’8|m272, mss. One can check that

(me,6, m77,msg) = (1,1,1) gives (5 ,,)(5),
(me., M7z, mgg) = (0,1,1) gives pt° + 1%,
(me.6, M7z, msg) = (1,0,1) gives pt°,

(me, M7z, msg) = (1,1,0) gives p*t® + p*t%
(me.6, m77,mgg) = (0,0,1) gives ¢,

(mes, m77,msg) = (0,1,0) gives pt’,

(mes, m77,mgg) = (1,0,0) gives p*t’,

(me.6, m7.7,msg) = (0,0,0) gives t°.

5.4.2 Lg, the elliptic curve ring

Let Lg be a class-2 Lie ring of dimension 9 given by the following presentation:
I T1, T2, T3, T4, T5,Te, Y1, Y2, Y3 | [x1,$5] = [552,134] = [I’g,.ﬂl}'(j] =Y,
E = )
[xl,%] = [I3,954] = Yo, [$1,$4] = [$27$5] =Us
We will show that like Lg,, the ideal zeta function of Lg(F,) also depends on the
behaviour mod p of the number of points on the elliptic curve E : Y2 = X3 — X, and
hence the ideal zeta function is not finitely uniform.
Theorem 5.4.2.
(L) (8) =Crs(s) + p* |[E(Fy)| p~> + |E(F,)| (p + p?) p~™

3 —Ts 3 —8s —9s
e (D)o (5) e
p p

where |E(F,)| = [{(z:y: 2) e PX(F,) @ y?z = 2° — 22®}|. In particular, (5 g (5) is

not finitely uniform.
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Proof. Let us first show where |E(F,)| in the coefficient of p~™ comes from. This is

essentially the F, version of [8, Theorem3.2].

Let
I mip mig 0 mus mig 0 0 myyg
0 0O 0 O 0O 00 O
0O 0 O 0O 00 O
I mgs mae 0 0 myg
M = 0 0O 00 O
0O 00 O
10 mro9
1 mgo

\ 0
Then for 1 < 4,5 < 9 and k € 2,3,5,6,9, our system of equations g3, (m,) = 0

becomes

mysmyg + mygmsgg = 0,
mis = 0,

myerg = 0,

1 —myomrg —mygmgg =0,
mi2 — M79 = 0,

—Mmy3Mrg9 — Mg9 = 0,

L+ mysmrg + myemgg = 0,
—Mmys +mrg =0,

myeMmrg + mgg = 0.

Note that my7 g # 0 since my 9 = 0 implies mgg = 0 and 1 + mysmy7 g + Mmaemsg =
1 = 0, which is impossible. After rearranging the equations and using m7g # 0, we

have

Mio = Myps = M79

mys =mye =10

mso
mig="Mue = ———
mro
2
8,9
L—m2y+—2 =0
mr9



Hence, whenever (my g, msg) is a non-zero point on the elliptic curve E(F,), there
are p* matrices determined by (my7g,mgg), where p* comes from the free choices of

0 <myg,msg <p—1. Thus

cap = (|E(F,)| —2)p”.

and we get |E(F,)| as required.

Now, note that this is a class-2 Lie algebra and the dimension of the derived part
ds = 3. So we only need to consider eight cases and we have already done the most
difficult one. One can explicitly calculate Theorem 5.4.2 by computing the rest seven

cases. O

5.5 Algorithm in practice: 3. Class-2 Cases

In Chapter 2 we showed that for class 2 cases, Voll’s elementary divisor method is
very effective for computing ideal zeta functions of Lie rings. Fortunately it also works

well with Lie F,-algebras.

Theorem 5.5.1. Let L be a class-2 Lie ring with L/L' = Ly and L' = Ly. Then we

have
(e, (8) =Cgar (s) + p*

> Ly Ao L s X (M) D L A X (Ag) s A

0<Ag2<La A1<X(A2)
where X(Ag)/Ny = Z(L/As) and dim(L) = d, dim(Ly) = d; and dim(Ly) = ds.

Proof. Let A be the lattice in L(IF,). Then like over Z,, it gives rise to a pair (A;, As)
of a lattice
AQ =An LQ(FP) < LZ(FP)

in the derived ring and a lattice

Ar = (A + La(F,))/Lo(F,) < L(E,)/La(E,).

The crucial difference between Z, and F, is that over F,, this surjective map is
|Lo(FF,) - Ao ™0 ¢6 1. Again, A< L(FF,) if and only if its associated pair (A1, As) is

admissible. More precisely, let

X(A2)/As = Z(L(F,)/As).
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Then (A1, Az) is admissible if and only if A; < X (As). Therefore, we have

Cirp(s) = D) La(Fy) Ao L(F,) - X (M)

A< La(Fy)
S ILa(F) Ao X (M) s Ay
A1<X(A2)
This is analogous to Lemma 6.1 in [15]. Note that since we are over [F,, each Ay is
already maximal. Hence we first assume that A, is of elementary divisor type
v=1(0,...,0,1,...,1)
S Y

) do—1
and say v(Ay) =i. Let

A7(s) = D, |La(Fy) : Ao " [L(F,) : X (A9~
V(Ag)=i

ST L) Ao X (Ag) Ay |7

Aq <X(A2)

Then one can see that

rk(X (A2))
< —is s rk(X (A il =il
AP(s)y= Y pEILE,) X (A D] ( ( (2)>) PR (1)) =3)
p

v(Ag)=i =0 J
and
do—1
< _ —ds <
CL(IFP) - C]Fgl +p + 21 AZ .

]

Since rk(X (A2)) = di — |L(FF,) : X(A2)|, all we need to understand is the map
Ay — |L(F,) : X(A9)].
Fortunately we already have some explicit examples that we already understand this

map. The next section will show how one can compute CF(FP)(S) using this approach.

5.6 Other explicit examples

5.6.1 The Grenham Rings G,

Let G, = {w,21,. .., Tpn_1,Y1,-- > Yn1 | [w, ;] = y;), denote the Grenham Lie ring

on n-generators. We have
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Theorem 5.6.1.

C;"(FP)(S) :CF;} (S) + p_(Qn—l s
2

n—

)
n—(i+1) .
n—1\ ., n—(i+1) e (e (i 1)—
(2i+1)s ik—(n—(i+1)—k)s
=1 p p

k=0

Proof. Recall
do—1

Cr,) = G +p *+ Z A7
i=1
For G,, we have d; = n,dy =n —1 and d = 2n — 1. So we have

n—2

C;ﬂ(&) — CJF;;(S) +p*(2n71)s i Z A

=1

Now, one needs to compute

A7(s) = Y P UIEE,) X (M) Y ;

v(Ag)=i =0

rk(X (A2))
2 (rk(X(Az))> pijf(rk(X(Az))*j)S'
p

In [36, Chapter 5], Voll already showed that for G,,, we have |G, (FF,) : X (Ag)| =i+ 1
and k(X (Az)) = n— (i +1) when v(Ag) = 4, as they only depends on the elementary

divisor type of its maximal element. Hence we get the required results. O]
Ezxample 5.6.2.

oy (8) =Cez(s) +p > + (L +p)p>*(p +p )
=1+ (1+p+p )+ Q+p+p)p >+ L +p+p)p *

+(+pp™*

+ p7os.

Note that ([15])

Coup(8) = Cz3(5)G(3s — 3)(p(35 — 4) G (55 — 6) (65 — 6) "
=1+ 0 +p+p)p 4+ (1 +p+2p* +p° +p)p %
+ (1L +p+2p° +3p° +3p* +p° + p%)p~?
+(1+p+2p*+3p° +5p* +4p° + 3p° + p" + p¥)p*
—5s

+ (14 p 4 2p* + 3p® + 5p* +6p° + Tp° +4p” +3p® + p” + p'O)p
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and
G20 2, (5) = Ca(5)Go(35 — DG(55)(1+ %)
L (L4 p+ P2+ (L p+ 202 + PP+l
+ (24204 20" +20° + 2 +p° + pP)p
+ (24 3p+4p? + 3p° + 3pt + 205 + 25 + pT + pP)p
+ (34 3p +5p° + 5p° + 5p" +4p° + 3p° + 2p7 + 2p° + p” + p'O)p >
4o

5.6.2 Class-2 free Lie rings on d-generators

Let f2.4 be the class-2 Free Lie ring on d generators. For k € N, let
E—1 k
I, =<1 : ) < .

7mT:N— N

Then, let

where 7(i) = k for i € Ij. Since I} partitions N this is well-defined.
Theorem 5.6.3.

G o) (8) =Cra (s) + p~ @+

d—1 d—m (i) .
d’) . . (d—'/m) i
(i+m(i))s ik—(d—m(i)—k)s
+ . p p
; ( g p Z k: p

k=0

FExample 5.6.4.

Gy (8) =Ces(s) +p ¥+ (L +p+p")p *+p ")+ (L +p+p)p >

=1+ (1+p+p)p =+ (A +p+p)p >+ (L +p+p*+p*)p ™

+L+p+p)p ™+ L +p+p)p ™ +p"
5.6.3 Central product of m copies of Heisenberg H,,
Theorem 5.6.5. Cflm(JFp)(S) = C]Fgm (s) 4 p=@mtD)s,

Note that
(w2, (8) = Czzm ()G ((2m + 1)s — 2m).
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5.6.4 Other examples

Theorem 5.6.6. Let

g53 = <901, T2, T3, T4, Ts | [$1,$2] = T4, [$17$4] = [$2>$3] = 5135>-

Then
CZ;,S(]FP)(S) = C]Fg (8) —|—p(1735) +p*4s +p,5s.

Theorem 5.6.7. Let
Fily = {1, ®a, T3, x4, x5 | [T1, 2] = 23, [11, 23] = 24, [21, 4] = [22, 23] = x5).
Then Cryye,)(8) = Gruw,y(8) =1+ (L4 p)p™ + p™> +p™> + p~4 + p=>.
Theorem 5.6.8. Let
J6,4 = <1’1> T, T3, T4, Y1, Y2 | [551,372] =1, [1’1,333] = [1’27554] = Z/2>-

Then

C;;A(]F,,)(S) =1+0+p+p°+p°)p "+ (L +p+2p*+p* +p)p™™*
+Q+p+20°+ ) ¥+ L+p+p°)p ™
+(1+pp P +p
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Chapter 6

The -th partial zeta functions of
groups and rings

Let L be a Lie ring, additively isomorphic to Z", and L, = L ® Z, = Z;. Let
(é1,...,€,) be the basis of L, and let M be an upper-triangular n x n matrix M =
(m; ;) with entries in Z,. Recall Section 1.2 that one can construct a p-adic integral

with a suitable cone data

V= {M € Tr,(Z,) | v(fr(x)) < v(gi;x(X))}

and
Vf ={M € Tr,(Z,) | v(fe(x)) < U(gfj,k(x))}
such that
G5 = (=) [ sl ol
%3
Now, define

V)= {M e Vi [ v(myy) < i forall je [n]}.

With this definition we can write V;)* = V*

p?w’

and think of V¥, as layers of V*
where V¥, < V¥, < .... By counting these specific M’s for different ¢, integrating
over V¥, instead of V¥, one might hope to observe the ‘Hensel-like’ behaviour of the
p-adic integration. In fact we observed some interesting behaviours that motivated

us to define the i-th partial zeta functions Cf_; p(s):

Czp,i,B(S) = (1 - pil)in J;/* |7n1,1|871 T |mn,n|87ndlu’

p,i

=@=p )| e maalh e maa T
VP

v(mj’j)<i
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In principle, these partial zeta functions can be regarded as the approximations of
layers of the original zeta functions. Unfortunately, unlike the original zeta function
¢, (s), our current definition of the i-th partial zeta functions is “basis-dependent”,
in the sense that different bases would give different values. We will later demonstrate

explicit examples with different bases giving different calculations.

6.1 Algorithms with simple explicit examples

The main difference between (f (s) and ¢} ; 5(s) is that one is an infinite generating
series, while the other one is just a finite polynomial. This means that just as in
Chapter 5, we can compute (f ; 5(s) algorithmically in the following way:

(1) For a given L with dimension n, fix a basis B and write down the cone
conditions V¥

(2) Since there are only finite possible cases, we run through all of them.

Throughout this chapter, let ¢ = p~®. We will omit B when our choice of basis is

clear.

Theorem 6.1.1.

CE?,’L'(S) = (1 4+t + ti*l) - (1 4 pnflt 4o+ p(nfl)(ifl)tifl)
1—1

_ H Pk,

j=1k=0

Proof. First, recall that

ng (8) = G(s) - Gls — (n— 1)),

where

Let

One can check that
(z,i(8) = Gpi(s)

and

CZ;},i(S) = Cp,i(s) i 'Cp,i(s —(n—1)).
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Theorem 6.1.2. Let

H = (r1, 19,73 1 [71,22] = 73)
be a Heisenberg Lie ring. Then

(i, a(s) = 14 (1 +p)t + pt* + p°t°

= (z2.2(5) + p*t,

and
(i, 2(8) =1+ (L+p)t + (p+p* + p)t* + p°t°
= Cz22(s) + (0* + ") + P’
Proof. Let
mi1 Mi2 M3
M = Moo Ma3 | € Trg(Zp).
m33

It is a well-known fact that M < L, if and only if ms 3/mq 1, m1 2, ma 2. Since we have

an extra condition that v(m;;) < 2 for all j € [3], we get:

1 00 pOO 1m120 meQO
1. 1 0], 1 0], p 0], and p 0], giving (z2.2(s),
1 1 1 1
p 0 mi3
2. p mags |, giving p*t3 .
p

Similarly, M < L, if and only if mg3|m;1mas, and our extra condition implies

that we have :

1 00 pOO 1771120 meQO
1. 10|, 10|, p 0], and p 0, giving (zz2(s),
1 1 1 1
P 0 mi3
2. 1 mags |, giving p*t?,
p
1 mi2 M13
3. p  mag |, giving pit?,
p
p M1z M3 ‘
4. p  mas |, giving pPt3.

p
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]

The same analogous techniques that we demonstrated in Chapter 5 all work effec-
tively here as well. The Heisenberg example shows both diagonal condition techniques
reducing the cases and the lower central series technique separating CZZQ)VQ(S) and the

rest.

In fact (j o(s) is very similar to (j )(s), since there are two choices for each

entry on the diagonal.
Theorem 6.1.3.
(i, 3(s) = Cazs(s) + p*t° + (1 + p)p’t* + p*t° + p't°

Proof. Since i = 3, each diagonal entry can be one of 1, p or p?. First, note that

mg3 = 1 gives gzgﬂg(S). Now ms 3 = p gives p | my 1, My 2, Moo, SO wWe get

p 0 mg3
1. p mag |, giving p*t?,
p
P 0 my3
2. p mag |, giving p*t?,
p
p pmi, Mg
3. p mag |, giving p’t?,
p
p* opmiy Mg
4. p2 mas |, glvmg p3t57
p
where 0 < mj 3 <p.
p° 0 m3
Finally we get p? mags |, giving ptS. O
2
p

6.2 L, of nilpotency class ¢ and the c-th partial
zeta functions

6.2.1 Rationality and variation with the prime

In [15] Grunewald, Segal and Smith proved the following rationality results for (I, (s).
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Theorem 6.2.1 ([15], Theorem 3.5). For p primes, the local zeta function Cf (s) is

a rational function in p~°.

This implies that the sequence (ay;(L)) of the numbers of subrings/ideals of L
of index p’ satisfies a strong regularity property, that the numbers of finite index
subalgebras/ideals of L, are already determined by the numbers of subalgebras in
some finite quotient of L,,.

In [6] du Sautoy then proved the following result:

Theorem 6.2.2 ([6], Corollary 3.3). For each n € N there ezists a finite index set J,
and finitely many pairs (aj,b;) € N3 for j € J,, such that, if L is a Lie ring additively
isomorphic to Z" then for all prime p and = € {<, <, A},

. vz, (@)
CLP(S) = (I)zp(t)a

where ¥} (X), @7 (X) € Q[X] and ®f (t) can be taken to divide [ ], (1 —p®t®).
In particular, this implies that for each L =~ Z", prime p and = € {<, <, A}, there
exist k € N, (aj,b;) € N§ where j € [k], and a polynomial ¥} (X) € Q[X] such that
) vy, ()
CLP(S) = - TR
ngk(l — pith)

where (1 — p%t%)’s in the denominator does not get cancelled by the numerator

U7 (X) e Q[X], i.e. is in its lowest terms. For example, we have

Ch,(s) = Cz2(5)Gp(2 — 35)
1
(1=1)(1 —pt)(1 —p*t3)’
1
(1-t)(1-pt)(1-p?t3)
and we have 1 —t,1 — pt and 1 — p?t3 in the denominator. If we compare this with

where H is the Heisenberg Lie ring. In this case is in its lowest terms,

Theorem 6.1.2 we observe the following:
Ci, (s) = Cz2(5)Gp(2 — 3s)
1
(1 =) —pt)(1 = p2t3)’
Ch,a(s) =1+ 1+ pt +pt* + p*t’.

Note that we have ¢, pt and p*t® in both formulas. Since

Cp(aj — bjS) = =1 —i—pajtbj + (pajtbj)Q + -,

(1 —put®)
one can say, for example, that p?t3 in (i1,2(8) captures the factor (1 — p?t?) of the

denominator of (j; (s). We make the following definition:
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Definition 6.2.3. We say (_; p(s) captures all the factors of (f (s) if

U7 (1)
[ [j<p (1 —poaths)

is in its lowest terms, then the coefficients of p®t% for j € [k] in (7, .5(s) are non-zero.

CLpls) =

Note that (z,:(s) captures all the factors (z,(s) for i > 2. We just showed that

(i1, 2(8) captures all the factors of (i (s). Also we have
lefp (S) = QZI% (S)Cp(23 - Q)CP(QS - 3)Cp(33 - 2)_17
1— p2t3
(1 =) =pt)(1 —p*?)(1 - p*t?)

and

CE,,,Q(S) = CZ%,Q(S) + (p2 + p3)t2 + p33,
= 1+t +pt+pt® + p’t* + p°t* + p°t°.

Note that all of ¢, pt, p*t? and p3t? from the denominator of Cf[p(s) in its lowest terms
are also in (j; ,(s). Hence (5 ,(s) captures all the factors of (5 (s).

The reason why we are interested in these factors is that these “survivors” are
the potential candidates for the poles, and also can be seen as the building blocks of
the zeta functions, controlling this strong regularity property. We now observe some
interesting phenomenons between (; (s) in its lowest terms and (j . p(s), where c is

the nilpotency class of L.

6.2.2 Maximal Class M3, M, and Fil,

Theorem 6.2.4. For c > 2, let
M, ={xo,x1,..., 2. : Vi€ [c—1],[xo, z;] = Tis1)
be a maximal class-c Lie ring M.. Then

Cp2(8) = Caza(s) + p?t° + p?t?
Cf@,pg(s) = ng,z(s) + p2t3 + p2t4 + p2t5

Proof. Note that My = H.
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For Mj, recall Theorem 5.3.4. We have

mi1 Mi2 Mi13 0

B 0 moo moz 0
M = 0 0 ms;3 0
0 0 0 1

giving (37, ,a(5) = Cz2.2(8) + p*t°.

For
mia1 Mi2 Mi13 Mig
M= 0 ma2 Moz Moy
0 0 m373 m374
0 0 0 p

one requires p | mi1,M12, M2 2, M1 3,M2 3,133,134, and

gives p?t*. Hence

Cf/ls,pﬂ(s) = Cfb,p,Q(S) + p2t4

= Cz20(s) + p*t° + p*t".

We do the similar calculation for M, to get
Citap2(8) = Gty pa(s) + p°t°

= Grpa(s) +p°0 + Pt + p*t°

Comparing

C;Ig,p(s) = CZI% (5)Cp(3s — 2)¢p(4s — 2)(p(5s — 3)(p(5s — 2)71
1—p*®
(1 =1)(1—pt)(1 —p*t3)(1 — p*t*)(1 — p3¢t?)

in its reduced form with

Catspa(8) = Caza(s) + p°t° + p*t,

one can see that (3, ,(s) does not capture all the factors of (3. (s). However,

observe the following result:
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Theorem 6.2.5.
Catepa(8) = Caza(s) + p°t° + 2p*t" + p*t" + 3p°t° + 2pM° + p't™ + p't®.
In particular, (5, ,3(s) captures all the factors of (5, ,(s)-

Proof. Let

mi1 Mi2 M13 Mi4
0 Mo2 M3 1M24
0 0 m373 m3,4 ’
0 0 0 my 4

M =
denotes the matrix representations of additive subgroups of M;. We know ([33]) this
gives an ideal if

m3,3|m171, mi2, M2 2,
m4,4|m1,1, mss,

m3,3m4,4|m1,1m3,4, mMy,3M3 3 — 11 213 4, T2 31133 — T2 27113 4.

We have already shown that for ¢ = 2,

mi1 Mi2 M3 0
N 0 Mmoo Ma3 0
M = 0 0 mss 0 ’
0 0 0 1
gives (j7 o(s) = (z2.2(s) + p*t’, and
P 00 mi 4
B 0 p 0 moy
M = 00 p O ’
000 p

gives p2tt.

For i = 3, we now have more possibilities. Again,

mip miz myg 0
0 Ma2 Ma3 0
0 0 ms;3 0
0 0 0 1

M:

gives
(i1, 3(8) = Czza(s) + Pt 4+ (1 + p)p*tt + p*t° + ptS.
Then, for m44 = p, the cone conditions gives
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P 0 0 mia
O p O m274 .. 2,4
° 00p 0 , glving p“t
000 p
p2 0 0 mi4
0 p mga may . 3.5
. 00 p mas | giving p°t
0 0 O P
p pm/1,2 0 mig
O p2 O m2,4 .. 3,5
° 0 0 b0 , glving p°t
0 0 0 p
2 / l
D= pmiy g My pM34 114
O p2 O m274 P 4,6
° 0 0 » msq | giving p*t
0 0 0 P
p* 0 pmis myg
0 p* pmby may o 447
° 0 0 7 0 , glving p*t’,
0 0 0 D

Finally, my4 = p? gives

p2 0 0 mi 4

0 p2 0 ma.4

0 0 p* 0 ’
0 0 0 p?

giving p*t8.
Thus we have
ity (8) = Capa(s) + Pt + 2% + p*t® 4+ p't™ + p't®
= (o) + P2 + 292+ Pt 4 3pM0 4 2pM0 4 pHT 4 p*e,
as required. .

So for Ms, the 2nd partial zeta function was not enough. One needs to at least

get to ¢ = 3 to capture the whole recurrence factors.

Theorem 6.2.6.

C1\74,p(3) :CZZ% (8)¢p(35 = 2)Gp(55 — 2)(p(Ts — 4)(p(8s — 5)(p(9s — 6)
< (115 — )G (125 — )G, (65 — 3) W5, (0, 1)
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and

Crp2(8) = Capa(s) + 6 + p°t* + p°t°,

Citaps(8) = Cazs(s) + P2 + 207" + Pt + p° + 3p°° + 2p°1° + 2p"1® + 2p*t7

4,8
f

+p + p5t8 + p4t9 + p4t10,

Catapa(8) = Czpal(s) + P87 + 2%t + p*t" + 2p%° + 3p°t° + p't® + 4p*t® + 4p™t® + Tp't’

+ 2p5t7 + 2p4t8 + 6p5t8 + p4t9 + 3p5t9 + 4p6t9 + p4t10 + p5t10 + 3p6t10 + p7t10
4P 3pSHl 4 pTHll P12 g B2 o T2 pB13 T | 6414 4 0415

Proof. Let
mi1 Mi2 Mi13 Mig Migs
0 Moo Ma3 May4 Mas
M = 0 0  mg3 m3q mas |,
0 0 0 m4,4 m475
0 0 0 0 mss

denotes the matrix representations of additive subgroups of My. This time we have

to solve

m3 3|11, M1,2,M22, M4 4|T1,1,1M33, M5 5(111,1, 1704 4
m3,3m4,4|m1,1m3,47 My,31M33 — M1 21013 4, M2 3113 3 — 12 21113 4,
m4,47715,5|7711,177”L4,5, M3 31Ny 5 — 113 4104 4

m3,3m4,4m5,5|m1,1(m3,4m4,5 - m3,5m4,4)

m3,3m474m5,5|m1,2m374m4,5 — M1 23 5Myg 4 — 11 373314 5 + 1M1 417103 314 4

m3,3m4,4m5,5|m2,2m3,4m4,5 — M2 23 5M4 4 — M2 3M3 3M45 + M2 41103 314 4

First, for each i, we get (37, ,.(s) for mss = 1. Now for ms5 # 1, we need to
compute 1 matrix for (5}, ,,(s), 7 matrices for 37, , 5(s), and 27 matrices to compute

for (37, ,.4(s). Thus we get

C]T]/I4,p,2(8) = gMg,p,Q(S) + p2t5
= Cz22(s) + P*t° + p*t" + PP,

Citapa(s) = Czz3(s) + P22 + 2p%th + PPt + p?t° + 3p3t° + 2035 + 2pMtC + 2pt7
4t8 +p5t8 +p4t9 +p47f10.

+p
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and

Catapa(8) = Cazals) + p°0° + 20" + p°t" + 2p°0° + 3p™t° + p't® + 4p’t® + 4p™t® + 7p't”

+ 2p5t7 + 2p4t8 + 6p5t8 4t9 + 3p5t9 6t9 4t10 5t10 6t10 7t10

5t12

+4p +p +p + 3p +p

+ p5t11 + 3p6t11 + p7t11 +p + p6t12 + p7t12 + p6t13 + p7t13 + p6t14 + p6t15.

]

Theorem 6.2.7. Let the Lie ring Fily have presentation
Fily = (2,11, 12,13, 14 : [2,21]T0, [2, 22] = 3, [2, 23] = 24, [11, 22] = 24).

Then

C?@h,p(s) :CZE, (S)CP(?’S - Q)Cp(53 - Q)Cp(73 - 4)(17(85 - 5)Cp(95 —6)
X (p(10s — 6)(p(125 — T) Wiy, (p, t)

and

C?il4,p,2(8) = €f44,p,2(5)

C;il4,p,3(s) = C]T}4,p,3(3)

Cripa(8) = Caza(s) + P60 + 20" + p*t! 4+ 2p°° + 3p™t° + p't® + 4p®t® + 4p™t® + Tp't”
+2p°t" — p*t® + 4p*t® + 5p°t° + 5p°t” + 3p°t? + p*t'0 + pPt'0 + 3%t 4 pTt!°
+ p5t11 + 3p6t11 + p7t11 + p5t12 + p6t12 T ]ﬁ + p6t13 + p7t13 + p6t14 4 p6t15
7 Cﬂ4,p,4(5)‘

Proof. Let

my1 Mi2 M13 Mi4 Mip

0 Moo Ma3 Mayg Mas

M = 0 0 mgz mss mas

0 0 0 m4,4 my s

0 0 0 0 mss
denote the matrix representations of additive subgroups of Fily;. One can observe
that the list of conditions we need to solve this time is almost identical to the list

of conditions we had to solve for M,. Indeed the only differences are the ones we
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underlined:

m3,3|m1,1,m1,27m2,2, g 4|11, M3 3, M55(1M01,1, 1044
m3,3m4,4|m1,1m3,4, M1,3MM3 3 — 11 213 4, T2 3133 — T2 27113 4,
m4,4m5,5|m1,2m4,4 — M1,1My 5, M33M45 — 11347704 4

m3,3m4,4m5,5|m1,3m3,3m4,4 — M1 (m3,4m475 - m375m474)

m3,3m4,4m5,5|m1,2m3,4m4,5 — M1 ,2M35M4 4 — M1 313 3M45 + 1M1 413 3104 4

m3,3m4,4m575|m2,2m3,4m4,5 — M2 2M3 5My4 4 — M2 33 3My45 + M2 4T3 374 4.

Interestingly, they almost give the same i-th partial zeta functions until we reach

1 = 4 and analyse

p3 M1z Mi13 Mi4a Mis
0 P2 Ma3 Ma4 Mas
M = 0 0 p  Mm3q4 M3s
0 0 0 P Mmyps
0 0 0 0 D

p3 Pmﬁg m'172m374 mll,gm3,5 mis
0 p2 0 —m§74 ma5
0 0 p ms 4 mss
0 0 0 P ms.a
0 0 0 0 D
However, for (g}, ,4(s), one gets p*t® from
p3 0 0 0 mis
0 p> 0 —m%A Mo 5
0 0 p mga mgs
0O 0 O P ms 4
0 0 0 0 P
and (p — 1)p3t® from
P’ pmis 0 miymsgs mys
0 p2 0 0 TTL2’5
0 0 »p 0 mss
0o 0 0 p 0
0 0 0 0 P
where 0 < m’1’2 <p. O
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Again we discovered that we need to have at least ¢ = 4 to capture all the factors
of (57, ,(s) and (g, (s). Furthermore, we need to have at least i = 4 to tell the
difference between (3}, . ;(s) and (g, ,,;(s). Does this imply that in order to get some
useful information on (7, (s), we need to have at least i = ¢ where c is the nilpotency

class of L? We do not have a proof yet, but our calculations so far support this claim.

6.2.3 Other explicit examples

We now provide explicit examples that we calculated. Most of these calculations were
done by hand using the algorithm we demonstrated earlier, although some of them
required the aid of computer packages. They are not as difficult as the usual p-adic

method (e.g [44]), but very long and tedious.
Theorem 6.2.8. Let fo 3 be the class-2 free Lie ring on 3 generators.
ij’g,p(s) = <Zg (S)CP(SS - S)CP(E)S - 8)<p(65 - 9)14/]“;3 (p7 t)7
Caap2(8) = Caza(s) + (1 +p +p)p’t? + 3p°t" + (1 +p + p*)p°t* + p°t°.
In particular, they are uniform and ij&pg(s) captures all the factors of ijs,p(s).

Theorem 6.2.9. Let 32 be the class-3 free Lie ring on 2 generators.

Chrap(8) =Czz(5)Gp(3s — 2)Gp(4s — 3)Gp(5s — 4)*¢,(Ts — 6)WT, (p. 1),
<§’27p72($) :CZZ%,Q(S) +p2t3 2t4 +p3t4 +p4t5,

G opa(8) =Caas(s) + P87 + 2p°t" + 2p°t" + 4p™t° + 2p*t° — p*1® + 5p™t° + p°t°

+p

+ 2077 4 pBt7 + ptE 4 2p%t% + St + pTt? 4+ P10
In particular, they are uniform and ng?g(s) captures all the factors of Cg’z,p(s).

Theorem 6.2.10. Let f4 o be the class-4 free Lie ring on 2 generators.

G o(8) =Ca2a(s) + p*t* + p*tt + pPtt + pPt° + 2pM° + pttO + 2p°t°
f4,21p7 D
+ M7+ pPtT 4 ST 4 pOtd.

In particular, it is uniform.

Remark 6.2.11. Note that we do not know (7, (s) to compare.

134



Theorem 6.2.12. Let
G3 = {w, x1, 2, Y1, Y2 [w, 3] = 4, 1€ 1,2)

be the Grenham Lie ring on 3 generators.

(Gap(s) = CZ%(S)Cp(?)s — 4)¢, (55 — 6)(1 + p°t?),
(oo p2(8) = Cazals) + P8 + p't® + 2p°t" + p°0°.

In particular, they are uniform and (3, ,,(s) captures all the factors of (g, ,(s).

Theorem 6.2.13. Let

T3 = <x1,x2,x3,y1,y2 : [%;%H] =i, L€ 172>

be the maximal class-two quotient of the Lie ring of unitriangular 3 x 3 matrices.

(n p(8) = Cau(s),
(hpa(8) = Cagals) + p*t° + p't® + p't* + p°t* + p°t°
# (g 0(5).

In particular, they are uniform and (7, ,5(s) captures all the factors of (7, ,(s).

Remark 6.2.14. This result is very interesting in two ways. First, note that as a
Lie ring T3 = G3. This shows that the i-th partial zeta functions are indeed basis-
dependent. Second, at the same time both (g ,(s) and (7, »(s) captures all the linear

factors.

Theorem 6.2.15. Let Ly ([44]) be a class-3 Lie ring given by the presentation

<w,x1,x2,y1,y272 : [w7$1] = Y1, [wva] = Y2, [w,yl] = Z>

CTyap(8) = Cz3(8)Cp(3s — 4)Gp(4s — 4)(p(55 — 5)(p(5s — 6)(, (65 — 6)
< 05— IDWE, (p, 1)
Chyapa(8) = Caza(s) + 078 + p't + p't! + 2p°t" + 2p°1° + p°t°.
In particular, they are uniform but (7, 271072(8) does not capture all the factors of

(T, p(8). Since the nilpotency class of Lz is 3, it supports our claim that one should

look at Cfp,i,B( s) where i = ¢ to see all the recurrence factors.
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6.3 p-adic integration and the resolution of singu-
larities

Here we look at another interesting example.
Theorem 6.3.1.

Cb@ze(s) =1+ 1 +pt+ @ +3p— 1)+ (p*+p— 1
Proof. Before we calculate

Grazy2(s) =1+ (1 + p)t + (P* +3p—1)t* + (p* + p— 1)t°,

let us re-visit Taylor’s calculation of (g,(z,)(s) in [33] using p-adic integrals and the

resolution of singularities. Let

=
Il
o o
o8 o

and
F = 16a*c*2%y2%(ax® + 4bxy — 4cy?).

Taylor performed a resolution of singularities at

az? + 4bxy — dey’.
If we carry out a blow-up at x = y = 0, then we get four conditions, namely
1. v(z) <wv(y) and v(y') < v(a),
2. v(z) <v(y) and v(y') > v(a),
3. v(z) > v(y) and v(z') < v(c),
4. v(x) > v(y) and v(z") > v(c).

Note that each case corresponds to an explicit system of irreducible varieties E;’s,
ie.

o a2y 25(a’ + 4b — 4ey’) for Case (1),

o a'cxdy"20(1 + 4by” — 4acy™) for Case (2),

o a’c?1"%y°25(ax’ + 4b — 4c') for Case(3),
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o a?c%2"0y?25(a" + 4bx" — 4) for Case (4).

We know that in the end, we get three non-trivial cone-integrals corresponding to
Case (1), (2) and (3), which give

Cslz(Zp)(S) = (p(8)Gp(s = 1)Gp(28 — 1)(p(25 — 2)(p(3s — 1)71'

Now, let

mi1 Mi2 M3
M = 0 Ma22 Ma3 | € Trg(Zp)
ms3
be an additive sublattice of sly(Z,). From the above we know that M is a subalgebra
of 512(Zp) if ma.2 | 4m1,2m2,3, ma o | 4m1,2m3,37 Mo 213 3 | ml,lm%Q + 4m1,3m2,2m2,3 -

4my om3 5 Hence we have

Cota(z,)2(5) = (1=p~) 7 J [ 2 [ o o7 mg ] dpa.

ma,2]4m1 2ma 3
ma,2]4m1 2m3, 3
m2,2m3,3|m1,1m§,2+4m1,3m2,2m2,3—4m1,2m§,3
v(my,1)w(ma,2)w(m3, 3)<2

We again do the case distinctions:

10 mis
. 1 mgs | where maoz # 0 and 1 + 4my3mes = 0 (Case (1)),
p
p 0 O
. 1 mos | where mos # 0 (Case (1)),
p
1 00 P 0 0 p 0 mis3 1 mig M3
° 1 0}, 1 0}, 1 0 | D 0 | (Case (2)),
1 1 P P
P Miz Mis 1 00 p 00
. D 0 |, p 0], p 0] (Case(2)),
P 1 1
1 0 0 p 0 O
[ ] P Mmas |, Mas3 #* O, D MMas |, Mas3 #* 0 (C&S€(3))
p p
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This gives
Colaz)2(5) = L+ (14 p)t + (p? +3p— D2 + (p* +p— 1)t
Il

It is now well-known that we can compute (y,(z,)(s) in a simpler way. Taylor
showed in [33] that we can do a different blow-up y = z = 0, which makes the whole
calculation much easier. Klopsch and Voll then showed in [20] that we do not even
have to do any resolution of singularities for (g, (z,)(s). However, we chose the most
complicated method to demonstrate that even in this choice of blow-ups there exist
non-trivial sublattices M € V.5, for all non-trivial different blow-ups. We observed
that analysing Cases (1), (2) and (3) were necessary to compute (y,(z,)(s) and all
these cases “survived” for (y,(z,)2(s). This suggests that our approximation is, even
at ¢ = 2, not as simple as one might expect and might contains enough information
of the original zeta function. Since the wild behaviour of ¢ (s) comes from blow-ups
and resolution of singularities, this suggests that studying (; ;(s) for some finite i

might be a good method to predict the behaviour (e.g. uniformity) of ¢ (s).
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Chapter 7

Questions and conjectures

In this chapter we propose various open conjectures based on our observations. We

believe they would be interesting leads for further research.

7.1 The behaviour of (; and its approximations

7.1.1 Uniformity of various approximations

The various approximations we introduced in this thesis were designed to overcome
the difficulties of computing classical zeta functions of groups and rings. The following

questions arise naturally from our work.

Question 7.1.1. Would the uniformity of these approximations imply the uniformity
of the original (}?

For example, (" (s), Cht (e, (8), and G (s) all turned our to be uniform for all

c. Does this imply that (3; (s) is also uniform for all ¢?

At the moment we do not have a single example L or G where

(1) the original zeta functions are (finitely) uniform but some of their approxima-
tions are not uniform,

(2) the original zeta functions are not uniform but some of their approximations
are (finitely) uniform.

It would be very interesting if one could find such examples (provided that they

exist).
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7.1.2 The i-th partial zeta functions
Recall that we have
Coip(8) = Cify (5):

C]TIQ(IFP)(S) = C;]il(u?p)(s)»

Cityp (5) = Gy (5),

but
C]E4,p,4(8) ?é Cl*f]ﬂ4,p,4(s)‘

This suggests that the c-th partial zeta function Czpc(s), where c is the nilpotency
class of L, might be the best approximation of all, since it spotted the subtle difference

between M, and Fil, that other approximations could not.
Conjecture 7.1.2. (7 . p(s) captures all the factors of (f (s).
If this is true it has a very powerful consequence.

Conjecture 7.1.3. Let L is a Lie ring additively isomorphic to Z" and

Ciy(5) =
P [ 1< (1 — poath)
is in its lowest terms. Then max{b,..., by} < n(c—1).

Proof. Note the highest t-power we can achieve in ¢} . 5(s) is indeed n(c —1), corre-
sponding to the n x n upper triangular matrices with every diagonal entry m;; = p“~!.
Assume Conjecture 7.1.2 is true. This means that we should be able to find all p%it%’s
from the denominators of (7 ,(s) in its lowest terms in (7 . p(s). Therefore the max-

imal value of b;’s cannot exceed n(c —1). O

Since these poles are the building blocks of our zeta functions, understanding them
would be very important.
The main drawback of the current definition of the ¢-th partial zeta functions is

that this is basis-dependent. So one can also ask the following questions:

Question 7.1.4. Is there an example of a Lie ring L such that for two different bases
By and By for L, (7 ; 5, (s) is (finitely) uniform but (7 ; 5,(s) is not (finitely) uniform

for some i € N7 Or is the uniformity basis-independent?
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Question 7.1.5. Is there an example of a Lie ring L such that for two different bases
By and B; for L, ¢} ; p (s) captures all the factors of (7 (s) but ¢} ; p,(s) does not
for some i € N7 Or is this property basis-independent?

Remark 7.1.6. In an attempt to make these partial zeta functions basis-independent,

I am actually considering the following alternative “j-th partial zeta functions”

Czp,j(s) = Z Ly, : H|*.
H=xL,
p! Lpy<H

(Clearly they are basis-independent, and much more natural than the current definition

of the i-th partial zeta functions. For class-2 cases, one can exploit Voll’s elementary

divisor method. Unfortunately, this idea came too late for this thesis.

7.1.3 Higman’s PORC conjecture

We observed that although non-uniform ideal zeta functions might generate a family
of p-groups whose number of immediate descendants are Non-PORC, the total sum
can still be PORC. One might even say that looking for one single irregular local
objects might not be the right method to tackle Higman’s PORC conjecture. However,
proving that the normal subgroup zeta functions of F, 4 for any c,d € N are finitely

uniform and PORC still seems out of reach as well.

7.2 Graded ideal zeta functions of f.4

Let ¢ € N and d € N3,. Recall f.q denotes the free nilpotent Lie ring of class ¢ on
d generators. We record a number of general conjectures regarding the graded ideal
zeta functions C: i( 0)(s) as well as their topological and reduced counterparts. We
write W for the Witt function Wy (cf. (3.1.2)) and set r = rky(foq) = Do W(4).
With the exception of Conjecture 7.2.7 for ¢ = 2 and d > 5, all conjectures in this

section are supported, in the relevant special cases, by the results in this paper.

Conjecture 7.2.1 (Uniformity). There exists Wjj (X,Y) e Q(X,Y) such that, for

almost all primes p and all finite extensions o of Z,,

Cjir(o)(s) = W:igr (Q7 qis)'

Conjecture 7.2.2 (Local functional equations). For almost all primes p and all finite
extensions o of Zy,

<lgr r oS¢ (WEOY_SC (eq1-4 i)s ~<gr
Cfcyi(o)(3)|q_,q71 = (-1) qu,l( s) =T (1= W (3) Cfc,i(o)(s)'
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Remark 7.2.3. Local functional equations are a universal feature for quite general
subring zeta functions ([40, Theorem A]) and for ideal zeta functions of nilpotent Lie
rings of nilpotency class 2 ([40, Theorem CJ]). In fact, we expect the proof of the latter
result should carry over to the graded setting, making the functional equations (3.4.7)
an instance of a general phenomenon in class 2; cf. Example 3.1.6. If Conjecture 7.2.1
holds, then Conjecture 7.2.2 states that

W (i)

W2 (XL YY) = (—1)r X Zia () y T W gy (),

G,

In general, the operation ¢ — ¢! is defined rather more delicately in terms of inver-
sion of Frobenius eigenvalues.

In nilpotency class greater than 2 local functional equations are not to be expected
in general for ideal zeta functions of nilpotent Lie rings: see [11, Section 1.2.3] for
counterexamples in the ungraded setting and [28, Section 10, Table 2| in the graded
setting.

A sufficient criterion for local functional equations in an enumerative setup gen-
eralizing ideal zeta functions of nilpotent Lie rings is given in [41, Theorem 1.2]. It
applies to the ideal zeta functions of the free nilpotent Lie rings f.4; see [41, The-
orem 4.4]. Note that, in the notation of [41, Theorem 4.4], Ny = 7 and 3"} N; =

S e+ 1 —0)W().
For the following conjecture, assume that Conjecture 7.2.1 holds. In this case, we
may define the reduced graded ideal zeta function

Gooread(Y) = W (1Y) € Q(Y).

fe,a,red c

We expect that the technology in [13] may be adapted to define the reduced graded

ideal zeta function even without the assumption of Conjecture 7.2.1.

Conjecture 7.2.4 (Reduced zeta function). The reduced graded ideal zeta function
Cj’i”red(Y) has a pole of order r at 1 and there exist e; € N, i € [r], as well as
nonnegative integers a; € No, j € [N]o, where N := (3;_; €;) = 35, (c+1—5)Wa(y),
with ag = 1 and

aj =an—_j for all j € [N]o and (7.2.1)
N .
ijo a;Y’
[[io (1 —Yer)
Remark 7.2.5. The palindromic property (7.2.1) holds, of course, in particular if
Conjecture 7.2.2 holds. What Conjecture 7.2.4 suggests is that the reduced graded

C;’iired (Y) =
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ideal zeta functions ij ’i’;red(Y) share key properties with the Hilbert-Poincaré se-
ries of graded Cohen-Macaulay algebras. If there were such an algebra, its Cohen-
Macaulayness would explain the nonnegativity of the coefficients a;, whereas their
palindromy would reflect its Gorensteinness (assuming that it is a domain; cf. [32]).

For ¢ = 2, the validity of Conjecture 7.2.4 may be seen from the facts that
G (Y) = C;d’red(Y) and the Hall basis Hy 4 for fo 4 in Table 3.2.1 is nice and

f2,d,red

simple in the sense of [13]. Hence [13, Proposition 4.1] is applicable.

The following is a graded analogue of [27, Conjecture I].

Conjecture 7.2.6 (Degree of topological zeta function).

deg, (G4 op(s)) = 7.

Conjecture 7.2.7 (Behaviour of topological zeta function at oo).

degs<Cf dtop(s)><—<gr ( )

fc d,top

= ( ) C?irred( ) 1 € Q>0'

Remark 7.2.8. We have no interpretation in terms of ¢ and d for the numbers featuring
in Conjecture 7.2.7. If Conjecture 7.2.4 were to hold for the reasons we explained in

Remark 7.2.5, they were related to the “multiplicity” of the associated graded algebra.

We close with two conjectures on the behaviour of p-adic and topological graded

ideal zeta functions at s = 0.

Conjecture 7.2.9 (Behaviour of topological zeta function at zero). The topological
graded ideal zeta function Cf tOp( s) has a pole of order ¢ at s = 0 with leading

coefficient

G
fc d tOp

=TI (ZH W(J)) ) - 1)!’

Remark 7.2.10. [27, Conjecture IV (topological form)| implies that ¢ ., (s) has a

simple pole at s = 0 with residue

iz (W(@)

_ (_1)7"71
SCfC=d’t°p(S)‘s:o - (r—1)"

Conjecture 7.2.11 (Behaviour of p-adic zeta function at zero).
Gent0)(®)

ION I | 0
Hizl Cow i (8) (7.2.2)

o T (T wo)
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Remark 7.2.12. [27, Conjecture IV (PB-adic form)] implies that

CGoa(3)]
é“or—({g) — 1. (7.2.3)

s=0

It seems remarkable that the right-hand sides of both (7.2.2) and (7.2.3) are indepen-
dent of 0. Note that s = 0 is outside the domain of convergence of the series defining
Gr ato) () T0P- () (5):

Remark 7.2.13. If one replaces the numbers W (i) by the ranks of the successive
quotients of the upper central series of L. (e.g W(1) = d+ 1, W(2) = 2d + 1,
and so on), our results in Chapter 4 support the conjectures we just mentioned in
this section. In fact Theorem 4.3.10 and 4.3.11 show that Conjectures 7.2.6, 7.2.9
and 7.2.11 are actually true for £ ). The explicit examples we have in that chapter
satisfy other conjectures as well. However, this is not always true for graded ideal
zeta functions of general (non-free) nilpotent Lie rings. Consider, for instance, the
direct product L := a2 X fa2. Then, for all primes p and all finite extensions o of Z,,

5
o 1—t

L(o)(s) = <04 (S) (1 _ t3)2(1 — qt5) . (724)

Indeed, L is the “fundamental graded Lie ring” m6_2_3, whose local graded ideal zeta
functions are recorded in [28, Section 10, Table 2]. Formula (7.2.4) may also easily be
derived directly from formulae for the ideal zeta functions of L (cf. [11, Theorem 2.4]),
using the comparison identities recorded in Example 3.1.6. In any case,

- 5 (—1)*4.2 1
S2CL,i0p(s)‘S:0 = 7 ] TS

54 " 4-6-3!-1! 18
Likewise,
L(gor)(s) 5 4-2 1
_—_— = — # _— = =,
Co1(8)Co2 () - 9 4.6 3

That this value, however, is a nonnegative rational number independent of o, as well

as the coincidence

<oy — 1 <lgr
86 L,iop(s 1)‘5:0 = § = (]‘ - Y)6 Lied(y)‘Y=1 € Q>07

seem to indicate that some of the conjectures made in this section may have general-

izations to more general graded ideal zeta functions.
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