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Abstract

In this thesis we primarily consider the first-order theory of the local field F,((t)) and the
question of whether it is decidable. To this end we expand the language of valued fields to-
gether with a constant symbol for ¢ by adding predicates Ry representing the existence of a
root of the multivariable polynomial f € F,(t)[X1, ..., X5}, hoping in this way to control the
behaviour of purely wild extensions of valued fields (which has historically caused problems
in this area), and seek to prove a quantifier elimination result for a proposed axiomatisation
of F((t)) (originally, we believe, due to F-V. Kuhlmann). This proceeds along classical
lines, a la Shoenfield (used in Macintyre’s celebrated proof of quantifier elimination for the
p-adic numbers Q,). We obtain a conditional result, sketching a proof that if a particular
technical condition is satisfied by an arbitrary Ni-saturated model of our theory, then we will
indeed obtain quantifier elimination and thereby (via the existence of an algebraically prime
model) decidability of the first-order theory of IF,,((¢)). However, this technical condition is
still largely mysterious. We sketch an (unsuccessful) attempt at an unconditional proof and

highlight where difficulties arise.

In Chapter 1 we introduce the area in general, and our question and approach more specif-
ically. Chapter 2 contains necessary preliminaries for the rest of the thesis, on valuation
theory, model theory, Galois theory, and a smidgen of algebraic geometry; we have intended

to keep these preliminaries as brief as possible. Chapter 3 starts with an explanation of our
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approach and contains sections (among others) introducing and analysing our candidate
axiomatisation, proceeding to a conditional Shoenfield-style quantifier elimination proof
(Theorem 3.4.2) and presenting (in §3.5) a sketch of where difficulties arise when trying
an unconditional proof. Chapter 4 introduces several notions which we feel may be help-
ful in future study of this area, as well as discussing ultraproducts of generalised Laurent
series fields in relation to extremality. Chapter 5 includes a self-contained examination of
the structure and first-order theory of some distinguished fields extending [F,,((¢)), this time

with p-divisible value group. We conclude with some brief remarks in Chapter 6.



Chapter 1

Introduction

The question of decidability in F,((¢)) has been open since at least the 1960s, and the semi-
nal work of Ax-Kochen and Ershov on the closely analogous field Q, of p-adic numbers. The
problem, of whether or not there exists a complete recursive axiomatisation of the theory
of the valued field F,((t)) (the field of Laurent series over a finite field with p elements) has
remained annoyingly intractable since then, despite many advances in modern model theory
and many important results in the area of decidability /undecidability of fields in particular.
(For an overview of the area as a whole, see [Koel4]. [Poo08] provides a brief overview

focusing mainly on Hilbert’s 10th Problem over rings.)

Why is this gap so frustrating? In modern mathematics there is an important link be-
tween local fields, those which are locally compact with respect to a non-discrete topology,
and global fields, finite extensions of Q or F,(¢). Local-global principles such as the Hasse-
Minkowski principle can sometimes reduce problems about global fields — those of particular
number-theoretic interest — to local fields, with which it is often more practical to work.
(This is touched on in the introduction to [EP05].) A local field is precisely a field which
is locally compact with respect to an absolute value, and any such field is isomorphic to R,

C, or a finite extension of Q, or F,((t)) for some prime p. (See [Ser79] for a fairly definitive



guide to the theory of local fields.) Decidability of R and C was already known in the 1930s
from the work of Tarski, and Ax—Kochen and independently Ershov answered the question
positively for @, and its finite extensions. (See [PR84] for a comprehensive overview on
decidability of finite extensions of @,.) On the other hand, in terms of global fields, we can
go even further — not only do these fields have undecidable first-order theories, but in most
cases we even have existential undecidability (equivalent to a negative solution to Hilbert’s
10th Problem), with the only remaining unknown cases being Q and (some of) its finite

extensions. (See [Koel4] in particular on this question.)

We might therefore hope for a clear distinction, with global fields being existentially unde-
cidable on the one hand, and local fields being decidable on the other — this would give us,
from a model-theoretic perspective, a compelling narrative for how local-global principles
can turn difficult problems in number theory, formulated over global fields, into much eas-
ier and in principle answerable problems over local fields. The one major holdout is finite
extensions of F),((t)) (each of which is isomorphic to F4((t)) for some ¢ a power of p), so
that a proof of decidability for F,((¢)) would largely complete the picture. This has been

the motivation behind the current project.

There is a significant amount of previous work on the first-order theory of F,((¢)) on which
we hope to build. It has long been known that the existential part of the theory is decidable
conditional on resolution of singularities in positive characteristic (see [DS03]); in the past
few years this has been proved unconditionally by Anscombe and Fehm [AF16], albeit in a
language without a symbol for ¢, building on several years of progress in the theory of defin-
able henselian valuations since the publication of the seminal [CDLM13] (a useful survey of
this progress is given in [FJ17]). Unfortunately the approach taken there cannot extend to

the language with ¢, and to our knowledge the result of Denef and Schoutens has not been



improved upon in that particular case.

The model theory of Fj,((t)) as a ring has been examined by T. Rohwer in his doctoral
thesis [Roh03], in which model-completeness is proved in a certain sense as a module, but
unfortunately the techniques used there (largely dealing with the model theory of modules
and rings) does not seem to relate to the question of decidability as a field. We know from
earlier work that if certain structures are definable in IF,((¢)) then we will get an undecidable
theory: for example, in [DR88] it is proved that a definable section of the valuation map
would imply undecidability, and it is clear that if undecidability results for global fields
(such as [ES09] or, more recently, [ES17]) could be extended to Fy((t)) then we would get
undecidability. And clearly if any undecidable structure is definable or interpretable inside
F,((t)) then we will get an undecidable first-order theory, so that a definite answer to our
question might come from e.g. being able to interpret (Z, +, P) for certain sets of primes
P, under certain hypotheses, following [BJW93| and subsequent developments, or via inter-

preting any number of other known undecidable structures.

Another important development in recent years has been the notion of extremal valued
fields; these are fields for which certain images in the value group of multivariable poly-
nomials over the valuation ring satisfy a sort of extreme value theorem. Such a strong
condition happens only rarely, but is satisfied by both [F,((¢)) and @Q,, leading us to suspect
that there is something important at work here. First introduced by Ershov in [Ers04],
a critical mistake in the definition was spotted by Starchenko and subsequently corrected
(cf. [AKP12, Remark 3.2]); further developments have included [AKP12] and [AK16], but
progress here has been unexpectedly difficult, and there are very obvious questions about

extremal fields which despite our best efforts are still unresolved.



One barrier to decidability results in this area is the non-uniqueness of maximal imme-
diate extensions of valued fields of characteristic p > 0; this can prove a decisive stumbling
block when it comes to standard model-theoretic proof methods along the lines of quantifier
elimination or model-completeness. Certain algebraic extensions of positive characteristic
valued fields, so-called ‘purely wild’ extensions, are also poorly understood and pose a def-
inite challenge for model theory in this area. When working in this area one can obtain a
surprising amount of model-theoretic knowledge from a good understanding of the Galois
theory, in particular how specific subgroups (such as the ramification group) of a valued
field’s absolute Galois group relate to the valuation on the field. We started by asking
the question, what would happen if we were to add new predicates into our language to
control these problematic purely wild extensions, and pin down the ‘right’ complement of
the ramification group? The question then becomes one of ‘what else is needed to guaran-
tee decidability/quantifier elimination/etc?’. After our early efforts proved insufficient, we
expanded the range of predicates considered, eventually opening it up past ‘predicates for
all purely wild extensions’ to ‘predicates for all @-definable multivariable polynomials’ and
considering the assumption of existential decidability in this enriched language to see if we

could at least arrive at a conditional decidability result.

This has been a partial success — in Chapter 3 we introduce a language Lr and a recur-
sively axiomatised L£z-theory T, satisfied by F,((¢)), which has algebraically prime model
F,(t)" (the henselization of F,(t)), and we present some results about the models of this
theory. §3.3 contains a definition of the algebraic configuration of an element a € K where
K | Tr, which we introduce as a way of focusing on the relevant part of the quantifier-free
type of a over K for a proof of quantifier elimination. In §3.4 we carry out a conditional
Shoenfield-type proof of quantifier elimination for 7', culminating in Theorem 3.4.2, giving

quantifier elimination for 7" conditional on the truth of a technical statement about algebraic



configurations. §3.5 is a sketch of some of the difficulties in reaching an unconditional proof.
The remainder of the chapter concerns models of T" with value group precisely Z and on

considerations about existential decidability.

Chapter 4 introduces several other notions which we believe may be fruitfully employed
when studying this particular area of valuation theory and model theory, attempting to de-
ploy them to yield further results about models of 7', in particular the question of whether
the generalised Laurent series fields Fy,((I')) (for I' = Z) are extremal and therefore gen-
uinely models of T (which sadly we have not been able to resolve). We make a number of

conjectures in this chapter, all of which have remained annoyingly out of reach.

Chapter 5 is a relatively self-contained discussion on certain extensions of F,((t)) with
dense value group. Several such extensions of [F,((¢)) are of mathematical interest, such
as its perfect closure and the completion thereof, but in many such cases we have no hope
of extremality holding without massively expanding the value group and residue field. As
such, we have examined several of these fields via the theory of tame valued fields, which
has been developed over several years primarily by F-V. Kuhlmann (e.g. [KPR8&6], [Kuh90],
[Kuh16]). This allows us to say something about the model theory of certain fields with
p-divisible value group, as well as some analysis of the structure of certain fields which to

our knowledge is not contained elsewhere in the literature.

We conclude with some brief remarks in Chapter 6.



Chapter 2

Preliminaries

In this chapter we present some necessary preliminaries for the rest of the thesis. Familiarity
with basic concepts from algebra (such as field theory, finite Galois theory, etc.) are assumed,

and we direct the reader to [Lan03] for all such background knowledge.

2.1 Preliminaries on valuation theory

We present the following basics on valuation theory, derived primarily from [EP05] which is
our preferred reference on the topic. This section can be skipped over by those familiar with
the subject. The interested reader may also consult [Kuh] (currently a work in progress) or

[Efr06], which takes a relativised approach.

A wvaluation on a field K is a surjective map v : K — I' U {oo}, where T" is an ordered

abelian group (written additively), satisfying the rules (for all z,y € K)
(i) v(z) =0 <=2 =0
(i) v(zy) = v(z) +v(y)

(it}) v(z +y) > minfo(z), v(y)}.



We call (K,v) (sometimes written just K when unambiguous) a valued field and T' the

value group (usually written vK). The set
Oy :={x € K|v(x) >0}

(or Ok or just O if unambiguous) forms a local ring called the valuation ring, with unique
maximal ideal M, = {z € K | v(z) > 0} and group of units O* = {z € K | v(xz) = 0}. Two
valuations on the same field sharing the same valuation ring are called equivalent, and the
two structures differ only by an order-preserving isomorphism of the value group, so we will
often speak interchangeably of a valuation and its valuation ring. The field O/M is called

the residue field and written Kv or K, (dropping the subscript v when unambiguous).

Where L/K is a field extension and K admits a valuation v, there is automatically a
valuation w on L which extends v to L (ie. O, N K = O,), inducing embeddings
vK — wL and Kv — Lw (and therefore implying vK < wL and Kv C Lw). In this
case we call e = ¢(L/K) = (wL : vK) the ramification index of the extension and
f = f(L/K) := [Lw : Kv] the inertia degree. In the event that we are working with
multiple valuations, say a valuation ring Ok on K and Op on L, we also use the nota-
tion e(Or/Ok), f(OL/Ok). An extension is called immediate if e = f = 1. A field is
called maximal or maximal valued if it admits no proper immediate extension, and al-

gebraically maximal if it admits no proper immediate algebraic extension.

Generally an extension (or prolongation) of a valuation vk to a field extension L will
not be unique. For L/K a finite extension, the number of distinct prolongations is bounded
by the degree of the field extension [L : K], and where Oy, ..., O,, are all the distinct prolonga-
tions of v to L, we have the fundamental inequality Y ;" ¢(O;/Ok)f(O0;/Ok) < |L: K].
A case of particular interest is where there is only one such prolongation, in which case we

can say even more, namely that [L : K] = e - f - p°, where p is the characteristic of the



residue field (if greater than 0; otherwise set p = 1) and § is a natural number, known as
the defect of the extension (with the extension being called defectless if 6 = 0). A valued

field is called defectless if all its finite extensions are.

A valuation v on K that extends uniquely to the algebraic closure of K is called henselian.
We also speak of the valued field itself being henselian and of a pure field being henselian if
it admits a nontrivial henselian valuation. We note the following equivalent definitions of a

valuation being henselian:

Theorem 2.1.1. [EP05, §4.1] The following properties of a valued field (K, Q) are equiva-

lent:
(i) O extends uniquely to every algebraic extension of K.
(ii) O extends uniquely to the separable closure K5P of K.

(iii) Every polynomial X"+a, 1 X" '+..+ag € O[X] witha,—1 ¢ M and a,_s, ...,a9 € M

has a root in K.

(iv) Every polynomial X™ + X" ! +a, o X" 2+ ... +ag € O[X] with a,_2,...,a0 € M has

a root in K.

(v) For each f € O[X] and a € O with f(a) = 0 and 7(6) # 0, there exists o € O with

f(a) =0 and @ =a.

(vi) For each f € O[X] and a € O such that v(f(a)) > 2v(f'(a)), there exists o € O with

fla) =0 and v(a — ) > v(f'(a)).

Here * denotes the residue homomorphism @ — Kwv and its canonical extension O[X] —
Kwv[X]. Note that our list is not exhaustive and that other equivalent properties are stan-
dardly used. We also see that separably closed fields are automatically henselian, and that

any algebraic extension of a henselian valued field is also henselian.



Due to the characterisations in terms of polynomials, henselianity can be expressed in first-
order terms in any suitable language of valued fields (e.g. one with signature {+,.,0,1,O0}
where O is a unary predicate interpreted as O(z) < z € O; see e.g. [Kuhl6, p. 21] for
such an expression). Given an arbitrary valued field (K,v) we can, by adjoining roots of
Hensel polynomials (those appearing in the above lemma), form a smallest henselian field
K" extending K; this is called a henselization of K and is unique up to isomorphism
of valued fields over K. It is “smallest” in the sense that whenever L is a henselian field
extending K we have that L contains an isomorphic copy of K. This can be expressed as

the following universal property:

Theorem 2.1.2. [EP05, Theorem 5.2.2] Let (K,O) be a valued field and (K" O") its
henselization. Then (K" O") is henselian and, given any valued field extension (K1, O1)
of (K,O) which is henselian, there is a uniquely determined K-embedding of valued fields

L (KM, 00 = (Kq,01), de. o(O") = 01N u(K") and i = idg.

The henselization of a field is an immediate algebraic extension of valued fields [EP05, The-
orem 5.2.5]. In the specific case where vK is an ordered subgroup of R and v is induced
by an absolute value, we have that the standard notion of completion also always yields an

immediate extension [EP05, Theorem 1.3.4].

We note the main application of the key theorem proved in [Pop10], that “henselian implies

large”.

Theorem 2.1.3. [Popl0, Theorem 1.1] Suppose (K, v) is a henselian valued field. Then K
is a large field; that is, for every smooth K-curve C, if C(K) is nonempty then C(K) is

infinite.

See [Pop96] for more information about large fields and their connection to embedding



problems in inverse Galois theory. The notion of large field will reappear later in connection

with extremal valued fields.

2.2 Preliminaries on model theory

Familiarity with basic first-order model theory is assumed. See Marker [Mar06] or [Poil2]
for a good introduction, or [Hod93] for a more extensive treatment from which much of this
section is taken). We will throughout be working with first-order theories 7', not assumed
complete, admitting no finite models, in some recursive language £. (We require that £ is
recursive as we are considering questions of decidability; it would be unhelpful working in a
language with e.g. predicate symbols Py for every true sentence of arithmetic ¢ if we wished

to obtain a decidability result for a theory in L.)

A first-order L-theory T is called recursively enumerable if there is an algorithm which
enumerates its axioms (and nothing else), and decidable if there is an algorithm that, on
input ¢ a sentence in £, outputs YES if T' = ¢ holds, and outputs NO otherwise. A com-

plete recursively enumerable theory is decidable.

A standard approach to proving the completeness (and therefore decidability) of a countable
recursively enumerable theory T is to try and reduce the complexity of arbitrary formulas

to something more manageable:

Definition 2.2.1. A first-order L-theory T has quantifier elimination if, for every L-

formula ¢ with free variables T = (x1, ..., xy,), there ezists a quantifier-free L-formula ¢ such

that T |= VI(p(T)) < ¥(T))).
A slightly weaker condition is that of model-completeness:

Definition 2.2.2. A first-order L-theory T is called model-complete if whenever A, B

10



are models of T, every embedding A — B is in fact an elementary embedding A < B.

We have that model-completeness is equivalent to the property that ‘every formula is mod-
ulo T' equivalent to an 3-formula’ (or, equivalently, ‘every formula is modulo T' equivalent

to a V-formula’), so that quantifier elimination implies model-completeness.

Of especial interest is the case where T' has a unique ‘smallest’ model:

Definition 2.2.3. A is called an algebraically prime model of T if A =T and, for

every model B of T', we have that A embeds as a substructure of BB.

(Note that these definitions date back to the 1950s or earlier, some in particular to the work
of Abraham Robinson, who simply called these ‘prime models’; however, model theorists
since then have adopted the convention that a prime model is one which elementarily em-

beds in any model, which is much stronger.)

It will be readily seen that if a theory T admits an algebraically prime model A and is
model-complete, then any model of T" is a model of the complete theory Th(A), and T is

therefore complete.

We also note a different way of conceptualising model-completeness. First we need:

Definition 2.2.4. A model A of an L-theory T is called existentially closed if, whenever
Iz o(T,7) is an existential L-formula, @ is a tuple of elements from A, B is a model of T

such that A C B, and we have that B |= 3T ¢(T,a), then also we have that A = 3T ¢(T,a).

Note that this definition is always relative to an ambient theory T' (or, more generally, a
class of L-structures K). In general, if A and B are arbitrary L-structures satisfying the
above condition, we say that A is existentially closed in B (denoted A <3 B). Now we

can characterise model-completeness in the following terms:

11



Proposition 2.2.5. A theory T is model-complete if and only if every model of T is exis-

tentially closed.

We also have the following useful theorem: [Hod93, Theorem 2.5.1]

Proposition 2.2.6. [Tarski—Vaught test.] Suppose we are given structures N' C M with
domains N, M respectively, such that for every formula ¢(x,7), and every tuple a from N,
if M = 3z ¢(x,a) then there is b € N such that M |= ¢(b,a). Then the embedding N — M

1 elementary.

That is to say, if there is some a € M satisfying some formula ¢ over N, then there must
already be some b € N satisfying ¢. Note however that here our formulas may be arbitrary,

not just existential.

Before we are in a position to characterise quantifier elimination more helpfully, we need
some additional pure model theory. Our strategy for better understanding the first-order
theory of IF,,((t)) is however already clear: write down a recursively enumerable set of axioms
for T', show that T' is model-complete (perhaps via quantifier elimination), and exhibit an
algebraically prime model. Conversely, if our theory T is not in fact complete, then pursuing
this strategy should guide us towards the place in the proof where existential closedness is
not guaranteed, thus shedding light on the problem and on what would remain to be done

in order to prove decidability.

2.2.1 Preliminaries on saturated models

We will need to be delicate with definitions here as our theory cannot be assumed complete.
First we need to introduce the notion of a type, fundamental in model theory: let A be a

model of T" and C' some subset of the underlying domain A.

12



A partial n-type over C is a set of formulas p in the language Lo, extending £ by
adding constant symbols for every element in C, such that there are at most n free vari-
ables in p, and for every finite collection of formulas ®1(%), ..., ®,,(Z) from p we have that
T VT (-21(Z) V... V=P, (7). By Compactness we are thereby guaranteed that for no
subset ¥ of p, even infinite, do we have that T U X is inconsistent. In other words, p is a
collection of formulas which could simultaneously hold of a tuple Z in a model of 7" which

contains C'. We often denote it p(z/C) or p(T).

A complete n-type over C' is a partial n-type p for which, given any Lc-formula ®(7)
with at most n free variables, we have that either ®(Z) € p or =®(Z) € p. Any partial type

may be extended to a complete type by Zorn’s Lemma.

If B is a model of T" containing C' and p(z/C) is a type, we say that p(z/C) is realised in
B if there is a tuple b of elements from B such that B = ®(b) for every ® € p(z/C). We
call b a realisation of the type; if there is no realisation of p(Z/C) in B then we say that
B omits the type. If b is a tuple from B then we denote by tp(b/C) the complete type

consisting of all Lo-formulas @ such that B = ®(b).

It is easy to see how one may formulate definitions e.g. of partial/complete quantifier-

free types, etc., if required, by restricting the sorts of Lo-formula appearing in p.

Our next notion is highly important in model theory, and here we need to take care as
it is usually used in the context of complete theories. A k-saturated model of a first-order
theory T, for x an infinite cardinal, is a model B of T" such that, for every C' C B with
|C| < K, every complete n-type over C, with respect to the complete Lo-theory Th(B), is

realised in B. That is, whenever p(z/C) is a (complete) collection of Lc-formulas such that

13



B £ VT (=9(T) V...V =P, (7)) with ®q, ..., ®,, in p, then p has a realisation in 5.

Remark: In effect, a saturated model is one where ‘anything that can happen does hap-
pen’; if there is no inconsistency in a set of formulas simultaneously holding of an element
of B, then there must be something somewhere in B which simultaneously satisfies them all.
However, B need not realise all complete types over T, if T' is not complete. For example,
take DLO™ to be the theory of densely linearly ordered sets without specifying whether or
not there are endpoints. Then if the Ng-saturated structure B is a model of DLO™ and has
an upper endpoint e, then by taking C' = {e} we see that B = Vz(xr = eV z < e) and so
the type p(x/C) = {x > e} is not realised. However, there are other saturated models of

DLO™ which do not have upper endpoints, e.g. R is an Ng-saturated model.

One may also conceptualise saturated models in the following way: B is x-saturated if
and only if whenever an n-type over C (with |C| < k) is realisable in some elementary

extension BT = B, it is already realised in B.

Remark: In model theory we sometimes speak loosely of ‘saturated’ models instead of
k-saturated models for a given k; this is because we often wish to have a model where
‘everything that can happen does happen’, and the restriction to |C| < k is only necessary
to ensure that the domain of our model does not become a proper class instead of a set. It
is also obvious that a model A of cardinality x cannot be x*-saturated by considering the
type {x # a | a € A}. We cannot assume the existence of saturated models of arbitrary
theories T" without making assumptions beyond ZFC in our underlying set theory, but com-
mon practice in model theory is usually to assume the existence of saturated models and
worry about the set-theoretic implications later, if at all. However, as the main part of this

thesis requires quite a technical understanding of saturation, we will henceforth adopt the

14



convention that for a model M to be saturated, this means that it is || M||-saturated.

If T is a complete theory with a k-saturated model of cardinality s then this model
is unique up to isomorphism in that cardinality (via a back-and-forth construction). A
k-saturated model will always be k-homogeneous (partial embeddings whose domain has
cardinality less than x can be extended to automorphisms of the whole space, and if two
tuples share the same complete n-type then we can construct an automorphism sending
one to the other) and x*-universal (any model of T of cardinality <  elementarily embeds

inside our saturated model). See [Mar06, §4.3] for details.

We are now in a position to introduce the following test for quantifier elimination, as quoted

in [Mac76] (originally due to Shoenfield [Sho71]).

Theorem 2.2.7. Let T be an L-theory. Then T has quantifier elimination if and only if the
following holds: whenever we have L-structures Ay, Az, My, My such that A; C M; ET
(fori=1,2), A1, Az and My are countable, My is X;-saturated, and we are provided with

an isomorphism [ : A1 = As, we can always extend f to an embedding of My into Ms.

This is a special case of the more general theorem proved by Shoenfield in [Sho71], that
quantifier elimination is equivalent to the statement that a partial embedding of any model
M; into an ||M;]||T-saturated model My can be extended to a full embedding of M; into
M, but we can reduce to the more specific case via standard model-theoretic techniques

(namely, using Compactness).

Quick remark: Without wishing to go deeper into pure model theory than necessary,
we note that if T" is, as hoped, complete and model-complete, then it will also satisfy what
is known as the strong amalgamation property, which roughly states that if a model

A can be embedded into two models B, C then we can find a model D into which B and
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C embed in a sufficiently nice way (namely, such that the composition of the embeddings
A — B — D is the same as the composition of the embeddings A — C — D, and such
that the intersection of the images of the embeddings B — D and C — D is precisely the
image of the induced embedding A — D). See [Hod93, §7.1] on amalgamation properties.
We mention this purely as general background to provide some indication of how models of

T might behave in practice.

Remarks on stability, cardinality, etc: Much modern model theory revolves around
nice model-theoretic situations (such as stable theories, simple theories, etc.) which are
unfortunately not present when considering valued fields. For instance, in any suitable lan-
guage of valued fields, the first-order theory of a (nontrivially) valued field will interpret an
infinite ordered set (namely the value group), therefore will be unstable and have 2 models
of cardinality k for every uncountably infinite cardinal k. (See [Mar06, §5.3], originally due
to Shelah; the formula z='y € O* will suffice to define a linear order < y on any set
{ag, a1, ...,an, ...} such that v(a;) = i.) Proving that there are 2% models of cardinality Ro

is more involved but can often be done by explicit construction.

Before finishing this section, we note that we also have the following alternative test for
quantifier elimination, due, we believe, to van den Dries (see [VDD85, “EQ-Test”] and

[VDDS8S, p. 11]), following A. Robinson and Shoenfield.

Theorem 2.2.8. An L-theory T has quantifier elimination if and only if it satisfies the

following two properties:

(i) Every substructure of a model admits a T-closure: if A C B and B =T then there is

a model A* of T containing A which embeds over A in any model of T containing A.

(11) Suppose M, N are two models of T such that M C N. Then there is a € N\ M and
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a set of quantifier-free Laq-formulas {¢;(x) | i € I} realised by a and determining its

isomorphism type over M, such that every finite subset can be realised in M.

By general model-theoretic considerations it suffices to prove (i) for finitely-generated struc-
tures and (ii) for T-closures of finitely-generated substructures. The canonical example of (ii)
(“specializability of selected elements”) is the fact that a simple ordered field extension R(x)

of a real closed field R is determined up to isomorphism over R by the set {r € R :r < x}.

2.2.2 Preliminaries on ultraproducts

This material is primarily drawn from [Poil2, §4.1], but should be contained in any good

textbook on model theory (see e.g. [Hod93, §9.5], [Mar06, pp. 63-65]).

Let I be some infinite indexing set. Suppose we are given an wltrafilter U on I: this

is a proper subset of the powerset of I which is closed under intersection and taking super-

sets, satisfying (for every A C I) either AcU or I\ A€ U.

(Spelling this out further, & C P(I) is a family of subsets of I satisfying:

geU,lel,

it XeldandY €U then X NY €U,

ifXeldand X CY CIthenY €U,

for every X C I either X eUd or I\ X € U.)

If an ultrafilter is generated by a singleton in P(I) then we call it principal, otherwise
we call it non-principal. It is straightforward to see that if an ultrafilter contains any
finite set then it must be principal. We may always assume the existence of non-principal

ultrafilters, implied by assuming Axiom of Choice.
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Now given an indexing set I and an ultrafilter U on I, suppose L is a first-order lan-
guage and that we are given, for each ¢ € I, some L-structure A;. Then we define the

ultraproduct [[; A;/U (or [],, A; if I is unambiguous) in the following way:

e Let A; be the domain of A; for each i € I, and consider the product A :=[[; 4;. We
define an equivalence relation ~ on A by stipulating that (a;);cr ~ (b;)icr if and only
if the set {i € I | A; = a; = b;} is in Y. The domain of the ultraproduct [],, A; is
defined to be the quotient A/ ~. We will abuse notation and write (a;)ie;r to mean
the equivalence class [(a;)ics], and will write a(i) to mean the image of the sequence

a € [[; A; under the ith projection map m; : [[; A — A;

e The interpretation of an n-ary predicate symbol P in L is given by stipulating that

P(ai,as,...,ay) holds if and only if {i € I | A; = P(ai1(7),a2(i),...,a,(i))} is in U.
e The interpretation of a constant symbol ¢ in £ is simply given by ¢l A .= (cA)ser.

o Let f(x1,22,...,2y,) be an n-ary function symbol in £. We define

FITeA) (a1 ag, . an) == (f(a1(i), az(i), ... an(i)))icr-

(These are well-defined and independent of the choice of representative of a class [(a;)icr].)
A good way to conceptualise this is to think of sets in U/ as being ‘big sets’ or as being ‘almost
all’ of I; viewed in this way the ultraproduct construction is essentially just a product of
structures, where we identify elements if they are the same ‘almost everywhere’, predicates
hold of an element if they hold ‘almost everywhere’, etc. Note that this is entirely unin-
teresting in the case of principal ultrafilters (where the ultraproduct ends up isomorphic to

one of the A;s), so we will always assume that U is non-principal.
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Ultraproducts are useful for the purposes of model theory in light of the following theo-

rem.

Theorem 2.2.9. [Lo$’s Theorem| Let U be an ultrafilter on I, (A;)icr a family of L-
structures, and ¢(x1,...,x,) an L-formula. Then for every tuple a := (ai,...,a,) € [, Ai

we have [[,, Ai = ¢(@) if and only if the set {i € I : A; |= ¢p(a1(i), a2(i),...,an(4))} is in U.

Thus satisfaction of a formula in an ultraproduct is the same thing as satisfaction ‘almost

everywhere’. This gives us a construction with a lot of useful applications.

2.2.3 Preliminaries on model theory of ordered abelian groups

Here we outline some necessary model theory on ordered abelian groups, originally treated
by A. Robinson & Zakon in [RZ60], which is fairly comprehensive. See e.g. [Con62] for a

discussion on the algebra of ordered abelian groups.

An ordered abelian group is an abelian group (G,+,0) (usually written additively in
this context) equipped with an ordering < compatible with the group operation, i.e. so that
for all z,y, 2z € G we have that x < y implies x + z < y + z. It follows from this that every
nonzero element must be of infinite order. We call such a group discretely ordered (or
just discrete) if it has a smallest (nonzero) positive element, and densely ordered (or
just dense) otherwise. We should note that in some classical valuation theory the term
“discrete” is sometimes used to mean “isomorphic to Z”, but here we are using it in a much

wider sense.

If an ordered abelian group is densely ordered then, between any two elements z < 2’/
in G, we can find some y such that x < y < 2/. We call an element x € G n-divisible if

there is some y € G such that y +y + ... + y (n times) is equal to z. We call G itself n-
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divisible if all its elements are, and we call G divisible if it is n-divisible for all n. Letting
1 be the smallest positive nonzero element of G (if G is discrete), or some arbitrary positive
nonzero element of G (if G is dense), we call G regular if for any x € G we have that at
least one of the elements z, z + 1, v + 2, ..., x + n — 1 is n-divisible. (This is expressible in

first-order terms in the language of ordered groups.)

The regular ordered abelian groups are those which are elementarily equivalent to subgroups
of R in the language {+, <,0} of ordered abelian groups. Concretely, call H < G a convex
subgroup if whenever h; < hsy are two elements of H and g € G satisfies hy < g < ho,
then g € H. An ordered abelian group G is called archimedean if the only convex sub-
groups are {0} and Gj; every archimedean group is isomorphic to an ordered subgroup of R,
and the regular ordered groups are precisely those which are elementarily equivalent to an

archimedean group.

A regular discrete ordered abelian group is called a Z-group. The first-order theory of
Z-groups is complete, and model-complete in the language of ordered abelian groups supple-
mented with divisibility predicates D,, (such that D, (z) holds if and only if z is n-divisible)
and a constant symbol for 1. This is precisely the class of ordered abelian groups elemen-
tarily equivalent to Z, and any such group GG must contain a convex subgroup isomorphic
to Z; in this case G/Z is a divisible ordered abelian group. In the densely ordered case,
the theory of a given regular densely ordered abelian group is again model-complete once
supplemented with divisibility predicates, and is axiomatised by adding (for each prime p)

axioms asserting the index (G : pG) of the subgroup of p-divisible elements inside G.

If H < G is a subgroup then we call H pure in G if, whenever we have v € G such that

ny € H for some n € N, there is some § € H such that nd = ny. That is, H is already ‘divis-
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ibly closed’ inside G, in that if h € H is n-divisible inside G it is already n-divisible inside H.
One sees that in the language of ordered abelian groups with divisibility predicates added,
where G and H are considered as models of the theory of ordered abelian groups, H is a

pure subgroup of G if and only if there is an embedding of H into G as first-order structures.

We have the following characterisation of Z-groups (see [Con62]): suppose G is an abelian
ordered group with Z any convex subgroup of G. Then G is regularly ordered if and only

if G/Z is divisible. Thus a Z-group is an extension of (Z, +, <,0) by a Q-vector space.

2.2.4 Ax—Kochen—Ershov principles

While implicit elsewhere, in this section we borrow Franz-Viktor Kuhlmann’s formulation
of what it means for a class of valued fields to satisfy an Ax—Kochen—Ershov principle (see

e.g. [Kuh06, p. 8], [Kuhl16, pp. 3-4]).

Let & be a class of valued fields (K,v). We say that & satisfies an Axz—Kochen—Ershov
principle (or an AKE principle, or an AKE= principle) if for all (K1, v1), (K2, v2) € &
we have:

K1v1 = KQUQ & 1)1K1 = UQKQ = (Kl,vl) = (KQ,UQ)

(in the language of pure fields, ordered abelian groups, and valued fields, respectively —
for these definitions one may take the language of valued fields, as [Kuh16, pp. 3-4] does,
to be the language of pure fields together with a binary predicate O(a,b) interpreted as

v(a) > v(b).)

We also have the following condition: & is said to satisfy an AKE~ principle if for

all (Kl,vl) g (KQ,?)Q) with (Kl,vl), (KQ,'UQ) € ® we have:

Kin 2 Kyvy & viKy 2uvKy = (Ki,v) =X (Ka,v).
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There is also a version of this condition for existential closedness: we say & satisfies an

AKE? principle if for all (K1,v1) C (K2, vs) with (K1, v1), (K2,v2) € & we have:

Kin <3 Kovy & viK1 <gunK; = (Ki,v) <3 (K2,v2).

While these definitions make sense in any class of valued fields &, they are most useful
in elementary classes, as this allows us to reduce questions of decidability in valued fields

to (generally far easier) questions of decidability in ordered abelian groups and residue fields.

Some examples of elementary classes satisfying AKE principles are:

(importantly) the class of all tame valued fields of a given characteristic p > 0,

algebraically closed valued fields,

henselian fields of residue characteristic 0,

p-adically closed fields.

See [Kuh16] for details, especially in the first case. See Chapter 5 for some applications of

this.

2.3 Brief preliminaries on infinite Galois theory

We outline as briefly as possible the necessary background on infinite Galois theory as it
relates to valued fields. The Galois-theoretic material in this section is drawn from [EP05]
and [Jar96]. See [RZ00] for a comprehensive overview of the theory of profinite groups, and

specifically §2.11 on profinite groups as Galois groups.

Let (K,v) be a valued field and (L,v’) an infinite Galois extension. The Galois group

Gal(L/K) is defined, as in the finite case, to be the group of all automorphisms of L which
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fix every element of K. This is a profinite group, obtained as an inverse limit over all Ga-
lois groups Gal(K'/K) of finite Galois extensions K’ of K contained in L. As a profinite
group it is a compact Hausdorff totally disconnected topological group, and naturally comes
equipped with a topology (the Krull topology) induced by the product topology. Con-
ceretely, a basis of neighbourhoods of 1 € Gal(L/K) is given by the collection of subgroups
{Gal(L/N) | N is a finite Galois extension of K contained in L}. Many of the theorems
of finite Galois theory carry over to the infinite case if the word ‘subgroup’ is replaced by
‘closed subgroup’, ‘normal subgroup’ by ‘closed normal subgroup’, etc. In particular we have
a correspondence between intermediate field extensions K C K’ C L and closed subgroups

of Gal(L/K).

In the special case where K®°P is the separable-algebraic closure of K, we write Gal(K) :=
Aut(K*P/K) for the absolute Galois group over K, or simply G where this is unam-
biguous. This is the same as considering the Galois group of the full algebraic closure K
of K. For the next few definitions, where O = O,, is the valuation ring of the valued field
(K,v), let O be a prolongation of O to K%P. (It is possible to formulate these definitions
relative to a normal extension N/ K rather than relative to the separable closure; this is the

approach taken in [Efr06].)

The decomposition group of O’ is given by
GMO') = {0 € Gal(K*P/K) | 0(O') = O'},
which is a closed subgroup of Gal(K') and whose fixed field is a henselization of K. If O* is

another prolongation of O to K then G"(0O*) is conjugate to G"(0’) in Gal(K*P/K).

Assume for the rest of this section that K is henselian. The inertia group of O’ is given
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G'(0) = {0 € Gal(K*P/K) | o(z) —x € M for all z € O'},

(where M’ is the maximal ideal of O’) and is a normal subgroup of G". We denote the
fixed field of the inertia group by K’ when unambiguous. We have that vK! = vK and
Kly = (Kv)*P, with an inclusion-preserving correspondence between intermediate fields

K CLCK!and separable extensions Kv C Lv C Klo.

The ramification group of O’ is given by

o(z)

G'(0) = {a € Gal(K*?/K) ~leM forallze (KSGP)X}

and is a closed subgroup of the inertia group. It can be characterised as the unique (up to
conjugation) p-Sylow subgroup of G, where p > 0 is the residue characteristic of K (with
G" trivial in residue characteristic 0), and it is a normal subgroup of G" (and therefore
G'). Moreover, G /G™ =[] ap qu as profinite groups, where for each prime number ¢ # p
we denote by r, the F,-dimension of the group vK/q(vK). We denote the fixed field of
the ramification group by K" when unambiguous; its residue field is the same as that of
K! and its value group satisfies vK”/vK = (vK*P/vK), (the subgroup consisting of all
elements whose order is prime to p). There is an inclusion-preserving correspondence be-

tween all subextensions of K" /K and all totally ordered groups lying between vK and vK".

The ramification group G" and its fixed field K" have intimate connections to the theory
of tame and wild algebraic extensions of valued fields, as outlined below. The understand-
ing of such extensions is crucical to understanding the model theory of the fields we are

considering.
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2.4 Preliminaries on tame, wild and purely wild extensions

of valued fields

The best overview for this material can be found in [Kuh16].

Suppose throughout this section that (K, v) is a henselian valued field of residue character-
istic p > 0. An algebraic extension (L, w)/(K,v) is called tame if every finite subextension

(Lo, wo)/(K,v) satisfies the following:
(i) (woLg : vK) is prime to p,
(ii) the induced residue field extension Lywg/Kv is separable,
(iii) the extension is defectless; recall this means [Lg : K| = (woLg : vK)[Lowy : Kv].

An extension of valued fields satisfying only the first two conditions is sometimes referred
to as tamely ramified, so we are using “tame” to mean “defectless tamely ramified”. The
definition can be extended to the residue characteristic 0 case by setting p = 1. General

ramification theory gives us that K" is the unique maximal tame extension of K.

An algebraic extension which is not tame is called wild. We call an algebraic extension
L/K purely wild if it is linearly disjoint from every tame extension; this will be the case
if and only if L is linearly disjoint from K", if and only if vL/vK is a p-group and Lv/Kwv

is purely inseparable. Every immediate extension of valued fields is purely wild.

The key theorem of [KPR86] gives us that, where (K, v) is a henselian valued field of positive
residue characteristic p > 0, there exist field complements L of K", such that L. K" = K28
and L N K" = K. (Almost) equivalently, on the group side, the absolute Galois group

G = Gal(K) splits over its ramification subgroup G”, so that there exist group-theoretic

25



complements H (closed subgroups of G) of G", such that H N G" = {e} and H.G" = G.
These two cases are in correspondence via the usual Galois correspondence between fixed
fields of closed subgroups and intermediate fields inside K2, We note that the complements
will in general not be unique. Note also that this allows us to talk of maximal purely wild
extensions, to look at algebraic extensions of K as being made up of a tame part and a

purely wild part, and so on.

A valued field is called a tame valued field (or simply tame) if it is henselian and all its
algebraic extensions are tame extensions. The class of all tame fields in a given characteris-
tic satisfies an Ax—Kochen—Ershov principle, so that if the theories of Kv and vK are both
decidable, then the theory of (K, v) is decidable. Moreover, the class of tame valued fields
in a given characteristic satisfies an AKE? principle, so that where (K1,v;) C (K3, vs) are
two valued fields in this class, we have (K7, v1) <g (K2,v2) if and only if Kjv; <3 Kavy and

v1 K1 <3 v2K5. We have the following characterisation of tame fields [Kuh16, Theorem 3.2]:

Proposition 2.4.1. The following properties of a valued field (K,v) with residue charac-

teristic p > 0 (or by setting p = 1 if char Kv = 0) are equivalent:

o (K,v) is a tame field,

K" is algebraically closed,

(K,v) admits no proper purely wild extensions,

(K, v) is algebraically mazximal and closed under purely wild extensions by pth roots,

(K,v) is algebraically mazimal, vK is p-divisible and Kv is perfect.

In the case where (K,v) is an equal characteristic valued field, then the property (K,v) is

a tame field’ is also equivalent to (K, v) is algebraically maximal and perfect’.
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The last bullet point is the most useful for our purposes. It implies, for example, that every
extension of F,,((t)) with p-divisible value group (and residue field ;) admits a tame field
as an algebraically maximal immediate extension. See Chapter 5 for some applications of

this.

2.5 Fields of generalised Laurent series

We outline a notable class of fields which will be useful to study; see [EP05, § 3.5] or [Efr06,

§ 2.8] for details. It is a generalisation of the standard notion of K((¢)) for a field K.

Definition 2.5.1. Suppose I' is an ordered abelian group and K a field. We define the
formal Laurent series field K ((I')) whose elements are the formal expressions ) ayt”,
with coefficients a, € K and indices v € T', such that the support {y € T | ay, # 0} is
well-ordered. We define addition componentwise and multiplication is defined following the

obvious rule

Dat’ | (Dot =D D ashe | 17

vyel’ ~yel ol o+e=y

We define a valuation v on K((I')) by setting v (Zyer a,yﬂ) to be the minimal element of
the suppport, i.e. the first v € I' for which a is nonzero. It is easily seen that if I' = Z then

we recover the standard Laurent series field K((t)).

These are often also known as Hahn series, formal/generalised power series, etc.

These fields have the important property that they do not admit proper immediate ex-
tensions — in other words, they are maximal. In particular this is known to be equivalent
to the property of being pseudo-complete: let \ be a limit ordinal and a; (i < ) be elements
of a valued field (K, v), satisfying v(ay — ag) > v(ag — an) whenever a < f <y < A. (Such
sequences are called pseudo-Cauchy.) Then K is pseudo-complete if every pseudo-

Cauchy sequence in K has a pseudo-limit b € K, i.e., if there is some b € K such that
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v(b—aq) = v(aat+1 — aq) for all @ < A\. (See [Kap42] for some applications and fleshing out

of this theory.)

Note that if v is induced by an absolute value on K, with vK an ordered subgroup of
R, then the usual notion of completion will yield an immediate extension, so that a mawi-
mal valued field satisfying such conditions will be complete and not just pseudo-complete.
The model theory of the fields K((I")) is relatively well-understood if charK = 0 or if T’
is sufficiently divisible, as here we may treat it via the classification of tame valued fields
(see below). However, in our situation much less is known, and we do not even know if e.g.

the field F,(Q® Z)) =2 F,((t))((Q)) is extremal, let alone if it is elementarily equivalent to

Fp((2))-

There are a few important unsolved questions we can ask about the class of fields & :=
{F,((I')) | ' = Z}, none of which have been definitively ruled out (to the best of our

knowledge):

e Are the fields F,((I')) extremal, for I' = Z? Are there any maximal fields with value
group elementarily equivalent to Z which are not extremal? (See preliminaries on

extremal fields below.)

e If I'y = I'y as ordered abelian groups, do we have that F,((I'1)) = F,((I'2))? If not,

what would a counterexample look like?

e An Ax-Kochen-Ershov principle in the (non-elementary) class & would reduce the
model theory of & to the (already understood) model theory of (Z,+,<). How far

away from this are we? For example, could we manage to prove that if G; <3 G2 then

Fp((G1)) <3 Fy((G2))?
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2.6 Kaplansky’s Hypothesis A and maximal immediate ex-

tensions of valued fields

We may always assume the existence of a maximal immediate extension of any given valued
field by Zorn’s Lemma. The question of whether such an extension is unique was treated
in-depth by Kaplansky (see [Kap42], [Kap45]), where it was proved that in certain restricted
situations we do in fact have uniqueness, but that in general it may not be assumed (with
explicit counterexamples). Non-uniqueness of maximal immediate extensions has long been

identified as one of the stumbling blocks on the road towards proving decidability for F,((t)).

In [Kap42] Kaplansky introduced a set of conditions, labelled ‘Hypothesis A’, that were suf-
ficient (but not necessary) to guarantee that a valued field (K, v) admits a unique maximal
immediate extension. These conditions were later shown to be equivalent to the following

conditions in residue characteristic p > 0 (see [Wha57], [Del82]):
(i) (K,v) is perfect,
(ii) vK is p-divisible,
(iii) Kv admits no finite extensions of degree divisible by p.

(In residue characteristic 0 Hypothesis A is trivially satisfied.)

Kaplansky demonstrated that in the equicharacteristic p > 0 case, a maximal field (K, v)
which satisfied Hypothesis A is isomorphic to a generalised Laurent series field Kv((vK)),
and therefore that every equicharacteristic valued field can be identified with a subfield of
some (possibly much larger) generalised Laurent series field. However, in the absence of Hy-
pothesis A, there are maximal valued fields (K, v) which are not isomorphic to a generalised

Laurent series field.
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We have already seen that a valued field (K, v) being maximal is equivalent to the property
that every pseudo-Cauchy sequence in K has a pseudo-limit in K. Now suppose (a-)y<x
is a pseudo-Cauchy sequence in K with no pseudo-limit in K: define the breadth of the
sequence (ay)y<x to be the (possibly fractional — see [Lan03, p. 88]) ideal in Ok consist-
ing of precisely those elements z € K such that v(z) > v(ay41 —ay) for all v < A. A
pseudo-Cauchy sequence thus has breadth 0 if and only if the distance between elements
of the sequence genuinely approaches 0. In [Kap45] it was proved that, if a valued field
(K,v) satisfies the property that all of its pseudo-Cauchy sequences with no limit in K
have breadth 0, then (K, v) admits a unique maximal immediate extension up to valuation-
preserving isomorphism. Unfortunately in the non-Archimedean case it is easy to construct
pseudo-convergent sequences with nonzero breadth, so that we should expect the existence

of non-isomorphic maximal immediate extensions.

Can we at least hope that for a given valued field (K, v), the maximal immediate algebraic
extension of (K, v) is unique up to isomorphism? Unfortunately, again here the answer is
“no”, as proved in [KPR86, Prop. 8.5]. The unfortunate reality in the equicharacteristic
p > 0 case is that a valued field may have many non-isomorphic maximal immediate exten-
sions, each of infinite transcendence degree over K (proved in [BK17]), and that we cannot

even rely on the algebraic part being fixed.

Uniqueness of maximal immediate extensions is (thankfully) not a necessary condition for

the existence of an AKE principle or otherwise having a ‘good’ model theory; for example,

tame fields do not in general have unique maximal immediate extensions. (See [Kuh90].)
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2.7 Preliminaries on extremal fields

We call a valued field (K,v) extremal if, for every n € N and for every multivariable

polynomial f € K[X1, ..., X,,], we have that the set of values taken by f at points of O, i.e.
{v(flai,...;an)) | a1, ...,an € O} CvK U {00},

has a maximal element. That is, either f has a root in O, or there is some tuple in O whose

image under f has the maximal possible value realisable over O.

Remark: It is crucial in the definition of extremality that the coefficients may range over
K but we look only at values achieved on O — this corrects the original incorrect definition
given by Ershov in [Ers04], after a simple counterexample due to Starchenko, namely the
polynomial X2 + (XY — 1)? over R((¢)). (See [AKP12, Remark 3.2] for details.) Observe
that this counterexample uses only two variables. The current state of the art on extremal
fields is outlined in [AK16], since which there have been no significant developments to the
best of our knowledge. We present an outline of the theory of extremal fields as contained

there.

Theorem 2.7.1. Let (K,v) be a nontrivially valued field. If (K,v) is extremal then it is
henselian, defectless and algebraically maximal. Furthermore it falls into one of the two

following cases.

(i) vK is a Z-group.

(ii) vK is divisible and Kv is a large field.
As a partial converse we get the following.

(i) If a nontrivially valued field (K, v) is henselian, defectless and algebraically mazimal,

and either charKv = 0 with vK = Z, or charKv =p > 0 and vK = Z, then (K,v) is
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extremal.

(ii) If a nontrivially valued field (K,v) is henselian, defectless and algebraically mazimal,

and furthermore vK is divisible and Kv is large and perfect, then (K,v) is extremal.
Howewver, this converse is the best we can do so far:

e if (K,v) is henselian, defectless and algebraically maximal of residue characteristic

p >0 and vK =7 then (K,v) may or may not be extremal,

e if (K,v) is henselian, defectless and algebraically maximal with vK divisible and Kv

large but not perfect, then (K,v) may or may not be extremal.

The situation is much better in residue characteristic 0, where we have a precise classifica-

tion, but unfortunately that is not the situation we are in.

For clarity we will distinguish between the case where vK is a Z-group, where we will
call K discretely extremal, and the case where vK is divisible and Kw is large, which we

will call densely extremal.

A few worked examples. As an example, consider the polynomial f(X,Y) = X? +
(XY — 1)% over Fy((t)), with p = 13 say. Then we have f(0,0) = 1. To wipe out the
constant term we can take eg. X =34+t-v, Y =14+1t-5 (v, 6 € F,[t]]) so that
F(X,Y) = (3% 4+ 22) + 9242 + 3t24252, so that by appropriately selecting v and § we can
achieve an arbitrarily high value of f(X,Y). In this case we should expect a root of the

polynomial in the extremal field F,,((¢)), and indeed if v = 6 = 0 then we have f(X,Y) =0.

If instead we set p = 3 and take the polynomial f(X) = X2 + 1 we see that there is
no root of f(X) in I, and that therefore over F)[[t]] we will always have v f(X) = 0. Work-

ing in a more arbitrary field where x is any element (€ Q) which is not a square, we can
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similarly use the polynomial X? — z, whose value will not exceed v(z).

We see that in these examples the calculations involved tend to hinge on algebra over the
residue field IF,. Whether a given value can be achieved or not — and, therefore, whether
or not our field is extremal — will reduce to a question of whether a set of simultaneous
equations has a solution over the residue field or not. In practice it is difficult to see how
to turn this style of argument into something concrete, but the principle of extremality
reducing to algebra over the residue field should extend to the power series fields K((I"))
for (regular) discrete I', although it is unclear if the argument can go any further than that.

Indeed we can formulate the following conjecture:

Conjecture 2.7.2. Suppose K is a field of characteristic p > 0 and I' a Z-group such that

K((I")) is extremal. Then for all Z-groups A, K((A)) is extremal.

In many ways a counterexample to this conjecture might turn out to be more interesting

than a proof.

Remark: Suppose (K, v) is a discretely extremal valued field with Kv=IF,. If charK =p
then we end up with some extension of F,(t)", the henselization of F,(t). If charK = 0,
however, we need only stipulate that v(p) is the smallest element of the value group and we
already recover that our field is p-adically closed, and therefore elementarily equivalent to
the field Q, of p-adic numbers. It at least seems plausible that in the residue characteristic p
case, stipulating v(¢) to be minimal positive (as well as any necessary information on the de-

gree of imperfection) may well be enough by itself to recover the elementary theory of F((t)).

To the best of our knowledge, it is currently still open as to whether one can find ex-

tremal fields of arbitrary finite Archimedean rank, and how to construct them if so. There
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remain many unanswered questions about extremal fields in general, and we hope to see

more work in this area in coming years.

2.8 Brief preliminaries on algebraic geometry

We present some very brief preliminaries on a few concepts from algebraic geometry which
are necessary to include. These are all taken from Chapter 10 of [FJ08], occasionally sim-

plified for our purposes.

e Let K be a field, n € N, 2 an algebraically closed field of infinite transcendence degree
over K, and define the affine space A" := (z1,...,z,) to be the set of all points with
coordinates in . A K-variety (or simply variety) V(a) C A™ is the zero locus
of an ideal a of the polynomial ring K[X1,..., X,]. (These form the closed sets of
the Zariski topology on A™.) Such a variety is érreducible if it cannot be written

nontrivially as the union V(a) = V(b) U V(c) of two varieties.

e We will sometimes speak of the intersection of such a variety with the base field K,
i.e. its set of K -rational points. If X C A" is a variety then the set of its K-rational

points is denoted X (K) C K™.

e Let A C A™. Take I(A) to be the set of polynomials in K[Xj, ..., X,,] which vanish
everywhere on A. This is an ideal of K[Xy,...,X,]. If A is a variety then I(A) is
prime iff A is irreducible. Given an irreducible variety V', there is a K-embedding of
K[X1,...,X,]/I(V) in Q; the image = = (21, ...,25) = (X1, ..., Xp) + I(V) is called a
generic point of V over K; K|x] is the coordinate ring of V and K (x) its function

field. The transcendence degree of K (z) over K is an invariant, called the dimension

of V.

e An irreducible K-variety of dimension 1 is called a K-curve.
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e If L/K is an extension of fields then a variety over K may also be considered as a
variety over L. A K-variety which remains irreducible over every extension of K is
called absolutely irreducible. (For a non-example, consider V(X? + Y?2) over Q,

which decomposes as V(X +1iY) U V(X — 1Y) over the extension Q(37).)

e Let VC A" W C A™ be (irreducible) varieties. A K-rational map ¢ :V — W is a
morphism of varieties which is locally a rational function: suppose x and y are generic
points of V' and W, respectively, with y = (y1, ..., ym) such that each y; is an element
in the function field K (z). Then I := {g € K[X1,..., Xy | 9(2)y; € K[z] 1<i<m}
is a nonzero ideal of K[Xy,...,X,] and Uy := V \ V(I) is a Zariski-open subset of

V. For each a € Uy there exist fi,..., fm,9 € K[X1,..., X;] such that g(a) # 0 and

g(x)y; = fi(z) for 1 <i < m. Hence b = <];1((aa)), 1;2((;)), - f;’zg)l)) is a well-defined point
of W which depends only on a and y, and not on any particular choice of f;, g. We
can then form ¢ : Uy — W as the map sending a to b in this way; the Zariski-open set

Uy is the domain of definition of ¢. (We speak of ¢ : V — W as being a rational

map when, strictly speaking, ¢ is only defined on an open subset of V.)

e Suppose ¢ : V — W is a K-rational map and suppose further that there is some
K-rational map ¢ : W — V such that ¢ o9y and ¥ o ¢ are each the identity map on
some open subset of the domain of definition of ¢, 1 (respectively). Then ¢ and v
are called K-birational equivalences and we say that the varieties V and W are

K -birationally equivalent.
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Chapter 3

Towards a quantifier elimination

result

At the top of this chapter we seek to outline our approach, the necessary preliminaries now

being in place.

Decidability of the first-order theory of F,((¢)) would be implied by a quantifier elimi-
nation result in a suitable language, combined with the existence of an algebraically prime
model. We have an obvious candidate for an algebraically prime model — the henselization
F,(t)" of F,((t)) — and we have what appears to be a relatively tractable way to approach
quantifier elimination, i.e. the Shoenfield criterion as used by Macintyre in [Mac76]. Recall

from preliminaries:

Theorem 2.2.7. Let T be an L-theory. Then T has quantifier elimination if and only if the
following holds: whenever we have L-structures Ay, Az, My, Mg such that A; C M; =T
(fori=1, 2), A1, Az and My are countable, M is X;-saturated, and we are provided with

an isomorphism f : A1 = As, we can always extend f to an embedding of My into Mas.

Historically problems have arisen due to the non-uniqueness of maximal immediate (alge-
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braic) extensions of valued fields in positive characteristic, so that an initial approach might
be to add predicates to our language to control the purely wild extensions that appear over
the course of the proof. Although we somewhat understand the structure of purely wild
extensions (see §3.1), our attempts in this direction were not successful, and even if we were
to add predicates for all purely wild extensions into our language we would still run into
obstacles: suppose for example that we have an arbitrary wild extension L/K that can be
decomposed as a tower K C F C L of extensions with L/F purely wild and F/K solv-
able. How would we go about guaranteeing that all the new predicates introduced to handle
purely wild extensions would survive the step from K to F'?7 It seemed to us that this got
us bogged down in intractable technical details when what was desired was an overarching
approach, so we decided to broaden out the class of predicates to add to the language.
To that end we consider things in fairly wide generality — we take F to be the set of all
multivariable polynomials with coefficients in F(t), and for each f € F we add a predicate

Ry to represent the existence of a root of f in K.

After some discussion of relevant algebraic considerations in §3.1, we introduce our language
and theory in §3.2. Our main proof of quantifier elimination in our theory 7'z, conditional on
the truth of a technical statement about certain subtypes of existential types, is carried out
over §3.3 and §3.4, with the culmination being Theorem 3.4.2; §3.6 sketches an attempted
proof of an unconditional result, and highlights two areas where difficulties arise. Additional

results about models of T'r are obtained in §3.6.

As all our newly introduced predicates are @-definable in the language L£; of valued fields
together with ¢, our enriched language is merely a reduct of our original language (in the
standard modern model-theoretic sense), so that the structures considered do not funda-

mentally change. However, when it comes to results about quantifier complexity etc., more
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care is needed; there is some discussion of this in §3.7.

3.1 Purely wild extensions and additive polynomials

The background theory in this section can be found in [KuhO6]; we are abbreviating it

somewhat for our purposes.

Let K be an infinite field of characteristic p > 0. An additive polynomial f € K[X] is a
polynomial such that f(a+b) = f(a)+ f(b) for all a,b € K. This will happen if and only if
f(X) is of the form )" a; X?' for some n € N,a; € K. We call g € K[X] a p-polynomial
if it is of the form f(X) — ¢ for some additive polynomial f € K[X] and ¢ € K. One
can generalise these notions to the multivariable polynomial case fairly easily, and in fact a
polynomial f € K[Xy, ..., X,,] is additive if and only if we have f(X1,...,X,,) = > 1, fi(Xy)
for additive polynomials f; € K[X;] (1 < i < n). If a finite algebraic extension L/K ad-
mits no proper subextension we call it minimal. We have the following theorem ([Kuh06,

Theorem 13], originally due to Pop):

Proposition 3.1.1. Suppose (K, v) is a henselian valued field of characteristic p > 0 and
L/K is a minimal purely wild extension. Then there exists an additive polynomial f €
Ok[X] and an element ¥ € L such that L = K(9) and the p-polynomial f(X) — f(¥) is the

minimal polynomial of ¥ over K.

One can therefore see any finite purely wild extension of a henselian valued field (K, v) as
being generated by a tower of p-polynomials. As such, understanding such extensions will
be important when considering immediate purely wild extensions of valued fields (which

tend to cause the most trouble for the model theory of such fields).

For technical reasons we also note the following ([Kuh06, Theorem 17], originally [Kuh11]):
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Definition 3.1.2. We call a valued field (K,v) inseparably defectless if every finite

purely inseparable extension L/K is defectless.

Proposition 3.1.3. Let (K,v) be a valued field of characteristic p > 0. Then K is insepa-

rably defectlesss if and only if it is extremal with respect to every p-polynomial of the form

b—>" b, X?, forneN and b,b,....b, € K.

An example: iterated Artin—Schreier extensions

The simplest case of an immediate purely wild algebraic extension in equicharacteristic p > 0
is an Artin—Schreier extension generated by a polynomial of the form X? — X —a = 0, where
v(a) < 0 (by Hensel’s Lemma). The next simplest case would be a tower of such extensions;
let K be a characteristic p valued field and suppose L/K is a field extension which decom-
poses as a finite tower of Artin—Schreier extensions K = Lo C L1 C Lo C ... C L, = L such
that each L;y1/L; is generated by the Artin—-Schreier polynomial X? — X — «; = 0, with

ap € K and oy, ...,ap, € L. That is, we have of — a1 = ag, o — as = a1, etc.

One sees that (of — ag)? — (o — ag) = o] — a1 = ap, so that by direct computation

we get that
e Lo/K is generated by the polynomial XV —2X 4+ X =q
e [3/K is generated by the polynomial X7’ —3XP" +3XP — X = oy
e L4/K is generated by the polynomial XP' —4XP 46X —4XP + X = Qg

and a straightforward inductive argument gives us that L;/ K is generated by the polynomial
n i _
— _1)¢ P
o ;( 1) < i)X
so that this would give us examples of the sort of additive polynomials we would need to

consider. Note also that in this example we’re only using coefficients from I, so that this
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is quite a restricted case. Even more restrictive is our assumption on the inductive defini-
tions of «y, so that where a € K \ p(K) is a non-Artin—Schreier root of K, the polynomial
Z?:O(—l)i(’;) XP —a=0 might not be the only polynomial which generates the extension

L./K.

One might hope that this sort of example is enough to understand the problematic be-
haviour of purely wild extensions for model-theoretic purposes, in the light of a theorem
(see e.g. [Kuh06, p. 11]) that given a finite purely wild extension L/K and where K" is
the ramification field of K, the extension L.K"/K" (where . denotes the compositum) can
be realised as a tower of Artin—Schreier extensions. That is, once ramification is taken into
account, any finite purely wild extension is ‘morally speaking’ a tower of Artin—Schreiers.
However, this does not suffice for our purposes: to be sufficient we would need that fixing
the ‘maximal immediate iterated Artin—Schreier extension of K’ also pins down the precise
structure of purely wild immediate algebraic extensions of K, corresponding to choosing a

specific complement of the ramification group of K in its absolute Galois group.

Translating via Galois theory, we would need the following group-theoretic statement to

be true:

Statement 3.1.4. Suppose G is a finite soluble group containing a normal subgroup N of
order p* and a complement H (so G = N x H), such that there is no normal subgroup

U<Gwith H<U and |G : U] =p. Then H is unique up to conjugation in G.

Unfortunately the statement is false. We present the following counterexample:

Take G = N x H, where N = C§ = (a) x (b) x {(c) x (d) x (e), H= C5 x C5 = () x (8),
such that v acts trivially on N via conjugation, and § acts on N via the 5-cycle (abcde).

The only nontrivial proper H-invariant subgroup of N is (abcde), so the only subgroup U
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with H C U € G has [G: U] =35 But abcde € Z(G) and v € Z(G), so H' = (7/) x ()
with 7/ := (abcde)y is another complement of N in G satisfying the same conditions on

H' C U C G. However, H' is not conjugate to H in G, as the only conjugate of v is v ¢ H'.

Moreover we can realise this group over K = F3((¢))((u)) by some L/K with Gal(L/K) =G
such that IV is the ramification subgroup with respect to the u-adic valuation on K: take
L = Fq5(aq, ..., a5) where a; is a zero of X3 — X — ¢*"ly~! and ¢ is a primitive 11th root

of unity, as 3% — 1 =242 = 2. (11)%

The upshot of all this is that there are examples of fields K such that the absolute Ga-
lois group G, which splits as H - G for some complement H of the ramification subgroup
G", cannot be made to split uniquely (up to conjugation) solely by fixing a maximal Artin—
Schreier extension. Therefore in order to deal with the problem we will need to tackle the
case of purely wild extensions in greater generality. This would involve at the very least
including all polynomials which might represent e.g. the purely wild Artin—Schreier exten-
sions of some finite subextension L of K inside K"; as this seems like a difficult question to

answer, we take the approach of encoding as much of the algebra as we can via predicates.

3.2 Setting up our language Lr and theory T

Let F be a given set of multivariable polynomials with coefficients in F,(t). Define the ex-
pansion Lr of the language £; = {+, —, -, *1,0,1,0, |,,t} (of valued fields with a constant
symbol for t) by adding an n-ary predicate Rf(x1,...,x,) for each f € Fp(t)[ X1, ..., Xp, Y]
that appears in F. (We include certain @-definable symbols e.g. *~!, |, purely to make life

easier regarding quantifiers; x|,y has the standard interpretation v(z) < v(y).)

Define the theory T'r to be the first-order L£r-theory axiomatised by the following, for a
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structure KC.

(i) K is an extremal valued field with valuation ring O, of characteristic p > 0,

with +, —, -, *71,0,1,0 and |, having their usual interpretations,
(ii) The value group vK is a Z-group and the residue field Kv is precisely F,,
(iii) v(t) is minimal positive in vK,
(iv) K has degree of imperfection p, with p-basis {1,¢,¢2,...,t*P~1},
(v) K = R¢(a) if and only if K |= 3y f(a@,y) = 0, for every f € F.

(See [Cha, §1.16] or [Boul3, Ch. V §13] on p-bases and degree of imperfection.)

From now on we take F to be the set of all multivariable polynomials over FF,(t), and
write T to mean T’r when unambiguous. We leave open the question of which recursive sets

F would suffice to prove a Shoenfield-style result.

A key ingredient in our proof attempt is the following.

Proposition 3.2.1. The henselization F,(t)" of F,(t) is an algebraically prime model of

Tr.

Proof. Suppose K = Tr; we wish to show there is an embedding of Fp(t)h into K. By
extremality we know that K is henselian, and as it is an £z-structure it contains a copy of
t, so we know that K must contain a copy of the henselization of F,(t). Indeed, F,,(¢)" itself is
a model of T'r, and it embeds as a valued field (though not necessarily elementarily) in every
model of our theory by construction. Moreover we know (see e.g. [Kuh16, Theorem 5.12])
that F,(t)" <5 F,((t)) so that given any new predicate Ry, both fields will agree on R; N
F,(t)". We deduce that F,(t)" is an algebraically prime model of our theory and therefore
if T+ is model-complete, it is complete. O
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We note also the following. (It is trivial if we include (v).)

Proposition 3.2.2. Let K1 C Ks be two models of (i) — (iv) of T. Then K; is relatively

algebraically closed inside Ks.

Proof. As K is extremal it is defectless and algebraically maximal, and so any proper al-
gebraic extension L/K; contained in Ky must satisfy [L : K1] = (vL : vK;) - [Lv : Kjv]. As
L is contained within K» it must have residue field F,, leaving only extensions arising from
adding a new element («, say) to the value group. Now as v(t) remains minimal positive in
K> this new element o must fall outside the isomorphic copy of Z in vL. Without loss of
generality suppose (vL : vK1) = ¢ is prime, with a a generator of vL/vKj, and let a € L
be such that v(a) = a. Then ¢ - « is an element of vKy, say 3, with b := a? having value
B. Now b € L so adjoining b to K; does not alter the residue field I, = Lv = Kjv, and by
construction b does not alter the value group vKj, meaning that K;(b)/K; is an immediate
extension. By assumption b € L is algebraic, therefore K;(b)/K; is an immediate algebraic
extension, therefore (as K is algebraically maximal) it is trivial. Therefore Ky contains no

proper algebraic extension of K, i.e. K is relatively algebraically closed inside K.

(One may also deduce this from the fact that, as vK; and vKs are both Z-groups, vK;
is pure in vK> and so any algebraic intermediate extension must be immediate, by [EP05,

Lemma 6.2.2].) O

As such, the new predicates we introduce are not so much to control algebraic extensions
between two different models of our theory; instead, we introduce them to control algebraic

extensions of subfields which may generally be much smaller.

3.3 Algebraic configurations

We introduce the following notion for technical reasons.
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Definition 3.3.1. Let A be a model of Tr with domain A with C a subfield of A. Define

the algebraic configuration ®4(a/C) of an element a € A to be the set

{f(X,e,Y) | f(X,Z,Y) € F, ¢is a tuple in C, and A = Iy f(a,¢,y) =0 }.

This set ® 4(a/C) is a set of polynomials from F (which, recall, we take to be all multivari-
able polynomials over F,(¢)), with parameters from C. We see that f(X,¢,Z) € ® 4(a/C)
if and only if A = Rf(a,¢). What we are doing here is picking out a certain subtype of
the quantifier-free £r-type / existential Li-type of a, so as to capture the behaviour at a
of all polynomials over C. (Compare in particular the notion of ‘specializability of selected

elements’ in the van den Dries test for quantifier elimination.)

Although the definition of the set references A, the elements of the set are polynomials
from F with parameters from C, so that if B is another model of T" which contains C' as a
subfield, and b is an element from B, we can ask the question whether ® 4(a/C) = ®5(b/C).

Our purpose is the following result.

Lemma 3.3.2. Suppose A, B are two models of Tr with common subfield C, a € A\ C,

be B\ C. Then ®4(a/C) = ®5(b/C) if and only if C(a) = C(b) as Lr-structures.

Proof. Clearly if C(a) = C(b) as Lz-structures then A and B agree on which polynomials
over C'U {a} (resp. C'U{b}) have roots and which do not, by virtue of the predicates Ry,
whence @ 4(a/C) = ®(b/C). For the other direction, suppose ® 4(a/C) = ®(b/C). Define
the partial embedding ¢ : A — B as the identity map C' — C together with the mapping
¢o(a) = b. This can be extended uniquely to a valued field homomorphism ¢ : C(a) — C(b).
As ® 4(a/C) = ®p(b/C) we have that a and b will satisfy the same R; predicates, as will
all rational functions in a (resp. b) over C. Moreover as O is existentially @-definable in
the language of rings then membership of O will be represented by some polynomial, so

will be captured by one of the R; predicates. We conclude that ¢ is an £z-isomorphism
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Cla) — C(b). O

3.4 A conditional quantifier elimination result

Recall again our test for quantifier elimination.

Theorem 2.2.7. Let T be an L-theory. Then T has quantifier elimination if and only if the
following holds: whenever we have L-structures Ay, Az, My, My such that A; C M; =T
(fori=1, 2), A1, Az and My are countable, My is X;-saturated, and we are provided with

an isomorphism f : Ay =2 Asz, we can always extend f to an embedding of My into Mas.
We first prove an important lemma.

Lemma 3.4.1. Let Lr and Tr be as defined in §3.2, (K,v) a countable model of T,
(K*,v*) an X;-saturated model of Tr, with C1 C K and Cy C K* two Lx-structures together
with an isomorphism ¢ : Cy — Cs. Then ¢ can be extended to an isomorphism ¢ :

CrENK - Cn K

Proof. As C1 and Cs are isomorphic we will treat them as a common substructure C' where
appropriate. An Lr-substructure C of a model of Tr will automatically inherit the struc-
ture of a valued field as it contains 0, 1, is closed under +, —, - and *~!, and for all z € C

we have one of z € O or ! € O holding.

We may recursively extend our embedding ¢ : C; — C5 to an embedding C?lg NK —
C;lg N K* in the following way, with the inductive hypothesis that ¢g is a partial £z-

embedding (and thus an isomorphism onto its image).

Let ¢9 := ¢ and well-order the elements of Cflg N K by some well-ordering <.,. with
order-type @ € ON. Given a partial embedding ¢g, define ¢g1 by setting ¢gy1 = ¢g if

the first 3 elements of Clalg N K are already in D := dom ¢g, else pick z the first element
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under <y, not in D such that the extension D(z)/D is purely inseparable (if this class
is nonempty). Then where 2" € D and f(X,Y) is the polynomial Y?" — X, we have
K = Ry(2P") so that K* = Ry(¢p(2P")), whence there is a p"-th root 2’ of ¢g(zP") in K*.
Take ¢41 to be the field homomorphism given by taking the identity on D and setting

¢p+1(x) = 2’. In this way we handle all purely inseparable extensions.

Else, take x the first element under <y, not in D; then the extension D(z)/D is sep-
arable. Now by inductive hypothesis ¢g is an Lr-embedding and so D is a common
L r-substructure of both K and K*, so that for every algebraic element x € K over D,
having minimal polynomial m,(X) over D with coefficients ay,...,a, € D, and where
f(Y1,...,Y,, X) is the polynomial obtained from m,(X) by substituting every coefficient
a; by the variable Y;, we have that K* = R¢(a1,...,an); as K* is a model of T'r then we
have K* |= 3z f(ay, ..., an, 2) = mz(2) = 0. As D(x)/D is separable then m(X) is separable
and so it has roots z1, ..., x;, € K and 2}, .., 2], € K*. So take ¢4 to be the field homomor-
phism given by taking the identity on D together with the mappings z; — ), 1 <1i < m.
(If the extension D(z)/D is not normal then we may need to take more care here, but
in such a situation both K and K* will have the same number of roots of m, due to both

satisfying the same Ry predicates over D, so that we will be able to extend ¢g; to some ¢g3.)

If A is a limit ordinal then take &) = U6<>\ g, and let ¢’ := ¢. Thus ¢, is well-defined if

we can show that each ¢g is indeed a L r-embedding and not just a field homomorphism.

We need to show that ¢g preserves O and our new predicates Ry to show that it is an
L r-embedding. For O, one may assume C' henselian (as K, K* are both henselian fields
containing C so that both will contain a henselization of C, and this is unique up to iso-

morphism of valued fields: alternatively one may use our R; predicates to adjoin roots
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of Hensel polynomials directly), so that where x € K is algebraic over C, the algebraic
extension C(z)/C admits a unique prolongation of the valuation on K, so that where 2’
is the image of = in K* under ¢, we have that C(z) = C(z') as valued fields. Now if
f € F is a multivariable polynomial then we need to show that, where a1, ...,a, € C*8NK
have images a},dj, ...,al, € C¥% N K* under ¢3, we have K* |= R¢(a, ..., ay,) if and only if
K = Rf(ai,...,an); but as each a; is algebraic over C' we may replace each a; with a variable
y; and stipulate that each y; is a root of the minimal polynomial m,, (X) over C, the upshot
of all of which is that we can replace f(X1, ..., X;;) with a polynomial g(Xj, ..., X,,,Y) such
that K = R¢(a1, ..., a,) if and only if there are c1, ..., ¢, € C and some tuple Z (representing
the coefficients of all minimal polynomials involved) such that K |= Ry(c1, ..., ¢n,Z). And as
C is a common Lg-substructure of both K and K™, this will automatically be satisfied in
K*. Hence ¢g preserves O and all our Ry predicates, and is an £r-embedding as claimed;

therefore ¢, is a well-defined £ r-embedding.

We have thus recursively defined an embedding Cflg — C;lg , and moreover, for every ele-
ment x € C’;lg N K*, x must satisfy some minimal polynomial m, over Cy, whose roots will

already have been mapped to in the above recursion, so that ¢, is surjective. We conclude

that ¢, : C} &N K - C;lg N K* is an isomorphism of £ z-structures. O
We are now ready to prove our main theorem.

Theorem 3.4.2. Suppose the following statement holds: whenever K, K* are two models of
Tr with common subfield D, such that K, D are countable, D C K, and K* is Ny-saturated;
then there is at least one a € K \ D% and one b € K* \ D8 with ®(a/D) = ®x+(b/D).
Then Tr admits quantifier elimination. Consequently, it is model-complete, complete, and

decidable.

Proof. Let K = My, K* = My and C = A; = Ay be as in Theorem 2.2.7, i.e. K is

47



countable, K* is Ny-saturated, both K and K* are models of T» with C' as common sub-
field. Enumerate the elements of K via a well-order <y, ,. with order-type o € ON and
define the partial embedding ¢g : K — K* as the identity function on C'. Given a partial

embedding ¢g : K — K™, we define ¢g;1 := ¢g if the first 7 elements of K are all in dom ¢g.

Else, extend ¢ : dom ¢g — im ¢ to an isomorphism ‘% : (dom ¢p)Me N K — (im ¢p)2e N
K* by Lemma 3.4.1, and set D := (dom ¢g)*8 N K. Take a the first element in K under the
well-ordering < .. such that there is b € K* with ®x(a/D) = ®x-(b/D), which exists via
our assumption, and take ¢g41 to be the field homomorphism given by taking the identity
on D and setting ¢41(a) = b. By Lemma 3.3.2 we are given that this yields an isomorphism

of Lx-structures D(a) = D(b).

As before, set ¢y = UB <) @p for limit ordinals A, and again we conclude that ¢, is an
Lr-embedding of K into K*. Thus we have extended our embedding C — K™ to an em-
bedding K — K*, and by the Shoenfield test for quantifier elimination we have that T

admits quantifier elimination as claimed.

Model-completeness follows automatically from quantifier elimination, completeness follows
from the existence of an algebraically prime model (Proposition 3.2.1), and decidability

follows as our axioms for T'r are recursively enumerable. O

3.5 Towards an unconditional result

Obviously the condition in the above theorem is unsatisfactory: we attempt to sketch here
a proof that given a relatively algebraically closed subfield C' and an arbitrary a € K tran-
scendental over C' we can find some b € K* such that ®x(a/C) = ®g+«(b/C), highlighting

where problems arise. It is clear that if we could prove such a statement, we would not need
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the assumption in the above proof.

Sketch. Let a € K be transcendental over C. To extend to an embedding CU{a} — K* it is
sufficient to find some b € K™ satisfying the same atomic formulas over C, or in other words,
a realisation of the quantifier-free type tp®F (a/C). As C has cardinality at most ¥y and K*
is N;-saturated, it suffices to show that every finite subset in tp®¥ (a/C) is consistent with
K* by Compactness. So take ¥ a finite subset of this set, and let ¥(z) be the conjunction

of all the formulas in ¥, so that we need to establish K* |= 3z ¥(z).

A one-variable quantifier-free sentence in £r will be equivalent to a sentence of the form
Ny Ry (@) A NJLy =Ry (2,65) A Ny v(Fi(z, @) < v(Gr(z,di)) A N2y Hi(z,@) =
0A /\c]1V:1 Jq(az,?q) # 0, with @;,b;,¢ etc tuples from C and polynomials f;, Fy, H;, J,
etc with coefficients from [, (¢); i.e., we get a boolean combination of polynomial equalities
and inequalities, valuation equalities and inequalities, and asserting the existence or non-

existence of roots of certain polynomials.

We distinguish cases according to whether x appears inside the scope of a predicate of
the form R; or not. If it does not then K™ inherits information about the R predicates
from C and so here we need only check that we can guarantee K* =3z A;_, v(Fi(z,c)) <
v(Gr(x, dg)) A Nj—y Hi(z,8) = 0 A /\é\[:1 Jo(x, f,) # 0. As by assumption C is relatively
algebraically closed inside K™* and « is transcendental over C, the H; and J, will give only
trivial information. So we are done if we can show that K* will always contain an element

satisfying a finite collection of statements v(g(x,d)) — v(f(x,¢)) > 0 whenever these are

jointly satisfiable inside K.

As z is transcendental over C' we cannot have f(x,¢) = 0 so that we will end up trying
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to satisfy some finite collection of statements of the form:

do + d1x + dox® + ... + dpa™
v 2 0,
co+cix+ ... +cpx™

where all ¢;, d; are coefficients from C, and we know that there is a solution inside K.

First problem. This may happen two different ways inside K — first, the value of a
may be outside v(C*) and e.g. end up dominating due to its size (e.g. if n > m and
v(a) >> v(C*)). This should always be possible to realise inside K* as the cofinality of
v(K™) must necessarily be uncountable due to X;-saturation of K*, and by assumption C' is
countable. So we should always be able to find large enough elements of the value group to
guarantee satisfaction here. Similar arguments should deal with any other cases where the
inequality is guaranteed by the value v(a) (outside v(C*)). In general in such cases we will
have v(dp 4+ dia+ ...+ d,a™) = min{v(dp), v(a) +v(d1),2v(a) + v(da), ...,nv(a) + v(d,)}, etc.
The second way that these statements may be satisfied is if v(a) € v(C*) and a satisfies
some relation with the coefficients ¢;, d; to ensure that certain cancellations happen and
therefore v(do + ... + dpa™) > min{v(dp), ..., nv(a) + v(d,)}. While it seems we can find
a suitable b € K* in practice, and such an approach seems to work concretely, the whole
problem of finding b € K* satisfying the given set of valuation inequalities requires further

argument to ensure a genuine proof.

For the harder case, if x occurs in the scope of some Ry, further to the above, we must
guarantee that for some given polynomials f1, ..., fn, fnt+1 with coefficients in C' U{X} there
exist roots in K* of fi,..., f, and that f,+1 has no root in K*. First let us consider the
case of a single polynomial — consider Ry, (X,¢), asserting that there is some y such that
f1(X,¢,y) = 0, and reorder the variables of fi so we get a multivariable polynomial g; such
that Ry, (¢) if 3z,y g1(¢,z,y) = 0. Then Ry (¢) will be contained in the quantifier-free

Lr-theory of C, so K* will satisfy it. Thus if we take the first element of a witnessing
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tuple (zo,y0) (i.e. such that gi(zo,y0) = 0), we will have a b € K* such that Ry, (¢,b)
holds. Finitely many polynomials can be reduced to this case as follows: similar to the trick
fi=fo=..=f,=0iff f2+ ...+ f2 =0 in characteristic 0, we may let a be a non-square
in F,, (if p > 2) and note that f; = fo = 0 iff fZ —afs = 0: iteratively we may reduce to the
case of a single polynomial. (For p = 2, or for a uniform approach, we may also consider the
polynomial f? —tf2, exploiting the fact that ¢ has minimal positive value and thus cannot

be a square.)

Second problem. How do we ensure that f,11(¢,b) DOES NOT have a root in K*?
It may be that g,+1(¢) does have one but if we restrict to the line x = b it does not. This
seems like an ‘intersection of varieties’ question (once we have somehow extracted irreducible
varieties X, from the relevant polynomials g), but so far we cannot see a way of guarantee-
ing this. (Arguments about henselian fields being large, and about the dimension of certain

varieties, could provide a way forward here.)

If we can solve the above two issues, we will have that K* = Jz¥(x), and so by Com-
pactness we have that Th(K*) Utp®F (a/C) is consistent, whence the quantifier-free type of
a over C is realised in K* by some b, implying ®x(a/C) = ®x+(b/C) as desired. We would

then be able to extend the embedding in Theorem 3.4.2 unconditionally.

3.6 Thecase['=7Z

Suppose (K, v) is a model of our theory T' with value group precisely Z. In this special case

we have some very nice theorems available.
Proposition 3.6.1. (K,v) has unique mazimal immediate extension F,((t)).

Proof. If (K,v) has value group Z then it admits a completion K , which is an immediate
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extension (see §2.1). We easily see that K must contain a copy of F,((t)), either by general
theory (K , as a field in characteristic p > 0 which is complete with respect to a henselian
valuation with value group Z and residue field F,, is thereby a local field and must be
isomorphic to [F,,((¢)) as a pure valued field) or by explicitly constructing elements of F,,((¢))
as limits of Cauchy sequences over F,(t)", and thus K is an immediate extension of F,((t)).
As F,((t)) admits no proper immediate extensions, we have K 22 F,((t)) as pure valued fields,
and by construction we can ensure this isomorphism preserves t. Because the diagrams of
addition and multiplication in the L-structure K are precisely the same as those in the
L-structure F,((t)), and by construction of T, we have that K and F,((t)) must agree on
the interpretations of all our new predicates Ry. Therefore K = F,((t)) as Lr-structures

and we obtain that, again as £z-structures, (F,(t)",v) < (K,v) < (Fp((t)),v). O

Proposition 3.6.2. The class of all models of T with value group precisely 7. is precisely the
class of all intermediate fields between F,(t)" and Fp((t)) which are relatively algebraically

closed inside F,((t)) and which have degree of imperfection p.

Proof. If K is a model of T with value group precisely Z then by the above it is a subfield of
F,((t)), and as it is a model of T' it is relatively algebraically closed inside the model F,((t))

of T by §3.2.

Now suppose that (K,v) is a field with F,(t)" € K C F,((t)) which is relatively alge-
braically closed inside F,((¢)) and which has degree of imperfection p. Then vK = Z and
Kv =T, and clearly v(t) will have minimal positive value in v/. We need only show that
K is extremal and that {1,¢,¢,...,t*~1} forms a p-basis. Extremality will follow if we can
show that (K, v) is henselian, algebraically maximal and defectless, as it has value group
precisely Z. Now (K, v) is closed under all Hensel polynomials as it is relatively algebraically

closed inside the henselian field [F,((¢)), so that K is henselian. Suppose E/K is an imme-
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diate algebraic extension of valued fields; then FE is contained in some maximal immediate
extension of K, which must be isomorphic to F,,((t)). As E is immediate over K we cannot
have that this isomorphism alters the residue field in any way or makes the interpretation
of t in K no longer minimal positive, so that K C E C F,((¢)) and therefore, by assumption
that K is relatively algebraically closed inside F,((t)), we have that E/K is trivial. Hence

K is algebraically maximal.

By [KuhO1, Theorem 21| we need only show that K is inseparably defectless to get that it
is defectless and therefore extremal. From [KuhOl, Lemma 17] (originally Delon [Del82]),
we have that K is inseparably defectless if and only if [K : KP] = p, i.e. if it has degree
of imperfection p, which we have already assumed. As K is inseparably defectless, [KuhO1,
Lemma 18] gives us that {1,t,...,t?~1} forms a p-basis for K. Thus (once the interpretations
of the Ry predicates are fixed in the obvious way), we see that K is indeed a model of T" as

claimed. O

3.7 Remark on existential decidability in Lr

Language is important — for instance, we know (unconditionally) existential decidability of
[F,((t)) holds in the language of pure valued fields [AF16], and (conditional on Resolution
of Singularities in positive characteristic) existential decidability holds in the language L

of valued fields together with a constant symbol ¢ [DS03]. We claim the following.

Proposition 3.7.1. Suppose the existential Li-theory of Tr is decidable — that is, there is
a decision procedure which, given ¢ an existential Li-sentence, outputs YES if Tr = ¢ and

which outputs NO otherwise. Then Tr is existentially decidable in Lr.

Proof. 1t is possible to rewrite existential £r-sentences in terms of £;, but we may end up

with universal quantifiers, so that this result wouldn’t be strong enough to give us existential

53



decidability in £ without an extra argument.

Concretely, suppose 37 ¢(T) is an existential £r-sentence, so that ¢ is quantifier-free. Then
¢ is logically equivalent to a finite boolean combination of atomic formulas and negated
atomic formulas, so that ¢(Z) is equivalent to a combination of formulas of the form 71 = 7o,
v(13) < v(ma), R(75), and negations of these, where 7; are Lr-terms. (It is possible to in-
terpret all other predicates etc in this way modulo T.) It is easy to see that an Lr-term is

simply going to be a rational function over F(t).

Now, among models of T', K |= Ry(7) iff K |= 3% f(7,Z) = 0 so that, as every polyno-
mial in F' is defined over F,(t), every positive existential £r-formula is equivalent to an
existential £;-formula. To translate the formula —R(7) into an existential formula in £;,
first take v the Li-formula Va f(7,2) # 0 and let T; be the L;-theory obtained by taking
only axioms (i)-(iv) of T'r in §3.2 (so that every model of T'r is a model of 7). Note that if
M1 C My are two models of Tx with My |= = R(7), then M; does not contain a root of
the polynomial f(7, X); by Proposition 3.2.2, which is proved for models of axioms (i)-(iv)
only (i.e. models of T}), then My cannot contain a root of this polynomial either, so that
for every two models M; and My of T} with My C My and M; | ¢ we have My = 1. By
[Hod93, Corollary 6.5.5] (a corollary of the Los—Tarski theorem [Hod93, Theorem 6.5.4]),

we have that ~R¢(7) is modulo T equivalent to an existential L;-formula. ]

We can thereby reduce the question of existential decidability in £z to the question of ex-
istential decidability in L;, and thereby reduce existential decidability in £Lr down to an

assumption of Resolution of Singularities in positive characteristic.

Remark. To what extent would the assumption of existential decidability in Lz help

us to approach an unconditional proof of quantifier elimination in 7?7 Unfortunately it
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does not quite seem to provide the argument we need: we would be able to prove, where
K* is our Ny-saturated model and C” is some subfield of K* elementarily equivalent to C' in
Lr, that K* contains some realisation b’ of tp®¥(a/C), interpreting constant symbols for
elements of C' by corresponding elements of C’, but because we do not know (and certainly
cannot assume!) that this type is complete, we cannot use x-homogeneity of K* to yield
an automorphism of K* sending C’ to C' and ¥’ to some b € K* genuinely satisfying the
algebraic configuration of a over C. This may seem like a subtle point but it appears to be

of critical importance.
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Chapter 4

Tools for further study

4.1 Pseudomaximal fields

As we see with large fields, sometimes in the model theory of fields we can fruitfully formu-
late and use definitions which involve a field K containing rational points of a K-variety if
some larger field contains rational points of that K-variety. Large fields turning up in the-
orems around extremality provide one example of this, but there are many others, e.g. the
theories of pseudo algebraically closed (PAC) fields, pseudo real closed (PRC) fields, pseudo
p-adically closed (PpC) fields, etc. See the excellent [FJ08] for a comprehensive overview of

many such examples.

We introduce a notion which to our knowledge has not previously been presented in this

form, although it has been previously studied.

Definition 4.1.1. Let (K,v) be a nontrivially valued field. We will call (K,v) pseudomaz-
imal if for every absolutely irreducible variety X defined over K, if X has a K'-rational
point in every mazimal immediate extension (K',v") of (K,v), then X has a K-rational

point.
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Standard techniques give us the following; the proof should work mutatis mutandis similarly
to the case for PRC fields shown in [Pre81]. (We credit [Monl7] as the paper which first

gave us the idea of reformulating this concept in model-theoretic terms.)

Theorem 4.1.2. Let (K,v) be a valued field. Then (K,v) is pseudomazimal if and only
if (K,v) is existentially closed in each of its mazimal immediate extensions, considered as

first-order structures in the language of valued fields.

Remark: Existential closedness in maximal immediate extensions has been previously
touched on in the literature; see [Kuh90, §10], particularly with reference to (Mod 2)
(K is existentially closed in every immediate extension), (Mod 1) (K is existentially closed
in at least one maximal immediate extension) and Lemma 10.2 (where it is shown that the

property (Mod 1) implies algebraic completeness).

We have already found our first nontrivial example of a pseudomaximal field, as Fp(t)h is

existentially closed in its unique (up to isomorphism) maximal immediate extension F,((t)).

Conjecture 4.1.3. Suppose (K,v) is a pseudomazimal valued field which admits a mazimal

immediate extension (M,v) which is extremal. Then (K, v) is extremal.

Our attempt to prove this statement ran aground. Our strategy was to let f € K[X7, ..., X,]
be a polynomial and try to show that {v(f(Z)) | z € O%} contains a maximal element, by
somehow extracting an absolutely irreducible variety from f; unfortunately, f may not have
a root in all maximal immediate extensions and so we cannot necessarily take a witnessing
element from K of the maximal value achieved in a maximal immediate extension M and
show that this implies f has that maximal value over O, as we would not be guaranteed

that our variety has a K-rational point.

Despite these setbacks, pseudomaximality seems like a natural notion which would allow

o7



us to ‘pull results down’ from maximal valued fields to more general valued fields, and we
hope that it may yet bear fruit. In particular we feel that Conjecture 4.1.3 should be within

reach once extremality is a little better understood.

4.2 n-extremality

Recall that a field (K,v) with valuation ring O is said to be extremal if, for every n € N
and every f € K[Xj,...,X,], the image of vo f on O™ has a maximal element in vK U{oo}.

Let us form the following definition:

Definition 4.2.1. Let n € N (> 1). We call a valued field (K,v) with valuation ring O
n-extremal if, for every f € K[Xy,..., X,,], the image of vo f on O™ has a maximal element

in vK U {oo}.

Thus a valued field is extremal iff it is n-extremal for all n € N.

This definition has several advantages: first, it may be much easier to prove that a field
is e.g. 2-extremal than it is to prove extremality as a whole. Indeed, the behaviour of curves
over a valued field (K, v) with respect to its valuation seems like a natural question for those

interested in valuation theory and algebraic geometry.

Secondly, once we have the concept of n-extremality in mind, a natural question presents it-
self: how much extremality do we actually require to guarantee ‘the whole lot’? Concretely,

and again by analogy with the cases of PAC, PRC and PpC fields:

Conjecture 4.2.2. Let (K,v) be a valued field. Then (K, v) is extremal if and only if (K, v)

18 2-extremal.

We pursued this idea but had difficulties reconciling the different topologies involved (the

Zariski topology and the topology induced by the ordering on vK). Our idea was as follows:
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one direction of the implication is trivial, so for the other direction, suppose (K, v) is not
extremal, and let f € K[X1,..., X;,] be a polynomial witnessing this fact. Consider now the
family of polynomials { f(X1, ..., X,) —c¢ | ¢ € K}; the failure of extremality means that there
will be a subfamily {g(X7, ..., X,) | g € &}, where & consists precisely of those polynomials
f — ¢ which have roots in O, and the v(c)s will witness the failure of extremality, i.e. there
will not be an attained upper bound. If necessary we can multiply through by constants
at this stage to ensure that every g is defined over O and not just over K. From here
one attempts to obtain an absolutely irreducible variety X, from each g, and, following the
analogous result for PAC fields (see [FJ08, §11.2]), show that each such variety must contain
an absolutely irreducible curve; the fact that henselian fields are large should provide the
required arguments on the dimension of X, and the existence of rational points, and we
would thus obtain a family of curves (say, Cy C X,) whose K-rational points witness the

failure of extremality.

The problems with this approach are as follows: first, it requires us to reconstruct a fair
amount of algebraic geometry over O rather than over a general field K. In particular it
seems that the key statement required is an analogue of the Matsusaka—Zariski theorem
(Proposition 10.5.2 in [FJ08]), and that things should be manageable if one can prove that
over some suitable family of valuation rings. At this point the theory of schemes became

involved and we felt that it was probably beyond the scope of this project.

Secondly, and most crucially to our mind, rational points on our curve C, are still go-
ing to be elements (x1,...,z,) € O"; one also needs a way to go from Cy to a curve writable
in two variables, defined over O, so that a rational point will genuinely be an element
(z,y) € O%. We know that C,; will be birationally equivalent to such a curve (assuming we

can recreate the relevant algebraic geometry over O), but we do not know if, in practice, this
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birational equivalence will preserve the property that the v(c)s witness the counterexample
to extremality. Therefore we may have no idea, when considering the family of all curves
Cy over O, whether the structure of O-rational points of Cy actually informs us about the

values of the polynomial f over O.

The problem in a nutshell is that our maps will preserve the Zariski topology but we have
no reason to believe they preserve the topology induced by the order topology on vK, and
the existence of two different topologies here is making things much more complicated than

we felt able to tackle as part of the present work.

(There is also the matter of obtaining an absolutely irreducible variety from each g, but

we felt this was less significant than the problems outlined above.)

4.3 Ultraproducts of generalised Laurent series fields

Write P for the set of all prime numbers, and let ¢/ be a non-principal ultrafilter on P. Now
let I' be a Z-group and consider the family of generalised Laurent series fields {F,((I')) : p €
P}. This is a family of L£r-structures and we can thus form the ultraproduct II(U,I") :=

[, Fp((I")). The following can easily be seen to hold true of II(U/,I"):

e II(U,TI') is a henselian valued field of residue characteristic 0:
As we have a symbol O for the valuation in our language and all our generalised
Laurent series fields satisfy Va (xr € OV 1/x € O) we have that II(U,T") is a valued field.
Each IF,,((I')) is henselian so (via Hensel’s Lemma) satisfies Vay, ..., an—2 € M Jz (2™ +
2" 1t a, 02" 2+ ...+ ag = 0) for every n € N, from which we see that II(U/,T") does
likewise. And as we can write the residue field uniformly as O/ M without reference

to p, and we have 14 ...4+1 (p times) ¢ M for all but one F,((I")), we see that II(U/,T")
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has residue characteristic 0.

e v(II(U,T)) is a Z-group with v(t) = 1:
As we have a symbol for O in our language we can express the sentence “v(t) is minimal
positive” without reference to p via any sentence interpreting =3z v(1) < v(z) < v(t).
Similarly, one can express the fact that I' is a regularly ordered group via the same
infinite schema of sentences in all models without reference to p. This means we have
these sentences holding in all F,,((I")), whence they necessarily hold in the ultraproduct,

giving us our result directly.

o II(U,TI') is extremal:
II(U,T) is a henselian field of residue characteristic 0. It is thus automatically de-
fectless, and so cannot admit any proper immediate algebraic extensions, whence it is
henselian, defectless and algebraically maximal. As its value group is a Z-group we

have immediately that II({/,I') is extremal.

Unfortunately as there are infinitely many formulas involved in defining extremality in first-
order terms, we cannot directly conclude that F),((I')) is extremal for almost all p. However,

we can obtain some results nonetheless:

Proposition 4.3.1. Fiz m,n € N, and let I' be any Z-group. Then for almost all primes
p, the following statement holds: F,((I')) is n-extremal with respect to all multivariable

polynomials of order < m.

Proof. If f € K[X1,...,X,,] has order < m then it has only finitely many terms and finitely
many coefficients from K, so that where @ is a tuple of all the coefficients appearing in f
and we set g(z1,...,2pn,y) := f(x1,...,2,)[y/a] (i-e., replacing each coefficient a; appearing

in f with a variable y;), one can simply use the sentence

VY 321,y 2n € O VT, gy € O 0(g(21y ooy 0, T)) < 0(g(214 ey 20, T))-
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This is satisfied in the ultraproduct and therefore must be satisfied by F,((I')) for almost

all p. O

This allows us to conclude extremality with respect to certain classes of polynomials: for
instance, we obtain that F,((I')) is extremal with respect to all elliptic curves, for almost all
p. Similarly, we can say that F),((I")) is F,((I'))-extremal with respect to all p-polynomials
of order < m (in the terminology of [AK16, §3]) for almost all p. Unfortunately we cannot
seem to dispense with the finite m here, and we have not succeeded in our attempts at a

direct proof of n-extremality even for the field F,,((¢))((Q)).

We note that we have not used many particular properties of the fields F,((I")) here, so
that this argument applies much more generally: indeed our argument holds for any col-
lection of henselian fields such that the residue characteristic of the ultraproduct ends up

being 0, and the value group ends up a Z-group.

While we have not succeeded in proving that each F,((I')) is a model of T" where I' is

an arbitrary Z-group, a simple Compactness argument yields the following result:
Proposition 4.3.2. Let I' be a Z-group. Then F,((I')) is contained in some model of T

Proof. 1t suffices to show that we can embed F,((I')) as an L;-structure in some model of
T. Extend L; by adding constant symbols ¢, for every sequence s C I' x [F,, such that the
support of s, i.e. the set {y € I' | 3n € F,* (vy,n) € s}, is well-ordered. The intention is to
have every element of F,,((I')) encoded by such a sequence s and interpreted by c¢,. Add to

T the following axioms:

o ¢, =Y a;t' for all finite sums >, a;t* in F,((t)), where s C Z x F,, and a; € F,, such

that a nonzero coefficient a; appears in the sum only if (i,a;) € s.
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® C5 + Cs, = Csy+s, and g, - Cs, = ¢y for all sequences sy, s2, where M is the sequence

associated with multiplying together the elements represented by ¢,, and cg, in F,,((I')).

e ¢, € O whenever the first element of the support of s is non-negative, and v(cs) = v(t")

whenever the first element of the support of s is n € Z.

Denote this expanded set of axioms by TF. We claim that F,((¢)) is a model for any finite
subset ¥ of T". Indeed, let sq,...,s, be all sequences appearing in constant symbols in
sentences of Xo; map cs; to the relevant finite sum in F,((¢)) wherever >, a;t" is a finite
sum in F,((¢)), and let N be the highest power of ¢ appearing in any of these sums or any
other term appearing in Y. By inductively choosing, as an interpretation for cy; (where s;
is the first sequence from s1, ..., s, not already mapped to an element of IF,,((¢)) ) the sum
25:1 ajt® plus some arbitrarily large power of ¢ (which we then take as our new N), it is
straightforward to pick a finite set of elements of F),((t)) satisfying all (quantifier-free first-
order in £;) constraints in X, by simply choosing larger and larger powers of ¢. (Indeed, by
choice of axioms, we need only really concern ourselves with making sure that every relation

of the form ¢y, + ¢s, = €5y 45, and ¢, - cs, = cpr is preserved.)

Therefore T is satisfied by some model M. But our additional axioms guarantee that
the set {x € M | 3s x = ¢s} is isomorphic as a valued field to F,,((I')). This proves the

statement. ]

4.4 Extremal closures

Let ¥ be an L-theory (we use ¥ instead of T to avoid confusion with 7'7). Recall the notion
of ¥-closure introduced in §2.2.1 in van den Dries’ test for quantifier elimination (Theorem
2.2.8): if A is a substructure of a model B of ¥, then a X-closure of A is a model A*

of ¥ which embeds over A in every model of ¥ containing A. In every first-order theory
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of valued fields which admits quantifier elimination (which, we hope, includes T'r) then we
should expect some analogous notion to make sense. To that end we formulate the following

attempted definition.

Definition 4.4.1. Fiz L a first-order language extending the language of valued fields. Let
I’ be an ordered abelian group, k a field, p = char(k) either O or a positive prime, and q

equal either to 0 or p, such that the following class of fields is nonempty:

E = {(K,v) | (K,v) is an extremal valued field with charK = q, vK =T, and Kv = k}.

This is an elementary class of fields; let B € E be an L-structure and let A C B be some

substructure. We will call A* an extremal closure of A if we have both:

(i) AC A* € E,

(ii) for every K in E containing A, there is an embedding of A* into K over A.

The first thing to note is that we say an extremal closure rather than the extremal closure
because we do not a priori require that this embedding be unique, which would be needed
to imply a universal property of extremal closures and thereby guaranteeing uniqueness up
to valuation-preserving isomorphism. In particular, we suspect that the non-uniqueness of
algebraically maximal immediate extensions of fields in positive characteristic may provide

examples where such a closure, if it exists, will not be unique.

In which classes E does this provide a useful notion, and furthermore, in which classes
E are extremal closures unique up to valuation-preserving isomorphism? It seems to us that
this question is wide open, and other than a few easy cases (e.g. if vK = Z and Kv is of
characteristic 0 then the extremal closure of K will be unique and will coincide with the

henselization of K, as fields of residue characteristic 0 are automatically defectless and so
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(K", v") will be extremal directly), it is not even clear how one would concretely obtain an

extremal closure of a given field.

If we can prove that Tr admits extremal closures, then this is close to a proof of quantifier
elimination via the Van den Dries-style test (Theorem 2.2.8) — the notion of ‘extremal clo-
sure’ would work towards satisfying condition (i), and our notion of ‘algebraic configuration’

can be seen as an attempt to capture condition (ii).

Unfortunately we cannot see a clear path towards constructing an extremal closure of a
given valued field. One might seek to approach the problem by attempting to construct
new elements witnessing extremality, by taking pseudolimits of some pseudo-Cauchy se-
quence of elements ag,aq,az,... such that the values f(ag), f(a1), f(a2),... approach the
maximum value achieved on O; however, this approach could only work for polynomials in
a single variable and thus will not be sufficient for extremality, which involves multivari-
able polynomials. Even in the case of 2-extremality this would cause issues, because for a
2-variable polynomial f(X,Y") there would be no a priori guarantee that the pseudoconver-
gence of the sequence f(ag, bo), f(a1,b1), f(az,bs), ... would imply the pseudoconvergence of
the sequences ag, a1, as, ... and by, b1, b, ... . As such, we cannot see a clear way to begin

constructing an extremal closure of a given valued field.
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Chapter 5

Extensions with dense value group

We turn now to extensions of Fy,((t)) whose value group is no longer a Z-group. These fields
will no longer be discretely extremal and thus we should expect their model theory to be
altogether different from that of F,,((¢)). For all of the extensions we consider, we will keep

the residue field as F,, throughout.

Let us first consider the perfect hull F,((t))P of F,((t)) — this is the smallest perfect field
containing F,,((¢)), or, equivalently, the maximal purely inseparable extension of F,,((t)). We
have that F,((¢))P*! consists of precisely those elements  in the algebraic closure of F,((t))
such that for some k € N we have 27* € F »((t)); one sees easily that such an element will be a
Laurent series over ), in some ¢1/7" and therefore that F, ()Pt = U2, Fp((tl/pk)). This
is an algebraic extension of F,((¢)) and so the henselian valuation there extends uniquely to
a henselian valuation on F,((t))P*"f by setting v(t!/ P*) = 1/p* in the obvious way. We thus
end up with a valued field of characteristic p > 0 with value group p~*°Z := [J;2, p k7,
the p-divisible hull of Z, and residue field F,,.

perf

Whereas F,,((t)) is complete (in an analytic sense), F,,((¢))?°" is not: consider for example

the Cauchy sequence given by setting a, := > ,_; tk=(1/P") for each n € N. By construction
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this sequence can have no limit in any F,((¢t"/ pk)) and therefore has no limit in F,((t))Pe,

and the sequence is clearly Cauchy because v(an+1 — an) — 00 as n — oo. (This translates

t0 |ans1 — an| — 0 as n — oo via the identification |z| = e~*(®).)

We know that F,(())P*"! admits a completion, and that this completion will be an immedi-
ate extension of valued fields (see preliminaries). Furthermore we know that F,((¢))Pef C
F,((p™°°Z)) and that this latter field is maximal, admitting no proper immediate exten-
sions; it is therefore complete, and is a suitable ambient space to consider the question of

the completion of F,((¢))Pe.

Let us denote K := F,((t))P, K the completion of K, and F := Fy((p~>°Z)): then
we have K C K C F , with F'//K an immediate extension of valued fields (thereby implying

that the extension F/K is also immediate). We first note a simple result.
Proposition 5.1. The fields K, K and F are all henselian.

Proof. K is an algebraic extension of the henselian field F,,((¢)) and is therefore henselian.
Henselianity of K follows from [EP05, Theorem 1.3.1]. As a generalised Laurent series field,

F' is automatically henselian, as per preliminaries. O

We next seek to characterise K inside F.

Given an element « of any generalised Laurent series field, the support supp(a) is a well-
ordered set; define the order-type of an element o € F' to be the unique ordinal number
that is order-isomorphic to supp(«), giving us a function ot : F' — ON.

Further define N : F — N U {oco} by setting N(«) to be the least n € N such that

supp(a) € p~"Z, with N(a) = oo if there is no such n € N. (This is well-defined as
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we know that supp(a) C U2 p "Z.)

We can now provide the following characterisation.
Proposition 5.2. Let o € F. We distinguish the following cases:
(1) If ot(a) < w then o € K.
(ii) If ot(a) > w then o € F\I?
(iii) If ot(a) = w and supp(e) is bounded above in p~Z, then a € F\ K.
(iv) If ot() = w, supp(a) is unbounded above in p~*°Z, and N(«a) < oo, then a € K.
(v) Else, v € K\ K.

Proof. Case (i) is clear.

For case (ii), we have ot(a) > w + 1, so where 7 is the first and 7,41 is the w + 1th
element of supp(«), we have that there are infinitely many elements of supp(«) between 7,
and v,41. But for every finite n there are only finitely many elements of p~"Z between v,
and 7,41, so if & were the limit of a Cauchy sequence in K = J, .y Fp((¢1/?")), no element of
the Cauchy sequence would agree with « up to v,41: that is, if a,, — o as n — oo, we have
v(an — a) < vyu41 for all n. So certainly v(a, — ) 4 oo as n — oco. But then |a, — a| A 0

as n — oo, contradicting our assumption that « is a limit of the Cauchy sequence (ay,).

This generalises to give us case (iii) by replacing 7,41 with any upper bound for supp(«).

In case (iv) we have a € F,((t'/?")) directly for some n, by definition of N(a), whence

ac K.
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Finally, we need to show that if ot(a) = w, supp(«) is unbounded above and N(a)) = oo then
a is genuinely an element of K \K. Now N(«) = oo implies that o cannot be contained in any
F,((t'/P")) and therefore a ¢ K. Let {7, : n € N} be the canonical enumeration of supp(«)
compatible with the ordering of p™*°Z (i.e. v, < v, iff n <m), so that a =) a,t?. We

claim that the partial sums sy, := Zﬁ:o ant? form a Cauchy sequence in K converging to a.

Clearly every sg, being a finite sum, must already be contained in some Fp((tl/ P"Y) directly,
so that each element of the sequence is already in K. We have v(sgi1 — Sk) = Yp41 — 0
as k — 0o, this being equivalent to the statement that supp(«) is unbounded above, so our
sequence is indeed Cauchy. And clearly v(a — sg) = g41 for all k, whence « is indeed a

limit of the Cauchy sequence (si)ken, as desired.

This proves the result for all cases. O

We can see immediately that K is perfect, via the rule {/ZV a7 = Zv /0y /P We see

easily that K is relatively algebraically closed inside K , as every algebraic extension of a
henselian field within its completion is purely inseparable (see e.g. [Kuh90, Lemma 7.1]),

and as K is perfect it admits no (proper) purely inseparable algebraic extensions.

We note that there are proper algebraic extensions of K inside F: indeed, consider s :=
pray t=1/P* ¢ F. We see that s ¢ K as its support has order-type w and is bounded above
by 0. Calculating sP = Zzozl(tfl/pk)p =y =17 we see that s” —s = t~! and so
this gives an algebraic purely wild extension of K inside F. Let us therefore denote by
Fy := FNF,((t)*8 the relative algebraic closure of F,((t)) inside F, and Fy := F N Kol

the relative algebraic closure of K inside F.
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We next turn to the Galois theory of these fields. Recall that the absolute Galois group of
a field is the same as that of its perfect hull (see [Jar96, §1]), so that Gx = Gy, ((t)) via

the canonical restriction map. (For a concrete description of the absolute Galois group of

F,((t)), see [EF99].)

Proposition 5.3. The absolute Galois groups G and G are isomorphic via the canonical

restriction map res : G — Gk.

Proof. As K is relatively algebraically closed inside K , we have that K% N K =K. As
K*%P is a Galois extension of K, [Cha, §1.3] gives us immediately that the restriction map
Gal(K*PK /K) — Gal(K*P/K) is an isomorphism of profinite groups. But the group on
the right-hand side is just G g, and the field composite K seP ¢ is equal to (I? )°°P via a simple

corollary of Krasner’s Lemma (see [Efr06, Corollary 18.5.3]). O

Proposition 5.4. The canonical restriction mapsres : G, — G, res : Gg, — Karel—1

but not onto.

Proof. By the definition of ‘absolute Galois group’ and the fact that Fy /K, Fy/ K are both
algebraic extensions, the restriction maps are necessarily injective: two automorphisms of
FfP — K5 (resp. F5® = K*%P) which are fixed pointwise on F} (resp. F») have identical
restrictions in G (resp. Gp) if they take precisely the same values as automorphisms
of K% fixed pointwise on K (resp. automorphisms of K5P fixed pointwise on K ), but
this happens just when they are identical. Noting that F}/K (resp. Fy/ K ) is a separable
extension, [Cha, § 1.12] gives that the restriction map is onto iff F; N K5 = K (resp. iff
BN K = K ), but this is clearly not the case due to the existence of algebraic elements

in '\ K (resp. F\I?) O

We know that F' is a tame valued field (see preliminaries), and that these fields have par-
ticularly nice model-theoretic properties. In particular their first-order theory is decidable

if and only if the first-order theories of their value group and residue field are decidable.
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Furthermore we know that a valued field in positive characteristic is tame if and only if it is
perfect and algebraically maximal; thus if we demonstrate that F; and F5 are algebraically

maximal we will have a number of useful results immediately available to us.

Let L/F; be an immediate algebraic extension. (The case F works identically.) Now
as F is relatively algebraically closed in F, either L C F' already (and therefore L/F} is
trivial), or else L is linearly disjoint from F. Then [L : Fy]| = [L.F : F] = p" for some n, as
L/Fy is nontrivial immediate and must therefore be a defect extension. But F' is tame and
admits no nontrivial defect extensions, so that L.F'/F must be a residue field extension (F
does not admit any value group extension of order p™ as its value group is p-divisible). But
then (L.F)v = Fpn, and therefore L.F'\ F' contains some (p" — 1)th root of unity. But by
assumption L is linearly disjoint from F', so that this root of unity must already exist in L,

contradicting our assumption that L/F; is immediate.

From this, taking our preliminaries on the model theory of tame valued fields into account,

we obtain:
e Fy, Fy are tame fields, and F} is the smallest tame field containing F,((¢)),
e the fields Fy, Fy and F are all elementarily equivalent,
e I and F5 are both existentially closed in F', and F} is existentially closed in F,
e the first-order theory of F} is decidable.

Therefore we see that decidability is obtainable in extensions of F,,((¢)) once we’ve overcome
the issues posed by the fact that F,((¢)) is not perfect and that there are defect extensions

lying between F,((t))P! and F,((p~*°Z)).
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Chapter 6

Brief concluding remarks

We have, in Theorem 3.4.2, a conditional proof of quantifier elimination of T'r, and the ex-
istence of an algebraically prime model gives us a conditional decidability result for F,((t)).
The required condition is, however, something that appears difficult to tackle, and we have
highlighted a couple of areas where an unconditional proof seems to run aground. Neverthe-
less, the theory T'r certainly seems like a good candidate for further investigation, and we
have a complete characterisation of its models with value group precisely Z. Furthermore
we have that existential decidability of Tx would be implied by Resolution of Singularities

in positive characteristic.

We note that our notion of algebraic configuration would exactly correspond to the sec-
ond part of van den Dries’ quantifier elimination test, and note that the first part, the
existence of some form of extremal closure for T', seems to be readily supplanted by being
able to extend to the relative algebraic closure of a subfield. We suggest that this is because
extremality is an intrinsic property of a valued field which can be ‘read off’ from the graph
of the map v : f(O™) — vK where f is a multivariable polynomial; in essence, because we
know that K is extremal, we must have that its image in K* becomes extremal once we

have added enough elements.
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We have introduced some notions to the study of this area and done our best to obtain
results involving them, with varying degrees of success. The formulation in terms of alge-
braic configurations, in particular, allows us to specify precisely what is needed to guarantee

decidability.

There have been several developments around this area recently, not all of which have
been possible to incorporate or internalise in the time available, such as the notion of Hensel
minimality developed in [CHRK19], of which we first became aware at a workshop in Ober-
wolfach in October 2016, where it was presented under the name ‘resplendent minimality’

(which we prefer as being more poetic).

We hope to see the model theory of valued fields, particularly in this area, continue its
recent spell of significant progress over the coming years. One way or another we are opti-
mistic that the question of whether or not the first-order theory of F,((¢)) is decidable is a

question which will soon be answered.
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