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Abstract

Halpern and Shoham modal logic of time intervals (HS in short) is an elegant and
highly influential propositional interval-based modal logic. Its sub-propositional
fragments, that is fragments obtained by restricting use of propositional connec-
tives, and their hybrid extensions with nominals and satisfaction operators have
been recently studied and successfully applied in real-world use cases. Detailed
investigation of their decidability and computational complexity has been con-
ducted, however, there has been significantly less research on their expressive
power. In this paper we make a step towards filling this gap. In particular, we
(1) compare classes of frames definable in full HS and in its hybrid extension,
and (2) determine in which sub-propositional HS-fragments we can express the
difference operator, nominals, and satisfaction operators. The obtained results
enable us to classify HS, its sub-propositional fragments, and their hybrid ex-
tensions according to their expressive power.

Keywords: Temporal logic; Expressive power; Hybrid logic; Halpern-Shoham

logic; Interval logic.

1. Introduction

The aim of this paper is to investigate the expressive power of the temporal
logic of Halpern and Shoham (HS in short) [1] and its sub-propositional frag-
ments in which the use of propositional connectives is restricted [2, 3, 4]. These
fragments are especially interesting due to a relatively low computational com-

plexity [2, 5, 6] and a range of potential applications [7]. Although decidability
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and computational complexity of these fragments have been intensively studied
[2, 5, 6], their expressive power is yet to be studied in any significant depth. Our
research aims at filling this gap.

Halpern-Shoham logic is a propositional multimodal logic which enables rea-
soning about relations between time-intervals in a one dimensional timeline.
The HS language contains 12 modal operators, each corresponding to one of the
Allen’s binary relations between intervals [8], namely adjacent to, begins, dur-
ing, ends, later than, overlaps, and their inverses (Allen’s algebra contains also
identity as the 13th relation). In the paper we will consider HS-models in which
the time-line consists of an unbounded linear ordering of time-points. Propo-
sitional variables are interpreted by sets of intervals over this temporal frame.
The HS-language is very expressive and the satisfiability problem of its formulas
is undecidable over a range of interesting linear orders including N, Z, Q, and
R [1]. As a result, restrictions on HS have been intensively investigated in order
to identify fragments of relatively low computational complexity, whose expres-
sive power is high enough for a variety of applications. A number of methods
to specify HS-fragments have been proposed, for example, restricting the set of
modal operators occurring in the language [9, 10, 11|, softening semantics of
modal operators [12], and restricting the nesting-depth of modal operators [13].

Another method of restricting HS-formulas is based on their clausal repre-
sentation [2]. The method is two folded: first, clauses are restricted to Horn form
in which consequent of each clause consists of exactly one literal or core form
in which both consequent and antecedent of each clause consists of exactly one
literal. Additionally, the diamond modal operators are disallowed, that is only
box operators occur in the modal language or only diamond modal operators are
allowed. This new approach has led to the identification of tractable fragments
(precisely P-complete) [6], which were already applied in real-world use cases
within temporal OBDA [7]. The success of this approach motivated applying
the same technique to other logics in order to establish their low complexity
fragments. In particular, it was applied in modal logics K, T, K4, S4 [14], and in

Metric Temporal Logic [15]. Moreover, hybrid versions of HS and its fragments
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have been introduced by adding to their languages nominals, that is atoms sat-
isfied in exactly one interval and satisfaction operators indexed by nominals
which allow to refer to the interval in which the particular nominals holds [5].

In this paper we investigate the expressiveness of HS, its sub-fragments,
and hybrid extensions over various classes of frames. Following the approach
by [3] we will distinguish between (i) irreflexive frames which were originally
introduced by Halpern and Shoham in [1] and reflexive frames obtained by
weakening definitions of interval relations [3, 12] (ii) non-strict frames in which
punctual-intervals are allowed and strict frames in which punctual-intervals are
forbidden, and (iii) discrete frames and dense frames. Combinations of the above
3 lines of distinction give us 8 basic classes of frames.

It has been showed already in [1] that discrete and dense frames are defin-
able in full HS under the assumption that frames are irreflexive and non-strict.
A fragment of HS containing only modal operators corresponding to the adjacent
to relation and its converse (this fragment is known as the propositional neigh-
borhood logic PNL) and its expressive power were studied in [16]. In particular,
it was shown that discrete and dense frames are definable in PNL-language if we
restrict attention to irreflexive strict frames. Moreover, PNL allows us to express
the difference operator (stating that a formula holds in some interval different
than the current one) and nominals [16]. There is a number of papers focused on
determining which modal operators from the HS-language can be expressed in
HS-fragments obtained by dropping specific operators from the language. Such
classifications under the assumption that frames are irreflexive and strict have
been performed with respect to all linear frames [17], dense linear frames [18§],
and discrete linear frames [19].

In this paper we analyse expressiveness of HS, its sub-propositional frag-
ments, and their hybrid version in various combinations of reflexive /irreflexive,
non-strict /strict, and discrete/dense frames. In particular, in Section 4 we de-
termine which classes of frames are definable in HS and its extension with nom-
inals HS. Then, in Sections 5, 6, and 7 we study expressibility of the difference

operator, nominals, and satisfaction operators, respectively, in HS and its sub-
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propositional fragments. Finally, in Section 8 we present cumulative results of

our analysis.

2. Halpern-Shoham Logic

The language of Halpern-Shoham logic consists of a countably infinite set PROP
of propositional variables, classical propositional connectives: negation (=) and
conjunction (A), and 12 diamond modal operators: (B), (B), (D), (D), (E), (E),

(0), (0), (A), (A), (L), and (L).

Definition 1 (HS-formula). Well-formed HS-formulas are defined by the fol-
lowing grammar, where p € PROP and R € {B,B,D,D,E,E,0,0,A A L, L} (in
what follows we will denote this set of 12 symbols by Rel):

df
e=pl-wleAp]|(R)p.

Disjunction (V), implication (—), equivalence (++), and propositional constants
‘true’ (T) and ‘false’ (L) are defined in the standard manner. The boz modal
operators [B], [B], D], [D], [E], [E], (O], [O], [A], [A], [L], [L], are dual to (B), (B),
(D), (D), (E), (E), (O), (O), (A), (A), (L), and (L) respectively, that is for any
HS-formula ¢ and R € Rel we have [R]p £ —(R)—¢.

Next, we define a schema of an HS-frame and discuss its properties. As usual,

we will use x < y as an abbreviation for x <y Az # y.
Definition 2 (HS-frame). An HS-frame is a tuple F = (D, I(D), R) such that:

e D = (D, <) is a non-strict linear ordering which is unbounded (that is <
is a reflexive, antisymmetric, transitive, and connected relation such that

each element of D has a <-successor and a <-predecessor);
e I(D) is the set of intervals over D which is either equal to:
(D) € {{z,) | 2,y € D and & <y},

or to:

1) L {(2,y) |2,y € D and = < y},
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e R is a set of 12 binary relations between intervals which is either equal to:
R< € {B<,B<,D<,De, B, Ec,0<,0c, Ac, Ac, Le, Lo},
or to:
R< < {B<,B<,D<,D<,E<,E<,0,0,A A Lo Lo},
where the relations in R< and R are defined in Table 1.

The definition gives rise to four basic and pairwise disjoint classes of frames,
namely: a) frames of the form (D, (D), R<), b) of the form (D, I (D), R<),
c) of the form (D,I~(D),R<), and d) of the form (D,I~(D),R<). In frames
from the classes a) and b) punctual intervals are allowed. Frames from these
classes are referred to as non-strict, in short Non-S-frames. Whereas, in frames
from the classes ¢) and d) punctual intervals are disallowed, and we will call
such frames strict, in short S-frames.

It can be easily checked that in frames from the classes b) and d), that is in
frames with R = R, all the relations between intervals are irreflexive. For this
reason, frames from these classes are referred to as irrefiexive, in short <-frames,
while frames from the classes a) and ¢), in which R = R<, are called reflezive,
in short <-frames. This terminology can be a bit confusing, since in irreflexive
frames — regardless of whether frames are strict or non-strict — all the relations
between intervals are irreflexive, so by analogy one could expect that in reflexive
frames all the relations between intervals are reflexive, but it is not the case.
Nevertheless, we adopt this terminology as it is widely used in literature (see [3]
and references therein). In particular, in strict HS-frames the following relations

are reflexive:

whereas the following relations are irreflexive:

AS,KS,LS,ES.

1'We use the definitions from [3] but it should be noticed that in some papers the definitions

of (A)< and (A)< do not contain the condition z’ < y'.



Table 1: Definitions of the relations between intervals in reflexive and irreflexive frames.

Reflexive frames:

Irreflexive frames:

(z,y)L<(a’,y) iff

pd

(z,y)A< (@’ y) iff

(z,1)0<(a’,y) iff
(z,y)B<(’,y') i
(z,y)D<(2',y")
(z,y)E<(2",y/)
(z,9)0< (e, ¢) i
(z, y)A<(2',y) i
(z,y)L<(2’,y/)
(z,)E<(2',y)
(z,y)D<(a’,y) i

(@,y)B<(a’,y) i

¥ <r<y <y
rz=17andy <y
z<z' andy <y
z <z’ and y =1
r<a' <y<y
y=1a"and 2’ <y

/

y<z
' <xzandy=1y

' <xzandy <y

z=2x"and y <9/

<.7J, y> I-< <x/7 y/>

(z,y)A(a’,y')
(z,9)0< (2, y")
(z,y)B<(a",y')
(z,y)D<(a’,y)
(z,y)E< (2", ')
(,1)0(z",y")
(z, y)A (' y)
(z,y)L (=", y)

<l‘, y> E< <xlv y/>

<.’L‘, y>D< <CC/, y/> i

<.’II, y>B< <JJ/, y/> i

iff

iff

iff

iff

iff

iff

iff

iff

iff

/

Yy <z

<y andy ==z
r<z<y <y
r=x"and y <y
r <z andy <y
x <z andy=1y
r<z <y<y
y=2a"and 2’ <y
y<a
' <xandy=1y

' <zandy <y

r=12"and y <y

os In non-strict HS-frames A< and KS become not irreflexive (which, however, does

not make them reflexive). Indeed, in non-strict HS-frames punctual intervals are

allowed, and for any punctual interval (z,z) it holds that (z,z)A<(z,z) and

(z,7)A< (7, 7).

In strict HS-frames the relations from R . are jointly exhaustive and pairwise

disjoint among distinct intervals, that is between any two distinct intervals holds
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exactly one of the relations from R« [8]. On the other hand, in non-strict frames
the relations from R. are not pairwise disjoint, for example if x < y, then
(z,2)A(z,y) and (z,r)B.(z,y). The relations from R< are pairwise disjoint
neither in non-strict nor strict frames for the following inclusions hold in both

classes:

IA
N
vy}
IA
N
O
A

E

IN
N

D

IA
\/\_
m
IN
N
(@)
A

)

|
IN
N
wll
I
b
IA
N
o O
A

B Oc;
B< C Oc; E<CD

>
IA
N
—
A
>
IN
N
Al
IN
N
IN
o]
IN
N
]
A
IN
N
mi
IA
N
Ol
IN

)

[7A)

We will consider additional constraints imposed on the relation < in the above-
mentioned classes of frames, namely: discreteness and density. Frames in which
D is discrete (dense) will be referred to as discrete (respectively dense) frames, in
short Dis-frames, (respectively Den-frames). Combinations of the 4 main classes
of frames with these 2 further constraints put on the order of time points give
rise to 8 classes of frames. Each combination will be denoted by a sequence
of symbols abbreviating the chosen type of a frame, for example irreflexive,
non-strict, and discrete frames will be denoted by (<, Non-S, Dis). If one of the
elements in the tuple is missing, it means that it is not specified, for example

(<, Dis) denotes irreflexive and discrete frames which can be non-strict or strict.

Definition 3 (HS-model). An HS-model is a tuple M = (D, I(D),R,V) such
that (D, I(D),R) is an HS-frame and V : PROP — P(I(D)).

In what follows, we will say that an HS-model M = (D, I(D), R, V) is based on
the HS-frame F = (D, I(D), R). The type of a model is determined by the type
of the frame it is based on, hence we will say that a model is reflexive/irreflexive,

non-strict/strict, discrete/dense whenever the frame it is based on is.

Definition 4 (Satisfaction in HS). Satisfaction of a formula ¢ in an HS-model

M= (D,I(D),R,V) and an interval (z,y) € I(D) is defined inductively by the
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following conditions, where 1) and x are any HS-formulas and R € Rel?:

z,

T

>|:p iff (xz,y) € V(p), for any p € PROP;
VM, (o) o
>|:walﬂ"MCﬂyH:z/fandM(xyH:x,
) E(R)y iff there is {2/, y') € I(D) such that M, (z’,y') &= ¢ and:
(x,y)R< (2, y') if R = R<, or
(,y)Re (', y) f R = Re.

An HS-formula ¢ is true in an HS-model M = (D, I(D),R,V) (denoted by
M E ¢) whenever for all (z,y) € I(D) it holds that M, (z,y) = . Then, an

)

M, (z,y
Az, y
(z,y
(2,9

(
(

HS-formula ¢ is true in an HS-frame F (formally: F |= ¢) whenever for any
HS-model M based on F it holds that M |= ¢. By (z,y) # (2/,y') we will
denote that (z,y) is distinct from (', '), that is x # 2’ or y # /.

Observe that for any class of HS-frames the following equivalences hold for

any HS-formula ¢:

(D)¢ > (B){E)y;  (O)p > (E)(B)g;  (L)p > (A)(A)e:
(D)¢ » (B)(E)yp;  (O)p <> (B)(E)p;  (L)¢ > (A)(A)e.

It follows that removing the operators (D), (D), (O), (O), (L), and (L) from the
language does not decrease expressiveness of the logic.

An important representation of an HS-frame (D, I(D),R), called compass
representation is obtained by treating an interval (z,y) as a point in a two-
dimensional Cartesian space D x D, such that the abscissa of this point has
a value x and its ordinate has a value y [20]. In the compass representation non-

punctual intervals correspond to points lying in the north-western half-plane of

2For simplicity of the presentation, a symbol R is used both for relational symbols that
occur in modal operators in the language and for relations in the semantics that are used
to interpret corresponding modal operators. Thus, on the left-hand side of the condition, the
symbol R denotes an element of Rel, whereas on the right-hand side, it denotes a relation from
R< or R<. It should be clear from the context in which of the above meanings a symbol is

used.
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D x D (the points whose abscissa is strictly smaller than the ordinate) and the
points lying on the diagonal correspond to punctual intervals. In such a setting
interval relations gain spatial interpretations. That is, given an interval (x,y)
intervals accessible from (x,y) with relations from Rel can be determined on the
basis of a relative position of the corresponding points in the two-dimensional
Cartesian space as depicted in Figure 1. Compass representation was used, for
example, to construct an axiomatic system for the Halpern-Shoham logic [20]
and to determine the decidability as well as computational complexity of some

fragments of the logic [3].

D

(z,) 7

ab T Y ¢c D
(a, b) (x,c) x
(a) b -
a 4

Figure 1: (a) one-dimensional and (b) compass representations of a frame of the Halpern-

Shoham logic, in which (z,y)L<{(a,b), and (z,y)B<(z,c).

The satisfiability problem for the Halpern-Shoham logic formulas — that is the
problem of checking whether a given formula of the Halpern-Shoham logic has
a model — was shown to be undecidable over most interesting frame classes, for
instance for any class of frames in which the ordering of time points contains an
infinite ascending chain such as natural numbers, integers, and rational num-
bers [1]. The task of restricting HS to obtain fragments with a good trade-off

between expressive power and complexity is studied up to the present days [10].
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One of the main methods of restricting the Halpern-Shoham logic — which
was already proposed by the authors of the logic — is to limit the number of
modal operators in the language [10, 9]. Since the set R consists of 12 inter-

212 = 4096 possible combinations of modal operators

val relations, there are
that may occur in the language. A systematic study of their expressive power
and computational complexity resulted in a nearly complete classification. It
was proved that the easiest fragments are NP-complete, whereas the other are
PSPACE-complete, NEXPTIME-complete, EXPSPACE-complete, or undecidable
[11, 21]. Other ways of restricting the Halpern-Shoham logic consist for example
in weakening the definitions of relations interpreting the modal operators, and
imposing additional constraints on the flow of time (for example, discreteness
or density) [3, 14, 7]. In the following section we will introduce another way

of restricting HS which is especially important for this paper, namely imposing

restriction on the use of propositional connectives.

3. Language Modifications

We will describe the recently introduced sub-propositional fragments of HS [3,

14, 7, 2|. First, we present the clausal form of HS-formulas.

Definition 5 (Positive temporal literal). Positive propositional literals (literals
in short) are defined by the following grammar, for a propositional variable

p € PROP and R € Rel:
df
A=T[L|p[(RA][RIA

Let [U] be the universal modality, that is [U]p is true in a model, whenever
© is satisfied in every interval in this model. It is easy to see that [U] can be
expressed in HS-language, for example in unbounded frames [U]¢ can be defined

as [L][L]o. The clausal form of HS-formulas is as follows:

Definition 6 (HS-formula in a clausal form). HS-formulas in clausal form are

generated by the following grammar, where ) is a positive temporal literal:

LN A [UAA...AXAS AV ..V | o Ap.

10
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We say that formulas ¢ and 1 are equisatisfiable whenever ¢ is satisfiable if
and only if ¢ is. It is relatively easy to show that each HS-formula defined in
Definition 1 can be transformed into an equisatisfiable formula in the clausal
form and vice versa. The clausal form of HS-formulas corresponds to the Fisher’s
representation of formulas of linear temporal logic in separated normal form
(SNF in short) [22]. SNF enables us to treat formulas as sets of initial conditions
of the form A and —)\, together with universal rules which are of the form
[UJAA...AX=AV... V). We adopt this point of view and for a formula ¢

in clausal form we distinguish (similarly as in [3]):

e Initial conditions of ¢, which are conjuncts in ¢ that are not within the

range of any universal modal operator [U];

e Clauses of p, which are subformulas of ¢ of the form [U]¢, where ¢ is a

subformula of ¢.

The class of clausal forms of HS-formulas can be further restricted by imposing
additional constraints on its grammar which give raise to the so-called Horn
and core fragments of HS [2, 3].

Horn HS-formulas (HSpern-formulas in short) are defined by the following

modification of the grammar from Definition 6:
LN UJAA...AXSA) [0 A

Core HS-formulas (HS.e-formulas in short) are defined by the following gram-
mar:

eENUIA =N [[UIAAX—= L) [oAe.

Modifications of the grammar of positive temporal literals from Definition 5
give rise to further HS-fragments, namely we distinguish fragments whose modal
language is restricted to diamond modalities, that is operators of the form (R},
where R € Rel, and fragments in which only box modalities are allowed, that is
operators of the form [R], where R € Rel. Fragments in which modal operators

are limited to diamonds will be denoted by < in the superscript. For instance,

11



HS; .. denotes the Horn fragment of HS-formulas in which modalities are re-
stricted to diamond modalities. Fragments with modal operators restricted to
diamonds are obtained by the following modification of the grammar given in
Definition 5:

AET | Lp| (R

In a similar way, fragments in which modalities are restricted to box modalities
will be denoted by O in the superscript. Such fragments are obtained by the

following modification of the grammar from Definition 5:

df
A=T|L]p]| R

One of the crucial constructs in temporal knowledge representation is referen-
tiality, that is possibility to label time intervals (or time points in the case of
point-based temporal logics) and then to refer to a chosen interval (or a time
point) with a concrete label [23, 24]. The most straightforward way to provide
referentiality in a modal logic is to hybridize this logic, that is to extend the

language with, for example, the following symbols [24]:
e NOM — a countable set of nominals different than PROP;
o {Q; | i € NOM} — a set of satisfaction operators indexed with nominals.

In what follows, we consider HS-languages with nominals or with both nomi-
nals and satisfaction operators. In the former case nominals are added to the
grammar of positive temporal literals, that is the grammar of positive temporal

is defined as follows for p € PROP, R € Rel, and i € NOM:
AET | Lp| (RN [RIA] G,

The class of positive temporal literals with nominals can be further extended
with satisfaction operators, that is expressions of the form @Q;\, where i is a
nominal. Such a class is defined by the following grammar, for p € PROP,
R € Rel, and i € NOM:

ALET L p [ (RA|RIA 4] @

12



The languages with nominals are denoted by ¢ in the upper index, whereas

the languages with nominals and satisfaction operators by the sequence i, @ in

0,i,@

oo " is the extension of HSy,,.,

the upper index. For instance, the language HS
obtained by augmenting the set of positive temporal literals with the expressions
of the forms ¢ and @;\. That is for p € PROP, R € Rel, and i € NOM, the

HSE - formulas are defined by:

N UIAA . AX= N [ 9 Ay

AL T LIp|[RIA| 7] @A

A Hasse diagram of sub-propositional HS-fragments and their hybrid versions

is depicted in Figure 2.

HSH@
ﬁ.
HS*
?
HS
i,@
Shorn
f \
HS hon HS 3
HSE HS o HS
) }
Hsgorn HS’DLOTTL
Si,@
}
S Store S
t / ' \ t
Seore HScore Score
o T\
HSCOOTG HSCDO”’e

Figure 2: Hasse diagram of Horn and core HS-fragments and their hybrid versions, where an

arrow indicates a syntactical extension.

13
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A hybrid HS-model M is a pair (F,V) such that F is an HS-frame and a
valuation V' : PROP U NOM — P (I(D)) assigns a set of intervals to each
nominal and propositional variable with an additional assumption that V(i) is
a singleton for any ¢ € NOM. The satisfaction relation that holds between hybrid
HS-models, intervals, and hybrid HS-formulas is defined as in Definition 4 with

the following additional clauses, for all formulas ¢ and nominals i € NOM:

M, (z,y) =i i V) ={(z, )}
M (z,y) E Qe iff M, {2 y) E p, where (z/,y) is such that
V(i) ={(=", 9"}

Hybrid machinery usually extends the expressive power of a modal language and
enables to overcome the local nature of standard modal logic [23, 25]. Although
the language of HS does not contain hybrid machinery, it is expressive enough
to define nominals and satisfaction operators in irreflexive frames [23]|. Despite
the fact that hybridization of interval temporal logics was already recognized as
a promising line of research [24], it has received only a limited attention in the
research community and our research is the first step towards a classification of

HS-fragments according to their capability of expressing the hybrid machinery.

In the following sections we will present new results on expressive power of
HS and its fragments. In particular, we will consider the following questions in

various HS-fragments:
e Which classes of frames are definable?

e Which hybrid operators are expressible?

4. Frames Definability

Recall that we consider HS-frames of the form (D, I(D), R) such that D = (D, <)
is a non-strict unbounded linear order, I(D) is either I (D) or I~ (D), and R is
either R< or R« (see Definition 2). In what follows, we will analyse definability

of various classes of frames. Formally, we say that a formula ¢ defines a class

14
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K of HS-frames with respect to a class K’ D K of HS-frames if and only if the
following condition holds for any F € K':
F E pif and only if F € K.

We say that a class K of HS-frames is L-definable with respect to a class K’ of
HS-frames if there is a formula ¢ from the language L such that ¢ defines K
with respect to K.

As the choice between reflexive and irreflexive frames makes a significant dif-
ference for the meaning of modal operators we will consider definability with
respect to reflexive and irreflexive frames separately. We will determine defin-

ability of the following classes:
e Non-S-frames, that is frames in which punctual intervals are allowed;
e S-frames, that is frames in which punctual intervals are disallowed;
e Dis-frames, that is discrete frames;
e Den-frames, that is dense frames.

We will consider HS-definability and HS’-definability (where HS® is an extension
of HS with nominals — see Section 3). The obtained classification will allow us
to capture differences in expressive power between HS and HS'. Moreover, we

will be able to compare expressibility in reflexive and irreflexive frames.

We start by showing results on definability with respect to irreflexive HS-frames.
We will show that non-strict frames are defined with respect to irreflexive frames

by the following HS-formula:

non-strict () £ [A]=[B] L A (A)(B)[B] L.
Theorem 7. The class of non-strict frames is HS-definable with respect to
wrreflexive frames.

Proof. We claim that the formula non-strict(.) defines non-strict frames with
respect to the class of irreflexive frames. We will show that the following state-

ments are equivalent for each irreflexive HS-frame F:

15



230

235

245

255

1. F = non-strict ).
2. F is a non-strict frame.

(1= 2) Let F = (D, I(D),R<) be an irreflexive frame with F |= non-strict ).
Fix a model M based on F and an arbitrary y € D. To prove that F is non-strict
we need to show that (y,y) € I(D).

Let 2 € D be such that (x,y) € I(ID). Since non-strict . is valid in F, we have
M, (z,y) | non-strict ., so M, (z,y) = [A]=[B] L and M, (z,y) = (A)(B)[B]L.
By M, (z,y) = (A)(B)[B]L there is z such that y < z and M, (y, z) = (B)[B]L.
Which means that there is w < z such that (y, w) € I(D) and M, (y, w) = [B]L.

Since (y, w) € I(D), we have y < w. We claim that y = w. Suppose that it is
not the case, that is y < w. Then, (z,y)A<(y,w). Since M, (z,y) | [A]-[B]L,
by (x,y)A<(y, w) we get M, (y, w) | —[B]L. On the other hand, we have showed
that M, (y,w) = [B]L, so a contradiction arises. It follows that y = w. Since
(y,w) € I(D), we obtain (y,y) € I(D).

(2=1) Let F = (D,I"(D),R<) be an irreflexive non-strict HS-frame. We
need to show that F |= non-strict . Fix an interval (z,y) € I (D) and an arbi-
trary model M based on F. Now, our aim is to show M, (z,y) = non-strict .,
that is M, (x,y) = [A]=[B]L A (A)(B)[B]L.

First, we will show that M, (z,y) = [A]=[B]L. Let (y,2) € IT(D) be such
that (x,y)A<(y, z), that is y < z. We need to show that M, (y,z) = —[B]L,
that is M, (y, z) = (B)T. Since y < z and (y,y) € I'T(D) we have (y, 2)B<{(y, ).
Clearly, M, (y,y) = T, hence M, (y,z) = (B)T. Thus, M, (z,y) = [A]-[B]L.

It remains to show that M, (z,y) = (A)(B)[B]L. By unboundedness of
D there exists w € D such that y < w. Hence, (z,y)A<(y, w). In what fol-
lows, we show M, (y,w) [ (B)[B]L. By y < w and (y,y) € (D) we ob-
tain (y, w)B<(y,y). Then, it suffices to show that M, (y,y) E [B]L, that is
M, {y,y) E —(B)T. Clearly, there is no v such that y < v < y, so there is
no (y,v) such that (y,y)B<(y,v). Hence, M, (y,y) E —(B)T and consequently
M, (z,9) b= (A)(B)[B]L.

Therefore, M, (z,y) = [A]=[B]L A (A)(B)[B]L, so M, (z,y) |= non-strict .,

16
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which concludes the proof. O

Moreover, the negation of non-strict(.) defines strict frames with respect to

irreflexive frames.

Theorem 8. The class of strict frames is HS-definable with respect to irreflexive

frames.

In the following proofs we will use two formulas which were originally introduced

in [1], namely:

lengthO d:f[B]J_;

lengthl £(B)T A [B][B]L.

In irreflexive frames the formula lengthO is satisfied exactly in intervals (x,y)
for which there is no (z,z) € I(D) such that z < y. In particular, in non-strict
irreflexive frames lengthO is satisfied precisely in punctual-intervals, that is in
intervals ’of length 0.” The formula lengthl is satisfied in non-strict irreflexive
frames precisely in intervals (z, y) such that y is the immediate <-successor of x,
that is in intervals ’of length 1.’

Halpern and Shoham showed in [1] that discrete frames are defined with

respect to irreflexive frames by the formula:
dis<) 4 length0 V lengthl v ((B)lengthl A (E)lengthl),

whose intuitive meaning is that each interval is either punctual or ‘of length 1’
or contains a beginning and an ending intervals ‘of length 1.” Moreover, Halpern
and Shoham showed that in irreflexive and non-strict frames we can define dense
frames by means of the formula —lengthl, which states that there is no interval
‘of length 1’ [1]. However, this formula does not define dense frames in strict
frames. We claim that dense frames are defined with respect to the class of all

(that is non-strict or strict) irreflexive frames by the formula:

den ) g(ﬂnon-strict(<) A (B)T) V (non-strict.y A —lengthl).

17
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This formula states that either the frame is strict and there is no interval of a

minimal length or the frame is non-strict and there is no interval ‘of length 1.’

Theorem 9. The class of dense frames is HS-definable with respect to irreflexive

frames.

The theorem is proved in a similar manner as Theorem 7, so we move it to the
Appendix (Appendix contains all proofs that we skip in the main body of the
paper).

Next we will consider frame definability with respect to reflexive HS-frames.
First, the class of non-strict frames is definable with respect to reflexive frames

by the following formula:
: df
non-strict <y = [E]p — (A)p,

where p is any propositional variable. This formula states that if p is satisfied
in all intervals ending the current interval, then p is satisfied in some interval
adjacent to the current interval. This is the case exactly in non-strict reflexive
frames. Indeed, in such frames the punctual interval containing the endpoint of

the current interval is in both E< and A< relations with the current interval.

Theorem 10. The class of non-strict frames is HS-definable with respect to

reflexive frames.

Next, we will prove a negative result showing that a particular class of frames
is not definable. In the proof we will make use of surjective bounded morphisms
between HS-frames, which are defined analogously as in the standard modal

logic [25].

Definition 11 (Surjective bounded morphism between HS-frames). A sur-
jective bounded morphism from a frame F = (D,I(D),R) to a frame F' =
(D', I'(D), R) is a surjection f : I(D) — I'(D’) satisfying the following condi-
tions for all R € R, (z,y) € I(D), (u,w) € I(D) and (v, w’) € I'(D’'):

(ZIG) If (z,y)R(u, w), then f((z,y))Rf((u,w));

18
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(ZAG) If f({z,y))R{u,w"), then there is (u,w) € I(D) such that (x,y)R(u,w)

and f({u,w)) = (u/,w').

If there exists a surjective bounded morphism from F to F’, then we say that

F' is a bounded morphic image of F.

Similarly as in the case of standard modal logic a surjective bounded morphism

between HS-frames preserves truth of HS-formulas in these frames.

Theorem 12. Let F and F' be HS-frames such that F' is a bounded morphic
image of F. Then, for any HS-formula p:

F = @ implies F' = .

Proof of this theorem is analogous to the proof for standard modal logic [25]. We
will use this result to show that dense frames are not HS-definable with respect
to reflexive frame. Note that by Theorem 9 dense frames are HS-definable with
respect to irreflexive frames, so the next result will show a difference between

expressiveness of HS in irreflexive and reflexive frames.

Theorem 13. The class of dense frames is not HS-definable with respect to

reflexive frames.

Proof. Suppose that there is an HS-formula ¢ which defines dense frames with
respect to reflexive frames. Let F = (Q,I7(Q),R<) and F' = (Z,I"(Z), R<)
be reflexive HS-frames such that Q is the standard order of rational numbers
and Z the standard order of integers. Clearly, Q is dense and Z is not, so we
have F |= ¢ and F' [~ .

We will construct a surjective bounded morphism from F to F'. Then, F | ¢
will imply F' = . Hence, a contradiction with F’ £ ¢ will be raised, which
shows that there is no HS-formula defining dense frames with respect to reflexive
frames. The intended surjective bounded morphism f : IT(Q) — IT(Z) is

defined as follows:

F,y)) E (2], [y]),
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where [-] is the ceiling function, that is for any ¢ € Q, [¢] is the least integer
that is greater than or equal to ¢q. For a pictorial representation of F, F’, and

f see Figure 3.

Q, Z y

44 44

V!
%

14

I~
TN

(F) (F")

Figure 3: Surjective bounded morphism f from the frame F to the frame F’.

Since ceiling is a surjective function from rational numbers to integers, we obtain
that f is a surjective function from I*(Q) to I'"(Z). To show that (ZIG) and
(ZAG) hold a routine inspection of all R € R< needs to be performed. In what
follows, we prove these conditions for A< as the other cases are similar.

Let (z,y) € IT(Q) and (u,w) € I (Q) be such that (z,y)A<(u,w). We will
show that f({z,y))A<f({u,w)). Since (x,y) € I (Q), we have z < y, so [z] <
[y]. By (@, y)A<(u,w) we have y = u, so [y] = [u]. Finally, (u,w) € I'(Q),
[u] < [w], which implies ([z], [y])A<([u], [w]), and so (z, y)A<(u,w). Hence,
(ZIG) holds for A<.

On the other hand, let f((x,y)) € IT(Z) and (u/,w’) € I (Z) be such

|

hence u < w and consequently [u] < [w]. Therefore, [z] < [y], [y] = [u], and

so [y] = v and v < w'. Hence, y < w’ and so (y,w) € IT(Q). We have
(x, y)A<(y,w), so (ZAG) holds for A<.

Since f is a surjective bounded morphism from F to F’, dense frames are not

20
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HS-definable with respect to reflexive frames. O

It is worth noticing that the proof does not apply to the case of irreflexive frames.
In particular, the function f from the proof does not satisfy (ZIG) for A. and
A_. Indeed, if F and F’ were irreflexive, we would have (1.1, 1.2)A_(1.2,1.3) but
not f£((1.1,1.2))A- £((1.2,1.3)), since £((1.1,1.2)) = (2,2), £({1.2,1.3)) = (2,2),
and it is not the case that (2,2)A.(2,2). Furthermore, observe that in the proof
we have constructed models over non-strict frames, so the proof implies the

following:

Corollary 14. The class of dense frames is not HS-definable with respect to

non-strict reflexive frames.

However, Theorem 13 does not imply that dense frames are not definable with
respect to strict reflexive frames, which we will leave as a future work.
If we extend HS-language with nominals (which results in HSi—language),

then dense frames are definable relatively to reflexive frames by the formula:

idf /. o . = N
denES) = (z A(B)(J A —\z)) — (B)(—i A —j A (B)j),
where i, j are any distinct nominals. Intuitively, this formula states that if ¢ is
satisfied in an interval (z,y) and j is satisfied in (x, z) such that y < z, then
there exists an interval (z,w) such that y < w < z. Hence, the formula states
that between any two time points there exists a third one, that is the frame is

dense.

Theorem 15. The class of dense frames is HS'-definable with respect to reflex-

we frames.

It is worth pointing out that using nominals (and not propositional variables)
in denfg) is essential. Indeed, by Theorem 13 it is not possible to define dense
frames with respect to reflexive frames in pure HS-language. Hence, we obtain
that HS'-formulas allow us to define strictly more classes of frames than HS-

formulas.
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Furthermore, strict frames are HS’-definable with respect to reflexive frames

by the following formula:
strictég) LN —(A)i,

where ¢ is a nominal. This formula states that no interval is in relation A< with
itself, that is A< is irreflexive. With respect to reflexive frames this condition

holds exactly in strict frames.

Theorem 16. The class of strict frames is HS' -definable with respect to reflexive

frames.

If the nominal in strictl(é) were replaced with a propositional variable, then
strictés y would not define strict frames with respect to reflexive frames. However,
it remains an open problem whether there is a way to HS-define strict frames

with respect to reflexive frames.

5. Difference Operator

In this section we will study the possibility to express the difference operator D,
for which the satisfaction condition in an HS-model M = (D, I(D),R,V) and
interval (z,y) € I(D) is defined for any HS-formula ¢ as follows:

M, (z,y) =Dy iff there exists (z/,y’) € I(D) such that
(', y) # (z,y) and M, (2", ¢/) = ¢.

We say that an operator O is L-exzpressible if for any formula from the language
L extended with the operator O there exists an equisatisfiable formula in L.
In full HS-language a formula D¢ for arbitrary HS-formula ¢ is expressible
in irreflexive frames by the formula \/g g (R)¢ [23]. Indeed, the relations in
R« are irreflexive and jointly exhaustive among non-identical intervals. Hence,
Vrerel(R) @ is satisfied in an interval (x,y) if and only if ¢ is satisfied in some
interval distinct from (x,y). In reflexive frames the above formula does not allow

us to express Dy, since not all relations in R< are irreflexive.
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Nevertheless, we will show that in reflexive and strict frames we can express

D¢ in HS-language with the formula:

f

(B)(B)(A)p v (A)(B)(B)p v (A)(E)(E) V (E)(E)(A)p.

I8

diﬂ:(g’s) ((p)

Let {x,y) be the current interval. Then:

e (B)(B)(A)y states that ¢ holds in an interval which begins in some time

point 2’ such that z < 2';

e (A)(B)(B)y states that ¢ holds in an interval which begins in some time

point 2’ such that 2’ < x;

e (A)(E)(E)p states that ¢ holds in an interval which ends in some time
point 3" such that ¢y < y;

e (E)(E)(A)y states that ¢ holds in an interval which ends in some time
point ¢’ such that y < y’.

It follows that diff < s)(¢) is satisfied in (x,y) if and only if ¢ holds in some
interval distinct from (x,y). Observe that the first two disjuncts of diff < s)(¢)
are not sufficient to express Dy, since they do not cover the case in which ¢
holds in an interval which begins in  and ends in a time point different than
y. Similarly, the latter two disjuncts of diff < s)(¢) are not sufficient since they
do not cover the case in which ¢ holds in an interval which begins in some time

point different than x and ends in y.
Theorem 17. The difference operator is HS-expressible in (<,S)-frames.

The formula diff < 5)(¢) makes a significant use of irreflexivity of A< and A<
in strict frames. In non-strict frames these relations are not irreflexive since
each punctual interval is in both A< and A< relations with itself. As a result,
diff < 5)() does not express Dy in reflexive non-strict frames. In Section 6 we
will show that the difference operator cannot be expressed in HS-language in

(<,Non-S)-frames.
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In the next theorem we show that D is neither HS;, . -expressible in discrete
nor in dense frames. The proof is based on the following property which holds
in each HS-frame F = (D,I(D),R). If («/,y') and (z”,y"”) are reachable from

200 {(x,y) with a composition Ry o...0oR,, of (possibly repeating) relations from R,
then each interval ‘lying between’ (2’,y’) and (z”,y”) is also reachable from
(z,y) with Rjo...0R,.
To state precisely what ‘lying between’ two intervals means, let min(z,y)
for all z,y € D be a <-minimal among x and y. Similarly, let max(z,y) be a
s0s  <-maximal among x and y. Moreover, for z < y let y — 2 be the number of
distinct time points z € D such that z < z < y. Note that if D is dense, then for
any z,y € D such that z < y we have x — y = co. Then, we say that (s,t) ‘lies

between’ (z’,y’) and (z”,y") if the following conditions hold simultaneously:
e min(z’,2”) < s < max(z’,2”), that is s lies between 2’ and z"/;
a10 e min(y’,y"”) <t < max(y’,y”), that is ¢ lies between 3’ and y";

e min(y —z',y” —2”) <t — s, that is in compass representation (s, t) lies

not closer to a diagonal than both (z’,y’) and (z”,y").

A pictorial representation of ‘lying between’ is given in Figure 4.

D

"

y" +

SR .
H\
S

Figure 4: The triangle area corresponds to intervals which ‘lie between’ (z/,y’) and (z/,y").

Now, the precise formulation of the property we have mentioned is as follows:
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Lemma 18. Let F = (D, I(D), R) be an HS-frame. Let (x,y)Rio...0R,{(z',y)

and (z,y)Ryo...oR, (z",y") for arbitrary intervals (z,y), (', y"), (", y") € I(D)
and Ry,...,R, € R. Then, for each (s,t) € I(D) which satisfies all of the

following conditions:
e min(z’,z"”) < s < max(z’,z");
e min(y’,y") <t < max(y',y");
e min(y —a',y" —a”) <t —s,
we have (x,y)Ry o...0R,(s,t).

The proof of this lemma is inductive on the length n of the sequence Ry, ..., R,.
Since the proof is technical, we move it to the Appendix. Now, we will use the
above lemma to show that the difference operator is not HSy, . -expressible in

Dis-frames and Den-frames.

Theorem 19. The difference operator is not HSy, . -expressible in Dis-frames

nor in Den-frames.

Proof. Let F = (D, I(D),R) be a discrete or dense HS-frame. Let (z,y) € I(D),
(«',y") € I(D), and (z",y") € I(D) be isomorphic intervals in F such that
¥ <z <z’ and y <y <y”. Observe that such (z,y), (z/,y’) and (", y")
exist by unboundedness of I and by the fact that D is (everywhere) dense
or (everywhere) discrete. We define models M = (F,V), M’ = (F,V’), and
M" = (F,V") such that:

Vip) ={{x,n)} V) ={="v)} V') ={"y"}

and V(q) = V'(q) = V" (q) = 0 for each propositional variable ¢ distinct from p.
Hence, the isomorphism from F to F mapping (z,y) to (z’,y’) is an isomor-
phism from M to M’ because it preserves satisfaction of propositional variables.
Similarly, the isomorphism from F to F mapping (z,y) to (z”,y") is an iso-
morphism from M to M"”. Hence, M, M’ and M" are pairwise isomorphic. A

pictorial presentation of models M, M’ and M" is given in Figure 5.
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D D D
Y T P
T I Yo ! o !
| V1 -
: D o « D z o D
(M) (M) (M)

Figure 5: Isomorphic HS-models M, M’, and M"’.

Suppose that there exists an HSj,  -formula ¢p, expressing Dp. Therefore,

M, (2,y) = ¢op, M',(2,y) |= pop, and M”,(z,y) = ¢pp. To reach a con-

tradiction we will show that:

(x) For all HSy, . -formulas ¢ if M’, (z,y) = ¢ and M”, (z,y) = ¢, then
M, (z,y) = ¢

Indeed, we have M’ (z,y) = ¢pp, and M”, (z,y) = ¢pp, so by (x) we will
obtain M, (x,y) = ¢pp. Then, a contradiction arises by M, (z, y) = ¢pp. Thus,
we will obtain that ¢p, does not express Dp.

To prove (x) let ¢ be an HSy,, . -formula. By the definition of HSy, . -formulas
 is a conjunction, so it suffices to show that each conjunct ¢ of ¢ satisfies (x).
Assume that M', (z,y) = ¢ and M", (z,y) = 1. Clearly, 1 is either of the form
[UJ(A1 Ao AX = Apg1) or A, where \;’s and A are generated by the grammar
A=T/|L|r]|(R)\ where r is a propositional variable.

Assume that 1 is of the form [UJ(A A ... AN, = Any1). By M (z,y) = 9,
we have M’ (x,y) = [U[(AL A...A X, = Apg1). Since [U] is the universal modal
operator stating that a formula is satisfied in all intervals in a model, we obtain
M EXACAN, = Apg1. Since M’ is isomorphic to M and isomorphisms
preserve truth of formulas, we get M = A A... A X, = Apa1. As a result, we
obtain M, (z,y) = [UJ(A1 A ... A Xy = Ang1).

Now, let ¢ be generated by the grammar A = T | L | r | (R}, where r is
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a propositional variable. Then, ¢ has one of the following forms: T, 1, p, ¢,
(R1) ... (Rp)T, (Ry) ... (Ru)L, (Ry) ... (Rp)p, or (Ry)...(Ry)q, where ¢ € PROP
is distinct from p and R; € Rel for all ¢ € {1,...,n}. Clearly, T is satisfied in
all three models in (z,y). On the other hand, L, ¢, and (R;) ... (Ry)q are false
in each interval in M’ and M"”. Moreover, p is not satisfied in (x,y) neither in
M nor in M”, so (x) holds for ¢ in any of these forms. It remains to consider
the cases when v is of the form (Ry)...(R,)T or (Ry)...(R,)p.

Assume that M’ (z,y) E (Ry)...(R,)T. Since (Ry) ... (R,)T does not con-
tain propositional variables, its satisfiability in (x,y) does not depend on the
valuation. Hence, F, (x,y) = (Ry) ... (R,)T. Since M is based on F, we obtain
that M, (x,y) = (R1) ... (R,)T. Thus, (%) holds for ¢ of the form (Ry)...(R,)T.

Finally, consider 9 of the form (Ry) ... (R,)p. Let M’ {x,y) E (R1)...(Ru)p
and M”, (z,y) &= (Ry)...(Rn)p. We need to show M, {(z,y) = (R1)...(Rn)p.
Since V'(p) = {{«/,¢/)} and V"' (p) = {{z",y")}, we have (x,y)Rio0...0R, (2", y/)

and (z,y)Ry o...0R,(z",y"”). To use Lemma 18 we need to show that:
e min(z’,2”) < & < max(z’,2");
o min(y',y") <y < max(y',y");
e y—x >min(y —a',y" —a”).

First two conditions follow from 2’ < x < 2” and y' < y < y”, respectively.
By the fact that (x,y), («’,y'), and (z”,y”) are isomorphic images, we have

"

y—x =1y — a2 = y” — 2", so the third condition holds as well. Then, by

Lemma 18 we obtain that (x,y)R; o... o R,{(xz,y). Since M, (z,y) | p, we get
M, (z,y) = (Ri) .. (Rn)p.
We have showed that the statement () holds for all HSy . -formulas, hence

the proof is done. O

Next, we will show that the difference operator is not HS}),.,,-expressible in any
class of frames. To prove this result we will use properties of the canonical model

for an HS},,,,-formula ¢, frame F, and interval (a, b), which was introduced in
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[3]. Intuitively, the canonical model is a minimal model based on F in which ¢
is satisfied in (a, b).

Let 7 = (D,I(D),R) be an HS-frame, (a,b) € I(D), and ¢ an HS} . -
formula. We say that ¢ is {a, b)-satisfiable in F if there exists an HS-model M
based on F such that M, (a,b) = ¢. For fixed frame F, interval (a,b), and
HS},,.,-formula ¢ we will define a set of triples of the form (i, x,y), whose
intended meaning is that in the canonical model ¢ holds in (z,y). We start the

construction by defining:
‘B‘;’f’}- a {(X\,a,b) | A is an initial condition of ¢} U {(T,z,y) | (z,y) € I(D},

where an initial condition is defined as in Section 3.

We denote by cl, #(A) the result of applying exhaustively and non-recursively

the following rules to the set A:

(clly,7) If ([RIA, z,y) € A, then add to A all (A, 2, ") such that (2',y’) € I(D)
and <$7 y> R* <I/7 y/>7

(cl24,7) If (N, 2',y) € A for all (z/,y') € I(D) such that (x,y)R.(z',y’) and
[R]A occurs in ¢, then add ([R]A, z,y) to A;

(cl34,7) If [U(A1 A ... A A = X) occurs in ¢ and (A\j,z,y) € A for all j €
{1,...,k}, then add (\, z,y) to A,

where R € Rel, R, = R< if R = R<, and R, = R if R = R.. We define the

following sets, obtained by subsequent applications of cl, 7 to Q]Z’f’]_-:

0 ab | df grab |
CI%F (‘B%}—) B mv,f’

)
LU e ().

~ an ordinal
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Then, the canonical model IC‘;’,b}- A (F,V) is such that for any p € PROP(y) we

have:
V(p) L { (@) | p.ay) € clp - (T2 } -

As proved in [3], the canonical model enjoys the following property.

Lemma 20 ([3]). Let F = (D, I(D),R) be an HS-frame, {a,b) an interval in
I(D), ¢ an HS},,,,-formula, and M an HS-model based on F. If M, {a,b) = p,
then the following conditions hold:

1. K& {a,b) =

2. For dall (z,y) € I(D) and for all p € PROP, if ICZ’)’},(x,y) E p, then
M, (z,y) = p.

We use this lemma to show that D is not HS}),,,-expressible.

Theorem 21. The difference operator is not HS}, ., -expressible in any class of

frames.

Proof. Suppose that the difference operator is HS}} . -expressible. Then, there is
an HS} . -formula ¢ expressing Dp for some p € PROP. Let F = (D, I(D), R) be
an HS-frame and (z,y), (z’,y’) distinct intervals in I(D) (by unboundedness of
D there are always two distinct intervals in I(D)). We define models M = (F, V)
and M’ = (F,V’) as follows:

Vip)={(z.y)};  V'(p)={{" )}

Let {(a,b) € I(D) be an interval distinct from (z,y) and («’,y’) (such (a, b) exists
by unboundedness of D). Hence, M, (a,b) = ¢ and M, {a,b) = ¢.

Since M, (a,b) = ¢, by Lemma 20 we obtain ICZ’,I_’F, (a,b) E . Since ¢
simulates Dp and IC‘;’,Z}_-, (a,b) = ¢, there exists an interval (u,w) such that
ICZ’Z_-, (u,w) = p. Then, by Lemma 20 M, (u, w) = p and M’, (u,w) = p. Since
(x,y) # (¢',y'), we have either (u,w) # (z,y) or (u,w) # (z',y').

(Case 1): (u,w) # (z,y). We have V(p) = {{z,y)} and (u,w) # (x,y), there-
fore M, (u,w) }= p. Then, by M, (u, w) = p we obtain a contradiction.
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(Case 2): (u,w) # (2',y"). By V'(p) = {{z/,y)} and (u,w) # (a’,y’) we have
M (u,w) = p. Then, M, (u,w) = p raises a contradiction.

It follows that the difference operator is not HS}, ., -expressible in any class of

HS-frames. ]

6. Nominals

It was proved in [23] that nominals can be expressed in any modal language in
which the difference operator is expressible and the use of propositional con-
nectives is not restricted. Since in full HS-language there is no restriction on
the use of propositional connectives, the possibility to express the difference op-
erator implies expressibility of nominals. Therefore, Theorem 17, stating that
the difference operator is HS-expressible in (<,S)-frames, implies that nominals
are HS-expressible in (<,S)-frames. As we have stated in Section 5 the differ-
ence operator is HS-expressible in irreflexive frames, so we obtain the following

corollary:
Corollary 22. Nominals are HS-expressible in <-frames and (<,S)-frames.

Next, we will show that even in the full HS-language nominals are not expressible
in (<,Non-S,Dis)-frames and (<,Non-S,Den)-frames. We will construct a bisimu-
lation between HS-models which is defined analogously as in the standard modal

logic [25], namely:

Definition 23 (Bisimulation in HS). A bisimulation between HS-models M =
(D, I(D),R, V) and M’ = (', I'(), R, V") is a relation Z C I(D) x I'(D')
which is nonempty and satisfies the below conditions for all R € R, (z,y) € I(D),
(u,w) € I(D), and (v, w’) € I'(D'):

(atom) If (x,y)Z(z’,y'), then the same propositional variables are satisfied

in (z,y) and («/,y);

(zig) If (z,y) Z(2',y’) and (z,y)R(u, w), then there exists (v/,w’) € I'(D’)
such that (u,w)Z (v, w") and (', y")R{u', w');
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(zag) If (x,y)Z(x',y') and (z/,yYR{u',w'), then there exists (u, w) € I(D)
such that (u,w)Z{u',w")y and (z,y)R{u,w).

Similarly as in the case of standard modal logic, bisimilation preserves satisfac-

tion of formulas.

Lemma 24 (Bisimulation Invariance Lemma in HS). Let M = (D, I(D),R,V)
and M' = (D', I'(D'), R, V') be HS models and let Z be a bisimulation between
them. Then, for all {x,y) € I(D) and («',y") € I'(D’) such that {x,y)Z{z',y'),

and for every HS-formula ¢:

M, (z,y) = ¢ if and only if M, (a/,y/) = .

Proof of this lemma is analogous to the proof for standard modal logic [25]. We
will use this result to show that in some frames even the full language of HS

does not allow to express nominals.

Theorem 25. Nominals are neither HS-expressible in (<,Non-S,Dis)-frames

nor in (<,Non-S,Den)-frames.

Proof. Let M = (D,IT(D), R<,V) be a reflexive non-strict HS-model. To show
that the result holds for discrete frames assume that D is (Z, <) (that is the
standard ordering of integers), whereas to show that it holds for dense frames
assume that D is (Q, <) (that is the standard ordering of rational numbers).
Suppose that there is an HS-formula ¢ which simulates a nominal. Hence, ¢ is
satisfied in exactly one interval in M, say (a, b).

In what follows, we will construct an HS-model M’ = (D, I (D),R<,V’)
which is bisimilar to M and such that (a,b) is bisimilar to more than one
interval. Then, by Bisimulation Invariance Lemma 24, the formula ¢ will be
satisfied in more than one interval in M’. Hence, we will obtain a contradiction

which implies that nominals are not HS-expressible in (D, I (D), R<).
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We start by dividing IT (D) into areas A1-A6 as follows:

(z,y) € AL iff (z < a and y < a); (x,y) € A4 iff (x = a and y = a);

(x,y) € A2 iff (x < a and y = a); (x,y) € A5 iff (x = a and y > a);

(x,y) € A3 iff (z < a and y > a); (x,y) € A6 iff (x > a and y > a).
We exploit areas A1-A6 to define the intended bisimulation Z C I't(D) x I'T(D)
between intervals in M and M’ (for a pictorial representation of this bisimu-

lation see Figure 6) as follows (we use the standard functional notation for Z,

that is we identify Z({x,y)) with the set {(z',y") | (x,y)Z(z’, ') }):

a-1 a D

(M) (M)

Figure 6: Bisimulation Z between models M and M.

We define V' such that for each (z,y) € I"(D) and each p € PROP:

(r,y) € V'(p) ifand onlyif Z 'z, y)e V(p),
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where Z~! is the converse of Z, that is we have (2/,y/)Z~1(x,y) if and only if

(z,9)Z (" y').

The condition (atom) follows directly from the definition of V’. To show that

(zig) and (zag) hold a routine inspection of all R € R< needs to be performed.

In what follows, we will consider only A< as the other cases are similar.

To show (zig) for A< assume that (z,y)Z(z’,y’) and (z,y)A<(u,w). We
need to show that there exists (u/,w’) € I'T(D) such that (u,w)Z(u',w’) and
(@', yYA<(u',w'). Since A1-A6 divide I (D), clearly (x,y) belongs to one of the
areas A1-A6.

Assume that (x,y) € Al, then z < a and y < a. Since (z,y)Z(z',y), we
have 2/ = x — 1 and ¥ = y — 1. By (x, y)A<(u, w) we obtain y = v and u < w.
We have either w < a, w = a, or a < w.

(Case 1): w<a. Let v/ =u—1and w' =w—1. Since u <w, by v’ =u—1
and w’ = w — 1 we obtain v’ < w’, so (v/,w’) € I'T(D). We will show that
(u,wYZ (W', w') and (2, y"YA< (W', w').

Since v = y and y < a, we have u < a. Moreover, w < a, so (u,w) €
Al. By the definition of Z we obtain (u,w)Z{u — 1,w — 1), so we have
(u,w)Z{(u',w'y.

To show that (z,y")A<(u’,w’) observe that v’ =y —1 and v = u — 1.
Then, by y = u we have y' = «/, hence (z/, yYA< (v, w’).

(Case 2): w=a.Let ' =u—1and w' = w. Since u < w, by v’ =u—1 and
w’ = w we obtain v’ < w’, so (u/,w’) € I'T(D).

Since w = a, we obtain that (u,w) € A2. By the definition of Z we have
(u,w)Z{u — 1,w), so {(u,w)Z{u',w').
We have y/ = y— 1,4 =u—1, and y = u, so y = u'. It follows that

(@, Yy A< (U, w').

(Case 3): a < w. Let '/ =u—1 and w’ = w. By the same argument as in the

Case 2 we have v/ < w', so (u/,w') € I'T(D).
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By a < w we have (u,w) € A3. Hence, by the definition of Z we have
(u,w)Z{u — 1,w), so {(u,w)Z{u', w').
We have ¥ = y— 1, v = u—1, and y = u, so ¢y = u'. As a result,
(@, Yy A< (U, w').

The cases when (x,y) belongs to areas A2-A6 are similar.

Next, we will consider (zag) condition for A<. Assume that (x,y)Z(z’,y') and
(x',y")A<(u',w'). We need to show that there exists (u,w) € I'T(D) such that
(w,w)Z(u',w') and (z,y)A<(u,w). Clearly, (z,y) belongs to one of the areas
A1-A6. Assume that (x,y) € Al, that is ¢ < a and y < a. Since (z,y)Z{z',y’),
we have 2/’ = x — 1 and ¥/ = y — 1. Hence, 2’ < a—1 and ¥ < a — 1. By
(@', y") A< (v, w') we obtain ¥y = v and ' < w’. We have either v’ < a — 1,
a—1<w <a,ora<uw'.

(Case 1): w' < a—1. Let u = v ' +1 and w = w’ + 1. Since v’ < W', we
have u < w, so (u,w) € I'T(D). We need to show that (u,w)Z (v, w') and
(@, y) A< (u, w).
Since w’ < a —1 and w = w' + 1, we obtain w < a. Then, by u <
w and w < a we obtain v < a and consequently (u,w) € Al. Hence,
(u,w)Z{u —1,w — 1), so {(u,w)Z{u',w').
Next, we will show (z,y)A<{u,w). We have ¢/ =y — 1, u = v/ 4+ 1, and
Yy =/, so y =u. It follows that (z,y)A<(u,w).

(Case 2): a—1<w <a. Letu=u+1and w=a. We have u =« + 1 and
u' =19, sou =1y + 1. Moreover, y’ < a — 1, therefore v < a. Since u < a
and w = a, we obtain u < w, so (u,w) € I't(D).
By w = a we have (u,w) € A2. Then, by a — 1 < w’ < a we obtain
(u,w)Z{u — 1,w"), that is (u, w)Z (', w').
Moreover, y =y — 1, u = v’ + 1, and ¢y = v/, so y = u. It follows that
(z, y)A<(u, w).

(Case 3): a<w'. Letu=u'+1and w =w’. Wehavey’ < a—1and y’ =/, so

u' < a—1. Then, by u = v+ 1 we obtain u < a. On the other hand, a < w’
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and w = w’, so a < w. Then, by u < a and a < w we have (u,w) € I (D)

and (u,w) € A3. Hence, (u,w)Z(u — 1,w), that is (u, w)Z{u', w’).

It remains to show (x,y)A<(u,w). We have ¢/ =y — 1, u = v/ + 1, and

Yy =, so y = u. Hence, (z,y)A<(u, w).

The cases when (z,y) belongs to areas A2—A6 are similar.

It follows that Z is a bisimulation between M and M’. By the definition of Z,
for each x such that a—1 < z < a we have (a, b)Z(x, b). Hence, there are at least
two intervals bisimilar to (a,b), namely (a — 1,b) and (a,b). By M’ (a,b) E ¢
and the Bisimulation Invariance Lemma in HS we obtain M’,{(a — 1,b) = ¢
and M’,(a,b) = . Since ¢ is satisfied in more than one interval in M’, it
follows that ¢ does not simulate a nominal, contradiction. Thus, nominals are

not HS-expressible in (<,Non-S,Dis)-frames and (<,Non-S,Den)-frames. O

As a consequence of the above theorem we obtain that the difference operator is
not HS-expressible in (<,Non-S,Dis)-frames and (<,Non-S,Den)-frames. Indeed,
suppose that D is HS-expressible in the mentioned classes of HS-frames. Then,
by the discussed result from [23] we obtain that nominals are HS-expressible in
these frames. However, by Theorem 25 we know that this is not the case, so we

obtain a contradiction.

Corollary 26. The difference operator is not HS-expressible in (<,Non-S,Dis)-

frames and (<,Non-S,Den)-frames.

By Theorem 19 the difference operator is not HS}, . -expressible in Dis-frames

and in Den-frames. Interestingly, we will show that nominals are expressible in
o

core*

an even more restricted fragment, namely in HS

Theorem 27. Nominals are HS

core-€xpressible in <-frames and (<,S)-frames.

Proof. Let ¢ be an HS -l _formula. We will show how to construct an equisatis-

fiable HS®

core-formula ¢'. We will show separate (but similar) constructions for

<-frames and (<,S)-frames. In both cases we simulate each nominal ¢ occurring

in ¢ with a fresh propositional variable p;.
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First, we introduce an HS_.,,.

-formula wz 9 expressing in <-frames that p;
simulates a nominal, that is ¢)¢_, states that p; is satisfied in exactly one interval.
(<)

Define:

U<y =LHL)pi A (1)
[Ul(pi A (BYE)(E)pi — L) A (2)
[Ul(p: A (E)(B)(B)p: — L). (3)

Let M = (D, I(D),R<,V) be an HS-model based on an irreflexive frame. We
need to show that M = wg 9 if and only if p; is satisfied in exactly one interval
in I(D). By (1) we have M = (L)(L)p;, so there exists (z’,y’) € I(D) such that
M, (2" y") E p;. Next, we need to show that there is no («”,y"”) # (z/,3’) such
that M, (z”,y") |= p;. Suppose that there is such (z”,y"), then we have y’ # y”

or x' # x".

(Case 1): y' # y”. Hence, either ¢y < y” ory” < y'. If y < g, then it is easy to
show that (z',y/)BoE-oE(z",y"). Hence, M, (z',y') = p; A(B)(E)(E)p;,
and so by (2) we obtain a contradiction.

On the other hand, if y”” < 3/, then (z”,y")B.oE-oE(2/,3). As a result,
M, (@",y") = pi A (B)(E)(E)pi, so by (2) we obtain a contradiction.

(Case 2): 2/ # 2. Then, 2’ < 2" or " < 2’. We will consider only the case
2’ < x' since the argument for 7 < z’ is analogous (compare with Case
1). If 2/ < 2", then (2/,y/)E< o B o B(2”,%"). Hence, M, (z',y') =

pi N\ (E)(B)(B)pi, so by (3) we obtain a contradiction.

It follows that M 1/}2' 9 if and only if p; is satisfied in exactly one interval
in I(D). In (<£,S)-frames a formula stating that p; is satisfied in exactly one

interval is as follows:

df

Yi<s) =L (D)pi A (4)
[Ul(pi A (A)E)E)pi — L) A (5)
[Ul(p: A (A)(B)(B)pi — L) (6)
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Clearly, (4) states that p; is satisfied in some interval. Then, by a similar argu-
ment as in the case of ’(/JE <)) We can show that by (5) the propositional variable

/

p; cannot be satisfied in two intervals (x,y), («’,y’) such that y < ¢/, whereas
(6) disallows p; to be satisfied in two intervals (z,y), (z,y’) such that 2’ < z.
As a result, 1/}2' <9 forces p; to be satisfied in exactly one interval.

In the case of an irreflexive frame, ¢’ is a conjunction of a formula obtained
by replacing each nominal ¢ in ¢ with a fresh propositional variable p; and
/\iGNOM(Ap) z/Jf<)7 where NOM(yp) is the set of nominals occurring in ¢. For a

frame from the class (<,S), the construction of ¢’ is analogous but w% o is

replaced with 1/1% <5 It follows that ¢ is equisatisfiable with ¢ and since we
o

core”

have eliminated all nominals from ¢, the formula ¢’ belongs to the HS

language. O

Observe that by Theorem 25 nominals are not HS-expressible in (<,Non-S,Dis)-
frames and (<,Non-S,Den)-frames. Hence, we cannot use the construction from
the proof of Theorem 27 to express nominals in (<,Non-S,Dis)-frames and in
(<,Non-S,Den)-frames. In particular, in such frames we cannot construct an
HS-formula stating that a propositional variable p; holds in exactly one interval.
In (<,Non-S,Dis)-frames and (<,Non-S,Den)-frames the formula 7,/1%<) from the
above proof does not express that p; holds in exactly one interval because in
reflexive frames Ec, ES, B<, and ES are not irreflexive relations (they are
reflexive in such frames). On the other hand, also ¢f < 5) cannot be used because
in (<,Non-S,Dis) and (<,Non-S,Den)-frames the relations A< and A< are not
irreflexive (they are reflexive in punctual-intervals).

Furthermore, we have proved that nominals are not HSJ), ., -expressible in

any class of frames.
Theorem 28. Nominals are not HS}, ., -expressible in any class of frames.

The proof is similar to the proof of Theorem 21, so we move it to the Appendix.
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7. Satisfaction Operators

Satisfaction operators (similarly as nominals) can be expressed by means of the
difference operator whenever there is no restriction on the use of propositional
connectives in a language (see [23]). Hence, by the fact that the difference opera-
tor is HS-expressible in <-frames and in (<,S)-frames (see Section 5), we obtain

that satisfaction operators are also expressible in these classes of frames.

Corollary 29. Satisfaction operators are HS-expressible in (<,S)-frames and

<-frames.

Next, we will consider some modification of HS-language. First, we show that

i

norn-€xpressible in any class of frames.

satisfaction operators are HS

X

horn-€IPTESSIblE in any class of

Theorem 30. Satisfaction operators are HS

frames.

Proof. Let ¢ be an HS:&Z’S -formula. We will construct an HSi&in—formula o'
which in any class of frames is equisatisfiable with ¢.

We start the construction by taking ¢ and in each iteration we modify it.
In each iteration of the construction we choose the right-most occurrence of a
satisfaction operator, say @;, in the so far constructed formula. Let @;n be the
literal containing this occurrence of @;. Since we have chosen the right-most

occurrence of a satisfaction operator, 1 does not contain satisfaction operators.

Then, we perform two steps:

Step 1: We replace @;n with:
(L)(D)pain, (7)

where pay, is a fresh propositional variable which did not occur in the so

far constructed formula.

Step 2: We concatenate the obtained formula with:

A UNE AN = paiyn) A [U](pain — i) A [U](pain — 1) (8)
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Intuitively, we force pai, to be satisfied in the single interval in which i A n
holds. We continue construction with the obtained formula until all occurrences
of satisfaction operators are deleted. We denote the resulting formula by ¢'.

We will prove by induction on the number of iterations of the construction
that ¢ and ¢’ are equisatisfiable. Assume that in the beginning of some iteration
of the construction we had a formula ¢, and in the end of this iteration we
have obtained a formula ¢,,1. We claim that in any class of frames ¢, is
equisatisfiable with ¢,4+1. Formula ¢, ; was obtained by replacing in ¢, a
subformula @;n with (L)(L)pai, and by concatenating the obtained formula
with (8).

Assume that @, is satisfiable. Hence, there exists an HS-model M = (F,V)
and an interval (z, y) such that M, (z,y) = ¢,,. We will to show that ¢,,+1 is also
satisfiable in F. Let (z/,y’) be such that V(i) = {(2’,3')}. Define M’ = (F, V")
such that V' extends V with:

V() & {@y)}y M, (2" y) =
0 if M, (', y") = .
It is easy to see that by the definition of V' we obtain that (8) is true in M’.
Moreover, by the definition of V', for each interval (u,w) we have M’, (u, w) |=
paiy if and only if M, (u,w) = i A n. Hence, M’ |= (L)(L)paiy, if and only if
M = @;n. Tt follows that replacing @;n with (L)(L)pai, in ¢, does not change
the truth value of this formula, so M’, (z,y) = pni1.

On the other hand, assume that ¢, 11 is satisfiable, that is M, (z,y) = ©n+1
for some HS-model M and interval (z, y). Then, (8) is satisfied in M in (z, y), so
for each interval (u, w) we have M, (u, w) = pa, if and only if M, (u, w) = iAn.
It follows that M = (L)(L)paiy, if and only if M | @;n. Thus, M, (z,y) E ¢n.

In each iteration of the construction we delete one occurrence of a satisfac-
tion operator and add a formula of a constant length which does not contain

satisfaction operators. It follows that the construction terminates and number

of iterations is linear in the length of . O

We can use a similar translation to express satisfaction operators in HS,”' = as
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described in the proof of the following theorem.

0,i

Theorem 31. Satisfaction operators are HS;

-expressible in any class of

frames.

Proof Sketch. Let ¢ be an HSS(’;’?—formula. The construction of an HSS(’;n—
formula ¢’ which is equisatisfiable with ¢ is analogous to the construction pre-

sented in the proof of Theorem 30, except that:
e (7) is replaced by [L][L]pain, and

e (8) is replaced by:

A [U](E A = [L[Lpain) A UL [Lpain A i — n). (9)
Intuitively, we force pas, to be satisfied in all intervals if and only if 7 holds
in the interval in which ¢ holds. The construction is clearly linear since it is
analogous to the one from the proof of Theorem 30 and it is relatively easy to

show that in each HS-frame ¢ and ¢’ are equisatisfiable. O

i
core

Our last result on expressive power concerns HS;, . -language which, as we will

show, enables to express satisfaction operators in (<,S)-frames and <-frames.

%
core

Theorem 32. Satisfaction operators are HS!, .. -expressible in (<,S)-frames and

<-frames.

Proof. Let F = (D,I(D),R) be an HS-frame belonging to one of the classes
(<,S) or <. Let ¢ be an HS’__-formula. The construction of an equisatisfiable
HS;

tore-formula ¢ is as follows. Initially take ¢ and in each iteration of the

construction modify the so far constructed formula. First, find the right-most
occurrence of a satisfaction operator, say @Q,, in the so far constructed formula.
Let @;n be the literal containing this occurrence of @;, hence n does not con-
tain satisfaction operators. Then, depending on the location of @; we perform
different modification of the formula.

If the chosen occurrence of @; is in an antecedent of some clause, then

perform the following operations:
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Step la: Replace @Q;n with [L][L]paiy, where pa, is a fresh propositional vari-

able which did not occur in the so far constructed formula.

Step 2a: Concatenate the obtained formula with the following:

AU](i — [BI[B][Alpain) A [U](i — [A][B][Blpaim)A (10)
[U](i — [A)[E][E]pain) A [U](i — [E][E][A]pain)A (11)
[Vl = paiy)- (12)

If the chosen occurrence of @; is in a consequent of some clause or is an initial

condition, then perform the following steps:

Step 1b: Replace @;n with (L)(L)ra:y,, where ra;, is a fresh propositional vari-

able which did not occur in the so far constructed formula.

Step 2b: Concatenate the obtained formula with the following:
A ](rai — i) A [U](raim — ). (13)

The construction is linear since it is analogous to the constructions from the
proofs of Theorem 30 and Theorem 31. Hence, it remains to show that ¢ and
¢’ are equisatisfiable in F.

Assume that in the beginning of some iteration of the construction we had
a formula ¢,, and in the end of this iteration we have obtained a formula ¢, 1.
Let @; be the right-most occurrence of a satisfaction operator in ¢,, and let Q;n

be the literal containing @;.

(Case 1): @, islocated in an antecedent of some clause. Then, ¢,,+1 is obtained

by replacing in ¢, the subformula @;n with [L][L]pas, and by concatenat-
ing the obtained formula with (10)—(12).

Assume that ¢, is satisfiable, hence there exists an HS-model M = (F, V)
and (z,y) € I(D) such that M, (z,y) = ¢,. We will show that ¢, 4; is
also satisfiable in F. Let F = (D, I(D),R) and let {2/, y') € I(D) be such
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that V(i) = {(z/,y')}. Define M’ = (D, I(D), R, V') such that V' extends
V with:

V/(p ) df I(D) if Ma <I/a y/> ': 3
Qin) —
IM)\ {(2",y")} if M, (2, y') .

It is relatively easy to see that (10) and (11) are true in a model based
on any frame from the classes (<,S) and < whenever pa, is satisfied in
all intervals in which 7 does not hold. Hence, by the definition of V' we
obtain that (10) and (11) are true in M. It is also easy to see that by the
definition of V' we obtain that (12) is true in M’. Also by the definition

of V' we have M’ |= [L][L]paiy if and only if M = @;n. It follows that

replacing @;n with [L][L]pas, in ¢, does not change the truth value of the

formula, so we have M’ (x,vy) = ¢nt1-

On the other hand, assume that M, (z,y) = @n+1 for some HS-model M
which is based on a frame F and for some interval (z, y). Let (', y") be such
that M, (2/,y') k= i. Hence, by (12) we have either M, (2, ') = 7 A paiy,
M, (@ y") = o0 A —pain, ot M, (@, y") | o0 A pain. M, (@, y) =

n A paiy ot M, (', y') E -1 A —paiy, then M = [L][L]paiy if and only if

M |= @;n. Hence, replacing [L][L|pas, with @;n in ¢,41 does not change
truth value of the formula and consequently M, (z,y) | ¢n.

If M, (2,y') = - A pain, then M, = [L][L]pai, and M = —@;n. Notice,

that replacing [L][L]pai, with @;n (that is a true formula with a false
formula) in an antecedent of a clause in ¢, 1 which was true cannot make

this clause false. Thus, M, (z,y) = ¢n.

(Case 2): @; occurs as a consequent of some clause or as an initial condi-

tion. Then, ¢, 11 is obtained by replacing in ¢,, the subformula @;n with

(L)(L)rain and by concatenating the obtained formula with (13).

Assume that ¢, is satisfiable, so there exist an HS-model M = (F, V) and
(x,y) such that M, (z,y) = ¢n. Let F = (D, I(D),R) and (z’,y') € I(D)
be such that V(i) = {(z/,y') }. Define M’ = (D, I(D), R, V') such that V'
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extends V with:

V' (raim) & {9} M Gy =
'r@in =
0 it M, (@', y) .

It is easy to see that by the definition of V’ we have M’ = (L)(L)raj, if
and only if M = @Q;n. Hence, M’, (z,y) E @ni1-

On the other hand, assume that M, (z,y) = ¢n,41 for some HS-model
M and interval (x,y). Let (z/,4') be such that M, (z/,y') | i. Then, by
(13) we have either M, (z/,vy') = n A raim, M, (&',y) E -1 A —rai,, or
M, (2',y') E n A —Tai,. In the first two cases we have M = [L][L]pai, if
and only if M | @;n. If M, (z',y') = nA—raiy, then replacing (L) (L)ra,
with @;n (that is a false formula with a true formula) in a consequent of
a clause in ¢, 1 which was true cannot make this clause false. It follows

that M, (z,y) = ¢n.

We have showed that ¢ and ¢’ are equisatisfiable which completes the proof. [

8. Conclusions

In the paper we have characterized expressive power of HS and its modifications

in terms of possibility to:

e Define with respect to reflexive and irreflexive frames the classes of: non-

strict, strict, discrete, and dense frames;
e Express the difference operator, nominals, and satisfaction operators.

Cumulative results on frames definability are presented in Table 2. We have
recalled the result from [1] that discrete frames are HS-expressible with respect
to irreflexive frames. Then, we have proved that non-strict (Theorem 7), strict
(Theorem 8), and dense (Theorem 9) frames are also HS-definable with respect
to irreflexive frames. Moreover, we have showed that non-strict frames are HS-

definable with respect to reflexive frames (Theorem 10) and dense frames are
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Table 2: Frames definable in HS and HS? with respect to reflexive and irreflexive frames,
respectively, where v denotes that the given class of frames is definable, — that the class is

not definable, and ? an open problem.

Definable classes of frames:

with respect to: | non-strict | strict | discrete | dense

reflexive frames v ? ?
HS
irreflexive frames v v v v
. reflexive frames v v ? v
H K3
irreflexive frames v v v v

not (Theorem 13). The question of HS-definability of strict and discrete frames
with respect to reflexive frames remains open.
Furthermore, we have showed that adding nominals to HS-language allows
s to define strictly more classes of frames. In particular, dense frames are HS'-
definable with respect to reflexive frames (Theorem 15) but they are not HS-
definable with respect to reflexive frames (Theorem 13). We have also showed
that strict frames are HS'-definable with respect to reflexive frames (Theo-
rem 16) which in HS remains an open problem. Let us emphasize two corollaries

830 of our analysis:

e Some classes of HS-frames are HS-definable with respect to irreflexive but

not with respect to reflexive frames;

e Adding nominals to HS enables us to define strictly more classes of HS-

frames.

s3s  In Section 5, Section 6, and Section 7 we have showed that the possibility to
express the difference operator, nominals, and satisfaction operators in HS de-

pends on the form of a frame. Let us distinguish two disjoint sets of HS-frames:

S: (£,S,Dis), (<,S,Den), (<,Non-S,Dis), (<,Non-S,Den), (<,S,Dis), (<,S,Den);
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W: (<,Non-S,Dis) and (<,Non-S,Den).

In the frames from the first class we can express in the HS-language the differ-
ence operator (follows from Theorem 17 and [23]), nominals (Corollary 22), and
satisfaction operators (Corollary 29). Surprisingly, in the frames from the second
class even the full language of HS is unable to express any of these operators
(Corollary 26 and Theorem 25) — we assume that if nominals are not expressible,
then satisfaction operators (indexed by nominals) are neither. Hence, we will
call the first class of frames strong (S) and the second weak (W). The cumu-
lative results on operators expressible in strong and weak frames, respectively,
are presented in Table 3.

Table 3: Operators expressible in HS-fragments (a) in S-frames and (b) in W-frames, where

v denotes that the given operator is expressible, — that the operator is no expressible, and ?

an open problem.

D|i|@ D|i|@
HS v HS S QN -
HShorn | 2 |V | HShorn | — | — | —
HSy .. | — | v |V HSy . | — | = | —
HShorm | — | — | — HSRorn | = | = | —
HScore | 7 |V |V HScore | — | — | —
HSC,.e | — |V | 7 HSC,e | — | — | —
HSCore | — | — | — HScore | = | — | —

(a) (b)

Furthermore, we have showed that in no class of frames the difference operator
is HS}),,.,-expressible (Theorem 21) nor the nominals are (Theorem 28), hence

the same hold for HSE

core- Neither in discrete nor in dense frames the difference

operator is HS, . -expressible (Theorem 19). Nevertheless, in S-frames HS;, . -
expressible are nominals (Theorem 27) and satisfaction operators (Theorem 30).

We have showed that nominals are HS®

core

-expressible in S-frames (Theorem 27)
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but we do not know whether the satisfaction operators are. Moreover, satisfac-

0,i

horm-€Xpressible in any class of frames (Theorem 31) and

tion operators are HS

HS

L re-expressible in S-frames (Theorem 32).

Our results shed more light on the interplay between expressibility of the dif-
ference operator and hybrid machinery (that is nominals and satisfaction oper-
ators) in HS. Let us recall that whenever the use of Boolean connectives in a
modal language is unrestricted, then expressibility of the difference operator im-
plies expressibility of hybrid machinery [23]. Interestingly, we have showed that
in some HS-fragments we can express hybrid machinery without using the dif-
ference operator. In particular, we proved that although the difference operator

is not HSy,, ., -expressible in S-frames, the hybrid machinery is.

HS"® HS"
X X
HS HS'
X Y
HS HS
Y
i, @ i,@
HSZOT?L H S;iorn
1 X
HS’]ilUTn H S;;Ll)l‘ﬂ
X Y
,0,@ 0,i,@ S.0,@ 0,i,@
HS,wT; < HShoTn = HShorn HShoTn HShorn HS,wm
1 X X X
HS;? HSi HSy HSD
horn Y horn horn horn
X Y Y Y
o - o o ) =
HSjorn HSELe HS¥orn HSyorn HS:S, HSyorn
X Y
A4 HSi A HS!
core core
X ) Y
HSShe < HS ore = HSZL@ HSS @ HScore HSD:h@
Yo Yr Yr Yr
i Ji Ol Vi
HS(?OTE HSCDOTE HSCDT& H SEO’I‘S
X Y Y Y
o o
HSCOT& HSEOT’H H SCOT6 H S(D!UTC
(a) (b)

Figure 7: Relative expressive power (a) in S-frames and (b) in W-frames, where & denotes the
relation of the same expressive power, < smaller-or-equal, and < strictly smaller expressive

power.
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We summarize obtained results by constructing diagrams showing relative ex-
pressive power of HS and its modifications. The diagrams for strong and weak
frames are depicted in Figure 7, where a language L is said to have a smaller-
or-equal expressive power than a language L', if for each formula from L we can
construct an equisatisfiable formula from L’ (possibly using additional propo-
sitional variables). Note that in weak frames the difference operator, nominals,
and satisfaction operators are not expressible (see Table 3 (b)). Hence, our un-
derstanding of the relative expressiveness of HS-fragments in weak frames is

much lower than in the case of strong frames.
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APPENDIX (PROOFS)

Proofs for Section 4: Frames Definability

Theorem 8. The class of strict frames is HS-definable with respect to irreflexive

frames.

Proof. We will prove that the negation of the following formula:
non-strict <) & [A]=[B] L A (A)(B)[B].L

defines the class of strict frames with respect to the class of irreflexive frames.
Thus, we will show that the following statements are equivalent for each irreflex-

ive HS-frame F:
1. F | —non-strict ().
2. F is a strict frame.

(1= 2) Let F = (D, I(D),R<) be an irreflexive frame with F = —non-strict ).
If 7 were a non-strict frame, then by Theorem 7 we would have F = non-strict(.)
which contradicts the assumption that F = —non-strict.). Hence, F is not non-
strict. Each frame is either strict or non-strict, so F is strict.

(2 = 1) Fix an irreflexive strict HS-frame F = (D,I~(D),R<), an HS-
model M based on F, and (x,y) € I~ (D). We will show that M, (z,y) =
—non-strict .y, that is M, (z,y) = (A)[B].L V [A]=(B)[B] L. We will consider a
case in which there exists an immediate <-successor of y in D and a case in

which there is no such a time point.

(Case 1): There exists an immediate <-successor of y, say z, in . We will
show that M, (z,y) = (A)[B]L. Since y < z we obtain that (y,z) € I~ (D)
and (x,y)A<(y, z). It remains to show that M, (y, z) = [B].L.

Since z is the immediate <-successor of y and (y,y) ¢ I~ (D), there is
no w < z such that (y,w) € I~ (D). Hence, that is there is no (y,w) €
I~ (D) such that (y, 2)B<(y,w). Thus, M, (y, z) |= [B]L. We have showed
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that M, (z,y) = (A)[B].L, therefore M, (x,y) = (A)[B]L. It follows that
M, (z,y) = —non-strict ).

(Case 2): There is no immediate <-successor of y in . In what follows, we will
show that M, (z,y) = [A]~(B)[B]L. Let z € D be such that (z, y)A(y, z).
Then, y < z. We will show M, (y,z) = —(B)[B]L, that is M, (y,2) =
[B](B)T. Let (y,w) € I~ (D) be such that (y, z)B<(y, w). Therefore, w < z.
Since (y,w) € I~ (D), we have y < w. It remains to show M, (y,w) |=
(B)T.

By the assumption that y has no immediate <-successors there exists
u € D such that y < u < w. Then, (y, w)B.(y, u), so we have M, (y, w) &
(B)T. Thus, M, (z,y) |= [A]=(B)[B]L, that is M, (x,y) = —~non-strict ).

We have shown that in both cases M, (z,y) = —non-strict.). This completes
the proof. O

Theorem 9. The class of dense frames is HS-definable with respect to irreflexive

frames.

Proof. Let:

lengthl £(B)T A [B][B]L;
den ) d:f(—|non-strict(<) A (B)T) V (non-strict ) A —lengthl).
We claim that den . defines the class of dense frames with respect to irreflexive

frames. We will show that for every irreflexive HS-frame F = (D, I(D), R<) the

following statements are equivalent:
1. F ): den(<).
2. F is a dense frame.

(1 = 2) Let F be an irreflexive HS-frame such that F |= den .. Fix arbitrary
time points z,y € D such that < y. We need to show that F is dense, that
is there is z € D such that z < z < y. Let M be a model based on F. We will

consider the cases in which F is non-strict and strict, separately.
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(Case 1): F is a non-strict frame. By Theorem 7 we have F | non-strict ),
therefore M, (z,y) [~& —non-strict .y A (B) T. We have M, (z,y) |= den(,
that is M, (z,y) = (—non-strict(y A (B)T) V (non-strict .y A —lengthl).
As a result, we have M, (z,y) |= non-strict .y A —lengthl, so in particular,

M, (z,y) = —lengthl, that is M, (z,y) = —~(B)T Vv —[B][B].L.

By non-strictness of F we have (z,x) € I(D). Then, by z < y, we ob-
tain (z, y)B(z, ), so M, (z,y) |E (B)T. As we have previously showed,
M, (z,y) E —(B)T V —[B]|B]L, hence we obtain M, (z,y) | —[B][B]L,
that is M, (z,y) = (B)(B)T.

Then, there are u,w € D such that (z,y)B.(x,w) and (z,w)B(x,u).
Hence, we have x < u < w < y. It follows that w is such that x < w < y,

so F is dense.

(Case 2): F is a strict frame. Then, by Theorem 8, F = —non-strict ), hence
M, (z,y) = non-strict .y, so M, (z,y) [~ non-strict .y A —lengthl. We have
F | den), so M, (x,y) E (—non-strict(y A (B)T) V (non-strict«) A
—lengthl). Then, we have M, (x,y) = —non-strict(y A (B)T. In partic-
ular, it holds that M, (z,y) = (B)T, so there is (x,w) € I(D) such
that (x,y)B<(z,w), that is w < y. By strictness of F and the fact that

(z,w) € I(D) we obtain = < w. Hence, z < w < y, so F is dense.

(2=1) Let F = (D, I(D), R<) be a dense irreflexive HS-frame, M an HS-model
based on F, and (z,y) € I(D) an interval. We will show that M, (z,y) = den .
In what follows, we will consider the cases in which F is strict and non-strict,

separately:

(Case 1): F is strict. Then, by Theorem 8 we have F |= —non-strict(.). We
will show that F |= (B)T, that is M, (z,y) = (B)T for an arbitrary
(x,y) € I(D).

Fix arbitrary (z,y) € I(D). Since F is strict, (z,y) € I(D) implies z < y.

By the assumption, F is dense, so there is z € D such that z < z < y.
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Then, (z,y)B<(x, ), hence M, (z,y) = (B) T. As a result, we have showed
that M, (z,y) = strict <y A (B)T, so M, (z,y) = den().

(Case 2): F is non-strict, so by Theorem 7 we obtain that F |= non-strict ).
Let (x,y) € I(D). In what follows, we will show that M, (x,y) = —lengthl,
that is M, (x,y) E —(B)T V —[B][B]L. Clearly, either x = y or z < y.

(Case 2.1): © = y. Then, there is no z < y such that (z,z) € I(D), so
there is no interval accessible with B from (x,y). Hence, M, (x,y) E

—(B)T and consequently M, (z,y) = —(B)T Vv =[B][B].L.

(Case 2.2): = < y. By density of F, there is z such that z < z < y.
Then, (z,y)B<(x,z). Since F is non-strict, we have (z,x) € I(D)
and consequently (z,z)B.(z,z). Therefore, M, (z,y) = (B)}(B)T,
that is M, (z,y) = —[B][B]L. Hence, M, (z,y) = —(B)T Vv —=[B][B]L.

We have shown that in all cases F = den(.), so the right-to-left implication
holds and the proof is done. O

Theorem 10. The class of non-strict frames is HS-definable with respect to

reflexive frames.

Proof. We claim that the formula non-strict(<) defines non-strict frames with
respect to reflexive frames. Thus, we will show that for every reflexive HS-frame

F the following conditions are equivalent:
1. F k= non-strict(<).
2. F is a non-strict frame.

(1 = 2) We will prove the contrapositive of the left-to-right implication. Recall,
that if a frame is not non-strict, then it is strict. Let 7 = (D,I~ (D), R<) be a
reflexive strict HS-frame. We will show that there are an HS-model M based on
F and (z,y) € I~ (D) such that M, (z,y) [ non-strict ).

Fix an arbitrary (z,y) € I~ (D) and let M = (F,V) be an HS-model such
that V(p) = {(z,y) € I"(D) | « < z}. Then, for any z such that 2 < z and
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(2,y) € I"(D) we have M, (z,y) = p, hence M, (x,y) = [E]p. On the other
hand, by (z,y) € I~ (D) we have = # y, so by the definition of V' there is no w
such that y < w and M, (y,w) = p. It follows that there is no (y,w) € I~ (D)
such that (x,y)A<(y,w) and M, (y,w) = p. Hence, M, (z,y) = —(A)p, so
M, (z,y) = [E]p A —(A)p. As a result, we obtain M, (x,y) & [E]p — (A)p, that
is M, (x,y) = non-strict <y and so F [ non-strict <) .

(2 = 1) Fix a non-strict reflexive HS-frame F = (D, I (D), R<). We show
that F |= non-strict(<). Let M be an HS-model based on F and let (z,y) €
I (D). We will show that M, (x,y) = non-strict <), that is M, (z,y) |= [E]p —
(A)p.

Assume that M, (z,y) = [E]p. Since (z,y) € I'T(D), we have < y, so by
(y,y) € I (D) we obtain (z,y)E<(y, y). Then, by the assumption, M, (y,y) = p.
Clearly, y <y, so (z,y)A<(y,y). By (z,9)A<(y,y) and M, (y,y) = p we obtain
M, (z,9) = (A)p, hence M, (z,y) = [Elp — (A)p. 0

Theorem 15. The class of dense frames is HS'-definable with respect to reflex-

we frames.

Proof. We claim that the following formula:

deni <) & (i A (B)(j A ~)) = (B)(~i A ~j A (B)J),

for any distinct nominals ¢, 7 defines the class of dense frames with respect to
reflexive frames. We will show that for every reflexive frame F the following

statements are equivalent:
1. F [& den(,.
2. F is a dense frame.

(1 = 2) We will show that the contrapositive of the left-to-right implication
holds. Let F = (D, I(D), R<) be a reflexive and non-dense HS-frame. Since D
is not dense, there are y,z € D such that z is the immediate <-successor of y,
that is y < z. Let € D be a time point such that z < y and let M = (F,V)
be a model based on F such that V(i) = {(z,y)} and V(j) = {(z,z)}, for
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nominals ¢ and j. In what follows, we will show that M, (x,y) denl(-g)7 that
is M, (,y) =i A (B)(j A i) and M, (z,y) F= (B)(=i A —j A (B)J).

By the definition of V, we have M, (x,y) | i. Since y < z, we have
(z,9)B<(z, 2). By V(j) = {(z,2)} and V(i) = {(z,9)}, we have M, (z,z2) [ j

and M, (z, z) = =i, so M, (z, z) |= jA—i. Thus, M, (z,y) = (B)(j A—i). Hence,
M, (z,y) f= i A (B)(j A i)

Now, suppose that M, (z,y) = (B)(=i A =j A (B)7). Then, there is (z,w) €
I(D) such that {z,y)B<(x,w) and M, (z,w) = =i A=jA(B)j. By (z,y)B<(z,w)
we have w < y. Since z is the immediate <-successor of y, we have w = y, or
w = z, or z < w. In the first case M, (z,w) |= i, so we obtain M, (z,w) [
=i A=jA(B)j, a contradiction. In the second case M, (z,w) = j, so M, (x, w)
—i A —j A (B)j, which also leads to a contradiction. Finally, if z < w, then as z
is the immediate <-successor fo y, we get y < w. Since V(j) = {{(x, z)}, there
is no u such that w < u and M, (z,u) | j, so M, {z,w) | —~(B)j. Hence,
M, (z,w) = =i A =5 A (B)j, a contradiction. Therefore, we have proved that
M, (z,y) b= (B) (=i A—j A (B)j). Hence, M, (z,y) = den{< and so F = den(,.

(2 = 1) Assume that F = (D,I(D),R<) is a dense reflexive HS-frame.
Let M be an HS-model based on F and (x,y) € I(D). We will show that
M, (z,y) = den(<), that is M, (z,y) = (i A (B)(j A —i)) = (B)(miA—j A (B)j).

Let us assume that M, (z,y) = i A (B)(j A —i). Then, M, (z,y) = i and
there is z such that y < z and M, (z,2) E j A —i. If z =y, then M, (z,y) E —i
which raises a contradiction. Hence, y < z. By y < z and density of F there
is w € D such that y < w < z. Since y < w, we have (z,y)B<(x,w). Thus, it
suffices to show that M, (x,w) = =i A =j A (B)j. Recall that each nominal is
satisfied in exactly one intervals. Thus, since M, (z,y) | ¢ and y # w we have
M, (z,w) E —i. Similarly, M, (z,z) E j and z # w imply M, (z,w) = —j.
Thus, M, (z,w) =i A —j. Moreover, w < z implies (z,w)B<(z, z). Therefore,
by M, (z,2) | j we obtain M, (z,w) = (B)j. Hence, we have proved that
M, {z,w) | —i A —j A (B)j. Then, M, (z,y) = denz(é) and consequently F |=

denég). O
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Theorem 16. The class of strict frames is HS' -definable with respect to reflezive

frames.

Proof. We claim that the formula:

strictzg) SN —(A)i,

where i is a nominal, HS'-defines strict HS-frames with respect to reflexive
frames. Thus, we will show that for every reflexive HS-frame F the following

statements are equivalent:
L. F & strict(<).
2. F is a strict frame.

(1 = 2) We will show that the contrapositive of the left-to-right implication
holds. Let F = (D,I"(D),R<) be a reflexive and non-strict HS-frame and
(x,x) € I'T(D) a punctual interval. We will show that F £ strictz('g)7 that is
FEi— —(A)i.

Let us consider an HS-model M = (F,V) based on F such that V(i) =
{{(z,z)}. Clearly, M, (xz,z) = i. Moreover, since the relation A< is reflex-
ive for punctual intervals, (x,z)A<(x,x). Therefore, M, (z,z) = (A)i and so
M, (z,z) =i — —(A)i. Hence, F - strictﬁé).

(2=1) Let F = (D, I~ (D), R<) be a strict reflexive HS-frame and let M be
an HS-model based on F. Take (x,y) € I~ (D). We will show that M, (x,y) =
strictég), that is M, (z,y) =i — = (A)i.

Assume that M, (z,y) | i. Since ¢ is a nominal, it is satisfied in exactly
one interval, namely (z,y). By (z,y) € I~ (D), interval (x,y) is not punctual.
Since the relation A< is irreflexive for non-punctual intervals, we get M, (z, y) b=
(A)i. Thus, M, (z,y) = i — —(A)i. Hence, M, (z,y) = strictzg) and so F =

strictég). O

Proofs for Section 5: Difference Operator

Theorem 17. The difference operator is HS-expressible in (<,S)-frames.
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Proof. For any HS formula ¢ define:

diff (< 5)(«2) = (B)(B) (A} v (A)(B)(B)o V (A)E)(E)e V (E)(E) (A)ep.

Let M = (D, I~ (D), R<) be an HS-model based on a reflexive strict frame. We
will show that in every (z,y) € I~ (D) the following conditions are equivalent

for any HS-formula ¢:

L. M, (z,y) = diff < 5) ().
1140 2. M, <J),y> ': DgO

(1 = 2) Assume that M, (z,y) |= diff < s)(). We will show that M, (z,y) =

De. We have M., (z,y) = (B)(B)(A)e v (A)(B)(B)e V (ANE)(E)p v (E)(E)(A)p,

so one of the four disjuncts in diff < 5)(¢) is satisfied in (x,y).

(Case 1): M, (z,y) = (B)(B)(A)p. Then, there exists (z,y’) € I~(D) such
1145 that (z,y)B<(z,vy’) and M, (z,9') = (B)(A)¢. Hence, there is (x,y") €
I~ (D) such that (z,y")B<(x,y"”) and M, (z,y") = (A)p. Thus, there is

(y",z) € I" (D) such that (z,y")B<(y”,z) and M, (y",2) E ¢.

By (z,y)B<(z,y’) we have y < /. Since (z,y)B<(x,y”) and (z,y") €
I~ (D), we get = < y’ < y'. Hence, z # y” and (x,y) # (y”,2). Then, by
1150 (x,y)y # (", z) and M, (y", z) |= ¢ we obtain M, (z,y) = De.

(Case 2): M, (z,y) = (A)(B)(B)y. Then, similarly as in Case 1 there are inter-
vals <Za 33>, <Za $/>, <Za .13”> € I_(D) such that <JJ, y>K§ <Z7 $>, <Za I>ES <Za Z‘/>,
<Z,ZL’/>B§ <Z>x//>a and M, <va//> ': P-
By (z,z) € I~ (D) we have z < z. Hence, z # x and (x,y) # (z,2"). Then,
1155 by M, (z,2") | ¢ we obtain M, (z,y) = De.

(Case 3): M, (z,y) = (A)(E)(E)p. By a similar argument as in Case 2 we
obtain that there exists (x’,y’) € I~ (D) such that ¥/ < y and M, (z',y/) =
De. Hence, (z,y) # (z/,y’). Thus, by M, (z’,y') = ¢ we get M, (z,y) =
De.
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(Case 4): M, (z,y) = (E)(E)(A)p. Similarly as in Case 1 we obtain that there
exists (z’,y') € I~ (D) such that y < ¢y and M, (z/,y’) = Dy. Therefore,
(5,9) £ (', ). Since M, (&', /) | , we obtain M, (z,y) = D.

It follows that M, (z,y) = De.

(2 = 1) Assume that M, (z,y) = Dy. Thus ¢ is satisfied in (z/,y’) € I~ (D)
distinct from (z,y). Clearly, x < 2’ or 2’ <z or y < y', or ¢’ < y.

If x < 2/, then it is easy to show that (z,y)B< o B< o A<(z’,y/). It follows
that M, (z,y) &= (B)(B)(A)p. If 2/ < x, then we have M, (x,y) = (A)(B)(B)¢p.

Similarly, y < 3’ implies M, (z,y) = (AY(E)(E)¢ and ¢’ < y implies M, (z,y)

(E)E)A)p.
Hence, M, (z,y) [= (B)(B)(A)pV (A)(B)(B)¢V (A)(E)(E)V (E)(E)(A) and
so M, (z,y) = diff < 5)(¢). O

Lemma 18. Let F = (D, I(D),R) be an HS-frame. Let (x,y)Rio...0R, (2, ")
and (z,y)Ryo...oR, (z",y") for arbitrary intervals (z,y), (', y"), (", y") € I(D)
and Ry,...,R, € R. Then, for each (s,t) € I(D) which satisfies all of the

following conditions:
e min(z’,z") < s < max(z’,z");
e min(y',y") <t <max(y',y");
e min(y —a',y" —a”) <t —s,
we have (z,y)Rio...0R,(s,t).

Proof. We will prove the statement under the assumption that F is an irreflexive
frame, that is F = (D, I(D), R<). The proof for reflexive frames in analogous.
First, we recall that in an each HS-frame the operators (D), (D), (O), (O),

(L), and (L) are HS-expressible by means of (A), (A), (B), (B), (E), and (E) (see

Section 2). In particular, in irreflexive frames D., D, O~, O, L., and L.
can be defined as compositions of B.,B<,E«,E-, A, and A.. Hence, we can

restrict attention to Ry,...,R, € {B.,B.,E~,E-,A-,A_}.
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Let (x,y) € I(D). We will prove the lemma inductively on the length n of
the sequence Rq,...,R,. Assume that the statement holds for all sequences of
length at most k for some k£ € N. We will show that the statement holds for
each sequence of length &k + 1.

We fix a sequence Ry, ..., Ry, Rps1 € {B.,B.,E<,E.,A_,A_} and define:

X Lf(a,b) € I(D) | (z,y)R1 0...0Re(a,b)};

X' L(a,b) € I(D) | (z,y)Ry o...0Rk 0 Rypr(a,b)}.

Let (z/,y) € X', (z",y") € X', and (s,t) € I(D) be intervals which sat-
isfy conditions listed in the lemma, namely: min(z’,z") < s < max(z’,2"),
min(y’,y"”) <t < max(y’,y”), and min(y’ — ',y — 2”) <t — s. We will show
that (s,t) € X',

(Case 1): Rgy1 = B.. Then, there are intervals (z/,w’), (z”,w"”) € X such
that (z/,w" B (z',y") and (", w")B(z" y"). Let z = max(w’, w"). We
will show that (s, z) € X and (s, z)B<(s,t) which implies that (s,t) € X'

Directly by the assumption we have min(z’, z") < s < max(z’,z"). Then,
by z = max(w’, w”) it follows that min(w’, w"”) < z < max(w’, w”). More-
over, by z = max(w’,w”) and min(z’,2"”) < s < max(z’,2"”) we obtain
the following: z — s = max(w’,w”) — s > max(w’, w") —max(z’, z”). From
the definitions of max and min we have max(w’,w”) — max(z’,2") >
min(w’ —z’, w"” —z"), s0 2—s > min(w’—a', w"” —x'"). Since (z', w') € (D),
(", w"y € I(D) and z — s > min(w’ — 2/, w"” — "), we get (s, z) € I(D)
(no matter whether the the frame is non-strict or strict).

We have showed that (s,z) € I(D), min(2’,2"”) < s < max(z',z"),
min(w’, w”) < z < max(w’,w"), and z—s > min(w’ —z’, w” —z’"). Hence,
by the inductive hypothesis we obtain (s, z) € X. By (2, w')B(z’,y’) and
(2", w" B (z",y") we have y' < w’ and y” < w”, respectively. Hence,
max(y’,y"”) < max(w’,w”). Then, by z = max(w’,w”) and min(y’,y") <

t < max(y’,y"”) we obtain ¢t < z. Thus, (s, z)B<(s,t) and so (s,t) € X'.
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(Case 2): Rjy; = B.. Then, there are intervals (u/, w’), (u”,w") € X such that
(', w"B(z',y') and (v, w"\B(z",y"). Let z = s+min(w’'—u/, w" —u").
Similarly as in Case 1 we can show that by inductive hypothesis (s, z) € X.
Moreover, (s,2)B(s,t), so (s,t) € X'.

(Case 3): Ry41 = E<. Hence, there exist intervals (v, w'), (u”,w”) € X such
that (u/, w")E{a’,y") and (u”,w")E- (", y"). Let z = min(u’, u"). Then,
by inductive hypothesis (z,t) € X. Furthermore, (z,t)E-(s,t), so (s,t) €
X'

(Case 4): Rjy1 = E.. Then, there are intervals (u/, w’), (u”,w"”) € X such that
(', wE- (2, y'") and (u”, w")E-(z",y"). Let z = t—min(w’ —u’, w" —u").
Then, by the inductive hypothesis (z,t) € X. Moreover, (z,t)E-(s,t), so
(s,t)y € X'.

(Case 5): Ryy1 = Ac. Then, there are intervals (u',w’), (v, w"”) € X such
that (v, wYA{2',y") and (u”,w”YA{x",y"). Let z = min(uv/,u"), by
the inductive hypothesis we have (z,s) € X. Furthermore, (z, s)A(s,t),
so (s,ty € X'.

(Case 6): Ry = A_. It follows that there exist (u/,w’), (u”,w") € X such
that (v, w')A-(2',y’) and (u”,w")A_{z" y"). Let z = max(w’,w"). By
the inductive hypothesis (¢, z) € X. Moreover, {t, z)A_(s,t), so (s,t) € X'.

We have showed that (s,t) € X’ and so the proof completed. O

Proofs for Section 6: Nominals
Theorem 28. Nominals are not HS}, . -expressible in any class of frames.

Proof. Suppose that nominals are HS}),., -expressible in some class of frames.
Let F = (D, I(D), R) be an HS-frame and let ¢ be an HS} . -formula expressing
that p € PROP simulates a nominal i. Let M = (F,V) and M’ = (F,V’)
be HS-models such that for distinct intervals (x,y) and (z’,y’) in I(D) (by

61



1235

1240

1245

1250

unboundedness of D there are always two distinct intervals in I(ID)) we have:

Vip)={.n)}t Vi) ={E"y)}

Then, M, (z,y) |= ». Hence, by Lemma 20 we have K7, (z,y) = ¢. Since ¢
expresses that p simulates a nominal, there exists (u, w) such that K7, (u, w) =
p. Then, by Lemma 20 we have M, (u, w) = p and M’, (u,w) |= p. Since (z,y)
is distinct from (x’,y’), we have either (u,w) # (x,y) or (u,w) # (z’,y’).

(Case 1): (u,w) # (z,y). We have V(p) = {{x,y)} and (u,w) # (x,y), there-
fore M, (u,w) }~ p. Then, by M, (u,w) = p we obtain a contradiction.

(Case 2): {u,w) £ (/). By V'(p) = {{a,3/)} and (u,w) # (&', ') we have
M (u,w) = p. Then, M, (u,w) |= p raises a contradiction.

It follows that nominals are not HSj . -expressible in any class of frames. [

Proofs for Section 7: Satisfaction Operators

0,i

Theorem 31. Satisfaction operators are HS;

-expressible in any class of

frames.

Proof Sketch. Let ¢ be an HS?L(’;’?—formula. The construction of an HS}DL(‘fm—
formula ¢’ which is equisatisfiable with ¢ is analogous to the construction pre-

sented in the proof of Theorem 30 except that:
e (7) is replaced by [L][L]paiy, and

e (8) is replaced by:

AUJ(E A — [L[Lpain) A V(L [Lpaiy Ad — n).

The construction is linear since it is analogous to the one from the proof of The-
orem 30. It remains to show that in each HS-frame ¢ and ¢’ are equisatisfiable.
Assume that in the beginning of some iteration of the construction we had

a formula ¢,, and in the end of this iteration we have obtained ¢,4+1. We claim
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that in any frame ¢,, is equisatisfiable with ;1. Clearly, ¢,+1 was obtained
by replacing in ¢, a subformula @;n with [L][L]pa;, and by concatenating the
obtained formula with (9).

Assume that @, is satisfiable, so there is an HS-model M = (D, I(D), R, V)
and an interval (x,y) such that M, (z,y) = ¢,. We will show that ¢, is also
satisfiable in (D, I(D),R). Let (z/,y’) be such that V(i) = {(z/,y')}. Let us
define M’ = (D, I(D), R, V') such that V' extends V' with:

, ar | I(D) if M, (@', y") = n;
Vv (P@z‘n) =
1] it M, (&', y) FEn.

It is easy to see that by the definition of V' the formula (9) is true in M’. Also

by the definition of V’ we obtain that M’ = [L][L]paiy if and only if M | @;n.
It follows that replacing @;n with [L][L]pai, in ¢, does not change the truth
value of this formula, so M/, (z,y) = ©nt1.

On the other hand, assume that ¢, is satisfiable, that is M, (z,y) E ©n+1
for some HS-model M and interval (z,y). Then, (9) is satisfied in M in (z,y),

so M = [L][L]paiy, if and only if M = @;n. Therefore, M, (z,y) = ¢, and so
pn, is satisfiable. O
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