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Abstract

In recent years the study of zeta functions of groups and rings has been

expanded rapidly. Many new zeta functions enumerating different sub-

objects have been introduced and studied. However, we still encounter

difficulties when one wants to explicitly compute them.

This thesis comprises three parts. The first part contains the computa-

tion of ideal zeta functions for low dimensional, class-2 nilpotent Lie rings.

In addition, we discuss connections to Higman’s PORC conjecture. The

second part, which is the main part of the thesis, consists of the various

approximations of zeta functions of groups and rings, namely: graded ideal

zeta functions (Chapter 3 and 4), finite zeta functions enumerating sub-

algebras (or ideals) of finite Lie Fp-algebras over Fp (Chapter 5), and the

i-th partial zeta functions of groups and rings (Chapter 6). We provide

explicit calculations in many cases, where the classic subgroup/normal

subgroup zeta functions are not available. In addition we study proper-

ties of the zeta functions obtained, such as uniformity properties or the

existence of functional equations. In the final part of the thesis we are

concerned with the connection between the study of zeta functions of

groups and the study of finite p-groups. In particular we show how our

methods from zeta functions of groups and rings can be adapted to study

finite p-groups. With these new approaches we end our thesis with several

interesting conjectures.

Most of the explicit calculations in this thesis have been checked and

verified with computer algebra system MAGMA [3].
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Chapter 1

Introduction

Let G be a finitely generate group. It is well-known that a finitely generated group

has only a finite number of subgroups of each finite index. So for any family FpGq

of subgroups of G, we can define aFnpGq to be the number of subgroups H P FpGq of

index n. The question is: how do these numbers vary with the index n?

1.1 Zeta functions of groups and rings

1.1.1 Zeta functions of groups

Let G be a finitely generated group. In their seminal paper [15] Grunewald, Segal

and Smith defined a zeta function of a group G by associating a Dirichlet series

ζ�Gpsq �
¸
H�G

|G : H|�s �
8̧

n�1

a�npGqn
�s,

where � P t¤,�u and

a�npGq � |tH | H �G, |G : H| � nu|.

We call ζ¤G psq the subgroup zeta function of G and ζ�G psq the normal subgroup zeta

function of G.

In particular, they were interested in the zeta function of a torsion-free finitely

generated nilpotent group (a T-group for short). In this case the nilpotency of G

lends itself to a natural Euler product

ζ�Gpsq �
¹

p prime

ζ�G,ppsq,

where

ζ�G,ppsq �
8̧

i�0

a�pipGqp
�is.
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We call ζ¤G,ppsq the local subgroup zeta function of G and ζ�G,ppsq the local normal

subgroup zeta function of G.

Originally introduced as a new tool to study the subgroup growth of T-groups,

the theory of zeta functions of groups turned out to be a very interesting topic in

its own right, encompassing a surprising broad sweep of mathematics. As the theory

developed, deep and unexpected connections between group theory, algebra, algebraic

geometry, number theory, model theory, and combinatorics have been revealed. To

name a few: the rationality of local zeta functions ([15]) depends on results from

model theory and p-adic integrations, the analytic properties of local zeta functions

and their uniformity, ([9], [8]) involves deep results from number theory and the

resolutions of singularities, the functional equation of local zeta functions and their

invariants ([40], [41]) generalises work of Denef and Igusa’s local zeta function.

1.1.2 Zeta functions of rings

In an analogous way we can also define zeta functions of rings. Let L be a not-

necessarily-associative ring additively isomorphic to Zd for some d. In the same

paper [15], Grunewald, Segal and Smith also defined zeta functions of a ring L:

ζ�Lpsq :�
¸
H�L

|L : H|�s �
8̧

n�1

a�npLqn
�s,

where � P t¤,�u and

a�npLq � |tH | H � L, |L : H| � nu|.

As before, we call ζ¤L psq the subring zeta function of L and ζ�L psq the ideal zeta

function of L. The good thing about working with rings is that they always satisfy

the Euler product

ζ�Lpsq �
¹

p prime

ζ�L,ppsq,

where the Euler factor

ζ�L,ppsq �
8̧

i�0

a�pipLqp
�is

is the zeta function of the Zp-algebra Lp :� L b Zp, where Zp is the ring of p-adic

integers. In this thesis we are interested in the zeta functions of Lie rings.

Definition 1.1.1. A Lie ring is a Z-module L together with a bi-additive operation

r�, �s : L� LÑ L
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which satisfies

rx, xs � 0

rx, ry, zss � ry, rz, xss � rz, rx, yss � 0

for all x, y, z P L. If R is a commutative ring and L has the additional structure of a

R-module and if r�, �s is bilinear with respect to scalar multiplication by elements of

R, then we call L a Lie R-algebra over R.

The motivation to introduce zeta functions of rings, in particular Lie rings, was to

provide a easier way of calculating zeta functions of groups. The Mal’cev correspon-

dence tells us that to each T-group G there is an associate Lie Q-algebra LpGq over

Q, of dimension equal to hpGq, the Hirsch length of G. There is an injective map

log : GÑ LpGq,

such that logG spans LpGq (for details see [30, Chapter 6], [14] or [31]). Call G an

LR group if logG is actually a Lie subring of LpGq.

Theorem 1.1.2 ([15], Theorem 4.1). Let G be a T-group of Hirsch length n. Then

there exists f P N, depending only on n, such that Gf is an LR group, and such that

if L � logGf then

ζ�G,ppsq � ζ�L,ppsq

for all primes p not dividing f .

It gets even better if G is nilpotent of class 2 (a T2-group for short). In this case

we can work with the associated graded Lie ring

L :� G{ZpGq ` ZpGq,

where ZpGq is the centre of G, with the Lie bracket on L induced by the commutator

on G. It is easy to see that

ζ�G,ppsq � ζ�L,ppsq

for all primes p. Hence one can work with ζ�L,ppsq instead of ζ�G,ppsq. Many of the

known results on the study of zeta functions of groups were actually achieved from

the study of the zeta functions of corresponding Lie rings. This thesis is also mainly

concerned with the zeta functions of Lie rings and their variations.

1.2 What do we want to know?

So, what do we want to know about zeta functions of groups and rings?
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1.2.1 Uniformity

As we said, it is now known that the local zeta functions ζ�G,ppsq (and ζ�L,ppsq) are

rational functions in p and p�s. But how do these functions behave for different

primes?

Definition 1.2.1. The zeta function ζ�Gpsq is said to be finitely uniform if there exist

rational functions W1pX, Y q, . . . ,WkpX, Y q P QpX, Y q for k P N such that, for every

prime p,

ζ�G,ppsq � Wipp, p
�sq

for some i P rks. It is said to be uniform if k � 1.

Initially people expected ζ�Gpsq to be finitely uniform for any G. But it turned out

to be a much deeper question. In [9] du Sautoy and Grunewald discovered that the

behaviour of ζ�G,p is related to the problem of counting the number of points mod p

on varieties.

Theorem 1.2.2 ([9], Theorem 1.6). Let G be a T-group, and � P t¤, �u. There exists

an algebraic variety V � defined over Q, with irreducible components E�
i , i P T

� :�

t1, . . . , t�u, all of which are smooth and intersect normally, and rational functions

P �
I pX, Y q P QpX, Y q, I � T � such that, for almost all primes p,

ζ�G,ppsq �
¸
I�T�

c�p, IP
�
I pp, p

�sq,

where

c�p, I �
�� a P V �pFpq : a P E�

i if and only if i P I
(��

and V denotes the reduction mod p of a Q-variety V .

Du Sautoy then showed in [8] that there exists a Hirsch length 9, class-2 nilpotent

group GE whose zeta functions are not finitely uniform. Determining the uniformity

of zeta functions of a given group G or a family of groups is now one of the most

fundamental problems in the study of zeta functions of groups.

1.2.2 Local Functional Equations

We say ζ�G,ppsq satisfies a local functional equation if it satisfies the local functional

equation of the form

ζ�G,ppsq
��
pÑp�1 � p�1qappb�csqζ�G,ppsq,
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where a, b, c are integers which are independent of the prime p, and pÑ p�1 denotes

the formal inversion of parameter p.

In [40] Voll proved that

1. ζ¤G,ppsq always satisfies the local functional equation for any T-groups G.

2. ζ�G,ppsq always satisfies the local functional equation for any T-groups G of nilpo-

tency class 2 (a T2-group G for short).

This was the best result in the sense that there exist T-groups G of nilpotency class

c � 3 where ζ�G,ppsq fails to have a local functional equation ([44, Theorem 3.4]). Voll

recently improved this in [41] by proving that ζ�G,ppsq satisfies the local functional

equation for any T-group G satisfying a certain condition ([41, Condition 1.1]). His

theorems in [40, Theorem A] and [41, Theorem 1.2] even give an explicit formula for

a, b and c in

ζ�G,ppsq
��
pÑp�1 � p�1qappb�csqζ�G,ppsq.

Note that one can define the uniformity and the local functional equation of ζ�Lpsq

in an analogous way.

1.2.3 p-Adic integrals

Let Qp denote the p-adic numbers, and Zp denotes the p-adic integers. Write vp�q

for the p-adic valuation, and | � |p for the p-adic norm. Let µ be the additive Haar

measure on Zp with the following properties:

• µpZpq � 1,

• If S � Zp is measurable and a P Zp, then µpSq � µpa � Sq. In other words, µ

is translation invariant.

• If S1 and S2 are disjoint measurable sets, then µpS1 Y S2q � µpS1q � µpS2q, so

µ is additive.

Once we have our Haar measure, we can define a p-adic integral, such as»
Znp
|fpxq|sdµ,

where fpxq is some function in x � px1, . . . , xnq. One particular type of p-adic

integrals, called cone integrals, are especially important for us. Let fipxq, gipxq P

5



Zrxs be polynomials in x for 0 ¤ i ¤ l. The cone integral with cone data D �

tf0pxq, g0pxq, . . . , flpxq, glpxqu is defined to be

ZDps, pq �

»
ψpDq

|f0pxq|
s
p|g0pxq|pdµ,

where

ψpDq � tx P Znp | vpfipxqq ¤ vpgipxqq for i � 1, . . . , lu.

The crucial idea is the following. Let L be a Lie ring, additively isomorphic to Zn,

and Lp � L b Zp � Znp . Let pe1, . . . , enq be the basis of L, and let M be an upper-

triangular n � n matrix M � pmi,jq with entries in Zp. We may consider the rows

m1, . . . ,mn of this matrix to be additive generators of a submodule of Lp. This

submodule will be a subalgebra if

rmi,mjs P xm1, . . . ,mnyZp for all 1 ¤ i   j ¤ n,

and an ideal if

rei,mjs P xm1, . . . ,mnyZp for all 1 ¤ i, j ¤ n.

For i, j P rns, let Cj denote an n � n matrix whose rows are ci � rei, ejs. Let M 1

denote the adjoint matrix of M and

M 6 �M 1diagpm�1
2,2 � � �m

�1
n,n,m

�1
3,3 � � �m

�1
n,n, . . . ,m

�1
n,n, 1q.

Since M is an upper-triangular matrix, the pi, kq-th entry of M 6 is a homogeneous

polynomial of degree k � 1 in the variables mr,s with 1 ¤ r ¤ s ¤ k � 1.

The rows of M generate an ideal if we can solve, for each 1 ¤ i, j ¤ n, the system

of equations

miCjM
6 � pm1,1Y

p1q
i,j , . . . ,m1,1 � � �mn,nY

pnq
i,j q

for
�
Y
p1q
i,j , . . . , Y

pnq
i,j

	
P Znp . Set g�i,j,kpxq to be the k-th entry of the n-tuple miCjM

6.

Then g�i,j,kpxq is a homogeneous polynomial of degree k in the mr,s, and if we set

fkpxq � m1,1 � � �mk,k, we obtain the conditions vpfkpxqq ¤ vpg�i,j,kpxqq with degpfkpxqq �

degpg�i,j,kpxqq.

Similarly, the rows of M generate a subalgebra if we can solve, for each 1 ¤ i  

j ¤ n, the system of equations

mi

�
ņ

r�j

mj,rCr

�
M 6 � pm1,1Y

p1q
i,j , . . . ,m1,1 � � �mn,nY

pnq
i,j q
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for
�
Y
p1q
i,j , . . . , Y

pnq
i,j

	
P Znp . Again set g¤i,j,kpxq to be the k-th entry of the n-tuple

mi

�°n
r�jmj,rCr

	
M 6. This time g¤i,j,kpxq is a homogeneous polynomial of degree k�1

in the mr,s, and we obtain the conditions vpfkpxqq ¤ vpg¤i,j,kpxqq with degpfkpxqq�1 �

degpg¤i,j,kpxqq.

Finally, define

V �
p � tM P TrnpZpq | vpfkpxqq ¤ vpg�i,j,kpxqqu

and

V ¤
p � tM P TrnpZpq | vpfkpxqq ¤ vpg¤i,j,kpxqqu.

We have

ζ�Lppsq � p1� p�1q�n
»
V �
p

|m1,1|
s�1 � � � |mn,n|

s�ndµ

where µ is the normalized Haar measure on Znpn�1q{2
p . By the Mal’cev correspondence

we mentioned earlier, this also gives ζ�G,ppsq. One can refer to [15], [9] and [11] for

more details.

The first application of p-adic integrals were made by Grunewald, Segal and Smith

in r15s when they used this to prove that the local zeta functions are rational functions

in p�s for all primes p. Du Sautoy and Grunewald then obtained Theorem 1.6 in [9]

by studying the cone integrals. Many explicit calculations of ζ�G,ppsq and ζ�L,ppsq for

various groups and rings ([33], [44], [11] and [28]) were computed by this cone integral

method.

1.2.4 Zeta functions of groups and rings and finite p-groups

Zeta functions of groups and rings also have interesting applications to the theory of

finite p-group. The most well-known, and perhaps also the most important connection

may be their application on Higman’s PORC conjecture.

Let fnppq denote the number of p-groups of order pn. In 1960, Higman [16] conjec-

tured that for a fixed n, there exists a fixed integer N and finitely many polynomials

gipxq pi � 1, 2, . . . , Nq such that if p � i mod N then

fnppq � gippq.

This is now known as Higman’s PORC (Polynomial On Residue Classes) Conjecture.

In the same paper Higman proved that for each n the function enumerating the

number of groups of order pn which have Frattini subgroups which are central and
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elementary abelian is PORC. Evseev [12] has extended Higman’s result to groups

where the Frattini subgroup is central. In the more general case, Higman’s PORC

Conjecture is known to hold true for n ¤ 7 (see [24] and [26]). For n � 8, Vaughan-

Lee [34] proved that the number of groups of order p8 with exponent p is PORC.

However, it is still not proved for all groups of order p8. For n ¥ 9, the conjecture is

open.

In [7] du Sautoy exposed the link between the normal subgroup zeta functions

and Higman’s PORC conjecture. Let Fc,d be a finitely generated free nilpotent group

of class c on d generators. He explained ([7], Conjecture 5.10 and 5.16) that proving

the uniformity of ζ�Fc,dpsq might help proving Higman’s PORC conjecture. Later du

Sautoy and Vaughan-Lee ([10]) further exploited this connection. They proved that

there exists a parametrised family of groups, one for each prime p ¡ 3, of order p9

whose number of immediate descendants of order p10 is not PORC.

1.3 Overview of results and methods employed

This thesis has three main objectives.

1. Enhance our existing knowledge on zeta functions of groups and rings of nilpo-

tency class-2. (Chapter 2)

2. Study various “approximations” of zeta functions of groups and rings. (Chapter

3, 4, 5 and 6)

3. Further investigate the applications to zeta functions of groups and rings on the

theory of finite Lie algebras over Fp and finite p-groups. (Chapter 2 and 5)

Chapter 2 contains two parts. In the first part we study the normal subgroup

zeta function ζ�G psq for T2-groups G of Hirsch length hpGq ¤ 8. We prove that

for G of hpGq   8 all these zeta functions are all finitely uniform and ‘Rational

Functions On Residue Classes’ (Definition 2.2.1). We then construct two T2-groups

of Hirsch length 8, Gnp8 and Gnp81 , whose normal subgroup zeta functions are non-

RFORC. In the second part of Chapter 2 we show how Gnp8 can be used to construct

a parametrised family, Gp, of groups of order p8, one for each prime p ¡ 3, whose

number of immediate descendants of order p9 is not PORC. This is an improvement

of [10]. This part of Chapter 2 is based on the paper [21].

In Chapter 3, let R be a commutative ring and L be a nilpotent Lie R-algebra

of nilpotency class c, free of finite rank over R, with lower central series pγipLqq
c
i�1.
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We define a graded ideal zeta function ζ� gr
L psq, counting only a graded ideals of finite

index in L. This can be seen as an approximation of ζ�L psq. We calculate the explicit

formula for various concrete examples using combinatoric methods. In particular we

give the exact formula of ζ� gr
L psq for f3,3 and f4,2, where fc,d denotes the free nilpotent

Lie ring of nilpotency class c on d generators. Our results show that ζ� gr
f3,3

psq and

ζ� gr
f4,2

psq are both uniform and satisfy local functional equations. Note that we still do

not have explicit formulas for ζ�L psq for neither of them. This chapter is based on the

paper [22], joint work with Voll.

In Chapter 4 we carry on the combinatoric methods used in Chapter 3 and cal-

culate the graded ideal zeta functions of another important family of nilpotent Lie

rings called Lcpdq , which is basically a direct sum of maximal class Lie lattices with

amalgamation. This family includes interesting examples such as maximal class Lie

rings and Grenham Lie rings. We prove a general formula for different values of c

and d, and provide various explicit calculations.

In Chapter 5 we switch our attention from infinite world to finite world. Let L be

a Lie ring and LpFpq � Lb Fp to be a Lie Fp-algebra over Fp. We calculate ζ�LbFppsq,

the zeta functions of LpFpq enumerating subalgebras/ideals of LpFpq. Although the

definition of zeta functions of groups and rings clearly embrace these finite Lie al-

gebras, not many observations have been made on this approach. We show how by

modifying the p-adic integral method one can calculate this (finite) zeta functions

with various explicit examples.

In Chapter 6 recall that if L is a Lie ring, additively isomorphic to Zn, B �

pe1, . . . , enq is the basis of L and M is an upper-triangular n � n matrix M � pmi,jq

with entries in Zp then with a suitable cone data V �
p we have

ζ�Lppsq � p1� p�1q�n
»
V �
p

|m1,1|
s�1 � � � |mn,n|

s�ndµ.

Let

ζ�Lp,B,ipsq � p1� p�1q�n
»

V �
p

vpmj,jq i

|m1,1|
s�1 � � � |mn,n|

s�ndµ,

where 1 ¤ j ¤ n, be the i-th partial zeta function of L. This is another approximation

of ζ�Lppsq. We want to see whether we can apply Hensel-like approach to study ζ�Lppsq

from ζ�Lp,B,ipsq. In other words, we would like to investigate what information on

ζ�Lppsq can be captured just by looking at their i-th partial zeta functions.

In Chapter 7 we give further questions and conjectures, based on our results and

observations.
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Summary of Notation

N � t1, 2, . . .u the natural numbers
N0 � t0, 1, 2, . . .u the natural numbers including zero

p a prime number
Zp the p-adic integers
Qp the p-adic numbers
Fp the field with p elements
vp�q the p-adic valuation
| � |p the p-adic norm

G a T-group
H ¤f G H is a subgroup of finite index in G
H �f G H is a normal subgroup of finite index in G
hpGq the Hirsch length of G

L a Lie ring
Lp � Lb Zp a Lie Zp-algebra
H ¤f L H is a subring of finite index in L
H �f L H is an ideal of finite index in L

ζpsq the Riemann zeta function
ζppsq the local Riemann zeta function 1

1�p�s�
m
r

�
q

�

#
p1�qmqp1�qm�1q���p1�qm�r�1q

p1�qqp1�q2q���p1�qrq
r ¤ m,

0 r ¡ m,

the Gaussian binomial coefficients

Fc,d the free nilpotent group of class c on d generators
fc,d the free nilpotent Lie ring of class c on d generators

Given n P N, we write rns for t1, 2, . . . , nu. We write N¥2 for t2, 3, . . . , u � N.

Given a subset I � N, we write I0 for I Y t0u. If I � rn � 1s, we denote n � I �

tn� i | i P Iu. Given a, b P N0, we denote the interval ta� 1, . . . , bu by sa, bs and the

interval ta� 1, . . . , b� 1u by sa, br.
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Chapter 2

The local normal subgroup zeta
functions of T2-group G and
Higman’s PORC conjecture

2.1 Higman’s PORC conjecture

Let fnppq denote the number of p-groups of order pn. Higman’s PORC conjecture

predicts that for a fixed n, there exists a fixed integer N and finitely many polynomials

gipxq pi � 1, 2, . . . , Nq such that if p � i mod N then

fnppq � gippq.

In each of [24], [26] and [34] the following approach is used to classify the relevant

groups: certain parametrised families of groups of prime-power order are described,

and for each family the theory behind the p-group generation algorithm [25] is used

to compute their immediate descendants.

Definition 2.1.1. If G is a group then the lower exponent-p-central series of G,

G � G1 ¥ G2 ¥ . . . ¥ Gi ¥ . . .

is defined by settingG1 � G, G2 � rG, GsGp, and in general settingGi�1 � rGi, GsG
p
i .

If G is a finite p-group then Gc�1 � 1 for some c, and G has p-class c if Gc � t1u,

Gc�1 � t1u. If G is a finite p-group of p-class c ¡ 1 then G is an immediate descendant

of G{Gc.

The idea underpinning these classifications is the following: every p-group of order

pn, apart from the elementary abelian group, is an immediate descendant of a group

of order pk for some k   n. So to compute fnppq, we first list the groups of order

pk for all k   n, for each such group G we use the p-group generation algorithm to

11



compute the number of immediate descendants of G of order pn, and add together

each of these individual contributions. Finally, we add 1 to this total to account for

the elementary abelian group of order pn. For example, the formula

f6ppq � 3p2 � 39p� 344� 24 gcdpp� 1, 3q � 11 gcdpp� 1, 4q � 2 gcdpp� 1, 5q

given in [24] for the number of p-groups of order p6 can be obtained by first listing the

groups of order less than p6 which have immediate descendants of order p6 (42 groups

in this case), summing the number of immediate descendants of order p6 for each

group, and adding 1. For each of the relevant 42 parametrised families of groups of

order dividing p5, the number of immediate descendants of order p6 is PORC, hence

the total is PORC.

So how is this PORC conjecture related to our study of zeta functions? In [7],

du Sautoy discovered that the behaviour of local normal subgroup zeta functions

of T-groups, the uniformity problem, is closely related to Higman’s PORC conjec-

ture. With this idea du Sautoy and Vaughan-Lee [10] proved that there exists a

parametrised family of groups, one for each prime p ¡ 3, of order p9 whose number

of immediate descendants of order p10 is not PORC.

To be precise, they constructed a finite p-group Gp which has the following pre-

sentation for all p ¡ 3:

Gp �

C
x1, x2, x3, x4, x5, x6, y1, y2, y3 | rx1, x4s � rx2, x5s � y3,

rx1, x5s � rx2, x4s � rx3, x6s � y1, rx1, x6s � rx3, x4s � y2

G

where all other commutators (commutators in the generators such that neither they

nor their inverses are explicitly written) are defined to be 1 and gp � 1 for all g P Gp.

This group Gp is a class 2 group of exponent p and of order p9 with the following

properties:

1. The number of conjugacy classes of Gp is not PORC,

2. The order of the automorphism group of Gp is not PORC,

3. The number of immediate descendants of Gp with exponent p and order p10 is

not PORC.

Furthermore, this family of groups was carefully constructed from du Sautoy’s

“Elliptic Curve-group” GE in [8], the first example of a T-group whose zeta function

is non-uniform.

12



This was an unexpected result, since it showed that there exists a “natural” par-

tition of the groups of order p10 into subsets, at least one of whose cardinalities is

not PORC, and seems like the uniformity problem of zeta functions of groups and

rings can be exploited to find these partitions. Of course, this does not disprove the

PORC conjecture, since the total number of groups of order p10 might still be PORC.

Clearly, it may be useful to construct a family of groups of order smaller than p10

exhibiting non-PORC behaviour.

Motivated by these observations and results, we study the uniformity of ζ�G psq

for small T2-groups G of Hirsch length hpGq ¤ 8. Then we construct another

parametrised family Gp with the following presentation for p ¡ 3:

Gp �

C
x1, x2, x3, x4, x5, x6, x7, x8 | rx1, x4s � rx2, x5s � x6,

rx1, x5s
2 � rx3, x4s � x2

7, rx2, x4s � rx3, x5s � x8

G

where all other commutators are defined to be 1 and gp � 1 for all g P Gp. This gives

groups of order p8 and exponent p, one for each prime p ¡ 3. We prove that the

number of immediate descendants of Gp of order p9 is not PORC.

Remark 2.1.2. Throughout the rest of this thesis, whenever we have a presentation

like this for a group or a ring, we always assume that all other unlisted commutators

are trivial (defined to be 1 for groups and 0 for rings).

2.2 The local normal zeta functions of groups with

small Hirsch length

As one can see, Higman’s PORC conjecture refers specifically to the dependence of

fnppq on residue classes. Given the connection between fnppq and ζ�G,ppsq we observed

in [7] and [10] it therefore seemed natural to investigate how ζ�G,ppsq depends on residue

classes. Recall the definition of uniformity.

Definition 2.2.1. Let G be a T-group. We say that the zeta function ζ�G psq is rational

functions on residue classes (RFORC) if there exists a fixed integer N and finitely

many rational functions WipX, Y q P QpX, Y q for i � 1, . . . , N such that if p � i

mod N then

ζ�G,ppsq � Wipp, p
�sq.

We say ζ�G psq is non-RFORC if these is no such N . One can analogously define the

RFORC-ness for ζ�L psq.
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Note that being RFORC is stronger than being finitely uniform. We will see

examples of zeta functions that are finitely uniform but non-RFORC.

As we discussed in the introduction, du Sautoy and Grunewald proved in [9] that

the behaviour of ζ�G,p is related to the problems of counting the number of points mod

p on varieties. Recall

Theorem 1.2.2 ([9], Theorem 1.6). Let G be a T-group, and � P t¤, �u. There exists

an algebraic variety V � defined over Q, with irreducible components E�
i , i P T

� :�

t1, . . . , t�u, all of which are smooth and intersect normally, and rational functions

P �
I pX, Y q P QpX, Y q, I � T � such that, for almost all primes p,

ζ�G,ppsq �
¸
I�T�

c�p, IP
�
I pp, p

�sq,

where

c�p, I �
�� a P V �pFpq : a P E�

i if and only if i P I
(�� ,

and V means the reduction mod p of the variety V.

This implies that the behaviour of the number of points mod p on a variety can

vary wildly with the prime p. For example, the normal subgroup zeta function of the

elliptic curve group ζ�GE introduced in [8] is not finitely uniform because the behaviour

of the local factors of the group GE depend on the behaviour of the number of points

mod p on the elliptic curve E � Y 2 �X3 �X.

So the next question is, what varieties Y � can arise from T-groups G? For a general

T-group G, this is still an open problem. Fortunately, if we restrict our G to be a

finitely generated torsion-free class-2 nilpotent group (a T2-group for short), then this

question becomes much simpler.

In [37] and [38], Voll introduced a new method for computing normal subgroup

zeta functions of T2-groups based on an enumeration of vertices in the affine Bruhat-

Tits building associated to SLnpQpq.

Definition 2.2.2. Let G be a T2-group with ZpGq � G1 and suppose G has a presen-

tation

G � xx1, . . . , xd, y1, . . . , yd1 | rxi, xjs �Mpyqijy , (2.2.1)

where Mpyq is an anti-symmetric d�d matrix of Z�linear forms in y � py1, . . . , yd1q,

and all other commutators not listed are are defined to be 1. If the polynomial

PfpMpyqq :�
a

det pMpyqq is not identically zero we call the hypersurface

PG :� pPfpMpyqq � 0q

14



in Pd1�1 the Pfaffian hypersurface associated to G. Conversely, every such matrix

Mpyq can define a T2-group G via (2.1).

Theorem 2.2.3 ([38], Theorem 3). Assume that Pf pMpyqq P Zrys is non-zero and

irreducible. Assume that the Pfaffian hypersurface PG is smooth and contains no

lines. For a prime p let

nPGppq � |PGpFpq|

denote the number of Fp-rational points of PG. Then there are (explicitly determined)

rational functions W0pX, Y q, W1pX, Y q P QpX, Y q such that if PG has good reduction

mod p,

ζ�G, ppsq � W1pp, p
�sq � nPGppqW2pp, p

�sq. (2.2.2)

With his method, Voll managed to explicitly calculate ζ�GE , p, the local normal

subgroup zeta function of the elliptic curve group GE ([37]). By adapting this method,

we are going to prove Theorem 2.2.4 and 2.2.5.

Theorem 2.2.4. Let G be a T2-group where the Pfaffian hypersurface associated to

G is smooth and contains no lines. For G of hpGq ¤ 7, its normal zeta functions are

always RFORC.

Theorem 2.2.5. Let Gnp8 be a T2�group with the presentation

Gnp8 �

C
x1, x2, x3, x4, x5, y1, y2, y3 | rx1, x4s � rx2, x5s � y3,

rx1, x5s
2 � rx3, x4s � y2

1, rx2, x4s � rx3, x5s � y2

G
.

Then ζ�Gnp8, ppsq is Non-RFORC.

2.2.1 Preliminary results from Number Theory

As customary in number theory we represent a quadratic form over a ring R by

specifying a homogeneous polynomial of degree 2. In [23] Lidl and Niederreiter proved

the following theorem.

Theorem 2.2.6 ([23], Theorem 6.21). Let w be a quadratic form over Fp, where p is

an odd prime. Then w is equivalent to a diagonal quadratic form a1x
2
1 � � � � � amy

2
m.

If the quadratic form w P Fpry1, . . . , yns is equivalent to a diagonal quadratic form

a1x
2
1 � � � � � any

2
n, some of ai’s might be 0. If none of them are 0, in other words the

rank of w is n, then we say w is nondegenerate.

Now let us prove the following result.
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Theorem 2.2.7 ([23]). Let w � wpy1, . . . , ynq be a quadratic form in n variables

y1, . . . , yn over Z. Let

nwppq �
���!y P Pn�1pFpq | wpyq � 0

)��� ,
then nwppq is PORC.

Proof. Instead of nwppq, we start with

Fwppq �
���!y P Fnp | wpyq � 0

)��� .
The trick is that for any given w there are only finitely many primes p such that p

is even or p | D � detpwq. Therefore, to prove PORC one only needs to consider odd

primes which do not divide D. For these primes, since they are odd, Theorem 2.2.6

showed that any nonzero quadratic form w P Fpry1, . . . , yns would be equivalent to a

diagonal quadratic form a1x
2
1 � � � � � amy

2
m where 1 ¤ m ¤ n and all ai � 0. Since

the number of solutions of a1x
2
1 � � � � � amy

2
m � 0 in Fnp is pn�m times the number of

solutions of a1x
2
1�� � ��amy

2
m � 0 in Fmp , it suffices to consider the case where n � m,

that is, where w is nondegenerate. In this case Theorem 6.26 and 6.27 in [23] then

tells us that

Fwppq �

#
pn�1 if n is odd,

pn�1 �
�
p�1qn{2D

p

	
pp� 1qpp

n
2
�1q if n is even

where
�
a
p

	
is the Legendre symbol. Finally, we have

nwppq �
Fwppq � 1

p� 1
�

#
p� p2 � � � � � pn�2 if n is odd,

p� p2 � � � � � pn�2 �
�
p�1qn{2D

p

	
p
n
2
�1 if n is even

as required.

The other important result is the following:

Theorem 2.2.8 ([5], [42]). Let fpxq � x3�2. The splitting behaviour of fpxq modulo

p is not determined by congruence conditions on p. Furthermore, fpxq splits modulo

p if and only if p � 1 mod 3 and p � a2 � 27b2 for integers a and b.

Proof. This follows from Theorem 4.15, Theorem 9.8 in [5] and Theorem 2.2.1, The-

orem 2.2.3 in [42].

Later on, in Section 2.5, we use this result to prove that Dppq in Theorem 2.5.1

is not PORC.
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Corollary 2.2.9. Let nppq denote the number of roots of x3 � 2 modulo p. Then

nppq �

$&% 0 if p � 1 mod 3 and p � a2 � 27b2 for integers a and b,
3 if p � 1 mod 3 and p � a2 � 27b2 for integers a and b,
1 if p � 2 mod 3.

Furthermore, nppq is not PORC.

2.3 Proof of Theorem 2.2.4

In this section we prove Theorem 2.2.4:

Theorem 2.2.4. Let G be a T2-group where ZpGq � G1 and the Pfaffian hypersurface

associated to G is smooth and contains no lines. For G of hpGq ¤ 7, its normal zeta

functions are always RFORC.

In general both ZpGq{G1 and G{G1 are finitely generate abelian groups. However

we can restrict ourselves to primes p not dividing the orders of the respective torsion

parts as we are interested in proving results for all but finitely many primes. Also

we need this condition otherwise the associated Pfaffian hypersurface PG would be

identically zero.

As we saw from Definition 2.2.2, such T2-group G can be written as

G � xx1, . . . , xd, y1, . . . , yd1 | rxi, xjs �Mpyqijy , (2.3.1)

where Mpyq is an anti-symmetric d�d matrix of Z�linear forms in y � py1, . . . , yd1q,

and all other commutators are trivial. The strategy for proving Theorem 2.2.4 is to

look at the behaviour of ζ�G, ppsq for different values of d and d1. Let us call G a

pd, d1q-group if hpG{G1q � d and hpG1q � d1. As we are only looking at the T2-groups

G of hpGq ¤ 7, the possible cases are (2,1), (3,1), (4,1), (5,1), (6,1), (3,2), (4,2), (5,2),

(3,3), (4,3).

2.3.1 d1 � 1

When d1 � 1, (2,1), (4,1) and (6,1) are the central products of 1, 2 and 3 copies of

the Heisenberg group H respectively, and their local normal zeta functions are given

in [11, Theorem 2.22] and [15]. They are RFORC.
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2.3.2 d1 � 2

For d1 � 2 recall Voll’s method in [37].

Theorem 2.3.1 ([37], Theorem 2). Let G be a T�group of class 2 with derived group

G1 of Hirsch length 2. Then there are irreducible polynomials f1ptq, . . . , fmptq P Qrts
and rational functions WIpX, Y q, I � t1, . . . , mu such that for almost all primes p

ζ�G, ppsq �
¸

I�t1, ...,mu

cp, IWIpp, p
�sq,

where

cp, I �
�� x P P1pFpq : fipxq � 0 mod p if and only if i P I

(�� .
In particular, ζ�G, ppsq is finitely uniform.

Although it proves finite uniformity for d1 � 2, it does not prove whether ζ�G, ppsq

is RFORC or not. The key observation here is that the polynomials fi come from

either the anti-symmetric d� d matrix Mpyq or its decomposed parts, and as long as

d ¤ 5 (which is our case) the behaviour of cp, I satisfies the RFORC condition as we

shall now show.

To make this paper self-contained we recall the definition of indecomposable

groups and Theorem 6.2 and 6.3 in [14].

Definition 2.3.2. Let G be a radicable T2-group of finite Hirsch length with centre

of Hirsch length 2, a so-called D�-groups. A central decomposition of G is a family

tH1, . . . , Hmu of subgroups of G such that:

1. ZpHiq � ZpGq for each i;

2. G{ZpGq is the direct product of the subgroups Hi{ZpGq; and

3. rH1, Hjs � 1 whenever i � j.

The group G is (centrally) indecomposable if the only such decomposition is tGu.

Theorem 2.3.3 ([14], Theorem 6.2). Every D�-group G has a central decomposition

into indecomposable constituents, and the decomposition is unique up to an automor-

phism of G. In particular, the constituents are unique up to isomorphism.

18



Theorem 2.3.4 ([14], Theorem 6.3). (i) Let G be an indecomposable D�-group of

Hirsch length n � 2. Then, with respect to a suitable basis of G{ZpGq and a suitable

basis py1, y2q of ZpGq, the alternating bilinear map

ϕG : G{ZpGq �G{ZpGq Ñ ZpGq

paZpGq, bpZpGqq ÞÑ ra, bs

is represented by a matrix Mpyq as follows:

• n � 2r � 1.

Mpyq �M r
0 pyq �

�
0 B

�Bt 0



,

where

B � Bpyq �

�����������

y2 0 0 . . . 0
y1 y2 0 . . . 0
0 y1 y2 . . . 0
0 0 y1 . . . 0

0
...

0 0 0 . . . y2

0 0 0 . . . y1

����������

pr�1q�r

• n � 2r.

Mpyq �Mpf, eqpyq �

�
0 B

�Bt 0



,

where

B � Bpyq �

�����������

y1 � a1y2 y2 0 0 . . . 0
�a2y2 y1 y2 0 . . . 0
a3y2 0 y1 y2 . . . 0
�a4y2 0 0 y1 . . . 0
...

...
p�1qrar�1y2 0 0 0 . . . y2

p�1qr�1ary2 0 0 0 . . . y1

����������

r�r

and detpBpyqq � gpy1, y2q � yr1 � a1y
r�1
1 y2 � � � � � ary

r
2 P Qry1, y2s is such that

gpy1, 1q is primary, say g � f e for f irreducible over Q, e P N.

(ii) If G is any D�-group, then with respect to a suitable basis as above, ϕG is repre-

sented by the diagonal sum of matrices like Mpyq above.

Since we assumed G1 � ZpGq, these are precisely the cases where d1 � 2. We

start from pd, d1q � p3, 2q. For (3,2), Theorem 2.3.4 implies that G has to be an

indecomposable D�-group. Hence [37, Proposition 2] gives

ζ�G, ppsq � ζZ3
p
psqζpp5s� 6qζpp3s� 4qW pp, p�sq
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where W pX, Y q � 1�X3Y 3.

For pd, d1q � p4, 2q, if G is an indecomposable D�- group then with respect to a

suitable basis of G{G1 and a suitable basis py1, y2q of G1, we have

Mpyq �

����
0 0 y1 � a1y2 y2

0 0 �a2y2 y1

�y1 � a1y2 a2y2 0 0
�y2 �y1 0 0

���

where

a
detpMpyqq � gpy1, y2q � y2

1 � a1y1y2 � a2y
2
2 P Qry1, y2s is such that gpy1, 1q

is primary, say g � f e for f irreducible over Q, e P N. Then if we let p be a prime

unramified in Qrts{fptq, [37, Proposition 3] gives

ζ�G, ppsq � ζZ4
p
psqζpp6s�8qζpp3s�5qζpp5s�5qζpp3es�p5e�1qqpP1pp, p

�sq�nf ppqP2pp, p
�sqq

where nf ppq is the number of distinct linear factors in fptq and

P1pX, Y q � p1�X5Y 3qp1�X4Y 5qp1�X5e�1Y 3eq

P2pX, Y q � p1� Y qp1� Y qX4Y 3p1�X5eY 3eq.

Now, as f is only either quadratic or linear, e is either 1 or 2, and np, f is always

RFORC by Theorem 2.2.7. Hence ζ�G, ppsq is RFORC.

If it is decomposable, then the only way to decompose such G is to decompose it

into two groups H1 and H2. With respect to a suitable basis we can have

Mpyq �

����
0 y1 � a1y2 0 0

�y1 � a1y2 0 0 0
0 0 0 y1 � a2y2

0 0 �y1 � a2y2 0

���

where

MH1pyq �

�
0 y1 � a1y2

�y1 � a1y2 0



and

MH2pyq �

�
0 y1 � a1y2

�y1 � a1y2 0



.

Thus there are irreducible polynomial f1ptq � t�a1, f2ptq � t�a2 P Qrts and rational

function WIpX, Y q, I � t1, 2u such that for almost all primes p

ζ�G, ppsq �
¸

I�t1, 2u

cp, IWIpp, p
�sq,

where

cp, I �
�� x P P1pFpq | fipxq � 0 pmod pq if and only if i P I

(�� .
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Since both f1 and f2 are linear, we can see that ζ�G, ppsq is RFORC.

For pd, d1q � p5, 2q, again if it is indecomposable [37, Proposition 2] gives

ζ�G, ppsq � ζZ5
p
psqζpp7s� 10qζpp5s� 6qW pp, p�sq

where W pX, Y q � 1�X5Y 5.

If it is decomposable, then again it can be decomposed into H1 and H2 where with

respect to a suitable bases we have

Mpyq �

������
0 y1 � a1y2 0 0 0

�y1 � a1y2 0 0 0 0
0 0 0 0 y2

0 0 0 0 y1

0 0 �y2 �y1 0

�����

where

MH1pyq �

�
0 y1 � a1y2

�y1 � a1y2 0



and

MH2pyq �

�� 0 0 y2

0 0 y1

�y2 �y1 0

�
.
Now we get nothing from H2 and just one irreducible linear polynomial f1ptq � t�a1 P

Qrts. Hence we have

ζ�G, ppsq � W1pp, p
�sq � cpW2pp, p

�sq

where W1pX, Y q, W2pX, Y q are rational functions and

cp �
 
x P P1pFpq | f1pxq � x� a1 � 0 pmod pq

(
� 1

for all p, which is clearly RFORC.

2.3.3 d1 � 3

For pd, d1q � p3, 3q, any (3,3)-group G would have a presentation

xx1, x2, x3, y1, y2, y3 | rx1, x2s � f1pyq, rx1, x3s � f2pyq, rx2, x3s � f3pyqy

where f1, f2 and f3 are linear polynomials in Zry1, y2, y3s. For now, consider a corre-

sponding Lie ring L � LpGq � G{G1 `G1. Now, as ZpLq � L1, it implies

xy1, y2, y3y � xf1pyq, f2pyq, f3pyqy .
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Since y1, y2 and y3 are linearly independent, the fi’s are linearly independent too.

Hence with a suitable base exchange we can see that there exists a ring R � L with

a presentation

xx11, x
1
2, x

1
3, y1, y2, y3 | rx

1
1, x

1
2s � y1, rx

1
1, x

1
3s � y2, rx

1
2, x

1
3s � y3y .

In fact R is a free class-2 nilpotent Lie ring on 3 generators, and we know its local

normal zeta function are RFORC (in fact they are uniform, [11], [15]). As we have

ζ�R, ppsq � ζ�L, ppsq � ζ�G, ppsq,

this covers the case pd, d1q � p3, 3q.

Finally, suppose G is a (4,3)-group. The Pfaffian hypersurface PG of a (4,3)-group

G would be a quadric form w in P2 (i.e. conic). As long as w is not identically zero,

smooth and contains no line, we will have

ζ�G, ppsq � W1pp, p
�sq � nwppqW2pp, p

�sq

where nwppq is RFORC by Theorem 2.2.7. This concludes the proof of Theorem 2.2.4.

Remark 2.3.5. Note that the condition on Pfaffian hypersurface associated to G being

smooth and containing no lines is in fact only required for pd, d1q � p4, 3q case. We

know by [1] and [38] that this condition holds generically for d1 ¤ 6, which includes

our case.

2.4 T2-groups of Hirsch length 8

In this section we present two different T2-groups Gnp8 and Gnp81 of Hirsch length 8

whose local normal zeta functions are not RFORC. The name Gnp8 and Gnp81 come

from ”Non-PORC of Hirsch length 8”.

Theorem 2.4.1. Let Gnp8 be a T2-group with the associated Lie ring

LpGnp8q �

C
x1, x2, x3, x4, x5, y1, y2, y3 | rx1, x4s � rx2, x5s � y3,

2rx1, x5s � rx3, x4s � 2y1, rx2, x4s � rx3, x5s � y2

G

Then ζ�Gnp8, ppsq is not RFORC.
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Proof. We will calculate ζ�Gnp8, ppsq by computing the local ideal zeta functions of the

corresponding Lie ring

LpGnp8q � xx1, . . . , x5, y1, y2, y3 | rxi, xjs �Mpyqijy

where

Mpyq �

������
0 0 0 y3 y1

0 0 0 y2 y3

0 0 0 2y1 y2

�y3 �y2 2y1 0 0
�y1 �y3 �y2 0 0

�����
.
Now this is exactly the case of [37, Theorem.1] where d1 � 3, except that our d � 5

is odd. Hence we need a crucial modification.

Let L be a Lie ring additively isomorphic to Zd�d1 . We denote by L1 � rL,Ls the

derived ring of L. A lattice Λ � L gives rise to a pair pΛab,Λ
1q of a lattice

Λ1 :� ΛX L1 ¤ L1,

Λab :� pΛ� L1q {L1 ¤ L{L1.

One can see that this map is |L1 : Λ1|d to 1. A lattice Λ defines an ideal if and only

if its associated pair pΛab,Λ
1q is admissible, that is, rΛab, Ls ¤ Λ1. Let XpΛ1q{Λ1 :�

ZpL{Λ1q. Then we get

ζ�L, ppsq � ζZdppsq
¸

Λ1�L1

|L1 : Λ1|
d�s

|L : XpΛ1q|
�s
.

This is essentially the Lie ring version of [15, Lemma 6.1].

Let us call a lattice Λ1 � Zd1p maximal if p�1Λ1 � Zd1p . It is not difficult to see

that we only need to consider maximal lattices of p�power index, since in general

Λ1 � prΛ1
max where Λ1

max is maximal in its class. Thus we have

ζ�L, ppsq � ζZdppsq
¸

Λ1�L1

|L1 : Λ1|
d�s

|L : XpΛ1q|
�s

� ζZdppsqζpppd� d1qs� dd1qApp, p�sq

where

App, p�sq �
¸

Λ1�L1,Λ1 maximal

|L1 : Λ1|
d�s

|L : XpΛ1q|
�s
.

As mentioned in Section 1, Voll realised this generating function can be computed

using the enumeration of vertices in the affine Bruhat-Tits buildings ∆n associated

to SLnpQpq. Recall from [37] the definition of the weight functions

wpΛ1q :� logp p|L
1 : Λ1|q

w1pΛ1q :� wpΛ1q � logp p|L : XpΛ1q|q .
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Put T :� p�s we get

App, T q �
¸

Λ1�L1,maximal

pdwpΛ
1qTw

1pΛ1q.

Let us compute this generating function associated to the vertices of the building ∆3

as Voll did in [37]. First we put to use the decomposition of ∆3 into sector-families

SF , F P Fpp, 3q. We have

App, T q �
¸

FPFpp, 3q

App, T, F q

where

App, T, F q :�
1�

3
2

�
p

�
2
1

�
p

�
1�
2
1

�
p

¸
rZ3
ps�rΛ

1sPBSF

pdwrΛ
1sTw

1rΛ1s

�
¸

rΛ1sPS�F

pdwrΛ
1sTw

1rΛ1s

(we use the notation SF , BSF , S
�
F to denote the sector family indexed by the flag F,

its boundary and interior, respectively).

Now, for a given lattice Λ1 of type pps�t, pt, 1q where s, t ¥ 0 there is a unique

coset

αGv P SL3pZpq{Gv,

where Gv :� StabSL3pZpq
�
Z3
p � diagpps�t, pt, 1q

�
, such that the admissibility condition

becomes

ΛabMpα1q � 0 mod ps�t (2.4.1)

ΛabMpα2q � 0 mod pt, (2.4.2)

where we denote by αj the jth column of the matrix α. We now have to analyse the

elementary divisors of the system of linear equations (5) and (6). This only depends

on how the flag F meets the degeneracy locus of the matrix Mpyq. Here comes the

tricky part. In case d � 2r, this degeneracy locus of Mpyq is simply the Pfaffian

hypersurface. This is why we have

ζ�G, ppsq � W1pp, p
�sq � nPGppqW2pp, p

�sq

in [37, Theorem. 1]. However, when d � 2r � 1 (like our case), PfpMpyqq :�a
det pMpyqq is identically zero so there is no Pfaffian hypersurface. So we have to
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manually identify and analyse the degeneracy locus of Mpyq. I carefully designed the

group Gnp8 so that the degeneracy locus of

Mpyq �

������
0 0 0 y3 y1

0 0 0 y2 y3

0 0 0 2y1 y2

�y3 �y2 2y1 0 0
�y1 �y3 �y2 0 0

�����

is

V � ty P P2pQq | 2y2
1 � y2y3 � y2

2 � 2y1y3 � y2
3 � y1y2 � 0u.

It is not difficult to see that this variety V is a zero-dimensional smooth subvariety

in P2, namely

V � tp1, k2, kq | k3 � 2u,

Since we have identified our degeneracy locus, we can compute App, T, F q for the

following two cases:

1. Mpα1q maximal, App, T, F q �: Aoff/offpp, T q,

2. Mpα1q not maximal, App, T, F q �: Asm.pt/offpp, T q.

We start with Case (1). We know Mpα1q always has a pd�1q-minor which is a p-adic

unit. So we have

w1prΛ1sq � s� 3t� pd� 1qps� tq � ds� pd� 2qt.

The boundary of a sector-family in 43 falls into three components: the root vertex,

(maximal) lattices of type pps, 1, 1q, and lattices of type ppt, pt, 1q. For s, t ¥ 1

there are p2ps�1q, p2pt�1q and ps�1pt�1ps�t�1 � p2s�2t�3 lattices in SF of type pps, 1, 1q,

ppt, pt, 1q and pps�t, pt, 1q respectively. Therefore we get

Aoff/offpp, T q :�
1�

3
2

�
p

�
2
1

�
p

�
1�
2
1

�
p

�¸
s¥1

ppd�2qs�2T ds �
¸
t¥1

pp2d�2qt�2T pd�2qt

�
�

¸
s, t¥1

pppd�2qs�p2d�2qt�3qT ds�pd�2qt

�
1� pdT d � pd�1T d � p2dT d�2 � p2d�1T d�2 � p3d�1T 2d�2�

3
2

�
p

�
2
1

�
p
p1� p2d�2T d�2q p1� pd�2T dq

.

Now we deal with Case (2). In this case, the matrix Mpα1q will always have a

pd�3q�minor which is a p-adic unit. So by the same logic, we can choose affine local

coordinates px, y, 1q around α1 P P2pZpq such that

w1prΛ1sq � ds� pd� 2qt� 2minps, vppxq, vppyqq
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where x, y P pZ{ppsq. Start with ¸
rZ3
ps�rΛ

1sPBSF

pdwrΛ
1sTw

1rΛ1s

consisting of lattices of type pps, 1, 1q, s ¥ 1. The map

rΛ1s ÞÑ pdwrΛ
1sTw

1rΛ1s

factorises over the set

N :� tpa, b, cq P N3
¡0 | a ¥ b, a ¥ cu,

which we view as the intersection of N3
¡0 with some closed polyhedral cone C in R3

¡0

as ψϕ where

ϕ : rΛ1s ÞÑ ps, vppxq, vppyqq (2.4.3)

ψ : pa, b, cq ÞÑ pdaT da�2minpa, bq. (2.4.4)

Note that

��ϕ�1pa, b, cq
�� �

$'''&'''%
1 if a � b � c,

p1� p�1qpa�b if a ¡ b, a � c,

p1� p�1qpa�c if a ¡ c, a � b,

p1� p�1q2p2a�b�c if a ¡ b, a ¡ c.

(2.4.5)

We decompose the coneN into sub-conesNj on which the values |ϕ�1pa, b, cq|ψpa, b, cq

are easier to sum over. We choose the decomposition

N � N0 �N1 �N2 �N3 �N4 �N5

N0 :� tpa, b, cq P N | a � b � c ¥ 1u,

N1 :� tpa, b, cq P N | a � c ¡ b ¥ 1u,

N2 :� tpa, b, cq P N | a � b ¡ c ¥ 1u,

N3 :� tpa, b, cq P N | a ¡ c ¡ b ¥ 1u,

N4 :� tpa, b, cq P N | a ¡ b ¡ c ¥ 1u,

N5 :� tpa, b, cq P N | a ¡ b � c ¥ 1u.

Let nj :� dimpNjq. Table 1 below records the generating functions FjpX, Y, Zq to-

gether with the integers nj and Laurent monomials mjXpp, T q, mjY pp, T q, mjZpp, T q.
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Table 2.4.1:
j nj FjpX, Y, Zq mjXpp, T q mjY pp, T q mjZpp, T q
0 1 XY Z

1�XY Z
pdT d T�2 1

1 2 X2Y Z2

p1�XY Zqp1�XZq
pd�1T d p�1T�2 1

2 2 X2Y 2Z
p1�XY Zqp1�XY q

pd�1T d 1 p�1T�2

3 3 X3Y Z2

p1�XY Zqp1�XZqp1�Xq
pd�2T d p�1T�2 p�1

4 3 X3Y 2Z
p1�XY Zqp1�XY qp1�Xq

pd�2T d p�1 p�1T�2

5 3 X2Y Z
p1�XY Zqp1�Xq

pd�2T d p�1T�2 p�1

Thus ¸
rZ3
ps�rΛ

1sPBSF

pdwrΛ
1sTw

1rΛ1s �
5̧

j�0

¸
pa, b, cqPNj

��ϕ�1pa, b, cq
��ψpa, b, cq

�
5̧

j�0

p1� p�1qnj�1FjpX, Y, Zq

�����X�mjXpp, T q
Y�mjY pp, T q
Z�mjZpp, T q

�
pdT d�2p1� pdT dq

p1� pdT d�2qp1� pd�2T dq
.

The generating function counting over lattices of type ppt, pt, 1q, T ¥ 1, is clearly the

same as Case (1), i.e. is given by

¸
t¥1

p2t�2 � p2dtT pd�2qt �
p2dT d�2

1� p2d�2T d�2
.

Finally, we count over rΛ1s P S�F , i.e. over lattices of type pps�t, pt, 1q, s, t ¥ 1.

This is easy, since the generating function equals p times the product of the previous

generating functions counting over the boundary. Thus we have¸
rΛ1sPS�F

pdwrΛ
1sTw

1rΛ1s � p �
pdT d�2p1� pdT dq

p1� pdT d�2qp1� pd�2T dq
�

p2dT d�2

1� p2d�2T d�2

Hence we get

Asm.pt/offpp, T q �
1�

3
2

�
p

�
2
1

�
p

�
1�
2
1

�
p

�
pdT d�2p1� pdT dq

p1� pdT d�2qp1� pd�2T dq
�

p2dT d�2

1� p2d�2T d�2



� p �

pdT d�2p1� pdT dq

p1� pdT d�2qp1� pd�2T dq
�

p2dT d�2

1� p2d�2T d�2
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and

App, T q �

��
3

2



p

� |V pFpq|

��
2

1



p

Aoff/offpp, T q

� |V pFpq|
�

2

1



p

Asm.pt/offpp, T q

�A1pp, T q � |V pFpq|A2pp, T q,

where

A1pp, T q �
1� pdT d � pd�1T d � p2dT d�2 � p2d�1T d�2 � p3d�1T 2d�2

p1� p2d�2T d�2q p1� pd�2T dq

A2pp, T q �
p1� T qp1� T qpdT d�2p1� p2d�1T d�2q

p1� pdT d�2qp1� pd�2T dqp1� p2d�2T d�2q
.

As d � 5 we have

ζ�Gnp8, ppsq � ζ�LpGqppsq

� ζZ5
p
psqζpp8s� 15qApp, p�sq

� ζZ5
p
psqζpp8s� 15qζpp7s� 12qζpp5s� 7qW1pp, p

�sq

� |V pFpq| ζZ5
p
psqζpp8s� 15qζpp3s� 5qζpp5s� 7qζpp7s� 12qW2pp, p

�sq

where

W1pX, Y q � 1�X5Y 5 �X6Y 5 �X10Y 7 �X11Y 7 �X16Y 12

W2pX, Y q � p1� Y qp1� Y qX5Y 3p1�X11Y 7q.

Finally, from Corollary 2.2.9 we know

|V pFpq| �
��tp1, k2, kqu

�� �
$'&'%

3 p � 1 mod 3 and p � a2 � 27b2,

0 p � 1 mod 3 and p � a2 � 27b2,

1 p � 2 mod 3,

for integers a and b, is not PORC. Thus we conclude ζ�Gnp8, ppsq is Non-RFORC as

required.

Note that this is the first example of finitely-uniform but Non-RFORC ideal zeta

function. In fact, we can encode the same variety V (in a different form) into another

T2-group Gnp81 of Hirsch length 8 such that the behaviour of its normal local factor

is also governed by |V pFpq| .
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Theorem 2.4.2. Let Gnp81 be a T2-group whose associated Lie ring LpGnp81q has a

presentation

LpGnp81q � xx1, x2, x3, x4, x5, x6, y1, y2 : rxi, xjs �Mpyqy

where

Mpyq �

��������
0 0 0 y1 y2 0
0 0 0 0 y1 y2

0 0 0 2y2 0 y1

�y1 0 �2y2 0 0 0
�y2 �y1 0 0 0 0

0 �y2 �y1 0 0 0

�������
.

Then ζ�Gnp81 , ppsq is Non-RFORC.

Proof. This group Gnp81 is in fact an indecomposable D�-group. Look at the shape

of Mpyq. The matrix Mpyq is in the from�
0 B

�Bt 0



in Theorem 3.4 with a1 � 0, a2 � 0, a3 � �2.

Now detpBpyqq � gpy1, y2q � y3
1 � 2y3

2 and gpy1, 1q � y3
1 � 2 � f where f is

irreducible over Q. Hence [37, Proposition 3] gives

ζ�G, ppsq � ζZ6
p
psqζpp8s�12qζpp5s�7qζpp7s�7qζpp5s�6qpP1pp, p

�sq�nf ppqpP2pp, p
�sqq

where

P1pX, Y q � p1�X7Y 5qp1�X6T 7qp1�X6Y 5q

P2pX, Y q � p1� Y qp1� Y qX6Y 5p1�X7Y 5q

and nf ppq is the number of distinct linear factors in fptq � py3
1 � 2q. Again,

nf ppq �

$'&'%
3 p � 1 mod 3 and p � a2 � 27b2,

0 p � 1 mod 3 and p � a2 � 27b2,

1 p � 2 mod 3,

for integers a and b. Hence ζ�Gnp81 , ppsq is Non-RFORC.
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2.5 Gnp8 and Higman’s PORC conjecture

Let Gp be a class-2 group of order p8 and exponent p given by the presentation:

Gp �

C
x1, x2, x3, x4, x5, x6, x7, x8 | rx1, x4s � rx2, x5s � x6,

rx1, x5s
2 � rx3, x4s � x2

7, rx2, x4s � rx3, x5s � x8

G

where gp � 1 for all g P Gp. One can see this group as a finite p-group version of

Gnp8 in Theorem 2.2.5. Throughout the remaining chapter we prove the following

theorems:

Theorem 2.5.1. Let Dppq denote the function enumerating the number of descen-

dants of Gp of order p9 and exponent p. For p ¡ 3,

Dppq �

$&% pp2 � p� 1q{3� 5 if p � 1 mod 3 and p � a2 � 27b2,
pp2 � 10p� 1q{6� 41 if p � 1 mod 3 and p � a2 � 27b2,
pp2 � 4p� 1q{2� 34 if p � 2 mod 3,

where a and b are integers. Furthermore, Dppq is not PORC.

Theorem 2.5.2. The number of immediate descendants of Gp of order p9 is not

PORC.

Vaughan-Lee [35] recently listed all class-2 groups of exponent p with order pk for

k ¤ 8. He then showed that for every group G in his list, the number of conjugacy

classes of the group is a polynomial in p and the order of the automorphism group of

G is also a polynomial in p. Using this result he proved that the number of groups of

class-3, order p9 and exponent p is indeed PORC.

At face value this is a counter-example to Vaughan-Lee’s result in [35]. However,

it turns out that this group Gp switches back and forth between three of Vaughan-

Lee’s groups in a non-PORC manner. This is a first example that clearly shows

the existence of “local” non-PORC behaviour does not necessarily reflect “global”

non-PORC outcomes.

In Vaughan-Lee’s [35] list of all class-2 groups of exponent p with order pk for

k ¤ 8, there are 22 class-2, 5-generator groups (namely 8.5.1, 8.5.2, . . . , 8.5.22) of

order p8 and exponent p. For each group in the list the number of conjugacy classes

is given by a polynomial in p, and the order of the automorphism group is also given

by a polynomial in p. The polynomials giving the orders of the automorphism groups

of these 22 groups are all different. Thus we can identify which group among those

22 is isomorphic to Gp by computing the order of the automorphism group of Gp.
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In Section 2.7, we will show that the order of the automorphism group of Gp

depends on nppq. Comparing these polynomials with the polynomials given in [35]

we obtain:

Lemma 2.5.3. The group Gp is isomorphic to

• group 8.5.7 in [35] when p � 1 mod 3 and p � a2 � 27b2 for integers a and b

• group 8.5.18 in [35] when p � 1 mod 3 and p � a2 � 27b2 for integers a and b,

• group 8.5.13 in [35] when p � 2 mod 3.

This confirms that our Gp straddles three of Vaughan-Lee’s groups in a non-PORC

way. The number of descendants of order p9 with exponent p of each of the three

groups 8.5.7, 8.5.18 and 8.5.13 is PORC.

2.6 Associated Lie ring LpGpq and its covering al-

gebra

Similar to the zeta functions of groups and rings, when counting the number of

descendants of a finite p-group G it is often easier to work not directly with the group

G, but with its associated Lie ring L. In our case Gp has exponent p, and its associated

Lie ring is a Lie algebra over Fp. The Lazard correspondence gives an isomorphism

between the category of nilpotent Lie algebras of dimension n over the field Fp and

class at most p � 1 and the category of groups of exponent p of order pn and class

at most p� 1. (Refer to [19, Chapter 10] or [24] for more details.) This implies that

we can count the descendants of Gp of exponent p by counting the descendants of its

associated Lie algebra LpGpq which we are about to define.

The Lie algebra LpGpq over Fp corresponding to the group Gp is

LpGpq �

C
x1, x2, x3, x4, x5, x6, x7, x8 | rx1, x4s � rx2, x5s � x6,

2rx1, x5s � rx3, x4s � 2x7, rx2, x4s � rx3, x5s � x8

G
,

with all other Lie commutators trivial. For p ¡ 3 the immediate descendants of

LpGpq of dimension 9 correspond to the immediate descendants of Gp of order p9 and

exponent p.

This Lie algebra LpGpq is nilpotent of class 2 and of dimension 8, with rLpGpq, LpGpqs

having dimension 3 and vector space basis rx1, x4s, rx1, x5s and rx2, x4s. A Lie al-

gebra L over Fp is an immediate descendant LpGpq if L is nilpotent of class 3 and
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if L{rrL, Ls, Ls � LpGpq. So, how do we count such L? We start with finding the

covering algebra for LpGpq.

The covering algebra for LpGpq is the largest Lie algebra M which is nilpotent of

class 3 and contains an ideal I satisfying the following properties:

1. M{I � LpGpq,

2. I ¤ rM, M s,

3. I is contained in the centre of M.

Since very similar calculations are available in the literature, including [10] and

[17, Section 9.4], we will not give full step-by-step calculations. Call this covering

algebra M . Then M has dimension 21, with the ideal I of dimension 13. The nucleus

of M is rrM,M s,M s which has dimension 6, and is contained in I. The immediate

descendants of LpGpq are algebras M{J where J is a proper subspace of I with

J � rrM,M s,M s � I.

There is an action of the automorphism group of LpGpq onM , and two descendants

M{J1 and M{J2 are isomorphic if and only if J1 is in the same orbit as J2 under

the action of the automorphism group. We obtained Theorem 2.5.1 by computing

the number of orbits of subspaces J of codimension 1 in I under the action of the

automorphism group.

2.7 The automorphism group of LpGpq

Let V be the vector subspace of LpGpq spanned by x1, x2, x3, x4, x5. It is sufficient

to compute H, the subgroup of the automorphism group of LpGpq, which maps V

onto V.

If ϑ P H, then there exist

S �

������
A1 A2 A3 A4 A5

B1 B2 B3 B4 B5

C1 C2 C3 C4 C5

D1 D2 D3 D4 D5

E1 E2 E3 E4 E5

�����
P GLp5, pq

such that
ϑpx1q � A1x1 � A2x2 � A3x3 � A4x4 � A5x5,
ϑpx2q � B1x1 �B2x2 �B3x3 �B4x4 �B5x5,
ϑpx3q � C1x1 � C2x2 � C3x3 � C4x4 � C5x5,
ϑpx4q � D1x1 �D2x2 �D3x3 �D4x4 �D5x5,
ϑpx4q � E1x1 � E2x2 � E3x3 � E4x4 � E5x5.
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We now count the number of automorphisms by counting S.

Lemma 2.7.1. The only 3 dimensional subspace of V which generates an abelian

subalgebra of LpGpq is xx1, x2, x3y .

Proof. Let W be such a subspace of V and U � xx1, x2, x3y .

First assume U XW � t0u. Then dimpW ` Uq � 6. However W ` U ¤ V, hence

this is impossible.

So UXW � t0u. Let u � UXW zt0u. Then W must be a subspace of the centraliser

of u in V, namely CV puq. We consider the possibilities for CV puq.

First note that

Cvpx1q � xx1, x2, x3y ,

Cvpx2q � xx1, x2, x3y ,

Cvpx3q � xx1, x2, x3y ,

and that if λ � 0 then

Cvpx1 � λx2q � xx1, x2, x3y ,

Cvpx2 � λx3q � xx1, x2, x3y ,

Cvpx3 � λx1q � xx1, x2, x3y .

Also we have

rx4, x1 � ax2 � bx3s � �rx5, x2s � arx5, x3s � 2brx5, x1s,

rx5, x1 � ax2 � bx3s � rx5, x1s � arx5, x2s � brx5, x3s.

It follows that CV px1 � ax2 � bx3q � U unless

a � �2b2 pmod pq,

b � a2 pmod pq,

in which case CV px1 � ax2 � bx3q � xx1, x2, x3, ax5 � bx4y . Since W ¤ CV puq this

implies W � U or W ¤ xx1, x2, x3, ax5 � bx4y . However, the latter implies that W

has non-trivial intersection with xx1, x2y . We know

Cvpx1q � xx1, x2, x3y ,

Cvpx2q � xx1, x2, x3y ,

Cvpx1 � λx2q � xx1, x2, x3y .

Hence W � U as required.
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Corollary 2.7.2. Let ϑ P H and M be a corresponding matrix. Then A4 � A5 �

B4 � B5 � C4 � C5 � 0 and�� A1 A2 A3

B1 B2 B3

C1 C2 C3

�
P GLp3, pq.

Proof. Since ϑ is an automorphism from V onto V,

ϑpxx1, x2, x3yq � xϑpx1q, ϑpx2q, ϑpx3qy .

It is clear that xϑpx1q, ϑpx2q, ϑpx3qy is a 3 dimensional subspace which generates an

abelian subalgebra of LpGpq. From Lemma 2.7.1 we know xϑpx1q, ϑpx2q, ϑpx3qy �

xx1, x2, x3y .

So at this point, we know that our S looks like

S �

������
A1 A2 A3 0 0
B1 B2 B3 0 0
C1 C2 C3 0 0
D1 D2 D3 D4 D5

E1 E2 E3 E4 E5

�����
P GLp5, pq,

where �� A1 A2 A3

B1 B2 B3

C1 C2 C3

�
P GLp3, pq.

This obviously satisfies our relations rϑpx1q, ϑpx2qs � rϑpx1q, ϑpx3qs � rϑpx2q, ϑpx3qs �

0. Now we need to get extra conditions from the remaining relations:

rϑpx4q, ϑpx5qs � 0,

rϑpx1q, ϑpx4qs � rϑpx2q, ϑpx5qs,

2rϑpx1q, ϑpx5qs � rϑpx3q, ϑpx4qs,

rϑpx2q, ϑpx4qs � rϑpx3q, ϑpx5qs.

If we solve all these simultaneous equations, we get the following results:

Lemma 2.7.3. (1) If p � 2 mod 3

S �

������
a1 a2 a3 0 0
2a3 a1 a2 0 0
2a2 2a3 a1 0 0
2a4 a5 a6 λ 0
a5 a6 a4 0 λ

�����
 or S �

������
b1 b2 b3 0 0

k2b2 k2b3
k2

2
b1 0 0

2kb3 kb1 kb2 0 0
b4 b5 b6 0 k2λ
kb6

k
2
b4

k
2
b5 λ 0

�����
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where detpSq � 0 and k3 � 2 mod p.

(2) If p � 1 mod 3 then

S �

������
a1 a2 a3 0 0

2ωia3 ωia1 ωia2 0 0
2ω2

i a2 2ω2
i a3 ω2

i a1 0 0
2a4 a5 a6 λ 0
ω2
i a5 ω2

i a6 ω2
i a4 0 ω2

i λ

�����
 or S �

�������
b1 b2 b3 0 0

k2
j b2 k2

j b3
k2j
2
b1 0 0

2kjb3 kjb1 kjb2 0 0
b4 b5 b6 0 k2

jλ

kjb6
kj
2
b4

kj
2
b5 λ 0

������

where detpSq � 0, ω3

i � 1 mod p and k3
j � 2 mod p for 1 ¤ i, j ¤ 3.

Now we calculate the order of the automorphism group for different cases. Let

hppq denote the order of automorphism group of LpGpq. One can check manually (as

in [10] and [17, Section 9.4]) that

hppq �

$&% N � 3pp� 1qp18 if p � 1 mod 3 and p � a2 � 27b2,
N � 6pp� 1qp18 if p � 1 mod 3 and p � a2 � 27b2,
N � 2pp� 1qp18 if p � 2 mod 3,

for integers a and b where N is the order of the group of matrices in GLp3, pq of the

form �� a1 a2 a3

2a3 a1 a2

2a2 2a3 a1

�
.
Since the determinant of this matrix is a3

1 � 2a3
2 � 4a3

3 � 6a1a2a3, we can compute

N � |tpa1, a2, a3q P F3
p | a

3
1 � 2a3

2 � 4a3
3 � 6a1a2a3 � 0 mod pu|.

When x3 � 2 has no roots over the splitting field, then a3
1 � 2a3

2 � 4a3
3 � 6a1a2a3 is

irreducible and nonzero unless a1 � a2 � a3 � 0. Therefore N � p3 � 1 in this case.

When x3 � 2 has one unique root k, then

a3
1�2a3

2�4a3
3�6a1a2a3 � pa1�ka2�k

2a3qpa
2
1�k

2a2
2�k

4a2
3�ka1a2�k

2a1a3�k
3a2a3q,

and N � pp2 � 1qpp� 1q. Finally, when x3 � 2 has three distinct roots k1, k2 and k3,

then

a3
1 � 2a3

2 � 4a3
3 � 6a1a2a3 � pa1 � k1a2 � k2

1a3qpa1 � k2a2 � k2
2a3qpa1 � k3a2 � k2

3a3q,

and N � pp� 1q3. Corollary 2.2.9 then gives us:

Corollary 2.7.4. Let h(p) denote the order of automorphism group of LpGpq. Then

hppq �

$&% 3pp� 1qpp3 � 1qp18 if p � 1 mod 3 and p � a2 � 27b2,
6pp� 1q4p18 if p � 1 mod 3 and p � a2 � 27b2,
2pp� 1q2pp2 � 1qp18 if p � 2 mod 3,

for integers a and b. Thus hppq is not PORC.
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2.8 Immediate descendants of order p9

We proved Theorem 2.5.1 by counting the immediate descendants of LpGpq of di-

mension 9, as described in Section 2.5. As we explained in that section, the counting

problem for these descendants is equivalent to the problem of enumerating the number

of orbits of subspaces J of codimension 1 in I under the action of the automorphism

group. The fact that the number of descendants is not PORC is directly related to

the fact that the order of the automorphism group is not PORC.

Finally, let Eppq be the number of descendants of Gp of order p9 which do not

have exponent p. Then the total number of descendants of Gp is Dppq �Eppq. From

Theorem 2.5.1 we can check that if p � 1 mod 3, then Dppq is smaller when p �

a2 � 27b2 than it is when p � a2 � 27b2. Since we know that the order of the

automorphism group is bigger when p � a2 � 27b2 than it is when p � a2 � 27b2, we

can deduce that Eppq will either be the same or smaller when p � a2 � 27b2 than it

is when p � a2 � 27b2. This proves Theorem 2.5.2.
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Chapter 3

Enumerating graded ideals in
graded Lie rings

3.1 Graded ideals in graded Lie rings

As we discussed in the introduction, one of the main obstacles for studying zeta

functions of groups and rings is that they are simply too difficult to compute. In

this chapter, we define graded ideal zeta functions which enumerate graded ideals in

graded Lie rings. This can be regarded as an “approximation” of ideal zeta functions

of Lie rings.

Let R be a commutative ring and L be a nilpotent R-Lie algebra of nilpotency

class c, free of finite rank over R, with lower central series pγipLqq
c
i�1. For i � 1, . . . , c

set Lpiq :� γipLq{γi�1pLq. The associated graded R-Lie algebra is grL �
Àc

i�1 L
piq.

An R-ideal I of grL (of finite index in grL) is graded or homogeneous if it is generated

by homogeneous elements or, equivalently, if I �
Àc

i�1pIXL
piqq. In this case we write

I �gr grL. Assume now that L is free and finitely generated as an R-module. We

define the graded ideal zeta function of L as the Dirichlet generating series

ζ
�gr

L psq �
¸

I�grgrL

|grL : I|�s, (3.1.1)

enumerating graded ideals in grL of finite index in grL. Here s is a complex variable;

our assumptions on L guarantee that ζ
�gr

L psq converges on a complex half-plane. (For

a similar definition in a slightly more general setting, see [28, Section 3.1]).

Assume now that R � O is the ring of integers of a number field. For a (non-zero)

prime ideal p P SpecpOq we write o � Op for the completion of O at p, a complete

discrete valuation ring of characteristic zero and residue field O{p of cardinality q and
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characteristic p, say. Considering LpOpq :� LbOOp as an Op-algebra, (3.1.1) becomes

ζ
�gr

LpOpq
psq �

¸
I�grgrLpOpq

|grLpOpq : I|�s.

A simple application of the Chinese Remainder Theorem yields the Euler product

ζ
�gr

L psq �
¹

pPSpecpOq

ζ
�gr

LpOpq
psq,

expressing the “global” zeta function ζ
�gr

L psq as an infinite product of “local”, or p-

adic ones. By abuse of notation we denote here by SpecpOq the set of non-zero prime

ideals of O. Each individual Euler factor is a rational function in the parameter q�s.

In fact, the graded zeta function in (3.1.1) is an Euler product of cone integrals in

the sense of [9] (cf. [28, Theorem 3.3]), and the far-reaching results of this paper –

regarding both the factors and the product’s analytic properties – apply. The fact that

the analysis of [9] is restricted to the case R � Z is insubstantial for this conclusion.

3.1.1 Main results

In this chapter we are mainly concerned with graded ideal zeta functions of free

nilpotent Lie rings of finite rank. Given c P N and d P N¥2, let fc,d be the free

nilpotent Lie ring (scheme over Z) of nilpotency class c on d Lie generators. One

may think of fc,d as the quotient of the free Z-Lie algebra fd on d generators by the

c � 1-th term γc�1pfdq of its lower central series. For i P rcs, the Z-rank of the i-th

lower-central-series quotient γipfc,dq{γi�1pfc,dq is given by the Witt function

Wdpiq :�
1

i

¸
j|i

µpjqdi{j, (3.1.2)

where µ denotes the Möbius function; cf. [43, Satz 3]. Hence rkZ pfc,dq �
°c
i�1Wdpiq.

Given a commutative ring R – in this paper always a number ring O or the completion

Op of such a ring at a non-zero prime ideal p – we write fc,dpRq � fc,dbZR, considered

as an R-Lie algebra.

For c � 1, the (graded ideal) zeta function of the free abelian O-Lie ring f1,dpOq �

Od, enumerating all finite index O-sublattices of Od, is well known to be equal to

ζ
�gr

f1,dpOq
psq �

d¹
i�1

ζKps� i� 1q, (3.1.3)
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where ζK denotes the Dedekind zeta function of K; cf. [15, Proposition 1.1]. The

Euler product (3.1.4) reflects the well-known Euler product ζKpsq �
±

pPSpecpOqp1 �

pO{pq�sq�1:

ζ
�gr

f1,dpOq
psq �

¹
pPSpecpOq

d¹
i�1

1

1� pO{pqi�1�s
�

¹
pPSpecpOq

ζOdppsq. (3.1.4)

For c � 2 Voll computed in [39] the ideal zeta functions enumerating (O-)ideals

of finite index in the rings f2,dpOq. (The paper only discusses the case R � Z, but its

computations carry over – mutatis mutandis – to the case of general number rings.)

We compute the graded ideal zeta functions ζ
�gr

f2,dpOq
psq for all d ¥ 2 in Section 3.4 and

those for pc, dq P tp3, 2q, p4, 2qu in Section 3.5 of the current paper.

This chapter’s most involved result is the computation, in Section 3.3, of the

graded ideal zeta function of f3,3pOq. To this end we compute an explicit formula for

ζ
�gr

f3,3poq
psq, valid for all finite extension o of the p-adic integers Zp, where p is a prime,

viz. a local ring of the form o � Op for a non-zero prime ideal p of O lying above p.

Theorem 3.1.1. There exists an explicitly determined rational function W
�gr

3,3 P

QpX, Y q such that, for all primes p and all finite extensions o of Zp, with residue

cardinality q, say,

ζ
�gr

f3,3poq
psq � W

�gr

3,3 pq, q
�sq.

It may be written as W
�gr

3,3 � N3,3{D3,3 where

D3,3pX, Y q �p1� Y qp1�XY qp1�X2Y qp1�X3Y 4qp1�XY 5qp1�X2Y 5qp1� Y 6q

p1�X7Y 7qp1�X8Y 7qp1�X8Y 8qp1�X12Y 8qp1�X6Y 9qp1�X15Y 9q

p1�X16Y 10qp1�X15Y 11qp1�X12Y 12qp1�X7Y 13qp1� Y 14q,

is a polynomial of degree 115 in X and 131 in Y , and N3,3 P QrX, Y s is a polynomial

of degree 81 in X and 108 in Y .

The rational function W
�gr

3,3 satisfies the functional equation

W
�gr

3,3 pX
�1, Y �1q � X34Y 23W

�gr

3,3 pX, Y q. (3.1.5)

We note that the Witt functionW3 (cf. (3.1.2)) takes the values pW3p1q,W3p2q,W3p3qq �

p3, 3, 8q and that 115�81 � 34 �
�

3
2

�
�
�

3
2

�
�
�

8
2

�
and 131�108 � 23 � 3 �3�2 �3�1 �8;

cf. Conjecture 7.2.2.

Our proof of Theorem 3.1.1 yields W
�gr

3,3 as a sum of 15 explicitly given summands,

listed essentially in Section 3.3.2. We do not reproduce the “final” outcome of this
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summation here, as the numerator N3,3 of W
�gr

3,3 fills several pages. We do record,

however, several corollaries of the explicit formula for W
�gr

3,3 .

The first corollary concerns analytic properties of the global zeta function ζf3,3pOqpsq.

Corollary 3.1.2. The global graded ideal zeta function ζf3,3pOqpsq converges on ts P

C | Repsq ¡ 3u and may be continued meromorphically to ts P C | Repsq ¡ 14{9u.

This follows from the observation that the Euler product
±

pPSpecpOqD3,3pq, q
�sq�1

– a product of finitely many translates of the Dedekind zeta function ζKpsq – has

abscissa of convergence 3 and the Euler product
±

pPSpecpOqN3,3pq, q
�sq may be con-

tinued meromorphically to ts P C | Repsq ¡ 14{9u. The latter reflects the facts that,

if N3,3pX, Y q � 1 �
°
iPI αiX

aiY bi for a finite index set I and αi P Zzt0u, ai P N0,

bi P N then β :� maxtai
bi
| i P Iu � 14{9; cf. [11, Lemma 5.5].

The second corollary concerns the reduced graded ideal zeta function

ζ
�gr

f3,3,redpY q :� W
�gr

3,3 p1, Y q P QpY q;

cf. Section 3.2.4. This concept was introduced in [13], albeit not in the context of

graded ideal zeta functions. We expect that our ad hoc definition will fit into a general

definition of reduced graded ideal zeta functions along the lines of [13].

Corollary 3.1.3. The reduced graded ideal zeta function ζ
�gr

f3,3,redpY q satisfies

ζ
�gr

f3,3,redpY q �
N3,3,redpY q

p1� Y q3p1� Y 3qp1� Y 4q2p1� Y 5q
±14

i�8p1� Y iq
, (3.1.6)

where N3,3,redpY q P ZrY s is equal to

1� 2Y 3 � 4Y 4 � 5Y 5 � 16Y 6 � 34Y 7 � 53Y 8 � 77Y 9 � 98Y 10 � 121Y 11 � 182Y 12�

302Y 13 � 483Y 14 � 712Y 15 � 953Y 16 � 1187Y 17 � 1425Y 18 � 1689Y 19 � 2046Y 20�

2579Y 21 � 3298Y 22 � 4162Y 23 � 5059Y 24 � 5826Y 25 � 6398Y 26 � 6894Y 27�

7475Y 28 � 8270Y 29 � 9265Y 30 � 10260Y 31 � 11041Y 32 � 11529Y 33 � 11745Y 34�

11798Y 35 � 11811Y 36 � 11811Y 37 � 11798Y 38 � 11745Y 39 � 11529Y 40 � 11041Y 41�

10260Y 42 � 9265Y 43 � 8270Y 44 � 7475Y 45 � 6894Y 46 � 6398Y 47 � 5826Y 48�

5059Y 49 � 4162Y 50 � 3298Y 51 � 2579Y 52 � 2046Y 53 � 1689Y 54 � 1425Y 55�

1187Y 56 � 953Y 57 � 712Y 58 � 483Y 59 � 302Y 60 � 182Y 61 � 121Y 62 � 98Y 63�

77Y 64 � 53Y 65 � 34Y 66 � 16Y 67 � 5Y 68 � 4Y 69 � 2Y 70 � Y 73.
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It seems remarkable that W
�gr

3,3 p1, Y q has a simple pole at Y � 1 of order 14 �

3�3�8, the Z-rank of f3,3, and that N3,3,redpY q has nonnegative, unimodal coefficients.

This is consistent with the speculation that W
�gr

3,3 p1, Y q is in fact the Hilbert-Poincaré

series of a 14-dimensional graded algebra, associated to f3,3 in a natural way; cf.

Remark 7.2.5. Note that the right hand side of (3.1.6) is not in lowest terms. The

palindromic symmetry of the coefficients of N3,3,redpY q is implied by the functional

equation (3.1.5).

The third corollary concerns another limiting object of the local graded ideal

zeta functions ζ
�gr

f3,3poq
psq, viz. the topological graded ideal zeta function ζ

�gr

f3,3,toppsq; cf.

Section 3.2.5. In [27], Rossmann introduced and studied so-called topological zeta

functions associated to a range of Dirichlet generating series. Informally speaking,

topological zeta functions may be viewed as suitably defined limits of local zeta func-

tions. Whilst topological versions of zeta functions such as ζ
�gr

f3,3poq
psq have not yet

been studied specifically, one may define ζ
�gr

f3,3,toppsq ad hoc as the leading term of the

expansion of ζ
�gr

f3,3poq
psq in q � 1; cf. [27, Definition 5.13].

Corollary 3.1.4. The topological graded ideal zeta function ζ
�gr

f3,3,toppsq satisfies

ζ
�gr

f3,3,toppsq �
p33250s4 � 81537s3 � 66573s2 � 20800s� 1920q{56

D3,3,toppsq,

where D3,3,toppsq P Zrss is defined to be

s3ps�1q4ps�2qp3s�2qp4s�3qp5s�1qp5s�2qp7s�8qp2s�3qp3s�5qp5s�8qp11s�15qp13s�7q

A number of features of the rational functions considered above seem remarkable.

By the degree of a rational function f � P {Q P QpY q we mean degY f � degY P �

degY Q.

Corollary 3.1.5. 1.

degs

�
ζ
�gr

f3,3,toppsq
	
� �14 � �p3� 3� 8q � � rkZpf3,3q,

2.

s�14ζ
�gr

f3,3,topps
�1q|s�0 �

19

288288
� p1� Y q14ζ

�gr

f3,3,redpY q|Y�1 P Q¡0,

3.

s3ζ
�gr

f3,3,toppsq|s�0 �
�1

70560
�

p�1q2�2�73 � 3 � 8

3 � 6 � 14 � 2! � 2! � 7!
,

4.
ζ
�gr

f3,3poq
psq

ζo3psqζo3psqζo8psq

�����
s�0

�
2

7
�

3 � 3 � 8

3 � 6 � 14
.
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If the above-mentioned connection between the reduced graded ideal zeta function

and Hilbert-Poincaré series of graded algebras were to hold, the rational number in

part (2) – for which we currently do not have an interpretation – were to be interpreted

in terms of the multiplicity of the associated graded algebra.

Based on the explicit computations in this chapter we present, in Chapter 6,

a number of general conjectures pertaining to graded ideal zeta functions of free

nilpotent Lie rings generalizing these features.

3.1.2 Background, motivation, and methodology

Recall that L is a nilpotent Lie algebra over the ring of integers O of a number field.

The ideal zeta function of L is the Dirichlet generating series enumerating the O-ideals

of L of finite index, viz.

ζ�L psq �
¸
I�L

|L : I|�s �
¹

pPSpecpOq

ζ�LpOpqpsq,

where s is a complex variable and, for a (non-zero) prime ideal p of O,

ζ�LpOpqpsq �
¸

I�LpOpq

|LpOpq : I|�s.

Ideal zeta functions of nilpotent Lie rings are well-studied predecessors of the graded

ideal zeta functions studied in the present paper. One of the main results of [15],

which introduced these zeta functions, establishes the rationality of each of the Euler

factors ζ�LpOpq
psq in q�s, where q � |O : p|; cf. [15, Theorem 3.5]. For numerous

examples of ideal zeta functions of nilpotent Lie rings, see [11].

By the Mal’cev correspondence, ideal zeta functions of nilpotent Lie rings are

closely related to the normal subgroup zeta functions enumerating finite index normal

subgroups of finitely generated nilpotent groups. In particular, given c, d P N, almost

all (i.e. all but finitely many) of the Euler factors of ζ�fc,dpsq coincide with those of the

normal subgroup zeta function of the free class-c-nilpotent d-generator group Fc,d; cf.

[15, Section 4]. The study of the normal subgroup growth of free nilpotent groups is

connected with the enumeration of finite p-groups up to isomorphism; cf. [7].

Informally speaking, graded ideal zeta functions of nilpotent Lie rings may be

seen as “approximations” of their ideal zeta functions. Indeed, almost all Euler fac-

tors ζ
�gr

LpOpq
psq actually enumerate a sublattice of the lattice of ideals enumerated by

ζ�LpOpq
psq. In general, this approximation is quite coarse. In nilpotency class c ¤ 2,

however, the problems of computing ideal zeta functions and graded ideal zeta func-

tions are all but equivalent, as the following example shows.
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Example 3.1.6. Assume that L is nilpotent of class 2, with isolated commutator ideal

L1 such that rkOpL{L
1q � d. Then, essentially by [15, Lemma 6.1],

ζ�L psq �
¸

Λ1¤L{L1

|L{L1 : Λ1|
�s

¸
rΛ1,Ls¤Λ2¤L1

|L1 : Λ2|
d�s, (3.1.7)

whereas

ζ
�gr

L psq �
¸

Λ1¤L{L1

|L{L1 : Λ1|
�s

¸
rΛ1,grLs¤Λ2¤L1

|L1 : Λ2|
�s. (3.1.8)

In the special cases L � f2,d, the proximity between (3.1.7) and (3.1.8) explains the

proximity between the explicit formulae recorded in Theorems 3.4.1 and 3.4.2 of the

current paper.

In higher nilpotency classes, we are not aware of any such simple parallels. In the

realm of free nilpotent Lie rings of class greater than two, explicit computations of

ideal zeta functions seem all but unfeasible. In particular, we do not know of formulae

for the ideal zeta functions of the Lie rings f3,3pOq and f4,2pOq.

Numerous questions regarding ideal zeta functions have analogues regarding the

“approximating” graded ideal zeta functions, and one may speculate that the latter

are easier to answer than the former. On p. 188 of [15], Grunewald, Segal, and Smith

formulate, for example, a conjecture which would imply that, for any c, d P N there

exists a rational function Wc,dpX, Y q P QpX, Y q such that, for almost all p and all

finite extensions o of Zp, ζ�fc,dpoqpsq � Wc,dpq, q
�sq. This consequence is known to hold

for c ¤ 2 and pc, dq � p3, 2q but wide open in general, including the cases pc, dq P

tp3, 3q, p4, 2qu. Our Conjecture 7.2.1 – which is verified by the explicit computations

in the current paper in particular for c � 2 and pc, dq P tp3, 3q, p3, 2q, p4, 2qu – may be

viewed as a “graded” version of this conjecture.

In [27], Rossmann formulates a number of conjectures on certain special values of

p-adic, topological, and reduced zeta functions, pertaining in particular to ideal zeta

functions of nilpotent Lie rings. Our Conjectures 7.2.7, 7.2.9 and 7.2.11 are “graded”

counterparts.

In [41, Theorem 4.4], Voll proved a local functional equation for the generic Euler

factors of the ideal zeta functions ζ�fc,dpOqpsq upon inversion of the prime for all c P N
and d P N¥2. Our results suggest that this phenomenon also appears for graded ideal

zeta functions of free nilpotent Lie rings; cf. Conjecture 7.2.2.

This chapter’s methodology is combinatorial. All our computations owe their

feasibility to the fact that, for the parameter values considered, viz. c � 2 and pc, dq P

tp3, 3q, p3, 2q, p4, 2qu, the enumeration of graded ideals is equivalent to the enumeration
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of various flags of lattices in free abelian o-modules which depend only, and in a linear

fashion, on the lattices’ elementary divisor types. Our computations rely on a simple

polynomial formula, due to Birkhoff, for the numbers of o-submodules of given type

in a finite o-module of given type; cf. Proposition 3.2.2. To obtain closed formulae

for the relevant graded ideal zeta functions we need to organize the enumeration

of infinitely many values of Birkhoff’s formula in a manageable way. We meet this

challenge by organizing pairs of partitions, encoding two lattices’ elementary divisor

types, by their overlap type, formally one of finitely many multiset permutations,

viz. words in two letters (each with multiplicity); cf. Section 3.3.1. For pc, dq �

p3, 3q, for instance, we are led to consider 15 specific words in the alphabet t1,2u;

cf. Table 3.3.1. Restricting the relevant enumerations to a fixed word yields formulae

which are products of q-multinomial coefficients and so-called Igusa functions ; cf.

Section 3.2.2. In Theorem 3.3.6 we compute such formulae for each of the 15 words

relevant for pc, dq � p3, 3q. Similar methodology has been applied before to compute

ideal zeta functions of Heisenberg Lie rings over number rings ([29]) and free nilpotent

Lie rings of class 2 ([39]).

That we are able to reduce our computations to combinatorial considerations with

partitions is essentially owed to the fact that, for the parameters pc, dq considered, the

automorphism groups of the free Lie rings fc,d act transitively on the lattices of given

elementary divisor types in relevant sections of fc,d. This allows us to assume that the

relevant lattices are generated by multiples of elements of Hall bases ; cf. Section 3.2.3.

That a lattice may always be generated by multiples of some linear basis follows, of

course, from the elementary divisor theorem; that (subsets of) Hall bases may be

used is a lucky consequence of the existence of “many” automorphisms, as we now

explain. The automorphism group of fc,dpoq contains a copy of GLdpoq which allows us

to perform arbitrary invertible o-linear transformations of Lie generators x1, . . . , xd

of fc,dpoq. For c � 2, this observation – which was already exploited in the proof

of [15, Theorem 2] – in conjunction with Birkhoff’s formula is sufficient to compute

the (graded) ideal zeta function of fc,dpoq; cf. Section 3.4. On the Lie commutators

rxi, xjs, 1 ¤ i   j ¤ n, these linear transformations act via the exterior square

representation. In general, the image of the natural map
�2 GLdpoq Ñ GLpd2q

poq

is rather small. The map is surjective, however, if d ¤ 3, and an isomorphism if

d � 3. This facilitates our computations for pc, dq P tp3, 3q, p3, 2qu. If d � 2, then

the above-mentioned copy of GL2poq even induces the full automorphism group of

the o-module generated by the weight-3-commutators rrx1, x2s, x1s and rrx1, x2s, x2s,

which we exploit for pc, dq � p4, 2q.
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3.1.3 Settings

We write 2S for the power set of a set S. By a partition we mean a tuple pλ1, . . . , λn, q¥ P

Nn
0 of nonincreasing nonnegative integers. The notation I � ti1, . . . , ihu  for a subset

of I � N0 indicates that i1   i2   � � �   ih. Similarly, pλ1, . . . , λnq¥ P Nn
0 denotes a

partition with non-ascending parts λ1 ¥ � � � ¥ λn ¥ 0.

We write o for a compact discrete valuation ring of characteristic zero, i.e. a finite

extension of the ring Zp of p-adic integers or, equivalently, a ring of the form Op, the

completion of the O, the ring of integers of a number field K, at a nonzero prime ideal

p of O. We write q for the cardinality of the residue field of o and p for its residue

characteristic. We write t � q�s, where s is a complex variable. We write ζK for the

Dedekind zeta function of K.

3.2 General preliminaries

Let c P N, d P N¥2, and set f � fc,d be as above. The following is analogous to [15,

Lemma 6.1].

Lemma 3.2.1. Let p be a prime and o be a finite extension of Zp. For each Λ2 ¤

fpoqp2q let

pXpΛ2q ` fpoqp2qq{Λ2 � Zppfpoqp1q ` fpoqp2qq{Λ2q. (3.2.1)

Then

ζ
�gr

fpoq psq �
¸

Λ1¤fpoqp1q,..., Λc¤fpoqpcq

@iP s1,cs: rΛi�1,fpoq
p1qs¤Λi

c¹
i�1

|fpoqpiq : Λi|
�s

� ζodpsq
¸

Λ2¤fpoqp2q,..., Λc¤fpoqpcq

@iP s2,cs: rΛi�1,fpoq
p1qs¤Λi

|fpoqp1q : XpΛ2q|
�s

c¹
i�2

|fpoqpiq : Λi|
�s. (3.2.2)

Proof. A graded additive sublattice Λ ¤ gr fpoq determines and is determined by the

sequence pΛ1, . . . ,Λcq, where Λi :� ΛX fpoqpiq for all i P rcs. We have Λ�gr fpoq if and

only if rΛi�1, fpoq
p1qs ¤ Λi for all i P s1, cs. This proves the first equality. The second

follows from the definition of XpΛ2q given in (3.2.1), noting that rΛ1, fpoq
p1qs ¤ Λ2 if

and only if Λ1 ¤ XpΛ2q and that, for each Λ2 ¤ fpoqp2q,¸
Λ1¤XpΛ2q

|fpoqp1q : Λ1|
�s � ζodpsq|fpoq

p1q : XpΛ2q|
�s.
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3.2.1 Birkhoff’s formula

Given a pair of partitions pσ, τq, let αpσ, τ ; qq denote the number of torsion o-modules

of type τ contained in a fixed torsion o-module of type σ. Clearly αpσ, τ ; qq � 0 unless

τ ¤ σ. Notice that, for τ � pτ1, . . . , τnq¥,

αpτ
pnq
1 , τ ; qq � #tΛ ¤ on | on{Λ � `n

j�1o{p
τju.

The following explicit general formula for αpσ, τ ; qq is attributed to Birkhoff in [4].

Proposition 3.2.2 (Birkhoff). Let τ ¤ σ be partitions, with dual partitions τ 1 ¤ σ1.

Then

αpσ, τ ; qq �
¹
k¥1

qτ
1
kpσ

1
k�τ

1
kq

�
σ1k � τ 1k�1

σ1k � τ 1k



q�1

P Zrqs.

3.2.2 Igusa functions and their functional equations

Definition 3.2.3. ([29, Definition 2.5]) Let h P N. Given variables X � pX1, . . . , Xhq

and Y , we set

IhpY ; Xq �
1

1�Xh

¸
I�rh�1s

�
h

I



Y

¹
iPI

Xi

1�Xi

P QpY,X1, . . . , Xhq,

I�hpY ; Xq �
Xh

1�Xh

¸
I�rh�1s

�
h

I



Y

¹
iPI

Xi

1�Xi

P QpY,X1, . . . , Xhq.

We set I0pY q � I�0 pY q � 1 P QpY q.

Note that I1pY ;Xq � 1
1�X

and I�1 pY ;Xq � X
1�X

. We will make repeated use of

the functional equations ([29, Proposition 4.2])

IhpY
�1; X�1q � p�1qhXhY

�ph2qIhpY ; Xq,

I�hpY
�1; X�1q � p�1qhX�1

h Y �ph2qI�hpY ; Xq. (3.2.3)

Remark 3.2.4. The “symmetry centres” p�1qhXhY
�ph2q resp. p�1qhX�1

h Y �ph2q in the

functional equations (3.2.3) depend on Y and Xh, but not on X1, . . . , Xh�1.

Throughout this paper, we always substitute q�1 for Y and hence write IhpXq

instead of Ihpq
�1; Xq and I�hpXq instead of I�hpq

�1; Xq.

Igusa functions are ubiquitous in the theory of zeta functions of groups and rings.

Note, for instance, that

ζodpsq � Idppq
pd�jqjtjqjPrdsq �

1±d�1
j�0p1� qjtq

;

cf. (3.1.4).
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3.2.3 Hall bases for free nilpotent Lie rings

Let x1, . . . , xd be Lie generators for f � fc,d. A Hall basis for fc,d (on x1, . . . , xd) is a

Z-basis Hc,d for fc,d which may be constructed by selecting inductively certain basic

commutators in the xi; see [18] for details. Note that |Hc,d| �
°c
i�1Wdpiq, where Wd

denotes the Witt function (3.1.2).

In Table 3.2.1 we record some Hall bases which are relevant for the current paper.

Here we adopt the standard abbreviation xi1xi2xi3 . . . xir for left-normed commutators

r. . . rrxi1 , xi2s, xi3s, . . . , xirs. In the case that d � 2 (resp. d � 3), we write x, y (and

z) instead of x1, x2 (and x3q.

pc, dq Hall basis Hc,d pWdpiqqiPrcs
p1, dq tx1, . . . , xdu pdq

p2, dq tx1, . . . , xd, xixj | 1 ¤ i   j ¤ du pd,
�
d
2

�
q

p3, 3q tx, y, z, xy, xz, yz, xyx, xzx, yzx, xyy, xzy, yzy, xzz, yzzu p3, 3, 8q
p3, 2q tx, y, xy, xyx, xyyu p2, 1, 2q
p4, 2q tx, y, xy, xyx, xyy, xyxx, xyyx, xyyyu p2, 1, 2, 3q

Table 3.2.1: Some Hall bases

3.2.4 Reduced zeta functions

In [13], Evseev introduced a certain “limit as p Ñ 1” of various local zeta functions.

Informally speaking, the idea is to exploit the fact that the coefficients of these gener-

ating functions enumerate Fq-rational points of constructible sets. The desired limit is

obtained by replacing these constructible sets by their Euler-Poincaré characteristics.

The resulting rational functions are called reduced zeta functions ; cf. [13, Section 3].

This paper does not define reduced graded ideal zeta functions explicitly, but pro-

vides a theoretical framework that allows this quite readily. If c, d are such that

ζ
�gr

fc,dpoq
psq � W

�gr

c,d pq, q
�sq for a rational function W

�gr

c,d pX, Y q P QpX, Y q, for almost

all primes p and all finite extensions o of Zp, then ζ
�gr

fc,d,redpsq � W
�gr

c,d p1, Y q P QpY q.
Evseev proved in [13, Section 4] that reduced ideal zeta functions of Lie rings with so-

called nice and simple bases are Hilbert-Poincaré series enumerating integral points

in rational polyhedral cones. The Hall bases H2,d given in Table 3.2.1, for instance,

have this property. Comparing (3.1.7) and (3.1.8) one sees that, for nilpotent Lie

rings L of nilpotency class 2, ζ
�gr

L,redpY q � ζ�L,redpY q; cf. also Remark 3.5.2.
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3.2.5 Topological zeta functions

Another means of defining limits of p-adic zeta functions are topological zeta func-

tions. If c, d are such that ζ
�gr

fc,dpoq
psq � W

�gr

c,d pq, q
�sq for a rational functionW

�gr

c,d pX, Y q P

QpX, Y q, for almost all primes p and all finite extensions of Zp, then ζ
�gr

fc,d,toppsq is sim-

ply the leading term of the expansion of W
�gr

c,d pq, q
�sq in q � 1.

Example 3.2.5. For a P N0 and b P N, 1
1�qa�bs

� 1
bs�a

pq � 1q�1 �Op1q. Thus

ζ
�gr

f1,dpoq
psq � ζodpsq �

1

sps� 1q . . . ps� d� 1q
pq � 1q�d �Oppq � 1q�d�1q,

whence

ζ
�gr

f1,d,toppsq �
1

sps� 1q . . . ps� d� 1q
.

More generally, Definition [27, Definition 5.13] applies to any system of local zeta

functions of Denef type over a number field, in the sense of [27, Definition 5.7]. Exam-

ples of such systems are families of p-adic zeta functions of the form pW pq, q�sqqpPSpecpOq,

where W pX, Y q P QpX, Y q (and, as usual, q � |O{p| for p P SpecpOq). All the local

graded ideal zeta functions considered in this paper fit into such “uniform” families.

We expect this phenomenon to be universal in the context of free nilpotent Lie rings;

cf. Conjecture 7.2.1.

For a formal and far more general definition of topological zeta functions we refer

to [27, Section 5]. In [27, Section 8], Rossmann collects a number of intriguing con-

jectures about analytic properties of topological zeta functions associated to various

group- and ring-theoretic counting problems. We expect most of these conjectures to

have analogues in the realm of topological graded ideal zeta functions. Motivated by

the computation of various topological graded ideal zeta functions of free nilpotent

Lie rings made throughout the current paper, we make a number of such conjectures

in Section 7.2.

3.3 Proof of Theorem 3.1.1 (pc, dq � p3, 3q)

Let f � f3,3 be the free nilpotent Lie ring on 3 generators of nilpotency class 3.

Let p be a prime and o be a finite extension of Zp, with uniformizer π. Note that

fpoqp1q � o3 � fpoqp2q and fpoqp3q � o8. In order to parameterize lattices in fpoqp2q and

fpoqp3q we denote by

µ � pµ1, µ2, µ3q¥, ν � pν1, . . . , ν8q¥
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integer partitions of at most 3 and 8 parts respectively, and set

µ � pµ
p2q
1 , µ

p3q
2 , µ

p3q
3 q � pµ1, µ1, µ2, µ2, µ2, µ3, µ3, µ3q.

Proposition 3.3.1.

ζ
�gr

f3,3poq
psq � ζo3psq

¸
µ

αpµ
p3q
1 , µ; qqq�sp3µ1�2µ2�µ3q

¸
ν¤µ

αpµ, ν; qqq�s
°8
k�1 νk . (3.3.1)

Proof. Our starting point is (3.2.2) in Lemma 3.2.1, which in this case reads

ζ
�gr

f3,3poq
psq � ζo3psq

¸
Λ2¤fpoqp2q

|fpoqp1q : XpΛ2q|
�s|fpoqp2q : Λ2|

�s
¸

Λ3¤fpoqp3q,

rΛ2,fpoqp1qs¤Λ3

|fpoqp3q : Λ3|
�s.

Let µ � pµ1, µ2, µ3q¥ be a partition. There are αpµ
p3q
1 , µ; qq lattices Λ2 ¤ fpoqp2q

whose elementary divisor type with respect to fpoqp2q is given by µ. Clearly |fpoqp2q :

Λ2| � q
°3
j�1 µj . We claim that |fpoqp1q : XpΛ2q| � q2µ1�µ2 . Indeed, lattices such as Λ2

may be parametrized by their elementary divisor type and a coset αΓµ P SL3poq{Γµ

of a certain stabilizer subgroup Γµ ¤ SL3poq, where α � pαijq P SL3poq. By solving

the simultaneous congruences

px1, x2, x3q

�� 0 α1j α2j

�α1j 0 α3j

�α2j �α3j 0

�
� 0 mod pµj

for j � 1, 2, 3, we compute that |fpoqp1q : XpΛ2q| � q2µ1�µ2 ; cf. [37, Section 2.2] for

details.

In fact, after a change of generators for fpoq if necessary, we may assume that

Λ2 � pµ1xy ` pµ2xz ` pµ3yz.

At this point we crucially use the fact that d � 3, as GLdpoq �
�2 GLdpoq if and only

if d � 3. We obtain

rΛ2, fpoq
p1qs �

xπµ1xyx, πµ1xyy, πµ1xyz, πµ2xzx, πµ2xzy, πµ2xzz, πµ3yzx, πµ3yzy, πµ3yzzyo. (3.3.2)

The Jacobi identity involving the three underlined terms is the only nontrivial relation

between these terms. Indeed, the relation xyz � zxy � yzx � 0 implies that

xπµ1xyz, πµ2xzy, πµ3yzxyo � xπµ1pxzy � yzxq, πµ2xzy, πµ3yzxyo � pµ2xzy ` pµ3yzx.
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Hence (3.3.2) implies that

rΛ2, fpoq
p1qs �

pµ1xyx` pµ1xyy ` pµ2xzx` pµ2xzy ` pµ2xzz ` pµ3yzx` pµ3yzy ` pµ3yzz,

whence rΛ2, fpoq
p1qs has type µ with respect to fpoqp3q. This shows that the number of

lattices Λ3 ¤ fpoqp3q whose elementary divisor type with respect to fpoqp3q is given by

a partition ν � pν1, . . . , ν8q¥ and which satisfy rΛ2, fpoq
p1qs ¤ Λ3 is equal to αpµ, ν; qq.

Each such lattice satisfies |fpoqp3q : Λ3| � q�s
°8
k�1 νk .

3.3.1 Overlap types and 2-dimensional words

Our approach to computing the right hand side of (3.3.1) is similar to the one taken

in [29] to compute local factors of the (Z-) ideal zeta functions of Lie rings of the

form f2,2pOq.

To compute the right hand side of (3.3.1) we carry out a case distinction with

respect to the finitely many ways in which the partitions µ and ν may “overlap”. To

be precise, let µ and ν be partitions of 3 and 8 parts, respectively, satisfying ν ¤ µ.

There are uniquely determined numbers r P N0 and Mi, Ni P N (i P rr � 1s), such

that

µ1 ¥ � � � ¥ µM1 ¥ ν1 ¥ � � � ¥ νN1 ¡

µM1�1 ¥ � � � ¥ µM2 ¥ νN1�1 ¥ � � � ¥ νN2 ¡ . . .

µMr�1�1 ¥ � � � ¥ µ3 ¥ νNr�1�1 ¥ � � � ¥ ν8.

Define Mr � 3, Nr � 8, and M0 � N0 � 0. We call the integer sequence pMi, NiqiPrr�1s

arising the overlap type of the pair pµ, νq. Set

p : N0 Ñ N0, n ÞÑ n � p2, 3, 3q :� 2δn¥1 � 3δn¥2 � 3δn¥3,

where

δn¥i �

#
1 n ¥ i,

0 otherwise.

An overlap type determines and is determined by the 2D-word

v � 1M12N11M2�M12N2�N1 . . .13�Mr�128�Nr�1 ,

i.e. a word on the alphabet t1,2u of length eleven such that 1 occurs three times and

2 eight times, and xMi ¥ Ni for i P rr � 1s.
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Observe that the condition ν ¤ µ is equivalent to the condition xMi ¥ Ni for

i P rr�1s. In this case we write vpµ, νq � v. We write Dp2q for the set of 15 2D-words

arising in this way.

Remark 3.3.2. Our notion of 2D-word is related to the classical one of (2-dimensional)

Dyck word of length 2n. The latter are words in t1,2u, featuring n occurrences of

each letter. They may be used to model the overlap types of two partitions, each

of at most n parts; cf. [29, Section 2.4]. 2D-words, in contrast, model the overlaps

of two partitions ν and µ; whilst ν has genuinely at most 8 parts, µ has at most 3

distinct parts, with ties in blocks of respective sizes 2, 3, and 3.

We chose to phrase our results and the supporting notation as similar to the

relevant material in [29] as possible, leaving the reader free to concentrate on the

crucial technical differences. Our Lemmata 3.3.4 and 3.3.5, for instance, are similar to,

but subtly different from Lemmata 2.16 and 2.17 in [29]. Theorem 3.3.6 is analogous

to [29, Theorem 3.1].

For v P Dp2q we set

Dvpq, tq :�
¸
pµ,νq

vpµ,νq�v

αpµ
p3q
1 , µ; qqαpµ, ν; qqq�p3µ1�2µ2�µ1�

°8
k�1 νkqs. (3.3.3)

Proposition 3.3.1 allows us to write

ζ
�gr

f3,3poq
psq � ζo3psq

¸
vPDp2q

Dvpq, tq. (3.3.4)

This section’s main result is Theorem 3.3.6, giving a general formula for the func-

tions Dvpq, tq. Table 3.3.1 lists the 15 words in Dp2q together with their overlap types

and an indication where in Section 3.3.2 an explicit formula for Dvpq, tq may be found.

In order to obtain such formulae, it is useful for us to have notation for the

successive differences of the parts of µ and ν. For j P r8s we set

rj �

#
νj � νj�1 if j R tN1, . . . , Nru ,

νNi � µMi�1 if j � Ni,
(3.3.5)

where we define µ4 � 0. Similarly, for j P r3s we set

sj �

#
µj � µj�1 if j R tM1, . . . ,Mru ,

µMi
� νNi�1�1 if j �Mi.

(3.3.6)

By our definition, rj, sj ¥ 0 for all j. Note also that rj ¡ 0 if j P tN1, . . . , Nr�1u

and observe that µMi
¡ µMi�1 and νNi ¡ νNi�1 for each i P rr � 1s. Set

q : N0 Ñ N0, n ÞÑ n � p3, 2, 1q :� 3δn¥1 � 2δn¥2 � 1δn¥3.
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Table 3.3.1: Overlap types and 2D-words
r pMi, NiqiPrr�1s v P Dp2q Section

1 – 1328 3.3.2
2 p2, 1q 122127

3.3.2
2 p2, 2q 1222126

2 p2, 3q 1223125

2 p2, 4q 1224124

2 p2, 5q 1225123

2 p1, 1q 121227

3.3.2
3 p1, 1; 2, 2q 1212126

3 p1, 1; 2, 3q 12122125

3 p1, 1; 2, 4q 12123124

3 p1, 1; 2, 5q 12124123

2 p1, 2q 1221226

3.3.2
3 p1, 2; 2, 3q 12212125

3 p1, 2; 2, 4q 122122124

3 p1, 2; 2, 5q 122123123

Then we have

3µ1 � 2µ2 � µ3 �
3̧

j�1

qjsj � ŗ

i�1

|Mi

�
rNi�1�1 � � � � � rNi

�
,

ν1 � � � � � ν8 �
8̧

j�1

jrj �
r�1̧

i�1

Ni

�
sMi�1 � � � � � sMi�1

�
.

Finally, for each i P rrs we define

Jµi � tj P rMi �Mi�1 � 1s | µMi�j ¡ µMi�j�1u , (3.3.7)

Jνi � tj P rNi �Ni�1 � 1s | νNi�j ¡ νNi�j�1u . (3.3.8)

We start with an immediate consequence of Proposition 3.2.2.

Lemma 3.3.3. Let µ and ν be partitions of 3 and 8 parts, respectively, satisfying

ν ¤ µ. Then

¸
µ

αpµ
p3q
1 , µ; qqαpµ, ν; qq �

¹
k¥1

qµ
1
kp3�µ

1
kq�ν

1
kp
xµ1k�ν1kq

�
3� µ1k�1

3� µ1k



q�1

�xµ1k � ν 1k�1xµ1k � ν 1k



q�1

.

Let µ and ν be partitions as in Lemma 3.3.3. Let pMi, NiqiPrr�1s be their overlap

type and µ1 resp. ν 1 their dual partitions. For k P N, set

dk :� µ1kp3� µ1kq � ν 1kp
xµ1k � ν 1kq.
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Also, set

aj :�Mi p3�Miq � j
�xMi � j

	
, j P sNi�1, Nis ,

bj :� j p3� jq �Ni�1

�pj �Ni�1

	
, j P sMi�1,Mis .

Note that j determines a unique i.

Lemma 3.3.4. For i P rrs,

µMi�1�1¹
k�µMi

qdk
�

3� µ1k�1

3� µ1k



q�1

�xµ1k � ν 1k�1xµ1k � ν 1k



q�1

�

Mi�Mi�1¹
j�1

qbMi�1�j
sMi�1�j

�
Mi �Mi�1

Jµi



q�1

�
3�Mi�1

3�Mi



q�1

.

Proof. Since all the indices k appearing in the product on the left hand side satisfy

νNi�1
¡ µMi�1�1 ¥ k ¥ µMi

¥ νNi�1�1, we have ν 1k � ν 1k�1 � Ni�1 for all k in the

interval rµMi
, µMi�1�1s. Thus

µMi�1�1¹
k�µMi

�xµ1k � ν 1k�1xµ1k � ν 1k



q�1

� 1.

For j P rMi �Mi�1s we have µ1k � Mi�1 � j when µMi�1�j�1   k ¤ µMi�1�j; observe

that it may be the case for some j that no index k satisfies this condition. As a

result, we see that for each j P rMi �Mi�1s, there are exactly sMi�1�j elements k of

the segment rµMi
, µMi�1�1s for which µ1k �Mi�1 � j. Now, note that�

3� µ1k�1

3� µ1k



q�1

� 1

if and only if µ1k�1 � µ1k. This is the case exactly when there exists an i such that

µi � k. It follows that if Jµi � tji,1, . . . , ji,γiu, with ji,1   . . .   ji, γi , and write

ji, 0 � 0, ji, γi�1 �Mi �Mi�1, then

µMi�1�1¹
k�µMi

�
3� µ1k�1

3� µ1k



q�1

�
γi¹
m�0

�
3�Mi � ji,m�1

3�Mi � ji,m



q�1

. (3.3.9)

We make use of the well-known identity�
α

β



X

�
1�Xα

1�Xa�β

�
α � 1

β



X

53



for Gaussian binomial coefficients. Applying it inductively, we see that for all m P

rγi � 1s, �
3�Mi � ji,m�1

3�Mi � ji,m



q�1

�

�
ji,m�1

ji,m



q�1

�
3�Mi�ji,m�1

3�Mi

�
q�1�

3�Mi�ji,m
3�Mi

�
q�1

.

Hence the right-hand side of (3.3.9) is equal to�
Mi �Mi�1

Jλi



q�1

�
3�Mi�1

3�Mi



q�1

.

Thus

µMi�1�1¹
k�µMi

qdk
�

3� µ1k�1

3� µ1k



q�1

�xµ1k � ν 1k�1xµ1k � ν 1k



q�1

�

Mi�Mi�1¹
j�1

qbMi�1�j
sMi�1�j

�
Mi �Mi�1

Jµi



q�1

�
3�Mi�1

3�Mi



q�1

as required.

Lemma 3.3.5. For i P rrs,

µMi�1¹
k�µMi�1�1

qdk
�

3� µ1k�1

3� µ1k



q�1

�xµ1k � ν 1k�1xµ1k � ν 1k



q�1

�

Ni�Ni�1¹
j�1

qaNi�1�j
rNi�1�j

�
Ni �Ni�1

Jνi



q�1

�xMi �Ni�1xMi �Ni



q�1

.

Proof. Note that the product on the left hand side may be empty; this happens in

the case µMi
� νNi�1�1 � � � � � νNi � µMi�1 � 1. Since µMi

¡ k ¡ µMi�1, we have

µ1k � µ1k�1 � Mi for all k in the interval sµMi�1, µMi�1s. Finally, observe that for

j P rNi � Ni�1s we have ν 1k � Ni�1 � j when νNi�1�j�1   k ¤ νNi�1�j. The claim

follows as in the proof of the previous lemma.

With these preparations in place we now give a formula for the functions Dvpq, tq.

Theorem 3.3.6. Let v �
±r

i�1

�
1Mi�Mi�12Ni�Ni�1

�
P Dp2q. Then

Dvpq, tq �
r¹
i�1

�
3�Mi�1

3�Mi



q�1

�xMi �Ni�1xMi �Ni



q�1

r¹
i�1

IMi�Mi�1

�
YMi�1�1, . . . , YMi

�
�

�
r�1¹
i�1

I�Ni�Ni�1

�
XNi�1�1, . . . , XNi

��
� I8�Nr�1

�
XNr�1�1, . . . , X8

�
,
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with numerical data

Xj � qaj t
|Mi�j j P sNi�1, Nis , (3.3.10)

Yj � qbj t
qj�Ni�1 j P sMi�1,Mis . (3.3.11)

Proof. Given v � pv1, v2, v3q P N3
0 and v1 � pv11, . . . , v

1
8q P N8

0, we set, for each i P rrs,

suppMi pvq �
 
j P rMi �Mi�1 � 1s | vMi�1�j ¡ 0

(
,

suppNi pv
1q �

!
j P rNi �Ni�1 � 1s | v1Ni�1�j

¡ 0
)
.

In practice, v will be one of the vectors of successive differences s � ps1, s2, s3q

(cf. (3.3.6)) and v1 will be one of the vectors of successive differences r � pr1, . . . , r8q

(cf. (3.3.5)). Given a set of partitions satisfying ν ¤ µ, recall our definitions (3.3.7)

and (3.3.8). It is easy to see that, for every i P rrs,

suppMi pvq �Mi �Mi�1 � Jµi and suppNi pv
1q � Ni �Ni�1 � Jνi .

Thus it follows that�
Mi �Mi�1

Jµi



q�1

�

�
Mi �Mi�1

suppMi pvq



q�1

and

�
Ni �Ni�1

Jνi



q�1

�

�
Ni �Ni�1

suppNi pv
1q



q�1

.

Let δij be the usual Kronecker delta function. Substituting Lemma 3.3.4 and 3.3.5,

rewriting the expressions in terms of rj and sj and using (3.3.1), we find that formula

(3.3.3) for Dvpq, tq splits into a product as follows:

Dvpq, tq �
r¹
i�1

�
3�Mi�1

3�Mi



q�1

�xMi �Ni�1xMi �Ni



q�1

r¹
i�1

AiBi,

where, for i P rrs,

Ai �
8̧

rNi�1�1�0

� � �
8̧

rNi�1�0

8̧

rNi�1�δir

�
Ni �Ni�1

suppNi pv
1q



q�1

Ni¹
j�Ni�1�1

�
qaj t

|Mi�j
	rj

,

Bi �
8̧

sMi�1�1�0

� � �
8̧

sMi�1�0

8̧

sMi�0

�
Mi �Mi�1

suppMi pvq



q�1

Mi¹
j�Mi�1�1

�
qbj tNi�1�qj	sj .

We now show that all of the factors Ai and Bi are products of Igusa functions

and Gaussian binomial coefficients. Given i P rrs and I � rMi �Mi�1 � 1s, we define

SipIq to be the set of vectors si �
�
sMi�1�1, . . . , sMi

�
P NMi�Mi�1

0 such that sj � 0
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unless j P tMi�1 � k | k P IuYtMiu. With the numerical data defined in (3.3.11), we

have

Bi

�
¸

I�rMi�Mi�1�1s

�
Mi �Mi�1

I



q�1

¸
siPSipIq

¹
jPpI�Mi�1qYtMiu

�
qbj tNi�1�qj	sj

�
¸

I�rMi�Mi�1�1s

�
Mi �Mi�1

I



q�1

��¹
ιPI

�� 8̧

sMi�1�ι
�1

�
YMi�1�ι

�sMi�1�ι

�
�
 8̧

sMi�0

pYMi
qsMi

�
1

1� YMi

¸
I�rMi�Mi�1�1s

�
Mi �Mi�1

I



q�1

¹
ιPI

YMi�1�ι

1� YMi�1�ι

�IMi�Mi�1

�
YMi�1�1, . . . , YMi

�
.

Analogously one shows that, with the numerical data defined in (3.3.10),

Ai �

#
I�Ni�Ni�1

�
XNi�1�1, . . . , XNi

�
for i   r,

I8�Nr�1

�
XNr�1�1, . . . , X8

�
for i � r.

This completes the proof of Theorem 3.3.6.

3.3.2 Explicit formulae for the functions Dv

v � 1328:

D1328pq, tq � I3

�
q2t3, q2t5, t6

�
I8ppq

ip8�iqqt6�iqi�1,...,8q.

Remark 3.3.7. Note that ζ
�gr

f2,3poq
psq � ζo3psqI3 pq

2t3, q2t5, t6q; cf. Proposition 3.4.10.

v � 122j128�j, j P t1, . . . , 5u :

D122j128�jpq, tq �

�
5

j



q�1

�
3

1



q�1

I2

�
q2t3, q2t5

�
� I�j ppq

2�ip5�iqt5�iqi�1,...,jqI1pq
jp8�jqt6�jqI8�jppq

ip8�iqt6�iqi�j�1,...,8q.

v � 1212j�1128�j, j P t1, . . . , 5u :

For j � 1,

D121227pq, tq �

�
3

1



q�1

�
2

1



q�1

I1pq
2t3qI�1 pq

3t4qI2pq
6t6, q7t7qI7ppq

ip8�iqt6�iqi�2,...,8q.

For j P t2, . . . , 5u,

D1212j�1128�jpq, tq �

�
4

j � 1



q�1

�
3

1



q�1

�
2

1


2

q�1

I1pq
2t3qI�1 pq

3t4qI1pq
6t6q

� I�j�1ppq
2�ip5�iqt5�iqi�2,...,jqI1pq

jp8�jqt6�jqI8�jppq
ip8�iqt6�iqi�j�1,...,8q.
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v � 12212j�1127�j, j P t1, . . . , 4u :

For j � 1,

D1221226pq, tq �

�
3

1



q�1

I1pq
2t3qI�2 pq

3t4, q2t5qI2pq
8t7, q12t8qI6ppq

ip8�iqt6�iqi�3,...,8q.

For j P t2, 3, 4u,

D12212j�1127�jpq, tq �

�
3

j � 1



q�1

�
3

1



q�1

�
2

1



q�1

I1pq
2t3qI�2 pq

3t4, q2t5qI1pq
8t7q

� I�j�1ppq
2�ip5�iqt5�iqi�3,...,j�1qI1pq

pj�1qp8�pj�1qqt7�jqI8�pj�1qppq
ip8�iqt6�iqi�j�2,...,8q.

3.3.3 Completion of the proof

The first two claims of Theorem 3.1.1 follow from (3.3.4) and the explicit formulae for

Dv, v P Dp2q given in Section 3.3.2. To deduce the local functional equation (3.1.5),

one checks, repeatedly using the functional equations (3.2.3) for the Igusa functions

Ih resp. I�h and the well-known fact that, for a, b P N0, a ¥ b,
�
a
b

�
q
� qbpa�bq

�
a
b

�
q�1 ,

that each of the functions Dv satisfies

Dvpq
�1t�1q � �q31t20Dvpq, tq.

The functional equation (3.1.5) follows from (3.3.4) as

ζo3psq|qÑq�1 � �q3t3ζo3psq.

3.4 Nilpotency class two (c � 2)

Let d P N¥2. In this section we compute the local graded ideal zeta functions ζ
�gr

fd,2poq
psq.

We use them to determine the abscissae of convergence of the global graded ideal zeta

functions ζ
�gr

fd,2pOq
psq and some properties of the associated topological and reduced

graded ideal zeta functions. Throughout we write d1 for
�
d
2

�
� W2pdq; cf. (3.1.2).

3.4.1 p-Adic formulae

The paper [39] gives the normal subgroup zeta functions of the free class-2-nilpotent

d-generator groups F2,d, enumerating these groups’ normal subgroups of finite index.

By the Mal’cev correspondence, these are the ideal zeta functions of the free nilpotent
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Z-Lie rings f2,d. The computations generalize to the case of general number rings in

a straightforward manner. To recall the paper’s main result define the function

ϕ : rd� 1s0 Ñ rd1s, i ÞÑ id�

�
i� 1

2



.

Given pI, Jq P 2rd�1s0�2rd
1s, the paper [39] defines a total order  ϕpIq,J on the disjoint

union I Y J . Without loss of generality, we may assume that the sets I and J have

the same cardinality h. For i P I � ti1, . . . , ihu  and j P J � tj1, . . . , jhu , set

jpiq :� min
 
j P J Y td1u | ϕpiq  ϕpIq,J , j

(
,

ipjq :� max
 
i P I Y t0u | ϕpiq  ϕpIq,J , j

(
,

and j0 :� i0 :� 0  ϕpIq,J ϕ prd� 2sq Z rd1 � 1s  ϕpIq,J jh�1 :� d1. The following is

essentially the main result of [39], in notation compatible with the current paper.

(The underlining of terms of the form d� in (3.4.3) is meant to facilitate comparison

with the “graded” numerical data (3.4.5) in Theorem 3.4.2, and may be ignored.)

Theorem 3.4.1. [39, Theorem 4] For all primes p and all finite extensions o of Zp,

ζ�f2,dpoqpsq � ζodpsq
¸

I�rd�2s,J�rd1�1s
|I|�|J |,ϕpIq¤J

A�
I,Jpq, tq, (3.4.1)

where

A�
I,Jpq, tq � ζoih psq

�1Ij1ppXαqαPrj1�1s, X0q �
h¹
r�1

�
jr�1 � ϕpirq

jr � ϕpirq



q�1

�
d� ir�1

d� ir



q�1

� I�ir�ir�1
ppYβqβPsir�1,irr, Y

1
irqIjr�1�jrppXαqαPsjr,jr�1r, Xjrq, (3.4.2)

with numerical data

Xj � qipjqpd�ipjqq�pd
1�jqpd�j�ϕpipjqqqtd�ipjq�d

1�j, j P rd1 � 1s0 ,

Yi � qipd�iq�pd
1�jpiqqpd�jpiq�ϕpiqqtd�i�d

1�jpiq, i P rd� 2s , (3.4.3)

Y 1
ir � qir�1pd�ir�1q�pd1�jpirqqpd�jpirq�ϕpir�1qqtd�ir�1�d1�jpirq, r P rhs .

The following is a graded analogue of Theorem 3.4.1.

Theorem 3.4.2. For all primes p and all finite extensions o of Zp,

ζ
�gr

f2,dpoq
psq � ζodpsq

¸
I�rd�2s,J�rd1�1s
|I|�|J |,ϕpIq¤J

A
�gr

I,J pq, tq, (3.4.4)
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where A
�gr

I,J pq, tq is defined as A�
I,Jpq, tq in (3.4.2), but with numerical data

Xj � qipjqpd�ipjqq�pd
1�jqpj�ϕpipjqqqtd�ipjq�d

1�j, j P rd1 � 1s0 ,

Yi � qipd�iq�pd
1�jpiqqpjpiq�ϕpiqqtd�i�d

1�jpiq, i P rd� 2s , (3.4.5)

Y 1
ir � qir�1pd�ir�1q�pd1�jpirqqpjpirq�ϕpir�1qqtd�ir�1�d1�jpirq, r P rhs .

Proof. The difference between (3.4.3) and (3.4.5) reflects the difference between (3.1.7)

and (3.1.8).

Corollary 3.4.3.

ζ�f2,dpoqpsq
���
qÑq�1

� p�1qd�d
1

qp
d�d1

2 qt2d�d
1

ζ�f2,dpoqpsq, (3.4.6)

ζ
�gr

f2,dpoq
psq

���
qÑq�1

�p�1qd�d
1

qp
d
2q�p

d1

2qt2d�d
1

ζ
�gr

f2,dpoq
psq. (3.4.7)

Proof. Eq. (3.4.6) is [39, Theorem 3(a)]. The proof proceeds by establishing the

symmetry in question for each of the summands in (3.4.1), using (3.2.3). The formulae

(3.4.1) and (3.4.4) only differ in their numerical data. By Remark 3.2.4, it suffices

to control the value of X0 �
±h

r�1
Xjr
Y 1ir

in both cases. Inspection of (3.4.3) and (3.4.5),

respectively, reveals that in the ideal case this term is by a factor qdd
1

larger than in

the graded ideal case. Thus

ζ
�gr

f2,dpoq
psq

���
qÑq�1

� p�1qd�d
1

qp
d�d1

2 q�dd1t2d�d
1

ζ
�gr

f2,dpoq
psq.

As
�
d�d1

2

�
� dd1 �

�
d
2

�
�
�
d1

2

�
, this establishes (3.4.7).

3.4.2 p-Adic behaviour at zero

We describe the behaviours of ζ�f2,dpoqpsq and ζ
�gr

f2,dpoq
psq at s � 0.

Theorem 3.4.4. For all primes p and all finite extensions o of Zp,

ζ�f2,dpoqpsq

ζod�d1 psq

�����
s�0

� 1, (3.4.8)

ζ
�gr

f2,dpoq
psq

ζodpsqζod1 psq

�����
s�0

�
d � d1

d � pd� d1q
�
d� 1

d� 1
. (3.4.9)

Proof. To prove (3.4.8) we note that, by (3.4.1),

ζ�f2,dpoqpsq

ζod�d1 psq
�

d�d1�1¹
j�d

p1� qjtq

��A�
∅,∅pq, tq �

¸
pI,Jq�p∅,∅q

A�
I,Jpq, tq

�
.
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By inspection of (3.4.3) we see that A�
∅,∅pq, tq � Id1ppq

pd�pd1�jqqjtd�jqjPrd1sq and that

A�
I,Jpq, 1q �

#
0 if pI, Jq � p∅,∅q,
Id1ppq

pd�pd1�jqqjqjPrd1sq �
±d�d1�1

j�d p1� qjq if pI, Jq � p∅,∅q.

To prove (3.4.9) we note that

ζ
�gr

f2,dpoq
psq

ζodpsqζod1 psq
�

d1�1¹
j�0

p1� qjtq

��A
�gr

∅,∅pq, tq �
¸

pI,Jq�p∅,∅q

A
�gr

I,J pq, tq

�
.
By inspection of (3.4.5) we see that A

�gr

∅,∅pq, tq � Id1ppq
pd1�jqjtd�jqjPrd1sq, which has a

simple pole at t � 1. In contrast, A
�gr

I,J pq, tq has no pole at t � 1 when pI, Jq � p∅,∅q.
Hence

ζ
�gr

f2,dpoq
psq

ζodpsqζod1 psq

�����
s�0

�
Id1ppq

pd1�jqjtd�jqjPrd1sq

Id1ppqpd
1�jqjtjqjPrd1sq

�����
t�1

�
1� td

1

1� td�d1

����
t�1

�
d1

d� d1
.

Remark 3.4.5. In the pertinent special cases, (3.4.8) confirms [27, Conjecture IV (P-

adic form)].

3.4.3 Global analytic properties

The following result compares some of the known analytic properties of ζ�f2,dpOqpsq (cf.

[39, Theorem 3]) with those of ζ
�gr

f2,dpOq
psq.

Theorem 3.4.6. The abscissae of convergence of ζ�f2,dpOqpsq resp. ζ
�gr

f2,dpOq
psq are

α�pf2,dq � max

#
d,
p
�
d
2

�
� jqpd� jq � 1�
d�1

2

�
� j

| j P r

�
d

2



� 1s

+
resp. , (3.4.10)

α�grpf2,dq � max

#
d,
p
�
d
2

�
� jqj � 1�
d�1

2

�
� j

| j P r

�
d

2



� 1s

+
. (3.4.11)

Both zeta functions allow for some meromorphic continuation beyond their respective

abscissa of convergence and have a simple pole at s � α�pf2,dq resp. s � α�grpf2,dq.

Proof. Eq. (3.4.10) and the ensuing claim about the meromorphic continuation is

essentially [39, Theorem 3]. Eq. (3.4.11) and the analogous claim are proved analo-

gously.
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3.4.4 Topological zeta functions – degree and behaviour at
zero

Theorem 3.4.7.

degs

�
ζ�f2,d,toppsq

	
� �pd� d1q � degs

�
ζ
�gr

f2,d,toppsq
	
.

Moreover,

sζ�f2,d,toppsq
���
s�0

�
p�1qd�d

1�1

pd� d1 � 1q!
, (3.4.12)

s2ζ
�gr

f2,d,toppsq
���
s�0

�
p�1qpd�1q�pd1�1q d1

pd� d1q pd� 1q! pd1 � 1q!
. (3.4.13)

Proof. Note that, given h P N and, for i P rhs, Xi � qaitbi for ai P N0, bi P N,

IhpX1, . . . , Xhq �
h!±h

i�1pbis� aiq
pq � 1q�h �Oppq � 1q�h�1q.

The summands in the formula (3.4.1) for ζ�f2,dpoqpsq are all products of Igusa functions

and Gaussian binomial coefficients. Hence there exist a�I,J,i P N0 and b�I,J,i, c
�
I,J P N

such that

ζ�f2,dpoqpsq �
¸
I,J

c�I,J±d�d1

i�1 pb
�
I,J,is� a�I,J,iq

pq � 1q�pd�d
1q �Oppq � 1q�pd�d

1q�1q.

(Here and in the sequel, the sums are over pairs pI, Jq as in (3.4.1).) Hence

ζ�f2,d,toppsq �
¸
I,J

c�I,J±d�d1

i�1 pb
�
I,J,is� a�I,J,iq

(3.4.14)

is a rational function in s of degree �pd� d1q, confirming the first claim.

The second claim, on the degree of ζ
�gr

f2,d,toppsq, follows from analogous considera-

tions based on (3.4.4). Indeed, there exist a
�gr

I,J,i P N0 and b
�gr

I,J,i, c
�gr

I,J P N such that

ζ
�gr

f2,dpoq
psq �

¸
I,J

c
�gr

I,J±d�d1

i�1 pb
�gr

I,J,is� a
�gr

I,J,iq
pq � 1q�pd�d

1q �Oppq � 1q�pd�d
1q�1q.

Hence

ζ
�gr

f2,d,toppsq �
¸
I,J

c
�gr

I,J±d�d1

i�1 pb
�gr

I,J,is� a
�gr

I,J,iq
(3.4.15)

is a rational function in s of degree �pd� d1q, too.

Turning to the local behaviour around s � 0, we start with the observation that

ζodpsqA
�
I,Jpq, tq has no pole at t � 1 unless pI, Jq � p∅,∅q, in which case it is simple.
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Thus the summand
c�I,J±d�d1

i�1 pb�I,J,is�a
�
I,J,iq

in (3.4.14) has no pole at s � 0 unless pI, Jq �

p∅,∅q, in which case it is simple. Specifically,

ζodpsqA
�
∅,∅pq, tq � Idppq

ipd�iqtiqiPrdsqId1ppq
pd�d1�jqjtd�jqjPrd1sq,

whence

c�∅,∅±d�d1

i�1 pb
�
∅,∅,is� a�∅,∅,iq

�
1±d�1

i�0 ps� iq
�

pd1q!±d1

j�1ppd� jqs� pd� d1 � jqjq

and thus

sζ�f2,d,toppsq
���
s�0

�
pd1q!±d�1

i�1 p�iq
±d1

j�1p�pd� d1 � jqjq
�

p�1qd�d
1�1

pd� d1 � 1q!
,

which establishes (3.4.12).

The proof of (3.4.13) goes along similar lines. We observe that ζodpsqA
�gr

I,J pq, tq

has a simple pole at t � 1 unless pI, Jq � p∅,∅q, in which case it is double. Thus

the summand
c
�gr
I,J±d�d1

i�1 pb
�gr
I,J,is�a

�gr
I,J,iq

in (3.4.15) has a simple pole at s � 0 unless pI, Jq �

p∅,∅q, in which case it is double. Specifically,

ζodpsqA
�gr

∅,∅pq, tq � Idppq
ipd�iqtiqiPrdsqId1ppq

pd1�jqjtd�jqjPrd1sq,

whence

c
�gr

∅,∅±d�d1

i�1 pb
�gr

∅,∅,is� a
�gr

∅,∅,iq
�

1±d�1
i�0 ps� iq

�
pd1q!±d1

j�1ppd� jqs� pd1 � jqjq

and thus

s2ζ
�gr

f2,d,toppsq
���
s�0

�
pd1q!

pd� d1q
±d�1

i�1 p�iq
±d1�1

j�1 p�pd
1 � jqjq

�
p�1qpd�1q�pd1�1qd1

pd� d1qpd� 1q!pd1 � 1q!
,

which proves (3.4.13).

Remark 3.4.8. In the pertinent special cases, the theorem’s first statement confirms

[27, Conjecture 1], whereas (3.4.12) confirms [27, Conjecture IV (topological form)].

3.4.5 Explicit examples

We record the following consequences of Theorem 3.4.2.
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Proposition 3.4.9 (pc, dq � p2, 2q – Heisenberg).

ζ
�gr

f2,2poq
psq � ζo2psqI1pt

3q �: W
�gr

2,2 pq, tq,

ζ
�gr

f2,2,redpY q � W
�gr

2,2 p1, Y q �
1

p1� Y q2p1� Y 3q
,

ζ
�gr

f2,2,toppsq �
1

3s2ps� 1q
.

The global graded ideal zeta function ζ
�gr

f2,2pOq
psq � ζKpsqζKps � 1qζKp3sq has abscissa

of convergence 2 and meromorphic continuation to the whole complex plane.

Proposition 3.4.10 (pc, dq � p2, 3q).

ζ
�gr

f2,3poq
psq � ζo3psqI3pq

2t3, q2t5, t6q �: W
�gr

2,3 pq, tq,

ζ
�gr

f2,3,redpY q � W
�gr

2,3 p1, Y q �
1� 2Y 3 � 2Y 5 � Y 8

p1� Y q3p1� Y 3qp1� Y 4qp1� Y 5qp1� Y 6q
,

ζ
�gr

f2,3,toppsq �
1

s2ps� 1qps� 2qp3s� 2qp5s� 2q
.

The global graded ideal zeta function ζ
�gr

f2,3pOq
psq has abscissa of convergence 3 and may

be continued meromorphically to ts P C | Repsq ¡ 1{3u.

We omit the (largish) formula for ζ
�gr

f2,4poq
psq, but do note the following consequences.

Proposition 3.4.11 (pc, dq � p2, 4q). There exists a rational function W2,4pX, Y q P

QrX, Y s such that

ζ
�gr

f2,4poq
psq � W

�gr

2,4 pq, q
�sq.

Setting

N2,4pY q � Y 33�5Y 33�12Y 28�6Y 27�15Y 26�26Y 25�11Y 24�39Y 23�40Y 22�43Y 21�

62Y 20 � 45Y 19 � 66Y 18 � 61pY 17 � Y 16q � 66Y 15 � 45Y 14 � 62Y 13�

43Y 12 � 40Y 11 � 39Y 10 � 11Y 9 � 26Y 8 � 15Y 7 � 6Y 6 � 12Y 5 � 5Y 3 � 1 P QrY s

we have

ζ
�gr

f2,4,redpY q � W
�gr

2,4 p1, Y q �
N2,4pY q

p1� Y q4p1� Y 3q
±10

i�6p1� Y iq
,

ζ
�gr

f2,4,toppsq �
3

10

36s2 � 43s� 12

s2ps� 1q3ps� 2qps� 3qp3s� 4q2p2s� 1qp7s� 9qp9s� 5q
.

The global graded ideal zeta function ζ�f2,4pOqpsq has abscissa of convergence 4 and may

be continued meromorphically to ts P C | Repsq ¡ 7{6u.
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3.5 Two generators (d � 2)

We compute the graded ideal zeta functions ζ
�gr

fc,2poq
psq for c P t3, 4u as well as their

reduced and topological counterparts. (For c � 1 see (3.1.3), for c � 2 see Proposi-

tion 3.4.9.)

Proposition 3.5.1. ppc, dq � p3, 2qq

ζ
�gr

f3,2poq
psq � ζo2psq

1� t4

p1� t3qp1� qt4qp1� t5q
�: W

�gr

3,2 pq, tq,

ζ
�gr

f3,2,redpY q � W
�gr

3,2 p1, Y q �
1� Y 4

p1� Y q2p1� Y 3qp1� Y 4qp1� Y 5q
,

ζ
�gr

f3,2,toppsq �
2

15s3ps� 1qp4s� 1q
.

The global graded ideal zeta function

ζ
�gr

f3,2pOq
psq �

ζKpsqζKps� 1qζKp3sqζKp4sqζKp4s� 1qζKp5sq

ζKp8sq

has abscissa of convergence 2 and meromorphic continuation to the whole complex

plane.

Proof. Let f � f3,2 and recall the Hall basis H3,2 for f from Table 3.2.1. Recall

formula (3.2.2) for the zeta function of fpoq in terms of pairs pΛ2,Λ3q of sublattices of

fpoqp2q � o and fpoqp3q � o2, respectively. Note that |fpoqp2q : Λ2| � qµ for some µ P N0,

|fpoqp1q : XpΛ2q| � q2µ, and pΛ2,Λ3q satisfies the condition in (3.2.2) if and only if

pµfpoqp3q ¤ Λ3. (3.5.1)

This proves the first claim; the others are trivial consequences.

Remark 3.5.2. Comparison with ζ�f3,2poqpsq (cf. [11, Theorem 2.35]) yields ζ
�gr

f3,2,redpY q �

ζ�f3,2,redpY q. Note that the Hall basis H3,2 is nice and simple in the sense of [13].

Proposition 3.5.3. ppc, dq � p4, 2qq Set

N4,2pX, Y q � �X2pY 22 � Y 18 � Y 17 � Y 16 � Y 15 � Y 11q

�XpY 16 � Y 15 � Y 13 � Y 9 � Y 7 � Y 6q � Y 11 � Y 7 � Y 6 � Y 5 � Y 4 � 1 P QrX, Y s.
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Then

ζ
�gr

f4,2poq
psq � ζo2psq

N4,2pq, tq

p1� t3qp1� qt4qp1� t5qp1� qt5qp1� q2t6qp1� q2t7qp1� t8q

ζ
�gr

f4,2,redpY q �
Y 17 � Y 13 � 2pY 12 � Y 11 � Y 10 � Y 7 � Y 6 � Y 5q � Y 4 � 1

p1� Y q2
±8

i�3p1� Y iq
,

ζ
�gr

f4,2,toppsq �
1

60

p20s� 3q

s4ps� 1qp5s� 1qp4s� 1qp7s� 2qp3s� 1q
.

The global graded ideal zeta function ζ�f4,2pOqpsq has abscissa of convergence 2 and may

be continued meromorphically to ts P C | Repsq ¡ 2{11u.

Proof. Let f � f4,2 and recall the Hall basis H4,2 for f from Table 3.2.1. Recall

formula (3.2.2) for the zeta function of fpoq in terms of triples pΛ2,Λ3,Λ4q of sublattices

of fpoqp2q � o, fpoqp3q � o2, and fpoqp4q � o3, respectively. Note that |fpoqp2q : Λ2| � qµ

for some µ P N0, |fpoqp1q : XpΛ2q| � q2µ, and pΛ2,Λ3,Λ4q satisfies the condition in

(3.2.2) if and only if pΛ2,Λ3q satisfies (3.5.1) and rΛ3, gr fpoqs ¤ Λ4. To investigate

the latter condition, we may assume that Λ3 � xπν1xyx, πν2xyyyo for a partition ν �

pν1, ν2q¥. Then

rΛ3, gr fpoqs � xπν1xyxx, πν1xyxy, πν2xyyx, πν2xyyyyo

As xyxy � xyyx by the Jacobi identity, the underlined term may be omitted, whence

rΛ3, gr fpoqs � πν1xyxx` πν2xyyx` πν2xyyy.

To enumerate the lattices Λ4 ¤ fpoqp4q satisfying rΛ3, gr fpoqs ¤ Λ4, we distinguish

according to the “overlap type” such a lattice may have with rΛ3, gr fpoqs. Indeed, if

Λ4 has elementary divisor type given by a partition pξ1, ξ2, ξ3q¥, then either

ν1 ¥ ν2 ¥ ξ1 ¥ ξ2 ¥ ξ3 or ν1 ¥ ξ1 ¡ ν2 ¥ ξ2 ¥ ξ3.

Each of the two cases is covered by a formula similar to the one established in Theo-

rem 3.3.6. Adding them yields a formula for the zeta function, viz.

ζ
�gr

f4,2poq
psq � ζo2psqI1pt

3q

�

�
I2pqt

4, t5qI3pq
2t6, q2t7, t8q �

�
2

1



q�1

I1pqt
4qI�1 pqt

5qI1pq
2t6qI2pq

2t7, t8q

�
.

This proves the first claim; the others are trivial consequences. The claim about the

meromorphic continuation follows from [11, Lemma 5.5].
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Chapter 4

Enumerating graded ideals of L
cpdq

In this chapter we introduce another interesting family of nilpotent Lie lattices. Let

c, d P N and let Lcpdq be the class-c-nilpotent Z-Lie lattice defined as follows:

Lcpdq � xx0, txijui�1,...,d,j�1,...c | @i � 1, . . . , d, j � 1, . . . , c� 1 : rx0, xijs � xi j�1yZ;

cf. [41, Section 4.3].

Note that this is essentially a direct sum of maximal class Lie lattice with amal-

gamation. This is a generalisation of many important Lie lattices. For c � 1 we get

L1pdqpoq � od�1. For d � 1 this yields the maximal class Lie lattice Lcp1qpoq � Mcpoq.

For c � 2, L2pdqpoq is isomorphic to the Grenham Lie lattice Gd�1poq. We give explicit

formulas for ζ
�gr

L
cd
poqpsq for general c, d P N.

4.1 General setting

For c � 1, L1pdqpoq � od�1, and ζ
�gr

L
1d
poqpsq � ζo1�dpsq. So we assume c ¥ 2. In order to

parametrize lattices in Lcpdqpoq we write

µk � pµ1,k, . . . , µd,kq¥

for partitions of at most d parts, where 2 ¤ k ¤ c. Recall the definition of αpσ, τ ; qq

in Section 3, denoting the number of torsion o-modules of type τ contained in a fixed

torsion o-module of type σ. Our stating point is the following result:

Proposition 4.1.1. Let d P N.

ζ
�gr

L
cpdq

poqpsq � ζo1�dpsq

�¸
µ2

αpµ
pdq
1,2, µ2; qqq�sp3µ1,2�2

°d
i�2 µi,2q

c¹
k�3

¸
µk¤µk�1

αpµk�1, µk; qqq
�sp

°d
j�1 µj,kq

�

where the sum runs over partitions µk of at most d parts.
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Proof. Like the proof of Proposition 3.3.1, our starting point is (3.2.2) in Lemma 3.2.1,

which in this case reads

ζ
�gr

L
cd
poqpsq � ζod�1psq

¸
Λ2¤L

cpdq
poqp2q,..., Λc¤L

cpdq
poqpcq

@iP s2,cs: rΛi�1,Lcpdq poq
p1qs¤Λi

|Lcpdqpoq
p1q : XpΛ2q|

�s
c¹
i�2

|Lcpdqpoq
piq : Λi|

�s.

(4.1.1)

Let µ2 � pµ1,2, . . . , µd,2q¥ be a partition. There are αpµ
pdq
1,2, µ2; qq lattices Λ2 ¤

Lcpdqpoq
p2q whose elementary divisor type with respect to Lcpdqpoq

p2q is given by µ2.

Clearly |Lcpdqpoq
p2q : Λ2| � q

°d
j�1 µj,2 . We claim that |Lcpdqpoq

p1q : XpΛ2q| � q2µ1,2�
°d
j�2 µj,2 .

Indeed, lattices such as Λ2 may be parametrized by their elementary divisor type and

a coset αΓµ2 P SLdpoq{Γµ2 of a certain stabilizer subgroup Γµ2 ¤ SLdpoq, where

α � pαijq P SLdpoq. This time we solve the simultaneous congruences

px1, x2, . . . , xd�1q

�������
0 α1j α2j � � � αdj

�α1j 0 0 � � � 0
�α2j 0 0 � � � 0
...

...
...

. . .
...

�αdj 0 0 � � � 0

������
� 0 mod pµj,2

for j P rds to get |Lcpdqpoq
p1q : XpΛ2q| � q2µ1,2�

°d
j�2 µj,2 ; cf. [36, Chapter 5] for details.

In fact, after a change of generators for fpoq if necessary, we may assume that

Λ2 � pµ1,2x12 ` � � � ` pµd,2xd2.

We obtain

rΛ2,Lcpdqpoq
p1qs � pµ1,2x13 ` � � � ` pµd,2xd3, (4.1.2)

hence rΛ2,Lcpdqpoq
p1qs has type µ2 with respect to Lcpdqpoq

p3q.

This shows that the number of lattices Λ3 ¤ Lcpdqpoq
p3q whose elementary divisor

type with respect to Lcpdqpoq
p3q is given by a partition µ3 � pν1,3, . . . , µd,3q¥ and

which satisfy rΛ2,Lcpdqpoq
p1qs ¤ Λ3 is equal to αpµ2, µ2; qq. Each such lattice satisfies

|Lcpdqpoq
p3q : Λ3| � q�s

°d
j�1 µj,3 . Applying the same argument inductively, one can see

that for 3   k ¤ c, the number of lattices Λk ¤ Lcpdqpoq
pkq whose elementary divisor

type with respect to Lcpdqpoq
pkq is given by a partition µk � pν1,k, . . . , µd,kq¥ and which

satisfy rΛk�1,Lcpdqpoq
p1qs ¤ Λk is equal to αpµk�1, µk; qq. Each such lattice satisfies

|Lcpdqpoq
pkq : Λk| � q�s

°d
j�1 µj,k .
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4.2 Explicit formulas for d � 1 and for c ¤ 3

In this section we provide explicit formulas of ζ
�gr

L
cd
poqpsq for d � 1 and for c ¤ 3.

For d � 1, the graded ideal zeta function of the maximal-class o-Lie lattices Lc1

have been computed in [28, Proposition 3.5].

Proposition 4.2.1 ([28, Proposition 3.5]). Let c P N.

ζ
�gr

Lc1 poq
psq �

1

p1� tqp1� qtqp1� t3qp1� t4q . . . p1� tc�1q
.

Remark 4.2.2. Note that we still do not have an explicit formula for ungraded ideal

zeta function of maximal class c Lie lattice, ζ�Lc1 poq
psq (or ζ�Mcpoq

psq) for c ¥ 5. We do

not even know whether they are (finitely) uniform or not.

For c � 1, L1pdqpoq � od�1, and ζ
�gr

L
1d
poqpsq � ζo1�dpsq.

Theorem 4.2.3.

ζ
�gr

L
2pdq

poqpsq � ζo1�dpsqId

��
qpd�jqjt1�2j

�
jPrds

	
. (4.2.1)

Proof. This follows from Proposition 4.1.1, since we have

ζ
�gr

L
2pdq

poqpsq � ζo1�dpsq

�¸
µ2

αpµ
pdq
1,2, µ2; qqq�sp3µ1,2�2

°d
i�2 µi,2q

�
. (4.2.2)

Remark 4.2.4. Compare this with [38, Theorem 5]

ζ�L
2pdq

poqpsq � ζo1�dpsqId

��
qpd�d�jqjt1�2j

�
jPrds

	
. (4.2.3)

Corollary 4.2.5 (Uniformity). There exists V
�gr

2,d pX, Y q P QpX, Y q such that, for

almost all primes p and all finite extensions o of Zp,

ζ
�gr

L
2pdq

poqpsq � V
�gr

c,d pq, q�sq.

Corollary 4.2.6 (Local functional equations).

ζ
�gr

L
2pdq

poqpsq
���
qÑq�1

�p�1q1�2dqp
d�1
2 q�p

d
2qt2�3dζ

�gr

L
2d
poqpsq. (4.2.4)

We now turn to c � 3.
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4.2.1 Graded ideal zeta functions of L3pdq

For c � 3, Proposition 4.1.1 gives

ζ
�gr

L
cpdq

poqpsq � ζo1�dpsq

�¸
µ2

αpµ
pdq
1,2, µ2; qqq�sp3µ1,2�2

°d
i�2 µi,2q

¸
µ3¤µ2

αpµ2, µ3; qqq�sp
°d
j�1 µj,3q

�
(4.2.5)

To compute the right hand side of (4.2.5), let µ2 and µ3 be partitions of d parts

satisfying µ3 ¤ µ2. There are uniquely determined numbers r P N0 and Mi, Ni P N
(i P rr � 1s), such that

µ1,2 ¥ � � � ¥ µM1,2 ¥ µ1,3 ¥ � � � ¥ µN1,3 ¡

µM1�1,2 ¥ � � � ¥ µM2,2 ¥ µN1�1,3 ¥ � � � ¥ µN2,3 ¡ . . .

µMr�1�1,2 ¥ � � � ¥ µd,2 ¥ µNr�1�1,3 ¥ � � � ¥ µd,3.

Define Mr � Nr � d and M0 � N0 � 0, and observe that the condition µ3 ¤ µ2 is

equivalent to the condition Mi ¥ Ni for i P rr�1s. In this case we write vpµ2, µ3q � v.

Note that v determines and is determined by Mi’s and Ni’s.

Recall that a Dyck word of length 2d is a word w in the letters 2 and 3, such

that 2 and 3 each occur d times and no initial segment of w contains more threes

than twos. We denote the set of Dyck words of length 2d by D2
d and note that the

cardinality of D2
d is the n-th Catalan number Catd �

1
d�1

�
2d
d

�
. The good thing about

L3pdq is that unlike f3,3, we do not have “artificial” Dyck words in the sense that both

2 and 3 actually happens d times each. It is easy to see that our vpµ2, µ3q � v is

indeed a Dyck word of length 2d.

For v P D2
d we set

Dvpq, tq :�
¸

pµ2,µ3q
vpµ2,µ3q�v

αpµ
pdq
1,2, µ2; qqαpµ2, µ3; qqq�p3µ1,2�2

°d
i�2 µi,2�

°d
j�1 µj,3qs. (4.2.6)

Proposition 4.1.1 and (4.2.5) allows us to write

ζ
�gr

L
3d
poqpsq � ζOd�1

p
psq

¸
vPD2

d

Dvpq, tq. (4.2.7)

This section’s main result is Theorem 4.2.10, giving a general formula for the

functions Dv. The proof of Theorem 4.2.10 is very similar to the proof of Theorem

3.3.6, replacing 3 and 8 with d and µ, ν with µ2, µ3 respectively.
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For j P rds we set the successive differences of the parts of µ2 and µ3

rj �

#
µj,3 � µj�1,3 if j R tN1, . . . , Nru ,

µNi,3 � µMi�1,2 if j � Ni,
(4.2.8)

where we define µd�1,2 � 0. Similarly, we set

sj �

#
µj,2 � µj�1,2 if j R tM1, . . . ,Mru ,

µMi,2 � µNi�1�1,3 if j �Mi.
(4.2.9)

By our definition, rj, sj ¥ 0 for all j. Note also that rj ¡ 0 if j P tN1, . . . , Nr�1u

and observe that µMi,2 ¡ µMi�1,2 and µNi,3 ¡ µN1�1,3 for each i P rr � 1s .

The difference between L3pdq and f3,3 is that, as we mentioned above, both µ2 and

µ3 are partitions of d parts, so one can naturally define µ3 ¤ µ2 without any extra

effort.

Set

q : N0 Ñ N0, n ÞÑ n � p3, 2, . . . , 2q :� 3δn¥1 � 2δn¥2 � � � � � 2δn¥d.

Then we have

3µ1,2 � 2
ḑ

k�2

µk �
ḑ

j�1

qjsj � ŗ

i�1

|Mi

�
rNi�1�1 � � � � � rNi

�
,

µ1,3 � � � � � µd,3 �
ḑ

j�1

jrj �
r�1̧

i�1

Ni

�
sMi�1 � � � � � sMi�1

�
.

Finally, for each i P rrs we define

Jµ2i � tj P rMi �Mi�1 � 1s | µMi�j,2 ¡ µMi�j�1,2u ,

Jµ3i � tj P rNi �Ni�1 � 1s | µNi�j,3 ¡ µNi�j�1,3u .
(4.2.10)

We start with an immediate consequence of Proposition 3.2.2.

Lemma 4.2.7. Let µ2 and µ3 be partitions of d parts, respectively, satisfying µ3 ¤ µ2.

Then¸
µ2

αpµ
pdq
1,2, µ2; qqαpµ2, µ3; qq �

¹
k¥1

qµ
1
k,2pd�µ

1
k,2q�µ

1
k,3pµ

1
k,2�µ

1
k,3q

�
d� µ1k�1,2

d� µ1k,2



q�1

�
µ1k,2 � µ1k�1,3

µ1k,2 � µ1k,3



q�1

.

(4.2.11)

Let µ2 and µ3 be partitions as in Lemma 4.2.7. Let pMi, NiqiPrr�1s be the param-

eters associated to them and µ12 and ν 13 their dual partitions. For k P N, set

dk :� µ1k,2pd� µ1k,2q � µ1k,3pµ
1
k,2 � µ1k,3q.
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Also, set

aj :�Mi pd�Miq � j pMi � jq , j P sNi�1, Nis ,

bj :� j pd� jq �Ni�1 pj �Ni�1q , j P sMi�1,Mis .

Lemma 4.2.8. For i P rr � 1s,

µMi�1�1,2¹
k�µMi,2

qdk
�
d� µ1k�1,2

d� µ1k,2



q�1

�
µ1k,2 � µ1k�1,3

µ1k,2 � µ1k,3



q�1

�

Mi�Mi�1¹
j�1

qbMi�1�j
sMi�1�j

�
Mi �Mi�1

Jµ2i



q�1

�
d�Mi�1

d�Mi



q�1

.

Proof. Since µNi�1,3 ¡ µMi�1�1,2 ¥ k ¥ µMi,2 ¥ µNi�1�1,3, we have µ1k,3 � µ1k�1,3 �

Ni�1 for all k in the interval rµMi,2, µMi�1�1,2s. Thus we always have

µMi�1�1,2¹
k�µMi,2

�
µ1k,2 � µ1k�1,3

µ1k,2 � µ1k,3



q�1

� 1.

For j P rMi � Mi�1s we have µ1k,2 � Mi�1 � j when µMi�1�j�1,2   k ¤ µMi�1�j,2;

observe that it may be the case for some j that no index k satisfies this condition.

As a result, we see that for each j P rMi �Mi�1s, there are exactly sMi�1�j elements

of k of the segment rµMi,2, µMi�1�1,2s for which µ1k,2 �Mi�1 � j. Now, note that�
d� µ1k�1,2

d� µ1k,2



q�1

� 1

if and only if µ1k�1,2 � µ1k,2. This is the case exactly when there exists an i such that

µi,2 � k. It follows that if Jµi � tji,1, . . . , ji,γiu, with ji,1   . . .   ji, γi , and write

ji, 0 � 0, ji, γi�1 �Mi �Mi�1, then

µMi�1�1,2¹
k�µMi,2

�
d� µ1k�1,2

d� µ1k,2



q�1

�
γi¹
m�0

�
d�Mi � ji,m�1

d�Mi � ji,m



q�1

. (4.2.12)

We make use of the well-known identity�
α

β



X

�
1�Xα

1�Xa�β

�
α � 1

β



X

for Gaussian binomial coefficients. Applying it inductively, we see that for all m P

rγi � 1s, �
d�Mi � ji,m�1

d�Mi � ji,m



q�1

�

�
ji,m�1

ji,m



q�1

�
d�Mi�ji,m�1

d�Mi

�
q�1�

d�Mi�ji,m
d�Mi

�
q�1

.
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Hence the right-hand side of (4.2.12) is equal to�
Mi �Mi�1

Jµ2i



q�1

�
d�Mi�1

d�Mi



q�1

.

Thus

µMi�1�1,2¹
k�µMi,2

qdk
�
d� µ1k�1,2

d� µ1k,2



q�1

�
µ1k,2 � µ1k�1,3

µ1k,2 � µ1k,3



q�1

�

Mi�Mi�1¹
j�1

qbMi�1�j
sMi�1�j

�
Mi �Mi�1

Jµ2i



q�1

�
d�Mi�1

d�Mi



q�1

as required.

Lemma 4.2.9. For i P rrs,

µMi,2�1¹
k�µMi�1,2�1

qdk
�
d� µ1k�1,2

d� µ1k,2



q�1

�
µ1k,2 � µ1k�1,3

µ1k,2 � µ1k,3



q�1

�

Ni�Ni�1¹
j�1

qaNi�1�j
rNi�1�j

�
Ni �Ni�1

Jµ3i



q�1

�
Mi �Ni�1

Mi �Ni



q�1

.

Proof. Note that the product on the left hand side may be empty; this happens in

the case µMi,2 � µNi�1�1,3 � � � � � µNi,3 � µMi�1,2 � 1. Since µMi,2 ¡ k ¡ µMi�1,2, we

have µ1k,2 � µ1k�1,2 � Mi for all k in the interval sµMi�1,2, µMi�1,2s. Finally, observe

that for j P rNi � Ni�1s we have µ1k,3 � Ni�1 � j when µNi�1�j�1,3   k ¤ µNi�1�j,3.

The claim follows as in the proof of the previous lemma.

With these preparations in place we now give a formula for the functions Dv.

Theorem 4.2.10. Let v �
±r

i�1

�
2Mi�Mi�13Ni�Ni�1

�
P D2

d. Then

Dvpq, tq �
r¹
i�1

�
d�Mi�1

d�Mi



q�1

�
Mi �Ni�1

Mi �Ni



q�1�

r¹
i�1

IMi�Mi�1

�
YMi�1�1, . . . , YMi

��
�
r�1¹
i�1

I�Ni�Ni�1

�
XNi�1�1, . . . , XNi

�
� Id�Nr�1

�
XNr�1�1, . . . , Xd

�
,

with numerical data

Xj � qMipd�Miq�jpMi�jqt2Mi�1�j j P sNi�1, Nis , (4.2.13)

Yj � qjpd�jq�Ni�1pj�Ni�1qtNi�1�2j�1 j P sMi�1,Mis . (4.2.14)
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Proof. Given vectors v � pv1, v2, . . . , vdq P Nd
0 and v1 � pv11, v

1
2, . . . , v

1
dq P Nd

0, we set,

for each i P rrs ,

suppMi pvq �
 
j P rMi �Mi�1 � 1s | vMi�1�j ¡ 0

(
,

suppNi pvq �
!
j P rNi �Ni�1 � 1s | v1Ni�1�j

¡ 0
)
.

In practice, v will be one of the vectors of successive differences r � pr1, . . . , rdq and

v1 will be one of the vectors of successive differences s � ps1, . . . , sdq . Given a set of

partitions satisfying µ3 ¤ µ2, recall our definition (4.2.10). It is easy to see that, for

every i P rrs,
suppMi pvq �Mi �Mi�1 � Jµ2i ,

suppNi pvq � Ni �Ni�1 � Jµ3i .
(4.2.15)

Thus it follows that �
Mi �Mi�1

Jµ2i



q�1

�

�
Mi �Mi�1

suppMi pvq



q�1

,�
Ni �Ni�1

Jµ3i



q�1

�

�
Ni �Ni�1

suppNi pv
1q



q�1

.

(4.2.16)

Let δij be the usual Kronecker delta function. Substituting Lemma 4.2.8 and 4.2.9,

rewriting the expressions in terms of rj and sj and using (4.2.16), we find that formula

(4.2.6) for Dvpq, tq splits into a product as follows:

Dvpq, tq �
r¹
i�1

�
d�Mi�1

d�Mi



q�1

�
Mi �Ni�1

Mi �Ni



q�1

r¹
i�1

AiBi,

where, for i P rrs,

Ai �
8̧

rNi�1�1�0

� � �
8̧

rNi�1�0

8̧

rNi�1�δir

�
Ni �Ni�1

suppNi pv
1q



q�1

Ni¹
j�Ni�1�1

�
qaj t

|Mi�j
	rj

,

Bi �
8̧

sMi�1�1�0

� � �
8̧

sMi�1�0

8̧

sMi�0

�
Mi �Mi�1

suppMi pvq



q�1

Mi¹
j�Mi�1�1

�
qbj tNi�1�qj	sj .

We now show that all of the factors Ai and Bi are products of Igusa functions

and Gaussian binomial coefficients. Given i P rrs and I � rMi �Mi�1 � 1s, we define

SipIq to be the set of vectors Si �
�
sMi�1�1, . . . , sMi

�
P NMi�Mi�1

0 such that sj � 0

unless j P tMi�1 � k | k P Iu Y tMiu . With the numerical data defined in Theorem
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4.2.10, we have

Bi �
¸

I�rMi�Mi�1�1s

�
Mi �Mi�1

I



q�1

¸
siPSipIq

¹
jPpI�Mi�1qYtMiu

�
qbj tNi�1�qj	sj

�
¸

I�rMi�Mi�1�1s

�
Mi �Mi�1

I



q�1

��¹
ιPI

�� 8̧

sMi�1�ι
�1

�
YMi�1�ι

�sMi�1�ι

�
�
 8̧

sMi�0

pYMi
qsMi

�
1

1� YMi

¸
I�rMi�Mi�1�1s

�
Mi �Mi�1

I



q�1

¹
ιPI

YMi�1�ι

1� YMi�1�ι

� IMi�Mi�1

�
YMi�1�1, . . . , YMi

�
.

Analogously one can show that, with the numerical data defined in Theorem

4.2.10,

Ai �

#
I�Ni�Ni�1

�
XNi�1�1, . . . , XNi

�
for i   r,

Id�Nr�1

�
XNr�1�1, . . . , Xd

�
for i � r.

This completes the proof of Theorem 4.2.10.

Now with (4.2.7) Theorem 4.2.10 implies:

Theorem 4.2.11 (Uniformity). There exists V
�gr

3,d pX, Y q P QpX, Y q such that, for

almost all primes p and all finite extensions o of Zp,

ζ
�gr

L
3pdq

poqpsq � V
�gr

c,d pq, q�sq.

Theorem 4.2.12 (Local functional equations).

ζ
�gr

L
3pdq

poqpsq
���
qÑq�1

�p�1q1�3dqp
d�1
2 q�2pd2qt3�6dζ

�gr

L
3d
poqpsq. (4.2.17)

4.2.2 Explicit examples

We record the following consequences of Theorem 4.2.10.

Proposition 4.2.13. ((c,d)=3,2)

ζ
�gr

L
3p2q

poqpsq � ζo3psq
1� t3 � t4 � t6 � qt7 � qt9 � qt10 � qt13

p1� qt3qp1� qt4qp1� t5qp1� qt6qp1� t7q
�: V

�gr

3,2 pq, tq,

and

ζ
�gr

L
3p2q

poqpsq
���
qÑq�1

� �q5t15ζ
�gr

L32 poq
psq.

Setting

M3,2pY q �11� Y � Y 2 � 2Y 3 � 3Y 4 � 3Y 5 � 4Y 6 � 3Y 7 � 3Y 8 � 2Y 9 � Y 10

� Y 11 � Y 12 P QrY s,
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we have

ζ
�gr

L
3p2q

,redpsq � V
�gr

3,2 p1, Y q

�
M3,2pY q

p1� Y q2p1� Y 3qp1� Y 4qp1� Y 5qp1� Y 6qp1� Y 7q
,

ζ
�gr

L
3p2q,top

psq �
2

35

13s� 2

s3ps� 1qps� 2qp3s� 1qp4s� 1qp6s� 1q
.

Proof. For pc, dq � p3, 3q, (4.2.7) becomes

ζ
�gr

L32 poq
psq � ζO3

p
psq

¸
vPD2

2

Dvpq, tq

We have

D2232pq, tq � I2

�
qt3, t5

�
I2

�
qt6, t7

�
,

and

D2323pq, tq �

�
2

1



q�1

I1pqt
3qI�1 pqt

4qI1pqt
6qI1pt

7q.

Proposition 4.2.14. ((c,d)=3,3) There exists a rational function V
�gr

3,3 pX, Y q P

QpX, Y q such that

ζ
�gr

L
3p3q

poqpsq � V
�gr

3,3 pX, Y q,

and

ζ
�gr

L
3p3q

poqpsq
���
qÑq�1

� q12t21ζ
�gr

L33 poq
psq.

Setting

M3,3pY q �1� 2Y 3 � 3Y 4 � 3Y 5 � 5Y 6 � 3Y 7 � 8Y 8 � 6Y 9 � 9Y 10 � 10Y 11 � 10Y 12

� 9Y 13 � 10Y 14 � 10Y 15 � 9Y 16 � 6Y 17 � 8Y 18 � 3Y 19 � 5Y 20

� 3Y 21 � 3Y 22 � 2Y 23 � Y 26 P QrY s

we have

ζ
�gr

L
3p3q

,redpsq � V
�gr

3,3 p1, Y q �
M3,3pY q

p1� Y q4p1� Y 3q
±10

i�6p1� Y iq
,

ζ
�gr

L
3p3q,top

psq �
1

70

�36� 396s� 1383s2 � 1505s3

s3ps� 3qps� 2qps� 1qp2s� 1q2p3s� 2qp4s� 1qp5s� 2qp7s� 2qp9s� 2q
.
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Proof. For pc, dq � p3, 3q, (4.2.7) becomes

ζ
�gr

L33 poq
psq � ζO4

p
psq

¸
vPD2

3

Dvpq, tq.

We have

D2333pq, tq � I3

�
q2t3, q2t5, t7

�
I2

�
q2t8, q2t9, t10

�
,

D223232pq, tq �

�
3

2



q�1

�
2

1



q�1

I2pq
2t3, q2t5qI�1 pq

3t6qI1pq
2t8qI2pq

2t9, t10q,

D223223pq, tq �

�
3

2



q�1

I2pq
2t3, q2t5qI�2 pq

3t6, q2t7qI1pq
2t9qI1pt

10q,

D232232pq, tq �

�
3

1



q�1

I1pq
2t3qI�1 pq

2t4qI2pq
3t6, q2T 8qI2pq

2t9, t10q,

D232323pq, tq �

�
3

2



q�1

�
2

1



q�1

I1pq
2t3qI�1 pq

2t4qI1pq
3t6qI�1 pq

2t7qI1pq
2t9qI1pt

10q.

Proposition 4.2.15. ((c,d)=3,4) There exists a rational function V
�gr

3,4 pX, Y q P

QpX, Y q such that

ζ
�gr

L
3p4q

poqpsq � V
�gr

3,4 pX, Y q,

and

ζ
�gr

L
3p4q

poqpsq
���
qÑq�1

� �q22t27ζ
�gr

L34 poq
psq.

Setting

M3,4pY q � 1� 2Y � 2Y 2 � 4Y 3 � 10Y 4 � 20Y 5 � 35Y 6 � 49Y 7 � 69Y 8 � 96Y 9

� 135Y 10 � 187Y 11 � 251Y 12 � 327Y 13 � 417Y 14 � 519Y 15

� 629Y 16 � 740Y 17 � 861Y 18 � 980Y 19 � 1107Y 20 � 1232Y 21

� 1349Y 22 � 1448Y 23 � 1532Y 24 � 1591Y 25 � 1630Y 26 � 1642Y 27

� 1630Y 28 � 1591Y 29 � 1532Y 30 � 1448Y 31 � 1349Y 32 � 1232Y 33

� 1107Y 34 � 980Y 35 � 861Y 36 � 740Y 37 � 629Y 38 � 519Y 39

� 417Y 40 � 327Y 41 � 251Y 42 � 187Y 43 � 135Y 44 � 96Y 45 � 69Y 46

� 49Y 47 � 35Y 48 � 20Y 49 � 10Y 50 � 4Y 51 � 2Y 52 � 2Y 53 � Y 54 P QrY s

and

T3,4psq �s
3ps� 1q2ps� 2qps� 3qps� 4qp4s� 1qp4s� 3qp5s� 4qp6s� 5qp7s� 3q

� p7s� 4qp8s� 5qp9s� 5qp10s� 3qp11s� 4q.
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we have

ζ
�gr

L
3p4q

,redpsq � V
�gr

3,4 p1, Y q �
M3,4pY q

p1� Y q3p1� Y 2qp1� Y 3q2
±13

i�7p1� Y iq
,

ζ
�gr

L
3p4q,top

psq �
8

117

561540s5 � 1409277s4 � 1365673s3 � 636170s2 � 141700s� 12000

T3,4psq
.

Proof. For pc, dq � p3, 4q, (4.2.7) becomes

ζ
�gr

L34 poq
psq � ζO5

p
psq

¸
vPD2

4

Dvpq, tq.

v � 2434 :

D2434pq, tq � I4

�
q3t3, q4t5, q3t7, t9

�
I4ppq

ip4�iqqt9�iqi�1,...,4q.

v � 233j234�j, j P t1, . . . , 3u :

D233j234�jpq, tq �

�
4

1



q�1

�
3

j



q�1

I3

�
q3t3, q4t5, q3t7

�
� I�j ppq

3�ip3�iqt7�iqi�1,...,jqI1pq
jp4�jqt9�jqI4�jppq

ip4�iqt9�iqi�j�1,...,4q.

v � 22323j�1234�j, j P t1, . . . , 3u :

For j � 1,

D2232233pq, tq �

�
4

2



q�1

�
2

1



q�1

I2pq
3t3, q4t5qI�1 pq

5t6qI2pq
5t8, q3t10qI3ppq

ip4�iqt9�iqi�2,...,4q.

For j P t2, 3u,

D22323j�1234�jpq, tq �

�
4

2



q�1

�
2

j



q�1

�
2

1


2

q�1

I2pq
3t3, q4t5qI�1 pq

5t6qI1pq
5t8q

� I�j�1ppq
3�ip3�iqt7�iqi�2,...,jqI1pq

jp4�jqt9�jqI4�jppq
ip4�iqt9�iqi�j�1,...,4q.

v � 22322232 :

D22322232pq, tq �

�
4

2



q�1

I2pq
3t3, q4t4qI�2 pq

5t6, q4t7qI2pq
5t9, q4t11qI2pq

3t12, t13q.

v � 22322323 :

D22322323pq, tq �

�
4

2



q�1

�
2

1



q�1

I2pq
3t3, q4t5qI�2 pq

5t6, q4t7qI1pq
5t9q

� I�1 pq
3t10qI1pq

3t12qI1pt
13q.
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v � 23223j�1234�j :

For j � 1,

D232333pq, tq �

�
4

3



q�1

I1pq
3t3qI�1 pq

3t4qI3pq
5t6, q5t8, q3t10qI3ppq

ip4�iqt9�iqi�2,...,4q.

For j P t2, 3u,

D23223j�1234�jpq, tq �

�
4

3



q�1

�
3

2



q�1

�
2

j � 1



q�1

I1pq
3t3qI�1 pq

3t4qI2pq
5t6, q5t8q

� I�j�1ppq
3�ip3�iqt7�iqi�2,...,jqI1pq

jp4�jqt9�jqI4�jppq
ip4�iqt9�iqi�j�1,...,4q.

v � 23232232 :

D23232232pq, tq �

�
4

3



q�1

�
3

1



q�1

I1pq
3t3qI�1 pq

3t4qI1pq
5t6qI�1 pq

4t7q

� I2pq
5t9, q4t11qI2pq

3t12, t13q.

v � 23232323 :

D23232323pq, tq �

�
4

3



q�1

�
3

2



q�1

�
2

1



q�1

I1pq
3t3qI�1 pq

3t4qI1pq
5t6qI�1 pq

4t7q

� I1pq
5t9qI�1 pq

3t10qI1pq
3t12qI�1 pt

13q.

4.3 ζ�L
cpdq

poqpsq for c � 4 and higher

In this section we prove and give the formula for ζ�L
cpdq

poqpsq for c � 4 in detail. Then

we would suggest how one can extend this method for higher c.

Recall that for c ¡ 3, Proposition 4.1.1 gives

ζ
�gr

L
cpdq

poqpsq � ζo1�dpsq

�¸
µ2

αpµ
pdq
1,2, µ2; qqq�sp3µ1,2�2

°d
i�2 µi,2q

c¹
k�3

¸
µk¤µk�1

αpµk�1, µk; qqq
�sp

°d
j�1 µj,kq

�
(4.3.1)

To compute the right hand side of (4.3.1), let µk be partitions of d parts satisfy-

ing µk ¤ µk�1 for k P r3, cs. There are uniquely determined numbers r P N0 and
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M
p2q
i , . . . ,M

pcq
i P N (i P rr � 1s), such that

µ1,2 ¥ � � � ¥ µ
M

p2q
1 ,2

¥ µ1,3 ¥ � � � ¥ µ
M

p3q
1 ,3

¥ � � � ¥ µ1,c ¥ � � � ¥ µ
M

pcq
1 ,c

¡

µ
M

p2q
1 �1,2

¥ � � � ¥ µ
M

p2q
2 ,2

¥ µ
M

p3q
1 �1,3

¥ � � � ¥ µ
M

p3q
2 ,3

¥ . . . ¥ µ
M

pcq
1 �1,c

¥ � � � ¥ µ
M

pcq
2 ,c

¡

. . . µ
M

p2q
r�1�1,2

¥ � � � ¥ µd,2 ¥ µ
M

p3q
r�1�1,3

¥ � � � ¥ µd,3 ¥ � � � ¥ µ
M

pcq
r�1�1,c

¥ � � � ¥ µd,c.

Define M
pkq
r � d and M

pkq
0 � 0 for all k P r2, cs. Observe that the condition µk ¤ µk�1

is equivalent to the condition M
pk�1q
i ¥ M

pkq
i for i P rr � 1s. In this case we write

vpµ2, . . . , µcq � v. Note that v determines and is determined by M
pkq
i ’s.

This time the Dyck word of length (c-1)d is a word w in the letters 2,3, . . . , c such

that each occur d times and no initial segment of w contains more k’s than k � 1’s.

We denote the set of pc� 1q-dimensional Dyck words of length pc� 1qd by Dc�1
d and

note that the cardinality of Dc�1
d is the multidimensional Catalan numbers

Catc�1
d �

�
c�2¹
i�0

i!

pd� iq!

�
ppc� 1qdq!.

Note that c � 3 indeed gives Cat2
d �

1
d�1

�
2d
d

�
. It is easy to see that our vpµ2, . . . , µcq �

v is indeed a pc� 1q-dimensional Dyck word.

For v P Dc�1
d we set

Dc�1
v pq, tq :�¸

pµ2,...,µcq
vpµ2,...,µcq�v

αpµ
pdq
1,2, µ2; qqαpµ2, µ3; qq � � �αpµc, µc�1; qqq�p3µ1,2�2

°d
i�2 µi,2�

°c
k�3

°d
j�1 µj,kqs.

(4.3.2)

Proposition 4.1.1 and (4.2.5) allows us to write

ζ
�gr

L
cd
poqpsq � ζOd�1

p
psq

¸
vPDc�1

d

Dc�1
v pq, tq. (4.3.3)

4.3.1 For c � 4

Since we fixed our c to be 4, to improve the readability we would like to introduce

different notations. Let

λ � pλ1, . . . , λdq, µ � pµ1, . . . , µdq, ν � pν1, . . . , νdq
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be partitions of d parts satisfying µ ¤ λ and ν ¤ µ. There are uniquely determined

numbers r P N0 and Li,Mi, Ni P N (i P rr � 1s), such that

λ1 ¥ � � � ¥ λL1 ¥ µ1 ¥ � � � ¥ µM1 ¥ ν1 ¥ � � � ¥ νN1 ¡

λL1�1 ¥ � � � ¥ λL2 ¥ µM1�1 ¥ � � � ¥ µM2 ¥ νN1�1 ¥ � � � ¥ νN2 ¡ . . .

λLr�1�1 ¥ � � � ¥ λd ¥ µMr�1�1 ¥ � � � ¥ µd ¥ νNr�1�1 ¥ � � � ¥ νd. (4.3.4)

We call the integer sequence pLi,Mi, NiqiPrr�1s arising the overlap type of the triple

pλ, µ, νq. This determines and is determined uniquely by the 3-dimensional Dyck

word of length 3d. In this case we write vpλ, µ, νq � v. For v P Dp3q we set

D3
vpq, tq :�

¸
pλ,µ,νq

vpλ,µ,νq�v

αpλ
pdq
1 , λ; qqαpλ, µ; qqαpµ, ν; qqq�p3λ1�

°d
i�2 2λi�

°d
j�1 µj�

°d
k�1 νkqs.

(4.3.5)

We know

ζ
�gr

L
cd
poqpsq � ζOd�1

p
psq

¸
vPD

p3q
d

D3
vpq, tq. (4.3.6)

With this new notation, we have the following result.

Theorem 4.3.1. Let v �
±r

i�1

�
2Li�Li�13Mi�Mi�14Ni�Ni�1

�
P D

p3q
d . Then

D3
vpq, tq �

r¹
i�1

�
d� Li�1

d� Li



q�1

�
Li �Mi�1

Li �Mi



q�1

�
Mi �Ni�1

Mi �Ni



q�1

�

�
r¹
i�1

ILi�Li�1

�
ZLi�1�1, . . . , ZLi

���
r�1¹
i�1

I�Mi�Mi�1

�
YMi�1�1, . . . , YMi

��

�
r�1¹
i�1

I�Ni�Ni�1

�
XNi�1�1, . . . , XNi

�
� Id�Mr�1

�
YMr�1�1, . . . , Yd

�
Id�Nr�1

�
XNr�1�1, . . . , Xd

�
,

with numerical data

Xj � qLip3�Liq�MipLi�Miq�jpMi�jqt
|Li�Mi�j j P sNi�1, Nis , (4.3.7)

Yj � qLip3�Liq�jpLi�jq�Ni�1pj�Ni�1qt
|Li�Ni�1�j j P sMi�1,Mis , (4.3.8)

Zj � qjp3�jq�Mi�1pj�Mi�1q�Ni�1pMi�1�Ni�1qtMi�1�Ni�1�qj j P sLi�1, Lis , (4.3.9)

and

I�Mi�Mi�1
�

#
IMi�Mi�1

if Ni �Ni�1 ¡ 0,

I�Mi�Mi�1
if Ni �Ni�1 � 0.
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To prove Theorem 4.3.1 we start with definitions. First we set, for i P rrs,

aj :� Li pd� Liq �Mi pLi �Miq � j pMi � jq , j P sNi�1, Nis ,

bj :� Li pd� Liq � j pLi � jq �Ni�1 pj �Ni�1q , j P sMi�1,Mis ,

cj :� jpd� jq �Mi�1 pj �Mi�1q �Ni�1 pMi�1 �Ni�1q , j P sLi�1, Lis .

It is also useful for us to have notation for the successive differences of the parts of

λ, µ, and ν. For j P rds we set

rj �

$'&'%
λj � λj�1 if j R tL1, . . . , Lru ,

λLi � µMi�1�1 if j � Li ¡ Li�1, Mi ¡Mi�1,

λLi � νNi�1�1 if j � Li ¡ Li�1, Mi �Mi�1,

(4.3.10)

and

sj �

$'&'%
µj � µj�1 if j R tM1, . . . ,Mru ,

µMi
� νNi�1�1 if j �Mi ¡Mi�1, Ni ¡ Ni�1,

µMi
� λLi�1 if j �Mi ¡Mi�1, Ni � Ni�1,

(4.3.11)

where we define λd�1 � µd�1 � 0. Similarly, for j P rds we set

tj �

$'&'%
νj � νj�1 if j R tN1, . . . , Nru ,

νNi � λLi�1 if j � Ni ¡ Ni�1, Li�1 ¡ Li,

νNi � µMi�1 if j � Ni ¡ Ni�1, Li�1 � Li.

(4.3.12)

Again set

q : N0 Ñ N0, n ÞÑ n � p3, 2, . . . , 2q :� 3δn¥1 � 2δn¥2 � � � � � 2δn¥d.

We have

3λ1 � 2
ḑ

k�2

λk �
ḑ

j�1

qjrj � ŗ

i�1

qLi �sMi�1�1 � � � � � sMi
� tNi�1�1 � � � � � tNi

�
,

µ1 � . . .� µd �
ḑ

j�1

jsj �
r�1̧

i�1

Mi

�
rLi�1 � � � � � rLi�1

�
�

ŗ

i�1

Mi

�
tNi�1�1 � � � � � tNi

�
,

ν1 � � � � � νd �
ḑ

j�1

jtj �
r�1̧

i�1

Ni

�
rLi�1 � � � � � rLi�1

� sMi�1 � � � � � sMi�1

�
.

By our definition, rj, sj and tj ¥ 0 for all j. Note also that sj ¡ 0 if Ni�1 � Ni,

tj ¡ 0 if j P tN1, . . . , Nr�1u and observe that λLi ¡ λLi�1, µMi
¡ µMi�1, and

νNi ¡ νN1�1 for each i P rr � 1s . Finally, for each i P rrs we define

Jλi � tj P rLi � Li�1 � 1s | λLi�j ¡ λLi�j�1u ,

Jµi � tj P rMi �Mi�1 � 1s | µMi�j ¡ µMi�j�1u ,

Jνi � tj P rNi �Ni�1 � 1s | νNi�j ¡ νNi�j�1u .

(4.3.13)
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Lemma 4.3.2. Let λ, µ, and ν be partitions of d parts satisfying µ ¤ λ and ν ¤ µ.

Then¸
v

αpλ
pdq
1 , λ; qqαpλ, µ; qqαpµ, ν; qq

�
¹
k¥1

qλ
1
kpd�λ

1
kq�µ

1
kpλ

1
k�µ

1
kq�ν

1
kpµ

1
k�ν

1
kq

�
d� λ1k�1

3� λ1k



q�1

�
λ1k � µ1k�1

λ1k � µ1k



q�1

�
µ1k � ν 1k�1

µ1k � ν 1k



q�1

.

Let λ, µ, and ν be partitions as in Lemma 4.3.2. Let pLi, Mi, NiqiPrr�1s be the

parameters associated to them and λ1, µ1, and ν 1 their dual partitions. For k P N, set

dk :� λ1kp3� λ1kq � µ1kpλ
1
k � µ1kq � ν 1kpµ

1
k � ν 1kq.

Lemma 4.3.3. For i P rr � 1s,

λLi�1�1¹
k�µMi�1�1�1

qdk
�
d� λ1k�1

d� λ1k



q�1

�
λ1k � µ1k�1

λ1k � µ1k



q�1

�
µ1k � ν 1k�1

µ1k � ν 1k



q�1

�

Li�Li�1¹
j�1

qaLi�1�j
rLi�1�j

�
Li � Li�1

Jλi



q�1

�
d� Li�1

d� Li



q�1

.

Proof. Note that the product on the left-hand side may be empty; this happens in

the case λLi � λLi�1
. Also since µMi�1

¥ νNi�1
¡ λLi�1�1, we have ν 1k � ν 1k�1 � Ni�1

and µ1k � µ1k�1 � Mi�1, for all k in the interval sµMi�1�1, λLi�1�1s. Thus we always

have
λLi�1�1¹

k�µMi�1�1�1

�
λ1k � µ1k�1

λ1k � µ1k



q�1

�
µ1k � ν 1k�1

µ1k � ν 1k



q�1

� 1.

For j P rLi�Li�1s we have λ1k � Li�1� j when λLi�1�j�1   k ¤ λLi�1�j; observe that

it may be the case for some j that no index k satisfies this condition. As a result,

we see that for each j P rLi � Li�1s, there are exactly rLi�1�j elements of k of the

segment sµMi�1�1, λLi�1�1s for which λ1k � Li�1 � j. Now, note that�
d� λ1k�1

d� λ1k



q�1

� 1

if and only if λ1k�1 � λ1k. This is exactly when there exists an i such that λi � k. It

follows that if Jλi � tji,1, . . . , ji,γiu , with ji,1   . . .   ji, γi , then

λLi�1�1¹
k�µMi�1�1�1

�
d� λ1k�1

d� λ1k



q�1

�

�
d� Li � ji, γi

d� Li



q�1

�
γi�1¹
m�1

�
d� Li � ji,m�1i

d� Li � ji,m



q�1

�

�
d� Li�1

d� Li � ji, γi



q�1

.

(4.3.14)
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We make use of the well-known identity�
α

β



X

�
1�Xα

1�Xa�β

�
α � 1

β



X

for Gaussian binomial coefficients. Applying it inductively, we see that for all m P

rγi � 1s, �
d� Li � ji,m�1i

d� Li � ji,m



q�1

�

�
ji,m�1

ji,m



q�1

�
d�Li�ji,m�1

d�Li

�
q�1�

d�Li�ji,m
d�Li

�
q�1

.

Hence the right-hand side of 4.3.14 is equal to�
Li � Li�1

Jλi



q�1

�
d� Li�1

d� Li



q�1

.

Thus

λLi�1�1¹
k�µMi�1�1�1

qdk
�
d� λ1k�1

d� λ1k



q�1

�
λ1k � µ1k�1

λ1k � µ1k



q�1

�
µ1k � ν 1k�1

µ1k � ν 1k



q�1

�

Li�Li�1¹
j�1

qaLi�1�j
rLi�1�j

�
Li � Li�1

Jλi



q�1

�
d� Li�1

d� Li



q�1

as required.

Lemma 4.3.4. For i P rr � 1s,

µMi�1�1¹
k�νNi�1�1�1

qdk
�
d� λ1k�1

d� λ1k



q�1

�
λ1k � µ1k�1

λ1k � µ1k



q�1

�
µ1k � ν 1k�1

µ1k � ν 1k



q�1

�

Mi�Mi�1¹
j�1

qbMi�1�j
sMi�1�j

�
Mi �Mi�1

Jµi



q�1

�
Li �Mi�1

Li �Mi



q�1

.

Proof. Analogous to the proof of Lemma 4.3.3.

Lemma 4.3.5. For i P rr � 1s,

νNi�1�1¹
k�λLi�1�1

qdk
�
d� λ1k�1

d� λ1k



q�1

�
λ1k � µ1k�1

λ1k � µ1k



q�1

�
µ1k � ν 1k�1

µ1k � ν 1k



q�1

�

Ni�Ni�1¹
j�1

qcNi�1�j
tNi�1�j

�
Ni �Ni�1

Jνi



q�1

�
Mi �Ni�1

Mi �Ni



.

Proof. Analogous to the proof of Lemma 4.3.3.
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Proof of Theorem 4.3.1. Given vectors v � pv1, . . . , vdq P Nd
0, we set, for each i P rrs ,

suppLi pvq �
 
j P rLi � Li�1 � 1s | vLi�1�j ¡ 0

(
,

suppMi pvq �
 
j P rMi �Mi�1 � 1s | vMi�1�j ¡ 0

(
,

suppNi pvq �
 
j P rNi �Ni�1 � 1s | vNi�1�j ¡ 0

(
.

In practice, v will be one of the vectors of successive differences r � pr1, . . . , rdq or

s � ps1, . . . , sdq or t � pt1, . . . , tdq . Given a set of partitions satisfying µ ¤ λ and

ν ¤ µ, recall our definition 4.3.13. It is easy to see that, for every i P rrs,

suppLi pvq � Li � Li�1 � Jλi ,

suppMi pvq �Mi �Mi�1 � Jµi ,

suppNi pvq � Ni �Ni�1 � Jνi .

(4.3.15)

Thus it follows that �
Li � Li�1

Jλi



q�1

�

�
Li � Li�1

suppLi pvq



q�1

,�
Mi �Mi�1

Jµi



q�1

�

�
Mi �Mi�1

suppMi pvq



q�1

,�
Ni �Ni�1

Jνi



q�1

�

�
Ni �Ni�1

suppNi pv
1q



q�1

.

(4.3.16)

Let δij be the usual Kronecker delta function. Substituting Lemma 4.3.3, 4.3.4, and

4.3.5, rewriting the expressions in terms of rj, sj and tj and using (4.3.16), we find

that formula (4.3.5) for Dwpq, tq splits into a product as follows:

D3
vpq, tq �

r¹
i�1

�
d� Li�1

d� Li



q�1

�
Li �Mi�1

Li �Mi



q�1

�
Mi �Ni�1

Mi �Ni



q�1

r¹
i�1

AiBiCi,

where, for i P rrs,

Ai �
8̧

tNi�1�1�0

� � �
8̧

tNi�1�0

8̧

tNi�1�δir

�
Ni �Ni�1

suppNi pv
1q



q�1

Ni¹
j�Ni�1�1

�
qaj t

|Li�Mi�j
	tj

,

Bi �
8̧

sMi�1�1�0

� � �
8̧

sMi�1�0

8̧

sMi�δNi�1Ni

�
Mi �Mi�1

suppMi pvq



q�1

Mi¹
j�Mi�1�1

�
qbj t

|Li�Ni�1�j
	
sj,

Ci �
8̧

rLi�1�1�0

� � �
8̧

rLi�0

�
Li � Li�1

suppLi pvq



q�1

Li¹
j�Li�1�1

�
qcj tMi�1�Ni�1�qj	rj .

We now show that all of the factors Ai, Bi, and Ci are products of Igusa functions

and Gaussian binomial coefficients. Given i P rrs and I � rLi � Li�1 � 1s, we define
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RipIq to be the set of vectors ri �
�
rLi�1�1, . . . , rLi

�
P NLi�Li�1

0 such that rj � 0 unless

j P tLi�1 � k | k P Iu Y tLiu . With the numerical data defined in (4.3.7), we have

Ci �
¸

I�rLi�Li�1�1s

�
Li � Li�1

I



q�1

¸
riPRipIq

¹
jPpI�Li�1qYtLiu

�
qcj tMi�1�Ni�1�qj	rj

�
¸

I�rLi�Li�1�1s

�
Li � Li�1

I



q�1

��¹
ιPI

�� 8̧

rLi�1�ι
�1

�
ZLi�1�ι

�rLi�1�ι

�
�
 8̧

rLi�0

pZLiq
rLi

�
1

1� ZLi

¸
I�rLi�Li�1�1s

�
Li � Li�1

I



q�1

¹
ιPI

ZLi�1�ι

1� ZLi�1�ι

� ILi�Li�1

�
ZLi�1�1, . . . , ZLi

�
.

Analogously one can show that, with the numerical data defined in (4.3.7),

Bi �

#
I�Mi�Mi�1

�
YMi�1�1, . . . , YMi

�
for Ni�1 � Ni,

IMi�Mi�1

�
YMi�1�1, . . . , YMi

�
for Ni�1   Ni,

and

Ai �

#
I�Ni�Ni�1

�
XNi�1�1, . . . , XNi

�
for i P rr � 1s ,

INi�Ni�1

�
XNi�1�1, . . . , XNi

�
for i � r.

This completes the proof of Theorem 4.3.1.

4.3.2 Computation of the functions Dc�1
v for higher c – theory

The main difference between c � 3 and c ¥ 4 is that there are “middle values”. What

do we mean by this? When c � 3, the 2-dimensional Dyck words only contain 2

and 3, and it is guaranteed that there are always 2’s after 3’s, except the very last

part where it ends. However, when c ¡ 3, there are “jumps” between numbers with

difference more than one. For example, 232434 P D3
2 and we have 4 after 2. That

gives the alternating behaviour of the Igusa function I�
M

pkq
i �M

pkq
i�1

in Theorem 4.3.1.

Once we deal with this different jumps using alternating Igusa functions, then higher

c only means we have higher dimensional Dyck words with more case distinctions.

However, the principle logic behind the proofs of these theorems are the same.

Theorem 4.3.6. Let v �
±r

i�1

�
2M

p2q
i �M

p2q
i�13M

p3q
i �M

p3q
i�1 . . . cM

pcq
i �M

pcq
i�1

	
P D

pc�1q
d . Then
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Dc�1
v pq, tq �

r¹
i�1

�
d�M

p2q
i�1

d�M
p2q
i



q�1

�
c¹

k�3

�
M

pk�1q
i �M

pkq
i�1

M
pk�1q
i �M

pkq
i



q�1

�

�

�
r¹
i�1

I
M

p2q
i �M

p2q
i�1

�
X

p2q

M
p2q
i�1�1

, . . . , X
p2q

M
p2q
i


�

�

�
c�1¹
j�3

r�1¹
i�1

I�
M

pjq
i �M

pjq
i�1

�
X

pjq

M
pjq
i�1�1

, . . . , X
pjq

M
pjq
i


�

�
r�1¹
i�1

I�
M

pcq
i �M

pcq
i�1

�
X

pcq

M
pcq
i�1�1

, . . . , X
pcq

M
pcq
i


 c¹
k�3

I
d�M

pkq
r�1

�
X

pkq

M
pkq
r�1�1

, . . . , X
pkq
d



,

with numerical data

X
pcq
j � qa

pcq
j t

°c�1
l�2 M

plq
i �j j P

�
M

pcq
i�1,M

pcq
i

�
, (4.3.17)

X
pkq
j � qa

pkq
j t

°k�1
ι�2 M

ι
i�
°c
l�k�1M

plq
i�1�j j P

�
M

pkq
i�1,M

pkq
i

�
, (4.3.18)

X
p2q
j � qa

p2q
j t

°c
l�3M

plq
i�1�j j P

�
M

p2q
i�1,M

p2q
i

�
, (4.3.19)

where k P r3, c� 1s,

a
pcq
j �M

p2q
i

�
d�M

p2q
i

	
�

c�1̧

ι�3

�
M

pιq
i

�
M

pι�1q
i �M

pιq
i

		
� j

�
M

pc�1q
i � j

	
,

a
pkq
j �M

p2q
i

�
d�M

p2q
i

	
�

k�1̧

ι�3

�
M

pιq
i

�
M

pι�1q
i �M

pιq
i

		
� j

�
M

pk�1q
i � j

	
�M

pk�1q
i�1

�
j �M

pk�1q
i�1

	
�

ç

ι�k�2

�
M

pιq
i�1

�
M

pι�1q
i�1 �M

pιq
i�1

		
,

a
p2q
j �jpd� jq �M

p3q
i�1

�
j �M

p3q
i�1

	
�

ç

ι�4

�
M

pιq
i�1

�
M

pι�1q
i�1 �M

pιq
i�1

		
,

and

I�
M

pkq
i �M

pkq
i�1

�

$&%IMpkq
i �M

pkq
i�1

if Dι P rk � 1, csM
pιq
i �M

pιq
i�1 ¡ 0,

I�
M

pkq
i �M

pkq
i�1

if @ι P rk � 1, csM
pkq
i �M

pkq
i�1 � 0.

Theorem 4.3.7 (Uniformity). There exists V
�gr

c,d pX, Y q P QpX, Y q such that, for

almost all primes p and all finite extensions o of Zp,

ζ
�gr

L
cpdq

poqpsq � V
�gr

c,d pq, q�sq.
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4.3.3 Explicit examples for c ¡ 3

We record the following consequences of Theorem 4.3.1 and 4.3.6

Proposition 4.3.8. ((c,d)=4,2) Let

U4,2pq, tq �1� t3 � t4 � t5 � t6 � t7 � qt7 � t8 � qt8 � 2qt9 � 2qt10

� t11 � 3qt11 � q2t11 � 2qt12 � q2t12 � 3qt13

� 2qt14 � q2t14 � 3qt15 � q2t15 � qt16 � 2q2t16

� 2qt17 � q2t17 � qt18 � 3q2t18 � qt19 � 2q2t19

� 3q2t20 � qt21 � 2q2t21 � qt22 � 3q2t22 � q3t22

� 2q2t23 � 2q2t24 � q2t25 � q3t25 � q2t26

� q3t26 � q3t27 � q3t28 � q3t29 � q3t30 � q3t33 P Qpq, tq.

We have

ζ
�gr

L
4p2q

poqpsq � ζo3psq

�
U4,2pq, tq

p1� qt3qp1� qt4qp1� t5qp1� qt5qp1� qt6qp1� t7qp1� qt7qp1� qt8qp1� t9q
,

and

ζ
�gr

L
4p2q

poqpsq
���
qÑq�1

� �q6t24ζ
�gr

L42 poq
psq.

Let

ζ
�gr

L
4p2q

poqpsq � V
�gr

4,2 pX, Y q.

Setting

M4,2pY q �1� 2Y 3 � Y 4 � 2Y 5 � 3Y 6 � 2Y 7 � 3Y 8 � 2Y 9 � 3Y 10

� 2Y 11 � 3Y 12 � 2Y 13 � Y 14 � 2Y 15 � Y 18 P QrY s,

we have

ζ
�gr

L
4p2q

,redpsq � V
�gr

3,2 p1, Y q

�
M4,2pY q

p1� Y q3
±9

i�4p1� Y iq
,

ζ
�gr

L
3p2q,top

psq �
2

315

1575s3 � 648s2 � 88s� 4

s4ps� 1qps� 2qp3s� 1qp4s� 1qp5s� 1qp6s� 1qp7s� 1qp8s� 1q
.
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Proof. For pc, dq � p4, 2q, (4.3.6) becomes

ζ
�gr

L42 poq
psq � ζO3

p
psq

¸
vPD3

2

D3
vpq, tq.

We have

D3
223242pq, tq � I2

�
qt3, t5

�
I2

�
qt6, t7

�
I2

�
qt8, t9

�
,

D3
232342pq, tq �

�
2

1



q�1

I1pqt
3qI�1 pqt

4qI1pqt
6qI1pt

7qI2

�
qt8, t9

�
,

D3
223434pq, tq �

�
2

1



q�1

I2

�
qt3, t5

�
I1pqt

6qI�1 pqt
7qI1pqt

8qI1pt
9q,

D3
234234pq, tq �

�
2

1



q�1

I1pqt
3qI1pqt

4qI�1 pqt
5qI1pqt

7qI1pqt
8qI1pt

9q,

D3
232434pq, tq �

�
2

1



q�1

I1pqt
3qI�1 pqt

4qI1pqt
6qI�1 pqt

7qI1pqt
8qI1pt

9q.

Proposition 4.3.9. ((c,d)=5,2) There exists a rational function V
�gr

5,2 pX, Y q P QpX, Y q
such that

ζ
�gr

L
5p2q

poqpsq � V
�gr

5,2 pX, Y q,

and

ζ
�gr

L
5p2q

poqpsq
���
qÑq�1

� �q7t35ζ
�gr

L52 poq
psq.

Setting

M5,2pY q � 1� 2Y � 2Y 2 � 3Y 3 � 5Y 4 � 8Y 5 � 13Y 6 � 17Y 7 � 21Y 8 � 25Y 9

� 28Y 10 � 31Y 11 � 35Y 12 � 40Y 13 � 44Y 14 � 47Y 15

� 47Y 16 � 44Y 17 � 40Y 18 � 35Y 19 � 31Y 20 � 28Y 21

� 25Y 22 � 21Y 23 � 17Y 24 � 13Y 25 � 8Y 26 � 5Y 27

� 3Y 28 � 2Y 29 � 2Y 30 � Y 31 P QrY s

we have

ζ
�gr

L
5p2q

,redpsq � V
�gr

5,2 p1, Y q �
M5,2pY q±11
i�1p1� Y iq

,

ζ
�gr

L
5p2q,top

psq �
2

3465

50175s4 � 22725s3 � 3798s2 � 284s� 8

s5ps� 1qps� 2q
±11

k�3pks� 1q
.
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Proof. For pc, dq � p5, 2q, (4.3.6) becomes

ζ
�gr

L52 poq
psq � ζO3

p
psq

¸
vPD4

2

D4
vpq, tq.

We have

D4
22324252pq, tq � I2

�
qt3, t5

�
I2

�
qt6, t7

�
I2

�
qt8, t9

�
I2

�
qt10, t11

�
,

D4
23234252pq, tq �

�
2

1



q�1

I1pqt
3qI�1 pqt

4qI1pqt
6qI1pt

7qI2

�
qt8, t9

�
I2

�
qt10, t11

�
,

D4
22343452pq, tq �

�
2

1



q�1

I2

�
qt3, t5

�
I1pqt

6qI�1 pqt
7qI1pqt

8qI1pt
9qI2

�
qt10, t11

�
,

D4
23423452pq, tq �

�
2

1



q�1

I1pqt
3qI1pqt

4qI�1 pqt
5qI1pqt

7qI1pqt
8qI1pt

9qI2

�
qt10, t11

�
,

D4
23243452pq, tq �

�
2

1



q�1

I1pqt
3qI�1 pqt

4qI1pqt
6qI�1 pqt

7qI1pqt
8qI1pt

9qI2

�
qt10, t11

�
,

D4
22324545pq, tq �

�
2

1



q�1

I2

�
qt3, t5

�
I2

�
qt6, t7

�
I1pqt

8qI�1 pqt
9qI1pqt

10qI1pt
11q,

D4
23234545pq, tq �

�
2

1



q�1

�
2

1



q�1

I1pqt
3qI�1 pqt

4qI1pqt
6qI1pt

7qI1pqt
8qI�1 pqt

9qI1pqt
10qI1pt

11q,

D4
22343545pq, tq �

�
2

1



q�1

I2

�
qt3, t5

�
I1pqt

6qI�1 pqt
7qI1pqt

8qI�1 pqt
9qI1pqt

10qI1pt
11q,

D4
23423545pq, tq �

�
2

1



q�1

I1pqt
3qI1pqt

4qI�1 pqt
5qI1pqt

7qI1pqt
8qI�1 pqt

9qI1pqt
10qI1pt

11q,

D4
23243545pq, tq �

�
2

1



q�1

I1pqt
3qI�1 pqt

4qI1pqt
6qI�1 pqt

7qI1pqt
8qI�1 pqt

9qI1pqt
10qI1pt

11q,
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D4
22345345pq, tq �

�
2

1



q�1

I2

�
qt3, t5

�
I1pqt

6qI1pqt
7qI�1 pqt

8qI1pqt
9qI1pqt

10qI1pt
11q,

D4
23425345pq, tq �

�
2

1



q�1

I1pqt
3qI1pqt

4qI�1 pqt
5qI1pqt

7qI�1 pqt
8qI1pqt

9qI1pqt
10qI1pt

11q,

D4
23245345pq, tq �

�
2

1



q�1

I1pqt
3qI�1 pqt

4qI1pqt
6qI1pqt

7qI�1 pqt
8qI1pqt

9qI1pqt
10qI1pt

11q.,

D4
23452345pq, tq �

�
2

1



q�1

I1pqt
3qI1pqt

4qI1pqt
5qI�1 pqt

6qI1pqt
8qI1pqt

9qI1pqt
10qI1pt

11q.

4.3.4 p-Adic behaviour at zero

We describe the behaviours of ζ
�gr

L
cpdq

poqpsq at s � 0.

Theorem 4.3.10. For all primes p and all finite extensions o of Zp,

ζ
�gr

L
cpdq

poqpsq

ζod�1psq pζodpsqq
c�1

�����
s�0

�
pd� 1q � dc�1

pd� 1qp2d� 1q � � � pcd� 1q
�

dc�1±c
k�2pkd� 1q

. (4.3.20)

Proof. To prove (4.3.20), let

vpµ2, . . . , µcqH � vH P D
pc�1q
d

such that v � 2d3d � � � cd, so there is no overlap between µi and µj. In other words

this is the case when r � 1.

Now,

ζ
�gr

L
cpdq

poqpsq

ζod�1psq pζodpsqq
c�1 �

�
d�1¹
j�0

p1� qjtq

�c�1
��Dc�1

vH
pq, tq �

¸
v�vH

Dc�1
v pq, tq

�
.
By inspection of Theorem 4.3.6 we see that

Dc�1
vH

pq, tq � Idppq
pd�jqjt1�2jqjPrdsq

c¹
k�3

Idppq
pd�jqjt1�pk�1qd�jqjPrdsq,
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which has a pole at t � 1 with multiplicity c � 1. In contrast, Dc�1
v pq, tq has a pole

at t � 1 with multiplicity c� 2 when v � vH. Hence

ζ
�gr

L
cpdq

poqpsq

ζod�1psq pζodpsqq
c�1

�����
s�0

�
Idppq

pd�jqjt1�2jqjPrdsq
±c

k�3 Idppq
pd�jqjt1�pk�1qd�jqjPrdsq

Idppqpd�jqjtjqjPrdsqc�1

����
t�1

�
p1� tdqc�1±c
k�2p1� t1�kdq

����
t�1

�
dc�1±c

k�2pkd� 1q

4.3.5 Topological zeta functions – degree and behaviour at
zero

Theorem 4.3.11.

degs

�
ζ
�gr

L
cpdq

,toppsq
	
� �p1� cdq.

Moreover,

scζ
�gr

L
cpdq

,toppsq
���
s�0

�
p�1qpdq�pd�1qc�1

pd� 1qdc�1

pd!qppd� 1q!qc�1
±c

j�1p1� jdq
. (4.3.21)

Proof. Note that, given h P N and, for i P rhs, Xi � qaitbi for ai P N0, bi P N,

IhpX1, . . . , Xhq �
h!±h

i�1pbis� aiq
pq � 1q�h �Oppq � 1q�h�1q.

The summands in the Theorem 4.3.6 for ζ
�gr

L
cpdq

poqpsq are all products of Igusa functions

and Gaussian binomial coefficients. Hence there exist a
�gr

v,i P N0 and b
�gr

v,i , c
�gr
v P N

such that

ζ
�gr

L
cpdq

poqpsq �
¸
v

c
�gr
v±1�cd

i�1 pb
�gr

v,i s� a
�gr

v,i q
pq � 1q�p1�cdq �Oppq � 1q�p1�cdq�1q.

Hence

ζ
�gr

L
cpdq

,toppsq �
¸
v

c
�gr
v±1�cd

i�1 pb
�gr

v,i s� a
�gr

v,i q
(4.3.22)

is a rational function in s of degree �p1� cdq, confirming the first claim.

Turning to the local behaviour around s � 0, we observe that ζod�1psqDc�1
v pq, tq

has a pole at t � 1 with multiplicity c� 1 unless v � vH, in which case it is c. Thus
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the summand c
�gr
v±1�cd

i�1 pb
�gr
v,i s�a

�gr
v,i q

in (4.3.22) has a pole with multiplicity c � 1 at s � 0

unless v � vH, in which case it is c. Specifically,

ζod�1psqDc�1
vH

pq, tq � Id�1ppq
ipd�1�iqtiqiPrd�1sqIdppq

pd�jqjt1�2jqjPrdsq

�
c¹

k�3

Idppq
pd�jqjt1�pk�1qd�jqjPrdsq,

whence

c
�gr
vH±1�cd

i�1 pb
�gr

vH,i
s� a

�gr

vH,i
q

�
1±d

i�0ps� iq
�

pd!qc�1±d
j�1pp1� 2jqs� pd� jqjq

±c
k�3

±d
l�1pp1� pk � 1qd� lqs� pd� lqlq

and thus

scζ
�gr

L
cpdq

,toppsq
���
s�0

�
pd!qc�1±c

k�2p1� kdq
±d

i�1p�iq
�±d�1

j�1p�pd� jqjq
	c�1

�
p�1qpdq�pd�1qc�1

pd� 1qdc�1

pd!qppd� 1q!qc�1
±c

j�1p1� jdq
.,

which proves (4.3.21).

In fact, one can manually check Theorem 4.3.10 and 4.3.11 with explicit formulas

given here.
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Chapter 5

Zeta functions of Lie Fp-algebras
and finite p-groups

Let p be a prime. Most of the research on zeta functions of groups and rings, including

this thesis, studied infinite objects. However, our definition of zeta functions of groups

and rings is clearly applicable to finite p-groups and Lie algebras as well. For example,

given a Lie ring L and write LpFpq � LbFp, we can compute the zeta functions of Lie

Fp-algebra LpFpq, which would enumerate subalgebras or ideals of LpFpq. One can

think of this as an approximation of the zeta function of Lp � LbZp. In this direction

we study how this approximation can be used to study the more complicated zeta

functions ζ�Lppsq.

One can also treat this as an interesting object on its own right. As we already

exploited in Section 2.6, when we used the associated Lie ring LpGpq instead of the

original group Gp to count the number of immediate descendants of Gp of order p9 and

of exponent p, the Lazard correspondence gives an isomorphism between the category

of nilpotent Lie algebras of dimension n over the field Fp and class at most p� 1 and

the category of groups of exponent p of order pn and class at most p � 1. (refer to

[19, Chapter 10] or [24] for more details). One can therefore use this to study the

zeta functions of finite p-groups as well. In this chapter we study and calculate the

zeta functions of finite Lie Fp-algebra LpFpq, and investigate how these results can be

applied in various ways.

5.1 Zeta functions of Lie Fp-algebras

Let L be a Lie ring, additively isomorphic to Zn, and let LpFpq � L b Fp be a Lie

Fp-algebra over Fp of dimension n, additively isomorphic to Fnp . One can define the
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zeta functions of the Lie Fp-algebras LpFpq as follows:

ζ�LpFpqpsq :�
¸

H�LpFpq

|LpFpq : H|�s �
ņ

i�0

a�pipLpFpqqp
�is,

where � P t¤,�u and

a�mpLpFpqq � |tH | H � LpFpq, |LpFpq : H| � mu|.

Note that they are also (finite) Dirichlet polynomials.

One can regard these “polynomials” as approximations of zeta functions in the

sense that this is the starting points of zeta functions of Lp � LbZp. They do not in

general have functional equations, or palindromic behaviour, but they do have their

own uniformity property.

Definition 5.1.1. The finite zeta functions over finite fields ζ�LpFpqpsq is said to be

finitely uniform if there exist polynomials W1rx, ys, . . . ,Wkrx, ys P Zrx, ys for suitable

k P N such that, for every prime p,

ζ�LpFpqpsq � Wirp, p
�ss

for some i P rks. It is said to be uniform if k � 1.

So how do we compute them? Let L be a Lie ring additively isomorphic to Zd with

basis B � pe1, e2, . . . , enq, and Lp � LbZp � Znp . There is one-to-one correspondence

between submodules of Lp of index pk and integer upper triangular matrices

M � pmi,jq �

�����
m1,1 m1,2 � � � m1,n

0 m2,2 � � � m2,n

...
...

. . .
...

0 0 � � � mn,n

����

with entries in Z satisfying

1. mi,i � pai , where ai ¥ 0

2. 0 ¤ mi,j   mj,j,

3. m1,1 � � �mn.n � pk,

for 1 ¤ i   j ¤ n. We give a new unique matrix representation for LpFpq.
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Lemma 5.1.2. There is one-to-one correspondence between additive subgroups of

LpFpq of index pk and the upper triangular matrix

M � pmi,jq �

�����
m1,1 m1,2 � � � m1,n

0 m2,2 � � � m2,n

...
...

. . .
...

0 0 � � � mn,n

����

with entries in Fp satisfying

1. mi,i � 0 or 1,

2. mi,j � 0 if mj,j � 1, and 0 ¤ mi,j ¤ p� 1 if nj,j � 0

3. k � n� rankpMq,

for 1 ¤ i   j ¤ n.

Proof. Let M be an additive subgroup of LpFpq. Then M has a ‘triangular’ basis

m1 �m1,1e1�m1,2e2 � � � � �m1,nen

m2 � m2,2e2 � � � � �m2,nen
...

mn � mn,nen

where mi,j P Fp. First, note that since LpFpq is itself a finite Lie ring of order pn, any

additive subgroup M of LpFpq has finite index. In particular, this implies that we

can have mi � 0, and

|LpFpq : M | � n� rankpMq.

As 〈mj〉 � 〈u �mj〉 for any non-zero unit u in Fp, each mi,i can be either 0 or 1, and

we can deduce that each M can be uniquely represented by a matrix in reduced row

echelon forms. These reduced row echelon forms can be re-written into our required

forms once we exchange the i-th row with j-th row where the leading coefficient of

i-th row is mi,j � 1.

As a direct consequence of Lemma 5.1.2 we obtain the following corollary.
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Corollary 5.1.3. Let 0i denote an i � i zero matrix, Ij an j � j identity matrix,

and Di,j an arbitrary i� j matrix over Fp. Then there is one-to-one correspondence

between additive subgroups of LpFpq of index pk and the upper triangular matrix

M �

�����������

0a1 0 0 0 � � � 0 0
0 Ib1 Db1,a2 0 � � � Db1,ar 0
0 0 0a2 0 � � � 0 0
0 0 0 Ib2 � � � Db2,ar 0

0 0 0 0
. . . 0 0

0 0 0 0 0 0ar 0
0 0 0 0 0 0 Ibr

����������

P TrpFpq

where
°r
i�1paiq � k,

°r
i�1pai � biq � n, a1, br ¥ 0 and a2 . . . , ar, b1, . . . , br�1 ¡ 0.

Corollary 5.1.3 implies that for any given additive subgroup M of index pk in

LpFpq, there are uniquely determined numbers r P N and a � pa1, . . . , arq, b �

pb1, . . . , brq such that

pm1,1,m2,2 . . . ,mn,nq � p0pa1q, 1pb1q, . . . , 0parq, 1pbrqq.

Let us call pa, bq the diagonal type of M , and write dpMq � pa, bq. Let Ma,b denote

a matrix of diagonal type pa, bq, and Ma,b denote the set of n � n upper triangular

matrices over Fp with diagonal type pa, bq. Since each ai, bi can be either 0 or 1, there

are 2n possible Ma,b’s, and each of them satisfies |Ma,b| �
°r
i�1

°i�1
j�1 aibj.

For example, let

L �  x1, x2, x3 | rx1, x2s � x3 ¡

be the Heisenberg Lie ring. Then LpFpq becomes a 3-dimensional Lie Fp-algebra of

order p3. One can check that the additive subgroups of LpFpq with index pk are

precisely the following, represented by suitable generator matrices:

•

��1 0 0
1 0

1

�
 if k � 0,

•

��0 0 0
1 0

1

�
or

��1 m1,2 0
0 0

1

�
or

��1 0 m1,3

1 m2,3

0

�
 if k � 1,

•

��0 0 0
0 0

1

�
or

��0 0 0
1 m2,3

0

�
or

��1 m1,2 m1,3

0 0
0

�
 if k � 2,

96



•

��0 0 0
0 0

0

�
 if k � 3.

Here we have 8 � 23 distinct partitions. Note that each Ma,b P Ma,b corresponds to

an additive subgroup of index p
°r
i�1 ai .

5.1.1 Uniformity and the behaviour of ζ�LpFpq
psq

Not every member of Ma,b can give arise to subalgebra/ideal of LpFpq. Hence we need

to find out the conditions which make those matrices become subalgebras/ideals.

Like the p-adic integrations for original zeta functions of groups and rings, let

F¤
p :� tM P TrpFpq | rows of M defines a subalgebra in LpFpqu

and

F�
p :� tM P TrpFpq | rows of M defines an ideal in LpFpqu

Also let F¤
a,b � F¤

p XMa,b and F�
a,b � F�

p XMa,b. Then we have

ζ¤LpFpqpsq �
¸
a,b

���F¤
a,b

��� p�p°ri�1 aiqs

and

ζ�LpFpqpsq �
¸
a,b

��F�
a,b

�� p�p°ri�1 aiqs.

One now needs to find formulas for
���F¤
a,b

��� and
��F�
a,b

��. We start with the following

lemma:

Lemma 5.1.4. For given r P N, a and b, we have�����������

0a1 0 0 0 � � � 0 0
0 Ib1 Db1,a2 0 � � � Db1,ar 0
0 0 0a2 0 � � � 0 0
0 0 0 Ib2 � � � Db2,ar 0

0 0 0 0
. . . 0 0

0 0 0 0 0 0ar 0
0 0 0 0 0 0 Ibr

����������


�����������

Ia1 0 0 0 � � � 0 0
0 Ib1 �Db1,a2 0 � � � �Db1,ar 0
0 0 Ia2 0 � � � 0 0
0 0 0 Ib2 � � � �Db2,ar 0

0 0 0 0
. . . 0 0

0 0 0 0 0 Iar 0
0 0 0 0 0 0 Ibr

����������


�

�����������

0a1 0 0 0 � � � 0 0
0 Ib1 0 0 � � � 0 0
0 0 0a2 0 � � � 0 0
0 0 0 Ib2 � � � 0 0

0 0 0 0
. . . 0 0

0 0 0 0 0 0ar 0
0 0 0 0 0 0 Ibr

����������
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Proof. Let

Ma,b �

�����������

0a1 0 0 0 � � � 0 0
0 Ib1 Db1,a2 0 � � � Db1,ar 0
0 0 0a2 0 � � � 0 0
0 0 0 Ib2 � � � Db2,ar 0

0 0 0 0
. . . 0 0

0 0 0 0 0 0ar 0
0 0 0 0 0 0 Ibr

����������

,

M�
a,b �

�����������

Ia1 0 0 0 � � � 0 0
0 Ib1 �Db1,a2 0 � � � �Db1,ar 0
0 0 Ia2 0 � � � 0 0
0 0 0 Ib2 � � � �Db2,ar 0

0 0 0 0
. . . 0 0

0 0 0 0 0 Iar 0
0 0 0 0 0 0 Ibr

����������

,

and

M 5
a,b �

�����������

0a1 0 0 0 � � � 0 0
0 Ib1 0 0 � � � 0 0
0 0 0a2 0 � � � 0 0
0 0 0 Ib2 � � � 0 0

0 0 0 0
. . . 0 0

0 0 0 0 0 0ar 0
0 0 0 0 0 0 Ibr

����������

.

We prove our lemma by induction on r. Note that Ma,b defines M�
a,b and M 5

a,b.

First, we have �
0a1 0
0 Ib1


�
Ia1 0
0 Ib1



�

�
0a1 0
0 Ib1



and ����

0a1 0 0 0
0 Ib1 Db1,a2 0
0 0 0a2 0
0 0 0 Ib2

���

����
Ia1 0 0 0
0 Ib1 �Db1,a2 0
0 0 Ia2 0
0 0 0 Ib2

���
�

����
0a1 0 0 0
0 Ib1 0 0
0 0 0a2 0
0 0 0 Ib2

���
.
So it holds for r � 1, 2.

Now, suppose it holds for r � n. Then for r � n� 1,
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Ma,bM
�
a,b �

�����������
Ma1,b1

0 0
Db1,an�1 0

0 0
...

...
Dbn,an�1 0

0
0an�1 0

0 Ibn�1

����������


�����������
M�

a1,b1

0 0
�Db1,an�1 0

0 0
...

...
�Dbn,an�1 0

0
Ian�1 0

0 Ibn�1

����������


�

�����������
Ma1,b1M

�
a1,b1,n

0 0
Db1,an�1 �Db1,an�1 0

0 0
...

...
Dbn,an�1 �Dbn,an�1 0

0
0an�1 0

0 Ibn�1

����������


�

�����������
M 5

a1,b1

0 0
0 0
0 0
...

...
0 0

0
0an�1 0

0 Ibn�1

����������

�M 5

a,b

where a1 � pa1, . . . , anq, b
1 � pb1, . . . , bnq. Hence it holds for all r P N.

With this we are ready to prove the following theorem, analogous to [9, Theorem

5.7]

Theorem 5.1.5. Let L be a Lie ring, additively isomorphic to Zn, and LpFpq �
LbFp. There exists an explicit system of subvarieties Ei (i P T, T finite) of a variety

V defined over Z and, for each subset I of T, a polynomial WIrX, Y s P ZrX, Y s such

that for almost all primes p

ζ�LpFpqpsq �
¸
IPT

cIppqWIrp, p
�ss

where cIppq � |ta P V pFpq : a P Ei pFpq if and only if i P Iu|

Proof. As before let Cj denote the matrix whose rows are ci � βpei, ejq. Then

Ma,b P F
¤
a,b if and only if we can solve for each 1 ¤ i, j ¤ n the equation

mi

�
ņ

l�j

mj,lCl

�
�
�
Y
p1q
i,j , . . . , Y

pnq
i,j

	
Ma,b
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with
�
Y
p1q
i,j , . . . , Y

pnq
i,j

	
P Zn. Similarly, Ma,b P F

�
a,b if and only if we can solve for each

1 ¤ i, j ¤ n the equation

miCj �
�
Y
p1q
i,j , . . . , Y

pnq
i,j

	
Ma,b

with
�
Y
p1q
i,j , . . . , Y

pnq
i,j

	
P Zn.

Let us consider the ideals first. We can rewrite this equation as

miCjM
�
a,b �

�
Y
p1q
i,j , . . . , Y

pnq
i,j

	
M 5

a,b.

Now, let g�ijkpmr,sq denote the k-th entry of the n-tuple miCjM
�
a,b. Then again the

way we defined our M implies that g�ijkpmr,sq is at most degree-2 polynomial in mr,s.

Since M 5
a,b � diagp0pa1q, 1pb1q, . . . , 0parq, 1pbrqq, it is clear that the k-th entry of the n-

tuple
�
Y
p1q
i,j , . . . , Y

pnq
i,j

	
M 5

a,b is either 0 or Y
pkq
i,j . Since the condition g�ijkpmr,sq � Y

pkq
i,j

is redundant, we can conclude that Ma,b gives an ideal if and only if we can solve a

system of equations g�ijkpmr,sq � 0 for 1 ¤ i, j, k ¤ n where mk,k � 0.

Finally, let Y�
a,b denote the variety defined by the corresponding system of equa-

tions g�ijkpmr,sq � mk,kY
pkq
i,j , and let c�a,b �| Ya,bpFpq |. Then we get

��F�
a,b

�� � c�a,b.

Hence

ζ�LpFpqpsq �
¸
a,b

c�a,b � p
�p
°r
i�1 aiqs.

For subalgebras, one can similarly define g¤ijkpmrsq, Y¤
a,b and c¤a,b from our initial

equation

mi

�
ņ

l�j

mj,lCl

�
�
�
Y
p1q
i,j , . . . , Y

pnq
i,j

	
Ma,b

and check that

ζ¤LpFpqpsq �
¸
a,b

c¤a,b � p
�p
°r
i�1 aiqs.

This proves Theorem 5.1.5.

This proof is important for two reasons. First, as we said this is an Fp-analogy of

[9, Theorem 5.7]. As we have seen in Chapter 2, the original result was significant as

it showed the local zeta functions of groups and rings can behave very wildly. Our

proof of Theorem 5.1.5 suggests that this much-simpler-looking approximation over

Fp can also behave wildly. Second, this proof gives an explicit algorithm for ζ�LpFpqpsq.
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5.1.2 Zeta functions of finite p-groups

Let Gp be a finite p-group of order pn. One can define the zeta functions of finite

p-groups Gp as follows:

ζ�Gppsq :�
¸
H�Gp

|Gp : H|�s �
ņ

i�0

a�pipGpqp
�is,

where � P t¤,�u and

a�mpGpq � |tH | H �Gp, |Gp : H| � mu|.

Note that they are also (finite) Dirichlet polynomials.

Let L be an n-dimensional class-c nilpotent Lie ring and LpFpq � L b Fp be a

finite n-dimensional class-c Lie Fp-algebra, additively isomorphic to Fnp . If c   p,

the Lazard correspondence gives a corresponding finite p-group GpLpFpqq of class c,

order pn and exponent p using the Baker-Campbell-Hausdorff formula ([19, Chapter

10]). In particular, the Lazard correspondence also gives isomorphism between the

subalgebras (and ideals) of LpFpq and the subgroups (and normal subgroups) of its

corresponding GpLpFpqq ([19, Example 10.24]). This implies that for primes p ¡ c we

have

ζ�GpLpFpqqpsq � ζ�LpFpqpsq.

Therefore, similar to what we normally do for the zeta functions of groups and rings,

one can study the zeta functions of finite Lie Fp-algebra to prove analogous results

on finite p-groups.

5.2 Algorithm in theory: the Heisenberg Lie alge-

bra H over Fp
In theory our algorithm is very simple.

(1) For a given Lie Fp-algebra LpFpq with dimpLpFpqq � n, we write down 2n

distinct partitions Ma,b.

(2) For each Ma,b we compute

c�a,b :�
��F �
a,b

�� .
(3) We have

ζ�LpFpqpsq �
¸
a,b

c�a,b � p
�p
°r
i�1 aiqs.

We see how this can be applied in practice.
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Theorem 5.2.1.

ζ�HpFpqpsq � 1� p1� pqp�s � p�2s � p�3s,

ζ¤HpFpqpsq � 1� p1� pqp�s � p1� p� p2qp�2s � p�3s.

Proof. As we saw earlier, there are 8 possible partitions corresponding to the additive

subgroups of H of index pk.

•

��1 0 0
1 0

1

�
 for k � 0,

•

��0 0 0
1 0

1

�
or

��1 m1,2 0
0 0

1

�
or

��1 0 m1,3

1 m2,3

0

�
 for k � 1,

•

��0 0 0
0 0

1

�
or

��0 0 0
1 m2,3

0

�
or

��1 m1,2 m1,3

0 0
0

�
 for k � 2,

•

��0 0 0
0 0

0

�
 for k � 3.

We now show how we can explicitly calculate ζ�LpFpqpsq using these partitions.

Start with

��1 0 0
1 0

1

�
and

��0 0 0
0 0

0

�
. They trivially give 1 ideal of index 1 and

p3 respectively.

Consider Ma,b �

��0 0 0
1 0

1

�
. Then our equation

miCjM
�
a,b �

�
Y
p1q
i,j , . . . , Y

pnq
i,j

	
M 5

a,b
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gives rise to the system of equations

i � 1, j � 1 : p0, 0, 0q � p0, Y
p2q

1,1 , Y
p3q

1,1 q,

i � 1, j � 2 : p0, 0, 0q � p0, Y
p2q

1,2 , Y
p3q

1,2 q,

i � 1, j � 3 : p0, 0, 0q � p0, Y
p2q

1,3 , Y
p3q

1,3 q,

i � 2, j � 1 : p0, 0,�1q � p0, Y
p2q

2,1 , Y
p3q

2,1 q,

i � 2, j � 2 : p0, 0, 0q � p0, Y
p2q

2,2 , Y
p3q

2,2 q,

i � 2, j � 3 : p0, 0, 0q � p0, Y
p2q

2,3 , Y
p3q

2,3 q,

i � 3, j � 1 : p0, 0, 0q � p0, Y
p2q

3,1 , Y
p3q

3,1 q,

i � 3, j � 2 : p0, 0, 0q � p0, Y
p2q

3,2 , Y
p3q

3,2 q,

i � 3, j � 3 : p0, 0, 0q � p0, Y
p2q

3,3 , Y
p3q

3,3 q.

Since we can solve this for all i, j P r3s, we get c�a,b � 1.

Consider the next case Ma,b �

��1 m1,2 0
0 0

1

�
. This gives

i � 1, j � 1 : p0, 0,�m1,2q � pY
p1q

1,1 , 0, Y
p3q

1,1 q,

i � 1, j � 2 : p0, 0, 1q � pY
p1q

1,2 , 0, Y
p3q

1,2 q,

i � 1, j � 3 : p0, 0, 0q � pY
p1q

1,3 , 0, Y
p3q

1,3 q,

i � 2, j � 1 : p0, 0,�1q � pY
p1q

2,1 , 0, Y
p3q

2,1 q,

i � 2, j � 2 : p0, 0, 0q � pY
p1q

2,2 , 0, Y
p3q

2,2 q,

i � 2, j � 3 : p0, 0, 0q � pY
p1q

2,3 , 0, Y
p3q

2,3 q,

i � 3, j � 1 : p0, 0, 0q � pY
p1q

3,1 , 0, Y
p3q

3,1 q,

i � 3, j � 2 : p0, 0, 0q � pY
p1q

3,2 , 0, Y
p3q

3,2 q,

i � 3, j � 3 : p0, 0, 0q � pY
p1q

3,3 , 0, Y
p3q

3,3 q.

Since we can solve this for all i, j P r3s and m1,2 P t0, . . . , p� 1u, we get c�a,b � p.

The interesting case is when Ma,b �

��1 0 m1,3

1 m2,3

0

�
. This gives
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i � 1, j � 1 : p0, 0, 0q � pY
p1q

1,1 , Y
p2q

1,1 , 0q,

i � 1, j � 2 : p0, 0, 1q � pY
p1q

1,2 , Y
p2q

1,2 , 0q,

i � 1, j � 3 : p0, 0, 0q � pY
p1q

1,3 , Y
p2q

1,3 , 0q,

i � 2, j � 1 : p0, 0,�1q � pY
p1q

2,1 , Y
p2q

2,1 , 0q,

i � 2, j � 2 : p0, 0, 0q � pY
p1q

2,2 , Y
p2q

2,2 , 0q,

i � 2, j � 3 : p0, 0, 0q � pY
p1q

2,3 , Y
p2q

2,3 , 0q,

i � 3, j � 1 : p0, 0, 0q � pY
p1q

3,1 , Y
p2q

3,1 , 0q,

i � 3, j � 2 : p0, 0, 0q � pY
p1q

3,2 , Y
p2q

3,2 , 0q,

i � 3, j � 3 : p0, 0, 0q � pY
p1q

3,3 , Y
p2q

3,3 , 0q.

When i � 1, j � 2, one needs to solve 1 � 0, which is impossible. Hence we get

c�a,b � 0, and all together we get 1� p ideals of index p.

Similarly,

��0 0 0
0 0

1

�
gives

i � 1, j � 1 : p0, 0, 0q � p0, 0, Y
p3q

1,1 q,

i � 1, j � 2 : p0, 0, 0q � p0, 0, Y
p3q

1,2 q,

i � 1, j � 3 : p0, 0, 0q � p0, 0, Y
p3q

1,3 q,

i � 2, j � 1 : p0, 0, 0q � p0, 0, Y
p3q

2,1 q,

i � 2, j � 2 : p0, 0, 0q � p0, 0, Y
p3q

2,2 q,

i � 2, j � 3 : p0, 0, 0q � p0, 0, Y
p3q

2,3 q,

i � 3, j � 1 : p0, 0, 0q � p0, 0, Y
p3q

3,1 q,

i � 3, j � 2 : p0, 0, 0q � p0, 0, Y
p3q

3,2 q,

i � 3, j � 3 : p0, 0, 0q � p0, 0, Y
p3q

3,3 q,

��0 0 0
1 m2,3

0

�
gives
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i � 1, j � 1 : p0, 0, 0q � p0, Y
p2q

1,1 , 0q,

i � 1, j � 2 : p0, 0, 0q � p0, Y
p2q

1,2 , 0q,

i � 1, j � 3 : p0, 0, 0q � p0, Y
p2q

1,3 , 0q,

i � 2, j � 1 : p0, 0,�1q � p0, Y
p2q

2,1 , 0q,

i � 2, j � 2 : p0, 0, 0q � p0, Y
p2q

2,2 , 0q,

i � 2, j � 3 : p0, 0, 0q � p0, Y
p2q

2,3 , 0q,

i � 3, j � 1 : p0, 0, 0q � p0, Y
p2q

3,1 , 0q,

i � 3, j � 2 : p0, 0, 0q � p0, Y
p2q

3,2 , 0q,

i � 3, j � 3 : p0, 0, 0q � p0, Y
p2q

3,3 , 0q,

and

��1 m1,2 m1,3

0 0
0

�
gives

i � 1, j � 1 : p0, 0,�m1,2q � pY
p1q

1,1 , 0, 0q,

i � 1, j � 2 : p0, 0, 1q � pY
p1q

1,2 , 0, 0q,

i � 1, j � 3 : p0, 0, 0q � pY
p1q

1,3 , 0, 0q,

i � 2, j � 1 : p0, 0, 0q � pY
p1q

2,1 , 0, 0q,

i � 2, j � 2 : p0, 0, 0q � pY
p1q

2,2 , 0, 0q,

i � 2, j � 3 : p0, 0, 0q � pY
p1q

2,3 , 0, 0q,

i � 3, j � 1 : p0, 0, 0q � pY
p1q

3,1 , 0, 0q,

i � 3, j � 2 : p0, 0, 0q � pY
p1q

3,2 , 0, 0q,

i � 3, j � 3 : p0, 0, 0q � pY
p1q

3,3 , 0, 0q.

The first case gives 1 ideal of index p2, while the other two cases give no ideals.

Summing all up, we get

ζ�HpFpqpsq � 1� p1� pqp�s � p�2s � p�3s

as required. Same method applies for ζ¤HpFpqpsq.
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Remark 5.2.2. Compare it with

ζ�HbZppsq � ζZ2
p
psqζpp3s� 2q

� 1� p1� pqp�s � p1� p� p2qp�2s � p1� p� 2p2 � p3qp�3s

� � � �

5.3 Algorithm in practice: 1. Diagonal Conditions

Our algorithm worked well with the Heisenberg case, but it has a clear limitation:

the number of partitions we need to check grows exponentially. For example, if one

wants to compute ζ�LpFpqpsq for a 10-dimensional Lie Fp-algebra, then in theory one

needs to check 210 � 1024 different cases. We still have finite number of cases to

check, but this will be very impractical. Fortunately, there are some techniques one

can apply to make this computation easier. The first technique is what we call a

diagonal condition.

Forget about Fp for now, and let L be a Lie ring, additively isomorphic to Zn. Let

M �

�����
m1,1 m1,2 � � � m1,n

0 m2,2 � � � m2,n

0 0
. . .

...
0 0 � � � mn,n

����

be an additive subgroup of L. Let mi denote the i-th row of M , M 1 denote the

adjoint matrix of M , and

M 6 �M 1diagpm�1
22 � � �m

�1
nn , . . . ,m

�1
nn , 1q.

Then we showed that

(1) M � L if and only if

miCjM
6 � pm1,1Y

p1q
i,j , . . . ,m1,1 � � �mn,nY

pnq
i,j q

has a solution pY
p1q
i,j , . . . , Y

pnq
i,j q P Znp for all i, j P rns.

(2) M ¤ L if and only if

mi

�
ņ

l�j

mj,lCl

�
M 6 � pm1,1Y

p1q
i,j , . . . ,m1,1 � � �mn,nY

pnq
i,j q

has a solution pY
p1q
i,j , . . . , Y

pnq
i,j q P Znp for all i, j P rns.

Among these cone conditions, there are some simple conditions of the formmii|mjj,

one diagonal entry dividing the other diagonal entry for ideals, and of the form
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mii|mjjmkk, one diagonal entry dividing the product of two diagonal entries for sub-

algebras, what we call diagonal conditions. One can think of these conditions as a

backbone of the structure of subalgebras/ideals of L.

How does this help our algorithm?

5.3.1 The Heisenberg Lie algebra H, revisited

Let

M �

�� m1,1 m1,2 m1,3

0 m2,2 m2,3

0 0 m3,3

�

denote the matrix representations of subspaces of H.

Before we check each of 8 different partitions as we did before, one can easily check

the diagonal conditions for H: M �H if and only if m3,3|m1,1,m2,2. Hence m3,3 � 0

forces m1,1 � m2,2 � 0. That means we need to check only 5 cases, namely

•

��1 0 0
1 0

1

�
 for n � 0,

•

��0 0 0
1 0

1

�
or

��1 m1,2 0
0 0

1

�
 for n � 1,

•

��0 0 0
0 0

1

�
 for n � 2,

•

��0 0 0
0 0

0

�
 for n � 3.

This also explains why we could not solve the system of equations for

��1 0 m1,3

1 m2,3

0

�
,��0 0 0
1 m2,3

0

�
and

��1 m12 m1,3

0 0
0

�
. For example, the first case

��1 0 m1,3

1 m2,3

0

�
asked

us to solve

i � 1, j � 2 : p0, 0, 1q � pY
p1q

1,2 , Y
p2q

1,2 , 0 � 0 � Y
p3q

1,2 q,

which requires Y
p3q

1,2 � 1
0
.

A reduction from eight to five cases may not look very significant, but in larger

examples it could be valuable.
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5.3.2 The maximal class Lie algebra Mc, counting ideals

For c ¥ 2, let Mc � xx0, x1, . . . , xc | @i P rc� 1s, rx0, xis � xi�1y be a maximal class-c

Lie ring Mc.

Theorem 5.3.1. For c ¥ 2,

ζ�McpFpqpsq � 1� p1� pqp�s �
c�1̧

k�2

p�ks

� ζF2
p
psq �

c�1̧

k�3

p�ks.

Proof. Let

M �

�����
m1,1 m1,2 � � � m1,c�1

0 m2,2 � � � m2,c�1

0 0
. . .

...
0 0 � � � mc�1,c�1

����

denote a generator matrix for a vector subspace of McpFpq. If M �McpFpq, then for

3 ¤ i ¤ c � 1, our diagonal condition implies mi,i | mj,j for all 1 ¤ j   i. Now, let

m3,3 � 1. Then it forces m4,4 � � � � � mc�1,c�1 � 1. Hence there are only 4 such

available cases with m3,3 � 1,

M111...,1 �

�������
1 0 0 0 0
0 1 0 0 0
0 0 1 � � � 0

0 0
...
. . .

...
0 0 0 � � � 1

������
,

M011...1 �

�������
0 0 0 0 0
0 1 0 0 0
0 0 1 � � � 0

0 0
...
. . .

...
0 0 0 � � � 1

������
,M101...,1 �

�������
1 m1,2 0 0 0
0 0 0 0 0
0 0 1 � � � 0

0 0
...
. . .

...
0 0 0 � � � 1

������
,

M001...,1 �

�������
0 0 0 0 0
0 0 0 0 0
0 0 1 � � � 0

0 0
...
. . .

...
0 0 0 � � � 1

������
.
This gives us one ideal of index 1, a total of p � 1 ideals of index p and one ideal of

index p2. For the rest, our M would look like

M0���01���1 �

�
0a1 0
0 Ib1
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where 3   a1 ¤ c� 1. Each of them gives 1 ideal of index pa1 . Thus we get

ζ�McpFpqpsq � 1� p1� pqp�s �
c�1̧

k�2

p�ks

� ζF2
p
psq �

c�1̧

k�3

p�ks.

Remark 5.3.2. Note that we do get ζ�HpFpqpsq for c � 2.

This result is intriguing in many ways. First, one only needs to check c� 3 cases

instead of 2c�1 cases. We even have an explicit formula for any c ¥ 2. Second, it

demonstrates a well-known fact from finite p-group theory that any maximal class-c

group of order pc�1 contains only one normal subgroup of order pm for 1 ¤ m ¤ c� 1

and 1�p maximal (hence normal) subgroups or order pc. Finally, we get the following

immediate corollary.

Corollary 5.3.3. ζ�McpFpqpsq is uniform for all c ¥ 2.

It is worth noting that the original ideal zeta function ζ�Mc,p
psq, where Mc,p �

McbZp, is extremely difficult to calculate. In fact, we only know the explicit formulas

for c � 3 and c � 4. Interestingly, various approximations of ζ�Mc,p
psq seem to be rather

easy to calculate. For example, we have

ζ�grMc,p
psq � ζZ2

p
psq

c�1¹
i�3

ζppisq

([28, Proposition 3.5]),

ζ�redMc,p
psq � pζppsqq

2
c�1¹
i�3

ζppisq

([13, Example 4.4]), and now

ζ�McpFpqpsq � ζF2
p
psq �

c�1̧

k�3

p�ks.

In all these examples the zeta functions are uniform. In contrast, it is currently not

known whether the zeta functions ζ�Mc,p
psq for c ¡ 4 are uniform as well. Would this

imply that ζ�Mc,p
psq will be also uniform for all c ¥ 2?
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5.3.3 The maximal class Lie algebra Mc, counting subalge-
bras

Theorem 5.3.4. Let t � p�s. For c ¥ 2,

ζ¤M2pFpqpsq �1� p1� pqt� p1� p� p2qt2 � t3,

ζ¤M3pFpqpsq �1� p1� pqt� p1� p� 2p2qt2 � p1� p� p2 � p3qt3 � t4,

ζ¤M4pFpqpsq �1� p1� pqt� p1� p� 2p2 � p3qt2 � p1� p� 2p2 � 2p3 � p4qt3

� p1� p� p2 � p3 � p4qt4 � t5,

and finally

ζ¤Mc�1pFpqpsq �ζ
¤
McpFpqpsq �

c�1̧

a�0

�
c� 1

a



p

pc�1�ata�2 � pctc.

Proof. Start with c � 2, which is the Heisenberg case.

M �

�� m1,1 m1,2 m1,3

0 m2,2 m2,3

0 0 m3,3

�

gives a subalgebra of M2pFpq if and only if m3,3|m1,1m2,2. Hence we check the 7 cases

•

��1 0 0
1 0

1

�
 for n � 0,

•

��0 0 0
1 0

1

�
or

��1 m12 0
0 0

1

�
 for n � 1,

•

��0 0 0
0 0

1

�
or

��0 0 0
1 m23

0

�
or

��1 m12 m13

0 0
0

�
 for n � 2,

•

��0 0 0
0 0

0

�
 for n � 3.

We get

ζ¤M2pFpqpsq � 1� p1� pqt� p1� p� p2qt2 � t3.
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Now let c � 3 and

M �

����
m1,1 m1,2 m1,3 m1,4

0 m2,2 m2,3 m2,4

0 0 m3,3 m3,4

0 0 0 m4,4

���
.
The diagonal conditions for M ¤ M3 are m4,4|m1,1m3,3 and m3,3|m1,1m2,2. If

m4,4 � 1, then

M �

����
m1,1 m1,2 m1,3 0

0 m2,2 m2,3 0
0 0 m3,3 0
0 0 0 1

���

is a subalgebra of M3pFpq if and only if

M 1 �

�� m1,1 m1,2 m1,3

0 m2,2 m2,3

0 0 m3,3

�

is the subalgebra of M2pFpq. This gives ζ¤M2pFpqpsq.

If m4,4 � 0, recall that we have m4,4|m1,1m3,3 and m3,3|m1,1m2,2. That means

at least one of m1,1,m2,2 and m3,3 also needs to be zero. Hence we do not get any

subalgebras of index p.

For ideals of index p2, note that by our diagonal condition the only possible case

is

M �

����
0 0 0 0
0 1 0 m2,4

0 0 1 m3,4

0 0 0 0

���
.
This gives p2 subalgebras of index p2.

For ideals of index p3, we have����
0 0 0 0
0 0 0 0
0 0 1 m3,4

0 0 0 0

���
,
����

0 0 0 0
0 1 m2,3 m2,4

0 0 0 0
0 0 0 0

���
and

����
1 m1,2 m1,3 m1,4

0 0 0 0
0 0 0 0
0 0 0 0

���
,
and they give p�p2�p3 subalgebras of index p3. Finally we get 1 subalgebra of index

p4. Hence we get

ζ¤M3pFpqpsq � ζ¤M2pFpqpsq � p2t2 � pp� p2 � p3qt3 � t4

� 1� p1� pqt� p1� p� 2p2qt2 � p1� p� p2 � p3qt3 � t4.

Now fix c ¥ 4. Write
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M �

�������
m1,1 m1,2 � � � m1,c m1,c�1

0 m2,2 � � � m2,c m2,c�1

...
...

. . .
...

...
0 0 � � � mc, c mc,c�1

0 0 � � � 0 mc�1,c�1

������


�

����� M 1

m1,c�1

...
mc,c�1

0 mc�1,c�1

����

where

M 1 �

������
m1,1 m1,2 � � � m1,c

0 m2,2 � � � m2,c

...
...

. . .
...

0 0
... mc,c

�����
.
For mc�1,c�1 � 1,

M �

����� M 1

0
...
0

0 1

����

and we get ζ¤McpFpqpsq.

For mc�1,c�1 � 0, our diagonal condition requires

mc�1,c�1|m1,1mc,c,mc,c|m1,1mc�1,c�1, . . . ,m3,3|m1,1m2,2.

So again we do not get any subalgebras of index p. Suppose m1,1 � 1. Then

we need to have mc�1,c�1 � mc,c � . . . � m2,2 � 0, which means we need at least c

zeroes. Thus m1,1 has to be equal to 0 for subalgebras of index pi where 2 ¤ i ¤ c�1

or i � c� 1.

For m1,1 � 0, note that

rmi,mjs � 0

for all 1 ¤ i   j ¤ n. That means we can put whatever we want in pc� 1q � pc� 1q

upper triangular matrices

M2 �

������
m2,2 m2,3 � � � m2,c

0 m3,3 � � � m3,c

...
...

. . .
...

0 0
... mc,c

�����
.
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Such M would look like

M �

�������
0 0 � � � 0 0
0 m2,2 � � � m2,c m2,c�1

...
...

. . .
...

...
0 0 � � � mc,c mc,c�1

0 0 � � � 0 0

������
.
Let a denote the total number of zeroes in the diagonal entries of M2. We know there

are
�
c�1
a

�
p

such M2, and each of them gives additional pc�1�a possibilities of M . This

gives �
c� 1

a



p

� pc�1�a

subalgebras of index pa�2 for 0 ¤ a ¤ c � 1. Finally we get pc subalgebras of index

pc from

M �

�������
1 m1,2 � � � m1,c m1,c�1

0 0 � � � 0 0
...

...
. . .

...
...

0 0 � � � 0 0
0 0 � � � 0 0

������
.
Thus we get

ζ¤Mc�1pFpqpsq �ζ
¤
McpFpqpsq �

c�1̧

a�0

�
c� 1

a



p

pc�1�ata�2 � pctc.

as required.

Like the previous one this result is intriguing in many ways. First, we have an

explicit formula for any c ¥ 2. Second, it gives 1 � p maximal subalgebras of order

pc. In addition, it matches with a result by Berkovich [2] that if G is a group of order

pm and exponent p, then the number of subgroups of order pn for 2 ¤ n ¤ m � 2 is

congruent to 1� p� 2p2 modulo p3. We also get

Corollary 5.3.5. ζ¤McpFpqpsq is uniform for all c ¥ 2.

The subring zeta function ζ¤Mc,p
psq is even more mysterious than the ideal zeta

function. Not only do we not know the explicit formulas for c ¥ 5, we also do not

have explicit formulas for

ζ¤gr
Mc,p

psq

and

ζ¤redMc,p
psq.
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5.4 Algorithm in practice: 2. Lower Central Series

Let c be the nilpotency class of LpFpq, pγipLqqci�1 be the lower central series of LpFpq,
and for i � 1, . . . , c set LpFpqpiq :� γipLpFpqq{γi�1pLpFpqq. Let di � dimpLpFpqpiqq.
One of the basic tricks of making p-adic integrals “simpler” is to choose the basis

such that the first d1 elements generate γ1pLpFpqq{γ2pLpFpqq, the next d2 generate

γ2pLpFpqq{γ3pLpFpqq, and so on. In fact we already used this in previous sections.

5.4.1 fc,d, the Free nilpotent Lie algebra

Let fc,dpFpq be the free nilpotent Lie Fp-algebra of nilpotency class c on d generators.

Theorem 5.4.1.

ζ�f2,2pFpqpsq � 1� p1� pqp�s � p�2s � p�3s,

ζ�f3,2pFpqpsq � ζ�f2,2pFpqpsq � p1� pqp�4s � p�5s,

ζ�f4,2pFpqpsq � ζ�f3,2pFpqpsq � pp� p2qp�5s � p1� p� p2qp�6s � p1� p� p2qp�7s � p�8s.

Proof. First, note that f2,2pFpq � HpFpq. Now, the dimension of f3,3pFpq is 5, with

d1 � 2, d2 � 1, d3 � 2.

Let

M �

������
m1,1 m1,2 m1,3 m1,4 m1,5

0 m2,2 m2,3 m2,4 m2,5

0 0 m3,3 m3,4 m3,5

0 0 0 m4,4 m4,5

0 0 0 0 m5,5

�����
.
The good thing with choosing basis in such way is that we can easily separate the

cases as we did before.

Suppose m4,4 � m5,5 � 1. Then this corresponds to

M �

������
m1,1 m1,2 m1,3 0 0

0 m2,2 m2,3 0 0
0 0 m3,3 0 0
0 0 0 1 0
0 0 0 0 1

�����
,
which gives ζ�f2,2pFpqpsq.

Since m4,4 | m1,1,m3,3 and m5,5|m2,2,m3,3, the rest gives p1� pqp�4s � p�5s.

Similarly, for f4,2 we have
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M �

������������

m1,1 m1,2 m1,3 m1,4 m1,5 m1,6 m1,7 m1,8

0 m2,2 m2,3 m2,4 m2,5 m2,6 m2,7 m2,8

0 0 m3,3 m3,4 m3,5 m3,6 m3,7 m3,8

0 0 0 m4,4 m4,5 m4,6 m4,7 m4,8

0 0 0 0 m5,5 m5,6 m5,7 m5,8

0 0 0 0 0 m6,6 m6,7 m6,8

0 0 0 0 0 0 m7,7 m7,8

0 0 0 0 0 0 0 m8,8

�����������

and one can check with the aid of computer that M � f4,2pFpq if m6,6|m1,1,m4,4,

m7,7|m1,1,m2,2,m4,4,m5,5, m8,8|m2,2,m5,5. One can check that

pm6,6,m7,7,m8,8q � p1, 1, 1q gives ζ�F3,2pFpqpsq,

pm6,6,m7,7,m8,8q � p0, 1, 1q gives pt5 � t6,

pm6,6,m7,7,m8,8q � p1, 0, 1q gives pt6,

pm6,6,m7,7,m8,8q � p1, 1, 0q gives p2t5 � p2t6,

pm6,6,m7,7,m8,8q � p0, 0, 1q gives t7,

pm6,6,m7,7,m8,8q � p0, 1, 0q gives pt7,

pm6,6,m7,7,m8,8q � p1, 0, 0q gives p2t7,

pm6,6,m7,7,m8,8q � p0, 0, 0q gives t8.

5.4.2 LE, the elliptic curve ring

Let LE be a class-2 Lie ring of dimension 9 given by the following presentation:

LE �

C
x1, x2, x3, x4, x5, x6, y1, y2, y3 | rx1, x5s � rx2, x4s � rx3, x6s � y1,

rx1, x6s � rx3, x4s � y2, rx1, x4s � rx2, x5s � y3

G
.

We will show that like LE,p, the ideal zeta function of LEpFpq also depends on the

behaviour mod p of the number of points on the elliptic curve E : Y 2 � X3 �X, and

hence the ideal zeta function is not finitely uniform.

Theorem 5.4.2.

ζ�LEpFpqpsq �ζF6
p
psq � p2 |EpFpq| p�5s � |EpFpq|

�
p� p2

�
p�6s

�

�
3

1



p

p�7s �

�
3

2



p

p�8s � p�9s,

where |EpFpq| � |tpx : y : zq P P2pFpq : y2z � x3 � xz2u| . In particular, ζ�LEbFppsq is

not finitely uniform.
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Proof. Let us first show where |EpFpq| in the coefficient of p�5s comes from. This is

essentially the Fp version of [8, Theorem3.2].

Let

M �

��������������

1 m1,2 m1,3 0 m1,5 m1,6 0 0 m1,9

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0

1 m4,5 m4,6 0 0 m4,9

0 0 0 0 0
0 0 0 0

1 0 m7,9

1 m8,9

0

�������������

Then for 1 ¤ i, j ¤ 9 and k P 2, 3, 5, 6, 9, our system of equations g�ijkpmr,sq � 0

becomes

m1,5m7,9 �m1,6m8,9 � 0,

m1,5 � 0,

m1,6m7,9 � 0,

1�m1,2m7,9 �m1,3m8,9 � 0,

m1,2 �m7,9 � 0,

�m1,3m7,9 �m8,9 � 0,

1�m4,5m7,9 �m4,6m8,9 � 0,

�m4,5 �m7,9 � 0,

m4,6m7,9 �m8,9 � 0.

Note that m7,9 � 0 since m7,9 � 0 implies m8,9 � 0 and 1�m4,5m7,9 �m4,6m8,9 �

1 � 0, which is impossible. After rearranging the equations and using m7,9 � 0, we

have

m1,2 � m4,5 � m7,9

m1,5 � m1,6 � 0

m1,3 � m4,6 � �
m8,9

m7,9

1�m2
7,9 �

m2
8,9

m7,9

� 0.
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Hence, whenever pm7,9,m8,9q is a non-zero point on the elliptic curve EpFpq, there

are p2 matrices determined by pm7,9,m8,9q, where p2 comes from the free choices of

0 ¤ m1,9,m4,9 ¤ p� 1. Thus

ca,b � p|EpFpq| � 2q p2.

and we get |EpFpq| as required.

Now, note that this is a class-2 Lie algebra and the dimension of the derived part

d2 � 3. So we only need to consider eight cases and we have already done the most

difficult one. One can explicitly calculate Theorem 5.4.2 by computing the rest seven

cases.

5.5 Algorithm in practice: 3. Class-2 Cases

In Chapter 2 we showed that for class 2 cases, Voll’s elementary divisor method is

very effective for computing ideal zeta functions of Lie rings. Fortunately it also works

well with Lie Fp-algebras.

Theorem 5.5.1. Let L be a class-2 Lie ring with L{L1 � L1 and L1 � L2. Then we

have

ζ�LpFpqpsq �ζFd1p psq � p�ds

�
¸

0 Λ2 L2

|L2 : Λ2|
�s |L1 : XpΛ2q|

�s
¸

Λ1¤XpΛ2q

|L2 : Λ2|
rkpΛ1q |XpΛ2q : Λ1|

�s

where XpΛ2q{Λ2 � ZpL{Λ2q and dimpLq � d, dimpL1q � d1 and dimpL2q � d2.

Proof. Let Λ be the lattice in LpFpq. Then like over Zp, it gives rise to a pair pΛ1, Λ2q

of a lattice

Λ2 :� ΛX L2pFpq ¤ L2pFpq

in the derived ring and a lattice

Λ1 :� pΛ� L2pFpqq{L2pFpq ¤ LpFpq{L2pFpq.

The crucial difference between Zp and Fp is that over Fp, this surjective map is

|L2pFpq : Λ2|
rkpΛ1q to 1. Again, Λ�LpFpq if and only if its associated pair pΛ1, Λ2q is

admissible. More precisely, let

XpΛ2q{Λ2 :� ZpLpFpq{Λ2q.
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Then pΛ1, Λ2q is admissible if and only if Λ1 ¤ XpΛ2q. Therefore, we have

ζ�LpFpqpsq �
¸

Λ2¤L2pFpq

|L2pFpq : Λ2|
�s |LpFpq : XpΛ2q|

�s

�
¸

Λ1¤XpΛ2q

|L2pFpq : Λ2|
rkpΛ1q |XpΛ2q : Λ1|

�s .

This is analogous to Lemma 6.1 in [15]. Note that since we are over Fp, each Λ2 is

already maximal. Hence we first assume that Λ2 is of elementary divisor type

ν � p0, . . . , 0loomoon
i

, 1, . . . , 1loomoon
d2�i

q

and say νpΛ2q � i. Let

A�
i psq :�

¸
νpΛ2q�i

|L2pFpq : Λ2|
�s |LpFpq : XpΛ2q|

�s

�
¸

Λ1¤XpΛ2q

|L2pFpq : Λ2|
rkpΛ1q |XpΛ2q : Λ1|

�s .

Then one can see that

A�
i psq �

¸
νpΛ2q�i

p�is |LpFpq : XpΛ2q|
�s

rkpXpΛ2qq¸
j�0

�
rkpXpΛ2qq

j



p

pij�prkpXpΛ2qq�jqs

and

ζ�LpFpq � ζFd1p � p�ds �
d2�1̧

i�1

A�
i .

Since rkpXpΛ2qq � d1 � |LpFpq : XpΛ2q|, all we need to understand is the map

Λ2 ÞÑ |LpFpq : XpΛ2q| .

Fortunately we already have some explicit examples that we already understand this

map. The next section will show how one can compute ζ�LpFpqpsq using this approach.

5.6 Other explicit examples

5.6.1 The Grenham Rings Gn

Let Gn � xw, x1, . . . , xn�1, y1, . . . , yn�1 | rw, xis � yiy, denote the Grenham Lie ring

on n-generators. We have
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Theorem 5.6.1.

ζ�GnpFpqpsq �ζFnp psq � p�p2n�1qs

�
n�2̧

i�1

�
n� 1

i



p

p�p2i�1qs

n�pi�1q¸
k�0

�
n� pi� 1q

k



p

pik�pn�pi�1q�kqs

Proof. Recall

ζ�LpFpq � ζFd1p � p�ds �
d2�1̧

i�1

A�
i .

For Gn we have d1 � n, d2 � n� 1 and d � 2n� 1. So we have

ζ�GnpFpq � ζFnp psq � p�p2n�1qs �
n�2̧

i�1

A�
i .

Now, one needs to compute

A�
i psq �

¸
νpΛ2q�i

p�is |LpFpq : XpΛ2q|
�s

rkpXpΛ2qq¸
j�0

�
rkpXpΛ2qq

j



p

pij�prkpXpΛ2qq�jqs.

In [36, Chapter 5], Voll already showed that for Gn, we have |GnpFpq : XpΛ2q| � i� 1

and rkpXpΛ2qq � n�pi� 1q when νpΛ2q � i, as they only depends on the elementary

divisor type of its maximal element. Hence we get the required results.

Example 5.6.2.

ζ�G3pFpqpsq �ζF3
p
psq � p�5s � p1� pqp�3spp� p�sq

�1� p1� p� p2qp�s � p1� p� p2qp�2s � p1� p� p2qp�3s

� p1� pqp�4s � p�5s.

Note that ([15])

ζ�G3,p
psq � ζZ3

p
psqζpp3s� 3qζpp3s� 4qζpp5s� 6qζpp6s� 6q�1

� 1� p1� p� p2qp�s � p1� p� 2p2 � p3 � p4qp�2s

� p1� p� 2p2 � 3p3 � 3p4 � p5 � p6qp�3s

� p1� p� 2p2 � 3p3 � 5p4 � 4p5 � 3p6 � p7 � p8qp�4s

� p1� p� 2p2 � 3p3 � 5p4 � 6p5 � 7p6 � 4p7 � 3p8 � p9 � p10qp�5s

� � � �
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and

ζ�grL
2p2q

bZppsq � ζZ3
p
psqζpp3s� 1qζpp5sqp1� p�3sq

� 1� p1� p� p2qp�s � p1� p� 2p2 � p3 � p4qp�2s

� p2� 2p� 2p2 � 2p3 � 2p4 � p5 � p6qp�3s

� p2� 3p� 4p2 � 3p3 � 3p4 � 2p5 � 2p6 � p7 � p8qp�4s

� p3� 3p� 5p2 � 5p3 � 5p4 � 4p5 � 3p6 � 2p7 � 2p8 � p9 � p10qp�5s

� � � �

5.6.2 Class-2 free Lie rings on d-generators

Let f2,d be the class-2 Free Lie ring on d generators. For k P N, let

Ik :�

"
i P N :

�
k � 1

2



  i ¤

�
k

2


*
.

Then, let

π : NÑ N

where πpiq � k for i P Ik. Since Ik partitions N this is well-defined.

Theorem 5.6.3.

ζ�f2,dpFpqpsq �ζFdppsq � p�pd�d
1qs

�
d1�1̧

i�1

�
d1

i



p

p�pi�πpiqqs
d�πpiq¸
k�0

�
d� πi

k



p

pik�pd�πpiq�kqs

Example 5.6.4.

ζ�f2,3pFpqpsq �ζF3
p
psq � p�6s � p1� p� p2qp�3spp� p�sq � p1� p� p2qp�5s

�1� p1� p� p2qp�s � p1� p� p2qp�2s � p1� p� p2 � p3qp�3s

� p1� p� p2qp�4s � p1� p� p2qp�5s � p�6s.

5.6.3 Central product of m copies of Heisenberg Hm

Theorem 5.6.5. ζ�HmpFpqpsq � ζF2m
p
psq � p�p2m�1qs.

Note that

ζ�HmbZppsq � ζZ2m
p
psqζppp2m� 1qs� 2mq.
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5.6.4 Other examples

Theorem 5.6.6. Let

g5,3 � xx1, x2, x3, x4, x5 | rx1, x2s � x4, rx1, x4s � rx2, x3s � x5y.

Then

ζ�g5,3pFpqpsq � ζF3
p
psq � pp1�3sq � p�4s � p�5s.

Theorem 5.6.7. Let

Fil4 � xx1, x2, x3, x4, x5 | rx1, x2s � x3, rx1, x3s � x4, rx1, x4s � rx2, x3s � x5y.

Then ζ�Fil4pFpqpsq � ζ�M4pFpqpsq � 1� p1� pqp�s � p�2s � p�3s � p�4s � p�5s.

Theorem 5.6.8. Let

g6,4 � xx1, x2, x3, x4, y1, y2 | rx1, x2s � y1, rx1, x3s � rx2, x4s � y2y.

Then

ζ�g6,4pFpqpsq � 1� p1� p� p2 � p3qp�s � p1� p� 2p2 � p3 � p4qp�2s

� p1� p� 2p2 � p3qp�3s � p1� p� p2qp�4s

� p1� pqp�5s � p�6s

.
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Chapter 6

The i-th partial zeta functions of
groups and rings

Let L be a Lie ring, additively isomorphic to Zn, and Lp � L b Zp � Znp . Let

pe1, . . . , enq be the basis of L, and let M be an upper-triangular n � n matrix M �

pmi,jq with entries in Zp. Recall Section 1.2 that one can construct a p-adic integral

with a suitable cone data

V �
p � tM P TrnpZpq | vpfkpxqq ¤ vpg�i,j,kpxqqu

and

V ¤
p � tM P TrnpZpq | vpfkpxqq ¤ vpg¤i,j,kpxqqu

such that

ζ�Lppsq � p1� p�1q�n
»
V �
p

|m1,1|
s�1 � � � |mn,n|

s�ndµ.

Now, define

V �
p,i �

 
M P V �

p | vpmj,jq   i for all j P rns
(
.

With this definition we can write V �
p � V �

p,8, and think of V �
p,i as layers of V �

p

where V �
p,1 � V �

p,2 � . . . . By counting these specific M ’s for different i, integrating

over V �
p,i instead of V �

p , one might hope to observe the ‘Hensel-like’ behaviour of the

p-adic integration. In fact we observed some interesting behaviours that motivated

us to define the i-th partial zeta functions ζ�Lp,i,Bpsq:

ζ�Lp,i,Bpsq � p1� p�1q�n
»
V �
p,i

|m1,1|
s�1 � � � |mn,n|

s�ndµ

� p1� p�1q�n
»

V �
p

vpmj,jq i

|m1,1|
s�1 � � � |mn,n|

s�ndµ.
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In principle, these partial zeta functions can be regarded as the approximations of

layers of the original zeta functions. Unfortunately, unlike the original zeta function

ζ�Lppsq, our current definition of the i-th partial zeta functions is “basis-dependent”,

in the sense that different bases would give different values. We will later demonstrate

explicit examples with different bases giving different calculations.

6.1 Algorithms with simple explicit examples

The main difference between ζ�Lppsq and ζ�Lp,i,Bpsq is that one is an infinite generating

series, while the other one is just a finite polynomial. This means that just as in

Chapter 5, we can compute ζ�Lp,i,Bpsq algorithmically in the following way:

(1) For a given L with dimension n, fix a basis B and write down the cone

conditions V �
p,i.

(2) Since there are only finite possible cases, we run through all of them.

Throughout this chapter, let t � p�s. We will omit B when our choice of basis is

clear.

Theorem 6.1.1.

ζ�Znp ,ipsq � p1� t� � � � � ti�1q � � � p1� pn�1t� � � � � ppn�1qpi�1qti�1q

�
n¹
j�1

i�1̧

k�0

pkpj�1qtk.

Proof. First, recall that

ζ�Znp psq � ζppsq � � � ζpps� pn� 1qq,

where

ζppsq �
1

1� t
� 1� t� t2 � � � � .

Let

ζp,ipsq � 1� t� t2 � � � � � ti�1.

One can check that

ζZp,ipsq � ζp,ipsq

and

ζ�Znp ,ipsq � ζp,ipsq � � � ζp,ips� pn� 1qq.
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Theorem 6.1.2. Let

H � xx1, x2, x3 : rx1, x2s � x3y

be a Heisenberg Lie ring. Then

ζ�Hp,2psq � 1� p1� pqt� pt2 � p2t3

� ζZ2
p,2
psq � p2t3,

and

ζ¤Hp,2psq � 1� p1� pqt� pp� p2 � p3qt2 � p3t3

� ζZ2
p,2
psq � pp2 � p3qt2 � p3t3.

Proof. Let

M �

��m1,1 m1,2 m1,3

m2,2 m2,3

m3,3

�
P Tr3pZpq.

It is a well-known fact that M �Lp if and only if m3,3|m1,1,m1,2,m2,2. Since we have

an extra condition that vpmj,jq   2 for all j P r3s, we get:

1.

��1 0 0
1 0

1

�
,

��p 0 0
1 0

1

�
,

��1 m12 0
p 0

1

�
, and

��p m1,2 0
p 0

1

�
, giving ζZ2
p,2
psq,

2.

��p 0 m1,3

p m2,3

p

�
, giving p2t3 .

Similarly, M ¤ Lp if and only if m3,3|m1,1m2,2, and our extra condition implies

that we have :

1.

��1 0 0
1 0

1

�
,

��p 0 0
1 0

1

�
,

��1 m12 0
p 0

1

�
, and

��p m1,2 0
p 0

1

�
, giving ζZ2
p,2
psq,

2.

��p 0 m1,3

1 m2,3

p

�
, giving p2t2,

3.

��1 m1,2 m1,3

p m2,3

p

�
, giving p3t2,

4.

��p m1,2 m1,3

p m2,3

p

�
, giving p3t3.
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The same analogous techniques that we demonstrated in Chapter 5 all work effec-

tively here as well. The Heisenberg example shows both diagonal condition techniques

reducing the cases and the lower central series technique separating ζZ2
p,2
psq and the

rest.

In fact ζ�Lp,2psq is very similar to ζ�LpFpqpsq, since there are two choices for each

entry on the diagonal.

Theorem 6.1.3.

ζ�Hp,3psq � ζZ2
p,3
psq � p2t3 � p1� pqp2t4 � p3t5 � p4t6

Proof. Since i � 3, each diagonal entry can be one of 1, p or p2. First, note that

m3,3 � 1 gives ζZ2
p,3
psq. Now m3,3 � p gives p | m1,1,m1,2,m2,2, so we get

1.

��p 0 m1,3

p m2,3

p

�
, giving p2t3,

2.

��p2 0 m1,3

p m2,3

p

�
, giving p2t4,

3.

��p pm1
1,2 m1,3

p m2,3

p

�
, giving p3t4,

4.

��p2 pm1
1,2 m1,3

p2 m2,3

p

�
, giving p3t5,

where 0 ¤ m1
1,3   p.

Finally we get

��p2 0 m1,3

p2 m2,3

p2

�
, giving p4t6.

6.2 Lp of nilpotency class c and the c-th partial

zeta functions

6.2.1 Rationality and variation with the prime

In [15] Grunewald, Segal and Smith proved the following rationality results for ζ�Lppsq.
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Theorem 6.2.1 ([15], Theorem 3.5). For p primes, the local zeta function ζ�Lppsq is

a rational function in p�s.

This implies that the sequence pa�pipLqq of the numbers of subrings/ideals of L

of index pi satisfies a strong regularity property, that the numbers of finite index

subalgebras/ideals of Lp are already determined by the numbers of subalgebras in

some finite quotient of Lp.

In [6] du Sautoy then proved the following result:

Theorem 6.2.2 ([6], Corollary 3.3). For each n P N there exists a finite index set Jn

and finitely many pairs paj, bjq P N2
0 for j P Jn such that, if L is a Lie ring additively

isomorphic to Zn then for all prime p and � P t¤,�,^u,

ζ�Lppsq �
Ψ�
Lp
ptq

Φ�
Lp
ptq
,

where Ψ�
Lp
pXq,Φ�

Lp
pXq P QrXs and Φ�

Lp
ptq can be taken to divide

±
jPJn

p1� paj tbjq.

In particular, this implies that for each L � Zn, prime p and � P t¤,�,^u, there

exist k P N, paj, bjq P N2
0 where j P rks, and a polynomial Ψ�

Lp
pXq P QrXs such that

ζ�Lppsq �
Ψ�
Lp
ptq±

j¤kp1� paj tbjq
,

where p1 � paj tbjq’s in the denominator does not get cancelled by the numerator

Ψ�
Lp
pXq P QrXs, i.e. is in its lowest terms. For example, we have

ζ�Hppsq � ζZ2
p
psqζpp2� 3sq

�
1

p1� tqp1� ptqp1� p2t3q
,

where H is the Heisenberg Lie ring. In this case 1
p1�tqp1�ptqp1�p2t3q

is in its lowest terms,

and we have 1 � t, 1 � pt and 1 � p2t3 in the denominator. If we compare this with

Theorem 6.1.2 we observe the following:

ζ�Hppsq � ζZ2
p
psqζpp2� 3sq

�
1

p1� tqp1� ptqp1� p2t3q
,

ζ�Hp,2psq � 1� t� pt� pt2 � p2t3.

Note that we have t, pt and p2t3 in both formulas. Since

ζppaj � bjsq �
1

p1� paj tbjq
� 1� paj tbj � ppaj tbjq2 � � � � ,

one can say, for example, that p2t3 in ζ�Hp,2psq captures the factor p1 � p2t3q of the

denominator of ζ�Hppsq. We make the following definition:
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Definition 6.2.3. We say ζ�Lp,i,Bpsq captures all the factors of ζ�Lppsq if

ζ�L,ppsq �
Ψ�
L,pptq±

j¤kp1� paj tbjq

is in its lowest terms, then the coefficients of paj tbj for j P rks in ζ�Lp,i,Bpsq are non-zero.

Note that ζZp,ipsq captures all the factors ζZppsq for i ¥ 2. We just showed that

ζ�Hp,2psq captures all the factors of ζ�Hppsq. Also we have

ζ¤Hppsq � ζZ2
p
psqζpp2s� 2qζpp2s� 3qζpp3s� 2q�1,

�
1� p2t3

p1� tqp1� ptqp1� p2t2qp1� p3t2q

and

ζ¤Hp,2psq � ζZ2
p,2
psq � pp2 � p3qt2 � p3t3,

� 1� t� pt� pt2 � p2t2 � p3t2 � p3t3.

Note that all of t, pt, p2t2 and p3t2 from the denominator of ζ¤Hppsq in its lowest terms

are also in ζ¤Hp,2psq. Hence ζ¤Hp,2psq captures all the factors of ζ¤Hppsq.

The reason why we are interested in these factors is that these “survivors” are

the potential candidates for the poles, and also can be seen as the building blocks of

the zeta functions, controlling this strong regularity property. We now observe some

interesting phenomenons between ζ�Lppsq in its lowest terms and ζ�Lp,c,Bpsq, where c is

the nilpotency class of L.

6.2.2 Maximal Class M3, M4 and Fil4

Theorem 6.2.4. For c ¥ 2, let

Mc � xx0, x1, . . . , xc : @i P rc� 1s, rx0, xis � xi�1y

be a maximal class-c Lie ring Mc. Then

ζ�M3,p,2
psq � ζZ2

p,2
psq � p2t3 � p2t4

ζ�M4,p,2
psq � ζZ2

p,2
psq � p2t3 � p2t4 � p2t5

Proof. Note that M2 � H.
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For M3, recall Theorem 5.3.4. We have

M �

����
m1,1 m1,2 m1,3 0

0 m2,2 m2,3 0
0 0 m3,3 0
0 0 0 1

���

giving ζ�M2,p,2

psq � ζZ2
p,2
psq � p2t3.

For

M �

����
m1,1 m1,2 m1,3 m1,4

0 m2,2 m2,3 m2,4

0 0 m3,3 m3,4

0 0 0 p

���
,
one requires p | m1,1,m1,2,m2,2,m1,3,m2,3,m3,3,m3,4, and

M �

����
p 0 0 m1,4

0 p 0 m2,4

0 0 p 0
0 0 0 p

���
,
gives p2t4. Hence

ζ�M3,p,2
psq � ζ�M2,p,2

psq � p2t4

� ζZ2
p,2
psq � p2t3 � p2t4.

We do the similar calculation for M4 to get

ζ�M4,p,2
psq � ζ�M3,p,2

psq � p2t5

� ζZ2
p,2
psq � p2t3 � p2t4 � p2t5

Comparing

ζ�M3,p
psq � ζZ2

p
psqζpp3s� 2qζpp4s� 2qζpp5s� 3qζpp5s� 2q�1

�
1� p2t5

p1� tqp1� ptqp1� p2t3qp1� p2t4qp1� p3t5q

in its reduced form with

ζ�M3,p,2
psq � ζZ2

p,2
psq � p2t3 � p2t4,

one can see that ζ�M3,p,2
psq does not capture all the factors of ζ�M3,p

psq. However,

observe the following result:
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Theorem 6.2.5.

ζ�M3,p,3
psq � ζZ2

p,3
psq � p2t3 � 2p2t4 � p3t4 � 3p3t5 � 2p4t6 � p4t7 � p4t8.

In particular, ζ�M3,p,3
psq captures all the factors of ζ�M3,p

psq.

Proof. Let

M �

����
m1,1 m1,2 m1,3 m1,4

0 m2,2 m2,3 m2,4

0 0 m3,3 m3,4

0 0 0 m4,4

���
,
denotes the matrix representations of additive subgroups of M3. We know ([33]) this

gives an ideal if

m3,3|m1,1,m1,2,m2,2,

m4,4|m1,1,m3,3,

m3,3m4,4|m1,1m3,4,m1,3m3,3 �m1,2m3,4,m2,3m3,3 �m2,2m3,4.

We have already shown that for i � 2,

M �

����
m1,1 m1,2 m1,3 0

0 m2,2 m2,3 0
0 0 m3,3 0
0 0 0 1

���
,
gives ζ�Hp,2psq � ζZ2

p,2
psq � p2t3, and

M �

����
p 0 0 m1,4

0 p 0 m2,4

0 0 p 0
0 0 0 p

���
,
gives p2t4.

For i � 3, we now have more possibilities. Again,

M �

����
m1,1 m1,2 m1,3 0

0 m2,2 m2,3 0
0 0 m3,3 0
0 0 0 1

���
,
gives

ζ�Hp,3psq � ζZ2
p,3
psq � p2t3 � p1� pqp2t4 � p3t5 � p4t6.

Then, for m4,4 � p, the cone conditions gives
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•

����
p 0 0 m1,4

0 p 0 m2,4

0 0 p 0
0 0 0 p

���
, giving p2t4

•

����
p2 0 0 m1,4

0 p m3,4 m2,4

0 0 p m3,4

0 0 0 p

���
, giving p3t5

•

����
p pm1

1,2 0 m1,4

0 p2 0 m2,4

0 0 p 0
0 0 0 p

���
, giving p3t5

•

����
p2 pm1

1,2 m1
1,2m3,4 m1,4

0 p2 0 m2,4

0 0 p m3,4

0 0 0 p

���
, giving p4t6

•

����
p2 0 pm1

1,3 m1,4

0 p2 pm1
2,3 m2,4

0 0 p2 0
0 0 0 p

���
, giving p4t7,

Finally, m4,4 � p2 gives ����
p2 0 0 m1,4

0 p2 0 m2,4

0 0 p2 0
0 0 0 p2

���
,
giving p4t8.

Thus we have

ζ�M3,p,3
psq � ζHp,3psq � p2t4 � 2p3t5 � p4t6 � p4t7 � p4t8

� ζZ2
p,3
psq � p2t3 � 2p2t4 � p3t4 � 3p3t5 � 2p4t6 � p4t7 � p4t8,

as required.

So for M3, the 2nd partial zeta function was not enough. One needs to at least

get to i � 3 to capture the whole recurrence factors.

Theorem 6.2.6.

ζ�M4,p
psq �ζZ2

p
psqζpp3s� 2qζpp5s� 2qζpp7s� 4qζpp8s� 5qζpp9s� 6q

� ζpp11s� 6qζpp12s� 7qζpp6s� 3q�1W�
M4
pp, tq
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and

ζ�M4,p,2
psq � ζZ2

p,2
psq � p2t3 � p2t4 � p2t5,

ζ�M4,p,3
psq � ζZ2

p,3
psq � p2t3 � 2p2t4 � p3t4 � p2t5 � 3p3t5 � 2p3t6 � 2p4t6 � 2p4t7

� p4t8 � p5t8 � p4t9 � p4t10,

ζ�M4,p,4
psq � ζZ2

p,4
psq � p2t3 � 2p2t4 � p3t4 � 2p2t5 � 3p3t5 � p4t5 � 4p3t6 � 4p4t6 � 7p4t7

� 2p5t7 � 2p4t8 � 6p5t8 � p4t9 � 3p5t9 � 4p6t9 � p4t10 � p5t10 � 3p6t10 � p7t10

� p5t11 � 3p6t11 � p7t11 � p5t12 � p6t12 � p7t12 � p6t13 � p7t13 � p6t14 � p6t15.

Proof. Let

M �

������
m1,1 m1,2 m1,3 m1,4 m1,5

0 m2,2 m2,3 m2,4 m2,5

0 0 m3,3 m3,4 m3,5

0 0 0 m4,4 m4,5

0 0 0 0 m5,5

�����
,
denotes the matrix representations of additive subgroups of M4. This time we have

to solve

m3,3|m1,1,m1,2,m2,2, m4,4|m1,1,m3,3, m5,5|m1,1,m4,4

m3,3m4,4|m1,1m3,4,m1,3m3,3 �m1,2m3,4,m2,3m3,3 �m2,2m3,4,

m4,4m5,5|m1,1m4,5,m3,3m4,5 �m3,4m4,4

m3,3m4,4m5,5|m1,1pm3,4m4,5 �m3,5m4,4q

m3,3m4,4m5,5|m1,2m3,4m4,5 �m1,2m3,5m4,4 �m1,3m3,3m4,5 �m1,4m3,3m4,4

m3,3m4,4m5,5|m2,2m3,4m4,5 �m2,2m3,5m4,4 �m2,3m3,3m4,5 �m2,4m3,3m4,4

First, for each i, we get ζ�M3,p,i
psq for m5,5 � 1. Now for m5,5 � 1, we need to

compute 1 matrix for ζ�M4,p,2
psq, 7 matrices for ζ�M4,p,3

psq, and 27 matrices to compute

for ζ�M4,p,4
psq. Thus we get

ζ�M4,p,2
psq � ζM3,p,2psq � p2t5

� ζZ2
p,2
psq � p2t3 � p2t4 � p2t5,

ζ�M4,p,3
psq � ζZ2

p,3
psq � p2t3 � 2p2t4 � p3t4 � p2t5 � 3p3t5 � 2p3t6 � 2p4t6 � 2p4t7

� p4t8 � p5t8 � p4t9 � p4t10.
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and

ζ�M4,p,4
psq � ζZ2

p,4
psq � p2t3 � 2p2t4 � p3t4 � 2p2t5 � 3p3t5 � p4t5 � 4p3t6 � 4p4t6 � 7p4t7

� 2p5t7 � 2p4t8 � 6p5t8 � p4t9 � 3p5t9 � 4p6t9 � p4t10 � p5t10 � 3p6t10 � p7t10

� p5t11 � 3p6t11 � p7t11 � p5t12 � p6t12 � p7t12 � p6t13 � p7t13 � p6t14 � p6t15.

Theorem 6.2.7. Let the Lie ring Fil4 have presentation

Fil4 � xz, x1, x2, x3, x4 : rz, x1sx2, rz, x2s � x3, rz, x3s � x4, rx1, x2s � x4y.

Then

ζ�Fil4,ppsq �ζZ2
p
psqζpp3s� 2qζpp5s� 2qζpp7s� 4qζpp8s� 5qζpp9s� 6q

� ζpp10s� 6qζpp12s� 7qW�
Fil4

pp, tq

and

ζ�Fil4,p,2psq � ζ�M4,p,2
psq

ζ�Fil4,p,3psq � ζ�M4,p,3
psq

ζ�Fil4,p,4psq � ζZ2
p,4
psq � p2t3 � 2p2t4 � p3t4 � 2p2t5 � 3p3t5 � p4t5 � 4p3t6 � 4p4t6 � 7p4t7

� 2p5t7 � p3t8 � 4p4t8 � 5p5t8 � 5p5t9 � 3p6t9 � p4t10 � p5t10 � 3p6t10 � p7t10

� p5t11 � 3p6t11 � p7t11 � p5t12 � p6t12 � p7t12 � p6t13 � p7t13 � p6t14 � p6t15

� ζ�M4,p,4
psq.

Proof. Let

M �

������
m1,1 m1,2 m1,3 m1,4 m1,5

0 m2,2 m2,3 m2,4 m2,5

0 0 m3,3 m3,4 m3,5

0 0 0 m4,4 m4,5

0 0 0 0 m5,5

�����

denote the matrix representations of additive subgroups of Fil4. One can observe

that the list of conditions we need to solve this time is almost identical to the list

of conditions we had to solve for M4. Indeed the only differences are the ones we
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underlined:

m3,3|m1,1,m1,2,m2,2, m4,4|m1,1,m3,3, m5,5|m1,1,m4,4

m3,3m4,4|m1,1m3,4,m1,3m3,3 �m1,2m3,4,m2,3m3,3 �m2,2m3,4,

m4,4m5,5|m1,2m4,4 �m1,1m4,5,m3,3m4,5 �m3,4m4,4

m3,3m4,4m5,5|m1,3m3,3m4,4 �m1,1pm3,4m4,5 �m3,5m4,4q

m3,3m4,4m5,5|m1,2m3,4m4,5 �m1,2m3,5m4,4 �m1,3m3,3m4,5 �m1,4m3,3m4,4

m3,3m4,4m5,5|m2,2m3,4m4,5 �m2,2m3,5m4,4 �m2,3m3,3m4,5 �m2,4m3,3m4,4.

Interestingly, they almost give the same i-th partial zeta functions until we reach

i � 4 and analyse

M �

������
p3 m1,2 m1,3 m1,4 m1,5

0 p2 m2,3 m2,4 m2,5

0 0 p m3,4 m3,5

0 0 0 p m4,5

0 0 0 0 p

�����
.
For ζ�M4,p,4

psq, one gets p5t8 from������
p3 pm1

1,2 m1
1,2m3,4 m1

1,2m3,5 m1,5

0 p2 0 �m2
3,4 m2,5

0 0 p m3,4 m3,5

0 0 0 p m3,4

0 0 0 0 p

�����
.
However, for ζ�Fil4,p,4

psq, one gets p4t8 from������
p3 0 0 0 m1,5

0 p2 0 �m2
3,4 m2,5

0 0 p m3,4 m3,5

0 0 0 p m3,4

0 0 0 0 p

�����

and pp� 1qp3t8 from ������

p3 pm1
1,2 0 m1

1,2m3,5 m1,5

0 p2 0 0 m2,5

0 0 p 0 m3,5

0 0 0 p 0
0 0 0 0 p

�����

where 0   m1

1,2   p.
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Again we discovered that we need to have at least i � 4 to capture all the factors

of ζ�M4,p
psq and ζ�Fil4,p

psq. Furthermore, we need to have at least i � 4 to tell the

difference between ζ�M4,p,i
psq and ζ�Fil4,p,i

psq. Does this imply that in order to get some

useful information on ζ�L,ppsq, we need to have at least i � c where c is the nilpotency

class of L? We do not have a proof yet, but our calculations so far support this claim.

6.2.3 Other explicit examples

We now provide explicit examples that we calculated. Most of these calculations were

done by hand using the algorithm we demonstrated earlier, although some of them

required the aid of computer packages. They are not as difficult as the usual p-adic

method (e.g [44]), but very long and tedious.

Theorem 6.2.8. Let f2,3 be the class-2 free Lie ring on 3 generators.

ζ�f2,3,ppsq � ζZ3
p
psqζpp3s� 5qζpp5s� 8qζpp6s� 9qW�

f2,3
pp, tq,

ζ�f2,3,p,2psq � ζZ3
p,2
psq � p1� p� p2qp3t3 � 3p5t4 � p1� p� p2qp6t5 � p9t6.

In particular, they are uniform and ζ�f2,3,p,2psq captures all the factors of ζ�f2,3,ppsq.

Theorem 6.2.9. Let f3,2 be the class-3 free Lie ring on 2 generators.

ζ�f3,2,ppsq �ζZ2
p
psqζpp3s� 2qζpp4s� 3qζpp5s� 4q2ζpp7s� 6qW�

f3,2
pp, tq,

ζ�f3,2,p,2psq �ζZ2
p,2
psq � p2t3 � p2t4 � p3t4 � p4t5,

ζ�f3,2,p,3psq �ζZ2
p,3
psq � p2t3 � 2p2t4 � 2p3t4 � 4p3t5 � 2p4t5 � p3t6 � 5p4t6 � p5t6

� 2p5t7 � p6t7 � p4t8 � 2p6t8 � p6t9 � p7t9 � p8t10.

In particular, they are uniform and ζ�f3,2,p,3psq captures all the factors of ζ�f3,2,ppsq.

Theorem 6.2.10. Let f4,2 be the class-4 free Lie ring on 2 generators.

ζ�f4,2,p,2psq �ζZ2
p,2
psq � p2t3 � p2t4 � p3t4 � p3t5 � 2p4t5 � p4t6 � 2p5t6

� p4t7 � p5t7 � p6t7 � p6t8.

In particular, it is uniform.

Remark 6.2.11. Note that we do not know ζ�f4,2,ppsq to compare.
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Theorem 6.2.12. Let

G3 � xw, x1, x2, y1, y2 : rw, xis � yi, i P 1, 2y

be the Grenham Lie ring on 3 generators.

ζ�G3,p
psq � ζZ3

p
psqζpp3s� 4qζpp5s� 6qp1� p3t3q,

ζ�G3,p,2
psq � ζZ3

p,2
psq � p3t3 � p4t3 � 2p5t4 � p6t5.

In particular, they are uniform and ζ�G3,p,2
psq captures all the factors of ζ�G3,p

psq.

Theorem 6.2.13. Let

T3 � xx1, x2, x3, y1, y2 : rxi, xi�1s � yi, i P 1, 2y

be the maximal class-two quotient of the Lie ring of unitriangular 3� 3 matrices.

ζ�T3,ppsq � ζ�G3
psq,

ζ�T3,p,2psq � ζZ3
p,2
psq � p3t3 � p4t3 � p4t4 � p5t4 � p6t5

� ζ�G3,2
psq.

In particular, they are uniform and ζ�T3,p,2psq captures all the factors of ζ�T3,ppsq.

Remark 6.2.14. This result is very interesting in two ways. First, note that as a

Lie ring T3 � G3. This shows that the i-th partial zeta functions are indeed basis-

dependent. Second, at the same time both ζ�G3,2
psq and ζ�T3,2psq captures all the linear

factors.

Theorem 6.2.15. Let L3,2 ([44]) be a class-3 Lie ring given by the presentation

xw, x1, x2, y1, y2, z : rw, x1s � y1, rw, x2s � y2, rw, y1s � zy.

ζ�L3,2,p
psq � ζZ3

p
psqζpp3s� 4qζpp4s� 4qζpp5s� 5qζpp5s� 6qζpp6s� 6q

� ζpp9s� 11qW�
L3,2

pp, tq,

ζ�L3,2,p,2
psq � ζZ3

p,2
psq � p3t3 � p4t3 � p4t4 � 2p5t4 � 2p5t6 � p6t6.

In particular, they are uniform but ζ�L3,2,p,2
psq does not capture all the factors of

ζ�L3,2,p
psq. Since the nilpotency class of L3,2 is 3, it supports our claim that one should

look at ζ�Lp,i,B
psq where i ¥ c to see all the recurrence factors.
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6.3 p-adic integration and the resolution of singu-

larities

Here we look at another interesting example.

Theorem 6.3.1.

ζsl2pZpq,2psq � 1� p1� pqt� pp2 � 3p� 1qt2 � pp2 � p� 1qt3

Proof. Before we calculate

ζsl2pZpq,2psq � 1� p1� pqt� pp2 � 3p� 1qt2 � pp2 � p� 1qt3,

let us re-visit Taylor’s calculation of ζsl2pZpqpsq in [33] using p-adic integrals and the

resolution of singularities. Let

H �

��a c b
0 x y
0 0 z

�
,
and

F � 16a2c2x6yz6pax2 � 4bxy � 4cy2q.

Taylor performed a resolution of singularities at

ax2 � 4bxy � 4cy2.

If we carry out a blow-up at x � y � 0, then we get four conditions, namely

1. vpxq ¤ vpyq and vpy1q ¤ vpaq,

2. vpxq ¤ vpyq and vpy1q ¡ vpaq,

3. vpxq ¡ vpyq and vpx1q ¤ vpcq,

4. vpxq ¡ vpyq and vpx1q ¡ vpcq.

Note that each case corresponds to an explicit system of irreducible varieties Ei’s,

i.e.

• a12c2x9y14z6pa1 � 4b� 4cy1q for Case (1),

• a4c2x9y2z6p1� 4by2 � 4acy22q for Case (2),

• a2c12x19y9z6pax1 � 4b� 4c1q for Case(3),
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• a2c9x26y9z6pa22 � 4bx2 � 4q for Case (4).

We know that in the end, we get three non-trivial cone-integrals corresponding to

Case (1), (2) and (3), which give

ζsl2pZpqpsq � ζppsqζpps� 1qζpp2s� 1qζpp2s� 2qζpp3s� 1q�1.

Now, let

M �

��m1,1 m1,2 m1,3

0 m2,2 m2,3

m3,3

�
P Tr3pZpq

be an additive sublattice of sl2pZpq. From the above we know that M is a subalgebra

of sl2pZpq if m2,2 | 4m1,2m2,3, m2,2 | 4m1,2m3,3, m2,2m3,3 | m1,1m
2
2,2 � 4m1,3m2,2m2,3 �

4m1,2m
2
2,3 Hence we have

ζsl2pZpq,2psq � p1�p�1q�3

»
m2,2|4m1,2m2,3

m2,2|4m1,2m3,3

m2,2m3,3|m1,1m2
2,2�4m1,3m2,2m2,3�4m1,2m2

2,3

vpm1,1q,vpm2,2q,vpm3,3q 2

|m1,1|
s�1 |m2,2|

s�2 |m3,3|
s�3 dµ.

We again do the case distinctions:

•

��1 0 m13

1 m23

p

�
where m23 � 0 and 1� 4m13m23 � 0 (Case (1)),

•

��p 0 0
1 m23

p

�
where m23 � 0 (Case (1)),

•

��1 0 0
1 0

1

�
,

��p 0 0
1 0

1

�
,

��p 0 m13

1 0
p

�
,

��1 m12 m13

p 0
p

�
 (Case (2)),

•

��p m12 m13

p 0
p

�
,

��1 0 0
p 0

1

�
,

��p 0 0
p 0

1

�
 (Case(2)),

•

��1 0 0
p m23

p

�
, m23 � 0,

��p 0 0
p m23

p

�
, m23 � 0 (Case(3)).
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This gives

ζsl2pZpq,2psq � 1� p1� pqt� pp2 � 3p� 1qt2 � pp2 � p� 1qt3.

It is now well-known that we can compute ζsl2pZpqpsq in a simpler way. Taylor

showed in [33] that we can do a different blow-up y � z � 0, which makes the whole

calculation much easier. Klopsch and Voll then showed in [20] that we do not even

have to do any resolution of singularities for ζsl2pZpqpsq. However, we chose the most

complicated method to demonstrate that even in this choice of blow-ups there exist

non-trivial sublattices M P V ¤
p,2 for all non-trivial different blow-ups. We observed

that analysing Cases (1), (2) and (3) were necessary to compute ζsl2pZpqpsq and all

these cases “survived” for ζsl2pZpq,2psq. This suggests that our approximation is, even

at i � 2, not as simple as one might expect and might contains enough information

of the original zeta function. Since the wild behaviour of ζ�Lppsq comes from blow-ups

and resolution of singularities, this suggests that studying ζ�Lp,ipsq for some finite i

might be a good method to predict the behaviour (e.g. uniformity) of ζ�Lppsq.
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Chapter 7

Questions and conjectures

In this chapter we propose various open conjectures based on our observations. We

believe they would be interesting leads for further research.

7.1 The behaviour of ζ�L and its approximations

7.1.1 Uniformity of various approximations

The various approximations we introduced in this thesis were designed to overcome

the difficulties of computing classical zeta functions of groups and rings. The following

questions arise naturally from our work.

Question 7.1.1. Would the uniformity of these approximations imply the uniformity

of the original ζ�L?

For example, ζ
�gr

Mc,p
psq, ζ�McpFpqpsq, and ζ�redMc

psq all turned our to be uniform for all

c. Does this imply that ζ�Mc
psq is also uniform for all c?

At the moment we do not have a single example L or G where

(1) the original zeta functions are (finitely) uniform but some of their approxima-

tions are not uniform,

(2) the original zeta functions are not uniform but some of their approximations

are (finitely) uniform.

It would be very interesting if one could find such examples (provided that they

exist).
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7.1.2 The i-th partial zeta functions

Recall that we have

ζ
�gr

M4,p
psq � ζ

�gr

Fil4,p
psq,

ζ�M4pFpqpsq � ζ�FilpFpqpsq,

ζ�redM4,p
psq � ζ�redFil,p psq,

but

ζ�M4,p,4
psq � ζ�Fil4,p,4

psq.

This suggests that the c-th partial zeta function ζ�Lp,cpsq, where c is the nilpotency

class of L, might be the best approximation of all, since it spotted the subtle difference

between M4 and Fil4 that other approximations could not.

Conjecture 7.1.2. ζ�Lp,c,Bpsq captures all the factors of ζ�Lppsq.

If this is true it has a very powerful consequence.

Conjecture 7.1.3. Let L is a Lie ring additively isomorphic to Zn and

ζ�L,ppsq �
Ψ�
L,pptq±

j¤kp1� paj tbjq

is in its lowest terms. Then maxtb1, . . . , bku ¤ npc� 1q.

Proof. Note the highest t-power we can achieve in ζ�Lp,c,Bpsq is indeed npc� 1q, corre-

sponding to the n�n upper triangular matrices with every diagonal entry mi,i � pc�1.

Assume Conjecture 7.1.2 is true. This means that we should be able to find all paj tbj ’s

from the denominators of ζ�L,ppsq in its lowest terms in ζ�Lp,c,Bpsq. Therefore the max-

imal value of bj’s cannot exceed npc� 1q.

Since these poles are the building blocks of our zeta functions, understanding them

would be very important.

The main drawback of the current definition of the i-th partial zeta functions is

that this is basis-dependent. So one can also ask the following questions:

Question 7.1.4. Is there an example of a Lie ring L such that for two different bases

B1 and B2 for L, ζ�Lp,i,B1
psq is (finitely) uniform but ζ�Lp,i,B2

psq is not (finitely) uniform

for some i P N? Or is the uniformity basis-independent?

140



Question 7.1.5. Is there an example of a Lie ring L such that for two different bases

B1 and B2 for L, ζ�Lp,i,B1
psq captures all the factors of ζ�Lppsq but ζ�Lp,i,B2

psq does not

for some i P N? Or is this property basis-independent?

Remark 7.1.6. In an attempt to make these partial zeta functions basis-independent,

I am actually considering the following alternative “j-th partial zeta functions”

ζ�Lp,jpsq :�
¸
H�Lp
pjLp¤H

|Lp : H|�s.

Clearly they are basis-independent, and much more natural than the current definition

of the i-th partial zeta functions. For class-2 cases, one can exploit Voll’s elementary

divisor method. Unfortunately, this idea came too late for this thesis.

7.1.3 Higman’s PORC conjecture

We observed that although non-uniform ideal zeta functions might generate a family

of p-groups whose number of immediate descendants are Non-PORC, the total sum

can still be PORC. One might even say that looking for one single irregular local

objects might not be the right method to tackle Higman’s PORC conjecture. However,

proving that the normal subgroup zeta functions of Fc,d for any c, d P N are finitely

uniform and PORC still seems out of reach as well.

7.2 Graded ideal zeta functions of fc,d

Let c P N and d P N¥2. Recall fc,d denotes the free nilpotent Lie ring of class c on

d generators. We record a number of general conjectures regarding the graded ideal

zeta functions ζ
�gr

fc,dpoq
psq as well as their topological and reduced counterparts. We

write W for the Witt function Wd (cf. (3.1.2)) and set r � rkZpfc,dq �
°c
i�1W piq.

With the exception of Conjecture 7.2.7 for c � 2 and d ¥ 5, all conjectures in this

section are supported, in the relevant special cases, by the results in this paper.

Conjecture 7.2.1 (Uniformity). There exists W
�gr

c,d pX, Y q P QpX, Y q such that, for

almost all primes p and all finite extensions o of Zp,

ζ
�gr

fc,dpoq
psq � W

�gr

c,d pq, q
�sq.

Conjecture 7.2.2 (Local functional equations). For almost all primes p and all finite

extensions o of Zp,

ζ
�gr

fc,dpoq
psq|qÑq�1 � p�1qrq

°c
i�1 p

W piq
2 q�

°c
i�1pc�1�iqW piqsζ

�gr

fc,dpoq
psq.
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Remark 7.2.3. Local functional equations are a universal feature for quite general

subring zeta functions ([40, Theorem A]) and for ideal zeta functions of nilpotent Lie

rings of nilpotency class 2 ([40, Theorem C]). In fact, we expect the proof of the latter

result should carry over to the graded setting, making the functional equations (3.4.7)

an instance of a general phenomenon in class 2; cf. Example 3.1.6. If Conjecture 7.2.1

holds, then Conjecture 7.2.2 states that

W
�gr

c,d pX
�1, Y �1q � p�1qrX

°c
i�1 p

W piq
2 qY

°c
i�1pc�1�iqW piqW

�gr

c,d pX, Y q.

In general, the operation q Ñ q�1 is defined rather more delicately in terms of inver-

sion of Frobenius eigenvalues.

In nilpotency class greater than 2 local functional equations are not to be expected

in general for ideal zeta functions of nilpotent Lie rings: see [11, Section 1.2.3] for

counterexamples in the ungraded setting and [28, Section 10, Table 2] in the graded

setting.

A sufficient criterion for local functional equations in an enumerative setup gen-

eralizing ideal zeta functions of nilpotent Lie rings is given in [41, Theorem 1.2]. It

applies to the ideal zeta functions of the free nilpotent Lie rings fc,d; see [41, The-

orem 4.4]. Note that, in the notation of [41, Theorem 4.4], N0 � r and
°c�1
i�0 Ni �°c

i�1pc� 1� iqW piq.

For the following conjecture, assume that Conjecture 7.2.1 holds. In this case, we

may define the reduced graded ideal zeta function

ζ
�gr

fc,d,redpY q � W
�gr

c,d p1, Y q P QpY q.

We expect that the technology in [13] may be adapted to define the reduced graded

ideal zeta function even without the assumption of Conjecture 7.2.1.

Conjecture 7.2.4 (Reduced zeta function). The reduced graded ideal zeta function

ζ
�gr

fc,d,redpY q has a pole of order r at 1 and there exist ei P N, i P rrs, as well as

nonnegative integers aj P N0, j P rN s0, where N :� p
°r
i�1 eiq�

°c
j�1pc� 1� jqWdpjq,

with a0 � 1 and

aj � aN�j for all j P rN s0 and (7.2.1)

ζ
�gr

fc,d,redpY q �

°N
j�0 ajY

j±r
i�1p1� Y eiq

.

Remark 7.2.5. The palindromic property (7.2.1) holds, of course, in particular if

Conjecture 7.2.2 holds. What Conjecture 7.2.4 suggests is that the reduced graded
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ideal zeta functions ζ
�gr

fc,d,redpY q share key properties with the Hilbert-Poincaré se-

ries of graded Cohen-Macaulay algebras. If there were such an algebra, its Cohen-

Macaulayness would explain the nonnegativity of the coefficients aj, whereas their

palindromy would reflect its Gorensteinness (assuming that it is a domain; cf. [32]).

For c � 2, the validity of Conjecture 7.2.4 may be seen from the facts that

ζ
�gr

f2,d,red
pY q � ζ�f2,d,redpY q and the Hall basis H2,d for f2,d in Table 3.2.1 is nice and

simple in the sense of [13]. Hence [13, Proposition 4.1] is applicable.

The following is a graded analogue of [27, Conjecture I].

Conjecture 7.2.6 (Degree of topological zeta function).

degs

�
ζ
�gr

fc,d,toppsq
	
� �r.

Conjecture 7.2.7 (Behaviour of topological zeta function at 8).

s
degs

�
ζ
�gr
fc,d,top

psq



ζ
�gr

fc,d,topps
�1q

�����
s�0

� p1� Y qrζ
�gr

fc,d,redpY q
���
Y�1

P Q¡0.

Remark 7.2.8. We have no interpretation in terms of c and d for the numbers featuring

in Conjecture 7.2.7. If Conjecture 7.2.4 were to hold for the reasons we explained in

Remark 7.2.5, they were related to the “multiplicity” of the associated graded algebra.

We close with two conjectures on the behaviour of p-adic and topological graded

ideal zeta functions at s � 0.

Conjecture 7.2.9 (Behaviour of topological zeta function at zero). The topological

graded ideal zeta function ζ
�gr

fc,d,toppsq has a pole of order c at s � 0 with leading

coefficient

scζ
�gr

fc,d,toppsq
���
s�0

�
p�1q

°c
i�1 pW piq�1q

±c
i�1W piq±c

i�1

�°i
j�1W pjq

	
pW piq � 1q!

.

Remark 7.2.10. [27, Conjecture IV (topological form)] implies that ζ�fc,d,toppsq has a

simple pole at s � 0 with residue

sζ�fc,d,toppsq
���
s�0

�
p�1qr�1

pr � 1q!
.

Conjecture 7.2.11 (Behaviour of p-adic zeta function at zero).

ζ
�gr

fc,dpoq
psq±c

i�1 ζoW piqpsq

�����
s�0

�

±c
i�1W piq±c

i�1

�°i
j�1W pjq

	 . (7.2.2)
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Remark 7.2.12. [27, Conjecture IV (P-adic form)] implies that

ζ�fc,dpoqpsq

ζorpsq

�����
s�0

� 1. (7.2.3)

It seems remarkable that the right-hand sides of both (7.2.2) and (7.2.3) are indepen-

dent of o. Note that s � 0 is outside the domain of convergence of the series defining

ζ�fc,dpoqpsq resp. ζ
�gr

fc,dpoq
psq.

Remark 7.2.13. If one replaces the numbers W piq by the ranks of the successive

quotients of the upper central series of Lcpdq (e.g W p1q � d � 1, W p2q � 2d � 1,

and so on), our results in Chapter 4 support the conjectures we just mentioned in

this section. In fact Theorem 4.3.10 and 4.3.11 show that Conjectures 7.2.6, 7.2.9

and 7.2.11 are actually true for Lcpdq . The explicit examples we have in that chapter

satisfy other conjectures as well. However, this is not always true for graded ideal

zeta functions of general (non-free) nilpotent Lie rings. Consider, for instance, the

direct product L :� f2,2 � f2,2. Then, for all primes p and all finite extensions o of Zp,

ζ
�gr

Lpoqpsq � ζo4psq
1� t5

p1� t3q2p1� qt5q
. (7.2.4)

Indeed, L is the “fundamental graded Lie ring” m6 2 3, whose local graded ideal zeta

functions are recorded in [28, Section 10, Table 2]. Formula (7.2.4) may also easily be

derived directly from formulae for the ideal zeta functions of L (cf. [11, Theorem 2.4]),

using the comparison identities recorded in Example 3.1.6. In any case,

s2ζ
�gr

L,toppsq
��
s�0

�
5

54
�
p�1q3�14 � 2

4 � 6 � 3! � 1!
�

1

18
.

Likewise,
ζ
�gr

Lpoqpsq

ζo4psqζo2psq

�����
s�0

�
5

9
�

4 � 2

4 � 6
�

1

3
.

That this value, however, is a nonnegative rational number independent of o, as well

as the coincidence

s6ζ
�gr

L,topps
�1q

��
s�0

�
1

9
� p1� Y q6ζ

�gr

L,redpY q
��
Y�1

P Q¡0,

seem to indicate that some of the conjectures made in this section may have general-

izations to more general graded ideal zeta functions.
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