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Abstract

We begin by studying several structural properties of graphs that lead

to ‘efficient’ colouring algorithms. We first show that the treedepth

of a Pt-free graph is bounded by t times its maximum degree, and

use this to show that the number of 3-colourings can be computed in

time O
(

2
√
tn log(n)

)
for any Pt-free graph on n vertices. We then prove

that several graph classes, including the class of planar graphs, have

asymptotic dimension 2. This has applications to graph colouring and

partitioning schemes. We end this part by studying when a ‘connected’

greedy procedure for colouring the edges of a graph can find an optimal

colouring.

In the second part, we consider extremal questions on the reconstruc-

tion of graph parameters. The deck of cards of a graph G is given by

the multiset {G− v : v ∈ V (G)} of induced subgraphs of order n− 1.

A graph parameter f can be reconstructed if any two graphs G and

H with the same deck of cards satisfy f(G) = f(H). For n sufficiently

large, we show that the number of edges of a graph on n vertices is

determined by any subdeck containing at least n − 1
12

√
n cards. For

planar graphs, we can reconstruct not only the number of edges, but

also the degree sequence, even if a linear number of cards is missing.

We then turn our attention to a set-up where rather than missing cards

from the deck, the cards are ‘smaller’, and we consider the problem of

reconstructing the degree sequence and recognising connectivity. In all

cases, we significantly improve the best-known bounds.

Finally, we turn to the study of intersection patterns in the hypercube.

We investigate the possible intersection sizes a k-dimensional linear



subspace can have with the hypercube {0, 1}n. For fixed k and arbi-

trary n, the intersection size must be between 1 and 2k. We exactly

determine the possible intersection sizes larger than 2k−1 for every n,

settling a conjecture of Melo and Winter, and then disprove a second

conjecture of Melo and Winter by showing that a positive proportion of

the intersection sizes smaller than 2k−1 are impossible to obtain. After

that, we give some partial progress towards the problem of determin-

ing the minimum number of hyperplanes required to cover a subset

B ⊆ {0, 1}n without covering any point from {0, 1}n \B.
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Jonathan Narboni, Jakub Pekárek and Alexandra Wesolek [20].

Chapter 5 is based on joint work with Hannah Guggiari and Alex Scott

[50] and on joint work with Tom Johnston, Andrey Kupavskii, Kitty

Meeks, Alex Scott and Jane Tan [53]. Theorem 5.1 (with a slightly

different proof and constant) has also appeared in the DPhil thesis of

Hannah Guggiari.

Chapter 6 is based on joint work with Tom Johnston, Alex Scott and

Jane Tan [54].

Chapter 7 is based on joint work with Tom Johnston [52]. A similar

chapter has also been submitted for the confirmation thesis of Tom

Johnston.

Chapter 8 is based on joint work with James Aaronson, Andrzej Grze-

sik, Tom Johnston and Bartłomiej Kielak [1].



Contents

1 Introduction 1

1.1 Structure for algorithms . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1.1 Colouring Pt-free graphs . . . . . . . . . . . . . . . . . . . . 2

1.1.2 Asymptotic dimension of graph classes . . . . . . . . . . . . 5

1.1.3 Connected greedy edge colouring . . . . . . . . . . . . . . . 7

1.2 Reconstruction from partial information . . . . . . . . . . . . . . . 8

1.2.1 Reconstruction from a partial deck of cards . . . . . . . . . 11

1.2.2 Reconstruction from small cards . . . . . . . . . . . . . . . . 12

1.3 Hypercube intersections . . . . . . . . . . . . . . . . . . . . . . . . 15

1.3.1 Intersection sizes of linear subspaces with the hypercube . . 15

1.3.2 Exact hyperplane covers for subsets of the hypercube . . . . 16

1.4 List of publications . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2 Colouring Pt-free graphs 20

2.1 A partition function for list colouring . . . . . . . . . . . . . . . . . 22

2.2 Treedepth of Pt-free graphs and dynamic programming . . . . . . . 23

2.3 Algorithm and time analysis . . . . . . . . . . . . . . . . . . . . . . 28

2.4 Why hardness is hard to prove . . . . . . . . . . . . . . . . . . . . . 31

2.5 Open problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

3 Asymptotic dimension of graph classes 35

3.1 Definitions and examples . . . . . . . . . . . . . . . . . . . . . . . . 36

3.1.1 Sparse partitions . . . . . . . . . . . . . . . . . . . . . . . . 37

3.1.2 Relation to clustered colouring . . . . . . . . . . . . . . . . . 41

3.1.3 Quasi-isometry, grids and hypercubes . . . . . . . . . . . . . 43

i



3.1.4 Further remarks . . . . . . . . . . . . . . . . . . . . . . . . . 47

3.2 Graphs on surfaces are two-dimensional . . . . . . . . . . . . . . . . 49

3.2.1 Fat bananas and minors . . . . . . . . . . . . . . . . . . . . 50

3.2.2 Dimension of banana-free graphs . . . . . . . . . . . . . . . 52

3.2.3 Dimension of K3,pfree graphs . . . . . . . . . . . . . . . . . . 57

4 Connected greedy edge colouring 64

4.1 Proof of NP-hardness . . . . . . . . . . . . . . . . . . . . . . . . . . 66

4.2 Bipartite graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

4.3 Subcubic graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

5 Reconstructing graph parameters from a partial deck 78

5.1 Magic formula and uses . . . . . . . . . . . . . . . . . . . . . . . . . 80

5.2 Size reconstruction . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

5.2.1 Reconstructing most of the degree sequence . . . . . . . . . 82

5.2.2 Proof of Theorem 5.1 . . . . . . . . . . . . . . . . . . . . . . 85

5.2.3 Almost regular graphs . . . . . . . . . . . . . . . . . . . . . 87

5.2.4 Exploiting gaps . . . . . . . . . . . . . . . . . . . . . . . . . 90

5.3 Graphs of bounded average degree . . . . . . . . . . . . . . . . . . . 92

5.3.1 Edge and clique counts . . . . . . . . . . . . . . . . . . . . . 93

5.3.2 Degree sequence reconstruction . . . . . . . . . . . . . . . . 95

5.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

6 Reconstructing graph parameters from small cards 104

6.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

6.1.1 A variant of Kelly’s Lemma . . . . . . . . . . . . . . . . . . 105

6.1.2 Shared moments of sequences . . . . . . . . . . . . . . . . . 105

6.2 Degree reconstruction from small cards . . . . . . . . . . . . . . . . 107

6.3 Connectivity recognition from small cards . . . . . . . . . . . . . . 108

6.4 Open problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

ii



7 Intersection sizes of linear subspaces with the hypercube 112

7.1 Framework and notation . . . . . . . . . . . . . . . . . . . . . . . . 113

7.2 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

7.3 Large intersection sizes . . . . . . . . . . . . . . . . . . . . . . . . . 117

7.4 Small intersection sizes . . . . . . . . . . . . . . . . . . . . . . . . . 123

7.5 Computer search . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

7.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127

8 Exact hyperplane covers for subsets of the hypercube 129

8.1 Covering all but up to four points . . . . . . . . . . . . . . . . . . . 130

8.2 Asymptotics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134

8.3 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138

Bibliography 140

iii



List of Figures

1.1 An example is given of how to obtain the deck of cards from a graph. 9

2.1 An uncle tree is grown depth-first subject to the condition that the

path from the root to any leaf is induced. The pink dashed edges

may be present in the original graph. The dotted edges cannot be

present. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

2.2 The figure shows how to go from the uncle tree T of Figure 2.1 to

a tree F on the same vertex set, such that for all uv ∈ E(T ), u, v

have an ancestor-descendant relationship in F . . . . . . . . . . . . . 25

3.1 For r ∈ [3], the r-balls around a vertex of a 2-dimensional grid are

shown. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

3.2 The ‘chessboard’ partition on the top is 5r-bounded and has r-

multiplicty at most 4. The ‘wall’ partition on the bottom has r-

multiplicity at most 3. . . . . . . . . . . . . . . . . . . . . . . . . . 39

3.3 The two 2-components A1 and A2 of a subset A. . . . . . . . . . . . 43

3.4 A q-fat 3-banana (left), and a q-fat K3-minor (right). . . . . . . . . 51

3.5 Each r-ball intersects at most two layers. Within each layer, each

r-ball intersects at most 2 sets. Hence each r-ball hits at most 4 sets. 53

4.1 The graphs Q3, Q+
3 and H3 are depicted with possible 3-edge colour-

ings. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

4.2 The graph H is depicted with a possible edge colouring. . . . . . . . 68

4.3 We create an instance of the depicted graph for each vertex of G. . 69

iv



4.4 A graph G with maximum degree 3 and χc(G)′ > χ′(G). For any 3-

edge colouring, there are two edges of type su coloured 3 ‘entering’

a copy of H3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

4.5 If the (x, y)-chain of s′ includes s, then G contains an odd cycle. . . 73

6.1 Two non-isomorphic trees on 13 vertices which have the same 7-deck.111

7.1 An example of a shape of a non-minimal map (left) and of a minimal

map (right). Note that on the left-hand side, the support of one of

the edges is completely contained in the combined support of the

other edges. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

7.2 A (3, 2)-star with 2 edges. . . . . . . . . . . . . . . . . . . . . . . . 119

v



Chapter 1

Introduction

The chapters in this thesis all aim to be self-contained, but each can be roughly

assigned to one of three main themes.

1.1 Structure for algorithms

Many real-life problems can be modelled as a graph colouring problem. As an ex-

ample, suppose that ten jobs need to be assigned to three employees while ensuring

that no employee has two jobs with conflicting times. The jobs must be divided

into three groups such that no two jobs in the same group have any time conflicts

and we assign each worker exactly one group of tasks. If we create a vertex for

each job and add an edge between two jobs when their times conflict, then a viable

partition of the jobs exactly corresponds to a 3-colouring of this graph.

Graph colouring problems have a wide variety of similar applications [33, 87,

93], mainly in scheduling and allocation problems. In many cases, finding an op-

timal solution is ‘equivalent’ to determining whether an optimal solution exists.

For example, we can see whether there is a 3-colouring of the graph that assigns a

vertex a particular colour, and keep assigning such colours until the graph has been

3-coloured. However, it is often difficult to solve such decision problems without

making additional assumptions. By restricting the structure of the graph, the prob-

lem may become easier. The following are some examples of structural constraints

that algorithms may be able to exploit.
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• Planar. The graph can be drawn on a piece of paper without any crossing

edges. This is often the case for spatial data.

• F -free. The graph does not contain a certain ‘forbidden subconfiguration’ F .

For example, planar graphs do not contain 5 points among which all edges

are present.

• Bounded degree. For example, it could be the case that each job has at most

100 time conflicts.

• Bounded diameter. The ‘main component’ of the ‘Facebook graph’ (in which

each edge represents a friendship) had diameter 41 in 2011 [9].

1.1.1 Colouring Pt-free graphs

In Chapter 2, we show that the non-existence of long induced paths can be ex-

ploited to find faster colouring algorithms than we expect to be possible in general.

A k-colouring of a graph G is a colouring of the vertices of G using k colours

such that adjacent vertices receive different colours. The chromatic number χ(G)

is the smallest k for which a graph G admits a k-colouring.

The decision problem k-colourability asks whether a given graph G is k-

colourable, and is NP-complete1 for k ľ 3 (for k = 2 the problem can be solved in

polynomial time). This is a well-known and widely studied decision problem, and

in fact the related decision problem2 chromatic number was one of the ‘first’

NP-complete problems from Karp [75].

In order to investigate what makes k-colourability hard, a natural question

is whether the problem becomes easy when structural constraints are added, in

particular, if we restrict to instances that do not contain a particular structure.

One way of doing this is by restricting to the class of F -free graphs: the set of

graphs which do not contain F as an induced subgraph, for some fixed graph F .

1A decision problem is a yes/no-question. The class NP contains decision problems for which a
positive answer can be ‘verified’ in polynomial time. A problem is NP-hard if every problem from
NP can be ‘reduced’ to it with at most polynomial overhead and NP-complete if it is moreover
part of the class NP itself.
2The decision problem is: given a graph G and an integer k, decide if G is k-colourable. Note

that k is part of the input here (rather than a constant).
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The goal is then to determine for each graph F , whether k-colourability is

NP-complete (hard) or solvable in polynomial time (easy) if the input graph is

assumed to be F -free. (Note that if NP 6= P, then there are problems that are

neither NP-complete nor in P; in particular, the dichotomy that we are aiming for

may not exist.)

Forbidden subgraph 3-colouring 4-colouring k-colouring for k ľ 5
P5 P P P
P6 P P NP-c
P7 P NP-c NP-c

Pt for t ľ 8 ? NP-c NP-c
C` for ` ľ 3 NP-c NP-c NP-c

K1,3 NP-c NP-c NP-c

Table 1.1: Known complexity results for k-colourability on F -free graphs. The
label ‘P’ stands for solvable in polynomial time and ‘NP-c’ stands for NP-complete.

The known results are summarised in Table 1.1. For fixed k ľ 3, k-colourability

is known to be NP-complete for F -free graphs if F is either a cycle C` for ` ľ 3

[74] or the claw K1,3 [66, 86]. Any graph F which does not contain a cycle nor

the claw is a disjoint union of paths, which makes the path on t vertices Pt the

natural next case. If a graph has Pt as an induced subgraph, then it also contains

a copy of Ps for all s ĺ t; in other words, the class of Ps-free graphs is contained in

the class of Pt-free graphs for all s ĺ t. This means k-colourability on Pt-free

graphs gets ‘harder’ as t increases.

Polynomial-time algorithms for deciding k-colourability for Pt-free graphs

exist for t ĺ 5 [65], (k, t) = (4, 6) [36, 37] and (k, t) = (3, 7) [24]. A common

technique is to colour a small dominating set (a set adjacent to all other vertices) in

order to eventually reach the situation in which each vertex has only two available

colours left, giving a 2-sat problem which is solvable in polynomial time [6].

Huang [67] showed that 4-colourability is NP-complete for P7-free graphs

and that 5-colourability is NP-complete for P6-free graphs. This settles the

case k ľ 4 and leaves us with the following main open problem in this area.

Problem. Is 3-colourability on Pt-free graphs solvable in polynomial time for

every t ľ 8?

3



This problem was posed by Randerath, Schiermeyer and Teweshas in 2002 [110,

Problem 18] and has appeared in numerous surveys since then (e.g. [34, Question

9.3],[49],[109, Problem 56]). The main result of Chapter 2, which is joint work with

Karolina Okrasa, Paweł Rzążewski, Alex Scott, Paul Seymour and Sophie Spirkl

[55], takes a first step towards a positive answer to this open problem.

Theorem 2.1. On Pt-free graphs, 3-colourability can be decided in time subex-

ponential in the number of vertices of the graph.

On the other hand, we prove that, assuming the Exponential Time Hypothesis,

no such subexponential-time algorithm can exist when k > 3 colours are used or

the path is replaced by a different connected graph. This might shed some light

on why this particular case has proven to be so difficult, while the complexity of

k-colourability of F -free graphs has been settled for other values of k or F .

It is also open whether maximum independent set3 is decidable in polyno-

mial time for Pt-free graphs for t ľ 7. Brause [29] and Bascó, Marx and Tuza [11]

independently showed that a greedy exhaustive approach yields a subexponential-

time algorithm for maximum independent set on Pt-free graphs. In fact, we can

prove a more general result (see Theorem 2.2), which allows us to solve a larger

class of problems. For example, we are able to count the number of colourings and

compute the independent set polynomial ZG(λ) =
∑
I λ
|I|, where the sum runs

over all independent sets of G.

The algorithms described above were the first subexponential-time algorithms,

but are no longer state-of-the-art. Recently, Gartland and Lokshtanov [45] gave

a quasi-polynomial time algorithm for maximum independent set. Pilipczuk,

Pilipczuk and Rzążewski [108] further improved the running time to nO(log2(n)) and

also showed that their algorithm can be adjusted to work for 3-colourability.

Over the years, various variations of our problem setting have been considered,

such as forbidding larger families of graphs, as well as variants in which some

vertices have been precoloured or are only allowed a subset of the available colours.

A full classification for chromatic number is given by Král, Kratochv́il, Tuza and

Woeginger [81]. More information can be found in the survey paper of Golovach,

Johnson, Paulusma and Song [49].

3Given a graph G and an integer k, does G have an independent set of size k?
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1.1.2 Asymptotic dimension of graph classes

The notion of asymptotic dimension was originally introduced by Gromov [56] in

the context of geometric group theory. It is in some cases possibly to study a group

G by proving results about graphs defined in terms of the group (called Cayley

graphs), and it turns out that the asymptotic dimension of a group can be defined

via the asymptotic dimension of graphs. The asymptotic dimension of a single,

finite graph is always 0, but more interesting things happen when we consider

infinite graphs or classes of graphs. For example, the class of d-dimensional grids

has dimension d, the class of hypercubes has infinite dimension and the class of

trees is 1-dimensional.

The asymptotic dimension of a graph class G is the smallest integer k for

which there exists a partitioning or colouring scheme (with some nice properties

depending on k) for G; if no such integer k exists, we say the dimension is infinite.

There are various equivalent ways in which these schemes can be viewed, two of

which are given below.

• Sparse partitions. The vertices need to be partitioned such that vertices

in the same part are ‘close’, but locally there are never too many parts: no

vertex is ‘near’ more than k + 1 parts. Moreover, we want to find such a

partition for every possible scale of ‘near’. That is, for every r > 0 and for

each G ∈ G, we want to find a partition in which the diameter4 of the parts

is uniformly bounded (by a constant depending only on G and r) such that

each vertex of G is within distance r of at most k + 1 parts. Weak sparse

partition schemes are a related algorithmic notion for which the dependence

on r is linear and the partitions can be constructed efficiently.

• Colouring view. In weak diameter network decomposition, we wish to (k+

1)-colour the vertices of a graph such that the diameters of the monochro-

matic components5 are uniformly bounded (by a constant depending only on

4We assume that the graphG is connected. The distance dG(u, v) between vertices u, v ∈ V (G)
is given by the number of edges in a shortest path between u and v. The (weak) diameter of a
subset U ⊆ V (G) is given by supu,v∈U dG(u, v).
5A subgraph is monochromatic if all vertices have the same colour; a monochromatic compo-

nent is a maximal connected monochromatic subgraph.
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G). This generalises the usual notion of a proper vertex colouring, for which

all monochromatic components have diameter zero. If the graph class has

bounded maximum degree, then in fact any component of bounded diameter

also has bounded size, and we say the colouring has bounded clustering.

The required scheme for asymptotic dimension again considers ‘multiple

scales’: for every r > 0 and G ∈ G, we want to find a (k + 1)-colouring

of the vertices of G such that each colour class consists of parts that are

at least r apart and for which the diameter is bounded by a constant fG(r)

depending only on r and the graph class.

The class of cliques is 0-dimensional since all graphs admit a partition into a single

part of diameter at most 2. The asymptotic dimension of the class of 2-dimensional

grids can be shown to be at most 3 and at most 2 respectively via the ‘chessboard’

partition and the ‘wall’ partition depicted in Figure 3.2.

In [18, 19], we prove multiple results on the asymptotic dimension of graph

classes with a special structure. Since the proofs are constructive, this leads to new

partitioning or colouring algorithms that can be used as a subroutine in several

algorithmic applications, see [8, 42, 72]. The ‘multiple scales’ can be useful for

hierarchical network representations.

Fujiwara and Papasoglu [44] showed that the asymptotic dimension of planar

graphs is at most 3. The main result of Chapter 3, which is joint work with Marthe

Bonamy, Nicholas Bousquet, Louis Esperet, Chun-Hung Liu, François Pirot and

Alex Scott [18, 19], is the following.

Theorem 3.1. For every k ľ 3, the class of K3,k-minor free graphs has asymptotic

dimension 2.

This in particular implies that the asymptotic dimension of planar graphs is 2

(which was independently shown by Jørgensen and Lang [73]); the fact that the

class of planar graphs has dimension at least 2 follows from the fact that it contains

the class of 2-dimensional grids.
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1.1.3 Connected greedy edge colouring

A natural first attempt at a colouring algorithm is a greedy procedure: we con-

sider the vertices in some order and always assign a vertex the first6 colour that

has not been yet used by any of its neighbours. This always results in a proper

colouring, and we call it a greedy colouring. Unfortunately, a greedy colouring can

use arbitrarily more colours than is needed, even for simple graphs such as trees

(see the Grundy number [23, 123] for more information).

On the other hand, there always exists an optimal colouring that is also a greedy

colouring; indeed, when we take an optimal colouring α and order the vertices

such that vertices of a smaller colour come before vertices of higher colours (when

coloured by α), then the greedy procedure will assign each vertex a colour that

is smaller or equal to the colour it received from α. This is not directly useful, as

there are typically more orders to try than possible colourings.

An interesting type of orders to study are the connected orders. A connected

order is a linear order on the vertices for which each vertex (except for the first one)

has one of its neighbours as a predecessor. This means that the next vertex that

we colour, is always a vertex that can be ‘seen’ from the vertices we coloured so

far. The minimum number of colours used by the greedy procedure when following

a connected order is called the connected chromatic number of G and is denoted

χc(G). For disconnected graphs, we define χc(G) to be the maximum of χc(C)

taken over the components C of G. A natural first question is whether an optimal

connected order always exists; this is not necessarily the case, but there is always

one which is nearly optimal: χ(G) ĺ χc(G) ĺ χ(G) + 1 (see [15]).

The notions above can be extended in a natural way to edge colouring. The

chromatic index χ′(G) is the minimum number of colours needed to colour the

edges of a graph G such that every two adjacent7 edges have different colours. A

connected order on the edges is defined in the same manner as a connected order

for the vertices, and the connected chromatic index χ′c(G) of a graph G is the

minimum number of colours needed to greedily colour the edges of G following

a connected order. Note that since edge colouring a graph is the same as vertex

6We assume that the colours are positive integers, and assign a vertex a colour at most i if
and only if none of the neighbours have already been coloured i.
7Two edges e, f are adjacent if |e ∩ f | = 1.

7



colouring its line graph, we inherit the bounds χ′(G) ĺ χ′c(G) ĺ χ′(G) + 1, but to

the best of our knowledge, it was previously unknown whether χ′(G) and χ′c(G)

could be unequal.

For a graph G with maximum degree ∆, Vizing’s theorem [119] implies that

χ′(G) is either ∆ or ∆ + 1. It is NP-hard to decide which of the two it is, even

for regular graphs [86]. In the case of vertex colouring, it is NP-hard to decide

whether χc(G) = χ(G) [15], and it remains so even when restricting to F -free

graphs unless F is a union of paths [97]. Our first result shows that it is also non-

trivial to determine whether optimal connected orders exist for edge colouring.

Theorem 4.1. For all ∆ ľ 4, it is NP-hard to decide whether χ′(G) = χ′c(G) on

the class of graphs with chromatic index and maximum degree ∆.

Our proof also provides an example of a graph G of maximum degree 3 with

χ′c(G) > χ′(G) = 3. When G is a connected graph of maximum degree 2, then G

is a path or a cycle and it is easy to see that χ′c(G) = χ′(G).

We show that for bipartite graphs, optimal connected orders do always exist.

Theorem 4.2. If G is bipartite, then χ′c(G) = χ′(G).

Our final result handles the first non-trivial case of a natural question of Mota,

Rocha and Silva [97, Question 3]: is it true that χ′c(G) ĺ ∆ + 1 for all graphs G of

maximum degree ∆?

Theorem 4.3. If G has maximum degree 3, then χ′c(G) ĺ 4.

Chapter 4 is joint work with Marthe Bonamy, Carole Muller, Jonathan Narboni,

Jakub Pekárek and Alexandra Wesolek [20].

1.2 Reconstruction from partial information

Is a graph determined by its induced subgraphs? For a graph G and a vertex v, a

card of G is an induced subgraph G− v obtained by removing the vertex v and all

adjacent edges. The deck of the graph is the multiset of cards {G− v : v ∈ V (G)}
(a collection allowing multiples, see Figure 1.1 for an example).
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Figure 1.1: An example is given of how to obtain the deck of cards from a graph.

Note that the graphs are unlabelled. Can two non-isomorphic graphs have the

same deck of cards? Yes they can, namely if both have two vertices. Kelly and

Ulam [76, 77, 117] made the following beautiful conjecture which claims that this

is the only exception.

Graph reconstruction conjecture. If two graphs on at least three vertices have

the same deck of cards, then they must be isomorphic.

In 1977, Bondy and Hemminger [22] wrote the following about this conjecture:

The Reconstruction Conjecture is generally regarded as one of the fore-

most unsolved problems in graph theory. Indeed, Harary (1969) has

even classified it as a ‘graphical disease’ because of its contagious na-

ture. According to reliable sources, it was discovered in Wisconsin in

1941 by Kelly and Ulam, and claimed its first victim (P. J. Kelly) in

1942. There are now more than sixty recorded cases, and relapses occur

frequently (this article being a case in point).

Since 1977, many more relapses have occurred (this thesis being a case in point).

There are many subtleties in the problem which might not be apparent at first

sight; for example, if two vertices u and v have the same card (i.e. G−u ∼= G− v)

then they are not necessarily ‘similar’ in the graph [62], that is, there does not
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necessarily exist a graph automorphism mapping u to v. Such subtleties lead to

various incorrect proofs of the conjecture, which remains open.

The graph reconstruction conjecture is known to be true for certain classes of

graphs (for example disconnected graphs [61], trees [77], outerplanar graphs [46]

and maximal planar graphs [84]). Moreover, almost every8 graph can be recon-

structed from any three cards [17, 98, 99]. However, the conjecture remains open

even for simple classes of graphs such as bipartite graphs9, planar graphs and

graphs of bounded maximum degree. There have been numerous surveys of partial

results and related problems, for instance [5, 21, 22, 85, 102].

If reconstructing the entire graph is too hard, can we at least read off some

information about the graph? Suppose that a graph G has vertices v1, . . . , vn and

let e(G) denote the number of edges or size of the graph. Then

n∑
i=1

e(G− vi) = (n− 2)e(G),

since each edge appears in all cards except for the two corresponding to its end-

points. So we can reconstruct e(G). Since e(G − v) + d(v) = e(G), it is an easy

exercise10 to reconstruct the degree sequence and to reconstruct regular graphs.

Other reconstructible11 parameters include connectedness, planarity, the number

of Hamiltonian cycles and the chromatic polynomial (all of which are discussed in

[85] together with further examples).

In this thesis we consider the reconstructibility of certain graph parameters

under limited information. We consider two scenarios.
8Bollobás [17] showed that G(n, p) is with high probability reconstructible from any three

cards if (
5
2+ε) log(n)
n ĺ p ĺ 1

2 (for any ε > 0). (By complementing, we may assume p ĺ 1
2 .) Linial

and Mosheiff [88] showed that G(n, p) is almost surely reconstructible for any p, although it is
not known if three cards are always sufficient.
9The graph reconstruction conjecture has been reduced to the case when the graph is 2-

connected and has diam(G) = 2 or diam(G) =diam(G) = 3 [58, 122]; under these assumptions
bipartite graphs can be reconstructed [96].
10If all vertices of G have degree k, then the neighbours of v in G− v can be recognised as the

vertices of degree k − 1.
11We say a graph parameter f is reconstructible if any two graphs G and H with the same

deck satisfy f(G) = f(H).
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• Partial decks. What is the largest k = k(n) for which a graph parameter

can be reconstructed from any12 n− k cards of an n-vertex graph?

• Small cards. The `-deck of a graph G is the multiset of induced subgraphs

of G on ` vertices. What is the smallest ` = `(n) for which a graph parameter

of an n-vertex graph can be reconstructed from its `-deck?

Another set-up that might seem interesting is the situation in which n cards have

been given, but some of the cards are false and may depict any graph. This is more

general than the partial deck set-up, since a false deck consists of a partial deck

of useful cards with the added difficulty that you do not know which ones they

are. However, it turns out that the two settings are equivalent up to constants: if

both D(G) and D(H) have all but k cards in common with a false deck D′, then

D(G) and D(H) have all but at most 2k cards in common. Therefore, the number

of false cards that we can handle is of the same order as the number of missing

cards.

1.2.1 Reconstruction from a partial deck of cards

Despite it being an easy exercise to reconstruct the number of edges when the

whole deck is given, reconstructing the size of a graph from a partial deck is a non-

trivial problem. Myrvold [100] found that the size of the graph is reconstructible

from n− 1 cards. This has recently been improved to n− 2 by Brown and Fenner

[31] (for n ľ 29). Woodall [121] showed that the sizes of two graphs on n vertices

with n− p common cards can differ by at most p− 2 (for p ľ 3 and n sufficiently

large). In Section 5.2, we improve on these results.

Theorem 5.1. For n sufficiently large, the size of an n-vertex graph is recon-

structible from any deck missing at most 1
12

√
n cards.

This bound seems far from optimal. Indeed, for n sufficiently large, we do not

know of two non-isomorphic graphs with more than 2
3n common cards. Despite

12We are interested in universal reconstruction numbers/adversary reconstruction numbers,
rather than existential reconstruction numbers/ally reconstruction numbers. In the latter, one
studies the minimum size for which there exists a deck from which G can be reconstructed, see
e.g. [99].
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this, we can only handle a linear number of missing cards in some special cases

(for example if the graph is ‘almost regular’ in the sense that |{d(v) : v ∈ V (G)}|
bounded).

In order to prove Theorem 5.1, we show that most of the degree sequence can

be reconstructed. However, we are not always able to reconstruct the whole degree

sequence and in fact we fail to do so even with two missing cards. (The case of one

missing card is shown by Myrvold [100]; note that it suffices to know the number

of edges in that case.) In Section 5.3, we show that the degree sequence can be

reconstructed for planar graphs, even when a linear number of cards is missing. We

in fact specialise to graphs of bounded average degree, for which reconstruction

becomes significantly easier because cards corresponding to vertices of low degree

have ‘small error’.

Theorem 5.2. Let G be a graph on n ľ 3 vertices with average degree d. Then

the degree sequence of G can be reconstructed from its deck when at most n
100(d+1)3

of the cards are missing.

Recall that planar graphs and graphs of bounded maximum degree are of par-

ticular interest as they are not yet known to be reconstructible.

Chapter 5 is based on joint work with Hannah Guggiari, Tom Johnston, Andrey

Kupavskii, Kitty Meeks, Alex Scott and Jane Tan [50, 53]

1.2.2 Reconstruction from small cards

Reconstruction from small cards was first mentioned by Kelly [77] in 1957, although

it did not receive much attention until it was studied by Manvel in 1974 [92].

Manvel showed that several classes of graphs, such as trees, regular graphs and

bipartite graphs, can be recognised13 from the (n−2)-deck. Since then the problem

has been widely studied and the reconstructibility of graphs from smaller cards

is known for many classes of graphs, including trees, 3-regular graphs, random

graphs and graphs with maximum degree 2 [47, 78, 115]. For more background on

reconstruction from small cards, we refer the reader to the survey of Kostochka

and West [80].

13A graph class G is recognisable if there is no graph from G that has the same deck as a graph
not from G.
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Recall that the `-deck of a graph G is the multiset of induced subgraphs of G

on ` vertices. Kelly’s counting argument (see Lemma 6.3) shows that the number

of (induced) subgraphs of G isomorphic to H can be reconstructed from the `-deck

of G if ` ľ |V (H)|. In particular, the `-deck can be computed from the (`+1)-deck,

and the number of edges can be reconstructed from the 2-deck.

Recently, Kostochka, Nahvi, West, and Zirlin [79] showed that the degree se-

quence can be reconstructed from the (n− 3)-deck for n ľ 7 and that there exist

two non-isomorphic graphs on 6 vertices with the same 3-deck. The best-known

asymptotic result, due to Taylor [116], states that there is an α < 1 such that the

degree sequence of an n-vertex graph G can be reconstructed from the bαnc-deck.

We obtain the following significant improvement in Chapter 6 using a similar proof

to Taylor, but a stronger algebraic result.

Theorem 6.1. For n ľ 3, the degree sequence of an n-vertex graph G can recon-

structed from the `-deck of G for any ` ľ
√

2n log(2n).

The logarithm here is the natural logarithm, that is, log(ex) = x.

Kostochka, Nahvi, West, and Zirlin [79] showed that the connectivity of a graph

(that is, whether or not it is connected) is determined by the (n − 3)-deck. This

was improved by Spinoza and West in [115] where they showed that connectivity

can be recognised from the `-deck provided

n− ` ĺ (1 + o(1))

√√√√ 2 log(n)
log(log(n))

.

We significantly improve the bound above to one that is tight up to a constant.

Theorem 6.2. For all n ľ 3, the connectivity of an n-vertex graph G can be

recognised from the `-deck of G provided n− ` ĺ 0.08n.

As shown by Spinoza and West [115], Pn, the path on n vertices, and Cdn/2e+1t
Pbn/2c−1, the disjoint union of a cycle and a path, have the same bn/2c-deck.

However, the first graph is connected and the second is not. They conjectured

that this example is best possible.

A similar conjecture has been made by Nýdl [105] for reconstructing trees (see

also Figure 6.1). Chapter 6 is part of joint work with Tom Johnston, Alex Scott
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and Jane Tan [54] in which we also dramatically improve the best-known bounds

for reconstructing trees: any tree on n ľ 3 vertices is determined by its `-deck

when ` ľ 63n/64. The previously best bound from Giles [47] from 1976 was n− 2.

Reconstructing the number of edges and the degree sequence are relatively

‘easy’ in the small cards set-up. However, there are also some problems for which

more is known in the partial deck set-up than in the small cards set-up:

• Myrvold [99] showed that the number of cards required to reconstruct k-

regular graphs is k+ 3. On the other hand, k-regular graphs are only known

to be reconstructible from the (n− 2)-deck for k = 3.

• Bowler, Brown, Fenner and Myrvold [28] proved in 2011 that any
⌊
n
2

⌋
+ 2

cards suffice to determine whether the graph is connected, and characterised

the pairs of graphs (one connected, one disconnected) with
⌊
n
2

⌋
+ 1 common

cards. The threshold for recognising connectivity is, despite our significant

improvement, still open in the small cards set-up.

All the proofs in Chapter 5 are constructive and lead to polynomial-time algo-

rithms for reconstructing the relevant graph parameters from the given deck. The

two results of Chapter 6 build on Lemma 6.5 that has no constructive proof; more-

over, the proof of Theorem 6.2 requires us to obtain various subgraph counts that

are hard to compute. The required parameters can of course still be reconstructed

by doing an exhaustive search14 over all graphs (or all sequences for Lemma 6.5).

Nash-Williams [102] introduced the study of the complexity of graph recon-

struction problems such as determining whether a given collection of n cards is

the deck of a graph (known as the Legitimate Deck Problem). This problem is now

known to be ‘unlikely to be NP-complete’ (it is equivalent in some sense to Graph

Isomorphism). Other problems of interest include the Preimage Problem (recon-

structing a graph that has a given collection as its deck) and computing existential

or universal reconstruction numbers (the number of cards that determine a given

graph). These problems have also been considered for partial decks of smaller cards

and for restricted graphs classes such as graphs of bounded maximum degree and

planar graphs. For more information, see [64, 82].

14We create all possible `-decks for n-vertex graphs; if the `-deck of some graph G matches
the given deck, then our results guarantee that we can read off the required properties from G.
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1.3 Hypercube intersections

Two well-known examples of hypercubes are the square (or 4-cycle) and the cube.

The vertex set of the n-dimensional hypercube is {0, 1}n and two vertices x, y ∈
{0, 1}n are adjacent if and only if x and y differ in a single coordinate. This graph

has been widely studied, partly due to the following two interpretations.

• The set {0, 1}n is the set of binary sequences of length n. Information on

computers is typically stored in terms of such binary sequences. In areas such

as coding theory, encodings of information are studied that are protected

against a limited number of bit-flips, which correspond to subsets of the

hypercube for which all vertices are far apart.

• We may associate a subset A ⊆ {1, . . . , n} with each element v ∈ {0, 1}n by

considering the set of indices i for which vi = 1. There is an edge between

v and w in the hypercube exactly when the symmetric difference of the two

corresponding subsets has size 1.

In this thesis, we study two natural problems related to the structure of the inter-

sections of real affine spaces with the hypercube.

1.3.1 Intersection sizes of linear subspaces with the hyper-
cube

What are the possible sizes of the (non-empty) intersection of the hypercube {0, 1}n

and a k-dimensional linear subspace S of Rn? The smallest possible intersection

size is 1 and the largest15 is 2k, but which numbers in between are possible?

Motivated from quantum information theory [101], Melo and Winter [94] in-

troduced the set H(k,m) of possible intersection sizes between a k-dimensional

linear subspace and the (k + m)-dimensional hypercube. They made two conjec-

tures about the structure of H(k,∞) =
⋃
mľ1H(k,m), depending on whether the

intersection size is ‘large’ or ‘small’. Let [n] = {1, . . . , n}. For the set H+(k,∞) =

H(k,∞) \ [2k−1] of large intersections, they conjectured

H+(k,∞) = {2k−1 + 2i : i ∈ {0, 1, . . . , k − 1}}.
15This is actually non-trivial. A quick proof can be given by noting that 2k + 1 vectors in Fn2

must contain k + 1 linearly independent vectors.
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In support of this, Melo and Winter proved that H+(k,∞) ⊇ {2k−1 + 2i : i ∈
{0, 1, . . . , k − 1}} and that no value strictly between 2k−1 + 2k−2 = 3

42k and 2k is

present in H+(k,∞). In Section 7.3, we show that their first conjecture is almost

correct.

Theorem 7.1. For k ľ 6,

H+(k,∞) = {2k−1 + 2i : i ∈ {0, . . . , k − 1}} ∪ {2k−1 + 2k−5 + 2k−6}.

In fact, by proving a precise structural result (Lemma 7.14) and combining this

with a computer search, we determine H+(k,m) = H(k,m) \ [2k−1] for every m

(Theorem 7.13). The above theorem is obtained as a corollary. In particular, we

are also able to answer another question raised by Melo and Winter [94] about

large intersections, namely what the smallest m is such that t ∈ H+(k,m).

The second conjecture of Melo and Winter states that all small intersection

sizes are possible, that is, H(k,∞) ∩ [2k−1] = [2k−1]. In Section 7.4 we disprove

this with the following result.

Theorem 7.2. For k ľ 8 and any m ľ 1,

H(k,m) ∩
{

15
162k−1, . . . , 2k−1

}
=
{

15
162k−1, 63

642k−1, 2k−1
}
.

Both of these results are joint work with Tom Johnston [52].

1.3.2 Exact hyperplane covers for subsets of the hypercube

A vector a ∈ Rn and a scalar b ∈ R determine the hyperplane

{x ∈ Rn : 〈a, x〉 = a1x1 + · · ·+ anxn = b}

in Rn. How many hyperplanes are needed to cover {0, 1}n? Only two are required:

{x : x1 = 0} and {x : x1 = 1} will do. What happens however if 0 ∈ Rn is not

allowed to be part of any of the hyperplanes? We can ‘exactly’ cover {0, 1}n \ {0}
with n hyperplanes: both the collection {{x : xi = 1} : i = 1, . . . , n} and the

collection {{x :
∑n
i=1 xi = j} : j = 1, . . . , n} suffice.

Alon and Füredi [2] showed that in fact n hyperplanes are always necessary

using the Alon-Tarsi Combinatorial Nullstellensatz [4]. A variation of this problem
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was studied by Clifton and Huang [38], in which they require that each point from

{0, 1}n \ {0} is covered at least k times for some k ∈ N, while 0 is never covered.

Let f(n, k) denote the minimal number of required hyperplanes. The bounds

n+ k − 1 ĺ f(n, k) ĺ n+
(
k

2

)

are easy. Indeed, the upper bound follows by noting that after using the n hyper-

planes of the form {x : xi = 1}, the points of weight 1 still need to be covered k−1

times, those of weight 2 need to be covered an additional k − 2 times, etcetera,

giving an additional (k−1)+(k−2)+ · · ·+1 =
(
k
2

)
hyperplanes. The lower bound

follows from the fact that everything is still covered after k − 1 hyperplanes are

removed. Clifton and Huang improved the lower bound to n + k + 1 by proving

f(n, 4) ľ n + 5 using a generalisation of the Nullstellensatz to zeros of higher

multiplicity by Ball and Serra [14]. Recently, Sauermann and Wigderson [112] im-

proved this lower bound to n+2k−3 by proving a tight lower bound on the degree

of polynomials P with P (0) 6= 0 and zeroes of multiplicity at least k at all other

points in {0, 1}n.

Another natural generalisation is to remove more than just 0 from the set we

wish to cover exactly. For B ⊆ {0, 1}n, let ec(B) denote the minimum number

of hyperplanes whose union intersects {0, 1}n exactly in B. The result of Alon

and Füredi [2] then states that ec({0, 1}n \ {0}) = n. In Chapter 8, we determine

ec({0, 1}n \ S) for all sets S of size at most 4.

Theorem 8.1. Let S ⊆ {0, 1}n.

• If |S| ∈ {2, 3}, then ec({0, 1}n \ S) = n− 1.

• If |S| = 4, then ec({0, 1}n \ S) = n − 1 if there is a hyperplane Q with

|Q ∩ S| = 3 and ec({0, 1}n \ S) = n− 2 otherwise.

For n ∈ N and k ∈ [2n], we also introduce the exact cover numbers

ec(n, k) = max{ec({0, 1}n \ S) : S ⊆ {0, 1}n, |S| = k},

ec(n) = max{ec(B) : B ⊆ {0, 1}n}.

We make some progress towards determining the asymptotics of ec(n, k) and ec(n)

with the following two results.
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Theorem 8.3. For any positive integer k, ec(n, k) = n+Ok(1).

Theorem 8.2. For n sufficiently large, 2n−2/n2 ĺ ec(n) ĺ 2n+1/n.

The problem of determining the asymptotics of ec(n) was also suggested by

Füredi at Alon’s birthday conference in 2016.

Chapter 8 is joint work with James Aaronson, Andrzej Grzesik, Tom Johnston

and Bartłomiej Kielak [1].

1.4 List of publications

This thesis is based on the following papers and preprints.

• J. Aaronson, C. Groenland, A. Grzesik, T. Johnston and B. Kielak. Exact

hyperplane covers for subsets of the hypercube. arXiv:2010.00315, 2020.

• M. Bonamy, N. Bousquet, L. Esperet, C. Groenland, F. Pirot and A. Scott.

Surfaces have (asymptotic) dimension 2. arXiv:2007.03582, 2020.

• M. Bonamy, N. Bousquet, L. Esperet, C. Groenland, C.-H. Liu, F. Pirot

and A. Scott. Asymptotic dimension of minor-closed families and Assouad-

Nagata dimension of surfaces. arXiv:2012.02435, 2020.

• M. Bonamy, C. Groenland, C. Muller, J. Narboni, J. Pekárek and A. Wesolek.
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Chapter 2

Colouring Pt-free graphs

A graph is called F -free if it does not contain an induced copy of F . For fixed

k ľ 3, k-colourability is known to be NP-complete for F -free graphs if F is

either a cycle C` for ` ľ 3 [74] or the claw K1,3 [66, 86]. Any graph F which does

not contain a cycle nor the claw as induced subgraph is a disjoint union of paths,

which motivates the study of the case F = Pt, the path on t vertices.

Polynomial-time algorithms for deciding k-colourability for Pt-free graphs

exist for t ĺ 5 [65], (k, t) = (4, 6) [36, 37] and (k, t) = (3, 7) [24]. Huang [67]

showed that 4-colourability is NP-complete for P7-free graphs and that 5-

colourability is NP-complete for P6-free graphs. This settles the case k ľ 4

and leaves us with the main open problem in this area of determining whether

3-colourability can be decided in polynomial time on graphs without long

induced paths. The main result of this chapter, which is joint work with Karolina

Okrasa, Paweł Rzążewski, Alex Scott, Paul Seymour and Sophie Spirkl [55], is

related to this open problem.

Theorem 2.1. On Pt-free graphs, 3-colourability can be decided in time subex-

ponential in the number of vertices of the graph.

We in fact prove the more general result given in Theorem 2.2.

Our algorithm is the obvious one: pick a vertex of maximal degree and ‘branch’

on its colour. The algorithm and its analysis are similar to a subexponential time

algorithm for maximum independent set [10, 11, 29], with the main exception

that we have to find a different weight that decreases ‘sufficiently’ at each step. In

the case of maximum independent set, for each vertex we have two choices.
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• Put the vertex in the independent set. We can now remove the vertex and

its entire neighbourhood.

• Do not put the vertex in the independent set. We can only remove the vertex

from the graph.

The structure of Pt-free graphs allows the problem to be efficiently solved as soon

as the maximum degree is low (see Section 2.2). Hence we can assume we only

‘branch’ on vertices of high degree, in which case the decrease in the number of

vertices is ‘significant’ in all but one of the cases. Computation (the analogue of

Lemma 2.9) then shows the number of recursive calls is not too large.

For 3-colouring, for each vertex there are at most three choices for the colour

of the vertex. If we have coloured v with colour 1, then of course we can no longer

assign colour 1 to any of its neighbours. It is natural now to switch to list 3-

colouring: each vertex v has a list Lv ⊆ {1, 2, 3} that indicates which of the three

colours it is allowed to receive. When we colour a vertex, we cannot necessarily

fix a decision for any of its neighbours, but their lists will typically be further

restricted. A pigeonhole argument (Lemma 2.7) allows us to show that in all but

at most one of the branches, our weight function
∑
v∈V (G) |Lv| reduces significantly.

This short lemma is the main ingredient of our algorithm.

Although the complexity status of 3-colourability on Pt-free graphs remains

open, a quasi-polynomial time algorithm (running in time nO(log2(n)) has recently

been given by Pilipczuk, Pilipczuk and Rzążewski [108].

Notation Throughout this chapter, graphs do not have multiple edges or loops.

When we need general graphs (with multiple edges and loops), we call them multi-

graphs. We use the notation vv′ for the edge {v, v′}. For a multigraph G, the set

NG(v) = {v′ : vv′ ∈ E(G)} contains v if and only if G has a loop at vertex v.

Chapter outline We define a more general set-up, with 3-colouring as a subcase,

in Section 2.1. We prove a bound on the treedepth of Pt-free graphs in terms of

their maximum degree in Section 2.2 and then outline the algorithm in Section

2.3. In Section 2.4, the main result of the chapter is related to the known hardness

results for colouring F -free graphs.
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2.1 A partition function for list colouring

A k-colouring of a graph G is a function c : V (G) → {1, . . . , k} such that c(v) 6=
c(v′) for all vv′ ∈ E(G). Let H be a multigraph and G a (simple) graph. A graph

homomorphism from G to H is a map f : V (G) → V (H) such that vv′ ∈ E(G)

implies f(v)f(v′) ∈ E(H). (Thus a 3-colouring is a graph homomorphism to K3.)

A list H-colouring instance I = (G,L) consists of a graph G together with

a function L : V (G) → P(V (H)) that assigns a subset Lv ⊆ V (H) to every

v ∈ V (G). A list H-colouring of such an instance is a graph homomorphism f

from G to H such that f(v) ∈ Lv for all v ∈ V (G). We denote the set of list

H-colourings of (G,L) by LC((G,L), H).

A useful way to summarise information about H-colourings of a graph G is

to use a multivariate generating function (see for example [113]). Let wv,h (for

v ∈ V (G) and h ∈ V (H)) be (chosen) weights. Given a multigraph H, we define

the partition function p(G,L)→H(x) by

p(G,L)→H(x) :=
∑

f∈LC((G,L),H)

∏
u∈V (G)

wu,f(u)xf(u).

Here x = (xh : h ∈ V (H)). We omit the lists L where clear from context. The

weights are included to allow more general application and can be ignored by

choosing them identically one. For H = ({h, h′}, {hh′, h′h′}), pG→H(x) gives the

independent set polynomial when xh′ is set to one.

Summing appropriate coefficients of the polynomial, the partition function can

be used to for example count the number of list H-colourings, or to count the

number of ‘restrictive H-colourings’ [39] in which a restriction is placed on the size

of the preimages of the vertices of H.

The following theorem is our main result and will be proved in Section 2.3.

Theorem 2.2. Let H be a multigraph such that |NH(h) ∩ NH(h′)| ĺ 1 for all

distinct vertices h, h′ of H. For t ľ 4, the polynomial pG→H(x) can be calculated

for every Pt-free graph G in time 2
O

(√
tn log(n)

)
where n = |V (G)|.

For simple graphs H, the condition |NH(h) ∩NH(h′)| ĺ 1 for all distinct h, h′

is equivalent to H not having C4 as (not necessarily induced) subgraph.
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Corollary 2.3. The following problems can be solved for Pt-free graphs G in time

2
O

(√
tn log(n)

)
where n = |V (G)|:

• counting the number of H-colourings for any fixed simple graph H with no

C4 subgraph;

• computing the independent set polynomial.

In particular, it can be decided in subexponential time whether a Pt-free graph is

3-colourable (and the number of 3-colourings can be counted).

For example, ifG is Pt-free andH is an odd cycle, then we can count the number

of H-colourings of G in subexponential time. This problem is #P -complete if all

graphs G are allowed [40] and the corresponding decision problem is NP-complete

[63].

Our algorithm can easily be adapted to find the H-colouring f of G which min-

imises the cost
∑
v∈V (G) wv,f(v); in particular, Minimum Cost Homomorphism

[59] can be solved in subexponential time for G and H as above.

2.2 Treedepth of Pt-free graphs and dynamic pro-
gramming

In this section, we explain why it is ‘easy’ to count the H-colourings of low max-

imum degree Pt-free graphs. We do this by proving a bound on the treedepth of

Pt-free graphs of bounded maximum degree that may be of independent interest.1

The treedepth of a graph G is the minimum height2 of a rooted forest F such

that

• V (F ) = V (G);

1In our paper [55], we proved a bound on the pathwidth instead and remarked on the treedepth
bound in the conclusion without a complete proof; the pathwidth of a graph is upper bounded
by the treedepth, so the result here may be of wider interest.
2The height of a rooted tree is the maximal number of edges on a path from the root to a

leaf. A rooted forest is a disjoint union of rooted trees and its height equals the largest height
among its trees.
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u1 u2 u3

v1 v2 a1 a2

w1 w2 b

r

u1 u2 u3

v1 v2 a1 a2

w1 w2 b

Figure 2.1: An uncle tree is grown depth-first subject to the condition that the
path from the root to any leaf is induced. The pink dashed edges may be present
in the original graph. The dotted edges cannot be present.

• for every edge uv of G, u and v have an ancestor-descendant relationship to

each other in F .

More information on treedepth can be found in [103]. We call a rooted tree F with

the two properties above an elimination tree for G.

Lemma 2.4. The treedepth of a connected Pt-free graph G of maximum degree ∆

is at most (t− 2)(∆− 1) + 1. Moreover, we may compute an elimination tree for

G of height at most (t− 2)(∆− 1) + 1 in time polynomial in |V (G)|.

We first need some more definitions. Let T be a rooted tree with root r. For

a vertex v, let Tv denote the path of T between r and v. For each vertex w, fix a

linear order on the set of children of w. We call this a plane tree. If u, v are both

children of w and u is earlier than v in the corresponding ordering, we say u is an

elder sibling of v.

Let T be a spanning tree of a graph G, equipped with orders to make it a plane

tree. We call it an uncle tree of G if for every edge uv of G that is not an edge

of T , one of u, v has an elder sibling that is an ancestor of the other. We use the

following result of Seymour [114].

Theorem 2.5. For every connected graph we can compute an uncle tree with any

specified vertex as root in polynomial time.

(The proof is easy; see Figure 2.1.)
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u1 u2 u3

v1 v2 a1 a2
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Pr

r

u1

u2

u3

v1

v2 Pu1

a1

a2 Pu3

w1

w2 Pv1

b Pv2

Figure 2.2: The figure shows how to go from the uncle tree T of Figure 2.1 to a
tree F on the same vertex set, such that for all uv ∈ E(T ), u, v have an ancestor-
descendant relationship in F .

Proof of Lemma 2.4. Let G be a connected Pt-free graph of maximum degree ∆.

We compute an uncle tree T for G. This is a spanning tree of G and so it has

the same vertex set as G. For each non-leaf vertex v ∈ V (T ), we create a path Pv

containing all the children of v and we assign the labels ‘start’ and ‘end’ to the

two vertices of Pv with degree 1.

We create the required rooted tree F as follows. We take the disjoint union of

a vertex r (for the root) and the paths Pv for all non-leaf vertices v of T . So far we

have created a forest on V (G). We now add the edge from r to the vertex labelled

‘start’ on Pr and for any non-leaf, non-root vertex v ∈ V (T ) with parent u ∈ V (T ),

we draw an edge from the vertex labelled ‘start’ in Pv to the vertex labelled ‘end’

in Pu. This gives a tree on vertex set V (G) which we root at r. An example is

given in Figure 2.2. We note that the uncle tree is computed in polynomial time

and the procedure above also takes time polynomial in |V (G)|.
We now show that for every edge uv ∈ E(G), the vertices u and v are in

ancestor-descendant relationship to each other in F . If uv ∈ E(T ), then u ∈ V (Pv)

or v ∈ V (Pu) and hence u and v are in ancestor-descendant relation to each other

in F . Otherwise, we may assume that u has an elder sibling s that is an ancestor

of v in T (since T is an uncle tree for G). Let w be the parent of u and s. Then

u, s ∈ V (Pw). Since v is a descendant of s, the path from v to the root r in F
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contains Pw. Hence again u and v have an ancestor-descendant relationship to each

other in F .

Finally, we prove the bound on the height of the tree F . Any path from a leaf `

to the root r in F consists of the root r, the path Pr, and then zero or more paths

Pv1 , . . . , Pvk where r, v1, . . . , vk, ` forms a path in T . Then G[{r, v1, . . . , vk, `}] is an

induced path of length k + 2 in G (since T is an uncle tree), and so k + 2 ĺ t− 1.

Note that |Pr| ĺ ∆ since all children of r in T are adjacent to r in G, and similarly

|Pu| ĺ ∆− 1 when u 6= r. Hence any path from ` to r in F contains at most

1 + ∆ + (t− 3)(∆− 1) ĺ 2 + (t− 2)(∆− 1)

vertices (counting r as well). We subtract one to find the desired upper bound on

the height of F . �

We give a short outline of how the standard dynamic programming approach

can be applied to compute pG→H(x) in time 2O(d)n given an elimination tree F

of height d for an n-vertex graph G. (The constant in the O(d)-term depends on

|V (H)|.)
Let v1, . . . , vk be the leaves of F in left to right order. For i ∈ [k] let Xi be the

set of vertices on the path from vi to the root of F .3 We define X(i) =
⋃
jĺiXj.

Since F is an elimination tree, vertices in Xi+1 \ Xi do not have any edges to

X(i− 1) and therefore we only need to consider their ‘conflicts’ with Xi.

For each i ∈ [k] and list H-colouring g : Xi → V (H), we compute the poly-

nomial pG[X(i)]→H with the vertices in Xi precoloured: we define pi(g) as the sum,

over the list H-colourings f : X(i)→ V (H) such that f |Xi = g, of

∏
u∈X(i)

wu,f(u)xf(u).

For each list H-colouring g : X1 → V (H), we set p1(g) =
∏
v∈X1 wv,g(v)xg(v).

Having computed all pi(g) for some i, for each list H-colouring g : Xi+1 → V (H)

we select the list H-colourings g1, . . . , g` of Xi that are compatible with g, that

is, gt(v) = g(v) for v ∈ Xi ∩ Xi+1 and gt(u)g(v) ∈ E(H) if uv ∈ E(G) for all

3A path decomposition for G of width d is given by (X1, . . . , Xk); the dynamic programming
approach works for graphs of bounded pathwidth and can be adapted to graphs of bounded
treewidth as well.
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u ∈ Xi \ Xi+1 and v ∈ Xi+1. Since NG(v) ∩ X(i) ⊆ Xi for all v ∈ Xi+1 \ Xi, we

can then compute

pi+1(g) =
∑̀
j=1

pi(gj)
∏

v∈Xi+1\Xi

wv,g(v)xg(v).

Finally, we calculate the desired pG→H , which is the sum, over all list H-colourings

g of Xk, of pk(g).

The first subexponential time algorithm [11, 29] for maximum independent

set on Pt-free graphs depends on a variant of the following result to handle Pt-free

graphs of low maximum degree.

Lemma 2.6 (Lemma 6 in [11]). For every t ľ 4, there exists an n1 such that for

any connected and Pt-free graph G with |V (G)| = n ľ n1 the maximum degree of

G is at least n1/bt/2c.

It is easy to prove the lemma with the worse bound of n1/t. Let G be an n-

vertex Pt-free graph and let v ∈ V (G). Then there is no vertex at (shortest path)

distance at least t from v. If ∆ is the maximum degree of G then v has at most

∆ neighbours, and the neighbours together have at most ∆2 neighbours etcetera,

which shows for ∆ ľ 2 that

n ĺ 1 + ∆ + ∆2 + · · ·+ ∆t−1
ĺ ∆t.

Bacsó et al. [10] improved the running time by proving that the treewidth of a

Pt-free graph of maximum degree ∆ is at most 4(t−1)∆ + 4. Treewidth is a graph

parameter that also captures the simplicity of a graph in terms of how ‘nice’ of

a decomposition it allows. If a graph has treedepth at most d, then it also has

treewidth at most d. Lemma 2.4 improves on the result of Bacsó et al. [10], re-

placing treewidth by treedepth and proving a slightly stronger bound. In certain

complexity models, it can be shown that there is little advantage of treedepth

over treewidth for dynamic programming for 3-colourability or maximum in-

dependent set (we also do not exploit the difference in our algorithm), but

some problems can be solved more efficiently when parametrised by treedepth, so

there may be more algorithmic uses of Lemma 2.4. More information about the

algorithmic trade-offs between treedepth and treewidth can be found in [118].
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2.3 Algorithm and time analysis

Throughout this section, H is a fixed multigraph such that |NH(h) ∩NH(h′)| ĺ 1

for all distinct h, h′ in H. We allow loops in H but no multiple edges.4 The Pt-free

graphs G are assumed to be simple.

We shall say a list colouring instance I = (G,L) has weight w(I) =
∑
v∈V (G) |Lv|

and is reduced if |Lv| ľ 2 for all v ∈ V (G). The key observation we need is the

following.

Lemma 2.7. Let I = (G,L) be a reduced list H-colouring instance and let v ∈
V (G) with degree d(v). For h ∈ V (H), let

Ch = {v′ ∈ NG(v) : Lv′ ⊆ NH(h)}.

Then there is at most one h ∈ Lv for which |Ch| > 1
2d(v).

The case of 3-colouring has much simpler notation, so we will explain this

first. Suppose towards contradiction that there are a vertex v and distinct colours

i, j ∈ Lv ⊆ [3] such that > 1
2 of the neighbours of v do not have i in their list,

and same for j. Then there is a vertex u ∈ NG(v) such that i, j 6∈ Lu ⊆ [3]. Thus

|Lu| = 1, a situation we had avoided.

Proof of Lemma 2.7. Suppose h 6= h′ in Lv both satisfy |Ch|, |Ch′ | > 1
2d(v). Then

there exists v′ ∈ NG(v) such that v′ ∈ Ch ∩ Ch′ . Hence Lv′ ⊆ NH(h) ∩NH(h′), so

that by our assumption on H we find |Lv′| ĺ 1, contradicting the assumption that

I is reduced. �

This lemma tells us that ‘colouring’ a vertex v of degree d(v) = ∆ decreases

the weight of a reduced instance by at least 1
2∆ for all but one ‘colour’ in Lv.

Either there is a vertex of high degree and we can reduce the weight significantly

by colouring this vertex, or ∆ is ‘small’ and we can apply the results from the

previous section to compute pG→H(x) in time 2O(t∆).

Our algorithm ‘HCol’ for computing the list H-colouring function of a graph G

is given below. This algorithm either terminates or recurses on instances of strictly
4It is possible to extend the algorithm such that entries unequal to 0 or 1 are allowed in the

adjacency matrix of H (which can be interpreted as ‘edge weights’), but in this case the weights
wv′,h′ have to be updated in Line 3 and 5 of Algorithm HCol to wv′,h′Ah,h′ for all v′ ∈ Nv.
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smaller weight. Therefore, it always terminates in finite time. We can represent the

recursions by a tree: the root is the first call of the algorithm and each recursive

call creates a child. For Pt-free graphs, we can bound the number of nodes in this

recursion tree.

Proposition 2.8. Let t ľ 4, c > 4
√
t|V (H)|/ log(2) and f(w) = 2c

√
w log(w). Then

there exists an n0 for Algorithm HCol such that if it is applied to an instance

I = (G,L) of weight w(I) with G a Pt-free graph, then the number of nodes in the

corresponding recursion tree is bounded by f(w(I)).

Algorithm HCol: Outputs the list H-colouring function.
Input: a list H-colouring instance I = (G,L) for G = (V,E).
1. If |V | ĺ n0, compute the list H-colouring function exhaustively.
2. If there exists v ∈ V such that |Lv| = 0, return 0.
3. If there exists v ∈ V such that |Lv| = 1, say Lv = {h}, then set L′v′ = Lv′∩NH(h)

for v′ ∈ NG(v) and L′v′ = Lv′ for v′ 6∈ NG(v). Return wv,hxhHCol(G− v, L′).
4. If G is not connected, let G1, . . . , Gk be the connected components. Return∏k

i=1HCol(Gi, L|V (Gi)).

5. If the maximum degree of G is at most
√
n log(n)/t, compute an elimination

tree of G of height O
(√

tn log(n)
)

and compute the result using dynamic pro-
gramming.

6. Otherwise take v ∈ V of maximal degree. For h ∈ Lv, set Lhv′ = Lv ∩NH(h) if
v′ ∈ NG(v) and Lhv′ = Lv′ if v′ 6∈ NG(v). Return

∑
h∈Lv wv,hxh HCol(G− v, Lh).

Algorithm HCol gives the correct answer for any graph G: in line 2 we note

that if some vertex has an empty list, then pG→H = 0; in line 3 we note that

if the list of a vertex v ∈ V (G) has a single element h ∈ V (H), then v has to

be mapped to h, i.e. pG→H(x) = wv,hxhpG−v→H(x); in line 4 we use the alge-

braic identity pG1tG2→H(x) = pG1→H(x)pG2→H(x); in line 6, we use pG→H(x) =∑
h∈Lv wv,hxhpG−v→H(x). We left the lists of the vertices implicit in the notation;

the precise way in which the lists need to be updated is given in the algorithm.

Inspecting and updating the lists of vertices, finding a vertex of maximal de-

gree and finding the connected components of a graph on n vertices can all be

done in time Cn2, where the constant C may depend on H and n0. The pro-

gram finishes if the conditional on Line 5 is satisfied after a further 2
O

(√
tn log(n)

)
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steps of computation. Since |Lv| ĺ |V (H)| for all v ∈ V (G), it follows that

w(I) ĺ |V (H)|n = O(n). Theorem 2.2 follows from Proposition 2.8 by observ-

ing that Cn22
O

(√
tn log(n)

)
2
O

(√
tn log(n)

)
= 2

O

(√
tn log(n)

)
.

We require the following simple estimate.

Lemma 2.9. Let m, y > 0 and C > y−1. There exists an n0 ∈ N such that

f(w) = eC
√
w log(w) satisfies

f(n− 2) +mf
(
n− y

√
n log(n)

)
ĺ f(n)

for all n ľ n0.

Proof. Let ε > 0 be given such that e−x ĺ 1 − x/2 for all 0 ĺ x ĺ ε. Choose

n0 sufficiently large such that 2/n, y
√

log(n)/n, C log(n)/
√
n ĺ ε and mn−Cy/2 <

C
2

√
log(n)/n for all n ľ n0 (by assumption, Cy > 1). We calculate

f(n− 2) +mf
(
n− y

√
n log(n)

)
ĺ eC

√
(n−2) log(n) +me

C
√

log(n)
(
n−y
√
n log(n)

) 1
2

= f(n)
√

1−2/n +mf(n)

(
1−y
√

log(n)/n
) 1
2

ĺ f(n)1−1/n +mf(n)1− 12y
√

log(n)/n

= f(n)
[
e−C
√

log(n)/n +me−
1
2Cy log(n)

]
.

But

e−C
√

log(n)/n +me−
1
2Cy log(n)

ĺ 1− 1
2
C
√

log(n)/n+mn−
1
2Cy < 1. �

Proof of Proposition 2.8. Let n0 be given from Lemma 2.9 with m = |V (H)|, y =
1

4
√
t|V (H)|

and C = c log(2). Enlarging n0 if necessary for the last three properties,

we may now assume that

f(w − 2) + |V (H)|f
(
w − y

√
w log(w)

)
ĺ f(w) for all w ľ n0,

f(k) + f(`) + 1 ĺ f(k + `) for all k, ` ľ n0,

f(k) + (w − k) + 1 ĺ f(w) for all w ľ n0, k < w,

w + 1 ĺ f(w) for all w ľ n0.
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The proposition is proved by induction on w = w(I). If the algorithm termi-

nates on line 1 or 2, then there is only one iteration and f(n) ľ 1 for all n ∈ Zľ0.

If the algorithm ever reaches line 3, then G has at least n0 vertices and |Lv| ľ 1

for all v ∈ V , so that w(I) ľ n0. Therefore, the statement holds for all w < n0.

Suppose the statement has been shown for instances with w(I) < w for some

w ľ n0. If the algorithm recurses on line 3, then the removed vertex contributed at

least 1 to the weight, and so by induction at most f(w− 1) + 1 ĺ f(w) iterations

are taken.

If the algorithm reaches line 4, we may assume the instance is reduced, and

so w(I) ľ 2|V (G)|. Suppose the graph G is disconnected with connected compo-

nents G1, . . . , Gk. Let Ii = (Gi, L|V (Gi)) and note that Ii is also reduced. Hence

if |V (Gi)| ĺ 1
2w(Ii) ĺ n0, then the recursive call on Gi will take a single itera-

tion. Renumber such that I1, . . . , I` have weight at most 2n0 and I`+1, . . . , Ik have

weight at least 2n0. By induction the algorithm takes at most

∑̀
i=1

1 +
k∑

i=`+1

f(w(Ii)) + 1 ĺ f(w)

iterations, where the inequality follows from the assumptions we placed on n0,

considering k − ` = 0, k − ` = 1 and k − ` > 1 separately.

At line 6, the hypothesis of Lemma 2.7 is satisfied. All but one of the instances

have their weight reduced by at least

1
2

√
n log(n)/t ľ

1

2
√
t|V (H)|

√
w (log(w)− log(|V (H)|)) ľ y

√
w log(w)

(using that w =
∑
v∈V (G) |Lv| ĺ |V (H)|n and assuming log(w) − log(|V (H)|) ľ

1
4 log(w) by enlarging n0 if necessary). The other instance has its weight reduced by

at least 2, since the vertex v with |Lv| ľ 2 is removed. By induction, the number of

nodes in the recursion tree is at most f(w−2)+(|V (H)|−1)f
(
w − y

√
w log(w)

)
+

1 ĺ f(w). �

2.4 Why hardness is hard to prove

Note that Lemma 2.7 is the bottleneck for extending our algorithm to, for example,

4-colouring (H = K4): it is possible that the neighbourhood of a vertex v with
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Lv = {1, 2, 3, 4} has mostly neighbours with list {1, 2}, so that the sets C3 and

C4 are both large. In fact, no such subexponential time algorithm can exist for 4-

colourability on P7-free graphs if the Exponential Time Hypothesis is true. The

Exponential Time Hypothesis (ETH) [68] states that there is an ε > 0 such that

there is no O(2εn)-time algorithm for 3-sat, where n is the number of variables in

the instance. By the Sparsification Lemma [68], ETH implies that 3-sat cannot

be solved in time 2o(n+m), where n is the number of variables and m the number

of clauses. In particular, it cannot be solved in time subexponential in n′ if n′ =

O(n+m).

Proposition 2.10. If the Exponential Time Hypothesis is true, then there is no

algorithm running in time subexponential in the number of vertices of the graph

for

• 4-colourability on P7-free graphs;

• 3-colourability for F -free graphs for any connected F which is not a path.

Proof. Huang [67] gives a reduction of an instance of 3-sat with m formulas and

n variables into an instance of 4-colourability for a P7-free graph on O(n+m)

vertices. Therefore, any algorithm for 4-colourability on P7-free graphs yields

an algorithm for 3-sat with the same time dependence on the input size.

Let F be a connected graph which is not a path. Then F contains either

the claw K1,3 or a cycle. We prove ETH implies that there is no subexponential

time algorithm for 3-colourability of F -free graphs. The standard reduction

(for example [48, Prop. 2.26]) from 3-sat to 3-colourability creates a graph

on O(n + m) vertices. Kamiński and Lozin [74] reduce 3-colourability to 3-

colourability on graphs of girth g (for every g ľ 3) by (in the worst case)

replacing each vertex by a constant-sized gadget. This handles the case when F

contains a cycle.

For F containing the claw K1,3, note that claw-free graphs are a superset of

line graphs. Holyer [66] reduces 3-sat to 3-edge colourability on 3-regular

graphs. Given n variables and m clauses, constant-sized gadgets are created for

each variable and clause; additional components are added to the variable gadgets

for each time it occurs in a clause. Since there are at most 3m such occurrences,
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this creates a graph on O(n+m) vertices. Since the graph is 3-regular, the number

of edges is O(n + m) as well. Hence the line graph of such a graph will have

O(n + m) vertices. Since 3-colourings of the vertices of the line graph are in one-

to-one correspondence with 3-colourings of the edges of the original graph, we can

hence reduce 3-sat to 3-colourability of line graphs on O(n+m) vertices. �

More generally, assuming ETH Theorem 2.2 is tight in the sense that if H does

not satisfy the given assumption, then there is always a t for which there is no

subexponential time algorithm for computing pG→H for Pt-free graphs G [107].

In order to prove a decision problem P is NP-hard, the common approach is

to pick a known NP-hard problem P ′ and describe a way to transform an instance

I ′ of P ′ into an instance I = I(I ′) of P such that

• the answer to I is ‘yes’ if and only if the answer to I ′ is ‘yes’;

• the size of I is polynomial in the size of I ′.

If P could be decided in polynomial time, then this reduction would allow to decide

P ′ in polynomial time. If ETH holds, then our subexponential time algorithm

shows that any reduction from 3-sat to 3-colourability for Pt-free graphs

must ‘blow up’ the instance size.

Since in fact there is a quasi-polynomial time algorithm [108], no such reduc-

tion exists (assuming ETH). For completeness, we include a short sketch of the

algorithm. In a Pt-free graph, each pair of vertices u, v has at most nt−1 induced

paths between them; put these in a bucket Bu,v. When finding an independent set,

a good vertex to branch on is a vertex v such that NG(v) hits at least a 1
t
-fraction

of the pairs in at least a 1
2t -fraction of their bucket. The branch in which v is

added to the independent set is called a success branch. Since the buckets are of

size polynomial in n, after Ω(log(n)) successes at least a 1
10 -fraction of the buckets

are empty; if Bu,v = ∅ then u and v are in different components. Using this, it can

be shown that the recursion tree has at most nO(log2(n)) nodes. When generalising

to vertex colouring, the analogue of Lemma 2.7 is shown for coloured paths in

buckets.
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2.5 Open problems

Our algorithm only uses the property of Pt-free graphs that every induced subgraph

has treedepth O(t∆). Seymour [114] proves that a tree-decomposition of width

O(`∆) can be computed efficiently for graphs that do not contain cycles of length at

least ` as induced subgraph; therefore, our algorithm extends to this class of graphs

(after adjusting the standard dynamic programming approach of for example [16]

to our setting in a similar fashion as done in Section 2.2). This motivates the

following question.

Problem 2.11. For fixed t, are 3-colourability and maximum independent

set solvable in polynomial time on graphs that have no induced cycles of length

greater than t?

The quasi-polynomial time algorithms of [45, 108] for Pt-free graphs work for

the two problems above as well.

A related open problem is the complexity status of maximum independent

set on F -free graphs for graphs F that are obtained by subdividing edges more

than once starting from the claw K1,3. This problem is known to be polynomial

time when F is the claw or the fork (the claw with a single edge subdivided once).

We remark that a quasi-polynomial time approximation scheme exists when F is

a union of paths and subdivided claws [35].

Finally, let us mention the following interesting open problem.

Problem 2.12. What is the complexity of 3-colourability on the class of

graphs of diameter 2?

Mertzios and Spirakis [95] gave a subexponential time algorithm for this prob-

lem and showed that the problem becomes NP-complete when you consider graphs

of diameter 3 (even if the graphs are triangle-free). We remark that their result

could also have been proved via Lemma 2.9: the problem becomes easy as soon as

there is any vertex of low degree, since you can ‘guess’ the colours of the vertices in

{v}∪NG(v) and reduce the problem to 2-sat (which can be solved in polynomial

time). Their proof instead exploits that the graph also has a small dominating set

if the minimum degree is large.
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Chapter 3

Asymptotic dimension of graph
classes

Asymptotic dimension was first introduced for metric spaces by Gromov [56] in

the context of geometric group theory. We assign a metric to a graph G by letting

the (shortest path) distance dG(u, v) between vertices u and v in G be the number

of edges on a shortest path between u and v. The dimension of a single (finite)

graph is not interesting: this is always zero. Instead, we consider the dimension of

(infinite) classes of graphs.

Fujiwara and Papasoglu [44] showed that the asymptotic dimension of planar

graphs is at most 3 and showed this extends to any geodesic Riemannian surface

homeomorphic to R2. Since the class of two-dimensional grids has dimension 2

(see Theorem 3.6), planar graphs have dimension at least 2. Since planar graphs

are K3,3-minor free1, our main result (which is joint work with Marthe Bonamy,

Nicolas Bousquet, Louis Esperet, Chun-Hung Liu, François Pirot and Alex Scott

[18, 19]) shows planar graphs are 2-dimensional.

Theorem 3.1. For any k ľ 3, the asymptotic dimension of the class of K3,k-minor

free graphs is 2.

This result can be extended from graphs to complete Riemannian surfaces

and also answers an open question in geometric group theory (see Section 8 and

Section 1.7 in [18] respectively). The proof given in this chapter is different from

1A graph H is a minor of a graph G if it can be obtained from G by contracting some edges,
and deleting some vertices and edges. We say G is H-minor free if G does not have H as a minor.

35



the proof in our paper [19]; in the paper we combine the results from Fujiwara

and Papasoglu [44] with a quantitative version of a theorem of Brodskiy, Dydak,

Levin and Mitra [30]. After putting [19] on arXiv, we got notified Jørgensen and

Lang [73] independently proved a version of the results above for planar graphs

and geodesic Riemannian planes using the results from [30, 44] as well. Moreover,

after this Chun-Hung Liu [91] generalised our result and answered several of our

questions by proving that the class of H-minor free graphs has dimension at most

2 for all graphs H. The proof uses a technical result that also implies that classes

of bounded treewidth are 1-dimensional. This is then combined with the technical

tool2 of [19] and graph minor theory.

Chapter outline We give the definition of asymptotic dimension and related

notions in Section 3.1 and also give several simple observations and examples that

are not readily available in the literature to give some intuition. In Section 3.2 we

prove Theorem 3.1 in a slightly more general form.

3.1 Definitions and examples

The goal of this section is to bring the reader up to speed with the definitions from

the asymptotic dimension literature and related work. We will give two equivalent

views on the definition of asymptotic dimension in Section 3.1.1 and Section 3.1.2.

Let G be a graph and let U be a subset of its vertices. One of the subtle points

throughout this chapter is that we could measure the distances between the points

of U in two different ways.

• We can use the shortest-path metric dG of G. The weak diameter of a subset

U of vertices of G, denoted by diamG(U), is the maximum over the distances

in G between two vertices of U .

• We can use the shortest-path metric dU of the graph G[U ] induced on U .

The diameter of the graph G[U ] is usually called the strong diameter.

2A layering is a function L : V (G) → N such that uv ∈ E(G) implies |L(u)− L(v)| ĺ 1. We
apply the results of [30] to the setting of graphs to show that a graph class C has dimension at
most d+ 1 if there are graph classes C1, C2, . . . of dimension d such that each graph in C has a
layering in which any t consecutive layers induce a graph from Ct.
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r = 3

r = 2

r = 1

Figure 3.1: For r ∈ [3], the r-balls around a vertex of a 2-dimensional grid are
shown.

Whenever we speak of the diameter of a subset, we mean the weak diameter of

this subset. If the distances need to be measured in a different graph than G, then

this will be explicitly mentioned. Observe that our subsets of bounded diameter

may induce disconnected graphs.

Since we will sometimes consider more general structures than graphs in this

chapter, we give the definitions below for metric spaces. Let (X, d) be a metric

space. For two subsets A,B of X, we define

d(A,B) = inf{d(u, v) |u ∈ A, v ∈ B}.

3.1.1 Sparse partitions

A ball of radius r (or r-ball) centered in a point x, denoted by Br(x), is the set of

points of X at distance at most r from x. An example is given in Figure 3.1.

Suppose that we want to find a partition of the space X such that all points

in the same part are close to each other (i.e. the parts have small diameter) and

there is little interference (no point of X sees too many parts near to it). A subset

S ⊆ X is r-bounded if it has diameter at most r: d(x, x′) ĺ r for any x, x′ ∈ S. A

family U of subsets of X is r-bounded if all of its elements are r-bounded. For a real
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r ľ 0 and an integer k ľ 0, a family U of subsets of X has r-multiplicity at most

k if each r-ball in X intersects at most k sets of U . We say that a space X admits

a (C, τ)-weak sparse partition scheme if for any r > 0, X has a partition into

Cr-bounded sets of r-multiplicity at most τ and this partition can be computed

efficiently. This definition was introduced in [72] and is equivalent to the notion of a

weak sparse cover scheme of Awerbuch and Peleg [8] (see [42]). A family of graphs

G admits a (C, τ)-weak sparse partition scheme if each graph in the class admits

such a (C, τ)-weak sparse partition scheme and the partitions can be computed in

time polynomial in the number of vertices of the graph.

The notion of Assaoud-Nagata dimension is similar to the notion of asymptotic

dimension, and is related to the following extremal question: what is the smallest τ

for which there exists a (C, τ)-weak sparse partition scheme for X for some C > 0?

The question is uninteresting for a single finite graph G: we can handle τ = 1 with

C = diamG(V (G)). For the real line, for any r > 0, we can partition the points

into intervals of diameter at most 2r such that each r-ball intersects at most 2

intervals; this shows R admits a (2, 2)-weak sparse partition scheme. There is no

C > 0 for which there exists a (C, 1)-weak sparse partition scheme, since the only

partition of multiplicity 1 is {R}.
Another example is given in Figure 3.2. If we are asked to partition the points

of a 2-dimensional grid, then one approach is to first partition its rows similar to

the way we did for the real line, and then repeat that partition for the columns.

If we align consecutive rows as is done in a chessboard, then a 2-ball around a

vertex may intersect 4 parts. However, we may also shift the odd rows to obtain

a pattern that is often used as well for the bricks of a house, in which case we can

find a partition of multiplicity 3 instead. It turns out that multiplicity 3 is the best

we can do for the class of 2-dimensional grids; this is not obvious and is further

explained in Section 3.1.3.

The asymptotic dimension of X is the smallest integer k for which there exists

a function D : R>0 → R>0 such that for all r ∈ R>0, there exists an D(r)-bounded

partition3 of X of r-multiplicity at most k+ 1; if no such integer exists, we say the

dimension is∞. A single, finite graph has asymptotic dimension 0 by setting D(r)

3Usually the definition only requires a cover of the vertices, but we can always turn this into
a partition without increasing the multiplicity or diameters.
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3r

r = 2

3r

r = 2

Figure 3.2: The ‘chessboard’ partition on the top is 5r-bounded and has r-
multiplicty at most 4. The ‘wall’ partition on the bottom has r-multiplicity at
most 3.
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equal to the diameter of G for every r > 0. For a class of graphs G, we define its

asymptotic dimension as the asymptotic dimension of the disjoint union tG∈GG.

This gives the following definition.

Definition 3.2 (Asymptotic dimension). Let G be a class of graphs. The asymp-

totic dimension of G is the smallest integer k for which there exists a function

D : R>0 → R>0 such that for all G ∈ G and for all r ∈ R>0, there exists a partition

U1, U2, . . . , U` of the vertices of G (for some ` ∈ N) such that

• diamG(Ui) ĺ D(r) for all i ∈ [`];

• for all x ∈ V (G), the r-ball Br(x) intersects at most k + 1 different parts.

If no such integer k exists, the asymptotic dimension of G is ∞.

To get the definition of Assaoud-Nagata dimension or asymptotic dimension

of linear type, the constraint is added that the function D needs to be of the

form D(r) = Cr or D(r) = ar + b respectively for some constants C, a, b ∈ R.

The Assaoud-Nagata dimension and asymptotic dimension of linear type of graph

classes are the same, but they may be different when considering weighted graphs.

This is because for functions of the form D(r) = ar + b, any partition for r = 1

can also be used for any r ∈ (0, 1) by increasing b if needed. The Assouad-Nagata

dimension on the other hand also considers the microscopic scales as r → 0.

If a family of graphs admits a (C, τ)-weak sparse partition scheme for some

constant C, then its Assouad-Nagata dimension is at most τ − 1. Conversely, if a

family of graphs has Assouad-Nagata dimension at most k and the partitions can

be computed efficiently, then the family admits a (C, k + 1)-weak sparse partition

scheme for some constant C. While the two notions are almost equivalent, the em-

phasis is on different parameters. In the case of the Assouad-Nagata dimension, the

goal is to minimise k (or equivalently τ), while in the (C, τ)-weak sparse partition

scheme, the goal is usually to minimise a function of C and τ which depends on the

application. As an example, it was proved in [72] that if an n-vertex graph admits

a (C, τ)-weak sparse partition scheme, then the graph has a universal Steiner tree

with stretch O(C2τ logτ n), so in this case the goal is to minimise C2 · τ
log τ .
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All our proofs are constructive and give polynomial-time algorithms to compute

the covers. The following is a sample of our results (translated into the terminology

of sparse partition schemes).

• Trees (and more generally chordal graphs) admit (32, 2)-weak sparse parti-

tion schemes (this actually follows directly from the results of [44]). Filtser

[42] has shown that trees admit a (4, 3)-weak sparse partition scheme and

that chordal graphs admit a (24, 3)-weak sparse partition scheme.

• Graphs excluding K3,p as a minor admit (O(p2), 3)-weak sparse partition

schemes, while using the original approach of [44], it can be shown that they

admit (O(p), 4)-weak sparse partition schemes.

• In particular, graphs of Euler genus g ľ 0 admit (O(g2), 3)-weak sparse

partition schemes and (O(g), 4)-weak sparse partition schemes.

3.1.2 Relation to clustered colouring

In this subsection, we give an alternative definition of asymptotic dimension that

is an upper bound on (and generalisation of) the clustered chromatic number for

graphs of bounded maximum degree. A (proper) k-colouring of graph is the same

as a partition of the vertices of the graph into k independent sets; this means

that all monochromatic components have size 1. In a vertex-coloured graph, a

monochromatic component is a connected component of the subgraph induced by

all the vertices of one colour. A graph G is k-colourable with clustering c if each

vertex can be assigned one of k colours such that each monochromatic component

has at most c vertices. The clustered chromatic number of a graph class G, denoted

by χ∗(G), is the minimum integer k such that, for some integer c, every graph in

G has a k-colouring with clustering c.

When considering a metric space (X, d), one possible generalisation of an in-

dependent set is a set of vertices that are all at distance more than 1 from each

other. A family U of subsets of X is r-disjoint if d(u, v) > r for all u, v belonging

to different elements from U . Gromov [56] gave the following alternative definition

of the asymptotic dimension of a metric space X. It is the least integer k such that

for any r, there is a D(r) such that X has a D(r)-bounded partition U that can
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be written as U = tki=0Ui such that Ui is r-disjoint for every i ∈ {0, . . . , k}; the

function D : R>0 → R>0 is then referred to as a k-dimensional control function

for G and the dimension is infinite if no such k exists.

Gromov [56] showed that the definition above is equivalent to the one in Defi-

nition 3.2. The fact that Definition 3.2 implies the one above is non-trivial, but the

other direction is an easy exercise4 on deciphering definitions. The Assouad-Nagata

dimension variants are also equivalent [83, Proposition 2.5].

Let G be a graph with a D(r)-bounded partition U that can be written as

U = tki=0Ui such that Ui is r-disjoint for every i ∈ {0, . . . , k}. Note that we may

equivalently define a (k + 1)-colouring, where Ci =
⋃
X∈Ui X is the set of vertices

of colour i. In the case r = 1, each monochromatic component is contained in an

element of U and therefore has diameter at most D(1). This corresponds to the

notion of weak diameter network decomposition in distributed computing (see [7]).

If G has maximum degree ∆, then any vertex set U of diameter at most t in

G contains at most 1 + ∆ + · · · + ∆t vertices. Let r > 0 and let Gr denote the

r-th power of the graph G: vertices u, v ∈ V (Gr) = V (G) are adjacent if and only

if they are at distance at most r in G. The vertex colouring with colour classes

{C0, . . . , Ck} also colours the vertices of Gr. Each component of Gr of colour i

only contains vertices from a single part of Ui, and therefore its diameter is at

most D(r). In particular, the colouring has bounded clustering.

Corollary 3.3. Let ∆ ľ 2 be an integer. If G is a class of graphs with asymptotic

dimension at most k such that every graph in G has maximum degree at most ∆,

then for every r ∈ N, the clustered chromatic number of the class {Gr : G ∈ G} is

at most k + 1.

As further explained in [19], the corollary above can be used to reprove several

non-trivial results on the clustered chromatic number of graph classes via their

asymptotic dimension.

Instead of considering the monochromatic components in the graph Gr, it is

sometimes convenient to define the components directly in the graph G instead.
4If a family of sets Ui for some i ∈ {0, . . . , k} is 2r-disjoint, then no point can be within

distance r of two different sets of Ui. Hence if U0, . . . ,Uk are all 2r-disjoint, then each r-ball can
intersect with at most one set per ‘colour class’, and so U =

⋃k
i=0 Ui has r-multiplicity at most

k + 1.
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Definition 3.4 (r-component). Let r > 0. Given a subset A ⊆ X, two points

x, x′ ∈ A are r-connected in A if there are points x = x1, . . . , x` = x′ in A such

that for any 1 ĺ i ĺ ` − 1, xi and xi+1 are distance at most r in X. A maximal

set of r-connected points in A is called an r-component of A.

Note that these components form a partition of A. For a graph G, the 1-

components of G are exactly the connected components, and a set A is an inde-

pendent set if and only if its 1-components are all of size 1. An example of the

2-components of a subset of vertices is depicted in Figure 3.3.

f

0 1 2

u v

3 4

A

A1 A2

Figure 3.3: The two 2-components A1 and A2 of a subset A.

If U is the set of r-components of a subset A ⊆ X, then U is r-disjoint. Vice

versa, the r-components of
⋃
U∈U U are contained in elements of U and therefore

inherit their (weak) diameter upper bounds. So the asymptotic dimension of a

graph class G is at most k if and only if for every r > 0, there exists a D(r)

such that every G ∈ G has a (k + 1)-colouring for which each colour class has

D(r)-bounded r-components.

3.1.3 Quasi-isometry, grids and hypercubes

There are several definitions for ‘dimension’ in mathematics and graph theory.

One of them, is the covering dimension5 of a topological space X from Lebesgue.

Homeomorphic spaces have the same covering dimension. A similar thing holds

for asymptotic dimension: quasi-isometric metric spaces have the same asymptotic

dimension. Two metric spaces (X, dX) and (Y, dY ) are quasi-isometric if there exist

a map f : X → Y and constants ε ľ 0, λ ľ 1, and C ľ 0 such that

5The space X has covering dimension at most n if for every open cover U of X, we can find an
open cover V of X that refines U (each V ∈ V is contained in some U ∈ U) and has multiplicity
at most n+ 1. If we restrict to covers which have a uniform bound on the diameter of the sets,
then we obtain another definition equivalent to the asymptotic dimension.
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• for any y ∈ Y there is x ∈ X such that dY (y, f(x)) ĺ C;

• for every x1, x2 ∈ X,

1
λ
dX(x1, x2)− ε ĺ dY (f(x1), f(x2)) ĺ λdX(x1, x2) + ε.

Note that given a quasi-isometry f : X → Y , we may define a quasi-isometry

f : Y → X (using the same constants) by sending y to an element g(y) ∈ X with

dY (y, f(g(y))) ĺ C.

Lemma 3.5. If metric spaces X and Y are quasi-isometric, then they have the

same asymptotic dimension.

Proof. Let f : X → Y be a quasi-isometry and let ε, λ, C be as in the definition

above. By symmetry, it suffices to show that the asymptotic dimension of Y is at

most the asymptotic dimension of X. We show that if D is a k-dimensional control

function of X, then D′(r) = λD(r+2C)+ε+2C is a k-dimensional control function

of Y .

Let r > 0. Let U be a partition of X where U = tki=0Ui such that each Ui is

D(r + 2C)-bounded and (r + 2C)-disjoint. For any y ∈ Y , select g(y) ∈ X with

dY (y, f(g(y))) ĺ C. Let i ∈ {0, . . . , k}. Set Vi = {g−1(U) : U ∈ Ui}. For any

U ∈ Ui, we find for any y, y′ ∈ g−1(U) that

dY (y, y′) ĺ dY (y, f(g(y))) + dY (y′, f(g(y′))) + dY (f(g(y)), f(g(y′)))

ĺ C + C + λdX(g(y), g(y′)) + ε ĺ 2C + λD(r + 2C) + ε.

This proves Vi is D′(r)-bounded. Similarly, the reversed triangle inequality gives

that dY (y, y′) ľ dX(g(y), g(y′)) − 2C ľ r if y, y′ are in distinct parts of Vi. This

shows Vi is r-disjoint. Moreover, tki=0Vi gives a partition of Y . Hence D′ is a

k-dimensional control function for Y . �

Note that the same proof shows that quasi-isometric spaces have the same

asymptotic dimension of linear type. Moreover, the proof shows that if a set X

admits two equivalent metrics d and d′, then (X, d) and (X, d′) have the same

asymptotic dimension as well as the same Assouad-Nagata dimension. The lemma
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can be used to show that the asymptotic dimension of a class of complete Rieman-

nian surfaces of genus g is at most the asymptotic dimension of the class of graphs

embeddable on a surface of genus g, as further explained in [18, Section 8]. Below,

we apply it to give natural examples of graph classes for each possible dimension.

For two integers m and k, the k-dimensional grid [m]k with all diagonals is the

graph with vertex set [m]k = {1, . . . ,m}k in which two vertices x, y are adjacent if

and only if ‖x−y‖∞ = 1. Linial and Saks [89, Theorem 3.2] showed that if k,m ∈ Z
and the k-dimensional grid [m]k with all diagonals has been k-coloured, then some

monochromatic component has weak diameter m. The k-dimensional grid of order

mk is the graph with vertex set [m]k in which two vertices x, y ∈ [m]k are adjacent

if and only if
∑k
i=1 |xi − yi| = 1. Note that k-dimensional grids are quasi-isometric

to their counterpart with all diagonals (with factors in the quasi-isometry that

only depend on k). It follows by Lemma 3.5 and the result from Linial and Saks

that the dimension of the class of k-dimensional grids has asymptotic dimension

at least k. As should be, there is also a matching upper bound.

Theorem 3.6. The class of k-dimensional grids has Assouad-Nagata dimension

and asymptotic dimension k.

Sketch. We give a sketch of how the upper bound can be obtained by generalising

the ‘wall-like’ construction given in Figure 3.2. We will give the construction as a

subset of Rk.

The walls consist of (1× 1)-bricks. We inductively define the set Wk of central

points of the bricks. Set W1 = Z ⊆ R. By interchanging W1 and W1 + 1
2 we obtain

W2 =
{(
i, j + (i mod 2)

1
2

)
: i ∈ Z, j ∈ W1

}
.

To obtain W3, we similarly interchange copies of W2 and W2 + (1
4 ,

1
4) in the ‘third

dimension’. That is, for all n ľ 2

Wn+1 = {(i, x+ (i mod 2)(2−n, . . . , 2−n) : i ∈ Z, x ∈ Wn}.

For all n ľ 1, the bricks of the wall are

Bn =
{{
y ∈ Rn : ‖c− y‖1 ĺ

1
2

}
: c ∈ Wn

}
.
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It can be verified that this gives a cover for Rn. We claim that each ( 1
2n+2 )-ball hits

at most n + 1 elements from Bn. Let x be the center of the ball and let C ⊆ Wn

be the set of centers corresponding to the parts that it hits. We can define an

off-set function g : Zn → Rn such that Wn = {i + g(i) : i ∈ Zn} to get a bijection

f : Zn → Wn. Let I = f−1(C) ⊆ Zn denote the ‘original positions’ of the parts

that are hit. The claim can be shown from the following two key properties:

• ‖i− i′‖∞ ĺ 1 for all i, i′ ∈ I;

• for all k ∈ [n], all but at most one element of I agree on the first k coordinates.

Informally, both follow from the fact that the boundaries are at least 2−n apart in

each ‘direction’; if i, i′ ∈ I have k ∈ [n] as the first coordinate on which they differ,

then x needs to be near a specific k-boundary determined by i and i′.

By embedding a k-dimensional grid in Rk (scaled appropriately depending on

r), we can obtain a 2k+3-bounded partition of the grid of r-multiplicity k + 1. �

The result above gives in particular that paths have dimension 1; more generally

classes of bounded treewidth have dimension 1 [18, 91]. Euclidean space Rk also has

Assouad-Nagata dimension and asymptotic dimension k; the upper bound follows

from the construction above and the lower bound follows from the fact that Rk is

quasi-isometric to the infinite grid Zn (plus Observation 3.8 below).

One obvious way to obtain a graph class of infinite dimension is to take the

class of all grids. Another example is given below.

Proposition 3.7. The graph class {Qd : d ∈ N} has infinite asymptotic dimen-

sion.

It does not suffice that large grids embed as induced subgraphs into the cubes;

rather, we need to ensure that the ‘weak’ distances in these subgraphs are the same

as the ‘strong’ distances. We say H is a metric subgraph of G if V (H) ⊆ V (G)

and dH(u, v) = dG(u, v) for all u, v ∈ V (H). This is exactly what ensures that a

(C, τ)-weak sparse partition of G is still a (C, τ)-weak sparse partition after we

restrict the parts to H and measure the distances in H instead.
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Observation 3.8. If G is a graph class and G ′ is the collection of metric subgraphs

of graphs in G, then G ′ and G have the same Assouad-Nagata dimension and the

same asymptotic dimension.

Proof of Proposition 3.7. By Observation 3.8 and Theorem 3.6, it suffices to show

that for any n, k ∈ N, there is a d ∈ N such that the k-dimensional grid [n]k is a

metric subgraph of Qd.

Let d = nk and write Qd = Qn × · · · × Qn as the k-fold Cartesian product of

smaller cubes. In each copy of Qn, we may find a path Pn on vertex set {x1, . . . , xn}
with for all i, j ∈ [n], (xi)j = 1 if and only if j < i, that is, the path runs from x1

to xn as

(0, . . . , 0)→ (1, 0, . . . , 0)→ (1, 1, 0, . . . , 0)→ · · · → (1, . . . , 1, 0)→ (1, . . . , 1).

For any i, j ∈ [n], we find dQn(xi, xj) = |i − j| = dPn(xi, xj), so this is a metric

subgraph of Qn. Taking such a path in all of the k copies of Qn, and taking

the Cartesian product H of all the copies, we obtain an induced subgraph of Qd

isomorphic to the k-dimensional grid with sides of length n.

We now verify that it is also a metric subgraph of G. For this, it suffices to show

that if H1 and H2 are metric subgraphs of the graphs G1 and G2, then H1 × H2

is a metric subgraph of G1 × G2. Let (a, b), (c, d) ∈ V (H1) × V (H2). Using the

definition of the Cartesian product and that Hi is a metric subgraph of Gi for

i ∈ [2], we find

dG1×G2((a, b), (c, d)) = dG1(a, c) + dG2(b, d)

= dH1(a, c) + dH2(b, d)

= dH1×H2((a, b), (c, d)).

This shows that the grid [n]k is a metric subgraph of Qnk as desired. �

3.1.4 Further remarks

We end this section by giving several technical remarks.

• A natural question is whether the induced subgraphs of a graph G can inherit

a (C, k)-weak sparse partition for G; the fact that this is not true in general
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can be seen by considering a graph H that does not admit a (C, k)-weak

sparse partition scheme and adding a universal vertex to this. Indeed, the

resulting graph G will always admit a (2, 0)-weak sparse partition scheme.

When a graph class G has bounded maximum degree, then this does have

the same asymptotic dimension as the closure of G with respect to taking

induced subgraphs.6

• The asymptotic dimension of an infinite graph can be upper bounded by

the dimension of the class of its finite induced subgraphs (see [18, Theorem

A.2]). A simpler compactness argument applies for locally finite7, countable

graphs: if there is a sequence A1 ⊆ A2 ⊆ . . . of finite subsets of V (G)

tending to V (G), then the partitions for these subsets can be used to find a

partition of V (G) on which infinitely many of them ‘agree’. Any r-ball in G

is then contained in some Aj with the same partition as G, showing that the

multiplicity has not increased.

• It is implicit in the work of Gromov [57] (see also [111, Proposition 11.29])

that any infinite family of bounded degree expanders (in particular cubic ex-

panders) has unbounded asymptotic dimension. This implies that bounding

the degree is not enough to bound the asymptotic dimension. Essentially all

examples that we know of with infinite dimension, either contain arbitrarily

large grids or expanders.

• If a class F of metric spaces is scale-invariant, in the sense that for every

(X, dX) ∈ F and every real number k > 0 the metric space (X, k·dX) is also in

the class F , then the asymptotic dimension of F equals its Assouad-Nagata

dimension (see [18, Lemma 7.6]). On the other hand, there exist8 graph

classes with infinite Assouad-Nagata dimension and asymptotic dimension 1,

6Given a control function D(r) for G, it can be shown that D′(r) = r∆D(r)+1 is a control
function for the induced subgraphs by inheriting the colouring. Indeed, the r-components of
colour i in G have at most ∆D(r)+1 vertices, and the r-components for H cannot be larger. Now
note that the diameter of an r-component is at most r times its number of vertices.
7We require the assumption that each r-ball is finite.
8One example is the class of {Sg(d)(Qd) : d ∈ N} of subdivided cubes for g(d) = 10 · 2d. It can

be shown that the asymptotic dimension is at most one via the control function f(r) = rg(r)
and that a (C, k)-weak sparse partition scheme for the class for some k ∈ N and C > 0 would
give a (C ′, k)-weak sparse partition scheme for the class of hypercubes for some C ′ > 0.
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and there also exist (Cayley) graphs of asymptotic dimension n for which any

n-dimensional control function D(r) grows as fast as Ω(exp exp · · · exp rk),

for any given height of the tower of exponentials [104].

• If we replaced weak diameter by strong diameter in the definition of asymp-

totic dimension, then the results would be widely different. For example,

trees would have infinite dimension, see [42, Theorem 9].

3.2 Graphs on surfaces are two-dimensional

The goal of this section is to prove Theorem 3.1. We will actually prove the stronger

result that for every p ľ 3, the class of weighted graphs without K3,p-minor has

asymptotic dimension 2. This more general result is needed when lifting our result

to Riemannian surfaces. The proof here does not appear anywhere else, but an

alternative proof can be found in [18, 19].

Given a graph G and a collection of positive reals ` = (`e)e∈E(G), the weighted

graph (G, `) is the discrete metric space whose points are the vertices of G, and

whose metric coincides with the weighted shortest path metric in G (where each

edge e is considered with its weight `e). The distance between two vertices u and

v in this metric is denoted by dG(u, v). Note that this corresponds to the usual

shortest path metric if all weights are equal to 1. If all the weights of a weighted

graph G lie in some real interval I, we say that G is an I-weighted graph. It will be

convenient to restrict ourselves to (0, 1]-weighted graphs, but it turns out that we

lose no generality by doing so: the class of K3,p-minor free graphs is closed under

taking subdivisions9 for all p ľ 3, and any (C, τ)-weak sparse partition scheme for

a subdivision of G also works for G by simply restricting the partitions to G (this

is a special case of Observation 3.8).

As in the unweighted case, for two subsets A,B of vertices of a weighted graph

G, we define the weak diameter diamG(U) of a subset U ⊆ V (G) as the maximum

over the distances in G between two vertices of U . A path between two vertices u

and v in a weighted graph G is geodesic if its length is precisely dG(u, v) (i.e. the

9We consider subdivisions for which there is a constant m ∈ N such that each edge is replaced
by a path of length m and distribute the weight `e of a subdivided edge e uniformly over the
new edges.
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path is a (weighted) shortest path between its endpoints). We say that a subset S

of vertices of G is connected if the subgraph of G induced by S, denoted by G[S],

is connected.

3.2.1 Fat bananas and minors

A weighted graph G contains a graph H as a minor if V (G) contains |V (H)|
vertex-disjoint subsets {Tv | v ∈ V (H)}, each inducing a connected subgraph in G,

and such that for every edge uv in H, Tu and Tv are connected by an edge in G. We

define the following metric variant of this. For an integer q ľ 1, a weighted graph

G contains a graph H as a q-fat minor if V (G) contains |V (H)| vertex-disjoint

subsets {Tv | v ∈ V (H)} such that

• each subset Tv induces a connected subgraph of G;

• any two sets Tu and Tv are at distance at least q apart in G;

• for every edge uv in H, Tu and Tv are connected by a path Puv (of length at

least q) in G, such that

– for any pair of distinct edges uv and xy of H (possibly sharing a vertex),

the paths Puv and Pxy are at distance at least q in G, and

– for any edge uv in H and any vertex w distinct from u and v, Puv is at

distance at least q from Tw in G.

Note that if G contains H as a q-fat minor, then it also contains H as a minor. An

example of q-fat K3-minor is depicted in Figure 3.4, right, where the last property

(stating that sets Tw are far from paths Puv) is not mentioned explicitly, for the

sake of readability.

For two integers p and q, we define a q-fat p-banana in a weighted graph G as

a pair of connected subsets A and B of vertices of G with dG(A,B) ľ q, together

with p geodesic paths between A and B, such that dG(x, y) ľ q if x, y belong

to different paths (see Figure 3.4, left). Note that for (0, 1]-weighted graphs, the

assumption that A and B are at distance at least q implies that the geodesic paths

contain at least q vertices.
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Figure 3.4: A q-fat 3-banana (left), and a q-fat K3-minor (right).

Remark 3.9. A q-fat H-minor does not need to have paths that are geodesic, but

for (0, 1]-weighted graphs, any q-fat H-minor can be transformed into a (q/3− 1)-

fat H minor in which all paths are geodesic. Indeed, for an edge uv of H we can

grow Tu along Puv until the first vertex at graph distance at most q/3 from Tv and

then add in a geodesic Quv to Tv. If we do this procedure once for each edge, then

the resulting geodesics are still q/3 apart, and the vertices added to Tu will be at

least q/3− 1 from each vertex in Tv.

We say that H contains Θ as an intrinsic fat banana, or contains H ′ as an

intrinsic fat minor, if the definition of fat banana or fat minor is with respect to

the metric dH .

Fat minors are related to fat bananas by the following simple lemma.

Lemma 3.10. Let G be a (0, 1]-weighted graph. If G does not contain the complete

bipartite graph K2,p as a q-fat minor, then G contains no (3q + 2)-fat p-banana.

Proof. We prove the contrapositive. Consider a (3q + 2)-fat p-banana in G, i.e.

connected sets A and B at distance at least 3q + 2 apart in G, together with p

geodesic paths P1, . . . , Pp connecting A and B, such that any pair of paths Pi, Pj
is at distance at least 3q + 2 apart in G.

For any i ∈ [p], we partition the vertices of each Pi into three parts Pi,A, Pi,0
and Pi,B. The subpath Pi,A of Pi consists of all vertices at distance at most q from

A and similarly for Pi,B. Since the weight of any edge is at most 1, the set Pi,0 is

non-empty. Moreover, each Pi,0 is at distance at least q from A and B, and the

paths Pi,A and Pi,B are at least q apart as well. Finally, for i 6= j the lower bound

of 3q+ 2 on the distance between vertices in Pi and Pj remains. This implies that
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the sets A,B, P 0
1 , P

0
2 , . . . , P

0
p , together with the paths PA

1 , P
B
1 , . . . , P

A
p , P

B
p define

a q-fat K2,p minor in G. �

Given a graph H, the graph H∗ is obtained from H by adding a universal

vertex (i.e. adding a vertex and joining it to all the vertices of H). We now prove

that if a graph G avoids H∗ as a minor, then the subgraph of G induced by any

annulus in G avoids H as a fat minor of comparable or greater length.

Lemma 3.11. Let H be a graph, and let G be a weighted graph with no H∗ minor.

For any vertex v ∈ V (G), and any real numbers 0 < s < t and q > 2(t − s), the

subgraph G′ of G induced by the vertices {u ∈ V (G) | s ĺ dG(u, v) ĺ t} does not

contain H as an intrinsic q-fat minor.

Proof. We again prove the contrapositive. Let A = {u ∈ V (G) | dG(u, v) < s} and

B = {u ∈ V (G) | s ĺ dG(u, v) ĺ t}. Suppose that G′ = G[B] contains H as a q-fat

minor. Let {Tu |u ∈ V (H)} and {Puw |uw ∈ E(H)} be as in the definition of a

q-fat minor. For each u ∈ V (H), let Pu be a shortest path from Tu to v in G and

let P+
u = Pu ∩B. Note that the length of P+

u is at most t− s. For any u ∈ V (H),

set T+
u = Tu ∪ V (P+

u ).

Each of the sets T+
u is connected and disjoint from A, and two sets T+

u and T+
w

are at distance greater than q− 2(t− s) > 0 apart in G′ (in particular the sets are

pairwise disjoint). The set A is connected and has an edge to T+
u for all u ∈ V (H).

For any edge uw in H, let P+
uw be a minimum subpath of Puw between T+

u and

T+
w . Since each path Puw is at distance in G′ at least q − (t − s) > t − s from all

the sets Tx with x 6∈ {u,w}, the subpaths P+
uw are disjoint from all sets T+

x with

x 6∈ {u,w}. Moreover, since the paths Puw are pairwise vertex-disjoint, and disjoint

from A, the subpaths P+
uw are also pairwise vertex-disjoint and disjoint from A.

Letting A be the connected subset corresponding to the vertex in V (H∗) \ V (H),

we find that G contains H∗ as a minor. �

3.2.2 Dimension of banana-free graphs

In this section, we will prove a technical lemma that generalises the following

(rephrased) result of Fujiwara and Papasoglu [44].
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2r

Figure 3.5: Each r-ball intersects at most two layers. Within each layer, each r-ball
intersects at most 2 sets. Hence each r-ball hits at most 4 sets.

Theorem 3.12 (Theorem 3.1 in [44]). Let positive integers q and r be given.

For any graph G with no q-fat 3-banana, there is a (105r)-bounded cover of G of

r-multiplicity at most 2.

Fujiwara and Papasoglu [44] proved that any planar graph can be partitioned

into banana10-free annuli in such a way that each r-ball intersects at most two

annuli. Combined with the result above, this leads to partition with r-multiplicity

at most 4 (see Figure 3.5). We improve the multiplicity from 4 to 3 by aligning

consecutive annuli in such a way that an r-ball never hits two parts from both.

For this, we need the following extension of Theorem 3.12 that controls the sets of

vertices that are close to two parts of the cover (which are called Cij below).

Lemma 3.13. Let positive integers p, q, r and m ľ 2r be given. Then, for any

weighted graph G with no q-fat p-banana, there is a (7m + 3q)p-bounded cover

C0, C1, . . . of G of r-multiplicity at most 2. For i 6= j, let

Cij = {x ∈ G : dG(x,Ci) ĺ r and dG(x,Cj) ĺ r}.

We can moreover ensure that dG(Cij, Ci′j′) ľ m − 2r whenever {i, j} 6= {i′, j′}.
We also obtain diamG(Cij) ĺ (7m+ 3q)p+ 2r.
10In their paper, bananas are referred to as thetas.
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Proof. Let positive integers q, p, r and m ľ 2r be given and let G be a weighted

graph with no q-fat p-banana. We assume that the graph G is connected, since

otherwise we can consider each connected component separately. We fix a root

vertex v ∈ V (G), and let an annulus be a vertex set of the form A(a, b) = {u ∈
V (G) | a ĺ dG(u, v) < b}, for some 0 < a < b. For any integer k ľ 1, let Ak =

A(km, (k + 1)m). For any integer k, we say that the annuli Ak and Ak+1 are

consecutive. Since m ľ 2r, each r-ball in G intersects at most two annuli Ak (and

these annuli must be consecutive).

Let k0 be the smallest integer such that k0m ľ 2m+q. Note that by definition,

(k0 − 1)m ĺ 2m + q, and thus k0m ĺ 3m + q. We start by defining C0 as the set

of vertices at distance less than k0m from v. Note that C0 has diameter at most

2k0m ĺ 6m+ 2q ĺ (7m+ 3q)p. It remains to cover the vertices at distance at least

k0m from v, that is the vertices in
⋃
kľk0 Ak.

For each k ľ k0, we partition Ak into m-components as follows. For two vertices

x, y ∈ Ak, we write x ∼ y if x and y are at distance at most m in G. The

transitive closure of ∼ is an equivalence relation, and we denote by Ck
1 , C

k
2 , . . .

the corresponding equivalence classes (these classes partition Ak). Note that for

each fixed k ľ k0, each r-ball in G intersects at most one set in Ck
1 , C

k
2 , . . ., since

otherwise two vertices in different classes Ck
i and Ck

j would be at distance at most

2r ĺ m apart in G, which would contradict the definition of ∼. Since each r-ball in

G intersects at most two sets from {C0} ∪ {Ak | k ľ 1}, it follows that each r-ball

of G intersects at most two sets from the collection C = {C0}∪{Ck
i | k ľ k0, i ľ 1},

which partitions the vertex set of G.

We now prove that for each pair k, i, the set Ck
i has diameter at most (7m+3q)p.

Assume for the sake of contradiction that there exist x and y in Ck
i ⊆ Ak, with

dG(x, y) ľ (7m + 3q)p. By definition of Ck
i , we may find x1, . . . , x` ∈ Ck

i , where

dG(xi, xi+1) ĺ m, x1 = x and x` = y. We will use these to find a q-fat p-banana in

G to arrive at our contradiction.

We first need to find p vertices on the path that are mutually far apart. We

define a function ι : {1, . . . , p} 7→ N, as follows: ι(1) = 1, ι(p) = `, and

ι(i+ 1) = 1 + max{j ∈ {ι(i), . . . , `} | dG(xι(i), xj) ĺ 6m+ 3q}
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for any i ∈ [p− 2]. For any i ∈ [p− 2] we have

dG(xι(i+1), xι(i)) ĺ dG(xι(i+1), xι(i+1)−1) + dG(xι(i+1)−1, xι(i))

ĺ m+ 6m+ 3q

ĺ 7m+ 3q.

This shows that for i ∈ [p− 1], dG(x1, xι(i)) ĺ (7m+ 3q)i and hence

dG(xι(i), x`) ľ dG(x1, x`)− dG(x1, xι(i))

ľ (7m+ 3q)p− (7m+ 3q)i ľ 7m+ 3q > 6m+ 3q.

Finally, we have dG(xι(i), xι(j)) > 6m+3q for any 1 ĺ i < j ĺ p−1; for j = i+1 the

property follows from the definition and for j > i+1 it follows from ι(j) ľ ι(i+1).

We conclude that dG(xι(i), xι(j)) > 6m+ 3q for any 1 ĺ i < j ĺ p.

For each i ∈ [p], consider a shortest path Pi from xι(i) to the root v. We now

define a q-fat p-banana Θ as follows.

• Let A be the set of vertices of
⋃

1ĺiĺp V (Pi) at distance at most km−(2m+q)

from v (note that km− 2m+ q ľ 0 since k ľ k0).

• Let B be the set {x1, x2, . . . , x`}, together with the vertices in shortest paths

(of length at most m) between consecutive vertices xi, xi+1 for any i ∈ [`−1].

• Each of the p geodesic paths of Θ is a minimal A-B path in Pi (i.e. this

subpath contains vertices at distance at least km− (2m+ q) from v).

We now verify that Θ is a q-fat p-banana. It immediately follows from the definition

of Θ that A and B induce connected subgraphs of G.

Since the vertices x1, x2, . . . , x` are in Ak, they are at distance at least km from

v, and the vertices on the shortest paths connecting two consecutive xi, xi+1 are at

distance at least km−m from v. It follows that B is at distance at least (k− 1)m

from v and thus at distance at least (k− 1)m− (km− (2m+ q)) = m+ q from A,

as desired.

It remains to check that any two vertices x, y lying on two different paths of Θ

are at distance at least q apart in G. By definition of A, we can find i 6= j such
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that dG(xι(i), x) ĺ (k + 1)m− (km− 2m+ q) ĺ 3m+ q and dG(xι(j), y) ĺ 3m+ q.

So if dG(x, y) ĺ q, we obtain dG(xι(i), xι(j)) ĺ 6m+ 3q, which is a contradiction.

We have proved that Θ is a q-fat p-banana, which contradicts our assumption

that G does not contain any q-fat p-banana. This shows that each set Ck
i has

diameter at most (7m+ 3q)p, as desired.

We conveniently rename the elements of C − C0 = {Ck
i | k ľ k0, i ľ 1} as

C1, C2, . . ., and for any 0 ĺ i < j we set

Cij = {x ∈ G : dG(x,Ci) ĺ r and dG(x,Cj) ĺ r}.

as in the statement of the theorem. If x, y ∈ Cij, then

dG(x, y) ĺ dG(x,Ci) + diamG(Ci) + dG(Ci, y) ĺ (7m+ 3q)p+ 2r,

giving the bound on the diameter.

To conclude the proof, it remains to prove the lower bound on the distance

between the sets Cij. Let x ∈ Cij and y ∈ Ci′j′ . Since Cij 6= ∅, we find dG(Ci, Cj) ĺ

2r ĺ m and thus Ci and Cj lie on consecutive annuli (they do not lie on the same

annulus, since all sets of C on a given annulus are distance > m ľ 2r apart).

To show that x, y are at least m − 2r apart, it suffices to show that one of

Ci, Cj is at distance at least m from one of Ci′ , Cj′ . This follows immediately

unless Ci, Ci′ , Cj, Cj′ lie on two consecutive annuli: if there are three consecutive

annuli, then one of Ci, Cj is at distance at least m from one of Ci′ , Cj′ . Since Ci and

Cj (resp. Ci′ , Cj′) lie in different annuli, we can assume without loss of generality

that Ci and Ci′ are in the same annulus for i 6= i′. It follows that Ci and Ci′ are at

distance at least m apart, and hence that x and y are at distance at least m− 2r

apart. �

Note that a graph containing a q-fat p-banana with p ľ 2 also contains a

chordless cycle of length at least 4q. It follows that graphs without chordless cycles

of length at least 4q have no q-fat p-bananas, so by Lemma 3.13 (or directly by

Theorem 3.1 in [44]), for any q ľ 2 the class of graphs without chordless cycles of

length at least 4q has asymptotic dimension 1 (note that the asymptotic dimension

is at least 1 because this class contains all trees).

We will only use the result with m = 5r.
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Corollary 3.14. Let positive integers p, q, r be given. Then, for any weighted graph

G with no q-fat p-banana, there is a 40(r+ q)p-bounded cover C0, C1, . . . of G with

r-multiplicity at most 2. For i 6= j, let

Cij = {x ∈ G : dG(x,Ci) ĺ r and dG(x,Cj) ĺ r}.

We can moreover ensure that diamG(Cij) ĺ 40(r + q)p and dG(Cij, Ci′j′) ľ 3r

whenever {i, j} 6= {i′, j′}.

3.2.3 Dimension of K3,pfree graphs

We start with a simple proof that graphs with no K3,p minor have asymptotic

dimension at most 3.

Theorem 3.15. For any integer p ľ 2, and real r ľ 0, any (0, 1]-weighted graphs

with no K3,p-minor has a 103(r+ 1)p-bounded cover of r-multiplicity at most 4. In

particular, the class of (0, 1]-weighted graphs with no K3,p-minor has asymptotic

dimension of linear type at most 3.

Proof. Suppose the graph G has no K3,p-minor. We assume that the graph G is

connected, since otherwise we can consider each connected component separately.

Fix r > 0 and a vertex v of G, and consider, for any k ľ 1, the annulus Ak = {u ∈
V (G) | 2kr ĺ dG(u, v) < 2(k + 1)r}. Note that any r-ball in G intersects at most

two (consecutive) annuli Ak. We also define, for any k ľ 1, the set A+
k = {u ∈

V (G) | 2kr − r ĺ dG(u, v) < 2(k + 1)r + r}, which is precisely Ak plus the set of

vertices at distance at most r from Ak. We add the extra ‘padding’ here since an

r-ball around a vertex in Ak might contain less vertices if we measure the distances

in the graph Ak rather than in the graph G.

We define our first covering set C0 as the set of vertices at distance less than

2r from v (this set is 4r-bounded). It remains to cover the vertices at distance at

least 2r from v with bounded sets.

By Lemma 3.11, for any k ľ 1, the subgraph G[A+
k ] of G induced by A+

k does

not contain K2,p as an intrinsic (8r+1)-fat minor, since K3,p is a subgraph of K∗2,p.

By Lemma 3.10, G[A+
k ] does not contain an intrinsic (24r + 5)-fat p-banana.

By Corollary 3.14 (setting q = 24r + 5 in the lemma), G[A+
k ] has a cover by sets
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of diameter at most 40(25r + 5)p ĺ 103(r + 1)p (in G[A+
k ], and thus also in G),

such that any r-ball in G[A+
k ] intersects at most 2 sets from the cover. Denote by

Ck
1 , C

k
2 , . . . the restriction of these sets to Ak, and observe that an r-ball Br(u) in

G intersects a given Ck
i if and only if u ∈ A+

k and the ball Br(u) defined in G[A+
k ]

intersects Ck
i (here we use our added padding). Since each r-ball in G intersects

at most two (consecutive) sets Ak, and by the observation above that each r-ball

intersects at most 2 sets in each Ak, we conclude that each r-ball in G intersects

at most 4 of the sets {C0} ∪ {Ck
i | k ľ 1, i ľ 1}, which have diameter at most

103(r + 1)p and cover G. �

We now show how to modify the proof above in order to decrease the dimension

by 1. To improve the multiplicity from 4 to 3, we will ensure that the set of vertices

Cij in A+
k that are close to two different sets Ci and Cj of Ak, will be near at most

one partition element of Ak−1 and Ak+1. It turns out that Ak−1 and Ak+1 can be

partitioned in this way with a small additional cost. By first covering the annuli

Ak with k odd and then covering the annuli Ak with k even (taking the existing

covering of the odd annuli into account), we only pay this additional cost once.

Theorem 3.16. For any integer p ľ 1, and any real r ľ 0, any (0, 1]-weighted

graphs with no K3,p-minor has a 1012(r + 1)p3-bounded cover of r-multiplicity at

most 3. In particular, the class of (0, 1]-weighted graphs with no K3,p-minor has

asymptotic dimension of linear type at most 2.

Proof. Consider a (0, 1]-weighted graph G with no K3,p-minor. We assume that the

graph G is connected, since otherwise we can consider each connected component

separately. Fix any r > 0 and a vertex v of G, and consider, for any k ľ 1, the set

Ak = {u ∈ V (G) | 7kr ĺ dG(u, v) < 7(k + 1)r}.

Note that any r-ball in G intersects at most two (consecutive) sets Ak. We also

define

A+
k = {u ∈ V (G) | 7kr − 3r ĺ dG(u, v) < 7(k + 1)r + 3r},

which is precisely Ak plus the set of vertices at distance at most 3r from Ak. As

before, the sets Ak and A+
k will be referred to as annuli.
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We define our first covering set C0 as the set of vertices at distance less than

7r from v (this set is 14r-bounded). It remains to cover the vertices at distance at

least 7r from v with bounded sets.

We first cover the odd annuli. By Lemma 3.11, for any k ľ 1, the subgraph

G[A+
k ] of G induced by A+

k does not contain K2,p as an intrinsic (26r+1)-fat minor.

By Lemma 3.10, G[A+
k ] does not contain an intrinsic (78r + 5)-fat p-banana. By

Corollary 3.14, G[A+
k ] has a cover by sets of diameter at most 40(78r + 5) ĺ

104(r+1)p (in G[A+
k ], and thus also in G), such that any r-ball in G[A+

k ] intersects

at most two sets of the cover. Denote by Ck
1 , C

k
2 , . . . the restriction of these sets

to Ak, and observe that an r-ball Br(u) in G intersects a given Ck
i if and only if

u ∈ A+
k and the ball Br(u) defined in G[A+

k ] intersects Ck
i . Hence each r-ball in G

intersects at most two sets Ck
i .

For now we only define the sets Ck
1 , C

k
2 , . . . for k odd. We will cover the sets

Ak with k even slightly differently. Note that each r-ball Br(u) intersects at most

two sets from

C1 = {C0} ∪ {Ck
i | k odd, i ľ 1},

unless the ball Br(u) intersects C0 and A1 (in which case it intersects at most three

sets from C1, and is contained in C0 ∪ A1). For each odd k, and each pair i < j,

we define Ck
ij as the set of vertices of G at distance at most r from both Ck

i and

Ck
j (observe that by definition, Ck

ij ⊆ A+
k ).

Consider now an even integer k ľ 2. As observed above, some vertex u of A+
k

might be at distance at most r from two sets of C1: if this is the case, then u ∈ Ck−1
ij

or u ∈ Ck+1
ij , for some pair i < j. To ensure that the relevant distances will be

the same as in G, while still being able to apply Lemma 3.11, we will work in the

graph induced on

Bk = A+
k−1 ∪ Ak ∪ A+

k+1.

Set D = 104(r+ 1)p. From our application of Corollary 3.14, we may assume that

diamBk(C
k−1
ij ) ĺ diamA+

k−1
(Ck−1

ij ) ĺ D

and

dA+
k−1

(Ck−1
ij , Ck−1

i′j′ ) ľ 3r for {i, j} 6= {i′, j′}.
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Let

(Ck−1
ij )? =

{
u ∈ A+

k−1

∣∣∣∣ dA+
k−1

(u,Ck−1
ij ) ĺ r

}
⊆ A+

k−1.

Since the Ck−1
ij are at distance at least 3r apart in A+

k−1, their expanded versions

(Ck−1
ij )? are at least r apart in A+

k−1. Moreover, each vertex of Ck−1
ij is at distance

at most r from the set Ak−1 in G, and thus each vertex of (Ck−1
ij )? is at distance

at most 2r from the set Ak−1. In particular, any vertex in Bk \A+
k−1 is at distance

at least r from (Ck−1
ij )?. This implies that the sets (Ck−1

ij )? are also at distance at

least r apart in G.

Similar statements hold when replacing k− 1 by k+ 1. Moreover, by definition

of A+
k−1 and A+

k+1, any set (Ck−1
ij )? is at distance at least r from any set (Ck+1

i′j′ )?.

Our plan is to ‘identify’ several vertex sets, then partition the resulting graph,

and finally ‘lift’ this partition to the original graph to find a partition C2 such that

the vertices whose r-ball intersects two elements of C1, have their r-ball intersect

at most one element of C2. We ‘identify’ in such a way that every set (Ck±1
ij )? will

be contained in a single element of C2.

We define an equivalence relation ∼ on Bk: for x, y ∈ Bk,

x ∼ y ⇐⇒ x = y or for some i, j we have x, y ∈ (Ck−1
ij )? or x, y ∈ (Ck+1

ij )?.

The equivalence class of x ∈ Bk under ∼ is denoted by x. It will be convenient to

identify equivalence classes of ∼ with the corresponding subsets of Bk. Note that

if |x| > 1, then x = (C`
ij)

? for some i, j and some ` ∈ {k − 1, k + 1}.
We now define a quotient graph Hk on vertex set V (Bk)/∼ where vertices

x, y ∈ V (Bk)/∼ are connected by an edge in Hk if and only if x′y′ ∈ E(G) for

some x′ ∈ x and y′ ∈ y. Note that all equivalence classes are finite sets, so we may

define a weight `xy as the minimum weight `x′y′ taken over all edges x′y′ ∈ E(G)

with x′ ∈ x and y′ ∈ y. We now consider Hk as a weighted graph, with weights

`xy, for each edge xy of Hk. All notions of distances on Hk are defined with respect

to the weighted shortest path metric in Hk. If x, y ∈ V (Hk) with |x|, |y| > 1, then

both sets correspond to some (C`
ij)

? so either x = y or dHk(x, y) ľ r. Our plan will

work because the distances in Hk are not too different from those in Bk.

Claim 1. The graph Hk has no intrinsic q′-fat p-banana for q′ = 3(2D+54r+2) ĺ

7D.
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Proof of claim. We first observe that as Bk is contained in the annulus {u ∈
V (G) : (7k − 10)r ĺ dG(u, v) ĺ (7k + 17)r}, Lemma 3.11 implies that G[Bk]

does not contain an intrinsic (54r+ 1)-fat K2,p-minor. Assume now for the sake of

contradiction that we have an intrinsic q′-fat p-banana in Hk given by connected

sets A and B, with p geodesic paths P1, . . . , Pp from A to B of length at least

q′ such that vertices on different paths are at least q′ apart (where all distances

are in the graph Hk). Our goal is to find a (54r + 1)-fat K2,p minor in G[Bk],

contradicting Lemma 3.11.

Note that for x ∈ V (Hk), the set x ⊆ Bk may be disconnected in G[Bk].

However, since diamBk(x) ĺ D for all x ∈ V (Hk), we can find a connected set

S ⊆ Bk with diamBk(S) ĺ D satisfying

x ⊆ S ⊆ {u ∈ Bk | dBk(u, x) ĺ D} .

We define c(x) to be any11 such set S. For a connected set X of vertices of Hk, we

define c(X) = ∪x∈Xc(x), which is a connected subset of Bk. We set A = c(A) and

B = c(B).

Recall that each of the p geodesic paths Pi has length at least q′. Let i ∈ [p]

and let x1, . . . , x` denote the vertices in Pi. Since the path are geodesic, we find

dHk(A, xi) ĺ dHk(A, xi+1)

for all i ∈ [`−1]. We may therefore split Pi into three consecutive subpaths Pi,A, Yi
and Pi,B with Yi non-empty and at distance at least q/3− 1 from both A and B,

by setting

• Pi,A ∩ Yi = {xs} with xs the first vertex at distance at least q′/3− 1 from A;

• Pi,B ∩ Yi = {xt} with xt the last vertex at distance at least q′/3− 1 from B.

The distances are measured in Hk. Since all edges have length at most one, we find

that d(xs, xt) ľ q′/3 and that the set Y i is non-empty. Moreover, dHk(Pi,A, Pi,B) ľ

d(xs, xt) ľ q′/3 (using again that Pi is geodesic) and dHk(Yi, A ∪ B) ľ q′/3 − 1.

11If desired, you can fix a specific subset by numbering the vertices of G by 1, . . . , n and
selecting the subset S that minimises

∑
i∈S 2i.
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Let Yi = c(Yi), and let Pi,A and Pi,B be shortest paths whose internal vertices lie

in c(Pi,A) and c(Pi,B), connecting A to Yi and Yi to B respectively.

We now prove that the sets A and B, and the sets Yi and the paths Pi,A
and Pi,B for i ∈ [p], define an intrinsic (54r + 1)-fat K2,p minor in G[Bk]. Let

i ∈ [p]. For any subset X of V (Hk), any vertex in c(X) is at distance at most D

of a vertex of
⋃
x∈X x, so we find dBk(A, Yi) ľ dBk(

⋃
a∈A a,

⋃
y∈Yi y) − 2D by the

reverse triangle-inequality. Note that by the definition of the weighted graph Hk,

for any path of length ` between two elements x and y in Bk, there is a path of

length at most ` between the corresponding vertices x and y in Hk. It follows that

dBk(
⋃
a∈A a,

⋃
y∈Yi y) ľ dHk(A, Yi) ľ q′/3− 1, which shows

dBk(A, Yi) ľ q′/3− 1− 2D ľ 54r + 1.

Similar estimates hold for the pairs (B, Yi), (A,B), (Pi,A, Pi,B), (Pi,A, B), (Pi,B, A),

as well as (Pi,A, Pj,B), (Pi,A, Yj), and (Pi,B, Yj) when i 6= j. This concludes the proof

of the claim. ♦

We have proved that Hk does not contain any intrinsic q′-fat p-banana, and

we may now apply Corollary 3.14 to Hk to find sets Ck
i partitioning V (Bk)/∼ of

diameter at most D′ = 40(r + q′)p ĺ 107(r + 1)p2 in Hk, such that any vertex of

Hk is at distance at most r of at most two sets Ck
i . Define

Ck
i =

 ⋃
x∈Cki

x

 ∩ Ak, and C2 = {Ck
i | k even, i ľ 1}.

Then for any x, y ∈ Ck
i , we can find a path P of length at most D′ in Hk between

the corresponding classes x, y ∈ V (Hk). For each vertex z on the path P , we may

connect up any two points in z by a path in Bk of length at most diamBk(z) ĺ D.

Recall that if two classes x 6= y in V (Hk) satisfy |x|, |y| > 1, then dHk(x, y) ľ r.

Thus all vertices z on the path P with diamBk(z) > 0 are at least r apart in Hk,

and hence there can be at most D′

r
+ 1 such vertices. We conclude that

diamG(Ck
i ) ĺ D′ +

(
D′

r
+ 1

)
· max
x∈V (Hk)

(diamBk(x))

ĺ 107(r + 1)p2 +
(

107(r + 1)p2

r
+ 1

)
D ĺ 1012(r + 1)p3.
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As before, an r-ball Br(u) in G can intersect a set Ck
i ∈ C2 for at most one

possible value of k. If an r-ball Br(u) intersects a set in C2, then u ∈ A+
k for some

even k ľ 2 and Br(u) ⊆ Bk. Observe that

Br(u) ∩ Ak ⊆
⋃

y∈Br(u)

y,

where Br(u) refers to a ball in the graph Hk. Since Br(u) intersects at most two

sets Ck
i , it follows that Br(u) intersects at most two sets Ck

i .

Recall that each r-ball Br(u) intersects at most two sets from C1. What remains

to show is that if Br(u) intersects two sets from C1, then it intersects at most one

set from C2. This is clear if Br(u) intersects C0, so we assume that u ∈ Ck−1
ij

for some even k ľ 2 and that Br(u) also intersects a set Ck
i′ for some i′ ľ 1.

(The case of u ∈ Ck+1
ij is analogous.) Since u ∈ Ck−1

ij , we have by definition that

Br(u) ∩ Ak ⊆ (Ck−1
ij )?. This means that there exists a vertex x ∈ V (Hk) such

that Br(u) ∩ Ak ⊆ x. This implies x ∈ Ck
i′ and thus Br(u) ∩ Ak ⊆ Ck

i′ . Hence,

Br(u) intersects at most one set from C2, as desired. This concludes the proof of

Theorem 3.16. �
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Chapter 4

Connected greedy edge colouring

Let G be a connected graph. A connected order is a linear order on the edges

of G where each edge (except the first one) has one of its incident edges as a

predecessor; in other words, the graph induced on the first i edges in the order is

connected for all i ľ 1. The greedy procedure colours the edges in a given order

and always assigns an edge the lowest colour not used by any of the predecessors

it is incident with. The minimum number of colours used by the greedy procedure

while following a connected order is called the connected chromatic index of G

and is denoted by χ′c(G). This can be extended to disconnected graphs by treating

each component separately, but for convenience all graphs in this chapter will be

connected.

Similar definitions for vertex colouring lead to the connected chromatic number

χc(G). For each graph G, χc(G) ∈ {χ(G), χ(G) + 1} but it is NP-hard to decide

whether χc(G) = χ(G) [15]. The same upper and lower bounds are inherited

by edge colouring, but to the best of our knowledge it was unknown previously

whether there exist graphs G with χ′(G) 6= χ′c(G). We show the following stronger

result.

Theorem 4.1. For all ∆ ľ 4, it is NP-hard to decide whether χ′(G) = χ′c(G) on

the class of graphs of maximum degree ∆.

Our proof also provides an example of a graph G of maximum degree 3 with

χ′c(G) > χ′(G). When G is a connected graph of maximum degree 2, then G is a

path or a cycle and it is easy to see that χ′c(G) = χ′(G). For bipartite graphs, an

optimal connected order always exists as well.
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Theorem 4.2. If G is bipartite, then χ′c(G) = χ′(G).

In the proof of Theorem 4.2, we use Kempe switches to reconfigure an optimal

k-edge colouring to a connected greedy k-edge colouring. Kempe first introduced

these switches when attempting to prove the four colour theorem and since then

it has become a standard and widely used tool. We consider the edge variant: an

(i, j)-Kempe chain is a connected component of the subgraph induced by the edges

coloured i or j and a Kempe switch exchanges colours i and j on this component.

Note that after switching the colours, the colouring is still proper. Contrary to

the case of vertex colouring, the Kempe chains we consider have a very simple

structure: they can only be paths or even cycles.

In order to find a good sequence of Kempe switches inductively, we define

the notion of ‘reachability’ which might be of independent interest. Let G′ be the

subgraph induced by the edges of colour < k. Reachability predicts whether we can

‘jump’ between the components ofG′ in a way in which the connecting edges receive

colour k. By induction, we find optimal connected orders for the components of

G′ and the goal of reachability is to guarantee that we can combine these to an

optimal connected order for G. We can get a similar reachability result for general

graphs (Lemma 4.8), and obtain the following result as an easy corollary.

Theorem 4.3. If G has maximum degree 3 then χ′c(G) ĺ 4.

However, we did not manage to push through the induction argument used in

Theorem 4.2 to provide a full answer to the following problem, which we leave

open.

Problem 4.4 (Question 3 in [97]). Is it true that χ′c(G) ĺ ∆ + 1 for each graph

G of maximum degree ∆?

This chapter is based on joint work with Marthe Bonamy, Carole Muller,

Jonathan Narboni, Jakub Pekárek and Alexandra Wesolek [20].

Notation We use the abbreviation xy for the edge {x, y} and write [n] =

{1, . . . , n}. We write NG(v) for the set of vertices adjacent to v in G.
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Chapter outline We prove Theorems 4.1, 4.2 and 4.3 in Sections 4.1, 4.2 and

4.3 respectively.

4.1 Proof of NP-hardness

In this section, we prove Theorem 4.1. We first define some auxiliary constructions.

Let ∆ ľ 3 be given. The ∆-dimensional hypercube Q∆ with vertex set {0, 1}∆

is ∆-regular and satisfies χ′(Q∆) = ∆. Indeed, we may reserve a different colour

for each ‘direction’ as in Figure 4.1. Pick an edge xy ∈ E(Q∆). Let Q+
∆ be the

graph with vertex set V (Q+
∆) = V (Q∆) ∪ {x′, y′} and edge set

E(Q+
∆) = (E(Q∆) \ {xy}) ∪ {xx′, yy′}.

Then χ′(Q+
∆) = ∆. An example is given in Figure 4.1.

x

y

x

y

x′

y′

x

y

x′

y′

u s

Figure 4.1: The graphs Q3, Q+
3 and H3 are depicted with possible 3-edge colourings.

Below we consider the situation in which we attempt to extend a colouring

in which one of the edges has been precoloured. We assign the lowest available

colour to the edges in a connected order starting from an edge incident with the

precoloured edge.

Lemma 4.5. Let ∆ ľ 3. Let xx′, yy′ ∈ E(Q+
∆) be the two edges containing a vertex

of degree 1.

• If α is a ∆-edge colouring of Q+
∆, then α(xx′) = α(yy′).

• If xx′ is precoloured with some colour i ∈ [∆], then there is a connected order

on the edges of Q+
∆ such that the greedy procedure uses ∆ colours.
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Proof. To see the first claim, suppose that we assign xx′ and yy′ different colours.

One of the colour classes must then cover an odd number of vertices from Q∆

(because it covers an even number of vertices in Q+
∆ as any colour class of an edge

colouring of Q+
∆ forms a matching). Let v ∈ V (Q∆) be a vertex not covered by this

colour class. Since v has degree ∆, there are edges of ∆ different colours incident

to it. Hence we have used at least ∆ + 1 colours.

To see the second claim, fix any ∆-edge colouring α of Q+
∆ with α(xx′) = i. Let

z ∈ {x, x′} be the vertex of degree ∆. We can now always create an order on the

edges leading to the edge colouring α. Indeed, we first colour the edge incident to

z which needs to get colour 1, then the edge incident to z that needs to get colour

2, etcetera, until we coloured all edges incident to z. We then pick a neighbour

of z of degree ∆ and colour all edges incident to this one in a similar order. We

continue like this until all edges have been coloured. �

We will extend Q+
∆ into a gadget H. Let us first explain the case ∆ = 3. We

obtain the graph H3 from the graph Q+
3 by adding a new vertex u adjacent to the

vertices x′ and y′ as well as adding a new vertex s adjacent to u as in Figure 4.1.

Suppose we have a connected greedy 3-edge colouring of H starting from s. By

Lemma 4.5, xx′ and yy′ must get the same colour. Since x′u and y′u cannot get

the same colour, the edges xx′, yy′ and su must all receive the same colour. Since

we started from s, some edge from {xx′, yy′} is the first edge to be coloured from

Q+
3 . Since x′ and y′ have degree 2, this edge will not get colour 3. If we force the

edge su to have colour 3, and then continue in a connected greedy fashion, then

this shows we cannot colour all the edges using three colours. On the other hand,

if we force it to have colour 1 or 2, then we can continue to colour x′u, xx′, the

remainder of the hypercube and finally yy′ and y′u using Lemma 4.5. This proves

the lemma below in the case ∆ = 3.

Lemma 4.6. For any ∆ ľ 3, there exists a graph H of maximum degree ∆ with

a special vertex s of degree 1 with the following properties.

• If the edge incident with s is precoloured with colour ∆, then there is no

connected greedy ∆-edge colouring of H starting from this edge.
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x
y

x
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y′
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Q∆ − xy

Q∆ − xy

...
∆
−

2

Figure 4.2: The graph H is depicted with a possible edge colouring.

• If the edge incident with s is precoloured with i ∈ [∆− 1], then there exists a

connected greedy ∆-edge colouring of H starting from this edge.

Proof. We extend ∆ − 2 copies of Q+
∆ to the graph H. We first glue all these

copies on their respective vertices labelled x′ and y′. We then obtain the graph H

by adding a new vertex u adjacent to the (merged) vertices x′ and y′ and a new

vertex s adjacent to u (see Figure 4.2).

Let α be a ∆-edge colouring. Since α(x′u) 6= α(y′u), we find by Lemma 4.5

that there exists a Q+
∆ copy for which α(xx′) = α(yy′) = α(su), where x and

y are the vertices in this copy adjacent to x′ and y′ respectively. If we start the

colouring from an edge incident to u, then one of the edges in {xx′, yy′} is the

first edge to be coloured from our copy of Q+
∆; since x′ has degree ∆− 1, this edge

will not get colour ∆ in a connected greedy edge colouring. This shows that no

connected greedy ∆-edge colouring starting from su can exist in which the edge

su is precoloured ∆.

On the other hand, if su gets a colour strictly smaller than ∆, then we first

may colour x′u, then all edges incident to x′, and finally by Lemma 4.5 we can

further extend the connected order in such a way that all copies of Q+
∆ are ∆-edge

coloured while no edge incident with y′ receives colour ∆. So we have at least one

colour leftover for y′u (which will in fact need to get colour ∆). �

We are now ready to show that it is NP-hard to decide whether χ′(G) = χc(G)

on the class of graphs of maximum degree ∆, for all ∆ ľ 4.

68



...

∆
−

1

u

u

H − s

H − s

s v

Gv

Figure 4.3: We create an instance of the depicted graph for each vertex of G.

Proof of Theorem 4.1. Let d = ∆ − 1, and let G be an n-vertex d-regular graph.

We transform G into a graph G′ of maximum degree ∆ = d+1 such that χ′(G) = d

if and only if χ′c(G
′) = χ′(G′). In fact, χ′(G′) = ∆ and |V (G′)| ĺ 10∆22∆n. This

reduction proves the theorem since deciding whether χ′(G) = d is NP-hard on

d-regular graphs for all d ľ 3, as shown by Leven and Galil [86].

Let ∆ = d + 1 and let H be the graph from Lemma 4.6. For each v ∈ V (G),

we create a graph Gv by merging ∆− 1 copies of H on their special vertex s (see

Figure 4.3). The graph G′ is obtained from G by connecting Gv to v via an edge for

each v ∈ V (G); for v, v′ distinct vertices of G, the graphs Gv and Gv′ are disjoint

and have no edges between them. Note that χ′(G′) = ∆ since H has a ∆-edge

colouring.

Suppose first that our d-regular graph G can be coloured using d colours. Fix

a d-edge colouring α of G. Then there is a connected order on the edges of G

that results in the edge colouring α. Indeed, since G is d-regular, whenever we

have ‘reached’ a vertex we can assign the edges incident to this vertex the desired

colours, starting from the edge coloured 1, continuing with the edge coloured 2

etcetera. We may then colour the edge from v to Gv with colour d + 1 for all

v ∈ V (G). Continuing in the various copies of H, the corresponding edge su gets

a colour < d+ 1 = ∆ and hence by Lemma 4.6 there is a connected order in which

we can edge colour these with ∆ colours. So χ′c(G
′) = χ′(G′).

Suppose now that G is not d-edge colourable. Towards a contradiction, suppose
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H3 − s
u

H3 − s
u

H3 − s
u

H3 − s
u

H3 − s u H3 − su

Figure 4.4: A graph G with maximum degree 3 and χc(G)′ > χ′(G). For any 3-edge
colouring, there are two edges of type su coloured 3 ‘entering’ a copy of H3.

there is a ∆-edge colouring α that can be obtained via a connected order. Since G is

not d-edge colourable, α(vv′) = d+1 for some vv′ ∈ E(G). The two edges between

v, v′ and Gv, Gv′ are then not coloured ∆. As Gv and Gv′ are not connected to

each other, we may assume that the edge between v and Gv is coloured before any

of the edges in Gv are coloured. Since s has degree ∆, there is then a copy of H

with vertex u connecting to s in Gv for which su has colour ∆ and this is the first

edge of H that is coloured; this contradicts Lemma 4.6. So χ′c(G
′) > χ′(G′). �

To obtain a graph G of maximum degree 3 with χ′c(G) > χ′(G), we take a

triangle and give each point a pendant vertex, and take three pairs of copies of

the graph H3 (as depicted in Figure 4.1) for which we identify the vertex labelled

s with one of the pendant vertices, as depicted in Figure 4.4. At least two of the

three ‘pendant’ edges incident with the triangle do not have colour 3 in a 3-edge

colouring; one of the two su-type edges adjacent to such an edge hence gets colour

3. In a connected greedy edge colouring, for at least one of the two corresponding

copies of H3, the edge su is the first to be coloured. By Lemma 4.6, the colouring

then uses at least 4 colours. Hence χ′c(G) > 3 = χ′(G).
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4.2 Bipartite graphs

Theorem 4.2 is an immediate consequence of the following lemma.

Lemma 4.7. Let G be a connected bipartite graph with χ′(G) ĺ k. Then for any

vertex v ∈ V (G), there exists a connected order starting from v leading to a k-edge

colouring of G.

Proof. We prove the lemma by induction on k. If G is a connected graph with

χ′(G) = 1, then G is a single edge. Hence the lemma is true for k = 1. Suppose

now that we have proven the lemma for all k′ < k for some integer k ľ 2.

Let α : E(G) → [k] be a k-edge colouring of G and let u, v ∈ V (G). For u, v

distinct, we say u strongly reaches v in the colouring α if uv ∈ E(G) and either

α(uv) < k or the degree of u is k. Each vertex strongly reaches itself. We now

define reachability as the transitive closure of strong reachability: we say u reaches

v in the colouring α if there is a sequence u = v0, v1 . . . , v` = v of vertices in G

such that vi−1 strongly reaches vi for all i ∈ [`].

We first show that for every vertex v, there exists a k-edge colouring of G such

that v reaches all vertices of G in this colouring. Take a k-edge colouring α of G

which maximises the number of vertices that v can reach. Suppose that v cannot

yet reach all vertices. We will strictly increase the set of vertices that v can reach

through a series of Kempe switches.

Let A ⊆ V (G) be the set of vertices that v can reach in α and let B = V (G)\A.

Note that as v reaches itself, v ∈ A. Since G is connected, there must be an edge

su from some s ∈ A to some u ∈ B. By the definition of strong reachability, we

find that s has degree strictly smaller than k and that α(su) = k. Hence s misses

a colour x ∈ [k − 1], that is, it has no edge incident of colour x.

Suppose first that u has degree < k. If vertex u misses colour x as well, then the

edge su forms a (k, x)-component on its own and a (k, x)-Kempe switch changes

the colour of su to x. This adds the vertex u to the set of vertices that v can reach,

increasing the set of vertices v can reach as desired. Hence we may assume that u

misses some colour y but does not miss colour x. Then y < k and there is some

edge e incident to u coloured x. Since all edges between A and B are coloured
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k, the (x, y)-component of e stays within G[B]. Hence we may perform an (x, y)-

Kempe switch on this component without affecting the set of vertices that v can

reach. Now we are back in the case in which u and s both miss colour x, which we

already handled.

Suppose now that vertex u has degree k. Let e denotes the edge coloured x

incident to u. Note that the (x, k)-component C of e is a path (of which one

endvertex is s). If (apart from the vertex s) it stays within G[B], then performing

an (x, k)-Kempe switch on e recolours su with colour x without affecting the

colours in G[A] and hence strictly enlarges the set of vertices that v can reach. So

we may assume that C intersects A a second time, say s′ ∈ A is the vertex closest

to s in the path C. Since s′ has an edge incident with B, we find that it has degree

< k. Hence it has some colour y < k missing. Once we ensure x is missing at s′,

we can do an (x, k)-Kempe switch on the component of e and strictly increase the

set of vertices that v can reach.

If s′ has an edge incident with colour x, then consider the (x, y)-component of

this edge. This has to stay within A and performing a Kempe switch on it will not

affect the set of vertices that v can reach since x, y < k. The only problem is that

this chain C ′ could include the vertex s. Here is where we use that the graph is

bipartite: as can be seen in Figure 4.5, this would create an odd cycle in the graph,

since there is an odd number of edges in C between s and s′ and an even number

of edges in C ′ between s and s′ (since they have different colours missing). Hence

we may perform the (x, y)-switch without affecting the missing colour of s, and

can then perform the (x, k)-switch as desired.

This shows we can always strictly increase the set of vertices that v can reach.

This contradicts the maximality of α. Hence there exists a colouring α in which v

can reach all vertices.

Let C1, . . . , C` denote the connected components of G when we remove all edges

of G coloured k in α, where v ∈ C1. If ` = 1, then we are done by the induction

hypothesis, so we assume that ` ľ 2. We will show that there is a connected

order starting from v that leads to a k-edge colouring of G which is a (k − 1)-

edge colouring when restricted to any Ci. Since v can reach everything in α, after
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Figure 4.5: If the (x, y)-chain of s′ includes s, then G contains an odd cycle.

possibly renumbering C2, . . . , C`, we can find vertices

si ∈ C1 ∪ · · · ∪ Ci and vi ∈ Ci+1 ∩NG(si),

for i = 1, . . . , `, such that for all i ∈ [`− 1], si can strongly reach vi (‘reach in one

step’) and hence dG(si) = k (since we already know α(sivi) = k by the definition

of the components).

Since C1 is a connected bipartite graph with χ′(C1) ĺ k − 1, there exists a

connected order starting from v that (k − 1)-edge colours C1 by the induction

hypothesis. By the definition of the components, all edges incident to s1 except

for s1v2 have now been coloured. We colour the edge s1v2 next; this obtains colour

k. Since C2 is a connected bipartite graph with χ′(C2) ĺ k − 1, there exists a

connected order starting from v2 that (k − 1)-edge colours C2 by the induction

hypothesis. We extend our previous order by this connected order and continue

like this until we have coloured all edges within the components. We then colour

the edges between the components; since colour k will always be available to them,

they will all receive a colour at most k. �

4.3 Subcubic graphs

Let G be a graph, let α be a k-edge colouring of G and let i ∈ [k]. We say that

a vertex v ∈ V (G) can i-reach another vertex w ∈ V (G) in α if there exists a
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sequence of vertices v = v0, v1, v2, . . . , v` = w of G such that for all j ∈ [`] there is

an edge vjvj+1 ∈ E(G) and at least one of the following holds:

• α(vjvj+1) < i;

• vj has incident edges in colours 1, 2, . . . , α(vjvj+1).

If k and i are both equal to the maximum degree of G, then this reduces to the

notion of reachability from the proof of Theorem 4.2. The proof of Theorem 4.3

follows from the lemma below which might be of independent interest.

Lemma 4.8. Suppose G is a graph with maximum degree ∆ and v ∈ V (G). Then

G has an (∆ + 1)-edge colouring α such that v can ∆-reach all other vertices of G

in α.

Proof. In this proof, we will omit the ∆ from ∆-reach. By Vizing’s theorem [119],

G has at least one (∆ + 1)-edge colouring α. We choose such a colouring α that

maximises the size of the set A of vertices that v can reach in α. Let B = V (G)\A
be the set of vertices that v cannot reach.

Suppose that A 6= V (G). The edges between A and B are of colour ∆ or ∆+1.

Let C ⊆ B be the neighbours of A via edges coloured ∆. Let D ⊆ B the set of

vertices adjacent to a vertex in C (which a priori might overlap with C). We claim

that we can obtain an edge colouring in which v can reach a strictly larger set of

vertices than A (contradicting the maximality of A) as soon as one of the following

properties holds.

(1) C is empty, i.e. there is no ∆-edge between A and B.

(2) There is an (x,∆)-Kempe chain with x < ∆ which starts at a vertex in B

and contains a vertex in A.

(3) Some c ∈ C has a colour x ∈ [∆− 1] missing.

(4) Some d ∈ D misses colour ∆ or ∆ + 1.

We will prove the claim after we show that we can assume one of (1)− (4) holds.

We suppose all properties above do not hold. Since (1) fails, we know there is

an edge from some a ∈ A to some c ∈ C of colour ∆. Since c is not reachable,
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there is a colour x < ∆ missing at a. Since (3) fails, c is incident to an edge cd

of colour x. As (4) fails, we know that there is some colour y < ∆ missing at

d. Consider a (∆, y)-Kempe chain starting at d. Since (2) fails, it stays within

B. After performing the switch, there is a vertex in D with no edge coloured ∆,

contradicting with (4) failing.

To prove the claim in case (1), suppose that there are no edges coloured ∆

between A and B. Since G is connected, there exists an edge from some a ∈ A to

some b ∈ B. Then α(ab) = ∆ + 1. Let x < ∆ + 1 be the smallest colour missing at

a. Since b has the edge ab incident in colour ∆+1, b misses some colour y < ∆+1.

We do an (x, y)-Kempe switch on the component of b (this could be empty). Since

all the edges between A and B are coloured ∆ + 1, this chain stays within B.

After the switch both a and b miss the colour x. We may recolour the edge ab with

colour x, and now the set of vertices that v can reach has increased (since v can

now reach b as well).

To prove the claim in case (2), suppose that some (x,∆)-chain for x < ∆ starts

in u ∈ B and contains a vertex s from A. Let a ∈ A and b ∈ B such that ab is the

closest edge between A and B in this chain to s. As x < ∆, we find α(ab) = ∆.

Thus a must have some colour y < ∆ missing (since b cannot be reached). The

(x, y)-chain starting at a will stay within A and switching it does not affect which

vertices v can reach. So we may assume that x is missing at a and the (x,∆)-

component of a is a path between a and u that only intersects A in the vertex a.

A Kempe switch on this component strictly increases the set of vertices that v can

reach.

We now prove the claim assuming (3). Suppose that c ∈ C has a colour x < ∆

missing. Let a ∈ A with α(ac) = ∆ (which exists by the definition of C). Let

y < ∆ be a colour missing at a. The (x, y)-chain starting at c stays in B, and

hence we may perform a switch and then recolour ac to y in order to increase the

set of vertices that v can reach.

Finally, we prove the claim from (4). Suppose d ∈ D misses colour ∆ or ∆ + 1.

Let c ∈ C be a vertex d is adjacent to. By (3) we are done unless c only has

the colour ∆ + 1 missing. If ∆ + 1 is missing at d, then we recolour cd to colour

∆ + 1 in order to reduce to (3). So we may assume that ∆ is missing at d. Let

a ∈ A with α(ac) = ∆. Let y = α(cd) < ∆ and let x < ∆ be a missing colour at
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a. We may perform an (x, y)-Kempe switch starting at a to ensure that a misses

colour y. The only other vertices on the (y,∆)-Kempe chain containing c are then

a and d. After we switch this chain, the set of vertices that v can reach has strictly

increased again. �

We are now ready to prove that any graph of maximum degree ∆ ĺ 3 satisfies

χ′c(G) ĺ ∆ + 1.

Proof of Theorem 4.3. Let G be a graph of maximum degree 3. Pick a vertex

v ∈ V (G). Let α be a 4-edge colouring of G in which v can 3-reach all other

vertices of G; this exists by the lemma above.

The proof follows the same argument as the second half of the proof of Theorem

4.2, now using the fact that any (1, 2)-component can be 2-edge coloured in a

connected greedy fashion starting from any vertex instead of applying the induction

hypothesis.

Let C1 be the (1, 2)-component of v. After doing a (1, 2)-Kempe switch if

needed, we can colour C1 in a connected greedy fashion starting from v. If G has

more (1, 2)-components, then since v can 3-reach all other vertices, there must be a

(1, 2)-component C2 6= C1 and vertices v2 ∈ C2 and s1 ∈ C1 such that s1v2 ∈ E(G),

and either α(s1v2) < 3 or s1 has incident edges in colours 1, . . . , α(s1v2) in α. Since

s1 and v2 are in different (1, 2)-components, we conclude the latter holds. Since

G has maximum degree 3, it follows that α(s1v2) = 3. Hence all edges incident

to s1 have been coloured apart from s1v2, which we put next in the connected

order. After performing a (1, 2)-switch if needed, we 2-edge colour the edges of

C2 in a connected greedy fashion starting from v2. (Note that there might be no

edges to colour in this step, as the component might consist of only v2.) As long

as the edges of some (1, 2)-component have not been coloured, we can continue

the connected order in a similar fashion. The resulting (partial) colouring has the

same (1, 2)-components as α and coloured an edge 3 if and only if it has colour 3

in α. We finish the connected order by first colouring the edges coloured 3 by α

and then the edges coloured 4 by α; all these edges receive a colour at most 4. �

The proof of Lemma 4.8 shows that for any graph G with maximum degree

∆ and any vertex v ∈ V (G), any (∆ + 1)-edge colouring can be adjusted through
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a series of Kempe switches to a colouring in which the vertex v can ∆-reach all

other vertices. By the definition of ∆-reachability, such a colouring has the property

that the graph induced on the edges coloured 1, . . . ,∆ is connected; that is, we

can remove a colour class while keeping the graph connected. This is not directly

useful for an induction argument because the remaining graph might still have

maximum degree ∆, in which case ∆ + 1 colours could be needed for a connected

greedy edge colouring.
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Chapter 5

Reconstructing graph parameters
from a partial deck

Given a graph G and any vertex v ∈ V (G), the card G − v is the subgraph of G

obtained by removing the vertex v and all edges incident to v. The multiset of all

unlabelled cards of G is called the deck D(G) and has size n. A parameter of a

graph that can be calculated from its deck is called reconstructible. Given a full

deck of cards, it is easy to reconstruct the number of edges m: summing over the

edges present in all of the cards gives m(n− 2) where n is the number of vertices.

The degree sequence follows from this since d(v) + e(G− v) = e(G).

What if we only have access to a subset of the cards? Myrvold [100] found that

the size of the graph is reconstructible from n− 1 cards, which has recently been

improved to n− 2 by Brown and Fenner [31] (for n ľ 29). The first result of this

chapter, which is based on joint work with Hannah Guggiari and Alex Scott [50],

improves on these results.

Theorem 5.1. For n sufficiently large and k ĺ 1
12

√
n, the number of edges m of

a graph G on n vertices is reconstructible from any n− k cards.

Our presentation diverges from the paper and is based on discussions with

Andrey Kupavskii.

The second result of this chapter, which is joint work with Tom Johnston,

Andrey Kupavskii, Kitty Meeks, Alex Scott and Jane Tan [53], shows that the

degree sequence of graphs that can be embedded on a fixed surface (e.g. planar
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graphs) can be reconstructed even when a linear number of the cards are missing.

In fact, our result holds more generally for graphs of bounded average degree.

Theorem 5.2. Let G have n ľ 3 vertices and average degree at most d ∈ N. Then

the degree sequence of G can be reconstructed from its deck when at most n
100(d+1)3

of the cards are missing.

We remark that graphs that can be embedded on a surface have bounded

average degree since they are K3,k-minor free for some k ľ 1 (alternatively, this

can be deduced from Euler’s formula). The following corollary is immediate.

Corollary 5.3. For any surface S, there is an ε > 0 such that for any n-vertex

graph G embeddable on S, the degree sequence of G can be reconstructed from any

collection of at least (1− ε)n cards.

This in particular shows that we can reconstruct the degree sequence of planar

graphs with a linear number of missing cards, which was our original aim.

Chapter outline We first explain a technique that will be useful in the entire

chapter in Section 5.1.

We then show that we can reconstruct most of the degree sequence in Sec-

tion 5.2.1 and present the proof of Theorem 5.1 in Section 5.2.2. In Sections 5.2.3

and 5.2.4 we study two settings in which we can improve on Theorem 5.1.

After that, we specialise to graphs of bounded average degree, reconstructing

the number of edges and the degree sequence in Section 5.3.1 and Section 5.3.2

respectively.

Finally, we discuss the tightness of our results in Section 5.4 and conclude with

some open problems.

Notation Throughout this chapter, k is the number of missing cards and G is

a graph of order n and size m = e(G). The vertex set of G is V (G) = {v1, . . . , vn}
and we write Gi for the card G− vi. We may assume that we are given the cards

G1, . . . , Gn−k.

We use the short-hand [n] = {1, . . . , n} and slightly abuse notation by writing

[a, b] = [a, b] ∩ Z for the set of integers in the corresponding real interval.
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For any graph H, let the number of vertices of degree t be

dt(H) = |{v ∈ V (H) : dH(v) = t}|

where dH(v) denotes the degree of v in H. For convenience, we write dt = dt(G)

and d(v) = dG(v). We also write

d<t(H) = |{v ∈ V (H) : dH(v) < t}|

and use the short-hand d<t = d<t(G). Note that dt is unknown for every t, but

that we know dt(Gi) for all i ∈ [n− k].

For a set A, we write 1A(x) for the indicator function which is 1 if x ∈ A and

0 otherwise.

5.1 Magic formula and uses

Many of our results build on the following ‘magic formula’ and the fact that the

number of vertices of degree t is an integer for every t.

Lemma 5.4. We have dt(Gi) ĺ dt + dt+1 for all i ∈ [n] and

n∑
i=1

dt(Gi) = (n− 1− t)dt + (t+ 1)dt+1. (5.1)

Proof. A vertex of degree t on a card Gi can either have degree t in the graph G

or degree t+ 1 (in case it is a neighbour of vi). This shows that dt(Gi) ĺ dt + dt+1

for all i ∈ [n].

A vertex of degree t+ 1 gets counted exactly once in
∑n
i=1 dt(Gi) for each of its

neighbours; a vertex of degree t gets counted on all cards except for its own and

those of its neighbours. This proves (5.1). �

From (5.1), we may try to reconstruct dt from dt+1 or vice versa. Indeed, sup-

pose we know the value of dt+1 exactly. From the cards, we can also estimate∑n
i=1 dt(Gi) by using the cards that we do have, i.e. by

∑n−k
i=1 dt(Gi). The ‘error’ in

this estimation is

errort =
n∑

i=n−k+1

dt(Gi) ĺ k(dt + dt+1),
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applying dt(Gi) ĺ dt + dt+1 from Lemma 5.4. Rewriting (5.1), we find

dt =
1

n− 1− t

(
n−k∑
i=1

dt(Gi)− (t+ 1)dt+1 + errort

)
. (5.2)

For t+ 1 ĺ 3
4n, we find 1

n−t−1 ĺ 4
n

and hence

errort
n− 1− t

ĺ
4k(dt + dt+1)

n
.

We may compute d′t = 1
n−1−t

(∑n−k
i=1 dt(Gi)− (t+ 1)dt+1

)
from dt+1 and the given

cards. Since errort ľ 0, we find we can round the error away (that is, dt = dd′te), if

we can guarantee from the cards that 4k(dt+dt+1)
n

< 1. We now proved the following

result.

Lemma 5.5. Let t ĺ 3n
4 − 1. If dt + dt+1 <

n
4k , then dt = dd′te and dt can hence be

reconstructed from dt+1 and any n− k cards.

As noted by Brown and Fenner [31] and others, any result for a graph G implies

a corresponding result for its complement G.

Observation 5.6. For any v ∈ V (G), the card G − v can be obtained from the

card G− v by taking the complement. Moreover, we have that dt(G) = dn−1−t(G)

for any t ∈ {0, . . . , n− 1}.

Applying either this observation or redoing the argument, we also obtain the

result ‘in the other direction’.

Lemma 5.7. Let t ľ n
4 − 1. If we know that dt + dt+1 <

n
4k and know the value of

dt exactly, then dt+1 can be reconstructed from any n− k cards.

We apply a variation of this in the proof of Theorem 5.1, and use it to recon-

struct dt for t linear in n for graphs of small average degree in Lemma 5.21.

In Lemma 5.10, we also make use of our magic formula and the fact that the dt
are integers in order to show that we can reconstruct ‘most’ of the degree sequence.
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5.2 Size reconstruction

Recall that we denote by k the number of missing cards. We take a slightly different

approach to the proof compared to [50]. The main observation is the following

lemma.

Lemma 5.8. Let t, ` and b be positive integers. If we can reconstruct that dt > k+`

and can reconstruct dt+1, . . . , dt+b exactly with dt+b ĺ `, then we can reconstruct

m from any n− k cards.

Proof. Relabel the cards such that e(G1) ľ . . . ľ e(Gn−k) and hence d(v1) ĺ . . . ĺ

d(vn−k). Let

d̃ = dt+1 + · · ·+ dt+b +
∑
sľt+b

ds(G1).

This gives an estimate for d>t, the number of vertices of degree > t in G. Since∑
sľt+b ds(G1) overestimates d>t+b by at most dt+b ĺ `, we find that 0 ĺ d̃− d>t ĺ

`. The (n − k − d̃)th card will always correspond to a vertex of degree t since

dt > k + `. �

Aiming for a situation like this, we reconstruct dt exactly for many values of t.

5.2.1 Reconstructing most of the degree sequence

In Lemma 5.10, we show that, for many values of t, we can ‘guess’ the integers

dt and dt+1 from the magic formula (5.1). For this, we require the value t+1
n

to be

bounded away from certain fractions (that do not depend on G). Moreover, we

need errort, and hence dt + dt+1, to be small. In order to find many values of t for

which dt is small, we compute the following estimate d∗t from the cards.

Lemma 5.9. Suppose that k ĺ n
3 . For each t ∈ {0, . . . , n− 1} we can calculate a

value d∗t from the cards that satisfies 1
4dt − 1 ĺ d∗t ĺ dt−1 + dt + dt+1.

Proof. Suppose first that t < n
2 . Let

d∗t = d∗t (G) = max{dt(Gi) : i ∈ [n− k]}. (5.3)

Note that d∗t can be calculated from the given cards and that d∗t ĺ dt + dt+1 by

Lemma 5.4.
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Let N be the number of times that a vertex of degree t in G is seen as a vertex

of degree t − 1 in the cards G1, . . . , Gn−k. We will find upper and lower bounds

for N . For the upper bound, note that a vertex of degree t appears as a vertex

of degree t − 1 on the card Gi = G − vi if and only if vi is one of its neighbours.

Therefore, N ĺ tdt.

Now consider the card Gi for some i ∈ [n− k]. We claim that there are at least

dt − 1 − dt(Gi) vertices that have degree t − 1 in Gi but degree t in G. Indeed,

the only missing vertex is vi (which might have degree t) and at most dt(Gi) of

the vertices of degree t in G that are not vi have degree t in Gi. It follows that

N ľ
∑n−k
i=1 (dt − 1− dt(Gi)). We combine these bounds on N to get

tdt ľ N ľ

n−k∑
i=1

(dt − 1− dt(Gi)) ľ (n− k)(dt − d∗t − 1).

Rearranging and using the assumptions that t < n
2 and n − k ľ 2n

3 , we find
2
3d
∗
t ľ 1

6dt −
2
3 . It follows that d∗t ľ 1

4dt − 1.

We now consider the case where t ľ n
2 . For these values of t, define d∗t =

d∗n−1−t(G). As n − 1 − t < n
2 , this is well-defined. From the argument above, we

have
1
4
dn−1−t(G)− 1 ĺ d∗n−1−t(G) ĺ dn−1−t(G) + dn−t(G).

By Observation 5.6, we see that

1
4
dt(G)− 1 ĺ d∗n−1−t(G) = d∗t ĺ dt(G) + dt−1(G).

As dt−1 and dt+1 are both non-negative for every value of t, the result follows. �

In the proof of Theorem 5.1, we will need the following result for β = 1
2 . However,

the result may be useful elsewhere and so we state it in a more general form.

Lemma 5.10. Let 0 ĺ β < 1 and γ = 3
4 + 1

4β. Then, for any n-vertex graph G and

any deck of n − k cards with k = O(nβ), the value of dt can be calculated exactly

for all but O(nγ) values of t.

Proof. We remind the reader that we use the notation [a, b] for the set of integers

x satisfying a ĺ x ĺ b. By increasing the constant in the O(nγ) term if necessary,

we may assume n to be large.

83



Given t ∈ [0, n], set q = t+1
n

. From Lemma 5.4, we find that

1
n

n∑
i=1

dt(Gi) = (1− q)dt + qdt+1.

Set s̃t = 1
n

∑n−k
i=1 dt(Gi). Then

0 ĺ (1− q)dt + qdt+1 − s̃t ĺ
k(dt + dt+1)

n
.

Our goal will be to find values of t for which we have an upper bound K on dt and

dt+1, and for which the only values of (a, b) ∈ [0, K]2 that satisfy

0 ĺ (1− q)a+ qb− s̃t ĺ
2Kk
n

are (a, b) = (dt, dt+1).

To achieve this, we first restrict to those values of t for which we can calculate

an upper bound on dt and dt+1 from the cards. Assume that n is sufficiently large

to ensure k ĺ n
3 . Lemma 5.9 then applies to ensure that for all t the quantity d∗t

(which is defined in (5.3) and can be calculated from the cards) satisfies 1
4dt− 1 ĺ

d∗t ĺ dt−1 + dt + dt+1. By the lower bound, if d∗t is small then dt is small as well.

We use the upper bound to show that d∗t is small for most values of t. Indeed, let

K = n1−γ, I = [0, n] and A = {t ∈ I : d∗t + 1 ľ 1
4K}. Then

1
4
K|A| ĺ

∑
t∈A

(d∗t + 1) ĺ
∑
t∈A

(dt−1 + dt + dt+1 + 1) ĺ 4n,

and hence |A| ĺ 16n/K = 16nγ. For all t in the set I ′ = {t ∈ I : t, t + 1 6∈ A} we

know that dt, dt+1 < K. Since |{t ∈ I : t + 1 ∈ A}| ĺ |A|, by restricting to I ′ we

remove at most O(nγ) potential t.

For all t ∈ I ′ we know that

0 ĺ (1− q)dt + qdt+1 − s̃t ĺ
k(dt + dt+1)

n
<

2Kk
n

.

We now determine for which q = t+1
n

it is the case that any two elements in

X = {(1− q)a+ qb : a, b ∈ [0, K]} take values that are at least 4Kk
n

apart, so that

there is at most one (1− q)a+ qb ∈ X within 2Kk
n

of s̃t. For all such t ∈ I ′ we can

then reconstruct dt and dt+1 from the cards as the unique choices for a and b.
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Let M = 4Kk
n

. Suppose that, for some δ < M , we are able to find elements

a > a′ and b < b′ within [0, K] satisfying a(1 − q) + bq = a′(1 − q) + b′q + δ.

Rearranging, we get

a− a′ = (b′ − b+ a− a′)q + δ.

In particular, (b′ − b + a − a′)q + δ is an integer. As b′ − b + a − a′ ∈ [2K], it

suffices to ensure that yq is at distance at least M from all integers x ∈ [K] for all

y ∈ [2K]. Let

R =
{
x

y
: y ∈ [2K], x ∈ [K]

}
and

S =
{
t : ∃r ∈ R such that

∣∣∣∣t+ 1
n
− r

∣∣∣∣ < M
}
.

As argued above, for each t ∈ I ′ \ S we are able to ‘guess’ the values of dt and

dt+1. It remains to bound the size of S. The set R has size less than 2K2. For each

choice of r ∈ R, there are at most 2Mn elements of the form i
n

with i ∈ [0, n− 1]

that are within M of r. This shows that |S| ĺ 2Mn|R| ĺ 16kK3. Recall that

k = O(nβ), 16K3 = O(n3(1−γ)) and γ = 3
4 + 1

4β. The exponent of kK3 is

β + 3(1− γ) = β + 3
(1

4
− 1

4
β
)

= γ.

Let J = I ′\S. For every t ∈ J , we can calculate dt exactly and |(I\I ′)∪S)| = O(nγ)

as desired. �

Since γ < 1, the result shows that we can reconstruct dt for all but o(n) of the

t ∈ [0, n].

5.2.2 Proof of Theorem 5.1

In our paper [50], we prove that the size of a graph of order n is reconstructible from

any n − 1
20

√
n cards via a slightly different approach. There, we first reconstruct

an estimate m̃ on the number of edges m, which is then used to approximate the

degree of the vertices whose cards we have via d̃(v) = m̃ − e(Gv). This estimate

has the same ‘error’ m− m̃ for all v. This allows us to reconstruct an approximate

degree sequence d̃t that equals dt apart from being ‘shifted’ by m− m̃ and having

k ‘missing values’. With the previous results, we find a t and a large enough b for
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which dt+1, . . . , dt+b are known exactly, dt is known to be ‘large’ and dt+b is ‘small’.

A telescoping approximation then allows us to recover the shift m− m̃ and hence

m. Since this involves a fair bit of computation and notation, we offer a different

approach.

Proof of Theorem 5.1. Recall that we assume that G is a graph on n vertices,

where the cards G1, . . . , Gn−k are given with k ĺ 1
12

√
n.

Our goal is to ‘push’ the values of dt which we reconstruct using Lemma 5.10

to the left and right using Lemma 5.5 and Lemma 5.7 respectively. For the latter

two lemmas, we need to know that dt + dt+1 ĺ n
4k , where n

4k ľ 3
√
n.

Claim 2. Let t ĺ 3
4n−1. Suppose the value of dt+1 is known exactly and dt+1 ĺ

√
n.

For n sufficiently large, we can determine from any n− k cards whether dt >
√
n

or dt ĺ
√
n.

Proof. Recall the estimate d′t for dt used in Lemma 5.5:

d′t =
1

n− 1− t

(
n−k∑
i=1

dt(Gi)− (t+ 1)dt+1

)
.

We may compute this from dt+1 and the cards. We show that dt >
√
n if and only

if dd′te >
√
n, which proves the claim.

Suppose first that dd′te >
√
n. Since dt ľ d′t and dt is an integer, it follows that

dt >
√
n.

Suppose now that dd′te ĺ
√
n. We first show that dt ĺ 2

√
n. For this, it suffices

to show that dt > 2
√
n implies d′t >

√
n. We compute using Lemma 5.4,

d′t = dt −
∑n
i=n−k+1 dt(Gi)
n− 1− t

ľ dt −
4k(dt + dt+1)

n

ľ dt −
dt

3
√
n
− 1

3
,

which is indeed >
√
n if dt > 2

√
n (for n sufficiently large). If dt ĺ 2

√
n, then

dt + dt+1 ĺ 3
√
n ĺ n

4k and hence Lemma 5.5 gives dt = dd′te ĺ
√
n. ♦
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We now spell out why the analogous claim for recognising whether dt+1 >
√
n

holds by Observation 5.6. Let t + 1 ľ 1
4n. Then s = n − 1 − (t + 1) ľ 3

4n − 1.

Suppose the value of dt = ds+1(G) is known exactly and dt ĺ
√
n. Then by the

claim above, for n sufficiently large, we can determine from any n−k cards (of G)

whether dt+1 = ds(G) >
√
n or dt+1 ĺ

√
n.

Let I =
[

1
3n,

2
3n
]
∩ N. A simple counting argument shows that the number of

t ∈ I with dt > 1
2

√
n is O(

√
n). For n sufficiently large, using Lemma 5.10, we may

assume that we can reconstruct ds with ds ĺ 1
2

√
n for some s ∈

[
1
3n,

2
3n
]
. Up to

switching from G to G, there are now two options:

• Using Claim 1, Lemma 5.5 and their analogues, we obtain dt exactly for all

t. In this case we reconstructed the entire degree sequence and can hence

reconstruct the number of edges.

• We find values t < s for which we have reconstructed dt+1, . . . , ds exactly

with ds ĺ 1
2

√
n and for which we have recognised that dt >

√
n.

With k = 1
12

√
n, b = s− t and ` = 1

2

√
n, we find that indeed dt >

√
n ľ k+`

and dt+b ĺ `. Hence we can reconstructm from any n−k cards by Lemma 5.8.

In both cases, we can reconstruct the number of edges. �

We remark that a tighter analysis of the proof shows that for any ε > 0 we

may replace 1
12

√
n by

(
1
2 − ε

)√
n in the statement of the theorem.

5.2.3 Almost regular graphs

Regular graphs are very easy to reconstruct when all cards are given: after recon-

structing the degree sequence, a single card suffices. Moreover, it is not too difficult

to show that any collection with > n
2 + 1 cards suffices to reconstruct a regular

graph, see e.g. [99]. This bound is tight since the graphs Kk−1tKk+1 and KktKk

formed by taking disjoint unions of cliques have k + 1 = n
2 + 1 cards in common,

yet are not isomorphic. If we allow three different degrees in a graph, however,

then it becomes unclear how to reconstruct the graph, even from a full deck of

cards.
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Aiming towards an improvement of the 1
12

√
n bound of Section 5.2, we study

the toy case of reconstructing the size of graphs without many different degrees. To

avoid the problem of recognising the number of different degrees that the graph has,

we instead assume that the vertices whose cards are given have a limited number of

different degrees. We first show that we can get a very good preliminary estimate

on m.

Lemma 5.11. If k+1 < n−k and at least k+1 given cards have the same number

of edges, then we can reconstruct an estimate m̃ ∈ {m,m+1} for the size of graph

from any n− k cards.

Proof. We number the cards G1, . . . , Gn−k such that d(v1) ĺ . . . ĺ d(vn−k). Sup-

pose that e(Gi) = ... = e(Gi+k) for some i ∈ [n − 2k]. Suppose first that i > 1.

Assign the numbers 1, . . . , n−1 to the vertices on G1 such that vertices of larger de-

gree receive higher numbers. Pick the vertex u numbered i+k−1 and let t = d(u).

We subtracted one to ensure d(u) ĺ d(vi+k): the vertex v1 has been deleted and

d(v1) ĺ d(vi). We also find d(u) ľ d(vi)− 1 since degrees drop by at most 1 on G1

compared to G and since there are at most k ‘unexpected’ vertices. This means

that the value t that we read off from G1 satisfies t ∈ {d(vi), d(vi) − 1}. Thus

m̃ = e(Gi) + t satisfies m̃ ∈ {m,m− 1}.
If i = 1, then we number the vertices on Gk+2 by increasing degree (we use the

assumption k+ 1 < n− k here) and set t to be the degree of the (k+ 1)th vertex.

We again find m̃ = e(G1) + t ∈ {m,m− 1}. �

If there are only r values that the sizes on the n− k given cards take, then at

least one appears at least (n− k)/r times. If k < n/(r+ 1), then (n− k)/r > k so

at least k+ 1 given cards have the same number of edges and Lemma 5.11 implies

that we can reconstruct m up to one (assuming also n ľ 2k + 2).

A similar argument to the proof above shows that we can reconstruct m exactly

if we have the card G1 of a vertex of degree ĺ `, and have at least k + `+ 1 other

cards with the same number of edges (in this case we know that at most ` of

the vertices vi, . . . , vi+k+` have their degrees dropped in G1). This is how we will

reconstruct the number of edges for graphs of bounded average degree.

We now show how to obtain the exact number of edges.
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Theorem 5.12. Let r ∈ N, let G be a graph on n ľ 3 vertices and let k < n
12r .

Then we can reconstruct the number of edges of G from any collection C of n− k
cards from the deck of G for which |{e(C) : C ∈ C}| ĺ r.

Proof. Since
∑n
i=1 e(Gi) = (n− 2)e(G), we find

e(G) =
1

n− 2− k

n−k∑
i=1

e(Gi)−
n∑

i=n−k+1

d(vi)

 . (5.4)

It suffices to reconstruct
∑n
i=n−k+1 d(vi). The idea of the proof is to use Lemma 5.11

in order to approximate d(v1), . . . , d(vn−k). We distribute these into ‘buckets’ that

can be ‘told apart’. We guess which are the missing1 vertices on the card G1;

vertices not near any bucket must be missing, and the remaining ones have their

degrees approximated by the mean of the bucket they are close to.

For i, j ∈ [n − k], we write Gi ≈ Gj if |e(Gi) − e(Gj)| ĺ 3 and let ∼ be the

transitive closure of ≈. The equivalence relation ∼ defines a partition {I1, . . . , I`}
of {e(Gi) : i ∈ [n − k]} into ‘intervals’ for some ` ∈ [r]. For j ∈ [`], the set Ij has

size at most r and hence the difference between the smallest and largest value in

Ij is at most 3r by the definition of ∼. Moreover, |x− y| ľ 4 whenever x, y are in

different parts.

We may assume that n ľ 12rk ľ 2k+ 2 since the claim is true if we have been

given the whole deck. Since k < n
12r ĺ n/(r + 1), we can reconstruct an estimate

m̃ ∈ {m,m+ 1} by Lemma 5.11. Recall that d(vi) = m− e(Gi) for all i ∈ [n− k].

For j ∈ [`], we define buckets

Bj = {m̃− i : i ∈ [min(Ij)− 1,max(Ij) + 1]}.

Then B1 ∪ · · · ∪ B` contain the degrees of v1, . . . , vn−k. Note that |x − y| ľ 2 if

x ∈ Bi and y ∈ Bj for i 6= j. In particular, the sets are mutually disjoint.

Take any card, say G1. We colour the vertices on this card based on their

degree: if u ∈ V (G1) has dG1(u) ∈ Bj for some j ∈ [`], then give u colour j; if

there is no such j, we colour it 0 (for ‘missing’).

We record the degrees of the vertices with colour 0. For j ∈ [`], let nj be the

number of ‘unexpected’ vertices near bucket j, obtained by counting the number

1Vertices v for which the card G− v is not given; that is v ∈ {vn+k−1, . . . , vn}.
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of vertices with colour j on G1 and subtracting from this the number of i ∈ [n−k]

with e(Gi) ∈ Bj. We estimate
∑n
i=n−k+1 d(vi) by taking the sum of the degrees of

the vertices coloured 0 and adding
∑`
j=1

1
2nj(max(Bj) + min(Bj)).

The recorded degrees for vertices coloured 0 will be correct up to one. For any

surplus of a colour j ∈ [`], we estimate the degree of the corresponding missing

vertex by the ‘middle’ value in Bj. This will be within 3r+2
2 +1 of the actual degree

of the vertex. Since r ľ 1, each ‘missing degree’ gets estimated correctly up to 4r.

We find that our estimate for
∑n
i=n−k+1 d(vi) is always correct up to 4rk < 1

3n.

From (5.4) we obtain an estimate on e(G) that is correct up to

4rk
n− 2− k

<
1
3n

n− 1
12n−

2
3n

=
1
2
,

using n ľ 3 and k < 1
12n. We are hence confident that the nearest integer to our

estimate is the correct answer. �

5.2.4 Exploiting gaps

If there is a t for which dt−1 = dt = dt+1 = 0, then dt−1(Gi) = dt(Gi) = 0 for all

i ∈ [n] and hence we can recognise from any two cards that dt = 0. If we moreover

have cards ‘from both sides’, this can be exploited as follows.

Theorem 5.13. Let n ľ 11 and k ĺ 1
5n. If we know that dt = 0 for some t ∈ [n],

then we can reconstruct m from any n− k cards that include two cards Gi and Gj

with d(vi) < t and d(vj) > t.

Proof. For any i ∈ [n− k], we may split the vertices on the card Gi into two parts

depending on whether the vertices have degree < t or ľ t in Gi. Since dt = 0, each

vertex of degree < t in Gi will also have degree < t in G. The graph Gi has one

less vertex of degree < t exactly when d(vi) < t; we find {d<t(Gi) : i ∈ [n− k]} ⊆
{d<t−1, d<t}. In fact, both sets are equal since we have both a card corresponding

to a vertex of degree < t and one corresponding to a vertex of degree > t. This

allows us to reconstruct whether d(vi) < t for all i ∈ [n − k] (namely, this is true

precisely when d<t(Gi) = d<t − 1). Fix i, j ∈ [n − k] such that d(vi) < t and

d(vj) > t. We already showed that we can recognise such i and j from the deck.
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For any graph H, let L(H) be the graph induced on the vertices of degree

ľ t in H and let S(H) be the graph induced on the vertices of degree < t in H.

Then we can reconstruct L(G) = L(Gi) and S(G) = S(Gj). The disjoint union

L(G) t S(G) is a spanning subgraph of G. Let e(S(G), L(G)) denote the number

of edges between S(G) and L(G) in G. Then

e(G) = e(S(G)) + e(L(G)) + e(S(G), L(G)) (5.5)

and hence it remains to reconstruct e(S(G), L(G)).

After replacing the graph and the cards in the deck by their complements if

needed, we may assume that |V (S(G))| ľ |V (L(G))| ľ n
2 . We call a card G` small

if v` ∈ S(G). As noted above, we can reconstruct which of our cards are small. In

the remainder of the argument, we restrict our deck to the small cards.

For a graph H and w ∈ V (S(H)), let bH(w) be the number of edges between

w and L(H). Let bs(H) denote the number of w ∈ V (S(H)) with bH(w) = s. We

use the short-hand bs = bs(G) as usual.

Let ` ∈ [n− k]. If G` is small then bs(G`) and bs are very close to each other.

Indeed, G` only removed v` from S(G) and kept L(G) intact, so bG(v) = bG`(v)

for all v ∈ S(G`) and

bs(G`) = bs − 1{s}(bG(v`)) for all s ∈ [0, n]. (5.6)

If there are small cards G` and G`′ in our deck showing different (bs)-sequences,

then we can reconstruct bs as max{bs(G`), bs(G`′)} for all s ∈ [0, n]. So we hence-

forth assume all small cards show the same (bs)-sequence. In particular, there is

an s′ such that bG(v`) = s′ for all small G`.

We now reconstruct s′. For each small card G`, bs′(G`) = bs′−1 and bs(G`) = bs

for all s 6= s′. So it suffices to show that bs′ > bs+1 for all s 6= s′. Since |V (G(S))| ľ
n
2 , there can be at most 1

5n ĺ 2
5 |V (G(S))| small cards that are not part of our deck.

All other small cards must correspond to a vertex v with bG(v) = s′. Since n ľ 11,

we find 3
5 |V (G(S))| > 2

5 |V (G(S))|+1. This shows that we can reconstruct s′. Using

(5.6), we reconstruct e(S(G), L(G)) =
∑n
s=0 bs and hence e(G) from (5.5). �
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5.3 Graphs of bounded average degree

We now specialise to graphs G for which we have some upper bound d on its

average degree, that is, we assume that 1
n

∑n
i=1 d(vi) ĺ d.

The usefulness of graphs having low average degree comes from the following

observation.

Observation 5.14. A graph with average degree at most d ∈ N has at least n
d+1

vertices of degree at most d and at least n
2 vertices of degree at most 2d− 1.

Given enough cards, this will allow us to assume that the card with the most

edges corresponds to a low-degree vertex, and therefore has small ‘error’. Another

important feature is that the property of having small average degree is recognis-

able from the partial deck in the following sense.

Lemma 5.15. Let G be a graph on n ľ 8 vertices with average degree d. From

any deck of G missing k ĺ n/4 cards, we can reconstruct a quantity d̃ that satisfies

0 ĺ d̃− d < 1.

Proof. Recall that
∑n
i=1 e(Gi) = (n−2)m and that e(Gi) = m−d(vi). This implies

that
n−k∑
i=1

e(Gi) = (n− 2)m−
n∑

i=n−k+1

(m− d(vi)) = (n− 2− k)m+
n∑

i=n−k+1

d(vi).

Set m̃ = 1
n−2−k

∑n−k
i=1 e(Gi). Then (since d(vi) ∈ [0, n− 1])

0 ĺ m̃−m ĺ
k(n− 1)
n− 2− k

.

As k ĺ n/4, we find
k(n− 1)
n− 2− k

<
n2

3n− 8
ĺ
n

2

for n ľ 8. Hence d̃ = 2m̃/n satisfies the claimed inequality. �

Lemma 5.15 allows us to assume that the average degree d is known up to a

potential error of 1. This approximation will be used to prove Theorem 5.16, but

once we have that result and provided we have enough cards for it to apply, the av-

erage degree can then be computed exactly. Thus, when we come to reconstructing

the degree sequence we will be able to assume that d is known.
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5.3.1 Edge and clique counts

To reconstruct the degree sequence, we will first reconstruct the number of edges

from the partial deck.

Theorem 5.16. Let G be a graph on n ľ 3 vertices with average degree at most

d for some d ∈ N. Then the number of edges in G can be reconstructed from any

deck missing at most n
4(d+1) − d− 4 cards.

For d ∈ N, we can in particular reconstruct the number of edges of graphs of

average degree at most d even when a linear number of cards are missing.

Proof. Let k be the number of missing cards and let the partial deck of cards

consist of G1, . . . , Gn−k with Gi = G−vi. After possibly reordering, we may assume

that e(G1) ľ e(G2) ľ · · · ľ e(Gn−k) or, equivalently, d(v1) ĺ · · · ĺ d(vn−k). If

3 ĺ n ĺ 7, then we obtained the entire deck and hence we can compute the number

of edges. So we assume n ľ 8. By Lemma 5.15, we can recognise from the partial

deck that G has average degree at most d+ 1.

Note that Observation 5.14 and the conditions on k together imply that d(v1) ĺ

d+ 1. This card has a small error, in the sense that

d<t(G1) ∈ [d<t − 1, d<t + d+ 1] (5.7)

for each t ∈ [0, n]. The upper bound comes from the observation that v1 has at most

d+ 1 neighbours. Only the neighbours of v1 can drop degree from t to t− 1 when

v1 is deleted and hence be counted in d<t(G1) but not in d<t. For the lower bound,

since the degree of a vertex in G1 is at most the degree of the corresponding vertex

in G, the only possible loss comes from the possibility that the deleted vertex v1

may have degree at most t.

By Observation 5.14, we recognise from the deck that there are at least n
2

vertices of degree at most 2d+ 1 (since we recognise that the average degree is at

most d+ 1). Combined with (5.7), we find that

n

2
ĺ

2d+1∑
t=0

dt ĺ 1 +
2d+1∑
t=0

dt(G1).
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It follows that there must be some t ∈ {0, . . . , 2d+ 1} such that

dt(G1) ľ
1

2d+ 2

(
n

2
− 1

)
ľ k + d+ 3, (5.8)

where the last inequality holds by our assumptions on k. Let us choose t to be the

smallest integer satisfying (5.8); this is determined by G1 and does not depend on

any other information about G. Our next goal is to find a card in our partial deck

corresponding to a vertex with degree exactly t.

Let j = d<t(G1) be the number of vertices of degree strictly less than t in

G1. We claim that d(vj+2) = t. We deduce from (5.7) that d(vj+2) ľ t since

j + 2 = d<t(G1) + 2 > d<t. Moreover, by the bounds in (5.7) and (5.8)

j + 2 = d<t+1(G1)− dt(G1) + 2

ĺ d<t+1 + d+ 1− (k + d+ 3) + 2 = d<t+1 − k.

Since we are missing at most k cards from our deck, the card Gj+2 is certainly

within the first j + k + 2 cards in the whole deck. Hence, we also have the reverse

inequality d(vj+2) ĺ t. This proves our claim that d(vj+2) = t. Since we can

compute j and t, and we have the card Gj+2, the number of edges may now be

reconstructed from the partial deck as e(G) = e(Gj+2) + t. �

The preceding proof extends easily to reconstructing clique counts from an

incomplete deck by replacing dt(H) and d<t(H) with analogous notions in terms

of ‘clique degree”. Namely, for each fixed r ∈ N, let cH(v) be the number of r-

cliques which contain the vertex v. Then let the number of vertices v for which

cH(v) = t (similarly, cH(v) < t) be denoted by ct(H) (c<t(H)). We again use the

short-hand c<t = c<t(G)). Any vertex of degree at most 2d + 1 is in it at most(
2d+1
r−1

)
r-cliques, and therefore

n

2
ĺ 1 +

2d+1∑
t=0

dt(G1) ĺ 1 +
(2d+1r−1 )∑
t=0

ct(G1).

By the pigeonhole principle, there is some t ∈ {0, . . . ,
(

2d+1
r−1

)
} such that

ct(G1) ľ
1(

2d+1
r−1

)
+ 1

(
n

2
− 1

)
.
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Again, only the neighbours of v1 may appear to be in fewer cliques in G1 than

they actually are in G, and so c<t(G1) ∈ [c<t − 1, c<t + d(v1)]. Since the number

of r-cliques in Gj+2 is the number of r-cliques in G minus c(vj+2), it suffices to

choose k to guarantee c(vj+2) = t for j = c<t(G1). We obtain the following result.

Theorem 5.17. Let d, r ∈ N. For any graph G on n vertices with average degree

at most d, the number of cliques of size r in G can be reconstructed from any deck

missing at most
(
1 +

(
2d+1
r−1

))−1 (
n
2 − 1

)
− d− 3 cards.

5.3.2 Degree sequence reconstruction

Once we know the number of edges m in a graph G, deducing its degree sequence

from the complete deck is a simple matter of subtracting from m the number of

edges seen on each card. Losing one card Gi does not pose a problem as the missing

degree is given by d(vi) = 2m−∑j 6=i d(vj). However, it is not known whether the

degree sequence can be reconstructed with even just two cards missing.

The main result in this section provides some better news in the case of graphs

of bounded average degree: for any graph with n ľ 3 vertices and average degree

at most d ∈ N, the degree sequence of G can be reconstructed from any deck

missing at most n
100(d+1)3 cards. Since the degree sequence can be reconstructed if

no cards are missing, we may assume that n ľ 100(d + 1)3 and that the number

of missing cards is at most
(

n
4d+8 − d− 4

)
. Applying Theorem 5.16 then allows us

to reconstruct the number of edges in G. This means that we can determine the

degree d(vi) for all vertices vi corresponding to cards in our partial deck, as well as

the average degree of G. We shall use these assumptions in the lemmas to follow.

In addition to the notation established earlier, given the graph G to be recon-

structed and a particular vertex v, let

nt(v) = |{u ∈ N(v) : d(u) = t}|

where N(v) is the neighbourhood of v in G. That is, nt(v) is the number of neigh-

bours of v which have degree exactly t in G. Let ni,t(H) denote the number of

vertices in H with exactly i neighbours of degree t in H. As usual, we write ni,t as

shorthand for ni,t(G) and the graph H will either be G or a card.
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Our goal for the small degrees will be to find a card G− v where we can read

off the number nt(v) of degree t neighbours of v and use this to ‘correct’ the degree

sequence on G − v. The first lemma in this section shows that, while we cannot

immediately read off nt(vi), it is easy to tell the difference between nt(vi) and

nt(vj). In particular, if we can compute nt(vi) for any single card Gi, then we can

compute this quantity for every card.

Lemma 5.18. Suppose that we have the cards G1, . . . , Gn−k, and that e(G) is

known. Then for any i, j ∈ [n − k], we can reconstruct nt(vi) − nt(vj) from the

cards Gi and Gj.

Proof. Let i, j ∈ [n−k]. The vertices v 6= vi that have degree strictly less than t in

Gi are precisely the vertices of degree strictly less than t in G plus the neighbours

of vi of degree t (in G). Correcting for the possibility that d(vi) < t, we find

d<t(Gi) = d<t + nt(vi)− 1[0,t)(d(vi)). (5.9)

This means that

nt(vi)− nt(vj) = d<t(Gi)− d<t(Gj) + 1[0,t)(d(vi))− 1[0,t)(d(vj)).

Since e(G) is known, the degrees of vi and vj can be computed as e(G) − e(Gi)

and e(G) − e(Gj) respectively and both d<t(Gi) and d<t(Gj) can be determined

from Gi and Gj respectively. This shows nt(vi)−nt(vj) is reconstructible from the

cards Gi and Gj. �

In light of Lemma 5.18, our next step is to reconstruct the number of degree t

neighbours for a single vi, which we do in Lemma 5.20. Our proof of Lemma 5.20

will make use of the following crude bound.

Lemma 5.19. Consider a card H = G − v. For all integers 0 ĺ r, s, t < n with

r ĺ s, ∣∣∣∣∣
s∑
i=r

ni,t −
s∑
i=r

ni,t(H)

∣∣∣∣∣ ĺ d(v)t+ t+ 1.

Proof. It is enough to count the number of vertices which could contribute to only

one of
∑s
i=r ni,t and

∑s
i=r ni,t(H). There is one vertex in G that is not in H (the
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vertex v), contributing a 1 to the bound above. Other contributions come from

vertices in H for which some change (a deletion or change of degree) occurred in

its neighbourhood when v was removed from G.

It is possible for a vertex w 6= v to contribute to exactly one summation only if

w and v have a common neighbour of degree t or t+ 1. That is, for each neighbour

of v there are at most t such w (being careful to not count v again), hence adding

d(v)t to our count. The only remaining possibility that would yield a contribution

is if d(v) = t, in which case each of the t vertices in N(v) could be counted in∑s
i=r ni,t but not

∑s
i=r ni,t(H). That makes a total of d(v)t + t + 1 vertices which

might contribute to one sum but not the other. �

In the proof of Theorem 5.16, we used three key facts in order to reconstruct

(j, d(vj)) for some j ∈ [n− k]:

• dt(G1) gives a good estimate for dt for all t;

• dt is large for some value of t;

• we can order our cards by the degree of their vertices.

We will play a similar game in the result below. Firstly, ni,t is approximated well

by ni,t(G1) when t is not too large by Lemma 5.19. Secondly, ni,t must be large

for some value of i, since most vertices have a small number of neighbours so in

particular a small number of neighbours of degree t. Finally, we can order the cards

by the nt-value of their corresponding vertices by Lemma 5.19. This will allow us

to find an i for which ni,t is large and then a card Gj for which nt(vj) = i, whenever

t is not too large depending on d and k.

Lemma 5.20. Suppose that G has a known average degree that is at most d ∈ N
and that the number of missing cards k satisfies

k ĺ

(
1

4(d+ 1)
− 2c(d+ 1)

)
n− 4.

Then, for each integer t < cn, we can reconstruct (i, nt(vi)) exactly for at least one

i ∈ [n− k].
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Proof. Fix an integer t < cn. By Lemma 5.18, we may reorder the cardsG1, . . . , Gn−k

so that the corresponding vertices v1, . . . , vn−k satisfy n<t(v1) ĺ · · · ĺ n<t(vn−k).

Let H = G− v be a card from our partial deck with the largest number of edges

(among those in our partial deck). Then d(v) ĺ d and Lemma 5.19 implies that

∑̀
i=0

ni,t(H) ĺ
∑̀
i=0

ni,t + td+ t+ 1 (5.10)

for all `, t ∈ [0, n].

By Observation 5.14, there are at least n
2 − 1 vertices with degree at most

2d+1 in H. Any vertex that has degree at most 2d+1 certainly has at most 2d+1

neighbours of degree t, so
2d+1∑
i=0

ni,t(H) ľ

2d+1∑
s=0

ds(H) ľ
n

2
− 1.

Thus, we can choose an ` ∈ {0, . . . , 2d+1} for which the number n`,t(H) of vertices

with ` neighbours of degree t in H is at least n
2(2d+1) − 1.

Our goal is to identify a card corresponding to a vertex with precisely ` neigh-

bours of degree t. Let j =
∑`−1
i=0 ni,t(H) + dt + t + 1. We claim that nt(vj+1) = `.

By Lemma 5.19, there are at most j vertices with strictly fewer than ` neighbours

of degree t in G, so nt(vj+1) ľ `. On the other hand, using (5.10) and our choice

of ` in the first inequality,

j + 1 =
`−1∑
i=0

ni,t(H) + td+ t+ 2

=
∑̀
i=0

ni,t(H) + td+ t+ 2− n`,t(H)

ĺ
∑̀
i=0

ni,t + 2td+ 2t+ 3−
(

n

2(2d+ 1)
− 1

)

ĺ
∑̀
i=0

ni,t − k

so that nt(vj+1) ĺ `. In the last inequality, we used our assumption that

−k ľ

(
2c(d+ 1)− 1

4(d+ 1)

)
n+ 4 ľ 2t(d+ 1) + 4− n

2(2d+ 1)
.

Since we can determine (j+1, `) by looking at the cards, this gives a reconstructible

pair (j + 1, nt(vj+1)). �
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Combining Lemma 5.18 and Lemma 5.20 will allow us to reconstruct dt for all

t < cn for some carefully chosen c, so we now turn our attention to the number of

vertices of high degree.

Lemma 5.21. Let 0 < c < 1
4 . Suppose that the average degree of G is known and

is at most d ∈ N with 0 < d < n−8
24 . Then we can reconstruct dt for t ľ cn from

any deck containing at least two cards that misses k < c
8dn cards.

In particular, taking c to be that from Lemma 5.20 will allow us to fill in the

remainder of the degree sequence.

Proof. For any integer t ľ cn, as tdt ĺ
∑n
i=1 d(vi) ĺ 2m ĺ dn,

dt ĺ
dn

t
ĺ
d

c
.

In particular, we know for any t ľ cn that

dt + dt+1 ĺ
2d
c
<

n

4k

by our assumption that k < c
8dn. Since we have reconstructed d and n, c, k are

given, we can determine that this is the case from the deck. This gives one of

the required assumptions of Lemma 5.5 and Lemma 5.7. We now reconstruct a

starting point to perform the ‘pushing’ from.

We claim that dt−1 = dt = dt+1 = 0 for some t ∈
[

1
4n,

3
4n
]
. Suppose towards

contradiction that dt−1 + dt + dt+1 ľ 1 for all t ∈
[

1
4n,

3
4n
]
. Then

∑
t∈[ 14n,

3
4n]

dt ľ
1
3

∑
t∈[ 14n+1, 34n−1]

(dt−1 + dt + dt+1) ľ
1
3
· 1 ·

(
n

2
− 4

)

which implies that

dn ľ
∑

t∈[ 14n,
3
4n]

tdt ľ
1

4 · 6
n(n− 8).

This contradicts our assumption that d < n−8
24 .

The claim allows us to reconstruct that dt = 0 for some t ∈
[

1
4n,

3
4n
]

from any

two cards, since neither of these cards will show any vertices of degree t or t− 1.

By Lemma 5.5 and Lemma 5.7, we can then reconstruct ds for all s ∈ [cn, n]. �
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With the above lemmas in hand, we are now able to deduce that the degree

sequence of G can be reconstructed from any deck missing at most n
100(d+1)3 cards.

Proof of Theorem 5.2. Recall that by our assumption on k, we can reconstruct

the number of edges of G, and hence the average degree of G and d(vi) for all

i ∈ [n − k]. Moreover, we may assume that n ľ 100(d + 1)3, since we are done

when we obtain a full deck of cards.

Let c = 1
12(d+1)2 . We shall reconstruct dt separately for t ľ cn and for t < cn.

We reconstruct dt for t ľ cn using Lemma 5.21. For this we verify that 0 < d < n−8
24

(recall that d ∈ N) and k < c
8dn.

Using first n ľ 100(d+ 1)3 and then c = 1
12(d+1)2 , we find

k ĺ
n

100(d+ 1)3
ĺ

n

3(d+ 1)2
− 4 ĺ

(
1

4(d+ 1)
− 2c(d+ 1)

)
n− 4.

Thus Lemma 5.20 applies to show that for each t < cn, we can compute the pair

(i, nt(vi)) for some i ∈ [n − k]. By Lemma 5.18, we can calculate nt(v1) − nt(vi)
and recover nt(v1) by adding nt(vi). Hence for all t < cn− 1, we can reconstruct

dt = dt(G1)− nt+1(v1) + nt(v1) + 1{t}(d(v1)).

From the number of edges, the value of dt for cn − 1 ĺ t < cn now follows as

well. (Alternatively, we can compute nt(v1) for t = dcne from (5.9) since we know

d<t(G1), d(v1) and ds for all s ľ cn.) �

5.4 Conclusion

When trying to improve the 1
12

√
n of Theorem 5.1 to say n3/4, one case that

the results in this chapter do not handle yet is when there is an interval I ⊆
[n2 −

√
n, n2 +

√
n] of length Ω(

√
n) such that dt ľ

√
n for all t ∈ I. However, we

suspect such an improvement should be possible.

Problem 5.22. Does there exist some ε > 0 such that, for any graph G on n

vertices, we can reconstruct the number of edges of G from any subset of at least

(1− ε)n cards?
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In terms of lower bounds, for n = 3p+ 1 Bowler, Brown and Fenner [27] have

given the following two graphs which differ in the number of edges but have 2
3(n−1)

cards in common: the graphs G = 2Kp+1 tKp−1 and H = Kp+1 t 2Kp both have

3p+ 1 vertices and at least 2p cards of the form Kp+1 tKp tKp−1.

Another direction for future work is to reconstruct other graph parameters,

such as the degree sequence or the number of triangles. Although our techniques

do not immediately extend to this setting for general graphs, we conjecture this

should be possible from a partial deck as well.

Conjecture 5.23. Fix k ∈ N and a graph H and let n be sufficiently large. For

every graph G on n vertices, the number of subgraphs of G isomorphic to H is

reconstructible given any n− k cards from D(G).

If we are given the entire deck D(G) (i.e. k = 0), then this problem is solved by

Kelly’s Lemma [77], which states that for any two graphs G and H with |G| > |H|,
the number of subgraphs of G isomorphic to H is reconstructible.

If the number of edges is known, then the degree of a vertex can be calculated

from the number of edges on its card. Therefore, by our main result, if k ĺ 1
12

√
n,

then all but k of the degrees are known. Moreover, Lemma 5.10 allows us to

construct most of the degree sequence. We expect that it is possible to determine

the whole degree sequence exactly. As a first step, we make the following conjecture.

Conjecture 5.24. Fix k ∈ N and let n be sufficiently large. For any graph G on

n vertices, the degree sequence of G is reconstructible from any n− k cards.

Although we prove this conjecture when the average degree is small, it is not

yet known to hold for general graphs and a nice proof for the case k = 2 would

already be interesting. In fact, this problem already seems non-trivial in the ‘almost

regular’ case of Section 5.2.3.

Note that a positive answer to Conjecture 5.23 would give a positive answer

to Conjecture 5.24: for fixed k and n sufficiently large, we can find the number of

edges of the graph by Theorem 5.1 and hence determine all but k elements of the

degree sequence. Provided n is sufficiently large, we can reconstruct the number

of copies of the star K1,j for j = 1, . . . , k + 1; we explain in Section 6.2 how the

degree sequence can be deduced from this.
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The result that the degree sequence of planar graphs can be reconstructed with

a linear number of missing cards is tight up to a constant. For example, consider

the graphs

G1 = K1,p+1 tK1,p+1 tK1,p−1 and G2 = K1,p+1 tK1,p tK1,p

formed by the disjoint union of three stars. For both graphs, roughly two thirds of

their cards are equal to K1,p+1 tK1,p tK1,p−1. Yet G1 has two vertices of degree

p+1, whereas G2 has only one such vertex. These graphs do have the same number

of edges, but that need not be the case. Replacing K1,p with K2,p in this example

produces a planar graph with a linear number of common cards but a different

number of edges.

We remark that the examples can be generalised to graph classes whose average

degree d grows with the number of vertices n as well. Indeed, consider adding

disjoint copies of the same (3p + 1)-vertex graph H to both G1 and G2. The

resulting graphs will still have about 2
3 ×

1
2 = 1

3 of their cards in common, and

we can create the desired density by choosing the density of H and considering

complements to deal with densities higher than 1
2 .

Let c(G,H) denote the number of cards that G and H have in common, and

let

c(n) = max{c(G,H) : G,H distinct graphs on n vertices}.

The graphs reconstruction conjecture states that c(n) ĺ n − 1 for n ľ 3. The

example of Bowler, Brown and Fenner [27] shows c(n) ľ (2
3 + o(1))n. Can this

lower bound be improved?

Problem 5.25. Is it true that c(n) ľ (1− o(1))n?

The equivalent statement for ‘small’ cards is known to be true. Let s(G) denote

the smallest ` for which the multiset D`(G) of `-vertex induced subgraphs of G

determines G. Let

s(n) = max{s(G) : G graph on n vertices}.

In this notation, the graph reconstruction conjecture states s(n) ĺ n − 1. Nýdl

[106] proved that s(n) ľ (1 − o(1))n by constructing, for any ε > 0, two non-

isomorphic graphs on n vertices with the same set of `-vertex subgraphs for all

` ĺ (1− ε)n. A result further improving the o(1)-term could be interesting here.
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Finally, while we cannot show that the degree sequence is reconstructible for

general graphs with even two missing cards, we have shown that we can remove a

linear number if we restrict to planar graphs or graphs with bounded degree. We

repeat here that the graph reconstruction conjecture is still open for both of these

classes.

Problem 5.26. Are planar graphs reconstructible?

Problem 5.27. Are graphs of maximum degree 4 reconstructible?
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Chapter 6

Reconstructing graph parameters
from small cards

The `-deck of a graph G is the multiset of all induced subgraphs of G on ` vertices.

Using algebraic arguments, we improve the known bounds on ` for reconstructing

the degree sequence and recognising connectivity from the `-deck.

Theorem 6.1. For n ľ 3, the degree sequence of an n-vertex graph G can be

reconstructed from D`(G) for any ` ľ
√

2n log(2n).

Theorem 6.2. For all n ľ 3, we can determine whether an n-vertex graph G is

connected from D`(G) if n− ` ĺ 0.08n.

This is joint work with Tom Johnston, Alex Scott and Jane Tan.

Chapter outline We first give a version of Kelly’s Lemma [77] and a bound on

the number of shared moments of two distinct sequences in Section 6.1. We then

deduce Theorem 6.1 and Theorem 6.2 from these in Section 6.2 and Section 6.3

respectively and conclude with some open problems.

6.1 Preliminaries

We build on two results whose proof we include for the convenience and enjoyment

of the reader.
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6.1.1 A variant of Kelly’s Lemma

Let ñH(G) and nH(G) denote the number of subgraphs and induced subgraphs of

G isomorphic to H respectively. We will reserve the word copy of H for an induced

subgraph isomorphic to H.

In the standard graph reconstruction problem, Kelly’s Lemma states that we

can reconstruct nH(G) and ñH(G) provided |V (H)| < |V (G)|, but there are many

variants of the lemma for other reconstruction problems [21]. We use the following

version.

Lemma 6.3. Let ` ∈ N and let H be a graph on at most ` vertices. For any graph

G, the multiset of `-vertex induced subgraphs of G determines both the number of

subgraphs of G that are isomorphic to H and the number of induced subgraphs that

are isomorphic to H.

Proof. Count the number of induced subgraphs isomorphic to H in each of the

`-cards of G, and take the sum over all cards. Each copy of H in G will be counted

exactly
(
n−|V (H)|
`−|V (H)|

)
times towards this total. Hence, we can reconstruct the number

nH(G) of copies of H in G from the `-deck as

nH(G) =
(
n− |V (H)|
`− |V (H)|

)−1 ∑
C∈D`(G)

nH(C).

The subgraph case works exactly the same. �

In particular, this means that D`′(G) can be reconstructed from D`(G) for all

`′ ĺ `.

6.1.2 Shared moments of sequences

We need a bound on the maximum number of shared moments that two sequences

α, β ∈ {0, . . . , n}m can have. This result follows from a theorem of Borwein, Erdélyi

and Kós [25] on the number of positive real roots of a polynomial.

Theorem 6.4 (Theorem A in [25]). Suppose that the complex polynomial

p(z) :=
n∑
j=0

ajz
j
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with a0, an 6= 0 has k positive real roots (counting multiplicities). Then

k2
ĺ 2n log

 |a0|+ |a1|+ · · ·+ |an|√
|a0an|

 .
Recall that log denotes the natural logarithm (log(ex) = x) and that the bino-

mial coefficient
(
n
0

)
= 1 for all n.

The result that we require was proved by Borwein and Ingalls [26, Proposition

1]. We give the following formulation which is tailored to our purposes.

Lemma 6.5. Let α, β ∈ {0, . . . , n}m be two sequences that are not related to each

other by a permutation. If(
α1

j

)
+ · · ·+

(
αm
j

)
=
(
β1

j

)
+ · · ·+

(
βm
j

)
for all j ∈ {0, . . . , `}, (6.1)

then `+ 1 ĺ
√

2n log(2m).

Proof. Since αi, βj ∈ {0, . . . , n} for all i, j ∈ [m],

pα,β(x) =
m∑
i=1

xαi −
m∑
i=1

xβi

is a polynomial of degree at most n. Let mult1(pα,β) denote the largest k for which

(x− 1)k | pα,β(x), that is, the multiplicity of a root at 1 (which we define to be 0

if 1 is not a root). We show that `+ 1 ĺ mult1(pα,β) ĺ
√

2n log(2m).

Since α and β are not related by a permutation, the polynomial pα,β is non-zero.

We may write (with r = mult0(pα,β))

pα,β(x) = xr

 n′∑
j=0

ajx
j


where a0 and an′ are non-zero and n′ ĺ n. The coefficients are all integral, so√
|a0an′ | ľ 1. Moreover, we have

∑n′

i=0 |ai| ĺ 2m noting that ai is the difference

between the number of j for which αj = i + r and the number of j for which

βj = i+ r.

By Theorem 6.4, the number of positive real zeros of
∑n′

j=0 ajx
j is at most√√√√√2n log

 |a0|+ |a1|+ · · ·+ |an′ |√
|a0an′ |

 ĺ

√
2n log(2m)
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and in particular mult1(pα,β) ĺ
√

2n log(2m). On the other hand, for all j ∈
{0, . . . , `} equation (6.1) shows that∣∣∣∣∣

(
d

dxj

[
m∑
i=1

xαi −
m∑
i=1

xβi
])∣∣∣∣∣

x=1

=
m∑
i=1

j!
(
αi
j

)
−

m∑
i=1

j!
(
βi
j

)
= 0.

Hence `+ 1 ĺ mult1(pα,β) ĺ
√

2n log(2m) as desired. �

Remark 6.6. Condition (6.1) is equivalent to the condition that the first ` mo-

ments of α and β agree. To see this, observe that {xi : i ∈ {0, . . . , `}} and

{
(
x
i

)
: i ∈ {0, . . . , `}} both form a basis for the polynomials of degree at most

`.

6.2 Degree reconstruction from small cards

The tools of the preceding section allow us to prove that the degree sequence of

an n-vertex graph G can be reconstructed from the multiset of `-vertex induced

subgraphs of G whenever ` ľ
√

2n log(2n). The proof is identical to the proof given

by Taylor [116], except for the use of the stronger bounds provided by Lemma 6.5.

Proof of Theorem 6.1. Let G be an n-vertex graph with vertices v1, . . . , vn, and let

` ľ
√

2n log(2n) be an integer. By Lemma 6.3, we can reconstruct the number of

subgraphs of G isomorphic to the star K1,j for all j ∈ {2, . . . , `− 1}. Each vertex

v lies at the centre of
(
d(v)
j

)
copies of K1,j. Hence, we can compute the quantity

ñK1,j(G) =
∑

v∈V (G)

(
d(v)
j

)

from the `-deck. We can also reconstruct

∑
v∈V (G)

(
d(v)

0

)
= n and

∑
v∈V (G)

(
d(v)

1

)
= 2 · e(G)

from the 2-deck. Write αi = d(vi) for i ∈ [n] where we may assume d(v1) ĺ . . . ĺ

d(vn). Suppose for a contradiction that a different degree sequence β1 ĺ . . . ĺ βn

gives the same counts. Thus, for j ∈ {0, . . . , `− 1},
n∑
i=1

(
αi
j

)
=

n∑
i=1

(
βi
j

)
.
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Since α, β ∈ {0, . . . , n−1}n are not permutations of each other, Lemma 6.5 applies

to show `+1 ĺ
√

2(n− 1) log(2n), and this contradiction completes the proof. �

6.3 Connectivity recognition from small cards

We prove that the connectivity of an n-vertex graph G can be reconstructed from

the multiset of `-vertex induced subgraphs of G whenever n − ` ĺ 0.08n. Recall

that a copy of H in G in this paper is an induced subgraph of G isomorphic to H.

Proof of Theorem 6.2. Let G be an n-vertex graph and let ε = 0.08. Suppose ` is

an integer satisfying n− εn ĺ ` ĺ n− 1. This implies n ľ 11.

Suppose that G is disconnected and let H be a largest component. If |V (H)| ĺ
` − 1, then we can easily recognise that G is disconnected. Indeed, let nH(G)

denote the number of copies of H in G, which we can compute from the `-deck by

Lemma 6.3. We can also compute nH′(G) for all connected graphs H ′ on |V (H)|+
1 ĺ ` vertices that contain H; but nH′(G) = 0 for all such H ′ as H is a largest

component. This allows us to identify that G has nH(G) components isomorphic

to H, and that G is disconnected. We may therefore assume that G is either

connected, or its largest component has order at least `. In particular, if G is not

connected then it has a component of order at most n− `.
We will reconstruct all components of order at most n − ` ĺ εn from the `-

deck. Let H be a connected graph on 1 ĺ h ĺ n− ` vertices. Since h ĺ `, we may

compute nH(G) from the `-deck by Lemma 6.3. Suppose m = nH(G) > 0. Write

H1, . . . , Hm for the induced copies of H in G, and define the neighbourhood of Hi

by

Γ(Hi) = {v ∈ V (G) \ V (Hi) : vu ∈ E(G) for some u ∈ Hi}.

We define the degree of Hi to be |Γ(Hi)|, and we denote it by αi. Note that G

has a component isomorphic to H if and only if αi = 0 for some i ∈ [m]. We now

show that we can reconstruct the sequence (α1, . . . , αm) ∈ {0, . . . , n − h}m up to

a permutation.
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Since 1 ĺ h ĺ εn and m ĺ
(
n
h

)
ĺ
(
en
h

)h
we have

√
2(n− h) log(2m) ĺ

√
2(n− h)h log(en/h) + 2n log(2)

ĺ n
√

2(1− ε)ε log(e/ε) + 2 log(2)/n.

Hence by Lemma 6.5, it suffices to show that we can reconstruct

m∑
i=1

(
αi
j

)
for all integers 0 ĺ j ĺ N, (6.2)

where N = n
√

2(1− ε)ε log(e/ε) + 2 log(2)/n.

Let P denote the set of pairs of vertex sets (A,B) where A ⊆ B ⊆ V (G),

G[A] ∼= H, |B| = |A| + j and A is dominating in G[B], that is, each vertex in

B \A is adjacent to some vertex in A. Each (A,B) ∈ P has some i ∈ [m] for which

G[A] ∼= Hi and B is contained in the neighbourhood of Hi, so |P | = ∑m
i=1

(
αi
j

)
.

For j ľ 0, let Hj denote the set of (h + j)-vertex graphs that consist of H

along with j additional vertices, all of which are adjacent to at least one vertex in

the copy of H (we include each isomorphism type at most once). If (A,B) ∈ P ,

then B corresponds to some H ′ ∈ Hj. By definition, there are nH′(G) vertex sets

B ⊆ V (G) with G[B] ∼= H ′. Since Hj and H are known to us, for each H ′ ∈ Hj

we can calculate the number n(H,H ′) of dominating copies of H in H ′. Since

∑
H′∈Hj

n(H,H ′)nH′(G) = |P | =
m∑
i=1

(
αi
j

)

it only remains to show that we can determine nH′(G) from the `-deck. We may

use Lemma 6.3 to reconstruct nH′(G) if |H ′| = h+ j ĺ `. We find that

h+ j ĺ εn+N ĺ n− εn ĺ `,

for j ĺ N and n ľ 11, where the middle inequality follows from the fact that

ε+
√

2(1− ε)ε log(e/ε) + 2 log(2)/11 ĺ 1− ε

for ε ĺ 0.088.

This shows that we can reconstruct (6.2), and hence the number of components

isomorphic to H. �
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6.4 Open problems

We remark that there is no constant C for which the degree sequence can be

reconstructed from the C-deck. Indeed, there are at most (n`)2`
2

possible `-decks

for n-vertex graphs (for each `-vertex graph, we choose the number of cards it is

on), and at least Ω(4n/n) possible degree sequences [32]. We find

2log(n)`2`
2

ľ 2Ω(2n−log(n)) =⇒ ` = Ω
(√

log(n)
)
.

While Theorem 6.4 is tight up to constants, we do not know if the log(2m)-factor

is required in Lemma 6.5. Without it, our upper bound of O(
√
n log(n)) would

become O(
√
n).

Problem 6.7. Can the upper bound on ` in Lemma 6.5 be improved to O(
√
n)?

While we have improved the upper bound on ` for reconstructing connectivity

from the `-deck, this result is still far from the best lower bound which is approxi-

mately n/2. Spinoza and West [115] showed that G1 = Pn, the path on n vertices,

and G2 = Cdn/2e+1 t Pbn/2c−1, the disjoint union of a cycle and a path, satisfy

Dk(G1) = Dk(G2) for all k ĺ bn/2c. However, G1 is connected and G2 is not. This

suggests the following natural conjecture.

Conjecture 6.8 (Spinoza and West [115]). For n ľ 6 and ` ľ bn/2c+1, the con-

nectivity of an n-vertex graph G is determined by the multiset of `-vertex induced

subgraphs of G, and this threshold is sharp.

We remark that for n sufficiently large, our upper bound of 0.92 can be im-

proved further to 0.903.

Nýdl [106] showed that for any α < 1, one cannot hope to reconstruct the whole

graph from the subgraphs of size at most αn for n sufficiently large. Nonetheless,

Nýdl [105] conjectures that for ` ľ bn/2c + 1, any tree on n vertices can be

reconstructed from the multiset of `-vertex induced subgraphs of G.

Although this conjecture is false for small `, as shown by the example in Figure

6.1, we can prove the conjecture is true up to a multiplicative constant.

Theorem 6.9. For all n ľ 3, any n-vertex tree T can be reconstructed from D`(T )

if ` ľ 63n/64.
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Figure 6.1: Two non-isomorphic trees on 13 vertices which have the same 7-deck.

This is joint work with Tom Johnston, Jane Tan and Alex Scott [54]. The

bound 63n/64 dramatically improves on the previous best bound of n − 2 from

Giles [47] in 1976, but the precise asymptotics remains open. Note that, since the

number of edges is easy to reconstruct from the 2-deck, trees can be recognised if

connectivity can be recognised.

Finally, we pose the following problem.

Problem 6.10. Let `k(n) be the minimum ` such that, for every n-vertex graph

G, whether G is k-colourable can be recognised from the `-deck. What are the

asymptotics of `k(n)?

A special case that would make an interesting starting point is to recognise

whether the graph is bipartite. A lower bound of bn/2c follows from the example

of Spinoza and West [115] mentioned in the introduction (consider a path and the

disjoint union of an odd cycle and a path). Manvel [92] proved that the (n−2)-deck

suffices, but it is possible that a non-constant or even linear number of vertices

could be removed from the cards in this case as well. More open problems can be

found in the survey of Kostochka and West [80].
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Chapter 7

Intersection sizes of linear
subspaces with the hypercube

Melo and Winter [94] initiated the study of the sets H(k,m) of possible intersection

sizes that a k-dimensional linear subspace can have with the (k +m)-dimensional

hypercube. Let H+(k,m) = H(k,m)\{1, . . . , 2k−1} be the large values of H(k,m)

and set H+(k,∞) = ∪mľ1H
+(k,m). Melo and Winter [94] showed that

H+(k,∞) ∩ [2k−1 + 2k−2, 2k] = {2k−1 + 2k−2, 2k}

and that H+(k,∞) ⊇ {2k−1 +2i : i ∈ {0, 1, . . . , k−1}}, for which they conjectured

equality to hold. We show this conjecture is almost true.

Theorem 7.1. For k ľ 6,

H+(k,∞) = {2k−1 + 2i : i ∈ {0, . . . , k − 1}} ∪ {2k−1 + 2k−5 + 2k−6}.

In fact, we determine H+(k,m) for every m ľ 1 (Theorem 7.13) from which

the theorem above follows.

Denote the small values by H−(k,m) = H(k,m) ∩
[
2k−1

]
and H−(k,∞) =

∪mľ1H
−(k,m). We disprove the conjecture of Melo and Winter [94] thatH−(k,∞) =

[2k−1] by proving that a positive fraction of the small values is missing.

Theorem 7.2. For k ľ 8 and any m ľ 1,

H(k,m) ∩
{

15
162k−1, . . . , 2k−1

}
=
{

15
162k−1, 63

642k−1, 2k−1
}
.

This chapter is based on joint work with Tom Johnston [52].
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Chapter outline We set-up some notation and definitions required for our

proofs in Section 7.1 and include some results from the literature with proofs

in Section 7.2 to provide some intuition for the setting. We prove Theorem 7.1 and

7.2 in Section 7.3 and Section 7.4 respectively. Our proofs reduce to claims which

we prove via exhaustive computer searches, as described in Section 7.5. Finally,

we discuss several open problems.

7.1 Framework and notation

Let ei ∈ Rk denote the vector with a 1 in position i and 0s elsewhere, so that

{e1, . . . , ek} is the standard basis for Rk. After permuting coordinates as necessary,

any linear subspace S ⊆ Rn of dimension k can be parameterised as S = {v⊕L(v) :

v ∈ Rk} for some linear map L : Rk → Rm where m = n− k (see Lemma 7.6). We

find

S ∩ {0, 1}n = {(v, L(v)) : v ∈ {0, 1}k, L(v) ∈ {0, 1}n−k}.

Melo and Winter [94] introduced the equivalent formulation

H(k,m) = {t | ∃L : Rk → Rn−k linear, t = |{0, 1}k ∩ L−1{0, 1}n−k|}

that we will also use. Their original motivation came from quantum information

theory: the largest two elements in the set above are 2k and 2k−1 if L is moreover

restricted to be an isometry, which was used to show certain quantum circuits

yield ‘ε-approximate unitary t-designs’, see [101].

Throughout the text, L : Rk → Rm is a linear map and m = n− k. Any linear

map is determined by the values it takes on the basis elements {e1, . . . , ek}. We

denote

I(L) = L−1 ({0, 1}m) ∩ {0, 1}k

for the intersection pattern associated with L and t(L) = |I(L)| for its size.

The support S(L) = {i ∈ {1, . . . , k} : L(ei) 6= 0} denotes the indices of the

basis vectors on which L is non-zero.

Observation 7.3. After permuting coordinates as necessary, there exists a J(L) ⊆
{0, 1}|S(L)| such that I(L) = J(L)× {0, 1}k−|S(L)|.
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For A ⊆ {1, . . . ,m}, define the linear map LA : Rk → R|A| by LA = πA ◦ L,

where πA is the projection map onto the coordinates in the set A, for example

π{1,3}(x1, . . . , xm) = (x1, x3). We use the shorthand notation Li := L{i}. Note that

L(x) ∈ {0, 1}m if and only if Li(x) ∈ {0, 1} for i = 1, . . . ,m and that adding

conditions can only decrease the intersection size:

I
(
LA∪{i}

)
=

⋂
j∈A∪{i}

I(Lj) ⊆
⋂
j∈A

I(Lj) = I(LA)

for each A ⊆ [m] and i ∈ [m].

Definition 7.4. A linear map L : Rk → Rm is called minimal if S(Li) 6⊆⋃
j 6=i S(Lj) and t(Li) < 2k for all i ∈ {1, . . . ,m}.

We will see that only specific ‘shapes’ of the sets S(Li) can ‘cover’ [m] and still

give a large intersection value t(L).

Definition 7.5. The shape of the linear map L : Rk → Rm is the hypergraph

(V,E) with vertex set V = {1, . . . , k} and edge set {S(Li) : i ∈ [m]}.

Examples of a minimal and non-minimal shape are given in Figure 7.1. Two

specific shapes will be of particular interest.

• A (2,1)-star is a 2-uniform hypergraph (V,E) for which there is a centre

c ∈ V such that E = {{c, v} : v ∈ V \ {c}}.

• A (3,2)-star is a 3-uniform hypergraph (V,E) for which there exist distinct

c1, c2 ∈ V such that E = {{c1, c2, v} : v ∈ V \ {c1, c2}}.

We will write “the sets S(Li) form a (3,2)-star” to mean that the hypergraph

formed by taking the sets S(Li) as the edge set (i.e. the shape of L) is a (3,2)-star.

7.2 Preliminaries

For completeness, we provide an adaption of the proof given in [43, Lemma 5.1].

Lemma 7.6. Let V be a k-dimensional linear subspace. There is a linear map

L : Rk → Rn−k such that S = {v ⊕ L(v) : v ∈ Rk} up to permuting coordinates.
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Figure 7.1: An example of a shape of a non-minimal map (left) and of a minimal
map (right). Note that on the left-hand side, the support of one of the edges is
completely contained in the combined support of the other edges.

Proof. If V contains a non-zero multiple of ei for all i ∈ [n], then V = Rn. So we

may assume V does not contain a non-zero multiple of en. Consider the projection

map π−n : x 7→ (x1, . . . , xn−1). If π−n(x) = π−n(y) for some x, y ∈ V , then x− y =

λen ∈ V for some λ ∈ R and hence x = y. Repeating this, we can find coordinates,

say 1, . . . , k, such that the projection map x 7→ (x1, . . . , xk) is injective on V . Since

the image of an injective linear map of a k-dimensional space has dimension k as

well, we find it is a linear bijection. Hence there is a linear inverse. This defines

the map L. �

In order to get some intuition about the problem and the notation, this sub-

section also includes some results shown by Melo and Winter [94].

Lemma 7.7 ([94]). H(k,m) ⊆ H(k′,m′) for all m′ ľ m and k′ ľ k.

Proof. Let L : Rk → Rm be a linear map. It suffices to prove that there exist

linear maps L′ : Rk → Rm+1 and L′′ : Rk+1 → Rm with the same intersection

pattern: I(L) = I(L′) = I(L′′). These maps will then in particular have the same

intersection size: t(L) = t(L′) = t(L′′).

To this purpose, define

L′ : Rk → Rm+1 : v 7→ (L(v), 0),

where we ‘add on an empty constraint’, and

L′′ : Rk+1 → Rm : ei 7→

L(ei) for i ĺ k, and∑k
i=1 |L(ei)|+ 2 for i = k + 1,

where we ‘add on a coordinate which can never be on’. �
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Melo and Winter proved a slight variation on the following proposition, which

implies the containment relation H+(k,∞) ⊇ {2k−1 + 2i : i ∈ {0, 1, . . . , k − 1}}.

Proposition 7.8 ([94]). Let 0 ĺ t0 < t1 < · · · < ta. Then
∑a
i=0 2ti ∈ H(ta + a, ta).

Proof. We need to construct a linear map L : Rta+a → Rta with t(L) =
∑a
i=0 2ti .

The ((ta + a)× ta)-matrix of this map consists of the identity matrix for the first

ta rows, and for i ∈ [a], row ta + i consists of ti−1 zeros followed by ta − ti−1 ones.

1 0 . . . 0 0 . . . 0 0 . . . 0 0 . . . 0
0 1 . . . 0 0 . . . 0 0 . . . 0 0 . . . 0
...

... . . . . . . ...
0 0 . . . 0 0 . . . 0 0 . . . 0 0 . . . 1
0 0 . . . 0 1 . . . 1 1 . . . 1 1 . . . 1
0 0 . . . 0 0 . . . 0 1 . . . 1 1 . . . 1
...

... . . . . . . ...
0 0 . . . 0 0 . . . 0 0 . . . 0 1 . . . 1
1 2 t0 t1 ta−1 ta

We count the number t(L) of x ∈ {0, 1}ta+a for which L(x) ∈ {0, 1}ta . Equiv-

alently, we count the number of subsets S of [ta + a] such that if we select the

rows from S from the matrix above and add them up, the resulting row has only

{0, 1}-entries.

For x ∈ {0, 1}ta+a, we find L(x) ∈ {0, 1}ta whenever xta+1 = · · · = xta+a = 0.

This gives 2ta solutions. If xta+1 + · · · + xta+a > 1, then L(x)ta > 1. Hence the

remaining possible solutions x have xta+j = 1 for exactly one j ∈ [a]. From the

matrix, we see that xi needs to be zero for all i ľ tj + 1, whereas xi can take any

value in {0, 1} if i ∈ [tj]. So there are 2tj solutions with xta+1+j = 1. We find a

total of 2t0 + · · ·+ 2ta solutions as desired. �

We will depend on the following observation in the next section.

Lemma 7.9 ([94]). If t(L) > 2k−1, then L({e1, . . . , ek}) ⊆ {−1, 0, 1}m.

Proof. Suppose α = L1(e1) 6∈ {−1, 0, 1}. For any x ∈ {0} × {0, 1}k−1, if L1(x) ∈
{0, 1}, then L1(x + e1) = L1(x) + α 6∈ {0, 1}. Hence either x or x + e1 is not in

I(L1), thus t(L) ĺ t(L1) ĺ 2k−1. �
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7.3 Large intersection sizes

We first investigate the structure of H+(k, 1). Hence we are interested in the values

t(L) > 2k−1 for L : Rk → R a linear map. As mentioned in the preliminaries, we

may assume L(ei) ∈ {−1, 0, 1} since t(L) > 2k−1.

Lemma 7.10. Suppose L : Rk → R is linear with L(ei) ∈ {−1, 0, 1} for all i ∈ [k]

and define

a = |{i : L(ei) = 1}| , b = |{i : L(ei) = −1}| , c = |{i : L(ei) = 0}| .

Then ∣∣∣{x ∈ {0, 1}k : L(x) = j
}∣∣∣ = 2c

(
a+ b

b+ j

)
.

Proof. Since L(x) = x1L(e1) + · · ·+ xkL(ek), we find

∣∣∣{x ∈ {0, 1}k : L(x) = j
}∣∣∣ =

a∑
i=0

2c
(
a

i

)(
b

i− j

)

= 2c
b+j∑
i=0

(
a

i

)(
b

b+ j − i

)

= 2c
(
a+ b

b+ j

)

using the Chu-Vandermonde identity in the last line. Alternatively this can be

shown with less calculation in the following self-contained argument. We may

renumber the ei such that e1, . . . , eb are mapped to −1 and eb+1, . . . , ea+b are

mapped to 1. Any element x ∈ {0, 1}k is defined by its support, supp(x) :=

{i ∈ [k] : xi 6= 0}. The smallest value L(x) can take is −b, which is achieved by

supp(x) = {1, . . . , b}. If an element i > b is added to supp(x) or an element i ∈ [b]

is removed from supp(x), then the value of L(x) will increase by 1. In order to get

to 0, b such changes have to be made which can be done in exactly
(
a+b
b

)
ways.

The coordinates mapping to 0 (the xi for i ľ a + b + 1) have no effect on the

value of L(x) so each can individually be included or not; this gives the factor 2c.

Similarly, the value j is achieved by making b + j switches which can be done in(
a+b
b+j

)
ways, giving 2c

(
a+b
b+j

)
possible x ∈ {0, 1}k with L(x) = j. �
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Corollary 7.11. For k ľ 6,

H+(k, 1) = {2k−1 + 2k−5 + 2k−6, 2k−1 + 2k−3, 2k−1 + 2k−2, 2k}.

Proof. Let L : Rk → R be a linear map. As noted above, we may assume that

L(ei) ∈ {−1, 0, 1} for all i ∈ [k]. Define a, b and c as in the previous lemma. Then

t(L) =
∣∣∣{x ∈ {0, 1}k : L(x) ∈ {0, 1}

}∣∣∣ = 2c
((

a+ b

b

)
+
(
a+ b

b+ 1

))
= 2c

(
a+ b+ 1
b+ 1

)
.

Note that t(L) = 2ct(L′) where L′ : Rk−c → R is the projection of L onto the

support of L. We therefore first look for triples (a, b, 0) with a+ b = k which give

an intersection t ľ 2k−1 + 1 (and then multiply the result by 2c). We first show

that for such triples to exist, we must have a + b ĺ 7 for which we can check all

possible options. The largest binomial coefficient for a fixed number of elements is

the central binomial coefficient so

t(L) =
(
a+ b+ 1
b+ 1

)
ĺ

(
k + 1

b(k + 1)/2c

)
.

The ratio 2−n
(

n
bn/2c

)
is non-increasing in n, since

(
2n
n

)
22n

22n+1(
2n+1
n

) =
2(n+ 1)
2n+ 1

> 1 and

(
2n−1
n−1

)
22n−1

22n(
2n
n

) =
2n
2n

= 1.

Since 2−(n+1)
(

n+1
b(n+1)/2c

)
ĺ 1

4 for n = 8, it follows that t(L) ĺ
(

k+1
b(k+1)/2c

)
ĺ 2k−1 for

all k = a+ b ľ 8. Checking all possible a+ b ĺ 7 (by hand or computer) gives the

possible values for t > 2k−1, which are given in the table below.

a 1 2 2 2 3 3 3 4 4
b 1 0 1 2 1 2 3 2 3
t 3 3 6 10 10 20 35 35 70

Hence, if t(L) ľ 2k−1 + 1, then t(L) is of the form 2ct′ for some t′, a value in the

table above, and the appropriate c. �

Let L : {0, 1}k → R be a linear map with t(L) ľ 2k−1. Then we know L(ei) ∈
{−1, 0, 1} for all i = 1, . . . , n. Let us assume we label the coordinates such that

L(e1) = · · · = L(ea) = 1, L(ea+1) = · · · = L(ea+b) = −1 and L(ea+b+1) = · · · =
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e1 e1

e2

e3

e4

L1 L2

Figure 7.2: A (3, 2)-star with 2 edges.

L(en) = 0 for some integers a, b ľ 0. Then |S(L)| = a+ b. From the above proof of

Corollary 7.11 and by filling in all the 8 possible elements from {0, 1}3, we observe

the following.

Observation 7.12. Let L : {0, 1}3 → R with |t(L)| ľ 22. Then L(e1), L(e2) and

L(e3) must be 1, 1 and −1 in some order. If L(e1) = L(e2) = 1 and L(e3) = −1,

then I(L) = {000, 010, 011, 100, 101, 111}.

An important feature of the set I = {000, 010, 011, 100, 101, 111} is that if

x ∈ I starts 00, then we know x = 000 but if x ∈ I begins with 01, then x can be

either 010 or 011. We will see below that this is an important part of calculating

the intersection size of a shape.

Suppose that the shape of L : {0, 1}4 → R2 is a (3,2)-star as in Figure 7.2

with t(L) ľ 23. Then t(L1) ľ t(L) ľ 23 and S(L1) = {1, 2, 3}. Since L1(e4) = 0,

we find that the map L′1 : R3 → R defined by L′1(x) = L1(x, 0) for x ∈ R3

has t(L′1) = t(L1)/2 ľ 22. As in Observation 7.12, we may calculate I(L′1) and

I(L1) = I(L′1) × {0, 1}. We calculate I(L2) is a similar fashion. To calculate the

intersection pattern I(L) we condition on the values that the maps L1 and L2 take

on the shared basis elements e2 and e3.

If they both take the value 1 on both e2 and e3 and x = (x1, x2, x3, x4) is such

that L(x) ∈ {0, 1}2, then x2x3 = 00 implies x = 0000 (since L1 forces x1 = 0 and

L2 forces x4 = 0). If we are given x2x3 = 01 instead, then x1 could be 0 or 1 and

independently x4 could be 0 or 1 so there are four options for x. Continuing like

this, we see that the intersection has size

2× 2 + 2× 2 + 1× 1 + 1× 1 = 10.
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Suppose now instead that L1 takes the value 1 on both e2 and e3 but L2 takes

the value −1 on e2 and 1 on e3. If x2x3 = 00, we again know that x1 = 0 but now

x4 could be 0 or 1 giving two options for x. If x2x3 = 01, then x1 could be 0 or 1

but now x4 must be 0 so we only get two options for x. Completing the calculation

shows that the intersection size is

1× 2 + 2× 1 + 2× 1 + 1× 2 = 8.

Combining the above with a symmetry argument shows that an intersection

size strictly greater than half the cube is only possible if the two maps ‘agree’ on

whether their common intersection has a −1, since this corresponds to agreeing

which values of the shared coordinates have many extensions.

This illustrates the general principle that for large intersection sizes we need

the points where each map can extend to a large number of different options to

agree to some extent. While this works on all shapes, it quickly becomes very

tedious and we will use a computer to calculate the largest intersections of shapes.

Many shapes can be quickly ruled out; for example, if the shape of L : {0, 1}7 →
R3 is a ‘(3,1)-star with three edges’, say S(L1) = {1, 2, 3}, S(L2) = {1, 4, 5} and

S(L3) = {1, 6, 7}, then counting the number of x ∈ I(L) = ∩3
j=1I(Lj) with x1 = 0

and those with x1 = 1 using Observation 7.12, we find

t(L) ĺ 3× 3× 3 + 3× 3× 3 =
(3

4

)3

27 <
1
2
× 27.

Similar calculations can rule out many other shapes such as those with three

disjoint edges.

Our main result for large intersections is the following theorem, from which

Theorem 7.1 follows directly.

Theorem 7.13. For k ľ 6,

H+(k, 1) =
{

2k−1 + 2k−5 + 2k−6, 2k−1 + 2k−3, 2k−1 + 2k−2, 2k
}
,

H+(k, 2) = H+(k, 1) ∪ {2k−1 + 2k−4},

H+(k, i) = H+(k, i− 1) ∪ {2k−1 + 2k−(i+1)} for i = 3, . . . , k − 1,

and H+(k, i) = H+(k, k − 1) for i ľ k.
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In particular, note that H(k, 2) = H(k, 3) for k ľ 4. We also note that it is

easy to check that the conjecture of Melo and Winter is true for k ∈ {1, . . . , 5}
using Lemma 7.10 and a computer search.

To prove Theorem 7.13 we require two more auxiliary lemmas, the first of which

describes the structure of L.

Lemma 7.14. Suppose L : Rk → Rm is a minimal linear map with |S(Li)| > 1

for all i ∈ [m], |S(L)| = k ľ 8 and t(L) > 2k−1. Then the sets S(Li) form either

a (2,1)-star or a (3,2)-star.

Proof. As seen in the proof of Corollary 7.11, the size of S(Li) must be in {2, . . . , 7}
for all i or t(L) ĺ t(Li) ĺ 2k−1. As we have assumed that |S(L)| ľ 8, we must

have m ľ 2. Checking the possible minimal shapes (as defined in Definitions 7.4

and 7.5) the maps L1 and L2 can form the following options (up to switching L1

and L2).
|S(L1)| |S(L2)| |S(L1) ∩ S(L2)|

2 2 0
2 2 1
2 3 0
2 3 1
3 3 0
3 3 1
3 3 2

In all of these options |S(L{1,2})| ĺ 6 so in fact m ľ 3. This can now be repeated

for L1, L2 and L3 and a computer search shows the sets S(Li) for i = 1, 2, 3 form

either a (2,1)-star or a (3,2)-star if t(L) > 2k−1. By the symmetry of {0, 1}m, this

holds for all distinct i1, i2, i3 and the result follows. �

Lemma 7.15. Let L : Rk → Rm be a linear map with k ľ 8 and t(L) ľ 2k−1 + 1.

Let Xi = {x ∈ {0, 1}k : xi = 0}. Then one of the following statements holds:

(a) m ľ k − 1 and t(L) = 2k−1 + 1;

(b) there exists an i ∈ [k] such that |L−1 ({0, 1}m) ∩Xi| = 1
2t(L).

Proof. If |S(L)| < k, then there is some coordinate i such that L(ei) = 0. This

means the value L(x) does not depend on whether xi is 0 or 1, so that i satisfies
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(b). Thus we may assume that |S(L)| = k. Choose A ⊆ [m] such that L′ = LA

is minimal and it satisfies |S(L′)| = k. All assumptions of Lemma 7.14 are then

satisfied and so the sets S(L′i) form either a (2, 1)-star or a (3, 2)-star.

Suppose the S(L′i) form a (2,1)-star. Then, as |S(L′)| = k, |A| = k − 1 and

m ľ k − 1. The maximum intersection size of a (2,1)-star is 2k−1 + 1 so, since we

have assumed t(L) ľ 2k−1 + 1, (a) is satisfied.

Suppose the S(L′i) form a (3, 2)-star. It is easy to see that t(L′) = 2k−1 + 2

and that (b) holds for L′ for every i. Either L and L′ have the same intersection

pattern (that is, I(L) = I(L′)) and we are done, or m ľ |A| + 1 ľ k − 1 and

t(L) ĺ t(L′)− 1 ĺ 2k−1 + 1 so (a) is satisfied. In either case at least one of (a) or

(b) is satisfied for L. �

Proof of Theorem 7.13. Using the above lemmas we prove the theorem using in-

duction on k. A computer search shows that the claim holds for k = 6, 7, 8, so

assume the theorem holds for some k ľ 8.

For any linear map L : Rk → Rm, we can define a map L′ : Rk+1 → Rm

by L′(ei) = L(ei) for i = 1, . . . , k and L′(ek+1) = 0. Then t(L′) = 2t(L), so

that H+(k + 1, i) contains the claimed elements for i ∈ {1, . . . , k − 1}. The map

L : Rk+1 → Rk defined by

Lj(ei) =

1 if i = j ∈ {1, . . . , k} or i = k + 1
0 otherwise

satisfies t(L) = 2k + 1, which implies that H+(k + 1,m) contains the claimed

elements for all m ∈ N.

It remains to show that if L : Rk+1 → Rm is a linear map, then t(L) is in the

claimed set. Lemma 7.15 shows that either t(L) ĺ 2k + 1 and m ľ k in which case

we are done, or there is an i such that |L−1 ({0, 1}m) ∩Xi| = 1
2t(L). In the latter

case, the map L′ : Rk → Rm with

L′(ej) =

L(ej) for j = 1, . . . , i− 1
L(ej+1) for j = i, . . . , k

has |(L′)−1({0, 1}m) ∩ {0, 1}k| = |L−1({0, 1}m) ∩ Xi| = 1
2t(L) ľ 2k−1 + 1. It fol-

lows that 1
2t(L) ∈ H+ (k,m) so t must be of the claimed form by the induction

hypothesis. �
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7.4 Small intersection sizes

To determine the large intersection sizes we made extensive use of the fact that

L must map each of the basis vectors into {−1, 0, 1}m. This is not true in general for

small intersection sizes but we show that it is true on the interval
(
(15/16) · 2k−1, 2k−1

)
.

This allows us to use a structural approach similar to the large case.

To see this suppose L({e1, . . . , ek}) 6⊆ {−1, 0, 1}m. Without loss of generality we

can assume that, for some ` ľ 1, L1(ei) 6= 0 for i = 1, . . . , `, α = L1(e`) 6∈ {−1, 0, 1}
and that L1(ei) = 0 for i ľ ` + 1. Call an element y ∈ {0, 1}`−1 × {0} good if

either L1(y + e`) ∈ {0, 1} or L1(y) ∈ {0, 1}. As α 6∈ {−1, 0, 1}, it can’t be the case

that both L1(y + e`) and L1(y) are in {0, 1} and hence

t(L1) = #good elements · 2k−`.

An element y ∈ {0, 1}`−1 × {0} is good if and only if L1(y) ∈ {0, 1, 1 − α,−α}
so we can bound the maximum intersection size using a Littlewood-Offord style

result [41, 90].

Lemma 7.16. Let a1, . . . , a` ∈ R \ {0} and B ⊆ R of size |B| = 4. Then∣∣∣∣∣
{
I ⊆ [`] :

∑
i∈I

ai ∈ B
}∣∣∣∣∣ ĺ

15
16

2`

for all ` ľ 4.

This lemma can be proved by associating the set {I ⊆ [`] :
∑
i∈I ai ∈ B} with

the (disjoint) union of four antichains in P([`]). Oliver Riordan pointed out the

following more direct argument. Given a1, . . . , a4 ∈ R \ {0}, the set {∑i∈I ai : I ⊆
[4]} contains at least 5 possible values. Hence at most 15 out of 16 subsets I ⊆ [4]

satisfy
∑
i∈I ai ∈ B. Since this holds as well when

∑
i∈J ai is added to all terms for

some J ⊆ {5, . . . , `}, this proves the lemma.

The lemma shows that the intersection size is small if many ei are mapped to

non-zero elements, something we have seen before in Corollary 7.11. In fact, it can

be shown that any map with at least two non-zero entries can have at most 3/4 of

the hypercube mapping to any set of two elements.

The following result shows if there are a small number of non-zero elements,

adding (non-redundant) constraints must reduce the intersection by a large amount,

which will cause a gap in the values that can be achieved.
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Lemma 7.17. Let L : Rk → Rm+1 be a linear map such that the last condition is

not redundant i.e. t(L) < t(L[m]). Then

t(L) ĺ max
{

3
4t
(
L[m]

)
, t
(
L[m]

)
− 2k−s−1

}
where s = |S(L[m])|.

Proof. Permuting the coordinates as necessary we can write I(L[m]) = J(L[m]) ×
{0, 1}k−s. Let L′ be the restriction of Lm+1 to the last k − s coordinates.

• Suppose L′ maps at least two basis vectors to non-zero values. Then, as

observed above, L′ can map at most 3/4 of the hypercube {0, 1}k−s to any

set of two elements. But for any (x, z) ∈ I(L[m]), we find that (x, z) ∈ I(L) if

and only if L′(z) ∈ {−L(x), 1−L(x)}. This implies that t(L) ĺ (3/4)t(L[m]).

• Suppose L′ maps one basis vector ei to a non-zero value. Since the last

condition is not redundant, there exist x ∈ J(L[m]) and z ∈ {0, 1}k−s such

that L(x, z) 6∈ {0, 1}. Every vector y ∈ {0, 1}k−s that agrees with z in position

i (that is, yi = zi) satisfies Lm+1(x, y) = Lm+1(x, z) 6∈ {0, 1}. Since there are

2k−s−1 such vectors, it follows that t(L) ĺ t(L[m])− 2k−s−1.

• The case where L′ maps everything to zero is similar to the second case (but

with the slightly stronger bound t(L) ĺ t(L[m])− 2k−s).

In all three cases, the statement holds. �

Lemma 7.18. If t(L) > 15
162k−1 and t(L) 6= 2k−1, then L({e1, . . . , ek}) ⊆ {−1, 0, 1}m

Proof. Suppose L({e1, . . . , ek}) 6⊆ {−1, 0, 1}m and as before assume that, for some

` ľ 1, L1(e1), . . . , L1(e`−1) 6= 0, α = L1(e`) 6∈ {−1, 0, 1} and that L1(e`+1) =

L1(e`+2) = · · · = L1(ek) = 0.

By Lemma 7.16, the set of good elements has size at most (15/16)2`−1 for

`− 1 ľ 4. Hence, if ` ľ 5,

t(L) ĺ t(L1) ĺ
15
16

2`−12k−` =
15
16

2k−1.

Suppose ` ĺ 4, then either t(L1) = 2k−1 or

t(L) ĺ t(L1) ĺ
7
8

2k−1
ĺ

15
16

2k−1.
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If t(L1) = 2k−1, then either t(L) = t(L1) = 2k−1 or, by Lemma 7.17,

t(L) ĺ max
{3

4
2k−1,

(
1− 2−`

)
2k−1

}
ĺ

15
16

2k−1. �

Armed with the lemmas above we are now ready to prove the main result of

this section: for k ľ 8 and any m ľ 1,

H(k,m) ∩
{

15
162k−1, . . . , 2k−1

}
=
{

15
162k−1, 63

642k−1, 2k−1
}
.

Proof of Theorem 7.2. Lemma 7.10 shows that the claimed values are present for

m = 1 and hence for all m ľ 1. This reduces the problem to showing that no other

values are present.

By Lemma 7.18, we may assume that L maps the basis vectors ei to {−1, 0, 1}m

and, without loss of generality, we can also assume that no conditions are redundant

i.e. there is no i ∈ [m] such that t(L) = t(L[m]\{i}). If |S(L)| < k, then the result

for L follows from the result for LS(L) the restriction of L to S(L). Hence we only

need to prove the result for the maps L such that |S(L)| = k.

Having made these assumptions we now proceed as in the large case and look

for the shapes which can have a sufficiently large intersection size. We must have

|S(Li)| ∈ {2, . . . , 9} for all i else a condition is redundant or t(L) ĺ t(Li) ĺ

(15/16)2k−1. A computer search shows that there are 18 options for the shape

formed by S(L1) and S(L2) which have a sufficiently large intersection size but all

of them have |S(L1,2)| ĺ 6. As we have assumed |S(L)| = k ľ 8, we must have

m ľ 3 and a similar argument shows that m ľ 4. The search shows that either

t(L) ĺ t(L[4]) ĺ (15/16)2k−1 or the sets S(L1), . . . , S(L4) form one of six different

shapes. These shapes are

• the (2,1)-star with 4 edges,

• the (3,2)-star with 4 edges,

• the (2,1)-star with 3 edges plus a second copy of one of the edges,

• the (3,2)-star with 3 edges plus a second copy of one of the edges,

• the (3,2)-star with 3 edges where there is an edge containing just the two

central vertices,
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• and the (3,2) with 2 edges where there are 2 edges containing just the two

central vertices.

Every subset of 4 edges must form one of the above shapes and so it follows that

the only shapes with m ľ 4 and sufficiently large intersection size are extensions of

the above formed by adding extra edges to the star. By conditioning on the value

over the centre of the star, we find that the largest intersection size smaller than

2k−1 is bounded above by 2k−2 + 4 which, for k ľ 8, is less than (15/16)2k−1. �

7.5 Computer search

This section gives a brief overview of the computer searches that were instrumen-

tal in proving the preceding theorems. The aim of each search is to identify the

possible shapes {Si : i ∈ [m]} for which there is a corresponding map with a large

intersection size. This is done by starting with the shapes for m = 1 with suffi-

ciently large intersection (these are easily found by checking binomial coefficients)

and incrementally adding conditions (adding new edges S2, S3, . . . ).

As adding conditions does not increase the proportion of the hypercube that

is covered, only shapes which cover a sufficiently high proportion need to be kept.

Isolated points in the hypergraph do not affect the proportion of points covered

by a shape so are ignored by the computation. We do a breadth-first search over

the possible shapes where, at each step, every way of adding another condition is

checked. It is clearly possible to add the conditions in any order and we make use

of this by adding conditions in order of non-increasing support size. This reduces

the computation required and removes some isomorphic shapes although we make

no other attempt to eliminate isomorphic shapes and these must be removed by

hand later. In particular, the code for the proof of Theorem 7.13 will output ten

shapes but only six of them are different.

A shape does not uniquely define a map and different maps with different

intersection sizes can have the same shape. For each shape that is considered,

the maximum intersection size is computed by checking all assignments of ±1 to

every appropriate Li(ej) (where Li(ej) 6= 0 if and only if the shape dictates that

j ∈ S(Li)). Suppose that the coordinates that are in multiple edges are 1, . . . , `
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and the coordinates ` + 1, . . . , k are in exactly one edge. We consider every point

x ∈ {0, 1}` and, for each edge Li, we calculate Li(x). Given this value, we can

use Lemma 7.10 to calculate the number of ways of extending x to the other

coordinates in S(Li). This is done for every map and the total number of ways of

extending x to [k] is then the product of the number of ways of extending each

map. For a given map, the number of ways of extending x depends only on the

number of 1s (and the number of −1s) and not which coordinates they correspond

to. This is used to reduce the computation and speed up the search.

Removing any set Si from a minimal shape leaves another minimal shape

(though for a smaller domain size k). This means that we will consider all minimal

shapes by starting from a minimal shape and attempting to add all possible edges

that keep the shape minimal.

For the last proof we cannot restrict to minimal shapes but we instead re-

quire that there are no redundant conditions (i.e. there is no i such that t(L) =

t(L[m]\{i})). For simplicity and to keep the search quick, the search does the follow-

ing which may allow some assignments with redundant conditions. Suppose we are

attempting to add a set Sm+1 to the shape with sets S1, . . . , Sm which has some

previously computed maximum intersection size t. When calculating the maximum

intersection size of the new shape, any assignments that achieve an intersection

of size at least t are ignored as these must have at least one redundant condition.

(Note that it is possible that the redundant condition is not the last one.) The

shape is kept if the largest intersection size, among those which were not thrown

away for being redundant, is sufficiently large.

The code can be found attached to the arXiv submission [51].

7.6 Conclusion

From our results, one can also draw conclusions about the structure of the sets

H(n) =
⋃
kĺnH(k, n− k), that is, the possible number of points we can intersect
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a fixed cube with using linear subspaces. For example, by Corollary 7.11,

H(n) ∩
[1
4

2n, 2n
]

= (H(n, n) ∪H(n− 1, n) ∪H(n− 2, n)) ∩
[1
4

2n, 2n
]

=
{

2n, 2n−2 + 2n−6 + 2n−7, 2n−2 + 2n−4, 2n−2 + 2n−3, 2n−1, 2n−2
}

=
{1

4
2n,

35
128

2n,
5
16

2n,
3
8

2n,
1
2

2n, 2n
}
.

While we have shown that the conjecture that [1, 2k−1] ⊆ H(k,∞) for all k ∈ N
is false, there is still much that is not known about the small intersections. It seems

likely that, as the size of the cubes increases to infinity, there are values missing

in the lower 2−M fraction for any fixed M . We in fact make the following stronger

conjecture that there is a positive proportion of such values missing.

Conjecture 7.19. For every fixed M ∈ N, there exist ε > 0 and k0 ∈ N such that

|[0, 2k−M ] ∩H(k,∞)| ĺ (1− ε)2k−M for all k ľ k0.

If this conjecture is true, then another interesting question is whether a positive

proportion of the values is missing in [α2k, β2k] for any fixed 0 < α < β < 1 and

all k sufficiently large (depending on α and β). When trying to ‘save’ the spirit of

the original conjecture, the following problem seems natural.

Problem 7.20. Let k ∈ N. What is the largest ` = `(k) such that [1, `] ⊆ H(k,∞)?

Any integer x ∈ [2k] can be written as
∑a
i=0 2ti for some 0 ĺ t0 < t1 < · · · <

ta ĺ k with a ĺ k and is hence in H(2k,∞) by Proposition 7.8. This shows the

lower bound Ω(
√

2k).

Some other natural open questions are what happens if we intersect with

{0, 1, 2}n instead or to classify the possible intersection patterns.

In the case of {0, 1}n, it is quite easy to see that a k-dimensional linear subspace

cannot intersect in more than 2k points, and hence that ‘k-dimensional subcubes’

are intersection patterns attaining the maximum intersection size for all n ľ k.

Another natural direction of research is to study the continuous variant. Recently,

Ivanov [69] made the following conjecture.

Conjecture 7.21 ([69]). Let n ľ k be natural numbers. The maximum volume of

H ∩ [−1, 1]n taken over k-dimensional linear subspaces H is attained by a subspace

H for which [−1, 1]n ∩H is an affine cube.

The conjecture is true when k | n or 2k ľ n [13] and when k = 2 [70].
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Chapter 8

Exact hyperplane covers for
subsets of the hypercube

For B ⊆ {0, 1}n, let ec(B) denote the minimum number of hyperplanes whose

union intersects {0, 1}n in B. This definition is motivated by the result of Alon

and Füredi [2] that ec({0, 1}n \ {0}) = n. It is not too difficult to determine

ec({0, 1}n \ S) for subsets S of size 2, 3 and 4.

Theorem 8.1. Let S ⊆ {0, 1}n.

• If |S| ∈ {2, 3}, then ec({0, 1}n \ S) = n− 1.

• If |S| = 4, then ec({0, 1}n \ S) = n − 1 if there is a hyperplane Q with

|Q ∩ S| = 3 and ec({0, 1}n \ S) = n− 2 otherwise.

The upper bounds are shown by iteratively reducing the dimension of the

problem by one using a single ‘merge coordinates’ hyperplane; this allows us to

reduce the question to the case n ĺ 7, which we can handle exhaustively.

Since the number of required planes seems to decrease, a natural question is

whether this pattern continues. For n ∈ N and k ∈ [2n], we also introduce the

exact cover numbers

ec(n, k) = max{ec({0, 1}n \ S) : S ⊆ {0, 1}n, |S| = k},

ec(n) = max{ec(B) : B ⊆ {0, 1}n}.

Our main result concerns the asymptotics of ec(n) and implies that ec(n, k) can

be much larger than n.
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Theorem 8.2. For n sufficiently large, 2n−2/n2 ĺ ec(n) ĺ 2n+1/n.

The lower bound uses a random construction and the upper bound uses the

fact that we can efficiently cover the hypercube with Hamming spheres.

We leave open whether ec(n, k) ĺ n when k is sufficiently large with respect to

n, but can show that ec(n, k) is always at most a constant (depending on k) away

from n.

Theorem 8.3. For any positive integer k, ec(n, k) = n+Ok(1).

This theorem is proved by the same techniques as Theorem 8.1.

The problem of determining the asymptotics of ec(n) was also suggested by

Füredi at Alon’s birthday conference. This chapter is joint work with James Aaron-

son, Andrzej Grzesik, Tom Johnston and Bartłomiej Kielak [1].

Chapter outline We prove Theorem 8.1 in Section 8.1 and we prove Theorem

8.3 and Theorem 8.2 in Section 8.2. We conclude with some open questions.

8.1 Covering all but up to four points

In this section, we determine ec({0, 1}n \ S) for subsets S of size 2, 3 and 4. For

the lower bounds, we use the following result of Alon and Füredi [2].

Theorem 8.4 (Corollary 1 in [2]). If n ľ m ľ 1, then m hyperplanes that do not

cover all vertices of {0, 1}n miss at least 2n−m vertices.

For the upper bounds, it suffices to give an explicit construction of a collection

of hyperplanes that exactly covers {0, 1}n \ S, for every subset S of size 2, 3 or 4.

We split the proof of Theorem 8.1 into two cases, the case where |S| ∈ {2, 3} and

the case where |S| = 4.

Lemma 8.5. Let S ⊆ {0, 1}n with |S| ∈ {2, 3}. Then ec({0, 1}n \ S) = n− 1.

Proof. Let S ⊆ {0, 1}n with |S| ∈ {2, 3}. We first prove the lower bound ec({0, 1}n\
S) ľ n− 1; this follows from applying the case of m = n− 2 in Theorem 8.4. In-

deed, this shows that any n − 2 hyperplanes that do not cover all of {0, 1}n miss
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at least 4 vertices, and hence a minimum of n−1 hyperplanes are required to miss

2 or 3 vertices.

For the upper bound, note that we may assume by vertex transitivity that

(0, . . . , 0) ∈ S. Consider first the case |S| = 2. By relabelling the indices, we may

assume the second vector u in S satisfies {i ∈ [n] : ui = 1} = {1, . . . , `} for some

` ∈ N. We cover {0, 1}n \ S by the collection of n− 1 hyperplanes

{{x : xi = 1} : i ∈ {`+ 1, . . . , n}} ∪ {{x : x1 + · · ·+ x` = j} : j ∈ [`− 1]} ,

and none of these hyperplanes contain an element from S.

Now consider the case |S| = 3. We may assume the second and third vector in

S correspond to the subsets {1, . . . , a+b} and {1, . . . , a}∪{a+b+1, . . . , a+b+c}
for some a, b, c ∈ Zľ0 with a + b ľ 1 and c ľ 1. We first add the n − (a + b + c)

hyperplanes of the form {x : xi = 1} for i ∈ {a+ b+ c+ 1, . . . , n}. For x ∈ S, we

have

x1 + · · ·+ xa ∈ {0, a},

xa+1 + · · ·+ xa+b ∈ {0, b},

xa+b+1 + · · ·+ xa+b+c ∈ {0, c}.

If a ľ 1, we add the a− 1 hyperplanes {x : x1 + · · ·+ xa = i} for i ∈ [a− 1], and

we proceed similarly for b and c. The only points of {0, 1} \ S that are yet to be

covered satisfy the equations above and also satisfy xi = 0 for i > a+ b+ c.

Suppose first that a, b ľ 1. In this case we have added n−3 hyperplanes so far.

The problem has effectively been reduced to covering {0, 1}3 with three missing

points (0, 0, 0), (1, 1, 0) and (1, 0, 1) using 2 hyperplanes. Indeed, we may add the

following two hyperplanes to our collection in order to exactly cover {0, 1}n \ S:{
x :

x1 + · · ·+ xa
a

+
xa+1 + · · ·+ xa+b

b
+
xa+b+1 + · · ·+ xa+b+c

c
= 1

}
,{

x :
xa+1 + · · ·+ xa+b

b
+
xa+b+1 + · · ·+ xa+b+c

c
= 2

}
.

Suppose now that a = 0 or b = 0. Since a + b ľ 1 and c ľ 1, we have used n− 2

hyperplanes so far. If a = 0, we may add the hyperplane{
x :

x1 + · · ·+ xb
b

+
xb+1 + · · ·+ xb+c

c
= 2

}
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and, if b = 0, we add{
x : −x1 + · · ·+ xa

a
+
xa+1 + · · ·+ xa+c

c
= 1

}
.

In either case, the resulting collection covers {0, 1} \S without covering any point

in S. �

For the case of four missing points, we always need at least n−2 hyperplanes by

Theorem 8.4. For n = 3, we may need either 1 or 2 hyperplanes. For example, we

may exactly cover {0, 1}3 \ ({0} × {0, 1}2) by the single hyperplane {x : x1 = 1},
but if S does not lie on a hyperplane then we need two hyperplanes. The set

{0}×{0, 1}2 has the special property that there is no hyperplane that covers three

of its points without covering the fourth. It turns out this condition is exactly what

decides how many hyperplanes are required when removing four points.

Lemma 8.6. Let S ⊆ {0, 1}n with |S| = 4. Then ec({0, 1}n \ S) = n− 1 if there

is a hyperplane Q with |Q ∩ S| = 3 and ec({0, 1}n \ S) = n− 2 otherwise.

Proof. We know that ec({0, 1}n \ S) ľ n − 2 from Theorem 8.4. If there is a

hyperplane P intersecting S in exactly three points, then ec({0, 1}n \ S) ľ n− 1.

Indeed, by vertex transitivity, we may assume that 0 is the point of S uncovered by

P . Any exact cover of {0, 1}n \S can be extended to an exact cover of {0, 1}n \{0}
by adding the hyperplane P to the collection.

We prove the claimed upper bounds by induction on n, handling the case n ĺ 7

by computer search. Again, we may assume that 0 ∈ S. Let u, v, w denote the other

three vectors in S. For any i with ui = vi = wi = 0, we can use a hyperplane of

the form {x : xi = 1} to reduce the covering problem to one of a lower dimension.

(Note that dropping the coordinate i in this case does not change whether three

points in S can be covered without covering the fourth.) Hence we may assume by

induction that no such i exists.

After possibly permuting coordinates, we assume that ui = vi = wi = 1 on

the first a coordinates, ui = vi = 1 and wi = 0 on the b coordinates after that,

etcetera, so that our four vectors take the form
0
u
v
w

 =


0 0 0 0 0 0 0
1 1 1 0 1 0 0
1 1 0 1 0 1 0
1 0 1 1 0 0 1

 , (8.1)
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where each column may be replaced with 0 or more columns of its type. Since

n > 7, by the pigeonhole principle one of the columns must be repeated at least

twice. We will show how to handle the case for which this is the first column (i.e.

a ľ 2); the other cases are analogous.

Our collection of hyperplanes will contain the hyperplanes

{{x : x1 + · · ·+ xa = i} : i ∈ [a− 1]}. (8.2)

The only points x which have yet to be covered have the property that xi takes

the same value in {0, 1} for all i ∈ [a]. We now proceed similarly to the proof

of Lemma 8.5. Informally, we wish to ‘merge’ the first a coordinates and then

apply the induction hypothesis. For each s ∈ S, we define π(s) = (sa, . . . , sn). Let

π(S) = {π(s) : s ∈ S}. Then |S| = |π(S)| = 4.

Any hyperplane

P = {y : c1y1 + · · ·+ cn−a+1yn−a+1 = b}

in {0, 1}n−a+1 can be used to define a hyperplane

L(P ) =
{
x : c1

x1 + · · ·+ xa
a

+ c2xa+1 + · · ·+ cn−a+1xn = b
}

in {0, 1}n. For all x ∈ {0, 1}n with
∑a
i=1 xi ∈ {0, a}, we find that π(x) ∈ P if

and only if x ∈ L(P ). This shows that if P1, . . . , PM form an exact cover for

{0, 1}n−a+1 \ π(S), then L(P1), . . . , L(PM), together with the hyperplanes from

(8.2), form an exact cover for {0, 1}n \ S. This proves

ec({0, 1}n \ S) ĺ ec({0, 1}n−a+1 \ π(S)) + a− 1.

Since there is a hyperplane covering three points in S without covering the fourth if

and only if this is the case for π(S), we find the claimed upper bounds by induction.

Observe that the proof reduction works also in the case n ĺ 7 if there are at

least two coordinates of the same type in (8.1). Thus, the computer verification

is needed only in the case when each column in (8.1) appears at most once. The

code used to check the small cases is attached to the arXiv submission [1]. �
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8.2 Asymptotics

We first consider the asymptotics of ec(n, k) when k is held fixed. For the upper

bound, we prove the following lemma.

Lemma 8.7. For all k ∈ N and n ľ 2k−1, ec(n, k) ĺ 1 + ec(n− 1, k).

Proof. Fix k ∈ N, n ľ 2k−1 and a subset S ⊆ {0, 1}n of size |S| = k. For i ∈ [n],

let S−i ⊆ {0, 1}n−1 be obtained from S by deleting coordinate i from each element

of S. We claim that there exists an i ∈ [n] such that |S−i| = k and

ec({0, 1}n \ S) ĺ 1 + ec({0, 1}n−1 \ S−i). (8.3)

The lemma follows immediately from this claim.

By vertex transitivity, we may assume that 0 ∈ S. Suppose first that there

exists i ∈ [n] for which si = 0 for all s ∈ S. Then |S−i| = k. From an exact

cover for {0, 1}n−1 \ S−i, we may obtain an exact cover for {x ∈ {0, 1}n \ S : xi =

0}. Combining with the hyperplane {x : xi = 1}, this gives an exact cover for

{0, 1}n \ S. This proves (8.3).

We henceforth assume that 0 ∈ S and that the remaining k − 1 elements of S

cannot all be 0 on the same coordinate. Hence there are at most 2k−1− 1 possible

values that (si : s ∈ S) can take for i ∈ [n]. Since n ľ 2k−1, by the pigeonhole

principle, there must exist coordinates 1 ĺ i < j ĺ n with si = sj for all s ∈ S.

This implies that |S−i| = |S| = k. We now show (8.3) is satisfied. After permuting

coordinates, we may assume that (i, j) = (1, 2). An exact cover for {0, 1}n−1 \ S−1

is converted to an exact cover for {0, 1}n \ S as in the proof of Lemma 8.6: any

hyperplane of the form

P = {y : c1y1 + · · ·+ cn−1yn−1 = b}

is converted to

L(P ) =
{
x : c1

x1 + x2

2
+ c2x3 + · · ·+ cn−1xn = b

}
,

and we add the hyperplane {x : x1 + x2 = 1} to the adjusted collection. �

It is now easy to prove to that ec(n, k) = n+Ok(1).
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Proof of Theorem 8.3. Let k ∈ N. We prove that for all n ľ 2k,

n− log2(k) ĺ ec(n, k) ĺ n− 2k + ec(2k, k).

The upper bound is vacuous for n = 2k and follows from n − 2k applications

of Lemma 8.7 for n > 2k. The lower bound follows from Theorem 8.4: if n − `

hyperplanes cover all but k vertices, then k ľ 2`, and hence n − ` ľ n − log2(k).

(In fact, this shows ec({0, 1}n \ S) ľ n − log2(k) for each subset S ⊆ {0, 1}n of

size k.) �

We now turn to the problem when |S| is not held fixed. We use two auxiliary

lemmas.

For the lower bound, we use a random argument for which we need to know

the approximate number of intersection patterns of the hypercube. An intersection

pattern of {0, 1}n is a non-empty subset P ⊆ {0, 1}n for which there exists a

hyperplane H with H ∩ {0, 1}n = P .

Lemma 8.8. {0, 1}n has at most 2n
2

possible intersection patterns.

Proof. We will associate each intersection pattern with a unique element from

({0, 1}n)n. Let P ⊆ {0, 1}n be an intersection pattern with P = H ∩ {0, 1}n for H

a hyperplane. Then |P | < 2n.

Choose x ∈ P for which
∑n
i=1 xi2

i is minimal. Let ⊕ denote coordinate-wise

addition modulo 2 and write x ⊕ P = {x ⊕ p : p ∈ P} ⊆ {0, 1}n. Note that

0 ∈ x ⊕ P since x ∈ P , and that x ⊕ P is the intersection of a linear subspace of

dimension n− 1 with {0, 1}n. (The linear subspace can be obtained from H by a

series of reflections.) We greedily find 0 ĺ k ĺ n− 1 linearly independent vectors

v1, . . . , vk ∈ x⊕ P whose linear span intersects {0, 1}n in x⊕ P . We label P with

the n-tuple (x, v1, . . . , vk, 0, . . . , 0), where we added n− 1− k copies of the vector

0 at the end of the tuple. This associates each intersection pattern to a unique

element from ({0, 1}n)n. �

The above proof is rather crude, but in fact not far from the truth: the number

of possible intersection patterns is 2(1+o(1))n2 (see e.g. [12]).

We also use an auxiliary result for the upper bound. The total domination

number of a graph G is the minimum cardinality of a subset D ⊆ V (G) such that

each v ∈ V (G) has a neighbour in D.
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Lemma 8.9 (Theorem 5.2 in [71]). The total domination number of the hypercube

is at most 2n+1/n for n sufficiently large.

For completeness, we sketch a possible proof using the existence of Hamming

codes [60]. Let k be maximal with m = 2k ĺ n. We split {0, 1}n into 2n−m copies

of the m dimensional hypercube {0, 1}m. Note that {0, 1}m splits into two (2k−1)-

dimensional hypercubes that are connected by a matching:

{0, 1}m = ({0} × {0, 1}2k−1) ∪ ({1} × {0, 1}2k−1).

Taking a perfect code in both halves, with the centres aligned so that they dominate

each other, we obtain that the total domination number of {0, 1}m is at most

2 · 22k−1−k = 2m−k. Taking a subset of size 2m−k in each of the 2n−m copies of

{0, 1}m in {0, 1}n, we find that the total domination number of {0, 1}n is at most

2n−m+m−k = 2n/m ĺ 2n+1/n for n sufficiently large.

We are now ready to prove 2n−2/n2 ĺ ec(n) ĺ 2n+1/n (for n sufficiently large).

Proof of Theorem 8.2. For the lower bound, we need to give a subset B ⊆ {0, 1}n

that is difficult to cover exactly. We will find a subset S for which all large inter-

section patterns have a non-empty intersection with S. This means that to cover

{0, 1}n \ S, we can only use small hyperplanes. We take a subset S ⊆ {0, 1}n at

random by including each point independently with probability 1/2.

For any fixed intersection pattern P , the probability that it is disjoint from

our random set S is
(

1
2

)|P |
. By Lemma 8.8, for n sufficiently large, there are at

most 2n
2

possible intersection patterns. Hence, by the union bound, the probability

that there is an intersection pattern which has at least 2n2 elements and does not

intersect with S, is at most 2n
2
(

1
2

)2n2
= o(1). With probability at least 1/2, our

random set S has at most 2n−1 points. Hence for n sufficiently large, there exists

a subset S of size 2n−1 that ‘hits’ all intersection patterns of size at least 2n2.

Any exact cover for {0, 1}n \ S consists entirely of hyperplanes whose intersection

pattern has size ĺ 2n2, and hence needs at least |{0, 1}n \ S|/2n2 = 2n−2/n2

hyperplanes.

We now prove the upper bound. The Hamming distance on {0, 1}n is given by

d(x, y) =
∑n
i=1 |xi− yi|. A Hamming sphere of radius 1 around a point x ∈ {0, 1}n

is given by S(x) = {y ∈ {0, 1}n : d(x, y) = 1}. We claim that any subset of a
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Hamming sphere of radius 1 is an intersection pattern. Since the cube is vertex-

transitive, it suffices to prove our claim for S(0). The hyperplane {x :
∑n
i=1 xi = 1}

intersects {0, 1}n in S(0). Intersecting that hyperplane with hyperplanes of the

form {x : xj = 0} gives a lower-dimensional affine subspace, and we can construct

such a subspace which intersects S(0) in any subset we desire. In order to turn

the affine subspace into a hyperplane with the same intersection pattern, we may

add directions that do not yield new points in the hypercube by adding directions

such as (1, π, 0, . . . , 0). This proves each subset of a Hamming sphere of radius 1

is an intersection pattern.

The hypercube has total domination number at most 2n+1/n by Lemma 8.9.

Hence we can find a subset D of the cube such that each vertex has a neighbour

in D. In particular, there are M ĺ 2n+1/n Hamming spheres of radius 1 centered

on the vertices in D that cover the cube. For any B ⊆ {0, 1}n, we write B =

B1 ∪ · · · ∪ BM such that each Bi is covered by at least one of the Hamming

spheres. This means that each Bi is a intersection pattern, and hence we may

cover B exactly using M hyperplanes. This gives the desired exact cover of B with

at most 2n+1/n hyperplanes. �

We finish this section by observing what happens if the original Alon-Füredi

problem is restricted to a single layer.

Proposition 8.10. Let n ∈ N and i ∈ {0, . . . , n}. Let B be obtained by removing a

single point from the ith layer {x ∈ {0, 1}n : |x| = i}. Then ec(B) = min{i, n− i}.

Proof. We may assume that i ĺ n/2 and that b = (1, . . . , 1, 0, . . . , 0) is the missing

point. The upper bound follows by taking the hyperplanes

{{x : x1 + · · ·+ xi = j} : j ∈ {0, . . . , i− 1}}.

For the lower bound, we claim that we may find a cube of dimension i within the

ith layer for which b plays the role of the origin. Indeed, consider the map

ι : {0, 1}i → {0, 1}n : x 7→ (1− x1, 1− x2, . . . , 1− xi, 0, . . . , 0, xi, xi−1, . . . , x1).

That is, we view the point b as the origin and take the directions of the form

(−1, 0, . . . , 0, 1), (0,−1, 0, . . . , 0, 1, 0), etcetera, as the axes of the cube. Now (B \
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{b})∩ ι({0, 1}i) = ι({0, 1}i \ {0}), and hence we may convert any cover for B \ {b}
to a cover for {0, 1}i \ {0}. The lower bound follows from the result of Alon and

Füredi [2]. �

8.3 Conclusion

Based on the fact that ec(n, k) ĺ n for k = 1, 2, 3, 4, one might hope to prove that

in fact ec(n, k) ĺ n. However, this is not true in general by Theorem 8.2. A natural

question is then whether this will be true for n sufficiently large when k is fixed. It

must then somehow be the case that if we place the ‘same subset’ in a space with

more dimensions, the exact cover problem becomes easier. We posed the following

conjecture that this is not the case in a very strong way.

Conjecture 8.11. For any S ⊆ {0, 1}r and n ∈ N with n ľ r,

ec({0, 1}n \ (S × {0}n−r)) = ec({0, 1}r \ S) + n− r.

The upper bound is immediate and the lower bound holds for |S| = 1, 2, 3, 4

by the results of the previous section. After our conjecture appeared on arXiv [1],

Adam Zsolt Wagner [120] told us of the example

S = {1000, 1111, 1001, 1011, 0110, 0001, 0010, 0111}

for which ec({0, 1}4 \ S) ľ 3 and ec({0, 1}6 \ (S × {0}2)) ĺ 4. The former can be

shown via a case analysis exploiting the fact that if x, y, z lie in a hyperplane, then

so does x + y − z, whereas the latter can be verified by giving an explicit cover

with coefficients from {−2,−1, 0, 1, 2}.
The conjecture would have implied a negative answer to the question below.

Problem 8.12. Is there a constant K ∈ N such that for all k ∈ N, ec(n, k) ĺ n+K

for n sufficiently large (depending on k)?

Indeed, by Theorem 8.2 we may find r sufficiently large and S ⊆ {0, 1}r with

ec({0, 1}r \ S) ľ 2r−2/r2
ľ r +K.
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Setting k = |S|, the conjecture would then imply that for any n ľ r

ec(n, k) ľ ec({0, 1}n \ (S × {0}n−r)) ľ ec({0, 1}r \ S) + n− r ľ n+K.

One approach to improving the lower bound in Theorem 8.2 is to try to prove that,

for some ε ∈ (0, 1), the number of hyperplanes containing n1+ε points is O(2n
1+ε

).

Unfortunately, this is false: there are 2(1+o(1))n2 possible intersection patterns of

size at least n2. This can be seen by considering intersection patterns of the form

{0, 1}log(n2) × B for B ⊆ {0, 1}n−log(n2). (If B is a non-empty intersection pattern,

then {0, 1}log(n2)×B is an intersection pattern containing n2 points.) On the other

hand, by taking every other layer we may intersect each ‘axis-aligned subcube’ of

the form {0, 1}a × {x}, ensuring that no such intersection pattern can be used in

a cover. However, there is a more general type of subcube to consider.

We say a subset A ⊆ {0, 1}n of size |A| = 2d forms a d-dimensional subcube if

there are vectors c, v1, . . . , vd ∈ Rn such that

A = {c+ a1v1 + · · ·+ advd : a1, . . . , ad ∈ {0, 1}d}.

A solution to the following problem might help improve either the upper or lower

bound of Theorem 8.2.

Problem 8.13. Fix n, d ∈ N. What is the smallest cardinality of a subset S ⊆
{0, 1}n for which A ∩ S 6= ∅ for all d-dimensional subcubes A ⊆ {0, 1}n?

This is of a similar flavour to a problem proposed by Alon, Krech and Szabó [3],

who asked instead for the asymptotics of the above problem when the cubes have to

be axis-aligned. A d-dimensional axis-aligned subcube is of the form {0, 1}d×{x}
after permuting coordinates. Let g(n, d) denote the minimal cardinality of a subset

that hits all such d-dimensional subcubes in {0, 1}n and let c0
d = limn→∞

g(n,d)
2n . The

best-known bounds for this problem are

log2(d)
2d+2

ĺ c0
d ĺ

1
d+ 1

from [3].

Finally, we remark that we have already seen these subcubes come up in Lemma

8.6 as well: the sets S ⊆ {0, 1}n of size 4 with ec({0, 1}n \ S) = n− 2 are exactly

the 2-dimensional subcubes.
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