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Abstract

Solid tumours have highly irregular vasculatures that are constantly re-modelled, giving

rise to spatio-temporal heterogeneity in the level of nutrients, metabolites, and drugs. Such

variability requires cells to adapt, and is hypothesised to select for more aggressive cancer

phenotypes. Risk spreading through spontaneous phenotypic variations is an ecological con-

cept which is used to explain how species may survive in temporally varying environments.

It allows individuals within a species to diversify their phenotypes ensuring that at least

some of them can survive in the face of sudden environmental change. In this thesis, we

aim to investigate whether cancer cells may adopt this strategy when dealing with rapidly

changing levels of nutrient due to temporally-varying blood flow.

Accordingly, we develop and analyse a series of mathematical models of increasing bi-

ological complexity in order to investigate, in a systematic way, the impact that temporal

variations in the nutrient supply might have on cancer cell populations. First, we present a

mathematical model consisting of a system of non-local partial differential equations mod-

elling the evolutionary dynamics of two competing phenotypically-structured populations

in the presence of periodically oscillating nutrient levels. The two populations undergo her-

itable, spontaneous phenotypic variations at different rates. The phenotypic state of each

individual is represented by a continuous variable, and the phenotypic landscape of the pop-

ulations evolves in time due to variations in the nutrient level. We then extend the model by

modelling nutrient dynamics explicitly and evaluate the effects of cellular feedback on the

environment. Moreover, we develop corresponding individual-based models and study the

differences that arise between continuum and discrete approaches at low population sizes.

Exploiting the analytical tractability of our models, coupled with numerical simulations,

we identify environmental regimes that select the population with higher rate of sponta-

neous phenotypic variation. In particular, we expect environmental conditions where cells

experience periods of starvation followed by re-oxygenation to promote phenotypic hetero-

geneity, which is consistent with experimental observations [1]. This allows us to predict

how certain interventions, for example, the vascular normalisation strategy that aims at

stabilising the blood flow within tumours, could reduce phenotypic heterogeneity and drive

the tumour to a treatable phenotype. Furthermore, we apply our discrete model to study

adaptive strategies during the metastatic colonisation of distant organs.
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Chapter 1

Introduction

1.1 Overview

Cancer is one of the leading causes of death worldwide, accounting for one in six deaths

in 2018 [2]. Originally, cancer was thought to be a disease of genes [3]. However, it is

now recognised that tumours are very complex, dynamic, and constantly evolving organ-

like ecosystems [4] that consist of various components, including different types of cancer

and normal cells, and blood vessels. These different components are related to each other

through various non-linear interactions which lead to the very high heterogeneity observed

clinically [5]. Variability is observed on multiple levels including genetic, molecular, en-

vironmental, and cellular [6]. It is widely acknowledged that the vasculature contributes

significantly to the emergence of such heterogeneity [7].

In most biological tissues, the vasculature is the main source of the nutrients that cells

require in order to maintain not just growth, but also homeostasis. At the same time,

blood vessels act as sinks that remove metabolites produced by the cells. Metabolites

escape or enter the blood flow through the cell junctions in the blood vessel walls and cells

convert them into energy to maintain their function. In normal conditions, the vasculature

is organised such that every cell receives sufficient levels of vital nutrients to remain alive

and perform its normal function. Similarly, cancer cells rely on proximity to blood vessels.

Consequently, tumours beyond a certain size (few millimetres) induce angiogenesis – the

formation of new blood vessels. However, it is well established that the vascular networks in

tumours are highly irregular, i.e. are tortuous, immature and leaky, and result in temporal

variations of the blood flow and associated delivery of nutrients.

The consequences of temporal variations in the tumour microenvironment have received

little attention and are poorly understood, however, it is clear that such variability requires

cells to adapt if they are to survive. In ecology, on the other hand, temporal variations,

and the adaptive strategies that might help to deal with them, have been studied to a
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great extent. In particular, risk spreading (‘bet-hedging’) through spontaneous phenotypic

variation has been proposed as an evolutionary strategy that allows species to survive in

temporally varying environments. Individuals within a species diversify their phenotypes

ensuring that a fraction of the population can survive in the face of sudden environmental

change.

In this thesis, we use a range of theoretical approaches to investigate whether cancer

cells may adopt a risk-spreading strategy in order to cope with changing nutrient levels

caused by temporally-varying blood flow. We further aim to investigate the environmental

conditions that lead to increased heterogeneity within the cancer cells – one of the reasons

that make tumours so difficult to treat [6] – and identify potential therapeutic strategies.

In this chapter, we place our work in context by reviewing the relevant literature. In

Section 1.2 we describe the mechanisms of vascular network formation and define the key

characteristics of tumour vasculature. We then draw an analogy between tumours and

ecological systems and provide a summary of adaptive strategies that are defined in the

ecological literature (Section 1.3). Since vessels deliver key nutrients for cells, any change

in the blood flow inevitably affects nutrient concentration in the tissue. Therefore, in

Section 1.4 we outline the biology of tumour metabolism as well as highlight some of the

adaptive responses that cancer cells might utilise when dealing with decreased levels of

oxygen. Additionally, we review the mathematical models of metabolism and explain why

a more simplified approach might be more suitable as a first step towards a theoretical

understanding of evolutionary dynamics in temporally varying environments that arise from

irregular blood flow in tumours.

Finally, in Section 1.5, we review mathematical models that investigate inter-species

competition in fluctuating environments. We start by looking at consumer-resource models

formulated as systems of ordinary differential equations (ODEs), where populations with

distinct phenotypes compete for limited resources. Since in real-world situations there is

a spectrum of possible phenotypes and a continuous range of environmental conditions,

phenotype-structured models formulated in terms of partial differential equations (PDEs)

might provide a more suitable framework to study adaptive strategies in tumours. Although

such models might capture a more realistic behaviour, they have a nonlocal term and,

therefore, are more difficult to analyse. Thus, we review existing PDE models of adaptive

dynamics and their discrete analogues, as well as their applications.

We conclude this chapter with an overview of the thesis structure together with a sum-

mary of each chapter.
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1.2 Tumour vasculature

1.2.1 Angiogenesis

Cancer cells, like other living tissue, rely on oxygen and other nutrients and growth fac-

tors in order to maintain their function and grow. The vasculature is the main source of

nutrients and it also acts as a sink that removes metabolites, such as lactic acid, produced

by cells. Therefore, after reaching a certain size of a few millimetres, tumours must induce

angiogenesis – the formation of new blood vessels from existing ones.

There are several mechanisms that govern the formation of new blood vessels observed

in mammals during, and post, development. During embryonic development, the initial

primitive vascular network is formed via a process known as vasculogenesis. Here, the blood

vessels are formed from angioblasts – endothelial-cell precursors – that form a primary

network. The network then expands via sprouting (angiogenesis) or intussusception, i.e.

transluminal pillar formation [8, 9]. In healthy physiological conditions, newly formed

vessels steadily become mature and remain quiescent [10].

The process of angiogenesis relies crucially on the balance between pro- and anti-

angiogenic molecules that are produced by cells, as well as connective tissue, i.e. stroma.

This balance might be affected by various factors, including metabolic stress (low oxygen

levels, high acidity, hypoglycaemia), mechanical stress (pressure exerted by newly differ-

entiated cells), and immune-inflammatory responses [11]. This leads to over-production

of pro-angiogenic factors and consequent ‘angiogenic switch’, triggering formation of new

blood vessels via a multi-step process.

Initially, the endothelial junctions in the normally quiescent vessel wall become loose

and vascular permeability increases as a response to vascular endothelial growth factors

(VEGF) released by cells. This leads to extravasation of plasma proteins and degradation

of vascular basement membrane and extracellular matrix, generating a path that enables

endothelial cells to migrate into the perivascular tissue. A complex mechanism governs the

formation of the ‘stalk’ that is ‘led’ by a tip cell sensing the environment and guiding the

growth of the cells that will eventually form a new blood vessel. Once this is completed, a

lumen forms and the blood is able to flow [12].

1.2.2 Key features of tumour vasculature

Although vasculature formation in tumours relies on similar biological mechanisms as in

healthy conditions, the vessels are structurally abnormal, do not mature and continue

growing [10]. In particular, the vessel walls may consist partially or entirely of cancer

cells, rather than endothelial cells [13]. Blood vessels in tumours may also lack perivascular

3



cells, which have a protective function and help to maintain quiescence during unexpected

changes in oxygenation levels [12]. Furthermore, vessel walls in tumour are characterised by

frequent discontinuities and gaps between endothelial cells. This facilitates blood leakages

into perivascular tissue, as well as increasing permeability of vessel walls [14].

Unlike healthy organisms where the cells cooperate in order to maintain the function of

the whole organ, a cancer cell tends to improve its own immediate environment [7]. Having

every cancer cell competing with each other leads to the expression of signals triggering

angiogenesis (e.g. VEGF) to vary temporally and spatially in tumours. Thus, on a larger

scale the networks of vessels in tumours vary significantly from those observed in healthy

tissue (Figure 1.1), as well as between different cancer types, host organs and cancer cell

lines [10, 15].

200 μm

200 μm

(a)

(b)

Figure 1.1: Fluorescence imaging of normal (a) and tumour (b) colon tissue in floxed Apc
mouse. Reprinted with permission from [16].

Healthy vasculatures demonstrate an orderly branching hierarchy – smaller vessels stem

from larger ones and result in a capillary network that ensures homogeneous delivery of

nutrients to all regions. Tumour vasculature, on the other hand, does not have an organised

structure. Excessive branching and spatial heterogeneity lead to formation of regions with

higher vascular density as well as avascular regions. For instance, the outer regions of

tumours become more vascularised due to proximity to the existing vessels in the host

organ, whereas central regions of the tumours may become avascular [14].

Increased geometric complexity coupled with the abnormal shape of the vessels (vary-

ing vessel diameter, bulges, blind ends) affects the blood flow within tumours [16]. On

average, the velocities of red blood cells in tumours are much lower compared to healthy

tissue and overall perfusion is decreased. The blood flow in solid tumours might undergo

stochastic changes in blood flow directions [17]. Moreover, it has been shown that rapidly
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proliferating tumour and stromal cells can compress the blood vessel, leading to vessel col-

lapse [18]. Environmental changes, such as development of hypoxia (low oxygen levels) and

increased acidity, provide feedback on blood flow and stimulate continuous remodelling of

the vasculature [14]. Therefore, such sudden variations in the blood flow, which encompass

leakages, flow reversals and occlusions, combined with uneven spatial distribution of vessels,

drastically affect the delivery of nutrients, anti-cancer drugs and removal of metabolites.

1.2.3 Spatio-temporal variations in tumour microenvironment

The consequences of spatial and temporal irregularity of the vasculature in tumours have

been widely observed and recognised. Since the primary function of blood vessels is the

delivery of nutrients, it is possible to assess the dynamics of the flow in tissue by looking

at the concentration of molecules, in particular, oxygen. In the tissue, the distribution

of oxygen is governed by diffusion and consumption by cells with rates that vary between

different cell types and environmental conditions [19]. Low oxygen levels (hypoxia) that arise

from the abnormal vasculature are a common feature of all solid tumours, and correlate with

poor prognosis, therapy resistance and promote metastasis formation [20].

The diffusion limit of oxygen is around 150–200 micrometers, therefore, cells located

beyond that limit experience chronic hypoxia, i.e. constant low levels of oxygen where

partial pressure of O2 is less than 10 mm Hg. Cells existing in hypoxic regions must adapt

or they may eventually become necrotic. Such necrotic regions, first observed in lung cancer

by Thomlinson and Gray in 1955 [21], impact tumour progression, are associated with poor

prognosis and promote resistance to radiotherapy. Cycling, or intermittent, hypoxia is a

dynamic type of hypoxia observed to be present in tumours. Here, tumour cells experience

cycles of hypoxia followed by re-oxygenation. Cycling hypoxia is classified into two types

based on the time scales on which fluctuations occur [22].

Fast fluctuations in oxygen levels occur on timescales ranging from minutes to hours

[22, 23], and are associated with instability of red blood cell flux in tumour blood flow

caused by irregular tumour vasculature [24]. Such fluctuations were first observed indirectly

in mouse tumours by evaluating the fraction of hypoxic cells following radiotherapy [22].

Fast cycling hypoxia was then studied using various techniques – the link between oxygen

level oscillations and variations in the red blood cell flux has been made using laser Doppler

measurements in both mouse [25] and human tumours [26], as well as by looking directly at

the blood vessels and counting labelled red cells passing through over a certain period of time

[24, 27]. Finally, non-invasive imaging methods, such as magnetic resonance imaging [28, 29]

and optoacoustic tomography [30], are now increasingly used to monitor rapid changes in

oxygenation levels. For example, Figure 1.2(a) shows oxygen concentrations in squamous
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cell carcinoma xenografts as time progresses [31]. Electron paramagnetic resonance images,

taken every 3 minutes, allowed the authors to distinguish between chronic and intermittent

hypoxia in different regions of tumour, and to correlate the regions with temporal variations

with decreased level of vessel maturation.

(a)

(b)
day 3 am day 3 pmday 2day 1

Figure 1.2: (a) Top: electron paramagnetic resonance image of a murine SCCVII tumour
xenograft with regions of normoxia and hypoxia or anoxia. Bottom: measurements of
oxygen level (pO2) in regions with chronic hypoxia and cycling hypoxia over time. Reprinted
with permission from [32]. (b) Multi-photon fluorescence imaging of the P22 rat tumour
vasculature over 3 days demonstrating vascular remodelling in real time as indicated by
arrow. Reprinted with permission from [33].

Fluctuations in oxygen level are also observed on much slower timescales (several days or

even weeks). Using intravital microscopy of in vivo tumours that grow in window chambers,

Tozer et al. [33] were able to track on-going vascular remodelling in real time, as shown in

Figure 1.2(b). The authors established the link between slow fluctuations, angiogenesis and

vascular remodelling. Fast and slow fluctuations may occur simultaneously in solid tumours

and, as a result, yield very complex dynamics of cycling hypoxia [34].
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1.2.4 Consequences of intermittent hypoxia

Environmental heterogeneity, both spatial and temporal, imposes different selection pres-

sures and, as a result, will form environmental niches where cells with specific characteristics,

i.e. phenotypes, are selected. In order to survive, cells can adapt and even switch their phe-

notypes [35], altering their motility, proliferation, and resistance to therapy. This complex

microenvironmental and evolutionary dynamics results in very heterogeneous tumours [36].

The consequences of chronic hypoxia have been extensively studied, both theoretically

and experimentally [37]. Cyclic, or intermittent, hypoxia, however, has only recently gained

attention in the scientific community. More and more in vitro and in vivo studies are be-

coming available, focussing on the effects that periods of hypoxia and re-oxygenation might

impose on different cancer cell lines, including brain, blood and breast cancers. However,

it is difficult to consistently compare the experimental data since scientists use different

timescales of fluctuations – periods of hypoxia and re-oxygenation may vary from 10 min-

utes to 7 days – as well as assign different concentrations of oxygen to their definitions of

hypoxia and normoxia (reviewed in [1]). Both these factors, i.e. duration and amplitude of

fluctuations in oxygen concentration, are known to influence the response of cells.

Experimental studies suggest that chronic and intermittent hypoxia induce different

effects on cancer cells [38]. The exact consequences of such dynamics are not well under-

stood, but experimental observations qualitatively suggest that cycling hypoxia promotes

angiogenesis [39], selection of stem-like phenotypes [40, 41], inflammation [42, 43], drug re-

sistance [44], migratory abilities and, overall, selects more aggressive pro-metastatic cancer

subpopulations [45, 38, 46, 47]. For instance, Louie et al. [40] demonstrated selection of a

stem-like subpopulation that was expanded via cycles of hypoxia followed by normoxia. In

particular, they maintained a breast cancer cell line repeatedly under hypoxia for 7 days,

followed by 2–3 weeks in an oxygenated environment. After the first period of hypoxia they

observed a small surviving subpopulation, which demonstrated higher tumorigenicity and

enhanced invasiveness. Later, Chen et al. [47] performed a set of experiments where the

cancer cells where first grown for 9 days in vitro under conditions of cycling hypoxia (24h

of hypoxia followed by 24h of normoxia) and were then implanted in mice. The authors

observed increased metastasis formation when cells were treated to cycling hypoxia com-

pared to the cells grown in chronic hypoxic or normoxic conditions. Moreover, by analysing

cells grown in vitro, a higher degree of clonal diversity and phenotypic heterogeneity was

observed during intermittent hypoxia.

Despite the progress made by experimental scientists, the consequences of temporal

variations in tumour microenvironment remain not fully understood. In particular, various

fluctuation timescales and amplitudes might affect cancer cells in certain ways and require
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different adaptation strategies [7]. Thus, a more thorough understanding of the conse-

quences of temporal fluctuations in the tumour microenvironment is necessary to underpin

the evolutionary dynamics of tumours, shedding light on potential therapeutic strategies

that might be employed to minimise the selection of phenotypic heterogeneity and aggres-

sive phenotypes. For example, the concept of vascular normalisation has been proposed to

stabilise the cancer environment and could serve as a potential strategy in cancer treatment

[48].

1.3 Insights from ecology

1.3.1 Viewing solid tumour as an ecosystem

In 1976, Nowell proposed to view tumours from an eco-evolutionary perspective, arguing

that the selection of increasingly abnormal clones is driven by tumour microenvironmen-

tal conditions [49]. Therefore, even genetically distinct cancer cells from different tumours

are able to express similarities, especially at the latest stages of the disease, i.e. so-called

‘lethal’ phenotype [50, 51]. In 2000, Hanahan and Weinberg [52] identified six capabilities,

now widely known as ‘Hallmarks of cancer’, which cancer cells must acquire during tumori-

genesis in order to enable further colonisation in distant organs, i.e. metastasis. These

include sustaining proliferative signalling, evading growth suppressors, resisting cell death,

enabling replicative immortality, inducing angiogenesis, and becoming invasive. This con-

cept was extended in 2011 to include two more emerging hallmarks – reprogramming of

energy metabolism and evasion of immune destruction [53]. Furthermore, the crucial role

of constantly changing tumour microenvironment in the acquisition of these hallmarks and

its impact on tumour progression and evolution have been noted.

In nature, ecosystems are composed of living systems, such as animals, fungi, plants,

and environmental factors, such as nutrients, soil, climate. These two compartments have

a complex underlying network of interactions with different feedbacks. Similarly, solid

tumours can be divided into two compartments – the first consisting of cancer, stromal

and normal cell populations, and the second representing the tumour microenvironment,

including blood flow, pH, oxygen and other molecules [54]. It has been observed, both in

patients [55] and in vivo [56], that tumours are composed of at least two subpopulations that

coexist and have distinct phenotypic properties. For instance, cells at the tumour periphery

are characterised by higher proliferation rates, increased motility and acid-producing aerobic

glycolysis, whereas at the tumour core cells remain non-motile and have smaller division

rates [57, 58, 56]. Such spatial distribution of phenotypes is analogous to that observed in

biological invasions of species, for example, during the cane toad invasion in Australia [59].
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Alfarouk et al. proposed a similarity between cancer cells surrounding a vessel and a

riparian habitat, i.e. zones of vegetation surrounding a river in the desert (Figure 1.3(a))

[60]. In riparian zones, thick vegetation is located along the rivers. However, after a

few metres, the vegetation becomes more sparse, consisting mainly of grasses and shrubs.

Similarly, cancer cells near and further away from the vessel should have distinct phenotypic

properties linked to nutrient availability. In particular, riparian zones are densely populated

with highly competitive cells that are adapted to specialised environments and rely on high

oxygen concentrations. Cells located further away (xeric), in turn, are comprised of small,

phenotypically flexible sub-populations adapted to harsh environments, i.e. hypoxia. Xeric

cells are assumed to be less vulnerable to environmental perturbations compared to the

riparian cells, and are associated with more therapy-resistant phenotypes. Therefore, we

expect to observe different spatially-distributed environmental niches within a solid tumour

occupied with phenotypes that are adapted to these particular conditions.

Blood vessel
(a) (b)

Aerobic cells

Hypoxic cells

Necrotic cells

Figure 1.3: (a) Riparian habitat in the Sonoran Desert of Arizona. (Reprinted with per-
mission from [60]). (b) Schematic representation of cells near the blood vessel. Cells closest
to the vessel are adapted to high oxygen conditions, whereas cells located further away are
adapted to low oxygen levels, or even undergo necrosis.

The analogy with riparian ecosystems provides an insightful and illustrative picture of

the emergence of phenotypic heterogeneity when the blood flow in a vessel is steady. How-

ever, as noted in Section 1.2, the blood flow, and subsequent nutrient delivery to tumour

cells, is very irregular and prone to temporal fluctuations on a variety of time scales. In

particular, cells that are located closest to the periodically occluded vessel will likely expe-

rience high amplitude fluctuations, whereas cells located further away will have harsh, but

relatively stable, conditions at all times. The consequences of this are unknown and will

probably select populations with different adaptive strategies.
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1.3.2 The concept of fitness

The reproductive success of an individual in ecology is commonly defined as fitness, and

essentially represents the net growth rate in a given environment [61]. Fitness is defined by

the genotype of an individual, as well as its phenotype. Genetically identical populations

might consist of subpopulations with distinct phenotypes. For example, cells in the human

body have the same genetic information, but distinct types (nerve, blood, stem, etc.) and

carry out different functions. Similarly, cancer cells demonstrate variation in such charac-

teristics as motility, metabolism, and proliferation rate. Hence, these subpopulations might

have different values of fitness in a specific environment.

The relationship between fitness and phenotype can be visualised via fitness curves

(Figure 1.4) [62]. Here, the fitness is plotted against the range of phenotypic states and the

state with the highest fitness value corresponds to the fittest phenotypic state. In reality,

fitness is determined by multiple traits, which then form a so-called adaptive landscape [63].

Such fitness curves and landscapes can be inferred from in vitro data by measuring the

growth rates of subpopulations of interest in controlled environments. However, measuring

fitness from in vivo experiments remains extremely difficult.

fit
ne

ss

phenotype space

(a)
fittest phenotype

(b)

fit
ne
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phenotype space

fit
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phenotype space
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ss

phenotype space

Environment 1 Environment 2 Environment 3

Figure 1.4: (a) Schematic representation of fitness curve for a given environment, where
fitness values are plotted against phenotype space. The yellow star represents the pheno-
typic state with highest fitness value. In constant conditions, the fittest phenotype will be
selected. (b) Schematic representation of fitness curves for different environmental regimes.
Here, the fittest phenotype is different for each environment.

In constant environment, the population with the fittest phenotypic state will be se-

lected, i.e. the specialist adapted to this particular condition will survive (Figure 1.4(a)).

Here, the mean fitness of the population will tend to the fittest state and the variance
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will be minimal. However, it is highly unlikely that in the event of sudden environmental

change this phenotypic state will remain fit. Instead, we expect the fitness curve to vary as

the environment changes (Figure 1.4(b)) [63]. In other words, each environment will have

its own distinct fittest phenotypic state. To deal with such variations, populations deploy

adaptive strategies.

1.3.3 Adaptation strategies in dynamic environments

In nature, living species, ranging from bacteria to animals, exist in environmental conditions

that exhibit both spatial and temporal heterogeneity. For instance, individuals are faced

with periodic fluctuations, such as change of seasons, as well as unpredictable random

effects, such as droughts and hurricanes. Individuals undergoing invasion and colonisation

are also prone to sudden environmental changes [64]. Such variability requires species to

adapt, and this process has received great attention over the last century.

Small organisms with short life spans, such as microbes, provide a useful platform to

study adaptation strategies experimentally. Here, scientists can control the environment

and measure reproductive success – the fitness. Mathematical models have also provided

invaluable insights into the evolution and selection of different adaptive strategies. Based

on combined experimental and theoretical knowledge in the ecological literature, two main

adaptive strategies have been distinguished that help to understand temporal variations in

the environment [65].

1.3.3.1 Phenotypic plasticity

The first strategy is to develop phenotypic plasticity; an individual adjusts its phenotype

according to the cues that it senses from the environment [66]. Phenotypic plasticity al-

lows an individual to achieve a greater match between its phenotype and the environmental

state. In an ideal scenario, populations would tend to have infinite plasticity but, due to

associated costs and limitations, this is not possible [67]. The limitations include lag-time

between environmental sensing and response initiation, reliability of sensed cues, as well as

costs associated with sensing machinery maintenance and production. Therefore, accord-

ing to theoretical studies, such a strategy is more suitable for predictable environmental

fluctuations where individuals have enough time to respond and the cues are reliable [68].

For instance, by adding significant levels of environmental stochasticity, Ashander et al.

theoretically showed that such noise might reduce the ability of phenotypic plasticity to

support evolutionary rescue when the conditions are unpredictable [69].

Phenotypic plasticity is not an intrinsic property, rather it can evolve reversibly and

irreversibly. Lande, using a quantitative genetic model of plasticity, showed that when a
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population is placed in a new environment, its plasticity rapidly increases, allowing the

mean phenotype of the population to approach new optimum more efficiently. Afterwards,

however, a slow reduction in plasticity is observed if no other environmental fluctuations

are present [64]. Moreover, evolution of plasticity is promoted by extreme changes in the

environment [70]. Thus, phenotypic plasticity is often suggested to be a characteristic

feature of colonising populations [71].

There are examples of phenotypic plasticity in nature. For instance, water fleas (Daph-

nia) are able to grow helmets and spikes when the concentration of kairomones – a sign

of a predator – increases [66]. Another common example is the coat of mammals, which

changes from season to season in order to promote their camouflage abilities [72]. Pheno-

typic plasticity has also been observed in cancer. A classic example of plasticity is epithelial-

to-mesenchymal transition – a process during which cancer cells acquire the properties of

stem cells. As a result, differentiated cells with epithelial phenotype become motile and

express markers corresponding to a mesenchymal phenotype [73]. Melanoma cells have

been observed to switch between an invasive, slow-proliferating phenotype to a non-motile,

fast-proliferating phenotype in response to microenvironmental changes, such as hypoxia

and nutrient deprivation [74, 75]. Such plasticity and emergent heterogeneity have been

shown to compromise response to therapies, i.e. lead to drug resistance [76].

1.3.3.2 Bet-hedging

An alternative strategy that is more suitable for dealing with irregular and unpredictable

changes in the environment is bet-hedging [77, 78, 79], where an individual lowers its vari-

ance in fitness at the cost of lower arithmetic mean fitness [80]. Bet-hedging can further

be classified into two distinct subtypes [81]. Conservative bet-hedging represents a risk-

avoidance strategy where the population acquires a single phenotype that ‘always plays

it safe’ [78, 79]. For instance, egg size variation in fishes reflects such an adaptive strat-

egy. Here, fish produce smaller number of larger eggs, which provide an advantage in poor

environmental conditions while remaining unfavourable in good times [70]. On the other

hand, diversified bet-hedging represents a risk-spreading strategy, where individuals invest

in a variety of strategies. Here, offspring have different phenotypes, each adapted to a spe-

cific environment. Therefore, in case of sudden environmental change, at least a fraction

of the population will survive and will be able to restore the population [80]. For exam-

ple, the fairy shrimp, that lives in pools of rainwater, produces eggs that hatch at different

times. Eggs that take longer to hatch can wait through the extended dry weather and hatch

when the pool reappears [82]. Moreover, bet-hedging can be merged with environmental

tracking. In this case, the distribution of phenotypes depends on the cues sensed from the
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environment [72]. Even though bet-hedging and phenotypic plasticity are viewed as distinct

strategies suitable for specific environmental regimes (predictable vs unpredictable), Xue

and Leibler, using a mathematical model of plastic development, demonstrated similarities

between environmental bet-hedging and plasticity [66].

Theoretical and mathematical studies have facilitated further exploration of various sce-

narios where bet-hedging might be beneficial. For instance, a lot of effort has gone into eluci-

dating the role of stochastic phenotype switching when dealing with random environmental

fluctuations [83, 84, 85, 86, 87, 88]. Müller et al. investigated the environmental conditions

that would lead to the emergence of bet-hedging [89]. In their model, four populations

with different adaptation strategies evolved together in an environment that stochastically

changed between two discrete states. The authors found that the frequency of stochastic

fluctuations affects the success of a particular adaptation strategy. For instance, a rapidly

fluctuating environment selects the phenotype adapted to averaged conditions, whereas

in a slowly fluctuating environment, having two distinct specialists would be beneficial.

The bet-hedger population, which undergoes stochastic phenotypic variations, was shown

to be most successful in an intermediately varying environment, noting the importance of

timescales when considering adaptation strategies. Moreover, Salathé et al. demonstrated

that the success of bet-hedging crucially depends on the symmetry of the fitness landscape,

i.e. the fitness cost of maladapted phenotype for a given environment should not be too

high [90]. Finally, Martin et al. demonstrated that phenotypic heterogeneity, caused by

risk-spreading, might help the expanding populations to deal with environments that vary

slowly in both space and time [91].

Bet-hedging is typically proposed to occur within the context of bacterial populations,

where experimental [65, 92, 93, 94, 95] and theoretical support [96, 97] for stochastic phe-

notype switching is available. The classic example of bet-hedging is bacterial persistence.

During antibiotic treatment a small fraction of slowly growing bacteria, that are resistant to

the antibiotic, is able to survive. After treatment, the original population is restored, result-

ing in resistance to the antibiotic [98]. Schreiber et al. showed that fluctuations in nutrient

levels alter the metabolism of bacteria and promote phenotypic heterogeneity, consistent

with the risk-spreading strategy [99]. However, the underlying causes of bet-hedging are

not fully understood, and may arise from intrinsic noise of intracellular molecular pathways

[100]. Risk spreading strategies have been observed in other organisms, such as fungi and

slime moulds [65], and similar phenomena are observed in cancer. In particular, a small

drug-resistant population of cells that was able to restore the population after treatment

has been identified [101, 102].
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Overall, the success of both classes of adaptive strategy depends on costs and they have

different advantages in various environmental regimes. Both strategies are hypothesised

to be present in tumours. In particular, bet-hedging is thought to be a strategy used

by cancer cells in order to deal with fluctuations in their microenvironment arising from

irregular vasculature [82, 7]. However, these phenomena in tumours have been studied

minimally and, due to being associated with drug resistance and poor prognosis in other

systems (bacteria), warrant further theoretical and experimental exploration.

1.4 Tumour metabolism

The examples presented in Section 1.2 illustrate some of the empirical evidence suggesting

that temporal variations in the tumour microenvironment caused by blood flow are common

events. The insights from ecology, summarised in Section 1.3, suggest that cancer cells might

employ different adaptation strategies in order to deal with spatio-temporal variations in

nutrient availability caused by irregular vasculature. Therefore, it is important to consider

tumour cell metabolism when trying to understand the consequences of such variability.

Metabolism is a fundamental process, in which the cell converts nutrients into the energy

that is required to maintain basic functions and for proliferation. Cellular metabolism is

extremely complex with hundreds of proteins involved, is maintained through many different

pathways, and adaptable depending on microenvironmental conditions and cues. It is well

established that cancer metabolism is very different from healthy metabolism, and this shift

is associated with cancer progression [103].

1.4.1 Oxidative phosphorylation and glycolysis

There are several mechanisms that convert extracellular nutrients into energy to maintain

cellular functions, however, the two primary nutrients are oxygen and glucose. Cells convert

these nutrients into adenosine triphosphate (ATP), the so-called ‘energy’ molecule [104].

The two main pathways that convert glucose into energy – the glycolytic pathway and

aerobic respiration – are summarised in Figure 1.5.

Glycolysis is a series of 10 reactions that leads to the conversion of glucose into pyruvate

and generates two molecules of ATP and a proton. Once glycolysis is complete, there are

two options that depend on the concentration of oxygen. In the absence of oxygen, then

pyruvate is metabolised into lactate. On the other hand, if oxygen is abundant, pyruvate

is transported to the mitochondria and undergoes oxidative phosphorylation (OXPHOS).

Here, pyruvate, together with oxygen, is converted into CO2, H2O and ATP molecules.

The maximal net production of ATP via OXPHOS is 36 molecules per one glucose and five

oxygen molecules [105], whereas glycolysis yields only two molecules of ATP.
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Figure 1.5: Schematic representation of pathways that convert glucose into adenosine
triphosphate – oxidative phosphorylation on the left and glycolysis on the right.

In normal physiological conditions, i.e. when both oxygen and glucose are abundant,

non-proliferating cells use glycolysis to obtain pyruvate, which is then converted into ATP

via the aerobic pathway. This route is the most efficient way of generating energy, however,

it is relatively slow [106]. When oxygen is scarce or cells require extra energy, e.g. during

division, the cells can up-regulate glycolysis – a less efficient but faster process of energy

generation. This is known as the Pasteur effect [107]. Elevated glycolysis leads to increased

production of lactic acid, which cells then pump into extracellular space. Hence, prolonged

periods of hypoxia lead to decreased levels of pH, which is toxic to normal cells. If glucose

is also unavailable, the cells might switch to another food source, for example, glutamine

or fatty acids, or become quiescent [58].

Cancer cells, on the other hand, have been observed to rely mostly on glycolysis, even

in the presence of oxygen. This was noted by Otto Warburg about 100 years ago, and is

known as the Warburg effect [108]. The Warburg effect is now commonly observed using

positron emission tomography-based imaging of the uptake of 18F-fluorodeoxyglucose [109].

Cancer cells have been shown to produce over 50% of ATP from glucose and higher levels of

glycolysis have been linked to poorer prognosis [103]. Moreover, imaging glycolysis is used

in the clinic for tumour diagnosis and treatment monitoring.

The reasons behind the preference for anaerobic glycolysis in cancer cells are not fully

elucidated yet, but several hypotheses exist trying to explain the benefits of utilising this

less efficient, and eventually toxic, metabolic pathway. In particular, decreased mitochon-

drial function is linked with reduced production of reactive oxygen species (ROS), which
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can be toxic to cells, and increased production of anabolic substrates, i.e. building blocks

of proliferating cells [104]. Epstein et. al suggested that OXPHOS and glycolysis provide

energy for different types of energy demands [106]. In particular, they suggest that aerobic

metabolism provides energy for baseline energy demand, whereas glycolytic metabolism is

used to meet short-timescale energy requirements. In particular, the authors hypothesise

that the Warburg effect is a response to the increased energy demand for membrane trans-

port activity required for elevated cell division, growth and migration. Moreover, the use

of glycolysis results in the development of a highly acidic environment, which is associ-

ated with some highly invasive tumours [110, 57]. Finally, recent theoretical studies have

suggested that the Warburg effect can be linked to temporal fluctuations in the tumour

microenvironment and acts as an adaptive strategy [111, 82].

1.4.2 Cellular adaptations to hypoxia

Since oxygen is one of the main nutrients for any living cell, hypoxia triggers a set of re-

sponses that help cells deal with the absence of crucial nutrients, both chronic and transient.

In return, cells switch from aerobic respiration to glycolysis during hypoxia. Here, we will

highlight three main adaptive mechanisms that cancer cells can utilise in order to deal with

hypoxia. These processes occur on different timescales, and we will compare them to the

typical lifespan of a cancer cell.

One of the main cellular responses to hypoxia is expression of genes. For instance,

up-regulation of hypoxia-inducible factors (HIF) triggers a cascade of molecular reactions

that allow cancer cells to survive low oxygen levels. Activation of HIF-1 has two main

implications. First, it promotes glycolysis by activating genes responsible for extracellular

glucose transport, such as glucose transporters (GLUT), as well as enzymes that promote

breakdown of glucose inside the cell. Secondly, HIF-1 inhibits oxidative phosphorylation

at the mitochondria. Therefore, the net result is a switch from OXPHOS to glycolysis

for energy generation [104], which can be observed experimentally using tumour-on-chip

microfluidic devices [112].

Expression of genes, such as HIF-1 and GLUT, is a relatively fast process and occurs

on timescales much shorter than the average lifespan of a tumour cell [113]. Furthermore,

experimental studies show that the responses of HIF-1 in chronic and cycling hypoxia are

different. When cells are exposed to hypoxia, the level of HIF-1 rises quickly and becomes

stabilised within hours. After a few days it decreases to a lower level. In cyclic hypoxia,

however, the response of HIF-1 is enhanced and stabilisation of HIF-1 occurs at much

greater levels [114].
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Another way for cells to respond to environmental stress is to undergo epigenetic mod-

ifications. Epigenetic response can be transient (e.g. histone acetylation), designed to deal

with acute stress, or heritable, such as DNA methylation. Such epigenetic modifications

are initiated by sensing the extracellular environment and altering cellular metabolism. For

instance, oxygen deprivation induces stabilisation of HIF1 and enhanced glycolysis. Gly-

colysis, in turn, increases the acidity of the tumour microenvironment and leads to further

epigenome alterations [115]. Heritable epigenetic variations occur on timescales that are

slower, compared to the expression of genes. The timescale of this process is comparable to

the lifespan of a tumour cell.

Finally, cells can acquire genetic mutations that occur on very long timescales [116],

and lead to permanent change in the genome and, hence, cell behaviour. These different

adaptation strategies that occur on three distinguishable timescales might be useful for

cancer cells when dealing with fluctuations in the tumour microenvironment that occur at

different frequencies.

1.4.3 Mathematical models of cancer cell metabolism

So far, we have highlighted two molecular pathways through which cells obtain energy.

In particular, we considered oxygen and glucose as the main nutrients, however, cells can

utilise other molecules, such as glutamine, in order to generate energy and produce building

blocks required for the formation of new cells. In other words, this brief introduction to

metabolism covers only a small fraction of all processes that constitute cellular metabolism.

In reality, the full picture comprises very complex networks of interactions and feedbacks,

which are usually elucidated using in vitro and in vivo studies.

Experimental studies alone, however, are a quite expensive and time consuming way

to investigate the underlying mechanisms of metabolism and their impact on disease de-

velopment and progression. Mathematical models, on the other hand, provide a flexible

tool to investigate different hypotheses and scenarios that might not be possible yet to

test experimentally. Over the last decades, mathematical modelling has provided a deeper

mechanistic understanding of cancer dynamics, as well as contributed to the development of

novel therapeutic strategies [117, 118]. Crucially, the success of mathematical modelling in

cancer research relies on an interdisciplinary collaboration between biologists, clinicians and

mathematicians, as well as a thorough understanding of the underlying biological processes.

Below, we review existing mathematical models of tumour growth and metabolism.

These approaches are very diverse, ranging from well-mixed to spatial, from models for-

mulated in terms of ordinary differential equations to those couched in the framework of

hybrid cellular-automata. Moreover, each model is tailored to a specific problem, starting
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from avascular tumour growth [119, 120, 121, 122] towards models that incorporate vas-

culature and angiogenesis [123, 124, 125], and beyond. Since we are interested in blood

vessels being the main source of microenvironmental fluctuations, this overview focuses on

the models that integrate tumour metabolism and vasculature in some form.

Continuum models. Mathematical models of tumour metabolism were originally framed

in terms of deterministic partial differential equations that look at nutrient transport in

space. Such models usually consist of several compartments that represent populations of

cells and diffusible molecules, i.e. nutrients, which are supplied by the blood vessels. Cells

can comprise one population, or be subdivided into several subpopulations with different

metabolic phenotypes, e.g. Warburg vs Pasteur. These compartments are linked via non-

linear processes representing metabolic interactions, such as nutrient consumption, which

is often modelled via Michaelis-Menten form. Such PDE models can be solved numerically

and sometimes are mathematically tractable.

The classic Krogh cylinder model provides the basic framework for studying nutrient

gradients along a single vessel [126]. It was originally used to analyse oxygen transport into

tissue from capillaries. In this model, oxygen diffuses from the vessel into a surrounding

finite cylindrical tissue region. At the outer boundary of the cylinder, a zero flux bound-

ary condition is applied, assuming that this tissue cylinder is surrounded by an array of

equivalent cylinders and, since they are identical, there is no exchange of oxygen across the

domain boundary.

The Krogh cylinder model was later extended to study the cylindrical perivascular tissue

that surrounds the blood vessel in tumours – a tumour cord [127, 128]. Such structures

have been observed in the clinic, with a mean cord radius of around 100 µm [129], and

are usually surrounded by regions of necrosis. In the model developed by Bertuzzi and

colleagues, the population of cells is assumed to be a continuous medium structured by age,

which represents the proliferative potential of each cell [127]. Cells can move within the

cord, and their proliferative status depends on the oxygen level, which is modelled by a

reaction-diffusion equation. Oxygen is supplied by the blood vessel, diffuses through tissue

and is consumed by cells, which is modelled via a saturating term. For simplicity, the

authors did not include cellular death, such as apoptosis (natural cell death) and necrosis

(hypoxia-induced cell death). In agreement with experimental data, the model predicts that

cells located closest to the blood vessel are in a proliferative state and, thus, result in an

increased density. Cells on the outer edge of the cylinder are, in turn, in a quiescent state

due to decreased oxygen availability.
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Astanin and Tosin extended the tumour cord model and incorporated the basics of tu-

mour metabolism in it [130]. In this model, the proliferation of cells depends on the amount

of energy available that is regulated by nutrients. For simplicity, the authors assume that

the tumour cells are unable to switch to glycolysis and only aerobic respiration takes place.

Hence, the production of ATP is proportional to the oxygen consumption rate and governs

proliferation and death when the ATP concentration is excessive or insufficient, respectively.

This model was later adapted to incorporate glucose dynamics to more accurately model

the Warburg effect [131]. Here, the population of cancer cells was split into two subpop-

ulations – aerobic (oxidative) and anaerobic (glycolytic). The aerobic cells could undergo

a spontaneous irreversible metabolic switch and become glycolytic. The concentrations of

oxygen and glucose were modelled via reaction-diffusion equations, where the consumption

of both nutrients was determined by the metabolic phenotype of the cell. As a result, the

authors observed that the glycolytic subpopulation out-competed the oxidative population

and spread inhomogeneously within the entire tumour cord.

The assumption of irreversibility of switching between aerobic and the anaerobic pheno-

types has been relaxed in other models. In particular, in [132] and [122], authors made an

assumption that a cell can return to normal metabolism after hypoxia is over. Both sets of

assumptions are motivated by experimental evidence, and they each may hold depending

on cell line type and environmental conditions of the experiment.

Hybrid individual-based models. Recently, individual-based models, whereby cells are

modelled as individual agents either on- or off-lattice, have gained increasing attention. Such

models allow tracking the behaviour of individual cells, as well as their interactions with

the microenvironment, which is modelled via reaction-diffusion partial differential equations

(PDEs). Furthermore, such a modelling approach allows one to capture cellular hetero-

geneity – an important feature of tumours. In [133], Gerlee and Anderson modelled the

emergence of the glycolytic phenotype which, as they found, was regulated by oxygen con-

centration and the extracellular matrix. In their model, oxygen and glucose were supplied

from the nearby stationary vasculature, and the dynamics of pH and extracellular matrix

were also incorporated. Cells in the model demonstrated different metabolic phenotypes,

ranging from oxidative to glycolytic, and were able to change phenotype while undergoing

mutations upon division.

Robertson-Tessi et al. further explored the impact of metabolic heterogeneity on tumour

growth and therapy response and the emergence of a glycolytic, acid-resistant phenotype

by incorporating vasculature and drift in phenotypic space [58]. Here, the authors model a

2D slice of tissue, composed of normal cells and blood vessels, which are modelled as point
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sources of nutrients (oxygen, glucose) and sinks of lactic acid. Normal cells resemble the

Pasteur phenotype, i.e. obtain most of their energy via OXPHOS, and a small fraction

via glycolysis. Cancer cells, however, demonstrate increased glycolysis on top of the energy

generated from the oxidative pathway. Therefore, the phenotype of tumour cells is charac-

terised by two continuous traits – increased glycolysis and acid-resistance. In the model,

cancer cells can drift in phenotypic space equally in both directions. This phenotypic change

is random and occurs upon division. Furthermore, when hypoxia develops in a region of

interest, new vessels are added to the grid, modelling angiogenesis. Similarly, vessels can

degrade over time due to surrounding tumour growth. This model is quite complex and

captures in detail different processes that occur in solid tumours, including metabolism and

angiogenesis, and provides important insights on how to tackle phenotypic heterogeneity

therapeutically.

Modelling temporal variations of nutrient supply. Even though the existing models

provide some insight into the evolutionary processes in tumours, behind most of these

models lies the assumption of a steady blood flow, which does not represent a biologically

complete picture. Until now, very minimal effort has been made to theoretically study the

effect of temporal variations in nutrient availability on cancer progression and evolution [7]

with only a few studies available that tackle this problem. For example, Gravenmier et

al. presented a discrete non-spatial model that addressed the emergence of the Warburg

phenotype as a conservative bet-hedging strategy that evolves in response to stochastic

fluctuations in oxygen concentration [82]. In this model, two subpopulations, Warburg and

Pasteur-like, are considered, and glucose uptake by cells is governed by oxygen availability

without explicitly modelling glucose concentration. Even though this model emphasises the

role of fluctuations in oxygen concentration in the selection of a more aggressive, glycolytic

phenotype, it omits several important features, such as feedback from acid production from

the anaerobic pathway, spatial structure and the phenotypic heterogeneity of cancer cells.

Thus, it is crucial to develop further mathematical models with the aim of exploring the

role of potential adaptive strategies.

1.5 Mathematical models of competing populations in dy-
namic environments

Taking into account the very sparse experimental data and the lack of theoretical studies,

it is crucial to develop a mathematical model that can account for the impact of variable

nutrient availability on tumours. It will help us to understand the underlying biological pro-

cesses, as well as identify more efficient treatment strategies. However, even though existing
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mathematical models of tumour metabolism provide a good starting point, incorporation

of dynamic changes in oxygen and other nutrients is a non-trivial task. This is due to the

very complex non-linear dynamics of tumour metabolism, as well as the lack of system-

atic experimental evidence of cellular response to intermittent hypoxia. Therefore, in this

thesis we propose to develop a set of mathematical models that aim at a more qualitative

description of the emergent evolutionary dynamics in temporally fluctuating environments.

In particular, instead of modelling cell metabolism explicitly, we adapt existing models of

species competition from ecology and assign different phenotypic traits to the cancer cell

populations via an environment-dependent fitness function.

1.5.1 Ordinary differential equation (ODE) models of species competition

The basic model of species competition is a predator-prey model, also known as the Lotka-

Volterra model [134]. Equations (1.1) and (1.2) describe the competition between two

species with population sizes N1(t) and N2(t), where t is time:

dN1

dt
= r1N1

(
1− N1 + c12N2

K1

)
(1.1)

dN2

dt
= r2N2

(
1− N2 + c21N1

K2

)
. (1.2)

These two competitors are assumed to undergo logistic growth described by the growth rates

r1 and r2, and carrying capacities K1 and K2; the positive coefficients c12 and c21 reflect

the effect of competition, for example, for the available resource. In constant conditions,

i.e. in the case where growth rates, competition parameters and carrying capacity will

remain constant, coexistence of both species and competitive exclusion of each one specie

are possible outcomes depending on the parameter values. The Lotka-Volterra equations

can be extended to consider n species, and have been extensively used to model different

problems in the field of mathematical biology.

In order to study the competition between populations i and j in time-dependent con-

ditions, the simplest modification would be to consider time-dependent parameter values

ri, Ki and cij . This approach was used extensively in a number of mathematical models

[135, 136, 137, 138, 139, 140, 141]. These types of models commonly address the question,

motivated by studies of phytoplankton, raised by Hutchinson in 1961 [142] – how can a

large number of species competing for the same resources coexist in an unstructured envi-

ronment? In particular, Lotka-Volterra models with time-dependent parameters focussed on

identifying temporal environmental regimes that might promote coexistence of populations

that, in constant conditions, would lead to competitive exclusion.
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The observations made by these models were quite heterogeneous. For example, May

and Macarthur argued that environmental variability acts as a destabilising force and does

not promote coexistence of sufficiently similar competitors [141]. A set of other studies,

on the other hand, suggested that temporal variations promote coexistence [135, 136, 138].

Namba noted that the possibility of coexistence in seasonally fluctuating environments

depends highly on the phase differences between growth rates and competition terms of

the two populations [140]. All these models, however, differ in the underlying assumptions

and the time-dependent regimes assigned to the parameters and, as a result, the observed

dynamics are sensitive to these. Furthermore, by considering variability in parameters such

as growth rate and carrying capacity, it is difficult to represent these quantities in terms of

biologically measurable parameters [143].

Consumer-resource models, on the other hand, provide a useful framework to study

species coexistence. Here, the dynamics of consumer species and resources are explicitly

modelled, and particular attention is paid to defining the response of consumers to resource

consumption (i.e. growth rate of consumers) and the way the resources are consumed by

consumers. Coexistence is crucially influenced by the quality of available resources (substi-

tutable vs essential), spatio-temporal distribution of resources throughout the environment,

and foraging traits of consumers [144]. Consumer-resource models were used to model co-

existence in both steady [145] and temporally variable [146, 147] environmental conditions,

as well as in well-mixed and spatially-resolved settings [148].

1.5.2 Competition between generalists and specialists

The problem of generalist-specialist competition comprises a class of models investigating

a bet-hedging strategy. Here, competition occurs between populations that differ in their

consumption strategies in response to available resources. Specialists consume one resource

and proliferate very efficiently when their preferable resource is in abundance. The generalist

is able to consume several resources and, thus, is adapted to a range of environmental

conditions, but has slower growth compared to specialists. Specialists are known to do

better in steady environments, whereas the generalist is expected to do better when the

resources fluctuate. Competition between a generalist and two specialists and their potential

coexistence have been studied previously using a Lotka-Volterra model with time-dependent

carrying capacity term [149], as well as by considering a resource-consumer model with time-

dependent growth of resource species [147].

A comparison between generalists and specialists can be made in the context of can-

cer cells and their metabolic preferences, as well as proliferative abilities [7]. Theoretical

studies of generalists and specialists suggest that temporal variations in the environment
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are likely to promote within-patch coexistence [147]. Therefore, temporal variations in

resource supply caused by irregular vasculature might promote the observed phenotypic

heterogeneity in solid tumours and, in some conditions, select a bet-hedger population. To

demonstrate this concept, here we provide an illustrative study by adapting and analysing

the generalist-specialist model developed by Abrams [147].

1.5.2.1 Model description

We consider a well-mixed model of three distinct populations of cells competing for two

resources, which is summarised in Figure 1.6. Here, two specialists, U1 and U2, each consume

their preferred resource, R1 and R2, respectively. The generalist, V , however, consumes

both resources. In this model, we assume that the resources enable the populations to

grow linearly. This simplifying assumption allows us to analyse the model, as well as more

accurately relate the resources to cancer dynamics (although this is still a simplification).

𝑹𝟏

specialists

generalist

𝑎! 𝑎"

𝑼𝟐𝑼𝟏

𝑽
𝜃"(𝑅! , 𝑅")𝑐"𝜃!(𝑅! , 𝑅")𝑐!

𝑹𝟐resources

Figure 1.6: Schematic representation of the generalist-specialists model, Equations (1.3)–
(1.7). U1 and U2 are specialists that consume resources R1 and R2, respectively. The growth
of specialists depends linearly (with growth rates a1 and a2) on the population size and level
of resource. V is the generalist population that consumes both resources with proportions
θ1 and θ2. The growth rate of the generalist is determined by c1 and c2.

In this model, U1 consumes resource R1 from which it grows with the constant rate, a1.

Moreover, we assume natural death of cells with rate d1. A similar relationship between the

specialist U2 and resource R2 is assumed. γ1 and γ2 are the conversion terms. As shown

in Figure 1.6, the growth of the generalist, V , depends on both resources. c1 and c2 are

the proportions of resource R1 and R2, respectively, that are converted to V . The two
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functions, θ1(R1, R2) and θ2(R1, R2) represent how much of each resource the generalist

consumes, i.e. the dietary preference of a generalist. The resources are supplied by the

source terms, Si(t), which are time-dependent and represent the fluctuating or constant

blood flow. The resources are consumed by specialists with rate constants b1 and b2, and

by the generalist with rates g1 and g2. Therefore, we use the following system of ODEs to

model the dynamics of the specialists, generalist and two resources:

dU1

dt
= a1U1R1 − d1U1 (1.3)

dU2

dt
= a2U2R2 − d2U2 (1.4)

dR1

dt
= S1(t)− γ1a1b1R1U1 − θ1(R1, R2)g1R1V (1.5)

dR2

dt
= S2(t)− γ2a2b2R2U2 − θ2(R1, R2)g2R2V (1.6)

dV

dt
= θ1(R1, R2)g1c1R1V + θ2(R1, R2)g2c2R2V − d3V. (1.7)

For simplicity, we consider a1 = a2 = 1, b1 = b2 = 1, γ1 = γ2 = 1, g1 = g2 = 1, c1 = c2 = 1

and d1 = d2 = d3 = d in the numerical simulations and analysis presented below.

As mentioned before, the functions θ1(R1, R2) and θ2(R1, R2) denote the nutritional

preferences of the generalist. We consider two scenarios for the adaptive behaviour of a

generalist:

• Non-adaptive generalist: consumes the same proportions of resources at all times:

θ1(R1, R2) ≡ θ̄1 ∈ R>0 and θ2(R1, R2) ≡ θ̄2 ∈ R>0. (1.8)

In particular, we assume that θ̄1, θ̄2 ∈ [0, 1], such that θ̄1 + θ̄2 ≤ 1. This definition

represents a conservative bet-hedging strategy, where an individual is able to grow

from both resources, but pays a cost by having a reduced growth rate compared to a

specialist.

• Adaptive generalist: can assess the environmental conditions and adapt their intake

of resources according to the availability of the resources. Hence, the parameters that

determine the food preference of the generalist are functions of the resource levels:

θ1(R1, R2) =
Θ1R1

R1 +R2
and θ2(R1, R2) =

Θ2R2

R1 +R2
, (1.9)

where Θ1 ∈ [0, 1] and Θ2 ∈ [0, 1] are constant parameters that determine the factor at

which the generalist grows slower than specialists. This guarantees that θ1(R1, R2) +

θ2(R1, R2) ≤ 1 at all times. This definition of θ1(R1, R2) and θ2(R1, R2) represents

an adaptive bet-hedging strategy, whereby and individual can sense the environment
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and adapt its nutrient uptake accordingly. The generalist still pays a cost by having

a reduced proliferation potential compared to a specialist.

In order to link this model to cancer, we can assume that the two resources represent

oxygen and glucose, which are supplied by the vasculature that is prone to temporal vessel

occlusions. The three populations of cells then represent cells with different metabolic pref-

erences. Two specialists correspond to fully oxidative and glycolytic phenotypes, whereas

the generalist relies on both nutrients.

We solve the Equations (1.3)–(1.7) numerically in MATLAB. The details of the numer-

ical setup are provided in Section A.3 in Appendix A.

1.5.2.2 Competition with constant nutrient supplies

First, we study the competition outcomes in the case where nutrient supply is constant:

S1(t) ≡ S̄ ≥ 0 and S2(t) ≡ S̄ ≥ 0. (1.10)

The simplicity of this consumer-resource model allows us to determine the steady states

when the nutrient is supplied constantly. In Appendix A, we non-dimensionalise the system

of Equations (1.3)–(1.7) and characterise the linear stability of the steady states for both

non-adaptive and adaptive generalists, in the presence of resources.

Figure 1.7(a) – (b) illustrates the predicted outcomes for different combinations of pa-

rameters that define nutrient preference. The different colours represent competition out-

comes predicted by linear stability analysis (see Section A.2 in Appendix A). When the

generalist is non-adaptive (Figure 1.7(a)), the specialists out-compete the generalist for any

θ̄1 + θ̄2 < 1, as shown in white. The population dynamics when only two specialists survive

is shown in Figure 1.7(c) The coexistence of both specialists and a generalist (Figure 1.7(d))

is possible only in a narrow range of parameters as shown by the green line and, hence, is

biologically unlikely. Similarly for the adaptive generalist (Figure 1.7(b)), only specialists

survive for any Θ1 + Θ2 < 1. These results agree with our expectations that specialists are

selected in constant environments.

1.5.2.3 Competition with periodically-fluctuating nutrient supplies

Now we assume that both nutrients are supplied in a time-dependent manner. In particular,

we consider periodically fluctuating source terms defined as a sinusoidal wave given by

S1 = Imean + ∆I sin

(
2πt

T

)
, (1.11)

S2 = Imean + ∆I sin

(
2πt

T
− φ

)
, (1.12)
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Figure 1.7: (a) Outcomes of the non-adaptive generalist model (Equations (1.3)–(1.7) with
Equations (1.8) and (1.10)) predicted analytically for different values of θ̄1 and θ̄2. Colours
represent competition outcomes: black – survival of generalist; white – survival of both
specialists; grey – survival of one specialist and the generalist; blue – coexistence of all
three populations. Stars denote the parameter sets that were used to generate the plots
in (c) and (d). (b) Outcomes of the adaptive generalist model (Equations (1.3)–(1.7)
with Equation (1.9)) predicted analytically for different values of Θ1 and Θ2, where both
specialists survive in all cases. (c) An example of the population dynamics when the two
specialists out-compete the generalist. (d) Sample of population dynamics when all three
populations coexist. Parameter values used here: d = 0.1, S̄ = 1.

where T is the period, ∆I is the half-amplitude, and Imean is the mean value of Si(t).

Moreover, we assume that the source terms fluctuate out of phase between two extreme

values, i.e. φ = π.

Non-adaptive generalist. When assessing the fluctuating environment, we split θ̄i,

i ∈ {1, 2}, into 25 values and for each combination of θ̄1 and θ̄2 and we solve numer-

ically Equations (1.3)–(1.7) and note the average population sizes over the last period.

By comparing the averages, we obtain the competition outcome. If one of the popula-

tion sizes is below 0.001, this population is considered extinct. Each simulation runs until

t = tmax = 5000. Moreover, we consider different fluctuation regimes by choosing different
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values of half-amplitude, ∆I, and period of fluctuations, T , while keeping Imean = 1.

Numerical simulations (see Figure A.1 in Appendix A) suggest that periodic fluctuations

in the supply of resources do not promote the selection of the generalist population. Instead,

for any combination of the nutrient preferences such that θ̄1 + θ̄2 < 1, the two specialists

always survive for any environmental regimes. When θ̄1 + θ̄2 = 1 we, similarly to the

constant environment case, observe coexistence of all three populations. See Figure A.2 in

Appendix A for an example of population dynamics in this case. Therefore, a conservative

generalist strategy might not be beneficial in this particular scenario. This observation is

consistent with the original results from Abrams [147].

Adaptive generalist. Now we study how competition is affected by a periodically fluctu-

ating nutrient source in the case of an adaptive generalist. As before, we split the parameters

that determine the nutrient uptake proportions, Θ1 and Θ2, into 25×25 values and simulate

the model for t = tmax = 10000. At the end of each realisation we note the average popula-

tion sizes over the last period of fluctuations and using it we define the competition outcome.

We consider different fluctuation regimes with T ∈ {10, 100, 500} and ∆I ∈ {0.2, 0.9}, while

keeping Imean = 1. The resulting outcomes are summarised in Figure 1.8(a).

Small amplitude fluctuations do not drastically change the outcome of competition and

the results are similar to those for the steady environment. As the amplitude increases, the

environment becomes more favourable for the generalist population. In particular, when

the fluctuations have high amplitude, the generalist can out-compete both specialists. It is

important to note that harsh fluctuations (higher amplitude, smaller frequency) promote

transient coexistence of all three species. The parameters Θ1 and Θ2 determine the pro-

portions of the three coexisting populations. However, no transient coexistence is observed

when the environment fluctuates slowly (T = 500). An example of the population dynam-

ics in the case where the generalist survives, transient coexistence is observed and the two

specialists survive are shown in Figures 1.8(b), (c) and (d), respectively.

In accordance with our assumption, the adaptive generalist can vary its nutrient prefer-

ence and, therefore, can potentially shift from more specialised phenotypes. To investigate

the adaptive dynamics of the generalist population, we compare the values of Θ1 and Θ2

that define the uptake proportion of each resource for the cases where resources are supplied

periodically with small and high amplitudes. This is shown in Figure 1.9.

When the amplitude of fluctuations in the nutrient supply is relatively low (Figure

1.9(a)), the specialists out-compete the generalist. The nutrient preference of the generalist

does not vary much. The population V maintains a ‘generalist’ phenotype, i.e. it consumes

both resources with roughly the same proportion throughout the time. On the other hand,
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Figure 1.8: (a) Outcomes of the adaptive generalist model obtained by solving numerically
Equations (1.3)–(1.7) with Equation (1.9) when the nutrient supply is defined by Equation
(1.11). The simulations were run until tmax = 10000. Colours represent competition out-
comes: black – survival of generalist; white – survival of both specialists; grey – survival
of one specialist and the generalist; blue – coexistence (transient) of all three populations.
Simulations carried out for 25 × 25 equally spaced (Θ1,Θ2) pairs. (b) – (d) Examples of
the population dynamics when the generalist out-competes the specialists (b), three pop-
ulations transiently coexist (c), and specialists out-compete the generalist (d). Parameter
values used here: d = 0.1.

when the populations experience high-amplitude fluctuations in their environment, it is the

generalist population that survives (Figure 1.9(b)). In this case, the generalist essentially

‘switches’ between two phenotypes that are more specialised to a given resource.

1.5.2.4 Summary

We have investigated competition between a generalist and two specialist populations for

two resources when the nutrient supply fluctuates periodically in time. In particular, we

considered gradual changes in the environment.
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Figure 1.9: (a) Dynamics of population sizes (right), resource levels (middle) and dynamics
of functions Θ1(R1, R2) and Θ2(R1, R2) given by Equation (1.9) under low-amplitude fluc-
tuations (∆I = 0.2) obtained by solving numerically Equations (1.3)–(1.7) with Equation
(1.11). (b) Same as (a), but for high-amplitude fluctuations with ∆I = 0.9. Parameter
values used here: d = 0.1, T = 100, Imean = 1.

We find that the non-adaptive generalist is not a successful strategy as in a fluctuating

environment the specialists still out-compete the generalist. The fluctuation periods and

amplitudes do not affect the competition outcomes for a generalist, which is inferior to

specialist, i.e. pays the cost for being able to grow from both resources. Furthermore, the

fluctuations do not affect the probability of coexistence of all three populations.

The adaptive strategy, whereby the generalist adjusts its nutrient uptake according to

the immediate environment, promotes the generalist when the nutrient is supplied periodi-

cally. High amplitude fluctuations that occur with intermediate frequencies can select for a

generalist switches between two specialised phenotypes. We also observed that faster, high-

amplitude fluctuations allow all three species to coexist transiently for a longer time period

across a much wider range of parameter values. Even though the coexistence observed is

transient, it is still relevant when thinking about the emergence of phenotypic heterogeneity

tumours, which are constantly evolving and almost never are in a steady state.

In this brief demonstration of generalist-specialist behaviour we only considered a limited

set of parameters such as death rate, di, variation in growth from each resource, phase shift

between the resource supply rates, φ. Furthermore, we only considered one form of the

generalist dietary preferences given by Equation (1.9). However, it is known that functional
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responses affect the success of adaptive strategy [144]. Thus, it would be useful to explore a

wider range of parameters and assumptions that might affect the competition between the

three populations.

Our results are consistent with those from the original model [147], which focussed

mainly on the likelihood of coexistence when varying parameters values, such as the death

rates, di. We further explored the impact of amplitude and period of fluctuations, which

play an important role when evaluating a particular adaptive strategy. In particular, we

observe that fluctuations occurring on intermediate timescales are more efficient at selecting

a generalist population. This is in agreement with recent theoretical works that identified

environmental conditions that lead to the evolution of a generalist [150, 151].

1.5.3 Phenotype-structured models of adaptive dynamics

The models of adaptive dynamics formulated in terms of ODEs provide insights on the be-

haviour of averaged populations. In other words, the specific characteristics of individuals

within one population are hidden. In the ODE framework, heterogeneity within the popula-

tion can be represented by considering a number of compartments with specific behaviours,

but within each compartment there can be no variation.

In order to account for more detailed intra-population heterogeneity, one must consider

the so-called structured population dynamic equations, which are usually formulated in

terms of integro-differential (IDEs) or non-local partial differential equations. Here, the

population of cells is structured by a continuous variable, which can represent a measurable

physical characteristic of each cell. Sometimes, these traits cannot be measured experi-

mentally, but aid conceptual understanding of the underlying system. For example, the

structured variable can represent the age, spatial position, or level of gene expression. Such

IDEs and PDEs have been widely applied to a range of biological problems in ecology,

epidemiology and beyond [152].

We begin with a simple example that illustrates the general form of a model that gov-

erns the dynamics of a single structured population. We consider a structure variable, i.e.

phenotypic trait, x ∈ R. We assume that the growth rate, p(x), is dependent on cell phe-

notype and proliferation is limited by the total population size, ρ(t). The dynamics of such

a structured population follows the logistic equation:

∂n(x, t)

∂t
= p(x)n(x, t)− ρ(t)n(x, t),

ρ(t) =

∫
R
n(x, t)dx,

n(x, 0) = n0(x) > 0 for all x.

(1.13)
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One of the benefits of using such deterministic models is the ability to study the asymptotic

(long-time) behaviour of the solutions. Thus, assuming that p(x) is positive at all times and

that the initial population distribution satisfies n0(x) > 0, it is possible to show [153] that

the population size will converge to some constant value and the population density will

concentrate as a Dirac mass at the phenotype x∞ that represents the evolutionary stable

strategy (i.e. the fittest phenotypic state with highest value of p(x)):

ρ(t)→ ρ∞ = p(x∞), n(x, t)→ p(x∞)δ(x− x∞) as t→∞. (1.14)

Starting from this simple example, it is possible to generalise the model to a higher number

of interacting populations, as well as study their dynamics when their environment is subject

to change [153].

In the example above (Equation (1.13)), the selected phenotype x∞ is naturally selected

under conditions that all traits are present initially. However, when dealing with biologically

realistic scenarios, some traits, or phenotypes, can develop over time as a response to

environmental changes. Therefore, x becomes a variable that can evolve in time. The

mathematical approaches governing adaptive dynamics can be generalised to a reaction-

diffusion-advection equations with the general form

∂n(x, t)

∂t
+

∂

∂x
{v(x)n(x, t)}︸ ︷︷ ︸

stress-induced

adaptation

= β
∂2n(x, t)

∂x2︸ ︷︷ ︸
spontaneous

phenotypic variation

+ {p(x, t)− d(x, t)ρ(t)}n(x, t)︸ ︷︷ ︸
fitness

, (1.15)

where

ρ(t) =

∫
R
n(x, t)dx and n(x, 0) = n0(x). (1.16)

Here, the phenotypic variation is modelled via diffusion and advection operators. The

diffusion term represents spontaneous, random heritable phenotypic variation that occurs

at rate β ∈ R+. The advection (also called drift) term models the fact that phenotypic

variation is more likely to be biased in a certain direction. For instance, administration

of chemotherapy might select resistant phenotypes [154]. v(x) determines the direction

and magnitude of bias – it can be constant or dependent on phenotypic trait. Finally,

the nonlocal term can be interpreted as the fitness of an individual in phenotypic state

x in a given environment [153]. The fitness function can be determined from empirical

observations or by fitting to data. It is usually formulated either as a polynomial [155] or

a sum of Gaussian functions corresponding to different fitness peaks [156]. In order for the

population to have one uni-modal population (i.e. one fitness peak), the function p(x, t)

must be strictly concave. However, the cases where the population can be bi- or multi-modal

have also been investigated [157].
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Mathematical models formulated in terms of IDEs and non-local parabolic PDEs like

those considered here have been increasingly used to achieve a more in-depth theoretical un-

derstanding of the mechanisms underlying phenotypic adaptation in a variety of biological

contexts. For instance, both predator-prey [158] and generalist-specialist [159] models with

phenotypic trait have been developed and analysed. Moreover, the dynamics of consumer-

resource competition has been investigated in a spatial context by introducing spatial struc-

ture [160]. Furthermore, it is possible to incorporate both spatial and phenotypic structure,

as was done, for example, by Alfaro et al. [161, 162]. They investigated biological inva-

sions involving Darwinian evolution using reaction-diffusion models. Furthermore, several

studies assumed that motility is an evolving trait and investigated the implications of this

assumption in the problem of biological invasions, as well as random dispersal of species

[163, 164, 165, 166, 167, 168].

IDEs and nonlocal PDEs have been recently applied to model cancer evolutionary dy-

namics. For instance, by linking the phenotype to the level of drug resistance of a cell, a

number of studies looked at the emergence of drug resistance in tumours [169, 170, 171,

172, 154, 173]. Here, the phenotypic variations were modelled via both diffusion and ad-

vection terms, and the emergence of drug resistance was assessed in both well-mixed and

spatial contexts. Such phenotype-structured models were later combined with optimal con-

trol theory to provide insights into therapy scheduling in order to minimise tumour burden

and, at the same time, keep the side-effects associated with chemotherapy to a minimum

[174, 175, 176]. Furthermore, phenotype-structured models have been applied to study

blood cancers. Here, the populations were structured by the self-renewal ability of stem

cells and clonal selection was investigated [177, 178].

Emergence of phenotypic heterogeneity in solid tumours has also been approached via

phenotype-structured IDEs and PDEs. In particular, by the modelling spatial distribution

of oxygen, Lorenzi et al. demonstrated the evolution of phenotypic heterogeneity in vari-

ous 3D geometries, including tumour spheroids and real vascularised human liver tumour

structures obtained via computer tomography [179]. Here, the phenotype represented the

expression level of a hypoxia-responsive gene, thus being linked to metabolic state. Villa

et al. used a similar approach to study phenotypic heterogeneity in vascularised tumours

[180]. The authors considered a 2D geometry and modelled blood vessels as point sources of

oxygen. As an extension, movement of cells in physical space was modelled via a diffusion

term. In both works the authors assumed that oxygen delivery via blood vessels is steady

and the role of temporal variations in the blood flow was not investigated.

Temporal variations in the environment have been approached recently in well-mixed

models of one phenotype-structured population [181, 182, 183, 184, 185, 186, 187]. For
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example, Lorenzi et al. considered that the fitness function, which governs the proliferation

and death of population, undergoes periodic fluctuations in time [182]. The population

is structured by the trait defining how fit an individual is in a given environment. The

authors observed that the population enters an unstable and fluctuation-driven phenotypic

state and undergoes oscillation in population size, mediated by the synergism between rate

of phenotypic variation and frequency of environmental fluctuations. Other works (cited

above) also assume that environmental change is reflected via a time-dependent fitness

function, i.e. levels of resources were not modelled explicitly and no interactions between the

population and environment, which might affect the temporal dynamics, were considered.

1.5.4 Discrete phenotype-structured models

Deterministic models have undeniable advantages when the task is to model the behaviour

of population-level phenomena. Continuum models are amenable to asymptotic analysis,

which allows for a more in-depth theoretical understanding of the underlying dynamics.

This allows a complete exploration of parameter space and gives the opportunity to per-

form simulations with large population sizes. However, population-scale phenomenological

assumptions make it more difficult to incorporate the finer details of phenotypic adaptation

by single individuals. Moreover, such models cannot capture adaptive phenomena that are

driven by stochastic effects in the evolutionary paths of single individuals. This is particu-

larly relevant at low population levels, which are commonly observed when risk-spreading

adaptive strategies occur and when populations are faced with novel environments during

colonisation.

Continuum phenotype-structured PDEs and IDEs can be derived from first principles

as the appropriate limits of discrete stochastic models that track the evolution of single

individuals [188, 189]. The corresponding discrete models permit the representation of

individual-scale adaptive mechanisms, and account for possible stochastic inter-individual

variability in evolutionary trajectories. Such individual-based models have been successfully

applied to study evolutionary cancer dynamics and compared to their continuum analogues

[190, 191].

The development of a discrete phenotype-structured model begins with the identifica-

tion of microscopic properties of the population. It is necessary to define how the adaptive

traits of an individual affect their birth and death rates, as well as the process of phenotypic

variation. Furthermore, it is essential to determine how an individual with specific pheno-

type interacts with other individuals and the environment. Therefore, for each phenotypic

state and environmental condition, the probabilities of birth, death and phenotypic varia-

tion are defined, and the population evolves as a Markov process – the likelihood of events
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depend only on the current state of the population and environment [188]. Spontaneous

phenotypic variation, which is modelled via a diffusion term in a continuum approximation,

is calculated as a discrete-time branching random walk on a space of phenotypes [192].

Furthermore, discrete phenotype-structured models can be extended in order to incor-

porate space. It is also possible to consider hybrid models, where the population dynamics

is modelled via a discrete process, and the distribution of abiotic factors is approximated

via partial differential equations. Several computational frameworks, such as Hybrid Au-

tomata Library [193], Chaste [194] and PhysiCell [195], exist that allow easy and

computationally-efficient implementation of algorithms that comprise an individual-based

model.

1.6 Thesis structure

This literature review provides the empirical evidence for temporal variations of nutrients

in solid tumours that are caused by unstable blood flow. These variations occur at a range

of timescales and amplitudes, and are likely to require cancer cells to adapt in different

ways. For instance, risk-spreading strategies, such as spontaneous phenotypic variation, are

known to help the populations of individuals to survive through such temporally-varying

conditions. Thus, in this thesis, we investigate whether cancer cells could utilise such an

adaptive strategy by developing a set of phenotype-structured partial differential equation

models.

This thesis consists of four main chapters. In each chapter we develop and analyse a

range of spatially well-mixed phenotype-structured (both continuum and discrete) models of

increasing biological complexity for the competition of tumour subpopulations for resources

(oxygen), which are supplied periodically in time.

In Chapter 2, we present a system of nonlocal PDEs modelling the evolutionary dy-

namics of two phenotype-structured cancer cell populations exposed to fluctuating nutrient

level. The phenotypic state of every cell is described by a continuous variable that provides a

simple representation of its metabolic phenotype. The cells are grouped into two competing

populations that undergo heritable, spontaneous phenotypic variations at different rates.

By considering a prescribed oxygen level, we analyse long-term behaviour of the solutions

and identify the environmental regimes that favour selection of each population. The results

suggest that when nutrient levels undergo small and slow oscillations, it is evolutionarily

more convenient to rarely undergo spontaneous phenotypic variations. Conversely, under

relatively large and fast periodic oscillations in the nutrient levels, which bring about alter-

nating cycles of starvation and nutrient abundance, higher rates of spontaneous phenotypic

variation confer a competitive advantage. At the end of this chapter, we discuss how the
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environmental regimes that are characterised by different amplitudes and timescales can

create distinct environmental niches that will select a specific adaptation strategy.

Having gained a solid theoretical understanding of the model, we then add several layers

of biological complexity in Chapter 3 by modelling oxygen dynamics explicitly. In particular,

we include cell-environment feedback, such as consumption. Additionally, we study the

impact of fitness costs associated with the phenotype that is adapted to oxygen-scarce

environments, i.e. the decreased energy yield during glycolysis. We first consider a simplified

model, where oxygen consumption is linear. Analysis of this simplified model, together with

numerical simulations, shows, that the results from the original model carry through to this

more biologically realistic setting. We then consider a full model where oxygen consumption

is dependent on the phenotype of the cell. Our model supports the idea that under chronic-

hypoxic conditions lower rates of phenotypic variation lead to a competitive advantage,

whereas higher rates of phenotypic variation can confer a competitive advantage under

cycling-hypoxic conditions. In the latter case, the numerical results obtained show that

bet-hedging evolutionary strategies, whereby cells switch between oxidative and glycolytic

phenotypes, can spontaneously emerge. Furthermore, we demonstrate that phenotype-

dependent interactions between cells and the environment can amplify the fluctuations

in oxygen level. At the end of this chapter, we relate our findings to the emergence of

phenotypic heterogeneity within solid tumours caused by on-going angiogenesis.

In Chapter 4, motivated by the presence of small populations that are commonly ob-

served in cancer, we present a corresponding stochastic individual-based model for the

coevolution of two competing phenotype-structured cell populations that are exposed to

time-varying nutrient levels and undergo spontaneous, heritable phenotypic variations with

different probabilities. We compare the individual-based model and its continuum analogue,

focussing on scenarios whereby the predictions of the two models differ. These differences

arise in the presence of low probabilities of phenotypic variation, and become more apparent

when the two populations are characterised by less fit initial mean phenotypes and smaller

initial levels of phenotypic heterogeneity. Finally, we apply our modelling framework to the

problem of metastasis formation in distant organs, highlighting the importance of stochastic

events and increased adaptation in this multi-step process.

In Chapter 5, we present preliminary results investigating the effect of the shape of

fitness landscapes on selection of a population with higher rates of phenotypic variation.

In particular, by solving numerically the system of PDEs modelling the competition of two

populations in prescribed environments, we study how the shape of fitness peaks, i.e. the

width, makes the adaptive strategy more or less successful.
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We conclude the thesis in Chapter 6 where we present a summary of the main results

and outline potential extensions of the work. As additional extensions, we mention the

development of a model with a more accurate depiction of cancer metabolism, incorporation

of other cell-environment feedback mechanisms, a spatially-structured model and reaction-

diffusion-advection model in order to study the phenotypic adaptation that occurs on faster

timescales (gene expression).
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Chapter 2

Competition of
phenotype-structured populations
in prescribed environments

2.1 Introduction

Pronounced spatial variations in the molecular properties of cancers have been well recog-

nised and are often ascribed to evolution driven by genetic mutations (‘branching clonal

evolution’). An alternative hypothesis is that the cancer cells are simply evolving to adapt

to spatial and temporal variations in microenvironmental conditions that result from hetero-

geneous blood flow. The vascular structure in tumours is highly disordered and is constantly

re-modelled via processes such as sprouting angiogenesis and vascular regression and dila-

tion [11]. As a consequence, there can be spatial and temporal variations in the delivery

of oxygen to regions of tumour, leading to alternating periods of oxygen-deprivation and

re-oxygenation [24].

In nature, organisms of various scales, ranging from bacteria to animals, also exist in

fluctuating environments. For example, in order to cope with changes in nutrient avail-

ability, they are required to adapt. When the fluctuations are regular and the populations

have sufficient time to sense and react to the changes, a highly plastic phenotype, in which

individuals acquire different traits based on environmental cues, is an optimal strategy [66].

An alternative strategy that is more suitable for irregular and unpredictable changes is risk

spreading, which is also known as bet-hedging [77]. Here, the population diversifies such

that each sub-population is adapted to a specific environment. This ensures that at least

some fraction of the population will survive in the face of sudden environmental changes [79].

Phenotypic heterogeneity, a characteristic feature of a risk spreading strategy, is observed

in many systems.
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The direct causes of temporal variations on the selection of cancer cells and their adaptive

strategies have not been investigated yet, and mathematical modelling provides a unique

opportunity to study the impact of intermittent hypoxia on tumour progression. An obvious

place to start would be to consider tumour metabolism, as it is likely to be directly affected

by fluctuations in oxygen levels – one of the main nutrients for any cell. Detailed cell-

based models of tumour metabolism have been developed in order to study the emergence

of phenotypic heterogeneity in solid tumours [58]. These types of models contain a large

number of parameters where most of them are estimated from experimental literature.

Similarly, modelling assumptions are also based on experimental evidence. However, lack

of understanding of the impact of cycling hypoxia on the cancer cell cycle makes it very

difficult to extract robust results on the effect of this phenomenon from complex, cell-

based models. Therefore, we approach this problem from the ecological point of view by

considering abstract models that rely on qualitative understanding of the underlying biology

and allow a mathematical analysis.

Most of the abstract ecological models that have been developed to explore the dynamics

of phenotypic changes in fluctuating environments view the environment and an individu-

als phenotype as binary – the environment switches between two extreme conditions and

individuals jump between two antithetical phenotypic states that are each adapted to the

external environmental conditions [94, 89, 85]. However, in many cases of biological and

ecological interest Natura non facit saltus, and it might therefore be relevant to consider

the occurrence of intermediate environmental conditions and the existence of a spectrum of

possible phenotypic states.

In light of these considerations, in this chapter we present a novel mathematical model

for the evolutionary dynamics of two competing phenotype-structured populations in pe-

riodically fluctuating environments. In Section 2.2 we develop the new model. Here, the

nutrient level represents the environmental state. The phenotypic state of each individual

is represented by a continuous variable, and the phenotypic fitness landscape of the popula-

tions evolves in time due to variations in the concentration of a nutrient. In order to assess

the evolutionary role that spontaneous phenotypic variations play in environmental adap-

tation, we focus on the case where the two populations undergo spontaneous phenotypic

variations with different probabilities. In Section 2.3 we exploit the analytical tractability of

the governing equations to investigate its long-term behaviour. We then validate our find-

ings in Section 2.4 by solving the model equations numerically for a range of environmental

conditions.

The work contained in this chapter was carried out in collaboration with Prof. Tommaso

Lorenzi (Politecnico di Torino, Italy). He developed the methodology presented in Section
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2.3. The results presented in Sections 2.2 – 2.5 have been published in the following paper:

A. Ardaševa, R. A. Gatenby, A. R. A. Anderson, H. M. Byrne, P. K. Maini, T. Lorenzi,

2020, ‘Evolutionary dynamics of competing phenotype-structured populations in periodically-

fluctuating environments’, Journal of Mathematical Biology, 80, 775–807.

2.2 Mathematical model

2.2.1 Population and nutrient dynamics

We study the evolutionary dynamics of two competing phenotype-structured populations in

a well-mixed system. Individuals within the two populations reproduce asexually, die and

undergo spontaneous phenotypic variation. We assume the two populations differ only in

the rate at which they undergo spontaneous phenotypic variation. We label the population

undergoing phenotypic variations at a higher rate by the letterH, while the other population

is labelled by the letter L.

We represent the phenotypic state of each individual by a continuous variable x ∈ R,

and we describe the phenotype distributions of the two populations at time t ∈ [0,∞) by

means of the population density functions nH(x, t) ≥ 0 and nL(x, t) ≥ 0. We define the

size of population H, the size of population L and the total number of individuals inside

the system at time t, respectively, as

ρH(t) =

∫
R
nH(x, t) dx, ρL(t) =

∫
R
nL(x, t) dx, ρ(t) = ρH(t) + ρL(t). (2.1)

We further define, respectively, the mean phenotypic state and the related variance of each

population i ∈ {H,L} at time t as

µi(t) =
1

ρi(t)

∫
R
xni(x, t) dx, σ2

i (t) =
1

ρi(t)

∫
R
x2 ni(x, t) dx− µ2

i (t). (2.2)

In the mathematical framework of our model, the function σ2
i (t) provides a measure of the

level of phenotypic heterogeneity in the ith population. Finally, we introduce a function

S(t) ≥ 0 to model the concentration of a nutrient that is equally available to the two

populations at time t, which we assume is prescribed.

The evolution of the population density functions is governed by the following system

of non-local parabolic PDEs
∂nH
∂t

= βH
∂2nH
∂x2

+ R
(
x, S(t), ρ(t)

)
nH ,

∂nL
∂t

= βL
∂2nL
∂x2

+ R
(
x, S(t), ρ(t)

)
nL,

for (x, t) ∈ R× (0,∞). (2.3)
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In the system of PDEs (2.3), the diffusion terms model the effects of spontaneous phe-

notypic variation, which occur at rates βH > 0 and βL > 0, with

βH > βL. (2.4)

2.2.2 Fitness function and biological assumptions

The functional R
(
x, S(t), ρ(t)

)
models the fitness of individuals in the phenotypic state x

at time t under the environmental conditions given by the nutrient concentration S(t) and

the total number of individuals ρ(t) – i.e. the functional R
(
x, S(t), ρ(t)

)
can be seen as

the phenotypic fitness landscape of the two populations at time t. We define this fitness

functional as

R
(
x, S(t), ρ(t)

)
= p(x, S(t)) − dρ(t). (2.5)

Definition (2.5) translates into mathematical terms the following biological ideas: (i) all else

being equal, individuals die due to interpopulation and intrapopulation competition at rate

dρ(t), with the parameter d > 0 being related to the carrying capacity of the system in which

the two populations are contained; (ii) individuals in the phenotypic state x proliferate and

die under natural selection at rate p(x, S(t)) (i.e. the function p(x, S) is a net proliferation

rate). We focus on the following biological assumptions:

Assumption 1. Phenotypic variants with x → 0 have a competitive advantage over the

other phenotypic variants when the nutrient concentration is high.

Assumption 2. Phenotypic variants with x → 1 are favoured over the other phenotypic

variants when the nutrient concentration is low.

We then define the net proliferation rate as

p
(
x, S(t)

)
= γ

S(t)

κ+ S(t)

(
1− x2

)
+ ζ

(
1− S(t)

κ+ S(t)

)[
1− (1− x)2

]
, (2.6)

with 0 < ζ ≤ γ. The parameters γ and ζ model, respectively, the maximum proliferation

rate of the phenotypic variants best adapted to nutrient-rich and nutrient-scarce environ-

ments. Here, the parameter κ represents the nutrient concentration at which the reaction

rate is half of the maximal value. The defined net proliferation rate function ensures that

when the nutrient is high (i.e. S → ∞), cells in the phenotypic state x = 0 will have

the highest fitness. On the other hand, when the nutrient is absent (i.e. S → 0), cells

in the phenotypic state x = 1 will proliferate at the highest rate. The functional form of

Equation (2.6) is chosen in order to facilitate mathematical analysis, and it is possible to

use other variants, depending on the biological problem and available data. For discussion,

see Chapter 5.
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Definition (2.6) ensures analytical tractability of the model and leads to a fitness func-

tional that is close to the approximate fitness landscapes which can be inferred from ex-

perimental data through regression techniques – see, for instance, Equation (1) in [155]. In

fact, after a little algebra, definition (2.6) can be rewritten as

p
(
x, S

)
= γ g(S)− h(S) (x− ϕ(S))2 (2.7)

with

g(S) =
S

κ+ S
+

ζ2κ2

γ(κ+ S)(γS + ζκ)
, ϕ(S) =

ζκ

γS + ζκ
(2.8)

and

h(S) =
γS + ζκ

κ+ S
. (2.9)

Under the environmental conditions defined by the nutrient concentration S, the function

0 ≤ ϕ(S) ≤ 1 represents the fittest phenotypic state, γ g(S) > 0 is the maximum fitness, and

h(S) can be seen as a nonlinear selection gradient that quantifies the intensity of natural

selection. Throughout this section we will refer to g(S) as the rescaled maximum fitness.

The form of p(x, S) given by Equation 2.7 implies that the net proliferation rate of each

cell depends on how close its phenotypic state, x, is to the fittest phenotypic variant, φ(S),

for a given environment.

In accordance with our biological assumptions, equation (2.7) shows that definition (2.6)

is such that the fittest phenotypic state ϕ(S) belongs to the interval [0, 1] for any nutrient

concentration S ≥ 0, i.e. ϕ : R≥0 → [0, 1]. In particular, under starvation conditions (i.e.

if S = 0) the fittest phenotypic state is ϕ(0) = 1, while increasing nutrient concentrations

correspond to values of the fittest phenotypic state closer to 0, i.e. ϕ′(S) < 0 for all S ≥ 0

and ϕ(S) → 0 as S → ∞. Furthermore, the fact that the function p(x, S) is negative for

values of x sufficiently far from the fittest phenotypic state ϕ(S) captures the idea that less

fit variants are driven to extinction by natural selection. These observations are illustrated

by the plots in Figure 2.1.

In this chapter, for simplicity, we assume that there is no cost associated with the

phenotype adapted to a nutrient-scare environment:

ζ = γ. (2.10)

Therefore, definitions (2.8) and (2.9) become, respectively,

g(S) =
1

κ+ S

(
S +

κ2

κ+ S

)
, ϕ(S) =

κ

κ+ S
and h(S) ≡ γ. (2.11)

Moreover, since we assume the function S(t) to be given, we use the notation

g(t) ≡ g(S(t)) and ϕ(t) ≡ ϕ(S(t)).
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Figure 2.1: (a) The plot of the net proliferation rate p(S, x) defined by Equation (2.6) [or
equivalently by Equation (2.7)] with γ = 100 and ζ = 50. (b) The rescaled maximum fitness
g(S) and the fittest phenotypic state ϕ(S) defined by Equation (2.8), along with the selection
gradient h(S) defined by Equation (2.9), are plotted against the nutrient concentration S,
for γ = 100, κ = 1 and different values of the parameter ζ.

2.3 Analysis of long-term solutions

In order to obtain an analytical description of the evolutionary dynamics, we focus on

a biological scenario whereby the initial phenotype distributions of the two populations

are Gaussians, that is, we study the behaviour of the solution to the system of non-local

parabolic equations (2.3) subject to the initial condition given by the pair nH(x, 0) and

nL(x, 0) with

ni(x, 0) = ρ0
i

√
v0
i

2π
exp

[
−v

0
i

2

(
x− µ0

i

)2]
for i ∈ {H,L}, (2.12)

where ρ0
i ∈ R>0, v0

i ∈ R>0 and µ0
i ∈ R. The choice of initial condition (2.12) is consistent

with much of the previous work on the mathematical analysis of the evolutionary dynamics

of continuous traits, which relies on the prima facie assumption that population densities

are Gaussians [196].

Proposition 1. Under assumptions (2.5), (2.7) and (2.11), the system of non-local PDEs (2.3)
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subject to the initial condition (2.12) admits the exact solution

ni(x, t) = ρi(t)

√
vi(t)

2π
exp

[
−vi(t)

2
(x− µi(t))2

]
for i ∈ {H,L} , (2.13)

with the population size, ρi(t), the mean phenotypic state, µi(t), and the inverse of the

related variance, vi(t) = 1/σ2
i (t), being solutions of the Cauchy problem

v′i(t) = 2
(
h(t)− βiv2

i (t)
)
,

µ′i(t) =
2h(t)

vi(t)
(ϕ(t)− µi(t)),

ρ′i(t) = (Fi(t)− dρ(t)) ρi(t),

vi(0) = v0
i , µi(0) = µ0

i , ρi(0) = ρ0
i ,

ρ(t) = ρH(t) + ρL(t),

for i ∈ {H,L} , (2.14)

where

Fi(t) ≡ Fi(t, vi(t), µi(t)) = γ g(t)− h(t)

vi(t)
− h(t) (µi(t)− ϕ(t))2 , (2.15)

and ′ denotes t derivative.

Proof. Substituting the definitions (2.5), (2.7) and (2.11) into the non-local PDE (2.3) for

ni(x, t) yields

∂ni
∂t

= βi
∂2ni
∂x2

+
[
γg(t)− γ(x− ϕ(t))2 − dρ(t)

]
ni, ni ≡ ni(x, t). (2.16)

Building upon the results presented in [175, 190, 182], we make the ansatz (2.13) and

substituting this ansatz into Equation (2.16) we find

ρ′i
ρi

+
v′i
2vi

=
v′i
2

(x− µi)2 − µ′i vi (x− µi) + βi

[
v2
i (x− µi)2 − vi

]
+ γ g(t)− h(t) (x− ϕ(t))2 − dρ. (2.17)

Equating the coefficients of the zero-order, first-order and second-order terms in x in Equa-

tion (2.17) produces a system of ordinary differential equations (ODEs). Namely, the

second-order terms in x yield the following ODE for vi alone

v′i + 2βiv
2
i = 2h(t). (2.18)

Moreover, equating the coefficients of the first-order terms in x, and eliminating v′i from the

resulting equation, yields

µ′i =
2h(t)(ϕ− µi)

vi
. (2.19)
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Lastly, choosing x = µi in Equation (2.17) gives

ρ′i
ρi

+
v′i
2vi

= −βivi + γ g − h(t)(µi − ϕ)2 − dρ (2.20)

and eliminating v′i from the above equation we find

ρ′i = (Fi − dρ) ρi, (2.21)

with the function Fi(t) being defined according to Equation (2.23). Under the initial con-

dition (2.12), we have

vi(0) = v0
i , µi(0) = µ0

i and ρi(0) = ρ0
i .

Imposing these initial conditions on the system of ODEs (2.18)–(2.21), we arrive at the

Cauchy problem (2.14) for the functions vi(t), µi(t) and ρi(t).

Since in this chapter we assume γ = ζ, substituting the definition of h(t) = γ leads to

the following set of ODEs:

v′i(t) = 2
(
γ − βiv2

i (t)
)
,

µ′i(t) =
2γ

vi(t)
(ϕ(t)− µi(t)),

ρ′i(t) = (Fi(t)− dρ(t)) ρi(t),

vi(0) = v0
i , µi(0) = µ0

i , ρi(0) = ρ0
i ,

ρ(t) = ρH(t) + ρL(t),

for i ∈ {H,L} , (2.22)

where

Fi(t) ≡ Fi(t, vi(t), µi(t)) = γ g(t)− γ

vi(t)
− γ (µi(t)− ϕ(t))2 . (2.23)

2.3.1 Constant environment

Focussing on the case of constant environment, we let the nutrient concentration be constant

and thus we make the assumption

S(t) ≡ S ≥ 0, (2.24)

which implies that

g(t) ≡ g and ϕ(t) ≡ ϕ. (2.25)

In this case, our main results are summarised by Theorem 2.
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Theorem 2. Under assumptions (2.4), (2.5), (2.7), (2.11) and the additional assumption

(2.24), the solution of the system of PDEs (2.3) subject to the initial condition (2.12) is of

the Gaussian form (2.13) and satisfies the following:

(i) if √
βL ≥

√
γ g (2.26)

then

lim
t→∞

ρH(t) = 0 and lim
t→∞

ρL(t) = 0; (2.27)

(ii) if √
βL <

√
γ g (2.28)

then

lim
t→∞

ρH(t) = 0, lim
t→∞

ρL(t) =

√
γ

d

(√
γ g −

√
βL

)
(2.29)

and

lim
t→∞

µL(t) = ϕ, lim
t→∞

σ2
L(t) =

√
βL
γ
. (2.30)

Proof. Under the additional assumption (2.24), Proposition 1 ensures that the population

density function ni(x, t) is of the Gaussian form (2.13) with the population size, ρi(t), the

mean phenotypic state, µi(t), and the inverse of the related variance, vi(t) = 1/σ2
i (t), being

governed by the Cauchy problem (2.22) with g(t) ≡ g and ϕ(t) ≡ ϕ.

In this framework, we divide the proof of Theorem 2 into four steps. We study the

asymptotic behaviour of vi(t), µi(t) and Fi(t) for t → ∞ (Step 1). We show that ρi(t) is

non-negative and uniformly bounded (Step 2). Finally, we prove claim (2.27) (Step 3), and

we conclude with the proof of claims (2.29) and (2.30) (Step 4).

Step 1: asymptotic behaviour of vi(t), µi(t) and Fi(t) for t → ∞. Solving the

separable first-order ODE (2.22)1 for vi(t) and imposing the initial condition (2.22)4 gives

vi(t) =

√
γ

βi

√
γ/βi + v0

i −
(√

γ/βi − v0
i

)
exp

(
−4
√
γ βi t

)
√
γ/βi + v0

i +
(√

γ/βi − v0
i

)
exp

(
−4
√
γβi t

) , (2.31)

which implies that

vi(t)→
√
γ

βi
exponentially fast as t→∞. (2.32)

Moreover, solving the ODE (2.22)2 for µi(t) by the integrating factor method and imposing

the initial condition (2.22)4 yields

µi(t) = µ0
i exp

(
−2γ

∫ t

0

ds

vi(s)

)
+ ϕ

[
1− exp

(
−2γ

∫ t

0

ds

vi(s)

)]
, (2.33)
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from which, using the positivity of vi(t), we find that

µi(t)→ ϕ exponentially fast as t→∞. (2.34)

Lastly, noting that, under the additional assumption (2.24), the function Fi(t) defined by

Equation (2.23) reads as

Fi(t) = γ g − γ

vi(t)
− γ (µi(t)− ϕ)2 , (2.35)

the asymptotic results (2.32) and (2.34) allow us to conclude that

Fi(t)→ γ g −
√
γ βi exponentially fast as t→∞. (2.36)

Step 2: non-negativity and boundedness of ρi(t). Solving the ODE (2.22)3 for ρi

and imposing the initial condition (2.22)4 yields

ρi(t) = ρ0
i exp

[∫ t

0
(Fi(s)− dρ(s)) ds

]
. (2.37)

This result, along with the positivity of ρ0
i , implies that

ρi(t) ≥ 0 for all t ≥ 0. (2.38)

Moreover, substituting Equation (2.35) into the ODE (2.22)3 for ρi yields

ρ′i(t) =

[
γ g − γ

vi(t)
− γ (µi(t)− ϕ)2

]
ρi(t)− d (ρi(t) + ρj(t)) ρi(t), (2.39)

with j = L if i = H and j = H if i = L. Estimating from above the right-hand side of the

latter ODE by using the non-negativity of ρj(t) [cf. the uniform lower bound (2.38)], the

positivity of vi(t) [cf. expression (2.31)] and the fact that g < 2 [cf. definition (2.11)], we

obtain the differential inequality

ρ′i(t) ≤ (2γ − d ρi(t)) ρi(t),

which gives the uniform upper bound

ρi(t) ≤ max

{
ρ0
i ,

2 γ

d

}
for all t ≥ 0. (2.40)

Step 3: proof of claim (2.27). Combining the asymptotic result (2.36) with the expres-

sion (2.37) for ρi we find that

ρi(t) ∼ Cρ0
i exp

[(
γg −

√
γ βi

)
t− d

∫ t

0
ρ(s) ds

]
as t→∞, (2.41)

for some positive constant C. Since the function ρ(t) is non-negative [cf. the uniform lower

bound (2.38)], the asymptotic relation (2.41) ensures that

if
√
βi ≥

√
γ g then lim

t→∞
ρi(t) = 0. (2.42)

Under assumption (2.4) and the additional assumption (2.26), claim (2.27) follows from the

asymptotic result (2.42).
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Step 4: proof of claims (2.29) and (2.30). As long as ρH(t) > 0, we can compute the

quotient of ρL(t) and ρH(t) through Equation (2.37). In so doing we find

ρL(t)

ρH(t)
=
ρ0
L

ρ0
H

exp

[∫ t

0
(FL(s)− FH(s)) ds

]
. (2.43)

Using the limit (2.36) for Fi, we then have

ρL(t)

ρH(t)
∼ C exp

[√
γ
(√

βH −
√
βL

)
t
]

as t→∞, (2.44)

for some positive constant C. Under assumption (2.4), the asymptotic relation (2.44) gives

lim
t→∞

ρL(t)

ρH(t)
=∞

and, since ρL is uniformly bounded from above [cf. the uniform upper bound (2.40)], we

conclude that

ρH(t)→ 0 exponentially fast as t→∞. (2.45)

We can rewrite the ODE (2.22)3 for ρL as

ρ′L(t) =
[(
γg −

√
γ βL + η(t)

)
− dρL(t)

]
ρL(t), (2.46)

where the function η(t) is defined as

η(t) =

(√
γ βL −

γ

vL(t)

)
− γ (µL(t)− ϕ)2 − dρH(t).

Using the asymptotic results (2.32), (2.34) and (2.45), we see that

η(t)→ 0 exponentially fast as t→∞. (2.47)

Solving the ODE (2.46) complemented with the initial condition ρL(0) = ρ0
L yields [190]

ρL(t) =

ρ0
L exp

[∫ t

0

(
γg −

√
γ βL + η(s)

)
ds

]
1 + d ρ0

L

∫ t

0
exp

[∫ s

0

(
γg −

√
γ βL + η(z)

)
dz

]
ds

. (2.48)

The result (2.47) ensures that in the asymptotic regime t→∞ we have

exp

[∫ t

0

(
γg −

√
γ βL + η(s)

)
ds

]
∼ C exp

[(
γg −

√
γ βL

)
t
]

and, under the additional assumption (2.28), we also have∫ t

0
exp

[ ∫ s

0

(
γg −

√
γ βL + η(z)

)
dz

]
ds ∼ C

exp
[(
γg −

√
γ βL

)
t
]

γg −
√
γ βL

,
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for some positive constant C. These asymptotic relations, along with the expression (2.48)

for ρL, allow us to conclude that

lim
t→∞

ρL(t) =
γg −

√
γ βL

d
. (2.49)

Claims (2.29) and (2.30) follow from the asymptotic results (2.45) and (2.49), and the

asymptotic results (2.34) and (2.32) with i = L.

The asymptotic results established by Theorem 2 provide a mathematical formalisation

of the idea that in constant environments:

1. populations undergoing spontaneous phenotypic variation at a rate that is too large

compared to the maximum fitness will ultimately go extinct [cf. point (i) in Theorem

2];

2. ceteris paribus, if at least one population undergoes spontaneous phenotypic variation

at a rate sufficiently small compared to the maximum fitness [cf. point (ii) in Theorem

2] then:

2(a). the population with the lower rate of phenotypic variation will outcompete the

other population;

2(b). the equilibrium phenotype distribution of the surviving population will be uni-

modal with the mean phenotype corresponding to the fittest phenotypic state

and the related variance being directly proportional to the rate of phenotypic

variations.

Biologically, we can interpret our results as follows. If the rate of heritable, spontaneous

phenotypic variations is too high (Assumption (2.26)), then we might expect to observe

extinction of both populations. For instance, this is observed in many biological asexually

reproducing systems that accumulate too many deleterious mutations and undergo mu-

tational meltdown [197]. However, if the rate of phenotypic variation is relatively small

compared to the maximal proliferation rate (Assumption (2.28)), then we expect the pop-

ulation with the lower rate of phenotypic variation to be selected. The surviving cells will

obtain the fitness state corresponding to the fittest phenotypic state for a given environ-

ment. In other words, a specialist population is selected in a constant environment, which

is in agreement with the ecological literature [198].
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2.3.2 Periodically fluctuating environment

We now focus on the case of environments that undergo fluctuations with period T > 0,

and we assume the nutrient concentration to be Lipschitz continuous and T -periodic, i.e.

we let S : [0,∞)→ R≥0 satisfy the assumptions

S ∈ Lip([0,∞)) and S(t+ T ) = S(t) for all t ≥ 0, (2.50)

which implies that the functions g(t) and ϕ(t) satisfy the assumptions

g, ϕ ∈ Lip([0,∞)), g(t+ T ) = g(T ) and ϕ(t+ T ) = ϕ(T ) for all t ≥ 0. (2.51)

Our main results are summarised by Theorem 5, the proof of which relies on the results

established by Lemma 3 and Lemma 4.

Lemma 3. Under assumptions (2.5), (2.7), (2.11) and (2.50), the unique real periodic

solution of the problem{
u′i(t) = 2

√
γ βi (ϕ(t)− ui(t)) , for t ∈ (0, T ),

ui(0) = ui(T ),
(2.52)

is

ui(t) =
2
√
γβi exp

(
−2
√
γβit

)
exp

(
2
√
γβi T

)
− 1

∫ T

0
exp

(
2
√
γβi s

)
ϕ(s) ds

+ 2
√
γβi exp

(
−2
√
γβi t

)∫ t

0
exp

(
2
√
γβi s

)
ϕ(s) ds, (2.53)

and satisfies the integral identity

1

T

∫ T

0
ui(t) dt =

1

T

∫ T

0
ϕ(t) dt. (2.54)

Lemma 4. Let

Λi =
√
βi +

√
γ

T

∫ T

0
(ui(s)− ϕ(s))2 ds for i ∈ {H,L} , (2.55)

and

Qi(t) = γ g(t)−
√
γβi − γ (ui(t)− ϕ(t))2 (2.56)

with ui(t) given by Equation (2.53). Under assumptions (2.5), (2.7), (2.11), (2.50) and the

additional assumption

Λi <

√
γ

T

∫ T

0
g(t) dt,

the unique real non-negative periodic solution of the problem{
w′i(t) = (Qi(t)− dwi(t))wi(t), for t ∈ (0, T ),

wi(0) = wi(T ),
(2.57)
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is

wi(t) =

d−1 exp

(∫ t

0
Qi(s) ds

)
∫ T

0
exp

(∫ s

0
Qi(z) dz

)
ds

exp

(∫ T

0
Qi(s) ds

)
− 1

+

∫ t

0
exp

(∫ s

0
Qi(z) dz

)
ds

(2.58)

and satisfies the integral identity

1

T

∫ T

0
wi(t) dt =

1

d

(
γ

T

∫ T

0
g(t) ds−√γ Λi

)
. (2.59)

The proofs of Lemmas 3 and 4 can be obtained by solving the ODEs (2.52) and (2.57)

using the integrating factor technique. We refer the reader to Appendices (A.3) and (A.4)

in [182] for the complete proofs.

Theorem 5. Under assumptions (2.4), (2.5), (2.7), (2.11) and the additional assumptions

(3.29), the solution of the system of PDEs (2.3) subject to the initial condition (2.12) is of

the Gaussian form (2.13) and satisfies the following:

(i) if

min {ΛH ,ΛL} ≥
√
γ

T

∫ T

0
g(t) dt (2.60)

then

lim
t→∞

ρH(t) = 0 and lim
t→∞

ρL(t) = 0; (2.61)

(ii) if

min {ΛH ,ΛL} <
√
γ

T

∫ T

0
g(t) dt, (2.62)

and

i = arg min
k∈{H,L}

Λk, j = arg max
k∈{H,L}

Λk (2.63)

then

ρj(t)→ 0 and ρi(t)→ wi(t) as t→∞, (2.64)

and

µi(t)→ ui(t) and σ2
i (t)→

√
βi
γ

as t→∞, (2.65)

with wi(t) and ui(t) given by Equations (2.58) and (2.53), respectively.

Proof. Proposition 1 ensures that the population density function ni(x, t) is of the Gaussian

form (2.13) with the population size, ρi(t), the mean phenotypic state, µi(t), and the inverse

of the related variance, vi(t) = 1/σ2
i (t), being governed by the Cauchy problem (2.22).
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In this framework, we prove Theorem 5 in 4 steps. In Step 1 we study the asymptotic

behaviour of vi(t), µi(t) and Fi(t) for t→∞. In Step 2 we show that ρi(t) is non-negative

and uniformly bounded. In Step 3 we prove claim (2.61). Finally, in Step 4 we prove

claims (2.64) and (2.65).

Step 1: asymptotic behaviour of vi(t), µi(t) and Fi(t) for t → ∞. Since the

ODE (2.22)1 does not depend on S(t), the expression (2.31) of vi(t) obtained in the proof

of Theorem 2 still holds and

vi →
√
γ

βi
exponentially fast as t→∞. (2.66)

Moreover, using the asymptotic result (2.66) along with the linear ODE (2.22)2 for µi(t)

one can easily show that

µi(t)→ ui(t) exponentially fast as t→∞ (2.67)

where ui(t) is a T -periodic solution of the ODE (2.52). Lemma 3 ensures that ui(t) is given

by Equation (2.53). Lastly, for Fi(t) defined according to Equation (2.23), the asymptotic

results (2.66) and (2.67) allow us to conclude that

Fi(t)→ γ g(t)−
√
γ βi − γ (ui(t)− ϕ(t))2 exponentially fast as t→∞. (2.68)

Step 2: non-negativity and boundedness of ρi(t). Proceeding in a similar way as in

the proof of Theorem 2 (cf. Step 2 in the proof of Theorem 2), one can prove that

0 ≤ ρi(t) ≤ max

{
ρ0
i ,

2 γ

d

}
for all t ≥ 0. (2.69)

Step 3: proof of claim (2.61). Solving the ODE (2.22)3 for ρi and imposing the initial

condition (2.22)4 yields

ρi(t) = ρ0
i exp

[∫ t

0
(Fi(s)− dρ(s)) ds

]
, (2.70)

with Fi(t) defined according to Equation (2.23). Combining the asymptotic result (2.68)

with the expression (2.70) for ρi(t) gives

ρi(t) ∼ C ρ0
i exp

[
γ

∫ t

0
g(s) ds−

√
γ βi t− γ

∫ t

0
(ui(s)− ϕ(s))2 ds

−d
∫ t

0
ρ(s) ds

]
as t→∞, (2.71)
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for some positive constant C. Hence, using the fact that the functions g(t), ϕ(t) and ui(t)

are T -periodic, and considering m→∞ we find

ρi(t) ∼ C exp

[
γm

∫ T

0
g(t) dt−mT

√
γ βi − γm

∫ T

0
(ui(t)− ϕ(t))2 dt

−d
∫ t

0
ρ(s) ds

]
as t→∞, (2.72)

for some positive constant C. Since the function ρ(t) is non-negative [cf. the uniform lower

bound (2.69)], the asymptotic relation (2.72) ensures that if

√
βi +

√
γ

T

∫ T

0
(ui(t)− ϕ(t))2 dt ≥

√
γ

T

∫ T

0
g(t) dt

then

lim
t→∞

ρi(t) = 0. (2.73)

This proves that if assumption (2.60) is satisfied then claim (2.61) is verified.

Step 4: proof of claims (2.64) and (2.65). Let j = L if i = H and j = H if i = L.

As long as ρj(t) > 0, we can compute the quotient of ρi(t) and ρj(t) through (2.70). In so

doing, using the asymptotic relation (2.71) for ρi(t) and ρj(t) and considering m → ∞ we

obtain
ρi(t)

ρj(t)
∼ C exp

[
mT
√
γ
(

Λj − Λi

)]
as t→∞, (2.74)

for some positive constant C, with Λi and Λj defined according to Equation (2.55). Choosing

j = arg max
k∈{H,L}

Λk and i = arg min
k∈{H,L}

Λk, (2.75)

the asymptotic relation (2.74) allows us to conclude that

lim
t→∞

ρi(t)

ρj(t)
=∞, for j = arg max

k∈{H,L}
Λk and i = arg min

k∈{H,L}
Λk. (2.76)

Since ρi is uniformly bounded from above [cf. the uniform upper bound (2.69)], the asymp-

totic result (2.76) implies that

ρj(t)→ 0 exponentially fast as t→∞ for j = arg max
k∈{H,L}

Λk. (2.77)

We can rewrite the ODE (2.22)3 for ρi with i = arg min
k∈{H,L}

Λk as

ρ′i(t) =
[
γg(t)−

√
γ βi − γ (ui(t)− ϕ(t))2 + η(t)− dρi(t)

]
ρi(t), (2.78)
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where the function η(t) is defined as

η(t) =

(√
γ βi −

γ

vi(t)

)
+ γ

[
(ui(t)− ϕ(t))2 − (µi(t)− ϕ(t))2

]
− dρj(t)

with j = arg max
k∈{H,L}

Λk. Using the asymptotic results (2.66), (2.67) and (2.77) we see that

η(t)→ 0 exponentially fast as t→∞. Hence, ρi(t)→ ρ̃i(t) as t→∞, with ρ̃i(t) being the

solution of the ODE

ρ̃′i = f(ρ̃i, t), (2.79)

with

f(ρ̃i, t) =
[
γg(t)−

√
γ βi − γ (ui(t)− ϕ(t))2 − dρ̃i

]
ρ̃i,

subject to an initial condition 0 < ρ̃i(0) < ∞. We note that: (i) the function ρ̃i(t) is

uniformly bounded as it satisfies the upper and lower bounds

0 ≤ ρ̃i(t) ≤ max

{
ρ̃i(0),

2 γ

d

}
for all t ≥ 0;

(ii) the function f is Lipschitz continuous in the first variable; (iii) the function f is Lipschitz

continuous and T -periodic in the second variable, since g, ϕ and ui are T -periodic Lipschitz

continuous functions of t [cf. assumptions (2.51) and expression (2.53)]. Therefore, the

conditions of Massera’s Convergence Theorem [199, 200] are satisfied and this allows us to

conclude that

ρ̃i(t) −→ wi(t) as t→∞, (2.80)

with wi(t) being a non-negative T -periodic solution of the ODE (2.57). Under the additional

assumption (2.62), that is,

Λi <

√
γ

T

∫ T

0
g(t) dt,

Lemma 4 ensures that wi(t) is given by Equation (2.58). Claims (2.64) and (2.65) follow from

the asymptotic results (2.77) and (2.80), the asymptotic result (2.67) and the result (2.66)

with i = arg min
k∈{H,L}

Λk.

Since the functions ui(t) and wi(t) are T -periodic and satisfy the integral identities (2.54)

and (2.59), respectively, the results established by Theorem 5 show that the long-term limits

of the size and the mean phenotypic state of the surviving population are periodic functions

of time with period T and mean values given by Equations (2.54) and (2.59), respectively.

Using the ODE (2.52) for ui(t) one can easily obtain

d

dt
(ui − ϕ)2 = 4 γ

√
γ βi

[
1

2

1√
γ βi

(ϕ− ui)
dϕ

dt
− (ui − ϕ)2

]
.
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Integrating both sides of the above equation with respect to t between 0 and T , and using

the fact that ui(T )− ϕ(T ) = ui(0)− ϕ(0), yields

1

T

∫ T

0
(ui(t)− ϕ(t))2 dt =

1

2
√
γ βi

1

T

∫ T

0
(ϕ(t)− ui(t))ϕ′(t) dt. (2.81)

Therefore, definition (2.55) can be rewritten as

Λi =
√
βi +

1

2
√
βi

1

T

∫ T

0
(ϕ(t)− ui(t))ϕ′(t) dt. (2.82)

If S ≡ S̄ then g(t) ≡ g and ϕ(t) ≡ ϕ (i.e. ϕ′ ≡ 0). In this case

√
γ

T

∫ T

0
g(t) dt = g

and (2.82) allow one to see that Λi =
√
βi. Hence, if S is constant then the results of Theo-

rem 5 reduce to the results of Theorem 2. Moreover, the first term in the expression (2.82)

for Λi is clearly a monotonically increasing function of βi, whereas the factor in front of the

integral in the second term is a monotonically decreasing function of βi. Hence, if the mean

value of the T−periodic function (ϕ(t)− ui(t))ϕ′(t) is sufficiently small then ΛH > ΛL,

while if such a mean value is sufficiently large then ΛH < ΛL. We expect the latter scenario

to occur when the variability and the rate of change of S(t) are sufficiently high so as to

cause substantial and sufficiently fast variations in the value of ϕ(t).

The asymptotic results established by Theorem 5 formalise mathematically the idea that

in periodically fluctuating environments:

1. populations undergoing spontaneous phenotypic variations at a rate too large com-

pared to the mean value of the maximum fitness will ultimately go extinct [cf. point

(i) in Theorem 5];

2. ceteris paribus, if at least one population undergoes spontaneous phenotypic variations

at a rate sufficiently small compared to the mean value of the maximum fitness, then

the following behaviours are possible:

2(a). when environmental conditions are relatively stable, the population with the

lower rate of phenotypic variation will outcompete the other population;

2(b). when environmental conditions undergo drastic changes, either both populations

go extinct or the population with the higher rate of phenotypic variations will

outcompete the other population;

2(c). the phenotype distribution of the surviving population will be unimodal, and

both the population size and the mean phenotype will become periodic;
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2(d). ultimately, the population size and the mean phenotype will both oscillate with

the same period as the fluctuating environment, and the mean value (with respect

to time) of the mean phenotype will be the same as the mean value of the fittest

phenotypic state with the related variance being directly proportional to the rate

of phenotypic variations.

We can interpret these analytical results as follows. Similar to the case where the

environment is constant (Theorem 2), when the rate of the phenotypic variation is relatively

high the population might become extinct. Furthermore, we formally show that if the

environmental conditions undergo mild fluctuations, then the population with the lower rate

of phenotypic variations is selected. In this case, a more specialised population survives.

However, if the environment undergoes drastic changes (i.e. cells experience periods of harsh

and good conditions), then the population with the higher rate of phenotypic variations

has a competitive advantage and survives. Moreover, in this case we expect higher level of

phenotypic heterogeneity. This observation is consistent with experimental studies in which

cells grown under intermittent hypoxia demonstrated phenotypic diversity [47].

2.4 Results of numerical simulations

In this section, we construct numerical solutions to the system of non-local parabolic

PDEs (2.3) subject to the initial condition (2.12).

2.4.1 Numerical methods and set-up of numerical simulations

The above model has a set of parameters that can be chosen in order to represent certain

biological experimental systems (e.g. in vitro experiments). However, in order to uniquely

recover a parameter set given available, error-free data, one must perform structural identi-

fiability analysis [202]. There exist various methods for the analysis of global identifiability

for nonlinear systems, reviewed and compared in [203, 204]. However, such analysis is

beyond the scope of this thesis and will remain as future work.

The parameter values used to carry out the numerical simulations are chosen in order

to demonstrate the behaviour expected from the analysis and are listed in Table 2.1. In

order to capture the fact that rates of heritable spontaneous phenotypic variations are small,

in general, and much smaller than maximum proliferation rates, in particular, we assume

βi � γ for i ∈ {H,L}. Furthermore, given the values of γ and βi, we fix the value of d to

be such that the long-term limit (2.29) of the size of the population L is approximatively

104, which is consistent with biological data from the existing literature regarding in vitro

cell populations [205].
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We remark that the value of the parameter βL and the range of values of the parameter

βH reported in Table 2.1 are such that neither condition (2.26) nor condition (2.60) are

met in all cases on which we report in this section. This ensures that the two populations

do not simultaneously go extinct. We relax this assumption only in Figure 2.3 in order to

demonstrate complete extinction.

Parameter Description Value / Value range

γ Maximum proliferation rate 100
d Death rate due to competition 0.01
βL Rate of phenotypic variations of population L 0.01
βH Rate of phenotypic variations of population H [0.01, 0.1]
κ Half-maximum concentration of nutrient 1

Table 2.1: Parameter values used to carry out numerical simulations.

In this chapter, we consider both populations to have the same initial phenotypic dis-

tribution (2.12) with v0
i = 20, µ0

i = 0 and ρ0
i ≈ 800 for i ∈ {H,L}.

The method for constructing numerical solutions to the system of non-local parabolic

PDEs (2.3) is based on an explicit finite difference scheme in which a three-point stencil is

used to approximate the diffusion terms and an explicit finite difference scheme is used for

the reaction term [201]. We use the MATLAB built-in solver ode45 to solve numerically

the Cauchy problem (2.22) for vi(t), µi(t) and ρi(t). We validate the numerical scheme by

comparing the solutions of PDEs (2.3) and ODEs (2.22) with the explicit solutions for the

inverse of variance, mean phenotype and population size given by Equations (2.31), (2.33)

and (2.37), respectively. Particularly, we demonstrate the comparison between the PDEs

and ODEs in Figure 2.5.

In order to choose the discretisation values, i.e. the time step, ∆t, phenotype step,

∆x, and the phenotype interval, [−L,L], we used the convergence test results presented in

Figure 2.2. Here, we calculated the difference between the solutions of the system of PDEs

(2.3) and the analytic solutions given by Equations (2.31), (2.33) and (2.37). We considered

the difference between the total population size values at the end of the simulation

E1 =
∣∣∣ρa(tf )− ρpde(tf )

∣∣∣ , (2.83)

and the maximal difference between population densities at the end of the simulation

E2 = max
(∣∣∣naL(x, tf )− npdeL (x, tf )

∣∣∣) , (2.84)

where a denotes analytical and pde denotes numerical solutions. We choose the final time

to be tf = 40 as at this time the solutions are sufficiently close to their equilibrium value.
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Figure 2.2: (a) Plot of the differences between analytical (Equations (2.31), (2.33), and
(2.37)) and numerical (Equations (2.3)) solutions for the total population size defined in
Equation (2.83) (top) and the population density given by Equation (2.84) for different time
steps, ∆t. Here, the environment is constant with S = 1. We use parameter values defined
in Table 2.1 with ∆x = 0.01. (b) Same as (a) but for different phenotype step size, ∆x,
with ∆t = 0.0001. (c) Same as (b) but for different phenotype domain interval defined as
[−L,L] with ∆x = 0.005 and ∆t = 0.0001.

Based on the results in Figure 2.2, we select a uniform discretisation consisting of 2000

points on the interval [−5, 5] (corresponding to ∆x = 0.005) as the computational domain of

the independent variable x and impose no flux boundary conditions. Moreover, we assume

t ∈ [0, tf ], with tf > 0 being the final time of simulation, and we discretise the interval

[0, tf ] with the uniform step ∆t = 0.0001 (unless stated otherwise in figure caption).

2.4.2 Demonstration of analytical results

We consider the following definition of the nutrient concentration

S(t) = M +A sin

(
2πt

T

)
. (2.85)

In definition (2.85), the parameter M > 0 represents the mean nutrient concentration,

while the parameter A ≥ 0 models the semi-amplitude of the oscillations of the nutrient

concentration, which have period T > 0. We consider only values of M and A such that

S(t) ≥ 0, i.e. 0 ≤ A ≤M .

First, we consider the case where the rate of phenotypic variations satisfies the assump-

tion (2.26), i.e. the two populations undergo spontaneous phenotypic variations with very
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high rate. In this case, according to Theorem 2, we expect extinction of both populations,

as is demonstrated in Figure 2.3.

Figure 2.3: Plot of population sizes ρH(t) and ρL(t) obtained by computing numerically
the integrals of the components of the numerical solution of the system of PDEs (2.3)
subject to the initial condition (2.12). The dotted and dashed lines highlight, respectively,
ρL(t) and ρH(t) obtained by solving numerically the Cauchy problem (2.22). The nutrient
concentration S(t) is defined according to Equation (2.85) with M = 100 and A = 0. The
rates of phenotypic variation are chosen to satisfy Equation (2.26): βH = 100.5, βL = 100.
We use ∆t = 10−7 and other parameters as listed in Table 2.1.

We then explore three prototypical scenarios exemplified by different values of the pa-

rameter A. In particular, we choose M = 1 and compare the numerical solutions obtained

for A = 0 (i.e. constant nutrient concentration), A = 0.5 (i.e. lower nutrient variability)

and A = 1 (i.e. higher nutrient variability). Figure 2.4 displays plots of the nutrient con-

centration S(t) (top row), the rescaled maximum fitness g(t) (middle row) and the fittest

phenotypic state ϕ(t) (bottom row) corresponding to these choices of the parameter A.

These plots show that, as one would expect, higher nutrient variability brings about more

pronounced variations in the rescaled maximum fitness and the fittest phenotypic state.

Figure 2.5 shows a comparison between the exact solutions (2.13) – with vi(t), µi(t) and

ρi(t) obtained by solving numerically the Cauchy problem (2.22) – and the numerical solu-

tions of the system of non-local parabolic PDEs (2.3) subject to the initial condition (2.12).

In agreement with the results established by Proposition 1, for all values of A considered,

there is a perfect match between the population sizes obtained by computing numerically

the integrals of the components of the numerical solution of the system of PDEs (2.3) (solid

lines in the top row of Figure 2.5) and the population sizes obtained by solving numerically

the Cauchy problem (2.22) (dashed and dotted lines in the top row of Figure 2.5). Similarly,

there is excellent agreement between the population density functions obtained by solving

numerically the system of PDEs (2.3) (solid lines in the bottom row of Figure 2.5) and the
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Figure 2.4: (a) Plots of the nutrient concentration S(t) (top panel) defined according to
Equation (2.85) with M = 1 and A = 0, the corresponding rescaled maximum fitness
g(t) (central panel), and fittest phenotypic state ϕ(t) (bottom panel) defined according to
Equation (2.11). (b) Same as column (a) but with A = 0.5 and T = 5. (c) Same as column
(b) but with A = 1 and T = 5.

population density functions (2.13) with vi(t), µi(t) and ρi(t) given by the numerical solu-

tions of the Cauchy problem (2.22) (dashed and dotted lines in the bottom row of Figure

2.5).

In accord with the results of Theorem 2, when the nutrient concentration is constant

(i.e. S(t) ≡ M), the population with the lower rate of phenotypic variation (population

L) outcompetes the other population (Figure 2.5(a)). The size of the surviving population,

ρL(t), reaches the asymptotic value (2.29) and the phenotype distribution at the end of

the simulations, nL(x, tf ), is Gaussian with mean and variance equal to the asymptotic

values (2.30).

In agreement with the results established by Theorem 5, a similar outcome is observed

in the presence of a low nutrient variability (Figure 2.5(b)). In fact, in this case ΛL <

ΛH . On the other hand, when the nutrient variability is sufficiently high (Figure 2.5(c)),

the population with the higher rate of phenotypic variation (population H) outcompetes

the other population. This is due to the fact that in this case the condition condition
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Figure 2.5: (a) Plots of the population sizes (top row) ρH(t) (red line) and ρL(t) (blue line)
obtained by computing numerically the integrals of the components of the numerical solution
of the system of PDEs (2.3) subject to the initial condition (2.12). The dotted and dashed
lines highlight, respectively, ρL(t) and ρH(t), obtained by solving numerically the Cauchy
problem (2.22). The nutrient concentration S(t) is defined according to Equation (2.85)
with M = 1 and A = 0. Plots of the corresponding phenotype distribution of the surviving
population at t = tf obtained by solving numerically the system of PDEs (2.3) subject
to the the initial condition (2.12). The dotted and dashed lines correspond to the exact
phenotype distributions (2.13) with vi(t), µi(t) and ρi(t) given by the numerical solutions
of the Cauchy problem (2.22). The values of the model parameters are as listed in Table 2.1
with βH = 0.025. (b) Same as (a) but for A = 0.5. (c) Same as (a) but for A = 1. In (b)
and (c), the phenotype distributions are plotted at t = t1 and t = t2 as indicated in the
plots on the top panel.

ΛH < ΛL is satisfied. As expected, since A > 0, both the size and the mean phenotype of

the surviving population become T -periodic, with mean values given by Equations (2.54)

and (2.59), respectively. Moreover, the phenotype distribution of the surviving population

remains Gaussian with variance given by Equation (2.65). This implies that if population

H outcompetes population L then the variance of the phenotype distribution (i.e. the level

of phenotypic heterogeneity) will be ultimately larger than in the case where population L

is selected.

Taken together, these results demonstrate that when the nutrient concentration is con-

stant, or in the presence of a low level of nutrient variability, it is evolutionarily more

desirable to rarely undergo spontaneous phenotypic variation, since environmental con-

ditions are stable. Conversely, when nutrient variability is high (i.e. alternating cycles of
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starvation and nutrient abundance occur), higher rates of spontaneous phenotypic variation

constitute a competitive advantage, as they allow for a quicker adaptation to changeable

environmental conditions, and higher levels of phenotypic heterogeneity emerge.

2.4.3 Survey of environmental conditions and competition outcomes

Exploiting the results of the analysis of the evolutionary dynamics in Section 2.3, we can

further assess the range of environmental conditions under which higher rates of sponta-

neous phenotypic variation will represent a source of competitive advantage, i.e. when

population H survives. In more detail, as shown by the asymptotic results established by

Theorem 5, provided that condition (2.60) is not satisfied (i.e. at least one population sur-

vives), the outcome of competition between population H and population L in periodically

fluctuating environments can be predicted by computing the value of the quantities ΛH

and ΛL given by equation (2.55). In particular, the population characterised by the lower

value of this quantity will ultimately be selected. Therefore, we computed ΛH and ΛL for

different values of the period of the nutrient oscillations, T , and different values of the rate

of spontaneous phenotypic variations, βH . We used the values of the other evolutionary pa-

rameters shown in Table 2.1 and considered possible values of the environmental parameters

M and A corresponding to three different scenarios: an environment in which the nutrient

is abundant and undergoes small-amplitude periodic oscillations, i.e. M is relatively large

and A is relatively small (Figure 2.6(a)); an environment in which the nutrient is scarce

and undergoes small-amplitude periodic oscillations, i.e. M and A are both relatively small

(Figure 2.6(b)); and an environment in which periodic oscillations can induce a sufficiently

high variability of nutrient concentration, i.e. M = A and different values of A are allowed

(Figure 2.6(c)).

The results obtained are summarised by the plots in Figure 2.6. As we would expect, if

the nutrient concentration undergoes low-amplitude periodic oscillations, then ΛL < ΛH for

all values of T and βH considered (Figure 2.6(a) and Figure 2.6(b)). In this case population

L is selected. On the other hand, when periodic oscillations can bring about sufficiently

high levels of nutrient variability, there is a region of the βH–T plane where ΛH < ΛL

(Figure 2.6(c)). Here, the population H is selected. When the value of A is either low

or high, this region is small and concentrated in the bottom left corner of the plane. For

intermediate values of A the region where ΛH < ΛL is wider and such that the smaller the

value of T (i.e. the higher the frequency of the nutrient oscillations) the wider the range of

values of βH that belong to it.

Furthermore, we can investigate how the fluctuations in the nutrient level affect the

phenotypic distribution of each population at any given time point by constructing numer-
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Figure 2.6: (a) Qualitative dynamics of the nutrient concentration, S(t), defined according
to Equation (2.85) with M = 60 and A = 10, and corresponding plot of sgn (ΛH − ΛL) as
a function of βH ∈ (βL, 0.1], with βL = 0.01, and T ∈ [1, 20]. The quantities ΛH and ΛL
are computed using Equation (2.55) and the values of the other model parameters are as
listed in Table 2.1. The blue (marked by letter B) points in the βH − T plane correspond
to sgn (ΛH − ΛL) = 1, i.e. population L survives, whereas the red points (marked by
letter R) correspond to sgn (ΛH − ΛL) = −1, i.e. population H survives. (b) Same as
panel (a) but with M = 1 and A = 0.5. (c) Same as panel (b) but with M = A and
A ∈ {0.5, 1, 10, 25, 50}.

ical solutions to the system of non-local PDEs (2.1) subject to initial condition (2.12) with

S(t) defined according to Equation (2.85). This is demonstrated by the plots in Figure 2.7,

which show sample dynamics of the nutrient concentration S(t), the phenotype distribu-

tions, nH(x, t) and nL(x, t), and the population sizes, ρH(x, t) and ρL(x, t), for different

values of semi-amplitude, A, and mean, M , of fluctuations.

When the nutrient is abundant and experiences fluctuations of relatively low level (Fig-

ure 2.7(a)) population L outcompetes population H. This is due to the fact that, as

shown by the Figure 2.8(a), the fittest phenotypic state ϕ(t) undergoes very small periodic

oscillations and its value remains close to 0 (i.e. the value of the phenotypic variable x cor-

responding to the fittest phenotypic state when nutrient is scarce). Moreover, the rescaled

maximum fitness g(t) undergoes very small periodic oscillations and its value remains close

to 1.

When the nutrient level is uniformly low and undergoes relatively small oscillations

(Figure 2.7(d)) population L is selected against population H. This is due to the fact
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Figure 2.7: (a) Plots of the nutrient concentration S(t) (first row), the phenotype distribu-
tions nH(x, t) (second row) and nL(x, t) (third row), and the population sizes ρH(t) (fourth
row, red line) and ρL(t) (fourth row, blue line) obtained by solving numerically the system
of PDEs (2.3), where S(t) is defined according to Equation (2.85) with T = 5, A = 20 and
M = 70. The values of the model parameters are as listed in Table 2.1 with βH = 0.025.
(b) - (d) Same as column (a) but for A = M = 50 (column (b)), A = M = 10 (column
(c)), and A = M = 0.1 (column (d)).

that, as shown by the Figure 2.8(d), both the fittest phenotypic state ϕ(t) and the rescaled

maximum fitness g(t) undergo small periodic oscillations and their values remain close to

1. We recall that x = 1 is the value of the phenotypic variable corresponding to the fittest

phenotypic state when nutrient is scarce.

For the cases when the populations experience fluctuations of relatively high level (Fig-

ure 2.7(b) and Figure 2.7(c)) population H outcompetes population L. This is due to the

fact that, as shown by Figure 2.8(b) and Figure 2.8(c), the fittest phenotypic state ϕ(t)
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Figure 2.8: (a) Plot of the corresponding rescaled maximum fitness g(t) (top row) and
fittest phenotypic state ϕ(t) (bottom row) defined according to Equation (2.11) with the
nutrient concentration S(t) defined according to Equation (2.85) with M = 70, A = 20 and
T = 5. (b) – (d) Same as column (a) but with A = M = 50 (column (b)), A = M = 10
(column (c)), and A = M = 0.1 (column (d)).

fluctuates periodically between 1 and a positive value close to 0. Moreover, the rescaled

maximum fitness g(t) undergoes small periodic oscillations and its value remains close to 1.

Note that in all cases the phenotype distribution of the surviving population remains

unimodal with maximum at the mean phenotypic state. Ultimately, both the size and the

mean phenotypic state of the surviving population oscillate periodically with the same pe-

riod as the nutrient concentration, S(t). Furthermore, when the populations experience

fluctuations of relatively high level (i.e. Figure 2.7(b) and Figure 2.7(c)), the mean phe-

notypic state of the surviving population (i.e. population H) undergoes rapid transitions

between 1 and a positive value close to 0. This can be biologically seen as the emergence

of a bet-hedging behaviour.

2.5 Discussion

In this chapter, we have presented a mathematical model, which describes the evolutionary

dynamics of two asexual phenotype-structured populations competing in periodically oscil-

lating environments. The two populations undergo spontaneous phenotypic variations at

different rates and their fitness landscapes are dynamically sculpted by fluctuations in the

nutrient levels.
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Our analytical results formalise the idea that distinct environmental regimes will select

different adaptation strategies, as summarised in Figure 2.9. In particular, when nutrient

levels experience small and slow periodic oscillations, and thus environmental conditions are

relatively stable, it is evolutionarily more efficient to rarely undergo spontaneous phenotypic

variations. Conversely, under relatively large and fast periodic oscillations in the nutrient

levels, which lead to alternating cycles of starvation and nutrient abundance, higher rates of

spontaneous phenotypic variations can confer a competitive advantage, as they may allow

for a quicker adaptation to changeable environmental conditions. In the latter case, our

results predict higher levels of phenotypic heterogeneity than those observed in slowly fluc-

tuating environments. Finally, our results suggest that bet-hedging evolutionary strategies,

whereby individuals switch between antithetical phenotypic states, can naturally emerge in

the presence of relatively large and fast nutrient fluctuations leading to drastic environmen-

tal changes.
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Figure 2.9: Schematic representation of the environmental regimes (left) and the corre-
sponding adaptive strategies (right). The benefit from higher rates of spontaneous varia-
tions (bottom box) depends on the period of fluctuations, i.e. oscillations must be slow
enough such that cells have time to change their phenotype.

The results of this chapter are consistent with existing mathematical models that look

at adaptive strategies in fluctuating environments. In particular, our observation that a

population, which switches between two specialised phenotypes, is selected when nutrient
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levels undergo high-amplitude fluctuations, is consistent with the results of the generalist-

specialist model, presented in Section 1.5.2, and in the original model from [147]. Further-

more, our results are in agreement with studies by Müller et al. [89], where the authors

observed that a bet-hedger population that switches between two phenotypes is selected

when environmental fluctuations occur on intermediate timescales. Furthermore, we showed

how the mean value of fluctuations, together with the amplitude, affect the competitive

advantage of spontaneous phenotypic variations. In this chapter we considered periodic

environmental fluctuations, but we also showed that our results hold when using stochas-

tic environmental variations between two extreme environments (e.g. S = 0 and S = 1).

Exploration of other environmental regimes remains as future work.

The generality of the model and the robustness of the results make our conclusions

applicable to a broad range of asexual populations evolving in fluctuating environments.

Here, our aim is to apply the developed model to cancer cell populations in temporally

varying environments due to irregular blood flow. To do so, we introduced several biological

assumptions as a first step towards a more biologically realistic model. If we assume that

S(t) in our model represents the oxygen level at time t, then the phenotypic variants best

adapted to oxygen-rich environments, and thus displaying a regular metabolism, are those

with x → 0. On the other hand, the phenotypic variants best adapted to oxygen-low

environments – i.e. the phenotypic variants that proliferate through the consumption of

glucose, which is usually abundant – correspond to x → 1. Even though still a simplified

scenario, these assumptions allow us to adapt the fitness landscape to more accurately

represent tumour metabolism.

The focus of this chapter has been on the case where the maximum proliferation rate of

the phenotypic variants best adapted to nutrient-rich environments (i.e. the parameter γ)

and the maximum proliferation rate of the phenotypic variants best adapted to nutrient-

scarce environments (i.e. the parameter ζ) are the same. In practice, in the realistic

scenario of tumour metabolism, as well as other biological systems, the ability to survive

in harsh environments comes with a fitness cost. In particular, anaerobic glycolysis is far

less efficient in terms of produced energy than oxidative phosphorylation [105]. Therefore,

the proliferation rate of glucose-dependent phenotypic variants might be lower than that of

phenotypic variants best adapted to oxygenated environments. Therefore, it is necessary to

extend our analytical results to the case where ζ < γ.

Another natural extension of the model is consideration of the feedback from the pop-

ulations on the nutrient level. In fact, most existing models of evolutionary dynamics in a

fluctuating environment do not account for this feedback. However, changes in the popula-

tion dynamics are known to affect the outcome of interspecies competition in the presence
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of time variations in the availability of nutrients [206]. In the context of solid tumours,

an example of a negative feedback mechanism that regulates population growth is nutrient

consumption, which is known to vary across different cell lines and environmental conditions

[19].

Therefore, in Chapter 3 we use the modelling framework developed in this chapter to

study the evolution of cancer cell populations exposed to fluctuating oxygen levels. In par-

ticular, we present an extended model where oxygen dynamics are modelled explicitly via

an ordinary differential equation. We assume that oxygen is supplied by the blood vessel,

decays naturally and is consumed by the cells at rates which depend on their metabolic

phenotype. Thus, in Chapter 3, we investigate the impact of the fitness cost on the compe-

tition outcomes. We aim also to understand how the interplay between the cells and their

environment affects the selection of populations with higher rates of phenotypic variation

and, hence, promotes phenotypic heterogeneity.
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Chapter 3

Competition of
phenotype-structured populations
with cell-environment interactions

3.1 Introduction

Experimental and clinical studies show that oscillations in oxygen levels in solid tumours

can occur on a variety of timescales, ranging from minutes to weeks [11, 22]. Temporal

variations may lead to the emergence of regions of normoxia (i.e. high oxygen levels),

chronic hypoxia (i.e. sustained low oxygen levels) and regions with fluctuating levels of

oxygen (i.e. transient periods of low and relatively higher oxygen levels) [34].

The evolutionary consequences of these spatial and temporal variations can be profound.

In order to survive, cancer cells in a poorly perfused region that is hypoxic, acidic and lacks

growth factors require a different phenotype compared to cancer cells in a well-perfused,

physiological environment. Furthermore, rapid, stochastic changes in environmental con-

ditions apply additional selection forces. Here, cells must be able to adapt rapidly to

unpredictable and potentially lethal environmental conditions. Furthermore, hypoxic and

acidic environments generate genotoxic conditions and the transition from hypoxic to nor-

moxic conditions can generate bursts of oxygen free radicals that induce widespread tissue

and cellular damage [207].

Previous empirical and theoretical work has suggested that temporal variations in oxy-

gen levels may drive cancer cells to adapt [7, 198]. Further, such adaptation can substan-

tially impact the evolutionary dynamics of cancer by increasing clonal diversity, promoting

metastasis and supporting more plastic phenotypic variants [45, 47, 40, 1]. In particular,

it has been hypothesised that cancer cell populations could utilise risk spreading through

stochastic phenotype switching, which is also known as bet-hedging, as an adaptive strat-

egy to survive in the harsh, constantly changing environmental conditions associated with
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intermittent hypoxia [7, 82]. However, in order to apply the developed framework to the

specific application, we have to account for the specific details of the interactions between

cells and the resource, that can shape the environment and, therefore, affect competition

outcomes.

In Chapter 2, for simplicity, we assumed that the cells exist in prescribed conditions

and do not interact with their environment. However, in reality, this is not the case. Cells

can consume the available resources, become involved in cell signalling, which promotes or

inhibits various cellular activities, such as angiogenesis, and can also exert physical pressure

on the surroundings, leading to occlusion of the blood vessels. Various mathematical models

have accounted for such feedback mechanisms, both positive and negative. In particular,

this question has been addressed using structured consumer-resource models formulated

in terms of a renewal equation [208]. Here, the resource dynamics is represented using

an ordinary differential equation [209, 210, 211]. Such models are analytically tractable

and have provided insights into the impact of feedback on the stability of behaviours. For

instance, models of this form have been used to study cannibalism in fish populations [212,

213], as well as modelling the consumption of algae by Daphnia magna [214, 210]. These

models demonstrate the importance of considering feedback mechanisms when studying the

competitive behaviour of structured populations.

In this chapter, we aim to investigate whether cancer cells might utilise spontaneous

phenotypic variations as an adaptive strategy in order to deal with temporal variations

in oxygen concentrations. In particular, we extend the modelling framework developed

in Chapter 2 by including a more detailed description of tumour metabolism in the fitness

function. We model the oxygen dynamics via an ordinary differential equation where oxygen

is supplied in a time-dependent manner by blood vessels and is consumed by the cells at

rates determined by their phenotype. We use this model to examine the consequences of

cell-environment feedback and how it shapes the formation of environmental niches within

solid tumours.

We begin this chapter by explaining how we extend the mathematical model from the

previous chapter (Section 3.2). We then consider a simplified model, in which oxygen

consumption is modelled via a linear term. Under this assumption that the long time system

dynamics can be described by a coupled system of PDEs, which we present in Section 3.3.

We then solve numerically the full model, coupling the dynamics of the PDEs to the ODE

governing the oxygen dynamics and accounting for phenotype-dependent consumption. The

simulation results are outlined in Section 3.4. By considering a specific set of parameter

values obtained from the literature, we identify timescales on which spontaneous phenotypic

variation can be a successful adaptive strategy (Section 3.5). Finally, we explain how
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these mathematical results can shed light on the evolutionary processes that underpin the

emergence of phenotypic heterogeneity in vascularised tumours (Section 3.6).

The work contained in this chapter was carried out in collaboration with Prof. Tommaso

Lorenzi (Politecnico di Torino, Italy). He contributed to the analysis of simplified model,

presented in Appendix B, and to overall supervision of this work. The results presented in

Sections 3.2, 3.3.1, 3.4 and 3.6 have been published in the following paper:

A. Ardaševa, R. A. Gatenby, A. R. A. Anderson, H. M. Byrne, P. K. Maini, T. Lorenzi,

2020, ‘A mathematical dissection of the adaptation of cell populations to fluctuating oxygen

levels’, Bulletin of Mathematical Biology, 82, 81.

3.2 Mathematical model

In this chapter, we build on the modelling framework developed in Chapter 2 where cells

are grouped into two populations, H and L, which differ only in the rates at which the cells

undergo phenotypic variations. Cells in each group can proliferate, die, undergo spontaneous

phenotypic variations, and compete for oxygen. The oxygen concentration in the system

is denoted by S(t). Based on the observation that glucose levels in biological tissues are

usually sufficiently high not to represent a limiting factor for the proliferation of cells [82],

for the sake of simplicity, we do not model the dynamics of the glucose concentration.

We represent the phenotypic state with a continuous variable on a finite domain x ∈
[0, 1], which represents the metabolic state of the cell (see Section 3.2.1). We describe the

phenotype distributions of the two cell populations at time t by means of the population

density functions nH(x, t) and nL(x, t). We define the size of populations H and L, and the

total number of cells inside the system at time t, respectively, as

ρH(t) :=

∫ 1

0
nH(x, t) dx, ρL(t) :=

∫ 1

0
nL(x, t) dx (3.1)

and

ρ(t) := ρH(t) + ρL(t). (3.2)

Moreover, we define the mean phenotype and the phenotypic variance of population i ∈
{H,L} at time t, respectively, as

µi(t) :=
1

ρi(t)

∫ 1

0
xni(x, t) dx, σ2

i (t) :=
1

ρi(t)

∫ 1

0
x2 ni(x, t) dx− µ2

i (t). (3.3)
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We describe the evolution of the two cell populations through the system of conservation

equations for the population density functions:
∂nH
∂t

= βH
∂2nH
∂x2

+ R
(
x, S(t), ρ(t)

)
nH ,

∂nL
∂t

= βL
∂2nL
∂x2

+ R
(
x, S(t), ρ(t)

)
nL,

for (x, t) ∈ (0, 1)× (0,∞), (3.4)

subject to no-flux boundary conditions, i.e.

∂ni(0, t)

∂x
= 0 and

∂ni(1, t)

∂x
= 0 for all t ∈ (0,∞), i ∈ {H,L}. (3.5)

The function, R(x, S(t), ρ) represents, as before, the fitness of cells and is given by Equation

(2.5) with the net proliferation rate, p(x, S), defined by Equation (2.7). We consider the

maximum proliferation rate, g(S), non-linear selection gradient, h(S), and fittest phenotypic

state, ϕ(S) to be given by Equations (2.8) and (2.9), respectively. We keep our assump-

tion (2.4) that population H undergoes spontaneous phenotypic variations at a higher rate

compared to the population L.

3.2.1 Biological assumptions

As summarised by the schematic in Figure 3.1, the phenotypic state, x, represents the

metabolic state of each cell. In particular, we make the following assumptions:

Assumption 1. Cells in the phenotypic state x = 0 have a fully oxidative metabolism and

produce energy through aerobic respiration only. Oxidative cells consume oxygen.

Assumption 2. Cells in the phenotypic state x = 1 express a fully glycolytic metabolism

and produce energy through anaerobic glycolysis only. Glycolytic cells do not consume

oxygen.

Assumption 3. Cells in other phenotypic states x ∈ (0, 1) produce energy via aerobic res-

piration and anaerobic glycolysis, and higher values of x correlate with a less oxidative

and more glycolytic metabolism.

To incorporate into the model the fitness cost associated with a less efficient glycolytic

metabolism [215], we assume that

γ ≥ ζ > 0. (3.6)

A sample of plots of the function p
(
x, S

)
for different values of the oxygen concentration, S,

and of the quotient, γ/ζ, is displayed in Figure 3.2. If γ/ζ = 1, then there is no fitness cost

associated with glycolytic metabolism, whereas increasing values of γ/ζ > 1 correspond to

larger fitness costs of glycolytic metabolism.
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Figure 3.1: Schematic diagram illustrating the relationship between the cell phenotype
variable x ∈ [0, 1] and the dependence on oxygen and glucose for energy production for
different phenotypic variants.

3.2.2 Oxygen dynamics

We describe the oxygen dynamics via the following equation for S(t):

dS

dt
= I(t)− η S −

∫ 1

0
q(x, S) [nH(x, t) + nL(x, t)] dx, t ∈ (0,∞) (3.7)

which is coupled with the system of non-local PDEs (3.4). In the ODE (3.7), the parameter

η > 0 represents the rate of natural decay of oxygen and the non-negative function I(t)

models the rate at which oxygen is supplied to the system. The last term on the right-hand

side of Equation (3.7) models the rate of oxygen consumption by the cells. Here, the non-

negative function q(x, S) is the consumption rate of cells in phenotypic state x, and we take

it to be

q(x, S) := θ γ
S

1 + S
(1− x2), (3.8)

based on the following argument. Cells in the phenotypic state x = 1 (i.e. fully glycolytic

phenotype) produce energy through anaerobic glycolysis only and, therefore, they do not

consume any oxygen (i.e. q(1, S) = 0 for any S). However, cells in the phenotypic state

x = 0 (i.e. fully oxidative phenotype) consume oxygen at a rate proportional to their

division rate, with constant of proportionality θ > 0 (i.e. q(0, S) = θ p(0, S) = θ γ S
1+S ).

Finally, the rate at which oxygen is consumed by cells in phenotypic state x ∈ (0, 1) is a

fraction of the consumption rate of cells in the phenotypic state x = 0, and higher values

of x correlate with lower oxygen consumption (i.e. q(x, S) = q(0, S)(1− x2) for x ∈ (0, 1)).
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Figure 3.2: Plot of the cell division rate p(x, S) defined according to Equation (2.7) in the
case of a relatively high oxygen level (i.e. S = 10) and a relatively low oxygen level (i.e.
S = 0.1), for increasing values of the fitness cost associated with glycolytic metabolism (i.e.
increasing values of the quotient γ/ζ ≥ 1). Here, γ = 100, κ = 1.

3.3 Simplified model

In order to obtain a detailed analytical description of the evolutionary dynamics of the

two cell populations, we first consider a simplified scenario whereby the ODE for S(t) is

decoupled from the system of non-local parabolic PDEs (3.4). In particular, we let the

evolution of the oxygen concentration S(t) be governed by the following Cauchy problem
dS

dt
= I(t)−ΘS,

S(0) = S0 ≥ 0,

t ∈ (0,∞), (3.9)

where the effects of oxygen consumption and oxygen decay are both encapsulated in the

parameter Θ > 0. Moreover, to facilitate analysis, we extend the interval [0, 1] to R and re-

define the population-level quantities accordingly, i.e. we use the definitions (2.1) and (2.2)

from Chapter 2. The fact that the function p(x, S) is negative for values of x sufficiently far

from the x ∈ [0, 1] ensures that less fit variants outside this region are driven to extinction

by natural selection. Finally, we consider initial conditions of the Gaussian form defined by

Equation (2.12). This allows us to use the result established by Proposition 1, which can

be proved through the method that we previously employed in Section 2.3 (see Appendix

B).

3.3.1 Analysis results

We use the approaches outlined in the proofs of Theorems 2 and 5 to analyse the long-term

behaviour of the solutions.
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In the case where the inflow of oxygen is constant, i.e. the source term I(t) in the

ODE (3.9) satisfies the following

I(t) ≡ IS , (3.10)

our main results are summarised by Theorem 6, where the functions g, ϕ and h are defined

according to Equations (2.8) and (2.9), and we use the definitions

S∞ :=
IS
Θ
, ρ∞L :=

γ g(S∞)−
√
h(S∞)βL

d
, µ∞L := ϕ(S∞). (3.11)

Theorem 6. Under assumptions (2.4) and (3.6) and the additional assumption (3.10),

the solution of the system of non-local PDEs (3.4) posed on R × (0,∞), subject to the

initial condition (2.12) and complemented with the Cauchy problem (3.9) is of the Gaussian

form (2.13) and satisfies the following:

(i) if √
h(S∞)βL ≥ γ g(S∞)

then

lim
t→∞

ρH(t) = 0 and lim
t→∞

ρL(t) = 0; (3.12)

(ii) if √
h(S∞)βL < γ g(S∞)

then

lim
t→∞

ρH(t) = 0, lim
t→∞

ρL(t) = ρ∞L (3.13)

and

lim
t→∞

µL(t) = µ∞L , lim
t→∞

σ2
L(t) =

√
βL

h(S∞)
. (3.14)

Theorem 6 suggests that when the oxygen level is constant and the rate of phenotypic

variation is relatively small, we expect the population with lower rate of phenotypic variation

to survive. In this case, the cells will attain the fittest phenotypic state, i.e. a specialist

population will be selected.

In the case where the inflow of oxygen undergoes periodic oscillations, i.e. the source

term I(t) in the ODE (3.9) satisfies the following assumptions

I ∈ Lip([0,∞)) and I(t+ T ) = I(t) for all t ≥ 0, (3.15)

our main results are summarised by Theorem 7, where S̃(t) is the unique non-negative

T -periodic solution of the problem
dS̃

dt
= I(t)−ΘS̃, t ∈ (0, T ),

S̃(0) = S̃(T ),

(3.16)
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ṽi(t) is the unique real positive T -periodic solution of the problem
dṽi
dt

= 2
(
h(S̃)− βiṽ2

i

)
, t ∈ (0, T ),

ṽi(0) = ṽi(T ),

(3.17)

µ̃i(t) is the unique real T -periodic solution of the problem
dµ̃i
dt

=
2h(S̃)

ṽi

(
ϕ(S̃)− µ̃i

)
, t ∈ (0, T ),

µ̃i(0) = µ̃i(T ),

(3.18)

ρ̃i(t) is the unique real non-negative T -periodic solution of the problem
dρ̃i
dt

=
(
Fi(S̃, ṽi, µ̃i)− dρ̃i

)
ρ̃i, t ∈ (0, T ),

ρ̃i(0) = ρ̃i(T ),

(3.19)

and

Λi :=
1

T

∫ T

0

h(S̃(z))

ṽi(z)
dz +

1

T

∫ T

0

(
µ̃i(z)− ϕ(S̃(z))

)2
h(S̃(z)) dz for i ∈ {H,L} . (3.20)

In Equations (3.17)–(3.20), the functions g, ϕ and h are defined according to Equation (2.8)

and (2.9). Moreover, the function Fi in Equation (3.19) is defined according to Equa-

tion (2.23).

Theorem 7. Under assumptions (2.4)-(3.6) and the additional assumption (3.15), the so-

lution of the system of non-local PDEs (3.4) posed on R×(0,∞), subject to the initial condi-

tion (2.12) and complemented with the Cauchy problem (3.9) is of the Gaussian form (2.13)

and satisfies the following:

(i) if

min {ΛH ,ΛL} ≥
γ

T

∫ T

0
g(S̃(t)) dt (3.21)

then

lim
t→∞

ρH(t) = 0 and lim
t→∞

ρL(t) = 0; (3.22)

(ii) if

min {ΛH ,ΛL} <
γ

T

∫ T

0
g(S̃(t)) dt (3.23)

and

i = arg min
k∈{H,L}

Λk, j = arg max
k∈{H,L}

Λk, (3.24)
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then

ρi(t)→ ρ̃i(t), ρj(t)→ 0 as t→∞, (3.25)

and

µi(t)→ µ̃i(t), σ2
i (t)→

1

ṽi(t)
as t→∞. (3.26)

Theorem 7 suggests that when the oxygen level oscillates periodically, we expect the

population that minimises Λi, given by the definition (3.20), to survive and have a periodic

solution. Moreover, the variance (i.e. the level of phenotypic heterogeneity) will also vary

periodically in time.

The proofs of Theorems 6 and 7 are presented in Appendix B.

3.3.2 Demonstration of analysis results

Here we present numerical simulations illustrating the results of the long-term (t → ∞)

analysis presented in Section 3.3.1.

3.3.2.1 Numerical setup

We use the numerical scheme to obtain the numerical solutions of the PDEs (3.4) detailed

in Section 2.4.1. We use the ode15s solver in MATLAB to solve the ODEs (3.16) –

(3.19). We use this particular solver as we might expect a more stiff system due to time-

dependent parameters. We compare the numerical approximations of the PDEs with the

ODEs to validate the approximations. In all the simulations presented in this section we

use the parameter values listed in Table 3.1,which are chosen in order to demonstrate the

analytic results. We consider the initial conditions of both cell populations as being given by

Equation (2.12) where v0
i = 20, µ0

i = 0, and ρ0
i ≈ 800 for i ∈ {H,L}. The initial condition

for the oxygen concentration is given by S(0) = I(0).

Parameter Description Value range

γ Maximum proliferation rate of oxidative cells 100
ζ Maximum proliferation rate of glycolytic cells [25,100]
d Death rate due to competition 0.01
βL Rate of phenotypic variations of population L 0.01
βH Rate of phenotypic variations of population H 0.025
Θ Oxygen consumption term [1, 100]
κ Michaelis constant 1

Table 3.1: Parameter values used to carry out the numerical simulations in Section 3.3.2.
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3.3.2.2 Main results

We consider the following definition of the oxygen inflow concentration

I(t) = M +A sin

(
2πt

T

)
, (3.27)

where M is the mean oxygen concentration, A is the amplitude and T is the period of oscil-

lation. The values are chosen such that A ≤ M . We start by exploring three prototypical

scenarios exemplified by different values of the parameter A. We choose M = 10 and let

A = 0 (i.e. constant environment), A = 1 (i.e. mild fluctuations) and A = 10 (i.e. severe

fluctuations).

The plots in the top row of Figure 3.3 show the inflow of oxygen as a function of

time. In (a), oxygen is supplied constantly, whereas in (b) and (c) oxygen inflow undergoes

periodic oscillations of low and high amplitude, respectively. The bottom row in Figure

3.3 shows the resulting dynamics of the oxygen concentration for given I(t). As expected,

higher variability in the oxygen inflow leads to higher amplitude fluctuations in the oxygen

concentration. Figure 3.4 shows a comparison between the solutions of vi(t), µi(t), ρi(t)

0 20 400
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20

I(t
)

(a) Constant

0 20 40

(b) Mild fluctuations

0 20 40

(c) Severe fluctuations

0 20 40
t

0

5

10

S(
t)

0 20 40
t

0 20 40
t

Figure 3.3: (a) Dynamics of oxygen inflow I(t) (first row) and oxygen concentration S(t)
obtained by solving numerically the ODE (3.9) with oxygen inflow given by Equation (3.27)
with A = 0, M = 10, T = 5. (b) – (c) Same as column (a) but for A = 1 (column (b))
and A = 10 (column (c)). Θ = 10, ζ = 50, and other parameter values are defined as in
Table 3.1.

and the resulting phenotype distributions at given times t = t∗, ni(x, t
∗), obtained by

solving numerically the Cauchy problem (2.22) and the system of PDEs (3.4) with Equation
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(3.9). We observe an excellent agreement between the population sizes, mean phenotypes,

variances and population densities over time.

Figure 3.4: (a) Plots of population sizes ρi(t), mean phenotype µi(t) of the surviving
population, the variance σ2

i (t) of phenotypic distribution of the surviving population, and
the corresponding phenotype distributions ni(x, t

∗) at the end of simulation t∗ = 40. Blue
and red lines correspond to populations L and H, respectively, obtained by computing
numerically the solutions of the system of PDEs (3.4) coupled with Equation (3.9) where
nutrient supply is given by Equation (3.27) subject to the initial conditions (2.12). The
dotted and dashed lines highlight populations H and L, respectively, obtained by solving
numerically the Cauchy problem (2.22) with Equation (3.9). Here, A = 0, M = 10, T = 5,
ζ = 50, Θ = 10 and other parameters as listen in Table 3.1. (b)–(c) Same as (a) but with
A = 1 (b) and A = 10 (c).
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In agreement with the results established by Theorem 6, when the inflow of the nutrient

is constant (i.e. I(t) ≡M), the population with lower rate of phenotypic variations survives

(Figure 3.4(a)). The size of the population L reaches the asymptotic value (3.13) and the

phenotype distribution nL(x, t1) is Gaussian with mean and variance equal to the asymptotic

values (3.14).

A similar outcome is observed in the presence of mild fluctuations (Figure 3.4(b)) in

accord with the results of Theorem 7, where the condition ΛL < ΛH is satisfied and the

population L survives. When the nutrient variability is high, we observe that population H

survives (Figure 3.4(c)). In this case, the condition ΛL > ΛH is satisfied. In both scenar-

ios, the size of the surviving population, mean phenotype and variance of the phenotypic

distribution become T-periodic. In Figure 3.4(c), when the environment is oxygen-rich,

the population size is the highest (e.g. at t1) and the population acquires the oxidative

phenotype with the variance being at its lowest. On the contrary, when the oxygen level

is low, the resulting population size is low (e.g. at t2) and the population moves towards a

more glycolytic phenotype with higher variance. Therefore, the phenotypic heterogeneity is

increased in the case of larger nutrient variability, and is at its highest when the population

size is small, i.e. during the period of hypoxia.

Exploiting the results of the analysis of the evolutionary dynamics, we can further in-

vestigate the range of environmental conditions under which higher rates of phenotypic

variations represent a competitive advantage. We assume that the inflow of nutrient fluc-

tuates between 0 and some positive value such that A = M . Additionally, we look at the

impact of the nutrient consumption term Θ and maximum proliferation rate of glycolytic

cells ζ. Therefore, for every combination of parameters {A, T,Θ, ζ} we compute the quanti-

ties ΛL and ΛH given by Equation (3.20). The population characterised by the lower value

of this quantity will ultimately be selected, as predicted by Theorem 7. We compute the

quantities required to calculate Λi, i.e. v̂i(t), µ̂i(t), ĥ(t) and ϕ̂(t), by solving numerically

the Cauchy problem (2.22) and ODE describing oxygen dynamics given by Equation (3.9).

We use the values of other parameters as defined in Table 3.1. The results are summarised

by the plots in Figure 3.5, where blue points correspond to the case where population L

survives and red to the case where population H survives. The value of Θ increases from

left to right and the value of ζ decreases from top to bottom.

When the nutrient consumption rate is small (e.g. Θ = 1, first column in Figure 3.5),

the population L survives for any given environment and values of ζ. In this case, very

little nutrient is consumed and a build-up occurs. Therefore, the populations experience

an oxygenated environment and the population with lower rate of phenotypic variation

survives as suggested by Theorem 6.
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Figure 3.5: Plots of sgn (ΛH − ΛL) as a function of A ∈ [0.1, 100] and T ∈ [1, 20] for
different values of Θ ∈ {1, 10, 50, 100} and ζ ∈ {25, 50, 75, 100}. The quantities ΛH and ΛL
are computed using the Equation (3.20) and the values of the other model parameters as
listed in Table 3.1. The blue points (marked by letter B) in the βH −T plane correspond to
sgn (ΛH − ΛL) = 1 (i.e. ΛL < ΛH), whereas the red points (marked by letter R) correspond
to sgn (ΛH − ΛL) = −1 (i.e. ΛH < ΛL).

As the magnitude of the consumption term increases, the environmental regimes where

the population with higher rate of phenotypic variation is favoured appear. In general, the

population H survives when both amplitude A and period T are at intermediate values. The

range of favourable environments for population H depends on the maximum proliferation

rate of glycolytic cells and nutrient consumption term. In particular, when there is no cost

for being in the glycolytic state, i.e. γ = ζ, the largest ‘opportunity window’ appears when

θ is relatively small. However, when the cost for being glycolytic is large, e.g. ζ = 25,
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the largest ‘opportunity window’ exists at larger values of Θ. Thus, depending on the

characteristics of the cell line (such as oxygen consumption rate and proliferation rate under

hypoxia), we expect to observe the population with higher rates of phenotypic variation, and

hence higher phenotypic heterogeneity, in regions characterised by different environmental

conditions.

3.4 Model with phenotype-dependent consumption

In this section, we present the results of numerical simulations of the mathematical model

defined by the non-local PDEs (3.4) coupled with the ODE (3.7) in Section 3.2.2. We

combine these numerical results with the analytical results obtained for a simplified version

of the model presented in Section 3.3, and discuss their biological relevance. In more detail,

Section 3.4.1 provides a description of the numerical methods employed and the set-up of

the numerical simulations. In Section 3.4.2, we consider the case where the inflow of oxygen

is constant, i.e. we assume

I(t) = IS ≥ 0 for all t ≥ 0, (3.28)

while in Section 3.4.3 we study the case where the oxygen inflow undergoes periodic oscil-

lations of period T > 0, i.e. we assume

I(t+ T ) = I(t) for all t ≥ 0. (3.29)

In particular, to construct numerical solutions we consider the case where

I(t) = max

(
0, A sin

(
2πt

T

))
, (3.30)

with A > 0 modelling the amplitude of the periodic fluctuations in oxygen inflow. Def-

inition (3.30) corresponds to a biological scenario in which oxygen inflow is periodically

interrupted due to, for instance, the periodic blockage of a blood vessel.

3.4.1 Numerical setup

We use a uniform discretisation, based on the results of the convergence tests in Section

2.4.1, consisting of 200 points on the interval [0, 1] (i.e. ∆x = 0.005) as the computational

domain of the independent variable x. We assume t ∈ [0, tf ], with tf = 40 being the final

time of simulations, and we discretise the time interval [0, tf ] with the uniform step size

∆t = 0.0001. The method we use for constructing numerical solutions to the system of

non-local parabolic PDEs (3.4) subject to no-flux boundary conditions is based on a three-

point finite difference explicit scheme for the diffusion terms and an explicit finite difference
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scheme for the reaction terms [201]. Moreover, numerical solutions to the ODE (3.7) are

constructed using the explicit Euler method.

The nutrient concentration is presented in non-dimensional form and the dimensionless

parameter values listed in Table 3.2 are used to carry out numerical simulations in order to

demonstrate the qualitative behaviour of the system. The values of the rates of phenotypic

variation, βi, maximum proliferation rate of oxidative cells, γ, and death rate due to intra-

and inter-population competition, d, are the same as those used in Sections 2.4 and 3.3. In

summary, we define the rates of phenotypic variation βH and βL so that they are consistent

with typical times required by cells to acquire a glycolytic phenotype through epigenetic

changes [113]. Moreover, we choose the value of the maximum cell division rate of fully

oxidative phenotypic variants γ such that γ � βH , in order to capture the fact that phe-

notypic variations occur on a slower time scale than cell division. Furthermore, to explore

the effect of the cost of glycolytic metabolism on the evolutionary dynamics of the cells and

on the dynamics of oxygen, we consider different values of ζ such that γ/ζ ∈ [1, 4]. Since

the rate at which cells consume oxygen varies between cell lines and depends on a variety

of environmental factors, including the pH level [19], we consider a range of values for the

rate of consumption of oxygen, θ, that is, θ ∈ [10−5, 10−3], to investigate also the influence

this parameter has on the cell and oxygen dynamics. Finally, we choose the value of the

rate of natural decay of oxygen, η, to be consistent with the values used by other authors,

such as [216].

Parameter Description Value range

βH Rate of phenotypic variation of cells in population H 2.5×10−2

βL Rate of phenotypic variation of cells in population L 10−2

γ Maximum cell division rate of fully oxidative cells 100
ζ Maximum cell division rate of fully glycolytic cells [25,100]
d Death rate due to competition 10−2

θ Consumption rate of oxygen [10−5, 10−3]
η Rate of natural decay of oxygen 10−4

κ Half-maximum concentration of oxygen 1
ρi(0) Initial size of population i 800
µi(0) Initial mean phenotype of population i 0
vi(0) Initial inverse of variance of population i {20, 100}

Table 3.2: Parameter values used in numerical simulations.

We let the initial cell population density functions ni(x, 0) with i ∈ {H,L} be given

by Equation (2.12) with ρ0
i , µ

0
i and v0

i as listed in Table 3.2 and define the initial oxygen

concentration as S(0) = I(0).
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3.4.2 Constant oxygen inflow

The numerical solutions presented in Figure 3.6 show that when the oxygen inflow is con-

stant (i.e. when the function I(t) is defined according to Equation (3.28)), cell population

L outcompetes cell population H, which eventually goes extinct. Moreover, the popula-

tion density function nL(x, t) is unimodal, attaining its maximum at the mean phenotype.

Furthermore, since the oxygen concentration S(t) converges to an equilibrium value, the

population size ρL(t) also converges to an equilibrium value. The equilibrium value of ρL(t)

is approximately equal to the asymptotic value ρ∞L given by definition (3.13) in Section 3.3.1,

which is obtained by studying the long-time behaviour of the solutions to a simplified ver-

sion of the model (Theorem 6 in Section 3.3.1). This is consistent with the analytical results

that we presented in Section 2.3.

The results displayed in Figure 3.6 also show that larger values of the oxygen consump-

tion rate θ lead to smaller equilibrium values of the oxygen concentration S and, therefore,

smaller final values of ρL and larger final values of µL. Moreover, the numerical results

summarised by the plots in Figure 3.7 demonstrate that larger values of the fitness cost

associated with glycolytic metabolism, γ/ζ, correspond to smaller final values of ρL and

µL. The plots in Figure 3.7 also show that lower values of IS , which lead to smaller equi-

librium values of S for a given value of θ, correlate with a weaker impact of the value of the

quotient γ/ζ on the final values of ρL and µL. All these findings are consistent with the way

in which the equilibrium values of the population size, ρ∞L , and the mean phenotype, µ∞L ,

obtained through the analysis of the simplified model considered in Section 3.3.1 depend on

the equilibrium value of the oxygen concentration, S∞, and on the quotient γ/ζ (Theorem 7

in Section 3.3.1).

Furthermore, as shown in Figure 3.8, we can observe scenarios of population dynamics

where population H initially has the advantage and drives the size of population L to very

low numbers. After some time, the population H decreases, eventually becoming extinct,

and the population L is restored and approaches its asymptotic value given by Equation

(3.13). The presence of such initial transient dynamics is dependent on the initial charac-

teristics of each population, such as initial mean phenotype and variance. Even though in

the long-term limit the population with higher rate of phenotypic variation becomes ex-

tinct, there is a possibility that in a stochastic setting, population L might become extinct

due to stochasticity in birth-death processes, which is very important at low population

sizes. Therefore, it is necessary to consider a discrete model to explore the likelihood of

the population with higher rate of phenotypic variation surviving in constant environments

(see Chapter 4).
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Figure 3.6: (a) Dynamics of the oxygen concentration S(t) (first row), the population sizes
ρH(t) (second row, red line) and ρL(t) (second row, blue line), and the population density
function nL(t, x) (third row) obtained by solving numerically Equations (3.4) and (3.7) with
the oxygen inflow I(t) defined via Equation (3.28) with IS = 10. The dotted lines in the
second column highlight the asymptotic value ρ∞L given by definition (3.13) in Section 3.3.1,
while the yellow lines in the third column highlight the mean phenotype µL(t) obtained by
solving PDEs. The consumption rate of oxygen is θ = 5× 10−5, the maximum cell division
rate of fully glycolytic phenotypic variants is ζ = 25, vi(0) = 20, and the values of the
other parameters are given in Table 3.2. (b), (c) Same as column (a) but for θ = 10−4

(column (b)) and θ = 5× 10−4 (row (c)).

Taken together, these results indicate that lower rates of heritable, spontaneous pheno-

typic variation constitute a source of competitive advantage under constant oxygen inflow.

Furthermore, the negative feedback that regulates the growth of cell populations through

oxygen consumption shapes, in a nonlinear way, the evolutionary dynamics of the cells. In

particular, larger values of the rate of oxygen consumption, θ, lead to the emergence of

lower oxygenated environments whereby phenotypic variants that rely to a larger extent on

anaerobic glycolysis for energy production are ultimately selected. Finally, all other things

being equal, larger values of the fitness cost associated with glycolytic metabolism, γ/ζ, are

to be expected to promote the selection of less glycolytic phenotypic variants and to reduce
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increasing cost 𝛾/𝜁
𝛾/𝜁 = 1.0 𝛾/𝜁 = 1.4 𝛾/𝜁 = 2.0 𝛾/𝜁 = 4.0

Figure 3.7: (a) Values of the population size ρL(t) and the mean phenotype µL(t) at tf = 40
(i.e. at the end of numerical simulations) obtained by solving numerically Equations (3.4)
and (3.7) with the oxygen inflow I(t) defined via Equation (3.28) with IS = 0.1 and for
different values of the consumption rate of oxygen, θ, and different values of the cost associ-
ated with glycolytic metabolism, γ/ζ, obtained by changing the value of the maximum cell
division rate of fully glycolytic phenotypic variants, ζ, and keeping the value of the max-
imum cell division rate of fully oxidative phenotypic variants, γ, constant (i.e. γ = 100).
The parameter values used are as listed in Table 3.2. (b), (c) Same as column (b) but for
IS = 1 (column (b)) and IS = 10 (column (c)).

Figure 3.8: Dynamics of the oxygen concentration S(t) (left) and the population sizes ρH(t)
and ρL(t) (right), obtained by solving numerically Equations (3.4) and (3.7) with the oxygen
inflow I(t) defined via Equation (3.28) with IS = 10. Parameter values used here: θ = 10−3,
vi(0) = 100, and others as listed in Table 3.2.
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the equilibrium size of cell populations exposed to constant oxygen inflow.

3.4.3 Periodic oxygen inflow

The numerical solutions presented in Figure 3.9 show how the system evolves when the

oxygen inflow undergoes periodic oscillations (e.g. when the function I(t) is defined ac-

cording to Equation (3.30)): if the oxygen concentration is relatively stable (low-amplitude

oscillations), the cell population L outcompetes cell population H, which eventually goes

extinct; if the oxygen concentration undergoes drastic, high-amplitude variations, then cell

population L is outcompeted by cell population H and ultimately goes extinct. Moreover,

the population density function of the surviving cell population, ni(x, t), is unimodal with

maximum at the mean phenotype. Since the oxygen concentration S(t) becomes T -periodic,

after an initial transient, the population size ρi(t) of the surviving population also converges

to a T -periodic function. Such a T -periodic function is approximately equal to the solution

ρ̃i(t) of the problem (3.25) in Section 3.3.1, which is obtained by studying the long-time

behaviour of the solutions to a simplified version of the model (Theorem 7 in Section 3.3.1).

This is in line with the analytical results presented in Section 2.3.

The results displayed in Figure 3.9 also show that the consumption rate of oxygen, θ, has

a crucial impact on the dynamics of the oxygen concentration S(t) and, therefore, on the

outcome of the competition between the two cell populations. In fact, ceteris paribus, for

sufficiently small (Figure 3.9(a)) or sufficiently large (Figures 3.9(d) and 3.9(e)) values of θ

the function S(t) is bounded well above zero or undergoes small oscillations while remaining

close to zero, respectively. This brings about relatively stable oxygen concentrations in

presence of which cell population L outcompetes cell population H. On the other hand,

for intermediate values of θ (Figures 3.9(b) and 3.9(c)) the function S(t) oscillates between

small and relatively larger values. This results in more drastic variations of the oxygen

concentration, which lead to cell population L being outcompeted by cell population H. As

we would expect, when S(t) remains away from zero or undergoes small oscillations while

remaining close to zero, the mean phenotype of the surviving population µL(t) undergoes

small oscillations and its value remains close, respectively, either to the fully oxidative

phenotypic state x = 0 (Figure 3.9(a)) or to the fully glycolytic phenotypic state x = 1

(Figures 3.9(d) and 3.9(e)). By contrast, when S(t) oscillates between small and relatively

larger values, the mean phenotype of the surviving population µH(t) undergoes rapid and

large amplitude transitions between phenotypic states closer to x = 0 and phenotypic states

closer to x = 1 (Figures 3.9(b) and 3.9(c)).

The numerical results in Figure 3.9 refer to the case where there is no cost associated

with glycolytic metabolism (i.e. γ/ζ = 1) and both the amplitude A and the period T of the
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fluctuations in oxygen inflow in Equation (3.30) are relatively large. However, the numerical

results summarised by the plots in Figure 3.10 demonstrate that similar conclusions about

how the oxygen consumption rate θ affects the outcome of the competition between the two

cell populations hold when different values of the parameters γ/ζ, A and T are considered,

provided that the value of A is sufficiently large.

The results summarised in Figure 3.10 also show that, for relatively large values of A,

when θ is sufficiently high (second to fourth columns in Figure 3.10), larger values of γ/ζ

correspond to a wider range of values of the parameters A and T under which transient

coexistence between the two cell populations is observed. Moreover, these results show

that for sufficiently large values of θ, larger values of γ/ζ increase the likelihood that cell

population H will ultimately outcompete cell population L. As illustrated by the sample

dynamics presented in Figure 3.11, this gives rise to smaller cell numbers, more pronounced

variations in the mean phenotype of the surviving cell population and higher levels of

phenotypic heterogeneity. On the other hand, the plots in the first column of Figure 3.10

show that for relatively small values of A and θ the outcome of the competition between

the two cell populations is only weakly affected by the quotient γ/ζ.

Taken together, these results indicate that, when oxygen inflow undergoes periodic os-

cillations, chronic hypoxia and cycles of hypoxia followed by re-oxygenation can sponta-

neously emerge depending on the rate at which oxygen is consumed by the cells. In this

biological scenario, the evolutionary fate of cell populations that undergo heritable, spon-

taneous phenotypic variations at different rates depends crucially upon the rate at which

cells consume oxygen, θ, and the fitness costs associated with glycolytic metabolism, γ/ζ.

Overall, cell populations undergoing phenotypic variations at lower rates are to be expected

to be selected when the oxygen concentration remains, on average, relatively high or under

chronic-hypoxic conditions. By contrast, cell populations with higher rates of phenotypic

variation will outcompete other cell populations under alternating periods of hypoxia and

re-oxygenation. In the latter case, the surviving cells adopt a bet-hedging strategy switch-

ing between oxidative and glycolytic metabolic phenotypes. Moreover, when oxygen levels

fluctuate between zero and sufficiently large values, higher θ and γ/ζ can favour the tran-

sient coexistence of competing populations of cells that undergo heritable, spontaneous

phenotypic variations at different rates.

87



Figure 3.9: (a) Dynamics of the oxygen concentration (left), the population sizes (middle),
and the population density of the surviving population (right) obtained by solving numer-
ically Equations (3.4) and (3.7) with the oxygen inflow I(t) defined via Equation (3.30)
with A = 60 and T = 10. The dotted (or dashed) lines in the second column highlight
the T -periodic solution of surviving population ρ̃L(t) (or ρ̃H(t)) of the problem (3.25) in
Section 3.3.1, while the yellow lines in the third column highlight the mean phenotype of
the surviving population µi(t). Here, θ = 2 × 10−5, ζ = γ, and the values of the other
parameters are defined in Table 3.2. (b) – (e) Same as row (a) but for θ = 5× 10−5 (row
(b)), θ = 10−4 (row (c)), θ = 5× 10−4 (row (d)) and θ = 10−3 (row (e)).
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Figure 3.10: Summary of the results of numerical solutions of Equations (3.4) and (3.7) with
the oxygen inflow I(t) defined via Equation (3.30) for different values of A and T . Different
columns correspond to different values of the consumption rate of oxygen θ, and different
rows correspond to different values of the maximum cell division rate of fully glycolytic phe-
notypic variants. The blue points in the A–T plane correspond to parameter combinations
for which ρ̄H and ρ̄L (i.e. the mean values of ρH(t) and ρL(t) computed over the last period
of I(t)) are, respectively, smaller than 100 and larger than 1000 (i.e. ρH(t) will eventually
converge to zero), while the red points correspond to parameter combinations for which
the same quantities are, respectively, larger than 1000 and smaller than 100 (i.e. ρL(t)
will eventually converge to zero). Lighter regions highlight the parameter combinations for
which both ρ̄H and ρ̄L are considerably larger than 100 and ρ̄H < ρ̄L (light blue regions),
ρ̄H > ρ̄L (pink regions) or ρ̄H ≈ ρ̄L (white regions) – i.e. for these parameter combinations,
transient coexistence occurs for longer times although only one population will ultimately
survive. The values of the other parameters are given in Table 3.2.
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Figure 3.11: (a) The plot in the first column is the same as the plot in the fourth column
of Figure 3.10, and the yellow star highlight the parameter values corresponding to the
numerical results displayed here. The subsequent plots show the dynamics of the oxygen
concentration S(t) (second column), the population sizes ρH(t) and ρL(t) (third column),
and the population density function of the surviving population ni(t, x) (fourth column)
obtained by solving numerically Equations (3.4) and (3.7) with oxygen inflow I(t) defined
via Equation (3.30) with A = 50 and T = 5. The dotted (or dashed) lines in the third
column highlight the T -periodic solution ρ̃L(t) (or ρ̃H(t)) of the problem (3.25), while the
yellow lines in the fourth column highlight the mean phenotype µi(t) obtained by solving
the PDEs. The consumption rate of oxygen is θ = 5×10−4, the maximum cell division rate
of fully glycolytic phenotypic variants is ζ = γ, and the values of the other parameters are
defined as in Table 3.2. (b) Same as row (a) but for ζ = 0.25γ.
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3.5 Investigating the timescales of fluctuations

In this chapter we have investigated the population dynamics of cells that undergo spon-

taneous phenotypic variations when oxygen is supplied constantly or periodically in time.

The parameters were chosen to demonstrate the qualitative behaviour of the system. In

particular, we were interested in defining the environmental regimes that lead to selection

of population with higher rates of phenotypic variation. Additionally, we investigated the

impact of cellular feedback on the environment, as well as fitness costs associated with

glycolytic phenotype. All these parameters are known to be cell line and environment-

dependent. In this section, we use the model to define the timescales at which heritable,

spontaneous phenotypic variations might confer a competitive advantage to cancer cells.

We do so by considering a particular set of realistic parameter values obtained from the

literature. We note that we have not performed a structural identifiability analysis and this

remains as future work.

3.5.1 Choice of parameter values

In accordance with existing literature [171], we choose the rate of phenotypic variation βH

reported in Table 3.3. We assume that the rate of phenotypic variations of population L is

on order of magnitude smaller that βH (i.e. βL = 0.1βH .)

We estimate the maximum proliferation rate of cells in fully oxidative phenotype (x =

0), γ = 0.86 day−1, from existing literature [120, 19]. Furthermore, we assume that the

maximum proliferation rate of fully glycolytic cells (x = 1) is defined as ζ = 0.76γ = 0.68

day−1 [19].

We consider a biological scenario scenario where cancer cells occupy 1 mm3 volume of

space. Assuming that the average diameter of a cell is approximately 20 µm, we estimate

that the maximum number of cells that can occupy such volume of space is 1.25 × 105.

Since the approximate carrying capacity of the system can be defined as

γ

d
≈ 1.25× 105, (3.31)

we deduce the value of the death rate due to inter- and intra-population competition, d.

In this setup, we assume that the oxygen is supplied (term I(t) in the Equation (3.7))

by the blood vessel. We denote by Iv the average amount of oxygen released from a single

healthy blood vessel and use the value measure by [217]. From Krogh cylinder model [126],

we know that oxygen diffusion limit is about 100 – 200 µm. Thus, using average value of

cell size and cylindrical geometry, we estimate that a single vessel can support around 200

cells. Thus, the parameter α defines the number of vessels required in order to maintain

91



1.25× 105 cells. The values of oxygen consumption rate, θ, Michaelis constant, κ, and rate

of natural decay, ν, are obtained from the literature.

The full list of parameter values used in this section are summarised in Table 3.3. We use

the numerical scheme to solve the system of PDEs (3.4) coupled with an ODE for oxygen

dynamics (3.7) and the initial conditions as described in Section 3.4.1.

Parameter Value Unit Reference

βH 0.01 day−1 [171]
βL 0.001 day−1 Model specific
γ 0.86 day−1 [120, 19]
ζ 0.66 day−1 [19]
d 6.9×10−5 cell−1 day−1 Model specific
θ 1.73 ×10−8 mmol cell−1 [19]
κ 7 ×10−3 mmol [19]
ν 0.24 day−1 [218]
Iv 1.5 ×10−4 mmol day−1 [217]
α 625 – Model specific

Table 3.3: Parameter values used in numerical simulations.

3.5.2 Results

Figure 3.12 shows the dynamics of oxygen (top) and population dynamics (bottom) for

different regimes of environmental fluctuations when we use the maximum proliferation

rates that are realistic for bacterial populations. Here, we assume that oxygen inflow varies

according to Equation (3.30) between Imin = 0 and Imax = αIv. The simulation results

suggest that for this particular parameter set it is impossible to observe a scenario where

the population H survives.

Thus, it remains as future work to fully explore the parameter space to determine the

extent to which the behaviour observed in Section 3.4.3 occurs and to then see how realistic

those parameters are in the context of human cancers. It may well be the case that for

biologically realistic parameters, this behaviour will require inclusion of additional feedback

mechanisms, which is beyond the scope of this thesis. However, if we increase the values

of the maximum proliferation rates for oxidative and glycolytic variants, we can observe

scenarios whereby the population L becomes extinct. In particular, here we consider values

of γ and ζ that are consistent with the proliferation rates of bacteria [219].

Figure 3.13 shows that fast fluctuations in oxygen supply (T = 1 and T = 7 days), result

in mild fluctuations experienced by the cells. In both cases, the population with the lower

rate of phenotypic variation survives. Slower variations in the supply of oxygen (T = 14

and T = 21 days), on the other hand, provide favourable conditions for the population with
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Figure 3.12: (a) The dynamics of the oxygen concentration (top) and the population sizes
(bottom) obtained by solving numerically Equations (3.4) and (3.7) with the oxygen inflow
I(t) defined by Equation (3.30) with A = αIv and period of oscillation T = 1 day. The
values of the parameters are given in Table 3.3. (b) – (d) Same as column (a) but for
T = 7 days (column (b)), T = 14 days (column (c)), and T = 21 days (column (d)).

the higher rate of phenotypic variation. In this case, the environment undergoes extended

periods of starvation followed by re-oxygenation conditions and population H ultimately

survives. Moreover, longer periods of fluctuation result in higher amplitude oscillations in

oxygen concentration. This is due to the fact that when fluctuations are slow, individuals

have more time to adapt and entirely switch their phenotype. Therefore, in accordance with

the observations from Figure 3.11, the cost for being in a glycolytic phenotype enhances

the severity of the environmental fluctuations.

3.6 Application of the results to the emergence of phenotypic
heterogeneity in vascularised tumours

In small tumours, cancer cells receive growth factors and nutrients via diffusion from blood

vessels in adjacent normal tissue. However, this process supports limited tumour growth,

to a diameter of a few millimetres. Further expansion requires intratumoural blood flow

and, therefore, selects for cancer cells with an ‘angiogenic’ phenotype. This results in

growth of blood vessels (i.e. sprouting angiogenesis) into the tumour. However, unlike

normal tissue, a tumour cannot perform the coordinated functions required for vascular

maturation. Thus, while intratumoural blood flow enables the nutrient transport into the

tumour [11], the tangled, uncoordinated vascular structure typically results in regions of
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Figure 3.13: (a) The dynamics of the oxygen concentration (top) and the population sizes
(bottom) obtained by numerically solving Equations (3.4) and (3.7) with the oxygen inflow
I(t) defined by Equation (3.30) with A = αIv and period of oscillation T = 1 day. The
values of the parameters are given in Table 3.3 with γ = 8.64 day−1 and ζ = 6.57 day−1.
(b) – (d) Same as column (a) but for T = 7 days (column (b)), T = 14 days (column (c)),
and T = 21 days (column (d)).

disordered blood flow with stochastic (but often frequent) changes in microenvironmental

conditions. Thus, cancer cells at the tumour-host interface, which invade adjacent normal

tissue and often transiently acquire normal vessels, may have relatively stable environments,

(the left region of the scheme displayed in Figure 3.14). By contrast, deeper regions of the

tumour, characterised by limited oxygen diffusion, suffer from chronic hypoxia (the right

region of the scheme displayed in Fig. 3.14). Moreover, regions that require angiogenesis

are often subject to variable blood flow and associated microenvironmental conditions. The

nonlinear interplay between vascular remodelling, associated with on-going angiogenesis,

and oxygen consumption by the cells brings about alternating periods of hypoxia and re-

oxygenation in vascularised regions in the tumour interior (the central region of the scheme

displayed in Fig. 3.14).

The results of our theoretical study indicate that such an expected spatio-temporal

variability in oxygen concentration across a tumour can create distinct ecological niches in

which different phenotypic variants undergoing heritable, spontaneous, phenotypic variation

at different rates can be selected, and that this can also foster the emergence of phenotypic

intratumour heterogeneity (the plots of the phenotype distributions ni(x, t) in the lower

part of Figure 3.14). In particular, cell populations characterised by a lower rate of pheno-

typic variation and a more oxidative metabolism can be expected to colonise the oxygenated
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Figure 3.14: Application of the results to the emergence of phenotypic heterogeneity in
vascularised tumours. In the plots in the bottom row, blue colour represents lower values
of population density, whereas red colours correspond to higher density.

regions with relatively stable vasculature at the edge of tumour; cell populations charac-

terised by higher rates of phenotypic variation that switch between oxidative and glycolytic

metabolism are likely to populate regions of on-going angiogenesis at an intermediate dis-

tance from the tumour edge; cell populations characterised by lower rates of phenotypic

variation and a more glycolytic metabolism can be expected to colonise central, avascular

regions of the tumour where chronic hypoxia occurs.

3.7 Discussion

In this chapter, we have extended the mathematical model presented in Chapter 2 in order

to investigate whether bet-hedging strategies might be beneficial for cancer cells subject to
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constant and periodically-oscillating oxygen inflow. We assumed that oxygen dynamics are

governed by an ordinary differential equation, where oxygen is supplied by the blood vessel,

decays naturally and is consumed by cells.

We started by investigating a simplified model, where natural decay and consumption

are represented by a single linear term and occur at constant rate. Under this simplifying

assumption, we were able to study the asymptotic behaviour of model solutions and explore

the qualitative dynamics of the system. We then looked at a more realistic but analytically

non-tractable case, where cells consume oxygen with rates that depend on their phenotype.

For both constant and periodically fluctuating oxygen inflow, there is excellent agreement

between numerical simulations of the full model and analytical results from the simplified

model. This agreement shows both the robustness of the biological conclusions drawn from

the simulation results and the idea that the key features of the analytical results that

we derived previously carry through when additional biological complexity is incorporated

into the model. Furthermore, because our results persist across a range of values of the

consumption rate of oxygen, θ, and the fitness cost associated with glycolytic metabolism,

γ/ζ, we conclude that they are applicable to a variety of cancer cell lines under different

environmental conditions, such as different levels of acidity [19].

In summary, the simulation results generated from our model indicate that nonlinear

interactions between cells and oxygen can lead naturally to the occurrence of chronic hy-

poxia, and cycles of hypoxia and re-oxygenation depending on the rate at which oxygen is

consumed by the cells. Moreover, the model supports the idea that under chronic hypoxia,

lower rates of phenotypic variation constitute a source of competitive advantage. On the

other hand, higher rates of phenotypic variation can confer a competitive advantage when

oxygen levels are time-varying and the fitness costs associated with glycolytic metabolism

are higher. In this case, the model demonstrates that bet-hedging strategies, where cells

switch between oxidative and glycolytic metabolic phenotypes, can spontaneously emerge.

In particular, higher rates of phenotypic variations confer a competitive advantage when

the environmental fluctuations occur on slower timescales. Such fluctuations may to oc-

cur due to on-going angiogenesis and vascular remodelling, as well as during early tumour

development.

These results provide a theoretical basis for previous experimental results, such as those

presented by [40] and [47], showing that intermittent hypoxia can trigger the emergence of

different phenotypic properties in cancer cell populations. We expect intermittent hypoxia

to promote higher levels of phenotypic heterogeneity, which is known to affect the efficacy

of therapies [5, 6]. Hence, our observations support the concept of ‘vascular normalisa-

tion’ to stabilise the cancer environment and bring levels of phenotypic heterogeneity to a
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minimum as a key strategy in cancer treatment [48]. Furthermore, in line with previous

theoretical studies indicating that periodically fluctuating environments can promote coex-

istence of competing populations [220], our results suggest that, when the environmental

conditions within the tumour switch between oxygen-poor and oxygen-rich, higher rates of

oxygen consumption by cells and higher fitness costs associated with glycolytic metabolism

can promote transient coexistence of competing cell populations that undergo heritable,

spontaneous phenotypic variations at different rates. Finally, we have discussed how our

mathematical results shed light on the evolutionary processes underlying the emergence of

phenotypic heterogeneity in vascularised tumours.

In this chapter, we observed that, under certain conditions, a transient coexistence might

occur between populations with higher and lower rates of phenotypic variations when oxy-

gen supply is both constant (Figure 3.6) and periodic (Figure 3.9). Furthermore, under

certain initial conditions, we observed that population H might drive population L to very

low numbers even when oxygen supply is constant (Figure 3.8). In the deterministic setting,

population L will always recover and its population size will approach the long-term limit,

as predicted. However, this might not be the case in a discrete setting where cells undergo

stochastic birth-death processes. Therefore, it is likely that the discrete and continuum mod-

els might lead to different competition outcomes even when the environmental conditions

are steady. We investigate this in Chapter 4 by developing and studying a corresponding

discrete individual-based model of two competing phenotype-structured populations.

97



Chapter 4

Individual-based model for the
competition of
phenotype-structured populations

4.1 Introduction

Continuum models formulated in terms of integro-differential and nonlocal partial differ-

ential equations have been successfully used to study the evolutionary dynamics of can-

cer cell populations that are structured by physiological traits. Such models provided in-

sights into the development of drug resistant clones during chemotherapy administration

[169, 170, 172, 176, 173], emergence of phenotypic heterogeneity in solid tumours [179, 180],

as well as the adaptive strategies employed by cancer cells in temporally varying environ-

ments [182], which is the focus of this thesis.

One of the main advantages of deterministic continuum models is that they are amenable

to mathematical analysis, allowing for an in-depth theoretical understanding of the underly-

ing dynamics and full exploration of the parameter space. Additionally, continuum models

are computationally cost-effective, i.e. it is possible to perform numerical simulations for

large numbers of cells even at the scale of the whole organ. However, such continuum

models are usually defined on the basis of population-scale phenomenological assumptions.

This makes it more difficult to incorporate the details of phenotypic adaptation by indi-

viduals. Moreover, such models cannot capture adaptive phenomena that are driven by

stochastic effects during the evolution of individual cells. This is particularly relevant at

low population levels.

Small populations of cells are common in cancers and affect dramatically disease progres-

sion and the response of the tumour to therapies. For instance, by administering anti-cancer

drugs, it is possible to drive tumours beyond clinically detectable levels. However, a small

number of surviving cells that are resistant to the drug usually remain and lead to relapse
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of the disease, and eventually, may prove to be lethal [221]. Similarly, tumour cells are able

to colonise distant organs. These colonies begin as micrometastases – single cells or small

clusters of cells – that subsequently expand into clinically detectable metastasis, and often

lead to patient death [222]. Therefore, when studying the evolutionary dynamics of cancer

cells in temporally varying environments, it is important to consider scenarios where the

number of cells is small.

Furthermore, small population sizes are commonly observed when risk-spreading adap-

tive strategies occur [89]. As shown in Figure 3.8 in Chapter 3, the populations placed in

a new environment can decrease in size. In a deterministic setting, such populations will

always recover. However, the validity of a continuum approach at low population numbers

may be called into question as stochastic effects play a more pronounced role. Ideally, we

want to derive deterministic continuum models from first principles (i.e. as the appropriate

limit of discrete stochastic models that track the evolution of single individuals), which

permit representation of individual-scale adaptive mechanisms, and account for stochastic

inter-individual variability in evolutionary trajectories [189, 188]. Therefore, the goal of this

study is to derive the deterministic model as a large population scale limit of a discrete,

stochastic system, so that we can investigate the validity of the deterministic model when

cell densities are small.

In light of these considerations, we develop a stochastic individual-based (IB) model for

the evolutionary dynamics of two competing phenotype-structured cell populations that are

exposed to time-varying nutrient levels as described in Chapters 2 and 3. In this model,

every cell is viewed as an individual agent whose phenotypic state is modelled by a discrete

variable. Cells proliferate, die and undergo phenotypic variations according to a set of

rules that correspond to a discrete-time branching random walk on the space of phenotypic

states [190, 192]. As before, we assume that the cell proliferation rate depends on nutrient

levels, and its concentration is governed by a difference equation in which a sink term models

nutrient consumption by the cells.

This chapter is organised as follows. We begin by describing the individual-based model

in Section 4.2. We then show formally that the deterministic continuum counterpart of this

stochastic IB model comprises a system of non-local PDEs for the cell population density

functions (i.e. the cell distribution over the space of phenotypic states) coupled to an

ordinary differential equation for the nutrient concentration (Section 4.3). In Section 4.5

we carry out numerical simulation of individual-based model, implemented using on open-

source framework Hybrid Automata Library [193]. We compare the IB model and its

continuum analogue, exploring scenarios in which differences between the two models emerge

due to stochastic effects not captured by the deterministic continuum model. Finally, as an
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illustrative example, we interpret our results in the context of the early stage of metastatic

colonisation of distant organs by cancer cells (Section 4.6).

This work has been done under the co-supervision of Prof. Tommaso Lorenzi (Politec-

nico di Turino, Italy). The results presented in Sections 4.2 – 4.6 have been published in

the following paper:

A. Ardaševa, R. A. Gatenby, A. R. A. Anderson, H. M. Byrne, P. K. Maini, T. Lorenzi,

2020, ‘A comparative study between discrete and continuum models for the evolution of com-

peting phenotype-structured cell populations in dynamical environments’, Physical Review

E, 102(4), 042404.

4.2 Stochastic individual-based model

We model the evolutionary dynamics of two competing cell populations in a well-mixed

system. Cells in the two populations proliferate (i.e. divide), die and undergo spontaneous,

heritable phenotypic variations. We assume that the two populations differ only in their

probability of phenotypic variation. The population undergoing phenotypic variations with

a higher probability is labelled by the letter H, while the other population is labelled by

the letter L.

We consider two different scenarios for nutrient dynamics. First, we assume that nutrient

concentration is prescribed (Section 4.4), which is analogous to the modelling framework

studied in Chapter 2. Here, the phenotypic state of every cell at time t ∈ [0, tf ] ⊂ R+ is

characterised by a variable x ∈ R. Afterwards, we consider a scenario whereby cells consume

nutrient according to their phenotypic state (Section 4.5). This is identical to the approach

used in Chapter 3. In this case, we limit the phenotypic domain to x ∈ [0, 1] ⊂ R+.

We represent each cell as an agent that occupies a position on a lattice. We discretise

the time variable and the phenotypic state via th = hτ ∈ [0, tf ] and xj = jχ ∈ R, where

h, j ∈ N0, and τ ∈ R+
∗ and χ ∈ R+

∗ are the time- and phenotype-step, respectively. In

Section 4.4 we let xj ∈ [−5, 5] and in Section 4.5 we assume xj ∈ [0, 1]. We introduce the

dependent variable Nh
i,j ∈ N0 to represent the number of cells of population i ∈ {H,L} on

lattice site j (i.e. in the jth phenotypic state) at time-step h. The density of population i,

the size of population i, and the total number of cells are defined, respectively, as follows

ni(th, xj) = nhi,j := Nh
i,j χ

−1, (4.1)

ρi(th) = ρhi :=
∑
j

Nh
i,j and ρ(th) = ρh :=

∑
i

ρhi . (4.2)
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We further define the mean phenotype of population i and the related standard deviation,

respectively, as

µi(th) = µhi :=
1

ρhi

∑
j

xj N
h
i,j (4.3)

and

σi(th) = σhi :=

 1

ρhi

∑
j

x2
j N

h
i,j −

(
µhi

)2

 1
2

. (4.4)

Finally, the nutrient concentration at time-step h is modelled by the discrete, non-negative

function S(th) = Sh.

4.2.1 Phenotypic variations

We account for spontaneous, heritable phenotypic variations by allowing cells to update

their phenotypic states according to a random walk. In particular, between the time-steps

h and h+ 1, every cell in population i ∈ {H,L} either enters a new phenotypic state, with

probability λi ∈ [0, 1], or remains in its current phenotypic state, with probability 1 − λi.
Since we assume phenotypic variations to occur randomly due to non-genetic instability,

rather than selective pressures [223], we assume that a cell of population i in phenotypic

state xj that undergoes a phenotypic variation enters into either of the phenotypic states

xj±1 with probabilities λi/2, as demonstrated in Figure 4.1. No-flux boundary conditions

are implemented by aborting any attempted phenotypic variation of a cell if it requires

moving into a phenotypic state outside the intervals [0, 1] or [−5, 5], depending on the

problem.
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Figure 4.1: Schematic representation of the algorithmic rules governing the phenotypic
variation.
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4.2.2 Cell division and death

Cells divide, die or remain quiescent with probabilities that depend on their phenotypic

states, the total number of cells and the nutrient concentration. We assume that a dividing

cell is replaced by two identical cells that inherit the phenotypic state of the parent cell

(i.e. the progenies are placed on the same lattice site as their parent), while a dying cell is

removed from the population.

Following the assumptions introduced in Chapter 2, in order to translate into mathe-

matical terms the idea that larger population sizes correspond to more intense competition

between cells, at every time-step h we allow cells to die due to intra-population and inter-

population competition at a rate proportional to the total cell number ρh, with constant of

proportionality d > 0.

We denote by p(xj , S
h) the division rate of a cell in the jth phenotypic state. In line

with assumptions made in Chapters 2 and 3, we assume that cells in phenotypic state x→ 0

are adapted to nutrient-rich conditions (i.e. fully oxidative), whereas cells in the phenotypic

state x → 1 are adapted to nutrient-scarce environment (i.e. fully glycolytic). Therefore,

following the modelling strategies defined in Chapters 2 and 3, we define the cell division

rate p(xj , S
h) as follows

p(xj , S
h) := γ

Sh

κ+ Sh
(1− x2

j ) + ζ

(
1− Sh

κ+ Sh

)
[1− (1− xj)2]. (4.5)

In Equation (4.5), γ and ζ are the maximal proliferation rates of cells in phenotypic states

x = 0 and x = 1, respectively, and κ is the Michaelis constant of the nutrient. After a little

algebra, Equation (4.5) can be rewritten as

p(xj , S
h) = γg(Sh)− h(Sh)(xj − ϕ(Sh))2, (4.6)

where

g(Sh) :=
Sh

κ+ Sh
+

ζ2κ2

γ(κ+ Sh)(γSh + ζκ)
, (4.7)

ϕ(Sh) :=
ζκ

γSh + ζκ
and h(Sh) :=

γSh + ζκ

κ+ Sh
. (4.8)

Under these assumptions, between time-steps h and h + 1, a cell in the jth phenotypic

state may divide with probability

Pb := τ p(xj , S
h), (4.9)

die with probability

Pd := τ d ρh, (4.10)
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or remain quiescent (i.e. do not divide nor die) with probability

Pq := 1− τ
(
p(xj , S

h) + d ρh
)
. (4.11)

Notice that we are implicitly assuming that the time-step τ is sufficiently small that the

probabilities Pb, Pd and Pq satisfy 0 ≤ Pi ≤ 1 for all i ∈ {b, d, q}.

4.2.3 Nutrient dynamics

We consider two scenarios corresponding to different levels of biological complexity. In the

first scenario (see Paragraph a below), we focus on the case of a controlled environment

whereby the nutrient concentration Sh is a given function (i.e. the dynamic of the nutrient

is decoupled from the dynamic of the cells). In the second scenario (see Paragraph b below),

we let the evolution of Sh be governed by a difference equation that is coupled with the

dynamics of the cells, in order to explore how the evolutionary dynamics of the cells is

shaped by the negative feedback that regulates the growth of the two populations through

nutrient consumption.

a. Prescribed nutrient concentration. In order to consider both constant and peri-

odically oscillating given levels of nutrient, we follow Chapter 2 by letting Sh be a discrete

function defined as

Sh := M +A sin

(
2πth
T

)
, (4.12)

where M > 0 is the mean nutrient level, while the parameter 0 ≤ A ≤ M models the

amplitude of possible oscillations of the nutrient level, which have period T > 0.

b. Nutrient concentration co-evolving with the cells. Following Chapter 3, we

describe the nutrient dynamics via the following difference equation for Sh

Sh+1 = Sh + τ
[
Ih − ηSh − θγ Sh

1 + Sh

∑
j

(1− xj)2
(
Nh
H,j +Nh

L,j

) ]
. (4.13)

In Equation (4.13), the parameter η > 0 represents the rate of natural decay of the nutrient,

while the last term on the right-hand side of Equation (4.13) models the rate of nutrient

consumption by the cells and is based on the assumptions given in Section 3.2.2. The

discrete, non-negative function Ih on the right-hand side of Equation (4.13) models the rate

at which the nutrient is supplied to the system. When the nutrient inflow is constant we

let

Ih ≡ Ī ≥ 0, (4.14)
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while to model the case where the nutrient inflow undergoes periodic oscillations we use the

definition

Ih := max

(
0, A sin

(
2πth
T

))
, (4.15)

with the parameters T > 0 and A > 0 modelling, respectively, the period and the amplitude

of the oscillations.

4.2.4 Computational implementation

Numerical simulations of the IB model are performed using the open-source Java library Hy-

brid Automata Library [193]. At each time-step, we follow the procedures summarised

in Figure 4.2 and described hereafter to simulate phenotypic variations as well as cell division

and death. All random numbers mentioned below are real numbers drawn from the stan-

dard uniform distribution on the interval (0, 1) using the Java function Rand.Double().

We validate the individual-based model by comparing the dynamics of population sizes,

mean phenotype and phenotypic distribution in time with the numerical solutions of the

continuum model (see Section 4.3). The numerical simulations of the continuum model are

obtained as described in Sections 2.4.1 and 3.4.1.

a. Computational implementation of phenotypic variations. For each cell in popu-

lation i, a random number, r1, is generated and used to determine whether the cell undergoes

a phenotypic variation (i.e. 0 ≤ r1 < λi) or not (i.e. λi ≤ r1 ≤ 1). If the cell undergoes

a phenotypic variation, then a second random number, r2, is generated. If 0 ≤ r2 < 1/2,

then the cell moves into the phenotypic state to the left of its current state, whereas if

1/2 ≤ r2 ≤ 1 then the cell moves into the phenotypic state to the right of its current state.

No-flux boundary conditions are implemented by aborting attempted phenotypic variations

that would move a cell into a phenotypic state outside the prescribed interval ([0, 1] or

[−5, 5]).

b. Computational implementation of cell division and death. For each popula-

tion, the number of cells in each phenotypic state is counted. The size of each cell population

and the total number of cells are then computed via Equation (4.2). Equations (4.9)–(4.11)

are used to calculate the probabilities of cell division, death and quiescence for every phe-

notypic state. For each cell, a random number, r3, is generated and cell fate is determined

by comparing this number with the probabilities of division, death and quiescence corre-

sponding to the phenotypic state of the cell. If 0 ≤ r3 < Pd, then the cell is considered

dead and is removed from the population. If Pd ≤ r3 < Pd + Pb, then the cell undergoes
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Figure 4.2: Flowchart illustrating the procedure underlying the computational implemen-
tation of the stochastic IB model for each cell at every time-step. Once all cells have
undergone both the phenotype-change step and the fate-decision step, the total number of
cells is computed and the nutrient level is updated.

division and an identical daughter cell is created. Finally, if Pd +Pb ≤ r3 < 1, then the cell

remains quiescent (i.e. does not divide nor die).

c. Computational implementation of nutrient dynamics. If the evolution of nutri-

ent is governed by the difference equation (4.13), then at each time-step the number of cells

of the two populations in every phenotypic state is counted and used to evaluate the last

term on the right-hand side of Equation (4.13), in order to update the nutrient concentra-

tion. Otherwise, the nutrient concentration is updated according to definition (4.12).

d. Parameter values and initial conditions. For consistency with previous math-

ematical studies of the evolutionary dynamics of phenotype structured populations, sim-

ulations are carried out under the assumption that the initial phenotype distribution of

population i for the IB model is of the form

n0
i,j = ai

(
b

2π

) 1
2

exp

[
− b

2
(xj − c)2

]
, (4.16)
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with i ∈ {H,L}. In Equation (4.16), the parameter ai is related to the initial size of

population i, while the parameters b and c are related, respectively, to the inverse of the

initial standard deviation and the initial mean phenotype of the two populations. The initial

population density ni(x, 0) for the continuum model is defined as the continuum analogue

of Equation (4.16) (see Equation (2.12)). We assume the nutrient concentration to be non-

dimensionalised and use the dimensionless parameter values listed in Table 4.1 to carry out

numerical simulations of the IB and PDE models. The parameter values are consistent with

those used in Chapters 2 and 3 in order to demonstrate the qualitative behaviour of the

system.

Parameter Description Values

λH Probability of phenotypic variation of population H [0.05, 1]
λL Probability of phenotypic variation of population L [0.02, 0.2]
γ Maximum proliferation rate of oxidative cells 100
ζ Maximum proliferation rate of glycolytic cells 50
d Death rate due to competition 0.01
θ Consumption rate of nutrient [10−5, 10−3]
κ Michaelis constant 1
η Rate of natural decay of nutrient 10−3

χ Phenotype-step [0.032, 0.01, 0.0032]
τ Time-step [10−3, 10−4, 10−5]
tf Final time [10, 40, 60]

Table 4.1: Parameter values used in numerical simulations.

The methods employed to numerically solve the equations of the related continuum

model are described in Section 2.4.1 (when the nutrient level is prescribed) and in Sec-

tion 3.4.1 (when nutrient co-evolves with the cells and we assume phenotype-dependent

consumption).

4.3 Formal derivation of the corresponding continuum model

Using a method analogous to that employed in [190, 191], we are using mean field assumption

to show that the system of non-local PDEs (2.3) presented in Chapter 2 can be formally

derived as the appropriate continuum limit of our discrete model.

In the case where the dynamics of the cells is governed by the rules described in Sec-

tion 4.2, the principle of mass balance yields the following difference equations

nh+1
i,j =

{
2 τ p(xj , S

h) +
[
1− τ

(
p(xj , S

h) + dρh
)]}
×
[λi

2
nhi,j+1 +

λi
2
nhi,j−1 + (1− λi)nhi,j

]
,

for i ∈ {H,L}, which can be rewritten as

nh+1
i,j = (1 + τ p(xj , S

h)− τ d ρh)
[λi

2
nhi,j+1 +

λi
2
nhi,j−1 + (1− λi)nhi,j

]
. (4.17)
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Using the fact that the following relations hold for τ and χ sufficiently small

th ≈ t, th+1 ≈ t+ τ, xj ≈ x, xj±1 ≈ x± χ, (4.18)

nhi,j ≈ ni(x, t), Sh ≈ S(t), (4.19)

nh+1
i,j ≈ ni(x, t+ τ), nhi,j±1 ≈ ni(x± χ, t), (4.20)

ρhi ≈ ρi(t) :=

∫ 1

0
ni(x, t) dx, (4.21)

ρh ≈ ρ(t) :=

∫ 1

0
nH(x, t) dx+

∫ 1

0
nL(x, t) dx, (4.22)

Equation (4.17) can be formally rewritten in the approximate form

ni(x, t+τ) =
(

1+τR(x, S(t), ρ(t))
)[λi

2
ni(x+χ, t)+

λi
2
ni(x−χ, t)+(1−λi)ni(x, t)

]
, (4.23)

with

R(x, S(t), ρ(t)) := p(x, S(t))− dρ(t). (4.24)

If the function ni(x, t) is twice continuously differentiable with respect to the variable

x, for χ sufficiently small we can use the Taylor expansions

ni(x± χ, t) = ni ± χ
∂ni
∂x

+
χ2

2

∂2ni
∂x2

+ h.o.t. , (4.25)

where ni ≡ ni(x, t). Substituting Equation (4.25) into Equation (4.23) and dividing both

sides of the resulting equation by τ , after a little algebra we find

ni(x, t+ τ)− ni(x, t)
τ

= R(x, S(t), ρ(t))ni(x, t) +
λiχ

2

2τ

∂2ni(x, t)

∂x2

+R(x, S(t), ρ(t))
λiχ

2

2

∂2ni(x, t)

∂x2
+ h.o.t. .

If, in addition, the function ni(x, t) is continuously differentiable with respect to the variable

t, letting τ → 0 and χ→ 0 in such a way that
λiχ

2

2τ
→ βi > 0, from the latter equation we

formally obtain

∂ni(x, t)

∂t
= βi

∂2ni(x, t)

∂x2
+ R

(
x, S(t), ρ(t)

)
ni(x, t),

which gives the system of non-local PDEs (2.3) complemented with the zero-flux boundary

conditions which follow from the fact that the attempted phenotypic variation of a cell

is aborted if it requires moving into a phenotypic state that is outside the computational

domain.
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4.4 Competition in prescribed environment

We study the case where nutrient concentration is given and defined via Equation (4.12)

with the initial value of nutrient being S0 = M . This is a scenario analogous to the

one presented in Chapter 2. We fix the values of M and T and consider three different

values of A that correspond to distinct environmental regimes: constant nutrient level (i.e.

no oscillations), mild nutrient fluctuations (i.e. small-amplitude oscillations) and severe

nutrient fluctuations (i.e. large-amplitude oscillations).

The results presented in Figure 4.3 show that, for all values of A considered, there is

an excellent quantitative match between the numerical simulations of the IB and contin-

uum models. In agreement with the analytical results that we presented in Section 2.3,

when the nutrient concentration is constant, population L outcompetes population H (Fig-

ure 4.3(a)). The same outcome is observed in the presence of mild nutrient fluctuations

(Figure 4.3(b)). By contrast, population L is outcompeted by population H when severe

nutrient fluctuations occur (Figure 4.3(c)). In all cases, the phenotype distribution of the

surviving population is unimodal and attains its maximum at the mean phenotype (left

column in Figure 4.3). Moreover, when the nutrient level is constant, the size and the mean

phenotype of the surviving population converge to stable values. On the other hand, in the

presence of T -periodic nutrient fluctuations, the size and mean phenotype of the surviving

population converge to T -periodic functions.

4.5 Competition in co-evolving environment

Here we assume that the oxygen concentration co-evolves with the cells and its dynamics is

governed by Equation (4.13). This is a scenario analogous to the one presented in Chapter

3.

4.5.1 Base-case results

We first assume that the supply rate of nutrient is constant (i.e. we define the term Ih

via Equation (4.14)) and consider different values of the nutrient consumption rate θ. The

results displayed in Figure 4.4(a)–(b) show excellent quantitative agreement between nu-

merical simulations of the IB and continuum models, both for relatively low and relatively

high values of θ. As expected, based on the results we presented in Section 3.4.2, population

L out-competes population H, which eventually goes extinct. Moreover, since the nutrient

concentration converges to smaller equilibrium values for larger values of the nutrient con-

sumption rate, higher values of θ correspond to decreasing equilibrium sizes of population
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Figure 4.3: Comparison between numerical simulations of the IB (solid, coloured lines)
and continuum (broken, black lines) models in the case where the nutrient concentration
is prescribed and defined via Equation (4.12). (a) Dynamics of the population sizes (top
row), the mean phenotype of the surviving population (middle row) and the phenotype
distribution at t = tf (bottom row) in the case where M = 1, T = 5 and A = 0 in
Equation (4.12). Here, aH = aL = 800, b = 10 and c = 0.5 in Equation (4.16), and the
values of the other parameters are those listed in Table 4.1 with λH = 0.05, λL = 0.02,
τ = 10−3 and χ = 0.032. The results from the IB model correspond to the average over
30 realisations and the related variance is displayed by the coloured areas surrounding the
curves. (b)–(c) Same as (a) but for A = 0.5 (row (b)) and A = 1 (row (c)).

L and equilibrium values of the mean phenotype which are closer to 1 (i.e. the fittest phe-

notypic state in nutrient-scarce environments). In all cases, the phenotype distribution of

the surviving population is unimodal and attains its maximum at the mean phenotype.

We then let the supply rate of nutrient undergo periodic oscillations (i.e. we define the

term Ih via Equation (4.15)) and, informed by the numerical results presented in Section

3.4.3, we consider different values of the consumption rate θ that lead to the emergence of

either mild (i.e. small-amplitude) or severe (i.e. large-amplitude) fluctuations in the nutri-

ent concentration Sh. The results displayed in Figure 4.4(c)–(d) demonstrate that, both for
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mild and severe fluctuations in the nutrient concentration, the size and the mean phenotype

of the surviving population converge to positive T -periodic functions. When nutrient levels

undergo smaller fluctuations, population L survives (see Figure 4.4(d)). However, when nu-

trient levels undergo larger fluctuations, population H ultimately outcompetes population L

(see Figure 4.4(c)). In both cases, the phenotype distribution of the surviving population is

unimodal and attains its maximum at the mean phenotype. Moreover, excellent agreement

between numerical simulations of the IB and continuum models is observed.
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Figure 4.4: (a)–(b) Comparison between numerical simulations of the IB (solid, coloured
lines) and continuum (broken, black lines) models in the case where the evolution of the
nutrient concentration is governed by the difference equation (4.13) whereby the term Ih

is defined via Equation (4.14) with Ī = 10. Dynamics of the population sizes (top panel),
mean phenotype of the surviving population (central panel) and nutrient level (bottom
panel) in the case where θ = 10−5 in (a) and θ = 10−4 in (b). Here, aH = aL = 800,
b = 10 and c = 0.5 in Equation (4.16), τ = 10−3, and χ = 0.032, and the values of the other
parameters are those listed in Table 4.1 with λH = 1 and λL = 0.2. The results from the IB
model correspond to the average over 30 realisations and the related variance is displayed
by the coloured areas surrounding the curves. (c)–(d) Same as (a) but when the term
Ih is defined via Equation (4.14) with A = 200, T = 5, λH = 0.4, λL = 0.02, c = 0.5,
θ = 2× 10−4 in (c) and θ = 0.001 in (d).
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4.5.2 Sensitivity analysis of the probabilities of phenotypic variation

Based on the analytical results presented in Sections 2.3 and 3.3.1 for the continuum model,

we expect smaller values of λH and λL (i.e. the probabilities of phenotypic variation)

to correlate with longer transient intervals in the dynamics of the sizes of the two cell

populations. To test this hypothesis, we focus on the case where the supply rate of nutrient

is constant (i.e. when the term Ih is defined via Equation (4.14)). We carry out numerical

simulations of the IB model assuming

λi = ε Li, (4.26)

with Li fixed and ε ∈ {1, . . . , 10}. As summarised by the plots in Figure 4.5, smaller values

of ε bring about longer transient intervals (i.e. larger values of ttr in Figure 4.5(d)) during

which the two populations coexist before population L ultimately out-competes population

H.

The results displayed in Figure 4.5(a)–(c) indicate that the size of population L de-

creases during the transient, defined as the early part of the population trajectory, before

approaching steady state. Moreover, longer transients correlate with lower minimum values

of the size of population L (i.e. smaller ρminL in Figure 4.5(d)), which creates the bottleneck

effects that bring about both lower regularity of the density functions of the two popula-

tions, and more pronounced demographic stochasticity which is more likely to come into

play. This suggests that lower probabilities of phenotypic variation may create conditions

for the emergence of differences between predictions of the IB and continuum models.

To investigate this further, we compare numerical simulations of the IB model with

numerical solutions of the continuum model in the setting of Figure 4.4(a) and 4.4(b) (i.e.

defining the nutrient supply term, Ih, via Equation (4.14) and considering different values

of θ) but using lower values of the probabilities of phenotypic variation λH and λL. The

results, summarised in Figure 4.6, demonstrate that while excellent quantitative agreement

between numerical simulations of the IB model and numerical solutions of the continuum

model is obtained for relatively large values of θ (see Figure 4.6(b)), significant differences

in the behaviour of the two models can be observed for relatively low values of θ (see

Figure 4.6(a)).

This is because, when lower values of λH and λL are considered, relatively small values

of nutrient consumption rate θ correspond to a longer initial phase of cell dynamics during

which the size of population L decays and the size of population H grows. After this initial

phase, the numerical solutions of the continuum model exhibit trend inversion, with the

size of population L converging to a stable positive value and the size of population H

decaying to zero. Numerical simulations of the IB model, however, demonstrate that there
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Figure 4.5: (a)–(c) Numerical simulations of the IB model in the case where the probabil-
ities of phenotypic variation, λH and λL, are defined by Equation (4.26) with LH = 0.05,
LL = 0.02, and ε = 10 (panel (a)), ε = 5 (panel (b)), and ε = 2 (panel (c)). Simulations

are run until tf = 40. The black dashed lines highlight the time ttr such that ρ
tf
L −ρ

ttr
L < 100,

while the solid pink lines highlight the value of ρminL := min
h
ρhL. (d). Plots of ttr (black

diamonds) and ρminL (pink squares) as functions of ε ∈ {1, . . . , 10}. The evolution of the
nutrient concentration is governed by the difference equation (4.13), whereby the term Ih

is defined by Equation (4.14) with Ī = 10. Here, aH = aL = 800, b = 1000 and c = 0.5
in Equation (4.16), and the values of the other parameters are as listed in Table 4.1 with
θ = 0.001, τ = 10−3, and χ = 0.032. These results correspond to the average over 30 reali-
sations and the related variance is displayed by the coloured areas surrounding the curves
in panels (a)–(c).
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Figure 4.6: (a) Comparison between numerical simulations of the IB (solid, coloured lines
in the left panel) and continuum (broken, black lines in the left panel) models under the
parameter setting of Figure 4.4(a) but with λH = 0.05, λL = 0.02, τ = 10−3, and χ = 0.032.
The results from the IB model correspond to the average over 30 realisations and the
related variance is displayed by the coloured areas surrounding the curves. The plots in the
central and right panels show the dynamics of the sizes of the two populations for single
realisations of the IB model that match with (central panel) or differ from (right panel)
numerical solutions of the continuum model. (b) Same as (a) for the parameter setting of
Figure 4.4(b) but with λH = 0.05 and λL = 0.02.

are realisations whereby, due to stochastic effects, the aftermath of the initial phase of cell

dynamics is the extinction of population L and the survival of population H (see right panel

of Figure 4.6(a)).

Such differences persist when smaller values of the time-step, τ , and the phenotype-

step, χ, are considered. More specifically, lower time- and phenotype-steps correlate with

a more drastic decay in the size of the population L, which then becomes more prone to

extinction due to demographic stochasticity, as demonstrated in Figure 4.7. Since this trend

is observed for lower values of τ and χ, from now on we use larger values (τ = 10−3 and

χ = 0.032) in order to minimise computational time.

Differences between the discrete and the continuum models are also observed when the

supply rate of nutrient undergoes periodic oscillations (i.e. when the term Ih is defined

via Equation (4.15)) and different values of θ are considered, provided that lower values

of λH and λL are chosen (Figure 4.8). In this case, for values of nutrient consumption

rate, θ, leading to the emergence of severe fluctuations in the nutrient level (i.e. when

113



0 15 30
t

0.0

0.5

1.0 ×104
(a)

= 10 3

L IB
H IB

0 15 30
t

(b)
= 10 4

0 15 30
t

(c)
= 10 5

Figure 4.7: (a) Numerical simulations of the IB model under the parameter setting of
Figure 4.5(a) but with τ = 10−3 and χ = 0.032. The results from the IB model correspond
to the average over 10 realisations and the related variance is displayed by the coloured
areas surrounding the curves. (b)–(c) Same as (a) but with τ = 10−4 and χ = 0.01 (b)
and τ = 10−5 and χ = 0.0032 (c).

population H is ultimately selected according to the continuum model), there is an excellent

quantitative agreement between the two models. On the other hand, for values of θ leading

to the emergence of mild fluctuations in nutrient levels (i.e. when the continuum model

predicts that population L will ultimately be selected after an initial phase of population size

contraction), there are realisations of the IB model in which population L is outcompeted

by population H.

Figure 4.8: (a) Comparison between numerical simulations of the IB (solid, coloured lines)
and continuum (broken, black lines) models in the case where the evolution of the nutrient
concentration is governed by the difference equation (4.13) whereby the term Ih is defined
via Equation (4.14) with A = 60, T = 5, λH = 0.05, λL = 0.02, θ = 10−3 and other
parameter values are as listed in Table 4.1. (b) Same as (a) but with θ = 5× 10−5.

4.5.3 Sensitivity analysis of the initial standard deviation and the initial
mean phenotype

Based on the analytical and numerical results presented in Sections 3.3.1 and 3.4.2, we

anticipate stronger bottleneck effects in the dynamics of the sizes of the two cell populations
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arising from the choice of initial conditions. In particular, the time it takes for the two

populations to reach the equilibrium values in their size and mean phenotype depends

on the initial standard deviation, σ0
H,L, distances between the initial mean phenotypes,

µ0
H,L, and the equilibrium value of the fittest phenotypic state ϕ(S∞), which is computed

by substituting the long-time limit S∞ of the nutrient concentration into Equation (4.8).

Since the results presented in Section 4.5.2 demonstrate that stronger bottleneck effects

may promote the emergence of differences between the predictions of the two models, we

expect that larger values of |µ0
H−ϕ(S∞)| and |µ0

L−ϕ(S∞)|, along with smaller values of σ0
H

and σ0
L, will increase the likelihood of observing differences between numerical simulations

of the IB and continuum models.

To test this hypothesis, we first suppose that the nutrient supply rate is constant.

We then carry out numerical simulations for different values of the parameters b and c in

Equation (4.16). We recall that larger values of b correlate with lower σ0
H and σ0

L, and in the

setting considered here, lower values of c correspond to higher |µ0
H−ϕ(S∞)| and |µ0

L−ϕ(S∞)|
(i.e. less fit initial mean phenotypes). The plots presented in Figure 4.9(a) reveal excellent

quantitative agreement between numerical simulations of the IB and continuum models

for sufficiently large values of σ0
H and σ0

L, regardless of the values of |µ0
H − ϕ(S∞)| and

|µ0
L−ϕ(S∞)| (i.e. independently of the value of c). On the other hand, and consistent with

our expectations, the numerical results presented in Figure 4.9(b) show that, for sufficiently

small values of σ0
H and σ0

L, higher |µ0
H − ϕ(S∞)| and |µ0

L − ϕ(S∞)| (i.e. lower values of c)

correlate with longer transients during which stochastic effects can lead to the emergence

of differences between the cell dynamics exhibited by the two models.

We now suppose that the nutrient supply rate undergoes periodic oscillations and per-

form numerical simulations for different values of the parameter c (i.e. the initial mean

phenotype of the two populations), which correspond to different values of the quantities

|µ0
H− < ϕ > | and |µ0

L− < ϕ > |, where

< ϕ >:=
1

2

(
min

th∈[0,T ]
S̃h + max

th∈[0,T ]
S̃h
)

(4.27)

with S̃h being the positive T -periodic function to which Sh converges as h → ∞. In

the setting considered here, smaller values of c correspond to higher |µ0
H− < ϕ > | and

|µ0
L− < ϕ > | (i.e. less fit initial mean phenotypes). The results presented in Figure 4.10b

indicate that excellent quantitative agreement is observed between numerical simulations of

the IB and continuum models when the consumption rate θ is such that the nutrient level

undergoes severe fluctuations (i.e. when population H is ultimately selected according to

the continuum model), regardless of the values of |µ0
H− < ϕ > | and |µ0

L− < ϕ > | (i.e.

independently of the value of c). On the other hand, the results presented in Figure 4.10a
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Figure 4.9: (a) Comparison between numerical simulations of the IB (solid, coloured lines
in columns 2 – 4) and continuum (broken, black lines in columns 2 – 4) models in the case
where the initial phenotype distributions of the two populations are defined as shown by
the plots in the first panel, corresponding to different values of c in Equation (4.16). The
purple line in the first panel highlights the equilibrium value of the fittest phenotypic state
ϕ(S∞), which is computed by substituting into Equation (4.8) the long-time limit S∞. The
evolution of Sh is governed by the difference equation (4.13), whereby the term Ih is defined
via Equation (4.14) with Ī = 10. Here, aH = aL = 800 and b = 10 in Equation (4.16),
and the values of the other parameters are listed in Table 4.1 with λH = 0.05, λL = 0.02,
θ = 10−3, τ = 10−3, and χ = 0.032. The results from the IB model correspond to the
average over 30 realisations and the related variance is displayed by the coloured areas
surrounding the curves. (b) Same as (a) but for b = 1000.

show that, when θ is such that the nutrient level undergoes mild fluctuations (i.e. when the

continuum model predicts population L to be ultimately selected after an initial phase of

population size contraction), good quantitative agreement between numerical simulations

of the IB and continuum models is observed only if |µ0
L− < ϕ > | and |µ0

H− < ϕ > | are

sufficiently small (i.e. only if c is sufficiently large). Indeed, larger values of these distances

correlate with longer transients during which stochastic effects may drive discrepancies

between the cell dynamics of the two models.

4.5.4 Sensitivity analysis of the initial population sizes

Motivated by the numerical results presented in Section 4.5.3, we hypothesise that differ-

ences between numerical simulations of the IB and continuum models, which are observed

for sufficiently large values of |µ0
i − ϕ(S∞)| (i.e. sufficiently small c) and sufficiently small
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Figure 4.10: (a) Comparison between numerical simulations of the IB (solid, coloured
lines in the central and right columns) and continuum (broken, black lines in the central
and right columns) models in the case where the initial phenotype distributions of the
two populations are the same, and defined as shown by the plots in the left panel, which
correspond to different values of the parameter c in Equation (4.16). The purple line in the
first column highlights the value of the quantity < ϕ > defined according to Equation (4.27).
The evolution of Sh is governed by the difference equation (4.13), whereby the term Ih is
defined via Equation (4.15) with A = 30 and T = 5. Numerical simulations are carried out
assuming aH = aL = 800 and b = 1000 in Equation (4.16), and using the parameter values
listed in Table 4.1 with λH = 0.05, λL = 0.02, θ = 10−3, τ = 10−3, and χ = 0.032. The
results from the IB model correspond to the average over 30 realisations and the related
variance is displayed by the coloured areas surrounding the curves. (b) Same as (a) but
for θ = 5× 10−5.

values of σ0
i (i.e. sufficiently high b), will be amplified when smaller initial sizes of pop-

ulation L are considered and the initial total number of cells is held fixed. Indeed, lower

values of ρ0
L may exaggerate stochastic effects associated with small population sizes in the

course of the population bottleneck that occurs in the initial phase of the cell dynamics

(i.e. when the size of population L decays). To test this hypothesis, we focus on the case

where the nutrient inflow rate is constant and carry out numerical simulations for which

the parameters aH and aL (i.e. the parameters linked to the initial population sizes) in

Equation (4.16) are related as follows

aH = νZ and aL = (1− ν)Z, (4.28)

with Z fixed and for increasing values of 0 < ν < 1.
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The results presented in Figure 4.11 show that higher values of ν lead to a sharper

bottleneck in population L and longer transient intervals during which the two populations

coexist. For all admissible values of ν, the solutions of the continuum model are such

that the size of population L evolves to a stable positive value and population H becomes

extinct. By contrast, for ν sufficiently large there are realisations for the IB models whereby

population H outcompetes population L. Moreover, the size of population H may undergo

small stochastic fluctuations about a stable positive value that is larger than that about

which the size of population L fluctuates – i.e. the mean size of population H is higher

than the mean size of population L.
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Figure 4.11: (a) Comparison between numerical simulations of the IB (solid, coloured lines)
and continuum (broken, black lines) models in the case where ai in Equation (4.16) is defined
via Equation (4.28) with Z = 800 and ν = 0.1. The evolution of the nutrient concentration
is governed by the difference equation (4.13), whereby the term Ih is defined via Equation
(4.14) with Ī = 10. Numerical simulations are carried out assuming b = 1000 and c = 0.5
in Equation (4.16), and using the parameter values listed in Table 4.1 with λH = 0.05,
λL = 0.02, θ = 10−3, τ = 10−3, and χ = 0.032. The results from the IB model correspond
to the average over 30 realisations and the related variance is displayed by the coloured
areas surrounding the curves. (b)–(f) Same as (a) but for ν = 0.2 (panel (b)), ν = 0.3
(panel (c)), ν = 0.7 (panel (d)), ν = 0.8 (panel (e)), and ν = 0.9 (panel (f)).

Analogous results pertain when a periodic nutrient inflow defined via Equation (4.15)

is considered, provided that values of θ leading to the emergence of mild fluctuations in

the nutrient level are chosen (i.e. when the continuum model predicts population L to

be ultimately selected after an initial phase of population size contraction) along with

sufficiently high |µ0
L− < ϕ > | and |µ0

H− < ϕ > |.
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4.6 Application to the mathematical modelling of metastatic
colonisation

The results presented in Section 4.5 lead us to conclude that significant differences between

the predictions made by the stochastic IB model and the corresponding deterministic contin-

uum model can arise due to the occurrence of bottleneck effects, which may be encountered

during the early stage of colonisation of new habitats by invasive species across a wide range

of ecological scenarios. Metastasis – the process where cancer cells colonise distant organs

– is an example of such an ecological scenario. Therefore, as an illustrative example, here

we demonstrate the implications of such differences between the two modelling approaches

when studying in silico the metastatic colonisation of distant organs by cancer cells.

4.6.1 Essentials of the biological problem

Metastasis is a multi-step process where cancer cells encounter a number of restrictive

bottlenecks. In particular, cancer cells have to leave their primary tumour site, survive in the

blood circulation and, ultimately, extravasate into a new organ. Afterwards, the invaders

are required to settle in, engineer supportive niches, and eventually establish themselves

over in the local tissue. During the course of such a multifaceted process, cancer cells

need to sequentially acquire different phenotypic characteristics and ultimately adapt to

the environmental conditions of distant organs, which may be significantly different from

those of the primary tumour [224, 225, 226].

Cancer cells have been reported to undergo spontaneous, heritable phenotypic varia-

tion [227], which may facilitate adaptation to unpredictable environmental changes, such

as those faced during the colonisation of a new niche following extravasation [35]. Since

metastases are seeded by single cancer cells or small cell clusters, which originate from

the primary site, the adaptive process undergone by cancer cells during the early stages of

colonisation may be strongly impacted by demographic stochasticity.

4.6.2 Definition and calibration of the model

We use the stochastic IB model presented in Section 4.2 and its deterministic continuum

analogue derived in Section 4.3 to investigate the role that spontaneous, heritable pheno-

typic changes play in the evolutionary dynamics of cancer cells during the early stages of

colonisation of a distant organ upon extravasation. In particular, we model the dynamics of

cancer cells within a small metastatic lesion that is embedded in a 1 mm3 portion of tissue

and we assume the metastatic lesion to consist of two competing populations of cancer cells

which undergo spontaneous, heritable phenotypic changes with different probabilities.

119



As before, the population with the lower probability of phenotypic variation is labelled

by the index L, while the other population is labelled by the index H. In keeping with the

existing literature [171], we choose the value of the probability of phenotypic variation λH

reported in Table 4.2 and we estimate the probability of phenotypic variation λL to be one

order of magnitude smaller than λH (i.e. λL = 0.1λH).

We keep our assumptions from Chapter 3 by assigning the metabolic state of the cell

to their phenotypic trait, i.e. cells in x → 0 are fully oxidative, while cells in x → 1 are

fully glycolytic. We estimate the maximum proliferation rates of fully oxidative and fully

glycolytic phenotypic variants, γ and ζ, respectively, from the literature. Since glucose is

an inefficient energy source compared to oxygen, we have that ζ < γ [105].

Letting the average diameter of a cell be about 20 µm, we estimate the maximum number

of cells that can be accommodated in 1 mm3 of tissue to be K = 1.25 × 105 [172], and we

assume that only 1% of them can be cancer cells since, during the early stage of metastatic

colonisation, other cells that are present in the tissue prior to cancer cell extravasation will

leave a very limited amount of space available for cancer cells to invade. Hence, using the

fact that the approximate carrying capacity for our model in oxygen-rich environments is

γ/d, we estimate the value of the death rate due intra- and inter-population competition d

as follows
γ

d
≈ K

100
=⇒ d ≈ 100

γ

K
.

We assume the phenotype distributions of the two cell populations at time th = 0 to be

of the form given by Equation (4.16) with the values of the parameters aH , aL, b and c

corresponding to a biological scenario whereby the two cell populations are both small and

mainly composed of cells in the fully oxidative phenotypic state xj = 0 (cf. the values of

the parameters aH , aL, b and c listed in Table 4.2).

We let the function Sh represent the concentration of oxygen available to cancer cells

at time th. The dynamics of Sh are governed by the difference equation (4.13) whereby the

term Ih models the rate at which cancer cells are supplied with oxygen by blood vessels

found in the tissue. Here, the parameter η is the rate of natural decay of oxygen, the

value of which is estimated based on [218], κ is the Michaelis constant of oxygen and θ is a

conversion factor for cell consumption of oxygen, the values of which are chosen consistent

with those reported in [19]. Making the simplifying assumption that oxygen supply from

blood vessels is constant over time, we define Ih via Equation (4.14). Furthermore, denoting

by Iv the average amount of oxygen released from a single healthy blood vessel, the value

of which is chosen based on the experimental measurements reported in [217], we use the

following definition of the term Ī in Equation (4.14)

Ī := α Iv. (4.29)
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The parameter α > 0 in Equation (4.29) models the level of tissue oxygenation, which is

known to be organ-specific – viz. lungs and bones are, respectively, highly- and poorly-

oxygenated organs [228].

In summary, the parameter values used to carry out numerical simulations of the IB

model are those shown in Table 4.2 and the parameter values of the corresponding continuum

model are defined accordingly. We note that structural identifiability analysis of this model

has not been performed and remains as future work. The used parameter values are identical

to those shown in Table 3.3 (Section 3.5), except for the values of maximal growth rate of

oxidative and glycolytic phenotypic variants, γ and ζ, respectively.

Parameter Value Unit Reference

γ 0.66 day−1 [19]
ζ 0.5 day−1 [19]
d 5.2 ×10−4 day−1 cells−1 Model specific
K 1.25 ×105 cells [172]
θ 8.2 ×10−9 mmol cells−1 [19]
κ 2.1 ×10−3 mmol [19]
η 0.24 day−1 [218]
Iv 1.5 ×10−4 mmol day−1 [217]
α {0.01, 1, 10 } – Model specific
λH 0.02 day−1 [171]
λH 0.002 day−1 Model specific

Table 4.2: Parameter values used in numerical simulations.

Finally, we assume that the initial population of cells is homogeneous and fully oxidative

with b = 1000 and c = 0. We use τ = 10−3 day and χ = 0.032, and run simulations until

tf = 365 days. To obtain the numerical solutions of the IB model, we use the method

described in Section 4.2. To solve the continuum system of PDEs we use the approach

outlined in Section 3.4.1.

4.6.3 Results

In this section, we present some results from the numerical simulations of the IB model.

4.6.3.1 Sensitivity analysis of the level of host tissue oxygenation

We expect lower values of α in Equation (4.29) (i.e. lower levels of tissue vascularisation)

to correlate with a lower saturation value of the oxygen concentration. On the basis of the

simulation-assisted analysis carried out in Chapter 3, we can foresee that lower saturation

values of the oxygen concentration will bring about cancer cell populations of smaller size

and will favour glycolytic phenotypic variants (i.e. cells in phenotypic states xj → 1) over
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oxidative phenotypic variants (i.e. cells in phenotypic states xj → 0). Under the biological

conditions corresponding to the initial phenotype distributions considered here, the initial

mean phenotype of the two cancer cell populations is the fully oxidative phenotypic state

xj = 0 and, therefore, lower values of α will correspond to initial mean phenotype of lower

fitness. Hence, based on the results of the sensitivity analysis presented in Section 4.5, we

expect smaller α to make it more likely that differences between the IB model and its con-

tinuum counterpart will emerge. This is confirmed by the results presented in Figure 4.12.

Figure 4.12: (a) Comparison between numerical simulations of population sizes of the
IB (solid, coloured lines) and continuum (broken, black lines) models, in the case where
realistic parameter values corresponding to the early stages of metastatic colonisation of
distant organs by cancer cells are considered (cf. parameter values as listed in Table 4.2).
The evolution of the oxygen concentration is governed by the difference equation (4.13)
whereby the term Ih is defined by Equation (4.14) with Ī defined according to Equation
(4.29) with α = 10. Here, ai = 25. (b), (c) Same as (a) but for α = 1 and α = 0.01,
respectively.

The sample dynamics of the size of the cell populations H and L displayed in Figure 4.12
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demonstrate that when α is sufficiently large there is excellent quantitative agreement be-

tween the discrete and continuum models (see Figure 4.12(a)). On the other hand, the

match between the two models deteriorates as the value of α decreases. This discrepancy

arises because, in contrast with the deterministic continuum model, the IB model predicts

that population L may be driven to extinction by demographic stochasticity, resulting in

the survival of population H (see Figures 4.12(b) and 4.12(c)).

These results communicate the biological notion that higher probabilities of spontaneous,

heritable phenotypic changes may constitute a competitive advantage for cancer cells during

the early stage of metastatic colonisation of poorly-oxygenated distant organs. The same

results act also as a proof of concept for the idea that whilst stochastic effects associated

with small cell numbers, which cannot be captured by deterministic continuum models

formulated as non-local PDEs, can be, at a first approximation, neglected when modelling

the metastatic colonisation of highly-oxygenated distant organs, such as the lungs, they

become particularly relevant when considering poorly-oxygenated organs, such as the bones.

This supports the idea that particular care should be taken when selecting the mathematical

modelling approach employed to describe processes such as the biological colonisation of

new habitats.

4.6.3.2 Sensitivity analysis of the carrying capacity of the host tissue

In Section 4.6.3.1, we assumed that approximately 1% of space is available to the cancer

cells once they extravasate into a distant organ. This makes the carrying capacity of the

cancer cell population to be around 1000 cells. However, in reality, there is likely to be even

less space and resource available for the invaders. Therefore, here we consider lower values

of carrying capacity for the population of cancer cells, i.e. higher values of the death rate

due to intra- and inter-population competition, d:

d = ω
γ

K
, (4.30)

where ω is the fraction of space available for cancer cells. In particular, we consider ω ∈
{0.005, 0.001, 0.0005, 0.0001}. Here, we assume that the host tissue is well oxygenated, i.e.

α = 10.

When the carrying capacity of cancer cells is relatively large (i.e. higher value of ω), the

solutions of the IB and continuum models demonstrate good agreement (Figure 4.13(a)). In

this case, population L outcompetes the population with higher rate of phenotypic variation.

Furthermore, even though the initial size of each population is very small, consisting of only

three cells, none of the populations becomes extinct due to demographic noise. This is due to

the fact that the probability of death, defined by Equation (4.10), is directly proportional
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to the death rate, d, and the total population size at given time step, ρh. Since at the

beginning of the simulation ρh is small, and d is relatively small as well, the probability of

a death event is extremely small.

Figure 4.13: Top row: (a) Comparison between numerical simulations of population sizes
of the IB (solid, coloured lines, 10 realisations) and continuum (broken, black lines) models
when ω = 0.005 in Equation (4.30), ai = 3 and other parameters as given by Table 4.2. The
evolution of the oxygen concentration is governed by the difference equation (4.13) whereby
the term Ih is defined by Equation (4.14) with Ī defined according to Equation (4.29) with
α = 10. (b) – (d) Same as (a) but for ω = 0.001 (b), ω = 0.0005 (c), and ω = 0.0001
(d). Plots in the bottom row show close-up population dynamics from (a) and (d).

As the amount of space available for the invaders decreases, i.e. the value of ω increases,

demographic stochasticity becomes more important (Figures 4.13(b) – (d)). Here, due to

higher values of d, the probability of death event (Equation 4.10) is larger and we can

observe extinction of one population at the beginning of the simulation. Both population

H and L can be affected by this. By decreasing the carrying capacity even further (ω =

0.00005), it is possible to observe extinction of both populations, as demonstrated in Figure

4.14, both in cases where the host tissue is well oxygenated (Figure 4.14(a)) and poorly

oxygenated (Figure 4.14(b)). Even though eventually both populations become extinct,

some populations can survive for a relatively long period of time. This time might be

sufficient for the cancer cells to adapt and engineer the environment in order to increase

their carrying capacity. For example, this can be achieved by switching to glycolysis and

producing lactic acid. In this case, cancer cells can lower the environmental pH, which is
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toxic to normal, non-acid resistant cells.

Figure 4.14: (a) Population dynamics in well oxygenated medium (α = 10) obtained via
the IB model (20 realisations) when ω = 0.005 in Equation (4.30), ai = 3 and the other
parameters are as listed in Table 4.2. (b) Same as (a) but with α = 0.001.

These results further support the idea that stochastic processes are very important when

studying metastasis formation, and the appropriate modelling framework must be used in

order to capture the full behaviour of the system.

4.7 Discussion

In this chapter, we developed a stochastic IB model for the evolutionary dynamics of two

competing phenotype-structured cell populations that are exposed to time-varying nutrient

levels and undergo spontaneous, heritable phenotypic variations with different probabilities.

We formally derived the deterministic continuum counterpart of this model and carried out

a systematic comparison between numerical simulations of the IB and continuum models.

We presented base-case results that demonstrate an excellent quantitative match be-

tween the outcomes of the two models. These results agree with our previous analytical

and numerical results for the related deterministic continuum models presented in Chapters

2 and 3. Moreover, we investigated the importance of stochastic effects in driving differences

between the predictions made by the two models. The results indicate that stochastic effects

associated with small population sizes, which are crucial in population bottlenecks, can lead

to significant differences between the two models. In particular, these differences arise in

the presence of low probabilities of phenotypic variation, and are more apparent when the

two populations are characterised by less fit initial mean phenotypes and smaller initial

levels of phenotypic heterogeneity. When there is agreement between the two modelling

approaches, this depends on the initial proportions of the two populations.
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The results obtained indicate that bottleneck effects, which are crucial during the coloni-

sation of new habitats by invasive species, can lead to significant differences between the

two models. In fact, more prominent population bottlenecks bring about sharper drops in

cell numbers. This correlates with both lower regularity of the density functions of the two

populations and more pronounced demographic stochasticity, which cause a reduction in

the quality of the approximations employed in the formal derivation of the deterministic

continuum model from the stochastic IB model (cf. the approximations given by Equa-

tions (4.20)–(4.22) and (4.25)). In particular, bottleneck effects emerge in the presence

of lower probabilities of phenotypic variation, and are more apparent when the two pop-

ulations are characterised by less fit initial mean phenotypes and smaller initial levels of

phenotypic heterogeneity. The emergence of these effects, and thus the agreement between

the two modelling approaches, also depends on the initial sizes of the two populations.

Finally, considering suitably parameterised versions of the IB and continuum models,

we demonstrated how such differences may impact on the mathematical modelling of the

early stage of metastatic colonisation of distant organs by cancer cells. During colonisation,

cancer cells are faced with unpredictable, and potentially lethal, environmental conditions.

Our results demonstrate that higher rates of spontaneous phenotypic variations may be

advantageous for cancer cells that are faced with sudden environmental changes during

metastasis. This is consistent with observations from the ecological literature, where pop-

ulations with higher adaptive abilities (e.g. higher plasticity) are favoured when placed in

new environments [64, 69].

The generality of our assumptions make the discrete modelling framework considered

here applicable to a broad range of asexual organisms exposed to dynamically changing

environments. Such a modelling framework, along with the related method for formally

deriving corresponding continuum models, could be readily extended to incorporate addi-

tional biological effects related to spatial structure, such as cell movement, inter-cellular

spatial interactions, nutrient diffusion and the presence of multiple sources of nutrient dis-

tributed across the spatial domain. These extension will enable us to establish conditions

under which a deterministic continuum model can be used to approximate the dynamics of

an inherently stochastic system. This will ultimately help unravel the impact, and different

sources, of stochasticity on the emergence of spatio-temporal evolutionary patterns in a

variety of living systems [58, 229].
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Chapter 5

Investigating the shape of fitness
landscape

5.1 Introduction

It is well established that the tumour microenvironment is extremely heterogeneous, both

spatially and temporally [7]. In particular, variations in oxygen level – the main energy

source for cells – occur on various timescales and with different amplitudes [22]. Even

though the presence of intermittent hypoxia is a widely acknowledged phenomenon, the

consequences of such environmental dynamics on tumour progression remain unknown. In

this thesis, we theoretically investigated whether cancer cells could utilise a risk-spreading

strategy when dealing with such dynamic conditions.

In particular, we have developed a set of mathematical models, of increasing biological

complexity, in order to study whether cancer cells could benefit from heritable, spontaneous

phenotypic variations. In Chapter 2, we introduced a modelling framework consisting of

two phenotype-structured populations competing for a limiting nutrient. We extended this

model in Chapter 3 by incorporating interactions between cancer cells and their microenvi-

ronment. Finally, we developed a corresponding discrete individual-based model in Chapter

4 in order to study the role of stochastic birth-death processes on competition outcomes,

and applied this framework to the problem of adaptation during metastasis formation.

In our modelling approach, the birth and proliferation of cells in a given environment

are defined via a fitness function. Fitness curves, or adaptive landscapes, are a common tool

used by ecologists to define the reproductive success of an individual with different pheno-

types in a given range of environments. Throughout Chapters 2–4 we used the definition

of fitness as follows

R(x, S(t), ρ(t)) = γ
S(t)

κ+ S(t)
(1− x2) + ζ

(
1− S(t)

κ+ S(t)

)
(1− (1− x)2)︸ ︷︷ ︸

net proliferation rate p(x, S(t))

− dρ(t)︸ ︷︷ ︸
competition

, (5.1)
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where x is the phenotype, S(t) is the level of nutrient, the parameters γ and ζ model, respec-

tively, the maximum proliferation rate of the fully oxidative and fully glycolytic phenotypic

variants, and parameter κ represents nutrient concentration at which the reaction rate is

half of the maximal value. This fitness function can be split into two terms, representing the

net growth rate, p(S(t), x) (Equation (2.6)), and a non-local term modelling competition,

dρ(t). In particular, we assumed that there exist two fitness peaks – one at x = 0, which

is the fittest when the nutrient level is high, and one at x = 1, which is largest when the

nutrient is absent. The defined net growth rate has a polynomial form, consistent with the

shape of fitness landscapes that can be inferred from experimental data [155]. Moreover,

this definition increased the analytical tractability of the model.

The chosen shape of fitness function and underlying biological assumption are, of course,

a simplification of cancer cell growth and metabolism. In reality, we expect the net growth

rate of the population to depend on other factors, including other nutrients that are crucial

not only for the generation of ATP, but also for production of nucleotides and other building

blocks of the cell. Realistic adaptive landscapes are likely to be multidimensional and

rugged, with multiple fitness peaks present for a given environment [230]. Furthermore, we

expect the fitness peaks to vary in their shapes, such as width and steepness [230], which

might affect the success of particular adaptive strategies. Therefore, it is crucial to test our

modelling framework by using different forms of the net growth rate, p(x, S(t)), in order to

identify the constraints that must be imposed on the shape of the adaptive landscape when

looking at risk-spreading strategies.

In this short chapter, we present preliminary results exploring the impact of the shape

of the fitness function on competition outcomes between two phenotype-structured pop-

ulations. We study a system of non-local PDEs evolving in prescribed environments, as

presented in Chapter 2. We formulate the fitness function as a sum of Gaussian functions,

which are often used in ecological models to construct adaptive landscapes along the envi-

ronmental gradients [63]. By varying the shape of fitness peaks (i.e. the width), we identify

qualitative characteristics of the fitness landscape that favour populations with higher rates

of spontaneous phenotypic variation.

We begin this chapter by introducing the model and the new definition for the net growth

rate, p(x, S(t)), in Section 5.2. In Section 5.3 we solve the model equations numerically and

study how the shape of the fitness peaks affects the competition outcomes in constant and

periodically fluctuating environments. We finish this chapter with a discussion of the results

in Section 5.4.
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5.2 Model set-up

We inherit the modelling framework presented in Chapter 2, where we study competition

between two phenotype-structured populations in prescribed environments. In particular,

we assume the population dynamics are governed by the system of nonlocal PDEs (2.3):

∂nH
∂t

= βH
∂2nH
∂x2

+
(
p(x, S(t)− dρ(t)

)
nH ,

∂nL
∂t

= βL
∂2nL
∂x2

+
(
p(x, S(t)− dρ(t)

)
nL,

ρH(t) =

∫ 1

0
nH(x, t) dx, ρL(t) =

∫ 1

0
nL(x, t) dx,

ρ(t) = ρH(t) + ρL(t),

(5.2)

for x ∈ [0, 1] and t ∈ R × (0,∞). We assume that oxygen level is prescribed and is non-

dimensionalised as follows

S̃(t) =
S(t)

Smax
, (5.3)

where Smax is the maximal concentration of oxygen, e.g. in the blood vessel. This non-

dimensionalisation ensures that S̃(t) ∈ [0, 1]. The tilde notation for the oxygen concentra-

tion will now be dropped for notational simplicity.

We use the assumptions introduced in Chapter 3 regarding the definition of the pheno-

typic states. In particular, we assume that cells in the phenotypic state x = 0 are adapted

to oxygen-rich conditions, i.e. are fully oxidative. Cells in the phenotypic state x = 1, on

the other hand, are adapted to oxygen-low environments, i.e. are fully glycolytic. Thus, we

assume the phenotype space to be limited with x ∈ [0, 1].

We define the net proliferation rate, p(x, S(t)), in Equation (2.5) as a sum of Gaussian

functions [63] which are centred at phenotypic state, φi. This definition provides the flexi-

bility to alter the shape of fitness peaks and potentially to add additional fitness peaks to

create rugged landscapes. We suppose that the net growth function consists of two fitness

peaks. We assume that the peak centred at φ1 = 0 represents the phenotype adapted to

nutrient-rich conditions (i.e. oxidative phenotype), whereas the peak centred at φ2 = 1

represents the phenotype adapted to nutrient-scarce conditions (i.e. glycolytic phenotype):

p(x, S(t)) = γS(t) exp

(
−(x− φ1)2

q1

)
︸ ︷︷ ︸

oxidative phenotype

+ ζ(1− S(t)) exp

(
−(x− φ2)2

q2

)
︸ ︷︷ ︸

glycolytic phenotype

. (5.4)

In Equation (5.4), the parameters ζ and γ represent maximal proliferation rates (i.e. the

height of fitness peak) of cells in phenotypic state x = 0 and x = 1, respectively. We retain
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our assumption that the glycolytic phenotype comes at a cost, i.e. ζ < γ. Parameters q1

and q2 determine the width of the fitness peak. These two parameters act as a measure of

a fitness valley, i.e. the cost of switching between two fitness peaks [231]. For simplicity, we

assume that the widths of the two peaks are equal, i.e. q1 = q2 = qi. Examples of typical

of fitness landscapes given by Equation (5.4) for different values of qi are shown in Figure

5.1.

(a) (b)

(c)

qi = 0.1 qi = 0.25

qi = 0.5

fitness valley

Figure 5.1: Fitness landscape given by Equation (5.4) plotted for different values of qi.
Parameters used here: γ = 8.6 day−1, ζ = 6.5 day−1, φ1 = 0, and φ2 = 1. The arrow in
(a) highlights the fitness valley.

We generate approximate solutions to the system of PDEs (5.2) using the numerical

scheme described in Section 2.4.1. We select a uniform discretisation consisting of 200

points on the interval [0, 1] as the computational domain of the independent variable x. We

130



discretise the interval [0, tf ] with the uniform step ∆t = 0.0001.

We use parameter values as given by Table 5.1. Consistent with the cell densities

observed in tumours and previous models [180], we assume that the carrying capacity is

about ≈ 108 cells. We must note that structural identifiability analysis was not performed

and remains as future work. The parameter values are chosen in order to demonstrate

qualitative behaviour of the model.

Parameter Value Unit

βH 0.01 day−1

βL 0.001 day−1

γ 8.64 day−1

ζ 6.57 day−1

d 1.72×10−8 cell−1 day−1

Table 5.1: Parameter values used in numerical simulations.

In every simulation, the initial phenotype distribution is given by Equation (2.12) with

ρ0
i = 105 cells, µ0

i = 0 and v0
i = 10 for i ∈ {H,L}.

5.3 Main results

We start exploring the role of fitness landscapes on the competition between two populations

undergoing spontaneous phenotypic variations by considering the net growth rate defined

via Equation (5.4). First, we study the dynamics of the populations and resulting mean

phenotypes in constant environments (Section 5.3.1). Then, in Section 5.3.2, we consider

the case where the environment undergoes periodic oscillations.

5.3.1 Constant environment

First, we study the evolutionary dynamics in constant environments in order to verify that

the analysis from Chapters 2 and 3 carries through when the net growth rate is defined

according to Equation (5.4). We assume that oxygen level is constant, and is given by

S(t) ≡ S̄ ∈ [0, 1]. (5.5)

When oxygen level is constant, as expected, the population with lower rate of phenotypic

variation survives. By choosing different shapes of the fitness peaks (i.e. different values of

qi ∈ {0.1, 0.25, 0.5, 0.75}), we look at how the population size and the mean phenotype of the

surviving population are affected under different level of oxygenation, S̄. This is summarised

in the bifurcation plots in Figure 5.2, where we run the simulations until tf = 360 days and

note the values of ρL(tf ) and µL(tf ) at the end. The value of tf is chosen such that all

simulations reach steady state by that time.

131



Figure 5.2: Values of the population size ρL(tf ) (left) and the mean phenotype µL(tf )
(right) at tf = 360 days (i.e. at the end of numerical simulations) obtained by solving
numerically Equation (5.2) with p(x, S(t)) given by Equation (5.4) for different values of S̄
in Equation (5.5) and qi. The parameter values are defined in Table 5.1.

Consistent with our modelling assumptions, when the environment is well-oxygenated

(S̄ → 1), the selected population has oxidative phenotype and has the largest population

size. On the other hand, when the oxygen level is low (S̄ → 0), the glycolytic population

is selected with lower population size compared to the oxidative population. This reflects

the fact that there is a fitness cost associated with glycolysis (ζ < γ). Furthermore, when

the fitness peaks are narrow (smaller values of qi), the transition between oxidative and

glycolytic populations is very sharp. As the peaks get broader (larger values of qi), the

transition becomes more smooth and population with intermediate phenotypes (e.g. x =

0.5) can be selected.

5.3.2 Periodically fluctuating environment

We now investigate the evolutionary dynamics in periodically fluctuating environments. In

particular, we consider the following definition for oxygen concentration, S(t):

S(t) = max

(
Amin, Amax sin

(
2πt

T

))
, (5.6)

with values of Amin and Amax chosen such that S(t) ∈ [0, 1]. Figure 5.3 demonstrates an

example of oxygen dynamics.

We consider the environmental regime where cells experience periods of starvation fol-

lowed by re-oxygenation. Figure 5.4 shows population dynamics in periodically fluctuating

environments when different values of qi are considered. When the fitness peaks are narrow

(Figure 5.4(a)), population L out-competes population H. However, as the fitness peaks

become broader, the population with higher rate of phenotypic variation is ultimately se-
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Figure 5.3: Dynamics of oxygen given by Equation (5.6) with Amin = 0, Amax = 1 and
T = 7 days.

lected (Figure 5.4(c)). Thus, having wider fitness peaks seems to be advantageous for the

population with higher rates of phenotypic variation.

0 30 60
t [days]

0

1

2

3

i(t
)

×108(a) qi = 0.1

0 30 60
t [days]

(b) qi = 0.25

0 30 60
t [days]

(c) qi = 0.5

L
H

Figure 5.4: (a) Dynamics of population sizes obtained by solving numerically Equation (5.2)
with p(x, S(t)) given by Equation (5.4) with q1 = q2 = qi = 0.1. The oxygen concentration
is given by Equation (5.6) with T = 7 days, Amin = 0, and Amax = 1. Other parameter
values are as listed in Table 5.1. (b) – (c) Same as (a) but for qi = 0.25 (b) and qi = 0.5
(c).

The parameters for the maximal proliferation rates of oxidative and phenotypic pheno-

types, γ and ζ, used in Figure 5.4 are too large to be realistic for cancer cells. These values

are, instead, more consistent for proliferation values in bacteria [219]. Therefore, since

our model is general and remains applicable to other asexually reproducing individuals,

we may expect to observe such behaviour in bacteria. Furthermore, we use the parameter

values used in Chapter 2, given in Table 2.1, in order to demonstrate that such qualitative

behaviour persists when considering other parameter regimes, as shown in Figure 5.5. Iden-

tification of other parameter regimes that would be applicable to cancer cell lines remains

as future work.

133



Figure 5.5: (a) Dynamics of population sizes (top) and mean phenotype of the surviving
population (bottom) obtained by numerically solving Equation (5.2) with p(x, S(t)) given
by Equation (5.4) with q1 = q2 = qi = 0.1. The oxygen concentration is given by Equation
(5.6) with T = 7 days, Amin = 0 and Amax = 1. Other parameter values are as listed in
Table 2.1. (b) Same as (a) but for qi = 0.01.

In order to understand the consequences of varying shape of fitness landscape, it is

important to look at the dynamics of the mean phenotype. In Figure 5.6, we plot the

change in the net growth rate for all phenotypic states when the environment oscillates

periodically according to Equation (5.6) with Amin = 0, Amax = 1 and T = 7 days. The

black dots in Figure 5.6 represent the dynamics of the mean phenotype of the surviving

population (in (a) – population L, in (b) – population H). These plots correspond to

population dynamics from Figures 5.4(a) and 5.4(c).

When the fitness peaks are narrow (Figure 5.6(a)), the surviving population, after a

short initial period, acquires the glycolytic phenotype and remains glycolytic at all times,

even when the environment becomes re-oxygenated. This can be explained by the fact that,

when the peaks are narrow, the net growth rate of intermediate fitness states (i.e. fitness

valley) is very low, as shown in Figure 5.1(a). Therefore, in order to switch, the population

will ‘pay a cost’ by dramatically reducing in size during the process of switching. Therefore,

the ‘keep it safe’ strategy, where the population remains in one particular phenotypic state,

perhaps adapted to averaged conditions, is more advantageous.

When the fitness peaks are relatively wide and cells do not have to pay such a large

cost in order to change their phenotype (Figure 5.1(c)), an adaptive strategy where the

population has higher rate of phenotypic variation and is able to switch phenotype between
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Figure 5.6: (a) Dynamics of net growth rate given by Equation (5.4) when the environment
fluctuates according to Equation (5.6) with Amin = 0, Amax = 1 and T = 7 days. The
black dots represent the mean phenotype of surviving population L (see Figure 5.4(a) for
population dynamics). Here, the fitness peaks are narrow (qi = 0.1). (b) Same as (a),
but for the wide fitness peaks, qi = 0.5. The black dots represent the mean phenotype of
surviving population H (see Figure 5.4(c)).

the more oxidative and more glycolytic states is preferred, as shown Figure 5.6(b).

Earlier we hypothesised that in the case where switching comes at a high cost (i.e. narrow

fitness peaks), the population might acquire a phenotype adapted to averaged conditions.

To test this idea, we consider two environmental regimes. In the first case, the oxygen level

fluctuates between zero and a maximal value (Figure 5.7(a)), whereas in the second case,

the oxygen level varies between two non-zero values (Figure 5.7(b)).

In Figure 5.7(a) the cells experience, on average, a lower concentration of oxygen, com-

pared to cells in Figure 5.7(b). By plotting the net growth rate for averaged oxygen con-

ditions, Savg, one can then compare the heights of fitness peaks for averaged conditions.

When oxygen availability is lower (Figure 5.7(a)), the fitness peak centred at x = 1 is higher.

Therefore, the population with glycolytic phenotype is selected. On the other hand, when

average oxygen level is higher (Figure 5.7(b)), the oxidative phenotype is selected.

These results highlight the idea that the adaptive strategy in dynamic environments

depends crucially on the structure of the fitness landscape. In particular, when the fitness

peaks are narrow and located far away from each other, there exists a significant cost that the

population has to pay in order to switch the phenotype. In this case, a more safe strategy is

to acquire a phenotype most adapted to the averaged conditions. However, when the fitness
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Figure 5.7: (a) Dynamics of oxygen and average oxygen level (left), fitness curve for average
oxygen level (middle), and mean phenotype of the surviving population L (right) obtained
by solving numerically Equations (2.3) with p(x, S(t)) given by Equation (5.4) with q1 =
q2 = qi = 0.1. The star in the middle column represents the fittest phenotypic state for a
given environment. The oxygen concentration is given by Equation (5.6) with T = 7 days,
Amin = 0, and Amax = 1. Other parameter values are as listed in Table 5.1. (b) Same as
(a) but for Amin = 0.4.

peaks are wide and located close enough to each other, it is possible to switch phenotype

without a great cost in order to deal with temporally varying environments. Therefore,

in order to apply this modelling approach and study evolutionary dynamics in temporally

varying environments, it is crucial to have detailed understanding of the underlying fitness

landscape, preferably by inferring it from experimental data.

5.4 Discussion

In this chapter, we have presented preliminary results where we investigate the impact of

the shape of fitness landscape on the success of a risk-spreading strategy. We have defined

the fitness landscape as a sum of Gaussian functions, and by numerically approximating the

system of nonlocal PDEs with prescribed oxygen levels, we have looked at the competition

outcomes while varying the width of the fitness peaks.

We have demonstrated that in constant conditions, the population with lower pheno-

typic variation will survive, in agreement with previous results established in Chapter 2.

Furthermore, we considered the environmental conditions where cells experience periods
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of starvation followed by re-oxygenation. Previously, we noted that such environmental

regimes under certain timescales select the population with the higher rate of phenotypic

variation. However, as demonstrated in this chapter, the success of this strategy depends

also on the width of the fitness peaks, as is schematically demonstrated in Figure 5.8.

When the fitness peaks are narrow, switching between two extreme phenotypes is too

costly, and the surviving population acquires a phenotype adapted to averaged conditions.

For example, if the environment is on average well oxygenated (left panel in top row of Figure

5.8), cells remain in the oxidative phenotype, whereas if the medium is poorly oxygenated

(right panel in top row of Figure 5.8), then the cells become glycolytic. Furthermore, it

is not advantageous to undergo spontaneous phenotypic variations at a higher rate. When

the peaks are relatively wide and the cost to switch is low, higher rates of spontaneous

phenotypic variation confer a competitive advantage. In this case, the surviving population

switches its phenotype between the glycolytic and oxidative states (bottom row of Figure

5.8).

These preliminary results are a first step towards understanding the consequences of

different geometries of fitness landscapes. Here, we considered the simplest shape tailored

to our biological assumptions, and investigated the impact of only one parameter - the

width of fitness peak. Furthermore, we assumed that the widths of both peaks are equal,

i.e. q1 = q2. However, this assumption can be relaxed and asymmetric peaks can be further

investigated.

Moreover, throughout this thesis we assumed an idealised scenario where the fitness

curve is smooth and there are no ridges. However, in the fitness landscapes inferred from

the experimental data, there might exist high-fitness ridges on both fitness peaks and fitness

valleys [231]. Therefore, there might exist a rugged bridge via which cells could switch to

another fitness peak even in the presence of the fitness valley.

Finally, it is important to stress that we assumed a very abstract simplification of

tumour metabolism, considering two antithetical phenotypes, i.e. the two resources are

substitutable. Incorporation of more biologically realistic scenarios would lead to a more

accurate description of tumour metabolism. This would require construction of multi-

dimensional fitness landscapes with several fitness peaks that would reflect different feedback

mechanisms. Such development of the model would require extension of both analytical and

numerical approaches used to study the dynamics of populations and adaptive strategies

and is postponed for future work.
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Narrow fitness peaks

Average O2 high Average O2 low

Wide fitness peaks

Figure 5.8: Schematic representation of adaptive strategies in different fitness landscape
geometries and periodically fluctuating environmental conditions. When the fitness peaks
are narrow (top row), the crossed arrows indicate that is is not advantageous to switch
phenotype. Therefore, cells acquire phenotype most adapted to averaged conditions. When
the fitness peaks are wide (bottom row), an adaptive strategy in which the population
crosses the fitness valley and switches between two phenotypes, denoted by white circles, is
preferred.
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Chapter 6

Conclusions

6.1 Introduction

We conclude this thesis by summarising the results of Chapters 2 – 5 and outlining ideas

for future work. The aim of this thesis was to investigate how cancer cells may adapt when

dealing with temporal fluctuations in their microenvironment due to irregular blood flow.

Varying gradients of nutrients allow us to draw an analogy with ecological problems where

substantial progress has been made in understanding how different species coexist and/or

adapt. In particular, we developed a suite of mathematical models of increasing biological

complexity that evaluate the role of heritable, spontaneous phenotypic variation in dynamic

environments. We identified the environmental regimes which are likely to select populations

with higher rates of phenotypic variations and promote phenotypic heterogeneity. At the

same time, these results suggest potential therapeutic strategies and provide a basis for

future experimental investigation.

6.2 Summary of work

In this section, we summarise the key findings of each chapter.

6.2.1 Chapter 2

In Chapter 2, we developed a mathematical model for the evolutionary dynamics of two

asexual populations, structured by phenotype and competing in periodically fluctuating en-

vironments. The population dynamics are governed by a system of nonlocal partial differen-

tial equations, where the linear diffusion term models the heritable, spontaneous phenotypic

variation, and a non-local reaction term represents the effects of asexual reproduction and

intra-population competition. The phenotypic state of each individual is represented by a

continuous variable, and the phenotypic fitness landscape of the populations depends on
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nutrient levels which may evolve over time. The two populations only differ in the rates at

which the individuals undergo phenotypic variations, i.e. their diffusion coefficients.

Exploiting the analytical tractability of our model, we studied the long-time behaviour

of the solutions in order to obtain a detailed mathematical depiction of the evolutionary

dynamics. In particular, by assuming that the population distribution is Gaussian, we

were able to derive a set of ordinary differential equations governing the dynamics of the

variance, mean phenotype and size of each population. Our analytical results suggest that

when nutrient levels experience small and slow periodic oscillations, the population with

lower rate of phenotypic variation is selected. On the other hand, when the environment

oscillates fast and with relatively large amplitude, leading to cycles of starvation followed

by nutrient abundance, the population with higher rate of phenotypic variation is selected.

Furthermore, in this case, we expected a higher level of phenotypic heterogeneity to be

present. Finally, our results suggest that bet-hedging evolutionary strategies, whereby indi-

viduals switch between antithetical phenotypic states, can naturally emerge in the presence

of relatively large and fast nutrient fluctuations leading to drastic environmental changes.

6.2.2 Chapter 3

While the model developed in Chapter 2 is abstract in nature, it provides valuable insight

into understanding which adaptive strategies are most suitable for particular environmental

conditions. In Chapter 3, we added several layers of biological complexity in order to apply

the modelling framework to cancer dynamics. As before, we modelled the evolution of cells

that are grouped into two populations. We linked the phenotypic state to the metabolic

profile of each cell and assumed that cells in the phenotypic state x = 0 are fully oxidative

(i.e. depend on oxidative phosphorylation only), whereas cells in the phenotypic state x = 1

are fully glycolytic (i.e. depend on glycolysis only). Thus, oxidative cells are selected when

oxygen level is relatively high (normoxia) and glycolytic cells are favoured when oxygen

level is low (hypoxia). We modelled oxygen dynamics via an ODE, assuming that oxygen

is supplied via blood vessels, decays naturally and is consumed by the cells. The rate of

consumption depends on the phenotype of the cells. Such coupling of population dynamics

with the environment allowed us to study the feedback between cancer cells and their

environment, and to investigate its implications on evolutionary dynamics. Furthermore,

since glycolysis is less efficient than the aerobic pathway, we investigated the impact of

fitness cost (i.e. reduced net growth rate of fully glycolytic phenotype) on the selection of

particular adaptive strategies.

We started our exploration by considering a simplified, but analytically tractable, model.

Here, the oxygen dynamics decoupled from the PDEs governing the population dynamics,
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and nutrient consumption and natural decay were encapsulated in a linear term. Analysis

of this simplified model, together with numerical simulations, showed that the results from

the original model presented in Chapter 2 carry through.

We then studied the full model with a phenotype-dependent consumption term. Model

simulations indicated that, depending on the rate at which oxygen is consumed by the

cells, nonlinear interactions between cells and oxygen can stimulate chronic hypoxia and

cycling hypoxia when the oxygen supply is varying temporally. Moreover, the model sup-

ports the idea that under chronic-hypoxic conditions lower rates of phenotypic variation

lead to a competitive advantage, whereas higher rates of phenotypic variation can confer

a competitive advantage under cycling-hypoxic conditions. In the latter case, the numer-

ical results obtained show that bet-hedging evolutionary strategies, whereby cells switch

between oxidative and glycolytic phenotypes, can spontaneously emerge.

Furthermore, considering a set of parameter values obtained from the literature, we

estimated the timescales of fluctuations at which a risk spreading strategy might be ad-

vantageous. In particular, we observed that population with higher rates of phenotypic

variation were selected when oxygen levels varied on the time scale of weeks, likely to be

driven by angiogenesis and vascular remodelling. Finally, we explained how these results

can shed light on the evolutionary process that may underpin the emergence of phenotypic

heterogeneity in vascularised tumours. In particular, we expect to select more specialised

populations with lower rates of phenotypic variations in high- and low-oxygenated regions,

whereas regions with intermittent hypoxia would select populations with higher rates of

phenotypic variation and, hence, with higher levels of phenotypic heterogeneity.

6.2.3 Chapter 4

Deterministic continuum models, such as those presented in Chapters 2 and 3, are based on

population-scale phenomenological assumptions. While being amenable to mathematical

analysis, such models usually fail to capture the adaptive dynamics of single individuals,

which become important during population bottleneck events, i.e. when population size

becomes very low. Although tumours are usually composed of large number of cells, the

course of the disease and treatment success is often dictated by small populations. For

instance, a small number of drug-resistant cancer cells can survive and expand when treat-

ment ends and there is no competition from drug-sensitive cells. Additionally, metastases

that occur during later stages of disease and lead to patients death, originate from a single

cell or small cell cluster.

In order to accurately depict adaptation of cancer cells in dynamic environments, in

Chapter 4, we developed a stochastic individual-based model for the coevolution of two
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competing phenotype-structured cell populations that are exposed to time-varying nutrient

levels and undergo spontaneous, heritable phenotypic variation with different probabilities.

The evolution of every cell is described by a set of rules that result in a discrete-time

branching random walk on the space of phenotypic states. First, we formally showed that the

deterministic continuum counterpart of this model comprises a system of non-local partial

differential equations for the cell population density functions coupled with an ordinary

differential equation for the nutrient concentration (analogous to the model from Chapter

3). Then, we compared simulations from the individual-based model and its continuum

analogue, focussing on scenarios whereby the predictions of the two models differ. Such

scenarios were identified by looking at single realisations of IB model.

The results obtained via sensitivity analysis clarify the conditions under which significant

differences between the two models can emerge due to bottleneck effects that bring about

both lower regularity of the density functions of the two populations and more pronounced

demographic stochasticity. In particular, bottleneck effects emerge in the presence of lower

probabilities of phenotypic variation, and are more apparent when the two populations are

characterised by lower fitness initial mean phenotypes and smaller initial levels of phenotypic

heterogeneity. The emergence of these effects, and thus the agreement between the two

modelling approaches, also depend on the initial proportions of the two populations.

Finally, as an illustrative example, we demonstrated the implications of our theoretical

results for the early stage of metastatic colonisation of distant organs. We parametrised

the model using values from the literature and studied the scenario where a small cluster of

cancer cells invades a healthy tissue. We showed that higher probabilities of spontaneous

phenotypic variations may be beneficial for cancer cells invading poorly-oxygenated distant

organs, and that care should be taken when selecting a mathematical modelling approach,

i.e. choosing between discrete and continuum approaches.

6.2.4 Chapter 5

In the modelling approach used in Chapters 2–4, the proliferation and death of cells in a

given environment is governed by the fitness function. In particular, we assumed that the

fitness function has polynomial form and consists of two fitness peaks, each adapted to an

extreme environmental condition. In Chapter 5, we relax this assumption and investigate

how the shape of the fitness peaks affects the competition outcomes.

Our preliminary results demonstrate that the competitive advantage of higher rates of

spontaneous phenotypic variation in periodically fluctuating environments depends crucially

on the width of the fitness peaks. In particular, narrow fitness peaks correspond to the

situation where cells have to pay a high cost in order to switch. In this case, it is more
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advantageous to acquire a specialised phenotype adapted to the averaged conditions. On

the other hand, wide fitness peaks, where the cost of switching is not too high, promote the

population with higher rate of phenotypic variation.

6.3 Future directions

There are several possibilities for extending the work in this thesis. In this section, we

list several open questions that we believe are important to investigate to obtain a more

complete understanding of the adaptive strategies that cancer cells might adopt in dynamic

environments.

6.3.1 Tumour metabolism and data-driven fitness landscapes

In the model developed in this thesis, the behaviour of different phenotypic variants was

based on idealised assumptions on tumour metabolism. We defined two extreme phenotypes

– one dependent on oxygen and one dependent on glucose. In reality, however, both cancer

and healthy cells rely on the OXPHOS and glycolytic metabolic pathways simultaneously

in order to generate energy. Thus, the first natural extension of this work is incorporation

of a more detailed description of tumour metabolism.

In this thesis, we assumed that glucose is always abundant and is not a limiting factor

for glycolytic cells. This, however, might not be the case in real tumours where temporary

interruptions in the blood flow could lead to decrease in glucose levels as well. Therefore,

it is necessary to model the dynamics of glucose explicitly via ODE. Here, glucose would

be supplied by the blood vessel and consumed by the cells with rates that depend on their

phenotypes, as, for example, is implemented in [58]. Incorporation of glucose would further

lead to modifications of the fitness landscape.

Furthermore, it is well known that the upregulated glycolysis in cancer cells leads to

the increased production of lactic acid and subsequent acidification of the medium. Low

environmental pH is toxic to healthy, non-acid resistant cells. This feedback can be incorpo-

rated into the model by modelling levels of lactate explicitly via an ODE, and modifying the

fitness function accordingly. For example, higher levels of acid would lead to lower growth

rate of phenotypic variants that are adapted to high-oxygen environments [19]. Further-

more, it is possible to introduce a second trait, e.g. acid resistance, to study whether the

intermittent hypoxia contributes to selection of acid-resistant phenotypes.

Since in this model our focus was on the adaptive strategies, we assumed that the two

cell populations H and L differ only in the rates at which they undergo spontaneous pheno-

typic variations. However, our modelling framework can be adjusted to study competition

between populations of cells with different metabolic profiles, for example, breast cancer
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cell lines MCF-7 and MDA-MB-231, which are commonly used in in vitro studies. MCF-7

cells demonstrate a normal, Pasteur-like metabolism, whereas MDA-MB-231 cells are more

Warburg-like (glycolytic). Such differences in metabolism can be incorporated by assign-

ing different fitness functions to each population. For instance, these two cell lines have

already been grown in vitro in different concentrations of glucose, both in mono- and co-

culture [232]. Data on competition outcomes and growth rates from these experiments can

be used to construct accurate, experimentally-motivated fitness landscapes, and to capture

the dynamics observed in experiments. The model can then be used to predict competition

outcomes in periodically fluctuating environments and provide a theoretical basis for in

vitro experimental protocols.

6.3.2 Other cell-environmental feedback mechanisms

In Chapter 3, we modelled oxygen dynamics explicitly and included consumption of oxygen

by cells. This is an example of the negative feedback mechanisms that regulate population

growth. An example of a positive feedback that promote the supply of nutrient is angio-

genesis. This can be achieved by assuming that the cells in the glycolytic phenotype (i.e.

hypoxic) release signals, such as VEGF, to promote formation of new blood vessels [233].

The simplest way to incorporate angiogenesis into the model is by making the blood sup-

ply term in Equation (2.3) phenotype-dependent, i.e. oxygen supply increases after signifi-

cant exposure of cancer cells to hypoxia. Therefore, by considering appropriate timescales of

the formation of new blood vessels, we expect the fluctuations in the environment that are

driven by the angiogenesis process to emerge. Consideration of this feedback mechanism is

expected to affect the advantages gained by each population, and therefore the phenotypic

composition of the tumour, in a given environment.

In the same way, it would be interesting to extend the model to account for dynamics

of reactive oxygen species that promote DNA damage and lead to mutagenesis [207]. For

instance, this can be achieved by including an advection term for phenotypic variation with

constant velocity.

6.3.3 Accelerating adaptation timescales

In our model, the heritable, spontaneous phenotypic variations are modelled using a diffu-

sion term (PDE model) or discrete-time branching random walk (IB model). Such adapta-

tions are relatively slow (on the timescale of cancer cell lifetime) and, thus, are appropriate

to deal with slow fluctuations that occur on the timescale of weeks due to on-going formation

of new blood vessels. However, fluctuations that are observed in tumours can also occur
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on much faster timescales, ranging from minutes to days [22]. Therefore, in order to study

adaptive strategies at faster timescales, it is necessary to adapt our modelling framework.

Adaptation at faster timescales can be achieved by incorporating guided phenotypic

variation. In particular, we can assume that cancer cells can sense the environment and

adapt accordingly, e.g. by up-regulating hypoxia inducible factors, which is a relatively fast

process [113]. Guided phenotypic variation can be modelled via an advection term in PDE

setup, where the velocity is the gradient of the fitness function. The equation modelling

the evolution of cell population density will then take the following form:

∂ni
∂t

= βi
∂2nH
∂x2︸ ︷︷ ︸

spontaneous

phenotypic

variation

− αi
∂

∂x

(
∂

∂x
R(x, S(t), ρ(t))ni

)
︸ ︷︷ ︸

guided phenotypic variation

+R(x, S(t), ρ(t))ni︸ ︷︷ ︸
death and

proliferation

. (6.1)

In other words, this mathematical formulation represents the idea that the cell will always

move towards the fitness peak. Moreover, when using the fitness function defined by Equa-

tion (2.5) with growth rate given by Equation (2.6), this model is analytically tractable and

it is possible to study the asymptotic behaviour of the solutions to obtain the competition

dynamics in both constant and periodically-fluctuating environments, following the analysis

approach presented in Chapter 2.

Furthermore, it is also important to derive such a model from a stochastic setting in

order to validate our motivation to model guided phenotypic variations using the advection

term in Equation (6.1). For instance, this can be done by following examples outlined in

[234].

6.3.4 Spatial models

An additional development of our study would be to incorporate spatial structure into the

PDE model (tractable for mathematical analysis), as done for instance by [170] and [179],

and a corresponding stochastic model (e.g. hybrid agent-based model) [58].

First, it would be interesting to develop a spatial model with Krogh-cylinder geometry,

modelling the phenotypic composition of perivascular tissue when the blood flow in the

vessel undergoes periodic occlusions. The schematic 1D representation of the model is

demonstrated in Figure 6.1(a). Here, oxygen and other molecules diffuse in space and are

consumed by the cells. Such a model can be calibrated using experimentally measured values

of oxygen and pH, for example, from [235]. Development of this model would provide a

better understanding of spatial location of more aggressive phenotypes, and provide insights

into potential therapeutic interventions.
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Figure 6.1: Schematic representation of (a) 1D Krogh-cylinder model and (b) spatial model
with multiple blood vessels.

Another extension would be to follow the modelling approach in [180] and [58], where

multiple blood vessels are distributed across the spatial domain (Figure 6.1(b)). This would

enable a more detailed assessment of the way in which the interplay between spatial and

temporal variability of oxygen levels may dictate the phenotypic composition and the level of

phenotypic heterogeneity of vascularised tumours. In particular, spatial niche partitioning

is known to have an important impact on interspecies competition, as it promotes the

coexistence between species best adapted to different local environmental conditions [236,

237].

Moreover, since experimental results suggest that cycling hypoxia increases cell motility

and promotes the formation of metastases [238, 47], when including spatial structure in

the model it would also be interesting to explore the adaptive role of the trade-off between

cell motility and cellular proliferation [239]. Cell movement can be incorporated via both

diffusion and chemotactic advection terms. Such a model would have the potential to inform

new treatment strategies aimed at minimising the pro-metastatic effect of cycling hypoxia.

6.4 Closing remarks

We have explored the risk spreading strategy where cells undergo heritable, spontaneous

phenotypic variations, as a potential adaptive strategy for cancer cells existing in tempo-

rally varying environments. Building upon an abstract mathematical model of competition

between two phenotype-structured populations, we considered more biologically realistic
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scenarios where cells interact with their environment and considered fitness landscapes

with different geometry. Furthermore, we applied the discrete version of the model to the

problem of metastasis. The generality of the developed models makes them applicable to a

broad range of asexual populations evolving in fluctuating environments. While the devel-

oped modelling framework can be extended to incorporate finer biological details, we believe

it provides valuable insights into the evolutionary dynamics of cancer cell populations under

temporally varying levels of oxygen, and will motivate further theoretical and experimental

work in this direction.
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Appendix A

Generalist-specialist model

Here we provide further exploration of the consumer-resource model that investigates com-

petition between two specialists and a generalist for two resources. In particular, we outline

the linear stability analysis in the cases where nutrient is supplied at constant rate for both

non-adaptive and adaptive generalist. In this appendix, we also provide the details on the

numerical setup of the model as well as numerical results that explore the dynamics of a

non-adaptive generalist in a periodically fluctuating environment.

A.1 Non-dimensionalisation of the model

Consider the generalist-specialist model given by Equations (1.3)–(1.7). Let t = Tτ , V = ṽv,

U1 = ũ1u1, and U2 = ũ2u2, where ũ1, ũ2, ṽ are to be determined. The equations becomes

ũ1

T

du1

dτ
= a1ũ1u1R1 − d1ũ1u1, (A.1)

ũ2

T

du2

dτ
= a2ũ2u2R2 − d2ũ2u2, (A.2)

dR1

dτ
= TS1 − a1b1R1T ũ1u1 − g1θ1(R1, R2)R1ṽT v, (A.3)

dR2

dτ
= TS2 − a2b2R2T ũ2u2 − g2θ2(R1, R2)R2ṽT v, (A.4)

ṽ

T

dv

dτ
= θ(R1, R2)c1g1ṽR1v + θ(R1, R2)c2g2ṽR2v − d3ṽv. (A.5)

148



Let a1T = 1 ⇒ T = 1
a1

. Let a2
a1

= α and g2
g1

= γ. Additionally, let ũ1 = a1
b1

, ũ2 = a1
b2

,
b1ũ1
a1

= 1, b2ũ2
a1

= 1, and Tg1ṽ = 1⇒ v∗ = a1
g1

. Hence:

du1

dτ
= u1R1 −

d1

a1
u1, (A.6)

du2

dτ
= αu2R2 −

d2

a1
u2, (A.7)

dr1

dτ
=
S1

a1
−R1u1 − θ1(R1, R2)R1v, (A.8)

dr2

dτ
=
S2

a1
− αR2u2 − γθ2(R1, R2)R2v, (A.9)

dv

dτ
= θ1(R1, R2)R1v + θ2(R1, R2)αR2v −

d3

a1
v. (A.10)

Finally, let S1
a1

= I1, S2
a1

= I2, di
ai

= δi, ri = Ri:

du1

dτ
= u1r1 − δ1u1, (A.11)

du2

dτ
= αu2r2 − δ2u2, (A.12)

dr1

dτ
= I1(τ)− r1u1 − θ1(r1, r2)r1v, (A.13)

dr2

dτ
= I2(τ)− αr2u2 − θ2(r1, r2)γr2v, (A.14)

dv

dτ
= θ1(r1, r2)c1r1v + θ2(r1, r2)c2r2v − δ3v. (A.15)

A.2 Linear stability analysis

Let us consider a case where both resources are supplied at a constant rate:

I1(t) ≡ Ī1 ≥ 0 and I2(t) ≡ Ī2 ≥ 0. (A.16)

A.2.1 Non-adaptive generalist

The simplicity of the non-adaptive generalist model allows us to determine the steady

states when the environment is constant. Here we consider the non-dimensionalised model

(Equations (A.11)–(A.15)) with resource supplies given by Equation (A.16) and the uptake

of each resource by the generalist given by

θi(r1, r2) ≡ θ̄ ≥ 0 for i ∈ {1, 2}. (A.17)

Setting d
dt = 0 in Equations (A.11)–(A.15) we deduce that are five non-trivial steady states

and we characterise their local linear stability. We do not consider steady states for which

resources are absent, since we assume that Ī1, Ī2 > 0.
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i) Coexistence of three populations (u1 6= 0, u2 6= 0, v 6= 0). We find the following

steady state values:

r∗1 = δ1, (A.18)

r∗2 =
δ2

α
, (A.19)

Ī1 = r∗1(u∗1 + θ̄1v
∗), (A.20)

Ī2 = r∗2(αu∗2 + θ̄2γv
∗), (A.21)

θ̄1c1r1 + θ̄2γc2r2 − δ3 = 0. (A.22)

Equations (A.18), (A.19) and (A.22) are three equations for the two unknowns, r∗1 and r∗2.

Hence, we have a solvability condition:

θ̄1c1δ1 + θ̄2c2αδ2 − δ3 = 0.

When this holds, the system reduces to two equations (Equations (A.20) and (A.21)) for

three unknowns (u∗1, u∗2 and v∗). Hence, we have an infinite number of solutions:

u∗1 =
Ī1

r1
− θ̄1v

∗, (A.23)

u∗2 =
Ī2

r2
− θ̄2γv

∗, (A.24)

v∗ ∈ (0, vmax), (A.25)

where

vmax = min

(
Ī1

¯̄θ1r1

,
Ī2

θ̄2r2

)
. (A.26)

This degenerate case, while mathematically possible, is biologically very unrealistic. There-

fore, we do not consider it further.

ii) Specialists win (u1 6= 0, u2 6= 0, v = 0). In this case,

r∗1 = δ1, r∗2 =
δ2

α
, (A.27)

u∗1 =
Ī1

δ1
, u∗2 =

Ī2

δ2
. (A.28)

The Jacobian is

J1ii =


r∗1 − δ1 0 u∗1 0 0

0 αr∗2 − δ2 0 αu∗2 0
−r∗1 0 −u∗1 0 −θ̄1r

∗
1

0 −r∗2 0 −u∗2 −θ̄2γr
∗
2

0 0 0 0∗ θ̄1c1r
∗
1 + θ̄2γc2r2 − δ3

 , (A.29)
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which has eigenvalues:

λ1,2 =
−Ī1 ±

√
Ī2

1 − 4δ2
1 Ī1

2δ1
, (A.30)

λ3,4 =
−αĪ2 ±

√
αĪ2(αĪ2 − 4δ2

2)

2δ2
, (A.31)

λ5 =
−αδ3 + αc1δ1θ̄1 + c2δ2γθ̄2

α
. (A.32)

The real parts of λ1,2,3,4 are all less than zero. Therefore, for this steady state to be stable,

λ5 has to be negative, hence the following condition must be satisfied:

θ̄1 <
αδ3 − θ̄2γc2δ2

αc1δ1
. (A.33)

iii) Generalist wins (u1 = 0, u2 = 0, v 6= 0). For this case, the steady states are:

r∗1 =
δ3Ī1

θ̄1(c1Ī1 + c2Ī2)
, (A.34)

r∗2 =
δ3Ī2

θ̄2γ(c1Ī1 + c2Ī2)
, (A.35)

v∗ =
c1Ī1 + c2Ī2

δ3
. (A.36)

The Jacobian can be simplified to

J1iii =


r∗1 − δ1 0 0 0 0

0 αr∗2 − δ2 0 0 0

−r∗1 0 −θ̄1v
∗ 0 − Ī1

v∗

0 −r∗2 0 −θ̄2γv
∗ − Ī2

v∗

0 0 θ̄1c1v
∗ θ̄2γc2v

∗ 0

 , (A.37)

and the eigenvalue problem yields

λ1 = r∗1 − δ1, (A.38)

λ2 = αr∗2 − δ2, (A.39)

λ3 + λ2v∗
(
θ̄1 + θ̄2γ

)
+ λ

(
θ̄1θ̄2γv

∗2 + Ī2θ̄2γc2 + Ī1θ̄1c1

)
+ θ̄1θ̄2γv

∗ (Ī1c1 + Ī2c2

)
= 0.

(A.40)

All the parameters are positive numbers and hence the steady states are positive. Since

the number of positive roots in a polynomial is equal to the number of changes in the

sign of the coefficients, Equation (A.40) can have only negative eigenvalues. Therefore,

from Equations (A.38), (A.39) and (A.34), (A.35), this steady state is stable only when the

following conditions are satisfied:

θ1 >
αδ3Ī1

δ1(c1Ī1 + c2Ī2)
, (A.41)

θ2 >
αδ3Ī2

γδ2(c1Ī1 + c2Ī2)
. (A.42)
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Thus,

θ̄1 + θ̄2 >
αδ3

c1Ī1 + c2Ī2

[
Ī1

δ1
+

Ī2

γδ2

]
. (A.43)

If we assume for simplicity that δ1 = δ2 = δ3 = δ and c1 = c2 = 1, α = γ = 1, then we have

the condition

θ̄1 + θ̄2 >
Ī1 + Ī2

Ī1 + Ī2
> 1, (A.44)

which violates our restriction that θ̄1 + θ̄2 < 1. Thus, the competitive exclusion of specialists

by a generalist cannot occur in this case.

iv) Coexistence of specialist u1 and the generalist (u1 6= 0, u2 = 0, v 6= 0). In this

case, the steady state is

r∗1 = δ1, (A.45)

r∗2 =
δ3 − c1δ1θ̄1

c2γθ̄2
, (A.46)

u∗1 =
δ3Ī1 − c1δ1Ī1θ̄1 − c2, δ1Ī2θ̄1

δ1γ(δ3 − c1δ1θ̄1)
, (A.47)

v∗ =
c2Ī2

δ3 − c1δ1θ̄1
. (A.48)

For non-negative initial conditions, due to the invariance of the positive quadrant, the steady

state values must be non-negative. Therefore, the following condition must be satisfied:

θ̄1 <
δ3

δ1

Ī1

c1Ī1 + c2Ī2
. (A.49)

The Jacobian simplifies to

J1iv =


0 0 u∗1 0 0
0 αr∗2 − δ2 0 0 0

−δ1 0 − Ī1
δ1

0 −θ̄1δ1

0 −r∗2 0 −θ̄2γv
∗ − Ī2

v∗

0 0 θ̄1c1v
∗ θ̄2γc2v

∗ 0

 , (A.50)

and the eigenvalues satisfy

det |J1iv − λI| = (αr∗2 − δ2 − λ)(λ4 + λ3

(
Ī1 + δ1γθ̄2v

∗

δ1

)
+

λ2

(
c2δ1γĪ2θ̄2 + δ2

1u
∗
1 + c1δ

2
1 θ̄

2
1v
∗ + γĪ1θ̄2v

∗

δ1

)
+

λ

(
c2γĪ1Ī2θ̄2 + δ2

1γθ̄2u
∗
1v
∗ + c1δ

2
1γθ̄

2
1 θ̄2v

∗2

αδ2

)
+ c2δ1γĪ2θ̄2u

∗
1).

The first eigenvalue is:

λ1 =
αδ3 − αc1δ1θ̄1 − c2δ2γθ̄2

c2γθ̄2
, (A.51)
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which is negative under the following condition:

θ̄1 <
αδ3 − θ̄2c2γδ2

αc1δ1
. (A.52)

The remaining eigenvalues are negative.

v) Coexistence of specialist u2 and the generalist (u1 = 0, u2 6= 0, v 6= 0). In this

case the steady states are:

r∗1 =
αδ3 − c2δ2γθ̄2

ac1θ̄1
, (A.53)

r∗2 =
δ2

α
, (A.54)

u∗2 =
αδ3Ī2 − c1δ2γĪ1θ̄2 − c2δ2γĪ2θ̄2

δ2(αδ3 − c2δ2γθ̄2)
, (A.55)

v∗ =
αc1Ī1

αδ3 − c2δ2γθ̄2
. (A.56)

Arguing as above, we have

θ̄2 <
αδ3Ī2

δ2γ(c1Ī1 + c2Ī2)
. (A.57)

The Jacobian can be simplified to take the form

J1v =


r∗1 − δ1 0 0 0 0

0 0 0 αu∗2 0

−r∗1 0 −θ̄1v
∗ 0 − Ī1

v∗

0 − δ2
α 0 −αĪ2

δ2
− θ̄2γδ2

α

0 0 θ̄1c1v
∗ θ̄2γc2v

∗ 0

 , (A.58)

and the eigenvalues satisfy

det |J1v − λI| = (r∗1 − δ1 − λ)(λ4 + λ3

(
αĪ2 + δ2θ̄1v

∗

δ2

)
+

λ2

(
αc1δ2Ī1θ̄1 + αδ2

2u
∗
2 + α2Ī2θ̄1v

∗ + c2δ
2
2γ

2θ̄2
2v
∗

αδ2

)
+

λ

(
α2c1Ī1Ī2 + αδ2

2 θ̄1u
∗
2v
∗ + c2δ

2
2γ

2θ̄1θ̄
2
2v
∗2

αδ2

)
+ c1δ2Ī2θ̄1u

∗
2.

The first eigenvalue is:

λ1 =
αδ3 − αc1δ1θ̄1 − c2δ2θ̄2

αc1θ̄1
. (A.59)

The other eigenvalues are negative. Thus, the steady state is stable if λ1 < 0. This is the

same condition as in Equation A.57 (case iv).
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A.2.2 Adaptive generalist

Here, we assume that

θ1(r1, r2) = Θ1
r1

r1 + r2
and θ2(r1, r2) = Θ2

r2

r1 + r2
, (A.60)

where Θ1 and Θ2 are positive constant values.

There are 5 non-trivial steady states. Here, however, we consider only two [(i) coexis-

tence and ii) exclusion of generalist] analytically because the other three are not analytically

tractable or occur outside the parameter range considered (i.e. Θ1+Θ2 < 1). For Equations

(A.11) – (A.15) with Equation (A.60) and nutrient supply given by Equation (A.16), it is

straightforward to show that the Jacobian matrix is:

J2 =



r1 − δ1 0 u1 0 0
0 αr2 − δ2 0 αu2 0

−r1 0 −u1 − Θ1r1(2r2+r1)v
(r1+r2)2

Θ1r21v
(r1+r2)2

− Θ1r21
r1+r2

0 −r2
Θ2γr22v
r1+r2

−αu2 − Θ2γr2(2r1+r2)v
(r1+r2)2

−Θ2γr22
r1+r2

0 0
c1Θ1r1(2r2+r1)v−Θ2c2γr22v

(r1+r2)2
c2Θ2γr2(2r1+r2)v−Θ1c1r21

(r1+r2)2
c1Θ1r21+c2Θ2γr22

r1+r2
− δ3

 .

(A.61)

i) Coexistence of all three cell populations (u1 6= 0, u2 6= 0, v 6= 0) In this case, the

steady states satisfy

r∗1 = δ1, (A.62)

r∗2 = αδ2, (A.63)

Ī1 = r∗1u
∗
1 +

Θ1r
∗2
1

r∗1 + r∗2
v∗, (A.64)

Ī2 = r∗2αu
∗
2 +

Θ2γr
∗2
2

r∗1 + r∗2
v∗, (A.65)

Θ1c1r
∗2
1

r∗1 + r∗2
+

Θ2γc2r
∗2
2

r∗1 + r∗2
− δ3 = 0. (A.66)

As before, we see that Equations (A.62), (A.63) and (A.66) are 3 equations for the 2

unknowns, r∗1 and r∗2, leading to the solvability condition:

Θ1 =
αδ3(αδ1 + δ2)− c2Θ2γδ

2
2

α2c1δ2
1

. (A.67)

When this condition holds, Eqs. (A.64) and (A.65) imply an infinite number of solutions.

As for the non-adaptive generalist model (i), we do not investigate this case any further.
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ii) Specialists win (u1 6= 0, u2 6= 0, v = 0) In this case, the steady state is

r∗1 = δ1, r∗2 =
δ2

α
, (A.68)

u∗1 =
Ī1

δ1
, u∗2 =

Ī2

δ2
, (A.69)

and linear stability analysis yields the following expressions for the five eigenvalues:

λ1 =
α2Θ1c1δ

2
1 + Θ2γc2δ

2
2 − α2δ1δ3 − αδ2δ3

α(αδ1 + δ2)
, (A.70)

λ2,3 =
−Ī1 ±

√
Ī2

1 − 4δ2
1

2δ1
, (A.71)

λ4,5 =
−αĪ2 ±

√
α2Ī2

2 − 4δ2
2 Ī2

2δ2
. (A.72)

Eigenvalues λ2,3 and λ4,5 always have negative real part since all parameters are positive.

For λ1 to be negative, the following inequality must hold:

Θ1 <
αδ3(αδ1 + δ2)− c2Θ2γδ

2
2

α2c1δ2
1

. (A.73)

If we assume that the generalist and specialist have equal death terms, δ1 = δ2 = δ3 = δ,

and set the remaining parameters equal to 1, then Equation (A.73) becomes:

Θ1 + Θ2 < 2. (A.74)

From the definition of the generalist, a+b < 1, therefore, if the death rates of the generalist

and specialists are equal and the other parameters are equal to 1, the specialist will always

exclude the generalist.

A.3 Setup of numerical simulations

To numerically solve the system of Equations (1.3)–(1.7), we use the ode15s function in

MATLAB. In addition, we set a requirement that none of the populations or resource levels

can go below zero, since it is biologically unrealistic. To do so, we set the ‘Non-negative’

option. The simulation is run for tmax with the following initial conditions:

U1(0) = U2(0) = V (0) = 1 and R1(0) = R2(0) = 0.1. (A.75)

To double check that the solutions are correct, we compared the final values of population

sizes and resource levels at the end of simulation with steady state values obtained from

the analysis.
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A.4 Non-adaptive generalist in a fluctuating environment

We split θ̄i, i ∈ {1, 2}, into equally split 25 values and for each combination of (θ̄1, θ̄2)

we solve numerically Equations (1.3)–(1.7) and note the average populations size over the

last period. By comparing the averages, we obtain the competition outcome. If one of the

population sizes is below 0.001, then this population is considered extinct. Each simulation

runs until t = tmax = 5000. Moreover, we consider different fluctuation regimes by choosing

different values of the half-amplitude, ∆I, and period of fluctuations, T , while keeping

Imean = 1. Figure A.1 summarises the outcomes of the non-adaptive generalist model when

the nutrient supply fluctuates sinusoidally as given by Equation (1.11).

The outcomes of competition were not affected by the choice of Imean considered. When

the environment varies on relatively faster timescales (T ∈ [1, 10, 100]), the outcomes do not

differ from the analytical predictions of competition in a steady environment (see Figure

1.7(a)). Additionally, the amplitude of the fluctuations does not affect the outcome. Slower

(T = 500) fluctuations do not affect the outcomes for a generalist that is inferior to the

specialists, i.e. when θ̄1 + θ̄2 < 1. Slow, high-amplitude (∆I = 0.9) fluctuations select

for a strong generalist and prevent the coexistence of one specialist and the generalist if

θ̄1 + θ̄2 > 1.

Figure A.2 demonstrates the population dynamics in fluctuating environment in the

case where both specialists survive (a), and all three populations coexist (b).
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1

T = 1, I = 0.1 T = 10, I = 0.1 T = 100, I = 0.1 T = 500, I = 0.1

1

T = 1, I = 0.5 T = 10, I = 0.5 T = 100, I = 0.5 T = 500, I = 0.5

2

1

T = 1, I = 0.9

2

T = 10, I = 0.9

2

T = 100, I = 0.9

2

T = 500, I = 0.9

Figure A.1: Outcomes of the non-adaptive generalist model obtained by solving numerically
Equations (1.3)–(1.7) with Equation (1.8) when the nutrient supply is defined by Equation
(1.11). The simulations were run until tmax = 5000. Colours represent competition out-
comes: black – survival of the generalist; white – survival of both specialists; grey – survival
of one specialist and the generalist; blue – coexistence of all three populations. Parameter
values used here: d = 0.1, Imean = 1, α = 1, γ = 1, c1 = c2 = 1,g1 = g2 = 1, b1 = b2 = 1.
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Figure A.2: Sample of population dynamics obtained by solving numerically Equations
(1.3)–(1.7) with Equation (1.8) when the nutrient supply is defined by Equation (1.11). (a)
Both specialists out-compete the generalist (θ̄1 = 0.25, θ̄2 = 0.5). (b) The three populations
coexist (θ̄1 = 0.25, θ̄2 = 0.75). Parameter values used here: d = 0.1, T = 100, Imean = 1,
∆I = 0.5, α = 1, γ = 1, c1 = c2 = 1, g1 = g2 = 1, b1 = b2 = 1.
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Appendix B

Asymptotic analysis of simplified
model

Here we provide proofs to the Theorems 6 and 7 presented in Chapter 3.

B.1 Proof of Theorem 6: Evolutionary dynamics with con-
stant oxygen supply

Proof. Using the fact that, as established by Proposition 1, the population density function

ni(x, t) is of the Gaussian form (2.13), we divide the proof of Theorem 2 into five steps

which build on the method of proof that we developed in Chapter 3.

Step 1: asymptotic behaviour of S(t) for t → ∞. Since S(t) solves the Cauchy

problem (3.9), we have that

lim
t→∞

S(t) = S, (B.1)

with S given by Equation (3.11). This implies that

lim
t→∞

g(S(t)) = g, lim
t→∞

ϕ(S(t)) = ϕ and lim
t→∞

h(S(t)) = h (B.2)

with g, ϕ and h given by Equation (3.11).

Step 2: asymptotic behaviour of vi(t), µi(t) and Fi(S(t), vi(t), µi(t)) for t → ∞.

The ODE (2.22)1 for vi gives

d

dt

vi(t)−
√
h

βi

2

= 4βi

vi(t)−
√
h

βi

(√h(t)

βi
− vi(t)2

)
.

Estimating from above the right-hand side of the latter ODE, using the fact that 0 < vi(t) <

∞ for all t ≥ 0, 0 < h(S) < ∞ for all S ≥ 0 and h(S(t)) → h as t → ∞, one can easily
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show that

lim
t→∞

vi(t)−
√
h

βi

2

= 0 =⇒ lim
t→∞

vi(t) =

√
h

βi
. (B.3)

Moreover, the ODE (2.22)2 for µi gives

d

dt
(µi(t)− ϕ)2 =

4h(t)

vi(t)
(µi(t)− ϕ) (ϕ(t)− µi(t)) .

Estimating from above the right-hand side of the latter ODE, using the fact that 0 < vi(t) <

∞ for all t ≥ 0, 0 < h(S) < ∞ for all S ≥ 0 and ϕ(S(t)) → ϕ as t → ∞, one can easily

show that

lim
t→∞

(µi(t)− ϕ)2 = 0 =⇒ lim
t→∞

µi(t) = ϕ. (B.4)

Lastly, the asymptotic results (B.2)–(B.4) ensure that the the following asymptotic result

holds for the function Fi defined according to Equation (2.23)

lim
t→∞

Fi(S(t), vi(t), µi(t)) = γ g −
√
hβi. (B.5)

Step 3: non-negativity and boundedness of ρi(t). Solving the ODE (2.22)3 for ρi

and imposing the initial condition (2.22)4 yields

ρi(t) = ρ0
i exp

[∫ t

0
(Fi(S(z), vi(z), µi(z))− dρ(z)) dz

]
. (B.6)

This result, along with the positivity of ρ0
i , implies that

ρi(t) ≥ 0 for all t ≥ 0. (B.7)

Moreover, substituting Equation (2.23) into the ODE (2.22)3 for ρi yields

dρi
dt

=

[
γ g(S)− h(S)

vi
− h(S) (µi − ϕ(S))2

]
ρi − d (ρi + ρj) ρi,

with j = L if i = H and j = H if i = L. Using the non-negativity of ρj(t), the positivity of

h(t) and vi(t), and the fact that under assumption (3.6) the following estimate holds

g(S) =
1

1 + S

(
S +

ζ

γ

ζ

ζ + γS

)
< 2,

we estimate from above the right-hand side of the latter ODE for ρi and obtain

dρi
dt
≤ (2γ − d ρi) ρi,

which gives the uniform upper bound

ρi(t) ≤ max

{
ρ0
i ,

2 γ

d

}
for all t ≥ 0. (B.8)
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Step 4: proof of claim (3.12). Combining the asymptotic result (B.5) with the expres-

sion (B.6) for ρi we find that

ρi(t) ∼ Cρ0
i exp

[(
γg −

√
hβi

)
t− d

∫ t

0
ρ(s) ds

]
as t→∞, (B.9)

for some positive constant C. Since the function ρ(t) is non-negative [cf. the uniform lower

bound (B.7)], the asymptotic relation (B.9) ensures that

if

√
hβi ≥ γ g then lim

t→∞
ρi(t) = 0. (B.10)

Under assumption (2.4) and the additional assumption (2.26), claim (2.27) follows from the

asymptotic result (B.10).

Step 5: proof of claims (2.29) and (2.30). As long as ρH(t) > 0, we can compute the

quotient of ρL(t) and ρH(t) using Equation (B.6). In so doing we find

ρL(t)

ρH(t)
=
ρ0
L

ρ0
H

exp

[∫ t

0
(FL(S(z), vL(z), µL(z))− FH(S(z), vH(z), µH(z))) dz

]
. (B.11)

Using the limit (B.5) for Fi, we then have

ρL(t)

ρH(t)
∼ C exp

[√
h
(√

βH −
√
βL

)
t
]

as t→∞, (B.12)

for some positive constant C. Under assumption (2.4), the asymptotic relation (B.12) gives

lim
t→∞

ρL(t)

ρH(t)
=∞

and, since ρL is uniformly bounded from above [cf. the uniform upper bound (B.8)], we

conclude that

lim
t→∞

ρH(t) = 0. (B.13)

We can rewrite the ODE (2.22)3 for ρL as

dρL
dt

=

[(
γg −

√
hβL + η(t)

)
− dρL

]
ρL(t), (B.14)

where the function η(t) is defined as

η(t) = γ (g(S)− g) +

(√
hβL −

h(S)

vi(t)

)
− h(S) (µL(t)− ϕ)2 − dρH(t).

Using the asymptotic results (B.2)–(B.4) and (B.13), we see that

η(t) −→ 0 as t→∞.
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Solving the ODE (B.14) subject to the initial condition ρL(0) = ρ0
L yields [190]

ρL(t) =

ρ0
L exp

[∫ t

0

(
γg −

√
hβL + η(τ)

)
dτ

]
1 + d ρ0

L

∫ t

0
exp

[∫ τ

0

(
γg −

√
hβL + η(z)

)
dz

]
dτ

. (B.15)

Since η(t)→ 0 as t→∞, in the asymptotic regime t→∞ we have

exp

[∫ t

0

(
γg −

√
hβL + η(τ)

)
dτ

]
∼ C exp

[(
γg −

√
hβL

)
t

]
and, under the additional assumption (2.28), we also have

∫ t

0
exp

[ ∫ τ

0

(
γg −

√
hβL + η(z)

)
dz

]
dτ ∼ C

exp
[(
γg −

√
hβL

)
t
]

γg −
√
hβL

,

for some positive constant C. These asymptotic relations, along with the expression (B.15)

for ρL, allow us to conclude that

lim
t→∞

ρL(t) =
γg −

√
hβL

d
. (B.16)

Claims (3.13) follow from the asymptotic results (B.13) and (B.16), and the asymptotic

results (B.4) and (B.3) with i = L, respectively.

B.2 Proof of Theorem 7: Evolutionary dynamics with peri-
odically fluctuating oxygen supply

Proof. Using the fact that, as established by Proposition 1, the population density function

ni(x, t) is of the Gaussian form (2.13), we divide the proof of Theorem 2 into five steps

which build up on the method of proof that we developed in [190, 182] and Chapter 2.

Step 1: asymptotic behaviour of S(t) for t → ∞. Massera’s Convergence Theorem

[199, 200] ensures that, under assumptions (3.29), the solution S(t) of the Cauchy prob-

lem (3.9) is such that

S(t)→ Ŝ(t) as t→∞. (B.17)

This implies that

lim
t→∞

g(S(t)) = ĝ(t), lim
t→∞

ϕ(S(t)) = ϕ̂(t) (B.18)

and

lim
t→∞

h(S(t)) = ĥ(t), (B.19)

where ĝ, ĥ and ϕ̂ are Lipschitz continuous and T -periodic functions of t.
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Step 2: asymptotic behaviour of vi(t), µi(t) and Fi(S(t), vi(t), µi(t)) for t → ∞.

Using the asymptotic result (B.19), from the ODE (2.22)1 for vi(t) we deduce that vi(t)→
ṽi(t) as t→∞ where ṽi(t) solves the ODE

dṽi
dt

= 2
(
ĥ(t)− βiṽ2

i

)
(B.20)

subject to the initial condition ṽi(0) ∈ R>0. Massera’s Convergence Theorem [199, 200]

ensures that ṽi(t) → v̂i(t) as t → ∞, where v̂i(t) is the unique T -periodic solution of the

ODE (B.20) subject to the initial condition v̂i(0) ∈ R>0. Hence,

vi(t)→ v̂i(t) as t→∞. (B.21)

Moreover, using the asymptotic results (B.18), (B.19) and (B.21), from the ODE (2.22)2

for µi(t) we deduce that µi(t)→ µ̃i(t) as t→∞ where µ̃i(t) solves the ODE

dµ̃i
dt

=
2ĥ(t)

v̂i(t)
(ϕ̂(t)− µ̃i) (B.22)

subject to the initial condition µ̃i(0) ∈ R. Massera’s Convergence Theorem [199, 200]

ensures that µ̃i(t) → µ̂i(t) as t → ∞, where µ̂i(t) is the unique T -periodic solution of the

ODE (B.22) subject to the initial condition µ̂i(0) ∈ R. Hence,

µi(t)→ µ̂i(t) as t→∞. (B.23)

Lastly, the asymptotic results (B.18), (B.19), (B.21) and (B.23) ensure that the the following

asymptotic result holds for the function Fi defined according to Equation (2.23)

lim
t→∞

Fi(S(t), vi(t), µi(t)) = γ ĝ(t)− ĥ(t)

v̂i
− ĥ (µ̂i − ϕ̂(t))2 . (B.24)

Step 2: non-negativity and boundedness of ρi(t). Proceeding in a similar way as in

the proof of Theorem 2 (cf. Step 2 in the proof of Theorem 2), one can prove that

0 ≤ ρi(t) ≤ max

{
ρ0
i ,

2 γ

d

}
for all t ≥ 0. (B.25)

Step 3: proof of claim (3.21). Solving the ODE (2.22)3 for ρi and imposing the initial

condition (2.22)4 yields

ρi(t) = ρ0
i exp

[∫ t

0
(Fi(S(z), vi(z), µi(z))− dρ(z)) dz

]
. (B.26)

Combining Equations (B.24) with (B.26) gives

ρi(t) ∼ C ρ0
i exp

[
γ

∫ t

0
ĝ(z) dz −

∫ t

0

ĥ(z)

v̂i(z)
dz −

∫ t

0
(µ̂i(z)− ϕ̂(z))2 ĥ(z) dz

−d
∫ t

0
ρ(z) dz

]
as t→∞, (B.27)
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for some positive constant C. Hence using the fact that the functions ĝ(t), ϕ̂(t), ĥi(t), v̂i(t)

and µ̂i(t) are T -periodic and considering m→∞ we find

ρi(t) ∼ C exp

[
γm

∫ T

0
ĝ(z) dz −m

∫ T

0

ĥ(z)

v̂i(z)
dz −m

∫ T

0
(µ̂i(z)− ϕ̂(z))2 ĥ(z) dz

−d
∫ t

0
ρ(z) dz

]
as t→∞, (B.28)

for some positive constant C. Since the function ρ(t) is non-negative [cf. the uniform lower

bound (B.25)], the asymptotic relation (B.28) ensures that if∫ T

0

ĥ(z)

v̂i(z)
dz +

∫ T

0
(µ̂i(z)− ϕ̂(z))2 ĥ(z) dz > γ

∫ T

0
ĝ(z) dz

then

lim
t→∞

ρi(t) = 0. (B.29)

This proves that if assumption (3.21) is satisfied then claim (3.22) is verified.

Step 4: proof of claims (3.23), (3.24) and (3.25). Let j = L if i = H, and j = H

if i = L. As long as ρj(t) > 0, we can compute the quotient of ρi(t) and ρj(t) through

Equation (B.26). In so doing, and using the asymptotic relation (B.27) for ρi(t) and ρj(t),

we find that
ρi(t)

ρj(t)
∼ C exp

[
mT

(
Λj − Λi

)]
as t→∞, (B.30)

for some positive constant C, with m→∞ and Λi and Λj being defined according to (2.55).

Choosing

j = arg max
k∈{H,L}

Λk and i = arg min
k∈{H,L}

Λk, (B.31)

the asymptotic relation (B.30) allows us to conclude that

lim
t→∞

ρi(t)

ρj(t)
=∞, for j = arg max

k∈{H,L}
Λk and i = arg min

k∈{H,L}
Λk. (B.32)

Since ρi is uniformly bounded from above [cf. the uniform upper bound (B.25)], the asymp-

totic result (B.32) implies that

lim
t→∞

ρj(t) = 0 for j = arg max
k∈{H,L}

Λk. (B.33)

Therefore, if ΛH > ΛL, then

arg max
k∈{H,L}

Λk = H and arg min
k∈{H,L}

Λk = L,
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and the asymptotic result (B.33) gives

lim
t→∞

ρH(t) = 0.

Similarly, if ΛH < ΛL, then

arg max
k∈{H,L}

Λk = L and arg min
k∈{H,L}

Λk = H,

and the asymptotic result (B.33) gives

lim
t→∞

ρL(t) = 0.

We can rewrite the ODE (2.22)3 for ρi with i = arg min
k∈{H,L}

Λk as

dρi
dt

=

[
γĝ(t)− ĥ(t)

v̂i(t)
− ĥ(t) (µ̂i(t)− ϕ̂(t))2 + η(t)− dρi

]
ρi, (B.34)

where the function η(t) is defined as

η(t) = γ
[
ĝ(t)− g(S(t))

]
+

(
ĥ(t)

v̂i(t)
− h(S(t))

vi(t)

)
+
[
ĥ(t) (µ̂i(t)− ϕ̂(t))2 − h(t) (µi(t)− ϕ(S(t)))2

]
− dρj(t),

with j = arg max
k∈{H,L}

Λk. Using the asymptotic results (B.18), (B.19), (B.21), (B.23) and (B.33)

we see that η(t) −→ 0 as t→∞. Hence ρi(t)→ ρ̃i(t) as t→∞, with ρ̃i(t) being the solution

of the ODE
diρ̃i
dt

=

[
γĝ(t)− ĥ(t)

v̂i
− ĥ(t) (µ̂i − ϕ̂(t))2 + η(t)− dρ̃i

]
ρ̃i, (B.35)

subject to the initial condition ρ̃i(0) ∈ R>0. Massera’s Convergence Theorem [199, 200]

ensures that ρ̃i(t) → ρ̂i(t) as t → ∞, where ρ̂i(t) is the unique T -periodic solution of the

ODE (B.35) subject to the initial condition ρ̂i(0) ∈ R>0. Hence,

ρ̃i(t) −→ ρ̂i(t) as t→∞. (B.36)

Claims (3.23), (3.24) and (3.25), follow from the asymptotic results (B.33) and (B.36), the

asymptotic result (B.23) and the result (B.21) with i = arg min
k∈{H,L}

Λk, respectively.
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[152] Benôıt Perthame. Transport equations in biology. Springer Science & Business Media,

2006.

[153] Jean Clairambault and Camille Pouchol. A survey of adaptive cell population dy-

namics models of emergence of drug resistance in cancer, and open questions about

evolution and cancer. Biomath, 8(1):23, 2019.

[154] Rebecca H Chisholm, Tommaso Lorenzi, and Jean Clairambault. Cell population

heterogeneity and evolution towards drug resistance in cancer: biological and math-

ematical assessment, theoretical treatment optimisation. Biochimica et Biophysica

Acta (BBA)-General Subjects, 1860(11):2627–2645, 2016.

179



[155] Jakub Otwinowski and Joshua B Plotkin. Inferring fitness landscapes by regression

produces biased estimates of epistasis. Proceedings of the National Academy of Sci-

ences, 111(22):E2301–E2309, 2014.

[156] Guillaume Martin, Santiago F Elena, and Thomas Lenormand. Distributions of epis-

tasis in microbes fit predictions from a fitness landscape model. Nature Genetics,

39(4):555–560, 2007.

[157] Tommaso Lorenzi and Camille Pouchol. Asymptotic analysis of selection-mutation

models in the presence of multiple fitness peaks. Nonlinearity, 33(11):5791–5816, 2020.
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pliquées, 116:268–308, 2018.

[177] J-E Busse, Piotr Gwiazda, and Anna Marciniak-Czochra. Mass concentration in a

nonlocal model of clonal selection. Journal of Mathematical Biology, 73(4):1001–1033,

2016.

[178] Tommaso Lorenzi, Anna Marciniak-Czochra, and Thomas Stiehl. A structured pop-

ulation model of clonal selection in acute leukemias with multiple maturation stages.

Journal of Mathematical Biology, 79(5):1587–1621, 2019.

[179] Tommaso Lorenzi, Chandrasekhar Venkataraman, Alexander Lorz, and Mark AJ

Chaplain. The role of spatial variations of abiotic factors in mediating intratumour

phenotypic heterogeneity. Journal of Theoretical Biology, 451:101–110, 2018.

[180] Chiara Villa, Mark AJ Chaplain, and Tommaso Lorenzi. Modelling the emergence of

phenotypic heterogeneity in vascularised tumours. arXiv preprint arXiv:1910.08566,

2019.
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[187] Manon Costa, Christèle Etchegaray, and Sepideh Mirrahimi. Survival criterion for

a population subject to selection and mutations; application to temporally piecewise

constant environments. arXiv preprint arXiv:2003.05498, 2020.
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