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Abstract

Halpern and Shoham modal logic of time intervals (HS in short) is an elegant and

highly influential propositional interval-based modal logic. Its sub-propositional

fragments, that is fragments obtained by restricting use of propositional connec-

tives, and their hybrid extensions with nominals and satisfaction operators have

been recently studied and successfully applied in real-world use cases. Detailed

investigation of their decidability and computational complexity has been con-

ducted, however, there has been significantly less research on their expressive

power. In this paper we make a step towards filling this gap. In particular, we

(1) compare classes of frames definable in full HS and in its hybrid extension,

and (2) determine in which sub-propositional HS-fragments we can express the

difference operator, nominals, and satisfaction operators. The obtained results

enable us to classify HS, its sub-propositional fragments, and their hybrid ex-

tensions according to their expressive power.

Keywords: Temporal logic; Expressive power; Hybrid logic; Halpern-Shoham

logic; Interval logic.

1. Introduction

The aim of this paper is to investigate the expressive power of the temporal

logic of Halpern and Shoham (HS in short) [1] and its sub-propositional frag-

ments in which the use of propositional connectives is restricted [2, 3, 4]. These

fragments are especially interesting due to a relatively low computational com-5

plexity [2, 5, 6] and a range of potential applications [7]. Although decidability
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and computational complexity of these fragments have been intensively studied

[2, 5, 6], their expressive power is yet to be studied in any significant depth. Our

research aims at filling this gap.

Halpern-Shoham logic is a propositional multimodal logic which enables rea-10

soning about relations between time-intervals in a one dimensional timeline.

The HS language contains 12 modal operators, each corresponding to one of the

Allen’s binary relations between intervals [8], namely adjacent to, begins, dur-

ing, ends, later than, overlaps, and their inverses (Allen’s algebra contains also

identity as the 13th relation). In the paper we will consider HS-models in which15

the time-line consists of an unbounded linear ordering of time-points. Propo-

sitional variables are interpreted by sets of intervals over this temporal frame.

The HS-language is very expressive and the satisfiability problem of its formulas

is undecidable over a range of interesting linear orders including N, Z, Q, and

R [1]. As a result, restrictions on HS have been intensively investigated in order20

to identify fragments of relatively low computational complexity, whose expres-

sive power is high enough for a variety of applications. A number of methods

to specify HS-fragments have been proposed, for example, restricting the set of

modal operators occurring in the language [9, 10, 11], softening semantics of

modal operators [12], and restricting the nesting-depth of modal operators [13].25

Another method of restricting HS-formulas is based on their clausal repre-

sentation [2]. The method is two folded: first, clauses are restricted to Horn form

in which consequent of each clause consists of exactly one literal or core form

in which both consequent and antecedent of each clause consists of exactly one

literal. Additionally, the diamond modal operators are disallowed, that is only30

box operators occur in the modal language or only diamond modal operators are

allowed. This new approach has led to the identification of tractable fragments

(precisely P-complete) [6], which were already applied in real-world use cases

within temporal OBDA [7]. The success of this approach motivated applying

the same technique to other logics in order to establish their low complexity35

fragments. In particular, it was applied in modal logics K, T, K4, S4 [14], and in

Metric Temporal Logic [15]. Moreover, hybrid versions of HS and its fragments
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have been introduced by adding to their languages nominals, that is atoms sat-

isfied in exactly one interval and satisfaction operators indexed by nominals

which allow to refer to the interval in which the particular nominals holds [5].40

In this paper we investigate the expressiveness of HS, its sub-fragments,

and hybrid extensions over various classes of frames. Following the approach

by [3] we will distinguish between (i) irreflexive frames which were originally

introduced by Halpern and Shoham in [1] and reflexive frames obtained by

weakening definitions of interval relations [3, 12] (ii) non-strict frames in which45

punctual-intervals are allowed and strict frames in which punctual-intervals are

forbidden, and (iii) discrete frames and dense frames. Combinations of the above

3 lines of distinction give us 8 basic classes of frames.

It has been showed already in [1] that discrete and dense frames are defin-

able in full HS under the assumption that frames are irreflexive and non-strict.50

A fragment of HS containing only modal operators corresponding to the adjacent

to relation and its converse (this fragment is known as the propositional neigh-

borhood logic PNL) and its expressive power were studied in [16]. In particular,

it was shown that discrete and dense frames are definable in PNL-language if we

restrict attention to irreflexive strict frames. Moreover, PNL allows us to express55

the difference operator (stating that a formula holds in some interval different

than the current one) and nominals [16]. There is a number of papers focused on

determining which modal operators from the HS-language can be expressed in

HS-fragments obtained by dropping specific operators from the language. Such

classifications under the assumption that frames are irreflexive and strict have60

been performed with respect to all linear frames [17], dense linear frames [18],

and discrete linear frames [19].

In this paper we analyse expressiveness of HS, its sub-propositional frag-

ments, and their hybrid version in various combinations of reflexive/irreflexive,

non-strict/strict, and discrete/dense frames. In particular, in Section 4 we de-65

termine which classes of frames are definable in HS and its extension with nom-

inals HSi. Then, in Sections 5, 6, and 7 we study expressibility of the difference

operator, nominals, and satisfaction operators, respectively, in HS and its sub-
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propositional fragments. Finally, in Section 8 we present cumulative results of

our analysis.70

2. Halpern-Shoham Logic

The language of Halpern-Shoham logic consists of a countably infinite set PROP

of propositional variables, classical propositional connectives: negation (¬) and

conjunction (∧), and 12 diamond modal operators: 〈B〉, 〈B〉, 〈D〉, 〈D〉, 〈E〉, 〈E〉,

〈O〉, 〈O〉, 〈A〉, 〈A〉, 〈L〉, and 〈L〉.75

Definition 1 (HS-formula). Well-formed HS-formulas are defined by the fol-

lowing grammar, where p ∈ PROP and R ∈ {B,B,D,D,E,E,O,O,A,A, L, L} (in

what follows we will denote this set of 12 symbols by Rel):

ϕ
df
= p | ¬ϕ | ϕ ∧ ϕ | 〈R〉ϕ.

Disjunction (∨), implication (→), equivalence (↔), and propositional constants

‘true’ (>) and ‘false’ (⊥) are defined in the standard manner. The box modal

operators [B], [B], [D], [D], [E], [E], [O], [O], [A], [A], [L], [L], are dual to 〈B〉, 〈B〉,

〈D〉, 〈D〉, 〈E〉, 〈E〉, 〈O〉, 〈O〉, 〈A〉, 〈A〉, 〈L〉, and 〈L〉 respectively, that is for any

HS-formula ϕ and R ∈ Rel we have [R]ϕ
df
= ¬〈R〉¬ϕ.80

Next, we define a schema of an HS-frame and discuss its properties. As usual,

we will use x < y as an abbreviation for x ≤ y ∧ x 6= y.

Definition 2 (HS-frame). An HS-frame is a tuple F = (D, I(D),R) such that:

• D = (D,≤) is a non-strict linear ordering which is unbounded (that is ≤

is a reflexive, antisymmetric, transitive, and connected relation such that85

each element of D has a <-successor and a <-predecessor);

• I(D) is the set of intervals over D which is either equal to:

I+(D) df
= {〈x, y〉 | x, y ∈ D and x ≤ y},

or to:

I−(D) df
= {〈x, y〉 | x, y ∈ D and x < y},
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• R is a set of 12 binary relations between intervals which is either equal to:

R≤
df
= {B≤,B≤,D≤,D≤,E≤,E≤,O≤,O≤,A≤,A≤, L≤, L≤},

or to:

R<
df
= {B<,B<,D<,D<,E<,E<,O<,O<,A<,A<, L<, L<},

where the relations in R≤ and R< are defined in Table 11.

The definition gives rise to four basic and pairwise disjoint classes of frames,

namely: a) frames of the form (D, I+(D),R≤), b) of the form (D, I+(D),R<),

c) of the form (D, I−(D),R≤), and d) of the form (D, I−(D),R<). In frames90

from the classes a) and b) punctual intervals are allowed. Frames from these

classes are referred to as non-strict, in short Non-S-frames. Whereas, in frames

from the classes c) and d) punctual intervals are disallowed, and we will call

such frames strict, in short S-frames.

It can be easily checked that in frames from the classes b) and d), that is in

frames with R = R<, all the relations between intervals are irreflexive. For this

reason, frames from these classes are referred to as irreflexive, in short <-frames,

while frames from the classes a) and c), in which R = R≤, are called reflexive,

in short ≤-frames. This terminology can be a bit confusing, since in irreflexive

frames – regardless of whether frames are strict or non-strict – all the relations

between intervals are irreflexive, so by analogy one could expect that in reflexive

frames all the relations between intervals are reflexive, but it is not the case.

Nevertheless, we adopt this terminology as it is widely used in literature (see [3]

and references therein). In particular, in strict HS-frames the following relations

are reflexive:

B≤,B≤,D≤,D≤,E≤,E≤,O≤,O≤,

whereas the following relations are irreflexive:

A≤,A≤, L≤, L≤.

1We use the definitions from [3] but it should be noticed that in some papers the definitions

of 〈A〉< and 〈A〉< do not contain the condition x′ < y′.
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Table 1: Definitions of the relations between intervals in reflexive and irreflexive frames.

Reflexive frames: Irreflexive frames:

〈x, y〉L≤〈x′, y′〉 iff y′ ≤ x 〈x, y〉L<〈x′, y′〉 iff y′ < x

〈x, y〉A≤〈x′, y′〉 iff x′ ≤ y′ and y′ = x 〈x, y〉A<〈x′, y′〉 iff x′ < y′ and y′ = x

〈x, y〉O≤〈x′, y′〉 iff x′ ≤ x ≤ y′ ≤ y 〈x, y〉O<〈x′, y′〉 iff x′ < x < y′ < y

〈x, y〉B≤〈x′, y′〉 iff x = x′ and y′ ≤ y 〈x, y〉B<〈x′, y′〉 iff x = x′ and y′ < y

〈x, y〉D≤〈x′, y′〉 iff x ≤ x′ and y′ ≤ y 〈x, y〉D<〈x′, y′〉 iff x < x′ and y′ < y

〈x, y〉E≤〈x′, y′〉 iff x ≤ x′ and y = y′ 〈x, y〉E<〈x′, y′〉 iff x < x′ and y = y′

〈x, y〉O≤〈x′, y′〉 iff x ≤ x′ ≤ y ≤ y′ 〈x, y〉O<〈x′, y′〉 iff x < x′ < y < y′

〈x, y〉A≤〈x′, y′〉 iff y = x′ and x′ ≤ y′ 〈x, y〉A<〈x′, y′〉 iff y = x′ and x′ < y′

〈x, y〉L≤〈x′, y′〉 iff y ≤ x′ 〈x, y〉L<〈x′, y′〉 iff y < x′

〈x, y〉E≤〈x′, y′〉 iff x′ ≤ x and y = y′ 〈x, y〉E<〈x′, y′〉 iff x′ < x and y = y′

〈x, y〉D≤〈x′, y′〉 iff x′ ≤ x and y ≤ y′ 〈x, y〉D<〈x′, y′〉 iff x′ < x and y < y′

〈x, y〉B≤〈x′, y′〉 iff x = x′ and y ≤ y′ 〈x, y〉B<〈x′, y′〉 iff x = x′ and y < y′

In non-strict HS-frames A≤ and A≤ become not irreflexive (which, however, does95

not make them reflexive). Indeed, in non-strict HS-frames punctual intervals are

allowed, and for any punctual interval 〈x, x〉 it holds that 〈x, x〉A≤〈x, x〉 and

〈x, x〉A≤〈x, x〉.

In strict HS-frames the relations fromR< are jointly exhaustive and pairwise

disjoint among distinct intervals, that is between any two distinct intervals holds
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exactly one of the relations from R< [8]. On the other hand, in non-strict frames

the relations from R< are not pairwise disjoint, for example if x < y, then

〈x, x〉A<〈x, y〉 and 〈x, x〉B<〈x, y〉. The relations from R≤ are pairwise disjoint

neither in non-strict nor strict frames for the following inclusions hold in both

classes:

A≤ ⊆ L≤; A≤ ⊆ O≤; B≤ ⊆ O≤; B≤ ⊆ D≤; E≤ ⊆ D≤; E≤ ⊆ O≤;

A≤ ⊆ L≤; A≤ ⊆ O≤; B≤ ⊆ O≤; B≤ ⊆ D≤; E≤ ⊆ D≤; E≤ ⊆ O≤.

We will consider additional constraints imposed on the relation ≤ in the above-

mentioned classes of frames, namely: discreteness and density. Frames in which100

D is discrete (dense) will be referred to as discrete (respectively dense) frames, in

short Dis-frames, (respectively Den-frames). Combinations of the 4 main classes

of frames with these 2 further constraints put on the order of time points give

rise to 8 classes of frames. Each combination will be denoted by a sequence

of symbols abbreviating the chosen type of a frame, for example irreflexive,105

non-strict, and discrete frames will be denoted by (<,Non-S,Dis). If one of the

elements in the tuple is missing, it means that it is not specified, for example

(<,Dis) denotes irreflexive and discrete frames which can be non-strict or strict.

Definition 3 (HS-model). An HS-model is a tuple M = (D, I(D),R, V ) such

that (D, I(D),R) is an HS-frame and V : PROP −→ P(I(D)).110

In what follows, we will say that an HS-modelM = (D, I(D),R, V ) is based on

the HS-frame F = (D, I(D),R). The type of a model is determined by the type

of the frame it is based on, hence we will say that a model is reflexive/irreflexive,

non-strict/strict, discrete/dense whenever the frame it is based on is.

Definition 4 (Satisfaction in HS). Satisfaction of a formula ϕ in an HS-model

M = (D, I(D),R, V ) and an interval 〈x, y〉 ∈ I(D) is defined inductively by the
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following conditions, where ψ and χ are any HS-formulas and R ∈ Rel2:

M, 〈x, y〉 |= p iff 〈x, y〉 ∈ V (p), for any p ∈ PROP;

M, 〈x, y〉 |= ¬ψ iff M, 〈x, y〉 6|= ψ;

M, 〈x, y〉 |= ψ ∧ χ iff M, 〈x, y〉 |= ψ andM, 〈x, y〉 |= χ;

M, 〈x, y〉 |= 〈R〉ψ iff there is 〈x′, y′〉 ∈ I(D) such thatM, 〈x′, y′〉 |= ψ and:

〈x, y〉R≤〈x′, y′〉 if R = R≤, or

〈x, y〉R<〈x′, y′〉 if R = R<.

An HS-formula ϕ is true in an HS-model M = (D, I(D),R, V ) (denoted by115

M |= ϕ) whenever for all 〈x, y〉 ∈ I(D) it holds that M, 〈x, y〉 |= ϕ. Then, an

HS-formula ϕ is true in an HS-frame F (formally: F |= ϕ) whenever for any

HS-model M based on F it holds that M |= ϕ. By 〈x, y〉 6= 〈x′, y′〉 we will

denote that 〈x, y〉 is distinct from 〈x′, y′〉, that is x 6= x′ or y 6= y′.

Observe that for any class of HS-frames the following equivalences hold for

any HS-formula ϕ:

〈D〉ϕ↔ 〈B〉〈E〉ϕ; 〈O〉ϕ↔ 〈E〉〈B〉ϕ; 〈L〉ϕ↔ 〈A〉〈A〉ϕ;

〈D〉ϕ↔ 〈B〉〈E〉ϕ; 〈O〉ϕ↔ 〈B〉〈E〉ϕ; 〈L〉ϕ↔ 〈A〉〈A〉ϕ.

It follows that removing the operators 〈D〉, 〈D〉, 〈O〉, 〈O〉, 〈L〉, and 〈L〉 from the120

language does not decrease expressiveness of the logic.

An important representation of an HS-frame (D, I(D),R), called compass

representation is obtained by treating an interval 〈x, y〉 as a point in a two-

dimensional Cartesian space D × D, such that the abscissa of this point has

a value x and its ordinate has a value y [20]. In the compass representation non-125

punctual intervals correspond to points lying in the north-western half-plane of

2For simplicity of the presentation, a symbol R is used both for relational symbols that

occur in modal operators in the language and for relations in the semantics that are used

to interpret corresponding modal operators. Thus, on the left-hand side of the condition, the

symbol R denotes an element of Rel, whereas on the right-hand side, it denotes a relation from

R≤ or R<. It should be clear from the context in which of the above meanings a symbol is

used.
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D× D (the points whose abscissa is strictly smaller than the ordinate) and the

points lying on the diagonal correspond to punctual intervals. In such a setting

interval relations gain spatial interpretations. That is, given an interval 〈x, y〉

intervals accessible from 〈x, y〉 with relations from Rel can be determined on the130

basis of a relative position of the corresponding points in the two-dimensional

Cartesian space as depicted in Figure 1. Compass representation was used, for

example, to construct an axiomatic system for the Halpern-Shoham logic [20]

and to determine the decidability as well as computational complexity of some

fragments of the logic [3].135

Dy cxba

〈a, b〉 〈x, c〉

〈x, y〉

(a)

D

D

〈x, y〉
y

y

x

x

L<

A<

O< B<

D<

•E< E<

D< B< O< A<

L<

•
〈a, b〉

b
a

a b

• 〈x, c〉c

c

(b)

Figure 1: (a) one-dimensional and (b) compass representations of a frame of the Halpern-

Shoham logic, in which 〈x, y〉L<〈a, b〉, and 〈x, y〉B<〈x, c〉.

The satisfiability problem for the Halpern-Shoham logic formulas – that is the

problem of checking whether a given formula of the Halpern-Shoham logic has

a model – was shown to be undecidable over most interesting frame classes, for

instance for any class of frames in which the ordering of time points contains an

infinite ascending chain such as natural numbers, integers, and rational num-140

bers [1]. The task of restricting HS to obtain fragments with a good trade-off

between expressive power and complexity is studied up to the present days [10].
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One of the main methods of restricting the Halpern-Shoham logic – which

was already proposed by the authors of the logic – is to limit the number of

modal operators in the language [10, 9]. Since the set R consists of 12 inter-145

val relations, there are 212 = 4096 possible combinations of modal operators

that may occur in the language. A systematic study of their expressive power

and computational complexity resulted in a nearly complete classification. It

was proved that the easiest fragments are NP-complete, whereas the other are

PSpace-complete, NExpTime-complete, ExpSpace-complete, or undecidable150

[11, 21]. Other ways of restricting the Halpern-Shoham logic consist for example

in weakening the definitions of relations interpreting the modal operators, and

imposing additional constraints on the flow of time (for example, discreteness

or density) [3, 14, 7]. In the following section we will introduce another way

of restricting HS which is especially important for this paper, namely imposing155

restriction on the use of propositional connectives.

3. Language Modifications

We will describe the recently introduced sub-propositional fragments of HS [3,

14, 7, 2]. First, we present the clausal form of HS-formulas.

Definition 5 (Positive temporal literal). Positive propositional literals (literals

in short) are defined by the following grammar, for a propositional variable

p ∈ PROP and R ∈ Rel:

λ
df
= > | ⊥ | p | 〈R〉λ | [R]λ.

Let [U] be the universal modality, that is [U]ϕ is true in a model, whenever160

ϕ is satisfied in every interval in this model. It is easy to see that [U] can be

expressed in HS-language, for example in unbounded frames [U]ϕ can be defined

as [L][L]ϕ. The clausal form of HS-formulas is as follows:

Definition 6 (HS-formula in a clausal form). HS-formulas in clausal form are

generated by the following grammar, where λ is a positive temporal literal:

ϕ
df
= λ | ¬λ | [U](λ ∧ . . . ∧ λ→ λ ∨ . . . ∨ λ) | ϕ ∧ ϕ.
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We say that formulas ϕ and ψ are equisatisfiable whenever ϕ is satisfiable if

and only if ψ is. It is relatively easy to show that each HS-formula defined in165

Definition 1 can be transformed into an equisatisfiable formula in the clausal

form and vice versa. The clausal form of HS-formulas corresponds to the Fisher’s

representation of formulas of linear temporal logic in separated normal form

(SNF in short) [22]. SNF enables us to treat formulas as sets of initial conditions

of the form λ and ¬λ, together with universal rules which are of the form170

[U](λ ∧ . . . ∧ λ→ λ ∨ . . . ∨ λ). We adopt this point of view and for a formula ϕ

in clausal form we distinguish (similarly as in [3]):

• Initial conditions of ϕ, which are conjuncts in ϕ that are not within the

range of any universal modal operator [U];

• Clauses of ϕ, which are subformulas of ϕ of the form [U]ψ, where ψ is a175

subformula of ϕ.

The class of clausal forms of HS-formulas can be further restricted by imposing

additional constraints on its grammar which give raise to the so-called Horn

and core fragments of HS [2, 3].

Horn HS-formulas (HShorn-formulas in short) are defined by the following

modification of the grammar from Definition 6:

ϕ
df
= λ | [U](λ ∧ . . . ∧ λ→ λ) | ϕ ∧ ϕ.

Core HS-formulas (HScore-formulas in short) are defined by the following gram-

mar:

ϕ
df
= λ | [U](λ→ λ) | [U](λ ∧ λ→ ⊥) | ϕ ∧ ϕ.

Modifications of the grammar of positive temporal literals from Definition 5

give rise to further HS-fragments, namely we distinguish fragments whose modal

language is restricted to diamond modalities, that is operators of the form 〈R〉,

where R ∈ Rel, and fragments in which only box modalities are allowed, that is

operators of the form [R], where R ∈ Rel. Fragments in which modal operators

are limited to diamonds will be denoted by 3 in the superscript. For instance,
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HS3
horn denotes the Horn fragment of HS-formulas in which modalities are re-

stricted to diamond modalities. Fragments with modal operators restricted to

diamonds are obtained by the following modification of the grammar given in

Definition 5:

λ
df
= > | ⊥ | p | 〈R〉λ.

In a similar way, fragments in which modalities are restricted to box modalities

will be denoted by 2 in the superscript. Such fragments are obtained by the

following modification of the grammar from Definition 5:

λ
df
= > | ⊥ | p | [R]λ.

One of the crucial constructs in temporal knowledge representation is referen-180

tiality, that is possibility to label time intervals (or time points in the case of

point-based temporal logics) and then to refer to a chosen interval (or a time

point) with a concrete label [23, 24]. The most straightforward way to provide

referentiality in a modal logic is to hybridize this logic, that is to extend the

language with, for example, the following symbols [24]:185

• NOM – a countable set of nominals different than PROP;

• {@i | i ∈ NOM} – a set of satisfaction operators indexed with nominals.

In what follows, we consider HS-languages with nominals or with both nomi-

nals and satisfaction operators. In the former case nominals are added to the

grammar of positive temporal literals, that is the grammar of positive temporal

is defined as follows for p ∈ PROP, R ∈ Rel, and i ∈ NOM:

λ
df
= > | ⊥ | p | 〈R〉λ | [R]λ | i.

The class of positive temporal literals with nominals can be further extended

with satisfaction operators, that is expressions of the form @iλ, where i is a

nominal. Such a class is defined by the following grammar, for p ∈ PROP,

R ∈ Rel, and i ∈ NOM:

λ
df
= > | ⊥ | p | 〈R〉λ | [R]λ | i | @iλ.
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The languages with nominals are denoted by i in the upper index, whereas

the languages with nominals and satisfaction operators by the sequence i,@ in

the upper index. For instance, the language HS2,i,@
horn is the extension of HS2

horn

obtained by augmenting the set of positive temporal literals with the expressions

of the forms i and @iλ. That is for p ∈ PROP, R ∈ Rel, and i ∈ NOM, the

HS2,i,@
horn -formulas are defined by:

ϕ
df
= λ | [U](λ ∧ . . . ∧ λ→ λ) | ϕ ∧ ϕ;

λ
df
= > | ⊥ | p | [R]λ | i | @iλ.

A Hasse diagram of sub-propositional HS-fragments and their hybrid versions

is depicted in Figure 2.

HSi,@

HSi

HS

HSi,@horn

HSihorn

HShorn

HS3,i,@
horn

HS3,i
horn

HS3
horn

HS2,i,@
horn

HS2,i
horn

HS2
horn

HSi,@core

HSicore

HScore

HS3,i,@
core

HS3,i
core

HS3
core

HS2,i,@
core

HS2,i
core

HS2
core

Figure 2: Hasse diagram of Horn and core HS-fragments and their hybrid versions, where an

arrow indicates a syntactical extension.
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A hybrid HS-model M is a pair (F , V ) such that F is an HS-frame and a

valuation V : PROP ∪ NOM −→ P (I(D)) assigns a set of intervals to each

nominal and propositional variable with an additional assumption that V (i) is

a singleton for any i ∈ NOM. The satisfaction relation that holds between hybrid

HS-models, intervals, and hybrid HS-formulas is defined as in Definition 4 with

the following additional clauses, for all formulas ϕ and nominals i ∈ NOM:

M, 〈x, y〉 |= i iff V (i) = {〈x, y〉};

M, 〈x, y〉 |= @iϕ iff M, 〈x′, y′〉 |= ϕ, where 〈x′, y′〉 is such that

V (i) = {〈x′, y′〉}.

Hybrid machinery usually extends the expressive power of a modal language and190

enables to overcome the local nature of standard modal logic [23, 25]. Although

the language of HS does not contain hybrid machinery, it is expressive enough

to define nominals and satisfaction operators in irreflexive frames [23]. Despite

the fact that hybridization of interval temporal logics was already recognized as

a promising line of research [24], it has received only a limited attention in the195

research community and our research is the first step towards a classification of

HS-fragments according to their capability of expressing the hybrid machinery.

In the following sections we will present new results on expressive power of

HS and its fragments. In particular, we will consider the following questions in

various HS-fragments:200

• Which classes of frames are definable?

• Which hybrid operators are expressible?

4. Frames Definability

Recall that we consider HS-frames of the form (D, I(D),R) such that D = (D,≤)

is a non-strict unbounded linear order, I(D) is either I+(D) or I−(D), and R is205

either R≤ or R< (see Definition 2). In what follows, we will analyse definability

of various classes of frames. Formally, we say that a formula ϕ defines a class
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K of HS-frames with respect to a class K′ ⊇ K of HS-frames if and only if the

following condition holds for any F ∈ K′:

F |= ϕ if and only if F ∈ K.

We say that a class K of HS-frames is L-definable with respect to a class K′ of210

HS-frames if there is a formula ϕ from the language L such that ϕ defines K

with respect to K′.

As the choice between reflexive and irreflexive frames makes a significant dif-

ference for the meaning of modal operators we will consider definability with

respect to reflexive and irreflexive frames separately. We will determine defin-215

ability of the following classes:

• Non-S-frames, that is frames in which punctual intervals are allowed;

• S-frames, that is frames in which punctual intervals are disallowed;

• Dis-frames, that is discrete frames;

• Den-frames, that is dense frames.220

We will consider HS-definability and HSi-definability (where HSi is an extension

of HS with nominals – see Section 3). The obtained classification will allow us

to capture differences in expressive power between HS and HSi. Moreover, we

will be able to compare expressibility in reflexive and irreflexive frames.

We start by showing results on definability with respect to irreflexive HS-frames.

We will show that non-strict frames are defined with respect to irreflexive frames

by the following HS-formula:

non-strict(<)
df
= [A]¬[B]⊥ ∧ 〈A〉〈B〉[B]⊥.

Theorem 7. The class of non-strict frames is HS-definable with respect to225

irreflexive frames.

Proof. We claim that the formula non-strict(<) defines non-strict frames with

respect to the class of irreflexive frames. We will show that the following state-

ments are equivalent for each irreflexive HS-frame F :

15



1. F |= non-strict(<).230

2. F is a non-strict frame.

(1 ⇒ 2) Let F = (D, I(D),R<) be an irreflexive frame with F |= non-strict(<).

Fix a modelM based on F and an arbitrary y ∈ D. To prove that F is non-strict

we need to show that 〈y, y〉 ∈ I(D).

Let x ∈ D be such that 〈x, y〉 ∈ I(D). Since non-strict(<) is valid in F , we have235

M, 〈x, y〉 |= non-strict(<), soM, 〈x, y〉 |= [A]¬[B]⊥ andM, 〈x, y〉 |= 〈A〉〈B〉[B]⊥.

ByM, 〈x, y〉 |= 〈A〉〈B〉[B]⊥ there is z such that y < z andM, 〈y, z〉 |= 〈B〉[B]⊥.

Which means that there is w < z such that 〈y, w〉 ∈ I(D) andM, 〈y, w〉 |= [B]⊥.

Since 〈y, w〉 ∈ I(D), we have y ≤ w. We claim that y = w. Suppose that it is

not the case, that is y < w. Then, 〈x, y〉A<〈y, w〉. SinceM, 〈x, y〉 |= [A]¬[B]⊥,240

by 〈x, y〉A<〈y, w〉 we getM, 〈y, w〉 |= ¬[B]⊥. On the other hand, we have showed

that M, 〈y, w〉 |= [B]⊥, so a contradiction arises. It follows that y = w. Since

〈y, w〉 ∈ I(D), we obtain 〈y, y〉 ∈ I(D).

(2 ⇒ 1) Let F = (D, I+(D),R<) be an irreflexive non-strict HS-frame. We

need to show that F |= non-strict(<). Fix an interval 〈x, y〉 ∈ I+(D) and an arbi-245

trary modelM based on F . Now, our aim is to showM, 〈x, y〉 |= non-strict(<),

that isM, 〈x, y〉 |= [A]¬[B]⊥ ∧ 〈A〉〈B〉[B]⊥.

First, we will show that M, 〈x, y〉 |= [A]¬[B]⊥. Let 〈y, z〉 ∈ I+(D) be such

that 〈x, y〉A<〈y, z〉, that is y < z. We need to show that M, 〈y, z〉 |= ¬[B]⊥,

that isM, 〈y, z〉 |= 〈B〉>. Since y < z and 〈y, y〉 ∈ I+(D) we have 〈y, z〉B<〈y, y〉.250

Clearly,M, 〈y, y〉 |= >, henceM, 〈y, z〉 |= 〈B〉>. Thus,M, 〈x, y〉 |= [A]¬[B]⊥.

It remains to show that M, 〈x, y〉 |= 〈A〉〈B〉[B]⊥. By unboundedness of

D there exists w ∈ D such that y < w. Hence, 〈x, y〉A<〈y, w〉. In what fol-

lows, we show M, 〈y, w〉 |= 〈B〉[B]⊥. By y < w and 〈y, y〉 ∈ I+(D) we ob-

tain 〈y, w〉B<〈y, y〉. Then, it suffices to show that M, 〈y, y〉 |= [B]⊥, that is255

M, 〈y, y〉 |= ¬〈B〉>. Clearly, there is no v such that y ≤ v < y, so there is

no 〈y, v〉 such that 〈y, y〉B<〈y, v〉. Hence,M, 〈y, y〉 |= ¬〈B〉> and consequently

M, 〈x, y〉 |= 〈A〉〈B〉[B]⊥.

Therefore, M, 〈x, y〉 |= [A]¬[B]⊥ ∧ 〈A〉〈B〉[B]⊥, so M, 〈x, y〉 |= non-strict(<)

16



which concludes the proof.260

Moreover, the negation of non-strict(<) defines strict frames with respect to

irreflexive frames.

Theorem 8. The class of strict frames is HS-definable with respect to irreflexive

frames.

In the following proofs we will use two formulas which were originally introduced

in [1], namely:

length0
df
=[B]⊥;

length1
df
=〈B〉> ∧ [B][B]⊥.

In irreflexive frames the formula length0 is satisfied exactly in intervals 〈x, y〉265

for which there is no 〈x, z〉 ∈ I(D) such that z < y. In particular, in non-strict

irreflexive frames length0 is satisfied precisely in punctual-intervals, that is in

intervals ’of length 0.’ The formula length1 is satisfied in non-strict irreflexive

frames precisely in intervals 〈x, y〉 such that y is the immediate <-successor of x,

that is in intervals ’of length 1.’270

Halpern and Shoham showed in [1] that discrete frames are defined with

respect to irreflexive frames by the formula:

dis(<)
df
= length0 ∨ length1 ∨

(
〈B〉length1 ∧ 〈E〉length1

)
,

whose intuitive meaning is that each interval is either punctual or ‘of length 1’,

or contains a beginning and an ending intervals ‘of length 1.’ Moreover, Halpern

and Shoham showed that in irreflexive and non-strict frames we can define dense

frames by means of the formula ¬length1, which states that there is no interval

‘of length 1’ [1]. However, this formula does not define dense frames in strict

frames. We claim that dense frames are defined with respect to the class of all

(that is non-strict or strict) irreflexive frames by the formula:

den(<)
df
=(¬non-strict(<) ∧ 〈B〉>) ∨ (non-strict(<) ∧ ¬length1).
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This formula states that either the frame is strict and there is no interval of a

minimal length or the frame is non-strict and there is no interval ‘of length 1.’

Theorem 9. The class of dense frames is HS-definable with respect to irreflexive

frames.

The theorem is proved in a similar manner as Theorem 7, so we move it to the275

Appendix (Appendix contains all proofs that we skip in the main body of the

paper).

Next we will consider frame definability with respect to reflexive HS-frames.

First, the class of non-strict frames is definable with respect to reflexive frames

by the following formula:

non-strict(≤)
df
= [E]p→ 〈A〉p,

where p is any propositional variable. This formula states that if p is satisfied

in all intervals ending the current interval, then p is satisfied in some interval

adjacent to the current interval. This is the case exactly in non-strict reflexive280

frames. Indeed, in such frames the punctual interval containing the endpoint of

the current interval is in both E≤ and A≤ relations with the current interval.

Theorem 10. The class of non-strict frames is HS-definable with respect to

reflexive frames.

Next, we will prove a negative result showing that a particular class of frames285

is not definable. In the proof we will make use of surjective bounded morphisms

between HS-frames, which are defined analogously as in the standard modal

logic [25].

Definition 11 (Surjective bounded morphism between HS-frames). A sur-

jective bounded morphism from a frame F = (D, I(D),R) to a frame F ′ =290

(D′, I ′(D′),R) is a surjection f : I(D) −→ I ′(D′) satisfying the following condi-

tions for all R ∈ R, 〈x, y〉 ∈ I(D), 〈u,w〉 ∈ I(D) and 〈u′, w′〉 ∈ I ′(D′):

(ZIG) If 〈x, y〉R〈u,w〉, then f(〈x, y〉)Rf(〈u,w〉);

18



(ZAG) If f(〈x, y〉)R〈u′, w′〉, then there is 〈u,w〉 ∈ I(D) such that 〈x, y〉R〈u,w〉

and f(〈u,w〉) = 〈u′, w′〉.295

If there exists a surjective bounded morphism from F to F ′, then we say that

F ′ is a bounded morphic image of F .

Similarly as in the case of standard modal logic a surjective bounded morphism

between HS-frames preserves truth of HS-formulas in these frames.

Theorem 12. Let F and F ′ be HS-frames such that F ′ is a bounded morphic300

image of F . Then, for any HS-formula ϕ:

F |= ϕ implies F ′ |= ϕ.

Proof of this theorem is analogous to the proof for standard modal logic [25]. We

will use this result to show that dense frames are not HS-definable with respect

to reflexive frame. Note that by Theorem 9 dense frames are HS-definable with

respect to irreflexive frames, so the next result will show a difference between305

expressiveness of HS in irreflexive and reflexive frames.

Theorem 13. The class of dense frames is not HS-definable with respect to

reflexive frames.

Proof. Suppose that there is an HS-formula ϕ which defines dense frames with

respect to reflexive frames. Let F = (Q, I+(Q),R≤) and F ′ = (Z, I+(Z),R≤)310

be reflexive HS-frames such that Q is the standard order of rational numbers

and Z the standard order of integers. Clearly, Q is dense and Z is not, so we

have F |= ϕ and F ′ 6|= ϕ.

We will construct a surjective bounded morphism from F to F ′. Then, F |= ϕ

will imply F ′ |= ϕ. Hence, a contradiction with F ′ 6|= ϕ will be raised, which

shows that there is no HS-formula defining dense frames with respect to reflexive

frames. The intended surjective bounded morphism f : I+(Q) −→ I+(Z) is

defined as follows:

f(〈x, y〉) df
= 〈dxe, dye〉,
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where d·e is the ceiling function, that is for any q ∈ Q, dqe is the least integer

that is greater than or equal to q. For a pictorial representation of F , F ′, and315

f see Figure 3.

Q

Q

1

2

3

4

1 2 3 4

(F)

Z

Z

1

2

3

4

1 2 3 4

(F ′)

Figure 3: Surjective bounded morphism f from the frame F to the frame F ′.

Since ceiling is a surjective function from rational numbers to integers, we obtain

that f is a surjective function from I+(Q) to I+(Z). To show that (ZIG) and

(ZAG) hold a routine inspection of all R ∈ R≤ needs to be performed. In what

follows, we prove these conditions for A≤ as the other cases are similar.320

Let 〈x, y〉 ∈ I+(Q) and 〈u,w〉 ∈ I+(Q) be such that 〈x, y〉A≤〈u,w〉. We will

show that f(〈x, y〉)A≤f(〈u,w〉). Since 〈x, y〉 ∈ I+(Q), we have x ≤ y, so dxe ≤

dye. By 〈x, y〉A≤〈u,w〉 we have y = u, so dye = due. Finally, 〈u,w〉 ∈ I+(Q),

hence u ≤ w and consequently due ≤ dwe. Therefore, dxe ≤ dye, dye = due, and

due ≤ dwe, which implies 〈dxe, dye〉A≤〈due, dwe〉, and so 〈x, y〉A≤〈u,w〉. Hence,325

(ZIG) holds for A≤.

On the other hand, let f(〈x, y〉) ∈ I+(Z) and 〈u′, w′〉 ∈ I+(Z) be such

that f(〈x, y〉)A≤〈u′, w′〉. By f(〈x, y〉)A≤〈u′, w′〉 we have 〈dxe, dye〉A≤〈u′, w′〉,

so dye = u′ and u′ ≤ w′. Hence, y ≤ w′ and so 〈y, w〉 ∈ I+(Q). We have

〈x, y〉A≤〈y, w〉, so (ZAG) holds for A≤.330

Since f is a surjective bounded morphism from F to F ′, dense frames are not
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HS-definable with respect to reflexive frames.

It is worth noticing that the proof does not apply to the case of irreflexive frames.

In particular, the function f from the proof does not satisfy (ZIG) for A< and

A<. Indeed, if F and F ′ were irreflexive, we would have 〈1.1, 1.2〉A<〈1.2, 1.3〉 but335

not f(〈1.1, 1.2〉)A<f(〈1.2, 1.3〉), since f(〈1.1, 1.2〉) = 〈2, 2〉, f(〈1.2, 1.3〉) = 〈2, 2〉,

and it is not the case that 〈2, 2〉A<〈2, 2〉. Furthermore, observe that in the proof

we have constructed models over non-strict frames, so the proof implies the

following:

Corollary 14. The class of dense frames is not HS-definable with respect to340

non-strict reflexive frames.

However, Theorem 13 does not imply that dense frames are not definable with

respect to strict reflexive frames, which we will leave as a future work.

If we extend HS-language with nominals (which results in HSi-language),

then dense frames are definable relatively to reflexive frames by the formula:

deni(≤)
df
=
(
i ∧ 〈B〉(j ∧ ¬i)

)
→ 〈B〉(¬i ∧ ¬j ∧ 〈B〉j),

where i, j are any distinct nominals. Intuitively, this formula states that if i is

satisfied in an interval 〈x, y〉 and j is satisfied in 〈x, z〉 such that y < z, then345

there exists an interval 〈x,w〉 such that y < w < z. Hence, the formula states

that between any two time points there exists a third one, that is the frame is

dense.

Theorem 15. The class of dense frames is HSi-definable with respect to reflex-

ive frames.350

It is worth pointing out that using nominals (and not propositional variables)

in deni(≤) is essential. Indeed, by Theorem 13 it is not possible to define dense

frames with respect to reflexive frames in pure HS-language. Hence, we obtain

that HSi-formulas allow us to define strictly more classes of frames than HS-

formulas.355
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Furthermore, strict frames are HSi-definable with respect to reflexive frames

by the following formula:

stricti(≤)
df
= i→ ¬〈A〉i,

where i is a nominal. This formula states that no interval is in relation A≤ with

itself, that is A≤ is irreflexive. With respect to reflexive frames this condition

holds exactly in strict frames.

Theorem 16. The class of strict frames is HSi-definable with respect to reflexive

frames.360

If the nominal in stricti(≤) were replaced with a propositional variable, then

stricti(≤) would not define strict frames with respect to reflexive frames. However,

it remains an open problem whether there is a way to HS-define strict frames

with respect to reflexive frames.

5. Difference Operator365

In this section we will study the possibility to express the difference operator D,

for which the satisfaction condition in an HS-model M = (D, I(D),R, V ) and

interval 〈x, y〉 ∈ I(D) is defined for any HS-formula ϕ as follows:

M, 〈x, y〉 |= Dϕ iff there exists 〈x′, y′〉 ∈ I(D) such that

〈x′, y′〉 6= 〈x, y〉 andM, 〈x′, y′〉 |= ϕ.

We say that an operator O is L-expressible if for any formula from the language

L extended with the operator O there exists an equisatisfiable formula in L.

In full HS-language a formula Dϕ for arbitrary HS-formula ϕ is expressible

in irreflexive frames by the formula
∨

R∈Rel〈R〉ϕ [23]. Indeed, the relations in

R< are irreflexive and jointly exhaustive among non-identical intervals. Hence,370 ∨
R∈Rel〈R〉ϕ is satisfied in an interval 〈x, y〉 if and only if ϕ is satisfied in some

interval distinct from 〈x, y〉. In reflexive frames the above formula does not allow

us to express Dϕ, since not all relations in R≤ are irreflexive.
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Nevertheless, we will show that in reflexive and strict frames we can express

Dϕ in HS-language with the formula:

diff(≤,S)(ϕ)
df
= 〈B〉〈B〉〈A〉ϕ ∨ 〈A〉〈B〉〈B〉ϕ ∨ 〈A〉〈E〉〈E〉ϕ ∨ 〈E〉〈E〉〈A〉ϕ.

Let 〈x, y〉 be the current interval. Then:

• 〈B〉〈B〉〈A〉ϕ states that ϕ holds in an interval which begins in some time375

point x′ such that x < x′;

• 〈A〉〈B〉〈B〉ϕ states that ϕ holds in an interval which begins in some time

point x′ such that x′ < x;

• 〈A〉〈E〉〈E〉ϕ states that ϕ holds in an interval which ends in some time

point y′ such that y′ < y;380

• 〈E〉〈E〉〈A〉ϕ states that ϕ holds in an interval which ends in some time

point y′ such that y < y′.

It follows that diff(≤,S)(ϕ) is satisfied in 〈x, y〉 if and only if ϕ holds in some

interval distinct from 〈x, y〉. Observe that the first two disjuncts of diff(≤,S)(ϕ)

are not sufficient to express Dϕ, since they do not cover the case in which ϕ385

holds in an interval which begins in x and ends in a time point different than

y. Similarly, the latter two disjuncts of diff(≤,S)(ϕ) are not sufficient since they

do not cover the case in which ϕ holds in an interval which begins in some time

point different than x and ends in y.

Theorem 17. The difference operator is HS-expressible in (≤,S)-frames.390

The formula diff(≤,S)(ϕ) makes a significant use of irreflexivity of A≤ and A≤

in strict frames. In non-strict frames these relations are not irreflexive since

each punctual interval is in both A≤ and A≤ relations with itself. As a result,

diff(≤,S)(ϕ) does not express Dϕ in reflexive non-strict frames. In Section 6 we

will show that the difference operator cannot be expressed in HS-language in395

(≤,Non-S)-frames.
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In the next theorem we show that D is neither HS3
horn-expressible in discrete

nor in dense frames. The proof is based on the following property which holds

in each HS-frame F = (D, I(D),R). If 〈x′, y′〉 and 〈x′′, y′′〉 are reachable from

〈x, y〉 with a composition R1 ◦ . . . ◦ Rn of (possibly repeating) relations from R,400

then each interval ‘lying between’ 〈x′, y′〉 and 〈x′′, y′′〉 is also reachable from

〈x, y〉 with R1 ◦ . . . ◦ Rn.

To state precisely what ‘lying between’ two intervals means, let min(x, y)

for all x, y ∈ D be a ≤-minimal among x and y. Similarly, let max(x, y) be a

≤-maximal among x and y. Moreover, for x ≤ y let y − x be the number of405

distinct time points z ∈ D such that x < z ≤ y. Note that if D is dense, then for

any x, y ∈ D such that x < y we have x− y =∞. Then, we say that 〈s, t〉 ‘lies

between’ 〈x′, y′〉 and 〈x′′, y′′〉 if the following conditions hold simultaneously:

• min(x′, x′′) ≤ s ≤ max(x′, x′′), that is s lies between x′ and x′′;

• min(y′, y′′) ≤ t ≤ max(y′, y′′), that is t lies between y′ and y′′;410

• min(y′ − x′, y′′ − x′′) ≤ t − s, that is in compass representation 〈s, t〉 lies

not closer to a diagonal than both 〈x′, y′〉 and 〈x′′, y′′〉.

A pictorial representation of ‘lying between’ is given in Figure 4.

D

D

x′′

y′′

x′

y′

Figure 4: The triangle area corresponds to intervals which ‘lie between’ 〈x′, y′〉 and 〈x′′, y′′〉.

Now, the precise formulation of the property we have mentioned is as follows:
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Lemma 18. Let F = (D, I(D),R) be an HS-frame. Let 〈x, y〉R1 ◦ . . .◦Rn〈x′, y′〉415

and 〈x, y〉R1◦. . .◦Rn〈x′′, y′′〉 for arbitrary intervals 〈x, y〉, 〈x′, y′〉, 〈x′′, y′′〉 ∈ I(D)

and R1, . . . ,Rn ∈ R. Then, for each 〈s, t〉 ∈ I(D) which satisfies all of the

following conditions:

• min(x′, x′′) ≤ s ≤ max(x′, x′′);

• min(y′, y′′) ≤ t ≤ max(y′, y′′);420

• min(y′ − x′, y′′ − x′′) ≤ t− s,

we have 〈x, y〉R1 ◦ . . . ◦ Rn〈s, t〉.

The proof of this lemma is inductive on the length n of the sequence R1, . . . ,Rn.

Since the proof is technical, we move it to the Appendix. Now, we will use the

above lemma to show that the difference operator is not HS3
horn-expressible in425

Dis-frames and Den-frames.

Theorem 19. The difference operator is not HS3
horn-expressible in Dis-frames

nor in Den-frames.

Proof. Let F = (D, I(D),R) be a discrete or dense HS-frame. Let 〈x, y〉 ∈ I(D),

〈x′, y′〉 ∈ I(D), and 〈x′′, y′′〉 ∈ I(D) be isomorphic intervals in F such that

x′ < x < x′′ and y′ < y < y′′. Observe that such 〈x, y〉, 〈x′, y′〉 and 〈x′′, y′′〉

exist by unboundedness of D and by the fact that D is (everywhere) dense

or (everywhere) discrete. We define models M = (F , V ), M′ = (F , V ′), and

M′′ = (F , V ′′) such that:

V (p) = {〈x, y〉}; V ′(p) = {〈x′, y′〉}; V ′′(p) = {〈x′′, y′′〉},

and V (q) = V ′(q) = V ′′(q) = ∅ for each propositional variable q distinct from p.

Hence, the isomorphism from F to F mapping 〈x, y〉 to 〈x′, y′〉 is an isomor-430

phism fromM toM′ because it preserves satisfaction of propositional variables.

Similarly, the isomorphism from F to F mapping 〈x, y〉 to 〈x′′, y′′〉 is an iso-

morphism fromM toM′′. Hence,M,M′, andM′′ are pairwise isomorphic. A

pictorial presentation of modelsM,M′, andM′′ is given in Figure 5.
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Figure 5: Isomorphic HS-modelsM,M′, andM′′.

Suppose that there exists an HS3
horn-formula ϕDp expressing Dp. Therefore,435

M, 〈x, y〉 6|= ϕDp, M′, 〈x, y〉 |= ϕDp, and M′′, 〈x, y〉 |= ϕDp. To reach a con-

tradiction we will show that:

(?) For all HS3
horn-formulas ϕ ifM′, 〈x, y〉 |= ϕ andM′′, 〈x, y〉 |= ϕ, then

M, 〈x, y〉 |= ϕ.

Indeed, we have M′, 〈x, y〉 |= ϕDp and M′′, 〈x, y〉 |= ϕDp, so by (?) we will440

obtainM, 〈x, y〉 |= ϕDp. Then, a contradiction arises byM, 〈x, y〉 6|= ϕDp. Thus,

we will obtain that ϕDp does not express Dp.

To prove (?) let ϕ be an HS3
horn-formula. By the definition of HS3

horn-formulas

ϕ is a conjunction, so it suffices to show that each conjunct ψ of ϕ satisfies (?).

Assume thatM′, 〈x, y〉 |= ψ andM′′, 〈x, y〉 |= ψ. Clearly, ψ is either of the form445

[U](λ1 ∧ . . .∧λn → λn+1) or λ, where λi’s and λ are generated by the grammar

λ = > | ⊥ | r | 〈R〉λ, where r is a propositional variable.

Assume that ψ is of the form [U](λ1 ∧ . . .∧ λn → λn+1). ByM′, 〈x, y〉 |= ψ,

we haveM′, 〈x, y〉 |= [U](λ1∧ . . .∧λn → λn+1). Since [U] is the universal modal

operator stating that a formula is satisfied in all intervals in a model, we obtain450

M′ |= λ1 ∧ . . . ∧ λn → λn+1. Since M′ is isomorphic to M and isomorphisms

preserve truth of formulas, we getM |= λ1 ∧ . . . ∧ λn → λn+1. As a result, we

obtainM, 〈x, y〉 |= [U](λ1 ∧ . . . ∧ λn → λn+1).

Now, let ψ be generated by the grammar λ = > | ⊥ | r | 〈R〉λ, where r is
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a propositional variable. Then, ψ has one of the following forms: >, ⊥, p, q,455

〈R1〉 . . . 〈Rn〉>, 〈R1〉 . . . 〈Rn〉⊥, 〈R1〉 . . . 〈Rn〉p, or 〈R1〉 . . . 〈Rn〉q, where q ∈ PROP

is distinct from p and Ri ∈ Rel for all i ∈ {1, . . . , n}. Clearly, > is satisfied in

all three models in 〈x, y〉. On the other hand, ⊥, q, and 〈R1〉 . . . 〈Rn〉q are false

in each interval inM′ andM′′. Moreover, p is not satisfied in 〈x, y〉 neither in

M′ nor inM′′, so (?) holds for ψ in any of these forms. It remains to consider460

the cases when ψ is of the form 〈R1〉 . . . 〈Rn〉> or 〈R1〉 . . . 〈Rn〉p.

Assume thatM′, 〈x, y〉 |= 〈R1〉 . . . 〈Rn〉>. Since 〈R1〉 . . . 〈Rn〉> does not con-

tain propositional variables, its satisfiability in 〈x, y〉 does not depend on the

valuation. Hence, F , 〈x, y〉 |= 〈R1〉 . . . 〈Rn〉>. SinceM is based on F , we obtain

thatM, 〈x, y〉 |= 〈R1〉 . . . 〈Rn〉>. Thus, (?) holds for ψ of the form 〈R1〉 . . . 〈Rn〉>.465

Finally, consider ψ of the form 〈R1〉 . . . 〈Rn〉p. LetM′, 〈x, y〉 |= 〈R1〉 . . . 〈Rn〉p

and M′′, 〈x, y〉 |= 〈R1〉 . . . 〈Rn〉p. We need to show M, 〈x, y〉 |= 〈R1〉 . . . 〈Rn〉p.

Since V ′(p) = {〈x′, y′〉} and V ′′(p) = {〈x′′, y′′〉}, we have 〈x, y〉R1◦. . .◦Rn〈x′, y′〉

and 〈x, y〉R1 ◦ . . . ◦ Rn〈x′′, y′′〉. To use Lemma 18 we need to show that:

• min(x′, x′′) ≤ x ≤ max(x′, x′′);470

• min(y′, y′′) ≤ y ≤ max(y′, y′′);

• y − x ≥ min(y′ − x′, y′′ − x′′).

First two conditions follow from x′ < x < x′′ and y′ < y < y′′, respectively.

By the fact that 〈x, y〉, 〈x′, y′〉, and 〈x′′, y′′〉 are isomorphic images, we have

y − x = y′ − x′ = y′′ − x′′, so the third condition holds as well. Then, by475

Lemma 18 we obtain that 〈x, y〉R1 ◦ . . . ◦ Rn〈x, y〉. SinceM, 〈x, y〉 |= p, we get

M, 〈x, y〉 |= 〈R1〉 . . . 〈Rn〉p.

We have showed that the statement (?) holds for all HS3
horn-formulas, hence

the proof is done.

Next, we will show that the difference operator is not HS2
horn-expressible in any480

class of frames. To prove this result we will use properties of the canonical model

for an HS2
horn-formula ϕ, frame F , and interval 〈a, b〉, which was introduced in
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[3]. Intuitively, the canonical model is a minimal model based on F in which ϕ

is satisfied in 〈a, b〉.

Let F = (D, I(D),R) be an HS-frame, 〈a, b〉 ∈ I(D), and ϕ an HS2
horn-

formula. We say that ϕ is 〈a, b〉-satisfiable in F if there exists an HS-modelM

based on F such that M, 〈a, b〉 |= ϕ. For fixed frame F , interval 〈a, b〉, and

HS2
horn-formula ϕ we will define a set of triples of the form (ψ, x, y), whose

intended meaning is that in the canonical model ψ holds in 〈x, y〉. We start the

construction by defining:

Va,b
ϕ,F

df
=
{
(λ, a, b) | λ is an initial condition of ϕ

}
∪
{
(>, x, y) | 〈x, y〉 ∈ I(D

}
,

where an initial condition is defined as in Section 3.485

We denote by clϕ,F (A) the result of applying exhaustively and non-recursively

the following rules to the set A:

(cl1ϕ,F ) If ([R]λ, x, y) ∈ A, then add to A all (λ, x′, y′) such that 〈x′, y′〉 ∈ I(D)

and 〈x, y〉R∗〈x′, y′〉;

(cl2ϕ,F ) If (λ, x′, y′) ∈ A for all 〈x′, y′〉 ∈ I(D) such that 〈x, y〉R∗〈x′, y′〉 and490

[R]λ occurs in ϕ, then add ([R]λ, x, y) to A;

(cl3ϕ,F ) If [U](λ1 ∧ . . . ∧ λk → λ) occurs in ϕ and (λj , x, y) ∈ A for all j ∈

{1, . . . , k}, then add (λ, x, y) to A,

where R ∈ Rel, R∗ = R≤ if R = R≤, and R∗ = R< if R = R<. We define the

following sets, obtained by subsequent applications of clϕ,F to Va,b
ϕ,F :

cl0ϕ,F

(
Va,b
ϕ,F

)
df
= Va,b

ϕ,F ;

clα+1
ϕ,F

(
Va,b
ϕ,F

)
df
= clϕ,F

(
clαϕ,F

(
Va,b
ϕ,F

))
, for α+ 1 a successor ordinal;

clβϕ,F

(
Va,b
ϕ,F

)
df
=
⋃
γ<β

clγϕ,F

(
Va,b
ϕ,F

)
, for γ an ordinal, and β a limit ordinal;

cl∗ϕ,F

(
Va,b
ϕ,F

)
df
=

⋃
γ an ordinal

clγϕ,F

(
Va,b
ϕ,F

)
.
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Then, the canonical model Ka,bϕ,F
df
= (F , V ) is such that for any p ∈ PROP(ϕ) we

have:

V (p)
df
=
{
〈x, y〉 | (p, x, y) ∈ cl∗ϕ,F

(
Va,b
ϕ,F

)}
.

As proved in [3], the canonical model enjoys the following property.

Lemma 20 ([3]). Let F = (D, I(D),R) be an HS-frame, 〈a, b〉 an interval in495

I(D), ϕ an HS2
horn-formula, andM an HS-model based on F . IfM, 〈a, b〉 |= ϕ,

then the following conditions hold:

1. Ka,bϕ,F , 〈a, b〉 |= ϕ;

2. For all 〈x, y〉 ∈ I(D) and for all p ∈ PROP, if Ka,bϕ,F , 〈x, y〉 |= p, then

M, 〈x, y〉 |= p.500

We use this lemma to show that D is not HS2
horn-expressible.

Theorem 21. The difference operator is not HS2
horn-expressible in any class of

frames.

Proof. Suppose that the difference operator is HS2
horn-expressible. Then, there is

an HS2
horn-formula ϕ expressing Dp for some p ∈ PROP. Let F = (D, I(D),R) be

an HS-frame and 〈x, y〉, 〈x′, y′〉 distinct intervals in I(D) (by unboundedness of

D there are always two distinct intervals in I(D)). We define modelsM = (F , V )

andM′ = (F , V ′) as follows:

V (p) = {〈x, y〉}; V ′(p) = {〈x′, y′〉}.

Let 〈a, b〉 ∈ I(D) be an interval distinct from 〈x, y〉 and 〈x′, y′〉 (such 〈a, b〉 exists

by unboundedness of D). Hence,M, 〈a, b〉 |= ϕ andM′, 〈a, b〉 |= ϕ.505

Since M, 〈a, b〉 |= ϕ, by Lemma 20 we obtain Ka,bϕ,F , 〈a, b〉 |= ϕ. Since ϕ

simulates Dp and Ka,bϕ,F , 〈a, b〉 |= ϕ, there exists an interval 〈u,w〉 such that

Ka,bϕ,F , 〈u,w〉 |= p. Then, by Lemma 20M, 〈u,w〉 |= p andM′, 〈u,w〉 |= p. Since

〈x, y〉 6= 〈x′, y′〉, we have either 〈u,w〉 6= 〈x, y〉 or 〈u,w〉 6= 〈x′, y′〉.

(Case 1): 〈u,w〉 6= 〈x, y〉. We have V (p) = {〈x, y〉} and 〈u,w〉 6= 〈x, y〉, there-510

foreM, 〈u,w〉 6|= p. Then, byM, 〈u,w〉 |= p we obtain a contradiction.
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(Case 2): 〈u,w〉 6= 〈x′, y′〉. By V ′(p) = {〈x′, y′〉} and 〈u,w〉 6= 〈x′, y′〉 we have

M′, 〈u,w〉 6|= p. Then,M′, 〈u,w〉 |= p raises a contradiction.

It follows that the difference operator is not HS2
horn-expressible in any class of

HS-frames.515

6. Nominals

It was proved in [23] that nominals can be expressed in any modal language in

which the difference operator is expressible and the use of propositional con-

nectives is not restricted. Since in full HS-language there is no restriction on

the use of propositional connectives, the possibility to express the difference op-520

erator implies expressibility of nominals. Therefore, Theorem 17, stating that

the difference operator is HS-expressible in (≤,S)-frames, implies that nominals

are HS-expressible in (≤,S)-frames. As we have stated in Section 5 the differ-

ence operator is HS-expressible in irreflexive frames, so we obtain the following

corollary:525

Corollary 22. Nominals are HS-expressible in <-frames and (≤,S)-frames.

Next, we will show that even in the full HS-language nominals are not expressible

in (≤,Non-S,Dis)-frames and (≤,Non-S,Den)-frames. We will construct a bisimu-

lation between HS-models which is defined analogously as in the standard modal

logic [25], namely:530

Definition 23 (Bisimulation in HS). A bisimulation between HS-modelsM =

(D, I(D),R, V ) and M′ = (D′, I ′(D′),R, V ′) is a relation Z ⊆ I(D) × I ′(D′)

which is nonempty and satisfies the below conditions for all R ∈ R, 〈x, y〉 ∈ I(D),

〈u,w〉 ∈ I(D), and 〈u′, w′〉 ∈ I ′(D′):

(atom) If 〈x, y〉Z〈x′, y′〉, then the same propositional variables are satisfied535

in 〈x, y〉 and 〈x′, y′〉;

(zig) If 〈x, y〉Z〈x′, y′〉 and 〈x, y〉R〈u,w〉, then there exists 〈u′, w′〉 ∈ I ′(D′)

such that 〈u,w〉Z〈u′, w′〉 and 〈x′, y′〉R〈u′, w′〉;
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(zag) If 〈x, y〉Z〈x′, y′〉 and 〈x′, y′〉R〈u′, w′〉, then there exists 〈u,w〉 ∈ I(D)

such that 〈u,w〉Z〈u′, w′〉 and 〈x, y〉R〈u,w〉.540

Similarly as in the case of standard modal logic, bisimilation preserves satisfac-

tion of formulas.

Lemma 24 (Bisimulation Invariance Lemma in HS). LetM = (D, I(D),R, V )

and M′ = (D′, I ′(D′),R, V ′) be HS models and let Z be a bisimulation between

them. Then, for all 〈x, y〉 ∈ I(D) and 〈x′, y′〉 ∈ I ′(D′) such that 〈x, y〉Z〈x′, y′〉,545

and for every HS-formula ϕ:

M, 〈x, y〉 |= ϕ if and only ifM′, 〈x′, y′〉 |= ϕ.

Proof of this lemma is analogous to the proof for standard modal logic [25]. We

will use this result to show that in some frames even the full language of HS

does not allow to express nominals.

Theorem 25. Nominals are neither HS-expressible in (≤,Non-S,Dis)-frames550

nor in (≤,Non-S,Den)-frames.

Proof. LetM = (D, I+(D),R≤, V ) be a reflexive non-strict HS-model. To show

that the result holds for discrete frames assume that D is (Z,≤) (that is the

standard ordering of integers), whereas to show that it holds for dense frames

assume that D is (Q,≤) (that is the standard ordering of rational numbers).555

Suppose that there is an HS-formula ϕ which simulates a nominal. Hence, ϕ is

satisfied in exactly one interval inM, say 〈a, b〉.

In what follows, we will construct an HS-model M′ = (D, I+(D),R≤, V ′)

which is bisimilar to M and such that 〈a, b〉 is bisimilar to more than one

interval. Then, by Bisimulation Invariance Lemma 24, the formula ϕ will be560

satisfied in more than one interval inM′. Hence, we will obtain a contradiction

which implies that nominals are not HS-expressible in (D, I+(D),R≤).
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We start by dividing I+(D) into areas A1–A6 as follows:

〈x, y〉 ∈ A1 iff (x < a and y < a); 〈x, y〉 ∈ A4 iff (x = a and y = a);

〈x, y〉 ∈ A2 iff (x < a and y = a); 〈x, y〉 ∈ A5 iff (x = a and y > a);

〈x, y〉 ∈ A3 iff (x < a and y > a); 〈x, y〉 ∈ A6 iff (x > a and y > a).

We exploit areas A1–A6 to define the intended bisimulation Z ⊆ I+(D)×I+(D)

between intervals in M and M′ (for a pictorial representation of this bisimu-

lation see Figure 6) as follows (we use the standard functional notation for Z,

that is we identify Z(〈x, y〉) with the set {〈x′, y′〉 | 〈x, y〉Z〈x′, y′〉}):

∀〈x, y〉 ∈ A1 Z(〈x, y〉) df
= {〈x− 1, y − 1〉};

∀〈x, y〉 ∈ A2 Z(〈x, y〉) df
= {〈x− 1, y′〉 | a− 1 ≤ y′ ≤ a};

∀〈x, y〉 ∈ A3 Z(〈x, y〉) df
= {〈x− 1, y〉};

∀〈x, y〉 ∈ A4 Z(〈x, y〉) df
= {〈x′, y′〉 | a− 1 ≤ x′ ≤ a, and a− 1 ≤ y′ ≤ a};

∀〈x, y〉 ∈ A5 Z(〈x, y〉) df
= {〈x′, y〉 | a− 1 ≤ x′ ≤ a};

∀〈x, y〉 ∈ A6 Z(〈x, y〉) df
= {〈x, y〉}.

D

D

A1

A2

A3

A4

A5

A6

ϕ

b

a

a-1

a-1 1a

(M)

D

D

ϕ

b

a

a-1

a-1 1a

(M′)

Figure 6: Bisimulation Z between modelsM andM′.

We define V ′ such that for each 〈x, y〉 ∈ I+(D) and each p ∈ PROP:

〈x, y〉 ∈ V ′(p) if and only if Z−1〈x, y〉 ∈ V (p),

32



where Z−1 is the converse of Z, that is we have 〈x′, y′〉Z−1〈x, y〉 if and only if

〈x, y〉Z〈x′, y′〉.

The condition (atom) follows directly from the definition of V ′. To show that565

(zig) and (zag) hold a routine inspection of all R ∈ R≤ needs to be performed.

In what follows, we will consider only A≤ as the other cases are similar.

To show (zig) for A≤ assume that 〈x, y〉Z〈x′, y′〉 and 〈x, y〉A≤〈u,w〉. We

need to show that there exists 〈u′, w′〉 ∈ I+(D) such that 〈u,w〉Z〈u′, w′〉 and

〈x′, y′〉A≤〈u′, w′〉. Since A1–A6 divide I+(D), clearly 〈x, y〉 belongs to one of the570

areas A1–A6.

Assume that 〈x, y〉 ∈ A1, then x < a and y < a. Since 〈x, y〉Z〈x′, y′〉, we

have x′ = x− 1 and y′ = y − 1. By 〈x, y〉A≤〈u,w〉 we obtain y = u and u ≤ w.

We have either w < a, w = a, or a < w.

(Case 1): w < a. Let u′ = u − 1 and w′ = w − 1. Since u ≤ w, by u′ = u − 1575

and w′ = w− 1 we obtain u′ ≤ w′, so 〈u′, w′〉 ∈ I+(D). We will show that

〈u,w〉Z〈u′, w′〉 and 〈x′, y′〉A≤〈u′, w′〉.

Since u = y and y < a, we have u < a. Moreover, w < a, so 〈u,w〉 ∈

A1. By the definition of Z we obtain 〈u,w〉Z〈u− 1, w − 1〉, so we have

〈u,w〉Z〈u′, w′〉.580

To show that 〈x′, y′〉A≤〈u′, w′〉 observe that y′ = y − 1 and u′ = u − 1.

Then, by y = u we have y′ = u′, hence 〈x′, y′〉A≤〈u′, w′〉.

(Case 2): w = a. Let u′ = u− 1 and w′ = w. Since u ≤ w, by u′ = u− 1 and

w′ = w we obtain u′ < w′, so 〈u′, w′〉 ∈ I+(D).

Since w = a, we obtain that 〈u,w〉 ∈ A2. By the definition of Z we have585

〈u,w〉Z〈u− 1, w〉, so 〈u,w〉Z〈u′, w′〉.

We have y′ = y − 1, u′ = u − 1, and y = u, so y′ = u′. It follows that

〈x′, y′〉A≤〈u′, w′〉.

(Case 3): a < w. Let u′ = u− 1 and w′ = w. By the same argument as in the

Case 2 we have u′ < w′, so 〈u′, w′〉 ∈ I+(D).590
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By a < w we have 〈u,w〉 ∈ A3. Hence, by the definition of Z we have

〈u,w〉Z〈u− 1, w〉, so 〈u,w〉Z〈u′, w′〉.

We have y′ = y − 1, u′ = u − 1, and y = u, so y′ = u′. As a result,

〈x′, y′〉A≤〈u′, w′〉.

The cases when 〈x, y〉 belongs to areas A2–A6 are similar.595

Next, we will consider (zag) condition for A≤. Assume that 〈x, y〉Z〈x′, y′〉 and

〈x′, y′〉A≤〈u′, w′〉. We need to show that there exists 〈u,w〉 ∈ I+(D) such that

〈u,w〉Z〈u′, w′〉 and 〈x, y〉A≤〈u,w〉. Clearly, 〈x, y〉 belongs to one of the areas

A1–A6. Assume that 〈x, y〉 ∈ A1, that is x < a and y < a. Since 〈x, y〉Z〈x′, y′〉,

we have x′ = x − 1 and y′ = y − 1. Hence, x′ < a − 1 and y′ < a − 1. By600

〈x′, y′〉A≤〈u′, w′〉 we obtain y′ = u′ and u′ ≤ w′. We have either w′ < a − 1,

a− 1 ≤ w′ ≤ a, or a < w′.

(Case 1): w′ < a − 1. Let u = u′ + 1 and w = w′ + 1. Since u′ ≤ w′, we

have u ≤ w, so 〈u,w〉 ∈ I+(D). We need to show that 〈u,w〉Z〈u′, w′〉 and

〈x, y〉A≤〈u,w〉.605

Since w′ < a − 1 and w = w′ + 1, we obtain w < a. Then, by u ≤

w and w < a we obtain u < a and consequently 〈u,w〉 ∈ A1. Hence,

〈u,w〉Z〈u− 1, w − 1〉, so 〈u,w〉Z〈u′, w′〉.

Next, we will show 〈x, y〉A≤〈u,w〉. We have y′ = y − 1, u = u′ + 1, and

y′ = u′, so y = u. It follows that 〈x, y〉A≤〈u,w〉.610

(Case 2): a− 1 ≤ w′ ≤ a. Let u = u′ + 1 and w = a. We have u = u′ + 1 and

u′ = y′, so u = y′ + 1. Moreover, y′ < a− 1, therefore u < a. Since u < a

and w = a, we obtain u < w, so 〈u,w〉 ∈ I+(D).

By w = a we have 〈u,w〉 ∈ A2. Then, by a − 1 ≤ w′ ≤ a we obtain

〈u,w〉Z〈u− 1, w′〉, that is 〈u,w〉Z〈u′, w′〉.615

Moreover, y′ = y − 1, u = u′ + 1, and y′ = u′, so y = u. It follows that

〈x, y〉A≤〈u,w〉.

(Case 3): a < w′. Let u = u′+1 and w = w′. We have y′ < a−1 and y′ = u′, so

u′ < a−1. Then, by u = u′+1 we obtain u < a. On the other hand, a < w′
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and w = w′, so a < w. Then, by u < a and a < w we have 〈u,w〉 ∈ I+(D)620

and 〈u,w〉 ∈ A3. Hence, 〈u,w〉Z〈u− 1, w〉, that is 〈u,w〉Z〈u′, w′〉.

It remains to show 〈x, y〉A≤〈u,w〉. We have y′ = y − 1, u = u′ + 1, and

y′ = u′, so y = u. Hence, 〈x, y〉A≤〈u,w〉.

The cases when 〈x, y〉 belongs to areas A2–A6 are similar.

It follows that Z is a bisimulation betweenM andM′. By the definition of Z,625

for each x such that a−1 ≤ x ≤ a we have 〈a, b〉Z〈x, b〉. Hence, there are at least

two intervals bisimilar to 〈a, b〉, namely 〈a− 1, b〉 and 〈a, b〉. ByM′, 〈a, b〉 |= ϕ

and the Bisimulation Invariance Lemma in HS we obtain M′, 〈a− 1, b〉 |= ϕ

and M′, 〈a, b〉 |= ϕ. Since ϕ is satisfied in more than one interval in M′, it

follows that ϕ does not simulate a nominal, contradiction. Thus, nominals are630

not HS-expressible in (≤,Non-S,Dis)-frames and (≤,Non-S,Den)-frames.

As a consequence of the above theorem we obtain that the difference operator is

not HS-expressible in (≤,Non-S,Dis)-frames and (≤,Non-S,Den)-frames. Indeed,

suppose that D is HS-expressible in the mentioned classes of HS-frames. Then,

by the discussed result from [23] we obtain that nominals are HS-expressible in635

these frames. However, by Theorem 25 we know that this is not the case, so we

obtain a contradiction.

Corollary 26. The difference operator is not HS-expressible in (≤,Non-S,Dis)-

frames and (≤,Non-S,Den)-frames.

By Theorem 19 the difference operator is not HS3
horn-expressible in Dis-frames640

and in Den-frames. Interestingly, we will show that nominals are expressible in

an even more restricted fragment, namely in HS3
core.

Theorem 27. Nominals are HS3
core-expressible in <-frames and (≤,S)-frames.

Proof. Let ϕ be an HS3,i
core-formula. We will show how to construct an equisatis-

fiable HS3
core-formula ϕ′. We will show separate (but similar) constructions for645

<-frames and (≤,S)-frames. In both cases we simulate each nominal i occurring

in ϕ with a fresh propositional variable pi.
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First, we introduce an HS3
core-formula ψi(<) expressing in <-frames that pi

simulates a nominal, that is ψi(<) states that pi is satisfied in exactly one interval.

Define:

ψi(<)
df
=〈L〉〈L〉pi ∧ (1)

[U](pi ∧ 〈B〉〈E〉〈E〉pi → ⊥) ∧ (2)

[U](pi ∧ 〈E〉〈B〉〈B〉pi → ⊥). (3)

Let M = (D, I(D),R<, V ) be an HS-model based on an irreflexive frame. We

need to show thatM |= ψi(<) if and only if pi is satisfied in exactly one interval

in I(D). By (1) we haveM |= 〈L〉〈L〉pi, so there exists 〈x′, y′〉 ∈ I(D) such that650

M, 〈x′, y′〉 |= pi. Next, we need to show that there is no 〈x′′, y′′〉 6= 〈x′, y′〉 such

thatM, 〈x′′, y′′〉 |= pi. Suppose that there is such 〈x′′, y′′〉, then we have y′ 6= y′′

or x′ 6= x′′.

(Case 1): y′ 6= y′′. Hence, either y′ < y′′ or y′′ < y′. If y′ < y′′, then it is easy to

show that 〈x′, y′〉B<◦E<◦E<〈x′′, y′′〉. Hence,M, 〈x′, y′〉 |= pi∧〈B〉〈E〉〈E〉pi,655

and so by (2) we obtain a contradiction.

On the other hand, if y′′ < y′, then 〈x′′, y′′〉B<◦E<◦E<〈x′, y′〉. As a result,

M, 〈x′′, y′′〉 |= pi ∧ 〈B〉〈E〉〈E〉pi, so by (2) we obtain a contradiction.

(Case 2): x′ 6= x′′. Then, x′ < x′′ or x′′ < x′. We will consider only the case

x′ < x′′ since the argument for x′′ < x′ is analogous (compare with Case660

1). If x′ < x′′, then 〈x′, y′〉E< ◦ B< ◦ B<〈x′′, y′′〉. Hence, M, 〈x′, y′〉 |=

pi ∧ 〈E〉〈B〉〈B〉pi, so by (3) we obtain a contradiction.

It follows that M |= ψi(<) if and only if pi is satisfied in exactly one interval

in I(D). In (≤,S)-frames a formula stating that pi is satisfied in exactly one

interval is as follows:

ψi(≤,S)
df
=〈L〉〈L〉pi ∧ (4)

[U](pi ∧ 〈A〉〈E〉〈E〉pi → ⊥) ∧ (5)

[U](pi ∧ 〈A〉〈B〉〈B〉pi → ⊥). (6)
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Clearly, (4) states that pi is satisfied in some interval. Then, by a similar argu-

ment as in the case of ψi(<), we can show that by (5) the propositional variable

pi cannot be satisfied in two intervals 〈x, y〉, 〈x′, y′〉 such that y < y′, whereas665

(6) disallows pi to be satisfied in two intervals 〈x, y〉, 〈x′, y′〉 such that x′ < x.

As a result, ψi(≤,S) forces pi to be satisfied in exactly one interval.

In the case of an irreflexive frame, ϕ′ is a conjunction of a formula obtained

by replacing each nominal i in ϕ with a fresh propositional variable pi and∧
i∈NOM(ϕ) ψ

i
(<), where NOM(ϕ) is the set of nominals occurring in ϕ. For a670

frame from the class (≤,S), the construction of ϕ′ is analogous but ψi(<) is

replaced with ψi(≤,S). It follows that ϕ′ is equisatisfiable with ϕ and since we

have eliminated all nominals from ϕ, the formula ϕ′ belongs to the HS3
core-

language.

Observe that by Theorem 25 nominals are not HS-expressible in (≤,Non-S,Dis)-675

frames and (≤,Non-S,Den)-frames. Hence, we cannot use the construction from

the proof of Theorem 27 to express nominals in (≤,Non-S,Dis)-frames and in

(≤,Non-S,Den)-frames. In particular, in such frames we cannot construct an

HS-formula stating that a propositional variable pi holds in exactly one interval.

In (≤,Non-S,Dis)-frames and (≤,Non-S,Den)-frames the formula ψi(<) from the680

above proof does not express that pi holds in exactly one interval because in

reflexive frames E≤, E≤, B≤, and B≤ are not irreflexive relations (they are

reflexive in such frames). On the other hand, also ψi(≤,S) cannot be used because

in (≤,Non-S,Dis) and (≤,Non-S,Den)-frames the relations A≤ and A≤ are not

irreflexive (they are reflexive in punctual-intervals).685

Furthermore, we have proved that nominals are not HS2
horn-expressible in

any class of frames.

Theorem 28. Nominals are not HS2
horn-expressible in any class of frames.

The proof is similar to the proof of Theorem 21, so we move it to the Appendix.
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7. Satisfaction Operators690

Satisfaction operators (similarly as nominals) can be expressed by means of the

difference operator whenever there is no restriction on the use of propositional

connectives in a language (see [23]). Hence, by the fact that the difference opera-

tor is HS-expressible in <-frames and in (≤,S)-frames (see Section 5), we obtain

that satisfaction operators are also expressible in these classes of frames.695

Corollary 29. Satisfaction operators are HS-expressible in (≤,S)-frames and

<-frames.

Next, we will consider some modification of HS-language. First, we show that

satisfaction operators are HS3,i
horn-expressible in any class of frames.

Theorem 30. Satisfaction operators are HS3,i
horn-expressible in any class of700

frames.

Proof. Let ϕ be an HS3,i,@
horn -formula. We will construct an HS3,i

horn-formula ϕ′

which in any class of frames is equisatisfiable with ϕ.

We start the construction by taking ϕ and in each iteration we modify it.

In each iteration of the construction we choose the right-most occurrence of a705

satisfaction operator, say @i, in the so far constructed formula. Let @iη be the

literal containing this occurrence of @i. Since we have chosen the right-most

occurrence of a satisfaction operator, η does not contain satisfaction operators.

Then, we perform two steps:

Step 1: We replace @iη with:

〈L〉〈L〉p@iη, (7)

where p@iη is a fresh propositional variable which did not occur in the so710

far constructed formula.

Step 2: We concatenate the obtained formula with:

∧ [U](i ∧ η → p@iη) ∧ [U](p@iη → i) ∧ [U](p@iη → η). (8)
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Intuitively, we force p@iη to be satisfied in the single interval in which i ∧ η

holds. We continue construction with the obtained formula until all occurrences

of satisfaction operators are deleted. We denote the resulting formula by ϕ′.

We will prove by induction on the number of iterations of the construction715

that ϕ and ϕ′ are equisatisfiable. Assume that in the beginning of some iteration

of the construction we had a formula ϕn and in the end of this iteration we

have obtained a formula ϕn+1. We claim that in any class of frames ϕn is

equisatisfiable with ϕn+1. Formula ϕn+1 was obtained by replacing in ϕn a

subformula @iη with 〈L〉〈L〉p@iη and by concatenating the obtained formula720

with (8).

Assume that ϕn is satisfiable. Hence, there exists an HS-modelM = (F , V )

and an interval 〈x, y〉 such thatM, 〈x, y〉 |= ϕn. We will to show that ϕn+1 is also

satisfiable in F . Let 〈x′, y′〉 be such that V (i) = {〈x′, y′〉}. DefineM′ = (F , V ′)

such that V ′ extends V with:

V ′(p@iη)
df
=

{〈x
′, y′〉} ifM, 〈x′, y′〉 |= η;

∅ ifM, 〈x′, y′〉 6|= η.

It is easy to see that by the definition of V ′ we obtain that (8) is true in M′.

Moreover, by the definition of V ′, for each interval 〈u,w〉 we haveM′, 〈u,w〉 |=

p@iη if and only if M, 〈u,w〉 |= i ∧ η. Hence, M′ |= 〈L〉〈L〉p@iη if and only if

M |= @iη. It follows that replacing @iη with 〈L〉〈L〉p@iη in ϕn does not change725

the truth value of this formula, soM′, 〈x, y〉 |= ϕn+1.

On the other hand, assume that ϕn+1 is satisfiable, that isM, 〈x, y〉 |= ϕn+1

for some HS-modelM and interval 〈x, y〉. Then, (8) is satisfied inM in 〈x, y〉, so

for each interval 〈u,w〉 we haveM, 〈u,w〉 |= p@iη if and only ifM, 〈u,w〉 |= i∧η.

It follows thatM |= 〈L〉〈L〉p@iη if and only ifM |= @iη. Thus,M, 〈x, y〉 |= ϕn.730

In each iteration of the construction we delete one occurrence of a satisfac-

tion operator and add a formula of a constant length which does not contain

satisfaction operators. It follows that the construction terminates and number

of iterations is linear in the length of ϕ.

We can use a similar translation to express satisfaction operators in HS2,i
horn as735
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described in the proof of the following theorem.

Theorem 31. Satisfaction operators are HS2,i
horn-expressible in any class of

frames.

Proof Sketch. Let ϕ be an HS2,i,@
horn -formula. The construction of an HS2,i

horn-

formula ϕ′ which is equisatisfiable with ϕ is analogous to the construction pre-740

sented in the proof of Theorem 30, except that:

• (7) is replaced by [L][L]p@iη, and

• (8) is replaced by:

∧ [U](i ∧ η → [L][L]p@iη) ∧ [U]([L][L]p@iη ∧ i→ η). (9)

Intuitively, we force p@iη to be satisfied in all intervals if and only if η holds

in the interval in which i holds. The construction is clearly linear since it is

analogous to the one from the proof of Theorem 30 and it is relatively easy to745

show that in each HS-frame ϕ and ϕ′ are equisatisfiable.

Our last result on expressive power concerns HSicore-language which, as we will

show, enables to express satisfaction operators in (≤,S)-frames and <-frames.

Theorem 32. Satisfaction operators are HSicore-expressible in (≤,S)-frames and

<-frames.750

Proof. Let F = (D, I(D),R) be an HS-frame belonging to one of the classes

(≤,S) or <. Let ϕ be an HSicore-formula. The construction of an equisatisfiable

HSicore-formula ϕ′ is as follows. Initially take ϕ and in each iteration of the

construction modify the so far constructed formula. First, find the right-most

occurrence of a satisfaction operator, say @i, in the so far constructed formula.755

Let @iη be the literal containing this occurrence of @i, hence η does not con-

tain satisfaction operators. Then, depending on the location of @i we perform

different modification of the formula.

If the chosen occurrence of @i is in an antecedent of some clause, then

perform the following operations:760

40



Step 1a: Replace @iη with [L][L]p@iη, where p@iη is a fresh propositional vari-

able which did not occur in the so far constructed formula.

Step 2a: Concatenate the obtained formula with the following:

∧[U](i→ [B][B][A]p@iη) ∧ [U](i→ [A][B][B]p@iη)∧ (10)

[U](i→ [A][E][E]p@iη) ∧ [U](i→ [E][E][A]p@iη)∧ (11)

[U](η → p@iη). (12)

If the chosen occurrence of @i is in a consequent of some clause or is an initial

condition, then perform the following steps:

Step 1b: Replace @iη with 〈L〉〈L〉r@iη, where r@iη is a fresh propositional vari-765

able which did not occur in the so far constructed formula.

Step 2b: Concatenate the obtained formula with the following:

∧ [U](r@iη → i) ∧ [U](r@iη → η). (13)

The construction is linear since it is analogous to the constructions from the

proofs of Theorem 30 and Theorem 31. Hence, it remains to show that ϕ and

ϕ′ are equisatisfiable in F .

Assume that in the beginning of some iteration of the construction we had770

a formula ϕn and in the end of this iteration we have obtained a formula ϕn+1.

Let @i be the right-most occurrence of a satisfaction operator in ϕn and let @iη

be the literal containing @i.

(Case 1): @i is located in an antecedent of some clause. Then, ϕn+1 is obtained

by replacing in ϕn the subformula @iη with [L][L]p@iη and by concatenat-775

ing the obtained formula with (10)–(12).

Assume that ϕn is satisfiable, hence there exists an HS-modelM = (F , V )

and 〈x, y〉 ∈ I(D) such that M, 〈x, y〉 |= ϕn. We will show that ϕn+1 is

also satisfiable in F . Let F = (D, I(D),R) and let 〈x′, y′〉 ∈ I(D) be such
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that V (i) = {〈x′, y′〉}. DefineM′ = (D, I(D),R, V ′) such that V ′ extends

V with:

V ′(p@iη)
df
=

I(D) ifM, 〈x′, y′〉 |= η;

I(D) \ {〈x′, y′〉} ifM, 〈x′, y′〉 6|= η.

It is relatively easy to see that (10) and (11) are true in a model based

on any frame from the classes (≤,S) and < whenever p@iη is satisfied in

all intervals in which i does not hold. Hence, by the definition of V ′ we

obtain that (10) and (11) are true inM′. It is also easy to see that by the780

definition of V ′ we obtain that (12) is true inM′. Also by the definition

of V ′ we have M′ |= [L][L]p@iη if and only if M |= @iη. It follows that

replacing @iη with [L][L]p@iη in ϕn does not change the truth value of the

formula, so we haveM′, 〈x, y〉 |= ϕn+1.

On the other hand, assume thatM, 〈x, y〉 |= ϕn+1 for some HS-modelM785

which is based on a frame F and for some interval 〈x, y〉. Let 〈x′, y′〉 be such

thatM, 〈x′, y′〉 |= i. Hence, by (12) we have eitherM, 〈x′, y′〉 |= η ∧ p@iη,

M, 〈x′, y′〉 |= ¬η ∧ ¬p@iη, or M, 〈x′, y′〉 |= ¬η ∧ p@iη. If M, 〈x′, y′〉 |=

η ∧ p@iη or M, 〈x′, y′〉 |= ¬η ∧ ¬p@iη, then M |= [L][L]p@iη if and only if

M |= @iη. Hence, replacing [L][L]p@iη with @iη in ϕn+1 does not change790

truth value of the formula and consequentlyM, 〈x, y〉 |= ϕn.

IfM, 〈x′, y′〉 |= ¬η ∧ p@iη, thenM, |= [L][L]p@iη andM |= ¬@iη. Notice,

that replacing [L][L]p@iη with @iη (that is a true formula with a false

formula) in an antecedent of a clause in ϕn+1 which was true cannot make

this clause false. Thus,M, 〈x, y〉 |= ϕn.795

(Case 2): @i occurs as a consequent of some clause or as an initial condi-

tion. Then, ϕn+1 is obtained by replacing in ϕn the subformula @iη with

〈L〉〈L〉r@iη and by concatenating the obtained formula with (13).

Assume that ϕn is satisfiable, so there exist an HS-modelM = (F , V ) and

〈x, y〉 such thatM, 〈x, y〉 |= ϕn. Let F = (D, I(D),R) and 〈x′, y′〉 ∈ I(D)

be such that V (i) = {〈x′, y′〉}. DefineM′ = (D, I(D),R, V ′) such that V ′
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extends V with:

V ′(r@iη)
df
=

{〈x
′, y′〉} ifM, 〈x′, y′〉 |= η;

∅ ifM, 〈x′, y′〉 6|= η.

It is easy to see that by the definition of V ′ we have M′ |= 〈L〉〈L〉r@iη if

and only ifM |= @iη. Hence,M′, 〈x, y〉 |= ϕn+1.800

On the other hand, assume that M, 〈x, y〉 |= ϕn+1 for some HS-model

M and interval 〈x, y〉. Let 〈x′, y′〉 be such thatM, 〈x′, y′〉 |= i. Then, by

(13) we have either M, 〈x′, y′〉 |= η ∧ r@iη, M, 〈x′, y′〉 |= ¬η ∧ ¬r@iη, or

M, 〈x′, y′〉 |= η ∧ ¬r@iη. In the first two cases we haveM |= [L][L]p@iη if

and only ifM |= @iη. IfM, 〈x′, y′〉 |= η∧¬r@iη, then replacing 〈L〉〈L〉r@iη805

with @iη (that is a false formula with a true formula) in a consequent of

a clause in ϕn+1 which was true cannot make this clause false. It follows

thatM, 〈x, y〉 |= ϕn.

We have showed that ϕ and ϕ′ are equisatisfiable which completes the proof.

8. Conclusions810

In the paper we have characterized expressive power of HS and its modifications

in terms of possibility to:

• Define with respect to reflexive and irreflexive frames the classes of: non-

strict, strict, discrete, and dense frames;

• Express the difference operator, nominals, and satisfaction operators.815

Cumulative results on frames definability are presented in Table 2. We have

recalled the result from [1] that discrete frames are HS-expressible with respect

to irreflexive frames. Then, we have proved that non-strict (Theorem 7), strict

(Theorem 8), and dense (Theorem 9) frames are also HS-definable with respect

to irreflexive frames. Moreover, we have showed that non-strict frames are HS-820

definable with respect to reflexive frames (Theorem 10) and dense frames are
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Table 2: Frames definable in HS and HSi with respect to reflexive and irreflexive frames,

respectively, where 3 denotes that the given class of frames is definable, − that the class is

not definable, and ? an open problem.

Definable classes of frames:

with respect to: non-strict strict discrete dense

HS
reflexive frames 3 ? ? −

irreflexive frames 3 3 3 3

HSi
reflexive frames 3 3 ? 3

irreflexive frames 3 3 3 3

not (Theorem 13). The question of HS-definability of strict and discrete frames

with respect to reflexive frames remains open.

Furthermore, we have showed that adding nominals to HS-language allows

to define strictly more classes of frames. In particular, dense frames are HSi-825

definable with respect to reflexive frames (Theorem 15) but they are not HS-

definable with respect to reflexive frames (Theorem 13). We have also showed

that strict frames are HSi-definable with respect to reflexive frames (Theo-

rem 16) which in HS remains an open problem. Let us emphasize two corollaries

of our analysis:830

• Some classes of HS-frames are HS-definable with respect to irreflexive but

not with respect to reflexive frames;

• Adding nominals to HS enables us to define strictly more classes of HS-

frames.

In Section 5, Section 6, and Section 7 we have showed that the possibility to835

express the difference operator, nominals, and satisfaction operators in HS de-

pends on the form of a frame. Let us distinguish two disjoint sets of HS-frames:

S: (≤,S,Dis), (≤,S,Den), (<,Non-S,Dis), (<,Non-S,Den), (<,S,Dis), (<,S,Den);
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W: (≤,Non-S,Dis) and (≤,Non-S,Den).

In the frames from the first class we can express in the HS-language the differ-840

ence operator (follows from Theorem 17 and [23]), nominals (Corollary 22), and

satisfaction operators (Corollary 29). Surprisingly, in the frames from the second

class even the full language of HS is unable to express any of these operators

(Corollary 26 and Theorem 25) – we assume that if nominals are not expressible,

then satisfaction operators (indexed by nominals) are neither. Hence, we will845

call the first class of frames strong (S) and the second weak (W). The cumu-

lative results on operators expressible in strong and weak frames, respectively,

are presented in Table 3.

Table 3: Operators expressible in HS-fragments (a) in S-frames and (b) in W-frames, where

3 denotes that the given operator is expressible, − that the operator is no expressible, and ?

an open problem.

D i @

HS 3 3 3

HShorn ? 3 3

HS3
horn − 3 3

HS2
horn − − −

HScore ? 3 3

HS3
core − 3 ?

HS2
core − − −

(a)

D i @

HS − − −

HShorn − − −

HS3
horn − − −

HS2
horn − − −

HScore − − −

HS3
core − − −

HS2
core − − −

(b)

Furthermore, we have showed that in no class of frames the difference operator

is HS2
horn-expressible (Theorem 21) nor the nominals are (Theorem 28), hence850

the same hold for HS2
core. Neither in discrete nor in dense frames the difference

operator is HS3
horn-expressible (Theorem 19). Nevertheless, in S-frames HS3

horn-

expressible are nominals (Theorem 27) and satisfaction operators (Theorem 30).

We have showed that nominals are HS3
core-expressible in S-frames (Theorem 27)
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but we do not know whether the satisfaction operators are. Moreover, satisfac-855

tion operators are HS2,i
horn-expressible in any class of frames (Theorem 31) and

HSicore-expressible in S-frames (Theorem 32).

Our results shed more light on the interplay between expressibility of the dif-

ference operator and hybrid machinery (that is nominals and satisfaction oper-

ators) in HS. Let us recall that whenever the use of Boolean connectives in a860

modal language is unrestricted, then expressibility of the difference operator im-

plies expressibility of hybrid machinery [23]. Interestingly, we have showed that

in some HS-fragments we can express hybrid machinery without using the dif-

ference operator. In particular, we proved that although the difference operator

is not HS3
horn-expressible in S-frames, the hybrid machinery is.865

HSi,@

HSi

HS

HSi,@horn

HSihorn

HShornHS3,i,@
horn

HS3,i
horn

HS3
horn

HS2,i,@
horn

HS2,i
horn

HS2
hornHSi,@core

HSicore

HScoreHS3,i,@
core

HS3,i
core

HS3
core

HS2,i,@
core

HS2,i
core

HS2
core

≈
≈

4
≈

≈

4 <

4

≈
≈

4

≈
≺

4

≈
≈

4 <

4
≈

4
≺

(a)

HSi,@

HSi

HS

HSi,@horn

HSihorn

HShornHS3,i,@
horn

HS3,i
horn

HS3
horn

HS2,i,@
horn

HS2,i
horn

HS2
hornHSi,@core

HSicore

HScoreHS3,i,@
core

HS3,i
core

HS3
core

HS2,i,@
core

HS2,i
core

HS2
core

≈
≺

≈
≺

≈
≺

≈
≺

4
≺

4
≺

4
≺

(b)

Figure 7: Relative expressive power (a) in S-frames and (b) in W-frames, where ≈ denotes the

relation of the same expressive power, 4 smaller-or-equal, and ≺ strictly smaller expressive

power.
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We summarize obtained results by constructing diagrams showing relative ex-

pressive power of HS and its modifications. The diagrams for strong and weak

frames are depicted in Figure 7, where a language L is said to have a smaller-

or-equal expressive power than a language L′, if for each formula from L we can

construct an equisatisfiable formula from L′ (possibly using additional propo-870

sitional variables). Note that in weak frames the difference operator, nominals,

and satisfaction operators are not expressible (see Table 3 (b)). Hence, our un-

derstanding of the relative expressiveness of HS-fragments in weak frames is

much lower than in the case of strong frames.
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APPENDIX (PROOFS)

Proofs for Section 4: Frames Definability

Theorem 8. The class of strict frames is HS-definable with respect to irreflexive

frames.955

Proof. We will prove that the negation of the following formula:

non-strict(<)
df
= [A]¬[B]⊥ ∧ 〈A〉〈B〉[B]⊥

defines the class of strict frames with respect to the class of irreflexive frames.

Thus, we will show that the following statements are equivalent for each irreflex-

ive HS-frame F :

1. F |= ¬non-strict(<).

2. F is a strict frame.960

(1⇒ 2) Let F = (D, I(D),R<) be an irreflexive frame with F |= ¬non-strict(<).

If F were a non-strict frame, then by Theorem 7 we would have F |= non-strict(<)

which contradicts the assumption that F |= ¬non-strict(<). Hence, F is not non-

strict. Each frame is either strict or non-strict, so F is strict.

(2 ⇒ 1) Fix an irreflexive strict HS-frame F = (D, I−(D),R<), an HS-965

model M based on F , and 〈x, y〉 ∈ I−(D). We will show that M, 〈x, y〉 |=

¬non-strict(<), that is M, 〈x, y〉 |= 〈A〉[B]⊥ ∨ [A]¬〈B〉[B]⊥. We will consider a

case in which there exists an immediate <-successor of y in D and a case in

which there is no such a time point.

(Case 1): There exists an immediate <-successor of y, say z, in D. We will970

show thatM, 〈x, y〉 |= 〈A〉[B]⊥. Since y < z we obtain that 〈y, z〉 ∈ I−(D)

and 〈x, y〉A<〈y, z〉. It remains to show thatM, 〈y, z〉 |= [B]⊥.

Since z is the immediate <-successor of y and 〈y, y〉 /∈ I−(D), there is

no w < z such that 〈y, w〉 ∈ I−(D). Hence, that is there is no 〈y, w〉 ∈

I−(D) such that 〈y, z〉B<〈y, w〉. Thus,M, 〈y, z〉 |= [B]⊥. We have showed975

51



that M, 〈x, y〉 |= 〈A〉[B]⊥, therefore M, 〈x, y〉 |= 〈A〉[B]⊥. It follows that

M, 〈x, y〉 |= ¬non-strict(<).

(Case 2): There is no immediate <-successor of y in D. In what follows, we will

show thatM, 〈x, y〉 |= [A]¬〈B〉[B]⊥. Let z ∈ D be such that 〈x, y〉A<〈y, z〉.

Then, y < z. We will show M, 〈y, z〉 |= ¬〈B〉[B]⊥, that is M, 〈y, z〉 |=980

[B]〈B〉>. Let 〈y, w〉 ∈ I−(D) be such that 〈y, z〉B<〈y, w〉. Therefore, w < z.

Since 〈y, w〉 ∈ I−(D), we have y < w. It remains to show M, 〈y, w〉 |=

〈B〉>.

By the assumption that y has no immediate <-successors there exists

u ∈ D such that y < u < w. Then, 〈y, w〉B<〈y, u〉, so we haveM, 〈y, w〉 |=985

〈B〉>. Thus,M, 〈x, y〉 |= [A]¬〈B〉[B]⊥, that isM, 〈x, y〉 |= ¬non-strict(<).

We have shown that in both cases M, 〈x, y〉 |= ¬non-strict(<). This completes

the proof.

Theorem 9. The class of dense frames is HS-definable with respect to irreflexive

frames.990

Proof. Let:

length1
df
=〈B〉> ∧ [B][B]⊥;

den(<)
df
=(¬non-strict(<) ∧ 〈B〉>) ∨ (non-strict(<) ∧ ¬length1).

We claim that den(<) defines the class of dense frames with respect to irreflexive

frames. We will show that for every irreflexive HS-frame F = (D, I(D),R<) the

following statements are equivalent:

1. F |= den(<).

2. F is a dense frame.995

(1 ⇒ 2) Let F be an irreflexive HS-frame such that F |= den(<). Fix arbitrary

time points x, y ∈ D such that x < y. We need to show that F is dense, that

is there is z ∈ D such that x < z < y. LetM be a model based on F . We will

consider the cases in which F is non-strict and strict, separately.
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(Case 1): F is a non-strict frame. By Theorem 7 we have F |= non-strict(<),1000

thereforeM, 〈x, y〉 6|= ¬non-strict(<) ∧ 〈B〉>. We haveM, 〈x, y〉 |= den(<),

that is M, 〈x, y〉 |= (¬non-strict(<) ∧ 〈B〉>) ∨ (non-strict(<) ∧ ¬length1).

As a result, we haveM, 〈x, y〉 |= non-strict(<) ∧¬length1, so in particular,

M, 〈x, y〉 |= ¬length1, that isM, 〈x, y〉 |= ¬〈B〉> ∨ ¬[B][B]⊥.

By non-strictness of F we have 〈x, x〉 ∈ I(D). Then, by x < y, we ob-1005

tain 〈x, y〉B<〈x, x〉, so M, 〈x, y〉 |= 〈B〉>. As we have previously showed,

M, 〈x, y〉 |= ¬〈B〉> ∨ ¬[B][B]⊥, hence we obtain M, 〈x, y〉 |= ¬[B][B]⊥,

that isM, 〈x, y〉 |= 〈B〉〈B〉>.

Then, there are u,w ∈ D such that 〈x, y〉B<〈x,w〉 and 〈x,w〉B<〈x, u〉.

Hence, we have x ≤ u < w < y. It follows that w is such that x < w < y,1010

so F is dense.

(Case 2): F is a strict frame. Then, by Theorem 8, F |= ¬non-strict(<), hence

M, 〈x, y〉 6|= non-strict(<), soM, 〈x, y〉 6|= non-strict(<)∧¬length1. We have

F |= den(<), so M, 〈x, y〉 |= (¬non-strict(<) ∧ 〈B〉>) ∨ (non-strict(<) ∧

¬length1). Then, we have M, 〈x, y〉 |= ¬non-strict(<) ∧ 〈B〉>. In partic-1015

ular, it holds that M, 〈x, y〉 |= 〈B〉>, so there is 〈x,w〉 ∈ I(D) such

that 〈x, y〉B<〈x,w〉, that is w < y. By strictness of F and the fact that

〈x,w〉 ∈ I(D) we obtain x < w. Hence, x < w < y, so F is dense.

(2⇒ 1) Let F = (D, I(D),R<) be a dense irreflexive HS-frame,M an HS-model

based on F , and 〈x, y〉 ∈ I(D) an interval. We will show thatM, 〈x, y〉 |= den(<).1020

In what follows, we will consider the cases in which F is strict and non-strict,

separately:

(Case 1): F is strict. Then, by Theorem 8 we have F |= ¬non-strict(<). We

will show that F |= 〈B〉>, that is M, 〈x, y〉 |= 〈B〉> for an arbitrary

〈x, y〉 ∈ I(D).1025

Fix arbitrary 〈x, y〉 ∈ I(D). Since F is strict, 〈x, y〉 ∈ I(D) implies x < y.

By the assumption, F is dense, so there is z ∈ D such that x < z < y.
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Then, 〈x, y〉B<〈x, z〉, henceM, 〈x, y〉 |= 〈B〉>. As a result, we have showed

thatM, 〈x, y〉 |= strict(<) ∧ 〈B〉>, soM, 〈x, y〉 |= den(<).

(Case 2): F is non-strict, so by Theorem 7 we obtain that F |= non-strict(<).1030

Let 〈x, y〉 ∈ I(D). In what follows, we will show thatM, 〈x, y〉 |= ¬length1,

that isM, 〈x, y〉 |= ¬〈B〉> ∨ ¬[B][B]⊥. Clearly, either x = y or x < y.

(Case 2.1): x = y. Then, there is no z < y such that 〈x, z〉 ∈ I(D), so

there is no interval accessible with B< from 〈x, y〉. Hence,M, 〈x, y〉 |=

¬〈B〉> and consequentlyM, 〈x, y〉 |= ¬〈B〉> ∨ ¬[B][B]⊥.1035

(Case 2.2): x < y. By density of F , there is z such that x < z < y.

Then, 〈x, y〉B<〈x, z〉. Since F is non-strict, we have 〈x, x〉 ∈ I(D)

and consequently 〈x, z〉B<〈x, x〉. Therefore, M, 〈x, y〉 |= 〈B〉〈B〉>,

that isM, 〈x, y〉 |= ¬[B][B]⊥. Hence,M, 〈x, y〉 |= ¬〈B〉> ∨ ¬[B][B]⊥.

We have shown that in all cases F |= den(<), so the right-to-left implication1040

holds and the proof is done.

Theorem 10. The class of non-strict frames is HS-definable with respect to

reflexive frames.

Proof. We claim that the formula non-strict(≤) defines non-strict frames with

respect to reflexive frames. Thus, we will show that for every reflexive HS-frame1045

F the following conditions are equivalent:

1. F |= non-strict(≤).

2. F is a non-strict frame.

(1⇒ 2) We will prove the contrapositive of the left-to-right implication. Recall,

that if a frame is not non-strict, then it is strict. Let F = (D, I−(D),R≤) be a1050

reflexive strict HS-frame. We will show that there are an HS-modelM based on

F and 〈x, y〉 ∈ I−(D) such thatM, 〈x, y〉 6|= non-strict(≤).

Fix an arbitrary 〈x, y〉 ∈ I−(D) and let M = (F , V ) be an HS-model such

that V (p) = {〈z, y〉 ∈ I−(D) | x ≤ z}. Then, for any z such that x ≤ z and
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〈z, y〉 ∈ I−(D) we have M, 〈z, y〉 |= p, hence M, 〈x, y〉 |= [E]p. On the other1055

hand, by 〈x, y〉 ∈ I−(D) we have x 6= y, so by the definition of V there is no w

such that y < w and M, 〈y, w〉 |= p. It follows that there is no 〈y, w〉 ∈ I−(D)

such that 〈x, y〉A≤〈y, w〉 and M, 〈y, w〉 |= p. Hence, M, 〈x, y〉 |= ¬〈A〉p, so

M, 〈x, y〉 |= [E]p ∧ ¬〈A〉p. As a result, we obtainM, 〈x, y〉 6|= [E]p→ 〈A〉p, that

isM, 〈x, y〉 6|= non-strict(≤) and so F 6|= non-strict(≤) .1060

(2 ⇒ 1) Fix a non-strict reflexive HS-frame F = (D, I+(D),R≤). We show

that F |= non-strict(≤). Let M be an HS-model based on F and let 〈x, y〉 ∈

I+(D). We will show thatM, 〈x, y〉 |= non-strict(≤), that isM, 〈x, y〉 |= [E]p→

〈A〉p.

Assume that M, 〈x, y〉 |= [E]p. Since 〈x, y〉 ∈ I+(D), we have x ≤ y, so by1065

〈y, y〉 ∈ I+(D) we obtain 〈x, y〉E≤〈y, y〉. Then, by the assumption,M, 〈y, y〉 |= p.

Clearly, y ≤ y, so 〈x, y〉A≤〈y, y〉. By 〈x, y〉A≤〈y, y〉 andM, 〈y, y〉 |= p we obtain

M, 〈x, y〉 |= 〈A〉p, henceM, 〈x, y〉 |= [E]p→ 〈A〉p.

Theorem 15. The class of dense frames is HSi-definable with respect to reflex-

ive frames.1070

Proof. We claim that the following formula:

deni(≤)
df
=
(
i ∧ 〈B〉(j ∧ ¬i)

)
→ 〈B〉(¬i ∧ ¬j ∧ 〈B〉j),

for any distinct nominals i, j defines the class of dense frames with respect to

reflexive frames. We will show that for every reflexive frame F the following

statements are equivalent:

1. F |= deni(≤).

2. F is a dense frame.1075

(1 ⇒ 2) We will show that the contrapositive of the left-to-right implication

holds. Let F = (D, I(D),R≤) be a reflexive and non-dense HS-frame. Since D

is not dense, there are y, z ∈ D such that z is the immediate <-successor of y,

that is y < z. Let x ∈ D be a time point such that x < y and letM = (F , V )

be a model based on F such that V (i) = {〈x, y〉} and V (j) = {〈x, z〉}, for1080
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nominals i and j. In what follows, we will show that M, 〈x, y〉 6|= deni(≤), that

isM, 〈x, y〉 |= i ∧ 〈B〉(j ∧ ¬i) andM, 〈x, y〉 6|= 〈B〉(¬i ∧ ¬j ∧ 〈B〉j).

By the definition of V , we have M, 〈x, y〉 |= i. Since y < z, we have

〈x, y〉B≤〈x, z〉. By V (j) = {〈x, z〉} and V (i) = {〈x, y〉}, we have M, 〈x, z〉 |= j

andM, 〈x, z〉 |= ¬i, soM, 〈x, z〉 |= j∧¬i. Thus,M, 〈x, y〉 |= 〈B〉(j∧¬i). Hence,1085

M, 〈x, y〉 |= i ∧ 〈B〉(j ∧ ¬i).

Now, suppose thatM, 〈x, y〉 |= 〈B〉(¬i ∧ ¬j ∧ 〈B〉j). Then, there is 〈x,w〉 ∈

I(D) such that 〈x, y〉B≤〈x,w〉 andM, 〈x,w〉 |= ¬i∧¬j∧〈B〉j. By 〈x, y〉B≤〈x,w〉

we have w ≤ y. Since z is the immediate <-successor of y, we have w = y, or

w = z, or z < w. In the first case M, 〈x,w〉 |= i, so we obtain M, 〈x,w〉 6|=1090

¬i∧¬j∧〈B〉j, a contradiction. In the second caseM, 〈x,w〉 |= j, soM, 〈x,w〉 6|=

¬i ∧ ¬j ∧ 〈B〉j, which also leads to a contradiction. Finally, if z < w, then as z

is the immediate <-successor fo y, we get y < w. Since V (j) = {〈x, z〉}, there

is no u such that w ≤ u and M, 〈x, u〉 |= j, so M, 〈x,w〉 |= ¬〈B〉j. Hence,

M, 〈x,w〉 6|= ¬i ∧ ¬j ∧ 〈B〉j, a contradiction. Therefore, we have proved that1095

M, 〈x, y〉 6|= 〈B〉(¬i∧¬j ∧ 〈B〉j). Hence,M, 〈x, y〉 6|= deni(≤) and so F 6|= deni(≤).

(2 ⇒ 1) Assume that F = (D, I(D),R≤) is a dense reflexive HS-frame.

Let M be an HS-model based on F and 〈x, y〉 ∈ I(D). We will show that

M, 〈x, y〉 |= deni(≤), that isM, 〈x, y〉 |=
(
i ∧ 〈B〉(j ∧ ¬i)

)
→ 〈B〉(¬i∧¬j ∧〈B〉j).

Let us assume that M, 〈x, y〉 |= i ∧ 〈B〉(j ∧ ¬i). Then, M, 〈x, y〉 |= i and1100

there is z such that y ≤ z andM, 〈x, z〉 |= j ∧¬i. If z = y, thenM, 〈x, y〉 |= ¬i

which raises a contradiction. Hence, y < z. By y < z and density of F there

is w ∈ D such that y < w < z. Since y < w, we have 〈x, y〉B≤〈x,w〉. Thus, it

suffices to show that M, 〈x,w〉 |= ¬i ∧ ¬j ∧ 〈B〉j. Recall that each nominal is

satisfied in exactly one intervals. Thus, sinceM, 〈x, y〉 |= i and y 6= w we have1105

M, 〈x,w〉 |= ¬i. Similarly, M, 〈x, z〉 |= j and z 6= w imply M, 〈x,w〉 |= ¬j.

Thus,M, 〈x,w〉 |= ¬i ∧ ¬j. Moreover, w < z implies 〈x,w〉B≤〈x, z〉. Therefore,

by M, 〈x, z〉 |= j we obtain M, 〈x,w〉 |= 〈B〉j. Hence, we have proved that

M, 〈x,w〉 |= ¬i ∧ ¬j ∧ 〈B〉j. Then, M, 〈x, y〉 |= deni(≤) and consequently F |=

deni(≤).1110
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Theorem 16. The class of strict frames is HSi-definable with respect to reflexive

frames.

Proof. We claim that the formula:

stricti(≤)
df
= i→ ¬〈A〉i,

where i is a nominal, HSi-defines strict HS-frames with respect to reflexive

frames. Thus, we will show that for every reflexive HS-frame F the following

statements are equivalent:1115

1. F |= stricti(≤).

2. F is a strict frame.

(1 ⇒ 2) We will show that the contrapositive of the left-to-right implication

holds. Let F = (D, I+(D),R≤) be a reflexive and non-strict HS-frame and

〈x, x〉 ∈ I+(D) a punctual interval. We will show that F 6|= stricti(≤), that is1120

F 6|= i→ ¬〈A〉i.

Let us consider an HS-model M = (F , V ) based on F such that V (i) =

{〈x, x〉}. Clearly, M, 〈x, x〉 |= i. Moreover, since the relation A≤ is reflex-

ive for punctual intervals, 〈x, x〉A≤〈x, x〉. Therefore, M, 〈x, x〉 |= 〈A〉i and so

M, 〈x, x〉 6|= i→ ¬〈A〉i. Hence, F 6|= stricti(≤).1125

(2⇒ 1) Let F = (D, I−(D),R≤) be a strict reflexive HS-frame and letM be

an HS-model based on F . Take 〈x, y〉 ∈ I−(D). We will show thatM, 〈x, y〉 |=

stricti(≤), that isM, 〈x, y〉 |= i→ ¬〈A〉i.

Assume that M, 〈x, y〉 |= i. Since i is a nominal, it is satisfied in exactly

one interval, namely 〈x, y〉. By 〈x, y〉 ∈ I−(D), interval 〈x, y〉 is not punctual.1130

Since the relation A≤ is irreflexive for non-punctual intervals, we getM, 〈x, y〉 6|=

〈A〉i. Thus, M, 〈x, y〉 |= i → ¬〈A〉i. Hence, M, 〈x, y〉 |= stricti(≤) and so F |=

stricti(≤).

Proofs for Section 5: Difference Operator

Theorem 17. The difference operator is HS-expressible in (≤,S)-frames.1135
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Proof. For any HS formula ϕ define:

diff(≤,S)(ϕ)
df
= 〈B〉〈B〉〈A〉ϕ ∨ 〈A〉〈B〉〈B〉ϕ ∨ 〈A〉〈E〉〈E〉ϕ ∨ 〈E〉〈E〉〈A〉ϕ.

LetM = (D, I−(D),R≤) be an HS-model based on a reflexive strict frame. We

will show that in every 〈x, y〉 ∈ I−(D) the following conditions are equivalent

for any HS-formula ϕ:

1. M, 〈x, y〉 |= diff(≤,S)(ϕ).

2. M, 〈x, y〉 |= Dϕ.1140

(1 ⇒ 2) Assume that M, 〈x, y〉 |= diff(≤,S)(ϕ). We will show that M, 〈x, y〉 |=

Dϕ. We haveM, 〈x, y〉 |= 〈B〉〈B〉〈A〉ϕ∨ 〈A〉〈B〉〈B〉ϕ∨ 〈A〉〈E〉〈E〉ϕ∨ 〈E〉〈E〉〈A〉ϕ,

so one of the four disjuncts in diff(≤,S)(ϕ) is satisfied in 〈x, y〉.

(Case 1): M, 〈x, y〉 |= 〈B〉〈B〉〈A〉ϕ. Then, there exists 〈x, y′〉 ∈ I−(D) such

that 〈x, y〉B≤〈x, y′〉 and M, 〈x, y′〉 |= 〈B〉〈A〉ϕ. Hence, there is 〈x, y′′〉 ∈1145

I−(D) such that 〈x, y′〉B≤〈x, y′′〉 and M, 〈x, y′′〉 |= 〈A〉ϕ. Thus, there is

〈y′′, z〉 ∈ I−(D) such that 〈x, y′′〉B≤〈y′′, z〉 andM, 〈y′′, z〉 |= ϕ.

By 〈x, y〉B≤〈x, y′〉 we have y ≤ y′. Since 〈x, y′〉B≤〈x, y′′〉 and 〈x, y′′〉 ∈

I−(D), we get x < y′′ ≤ y′. Hence, x 6= y′′ and 〈x, y〉 6= 〈y′′, z〉. Then, by

〈x, y〉 6= 〈y′′, z〉 andM, 〈y′′, z〉 |= ϕ we obtainM, 〈x, y〉 |= Dϕ.1150

(Case 2): M, 〈x, y〉 |= 〈A〉〈B〉〈B〉ϕ. Then, similarly as in Case 1 there are inter-

vals 〈z, x〉, 〈z, x′〉, 〈z, x′′〉 ∈ I−(D) such that 〈x, y〉A≤〈z, x〉, 〈z, x〉B≤〈z, x′〉,

〈z, x′〉B≤〈z, x′′〉, andM, 〈z, x′′〉 |= ϕ.

By 〈z, x〉 ∈ I−(D) we have z < x. Hence, z 6= x and 〈x, y〉 6= 〈z, x′′〉. Then,

byM, 〈z, x′′〉 |= ϕ we obtainM, 〈x, y〉 |= Dϕ.1155

(Case 3): M, 〈x, y〉 |= 〈A〉〈E〉〈E〉ϕ. By a similar argument as in Case 2 we

obtain that there exists 〈x′, y′〉 ∈ I−(D) such that y′ < y andM, 〈x′, y′〉 |=

Dϕ. Hence, 〈x, y〉 6= 〈x′, y′〉. Thus, byM, 〈x′, y′〉 |= ϕ we getM, 〈x, y〉 |=

Dϕ.
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(Case 4): M, 〈x, y〉 |= 〈E〉〈E〉〈A〉ϕ. Similarly as in Case 1 we obtain that there1160

exists 〈x′, y′〉 ∈ I−(D) such that y < y′ andM, 〈x′, y′〉 |= Dϕ. Therefore,

〈x, y〉 6= 〈x′, y′〉. SinceM, 〈x′, y′〉 |= ϕ, we obtainM, 〈x, y〉 |= Dϕ.

It follows thatM, 〈x, y〉 |= Dϕ.

(2⇒ 1) Assume thatM, 〈x, y〉 |= Dϕ. Thus ϕ is satisfied in 〈x′, y′〉 ∈ I−(D)

distinct from 〈x, y〉. Clearly, x < x′ or x′ < x or y < y′, or y′ < y.1165

If x < x′, then it is easy to show that 〈x, y〉B≤ ◦ B≤ ◦ A≤〈x′, y′〉. It follows

thatM, 〈x, y〉 |= 〈B〉〈B〉〈A〉ϕ. If x′ < x, then we haveM, 〈x, y〉 |= 〈A〉〈B〉〈B〉ϕ.

Similarly, y < y′ impliesM, 〈x, y〉 |= 〈A〉〈E〉〈E〉ϕ and y′ < y impliesM, 〈x, y〉 |=

〈E〉〈E〉〈A〉ϕ.

Hence,M, 〈x, y〉 |= 〈B〉〈B〉〈A〉ϕ∨〈A〉〈B〉〈B〉ϕ∨〈A〉〈E〉〈E〉ϕ∨〈E〉〈E〉〈A〉ϕ and1170

soM, 〈x, y〉 |= diff(≤,S)(ϕ).

Lemma 18. Let F = (D, I(D),R) be an HS-frame. Let 〈x, y〉R1 ◦ . . .◦Rn〈x′, y′〉

and 〈x, y〉R1◦. . .◦Rn〈x′′, y′′〉 for arbitrary intervals 〈x, y〉, 〈x′, y′〉, 〈x′′, y′′〉 ∈ I(D)

and R1, . . . ,Rn ∈ R. Then, for each 〈s, t〉 ∈ I(D) which satisfies all of the

following conditions:1175

• min(x′, x′′) ≤ s ≤ max(x′, x′′);

• min(y′, y′′) ≤ t ≤ max(y′, y′′);

• min(y′ − x′, y′′ − x′′) ≤ t− s,

we have 〈x, y〉R1 ◦ . . . ◦ Rn〈s, t〉.

Proof. We will prove the statement under the assumption that F is an irreflexive1180

frame, that is F = (D, I(D),R<). The proof for reflexive frames in analogous.

First, we recall that in an each HS-frame the operators 〈D〉, 〈D〉, 〈O〉, 〈O〉,

〈L〉, and 〈L〉 are HS-expressible by means of 〈A〉, 〈A〉, 〈B〉, 〈B〉, 〈E〉, and 〈E〉 (see

Section 2). In particular, in irreflexive frames D<, D<, O<, O<, L<, and L<

can be defined as compositions of B<,B<,E<,E<,A<, and A<. Hence, we can1185

restrict attention to R1, . . . ,Rn ∈ {B<,B<,E<,E<,A<,A<}.
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Let 〈x, y〉 ∈ I(D). We will prove the lemma inductively on the length n of

the sequence R1, . . . ,Rn. Assume that the statement holds for all sequences of

length at most k for some k ∈ N. We will show that the statement holds for

each sequence of length k + 1.1190

We fix a sequence R1, . . . ,Rk,Rk+1 ∈ {B<,B<,E<,E<,A<,A<} and define:

X
df
={〈a, b〉 ∈ I(D) | 〈x, y〉R1 ◦ . . . ◦ Rk〈a, b〉};

X ′
df
={〈a, b〉 ∈ I(D) | 〈x, y〉R1 ◦ . . . ◦ Rk ◦ Rk+1〈a, b〉}.

Let 〈x′, y′〉 ∈ X ′, 〈x′′, y′′〉 ∈ X ′, and 〈s, t〉 ∈ I(D) be intervals which sat-

isfy conditions listed in the lemma, namely: min(x′, x′′) ≤ s ≤ max(x′, x′′),

min(y′, y′′) ≤ t ≤ max(y′, y′′), and min(y′ − x′, y′′ − x′′) ≤ t − s. We will show

that 〈s, t〉 ∈ X ′.

(Case 1): Rk+1 = B<. Then, there are intervals 〈x′, w′〉, 〈x′′, w′′〉 ∈ X such1195

that 〈x′, w′〉B<〈x′, y′〉 and 〈x′′, w′′〉B<〈x′′, y′′〉. Let z = max(w′, w′′). We

will show that 〈s, z〉 ∈ X and 〈s, z〉B<〈s, t〉 which implies that 〈s, t〉 ∈ X ′.

Directly by the assumption we have min(x′, x′′) ≤ s ≤ max(x′, x′′). Then,

by z = max(w′, w′′) it follows that min(w′, w′′) ≤ z ≤ max(w′, w′′). More-

over, by z = max(w′, w′′) and min(x′, x′′) ≤ s ≤ max(x′, x′′) we obtain1200

the following: z−s = max(w′, w′′)−s ≥ max(w′, w′′)−max(x′, x′′). From

the definitions of max and min we have max(w′, w′′) − max(x′, x′′) ≥

min(w′−x′, w′′−x′′), so z−s ≥ min(w′−x′, w′′−x′′). Since 〈x′, w′〉 ∈ I(D),

〈x′′, w′′〉 ∈ I(D) and z − s ≥ min(w′ − x′, w′′ − x′′), we get 〈s, z〉 ∈ I(D)

(no matter whether the the frame is non-strict or strict).1205

We have showed that 〈s, z〉 ∈ I(D), min(x′, x′′) ≤ s ≤ max(x′, x′′),

min(w′, w′′) ≤ z ≤ max(w′, w′′), and z−s ≥ min(w′−x′, w′′−x′′). Hence,

by the inductive hypothesis we obtain 〈s, z〉 ∈ X. By 〈x′, w′〉B<〈x′, y′〉 and

〈x′′, w′′〉B<〈x′′, y′′〉 we have y′ < w′ and y′′ < w′′, respectively. Hence,

max(y′, y′′) < max(w′, w′′). Then, by z = max(w′, w′′) and min(y′, y′′) ≤1210

t ≤ max(y′, y′′) we obtain t < z. Thus, 〈s, z〉B<〈s, t〉 and so 〈s, t〉 ∈ X ′.
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(Case 2): Rk+1 = B<. Then, there are intervals 〈u′, w′〉, 〈u′′, w′′〉 ∈ X such that

〈u′, w′〉B<〈x′, y′〉 and 〈u′′, w′′〉B<〈x′′, y′′〉. Let z = s+min(w′−u′, w′′−u′′).

Similarly as in Case 1 we can show that by inductive hypothesis 〈s, z〉 ∈ X.

Moreover, 〈s, z〉B<〈s, t〉, so 〈s, t〉 ∈ X ′.1215

(Case 3): Rk+1 = E<. Hence, there exist intervals 〈u′, w′〉, 〈u′′, w′′〉 ∈ X such

that 〈u′, w′〉E<〈x′, y′〉 and 〈u′′, w′′〉E<〈x′′, y′′〉. Let z = min(u′, u′′). Then,

by inductive hypothesis 〈z, t〉 ∈ X. Furthermore, 〈z, t〉E<〈s, t〉, so 〈s, t〉 ∈

X ′.

(Case 4): Rk+1 = E<. Then, there are intervals 〈u′, w′〉, 〈u′′, w′′〉 ∈ X such that1220

〈u′, w′〉E<〈x′, y′〉 and 〈u′′, w′′〉E<〈x′′, y′′〉. Let z = t−min(w′−u′, w′′−u′′).

Then, by the inductive hypothesis 〈z, t〉 ∈ X. Moreover, 〈z, t〉E<〈s, t〉, so

〈s, t〉 ∈ X ′.

(Case 5): Rk+1 = A<. Then, there are intervals 〈u′, w′〉, 〈u′′, w′′〉 ∈ X such

that 〈u′, w′〉A<〈x′, y′〉 and 〈u′′, w′′〉A<〈x′′, y′′〉. Let z = min(u′, u′′), by1225

the inductive hypothesis we have 〈z, s〉 ∈ X. Furthermore, 〈z, s〉A<〈s, t〉,

so 〈s, t〉 ∈ X ′.

(Case 6): Rk+1 = A<. It follows that there exist 〈u′, w′〉, 〈u′′, w′′〉 ∈ X such

that 〈u′, w′〉A<〈x′, y′〉 and 〈u′′, w′′〉A<〈x′′, y′′〉. Let z = max(w′, w′′). By

the inductive hypothesis 〈t, z〉 ∈ X. Moreover, 〈t, z〉A<〈s, t〉, so 〈s, t〉 ∈ X ′.1230

We have showed that 〈s, t〉 ∈ X ′ and so the proof completed.

Proofs for Section 6: Nominals

Theorem 28. Nominals are not HS2
horn-expressible in any class of frames.

Proof. Suppose that nominals are HS2
horn-expressible in some class of frames.

Let F = (D, I(D),R) be an HS-frame and let ϕ be an HS2
horn-formula expressing

that p ∈ PROP simulates a nominal i. Let M = (F , V ) and M′ = (F , V ′)

be HS-models such that for distinct intervals 〈x, y〉 and 〈x′, y′〉 in I(D) (by
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unboundedness of D there are always two distinct intervals in I(D)) we have:

V (p) = {〈x, y〉}; V ′(p) = {〈x′, y′〉}.

Then, M, 〈x, y〉 |= ϕ. Hence, by Lemma 20 we have Kx,yϕ,F , 〈x, y〉 |= ϕ. Since ϕ

expresses that p simulates a nominal, there exists 〈u,w〉 such that Kx,yϕ,F , 〈u,w〉 |=1235

p. Then, by Lemma 20 we haveM, 〈u,w〉 |= p andM′, 〈u,w〉 |= p. Since 〈x, y〉

is distinct from 〈x′, y′〉, we have either 〈u,w〉 6= 〈x, y〉 or 〈u,w〉 6= 〈x′, y′〉.

(Case 1): 〈u,w〉 6= 〈x, y〉. We have V (p) = {〈x, y〉} and 〈u,w〉 6= 〈x, y〉, there-

foreM, 〈u,w〉 6|= p. Then, byM, 〈u,w〉 |= p we obtain a contradiction.

(Case 2): 〈u,w〉 6= 〈x′, y′〉. By V ′(p) = {〈x′, y′〉} and 〈u,w〉 6= 〈x′, y′〉 we have1240

M′, 〈u,w〉 6|= p. Then,M′, 〈u,w〉 |= p raises a contradiction.

It follows that nominals are not HS2
horn-expressible in any class of frames.

Proofs for Section 7: Satisfaction Operators

Theorem 31. Satisfaction operators are HS2,i
horn-expressible in any class of

frames.1245

Proof Sketch. Let ϕ be an HS2,i,@
horn -formula. The construction of an HS2,i

horn-

formula ϕ′ which is equisatisfiable with ϕ is analogous to the construction pre-

sented in the proof of Theorem 30 except that:

• (7) is replaced by [L][L]p@iη, and

• (8) is replaced by:

∧[U](i ∧ η → [L][L]p@iη) ∧ [U]([L][L]p@iη ∧ i→ η).

The construction is linear since it is analogous to the one from the proof of The-1250

orem 30. It remains to show that in each HS-frame ϕ and ϕ′ are equisatisfiable.

Assume that in the beginning of some iteration of the construction we had

a formula ϕn and in the end of this iteration we have obtained ϕn+1. We claim
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that in any frame ϕn is equisatisfiable with ϕn+1. Clearly, ϕn+1 was obtained

by replacing in ϕn a subformula @iη with [L][L]p@iη and by concatenating the1255

obtained formula with (9).

Assume that ϕn is satisfiable, so there is an HS-modelM = (D, I(D),R, V )

and an interval 〈x, y〉 such thatM, 〈x, y〉 |= ϕn. We will show that ϕn+1 is also

satisfiable in (D, I(D),R). Let 〈x′, y′〉 be such that V (i) = {〈x′, y′〉}. Let us

defineM′ = (D, I(D),R, V ′) such that V ′ extends V with:

V ′(p@iη)
df
=

I(D) ifM, 〈x′, y′〉 |= η;

∅ ifM, 〈x′, y′〉 6|= η.

It is easy to see that by the definition of V ′ the formula (9) is true inM′. Also

by the definition of V ′ we obtain thatM′ |= [L][L]p@iη if and only ifM |= @iη.

It follows that replacing @iη with [L][L]p@iη in ϕn does not change the truth

value of this formula, soM′, 〈x, y〉 |= ϕn+1.1260

On the other hand, assume that ϕn+1 is satisfiable, that isM, 〈x, y〉 |= ϕn+1

for some HS-modelM and interval 〈x, y〉. Then, (9) is satisfied inM in 〈x, y〉,

so M |= [L][L]p@iη if and only if M |= @iη. Therefore, M, 〈x, y〉 |= ϕn and so

ϕn is satisfiable.
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