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Magnetic skyrmion interactions in the micromagnetic framework
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Magnetic skyrmions are localized swirls of magnetization with a nontrivial topological winding number.
This winding increases their robustness to superparamagnetism and gives rise to a myriad of novel dynamical
properties, making them attractive as next-generation information carriers. Recently the equation of motion for
a skyrmion was derived using the approach pioneered by Thiele, allowing for macroscopic skyrmion systems
to be modeled efficiently. This powerful technique suffers from the prerequisite that one must have a priori
knowledge of the functional form of the interaction between a skyrmion and all other magnetic structures in
its environment. Here we attempt to alleviate this problem by providing a simple analytic expression that can
generate arbitrary repulsive interaction potentials from the micromagnetic Hamiltonian, using it to provide a
correction to the interaction between a skyrmion and the boundary of its material. We also discuss a toy model
of the radial profile of a skyrmion, which is accurate for a wide range of material parameters.
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I. INTRODUCTION

Magnetic skyrmions (skyrmions hereafter) have recently
been the subject of great interest due both to their emerg-
ing physical effects and their potential for applications
[1,2]. Skyrmionic devices promise exceptional electrical
efficiency—skyrmions can be directly driven by ultralow cur-
rent densities, and even controlled in the absence of current
by static magnetic field gradients [3,4]. Their small size and
unusual dynamics allow for their utilization in conventional
computers, which has prompted a wide study of skyrmionic
reimplementations of arithmetic logic units and memory stor-
age devices [5,6]. Additionally, recent studies suggest that
skyrmions could find use in exotic devices such as stochastic
and reservoir computers [7,8].

To study such devices, one commonly employs the theory
of computational micromagnetism. This involves the numeri-
cal integration of the Landau-Lifshitz-Gilbert (LLG) equation,
typically using the popular finite-differences method [9,10]. In
this technique, the fundamental unit of information operated
on numerically is a volume of magnetization. As a very
large number of these magnetization volumes is required
to construct a skyrmion, this technique can quickly become
computationally infeasible when systems containing a large
number of skyrmions are of interest.

Another approach to studying skyrmion dynamics involves
integrating Thiele’s equation, which has recently been ex-
tended to describe skyrmion dynamics [11,12]. Thiele’s equa-
tion can be written for the ith skyrmion in a system as

�G × �̇xi − Dα �̇xi = −∇Ei(�xi ), (1)
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where �G is the gyromagnetic coupling vector, D is the
dissipative tensor, α is the damping coefficient, and Ei =
Ui,1 + Ui,2 + · · · is the sum of all of the interaction potentials
affecting the ith skyrmion. As �xi represents the position of
a skyrmion, numerical integration of Eq. (1) directly solves
for the path traversed by a skyrmion, completely avoiding
any consideration of the skyrmion’s constituent magnetic mo-
ments. This significant simplification allows simulations to be
run that study length scales that were previously inaccessible,
provided that all interaction potentials appearing in Ei are
understood.

While the functional form of the skyrmion-skyrmion inter-
action potential has been known for some time [12], calculat-
ing the interaction between a skyrmion and other spin textures
that coexist with the skyrmion state has remained a difficult
task. In particular, it is widely advertised that skyrmions repel
from the edge of the materials in which they exist—this
so-called edge repulsion motivated the design of skyrmion
racetrack memory and is critical to most device schematics
[13]. In spite of this, various groups have derived drastically
different functional forms for the skyrmion-edge repulsion in-
teraction potential. The seminal work by Meynell et al. [14], in
which so-called “surface twist instabilities” are characterized
in detail theoretically, predicts that the skyrmion-surface twist
interaction potential should be proportional to an exponen-
tial. Here it is found that the argument of the exponential
provided leads to a poor fit to micromagnetic calculations.
In the stochastic computing study by Pinna et al. [7], an
accurate interaction potential is derived by over-constraining
the potential and fitting a product of six exponentials to
micromagnetic data, treating the argument of each exponential
as an independent fitting parameter.

In this paper, we derive a general form of the interaction
potential between any two repulsive, localized micromagnetic
objects. The special cases of the skyrmion-skyrmion and

2469-9950/2020/101(13)/134422(6) 134422-1 ©2020 American Physical Society

https://orcid.org/0000-0002-8204-3674
https://orcid.org/0000-0001-6852-2495
https://orcid.org/0000-0001-7947-3692
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevB.101.134422&domain=pdf&date_stamp=2020-04-20
https://doi.org/10.1103/PhysRevB.101.134422


BREARTON, VAN DER LAAN, AND HESJEDAL PHYSICAL REVIEW B 101, 134422 (2020)

FIG. 1. Visualization of an isolated skyrmion, where the direc-
tion of magnetization is represented by cones. These cones are
colored by the angle between the magnetization and the direction
of the out-of-plane magnetic field—this angle is referred to as f (r)
throughout the text.

skyrmion-edge interactions are discussed, and a correction
to the previously derived skyrmion-edge interaction potential
is provided. To study the rich physics present in skyrmion
hosting systems, it is often necessary to analytically construct
a skyrmion. The task of writing down the angle between an
isolated skyrmion magnetization vector and the out-of-plane
magnetic field is seemingly simple, but drastically compli-
cated by the nonlinear differential equation that constrains
it. This angle, hereafter referred to as f (r), is visualized in
Fig. 1. Here the previous approaches to writing down f (r)
analytically are discussed, and a simple, accurate toy model
of a skyrmion’s radial profile is provided.

II. THEORY

A. Skyrmions from the energy functional

In the absence of the dipolar interaction, the micromagnetic
energy functional is given by [15,16]

E =
∫

V
[J (∇ �m)2 + D �m · (∇ × �m) − �m · �B]d3�r, (2)

where the local magnetization is given by �m. �B is the external
magnetic flux density, and J and D are the exchange and
Dzyaloshinskii-Moriya constants, respectively. Any experi-
mentally observable magnetic configuration should be a local
minimum of Eq. (2). The Euler-Lagrange (EL) equations of
Eq. (2) have been studied extensively (see, e.g., the work
of Melcher [17]) and it has been shown that, for a system
with a B-field oriented along the z-axis, an isolated skyrmion
magnetization configuration defined by the ansatz

�mSk(�r)

mS
= (C sin [ f (r)], S sin [ f (r)], cos [ f (r)]), (3)

is a solution for C = cos (nθ + γ ) and S = sin (nθ + γ ) with
mS the saturation magnetization and θ the polar angle. The
helicity γ determines the type of the skyrmion, where γ =

0, π corresponds to Néel-type solutions and γ = ±π/2 yields
Bloch-type solutions [1]. To minimize the micromagnetic
Hamiltonian given in Eq. (2), one must set the skyrmion
winding number to n = 1 [18]. Additionally, the radial EL
equation of Eq. (2) constrains f (r) to satisfy [12]

Jr f ′′ + J f ′ + D sin γ (1 − cos 2 f ) − J

2r
sin 2 f − Br sin f

= 0, (4)

where f ′ = ∂ f /∂r.
One can solve this equation numerically for f (r), but some

important information can be extracted analytically. First,
Eq. (4) contains the solution f = 0: the field-polarized state
is a solution to the EL equations. Second, far from the core
of the skyrmion, we expect to retrieve the field-polarized
state so that limr→∞ ( f ) = 0. In this limit, (1 − cos 2 f ) ≈ 0,
reducing Eq. (4) to the modified Bessel equation, with solu-
tions Ki(r) ∝ e−r/λ/

√
r for λ = √

J/BmS. As the skyrmion
magnetization tends toward the field-polarized state exponen-
tially quickly, the skyrmion lattice state can be retrieved by
noticing that linear superpositions of well-separated skyrmion
configurations asymptotically approach solutions of the EL
equations.

B. Energy out of equilibrium

To calculate interaction potentials, it is lucrative to con-
sider the effect of superposing two arbitrary localized mag-
netization configurations, m1 and m2, on the energy of the
system. As argued above, if the two magnetization textures
are localized over a length scale �, in the limit R 	 �

the superposition of the two magnetization textures �mtotal =
�m1(�r) + �m2(�r + �R) approaches a minimum of the micromag-
netic energy functional. As R becomes comparable in size to
�, then �m1 and �m2 will begin to interfere with each other—
drawing an analogy to classical mechanics by writing E =∫

V E ( �m(�r), �m′(�r))d3�r, the energy of the system will increase
by an amount given by the calculus of variations as [19]

	E =
∫

V
δ �mtotal

[
∂E
∂ �m − d

d�r
(

∂E
∂ �m′

)]
d3�r, (5)

where primes denote spatial derivatives. This expression is
difficult to work with because of the presence of the unknown
δ �mtotal term. It is critical to understand that this increase in
energy arises due to the non-negligible overlap between �m1

and �m2 for small R. To calculate this overlap, we define the dif-
ference between the �mi and the field-polarized “background”
as �μi = �mi − (0, 0, mS). One can then measure the overlap
between two adjacent magnetization configurations using

ψ =
∫

V
| �μ1(�r) × �μ2(�r − �R)|d3�r. (6)

To understand this construction, it is useful to consider the
limiting behavior of the integrand. An important property of
�μi(�r) is that they are localized; lim|r|→∞ |�μi(�r)| = 0 implies
that | �R|, the separation distance between the two textures,
must be small for the integrand to be non-negligible anywhere.
Additionally, the cross product weighs the integrand by the
angle between the magnetization textures—as �m1 and �m2 di-
verge, the angle between �μ1 and �μ2 increases (to a maximum
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of 90◦). As such, Eq. (6) provides a convenient parameter with
which one can describe the energy increase in the system due
to magnetization overlap. In particular, for very large values
of ψ the internal structure of �m1 will be affected by the tail
of �m2 and vice versa—this is precisely the limit in which the
Thiele equation is no longer valid [11]. The Taylor expansion
of 	E (ψ ) then reads

	E = Kψ + O(ψ2), (7)

where K is a constant of proportionality that can be treated
as a fitting parameter and is determined using micromagnetic
simulations. As R decreases, �m1 and �m2 will in general deform
nonlinearly, but in the large-R limit, Eq. (7) provides an
accurate measure of the interaction potential between �m1 and
�m2. It is worth emphasizing that in this section the discussed
magnetic textures have been kept arbitrary, and that this
approach should determine the strength of the interaction
between arbitrary, well-separated localized magnetic textures.

III. RESULTS

A. Toy model of a skyrmion

To evaluate Eq. (6) with some accuracy, it is necessary
to construct an analytical approximation of the solution to
Eq. (4) that is asymptotically exact and finite for all r. Previ-
ous parametrizations of this f (r) typically concern themselves
with accuracy within a certain limit—varying linearly for
small r or decaying like a modified Bessel function for large
r. When considering the behavior of the skyrmion core, linear
or piecewise linear models have been used in the past [20,21].
To study the far-field behavior, often the linear component is
dropped entirely and a pure modified Bessel function is used
[12,18], while in some cases trigonometric approximations
that capture some of the near- and far-field behavior are
employed [22–24].

It is possible to construct an accurate model of f (r)
by smoothly continuing the short-ranged solution to the
asymptotic solution. This can be done using a modi-
fied logistic function L(r) = A/(1 + e−κ (r−r0 )/(J/D) ) − A/(1 +
eκ (r+r0 )/(J/D) ), which has been adjusted to meet the require-
ment L(0) = 0. This yields the much more accurate expres-
sion

f (r) = [1 − L(r)](π − kr) + L(r)
e−r/λ

√
r

. (8)

The purpose of A, κ , r0, and k can be understood intuitively.
A is the coefficient of the modified Bessel function of the
second kind, which is the particular solution to Eq. (4) for
large r, which is relevant for skyrmions. The parameter κ

parametrizes the smoothness with which f (r) varies between
short- and long-range solutions—limκ→∞ L(r) = H (r − r0),
where H (r − r0) denotes the Heaviside step function. This
statement elucidates the role of r0, which denotes the radius
from the skyrmion beyond which the radial profile is better
described by a modified Bessel function than a linear function.
The gradient of the linear part of the profile near the origin is
given by k.

A fit of this model to the numerical solution of Eq. (4)
is given in Fig. 2, alongside a comparison with previous
work. As we simply require that any model of f (r) used

FIG. 2. A fit of the analytical toy model described in Eq. (8)
to the numerical solution of Eq. (4). In the differential equation,
the values of J , D, and B were taken to be 1 while choosing γ =
−π/2. The toy-model parameters were refined to be A = 6.95, κ =
5.54, r0 = 1.61, k = 1.37, and λ = 1. For comparison, the popular
piecewise linear model is plotted [20,21], as well as the model
f (r) = 4 arctan(e− r

λ ) [23].

to derive an interaction potential is asymptotically exact and
finite near the origin, none of the parameters introduced in this
model explicitly appear in expressions relating to interaction
potentials. In principle they could be calculated, but for the
remainder of this work they are kept arbitrary.

B. Skyrmion-skyrmion interactions

To derive a simple analytical form for the skyrmion-
skyrmion interaction potential USkSk, one can substitute the
toy model for f (r) into the skyrmion magnetization config-
uration given in Eq. (3), which can then be substituted into
Eq. (6). The product | �μSk(�r) × �μSk(�r − �R)| has a maximum
at �r = �R/2 and symmetrically decreases about this point. The
symmetry of the skyrmion along its axis reduces the volume
integral in Eq. (6) to an area integral that can be directly
calculated numerically. To carry out this integral analytically,
it is necessary to make a series of simplifying approximations.
One can consider the area integral

∫
A | �μ1(�r) × �μ2(�r − �R)|d2�r

as an infinite sum of one-dimensional line integrals that
connect the two skyrmions, whose largest contribution comes
from the path that directly connects the two skyrmions. In a
new set of coordinates β = r − R/2, choosing this path to
be along the azimuthal angle θ = 0, Taylor expanding and
keeping only highest-order terms in the integrand, this one-
dimensional integral is given by

USkSk(R) ∝ e− R
λ

∫ R
2

− R
2

dβ
L
(
β + R

2

)[
1 − L

(
β − R

2

)]
√

R2

4 − β2
. (9)

While one can Taylor-expand this integrand and integrate,
the behavior of the potential for large R is dominated by the
rapidly decaying exponential term, rederiving the well-known
result

USkSk(R) ∝ e− R
λ . (10)

C. Skyrmion-boundary interactions

The calculation of the interaction between a surface twist
and a skyrmion follows in much the same way as above. The
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FIG. 3. An example of a micromagnetic calculation performed to
determine the skyrmion-skyrmion interaction potential. The length L
was progressively shortened to map out the energy increase of the
system due to interactions between the skyrmions.

magnetization profile of a surface twist in a semi-infinite film
bounded by the x-axis is given by

�mTwist

mS
= (0, sin θ (x), cos θ (x)), (11)

where θ (x) denotes the tilt angle of the spins with respect
to the direction of the out-of-plane magnetic field, which
has been taken to be along the z-axis. The full form of
θ (x) has been derived analytically, with asymptotic behav-
ior described by θ (x) ∝ e−x/λ [14]. As such the integral∫

A | �μTwist (�r) × �μSk(�r − �x)|d2�r yields the same result to lowest
order,

USkTwist ∝ e− x
λ , (12)

where now the magnitude of the interaction potential depends
on the distance between the skyrmion and the boundary of the
material, which in this geometry is given by the x-coordinate
of the skyrmion. As such, the interaction between a skyrmion
and the boundary of a material can be considered to be
equivalent to the interaction between the real skyrmion and
virtual skyrmions centered on the boundary. In this sense,
one can understand how skyrmions interact with different
shaped boundaries—in a convex boundary, more of the virtual
skyrmions are farther away from the real skyrmion [reducing
the magnitude of the prefactor in Eq. (12)] while the opposite
is true near a concave boundary.

D. Micromagnetic calculations

For the purposes of fitting and benchmarking the results
of the previous sections, it is necessary to carry out micro-
magnetic calculations of the interaction potentials of interest.
Typically this is done by initializing two skyrmions near
to each other and tracking the motion of each skyrmion to
calculate the force, which is integrated to derive the potential
[7,18]. The out-of-equilibrium initialization of the system
leads to the technical issue that only the final state of the
simulation, in which the skyrmion is at rest, represents a
physical magnetization texture that minimizes Eq. (2).

In this work, we propose a simple and more accurate
solution, in which two skyrmions are confined in a film of
length L that is made progressively shorter and shorter—the
simulation geometry is shown in Fig. 3. The total energy of
the relaxed system is given by E = EFP + ESk + USkSk, where
EFP is the energy of the field-polarized state, ESk is the internal
energy of a skyrmion, and USkSk is the skyrmion-skyrmion
interaction potential. The energies ESk and EFP can be

FIG. 4. Fit of results derived in this work to micromagnetic
calculations of interaction potentials. (a) Fit of Eq. (10) to the mi-
cromagnetically calculated skyrmion-skyrmion interaction potential.
(b) As in (a), but including a fit of the skyrmion-surface twist
interaction potential as derived in [14] for comparison.

calculated in advance for the material parameters of interest.
As L is decreased and the two skyrmions are forced closer
to each other, the increase in USkSk describes the interaction
potential. The calculated USkSk is given in Fig. 4(a) and
compared to Eq. (10).

To determine the interaction potential between a skyrmion
and a surface twist, a similar technique was utilized in which
a skyrmion was relaxed in a film that was periodic along
the y-direction but finite sized along the x-direction. The
equilibrium energy was calculated for increasingly small x
and is shown in Fig. 4(b), compared both to Eq. (12) and
the functional form of the interaction potential provided in
Ref. [14].

IV. DISCUSSION

We have derived a functional that can generate interaction
potentials between arbitrary localized magnetic states that,
when superposed, repel and do not form a bound state. This
expression has been used to derive the skyrmion-skyrmion
interaction potential, which was found to be consistent with
previous work. We have demonstrated the predictive power
of this model by providing a significant correction to the
skyrmion-surface twist interaction potential, and we explained
the result in terms of interactions with virtual skyrmions—this
has been verified by means of micromagnetic simulations.
While the discussions present in this article focus on two-
particle interactions, the linearity of the Thiele equation al-
lows many-particle interactions to be accounted for by linearly
superposing the force due to each additional particle. It bears
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noting that the above discussion has taken place in the limited
context of micromagnetism—while the Thiele equation pro-
vides useful limits over which the interaction potential needs
to be valid, it is likely that such an approach would hold in
other nonlinear field theories.

For the calculated interaction potentials to be accurate,
a toy model of the radial profile of a skyrmion has been
provided. While only simple functional forms for interaction
potentials have been derived in this work, using the provided
skyrmion magnetization profile one could in principle derive
higher-order corrections to the expressions given here. We
hope that this toy model will find use in a wide range of
skyrmionic problems.

An important topic that has not been referred to up to this
point is the phenomenon of skyrmion attraction. Skyrmions
have been observed theoretically and experimentally to be
attractive only in single crystalline samples that have thick-
nesses greater than or comparable to the helical wavelength
[25,26]. In such systems, the skyrmion state coexists with
the conical state for much or all of its phase pocket and is
modulated along its axis. In many ultrathin films suitable for
device applications, there is no observed conical twisting,
particularly in Néel-type systems in which skyrmions often
coexist with the field-polarized state in small out-of-plane
magnetic fields. It is in this limit that the results presented in
this work are most relevant.

It is in principle possible to go beyond this limit and use the
framework presented here to calculate interaction potentials
between magnetization configurations embedded in, e.g., a

conical background. The only required change would be that
the form of the localized magnetization �μ(�r) used in Eq. (6)
must become �μi(�r) = �mi(�r) − �mconical(�r).

V. CONCLUSIONS

A general form of the interaction potential between two
repulsive localized micromagnetic textures has been derived,
allowing for the use of the Thiele equation in a wide range
of contexts. To work with this expression analytically, an
accurate toy model of the radial profile of a skyrmion has been
provided—this toy model was compared with the results of
previous work. The special cases of the skyrmion-skyrmion
and skyrmion-surface twist interaction potentials were stud-
ied analytically and their accuracy was verified numerically.
The derived skyrmion-surface twist interaction potential was
found to be a significant correction to the previously derived
expression. To assist with future energetic calculations, the
numerical methods used to determine the interaction poten-
tials have been discussed in detail.
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