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Abstract

Having found hidden hyperchaos in a 5D self-exciting homopolar disc dynamo, we study the exis-
tence of a Hopf bifurcation, which leads to unstable limit cycles bifurcating from a stable equilibrium.
Hidden chaos with only stable equilibria can be observed from the Hopf bifurcation: a typical way
to enable hidden attractors to be located. We then provide a new fuzzy controller, and a fast fuzzy
disturbance observer, based on terminal sliding mode control for synchronization of the hyperchaotic
system. Fuzzy inference is considered to weaken the chattering phenomena. Using Lyapunov stability
theory, the stability of the closed-loop system is proved. Finally, simulations of synchronization are
illustrated to show the efficient performance of the designed control method via external disturbances
and dynamic uncertainties.

Keywords: Hidden chaotic attractors; Hopf bifurcation; Terminal sliding mode control; Fuzzy
disturbance-observer; External disturbances.

1 Introduction

The Lorenz system is a well-known touchstone for modern chaos theory. As the first mathematical model
of chaos, this system led to further thoughts about complex phenomena in the real world. Many scholars
have tried to find a unified theory of chaos, and the standard form of typical chaotic systems, in order to
study chaos theoretically, and so reveal the nature of chaos [33,50].

Nevertheless, the question remains: how to classify chaotic systems in autonomous systems in a
reasonable way. There are still no systematic results, or much research on this matter. However, we can
study the classification of chaotic systems from the analysis of the mechanism of chaos generation and
from engineering applications. Some scholars have shown hidden attractors to be an important feature
of multistability in some chaotic systems [2, 3, 6,14-16, 19, 23, 26, 39, 42,43,47]. Some famous models of
dynamo action have been widely investigated in the literature, as a way to understand the generation and
reversal of magnetic and astrophysical fields. Moffatt incorporated azimuthal eddy currents to exclude
the magnetic field and proposed a heuristic model of the disk dynamo [21], which generates hidden chaos
as found by Wei et al [40]. Furthermore, Wei et al. pointed out the coexistence of point attractors, limit
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cycles, chaotic spiral attractors and hidden hyperchaos in a 5D self-exciting homopolar disc dynamo when
a broad range of parameters vary [41].

On the other hand, some chaotic models, found in theoretical research, can also be widely used in
practical problems. To date, many control techniques, including backstepping method [Yassen, 2007],
adaptive control [12,13,29,35], fuzzy control [10,20,27,28], optimal control [32], and sliding mode control
(SMC) [9-11] have been proposed for nonlinear and chaotic system. SMC as a robust control technique
has attracted remarkable attention in various practical applications [37]. Recently, various studies have
applied SMC for the control and synchronization of classic and hidden chaos [30]. Mobayen adopted a
robust adaptive sliding mode control (ASMC) to improve the performance of a chaotic flow [22]. Aghababa
and Heydari developed an ASMC to obtain chaotic synchronization between different systems [1]. The
existence of unknown disturbances is undeniable in real applications. Therefore, a disturbance observer
could dramatically improve the performance of the controller [17]. To this end, numerous studies have
been proposed for disturbance-observer-based control methods [7,38,49].

One of the major drawbacks to SMC is the unknown convergence time. Moreover, SMC does not
guarantee the convergence of a system to the desired output in a finite time. To address this issue,
researchers have proposed either terminal sliding mode control (TSMC) or integral terminal sliding mode
to guarantee finite-time convergence of the closed-loop system [36,46]. In this regard, a neural network-
based TSMC has been proposed by Yousefpour et al. [45] for a hyper-chaotic system with transient chaos.
Ni et al. [25] have proposed a fast fixed-time TSMC, and used this technique to suppress chaos in power
systems. Using adaptive laws and finite-time stability theory, Sun et al. [34] have proposed a non-singular
TSMC approach for synchronization of chaotic systems.

In the current study, TSMC is combined with a fast fuzzy disturbance observer for synchronization
of a five-dimensional self-exciting homopolar disc dynamo. The current study solves some problems
and improves the methods that are proposed in the previous studies for control and synchronization of
MIMO nonlinear systems. The proposed controller has some advantages in comparison with its state-
of-the-art counterparts. For instance, Huang has proposed a fast TSMC with novel fuzzy disturbance
observer [8], in which the disturbance observation error is asymptotic convergence, and it may take a
long time to estimation error become zero. In 2017, Nguyen et al. [24] have proposed a new fuzzy-
disturbance observer-enhanced SMC for vibration control of a train-car suspension. However, based on
their techniques, systems do not converge to the desired points in finite time. In 2018, a disturbance
observer-based fuzzy TSMC has been proposed by Liu et al. [18] for a hypersonic vehicle. Although
in their study, the finite time convergence of disturbance observer and the closed-loop system has been
proven, the chattering phenomenon is completely neglected, which lower the controller’s effective per-
formance. In their technique, both controller and observer may cause chattering. Though they have
implemented a fuzzy logic engine to adjust a parameter in the control signal, they did not use the fuzzy
engine’s potential for chattering elimination. On the other hand, the sliding surface we propose in the
current study is entirely different from that, and our control scheme is chatter-free. More recently, in
a study, Vahidi-Moghaddam et al. [36] have offered an observer-based fuzzy TSMC for MIMO systems.
However, the significant drawback in their controller is convergence time. They have only proven the
finite time convergence of disturbance observer, but the controller is exponentially stable, and the finite
time convergence is not guaranteed. Hence, in some cases, convergence time will be very long. On the
other hand, in our controller finite time convergence of disturbance observer and controller are proven
simultaneously.

We return to the dynamical analysis of the 5D self-exciting homopolar disc dynamo proposed by Wei
et.al [41], to investigate Hopf bifurcations, leading to unstable limit cycles from the asymptotically stable
equilibrium point. This will be useful for clarifying the emergence of chaos. In addition, the combination
of TSMC, a fast disturbance observer and a fuzzy controller are designed for synchronizing the 5D self-
exciting homopolar disc dynamo in the presence of disturbances. To prevent chattering in the response
of the system and control input, a fuzzy logic engine is used with TSMC. Also, due to the fact that the
fuzzy system adaptively updated the gains of the disturbance observer, the proposed fuzzy interference
will increase the convergence speed of the system in comparison with the traditional TSMC. As far as
we know, little research has been done about proposing a chatter-free fuzzy disturbance observer-based
TSMC with guaranteed finite-time convergence of both disturbance observer and closed-loop system for
MIMO systems. The designed controller is applied to the 5D self-exciting homopolar disc dynamo, and
its performance has been demonstrated through numerical simulations.

The paper is organized as follows. In Sec. 2, we present the homopolar disc dynamo, study Hopf



bifurcations from this state, and show the bifurcation of an unstable limit cycle. In Sec. 3, we present
the fuzzy disturbance-observer-based TSMC and confirm convergence of the system in finite time. Sec.
4 contains numerical simulations of the synchronization. Finally, in Sec. 5, we summarize the results.

2 System Description and Hopf bifurcation

In [41], Wei et al. introduced a 5D self-exciting homopolar disc dynamo and discussed the presence of
hidden chaotic and hyperchaotic attractors, as well as multistability. The system is given by the following
set of five coupled first order ordinary differential equations:

t=r(y—2x)+w,

y=—-14+my+zz—o,

2 = g[l +ma® — (14 m)xy], (2.1)
w=2(l+m)w+zz— k=,

v =—muv + kay,

where 7, m, g are positive parameters, and ki, ko are control parameters. For the parameters choice of

r =8, m=0.04, g =140.6, k1 = 34 and ko = 12, system (2.1) exhibits hidden hyperchaotic behavior, as
shown in Fig. 1 and Fig.2. Further details can be found in [41].

Now we recall the method for finding the first Lyapunov coefficient I to give the stability of a Hopf
bifurcation [39] for the general system:

X = f(X’ :U’)7 (2'2)

where X € R and p € R'. We assume that f is in a C* class in R® x R'. Suppose that (2.2) has an
equilibrium X = X at u = po, which we write as X = Xy at u = o, and denoting the variable X — X
also by X. Then

F(X) = f(X, po), (2.3)
F(X) = AX + S B(X, X) + cC(X, X, X) + of|| X |[), (2.4)
where A = f;(0, 1o) and
5. 92F 5
; |£ 0 X;Yi, C(X.Y,2) kZ @85 85 le=0 X; Y12y (2.5)

We take T to be the generalized eigenvalues of A, with only one pair of complex eigenvalues on the
imaginary axis, with no other eigenvalues having Rel = 0. Let p, ¢ € R® be vectors such that

3

Ag =wiq, ATp=—wip, <pg>= Zﬁiql' =P1q1 + P2g2 + P3qz = 1, (2.6)
i=1

where AT is the transpose of the matrix. Any vector y € T° can be expressed as y = wq + @§, where
w = (p,y) € C. The two-dimensional center manifold, associated with the eigenvalues Ay 3 can be
parameterized by w and w, through an immersion of the form X = H(w,®), where H : C?> — R? has a
Taylor expansion of the form

_ o 1 P
H(w,0) = wq+ &d + Z Tk!hjkwfwk +o(|w ), (2.7)
2<j+k<3
with hj, € R® and hj, = h;cj. Substituting (2.7) into (2.3), we get the differential equation
H,w' + H,w' = F(H(w,®)), (2.8)

where F' is given by (2.3) and (2.4). In addition, (2.4) can be written on the chart w for a central manifold
as

1
W = iwow + §G21w |w? 4o(| w|*), (2.9)



with Go; € C. The first Lyapunov coefficient is then given by
1
l1 = §R€G21, (210)
with

G21 = <p7C(qaqaq)’B<q7 h20) +2B<Q7h11>> (211)

Setting the rhs of equations (2.1) to zero, we obtain the equilibrium state

9 ko +m +m? — 2mr — 2m?r
T = , (2.12)
kim — kom — m?2 + kim?2 — m3 — 2mr — 2m?2r
together with
maxlq (kjg +m+m2)A1 k2+m(1 — k1 +m) koxAq
= = = = — 2.13
) AQ ) AQ , U AQ rT,v AQ 9 ( )

where Ay = k1 —2(14+m)r, Ay = ko —m(1+m)(2r —1). Therefore, when (ko —m(1+m)(2r — 1)) (ks —
k1(1+m)+ (14+m)(m)+2r) <0, system (2.1) has two equilibrium states: A; = (x1,y1, 21, w1,v1), Az =
(22,Y2, 22, w2, v2), where 21 and x5 are the positive and negative roots of equation (2.12), respectively.
Here, we choose parameters k1 = 34, r = 8, g = 140.6, ko = 12, and take m to be the bifurcation
parameter. The characteristic equation about the equilibrium A; is then:

A5 4 G1A 003 + 0302 + 64\ + 65 = 0, (2.14)
where
0 =71,
5y = — —33744 + 65736m + 149175m? — 98515m3 — 144500m* — 61520m° — 835m° + 75m”

5m(6 — 17m + m?2)(—4 + 5m + 5m?) ’
by = —202464 + 446088m — 450312m?2 + 18613m3 + 651545m* 4 272715m° + 42625m° — 260m” + 50m®
5m(—6 — 17m + m?2)(—4 + 5m + 5m?)
50— ~ 4218(36 — 14m — 163m* — 61m® + 21m* + 5m°)
5m(—6 — 17m + m?2) ’
55 = —427518(—4 + 5m + 5m?).
(2.15)

It is therefore not difficult to show that when parameter m = 0.14662, equation (2.14) has a pair of pure
imaginary roots, and no other roots having positive real parts. All the eigenvalues are: A\; = —0.136286,
A3 = —3.43186 £ 2.565257, Ay 5 = £32.63850i. The transversality condition is also satisfied since

Re(N (myg)) |a=32.63850i~ 9.37479 > 0, and we obtain the following Theorem.

Theorem 2.1. When r = 8, m = 0.04, g = 140.6, k&1 = 34, and ks = 12, as m passes through
the critical value m = 0.14662, system (2.1) undergoes a Hopf bifurcation at the equilibrium states
Aq 9 = (£2.76242, £0.66895, 20.09670, £16.74780, £54.74860).

Theorem 2.2. When m = 0.14662, the first Lyapunov coefficient, related to the equilibrium point A; >
is {1 = —5.98732 < 0, and the Hopf bifurcation points at A; 2 are both weakly stable foci. Moreover,
for m < mgy = 0.14662, but close to mg, there are unstable limit cycles around the asymptotic stable
equilibrium points A; o.

Proof. The two equilibrium points A; and As have the same stabilities because of symmetry. Here, we
focus on one equilibrium point: A; to compute the first Lyapunov coefficient /; and so obtain its stability.
From equation (2.5), we have the following the multi-linear symmetric functions

B(z,y) = (0,z1y3 + z3y1, 9(2ma1yr — (1 + m)(x1y2 + 22y1)), 21y3 + 2391, 0),

C(z,y,z) = (0,0,0). (2.16)
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Furthermore, we also obtain

p = (0.04402 — 0.15793:, 0.59427,.022374, —0.33455 + 8.100544, 0.75247 — 0.0058147, 0.00921 — 0.218454),

g = (0.11148 + 0.50438:, 0.85277, —0.00020 + 0.07085%, —0.0156 + 0.00232¢, —0.00012 — 0.026134),

hi1 = (—0.9305, —0.04675, —0.02586, —1.17039, —3.82601),

hao = (0.01667 — 0.002674,0.03334 + 0.11781¢, —2.85748 + 0.84832,0.04107 + 0.124137,0.02167 — 0.006084),

G = —11.9746 — 326.44001,
(2.17)
and

I, = —5.98732. (2.18)

Theorem 2.2 is therefore proved.

When initial conditions (2.8,1,20,16.7,55), if we choose parameters k1 = 34, r = 8,9 = 140.6,
ky =12 and m = 0.142 < my = 0.14662, we obtain an unstable limit cycle around A»;=(2.83319, 0.66136,
19.99330, 17.37460, 55.88950), as shown in Fig. 3 (eliminating initial transients). For the initial conditions
(1,0,0,0,4.9), we obtain the chaotic attractor shown in Fig. 4. We therefore have multistability with the
co-existence of a hidden chaotic attractor with an unstable limit cycle. Hidden chaos with only stable
equilibria can be found from Hopf bifurcations, a typical way to enable hidden attractors to be located.

3 Controller design

Due to inherent unpredictability, investigation of chaotic systems in terms of stabilization and synchro-
nization is an important subject of study. If the governing equation for a multiple-input multiple-output
system takes the form,;

£(t) = f(2) + Af(z) + (9(x) + Ag(z))uc + do(t), (3.19)

where © = |11, 2,...,2,]7 is the state vector, and f(z) and g(x) are nonlinear functions that represent
system dynamics. The column vectors

Ue = [uclau627 "'7ucn]T; dO = [d017d027 "'7d0n]T

represent the control input and external disturbance, respectively, and Af and Ag give the nonlinear
functions that indicate the modeling uncertainties of the system. Taking the uncertain disturbance terms
as a compound disturbance that yields term d(t), the system can be written as

&(t) = f(z) + g(@)uc + d(t),

d(t) = Af(q) + Ag(q)uc + do (). (3.20)

The following two lemmas prove the stability and finite time convergence of disturbance observer.

Lemma 3.1. Suppose positive definite function V'(¢) which fulfills the following inequality [48]:
0(t) + OV (t) +EVx < 0,VE > to, (3.21)

where ¥ > € > 0 and 0 < x < 1. Then, the convergence time of V(t) is given by ¢,

1 19V1*X(t0) + &
ts <tog+ In .
(1) 3

Lemma 3.2. Using the triangle inequality: if an >0, A =1,2,....m, and 0 < n < 1, then

(i aA> < i ax. (3.23)
A=1

A=1

(3.22)



3.1 Fast disturbance observer
Variables s4 and z are introduced to design the terminal disturbance observer [Chen et al., 2013]:
S84 =2z—m, (3.24)
where z is
2= —kgsq — Bsign(sq) — esq?/ % — | f(x) | sign(sq) + g(z)ue. (3.25)

Here 8 > d; and parameters kq and € are positive. Moreover, qo and py are two odd positive integers
with py < go. The disturbance observer d is then given by

d = —kgsq — Bsign(sq) — esg"/° — | f(z) | sign(sq) — f(x). (3.26)
Using Egs. (3.20), (3.24), and (3.25) we obtain
Sq=%—i = —kgsq — Bsign(sq) — esq?/— | f(x) | sign(sq) — f(z) — d. (3.27)
Then Egs. (3.20), (3.26), and (3.27) give
d=d—d=—kgsq— Bsign(sq) — esP/®— | f(x) | sign(sq) — f(zx) —d
— —ksq — Bsign(sa) — esa?/0— | f(@) | sign(sa) — f(@) — i + f(2) + g(x)uc
= —ksq — Bsign(sq) — esg?/ P — | f(z) | sign(sq) + g(x)ue — & (3.28)
=z2—-12
= S.d.
Theorem 3.1. For the nonlinear system (3.20), using disturbance observer (3.24)-(3.26), the error of
disturbance estimation tends to zero in the finite time.
Proof. Let the Lyapunov function be

1
Vo = 5sded. (3.29)

The time derivative of Vj is
Vo = sa” s
= 547 (—kdsd — Bsign(sq) — £8P0/ %0 — f(x)1sign(sq) — f(x) — d)

—kysqt sq — ﬁsdeign(sd) — e8q ¥ sgP0/90 — f(x)lsdeign(sd) — sde(x) —sqtd

<
< (3.30)
< —dedTSd — ﬂSdTl — ESdTSdpo/qo — f(a:)lsdTl - Sde(I) + SdT1d1
< —kgsqlsq —esqtsgPo/ v
< 2kVy — Q(PO'HIO)/QQOE%(P0+QO)/QQO.
Egs. (31)-(33) show how the last line of Eq. (3.30) has been obtained.
L 7 Lo 2 2
Vo= §Sd Sq = §(Sd1+sd2+...+sdn),
9 1 (Po+q0)/240 (3.31)
‘/O(p0+q0)/ P — (2 (551 + 332 4+ ...+ Sgn)> .
Hence, the following inequality has been obtained
2(po+qo)/2qoVo(po+qo)/2qo < sgpPota)/ao0 4 g, (Pota0)/a0 4 4 g (Potdo)/q0 (3.32)
Also, since Sdl(P0+q0)/q0 + sdQ(PoJrqo)/QO + msdn(Po+q0)/QO — SdTSdpo/qo’ we have
2(po+qo)/2qo%(zlo+%)/2qo < 54T s 4P0/ 90
o (3.33)

s —esyTsP0/0 < 762(p0+qo)/2q0VO(Po-‘rQO)/2qU.



Based on Lemma 3.1, Lemma 3.2 and Eq. (3.30), the error of the disturbance observer (d) converges to
zero in finite time, given by:

ks(qo_p")/2q°t
tsn < ton + (L In ( 0A 04

+1],A=12,...n 3.34
k(g0 — po) € ) ( )

where tsa is the convergence time and tga is the initial time.

3.2 TSMC

Using the disturbance observer developed in section 3.1, the TSMC is designed for system (3.20). The
tracking error of the system is given by

e(t) = [ex(t), e2(t), .. en (V)] = 2(t) — za(?), (3.35)
where z4(t) is the required value for the state z(¢). We define the terminal sliding surface as
si(t) = e(t) + sq(t), (3.36)

where s4(t) is the auxiliary variable, given in equation (3.24). Finally, the disturbance-observer-based
TSMC for system (3.20) is taken to be

e =~} (@) (F(2) = da+ b5+ G+ d) (3:37)

where parameters ¢ and § are positive.

Theorem 3.2. Using the control law (3.37), the states of the closed-loop system (3.20) converge to the
chosen value in finite time.

Proof. Let the positive-definite Lyapunov functional V{, be

1
%:55% (3.38)

Using Egs. (3.36) and (3.37), the time derivative of the Lyapunov function is given by
V() = SZét

=57 (f(@) + g(@)ue — x4+ $4)

_ (f(m) - (f(:c) —dq+ 05y + CsP/T 4 d) — g+ sd) (3:39)
= sl (f§st7§5f/q+d7d+$d) .
According to Eq. (3.28), d —d = —d = —$,4. Hence Eq. (3.39) can be rewritten as
sTs = —sT <5$t + Csf/q) . (3.40)

From Lemma 3.1, the proposed control scheme fulfills the Lyapunov condition, and it can be confirmed
that the states of the closed-loop system converge to the desired value in finite time.

Remark 3.3. In this study, the stability of the closed-loop system has been proven. Therefore, based
on presented stability in Theorem 3.1 and Theorem 3.2, when variations of the system parameters and
its initial conditions result in bounded uncertainties and disturbances the proposed control is stable, and
states of the systems converge to their desired value in finite time.

3.3 Fuzzy inference logic

In the proposed control technique, instead of discontinuous function sign(.), the fuzzy engine is applied to
reduce the chattering phenomena and achieve the continuously smooth control input. In order to suppress



the chattering, some research studies offere to use a saturation function sat(s/¢) instead of sign(.) [4].
The saturation function is given by

sat(s/¢) = { ‘Z%”ﬁ*f/‘f)@ L“S{“ﬁ' > 1 (3.41)

where parameter ¢ is the boundary layer thickness which is defined around the sliding surface. However,
this method may add a steady-state error into the sliding manifold [31]. Since the boundary layer method
is employed to avoid the chattering phenomena, there exists a tradeoff between the control smoothness and
tracking error. To overcome this issue, in the current research, the fuzzy logic system has been proposed
to reduce or eliminate the chattering without sacrificing the tracking accuracy. In the literature, no study
proposes a fast fuzzy disturbance observer-based TSMC with guaranteed finite-time convergence on the
basis of this approach for chattering annihilation.

The fuzzy logic maps the input variables s; and $; to the output variable Fy4, where Fyq is used
instead of the sign (s4). The fuzzy rules are chosen in such a way that fulfills the stability conditions.
In fact, based on the stability conditions of the closed-loop system, the positivity or negativity of Fsq is
taken from sign (s4). In the current study, the Mamdani fuzzy system is used. Fig. 5 shows the Gaussian
membership functions which are utilized for linguistic variables. Five fuzzy partitions were selected for
variables Fyq, sq, and $4, where the symbols for these fuzzy partitions are NB(Negative Big), N(Negative),
Z(Zero), and P(Positive), PB(Positive Big). The fuzzy sets are also normalized in the interval (—1,1).
The fuzzy rules, implemented in this study, are given in Table 1.

For the fuzzy interference engine, the value of Fyy4 will be obtained adaptively. The procedure for
the fuzzy disturbance-observer-based TSMC is illustrated in Fig.6. The fast disturbance is the observer,
and the fuzzy system have been combined with TSMC to enhance the effectiveness of the controller in
the presence of an external disturbance and unexpected uncertainty. In the next section, the proposed
control scheme will be applied to the 5D self-exciting homopolar disc dynamo system.

4 Simulation results

In this section, we show the simulation results of synchronization using the designed fuzzy disturbance-
observer-based TSMC for the quintic self-exciting homopolar disc dynamo. The equations for the slave
system with control input and external disturbance are given by

1 =71(Y2 — Y1) +ya +di +up,

Y2 = —(1+m)y2 + y1ys — ys + d2 + ug,

gs = g[L +myi — (1 +m)y1ye] + ds + us, (4.42)
Ya =2(1+m)ys + y1ys — k1yr + da + ua,

Ys = —mys + kay2 + ds + us.

Based on the design procedure, presented in the previous section, the control signal and estimated dis-
turbance for this system are given by
— _ 1 _v p/q | 3
ue=—g (V) (f(Y)=Ya+ s +(s¢'" +d)

d=—ksq— BFoq—est/ "= | f(Y) | Faa — f(Y). (4.44)

(4.43)

Here Fy4 is the output of the fuzzy engine. Vectors

Y = [y1, Y2, Y3, Ya, Ys), Ue 1, g, uz, ug, us), d = [dy, da, ds, dy, ds]

represent the state of the system, the control signal, and the estimated disturbance, respectively. The
master system is

1 =r(xe — 1) + 24,

To = —(1 + m)l‘g +x1T3 — Ts,

i3 = g(1+ma? — (1 +m)x1z2), (4.45)
T4 = 2(1 + m)x4 + x113 — k121,

—mxs + ]{721327

.
ot
|



The parameters for the slave and master systems are r = 0.8, m = 0.04, g = 140.6, k1 = 34, and ky = 12,
while the control parameters are

q=[13,13,13,13,13], k = [10,10,10,10,10], B = [100,100,100,100,100],
e = [10,10,10,10,10], po=[3,3,3.3,3], qo =1[9,9,9,9,9]

To show the performance of the controller, we suppose that we are given incorrect information about the
slave system parameters with these parameters set at 50% of their actual values:

F=05xrm=05x7r§=05xg,k =0.5xky, ks =0.5x ko. (4.46)

Thus 7, m, g, kAl, and ]{;2, are the incorrect parameter values, and are used for the control scheme instead
of 7, m, g, k1, and ko. Moreover, the system has an unknown external disturbance as follows:

d;(t) = 0.1sin(t) + 0.2 cos(2t). (4.47)

The initial condition of slave and master systems are chosen as (1.25,—2,4.4,5.2,7.7) and (0, -0.5, 0.1,
-1, -1), respectively. The input control are applied at ¢ = 3. The synchronization results are shown in
Figs. 7-9. Tracking of the master system states via the slave system under the proposed controller is
illustrated in Fig. 7. Fig. 8 shows the time series of synchronization errors. After less than one time
unit, synchronization is achieved with the slave system mimicing the master system. Moreover, as these
figures show, since the proposed controller is equipped with a fuzzy engine, the states of the system are
chatter-free with smooth responses. The time series of the control signals is shown in Fig. 9.

Numerical simulations therefore confirm that the fuzzy disturbance-observer-based designed TSMC
successfully drives the system states to their desired value, even when the information of the slave system
is inaccurate and there exist external disturbances. To conclude, the results of synchronization show
that the control technique we have developed in this paper can serve as a robust control technique for
uncertain nonlinear systems, thereby ensuring that such systems operate chatter-free in the desired mode.

5 Conclusion

In the first part of this study, a Hopf bifurcation from a stable equilibrium state for a fifth order self-
exciting homopolar disc dynamo have been studied. We extended our analytical results of [41], to find
two unstable small amplitude limit cycles for two isolated Hopf equilibria. The new results will be useful
for explain multistability for the chosen parameter and initial values. They show that those unstable
periodic solutions will present statistical properties of the hidden chaotic solutions. Next, a new fuzzy
disturbance-observer based terminal sliding mode control was designed for the purposes of synchroniza-
tion. The output of the fast disturbance-observer was combined with terminal sliding mode control for
the chaotic system by considering external disturbances and unexpected uncertainties. To avoid the chat-
tering problem, the designed control scheme was improved by implementing a fuzzy interference engine.
Numerical simulations clearly show the performance of the designed controller for the five-dimensional
hyperchaotic system. It will make sense to consider that the proposed control technique could be extended
with fractional-order calculus.
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Figure 1: When r = 8,m = 0.04, g = 140.6, k; = 34 and ky=12, the initial state is taken as (0.05, -0.5,

0.1, -1, 2). We show the following time series for system (1): (a) z(t); (b) y(¢); (c) 2(t); (d) w(t); (e) v(¢t).
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Figure 2:  When r = 8, m = 0.04, g = 140.6, k1 = 34 and ko=12, the initial state is taken as (0.05, -0.5,
0.1,-1, 2). We show the following different phases for system (1): (a) z(t)—y(t)—z(t); (b) z(t)—y(t)—w(t);
(c) z(t) —y(t) —v(t); (d) x(t) — 2(t) —w(t).
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Figure 3: When initial condition (2.8, 1,20, 16.7, 55) and parameters r = 8, m = 0.142, g = 140.6,k; = 34
and ky=12, system (1) shows an unstable periodic orbit.
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Figure 4: When initial condition (1,0, 0,0,4.9) and parameters r = 8, m = 0.142, g = 140.6, k; = 34 and
ko=12, system (1) shows chaotic attractor with only two stable equilibrium points.
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Table 1: Fuzzy rule base
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Figure 6: Block diagram of fuzzy disturbance-observer-based TSMC for a 5D self-exciting homopolar
disc dynamo system.
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