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Abstract

Principal component analysis is an important pattern recognition and dimensionality
reduction tool in many applications. Principal components are computed as eigenvectors
of a maximum likelihood covariance 3 that approximates a population covariance ¥, and
these eigenvectors are often used to extract structural information about the variables (or
attributes) of the studied population. Since PCA is based on the eigendecomposition of
the proxy covariance S} rather than the ground-truth X, it is important to understand the
approximation error in each individual eigenvector as a function of the number of available
samples. The combination of recent results of Koltchinskii & Lounici [8] and Yu, Wang &
Samworth [11] yields such bounds. In the present paper we sharpen these bounds and show
that eigenvectors can often be reconstructed to a required accuracy from a sample of strictly

smaller size order.
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1 Introduction

Consider a random row vector X = [X1, Xs,...,X,)], defined over a probability space (2, P)
and representing a data sample of p different items of interest, such as the returns of p different
financial assets over a given investment period, the relative frequencies of p different words in
a randomly chosen text, or the expression rates of p different genes in a cell line exposed to a
randomly chosen chemical compound. In many applications the data are approximately Gaus-
sian with some unknown ground-truth covariance matrix ¥ = Cov()? ). The subspaces spanned
by the eigenvectors corresponding to the k largest eigenvalues of ¥ serve as best representation
of the data in a k-dimensional space and represent an important dimensionality reduction tech-
nique. Moreover, the eigenvectors themselves are used to reveal underlying structure hidden
in the data, such as subsets of genes that tend to be jointly expressed, clusters of texts that
belong to a same category, risk factors that drive a financial market and many other quantities
of interest in numerous applications. Often, relevant hidden structure is revealed by the eigen-
vectors corresponding to the second to k-th largest eigenvalues of ¥, but not by the leading
eigenvector. For example, the relative size of components in the leading eigenvector of the co-
variance matrix of monthly returns of S&P500 stocks are approximating the relative weights of
the market capitalizations of these companies, hence this vector reproduces the market index.
The components of the next few leading eigenvectors reveal nearly market neutral investment
portfolios, that is, portfolios that are relatively unaffected by market shocks. Other examples
occur in meteorological data, where the second to k-th leading principal components are known
to be useful in the automatic detection of nascent storm systems, and in the natural language
processing context, where these vectors can be used to cluster texts by topic. In genome expres-
sion data, all eigenvalues of ¥ and associated eigenvectors (respectively, the singular spectrum

and associated singular vectors) can be metabolistically relevant, see e.g. Alter et. al. [3, 4] and



Bertagnoli et. al. [5]. For this reason, we are interested in approximating the first few leading

eigenvectors of 3, not just the first.

1.1 Problem Setting

In practice, a population covariance ¥ is of course rarely available and in all likelihood only
exists in the mind of the human modeller. True data are not exactly Gaussian either, nor can
they be expected to have covariances that are invariant over time. In these circumstances it is
customary to collect a limited number of sample data vectors X M ... ,X (n) assumed to be i.i.d.
and taken from the same underlying distribution. We will assume that the data vectors have
been centralized, which is carried out by subtracting their mean and considering the new data
vectors Z() = X () — % > X () so that the expectation of Z@ may be assumed to be negligible
for n large enough. For applications in which the signal to noise ratio is low, such as in daily
returns of financial assets, this centralisation step is not strictly required. The data vectors
may thus be assumed to have zero mean. For notational simplicity we will use the maximum
likelihood covariance throughout this paper instead of the unbiased sample covariance estimator,
since the two matrices only differ by the factor n/(n — 1) and we assume n to be typically of

order O(10%) or larger. A spectral decomposition of the maximum likelihood covariance
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is thus used as a proxy for X, and the leading part of the spectral decomposition of S is computed.
This approach is called principal component analysis (PCA). In a situation where ¥ changes over
time, such as in finance, one can only avail a limited number of data points that can meaningfully
be considered to have been sampled from the same underlying distribution, and since the PCA
is computed from the maximum likelihood covariance i, it is important to understand to what

accuracy the computed principal components approximate the eigenvectors of the ground-truth



3. Thus, we need to study how many sample points suffice to approximate the eigenvectors of
> by the eigenvectors of S to a given accuracy. This is an interesting question, since we shall
see that not all eigenvectors require the same number of samples, and that the required sample

size depends on the distribution of eigenvalues of the population covariance X.

1.2 Notation and Simplifying Assumptions

We will henceforth assume that X @), (t=1,...,n) arei.i.d. copies of N(0,>) random row vectors
defined on some probability space (2. Combining these vectors into a data matrix X by row
stacking, i.e., X is taken as the i-th row of X , the maximum likelihood covariance is given by
5= %XTX and determines the estimation error E := % — ¥. Let & = Q Diag (A1,...,Ap) QT
be a spectral decomposition of the population covariance in which the eigenvalues appear in
non-increasing order A\ > --- > X\, > 0. For ease of exposition, we will now change coordinates
and express all vectors with respect to the basis given by the columns of the orthogonal factor
Q, that is, the eigenvectors of . Instead of working with the data vectors X (@) we thus work

with Y = X(Q and may assume that & = Diag(A1,...,Ap) and

n

S=1y[p0] vo.

S|

i=1
This transformation entails neither a change of the operator norm of the estimation error F,
nor of the eigenvalues of ¥ or f], nor of any inner products between vectors, as () is orthogonal,
but the new coordinate system renders the analysis notationally simpler, since all off-diagonal

coefficients of ¥ are zero and its eigenvectors are the canonical unit vectors fi;, (i =1,...,p).

Since X@ are random variables, the same is true for }7(“, 3 and the associated eigenvalues
Xi and eigenvectors 77;. Where it is desirable to expressely remind the reader of the stochasticity
of these objects, we write them as functions of a generic element w of the probability space (2.

For example, we will write 7;(w) to indicate that 7j; is a random vector.



1.3 Prior Art

In a recent paper that builds on deep results from the theory of random matrices, Koltchinskii
& Lounici proved the existence of a universal constant C7, independent of p and n, such that

the operator norm of £ = S —Yis probabilistically bounded as follows,
t
P || E| < C1]|%] max Q/ ¢ )]zl—aﬂtzl (1.1)
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where

Aj

is the effective rank of X; see Corollary 2 in Koltchinskii & Lounici [8]. Note that 7(X) < p, so

that for n > max (p,t) (1.1) becomes

B8] < 5] mas (W \/D] e

and using ||X|| = A1 and the definition of (), this yields the bound

VA1

Pl|E] < CIW X max

This was an important advance, as previous bounds on ||F|| had only been known for the case

>1—et. (1.2)

where all eigenvalues are of the same order or when p remains bounded as n tends to infinity,
the so-called finite-dimensional case, while the cited result of Koltchinskii & Lounici [8] applies

to the infinite-dimensional case, where p tends to infinity as well.

In this paper we adopt the infinite-dimensional setting and study the error that is incurred in
approximating individual eigenvectors of the population covariance ¥ by computing a spectral
decomposition of the maximum likelihood covariance matrix 3. Ledoit & Péché [9] also studied
the convergence of the sample covariance eigenvectors but their results are asymptotic and
restricted to the finite-dimensional case, and their motivation is to derive optimal bias-correction
terms. The study of the convergence of eigenvalues (as opposed to eigenvectors) is a mature

field, see e.g. Bai & Yao [6].



1.4 Contributions and Main Result

Let /)\\Z be the i-th largest eigenvalue of S and 77; an associated eigenvector. For convenience,
we assume throughout that the corresponding eigenvalue A; of the population covariance is
non-repeated. Recall that under the notation introduced above ji; is a unit eigenvector of the
population covariance associated with eigenvalue A;. In contrast to 7;(w) and Xi(w), ii; and \;
are deterministic objects. It follows from Corollary 1 of Yu, Wang & Samworth [11] that the

(random) principal angle

ot = it o ()

is bounded by
_ 2B

<=, (weQ), (1.3)

sin 0; (w)

where || E(w)]| is the operator norm of E = X — %(w) and gap; := min;; |A\; — A;| is the spectral
gap at eigenvalue \; of ¥.. Note that in contrast to the classical Davis-Kahan sin §-Theorem [7]
the denominator of (1.3) does not depend on the (stochastic) spectrum of & but only on the

(deterministic) spectrum of X.
Combining the Corollary 1 of Yu, Wang & Samworth [11] with Corollary 2 of Koltchinskii &
Lounici [8], i.e. (1.3) with (1.2), we find that for fixed ¢ € (0,1),¢>1, p € N and

AC2 N2 ¢ ACE N YE, Aj)

n > max t ,
( 7 ¢% gap] q* gap}

the following probabilistic bound applies,
Psing; <q>1—e".

The aim of the present paper is to show that the bound (1.4) on the required sample size can

be replaced by

Ai 2
n > max | p,t, M x 1607 max ((1—|— ) = ) max | (1 +
gap; ¢~ gap;

A 3 A
"t =y , (15
— 2§|Ajm)) ()



where M > 0 is a constant that depends on the distribution of the population spectrum (X;).
For some distributions of the eigenvalues of X, this bound is an improvement of several orders

of magnitude over previous bounds, see Examples 1.1 and 1.2 below.

In fact, we will prove a marginally weaker result: For the purposes of our analysis we will
work with the index

(w) =arg min |\ —/):-,
(@) = arg i [n—

which is unique with probability 1 and identifies the population eigenvalue closest to the i-th
largest maximum likelihood eigenvalue. Note that this is a random index, and that if \; is non-
repeated, then i*(w) = ¢ with arbitrarily high probability for large n. We will further comment
on this below. By giving up on the requirement that 7; be a unit vector, with probability 1 we
are able to choose the unit eigenvector ji such that (ji;«, ;) > 0, so that 7; € fi; + (ji;+)*, that

is, Afij; := 1; — [i;= is orthogonal to fi;». Then we have
sin Oy (@) < tan b (@) = || Afiv il (1.6)

where 0;+ ; is defined as

()l

O+ i(w) := ZL(fij=, 7i(w)) = cos™! ( |7 (W)

Therefore, it suffices to prove that

pet

Pn > W(q,t,i*)]

PIAfill2 < | n = max (p,t, W (g, 8,7")] =1~

to establish the following result, which is our main theorem:

Theorem 1.1 Forqe (0,1),t>1,peN,ie{l,...,p} and n > max(t,p, V(q,t,i)) we have

—t
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where
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U(q,t,i):= 1602max<1+ ! ,21> max | (1+——)t, =y —L . 1.9
(@.1:1) ! ( gapi) q° gap; ( gapi) 2;!&-—&\ (1.9)



1.5 Discussion and Practical Significance of Results

The auxiliary parameter ¢ allows users of Theorem 1.1 to control the probability with which
the alignment of eigenvectors ji;= and 77; exceeds the threshold ¢: choosing t large renders the
probability of this outcome arbitrarily close to 1 except an exponentially small term in ¢ at the
expense of requiring a number of samples that scales linearly in ¢. Note that for nonrepeated
i, we have i* =i for n large enough with high probability, and then 6; = 6;« ;. In the relevant

contexts to which Theorem 1.1 applies, one can usually quantify
Pln> V(g t,i")| =1

as being close to 1 for n > M x W¥(q,t,i) quite easily, where the constant M > 0 depends on
the distribution of the spectrum ();) and is independent of p as long as A; for fixed i remains
bounded. Substituting such a quantitative bound into (1.8), this yields a lower bound on

Psinf; < ¢] > P |sinf; < ¢ ‘ n>WU(gt,i")| xPn>V(q,t,i")]

(1.8)
> Pn>V(qt,i*)] —pe’

for all n that satisfy the bound (1.5). Since a comprehensive treatment of all cases is not a
reasonable undertaking, we limit the scope of this paper to the derivation of the bound (1.8)
and leave the quantification of the constant M to users of Theorem 1.1, but the examples below

illustrate the practical relevance even for small values of M.

For eigenvalues \; of lower order, the new bound (1.5) is of strictly smaller order than (1.4),
because the numerator satisfies A\; < A1, and furthermore, the eigenvalues of largest order in
the sum > 7_, A; are replaced by terms of O(1) in the sum 3_,; A;/|\; — Ail, so that this sum
is generally much smaller when the eigenvalue \; is of medium (but not smallest) order. Note
that, like the sin §-Theorem of Yu, Wang & Samworth [11], our bound (1.5) only depends on

the spectrum of the population covariance, but not on the maximum likelihood covariance.



Example 1.1 In data science one often deals with data matrices whose scree plots have a short
and quickly decreasing initial section, followed by a large slowly decreasing middle section with
close to equally spaced eigenvalues, and if the population covariance is a noisy version of a rank
k < p matrix, then this is followed by a sharp drop off to background noise after position k. For

an example, see e.g. Alter et. al. [10] or [2]

A reasonable model is therefore to assume that for some fixred 5 € (0,1), the population
covariance matriz X has O(1) eigenvalues of order O(p) that are structurally not important,
O(p'=?) eigenvalues of order O(p?), and O(p) smaller eigenvalues of order O(1), where ¥ has
been rescaled so that Z§:1 Aj = p. The latter assumption is reasonable, as PCA is often carried
out on the correlation matrix rather than the covariances, to correct for differences in scale

between the feature variables.

The relevant structural information is often revealed by eigenvectors corresponding to eigen-
values of the intermediate order O(p?) rather than those of the largest order O(p). For example,
when PCA is used to classify texts into different topics, the principal components that correspond
to the largest order of eigenvalues typically pick up high frequency words that are common in all
texts of the same language, whereas the topic is typically identified by context-specific words that

merely appear with higher frequency than in the general text population.

Assuming that the eigenvalues of order O(p®) are locally not very different from a renewal
process, or similarly, that they are approximately located on a lattice, their spectral gaps are

typically of order O(pﬁ/plfﬁ) = O(pQﬂ*l), because there are O(plfﬁ) of these gaps of equal



length spanning an interval of length O(p®). In the case where \; is of order O(p?), this yields

Z |/\)E)\z’ =0(1), (1.10)

2=0(p) "7
Aj P’ _
> mowm O <pwl * logp) =0 (logp x '), (1.11)
N=0(p?),j#i
Aj - 15
_ _ 1.12
N — A O(po ) O<p ) (1.12)

A;=0(1)
where (1.10) holds because by assumption there are O(1) summands, all of which are of order
O(1), (1.11) holds because the left hand side is a harmonic series with O(p'~?) terms under the

assumption that the eigenvalues of order O(p?) lie on a lattice, i.e.,

1-8 -
A PPN s [P e g
Z N — \| p2B1 ZNP / — ~p "(1-p8)logp,
2=0(p?) j;éi| TR =1 1 r
] El

and (1.12) holds since there are O(p) summands, all of which are of order p~". Summing up
the bounds (1.10)—(1.12), we obtain
i |>\)\—j)\’ =0 (plfﬁ X logp> .
j=1,j#i T

Substituting this bound into (1.5), we find that for § > % and when X\; corresponds to one of
the eigenvalues of intermediate order O(pﬁ ), the number of samples required to guarantee that

sin 6; < q with probability larger than 1 — € is given by

n=0 (maX(— loge + logp, p,p' ™7 x p'=F x logp)) =0 (maX(logp, p,p*1=A) 1ogp)) = O(p),

while the bound (1.4) would imply that the number of samples required is of the order

logp x p* = p? -
n:O<maX(—logp,p, iwﬂ Xp45’2) :O<p4(1 mlogp)

which is of strictly larger order for B < %. Thus, for % < B < % we can reconstruct the relevant
principal components with linearly many samples, whereas the bound (1.4) suggests that the

number of samples required would have to be superlinear in the number p of feature variables.

10



Example 1.2 Due to the dependence on the random index i*, our formula 1.8 yields a proba-
bilistic bound on the sample complezity of PCA. We note however that in practical problems the
concentration of measure phenomenon causes fluctuations of i* to be of smaller order than the
expectation, that is, \/Var[i*] is typically much smaller than E[i*], and that the map i — gap,
is very reqular, that is, gap; remains practically constant for small changes of i. Since i* is the
only source of randomness in the bound 1.8, the latter is practically deterministic under these
circumstances, because its order of fluctuations is strictly smaller than the order of its expecta-
tion. Under these circumstances, the bound can be interpreted as Plsin€; < q] > 1 —pe™t for

n > max(p,t,¥(q,t,7)), which is the same as (1.5).

To illustrate the practical relevance of this bound, we used 2000 daily returns of 800 stocks to
estimate a realistic covariance matrix, and we then used this covariance as population covariance
with which to simulate 1.1.d. multivariate Gaussian vectors. Taking ¢ = 0.5 and Cy, M =1, two
bounds on the number of data points required to reduce sinf; < q with high probability were

computed: the bound
i )\j

% — 1.13
gap; ‘)‘j = Al ( )

Npew =

JFi

is practical version of (1.5) stripped of constants, and analogously

A1
(gapi)Q

x> A, (1.14)

JF

TNold =

which is a stripped down version of (1.4). Table 1.2 confirms that the new bound (1.13) derived
in this paper is of the correct order, while (1.14) is up to 6 orders of magnitude too large. In
reading Table 1.2, the reader ought to keep in mind that in high dimensions, any two random
vectors are almost orthogonal to one another. For example in dimension p = 800, the probability
that two uniformly sampled unit vectors U and W have alignment |(U, )| > 0.15 is smaller than
1074, The results of the table thus confirms that n = npew is the correct threshold for the number

of samples needed to achieve phenomenally good eigenvector alignment, whereas the bound neg

11



P 7 Tnew Nold n cos 0;

800 5 6.51e2 1.1e6  npew/2 0.79
800 5 6.5le2 1.1e6 Tnew 0.9

800 5 6.51e2 1.1e6 2Npew  0.95

800 10 2.458e3 2.740e9 npew/2 0.56
800 10 2.458e3 2.740e9  npew 0.78

800 10 2.458e3 2.740e9 2npew  0.93

200 15 1.3leb 1.47e8 npew/2 0.5
200 15 1.3leb 1.47e8 Tnew 0.6

200 15 1.31led 147e8 2npew 0.71

Table 1: Alignment between the i-th estimated and ground truth eigenvectors as a function of
the sample size n used to estimate the covariance matrix from i.i.d. multivariate Gaussian data

with a practically relevant spectrum.

can be many orders of magnitude too large.

2 Main Ideas of the Proof

Before we proceed with a detailed proof of Theorem 1.1, it is helpful to outline of the main ideas.
In what follows, we shall assume that ); is unrepeated, and we will write A\, ; = XZ — A\, where
k is a fixed index that we shall specify later. In analogy to the earlier construction of the vector
Aji;, let 7j; be an eigenvector of S associated with the i-th largest eigenvalue Xi, and chosen such
that (g, 7;) > 0 and 7; € fiy —i—/l’,i, and let us write Ajfiy ; == 7; — [, so that Afi; € ﬁi In the

special case where k =i we denote Afl; = Afi;; and A)\; := AN ;.

12



2.1 The Finite-Dimensional Case

For fixed p and k = 1,

where Z; = [Z14,...,Zp,;] is a random vector of size p with coefficients

VA

N"ia - -7
)\]_>\1 Js (]7&1)

Zji =
0, (J =1),

and where the random variables N;; converge (jointly, in distribution) to independent standard
Gaussians as n — oo (see, e.g. Anderson [1], Thm. 13.5.1). Thus, to guarantee that |Af;]| < ¢
with high probability, we need \/\;/n x || Zi|| < ¢ with high probability. Assuming n to be large
enough for the variables IV; ; to be close to ii.d. standard Gaussians and the approximation
(2.1) to hold, one finds

AR~ 1 x 3 NV

J#i

and this approximation can be used to bound P(||Au;|| < ¢). In the present case, when p is
not fixed, this approach will not holds, but let us gain a quick understanding of how (2.1) arises
in the finite-dimensional case in which n is left to tend to infinity for fixed p, and of how the
argument has to be amended in the infinite-dimensional case, where p is allowed to tend to oo
at a linear rate in n: We have

¥ ik = ey, (2.2)

S [ + M) = Ak + i) g, + D). (2.3)
Subtracting (2.2) from (2.3) and using S =3+ E yields

[E — (Ax + ANki) L] Afigy + EAig; = —Ejfig + AXg ifig (2.4)

where I, is the p x p identity matrix. In the finite-dimensional case, where p is fixed and n tends

to infinity, taking k = ¢ implies that E, Aji; and A); are all of order 1/+/n, and hence the terms

13



AN;Aji; and EAfi; are of the smaller order 1/n and can be neglected in the asymptotics, so as

to give the approximation
Using the facts that ¥ = Diag();), i; is the i-th unit vector and that fi; and Afi; are mutually

orthogonal by construction, the i-th equation of system (2.5) yields
AN = By,

and dividing the j-th equation of the system (2.5) by A; — \; (j # ) yields
By VA1

Ny
AL — A A=A
Es; VA2 N
2,i
/\2 — )\i >\2 - )\z ’
EGi1) i1
Bl Gt KO VAL N
- .. — . )\Z A,_ _ )\ (2_1)72
O e L , 26)
0 0
E(it1y, Vi1 Nl
Ait1 — Ai At — A
E,; Ap
9 N i
M — A A AP

where

n
Nst =/ ~—FE; 2.
7t )\3)\t 7t ( 7)

for all s,¢ € 1,...,p with s # t. The random variables Nj; (j # i) converge in joint distribution
to i.i.d. standard Gaussians, a fact we only mention for motivational purposes and on which our

technical argument below does not rely.

2.2 The Infinite-Dimensional Case

In contrast, in the infinite-dimensional case the terms A\ ;A ; and EAfiy; can no longer be

asymptotically disregarded, as p is also allowed to tend to infinity at up to a linear rate in n.

14



Let Py denote the orthogonal projection into the orthogonal complement [iﬁ of [i, and define

the operator

1 1 1 1
Dk::—diag< — e, —, 0, — A),
A1 — A Mem1 =N A1 — N Ap— A

so that Dy, fir, = 0 and Dy, is well defined as long as \; is not an eigenvalue (except, possibly, the

k—th eigenvalue) of ¥. Using the fact that Ay, € ﬁﬁ, multiplying (2.4) by Dy, and solving for

Apy; yields

T
Aﬁkz,i = _(Ip _DkEPk)_l Dy, (Elk ce E(kfl)k 0 E(k+1)k .. Epk>
VAL
>\1—5\i 1,k
Vg
)\2—5\2‘ 2k
Ak
Ak Y k—il-N(’“—l)v’“
= —/— X (Ip —DkEPk)i k=17 (28)
mn
0
V Ak+1
Net1—A; (k+1),k
/e
)\p_:\i Pk
A _ 5
::__,/;f,x (I, =Dy E P,) | Dy |2 TV, (2.9)

where N, is as defined in (2.7), Vi = (vj ) is defined by

(G=1,....,k=1,k+1,...,p), vgs =0, (2.10)

|Dy| is the matrix obtained by replacing the coefficients of Dy by their absolute values, and J

the diagonal matrix with coefficients J; ; := sign(Dy);. ;.

Example 2.1 Let X = (X1, X2, X3) be a 3-dimensional random vector with zero mean and

covariance matriz . = Diag(A1, A2, A3), where \y > Ao > A3. Using the notation introduced

15



earlier, and taking n large enough to guarantee that 1* = 1 with high probability, the first line of

(2.4) for k =1i=1 yields with 7y = (1,721,731)

. A A
A1 — A1 = AN = B + Eranor + Eizns = 7%—7\[11 + \/\/;(\/ A2 N1ama1 + v/ A3Ni3ns1),

whereas the second and third lines yield

Ao — A\ 0 N Eo  FEag 21 Eo
0 A3 — A1 E3p  Es3 731 E3
Equivalently
_FEy  _Es3 _Foy
1o + A=A Aa—A 21 — A2—A1
_FE3y  _Ez3 _FE31
0 1 )\3—5\1 )\3—5\1 ,’731 )\3_5\1
Therefore, with
D, = diag(0, -1 , -1 ), P =diag(0,1,1)
Ao — A A3 — X\
we obtain
- o -1
0 1 00 0 0 0 0
Al 1 = = + FEa Eos —Fa
H1,1 721 010 0 rvons vl v w .
_FE3  _Ezz —E3
31 \0 01 S v vl v vl X3—A1
0

=[Is—DEP'Di | By

E3q

Comparing (2.8) with formula (2.6) from the finite-dimensional case, we note the following
differences: Firstly (2.8) is an exact formula, whilst (2.6) is an approximation in the case where
k = i. Secondly, the appearance of the term A\ ; in the denominators on the r.h.s. of (2.8) is
problematic, unless we can bound |\; — 5\2| away from zero. We will fix this choice by setting
k =4* and conditioning on ¢*, where the random index i* is defined in Theorem 1.1. As we will

show in Section 3, this yields the following bounds:

16



Lemma 2.1 For all j # i, the following hold true,

1 2

— < , (2.11)
‘/\j_>\i |)‘j_)‘i*’
Aj A
— <1 . 2.12
[Aj — Ai=| — + gap;« ( )

Thirdly, and most significantly, the term D;= E' P;« appears in the r.h.s. of (2.8). If we managed

to prove that || D« E P~

< 1, then by the Neuman Series Formula,
(I, —~Di+E Pp) ' =1, +DpE Py + (D E Pix)> + (Di»E P ) + .. (2.13)

and then we could argue along the lines of the finite-dimensional case. However, instead of

bounding || D= E Py

, defined as

, we will bound ||A;»

Age = | D |2 E| Dy V2, (2.14)

where | D«

denotes the matrix obtained by replacing the coefficients of D;+ by their absolute

values. By using the properties

Di= = |D|"2J| D |2, PuDj» = Dj=, Py = |Di|V?| D= | 7V/2,

where |D;<|~/2 is the diagonal matrix containing values |A\j — As| at positions j # ¥, and 0

at the position i*, we easily get
(D E P )* = | Dy |V2 (JA)P | Dy |7V2, k> 1.
The Neumann series (2.13) may thus be rewritten as
o
(I, —=DE Pi) ™' = I, + | D= |1/ (Z (JAM’“) | D« | ~1/? (2.15)
k=1

implying that

(I, = Dy B Pi) ' D |V? = D |(L, + ) (TAi)").
k=1
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If ||Ai<]] € (0,1), then this series converges, and using (2.11) in

1 2
1Di /2 = max ———= < \f )
J#i |)‘J _ )\z| gap;«

the taking of norms on both sides of (2.9) yields

2 1 Ajx (=
Afize ]l < 4/ X x A == ||Vi<]|. 2.16

A crucial observation is that for ¢* fixed, the norm of A;« can be bounded by the norm of

a matrix, which has an interpretation as covariance matrix estimation error for a multivariate
Gaussian random vector with zero mean, independent coefficients, and whose j-th coefficient

has variance
Aj

s w A ] (2.17)

Its operator norm can therefore be bounded using the technique of Koltchinskii & Lounici that
allowed for the derivation of (1.2). To exploit this mechanism, we will have to condition on the
value of i*, but for intuitive purposes, the reader may keep in mind that for n that satisfy (1.5),

we have ¢* = ¢ with high probability.

3 Further Technical Details

We will now fill in the missing details of the proof we outlined so far.

3.1 Preliminary Results

We start with two technical lemmas.

Proof. (Lemma 2.1) By definition of ¢*, for all j # i* we have
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which shows (2.11). As

)\J Aj - )\i* )\i* )‘i*
- + <14
IAj = Xisl A = Xas| A = A [Aj = x|

we have also proved the inequality (2.12) =

Lemma 3.1 Let Diag(v) be a diagonal matriz of size p with diagonal coefficients v; > 0, (j =
1,...,p), and let E(v) = Diag(v)FE Diag(v), where E = S — % is the covariance matriz error

used throughout this paper. Then for allt > 1 and n € N, n > max(p,t) it is true that

PIE@W)|? <E(n,t,v)] >1—e",

where
_ I 3
E(n,t,v) = % x max [ ||\ ]oo X t,ZVJZ)\j
7j=1
with
2 _ 2y .
Il = 3 P
Proof. Recall that
n
Bt [?mfw) )
n

i=1
where Y@ are i.i.d. multivariate normal row vectors with zero mean and covariance matrix

¥ = Diag(\). Therefore,

n

3 [Zm)f 70 _ ),

=1

1
Ev)=—
(v) =
where Z() = Y Diag(v) are i.i.d. multivariate normal random vectors with covariance ma-

trix ¥(v) := Diag(v)X Diag(v) = Diag(vfA,...,v2A,). Thus, E(v) is the error matrix of the

maximum likelihood estimator of ¥(v), so that the claim follows from (1.2). m
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3.2 Core Part of the Analysis

Lemma 3.1 suggests an approach to proving Theorem 1.1 based on “recycling” the results of
Koltchinskii & Lounici [8] as follows: Inequality (2.16) shows that our aim to prove (1.7) can
be achieved by bounding +/\;x /nHX_/;* | and [|A;«]| with high probability. To do this, we need

to construct an appropriate scaling vector v and apply Lemma 3.1. Recall that V;» = (V%)

AjAie
-~ = i*s 1
n|)\j—)\i| Y\ |)\ — X\ B, G#7).

Let W = (wj) be defined by w; := Ui Ej j+, where ) 1= |\j — il 7Y% for (j # i), and

D 1= max VA .
ARVIVED RV

Under the notation of Lemma 3.1 the vector W is then the i*-th column of E(#). By

satisfies

construction, T - /A= /n - vj+ = wj for (j # ¢*) and v; = = 0, so that

73

P<WIP < IE@), (3.1)

Next, recall that
A = | Dy |'?E|D;-|Y/? = Py« Diag(p) E Diag (i) Py-.

Therefore,

1A [1* < | E@)]1%. (3-2)
Now let v := v/2|\; — Ni=| V2 for (j # i*), and v;= := D+, so that by virtue of (2.11), we have
vj/v; > 1 for all j, and E(v) = Diag ((v;/7;)) E(7) Diag ((v;/7;)). This implies

IE@)|? < |E@)]* (3-3)
In order to prove our main result, we would like to show that for n large enough we have
Apix; < g with a high probability. Taking into account (3.1), (3.2), (3.3) and (2.16) this is true,
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if the conditions

IE@)] <

N

and

IE@) <q- Vg;’ﬂ (3.5)

hold with a high probability. Lemma 3.1 gives us hope that both conditions are satisfied with a

high probability, if for a sufficiently large ¢ and for n > max(p,t) we have

1 ¢*gap;- 72
E(n,t,v) < min(z, %)

By definition of v, ||[1?)\||co = 2+ 7% and by the definition of 7,

2

)\l’*ﬂ2 max ———— Z |/\ _)\ | )\Z*ﬂlz* < (1+ ‘. ),

where the last inequality follows from (2.12). Hence

202\ 2
E(n,t,u):% max<2>\ 2y e 7A o+ )
JF#*
23,52 4
SMW&X(M% 3 L)
n i
401 ~92 .
<7 )\i* o (1 ):(b ,t, * .
nx( i) x max ( ( gapl Z])\—A\ (n,t,1%)

Therefore, we get that both (3.4) and (3.5) are satisfied with high probability, if in addition to
n > max(p,t) we have

n Z qj(q7 t7 Z*)7

where

Ai Ai
U(q,t,1 :1602max<1—|—1,2 . >max
@49) ! S O gapy Z A —A

Remark: Observe that Z(n,t,v) could be bounded above also by

402

x (A T72) X t X (g #) (3.6)
" jFr 1

3
i*
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Also note that when -2 > 1, then

gap; —

max<(1+ A 2 As >:2 Ai

gap;”’ ¢* gap; q* gap;
and so with the bound (3.6), ¥(q,t,4) reduces to

;i i
80C2t71< 79)
Vg2 gap; ; IA; — Al

Note that we can not apply Lemma 3.1 directly, since v is a random vector. So to apply
the lemma, we have to get rid of randmomness of v which we achieve by conditioning ¢*. To
simplify notations, let us define the vector v(k) by v;(k) = v2|\; — \|7V/2, j # k and

/)\.
vp(k) = max ——2
k() = ma VA — MV
Thus, conditional on i* = k we have v = v(k) and ||[E(v)|| = ||E(v(k))||, as well as

=(n,t,v) = E (n, 1, v(k)) < B(n, 1, k).

Thus, for fixed p € N;t > 1, n > max(p,t) and k € {1,...,p} we have

PIEW)I> < ®(n,t,i%) | i = k] 2 P [|E@k)I” < Z(n,t,v(k) | i = K]
P (" = K\ AIE () > > 2 (0, t,0(k))}]
- Pli* = k]
P[i* = k] = P [IE w(k))|* > Z (n, t, (k)]
>
= P[i* = k]
min (et it =
>1-— (P [Zf*P:[k] k]). (3.7)

3.3 Proof of Theorem 1.1

We are ready to prove Theorem 1.1, the main theorem of this paper: For all n, k,t and g we
have

n>V¥(qt k)= ®(n,t k)< (3.8)

=~ =
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and

n>VY(q,t k)= ®(n,t k)< 3

Therefore, we have

IEW)|? < ®(n,t,i*),n > W (qt,i")

(3.1), (3 2),(3.3) (3.8), (3.9)= | Ai|| < / ”Vz*H <q /gagz
gapgx
\/ gapy TR T
(1.6)

=" sinf; < q. (3.10)

Moreover, since ¥(q,t,7*) is stochastic only through its dependence on i*, we have for & which

satisfy n > W(q, t, k) the equality

P [||E(y)u2 < ®(n,t,i)|i* =k, n > 0(gt, i*)] - [HE(V)HZ < B(n,t,i) | i = k] . (3.11)

This yields (recall that by assumption n > ¥(q,t,1))

P [Sin@i <q ‘ n > \Ii(q,t,i*)}

(3.10)
> PIEWIF <@ (n,t,i) | n =0 (g1,
(3.11)
> Y p [HE(V)||2 < ®(n,t,i%) | i = k} x P [z —k ‘ n>w (q,t,z’*)}
k:n>W(q,tk)
3.7) min (e”, P [i* = k])
> — o S "
> Z (1 Pl = K] XP|:Z k‘n_\lf(q,t,z)}
k:n>W(q,t,k)
. Z m;n (e>t,\1}P [i’; ik]) y P [i* :kf; Zz_i(q,t,i*)]
eft
>1- P|n>U(qt,i)|i* =
=T Pl (g it > ["* (g, | k]

k:n>W(q,tk)
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4 Outlook and Open Problems

Example 1.2 shows that the bound (1.8) is of the correct order when the random index i* is
replaced by the deterministic index 7. For conceptual reasons it would be desirable to be able
to bound the number of samples required for strong eigenvector alignment in terms of the index
1 alone, instead of the weaker theory based on * developed in this paper. It would also be
interesting to have theoretical lower bounds that show that the improved bound (1.5) is tight
up to a multiplicative constant. Finally, any practically applicable version of (1.5) has to rely
on replacing the unknown population eigenvalues A\; by de-biased estimates, and one could work
out how many samples are needed for the replaced values to yield a bound that comes sufficiently
close to the bound that corresponds to the population eigenvalues. We plan to address these

tasks in future research.
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