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Abstract

Filtration is the removal of particles from a fluid suspension by forcing it,
either using a constant flow rate or pressure drop, through a porous ma-
terial, which causes particles to become captured in the pores. Filtration
using membranes is a well-studied industrial process with multiple impor-
tant applications. Experimental observations of particle—pore interactions
to gain insight into the filtration process are difficult and sometimes de-
structive. Some existing mathematical approaches either ignore important
microscale information, such as the particle- and pore-size distribution or
the connectivity of the pores, or are too computationally expensive for fil-
ter scale experiments. In this thesis we motivate, derive, solve, and discuss
three novel models for particle filtration: (I) A size-structured model. In
this work, the particle and pore sizes are treated as independent variables,
which gives rise to a system of partial integro—differential equations within
which the filter is treated as a macroscale continuum. We demonstrate
that consideration of size structure allows for greater understanding of the
filtration process; (II) A network model. Here, the filter is treated as a
network composed of pores, which are modelled as edges, and junctions
between pores, which are modelled as nodes. The connectivity of the net-
work changes as particles deposit in pores. This gives rise to a system of
ordinary algebraic—differential equations for variables defined at each pore
and junction of the network. We show that this consideration of the struc-
ture of the microscale leads to physically intuitive behaviour of macroscale
quantities, such as the flow rate and pressure; (III) A multiscale model. In
this work, we extend the method of network homogenisation to apply to
networks whose connectivity varies in time. We use this to derive a system
of partial differential equations defined on the continuous macroscale ge-
ometry that is coupled, via its parameters, with variables that are defined
on the discrete network that defines the microscale. We show that solu-
tions of this multiscale model match those of the network model from (II)
in a particular asymptotic limit, even though they are obtained at con-
siderably reduced computational cost. These three models increase our
understanding of the filtration process. The computational tractability of
the models means that they are suitable candidates for filtration process
optimisation tasks that involve repeated solution in future work.
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Chapter 1

Introduction

We begin, in this chapter, by introducing the physical process of filtration, before
reviewing the standard approaches to its mathematical modelling. We use these to
motivate three novel models for filtration that will be derived, solved, and discussed
in this thesis, and briefly outline each of these.

1.1 Filtration

First, in this section, we define our use of the term filtration, and motivate this
thesis by explaining the social and economic importance of the process. We briefly
summarise the filtration market and industry, and discuss the filtration processes for
which this work is most relevant. Detailed explanation of filtration is beyond the
scope of this study, so we direct the reader to a useful guide to filters and filtration by
Sutherland et al., [1], within which further explanation to most of the ideas discussed
in this section can be found.

1.1.1 Definition

In this thesis, we define filtration to be the separation of solid particles from a fluid
in which they are suspended, using a filter, which is a semi-permeable material that
consists of a solid substance that is punctured with holes, which we call pores. In a
paradigmatic filtration process, a diagram of which is shown in Figure 1.1, the feed
is driven into the filter at the inlet, usually either by a constant pressure drop or flow
rate. Fluid traverses the pores, and, as it does so, particles suspended within it are
captured in pores in the filter. As a result, the filtrate, which is the fluid exiting the
filter outlet, contains a lower concentration of particles than the feed.

Uses of filtration are vast and diverse, but can broadly be separated into applica-
tions that focus on:

e The removal of unwanted particles from a desired fluid. In this case, the particles
retained in the filter are a waste product, and the filtrate is an end product;

e The recovery of desired particles from an unwanted fluid. In this case, the
particles retained in the filter are the desired product, and the filtrate is waste.
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Figure 1.1: Diagram showing a paradigmatic filtration process.

1.1.2 Importance

Filtration is one of the most prevalent and important physical processes, and there are
scarcely any human activities, domestic or commercial, that are not affected by it [2].
From tea bags [3] and coffee papers and presses [4], used to remove leaves and granules
from water, to the drinking-water purifiers used to separate nitrates and dissolved
solids in the kitchen [5, 6], to the dust collectors used to keep dirt particles entering
vacuum cleaner motors [7], filters are common in the household. From the enormous
processors in wastewater-treatment plants |8, 9], which use physical processes like
sieving for size separation of pebbles on the centimetre scale, to the delicate nanofibres
that use chemical properties like electrostatic adherence for bacteria and virus control
in laboratories on the micrometre scale [10, 11], filters are equally common-place
within industry. Filtration is also an important sub-step in many industrial processes
where purification is not the primary focus, from the removal of debris from hydraulic
fluids prior to use in machinery [12, 13|, as a pre-process step, to the decontamination
of vehicle and machinery exhaust-fumes [14, 15|, as a post-process step.

In recent years, concerns over the global environment and the influence of humans
upon it have grown. Scientists, politicians, and economists, are increasingly worried
about three areas.

e Climate change [16]: There is more and more evidence [17, 18| to suggest that
long-term shifts in temperature and weather patterns are due to increasingly
polluted air [19], in part caused by growing energy consumption [20]. There
is a need for solutions [21, 22| that minimise pollutant concentration in air
and waste gasses emitted by industrial processes, and that minimise the energy
consumed by these processes.

e Starvation and clean-water shortage [23, 24]: Despite the modest growth of the
world economy [25], food and drink starvation has increased in recent years [26].
One reason is that pollutants from industry, such as chemicals and bacteria [27—
29|, find their way into waterways, and cause contamination that prevents water



from being safe for drinking, cooking, and cleaning. Solutions [30] that focus
on decreasing the levels of harmful contaminants in water and other liquids are
quickly becoming essential.

e Spread of pathogens [31]: The COVID-19 pandemic, which has been responsible
for millions of deaths since 2019, has highlighted the importance of the filtration
process in medicine, healthcare, and in society more generally. As the pandemic
evolved, filtration processes and systems for mechanical ventilation, such as
those used in intensive care and anaesthesia settings [32], became some of the
most essential mechanisms for the protection of lives. Filters contained in face
masks to shield the spread of infectious pathogens have become household items

[33].

Air and water contamination, energy manufacture and consumption, and bacteria-
and virus-spread prevention, then, are some of the biggest challenges humanity cur-
rently faces. Problems in these areas are largely due to human activity [34-38|, and
there is an urgent need to change the way life is conducted to help to eradicate these
problems.

It is difficult to overstate the role that filtration, as a process and an industry,
has to play [1]. As awareness increases, demand for filters with higher retention, that
last longer, and are more energy efficient, increases. Laws [39] around minimisation
of factory waste mean that filters need higher levels of particle retention, and to be
able to process higher volumes of fluid before their disposal. Changes to policy [40]
around energy-usage minimisation mean that filters need to be more energy efficient,
so that this increased retention and high throughput occur in lower pressure drop or
flow rate situations.

1.1.3 Utilisation

The uses of filtration are as vast as they are diverse. In 2007, it was estimated that
the total market for filtration equipment was worth around $38bn (USD), and was
expanding at a rate comfortably in excess of that of the global economy [1]. As we
see in Table 1.1, the market is dominated by solutions for domestic and institutional
users, and applications in transport, which together account for almost 34% of the
market. Water treatment, the production of bulk chemicals, and the manufacture of
food and drinks account for another 28%, and filters for use in laboratories, hospitals,
wider healthcare, and the pharmaceutical industry constitute a further 11%. Power
generation and other applications make up the remaining 27%.

Segregating the market by the phase of fluid that is processed, important applica-
tions in gas filtration include the cleaning of air entering living and work spaces [41],
protection from exhaust fumes emitted by machinery engines [15], and respirators
and breathing apparatus [31].

Applications in liquid filtration include the production of potable water from
ground and surface sources [42], refinement of ultrapure water for laboratory use [43],
treatment of waste waters to prepare them for discharge [8], preparation of boiler feed
water and the recycling of boiler condensate [44], processing of transformer oils [45],

3



End-user sector Market share (%)
Domestic and institutional 17.9
Transport 15.9
Water treatment 10.3
Bulk chemicals 9.9
Food and drink 7.5
Pharmaceuticals and biochemicals 6.5
Power generation 6.3
Pulp and paper 5.1
Medicine and healthcare 4.8
Electricals 3.5
Other 12.3

Table 1.1: Table showing the proportions of the filtration market attributed to dif-
ferent end users [1].

cleaning of tool coolants and cutting fluids [46], and the cleaning of hydraulic-system
fluids [12]. Altogether, filtration is an increasingly important physical process with a
diverse set of uses.

1.1.4 Particles and the feed

Although some filtration regimes are used to control non-solid particles, such as liquid
droplets that are well mixed or dissolved in the carrying fluid, we will focus our
attention on solid particles suspended in a liquid or gas.

The most common way of partitioning the plethora of different solid particles is
by their size. The mean particle size, and the distribution of sizes about this mean,
has a major influence on the type of filter that is chosen for a retention-, throughput-
, and energy-efficient solution. Particles in feeds range from pebbles that are at
least centimetres in diameter to tiny dust particles and large molecules on the sub-
microscale (see Figure 1.2). Particles at the smaller end of this scale include viruses,
tobacco smoke, and almost all combustion nuclei, while those at the larger end include
stone particles, such as sand and limestone. The majority of filtration processes are
concerned with the removal of particles that are fine enough to have stayed suspended
in liquids or atmospheric air for long periods of time, and are less than 10um, say.
We will focus this study on these, since, as we will discuss shortly, we are most
interested in filters that contain porous membranes with pore sizes distributed over
the microscale.

Almost any fluid that contains a particle suspension could be considered as a
candidate feed. In this thesis, we focus on fluids, like water, which are well modelled
as a continuum with a given viscosity by traditional rules that govern the macroscopic
and microscopic flow in porous media: Darcy’s law and the Hagen—Poiseuille equation,
respectively. That is, we are interested in fluids with a Reynolds number, Re, in the
region 107! < Re < 103, say, which are not sufficiently viscous that edge effects cause
substantial changes to the effective flow field, nor so inviscid that turbulence causes

4
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Figure 1.2: Diagram showing some types of particles commonly found in air, and
their sizes [1].

significant changes on the microscale.

1.1.5 Pores and the filter

The variety of different filtration devices is enormous, and a full review is far beyond
the scope of this introduction. It suffices to say that their properties, to a large
extent, depend on the particles they are used for. In general, filters are characterised
by the media that they are composed of and the arrangement of these media. Some
common filtration media are: absorbent and adsorbent biological materials, and some
papers and fabrics, for generally smaller particles; and woven wires and plate meshes
for larger particles. Different configurations lead to different types of filter, such as
strainers, bags, pleated membranes, screens, tipping pans, and rotary drums, to name
just a few (see Figure 1.3).

In this thesis, we focus on membrane filters, which are thin, flexible, and semi-
permeable sheets composed of polymers, modified cellulose products, or occasionally
inorganic products, such as ceramics. Membrane filters are increasingly used to fil-
ter microscale and sub-microscale particles in many industrial sectors, including the
chemical, petrochemical, and food and beverage processing industries, in pharmaceu-
ticals and biotechnology, and especially in the treatment of water [1]. Some examples
of membrane technologies and their main applications are shown in Figure 1.4.

Use of membrane filters began with so-called ‘non-porous membranes’, which are
extremely thin films with pores of sizes around 0.1nm, used for the separation of water
from other molecules via reverse osmosis. One disadvantage is that these sometimes
operate at high transmembrane pressures (3 x 1066 x 10° Pa) to obtain appropriate
flow rates (at least 1 x 107®ms™, say). In recent years, polymers with slightly larger



Figure 1.3: Photos showing (left to right) strainers, filter bags with their cartridges,
and pleated membranes in their cartridges [1].
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Figure 1.4: Diagram showing some membranes used for filtration, and their typical
pore sizes [1].

mean pore sizes have been engineered, giving rise to the processes of nanofiltration,
which needs correspondingly lower transmembrane pressures (2 x 105—4 x 105 Pa),
ultrafiltration, which is used for the separation of large organic molecules, and col-
loidal solids, at pressures in the region of 5 x 10°—1 x 10° Pa, and microfiltration,
operating at only a few times ambient pressure (3 x 10° Pa), while achieving fluxes
around 1 x 1073m3s~!. The lower pressure drops required for nanofiltration, ultra-
filtration, and especially microfiltration, enable separation with relatively low energy
demands while still providing a filtration capability that is suitable for many tasks.
We are particularly concerned with microfiltration membranes manufactured by



W. L. Gore & Associates, Inc (Gore), which are composed of a material called Ex-
panded Polytetrafluoroethylene (ePTFE) (see [47] for a thorough description). Prop-
erties of ePTFE membranes, such as pore size distribution and average, depend, to
a large extent, on the method used to manufacture them [48]. Several patents exist,
and broadly involve the ‘expansion’ of PTFE, that is, the calendaring, drying, lon-
gitudinal stretching, and sintering of an extruded film of the original ‘un-expanded’
fluoropolymer (an organic molecule containing Fluorine atoms, PTFE in this case)
[49]. On the macroscale (see Figure 1.5 (left)), ePTFE membranes are sheets that
have a much larger length and width (around 1m, say) than depth (usually around
Imm, but sometimes as large as lem), which refers here to the direction of induced
flow in a filtration process). On the microscale (see Figure 1.5 (right)), ePTFE mem-
branes are composed of a mesh of millions of tiny hair-like fibres. This gives rise to
a network of hollow tunnels between the fibres. These represent pores in the context
of filtration. During filtration, particle-laden fluid is driven through the pore space
between fibres, and some particles are captured on ‘pore walls’ (i.e., the fibres be-
tween pores). Repeated capture leads to the clogging of individual pores and thus,
eventually, to the clogging of the filter. Typically, ePTFE membranes contain pores
of sizes in the range 0.02um to 40pum and are used in filters designed to filter suspen-
sions containing particles of sizes in a similar range. In the most extreme case (i.e.,
where pores are around 0.01gm and the membrane is around lcm thick), the ePTFE
membranes contain around 1,000,000 pores in the depth direction. When ePTFE

Figure 1.5: Diagram showing macroscale and microscale photographs of ePTFE [50].

membranes clog, this plastic must be cleaned or replaced, which is time-consuming
and expensive, and has negative environmental impacts. Industrialists at Gore are
interested in understanding the relationship between microscale and macroscale phe-
nomena that lead to clogging, so that they can improve filtration performance in
terms of retention, throughput, and energy consumption.



1.1.6 Particle capture and pore clogging

The mechanisms by which particle capture and pore clogging occur are not completely
understood. In modelling literature (see [51], for example), particle capture and pore
clogging are assumed to occur by any of four mechanisms, which are illustrated in
Figure 1.6. These are:

e Blocking, where particles pass through larger pores but get stuck when they
encounter small gaps;

e Deposition, where particles pass into larger pores and adhere to pore walls,
due to electrostatic forces or chemical binding, causing pore constriction, for
example;

e Partial surface blocking, where particles land on the surface of the membrane
and partially cover a pore entrance;

e Caking, where particles build up on the surface of the membrane and form a
porous layer through which the feed must permeate. This layer may evolve to
have a distinct permeability from that of the actual membrane [52].

Blocking

Captured Deposition Partial surface
S blocking

particle

Figure 1.6: Diagram showing four particle capture and pore clogging mechanisms.

The relative prevalence of these clogging mechanisms depends on the membrane struc-
ture, feed composition, and the process conditions, and plays a part in determining
the behaviour of filter properties, such as the flow rate [51]. In this thesis, we will
focus our attention on blocking and deposition (as in [53], for example).

In summary, filtration is a socially and economically important process. We will
focus this study on modelling microfiltration of particles of sizes around 10um using
pores of similar sizes in ePTFE, and pressure drops of around 3 x 10° Pa that achieve
fluxes of around 1 x 102m3s~!, say. We will assume that, as fluid traverses the filter,
particles are captured in pores via blocking and deposition, which lead changes to the
effective properties of the filter and eventually clogging.



1.2 Existing models for filtration

Industrialists and researchers have attempted to track and understand particle—pore
interactions, and their effects, using many methods. One approach is to experimen-
tally monitor particle build-up inside membranes. This is achieved through a variety
of techniques, including: microscopy; laser censoring; reflectometry; spectroscopy;
and 3-D imaging, to name just a few [54-64]. Experimental methods (see [65] for
a review) provide useful data on almost every operational aspect of the filtration
process. However, they are often difficult, can take a long time, and are usually ex-
pensive, due to the need for repetition. Some experiments also involve destruction,
and subsequent disposal, of filtration membranes. This is problematic, since it leads
to financial expense and has negative impacts on the environment (due to the lack
of options for the safe disposal of fluoropolymers, and issues surrounding their recy-
cling) [66], and can be prohibitive, since industrialists are interested in monitoring
particle-pore interactions as filtration proceeds.

As early as 1935 [67], mathematical modelling of filtration was used as a cheaper
and faster alternative to experimental techniques. Since then, a vast amount of
research has been conducted, which can broadly be segregated into three categories:
macroscale models; microscale models; and multiscale models.

1.2.1 Macroscale models

Macroscale models are descriptions of filter properties that mostly ignore the physical
and chemical characteristics of the suspension and the membrane. In simple cases, the
effects of microscale quantities, such as particle and pore size, are implicitly included
in the value of a ‘filter coefficient’ that is predicted beforehand, as opposed to being
calculated as part of the solution. One early example is that of Iwasaki et al. [68], who
pose a simple model for the exponential decay of particle concentration in the flow as
a function of filter depth. The filter coefficient plays the role of the decay rate, which
was later fitted experimentally by Ison and Ives [69]. More complex macroscale models
(see [70] for a review) usually take the form of systems of differential equations that
describe the evolution of the fluid velocity, pressure, and particle concentration, as well
as other variables, on a continuous domain. For example, Darcy’s law, coupled with a
continuity equation for the fluid velocity, is often used to describe the proportionality
of the flow rate to the pressure gradient by the permeability. This is usually coupled
to an advection equation that describes the transport of particles through the filter,
often with additional diffusion or reaction terms that account for the global effects of
particle—pore interactions. The permeability, as well as the diffusivity and reactivity
(if they are included), are often viewed as other fitting parameters, to be improved
by empirical measurement. These models are generally relatively computationally
cheap to solve, but sometimes do not quantitatively agree with observations because
they fail to model important microscale mechanisms, such as changes in the pore size
distribution due to particle capture. Jegatheesan et al. provide a useful overview of
some prominent research in [70], and we discuss a few models that are particularly
relevant to this thesis in Chapter 2.



1.2.2 Microscale models

Microscale models, on the other hand, seek to resolve the mechanical and chemical in-
teractions that cause particles to adhere to pores and decrease their fluid conductance.
Prominent examples include computational fluid dynamics (CFD) simulations, which
are used to solve highly complex flow equations through exact pore space geometry
using finite element methods [71], and agent-based models, which track the position
and behaviour of each particle or pore [72]. More recently, genetic programming
techniques [73| and artificial neural network solvers (ANN) [74] have been applied
to complicated membrane systems. Pore network models (PNMs) [75] are another
prominent example, in which the microscale pore space is modelled as a network of
nodes and edges whose connectivity and other statistical properties are representa-
tive of samples of real porous media. These usually consist of dynamical systems of
algebraic or differential equations that describe the transport of particles through the
network, and changes to the network structure due to particle interactions with the
nodes and edges. Although microscale models can be highly accurate, they are usu-
ally computationally expensive to solve. This can render consideration of the entire
filter geometry infeasible. We discuss network models in more detail in Chapter 6,
and [75] provides a good overview of models that employ this framework.

1.2.3 Multiscale models

Multiscale models occupy the middle-ground between the two other approaches. Like
macroscale models, these typically consist of differential equations, such as Darcy’s
law and advection—diffusion-reaction equations, which are defined on a continuum
macroscale. Unlike macroscale models, however, the parameters of these equations
are solved as part of the systems, and hold information about microscale interac-
tions and geometry. Multiscale models provide computational feasibility near that
of macroscale models, but are generally more accurate, due to explicit microscale
dependence. Relevant recent work on multiscale models for porous media includes
that of Bruna, Chapman, Dalwadi, Griffiths, Please, and Printsypar [76-83|, among
others. We discuss these at greater length in Chapter 10.

1.3 Three novel models for filtration

In this chapter, we have introduced the physical process of filtration, and summarised
the existing approaches to mathematically modelling it. In the remaining chapters
of this thesis, we will motivate, derive, solve, and discuss three novel models for
filtration.

1.3.1 Macroscale model: A size-structured model for filtration

In Part I, we build and solve a continuum model for filtration on the macroscale
geometry of the filter, which is novel because particle and pore sizes are treated as
independent variables upon which parameters of the system depend.
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To this end, in Chapter 2, we highlight the importance of the choice and contin-
uous monitoring of the pore-size distribution as a means of controlling the sizes of
particles in the filter and filtrate, and thus as a means of filtration-process control
and optimisation. We discuss the need for a computationally tractable mathematical
model in which particle and pore sizes are fully accounted for.

In Chapter 3, we derive a size-structured model for filtration by using ideas com-
mon in age-structured population models, where age is treated as an independent
variable similar to space in more traditional population models. We arrive at a sys-
tem of continuous partial integro—differential equations that govern the temporal and
spatial evolution of the size distributions of particles and pores in the filter.

In Chapter 4, we solve this size-structured model in the cases where particles are
mono-dispersed and pores are either mono-dispersed, bi-dispersed, or log-normally
poly-dispersed. We find that our choice of modelling framework leads to equations
that are soluble via explicit and asymptotic methods in certain physically relevant
parameter regimes, and are solved via computationally tractable classical numerical
methods in other regimes of interest. We find that knowledge of the evolution of the
particle- and pore-size distributions leads to increased understanding of the behaviour
of quantities of interest, such as the flow rate and pressure drop.

Finally, in Chapter 5, we conclude our discussion of the size-structured model by
noting that our solutions agree with physical intuition, before highlighting the need for
analysis of other industrially relevant operating regimes, such as poly-dispersed feeds.
The computational feasibility of this model leads to its potential use in filtration-
process optimisation tasks in future work.

1.3.2 Microscale model: A network model for filtration

In Part II, we build and solve a model for filtration in which the microscale structure
of the filter is viewed as a network of pores, which we model as edges, and junctions
at pore ends, which we model as nodes.

To this end, in Chapter 6, we note that recent developments in computational
image analysis have led to algorithms that extract networks from high resolution
characterisations of the microscale of porous membranes. In the resulting networks,
void space is segregated into cylindrical edges, which are viewed as pores that carry
flow, and spherical nodes, which are junctions at which the direction of particle flow
may change. This gives rise to the potential for a model in which the microscale is
represented as a network and the fluid as a continuum of particles, which accounts
for particle capture that affects network structure.

In Chapter 7, we consider the flow of a fluid containing a continuum of particles
through a network of pores and junctions. The particles can deposit on the inner
walls with some adherence probability, which decreases the size of pores, causing a
decrease in their fluid conductance. Continued deposition leads to removal of pores,
which alters the connectivity of the network. We arrive at a system of ordinary
algebraic—differential equations that govern the conductance, particle concentration,
and pressure on a network whose connectivity is dynamic in time.
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In Chapter 8, we solve the network model for filters with various pore-size dis-
tributions. We first focus on the case where the pore-size distribution is uni-modal,
which gives rise to a network where all edges have the same conductance initially.
Later, we explore the case where the pore sizes are distributed log-normally, and find
solutions that qualitatively match the solutions for our size-structured model.

Lastly, in Chapter 9, we conclude that our network model allows us to specify an
initial microscale structure and monitor temporal changes to this, and the effects of
these changes on macroscale quantities of interest. However, although we are able to
solve the model on portions of the filter, it is prohibitively expensive in cases where
the network contains a number of pores comparable to that present in entire porous
membranes. We look to our third model as a way of solving this problem.

1.3.3 Multiscale model: A multiscale model for filtration

In Part III, we build and solve a multiscale model for filtration in which the microscale
membrane structure is treated as a network of pores and junctions, and the macroscale
geometry is treated as a continuum of particles and pores.

In particular, in Chapter 10, we explore existing models that allow the simulta-
neous monitoring of changes to global and local properties of the membrane. We
find that most models view the microscale as a continuous medium, in which it is
not possible to incorporate network structure that we have already shown to model
the microscale well. We conclude that there is a need for a framework for multiscale
models, in which the microscale is treated as a dynamic network that represents the
filter as a whole, while the macroscale is treated as a continuous medium.

In Chapter 11, we derive a new multiscale model for filtration, which is novel
because the filter microscale is treated as a periodic network consisting of a repeat-
ing smaller network (which we call a cell), while systematic averaging leads to the
emergence of a continuum system to represent the filter macroscale. To derive a
network—continuum multiscale system from the discrete microscale problem, we ex-
tend an asymptotic method, called network homogenisation, to account for networks
where the connectivity changes with time. The result is a system where partial dif-
ferential equations defined on the continuous macroscale geometry are coupled with
ordinary algebraic—differential equations defined on the discrete microscale network.
Changes to the connectivity of the microscale due to deposition cause changes to the
parameters of the macroscale system, and thus to macroscale quantities of interest,
such as the flow rate and pressure.

In Chapter 12, we solve our multiscale model. Crucially, we find that the solution
of our multiscale model matches that of our network model from Part IT well in the
asymptotic limit in which many cells constitute the network. This is significant as
the cost of solution of the multiscale model is a function of the number of nodes
within a cell, as opposed to the number of nodes in the entire network, meaning that
simulation of the entire filter is now feasible. Furthermore, we explore the effect of
microscale structure on macroscale quantities and show that the pore-size distribu-
tion and microscale connectivity are important in determining the permeability and
adhesivity.
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In Chapter 13, we conclude by noting that we have developed a framework for
filtration that incorporates the entire structure of the microscale without the solu-
tion becoming prohibitively computationally expensive. Further work might involve
further assessment of the effects of connectivity and pore-size distribution on the ef-
fective flow rate and particle concentration, or the inclusion of more complex physical
and chemical laws on the microscale, which the framework permits.

Lastly, in Chapter 14, we conclude that we have developed three novel models for
filtration and showed that these increase our understanding of the physical process.
Importantly, solution of all three of our models is more computationally feasible than
many existing models, which opens them up for the potential for the parameter sweeps
and cost function descents necessary for filtration process optimisation in future work.
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Part 1

A size-structured model for filtration
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Chapter 2

Introduction to the size-structured
model

2.1 Particle and pore size in filtration

In industrial membrane filtration regimes, the size of the particles ranges from the
nanoscale to the milliscale [1]:

e Particles on the nanoscale, 1073~10~!um, which are only detectable using elec-
tron microscopy, include virions (the complete, infective part of a virus) [84],
tobacco smoke [85], soot [86], and many products of combustion [87];

e Microscale particles, of sizes in the range 107'~10'um, are only visible through
microscopes and include bacteria [88], pigments [89], aerosols [90, 91|, and blast-
furnace dusts [92];

e On the milliscale, 10'-10%um, examples of particles, some of which are visible to
the naked eye, include pollen (93], and the dust from various types of industrial
machinary [94].

A common goal in many industrial processes is to segregate particles based on their
size [1]. Recently, for example, much attention has been paid to the development of
filtration materials for protective face masks [95]. The aim is to prevent the passing
of saliva droplets of typical sizes 1 — 10um from an infected person to an uninfected
person [96], while simultaneously allowing the passage of particles prevalent in air, to
prevent unsafe respiration [97|. Air purification devices (see [98] for a review), which
have increased in popularity due to concerns about pollutant levels [99], provide
another prominent example [41]. Some high-efficiency particulate absorbing (HEPA)
filters are designed to remove tire matter, brake dust, and certain vehicle exhaust
fumes from air. These particles are 2.5um or less (around 100 times as thin as human
hair).

The choice of the pore-size distribution, and the filtration process as a whole,
depends to a large extent on the particle size [1]. Particles are often retained via
blocking, using filters that contain pores in a similar size range, or via deposition,
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using filters containing larger pores that are coated with agents that have some mutual
adhesion property with the particles that are to be processed. For example:

e Nanoscale particles are often processed using membrane filters, active-carbon
filters, and HEPA filters;

e Microscale particles are most commonly captured using methods such as elec-
trostatic precipitation, wet scrubbing, and other fabric-dust filtration methods;

e Milliscale particles are usually retained using the most conventional filtration
methods, which include sieving, venturi scrubbing, cyclonic separation, and
filtration via paper and various fabric materials.

Recent research has increasingly focused on controlling the pore-size distribution in
the filter as a means of controlling the sizes of particles that are retained [100-102].
For example, in so-called honeycomb-structured porous membranes, it is possible to
control the size of the pores and even their spatial distribution with high accuracy
[103, 104]. In general, the accuracy with which the pore-size distribution can be
chosen varies depending on the material used to produce the filter. When control of
the pore-size distribution is feasible, industrialists are generally interested in designing
filters that contain pores with the distribution of sizes that maximises the throughput
(total amount of fluid processed before the filter membrane is replaced) while ensuring
that some minimum proportion of particles in the desired size is removed by the filter.

2.2 Existing size dependent models for filtration

Theoretical work on filtration is vast (see the reviews by Iritani [105] and Jegath-
eesan [70], for example), and yet, relative to the subject as a whole, models that
explore the relationship between the particle- and pore-size distributions are sparse.
In mathematical studies, filtration processes are frequently idealised by assuming that
all particles in the feed fluid are one characteristic size (often the mean of a distribu-
tion that is obtained experimentally). This may be sufficient if the true distribution is
tight, but seems cavalier in situations where particles are more widely poly-dispersed.

Indeed, there is experimental evidence to suggest that this simplification has a
significant effect on solution behaviour. In [106], for example, Chang et al. ex-
plore mono-dispersed, bi-dispersed, and tri-dispersed feeds, and find that otherwise-
equivalent regimes are more efficient when larger particles are present, since more
large particles are retained per unit time than small ones. Thus the solutions exhibit
different quantitative behaviour. One possible reason is that the dominant mechanism
of particle capture varies with the particle-size distribution. In theory, if particles are
larger than pores on average, then blocking is more prevalent than deposition, while
if the opposite is true, then deposition is the more prominent capture mechanism,
until pores become sufficiently clogged that blocking takes over.

In [107], Griffiths et al. suggest that the balance of blocking and deposition affects
the behaviour of the flow rate as a function of the total volume of fluid processed.

16



As this volume increases, at first the flow rate decreases linearly, as pores are shrunk
via deposition, but later it decreases super-linearly, as pores are removed completely
via blocking. The transition from slower decrease to more rapid decrease occurs more
quickly if particles are larger. The authors attribute this to the notion that more larger
particles lead to pores blocking completely more often, so that a greater proportion
of pores are no longer accessible for deposition sooner. This interplay between the
two clogging mechanisms suggests that the relative sizes of particles and pores are
important, and that the behaviour of solutions of models based on uni-modal size
distributions may be misleading.

One early model that acknowledges the importance of the distribution of pore
sizes is that of Kasottis et al. [108]|. In this work, experiments determine the flux and
retention of certain mono-dispersed suspensions in the presence of a poly-dispersed
filter, and the authors derive a model to explain the results. The outcome is an
equation for the number of pores present in the filter as a function of the flux and
the retention of solid and spherical particles of a given size when the flow down an
individual pore is governed by the Hagen—Poiseuille law (theoretically justified by
Stokes in [109]). The immediate utility of the equation is to estimate the number of
pores in the filter when the flux and retention are experimentally known. One could
equally see the equation as a means of deducing the flow rate given a known initial
pore distribution, since the number of pores appears as an integral over the pore-size
distribution. Indeed, the authors go on to predict the proportions of particles that
will be retained given particular pore distributions, assuming that retention is a result
of ‘geometric considerations only’ (akin to blocking in our setup). That is, particles
that are too large to fit through pores are always captured, but particles that are
small enough to fit through pores are never retained (so that deposition does not
occur), which is one limitation of the work.

Early models noting that attention should be paid to the entire distribution of
particle sizes (as opposed to the mean or maximum) include that of Alon and Adin
[110]. The model builds on an earlier one [111] by O’Melia and Ali, which itself builds
on the seminal model developed by Kozeny, [112], and by Carman, [113, 114]. The
result of Kozeny and Carman’s original models is a proportionality law between the
pressure drop across the filter and the flow rate, via the porosity of the filter and
other intrinsic properties of the filter and fluid. In [111], O’Melia and Ali extended
this model by accounting for particle size by adapting the equation to incorporate
the mean diameter of the suspended particles. Alon and Adin’s contribution was to
suggest a rule for how the number of particles that have been retained depends on
their size. The authors compared different models for retention as a function of size,
and showed that a power law fitted their experimental data most accurately. They
concluded that their size-dependent model produced better data fits than simply
using the mean particle size, as in O’Melia and Ali’s model, for example.

More recently, due to increasing computational resources, some attention has been
paid to Lagrangian approaches to account for size, where particles and pores are
tracked individually. One such work is that of Marrufo-Hernandez et al., [72]. Here,
the filter is modelled as a box containing a finite number of flat planes, stacked in
parallel, which are permeated by circular holes, similarly to in [115]. This setting
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is markedly different from more conventional models in which the filter is seen as a
set of quenched spheres, for example, as in [116-118|. In Marrufo-Hernandez et al.
[72], particles move subject to Brownian motion accompanied by a constant driving
force, and collide with other particles and with pores, due to laws of motion on the
microscale. The authors’ presentation of the distributions of particle and pore sizes
as functions of time and space mean that they are able to make detailed conclusions
about the filtration process, such as the size structure of the filtrate, and the quantity
of pores of a given size that remain in the filter at a given time. One limitation of
the model is that the ‘stacking’ of a finite number of planes poses difficult modelling
questions, such as how to choose the number of planes correctly, since the filters
with which we are concerned do not really contain these planes. More fundamentally,
although Lagrangian perspectives such as this offer a comprehensive description of
filter behaviour, they are often limited by their significant computational expense.
Marrufo-Hernandez et al. note that their simulations are based on the results obtained
by using a batch of 500 particles, which is at least two orders of magnitude fewer than
the number of particles in a typical filtration process.

In summary, the sizes of particles and pores are important in determining the key
characteristics of filtration processes experimentally. Despite this, existing continuum
models of filtration capture the large-scale observables of interest but do not fully ac-
count for poly-dispersed feeds and filters, and the simultaneous clogging mechanisms
that occur due to the relationships between the particle- and pore-size distributions.
On the other hand, some existing discrete models account for poly-dispersity more
completely, but are usually computationally expensive. Therefore, a new, compu-
tationally tractable, modelling framework is needed, in which the poly-dispersity of
particles and pores, and the associated clogging mechanisms, are accounted for.

2.3 A novel size-structured model for filtration

One candidate framework for describing the evolution of the size distributions of
particles and pores is so-called ‘age-structured’ equations, which are common in pop-
ulation and disease models (see the book by Brauer et al., [119], for an introduction
to these). In simple population models, all members of the population are assumed to
be interchangeable, and, in particular, behave independently of their age. However,
in almost all physical populations, age is one of the most important defining char-
acteristics, since different age groups often display different reproduction numbers
and survival capacities [119]. The seminal work is that of McKendrick [120], who
was the first to propose an ‘age-structured’ framework to account for populations’
age dependency in mathematical models. Here, the key quantity is the density of
individuals that are between the ages a and a+ da (where da is infinitesimally small),
p(t,a) say. Assuming that changes to this population density occur due to birth,
growth, and death, assigning rates to these phenomena, and subsequently appealing
to the conservation of the total number of individuals, one can derive continuous
differential equations that describe the evolution of the population density, p. One
such example is the McKendrick—von Foerster equation, which is a first-order linear
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partial differential equation for the time- and age-dependent population density that
was proposed by McKendrick and used by von Foerster to describe cell cycles [121].
In equations such as this, age and time are considered independently, and age is es-
sentially treated as a space-like variable. One advantage of this approach is that the
plethora of solution methods used for time and space dependent partial differential
equations, such as asymptotic analysis, the method of characteristics, and various
numerical schemes, are all applicable to find p(¢,a). Once this solution is obtained,
secondary quantities of interest can be derived directly from it. For example, the total
number of individuals in the population at time ¢ is given by P(t) = [J° p(t,a) da.

To derive a size-structured model for filtration, we will proceed by likening the
variable ‘size’ in filtration processes to ‘age’ in population models. That is, we will
treat size as a space-like variable, and seek distributions of particles and pores that
depend on it.

Indeed, in Chapter 3, in Section 3.1 we will begin by assuming that any filter
control volume contains a plane like the ones in [72|, and propose that it consists
of a continuous distribution of particles and pores of any size in the limit where
the control volume is infinitesimally small. Assuming that these distributions are
known, we will use them to derive secondary variables of interest, such as the particle
and pore concentrations, and the local porosity and permeability of the filter. In
analogy with the assumption of population conservation in McKendrick’s framework,
we will assume that fluid mass, particles, and pores are conserved, as well as a Hagen—
Poiseuille law to link the velocity and pressure, and arrive at a system of partial
integro—differential equations that describe the evolution of the particle and pore
distributions, as well as the flow rate and local pressure. We will close this system
by proposing initial and boundary conditions that model mono-dispersed, or log-
normally-dispersed, particles and pores in industrial operational regimes, before, in
Section 3.2, nondimensionalising to prepare the system for analysis and solution.

In Chapter 4, we will solve the dimensionless model under various assumptions.
In Section 4.1, we will assume that particles and pores are both mono-dispersed, and
explore the cases where particles are larger and smaller than pores. We will use these
relatively simple scenarios to explore the dependence of the model on the various
dimensionless parameter groups. In particular, we will examine the cases where par-
ticles are much smaller than the filter depth, and where the concentration of particles
in the feed is very small relative to the concentration of pores in the filter. One ad-
vantage of our setup is that it allows us to circumvent awkward problems that appear
in discrete models, such as choosing the ‘correct number of planes’ in [72|, by instead
choosing dimensionless parameters that are, perhaps, more physically motivated. In
Section 4.2, we will increase the complexity of the problem by supposing that mono-
dispersed particles are fed through pores that are log-normally-dispersed. We will first
assume that the probability of deposition is zero, so that only blocking can occur.
We will then explore the case where blocking and deposition occur simultaneously.

In Chapter 5, we will conclude by summarising and discussing potential avenues
for future work.
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Chapter 3

Derivation of the size-structured
model

In this chapter, we develop a model for filtration in which particle and pore sizes
are treated as independent variables. We begin by deriving a dimensional system of
differential equations for the distributions of these sizes, pose industrially relevant
boundary and initial conditions, and then scale the problem to arrive at a dimen-
sionless system to be analysed and solved. Our focus is on building a model that
demonstrates the utility of this size-structured framework for modelling filtration.
Therefore, emphasis is placed on simplicity, to make solutions as intuitive as possible.
For example, we suppose that the flow is driven only by advection (i.e., we do not
consider diffusion, dispersion, or any other transport mechanisms), and that the so-
lution depends only on depth (i.e., we ignore possible dependence on spatial variables
transverse to the depth direction).

3.1 Dimensional model

We suppose that the filter membrane (see Figure 3.1 (Top-Left)) consists of a slab (see
Figure 3.1 (Bottom-Left)) of solid material (see the grey areas) containing tunnels of
pore space (see the white areas). This is located between z = 0, which we call the
inlet, and z = [, which we call the outlet. We assume that a horizontal cross-section
at a given depth (see the red line in Figure 3.1 (Top-Right)) contains solid material
(see the solid parts of the line) perforated by circular pores (see the dashed parts of
the red line in Figure 3.1 (Top-Right)), so that, if we look from above (see Figure 3.1
(Bottom-Right)) then we see a sheet of solid material containing circular pores with
a distribution of sizes (i.e., radii).

Fluid, which contains solid spherical particles with various sizes (i.e., radii), is
driven into the filter at the inlet. The particle-laden fluid flows through pores, which
capture some of the particles (see Figure 3.2), causing pores to clog, decreasing their
size. Fluid, containing any particles that have not been captured, exits the filter at
the outlet.

In the next subsection, we define objects to model the pores in the filter and the
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particles in the fluid.

Figure 3.1: (Top—Left) Photograph of an ePTFE membrane on the macroscale. The
membrane is much thinner than it is wide and long. (Bottom-Left) Diagram of
an idealised membrane on the microscale. The membrane consists of solid space
(grey) punctured by tunnels of pore space (white). (Top-Right) Side-view of the
idealised membrane. Any depth (e.g., solid red line) consists of pores (dashed red
lines) with a distribution of sizes (red arrows). (Bottom-Right) Top-view of the
idealised membrane. Pores vary in radius but are circular, so that, from the top, we
see circular pores with a distribution of radii (red arrows).

3.1.1 Particles and pores

We assume that the membrane is sufficiently homogeneous in the directions transverse
to the depth (i.e., z and y, see Figure 3.1) that the solution does not depend on z
or y. We define 7(z) to be the mean pore-size in the cross-section in the control
volume z + ¢z located at z, and 7 = 7(l) to be the mean pore-size at the outlet.
We introduce the pore-size distribution, n(z,t,r), which is measured in number/m3
so that [n] = m™3, where we will use [z] to mean ‘dimensions of z’. The distribution
n(z,t,r)or is the number of pores with size in the range (r,r + dr) per unit cross-
sectional area at depth z and time ¢. It follows that the pore concentration, N, which
is the number of pores of all sizes per unit filter area at depth z and time t is given
by

N(z,1) = /0 T (et dr, (3.1)

which is measured in number/m?, so that [N] = m
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We relate the local porosity, ¢(z,t), which we define to be the fraction of the total
cross-sectional area at z that is pore-space (which is dimensionless), to n using

o(z,t) = /000 arin(z, t,r)dr. (3.2)

We define a* to be the mean particle-size in the feed fluid. We introduce the
particle-size distribution, c(z,¢,a), measured in number/m? with units [¢] = m™,
such that ¢(z,t,a)da is the number of particles with size in the range (a,a + da) per
unit filter volume at depth z and time ¢. Thus, the filter particle concentration, C,
which is the number of particles of all sizes in the fluid per unit filter volume (i.e.,

pore space and solid space) at depth z and time ¢ is

C(z,1) = /0 ety a) da, (3.3)

which is measured in number/m? so that [C] = m™.

o

Figure 3.2: Diagram of a side-view of the filter as particle-laden fluid moves through
it. Particle laden fluid enters the filter at the inlet. Some particles (green) adhere to
pore walls, decreasing the sizes of the pores. Other particles (red) do not adhere to
pore walls, and exit the filter at the outlet.

Lastly, we define the void particle concentration, Cy with [Cy] = m™3, to be the
number of particles of all sizes in the fluid per unit void volume (i.e., pore space and
not solid space) at depth z and time ¢. Since the porosity, ¢, represents the ratio of
void volume to filter volume, we relate the void particle concentration to the filter
particle concentration using

C(z,t)
¢(z,1)

Hence the void particle concentration, C'y, depends only on the filter particle concen-
tration, C', and the porosity, ¢. Therefore, in what follows, we will focus on writing

O\/(Z,t) = (34)
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equations that describe the evolution of ¢ and n, use these to determine C, N, and
¢, and then infer Cy from C and ¢. Note that we will usually refer to the filter
particle concentration as the particle concentration (dropping the word filter). We
will always refer to the void particle concentration in full. In the next subsection,
we assume that fluid mass is conserved in order to derive equations that govern the
pressure and velocity.

3.1.2 Conservation of fluid mass and Darcy’s law

For simplicity, we assume that fluid is transported due to advection (and not, for
example, diffusion). Therefore, to derive the equations that govern the fluid flow
through the filter, we first consider a pore of size r and define ¢(z,¢,7) to be the
volume of fluid passing through the pore per unit time, so that [¢] = m3s™!. We
assume that, at a given depth, the pores act like tubes connected in parallel and thus
we relate this flux, ¢, to the fluid pressure, p(z,t), using the Hagen—Poiseuille law
[109],

_mrtop(z,t)

R (3.5)

q(z,t,r) =
where p is the dynamic viscosity of the fluid, with [u| = Pas.
The volumetric flow rate per unit cross-sectional area through all the pores of size
r in the cross-section at depth z is q(z,t,7)n(z,t,r)or. Therefore, multiplying (3.5)
by the pore-size distribution n(z,t,r) and integrating over r, we obtain the Darcy
equation for the fluid velocity, u(z,t) = fooo gndr, that is,

K(z,t) 0p(z, t)‘

t) = — 3.6
uz,t) = - H2D (3.6)
Here, K(z,t) is the local permeability of the filter, given by
0o 4
K(z,t) = / %n(z,t,r) dr, (3.7)
0

so that [K] = m?. This is a measure of the conductivity of the filter at depth z at
time ¢.

We assume that the fluid is incompressible. As a consequence, in our one-
dimensional setting, conservation of fluid mass implies that

u=U(t). (3.8)

Substituting (3.8) into (3.6), and integrating with respect to the depth over the
interval z to [, we find that (3.6) becomes

1
K(¢,t)

where poy = p(l) is assumed to be a known constant outlet pressure. There are two
industrially relevant regimes for the filter:

p@ﬁ)—pmy+uU@%/ ac, (3.9)
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e the constant flow rate regime, in which U, is a known constant, and (3.8) and
(3.9) become

l
Ut)=U., p(z1) =pout+uUc/ ﬁdc, (3.10)

e the constant pressure drop regime, where p(0,t) = p;, is a known constant, and

(3.8) and (3.9) become

L 1
_ Ap pfz K((t) d¢
- I 1 ) I ’
1o w42 Jo men 4

where Ap = pin — Pout 18 the known pressure drop across the entire filter.

U(t) P(2,1) = Pow + A (3.11)

We relate U to the void velocity, Uy with [Uy] = ms™!, which is the rate at which
fluid flows through the pores, using

U(t) = oz, ) Uy (2, ). (3.12)

3.1.3 Conservation of particles and pores

Next, we derive partial differential equations that govern the evolution of the particle-
and pore-size distributions, ¢ and n, by appealing to conservation of particles and
pores as particle capture, and the associated pore clogging, occur.

3.1.3.1 Particles

In order to derive the equation describing the evolution of the particle-size distribu-
tion, we consider a small control volume in the filter and appeal to conservation of
particles. We assume that the advective flux of particles entering and leaving the
control volume depends on the void velocity Uy, and that the rate of capture of par-
ticles of size a (by all pores in the control volume) is given by C(z,t,a). Shrinking
the control volume to zero, the resulting equation for ¢(z,t,a) reads

Oc 0 [c
g ~ ) = _ Nl
at+UaZ( ) c. (3.13)

where [C] = m™*s7 L.

3.1.3.2 Pores

To derive the governing equation for the pore-size distribution, we consider a cross-
section through a control volume and assume that the number of pores of size r
decreases when they become clogged, with rate N~ (z,t,7), and increases when larger
pores become clogged and produce pores of size r, with rate N (z,¢,r). Thus, we
write

T NN, (3.14)
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where [N7], [NT] = m™3s7 L.
It remains to formulate relationships between the capture and clogging functions,
C, N—, and N'", and the variables U, ¢, ¢, and n.

3.1.3.3 Particle capture and pore clogging

We focus our attention on the clogging mechanisms of blocking and deposition (see
Figure 3.3), as defined in Chapter 2, and neglect partial surface blocking and caking.
We treat the contribution of these two mechanisms separately, then combine them
together to determine C, N~ , and N'*.

Blocking Deposition

Pore

Captured
particle |

Figure 3.3: Diagram to illustrate blocking and deposition. The blocking and deposi-
tion lengths, A\g and Ap, are labelled.

We assume that particles are transported into pores by the local fluid flow. Thus,
we assume that the local speed down pores of size r, v(z,t,7) say, with units [v] = s,
is proportional to the void velocity in these pores by the proportion of the local void

area occupied by pores of size r, so that

mrn(z,t,7) > (3.15)

fooo mr2n(z, t,r) dr

vzt r) = Uv(z,t)(

Rewriting (3.15) in terms of the Darcy velocity and the local porosity by recalling
(3.2) and (3.12), it follows that the local-speed distribution is given by

U(t)rr’n(z,t,7)
(¢(2:1))?

v(z,t,r) = (3.16)

Blocking

We recall that pores become blocked when particles that are larger than pores are
carried into the entrances of the pores by the local fluid flow.

When particles of size a block pores of size r < a, the number of pores of size
r is reduced. This is accompanied by a corresponding reduction in the number of
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particles of size a. We thus define

N (z,t,1) = v(z,t, r)/ c(z,t,a) da, (3.17)
and
Cp(z,t,a) = Lc(z,t,a)/ v(z,t,r)dr, (3.18)
AB 0

where the subscript B indicates blocking. Here, Ag (with [Ag] = m) is the distance
over which blocking occurs, which we assume to be O(a*) and call the blocking length
(see Figure 3.3).

Deposition

We recall that deposition occurs when particles that are smaller than pores are carried
into pores by the local fluid-flow and become captured.

We define ¢p to be the adherence, which is the probability of capture once a
particle enters a pore, where the subscript D indicates deposition. In general, this
might depend on time (e.g., since the probability of adhering to a ‘clean’ pore wall
is likely to be different from the probability of adhering to a pore wall that already
contains deposited particles), position (e.g., since the filter may be manufactured for
larger adhesivity at some depths than others), and the sizes of the particle and pore
(e.g., since a larger particle is more likely to move closer to a pore wall and thus more
likely to stick), as well as any other variables or parameters of the system, or else an
equation describing additional physical or chemical relationships between the particle
and pore materials. To demonstrate a simple case, we assume that the adherence
depends only on the size of the particle and pore, so that ¢p = ¢p(a,r). Note that
the adherence is dimensionless, and satisfies 0 < ¢p < 1.

When particles of size a deposit in pores of size r > a, the number of pores of size
r is reduced, and this is accompanied by a corresponding reduction in the number of
particles of size a. We therefore define

Np (z,t,1) = v(z, t,7) /T c(z,t,a)sp(a,r)da, (3.19)
0
and

1 oo
Cp(z,t,a) = Ec(z,t, a)/ v(z,t,m)sp(a,r)dr. (3.20)

Here, Ap, with [Ap] = m, is a measure of the distance over which a particle is removed
by sticking to the pore wall, which we assume to be O(a*) and call the deposition
length (see Figure 3.3).

We suppose that deposition results in the transformation of pores of their original

size to pores of a new size. We define mp to be the transformation, which is the
probability that deposition of particles of size a in pores of size r > a results in
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pores of size p < r. Much like the adherence, in general this might depend on
time, position, and the relative sizes of the particle and pore, or may be given by
an equation that describes the physics and chemistry of the deposition mechanism.
Again, for simplicity, we assume that this depends only on the sizes of the particle,
the pore that the particle enters, and the pore that results from the deposition, so
that m(a, r, p). Note that this is a probability density function over p for any a,r, so
that [rp] = m™!, and it must be chosen to satisfy

/ m™(a,r,p)dp = 1. (3.21)
0
Thus, to account for the production of pores of size r due to deposition, we write
00 p
N§(etr) = [ ot [ eleit )l p)mlas ) dady. (3.22)
0 0

Note that we have swapped r and p in 7p (and v) since we are interested in the
production of pores of size r from pores of size p > r in (3.22).
To combine the effects of blocking and deposition, we write

C=Cg+Cp, NT= Sr, N_:N];—i-./\/g. (3.23)

3.1.4 Boundary and initial conditions

*
iny

We assume that the concentration of particles in the feed, is known, and so we

write
(0,1, a) = C,¢(0,t)dc(a), (3.24)

where ¢ accounts for the fact that all particles in the feed fluid enter void space when
they enter the filter. Here, d.(a) is the distribution of particle sizes in the feed, which
is normalised over a so that

/OO d.(a)da = 1. (3.25)

Initially, we suppose that there are no particles in the filter, and that the pore dis-
tribution is given, but that it is not necessarily constant across the filter. Thus, we
write

c(z,0,a) =0, n(z,0,7) = Ninit(2)d,(2,7), (3.26a,b)

where Niyii(z) is the concentration of pores at depth z initially, and d,,(z,r) is the
distribution of their sizes, which is normalised over the pore size r so that

/00 dy(z,r)dr = 1. (3.27)

Experimentally, it is challenging to quantify Ny, (z) directly, since characterisation
of the internal filter structure requires filter destruction. Instead, we typically know
the initial porosity of a cross-section, ¢iit(2), and infer Nyt (z) using (3.2), so that

Ginit (Z )

Nini = oo .
(2 Jo mr2dn(z,7)dr

(3.28)
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3.1.5 Operational regimes

It remains to specify the forms of the functions ¢, de, d,, <p, and 7, which depend
on the industrial application of the filter. Here, we specify forms for these functions
that represent operational regimes. We use these to demonstrate the solution of the
model in the following chapter.

To simplify our analysis, we focus on cases in which the local porosity does not
vary across the filter initially, so that

Binit (2) = Pise- (3.29)

We assume that particles at the inlet are either mono-dispersed, of size a*, or
log-normally dispersed, with mean size a*. It follows that either,

o2 2
1 (rs()+ %)
=——e 222 3.30a,b
V2ro.a ( )
where o, is the dimensionless standard deviation of the normal distribution associated
with (3.30b). We note that (3.30a) and (3.30b) both satisfy the constraint (3.25).
Similarly, we assume that, initially, pores in the filter are either mono-dispersed,
and of size 7, or log-normally dispersed, with mean size 7, independently of depth,
so that either

d.(a) =68(a—a"), or, d.(a)

2
1 ()4 %)
= ——©¢c 207, : 3.31a,b
Vamo,r ( )
Here o, is the dimensionless standard deviation of the normal distribution associated
with (3.31b), and we note that (3.30a) and (3.30b) satisfy the constraint (3.27).
Furthermore, we assume that the probability that particles of size a are captured
in pores of size r > a is the same regardless of these sizes. As a result, the adherence
is constant, so that

dp(r)=08(r—7"), or dy(r)

sp(a,r) = p. (3.32)

Lastly, we suppose that when particles of size a are captured in pores of size p > a,
the resulting pore is always size r = p — a, so that

m(a,p,r) =0(r—(p—a)), (3.33)

which satisfies (3.21). Note that, even the simplification that m = m(a,r, p) allows
for a huge number of possible forms for mp. Our choice in (3.33) corresponds to the
simple case where deposition of a particle of size a in a pore of size p always results in
a pore of size r = p—a. We might instead consider, for example, the case where up =
p — a is the mean resulting pore size and resulting pore sizes are distributed normally
about this, so that 7(a, p,7)p ~ exp((pr — )/v/20p)?. The standard deviation here,
op, may model, for example, the extent to which soft particles are deformed when
deposition occurs, and the resulting variance in the possible resulting pore size. Any
probability distribution (over p) is permitted, allowing for models that account, for
example, for the ‘spreading’ of particle mass when deposition occurs.
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3.1.6 Summary of the dimensional model

In summary, substituting the specific forms of the blocking and deposition functions,
(3.17)-(3.22), into the clogging functions (3.23), and using these with the local speed
distribution (3.16) in the particle and pore equations, (3.13)—(3.14), the equations
that govern the size distributions of particles and pores read

dc o (c\ _ wU (1 [*, I

EJFU@(&) __EC<A—B/O rndr—i—g ) SpT ndr), (3.34)
on U [ , </°° /T )
=2 cda+ [ ¢pcda 3.35
o [ [ .

0 Iz
—/ p2n(z7t,p)/ spetp(a, p,r) dadp)-
0 0

Depending on the filtration regime, either

l
1
t) = U, 1) = Pou c d, .
Ut)=U p(zt)=p t+uU/ZK(“) ¢ (3.36)
or
I 1
A S wen &
U(t) = %) p(Z7t) = Pout + AP%, (337)
o w42 Jo mien X

are the equations for the flow rate and the pressure, where

rd

o(z,t) = /000 mn(z,t,r)dr, K(z,t) = /000 ?n(z,t,r) dr (3.38)

define the local porosity and permeability, respectively. The boundary condition at
the inlet at the top of the filter is

c(0,t,a) = C6(0, t)de(a), (3.39)

and the initial conditions are

Ginit(2)dn(z,7)

[ ms?dy(z, s)ds

c(z,0,a) =0, n(z,0,r)= (3.40)

The equations (3.34)—(3.40) form a closed system for the six solution variables c,
n, U, p, ¢, K, subject to the specification of the five functions ¢y, d., d,, <p, and m,
which depend on the choice of operational regime, and any numbers that parametrise
these, for example the five parameters 7, a*, 0., 0,, and ¢,;;, when these functions
are chosen as in (3.30)—(3.33). The six parameters C, A, Ap, 4, [, and poyg, must

also be specified, as well as either U, or p;,, depending on whether a constant flow
rate or pressure drop is applied in the filter.
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3.2 Dimensionless model

Next, in this section, we nondimensionalise the size-structured model (3.34)—(3.40),
summarise the resulting dimensionless system, and discuss the associated dimension-
less parameter groups.

3.2.1 Nondimensionalisation

We begin by defining U* to be the characteristic Darcy velocity (flux per unit cross-
sectional area) of the fluid, and Ap* to be the characteristic deviation of the pressure
from the known pressure at the outlet, p,.:. These depend on the operating regime:

e In the constant flow rate regime, we have

8uU.l
Ut =U,, Apt=< (3.41)
T
e In the constant pressure drop regime, we have
A —%2
U= . Ap" = Ap. (3.42)
l
Given these values, we nondimensionalise (3.34)—(3.40) using

~ l -
z=1z, a=7"a, r=77T, U=UU, p=pow—+Ap'p, t= U*t’ (3.43)

1 C! 1 - 1 - 1 72
n=——i, c=0¢ d,=—d, do=—d., = —7p, K="—K, (344)

Tr* * T T 7 8

where variables with tildes are dimensionless.

In (3.43) we see that the spatial variable is scaled so that the filter has unit length.
The particle and pore sizes are scaled so that a pore of mean radius has unit size,
and the particle size is measured relative to this. The timescale,

o
i

is the time that it takes for fluid to move through the filter.

In (3.44), we scale the pore-size distribution, n, and d,,, so that the initial dis-
tribution, defined in (3.40), is a probability density function that integrates to one.
Similarly, we scale the particle-size distributions, ¢ and d., so that the distribution
at the inlet integrates to one, and for unit particle concentration in void space at the
inlet. Furthermore, the transformation distribution, m, is scaled so that it remains a
probability density function that integrates to one, and we scale the local permeability
K to balance terms in (3.38).

£ (3.45)
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3.2.2 Summary of the dimensionless model

In dimensionless variables, dropping tildes, the size-structured model, (3.34)—(3.40),
becomes

% + U% (%) = —%C<AB/O TQHdT—l-AD/a qﬁ"%ld?”), (346>
on U o "
= _I= 7"271(/ cda+/ S cda) 3.47
(e [ -

o P
—/ an(z,t,p)/ soemp(a, p,7) dadp>,
0 0

where, either

Ut) =1, plat) = / ﬁdg, (3.48)

1 1
- rl 1 d ) p(z, >_ 1 1 q 5
fo Kz 9% fo KD ¢

define the flow rate and the pressure, depending on the filtration regime, and the
local porosity and permeability are given by

U(t) (3.49)

o(z,t) = / r*n(z,t,r)dr, K(z,t) = / rin(z,t,r)dr (3.50)
0 0
respectively. The boundary condition at the inlet at the top of the filter is
c(0,t,a) = ¢(0,t)d.(a), (3.51)

and the initial conditions are

Ginit (2)dn(2,7)
Iy s2dy (2, 5)ds’

c(z,0,a) =0, n(z,0,7)= (3.52a,b)

The dimensionless analogues of the functions that specify the operational regime,
given in (3.29)—(3.33), are

2\ 2
1 (log(%>+%)
= e 202 , 3.53a,b
\V2ro.a ( )

so that particles are either all size A or this is their mean size, and

2\ 2
<10g(r)+07">

1 _
= e 208 3.54a.b
\2mo,r ( )

d.(a) =08(a—A), or d.(a)

d,(r)=08(r—1), or d,(r)
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so that, similarly, pores are either all size 1 or this is their mean size. Also, we have
(/binit(Z) = (b;knit? §D(CL, T) = <D, 7-D(GH P 7”) = 5(T - (p - CL)) (3.55a,b,c)

The equations (3.46)—(3.52) form a closed system for the six dimensionless vari-
ables ¢, n, U, p, ¢, K, subject to the specification of the operational regime via the
five dimensionless functions d., d,, ¢mit, sp, ™. Equations (3.53)—(3.55) are the ex-
amples that we will use for these, which are parametrised by the four dimensionless
numbers:

e the size ratio,

d*
A=— 3.56
P ’ ( )
which is the particle size if they are mono-dispersed, as in (3.53a), or the mean
particle-size if they are log-normally dispersed, as in (3.53b) (since exp(u +
02/2) = A, where pu = log(A) — 02/2 is the mean of the normal distribution

associated with the log-normal distribution (3.53b));

e the particle- and pore-size distribution widths, o, 0,. These are the standard
deviations of the normal distributions associated with the log-normal distribu-
tions (3.53b) and (3.54b);

ES

e the initial porosity, ¢} ;,, which specifies the ratio of pore space to impermeable-
material space in the filter at all depths initially.

The system is parametrised by three other dimensionless numbers that result from
the specification of the dimensional parameters. These are:

e the blocking-length ratio,
[

Ag = — 3.57
B )\B ’ ( )
which is the ratio of the filter length to the blocking length;
e the deposition-length ratio,
[
Ap = — 3.58
which is the ratio of the filter length to the deposition length;
e the concentration ratio,
Cil/r
= — 3.59
1/mr*3’ ( )

which is the ratio of the characteristic concentrations of particles and pores.

In practice, we suppose that there are at least as many pores as particles per unit
area in filters, and that filters are much thicker than both the blocking and deposition
lengths. Thus, we anticipate that I' < 1 (or at most that I' = O(1)), and that Ag > 1
and AD > 1.
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Chapter 4

Solutions of the size-structured model

In this chapter, we explore solutions of the dimensionless size-structured model,
(3.46)—(3.59), in various operational regimes. In Section 4.1, we briefly discuss our
method of solution. Then, in Section 4.2, we consider the case where feed particle sizes
are mono-dispersed, and pore sizes are mono-dispersed initially, and remain mono-
dispersed or bi-dispersed for all time. In Section 4.3, we focus on the case where
the particles are still of a single size, but the pore sizes are initially log-normally
poly-dispersed.

4.1 Solution methodology

In general, the size-structured model, (3.46)—(3.59), is a hyperbolic system of partial
integro—differential equations. At most, solution variables depend on the single spatial
variable, z, the time variable, ¢, and the size variables, a and r, which behave much
like additional spatial variables. The system is thus a four-dimensional problem. In
the following sections, we will demonstrate that the system can be solved explicitly or
asymptotically in various parameter regimes. For general parameter regimes, however,
we must appeal to computational methods for solution.

We use the method of lines. That is, we use the method of finite differences to
discretise the space and size variables, and then use an initial value problem solver
(SciPy.solve_ivp() in Python) to solve the resulting system of ordinary differential
equations (in the time variable). For simplicity, we use a first-order upwind scheme
to discretise the spatial variable, and the trapezium rule to discretise the integrals
in the size variables. We note that higher order schemes, such as Lax-Wendroft, are
available, and would lead to faster solution convergence. In our chosen setup, we
find that 500 spatial points, and 100 particle and pore size points are enough for
convergence.

The advective term in the advection-reaction equation contains the ratio U/¢.
As a result, the difference between discrete time points needed, 0t say, depends on
the desired final state of the solution. To see this, note that we must satisfy the
CFL condition, and, therefore, we must ensure that 0t is small enough to allow
for U/¢ to get large when ¢ becomes small near the inlet when the filter is almost
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completely clogged (i.e., near the end of simulation). In practice, we find that §t/dz <
(0, 7)/¢(0,0) is sufficient (since U decreases as a function of time), where 2z is the
difference between spatial points and 7' is the terminal time. For example, we simulate
the case where the terminal inlet porosity is around 10% of the initial inlet porosity,
»(0,T) ~ 0.1¢(0,0), and so 6t ~ 0.1z is sufficient, and we choose 5000 temporal
points (for 500 spatial points).

4.2 Mono-dispersed particles and mono-dispersed
or bi-dispersed pores

In this section, we assume that the particles entering the filter at the inlet are all
size A (which, from (3.53), is constant and not to be confused with the variable a),
and the pores are all size 1 initially. If A > 1 then all particles are larger than all
pores, and we expect blocking to occur when a particle enters a pore, while if A < 1
then all particles are smaller than pores, and we expect deposition to occur (with
probability ¢p) when a particle enters a pore. We choose (3.53a) as the distribution
of particle-sizes at the inlet, so that the boundary condition, (3.51), becomes

c(0,t,a) = ¢(0,t)d(a — A). (4.1)

Further, we choose (3.54a) as the initial pore-size distribution, so that the initial
conditions, (3.52), become

c(z,0,a) =0, n(z,0,7)=¢!;0(r—1). (4.2a,b)

Thus we solve the system (3.46)—(3.59) subject to the boundary and initial conditions
(4.1), (4.2). We consider first the case A > 1 (when only blocking, and not deposition,
occurs), look for explicit asymptotic solutions in the cases I' < 1 (i.e., where the
particle concentration is much smaller than the pore concentration) and Ag > 1 (i.e.,
where the filter length is much larger than the length over which blocking occurs),
and compare these with a numerical solution. We then consider the case A < 1 in
which blocking and deposition both occur, which gives rise to a second pore size, so
that the pores become bi-dispersed.

4.2.1 Blocking and no deposition

We choose A > 1, since we first want to consider the simple case in which the pore
sizes are mono-dispersed for all time. This choice allows us to pose the ansatz

c(z,t,a) = 0(a— A)C(z,t), n(z,t,r)=0(r—1)N(z,t). (4.3)
Using this ansatz, (3.46) and (3.47) become
oC 0 (C C
5 U@ (N) = _ABUN’ (4.4)
ON C

34



In the constant flow rate case it follows from (3.48) that the Darcy velocity and
pressure are given by

1
1
U=1, p(zt :/ ——d(, 4.6
S A ) 0
while in the constant pressure drop case it follows from (3.49) that these are given by
1 1
1 fz NGO dg,
Ut) = 1, plzt) =00 (4.7)
Jo Nep) 9% o vieo 96

since, for mono-dispersed pores, the local porosity and permeability, given by (3.50),
become

é(z,t) = N(z,t), K(z,t) = N(z,1), (4.8)
respectively. The boundary condition, (3.51), becomes
C(0,t) = N(0,1), (4.9)
and the initial conditions, (3.52), become
C(z,0) =0, N(z0) =1. (4.10)

In the following subsections we will consider solutions of this system (4.4)-(4.10).

4.2.1.1 The case I' < 1 (with 'Ag < 1): A characteristic solution

In this subsection, we first suppose that the concentration of particles to be removed
from the feed fluid is small compared to the concentration of pores in the filter, so
that I' < 1.

We seek a solution in the form of an asymptotic expansion in the small parameter,
I, given by

C=C94+1c®+ 01?2, N=NO4+INO L OT2). (4.11)
Noting that
c CcO cv  cOND ,
N NO +I (N(O) a (N©O)? ) +0(I), (4.12)

we find that (4.4) and (4.5) become
oC'(0) o [/ C0 )
0 . O
T U 52 (N(O)) =—-U%Ag ~o T O(TAg), (4.13)
HN© ., CO )
T —TU! )W +0(T?). (4.14)
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We find, assuming that O(I") terms are small enough to be neglected, that the leading-
order pore concentration is independent of time,

NO(zt) =1, (4.15)
and that the velocity and pressure are given by
U9t =1, p9zt)=1-z2, (4.16)

in both the constant flow rate and pressure drop cases, since the local porosity and
permeability are both constant at leading order when N© is constant, and given by

PO (zt) =1, K9(z,t)=1. (4.17)

Meanwhile, assuming that O(I'Ag) terms are small enough to be neglected, the
leading-order particle concentration satisfies

aCO  HCO

= —ApC® 4.1
ot * 0z B, (4.18)
subject to the boundary and initial conditions
C90,t) =1, C9(z0) =0, (4.19)

which we solve explicitly using the method of characteristics. Indeed, the characteris-
tic curves of (4.18), parametrised by the time-like characteristic coordinate, 7, satisfy
the characteristic equations

dt dz dc©
E = 17 E = 17 dr = _ABC(O)a (42())

which must be solved with initial data, at 7 = 0, parametrised by s and given by
t(s) =to(s), 2z(s)=2z(s), CO>s)=0C"(s). (4.21)
The general solutions to (4.20) and (4.21) are
t(s,7) =7 +to(s), z(s,7) =74 z(s), CO(s,7)= Céo)(s)e_ABT‘ (4.22)

Eliminating 7 between the first two solutions in (4.22), we find that the characteristic
projections are straight lines with unit gradient, given by

t =z (to(s) — 20(9)). (4.23)

We note that the characteristic projection through ¢t = 2z = 0, that is, the line z = ¢,
splits the domain into characteristic projections emanating from the ¢ = 0 axis, and
those emanating from the z = 0 axis, as shown in Figure 4.1. After ¢ = 1, there is no
influence of the initial condition on the solution. We specify the initial data on ¢t = 0,

to(s) =0, z(s)=s CVs)=0, for 0<s<1, (4.24)
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Figure 4.1: Graph showing the characteristic projections, (4.23), of the equation
for the particle concentration at leading order in I', (4.18). Blue lines propagate
information from the initial condition, orange lines propagate information from the
boundary condition. The black line shows the last time at which the solution depends
on information from the initial condition.

and find, using (4.22), that the solution is
CO>z,t)=0 for t<z<1, 0<z<L1. (4.25)
Meanwhile, the boundary data on z = 0 can be parametrised as
to(s) =s, zo(s) =0, C’éo)(s) =1, for s>0, (4.26)
so that, from (4.22), the solution is
C(O)(z,t) —e M for 0<z<t, 0<z<l1. (4.27)
Altogether, we have that

—Apz < <t
CO (2 ¢) = {6 0szst, (4.28)

0 t<z<1,

for 0 <z <1.

We plot the leading-order particle concentration, C*) given by (4.28), as a function
of depth for various times for two values of Ay, in Figure 4.2. For both values of Ag,
we see that, as time increases, particles travel as a wave from the inlet, but are almost
all captured via blocking in the first 10% of the filter. Ahead of the wave front, the
concentration of particles is zero because particles have not reached here yet. Behind
the wave front, particles are captured over a layer near the inlet. The capture layer
has thickness O(Ag"). For example, comparing Figure 4.2(a) with Figure 4.2(b), we
see that when the value of Ag is doubled, the thickness of the layer is halved. Note
that, since the porosity is given by the pore concentration, and this is constant via
(4.15), the void concentration, Cy, is equal to the concentration, C, in this case.
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Figure 4.2: Graphs showing how the particle concentration at leading-order in I' < 1,
C© varies with depth, z, for various times, £. The values of ¢ are 0.005 (blue), 0.010
(orange), 0.015 (green), 0.020 (red), 0.025 (purple), 0.030 (brown), 1 (pink). Later ¢
values are identical to the pink curve. The arrows show the direction of increasing
time. The value of e 8% is plotted with a black dotted line to aid the eye. Note
that only the depths 0 < z < 0.1 are shown. (a) The case Ag = 50. (b) The case
Ag = 100.

4.2.1.2 The case Ag > 1 (with TA' < 1)

An asymptotic solution In this subsection, we suppose that the filter is much longer
than the length over which a particle is captured when a pore is blocked, so that
Ag > 1. We seek a solution in the form of an asymptotic expansion in the small
parameter, Ag', given by

C=C9 +Az'CY + O(A5?), N=NO 4 AZIND 4 O(AF?). (4.29)

Noting that

c 00 /oW cOND B
N vo e (N(O) ~ (NO)2 ) o5 .

we find that (4.4) and (4.5) become

o0 o 0 ) 0 ) 0 c® o)D) .
W+U()£(W)__ B ()W— ()(N(O)_ (N(O))2>+O(AB):
(4.31)
ON©) c© _
5 = LU 55 + O (PAGY). (4.32)

We find, assuming that O(Ag) terms are large enough that O(1) (and thus O(Ag'))
terms can be neglected, that the leading order particle concentration is given by

CO(z,t) =0, (4.33)
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and so it follows from (4.32), assuming that O(T'Ag') terms are small enough to be
neglected, that

NO(zt) =1. (4.34)

Solutions (4.33) and (4.34) imply that there are no particles in the filter and that
the pore concentration remains at its initial value. These solutions do not match the
boundary condition (4.9), however, since particles must enter the filter at the inlet,
so the concentration cannot be zero everywhere.

With this in mind, we seek an inner solution that matches the boundary condition
in a layer of thickness O(Ag') inside the filter near the inlet. We define the short
spatial coordinate ( = Agz, and find that, in the boundary layer, the leading-order
problem becomes

0 0
ANy Ny |
0 0
0)’ '
ot ngl)

where the subscript, bl, signifies the solution in the boundary layer. Equation (4.35)
has the solution

ay) = Ne, (4.37)

where Né?) depends on the form of the velocity, Ué?), and therefore the operating
regime, through (4.36). Thus, we will consider the constant flow rate and pressure
drop regimes separately.

Before proceeding, we note that (4.37) does not satisfy the initial conditions,
(4.10), and deduce that the boundary-layer particle and pore concentrations satisfy
a different problem at early times. Indeed, defining a short temporal coordinate
7 = Agt, we find that, at early times, the leading-order problem is

0 0 0
i @ O (Cél;)et> _ o Gl (4.38)
bliet 0 - blLiet ~-(0) 7 '
or a¢ Néhlt Nél;)et
N
8brl’et —0, (4.39)

where the subscript, bl;et, signifies the boundary-layer solution at early times. Equa-
tion (4.39) is trivially satisfied by

N (2 8) =1, (4.40)

L;et
and so we find that the particle concentration satisfies

0 0
aCvk()l;)et + 8Ct()l;)e}t o (0)

67' ac — 7 “blet? (441)
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which, returning to the original coordinate system, has the solution

—Apz

0 € 0<z< t?

Cho(2,1) = {0 o< pe (4.42)
iy B »

for 0 < z < Az'. The early time boundary layer solution, given by (4.40) and (4.42),
satisfies the initial conditions, (4.10) (as well as the boundary condition, (4.9)). We
now return to the boundary-layer problem at later times. Note that, since the porosity
is equal to the pore concentration which is constant via (4.40), the void concentration,

C\(,O{)l;et, is also equal to the function given by (4.42).

Constant flow rate

After the early times discussed above, in the constant flow rate regime, we have
U® =1 from (4.6), and so (4.36) has the solution

N =1 —Tte <. (4.43)
Therefore, in the original spatial coordinate, the inner solution reads
CO(z,t) = (1 = Tte )e82 NW(z 1) =1 — Tte v, (4.44)

which matches the outer solution (4.33), (4.34), and the condition at the inlet bound-
ary, (4.9).
Note, using (4.36), that, the boundary-layer void concentration satisfies

0
se(ch) = -, (4.45)
so that
CO) (z,t) = e0%, (4.46)

As expected, particles are all removed from the fluid near the inlet, and so the fluid
concentration drops exponentially as a function of depth (see Figure 4.3).

We plot the boundary-layer particle and pore concentrations at leading order in
Agh, C’b?) and Né?) respectively, given by (4.44), as functions of depth, z, for various
times, ¢, in Figure 4.3. Asin the I' < 1 case (see Figure 4.2), changes in the solutions
occur in a layer near the inlet. Particles never reach the region outside of this layer,
so the pore concentration maintains its initial condition here. The length of this layer
is O(Ag").

Inside the layer we see that, as particles enter the filter, they are captured inside
the pores. This capture causes pores to become blocked, which in turn decreases
the pore concentration in the layer (unlike in the I' < 1 case, or in the early time
solution).

Pore decrease is fastest at the inlet, since pores here see the most particles per
unit time. The particle concentration also decreases fastest at the inlet because the
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concentration of particles driven into the filter decreases at the same rate as the pore
concentration, to maintain a constant incoming void particle concentration, which is
the enforced condition at the boundary. At ¢ = T'"! (¢ =1 in this example), all inlet
pores are blocked so particles no longer enter the filter.

Note that the filter particle concentration, unlike the void particle concentration
(which decreases exponentially in space, see the dashed black line in Figure 4.3(a)), is
not spatially monotonic at larger times (see the red and purple lines in Figure 4.3(a))).
To see why, note that, as time increases at any particular depth, the void particle
concentration remains constant (since new particles enter via the inlet and replace
those that have been captured), but the pore concentration (see Figure 4.3(b))),
and therefore the porosity, decreases (since particles block pores). Since the filter
particle concentration is equal to the product of the void particle concentration and
the porosity (via (3.4)), the filter particle concentration decreases in time, fastest near
the inlet (where most pores are blocked per unit time). Far from the inlet, the filter
particle concentration approaches the void particle concentration because there are
not enough particles in the fluid to block pores and alter the pore concentration, so
that the porosity is constant.
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Figure 4.3: Graphs showing how the particle concentration and pore concentration at
leading order in Ay Uin the boundary layer near the inlet, C’}g?) and Nélo), respectively,
vary with depth, z, for various ¢t. The parameters are Ag = 100, I' = 1. The values
of t are 0.10 (blue), 0.25 (orange), 0.50 (green), 0.75 (red), 1.00 (purple). The arrows
show the direction of increasing time. Note that only the depths 0 < z < 0.1 are
shown. (a) The particle concentration, C’é(l)) . The void concentration, C’\(,O Ll is shown

with a dashed black line. (b) The pore concentration, Né?).

Constant pressure drop

In the constant pressure drop regime, we have
1
0
U () = (4.47)
fO N(O)(z t) dz
bl (%
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from (4.7), and so, in the original spatial coordinate, (4.36) becomes

0 —Apz
Ny _ _ Teher (1.48)
ot L N PO ‘
fO Nt()(l)) <

where we have used the inner solution, (4.37), for the particle concentration, C’l()(l)) .
Thus (in analogy with the constant flow rate solution (4.44)) the pore concentra-
tion is given by

N (z,8) = 1= y(t)e 2o, (4.49)
where ~ satisfies
d r
& , (4.50)
bt L
0 1—'y(t)e’ABz <

and, calculating the integral, we find that (4.50) simplifies to

dt M) )
log ( 1—%@)

which is separable. Integrating (4.51), we find that

Apy(t) + (1 - 7(2&)) log (1 - 7(25)) —ehe <1 - e‘ABv(t)> log <1 - e‘ABy(t)> = T'Agt,
(4.52)

so that

() =Tt + O(Ag") for 0<t< % (4.53)
Thus v(t) — I't in the limit Ag — oo at times until the filtration process ceases (at
t = 1/T, because this is when pores at the inlet are all blocked). As such, as in the
constant flow rate regime, I' fully determines the gradient of v (for Ag > 1). The
implication is that, as expected, the relative concentrations of particles and pores
dictate the rate of blocking.
Thus, in the constant pressure drop regime, the inner solution reads

CO (2, 8) = (1 —y(t)e ") NW(z,1) =1 — y(t)e >, (4.54)

where ~ satisfies (4.53). This matches the outer solution (4.33), (4.34), and the
condition at the inlet boundary, (4.9). Physically, the constant pressure drop solution,
(4.54), matches the constant flow rate solution, (4.44), because, in the former, changes
to the flow rate are restricted to the layer over which pores block. This has O(Ag')
thickness, and we thus expect an O(Ag') flow rate change that is negligible for Ag >
1. Note that the void particle concentration solution also approaches that in the
steady, constant flow rate case, (4.46).
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4.2.1.3 The cases I' < 1 and Ag > 1: A numerical solution

We use numerical methods to solve the system (4.4)—(4.10) for more general values
of I" and Ag. In this subsection, we solve numerically for I' < 1 or I' = O(1) with
Ag > 1 and compare the solutions with the asymptotic ones we have already found.
We use the constant flow rate case since we know the constant pressure drop solution
behaves similarly for large enough Ag.

For general values of I' and Ap, (4.4)—(4.10) is difficult to solve explicitly, since
(4.4) is an advection-reaction equation that is coupled to (4.5). We solve the system
using a finite-difference scheme that is first order in time and space. Since the system
is hyperbolic, we use upwinding [122] in the appropriate direction, so that the known
information at the inlet boundary is propagated downstream. We plot the solutions
in Figures 4.4 and 4.5.

The case I' < 1: Comparison with the characteristic solution in

We find that the numerical solution agrees well with the explicit solution in the case
I' < 1. To demonstrate this, in Figure 4.4, we plot the numerical solution for the
particle concentration, C' as a function of depth, z, at various times, ¢, and compare
it to the explicit asymptotic solution at leading order in I' < 1, from (4.28).

At later times, the explicit solution is an exponentially decaying curve over a layer
of length O(Ag'). The numerical solution agrees well with the explicit solution, even
for a relatively small number of spatial points. For example, in Figure 4.4(a) we see
that 400 spatial points is enough to match the solutions almost exactly, even though
changes occur over the first 10% of the filter.

At earlier times, the explicit solution takes the form of a wave that travels through
the layer of length O(Agz'). We must discretise more finely in the spatial coordinate
so that the numerical solution resolves the sharp steps in the explicit solution. As
such, a finer discretisation in the temporal coordinate is also required, to ensure that
the Courant—Friedrichs-Lewy (CFL) condition [122] is satisfied, for convergence of
the scheme. In Figure 4.4(b), for example, we see that 1000 spatial points leads to
reasonable agreement, and, in particular, correctly captures the wave speed.

The case Ag > 1: Comparison with asymptotic solution

The numerical solution also agrees well with the explicit solution in the case Ag > 1.
To demonstrate this, in Figure 4.5, we plot the numerical solution for the particle and
pore concentrations in the case Ag = 100 and compare this to the boundary layer
solution at leading order in A;' < 1, Cyy and Ny, from (4.37).

We see, as expected, that changes to the numerical solution are restricted to a
boundary layer of length O(Ag ') near the inlet. Around 400 spatial points are enough
for good agreement with the asymptotic solution (with Ag = 100). The agreement
with 1000 spatial points (see Figure 4.5) is excellent. The number of time points
needed depends on the maximum time at which the solution is to be solved. As time
increases, the local porosity near the inlet decreases, which causes the void velocity

to increase. Since this velocity drives changes to the particle concentration profile,
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Figure 4.4: Graphs showing how the particle concentration, C, varies with depth, z,
for various times, t. The parameters are Ag = 100, ' = 0.01, A = 2. The numerical
solution is shown with solid lines. The solution at leading order in I' < 1 is shown in
dotted black lines. (a) The later time solution at time ¢ = 1 using 400 spatial points.
(b) The earlier time solution at various times, ¢, using 1000 spatial points. The
values of ¢t are 0.005 (blue), 0.01 (orange), 0.015 (green), 0.02 (red), 0.025 (purple),
0.03 (brown), 0.1 (pink).

small time steps (perhaps O(10) times as small as the spatial steps) are needed at
times near the block time, to ensure convergence.

LoF ' ' ' ' ] 1of - '
Increasing ¢ / ?

Figure 4.5: Graphs showing how the particle concentration and pore concentration,
C and N, vary with depth, z, for various times, t. The parameters are Ag = 100,
I' =1, A = 2. The numerical solutions are shown with solid coloured lines. The
spatial domain is discretised using 1000 points. The corresponding solutions at leading
order in Az' in the boundary layer near the inlet, C’,g(l)) and Né?), are shown in black
dotted lines. The values of ¢ are 0.1 (blue), 0.25 (orange), 0.5 (green), 0.75 (red),
1 (purple). The arrows show the direction of increasing time. Note that only the
depths 0 < z < 0.1 are shown. (a) The particle concentration, C. (b) The pore

. 0
concentration, N}gl ).
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Thus, in the cases I' < 1 and Ag > 1, we have found explicit solutions that ac-
curately approximate the numerical solution but are cheaper computationally. These
are useful for tasks that involve repeated solution, such as parameter sweeps. To
demonstrate this, we now use the explicit formulae to show how the solution varies
as we vary I' (with Ag > 1) and Ag (with I' < 1).

Behaviour as I' varies

Firstly, we solve the mono-dispersed system, (4.4)—(4.10), for fixed Ag and various
values of I'. We plot the particle and pore concentrations, C' and NN, as functions of
depth, z, for various values of I" at t = 1 in Figure 4.6. As t increases, I' decreases,
and vice versa, from (4.44). Therefore, we see that increasing I' accelerates the rate
of evolution of the solution, effectively decreasing the timescale, and decreasing the
blocking time, T' ~ 'L

10 T 10 T T T
ol . /%
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QO Increasing I' = Increasing I'
0.4 0.4
0.2 0.2
0.0 0.0 )
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Figure 4.6: Graphs showing how the particle concentration and pore concentration, C'
and N, respectively, vary with depth, z, for various I'. The parameters are Ag = 100,
A = 2, and the solutions are plotted at time ¢ = 1. The values of I" are 0.0 (blue),
0.2 (orange), 0.4 (green), 0.6 (red), 0.8 (purple). 1.0 (brown). The arrows show the
direction of increasing I". Note that only the depths 0 < z < 0.1 are shown. (a) The
particle concentration, C'. (b) The pore concentration, N.

As such, the case I' > 1 corresponds to T" < 1. This represents the case where
a huge number of particles are fed into the filter at once and block the pores on the
surface almost instantaneously. For example, when I' = 10 there are 10 times as many
particles as there are pores, and we see that 1" = 0.1, so that the filter is blocked after
fluid has passed through the top 10% of its length. On the other hand, when I' < 1,
it follows that 7' > 1. This case models the situation where few particles enter the
filter at once, and the filter is useful for much longer. For example, we see that, when
there are 100 times as many pores as there are particles entering per unit time, so
that I' = 0.01, we have T" = 100, and the filter is useful until fluid has traversed
its entire length 100 times. As expected then, the ratio I'"! characterises the useful
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lifetime of the filter, at least in the present case, where all the particles are larger
than all the pores.

Behaviour as Ag varies

Secondly, we solve the mono-dispersed system, (4.4)—(4.10), for fixed I" and various
values of Ag. In Figure 4.7 we plot the concentrations of particle and pores, C' and N,
as functions of depth, z, for various values of Ag. We plot the solutions at ¢ = 1, and,
since I' = 1, we have that T" = 1, so these plots show the solutions when the filtration
process ceases. In Figure 4.7(a) we see that particles have penetrated to a depth
within the filter that decreases as Ap increases, as expected. In Figure 4.7(b) we see
that pores have been blocked over a layer of corresponding length. We conclude that,
as the filter length increases compared to the blocking length, more of the filter is
wasted.
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Figure 4.7: Graphs showing how the particle concentration and pore concentration,
C and N, respectively, vary with depth, z, for various Ag. The parameters are ' = 1,
A = 2, and the solutions are plotted at time ¢ = 1. The values of Ag are 1 (blue),
10 (orange), 100 (green), 1000 (red), The arrows show the direction of increasing Ap.
(a) The particle concentration, C. (b) The pore concentration, N.

To calculate the effective length, l.g, the length of the filter that has been used for
particle capture, we define a desired threshold filtrate fluid particle concentration, Ceg
say, below which the concentration at z = 1 must remain. Given Cyg, we say that log
is the distance from the inlet that is required to reduce the void concentration to Ceg.
In Figure 4.8(a), for example, we plot the void concentration, Cy, as a function of
depth, z, at t = 1, for various values of Ag. We see how, given an example threshold
concentration, Ceg = 0.1 here, we read off values of l.g. We see that, for a given Ceg,
increasing Ag decreases the value of l.g.

To understand this quantitatively, we recall that, for large Ag, at leading order in
Ag', the void concentration is given by (4.46). It follows that

_ log(Cer)

. (4.55)

leff =
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We plot l.g as a function of Ceg for various values of Ag in Figure 4.8(b). As
expected, the length, l.g, of filter needed to reduce the concentration to an acceptable
level, Cug, decreases as Cog increases. In other words, a smaller proportion of the
filter is needed if the filtration task is less stringent. [.4 decreases as Ap increases,
which implies, as expected, that less of the filter is used when particles are smaller
in comparison to the filter as a whole. One implication is that, in this idealistic
regime, where there is one particle size and pore size, if the filter is long compared
to the particle size, a very stringent concentration constraint (i.e., Cog < 1) can be
obtained at no extra cost, as the filtration process will use more pores but take the
same amount of time to run to completion.
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Figure 4.8: (a) Graph showing how the particle concentration, C', varies with depth,
z,at t = 1 for I' = 1. for two values of Ag. The values of Ag are 10 (orange),
100 (green), The arrow shows the direction of increasing Ag. An example efficient
concentration threshold, C.g, is plotted with a dotted black line. The lengths of
the corresponding capture layers are extrapolated in correspondingly coloured dashed
lines. (b) Graph showing how the capture-layer length, log, varies with Ag, for various
efficient concentrations, Ceg. The values for Ceg are 0.01 (blue), 0.05 (orange), 0.1
(green), 0.2 (red). The arrow shows the direction of increasing Ceg.

4.2.2 Blocking and deposition

We now consider the case where particles are smaller than pores. As before, pores
are all size 1 initially, and we choose A < 1.

We choose the sticking probability ¢p = 0.1, so that particles deposit in pores that
are larger than them 10% of the times that they pass through them. We choose the
transformation distribution m(a, p,r) = 8(r — (p — a)), so that pores of size p are
transformed to pores of size r by particles of size a < p. It follows that particles of size
A can deposit in pores of size 1, and, when they do so, these pores are transformed
to pores of size R = 1 — A. We assume that A > 1/2, so that the new pores of
size R are blocked by particles of size A. This special case is the simplest scenario
within which to observe blocking and deposition in the same filter, since it follows
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that the pore-size distribution remains (at most) bi-dispersed for all time, permitting
the ansatz

c(z,t,a) = 8(a— A)C(z,t), n(z,t,7) = Nr(z,t)d(r — R) + N1(z,t)8(r — 1), (4.56)

where Nr and N, are the concentrations of pores of sizes R and 1 respectively.
Using this ansatz, (3.46) and (3.47) become

aC  a UC UC ,
s () = (e (N AN 050
ONgr roc
% = (BN N BN o), (4.58)
0N, roc
o~ (BNg NN (4.59)

In the constant flow rate case it follows from (3.48) that the velocity and pressure are
given by

1 1
U=1, p(zyt)z/z RANR(C,t) + Ni(¢, 1)

while in the constant pressure drop case it follows from (3.49) that these are given by

dc, (4.60)

1 le RANR(C t1)+N1(C t) d¢
O B 1. v LAY
fO RANR(z,t)+N1(2,t) dz fo RANR(C)+N1(¢0t) d¢

since, for bi-dispersed pores, the local porosity and permeability, defined in (3.50),
are given by

#(2,t) = R*Ng(z,t) + Ni(2,t), K(z,t) = R*Ng(z,t) + Ni(z,1), (4.62)
respectively. The boundary and initial conditions, (3.51) and (3.52), become
C(0,t) = R Ng(0,t) + N1(0,1), (4.63)
and
C(2,0) =0, Ngp(z,0) =0, N(z0) =1, (4.64)

since the pore sizes are mono-dispersed initially. In the remainder of this subsection,
we will numerically solve this system, (4.57)—(4.64), and analyse the solutions.

4.2.2.1 The case I'=0(1), Ag > 1, and Ap > 1: A numerical solution

For general values of I, Ag, and Ap, we solve the blocking and deposition system,
(4.57)—(4.64), similarly to the system in the case where there is no deposition, (4.4)—
(4.10). The particle concentration equation, (4.57), is now coupled to a reaction
equation, (4.58) and (4.59), for the concentration of pores of each size, but, from
a numerical-methods perspective, this does not pose any new challenges. We now
discuss the numerical solutions in the case I' = O(1), Ag > 1, and Ap > 1.
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Particle concentration and porosity

We plot the solutions for the particle concentration, C, and the porosity, ¢ = Ny +
R2Npg, as functions of depth, z, at early times, in Figure 4.9. We see that the
behaviour is qualitatively similar to the early-time behaviour of the system in the
blocking only regime, from before. Particles travel as a wave through a layer at the
top of the filter, and, as they do so, they are removed so that the concentration follows
a curve of exponential decay behind the wave front. We choose Ag = 200, which is
twice as large as Ag = 100 before. This has the effect of decreasing the length of
the layer over which particles are captured due to blocking. However, Ap = 100 and
sp = 0.1, so that Apsp = 10 is ten times as small as Ag = 100 before. This has
the effect of increasing the length over which particles are captured. The net effect
is that particles are captured over a longer length in the present parameter regime.
In general, particles are captured via a mixture of blocking and deposition, and the
length of the capture layer is determined by max{Ag', (Apsp) '}
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Figure 4.9: Graphs showing how the particle concentration and local porosity, C' and
¢, vary with depth, z, for various times, t. The parameters are Ag = 200, Ap = 100,
I'=1, A=0.5, ¢p = 0.1. The values of ¢ are 0 (blue), 0.005 (orange), 0.01 (green),
0.02 (red), 0.04 (purple). The arrows show the direction of increasing time. Note
that only the depths 0 < z < 0.5 are shown. (a) The particle concentration, C. (b)
The local porosity, ¢.

Next, in Figure 4.10, we plot the particle concentration and the local porosity as
functions of depth at later times. We see that the solutions are qualitatively similar
to those in the blocking regime. In Figure 4.10(b) we see that the decrease in the
porosity is fastest at the inlet, where there are the most particles. However, this time,
the porosity at the inlet decreases to zero over a longer timescale than in the blocking
regime. This is because, in this example, deposition is ten times less likely to occur
than blocking in the previous case (since ¢p = 0.1), so that removal of all inlet pores
takes around a factor of ¢;' = 10 times as long so that all inlet pores become clogged
around t = 10 here (as opposed to around ¢ = 1 before).
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Figure 4.10: Graphs showing how the particle concentration and local porosity, C' and
¢, vary with depth, z, for various times, t. The parameters are Ag = 200, Ap = 100,
['=1, A=0.5,¢p = 0.1. The values of ¢t are 0 (blue), 2.5 (orange), 5 (green), 7.5
(red), 10 (purple). The arrows show the direction of increasing time. Note that only
the depths 0 < z < 0.5 are shown. (a) The particle concentration, C. (b) The local

porosity, ¢.

Pore concentration and permeability

We plot the local permeability, and the concentrations of large and small pores, as
functions of depth, for various times, in Figure 4.11. We focus on the concentration
of large pores first, which we show in Figure 4.11(a). We see that large pores (solid
lines) are removed via deposition (only) over the deposition layer. We see that the
permeability (dashed lines) is almost identical to the concentration of large pores,
since the correction to the permeability due to smaller pores in (4.62) is R*Ng ~
0.06 Ng.

We now turn our attention to the concentration of small pores, which is plotted
in Figure 4.11(b). We notice that these are removed due to a complex combination
of deposition and blocking. To see this, we first note that, at earlier times, the
concentration of small pores increases over the entire deposition layer. This is because,
early on, large pores are transformed into small pores as particles (that are smaller
than the large pores) deposit in them. Small pores are being blocked by the particles
(which are larger than the small pores) at the same time as they are being produced
by deposition in the large pores. This deviation is more extreme closer to the inlet,
because there are the most particles available to block the small pores. Blocking
happens in a shorter layer than deposition because Agl > (Apsp)™!, so particles
never reach the small pores further down the filter to remove them. At later times,
we see that the concentration of small pores begins to decrease near the inlet. This
is because blocking is 10 times as likely to occur as deposition (since sp = 0.1). As a
result, when there are enough small pores, the rate at which they are removed due to
blocking exceeds the rate at which they are produced due to deposition. Note that
this is despite the fact that more particles flow through large pores per unit time. This
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example demonstrates the complicated interplay between blocking and deposition in
filters with more complicated size distributions.
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Figure 4.11: Graphs showing how the local permeability, K, and the concentrations
of the larger and smaller pores, N; and Ng, vary with depth, z, for various times,
t. The parameters are Ag = 200, Ap = 100, I' =1, A = 0.5, ¢p = 0.1. The values
of t are 0 (blue), 2.5 (orange), 5 (green), 7.5 (red), 10 (purple). The arrows show
the direction of increasing time. Note that only the depths 0 < 2z < 0.5 are shown.
(a) The concentration of the larger pores, N; (solid lines). The local permeability, K
(dashed lines). (b) The concentration of the smaller pores, Ng.

Behaviour as ¢p varies

We now assess the effect of varying the sticking probability, ¢p. We solve the system
(4.57)—(4.64) for fixed I',; Ag, and Ap, with various values of ¢p. We note that param-
eter sweeps, such as this, are significantly more computationally expensive than in the
blocking regime, since before we were equipped with explicit asymptotic solutions.
In Figure 4.12 we plot the particle concentration and local porosity as functions of
depth, z, at time ¢t = 10, for various values of ¢p. Firstly, we see that as ¢p increases,
the length of the layer over which particle capture and pore removal occurs decreases.
For example, when ¢p = 0.02 (blue line), deposition occurs over the entire filter.
Particles only deposit in pores that are larger (than the particles) 2% of the time,
so the layer over which deposition occurs has length O((Apsp)™!) = O(1). Some
particles pass all the way to the end of the filter without being captured, and so the
concentration of particles that remain at the outlet is around 0.025. On the other
hand, when the probability of deposition is 10%, so that ¢p = 0.1, the deposition layer
is length O((Apsp)™!) = O(1071) and almost all particles are captured by the time
they have traversed the first 10% of the filter. The concentration is negligible at the
outlet. Secondly, we see that the rate at which pores are removed at the inlet increases
as ¢p increases. Thus, for larger ¢p, the filtration process runs for much less time,
even though the concentration of particles present at the outlet is not substantially
different. One important implication is that, if it is possible to control the sticking
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probability, ¢p, then it could be chosen so that the capture layer is longer, increasing
the proportion of pores that are used for particle capture, thus extending the useful
lifetime of the filter.
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Figure 4.12: Graphs showing how the particle concentration and local porosity, C and
¢, vary with depth, z, for various values of deposition probability, ¢p. The parameters
are Ag = 200, Ap = 100, I' = 1, A = 0.5, and the solutions are plotted at time ¢t = 10.
The values of ¢p are 0.02 (blue), 0.04 (orange), 0.06 (green), 0.08 (red), 0.1 (purple).
The arrows show the direction of increasing ¢p (and therefore increasing Apsp). (a)
The particle concentration, C'. (b) The local porosity, ¢.

In this section, we have explored the case where particles and pores are both one
size initially. When the particles are larger than the pores, only blocking is possible,
and we used this case to explore the effect of changing I' and Ag. When the particles
are smaller than the pores, blocking and deposition are both possible (when A is
chosen appropriately), and we used this case to explore the effect of changing ¢p. In
the next section, we turn our attention to more complex cases, in which the pores in
the filter are poly-dispersed.

4.3 Mono-dispersed particles and poly-dispersed
pores

In this section, we assume that particles entering the filter at the inlet all have size
A, so that particles are mono-dispersed everywhere at all times,

c(z,t,a) = 8(a— A)C(z,1). (4.65)

We suppose that pores in the filter have log-normally dispersed sizes, with mean size
1. It follows that the boundary condition, (3.51), becomes

O(O7t) = ¢(0>t)a (466)
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as in the previous section, while the initial conditions, (3.52), become
C(z,0) =0, n(z,0,7) = ninir(r), (4.67a,b)

where we define

2\ 2
log(r)+ 74+
*. 6702 ,( 2 )
Ninit (1) = %6 2% , (4.68)
n

since we calculate that the denominator in (3.52b) satisfies

1 0o <log(r)+22§)2

re 2 dr = €. 4.69
v 2mo, /0 ( )
In this section, we solve the size-structured model (3.46)—(3.59) subject to the bound-
ary and initial conditions (4.66) and (4.67). In Subsection 4.3.1 we consider the case
where ¢p = 0 in which only blocking is possible. In Subsection 4.3.2, we then con-
sider the case ¢p = 0.001, so that deposition occurs with 0.1% of the probability that
blocking does.

4.3.1 Blocking and no deposition

We first consider the system (3.46)—(3.59) subject to the boundary and initial condi-
tions for mono-dispersed particles and log-normally poly-dispersed pores, (4.66) and
(4.67), in the case of zero adherence, ¢p = 0. We find a numerical solution for general
Ag and then use the intuition gained from this solution to reduce the system to a
more simple one when Ag > 1.

The equations for the particle- and pore-size distributions, (3.46) and (3.46), be-

come
oc 9 (C\  AgC [,
E + & (g) = — gb2 /0 r ndr, (4.70)
on TC ,

where H is the Heaviside function. The velocity and pressure are given by either
(3.48) or (3.49). In (4.71) we see that the distribution of pores of size r > A is
constant and remains at the initial distribution. We therefore write the porosity and
permeability, (3.50), explicitly in terms of pores that are larger and smaller than the
particles,

b=+ Opsa, K=Fk+Fkpsa; (4.72)
where
A 00
90(27 t) - / ’I“QTL(Z, t, T) dTu Plr>A] = / T2ninit d?", (47?))
0 A
A 00
K(z,t) = / rin(z,t,r)dr, Kir>A] = / e A7 (4.74)
0 A
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We call the unknown variables, ¢ and k, the small-pore porosity and permeability.
Note that ¢4 and K~ 4}, which we call the large-pore porosity and permeability,
are fully specified by the initial conditions, and, indeed, we calculate that

Olr>a] = %(1 + erf(f(A)), (4.75)
* 502
nit€ "

Klr>A] = tT(l + erf(g(A)), (4.76)

where we define
302 — 2log(A) 702 — 2log(A)
2\/§0n ’ 2\/§an '

In the remainder of this subsection we solve (4.70)—(4.72) with either (3.48) or (3.49)
subject to the boundary and initial conditions (4.66) and (4.67).

f(A) = 9(A) = (4.77)

4.3.1.1 The case I'=0O(1) and A > 1: A numerical solution

For general values of I and Ag, the equation for the particle concentration, (4.70), is a
partial integro—differential advection—reaction equation that is coupled to a reaction
equation, (4.71), which describes changes to the pore-size distribution. Note that
(4.71) does not contain an integral because there is no deposition and particles are all
one size. These two equations, together with those for the porosity and permeability,
(4.72), and either (3.48) or (3.49), subject to the boundary and initial conditions,
(4.66) and (4.67), are similar to those in the case where the pore sizes are mono-
dispersed, save for the integral on the right-hand side of (4.70). We therefore solve
them using a similar numerical scheme, this time using the trapezium rule with 100
pore size points to evaluate the integral. That is, we use a first-order upwinding finite-
difference scheme and discretise using 400 spatial points, and N; > 400 temporal
points (where the choice of NV; depends on how close to block time, T', and therefore
how close to a local porosity of zero at the inlet, we will run), noting that we must
choose time steps sufficiently small compared to space steps to satisfy the Courant—
Friedrichs-Lewy (CFL) condition. We present the solution for Ag > 1 and I' = O(1)
in the constant flow rate regime, and so choose (3.48), rather than (3.49), to specify
the velocity and the pressure.

Particle concentration and local porosity

In Figure 4.13, we demonstrate how the particle concentration, C, and the local
porosity, ¢, vary with depth, z, at various times, ¢. In Figure 4.13(a), we see that,
at early times, particles block pores at the inlet, which decreases the porosity and
thus the concentration. Particles begin to travel through the filter, but are removed
over a layer of thickness O(A3'). In Figure 4.13(b) we see that, as time continues
to increase, this early time behaviour settles into a regime in which particles begin
to traverse the filter as a wave. No particles have reached the region in front of the
wave, so the concentration is zero and the porosity retains its initial value. Behind
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the wave, all pores that are smaller than the particles have been blocked. Since no
pores larger than the particles can be clogged (because there is no deposition), after
the wave has passed, the porosity retains some constant value that is dictated by the
proportion of pores that are larger than the particles. Behind the wave, the particle
concentration matches the inlet concentration, since the fluid carries all particles that
enter the filter through the larger pores unobstructed. The concentration and local
porosity transition between their two values within a layer of thickness O(Az"), which
is thin when particles are small compared to the depth of the filter.
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Figure 4.13: Graphs showing how the particle concentration, C' (solid lines), and local

porosity, ¢ (dashed lines), vary with the depth, z, at various times, . The parameters
are Ap =200, I'=1, A=1, 0, =0.2, ¢{;, = 0.9. The arrows show the direction of
increasing time. (a) The earlier-time solutions, C, ¢. The values of ¢ are 0.5 (blue),
1.0 (orange), 2.0 (green), 4.0 (red), 10.0 (black). (b) The later-time solutions, C, ¢.
The values of ¢ are 10 (black), 20 (green), 30 (red), 40 (purple), 50 (brown), 60 (pink),

70 (grey), 80 (olive), 90 (cyan), 100 (blue). The dotted black lines show the explicit

solution.

Local porosity and local permeability

In Figure 4.14 we show how the local porosity and permeability, ¢ and K, vary with
depth, z, at various times. In Figure 4.14(a) we see, as expected, that the value
that the porosity is reduced to after the particle wave has passed is the large-pore
porosity, ¢p>a) < @i, Which is the proportion of total pore area that is attributed
to pores that are larger than the particles. In Figure 4.14(b), we see that the local
permeability behaves similarly to the local porosity. It transitions from its initial value
to the large-pore permeability, s~ 4], over the thin blocking layer. The permeability
drop is less extreme than the porosity drop, since K is a factor of r? different from

¢, so unaffected larger pores are weighted more heavily.
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Figure 4.14: Graphs showing how the local porosity (left) and permeability (right),
¢ and K, vary with the depth, z, at various times, t. The parameters are Ag = 200,
'=1A=1,0,=02 ¢, =0.9. The values of t are 10 (orange), 20 (green), 30
(red), 40 (purple), 50 (brown), 60 (pink), 70 (grey), 80 (olive), 90 (cyan), 100 (blue).
The arrows show the direction of increasing time. (a) The local porosity, ¢. The
value of the large-pore porosity, ¢y, 4], is plotted in a black dotted line. (a) The local
permeability, K. The value of the large-pore permeability, .- 4], is plotted in a black

dotted line.

Global porosity and global permeability
We define the global porosity and global permeability to be

Q_S(t):/o (z,t)dz, K(t) :/0 K(z,t)dz. (4.78)

These are distinct from the local porosity and permeability, and we interpret them
to be (depth-independent) measures of the ‘total’ porosity and permeability (i.e., of
the entire filter). In Figure 4.15 we demonstrate how these vary with time, . We
see that these decrease linearly from their initial values, which are dictated by the
initial distribution of pore-sizes, to lower values at some critical time, t ~ 90. After
t =~ 90, these global measures of pore space remain constant for all time. We see that
the values that the global porosity and permeability are reduced to are ¢y~ 4 and
K[r>4] Tespectively. The critical time, ¢ ~ 90 here, is the time at which the particle
wave reaches the filter outlet. Before this, pores are being blocked at the wave-front,
and the local porosity and permeability are being reduced, which contributes to the
constant reduction of their integrals. After this, there are no longer any smaller pores
to be blocked at any depth, and the filter is no longer useful, so further changes to
the global porosity and permeability do not occur.

Pressure and pore-size distribution

In Figure 4.16(a) we plot the local pressure as a function of depth at various times.
We see that, initially, the pressure gradient is uniform. At later times, we observe

o6



09F -

0.6

Figure 4.15: Graphs showing how the global porosity and permeability, ¢ and K,
vary with time, . The parameters are Ap =200, '=1, A=1, 0, =0.2, ¢}, = 0.9.
(a) The global porosity, ¢. The value of the large-pore porosity, ©p>4), 1s plotted
in a black dotted line. (b) The global permeability, K. The value of the large-pore

permeability, k[~ 4), is plotted in a black dotted line.

how changes to the local permeability impact the pressure. As the local permeability
decreases at a given depth, the pressure here increases so that the pressure drop
over the entire filter increases. At the critical time, ¢ ~ 90 in this case, the value
of p(0,t), which is the filter pressure drop (i.e., the pressure drop across the entire
filter), reaches 1/k~ 4, after which there are no further changes to the pressure. In
practice, in constant flow rate regimes, operators monitor the filter pressure drop and
ensure that this does not exceed some threshold, at which point the process must be
halted due to external operational constraints. We see that, in the present case where
there is no deposition, it is relatively simple to construct a pore-size distribution for
which the threshold value is not exceeded during the useful lifetime of the filter, by
choosing a pore-size distribution for which enough pores are larger than the particles,
so that s}~ 4) is not too small and thus p(0,) is not too large.

In Figure 4.16(b) we show the distribution of pore sizes halfway down the filter
(i.e., at z = 0.5), for various times. The times are chosen so that we capture the
changes that occur to the distribution when the particle wave passes through this
region of the filter. We see that the pore distribution is split into two critical regions:
pores that are larger than the particles, and those that are smaller. The distribution of
pores that are larger than the particles never changes, because particles pass through
these pores without blocking them. However, as time increases, the number of pores
of any particular size smaller than the particles decreases to zero. We see that the
decrease happens faster for larger pores because there is more flow through these
and so more particles are transported through them per unit time. However, there
are more of these pores to block, so the number of pores of all sizes (smaller than
particles) are eventually reduced to zero at around the same time, ¢t ~ 49 here. have
not reached them. After this time, there are no further changes to the distribution,
since particles now flow unobstructed through the larger pores.
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Figure 4.16: Graphs showing how the pore-size distribution (left) and local pressure
(right), n and p, vary with the pore size, r, and depth, z, respectively, at various
times t. The parameters are Ag = 200, I' =1, A =1, 0, = 0.2, ¢;, = 0.9. The
arrows show the direction of increasing time. (a) The local pressure, p, as a function
of depth, z, at various times. The values of ¢ are 0 (blue), 10 (orange), 20 (green), 30
(red), 40 (purple), 50 (brown), 60 (pink), 70 (grey), 80 (olive), 90 (cyan), 100 (blue).
The value of the inverse large-pore permeability, K,[;l> A is plotted in a black dotted
line. (b) The pore-size distribution, n, as a function of the pore size, r, at various
times, t. The initial condition is shown in a dashed line. The mean particle-size, A,
is plotted in a solid black line. The values of ¢ are 0 (blue), 41 (orange), 42 (green),
43 (red), 44 (purple), 45 (brown), 46 (pink), 47 (grey), 48 (olive), 49 (cyan).

4.3.1.2 The case Ag > 1 (with I' = O(1)): An earlier time characteristic
solution and a later time asymptotic solution

We use a similar asymptotic method to the case where pore sizes were mono-dispersed,
and so seek an explicit solution at leading order in Ag' < 1. Using the numerical
solution as a guide, we expect the particle concentration to behave like a travelling
wave.

Earlier times: A characteristic solution

We begin by considering the solution at early times. We scale the time and depth
variables, defining f = At and 2 = Agz. In these new coordinates, (4.70) and (4.71)

become
oc o0 (C C
AR o R 4.79
oF 0z (¢) " 47
on 1 IC ,
o Y H(A - 4.
5 s o r*nH( ), (4.80)
and the boundary and initial conditions, (4.66) and (4.67), become
C(0,1) = ¢(0,1), (4.81)
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and
C(2,0) =0, n(z,0,7) = N (r), (4.82)

where

2\ 2
ninit(r) = %6_ 207 . (483)
n

At leading order in Ag' < 1, (4.79) and (4.80) become

o0 o [C0 )
9c™ 0 (CUN _ O )
i (v ) = oy 5
©
oy (4.85)
oi

Using (4.85), we immediately see that the leading-order pore density is given by
n® = nyy for all time. Since n(® is constant, we solve the leading-order particle
concentration equation, (4.84), by the method of characteristics similarly to before,
and find, in the original coordinates, that

0 2 <t/
(0) — mit?
¢ (Z’ t) {¢Tnit6AEZ(1+erf(f(A))) z > t/(biknita (486>

where we recall, from (4.77), that

302 —2log(A)
B 2\/§Un .

Similarly to the mono-dispersed case, at early times, particles travel as a steep wave
over a thin layer near the inlet, and display behaviour similar to the early-time nu-
merical solution that we showed in Figure 4.13(a). Behind the wave, the particle
concentration exponentially decreases with depth, and in front of the wave, there are
no particles, since they have not reached these depths at times this early. This time,
the gradient of the concentration profile depends on the particle size, A, as well as
the blocking parameter Ag, since A determines the proportion of pores that block
particles, and thus the rate at which particles are captured.

f(A) (4.87)

Later times: An asymptotic solution

At later times, we seek a solution that matches the behaviour of the later-time nu-
merical solution shown in Figure 4.13(b). We seck a travelling wave solution and
so re-write the problem in a frame that is moving with the wave. In front of the
wave, we assume that C' = 0 and that ¢ = ¢} ,,. Behind the wave, we assume that
C = pp>a = ¢
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Using this intuition, we change to coordinates that are fixed in the frame of the
wave, and so define ( = Agz — Vt, 7 = t. Equations (4.70) and (4.71) become

oC oC o (C\  AgC
E — Va—c + ABa_C (g) = — ¢2 @, (488)
on V@_n = E7’2nH(A —r). (4.89)

or ¢ ¢
We seek steady (in this frame) asymptotic solutions in the small parameter, Az' < 1,
of the form

X(C,7) = XO@C, ) + ALBXﬂ)(g, N+ 0 (%2) . (4.90)
B

At leading order, we see that (4.88) and (4.89) imply that

(0) (0) (0)
(9L C_ —C—go(o), (4.91)
¢ \ ¢ (¢(0)?
on®  1CO
V = PO H(A - r), 4.92
which satisfy the conditions

c - P> Al n® =0 (for (r>A) as (— —oo, (4.93)

cO 0, n® = niw as ( — oo, (4.94)

Note that (4.93) implies that (@ — 0 as ( — —oc so that ¢(© — @p~ 4.

To solve the leading-order system, (4.91) and (4.92) with (4.93) and (4.94), we
begin by integrating (4.92) with respect to r from 0 to A. We find, dropping leading-
order notation, that

ONy, rc
v [r<A4] '

S (4.95)

where we define

A
N[T<A](Z,t):/ n(z,t,r)dr (4.96)
0

to be the small-pore concentration, which is the concentration of pores that are smaller
than the particles. Combining (4.95) with (4.91) we find that

ONpeny Q(g)
Vet =T ) (4.97)

Integrating (4.97) with respect to some temporary variable CN from ¢ to oo, and using
the boundary condition as ( — oo, (4.94), we find that

re
qs Y

V(N[T<A]init - N[T<A]) = (498)
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where
A
Niy< Ajinit :/ Ninit (1) dr (4.99)
0

is the known initial concentration of pores that are smaller than the particles. Apply-
ing the boundary condition as ¢ — —o0, (4.93), to (4.99), and noting that ¢ — @~ 4
as ( — —oo, we find that we must choose

r
V=——-—. 4.100
N[T<A]init ( )
Thus, the speed of the wave is given by I'/Ag N < ajinis. Substituting (4.100) into
(4.98) and returning to leading-order notation, we find that the leading-order particle
concentration is given by

Ny,
cO = ¢ (1 — ﬁ) . (4.101)
N[T<A]init

Furthermore, substituting this solution into the equation for the leading-order pore-
size distribution, (4.92), we conclude that

an(o) 7"277/
ac = (Nir<AJinit — N[r<A])?H(A —r), (4.102)
with
n% — e as ¢ — oo, (4.103)

Although (4.102) with (4.103) is not straightforward enough to solve explicitly, we
note that it is a reaction equation that is no longer coupled to the hyperbolic advection—
reaction equation, and is therefore considerably more simple to solve numerically than
the original problem. Thus, (4.102) subject to (4.103), together with (4.101), provide
a leading-order solution in the case Az' < 1. We plot this solution in Figure 4.13
and observe good agreement with the numerical solution.

4.3.2 Blocking and deposition

In this subsection, we assume that ¢p # 0 and solve the size-structured model (3.46)—
(3.59) subject to the boundary and initial conditions for mono dispersed particles and
log-normally poly-dispersed pores, (4.66) and (4.67), in the case where blocking and
deposition both occur. We find an explicit solution at leading order in I' < 1, and a
numerical solution for I' = O(1).

4.3.2.1 The case I' < 1 (with Ag > 1 and Ap > 1): A characteristic
solution

We first suppose that the concentration of particles to be removed from the mono-
dispersed feed fluid is very small compared to the concentration of log-normally dis-
persed pores in the filter, and so consider the system (3.46)—(3.59) subject to the
boundary and initial conditions (4.66) and (4.67) in the case I' < 1.
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We seek a solution of the form of an asymptotic expansion in the small parameter,
I', given by

X =X94+1x® L 0OT?), (4.104)

where X is any of the solution variables, C, N, U, p, ¢, K. At leading order, we find
that (3.46)—(3.59) become

oCc©® o (CO F(A
= + O o (_¢(0)) - _y© ¢((0))C(°) (4.105)
on(®)
5 =0, (4.106)

where we define

B Ag fOA r?d,(r)dr + Apsp f:o r2d,,(r) dr

F(A - , 4.107
(4) fo r2d,(r)dr ( )
and either
(0) 0) b1
) =1 =[] —— 4 41
00 =1 20 = [ e i (1.108)
or
1 1
1 . "oy ¢
UO(t) = T pO(z,t) = %7 (4.109)
fo KO (z,t) dz fO KO(¢t) d¢
for

¢(0)(2,t):/ 200 (2, t,r) dr, K(O)(z,t):/ 0 (2, t,r) dr. (4.110)
0 0

The boundary and initial conditions, (4.66) and (4.67), become
Cc(0,t) = ¢(0,1), (4.111)
and
C’(O)(z, 0) =0, n(o)(z, 0,7) = Ninie (1), (4.112a,b)

for ninit () defined in (4.68).
We see from (4.106) that n(® keeps its initial value, ni, and it follows that ¢,
and U, p(o), and K© keep their initial values, @7 .., and Ui, pinit and K, say, too.

init»
The latter three solutions are given by substituting the constant solution n©® = n;
into either (4.108) or (4.109), and (4.110). Thus, it remains to solve

oC© N Upnit 0C'©) _ Usnit

ot | ér. 02 o

init init

F(A)CY, (4.113)
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subject to (4.111) and (4.112a).
We proceed via the method of characteristics similarly to in Section 4.2.2, and
find the explicit solution

CO(z, 1) = {WH“/U“’:)QF(A)Z 2 < HUnia/ ).

(4.114)
2 > t(Uinit/ Dlnie )

for 0 < z < 1. We calculate that

F(A) = % (AB <1 - erf(f(A))) + Apso <1 + erf(f<A>)>) (4.115)

where erf is the error function, and

302 — 2log(A)
A)=—=— , 4.116
) = 2 (4.116)
from (4.77). We plot F'(A) in Figure 4.17, for various o,,. We see that if A > 1 then,
since erf(f(A)) ~ —1, F(A) ~ Ag. Meanwhile, if A < 1 then, since erf(f(A)) ~ 1,
F(A) ~ Ap. As 0, decreases, the transition region of A between these two limiting
cases becomes thinner.
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Figure 4.17: Graph showing how the function F' varies with the particle size, A, at
various o,. The parameters are Ag = 200, Ap = 100, I' = 1, Ui = 1, and ¢F, = 1.
The values of o, are 0.01 (blue), 0.05 (orange), 0.1 (green), 0.2 (red). The limiting
cases A > 1, F(A) = Ap (dash-dotted), and A <« 1, F(A) = Ap (dashed), are
plotted in black.

Particle concentration and capture-layer length

We plot the explicit leading-order asymptotic solution, C*)(z, t), given by (4.114), in
Figure 4.18(a). We see that the particle concentration decreases exponentially over a
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layer near the inlet of the filter. We see that the gradient of the concentration profile
increases as the particle size increases, so that the length of the layer over which
particles are captured decreases. This is because Ap < Ag in this example. Indeed,
if particles are very large, and thus larger than all pores, then the solution (4.114)
matches the solution for mono-dispersed particle- and pore-sizes, since F'(A) = Ag for
A > 1. In this case, particle capture occurs only via blocking very close to the filter
inlet. As the particle size decreases, particle capture occurs via both blocking and
deposition in a layer that is fatter than the blocking layer (since Ap < Ag). As the
particle size decreases more, eventually all pores are larger than the particles. Now
particle capture occurs only via deposition, which occurs over a still-fatter layer, the
thickness of which is dictated by the value of Ap.

0.04 -

Increasing Cog
Increasing A

Figure 4.18: Graphs showing how the leading-order particle concentration, C(?), varies
with depth, z, and how the capture-layer length, [, varies with the particle size, A.
The parameters are Ag = 200, Ap = 100, I' = 1, Uiy = 1, ¢}, = 1, and ¢p = 1.
(a) The concentration, C®), as a function of depth, z, at time ¢ = 0.1 for various A.
The values of A are 0 (blue), 1 (orange), 2 (green). The limiting cases when A > 1,
F(A) = Ap (dash-dotted) and when A < 1, F(A) = Ap (dashed), are plotted in
black. The efficient concentration Ceg = 0.1 is shown a horizontal dotted purple line,
with the capture-layer lengths in the cases F'(A) = Ap (dash-dotted) and F(A) = Ap
(dashed) extrapolated in vertical purple lines. (b) The capture-layer length, [, as a
function of the particle size, A, for various efficient concentrations, Ceg. The values
of Ceg are 0.010 (blue), 0.025 (orange), 0.050 (green), 0.075 (red), 0.100 (purple).
The cases F(A) = Ap (dash-dotted) and F(A) = Ap (dashed) are extrapolated in

horizontal purple lines.

We calculate the length of the capture layer, l.¢, by imposing a required concen-
tration at the inlet, Ceg say, to which the inlet concentration must be reduced by the
time particles exit the filter for the filtration regime to be considered effective. Using
(4.114), we see that this length is given by

1 (bfk i /Uinit
log = log (—nt . 4117
’ g (P ) (4.117)




We plot the capture-layer length, l.g, as a function of the particle size, A, for various
efficient concentrations, Ceg, in Figure 4.18(b), and demonstrate how we read off a
value for the capture-layer length given a required efficient concentration, 0.1 for ex-
ample. We see that, for any choice of efficient concentration, the capture-layer length
decreases from some lower limiting-value to an upper limiting-value over a transition
region of A. For small enough particles, capture occurs via deposition only, over a
layer of length l.g = A" log((¢%,/Umit)/Ces). For large enough particles, capture
occurs via blocking only, over a layer of length Ag' = log((#%;;/Uinit)/Cet), Which is
smaller than the deposition layer since Ag > Ap. For other particle sizes, capture oc-
curs via blocking and deposition and the capture-layer length lies between these two
extremes, so that Ag' log((¢%/Uinit)/Cetr) < ler < A" 10g((¢7 5/ Uinit)/Cer). The ex-
act value of l.g depends on the relative densities of pores that are smaller and larger
than the particles.

4.3.2.2 The case ' =0O(1), Ag > 1, and Ap > 1: A numerical solution

We now suppose that the concentration of particles to be removed from the mono-
dispersed feed fluid is comparable to the concentration of log-normally dispersed pores
in the filter, and so I' = O(1). Thus, we solve the system (3.46)—(3.59) subject to the
boundary and initial conditions (4.66) and (4.67) in the case Ag > 1, Ap > 1, and
r'=0(1).

The equation for the particle concentration, (4.70), is a partial integro—differential
advection—reaction equation, as it was for the case ¢p = 0. However, since ¢p #
0, (4.71) becomes an integro—differential reaction equation. The integral appears
because now particles can deposit in larger pores and transform them to smaller pores.
These equations, with (4.72) and either (3.48) or (3.49) subject to the boundary and
initial conditions, (4.66) and (4.67), are of a similar form to that in the case where
there was no deposition, despite the extra integral. We discretise the extra integral
using the trapezium rule, and solve via a similar numerical scheme as before. Again,
we present the solution for the constant flow rate regime, and so choose (3.48), rather
than (3.49), to specify the velocity and the pressure.

Particle concentration and local porosity

In Figure 4.19, we demonstrate how the particle concentration, C, and the local
porosity, ¢, vary with depth, z, at various times, . The first thing we notice is that
there are two regions of time, 10 < ¢ < 90 and 90 < ¢t < 300, within which we
observe distinct dynamics. In Figure 4.19(a) we see that, in the earlier time region,
10 <t < 90, particles traverse the filter as a wave. As they do so, the amplitude of the
wave decreases. In the second time region, 90 < t < 300, the particle concentration
(at any depth) decreases in time with a spatial gradient that is almost uniform.
Correspondingly, in Figure 4.19(b) we see that, in the first time region, the porosity
decreases in a wave across the filter, and decreases linearly with time in the second
time-region, maintaining a constant depth-wise gradient.

Firstly, consider the waves in the first time-region. Similarly to the case of no
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deposition, in front of the wave we see that there are no particles and the porosity
retains its initial value. Behind the wave, smaller pores have all been blocked by
the particles, as before. This time, however, since ¢p # 0, some larger pores have
decreased in size due to deposition. As a result, the porosity drops slightly below
the small-pore porosity, ¢}~ 4, which we observed in the no-deposition case. Cor-
respondingly, the concentration of particles drops below the value observed in the
no-deposition scenario, as some particles are also captured in larger pores due to de-
position. The length of the capture-layer, within which the concentration decreases
as the waves progresses, is still O(Ag').

Secondly, consider the linear decrease in the second time region. At a critical
time similar to that in the blocking regime, ¢ ~ 90 here, the particle wave reaches the
outlet, which means that all original smaller pores have been blocked. After this, pore
clogging occurs mostly due to deposition, although blocking still occurs in the smaller
pores that have been transformed from larger pores by deposition. Although Ap > 1,
so that particles are much smaller than the filter, p < 1, so that the probability that
particles are captured via deposition is small. It follows that the length over which
deposition occurs is O((Apsp) ™) (O(10) here), which is much longer than the length
of the layer over which blocking occurs, O(Az') (O(1072) here). Hence, we observe
a slow decrease in the particle concentration over the entire length of the filter, as
particles deposit in the larger pores that were not blocked in the first time region.
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Figure 4.19: Graphs showing how the particle concentration (solid lines) and local
porosity (dashed lines), C' and ¢, vary with the depth, z, at various times, ¢. The
parameters are Ag = 200, Ap =100, I'=1, A=1, 0, =0.2, ¢{,, = 0.9, ¢p = 0.001.
The times, t, at which the wave travels through the filter are shown in blue. The
values of ¢ shown in blue are 10, 20, ...,70,80. The blue arrow shows the direction of
increasing ¢ for these values. The times after the wave has travelled through the filter
are shown in orange. The values of £ shown in orange are 90, 100, 150, 200, 250, 300.
The orange arrow shows the direction of increasing ¢ for these values. (a) The particle
concentration, C. (b) The local porosity, ¢.
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Local permeability and local pressure

In Figure 4.20(a) we plot the local permeability, K, and the local pressure, p, as
functions of depth, z, at various times. In Figure 4.20(a) we see that the behaviour
of the local permeability is similar to that of the local porosity. At earlier times,
it decreases in a wave that traverses the filter. Unlike in the no-deposition case, the
permeability decreases below k.~ 4], since particles continue to deposit in larger pores
after all smaller pores have been blocked. In Figure 4.20(b), we demonstrate how the
local pressure, p, varies with depth, z, at various times. As in the no-deposition case
from before, initially, we see that the local pressure drop is uniform. In the first time
region, the decrease to the local permeability at each depth causes an increase to
the local pressure at a rate that is determined by the rate at which the permeability
is decreased by blocking. At times near the end of the first time region, ¢ ~ 90,
we see that the pressure at the inlet begins to exceed the value we observed in the
no-deposition case, 1/kp~.4). The local permeability has decreased below x4 at
depths behind the wave due to the deposition of particles in larger pores. After the
critical time, the pressure drop at the inlet required to maintain the constant flow
rate continues to increase, at a rate that is determined by the rate of decrease of the
permeability due to deposition. When deposition is possible, the filter pressure drop
continues to increase until all pores are removed, regardless of the choice of the initial
pore-size distribution.
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Figure 4.20: Graphs showing how the local permeability, K, and local pressure, p,
vary with the depth, z, at various times, t. The parameters are Ag = 200, Ap = 100,
'=1A=1, 0, =02, ¢;, = 09, p = 0.001. The times, ¢, at which the
wave travels through the filter are shown in blue. The values of ¢ shown in blue are
10, 20, ...,70,80. The blue arrow shows the direction of increasing t for these values.
The times after the wave has travelled through the filter are shown in orange. The
values of ¢ shown in orange are 90, 100, 150, 200, 250, 300. The orange arrow shows
the direction of increasing ¢ for these values. (a) The local permeability, K. (b) The

local pressure, p.
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Global porosity and global permeability

In Figure 4.21 we demonstrate how the global porosity, ¢, and global permeability,
K, vary with time, t. These variables are also split into two time regions. In the
earlier one, they decrease linearly until the critical time, ¢t ~ 90. The gradient is sim-
ilar to that in the no-deposition case, since the majority of the clogging is caused by
blocking (since this occurs with unit probability), but is steeper, since deposition also
occurs behind the waves. As a result, the variables reach values below the previously
observed critical values, ¢~ ) and k.- 47, by the time that particles have reached the
outlet for the first time. After this time, ¢ ~ 90, unlike in the blocking regime, the
global porosity and permeability continue to decrease. This is still due to a combi-
nation of blocking and deposition, but the rate is slower, because most smaller pores
have already been blocked and the majority of clogging is deposition in larger pores.
The difference in the rates is determined by ¢p = 0.001, so that deposition only occurs
around 0.1% of the time that blocking does. Filtration processes are usually halted
when the ratio of the global permeability as a proportion of the initial global perme-
ability drops below some threshold. We use a value of around 0.35 here. As we have
discussed, this ratio dictates the inlet pressure required to maintain a constant flux,
which must not exceed some maximum value due to external operational constraints
such as energy usage or safety precautions. However, once the wave has traversed
the filter, the filtrate is more likely to contain too many particles, because fewer are
removed from the fluid due to blocking.
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Figure 4.21: Graphs showing how the global porosity, ¢, and global permeability, K,
vary with time, t. The parameters are Ag = 200, Ap =100, I'=1, A=1, 0, = 0.2,

it = 0.9, ¢p = 0.001. The values of the large-pore porosity, ¢}, 4], and large-pore
permeability, k.- 4], are plotted in black dotted lines. The times at which corners in
the solutions occur are extrapolated in orange dashed lines. (a) The global porosity,

¢. (b) The global permeability, K.
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Pore-size distribution

We plot the inlet pore distribution, n(0,¢,7), as a function of the pore size, r, for
various times, ¢, in Figure 4.22. Earlier times are displayed in Figure 4.22(a), while

later times are shown in Figure 4.22(b).
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Figure 4.22: Graphs showing how the pore-size distribution at the inlet, n(0,t,r),

varies with the pore size, r, for various times, t. The parameters are Ag = 200,
Ap =100, I'=1, A =1, 0, = 0.2, ¢;; = 0.9, ¢p = 0.001. The arrows show the
directions of increasing time. The particle size, A = 1, is highlighted with a solid

black line. (a) The solution at earlier times. The values of ¢ are 0.00 (blue), 0.25
(orange), 0.50 (green), 1.00 (red), 2.00 (purple), 50 (brown). (b) The solution at
later times. The values of ¢ are 50 (blue), 100 (orange), 150 (green), 200 (red), 250
(purple). The initial pore-size distribution is plotted in a dashed black line.

Firstly, we focus on the solution at earlier times. In Figure 4.22(a) we see that,
initially (blue line), the pore sizes are distributed log-normally, as prescribed. At non-
zero times, we see that the solution behaviour is split into the two regions, r < A and
r > A. In the first region, we see that the distribution of the smaller pores rapidly
drops towards zero, and has almost reached zero by ¢t = 2 (purple line). Particles
enter the filter at the inlet and immediately block pores that are smaller than the
particles. This happens whenever particles flow to smaller pores, and happens over a
short length, so smaller pores are lost rapidly. In the second region, we see that the
distribution evolves much more slowly. Particles enter large pores at the inlet and
deposit in them. But this only happens 0.1% of the time that blocking does, and
happens over a longer length scale (since Ap < Ag), so deposition does not make a
visible difference to the distribution of larger pores until later times.

Secondly, turning our attention to the solution at later times, in Figure 4.22(b)
we see that the solution is still split into the behaviour of pores that are larger and
smaller than the particles. At later times, all the small pores have been removed at
the inlet, due to the blocking that took placed at earlier times. We see that larger
pores are still being removed due to deposition. This happens much more slowly than
by blocking (noting that the difference in times here is 50 as opposed to O(1) in the
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early time plot). We see that deposition in the large pores leads to the production
of small pores. At times around 100 (orange line), the rate at which small pores are
produced due to deposition exceeds than the rate at which small pores are removed
due to blocking. Even though deposition happens with lower probability, it happens
more often, since particles are more likely to flow to large pores, and by late times,
there are more large pores than small pores to flow to. However, by times around
150 (green line), the number of large pores has decreased. The rate of removal of the
smallest pores outweighs their production again, and the distribution of small pores
returns to values near zero.

Thus, we have explored the blocking only, and combined blocking and deposition
cases. When there is no adherence between particles and pores, so that deposition
does not occur, particles are removed from the fluid in a wave that traverses the filter,
and particle capture terminates when this wave first reaches the outlet, since there
are no more small pores to block the particles. When deposition can occur, particles
are still removed in a wave over roughly the same time interval. However, filtration
continues after the wave reaches the outlet for the first time, because deposition
continues to remove larger pores and create smaller ones that are blocked. The
filtration process is less efficient in this second time interval, because the majority of
particle capture occurs due to deposition, which occurs less frequently than blocking.
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Chapter 5

Conclusions for the size-structured
model

In summary, in Part I, in Chapters 24 we have motivated, derived, and solved a
novel size-structured model for filtration. Our model will be useful for increasing
our understanding of the filtration process, and for filter optimisation, and there are
several extensions to be considered in future work.

5.1 Summary

5.1.1 Motivation for the model

In Chapter 2, we introduced size-structured modelling in the context of filtration. In
particular, in Section 2.1, we highlighted the importance of the sizes of particles and
pores in industrial filtration processes and explained that knowledge of the particle
size is often key to choosing the distribution of pore sizes in the filter. Tracking both
distributions is crucial for evaluation and optimisation of the process.

In Section 2.2, we explored existing mathematical models of filtration that account
for size. Broadly, we found that continuum models are computationally tractable but
do not fully account for particle- and pore-size distributions, or the interplay between
the two. On the other hand, discrete models that discuss size structure are often
computationally expensive, since the states of each particle and pore are usually
tracked individually.

In Section 2.3, we noted that there is a need for a computationally tractable model
of filtration that more completely accounts for size structure. We discussed ideas
used in age-structured models for population, and concluded that this is a candidate
framework.

5.1.2 Derivation of the model

In Chapter 3, we used ideas from age-structured population models to derive a size-
structured model for filtration, within which the sizes of particles and pores are treated
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as independent variables. In Section 3.1, we modelled the feed fluid and filter as
continua of particles and pores, and defined distributions of these. Other quantities
of interest, such as the particle and pore concentrations, and the local porosity and
permeability of the filter, were derived as variables that depend on these distributions.
We included two mechanisms by which particles are captured in pores: blocking
(when particles are too large to traverse pores) and deposition (when particles are
small enough to traverse pores but stick to pore walls as they do so), and built our
model around conservation equations for fluid, particles, and pores. The result of this
section is a system of continuous partial integro—differential equations that consist of:

e An advection-reaction equation for the particle distribution that describes the
movement of particles through pores due to a constant flow rate or a constant
pressure drop, and the reduction of the distribution of particles in the fluid due
to blocking and deposition in pores;

e A reaction equation for the pore distribution that describes the decrease of the
pore distribution due to the capture of particles by either blocking or deposition,
and the increase of the distribution of smaller pores due to deposition of particles
in larger pores;

e A fluid-mass conservation equation and Darcy’s equation, which together govern
the flow rate and local pressure in the fluid.

In Section 3.2, we nondimensionalised the model and found that there are four
dimensionless parameter groups of interest: Ap (the ratio of the filter length to the
blocked-particle length); Ap (the ratio of the filter length to the deposited-particle
length); ¢p (the probability that deposition of particles in smaller pores occurs); and
[' (the ratio of the concentrations of particle and pores). Furthermore, parameters
such as the mean particle size, A, and the pore size variance parameter, o,,, dictate
the particle- and pore-size distributions of the specific operational regime.

5.1.3 Solution of the model

In Chapter 4, we found explicit, asymptotic, and numerical solutions for the dimen-
sionless model in various regimes. In Section 4.2, we focused on the case where the
feed and filter are both mono-dispersed. We considered the scenario where the pores
are smaller than the particles, so that only blocking occurs. We discussed the case in
which there is an excess of pores in the filter compared to the number of particles in
the feed, I' < 1, and the case where the filter is very long compared to the size of a
particle, Ag > 1. In both cases, we found explicit leading-order asymptotic solutions
that agree well with numerical solutions in the appropriate limits. Broadly, we found
that, when particles are larger than pores, particles are captured in a layer very close
to the inlet. The thickness of the capture layer is O(Ag'). One consequence is that,
when all particles are larger than the pores, only a small proportion of the filter mem-
brane is used to obtain a required particle removal and the vast majority of the filter
membrane is wasted. Increasing I', we found, understandably, that as the particle
concentration increases, the filter clogs more quickly.
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In Section 4.3, we turned our attention to the case where particles are all one size,
but the distribution of pore sizes is log-normal. Firstly, we once again considered the
case where only blocking occurs. We found that this situation gives rise to a wave
of particles that gradually traverses the entire filter. Upstream of the wave front,
particles have blocked all pores that are smaller than the particles, and the concen-
tration is dictated by the number of particles that occupy pores that are larger than
the particles. Downstream of the wave front, there are no particles, since they were
all removed further upstream. In the travelling capture layer, which is of thickness
O(Ag'), particles block any smaller pores that still remain, and so the particle con-
centration transitions from its upstream value to its downstream value. Pores that
are larger than the particles keep their original distribution, since they are unaffected
by particles that are smaller than them when deposition occurs with zero probability.
We found an explicit formula for the speed of the travelling wave that depends on
the characteristic ratio of the concentrations of particles in the feed and pores in the
filter, I', the characteristic length over which blocking occurs, Agl, and the initial
concentration of pores that are smaller than the particles, Ny« ajinit-

Secondly, we considered the case where blocking and deposition both occur. In
the limit where there are many more pores than particles, I' < 1, we found an explicit
leading-order asymptotic solution and used this to show that particles are captured
over a layer at the top of the filter, the thickness of which decreases as the particle
size increases, at least when the characteristic blocking length is shorter than the
characteristic deposition length, so that Ag' < (Apsp)~! (due to particles spreading
when they deposit, or a small sticking probability, ¢p < 1, for example). In the limit
I' < 1, we saw that most pores in the filter are not used to capture particles. We
then explored the case I' = O(1). We solved the system numerically and showed that,
as in the case of no deposition, a particle wave travels through the filter. This time,
however, the particles that are left in larger pores upstream of the wave continue to
deposit within them, which causes further reduction to the distribution of large pores
long after the wave front has passed. The decrease is most severe at the inlet, where
particles have had the most chance to deposit. Depending on the required retention
threshold, it could be argued that the useful lifetime of the filter is much longer when
deposition can occur as opposed to when it cannot (consistent with observations in
[123], for example). When it can occur, particle capture continues long after the wave
has reached the outlet for the first time, until all pores have been removed. However,
at later times, far fewer particles are captured per unit time, so that the fluid exiting
the filter is likely to contain many particles.

5.2 Further work

There are several natural extensions to our work, which we will discuss in this section.
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5.2.1 Poly-dispersed particles and poly-dispersed pores

In this thesis, we limited our analysis to the cases where either the feed and filter
are mono-dispersed, or the feed is mono-dispersed and the filter is poly-dispersed.
However, one of the advantages of this model is that it is a simple framework within
which to analyse the case where the feed and filter are both poly-dispersed, a case
that industrialists are interested in, to assess the size distribution in the filtrate, for
example. In Section 3.1 we wrote down the condition at the inlet in the case where
particles are log-normally distributed, and our future work would include solving the
model in this case.

5.2.2 Depth-dependent initial pore-size distributions

We focused our analysis on the case where the initial distribution of pore sizes is
independent of depth. It would be interesting to introduce depth dependence, via,
for example, a depth dependent mean pore size parameter, 7(z), a depth dependent
pore size variance parameter, o,(z), or a depth dependent initial porosity function,

i (2). In the case where particles are mono-dispersed and pores are poly-dispersed,
we found that, once the wave has passed, a gradient in the particle concentration
and porosity is established, because deposition, and subsequent blocking, occur more
often at the top of the filter than at the bottom. If we stipulated that, on average,
pores increased in size towards the top of the filter (as in [124] or [125], for example),
then deposition would have less effect on the porosity, per occurrence, at the top of
the filter than at the bottom. By tailoring the pore size gradient, it might therefore
be possible to establish a regime in which the porosity decreases uniformly across the
filter. This would be favourable as it would mean that the lifetime of the filter would
be extended, since it would take longer to reduce the porosity near the inlet (and
further down the filter) to zero. Whether this proposed lifetime extension is useful
depends on the adherence between particles and pores. If this is large enough (close
to one), then significant retention continues after the particle wave has traversed the
filter.

5.2.3 Deposition transformation and sticking probability

In our simulations, we chose simple forms for the deposition transformation distribu-
tion and for the sticking probability. We supposed that, after deposition, the reduction
in pore size was always exactly the particle size, and that the adherence between par-
ticles and pores is a constant that is independent of their sizes. Further work would
include solving the model using more realistic forms for these two functions, motivated
by physical intuition, experimental evidence, or detailed mathematical modelling of
the physics and chemistry on the microscale. Choosing a depth-dependent sticking
probability, for example, may provide an industrially relevant alternative to depth-
grading the initial pore-size distribution. That is, if the probability of sticking is
small (or even zero) near the inlet, but increases towards the outlet, then for a well-
chosen pore-size distribution, we would expect a greater number of pores to be used
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for particle retention than in the scenario where the sticking probability is depth
independent.

5.2.4 Additional particle and pore interactions

Our model provides a framework for filtration modelling, upon which many addi-
tional features could be added. We did not discuss particle-particle interactions, for
example, but it would be relatively simple to include additional terms to describe,
say, particle coagulation, by modelling this as the sticking together of small parti-
cles to form larger particles. Additionally, our current model does not account for
‘caking’, which is the build-up of particles on the surface of the filter to form a layer
through which the feed must permeate. Extending our model to account for this be-
haviour would make it more versatile, and would be another feasible addition, since
our framework captures the evolution of the pore distribution, so that the prediction
of the onset of caking (when the pores at the surface of the filter become small enough
for particle build-up on the surface to begin) would be relatively straightforward.

5.2.5 Optimisation and experimental data

Since repeated solution of our model is computationally feasible, it lends itself to
optimisation problems, but we did not focus on these in this thesis. It would be
relatively simple, for example, to construct an experiment where a performance met-
ric is returned for each value of a given parameter, which is incrementally changed.
The result would be the performance metric, such as the proportion of particles re-
tained, or the useful lifetime of the filter, say, as a function of the parameter, which
would be useful for improvement of the filtration regime. Lastly, in future work, it
would also be interesting to compare our results to experimental data. This would al-
low use to verify our solution, and to find exact physically relevant parameter regimes.

In Part I we have developed a mathematical framework for filtration in which
the filter and feed are continua of pores and particles, with their sizes accounted for.
In future, the model will be useful to increase our understanding of filtration pro-
cesses and to enhance filter performance. In Part II, we will turn our attention to an
alternative framework for filtration, in which the filter membrane is considered as a
network of pores.
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Part 11

A network model for filtration
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Chapter 6

Introduction to the network model

6.1 Networks in filtration

In Chapter 1, we introduced expanded polytetrafluoroethylene (ePTFE) as a filtration
membrane material of interest, and explained that the microscale consists of a mesh
or fibres. This gives rise to a complex network of pore space between them, through
which particle-laden fluid is transported. Intuitively, the exact geometry of the pore
space has a significant influence on the effective properties of the filter. For example,
if the space between fibres is larger, then more fluid is advected through it per unit
time, causing a larger effective permeability. If the space is smaller, then particles
are close to fibres more often, so we might expect larger effective adhesivity (i.e., the
overall ‘stickiness’ of the filter that quantifies its ability to capture particles).

Due to this link between microscale geometry and macroscale behaviour, much
attention has been paid to the accurate determination of microscale structure (see
[75] for a useful review, and |64, 126-130] for some general examples). One significant
experimental complication is the evolution of the microscale structure that occurs
during filtration. Mechanical, chemical, and electrostatic interactions between par-
ticles and fibres (that act as pore walls) cause adherence between them. This leads
to deposition of particles on pore walls, and thus changes to the size and shape of
pores as filtration occurs. These structural changes are difficult to capture empiri-
cally because observations of the process are usually invasive and may even involve
destruction of the filter membrane itself.

One alternative approach is to mathematically model these changes to the mi-
croscale by representing it as a directed and weighted network of nodes and edges
and then posing governing equations on this geometry (see [131-133], for example).
In this context, node and edge weights usually represent pore size, and deposition
is modelled as a decrease in the concentration of particles in the fluid that is ac-
companied by changes to these weights, and thus the connectivity of the network.
Unsurprisingly, to a large extent, the success of this strategy depends on the degree
to with which the initial network represents the initial microscale of the membrane
[75].

The network representation process, by which a network is obtained, is therefore
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critical. It usually consists of two steps, which are illustrated in Figure 6.1. First,
methods that are broadly referred to as experimental characterisation are used to pro-
duce high resolution images of the microscale. Second, so-called network construction
algorithms are used to transform these images into a network of nodes and edges that
together represent pore space.
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Figure 6.1: An illustration of network representation, which is the systematic extrac-
tion of a network from the microscale of filtration membranes such as ePTFE. Step
1 is experimental characterisation, in which high resolution images of the microscale
are obtained. Step 2 is network extraction, in which the microscale is algorithmically
segregated into solid space and pore space, before the pore space is further separated
into nodes and edges that form a network.

The choice of characterisation strategy depends heavily on the filtration material.
Some common methods include: X-ray computed microtomography (micro-CT) [134,
135]; Focused ion beams (FIB) and Scanning electron microscopy (SEM) [64, 136—
139]; Nuclear magnetic resonance (NMR) [140, 141]; and Mercury intrusion porosime-
try (MIP) [142-144]. Characterisation using gas adsorption techniques [145] can also
be useful, since the adsorption behaviour of porous materials is a function primarily of
their microstructure [75|. In most characterisation methods, a trade-off is established
between representation and resolution. The portion of the microscale selected must be
large enough to permit good representation of the filter as a whole, whilst still being
small enough to permit a resolution that is sufficient for algorithmic post-processing.

The choice of network construction algorithm depends to a large extent on the
characterisation method employed, and on the type of image that this produces. Some
examples are: Direct mapping [146]; Medial axis algorithms [147-150]; and Grain-
based models [151-155]. One alternative approach is to use statistical reconstruction
methods, which obtain larger networks that have the same statistical properties as
characterisations of smaller portions of the membrane [156-159]. For example, images
of small membrane samples are analysed for the average coordination number (the
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number of other nodes that are connected by edges to each node on average) and
pore-size distribution, and then a larger network with identical statistical properties
is constructed, sometimes with more regular or periodic structure |75].

Over the past few decades, network representation has received considerable atten-
tion, and both experimental characterisation and network construction have become
substantial subject areas in their own right. They are, however, far too broad and di-
verse for complete examination here. It suffices to note that, in general, the output of
the these two processes in series is a network of nodes and edges, the connectivity and
size distribution of which are known, and preserve or at least statistically represent
the topology of the microscale pore space of the filtration medium.

6.2 Existing network models for filtration

Equation systems defined on network geometries are often referred to as pore network
models (PNMs). These describe the transport and deposition of particles that occurs
in nodes or edges, or both. The first PNM was constructed by Fatt in 1956 [160]. It
exploits the analogy between the microscale of porous media and electrical resistor
networks. Fluid flow plays a similar role as electrical current, and the fluid conduc-
tance of edges is analogous to the inverse resistance of resistors, so that conservative
laws for fluid mass can be written as Kirchoff’s law [161, 162]. Much of the notation
in PNMs is borrowed from percolation theory, as are several of the central ideas. For
example, in [163], Grimmett studies the effect of the coordination number of some
simple networks with regular structure on the effective properties of one-phase fluid
flow. PNMs have rapidly grown in sophistication [75], and have since been extended
to study the properties of irregular networks and two- and three-phase flow through
them, as well as a variety of different physical processes [164-168|.

In many studies, the notion that the connectivity and size distribution of edges
(usually modelled as cylinders with specified initial radius) and nodes (often modelled
as spheres of given initial size) affect transport coefficients is central [151, 169, 170].
It has been shown that microscale structure impacts important industrial indicators
of filter performance. In [107], for example, Griffiths et al. find that increasing the
complexity of random edge connectivity increases the tortuosity of the filter, which
substantially improves its particle removal efficiency. Meanwhile, in [124], Sanaei
et al. find that even incorporating simple symmetric branching structure allows for
the study of the effect of pore size gradients on clogging patterns and thus filter
performance.

Generally, PNMs that model the fluid suspension as a continuum and the filter
medium as a network are useful for models of the mesoscale of membranes. Systems
with tens or hundreds of nodes and edges can be used to represent sections of porous
media that are too large for simulations that track each particle to be computationally
feasible. On the other hand, PNMs can be more accurate than PDE systems that
usually involve Darcy flow coupled with advection-reaction equations, since these
typically ignore microscale geometry that is still important at this scale.
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6.3 A novel network model for filtration

Broadly, our ultimate aim in Part II is to present a relatively simple PNM, with the
goal of incorporating this into a multiscale framework in Part III. As such, in Part
I1, the objective is not to provide detailed analysis of a complex network model that
fully accounts for the intricacies of the phenomena that occur on the microscale of
the membrane as filtration occurs. Instead, we will derive a relatively straightforward
network model and illustrate intuitive solutions in one particular operating regime.

To this end, in Chapter 7, we will derive a novel network model for filtration. In
Section 7.1, we will begin by supposing that a particle-laden fluid continuum is driven
through a network of edges, which model pores, and nodes, which model junctions
between them. We will then consider the conservation of fluid mass, particle mass, and
pore volume, to derive a governing system. We will suppose that edges are cylinders,
and will account for deposition by supposing that particles adhere to the inner walls of
these cylinders with some adherence probability, which causes changes to their cross-
sectional area and thus their conductance. We will suppose that the initial structure
of the network results from the representation methods outlined in Section 6.1, and
thus that it is statistically representative of a filtration membrane. Consequently, the
pore size distribution, and thus edge conductances and node volumes, as well as the
connectivity of the network, are all known initially. The result is a dimensional system
of ordinary algebraic—differential equations on a directed and weighted network whose
weights and connectivity change with time. To demonstrate solution of this system,
we will establish suitable initial and boundary conditions for closure that represent
a toy operating regime that is simple enough for intuitive interpretation. In Section
7.2, we will nondimensionalise this system, introduce dimensionless parameter groups,
and prepare it for solution and analysis.

In Chapter 8, we will briefly discuss solutions of this network model. In Section
8.1, we will begin by discussing our numerical strategy. Emphasis is placed on the
computational cost of solution, which, as we have discussed, allows for simulation of
tens or hundreds of nodes and edges. With this in mind, in Section 8.2, we describe
the numerical solutions of the system on a relatively small network. We consider a
four-regular network containing nodes and edges of equal volume and conductance,
which corresponds to a membrane with mono-dispersed pore sizes and an average co-
ordination number of four. We will show examples of how macroscale properties, such
as average particle concentration, effective conductivity, average flow rate, and filter
pressure drop, can be derived from the microscale variables that solve the network
model. We will then explore their changes as functions of the system parameters,
which correspond to the adherence probability in the pores and to the average size
of particles in the suspension. Consequently, we will find that these parameters af-
fect properties of industrial interest, such as the efficiency (the proportion of particles
that are retained in the filter) and total throughput (the total quantity of fluid that is
processed before termination of the filtration regime). Solution of the model on ran-
dom networks with log-normally distributed pore sizes and thus edge conductances
is saved for Part III, Section 12.2.
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Chapter 7

Derivation of the network model

In this chapter, we develop a model for filtration in which the filter is treated as a
network of edges, which model pores, and nodes, which model the junctions between
them. We begin by deriving a dimensional system of algebraic-differential equations
for the concentration of particles, the conductance of pores, and the pressure. We
pose industrially relevant boundary and initial conditions, and then scale the problem
to arrive at a dimensionless system to be analysed and solved.

7.1 Dimensional model

We consider a filter membrane that is composed of a network that is embedded in
D-dimensional space, where D € {1,2,3}, as illustrated in Figure 7.1. The filter is
located between & = 0 and = = I, so that the m'™ component of I, I™, is the length
of the network in the m direction. The network consists of a series of pores, which
we model as edges, that are connected to one another at junctions, which we model
as nodes.

A particle-laden fluid is driven through the filter in the x! direction. The fluid
enters the filter at the inlet, which is located at x! = 0, and passes through the
pores via the junctions until it reaches the outlet, which is located at 2! = ['. As
the fluid traverses the filter, particles in the fluid deposit on the inner walls of the
pores due to a mutual adherence between the particles and pores. This deposition
decreases the cross-sectional area of the pores (see Figure 7.1), which decreases their
fluid conductance. Eventually, pores are removed completely, which causes a change
in the connectivity of the network within the filter. In the next subsection, we define
objects to track the pores in the filter and the particles in the feed fluid.

7.1.1 Particles and pores

We track pores by defining G;;(T") to be the conductance of pore ij at time 7', so that
[Gy;] = mPs™'Pa™" (recall from Chapter 3 that we use [z] to mean ‘the dimensions
of z’). Defining P;(T') to be the pressure in junction i at time 7', so that [P;] = Pa,
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Figure 7.1: A diagram showing a two-dimensional filter that is composed of a network
of pores, which are visualised as edges, and junctions, which are visualised as nodes.
Particles in the flow enter through edges crossing the left boundary and exit through
those crossing the right boundary after traversing the network. Particles deposit in
pores, and their volume is spread uniformly across the pore walls, which decreases
the cross-sectional area of the pores.

we write
Qij =Gij (P, —P)). (7.1)

Here, Q;;(T') is the volumetric flux through pore ij at time 7', which is the volume of
fluid that is transported from junction ¢ to junction j along pore ¢5 per unit time, so
that [Q;;] = mPs™.

To track particles, we first define V;(T') to be the volume of junction i, so that
[Vi] = mP. Next, we define C;(T) to be the concentration of particles in junction
i, which is the number of particles per unit volume of void space (i.e., node volume
plus edge volume) in junction i at time T, so that [C;] = m™P. For simplicity,
we consider the case where the filter and void particle concentrations (discussed in
Part I), are equal: the total node volume, Vy, represents junctions that make up
the bulk of pore space; the total edge volume, Vg, represents small conductive pore
space regions between junctions; and the total fibre volume, Vg, represents tiny fibres
that make up the solid space external to the network. We choose Vg, Vg < Vi, and
note that, since the porosity (i.e., the ratio of pore space to filter space) is given by
o= (Vx+Ve)/(Vx+ Vi + V), it follows that ¢ =~ 1 (the porosity of ePTFE can
exceed 95% [49]). Since void and filter particle concentrations differ only by a factor
of ¢ (see (3.4), for example), it follows that they are approximately equivalent in this
simple setting. We note that it follows that V;(7)C;(T) is the number of particles in
node ¢ at time 7', a property that we will use to derive an equation to describe the
evolution of the particle concentration in the following sections.
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7.1.2 Conservation of fluid

We assume that fluid is conserved in each junction. That is, the mass of fluid that
enters junction ¢ from pores that are connected to it is equal to the mass that exits
junction ¢ to other connected pores. It follows that

N
j=1

where we define Ny to be the number of junctions in the filter. Note that @);; = 0 if
there is no pore connecting junctions ¢ and j.

7.1.3 Conservation of particles

We assume that particles are conserved at each junction. We suppose that, as particles
move into junction ¢ from junction j (provided that there is a pore ji between these
two junctions), some proportion, 0 < A;;(7") < 1 say, of the particles are deposited in
pore ji. Since the total number of particles is conserved, the number of particles that
arrive in junction ¢ from pore ji in the infinitesimal time-step T 4 0T is equal to the
number of particles that leave junction j to the pore j¢ in this time step minus the
number of particles that deposit inside the pore during the time step. Accounting for
the possibility that each junction ¢ is connected to more than one pore j7, and taking
the limit ot — 0, it follows that

Ny

=> ((1 — A;:)Q;iCiH (P — Py) — Qi CiH (P, — Pj)>' (7.3)

J=1

o(V;(;)
oT

We call Aj;(T") (which is equal to A;;(T")) the adherence of pore ji at time 7', with
[A;;] = 1. This is the fraction of particles in junction j that deposit in pore ji when
they are transported to junction ¢, and therefore represents the ‘stickiness’ between
pore ji and the particles. If A;; = 0, for example, then no particles stick inside pore
Jjt, and all particles that leave junction j arrive in junction ¢, while if A;; = 1 then all
of these particles get stuck in pore ji before they arrive in junction 4, and contribute
to the decrease of the cross-sectional area of the pore. Meanwhile, H denotes the
Heaviside function,

1 P—-PFP; >0,

(7.4)
0 P —PF <.

H(B—B)Z{

In (7.3), we consider particle conservation at junction i. H ensures that only deposi-
tion in pores ji upstream of junction ¢ (i.e., those that connect it to junctions j for
which P; > P;) is accounted for in this conservation law, to avoid double counting
deposition. Specification of H(0) is not necessary, provided that the imposed filter
pressure difference is unidirectional for all time. In this case, for any connected junc-
tions ¢ and j, G;; decreases monotonically (due to deposition, via (7.9)) but never

83



reaches zero, and so the inequality P, > P; is preserved (via (7.2)) for all time. There-
fore, if pore 75 conducts fluid from junction 7 to junction j initially, then it does so
for all time. We restrict our study to unidirectional filter pressure differences (see
(7.27)). In Chapter 11, we will see that this permits asymptotic expansion of H as a
continuous function, away from the discontinuity at P; = P;.

7.1.4 Conservation of pores

We assume that pore volume is conserved so that when particles deposit within a
pore, the volume of the pore decreases. As in the particle-conservation equation,
(7.3), we suppose that deposition occurs at a rate that is proportional (by a factor
of the adherence) to the number of particles that enter the pore per unit time. As-
suming that particles deposit uniformly along the length of a pore (see Figure 7.1),
conservation of pore volume implies that the decrease in the cross-sectional area of a
pore in the infinitesimal time-step T+ ¢ is equal to the cross-sectional area occupied
by particles that flow into the pore and stick to it in that time step. Taking the limit
0T — 0, it follows that

d(mRY)

ar —SAi;Ci51Q451, (7.5)

where R;; is the radius of edge ij, so that [R;;] = m. Here, C;;, which we interpret
as the concentration of particles in pore 77, is the same as the particle concentration
in the junction upstream of the pore, so that

¢, =G B (7.6)
Y C; P < P '

The edge-independent constant (for simplicity) of proportionality, S > 0, with [S] =
mP 1 is the particle-size parameter, which represents the cross-sectional area (volume
per unit length) that the particles that deposit in the pore occupy. The case S =0
corresponds to absorption, in which particles deposited in pore ij do not alter its cross-
sectional area, so that the structure of the network is static. The filter is unaffected by
particle retention, and never becomes clogged. We will not discuss this case further.
The case S < 0 corresponds to pore expansion due to erosion effects, which is also
out of scope for the present work. The case of interest is S > 0. In this scenario,
deposition decreases the cross-sectional area of pore ij, and the size of S determines
the extent of this effect.

We suppose that flow in pores is laminar, so that it satisfies the Hagen—Poiseuille
equation (see [109], for example), which is given by

_ 8uLi;jQij
WRfj ’

P~ P (7.7)

where L;; is the length of pore ij, so that [L;;] = m, and y is the dynamic viscosity
of the fluid, with [4] = Pas. Using the definition of the pore flux, (7.1), with the
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Hagen—Poiseuille equation, (7.7), it follows that the conductance is related to the
cross-sectional area via
TR
Gij = —L. (7.8)
T 8uly
Using (7.8) to substitute the cross-sectional area for the conductance in the pore-area
conservation equation, (7.5), we arrive at the conductance equation,
8T] - — .1 Az]O’L]G12]|1D1 - P]| (79)
(8mp)2 L

In the next subsection we define boundary conditions for the governing equations,
(7.1)—(7.6).

7.1.5 Boundary and initial conditions

To define the boundary of the filter, we introduce ‘in” and ‘out’ nodes, which are two
nodes that are external to the network in the direction of the flow (see Figure 7.2).
We refer to these nodes with two further indices: in and out. We call nodes that
are connected to the in and out nodes ‘inlet’ and ‘outlet’ nodes, respectively. We
impose zero adherence on the edges that connect the inlet and outlet nodes to the
in and out nodes so that their conductances remain constant. These are not pores,
but rather external edges necessary to conduct fluid in and out of the filter. These
represent the inlet and outlet boundaries of the filter. We define the external edges
to the outermost nodes on the sides of the network that are parallel to the flow as the
other boundaries of the filter, and suppose that solution variables are periodic across
these.

in node out node

inlet node——] outlet node

Figure 7.2: A diagram showing a network embedded in two dimensions, connected
to in and out nodes, which are external. Inlet and outlet nodes are coloured red and
blue, respectively.

We assume that the fluid flow is driven by a known pressure drop from the inlet to
the outlet. We suppose that the pressure at the inlet and outlet are given by p,(T)
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and pout(7') respectively, and thus write
Pi (T) = pin(T)v Pout(T) = pout(T)y (710&,13)

for T'> 0. Additionally, the concentration of particles in the feed fluid, ¢;,(T') say, is
known, and we write

Cin(T) = cin(T), (7.11)

for T > 0.
Initially, we suppose that there are no particles in the filter, so that

C5(0) = 0, (7.12)

for i € {1,..., Nt,out}. Note here that ¢ # in, since C;(0) = ¢, for ¢ = in (from
the boundary condition (7.11)). Furthermore, we suppose that the initial pore-size
distribution is given, from which the initial pore conductance values can be deduced.
Thus, we write

G (0) = Gy, (7.13)

fori,j € {1,..., Ng,in, out}, where G?j is the known initial-conductance of pore ij.

7.1.6 Operational regime

The forms of the functions L;;, Aij, Vi, Diny Dow, and cin, and the values of the
parameters G?j, depend on the industrial application of the filter. In this subsection,
we specify these in order to demonstrate the solution of the model in the following
chapter.
We suppose that deposition in a pore does not affect its length, and so we write
Li; = Ly, (7.14)
where L% is the constant initial-length of pore 77, which is drawn from a known
distribution, £ say, with mean L. We write LY, ~ £(L) to mean that L; is drawn
from the distribution £ that is specified by the parameter L, with known probability
density function (PDF), €, say. It remains to specify a particular distribution, £ (and
therefore an associated PDF, ¢), which depends on the structure of the network. To
simplify, we will consider the case where the network is four-regular, which means
that each junction is connected to exactly four pores, in a repeating lattice, as in
Figure 7.3. In this case, it follows that all pores are the same length, L, so that

€(Ly;) = 8(Ly; — L), (7.15)

where & is the PDF for the Dirac-delta distribution.
For simplicity, we assume that deposition does not occur in junctions and write

Vi=V7, (7.16)
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Figure 7.3: A diagram showing a two-dimensional filter represented as a four-regular
network.

for some known initial junction-volumes, V? with [V°] = m?”, so that V? ~ V with
the PDF v. We will focus on the simplest case, in which all junctions have the same
volume, V' say, so that

v (V) =8(V) = V). (7.17)

To further simplify our analysis, we assume that the adherence of a pore is inde-
pendent of other variables, such as the pore size, and is therefore constant, so that
0
Aij = Aij? (718)
for 0 < AY; < 1 with [A))] = 1, so that A); ~ A with the PDF «. Furthermore, we
assume that all pores in the filter have the same adherence, and write

(A7) = 8(A), — A). (7.19)

We assume that the pressures at the inlet and outlet are known constants, and so
we write

pin(T> = pi*nv pout(T> = p:;utv (7'20)

where [pf] = [pi.] = Pas.

Furthermore, we suppose that the concentration of particles in the feed fluid is

also constant and known, so that
en(T) = ¢, (7.21)
for [¢;,] = m™P.

Finally, we assume that the distribution of pore sizes, R?j, is known initially.
Since the initial length distribution is also known (see (7.15)), it follows (noting, from
(7.8), that the conductance is completely specified by the pore radius and length)
that we are given the initial pore conductance distribution, G, with PDF ¢, say. We

consider the cases where, initially, the pore radii, and thus the pore conductances,

87



are either mono-dispersed, with conductance G, or log-normally dispersed, with mean

conductance G. That is, either
0 02\ 2
[ (e(3)e )

= exXp | — 20’%

Y. 2o

g(GY) =8(GY — @), or ¢(G)

ij
(7.22a,b)

In the latter case, G; ~ G(ug, o) where G = Lognormal, and the mean and standard
deviation of the associated normal distribution are the dimensionless numbers ug =
log(G)—0¢/2 and o, so that log(GY;) ~ Normal(ug, o). It follows that the expected

initial pore conductance is E[GY;] = exp(ug + 0/2) = G, as required.

7.1.7 Summary of the dimensional model

In summary, using the specific forms of the operational-regime dependent functions
and parameters, (7.14)-(7.22), the equations for the conservation of fluid, particles,
and pores, (7.2), (7.3), and (7.9), respectively, read

N¢
j=1
Y. o _
VEt =3 (1= A)QuCiH(P, = P) = QuGH(P, — Py), (7.24)
j=1
0G;; 25 A g

— — ;G2

P, — P, 7.25
5T Grnl)} i1 il (7.25)

respectively, where the flux down each pore is related to the pressure drop and con-
ductance of the pore via

Qij = Gij (P, — F}) . (7.26)
The boundary conditions are
Piu(T) = pir - Pour(T) = Pouss (7.27a,b)
and
Cin(T) = ¢, (7.28)

for T' > 0, and the initial conditions are
C;(0) =0, (7.29)
fori e {1,..., N;,out}, and

(7.30)



fori,5 € {1,..., Nt,in, out}, which are drawn from the distribution G with a PDF of
either

G, o2\
g(G%) =8(G% — ), or g(C%) = ———exp (o (%) + %)
’ ! ’ V2roaGh 202,

(7.31a,b)

The equations (7.23)—(7.31) form a closed system for the solution variables Q;;, C;
P;, and G,j, subject to the specification of the dimensional parameters L V,A S pu,
Dis Phue, and ¢, along with any other parameters that are needed to specify the prob-
ability density functions for the initial conductance distribution from which G?j are
drawn, G, such as o¢ in (7.31). Note that our network model is independent of node
positions. The structure (in terms of connectivity) of the network enters the system
through the pore conductances, G;;. In the next section, we will nondimensionalise
the dimensional network model (7.23)—(7.31).

7.2 Dimensionless model

In this section, we scale the variables of the dimensional network model, (7.23)-
(7.31), to arrive at a dimensionless model to be analysed and solved in the subsequent
chapter.

7.2.1 Nondimensionalisation

We begin by introducing two dimensionless parameters that make it easy to compare
networks that contain different numbers of nodes (and to make our multiscale analysis
in Part IIT simple). We suppose that the network consists of cells, as illustrated in
Figure 7.4. We define N™ to be the number of cells, which are length L™ = ["/N™,
in the m direction, and define N to be the mean number of nodes within each cell.
We use these to define the two scaling parameters,

1 1
W’ Szﬁ.

Interpreting these, we see that e is the number of cells in a row in the flow direction
(direction 1) since ¢ is the ratio of the cell length to the network length, ¢ = L!/I!
(see the cells boxed in blue in Figure 7.4). Meanwhile, ! is the average number of
pores in one cell in a row of nodes in the flow direction (see the pores highlighted
and circled in green in Figure 7.4). It follows that (de)~! is the average number of
pores in a row of nodes that leads from the inlet to the outlet, and is therefore the
average number of pores that fluid flows through in order to traverse the filter (see the
pores highlighted and circled in orange in Figure 7.4). Note that we expect de < 1
to represent a physically relevant filtration regime, since this corresponds to the case
where many pores constitute the membrane.

(7.32)

1
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Figure 7.4: A diagram showing a two-dimensional filter represented as a four-regular
network. Cells are shown with dashed red lines, and one cell is boxed in red. A row
of cells is boxed in blue. A row of pores within a cell are highlighted and circled in
green. A row of pores within the network are highlighted and circled in orange. In
this example: N' = 10, since each row of cells contains 10 cells; N2 = 5, since each
column of cells contains 5 cells; N = 4, since each cell contains 4 nodes; 6 = 1/2,
since D =2 and N = 4; ¢ = 1/10, since N! = 10; (d¢)~! = 20 since each row of pores
contains 20 pores, so that fluid traverses 20 pores as it traverses the filter.

Given these scaling parameters, we define dimensionless variables (denoted by

tilde) by
Lij = I:Zija V; = ‘7‘717 ]Dl = (pin - pout)pi +pout7 Cz = cinéh (733)

_ - G - \% -
i; = G(Pin — Pout)Qij Gij = —Gyy, T = = T 7.34
Qi (p Pout ) Qi i= Y 322G (P — Pout) ( )
We see that the scalings in (7.33) imply unit pore-lengths and node-volumes,
70 _ 70 _
Li=1, V7=1, (7.35)

and unit concentration in the feed fluid. The pressure is scaled for unit pressure drop
across the entire network.

In (7.34) we have scaled the remaining variables so that networks with different
numbers of nodes in each cell, N, and different numbers of cells in the network, N™,
can be compared simply. To see this, we first note that fluid traverses O((de)™!)
pores in order to traverse the network. Therefore, the pressure drop in any pore i7,
(P — P;), is O((Pin — Pout)0¢)). However, in (7.33), the pore pressure drop is scaled
with the network pressure drop, pin — pout- Thus, scaling the pore conductance with
g, as in (7.34), it follows that the flux through each pore is O(dG (pin — Pout)), Using
(7.26). As a consequence, the time it takes for fluid to traverse a single pore is O(7},),
where

7
Tp 5G(p1n - pout) . (736)

90



Since the fluid traverses O((de)™!) pores to traverse the filter (see Figure 7.4), it
follows that the time it takes for fluid to travel from the inlet to the outlet is O(T}),
where

B V
52€G(pin - pout) .

Ty (7.37)

Therefore, in our dimensionless variables, which are given by (7.33) and (7.34), we
expect to have to wait O(1) time units for fluid to traverse the filter, regardless of the
number of nodes it contains (both in terms of the number of cells, and the number
of nodes within each cell). We summarise our dimensionless network model in the
following subsection.

7.2.2 Summary of the dimensionless model

In summary, in dimensionless variables, with tildes dropped for ease of notation, the
equations for the conservation of fluid, particles, and pores, are

N
Z Qi =0, (7.38)
j=1
0C;, 1 &
5T = 5% Z ((1 — ade)Q;CH(P — P) — Qi;CiH (P, — P]))? (7.39)
j=1
0G;; af 3
aTJ _ —gcijG@'ﬂPi ~ P, (7.40)

where the flux down each pore is related to the pressure drop and conductance of the
pore via

Q=2 (P~ ). (7.41)
The boundary conditions are
Pu(T)=1, Pow(T)=0, (7.42a,b)
and
Cin(T) =1, (7.43)

for T' > 0, and the initial conditions are
C;(0) =0, (7.44)
for i € {1,..., Ny,out}, and

Gi;(0) = GY. (7.45)

[

91



fori,j € {1,..., N;,in, out}.
The dimensionless parameters are

A 25V eie 1 1
o= —, B:%{il, 0= ) s 82—1 (746)
oe (87uLlG)2 VN N

We see that « is the effective adherence, that is, the mean adherence scaled by the
number of pores in an average path from the inlet to the outlet. Note that the factor
de in v ensures that when oo = O(1) there is O(1) removal of particles by the time that
they reach the outlet (as we will show in Section 8.2). Also, /3 is the effective particle
size, that is, a ratio of the size of the average number of particles entering a pore to
the average cross-sectional area of a pore. Note that, the factor /2 in 3 ensures that
when a = O(1) and 8 = O(1) there is an O(1) reduction in the conductance of pores
near the inlet by the time that fluid reaches the outlet (again, we will demonstrate
this point in Section 8.2). Note that we expect « = O(1) and < 1 to represent a
physically relevant filtration regime, where the aim is to remove a large proportion
of the incoming particles without greatly decreasing the effective conductance of the
filter. The dimensionless analogies of the example PDFs of the initial conductance
distribution, G, are

(log(G%) + %) 2

2
20¢,

Q(ng) = 5(G?j - 1)7 or Q-<G?j> =

exp | —

1
V2ro6GY;
(7.47a,b)

Note that, in the dimensionless setting, ug = —02/2 so that the expectation of the
initial conductances is E[GY;] = exp(uc + 0¢/2) = 1, as we expected, since, in (7.34),
we scaled the conductance distribution for unit mean.

The equations (7.38)—(7.45) form a closed system for the dimensionless variables
Qij, Ci, P;, and Gy, subject to the specification of the dimensionless parameters o,
B, d, and €, which are defined in terms of the dimensional parameters in (7.46), and
any further dimensionless parameters, for example og in (7.47), that are needed to
specify the initial conductance distribution, G.

In this chapter, we have derived a novel model for filtration, (7.38)—(7.47), within
which the filter is treated as a dynamically structured network of pores and junctions.
The feed is modelled as a continuum of particles, that deposit smoothly on pore
walls and so cause changes to the connectivity of the network and thus to the fluid-
conductivity of the filter. In the next chapter, we will solve this model in the cases
where the pore sizes are mono-dispersed.
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Chapter 8

Solutions of the network model

In this chapter, we will describe our method of solution, before defining some quan-
tities of interest that depend on the solution of the model. We will then solve the
dimensionless network model, (7.38)—(7.47), in the case where the initial pore con-
ductances are given by (7.47a), so that edges in the network all have the same con-
ductance initially. This corresponds to the scenario where pore sizes are initially
mono-dispersed.

8.1 Solution methodology

The network model, (7.38)—(7.47), is a system of linear ordinary algebraic—differential
equations. Several computational tools exist for such problems, such as CasADi, [171],
in Python. To gain an intuitive understanding of the system, we demonstrate a
method to implement it explicitly from first principles (we have verified our results
using CasADi). Later, in Section 12.1, we will use this to explain why the multiscale
model that we discuss in Part III is computationally advantageous. Given initial
conductances, we eliminate the pore fluxes, @);;, by substituting the relationship be-
tween the pore flux and the pore conductance and junction pressure, (7.41), into the
fluid-conservation equation, (7.38), so that

Ng Ng
7j=1 k=1

where 8;; are elements of the Kronecker-delta matrix, 6. At 7' = 0, we solve (8.1)
(given initial conductances) to find the initial pressure, P;(0), at each junction. At
Ty, > 0 (where Ty, is the k'™ discrete time-point), we use a first-order explicit scheme to
discretise the particle-conservation equation, (7.39), and the pore-conductance con-
servation equation, (7.40). That is, we update the particle concentrations, C;(Ty),
and pore conductances, G;;(T), by using the particle concentrations, C;(Tj;_1), pore
conductances, G;;(Tj—_1), and junction pressures, P(T}_;), at the previous time-point,
Ti—1. We then update the node pressures, P(T}) by solving (8.1) using the pore con-
ductances at the current time step, G;;(T%).
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At each time point, then, we solve a linear system that depends on the number of
nodes in the network, N, via the number of nodes in each cell, N, and the number
of cells in the network, N! and N2, and the connectivity of the network, since this
dictates the number of edges. For example, a two-dimensional four-regular network
contains O(N'N?(N)?) edges, since there are (2(N)?—2N) in each cell, and there are
N'N?Z cells in the network. It follows that, in the most expensive case (where matrix
sparsity due to local connectivity is not exploited), we solve N, = O(N!'N?(N)?)
equations in order to find the pressure and concentration in all nodes, and the con-
ductance of all pores. We note that this is prohibitively large in cases where there
are many nodes in the cell, so that N > 1, and many cells in the network, so that
NIN% > 1 (N = O(10%) and N',N? = O(10), say, so that N, = O(10°)), since
solution of a linear system of size N, requires O(N2) operations.

8.2 Non-random networks: Mono-dispersed pores

In this section, we define some properties that depend on the solution of the model
that we will use to analyse it. We then consider the solution of the network model,
(7.38)—(7.47), in the scenario where pores are mono-dispersed initially, in which case
the initial pore conductances are given by (7.47a). We first discuss the simplest
case, in which the adherence is zero, o = 0, so that no deposition can occur. We
then discuss a non-zero adherence case, a = 0.2 for example, which demonstrates a
particular case in which deposition can occur. After this, we explore the effect that
changing the parameters «, (3, 4, and ¢, has on the solutions of (7.38)—(7.47).

8.2.1 Macroscale properties

In filtration applications, industrialists are most interested in certain macroscopic
properties of the filter, and how these vary with filter depth and time. In the present
case, where the network is mono-dispersed and four-regular, we do not expect vari-
ables to vary in the 22 direction, which is transverse to the direction of flow. As such,
we define macroscale quantities to represent the particle concentration, pore conduc-
tance, junction pressure, and fluid flow rate, which are depth and time dependent,
and which are averaged over the transverse direction. Since the present network is
two-dimensional and four-regular, this calculation is straightforward, because junc-
tions form ‘columns’ (in the x? direction) at each depth (see Figure 7.4), and we
simply average the solution variables down these columns. That is, calling ' = X
the depth of the junctions that are in column j (where j varies between 1 and (d¢)™!),
we define

NZ2/§

C(X;,t) = % Z C5(t), (8.2)
N2/

P, 1) = 23 3 By(0) (3.3)
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We call these the average particle concentrations and junction pressures, which are
averaged over the flow-transverse direction, since N?/4§ is the number of nodes in
each junction column. Similarly, defining 2! = X;; to be the depth of the centre of
each flow-parallel pore, ij, and averaging down each column of pores, we obtain the
average pore conductances,

N2/§

G(Xij,t) = % Z Gy (t). (8.4)

This is the conductance in pores that are parallel to the flow, averaged over the flow-
transverse direction. Lastly, we define the average flow rate through the filter. Since
fluid mass is conserved in each node, this is equal to the rate of flow of fluid into the
filter. It follows that

PR
U(t) = N2 Z 5_€Ginj(Pin - P)), (8.5)
=1

where we have summed the volumetric flow through all the edges that lead into the
filter, and divided by N?/§, which is the total number of these. In the following
section, we will solve the network model numerically, and find: the average particle
concentration, C, given by (8.2); the average junction pressure, P, given by (8.3);
the average pore conductance, G, given by (8.4); the average flow rate, U, given by
(8.5). We will use these to analyse the effective behaviour of the filter, and how this
depends upon the dimensionless parameters, «, 3, d, and €. In what follows, we ex-
plore various parameter regimes (rather than the physically relevant filtration regime
already discussed: o = O(1), f < 1, de < 1) to demonstrate the key properties of
the network model.

8.2.2 No deposition

To gain an intuitive understanding of the model, we first consider the simple case of
zero adherence, a = 0, so that deposition cannot occur. In Section 8.2.6, we will use
this case to analyse the effects of varying ¢ and . First, in Figure 8.1, we display
the behaviour of the four average macroscale quantities, C', P, G, and U, which are
defined in (8.2)—(8.5), in the no-deposition scenario.

Observing Figure 8.1(a), the first thing we notice is that particles, unimpeded by
pores, travel in the wave of fluid that traverses the filter, which reaches the outlet
in O(1) time. Far upstream of the wave front, at any particular time, the particle
concentration matches the concentration in the fluid entering the filter at the inlet,
since the junctions and pores that make up the void space in the filter here are
completely filled with particle-laden fluid. On the other hand, fluid has not had time
to reach the area far downstream of the wave front, and so the particle concentration
is zero here. Between these two areas, we observe a transition region, within which
the particle concentration decreases smoothly from the inlet value to zero.
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Figure 8.1: Graphs showing how the average particle concentration, C', pore conduc-
tance, G, flow rate, U, and junction pressure, P, vary with depth, = and time, 7. The
parameters are N =4, N' =10, N2 =2, a=0,3=1,6 = 0.5, ¢ = 0.1. Coloured
dots show the exact value of the quantity at the depths at which it is evaluated.
Correspondingly coloured lines show a spline interpolation of the quantity between
evaluation points. In plots where depth is shown on the independent-variable axis,
the values of T" are 0 (blue), 0.25 (orange), 0.5 (green), 0.75 (red), 1 (purple), and the
arrow shows the direction of increasing time. (a) The average particle concentration,
C, as a function of depth, x, at various times, T'. (b) The average pore conductance,
G, as a function of depth, z, at various times, 7. Since the solution is the same for
all times, only the time T = 1 is visible. (c¢) The average flow rate, U, as a function of
time, T. (d) The average junction pressure, P, as a function of depth, x, at various
times, T'. Since the solution is the same for all times, only the time 7" =1 is visible.

Since particles cannot stick to pore walls, deposition never occurs, and so the cross-
sectional area of the pores, and thus their conductance, is unchanged as particles
traverse them. As a result, in Figure 8.1(b), we observe unit average-conductance
within the entire filter, for all time, so that the permeability of the filter is unaltered.
It follows that the flow rate of the fluid is unchanged, and thus, in Figure 8.1(c), we
observe unit average flow rate for all time.

Since the network is four-regular, and pore sizes are mono-dispersed initially, the
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pressure drop in the flow-transverse pores is exactly zero. This implies that there is
no flow in the transverse direction. As a result, changes in junction pressure occur
purely to changes to the conductance of flow-parallel pores. Since these conductances
are constant (see Figure 8.1(b)), in Figure 8.1(d), we see that the junction pressure
decreases linearly with depth in flow-parallel pores, so that a unit pressure drop is
maintained for all time across the filter.

In summary, in the no-deposition scenario, the fluid travels with unit flow rate for
all time, and the average junction pressures set up a linearly decreasing profile with
depth, so that a unit pressure drop across the entire filter depth is preserved for all
time. In the following subsection, we discuss the non-zero adherence case, o # 0, so
that deposition can occur. This leads to changes to the conductances of pores, and
thus the flow rate and pressure.

8.2.3 Deposition

We now discuss the case of non-zero adherence, o # 0, so that particles do deposit
within pores. To demonstrate, we consider the case a = 0.2, which, as we will show,
corresponds to a decrease in concentration of around 20% over the length of the filter.
As we will see, the behaviour of the solution is markedly different at earlier times,
(T < 1), and later times, (T > 1), and we display these cases separately, in Figures
8.2 and 8.3, respectively.

8.2.3.1 Earlier times

We demonstrate the behaviour of the macroscale quantities at earlier times in Figure
8.2. In Figure 8.2(a), we see that, as in the case where particles do not deposit in
pores (see Figure 8.1), particles travel through the filter in a wave. This time, as
they do so, particles are captured in pores via deposition, so that their concentration
decreases smoothly with depth.

As deposition occurs, particles stick to the inner walls of pores, which reduces
their cross-sectional area. As we see in Figure 8.2(b), this causes a decrease in pore
conductance as time passes. Conductance decrease is fastest in pores nearer the
inlet, since there are more particles in the fluid that have the chance to adhere to the
pores, and particles have been traversing these pores for longer. For example, by the
time particles reach the outlet for the first time (in O(1) time), the conductance in
pores near the inlet has decreased by around 20%, while in pores near the outlet, the
conductance has dropped by less than 5%.

As deposition occurs, the drop in the conductance of pores causes a drop in the
permeability of the filter, and thus a decrease in the average flow rate of the fluid
traversing the filter. This drop is slight, since particles have not had time to decrease
the conductances of pores by much yet, which is why particles still reach the outlet
in O(1) time. In Figure 8.2(c), we see that the drop in the flow rate is concave. At
first, for 0 < T < 0.25 say, the rate of decrease of the flow rate is small, because
only the pores near the top of the filter have been reached by fluid, and so it is only
possible for particles to deposit in these. The overall conductance of the filter has
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Figure 8.2: Graphs showing how the average particle concentration, C', pore conduc-
tance, G, flow rate, U, and junction pressure, P, vary with depth, z, and time, 7. The
parameters are N =4, N! =10, N> =2, a=0.2,58=1,6 = 0.5, ¢ = 0.1. Coloured
dots show the exact value of the quantity at the depths at which it is evaluated.
Correspondingly coloured lines show a spline interpolation of the quantity between
evaluation points. In plots where depth is shown on the independent-variable axis,
the values of T" are 0 (blue), 0.25 (orange), 0.5 (green), 0.75 (red), 1 (purple), and the
arrow shows the direction of increasing time. (a) The average particle concentration,
C, as a function of depth, =, at various times, T'. (b) The average pore conductance,
G, as a function of depth, z, at various times, T. (c) The average flow rate, U, as a
function of time, 7. (d) The average junction pressure, P, as a function of depth, z,
at various times, 7.

barely been altered. Later, for 0.25 < T < 1, say, we see that the flow rate decrease
is faster. In this time interval, fluid has reached more pores in the filter, and particles
are decreasing the size of many pores at once, so that the overall conductance of the
filter is being decreased more rapidly. Despite this, the flow rate has only dropped by
around 5% by T = 1, because the cross-sectional area of most pores away from the
inlet remain similar to their initial values.

As a result, the filter still maintains a pressure—depth profile that is almost linear.
Indeed, in Figure 8.2(d), we see that changes to the pore conductances have not
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altered the average junction pressure substantially by 7" = 1 (hence the blue line
cannot be detected behind the purple line, similar to that in the graph in the no-
deposition case, 8.1(d)). At earlier times, then, pores have begun to clog, but the
decrease in their cross-sectional area has not yet caused substantial changes to the
pressure field that drives the fluid through the filter.

8.2.3.2 Later times

To see how this situation develops, we plot the macroscale quantities at later times in
Figure 8.3. In Figure 8.3(a), the first thing we notice is that the average-concentration
profile is identical at all non-zero times that we display. We see that particles have
reached the outlet and that, now, the concentration of particles in the flow decreases
almost linearly with depth, so that, at the outlet, the particle concentration has
dropped by around 1/5 (which is exactly the value of o that we use in this example).

To understand the form of the average particle concentration—depth profile, we
first note that fluid loses a proportion, ade, of particles as it traverses each pore,
ij. Labelling a row of junctions that lead from the inlet to the outlet (see the row
of pores highlighted in orange in Figure 7.4, for example) with indices 1,..., (d¢)~*
(since there are (dg)~! such junctions), it follows that the concentrations in junction
i and junction i+ 1 satisfy C;11 = (1 — «de)C;. Writing the concentration in junction
i as a function of the inlet concentration, we see that C; = (1 — ade)'Cy,, and so we
define

C(z) = (1 — ade)®/%. (8.6)

This represents the expected average-concentration that we observe on the macroscale,
so that we expect C' ~ C. As such, we call C' the approximate concentration. In
Figure 8.3(a) we see (comparing the dashed black line with the purple line) that
this approximation is exact in a mono-dispersed four-regular network, since deposi-
tion only occurs in pores that are parallel to the direction of the flow (the 1 direction,
here). This is because there is no pressure gradient in the transverse direction to drive
particles through the flow-transverse pores. When the network is mono-dispersed and
four-regular, then, C' provides the average particle concentration at any time that is
large enough for particles to have traversed the filter, without the need for numerical
solution of the network system.

In industrial applications, experimentalists are often interested in the efficiency
of the filter. We assume that the efficiency is given by the proportion of the total
particles that enter the filter that do not exit it, and, since we have nondimensionalised
for unit inlet concentration, we write

n(T)=1-C1,T). (8.7)
Since (8.6) provides an approximation for the particle concentration, we define

7=1-C(1)=1-(1— ade)"/%, (8.8)
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Figure 8.3: Graphs showing how the average particle concentration, C', pore conduc-
tance, G, flow rate, U, and junction pressure, P, vary with depth, z, and time, 7. The
parameters are N =4, N! =10, N2=2, a=0.2,58=1,6 = 0.5, ¢ = 0.1. Coloured
dots show the exact value of the quantity at the depths at which it is evaluated.
Correspondingly coloured lines show a spline interpolation of the quantity between
evaluation points. In plots where depth is shown on the independent-variable axis,
the values of T are 0 (blue), 5 (orange), 10 (green), 15 (red), 20 (purple), and the
arrow shows the direction of increasing time. (a) The average particle concentration,
C, as a function of depth, z, at various times, 7. Since the concentration profile is the
same for all times and T' > 0 that are shown, only the times 7" = 0 (blue) and 7' = 20
(purple) are visible. The dashed black line shows the approximate concentration,
C’(xl) The dotted black line shows the extrapolation of the outlet concentration,
C(1). (b) The average pore conductance, G, as a function of depth, z, at various
times, T. (c¢) The average flow rate, U, as a function of time, T. The solution at
earlier times, 0 < T < 1, is shown in an expanded box. (d) The average junction
pressure, P, as a function of depth, z, at various times, 7.

which we call the approximate efficiency, since we expect that i =~ n. Indeed, since
C = C for T large enough for particles to have traversed the filter, in the case of a
mono-dispersed four-regular network, it follows that 77 = 7, so that we have found an
explicit formula for the efficiency for large enough 7. In (8.8) we see that this formula
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depends on the adherence, that is, the proportion of particles that are expected to be
lost in a particular pore, through «, and on (§¢)~!, which is the approximate number
of pores that fluid traverses to travel from the inlet to the outlet. In the present
example, we have that « = 0.2, § = 0.5, and € = 0.1, and, using (8.6), we calculate
that C(1) ~ 0.82 (see the dotted black line in Figure 8.3(a)), so that, using (8.8), it
follows that n = 1 &~ 0.2, which means that the filter is around 20% efficient. Note
that o = 0.2, which corresponds to 20% adherence in each pore (scaled by (de)™').
Thus we see that the order of « dictates the order of the efficiency.

Returning to our analysis of the solution at later times, shown in Figure 8.3, we
next discuss the average pore conductance, a plot of which is shown in Figure 8.3(b).
We see (comparing with the solution at earlier times, shown in Figure 8.2(b)), that
the conductance of pores continues to decrease as time increases. Pores near the inlet
still have the smallest conductance, since more particles flow through them per unit
time. However, as time increases, the gradient of the average pore conductance—depth
profile decreases, because the rate of decrease of pore conductance is smaller in pores
with less conductance, since they have less cross-sectional area and thus surface area
to adhere to, and fewer particles are conducted through them per unit time.

As conductance decreases, the average flow rate through the filter continues to
decrease, as we see in Figure 8.3(c). After the earlier times, at which the flow rate
decreases rapidly (see Figure 8.2(c)), the flow rate decreases more slowly, which cor-
responds to the decrease in the rate of deposition in pores. The concave behaviour of
the flow rate at earlier times (0 < 7' < 1) (see the zoomed region in Figure 8.3(c)) is
replaced with convex behaviour at later times (1 < T < 20), after fluid has reached
the outlet for the first time. By times T' > 10 (green line), for example, the pores near
the inlet have less than 20% of their original conductance (see Figure 8.3(b)), and
so they are almost completely clogged. As a result, we see that fluid flows through
the filter at less than 20% of its initial rate. This would be problematic from an
industrial perspective, since it means that particles are being processed 80% more
slowly than they were originally. In industrial applications, filtration processes are
often halted when the flow rate drops below some minimum-required threshold, U,
say, and industrialists are interested in the amount of fluid that has been processed
when this first occurs, which is called the total throughput, 7, say. We will discuss
these two quantities more in the next subsections.

Comparing the average junction pressure—depth profile at later times, in Figure
8.3(d), with that at earlier times (see Figure 8.2(d)), we see that the substantial drop
in the average pore conductance (see Figure 8.3(b)) results in much larger changes
to the junction pressures than before. As time increases, the pressure in each node
drops away from its initial value towards the pressure in the outlet, which is zero.
As a result, the average junction pressure—depth profile becomes convex, since the
pressure drops fastest in nodes that are far from the inlet and the outlet, because
pressures outside of the filter are fixed.

To explain the behaviour in the deposition and no-deposition cases further, in the
following three subsections we analyse the behaviour of the solutions as functions of
the parameters, «, 3,  and &, respectively.
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8.2.4 Dependence on a: Retention efficiency

We first explore the effects of varying the adherence parameter, . We will find
that the behaviour of the solutions is different for smaller values, 1 < a < O(1) (we
examine the region 0 < o < 1), and larger values, @ = O((de)™!) (we examine the
region 0.25(0¢)™! < a < (de)71), and so we will treat these cases separately.

8.2.4.1 Smaller « values

We first plot the four key macroscale quantities in Figure 8.4 for equally spaced values
of a,in 0 < <1.

Firstly, in Figure 8.4(a), we see that, as « increases, the negative gradient of the
average particle concentration—depth profile increases. For larger values of «, a larger
proportion of particles stick to each pore, which means that there are fewer particles
in the fluid by the time it exits the filter.

Secondly, we plot the average pore conductance in Figure 8.4(b). We see that, for
smaller o values, particles are less likely to stick in pores, and so the fluid that reaches
the region near the outlet still contains a large concentration of particles (see Figure
8.4(a)) transported from the inlet. Consequently, deposition occurs here, decreasing
pore conductance. As « increases, particles are increasingly likely to be removed in
pores nearer to the inlet, and so fewer particles reach the region near the outlet (since
they have all been removed further up the filter), As a result, the pore conductance
hardly decreases here. Altogether, near the outlet, the pore conductance decreases as
« increases for small a;, but begins to increase again for larger values.

Thirdly, in Figure 8.4(c), we see that the a increase that caused the faster pore
conductance decrease results in a more rapidly decreasing average flow rate. That is,
the average flow rate decreases as « increases. Correspondingly, in Figure 8.4(d), we
see that the junction pressures are driven towards zero faster for larger values of a.

In the previous subsections, we concluded that « controls the proportion of par-
ticles that are retained in the filter, and, as such, it dictates the filter efficiency. To
formalise this dependency, we plot the efficiency, 1, and the approximate efficiency,
7, as functions of «, in Figure 8.5. In Figure 8.5(a), we notice that the efficiency of
the filter increases as « increases. As we saw in Figure 8.4(a), as « increases, more
particles are removed in each pore, which means that, by the time fluid reaches the
outlet, it contains fewer particles when « is larger. As a result, for example, the choice
a = 0.2 leads to an efficiency of less than 20%, while @ = 1 leads to an efficiency
of around 60%. We see (comparing the dashed black line with the blue line) that,
for the present choice of network, the approximate efficiency matches the efficiency
exactly.

The accuracy of the approximate efficiency allows us to calculate the efficiency for
values of o for which we have not solved the system numerically. Indeed, in Figure
8.5(b), we extrapolate the approximate-efficiency curve and use it to read off the
efficiency for various new values of a. We see that the efficiency rapidly increases for
0 < a < 3, so that the filter is more than 95% efficient for @ > 3 (dashed red line).
For o = 4, the filter is around 99% efficient (dashed purple line), and so almost all
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Figure 8.4: Graphs showing how the average particle concentration, C, pore con-
ductance, G, flow rate, U, and junction pressure, P, vary with depth, z, and time,
T, at various values of . The parameters are N = 4, N' = 10, N2 =2, 8 =1,

= 0.5, ¢ = 0.1. Coloured dots show the exact value of the quantity at the depths at
which it is evaluated. Correspondingly coloured lines show a spline interpolation of
the quantity between evaluation points. The values of « are 0.2 (blue), 0.4 (orange),
0.6 (green), 0.8 (red), 1 (purple), and the arrow shows the direction of increasing «.
(a) The average particle concentration, C, as a function of depth, z, at time T = 2.
(b) The average pore conductance, G, as a function of depth, z, at time T' = 2. (c)
The average flow rate, U, as a function of time, T'. (d) The average junction pressure,
P, as a function of depth, z, at time T = 2.

particles are retained in the filter. The efficiency can never exceed one (dotted black
line), since it indicates proportional retention, and so the efficiency asymptotically
approaches its maximum value for even larger values of a. In an industrial application,
Figure 8.5(b) could be used to read off a required value of a necessary to achieve some
required efficiency value.
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Figure 8.5: Graphs showing how the efficiency, 1, and approximate efficiency, 7, vary
with . The parameters are N = 4, N! = 10, N> =2, 8 =1, = 0.5, ¢ = 0.1.
(a) The efficiency, 7, as a function of . Blue dots show the numerical solution at
values of a equal to 0,0.2,0.4,0.6,0.8,1. The blue line shows a spline interpolation
between these values. The dashed black line shows the approximate efficiency, 7, as
a function of a. (b) The average efficiency, 7, as a function of a. The dotted black
line shows the asymptote, which is 1. The dashed coloured lines show extrapolations
of the approximate efficiency for a values of 1 (orange), 2 (green), 3 (red), 4 (purple).

8.2.4.2 Larger « values

We analyse the behaviour of the solution for larger values of «, in the range 0.25(de) ™! <
a < (6e)7! say, using Figure 8.6. We see that filters with a values that are O((de)™!)
are 100% efficient: all particles that are suspended in the feed fluid are captured in
pores within the filter.

Indeed, in Figure 8.4(a) we see that, for these large values of «, particles are all
captured in a layer that extends from the inlet. The thickness of this capture layer
is O(a™'), so that it becomes thinner for increasing values of . When o = (de™!
(purple line), we see that particles are captured over a layer that has length de.
This extreme corresponds to the case where pores retain 100% of the particles in
the fluid that enters them, so that all particles suspended in a given volume of fluid
are captured within the first pore that this volume enters. As a result, we see that
particles are captured within an extremely thin layer at the top of the filter (similarly
to the blocking regime in Part I).

Once fluid reaches depths outside the capture layer, it does not contain any parti-
cles. It traverses the remainder of the filter without affecting the conductances of the
pores that it enters until the conductances of pores at the inlet reach zero, at which
time the filter effectively ceases to conduct fluid. Correspondingly, in Figure 8.4(b),
we see that, for large values of «, only the conductances of pores near the inlet are
altered.

We observe, in Figure 8.4(c), that, for large « values, the average flow rate rapidly
drops towards zero at times 0 < T' < 1, at which fluid has not even reached the outlet
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Figure 8.6: Graphs showing how the average particle concentration, C, pore con-
ductance, G, flow rate, U, and junction pressure, P, vary with depth, z, and time,
T, at various values of . The parameters are N = 4, N' = 10, N2 =2, 8 =1,

= 0.5, ¢ = 0.1. Coloured dots show the exact value of the quantity at the depths
at which it is evaluated. Correspondingly coloured lines show a spline interpolation
of the quantity between evaluation points. The values of a are 0.25(de~! (orange),
0.5(6e7! (green), 0.75(6e! (red), (de~! (purple), and the arrow shows the direction
of increasing . (a) The average particle concentration, C, as a function of depth, z,
at time 7' = 1. (b) The average pore conductance, G, as a function of depth, x, at
time 7" = 1. (c) The average flow rate, U, as a function of time, 7. (d) The average
junction pressure, P, as a function of depth, z, at time 7' = 1. The blue dots and
line show the solution at @ = 0, and are included to aid the eye.

for the first time, since the pores near the inlet become clogged very quickly. The
average flow rate-time profiles are strictly concave while the flow rate is large enough
for reasonable operation (that is, flow rates exceeding 20% of the initial rate, say).
By T =1, the filter is effectively clogged for all the values of a that we consider here.
Correspondingly, in Figure 8.4(d) we see that the pressure in all internal junctions
rapidly drops to zero by T' = 1.

Altogether, in this subsection, we have shown that the parameter a controls the
‘stickiness’ of the pores, and thus the proportion of particles that are retained in each

105



pore. As a result, the value of « dictates the efficiency of the filter. As «a increases,
a greater proportion of particles are captured near the inlet of the filter. As a result,
pores close to the inlet clog more quickly, and the flow rate and pressure drop more
rapidly. In the next subsection, we explore the dependence of the solution on the
parameter 3.

8.2.5 Dependence on 3: Total throughput

In this subsection, we discuss the dependence of the solution on the particle size
parameter, 3. We will find that the behaviour of the solutions is different for smaller
3 values, say 3 = O(107!) (we examine the region 0 < 8 < 0.1), and larger 3 values,
say 0 = O(1) (we examine the region 1 < < 5, and we will treat these two cases
separately.

8.2.5.1 Smaller  values

We begin by plotting the four key macroscale quantities for equally spaced values of
B in the range 0 < # < 0.1, in Figure 8.7.

Firstly, in Figure 8.7(a), we see that, once fluid has reached the outlet for the
first time, the average particle concentration—depth profile is constant, and is given
exactly by the approximate concentration, C (dashed black line). We find that this
profile is independent of the choice of 3, since pores retain a quantity of particles
that is given by «, 6, and &, but not 3 (see the definition of C, (8.6)). As a result,
the proportion of the incoming particles that are present at the outlet, and thus the
efficiency, 7, are constants with respect to 5.

Secondly, we note that, as [ increases, the average pore conductance decreases,
as we show in Figure 8.7(b). This is because larger values of § correspond to a
greater particle size, which means that deposition causes a faster decrease in the
cross-sectional area of pores, and thus their conductance. The gradient of the average
pore conductance—depth profile is also independent of /3, since changes in [ affect all
pores equally.

Correspondingly, larger values of 3 result in more rapidly decreasing average flow
rates (see Figure 8.7(c)) and average junction pressures (see Figure 8.7(d)). For
f = 0.02 (blue lines), for example, we see that by 7' = 100, when fluid has traversed
the filter 100 times, fluid still flows at almost 40% of its initial rate. For g = 0.1
(purple lines), however, the flow rate drop-off is much more rapid, and by 7' = 100
we see that the flow rate is almost zero, so that the filter is unusable, since pores at
the inlet have infinitesimal conductance (see Figure 8.7(b)).

As we have discussed, in practice, industrial applications are halted when the
average flow rate drops below some threshold, U., say, at which the cost associated
with the increased process time (due to lower flow rate) outweighs the cost of the
cleaning or replacement of the filter membrane. For a given flow rate threshold,
U., industrialists are interested in predicting the total throughput, 6 say, which is
the number of times that fluid traverses the filter before the flow rate threshold is
subceeded. In constant flow rate regimes, this is exactly the terminal time, 7 say,
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Figure 8.7: Graphs showing how the average particle concentration, C, pore con-
ductance, G, flow rate, U, and junction pressure, P, vary with depth, z, and time,
T, at various values of 3. The parameters are N = 4, N! = 10, N2 = 2, a = 1,

= 0.5, ¢ = 0.1. Coloured dots show the exact value of the quantity at the depths
at which it is evaluated. Correspondingly coloured lines show a spline interpolation
of the quantity between evaluation points. The values of g are 0.02 (blue), 0.04 (or-
ange), 0.06 (green), 0.08 (red), 0.1 (purple), and the arrow shows the direction of
increasing 3. (a) The average particle concentration, C, as a function of depth, z, at
time 7 = 100. The dashed black line shows the approximate concentration, C, as a
function of depth. Since the average particle concentration is identical for all values
of 5 considered, only the solution for 5 = 0.1 (purple line) is visible. (b) The average
pore conductance, G, as a function of depth, z, at time T = 100. (c) The average
flow rate, U, as a function of time, 7. The dashed coloured lines show extrapolations
of the total throughput, 7, for a given flow rate threshold, U. = 0.4 (dashed black
line), for the various values of 3. (d) The average junction pressure, P, as a function
of depth, x, at time T" = 100.

which is the associated time to reach the threshold, so that
0=r. (8.9)

In constant pressure drop regimes, the total throughput is related to the terminal

107



time via
0= / U(T)dr. (8.10)
0
In either scenario, the terminal time, which is

7 such that U(T) < U. for T >, (8.11)

since the average flow rate is always monotonically decreasing in this model, is the key
quantity. In Figure 8.7(c), we demonstrate how, given an average flow rate threshold,
U. (40%, for example), we read off the terminal time, 7. When g = 0.02 (dashed
blue lines), for example, U, = 0.4 yields 7 ~ 84. As 3 increases (dashed blue lines
to dashed purple lines), we see that 7, decreases. For = 0.1 (dashed purple lines),
the same flow rate threshold yields a terminal time of just 7 ~ 17. The physical
interpretation is that, as the size of the particles increases, filters are able to maintain
a given efficiency for less time before they become clogged.

S0 F 1 §
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Figure 8.8: Graphs showing how the terminal time, 7, and the approximate terminal
time, 7, vary with (3, for a given flow rate threshold, 0.4. The parameters are N = 4,
N'=10, N>=2, a=1,6 =05, ¢ =0.1. (a) The terminal time, 7, as a function
of 5. Blue dots show the numerical solution at g values of 0.02,0.04,0.06,0.08,0.1.
The blue line shows the function 1.6987 !, found using a log-log plot, which we call
the approximate terminal time, 7. (b) The average terminal time, 7, as a function of
(. The dashed coloured lines show extrapolations of the approximate terminal time
for 8 values of 0.01 (orange), 0.1 (green), 1 (red), 10 (purple).

Indeed, in Figure 8.8(a), we plot the terminal time for the small values of 5 shown
in Figure 8.7. Using a log-log plot to fit a curve (blue line) to our numerical results
(blue dots), we find that this decreases like 37!. That is, we define the approximate
terminal time to be

F=1.698"", (8.12)

(for a = 1, note that this is o dependent) which matches the terminal time almost
exactly for 0.02 < § < 0.1, so that 7 ~ 7.
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This finding means that we are able to approximate the terminal time that corre-
sponds to values of 3 for which we have not solved the network model numerically. As
such, in Figure 8.8(b), we show how, extrapolating the approximate terminal time,
7, we are able to approximate times at which filtration terminates for large and in-
finitesimal [ values, without appealing to further numerical simulations. We see, for
example, that for § = 0.01 (dashed orange line), we expect that 7 ~ 170, while for
[ =10 (dashed purple line), 7 < 1, and filtration terminates almost immediately.

8.2.5.2 Larger [ values

To understand why the terminal time is so small for large values of 3, we solve the
system numerically for § values in the region 1 < g < 5, and plot the solution in
Figure 8.9. Comparing Figure 8.9 with Figure 8.7, we see that the behaviour of the
solution is markedly different when 3 = O(1) as opposed to when 3 = O(1071).

In particular, we see, in Figure 8.9(a), that particles are all captured within a
layer near the inlet, the thickness of which decreases as [ increases. For § = 1, the
average particle concentration—depth profile (see blue line in Figure 8.9(a)) matches
that in the 5 = 0.1 case (see purple line in Figure 8.7(a)). However, for 5 =5 (purple
line in Figure 8.9(a)), all particles are captured in approximately the first 50% of the
filter.

To interpret this, we note that g is dictated by the size of particles in the fluid.
When particles are larger, it takes less time to reduce the flow rate to negligible
values, after which only minor changes to the average particle concentration can
occur. If particles are large enough, then pores at the inlet become clogged before
fluid has traversed the filter and reached the outlet. In Figure 8.9(b), we see that,
correspondingly to the particle concentration plot, when 8 = 5 (purple line), only
the pores in the first 50% of the filter have been affected by deposition. One physical
implication is that, when particles are large, clogging occurs near the inlet, and much
of the filter is unused when the membrane is disposed of, due to a flow rate decrease.

In Figure 8.9(c), we demonstrate how we read off terminal times, 7, for given
flow rate thresholds, U. (40% here), for larger values of 3. Comparing the present
case, with [ values that are O(1) (Figure 8.9(c)), with the previous case, in which
B values are O(107') (see Figure 8.7(c)), we observe that, as we predicted using
the approximate terminal time curve in Figure 8.8(b), the terminal times are much
smaller in the present case.

In summary, in this subsection we have shown that the parameter § controls the
size of the particles, and thus the change in pore cross-sectional area, and therefore
conductance, that occurs due to deposition. As a result, the value of 3 dictates the
terminal time, 7, and thus the total throughput, 6. As [ increases, deposition causes
greater decrease in conductance, so that pore clogging occurs more rapidly. Conse-
quently, the filter clogs over a shorter time, which means that the total throughput
is smaller. In the next subsection, we explore the dependence of the solution on the
parameters ¢ and €.
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Figure 8.9: Graphs showing how the average particle concentration, C', pore conduc-
tance, G, flow rate, U, and junction pressure, P, vary with depth, z, and time, T, at
various values of 3. The parameters are N =4, N' =10, N>=2, a =1, = 0.5,
€ = 0.1. Coloured dots show the exact value of the quantity at the depths at which it
is evaluated. Correspondingly coloured lines show a spline interpolation of the quan-
tity between evaluation points. The values of  are 1 (blue), 2 (orange), 3 (green), 4
(red), 5 (purple), and the arrows show the direction of increasing . (a) The average
particle concentration, C, as a function of depth, x, at time 7' = 4. (b) The average
pore conductance, G, as a function of depth, x, at time T = 4. (c) The average flow
rate, U, as a function of time, 7. The dashed coloured lines show extrapolations of
the total throughput, 7, for a given flow rate threshold, U. = 0.4, for the various
values of . (d) The average junction pressure, P, as a function of depth, z.

8.2.6 Dependence on 0 and ¢: Discretisation

Lastly, in this subsection, we assess the effect of changing the scaling parameters,
and ¢, on the solution. It is easiest to see the effect of sweeping these two parameters
if we set a = 0, which we have shown to correspond to the no deposition scenario.
We plot the average particle concentration as a function of depth in Figure 8.10,
and show the solution for various values of § (with ¢ fixed) and e (with ¢ fixed) in
Figures 8.10(a) and 8.10(b), respectively. We recall that particles traverse the filter
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Figure 8.10: Graphs showing how the average particle concentration, C, varies with
depth, z, at various values of time, 7', and § (a), and € (b). The parameters are
N =4, N! =10, N> =2, a = 0, 8 = 1. The values of T" are 0.00 (blue), 0.25
(orange), 0.50 (green), 0.75 (red), 1.00 (purple). The black arrows show the direction
of increasing time. The coloured arrows show the direction of decreasing 0 (a) and €
(b) at the correspondingly coloured times. (a) The solution at various values of § for
e = 0.1. The values of ¢ are 1 (dotted), 0.5 (dashed), 0.33 (solid). (b) The solution
at various values of ¢ for § = 0.5. The values of ¢ are 0.5 (dotted), 0.1 (dashed), 0.05
(solid).

in a wave. Comparing Figures 8.10(a) and 8.10(b) we see that decreasing the values
of § and ¢ independently has similar effects on the solution. As ¢ and ¢ decrease,
the transition region of the wave decreases in size. Physically, for smaller values of §
and e, there are more junctions and pores in the filter, and so these are packed more
closely to one-another. As a result, junctions fill with particles more quickly, which
increases the sharpness of the wave front, thus decreasing the dispersion of particles.

One alternative interpretation is to view the network as a microscale discretisation
of the macroscale. On the microscale, solution variables are tracked at nodes or pores,
which are located at discrete points. On the macroscale, these solution variables are
used to calculate ‘average’ quantities that, when the underlying solution variables are
interpolated, vary in continuous space. In this setting, § and ¢ dictate the ‘close-
ness’ of the points at which microscale solution variables are evaluated, and thus the
‘fineness’ of the discretisation of the average macroscale quantities. It follows that
decreasing ¢ and ¢ has the effect of decreasing the numerical diffusion in the system,
and thus of improving the quality of the discretisation, and the accuracy of the aver-
age macroscale quantities. This corresponds to increasing the number of nodes in a
cell, or increasing the number of cells in the network. We showed at the beginning of
this chapter, though, that increasing these numbers can be problematic, as it can lead
to computationally infeasibly large linear systems to solve. In the following part, we
will formalise the view that the network model is a discretisation of the macroscale,
by developing an asymptotic method. We will thus develop a more rigorous method
for deriving the average particle concentration, pore conductance, junction pressure,
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and flow rate. Furthermore, we will show that the quality of these averages increases
as € and 0 decrease, and that this decrease can be achieved without increasing the
computational complexity of the system.
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Chapter 9

Conclusions for the network model

In summary, in Part II, Chapters 6-8, we motivated, derived, and solved a novel
network model for filtration. Our model serves as an introduction to the uses of pore
network models (PNMs) in filtration, and there are several extensions to be explored
as further work.

9.1 Summary

9.1.1 Motivation for the model

In Chapter 6, we began by introducing networks of nodes and edges as useful rep-
resentations of the microscale of filtration media. In particular, in Section 6.1, we
summarised recent research that produces network representations of filtration mem-
branes by creating high quality characterisations and then analysing these algorith-
mically. The end result is a network whose size (and thus conductance) distribution
and connectivity statistically match that of membrane pore space.

In Section 6.2, we discussed existing PNMs. These are typically systems of dif-
ferential equations that use the pore space network as an underlying geometry. In
general, these are computationally cheap enough to model ‘mesoscopic’ (i.e., areas
containing hundreds or thousands of pores) properties. However, due to the complex-
ity of pore space, and the resulting number of nodes and edges in the network, PNMs
are too expensive to solve for macroscopic properties across the entire membrane,
such as the effective permeability and adhesivity of the filter.

With computational constraints in mind, in Section 6.3, we motivated a novel
network model for filtration. The aim was to derive and solve a simple system on
a network that we supposed to be statistically representative of a membrane, which
accounts for the particle deposition that causes dynamic connectivity in the network.

9.1.2 Derivation of the model

In Chapter 7, we derived a network model. Indeed, in Section 7.1, we began by assum-
ing that the filter consists of a network of pores and junctions, modelled as cylinders
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and spheres with known initial size distributions. The feed fluid is a continuum of
particles that is forced through the network via a constant pressure drop. Particles
adhere to, and so deposit on, the inner walls of pores, which causes a decrease in
their cross-sectional area, and thus their conductance. This causes changes to the
network connectivity. We assumed that fluid and particle mass, and pore volume,
are conserved quantities, and arrived at a system of ordinary algebraic—differential
equations on a dynamic network that consist of:

e A fluid mass conservation equation, which takes the form of a linear algebraic
equation for the pressure in junctions as a function of the conductance of pores;

e An ordinary differential equation for the number of particles in each junction
that describes the flux of particles in and out of the junction through connected
pores, and the loss of particles in the flow as they deposit in pores;

e An ordinary differential equation for the conductance of each pore, which de-
scribes the decrease in conductance due to uniform deposition of particle volume
along the pore walls caused by an adherence probability between particles and
pores.

In Section 7.2, we nondimensionalised the model, and found four dimensionless
parameter groups of interest: « (the adherence parameter); 3 (the particle size pa-
rameter); 0 (the inverse of the number of pores in a cell); and ¢ (the inverse of the
number of cells in the network).

9.1.3 Solution of the model

In Chapter 8, we found numerical solutions of the dimensionless network model.
To this end, in Section 8.1, we began by proposing a suitable numerical scheme,
involving solution of a linear problem the size of the number of nodes in the network.
This is problematic because networks corresponding to entire membranes can contain
O(10%) or more pores, and thus nodes and edges, rendering solution computationally
challenging.

Nevertheless, network models are useful for simulating smaller subsections of mem-
branes. To demonstrate this, in Section 8.2, we solved our network model for a four-
regular network containing O(10?) nodes. For simplicity, we focused on the case where
the network characterises a mono-dispersed filter. As a result, pore conductances are
all equal initially, and need not be sampled as part of the solution scheme. We derived
macroscale quantities: particle concentration; pressure; conductivity; and flow rate,
by straightforwardly averaging the microscale solution variables, and explored how
these vary with time and with the system parameters.

We began by discussing the simplest scenario, in which o = 0 so that deposition
does not occur. In this case, we found, as in Part I, that particles traverse the filter
in a wave, with constant unit average conductance across the entire filter. The flow
rate and local pressure are unchanged, since pore sizes are unaffected by the particles
in the flow.

114



We then discussed the case o # 0, so that deposition does occur. We found that
the behaviour of the solution splits into two distinct time regions: before and after
the fluid has reached the outlet for the first time. Before, particles travel as a wave.
However, as they traverse the filter, some proportion, which is dictated by «, stick to
pores, so that the particle concentration decreases in the region behind the wavefront.
The deposition of particles in pores causes them to constrict, which decreases their
conductance, more rapidly near the inlet, since there are the most particles in the
flow here that are available for deposition. Because the conductance distribution is no
longer uniform across the filter, the flow rate decreases concavely, which decreases the
local pressure. Once fluid has reached the outlet for the first time, a constant particle
concentration profile is maintained, since the deposition probability is constant. The
conductance continues to decrease across the filter, but the rate of decrease slows,
since there is less pore surface area available for deposition. As such, changes to
velocity occur less rapidly, and decrease becomes convex.

We analysed this behaviour as functions of the system parameters. Firstly, we
found that increasing o corresponds to increasing the adherence of each pore. Conse-
quently, we found that a dictates the particle retention efficiency: If « is larger, then
more particles are removed from the flow by each pore, so the total removal across
the whole filter increases, and thus it is more efficient.

Secondly, we found that increasing [ has the effect of increasing the size of particles
in the suspension. Thus, as [ increases, the rate at which the volume, and thus the
conductance, of each pore decreases is accelerated. Consequently, we found that
[ dictates the total throughout of the filter: If 3 is larger, then particles cause a
faster decrease in the conductance of each pore, so the flow rate of fluid through the
filter drops below some critical threshold more rapidly, so that the total throughput
decreases.

Lastly, we explored the effects of decreasing 6 and e, and thus increasing the
numbers of nodes and edges in the network. We found that these had a similar effect
on the solution. As ¢ and ¢ decrease, nodes and edges pack more tightly, so that the
quality of the resolution of the macroscale quantities improves. This motivates the
interpretation of the network model as a discretisation of the macroscale filter, but
presents a numerical challenge: As the number of nodes and edges in the network
increases, the approximation of effective properties improves, but solution becomes
increasingly computationally expensive.

9.2 Further work

Further work might generally revolve around more detailed consideration of microscale
structure and interactions. This could include closer attention to mechanisms involved
in deposition, or consideration of particle size, to account for blocking, as in Part I.
Porosity gradients could be explored using spatially dependent initial conductance
distributions, for example. We outline some other extensions in this section.
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9.2.1 Network connectivity

We focused on the simplest two-dimensional structure: a four-regular network. More
complex connectivity could be simulated with little additional effort, using, for ex-
ample, the plethora of existing construction algorithms for networks with random
connectivity.

9.2.2 Initial conductance distributions and poly-dispersed pores

We considered initial edge conductances drawn from a Dirac delta distribution, which
corresponds to mono-dispersed pore sizes. More accurate capture of microscale struc-
tural variation might focus on obtaining a distribution from which edge conductances
are sampled, corresponding to poly-dispersed pore sizes (log-normally, for example, as
in Subsection 7.1.6). Consideration of random initialisations would require repeated
simulation, introducing additional computational expense.

9.2.3 Network representation and experimental data

Examination of real porous media samples would be another interesting extension.
This might involve the coupling of our numerical scheme with an algorithm to derive
a network from an actual microscale representation. One approach would inspect
high resolution images for exact network extraction. Another would employ data on
the statistical properties of real samples to infer the average coordination number
corresponding to a particular material and thus parametrise the algorithm used to
generate the network connectivity or else the distribution of initial conductances.

9.2.4 Multiscale models

Although these extensions would be interesting, they emphasise the key problem
with our model, and with network models in general. More accurate representations
of the microscale result in larger networks, which require increased computational
resources to solve. An alternative direction for future study, then, is to focus on
the development of models that offer the accuracy of network models but are more
computationally efficient. To this end, in Part III, we introduce multiscale models as
a candidate framework, and explore a particular example. In Part II, we averaged
microscale variables in the most straightforward way to obtain macroscale properties.
We will suggest ‘network homogenisation’ as a method for the systematic averaging
of network quantities to obtain effective ones. We will find that the computational
complexity of the effective model depends on the size of a statistically representative
cell that contains far fewer nodes than the network as a whole. Yet, solutions of the
cheaper effective model still agree with solutions of the more expensive network model
in an asymptotic limit. Because of the computational benefit of our multiscale model,
we will use it, rather than our network model, to explore the effects of the microscale
on the macroscale properties, including some questions concerning connectivity and
conductance distribution that we raised earlier in this section.
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Part 111

A multiscale model for filtration
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Chapter 10

Introduction to the multiscale model

10.1 Multiple scales in filtration

Filtration is an inherently multiscale process because particle and pore interactions
that occur on the microscale affect macroscale filter properties [83]. In Part I, we
found that the size distributions of particles and pores dictate the mechanisms by
which particles being captured affects the pore size, which further influences the rate
of capture, and thus determines the effective properties of the filter, such as the shape
of the flow rate profile. In Part II, we established that the geometry of the microscale
helps to determine macroscale properties of industrial interest, such as the particle
removal efficiency and process termination time. In special cases, either microscopic
or macroscopic effects may dominate, so that operation properties are well predicted
by independent microscale or macroscale simulations. Generally, however, microscale
and macroscale effects are strongly coupled in filtration media, and consideration of
multiple scales is required.

In some ePTFE filters, for example, pore sizes can range from around 0.02pm to
15um [48]. Although individual sheets of ePTFE are relatively thin, perhaps mil-
limetres deep, it is quite common to stack these or combine them in some other way,
so that the effective thickness is significantly larger. As a consequence, process prop-
erties of industrial interest that depend on the entire depth, such as the proportion
of the incoming particles that are retained across the membrane, are the result of
processes that occur over an area of around a centimetre squared, say, which can
contain as many as 1.4 billion pores [48].

This poses significant challenges in models that involve detailed resolution of the
microscale or agent-based approaches that track the behaviour of individual particles.
Non-specialist computers struggle with the memory demands of solvers that seek
to solve pore network models (PNMs) like the one in Part II when the number of
nodes and edges, which represent individual pores, exceeds the order of thousands.
The problem worsens when industrialists are interested in obtaining optimal filter
configurations, requiring repeated solution of models for cost function descents and
parameter sweeps. PNMs alone, then, are insufficient for at least some aspects of
filtration modelling, and there is a need for alternative mathematical approaches.
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10.2 Existing multiscale models for filtration

Multiscale models are a useful tool for deriving the macroscopic behaviour of systems
that contain microscale information [172]. Classical examples include the derivation
of: Darcy’s law [172, 173|; the Navier-Stokes equations with various boundary con-
ditions [174]; and advection—diffusion in porous media [175]. Homogenisation, the
method by which effective equations are derived from microscale dynamics, is an ac-
tive area of research for filtration applications due to the inherent multiscale nature
of many filtration membranes (see Chapter 6). Indeed, recent work includes [77], in
which Dalwadi et al. homogenise the problem of flow through a filter with a near
periodic microstructure coupled with particle transport owing to advection, diffusion,
and filter adsorption, and use the resulting computationally efficient macroscale equa-
tions to investigate why porosity gradients (imposed on the microscale, by varying
the pore size) can improve filter efficiency. In [76], Bruna et al. consider the prob-
lem of diffusion in a porous medium containing a collection of impenetrable spheres
and find the corresponding effective diffusion coefficient using two different methods.
Meanwhile, in [82|, Printsypar et al. investigate how the microstructure of a porous
medium influences overall filtration performance, by combining a homogenisation ap-
proach with an algorithm that accounts for the agglomeration of fibres when they
grow until they touch each other, due to particle deposition.

In these examples, the microscale consists of circles of given initial radii that
represent fibres in the filter medium and thus obstructions to the suspension. This
is a typical approach, adopted by many authors. In [78], for example, Dalwadi et
al. propose a similar setup and use the resulting homogenised model to predict the
onset of filter clogging. This work typifies the homogenisation method, and we use it
to outline the process used to average the problem of particle-laden flow through a
filter.

Dalwadi et al., [78], begin with the equations for Stoke’s flow coupled to an
advection—diffusion equation that governs the evolution of the particle concentration.
Deposition is imposed via a partially absorbing Robin boundary condition that results
in growth of the fibres via a volume conservation law. The contaminants are small
compared to the obstacles, and so particle-particle interactions are unimportant. The
authors proceed with homogenisation by introducing a ‘microscale’ spatial variable
that varies more quickly and, crucially, independently, of the ‘macroscale’ one. The
microscale coordinate is later removed again by introducing periodicity in this vari-
able via repetition of a representative cell, which is a small area of the microscale.
Intra-cell variation is accounted for with the microscale variable, while inter-cell vari-
ation is accounted for with the macroscale variable. Then, expanding the velocity,
pressure, particle concentration, as well as any other dependent variables, in terms
of the small parameter that separates the cell size from the filter size, the authors
obtain effective equations, which govern the evolution of homogenised variables that
have been averaged over the cell and are thus independent of the microscale variable
at the asymptotic order of interest. The parameters of these resulting equations de-
pend on the microscale information (the size of the obstacles in this case) via a cell
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problem, which, in this example, links the effective permeability to the obstacle radius
via an integral equation. It follows that solution of this system allows the authors
to obtain the effective permeability, and thus other effective properties of the filter,
without losing all the information gained from having knowledge of the microscale,
unlike purely macroscale models, which ignore microscale structure entirely.

In this example, as well as many others, the microscale geometry is a continuum
that is referenced by a continuous spatial variable. However, in studies of porous
media (as we discussed in Part II), it is common to simplify by approximating the
microscale pore space with a network, with a discrete set of locations at which system
variables, such as the particle concentration and fluid conductance, are measured
(nodes and edges, respectively). This approximation has led to the derivation of
multiscale systems in which the microscale is discrete (i.e., a network). The main
advantage of homogenising a network over homogenising the exact geometry is the
reduction in computational complexity, since in a network there are a finite number
of spatial points to consider. Firstly, this allows for the study of a larger physical
area. Secondly, this permits rapid repetition of solution, so that effective parameter
distributions may be obtained from systems with a stochastic element (like the one
considered in Part II, since the initial conditions are drawn from a distribution). This
Monte Carlo approach is infeasible when the microscale is fully resolved, like in the
finite element method, for example. We generally refer to the process of obtaining
effective equations on the macroscale continuum from network representations of the
microscale as ‘network homogenisation’.

Much of the literature on network homogenisation involves the study of the emer-
gence of continuum diffusion from discrete particle jumps on an underlying lattice.
The traditional approach, which is reviewed in [176] in the context of the evolution of
Brownian particles in disordered environments, uses generating functions and lattice
Green functions (see also [177]). The first step is usually to split the spatial variable
into one that gives the position in the cell and a second that references the position
of the cell (see [178, 179]). Since the probabilities of particle state transitions do not
vary from one cell to another, the traditional process continues by taking a discrete
Fourier transform with respect to the second index.

In recent work, by Chapman et al. |79, 80|, however, a slightly different methodol-
ogy is followed, which more closely corresponds to the standard continuous homogeni-
sation method (in [78|, for example). In the first of these, [79], Chapman et al. begin
by introducing a node index in the representative cell, which is € < 1 times as small
as the network as a whole. This index plays the role of the usual continuous mi-
croscale spatial variable. That is, the dependent variable of interest, the probability
of finding a particle at node ¢ at the continuous macroscale position @, in this case,
is a function of ¢+ and x independently. Carrying out a Taylor expansion about the
point @, and assuming an asymptotic form for the solution as usual, the authors ob-
tain a master equation for the probability, which is now explicitly independent of the
microscale index (and thus averaged over the cell) at leading order. Solutions of the
master equation agree with solutions of the underlying dynamics in the asymptotic
limit ¢ — 0. Only the parameters of the homogenised system, the effective diffusion
coefficient in this case, depend on the microscale (the transition probabilities, here).
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As in the continuous case, this dependence occurs via a cell problem. In the dis-
crete scenario, this takes the form of a linear matrix equation, which returns the ‘cell
solution’ as a function of the transition probabilities.

In the second piece, [80], Chapman et al. use a generally similar method. This
time, though, the microscale contains a continuum fluid rather than particles that
transition discretely. As such, fluid moves through the microscale due to mass con-
servation laws, as opposed to transition probabilities. That is, the authors homogenise
the problem of incompressible flow through a network with specified initial edge con-
ductances and node volumes. The microscale setup is thus identical to that in Part II,
except for the absence of particles in the flow. As a result, deposition does not occur,
and the network’s structure is static. Via a similar method as that in [79], Chapman
et al. [80] arrive at an effective system defined on the continuum macroscale geome-
try that consists of a continuity equation and the Darcy equation, which relates the
macroscale flow rate to the pressure gradient via the effective permeability. The per-
meability depends on the conductances of the network edges via the cell solution. The
computational complexity of the cell problem is a function of the number of nodes in
the cell, which is considerably less than that in the entire network. This allows the
authors to obtain a distribution for the effective permeability given only statistical
information about the network, as opposed to the exact conductance of every edge,
via repeated solution of the cell problem. In this way, Chapman et al. [80] examine
the influence of the microscale structure, in terms of both the connectivity and the
distribution of random conductances, upon the effective properties of the network.

10.3 A novel multiscale model for filtration

In the remainder of Part III, we will extend the work in [80] by homogenising the flow
and deposition of a particle-laden fluid through a dynamic network representation of
the filter microscale, that is, the network model discussed in Part II.

In Chapter 11, we will derive the multiscale model corresponding to the net-
work model in Part II. We will begin, in Section 11.1, by posing the network model
on a periodic network that consists of repeated translation of a representative cell,
and introducing the necessary notation, similar to that used in [80]. The result is
a dimensionless periodic network model to be homogenised, with initial conditions
corresponding to Dirac-delta distributed of log-normally distributed initial pore con-
ductances. In Section 11.2, we outline the process of network homogenisation. In
Section 11.3, we then carry out homogenisation of our model. We first focus on the
quasi-one-dimensional case, in which a network with nodes that are not necessarily
connected to their spatially nearest neighbours is embedded in a single macroscopic
dimension. Then, in Section 11.4, we consider the case where a network with arbi-
trary (though still periodic) connectivity is embedded in a continuum of arbitrary
dimension. We will see that this case is conceptually similar, although notationally
more complex. Proof of the algebraic results that underpin our findings are also more
challenging. Sections 11.3 and 11.4 proceed relatively similarly to the derivation in
[80]. The process is extended, however, by the need to homogenise the equation for
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the conservation of mass of particles, and the corresponding equation for the conser-
vation of the volume of pores. As such, we will find that the problem deviates from
that in [80] in so much as that the pore conductances, and the cell solutions from
which they are derived, are functions of time, so that the structure of the underlying
network is dynamic. Darcy’s law, which is parametrised by a function of the mi-
croscale that represents the effective permeability, is identical to that derived in [80].
In our model, this is coupled to an advection-reaction equation for the particle con-
centration, which is parametrised by a second microscale-dependent function, which
we call the adhesivity, since it represents the effective ability of the filter to capture
particles via adhesion based deposition, and thus the reactivity in the macroscale
system.

In Chapter 12, we will explore solutions of our multiscale model. We will begin,
in Section 12.1, by discussing a numerical scheme for solution of a reduction of the
model that still contains its interesting properties. We will find that even the most
straightforward solution method is less computationally complex than solution of the
corresponding network model. Furthermore, we will suggest a pre-calculation step
that further decreases computation time substantially. In Section 12.2, we will exhibit
solutions of the multiscale model on various four-regular networks, to demonstrate
the case where the underlying structure is indeed exactly periodic, as is assumed in
the homogenisation process. Firstly, we will consider non-random edge conductances,
which corresponds to the case where pore sizes are initially mono-dispersed. We will
find that, despite vast improvements in computational complexity, the solution of the
multiscale model agrees with that of the network model in the asymptotic limit where
many small cells constitute the network. Secondly, we will consider log-normally ran-
dom edge conductances, which corresponds to poly-dispersed initial pore sizes, and
show that a general run of the multiscale model will agree qualitatively but not quanti-
tatively with the underlying network solution, due to different random initialisations.
As such, in Section 12.3, we demonstrate the results of repeated calculation of the
effective parameters on four regular networks, as well as those with more complex
connectivity. We will show that the statistics of the multiscale solution do agree with
that of the microscale solution in the asymptotic limit, provided that the repeated
cell is statiscally represantative of the network as a whole. In particular, in [80],
Chapman et al. derive the sampled distribution of the effective permeability and
show that its average represents the effective flow dynamics provided that the cell
contains enough nodes and has approximately the correct coordination number. We
find good agreement, and extend these conclusions to the effective adhesivity, thus
showing that multiscale models derived from dynamic network models are a valid ap-
proach for the prediction of the effective properties of filters in which particles deposit
due to adhesion between particles and pores on the microscale (that is perhaps not
even periodic).
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Chapter 11

Derivation of the multiscale model

In this chapter, we derive a multiscale model for filtration in which the microscale
and macroscale geometry are accounted for simultaneously. We begin by deriving
a system of ordinary algebraic—differential equations on the microscale, which we
model as a spatially periodic network of pores and junctions. We then develop an
asymptotic method, called network homogenisation, to average this system. Carrying
out this method on the periodic-network model, we arrive at a system of partial
differential equations on the macroscale, which is modelled as a continuum of porous
material. The parameters of this continuous system, which model the permeability
and adhesivity of the membrane, depend on the dynamically varying conductances
of the pores in the underlying network, so that the macroscale dynamics are coupled
with the behaviour of microscale.

11.1 Microscale model

We begin by modelling the microscale of the filter as a periodic network. We first
derive a dimensional system of equations that is similar to the non-periodic network
model in Part II, but accounts for simplifications that arise from the periodicity
of the network. We then nondimensionalise this model, scaling to account for the
assumption that the network contains many cells in the direction of dominant flow.

11.1.1 Dimensional model

As in Part II, we consider the pressure driven flow of a particle-laden fluid through
a filter that is modelled as a network of pores and junctions. Particles in the flow
deposit on pore walls due to a mutual adhesivity between the particles and pores,
which decreases their cross-sectional area and thus their conductance, so that the
structure of the network is dynamic. Here, unlike in Part II (see the non-periodic
network illustrated in Figure 7.1), the filter is spatially periodic, so that the network
is constructed by repeated translation of a cell in D-dimensional space, where D &€
{1, 2, 3}, as illustrated in Figure 11.1.

The basic setup is the same as that in the dimensional network model from Part I1,
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Figure 11.1: A diagram of a two-dimensional filter composed of a periodic network
formed from a cell that is repeated vertically and horizontally. Particles in the flow
enter through edges crossing the left boundary and exit through those crossing the
right boundary, after traversing the network.

(7.23)-(7.31). We call € the ratio of the cell length to the filter length, so that e ™! cells
constitute the filter depth (see Figure 11.1). When the network is non-periodic, pores
and junctions are referenced by indices 7 and j that vary between 1 and the number
of junctions in the filter, N¢, say. Here, however, we account for the periodicity of the
network by introducing one further index called the cell reference, r = (r!,... rP?)T
which is a vector that describes the position of a cell containing one junction relative
to the cell containing another. We use i, 7, and r, together, to index a pore, so
that, for example, G7; is the conductance of the pore between junction ¢ in one cell

and junction j in a cell at position r relative to the first one. In a two-dimensional

network, therefore, GgléO)T denotes the conductance of the pore connecting junction
1 in one cell to junction 2 in the cell directly to the right of the first cell. This
convention is illustrated in Figure 11.2. The indices ¢ and 7 now vary between 1 and
the number of junctions in the cell, N, say. Junctions in one cell are connected to
junctions in another cell up to K cells away, and so the set of possible values of each
rmis R ={-K,...,—1,0,1,..., K}, so that the set of possible r is R = RP. For
example, when K = 1, junctions in a cell are connected to junctions in the same
cell or its nearest-neighbouring cells, and R = {—1,0,1} so that R = {—1,0,1}"
(see Figure 11.2 (Top)). When K = 2, pores cross up-to two cell boundaries, and
R ={-2,-1,0,1,2} so that R = {—2,—1,0, 1,2} (see Figure 11.2 (Bottom)). The
symmetric structure of R follows by noting that if 7 is an element of R, then so too
is —r™. This is because, for any 4, j, and 7, we have G}; = G}, by periodicity of
the network (see Figure 11.2). Note that non-planar networks, like the ones in Figure
11.2, are permitted.

Y
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Figure 11.2: Diagrams of sections of two periodic networks that are embedded in
two-dimensional space. The conductances of some pores are labelled to illustrate the
use of the lower indices, ¢« and j, and the upper index, 7, to index the pore between
junction ¢ in one cell and junction j in a second cell at position r relative to the
first. (Top) A cell of N = 9 junctions repeated nine times. Junctions in one cell are
connected to junctions in cells up to one cell away. It follows that ! and r? are drawn
from the set R = {—1,0,1}, so that r is drawn from R = {—1,0,1}?. (Bottom) A
cell of N = 2 junctions repeated four times. Junctions in one cell are connected to
junctions in cells up to two cells away. It follows that r' and r? are drawn from the
set R = {-2,-1,0,1,2}, so that = is drawn from R = {—2,—-1,0, 1,2}
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Proceeding similarly to Part II, we arrive at a dimensional network model similar
to (7.23)—(7.31). Accounting for the periodicity of the network, the equations for the
conservation of fluid, particles, and pores, (7.23), (7.24), and (7.25), become

YN aep =0 (11.1)

j=1rerR
00 & .
Vs = N ((1 — A)Q;TCiH(Q;T) — QUCyH ( ;})), (11.2)
j=lreR
oGy, 254

= 2" (G2 |P — Py 11.3

aT (87TILLL)% zg( zg) | J| ( )

respectively, where the flux down each pore is related to the pressure drop and con-
ductance of the pore via

i =Gy (Bi=F). (11.4)

Note that, in the summations here, lower indices, ¢ and j, vary from 1 to the number
of junctions in the repeating cell, N. Sums over the upper index, r, are over all
possible cell references in the set R = {—K,... —1,0,1..., K}, the size of which
depends on K.

As in Part I, we enforce a constant pressure drop across the filter, and a constant
particle concentration at the inlet, so that the boundary conditions are

Pu(T) =phs PouT) = ot (11.5a,b)
and

Oi (T) =c

m?’

(11.6)

for T" > 0. There are no particles in the filter initially, and initial pore radii, and
therefore pore conductances, are drawn from the distribution G, which we assume is
either a Dirac-delta distribution, or a log-normal distribution, to exemplify solutions
of the model. Thus the initial conditions are

Cy(0) = 0, (11.7)
for i € {1,..., N,out}, and
G7(0) = G

ij

(11.8)

for 7,5 € {1,..., N,in,out}, where the probability density function (PDF) of G is
either

70 0_2 2
i I (105 (%) + %)
0y = 0 _ [ P —
Q(Gu ) - E(ng G)7 or Q(ng ) \/%O'GGZO eXp 20%;

(11.9a,b)
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The equations (11.1)—(11.9) form a closed system for the solution variables, Q7;,

Ci, P, and G7;, on a periodic network, subject to the specification of the dimensional
parameters, L, V', A, S, u, pi, piy, and ¢, along with any other parameters that
are needed to specify the probability density functions for the initial conductance
distribution from which G};Q are drawn, G, such as G and o¢ in (11.9). As in the
non-periodic case, this network model is independent of node positions. The periodic
connectivity of the network enters the system through the pore conductances, G7;.
In the next section we will nondimensionalise the dimensional network model (11.1)—

(11.9).

11.1.2 Dimensionless model

In the subsequent sections of this chapter, we will focus on deriving a macroscale
system from our microscale model, (11.1)—(11.9). To this end, we will take a network
containing a fixed number of junctions in each cell (so that ¢ from Part IT is fixed) and
consider the case in which the network contains many infinitesimally small cells, which
corresponds to the asymptotic limit ¢ — 0. The aim of our nondimensionalisation
is to arrive at a scaled system for which this analysis is simple. We therefore scale
periodic variables so that

L;"j - EE:'J, ‘/Z = Vﬁ? Pz - (pin - pout)-ﬁi + Douts Cz — Cinéia (111())
_ ~ G -~ eV .

r Gl — )T G =G, T= - 111

Y (Pin = Pt ;- Gy e Y G (Pin — Pout) ( )

Similarly to our scaling of the non-periodic variables in (7.33) and (7.34), the scalings
in (11.10) mean that pores and junctions all have unit length and volume initially,
respectively, the feed has unit particle concentration, and the filter has a unit pressure
drop enforced across it. We will find (see (11.76)), that the timescale in (11.11),

eV
T ——
G(pin - pout)
is the average time it takes fluid to cross a cell.

In dimensionless variables, dropping tildes, the equations for the conservation of
fluid, particles, and pores, are

2.2 Q=0 (11.13)

(11.12)

=1 reR
oC; al . . . i
or Z Z <(1 —ae)Q;"CiH(Q") — QiCiH ( Z-j)), (11.14)
j=1reR
8ij 3
or —apCy(GY)? | B — Pyl (11.15)

where the flux down each pore is related to the pressure drop and conductance of the
pore via

T

Gr.
r— U (p P, (11.16)
g

ij
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The boundary conditions are
Pu(T) =1, Pyw(T) =0, (11.17a,b)
and
Cin(T) =1, (11.18)
for T' > 0, and the initial conditions are
C;(0) =0, (11.19)

fori € {1,...,N,out}, and

r _ 70
G;(0) =G5, (11.20)
fori,j € {1,..., N,in,out}. This time, the dimensionless parameters, in terms of the
dimensional ones, are
A 25V ey 1
a=2, g2 oo (11.21)
3 (8muLlG)z N

We will find (see Section 11.3), that the factor of e™' in « ensures that particle
deposition occurs at O(e) in each cell, which results in O(1) removal over the filter
for a« = O(1). Similarly, the extra factor of € in 5 ensures O(1) conductance variation
for « = O(1) and § = O(1). The dimensionless initial pore conductances, G7/, are
drawn from the initial conductance distribution, G, which has a pdf that is either
given by

o2 2
P W i CCh )
) = V210G P 20, ’

9(G) =8(Gj = 1),

(11.22a,b)

so that, either pores have unit conductance initially, or their conductances are dis-
tributed log-normally about a unit mean.

The equations (11.13)—(11.20) form a closed system for the dimensionless periodic-
variables ()7, C;, P;, and G7;, given the dimensionless parameters «, 5, and . These
are defined in terms of the dimensional parameters in (7.46), and any further di-
mensionless parameters, for example og in (11.22), that are needed to specify the
initial conductance distribution, G, from which the initial pore conductances, GZ-'jO,
are drawn.

In this section, we have extended the non-periodic network model that we de-
rived in Part II, (7.38)—(7.45), to a periodic-network model, (11.13)—(11.20). In the
remainder of this chapter, we will develop an asymptotic method to systematically
homogenise the system, and use this method to derive an effective system that is
defined on the macroscale and microscale geometry of the filter simultaneously.

128



11.2 Network homogenisation methodology

We are interested in the case where the ratio of the cell length to the network length,
¢ defined in (11.21), is small, ¢ < 1, so that many cells constitute the network in the
dominant direction of the flow. In this scenario, there are two scales in our model,
which are separated by €. The microscale is the scale of each cell, while the macroscale
is the scale of the entire network. In the limit ¢ — 0, we will derive a continuous
approximation of the discrete periodic-network model, (11.13)—(11.20), by using the
following steps:

Step 1. Evaluate all microscale-dependent variables, by which we mean variables in-
dexed by 7, 7, and 7, relative to a common, continuous point, and assume that
these variables depend on the macroscopic continuous spatial coordinate and
the microscale index independently.

Step 2. Carry out a Taylor-series expansion of each of these variables about the com-
mon point in terms of the small parameter, ¢.

Step 3. Assume an asymptotic expansion in terms of the small parameter, ¢, as the
ansatz for each variable for which the solution is sought.

Step 4. Solve the resulting master equation at each asymptotic order. Higher-order
problems may need to be considered to close lower order problems, to specify
the macroscale solution variable.

We call this process network homogenisation, which is a variation of the usual method
of multiple scales, in which the microscale consists of discrete spatial points.

To carry out network homogenisation, therefore, we must define discrete spatial
points at which the solution variables of the microscale model, (11.13)-(11.20), QF;,
C;, P;, and G{j, are defined. To this end, we define X so that e X" is the component
of the position of junction 7 in the z™ direction relative to some fixed point x. It
follows that « +¢<X; is the position of junction ¢ in the continuous macroscopic spatial
variable. We exemplify this convention in Figure 11.3. Since the network is periodic,
it follows that junction j in the cell at position r relative to the cell containing ¢
is located at the point & + ¢(X; + r o l), where o denotes the Hadamard product
(rol = (r*1*,...,7PIP)T), and 1 is a vector containing the dimensions of the filter, so
that {™ is the length of the filter in the 2™ direction (see Figure 11.3). It remains to
specify the points, e X7}, say, at which pores are defined (relative to ). We choose the
midpoint between nodes 7 and j, which we call e M7, so that e M]™ is the component
of this midpoint in direction ™, as illustrated in Figure 11.4.

X7+ rmim + X
2

M = (11.23)

To demonstrate network homogenisation, we define the fixed point @ to be the left-

bottom corner of a particular cell, which we will call the reference cell, and consider
Steps 1-4 in the context of three example quantities:
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! T < o >

Figure 11.3: A diagram of a section of a two-dimensional filter with two cells shown.
The point «, the lengths of the cell boundaries, and the distances between nodes ¢
and j and the cell boundaries are labelled. Lower indices reference nodes and edges,
while upper indices refer to dimensional directions.

Quantity 1. The pressure at junction i, P;, in the reference cell (e.g., see i in the left
cell in Figure 11.4).

Quantity 2. The pressure at junction j, P;, which is in a cell at position r relative
to the reference cell (e.g., see j in the cell at position » = (1,0)" (i.e.,
right) relative to the cell that contains ¢, in Figure 11.4).

Quantity 3. The conductance of pore ijr, GJ; (i.e., the pore that connects junction
7 to junction j in the cell at position r relative to the cell containing
junction i, see Figure 11.4).

Quantities 1-3, and the positions at which they are defined in the example case,
D =2 and r = (1,0), are illustrated in Figure 11.4.

11.2.1 Step 1: Independent spatial variables

In Step 1, we define Quantities 1-3 with respect to their microscale and macroscale
variables independently:

e For Quantity 1, we write
P, = P(x +eX;), (11.24)

which depends on both the macroscopic spatial coordinate, &, and the micro-
scopic index, ¢, independently;

e For Quantity 2, we write
P, :Pj(x+s(Xj+rol)). (11.25)

Note (see Figure 11.4) that j is shifted by er o[, since junction j is in a cell at
position 7 relative to the reference cell in which junction ¢ is found;
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z+e(X;+rol)

P;
1,0
defined here T+ 5M1(] )

N

J

defined here

e
defined here

Figure 11.4: A diagram of two adjacent two-dimensional cells. The position @ in
the reference cell, and the positions of the node 7 in the reference cell, node j in the
right-neighbouring cell, and the midpoint between these nodes are labelled above the
points. Since node i is in the reference cell, the edge to j in the right-neighbouring
cell, which is highlighted, is referenced by » = (1,0)".

e For Quantity 3, we write
Gl =Gl(x+eM). (11.26)

Note that, although the pore midpoint, M} (defined in (11.23)), is the natural
choice for X7, we will find that the process of network homogenisation is inde-
pendent of this choice provided that X; " = X7 for each m, which ensures
that a quantity defined on an edge, such as the flux, Q7;, is defined at the same

R
point regardless of the direction of its flow.

11.2.2 Step 2: Taylor expansion

The position at which each variable is defined is important for Step 2, since it is
crucial to carry out Taylor expansion about the common point . For example:

e Expanding Quantity 1 gives

D
0P,
P, X;,) =P, xXm 11.2
(o4 eX) = P@) +e XX @) (11.27)
2 D D I 82B
7 L NN G (@)
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e Expanding Quantity 2 gives

OP;
P, <ac +e(X;+ro l)) = Pi(x)+¢ Z (X 40712 (@) 4+ (11.28)
m=1
2 D D 2
€ 92 P
7 2 2 G ) s @)
e Expanding Quantity 3 gives
D e
G <w+5Mi’;> = Gj;(z) +52Mi’;m &ch'i (x)+ (11.29)
m=1
o D D aQGr
€
_ M’f‘mM”"rL .
7 2 2 MM e @)

11.2.3 Step 3: Asymptotic expansion

Step 3 involves assuming asymptotic forms for solutions, and, for example:

e For Quantity 1, we write

Pi(z) = P () + PV (@) + 2P () + O(e%); (11.30)

e For Quantity 2, we write

Pi(z) = P (z) + PN () + 2PP () + O(?); (11.31)

J

e For Quantity 3, we write

T _ () r(1) r(2)
Gr(z) = GI(z) + G (2) + 2G5 () + O(). (11.32)

1

11.2.4 Step 4: Asymptotic solution

In Step 4 we will find some leading-order asymptotic solutions, such as that for the
pressure, Pi(o), that are independent of the microscale index and are thus given by
functions that depend only on the continuous macroscopic spatial variable. Other
leading-order variables, such as the conductance, GT., depend on the microscale and

Zj’
macroscale simultaneously. That is, for example:

e For Quantity 1, we will find that Pi(o)(sc, t) = p9(x,t) for any junction in the
reference cell, i € {1,...,N};

e For Quantity 2, we will find that Pj(o)(a:,t) = p©(x,t) for any junction in the
neighbouring cell, j € {1,..., N},
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e For Quantity 3, we will find that G7;(x,t) = G:j(o)(a:, t) for any pore in the cells,
i,j€{l,...,N} and r € R.

Analysing higher-order equations, we will obtain a system for the explicitly microscale-
independent variables, such as p(®). The parameters of this system will depend on
microscale-dependent variables, such as sz(o). In this way, the evolution of the so-
lution variables will depend on both the continuously varying macroscale spatial-
variable, , and the discretely varying microscale indices, ¢, 7, and 7, as we illustrate
in Figure 11.5.

l2

3
T I

Figure 11.5: A diagram to illustrate a filter in the limit ¢ — 0. Explicitly, macroscale
variables are independent of the microscale structure. However, the parameters of
the system that determine these macroscale variables depend on the structure of an
infinitesimal cell defined at any continuous point .

In this section, we have summarised the process of network homogenisation. In
the remainder of this chapter, we will carry out Steps 1-4 of network homogenisa-
tion to systematically average our periodic-network model, (11.13)-(11.22). We will
first consider the case where the network is embedded in one-dimensional space, to
exemplify a simple version of the process, before demonstrating the D-dimensional
scenario, which is similar, but more notationally complex.

11.3 Multiscale model in one dimension

In this section, we begin by considering the quasi-one-dimensional case, in which
non-spatially-adjacent nodes may be connected in a network that is embedded in one-
dimensional space (see Figure 11.6 for an example). This case exemplifies the network
homogenisation process while still affording significant notational simplification, since
all vectors, such as the cell position, x, the junction position, X;, and the reference, r,
are replaced by scalars, so that we drop the directional upper index, m, in the obvious
way. In the remainder of this section, we will homogenise the fluid, particle, and pore
conservation equations, (11.13)—(11.15), and systematically find a macroscale flow
rate.
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Figure 11.6: A diagram of a section of a periodic network composed of a cell con-
taining N = 2 nodes that is repeated three times. The conductance on some edges is
labelled. The network is quasi-one-dimensional since nodes are organised spatially in
one dimension, but non-spatially-adjacent nodes are connected. For example, an edge
exists between node 1 in one cell and node 1 in the cell to the right, but these two
nodes are not spatially adjacent, since node 2 lies between them in the same plane.

11.3.1 Conservation of fluid

We first homogenise the microscale equation for conservation of fluid, (11.13). Writing
this in terms of the junction pressure and pore conductance, using (11.16), gives

YN G- p)=o. (11.33)

j=1rerR
Carrying out Step 1 by evaluating G7;, P;, and P; at z, which we choose to be the
left-most point in the reference cell, and further Step 2, a Taylor expansion of the
pressure and conductance about x, we find that (11.33) becomes

ZZ{GZ}(&—B)}H{ ax]M;(JDj—H)+G:j((Xj+rz)a—]z_Xia_];>}

j=1 reRr

210Gy v oy G (e 0P 0P
+e {2 (M) (P = P) + Mij(<xj +r) L - X, ax>
ar 2P, %P,
ij A 2045 2t 3y _
+ = ((Xﬂ—rl) 5o X 8x2>}+0(5) 0. (11.34)

Here, and throughout, we use { and } to group terms of the same asymptotic order.
We next carry out Step 3 by substituting the asymptotic forms for the pressure and
conductance, (11.30) and (11.32), into (11.34) to obtain

0
A0 pO) | 5{ A0 PO | A0 pO) L O pO) L gO 3183 ( )} n 52{ A0 Pp@

T
1 0
A0 pW 4 popo 4 g0IPY e po) | popo Bu)@l;‘ -
z x
opP© 52 P0)
FOPO + EO—=— 4 CY=— } +0(e*) =0, (11.35)
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which is the master equation for fluid conservation that we seek to solve. Here, P®®) is
a vector of length N in the junction index that contains the O(e®) pressure solutions,
so that

Py
P® = : : (11.36)
Py

and A,B,C,D,E, and F, are matrices of shape (N, N) in the junction index, the
entries of which are given by

N
AP =3 (G;@ ~ 5 Z G;ES)) : (11.37)

reER
N
Bi(;) = Z (GZ;S) (X +7l) = 85X Y GoY ) (11.38)
reER k=1
N
() _ 1 r(s)
o = 52 (G (X + 1) = 5,;X7 > Gy ) : (11.39)
reR k=1
8Gr(s N r
DY =3%" ( Z G M{"k> (11.40)
reER k=1
8Gr(s) N r(s
B :z< ) - 5,30 (11.41)
reER v k=1
2, r(s) N r(s)
oLy (P67 *Gy”
e = - "2 11.42
17 9 TEZR ( 61’2 z] Z a z ( )

To solve the master equation, (11.35), it is useful to note (see Appendix A.1.1 for
proofs of (11.43a)-(11.44b)) that

A¥1=0, 1"B®1=0, DW1=0, F®1=0, (11.43a-d)
and that

1D ai (lTB ) 1TE®1 = a%(fc*(s)l), (11.44a,b)

where 1 = (1,...,1)"T and 0 = (0,...,0)" are both vectors of length N. Note
additionally that, since A®T is symmetric, such that

AT = A (11.45)
it follows from (11.43a) that

1TA® =0T, (11.46)
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We use these results extensively in Step 4.
Indeed, proceeding with Step 4, at leading order in the master equation, (11.35),
we have that

AV PO - (11.47)
and, using the identity (11.43a), it follows that
PO = pO (g 1)1, (11.48)

where pl®(x,t) is the leading-order macroscale pressure solution to be found. We
have discovered that the leading-order pressure at any junction ¢ is independent of ¢,
which means that pressures at junctions in the same cell are identical at leading order.
One consequence is that the leading-order intra-cell pressure difference between any
two junctions is zero, so that there is no flux through the pore at leading order (using
(11.16)),

(0) 0 _
P —F7 =0. (11.49)

It remains to find p(® by seeking a solvability condition at higher order. Thus,
continuing Step 4 by considering first-order terms in the master equation, (11.35),
substituting the leading-order pressure solution, (11.48), into (11.35), and using the
identities (11.43a) and (11.43c), we find that

op©

A0 p) | BOq
ox

=0. (11.50)

Searching for a solvability condition, we pre-multiply both sides of (11.50) by 1T,
but, using (11.43b), we see that the resulting equation is satisfied for any p®. We
must, therefore, proceed to even higher order problems to determine the leading-order
solution, p(®). Before this, we note that (11.50) has the solution

op©)

(1) —
P flz,t)1 + o

W, (11.51)
where f(x,t) is an arbitrary (see (11.75)) microscale-independent function, and W is
a vector of length N that satisfies

AOW = _BO1, (11.52)

Unlike the leading-order pressure, then, the first-order pressure, given by (11.51),
is microscale dependent, via W. We refer to (11.52) as the cell problem, since its
solution, W, which we call the cell solution, determines the dependence of the pressure
at a continuous spatial point on the structure of the cell located at this point (in the
limit ¢ — 0, see Figure 11.5) and thus on the microscale network, via the conductances
that define A(®) and B (defined in (11.37) and (11.38)). Since the first term in the
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right-hand side of (11.51) is microscale-independent, the first-order pressure difference
is given by
ap”
Ox '
which is of interest since this pressure difference determines the pore flux, via (11.16).
At second order, by substituting the leading- and first-order solutions, (11.48) and

(11.51), into the master equation, (11.35), and using the identities (11.43a,c,d), we
find that

PY — pY — (W, — W) —

J

(11.53)

0 0
A0 pe 4 40 >3<f1+ o )W>+
ox ox
1, Op 8p 82]9(0)
BW1== 4+ EO c1 =0. 11.54
or + 8x + 0x? ( )

Seeking a solvability condition once more, we pre-multiply both sides of (11.54) by
17, and use the identity (11.46) to eliminate P®. Using the identity (11.43b) to
simplify, we obtain

0 2.-(0
W) 10 Y T 2P

0, Op”
T T
1'DOZ=_w +1"BC o 1=

ox ax =0

(11.55)

(0)
5 (%

Furthermore, using the identities in (11.44) and the product rule to write D(® and
E© in terms of B and C©), we simplify (11.55), and arrive at

0 ap(O)
9 (,0 ) - 11.
Ox (U ox 0 (11.56)
where ¢ is the scalar defined by
1
o =< <1TB(°)W + 1TC<0>1). (11.57)

Equation (11.56) is the solvability condition for the leading-order pressure solution,
p'?, that we seek, and thus (11.56) is the homogenised version of the equation for con-
servation of fluid, (11.13). We see that we have arrived at an equation, which governs
the evolution of the leading-order pressure, p{?), over continuous macroscale space, ,
which is explicitly independent of the microscale. Instead, microscale structure enters
the system via the parameter of the equation, ¢®, which depends explicitly on the
structure of the underlying network via W, B C©) which are defined in terms of
the pore conductances, G:](O), subject to the cell problem, (11.52), and the definitions
n (11.38) and (11.39), respectively.

11.3.2 Darcy’s law

Next, our aim is to relate the leading-order macroscale pressure solution, p(?, to a
flow rate. To this end, we define the Darcy velocity to be

u= %iizrc}; (11.58)

i=1 j=1 reR
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To see why (11.58) is indeed the net flux per unit area through a cell, first notice
that terms containing » = 0 correspond to flow through edges with no inter-cell
connectivity, and so do not contribute to the sum. The terms containing r = 1
correspond to flow out of a cell through edges connected to the cell directly to the
right of it, and, since Q; = —Q7;, the terms containing r = —1 correspond to flow into
a cell through edges connected to the cell directly to the left. Therefore, averaging
these two contributing flows (by dividing by two) gives the flux through the cell. Now
consider terms containing » = 2, which, we recall, describes the case in which a node
in one cell is connected by an edge to a cell two steps to the right. In such a case,
two copies of the edge will pass through the right-hand boundary of the reference cell
(see Figure 11.7), and hence Q}; must be counted twice. Similarly, for longer-range
connections, multiplying by r ensures that Q;; is counted the correct number of times
(see Appendix A.3 for proof).

Edge exits cell twice because r = 2

Cell boundary

| | 12 216 |
H H 1 : H
Ggl) \
B —
x Edge exits cell once because r = 1

Figure 11.7: A diagram of a periodic network composed of a cell of N = 2 nodes
repeated three times. The conductance of some pores is labelled. The pore with
conductance G§11) connects junction 1 in one cell junction 1 in the next cell to the
right, since » = 1. Only one instance of this pore exits the first cell, and so flow
through this pore need only be counted once. On the other hand, the pore with
conductance Gg) connects junction 2 in one cell to junction 2 in the cell two cells
to the right, since r = 2. Two instances of this pore exit the first cell, and so flow
through this pore must be counted twice.

To homogenise the Darcy velocity, (11.58), we will begin by homogenising the
pore flux, Q;. To this end, following Steps 1-3 of network homogenisation, that
is, writing the pore flux in terms of the pore pressure drop and conductance using
(11.16), carrying out a Taylor expansion of the pressure and conductance about z,
and substituting in an asymptotic expansion for the conductance, given by (11.32),
we find that

= —({G’{}O) (Pj - B)} - 6{02}1)(3 - B-)+ (11.59)

or;, 0Py 0GLY
o8y

_ i r(p. — P 2
o Nigg D M (P, P’)}“g(g ))'

GO (X + )
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Furthermore, using the leading- and first-order asymptotic pressure solutions, (11.48)
and (11.51), and noting the cancellation of terms by using the leading- and first-order
pressure differences, (11.49) and (11.53), we find that

T T T ap(O)
- Gi}O’AZjW +O(e). (11.60)

The leading-order microscale flux is therefore given by

(0)
r(0) T(O) r ap
Qi =G A”E?_:v (11.61)
where
which, we note, satisfies
A= —Al. (11.63)

Equation (11.61) tells us that Aj; is the pressure difference (per unit pressure
gradient) in pore ijr. Equation (11.58) implies that this dictates the effective con-
tribution of the pressure difference in pore ijr to the overall macroscale flow rate,
u.

It follows that elements of the cell solution W;, have dimensions of length (pressure
divided by pressure gradient). Therefore, we interpret these as the ‘corrections’ to the
position of each junction i necessary to obtain the imposed ‘correct’ pressure gradient
on the macroscale. These ‘corrected’ positions (as opposed to the actual positions,
X;) are dictated by pore conductances, G:}O), via solution of the cell problem, (11.52).

We find (see Appendix A.1.3 for proof) that the macroscale solution of the model
is independent of the positions of the junctions, X;. We expect this, since the mi-
croscale model, (11.13)—(11.20), is only dependent on the network structure via the
conductances of the pores. Choosing X; =0 for all i € {1,..., N}, we see that

AL =W, — (W + 7). (11.64)

Substituting the homogenised microscale flux, (11.60), into the Darcy-velocity
definition, (11.58), we find that the homogenised Darcy velocity is

1 N N 0)
=322 REARINA OB (11.65)

j=1reR

N}

so that the leading-order Darcy velocity is given by
(0)

ZZZ rGO AL (% . (11.66)

21] 1 rerR
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Re-writing (11.66), therefore, we find that the leading-order Darcy velocity satisfies

ap( )

— kO
Oz

(11.67)

where, using (11.63),

TR

— r(0) A —r

— 52 ( E :rGij AL (11.68)
i=1

=1 j=1reR

It turns out (see the proof in Appendix A.1.3) that 0(® = k() and, using this identity
in (11.56), we find that the leading-order Darcy Velocnty is dlvergence—free, so that

ou
oz

Carrying out network homogenisation on the microscale equation for conservation of
fluid, (11.13), and the pore flux definition, (11.16), we have shown that the leading-
order flow rate and pressure, u(”) and p(®), satisfy the Darcy equation, (11.67), and
the expected macroscale equation for fluid conservation, (11.69). Therefore, (11.58)
is indeed the correct definition for the flow rate, u. Inspecting (11.67), it follows that
k© is the leading-order permeability of the filter, which depends on the microscale
via (11.68).

=0. (11.69)

11.3.3 Conservation of particles

We next homogenise the microscale equation for the conservation of particles, (11.14).
Writing this in terms of the junction pressure and pore conductance, using (11.16),
gives

{ZZ ( "(P = P)CH (G (P — P))— (11.70)

j=1rer

Gy (P~ P)GH(G(P - P) |

— ZZ@G_T P, — P)C;H(G5 (P — By)).

=1 reR

We begin by noting that the Heaviside function, H, can be homogenised (since the
pressure difference in a pore never reaches zero, as discussed in Section 7.1) first and
carried through the rest of the process. Specifically, we carry out Steps 1-3 on the
term H(G};(P; — F;)), and find that

H( ;‘j):H<G;;O>(B—P)+aGT<O>{ %]; (X; +rl)a£}+o< )) (11.71)

:H< {G A;ag }+O(€2)>, (11.72)

140




where we have used the leading- and first-order pressure solutions, (11.48) and (11.51),
respectively. We therefore define

\ )
HIO = H(A; gx ) (11.73)
which satisfies
R e (11.74)

In (11.73), note that H;j(o) is only non-zero when A, is negative, or equivalently,

when A7 is positive, using (11.63). Recalling our mterpretatlon of A, this means

’Lj’
that Hfj(o) indicates pores ijr along which particles move from junction ¢ to junction
j. From (11.74), it follows that H j_f(o) indicates the pores ijr along which particles
flow from junction j to junction ¢, which are the pores along which deposition occurs.
Thus H j_f(o) is the leading-order equivalent of H.

We now carry out Steps 1-3 of the network homogenisation process on the re-
maining terms in the particle conservation equation, (11.70). Using the leading-
and first-order pressure solutions, (11.48) and (11.51), and noting the cancellation of
terms that contain the leading-order pressure difference, (11.49), and the cancellation
of terms involving the function f via the first-order pressure difference, (11.53), we
arrive at

& ( o0 O ac” 2 [ 2 acV 1_,02c”
Z (' @ x i ox2l i L) = (g,
M(q te {C ox }“{q T TN e }> (11.75)

ap
ZZ { ’(0) A_r (OO 4l lejw))} N

j=1rer

(0)
{G A »Opt (C(l)H +Cf1)HZ}(0)) n
s

9
oA, o0 ((X + l)ac“)) ;O +Xaq'(0) H?T(“))+
ij O ox 7 "ox Y
<G’T<°) (P P(2> + VAT agx
r(O(X +rl)5- f+WJa§O)> Xi%(f+mag—?>>+
(X e xz) 20
s o) o

This is the master equation for the conservation of particles that we seek to solve.
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We now carry out Step 4 to solve the master equation. At leading order in (11.75)
we see that

— L 11.76

oT ox ( )
where, recall that o denotes the Hadamard product (and we use it here to remember
that the unit sum of the volumes of nodes in the cell appears on the left of this
equation, which we use to interpret the parameter ¢ in (11.90)), and S is a matrix
of shape (N, N) with elements

N
) _ 7(0) A —r z7=7(0) 7(0) A7 7g7(0)
reR k=1
We identify the terms inside the sums in S as the pore fluxes (per unit pressure
gradient) into (since G;}O)Aﬁr is multiplied by H ;f(o)), and out of (since G/ AT, is
multiplied by ka(o)) junction 7. We note (see the proof in Appendix A.1.4) that S
satisfies

S01=0=1780, (11.78)

which means that the total mass of particles in the fluid inside the cell is conserved.
This is to be expected, because there is no intra-cell deposition, since adherence is an
O(e) phenomenon. We will find that one implication of this conservation is that S
does not appear on longer timescales, on which inter-cell evolution occurs. Despite
this, S controls the evolution of the microscale-dependent concentration in (11.76),
and the timescale, T, (see (11.12)), is the one over which the concentration settles
down to one that is the same for all junctions in the cell.

Since we are primarily interested in macroscale concentration changes, and thus
inter-cell variation, we define a longer time variable, t = €T'. Substituting this into
the master equation, (11.75), a leading-order balance yields

op®
0=S2cO=——. 11.79
5 (11.79)
Using the first equation of the identities in (11.78), it follows that
CO = Oz, 1)1, (11.80)

where () (z,) is the leading-order concentration solution that we seek. We see that
this is independent of the junction index, 7, so that it is microscale independent. The
new longer timescale,

T,
y R (11.81)
€ G(pin _pin)

is the one associated with evolution of the particle concentration on the network as a
whole.
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Proceeding to second order to close the problem by finding an equation that
governs ¢(9, by substituting the leading-order solution for the concentration, given
by (11.80), into the master equation, (11.75), and noting that H;-(O) disappears from
terms containing ¢(*) by using the Heaviside-function identity, (11.74), we find that

oc0) ap K (0)1ap(0) 9c0) © op®

©) —JO1 =0 11.82
G 1=8VC0 =~ o or Tl et (11.82)

0) 0)
<A<0>P<2> +A(1>Wap + BW (119 + B0 )9 <f1+

Oz Oz ox
2

op©) p©) op© 3p
1 DOWwW 0
oz 02 oz oz

where K (©) is the matrix of shape (N, N) with elements

W) +CcO

K=" (Gf}O)A;’"<(X +rl)H;" O 4 X H! “”)) (11.83)
reR

and J© is another matrix of shape (N, N) with elements

I =3 (e a5 m ). (11.84)
reR

0)

We identify the term inside the sum in Ki(j as the microscale contribution to the

homogenised flux (noting the presence of GZ;O)A]-_[) and so we expect K© to be a
quantity related to macroscale advection. Meanwhile, we identify the term inside the
sum in JZ-(JQ) as the microscale component of the homogenised flux multiplied by the
adherence (noting the presence of «) in pores conducting particles into junction i
(noting the presence of H j;r(o)), and so we expect to find that J© corresponds to
deposition in the macroscale equation.

Using the second-order fluid conservation equation, (11.54), we find that the sum
of all but the first three terms on the right-hand side of (11.82) is equal to zero, and
so, pre-multiplying (11.82) by 1" gives

9c”  1TKD19p©® ac®  1TJ019p® 0

ot 171 9dx Oz 11 9z

where we have used the second equation in the identities given by (11.78). This is

the governing equation that determines the leading-order particle concentration, ¢(©,
and thus closes the problem.

To interpret (11.85), we first note (see Appendix A.1.5 for proof) that K© is
proportional to the leading-order permeability, such that

1TKO1 = 1£© = 16O, (11.86)

(11.85)

so that K© is indeed an advective term, since it is proportional to the macroscale
conductivity of the network. Similarly, we define

7O = — L J ZZZ oGO A H, (11.87)

11] 1 reR
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which is a positive scalar quantity (since AJ;" is negative on the relevant pores). We
call 7 the adhesivity, since it represents the macroscale result of pore adherence on
the microscale in the same way that the permeability, k(©), represents the macroscale
result of pore conductance on the microscale. To interpret (11.85) further, we define

v=1"1=N, (11.88)

which is the total volume of all junctions in the cell. Using the proportionality of
K© and £©, (11.86), and of J© and j©, (11.87), and the definition of junction
volume, v in (11.88), we re-write (11.85) in terms of the leading-order permeability
and adhesivity, which gives

9c0) l Ip O\ e ] op®
— (10 2 (40 (0)
ot v <k ox ) ox * v (J ) < (11.89)

Furthermore, we identify

(b_

v
7 (11.90)
as the junction porosity, which is a constant, since it is the scaled ratio of the total
volume of junctions, within which deposition does not occur, to the cell volume.
Therefore, defining

© ap(O)

() ——
w j ax7

(11.91)

which we call the reactivity, and using Darcy’s law, (11.67), to relate the permeability
to the Darcy velocity, u?), we arrive at

_ (0)
c = c, 11.92

where we have used the macroscale equation for conservation of fluid, (11.69), to write
the macroscale equation for the conservation of particles, (11.89), in conservative form.

We have found that the particle concentration, ¢, varies on the continuous
macroscale subject to an advection-reaction equation, (11.92). Particles are advected
through the filter by the pore velocity, u(® ¢!, which is related to the pressure, p(©,
and the permeability, £(*), which is the effective conductance of the filter, using the
Darcy equation (11.67). As they do so, particles deposit inside the filter at a rate
determined by the reactivity, (Y ¢!, which is related to the pressure, p(¥), and the ad-
hesivity, 79, which is the effective adherence of the filter, using the reaction equation,
(11.91). The permeability and the adhesivity are related to the conductance of pores

90 5 ,u© $O
(0)
ot + ox ( )

in the network, GZ;O), via (11.68) and (11.87), respectively, and thus the macroscale
particle concentration depends upon the dynamic structure of the microscale.
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11.3.4 Conservation of pores

Lastly, we homogenise the equation for the conservation of pores, (11.15),

oG7. B

8—T] = —aBCy(G;)? | P — Pyl (11.93)
Carrying out Steps 1-3 of network homogenisation on the remaining terms in (11.93),
using the leading- and first-order pressure solutions, (11.48) and (11.51), and the
leading-order particle concentration, (11.80), and noting the cancellation of the leading-
order pressure difference, (11.49), we find that

Bleas Op(®)
L 0 (GrON3| Ar 2P ‘ 2 11.94
5T e{aﬁc (G )2 AL o + O(e%). (11.94)
A leading-order balance in (11.94) implies that
oG\
=y, 11.
=0 (11.95)

We have found that the conductances of pores do not change over the shorter timescale,
T. (see (11.12)), which is unsurprising, since we showed (see (11.76)) that deposition
occurs over a longer timescale. Scaling onto the longer timescale over which particle
deposition occurs, T, (see (11.81)), and recalling that ¢t = €T, we find that

oGV I
o = —apc ()} Agjg—x\ +O). (11.96)
This time, balancing terms at leading order, we find that
oG op®
o = —afR" gx ’(:(0), (11.97)

where G and R are tensors of shape (N, N,2K + 1) (recalling from Section 11.1
that K dictates the size of the set R) with elements
r _ (0) o (r(ONE A —r
G =Gy, R = (G, )2 A (11.98)

v

We have found that the evolution of the conductances of pores within the cell depend
on the microscale structure, via the elements of R(®), and on the evolution of the
macroscale concentration and pressure gradient, ¢(*) and 9p® /0x, respectively.

11.3.5 Summary

In summary, we homogenise the microscale model, (11.13)—(11.22), and find a mul-
tiscale model. In particular, homogenising the microscale equations for the conser-
vation of fluid, particles, and pores, (11.13)—(11.15), we find, dropping leading-order
notation, that their macroscale equivalents are

9%

= —aB(G) 1A 5

ou dc 0 (uc\ ¢ oG,
% = 0, a + % <E> = —EC, ot C, (11.99a,b,c)
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respectively, where ¢ = N/I is the constant junction porosity, which represents the
proportion of void space in the filter that is attributed to junctions. Homogenising
the microscale flux, (11.16), we find that the Darcy velocity, u, is related to the
permeability, k£, and the pressure, p, by the Darcy equation, and that the reactivity,
1, is related to the adhesivity, 7, and the pressure by the reactivity equation, which
are respectively given by

Ip Ip

— = —j—. 11.100a,b
ax7 w jax ( Y )
The permeability and adhesivity, £ and j, which are the parameters of this system,

are related to the pore conductances, G};, by the equations

1 N N 1 N N
A AT =1 S eGATH . (1110t

i=1 j=1reR i=1 j=1reR

u=—k

Here, the pore pressure drop is
Al =W — (W +1l), (11.102)

where the cell solution, W;, is an effective junction position that dictates the con-
tribution of the pressure drop to the solution evolution on the macroscale, via the
permeability and adhesivity in (11.101). The cell solution is given by solving the
linear cell problem,

N N N
> (GQ}S) —5y > G;",ES)> w =33 <G;}S)7~z) (11.103)
k=1

j=1 reR j=1rerR

where we have chosen the position of junction 7 to be X; = 0 for simplicity, since this
does not affect the solution.

Homogenising the microscale boundary conditions, (11.17) and (11.18), we find
that we are given the pressure at the inlet and outlet,

p(0,t) =1, p(l,t) =0, (11.104a,b)
and the concentration at the inlet,
c(0,t) =1, (11.105)

for ¢ > 0. Homogenising the microscale initial conditions, (11.19) and (11.20), we
find that there are no particles in the filter initially,

c(x,0) =0, (11.106)
and that the initial pore conductances are drawn from a known distribution, so that
r _ r0

Gii(7,0) = G (7) (11.107)

for i,5 € {1,...,N,in,out}. Note that the initial conductances, G{]Q(m), may vary
with the spatial variable, z, which permits, for example, enforcement of slowly varying
conductance distributions due to macroscale porosity gradients.
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11.4 Multiscale model in D dimensions

We now present the D-dimensional formulation of the homogenisation of the periodic-
network model, (11.13)—(11.15), where D € {1,2,3}. In this setting, the spatial
vectors defined in Section 11.1, such as x, X;, and r, are D-dimensional, and we
describe dynamics on networks such as that illustrated in Figure 11.8, as well as
Figures 11.1-11.4. We will find that the D-dimensional derivation is similar to the
quasi-one-dimensional case presented in Section 11.3, and we will therefore find D-
dimensional analogies to the one-dimensional objects already defined.

N N (A
~ I~
A L~
~
El2 A
~ N~
/ /
z? \ \ \ \ \ \
<>
zt el

Figure 11.8: A diagram of a periodic network embedded in two-dimensional space.
There are N = 3 nodes in the cell and this is repeated nine times. The conductance
on some edges is labelled.

11.4.1 Conservation of fluid

As before, we begin by homogenising the microscale equation for the conservation of
fluid mass, (11.13). As such, using the definition of the pore flux, (11.16), to write
(11.13) in terms of the junction pressure, P;, and pore conductance, G7;, and then
following Steps 1-3 by evaluating the pressure and conductance at x, which we define
to be the left-bottom corner of the reference cell, carrying out a Taylor expansion
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of the pressure and conductance about «, and assuming asymptotic forms for these
quantities, (11.30) and (11.32), we find that

D D aP(O)

A0 pO) | 6{ AO PO 4 AOPO 43 prOpO) 4§ Bmm)a_}Jr
o

=1 m=1

2) AOp®@ | A pO) m(0) p(1) mIPY 4o
AOP® 4 ALP D"Op B A
€ { + +) + E o+

X
m=1

D
> Dpmp JFZBm &E +ZZFW POy

m=1 m=1 n=1
D D D D
P 2P(O)
m=1n=1 m=1 n=1

which is the master equation for the conservation of fluid that we seek. This is
the D-dimensional equivalent of (11.35), where upper indices now denote the spatial
direction, so that m,n € {1,..., D}. As before, P() = (Pl(s), ceey P](\f))T is the vector
of O(e®®)) pressure solutions in the lower indices, which is length N. This time, A(®)
B®), C® DO E®) and F®), are defined by the elements

N
AP =3 <G§}(s) — 8y Z%ﬁ”) , (11.109)
k=1

reR
N
B =% (G;“j(s) (X ™) = 8, XY G;}ES)) , (11.110)
reR k=1
1 N
o) = 5 3 (G;}S) (X ™) (X A+ ) = 8y XX Y G;ﬁ) . (11.111)
reR k=1
oGT™ N oG
m(s) i rm
DY =% ( o M — Z : (11.112)
reR k=1
oG N oGre
mn(s) _ rm n nin n ik m
E;" =Y ( oo MG+ 001 = 85X, oM (11.113)
reR k=
27 (s N 'r(s
mn(s) 1 9 Gij MT™ T ™
prns) - M mare | 11.114
1) 2 1;2 <8xm8x” i i Z axmaxn zk ik > ( )

These are tensors that are lower indexed by junction indices, ¢ and j, and upper
spatial indices, m and n. Comparing these tensors with the matrices defined in
(11.37)—(11.42), we see that A is a matrix of shape (N, N) with no spatial indices,
and is identical to that defined before, (11.37). The other objects have gained spatial
indices. It is simple to verify that when m = 1, the 3-tensors of shape (N, N, D) with a
single spatial index, B®) and D, are equal to their one-dimensional versions defined
n (11.38) and (11.40), and when m = 1,n = 1, the 4-tensors of shape (N, N, D, D)
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with two spatial indices, C*), E®®)| F(*) defined in (11.39), (11.41), and (11.42), are
equal to their one-dimensional versions. We therefore interpret diagonal elements (in
the spatial indices) of these new tensors as their one-dimensional counterparts, and
so only off-diagonal elements are new. The implication is that the D-dimensional
master equation, (11.108), contains cross-derivative terms that the one-dimensional
equivalent, (11.35), does not. In analogy with (11.43)—(11.46), it can be shown (see
Appendix A.2.1 for proof) that these new tensors satisfy

A®¥1=0 1"B™1=0 D"@1=0 F™®1=0, (11.115a-d)
and
1ot = 9 (1TBm<S>) (11.116)
dx™ ’
0
1TE™(9)1 = 8—(1Tcm”<8>1>+ (11.117)
xm
N N 7(s)
1 G,
L S e,
2 =1 j=1reR Oz
. . _ T _ T
for each spatial index m and n, where 1 = (1,...,1)" and 0 = (0,...,0)" are

vectors of length N in the junction index, as before. Comparing (11.117) to (11.44),
we see (in Appendix A.126) that off-diagonal elements of these new identities now
make non-zero contributions, which, as we will see, is one source of complication in
the D-dimensional derivation in comparison to the quasi-one-dimensional equivalent.
Note that A®) is still symmetric in the junction indices, and so 17 is still a left
zero-eigenvector, so that (11.45) and (11.46) are unchanged.

We now solve the master equation for fluid conservation, (11.108). Balancing
leading-order terms, we find that

AOPpO — o, (11.118)
as before, which has the solution
PO = 5Oz t)1. (11.119)

Here, as usual, p(© (x,t) is the leading-order macroscale pressure solution to be found.
As in the one-dimensional case (see (11.48)), the leading-order pressure solution is
independent of the microscale, so that the leading-order intra-cell pressure difference
is zero,
(0) 0) _
P =P =0. (11.120)
We pre-multiply both sides of (11.118) by 17 and see that the resulting equation

is satisfied by any p®), so we must proceed to the next order in e for a solvability
condition.
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At first order, substituting the leading-order pressure solution, (11.119), into the
master equation, (11.108), and using the identities (11.115a) and (11.115¢) to simplify,
we find that

D
AOPpO 43" O P _ 0 (11.121)
— oxm )
This has the solution
D
op®
PY — )1 wm 11.122
[z, t) +mzl Ry , ( )

where f(x,t) is an arbitrary microscale-independent function, and W™ satisfies
AOwm = _BmO7 (11.123)

for each m € {1,..., D}. Comparing the first-order pressure solution, (11.122), to its
one-dimensional equivalent, (11.51), we see that the D-dimensional version is a sum
of the one-dimensional solutions, as we would expect. Meanwhile, comparing the D-
dimensional cell problem, (11.123), to the one-dimensional one, (11.52), we see that
the cell solution, W, is now a matrix of shape (N, D). As such, D independent linear
problems of size N must now be solved to find its elements, W/". From (11.122), we
see that each vector of length N of the cell solution, W™ contributes to the first-
order pressure in the corresponding direction, ™. Using (11.110), we see that the
first-order pressure difference is non-zero, and is given by

op©
oxm’

D
1 1 7(0 m m
Py — PV =N GO —wm) (11.124)
m=1

which remains independent of f. As before, the first-order pressure difference, (11.124),
determines the flux down the corresponding pore, and this depends on the macroscale
pressure gradient, Op(® /0x™. Pre-multiplying both sides of the first order problem,
(11.121), by 1T and using (11.115b), we see that the resulting equation holds for
any p(», and we must therefore consider higher-order equations to find a solvability
condition.

Proceeding to second order, by substituting the leading- and first-order pres-
sure solutions, (11.119) and (11.122), into the master equation, (11.108), and using
(11.115a), (11.115¢), and (11.115d) to simplify, we see that

D ap(o) D

oxm
m=1

D
AP L A0 W™+ Z D™
m=1




which is the D-dimensional equivalent of the one-dimensional second-order conserva-
tion of fluid problem, (11.54). Searching for a solvability condition by pre-multiplying
(11.125) by 1" and using the identity (11.46) to eliminate the second-order pressure,
P®_ we find that

3p(0)

1"AW Z oo 0y 1T7;Dm D W'+
D
1TZBm<O>&C—m( f1+ %p W) + 1TZBm<1>1ng(:+
1TZZEW 1TZZCWL<O axmé;n—o. (11.126)
m=1 n=1 m=1 n=1

Using the identities (11.115a) and (11.115b), and further (11.116) and (11.117) to
simplify, before using the product rule to write the result in terms of B™® and
C™ ) we get

3 Lo IR0

n=1 \i=1 j=1 reR
1" B™Own — 17 Bn<o>wm> op© )) —0. (11.127)
Oxm
Since the last term in (11.127) is equal to zero (see Appendix A.2.3), we arrive at
v. (0(0)Vp(0)> — 0, (11.128)
where o is the symmetric matrix, with shape (D, D), defined by
5mn(0) _ HDl - (%1T B OW™ 4 %1T B OW™ | 1Tcmn<0>1>, (11.129)
a=1

The macroscale fluid conservation equation, (11.128), is the D-dimensional equivalent
of (11.56), which we have shown to be the macroscale Darcy equation. The param-
eter of the equation, o® defined in (11.129), which is a symmetric matrix of shape
(D, D), is the D-dimensional analogy to the scalar ¢(® in (11.57). This dictates the
dependence of the macroscale pressure on the microscale, since it depends on the pore
conductance, G:j(o), via the tensors B and C® which are defined in (11.110) and
(11.112), respectively, and the cell solution matrix, W, which is the solution of the
cell problem, (11.123). We see that the diagonal elements of &(®) are equal to ¢(®. In
the one-dimensional setting, we found that ¢(®) was equal to the scalar permeability,
k©, and similarly, here we will find (see Appendix A.2.4) that o(®) is the permeability
matrix. As such, 0”0 is the permeability in the 2" direction through the surface
that is normal to the x™ direction.
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11.4.2 Darcy’s law

We now construct a D-dimensional macroscale flow rate from microscale fluxes, sim-
ilar to (11.58), in order to find the velocity that results from the macroscale pressure,
p©@. To this end, we introduce the D-dimensional Darcy velocity vector, w, where
the component in the 2" direction is

N
um:2H . erm T (11.130)

form € {1,..., D}. Note the division by the cross-sectional area of the surface that is
normal to the ™ direction, [], 4m [™, so that, analogously with the one-dimensional
Darcy velocity, (11.58), (11.130) is the O(1) flux of fluid per unit cross-sectional area
through a cell in the 2™ direction.

As before, we homogenise the Darcy velocity, (11.130), by writing the microscale
flux, @7}, in terms of the pressure and conductance, using (11.16), and following Steps
1-3. Using the D-dimensional pressure solutions, (11.119) and (11.122), and noting
the cancellations due to the leading- and first-order pressure differences, (11.120) and
(11.124), we find that the leading-order flux is

D
v _ § o pen 02 11.131
Qi —; i B G (11.131)
where
Agj =W"+ X" — (ij + X;-” + 7™, (11.132)
which satisfies
Aj_[ = —Agj . (11.133)

Here, (11.131)—(11.133) are analogous is with (11.61)—(11.63). We see that (11.132)
defines the elements of a D-dimensional pressure drop, A, which is a 4-tensor with
shape (N, N,2K +1, D), where we recall that K determines the number of references,
7, in their set, R. From (11.131), we see that each element, AZ—”, is the leading-order
component of the pressure difference across the pore between junction ¢ and the
junction j in the cell at reference r in direction ™, per unit pressure gradient. This
dictates the contribution that the " component of the pressure drop in pore 77 makes
to the macroscale pressure gradient across the cell as a whole. Similarly to before,
we interpret the cell solution element, W/ as the component of the pressure (per
unit pressure gradient) at junction ¢ in the z™ direction that is required to induce
the pressure gradient, dp®)/0x™. Tt follows (see Appendix A.2.4), as in the one-
dimensional formulation, that the problem is independent of junction positions, so

that, choosing X = 0, (11.132) may be simplified to

m

AL =W — (W + ™™, (11.134)
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Substituting the homogenised leading-order flux, (11.131), into the Darcy velocity,
(11.130), we find that

(0)

L 1ZQZZZZ CH a -+ 00, (11.135)

i=1 j=1 reR n=1

in analogy with (11 65) Note that elements of A} are summed with the correspond-

ing elements of G """"" . Therefore, writing (11.135) in vector form, it follows
that the leading- order Darcy velocity satisfies the D-dimensional version of Darcy’s
law. That is, we find that

u® = —kOwp) (11.136)

where, this time, k(*) is a symmetric matrix of shape (D, D), with elements

k() —21_[ lnzzz e . (11.137)

i=1 j=1reR

This matrix is analogous with the permeability scalar defined in (11.68). We find that
k© = g (see Appendix A.2.4), and, using this identity in the governing equation
for the macroscale pressure, (11.128), we find that the leading-order Darcy velocity,
u©) | is divergence-free, so that

V-u® =0, (11.138)

in analogy with the one-dimensional fluid conservation equation, (11.69). Inspecting
(11.136), we identify k® as the leading-order permeability matrix. As such, each
element, ™9 is the permeability in the 2™ direction through a cross-section that
is normal to the 2™ direction.

11.4.3 Conservation of particles

Next, we homogenise the equation for the conservation of particles on the microscale,

(11.14), which we re-write, substituting the pore flux for the pressure and conductance
using (11.16), as

{Z > ( "(P; = P)CH(GS (P — F))— (11.139)

j=1 reR

Gy (R~ P)CH(G(F - 7)) |

—ZZ@G (P; — P)C;H(G; (P — P)).

=1 reR
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As before, we begin by noting that the Heaviside function can be homogenised first
and carried through the rest of the process without interacting with the other terms

of (11.139). Specifically, we carry out Steps 1-3 on the term H(Q7;) and find that

H(Q) = (G’"(P P;) —I—&?{ZG < Zaxrﬁ (11.140)

(X" + r”ﬂ%%) } + 0(52))
( { Z G Aiﬁ”gpi } + (9(52)>, (11.141)

which is equivalent to (11.72). The first equality is obtained by writing the flux in
terms of the conductance and pressure using (11.16), followed by a Taylor expansion
of the pressure and conductance about . The second equality is a substitution of
the asymptotic expansion for pressure, (11.30), and use of the leading- and first-order
pressure solutions, (11.119) and (11.122). We therefore define

Do op®
Y = (G’“ > AL o ) (11.142)
m=1

in analogy with (11.73), and note that this satisfies

1O+ 1" =1, (11.143)

which is the D-dimensional equivalent of (11.74). As before, we will find that this
homogenised Heaviside function, (11.142), disappears from all terms except the one
containing the adherence parameter, o, which we expect, since we require it to indicate
the pores ¢jr that carry fluid into ¢, since it is within these pores that deposition occurs
in the underlying network.

We then carry out Steps 1-3 on the rest of the particle conservation equation,
(11.139), similarly as in the one-dimensional case. We apply a Taylor expansion
and an asymptotic expansion to the particle concentration, the conductance, and
the pressure, about . Using the leading- and first-order pressure solutions, (11.119)
and (11.122), and noting the cancellation of terms that contain the leading-order
pressure difference, (11.120), and the cancellation of terms involving the function f
(which ensures that f is arbitrary in (11.122)) via the first-order pressure difference,
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(11.124), we arrive at

%(Ci(())—i_g{ci(l)+ngn%;(:))}+€2{Ci(2)+

D C(l) 1 D D (0)
ZXZ +2;;X Xi 835’”8:6"}):
- o) N A PO o) (0) 77 (0)
Z {GU Z Aji Hx™m (C] HJ i )}+
j=1re =1

0 act?
r(0) —ym ap 2 : n njn J H’*"'(O)

m=1 n=1
D (0)
9C; " L r(0) r(0) ( p(2) r(1) o Op©)
xr%i_gr ) ar (P ) e A
; Foe )T * Z Dam
D D D
”‘(0) m mm n
e mzl(xj ) (f+;wj axn>_mz ’0$m<f+
D 7(0) D D
SowrGe)) + S (X e -
n=1 m=1 n=1
D D D r(0) D
0*p0 oG . Op© o
Xmxn 9 NT AT EE ) (0O o)
(0) 177(0) 0 %= A= PO (0) 1r—r0) 4—r(0) )
C; " Hi; ") — Gij ZAji &Umcj H;,; "7 A, }+O(€ ), (11.144)
m=1

which is the D-dimensional master equation for the conservation of particles. This has
a similar form as its one-dimensional equivalent, (11.75). For example, the deposition
term appears at first order in ¢ because there is no pressure difference at leading
order.

To simplify the master equation, we continue by carrying out Step 4. Similarly

to in (11.75), a leading-order balance in the D-dimensional the master equation,
(11.144), yields

o XL (0)
1o agT =3 Sm<0>c<0>gp?. (11.145)
m=1

In analogy with (11.76), here, 1 = (1,...,1)" and C = (C},...,Cy)" are the vectors
of length N that contain the junction volumes and concentrations, and S© is a 3-
tensor with shape (N, NV, D) that is the analogy of the matrix defined in (11.77), with
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elements

N
i =3 (Gra 1y —5”2% Ay HY). (11.146)

rcR

In Appendix A.2.5, we show that each matrix in this tensor, ™ has the same form
as the equivalent one-dimensional form, (11.77), and so satisfies

S0 =0=178"0, (11.147)

As before, on this shorter timescale, T, defined in (11.12), we see that (11.145) im-
plies that particles flow in and out of the cell without depositing, so that the net
particle flux is zero, from (11.147). Therefore, (11.145) describes the behaviour of the
microscale-dependent particle concentration before it settles down to the microscale-
independent solution that we seek.

Rescaling time onto a longer timescale, T;, defined in (11.81), and recalling that
t = eT, at leading order we find that

op®)

0= m( . 11.14
Z S axm (11.148)
Therefore, using the first identity in (11.147), it follows that
C = Oz 1)1, (11.149)

which is equivalent to (11.80). As usual, ¢”)(z, ) denotes the microscale-independent
leading-order concentration solution to be found.

Proceeding to first order to look for an equation that determines ¢(©, by substi-
tuting this leading-order solution, (11.149), into the master equation, (11.144), and
noting that szj(o) disappears from terms containing c(*) (using the identity (11.143)),
we find that

9c0 L op® & ap© 9
1 =) smOcW K01 — 11.150
ot ;1 FED +m21; D O (11.150)
D D
op®) op©) op©)
Jm0)1 (0) AP L A0 wm B™1
mzz:l D * - mz_:l Ox * z:: ox™ i
D D
o ap (0)
3B (1 3 W)+ 5y e
SLED IS 9) LU =3I
ox™

m=1n=1

where K™ is the mn element of a 4-tensor of shape (N, N, D, D), which is equiv-
alent to the matrix K© from the one-dimensional case, (11.83), and is defined by

mn(0 (0 —rm n nimn —7r(0 n r(0
KO =% (GZ.].( ‘A ((Xj +rmH + xrH )>) (11.151)

)
reR
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while J"™ is the m element of a 3-tensor of shape (N, N, D), which is equivalent to
the matrix J(© from before, (11.84), and is defined by

m(o) _ r(O) A= p—7(0)
Yl Clc N e § (11.152)

)
reR

Using the second-order equation that results from the problem for conservation of
mass, (11.125), we find that the sum of all but the first three terms on the right-hand
side of (11.150) is equal to zero, and so, pre-multiplying (11.150) by 17 gives

9c0 B L ATKm 01 9y 9.0 B 1T gm0)1 9p0)
oYY P2y P o) (11.153)
ot 11 Ja™ Ozn 11 Ox™

m=1 n=1 m=1
where we have used the second equality in the identity (11.147). Therefore, as in the
one-dimensional case, the macroscale evolution of the leading-order particle concen-
tration is governed by an advection—reaction equation.

Comparing the definition of K™ (11.151), to its one-dimensional counterpart,
K© in (11.83), we expect K™ to be a matrix related to advective terms in the
x™ direction on the surface that is normal to the ™ direction, on the macroscale.
Indeed, it follows (see Appendix A.2.6 for proof) that

D
1T Km0 H s | L (11.154)

a=1

so that this tensor is proportional to the permeability matrix, k(©) of shape (D, D),
which corresponds to the effective conductance of the filter. Similarly, comparing
the definition of J™O(11.152), to its one-dimensional counterpart, J©, (11.84),
we expect J™9 to be a matrix related to reactive terms in the z™ dlrectlon on the
macroscale. Accordingly, we define

-m(0) 17Jm01 (0) A —r™ —1‘(0
] =T ZZZQG A (11.155)

n=1 i=1 j=1 reR

We call 5 the adhesivity vector, which is of length D, since we expect it to corre-
spond to the effective adherence of the filter.
To illustrate this, in analogy with the one-dimensional case, we define

v=1"1=N, (11.156)

which is the total volume of the junctions in a cell. Using the relationships between
K™ and k™) (11.154), and between J™® and j™© (11.155), we re-write the
macroscale concentration equation, (11.153), as

D m D m
80(0) _ Hmill (k(()) . Vp(o)) . VC(O) + Hm:ll

di v (G vp ) (11157)
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Identifying
v
SR VEINT

as the D-dimensional junction porosity, which is the constant proportion of total filter
space occupied by junctions, defining the reactivity,

(11.158)

P = 5O p®, (11.159)
and using this equation along with Darcy’s law, (11.136), we arrive at

0 0 0
0 g w0~ P o (11.160)
ot 0] 0]
In D dimensions, we have found that the particle concentration, ¢?), varies on the
continuous macroscale subject to an advection-reaction equation, (11.160). That is,
particles are advected through the filter by the pore velocity, u(? ¢!, which is related
to the pressure, p®, and the permeability, k), via the Darcy equation (11.136). As
they do so, particles deposit in the filter at a rate determined by the reactivity, 1@ ¢=1,
which is related to the pressure, p(¥, and the adhesivity, via the reaction equation,
(11.159). The permeability and the adhesivity are related to the conductance of pores

in the network, G;(O) , via (11.137) and (11.87), respectively, and thus the macroscale
particle concentration depends upon the dynamic structure of the microscale. The
analogy is thus with the one-dimensional advection-reaction equation, (11.92), and
the interpretation is similar. However, we must now discretise macroscale space in D
dimensions to find macroscale variables, and solve D linear cell problems, (11.123),
to determine microscale variables. This, of course, is more computationally expensive
than discretising in one dimension and solving one linear problem, to solve in the
one-dimensional formulation.

0)

11.4.4 Conservation of pores

Lastly, we homogenise the equation for the conservation of pores, (11.15),

oG, s
7 = —aBCy(GE) P, - By, (11.161)

Carrying out Steps 1-3 of network homogenisation on (11.161), we find that

aGTY D Hp(©)
8§ 0)/ ~r(0)\ 3 _mOp 2
A leading-order balance in (11.162) implies that
oG
i 11.163
5T ( )
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We have found that the conductances of pores do not change over this timescale, T,
(see (11.12)), which is unsurprising, since we showed (see (11.145)) that deposition
does not occur this quickly. Scaling onto the timescale over which particle deposition
does occur, T}, (see (11.81)), and recalling that t = 7', we find that

aG7"
ij
S — —afel® Z‘AZ —‘ +O(e). (11.164)
Balancing terms at leading order, we find that
0G©) (0)
—— = —aﬁR(O)‘ap (11.165)

The analogy here is with (11.97). This time, however, G(*’ and R(® are 4-tensors
of shape (N, N, K, D) (recalling from Section 11.1 that K'x D dictates the size of the
set R), with elements

Gi" =60, RO = (G Y IAT. (11.166)

ij ij ij ij ji
n=1

As in (11.97), (11.165) implies that the evolution of the conductances of pores within

the cell depend on the microscale structure, via the elements of R , and on the

evolution of the macroscale concentration and pressure gradient, ¢(® and 9p(® /0,

respectively.

11.4.5 Summary

In summary, we homogenise the microscale model, (11.13)—(11.22) in D dimensions,
and find the corresponding multiscale model. In particular, this time, homogenising
the microscale equations for the conservation of fluid, particles, and pores, (11.13)—
(11.15), we find, dropping leading-order notation, that their macroscale equivalents
are

V.ou=0, (11.167)
oc u P
- = —~— 11.1
By +V ¢c ¢c, (11.168)
oG,

(11.169)

5 = —afe(G Z|A

respectively, where ¢ = N/ ngl [™ is the constant junction porosity, which represents
the proportion of void space in the filter that is attributed to junctions. Homogenising
the microscale flux, (11.16), we find that the Darcy velocity vector, u, is related to
the permeability matrix, k, and the pressure, p, by the Darcy equation, and that the
reactivity, ¢, is related to the adhesivity vector, 7, and the pressure by the reactivity
equation, which are respectively given by

u=—-kVp, t=—j-Vp. (11.170a,b)
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The permeability and adhesivity, k and 7, which are the parameters of this system,

are related to the pore conductances, G7;, by the equations

mn lm alge mr —rm
" ZWZZZT EHTAVS (11.171)

i=1 j=1 reR

1 N N
Jm=— DY) aGLAHT (11.172)

I 0
n=1" i=1 j=1rcR

Here, the pore pressure drop is defined by
A=W — (W ™™, (11.173)

where the cell solution, W/", is the component of the effective junction position in

the 2™ direction, which dictates the contribution of the component of the pressure
drop in pore ijr in direction ™ to the solution evolution on the macroscale, via
the permeability and adhesivity, (11.171) and (11.172). The cell solution is given by
solving the linear cell problem,

N N N
>N (G;} —8;) G;‘k> wr=>Y"3 " Gremim, (11.174)
j=lrerR k=1 =1 reR

where we have chosen all components of the position of junction ¢ to be X;™ = 0 for
simplicity, since this does not affect the solution.

Homogenising the microscale boundary conditions, (11.17) and (11.18), we find
that we are given the pressure at the inlet and outlet,

p(0,t) =1, p(',t) =0, (11.175a,b)
and the concentration at the inlet,
c(0,t) =1, (11.176)

for ¢ > 0. Homogenising the microscale initial conditions, (11.19) and (11.20), we
find that there are no particles in the filter initially,

c(x,0) =0, (11.177)

and that the initial pore conductances are drawn from a known distribution, so that
r _ 70

Gii(x,0) = G} (x) (11.178)

for i,7 € {1,..., N,in,out}. Note that the initial conductances, ijo(ac), now vary
with the spatial vector, «, so that initial macroscale porosity gradients in any direction
are permitted. We seek solutions of this multiscale model in the next chapter.
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Chapter 12

Solutions of the multiscale model

In this chapter, we solve the dimensionless multiscale model, (11.167)-(11.178). In
Section 12.1, we begin by describing our solution methodology. We reduce the prob-
lem to a simple and yet physically relevant case, and describe the resulting numerical
system to be solved, highlighting various ways in which its computational cost can be
decreased. In Section 12.2, we then solve the system on periodic networks. Firstly,
we use the initial conductance distribution (7.47a), in which the network conduc-
tances are non-random, which describes the physical scenario of mono-dispersed pore
radii and thus conductances. We find that solutions of the multiscale model can be
made arbitrarily close to solutions of the microscale model by increasing the number
of repeated cells in the periodic network. Secondly, we use (7.47b) for the initial
conductance distribution. In this case, the conductances of pores are random, which
describes poly-dispersed pore sizes. We find that any single simulation of the multi-
scale model does not match that of the microscale model in general (although their
averages do agree), due to the randomness of the network. This motivates us, in Sec-
tion 12.3, to discuss the distributions of the solutions that arise from repeated Monte
Carlo simulations of the multiscale problem, to account for the randomness of the
initial conditions. We focus on calculation of the parameters of the system, the per-
meability and adhesivity, since these dictate the dependence of the effective solution
on the microscale. We explain why our system could also be used to approximate the
solution of dynamical systems defined on non-periodic networks.

12.1 Solution methodology

We begin by reducing the multiscale system to a simpler case that we will use to
demonstrate the solution method. We discuss a numerical scheme, and show that
significant reduction in the computational complexity of this is possible if microscale
dependent parameters are ‘pre-calculated’ outside the time-dependent scheme.
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12.1.1 Model reduction

To demonstrate the solution of the multiscale model, (11.167)—(11.178), we simplify
by considering the case where the permeability and adhesivity, k and 7, do not vary
in the directions that are transverse to the pressure gradient and therefore the flow,
z? and 23, so that
ok ok dj a7
By A _9D (12.1)
ox? 0z ox? Oz
Furthermore, we assume periodicity of all the dependent variables, ¢, G7;, u, p, ¥, k,
4, W, across the transverse boundaries, 22 = 0, 2% = [? and 2® = 0, 23 = [3>. We then
seek spatially univariate solutions that are independent of the transverse directions,
so that
oc e oGy, OGY; ou  Ou op dp

2 00 0 T o 0 g e % g g (122

Under these assumptions, we omit the third dimension, 23, since we expect the de-

pendence of the solution on the two transverse directions to be identical.

Combining the fluid conservation equation, (11.167), with the particle conserva-
tion equation, (11.168), which is the advection-reaction equation that governs the
evolution of the particle concentration, ¢, we find that

dc  u' dc 1)

=T 12.3

o sor ¢ (12.3)
The pore conservation equation, (11.169), which governs the evolution of the conduc-
tances of pores, becomes

0

ox!

0GT. 3 a _pl
—L = _QBC(G;})Q |Aji |

o . (12.4)

The Darcy equation, (11.170a), which relates the pressure, p, to the Darcy velocity
vector, u, via the permeability matrix, k, becomes

Ip dp

1 11 2 21
u =—k"—, u"=-—-k"—. 12.5a,b

ax17 axl ( Y )
The reactivity equation, (11.170b), which relates the pressure to the reactivity, 1, via
the adhesivity, 7, becomes

- (126)

Dt

Using the definitions of the permeability and adhesivity, (11.171) and (11.172) (re-
calling that the permeability and adhesivity are independent of junction positions,
from Appendix A.2.4), we find that the elements that remain in the system are given
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K= TP lmzzzr GL (W + 't = W), (12.7)
m=1

le 1 reR

k2 = i lmzzz r2GL(WE+ it =W, (12.8)
m=1

le 1reR

R ) DU PEEEL e

i=1 j=1reR

where we have used the relevant elements of the pore pressure drop from (11.173),
AL =W — (W', (12.10)
The cell problem, (11.174), simplifies to
N N
3 (G;;. — 5, ZG;k) Z St (12.11)
j=1reR k=1 j=1reR

which is one linear problem of size N. Its solution defines the elements of the cell
solution matrix, W!. As in (11.175)-(11.178), we assume a constant pressure drop in
the flow direction, 2!, and a constant concentration of particles at the inlet, so that

p(0,t) =1, p(',t) =0, (12.12a,b)
and
c(0,t) =1, (12.13)
for ¢ > 0. We assume that there are no particles in the filter initially,
c(x,0) =0, (12.14)

and that the initial pore conductances are drawn from a known distribution, G, so
that

G;“j(xl,()) = G;“jo(xl) (12.15)

for i,7 € {1,...,N,in,out}. As in Part II (see (7.47)), we assume that G is either
the Dirac-delta distribution, or the log-normal distribution, so that the probability
density function, g, of G is either

2\ 2
1 (log(G;']Q) + %)
") _ §(Gr0 _ 1 0 _
Q(Gu ) 6(G2] )7 or (G ) \/%O_GGI.JO eXp 20%; )
(12.16a,b)
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at any position x'. Comparing the reduced system, (12.3)—(12.16), with the full sys-
tem, (11.167)—(11.178), we note that the assumption of spatially univariate effective
parameters and solutions affords a significant reduction in mathematical complexity.
These assumptions are not especially physically restrictive, however: although we
derived a model that is general enough to model scenarios that involve heterogeneity
in the transverse directions, in filtration processes that are driven by unidirectional
pressure drops we do not usually expect large transverse variation in filter proper-
ties such as permeability. In the remainder of this section, we outline the process of
solution of the reduced system, (12.3)—(12.16).

12.1.2 Solution without parameter pre-calculation

To solve the reduced system, (12.3)—(12.16), we begin by noting that

1 1
1 = Tl’ u2 = Tl’ (1217a,b)
Jo wrda Jo wrde
and that
1
b = fl T (12.18)

Here, we have eliminated the pressure gradient from the Darcy equation, (12.5),
and from the reactivity equation, (12.6), using the conditions on the pressure at the
boundaries, (12.12).

We proceed by using a first-order upwind scheme in space and a first-order scheme
in time to discretise the reduced system, using the discrete indices & € {1,..., X}
and 7 € {1,...,T} to denote discrete space and time. At each spatial point, £, and
at each temporal point, 7, we assume that there is a cell containing N junctions (see
Figure). At t = 0, which corresponds to 7 = 1, we are given the concentration and
conductances for all space points, ¢[¢,1] = 0 and GF,[¢,1] = G7), from (12.14) and
(12.15). At = = 0, which corresponds to £ = 1, we are given the concentration for all
time points, c[1, 7] = 1, from (12.13).

To solve numerically at the time point 7, we substitute the known conductance on
each pore in the cell, GT;[€, 7], into the cell problem, (12.11), and solve the resulting
linear problem to determine the N cell solution elements, W;[¢, 7]. Next, we substitute
these cell solution elements into the permeability and adhesivity definitions, (12.7)
and (12.9), to find the current permeability and adhesivity elements, kM [¢, 7], k*1[¢, 7],
and j![¢,7]. Next, we substitute these into the modified Darcy equations, (12.17),
and the reactivity equation, (12.18). We use the trapezium rule to discretise the
integrals in these equations, and solve these to find the velocity and reactivity, u![r],
u?[7], and ¥[7]. We then find the pressure gradient, (Op/0x')[¢, 7] by substituting the
known reactivity, ¥, 7], and adhesivity, j'[¢, 7], into the reactivity equation, (12.6).

Next, we use the particle and pore conservation equations, (12.3) and (12.4), to
calculate the particle concentration and pore conductances at the current spatial
point, &, at the next time point, 7 + 1. Substituting the current concentration at
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the previous spatial point, ¢[¢ — 1, 7], the current concentration at the current spatial
point, c[¢, 7], the flow rate and reactivity at the current time point, u![r] and v¥[7],
and the porosity, ¢ = N/[]2 "™ into the discretised version of (12.3), we obtain the
new concentration, c[¢, 7+ 1]. Lastly, we substitute c[¢, 7 + 1], GT;[{, 7], W;[¢, 7], and
(Op/0x1)[€, 7] into the discretised version of (12.4) to calculate the new conductances,
G716, 7+1]. Since the initial concentration and conductances, c[¢, 1] and G7;[¢, 1], are
given, this method determines the discrete solution variables for all £ € {1,..., X}
and 7 € {1,...,T}.

At each spatial point, £, and time point, 7, we solve a linear problem to obtain
(N)? x 2K + 1)P + N + 8 values, so that the overall cost (since K = O(1) and
D = O(1)) of solution with no pre-calculation is Cxpc = O(T(X N?)%), where O(S*)
for 2 < L < 3 is the number of operations involved in the solution of a linear system
for S variables. In Section 8.1, we showed that the cost of solving the network model
is v = O((NIN?(N)?)L), where we recall that N! and N? are the numbers of cells
in the network in the 2! and z? directions. In many physical membranes, we might
expect to see as many as 10° junctions in the flow direction, so that N' = O(10)
for N = O(10), for example. This means that the solution of the network model
that describes the entire membrane is computationally infeasible. Crucially, the cost
of solution of the multiscale model only depends on the size of one cell within the
network. This is useful, since later in this chapter, we will show that N = O(10) in
the multiscale model is sufficient for representation of the network as a whole. Next,
we will show that much of the computational cost of solution is avoidable, by ‘pre-
calculating” G7; and W™, and thus the parameters of the macroscale model, k and j,
before the solution of the time-dependent linear problem that we outlined above.

12.1.3 Solution with parameter pre-calculation

As we discussed, the main source of computational cost in the solution of the multi-
scale model emerges from the need to find the conductances of the O(N?) pores in
the cell at each time and space step, and the desire is to derive a numerical scheme
for which this is unnecessary. To this end, we begin by defining

Flat,t) = /Ot (e’ s) 5 (@, s)) ds. (12.19)

We interpret this as the mass concentration flux of particles, since in dimensional
terms we find that [f] = kgm3s™!.
Crucially, we note that the mass flux, f, satisfies the relation

Of _ ot o] 9P
= ol )| 5 (@ ,t)‘. (12.20)

Using (12.20), it follows that the pore conductances satisfy
oGy aijg _0Gy;

ot af ot of e(z',t) 7(931%)‘. (12.21)
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Substituting the right hand side of (12.21) into the pore conservation equation, (12.4),
we find that

a(%” = —aB(GL) W)+t — W, (12.22)
We have removed the explicit time dependence from the pore conservation equation,
and we now view the pore conductances and the cell solutions as explicit functions of
the mass flux, f, G7;(f) and W}(f).

To see why this is useful, we note that the modified pore conservation equation,
(12.22), with the initial conductance condition, (12.15), together with the cell prob-
lem, (12.11), now defines an ordinary algebraic—differential initial value problem for
the pore conductances and the cell solutions that can be solved independently of
the rest of the explicitly time-dependent macroscale problem. We begin by defining
points at which the mass flux is discretised, ¢ € {1,..., F'}, say, and note that, at
¢ = 1, the conductances G7;[1] = G} are given, so that the cell solutions, W;'[1], are
given by solution of the cell problem, (12.11). We then use a first-order scheme for
explicit discretisation of the modified pore conservation equation (12.22), with G7,[1]
and W}[1], to compute the pore conductances at the next mass flux value, G7;[2]. In
general, for ¢ > 1, we use the current pore conductances, G7;[¢], in the cell problem,
(12.11), to obtain the current cell solutions, W;'[¢]. We use the current conductances
and cell solutions in (12.7) and (12.9) to calculate the current permeability and adhe-
sivity, k'€, 7] and 5[, 7]. We then use these current conductances and cell solutions
to calculate the next pore conductances, GI;[p + 1]. In this way, we pre-calculate a
discretisation of the functions G7;(f) and W; (f) and therefore k''(f) and j'(f) using
Cpc = O(F(N?)E) computations.

To solve the multiscale model, we then solve a smaller linear system and inter-
polate this function. In particular, similarly to before, at each space point, &, and
at each time point, 7, we are given the current concentration, c[, 7| (due to solution
of a forward system at the previous time step), and the previous pressure gradient,
(Op/0x)[€, 7 — 1]. We begin by discretising the definition of f, (12.20), and using
cl¢, 7] and (Op/0x')[¢,7 — 1] to obtain f[¢,7]. We then interpolate the functions
k' [p] and j'[p], using that ¢ ~ f for suitably large F' (O(10?%), say), which gives
KHME, 7], k2, 7], and jY[€, 7]. The scheme now proceeds as before. That is, we use
(12.17) and (12.18) to obtain u![r], v?[r], and ¢[r], and then find (Op/dx')[, 7] by
substituting ¥[, 7] and j'[¢, 7] into (12.6). The next concentration value, c[¢, 7 + 1],
is then found by substituting these values into a first-order discretisation of the par-
ticle conservation equation, (12.3), without needing to solve the pore conservation
equation, (12.4).

The cost of solution of the multiscale system with pre-calculation, Cywpc, is the
cost of the pre-calculation plus the cost of solution of the time-dependent problem,
so that Cywpc = O(F(N?)E)+O(T(X)EF) < O(T(XN?)L) < O((N*N?(N)*)L). That
is, the cost of solution of the multiscale problem with pre-calculation is cheaper than
that with no pre-calculation, which is cheaper than the infeasible network problem:
Cwpc < Cnpe < Cyxm. The main cost of the solution has shifted to the pre-calculation
step, Cpc = O(F(N?)"), and we will show that this need not be large, since N =
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O(10) is sufficient for most applications. Since the N? term associated with parameter
calculation has been removed from the time-dependent scheme, the number of spatial
and temporal points, X and T, can be chosen, as usual, to be suitably large as to
accurately numerically discretise the continuous macroscale system, to satisfy the
Courant—Friedrichs-Lewy (CFL) condition [122| for advective systems, for example.
In the next section, we will use the numerical scheme with parameter pre-calculation
(WPC) to demonstrate the solution of the macroscale model.

12.2 Periodic networks

In this section, to demonstrate the solution of the reduced multiscale model, (12.3)-
(12.16), we consider a microscale given by a four-regular network. To simplify our
analysis, we will consider the case where each cell is composed of four nodes. A dia-
gram of the repeating cell is shown in Figure 12.1. We will first assume that the initial
conductances of the pores in this cell are given by (12.16a). This case models the sce-
nario where the pore-size distribution is mono-dispersed initially, which corresponds
to a non-random network structure that need not be sampled. We will then assume
that the initial conductances are given by (12.16b), which models log-normally poly-
dispersed initial pore sizes. In this case, the network structure is random, and each
initialisation of the problem gives rise to a cell with a different set of conductances.
Throughout, we will consider the case where « = 1 and § = 1. In Part II, we showed
that this corresponds to O(1) particle removal and O(1) reduction by the time that
fluid has traversed the filter once. We use the numerical solution scheme discussed in
Section 12.1. That is, we pre-calculate the permeability and adhesivity parameters of
(12.3)-(12.16), k' and j', as functions of the mass concentration flux, f, which acts
as a time-like variable. We then interpolate these functions to find the parameters at
each position and time.

12.2.1 Non-random networks: Mono-dispersed pores

We begin by considering the case where the initial pore conductances are given by
(12.16a), so that all pores have unit conductance initially.

12.2.1.1 Conductance and pressure drop

In Figure 12.2, we show the pore conductances, GT., and the pore pressure drops

i)
in the direction of the flow, Ai; , as functions of the mass concentration flux, f. In
Figure 12.2(a), we see (dotted black line) that the conductance of pores that are
perpendicular to the flow (see the orange and red edges in Figure 12.1) does not
change with f. Observing Figure 12.2(b), we see that this is because the pressure
drop on these pores (orange line) is zero. There is no pressure difference across these
pores, so that they do not contribute to the macroscale pressure gradient that drives
the flow. On the other hand, returning to Figure 12.2(a), we see (solid coloured lines)

that the conductance of the pores that are parallel to the flow (see the green and blue
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Figure 12.1: A Diagram showing one cell of a four-regular network. Each node
is labelled with an index. Intra-cell edges that are parallel to the flow direction
are coloured blue. Intra-cell edges that are perpendicular to the flow direction are
coloured orange. Inter-cell edges that are parallel to the flow direction are coloured
green. Inter-cell edges that are perpendicular to the flow direction are coloured red.

edges in Figure 12.1) decreases as f increases. To explain this, we begin by noting,
from Figure 12.2(b), that these pores have unit pressure drop, so that they contribute
equally to the macroscale pressure gradient for any f value. Since the pore deltas
are constant, we find that the pore conservation equation, (12.22), has an explicit
solution, which is given by

4

G(f) = @Af L2 (12.23)

which we plot in Figure 12.2(a) (dashed black line). We observe that, as F' increases,
so that discretisation of f in our numerical scheme, ¢, becomes finer, the numerical
solution (coloured lines) approaches this explicit solution, and that F' need not be
too large (F' = O(10?)) before we find good agreement.

12.2.1.2 Permeability and adhesivity

In Figure 12.3, we demonstrate the variation of the permeability and adhesivity, k'
and j!, with the mass concentration flux, f, and position, x!. In Figure 12.3(a), we
see the permeability and adhesivity curves that result from our calculation of the
pore conductances (above). We see that these are identical. Checking the defini-
tions of these parameters, (12.7) and (12.9), we see that this is because a = 1, and
because pore conductances are all the same initially and decrease at the same rate,
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50
drop in the ! direction, Afjl , vary with the mass concentration flux, f. The pa-
rameters are N = 4, « = 1, 8 = 1. (a) The pore conductance, G7;, as a function
of the mass concentration flux, f. The dotted black line shows the explicit solution
on pores that are perpendicular to the x! direction (see the orange and red pores
in Figure 12.1) The dashed black line shows the explicit solution on pores that are
parallel to the z! direction (see the blue and green pores in Figure 12.1). The solid
coloured lines show numerical solutions for various values of F'. The values of F' are
50 (blue), 100 (orange), 200 (green), and the arrow shows the direction of increas-
ing F. (b) The x' component of the pore pressure drop, A;“jl , as a function of the
mass concentration flux, f. The blue line shows the solution for pores that are par-
allel to the z!' direction (see the blue and green pores in Figure 12.1). For example,
the pore i = 1,5 = 2,7 = (0,0)7 (solid blue), for which A7,=" = 1, or the pore
i=2,j=17r=(1,0)" (solid green), for which Agizl = 1. The orange line shows
the solution for pores that are perpendicular to the x! direction (see the orange and
red pores in Figure 12.1). For example, the pore i = 1,5 = 3,7 = (0,0)" (solid
orange), for which A’i;zo =0, or the pore i = 3,5 = 1,7 = (0,—1)" (solid red), for
which A}=0 = 0.

Figure 12.2: Graphs showing how the pore conductance, GT., and the pore pressure

from (12.23). We demonstrate (dashed black line) how we read off values for the
permeability and adhesivity given a discrete approximation of these parameters as
functions of f by using an interpolation, which is the strategy that we use in our
numerical scheme. Figure 12.3(b), we illustrate (dashed black line) how, given a mass
concentration flux, our numerical scheme obtains a value for the position at a given
time. Then, in Figures 12.3(c) and 12.3(d), we demonstrate how the permeability
and adhesivity are constructed as functions of position and time. We see that these
decrease as time increases, as we expect (see Part II). This decrease is faster at po-
sitions closer to the inlet, since pores here conduct more particles per unit time, and
thus experience more deposition per unit time.
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Figure 12.3: Graphs showing how the permeability, k!, and adhesivity, j!, vary with
the mass concentration flux, f, and position, x!, at various times, ¢. The parameters
are N =4, a =1, f§ = 1. The values of ¢t are 0 (blue), 0.25 (orange), 0.5 (green),
0.75 (red), 1 (purple). The arrows show the direction of increasing time. (a) The
permeability, k', and adhesivity, j!, as functions of f. These are the same for
a mono-dispersed network. The blue dots show the numerical solution at discrete
values of f, ¢. The blue line shows an interpolation of this numerical solution. The
dashed black line shows an extrapolation at f = 0.5 (which corresponds to position
2! ~ 0.2 at time t = 0.75) to determine the permeability and adhesivity, k'*(f ~
0.5) & 0.625, j'(f =~ 0.5) ~ 0.625. (b) The mass concentration flux, f, as a function
of position, x!, at various times, . The dashed black line shows an extrapolation at
position ! = 0.2 and time ¢t = 0.75 to determine the mass concentration flux here,
f(x' =0.2,t = 0.75) ~ 0.5. (c) The permeability, k'!, as a function of position, =,
at various times, t. The dashed black line shows an extrapolation at ! = 0.2 and
t = 0.75 to confirm that k'"(z' = 0.2,¢ = 0.75) =~ 0.625. (d) The adhesivity, j',
as a function of position, !, at various times, t. The dashed black line shows an
extrapolation at z! = 0.2 and ¢ = 0.75 to confirm that j'(z' = 0.2,¢ = 0.75) ~ 0.625.

12.2.1.3 Concentration and conductance

Using Figure 12.4, we compare the concentration and permeability (effective con-
ductance) from the multiscale solution (left plots in the figure) with the effective
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concentration and conductance from the microscale solution (see (8.2) and (8.4) from
Part II) (right plots in the figure). We plot the network solution for decreasing values
(reading down the figure) of £, so that we increase the number of cells in the network.
We see that, when e = O(107!), the fit is modest. The network solution is dispersive
because pores and junctions are further apart, and the multiscale solution does not
capture this behaviour. As e decreases, the microscale solution becomes less disper-
sive, since junctions and pores are packed more tightly. As a result, the accuracy of
the fit of the multiscale solution to the microscale solution improves. This is impres-
sive since, as discussed in Part II, concentration solutions of the network model are
travelling waves that consist of step functions that vary rapidly in space.

12.2.1.4 Velocity and reactivity

We plot the velocity of the flow and reactivity of the filter in Figure 12.5. Comparing
Figure 12.5(a) with Figure 12.5(b), the first thing we spot is that these are identical
for a mono-dispersed filter (for « = 1). This is because, as we have shown, the per-
meability and adhesivity are identical in this case. As time increases, these functions
decrease monotonically. As filtration proceeds, the filter becomes less permeable be-
cause more particles have deposited in pores, which has decreased the conductance of
each pore, which decreases the flow rate. As deposition occurs, pores become smaller,
which means that pore walls have less surface area for particles to adhere to, which
decreases the reactivity (i.e., the ability of the filter to capture particles). In Figure
12.5(a), we see that (when ¢ = 0.025) the agreement of the macroscale Darcy velocity
with the average velocity in the network solution (see (8.5)) is good. Notice that
when the filter is monodispersed, the reactivity is uniform across the filter, which is
not the case in poly-dispersed filters. We will discuss such filters in the second part
of this section.

12.2.2 Random networks: Poly-dispersed pores

We will now explore the case where the initial pore conductances are given by (12.16b),
so that they are drawn randomly from a log-normal distribution. In this case, each
initialisation of the underlying network gives rise to a different, independent and
identically distributed set of pore conductances.

12.2.2.1 Conductance and pressure drop

We present the solutions for the pore conductances and pore pressure drops as func-
tions of the mass concentration flux in Figure 12.6 (compare this with the solutions
for a mono-dispersed filter in Figure 12.2). Observing Figure 12.6(a), we begin by
noting that poly-dispersed solutions (coloured lines) are more complicated than mono-
dispersed solutions (black lines). We see that the conductances of pores that are par-
allel (blue and green lines) and perpendicular (orange and red lines) to the direction
of the macroscale pressure gradient behave differently from each other. The conduc-
tance of parallel pores decreases more rapidly than that of perpendicular pores. In
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Figure 12.4: Graphs showing how the homogenised and average network (left) con-
centrations, ¢ and C, and (right) conductances, k'* and G, vary with position, ', at
various times, t. The parameters are N = 4, a = 1, § = 1. The values of t are 0
(blue), 0.25 (blue), 0.5 (green), 0.75 (red), 1 (purple). Dots show the average network
quantities, interpolated with correspondingly coloured dashed lines. Solid lines of the
same colours show the effective quantities. (a) and (b) The case N' = 10, so that
e = 0.1 (see (7.32) in Part II). (c) and (d) N' = 20, ¢ = 0.05. (e) and (f) N* = 40,
e = 0.025.
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Figure 12.5: Graphs showing how the velocity, u, and reactivity, 1, vary with time t.
The parameters are N =4, o« = 1, f = 1, ¢ = 0.025. (b) The Darcy velocity, u, as
a function of time, t. The solid blue line shows the macroscale solution. The dashed
orange line shows the average of the microscale solution (see (8.5) in Part II). (b)
The reactivity, 1, as a function of time, t.

Figure 12.6(b), we see that this is because parallel pores have much larger pressure
drops than perpendicular pores, which means that particles are driven through par-
allel pores more rapidly so that more particles deposit inside them per unit time.
We see that the parallel and perpendicular pressure deltas are distributed about the
corresponding pressure drop values in the mono-dispersed case. It follows that the
expected pressure drops in pores that are parallel and perpendicular to the flow direc-
tion are E[A:; ] =1 and E[A:jl ] = 0, respectively. As filtration proceeds, deposition
causes the pressure drops on flow-parallel pores (dashed and solid blue lines) to con-
verge to one another. This causes the pressure drops in flow-perpendicular pores to
approach zero. The result is that, regardless of the initial conductances, as time pro-
ceeds, the behaviour of the random network approaches that of the mono-dispersed
network, in which there is no microscale flow in pores that are perpendicular to the
macroscale pressure gradient.

12.2.2.2 Permeability and adhesivity

In Figure 12.7 we plot the permeability and adhesivity as functions of position and the
mass concentration flux (compare with the mono-dispersed case in Figure 12.3). We
illustrate (dashed black lines) how, using the numerical scheme discussed in Section
12.1, we are able to construct permeability and adhesivity functions that depend on
position and time from discrete representations of these parameters as a function of
the mass concentration flux. We see that when the filter is poly-dispersed, the perme-
ability and adhesivity are no longer equal, as they were in the mono-dispersed case.
For example, in Figure 12.7(a), the permeability drops below the mono-dispersed
value and the adhesivity consistently lies above it. That is, particles are driven
through the filter less rapidly (than in the mono-dispersed case), because the filter is
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in the x! direction, A:; , vary with the mass concentration flux, f. The parameters
are N =4, a =1, 8 = 1. Each coloured line corresponds (with colour and dashing)
to an edge in the cell shown in Figure 12.1. Each black line shows the solution in the
non-random network case (see Figure 12.2) for comparison. That is, the dashed black
line shows the solution on pores that are parallel to the z! direction for a non-random
network (the blue and green edges in Figure 12.1). The dotted black line shows
the solution on pores that are perpendicular to the z! direction for a non-random
network (the orange and red pores in Figure 12.1). (a) The pore conductance, G7,
as a function of the mass concentration flux, f. (b) The 2! component of the pore

1 . .
pressure drop, AJ;, as a function of the mass concentration flux, f.

Figure 12.6: Graphs showing how the pore conductance, GG7., and pore pressure drop

more adhesive.

12.2.2.3 Concentration and conductance

Next, in Figure 12.8, we display a comparison between the macroscale and microscale
solutions for the concentration (left) and conductance (right) (compare with the
mono-dispersed case in Figure 12.4) given random initial pore conductances. In
Figure 12.8(a), we see that the qualitative behaviour of the two concentration so-
lutions agrees. Similarly, in Figure 12.8(b), we see that the permeability behaves
qualitatively like the average of the microscale conductances that result from the
log-normally distributed initial values. Note that we have used different (random)
initial pore conductances for the microscale and multiscale simulations, which fully
explains differences in the quantitative behaviour of the two solutions (even in the
limit e — 0). When the same initial conductances are used, we find, as expected, that
the microscale and multiscale solutions agree quantitatively, as in the mono-dispersed
case. Instead, in the poly-dispersed case, we expect the statistics (such as the mean
and standard deviation) of the distributions of the microscale and multiscale solutions
to agree in the limit € — 0 (when the initial pore conductances are chosen randomly).
We explore this hypothesis in the next section.
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Figure 12.7: Graphs showing how the permeability, k!, and adhesivity, j!, vary with
the mass concentration flux, f, and position, x!, at various times, ¢. The parameters
are N =4, a =1, f§ = 1. The values of ¢t are 0 (blue), 0.25 (orange), 0.5 (green),
0.75 (red), 1 (purple). The arrows show the direction of increasing time. (a) The
permeability (blue), k!, and adhesivity (orange), j!, as functions of f. The black
dotted line shows the solution in the non-random network case, for comparison. (b)
The mass concentration flux, f, as a function of position, x!, at various times, t.
The dashed black line shows an evaluation at position 2! = 0.2 and time t = 0.75 to
determine the mass concentration flux here, f(x' = 0.2,¢ = 0.75) ~ 0.45. (c) The
permeability, k!, as a function of position, !, at various times, t. The dashed black
line shows an evaluation at ' = 0.2 and ¢t = 0.75 to confirm that k''(z! = 0.2, =
0.75) ~ 0.56. (d) The adhesivity, j', as a function of position, z!, at various times, .
The dashed black line shows an evaluation at 2! = 0.2 and ¢t = 0.75 to confirm that
gzt = 0.2,t = 0.75) ~ 0.66.

12.2.2.4 Velocity and reactivity

Before we explore the statistics of the multiscale solution, we present the velocity and
adhesivity in Figure 12.9 (compare this with the mono-dispersed case in Figure 12.5).
In Figure 12.9(a), we see, as expected, that the poly-dispersed and mono-dispersed
solutions exhibit the same qualitative behaviour (but not quantitative behaviour,
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Figure 12.8: Graphs showing how the macroscale and microscale (left) concentrations,
c and C (see (8.2) in Part II), and (right) conductances (see (8.4)), k' and G, vary
with position, 2!, at various times, t. The parameters are N =4, a = 1, f = 1,
e = 0.1. The values of ¢t are 0 (blue), 0.25 (blue), 0.5 (green), 0.75 (red), 1 (purple).
Dots show the average network quantities, interpolated with correspondingly coloured
dashed lines. Correspondingly coloured solid lines show the effective quantities. The
arrows show the direction of increasing time. (b) The macroscale and microscale
concentrations, ¢ and C, as functions of position, z', at various times, t. (a) The
macroscale and microscale conductances, G7; and G, as functions of position, z', at
various times, .

even for small ¢, due to differences in initial conductances). In Figure 12.9(b), we
see that, unlike in the mono-dispersed case (see Figure 12.5(b)), the reactivity is not
uniform across the filter. Instead, it is largest near the inlet, and decreases with
depth. It is proportional to the ratio of the adhesivity and the permeability, and so,
at the inlet, the reactivity increases before decreasing again, because the decrease
of the permeability is significantly faster than that of the adhesivity here at early
times (see Figures 12.7(a), 12.7(c), and 12.7(d)). That is, the filter captures more
particles nearer the inlet, so that by the time fluid reaches pores further down the
filter, there are fewer particles in the suspension to be caught. As time increases,
the reactivity decreases, since smaller pores can capture fewer particles, due to their
decreased surface area.

In this section, we have demonstrated the solution of distinct initialisations of
the multiscale model, (12.3)-(12.16), and shown that solutions match those of the
underlying periodic network in the limit ¢ — 0 (when the initial conductances used
are the same between the two models). In the next section, we will view the solutions
of the multiscale model as distributions that result from realisations of many distinct
realisations of the initial random network. We will see how sampling the resulting
permeability and adhesivity distributions may lead to approximation of microscale
solutions on networks that are non-periodic.
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Figure 12.9: Graphs showing how the velocity, u, and reactivity, 1, vary with time t.
The parameters are N =4, « = 1, § = 1. (b) The Darcy velocity, u, as a function
of time, t. The solid blue line shows the macroscale solution. The dashed orange line
shows the average of the microscale solution (see (8.5) in Part II). (b) The reactivity,
1, as a function of time, t.

12.3 Non-periodic networks

In the previous sections, we showed that the behaviour of the solution of the effective
system matches the behaviour of the solution of the periodic network system from
which it is derived, in the limit ¢ — 0 (see Step 2 in Figure 12.10 for an illustration).
The hope, however, is that the solution of the effective system also matches the
solution of a system defined on a non-periodic network, which we interpret here as a
single cell of size N — oo. To achieve this, the repeating cell used for homogenisation
must be chosen carefully so that it is representative of the non-periodic network, by
which we mean that the statistical properties of the conductances, and the degree of
connectivity of the nodes and edges, which together dictate the structure of the cell,
must match those of the entire non-periodic network (see Step 1 in Figure 12.10). This
intuition motivates the question: how should the repeating cell of size N be chosen
so that the solution of the resulting effective system matches that of a corresponding
system defined on a non-periodic network of size N — oo?

To answer this question, we will assess the statistical properties of the distributions
of the effective parameters, k! and j!, as functions of the statistical properties of the
distributions of conductances, G7;, in the cell. Note, from the formulae (12.7) and
(12.9), that the permeability and adhesivity are both nonlinear with respect to the
conductances, since the cell solutions, W™, upon which the effective parameters also
depend, are solutions of the cell problem, (12.11), which is itself a function of the
edge conductances. This complex dependence of k'' and j' upon G7; via W;™ implies
that, even for a network with i.i.d. (independent and identically distributed) edge
conductances, the expectations of the permeability and adhesivity are not necessarily
the same as the permeability and adhesivity of the network with all edge conductances
equal to the mean edge conductance, G, which we will refer to as the mean network.
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Figure 12.10: A diagram to illustrate the derivation of a multiscale effective system
from one defined on a non-periodic network. Step 1 is the construction of a periodic
network by repeating a cell that has properties that are representative of the non-
periodic network. Step 2 is the derivation of an effective system from a system defined
on a network, which was detailed in the previous chapter.

A\

We focus our analysis on two properties of the cell: size and structure. We vary
these independently of each other (see Figure 12.11 for an illustration). For each
structure, and for each size, N, we define a probability distribution, G, from which
initial conductances, G{jo, are drawn. We then carry out the process of parameter pre-
calculation outlined in Section (12.1) many times to find the resulting distributions
for the parameters. That is, we sample G to specify a particular set of ijo in the cell,
and solve the cell problem, (12.11), to find the set of corresponding cell solutions,
W™, We then use (12.7) and (12.9) to calculate k' and j' for these conductance
values. Since the initial conductances are sampled at random, we repeat this process
S > 1 times. This process results in discretisations of the probability distributions
for the permeability and adhesivity, I and J, say, which depend on the distribution
of the initial conductances, G. For each structure, we vary N and thus observe how
K and J vary with the cell size, N. We find the expected values of the parameters,
E[k'] and E[j!], and their standard deviations S[k'!] and S[j!], by sampling K and
J, and compare these four statistics across the different structures.

We begin by considering a four-regular structure, which, we recall, is a cell where
each node connects to exactly four other nodes, to form a regular grid in two dimen-
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N =100

Figure 12.11: A diagram to illustrate the selection of a repeating cell for a periodic
network that is representative of a non-periodic network. The left arrow illustrates
the choice of the cell size, N. All cells on the left have the same structure, but have
different sizes. The right arrow illustrates the choice of the cell structure. Both cells
on the right have the same size and a average degree of six, but different connectivity.

sions. However, networks in porous media usually have a larger average degree (the
average number of other nodes to which each node connects) [75]. This motivates our
study of a siz-reqular structure, which is a cell where each node connects to exactly
six other nodes. The physical networks that motivate this work are irregular in the
sense that the size of the neighbourhood of each node varies [75]. This motivates
our analysis of a six-irreqular cell, which has an average degree of six, although some
nodes connect to fewer than six nodes, while others connect to more.

We will keep two properties of all three structures consistent. Firstly, by scaling
the cell dimensions, {! and /2, if necessary, we will ensure that the node density,

N

0= 2 (12.24)

which is the number of nodes divided by the area of the cell, is unity. Secondly, noting
that

1

RA T =
1J Ap
ar,

: (12.25)

where C;’Z and RZ are the conductance and resistance of pore ijr per unit length, we
will ensure, by scaling G;']Q if necessary, that the mean of G is consistent, so that the
mean pore resistance per unit length is the same in all structures. These two controls
ensure that the experiment results are comparable.
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12.3.1 Blocking

To demonstrate the generality of our framework, we will carry out this analysis using
an alternative model for particle-pore interactions, and the resulting changes to the
connectivity of the network. We assume that each pore becomes clogged instanta-
neously at the first time at which the concentration within it exceeds some threshold.
At this time, the conductance of the pore is instantaneously reduced to zero and the
particles that clogged the pore are removed from the flow. The analogy is with the
‘blocking” mechanism discussed in the size-structured model in Part I, where pore
radii are instantaneously reduced to zero after interactions with large particles.

Conductance and adherence

To model blocking in the present framework, we define

(e t) = mgg;(c(:v, s)), (12.26)
which is the maximum concentration observed at point x up to time ¢. We then
assume the conductance model

Gyl 1) = G2 (1= H(t = T (12.27)

i (12.28)

0 " (x,t) > aGYy,

B {G;}O (e, t) < aGT?

and the associated adherence model

1 cmex = aGT0
c'¥(z,t) = oGy, (12.29)
0 ™(x,t) # aGry.

A:] (JZ ) t) = {
We recall that G7} is the initial conductance, and define EE’blOCk to be the block time,
at which the maximum concentration exceeds the threshold in pore ijr, when the
condition ™ > aG;'jO is first satisfied. We replace the pore conservation equation
that corresponds to deposition, (12.4), with (12.27). This time, we pre-calculate the
pore conductances, and thus the permeability and adhesivity, by replacing (12.22)
with (12.28) to find G7;(c™*) (rather than G7;(f)). The adherence is no longer
constant (compare with « in (11.21)), and instead depends on the indices of the pore,
ij7, the position of the pore, &, and time, ¢.

To gain an intuition for this modified multiscale model, in which blocking occurs
instead of deposition, consider the point @ at time ¢, which contains a cell in the limit
e — 0. Before ﬂg’bIOCk, the concentration of particles in the flow in pore ijr has not
exceeded the threshold, so the pore conducts all particles through it. At the block
time, ﬂg’bIOCk, the maximum concentration, ¢™®*, defined in (12.26), first exceeds the
threshold, and the adherence of pore ijr, A7;, becomes non-zero according to (12.29).
This leads to an instantaneous non-zero adhesivity, j*, according to (12.9), which in-
turn causes an instantaneous non-zero reactivity, ¢, according to (12.6). This results
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in the instantaneous removal of free particles from the system, since the reaction term
in the advection—reaction equation, (12.3), becomes non-zero. At the same time, the
conductance of this pore, G7;, switches from its initial value to zero, and remains there
for the duration of the process, according to (12.28). The linear cell problem, (12.11),
depends on the pore conductances, G7;. Consequently, this instantaneous change in
conductance causes an instantaneous change in its solution, the cell solution W™,
which, in turn, causes changes to the permeability, k', according to (12.7), and to
the adhesivity, j!, according to (12.9). Changes to the permeability then affect the
velocity of the flow, given by u! and u?, due to (12.5). Consequently, the rate of the
transport of particles is altered, since the z!-directional velocity, u!, appears in the
advective term of the advection-reaction equation, (12.3). Since, in the limit ¢ — 0,
the spatial point & contains the entire cell, changes to the conductance and adherence

of all edges ijr occur here at the same time.

Threshold parameter

The threshold concentration above which a pore blocks is dictated by a in (12.28)
and (12.29). This parameter contains information about the size or coagulation of
particles, for example. As an illustrative case, we set a so that a~' is the mean, G,
of the distribution from which initial edge conductances are drawn,

a=z (12.30)
To see why this is a useful test case, we substitute (12.30) into the conductance and
adherence models, (12.28) and (12.29). We find that these imply that pore ijr at
position & remains conductive at time ¢ if the initial conductance of the pore, ijo,
satisfies G7) > ¢™*(x, )G, but blocks if G} < ¢™*(x,t)G. So the probability of the
event £ (x,t), which we define to be ‘pore ijr in the cell at position @ blocks at time
t’, is the probability that G0 lies to the left of the scaled mean, ¢™(z, t)G. That is,

v

PIE] (z,t)] = cdf(c™™(x, 1)G), (12.31)

where cdf(G]) = g) is the cumulative density function of the initial conductance
distribution, G, at any value g, which returns the integral of the probability density
function (PDF) (which we recall from (12.16) is denoted by g ) to the left of g.
Examples of the PDF and CDF of G = Log-normal are shown in Figure 12.12,
with values of ¢™®(x,¢)G shown with dashed lines. In Figure 12.12(a), we see, for
example, that if ijo lies to the left of the dashed blue line, then pore ijr blocks
when a maximum concentration value of ¢™** = 1 is observed. Using Figure 12.12(b),
we find the intersection of G with the CDF, shown in a solid blue line, to find that
the corresponding probability in the case ¢™** (dotted blue line), for example, is
around 0.56. Physically, if the point @ has received the maximum concentration of
particles, any pore with a conductance less than the mean blocks. On the other
hand, for ¢™* = 0, in 12.12(a) we see that the probability that pore ijr blocks
is the probability that Gl’-’jo lies to the left of the dashed orange line, which is at
zero. Using Figure 12.12(b), we find the intersection of this line with the CDF and
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Figure 12.12: Graphs showing how the PDF and CDF of the initial conductance
distribution, G, vary with G}']Q. The value of the scaled mean, ¢™*@, is shown in
dashed coloured lines for ¢™** € {0,1/4,1/2,3/4,1}. (a) The pdf of G. (b) The
CDF of G. The cumulative densities corresponding to the various scaled means are
extrapolated using correspondingly coloured dotted lines.

find that the corresponding probability (dotted orange line) is zero. Physically, if
the point @ has not received any particles, then no pores here block. Note that
the maximum concentration to have reached the point & at time ¢ is bounded by
these two cases, 0 < ¢™*(x,t) < 1, and further that we will always consider initial
conductance distributions that have cdf(G) ~ 1/2. Therefore, since the number of
blocked pores in a cell is approximately equal to the number of total pores multiplied
by the probability of each pore blocking, it follows that the choice o' = G in (12.30)
ensures that, in a cell with F edges initially, the number of pores that are blocked

will range from zero, when no particles have passed through it, to cdf(G)E ~ E/2,
when the concentration of particles is as large as possible.

12.3.2 Four-regular structure

To illustrate our method, we begin by considering a four-regular structure, so that
the degree of each node is four. An example of some cells with four-regular structure
containing various numbers of nodes, N, are shown in Figure 12.13.

To satisfy the constraint of unit node-density, we choose I! = {2 = /N for a given
N. This scales the area of the cell, ['/?, so that ¢ = 1 in (12.24), which ensures spatial
invariance between cells with different N (see Figure 12.13).

We draw i.i.d. initial edge conductances from a log-normal distribution, G, so that
G7) ~ logNorm(u, 0%). We choose the parameters of G to simplify comparison with a
related study by Chapman et al., [80], and so set the mean of the normal distribution
associated with G to be p = 0.5. We are interested in the dependence of I and J
on the variance of G, and thus present scenarios where the standard deviation of the
associated normal distribution is either o = 0.03 = oy or 0 = 0.3 = ow. The first
value corresponds to the scenario where G is narrow (N) around its mean, and the
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Li; =1

Figure 12.13: A diagram of cells of various sizes, N, with four-regular structure. The
cell dimensions, [ and {2, are set to be v/N so that the node density, o, satisfies
o =1in all cells. Consequently, the length of each pore ijr is Lj; = 1. We arbitrarily
choose the z! direction to be from left to right. Thus, horizontal edges in this diagram
are parallel to the pressure gradient, and thus the flow. We call these flow-parallel
edges. Vertical edges are transverse to the pressure gradient, and we call these flow-

transverse edges.

second corresponds to a wider (W) case. We plot the PDF and CDF for the cases
G;"jo ~ G(0.5,0.3%) and ijo ~ G(0.5,0.03%) in Figure 12.14. Here, and throughout,
results for the narrower and wider underlying distributions are shown on the left and
right respectively.
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Figure 12.14: Graphs showing the PDF and CDF of the initial conductance distri-
bution, G. The narrower case is shown in blue. The wider case is shown in orange.
The mean initial conductances, Gw and Gy, are shown with correspondingly coloured
dashed lines. (a) The pdf, g, as a function of the initial conductance, G77. (b) The
CDF as a function of the initial conductance, GZ’»’jO. The cumulative densities of the
means, cdf(Gy) and cdf(Gw) are extrapolated in correspondingly coloured dotted

lines.
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The mean of the log-normal distribution from which initial conductances are drawn
is exp(p + 02/2) = G, so that G ~ 1.72461 = Gy in the narrower case, and G ~
1.64946 = Gw in the wider one (see Figure 12.14). Note, from Figure 12.14(b),
that cdf(Gyw) > cdf(Gy) ~ 1/2, which will have consequences for our analysis of the
effective adhesivity, j!. Also note that, since all edges have unit length, the mean
resistance per unit length of edges in this structure is G='. We will preserve this
quantity in the other structures that we study. We present the case ¢™ = 1, so
that we display the permeability and adhesivity distributions, I and J, when the
cell contains the largest-feasible concentration. Note that the qualitative behaviour

is similar for any 0 < ™ < 1.

12.3.2.1 Permeability

For a cell with N =1 (see Figure 12.13 for an illustration), the permeability formula,
(12.7), simplifies to

1 P2y T
BNy =55 D D ()G (12:32)

rleRr2eR

where R = {—1,0,1}. Since ' = 0 on flow-transverse pores (see Figure 12.13), only
the conductances of flow-parallel pores, ngfl’O)T, contribute to the permeability in
(12.32). The two flow-parallel pores, (1,1,(1,0)") and (1,1,(—1,0)"), are identical
by periodicity, and so Ggll’O)T = Gg;l’O)T. It follows that there is only one unique value
of G/, and therefore that the distribution, X, of the permeability, k'!, is identical
to the distribution, G, of the initial conductances, G{]Q. Indeed, in Figure 12.15, we
plot samples of Ky—; and the PDF of G and see that these match (up to randomness
caused by sampling). We see that one consequence is that, when N = 1, the expected
permeability, E[k'!], of the four-regular network is exactly equal to the permeability of
the mean network, k4 say, which is equal to G (see the orange and green dashed lines
in Figure 12.15). Note, more generally, that regardless of structure and size of the
cell, inter-cell pores that are transverse to the flow (those given by (i, 7,7 = (0,£1)")
in the N = 1 cell) do not contribute to the flow-directional permeability, k! in (12.7),
since 1! = 0 for these pores.

We plot samples of the permeability distribution, and their statistics, for several
other N, in the cases o = 0.03 (left) and ¢ = 0.3 (right), in Figure 12.16. Since we
have used the parameters u = 0.5 and o = 0.3 to specify G and thus K in Figures
12.16(b) and 12.16(d), it is simple to verify that our results agree well (up to the
randomness caused by sampling) with those presented in [80] (Figure 3). This helps
validate our method and thus the rest of our findings. We see that it does not follow
from our result for N = 1 that E[k!!] = G for N > 1, since there is now more than
one pore for which an initial conductance value is drawn. Instead, in Figures 12.16(a)
and 12.16(b) we see that as N increases, the spread of the permeability distribution
decreases and the expected permeability approaches a constant, which we call k1!

N—oo*

We interpret this limit, k4 ,__, as the approximate (since we do not study cells larger

than N = 100) mean-permeability of an infinitely large non-periodic network.
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Figure 12.15: Graphs showing the pdf, g, of the initial conductance distribution,
G, and the resulting permeability distribution, K. The parameters are p = 0.5,
S = 10,000, and N = 1. The pdf of G is shown in a solid orange line. Samples of
JC are shown with blue bars. The mean of G, G, which is equal to the permeability
of the mean network, k4, is shown in a dashed orange line. The expected value of
the samples of IC, E[k!], is shown in a dashed green line. (a) The narrower case,
o = 0.03. (b) The wider case, o = 0.3.

Finite cell error

Firstly, note, from Figures 12.16(c) and 12.16(d), that the mean permeability of a
cell of size N, E[k!'!], becomes an increasingly accurate approximation of the mean
permeability of the non-periodic network, k} ,__, as N increases (compare blue dots to
dashed blue line). This is true for all o, so that we find that the convergence occurs
at approximately the same rate for all initial conductance distributions considered
(see Figure 12.16(c) for a typical narrower case, and Figure 12.16(c) for a wider one).
Indeed, we find that the difference between the mean permeability of the cell of size

N, E[k"], and the mean permeability of the non-periodic random network, ki, (as

a fraction of kX, ), satisfies
E[511] — 1
B = [EL %]11 Novos| ~ BN, (12.33)
N—o00

where 3 depends on o. This explains the limit, E[k'!] — ki, as N — oo, that we

observe. We interpret this quantity, E¥, which we plot in Figure 12.17, as the error
that we make to the mean permeability (note the superscript, k) when we replace the
random network with a finite cell (note the subscript, ¢) of size N. The implication of
(12.33) is that, as the size of the cell grows, this error decreases like N~1. For example,
when ¢ = 0.3, averaging samples of a size N = 9 cell leads us to overestimate the mean
permeability of the infinitely-large non-periodic random network by approximately
0.5% (see the dashed green line in Figure 12.17(b)). Even a cell of size just N = 4
leads to an overestimate of only approximately 1.1% (see the dashed orange line in
Figure 12.17(b)). This result suggests that the multiscale system that we derived
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Figure 12.16: Graphs showing how the distribution of samples of the permeability, k!,
varies with the cell size, N, in a four-regular network. The parameters are p = 0.5,
S = 10,000 and o = 0.03 (left) or ¢ = 0.3 (right). (a) The case ¢ = 0.03. Coloured
bars show a histogram of the distribution, K, of the permeability, k!, for various N.
Correspondingly coloured lines interpolate the histogram at bar midpoints, to show
an approximate pdf of . (b) A similar plot to (a), but using ¢ = 0.3. (¢) The mean
(blue dots) and standard deviation (orange dots) of the permeability distribution,
E[k'] and S[k!], as functions of N, for o = 0.03. The solid blue curve shows the
mean conductance, G, which is also the permeability of the mean network, k,. The
dashed blue line shows the approximate mean permeability of an infinite non-periodic
four-regular network, k' ., approximated using N = 100. Note that this is almost
invisible to the eye, since it lies almost exactly below the solid blue line. The solid
orange line shows a fit to the standard deviation, achieved by plotting in log-log space.
(d) A similar plot to (c), but using o = 0.3.

from a periodic-network system may also be able to capture the behaviour of the
corresponding system defined on a non-periodic network. Furthermore, note the
reduction in the computational complexity of finding the permeability of a small cell
as opposed to an entire network (or even a large cell), since, as we have discussed, to
find the permeability, (12.7), we solve a linear problem, (12.11), of size of the number
of nodes in the cell, N.
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Figure 12.17: Graphs showing how the finite cell error, E¥, varies with the cell size,
N. The parameters are p = 0.5, S = 10,000 and o = 0.03 (left) or ¢ = 0.3 (right).
Blue dots show the numerical result. Solid blue lines show a fitting. The errors that
result from using cells of size N = 4 (orange), N =9 (green), and N = 16 (red) are
approximated in coloured dashed lines. (a) The case 0 = 0.03. (b) The case o = 0.3.

Mean network error

Secondly, note that ki} oo 1s smaller than the permeability of the mean network,
k, = G, which demonstrates the nonlinear dependence of the permeability on the
initial conductances. This is true for all o, although, for wider initial conductance
distributions (see Figure 12.16(d)), this difference is more pronounced, while for nar-
rower cases (see Figure 12.16(c)) the difference is smaller (compare the blue dots with
the solid blue line). Indeed, we find that the difference between the permeability of

the mean network, k, = G, and the mean permeability of the non-periodic random

network, k', (as a fraction of k), ), satisfies
G- kY
EF = }_H& ~ 0.5202, (12.34)
kN—)oo
so that
by — G =etT (12.35)

as 0 — 0. We interpret this quantity, E¥, which we plot in Figure 12.18, as the
error we make when we replace the permeability (hence the superscript, k) of the
random network with the permeability of the mean network (hence the subscript, n).
The implication of (12.34) is that, as o decreases, so that the initial conductance
distribution narrows, the size of this error decreases like o?. For example, use of
G in place of k} .. would lead to an underestimate of the mean permeability of
the infinitely large non-periodic random network of approximately 4.4% for o = 0.3
and approximately 0.04% for o = 0.03 (see the green and orange dashed lines in
Figure 12.18, respectively). Note that, if we are willing to accept the error for a given

o, then replacement leads to a considerable (Cpc = O(F(N?)"), see Section 12.1)
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reduction in computational complexity, since the permeability need not be sampled
and so the pre-calculation step is redundant. Instead, we assume that the mean of
the permeability distribution is well approximated by the mean of the conductance
distribution and solve the multiscale system once using this value.
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Figure 12.18: Graph showing how the mean network error, E¥, varies with the stan-
dard deviation of the initial conductance distribution, o. Blue dots show the numer-
ical result. Solid blue lines show a fitting. The errors that result from replacing a
network consisting of cells containing initial conductances drawn from distributions
with standard deviations of o = 0.03 and ¢ = 0.3 with the mean network are approx-
imated with a dashed orange and green lines, respectively.

Sampling error

Thirdly, note that in Figures 12.16(c) and 12.16(d) we see that the standard deviation
of the permeability, S[k''], decays with N like N~'/2 (compare the orange dots with
the solid orange line). This has two important implications. Firstly, we note that these
standard deviations are larger than the errors caused either by replacement by small
cells (see Figure 12.17) or replacement by the mean network (see Figure 12.18). We
might consider either replacement acceptable, then, since we do not expect the errors
in the solution resulting from either to exceed the error caused by a random sample.
Secondly, the slow decay of the standard deviation with N, along with the rapid
convergence of the mean with N, has further implications when the goal is to evaluate
the permeability for a non-periodic network. As we have established, the cell problem,
(12.11), is a linear problem with a computational complexity of at least O(N?) [180].
Since the permeability formula, (12.7), depends on the solution of the cell problem,
W1, the complexity associated with pre-calculation of the permeability is itself greater
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than O(N?) and in particular is greater than O(N~'/2), which we have shown to be the
convergence rate of the standard deviation. Thus, it is computationally advantageous
to average over many realisations of a relatively small cell as opposed to averaging over
fewer realisations of a large cell. As one further remark, note that the permeability
distribution for the N = 1 cell in the narrower case, o = 0.03, is approximately the
distribution for the N = 100 cell in the wider case, ¢ = 0.3. One interpretation is
that a factor of 10 increase in the standard deviation of the underlying conductance
distribution therefore has a factor of 100 effect on the size of the cell required for
network homogenisation.

12.3.2.2 Adhesivity

Next, in Figure 12.19, we display a similar (see Figure 12.16) assessment of the adhe-
sivity distribution, 7, for narrower (left) and wider (right) initial conductance distri-
butions, G. We see that the qualitative behaviour of the statistics of the adhesivity is
similar to that of the permeability (in Figure 12.16). That is, as N increases, the vari-
ance of the adhesivity also decreases and its expected value approaches a constant,
Jh o say. In analogy with k., j&_ .., may be interpreted as the approximate

mean-adhesivity of an infinitely large non-periodic random network.

Blocked pore distribution

Unlike the permeability, however, observing Figure 12.19(a) we see that when G is
narrower, the resulting adhesivity distribution is a set of distinct peaks with zero
probability-density between them, at any given cell size, N. To explain this phe-
nomenon, we begin by noting that

. 1 r e
=i Z Z > GLW 4ol = W AGTHS; (12.36)

1 g—rpgr—rt
= 7 Z Z > GLAATH (12.37)

N N
1 A —rl7 oyl
i=1 j=1 reR
1 N N
T —7’1 -7 —7"1
~ _W Z Z Z E[Gij]E[Aji ]Aji sz‘ (12'39)
i=1 j=1reR
G N N
=~ SN S RIAIATH (12.40)

The first equation is the definition of j!, (12.9), and the second is the definition
of the pore pressure drop, A;-"; , (11.132). The third uses that, for narrow enough
conductance distributions, such that o < 1, values of the conductance, and therefore
the pore pressure drop, lie close to their expectation (compare the values of G7; and
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Figure 12.19: Graphs showing how the distribution of samples of the adhesivity, j*,
varies with the cell size, N, in a four-regular network. The parameters are p = 0.5,
S = 10,000 and o = 0.03 (left) or ¢ = 0.3 (right). (a) The case ¢ = 0.03. Coloured
bars show a histogram of the distribution, 7, of the adhesivity, j!, for various N.
Correspondingly coloured lines interpolate the histogram at bar midpoints, to show
an approximate PDF of 7. (b) A similar plot to (a), but using o = 0.3. (c¢) The mean
(blue dots) and standard deviation (orange dots) of the adhesivity distribution, E[;']
and S[j'], as functions of N, for ¢ = 0.03. The solid blue curve shows the adhesivity
of the mean four-regular network, j,; = Gedf(G) (as we will show). The dashed blue
line shows the approximate mean adhesivity of an infinite non-periodic four-regular
network, j% ., approximated using N = 100. Note that this is almost invisible to
the eye, since it lies almost exactly below the solid blue line. The solid orange line
shows a fit to the standard deviation, achieved by plotting in log-log space. (d) A
similar plot to (c), but using o = 0.3.

AZT; for small f in Figure 12.6 with those in 12.2). Note that the fourth equation holds
despite the dependence of the directional pressure drop, A;’; ,
since o0 < 1.

Next, we note that

on the conductance,

E[A];] = cos 0] (12.41)

YR
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where 67} is the angle that the pore ijr makes with the direction of macroscale pressure
gradient (2! in the present case). To see this, note that the pore pressure drop is
maximal in pores that are parallel to the direction of the pressure gradient, x!, since
flow down these pores contributes solely to the macroscale behaviour. It decreases
smoothly as the angle the pore makes with the macroscale flow direction increases.
On pores that are transverse to the flow (see Figure 12.13), the pore pressure drop is
zero, since flow through these pores does not contribute to flow in the x! direction.

Choosing edges in the four-regular cell, without loss of generality, to be aligned
exactly parallel and perpendicular to the ' direction (and therefore to the flow, see
Figure 12.13), it follows, by substituting (12.40) into (12.40), that

. G v r A—r p—r!
IR DD D cos O A H (12.42)
i=1 j=1 reR
_pll

The second equation, (12.43), is a result of the fact that cos 07; # 0 only for edges
parallel to the flow, so that the sum counts the number of edges parallel to the z?
direction that block per unit area in the cell, and b'l /I*1? represents this quantity per
unit cell-area. We therefore define

-~ bl

Jjh= GW’ (12.44)
which we call the approximate-adhesivity, since j' ~ j' by (12.43). The number of
blocked pores, b'll, is a random variable drawn from a distribution, Bl say. From
(12.44) we see that the behaviour of the approximate adhesivity, j', and thus the
structure of the adhesivity, j' ~ J, is given by the structure of the blocked pore
distribution, b!ll ~ Bl and our aim is to find this. To this end, we recall that (12.28)
and (12.29), together with (12.30), imply that when particles with concentration ¢™**
pass through pore ijr, it remains unblocked if ¢™™G7; < G{]Q, but blocks if "G, >
G;'jo. Moreover, note that initial conductances, G{]-O, are drawn independently and so
edges are either blocked or unblocked independently. It follows that the event that
pore ijr blocks, Ej}, is a two-outcome random variable, and thus a Bernoulli trial

with parameter p = P[ET] = cdf(¢™*G) (see (12.31)), so that
E7, ~ Ber(cdf(¢"™™G)). (12.45)

Since there are 2N unique edges in the four-regular cell, and thus N edges parallel
to the flow, it follows that the random variable b'l, which is the total number of
these that are blocked by the concentration ¢™**, follows a Binomial distribution
with parameters n = N, and p = cdf(c™**(), so that

bl ~ Bin (N, cdf (¢™™G)) (12.46)
~ Norm (Necdf (¢"™G) , Nedf (¢™G) (1 — cdf (¢™G))) . (12.47)
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The approximation (12.47) follows from the fact that the normal distribution with
parameters u = np and o = /np(l —p), Norm(np,np(1 — p)), provides a good
approximation of the binomial distribution with parameters n and p, Bin(n,p), if n
is large enough or if p ~ 1/2 [181]. In our case, n = N and p = cdf(c™®*(@), and
we have chosen example initial conductance distributions for which cdf(G) ~ 1/2, so
that this approximation holds.

We plot samples of the distribution of b!ll for narrower (left) and wider (right)
initial conductance distributions in Figures 12.20(a) and 12.20(b) (coloured bars) in
the case ¢™** = 1. We see that the samples agree well with both the probability-mass
function of the binomial distribution (correspondingly coloured dots) in (12.46) and
the probability density function of the normal distribution (correspondingly coloured
solid lines) in (12.47). In Figure 12.20(c), meanwhile, we illustrate the mean and
standard deviation of b'l. Note that these are approximated well by N/2 and v/ N /2
for narrow enough conductance distributions, since cdf(G) ~ 1/2 for ¢ < 1, for
example 0 = oy = 0.03. In Figure 12.20(d), we see that this proxy for the mean of bl
is less useful for wider conductance distributions, for example o = ow = 0.3, for which
cdf(G) deviates more extremely from 1/2. The standard-deviation approximation
remains useful.

Combining (12.44) with (12.46) and (12.47), we see that

'~ EBin (V. cdr (") (12.48)

R~ %Norm (Nedf (¢™™G) , Nedf (¢™G) (1 — cdf (¢™™G))) , (12.49)

where we have used that {° = [' = v/N. We have found that the random variable, 5!,
which we call the approximate adhesivity, follows a scaled binomial distribution, as a
result of the fact that the number of edges that are blocked in the cell, b'll, follows a
binomial distribution, (12.46). The behaviour of j' is approximately equal to that of
the adhesivity, 5!, due to (12.43), which explains the quasi-discrete behaviour of the
adhesivity, illustrated, for example, in Figure 12.19(a).

Some other plots of the adhesivity distribution, J, for particular cell sizes, N,
are shown in Figure 12.21, for narrower (left) and wider (right) initial conductance
distributions, G. We see that peaks of j' (solid blue lines) are distributed near to
peaks of j! (dashed orange lines) (see (12.48)). These are located at values that are
G/(I*1?) away from each other, due to (12.44). Each location corresponds to the
adhesivity that results from blocking a specific number of pores. For example, the
first peak corresponds to the case where no pores block, the second to one pore being
blocked, and so on. There are N + 1 such peaks since there are N unique flow-parallel
pores in a four-regular cell (plus one peak for the no blocking case). The height of
each peak is dictated by the probability that the corresponding number of pores is
blocked, given by the distribution of b!ll, BIl. The width of each peak depends on the
width of G. For example, in Figures 12.21(a,c,e), we see that when G is narrower, the
peaks of j! are tight around peaks of the binomial distribution, j', in (12.48). On the
other hand, when G is wider, as is illustrated in Figures 12.21(b,d,f), the binomial
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Figure 12.20: Graphs showing how the distribution of samples of the number of
blocked flow-parallel pores, b'll, varies with the cell size, N, in a four-regular network.
The parameters are p = 0.5, S = 10,000 and o = 0.03 (left) or o = 0.3 (right). (a)
The case 0 = 0.03. Coloured bars show a histogram of samples of the distribution
of blocked flow-parallel pores, Bl, for various N. The binomial distribution that
this approximates is plotted with correspondingly coloured dots for each N. The
normal distribution that this approximates is plotted with correspondingly coloured
solid curves for each N. (b) A similar plot to (a), but using 0 = 0.3. (c¢) The mean
(blue dots) and standard deviation (orange dots) of the blocked flow-parallel pore
distribution, E[b'l] and S[b!l], as functions of N, for ¢ = 0.03. The solid blue line
shows the mean of the corresponding binomial distribution, np = Nedf(G). The
dashed line shows an approximation of the mean, N/2, which holds since we chose
G ~ 1/2. The solid orange line shows the standard deviation of the corresponding
binomial distribution, (np(1 — p))/? = (Ncdf(G)(1 — cdf(G)))*/2. The dotted green
line shows an approximation of the standard deviation, v’ N /2, which holds since we
chose G ~ 1/2. (d) A similar plot to (c), but using o = 0.3.

structure of j! is mostly lost, due to the increased spread in pore pressure drops,
Afjl , caused by the increased width of initial conductances, ijo, via the cell problem,
(12.11). Despite the loss of overall binomial structure, the upper and lower limits of

the approximate-adhesivity distribution, j', remain useful to bound the overall width

193



of J. Indeed, as can be seen in Figure 12.21, values of j {alx&lays lie between 0, which
occurs when no edges block, and the maximal value of j!, G, which occurs when N
edges (the number of edges parallel to the z! direction) block.

Finite cell error

In further analogy with the permeability (see Figures 12.16(c) and 12.16(d)), in Fig-
ures 12.19(c) and 12.19(d), we firstly see that the mean adhesivity of the cell of size N,
E[7], becomes an increasingly accurate approximation of the mean adhesivity of the
non-periodic network, ji ..., as N increases. As with the permeability, the conver-
gence occurs at approximately the same rate for all initial conductance distributions
considered. Indeed, we find that the difference between the mean adhesivity of the
cell of size N, E[j'], and the mean adhesivity of the non-periodic random network,
Jh s (as a fraction of j}_,. ), satisfies

11 _ =1
Ej _ ’E[] l_]Naoo’ ~ 5N_1, (12‘50)
¢ IN oo

where 3 depends on 0. Consequently, E[j!] — ji ., as N — oo. We interpret
EJ, which we plot in Figure 12.22, as the error that we make in the adhesivity
parameter (note the superscript, j) when we replace the random network with a cell
(note the subscript, ¢) of size N. Comparing (12.50) to (12.33), we see that, as the
size of the cell, N, grows, this error decreases like N~!, just as the corresponding
permeability error does. For the adhesivity, when o = 0.3, averaging of samples
of a cell of size N = 9 leads to an underestimate of the mean adhesivity of the
infinitely-large non-periodic random network of approximately 2% (see the dashed
green line in Figure 12.22(b)), while a cell of size N = 4 leads to an underestimate of
only approximately 4.2% (see the dashed orange line in Figure 12.22(b)). Note that,
although the adhesivity error for a given cell size is larger than the corresponding
permeability error (by comparing Figures 12.17 and 12.22), these adhesivity errors are
still modest. This result suggests that the multiscale system may be able to capture
the behaviour of the corresponding system defined on a non-periodic network, despite
containing a reaction term (via the adhesivity) as well as an advection term (via the
permeability) (see (12.3)). The computational complexity of the adhesivity, (12.9), is
approximately equal to that of the permeability, (12.7), since they rely on solution of
the same cell problem, (12.11). It follows that this result, (12.50), offers considerable
reduction in the complexity of solving the effective system even when it contains a
reaction term, by replacing the network with a smaller cell.

Mean network error

Secondly, in Figure 12.20, we note that j% _,__ is close to (but larger than) Gedf(c™**G)
(with ¢™ = 1). To understand this, note that one important application of the
approximate-adhesivity distribution, 7', which is distributed as in (12.48), is that it
can be used to approximate the mean of the adhesivity distribution, E[j!]. Since
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Figure 12.21: Graphs showing the distribution of samples of the adhesivity, j', in

0.5, S = 10,000 and o = 0.03

(left) or ¢ = 0.3 (right). Coloured bars show a histogram of the distribution, J, of

the adhesivity, j!.

a four-regular network. The parameters are p

Correspondingly coloured lines interpolate the histogram at bar

midpoints, to show an approximate pdf of 7. Dashed orange lines show the discrete

locations at which probability in the distribution of the approximate adhesivity, j!,
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Figure 12.22: Graphs showing how the finite cell error, EJ, varies with the cell size,
N. The parameters are p = 0.5, S = 10,000 and o = 0.03 (left) or ¢ = 0.3 (right).
Blue dots show the numerical result. Solid blue lines show a fitting. The errors that
result from using cells of size N = 4 (orange), N =9 (green), and N = 16 (red) are
approximated in coloured dashed lines. (a) The case 0 = 0.03. (b) The case o = 0.3.

the expected value of a random variable that follows a binomial distribution with
parameters n and p is np, it follows from (12.48) that

E[;'] = Gedf(G), (12.51)

and consequently that

E[j] ~ eﬂ+§cdf<eﬂ+§>, (12.52)
where we have used the approximation (12.43)and the definition of G. One immediate
consequence is that the adhesivity of the mean network is given by j; = Gedf(G)
(when ¢™** = 1). To see why, note that, in the mean network, the adhesivity is
G, since cdf(G) = 1 because all edges have a conductance equal to the mean. The
value 0 < cdf(c™**G) < 1 is a scaling that accounts for the fact that, in more general
networks, not all edges block because edge conductances are distributed about the
mean. For wider initial conductance distributions (see Figure 12.19(d)), the difference
between ji ., and Gedf(G) is more pronounced, while for narrower cases (see Figure
12.19(c)) the difference is smaller. Indeed, we find that the difference between the
scaled adhesivity of the mean network, j, = Gedf(G), and the mean adhesivity of the
non-periodic random network, j . (as a fraction of j& .. ), satisfies

Ej _ ’éCdf(?) - jll\faoo‘

j - ~ 0.4507, (12.53)
]N~>oo
(in the case ¢™** = 1), so that
. e 2 (1 log(e"+%) —
Nosoo — Gedf(G) = e [ = [ 1+ erf 12.54
IN— ( ) 2 0\/5 ( )
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as 0 — 0, where we have used the formula for the cumulative-density function of
a log-normal distribution, and the definition of G. We interpret this quantity, EJ,
which we plot in Figure 12.23, as the error we make when we replace the adhesivity
(hence the superscript, j) of the random network with the scaled adhesivity associ-
ated with the mean network (hence the subscript, n). The implication of (12.53) is
that, as o decreases, so that the initial conductance distribution narrows, the size of
this error decreases like 0®/2. Note that this decay is not as fast as that of the perme-
ability in (12.34), which is O(¢?). However, use of Gedf(G) in place of j!|y 0 would
lead to an error in the mean adhesivity of the infinitely-large non-periodic random
network of approximately 7.4% for o = 0.3 and approximately 0.25% for ¢ = 0.03
(see green and orange dashed lines in Figure 12.23), compared to 4.4% and 0.04%
for the permeability (compare to the green and orange dashed lines in Figure 12.18).
As for the permeability (see (12.35)), (12.54) provides an estimate for the mean ad-
hesivity that only depends on the statistics of the initial conductance distribution,
p and o. As such, if we accept the associated error, F?, using (12.54) avoids the
need for sampling of the adhesivity, (12.9), and consequently the need for solution of
the cell problem, (12.11). The result is a significant reduction of the computational
complexity associated with solution of the effective system.

— 0.450°
[ ] Exll
o =003

Figure 12.23: Graph showing how the mean network error, F, varies with the stan-
dard deviation of the initial conductance distribution, o. Blue dots show the numer-
ical result. Solid blue lines show a fitting. The errors that result from replacing a
network consisting of cells containing initial conductances drawn from distributions
with standard deviations of 0 = 0.03 and ¢ = 0.3 with the mean network are approx-
imated with a dashed orange and green lines, respectively.
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Sampling error

Thirdly, note that, in Figures 12.19(c) and 12.19(d), the standard deviation of the
adhesivity, S[j'], decays with N like N~%/2, as did the standard deviation of the
permeability, S[k!'!] (compare to Figures 12.16(c) and 12.16(d)). Thus, our arguments
extend readily to cases of non-zero adhesivity. Firstly, that is, we might accept the
errors associated with replacement of E[j!] with either ji .. or Gedf(c™*G), in
(12.50) and (12.53), since these are smaller than the average sample error. Secondly, as
with the permeability, the O(N~1/2) decay of the standard deviation of the adhesivity
indicates that it is better to average over many realisations of a relatively small unit
cell than to average over just a few realisations of a large unit cell.

12.3.3 Six-regular structure

Four-regular networks are commonly used, partly because they are easy to visualise
and program. However, they are not an accurate characterisation of the random net-
works that represent the microscale of porous material, even when the conductances
of their pores are distributed randomly. The average degree of porous media networks
is often larger than four, and is usually around six. Even when edges have the same
resistance per unit length, this difference in average degree has a significant impact
on effective properties, such as permeability and adhesivity. To demonstrate this, we
next consider a six-regular network, in which each node is connected to exactly six
other nodes in a regular lattice.

To construct a six-regular network, we first consider the basic cell illustrated in
Figure 12.24. The lengths of its sides are L' = s and L? = /3s, where s is a
scale factor chosen to maintain unit node density, to aid comparison of the effective
properties with those of the four-regular network. There are two nodes in the basic
cell, at positions (0,0) and (s/2, (v/3s)/2, and it follows that s> = 2/v/3. We draw
initial conductances from the same log-normal distributions as before, but scale the
results so that the pore resistance per unit length is the same as in the four-regular
network (=~ 1/1.72). Cells of size N = 2n? for n € {1,2,...9,10} are then constructed
by repeating n copies of the basic cell in the z! and x? directions (see Figure 12.24).

12.3.3.1 Permeability

We plot samples of the permeability distribution, K, and their statistics, E[k!] and
S[k''] in Figure 12.25 (similarly to the four-regular case in Figure 12.16). Our plots in
Figures 12.25(b) and 12.25(d) agree well (up to the randomness caused by sampling)
with those in [80] (Figure 4). Qualitatively, we see that behaviour of K is similar to
that in the four-regular network. As the cell size increases, the permeability distri-
bution tightens around a value that is close to the permeability, k¢ say, of the mean
network, which is a six-regular network in which all pores have the mean conduc-
tance per unit length, G. However, as expected, we see that the permeability of the
six-regular networks is much larger than that of the four-regular networks, owed to
the larger average degree. We find that kg ~ 2.66, which is substantially larger than
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Figure 12.24: Diagram of the basic construction cell and six-regular cells of sizes
N =2and N =8 (N = 2n? for n = 1 and n = 2) inside larger networks. For
each N, nodes and edges that are part of the cell are coloured red, and the cell is
highlighted with a red box. The dimensions of the cell are set to be L' = ns and
L? = \/3ns for 2 = 2/\/5, so that the node density, p, satisfies p = 1 in a cell of any
size, N. Consequently, the length of each pore ijr is L]; = ns. We arbitrarily choose
the x! direction to be from left to right. Thus, horizontal edges, like the blue edge in
the basic cell, are parallel to the pressure gradient, and thus the flow. We call these
flow-parallel edges. Diagonal edges, like the orange edge in the basic cell, are at an
angle 07; = 7/3 to the flow, so that cos(];) = 1/2. We call these flow-diagonal edges.

k4 ~ 1.72. The distribution of the permeability in the smallest cell, ki_,, is no longer
the same as the initial conductance distribution, G, and has a larger mean, because
in a six-regular configuration there are three unique edges (rather than one in the
four-regular case) to conduct flow.

Finite cell error

Observing Figures 12.25(c) and 12.25(d), we see that as N increases, the average
permeability of the cell, E[k'!] (blue dots) approaches the approximate average per-
meability of the entire network, k', (dashed blue line). Thus, as before, the error
in the permeability that we make when we replace an infinitely large network with a
cell of finite size N, E¥, decreases with N. The behaviour of this function is similar to
that in the four-regular case, so we do not repeat our analysis here. The implication,
however, is that this error is always relatively small. Even use of the smallest cell,
N = 2, only produces an overestimation of E¥ ~ 3% when o = 0.3. This is larger

than a similarly sized cell in the four-regular case, but still modest.

Mean network error

Secondly, comparing the dashed blue line with the solid blue line in Figures 12.25(c)
and 12.25(d), we see that kit is not equal to kg. That is, because permeability

N—oo
is a function of the conductances, as well as structure, the error we make when we
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Figure 12.25: Graphs showing how the distribution of samples of the permeability,
k1!, varies with the cell size, N, in a six-regular network. The parameters are p = 0.5,
S = 10,000 and o = 0.03 (left) or ¢ = 0.3 (right). (a) The case ¢ = 0.03. Coloured
bars show a histogram of the distribution, K, of the permeability, k!, for various N.
Correspondingly coloured lines interpolate the histogram at bar midpoints, to show an
approximate PDF of . (b) A similar plot to (a), but using ¢ = 0.3. (c¢) The mean
(blue dots) and standard deviation (orange dots) of the permeability distribution,
E[k'] and S[k!], as functions of N, for ¢ = 0.03. The solid blue curve shows
the permeability of the mean six-regular network, ks. The dashed blue line shows
the approximate mean permeability of an infinite non-periodic six-regular network,
kX, . approximated using N = 200. Note that this is almost invisible to the eye,
since it lies almost exactly below the solid blue line. The solid orange line shows
a fit to the standard deviation, achieved by plotting in log-log space. The dotted
blue line shows the mean conductance G, which is also the permeability of the mean
four-regular network, k. (d) A similar plot to (c), but using o = 0.3.

replace the random network with the mean network, E¥, is non-zero. However, as in
the four-regular case, this error is small, and decreases proportionally to the variance
of the conductance distribution, 0. As such, in Figure 12.25(c), for example, we see
that when o < 1, this error is infinitesimal.
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Sampling error

Thirdly, in Figures 12.25(c) and 12.25(d), we see that the standard deviation of the
permeability (see orange dots) decreases like N~1/2 (see orange lines), which is the
same rate as in the four-regular scenario. It remains computationally advantageous
to sample a small cell many times, if the goal is to obtain the average permeability
of a large network.

12.3.3.2 Adhesivity

Next, in Figure 12.26, we plot samples of the adhesivity distribution, J, for the
six-regular network (similarly to the four-regular case in Figure 12.19). As with the
permeability, the adhesivity of the six-regular network is also larger than that of the
four-regular network, because there are more pores per cell with the potential to
become blocked. Qualitatively, the behaviour of the distribution is similar to that in
the four-regular case. As the cell size increases, the adhesivity distribution narrows
and the value 71", becomes more likely. As before, for each cell size, the adhesivity
is distributed between a discrete set of values. These are different from those observed

in the four-regular case.

Blocked pore distribution

To predict the values that the adhesivity takes, we analyse the probability distribution
for the number of pores that are blocked in the cell. The procedure is similar to before.
We begin by noting that

N N
. 1 r -r -
=i 2D D GRW = W AT H (12.55)
=1 j=1 reR
G N N
~ =i DD D BN AT H (12.56)
i=1 j=1 reR
G N N
r A—7 p7—r!
= _m ZZ cos eijAji sz‘ . (12.57)
i=1 j=1 reR
g 1
A RURE VA (12.58)

where we have used the relationship between the pore pressure drop and the angle
that the pore makes with the flow direction, (12.41). That is, this time there are two
types of pore in the network: flow-parallel pores and flow-diagonal pores, see Figure
12.24. As before, the expected pressure drop in pores ijr that are parallel to the flow
is Aj’fl = cos (0) = 1. The expected pressure drop in pores ijr that are diagonal to
the flow is Aj’[l = cos (m/3) = 1/2. We define b' to be the number of pores that are
blocked in the cell, drawn from the distribution B. Of these, b!ll is the number of

201



5F N=2 6F N =2
s v g v
QE; 4r N =32 % N =32
= N=T72 <y N=T72 j
>3 N =128 4 > N =128
h=1 b=
= N =200 = 3r N =200 1
Q Q
< 2r <
°Q Qo
o o
= =
At ol
)| A
( 0 1 2 3
1 -1
J J
(a) (b)
'co—o-—o——-;—-—-o-———o-——-c ————— === ] 20F ‘
1.5¢F g ST —— 8- O °
o E[j 15k o E[j
o S[] o S[j
10} —— o 1 Lt i) ]
—_— ﬁG(;(lf(G) e ﬁG(:(lf(G)
|4 71, — =4 7%
05k — 1.05IN2 | 05k 0.905N 2
0.0 = L L L L 0.0 b . . ! L4
0 50 100 150 200 0 50 100 150 200
N N
() (d)

Figure 12.26: Graphs showing how the distribution of samples of the adhesivity, j*,
varies with the cell size, N, in a six-regular network. The parameters are p = 0.5,
S = 10,000 and o = 0.03 (left) or ¢ = 0.3 (right). (a) The case ¢ = 0.03. Coloured
bars show a histogram of the distribution, 7, of the adhesivity, j!, for various N.
Correspondingly coloured lines interpolate the histogram at bar midpoints, to show
an approximate pdf of J. (b) A similar plot to (a), but using o = 0.3. (c¢) The mean
(blue dots) and standard deviation (orange dots) of the adhesivity distribution, E[;']
and S[j'], as functions of N, for ¢ = 0.03. The solid blue curve shows the adhesivity
of the mean six-regular network, js = (4/v/3)Gcdf(G) (as we will show). The dashed
blue line shows the approximate mean adhesivity of an infinite non-periodic six-regular
network, j& ., approximated using N = 200. Note that this is almost invisible to
the eye, since it lies almost exactly below the solid blue line. The solid orange line
shows a fit to the standard deviation, achieved by plotting in log-log space. (d) A
similar plot to (c), but using o = 0.3.

blocked flow-parallel pores, with distribution B!, while b'Z is the number of blocked

flow-diagonal pores, with distribution Bt Therefore, we define

1
L —— s 5bll), (12.59)
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and call this the approximate adhesivity for the six-regular network, since we have
shown that j' ~ j' in (12.58). To evaluate the approximate adhesivity, j', we must
analyse the structure of the distributions for blocked pores, B, Bll, and B Z, as before.

Proceeding similarly to the four-regular case, we note that the event that pore
1J7 blocks due to the concentration ¢™** is a Bernoulli trial with probability p =
cdf(c™*@), as in (12.45). This time, there are 3N unique edges in the cell (see
Figure 12.24). It follows that the number of pores that block due to the concentration
™ bl should be drawn from a binomial distribution with parameters n = 3N and
p = cdf(c™>*(@), so that

b' ~ Bin(3N, cdf(c™™Q)) (12.60)
~ Norm(3Ncdf(c™G), 3Ncdf (™G (1 — cdf(c™™q))). (12.61)

We plot samples of B in Figure 12.27, and compare these to the theoretical distri-
butions that we have derived in (12.60) and (12.61). We see that the distributions
match as expected, and that the normal approximation (12.61) is almost exact, since
p = cdf(c™®*@G) ~ 1/2, as in the four-regular case.

One of every three unique edges in the six-regular network is flow-parallel, with
the other two being flow-diagonal (see Figure 12.24). It follows that we expect the
number of flow-parallel pores that are blocked to satisfy

bl ~ Bin(N, cdf(c™™@G)) (12.62)
~ Norm(Ncdf(c™™™ @), Nedf(¢™™G)(1 — cdf(c™™Q))), (12.63)

and the number of flow-diagonal pores that are blocked to satisfy

'Y ~ Bin(2N, cdf(c™™G)) (12.64)
~ Norm(2Ncdf(c™™G), 2Ncdf(c™G) (1 — cdf(c™™™@))). (12.65)

Note that the theoretical distribution of blocked flow-parallel pores, (12.62), is iden-
tical to that in the four-regular case, (12.46). This helps to explain why we see a sub-
stantially larger adhesivity in the six-regular network (see the dashed blue lines in Fig-
ure 12.26) than in the four-regular network (compare to the dashed blue lines in Figure
12.19). The same average number of flow-parallel pores block, np = Ncdf(c™¥*G),
but, on average, np = 2Ncdf(c™**G) flow-diagonal pores also block, which contributes
to the adhesivity of the network, since these have non-zero pore pressure drop in the
flow direction, A:jl = 1/2. We plot samples of Bl and BY in Figure 12.28. As we
expect, samples are distributed binomially subject to (12.62) and (12.64), with any
small difference due to slight undersampling. The accuracy of the normal approxi-
mations, (12.62) and (12.64), increases with the cell size, N, as we would expect.
We plot samples of j! (blue lines), and the values at which peaks in the distribution
j' occur (orange lines) in Figure 12.29 (compare with the four-regular case in Figure
12.21(d)). We see that j' is indeed well approximated by the distribution of j', as
we predicted in (12.58). From (12.59), we see that j' is dictated by the distributions
of bl and b'Z, (12.62) and (12.64), and so we see that distinct peaks of j' occur close
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Figure 12.27: Graphs showing how the distribution of samples of the number of
blocked pores, bt, varies with the cell size, N, in a six-regular network. The parameters
are = 0.5, S = 10,000 and o = 0.03 (left) or 0 = 0.3 (right). (a) The case o = 0.03.
Coloured bars show a histogram of samples of the distribution of blocked pores, B, for
various N. The corresponding binomial distribution is plotted with correspondingly
coloured dots for each N. The corresponding normal distribution is plotted with
correspondingly coloured solid lines for each N. (b) A similar plot to (a), but using
o = 0.3. (c¢) The mean (blue dots) and standard deviation (orange dots) of the
blocked pore distribution, E[b'] and S[b'], as functions of N, for ¢ = 0.03. The blue
line shows the mean of the corresponding binomial distribution, np = 3Ncdf(G). The
orange line shows the standard deviation of the corresponding binomial distribution,
(np(1 — p))"/? = (BNcdf(G)(1 — cdf(G)))*/2. (d) A similar plot to (c), but using
o=0.3.

to discrete values that correspond to different numbers of edges being blocked. This
time these values are G/ V3N apart, since this is the adhesivity that corresponds to
a single flow-diagonal pore being blocked. Here, and throughout, the factor of /3
emerges from the scaling of I! and 2 to aid comparison with the four-regular case. As
before, the widths of the spikes in j! are proportional to the standard deviation, o,
of the conductance distribution, G. As a result, when o is larger, for example ¢ = 0.3
in Figures 12.29(b) and 12.29(d), discrete structure is lost, because the contribution
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Figure 12.28: Graphs showing the distributions of samples of the number of blocked
flow-parallel (top) and flow-diagonal (bottom) pores, b'll and bll, for various cell sizes,
N, in a six-regular network. The parameters are y = 0.5, S = 10,000 and ¢ = 0.03
(left) or o = 0.3 (right). The cell sizes are N = 2 and N = 8. Coloured bars show a
histogram of samples of the distribution. The corresponding binomial distribution is
plotted with correspondingly coloured dots. The corresponding normal distribution
is plotted with correspondingly coloured solid lines. (a) The case o = 0.03 for the
distribution of Bll. (b) The case o = 0.3 for the distribution of Bll. (c) The case
o = 0.03 for the distribution of BZ. (d) The case o = 0.3 for the distribution of BZ.

to the adhesivity from one particular number of pores being blocked merges with
that of another. The width of the overall distribution is bounded by the values that
correspond to the cases where no pores and all pores block, respectively.

Finite cell error

Returning to the plots of the adhesivity distribution in Figure 12.26, in Figures
12.26(c) and 12.26(d), we see that as N increases, the average adhesivity of the
cell, E[7!] (blue dots) approaches the approximate average adhesivity of the network,
JN—seo (dashed blue line). Thus, as with the permeability, the adhesivity error that
we make when we replace a large network with a smaller cell of size N, E?, decreases
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, which demonstrates that relatively small cells capture

the behaviour of the adhesivity of six-regular networks, even when the underlying

conductance distribution, G, is relatively wide.

with N. For example, in Figure 12.26(d), we see that the blue dots lie on the dashed

blue line for cell sizes N > 18

six-regular network. In fact, when the conductance distribution is wider, comparing

As usual, the nonlinearity of the adhesivity formula, (12.9), means that the adhesivity
of six-regular networks with random conductances is not equal to that of the mean
the dashed blue line with the solid blue line in Figure 12.26(d), we see that the

Mean network error

mean network error, EY, that we would make if we used js in place of j



(compared with the equivalent in a four-regular network, for example). For example,
this error is around 23% for o = 0.3, which is considerably larger than the mean
network error associated with the permeability, E*. On the other hand, when the
conductance distribution is more narrow, we see that the error is much smaller. In
Figure 12.26(c), we see that when o = 0.03, FJ ~ 5%. The behaviour of EJ with o is
similar to that in the four-regular case, and thus we do not conduct a more detailed
analysis here.

Sampling error

Lastly, in Figures 12.26(c) and 12.26(d), we see that the standard deviation of the
adhesivity (see orange dots) decreases like that of the permeability, proportionally
to N~1/2 (see orange lines), so that the disadvantages of larger sampling errors as-
sociated with the use of smaller cells are favourable over the disadvantages of larger
computational costs associated with using larger cells.

12.3.4 Six-irregular structure

Next, we assess the impact of random connectivity on the effective properties of the
network. Our results so far suggest that networks with higher average degree have
larger permeability and adhesivity, even when the conductivities of their pores are
drawn from the same distribution. We are interested in how well regularly structured
networks characterise the effective properties of networks with random structure, since
regular networks are computationally cheaper to construct. We focus on six-irregular
networks. These have an average degree of six, but individual nodes may be connected
to fewer or more than six other nodes.

To construct a cell of this network, an example of which is shown in Figure 12.30,
we draw the z' and z? coordinates of N points from a uniform distribution, and
place nodes at these points. We then use a Delaunay triangulation to connect these
nodes. We choose the dimensions of each cell to be L' = v/N and L? = v/N, to
preserve unit density, and choose a fixed resistance per unit length (1/1.72, to make
comparison with the other two structures simple), so that pore conductances are
inversely proportional to the distance between nodes (see the thicknesses of edges in
Figure 12.30, which are proportional to their conductance. Shorter edges are thicker
and thus have larger conductance). The average degree of the resulting cell is six,
which is a property of the Delaunay triangulation method [182].

12.3.4.1 Permeability

We plot samples of the permeability distribution for the six-irregular case in Figure
12.31 (similarly to Figure 12.25). These figures agree well (up to the randomness
caused by sampling) with those presented in [80] (Figure 5). The first thing we note is
that the qualitative behaviour of K is relatively similar to that in the four-regular and
six-regular cases, despite the fact that the underlying conductance distribution, G, is
no longer log-normal. Despite this, in Figure 12.31(a), we see that the distribution has
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Figure 12.30: Diagram of a cell with size N = 4 in a six-irregular network. Nodes
and edges that are part of the cell are coloured red, and the cell is highlighted with
a red box. The dimensions of the cell are set to be L' = v/N and L? = /N so that
the node density, p, satisfies o = 1 in a cell of any size, N. Node positions are drawn
uniformly, and edge lengths are drawn from the distribution that results from node
positions and the triangulation. Edge thicknesses are proportional to their inverse
lengths, so that shorter edges are thicker.

multiple peaks when the cell size is relatively small. This is particularly noticeable
in the case N = 4 (blue line), for example. These peaks are real and are due to
variance in the ratio of inter- and intra-cell pores when N is smaller, as opposed to
being caused by undersampling. This variance is not present in regular structures
(see Figure 12.25, for example), since the number of pores that cross cell boundaries
does not vary from sample to sample.

Finite cell error

Similarly to regular networks, as N increases, in Figure 12.31(a) we see that the
permeability approaches a uni-modal distribution. This implies that the error caused
by replacing a large network with a finite cell of size N, E¥, decreases as N increases.
We confirm this by comparing the blue dots with the dashed blue line in Figure
12.31(b). We see that the convergence of E[k] to kL, is much slower here than in
the regular networks, because of the variance in the number of inter-cell edges. Even
so, the average permeability of a cell with around N = 36 nodes is similar to that of
a much larger network.

Mean network error

Importantly, comparing the dashed and solid blue lines in Figure 12.31(b), we see
that the average permeability of the six-irregular network is close to that of the mean
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Figure 12.31: Graphs showing how the distribution of samples of the permeability, k',
varies with the cell size, NV, in a six-irregular network. The number of samples is S =
10,000. (a) Coloured bars show a histogram of the distribution, I, of the permeability,
k', for various N. Correspondingly coloured lines interpolate the histogram at bar
midpoints, to show an approximate pdf of K. (b) The mean (blue dots) and standard
deviation (orange dots) of the permeability distribution, E[k!!] and S[k!!], as functions
of N, for ¢ = 0.03. The solid blue curve shows the permeability of the mean six-
regular network, ks. The dashed blue line shows the approximate mean permeability
of an infinite non-periodic six-irregular network, k} , __, approximated using N = 100.
The solid orange line shows a fit to the standard deviation, achieved by plotting in
log-log space.

six-regular network. As we hypothesised, the average degree of nodes in the cell
plays an important (perhaps more important than the conductance distribution) in
determining the permeability of the network. That the exact number of nodes that
each node connects to is different in six-regular and six-irregular networks appears to
have little effect, so that replacing the six-irregular network with the mean six-regular
network leads to small errors, E¥. One implication is the potential for decreased
computational cost of simulation, since regular structures can be significantly cheaper
to program than irregular ones.

Sampling error

In Figure 12.31(b), we see that, despite the multiple peaks for smaller values of N, the
standard deviation of the permeability of six-irregular networks decreases like N~1/2.
Thus, even though, in general, much larger cells are required for representation of
large irregular than is the case for regular ones, it is still advantageous to average
over many samples of small cells as opposed to few samples of large ones.

12.3.4.2 Adhesivity

Lastly, we analyse the adhesivity of six-irregular networks. We plot samples in Fig-
ure 12.32. The first thing we note is that the adhesivity distribution, [, does not
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focus around discrete values, as it does for regular networks with small conductance
variance. This is because of the increase in the width of the initial conductance dis-
tribution, ¢, which is caused by the variability in pore lengths that result from the
uniform distribution of junction locations. For example, we see that the six-irregular
adhesivity distribution resembles the regular case o = 0.3 in Figure (12.26(b)) much
more than the case 0 = 0.03 in Figure (12.26(a)).
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Figure 12.32: Graphs showing how the distribution of samples of the adhesivity, j!,
varies with the cell size, NV, in a six-irregular network. The number of samples is S =
10,000. (a) Coloured bars show a histogram of the distribution, 7, of the adhesivity,
g1, for various N. Correspondingly coloured lines interpolate the histogram at bar
midpoints, to show an approximate pdf of 7. (b) The mean (blue dots) and standard
deviation (orange dots) of the adhesivity distribution, E[j'] and S[j'], as functions
of N. The solid blue curve shows the adhesivity of the mean six-regular network,
js = (4/v/3)Gcdf(G). The dashed blue line shows the approximate mean adhesivity
of an infinite non-periodic six-irregular network, j% ., __, approximated using N = 100.
The solid orange line shows a fit to the standard deviation, achieved by plotting in
log-log space.

Blocked pore distribution

The loss of the discrete adhesivity structure observed in regular networks is not related
to a change in the behaviour of the distribution that governs the number of pores that
are blocked, b' ~ B. To show this, we plot samples (coloured bars) of this distribution
in Figure 12.33(a), and compare these with the distribution of blocked pores in the
six regular case (coloured dots and lines). We see that (see Figure 12.33(b)), for any
given cell size, N, the average number of blocked pores is considerably larger than
that in the six-regular case. This suggests a skew in the conductance distribution
that encourages more initial conductances to lie below the threshold conductance,
due to more long pores. That is, the mean lies further to the left of the median in
the six-irregular construction than it does in the log-normal distribution associated
with the six-regular construction. This helps to explain why the mean adhesivity of
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a six-irregular network (see the dashed blue line in Figure 12.32(b) is considerably
larger than that of a six-regular network (compare with the dashed blue line in Figure
12.26(b).
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Figure 12.33: Graphs showing how the distribution of samples of the number of
blocked pores, b, varies with the cell size, N, in a six-irregular network. The number
of samples is S = 10,000. (a) Coloured bars show a histogram of samples of the dis-
tribution of blocked pores, B, for various N. The corresponding binomial distribution
for a six-regular network is plotted with correspondingly coloured dots for each N.
The corresponding normal distribution for a six-regular network is plotted with cor-
respondingly coloured solid lines for each N. (b) The mean (blue dots) and standard
deviation (orange dots) of the blocked pore distribution, E[b'| and S[b'], as functions
of N, for ¢ = 0.03. The solid blue line shows the mean of the corresponding binomial

distribution for a six-regular network, np = 3Ncdf(G). The dashed blue and orange
lines show interpolations of the correspondingly coloured dots, to aid the eye.

Finite cell error

The finite cell error for adhesivity, F?, converges to zero relatively slowly with N
(see the blue dots and dashed blue line in Figure 12.32(b)). A cell of size N ~ 49 is
required to capture the adhesivity of larger irregular networks correctly. This is larger
than for the six-regular networks. This is unsurprising, noting the larger variance in
the conductance distribution caused by the variance in pore lengths.

Mean network error

Comparing the blue solid line to the blue dashed line in Figure 12.32(b), we note
that the error in the adhesivity that we would make if we replaced the six-irregular
network with the mean six-regular network is relatively small (EJ a~ 5%), especially
considering that their conductances are drawn from distributions with different statis-

tics.
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Sampling error

Unlike the permeability, the standard deviation of the adhesivity of six-irregular net-
works is more similar to that of six-regular ones, since the relative proportion of intra-
and inter-cell pores is irrelevant in determining the adhesivity. Even though a cell
of N = 49 is required to capture the adhesivity of a large network with low error,
it remains computationally advantageous to accept the increased cost incurred by
repeated sampling of this relatively small cell.

12.3.5 Structure comparison

In this section we have analysed samples of the permeability and adhesivity of four-
regular, six-regular, and six-irregular structures. We summarise our findings by com-
paring the means and standard deviations of these samples, E[k!!] and S[k"], which
we plot together in Figure 12.34.

Finite cell error

In [80], the authors find that, as the size of the cell increases, the average permeability
of all three networks approaches a fixed value. Our results agree. In Figure 12.34(a),
we see that as N increases, E[k!] (see the coloured markers) approaches ki, (see
the dashed lines of corresponding colour), which can be thought of as the average
permeability of a large network with the corresponding structure. The implication
is that, in purely advective macroscale systems, in which particles do not interact
with pores and cause changes to the structure of the microscale network, cells of sizes
as small as N = 25 can be used to pre-calculate the permeability parameter of the
system, even when the network is irregular. In Figure 12.34(c), we see that samples of
the adhesivity behave similarly, so that E[j!] (see the coloured markers) approaches
JN oo (see the dashed lines of corresponding colour) as N increases. This means that
our conclusion can be extended to advection-reaction systems, in which particles
do interact with pores in the underlying network. Convergence of the adhesivity is
slightly slower than that of the permeability and so slightly larger cells, say N ~ 49
(at worst, when the network is irregular), are required for advection-reaction systems
than those required for advection only. Nevertheless, pre-calculation of the parameters
is possible even when the network is dynamic, which decreases the computational
expense of solution of multiscale advection—reaction systems by orders of magnitude.

Mean network error

The relatively small differences in the dashed and solid lines in Figures 12.34(a) in-
dicates that the permeability of networks is approximated well by a network with
the same average degree and the mean conductance in every pore. Comparing the
equivalent lines in 12.34(c), we see this approximation is significantly worse for the
adhesivity. One implication is that, in purely advective systems on static networks,
using the statistics of the underlying conductance distribution to calculate the perme-
ability will not lead to large errors in the solution. Using the conductance statistics
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Figure 12.34: Graphs showing how the mean (left) and standard deviation (right) of
samples of the permeability (top), k', and adhesivity (bottom), j!, vary with the cell
size, N. The parameters are S = 10,000 and x4 = 0.3. The four-regular, six-regular,
and six-irregular cases are shown with blue, orange, and green correspondingly shaped
markers. (a) The mean of the permeability distribution, E[k!!], as a function of the
cell size, N. The limit kY, is shown for each case in a correspondingly coloured
dashed line. The permeabilities of the mean four-regular and six-regular networks,
k4 and kg, are shown in blue and orange solid lines, respectively. (b) The standard
deviation of the permeability distribution, S[k'!], as a function of the cell size, N.
The solid lines of corresponding colour show fits achieved by plotting in log-log space.
(c) A similar plot as (a), but for the mean of the adhesivity distribution, E[j']. (d)
A similar plot as (b), but for the standard deviation of the adhesivity distribution,

S[5'].

to calculate the adhesivity in advection—reaction equations on dynamics networks will
lead to much larger errors in the effective solution.

Sampling error

Comparing Figures 12.34(a) and 12.34(c), we see that the standard deviations of the
permeability and adhesivity samples, S[k'!] and S[j'], are roughly the same size for
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a given structure (compare lines of the same colour), and, moreover, they behave in
the same way as functions of N (decreasing like N~'/2). Since pre-calculation of the
adhesivity, using (12.9), has the same computational cost as that of the permeability,
(12.7), the conclusion that is computationally advantageous to sample the smallest
cell possible multiple times, rather than sampling a larger cell fewer times, extends
to systems on networks with dynamic structure.
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Chapter 13

Conclusions for the multiscale model

In Part III, Chapters 10-12, we motivated, derived, and solved a novel multiscale
model for filtration. This strikes a useful compromise between computationally ex-
pensive network models that accurately capture microscale effects, and macroscale
models that ignore microscale information but are usually computationally cheaper.

13.1 Summary

13.1.1 Motivation for the model

In Chapter 10, we began by introducing multiscale models as a candidate framework
for filtration simulations. In particular, in Section 10.1, we highlighted the multiscale
nature of the filtration process. Particle and pore interactions on the microscale
dictate flow and particle concentration behaviour on the macroscale. This dependence
results in computational feasibility problems for network models in which the entire
pore space is resolved.

Multiscale models were introduced as a potential alternative in Section 10.2. Ex-
amples that consider a continuum microscale are common. Those that model the
microscale as a network are less common, but network homogenisation methods have
been used to derive the effective permeability, most notably in [80].

In Section 10.3, we motivated a novel multiscale model that accounts for the
deposition of particles, as well as their transport. This causes changes to the structure
of the network, which manifests in a second effective parameter, the adhesivity, in
addition to the permeability in [80].

13.1.2 Derivation of the model

In Chapter 11, we derived the multiscale model. In particular, in Section 11.1, we
began by adapting the microscale model that we derived and solved in Part II into
a system defined on a repeated cell, representative of the overall microscale, which
forms a periodic network with initial conditions corresponding to mono-dispersed and
log-normally poly-dispersed pore sizes and thus conductances. Nondimensionalising,
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we found that the microscale model depends on three dimensionless parameter groups:
« (the adherence parameter); 5 (the particle size parameter); and ¢ (the ratio of the
cell length to the network length).

In Section 11.2, we outlined the process of network homogenisation. Considering
periodic node and edge indices as position references that are independent of the
macroscale position reference, asymptotically expanding quantities defined at nodes
and edges, and seeking solutions at the correct asymptotic order, we explained how
to average the network model to obtain an effective model, the solution of which
approaches that of the network model asymptotically in the small cell limit € — 0.

In Sections 11.3 and 11.4, we averaged our periodic network model, firstly in a
quasi-one-dimensional setting, and secondly in the case where the network is embed-
ded in space of arbitrary dimension. We homogenised:

e a linear algebraic equation describing fluid mass conservation in nodes. The
result is a continuous partial differential equation that describes the spatial
independence of the flow rate;

e a definition of the average microscale velocity. The result is the Darcy equa-
tion, a partial differential equation describing the proportionality between the
effective flow rate and pressure gradient, via the effective permeability;

e an ordinary differential equation describing the conservation of the mass of parti-
cles as they are transported and deposited within the microscale geometry. The
result is an advection—reaction equation for the effective particle concentration.
The advection and reaction rates are dictated by the effective permeability and
adhesivity, which average the effects of microscale transport and deposition;

e an ordinary differential equation describing pore volume conservation, and thus
conductance changes as deposition occurs. The result is a partial differential
equation that relates microscale conductance to macroscale variables.

As such, our multiscale model for filtration is a system of continuous partial differen-
tial equations that govern the evolution of effective variables through the continuum
geometry of the macroscale. The parameters of the system, the effective permeability
and adhesivity, depend on the dynamic structure of the discrete network microscale.
This is updated via solution of a coupled linear problem that is the size of the number
of nodes in the cell.

13.1.3 Solution of the model

In Chapter 12, we found numerical solutions of our multiscale model. To this end,
in Section 12.1, we started by averaging over flow-transverse directions, to permit
quasi-one-dimensional solutions. We then outlined a numerical solution scheme, and
suggested a simplifying step that involves pre-calculation of potential conductances
and resulting permeability and adhesivity values. This decreases the computational
expense of the solution considerably.
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We used this method, in Section 12.2, to compute solutions on a four-regular
periodic network. Firstly, we considered the deterministic initial network case, in
which all edge conductances are equal, which corresponds to mono-dispersed pores.
We found that a single simulation of the multiscale model approaches that of the
network model as ¢ — 0, as expected. Secondly, we discussed a random network
case, in which conductances are drawn from a log-normal distribution, corresponding
to poly-dispersed initial pore sizes. Individual simulations qualitatively agree with the
network model, but not quantitatively, since each initialisation is generally unique.
We hypothesised that the statistics of ensemble solutions of the two models should
agree.

To show this, in Section 12.3, we computed sampled distributions of the per-
meability and adhesivity by repeatedly solving the multiscale model. We analysed
these distributions for three networks structures: a four-regular network with log-
normally distributed initial conductances; a six-regular network with initial conduc-
tances drawn from an equivalent log-normal distribution; a six-irregular network, with
initial conductances drawn from a distribution related to the length of edges between
nodes with uniformly distributed positions. For each structure, we computed the sam-
pled mean and standard deviation of the permeability and adhesivity, and compared
these with the corresponding parameters of: a large network with identical structure;
the mean network (a network with the same coordination number with each edge
conductance equal to the mean conductance). We reached three key conclusions:

e The ‘finite cell error’ (the difference between the permeability or adhesivity of
a large network and that of a smaller cell) decreases like N™! as N increases
(where N is the number of nodes in the cell). Therefore, the cell becomes
increasingly ‘representative’ of the entire network as its size increases, but the
cell need not be too large before it represents the network well. Since the
pre-calculation step is O(N?), this fact drastically reduces the computational
complexity of the multiscale solution, which is already significantly cheaper
than solution of the underlying network model. Only slightly larger cells are
needed for the adhesivity than for the permeability, which implies that network
homogenisation is a useful method for dynamic network models, as well as the
static ones discussed in [80];

e The ‘mean network error’ (the difference between the permeability or adhesiv-
ity of the mean network and that of a smaller representative cell) decreases
like 0% as o decreases (where o is the standard deviation of the underlying
conductance distribution). As such, the random network is increasingly well
approximated by the mean network as the conductance distribution narrows.
For certain structures and sufficiently narrow conductance distributions, the
permeability and adhesivity of the mean network may be used in place of the
mean of the distributions from repeated sampling, decreasing computational
complexity further;

e The ‘sampling error’ (the difference between the permeability or adhesivity from
a particular run and the mean of a suitably large sample) decreases with N~!/2
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as N increases. Since the cost of calculation of the permeability or adhesivity is
O(N?), this means that more repeats using a smaller, ‘less representative’ cell
is a computationally advantageous strategy compared to fewer repeats using a
larger, ‘more representative’ cell, on average.

Additionally, we found that, as the coordination number of the underlying network
increases, its average permeability and adhesivity increases. Consequently, users of
network and multiscale models should ensure that the coordination number of the
chosen network is sufficiently close to that of the porous material of interest.

In summary, results for the advective system on the static networks discussed in
[80] extend to our advection-reaction system on dynamic networks with the same
initial structure. That is: Network homogenisation leads to an effective system that
matches the behaviour of the network system in the limit where many cells consti-
tute the network; The effective properties of large networks are approximated well
by pre-calculating the statistics of small cells, which reduces computational complex-
ity; Repeatedly sampling the smallest feasible cells is computationally advantageous.
However, reaction terms lead to the need for a slightly larger repeating cell.

13.2 Further work

There are several potential avenues for further research.

13.2.1 Additional particle and pore interactions

In general, we used a relatively simple model for the filter microscale, to aid simple
demonstration of the key aspects of our novel multiscale framework. The derivation
and inclusion of more complex network dynamics, which more accurately represent the
complex particle-pore interactions that occur physically, would be relatively straight-
forward and yet useful. Indeed, one advantage of this framework is its generality: we
made no assumptions regarding the connectivity; dimension; size distributions; or
initial and boundary conditions on the underlying microscale. Decisions regarding
these were purely illustrative.

13.2.2 Multiscale and microscale solution comparison

One next step might be to find the temporally varying velocity and particle concen-
tration distributions that follow from the permeability and adhesivity distributions
established in Section 12.3. These should show, for example, that the solution of
the multiscale model on a randomly generated network does indeed agree statisti-
cally with the equivalent network model in the limit ¢ — 0, as we conjectured in
Subsection 12.2.2. It might be interesting to compare these results across different
structures, for example, the three discussed in Section 12.3. The permeability and
adhesivity behaviour, which we discussed at length, gives us a good clue that increas-
ing the coordination number increases the average velocity and the reaction rate in
the advection—reaction equation, so that particles are transported and captured more
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rapidly, resulting in a concentration profile that drops more quickly as the wave of
particles traverses the filter.

13.2.3 Industrially relevant properties

Our model lends itself to the calculation of properties of industrial interest. In [80],
Chapman et al. discuss the ease with which the tortuosity of a filter is calculated when
its microscale is reduced to a network. This measure of geometric complexity is one
of the key parameters for the determination of a material’s transport properties. The
authors go on to show a correlation between tortuosity and permeability. It would
be interesting to use our model to extend this analysis to networks with dynamic
connectivity, and to establish the relationship between tortuosity and adhesivity, for
example.

13.2.4 Optimisation and porosity gradients

As we demonstrated in Part II, network models permit simple derivation of secondary
filter properties of industrial interest, such as the particle retention efficiency and to-
tal throughput. Future work should exploit the relative computational tractability of
this model for the calculation of these properties, without loss of accuracy. It would
be relatively straightforward, for example, to establish the dependence of these prop-
erties on the parameters of the underlying conductance distribution, since repeated
calculation is feasibly quick. This highlights the potential for optimisation routines
that rely on parameter sweeps or cost function descents. One experiment might pro-
pose a spatially graded mean for the conductance distribution (which is possible, since
we asymptotically expanded each pore conductance, to permit macroscale variation),
and then find the gradient parameter that maximises the total throughput given a
threshold requirement for the particle retention efficiency, thus finding the optimal
microscale configuration for process performance. Conclusions regarding the desirable
porosity gradients could then be compared to those in [77] and [78], for example.

13.2.5 Network representation and experimental data

Industrial data would be a useful addition at both the initial and final stages of this
framework. As we discussed in the context of network models, data on real porous
media samples would lead to the derivation of initial networks corresponding to real
membrane samples. The results of experiments on the same samples could be used
for solution comparison, allowing for free parameter tuning, again made possible by
the computational tractability of our multiscale method. Our conclusions could then
be used to quantitatively understand real filtration materials, and aid their design.
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Chapter 14

Conclusion

In this chapter, we draw this thesis to a conclusion by summarising our key mo-
tivations and ideas, and highlighting three key areas for further research. Specific
conclusions for Parts I, II, and III can be found in Chapters 5, 9, and 13, respectively.

14.1 Motivation

In Chapter 1, we established that filtration is an increasingly important industrial
process for which mathematical models can be broadly separated into three categories:

e Macroscale models, which are computationally cheap but sometimes inaccurate
because they ignore microscale information;

e Microscale models, which are usually more accurate but more computationally
expensive;

e Multiscale models, which provide a useful balance between the other two ap-
proaches, although the continuum microscale models that they encompass can
still be expensive, or else over-idealise the true geometry.

This motivated the study of three novel models, which broadly fit into each of these
three categories.

14.2 Summary

We motivated, derived, and solved these three models in Parts I, I, and III, respec-
tively.

14.2.1 Macroscale model: A size structured model for filtra-
tion

In Part I, we explored a novel framework that allows for the continuous monitoring of
the size distributions of particles in the feed and pores in the filter. The parameters
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of most other macroscale systems are estimated by empirical measurements. In our
model, the functions that determine the permeability and reactivity of the filter are
found dynamically as part of the solution scheme. They depend on the relationship
between the particle and pore size distributions, which change subject to models for
physical and chemical phenomena. As a result, our solutions behave intuitively, and
we found various ways of saving computational expense, via asymptotic methods.

14.2.2 Microscale model: A network model for filtration

In Part I1, we derived and analysed a novel microscale model for filtration. This serves
as a simple example of a framework in which the pore clogging due to particle capture
is modelled as changes to the connectivity of a network and decrease in the particle
concentration in a continuum fluid. Our model is useful to predict important effective
properties of filters, such as the particle retention efficiency and process termination
time. Despite this, our network model suffers from the same problem as many others:
the quality of microscale resolution means that simulation of areas large enough to
characterise the filter as a whole is computationally infeasible, which motivates the
study of an alternative framework.

14.2.3 Multiscale model: A multiscale model for filtration

In Part I1I, we explored a multiscale model for filtration. We used network homogeni-
sation to systematically average the microscale model from Part II in such a way that
the two models agree in a physically relevant asymptotic limit. The result is a set
of equations that govern the macroscale properties of the filter. However, as in Part
I, the parameters of this system are solved as part of the model. This time, these
depend on the interactions between particles and pores via the connectivity of the
microscale geometry, as well as the size distribution of pores. Unlike in traditional
multiscale models, the microscale is a network as opposed to a continuum, which
decreases the computational complexity of solution whilst still including connectivity
information. This allows for the systematic study of the effect of a random microscale
on the statistical properties of the parameters of the effective system, via repetition
of solution that is infeasible for the more expensive microscale model in Part II.

14.3 Further work

Avenues for further research can be broadly summarised into three key themes: in-
corporation of additional physical and chemical effects; inclusion and calculation of
additional industrially relevant filter properties; and use of experimental data, espe-
cially for optimisation.
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14.3.1 Additional physical and chemical effects

In this thesis, in general, we have focused on the use of simple models governing
particle—pore interactions to demonstrate the general behaviour of our models. There
is therefore much scope for the derivation and use of more detailed laws that more
accurately take into account physical and chemical microscale phenomena. A more
detailed description of the pore size that results from deposition of a particular par-
ticle would be simple to incorporate in our size structured framework, for example,
via a more complex transformation function. We only discussed blocking and deposi-
tion as clogging mechanisms, and ignored partial surface blocking and caking effects
introduced in Chapter 1. We ignored diffusive effects in general, although we estab-
lished, in Chapter 1, that microfiltration generally occurs at low flow rates. In our
network model, diffusion would result in terms containing the concentration differ-
ence on edges (as opposed to the pressure difference), and it would be interesting to
analyse the diffusivity parameter that would emerge in the multiscale model, similarly
to the permeability and adhesivity.

14.3.2 Industrially relevant properties

Our focus was on derivation and solution of models for the evolution of primary filter
characteristics, such as the flow rate and particle concentration. It would be relatively
straightforward, and of significant industrial interest, to derive and analyse secondary
quantities from these, such as retention and energy efficiency, and operating time.

14.3.3 Experimental data and optimisation

Empirical data would be a useful addition to any of our models. Firstly, initial state
information would increase solution accuracy. In the size structured model, use of
the size distributions of actual feeds or membranes would be easily incorporated.
Our chosen distributions were for illustrative purposes only. In the network and
multiscale models, statistical information about the size distribution and coordination
number of specific porous media would be incorporated by tuning the parameters of
the initial pore conductance distribution and parametrisation of an algorithm for
random network structure generation, respectively. Secondly, solution data would
allow for validity checks of our models. Further, systematic analysis of the difference
between the mathematical and empirical solutions could allow for parameter tuning,
made possible by the small numbers of free parameters in our systems, and their
computational tractability. The combination of correct initial conditions and well
tuned parameters would render our models suitable for simulation of real filtration
experiments, decreasing financial expense and industrial waste. Future research would
also explore the possibility of parameter sweeps for the cost function descents involved
in the computational optimisation of filter performance metrics.

These avenues for future work would hopefully lead to filters with increased reten-
tion efficiency and throughput potential with decreased energy demands, which were
targets that we set out in the introduction of this thesis.
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Appendix A

Appendix: A multiscale model for
filtration

In this appendix, we prove the algebraic results necessary for the network homogeni-
sation of our network model. We begin with the results we use in the quasi-one-
dimensional setting, and then prove the similar (if more notationally complex) results
that we use in the D-dimensional derivation.

Before we begin, we define the following two operations, which are utilised exten-
sively in the subsequent sections.

Operation 1. A re-indexing i <+ j followed by use of G7, = G.;". We refer to this
equality as the symmetry of conductance, which holds due to the peri-
odicity of the network, so that these objects describe the conductance
of the same link.

Operation 2. A re-indexing r <> —s, followed by use of the fact that summing over
—s is equivalent to summing over s, since, if —s € R, then s € R,
followed by a re-indexing s — 7.

A.1 Algebraic results in one dimension

A.1.1 Relation of basic matrices

In this subsection, we show that

AP¥)1=0, 1"TB®1=0, DW1=0, F©®1=0, (A1)
and that
1o = 2 <1TB(S)> (A.2)
ox ’
0
1TE®1 = —<1TC(S>1>. A3
ox (A-3)
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To show the results in (A.1), firstly, we have

(A ) ZZ( iy —%éGZES’) (A.4)

j=1rer
N N

DA Hech s
j=1reR j=1rerR

— 0. (A.6)

Secondly, we have

N
1"B®1 = ZZZ( IO (X; + 1) — 5in1-’;@;,§8>) (A7)

zlngER

:ZZZG”S Xi+rl) =Y >N GX, (A.8)

i=1 j=1 reR i=1 j=1 reR
N N
— Z Z SO+ -3 3 S 6y, (A.9)
i=1 j=1rerR i=1 j—l reR
N N
=N N X+ Z Z Y G x; (A.10)
i=1 j=1rer i=1 j=1reR
N N

=1 > G (A.11)

N N
1NN G (A.12)
=0, (A.13)

where the second equation uses ¢d;; followed by a re-indexing £ — 7, the third uses
Operation 1 on the second term, the fourth uses Operation 2 on the second term, and
the sixth uses that if » € R then —r € R. Thirdly, we have

- (06 X oG
e ERCE A E
j=1rer
aGr(s 7"
= ZZ a M, (A.15)
j=1rer j=1lrer
— (A.16)
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Lastly, we have

N 2¢;7(5) r(s
(s) — [ T2
(F 1>i 2;7@( o M)? 5wk - & (Mzk)> (A.17)
N 2 7"<8> r(s)
"2 M; (A.18)
2 j:l rerR 8 ] 1 reR 8 J
=0. (A.19)

We next show the result given by (A.2). On one hand,

6?:16 (178" >j =% (ZZ( (X +rl) — 5ini§:G;ﬁ,§s>)> (A.20)

=1 reR
N r(s)
0G.
— ZZ ( a” (X, +7l) — 65X, Z oGy ) (A.21)
=1 reR L
N r(s) r(s)
oG e
=> ) a; (X +rl) — Z > ag; X; (A.22)
=1 reR i=1 reR
N r(s) N —7r(s)
e il
=> ) a; X+ =) Y a—;xj (A.23)
=1 reR 1=1 reR
N r(s) N r(s)
e leA
= 8; (X +r) =) > (%{ X; (A.24)
=1 reR =1 reR
IpIRAL
= — 7, (A.25)
=1 reR 8$

where the third equation uses 6;; followed by a re-indexing & — 4, the fourth uses the
symmetry of conductance, and the fifth uses Operation 2 on the second term. On the
other hand,

N oG Y oG
<1TD(S)>j =>> ( a; M}, — 6 Z a;f M;k) (A.26)

=1 reR
8G
:ZZ o _ZZ a M; (4.27)
i=1 rerR i=1 reR
N 8G"(s) oG,
=22 o B Z 2 o M (A.28)
i=1 rerR i=1 reR
N r(s)
_ Z Z aGij (M’} N Mﬁr) (A‘Qg)
=1 reR Oz
N r(s)
i=1 reR
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where the second equation uses d;; followed by a re-indexing k — ¢, the third uses
the symmetry of conductance, the fourth uses Operation 2 on the second term, and
the fifth uses the definition of the midpoint (11.23). We lastly show the result given
by (A.3). On one hand,

1 N 8Gr(s -
2522 5 —— (Xjrl + X;rl +r71%), (A.36)
— < x

where the third equation uses ¢;; followed by a re-indexing k& — j, the fourth uses
Operation 1 on the second term, and the fifth uses Operation 2 on the second term.
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On the other hand,

-y

oG

oG
2 M (X + 1) 5”)(2

%

N N
MTNITN ol o i a M X,

i=1 j=1reR

i=1 j=1 rerR
N N

aGT(S)

N N aG:(s) N N aG—r(s
3D I P SIS zzzgxﬂj
i=1 j=1 reR i=1 j=1 reR

)= M;"X;

i=1 j=1reR

1 N N aG:(s)
2222,

i=1 j=1rer

(Xrt+ Xjrt + 722 4+ Xyrl + Xirl)

aﬁ(fc“) 1)+ ii X;ri+
z i=1 j=1 rerR 8

% i_v; ﬁ; > 6667‘;(5) Xirl,
ai <1TC<S ) + % Xi: Jﬁ; ; 8?}5) Xjri+

(A.37)

(A.38)

(A.39)

(A.40)

(A.41)

(A.42)

(A.43)

(A.44)

where the second equation uses 0;; followed by a re-indexing k — j, the third uses
Operation 1 on the second term, the fourth uses Operation 2 on the second term, the
fifth uses the definition of the midpoint (11.23), the seventh uses Operation 1 on the
third term, and the eighth uses Operation 2 on the third term.

A.1.2 Simplification of permeability terms

In this subsection, we simplify the terms in the permeability scalar k(©

show that

OW = —ZZZZTGT(O

i=1 j=1reR
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N N N
1'BOW =3 "% (GT(O)(X +rl) — 6, X, Z le‘”) ; (A.46)

i=1 j=1 reR
N N

=3 N EOWX A+ Z PINEAR (A.47)
i=1 j=1 reR i=1 j=1 reR
N N N N

= 3N G OW X ) =YY TN G Wi, (A.48)
i=1 j=1reR =1 j=1reR
N N N N

=SS EOwi X+ () =33 S EOwix, (A49)
i=1 j=1 rerR i=1 j=1reR

N N
S WA (A.50)

The first equation uses d;; followed by a re-indexing k& — 7, the third uses Operation
1 on the first sum, and the fourth uses Operation 2 on the first term.
Secondly, we prove that

N N
17C01 = —% DD IPIEAR <2X,;rl - 7‘2l2> . (A.51)

=1 ]:1 reR

We have
1'Cc01 = %Z (GT( (X; +rl)? — 6, X2 Z GT(O)> (A.52)
reR
1(222@ X2+ZZZG’“<°2X7~1+ (A.53)
2 i=1 j=1rerR i=1 j=1rerR
N N N N
)3)IDBCAUEIED ) IR
i=1 j=1 reR i=1 j=1 reR
N N
%(ZZZG_T X2+ZZZG J2.X,rl+ (A.54)
i=1 j=1 reR i=1 j=1 reR
N N
9D D) DICHUTERD 3) 9 DB
i=1 j=1rer i=1 j=1 reR

N
- _% SN N e (2X,-rl —~ T2l2> . (A.55)

The second equation uses ¢;; followed by a re-indexing k — j in the final term, the
third uses Operation 1 on the first and second terms, and the third uses Operation 2
on the first and second terms, so that the first and last terms cancel.
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A.1.3 Independence of node location and permeability equal-
ity

We show that the permeability tensor is independent of the node locations, to show

that

O =50 (A.56)
We begin by simplifying kE© . We have

kO = Z Z S rGHO (W = Wit X4 vl - X)) (A.57)

le 1 reR

S () (A5

iil ]:1 T‘GR

(iinGi—jr(o) (VVZ + X, —|—rl>— (A.59)
(ii (—T’)GZ(O) (W + X, + (—r)l)— (A.60)

N
_ GO (Wi x, - 1), (A.61)
L . J 2

where the first equation uses the definition of the permeability, (11.68), the third uses
Operation 1 on the first term, and the fourth uses Operation 2 on the first term. We
simplify ¢ similarly. Indeed, using the simplified forms of the permeability terms,

1"BOW and 1TC®1, (A.45) and (A.51), we have
1
o= <1TB(0)W + 1TC<°>1) (A.62)

__1 Z Z pINEAR <217’W Xl — (rl)2> (A.63)

zl] 1 reR

izzr(} (W+X TQZ) (A.64)

i=1 reR

_ 5O, (A.65)
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where the last equation uses the simplified definition of k() (A.61).
We will show that k() and therefore (), is independent of X?. Using the sim-
plified definition of £, (A.61), we have

‘3];((0: aXb< ZZZTGU (Wit X - g)) (A.66)

i=1 j=1 reR

_ Z Z S ( > Xb 5m5”b). (A.67)

i=1 j=1 rer

Now, we note that

9 9
(495%5), = (Gra®w), (A.68)
0
= (an(—B(O)l))i (A.69)
- )
= X+ rl) = 05X Y G A.70
W(;reﬁ( SRS k)) (70
N N
T oXb ( YD GIX ) =Yy G§§O)Xi) (A.71)
j=1reR j=1 reR
N
( PP ARITEEDDDS GZ}”M“’) (A.72)
Jj=lr€eR j=1reR
N
— (Z (G;’(EU) — i Z G:}go))) §nb (A.73)
reR k=1
= A0 (A.74)
=~ (aes”) (A75)

where the first equation uses the cell problem, (11.52). Therefore

A© (g)‘fb + ea5”b> —0, (A.76)

and so, using that A1 = 0 from (11.43), we arrive at

% =al — e, 0", (A.7T7)
so that
g;VZZ = a — §;,0™, (A.78)

a
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for some function «(z,t) that is independent of the microscale. Substituting this
result, (A.78), into the equation for the derivative of k¥, (A.67), we find that

3Xb = ZZZ G <8Xb +5m5"b> (A.79)

i=1 j=1reR

N N
Z Z Z TG;}O)CV (A.80)
i=1 j=1 ¢
N jN -
Z —

‘ >3 (=G (A.81)

i=1 j=1reR
N N
=33 >N 6V (A.82)
i=1 j=1 reR
Ok
_ A.

where the third equation uses Operation 1 followed by Operation 2. We have therefore
shown that

Ok©
0X?

a

—0, (A.84)

and therefore that

1 9o
aXb( <1TB<0>W +17Cc® )) o (A.85)
ok
=0, (A.87)

where the first equation uses the definition of ¢(®. So k® and ¢©, and therefore
B and C©, are independent of X?, which permits the choice X? = 0 in the original
definitions of the latter two, (11.38) and (11.39), allowing us to re-write these as

=Y "GO (A.88)

TER

CY = ZG“O 12, (A.89)

TER

This completes our proof.
Using these more simple definitions, we also note that B(® is skew-symmetric so
that

<B<o>>T _ _BW (A.90)



and C© is symmetric so that

since, using Operation 2,

and

0) _ r(0)
ji ZGﬁ rl

reR

=Y G Orl

reR
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A.1.4 Intra-cell particle conservation
In this subsection, we show that 178 = 07 and S(1 = 0. We first show that
S01 = 0. We have

(S<°>1> ZZ( O, — Wi+ X+l — X)H; O+ (A.102)

ji
j=1rerR

5 Z GO (W, — Wi + X+ 7l — Xi)ka(O)>

I
M=

( (W, — Wi+ X, +rl — X) (A.103)

1 rerR

> (G = Z G Wit (A.104)
reR
k=1

j=1reR
AOW); +(BO1); (A.105)
(A.106)

J

[
M=

Il
—_

J

~—~

e

The first equation uses the definition of (), (11.77), the second uses 9;; followed by
the Heaviside identity, (11.74), and the fifth uses the cell problem,
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Next, we show that 1TS© = 07. We have

(1Ts<°) 2;( Wy = Wi+ X, +rl — X)) H;, O+ (A.107)
7 re
N
55 > GO (Wi = Wi+ Xy 47l — )H;”,§°>)
k=1
N
ZZR( (W = Wi+ X, +rl = X, H; O+ (A.108)

ZZGT((’) W= W+ X, + 1l — X, )HT.“”)

ji
i=1 reR

I
AMZ

@
I
-
5
m
&

(G;(O)(Wj Wi+ X+l — X)HO - (A.109)

Je

ZZGT(O) Wy = Wi+ X; =l = X)H;")

ji
i=1 reR

aM

( Wy — Wi+ X, + 7l — X,)H; O - (A.110)

Je

ZZG“‘” W, — Wi+ X, +rl — X)Hi“(”)

ji
i=1 reR

= 0. (A.111)

The second equation uses ¢;; followed by a re-indexing & — ¢ in the second term,
the third uses a factorisation of —1 in the second term to achieve like-terms, and the
fourth uses the symmetry of conductance in the second term followed by Operation
2 on the second term.

A.1.5 Interpretation of advective terms

In this subsection we show that the coefficient in the advective term of equation for
conservation of particles, (11.92), is related to the permeability by

1"TK91 = k0 =160, (A.112)
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We have

N N
1TKO1=3"3S"3S" GO W, = Wi + X, + 7l — X)) (X, +r)H; O (A113)

i=1 j=1reR

ZZZG’"(O) W, =W, + X; +rl — Xi)XiH;(O)

i=1 j=1reR

N N
=SS EO W - Wik Xyl = X)X+ ) H O+ (A14)
N N
NSNS G OW - W+ X+l — X)X H Y

N N
=3 NN GO W - Wit X+l = X)X+ r)H O+ (A15)

i=1 j=1 reR

ZN: ZN: STG Wi = Wi+ Xi =l - X)X H

i=1 j=1 reR

M-
WE

s
Il

-
<

GIO Wy — Wi+ X +rl — Xi)riH ", (A.116)

reR

—

where the first equation uses an expansion of the definition of K z‘(j(‘))7 (11.83), the second
uses Operation 1 on the second term, and the third uses Operation 2 on the second
term. Defining

AL = GEO(W, = Wi+ X+l — Xo)rl, (A.117)

)

and noting that A;"(O) = A:J(O), it follows that

Z SN (A.118)
N

> > A OO (A.119)
_ ! i i S A (A.120)
Y: v '

i=1 j=1 rcR

N N
1
=522 D G Wy = Witk X vl = Xl (A.121)
i=1 j=1reR
= kY, (A.122)

where the first equation uses a splitting of terms followed by a re-labelling 7 <+ j in
the second term, the second uses the symmetry of A the third uses Operation 2 on
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the second term followed by the Heaviside function identity, (11.74), the fourth uses
the definition of A:}O), (A.117), and the fifth uses the definition of the permeability,
(11.68).

A.2 Algebraic results in D dimensions

In this section, we prove the algebraic results necessary for network homogenisation
in D dimensions.

A.2.1 Relation of basic matrices

In this subsection, we show that

AP)1=0, 1"B™®1=0, D"™@1=0, F™G1=0, (A.123)
and that
0
1Tpme — & (1TBm<S>> A.124
8:[7 9 ( )
1TE™)1 = 88 (1Tcm" S>1>+ (A.125)
x™
LA < )
522 amm ")

i=1 j=1 reR

To show the results in (A.123), firstly, we have

( S)1> Z > ( = 0 ?}GT(S) (A.126)

7=l reR
N N

=Y 6P -S> a6 (A.127)
j=lrerR =1 reR

— 0. (A.128)
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Secondly, we have

N N N
1'B"01=%"%" (G;“j(s)()q” ) = 6 X Y G;‘k(s)) (A.129)
i=1 j=1 reR k=1
N N N N
=N S a4 =3 NN e xe (A.130)
i=1 j=1reR i=1 j=1reR
N N N N
=N Y P ey =33 N 6 Yxr (Aasy
i=1 j=1 reRr i=1 j=1reRrR
N N N N
=YY P ey =3 3N 6 xr (Als2)
i=1 j=1 reR i=1 j=1 reR
N N
=" NN G (A.133)
=1 j:l reR
— > G (A.134)
i=1 j=1reRr
=0, (A.135)

where the second equation uses 0;; followed by a re-indexing k — j, the third uses
Operation 1 on the second term, the fourth uses Operation 2 on the second term, and
the sixth uses that if »™ € R then —r™ € R. Thirdly, we have

N 8G:. aGT(S
(Dm(8)1>i - Z Z ( a,qu]n i~ Oij Z an Ziﬁm> (A.136)
j=1reR
= 96 ocy
=D o M" Z D o M (A.137)
j=1rerR j=1reRrR
- (A.138)
Lastly, we have
e o*Gr N 2are)
=1 re
_ l(i 3 e AT AL Z Z ’"mM"n) (A.140)
2\ 4 dxmoz™ MM 8I’”8x" ij g :
j=1 reR j=1 rcR
=0 (A.141)
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We next show the result given by (A.124). On one hand,

0

Ozm

(1TBm s))

i Oxm

(2

2.2,

i=1 reR

(Xm + ™M)

( 5) Xm+Tmlm)

N
0ij X" Z GZ@(S))

k=1

R Z

N 8G1‘(S

Z axm

=1 reR

N aG—'I‘ S)

ZZ oxrm j

i=1 reR

N aG'I‘(S

Z amm

=1 reR

)
)

8le

oxm

m

(A.142)

(A.143)

(A.144)

(A.145)

(A.146)

(A.147)

where the third equation uses ¢;; followed by a re-indexing & — i, the fourth the
symmetry of conductance, and the fifth uses Operation 2 on the second term. On the

other hand,

(1TDm(s

))j

aGT ANy Teus
(G - 53 o
reR r k=1 L
oGT) N oGT
1] m J m
axm ij Z Z axm Ji
reR i=1 reR
oG N 0G;
vj m 2 m
axm ij Z Z 8xm Ji
reR i=1 reR
oG <
vj M'r’m _ MTT'm>
m 3 J?
reR Oz
r(s)
851; g
reR z

(A.148)

(A.149)

(A.150)

(A.151)

(A.152)

where the second equation uses 9;; followed by a re-indexing k — ¢, the third uses
the symmetry of conductance, the fourth uses Operation 2 on the second term, and
the fifth uses the definition of the midpoint (11.23). We lastly show the result given
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by (A.126). On one hand,

d T mn(s 1 o (s) m mjm n nin
5 (17Cm01) = S (5 (G + g + )

i=1 j=1 re
(A.153)
5 XX Z Gt ))
1 N N aGr(s)
—32.. ( o (K7 )= (A5

N r(s)
S XXy %;Ti;)

k=1

N N r(s)
(ZZ (aG (X7 + ™) (X] + ™)~ (A.155)

ox™
N N 8G:(S) o
NI

i=1 j=1 reR

N
Il

i
<
Il

—
3

N N r(s)
(Z > (aG (X + ™M) (X + ")~ (A156)

1 N N aG’I‘(S)
=3 (Z Z ( S (X" ™M) (XG + ")~ (A15T)
— ==

N N
_ %Z 0T (T 4 XU ), (ALSS)

where the third equation uses d;; followed by a re-indexing k — j, the fourth uses
Operation 1 on the second term, and the fifth uses Operation 2 on the second term.
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On the other hand,

N N oGT)
1T gmn(s)] — Z Z < 5 an M (X5 4 r"1™) — (A.159)
i=1 j=1 reR v
N r(s)
" 0G, .
(5sz1 Z axfn ik )
k=1
N N 8G7‘(3)
DB WIELSVEIE (A150)
i=1 j=1 reR t
N N 8GZ-(S)
22D g M XY
i=1 j=1 reR
N N 7(s)
oG, ;
=D D o M XS )~ (A.161)
i=1 j=1 reR t
m Ji g
i=1 j=1reR Ox
N N 7(s)
oG .
=D D > g MG )= (A.162)
i=1 j=1 reR t
N N aG;"j(S) Cmom
Sy S,
i=1 j=1reR
N N r(s)
1 8Gz] m, . njn n,.mjm mijm,njn
:5;;@ G (X X g (A163)
X er”z”>
0
~ 0 (1remon) (A.164

7(s)

N
% SO S (X X,

where the second equation uses ¢d;; followed by a re-indexing £ — j, the third uses
Operation 1 on the second term, the fourth uses Operation 2 on the second term, and
the fifth uses the definition of the midpoint, (11.23).
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A.2.2 Simplification of permeability terms

In this subsection, we simplify the terms in the permeability tensor, k(*). Firstly, we
show that

1"B"Own = Z Z > G (A.165)

i=1 j=1 reR

We have

lTBm(O) W" =
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Il
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GrO(X 4 rmm) — 5 X Z G’”“”) (A.166)

;}(O)I/Vjﬂ(X;l + ™M) — (A.167)
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Il
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i=1 j=1 reR

3

G OWR X ) — (A.168)
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1
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2D GRweRy

i=1 j=1 reR
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GrOW X 4 (—r™) ™) — (A.160)

€ER
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M=
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i=1 j=1

N N
Sy Y aw

i=1 j=1 rcR

N N
=" N> e Owr (A.170)

i=1 j=1 reR

The first equation uses d;; followed by a re-indexing k — 7, the third uses Operation
1 on the first sum, and the fourth uses Operation 2 on the first term. Since the above
was calculated without loss of generality in m and n, it trivially follows that

1"B"Owm™ = Z Z > G (A.171)

i=1 j=1 reR

Secondly, we prove that

N
1
1TCcm 0 — _ 5 Z Z G;‘J,(O) < X ™ 4 X — rmlmr"z">. (A.172)

N
i=1 j=1 reR

1
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1'C 1——2}6 (G (X" 4+ ™) (X + ") — 60 X7 X E le >

(A.173)

(Z Z PIREARD P 2 (A.174)

i=1 j=1 reR
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i=1 j=1 rcR

N N N N
SN GO =3 NN G;“j(”))(rXf)

i=1 j=1 reR i=1 j=1 reR
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> oGO xr X (A.175)

reR

S GO (X X )+

=03

1

.
Il
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i=1 j=1reR

N N

YD) DD BILCEEINS 3 3) ALY
i=1 j=1reR i=1 j=1 reR

[
.[\E'ﬂ:
WE

1 reR

=17

The second equation uses ¢;; followed by a re-indexing k — j in the final term, the
third uses Operation 1 on the first and second terms, and the third uses Operation 2
on the first and second terms, so that the first and last terms cancel.

A.2.3 Cancellation of fluid conservation terms

In this subsection, we show that
GrO@mrXr — e X)) + 1T BT OW" — 1T B"OwW™ = 0. (A.177)
First note, using the cell problem, (11.123), that

0=(AOWm™), + (B™O1), (A.178)

N
> < W+ X ) = S (W + X)) G ) (A.179)
ER k=1

2.
iZ G (v = i+ (A.180)
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where we have defined y™ by y/" = X" + W/, so that
N N
> DG =303 GO (o) (A.181)
j=lreR j=1 reR

Since we have formulated the cell problem independently of X? in (A.181), the fluid
conservation problem itself is independent of X’  and it follows that

N N
YD GO X =X 41T BOWT - 1TBrOWT = (A182)
i=1 j=1 reR
N
> 2> Gy (T”l”yT - rmlmyf) = (A183)
i=1 j=1 recR
N N N
> (yl” ( > Gf}”m") —y ( > G;;@rmzm)) = (A184)
=1 j=l1reR j=lreR
N N N
> (yZ"(Z Gy — y?)) - y”(z S GO - y;"))) =  (A.185)

The first equation uses the simplification of the permeability terms, that is, that
1"B"OW™ and 1" B"@W™ can also be written independently of X which we
showed in Appendix (A.2.2) through (A.165) and (A.171), the third uses the re-
formulation of the cell problem, (A.181), and the fourth uses a splitting of the sum,
followed by Operation 1 on the second term, followed by Operation 2 on the second
term.

A.2.4 Independence of node location and permeability equal-
ity

We show that the permeability matrix is independent of the node locations, and,

consequently, that
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We begin by simplifying £ We have
lm

TP ZGZZZ GO (W= W X = XT)(A8S)
a=1

i=1 j=1 reR
mG W4+ X4+ ™) — A.189
H(zz; O (Wy 4+ X7 +07) (A159)
N N
Zzzrmc;;;<0>(w;+xg))

N N
SETINT ( > SN (W X ) - (A.190)

j=lreR

kmn(O)

S Z G (W” Lxn o ) (A.192)
i=1 j=1 reR

where the first equation uses the definition of the permeability, (11.137), the third

uses Operation 1 on the first term, and the fourth uses Operation 2 on the first term.

We simplify ") similarly. Indeed, using the simplified forms of the permeability

terms 1" B™OW?" and 1" B"OW™, (A.165) and (A.171), we have

1 1 1
omn(0) — T (ilTBm(O)Wn + §1TBn(O)Wm + 1Tcmn(0)1> (A.193)

N N
-3 H Jm Z Z > G (lmeWz-” + Mt (A.194)

1 reR

X[ X ),

We note that for diagonal elements, that is, the case n = m, the result follows
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simply, since

1
Gmm(0) _ <1T BmOW™ | 1TCmm<0>1> (A.195)
IL. "
N

1 - r(0) m,.m m m,mijm mim
QHmlm;;Te €4 (2z PRI 42X (] )2) (A.196)

—

TG PIPIP I (WZ” + X" - W;lm) (A.197)

i=1 j=1 rcR

, (A.198)

_ kmm(())

where the first equation uses the simplified definition of k™™ (A.194), and the
second uses the simplified definition of ™™ (A.192). For off-diagonal elements,
and thus in general, we have the case n # m, and from (A.194) it instead follows that

N N
50 _ﬁ Y Y (zmrmwf + T (A.199)

i=1 j=1 reR
Xt 4+ XM — Tmlmrnl”)

nijn

i 2l )+ (A200

R
N rmlm
n n 7‘(0) m m
eSS e (e xe - )
1
= (k) ) (A.201)

where the last equation uses the simplification of &™) (A.192), once more. It
remains, therefore, to show that k"™ = g™n(0) for n = m.

To this end, we will show that &% and therefore 0™ is independent of X?.
Using the simplified definition of &™) (A.192), we have

akmn(O) o |m N N . . . nn
OX, — oX} ( L 2 (e =) ) (4202
N N

i=1 j=1reR

lm

=TI PIDIP B (% + &-aé”b). (A.203)
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Now, we note that

oW™ d
(A(O)W> - (aXb(A(O)Wn))Z (A.204)
- (o O D). (A.205)
N
- G”(O) X0 — ;X0 G ) (A.206)
aXb (jzlre’R, Z * )
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j=1reR j=1rerR
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1 reR j=1 rerR
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—_ ( 3 (G;';O) — 00 G;EO)>>6”Z’ (A.209)
reR k=1
— A g (A.210)
_ _<A eaén”)i, (A.211)

where the first equation uses the cell problem, (11.123). Therefore

AL (%V;: ea(s"b):o, (A.212)

and so, using that A(”1 = 0 from (11.115), we arrive at

% = al — e, 0", (A.213)
so that
?;/’; =a — 8;,,0™, (A.214)

for some function «(x,t) that is independent of the microscale. Substituting this
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result, (A.214), into the equation for the derivative of &% (A.203), we find that

8kmn(0) N )
an - lm Z Z Z G <8Xb 5la6 b) (A215)

i=1 j=1 reR

lm

N N
= 2 2 e (A.216)
m i=1 j=1 reR

RV Z Z (_Tm)G;% (A.217)

N N
33 a2

=— : (A.219)

where the third equation uses Operation 1 followed by Operation 2. We have therefore
shown that

akmn(o)
aX?

=0. (A.220)

Since this was proved for general m and n, it trivially follows that

aknm(O)
b — A.221
0 (A221)
and therefore that
1 1 1

8‘;@ (H — ( 1TB"OW" + 1T B OW + 1Tcmn<°>1)> - (A.222)

ao.mn(O)
X (A.223)

10 mn(0) nm(0)
39X (k +k ) =0, (A.224)

where the first equation uses the definition of ™) (11.129), and the second uses the
relationship between o™ and k™) (A.201). So k™ ® and ¢™ ) and therefore
B™® and C™(©) are independent of X’ which permits the choice X! = 0 in the
original definitions of the latter two, (11.110) and (11.111), allowing us to re-write
these as

Bl = => G GO pmpm (A.225)
rTeER
1
opn® = 5 3 GO pmmymr, (A.226)
reR
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Using these more simple definitions, we note that B™ is skew-symmetric in the

lower indices, so that
( Bm(O)) ' _ _pmO
and C™ is symmetric in the lower indices, so that
<Cmn(0))T — Cmn((])

since, using Operation 2, we have that
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(A.227)

(A.228)
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(A.231)
(A.232)
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(A.235)
(A.236)

(A.237)

(A.238)

As a result, we have symmetry in the upper indices of the permeability terms, such

that

(Wn)TBm(O) 1

T
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Now, choosing X? = 0 in the simplified definition of ™ (A.192), we have
m L& r
L e (W) (4249
N N g
S RN (T
N N

(ZZ > (i - “Wm)) (A215)
__ ((W")TBm(O)l — (W) B01) (A.246)

[L. 0"
=0, (A.247)

kmn(O) . knm(O) _

where we have used this the symmetry, (A.243), in the last equation. Therefore, using
(A.201), we arrive at

A.2.5 Intra-cell particle conservation

In this subsection, we show that 17 8™ =0T and §™1 = 0.
We first show that ™1 = 0. We have

(Sm(0)1> Z Z < ’“(0 — W™+ Xm 4 pmm X{n)Hj_ir(O)—l— (A.249)
j=lreR
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j=lreR k=1
= (AOWm™), + (B™01), (A.252)
= 0. (A.253)

The first equation uses the definition of S™® (11.146), the second uses §;; followed by
the Heaviside function identity, (11.143), and the fifth uses the cell problem (11.123).
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Next, we show that 17 8™ = 07. We have

N
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The second equation uses ¢;; followed by a re-indexing k& — ¢ in the second term,
the third uses a factorisation of —1 in the second term to achieve like-terms, and the
fourth uses the symmetry of conductance in the second term followed by Operation
2 on the second term.

A.2.6 Interpretation of advective terms

In this subsection we show that the coefficient in the advective term of the particle-
conservation equation, (11.160), is related to the permeability by

D D
1TKmn(0)1 — H lakmn(ﬂ) — H laamn(O)‘ (A259)
a=1

a=1
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1TK™ 01 = (A.260)
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where the first equation uses an expansion of the definition of K;;‘ "(O), (11.151), the
second uses Operation 1 on the second term, and the third uses Operation 2 on the
second term. Defining

AT = GO — W+ X — X (A.264)

ij ij
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and noting that Aj_fmn(o) = Azmn(o), it follows that
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where the first equation uses a splitting of terms followed by a re-labelling ¢ <+ j in
the second term, the second uses the symmetry of ATmn 0 , the third uses Operation
2 on the second term followed by the Heaviside functlon 1dentity, (11.143), the fourth
uses the definition of ATm" , (A.264), the fifth uses the definition of the permeability
tensor, (11.137), and the 51xth uses the symmetry of the permeability matrix, (A.247).

A.3 Darcy velocity

In this appendix, we show that our definitions of the Darcy velocity, (11.58) and
(11.130), are the correct choice, using an alternative but equivalent formulation. As
an illustrative example, consider the m = 1 case in two dimensions. Intuitively, the
net flux per unit area out of a reference cell into cells with a right-facing component
is

=5 ZZ > Qr, (A.271)
=1 j= 11‘6721

where R, = {r € R|r! = 1} is the set of references for cell positions immediately
to the right of a cell, and /2 is the vertical length, so that ['/? represents the cross-
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sectional area in the two-dimensional case. Now, we observe that
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where R™ = {r € R |r™ = —1} denotes the set of positions of cells immediately to

the left of the reference cell. The first equation is a relabelling ¢ <> 7 in the second
term, and the second equation uses Q7; = ()};" in the second term. The final equation
is our original definition of the Darcy velocity, (11.58) and (11.130). So the flux
through the cell is equal to half of the flux out of the cell to all other cells, due to the
periodicity of the network.
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