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Abstract: We study the projected clustering of photometric luminous red galaxies from
the DESI Legacy Survey, combining their angular power spectrum, bispectrum, and cross-
correlation with maps of the CMB lensing convergence from the Planck satellite. We employ a
perturbative bias expansion in Eulerian space to describe the clustering of galaxies, modelling
the power spectrum and bispectrum at one-loop and tree level, respectively. This allows us to
use the bispectrum to self-consistently calibrate the perturbative bias parameters. We validate
this model against an N -body simulation, and show that it can be used up to scales of at least
kPmax ≃ 0.2hMpc−1 and kBmax ≃ 0.08hMpc−1, saturating the information recovered from
the data. We obtain constraints on the amplitude of matter fluctuations σ8 = 0.761 ± 0.020
and the non-relativistic matter fraction Ωm = 0.307 ± 0.015, as well as the combination
S8 ≡ σ8

√
Ωm/0.3 = 0.769 ± 0.020. Including the galaxy bispectrum leads to a 10–20%
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improvement on the cosmological constraints, which are also in good agreement with previous
analyses of the same data, and in mild tension with Planck at the ∼ 2.5σ level. Finally, using
the bispectrum allows for a substantially more precise measurement of the bias parameters of
this sample, which are in reasonable agreement with existing coevolution relations.

Keywords: cosmological parameters from LSS, galaxy clustering, gravitational lensing,
power spectrum
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1 Introduction

The projected clustering of galaxies is one of the oldest probes of the large-scale structure
(LSS) in existence. Early measurements of the angular correlation function of galaxies and
clusters of galaxies from optical and radio surveys were vital in establishing the concept
of galaxy bias, providing evidence for the large-scale homogeneity of the Universe, and
confirming the basic predictions of gravitationally-led structure formation [1–5].

The amount of cosmological information that can be extracted from the angular clustering
of galaxies in photometric surveys is relatively limited by comparison with their spectroscopic
counterparts, where information from the full three-dimensional distribution of galaxies
can be exploited [6–9]. Nevertheless, photometric surveys have a number of advantages,
most importantly the large number density of sources that can be photometrically identi-
fied. This allows us to study their clustering over smaller scales before reaching the shot
noise-dominated regime, to increase our sensitivity to important effects, such as lensing
magnification, and to obtain high-precision measurements of the cross-correlation between
galaxies and other projected tracers of the LSS [10–15]. In particular, the combination of
these cross-correlations with the auto-correlation of galaxies at different redshifts enables
a tomographic reconstruction of the key physical quantities that these probes are sensitive
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to [16–20]. Within this general framework, lensing tomography, the combination of galaxy
clustering and their cross-correlation with measurements of the gravitational lensing effect,
has now become an established and high-precision cosmological probe. Lensing tomography
analyses have allowed us to reconstruct the universe’s growth history at high precision,
reaching redshifts z ∼ 3 [21–23], as well as measuring the cosmological parameters governing
the distribution evolution of cosmic structures at late times, such as the matter fraction
Ωm, or the expansion rate H0.

Lensing tomography, as well as other data combinations employing the angular clustering
of galaxies, are set to become more important with the advent of Stage-IV [24] imaging
surveys, such as Euclid [25], the Rubin Observatory [26, 27], and the future Roman Space
telescope [28], as well as surveys at other wavelengths. It is therefore important to ensure
that as much information as possible is recovered from these observations, including any
potentially new effect that could become observable given the increased sensitivity that these
experiments will achieve. In particular, the study of higher-order correlators of the projected
galaxy distribution, such as the bispectrum, has lagged behind the use of similar statistics in
other probes, such as spectroscopic clustering [29–32], the Cosmic Microwave Background
(CMB) [33, 34], and cosmic shear [35, 36]. In part this is due to the relative complexity
inherent to bispectrum analysis. First, bispectrum estimators are typically significantly more
computationally costly than power spectrum methods. Secondly, the resulting data vector is
often much larger, involving a large number of triangle configurations. Thirdly, estimating
the covariance matrix of the measurements using simulations can be prohibitively expensive.
Finally, the regime over which different models for the galaxy bispectrum are sufficiently
accurate has not been as thoroughly studied as the case of the power spectrum, and obtaining
theoretical predictions is also often expensive. The first three problems in this list may be
tackled through the use of novel bispectrum estimators [37–40], such as the “filter-square”
approach first presented in [41]. Likewise, advances in machine learning-based emulators
may be used to accelerate the theoretical calculations.

In this paper we carry out the first comprehensive analysis of the angular power spectrum
and bispectrum of galaxies in combination with CMB lensing. Our work will build on the
analysis of [42] (H25 hereafter), where the measurements of the galaxy power- and bispectrum
used here, as well as their first rudimentary analysis, were presented. Crucially, we will
use simulations to quantify the regime over which a perturbative treatment of the galaxy
bias may be safely used in a joint analysis of 2- and 3-point correlators, before applying
this framework to the real data. We will show that including the bispectrum allows us to
self-consistently measure the free parameters of the bias expansion at high precision, thereby
improving the final cosmological constraints, while demonstrating the internal consistency
of the model.

This paper is structured as follows. Section 2 presents the datasets used, as well as the
methods used to generate the power spectrum and bispectrum measurements used in our
analysis. The model used to describe these measurements, the simulations used to validate
this model, and the method used to obtain constraints on the model parameters are described
in section 3. The results of our analysis, including both the validation on simulations and
the constraints found on real data, are presented in section 4. We summarise our main
results and conclude in section 5.
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2 Data

2.1 Public galaxy and CMB lensing data

We use the publicly available Planck PR4 CMB lensing map, specifically the Generalized
Minimum Variance (GMV) map, constructed from a joint Wiener filtering of the temperature
and polarisation maps. The angular multipoles of the map are first rotated to Equatorial
coordinates before being low-pass filtered with a top-hat filter that nulls all harmonic
coefficients with ℓ > 3Nside and being transformed into a real-space map. Here Nside = 2048 is
the HEALPix pixelisation resolution parameter used, corresponding to a pixel size of δθ ≃ 1.7′.
Similarly, the publicly available sky mask associated with this map is rotated to Equatorial
coordinates in pixel space, and then apodised using a “C1” apodisation kernel with angular
scale 0.2◦, as implemented in NaMaster.1 We then make the resulting mask binary, setting
all values above 0.5 to 1, and all other values to zero. The impact of contamination from
thermal Sunyaev-Zel’dovich and Cosmic Infrared Background foregrounds on CMB lensing
cross-correlations with the Planck data were found to be largely negligible in [13, 43].

We also use galaxy overdensity maps constructed from the photometric luminous red
galaxy (LRG) sample from the 9th data release (DR9) of the Legacy Survey [44]. Specifically,
we use the galaxy overdensity maps and associated masks of the “main” sample made publicly
available by [45], and used in the analysis of [13] (S25 hereafter), which reports the angular
number densities along other properties of the sample in table 1. We do not perform any
further post-processing steps on these maps, which are provided natively at our chosen
resolution Nside = 2048. Maps are provided for four different redshift bins, spanning the
redshift range 0.3 ≲ z ≲ 1.3. The footprint of the LRGs is near-identical in all redshift bins,
and its overlap with the CMB lensing footprint covers ∼ 42% of the sky, which corresponds
to about 17340 deg2. The redshift distributions of each bin are also publicly available, and
shown for completeness in the left panel of figure 1. We use these redshifts to build our
theoretical predictions for the angular power spectra and bispectra. The final ingredient
needed for this analysis is an estimate of the slope in the cumulative number counts of sources
as a function of magnitude sµ, which we use to quantify the impact of magnification bias.
We use the values of sµ listed in table 1 of S25. For further details regarding the sample
selection and characterisation, the derivation of contaminant weights, redshift distributions,
and number count slopes, we refer readers to [45] and S25.

2.2 Power spectrum and bispectrum estimation

We estimate the galaxy-galaxy angular power spectrum Cggℓ in each redshift bin, as well as its
cross-correlation with CMB lensing convergence, Cgκℓ , using the pseudo-Cℓ algorithm [PCL,
46] as implemented in NaMaster [47]. All power spectra were estimated using bandpowers
of width ∆ℓ = 9, in the range 2 ≤ ℓ ≤ 6140. The impact of residual mode coupling due
to the presence of sky masks is forward-modelled in the theoretical predictions using the
bandpower window functions predicted by NaMaster. As per the procedure laid out in
appendix C of S25, an additional correction must be performed on the galaxy-convergence
cross-spectrum in order to account for different masking procedures and inhomogeneous

1https://github.com/LSSTDESC/NaMaster
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Figure 1. Redshift distribution and scale cuts. Left: Redshift distribution for each tomographic bin
used here (filled histograms). The distribution of the simulated AbacusSummit sample is shown as
dashed lines. Right: Multipole-wavenumber relation, in the Limber approximation, for the filtered bis-
pectrum data. The gray horizontal line marks the fiducial scale cut used here for the F2B measurements.

normalization introduced in the making of the CMB lensing convergence map κ. These
effects are corrected using a simulation-based transfer function, computed over 480 simulated
CMB lensing reconstructions [12]. Once computed, we divide the Cgκℓ measurements by the
transfer function (whose inverse is given by eq. (C.1) in S25).

We also estimate the angular galaxy bispectrum in each redshift bin, using the filtered-
squared bispectrum (F2B) estimator presented in [41]. In this framework, the bispectrum of
a given field δg is calculated as the cross-correlation between δg and the square of a filtered
version of itself (δg,L)2 ≡ (WL ⊗ δg)2, where the filter WL suppresses all modes outside a
range of multipoles around the angular scale L. The F2B is thus defined as

Φggg
LLℓ ≡ ⟨(δg,L)2

ℓm δ
∗
g,ℓm⟩, (2.1)

and is related to the reduced bispectrum bgggℓ1ℓ2ℓ3
via

Φggg
LLℓ =

∑
ℓ1ℓ2ℓ3

Kℓ1ℓ2ℓ3
LLℓ bgggℓ1ℓ2ℓ3

, (2.2)

where the F2B kernel Kℓ1ℓ2ℓ3
LLℓ is

Kℓ1ℓ2ℓ3
LLℓb

≡ h2
ℓ1ℓ2ℓ3

WL
ℓ1
WL
ℓ2
W ℓb
ℓ3

Nℓb

, (2.3)

where we have explicitly noted that we use bandpowers, labelled by ℓb, with Nℓb the total
number of modes in the bandpower (Nℓb ≡

∑
ℓ∈ℓb(2ℓ+1)W ℓb

ℓ ). Finally, the prefactor h2
ℓ1ℓ2ℓ3

is

h2
ℓ1ℓ2ℓ3 ≡ (2ℓ1 + 1)(2ℓ2 + 1)(2ℓ3 + 1)

4π

(
ℓ1 ℓ2 ℓ3
0 0 0

)2

. (2.4)

Note that the cross-correlation between (δg,L)2 and δg is estimated using the pseudo-Cℓ
method to account for mask-related mode coupling. As shown in [41], the residual mode
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coupling due to carrying out the filtering operation on an incomplete sky is negligibly small.
Thus defined, the F2B therefore recovers the angular bispectrum for triangular configurations
that are close to isosceles, although, as noted in [41], this is nevertheless able to capture
a large fraction of all available triangles. The estimator can also be easily generalised to
capture arbitrary triangle configurations, as well as correlations between different fields [42].

The filter WL defined above can take a variety of forms; in this study, we define three
equal-width top-hat filters which span the range 2 ≤ ℓ ≤ 272, each ∆L = 90 wide. For each
filter WL, there is a corresponding F2B measurement over the range 2 ≤ ℓ ≤ 6140, binned in
682 bandpowers of width ∆ℓ = 9. The data vector therefore contains the gg and gκ power
spectra, as well as a few F2B measurements — the number of F2B included in the data
vector will depend on the scale cuts we implement in the analysis. Indeed, a F2B whose
filter selects scales beyond the regime where our theoretical predictions are reliable should be
discarded; the right panel of figure 1 shows the redshift-dependent relation between Fourier
modes (where we define theoretical scale cuts) and harmonic multipoles (where the filters
WL are defined) which we use to inform our filter selection in each redshift bin. For instance,
for a scale cut at kmax ∼ 0.08h/Mpc (shown as the horizontal dotted line in figure 1), it
is safe to include the first F2B measurement for the lowest redshift bin, and the first two
measurements for the highest redshift bin.

The covariance of the data vector is estimated using the procedure first described in [41]
— for a detailed account of the various terms entering the estimate of the covariance for cross-
correlations, please refer to appendix C of H25. It is a fully analytical approximation of the
covariance, easily estimated from the data itself in a model-independent way. Reinterpreting
the bispectrum as a power spectrum of fields δg and δ2

g,L allows us to reuse already-existing
covariance estimation methods for power spectra [see e.g. 48]; in doing so (which means,
in practice, simply implementing the Gaussian power spectrum covariance from NaMaster),
we recover all Gaussian and non-Gaussian diagonal contributions of the F2B and F2B-PCL
covariance. Additional non-negligible off-diagonal contributions, called N222 and N32 for the
F2B auto-covariance and F2B-PCL cross-covariance respectively, can be derived analytically,
and are rescaled by the inverse of the effective sky fraction (to account for mode loss) before
being added to the diagonal “Gaussian” covariance. In this analysis, we only include the
N222 term and neglect the N32 term. This is because the latter, which is considerably smaller
in amplitude than N222 in the

[
Φggg
LLℓ, C

gg
ℓ

]
covariance block, and simply negligible for the[

Φggg
LLℓ, C

gκ
ℓ

]
block (see appendix C of [42]), takes longer to compute as it contains a generalized

F2B, ΦLℓℓ, in which one of the legs entering the squared field is filtered on a range of scales
corresponding to the bandpowers. As shown in [41], adding N32 to the N222 correction only
marginally affects the F2B residual distribution.

3 Methodology

3.1 Simulations

In order to validate the theoretical model described below, and quantify the range of scales over
which we may be able to use it safely, we make use of simulation-based mock observations
mimicking the data we use here.
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AbacusSummit is a suite of cosmological N -body simulations designed to meet and
exceed the Cosmological Simulation Requirements of the DESI survey [49]. The simulations
were run with Abacus [50, 51], a high-accuracy, high-performance cosmological N -body
code optimized for GPU architectures and large-volume runs, on the Summit supercomputer
at the Oak Ridge Leadership Computing Facility. In this work, we use the halo light cone
catalogs from the huge resolution box, which spans 7.5h−1 Gpc on a side with 86403 particles,
each with mass 5.7 · 1010 h−1M⊙ (corresponding to a particle mass 27 times larger than
the base resolution). These catalogs include the past light cone geometry needed for mock
survey generation, and allow us to cover the full DESI footprint with sufficient volume [52].
The simulations adopt the fiducial Planck 2018 cosmology (Ωbh

2 = 0.02237, Ωch
2 = 0.12,

h = 0.6736, 109As = 2.0830, ns = 0.9649).
To mimic the DESI Extended photometric LRG sample from Data Release 10 (DR10) [45,

53], which is based on imaging from DECaLS on Blanco, MzLS on Mayall, and BASS
on Bok, we generate galaxy mocks from the AbacusSummit halo light cones using the
AbacusHOD package. This method populates halos with galaxies according to a halo occupation
distribution (HOD), for which we adopt the best-fit parameters for the DESI 1% LRGs at z =
0.5 and z = 0.8 from [54], linearly interpolated between these redshifts to provide continuous
evolution across 0.3 < z < 1.1. The resulting catalog is then randomly downsampled to match
the observed number densities in the four redshift bins of our target dataset. The galaxies
are binned into tomographic bins matching roughly the redshift range and distribution of the
target sample. For this, each galaxy is assigned a Gaussian photometric redshift error with
standard deviation σz = 0.024(1 + z), and then binned according to the resulting photometric
redshift using the same bin edges that define our target LRG sample. The magnitude of
the Gaussian photo-z error used was selected to approximately reproduce the width and
tails of the redshift distributions in the real data. The resulting redshift distributions are
shown in the left panel of figure 1.

We construct full-sky CMB lensing convergence maps using the density shells of the
AbacusSummit huge light cone. The matter distribution is projected into ∼ 1000 shells
of thickness ∼ 10h−1 Mpc between z = 0.1 and z = 2.3, and mapped onto HEALPix pixels
at Nside = 16384 (corresponding to 0.23′ resolution). We compute the convergence field
under the Born approximation, with sources placed at z = 1089.3 corresponding to the
period of recombination.

3.2 Theory model

3.2.1 Angular power spectra and bispectra

In this work we make use of two projected tracers of the large-scale structure: The angular
overdensity of LRGs δg in different redshift bins, and maps of the CMB lensing convergence κ.

The angular galaxy overdensity, accounting for the impact of lensing magnification, can be
related to the three-dimensional matter and galaxy overdensities (∆g and ∆m, respectively) via

δg(n̂) =
∫
dχ [qg(χ)∆g(χn̂, z(χ)) + qµ(χ)∆m(χn̂, z(χ))] , (3.1)

where χ is the radial comoving distance, n̂ is a line-of-sight unit vector, and the radial kernels
associated with intrinsic clustering (qg) and magnification (qµ) are, assuming a spatially

– 6 –
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flat universe,

qg(χ) = H(z(χ)) p(z(χ)), (3.2)

qµ(χ) = 3
2H

2
0 Ωm (1 + z)χ

∫ ∞

z(χ)
dz′ p(z′)

(
5s(z′) − 2

) (
1 − χ

χ(z′)

)
. (3.3)

Here p(z) is the redshift distribution of the galaxy sample, Ωm and H0 are the matter fraction
and the current expansion rate, respectively, and s(z) is the slope of the cumulative number
count of sources as a function of magnitude at the magnitude limit [45]. Following S25, we
will assume that s does not vary significantly within the redshift bin, and adopt the values
presented in [43]. It is worth noting that, since for this sample s > 0.4, magnification leads
to a positive contribution to the observed galaxy overdensity (i.e. regions of positive matter
overdensity will contribute towards a positive δg).

The CMB lensing convergence traces the matter overdensities directly via, again valid
only for a spatially flat universe,

κ(n̂) =
∫
dχ qκ(χ) ∆m(χn̂, z(χ)), qκ(χ) ≡ 3

2H
2
0 Ωm (1 + z)χ

(
1 − χ

χLSS

)
, (3.4)

where χCMB is the distance to the last-scattering surface at zCMB ≃ 1089. Note that this
expression, as well as the description of magnification used above, neglects a scale-dependent
prefactor in harmonic space, fℓ ≡ ℓ(ℓ + 1)/(ℓ + 1/2)2, which is negligibly different from
1 on the scales used here.

Within the Limber approximation adopted here, the angular power spectra of δg and
κ can be related to the 3D power spectra of ∆g and ∆m via

Cggℓ =
∫
dχ

χ2

[
q2
g(χ)Pgg(kℓ, z(χ))+2qg(χ)qµ(χ)Pgm(kℓ, z(χ))+q2

µ(χ)Pmm(kℓ, z(χ))
]
, (3.5)

Cgκℓ =
∫
dχ

χ2 qκ(χ) [qg(χ)Pgm(kℓ, z(χ))+qµ(χ)Pmm(kℓ, z(χ))] , (3.6)

where Pgm(k, z) and Pgg(k, z) are the 3D galaxy-matter and galaxy-galaxy power spectra,
respectively, and kℓ ≡ (ℓ + 1/2)/χ. At this point it is worth noting that the impact of
lensing magnification is negligibly small in the galaxy auto-correlation, but becomes relevant
at the ∼ 10% level in the CMB lensing cross-correlation, leading to parameter shifts of
order ∼ 1σ if neglected.

For simplicity, the expressions above have assumed the so-called Limber approximation [55],
which is a rather good approximation given the relatively wide redshift bins used here.
Nevertheless, we will calculate all power spectrum templates described in section 3.3 without
adopting this approximation on scales ℓ < 100, where non-Limber effects are most relevant [13].
Another potentially important large-scale effect is redshift-space distortions (RSDs) [56]. In
the context of projected clustering, RSDs cause a spatially-correlated migration of galaxies
in and out of the selected redshift bin, leading to additional large-scale power [57]. We
incorporated the impact of linear RSDs in the galaxy auto-correlation, where it is most
relevant. As we show in appendix A.1, the impact of these large-scale effects is relatively
small, and our results are consistent with those found after removing the scales that are
most affected by them.

– 7 –
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Finally, our analysis will incorporate measurements of the projected galaxy bispectrum
bgggℓ1ℓ2ℓ3

, related to the F2B estimator through eq. (2.2). The projected and three-dimensional
bispectra are then related via the Limber integral

bgggℓ1ℓ2ℓ3
=
∫
dχ

χ4 q
3
g(χ)Bggg(kℓ1 , kℓ2 , kℓ3 , z(χ)). (3.7)

As mentioned above, the impact of magnification is negligible in the galaxy auto-spectrum and,
for the same reason, we will ignore its contribution to the galaxy bispectrum. This is further
justified by the significantly larger statistical uncertainties of the bispectrum measurements.

3.2.2 Shot noise

We add a shot noise contribution to the model galaxy auto-spectrum of the form

Cgg,SN
ℓ = 1 + αP

n̄
, (3.8)

where n̄ is the angular number density of sources, and αP is a free parameter characterising
deviations from purely Poissonian shot noise. This parameter thus allows us to account for
other stochastic contributions to the small-scale clustering of galaxies that are effectively
uncorrelated (and hence leading to a white noise component) within the scales studied.

We will include a similar contribution to the projected bispectrum, of the form

bggg,SN
ℓ1ℓ2ℓ3

=
(1 + αP

n̄

)2
+ 1 + αP

n̄

[
C
gg(1)
ℓ1

+ C
gg(1)
ℓ2

+ C
gg(1)
ℓ3

]
, (3.9)

where Cgg(1)
ℓ is the tree-level galaxy power spectrum without shot noise. The two terms

in eq. (3.9) stem from different contribution of the finite number density to a three-point
correlator, and depend on different powers of n̄. For the explicit computation that leads to
eq. (3.9) for the projected bispectra, we refer the reader to appendix D of [41]. Note that
our model assumes implicitly that the impact of non-Poissonian shot noise can be taken
into account in both the 2- and 3-point correlators by simply scaling the effective number
density of sources assuming Poisson statistics (n̄eff = n̄/(1 + αP )). Although this is not the
most general model describing stochastic bias components in galaxy clustering, we find this
approximation to be sufficiently accurate in this analysis.

3.2.3 Three-dimensional clustering

The final ingredient needed in our model is a description of the three-dimensional clus-
tering statistics of the galaxy and matter overdensities, namely Pgg(k, z), Pgm(k, z), and
Bggg(k1, k2, k3, z).

Here we will use a perturbative bias expansion in Eulerian space, within the so-called
Effective Field Theory of LSS [58, 59]. Specifically, we describe the galaxy and matter
overdensities up to third order as

∆m = δ(1) +δ(2) +δ(3), ∆g = b1∆m+ b2
2 (δ(1))2 + bs

2 s
2 + b3nl

2 ψnl+
bk2

2 ∇2δ(1), (3.10)

– 8 –
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where δ(1) is the linear matter overdensity, and δ(n) is the contribution to the matter
overdensity at n-th order in standard perturbation theory. The squared traceless tidal field
s2 is defined as

s2 ≡ sijs
ij , sij = (∂i∂j∇−2 − δKij δ

(1)), (3.11)

and the third-order operator ψnl is defined in e.g. [60].
We model the galaxy-galaxy and galaxy-matter power spectra at one-loop order in

standard perturbation theory (SPT), including EFT counterterm corrections:

Pgg(k) = b2
1P1-loop(k) + b1b2Pδ(2)(δ(1))2(k) + b1bsPδ(2)s2(k) + b1b3nlPδ(1)ψnl

(k)

+ b2
2
4 P(δ(1))2(δ(1))2(k) + b2

s

4 Ps2s2(k) + b2bs
2 Ps2(δ(1))2(k) + b1bk2Pδ(1)∇2δ(1)(k)

(3.12a)

Pgm(k) = b1P1-loop(k) + b2
2 Pδ(2)(δ(1))2(k) + bs

2 Pδ(2)s2(k) + b3nl
2 Pδ(1)ψnl

(k)

+
(
bk2

2 + b1cm

)
Pδ(1)∇2δ(1)(k) (3.12b)

Pmm(k) = P1-loop(k) + 2cmPδ(1)∇2δ(1)(k). (3.12c)

Here P1-loop(k) is the 1-loop SPT matter power spectrum, and all other power spectra of
the form PO1O2(k) are the power spectra between operators O1 and O2 at lowest non-zero
order in perturbation theory. For combinations involving the higher derivatives term, we only
retain the leading order contribution given by ⟨δ(1)∇2δ(1)⟩, ignoring the contributions from
⟨(δ(1))2∇2δ(1)⟩, ⟨s2∇2δ(1)⟩ and ⟨∇2δ(1)∇2δ(1)⟩ [61]. Note that we have added a counterterm
for the matter field proportional to k2, with a free parameter cm. A similar counterterm
would also be present for the galaxy overdensity, although its amplitude is fully degenerate
with the non-local bias parameter bk2 .

In turn, we model the galaxy bispectrum at tree level in SPT, in which case:

Bggg(k1, k2, k3) = 2P (k1)P (k2)
[
b3

1F2(k1,k2) + b2
1b2
2 Q2(k1,k2) + b2

1bs
2 T2(k1,k2)

]
+ (c.c.),

(3.13)
where “c.c.” stands for the other two cyclic permutations of the three wavevectors, P (k) ≡
Pδ(1)δ(1)(k) is the linear matter power spectrum, F2(k1,k2) is the second-order density SPT
kernel, and Q2 and T2 are the corresponding kernels for the quadratic and tidal fields:

F2(k1,k2) ≡ 5
7 + 1

2µ12

(
k1
k2

+ k2
k1

)
+ 2

7µ
2
12, Q2(k1,k2) ≡ 1, T2(k1,k2) ≡ µ2

12 − 1
3 , (3.14)

with µ12 ≡ k1 · k2/k1k2. Note that we do not include non-local or higher-derivative con-
tributions to the bispectrum, since these are mostly relevant in the presence of non-linear
redshift-space distortions and at one-loop order [62].

As in S25, we neglect the redshift evolution of nuisance parameters in the Limber integrals,
and evaluate them at the effective redshift defined by the galaxy clustering kernel

zeff =
∫ (
dχ/χ2) q2

g(χ)z(χ)∫
(dχ/χ2) q2

g(χ) (3.15)
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In principle the other combinations of kernels, such as qgqκ and q3
g , would entail a slightly

different effective value. However, given the mild redshift evolution of the nuisance parameters
observed in our results, we verified that this effect is negligible.

3.3 Accelerating theory predictions

Although the calculation of the theoretical predictions for the angular power spectra can be
carried out with relative efficiency, particularly using fast schemes to calculate PT convolutions,
such as FAST-PT [63, 64], the time to complete a fully converged Markov chain (see section 3.4)
can still be significant (e.g. hours or days). This problem is exacerbated in the case of the
angular bispectrum, given the large number of Limber integrals needed to cover all required
triangle configurations, and the additional complication of convolving the result with the F2B
kernel (eq. (2.3)). In order to increase the efficiency of our theory predictions as a function of
cosmological parameters, we employ machine-learning based emulators. Concretely, we will
emulate projected quantities, integrated over the radial kernels of the tracers under study.
Thus, our emulator is strictly tied to the specific dataset considered in this work.

In both the 2-point and 3-point observables studied here, the bias coefficients and
counterterms (b1, b2, bs, b3nl, bk2 , cm) are always multiplicative and can be brought outside
the Limber integrals. For instance, consider the galaxy-convergence power spectrum in
eq. (3.6). Within the perturbative bias expansion used here, it can be written as

Cgκℓ = b1Cgκ1-loop,ℓ + b2
2 Cgκ

δ(2)(δ(1))2,ℓ
+ bs

2 Cgκ
δ(2)s2,ℓ

+ b3nl
2 Cgκ

δ(1)ψnl,ℓ

+
(
bk2

2 + b1cm

)
Cgκ
δ(1)∇2δ(1),ℓ

+ Cµκ1-loop,ℓ + cmCµκ
δ(1)∇2δ(1),ℓ

, (3.16)

where we have defined the angular power spectrum templates corresponding to the different
PT power spectra in eq. (3.12):

CabO1O2,ℓ ≡
∫
dχ

χ2 qa(χ)qb(χ)PO1O2(kℓ, z(χ)). (3.17)

A similar expression can be derived for Cggℓ , with the addition of the shot noise component.
Crucially, these templates depend only on a small number of cosmological parameters (two
in our case, see below), and can therefore be emulated a priori.

In the same way for the galaxy bispectrum, where the acceleration enabled by emulators
is even more essential, we may write

Φggg
LLℓ = b3

1FgggLLℓ + b2
1b2
2 Qggg

LLℓ + b2
1bs
2 TgggLLℓ + b2

1(1 + αP )SNggg
2,LLℓ + (1 + αP )2SNggg

1,LLℓ , (3.18)

where we have defined the F2B templates:

XgggLLℓ ≡
∑
ℓ1ℓ2ℓ3

Kℓ1ℓ2ℓ3
LLℓ bggg,Xℓ1ℓ2ℓ3

, (3.19)

with the F2B kernel defined in eq. (2.3), and

bggg,Xℓ1ℓ2ℓ3
≡
∫
dχ

χ4 q
3
g(χ) [2P (kℓ1)P (kℓ2)X(kℓ1 ,kℓ2) + (c.c.)] for X ∈ {F,Q, T}, (3.20)

bggg,SN2
ℓ1ℓ2ℓ3

≡ 1
n̄

[
Cgg
δ(1)δ(1),ℓ1

+ Cgg
δ(1)δ(1),ℓ2

+ Cgg
δ(1)δ(1),ℓ3

]
, bggg,SN1 ≡ 1

n̄2 (3.21)

As before, the X templates depend only on cosmological parameters.
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We build one emulator per template and per redshift bin. The architecture of each of
our emulators is a Feed-Forward Neural Network, with 2 hidden layers of 128 nodes each.
The input layer of the network has size 2, corresponding to {log(1010As),Ωch

2}. The output
layer has the same size as our ℓ vector. For each emulator, we create a sample of 10,000
input-output pairs, which we split into a training set (holding 90% of the sample) and a
test set (with the remaining 10%). We build and train our models with Keras3 [65] and
TensorFlow [66], using a Rectified Linear Unit (ReLU) activation function, and optimizing
our weights and biases with the Adam gradient descent algorithm [67], with exponentially
decreasing learning rate. We use mean squared errors between the training and test sets
as a loss function and, during training, also compute an accuracy metric that accounts for
the percentage of output nodes differing less than 0.5% from the ground truth. We use this
metric to establish an early stopping criterion. The emulators we obtain with this procedure
are able to reproduce the corresponding test sets at better than 1% accuracy on all of the
considered scales, see appendix A.3.

The numerical computation of the templates appearing in eq. (3.20), with the method de-
veloped in H25, takes ≈ 5 s when already emulating the linear power spectrum [68], rather than
calling the Einstein-Boltzmann solver, and interpolating the evaluation of eq. (3.19). Still, this
makes posterior sampling, which we find requires evaluating the likelihood O (10,000–100,000)
times, practically unfeasible, especially when combining the redshift bins. Our approach
of emulating the templates reduces the single evaluation time of eq. (3.20) by three orders
of magnitude, down to ≈ 5 ms, enabling a feasible, and extremely fast, exploration of the
posterior with MCMC methods.

3.4 Likelihood

We derive parameter constraints from the measurements described in section 2 assuming
a Gaussian likelihood of the form

−2 log p(d|⃗θ) = (d − t(⃗θ))TC−1(d − t(⃗θ)) +K, (3.22)

where d is the data vector, t(⃗θ) is the theory prediction, described in the preceding sections
and dependent upon a set of free parameters θ⃗, and K is an arbitrary normalisation constant.

In our analysis, d will comprise a set of power spectrum (Cggℓ and/or Cgκℓ ) and F2B
measurements (Φggg

LLℓ), with the covariance matrix estimated as described in section 2.2. The
range of scales over which different power spectra and bispectra are used was determined
following the validation against simulations presented in section 4.1. In our fiducial analysis
we will use power spectrum data on angular scales ℓ < ℓPmax ≡ kPmax χ(z̄), where χ(z̄)
is the comoving distance to the mean redshift of the sample, and kPmax = 0.2hMpc−1.
Likewise, we will include F2B measurements on scales (Lmean, ℓ) < ℓBmax ≡ kBmaxχ(z̄), with
kBmax = 0.08hMpc−1. Here Lmean is the mean multipole of the top-hat filter defined in
section 2.2; our fiducial criterion thus corresponds to including the first filter for all bins,
as well as the second filter for z3 and z4. Note that we find that the constraints on Ωm

and σ8 do not improve significantly by including smaller scales. In addition to this, we
remove the largest angular scales in the power spectrum measurements, with ℓ < 29 (i.e.
we discard the first three bandpowers).
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Parameter Prior

Ωch
2 U(0.1, 0.14)

log
(
1010As

)
U(2.3, 3.5)

b1 U(1.2, 3.2)

b2 U(−5, 5)

bs U(−10, 10)

Parameter Prior

b3nl U(−10, 10)

bk2 N (0, 15 Mpc2)

cm N (0, 10 Mpc2)

sµ N (sfid
µ , 0.1)

αP N (0, 0.3)

Table 1. Model parameters and priors used.

The free parameters of our model will be the full set of bias expansion parameters,
including the counter-term and shot-noise amplitude, {b1, b2, bs, bk2 , cm, αP }, as well as two
cosmological parameters, the physical abundance of cold dark matter Ωch

2, and the amplitude
of primordial scalar fluctuations log

(
1010As

)
. We fix all other ΛCDM cosmological parameters

as follows: Following [13], we use Ωmh
3 = 0.09633 [69] as a proxy for the angular acoustic

scale, measured by Planck at very high precision, as well as Ωbh
2 = 0.02236, ns = 0.9649 (also

measured by Planck). We also fix the sum of neutrino masses to Mν = 0.06 eV. Although
the parameters we will sample are Ωch

2 and log
(
1010As

)
, we will most commonly present

our constraints in terms of the matter fraction Ωm and the linear matter power spectrum
amplitude σ8, as derived parameters. When considering multiple redshift bins in the same
dataset, we will assume that the clustering of galaxies and matter in each bin is described
by a different set of bias parameters (including αP and cm).

We sample the posterior distribution using nautilus, a nested sampling algorithm that
optimises the way its live points explore the parameter space thanks to the use of Neural
Networks [70]. We use 1000 live points, with 4 Neural Networks, and with convergence
criterion flive = 0.01 and neff = 5000. To construct this posterior we impose the priors on our
model parameters listed in table 1. The flat priors on Ωch

2 and log
(
1010As

)
coincide with

the parameter ranges over which the emulator described in section 3.3 is trained, and were
chosen to ensure that they enclose the region of parameter space that can be constrained by
the data in each redshift bin. The priors for b2, bs, and b3nl were chosen to be sufficiently
broad to encompass the ranges over which they may be constrained by two-point function
data alone. The prior on bk2 mimics the prior used in [13] for the counterterm amplitude and
the prior on cm is based on the arguments described in [71], whereby

cm ≃ O(1) × 1
k2

NL
≈ O(1) × 5h−2 Mpc2 (3.23)

for kNL(z = 0.5) ≃ 0.45hMpc−1.

4 Results

We now present the results of our analysis, beginning with a validation of the model using
simulations before applying it to the real LRG data.
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4.1 Validation on simulations

Simulation data provides a controlled setting, where the true underlying cosmology is known,
to assess the performance of the theoretical model employed.

A key aspect of full-shape fits of galaxy clustering data is understanding the regime of
validity of the model, i.e. defining respectively the largest and smallest scales that can be
employed for the purpose of parameter inference. While the limiting factor on the largest
scales is usually the presence of systematics, or the potential mismodelling of large-angle
effects (e.g. the Limber approximation, redshift-space distortions, etc.), the modelling on
smaller scales is limited by non-linearities in the clustering. The latter is particularly subtle
to assess, and several approaches have been proposed in the literature, most of which rely on
a posteriori validation by varying the small-scale cut kmax in the fit. In general, we expect
the fully theoretical, first-principle, model based on 1-loop (tree level) EPT to be able to
describe the mildly non-linear scales in the real-space halo and galaxy power spectrum up
to a kPmax of order ≈ 0.3hMpc−1 (≈ 0.1hMpc−1), as extensively validated for 3D clustering
on N-body simulations [72–74] for the redshifts of interest to this work.

With this aim, we thus start by analysing the mock LRG catalogue and CMB lensing
map generated from the AbacusSummit simulation as described in section 3.1. We analyse
the simulated data using the same pipeline as for the real data, measuring the galaxy auto-
spectrum, the galaxy-κ cross-spectrum, and the ggg F2B. We will then extract parameter
constraints from these measurements using the covariance matrix estimated for the real data,
allowing us to quantify the amplitude of any potential parameter biases against their expected
measurement uncertainties in the real data. Note, however, that the simulated data vector
has intrinsically smaller statistical uncertainties than the data, since the catalogue and κ

map cover the full celestial sphere, and the κ map does not include any noise contribution
from lensing reconstruction. This means that we should expect the scatter in the best-fit
parameters extracted from the simulation to be much smaller than the posterior uncertainties,
so any significant deviation from the true cosmology of the simulation will be likely due
to the limitations of the theory model used.

To quantify the adequacy of the theoretical model, we consider two key performance
metrics commonly employed in the literature [75]. Specifically, we compute the figure of
Bias (FoB), which quantifies the unbiasedness of the model in the recovery of the fiducial
parameters, and the figure of Merit (FoM), which measures statistical power in constraining
the parameters. These are computed for the two cosmological parameters θ⃗ = {Ωm, σ8} as a
function of the small-scale cut. The FoB and FoM are defined as

FoB ≡
√

(⟨⃗θ⟩ − θ⃗true)TCov−1
θ (⟨⃗θ⟩ − θ⃗true), FoM ≡ 1√

det(Covθ)
, (4.1)

where ⟨⃗θ⟩ is the mean of the posterior distribution for the model parameters θ⃗, θ⃗true is the
true value of the parameter θ, and Covθ is the covariance of the posterior. The FoB thus
quantifies the bias induced on the input parameters as a fraction of their uncertainties, while
FoM quantifies the constraining power of the model.

We begin by quantifying the scales over which the one-loop bias model used here is able
to describe the projected power spectra Cggℓ and Cgκℓ . For this, we analyse the simulated
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Figure 2. Model performance in simulated data. Figure of Bias (FoB, top panel), and figure
of Merit (FoM, bottom panel) for the galaxy-galaxy and galaxy-κ angular power spectra in each
redshift bin, for the two cosmological parameters {Ωm, σ8}, as a function of the small-scale cut
kP

max. Note that the FoM is reported relative to its value for kP
max = 0.08hMpc−1, in order to show

results from all bins on the same scale. The solid lines refer to the nonlinear bias model assumed
in our fiducial analysis, while dashed lines refer to a simplistic linear bias model. While linear bias
can only give unbiased cosmological results up to kP

max = 0.1hMpc−1, the nonlinear model can
extend to kP

max = 0.3hMpc−1 (but without significant gains in terms of extracted information for
kP

max > 0.2hMpc−1).

measurements excluding the F2B for now. Figure 2 reports the result of the fits for each
individual redshift bin. For reference, we also report the FoB for a “linear bias” model in
which b1 is the only nuisance parameter. This simpler model, while recovering unbiased
results at very large scales (kPmax ≲ 0.1hMpc−1), fails shortly afterwards. The apparently
counter-intuitive fact that the metric, at a given scale cut, is worse for higher-redshift bins
is an artifact of plotting as a function of comoving scales (as opposed to angular scales):
A given kPmax corresponds to a higher multipole at higher redshifts, and the measurements
thus achieve a stronger constraining power (i.e. smaller uncertainties). In contrast, the
higher-order bias model used here (see section 3) consistently returns unbiased constraints
on the two cosmological parameters for the various scale cuts and redshift bins that we
consider. Furthermore, while there is a notable increase in constraining power when including
mildly non-linear scales, this seemingly saturates already at kPmax ∼ 0.3hMpc−1, or earlier
(kPmax ∼ 0.2hMpc−1) for the higher-redshift bins. This saturation can be related to the
impact of shot noise and CMB lensing reconstruction noise on the small-scale statistical
uncertainties, as well as the model flexibility allowed by the multiple bias parameters in
the model, particularly the counter-term contributions proportional to k2P (k). This is
explored further in appendix A.2. Given these results, we make the conservative choice
of setting the same small-scale cut of kPmax = 0.2hMpc−1 for all the redshift bins, which
we apply to both Cggℓ and Cgκℓ .
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Figure 3. Consistency with bispectrum scale cut on simulation data. Posterior constraints on the
model parameters as a function of the small-scale cut used for the galaxy bispectrum kB

max. Results are
shown for two redshift bins, z3 and z4 (left and right panels, respectively). Similar results are found
for the first two redshift bins. The shaded coloured bands show the 68% constraints on each parameter
using the data covariance, with the gray band showing the constraints found when using only power
spectrum data with kP

max = 0.08hMpc−1 (and ℓmin = 29). Vertical lines represent, incrementally, the
high-ℓ bound of the different filters used.

To estimate a reliable scale cut for the three-point correlation function, we carry out
a separate, dedicated analysis. The main difficulty in doing so is the fact that, on its
own, Φggg

LLℓ is not able to place meaningful constraints on cosmological and bias parameters
simultaneously. For the same reason, the same metrics used above (FoB and FoM), if
applied to the combination of Cggℓ , Cgκℓ and Φggg

LLℓ, would be dominated by the two-point
functions, making them almost insensitive to the bispectrum. Thus, we adopt a different
strategy, combining Φggg

LLℓ with Cggℓ and Cgκℓ , but including the latter two only on the largest
scales (kPmax = 0.08hMpc−1), thus minimising the information extracted by the two-point
function. Furthermore, rather than simply examining the FoB and FoM directly, we will
instead quantify the stability of the posterior constraints on all parameters as a function of
kBmax. Figure 3 shows the constraints on all cosmological and bias parameters for the two
highest redshift bins as a function of kBmax in this setup. Similar results were found for the
other two redshift bins. We find that the preferred values of both Ωm and σ8 are largely
stable with respect to the choice of kBmax, and their statistical uncertainties only vary slowly
within the range of scales studied. In turn, the constraints on the bias parameters benefit
strongly from the inclusion of the three-point function. Their preferred value is also stable
with respect to kBmax. Given these results, we choose a scale cut of kBmax = 0.08hMpc−1,
compatible with the values assumed in three-dimensional clustering studies [71, 76], as a
compromise between the final size of the data vector and the desire to improve the constraints
on the higher-order bias parameters.
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Figure 4. Constraints from the AbacusSummit simulated data. Left: Posterior, for single and
combined redshift bins, of the cosmological parameters in the combined gg + gκ+ ggg analysis. The
dashed lines show the true cosmological parameters of the AbacusSummit simulation, while the yellow
cross marks the best-fit parameters found using the data covariance in the likelihood. The solid purple
contours show the constraints obtained from the combination of all redshift bins, with the dotted
contours showing the constraints found from individual redshift bins, all using the data covariance.
The constraints found using the simulation covariance (significantly smaller due to the larger sky area
and lack of lensing reconstruction noise) are shown in pink. The true cosmological parameters are
recovered in all cases with no significant bias. Right: Posterior, for the highest redshift bin, showing
the relevant degeneracies of σ8 with the bias parameters with and without the 3-point information,
using the data covariance. This shows how the 1D posterior for σ8 is affected by the marginalization
over the bias parameters, especially along the degeneracy with b2, when new information is added,
leading also to a small shift in the central value.

Having chosen our fiducial scale cuts, (kPmax, k
B
max) = (0.2, 0.08)hMpc−1, we now derive

constraints from the full data vector, combining all two- and three-point correlations from
the four redshift bins. The resulting constraints on Ωm and σ8 are shown in the left panel of
figure 4. The constraints found using the data covariance matrix are compatible with the
true cosmology of the AbacusSummit simulations within 1σ, and the best-fit parameter
values (defined as the point in the MCMC chain with the lowest χ2) are very close to
the truth. Similar results are found for each redshift bin when analysed individually, and
these are also shown in the figure for comparison. To determine whether the small shift
observed between the posterior constraints and the true parameter values is a consequence
of volume/projection effects or a genuine parameter bias, we repeat our analysis using the
covariance matrix of the simulation (which, as discussed above, leads to significantly smaller
data errors). The parameter constraints found in this case, shown in figure 4, are significantly
tighter and perfectly compatible with the true parameter values. This suggests that the small
parameter shift observed with the data covariance is indeed a result of projection effects.
To confirm this further, the right panel of figure 4 shows the constraints on σ8 and the b1
and b2 bias parameters of the fourth redshift bins. We can see that the multi-parameter
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zbin Dataset Ωm σ8 fit χ2 (PTE)

z1
gg + gκ 0.296 ± 0.034 0.686 ± 0.058 1.07 (0.35)
gg + gκ+ ggg 0.294 ± 0.033 0.686 ± 0.055 0.98 (0.50)

z2
gg + gκ 0.329 ± 0.035 0.772 ± 0.050 0.96 (0.55)
gg + gκ+ ggg 0.337 ± 0.036 0.761 ± 0.046 0.91 (0.69)

z3
gg + gκ 0.297 ± 0.025 0.773 ± 0.042 1.02 (0.44)
gg + gκ+ ggg 0.302 ± 0.024 0.758 ± 0.036 0.99 (0.52)

z4
gg + gκ 0.290 ± 0.023 0.785 ± 0.040 0.93 (0.65)
gg + gκ+ ggg 0.296 ± 0.022 0.765 ± 0.035 0.89 (0.78)

z2 + z3 + z4
gg + gκ 0.301 ± 0.016 0.774 ± 0.023 0.96 (0.64)
gg + gκ+ ggg 0.307 ± 0.015 0.761 ± 0.020 0.96 (0.65)

All bins
gg + gκ 0.299 ± 0.014 0.759 ± 0.020 0.99 (0.54)
gg + gκ+ ggg 0.303 ± 0.014 0.753 ± 0.018 0.97 (0.63)

All bins
{b1, b2, bs}

gg + gκ 0.299 ± 0.011 0.778 ± 0.020 0.95 (0.72)
gg + gκ+ ggg 0.300 ± 0.010 0.764 ± 0.018 0.95 (0.75)

All bins
{b1, bk2 , cm}

gg + gκ 0.295 ± 0.011 0.772 ± 0.021 0.94 (0.74)
gg + gκ+ ggg 0.293 ± 0.009 0.785 ± 0.016 0.98 (0.61)

Table 2. Cosmological parameter constraints found from different data combinations. Results are
shown for each redshift bin independently, as well as for the combination of the last three bins and all
four bins. The last two sets of rows show the constraints found when analysing the data under the
simplified bias models explored in appendix A.2. In each case, we show constraints from both two-point
and two- and three-point correlators. The last column shows the reduced χ2 and probability-to-exceed
for the best-fit model.

posterior distribution is clearly non-Gaussian, and marginalisation over the bias parameters,
particularly in the case of b2, can lead to a shift in the marginalised posterior distribution. We
also verified that with the true simulation covariance this shift moves the posterior closer to
the true cosmology, the gg + gκ+ ggg result being shown in pink in the left panel of figure 4.

In conclusion, we find that the bias model used here can describe our measurements with
sufficient accuracy within our fiducial scale cuts. In appendix A.2 we explored the ability of
simpler bias parametrisations to recover unbiased cosmological constraints, using the mock
data and validation procedure described here. The results of these simplified models will
be briefly discussed in the next section.

4.2 Cosmological constraints from 2- and 3-point correlators

Having validated our bias model and scale cuts, we now apply them to the analysis of the real
data. Our constraints on Ωm and σ8 for different data combinations, as well as the best-fit
χ2 and associated probability-to-exceed (PTE, i.e. the probability of obtaining a χ2 value
above that observed in the data, given the number degrees of freedom of the model), are
summarised in table 2. We discuss these results in detail in the remainder of this section.
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Figure 5. Power spectrum and F2B measurements, and model fit. Measurements of Cgg
ℓ , Cgκ

ℓ , and
Φggg

LLℓ in the fourth redshift bin. Results are shown over the scales used in the analysis, with the F2B
measurements covering the first two filters (the corresponding scale ranges are shown in the legend).
The red line shows the best-fit model found from the combination of all data shown here, while the
blue line shows the prediction found by fitting only the two-point functions. The lower panel reports
the residuals with respect to the best-fit model normalized by the statistical uncertainties.

Figure 5 shows our power spectrum and F2B measurements for the fourth redshift bin,
together with the best-fit theory prediction. The galaxy bispectrum is measured at high
significance in the two filter scales used in the analysis (covering 2 ≤ ℓ < 92 and 92 ≤ ℓ < 182).
Similar results are found for the other three redshift bins. As can be seen in the figure, and
as quantified in table 2, we find that the model is able to fit all components of the data vector
well in all cases explored here, with PTE values ranging from 0.35 to 0.78.

Figure 6 shows the two-dimensional marginalised constraints on Ωm and σ8 obtained
from each individual redshift bin, compared with the constraints found by Planck. Results
are shown for two-point functions only and including the F2B data. We find that the
inclusion of three-point information leads to consistently smaller uncertainties by ∼ 10–20%,
in addition to a preference for a smaller value of σ8 and larger Ωm. Interestingly, this
preference is also found in full-shape analyses of the three-dimensional clustering of galaxies
when including the bispectrum [6, 77, 78]. We also find that the data in the first redshift bin
favours a value of σ8 that is significantly lower than the Planck constraint, by approximately
2.3σ. This is a known result, found in past analyses of this sample by [13] (S25 hereafter)
and [43]. As reported in H25 [42], we find that the galaxy bispectrum measurements are
also compatible with this result.

We compare these tomographic constraints on σ8 with previous results in the top panel of
figure 7. Our results are in general good agreement with those found by S25 using the same
sample. Our reported uncertainties are ∼ 20% larger than those of S25 for this tomographic
analysis, although the latter are supplemented by external constraints on Ωm from baryon
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acoustic oscillation data. The constraints found by H25 for two-point data are systematically
lower than those found here by about ∼ 0.5σ, rising to ∼ 1σ when including bispectrum data.
These differences are not unexpected, however. First, H25 analysed a previous version of the
LRG catalogue compared to that used here and in S25, where a number of shortcomings
were addressed (see [45] for further details). Secondly, the constraints obtained by H25
from two-point data modelled the galaxy power spectrum at the tree level, equivalent to a
linear bias model. Although this approach may lead to unbiased constraints using sufficiently
conservative scale cuts, we saw in section 4.1 that the model is significantly less stable, and
past analyses have found consistent downward shifts in amplitude parameters, such as σ8,
when using a linear bias prescription (e.g. the “model independent” analysis of S25). Finally,
when including bispectrum data, H25 made use of the coevolution relations of [79, 80] to
relate the values of the higher-order bias parameters to b1. Any deviation from these relations
would therefore result in additional bias in the inferred cosmological parameters.

Since, strictly speaking, the clustering measurements made in each redshift bin are only
sensitive to the amplitude of matter fluctuations at the redshift of the galaxies that make
up the sample, the quantity that is directly measured by our data is σ8(z) ≡ σ8D(z), where
D(z) is the large-scale linear growth factor.2 We present the tomographic constraints on this
parameter obtained from our data in the bottom panel of figure 7. Our constraints are largely
compatible with the growth history predicted by Planck (also shown in the figure), with the
exception of the mild ∼ 2σ downwards deviation observed in the first redshift bins. This is
also in agreement with other constraints on the growth history from CMB lensing tomography,
including S25 (using the same galaxy sample), [11] using a variety of galaxy samples, [12, 81]
using the unWISE catalog, [22, 23] using high-redshift quasars from Quaia, [14] combining
photometric LRGs and the DESI Bright Galaxy Sample and, most recently, [15] using the
2MPZ and WISE×SuperCOSMOS galaxy samples at low redshifts. The addition of the
galaxy bispectrum results in a ∼ 10–15% reduction in the statistical uncertainties of these
measurements, particularly at the higher redshifts, accompanied by the slight downwards
shift in the value of σ8(z) discussed earlier.

Finally, we combine the measurements in different redshift bins to place joint constraints
on σ8 and Ωm. Given the mild tension between the constraints found in the first redshift
bin and the rest, we choose our fiducial constraints to correspond to the combination of the
last three redshift bins, although we will also present the results of combining all redshift
bins. Figure 8 shows these combined constraints, including those found using only two-point
correlations, as well as those incorporating the galaxy bispectrum. Additionally, figure 9
shows the same constraints, as well as those arising from the combination of all redshift
bins, in comparison with other results found in the literature. Our constraint on Ωm is
compatible with Planck within ∼ 1σ. As shown in [15, 42, 82], this constraint is dominated
by the large-scale broadband shape of the power spectrum, as constrained by Cggℓ and Cgκℓ .
Perhaps interestingly, our constraints on this parameter lie on the low side of the Planck
measurements, as do most estimates derived from CMB lensing tomography at redshifts

2Note that, in the presence of massive neutrinos, structure growth is scale dependent at the linear level.
The scale-dependent features induced by the value of Mν assumed here (Mν = 0.06 eV) are negligible given
our statistical uncertainties, however.
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of the three highest redshift bins analysed here. Results are shown using only two-point information
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z ≲ 1, as well as the latest BAO constraints on ΛCDM from DESI [83]. Nevertheless,
the measurement uncertainties are too large to draw any definitive conclusion regarding
a potential parameter tension.

In turn, our fiducial constraints on σ8 are lower than Planck at the 2.4σ level when
including power spectrum and bispectrum measurements. Compared to the 1.6σ deviation
obtained using only two-point functions, this result is driven by the ∼ 15% smaller error
bars combined with the ∼ 0.5σ downward shift in σ8 we discussed above. Combining the
measurements from all redshift bins, this tension in the value of σ8 rises to the 3σ level
(2.5σ from two-point functions only), driven by the significantly lower amplitude of matter
fluctuations favoured by the first redshift bin.

We can also derive constraints on the so-called “clumping parameter” S8 ≡ σ8
√

Ωm/0.3,
which can be accurately constrained by cosmic shear analyses. Combining different redshift
bins, we obtain:

S8 = 0.769 ± 0.020 (z2 + z3 + z4), S8 = 0.756 ± 0.018 (all bins). (4.2)

Compared to the Planck constraints on this parameter (S8 = 0.832 ± 0.013), these
measurements lie 2.6 and 3.4σ lower, respectively. The tension in the latter case is driven
by the inclusion of the first redshift bin, where the constraints on both Ωm and σ8 lie below
the Planck values (see top left panel of figure 6). This level of tension is marginally higher
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than that found in [13] using lensing from Planck and ACT (2.3σ), driven primarily by the
shift induced by the addition of bispectrum data, as well as the different modelling choices.
Figure 9 shows our constraints on Ωm and σ8 in the context of other CMB lensing tomography
analyses, including S25 [13], the analysis of [11] combining multiple galaxy samples, the
constraints of [84] using an alternative sample from the Legacy Survey, the recent analysis
of [15] using low-redshift data, and the high-redshift constraints of [82] using quasars from
Quaia. The constraints found here are in broad agreement with these works, although it
is interesting to note that the analyses showing the strongest tension in σ8/S8 with the
CMB are those using LRG samples. Additionally, with the exception of [82], most lensing
tomography analyses, in the absence of external BAO data, seem to favour a marginally
low value of Ωm. Given the current uncertainties, this could be simply a mild statistical
anomaly, although misspecification in the non-linear bias model, or the presence of systematic
contamination in the observed fluctuations in galaxy number counts, could also contribute
to a low S8 or Ωm.

To further explore the limits of the bias model used here, and the ability of the bispectrum
measurements to improve the final cosmological constraints, we have explored the possibility
of using simpler bias models to describe the data. In particular, we considered two cases:
One in which the counter-term parameters {cm, bk2} and the third-order bias parameter b3nl
are set to zero, and one in which the higher-order bias parameters {b2, bs, b3nl} are set to
zero. In the first case, the power spectra and bispectra are both described by the same set of
bias parameters, thus maximising the information content in the bispectrum. The details of
this study are discussed in appendix A.2, where we show that these simplified models are
able to describe the data well over the same range of scales as our fiducial bias model. When
applied to the real data, we (unsurprisingly) recover tighter constraints on both Ωm and σ8,
with a small shift towards the values preferred by Planck. Interestingly, as shown in table 2,
both models (indicated by the subset of parameters that we vary) are able to fit the data well,
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Figure 10. Constraints on bias parameters. Impact of additional three-point information on the
posterior of the linear and higher-order bias parameters {b1, b2, bs} that contribute to our model of the
bispectrum (eq. (3.13)). Results are shown for the two highest redshift bins, with similar results found
for the first two bins. The inclusion of three-point information leads to a factor O(5–10) improvement
in the FoM for this set of bias parameters. The coevolution relations obtained from [79, 80] for haloes
are shown as dotted lines, while the relations found by [85] for galaxies are shown as dashed lines.

with a very small penalty in the best-fit χ2 with respect to the fiducial model, commensurate
with the reduced number of degrees of freedom. This suggests the additional complexity of
the fiducial model is not required by the data. Nevertheless, a more detailed validation of
these simpler models, and their ability to describe the clustering of generic galaxy samples,
would be required before they can be used reliably in cosmological analyses.

4.3 Galaxy bias relations from projected clustering

Galaxy bias is a fundamental element of perturbation theory models for non-linear clustering.
In this first-principles approach, the bias coefficients have to be treated as nuisance parame-
ters in cosmological inference, introducing degeneracies that inevitably limit the precision of
parameter estimation. Moreover, non-linear bias parameters notably contribute to the power
spectrum in a largely degenerate way, making it challenging to independently constrain them
using power spectrum alone in 3D analyses. This problem becomes more pronounced for pro-
jected clustering, where linear features such as the BAO wiggles are highly suppressed. In this
context, the inclusion of higher-order correlation functions helps mitigate this limitation: The
need to simultaneously describe two- and three-point functions helps break the degeneracies
between different bias parameters, allowing us to measure them at higher precision. A better
constraint on the higher-order bias parameters may then allow us to use the galaxy-galaxy
and galaxy-κ power spectra on mildly non-linear scales to constrain cosmology.

Figure 10 shows the constraints on the bias parameters using only power spectra or
power spectra and bispectrum measurements. Results are shown for the last two redshift
bins, where we are able to use a larger number of angular modes at a fixed kBmax and
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Figure 11. Bias relations. Relation between the quadratic (b2, left) and tidal (bs, right) bias
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These constraints are compared against the coevolution relations for haloes ([79, 80], dotted lines),
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where, in consequence, this improvement is more evident. Quantitatively, the inclusion
of bispectrum information, even on the conservatively large scales used here, leads to a
remarkable O(10) improvement in the FoM for the three bias parameters {b1, b2, bs}, with b2
and bs experiencing the strongest reduction in their statistical uncertainties. Importantly, the
constraints obtained from the full data vector are compatible with those obtained from power
spectra alone, with the bispectrum favouring the region of parameter space with larger values
of b1 and b2 (and marginally lower bs). This trend leads to the mild downwards shift in σ8
observed in the previous section when including bispectrum data (as also observed in [78]).
Also, and reassuringly, the best-fit bias parameters {b1, b2, bs} found using power spectrum
data alone provide a reasonable prediction for the bispectrum measurements (blue lines in
figure 5), demonstrating the internal self-consistency of our data and model. Having improved
constraints allows us to examine the relationships between the different bias parameters. In
particular, measurements of the clustering of galaxies and haloes in N -body simulations have
found that the higher-order bias parameters exhibit a correlation with the linear bias b1. These
often called “coevolution relations” are not completely universal, differing slightly between
haloes and galaxies, and showing a non-negligible scatter. Nevertheless, it is interesting to
confirm whether the clustering of galaxies observed in real data also obeys these relations.
Figure 10 shows the relations found by [79] and [80] for haloes (dotted lines), and by [85]
for galaxies (dashed lines). The preference of the bispectrum data for a larger b2 pushes
our constraints marginally away from the coevolution relations. This is shown in more
detail in figure 11, which collects the constraints found in all redshift bins when analysed
jointly. With the inclusion of bispectrum data, our constraints show a mild preference (at
the ∼ 2σ level) for upwards (downwards) deviations in b2 (bs) for larger values of b1. These
deviations are not entirely unexpected, given the relatively large scatter found in the case of
galaxies [85–87]. Note also that our constraints use data from a single galaxy type (LRGs),
spanning a relatively narrow range of b1 values.
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5 Conclusions

We have carried out the first comprehensive cosmological analysis of lensing tomography
incorporating information from the angular galaxy bispectrum, complementing the first
tentative analysis of [42]. A key aspect of such an analysis is the high redundancy of the full
data vector, forcing our model of the galaxy-matter connection to simultaneously describe
the two- and three-point clustering of galaxies as well as their cross-correlation with the
matter overdensities. This redundancy improves both the precision and robustness of the
resulting cosmological constraints.

We have used a perturbative bias expansion within the Effective Field Theory of LSS
framework, modelling the galaxy-galaxy and galaxy-convergence power spectra at one-loop
order, and the galaxy bispectrum at tree level. We have validated this model against N -
body-based mock observations, and determined the scales over which it can safely recover
cosmological constraints. Compared to studies of the three-dimensional clustering of galaxies,
this task is made simpler in the case of projected statistics due to the negligible impact
of non-linear redshift-space distortions. We have shown that the model is able to recover
unbiased constraints down to scales where cosmological information is in fact saturated for
the LRG sample studied here.

Applying this model to the analysis of the four different redshift bins considered here, we
find constraints on σ8 and Ωm that are consistent with past works analysing this sample, and
have shown that the inclusion of the galaxy bispectrum leads to a ∼ 10–15% improvement on
the cosmological constraints. The constraints on Ωm and σ8 found from the three highest-
redshift bins are compatible with each other and in reasonable agreement with Planck, as is
the growth history reconstructed from these data (see figure 7). In turn, the first redshift bin
shows a preference for lower σ8, and is in tension with Planck at the ∼ 2.5σ level.

We have then derived cosmological constraints from the joint analysis of the last three
redshift bins. The measured value of σ8 (S8) is moderately lower than the Planck value at the
2.4σ (2.6σ) level. This is due to the mild but coherent preference for a lower σ8 displayed by
the two-point clustering of galaxies in all redshift bins, combined with the additional ∼ 0.5σ
downwards shift observed when including the galaxy bispectrum. Interestingly, a similar
shift has been observed in the three-dimensional clustering of galaxies when combining power
spectrum and bispectrum data [78]. This tension is then exacerbated, above the 3σ level,
when combined with the first redshift bin. In agreement with the results obtained in our
per-bin analysis, the inclusion of the projected bispectrum leads to a ∼ 10% improvement
in the statistical uncertainties on cosmological parameters.

Including the bispectrum has a much stronger impact on the higher-order bias parameters
of our model, b2 and bs, with a reduction in their statistical uncertainties of more than
a factor 2 in some cases. This allows us to study the relations between the different bias
parameters with higher precision, as well as their agreement with coevolution relations found
in simulations. The constraints obtained after including bispectrum information are in good
agreement with those from power spectra alone, but show a consistent preference for higher
b1 and b2, and lower bs. This manifests itself as a mild departure from the coevolution
relations of [85] for high values of b1. This is not entirely surprising, however, given the
large scatter expected around these relations.
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Adding bispectrum data improves the robustness and precision of the resulting cosmo-
logical constraints. The improvement in the latter case is relatively disappointing, however
(∼ 10–15%), and it is interesting to reflect on the potential reasons for this. First, although
the bispectrum is able to significantly improve the constraints on b2 and bs when modelled at
the tree level, the counter-term parameters {bk2 , cm} and the third-order parameter b3nl are
only constrained by the power spectrum measurements. This leaves significant freedom to
describe the featureless clustering of galaxies on mildly non-linear scales. In appendix A.2
we have explored the possibility of using a simpler bias model, setting {bk2 , cm, b3nl} to
zero, and thus allowing us to maximally exploit the information contained in the bispectrum
measurements. Interestingly, we have shown that this simplified model is still able to recover
unbiased constraints in mock data and, when applied to the data, the aforementioned tensions
are somewhat relieved. Nevertheless, the relative improvement in the final constraints from
including the bispectrum is still limited to ∼ 10%, suggesting that the limiting factor is in
fact not the additional freedom allowed by the counterterm parameters and b3nl.

Another potential cause for the mild improvement from the bispectrum is the large
uncertainties in Cgκℓ and Φggg

LLℓ relative to the galaxy power spectrum. Both of these mea-
surements are crucial to break degeneracies in the bias model and constrain cosmology,
and the final constraints may be limited by these uncertainties, rather than freedom in
the model itself. Future work could improve both of these aspects of our analysis using
existing data. First, replacing the CMB lensing convergence with cosmic shear data from
existing imaging surveys [88, 89] could improve the sensitivity of the galaxy-lensing power
spectrum. It could also allow us to exploit the galaxy-galaxy-lensing bispectrum, which
we have discarded in this analysis due to the low signal-to-noise ratio on the large scales
over which it can be modelled accurately, as shown in [42]. Secondly, our measurements
of the angular bispectrum have been based on the F2B estimator presented in [41], which
only recovers triangle configurations that are close to isosceles. As discussed in section 2.2
and [41], the F2B estimator can be easily generalised to recover the remaining non-zero
bispectrum configurations, thus increasing the total three-point statistical power. Finally,
our use of the bispectrum is limited by the range of scales over which our tree-level model is
sufficiently accurate. In the future, this could be significantly improved by resorting to more
sophisticated approaches to galaxy bias, such as hybrid effective field theory (HEFT, [90–92]),
which could remain accurate on significantly smaller scales without a substantial increase
in the number of bias parameters required.

This work demonstrates that a joint analysis of the projected power spectrum and
bispectrum of galaxies and weak lensing can be efficiently and reliably carried out with
existing data. The deployment of these methods could also enhance the science returns of
future imaging surveys, such as the Rubin Observatory [26, 27], maximising the information
extracted from the projected clustering of galaxies.
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A Additional tests

A.1 Treatment of redshift-space distortions

Redshift-space distortions are the most relevant secondary effect modifying the galaxy angular
power spectrum on large scales, particularly for relatively narrow redshift bins [57, 93]. As
described in section 3.2.1, we include RSDs at the linear level in the galaxy auto-spectrum,
including only the correlations between the RSD term and the linear density term proportional
to b1 and the RSD auto-correlation. Given the results of our simulation-based validation,
this is sufficient to obtain unbiased cosmological constraints from our data. Nevertheless, to
gain a better intuitive understanding of the impact of RSDs on our analysis, the left panel
of figure 12 shows the large-scale power spectrum with and without the RSD contributions.
Within the scale cuts used here, RSDs lead to deviations in the power spectrum amplitude of
up to ∼ 10%, peaking on the largest scales used and becoming negligible at high ℓ.

Repeating our analysis omitting these contributions, the right panel of figure 12 shows
that the largest effect is a relatively mild (∼ 0.3σ) downwards shift in the preferred value of
Ωm. Thus, although relevant for this analysis, a precise modelling of RSDs (e.g. including
the impact of non-linear “fingers of God”) is not required.

A.2 Simpler bias parametrisations

The bias model used here (see section 3.2.3), in which power spectra are modelled at the
1-loop level including EFT counterterms, and the bispectrum is modelled at the tree level,
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Figure 13. Simpler bias models on simulations. Constraints on Ωm and σ8 obtained from the
AbacusSummit simulation, combining all redshift bins. Our baseline constraints are shown as black
lines. The brighter and darker contours show the constraints found using only two-point functions
and combining them with the bispectrum, respectively. The left panel shows the constraints found
using a simpler bias model in which the scale-dependent counterterms {bk2 , cm}, and the third-order
parameter b3nl are set to zero. The right panel shows the constraints found setting b2, bs, and b3nl to
zero instead, in a model inspired by the phenomenological parametrisation of [20]. Both restricted
parametrizations are able to find unbiased constraints on the cosmological parameters.

involves free parameters, such as cm, bk2 , and b3nl, which can only be constrained by a
single type of correlation (e.g. two-point functions, but not the bispectrum). Although
this level of freedom is theoretically necessary and physically motivated, it is interesting to
explore whether simpler versions of this model are still able to provide unbiased cosmological
constraints. Furthermore, recent works [20] have shown that, in the case of real-space
galaxy clustering, a simplified phenomenological parametrization of galaxy bias is still able
to provide an adequate and unbiased description of the data. In this section we explore how
incorporating bispectrum information impacts parameter constraints when working within
two restricted bias parametrizations.

Specifically, we test two complementary simplified models. First, we explore a parametriza-
tion that only retains the parameters that enter in eq. (3.13), i.e. varying {b1, b2, bs, αP },
while fixing the counterterm values, and third order Eulerian bias, to zero. Then, we also
tested a theoretical model that, in the spirit of [20], effectively only parametrizes the de-
viations from a scale-independent linear bias through counterterm-like coefficients. In our
setup, we achieve this by only varying the subset of nuisance parameters {b1, bk2 , cm, αP },
fixing to zero the remaining bias parameters.3

We begin by testing its performance on simulated data. As shown in figure 13, we find that
both simplified parametrizations are able to recover the fiducial values of the cosmological pa-

3Note that the model in [20] also allows for a stochastic noise component in the galaxy-matter power
spectrum, making it more general than the model studied here.
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Figure 14. Simpler bias models on real data. As figure 13, now showing the constraints found when
analysing the real data. The Planck constraints are also shown for comparison.

rameters when applied to the combination of all redshift bins, both using only two-point corre-
lators and including the bispectrum. This is likely due to the relatively featureless nature of the
projected galaxy statistics, making it possible to describe them with a relatively small number
of smooth “basis” functions. Notably, in this simulated data, the addition of ggg information is
perfectly compatible with the 2-point posterior, tightening the constraints around the (Ωm, σ8)
fiducial point, improving their statistical uncertainties by (26%, 8%) using the {b1, b2, bs, αP }
model (left panel) and (17%, 24%) using the {b1, b

2
k, cm, αP } model (right panel).

Then, having validated both on simulations, we apply them to the analysis of the real
clustering data. Figure 14 shows the posterior distribution of the cosmological parameters,
as well as the constraints found using our baseline model for reference. We find that, using
the {b1, b2, bs, αP }, the uncertainty on Ωm shrinks by ∼ 25% with respect to our baseline
model, while the σ8 remains largely unchanged. The value also favours a slightly lower
value of Ωm and a larger value of σ8, reducing the tension with Planck found in our baseline
analysis. A similar shift is found in the case of the {b1, bk2 , cm, αP } model, again relieving
this tension. The inclusion of the bispectrum in this model also leads to a significant ∼ 20%
reduction in the σ8 uncertainty.

It is worth stressing the fact that these two simpler bias models, defined as subsets of the
full EFT bias model presented, are not, strictly speaking, well motivated or complete from a
physical point of view. Thus, their ability to describe our data, as tested on simulations, might
be purely accidental and only applicable to the specific galaxy sample we have simulated, which
would lead to artificially reduced cosmological constraints. Therefore, a more comprehensive
validation of the models, considering a large suite of non-linear galaxy clustering scenarios,
would be necessary before they can be safely applied to cosmological analyses.

A.3 Emulators accuracy

The approach of emulating, rather than computing ab initio at each likelihood step, the
theory templates enables fast and feasible MCMC sampling as detailed in section 3.3. While
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Figure 15. Emulating F2B templates. Training history (left) of the emulator for the Fggg
LLℓ (first filter)

template, and performance (right) on some elements of the test set. All the emulators for the other
templates present an analogue training history and a similar performance.

essential, this additional step may introduce systematic errors; therefore, the accuracy of
the emulators must be carefully validated.

To this purpose, we focus on the emulator of the FgggLLℓ template as a representative
example, as it exhibits consistent behaviour with the others. Specifically, in figure 15 we
show the evolution of the loss function (mean squared errors) and of our accuracy metric
throughout the training epochs. We find that in a few hundred epochs the loss function
improves by almost 5 orders of magnitude, and virtually 100% of the output layer neurons
differ less than 0.5% from the ground truth (which prompts us to stop the training). We
repeat this exercise for both the training set and the test set (which is never seen by the
Neural Network while training), finding similar results and no indication of overfitting.

Finally, in the right panel of figure 15, we show the overall accuracy of this emulator,
in terms of percentage differences between a subsample of the FgggLLℓ template values used
in the test set and their corresponding emulator predictions. We find that the emulator
reproduces the test set at better than 1% over the whole considered ℓ range, with no significant
scale dependence. We find similar performance for the emulators of all of the templates of
section 3.3, which is accurate enough given the statistical error of the dataset used in this work.
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