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Abstract
Recent advancements in artificial intelligence, driven by machine learning, have
revolutionized fields from computer vision to natural language processing. How-
ever, the physical capabilities of embodied agents, such as robots and virtual
entities, still lag behind the agility of natural beings. This thesis explores the
potential of learning-based methods and control theory to enhance the physical
capabilities of artificial agents.

We develop Bayesian model-free RL approaches that quantify agent un-
certainty, enabling more stable learning and improved exploration capabilities.
We then explore the role of hierarchy and information asymmetry in model-
free transfer learning, introducing a novel method for automating information
asymmetry selection that enhances performance in simulated robot manipulation.
Finally, we examine the use of keyframe motions as a source of priors and
develop a model-predictive control method for interactive physics-based full-
body motion imitation.

This thesis contributes novel algorithms, empirical analyses, and practical
insights into the interplay between exploration, transfer learning, and motion
imitation for embodied RL agents. These contributions collectively aim to advance
the general field of RL and broaden the application spectrum of embodied agents
in complex physical tasks.
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Abstract

Recent advancements in artificial intelligence, driven by machine learning, have
revolutionized fields from computer vision to natural language processing. However,
the physical capabilities of embodied agents, such as robots and virtual entities,
still lag behind the agility of natural beings. This thesis explores the potential of
learning-based methods and control theory to enhance the physical capabilities
of artificial agents.

We develop Bayesian model-free RL approaches that quantify agent uncertainty,
enabling more stable learning and improved exploration capabilities. We then explore
the role of hierarchy and information asymmetry in model-free transfer learning,
introducing a novel method for automating information asymmetry selection that
enhances performance in simulated robot manipulation. Finally, we examine the
use of keyframe motions as a source of priors and develop a model-predictive control
method for interactive physics-based full-body motion imitation.

This thesis contributes novel algorithms, empirical analyses, and practical
insights into the interplay between exploration, transfer learning, and motion
imitation for embodied RL agents. These contributions collectively aim to advance
the general field of RL and broaden the application spectrum of embodied agents
in complex physical tasks.
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1
Introduction

Figure 1.1: Physically-simulated agents performing motor control tasks using methods
introduced in this thesis. (Left) Humanoid performing cartwheel from chapter 5. (Right)
Robot manipulator stacking cubes from chapter 4.

The field of artificial intelligence has witnessed remarkable breakthroughs in

recent years. Advances in machine learning have revolutionized a spectrum of

domains, from computer vision to natural language processing. Our models now

generate images [Karras et al., 2019, Mensah et al., 2023] and audio [Engel et al.,

2020, Oord et al., 2016] that closely mimic reality, while in the realm of games,

algorithms have achieved superhuman performance [Arulkumaran et al., 2019,

Berner et al., 2019, Silver et al., 2017]. Furthermore, natural language processing

has progressed from basic machine translation [Bahdanau et al., 2014] to creating

human-resembling chat interfaces [Achiam et al., 2023, Team et al., 2023] and code

from natural language [Brown et al., 2020, Chen et al., 2021]. These abilities are

1



1. Introduction 2

all underpinned by the fundamental capacity to learn from data, adapt to new

patterns, and make predictions based on the learned knowledge.

However, the remarkable cognitive progress in AI starkly contrasts with the

capabilities of embodied artificial agents – robots or virtual entities capable of

physical interaction with their environments. While AI agents showcase impressive

intellectual feats, their physical abilities still lag far behind the agility and versatility

exhibited by humans and other animals. We can perform complex motor skills

in dynamic environments with stunning ease, a feat that still eludes our most

advanced artificial agents.

Learning has the potential to transform the physical capabilities of AI, just as

it has revolutionized its cognitive abilities. However, embodied intelligence poses a

fundamentally different challenge. Physical movement is inherently sequential; our

actions influence what we experience next. This starkly contrasts with traditional

learning paradigms where data is often assumed to be independent and identically

distributed. Supervised learning, while powerful, frequently proves inadequate

for control of embodied agents. Instead, we must turn to other paradigms, such

as Reinforcement Learning (RL), a framework specifically designed for sequential

decision-making. Unlike supervised learning, RL is not about matching patterns but

about learning to make sequences of decisions that maximize some notion of long-

term returns. This involves not just recognizing patterns and predicting outcomes

but also actively finding good solutions and understanding the causes for them.

In RL, we tell the agent what to do and the learning process must discover,

through trial and error, how to achieve that goal. This is akin to teaching someone

how to play chess by only telling them the objective (checkmate the opponent’s king)

but not the specific moves required to get there. The agent must explore the unknown

environment, experiment with different actions, and learn from the resulting rewards

or penalties to progressively improve its decision-making capabilities.

Exploration is a fundamental aspect of reinforcement learning, crucial for

discovering effective strategies in complex environments. Unlike more passive

learning methods, RL agents actively influence their environment. They must
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balance between exploiting known actions with positive outcomes and exploring new

actions that could yield even greater long-term benefits. This need arises because

environments in RL are typically characterized by uncertainty and incomplete

information. An agent acting greedily, choosing actions that yield the highest

immediate reward, may miss out on discovering actions that could lead to much

higher returns further in the future.

Exploration is ubiquitous in nature. For instance, a bird in a familiar forest

might rely on known berry bushes for sustenance. However, a drought that withers

these sources forces the bird to explore. Hunger drives it to venture further, seeking

out unfamiliar trees and bushes. This search carries risk and expends energy, but

the potential reward — finding new, edible berries — is essential for survival.

Biological agents rarely explore their environments unguided, however. Animals

leverage past experiences and knowledge passed down through generations via

genes to focus their exploration at the right level of abstraction, thereby reducing

the time and energy spent on fruitless options. Imagine a baby bird. Even if

starving, lacking any prior life experience, it would not be able to formulate the

exploration problem that would lead to food. It is the transferred knowledge, in

the bird’s case, the ability to fly, that enables efficient exploration on the bush

level; without prior knowledge, the exploration would happen in the wing-flapping

level at best, never covering any of the berry bushes.

Transfer learning is a technique that aims to incorporate similar knowledge

transfer capabilities into our artificial agents. The goal is to apply expertise gained

in one domain to improve learning or performance in another, even a seemingly

unrelated one. Within reinforcement learning, transfer learning allows agents to

exploit knowledge gained in previous tasks. This can accelerate learning, reduce

data requirements, and improve generalization or safety across tasks. By using

patterns, strategies, or policies learned from one setting, agents can explore more

efficiently and adapt faster to new environments or challenges. This provides a

more versatile toolkit for tackling novel or complex tasks that might otherwise

require extensive learning from scratch. Incorporating transfer learning into the
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development of RL agents offers a powerful means to make them more capable

and efficient by building on a wider range of experiences.

While learning-based approaches, like reinforcement learning, hold immense

potential in addressing the challenges of embodied intelligence, it is important

to acknowledge that they are not the exclusive solution. Traditional control

methods, rooted in control theory, continue to play a pivotal role in tackling

sequential decision-making problems. Control theory offers a rich set of techniques

for designing systems with predictable and robust behavior when the dynamics

of the environment are well understood. Especially in scenarios like simulated

robotics and physics-based computer animation, where we have access to detailed

knowledge about the underlying environment, control-theoretic methods can provide

highly effective solutions. Moreover, with advancements in computing power

and optimization techniques, control methods have become faster at handling

complex systems. Integrating the strengths of both learning-based approaches

and established control methods can be a powerful strategy for advancing the

capabilities of embodied AI agents.

The ideal approach for controlling embodied agents is yet to be determined, as

the field continues to actively explore these methods. Currently, there is no one-

size-fits-all solution, and the most effective control strategy depends on the specific

task and environment the agent is encountering. These advancements in embodied

control offer enormous potential across various applications, with the ability to

revolutionize several domains. In robotics, it could enable robots to assemble

complex products in dynamic factory environments, navigate cluttered warehouses

with precision, and provide in-home assistance with the flexibility to handle a

multitude of everyday tasks. It could transform computer graphics and animation,

empowering virtual characters to learn natural, nuanced motions autonomously.

Additionally, embodied intelligence can reshape biomechanics and physiotherapy by

allowing researchers and clinicians to simulate and analyze the impact of different

interventions, ultimately leading to more personalized and effective treatments.
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In this thesis, we explore the strengths of both learning-based methods and

control theory for embodied intelligence. While earlier chapters delve into the

potential of reinforcement learning and the benefits of transfer learning, we will

also investigate scenarios where control methods still provide advantages over

RL-based solutions.

1.1 Thesis Overview

This thesis is divided into six chapters. In chapter 2, we begin by introducing

the relevant background concepts that we will build upon, offering a primer for

readers unfamiliar with the field. The subsequent three chapters, chapters 3 to 5,

contain the main contributions of this thesis.

In chapter 3, which is based on [Fellows et al., 2021], we explore a Bayesian

approach to model-free reinforcement learning. Our goal is to develop practical

methods for quantifying the agent’s uncertainty about the environment. This

enables more informed and deeper exploration, and ultimately, improved asymptotic

performance compared to contemporary model-free algorithms.

Chapter 4, based on [Salter et al., 2020], investigates data-driven methods for

knowledge transfer in model-free reinforcement learning. Focusing on hierarchical

KL-regularized RL, we analyze how hierarchy and information asymmetry influence

successful transfer. Furthermore, we propose a practical method for learning

information asymmetries and demonstrate its effectiveness in simulated robot

manipulation tasks.

In chapter 5, we shift our focus to more traditional control methods and

alternative ways of synthesizing embodied behaviors. Specifically, we leverage

keyframe motion data for humanoid full-body control. We present a practical

method designed for interactive physics-based motion tracking and experimentally

demonstrate its superiority over existing RL-based motion tracking methods.

Finally, we conclude the thesis in chapter 6, where we summarize key insights

and discuss potential directions for future research.
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1.2 Key Contributions

This thesis makes several methodological and algorithmic contributions to the field

of reinforcement learning and physically-simulated motor control, particularly in

the application of these methods to embodied agents. Here, we outline the key

advancements presented in each chapter:

• Chapter 3 introduces novel model-free Bayesian algorithms for policy evalua-

tion and continuous control. Empirical evidence demonstrates their conver-

gence properties and superior exploration capabilities in practical scenarios.

• Chapter 4 emphasizes the crucial role of information asymmetry for successful

skill transfer in KL-regularized model-free RL. We introduce the expressivity-

transferability trade-off and provide empirical support for it. We further

introduce a novel method for automating the selection of information asymme-

try and demonstrate improved performance and adaptability of our method

in a challenging simulated cube-stacking robot manipulation task.

• Chapter 5 presents a model-predictive control method for interactive physics-

based full-body motion tracking. We expose limitations of existing RL-based

motion tracking approaches. Experiments on a large-scale motion dataset

demonstrate that the method outperforms RL-based solutions, establishing a

strong baseline for future methods.
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2.1 Probability Theory and Uncertainty

Understanding uncertainty and making decisions under uncertain conditions are

foundational to reinforcement learning methods central to this thesis. This section

introduces the basic concepts of probability theory and Bayesian inference, which

allow us to quantify and reason about uncertainty.

7
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2.1.1 Probability Theory

One of the fundamental concepts in sequential decision making is that of uncertainty.

Probability theory provides a formal framework for describing the behaviors and

predicting the likelihood of various outcomes in uncertain conditions.

A random variable, denoted by capital letters like X, represents a quantity

whose outcome is uncertain and assumes different values as a result of some random

process. For example, X could represent the outcome of rolling a six-sided die,

where each possible outcome (1 through 6) is a value that X can take. A random

event is a specific outcome or a set of outcomes from a random process. For example,

the event that a six-sided die shows a number greater than 4 is a random event,

and encompasses the outcomes 5 and 6.

We are often interested in the probability that a value of a random variable X

belongs to a set A. For example, in the above die example, we might be interested

in the probability that X = 3, in which case A = {3}. Similarly, for X > 4,

A = {5, 6}. The probability distribution, denoted by PX or P (X), is a set function

that describes these probabilities. It is a rule that assigns a probability to each

outcome in the space of possible outcomes. The above die events can be denoted

as PX(X = 3) = PX(X ∈ {3}) and PX(X > 4) = PX(X ∈ {5, 6}).

Random variables can be classified into two types: discrete and continuous.

Discrete random variables take on a finite or countably infinite number of distinct

values, such as the outcome of rolling a die. The probability mass function (pmf),

denoted as pX(x) = P (X = x), where 0 ≤ pX(x) ≤ 1, defines the probability

distribution of a discrete random variable, assigning probabilities to each of its

possible values. The sum of pX(x) across all possible values of X equals 1, i.e.∑
x∈X pX(x) = 1, ensuring that the total probability across all possible outcomes is 1.

Continuous random variables, on the other hand, take on an uncountable range

of values, such as the measurements of height in a population where x ∈ R. For such

variables, the absolute likelihood of X assuming any singular value x is invariably

0. Instead, we use a probability density function (pdf), which describes how densely

the probabilities are distributed around that value. The pdf, denoted as pX(x),
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allows us to compute the relative likelihood of sample x, yielding finite probability

values for continuous events. The probability that X falls within an interval [a, b]

is given by the integral of pX over the interval: P (a ≤ X ≤ b) =
∫ b
a pX(x) dx. The

pdf must satisfy two conditions: 1) pX(x) ≥ 0 ∀x ∈ X and 2) the total area under

the curve integrates to 1, i.e.
∫+∞

−∞ pX(x) dx = 1.

The cumulative distribution function (CDF) gives the probability that a variable

X takes a value less than or equal to a value x, and is defined as:

P (X ≤ x) =
∫ x

−∞
p(x′) dx′.

Understanding the relationships between multiple random variables is crucial

in many areas of probability theory and its applications. These relationships can

be described using joint, marginal, and conditional probabilities.

Joint probability describes the likelihood of two or more events happening at

the same time. For two random variables, X and Y , the joint probability that X

equals x and Y equals y is denoted as P (X = x, Y = y).

Marginal probability refers to the probability of an event occurring, regardless of

the outcome of another variable. For continuous variables, the marginal probability

P (X = x) can be found by integrating the joint probability over all possible values

of Y : p(x) =
∫
p(x, y) dy. For discrete variables, it involves summation instead

of integration: p(x) = ∑
y p(x, y).

Conditional probability quantifies the probability of one event given the oc-

currence of another event. It is represented as P (X = x|Y = y), meaning the

probability of X = x given that Y = y has occurred. This concept is fundamental to

understanding how the knowledge of one variable affects the distribution of another.

Two variables, X and Y , are considered independent if the occurrence of one

does not affect the probability of occurrence of the other, which mathematically

means P (X = x|Y = y) = P (X = x) for all values of x and y.

Bayes’ rule is a fundamental theorem in probability theory that allows re-

ordering of conditional probabilities. It is derived from the concepts of condi-

tional probability and product rule for events A and B, written as P (A,B) =
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P (A)P (B|A) = P (B)P (A|B). Bayes’ rule is stated by re-ordering these terms as:

P (A|B) = P (B|A)P (A)
P (B) (2.1)

Another important concept is the expectation of a function f of a random

variable X, denoted as Ex∼p(x) [f(x)]. The expectation provides a measure of the

central tendency of the function’s distribution and is defined as the weighted average

of all possible values of f(X), with weights corresponding to their probabilities.

Mathematically, for a random variable X with density function p, the expectation

of f(X) is given by:

Ex∼p(x) [f(x)] =
∫
f(x)p(x) dx.

For discrete variables, the expectation is computed as a sum rather than an

integral. We often simplify the expectation notation to E [·] by omitting the

subscript when the distribution is clear from the context.

When f is the identify function, that is f(X) = X, the expectation is known

as the expected value or mean of X, denoted as µ = E [X]. The mean provides a

summary measure of the central location of the distribution of X. The variance

Var(X) of a random variable X measures the spread of X’s distribution around

its mean and is defined as the expectation of the squared deviation of X from its

mean: Var(X) = E [(X − µ)2]. The square root of the variance is known as the

standard deviation and denoted as σ =
√

Var(X).

A conditional expectation, denoted as E [X|Y = y], describes the expected value

of X given that Y = y. It averages out the uncertainty in X while taking into

account the known value of Y .

We use various information-theoretic concepts in this thesis. The entropy of

a variable X is defined as H(X) = EPX
[− logP (X)], and describes the average

information provided by a random event. When the random variable is continuous,

the entropy is also referred to as differential entropy.
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Finally, the Kullback-Leibler divergence (or KL-divergence) provides a statistical

distance measure between two probability distributions P and Q:

DKL(P ∥ Q) :=
∫

log
(
p(x)
q(x)

)
p(x) dx

We sometimes abuse the notation of functions like KL-divergence and apply

them to probability densities instead of probability distributions.

2.1.2 Bayesian Inference

Bayesian epistemology has recently gained increasing interest in machine learning

and reinforcement learning. A Bayesian perspective involves using some observed

data and our understanding of how the world works (our model) to update our

beliefs about uncertain quantities. This updating process results in what is known

as a posterior distribution, which quantifies our updated beliefs about the values

of the uncertain quantities after considering the new evidence.

Concretely, in the inference problem, we have access to a datasetD = {x1, . . . , xN}

consisting of N independent and identically distributed (i.i.d.) observations of a

random variable X, and assume that the dataset generation was influenced by

an unobserved latent variable Z. Given the observed dataset D, our goal is to

infer the conditional probability, called posterior distribution PZ(·|D) with density

p(z|D), of the latent Z. We can infer the posterior density using the Bayes’ rule

from equation (2.1), which now takes the form:

p(z|D) = p(D|z)p(z)
p(D) = p(D|z)p(z)∫

p(D|z)p(z) dz (2.2)

Here, p(z) denotes the density of our prior belief of z, capturing the assumptions

about z before observing the dataset D. p(D|z) denotes the likelihood density of

the observed data under our chosen model and given latent z, expressing how likely

the observed dataset is for different values of the latent variable z. p(D) denotes

the marginal likelihood, also known as the evidence, of D.

For example, consider the task of determining whether a die is fair. We roll the

die N times, resulting in a sequence of samples in the range {1, ..., 6}, represented
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as our dataset D, where each element is an observation from the variable (values

from 1 through 6) representing the outcome of a single die roll. The latent variable,

Z, which we aim to infer, is the die’s bias, representing the probabilities of each

event. Using Bayesian inference, we update our beliefs about Z based on the

observed data, computing the posterior distribution P (Z|D) from our prior belief

about Z and the likelihood of observing D given Z.

Bayesian modeling utilizes the posterior distribution to predict unseen data,

employing what is called the posterior predictive distribution with density:

p(D∗|D) =
∫
p(D∗|z)p(z|D)dz, (2.3)

This integral, also known as the Bayesian model average, averages predictions

from all plausible models weighted by their posterior probability. It formally

characterizes our uncertainty regarding variables dependent on unknown latents.

Unlike frequentist statistics, Bayesian solutions depend on the choice of prior,

meaning that agents under different prior beliefs might infer different posterior

beliefs from identical data with finite samples. Yet, it can be shown that, under

certain regularity assumptions and in the limit of infinite samples, these beliefs

will concentrate on the Maximum Likelihood Estimator (MLE)

zMLE = arg max
z

p(D|z)

regardless of the agent’s initial choice of prior [Van der Vaart, 2000].

While the equations above convey a sense of simplicity in the Bayesian inference

process, they belie the complexity encountered with most real-world applications.

In scenarios requiring straightforward models — such as linear approximators

or Gaussian models — the analytical solution to these equations is achievable.

However, for many problems of our interest, the task of approximating integrals

in equations (2.2) and (2.3) becomes intractable. This complexity is particularly

pronounced with high-dimensional latent variables and when employing function

approximation techniques.
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To overcome these challenges, one might resort to the Maximum A Posteriori

(MAP) estimate as a simpler Bayesian approximation method. The MAP estimate

is obtained by finding the most probable value of the hidden variables maximizing

the posterior distribution:

zMAP = arg max
z

p(z|D).

Although MAP is computationally more tractable than the full posterior, it

reduces the posterior to a point estimate, losing the uncertainty that Bayesian

methods aim to preserve.

There exists extensive literature dedicated to approximating the “fully Bayesian”

solutions that compute the integral with respect to and provide uncertainty estimates

of unknown variables for large datasets and complex models. We provide a short

primer on these approaches in the following.

2.1.3 Monte Carlo Sampling

Monte Carlo (MC) sampling methods are a broad class of computational algorithms

for approximating probability distributions and performing integrations in settings

where analytical solutions are infeasible or intractable. This approach is particularly

beneficial in the context of Bayesian inference, where we often encounter high-

dimensional integrals in the computation of posterior distributions and expectations.

The fundamental premise of MC sampling is to use randomly drawn samples to

approximate these complex distributions or to estimate integrals.

Consider the problem of estimating the expectation of a function f(x) un-

der a probability distribution with density p(x). Its expectation is defined as

E [f(x)] =
∫
f(x)p(x) dx and, in many practical scenarios, solving the integral

directly is challenging. Monte Carlo integration offers a solution by approximating

this expectation with the sample mean from N samples {xi}Ni=1 drawn from the

distribution with density p(x):

E [f(x)] ≈ 1
N

N∑
i=1

f(xi). (2.4)



2. Background 14

The accuracy of this approximation improves with the increase in the number

of samples N , according to the law of large numbers, making MC sampling

consistent. Another key property of the MC estimator is that it is unbiased,

meaning that the expected value of the MC estimate equals the true value of

the integral it approximates.

The application of Monte Carlo sampling extends beyond simple expectation

estimation to include more sophisticated techniques such as Markov Chain Monte

Carlo (MCMC) and Importance Sampling, which are designed to efficiently sample

from complex distributions that are not amenable to direct sampling. These methods

further expand the utility of MC sampling in Bayesian inference by facilitating the

approximation of posterior distributions and enabling the computation of Bayesian

model averages in scenarios where direct analytical solutions are not feasible.

Despite its many benefits, Monte Carlo sampling has drawbacks, particularly

when dealing with high-dimensional spaces or distributions that are difficult to

sample from efficiently. The variance of the MC estimator can be high, especially

with a small number of samples, leading to potentially unstable or inaccurate

estimates. Additionally, in complex models, drawing samples directly from the

posterior distribution can be computationally challenging.

These limitations motivate the exploration of alternative approaches, such as

Variational Inference (VI), which offers a different strategy by turning the inference

problem into an optimization problem.

2.1.4 Variational Inference

Unlike Monte Carlo methods, which approximate distributions using samples, VI

posits a family of distributions (often simpler and more tractable than the target

distribution) and finds the member of this family that is closest to the target

distribution. This approach is particularly effective for complex models where

exact posterior computation is intractable.

The core of VI is to approximate the true posterior distribution PZ(·|X) with

a simpler, parameterized distribution Qθ with density qθ(z), where θ denotes the
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parameters of the approximate distribution. The choice of Qθ is crucial and is often

guided by the trade-off between computational tractability and the ability to closely

approximate the true posterior. The discrepancy between the true posterior density

p(z|x) and the approximation qθ(z) is measured using a statistical distance measure.

While various tractable statistical distance measures can be employed based on the

specifics of the problem and computational considerations, the Kullback-Leibler

(KL) divergence is commonly used.

The objective of VI is to minimize this divergence, effectively making the

approximate density qθ(z) as close as possible to the true posterior density p(z|x):

θ∗ = arg min
θ

DKL(Qθ ∥ PZ(·|X)). (2.5)

However, directly minimizing DKL(Qθ ∥ PZ(·|X)) is often infeasible because it

involves the intractable posterior p(Z|X). Instead, VI often focuses on maximizing

the Evidence Lower BOund (ELBO), which is equivalent to minimizing the KL

divergence. The ELBO can be formulated by expanding the KL-divergence:

DKL(Qθ ∥ PZ(·|X)) = Eqθ(Z) [log qθ(Z|X)]− Eqθ(Z) [log p(Z|X)]

= Eqθ(Z) [log qθ(Z|X)]− Eqθ(Z) [log p(Z,X)] + log p(X)

= −ELBO(θ) + log p(X)

(2.6)

and ELBO can then be written as:

ELBO(θ) = log p(X)−DKL(Qθ ∥ PZ(·|X)) ≤ log p(X) (2.7)

With the final lower bound following from the non-negativity of the KL-

divergence. The ELBO can be understood as a balance between fitting the

model to the data (first term) and regularizing the complexity of the model (second

term). While the optimization in equation (2.5) is infeasible, maximizing the

ELBO with respect to θ provides a tractable way to approximate the posterior

distribution under some often satisfied assumptions. This optimization reduces the

distance between qθ(Z|X) and p(Z|X), and is typically performed using iterative
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gradient-based methods, which require computing the gradients of the ELBO with

respect to the variational parameters θ.

VI offers several advantages, including scalability to large datasets and the

ability to use complex, expressive families of distributions for the approximation.

However, it is not without drawbacks. The choice of the variational family qθ(Z)

can limit the accuracy of the approximation. Moreover, VI introduces a bias

due to the approximation, in contrast to the unbiased nature of Monte Carlo

sampling. Despite these limitations, VI remains a powerful, widely used tool

for approximate Bayesian inference, especially in complex models where exact

inference is computationally prohibitive.

2.1.5 Randomized Priors

Randomized Priors (RP) presents an alternative approach to approximate inference

by injecting noise into the MAP point estimate through the prior distribution [Fel-

lows, 2021, Osband et al., 2018]. This provides a way to approximate an intractable

posterior distribution while also accounting for uncertainty. While randomized

priors are motivated in the context of linear Gaussian models, in which the sampling

is exact, they provide good posterior approximations even with nonlinear neural

networks [Fellows, 2021, Osband et al., 2018, Pearce et al., 2019].

The approximate posterior can be expressed as [Fellows, 2021]:

PΦ(·|DN) ≈ P̂Φ(·|DN) =
∫
δgN (ϵ)dPE(ϵ),

where PE represents the prior distribution and gN(ϵ) is the solution to the prior-

randomized MAP optimization problem defined as:

gN(ϵ) = arg max
ϕ

log(p(DN |ϕ)pΦ(ϕ− ϵ)). (2.8)

To obtain a sample from the approximate posterior, we can first draw a sample

ϵ ∼ PE from the prior distribution PE and then find the MAP estimate in

equation (2.8). Since finding the exact MAP solution is intractable for nonlinear

models, we often use an ensemble approach along with Monte Carlo sampling.
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For a test function f(ϕ) and a set of L samples ϵl ∼ PE from the prior, we can

approximate the posterior as follows:

∫
f(ϕ) dP̂Φ(ϕ|DN) =

∫
f◦gN(ϵ) dP̂E(ϵ) ≈ 1

L

L∑
l=1

f◦gN(ϵl) = 1
L

L∑
l=1

f(ϕl),

where each ϕl ∈ gN(ϵl) is a solution to the corresponding prior-randomized

MAP optimization problem. Maintaining an ensemble of L optimal parameters,

{ϕl}Ll=1, thus gives us a practical and tractable way to estimate the posterior.

2.2 Sequential Decision Making and Reinforce-
ment Learning

In the sequential decision making problem, a decision maker encounters a sequence

of system states and is tasked with making informed decisions so as to control the

system’s evolution towards desired outcomes. The process is inherently sequential,

as the outcomes observed later are directly influenced by earlier decisions and states.

This thesis considers two closely related frameworks that formalize this problem:

Reinforcement Learning (RL) and control theory. Both of these frameworks tackle

the complexity of the sequential decision making problem setting by separating the

system into a formal interface between the environment — which defines the possible

system states, available decisions, and the consequent outcomes of those decisions

— and the agent — the decision-making entity that interacts with and aims to

influence the system. These frameworks are highly general and find application

across a vast array of practical decision-making problems.

The control of embodied agents, where an agent interacts with a physical or

physically simulated environment, serves as the primary focus of this thesis. RL

and control theory provide perspectives for addressing the challenges in embodied

control, centered around the Markov decision process (MDP) formalism, which

we describe in more detail next.
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2.2.1 Markov Decision Processes

The Markov decision process (MDP) is a fundamental framework for describing the

environment in which a decision-making agent operates. It offers a structured way

to represent scenarios, accommodating a wide range of real-world settings while

offering flexibility in how states, tasks, and actions are represented.

An MDP is defined by a tuple (S,A, P, P0, r, γ). The state space S denotes

the set of possible environment states and the action space A the set of actions

(or controls) that the agent can choose from. S and A can in general be either

discrete or continuous but, as common in embodied learning and control, we assume

both to be continuous. The initial state distribution in the environment is denoted

with P0 and its density function with p0(s0).

In a sequence of a possibly infinite number of discrete time steps t, the agent ob-

serves a state st ∈ S and acts in the environment by choosing an at ∈ A. Upon each

time step, the environment transitions into a new state st+1 ∼ P (·|st, at) according

to environment dynamics governed by the state transition distribution P with the

corresponding density function p : S × S ×A → [0, ∞). The reward function is

denoted by r : S ×A× S → [rmin, rmax] and on each transition, the environment

emits a bounded reward rt := r(st, at, st+1), with −∞ < rmin ≤ rmax < +∞, which

provides a signal for the agent to guide its decision making.

In the following, we use shorthands such as s≤t = s0:t = (s0, . . . , st) to de-

note states up to time step t, a<t = a0:t−1 = (a0, . . . ,at−1) to denote actions

before time step t. τN denotes a state-action trajectory up to N time steps

τN := (s0, a0, s1, a1, . . . , sN−1, aN−1, sN) and τ to denote an infinite length trajectory

τ := limN→∞ τN = (s0,a0, s1,a1, . . .).

Notably, the standard MDP formulation satisfies the Markov assumption, which

posits that the future state distribution relies solely on the current state and action,

independent of the sequence of events that preceded it. Simplifying decision-making,

this property ensures that considering the current state and action is sufficient for

predicting future outcomes, without the need for historical data.
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Sequential decision making, as the name suggests, inherently focuses on op-

timizing not just the immediate reward but rather an aggregate of rewards over

time, referred to as return. The concept of returns in RL and control theory is

fundamental to understanding how agents optimize their policy to achieve long-term

objectives. The formulation of return can vary, each variation offering distinct

advantages for different scenarios. This work considers two commonly used settings:

finite horizon and discounted.

The finite horizon setting, often referred to as the receding horizon in control

theory, offers a straightforward approach to optimizing cumulative rewards over

a fixed period. The return in a finite horizon scenario is defined as the sum of

rewards over the first H time steps:

R(τ) =
H∑
t=0

rt. (2.9)

In reinforcement learning, this approach often corresponds to episodic learning,

where the agent’s environment resets after H time steps, and a new episode begins

with an initial state sampled from P0. This explicit horizon facilitates planning over

manageable future intervals without needing to consider indefinitely distant rewards.

As explored in chapter 5, this setting bears close similarity to the model-predictive

controllers used in control theory. In such a setting, instead of resetting the

environment after H time steps, the receding horizon problem is used to repeatedly

plan over a shorter horizon while sliding the fixed-span window along the time

axis so as to control the system over a longer horizon.

In contrast, discounted MDPs introduce a discount factor γ ∈ [0, 1) to prioritize

immediate rewards over future rewards in an infinite horizon setting:

R(τ) =
∞∑
t=0

γtrt. (2.10)

The discount factor γ can be seen as representing the continuity of the agent’s

interaction with the environment, with lower values indicating a higher likelihood of
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terminating its operation at each step, after which the environment is reset [Sutton

and Barto, 2018]. This approach not only reflects a pragmatic consideration of

uncertainty in an agent’s operation but also aligns with natural decision-making

processes, where immediate outcomes often bear more significance than distant ones.

In this work, we are mostly concerned with the γ-discounted formulation,

although the model-predictive control system in chapter 5 makes use of the

finite-horizon setting. The rest of this section also presents things assuming

the discounted setting.

2.2.2 Policies

So far we have introduced the interface for the environment in which our decision

maker operates. Next, we will describe the agent and how to learn decision making

policies so as to solve the MDPs.

We represent the agent’s decision making policy as π : S ×A → R, expressing

the probability density of choosing an action a ∼ π(a|s) at a given environment

state s. The distribution of trajectories τN induced by the policy π, together with

the environment dynamics, is denoted as P τ
N . Density for these policy-induced

trajectories is defined as pπN(τN) := p0(s0)
∏N−1
t=0 π(at|st)p(st+1|st, at), extending to

infinite-length trajectories as pπ(τ) := limN→∞ pπN(τ).

Ultimately, the objective in reinforcement learning is to find an optimal policy

that maximizes the expected future return objective:

π∗ = arg max
π

Jπ, (2.11)

with Jπ = E
τ∼pπ(τ)

[R(τ)] . (2.12)

Most of this work considers parametric policies, in which case we denote the

policy with parameters θ as πθ and the optimization objective becomes a function

of the policy parameters:

π∗ = arg max
θ

J(θ), (2.13)

with J(θ) = E
τ∼pπ(τ)

[R(τ)] . (2.14)
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In cases assuming parameterized policies, we assume that the policy function

πθ is differentiable with respect to its parameters θ.

2.2.3 Value Functions

To facilitate discussion of strategies for learning optimal policies, we first introduce

the concept of value functions. Value functions are a central concept in reinforcement

learning, providing estimates of the policy’s quality in the form of expected future

returns. The state-value function, V π(s) : S → R, of a policy π captures the

expected return from starting in state s and following π:

V π(s) = Eτ∼pπ(τ |s0=s) [R(τ)],

highlighting the anticipated future returns from a specific state s ∈ S.

In a similar manner, the action-value function, or simply the Q-function, denoted

as Qπ(s,a) : S × A → R, expresses the expected return of taking action a ∈ A

in state s ∈ S and thereafter following a policy π:

Qπ(s, a) = Eτ∼pπ(τ |s0=s,a0=a) [R(τ)] .

The Q-function is particularly interesting in the control setting, where it is often

necessary to characterize the policy value for not just for states but also for actions.

Both V π and Qπ can be expressed recursively through the Bellman equations as:

V π(s) = E
a∼π(a|s)

s′∼p(s′|s,a)

[r(s, a, s′) + γV π(s′)] . (2.15)

Qπ(s, a) = E
s′∼p(s′|s,a)
a′∼π(a′|s′)

[r(s, a, s′) + γQπ(s′, a′)] (2.16)

= E
s′∼p(s′|s,a)

[r(s, a, s′) + γV π(s′)] .

These recursive definitions provide the basis for many optimization strategies

in reinforcement learning. The recursive form of the Q-function can be encoded

into a Bellman operator, defined as:

Bπ[Q](s, a) := E
s′∼p(s′|s,a)

[
r(s, a, s′) + γ E

a′∼π(a′|s′)
[Q(s′, a′)]

]
= E

s′∼p(s′|s,a)
[r(s, a, s′) + γV (s′)]

(2.17)
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The value functions induce a useful ordering over policies. We say that policy π

is better than or equal to π′ if its expected return is greater than or equal to that

of π′ in all states. That is, π ≥ π′ ⇐⇒ V π(s) ≥ V π′(s) ∀ s ∈ S. Using these, we

say that an optimal policy π∗ is a policy that is better than or equal to all other

policies in all states. There always exists at least one, deterministic, optimal policy

and all optimal policies share the same optimal state-value function [Puterman,

1994]. We thus denote the optimal state-value function and optimal Q-functions

as V ∗ := V π∗ and Q∗ := Qπ∗ . Furthermore, given the optimal Q-function, an

optimal policy can be constructed as: π∗(s, a) = 1(a = arg maxa′ Q∗(s, a′)), where

1 denotes the indicator function.

Analogously to the recursive definitions of V π and Qπ in equations (2.15)

and (2.16), the optimal state-value function and optimal Q-function are defined

recursively through the Bellman optimality equations as:

V ∗(s) = max
a

Q∗(s, a) (2.18)

= max
a E

s′∼p(s′|s,a)
[r(s, a, s′) + γV ∗(s′)], (2.19)

Q∗(s, a) = E
s′∼p(s′|s,a)

[
r(s, a, s′) + γmax

a′
Q∗(s′, a′)

]
. (2.20)

And similarly, the Bellman optimality operator for Q-function is defined as:

B∗[Q](s, a) := E
s′∼p(s′|s,a)

[
r(s, a, s′) + γmax

a′
Q(s′, a′)

]
(2.21)

For the sake of brevity and where the context unambiguously allows, we will

simplify our notation by omitting the superscripts from value functions and Bellman

operators. For example, instead of writing V π or Qπ(s, a), we will use V or

Q(s, a), respectively.

Having established the central concepts of agents and environments, we now

proceed to introduce methods for solving MDPs, that is obtaining optimal policies π∗.
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2.2.4 Planning

In settings where the transition dynamics and reward function of the MDP are

fully known, the task of finding optimal control strategies is referred to as planning.

Planning, though inherently less complex than the broader reinforcement learning

setting, which often involves learning these dynamics from interactions with the

environment, is nonetheless non-trivial. Effective planning methods systematically

explore the space of possible actions and their consequences, leveraging the known

model of the environment to predict future states and rewards. This approach

enables the anticipation of future scenarios and the formulation of a strategy

that maximizes returns.

One of the core concepts in planning is that of dynamic programming [Bellman,

1957], a methodological framework that takes into account the recursive or temporal

structure of the problem and breaks down complex decision-making problems into

smaller, more manageable subproblems. In general, the problems amenable to

dynamic programming are required to satisfy two properties: optimal substructure

and overlapping subproblems. In the case of MDPs, optimal substructure is induced

through the Markov property giving rise to the recursive decomposition seen in the

Bellman equations (equation (2.16)), while the overlapping solutions are a result

of the value functions enabling reuse of the solutions.

We begin by introducing two fundamental reinforcement learning algorithms

based on dynamic programming: Policy Iteration and Value Iteration.

Policy Iteration

Policy iteration [Howard, 1960] is a method for finding the optimal policy of an

MDP by repeatedly alternating between two stages: policy evaluation and policy

improvement, which are iteratively applied until convergence to an optimal policy.

The objective of policy evaluation is to evaluate the current policy π, i.e. compute

the state-value function Qπ(s,a). This evaluation process is typically carried out

by iteratively applying the Bellman operator (equation (2.17)) to an arbitrarily

chosen initial value function estimate Q̂0 according to the update rule Q̂k+1 = B[Q̂k].
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Under the assumptions that the Bellman operator is a contraction mapping, and

the transition dynamics and reward functions meet certain regularity conditions,

this iterative process converges to the true Q-function Qπ, reaching a unique fixed

point [Sutton and Barto, 2018].

After evaluating the policy π, the policy improvement step refines the cur-

rent policy π to yield a new policy using the Q-function Qπ. The new, im-

proved policy π′ is generated to greedily select actions with respect to Qπ as:

π′(a|s) = 1(a = arg maxa′ Qπ(s, a′)). The policy improvement theorem [Sutton and

Barto, 2018] guarantees that the updated policy π′ is as good as or better than

π for all states and actions.

Through each successive iteration of policy evaluation and improvement, policy

iteration converges to the optimal optimal policy π∗. This optimal policy satisfies

the Bellman optimality equation equation (2.21) and thereby maximizes expected

returns from all states and actions within the MDP.

Generalized policy iteration [Sutton and Barto, 2018] extends this concept by

interleaving the policy evaluation and improvement steps more closely, rather than

completing each to convergence before proceeding to the next. This approach

allows for a more fine-grained update process. As long as both the evaluation and

improvement processes are applied to all states, they typically achieve the same

outcome: convergence to the optimal value function and an optimal policy.

Value Iteration

Value iteration [Sutton and Barto, 2018] simplifies and combines the policy evalu-

ation and policy improvement steps into a single operation. It directly computes

the optimal action-value function, iteratively updating the arbitrarily intialized Q̂0

towards Q∗ using the Bellman optimality operator (equation (2.21)): Q̂k+1 = B∗[Q̂k].

After convergence, the optimal policy can again be derived from Q∗ exactly as in

the policy iteration: π(a|s) = 1(a = arg maxa′ Q∗(s,a′)).
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Value iteration effectively merges the evaluation of Q with its immediate

improvement, leading to a more straightforward and often faster convergence to the

optimal policy compared to the two-step process of traditional policy iteration.

While both the policy iteration and value iteration have limited practical

applicability due to their requirement of full knowledge of the MDP dynamics,

they form the foundation for majority of modern model-free reinforcement learning

methods that act under unknown environments. We will look into these methods

in section 2.2.5.

Next, we will look into methods that can learn optimal policies in environments

with unknown dynamics.

2.2.5 Reinforcement Learning

For many of the interesting real-world problems, the environment dynamics —

the transition distribution P and the reward function r — are unknown to the

agent. Facing decision-making environments with unknown dynamics necessitates

learning certain aspects of the MDP in order to make educated decisions in

them. Reinforcement learning methods use the observed environment transitions

(st,at, rt, st+1), obtained by interacting with the environment, for learning the

optimal policies. The spectrum of reinforcement learning methodologies is broad,

each tailored to different problem settings and constraints. While an exhaustive

review of these methods is beyond our discussion, we highlight the fundamental

categorizations that underpin our work next.

Model-Based vs Model-Free Learning

Reinforcement learning approaches can broadly be divided into two categories

based on how they use the environment samples and what they learn from them:

model-based and model-free methods.

Model-based methods use the environment samples to explicitly learn approx-

imate models of the transition distribution or the reward function. Once an

approximate model P̂ ≈ P and r̂ ≈ r are learned, the challenge of finding the
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optimal policy simplifies into a planning problem within the simulated dynamics

of the learned MDP.

In the ideal scenario, where the learned models accurately represent the real

environment, model-based methods are highly sample-efficient. Evaluating the

learned models is typically less computationally intensive and faster than obtaining

samples from the real environment, making these methods particularly effective

for tasks where environmental interactions are costly. Moreover, these methods

are often amenable to efficient transfer and the models can potentially be reused

across different tasks within the same environment. For example, if the underlying

transition model remains valid, only the reward function might need to be adjusted

for a new task, facilitating quicker adaptation and learning.

Despite their conceptual simplicity and efficiency, however, model-based methods

face a major challenge: distribution shift. This phenomenon arises when the model,

accurate within the regions covered by the data that the model is trained on, is

used for planning, leading to (virtual) exploration into parts of the state space

that are scarcely represented in the training data. The model’s predictions become

increasingly unreliable in those underrepresented parts of the state space, causing

a compounding error through the planning sequence. Each erroneous prediction

misguides subsequent decisions, amplifying the inaccuracies.

Learning the models introduces a practical trade-off common in supervised

learning. A more expressive model can improve model accuracy at the risk of

overfitting to the training data, reducing its usefulness in new situations. This

trade-off becomes particularly unforgiving in environments with stochastic or high-

dimensional dynamics, as well as with high-capacity function approximators such as

neural networks. In the context of real-world applications, when samples from the

environment are limited, learning the models requires carefully chosen regularization

to avoid overfitting and accurate uncertainty estimates to avoid states where the

model is unable to accurately predict the real-world dynamics.

In contrast to model-based methods, model-free methods bypass the need to

construct an explicit model of the environment dynamics, typically by using the
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environment samples to either optimize the reinforcement learning objective directly

or to use a policy/value iteration-like process. Since these approaches do not rely on

an explicit transition or reward model of the environment, they are less susceptible

to errors stemming from model inaccuracies, and are often thought to be easier to

implement and tune. Yet they introduce their own set of limitations.

Before we move onto discussing model-free approaches, it is worth noting that

the boundary between model-based and model-free methods is loose and many

works have combined these approaches, achieving the best of both sides and further

blurring the distinction between them. Examples of approaches combining the

two include training a model-free agent using data from a learned model [Kalweit

and Boedecker, 2017, Lampe and Riedmiller, 2014, Luo et al., 2018, Silver et al.,

2008, Sutton, 1990], using models for policy gradient computation [Heess et al.,

2015, Nguyen and Widrow, 1990], initializing model-free algorithms from model-

based solutions [Farshidian et al., 2014, Levine and Koltun, 2013, Nagabandi

et al., 2018], and improving the quality of model-free value functions with model

predictions [Buckman et al., 2018, Feinberg et al., 2018].

Value-based vs Policy Gradient Methods

Model-free RL methods can be loosely categorized into value-based and policy

gradient (or policy search) methods. Both approaches aim to optimize the behavior

of an agent through interactions with the environment. However, they fundamentally

differ in their optimization targets and methodologies.

Value-based RL methods bear close similarity to the value iteration or policy

iteration methods discussed in section 2.2.4. The core idea is similar in that if

we can accurately estimate the Q̂π ≈ Qπ for policy π, we can improve the policy

such that it greedily maximizes the Q values.

Perhaps the simplest and most intuitive method for estimating the value function

is to start with arbitrarily initialized Q̂π
0 and iteratively updating this estimate using

the Monte Carlo samples from the environment to compute returns. The Monte

Carlo estimate for Q̂π(s, a) ≈ Qπ(s, a) for state-action pair (s, a) can be obtained
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by acting in the environment until the agent reaches the state s, then executing

action a, and summing the rewards from there onwards from following the policy π.

Concretely, once we encounter the state s and take the action a, we can compute a

sample of the return R = γ0r(s, a, s′) + γ1r(s′, a′, s′′) + . . . by executing the policy

from there onwards. We can then define the error of the current estimate Q̂π
k(s, a) as:

δk = R− Q̂π
k(s, a) = (γ0r(s, a, s′) + γ1r(s′, a′, s′′) + . . .)− Q̂π

k(s, a),

and use the error to update our value estimate Q̂π for the particular (s,a)-pair

using stochastic approximation with learning rate α:

Q̂π
k+1(s, a) = Q̂π

k(s, a) + αδk. (2.22)

Assuming that the sampling process has a non-zero probability of encountering

every state-action pair, in theory, this process eventually allows us to recover the

true Q-function Qπ as k →∞. Unfortunately, in practice this sampling process is

prohibitively sample-inefficient for most of the real-world tasks of our interest.

The Bellman operators introduced in equation (2.17) suggest a potential solution

to the high-variance problem: instead of estimating the return from the sums rewards

of sampled sequences of rewards, we can truncate the summation and substitute

the estimate from the value function itself for the truncated tail. This reuse

of values, often referred to as bootstrapping in RL literature, is one of the most

important concepts in reinforcement learning and forms the basis of the so-called

temporal difference, or TD, methods. Concretely, in this setting, we only observe

the next state s′ ∼ pπ(s), the corresponding reward r(s, a, s′), and the next action

a′ ∼ π(a′|s). Using these, we then define the TD-error as:

δk = (r(s, a, s′) + γQ̂π
k(s′, a′))− Q̂π

k(s, a),

and update the Q̂π
k according to equation (2.22). This method, commonly

referred to as TD(0), can be shown to converge almost surely to the true value of

the policy under standard stochastic approximation assumptions.
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The temporal difference estimate reduces variance — because its estimates

are amortized over multiple samples — with the cost of increased bias — as the

bootstrap estimates used may not always be accurate. TD(0) and full Monte Carlo

estimates present opposite ends of the bias-variance spectrum. Generalizations

such as n-step returns [Sutton and Barto, 2018] offer a more nuanced mechanism

to control this trade-off. By deferring bootstrapping to the nth step rather than

immediately after the first step, one can adjust the bias and variance of the TD

approximation. Specifically, as n increases, the approximation becomes less biased

but incurs higher variance. Moreover, TD(λ) [Sutton and Barto, 2018] offers further

flexibility by averaging across all possible n-step returns in a weighted manner,

with λ determining the weighting scheme. This allows for a more controlled and

customizable balance between bias and variance.

Value-based methods have been highly successful in a variety of domains with

discrete and reasonably low-dimensional state and action spaces. The appeal

of value-based methods lies in their simplicity and directness in learning value

functions without requiring explicit policy representations. By iteratively improving

the value function approximation, these methods implicitly derive a policy that

maximizes expected returns.

However, value-based approaches have limitations, particularly in environments

with large or continuous action spaces. In such scenarios, finding the action

that maximizes the value function is often intractable, thus limiting their use

for practical applications.

Policy gradient methods constitute another fundamental class of model-free

reinforcement learning algorithms. Unlike value-based methods that focus on

learning a value function to indirectly derive a policy, policy gradient methods

directly adjust the policy parameters θ of a parameterized policy πθ to maximize

the expected return.

The core of policy gradient methods is to estimate the gradient ∇θJ(θ) of the

objective function (equation (2.14)) with respect to the policy parameters θ, and

employing gradient ascent to update θ. Computing the gradient in its default



2. Background 30

form ∇θJ(θ) = ∇θ Eτ∼pπθ (τ) [R(τ)] is difficult, however, as it requires differentiation

with respect to the environment dynamics, which are generally unknown to us. To

introduce a more practical form of the policy gradient, we first express the policy

objective with respect to the policy’s marginal state distribution:

J(θ) = E
τ∼pπθ (τ)

[R(τ)] = E
s∼dπθ (s)
a∼πθ(a|s)

[Qπθ(s, a)]

where dπ(s) denotes the normalized γ-discounted future state occupancy distri-

bution dπ(s) = (1− γ)∑∞
t=0 γ

tp(st = s|p0, p, π), representing the discounted state

distribution induced by the policy π, and p(st = s|p0, p, π) denotes the likelihood

that the agent is in state s at time step t by following π under the the initial

state distribution p0 and the transition model p. By using the policy gradient

theorem [Sutton et al., 1999a], the gradient of the objective can be rewritten as:

∇θJ(θ) = ∇θ E
s∼dπθ (s)
a∼πθ(a|s)

[Qπθ(s, a)]

= ∇θ E
s∼dπθ (s)

[∫
A
πθ(a|s)Qπθ(s, a) da

]
= E

s∼dπθ (s)

[∫
A
∇θπθ(a|s)Qπθ(s, a) da

]

= E
s∼dπθ (s)

[∫
A
πθ(a|s)∇θπθ(a|s)

πθ(a|s) Qπθ(s, a) da
]

= E
s∼dπθ (s)

[∫
A
πθ(a|s)∇θ log πθ(a|s)Qπθ(s, a) da

]
= E

s∼dπθ (s)
a∼πθ(a|s)

[∇θ log πθ(a|s)Qπθ(s, a) da]

(2.23)

This forms the theoretical foundation for many different policy gradient algo-

rithms. This formulation still requires samples from the Q-function Qπθ , which

we need to estimate somehow. Methods like REINFORCE [Williams, 1992] rely on

sample-based Monte Carlo estimate of the returns, which results in a practically

applicable, unbiased estimate of the policy gradient. However, as with the value-

based methods discussed above, the reliance on sample-based estimates introduces

extremely high variance to these methods — affected by both the trajectory length

and reward magnitudes — presenting significant practical challenges.
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The distinction between value-based and policy gradient methods presents two

divergent paths towards achieving reinforcement learning objectives: one through

the estimation of value functions and the other by directly optimizing the policy

parameters for maximal expected return. However, as alluded to already, both of

these approaches come with their own set of limitations. Value-based methods,

while effective in discrete action spaces and simpler environments, struggle with the

continuous action spaces common in many real-world applications. Policy gradient

methods, despite their applicability to both discrete and continuous domains, are

often plagued by extremely high variance in their gradient estimates, leading to

sample-inefficient learning and instability.

The complementary strengths and weaknesses of value-based and policy gradient

methods have led to another class of reinforcement learning algorithms, called

actor-critic methods, which effectively combine the core ideas of these techniques.

By introducing a structure where the policy (the actor) is optimized in parallel

with a value function estimate (the critic), actor-critic methods aim to combine the

strengths of both frameworks. The critic aids in stabilizing the training process by

providing a baseline against which the policy’s performance is evaluated, effectively

reducing the variance of the policy gradient estimates without resorting solely

to sample-based approaches like REINFORCE. This blending addresses the primary

challenge of high variance in policy gradient methods while retaining the flexibility

to operate across a broad spectrum of environments and action spaces.

The iterative refinement of the actor guided by the critic mirrors the principles of

generalized policy iteration discussed earlier in section 2.2.4, bridging the conceptual

gap between classical dynamic programming methods and modern reinforcement

learning algorithms. The iterative process allows for a more flexible, stable, and

sample-efficient policy training, and many of the more widely-adopted reinforcement

learning algorithms nowadays follow the actor-critic structure.
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Exploration-Exploitation Trade-Off

The exploration-exploitation trade-off is a central challenge in RL, crucial to the

efficiency of the learning process in environments where the dynamics are initially

unknown to the agent. This trade-off forces the agent to continually decide between

two strategies: exploring new actions to better understand the environment and

exploiting its current knowledge to maximize rewards. The right balance between

these two strategies is crucial for the development of an effective learning algorithm.

Exploration refers to the strategy of making choices that may not have immediate

benefits but are valuable for gaining information. This information-seeking behavior

enables the agent to learn about the environment, including the short-term and

long-term consequences of its actions. While exploratory actions can be seen as

sub-optimal and costly in the short term, their long-term consequences may enable

more informed decisions in the future and thus outweigh their short-term cost.

Exploitation, on the other hand, refers to choosing actions that the agent

currently believes to offer the highest expected return. This approach leverages the

agent’s accumulated knowledge to make decisions that are expected to yield the most

immediate reward. The challenge with a purely exploitative strategy is that it can

lead the agent to get stuck in local optima, particularly if the agent’s understanding

of the environment is incomplete or inaccurate. Thus, while exploitation is essential

for realizing the benefits of learning, it must be balanced with exploration to ensure

that the agent does not overlook potentially superior strategies.

The dynamic between exploration and exploitation is influenced by the stage

of learning. Early on in the training, when the agent has limited knowledge of

the environment, it may benefit more from exploration to accumulate valuable

information. As the agent learns more about its environment, the emphasis can

shift more towards exploitation, making use of the knowledge gained to achieve

higher rewards.

Exploration strategies can be implemented in various ways. The simplest

exploration methods omit explicit exploration altogether and rely on, for example,

the residual stochasticity in the agent’s policy. For example, Gaussian policies
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will introduce noise to the actions until the policy is fully optimized, thus leading

to explorative actions. In a similar fashion, stochastic approximation methods

introduce noise to the optimization, which might lead to exploration.

Alternatively, some techniques add explicit noise to the agent’s policy. ϵ-

greedy strategy, for example, selects the agent’s estimated optimal action with

probability 1 − ϵ and a uniform random action with probability ϵ. Boltzmann-

exploration, on the other hand, chooses actions relative to the estimated Q-function

values. Such methods are often referred to as dithering exploration methods.

While computationally efficient and easy to implement, dithering exploration

lacks a directed strategy based on the agent’s understanding of its environment.

This limitation can lead to inefficient exploration, where the agent spends time

exploring areas of the environment that offer little potential for high returns.

Despite their suboptimal behavior, these methods are some of the most widely-

used exploration approaches.

In contrast, uncertainty-driven exploration seeks to adapt its strategy based

on the agent’s evolving uncertainty in the MDP. As the agent learns more about

its environment, its epistemic uncertainty naturally decreases. This allows it to

confidently avoid actions likely to lead to low returns and instead focus its exploration

on areas that still hold the potential for high rewards. Bayes-optimal exploration

provides the gold standard for uncertainty-driven exploration, optimally trading off

exploration and exploitation. Computing such policies is often intractable, however,

and various approximations are used in practice. Perhaps the most common

of these are posterior sampling [Osband et al., 2013, Strens, 2000, Thompson,

1933] and optimism-based [Ciosek et al., 2019, Kaelbling, 1994, Kolter and Ng,

2009, Wang et al., 2005] methods. We come back to the uncertainty-driven

exploration in chapter 3.

It is worth differentiating between myopic and deep exploration strategies [Os-

band et al., 2016, 2019a]. Myopic exploration focuses on immediate uncertainties,

often considering only the near-term future outcomes of actions. Deep exploration,

conversely, looks at the long-term consequences, including how current choices can
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uncover information that affects future decisions and rewards. This distinction is

crucial for understanding how an agent can strategically navigate its learning

process to optimize for both immediate and future gains. Deep exploration

is particularly relevant in complex environments with long-term dependencies

and where understanding the full scope of possible outcomes is essential for

optimal performance.

The recent surveys by [Amin et al., 2021, Hao et al., 2023, Yang et al., 2021]

provide a more comprehensive overview on exploration in RL.

2.2.6 Problem Settings

So far in our discussion we have assumed the standard MDP formulation introduced

in section 2.2.1. While this framework offers a flexible model for sequential decision

making, it does not capture the full spectrum of nuances and specific challenges

present in a variety of real-world problem settings. Recognizing this, it is often

desirable to extend or constrain the standard MDP formulation to better align

with the particular inductive biases or the unique characteristics of the problem

setting and the anticipated solutions. We will next briefly discuss some of the

MDP extensions relevant to our investigation.

Partial Observability

In real-world applications, such as robotics, agents frequently encounter noisy or

incomplete sensor readings, leading to partial observability — that is, the sensor

observation received by the agent is insufficient to infer the future state of the system

— thereby breaking the Markovian assumption inherent in the standard MDP formu-

lation. To accommodate partial observability, the MDP framework can be extended

to the Partially observable Markov decision process (POMDP) framework [Kaelbling

et al., 1998]. A POMDP is defined by a tuple (S,A,O, O, P, P0, r, γ), where the

O represents the observation space, and O denotes the observation distribution,

described by the probability density o(o|a, s) : O ×A× S → [0, ∞) of receiving
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observation o given state s and action a. The rest of the components of the

tuple are as defined for an MDP.

When the observations are non-Markovian, the agent must act under uncertainty

of the true environment state and the optimal behaviors may necessitate actions

that are taken purely because they improve the agent’s estimate of the current state,

thereby enabling better future decisions. The agent is commonly conditioned on

the entire history of observations and actions (o≤t, a<t). In this work, the decision

making tasks considered in chapter 4 incorporate partial observability.

Transfer and Multi-Task Learning

In the standard reinforcement learning setting, the agent is typically tasked to master

a single task within a specific MDP. This approach, while effective for isolated

problems, does not exploit the potential benefits of knowledge transfer across

different but related tasks — a common theme in machine learning in general, where

leveraging shared insights can significantly enhance learning outcomes. Recognizing

this limitation, the concepts of multi-task and transfer in reinforcement learning

have emerged to enhance learning efficiency and effectiveness by leveraging shared

information across multiple domains or tasks.

Multi-task learning involves training a single agent across multiple MDPs, or

tasks, that are sampled from a predefined yet unknown task distribution. This

method operates under the assumption that the skills, strategies, or knowledge

required to solve one task may have relevance to others within the same distribution.

By learning several tasks in parallel, the model can develop shared representations

and strategies, thereby fostering a more generalized, robust, and sample-efficient

learning mechanism. The key objective is to improve performance not only on

individual tasks by exploiting the commonalities and differences across tasks but

also to enhance overall learning efficiency and the transferability of acquired skills.

Formally, the multi-task extension of the standard MDP framework introduces a set

of tasks, where each task, identified with k ∈ K, is characterized by its own MDP

(S,A, P k, P k
0 , r

k, γ) but shares the state and action spaces (S,A) across the task
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set. The environment dynamics (P k, P k
0 , r

k) can vary from task to task, although

a common structural foundation is assumed.

Transfer learning, in contrast, focuses on the sequential application of knowledge

gained from one or more source tasks to improve or accelerate learning in a target

task. It is especially relevant in scenarios where acquiring knowledge from scratch

for every new task is impractical due to resource constraints or when the target

domain suffers from limited data availability. Transfer learning involves strategies

for identifying relevant knowledge from source domains Ksource and applying it to a

target domain Ktarget, thereby addressing challenges related to learning efficiency,

scalability, and generalization across domains. Unlike multi-task learning, where

tasks are learned simultaneously and sampled from a common distribution, transfer

learning typically involves a more distinct sequence of tasks, leading to potentially

abrupt shifts in domain or task distribution. This distinction highlights the adaptive

nature of transfer learning, as it seeks to tailor and apply previously acquired

knowledge to new and often significantly different tasks.

Motor Control

The versatility of the MDP framework allows it to be applied across a vast array

of problems, each with its unique challenges and characteristics. In the realm of

decision-making, the temporal aspect represented by time steps in an MDP need not

correspond to fixed intervals of real time but rather to successive stages of decision-

making and action execution. These actions could range from low-level controls,

such as adjusting the voltages to the motors of a robot arm, to high-level strategic

decisions, like choosing a career path or deciding when to eat. Similarly, the concept

of states within an MDP is remarkably flexible. States can be defined by direct

sensor inputs, embodying low-level perceptions, or they might encapsulate more

abstract, high-level information, such as symbolic descriptions of the environment.

Moreover, states can incorporate memory of past events or even purely mental

states, like uncertainty or surprise, thereby broadening the framework’s applicability

beyond physical to computational and cognitive domains.
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This thesis mainly focuses on the domain of motor control within physically-

simulated environments, characterized by continuous actions and state spaces. These

environments often simulate embodied systems, such as robots or virtual characters,

governed by the laws of physics (or their numerical approximations). Specifically,

we consider agents modeled as a hierarchy of articulated rigid bodies, where each

body segment, or “body”, is connected to another through joints that may be

actuated by motors. This arrangement enables complex, articulated movements

akin to those observed in natural organisms.

In this context, the state of an agent at any given time, denoted as s = [q,v, sa],

encapsulates the positions q and velocities v of the joints, along with the actuator

states sa, which could be null if the model does not involve stateful actuators.

The agent influences its environment through actions a, which are translated

into motor torques applied at the joints, facilitating movement and interaction

with the environment.

Throughout this thesis, we explore several instances of such motor-controlled

systems, from the simple dynamics of a Cartpole in section 3.6.2, through the

manipulation with Robotic Arm in figure 4.2, to the more complex behaviors of

a full-body humanoid characters in figure 5.2.
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3.1 Introduction

In the previous chapters, we highlighted the fundamental exploration-exploitation

trade-off in reinforcement learning. We begin by investigating methods to directly

improve exploration within model-free reinforcement learning algorithms.

A Bayesian approach to reinforcement learning (RL) characterizes uncertainty

in the Markov decision process (MDP) via a posterior [Ghavamzadeh et al., 2016,

Vlassis et al., 2012]. A great advantage of Bayesian RL is that it offers a natural

and elegant solution to the exploration/exploitation problem, allowing the agent to

explore to reduce epistemic uncertainty in the MDP, but only to the extent that

exploratory actions lead to greater expected return; unlike in heuristic strategies

such as ε-greedy and Boltzmann sampling, the agent does not waste samples trying

actions that it has already established are suboptimal, leading to greater sampling

efficiency. Elementary decision theory shows that the only admissible decision

rules are Bayesian [Cox and Hinkley, 1974] because a non-Bayesian decision can

always be Pareto improved upon by a Bayesian agent [de Finetti, 1937]. In addition,

pre-existing domain knowledge can be formally incorporated by specifying priors.

In model-free Bayesian RL, a posterior is inferred over the Q-function by treating

samples from the MDP as stationary labels for Bayesian regression. A major

theoretical issue with existing model-free Bayesian RL approaches is their reliance

on bootstrapping using a Q-function approximator, as samples from the exact

Q-function are impractical to obtain. This introduces error as the samples are

no longer estimates of a Q-function and their dependence on the approximation

is not accounted for.

This chapter introduces Bayesian Bellman Operators (BBO), a novel model-

free Bayesian RL framework that aims to address such limitations of existing

model-free Bayesian methods. Our focus is on the practical application and

empirical validation of this framework. We showcase how the BBO can be used

to derive gradient-based algorithms for Bayesian policy evaluation and uncertainty

estimation, emphasizing the applicability and effectiveness of these methods through

comprehensive experimental analyses. Notably, in the policy evaluation setting,



3. Bayesian Bellman Operators 40

our experiments provide evidence for the consistency and convergence properties of

the BBO framework under conditions of nonlinear function approximators and

approximate inference.

In the control setting, we derive a Bayesian actor-critic algorithm, forming

a continuous counterpart to BootDQN+Prior by Osband et al. [2018]. The

lagged target parameters, which are essential to BootDQN+Prior and to the

performance of many other model-free RL algorithms, arise cleanly from applying

approximate inference to the BBO posterior. These lagged target parameters

cannot be explained by existing model-free Bayesian RL theory. Our experimental

analysis also provides evidence for their necessity in practice. Furthermore, our

algorithm can learn optimal policies in domains where state-of-the-art actor-critic

algorithms like Soft Actor-Critic (SAC) [Haarnoja et al., 2018b] fail catastrophically

due to their inability to properly explore.

3.2 Bayesian Reinforcement Learning

3.2.1 Bayes-Adaptive Markov Decision Process

In reinforcement learning, our goal is to find an optimal behavioral policy that

maximizes expected return according to the objective in equation (2.12). Evaluating

this objective assumes that the environment’s transition distribution P and reward

function r are known. Often, we do not have perfect knowledge of P or r in advance,

rendering the objective impossible to evaluate directly. This mismatch presents a

challenge. Since the standard frequentist RL objective doesn’t model uncertainty in

the environment, an agent relying on it faces an inescapable exploration-exploitation

dilemma. It must constantly balance the need to learn more about P and r through

exploration against the desire to act greedily, maximizing rewards based on its

current knowledge.

This limitation motivates the Bayesian view for RL. A Bayes-adaptive Markov de-

cision process (BAMDP) is a framework that addresses the exploration-exploitation

dilemma by integrating uncertainty about the environment directly into the decision-

making process [Duff and Barto, 2002, Ghavamzadeh et al., 2016]. Unlike a
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traditional MDP, where the transition dynamics and reward functions are assumed

to be known and fixed, a BAMDP models the environment’s uncertainty through a

posterior which characterizes the agent’s belief over the possible MDP. This belief

distribution is updated as the agent interacts with the environment, gathering

more evidence about the true nature of the MDP. Each action not only affects the

immediate reward and the next state but also updates the agent’s belief about the

environment, essentially treating the learning process as part of the environment

itself, thereby making the exploration-exploitation trade-off an inherent aspect

of decision-making in BAMDPs.

3.2.2 Model-based Bayesian RL

BAMDP-optimal policies are the gold standard, optimally balancing exploration

with exploitation, but require maintaining a posterior over the unknown transition

distribution which is typically challenging to compute due to its high-dimensionality

and multi-modality [Song et al., 2013]. Furthermore, planning in BAMDPs requires

the calculation of high-dimensional integrals that render the problem hopelessly

intractable for all but the simplest problems. In addition, computing the Bayes-

optimal policy requires considering every possible history that the agent might

encounter. Even with approximation, most existing methods are restricted to

small and discrete state-action spaces [Asmuth and Littman, 2011, Guez et al.,

2013]. Some attempts have been made [Yao et al., 2021, Zintgraf et al., 2020,

2021] to make Bayesian model-based RL more tractable by being Bayesian over

a limited set of model parameters. While these methods are not fully Bayes-

optimal, they offer a compromise by introducing parametric models of reward

and state transitions, then inferring a posterior over a smaller, more manageable

random variable. This keeps computations feasible while still incorporating some

elements of Bayesian uncertainty.

As noted by Fellows [2021], in high-dimensional problems, accurately modeling

the state transition distribution in a model-based Bayesian RL setting becomes
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computationally intractable. This arises from two main challenges. First, repre-

senting a complex, high-dimensional transition distribution requires an extensive

number of parameters in the model. The large number of parameters translates

into a significant computational burden when performing inference, which involves

calculations that integrate over the entire parameter space. Second, learning these

distributions accurately requires a massive amount of data. As the dimensionality

of the state space increases, the number of samples needed to achieve a desired

level of accuracy grows exponentially due to the curse of dimensionality. One would

also expect the posterior distribution over the model parameters to concentrate

at a slower rate in higher dimensions, meaning that the agent would require even

more data to reduce its uncertainty about the true transition dynamics.

3.2.3 Posterior Sampling and Optimism

Given the computational challenges of fully Bayesian model-based RL, we next

discuss two alternative strategies that leverage posterior information more tractably.

While these approaches do not achieve strict Bayes-optimality, they mitigate the

computational overhead and remain practical for larger and more complex problems.

One such approach is posterior sampling [Osband et al., 2013, Strens, 2000],

which extends Thompson sampling [Thompson, 1933] from simpler bandit problems

to MDPs. In posterior sampling, the agent periodically draws a single sample MDP

ϕ ∈ Φ from its posterior belief about the environment. It then computes the optimal

policy π⋆ϕ ∈ arg maxπ J(π|ϕ) for that MDP ϕ and follows that policy for a certain

period. As the agent gathers more data from the environment, its posterior PΦ over

MDPs concentrates, which subsequently narrows down the exploration.

Another strategy is based on the principle of optimism in the face of uncertainty

(OFU) [Ciosek et al., 2019, Kaelbling, 1994, Kolter and Ng, 2009, Wang et al.,

2005]. OFU encourages exploration by deliberately overestimating the potential of

uncertain actions. The method constructs a set of optimistic MDP parameterizations

Φoptimistic. Each parameterization within Φoptimistic is chosen because its expected

optimistic returns, under its corresponding optimal policy π⋆ϕ, rank highly among all
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considered MDPs Φ. The agent then follows the optimal policy π⋆ϕ ∈ arg maxπ J(π|ϕ)

for a randomly-chosen optimistic MDP ϕ ∈ Φoptimistic, which either results in high-

value actions or learning from experience where the optimism was unwarranted. In

practice, OFU involves maintaining a posterior and upper confidence bound over

an optimal Q-function. Actions are then selected using an exploration bonus that

combines the predictive Q-function with an additional term that adds an optimistic

value proportional to the state-action visitation frequencies of the agent.

Both posterior sampling and OFU provide tractable means to approximate

Bayesian exploration, with both achieving near-optimal Bayesian regret bounds [Os-

band and Van Roy, 2017, Osband et al., 2013]. However, as discussed by Osband and

Van Roy [2017], posterior sampling often enjoys a computational advantage as it only

requires sampling a model once per episode and then applying standard planning

techniques. In contrast, OFU may involve solving complex optimization problems

for the upper confidence bounds. These bounds can be challenging to construct,

particularly with large or continuous spaces. As supported by both theoretical

and experimental findings by [Osband and Van Roy, 2017], posterior sampling

often proves to be the more robust method in practice. Therefore, we will focus on

posterior sampling when introducing practical algorithms within this chapter.

3.2.4 Model-free Bayesian RL

Existing model-free Bayesian RL approaches attempt to solve a Bayesian regression

problem to infer a posterior predictive over a value function [Ghavamzadeh et al.,

2016, Vlassis et al., 2012]. While forgoing the ability to separately model reward

uncertainty and transition dynamics, modeling uncertainty in a value function

avoids the difficulty of estimating high-dimensional conditional distributions and

mimics a low-dimensional Bayesian regression problem, for which there are tractable

approximate methods [Beal, 2003, Gal, 2016, Jordan, 1999, Kingma and Welling,

2014, Lakshminarayanan et al., 2017, Rezende and Mohamed, 2015]. These methods

assume access to a dataset of N samples: DN := {qi}Ni=1 from a distribution over

the true Q-function at each state-action pair: qi ∼ PQ(·|si, ai). Each sample is an
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estimate of a point on the true Q-function qi = Qπ(si, ai) + ηi corrupted by noise

ηi. By introducing a probabilistic model of this random process, the posterior over

the Q-function P (Qπ|s, a,DN) can be inferred, which characterizes the aleatoric

uncertainty in the sample noise and epistemic uncertainty in the model. Modeling

aleatoric uncertainty is the goal of distributional RL [Bellemare et al., 2017]. In

Bayesian RL we are more concerned with epistemic uncertainty, which can be

reduced by exploration [Osband et al., 2018].

3.2.5 Issues with Existing Model-free Approaches

Unfortunately, for most settings it is impractical to sample directly from the

true Q-function. To obtain efficient algorithms, the samples qi are approximated

using bootstrapping: here a parametric function approximator Q̂ω : S × A → R

parameterized by ω ∈ Ω is learned as an approximation of the Q-function Q̂ω ≈ Qπ

and then a TD sample is used in place of qi. For example, a one-step TD estimate

approximates the samples as: qi ≈ ri + γQ̂ω(si, ai), introducing an error that is

dependent on ω. Existing approaches do not account for this error’s dependency on

the function approximator. When bootstrapping, the samples are no longer noisy

estimates of a point Qπ(si, ai) and the resulting posterior is not PQ(·|s, a,D) as it

has dependence on Q̂ω due to the dataset. This problem is made worse when a

posterior is inferred over an optimal Q-function as it is impossible to sample from

the optimal policy a priori to obtain unbiased samples.

In this chapter, we present a model-free Bayesian RL framework, Bayesian

Bellman Operators (BBO), designed to address the aforementioned issues. Our

focus is on the practical application of the BBO framework and we derive approxi-

mate inference algorithms for both policy evaluation and control under nonlinear

function approximators, for which the posterior normalization is intractable in

general. Through a series of practical experiments, we demonstrate that the

algorithms derived from the BBO framework exhibit sophisticated deep exploration

properties that enable them to solve continuous control tasks at which state-of-

the-art regularized actor-critic algorithms fail catastrophically. Additionally, our
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experiments provide evidence for the algorithms’ consistency with frequentist RL

solutions and their convergence even under nonlinear function approximation where

many TD-based methods are known to diverge.

3.3 Bayesian Bellman Operators

As motivated above, directly modeling uncertainty in high-dimensional transition

and reward distributions often proves intractable. Instead, modeling uncertainty

within a lower-dimensional space, such as the value function or Bellman operator,

is more desirable. Model-free Bayesian RL enables this approach. Furthermore, as

discussed in section 2.2.5, we want to incorporate bootstrapping to improve the

algorithm’s sample efficiency and reduce variance.

Considering the aforementioned limitations of existing Bayesian RL approaches,

our goal in this section is to introduce a method that fulfills the following criteria:

1) Employs a model-free approach to reinforcement learning and enables the use

of bootstrapped samples. 2) Effectively characterizes epistemic uncertainty within

the MDP, promoting deep and adaptive exploration strategies. 3) Is applicable

in continuous control settings.

3.3.1 Uncertainty in the Bellman Operator

To address the problem of finding a Q-function in a BAMDP, this section introduces

the Bayesian Bellman Operators (BBO) framework. We define the Bayesian

Bellman operator as:

B [Qπ] (s, a,D) = EPπ(r,s′,a′|s,a,D) [r + γQπ(s′, a′,D)] ,

with P π(r, s′, a′|s, a,D) = π(a′|s′)P (r|s, a, s′,D)P (s′|s, a,D). Similar to the

frequentist Bellman equations, any Bayesian Q-function Qπ satisfies a Bayesian

Bellman equation B [Qπ] (·,D) = Qπ (·,D).

In order to learn a Bayesian Q-function Qπ(·,D), we introduce a parametric

function approximator Q̂ω ≈ Qπ(·,D) with parameters ω. Our objective is to find

ω⋆ such that Q̂ω⋆ = B [Qπ] (·,D). A simple approach to learning such ω⋆ would
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be to minimize the mean squared Bayesian Bellman error (MSBBE) between the

Bellman operator and the function approximator:

MSBBE(ω,D) :=
∥∥∥B[Q̂ω](·,D)− Q̂ω

∥∥∥2

ρ,π
, (3.1)

where the distribution on the ℓ2-norm has support over states and actions.

Evaluating B[Q̂ω](·,D), while theoretically possible in the Bayesian setting, is

intractable due to the integrals over reward and transition distributions. Instead, we

introduce a change of variables using the empirical Bellman function, b, defined as:

b = bπω(r, s′) := r + γ Eπ(a′|s′)
[
Q̂ω(s′, a′)

]
. (3.2)

The transformed variableB : R → R has a conditional distribution PB(·|s, a,Dω),

which is the pushforward of P π(s′, a′|s, a) under the transformation b and satisfies:

B
[
Q̂ω

]
(s, a,D) = E

Pπ(r,s′,a′|s,a,D)

[
r + γQ̂ω(s′, a′)

]
= E

P (r,s′|s,a,D)

[
r + γ Eπ(a′|s′)

[
Q̂ω(s′, a′)

]]
= E

P (r,s′|s,a,D)
[bπω(r, s′)]

= E
PB(b|s,a,Dω)

[b]

The pushforward PB(·|s, a,Dω) is a distribution over empirical Bellman functions,

characterizing the uncertainty in the true Bellman operator B[Q̂ω] of the function

approximator Q̂ω.

As discussed in section 3.2.4, modeling the uncertainty in the scalar-valued

Bellman operator is much simpler than in the transition distribution P or reward

function r [Fellows, 2021].

3.3.2 BBO Model

Our goal is to infer the posterior PB(b|s, a, ω) over Bellman operators. The graphical

model for BBO is shown in figure 3.1. To model PB(b|s, a, ω) we assume a parametric

conditional distribution P (b|s, a, ϕ) with model parameters ϕ ∈ Φ and likelihood

p(b|s, a, ϕ). We write the likelihood’s conditional mean as B̂ϕ(s, a) := EP (b|s,a,ϕ)[b],

which can be interpreted as a function space of approximators that represents a
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space of Bellman operators, each indexed by ϕ ∈ Φ. The choice of P (b|s, a, ϕ)

should therefore ensure that the space of approximate Bellman operators char-

acterized by B̂ϕ is expressive enough to sufficiently represent the true Bellman

operator. We also represent our pre-existing beliefs in the true Bellman operator

by specifying a prior PΦ.

si

ai

bi

φ

N

Figure 3.1: Graphi-
cal Model for BBO.

We collect a dataset DNω := {(si, ai, bi)}Ni=1 consisting of

N samples from the environment, using a standard model-

free RL procedure where the agent interacts with in the

environment to generate environment transitions. Specifically,

starting from state si, the agent selects an action ai ∼ π(·|si),

transitions to the next state s′
i ∼ P (·|si, ai), and receives a

reward ri = r(si, ai, s′
i). To obtain a sample bi of the random

variable b, we apply the empirical Bellman function, bi = ri + γ Eπ(a′
i|s

′
i)
[
Q̂ω(s′

i, a
′
i)
]

as in equation (3.2), to the observed transitions. In practice, the expectation within

the Bellman function is approximated by sampling actions from the policy, yielding

unbiased samples bi of the Bellman operator. As we discussed in section 3.2.5,

existing model-free Bayesian RL approaches incorrectly treat each bi as a sample

from a distribution over the value function PQ(Qπ|s, a). BBO corrects this by

modeling the true conditional distribution: PB(b|s, a, ω) that generates the data.

As we are not concerned with modeling the transition distribution in our

model-free paradigm, we assume states are sampled either from an ergodic Markov

chain or i.i.d. from a replay buffer. Off-policy samples can be corrected using

importance sampling.

Assumption 3.3.1 (State Generating Distribution). Each state si is drawn either

i) i.i.d. from a distribution ρ(s) with support over S or ii) from an ergodic Markov

chain with stationary distribution ρ(s).

Given the prior PΦ and a dataset DNω of samples from the true distribution

PB, using Bayes’ rule, we can infer the posterior over parameters PΦ(ϕ|DNω ), which
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has the density (see appendix A.1.1 for a derivation using both state generating

distributions of assumption 3.3.1):

pΦ(ϕ|DNω ) =
∏N
i=1 p(bi|si, ai, ϕ)pΦ(ϕ)∫

Φ
∏N
i=1 p(bi|si, ai, ϕ) dPΦ(ϕ)

. (3.3)

To be able to make predictions, we infer the posterior predictive over Bellman

operators pB(b|s, a,DNω ) by marginalizing over the parameters in the likelihood:

pB(b|s, a,DNω ) =
∫

Φ p(b|s, a, ϕ) dP (ϕ|DNω ). Unlike existing approaches, this posterior

density is a function of ω, which correctly accounts for the dependence on Q̂ω in

our data and the generating distribution PB(b|s, a,DNω ).

We highlight that it is possible to define a likelihood and prior that are functions

of ω to encode any prior knowledge of how the underlying Bellman operator varies

with ω, however this is not strictly necessary as the posterior automatically accounts

for this dependence due to its conditioning on DNω . As we anticipate that most

applications of BBO will seek to learn an optimal policy, and hence an optimal

Q-function, a prior PΦ that incorporates any knowledge available about the optimal

Bellman operator will speed learning and give the agent an advantage.

As our data depends on Q̂ω, we must introduce a method of learning the correct

Q-function approximator. As every Bellman operator characterizes an MDP, the

posterior predictive mean represents a Bayesian estimate of the true MDP by using

the posterior to marginalize over all Bellman operators that our model can represent

according to our uncertainty in their value:

Bω,N(s, a) := EPB(b|s,a,DN
ω )[b] = EPΦ(ϕ|DN

ω )

[
B̂ϕ(s, a)

]
. (3.4)

The predictive mean Bω,N is the Bayesian Bellman operator under our BBO

model and our Q-function approximator should satisfy a Bellman equation using

Bω,N . As a simple approach to learn ω⋆ is to minimize the mean squared Bayesian

Bellman error (MSBBE) from equation (3.1) between the posterior predictive

and function approximator:

MSBBEN(ω) :=
∥∥∥Q̂ω − Bω,N

∥∥∥2

ρ,π
(3.5)
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Although the MSBBE has a similar form to a mean squared Bellman error with

a Bayesian Bellman operator in place of the Bellman operator, Fellows et al. [2021]

show that its frequentist interpretation is closer to the mean squared projected

Bellman error (MSPBE) [Sutton et al., 2009b] used by convergent frequentist TD

algorithms. The gradient of the MSBBE with respect to the function approximator

parameters ω is (see appendix A.1.2 for derivation):

∇ωMSBBEN(ω)

∝ Eρ,π
[(
Q̂ω − EPΦ(ϕ|DN

ω )

[
B̂ϕ

]) (
∇ωQ̂ω −∇ωBω,N

)]
= Eρ,π

[(
Q̂ω − EPΦ(ϕ|DN

ω )

[
B̂ϕ

]) (
∇ωQ̂ω − EPΦ(ϕ|DN

ω )

[
B̂ϕ∇ω log pΦ(ϕ|DNω )

])]
. (3.6)

If we can sample from the posterior, then unbiased estimates of ∇ωMSBBEN(ω)

can be obtained using equation (3.6), hence minimizing the MSBBE via a stochastic

gradient descent algorithm is convergent if the standard Robbins-Munro conditions

are satisfied [Robbins and Monro, 1951]. Minimizing the MSBBE also avoids

the double-sampling problem encountered in frequentist RL, where, to minimize

the mean squared Bellman error, two independent samples from P (s′|s, a) are

required to obtain unbiased gradient estimates [Baird, 1995], which is not possible

because P (·|s, a) is unknown to the agent a priori. In BBO, this issue is avoided

by drawing two independent approximate Bellman operators B̂ϕ1 and B̂ϕ2 from

the posterior ϕ1, ϕ2 ∼ PΦ(·|DNω ) instead.

Many existing model-free Bayesian RL approaches attempt to carry out policy

evaluation by minimizing objectives similar to the MSBBE but using posterior

over Q-functions instead of the BBO posterior. As their posterior, PQ(s, a,D), has

no dependence on ω, the gradient ∇ω log pΦ(ϕ|DNω ) is not accounted for, leading

to gradient terms being dropped in the update. Stochastic gradient descent

using these updates does not optimize any objective and so may not converge

to any solution. Within the Bayesian regime, this issue extends to impacting

exploration quality. Specifically, the lack of convergence may prevent the posterior

PB(·|s, a,DNω ) from concentrating and reduces the posterior’s ability to correctly

characterize the uncertainty in the Bellman operator, undermining the benefits
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of uncertainty-based exploration. This is concretely evidenced in our empirical

evaluations in figure 3.9 in section 3.6.2.

Fellows et al. [2021] prove that under mild regularity assumptions, the posterior

concentrates on the frequentist solution ϕ⋆ω and thus the Bayesian Bellman operator

converges to the true Bellman operator B̂ϕ⋆
ω
(s, a) = EP (b|s,a,ϕ⋆

ω) [b] = EP (b|s,a,ω) [b] =

B[Q̂ω](s, a) almost surely. As every Bellman operator characterizes an MDP, any

Bayesian RL solution obtained using the BBO posterior, such as an optimal

policy or value function, is consistent with the true RL solution. When the true

distribution is not in the model class, Bϕ⋆
ω

converges to the closest representation of

the true Bellman operator according to the parameterization that maximizes the

likelihood EPB(b,s,a|ω) [log p(b, s, a|ϕ)]. This is analogous to frequentist convergent

TD learning where the function approximator converges to a parameterization that

minimizes the projection of the Bellman operator into the model class [Bhatnagar

et al., 2009, Sutton et al., 2009a,b].

3.3.3 Gaussian BBO

Before we derive the approximate inference versions of BBO in sections 3.4.1

and 3.4.2, we introduce a nonlinear Gaussian model P (b|s, a, ϕ) = N (B̂ϕ(s, a), σ2)

that is commonly used for Bayesian regression [Gal, 2016, Murphy, 2012]. The

mean of the model, B̂ϕ ≈ B[Q̂ω], is a nonlinear function approximator that best

represents the Bellman operator B[Q̂ω] and the variance σ2 > 0 represents the

aleatoric uncertainty in our samples. Ignoring the log-normalization constant cnorm,

the log-posterior is an empirical mean squared error between the empirical Bellman

samples and the model mean B̂ϕ(si, ai) with additional regularization R due to

the prior (see appendix A.1.3 for a derivation):

− log p(ϕ|DNω ) = cnorm +
N∑
i=1

(bi − B̂ϕ(si, ai))2

2σ2 +R(ϕ) (3.7)

Finding a MAP estimate of the posterior corresponds to minimizing the em-

pirical TD-target objective commonly used by frequentist approaches with target

parameters, with an additional regularization term R(ϕ) that is controlled with
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σ. Fellows et al. [2021] show that the asymptotic MSBBE minimizer under the

Gaussian regime parameterizes a TD fixed point, should it exist. Furthermore, they

also prove that the Bayesian approaches under the BBO framework and frequentist

TD approaches converge to identical solutions.

3.4 Approximate BBO

Equation (3.6) demonstrates that minimizing MSBBE is feasible with a standard

stochastic gradient descent algorithm, provided that sampling from the posterior

distribution is tractable. Our focus in this thesis is on the development of control

algorithms for complex continuous control systems. In such settings, employing

expressive nonlinear function approximators is desirable, yet introduces complexities

to the inference as the posterior normalization becomes intractable. In this

section, we look into methods for learning a tractable posterior approximation

P̂ (·|DNω ) ≈ P (·|DNω ). Concretely, these methods provide a tractable approximation

to the MSBBE:

MSBBEN(ω) =
∥∥∥Q̂ω − Bω,N

∥∥∥2

ρ,π
≈
∥∥∥∥Q̂ω −

∫
B̂ϕ dP̂Φ(ϕ|DNω )

∥∥∥∥2

ρ,π
(3.8)

3.4.1 Maximum a Posteriori BBO

Perhaps the most straightforward method for estimating the posterior within

Bayesian frameworks is through the Maximum A Posteriori (MAP) estimation.

This can be formally expressed as:

P̂Φ(·|DNω ) = δψ⋆(DN
ω ),

where ψ⋆
(
DNω

)
∈ arg max

ϕ∈Φ
log p(ϕ|DNω ).

The MAP estimation approach yields a singular point estimate of the posterior,

inherently limiting its ability to present uncertainty. This limitation restricts

the algorithm’s capability for uncertainty-driven exploration. Nonetheless, MAP

estimation remains useful for policy evaluation where the agent cannot influence

the data collection process and thus exploration is unnecessary, as it provides



3. Bayesian Bellman Operators 52

a principled way of incorporating prior knowledge and regularization into the

posterior estimation.

Substituting the MAP posterior estimate into the MSBBE in equation (3.8),

yields a MAP-approximate MSSBE objective:

MSBBEMAP(ω) ≈
∥∥∥Q̂ω − B̂ψ⋆(DN

ω )

∥∥∥2

ρ,π
(3.9)

When a fixed point Q̂ω = B̂ψ⋆
l

(DN
ω ) exists, minimizing MSBBEMAP(ω) is equiva-

lent to finding ω⋆l such that ψ⋆l (DNω ) = ω⋆l . We make a simplifying assumption that

Q̂ω and B̂ϕ share the function space, implying that Φ = Ω and Q̂ω = B̂ω ∀ ω ∈ Ω.

Under this assumption, finding the minimum of equation (3.9) is equivalent to

minimizing the following, simpler auxiliary objective:

U(ω;ψ⋆) =
∥∥∥ω − ψ⋆(DNω )

∥∥∥2

2
,

which has the advantage that deterministic gradient updates can be obtained.

U(ω;ψ⋆) can still provide an alternative auxiliary objective when a fixed point does

not exist as the minimum of equation (3.9) has the same solution as minimizing

U(ω) from section 3.4.1 for sufficiently smooth B̂ϕ.

With Gaussian likelihood, substituting the log-posterior from equation (3.7),

the MAP can be seen to minimize the following objective:

ψ⋆(DNω ) ∈ arg min
ϕ∈Φ

 N∑
i=1

(
bi − B̂ϕ (si, ai)

)2

2σ2 +R(ϕ)

 .
In order to minimize the approximate MSBBE in equation (3.8), we must

solve a system of equations that forms the following bi-level optimization prob-

lem [Bard, 1991]:

ω ∈ arg min
ω∈Ω

U(ω;ψ⋆)

ψ⋆ ∈ arg min
ϕ∈Φ

L(ϕ, ω) = arg min
ϕ∈Φ

− log(ϕ|DNω )

Solving a bi-level problem is known to be NP-hard [Bard, 1991]. To address

this challenge, we adopt a two-timescale stochastic gradient descent approach,
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introducing a variable ψ ∈ Φ to track ψ⋆(DNω ), which leads to the following updates:

ψk+1 = ψk + αk

((
r + γQ̂ωk

(s′, a′)− B̂ψk
(s, a)

)
∇ϕB̂ψk

(s, a)
)

+ σ2∇ϕR(ψk), (fast) (3.10)

ωk+1 = ωk + βk (ψk − ωk) , (slow) (3.11)

with time scales αk and βk such that limk→∞ βk/αk = 0. In theory, these updates

require projection operators that project the parameters back onto their compact

spaces, but we omit them for clarity as they are rarely required in practice.

As the parameters ωk are updated on a slower timescale, they lag the parameters

ψk. These parameters share a similar role to the lagged critic parameters that have

been shown to stabilize many model-free TD algorithms [Mnih et al., 2015]. We refer

to algorithms that minimize the MSBBE in this way as gradient BBO, as they take

the posterior’s dependence of Q̂ω into account. In our experiments (section 3.6),

we also test a version, which we refer to as direct BBO, where we ignore this

dependency by setting B̂ϕ = Q̂ω and thus effectively ignoring the slow update.

3.4.2 Randomized Priors BBO

One of the primary advantages of adopting a Bayesian framework in RL is its

systematic handling of uncertainty. Bayesian methods enable the development of

algorithms that explore efficiently by leveraging their understanding of uncertainty

within the MDP. While the MAP estimates introduced in the previous section

provide a solid approach for policy evaluation, their inability to capture the

posterior’s uncertainty renders them ineffective in control scenarios. This necessitates

a shift towards more advanced posterior approximation techniques in order to

develop methods for control.

In this section, we present an approximate BBO using Randomized Priors [Os-

band et al., 2018, 2019b]. Although BBO is compatible with any tractable

approximate inference approach, existing works show that RP uncertainty estimates

are conservative [Ciosek et al., 2020, Pearce et al., 2019] with strong empirical
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performance in RL [Osband et al., 2018, 2019b] for the Gaussian model that

we focus on in this chapter.

As discussed in section 2.1.5, Randomized Priors injects noise into the MAP

point estimate through the prior and thereby provides a tractable method for

obtaining an approximation of a generally-intractable posterior and effectively

characterizing uncertainty. Specifically, RP introduces a noise variable ϵ ∈ E with

distribution PE(ϵ) where the density pE(ϵ) has the same form as the prior.

The practical RP uses ensembling [Osband et al., 2018], where L prior ran-

domizations EL := {ϵl}Ll=1 are first drawn from PE. To use RP for BBO, we write

the Q-function approximator as an ensemble of L parameters ΩL := {ωl}Ll=1 where

Q̂ω = 1
L

∑L
l=1 Q̂ωl

and assume a prior with a density of the form p(ϕ) ∝ exp(R(ϕ)).

We find the solution to the prior-randomized MAP objective for each ensemble

member l ∈ {1 : L}:

ψ⋆l (ωl) ∈ arg min
ϕ∈Φ

L(ϕ;DNωl
, ϵl), (3.12)

with L(ϕ;DNωl
, ϵl) := 1

N

(
R(ϕ− ϵl)−

N∑
i=1

log p(bi|si, ai, ϕ)
)
. (3.13)

The RP solution ψ⋆l (ωl) has dependence on ωl that mirrors the BBO posterior’s

dependence on ω. To construct the RP approximate posterior P̂ (ϕ|DNω ), we

average the set of perturbed MAP estimates over all ensembles: P̂ (ϕ|DNω ) :=
1
L

∑L
l=1 δ(ϕ ∈ ψ⋆l (ωl)). To sample from the RP posterior ϕ ∼ P̂ (·|DNω ), we sample

an ensemble uniformly l ∼ Unif({1 : L}) and set ϕ = ψ⋆l (ωl).

The RP approximate posterior P̂ (ϕ|DNω ) depends on the ensemble of Q-function

approximators Q̂ωl
and, just like with MAP BBO, we must learn an ensemble of

optimal parameterizations ω⋆l . Following the same procedure as with section 3.4.1,

we substitute P̂ (ϕ|DNω ) for the true posterior in equations (3.1) and (3.4) to derive

an approximate ensembled randomized-prior MSBBE:

MSBBERP(ωl) := ∥Q̂ωl
− B̂ψ⋆

l
(ωl)∥

2
ρ,π, (3.14)

from which we can, again, derive a simplified auxiliary objective:

U(ωl;ψ⋆l ) := ∥ωl − ψ⋆l (DNω )∥2
2. (3.15)
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Optimizing the system of equations

ωl ∈ arg min
ω∈Ω

U(ω;ψ⋆l )

ψ⋆l ∈ arg min
ϕ∈Φ

L(ϕ;DNωl
, ϵl)

is exactly equivalent to finding a prior-randomized MAP solution for each ensemble

member, which we solve with the same two-timescale gradient approach that was

introduced for MAP BBO in section 3.4.1. Specifically, we introduce an ensemble

of parameters ΨL := {ψl}Ll=1 to track ψ⋆l (ωl) and adopt a two-timescale gradient

update for each l ∈ {1 : L} on the RP objectives:

ψl,k+1 = ψl,k − αk∇ψl,k
(R(ψl,k − ϵl)− log p(b|s, a, ψl,k)) , (fast) (3.16)

ωl,k+1 = ωl,k − βk(ωl,k − ψl,k), (slow) (3.17)

where αk and βk are asymptotically faster and slower step sizes respectively. From

a Bayesian perspective, we are concerned with characterizing the uncertainty after

a finite number of samples N <∞ and hence (bi, si, ai) should be drawn uniformly

from the dataset DNωl
to form estimates of the summation in equation (3.13). When

compared to existing RL algorithms, sampling from DNωl
is analogous to sampling

from a replay buffer [Mnih et al., 2015].

As ωl are updated on a slower timescale, they lag the parameters ψl. When

deriving a Bayesian actor-critic algorithm in section 3.5, we demonstrate that these

parameters share a similar role to a lagged critic. There is no Bayesian explanation for

these parameters under existing approaches: when applying approximate inference

to the posterior over the Q-function to PQπ(·|s, a,DN), the RP solution ψ⋆l has

no dependence on ωl. Hence, minimizing U(ωl;ψ⋆l ) and the approximate MSBBE

has an exact solution by setting ω⋆l = ψ⋆l . In this case, Q̂ω⋆
l

= B̂ψ⋆
l
, meaning

that existing approaches do not distinguish between the Q-function and Bellman

operator approximators.
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3.5 Bayesian Bellman Actor-Critic

Having established a practical method for approximate inference and characterizing

uncertainty in the BBO framework, this section introduces a Bayesian analog of

the actor-critic framework for solving continuous control problems.

Our algorithm relies on posterior sampling [Osband et al., 2018, 2019b] as a

tractable approach for exploration. To carry out posterior sampling, we sample an

MDP ϕ ∈ Φ from our posterior and then follow an optimal policy π⋆ϕ ∈ arg maxπ J(π|ϕ)

for that ϕ.

For a given MDP ϕ ∼ Pϕ(·|DNω ), drawn from the posterior, and assuming

Q̂ω⋆ = Bω⋆,N , we can write the Q-function in terms of the Bellman operator as:

Qπ(s, a, ϕ) =
∫
r + γQ̂ω⋆(s′, a′) dP π(r, s′, a′|s, a, ϕ)

=
∫
b dP (b|s, a, ϕ)

= B̂ϕ(s, a),

We can find an optimal policy π⋆ϕ ∈ arg maxπ J(π|ϕ) by optimizing:

J(π|ϕ) =
∫ ∫

Qπ(s, a, ϕ) dπ(a|s) dρ(s)

=
∫ ∫

B̂ϕ(s, a) dπ(a|s) dρ(s)

= E
ρ,π

[
B̂ϕ

]
.

Under our RP approximation the optimization becomes:

arg max
π

J(π|ϕ⋆(ϵ;DNω )) = arg max
π

E
ρ,π

[
B̂ϕ⋆(ϵ;DN

ω )

]
. (3.18)

Solving equation (3.18) within our RP setup adds another optimization level

and leads to the following nested optimization problem:

π⋆ ∈ arg max
π

J(π;ψ⋆), (Actor) (3.19)

ω⋆ ∈ arg min
ω
U(ω;ψ⋆), (Target Critic) (3.20)

ψ⋆ ∈ arg min
ψ
L(ψ;DNω ). (Critic) (3.21)
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To highlight the similarity between this system and the commonly used actor-

critic algorithms [Konda and Tsitsiklis, 2000], we label each objective with its

corresponding component in the actor-critic system. The approximate inference

parameters ψ⋆ are analogous to the critic parameters, the auxiliary objective

parameters ω⋆ can be interpreted as target critic parameters which lag the critic

parameters, while π is the actor.

In practice, we learn a parametric policy πθ with parameters θ, for which the

actor gradient is defined as:

∇θJ(θ;ψ⋆) = E
ρ,π

[
∇θ log πθ(a|s)B̂ϕ(s, a)

]
. (3.22)

Finally, to account for the ensembling introduced for RP, we introduce an

ensemble of L policies πθl
parameterized by ΘL := {θl}Ll=1, matching the L critic

and target ensemble components. Each πθl
optimizes the actor loss (equation (3.19))

with respect to its corresponding target critic parameters ψl: θ⋆l ∈ arg maxθ J(θ|ψl).

We use the Gaussian BBO model introduced in section 3.3.3 with a Gaussian

prior such that R(ϕ) = 1
2 ∥ϕ− ϕ0∥2

2, which results in the following log-posterior:

− log p(ϕ|DNω ) = cnorm +
N∑
i=1

(
bi − B̂ϕ(s, a)

)2

2σ2 + 1
σ2

0
∥ϕ− ϕ0∥2

2

Plugging these into the RP objectives from section 3.4.2, we get the following

gradient updates for our objectives:

ψl,k+1 = ψl,k − αk
( (

B̂ψl,k
(s, a)− (r + γQ̂ωl,k

(s′, a′))
)
∇B̂ψl,k

(s, a)

+ σ2

σ2
0

(ψl,k − ϵl − ϕ0)
)
, (critic) (3.23)

ωl,k+1 = ωl,k − βk (ωl,k − ψl,k) , (target critic) (3.24)

θl,k+1 = θl,k − ζk∇θ log πθl,k
(a|s)B̂ϕl,k

(s, a), (actor) (3.25)

where (s, a, s′, r) are sampled from the dataset D and actions a′ ∼ πθl
(·|s′). The

actor is updated on a slower timescale than the target critic, such that βk > ζk.

Similarly, the target critic parameters ωl are updated on a slower timescale than

the critic parameters, which mimics the target critic parameter update schedule

in frequentist approaches [Haarnoja et al., 2018d, Mnih et al., 2015].
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B̂ψl
(s, a)

L

πθ†(a|s)

πθl(a|s)
L

Critics
Exploration
Policies

Behavioural
Policy

a ∼ πθi(a|s)

r = r(s′, a, s)

i ∼ Unif([1, ...L])

Environment

Target Critics

s′ ∼ P (s′|s, a)

Q̂ωl
(a, s)

L

Figure 3.2: Schematic of Randomized-Prior Bayesian Bellman Actor-Critic (RP-BBAC).

The resulting algorithm, which we call Randomized-Prior Bayesian Bellman

Actor-Critic (RP-BBAC), is listed in algorithms 1 to 3 and visually summarized

in figure 3.2. The algorithm begins by initializing the model parameters, including

the L prior randomizations EL.

RP-BBAC closely resembles the traditional actor-critic algorithms, as can be

seen from the overall interaction loop between lines 4 and 14. One notable difference

to existing frequentist approaches can be seen in line 5: at the start of each episode,

RP-BBAC selects an exploratory actor in accordance with its current uncertainty

in the MDP characterized by the approximate RP posterior. This encourages deep

exploration (as discussed in section 2.2.5), where exploration not only considers

immediate information gain but also the consequences of exploratory actions on

future learning. RP-BBAC’s exploration is also adaptive in that the actions from

an exploration policy are directed towards minimizing epistemic uncertainty in the

MDP and the posterior variance reduces as more data is collected.

Following Nenv environment samples, the model posteriors are updated with

algorithm 2. Mirroring a typical actor-critic setup, lines 7, 9 and 13 update the critic,

critic target, and policy according to equations equations (3.23) to (3.25) from above.
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Algorithm 1 RP-BBAC
1: Initialize ΘL,ΩL,ΨL, EL, θ† and D ← ∅
2: Sample prior randomizations EL ∼ PE
3: Sample initial state s ∼ P0
4: while not converged do
5: Sample policy θl ∼ Unif(ΘL)
6: for n ∈ {1, ...Nenv} do
7: Sample action a ∼ πθl

(·|s)
8: Observe next state s′ ∼ P (·|s, a)
9: Observe reward r = r(s′, a, s)

10: D ← D ∪ {s, a, r, s′}
11: end for
12: ΘL,ΩL,ΨL ← UpdatePosterior(ΘL,ΩL,ΨL, EL,D) ▷ Algorithm 2
13: θ† ← UpdateBehavioralPolicy(θ†,ΨL,D) ▷ Algorithm 3
14: end while

Algorithm 2 UpdatePosterior(ΘL,ΩL,ΨL, EL,D)
1: k ← 0
2: while not converged do
3: Sample mini-batch of transitions T ∼ D
4: for l ∈ {1, ...L} do
5: for {si, ai, ri, s′

i} ∈ T do
6: a′

i ∼ πθl
(·|s′

i)
7: ψl ← ψl − αk

|T |∇ψl
L̂iBBAC(ψl) ▷ Update critic (equation (3.23))

8: end for
9: ωl ← ωl − βk(ωl − ψl) ▷ Update critic target (equation (3.24))

10: Sample batch Bl of states from s ∼ d(·)
11: for s ∈ Bl do
12: a ∼ πθl

(·|s)
13: θl ← θl + ζk

|Bl|
∇θl

πθl
(a|s)B̂ϕl

(s, a) ▷ Update policy (equation (3.25))
14: end for
15: end for
16: k ← k + 1
17: end while

Finally, the exploration policies may not perform well at test time, so we learn

a behavioral, or exploitation, policy πθ†(a|s) parameterized by θ† ∈ Θ from the

data collected by our exploration policies using the ensemble of critics: {B̂ψl
}l=1:L.

Theoretically, this is the optimal policy for the Bayesian estimate of the true

MDP by using the approximate posterior to marginalize over the ensemble of

Bellman operators. Furthermore, we augment our behavior policy objective with
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Algorithm 3 UpdateBehavioralPolicy(θ†,ΨL,D)
1: k ← 0
2: while not converged do
3: Sample mini-batch of states B ∼ D
4: for s ∈ B : do
5: a ∼ π(·|s)
6: θ† ← θ† + αk

|B|∇θ† Ĵ(θ†; s, a,ΨL) ▷ Equation (3.26)
7: end for
8: k ← k + 1
9: end while

entropy regularization:

Ĵ(π|ΨL) = E
ρ,π

[
1
L

L∑
l=1

B̂ψl
+ αH(π)

]
, (3.26)

allowing us to combine the exploratory benefits of posterior sampling with the faster

convergence rates and algorithmic stability of regularized RL [Vieillard et al., 2020].

The full RP-BBAC algorithm is summarized in algorithm 1.

3.5.1 Related Work

Existing model-free Bayesian RL approaches assume either a parametric Gaus-

sian [Fortunato et al., 2018, Gal and Ghahramani, 2016, Lipton et al., 2018, Osband

et al., 2018, 2019b, Touati et al., 2019] or Gaussian process regression model [Engel

et al., 2003, 2005]. Value-based approaches use the empirical Bellman function

bω(s′, a, s) = r(s′, a, s) + γmaxa′ Q̂ω(s′, a′) whereas actor-critic approaches use the

empirical Bellman function bω(s′, a′, s, a) = r(s′, a, s) + γQ̂ω(s′, a′). As we alluded

to earlier, existing methods that use bootstrapping inadvertently approximate

the posterior predictive over Q-functions with the BBO posterior predictive

PQπ(·|s, a,DN ) ≈ PB(·|s, a,DNω ). These methods minimize an approximation of the

MSBBE where the Bayesian Bellman operator is treated as a supervised target,

ignoring its dependence on ω: gradient descent approaches drop gradient terms

and fitted approaches iteratively regress the Q-function approximator onto the

Bayesian Bellman operator Q̂ωk+1 ← Bωk,N . In both cases, the updates may not

be a contraction mapping for the same reasons as in non-Bayesian TD [Tsitsiklis
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and Van Roy, 1997] and so it is not possible to prove general convergence. The

additional Bayesian regularization introduced from the prior can lead to convergence,

but only in specific and restrictive cases [Antos et al., 2007, 2008, Brandfonbrener

and Bruna, 2019, Feng et al., 2019].

We emphasize the importance of sampling the exploration policy from the

posterior (line 5). Many existing methods, even those employing ensembles, naïvely

apply approximate inference to the Bellman error, treating B[Qπ(s, a)] and Qπ(s, a)

as independent variables [Fortunato et al., 2018, Gal and Ghahramani, 2016, Lipton

et al., 2018, Touati et al., 2019]. This leads to unreliable uncertainty estimates

as the Bellman error cannot correctly propagate the uncertainty [O’Donoghue

et al., 2018, Osband et al., 2018, 2019b]. Osband et al. [2019b] demonstrate that

this can cause uncertainty estimates of Qπ(s, a) at some (s, a) to be zero and

propose BootDQN+Prior as an alternative to achieve deep exploration. BBO

does not suffer from this issue as the posterior characterizes the uncertainty in

the Bellman operator directly.

One of our primary objectives is to develop a Bayesian algorithm for continuous

control. Because of its reliance on the arg max operator, BootDQN+Prior is

not applicable for continuous action spaces or large discrete action domains, as a

nonlinear optimization problem must be solved every time an action is sampled.

Similarly, Bayesian Q-Learning [Dearden et al., 1998] applies only to discrete

environments with tabular value functions. In contrast, our RP-BBAC algorithm

serves as a continuous-action analog to BootDQN+Prior, maintaining Bayesian

principles for exploration while scaling to more complex action domains.

3.6 Experiments

3.6.1 Convergent Nonlinear Policy Evaluation

To provide evidence for the convergence and consistency results under posterior

approximation, we evaluate BBO in several nonlinear policy evaluation experiments

that are constructed to present a convergence challenge to TD algorithms. As the

policy is fixed for these experiments, there is no benefit to characterizing uncertainty
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in the MDP, hence all implementations use the MAP updates, introduced in

section 3.4.1, with a truncated Gaussian prior pΦ(ϕ) ∝ 1
2σ2

0
∥ϕ− ϕ0∥2

2, resulting

in the following updates:

ψk+1 = ψk + αk
( (
r + γQ̂ωk

(s′, a′)− B̂ψk
(s, a)

)
∇ϕB̂ψk

(s, a)
)

+ σ2

σ2
0
(ψk − ϕ0), (fast) (3.27)

ωk+1 = ωk + βk (ψk − ωk) . (slow) (3.28)

We set ϕ0 to our initial estimate of the value function parameters, which is

initialized using a Glorot uniform initialization. All practical details of these

experiments are found in appendix A.2.2.
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Figure 3.3: Learning curves in the
Tsitsiklis counterexample.

We begin by verifying the convergence of

nonlinear Gaussian BBO in the famous coun-

terexample task of Tsitsiklis and Van Roy [1997],

in which the TD(0) algorithm is provably diver-

gent. We also include results for the frequentist

nonlinear TDC and GTD2 [Bhatnagar et al., 2009],

which extend the convergent linear TDC and GTD2

algorithms [Sutton et al., 2009a] to nonlinear

function approximators by using a linear model with a basis vector that is a

local linearization of the value function. The results are presented in figure 3.3,

where we plot the mean squared error between the true value function and the

approximate value function vs. training time steps. As expected, TD(0) diverges,

while BBO converges to the optimal solution in the same way as convergent

frequentist nonlinear TDC and GTD2 [Bhatnagar et al., 2009].

Most interesting real-world tasks demand the use of expressive function ap-

proximators such as neural networks. Despite their lack of theoretical convergence

guarantees, neural networks have been successfully used in practice for estimating

value functions in a wide range of recent reinforcement learning applications. The

gradient BBO algorithms can be shown to be a provably convergent method
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for policy evaluation with runtime complexity that is linear in the dimension of

the parameter space [Fellows et al., 2021]. In this experiment, we evaluate the

convergence properties empirically by applying BBO to a nonlinear regime with

neural network function approximators.

We consider three policy evaluation tasks commonly used to test convergence of

nonlinear TD using neural network function approximators: 100-Link Pendulum

[Dann et al., 2014], Puddle World [Boyan and Moore, 1995], and Mountain Car [Boyan

and Moore, 1995]. As we alluded to earlier in section 3.4.1, we refer to algorithms

that update the parameters according to both the fast and slow update rules in

equations (3.27) and (3.28) as gradient BBO as they take the posterior’s dependence

of Q̂ω into account and thus minimize the MSBBE exactly. We also test a version,

which we refer to as direct BBO, where we ignore this dependence by setting

B̂ϕ = Q̂ω and thus effectively ignoring the slow update in equation (3.28). This

corresponds to the update that existing model-free Bayesian RL approaches would

take when they apply bootstrapping to their samples.

Our experiments are designed to (1) verify BBO’s convergence and consistency

properties in nonlinear regime, especially in cases where not all theoretical as-

sumptions are fulfilled exactly, (2) to investigate the effect of sampling from the

BBO posterior (gradient methods) vs sampling from the posterior over Q-functions

with bootstrapping (direct methods), and (3) investigate the effect of additional

regularization in BBO due to the prior.

Results

The results are presented in figure 3.4, which reports the root of the mean-squared

error MSE(ω) := ∥V π − V̂ω∥2
2 between the true value function V π and the learned

value function V̂ω. Gradient BBO with prior quickly converges to a good solution in

all tasks, outperforming the non-Bayesian and direct BBO variants as well as other

nonlinear methods (note that direct BBO without prior corresponds to vanilla

TD(0)) across all tasks. Given that both the bi-level optimization and the prior
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Figure 3.4: BBO: Nonlinear policy evaluation results.

alone perform worse than Bayesian gradient BBO, the speed and quality of the

solution can be attributed to their combination.

Furthermore, while not a direct measure, the convergence to near-zero MSE

in 100-Link Pendulum and Mountain Car tasks provides empirical evidence of

the algorithm’s consistency with the frequentist methods. An observant reader

might wonder where the residual error in the Puddle World task comes from. We

briefly discuss this in appendix A.2.3.

We thus conclude that i) by ignoring the posterior’s dependence on ω, existing

model-free Bayesian approaches are less stable and perform poorly in comparison

to the gradient-based MSBBE minimization approach in equation (3.6), ii) reg-

ularization from a prior can improve performance of policy evaluation by aiding

the optimization landscape [Du et al., 2017], and iii) better solutions in terms of

mean squared error can be found using BBO instead of the local linearization

approach of nonlinear TDC/GTD2 [Bhatnagar et al., 2009].

3.6.2 Exploration for Continuous Control

We now evaluate RP-BBAC in continuous control tasks to showcase the benefits

of BBO. We have two main goals for these experiments. First, we test the

performance of algorithms derived from the BBO framework in continuous control

tasks, where success requires solving a challenging deep exploration problem. Second,

we investigate the empirical implications of ignoring the dependence of the TD error
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Figure 3.5: Learning curves in continuous control tasks with sparse rewards.

on the function approximator within the bootstrapping process of existing model-

free Bayesian RL. Additionally, we investigate scenarios in which our RP-BBAC

algorithm underperforms or fails to accomplish the tasks, highlighting the algorithm’s

limitations in more challenging settings. All practical details of our experiments

can be found in appendix A.3.

Lower Dimensional Sparse-Reward Tasks.

In many benchmark tasks for continuous RL, such as the locomotion tasks from

MuJoCo Gym suite [Brockman et al., 2016], the environment reward is shaped

to provide a smooth gradient towards a successful task completion and naïve

Boltzmann dithering exploration strategies from regularized RL can provide a

strong inductive bias. In practical real-world scenarios, dense rewards are difficult

to specify by hand, especially when the task is learned from raw observations like

images. To demonstrate the exploration benefits of RP-BBAC, we first focus on

a set of continuous control tasks with sparse rewards as continuous analogues of

the discrete experiments used to test BootDQN+Prior [Osband et al., 2018]:

MountainCar-Continuous-v0 from Gym benchmark suite and a slightly modified

version of the cartpole-swingup_sparse from DeepMind Control Suite [Tassa

et al., 2018]. Both environments have a sparse reward signal and penalize the agent

proportional to the magnitude of executed actions. As the agent is always initialized

in the same state, it has to deeply explore costly states in a directed manner for

hundreds of steps until it reaches the rewarding region of the state space.
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We compare RP-BBAC with two variants of the state-of-the-art Soft Actor-

Critic (SAC): one that is the exact algorithm presented in [Haarnoja et al., 2018d];

SAC*, which is a tailored version of the original, which uses a single Q-function

to avoid pessimistic underexploration [Ciosek et al., 2019] due to the use of the

double-minimum-Q trick (see appendix A.3 for details); and third, ICM, which

refers to SAC augmented with intrinsic curiosity [Pathak et al., 2017] to provide

a baseline of a modern exploration algorithm. Additionally, to understand the

practical consequences of ignoring the dependence of the TD error on the function

approximator within the bootstrapping process of existing Bayesian model-free

methods, we also compare with BAC which is a variant of RP-BBAC where

Q̂ω⋆
l

= B̂ψ⋆
l
, thereby ignoring the target critic updates in equation (3.24). As we

discussed in section 3.4.2, BAC is the Bayesian Actor-Critic that results from

applying RP approximate inference to the posterior over Q-functions used by

existing model-free Bayesian approaches with bootstrapping, so its choice of a

benchmark allows us to evaluate the empirical benefits of using BBO vs the existing

model-free Bayesian RL framework.

The results are shown in figure 3.5. Due to the lack of smooth signal towards

the task completion, SAC consistently fails to solve the tasks and converges to

always executing the 0-action due to the action cost term, while SAC* achieves

the goal in one out of five seeds thanks to a fortuitous parameter initialization.

The performance of BAC is unstable and the algorithm fails to converge to an

optimal policy. ICM, driven by intrinsic curiosity is similarly able to solve both

of the tasks. Its slightly lower performance in the Cartpole task stems from one

of the five random seeds that did not converge within the experiment window.

This is likely attributable to learning instabilities in the underlying SAC rather

than inadequate exploration, given that the underperforming seed still achieves

the sparse reward. RP-BBAC similarly solves both tasks across all five seeds,

providing evidence of its exploration capabilities.

To further understand the reasons behind the poor performance of BAC, SAC,

and SAC*, we provide a state support analysis for MountainCar-Continuous-v0.
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The plots in figure 3.7 confirm the deep, adaptive nature of RP-BBAC’s exploration,

which leads the agents to systematically explore regions of the state-action space

with high uncertainty. In the beginning, even when the actions are costly and no

positive rewards are encountered, there still exists ensemble members whose value

are optimistic under uncertainty. At T = 9000, the agent has not yet discovered any

reward from the environment, but the disagreement between ensemble members

drives the algorithm to deeply explore the state space to reflect the uncertainty that

the agent has over undiscovered states that could yield high returns. At around

T = 14000 (not shown in the plot), the agent achieves the goal for the first time

and the value functions start to shape towards the optimal solution, demonstrating

that the posterior concentrates and thus limiting further exploration and preventing

the agent from revisiting sub-optimal states.

The same analysis for SAC and SAC* confirms the inefficiency of the exploration

typical of RL as inference: the agent avoids costly actions that would ultimately lead

to rewarding states, thus repeatedly exploring actions that lead to poor performance

and rarely explores beyond its initial state. This is corroborated by the value

functions, which are prematurely driven to sub-optimal solutions. In comparison

to RP-BBAC, SAC’s exploration is myopic and is not adaptive, with the agent

failing to explore beyond the sub-optimal solution that its value functions have

converged to, repeatedly taking actions that, even by its own incorrect belief

in the MDP are sub-optimal.

Finally, the state support analysis for BAC in appendix A.3.1 confirms that

by using the posterior over Q-functions with bootstrapping, it cannot accurately

capture the epistemic uncertainty in the MDP. Initially, exploration is similar to

RP-BBAC: at T = 9000, the agent has not yet discovered any reward from the

environment and the disagreement between ensemble members drives the algorithm

to explore the state space similarly as with BBAC (see figure 3.7). However, as

time progresses, the ensembles never concentrate with increasing number of samples,

which can be attributed to the convergence issues that stem from ignoring the

posterior’s dependence on ω. Thus the approximate posterior cannot adequately
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characterize the epistemic uncertainty and the residual stochasticity continues to

drive exploration even when the agent should have learned to ignore actions that

do not lead to increased returns. In comparison to SAC, the initial uncertainty

estimates enable the BAC to reach the goal but, because the Q-function learning

is unstable without target networks and the agent spends more time re-exploring

around the origin than BBAC.

The results in figure 3.5 demonstrate that the theoretical issues with existing

approaches have negative empirical consequences, verifying that it is essential

for Bayesian model-free RL algorithms with bootstrapping to sample from the

BBO posterior as BAC fails to solve both tasks where sampling from the correct

posterior in RP-BBAC succeeds. In appendix A.3.2, we further investigate RP-

BBAC’s sensitivity to randomized prior hyperparameters. The range of working

hyperparameters in these lower-dimensional tasks is wide and easy to tune.

We conclude from these experiments that: 1) due to its sophisticated, deep

exploration capabilities, algorithms derived from the BBO framework can solve

continuous control tasks at which state-of-the-art regularized actor-critic algorithms

fail catastrophically; and 2) the issues associated with applying bootstrapping to

existing model-free Bayesian approaches prevent an agent accurately quantifying

uncertainty which has negative empirical impact on performance. This verifies

that it is essential for Bayesian model-free RL algorithms with bootstrapping to

sample from the BBO posterior.

Limitations in Higher-Dimensional Humanoid Task.

While our experiments on lower-dimensional tasks highlight the strengths of RP-

BBAC, we also identified notable limitations when scaling to more complex, high-

dimensional environments. To investigate this, we evaluate RP-BBAC and SAC in

two variants of the OpenAI Gym [Brockman et al., 2016] Humanoid-v3 task. In the

dense-reward setting, we used the original environment that provides a dense set of

shaping terms. In the sparse-reward version, we remove all the positive shaping
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terms and disable the premature episode termination: the agent receives a positive

reward only if it has moved at least five meters from the origin.

Dense-Reward Setting. In previous sections, we noted how SAC’s use of the

double-minimum-Q trick heavily hinders its exploration capabilities. In dense-

reward environments, however, this pessimistic underexploration [Ciosek et al.,

2020] provides a strong inductive bias that helps to avoid exploring wasteful areas of

the state space. As can be seen in figure 3.6, SAC learns a stable and fast-running

policy, achieving high returns, in just around 107 steps.

By contrast, RP-BBAC progresses much more slowly, barely making any

progress after having learned to stay up. Its deep exploration in the high-dimensional

state space becomes wasteful when the environment’s dense reward already provides

sufficient gradient information to guide learning. Consequently, RP-BBAC still

focuses on exploration, struggling to match the performance that SAC achieves

by exploiting the dense reward structure.

In theory, given enough training time, the RP-BBAC policy would likely

converge to a high-value solution similar to SAC but this will likely take an

infeasibly long time in practice. We note that there also exists a trade-off here: in

principle, one could adjust RP-BBAC’s parameters to reduce exploration. For

example, using an ensemble size of one would make RP-BBAC very close to

the original SAC (that does not rely on double-Q trick) [Haarnoja et al., 2018b].

However, we maintain an ensemble size of 8 to remain consistent with other tasks

and to highlight the exploration-focused design of our approach.

Sparse-Reward Setting. In the sparse variant, neither SAC nor RP-BBAC

demonstrate progress within the experiment’s time horizon. Given SAC’s myopic

exploration, it predictably fails to discover the distant sparse reward. Although

RP-BBAC is designed for deeper exploration, it also struggles to complete the task.

While its exploration strategy occasionally uncovers novel states, even millions of

steps are insufficient to reliably reach the distant reward in this high-dimensional

domain. This negative result is consistent with prior observations: to the best of our
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knowledge, no method at the time of original publishing of BBO had demonstrated

success on such sparse humanoid task. More recent work [Tasdighi et al., 2024]

has shown some progress in solving the task.

These results highlight two key points. First, in dense-reward tasks, RP-BBAC’s

deep exploration can be counterproductive, as it can over-explore and fail to leverage

the guidance provided by rich and frequent reward signals. Second, truly sparse,

high-dimensional tasks pose significant challenges for both SAC and RP-BBAC.

Although RP-BBAC offers stronger directed exploration, the complexity and

size of the humanoid state space, combined with sparse rewards, renders learning

prohibitively difficult within a typical training budget. Addressing these challenges

likely requires more sophisticated Bayesian exploration, improved approximate

inference, larger compute budgets, and improved priors.

Overall, these findings emphasize that, while RP-BBAC excels at deep ex-

ploration in lower-dimensional tasks, additional research is required to address

its limitations — and those of deep exploration methods in general — in high-

dimensional, sparse-reward settings.
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Figure 3.7: Diagnostics throughout learning of BBAC in MountainCar-Continuous-v0
environment. (Top) Expected Q-values for each ensemble member (L = 8) over
environment states (position, velocity). (Bottom) State visitation plots show how the
covered states evolve during learning. The deep, adaptive exploration carried out by
BBAC leads to the agent systematically exploring regions of the state-action space
eventually leading to successful task completion.



3. Bayesian Bellman Operators 71

position

1
0

velocity1
0

1
0.0

0.2

T = 1000

position

1
0

velocity1
0

1 4
5
6

T = 3000

position

1
0

velocity1
0

1

8

9

T = 9000

position

1
0

velocity1
0

1 3.0
0

3.2
5

3.5
0

T = 27000

position

1
0

velocity1
0

1 0.3
0.2
0.1

T = 81000

1 0
position

1.0

0.5

0.0

0.5

1.0

ve
lo

cit
y

1 0
position

1.0

0.5

0.0

0.5

1.0

1 0
position

1.0

0.5

0.0

0.5

1.0

1 0
position

1.0

0.5

0.0

0.5

1.0

1 0
position

1.0

0.5

0.0

0.5

1.0

0

3

6
9

0

3

6
9

0

3

6
9

0

3

6
9

0

3

6
9

a
[Q

(,
a)

]

Figure 3.8: Diagnostics throughout learning of SAC in MountainCar-Continuous-v0
environment. (Top) Ensemble values over environment state (position, velocity). Notice
the local maximum in the Q functions around the initial state at T = 27000. Similar,
but more subtle maximum exists at T = 9000. (Bottom) State visitation plots show how
the covered states evolve during learning. Due to the naïve exploration, SAC repeatedly
explores actions that lead to poor performance and rarely explores beyond the initial
state.

3.7 Conclusion
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In this section, we introduced the Bayesian

Bellman Operators (BBO) framework, to ad-

dress the limitations of existing Bayesian model-

free algorithms that use bootstrapping. Using

this framework, we derived a practical policy

evaluation method and introduced the Bayesian

Bellman Actor-Critic (BBAC) algorithm for

continuous control. Our experiments demon-

strated the algorithm’s consistency and conver-

gence properties in the policy evaluation setting.

Similarly, in control setting, BBAC demonstrated deep and adaptive exploration

capabilities driven by the agent’s uncertainty of the environment. Our results are
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Figure 3.9: Diagnostics throughout learning of BAC in MountainCar-Continuous-v0
environment. (Top) Expected Q-values for each ensemble member (L = 8) over
environment states (position, velocity). (Bottom) State visitation plots show how the
covered states evolve during learning. The agent is able to reach the goal but, due to
unstable learning, spends more time exploring around the origin than BBAC.

encouraging and hopefully underscore the potential for wider adoption of model-free

Bayesian paradigm for continuous RL applications.

Despite these promising outcomes, our experiments in higher-dimensional do-

mains highlight that Bayesian exploration methods are not a panacea. Evidently,

even truly Bayes-optimal strategies become intractably expensive to deploy in

complex, tabula-rasa scenarios, especially without informative priors. To overcome

these challenges, we will turn our focus in the next chapter to transfer learning

techniques, which aim to incorporate additional sources of knowledge and thereby

mitigate the inefficiencies of tabula-rasa learning.
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4.1 Introduction

While Reinforcement Learning (RL) algorithms have recently achieved remarkable

success across a range of domains [Lillicrap et al., 2015, Mnih et al., 2015, Silver

et al., 2017], they remain sample inefficient [Abdolmaleki et al., 2018, Haarnoja et al.,

2018b] and are therefore of limited use for many real-world control applications.

To efficiently tackle novel situations, intelligent agents discover and reuse skills at

multiple levels of behavioral and temporal abstraction. For example, in manipula-

tion domains, beneficial abstractions could include low-level instantaneous motor

primitives as well as longer-horizon higher-level object manipulation strategies.

Equipping lifelong reinforcement learners [Parisi et al., 2019] with the capability to

learn throughout their lifespan and utilize such skill abstractions could significantly

enhance their applicability in the real world.

To this end, two paradigms have recently been introduced. KL-regularized

RL [Galashov et al., 2019, Teh et al., 2017] presents an intuitive approach for

data-driven behavior transfer in multi-task learning. It facilitates skill reuse by

regularizing policy behavior towards a task-agnostic prior, which is learned by

distilling common behaviors across multiple tasks into it, thus encouraging the reuse

of common behaviors across tasks. Concurrently, hierarchical RL also enables skill

discovery [Haarnoja et al., 2018a, Hausman et al., 2018, Merel et al., 2020, Wulfmeier

et al., 2020a,b] by considering a two-level hierarchy in which the high-level policy is

task-conditioned, while the low-level remains task-agnostic. The lower level of the

hierarchy therefore discovers skills that are transferable across tasks. Both behavior

priors and hierarchy offer their own skill abstraction. However, when combined,

hierarchical KL-regularized RL can discover multiple abstractions. While some

attempts have been made to combine these methods [Goyal et al., 2019, Liu et al.,

2022, Tirumala et al., 2019, 2020], the effectiveness of such integrations in enhancing

transfer learning has been inconsistent, with some approaches, such as that by

Tirumala et al. [2019], failing to show considerable performance improvements.

The success of transferring skills using the aforementioned hierarchical and KL-

regularized RL methods is highly dependent on the appropriate choice of information
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asymmetry (IA). IA involves strategically masking information across different parts

of the architecture to encourage independent and, ideally, generalized behaviors

across the masked dimensions [Galashov et al., 2019]. For instance, self-driving

vehicles can learn universal skills by basing the prior only on the local proprioceptive

information, thus remaining agnostic to global coordinates. Similarly, in robotic

manipulation, ignoring certain object characteristics like shape or weight allows the

robot to develop generalizable grasping techniques that are independent of these

factors. The choice of IA influences the behaviors learned and their transferability.

Prior studies have based their IA choices on intuition and domain-independent

considerations, often exploring only a limited range of asymmetries (see table 4.1),

which can limit the benefits of transfer when sub-optimally selected. We demonstrate

that this indeed is the case for many methods [Bagatella et al., 2022, Galashov

et al., 2019, Pertsch et al., 2021, Tirumala et al., 2019, 2020, Wulfmeier et al.,

2020a] across our tested domains. Hence, a more systematic approach that is

domain-dependent and grounded in theory and empirical data, is necessary for

selection of IA to fully leverage skill transfer.

In this chapter, we employ hierarchical KL-regularized RL to effectively transfer

skills across sequential tasks. We begin by theoretically and empirically exploring

the crucial expressivity-transferability trade-off — controlled by choice of information

asymmetry — of skills across sequential tasks for hierarchical KL-regularized RL.

Our findings, supported by theoretical insights and empirical evidence, reveal

how conditioning skill modules on either too much (e.g. on entire history) or

too little (e.g. just the current observation) information can hinder transfer by

leading to the discovery of either overly general (e.g. motor primitives) or overly

specialized skills (e.g. non-transferable, task-specific behaviors). By evaluating a

broad spectrum of information asymmetries between the hierarchical policy and

the prior, we highlight the limitations of prior methods that selected sub-optimal

IAs for our domains, significantly limiting transfer performance. In response,

we introduce Attentive Priors for Expressive and Transferable Skills (APES), a
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novel approach that forgoes user intuition and automates the choice of IA in a

data-driven, domain-dependent manner.

APES builds on our expressivity-transferability framework to learn the relevant

choice of information asymmetry between policy and prior. Specifically, APES

conditions the prior on the entire history, allowing for expressive skills to be

discovered, and learns a low-entropic attention-mask over the input, paying attention

only where necessary, so as to minimize covariate shift and improve transferability

across domains. Our experiments across domains of varying levels of sparsity and

extrapolation, including a robot block stacking task, demonstrate how APES

outperforms existing methods, while automating IA choice and bypassing arduous

IA sweeps. Further ablations emphasize the benefits of combining hierarchy and

priors for discovering expressive multi-modal behaviors.

4.2 Skill Transfer in Reinforcement Learning

We consider multi-task reinforcement learning in Partially Observable Markov

Decision Processes (POMDPs), defined by Mk = (S,X ,A, rk, p, p0
k, γ), with tasks

k sampled from p(K). S, A, X denote observation, action, and history spaces,

with observations denoted as s ∈ S, actions as a ∈ A, and history of observations

up to timestep t as xt = (s0,a0, s1,a1, . . . , st). p(x′|x,a) : X × X × A → R≥0

is the dynamics model. The reward function rk : X × A × K → R is assumed

to be history-, action- and task-dependent.

4.2.1 KL-Regularized Reinforcement Learning

The typical multi-task KL-regularized RL objective [Kappen et al., 2012, Rawlik

et al., 2012, Schulman et al., 2017, Todorov, 2007] takes the form:

J (π, π0) = E
τ∼pπ(τ),
k∼p(K)

[ ∞∑
t=0

γt
(
rk(xt, at)− α0DKL(π(a|xt, k) ∥ π0(a|xt))

)]
(4.1)

where γ is the discount factor and α0 weighs the individual objective terms. π

and π0 denote the task-conditioned policy and task-agnostic prior respectively.
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The expectation is taken over tasks k and trajectories τ induced by the policy π

and initial observation distribution. Summation over t occurs across all episodic

timesteps. When optimized with respect to π, this objective can be viewed as a

trade-off between maximizing rewards while remaining close to trajectories produced

by π0. When π0 is learned, it can learn shared behaviors across tasks and bias

multi-task exploration [Teh et al., 2017]. We consider the sequential learning

paradigm, where skills are learned from past tasks, psource(K) and leveraged while

attempting the transfer set of tasks, ptransfer(K).

The interpretation of KL divergence direction depends on which policy we

optimize. When learning the prior policy π0, this loss can be seen as

The Kullback–Leibler divergence can be viewed in two directions, often called

forward KL and reverse KL, which differ in how they measure the discrepancy

between two probability distributions. Assuming a fixed distribution p and a learned

distribution qθ, these directions are defined as follows:

Forward KL: DKL(p ∥ qθ)

Reverse KL: DKL(qθ ∥ p)
(4.2)

These two directions capture different properties of the distribution. The forward

KL term is “mode-covering”: it penalizes the distribution qθ for failing to cover

modes that p assigns probability to. This tends to make qθ spread its probability

mass to cover all modes of p (avoiding zeros where p has support), often yielding

a broader, mass-covering behavior. In practice, minimizing forward KL can lead

to mean-seeking solutions that place non-zero probability even in intermediate

regions between modes (to ensure all of p’s support is covered). By contrast, the

reverse KL regularizer is “mode-seeking”: it penalizes qθ for assigning mass to

actions where p has little support, effectively pushing qθ to concentrate on a single

high-probability mode of p. This mode-seeking behavior prevents qθ from drifting

into low-probability regions of p, thus avoiding the mode-averaging effect.

In the context of KL-regularized reinforcement learning, when specifically

learning the task-agnostic prior π0 from task-specific policy distribution, the KL

term in equation (4.1) operates in the forward direction, pushing π0 to cover all



4. Priors, Hierarchy, and Information Asymmetry for Skill Transfer in
Reinforcement Learning 78

behavioral modes observed across different tasks. However, this coverage comes

with limitations: if the task context is ambiguous given current observations, the

prior may converge to an average behavior, at worst learning highly-suboptimal

behaviors between the modes of optimal task-specific distributions. For example, if

the optimal policy is dependent on task identifier (e.g., moving left vs. right), a prior

that lacks this context conditioning might learn an intermediate behavior that is

suboptimal for both tasks. Thus, when task-specific dynamics cannot be identified,

the KL regularizer may keep the policy close to a suboptimal default strategy.

Another limitation arises when the chosen prior π0 fails to capture the true

shared structure among tasks, since KL regularization is only as helpful as the prior

is informative. A good prior must be general enough to capture solutions for many

tasks of interest while also being restrictive enough to provide meaningful guidance.

If π0 has poor coverage of the task-specific policies (e.g. missing important behaviors

or modes), then penalizing divergence from π0 can indeed harm learning; the agent

might be discouraged from exploring outside the prior’s support, even if the new task

demands novel actions. Conversely, if π0 is too broad or uninformative (assigning

nearly equal probability to all behaviors, lacking any informative structure), the

KL penalty becomes ineffective, offering little more than just a simple entropy

regularizer. In extreme cases where tasks share almost no common structure, a fixed

prior will either be too generic to aid learning or will impose an inappropriate bias.

4.2.2 Hierarchical KL-Regularized Reinforcement Learning

While KL-regularized RL has achieved success in various settings [Abdolmaleki

et al., 2018, Haarnoja et al., 2018a, Pertsch et al., 2020, Teh et al., 2017], Tirumala

et al. [2019] recently introduced a hierarchical extension to it. In their model, the

policy π and prior π0 are augmented with latent variables z:

π(a, z|x, k) = πH(z|x, k)πL(a|z,x)

π0(a, z|x) = πH0 (z|x)πL0 (a|z,x),
where H and L indicate the higher and lower hierarchical levels. This structure

encourages the discovery of task-agnostic primitives by the shared low-level policy
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(πL = πL0 ), while the high-level policy focuses on higher-level, task-specific skills.

By not conditioning the high-level prior on the task ID, the model encourages

reuse of common high-level abstractions across tasks. Tirumala et al. [2019] also

propose the following upper bound for approximating the KL-divergence between

the hierarchical policy and prior:

DKL(π(a|x) ∥ π0(a|x)) ≤ DKL(πH(z|x) ∥ πH0 (z|x))

+ EπH

[
DKL(πL(a|x, z) ∥ πL0 (a|x, z))

]
.

(4.3)

This bound is agnostic to task conditioning and explicitly declared shared

modules. While in principle this approach can be used to learn a high-level behavioral

prior, πH0 , in practice Tirumala et al. [2019] do not observe benefits from learning it.

The benefit of hierarchical reinforcement learning fundamentally relies on the

assumption that a given task exhibits hierarchical structure, for example, temporally

through options and skills, or structurally via task decomposition and multi-

modal subtasks. Temporal abstraction assumes that decision-making problems can

be effectively simplified by grouping primitive actions into temporally extended

skills, thus improving exploration and potentially accelerating learning. Similarly,

structural hierarchy presupposes that complex tasks can be naturally decomposed

into distinct subtasks or modalities, thereby enabling modular learning and improved

interpretability. Both forms of hierarchy have strong conceptual motivations inspired

by natural cognition, where hierarchical control structures are evident in biological

agents performing complex behaviors [Botvinick et al., 2009].

However, hierarchy is not always beneficial; its effectiveness is conditional on

the compatibility between the assumptions and the environment’s actual structure.

When this assumption aligns with the task structure (such as in environments

where subtasks are well-defined or repetitive) the hierarchical approach can sig-

nificantly enhance efficiency, exploration, and transferability. Conversely, when

the assumptions are not satisfied, hierarchical methods may impose unnecessary

overhead, constrain the policy space, and ultimately yield suboptimal outcomes

compared to flat, non-hierarchical methods. Thus, recognizing hierarchy as a
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Table 4.1: Information Asymmetries Explored by Prior Works. at−n:t denotes the action
history extending n steps back in the past.

Source π
(H)
0 input

[Liu et al., 2022, Tirumala et al., 2020] xt
[Bagatella et al., 2022] at−n:t
[Bagatella et al., 2022] xt−1:t
[Ajay et al., 2020, Pertsch et al., 2020, 2021] st
[Rao et al., 2021, Tirumala et al., 2019, 2020] zt−1
[Goyal et al., 2019, Tirumala et al., 2019] −

powerful yet domain-dependent inductive bias is essential for effectively leveraging

hierarchical reinforcement learning in practice.

4.2.3 Information Asymmetry

Information Asymmetry (IA) plays a key role in promoting the discovery of gener-

alizable behaviors within both hierarchical KL-regularized RL and its conventional

counterparts. IA can be understood as selectively masking information from

certain modules. Not conditioning on specific environment aspects encourages

independence and generalization across the modules [Galashov et al., 2019]. In

the context of hierarchical KL-regularized RL, the explored asymmetries between

the high-level policy πH and prior πH0 have been narrow [Ajay et al., 2020, Goyal

et al., 2019, Liu et al., 2022, Pertsch et al., 2020, 2021, Rao et al., 2021, Tirumala

et al., 2019, 2020]. Concurrent with our work, Bagatella et al. [2022] explores a

wider range of asymmetries, closer to those we explore. We provide a summary

of these asymmetries in table 4.1.

Choice of information conditioning heavily influences the discoverability and

transferability of skills. For example, Pertsch et al. [2020] were able to identify

observation-dependent behaviors suitable for navigating mazes, yet are unable to

learn history-dependent skills, such as those that prevent revisiting the same paths

multiple times. Conversely, the approach by Liu et al. [2022] condition on the

state-action history and are able to learn these behaviors. However, our findings

suggest that naïve conditioning on entire histories can be detrimental for skill
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π0,hπ0,hKL

KL π0,hπ0,h

Figure 4.1: Hierarchical KL-regularized architecture. The hierarchical policy modules
πH and πL are regularized against their corresponding prior modules πHi and πLi . The
inputs to each module are filtered by an information gating function (IGF), depicted with
colored rectangles, with green denoting passed-through and red masked information.

transfer, due to discovering behaviors that are overly specific and do not generalize

favorably across different tasks. We refer to this dilemma as the expressivity-

transferability trade-off. Crucially, prior approaches have pre-defined the asymmetry

based on the practitioner’s intuition, potentially compromising the optimal transfer

of skills. By introducing theory behind the expressivity-transferability of skills, we

present a simple data-driven method for automating the choice of IA, by learning

it, which yields transfer benefits.

4.3 Model Architecture and
Expressivity-Transferability Trade-Off

To investigate the roles of priors, hierarchy, and information asymmetry for skill

transfer, it is crucial to analyze each mechanism in isolation, while also enabling

the recovery of previous models of interest. To this end, we introduce a unified

architecture, as shown in figure 4.1, featuring information gating functions (IGFs).

These functions serve to decouple IA from the underlying architecture, thus allowing

for a more nuanced control over what information each component receives. Each

component has its own IGF, depicted with a colored rectangle in figure 4.1. Every
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module is fed all environment information xk = (x, k) and distinctly chosen IGFs

mask which part of the input each network has access to, thereby influencing

which skills they learn. By presenting multiple priors, we enable a comparison

with existing literature. With the right masking, one can recover previously

investigated asymmetries [Bagatella et al., 2022, Goyal et al., 2019, Pertsch et al.,

2020, Tirumala et al., 2019, 2020], explore additional ones, and also express purely

hierarchical [Wulfmeier et al., 2020a] and KL-regularized models [Galashov et al.,

2019, Haarnoja et al., 2018c].

4.3.1 Expressivity-Transferability Trade-Off

While existing works investigating the role of IAs for skill transfer in hierarchical

KL-regularized RL have focused on multi-task learning [Galashov et al., 2019]1, we

consider the sequential task setting, focusing on how well the prior π0 adapts to

covariate shifts. In contrast to multi-task learning, where the agent can access all

tasks concurrently and thus faces only a gradual covariate shift, the sequential task

setting introduces an additional challenge due to abrupt changes in both the task

distribution, p(K), and the trajectory distribution, pπ(τ). As such, it is important

that the prior can handle such distributional and covariate shifts. Information

asymmetry plays a crucial role in this, as we discuss next.

Theorem 4.3.1 (Covariate Shift). The more random variables a network depends

on, the larger the covariate shift (here represented by KL-divergence) encountered

across sequential tasks. That is, for two distributions p and q, and inputs b and c

with c ⊂ b:

DKL(p(b) ∥ q(b)) ≥ DKL(p(c) ∥ q(c)).

Proof. See appendix B.1.1.

In our context, p and q can be interpreted as representing the distribution of

network inputs observed during training (psource(·)) and during transfer (ptransfer(·)).
1Concurrent with our research, Bagatella et al. [2022] also investigated various IAs for sequential

transfer.
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Intuitively, this means that the more variables the network is conditioned on, the

less likely it will transfer due to increased covariate shift encountered between source

and transfer domains. This principle advocates for conditioning on a minimal set

of necessary variables to facilitate transfer.

Consider, for instance, conditioning the high-level prior on the entire state-action

history, x0:t, versus a more focused subset, xt−n:t, n ∈ [0, t− 1] (where n ∈ [0, t− 1]).

According to the principle outlined above with theorem 4.3.1, conditioning on a

smaller subset of history results in a reduced covariate shift across sequential tasks,

and this reduction is beneficial for the transferability of learned skills. That is,

DKL(psource(x0:t) ∥ ptransfer(x0:t)) ≥ DKL(psource(xt−n:t) ∥ ptransfer(xt−n:t)).

Moreover, it is interesting to note that the covariate shift is upper-bounded by

the overall shift in trajectories between the source and transfer tasks:

DKL(pπsource(τ) ∥ pπtransfer(τ)) ≥ DKL(pπsource(τf ) ∥ pπtransfer(τf )).

Here, pπ denotes the trajectory induced by policy π and τf , representing filtered

trajectories such as τf = xt−n:t ⊂ τ denotes the network’s inputs after the application

of its information gating function, and πsource and πtransfer the source domain and

target domain policies. This suggests that reducing both trajectory and covariate

shifts is crucial for enhancing the transferability of skills between sequential domains.

Nevertheless, the less information a prior is conditioned on, the less knowledge

can be distilled and transferred:

Theorem 4.3.2 (Knowledge Distillation). The more random variables a network

depends on, the greater its ability to distill knowledge in the expectation (reflected by

the expected KL-divergence between the network’s output distribution and a target

distribution). Specifically, for a target distribution p and a network q with outputs

a and possible inputs b, c, d, such that b = (b0, b1, ..., bn), d ⊂ c ⊂ b, e ∈ d \ c:

Eq(e|d) [DKL(p(a|b) ∥ q(a|c))] ≤ DKL(p(a|b) ∥ q(a|d)).

Proof. See appendix B.1.2.
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In our context, p and q can be interpreted as policy distribution π and prior

distribution π0, with a representing an action at, b the full state-action history

x0:t, and variables c, d, and e subsets of the state-action history such that e

consists of elements of c that are not in d. Intuitively, theorem 4.3.2 indicates

that, in the expectation, a more informed network can better approximate the

target distribution’s behavior and conditioning the prior on wider set of information

facilitates more effective knowledge distillation between tasks.

Theorems 4.3.1 and 4.3.2 together suggest that information asymmetry results in

an expressivity-transferability trade-off in skill acquisition. This trade-off highlights

the balance between a network’s ability to distill more knowledge (expressivity) and

its capacity to effectively transfer this knowledge across tasks (transferability).

While information asymmetry influences which abstractions are discovered by

hierarchy and priors, an important distinction must be made between how each

approach transfers them. Hierarchy imposes hard constraints transferable behavior

by enforcing the reuse of low-level action-abstractions πL, whereas priors offer a softer

transfer through KL-regularization, permitting policy deviations where beneficial.

Consequently, managing covariate shift — and by extension, generalization — is

more crucial for IA between hierarchical levels than between the policy and prior.

This promotes reduced information conditioning for πL than for π0. Thus, in-line

with previous works, in this work, we share the low-level policy πL between policy

and prior, and condition it only on state st thus ensuring minimal covariate shift

and the discovery of instantaneous behaviors that generalize favorably. Unlike prior

works, we consider conditioning the high-level prior, πH0 , on additional information

enabling richer behavior discovery and transfer. Specifically, we explore temporal

conditioning on varying levels of histories xt−i:t (with i denoting history depth), thus

enabling priors to capture reusable, sequential, high-level behaviors across tasks.

We additionally explore the importance of hierarchy for increased prior expres-

sivity. Here, hierarchy enables a richer prior distribution, capturing multi-modal

behaviors arguably present in many real-world scenarios. Importantly, while increas-

ing expressivity, hierarchy does not influence covariate shift or harm transferability.
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Figure 4.2: Environments. a) CorridorMaze: The agent starts in the hallway and must
traverse a given sequence of corridors. The agent completes a corridor by traversing to its
depth and back. b) CubeStack: The agent must stack the cubes in a given ordering over
the light blue target pad.

We present further details on the architectural implications in appendix B.3.

Next, we describe a data-driven method for learning information asymmetries.

4.4 APES: Attentive Priors for Expressive and
Transferable Skills

Contrary to prior approaches that select information asymmetries based on intu-

ition [Ajay et al., 2020, Bagatella et al., 2022, Galashov et al., 2019, Liu et al., 2022,

Pertsch et al., 2020, Singh et al., 2020, Tirumala et al., 2019, 2020, Wulfmeier et al.,

2020a], we introduce a novel, data-driven strategy that leverages learned Information

Gating Functions (IGFs), introduced in section 4.3 and depicted in figure 4.1.

Existing methods achieve distinct information asymmetry through hard attention

using predefined, static binary masks m ∈ {0, 1}dim(xk) for filtering xk, where

IGF (xk) = m ⊙ xk, with ⊙ denoting element-wise multiplication. We propose

adopting learned attention masks and learning the masks based on an objective

that integrates the hierarchical KL-regularized RL framework with a penalty on

the attention masks to promote sparsity:

JAPES(π, π0, {mi}i∈I) =

E
τ∼pπ(τ),
k∼p(K)

[ ∞∑
t=0

γt
(
rk(xt, at)− α0DKL(π(a|xt, k) ∥ π0(a|xt))

)]
−
∑
i∈I

αmi
Lattention(mi)

(4.4)
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where αmi
balances the standard KL-regularized RL objective with a sparsity

penalty of each module’s attention mask {mi}i∈I . The attention masks span

across all history dimensions, allowing the model to attend to both temporal and

intra-observation and intra-action dynamics when needed, while the sparsity term,

Lattention, is designed to drive the attention masks towards sparse configurations.

Perhaps the simplest approach would be to either exhaustively enumerate or

randomly sample these masks and carry out learning for each instance. While

conceptually simple, this method would be difficult to apply in practice; as there is

an exponential number (2dim(xk) exactly) of possible masks, such a naïve approach

would be computationally intractable for most interesting tasks, where the full

action-state history can span tens or hundreds of timesteps, with each timestep

itself being high-dimensional.

Instead of random sampling, we choose to learn the masks with gradient-

based optimization. In order to learn a hard attention mask mw while maintain-

ing differentiability, we use continuous relaxation of Bernoulli distribution [Jang

et al., 2016, Maddison et al., 2016], RelaxedBernoulli(τ,w)2, parameterized

with logits w and a fixed temperature parameter τ . The soft mask samples

msoft
w ∼ RelaxedBernoulli(τ,w) provide a smooth approximation to the dis-

crete mask, allowing us to backpropagate through them with respect to the

logit parameter w.

To enforce a hard masking of the policy inputs, we convert the soft sample

msoft into a thresholded, hard version of the mask, where each element at index

i takes the value:

mhard
i =

1, if 0.5 < msoft
i

0, otherwise

Since this thresholding is non-differentiable, we use the straight-through gradient

estimator [Bengio et al., 2013]: during the backward pass, gradients are redirected

through the soft values, while the forward pass uses the binary mask

mstraight-through = msoft + sg(mhard −msoft)
2Also referred to as the BinConcrete in [Maddison et al., 2016]
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where sg denotes the stop-gradient-operation preventing the gradients flowing

through its inputs. The elements of mstraight-through are guaranteed to take values

in {0, 1} — thus either fully masking the inputs of the policy πH or passing

them directly through — while still allowing the gradients to propagate through

the soft masks.

Finally, we define the attention penalty as the L1-norm over the mask, encour-

aging the mask to zero out unnecessary inputs:

Lattention(m) := ∥m∥1 (4.5)

This method, which we dub as Attentive Priors for Expressive and Transferable

Skills (APES), encourages the discovery of expressive skills by allowing the

model to focus on critical elements in the state-action history that are needed to

optimize the hierarchical KL-regularized RL objective. Simultaneously, it encourages

sparse, low-entropic attention masks mi, concentrating on critical environmental

aspects necessary [Salter et al., 2022] for optimizing the main objective, thus

minimizing covariate shift and improving the transferability of skills. By dynamically

learning which aspects of the input to emphasize or ignore, APES balances the

expressivity-transferability trade-off and thus aligns with the principles outlined

in theorems 4.3.1 and 4.3.2, encouraging the discovery of skills that are both

expressive and transferable.

In practice, we optimize the objective in equation (4.4) using an off-policy

reinforcement learning algorithm similar to Soft Actor-Critic (SAC) [Haarnoja et al.,

2018b], sampling experiences from the replay buffer, approximating agent returns

with Retrace operator [Munos et al., 2016], and using double Q-learning for critic

training [Hasselt, 2010]. More detailed explanation of the training process, architec-

tural details, and hyperparameters used are provided in appendices B.2 and B.3.

4.4.1 Training Regime and The Information Asymmetry
Setup

This subsection outlines the training regime for our experiments presented in

section 4.5, with a focus on the role of priors, hierarchy, and information asymmetry
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in facilitating skill transfer in sequential task learning. Specifically, we aim to apply

skills learned from past tasks, psource(K), to a new set of transfer tasks, ptransfer(K).

While one could investigate IA between hierarchical levels (πH , πL) as well as

between policy and prior (π, π0), we focus our exploration on the latter. Specifically,

to ensure our study aligns with and extends those of existing literature [Tirumala

et al., 2019, 2020, Wulfmeier et al., 2020a], we condition the low-level policy πL on st

and zt, and share it with the prior (i.e. πL = πL0 ), to enable expressive multi-modal

behaviors to be discovered with respect to st. We are particularly interested in

examining the role of IA between the high-level policy πH and the high-level prior

πH0 in supporting expressive and transferable high-level skills between tasks. As

is common, we assume that the source tasks are solved before addressing transfer

tasks. Therefore, the source of skill acquisition — whether from demonstrations by

a hard-coded expert or an optimal RL agent — is less critical to our core analysis.

For simplicity, we discover skills and skill priors using variational behavioral cloning

from expert policy πe samples, formalized as follows:

JBC(π, π0, πe, {mwi
}i∈I) =∑

j∈{0,e}
Eτ∼pπe (τ),

k∼p(K)

[ ∞∑
t=0
−αjDKL(π(a|xt, k) ∥ πj(a|xt))

]
−
∑
i∈I

αmi
L(mi)

(4.6)

This formulation bears close similarity to the hierarchical KL-regularized RL

objective in equation (4.4), with modifications to accommodate the specifics of

imitation learning. Equation (4.6) effectively corresponds to equation (4.4) when

we set γ = 1, rk(·) = 0, and use two specific priors, one learned (π0) and one

expert (πe), and sample trajectories τ from the expert πe rather than from the

learned one π. For a more in-depth discussion on the similarities between the

two objectives, see appendix B.2.2.

To evaluate distinct IAs’ impact on skill transfer in a controlled way, we adopt

the following two-stage training regime. In stage (1), we train a single hierarchical

policy π in a multi-task setup as per equation (4.6), but prevent gradient flow from

prior π0 to policy π. In stage (2), we then transfer the skills by freezing the shared



4. Priors, Hierarchy, and Information Asymmetry for Skill Transfer in
Reinforcement Learning 89

modules (πL, πH0 ) and train a new high-level policy πH on the transfer domains

using the hierarchical KL-regularized RL objective in equation (4.4).

We rely on the modularity assumption [Khetarpal et al., 2020a, Salter et al.,

2022], which posits that low-level skills from source domains are sufficient for

transfer tasks. While appearing restrictive, the more diverse the source domains

are (commonly desired in settings like lifelong learning [Khetarpal et al., 2020a]

and offline RL), the more probable it is that the optimal transfer policy can be

obtained by recomposing the learned skills. Should this assumption not hold, one

could alternatively, for example, fine-tune the low-level policy πL during transfer

— which would require tackling the catastrophic forgetting of skills [Kirkpatrick

et al., 2017] — or train additional skills — e.g. by expanding z dimensionality for

discrete z spaces. We leave this for future exploration. Extending APES to learning

from sub-optimal demonstrations, possibly via advantage-weighted regression [Peng

et al., 2019b] or other offline RL method [Levine et al., 2020] instead of behavioral

cloning, also presents an interesting avenue for future research. Appendices B.2

and B.3 provide further details on our approach.

4.5 Experiments

Our experiments are designed to explore key aspects of sequential task learning,

focusing on the interplay between hierarchy, priors, information asymmetry (IA),

and their influence on skill transfer. We aim to answer the following questions:

(1) Can we benefit from both hierarchy and priors for effective transfer? (2) How

important is IA choice between high-level policy and prior and does it lead to

expressivity-transferability trade-off? In practice, how detrimental is covariate shift

for transfer? (3) How favorably does APES automate the choice of IA for effective

transfer? Which IAs are discovered? To answer these questions, we investigate

competitive skill transfer baselines, primarily those by Pertsch et al. [2020], Tirumala

et al. [2019, 2020], Wulfmeier et al. [2020a], on similar navigation and manipulation

tasks for which they were originally designed and tested against.
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4.5.1 Environments

We evaluate on two domains (see figure 4.2): one designed for controlled investigation

of core agent capabilities and another, more practical robotics domain. Both domains

are characterized by modular behaviors whose discovery could yield transfer benefits.

We briefly describe these environments below and, for the sake of clarity, leave

the full details to appendix B.3.1.

CorridorMaze. In the CorridorMaze environment, the agent’s goal is to traverse

through a series of corridors, requiring completion of a full corridor cycle, i.e.

reaching the end and returning to the origin, before proceeding to the next corridor.

The environment is parameterized with Nc corridors, each of length Nl, and

two different reward sparsity levels: semi-sparse rewarding for each half-corridor

completion and sparse for rewarding the full task completion.

We parameterize the source tasks, psource(K), with Nc = 2, and consider two

transfer tasks, ptransfer(K): first one parameterized with Nc = 2 and sparse reward

and the other one with Nc = 4 and semi-sparse reward. All the tasks use Nl = 6.

In the transfer task with Nc = 2, the agent is required to traverse corridors that

were already seen in the source task, except now in a different order. We call

this the interpolated setting. The task with Nc = 4, on the other hand, includes

corridors previously unseen by the prior, and we thus call it the extrapolated setting.

These two settings allow us to investigate the generalization ability of different

priors under varying levels of covariate shift.

For the skill acquisition phase, each prior is trained using 4e3 trajectories from

a scripted policy traversing the source tasks (psource(K)) in optimal order.

Appendix B.3.1 provides full definition on the environment transition functions

and state, action, and observation spaces, as well as the expert policy used.

CubeStack. Our CubeStack domain modifies the 7-degree of freedom

FetchPickAndPlace-v0 environment [Plappert et al., 2018] available in the OpenAI

Gym suite [Brockman et al., 2016] to introduce a more complex and nuanced
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cube stacking task. The agent’s goal in this environment is to stack a subset

of cubes (or blocks) over a target pad in a given ordering. These cubes have

distinct masses and only lighter blocks should be placed on heavier ones. Therefore,

discovering temporal behaviors corresponding to sequential block stacking according

to mass is beneficial. The agent is rewarded for each individual block correctly

stacked according to their mass.

The task is parameterized with Nc denoting the number of cubes to be stacked.

Our source task contains two blocks, i.e. Nc = 2, and the extrapolated transfer

task contains four block, i.e. Nc = 4.

For behavioral cloning, we collect 17.5e3 trajectories from a scripted expert policy

in the source tasks. Appendix B.3.1 provides further details on the environment

and the expert policy used.

4.5.2 Method Variants and Baselines

To answer our questions above, we evaluate several variants of our proposed method,

APES, together with established baselines. These variants and baselines are

designed to explore the impact of hierarchy, priors, and information asymmetry on

the effectiveness of skill transfer. We detail the methodological distinctions and

the intended purpose of each below with appendix B.3.2 and table B.2 providing

further details on the model architectures and hyperparameters used for them.

Our primary method, APES, leverages both hierarchy and learned priors to

facilitate skill transfer. It also uniquely employs learned attention masks m to

dynamically focus on relevant segments of the full observation-action history x,

optimizing the expressivity-transferability trade-off.

To investigate the importance of prior information conditioning in skill transfer

(in section 4.5.3), we introduce variants of APES that employ pre-trained priors

with fixed attention masks but differ in the extent of their information access

along the temporal dimension. Ablating over the temporal dimension is a natural

dimension for POMDPs where discovering belief states by history conditioning

is crucial [Thrun, 1999]. APESS conditions its high-level prior πH0 solely on the
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current state st, extending the method by Galashov et al. [2019] by incorporating

hierarchical structure to it. It also bears similarity with the model of Pertsch

et al. [2020], with integrated low-level policies conditioned on both state st and

latent zt. Similarly, APESH1 aligns with the method by Bagatella et al. [2022],

focusing on the immediate history, xt−1:t. APESH10 and APESH20 condition on

longer historical data, xt−10:t and xt−20:t, respectively. APESH20 is akin to the

approach by Tirumala et al. [2020]. These variants serve to investigate effects of

information asymmetry, revealing how the balance between too little and too much

information conditioning can affect performance.

To further investigate the effect of hierarchy (in section 4.5.3), we introduce two

variants of APESH1 that both enforce the regularization in the raw, rather than

latent, action space. APESH1,flat denotes otherwise the same setup as APESH1

except with a flat, non-hierarchical prior. APESH1,KL-a on the other hand is

equivalent to APESH1 but the regularization occurs only over the action space.

We also provide three baseline variants that learn no priors. APESno-prior,

inspired by the approach of Tirumala et al. [2019], lacks a pre-trained prior, serving

as a baseline to specifically assess the contribution of learned priors to skill transfer.

SACrec represents a history-dependent version of SAC [Haarnoja et al., 2018d]

with recurrent networks. This baseline evaluates the effectiveness of historical

information without hierarchical structuring or priors. Finally, SAChier,rec, the

hierarchical counterpart to SACrec, corresponds to the model introduced by

Wulfmeier et al. [2020a].

With these variants and baselines, we aim to explore the mechanisms that

contribute to successful skill transfer, particularly the interplay between hierar-

chy, the amount of prior information conditioning, and the learned attention

mechanism of APES.

4.5.3 Results

We begin our evaluations with quantitative transfer results across the outlined

methods and tasks. The results are summarized in table 4.2, presenting the
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Table 4.2: Average return over 100 episodes from trained final policies. The standard
deviations marked with± are computed over 7 random seeds, with the maximum attainable
return in the Expert column. Experiments that do not leverage transferred priors were
trained for 1e6 samples and the hierarchical ones for 1.5e5 environment steps. APES
variants employ employ hierarchy and priors whereas the SAC variants omit one or the
other. APES learns attention masks m for πH0 whereas APES{S,H1,H10,H20} use fixed
masks.

Approach Source πH0 input learn m

Task

CorridorMaze CubeStack
Nc = 2 Nc = 4 Nc = 4
sparse semi-sparse

interpolate extrapolate extrapolate

APES - xt−20:t ✓ 0.90± 0.02 6.70± 0.05 3.30± 0.10

APESH20 Tirumala et al. [2020] xt−20:t ✗ 0.15± 0.07 3.79± 0.14 1.10± 0.31
APESH10 - xt−10:t ✗ 0.25± 0.07 4.12± 0.41 1.25± 0.19
APESH1 Bagatella et al. [2022] xt−1:t ✗ 0.80± 0.02 6.33± 0.13 3.13± 0.09

APESS Galashov et al. [2019],
Pertsch et al. [2020] st ✗ 0.00± 0.00 2.96± 0.32 2.05± 0.11

APESno-prior Tirumala et al. [2019] - - 0.00± 0.00 2.30± 0.11 0.00± 0.00
SAChier,rec Wulfmeier et al. [2020a] - - 0.00± 0.00 0.07± 0.02 0.01± 0.00
SACrec Haarnoja et al. [2018b] - - 0.00± 0.00 0.08± 0.01 0.01± 0.00

Expert - - - 1 8 4

average returns for converged policies of both APES and SAC variants after

the transfer learning phase.

Several trends emerge from the table. First, the APES variants that incorporate

behavioral priors demonstrate significantly higher performance over SAC variants

and APESno-prior that forgo the use of priors. Additionally, the performance varies

significantly across APES variants with different levels of information conditioning.

This influence is magnified in environments with sparse rewards, where the explicit

reward signal is scarce, underscoring the necessity of deep exploration capabilities,

and applies to both interpolated or extrapolated tasks. Finally, we observe that

the full APES setup outperforms the other methods in each of these domains.

This highlights the potential of integrated hierarchy and temporal behavioral priors

together with learned attention masks.

These results also underscore the domain-dependence when configuring infor-
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Table 4.3: Density of the attention masks (ρ(m)) and distillation losses (DKL(πH ∥ πH0 ))
after skill acquisition phase for CorridorMaze and CubeStack domains. Each value is the
mean over 4 random seeds. The variance between seeds were negligible for all experiments.

CorridorMaze CubeStack

ρ(m) DKL(πH ∥ πH0 ) ρ(m) DKL(πH ∥ πH0 )
APESS 0.04 0.81 0.03 0.75
APESH1 0.05 0.22 0.05 0.65
APESH10 0.50 0.12 0.50 0.49
APESH20 1.00 0.11 1.00 0.47
APES 0.05 0.20 0.10 0.50
Max 1.00 0.84 1.00 1.71
Min 0.00 0.00 0.00 0.00

mation conditioning for skill transfer. Most of the methods presented in this table

are analogues of existing skill transfer methods [Bagatella et al., 2022, Galashov

et al., 2019, Pertsch et al., 2020, Tirumala et al., 2020]. While these methods

adequately solved the tasks presented in their corresponding domains in the original

works, they fail in these seemingly trivial tasks because the fixed prior conditioning

does not trivially generalize across domains.

We investigate these trends in more detail below.

Information Asymmetry for Knowledge Transfer

To investigate the importance of information asymmetry for transfer, we focus on

the APES variants APES{S,H1,H10,H20}, which incorporate high-level behavioral

priors, each with varying degree of information conditioning.

Table 4.3 presents the amount of information input to each prior policy πH0 ’s

(measured as the density ρ(m) := ∑
i mi/|m|, i.e. the ratio of active elements in

the attention mask m) and the distillation error (measured as the KL-divergence,

DKL(πH ∥ πH0 )) after the skill-acquisition phase. We observe an apparent linear

relationship between the amount of prior information conditioning and the prior’s

distillation error. That is, conditioning the prior on more information improves its

expressivity, thus improving its ability to distill policy’s information into it, in

line with theorem 4.3.2.
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Figure 4.3: Expressivity-Transferability Trade-Off. Distillation loss, DKL(πH ||πH0 ),
against additional transfer returns when reusing pre-trained πH . The level of information
conditioning is shown by marker size. Absolute transfer performance is shown by marker
colour (high in red, low in blue). We fit a second-order curve, shown here as dashed red
line. In sparse domains, the more information the prior πH0 is conditioned on, the larger
the benefit from reusing pre-trained πH .

Yet, when contrasting these results with those in table 4.2, we see that the

reduced distillation loss does not directly lead to improved transfer performance.

Indeed, the data in table 4.2 indicate a trend that conditioning on either too little

or too much information limits performance, hinting at an underlying expressivity-

transferability trade-off.

The Expressivity-Transferability Trade-Off

To further investigate the performance variance observed among the APES variants,

we explore whether the expressivity-transferability trade-off, as detailed in section 4.3

and theorems 4.3.1 and 4.3.2, dictates these outcomes.

In our default experimental setup, the high-level policy πH is initialized randomly

at the beginning of the transfer phase. However, we experiment with an alternative

approach by reusing the πH pre-trained during the skill acquisition phase. By doing

so, we reduce the initial trajectory and thus the covariate shift between the source

and transfer domains, as discussed in section 4.2.3. According to theorem 4.3.1, one

would anticipate that priors conditioned with more information could significantly

reduce covariate shift in our modified transfer scenario. And if the Covariate

Shift indeed underlies the reduced transfer performance, then it stands to reason

that priors with more information would derive greater benefit from utilizing a

pre-trained high-level policy, as opposed to re-initializing it randomly.
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This hypothesis is supported by our findings. Figure 4.3 plots the distillation loss

DKL(πH ∥ πH0 ) at the end of the skill acquisition phase against the additional transfer

returns obtained by using a pre-trained πH0 (as opposed to randomly initializing it) at

the end of the transfer phase. While the effect is modest in the semi-sparse domain

— likely due to its denser rewards signal offering more direct learning signal and thus

mitigating covariate shift — the sparse domains demonstrate a clear trend where

pre-training significantly improves the transfer performance for models conditioned

with more information. Yet the final performance is still far from optimal.

These observations highlight the impact of carefully selecting the information

conditioning for the prior — in essence, determining the nature and extent of

information it receives — in a domain-specific manner. Optimal configuration

ensures the prior only captures the task-agnostic information, thereby optimizing

for improved transfer.

The discussion so far has underscored the expressivity-transferability trade-

off governed by information asymmetry, aligning with theorems 4.3.1 and 4.3.2.

Achieving the right balance in information conditioning, neither too limited nor

excessive, is crucial to effective skill transfer. This segues into our next analysis,

focusing on the effect of dynamically learning the attention masks to automate

and optimize the selection of information asymmetry.

APES: Attentive Priors for Expressive and Transferable Skills

As seen in table 4.2, our full method, APES, outperforms the baselines and

ablations on the transfer domains. Comparing APES with APESH20, the most

comparable approach with the prior fed the same input, xt−20:t, we observe significant

performance gains.

Our results demonstrate the importance of reducing covariate shift (by mini-

mizing information conditioning), while still supporting expressive behaviors (by

exposing the prior to maximal information). As we saw in table 4.3, APES not

only attends to minimal information (ρ(m)) but for that given level achieves a
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Figure 4.4: Attention masks m of πH0 learned by APES, plotted for CorridorMaze
(Left) and CubeStack (Right) domains. Black indicates information being masked out
while white indicates information flowing through to πH0 . The visualization highlights
APES’s ability to adapt its focus, yielding sparse, domain-dependent, attention patterns.

far lower distillation loss (DKL(πH ∥ πH0 )) than methods with comparable levels

information, suggesting that APES pays attention only where necessary.

Analysis of Learned Attention. To dive deeper into APES’s learned attention

patterns, in figure 4.4, we inspect the attention masks mw of πH0 . We can observe ma-

jority of the attention values being 0, aligning APES with theorems 4.3.1 and 4.3.2.

In the CorridorMaze domain, the model focuses on the most recent action

at and state st. For a vast majority of environmental states, except when at

corridor ends or intersections, the previous action is indicative enough to determine

the optimal next step, i.e., to continue traversing along the corridor. For the

corridor ends and intersections, information of the previous corridor is needed to

act optimally. APES has learned its attention mechanism to reflect this strategy,

ignoring the historical observations and actions.

In the CubeStack task, APES primarily allocates its attention to a short,

recent history of actions, with the attention for actions further in the past being

more sparse. Furthermore, the attention assigned to actions related to gripper

manipulation (illustrated in the bottom row of figure 4.4) uses less information than

the other actions. This finding reflects the functional logic of the stacking task,

where successive gripper actions possess high but quickly diminishing correlation.
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Table 4.4: Hierarchy Ablation in CorridorMaze domain. Performance averages and
standard deviations over 7 seeds.

Transfer Task CorridorMaze CorridorMaze
sparse, Nc = 2 semi-sparse, Nc = 4

APESH1 0.80± 0.02 6.33± 0.13
APESH1,KL-a 0.75± 0.07 5.65± 0.13
APESH1,flat 0.06± 0.03 4.42± 0.41
Expert 1 8

Perhaps most notably, APES masks out the observations related to the gripper’s

position altogether, indicating that the model effectively infers this information

from other observation space aspects and recent action history. This selective

attention underscores the model’s capability to discern relevant from redundant

information. This is interesting and aligns with the observations of Bagatella

et al. [2022], demonstrating the effectiveness of state-free priors, conditioned on a

history of actions, for effective generalization. Unlike the method of Bagatella et al.

[2022], which requires domain knowledge and exhaustive hyperparameter sweeps

over history lengths for effective transfer, our approach learns the length in an

automated and domain-dependent manner. As such, our learned history lengths

are distinct for CorridorMaze and CubeStack domains.

Hierarchy for Expressivity

To briefly investigate whether hierarchy is necessary for effective transfer in our

setting, we compare APESH1 with APESH1,flat and APESH1,KL-a. The transfer

results for CorridorMaze are shown in table 4.4. Comparing APESH1,KL-a and

APESH1,flat, we see the benefits of a hierarchical prior, which is more significant for

the sparse domain. Upon closer inspection, as seen in figure 4.5 and discussed in more

detail below in section 4.5.3, APESH1,flat struggles with the task, primarily due

to its inability to capture multi-modality at the corridor intersection. Contrasting

APESH1 with APESH1,KL-a, we see minimal benefits for latent regularization,

suggesting that, hierarchy may not be necessary if alternative strategies for achieving

multi-modality are employed.
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CorridorMaze Sparse 2 Corridor

iii) Flat Prior iv) No Prior or Hierarchy

i) Prior & Hierarchy ii) Hierarchy

rollout

Figure 4.5: Skill-level exploration in sparse CorridorMaze with Nc = 2. 4 rollouts for
each method stacked vertically, episodes unrolled horizontally. Corridors are color-coded
and the agent’s depth within them is denoted by shade (the darker the deeper) and
number, with white 0 representing hallway, i.e. the corridor intersection. Only the full
APES setup leads to corridor-level exploration.

Stack Sparse 4 Blocks
i) Prior & Hierarchy ii) Hierarchy

Figure 4.6: Skill-level exploration in CubeStack environment with number of cubes
Nc = 4. The end-effector and block paths are depicted by dotted and dashed lines
respectively, color-coded per rollout. The end positions for gripper and blocks are
represented by cross and cubes, respectively. Cube numbers represent their mass order
with 0 being the heaviest. APES explores at the stacking level while hierarchy alone is
unable to stack. See figure B.5 for a still shot of the APES rollout frames.
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Skill-Level Exploration Analysis

To gain a further qualitative understanding on the effects of hierarchy and priors,

we visualize policy rollouts early on during transfer, after 5e3 steps. Within the

CorridorMaze domain (figure 4.5), APES, utilizing both hierarchy and priors, ex-

plores effectively at the corridor level, successfully completing the sparse exploration

task requiring deep exploration. In contrast, hierarchy alone, unable to express

preference over high-level skills, leads to temporally uncorrelated behaviors and

inability to explore different corridors. The flat prior is unable to represent multi-

modal behaviors and thus explores suboptimally at the intersection of corridors,

with the agent often remaining static. Without priors nor hierarchy, exploration

is further hindered, rarely reaching the deeper ends of the corridors.

The trends are similar for the CubeStack domain, as shown in figure 4.6. APES

explores at the block stacking level, stacking blocks in a sequence that respects

their masses. This contrasts starkly with the setup lacking behavioral prior, which

fails in its attempt to stack blocks coherently, often switching its focus prematurely

and failing to satisfy the task’s sequential requirements effectively.

4.6 Related Work

Hierarchical frameworks have a long history [Sutton et al., 1999b]. The options

semi-MDP literature explore hierarchy and temporal abstractions [Harb et al., 2018,

Igl et al., 2019, Kamat and Precup, 2020, Nachum et al., 2018, Riemer et al., 2018,

Salter et al., 2022, Wulfmeier et al., 2020b]. Approaches like those by Wulfmeier

et al. [2020a,b] use hierarchy to enforce knowledge transfer through shared modules.

Gehring et al. [2021] use hierarchy to discover skills of varying expressivity levels.

For lifelong learning [Khetarpal et al., 2020b, Parisi et al., 2019], where number of

skills increase over time, it is unclear how well these approaches will fare, without

priors to narrow skill exploration.

Priors have been used in various fields. In the context of offline-RL, Siegel et al.

[2020], Wu et al. [2019] primarily use priors to tackle value overestimation [Levine
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et al., 2020]. In the variational literature, priors have been used to guide latent-space

learning [Hausman et al., 2018, Igl et al., 2019, Merel et al., 2018b, Pertsch et al.,

2020]. Hausman et al. [2018] learn episodic skills, limiting their ability to transfer.

Igl et al. [2019], Khetarpal et al. [2020a] learn options together with priors or

interest functions, respectively. The former considers on-policy learning, limiting

applicability and sample efficiency, and both of them pre-define the information

conditioning of shared modules, limiting transferability. Skills and priors have been

used in model-based RL to improve planning [Shi et al., 2022, Xie et al., 2020].

Sikchi et al. [2022] use priors to reduce covariate shifts during planning, while in

contrast, our method ensures that the priors themselves experience reduced shifts.

In the multi-task literature, priors have been used to guide exploration [Galashov

et al., 2019, Pertsch et al., 2020, 2021, Siegel et al., 2020, Teh et al., 2017], yet,

without hierarchy, expressivity in learned behaviors is limited. In the sequential

transfer literature, priors have also been used to bias exploration [Ajay et al., 2020,

Bagatella et al., 2022, Goyal et al., 2019, Liu et al., 2022, Pertsch et al., 2020, Rao

et al., 2021, Singh et al., 2020], although none of these leverage hierarchy [Pertsch

et al., 2020] or condition on minimal information [Ajay et al., 2020, Rao et al., 2021,

Singh et al., 2020], thus limiting expressivity. Unlike APES, Bagatella et al. [2022],

Singh et al. [2020] leverage flow-based transformations to achieve multi-modality.

Unlike many previous works, we consider the POMDP setting, which is arguably

more suited for real-world applications such as robotics, and learn the information

conditioning of priors based on our expressivity-transferability theorems.

While most prior works rely on IA, its choice is primarily motivated by intuition.

For example, Igl et al. [2019], Wulfmeier et al. [2020a,b] only employ task or goal

asymmetry and Galashov et al. [2019], Merel et al. [2020], Tirumala et al. [2019]

use exteroceptive asymmetry. Salter et al. [2020] investigate a way of learning

asymmetry for sim2real domain adaptation, but condition m only on observation

and state. We provide a more principled investigation on the role of IA for transfer,

proposing a method for automating this choice.
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4.7 Conclusion

In this chapter, we explored hierarchical KL-regularized RL to efficiently transfer

skills across sequential tasks, showing the effectiveness of combining hierarchy

and priors. We demonstrated the crucial expressivity-transferability trade-off in

skill transfer, which is controlled by the choice of information asymmetry. Our

experiments validate the importance of this trade-off for both interpolated and

extrapolated domains. To address this trade-off, we introduced Attentive Priors for

Expressive and Transferable Skills (APES), a novel method designed to automate

the selection of information asymmetry for the high-level prior by learning it in

a domain-specific and data-driven manner. This is achieved by feeding the entire

history to the prior, capturing expressive behaviors, while encouraging its attention

mask to be sparse, thus minimizing covariate shift and improving transferability.

Our experiments across domains of varying sparsity levels demonstrate how APES

consistently outperformed existing methods, while bypassing arduous information-

asymmetry sweeps. Furthermore, our ablations demonstrated the importance of

hierarchy for prior expressivity by supporting multi-modal behaviors.

One of the key challenges in expanding the real-world applicability of APES

is the availability and diversity of source tasks, as well as the data-generating

policies needed for them. In the next chapter, we shift our focus to more complex

full-body humanoid agents. While more challenging to control, such embodiments

can benefit from the plethora of example motions available from motion capture

databases and animated keyframe motions. Similar skill-learning methods as

we presented in this chapter have been successfully demonstrated for learning

full-body controllers to reuse the learned motor primitive modules to solve more

complicated downstream tasks. We investigate a method for obtaining expert

demonstrations in such a setting.
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Figure 5.1: Our MPC-based framework enables high-quality physics-based motion
tracking at interactive speeds on a consumer-grade laptop. SimpleHumanoid performing
cartwheel (left) and front flip (right).
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5.1 Introduction

The ability to synthesize natural and meaningful behaviors has been a longstanding

goal for character animation and robotics. Physics-based controllers, together with

large motion capture databases and animated keyframe motions, serve as powerful

priors and have emerged as a promising approach for this purpose Bohez et al.

[2022], Chentanez et al. [2018], Fussell et al. [2021], Hasenclever et al. [2020], Lee

et al. [2010], Liu et al. [2010, 2016], Luo et al. [2021, 2023a], Merel et al. [2017,

2018b], Muico et al. [2009], Peng et al. [2017, 2018a, 2022], Wagener et al. [2022],

Wang et al. [2020], Won et al. [2020], Yin et al. [2007], Yuan and Kitani [2019].

The recent literature has predominantly focused on reinforcement learning (RL)

methods to train motion tracking controllers Bohez et al. [2022], Chentanez et al.

[2018], Fussell et al. [2021], Hasenclever et al. [2020], Luo et al. [2021, 2023a], Merel

et al. [2017, 2018b], Peng et al. [2017, 2018a, 2022], Wagener et al. [2022], Wang et al.

[2020], Won et al. [2020], Yuan and Kitani [2019]. Despite their ability to produce

an impressive range of motions, from basic movements to complex acrobatics, these

methods are often challenging to apply in practice. The intricacies involved in

hyperparameter tuning and task design, combined with long training times and slow

feedback loops, render these approaches laborious and prone to errors. Furthermore,

the current state-of-the-art RL-based universal tracking policies are still unable to

reliably reproduce motions beyond the training datasets.

Concurrently, trajectory optimization methods, once a staple for motion tracking,

have seen a decline in usage, perhaps owing to their complex implementation and

limited accessibility for non-expert users. Inspired by the recent advances in

simulation and model-based planning software Howell et al. [2022], Todorov et al.

[2012], we revisit physics-based motion tracking with model predictive control

(MPC). In contrast to the learning-based strategies, MPC methods obviate the

need for an offline training phase, thereby offering animators and robotic task

designers faster feedback loops and increased productivity. Our implementation,

built upon the MuJoCo MPC framework Howell et al. [2022], is extremely simple
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and enables near-real-time tracking on standard consumer-grade laptops, facilitating

user interaction with the system through MuJoCo MPC’s graphical user interface.

We argue for a more comprehensive evaluation of motion tracking techniques that

includes trajectory optimization methods alongside RL-based models. Our study

compares the MPC-based approach with recent state-of-the-art RL-based universal

tracking controllers Luo et al. [2023a], demonstrating superior tracking quality,

particularly for sequences not included in the training dataset. This comparison

underscores the potential for improvement in RL-based motion tracking and shows

that trajectory optimization methods serve as a robust alternative to RL approaches.

Our main contributions are two-fold. Firstly, we introduce an interactive MPC-

based motion tracking system built upon the MuJoCo MPC Howell et al. [2022]

framework, marking, to our knowledge, the first open-source implementation of

its kind. Secondly, we present a comprehensive quantitative analysis comparing

our MPC method with a state-of-the-art RL-based motion tracking controller on

a large-scale motion dataset. Our findings establish a new baseline for motion

tracking performance and highlight the effectiveness of MPC in scenarios where

current RL-based solutions still fall short.

5.2 Related Work

Character motion synthesis has a long history spanning various fields, including

biomechanics, robotics, and computer graphics. This section presents a short

overview of the most closely related works in physics-based motion tracking and

online behavior synthesis.

5.2.1 Kinematic Motion Generation

The task of kinematic motion generation, where 3D keyframe motions are generated

without imposing hard physics constraints, has a long history in character animation.

Early research predominantly focused on human motion analysis and prediction,

leveraging statistical models to anticipate future frames based on past motion or

initial poses Badler et al. [1993], Gavrila [1999], O’Rourke and Badler [1980]. These
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models have gradually advanced, with recent studies incorporating neural network-

based generative models like GANs and VAEs for future motion prediction Barsoum

et al. [2018], Komura et al. [2017]. This shift has allowed for more intricate

and detailed kinematic motion generation, such as those diversifying the motion

distribution Yuan and Kitani [2020] and focusing on motion in-betweening or

blending Duan et al. [2021], Harvey and Pal [2018], Harvey et al. [2020], Jiang

et al. [2023], Kaufmann et al. [2020].

Today’s rich motion databases have enabled kinematic motion generation models

to introduce novel input modalities for guiding the motion generation. For instance,

recent methods have successfully generated dance motions synchronized with musical

inputs Lee et al. [2019], Li et al. [2020], Tseng et al. [2023]. Various methods have

also been proposed for the synthesis of motions conditioned on discrete motion

categories Ahn et al. [2018], Ahuja and Morency [2019], Dilokthanakul et al. [2016],

Guo et al. [2020], Lin and Amer [2018], Maheshwari et al. [2022], Petrovich et al.

[2021]. Finally, the latest methods are capable of solving several motion synthesis

tasks, including generating motions from free-form natural language instructions

or composing styles, all within a singular model Jiang et al. [2023], Kim et al.

[2023], Tevet et al. [2022a,b], Zhang et al. [2022].

5.2.2 Physics-Based Motion Tracking

Incorporating physics into the motion synthesis loop Bergamin et al. [2019], Chen

et al. [2019], Fu et al. [2023], Fussell et al. [2021], Gong et al. [2022], Hasenclever

et al. [2020], Makoviychuk et al. [2021], Park et al. [2018, 2019], Peng et al. [2017,

2018a, 2019a], Wagener et al. [2022], Yuan and Kitani [2018] provides useful prior

knowledge of how the environment evolves, lifting the burden of modeling object

interactions or other external forces from the designer to the simulator. Furthermore,

applications in robotics require physical realism and motor-actuated motions, which

are not accommodated by kinematic methods.
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Reinforcement Learning Methods. In recent years, reinforcement learning

has drawn significant interest from the physics-based motion synthesis community.

Various methods produce policies capable of imitating a handful of reference motions.

Among these, Merel et al. [2018a], Park et al. [2019], Peng et al. [2018a], Ren et al.

[2023] train policies conditioned on a phase-variable and optimize the tracking

objective using reinforcement learning, while others, such as Merel et al. [2017],

Peng et al. [2018b, 2021], Wang et al. [2017] train an adversarial motion discriminator

and use it as an imitation reward for the reinforcement learner. Many of these

methods also facilitate additional user control either through task objectives Peng

et al. [2018a, 2021] or through hierarchical latent space models where the tracking

policy serves as the low-level controller for a downstream task Bohez et al. [2022],

Fussell et al. [2021], Hasenclever et al. [2020], Luo et al. [2023b], Merel et al.

[2018a,b, 2020], Peng et al. [2022]. Our work focuses on motion tracking but could

similarly be extended to allow user control.

Works most related to ours are those that learn universal tracking controllers.

The goal of these models is to be able to faithfully track arbitrary reference motions

with a single parameterized model, thus enabling interactive, online motion synthesis

by tracking user-provided keyframe sequences without necessitating a separate

offline training phase for each new motion. Hasenclever et al. [2020], Merel et al.

[2018b], Wagener et al. [2022] all distill expert policies into an encoder-decoder

based architecture, reporting 70-85% performance relative to the expert policies

on the CMU MoCap database CMU Graphics Lab [2003]. Won et al. [2020] train

a mixture-of-experts policy with similar performance. Chentanez et al. [2018],

Wang et al. [2020] similarly track larger motion databases with a single policy

but do not provide comparable quantitative results of their tracking performance.

More recent methods use the even larger AMASS dataset Mahmood et al. [2019].

Luo et al. [2021] successfully imitates 97% of the AMASS dataset in a simplified

setting where physically unrealistic “magic” forces, originally introduced by Yuan

and Kitani [2019], are applied at the root of the humanoid pulling it towards the

target motion direction. PHC by Luo et al. [2023a] lifts this simplification and
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focuses on improving failure recovery by introducing difficulty-based curriculum

to the training regime, achieving performance on par with UHC. Fussell et al.

[2021] approach motion tracking from the perspective of model-based reinforcement

learning. Their method, SuperTrack, uses model-based reinforcement learning and

notably accelerates training speed relative to the more widely used model-free,

on-policy reinforcement learning approaches. Despite their impressive qualitative

results, their quantitative results demonstrate limitations when applied to motions

outside the LAFAN dataset Harvey et al. [2020], on which the model was trained.

The diversity of reported evaluation metrics makes direct comparison of these

methods difficult and underscores the lack of standardization in the field. Our work

contributes to this discussion by pointing out shortcomings with the currently-used

success metrics and proposing a stricter yet simple alternative.

Trajectory Optimization Methods. Model-based methods utilizing reference

motions have a similarly long history in character motion synthesis. SIMBICON

by Yin et al. [2007] uses a data-driven balancing mechanism for bipedal characters

and couples it with feedback error learning to track simple cyclic walking motions.

da Silva et al. [2008] introduced a similar system, replacing feedback error learning

with quadratic programming, for walking controllers that exhibit improved robust-

ness and stability. Da Silva et al. [2008] further improved the method with LQR to

enable non-cyclic motions such as standing, stepping, and transitions between the

two. Muico et al. [2009] employed an even more sophisticated Nonlinear Quadratic

Regulator controller for full-body humanoid tracking. Lee et al. [2010] follow

SIMBICON-like balance strategies and use inverse dynamics to track various styles

of 3D locomotion data, which can be delivered on-the-fly without the need for

pre-processing. These methods are all limited in the range of motions they are

able to imitate, rely on hand-crafted heuristics, or require an offline training phase.

Our method does not require any offline learning phase while also being capable

of reliably tracking a much broader range of dynamic motions.
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Another line of work Liu et al. [2010, 2015] solves the motion tracking problem

using sampling-based offline planning. They are capable of imitating a wide array

of behaviors, such as dynamic and acrobatic motions, yet their system is relatively

complex and the controller relies heavily on low-dimensional state representation.

Additionally, the sampling strategy is slow, requiring long offline planning, thus

being unsuitable for interactive applications. Hämäläinen et al. [2014, 2015] show

that improved sampling-based strategies are capable of synthesizing simple motions

such as getting up, standing, and balancing under external perturbations with

hand-crafted objectives, without motion tracking. In a similar fashion, Tassa et al.

[2012] synthesize simple humanoid motions at interactive rates with manually-

designed objectives, without reference motions, using iLQG. Our work focuses

on interactive tracking.

The method closest to ours is that of Han et al. [2016], who similarly use iLQG

for interactive motion tracking. Their main contribution is to improve the speed

of the iLQG planner. Our work uses a simpler version of iLQG and focuses on

investigating the tracking quality. While the tracking quality of Han et al. [2016]

is impressive, they only test their system on a handful of motions and provide no

quantitative results on the tracking performance. We provide numbers for thousands

of motion clips, establishing a strong baseline for RL-based methods.

Robotics Various works have also leveraged motion capture data and MPC for

robotic control. From the abovementioned methods, Bohez et al. [2022] transfer

a tracking policy learned in simulation to a real-world quadruped, enabling it to

perform behaviors like walking and dribbling a ball. Escontrela et al. [2022] build

upon the work by Peng et al. [2021] to develop policies that transfer effectively

from simulated to a real quadrupedal robot, by utilizing style rewards learned

from reference motions. Reske et al. [2021] distills plans generated by MPC

into a parametric policy network that can execute different gaits in real-time

and effectively replace the MPC on hardware. While these methods yield basic

locomotion skills, such as trotting and static walking, our work focuses on simulated
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(a) AMASS keyframe. (b) SimpleHumanoid. NJ = 16. (c) SMPLHumanoid. NJ = 24.

Figure 5.2: Simulated humanoids and an example keyframe pose. Our MPC cost
operates directly in the Cartesian 3D space, thus bypassing the inverse kinematics steps
required in the retargeting phase used by prior methods.

character animation, which not only enables but also demands more dynamic

and visually compelling motions.

5.3 Background

Motion Tracking. Our goal is to control a motor-actuated character so as to

faithfully track given reference motions. The character model is structured as a

tree of rigid body elements, each representing a segment of the character. This

tree structure is interconnected by motor-actuated joints, allowing for articulated

movement. At any given moment, the state of the character is defined as x = [q,v, a],

where q represents the joint positions, v the joint velocities, and a the actuator

activation states. The control over the character’s movements is achieved by applying

actuation commands u to the joints. In addition to x, the controller receives as

an input a predefined kinematic reference motion, which may be obtained from

various sources: motion capture systems that record real-life movements, sequences

hand-authored by keyframe animators, or dynamically generated from pre-trained

keyframe motion generation models. We denote the reference pose that the character

aims to imitate by p̂ ∈ RNJ ×3, which consists of the Cartesian positions of the

NJ sites of interest. An example of such a pose is visualized in figure 5.2a. The

sequence of these poses over time forms the complete reference motion (also referred
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to as a trajectory or sequence from here on) and is denoted as a temporally evenly

spaced sequence of NT poses m̂ ∈ RNT ×NJ ×3. Given a reference motion, our system

uses model-predictive control to synthesize the motor actuations that enable the

character to reproduce that behavior.

Motion Retargeting. The reference motions seldom align perfectly with the

simulated character’s morphology. To address this discrepancy, we select a subset of

the keypoints from the reference motion and pair them with manually positioned sites

on the character’s body, as illustrated in figures 5.2b and 5.2c. For our humanoid,

these sites may include, for example, the pelvis, torso, hips, knees, ankles, toes,

shoulders, elbows, and wrists. During simulation, the Cartesian site positions,

denoted by p ∈ RNJ ×3 (with a slight abuse of notation, we repurpose NJ to denote

the number of selected keypoints), are obtained via forward kinematics as a function

of q. Analogously to the reference motion, the materialized character motion is

defined as a temporally evenly spaced sequence of NT poses, m ∈ RNT ×NJ ×3.

Optimal Control. We formulate the motion tracking task as an optimal control

problem with a finite-horizon Markov Decision Process (MDP) defined by a tuple

(X ,U , f, c,H). The state space X and action space U are assumed to be continuous,

and the environment evolves according to the discrete-time dynamics xt+1 =

f(xt,ut), that is, the environment transitions to the next state xt+1 ∈ X given the

current state xt ∈ X and an action ut ∈ U , with subscripts t denoting discrete time

steps. The environment emits a cost c(xt,ut) : X × U → [0,∞] on each transition.

We focus on the finite-horizon formulation, whereby our objective is to minimize

the cumulative sum of costs starting from state x:

J(u1:H) =
H∑
t=1

c(xt,ut),

subject to x1 = x,

xt+1 = f(xt,ut).

(5.1)
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(a) CMU/138_04: marching high knees. (b) ACCAD/C9 - run backwards turn run
forward.

(c) CMU/85_06: kick front flip. (d) CMU/88_07: cartwheel.

(e) CMU/83_47: long jump forward. (f) CMU/90_33: wide-leg somersault.

(g) CMU/90_19: monkey backflip. (h) BMLmovi/Subject_17_F_5: crawl.

Figure 5.3: Motion synthesized with the MJPC tracking controller. Sites from reference
motions are denoted by the green spheres.

5.4 Method

Trajectory Optimization with iLQG. There are various methods for solving

the trajectory optimization problem in equation (5.1). We choose to use the iterative

Linear Quadratic Gaussian (iLQG) planner1, due to its favorable characteristics

for motion tracking tasks. The dense nature of the tracking objective reduces the

need for deeper exploration, making a gradient-based method like iLQG well-

suited for the task.

iLQG is a Gauss-Newton approximation of the traditional Differential Dynamic

Programming (DDP) algorithm Jacobson and Mayne [1970], with the key distinction

being its reliance only on the first derivatives of dynamics, as opposed to using

second derivatives like in DDP. As a result, iLQG loses the quadratic convergence
1As in Howell et al. [2022], our implementation actually uses iLQR but we choose to use the

name iLQG due to its provenance, even though we don’t make use of the noise-sensitive term, for
which iLQG was originally developed for Li and Todorov [2004].
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characteristic provided by DDP. However, within the context of MPC, where

the optimum continuously shifts and convergence is not typically expected, the

advantage of faster evaluation provided by iLQG often significantly outweighs

the reduction in performance.

The details of iLQG are too involved to be detailed here and we refer interested

readers to Tassa et al. [2012] for the details. In summary, iLQG exploits the

recursive structure of the optimization problem to efficiently produce a time-

varying linear feedback policy:

ut = ūt + αk∗
t +K∗

t (xt − x̄t) (5.2)

where the overbars x̄ and ū denote the state and control values from the nominal,

or current best trajectory, k∗ is the improvement to the current action trajectory,

and K∗ is the feedback gain matrix. As in Tassa et al. [2012], 0 < α <= 1 denotes

the backtracking line-search parameter, which is iteratively adjusted to find an

optimal improvement. For more in-depth information on the line-search procedure

and backward pass regularization, we refer the reader to Tassa et al. [2012].

In practice, our Model Predictive Control system consists of two separate

processes: the agent and the planner. The iLQG planner continuously improves

its policy at time step t with the corresponding state xt, obtained from the agent.

The agent advances its simulation at time step t by executing the first action,

ut, from the most up-to-date nominal from the planner. As discussed in Howell

et al. [2022], Tassa et al. [2012], these processes can be run asynchronously and the

agent simulation can be slowed down to provide the planner with more planning

time, thus improving the policy’s performance.

Control Space. Our system uses stateful, filtered position actuators at each

of the character’s joints, resulting in 3rd-order actuation dynamics. The policy’s

control signal u specifies the position target for the joint, which is translated into

the actuator’s internal activation state, which then determines the output force

based on an affine function of this state and the actuator’s dynamic properties.
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Specifically, the force generated by each actuator, fi applied at each joint i is

derived from the activation state a, as f = θgain · a + θbias
0 + θbias

1 · l, where θgain

represents the actuator’s sensitivity to the activation state, θbias
0 is a constant bias,

θbias
1 adjusts the force based on the actuator’s length, and l denotes the length

of the actuator. The activation dynamics are defined as ȧ = (u − a)/θdynamics,

where θdynamics is a constant parameter specifying the actuator’s response speed.

We found such an actuator model to produce smoother and less jittery behaviors

compared to the commonly used PD or direct torque control used by the prior

works Luo et al. [2023a,b], Peng et al. [2018a], particularly when combined with

the activation regularization as described below. In the following, we assume that

the actuator states a and ȧ are included in the state x.

Tracking Cost. A critical factor in tracking performance is the design of the

cost function, c. Utilizing an interactive MPC framework enables any parameter

change to be immediately reflected in the performance of the controller, making the

design process extremely fast. This contrasts with the policy optimization methods

like reinforcement learning that necessitate a long offline training phase to observe

changes in performance due to modifications in the cost function.

For brevity, we introduce shorthand notations for tracking errors and norms

used in the final cost. Let δ ∈ RNT ×NJ ×3 represent the element-wise tracking error,

where each element δt,j,i indicates the absolute difference between the actual and

reference positions of site j at time step t: δt,j,i = |mt,j,i − m̂t,j,i|. We also use a

modified L2 norm, nL2
α (x) =

√
xTx+ α2− α, which behaves smoothly in an α-sized

neighborhood around the origin and approaches the regular L2 distance further

away. The norm is simple, providing closed-form first- and second-order derivatives,

thus allowing for fast Gauss-Newton Hessian approximation for iLQG.
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We arrive at the following running tracking cost:

c(xt,ut) = wscs(xt) + wucu(ut) + waca(ȧt),

where cs(xt) =
[
nL2
αs

0
(δt,0) , nL2

αs
1
(δt,1) , . . . , nL2

αs
NJ

(δt,NJ)
]
,

cu(ut) = nL2
αu(ut),

ca(ȧt) = nL2
αa(ȧt).

(5.3)

The cs(xt) component in the cost discourages the tracking sites from deviating

from their corresponding reference positions, while cu(ut) and ca(ȧt) regularize

the actions and the actuator activations. We find using filtered position actua-

tors together with the actuator activation regularization particularly effective for

producing smoother motions and reducing jitter in the motions.

Our cost differs from those used in related motion tracking methods Hasenclever

et al. [2020], Luo et al. [2023a], Merel et al. [2018b], Peng et al. [2018a] in two

ways. First, we omit the often-used velocity components from our objective, thus

simplifying the cost without compromising on the quality of motion tracking. In

our experiments, the position cost together with simple regularization was enough

to produce high-quality tracking.

Second, our method operates on Cartesian site position errors rather than joint

position discrepancies. Obtaining the joint positions q̂ from the reference poses p̂

often requires an additional inverse kinematics step Hasenclever et al. [2020], Luo

et al. [2023b], Merel et al. [2018b], Peng et al. [2018a]. The commonly used inverse

kinematics methods process each frame in the sequence independently and thus

disregard the temporal structure of the motion. This myopic behavior can result

in q̂ values that contain abrupt and unnatural jumps for motions that necessitate

extreme joint positions. By operating directly on the Cartesian 3D poses, we

bypass the inverse kinematics steps, and our method can be seen as implicitly

doing physics-guided inverse kinematics.

Episode Initialization. While our tracking objective only requires the Cartesian

reference positions p, initializing each tracking episode still requires the initial joint

configuration q0 and v0. We simply follow prior work and obtain the joint positions
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(a) Empjpe-l for 3842 randomly chosen sequences from AMASS train split.
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(b) Empjpe-l for the 138 AMASS test sequences.

Figure 5.4: Per-sequence tracking errors for the keyframe motions from AMASS splits
from Luo et al. [2023a]. Each point on the x-axis presents a motion in the dataset and
the y-axis presents local tracking error, Empjpe-l (lower is better), for the training set (a,
top) and the test set (b, bottom). For better readability, the motions within each method
are shown in ascending order based on the corresponding tracking error. The average
error over the motions for each split is shown in the corresponding legend.

q0 through inverse kinematics Buss [2004] from the initial site positions p̂0, and

v0 as the finite difference between the first two joint positions q0:1.

5.5 Experiments

We assess our MPC-based framework, from here on referred to as MJPC, across a

large variety of humanoid motions. Our objective is to evaluate MJPC’s tracking

performance on a diverse set of reference motions and compare it with that of

reinforcement learning-based tracking methods. We demonstrate that MJPC

outperforms RL-based methods, particularly for motions outside the RL policy’s

training domain.

5.5.1 Experimental Setup

Software. Our simulations use the MuJoCo physics engine Todorov et al. [2012]

and the MPC controllers implemented on the MuJoCo MPC (MJPC) frame-

work Howell et al. [2022]. Reset-state inverse kinematics is performed with the

high-level functions from the DeepMind Control Suite Tunyasuvunakool et al. [2020].
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(a) Subset of AMASS train set. N=3842.
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(b) AMASS test. N=138.

Figure 5.5: Pareto charts of success rate versus termination threshold τ for keyframe
motions from AMASS train and test splits introduced in Luo et al. [2021, 2023a]. In
addition to the success based on mean joint error, T mean

τ , as reported in Luo et al. [2021,
2023a], we also include the maximum joint error, T max

τ .

The results for the RL baseline are obtained using the authors’ official open-source

implementation that uses the Isaac Gym simulator.

Characters. Our experiments feature two humanoid models: the 21-Degree

of Freedom (DoF) SimpleHumanoid from DeepMind Control Suite as introduced

by Tunyasuvunakool et al. [2020] and a modified version of the 69-DoF SMPLHumanoid

by Luo et al. [2023a]. While Luo et al. [2023a] provide a MuJoCo-compatible model

of their SMPLHumanoid, we find it to be unstable out of the box. We attribute

this instability to the model’s original design targeting the Isaac Gym simulator.

To address this, we modify the SMPLHumanoid’s joints and actuators. We provide

comprehensive details of both the original and modified model parameters in

appendix C.2 for further reference.

Datasets. We use AMASS, a large motion capture dataset introduced by Mah-

mood et al. [2019], including more than 40 hours of motions compiled from multiple

public motion databases. While generally high quality, some motions in AMASS

contain physically implausible behaviors such as object interactions and unrealistic
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body penetrations. We adopt the dataset splits originally introduced by Luo

et al. [2021] and subsequently curated by Luo et al. [2023a], which largely omits

the physically infeasible sequences and results in final splits of 11313 training

sequences and 138 test sequences.

Baselines. We compare MJPC with the state-of-the-art motion tracking model,

PHC, introduced by Luo et al. [2023a]. To ensure a fair and accurate comparison,

all results are obtained using the authors’ official open-source implementation.

The authors report tracking performance both for a model trained with a joint

position-based objective and a model trained with Cartesian 3D site positions. In

the following, we only report numbers for their joint position-based model, which

generally performs better than their site position-based model.

Model and Planner Parameters. The parameters affecting the tracking quality

the most are simulation model’s time step, that is, the time elapsed between two

discrete simulation steps, and the planner horizon, H. We find the maximum stable

time step by incrementally increasing its value in the GUI until the simulation

exhibited instability. We end up with 1/60 for SimpleHumanoid and 1/120 for

SMPLHumanoid and use the same time step for both agent and planner. To select

the planning horizon, we tested a series of motions characterized by extended

flight phases, gradually increasing the horizon until the planner performs well.

The final value used for both models is 0.45s horizon corresponding H = 27 for

SimpleHumanoid and H = 54 for SMPLHumanoid. The rest of the hyperparameters,

including the joint and actuators parameters, are detailed in appendix C.3.

Hardware and Planning Speed. All our experiments and development process

run efficiently on CPU-only hardware, thus eliminating the need for specialized

accelerators such as GPUs. A consumer-grade Apple MacBook Air M2 is capable

of executing the majority of SimpleHumanoid motions at 30% of real-time speed,

and more demanding ones, such as cartwheels or contact-rich motions, at 20%

real-time speed. This performance is achieved through the use of asynchronous
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planning and the graphical user interface provided by MuJoCo MPC. For more

computationally demanding experiments, such as the SMPLHumanoid comparisons

with PHC, we use a CPU server with 4 CPU cores allocated for each MJPC worker

(i.e. per each motion), and run the planner synchronously. Due to its higher degrees

of freedom and comparatively lower model quality, which necessitates smaller

simulation time steps, the SMPLHumanoid’s execution speed is slower, running at

approximately 1% of real-time speed.

Metrics. We assess tracking quality using two error metrics introduced by Luo

et al. [2021, 2023a]: global mean per-joint position error (MPJPE), denoted as

Empjpe-g = 1
NTNJ

∑
t,j δ

L2
t,j , and root-relative MPJPE, denoted as Empjpe-l, both

measured in meters. We adopt two distinct definitions for failures:

Tmean
τ (pt, p̂t) = 1

NJ

∑
j

δL2
t,j > τ (5.4)

Tmax
τ (pt, p̂t) = max

j
δL2
t,j > τ, (5.5)

where τ 2 denotes a termination threshold and δL2
t,j = ∥mt,j − m̂t,j∥2 the standard

L2-error for site j at time step t. The criterion Tmean
τ follows the failure definition

of Luo et al. [2021, 2023a], deeming tracking unsuccessful if the average deviation

of body joints from the reference motion exceeds τ meters at any point during

the sequence. Conversely, Tmax
τ , defines the tracking unsuccessful if any joint at

any point deviates more than τ meters from its target.

5.5.2 Results

Qualitative Evaluation. We first showcase motions synthesized by MJPC

in figure 5.3. Our method is able to faithfully track a wide range of motions,

from simple walking and running motions (figures 5.3a and 5.3b) to more dynamic

jumps (figure 5.3e) and flips (figures 5.3c and 5.3g) requiring long flight phases, as

well as contact-rich motions, such as crawling and rolling on the floor (figure 5.3h).
2Note the reuse of notation from previous chapters.
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Tracking Error. We then provide a comparative analysis of MJPC and PHC

motion tracking results on the AMASS train and test sets in figure 5.4. When

evaluated through scalar metrics, as in Luo et al. [2021, 2023a], MJPC demonstrates

superior performance over PHC in both local (figure 5.4) and global tracking

errors (figure C.1, appendix C.1). MJPC’s performance is consistent across the

motions within each dataset, whereas PHC shows greater variability between

motions. Qualitatively, we observe that for motions with small errors, both

MJPC and PHC produce visually satisfactory results. PHC’s slightly higher error

rates in these instances might be attributed to its motion prior objective, which

effectively trades off minor inaccuracies for the naturalness of motion. However,

PHC encounters massive tracking errors in several motions, in contrast to MJPC,

which maintains consistent performance across the datasets. Upon visual inspection,

PHC’s failures appear to arise in dynamic motions with abrupt directional changes.

This phenomenon is perhaps due to dynamic situations demanding high precision

from the policy, while these high-precision-requiring states are overshadowed by

simpler states in the training data distribution.

Another observation worth noting is the performance variations across the two

dataset splits. Since MJPC does not necessitate offline training, its performance

remains virtually unchanged between the train and test splits. The slight im-

provement observed in the test split can be explained by the relative simplicity

of motions in the dataset, which largely lacks any dynamic motions like backflips

or cartwheels. PHC, on the other hand, demonstrates a much higher error rate

on the test set compared to the training set, suggesting its inability to faithfully

track motions beyond the training distribution.

Success/Failure Rate. When examining the tracking success, we find that the

criterion used by Luo et al. [2021, 2023a], corresponding to Tmean
τ=0.5, may be overly

lenient. The mean metric, especially when combined with such a high termination

threshold, often overlooks failures that would be obvious to human observers. For

instance, in tracking pirouettes, simply remaining stationary is sufficient; similarly,
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for jumps under 0.5 meters, merely keeping the feet on the ground might be adequate.

We believe that adopting Tmax
τ as a termination condition better captures such

errors and might be more suitable for assessing the tracking success.

Luo et al. [2021, 2023a] report a scalar success rate, the average of Tmean
τ=0.5 over

the sequences, for each dataset. To provide a more comprehensive understanding of

tracking success, we present success rates for both Tmean
τ and Tmax

τ , across varying

termination thresholds τ . These results are detailed in figures 5.5a and 5.5b. Our

primary observation is that MJPC is Pareto dominant over PHC across both

datasets. More critically, these results underscore the potential for improvement

in these models. It is noteworthy that both methods fail to reach a 95% success

rate when evaluated against the max-error termination criterion, Tmax
τ=0.5. While

this criterion is significantly stricter than the mean-error criterion, it is worth

considering that having a hand or foot within 0.5 meters of the intended target

is, intuitively, not an unreasonable requirement. Achieving higher success rates

under this metric is a target we believe is achievable.

5.6 Discussion and Future Work

We demonstrated that MPC outperforms state-of-the-art Reinforcement Learning

(RL)-based motion tracking approaches, especially in scenarios involving motions

outside the training distribution of the RL models. One of the key advantages

of MPC highlighted by our experiments is its flexibility and efficiency. Unlike

RL-based methods, which require extensive offline training and hyperparameter

tuning, MPC can be deployed quickly and adjusted in real-time, providing a more

interactive and iterative development process. This is complemented by the fact

that our implementation runs efficiently on standard computing hardware, making

advanced motion synthesis and tracking accessible to a broader audience without

the need for specialized accelerators like GPUs.

We advocated for better metrics and more thorough evaluations for quantifying

the motion tracking performance. The metrics currently used in the field are often
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overly forgiving, allowing near-perfect scores without actually resulting in faithful

imitation, particularly for dynamic out-of-distribution motions.

The computational demand of MPC, particularly for models with high degrees

of freedom, like the SMPLHumanoid, can still be significant, limiting its real-time

applicability. While our framework achieves near-real-time tracking on simpler

models, the computational overhead of vanilla iLQG does not scale particularly

well for models with a higher number of degrees of freedom. Incorporating speed

enhancements introduced by prior works Han et al. [2016], Russell et al. [2023] into

iLQG, and investigating more efficient algorithms and optimizations to reduce the

computational load of MPC in general would be a natural future direction.

There is a practical trade-off between MPC and RL depending on both the

diversity and number of target motions. If only a small number of motions require

tracking or if the motions frequently lie outside the training distribution of an RL

policy, it is likely that MPC is a more efficient and straightforward solution to apply.

In contrast, for users who need to track thousands of motions that fall well within

the training distribution, a learned universal tracking policy can be more cost-

effective: although the upfront training cost for RL can be substantial, once a policy

is learned, it can generate motions in real time (or faster) for any scenario within its

training range, effectively amortizing the initial training expenses over many tasks.

Exploring MPC planners as expert data generators for distilling behaviors into

parametric policies within a framework like chapter 4 is an exciting future direction.

Distillation through supervised imitation learning could potentially enable a more

stable training regime than RL, thus providing real-time performance even on

more complex character models without sacrificing motion quality. Our preliminary

investigations, not covered in this work, revealed that the temporally-smooth actions

— achieved in our case through the regularization of actuator activation change ȧ —

are crucial for successful distillation. Without such smoothness, iLQG-generated

plans tend to change dramatically between time steps, thereby complicating the

learning process for neural networks. While DAgger Ross et al. [2011] enabled us

to distill majority of the sequences effectively, we identified challenges with certain
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“bottleneck states”, some of which appeared, deceptively, in visually extremely

simple motions. We hypothesize that these bottleneck states require high precision

from the policy, yet their importance is diluted by the predominance of simpler

states in the training data distribution.

In conclusion, our work underscores the continued potential of MPC as a powerful

tool for physics-based motion tracking, offering significant advantages in terms of

flexibility, performance, and accessibility.



6
Future Work and Conclusions

This thesis has presented a variety of algorithms and methods aimed at addressing

challenges in the continuous control of embodied agents. Our focus spanned from

improving exploration and knowledge transfer for more efficient reinforcement

learning to developing a tool for physics-based full-body motion tracking.

We began by addressing the limitations of exploration in model-free RL. Using

the Bayesian Bellman Operators (BBO) framework, we derived a practical policy

evaluation method and introduced the Bayesian Bellman Actor-Critic (BBAC)

algorithm for continuous control. Our experiments demonstrated the algorithm’s

consistency and convergence properties in the policy evaluation setting. Similarly,

in a control setting, BBAC also demonstrated deep and adaptive exploration

capabilities driven by the agent’s uncertainty about the environment. Our results are

encouraging and underscore the potential for wider adoption of model-free Bayesian

methods in continuous RL applications. However, the Bayesian methods are not

without limitations. While our algorithm performs well in simpler environments,

such as the cartpole, our experiments in higher-dimensional domains exposed clear

challenges. Evidently, even near-Bayes-optimal exploration strategies will fall short

in tabula-rasa scenarios, lacking any prior knowledge.

Departing from the Bayesian perspective, we then explored transfer learn-

ing, focusing on the impact of information asymmetry and hierarchy within KL-
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regularized transfer in reinforcement learning. Our exploration highlighted the cru-

cial expressivity-transferability trade-off, demonstrating the need for careful selection

of information asymmetry levels, often requiring domain knowledge and extensive

experimentation. To mitigate the burden of manually tuning the asymmetry, we

introduced a method that learns an attention-based mechanism to dynamically adapt

the level of information asymmetry. This approach proved effective in a robotic cube

manipulation task, adapting dynamically to the requirements in the environment.

Despite these advancements, transfer learning poses inherent challenges; the efficacy

of skill learning and transfer is heavily influenced by the diversity and distribution of

source tasks. Crafting a diverse set of source tasks remains difficult. Consequently,

even the best transfer learning methods will encounter limitations in scenarios

lacking a sufficiently broad spectrum of experiences from which to generalize.

In chapter 5, we turned our attention towards other kinds of inductive biases

suitable for embodied learners. Keyframe motion databases, offering extensive

demonstrations particularly from dogs and humans, serve as rich resources from

which our artificial embodied agents can draw inspiration. Recent motion tracking

literature has predominantly focused on RL methods, which are still challenging

to apply in practice. We proposed a practical tool for interactive full-body motion

tracking, leveraging traditional model-predictive control methods, and in our

experiments we highlighted the shortcomings in contemporary RL-based universal

tracking controllers. Our implementation, which operates at interactive rates on

commodity laptop hardware, has been made openly available and sets a strong

baseline for RL-based tracking controllers on a large-scale motion dataset.

With these contributions, we have sought to deepen the understanding and

expand the capabilities of reinforcement learners, particularly for embodied control.

Along the way, we introduced both algorithmic and practical advances in exploration

for model-free reinforcement learning, skill learning, and physically-simulated charac-

ter control. Nevertheless, many challenges remain and more work remains to be done.
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6.0.1 Future Work

Towards Bayes-optimal exploration. As shown by [Fellows et al., 2023],

BBO cannot achieve truly Bayes-optimal exploration behavior but instead solves

an approximation of the Bayesian RL objective. Developing methods that more

closely approach true Bayesian optimality remains an exciting research direction.

Improvements in posterior approximation (especially in higher-dimensional domains)

and more sophisticated uncertainty modeling of the Bellman operator could further

enhance the efficiency of Bayesian techniques.

Leveraging MPC Experts as Priors. A promising extension of our work

would be to incorporate trajectory-optimization experts from chapter 5 as priors for

Bayesian agents such as BBO introduced in section 3.3. Likewise, the same experts

could serve as rich prior knowledge in a hierarchical skill transfer system like the

one presented in section 4.4. As humanoid robots continue to gain technological and

commercial interest, exploring such strategies in real-world, dynamic environments

could open up significant opportunities for robust control and more diverse tasks.

Expanding Motion Capture Datasets. Moreover, while we focused on curated,

high-quality keyframe datasets with no object interaction, future research could

exploit broader and noisier sources of motion data, including, for example, video

footage from everyday human activities. Automatically extracting usable object-

interaction trajectories would allow for training agents on much richer and larger-

scale motion datasets. This could prove valuable not only for character animation

but also for robotics, where context-rich motion data could guide more adaptive

and versatile controllers.

In summary, while the methods presented here advance the methods for efficient

exploration, transfer learning, and physics-based character control, these domains

are far from being solved. Further progress will require both theoretical and practical

contributions to deploy these ideas in increasingly complex and real-world settings.
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It is our hope that this work provides a foundation for ongoing efforts, leading to

broader adoption and more reliable performance in embodied applications.



Appendices
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A
Bayesian Bellman Operators

A.1 Derivations

A.1.1 Posterior Density Derivation

We now derive the posterior density in equation (3.3). We start by deriving the

likelihood of the data DNω for the i.i.d. case:

pΦ(DNω |ϕ) =
N∏
i=1

ρ(si)π(ai|si)p(bi|si, ai, ϕ). (A.1)

Using our prior pΦ(ϕ) and Bayes’ rule, we can infer the posterior as:

pΦ(ϕ|DNω ) = p(DNω |ϕ)pΦ(ϕ)∫
Φ p(DNω |ϕ) dPΦ(ϕ) (A.2)

=
∏N
i=1 (ρ(si)π(ai|si)p(bi|si, ai, ϕ)) pΦ(ϕ)∫

ϕ

∏N
i=1 (ρ(si)π(ai|si)p(bi|si, ai, ϕ)) dPΦ(ϕ)

(A.3)

=
∏N
j=1(ρ(sj)π(aj|sj))

∏N
i=1 p(bi|si, ai, ϕ)pΦ(ϕ)∫

ϕ

∏N
j=1(ρ(sj)π(aj|sj))

∏N
i=1 p(bi|si, ai, ϕ) dPΦ(ϕ)

(A.4)

=
∏N
j=1(ρ(sj)π(aj|sj))

∏N
i=1 p(bi|si, ai, ϕ)pΦ(ϕ)∏N

j=1(ρ(sj)π(aj|sj))
∫
ϕ

∏N
i=1 p(bi|si, ai, ϕ) dPΦ(ϕ)

(A.5)

=
∏N
i=1 p(bi|si, ai, ϕ)pΦ(ϕ)∫

ϕ

∏N
i=1 p(bi|si, ai, ϕ) dPΦ(ϕ)

. (A.6)

For sampling from an ergodic Markov chain, we denote the initial state-action

density as p0(s, a) and the transition density as p(s′, a′|s, a). For sampling on-policy
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these distributions are defined as:

p0(s, a) := p0(s)π(a|s) (A.7)

p(s′, a′|s, a) := p(s′|s, a)π(a′|s′). (A.8)

We write our likelihood as:

p(DNω |ϕ) = p0(s1, a1)p(b1|s1, a1, ϕ)
N∏
i=2

(p(si ai|si−1, ai−1)p(bi|si, ai, ϕ)) (A.9)

= p0(s1, a1)
N∏
j=2

p(sj aj|sj−1, aj−1)
N∏
i=1

p(bi|si, ai, ϕ) (A.10)

= p(SN , AN)
N∏
i=1

p(bi|si, ai, ϕ), (A.11)

where SN := {s1, ...sN}, AN := {a1, ...aN} and

p(SN , AN) = p0(s1, a1)
N∏
j=2

p(sj aj|sj−1, aj−1). (A.12)

We now infer the posterior using Bayes’ rule:

pΦ(ϕ|DNω ) = p(DNω |ϕ)pΦ(ϕ)∫
Φ p(DNω |ϕ) dPΦ(ϕ) (A.13)

= p(SN , AN)p(bi|si, ai, ϕ)pΦ(ϕ)
p(SN , AN)

∫
ϕ

∏N
i=1 p(bi|si, ai, ϕ) dPΦ(ϕ)

(A.14)

=
∏N
i=1 p(bi|si, ai, ϕ)pΦ(ϕ)∫

ϕ

∏N
i=1 p(bi|si, ai, ϕ) dPΦ(ϕ)

, (A.15)

which has the same form as the i.i.d. case in equation (A.6).

A.1.2 MSBBE Gradient Derivation

We now derive an analytic form for the derivative of the MSBBE in equation (3.6).

Starting from the definition of the MSBBE:

∇ωMSBBEN(ω) = ∇ω

∥∥∥Q̂ω − Bω,N
∥∥∥2

ρ,π
(A.16)

= 1
2∇ωEρ,π

[
(Q̂ω − Bω,N)2

]
, (A.17)

= Eρ,π
[
(Q̂ω − Bω,N)(∇ωQ̂ω −∇ωBω,N)

]
, (A.18)
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Substituting for the definition of the Bayesian Bellman operator from equation (3.4)

yields our desired result:

∇ωMSBBEN(ω) (A.19)

= Eρ,π
[(
Q̂ω − EPΦ(ϕ|DN

ω )

[
B̂ϕ

]) (
∇ωQ̂ω −∇ωEPΦ(ϕ|DN

ω )

[
B̂ϕ

])]
(A.20)

= Eρ,π
[(
Q̂ω − EPΦ(ϕ|DN

ω )

[
B̂ϕ

]) (
∇ωQ̂ω − EPΦ(ϕ|DN

ω )

[
B̂ϕ∇ω log pΦ(ϕ|DNω )

])]
.

(A.21)

A.1.3 Gaussian BBO Derivation

Now, using a Gaussian model:

P (b|s, a, ϕ) := N (B̂ϕ(s, a), σ2), (A.22)

and defining the log-normalization constant as cnorm := log
∫
ϕ

∏N
i=1 p(bi|si, ai, ϕ) dPΦ(ϕ),

we can derive the exact form of the log-posterior given in equation (3.7):

p(ϕ|DNω ) = exp(−cnorm)
N∏
i=1

p(bi|si, ai, ϕ)p(ϕ) (A.23)

= exp(−cnorm)
N∏
i=1

exp
(
− 1

2σ2 (bi − B̂ϕ(si, ai))2
)

exp (−R(ϕ))

(A.24)

= exp
(
−cnorm −

1
2σ2

N∑
i=1

(bi − B̂ϕ(si, ai))2 −R(ϕ)
)

(A.25)

=⇒ − log p(ϕ|DNω ) = cnorm +
N∑
i=1

(bi − B̂ϕ(si, ai))2

2σ2 +R(ϕ), (A.26)

as required.

A.2 BBO Policy Evaluation Experiment Details

A.2.1 Tsitsiklis’ Triangle Counterexample

1
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Figure A.1: Tsitsiklis’
Triangle MDP.

The three-state Tsitsiklis’ Triangle MDP [Tsitsiklis and

Van Roy, 1997] is designed to prove divergence of TD

methods with nonlinear function approximators. The

purpose of this experiment is to empirically validate the

convergence properties of nonlinear BBO algorithms.
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Environment and Value Function

The environment, illustrated in figure A.1, consists of the state space S = {1, 2, 3}

and the action-independent transition kernel

P := [p(s′ = j|·, s = i)]i,j =


1
2 0 1

2
1
2

1
2 0

0 1
2

1
2

 . (A.27)

Let V̂ (ω) := [V̂ω(s = 1), V̂ω(s = 2), V̂ω(s = 3)]⊤ be the value function vector. It

can be shown that any V̂ (ω) parameterized by ω ∈ R and satisfying the linear

dynamical system

dV̂ (ω)
dω

= (Q+ ϵI) V̂ (ω), (A.28)

with the condition that V̂ (0)⊤1 = 0 where ϵ > 0 is a small constant and:

Q :=


1 1

2
3
2

3
2 1 1

2
1
2

3
2 1

 , (A.29)

diverges when updated using the TD algorithm [Tsitsiklis and Van Roy, 1997]. To

be consistent with the TDC and GTD2 algorithms by Bhatnagar et al. [2009] we choose:

V̂ (ω) = exp(ϵω)(a cos(λω)− b sin(λω))

with a = (−14.9996,−35.0002, 50.0004),

b = (−49.0753, 37.5278, 11.5469),

λ =
√

3/2, and

ϵ = 10−2,

as a solution to equation (A.28) (using the values that we received from the au-

thors’ implementation). We set the discount γ = 0.9 and normalize the gradient steps

to stabilize the updates. Each update batch includes all 6 environment transitions.
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Hyperparameters

We search over the learning rates for all the algorithms. For TDC, and GTD2, we begin

with a coarse grid search with values of {1e−3, 1e−2, 1e−1, 1e0}, followed by finer

search of {1e−1, 2e−1, ..., 9e−1, 1e0}. For TD(0), we manually search around the

learning rate used in Bhatnagar et al. [2009]. We do not search over BBO’s prior

loss weight and set it to 1.0. The final hyperparameters are presented in table A.1.

Table A.1: Hyperparameters for reported Tsitsiklis Triangle experiments.

Method Parameter Value

BBO Lower-level learning rate 8e-1
Upper-level learning rate 1e-1

TD(0) Learning rate 2e-3

TDC
Fast timescale learning rate 1e0
Slow timescale learning rate 1e-1

GTD2
Fast timescale learning rate 8e-1
Slow timescale learning rate 1e-1

Results

As can be seen in figure 3.3, BBO converges to the optimal solution similarly to

prior convergent nonlinear methods, TDC and GTD2 Bhatnagar et al. [2009], while

TD(0), as expected, diverges. These results verify the convergence properties of

the proposed nonlinear BBO algorithms.

A.2.2 Neural Network Function Approximators
Environments

We consider three environments commonly used in policy evaluation literature:

100-Link Pendulum [Dann et al., 2014] with 200-dimensional continuous observa-

tion space, Puddle World [Boyan and Moore, 1995] with 2-dimensional continuous

observation space, and the continuous variant of Mountain Car [Boyan and Moore,

1995]1 with 2-dimensional continuous observation space.
1We use the MountainCar-Continuous-v0 implementation from the OpenAI Gym suite [Brock-

man et al., 2016]

https://github.com/openai/gym/blob/074bc269b5405c22e95856920e43a067a14302b1/gym/envs/classic_control/continuous_mountain_car.py
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Datasets

The datasets used for evaluating the policies consist of 2e4, 2e4, and 5e4 on-

policy transitions for Puddle World, Mountain Car, and 100-Link Pendulum,

respectively. For Puddle World and Mountain Car, each transition is sampled

independently by resetting the state uniformly at random in the state space after

each transition. Puddle World and Mountain Car observations are normalized

to range [−1,+1].

Policies. For Puddle World and Mountain Car experiments, we run the policy

evaluation using a simple, non-optimal policy. In Puddle World, the policy selects

either up or down action uniformly at random. In Mountain Car, the right action is

chosen when velocity > 0, and otherwise the left action. The 100-Link Pendulum

experiments, on the other hand, use an optimal policy obtained with dynamic

programming, similar to the policy used in the corresponding linear experiments.

See Dann et al. [2014] for details.

Ground-truth Value Functions. For Puddle World and Mountain Car, the

ground-truth value function, for which the mean squared errors are computed,

is obtained for a set of 625 evenly-spaced states (25× 25 grid) in the 2D state

space. We reset the agent to each of the 625 states 1000 times, rolling it out and

computing the cumulative sum of rewards for up to 1000 steps, finally averaging

over the 1000 resets. The 100-Link Pendulum environment is a linear-quadratic

MDP, for which we obtain the exact values for 5000 states, as is done by Dann

et al. [2014]. All the value functions are computed with the same discount factor

that is used for training the approximate value functions.

Network Structure

All the experiments use a single-layer feedforward network with hidden layer size of

256 for Puddle World and Mountain Car and 512 for 100-Link Pendulum, unless

otherwise stated. TDC uses a tanh activation whereas other algorithms use relu,.
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Training Details

The discount factor is set to 0.98 for all tasks. The optimization is carried out

with Adam optimizer [Kingma and Ba, 2015] using randomly sampled mini-batches

of size 512. The hyperparameter searches are done using 3 datasets and the final

results are averaged over 24 separate datasets and seeds. The runs take about

15 minutes for BBO variants, 7 minutes for TD(0), and 85 minutes for TDC per

100k steps on a standard desktop machine.

Hyperparameters

We use the same grid search for the hyperparameters across all environments. The

hyperparameters with their evaluated values for each algorithm are presented in

table A.2 for BBO, table A.3 for TD(0), and table A.4 for TDC. For BBO, instead

of searching over the full grid at once, we first perform a coarse grid search for

learning rates without using a prior, then perform another denser search around

the best values (with values still given in the table A.2), and finally perform a grid

search over the lower-level gradient steps per training step and prior values (when

applicable). For TDC and TD(0), we perform a full grid search over the listed values.

Table A.2: BBO hyperparameter grid

Hyperparameter Grid values
Learning rates {1e−6, 3e−6, 1e−5, . . . , 1e−1, 3e−1, 1e0}
Weight for the prior loss (1/σ2

0)* {1e−4, 3e−4, 1e−3, . . . , 1e−1, 3e−1, 1e0}
Lower-level steps / training step {1, 5, 10, 20}

* For 100-Link Pendulum, we also include {2.5e−1, 5e−1, 7.5e−1}.

Table A.3: TD(0) hyperparameter grid

Hyperparameter Grid values
Learning rate* {1e−6, 3e−6, 1e−5, . . . , 1e−1, 3e−1, 1e0}

* For 100-Link Pendulum, we also include {1e−7, 3e−7}.

The final hyperparameters for each method and task are presented in table A.5.

The values are chosen by manually picking the best-performing set from the
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Table A.4: TDC hyperparameter grid

Hyperparameter Grid values
Fast timescale learning rate {1e−6, 3e−6, 1e−5, . . . , 1e−1, 3e−1, 1e0}
Slow timescale learning rate {1e−6, 3e−6, 1e−5, . . . , 1e−1, 3e−1, 1e0}

Table A.5: Hyperparameters for reported nonlinear policy evaluation results.

Method Parameter Environment
100-Link Pendulum Puddle World Mountain Car

Gradient
BBO w/
prior

Upper-level learning rate 1e-3 3e-2 1e-2
Lower-level learning rate 1e-4 1e-2 3e-3
Prior loss weight 5e-1 3e-4 1e-1
Lower-level steps / training step 20 10 10

Gradient
BBO w/o
prior

Upper-level learning rate 1e-4 1e-3 1e-2
Lower-level learning rate 3e-4 1e-2 3e-3
Lower-level steps / training step 20 10 10

Direct
BBO w/
prior

Learning rate 3e-7 1e-3 3e-4
Prior loss weight 1.0 3e-4 1e-1

TD(0) Learning rate 3e-7 3e-3 3e-4

TDC
Fast timescale learning rate 1e-3 1e-3 1e-2
Slow timescale learning rate 1e-4 1e-3 1e-5

hyperparameter search based on the final MSE, and the final results are reported

for 24 holdout datasets.
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A.2.3 Residual MSE in Puddle World Experiments
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(a) Supervised Oracle
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Figure A.2: Learning curves for supervised oracle (left, a) and BBO (right, b) with
different hidden layer sizes in policy evaluation task. The oracle is trained with supervised
learning to minimize the MSE directly, and it achieves near-zero error with higher-capacity
models. For BBO, incresing the network capacity does not eliminate the residual error.
Note the different scale of the horizontal axis.

In section 3.6.1, we presented results in three non-linear policy evaluation tasks.

A curious reader might wonder where the residual error in the Puddle World

result comes from.

As previously described, the results in figure 3.4 present the root of the mean-

squared error, MSE(ω) := ∥V π − V̂ω∥2
2, between the true value function V π and the

learned value function V̂ω. A standard assumption in policy evaluation tasks is that

we cannot evaluate the MSE value during training time. If that were possible, we

could just resort to minimizing the MSE and forget the temporal-difference updates

altogether. In practice, however, we have access to only a dataset of state-transition

samples of the environment, and the objectives based on temporal-difference updates

act only as a practical proxy for the true MSE error.

Although in principle minimizing MSBBE until zero would imply perfect

consistency with the true value function and thus zero MSE, it is well known

that in practice TD fixed points — that is, the stable solution that TD learning

approaches converge to — may not lead to a non-zero MSE at convergence. We

briefly recap some of these practical factors next.
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Parametric function approximators. With parametric function approximators,

like neural networks in our case, a simple culprit can be the limitation of the

function class. In Puddle World, for instance, the value function has relatively

sharp transitions (especially at the edges of “puddles”) that can be difficult to

capture precisely without extensive network capacity. This limitation can lead

to irreducible MSE.

We ran two experiments to investigate whether the model capacity is indeed the

limiting factor. First, we trained a neural network value functions of varying size

in a supervised learning setting, where we minimize the MSE loss directly, using

the privileged “oracle” value function during training (which for the actual policy

evaluation task is only used during evaluation.) Second, we do a similar ablation

for BBO, varying the network capacity to understand its effect on the MSE.

The results are presented in figure A.2. Left (figure A.2a), the oracle model

clearly benefits from higher model capacity: the smaller, shallower networks ([256]

and [1024]) suffer from both higher variance across the seeds and also do not

converge within the training window. With deeper networks ([1024, 1024] and

[1024, 1024, 1024]), the MSE is quickly driven down to near-zero values (with final

RMSE << 0.5.). Similar analysis for BBO (figure A.2b) shows that the network

capacity alone is unable to drive the residual RMSE to zero: while the RMSE

improves when increasing the network size from [256] to [1024], and achieving a

slightly lower minimum value with [1024, 1024] network, increasing the network size

further to [1024, 1024, 1024] increases the RMSE. This suggests that the residual

RMSE cannot be explained with the network capacity alone.

Regularization and prior influence. BBO, as is typical with Bayesian ap-

proaches, employs a prior that biases the solution space. This regularization helps

the algorithm avoid overfitting but can also nudge the solution away from the

exact empirical optimum, thus leaving a nonzero gap in MSE. In other words,

the “best compromise” between data fitting and prior regularization might never
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be exactly zero error. We investigated removing the prior term but observed no

meaningful benefit in the RMSE at convergence.

Finite sampling and gradient-based optimization used by BBO can also

lead to small residual differences in the learned solution. Hence, the convergence

to a local minimizer of MSBBE while still having slight MSE above zero.

Stochasticity in updates or environment. The Puddle World task [Boyan

and Moore, 1995] is inherently stochastic, the sampling of transitions can introduce

noise, particularly with the finite, fixed dataset as used in our experiments.

A.3 BBO Continuous Control Experiment Details

This section provides further details and analysis of the BBAC algorithm and control

experiments presented in section 3.6. We refer to λ := 1
σ2

0
as the regularization

weight and σ2 as the prior scale. We first investigate BBAC’s behavior in

the MountainCar-Continuous-v0 task, where the environment’s simplicity and

low-dimensionality allows us to visually analyze the behavior of the randomized

prior ensemble. We then analyze BBAC’s sensitivity to randomized prior hy-

perparameters in a slightly modified version of DeepMind Control Suite’s [Tassa

et al., 2018] cartpole-swingup_sparse environment. Finally, we highlight the

limitations of BBAC in higher-dimensional Humanoid-v3 environment from [Brock-

man et al., 2016].

To improve the exploration capability of SAC in the challenging domains, we

also introduce a variant of SAC called SAC* which uses a single Q-function to

avoid pessimistic underexploration [Ciosek et al., 2019]. Here, instead of learning

two soft Q-function approximators independently and choosing the minimum for

the actor and critic gradient updates as specified by SAC, we train a single soft

Q-function and use updates (6) and (13) of Haarnoja et al. [2018b] directly. This

also reduces the inductive bias that SAC has for solving tasks with dense reward

structures, making the comparison against BBAC fairer.
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All the experiments in this section use the same hyperparameters from table A.6.

The policies and function approximators are parameterized as fully-connected

neural networks.

Table A.6: Common Hyperparameters for BBAC and SAC.

Hyperparameter Value
Optimizer Adam
Learning rates 3e−4
Discount 0.99
Replay buffer size 1e6
Nonlinearity ReLU
Hidden layers 2
Hidden units/layer 256
Batch size 256
Target smoothing coefficient 5e−3
Training steps per environment step 1

A.3.1 BBAC MountainCar-Continuous-v0

In order to qualitatively measure how the agents explore the state space, we analyze

the evolution of critics and coverage of state space throughout learning. We use

the standard MountainCar-Continuous-v0 implementation from the OpenAI Gym

suite [Brockman et al., 2016], and run each of the algorithms for 1e5 timesteps,

while checkpointing the replay pool and the critics on pre-specified intervals.

For the final SAC runs, we set the target entropy using the heuristic provided

in [Haarnoja et al., 2018d] which is the negative number of action dimensions,

i.e. −1 in this case. We also tested target entropy values {−8,−4,−2, 0, 1
2 , 1}, all

of which behaved similarly as the default target. From the 35 runs with these

7 different entropies, a total of 3 seeds were able to achieve the goal. As our

experiments are carried out in a tabula rasa setting where the prior functions are

drawn as randomly initialized neural networks, we find that the choice of prior

parameters affects the speed with which BBAC solves the tasks. BBAC is relatively

insensitive to the randomized prior hyperparameters in this environment, as long

as the ensemble size L ≥ 4, and for the final results we use ensemble size L = 8,

prior scale σ = 100, and regularization weight λ = 3e−5.

https://github.com/openai/gym/blob/074bc269b5405c22e95856920e43a067a14302b1/gym/envs/classic_control/continuous_mountain_car.py
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(a) Ensemble size L.
λ=3e−5, σ=32.
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(b) Prior scale σ.
L=8, λ=3e−5.
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(c) Regularization weight λ.
L=8, σ=32.

Figure A.3: Evaluation of BBAC’s sensitivity to randomized prior hyperparameters.
We vary (a) ensemble size L, (b) prior scale σ, and (c) regularization weight λ, while
keeping other hyperparameters fixed.

A.3.2 BBAC Cartpole

We further investigate BBAC’s sensitivity to the choice of randomized prior

hyperparameters — ensemble size (L), prior scale (σ), and regularization weight (λ)

— in a slightly modified version of DeepMind Control Suite’s [Tassa et al., 2018]

cartpole-swingup_sparse domain, as a continuous analog to the one presented

in [Osband et al., 2019b].

The original cartpole-swingup_sparse is modified such that the reward func-

tion includes a control cost of 0.1at for action at on each timestep t, and the agent

receives a positive reward of 1 only when both the cart is controllably centered and

the pole is controllably upright. That is, the reward function r(st, at) for action

at at state st = (cos(θt), sin(θt), θ̇t, xt, ẋt) is given by:

r(st, at) = −0.1|at|+ (1(|xt| < 0.1) · 1(0.95 < cos(θt)) · 1(|ẋt| < 1) · 1(|θ̇t| < 1)).
(A.30)

The pole is initialized to a stationary downright position, and the motor is not

strong enough to turn the pole upright on a single pass, meaning that in order to

reach the goal, the agent has to build momentum by moving the cart and swinging

the pole back and forth. This requires executing costly actions for more than a

hundred steps, making the exploration problem non-trivial.

SAC’s performance, shown in figure 3.5b, confirms that naïve exploration

strategies, such as noisy actions incorporated by maximum-entropy reinforcement
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learning, eschew costly exploration actions needed for task completion and converge

to a sub-optimal strategy. BBAC on the other hand is able to consistently

solve the task.

The results for BBAC’s hyperparameter sensitivity are presented in figure A.3.

Increasing the ensemble size (L; figure A.3a) improves the likelihood of solving the

task and, as expected, this effect plateaus and the task can be consistently solved

with L ≥ 8. In the case of both prior scale (σ; figure A.3b) and regularization

weight (λ; figure A.3c), too small values limit the exploration and there is a sweet

spot where task performance and exploration are well-balanced. While higher

values of prior scale are unable to solve the task within the 3e6 time steps shown

here, we expect them to eventually converge to the optimal solution, whereas

higher values of regularization weight are likely to constrain the learning too

much to allow convergence.

All our experiments are carried out in a tabula rasa setting where the prior

functions are drawn as randomly-initialized neural networks, which is why the

effect of the hyperparameter choice to the speed of learning is expected. The

range of working hyperparameters is relatively wide and easy to tune, however,

and in a real-world scenario, we might have access to prior knowledge on the task,

for example through transfer learning, which would further simplify the choice

of BBAC’s hyperparameters.

A.3.3 BBAC Humanoid

For dense-reward tasks, we use the standard Humanoid-v3 implementation from the

OpenAI Gym suite [Brockman et al., 2016], which provides a dense set of shaping

terms. In the sparse-reward version, we remove all the positive shaping terms and

disable premature episode termination: the agent receives a positive reward only

if it has moved at least five meters from the origin.

We train each trial for 1e7 timesteps. We ran a sweep for the prior scale values

σ ∈ {8, 16, 32, 64} and regularization weight values λ ∈ {3e−6, 3e−5, 3e−4}. The

final results for RP-BBAC use ensemble size L = 8, prior scale σ = 32, and
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regularization weight λ = 3e−5. The hyperparameters and results for SAC are

identical to those from the original paper [Haarnoja et al., 2018b]. The reported

results include five trials with independent seeds for both algorithms. Not a single

trial in our sparse experiments managed to achieve the sparse reward.



B
Priors, Hierarchy, and Information

Asymmetry for Skill Transfer in
Reinforcement Learning

B.1 Covariate Shift and Knowledge Distillation

In this section, we provide proofs for the theory introduced in chapter 4.

B.1.1 Proof of Theorem 4.3.1 (Covariate Shift)

Theorem 4.3.1 (Covariate Shift). The more random variables a network depends

on, the larger the covariate shift (here represented by KL-divergence) encountered

across sequential tasks. That is, for two distributions p and q, and inputs b and c

with c ⊂ b:

DKL(p(b) ∥ q(b)) ≥ DKL(p(c) ∥ q(c)).

144
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Proof of theorem 4.3.1.

DKL(p(b) ∥ q(b)) = Ep(b)

[
log

(
p(b)
q(b)

)]

= Ep(d|c)·p(c)

[
log

(
p(d|c) · p(c)
q(d|c) · q(c)

)]
with d ∈ b \ c

= Ep(c)

[
Ep(d|c) [1] · log

(
p(c)
q(c)

)]
+ Ep(c)

[
Ep(d|c)

[
log

(
p(d|c)
q(d|c)

)]]
= DKL(p(c) ∥ q(c)) + Ep(c) [DKL(p(d|c) ∥ q(d|c))]

≥ DKL(p(c) ∥ q(c)) given Ep(c) [DKL(p(d|c) ∥ q(d|c))] ≥ 0
(B.1)

B.1.2 Proof of Theorem 4.3.2 (Knowledge Distillation)

Theorem 4.3.2 (Knowledge Distillation). The more random variables a network

depends on, the greater its ability to distill knowledge in the expectation (reflected by

the expected KL-divergence between the network’s output distribution and a target

distribution). Specifically, for a target distribution p and a network q with outputs

a and possible inputs b, c, d, such that b = (b0, b1, ..., bn), d ⊂ c ⊂ b, e ∈ d \ c:

Eq(e|d) [DKL(p(a|b) ∥ q(a|c))] ≤ DKL(p(a|b) ∥ q(a|d)).

Proof of theorem 4.3.2.

DKL(p(a|b) ∥ q(a|d)) = Ep(a|b)

[
log

(
p(a|b)
q(a|d)

)]
= Ep(a|b)

[
log p(a|b)− logEq(e|d) [q(a|c)]

]
with e ∈ d \ c

≥ Ep(a|b)·q(e|d)

[
log

(
p(a|b)
q(a|c)

)]
given Jensen’s Inequality

= Eq(e|d) [DKL(p(a|b) ∥ q(a|c))]
(B.2)
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BC RL

Prior Skill Acquisition
with Behavioral Cloning

Skill Transfer with
Reinforcement Learning

(1) (2)

Figure B.1: Schematic of the APES experimental regime.

B.2 Method Details

B.2.1 Training Regime

This section provides details on our method and the training regime used throughout

the main sections. We begin by algorithmically describing the training setup and

then follow with a discussion on the variational behavioral cloning and reinforcement

learning setups in appendix B.2.2, as well as on the critic learning in appendix B.2.3.

Algorithm 4 and figure B.1 provide pseudo-code and a visual schematic of the

APES training regime. As described in the main text, the training regime is split

into two phases: the prior skill acquisition phase using behavioral cloning and

transfer learning with reinforcement learning. The behavioral cloning phase adopts

DAgger [Ross et al., 2011] for improved learning efficiency and stability, and

produces a prior policy π0 = {πL0 , πH0 } as a result of expert imitation in the source

environment envS. The prior is then transferred over to the target environment

envT and we learn a new policy πH .

Both the behavioral cloning and reinforcement learning phases use the experience

collection routine described in algorithm 5, which implements the DAgger logic of

randomly sampling the environment with either the expert or the learned policy.
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Algorithm 4 APES Training Regime
1: Input: Policy π, priors π0 = {πi}i∈{0,...,N}, critics Qk∈{1,2}, replay buffers Rbc for

behavioral cloning and Rrl for reinforcement learning, DAgger rate r, source
and transfer environments envS and envT.

2: Output: Trained policy πH .
3:
4: ▷ Train prior with Behavioral Cloning (BC).
5: Initialize π, π0, Rbc, r, envS
6: for each BC training step do
7: Rbc, envS ← collect(π, Rbc, envS, True, r) ▷ Algorithm 5
8: π, π0 ← BC_update(π, π0, Rbc) ▷ Stop π0 → π gradient. Equation (4.6)
9: end for

10:
11: ▷ Transfer and train πH with Reinforcement Learning (RL).
12: Reinitialize πH . Initialize Qk∈{1,2}, Rrl, envT.
13: for each RL training step do
14: Rrl, envT ← collect(π, Rrl, envT, False, 1) ▷ Algorithm 5
15: πH ← RL_policy_update(π, π0, Rrl) ▷ Equation (4.4)
16: Qk ← RL_critic_update(Qk, π, Rrl) ▷ Equation (B.9)
17: end for

Appendix B.3 provides further details on the hyperparameters and model

architectures used in our experiments.

B.2.2 Variational Behavioral Cloning and Reinforcement
Learning

For simplicity and broader applicability, this subsection momentarily omits the

information gating function objective, IGF (xk), specific to APES. However,

integrating these derivations with the APES framework remains straightforward.

Behavioral Cloning (BC) and KL-Regularized Reinforcement Learning (RL)

share many similarities when viewed through the lens of Variational Inference,

especially within hierarchical model structures. The behavioral cloning objec-

tive is defined as:

Jbc(π, {πi}i∈Ibc) = −
∑
i∈Ibc

DKL(π(τ) ∥ πi(τ)) (B.3)

Here, Jbc corresponds to the KL-divergence between trajectories from policy π

and priors πi, with i ∈ Ibc = {0, u, e} representing the set of learned, uniform, and
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Algorithm 5 Collect Experience
1: Input: Policy πi, replay Buffer Rj , environment env, DAgger Flag DAgger

(default: False), DAgger Rate r (default: 1).
2: Output: Updated replay buffer Rj, updated environment env.
3:
4: ▷ Collect experience from πi or πe, apply DAgger if instructed, and update
Rj, env.

5: function Collect(πi, Rj, env, DAgger, r)
6: x ← env.Observation()
7: πe ← env.Expert()
8: ai ← πi(x)
9: ae ← πe(x)

10: a ← Bernoulli([r, 1− r], [ai, ae])
11: x′, rk, env ← env.Step(a)
12: if DAgger then
13: af ← ae
14: else
15: af ← ai
16: end if
17: Rj ← Rj.Update(x, af , rk,x′)
18: return Rj, env
19: end function

expert priors. Contrary to what is usually evaluated in the literature [Pertsch

et al., 2020], considering only the expert prior in our formulation yields the

reverse KL-divergence.

The reinforcement learning objective is defined as:

Jrl
(
π, {πi}i∈Irl

)
= Eπ,τ [R(τ)]−

∑
i∈Irl

DKL(π(τ) ∥ πi(τ)) (B.4)

which corresponds to the lower bound on the expected optimality of each prior

log pπi
(O = 1), with O denoting the event of achieving optimal return and R(·)

denotes the return. We refer the reader to [Abdolmaleki et al., 2018, Salter* et al.,

2022] for proofs, assumptions, and further discussion on this lower bound. During

transfer using RL, we assume no access to the expert or its demonstrations, that

is, i ∈ Irl = {0, u} ⊂ Ibc = {0, u, e}.

Hierarchical policies complicate direct KL evaluation, leading to the adoption of

an upper bound commonly expressed as [Salter et al., 2020, Tirumala et al., 2019]:
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DKL(π(τ) ∥ πi(τ)) ≤
∑
t

Eπ(τ)

[
DKL(πH(zt|xk) ∥ πHi (zt|xk))

+ EπH(zt|xk)

[
DKL(πL(at|xk, zt) ∥ πLi (at|xk, zt))

] ]
(B.5)

This bound simplifies if modules are shared (i.e., πLi = πL), in which case the

second term is cancelled, or non-hierarchical, in which case the first term is cancelled.

To make both Jbc and Jrl in equations (B.3) and (B.4) amendable to off-policy

training, we introduce importance weighting, thus reducing off-policy bias at the

expense of higher variance. Combining all the above with additional individual

term-weighting hyperparameters, βzi and βai , we attain:

D̃q(τ)
KL (π(τ)||πi(τ)) := Eq(τ)

[∑
t

νq[t]
(
βzi Ci,h(zt|xk) + βai EπH(zt|xk) [Ci,l(at|xk, zt)]

)]

where ζni =
EπH(zi|xi,k)

[
πL (ai|xi, zi, k)

]
n(ai|xi, k) ,

νn =
[
ζn1 , ζ

n
1 ζ

n
2 , . . . ,

τt∏
i=1

ζni

]
,

Cµ,ϵ(y) = log
(
πrϵ (y)
πrµ,ϵ(y)

)

−DKL(π(τ)||πe(τ)) ≥ −
∑

i∈{0,u,e}
D̃πe(τ)

KL (π(τ)||πi(τ)) (B.6)

Ep(K),
π0(τ)

[log(O = 1|τ, k)] ≥ Eπb(τ)

[∑
t

νπb [t] · rk(xt, at)
]
−

∑
i∈{0,u}

D̃πb(τ)
KL (π(τ)||πi(τ))

(B.7)

Where D̃q(τ)
KL (π(τ)||πi(τ)) (for βzi = βai = 1) is an unbiased estimate for the

aforementioned upper bound in equation (B.5) using q’s experience. ζni is the

importance weight for timestep i, between π and arbitrary policy n. νn[t] is

the tth element of νn; the cumulative importance weight product at timestep t.

Equations (B.6) and (B.7) are the behavioral cloning and reinforcement learning

lower bounds used for the policy gradients. We refer the reader to [Salter* et al., 2022]
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for the derivation and necessary conditions of these bounds. For behavioral cloning,

this bounds the KL-divergence between hierarchical policy π and expert policy πe.

For reinforcement learning, this bounds the expected optimality for the learned prior

policy, π0. Intuitively, maximizing this particular bound maximizes return for both

policy and prior, while minimizing the disparity between them. Regularizing against

an uninformative prior, πu, encourages highly-entropic policies, further aiding in

exploration and stabilising learning [Haarnoja et al., 2018d, Igl et al., 2019].

While importance weights could be used for the behavioral cloning, we did not

observe benefits of using them and thus omit them for the skill acquisition phase.

We employ module sharing (πLi = πL, unless otherwise stated) and freeze

certain modules during distinct phases, and thus never employ more than two β

hyperparameters at any given time, simplifying the hyperparameter optimization.

These weights balance an exploration/exploitation trade-off. We use a categorical

latent space, explicitly marginalizing over it, rather than using sampling approxi-

mations [Jang et al., 2016]. For behavioral cloning, we train for one epoch, that

is, on expectation, once over each sample in the replay buffer.

B.2.3 Critic Learning

The lower bound presented in equation (B.7) is non-differentiable due to rewards

being sampled from the environment. Therefore, as is common in the RL litera-

ture [Lillicrap et al., 2015, Mnih et al., 2015], we approximate the return of policy

π with a critic, Q. For sample efficiency, we train in an off-policy manner with

TD-learning [Sutton, 1988] using the Retrace algorithm [Munos et al., 2016] to

provide a low-variance, low-bias, policy evaluation operator:

Qret
t := Q

′(xt, at, k) +
∞∑
j=t

ϵtj

[
rk(xj, aj) + E πH(z|xj+1,k),

πL(a′|xj+1,z,k)

[
Q

′(xj+1, a′, k)
]
−Q′(xj, aj, k)

]
(B.8)

L(Q) = Ep(K),
πb(τ)

(Q(xt, at, k)− arg min
Qret

t

(Qret
t ))2

 ϵtj = γj−t
j∏

i=t+1
ζbi (B.9)
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Where Qret
t represents the policy return evaluated via Retrace. Q′ is the target Q-

network, commonly used to stabilize critic learning [Mnih et al., 2015], and is updated

periodically with the current Q values. Importance weights are not ignored here,

and are clipped between [0, 1] to prevent exploding gradients [Munos et al., 2016].

To further reduce bias and overestimates of our target, Qret
t , we apply the double

Q-learning trick, [Hasselt, 2010], and concurrently learn two target Q-networks, Q′ .

Our critic is trained to minimize the loss in equation (B.9), which regularizes the

critic against the minimum of the two targets produced by both target networks.

B.3 Experimental Details

This section provides further details on our experimental setup, including environ-

ments, used architectures, and hyperparameters. We build off of the softlearning

code base [Haarnoja et al., 2018b]. Algorithmic details not mentioned in the

following sections are omitted and kept constant with the original SAC implemen-

tation [Haarnoja et al., 2018b]. For all experiments, we sample batch size number

of entire episodes of experience during training.

B.3.1 Environments

This section delves deeper into the specifics of the environments used in our

experiments, including the expert setups employed for data collection.

CorridorMaze

In the CorridorMaze environment, the agent’s goal is to traverse through a series

of corridors, requiring completion of a corridor cycle, i.e. reaching the end and

returning to the origin, before proceeding to the next corridor.

State, Action, and Task Spaces For a CorridorMaze with Nc corridors, each

of length Nl, the underlying state is a tuple s = (c, l) ∈ ({0, . . . , Nc}, {0, . . . , Nl}),

denoting in which corridor and how deep into it the agent is. The initial state is set

to p(s0) = (0, 0), such that the agent starts from the origin, i.e. the intersection of
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all corridors. Similarly, the task identifier, k ∈ {1, . . . , Nc}, specifies which of the

Nc corridors the agent is required to traverse next. The action space is continuous

with a ∈ [0, 1], directing the agent’s movement within or between the corridors.

Transition Function The transition of the agent within the maze is governed by

a deterministic function, with separate logic for the origin and the corridor states:

f(s, a) =
f0(a) if s = 0
f1(s, a) if s ̸= 0,

with f0 handling the origin states and f1 the transition corridor transitions.

Specifically, f0(a) decides which, if any, corridor the agent enters, while f1(s,a)

computes the agent’s next position within a corridor. These functions are defined as:

f0(a) =
(0, 0) if w

2 < a

(min
(⌊

2a
w
·Nc

⌋
+ 1, Nc

)
, 1) else,

f1(s, a) = (cnew, lnew),

with lnew =


l − 1 if a ∈ [ c−1

Nc
,
c−1+ w

2
Nc

] and 0 < l,

l + 1 if a ∈ [ c−
w
2

Nc
, c
Nc

] and l < Nl,

l else,

and cnew =
0 if lnew = 0
c else

The width parameter w controls the range of actions that lead to a transition,

influencing the task’s exploration difficulty. Unless otherwise stated, we use w = 0.9

for all experiments.

Observation In practice, the agent receives a scaled one-hot encoding of the

current corridor index and depth, translating the conceptual state tuple into the

policy input. This vector is of length Nc, with the active corridor’s position marked

by the agent’s depth within it, and all other elements set to 0. That is (with the slight

abuse of notation and reuse of the state variable to denote the agent’s observation):

s = (s1, s2, . . . , sNc)T , where si =
l if i = c

0 otherwise
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The task identifier is similarly one-hot encoded vector of length Nc, with the

target corridor’s position marked by 1 and all other elements set to 0.

Reward Function We consider two different variations of the environment,

semi-sparse and sparse, each providing a different level of reward sparsity. In the

semi-sparse variation, rsemi-sparse
k awards a reward of 1 for two scenarios: when the

agent reaches the end of the designated corridor (half-corridor cycle) and when it

successfully returns to the origin after completing the corridor traversal. For all

other actions, a reward of 0 is given. Conversely, in the sparse variation, rsparse
k

returns 1 only upon the successful completion of all the corridor cycles in the task,

making it a more challenging variation due to the increased sparsity of rewards.

Expert Setup The expert samples actions uniformly within the optimal action

range for each state, as defined by the transition function above, ensuring corridor

traversal in the correct sequence.

Stack

Our CubeStack domain modifies the 7-degree-of-freedom FetchPickAndPlace-v0

robotic environment [Plappert et al., 2018] available in the OpenAI Gym suite [Brock-

man et al., 2016] to introduce a more complex and nuanced cube stacking task.

We make the following modifications to the original environment.

1. We introduce additional cubes of varying colors and masses, along with a

designated goal pad for stacking.

2. The cube spawn locations are predetermined and set equidistant around the

goal pad, as depicted in figure 4.2.

3. To reduce episode lengths, the number of control sub-steps was increased from

20 to 60.

4. A transparent hollow tube was placed around the goal, to simplify the stacking

task by preventing the collapse of stacked objects due to structural instabilities.
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5. The robot arm is consistently spawned above the goal pad to standardize the

starting position for each episode.

Observation, Action, and Task Spaces The action space of the robot is

4-dimensional, with the first three dimensions of the action representing the desired

Cartesian displacement along the xyz-axes of the end effector and the final dimension

for controlling the closing and opening of the gripper.

We modify the observation space to include the gripper position and grasp state,

as well as the object’s global positions and relative positions with respect to the

arm. Velocities are excluded from the observation.

The task identifier, k, is a one-hot vector specifying the next block to be stacked.

Reward Function The reward function, rsparse
k , grants a reward of 1 for placing

the correct object on top of the cube stack and 0 otherwise.

Expert Setup The expert is set up to stack the blocks in the given order. Its

strategy is broken down into six sequential segments:

1. Positioning Above Block: Move the gripper to a location 20 cm above the

target block, keeping it open.

2. Lowering to Block: Vertically lower the gripper to 5 mm above the block

without closing.

3. Grasping: Close the gripper until the object is securely grasped.

4. Lifting: Vertically raise the gripper back to 20cm above the initial position,

maintaining grip on the block.

5. Positioning Above Pad: Relocate the gripper above the target pad while

holding the block.

6. Releasing: Open the gripper to drop the block onto the target pad, completing

the stacking action.
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We use MuJoCo’s [Todorov et al., 2012] inverse kinematics functions and PD

controller with action gains set to 21 to produce desired actions. The transition

between segments is triggered upon reaching the specified target locations. When

opening or closing the gripper in states 3 and 6, we apply actions of +0.05 and

−0.1 to the gripped dimension. For stage 3, we continue closing the gripper until

there are contact forces between the gripper and the cube. For stage 6, we continue

opening the gripper until the block has dropped such that it is within 14 cm of

the target pad. To prevent fully deterministic samples, which can be problematic

for behavioral cloning, we inject noise into the expert actions. Specifically, we

add Gaussian noise with a diagonal covariance and standard deviation of 0.2 per

dimension. We do not apply noise to the gripper closing or opening actions.

B.3.2 Model Architectures

We continue by outlining the shared model architectures across domains and

experiments. Each policy network (πH , πL, πH0 , πL0 ) uses a feedforward module

outlined in table B.1. Where necessary, the policy outputs are squashed with tanh

function to match the predefined action ranges. The critic is similarly parameterized

as a feedforward network but is not hierarchical. To handle historical inputs, we

tile and flatten the inputs to form a 1-dimensional input array. Where necessary,

we ensure that the input always remains of fixed size by appropriately left-padding

zeros. For πH and πH0 we use a categorical latent space of size 10, which we found

sufficient to express the diversity of behaviors exhibited in our domains. Table B.2

presents an overview of each setup for all methods from the main text, including

inputs to each module, level at which KL-regularization occurs (z or a), which

modules are shared, and which modules are reused across sequential tasks. None of

the reused modules are given access to task-dependent information, namely task

identifier k, or exteroceptive information, e.g. cube locations in the CubeStack

domain. This choice ensures reused modules generalize across the task instances.
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Table B.1: Feedforward Module, π
{H,L}
(0)

hidden layers (512, 512)
hidden layer activation relu
output activation linear

Table B.2: Full experimental setup. Describes inputs to each module, level over which
KL-regularization occurs, which modules are shared, and which are reused across training
and transfer tasks.

Name Learn m Module Input KL Level πL = πL0 Reuse
πH0 πL0 πL πH

APES ✓ xt−20:t st st xk z ✓ πH0 , πL0 , πL

APESH20 ✗ xt−20:t st st xk z ✓ πH0 , πL0 , πL

APESH10 ✗ xt−10:t st st xk z ✓ πH0 , πL0 , πL

APESH1 ✗ xt−1:t st st xk z ✓ πH0 , πL0 , πL

APESS ✗ st st st xk z ✓ πH0 , πL0 , πL

APESno-prior - - - st xk - - πL

SAChier,rec - - - st xk - - -
SACrec - - - xk - - - -
APESH1,KL-a ✗ xt−1:t st st xk a ✗ πH0 , πL0
APESH1,flat ✗ - xt−1:t st xk a ✗ πL0

B.3.3 Behavioral Cloning

For the behavioral cloning setup, we use a noisy expert controller to create experience

to learn from. We apply DAgger [Ross et al., 2011] during data collection and

training of policy π as we found that this resulted in a higher success rate in

solving tasks. The noise levels were chosen to be small enough so that the expert

still managed to complete the task. We trained our policies for one epoch, i.e. in

expectation once over each collected data sample. It may be possible to be more

sample efficient by increasing the ratio of gradient steps to data collection, but

we did not explore this direction.

Table B.3 presents the final hyperparameters for the BC phase. We performed

hyperparameter sweeps mainly for the β-parameters, weighting different KL term

components (equation (B.6)). In our setting, these β parameters have a total of

two degrees of freedom. As we stop gradients flowing from π0 to π, choice of β0

does not affect the interplay of individual loss terms (as long as it is non-zero),
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Table B.3: Behavioral Cloning Hyperparameters.

Environment CorridorMaze CubeStack

π(i) learning rate 3e−4 3e−4
z categorical size 10 10
πH history length 24 5
βzu 1e−3 1e−3
βau 1e−2 1e−2
αm 1e−1 1e−1
DAgger rate 1e−1 1e−1
Batch size 128 128
Episode length 24 35

so we set it to 1. Similarly, since only the relative magnitude of βae to βzu and βau

matters, we also set βae = 1. For the remaining two β hyperparameters, βzu and

βau, we performed a hyperparameter sweep over three orders of magnitude, that

is, three values across each dimension resulting in a grid of nine parameter pairs,

to obtain the reported values. In practice π0 consists of multiple trained priors

π0 = {πi}i∈{0,...,N}, all sharing the same β hyperparameters.

These β values were first optimized for the fixed APES ablations without learned

attention. For the learned attention version of APES, we picked the best-performing

hyperparameters (as listed in table B.3) and additionally optimized for αm (the

hyperparameter in equation (4.4) weighting πH0 mask’s sparsity term relative to

the rest of RL and BC objectives). For these values we ran a similar sweep over

three orders of magnitude (αm ∈ {1e0, 1e−1, 1e−2}).

The final hyperparameters were chosen from these sweeps based on the resulting

DKL(πH ||πH0 ) and ρ(m) values. For methods with fixed attention, we choose the

parameters minimizing DKL(πH ||πH0 ), while for the attention, we manually choose

the parameters while preferring ρ(m) without significantly sacrificing performance.

Each result was run over four trials with independently sampled seeds. We observed

only small variations in learning across trials and used the models from the best-

performing trial for transfer. We performed small sweeps for learning rates, z size,

DAgger rate, and batch size during the development of the algorithm. These
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values had only minor impact on the learning performance and were fixed to the

listed values throughout the reported trials.

We found that, for both BC and RL setups (described in the next section),

conditioning πH on the entire history sometimes degraded the learning performance,

while providing no benefit. Our final results use πH history length of 24 for

CorridorMaze and 5 for CubeStack environments during the behavioral cloning

phase. These same lengths are also used for both πH and Q in the reinforcement

learning setup described in the next section.

We prevent gradient flow from π0 to π to ensure fairer comparison between

ablations so that each prior distills knowledge from the same high-performing policy

π and dataset. Training multiple pairs of π and π0 jointly could lead to different

learned priors influencing the quality of each policy π, confounding comparisons.

Our focus is on how priors influence knowledge distillation and transfer rather than

on modifying π itself. We also confirm that KL-distillation losses for the priors

converge consistently across seeds and tasks, ensuring a fair comparison.

B.3.4 Reinforcement Learning

Table B.4: Reinforcement Learning Hyperparameters.

Environment CorridorMaze CubeStack

Transfer task Nc = 2 Nc = 4 Nc = 4
Reward Type sparse semi-sparse sparse
Q learning rate 3e−6 3e−5 3e−5
π learning rate 3e−4 3e−4 3e−4
β
z/a
0 1e−2 1e−1 5e−2
βz/au 1e−2 0 5e−4
Q update rate 6e−4 6e−4 6e−4
Retrace λ 0.99 0.99 0.99
Batch size 128 128 128
Episode length 30 60 65

During the reinforcement learning stage in training, we freeze the prior and low-

level policy for the applicable model variants. All reused modules transferred across
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sequential tasks are frozen and any modules that are not shared, such as πH for most

experiments, are initialized randomly across tasks. Depending on the ablation study,

our regularization targets either the latent or action space. This applies whether

our models are hierarchical, share low-level policies, or incorporate pre-trained

components (including the low-level policy and prior). Consequently, regularization

is applied using at most two β hyperparameters and the hyperparameter sweeps

follow the same procedure as in the behavioral cloning phase outlined above. We

did not sweep over Retrace λ, batch size, or episode length. The learning rates

were swept for values between 3e−7 and 3e−3. The final hyperparameters were

chosen to maximize the transfer performance. For Retrace, we clip the importance

weights between [0, 1], as is done by Munos et al. [2016], and perform λ-returns

rather than n-step returns. We found the Retrace operator important in improving

the sample-efficiency of learning.

B.4 APES Policy Rollouts

This subsection investigates the converged APESH1 policy’s behaviors in CorridorMaze

and CubeStack transfer domains, with a focus on understanding the behavior

through categorical probability distributions of πH(xk) and πH0 (IGF (xk)).

For the CorridorMaze tasks, as illustrated in figures B.2 and B.3, APESH1

effectively navigates the corridors in the correct sequence, thus successfully solving

the task. The categorical distributions for these domains remain relatively entropic.

In general, the latent categories cluster into those that lead the agent deeper down

a corridor and those that return the agent back to the hallway. The policy and

prior distributions align closely, except at the corridor intersections where the prior

π0 is multi-modal — as is desired for transferability for an unknown number or

ordering of the hallways — but the policy π needs to deviate from the multi-modal

prior and act deterministically given the task information in order to traverse the

optimal corridor. For the CorridorMaze’s hallway, as shown in figure B.2, the

prior allocates one category to each of the four corridors. Such behavior would

not be possible with a non-hierarchical flat prior.
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In the CubeStack 4 blocks domain, presented in figure B.4, APESH1 demon-

strates its ability to correctly stack the cubes according to their masses. The

categorical latent space exhibits similar trends as for the CorridorMaze domain.

Most noteworthy is the behavior of both the policy and prior at the bottleneck state,

in this case the drop zone above the block stack where the cubes are to be placed.

This location is visited five times within the episode: at the start s0, and four more

times upon stacking each block. Interestingly, for this state, the prior becomes

increasingly less entropic upon each successive visit. This suggests that the prior

has learned that the number of feasible high-level actions, corresponding to which

block to stack next, reduces upon each visit, as there remain fewer lighter blocks to

stack. It is also interesting that for s0, the red categorical value is more favored

than the rest. Here, the red categorical value corresponds to moving towards cube

0, the heaviest cube. This behavior is as expected, as during the behavioral cloning

phase, this cube was stacked first more often than the others, given its mass. For

this domain, akin to CorridorMaze, the policy deviates most from the prior at the

bottleneck state, as here it needs to behave deterministically to optimally choose

which cube to stack next, whereas the prior is agnostic to this.
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CorridorMaze 4 Corridor
rollout

Figure B.2: CorridorMaze Nc = 4: Ten rollouts for the converged APESH1 policy. The episodes are stacked vertically and the time steps
throughout the episode rollout horizontally. The task involves navigating through blue and orange corridors. The color on the top row
for each episode, labeled as xt represents the corridor currently traversed and the overlaid number and color intensity the depth in that
corridor. Similarly, the categorical latent space distributions for policy πH and prior πH0 are shown as histograms for each time step, with the
category’s height denoting the probability of the colored category (histogram colors are independent of the corridor label colors). The policy
deviates significantly from the prior at the hallway (white state with label 0), which is a bottleneck state where the prior is multi-modal but
the policy requires determinism to solve the task. The information gating function IGF (·) is denoted as F (·) for brevity.
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CorridorMaze 4 Corridor

rollout
Figure B.3: CorridorMaze Nc = 2: Ten rollouts for the converged APESH1 policy. See
figure B.2 for details on the visualization.
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rollout
Figure B.4: CubeStack Nc = 4: (Top) Ten policy rollouts for the converged
APESH1 policy. The task involves stacking the cubes in sequence (0, 1, 2, 3). (Bottom)
Corresponding policy distributions, similar to figure B.3, are shown for each time step in
the episode. Horizontal dashed lines indicate the current stacking sub-task, transitioning
upward with each successful cube placement. The policy deviates significantly from the
prior at the cube drop zone, which is a bottleneck state where the prior is multi-modal
but the policy requires determinism to solve the task. The information gating function
IGF (·) is denoted as F (·) for brevity.
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Figure B.5: Typical policy rollout, early during training, for APES on CubeStack 4 blocks domain. The still frames of the rollout unroll
from left to right and top to bottom. APES explores at the individual block stacking level.
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Figure B.6: Soft attention distribution of the APES πH0 , plotted as log10(mw) for the
CorridorMaze (Left) and CubeStack (Right) domains. Color coding shown on the right,
red indicating high and blue low attention values.

B.5 APES with Soft Attention Masks

In an earlier version of the APES work, we investigated the use of soft, continuous

attention masks, such that mw ∈ [0, 1]dim xk . In this setting, we interpret each

mask mw as a probability distribution by applying softmax transformation over w,

mw = softmax(w), and define the attention penalty as the entropy over the mask:

Lattention(m) := H(m)

The entropy penalty H(m) drives the model towards sparse, low-entropy atten-

tion configurations similar to the ℓ1-penalty in equation (4.5) for the hard mask case.

We note that this soft attention does not fully eliminate dimensions in the

same way that hard attention does, thus losing the strict connection with theorems

theorems 4.3.1 and 4.3.2. In practice, however, it is observed to often lead to many

0-attention elements [Mott et al., 2019, Salter et al., 2020], effectively reducing

the information processed and maintaining focus on relevant inputs. Our findings,

which we present below, support these findings.

We provide analysis similar to the one in section 4.5.3, except this time with

the hard masks replaced with soft masks.

In figure B.6, we present full attention maps for APES, presenting both intra-

observation and intra-action attention mechanisms. For the CorridorMaze domain,

the model predominantly focuses on the most recent action at. This observation
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implies that, for a vast majority of environmental states, except when at corridor

ends or intersections, the previous action is indicative enough to determine the

optimal next step, i.e., to continue traversing along the corridor. Consequently,

APES has learned its attention mechanism to reflect this strategy, allocating more

attention to where it is most useful, while still paying some attention to broader

observations when it needs to navigate complex environmental states.

We highlight here that, despite the observation dimensions taking very low

attention values, the soft masking does not preclude πH0 from using the information

from those dimensions, as the model can learn to simply rescale the low-magnitude

values if needed. Indeed, the model appears to use some of this information, for

example in the hallway intersection and ends in the CorridorMaze task.

The overall trend in the CubeStack domain follows a similar pattern as with the

hard mask: the model primarily allocates its attention to a recent history of actions,

with attention for actions decaying continuously towards the past. The attention

assigned to actions related to gripper manipulation (in the bottom row of figure B.6)

diminishes more rapidly than for other actions. Again, this finding reflects the

functional logic of stacking tasks, where successive gripper actions possess high but

quickly diminishing correlation. Furthermore, APES largely disregards observations

related to the gripper’s position, indicating that the model effectively infers this

information from other observation space aspects and recent action history. These

selective attention patterns suggest that the soft attention may be a viable practical

alternative to the hard masking, despite its disconnect from the theory.



C
Interactive Full-Body Motion Imitation

with Model-Predictive Control

C.1 Additional Tracking Error Figures

Luo et al. [2021, 2023a] report tracking errors both for local and global tracking

errors. For completeness, we provide the global tracking errors in figure C.1. The

global tracking errors follow a similar trend to the local errors presented in figure 5.4

and discussed in section 5.5.2.

C.2 SMPLHumanoid Modifications

As discussed in section 5.5.1, we modify the SMPLHumanoid’s joints and actuators to

stabilize the model for MuJoCo. The original model is obtained (in MuJoCo model

format) from the official codebase provided by Luo et al. [2023a]1 We implement

three key modifications to the model: First, for each joint, we reduce the stiffness

parameter by a factor of 40 and the damping parameter by a factor of 10. Second,

we substitute the model’s original motor actuators with filtered position actuators

(section 5.4). Finally, we remove 20 redundant joints — toe xy-axes, neck x-axis,

head y-axis, thorax y-axis, elbow xy-axes, wrist y-axis, and hand xyz-axes — to
1https://github.com/ZhengyiLuo/PHC/blob/79ec27653988d3d4b51ff63772aef0753b6ed230/

phc/data/assets/mjcf/smpl_humanoid.xml
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https://github.com/ZhengyiLuo/PHC/blob/79ec27653988d3d4b51ff63772aef0753b6ed230/phc/data/assets/mjcf/smpl_humanoid.xml
https://github.com/ZhengyiLuo/PHC/blob/79ec27653988d3d4b51ff63772aef0753b6ed230/phc/data/assets/mjcf/smpl_humanoid.xml
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(a) Empjpe-g for 3842 randomly chosen sequences from AMASS test split.
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(b) Empjpe-g for the 138 AMASS test sequences.

Figure C.1: Per-sequence tracking errors for the keyframe motions from AMASS splits
from Luo et al. [2023a]. Each point on the x-axis presents a motion in the dataset and
the y-axis presents global tracking error, Empjpe-g (lower is better), for the training set (a,
top) and the test set (b, bottom). For better readability, the motions within each method
are shown in ascending order based on the corresponding tracking error. The average
error over the motions for each split is shown in the corresponding legend.

reduce the model’s degrees of freedom to enable faster planning. We observe no

change in tracking quality, either visually or in the tracking errors, from omitting

the joints, but are able to run the planner about 30% faster.

C.3 Model and Planner Parameters

We use a value of θdynamics = 0.03 for both the SimpleHumanoid and SMPLHumanoid

models. The gain and bias parameters for each joint, θgain and θbias, are defined as:

θgain = kp ∗ slope

θbias0 = kp ∗ (qmin − slope ∗ umin)

θbias1 = −kp

where kp is the proportional gain parameter and slope is defined as slope =
(qmax−qmin)
(umax−umin) . The qmin and qmax denote the maximum and minimum positions

of the joint and umin and umax denote the control range corresponding to that

joint. In practice, we set [umin, umax] = [−1,+1]. Finally, the force range of the

actuators (forcerange parameter in MuJoCo) is limited to the range [fmin, fmax].
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Table C.1: Joint and actuator parameters for the SimpleHumanoid model. All the joints
in the model are 1-dimensional hinge joints but we have grouped the sides and axes with
matching parameters within each joint. The degrees of freedom (DOFs) column indicates
the number of joints under the grouping.

joint joint parameters actuator parameters

name side axis DOFs stiffness damping qmin qmax kp fmin fmax

abdomen — y 1 10 15 −5π
12 +π

6 300 -300 +300
abdomen — x 1 10 20 −7π

36 +7π
36 200 -200 +200

abdomen — z 1 20 20 −π
4 +π

4 180 -180 +180
ankle left,right x 2 3 3 −5π

18 +5π
18 50 -50 +50

ankle left,right y 2 6 6 −5π
18 +5π

18 120 -120 +120
elbow left,right — 2 0 5 −5π

9 +5π
18 90 -90 +90

hip left,right z 2 10 10 −π
3 +7π

36 200 -200 +200
hip left,right x 2 10 10 −π

6 + π
18 200 -200 +200

hip left,right y 2 10 15 −5π
6 +π

9 300 -300 +300
knee left,right — 2 1 8 −8π

9 + π
90 160 -160 +160

shoulder1 left,right — 2 1 6 −2π
3 +π

3 120 -120 +120
shoulder2 left,right — 2 1 6 −2π

3 +π
3 120 -120 +120

The actuator and joint parameters for SimpleHumanoid are listed in table C.1

and for SMPLHumanoid in table C.2.
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Table C.2: Joint and actuator parameters for the SMPLHumanoid model. All the joints
in the model are 1-dimensional hinge joints but we have grouped the sides and axes with
matching parameters within each joint. The degrees of freedom (DOFs) column indicates
the number of joints under the grouping.

joint joint parameters actuator parameters

name side axis DOFs stiffness damping qmin qmax kp fmin fmax

Ankle left,right x,z 4 20 8 −π
4 +π

4 250 -250 +250
Ankle left,right y 2 20 8 −π

2 +π
2 250 -250 +250

Chest — x,y,z 3 20 10 −π
3 +π

3 250 -250 +250
Elbow left z 1 20 5 −π 0 250 -250 +250
Elbow right z 1 20 5 0 +π 250 -250 +250
Head — y,z 2 20 5 −π

2 +π
2 250 -250 +250

Hip left,right x,y,z 6 20 8 −π
2 +π

2 250 -250 +250
Knee left,right x,z 4 20 8 − π

32 + π
32 250 -250 +250

Knee left,right y 2 20 8 0 +π 250 -250 +250
Neck — y,z 2 20 5 −π

2 +π
2 250 -250 +250

Shoulder left,right x,y 4 20 5 −π +π 250 -250 +250
Shoulder left,right z 2 20 5 −4π +4π 250 -250 +250
Spine — x,y,z 3 20 10 −π

3 +π
3 250 -250 +250

Thorax left,right x,z 4 20 5 − π
32 + π

32 250 -250 +250
Toe left,right y 2 20 5 −π +π 250 -250 +250
Torso — x,y,z 3 20 10 −π

3 +π
3 250 -250 +250

Wrist left,right x,z 4 20 3 −π +π 250 -250 +250
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