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ABSTRACT.

Types were introduced by Krivine and Maurey, 1in a
refinement of a result by Aldous showing that infinite
dimensional subspaces of L, contain 2, for some 1<{p<». A
synthesis of these 1ideas was provided by Garling whose
representation of types as random measures was the motivation
for much of this work. This thesis aims to investigate the
structure of the representation, and to provide concrete
representations for differing Banach spaces.

Chapter one contains the necessary preliminaries for the
later chapters, and finishes by introducing the
representation due to Garling of types on L¢(X) as random

measures on J(X).

The second chapter consists of two parts. In the first
part we examine the structure of the map between types on
Ly (X) and random measures on J(X). We show that convolution

is preserved by the mapping, and . give an explicit
representation of the space of types on L,;(2,). The second
part 1is concerned with representations of J(X). We give

conditions for the decomposition of J(X) into X»x¥(X), and
derive representations for the space of types on L,(Lyk).

The third chapter studies differentiability of types. We
extend differentiability from X to J(X), and develop ideas
that will be used in the study of uniqueness.

In chapter four we consider questions concerning the
uniqueness of measures and random measures on X and 7(X). We
construct spaces where the representation of types as random
measures is not in uniquely determined. We prove that if a

certain uniqueness property for measures on X fails then 0}
embeds in X.



It was because I was involved in the
bleak world of strong contrasts, between
fear and exultation, danger and security,
between life and death, that the finer
balances of hopes and fears of people
living hard-working lives began to take on
new meaning. The grim struggle of the
miners in northern France against appalling
working and social conditions involved me
deeply, and threw a question mark over our
adventure.

Peter Boardman,
The Shining Mountain.
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INTRODUCTION.

The simplest infinite dimensional Banach spaces are the
2, (1<{p<®) and the cy-spaces. It is natural to ask whether
every subspace of an L, (v)-space (1{r{®) or C(S)-space
contains some of them. The final step in this analysis was
made by Aldous (1981) [Al] who showed that every infinite
dimensional subspace of L,, 1{r<2, contains 2, for some
p€[1,2]. Krivine and Maurey, [Kr&Ma] 1981, gave an
alternative proof of his result by introducing the concept of
"stable spaces” and "types'", the terminology coming from
model theory and the stable theories of S.Shelah. They showed
that every infinite dimensional stable Banach space contains
Q. for some 1{p<».

The concept of a type has proved very fruitful in the
isomorphic theory of Banach spaces since its introduction.
Using the techniques of stable spaces, S.Guerre and M.Levy
[Gu&Le], improved the result of Aldous, and showed that if X
is an infinite dimensional subspace of L; then, for every
€>0, X contains a subspace Y with d(Y.,%,(x, )<1+€ where p(X)
is the type index of X.

Maurey proved in [Ma2] that a separable Banach space X
contains 2, if and only if there exists g€X** such that

Ix+gll=llx-gll Vx€X. In the language of types, this means that X



admits a symmetric second dual type as defined by Haydon and
Maurey [Hay&Ma]. Rosenthal later refined Maurey's results in
[Ros2], and introduced the class of 2,,-types, which coincide
with the class of second dual types. In [Fa], Farmaki
introduced the notion of a cg,-type which are precisely the
symmetric 2 _-types, and proved that the existence of a
non—-trivial cg,-type is equivalent to the presence of co in
X. The idea of stability was weakened in [A&N&Z] where it is
shown that if X is infinite dimensional and weakly stable
then either 2, for some p>l or cy embeds isomorphically in X.

The original approach of Aldous used mainly
probabilistic methods of random measures and exchangeable
sequences of random variables, this argument was later
simplified by Maurey [Mal]. Garling then produced a synthesis
of the two approaches in [Ga]. where he proved that an Orlicz
function space L¢(X) was stable if X was stable, and
exhibited a direct correspondence between the space of types
on L¢(X) and the space of random measures on J(X). It is this
representation in the setting of L,(X) spaces that is central
to this thesis.

It was an objective of this work that the use of such a
representation would yield results about the structure of
symmetric subspaces of L,;(L;), by considering appropriate
random measures. The programme was interupted by the question
of uniqueness arising, that is the need to consider whether
there exists two distinct random measures which represent the
same type. This later question then became the focal point of
much of this thesis, and this and related questions occupy

chapter 4.
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PRELIMINARIES.

We will use the letters X,Y,... for Banach spaces, by
which we mean Banach spaces over the real or complex field.
An operator or map means a bounded linear operator, for an
operator u from X to Y we write u:X-Y.

If X is a space and Y a subset of X* we write o(X,Y) for
the weakest linear topology on X for which each x€X is
continuous. Two common topologies used are:

a(X,X*), the weak topology or w-topology on X

a(X*,X), the weak -topology or wx-topology on X
We shall abbreviate the notation by adding a w or wx as
appropriate; for example "Xn——x" means "x is the limit in

"

the w-topology of the sequence {xn}" that is (w)lim,x,=x.

A Polish space is a complete separable metric space.

A vector lattice is a partially ordered vector space
(X,<): Vx,y€X xVy=sup{x.,y} exists. Let x+=xVO, x =(-x)VO and
|x|=x++x—. A Banach lattice is a Banach space which is also a
vector lattice and is such that lixli<llyll whenever |x][<]|y].

We denote measure spaces as (2,3,u), (2'.%.v),... where
for example (1 is a set, ¥ a o-algebra of subsets of (] and u a
countably additive ﬁ+—valued function on X. A probability

space (1,2,P) is a measure space such that P(Q)=1.

If (2,3,u) is a o-finite measure space and p2l, L,(Q.,Z2,)
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or more briefly L,, is the space of all measurable f:Q-R (or
C) such that IQ|f|pdu<oo (or for p=» ess sup|f]|<®), equipped

with the norm fll,=f ([|f]|Pdu)t’P 1<p(w
ess sup|f p=%®

By Lo(Q,3,p4:X) or L,(X) we mean the space of all
measurable f:Q - X such that [UfliPduy < ® where (X,I.ll) is a

normed space, Ly,(X) has the obvious norm on it.

An Orlicz function ¢!R+9 R+ is a convex function which
vanishes only at the origin. Let ¢(f)=f¢("f"x)du and
Hfll=inf{6eR _:9(f/6)<1} when f€ELy,(X) and X is a Banach space.
Then define the Orlicz function space
L¢(Q,E,u)={f€Lo(X)l ¢(f)<»} where Ly(X) is the space of all
measurable functions on X.

We let Co(T) be the Banach space of bounded R-valued
continuous functions on T, with the supremum norm. For p2>l,
9, will be the space of all sequences {xm} in Rm (or @m) such
that Elxm|<w, or for p=» such that supmlxm|<oo equipped with

the norm IlI(xm)ll = { (3 |xm|P)t’P 1{pg{™
sup{ [xm|:m€N}  p=w

Co is the subspace of Q_consisting of all sequences such

that xm=20 as m-o», [D&S].

If {Xi is a family of Banach spaces and p2>»1 then we

et
will write (®X;)p, for the space of all families (x;) such
that x; €X;y and 3lix; I¥; < ® or for p=® such that

sup{lix; 1:i€I1}<o with the norm Il.Il,

n(xi)np={ (Shxz IP)t/P 1<{p<®
sup{llx; Il'} p=®

Let T be a complete o-compact locally compact metric



space. Put M(T) to be the space of bounded signed Borel
measures on T, we let M _(T) be the subset of non-negative
Borel measures on T and #(T) be the subset of Borel
probability measures on T. Give M(T) the narrow topology ie.
o(M(T),Co(T)) and although M(T) is not metrizable in this
topology, M+(T) is a Polish space.

A random variable X on a finite measure space (Q,3,u) is
a Borel measurable function from @ to R. The distribution
function of X is the function Fx:R——[0,1] given by
Fx(x)=p({w:X(w)<x}) for x€R. Then Fx is increasing and right
continuous. We then have u(XGB)=IBde for BEB(R). We let
E[X]=IQXdu and call E(+) the expectation and also call Fyx the

law of the random variable X.

We write (a.e.)limaX,=X in the case that {X,} converges
to X almost everywhere convergence and (u)limpXn,=X in the
case that limm{w:|Xm(w)-X(w)|28)}=0 V86>0. We say X. converges
weakly to X if the distribution functions converge for every
continuity point x of FX and we write both (w)lim,X,=X and

(w)limha,Fx =Fyx. See [As] or [Bu].



CHAPTER 1: TYPES AND RANDOM_ MEASURES.

1.1 INTRODUCTION.

This chapter is mainly introductory, and is concerned
with discussing the preliminary results needed later in the
thesis. Begining by defining the space of types on X, J(X),
we introduce the concept of stable spaces and give several
examples. Later in this thesis we shall be concerned with
making explicit representations of J(X), in particular for
L,-spaces, and we introduce some simple representations such
as for example J(Q2,) and J(co). The operations of convolution
and scalar multiplication in J(X) are defined, and the
classes of symmetric and Q,-types introduced.

The second part of the chapter is devoted to the
introduction of random measures. The final part develops a
representation which is central to this thesis, Garling's
representation of types on an Orlicz function space L¢(X) as
random measures on J(X), [Ga]. Much work here is concerned
with the correspondence between J(L,(X)) and 7, (9(X)). in
particular chapter 4 takes up the theme in the final
paragraph of [Ga] and asks the question of whether there

exists distinct random measures representing the same type.



1.2 TYPES AND STABILITY.

Definition.

Let X be a separable Banach space. For x€X, the type on X
realized by x is a function Tx: X—R, defined by
Tx(z)=Hz+xH. Let §={Tx:x€X}§Rf with the pointwise convergence
topology inherited from Ri. We call the closure of X in Ri
the space of types on X written J or J7(X). Thus T€J is a
function T:X—>R, such that there exists a sequence an€X and
an ultrafilter % over N with T(x)=limwnan+xn. Then in the
Ta , so we identify X with i

U “n

and write T=lim%an. See [Kr&Ma].

space of types 7 we have T=1lim

Definition

Let Y be a closed infinite dimensional subspace of X. A
function T:X—>R is called a type on X generated by Y if
there exists a sequence (yn) in Y such that T(x)=lim,lix+ynll
Vx€X. Denote by J(Y.X) the set of all types generated by Y.

See [Rosl].

We can put various topologies on J(X), for example
(a) the topology inherited from R}.
(b)"the very strong topology"”, given by
dw(a,T)=supz€X|a(z)—T(z)|=supzlimm|me+zH—Hym+zH|
(c)"the strong topology"” with pseudo-metrics

py(o-T)=supyy ylo(z)-T(2) |.

With topology (a) [Kr&Ma], put J,={7€T:7(0)<r} for réR_,

then 9, is compact and T(x)<T(0)+lixll. F(X) is then locally

compact, metrizable and separable.



Definition.

The Banach space X is stable if whenever (xm) and (yn)
are bounded sequences in X and ultrafilters 4,7 on N, we have
limm’mlimw’nﬂxm+ynﬂ=lim1

space and if T and o0 are defined by an, and b,, let

llmm mem+ynH. If X is a stable

[a’T]zlimﬂ,nlim%,m"am+bn"'
A separable Banach space X is weakly stable if for every

weakly compact subset K of X, all sequences (xm) and (yn) in

K and ultrafilters 4, ¥, we have

lim, ylimyg ylxmtynll=limg ylim, yllxm+ynll. Every stable space

is weakly stable. Every weakly stable, reflexive space is

stable.

Theorem 1.2.1

A separable metric space is stable iff whenever (xm),
(yn) are bounded sequences then supm>nﬂxm+ynu21nfm<nﬂxm+ynﬂ,

see [Kr&Ma].

Examples of stable spaces.

Every finite dimensional space is stable and 9, is stable
for 1<{p<», [Ga]. Moreover the property of stability is
inherited by all subpaces. In [Kr&Ma], Krivine and Maurey
show that the Q,-sum of stable spaces is again stable for
1{p<®, and that for a stable space E, L,(E) is also stable

for 1{p<». The spaces cgo, 2 L C(K), James space and

o’ o’

Tsirelson's space are not stable. Further duals of stable

spaces, for example Lm=(L1)*, double duals of stable spaces,



for example [Qi(Q;)]** and quotients of stable spaces, eg)
L;/7H,, aren't necessarily stable.

The Lorentz spaces Qp, q and L, q for 1{p.q<® are stable
[R]. If E is stable and the Orlicz function ¢ satisfies the
A, condition, then L¢(E) is stable, [Ga]. In [Gu2]., S.Guerre
shows that quotients of stable reflexive spaces, quotients of
L, by reflexive subspaces and duals of stable reflexive
spaces aren't necessarily stable.

Theorem 1.2.2

A Banach space is stable iffxthé}e exists a reflexive
space & and two bounded maps U:B—¢, V:B—>¢&* where B is
dense in the unit ball of X such that Vx,y€B Vp>O

Ix+yllP=<U(x),U(y)>, [Kr&Ma].

As an example, we show how this construction works in

00

L,(un): Recall |a|=CJ sin®at.dt so that we have

o tz——

J 1r@rvs@ I-leo) 1 1a o) lan

= CJ j -1-cos(f(w)+g(w))t + cosf(w)t + cosg(w)t.dt.du
9) o 2

t
= C inf(w)t.sing(w)t - (1- f(w)t)(1- t);.dt.d
JJ{SIH tglng W cosf(w) zg cosg(w) )} 7
= inf(uw)t , |[1- f(w)t , i t ,-|1- t
<(51nt W [ cost W ]) <s1n%(m) | [ cos%(m) ])>L2®L2
Thus lf+gll = <¢(f),¢(g)>L2(me)2 + <Ilf|l,1>[R + <1,l|gl|>[R

where ¢(f) = (sinf(m)t . [l—cosfiw)t]} and similarly for ¥.
t t

So ¢:L ——————ALZ(QxR+)®L2(QxR+)®R®R

1
[ ]
f —m——— (sinf{m)t , |1-cosf(w)t]| , Ufll , l}
t L t -
[ h
Vig — (sing(m)t ,—|1-cosg(uw)t] , 1 , Hg")
t - t -

are the required functions and Lz(QxR+)2$R2 the required

space.



Examples of types.

1. X=L,(pn). Then for (xn) a "spikey sequence” we have a type

given by T(z)=limplixp+zll=llzll+1im,lixnll.

2. X=Li(Q,%,P:R). For f,g€L,(R), 7¢(f)=Uf+gl =E[|f(v)+g(w)]|]

= E(Jxlf(w)+g(m)|duw(x)) = E(Jxlf(w)+x|d6g(w)(x)).

3. X=cpo. Let yn=(yn(r))m €X such that y,—y as n——® then
r=0
ye€Q _ . T(x)=limnHx+ynH=limnsupr€m{|x(r)+yn(r)|}

=max{sup, |x(r)+y(r)|,B}=max{lix+yll,B}, where B =Lim,liya. -yl

4. X=0,. Let T be a type defined by the sequence (y‘"’), wlog

)

suppose y‘"™’ converges coordinatewise to ;éQp. Let

(n) _.,,(n

z =y‘™ -y so z‘™?’—>0 coordinatewise, and l1z‘™’ |l—«

T(x)=1imon+y‘“’H=limon+y+z‘"’H:limn("x+y"p+"2(n)”p)i/p

=(llx+yllIP+aP)*’P. Hence and a are determined uniquely by T,
y , y by

(" _yll——«a.

so we have y‘™’ ——y and ly
5. Let 9 be an ultrafilter on N, put F=Em/@. Let O€J(E),
6=1im%an. The natural extension of © to F is defined by
6(§)=limn,m6(xn) where £=(xn)€F. By stability of E
6(§)=1imn,@limm,%ﬂxn+amﬂ=limm,%limn,@Hxn+amﬂ=limm.wuxn+amﬂ,
so that 6€J(F). We can identify J(E) with a conic class of
J(F).

If T€J(F), T=limm,%§m. the restriction o of T to E is a

type on E. Since for all m, §n is defined by (fm) a sequence



of elements of E, if x€E o(x)=7(x)=limp,  Nix+Enll

A

=limm,mlimn, Nx+Emll.

)]
If v€¢J(X) and X is the ultrapower of X, wrt the

ultrafilter 4 then we have T(x)=limi’mﬂx+yiH=Hx+(yi)mHX.

6. X=L,(u). Then for all types there exists an extension
Li(u)gLi(ﬁ) which is an isometric lattice homomorphism, and
?GLi(ﬁ) such that Vg€L,(u) T(g)=If+gll. Conversely, for any
extension L, (pu)CL,(v) and h€L,(v) the function fhaﬂf+hHL1(U)
defines a type on L, (u).

So for X=L,[0,1], for each h€L,([0.1]x[0,1]) the

function T(g)=llg+hll Vg€L,[0,1], defines a type on L,[0,1].

7. X=co. Then Vy€Q the function 7:X——R defines a type
x—lix+yll
on X. Define yn(m)={ g(m) $§2 then clearly yn€co and

Ix+yll=limylix+y,ll=7(x). hence T€T(co).

1.3 Operations on types.

Proposition 1.3.1

Let X be a stable space and T,OE?(X)‘aDd (xm) be an
approximating sequence for o. Then limpT(xm) exists and is
independent of the choice of (xm). Then d{(7,0)=d(o,T)
and VA€J d(7,0)<d(o.A)+d(A,7), where d(T.0)=[T1,0].

Let X be a stable space. Then for all 0€J3(X), the

function TH2[o,T] is continuous on J(X), see [Kr&Ma].



On stable Banach spaces, we can define scalar
multiplication of types, convolution products, and typical
norms, viz:

Definition.

For O#c€R define DaT(X)z x| a=0. Then Da’ for
{IaIT(x/a) o.W.

a#0, is a homeomorphism of ¥ which extends scalar
multiplication on X, i.e. Vx€X, Daj(x)=j(ax). We can define
translation, by setting, for T€J(X), x€X (71xx)(y)=71(x+y).
thus T%x€J and % is a homeomorphism of J(X).

To extend this further, we define the convolution of
types T,0 defined by (an). (bm) resp., as
(a*T)(x)=limm'mlimn_Wuam+bn+xu=[a*x,T]. Then o0x%T€J and % is
commutative and associative, and for scalar a,

[Daa’DaT]=Da[a’T]’ (Daa)*(DaT)zDa(O*T)'

Definition.

A type T€J(X) is symmetric if Vx€X 7(x)=71(-x). The space
$(X) of symmetric types on X is closed in J(X). If X is
infinite dimensional then there exists a bounded sequence
with no convergent subsequence hence there exists an
approximating sequence (xyn) with no convergent subsequence.

Let 7=limpXxm then 7%D_ ;T is a non-trivial symmetric
type, so $(X)#{0}. An Q,-type is a type T such that
DaT*DBT=D1(d’B)T Va,p where ~(a,B)=(]a]|P+|B]|P)t“P. Similarly
T is a co-type when ~(a,B)=sup(|a].|B]).

T€EJ(X) is an Q,,-type if there exists a sequence (xn) in
X such that T(x)=limplimplix+ax,+bxmll for.XEX and a,b,20 with

a+b=1. [Ros2].



T€EF(X) is a co,—type if there exists a sequence (xn) 1in
X such that T(x)=limplimpllx+ax,+bxyll for x€X and a,b,20 with

max(a,b)=1. See [Fa].

1.4 RANDOM MEASURES.

In this section we are particularly concerned with
random measues on J(X), that is with measurable maps from
to #(J(X)). since, when X is separable, we can represent a
type on an Orlicz function space L¢(X) as a random measure on
J(X). see [Ga].

Random measures began life as point processes on the
line. Originally introduced for a particular statistical
model they were studied for their own sake in the 1960's,
where they were placed on an abstract footing. For a brief
history and further references see [Ka].

Here we outline the first stages of the abstract theory
including the topologies and convergence of random measures.
We finish with some operations definable on mw(T).

For random variables Xi1,Xo,..., we write X,—E-5X for
convergence in probability and X,—=2-X (resp. Xn—>X) for
strong (resp. weak) convergence in L,. Let #(T) denote the
set of probability measures on T. We give #(T) the usual
(narrow) topology, namely o(?(T),Cu(T))., so Un—>u iff
VE€C,(T), ff.dun——éff.du. We sometimes write <f,u> for ff.du.
#(T) is a Polish space.

For pu€?, let ¢u(t)=jeitxdu(x), the Fourier transform,

and |u|=j|x|.du(x). 6d€9 is the degenerate measure at «.



Definition.

A random measure is a random probability measure i.e. a
measurable function §£:Q — #(T), in other words a
#(T)-valued random variable.

Let mw(T) be the space of all T-valued random measures on
0. If E€n(T) and f a bounded measurable function then
{f,f>:wrH<f,f(w)> defines a random variable. Call § constant

if €=fo for some £o€P(T), and degenerate when §=6a for some

random variable a, [Ka].

Proposition 1.4.1

m(T) is closed under addition and multiplication by
R+—Valued random variables. A series Ejf; of random measures

is itself a random measure iff VBEB Ejij { o,

Examples.

We now give some simple examples of random measures,

(i) Let X€Lo(0:;T)=Lo(T), the space of all T measurable
functions on (1, let x be a representative of X. Then
P(w)=6x(m) defines a random measure. Up to equality a.e. it
is independent of the choice of x.

To show this is a random measure we have to show § is a
measurable function, that is to say wkﬂuwéﬂ(T) is measurable
in the sense that VB€% wp (B) is F-measurable. This is
equivalent to Wk being measurable for the Borel
oc-algebra on #(R) and ¥.

Define Tg:(0.9.P) — R by VBE%(R) TB(m)=um(B)=6X(w)(B).
Then we have for A€3B(R)



T = (o o, ®ea) = { 5 ol Yo
x*SB) if 1€A,O¢A
(X1(B))® if 1¢A,0€A

as X is measurable.
Hence § is measurable so it is a random measure. Thus we

have a mapping 1i:Lo(T)——(T)
Xr—>
x(w)

(ii) Let £(w)=p€P(T) Vwe€N. This is called a constant random
measure, and is measurable since

TE(A) = {w: #(B)GA} = {g ifoeéé)eA

(iii) Let 0<q<2 and a€R. Then there exists a measure o(q,a)
on R with characteristic function exp(-|at|?), we call o(q.,a)
a symmetric gq-stable measure with index q and scale factor
la].

Then a(q,a)*a(q,b)=a(q,(|a|q+|b|q)1/q) since
¢a(t) . du(t)=exp{-[t(|a]*+[b|9)* 9 [9}.

Let 20 be a R-valued random variable on 2 and 0<{q<{2. We
define the gq-stable random measure o(q,a)(w)=0(q,a(w)).
This is measurable as the characteristic function is a

measurable map.

We are now in a position to define topologies on =(T),
here we define two, the sm and wm topologies which Aldous
uses in [Al].

Definition.

Define §n—§ﬂ» E iff <f,F >-2—(f,E>  feC (T)

E T FOiff  KFL.E O—TXE.E>  fE€C, (T).



Let t, = t) = <exp(it*),f(w,*)> be the
$e(t.0) = 4g ) (F) p(it+).E(u.*)
random Fourier transform for f€w(T), then we also have

3

n

sm . S
—f iff ¢§n(t)———e¢§(t) Vt

E _ﬁﬂﬂf

. w
n iff ¢§n(t)—-—)¢§(t) Vt

Garling, in [Ga], also defines the wm-topology by
considering <-,§(°*)> as a map from Cu(T) into L_(Q). Let

Tg(f)(w) = J f(t)f(w,dt), so Tf is a norm-decreasing linear
T

mapping of Co(T) into L_(9Q).
Giving L_(Q) the weak topology o(L_,L;), the resulting

topology defines the wm-topology on w(T). Thus a subbase of

)

for f€Co(T), g€L,(N). It is sufficient to let g run through a

)

The map i:Lo(T)——i(Lo(T)) is a homeomorphism of Lg(T)

neighbourhoods of § is given by

") 7 | 50010 (0)- (T ()1 P(a0)

separating subset of L,, eg) we can take

Ner gy (E) = [, _
N N R IO R IO R ICH

for fe€C,(T). E€7.

into m(T) and in fact i(Ly,) is wm-dense in w(T), see [Ga]. By
considering #(T) as a subset of M(BT), we can identify w(T)
with a subset of (Li(Cb(T)))*. Then the wm-topology is that

induced by the weak %-topology a((L1(Cb(T)))*,Li(Cb(T))).



1.5 Operations on measures and random measures.

Let X be a separable Banach space and T=9(X). We are
interested here in operations on 7(T).

Definition.

Let p€?(T) and O#a€R. Define VE€EZ(T) Da(u)(E)=u(Da4(E))
so that Da(u)E@(T). If f€Co,(T) then
Jf(t)(Da(u))(dt)=Jf(Dat)u(dt) so Da is a homeomorphism of
w(T). For a=0 set Dg(u)=6,. |

Similarly for E€n(T), set Dd(f)(w)zDa(f(w)), w€(). So for
a0, Da is a homeomorphism of w(T) with the wm-topology.

If Di(E)=f we call £ a symmetric measure. We then define
the translation of measures and random measures. Let f€CL(T)
and that p€P(T) and x€X. Define Tx(f)(t)=f(Tx(t)) and
Tx(u)(E)=u(T_x(E)) where Tx(t)(y)=(txx)(y)=t(x+y).

Then Tx!Cb(T)———ﬂCb(T) is an isometry, Tx(u)G@(T),
[reyaman = [a @ and Tsm—sm) s
a homeomorphism.

The map Xx#(T)———%(T) 1is jointly continuous.

(3, p)——T_ (1)

Definition.

To extend the translation of measures to random measues
we define, for f€m(T) and x€Ly(X), Tx(§)(w)=Tx(w)(§(w)) so
that Tx(f)EW(T).

The map Lo(X)xw(T)———7(T) 1is jointly continuous.

(x,€) F———*Tx(f)



We are now in a position to define convolution in %(T)
and m(T). To do so we must suppose X is stable thus
convolution is well defined in T. Let p,v€P(T), f€CL(T) then
the function (s,t)——f(s»t) is measurable on TxT. Let
¢(f)=ff(s*t)u(ds)v(dt). Thus ¢ is a positive linear
functional on Cn(T) and ¢(1)=1, hence there exists TWEM(PT)

such that J T(u)m(du)=pgwhere ¥ is the continuous extension
BT

of f to PBT.

As p and v are regular, V0<e<1 there exists n such that
L(Kn).,v(Kn)21-€ where Kn={t:t(0)<n}; and since
(sxt)(0)<s(0)+t(0) we have Kn%*KnCK,n whence w(Ksn)>(1-€)2
which implies that ©w(T)=1. So we regard 7 as a member of

#(T). We denote m by uxv, the convolution of 1 and v. Let

£.m€n(T), define fxn by (£xn)(w)=F(w)*n(w).

Proposition 1.5.1

1. The map #(T)x¥#(T)——P(T) is separately continuous. and
(1, v)———puxv

Jointly continuous iff (X,lIl.ll) is finite-dimensional.

2. The map 7(T)xw(T)——>w(T) is separately continuous.
(§.m)F———¢&x»7

Definition.

For a random measures §, we can now define an Qp-random
measures analogous to Q,-types. We say £ is an Qpo-random
measure if for all scalars a and f, DaE*Dﬁszw(a,B)f’ where
v(a,B)=(|a]P+|B|P)*’P. Similarly € is an Co-random measure if

Vo, B. D ExDeE=D o & with v(a.B)=sup(|al,[p])



Theorem 1.5.2

The following are equivalent:
(a) v is a type on L,[O0,1].
(b) there exists an isometric lattice homomorphism
L,[0,1]—L,(02,%,p) and Jh€L,;(Q) such that Vg€l,;[0,1]
T(g)=Hg+hHL1(Q).
(c) Ja>0 3IkEL,([0,1]x[0,1]) such that Vg€L,[0,1]

T(g)=a+"g+k"=a+jiji|g(s)+k(s,t)|dtds_

(d) FJo>0 3 a random measure £:[0,1]——>m(R) such that
s b——ug

1
vgeL,[0,1] r(g)=o+| [ la(s)+ulans (w)]as.
R
(e) Ja>0 3 a probability space (Q',%',u'),
JheL, (OxN',¥8% ', uBu') such that Vgel,(Q.%,u)

r(@)=ar| [ ls(o)+h(o.0) lau’ (@) du(o).

Proof.
(a)=>(b) Let X=L,[0,1]. Then for some ultrafilter 4 we have
T(g)=ljﬂ%Hg+hiH=Hg+(hi)mﬂx where (hi)ieI is an approximating
sequence for T. Then X=L,(p) for some measure p, see [Dc&Kr1]
and [He], and L1[0,1]=X-——4(X)%=L1(u) is an isometric

lattice homomorphism. Lastly (hi)%=h€L1(u) so (b) holds.

(b)=>(e) We have an isometric lattice homomorphism
L,[0,1]——L,(92,%,u) and h€L;(Q2) such that Vgé€L,;[0,1]
T(g)=Hg+h"L1(Q). Now identify L,[0,1]=L,(Q,.%,.u|%,) where ¢,
is o-subalgebra of ¥|Q, which is possible since we have an

isometric lattice homomorphism. Let a=Hth\Q "L () So that
1 1



llg+hll ! o, by Maharam's product theorem

=llg+h I +
L,(2) "5 a, "L, (9)
[Mah] there exists an isometric lattice embedding U such that
Uth €L, (0xQ') preserving L,(Q;,%,.u).

1

Hence "g+hx91"Li(Q)="g+Uhx91"L1(QxQ')' Then we set

k=Uhx91€L1(QxQ') whence T(g)=a+Hg+kHL1(QxQ,) =

wr | [ lg(e)ek(o.0) lant (07 )du(o).
v’

(e)==>(d) We have an element h€L, (OxQ',¥®F',u®u'), hence
h(s,*)€EL,(Q'.%',u') a.e. for every s€{l. By Fubini's theoren,
almost every section of h(s,t) is measurable, that is h(s, *)
is measurable for almost every s€{l. For each s€{l we can
define ps=law of h(s,*) a.e.= ¥(h(s,*)) a.e.. That is

us (B)=¢(h(s,*))(B)=u'(h(s,+)*(B)) for B€F'. Letting
E:s—pus we wish £ to be a random measure, i.e. the map
s——us to be measurable. So we are required to prove that
s——ug (-©,x] 1is measurable.

Let Hx={(w,w'):h(w,v')<{x} which is measurable in
[0,1]x[0,1]. Then by Fubini's theorem almost every section of
Hx is measurable, in particular the section determined by w
is measurable,i.e. {w':h(u,w')<{x} is measurable, that is
h(s,*)"(-»,x] is measurable. Let K(S’.)th(s,-)4(—w,x]’ Then
as h(s,*)"(-»,x] is measurable, K(s,*) is a measurable

function. By Fubini's theorem H(s)= K(s,t).du'(t) is
Q 1]

measurable, but H(s)= du' (t)=p'(h(s.*)'(-»'x])
h(s,t)4(—w'x]

=us (-©,x]. Hence the map s——us(-®,x] is measurable.
Thus £ is a random measure. Now the distribution

function of h(s,*) is Fh(s’.)(x)=u'({t=h(s,t)gx})=us(—w,x].



By Theorem 11-2A in [Bu], we have E[g(X)]=J ngX so in
R
particular E[|X|]=J |x|dFX(x). Thus
R

J |h(m,w')|du'(u')=E[|h(m,w')|]=f |u]dus (u). whence

Q' R

[ 1e(srenco.onylan (=] la(s)ruldu ().

0 R

Then as g€L,[0,1]=L,(Q,.%,.u|%,)CL,(Q.%,u) and

h=Uh' €L, (Ox02') so that h(w,*)=0 a.e. on w¢Q;. Thus

Xﬂi

[ ] 1sternco.omylau waue)=] | lsto)nie.on) lan au.
avar OQ'

1
So that we have as required T(g)=a+J J lg(s)+u|dus (u)ds.
o
R

Lemma 1.5.3

Suppose F:R——[0,1] 1is increasing, right continuous
and that F{(-)=0, F(»)=1. Let X:(0,1)——R be defined by
X(t)=sup{x€R:F(x)<t}. Then {t:X(t)<E}={t:tLF(€)}.

Proof .

Let A={t:X(t)<€}, B={t:t{F(f)}. t€A iff € is an upper

bound for {x:F(x)<t} iff Ax>f such that F(x)>t =3 F(£)>t =>

t€B. Now t€B =3 t<{F(f) => t€A as F(x)<t<F(§).

(d)==(c) Given the random measure ¢§£:[0,1]——%(R) we define
S FH—ug

a function h(s,t)€L,([0,1]x[0,1]) by

h(s, t)=sup{x€R:pus(-°,x]J<{t}. Now the map s——us is
measurable, let I={y,.y>....} be an enumeration of Q. Let
I,={y:+}, Ins1=InaU{yns1}- Then define fﬁs)(t) to be the
largest x€I, such that pus(-°,x]<t. So supfﬁs)(t)=h(s,t) and
£(s)
n

as is measurable, h(s,t) is measurable as we require. In

the lemma above, let FX be the distribution function of X and



it be the Lebesgue measure on [0,1]. So
Fe(E)=p({t:X(t)<E})=n({t: t<F(£)})=F(£). Let F(x)=ps(-=.x],

X(t)=h(s.t). Thus Fh(s .)(x)zus(—w,x] which finally gives us

Jmlg(s)+uIdus(u)=ngg(S)+u|th(s’.)(u)=I:|g(S)+h(S.t)Idt-

Lemma 1.5.4

Let hELi({O,l}m). If g depends only on the first N

coordinates and m is a permutation of IN which fixes the first

N coordinates, then Jlg(§)+h(§n)|=J|g(§)+h(§)|.

(c)=2>(a) Given h€L,[0,1]? identify [O,l]E{O,l}m, then
h(xi,xz,...;yi,yz,...)GLi({O,l}mx{O,l}m), define
fy€L, ({0,1}M)=L,[0.1] by
fN(xirx2'~-°)=h(xi’x2r----XN'XN+2!XN+4r-j-;XN+1-XN+3rXN+5!~')
Suppose g depends only on the first N coordinates of NN,
then by the lemma above lig+hll=lig+fyll. The set of functions
which depend only on the first N coordinates is dense (as
N—s®) in L,({0,1}Y), so T(g)=atligrhli=a+limglig+all o 4 for
g€lL,[0,1]. Define fﬁ by a+Hg+an=Hg+f£H, thus we have

T(g)=at+tlimylig+fall=limnllg+fn'll. So that Tv€J(L,[0,1]).

1.6 Representing a type as a random measure.

Fundamental to this thesis is the representation theorem
of Garling [Ga], where he represents a type on L¢(X) in terms

of a suitable random measure in w¢(T).



Definition

Let ¥ be a continuous non-negative function on [0,®).

Define ww(ﬂ(X))={§€n(ﬂ(X))i fﬂf&(ﬁgﬂtﬂ)dfw(t)dP(m)(w}. When

¥(a)=aP, p21, we write m,(J(X)) for ww(ﬂ(X)).

Definition

If f€m(T(X)) and x€Ly(X) define

I;(§)=I0Jg(xgt[x(w)])pdfw(t)dP(w), and we write Ip(f) for

13(£)-

There is a homeomorphic mapping A:Lg(X)——Lo(J9(X)),
given by x—71y, and a map i:Lgo(J(X))——n(J(X)) given by
t———8¢. Let h=iA:Lo(X)—n(J(X)).

We say that a subset A of w,(J(X)) is p-uniformly
integrable if I¢n(§)——41p(§) uniformly on A. Where ¢, is

~P ifO0<~<n

defined by ¢n(1)={(n+1—7)7p if n<v<n+1.
0 ifn+1<~

So C is a uniformly integrable subset of L, iff h(C) is

l-uniformly integrable.

Definition

Let Qu={f:R,—/>R, : f(0)=0, f is convex and f(2A)<2Pf(A)
VA20}. So if f€Q, then f has the form f(B)=aoB® for some
constant ag. Let j:Lp(X)—m,(J(X))x[0,») be the homeomorphic
map j(x)=(h(x),0). Define Jp(X) to be the closure of j(L, (X))
in mp (J(X))x[0,»).

Jp(X) can be identified with a subspace of
o (T(X))x[0,°). If (Q,3,P) is atom-free, then J,(X) is

homeomorphic to 7, (J(X))x[0,x).



We define a topology on 1, (J(X))x[0,»2) to give the

convergence (fn.,an)—(€.a) iff E,—>€ in the wm-topology,

and I, (fn)+an—I1,(F)+a.

We can now state Theorem 20 of [Ga], which gives the

representation between J(L, (X)) and wp(J(X))x[0,»).

Theorem 1.6.1

Let X be a separable Banach space. Let 1{p<®. Then there
is a map Q from J,(X) continuously onto the space of types on

Ly (X) such that for all f€L,(X) and all (f,a)€mp (T(X))x[0,x),

Q((£.)) (1) = { fﬂfﬂ(;gf(w)]pdfm(t)dP(m) car }T

If X is finite-dimensional, we can identify X with 7(X).

Types on L,(X) can be split into two parts, a uniformly
integrable type and a "spikey" part. Let T be a type on L,(X)
with approximating sequence {x,}. Then there exists a
subsequence (ZJ)=(XnJ) such that when YJ=ZJ.1{"ZJ"<j}, {y;}
is a uniformly integrable subset of L,(X), and
HWJHLP(X)———AB, where WJ=ZJ.1{"ZJ"2j}.

Suppose j({yn})——(f.«) in 7, (J(X))x[0,»). Since
h({yn}) is p-uniformly integrable, by Proposition 9 of [Ga],
I,(h(yn))—Io(§). Thus I,(h(yn))——I,(f). and hence a=0. So

a uniformly integrable type T has the representation

T(f)={JQJg(;gf(w)]Pdfw(t)dp(m)}1'p.



To see how the remainder of the type behaves, suppose
i({wn})——(m.B) in mp(J(X))x[0,»). Then

Ip(h(wn))=Ip(6(Twn))=J§Hwn(m)Hg.dP(m)———%B. So that m=0, and

thus a general type on L,(X) is composed of a uniformly

integrable part and a "spikey" part, and has the form

T(f)={JQJg(;gf(w)]pd§w(t)dP(m) + ap}i’p | (%).

We shall often have cause to speak of a random measure

of a type T, by this we mean a random measure £ representing

T as in (%); we do not assume uniqueness when using this

notation.

- 20 -



CHAPTER 2: REPRESENTATIONS OF TYPES.

2.1 INTRODUCTION.

This chapter is concerned with structure results about
the space of types, and in particular the structure of
J(Lp(X)). The study of the representation of a type on L, (X)
as a random measure on J(X) forms the first half of this
chapter. Here we show that convolution and symmetry are
preserved by the map between J(L,(X)) and 1, (J(X)). We
produce a specific representatoin of types on L;(Q,)., using a
disintegration of probabilities on Q,xR, into random measures
on 2, and [0,»). We look at the form convolution takes within
L;(2p) in terms of this representation.

The second half of the chapter is concerned with
decompositions of types in terms of their weak and symmetric
parts. We look at conditions for decomposing J(X) as Xx¥(X)
or X*Jwn(X), where Jwn(X) is the space of "weakly null”
types. A sufficient condition being that X possesses an
unconditional basis, but does not contain any subspace
isomorphic to cg,.

Decompositions of J(L,k) are obtained in terms of the
weak limits (in various subpaces) of the sequence defining
the type. We thus decompose J(L,kx), k21, as a subset of
LokxLkxLsok, 3%X...Lok, 2k-1%X[0,®). This is then used in
representations of J(L;(L,)) and J(L;(Ls)) as random
measures, where we look at the form of symmetric types and

convolution.



Part 1 : Representations of types as random measures.

2.2 Convolutions of types and random measures.

We saw in chapter one that if (Q,.2,P) was an atom-free
probability space, then there exists a map from
e (T(X))x[0,®) continuously onto the space of types on L, (X).
There are several natural questions that one can ask
concerning this map. Here we ask whether the map preserves
the operation of convolution for types on L,;(X), where X is
stable. That is if T,0 are uniformly integrable types on
L;(X), where X is stable, having corresponding random
measures £ and m respectively in w,(9(X)), then 70 has

corresponding random measure £xm. So that if
T(f)=J I t[f(w)]dfw(t)dP(w) and

QYT (X)
a(f)=f J t[f(w)]dnw(t)dP(w), then

Y7 (X)
(Txa)(f)=T J t[f(w)]d(E*n) (t)dP(w). We know that
QYg(X) ¢

w(T)=i(L0(X))wm, see [Al], [Ga]. We will show that for random

o wm i .
measures in i(L, (X)) convolution is preserved.

Firstly we consider the scalar case.

Following the paper "Tout sous espace de L, contient un
0," [Mal], the convolution of two random measures p,v€w(R) is
defined by (uxv)w=um*vw. The convolution of two measures m,n

is given by j f(u)d(m*n)(u)=fmj§f(X+Y)d(m®n)(X,Y)z

R
I j f(x+y)dm(x)dn(y), where m®n is the product measure on RZ.
RYR
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Maurey is concerned with a proof of the result that every
infinite dimensional subspace of L; contains a subspace
isomorphic to 2,. We can easily conclude from his paper that
in certain cases convolution in J(L;) corresponds to
convolution in w(R). Since by Proposition II.2 in [Mal], we
have

If (xn) is a sequence in a reflexive subspace of L,(Q,P)
such that u=limn6X we have

n
Nx+3¥_,ase; I =lim_ lim_ ...lim_ WIx+3¥a;x_ Il. Where (e;) is
L n, n, Nk n;
C IN .
the standard basis in R‘"’, and for a symmetric measure pu
i N, .
H°Hu is a norm on X®R given by

Nx+3F_ a5 e; ll =EJ|x+E¥aiuiIdu(ui)...du(uk)=H6xxD . ..%D  pll.
M Ay Ak

If o has an associated random measure §=1imn6x , then
n

(aia)*...(aka)(x)=EI|x+E¥aiuiIdf(ui)...df(uk)

=EJ|x+t|d(a1§*...akf)(t).

Here Maurey makes some restrictions. Firstly that
L;(2,2,P) is separable, secondly that he considers types on a
reflexive subspace X of L,(P) and finally that the associated
random measure £ is given by §=limn6x _for Xn€X. We can now

n

remove the first two conditions.

Given o€J7(L,(P)) define HaH=a(O)=J f |t|d§w(t)dP(w), and
QYR
H§H=EJ |[u|dE(u). Then liEl=lloll if § is the random measure of
R

oc. Let H be a subspace of L,(Q) whose unit ball is uniformly

integrable (then H is reflexive). Set D=i(H)wm. Then the map
E——IlIfll is finite and continuous on D, see [Mal] or [Al]. We

shall see later, Theorem 4.2.6, that for each 0€J(L,;) there
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is a unique f€m,;(R) given by Garlings integral

representation, [Ga].

Let ¢ be the continuous map from 7, (T) to J(L;(X)). that

is ¢£=Q((£.0)) in the notation of [Ga]. So that

¢(§)=J;J;(X)T(-(w))d§w(T)dP(w).

Proposition 2.2.1

The function E——IIfIl is finite and continuous on
™1 (T(X)).
Proof

Let f:3—R and g:m——R . Then
o——0(0) E——lIIEl

9(L1(X))@—$——m1(3(X))gw(ﬂ(X)). Suppose f€m, (5(X)) and ¢f=0

| s

R
say. Then l¢gli=llgll that is f(¢E)=g(f). Let 7=0, then

[0.7]=0(0) so the map f is continuous. Thus g is continuous,

so I+l is continuous on w,(9(X)), it is also finite since

NEN=(4E)(0) <.

Let Y be a uniformly integrable subset of L,(0Q.P). Let
W=TT?7wm. Suppose f€W is given by E=limn5xn where xn,€Y. Then
{xn} is uniformly integrable, so ElxnIAR——%ElxnI uniformly as
R—» for each n. Since E[IxnIAR]=EJ|u|ARd6xn(u)
———%EI|uIARd§(u) as n—®, we have EJIulden(u)

—»Efluldf(u) as n—®. That is WEN=1im, N6, N=limgllxgll.

Define "."f as before but now on L1®R‘m’. Since x is
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separately continuous

éx*Daif*'"*Dakfzulimni'"llm"k(éx*éaixni*"'*Sakxnk)"

. . . . k
=]limp limnk 1036 » %0 H=1im limpIx+27 a5 x5 1l
1 » « o nk x « o o nie-- nk 1 i i 1
d1Xn1 dkxnk

Proposition 2.2.2

Let §=limn6x and n=limn6y for some Xn,yn€W, a uniformly
n n

integrable subset of L;(Q). Then

limn1imme+axn+BymH=EJ|x+au+BvIdf(u)dn(v)="6xxDa§*DBnH.

Let 0 and T be types with corresponding random measures
€ and m respectively, then (aa)x(BT)(x)=EJ|x+uld(dfxﬁn)(u).

Thus for the class of types with random measures in

i(Li(Q:R))wm, convolution in J(L;) corresponds to convolution

in m(R).

We now consider the non-scalar case, that is convolution
on J(L,(X)).

1. Let X be a separable stable Banach space. T=7(X) is a
locally compact commutative semi-group under the weak
topology and . Then w(T) is separable and metrizable in the
wm—-topology on w(T). The map % is separately continuous and
associative. Let u,vG?(T) and f€€,(T). Then the function
(s,t)——f(sx%t) is measurable on TxT, see [Ga] proposition 2.

Let ¢(f)=f f f(sxt)du(s)dv(t). Then ¢ is a positive linear
TYT

functional on €L(T) and ¢(1)=1. So there exists a regular

Borel probability measure m on the Stone-Cech
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compactification BT of T such that ¢(f)= T(u)dm(u) where T
BT

is the continuous extension of f to BT.

Now o and v are regular, and so given 0<{€<1 there exists
n such that if Kn={t:t(0)<n}, u(Kn).v(Kn)21-€. Now
(s»%t)(0)<s(0)+t(0), so that Kn%KnCK>n and hence
m(Ksn)2(1-€)2. This implies that m(T)=1, and so we can
consider m as an element of #(T). We denote m by u»v, that is

the convolution of g and v. Thus we have Vf€®€,(T)

J J f(s»t)du(s)dv(t)= f(u)d(uxv)(u).
T(X)7T(X) 7(X)

2. Define lloll=0(0) and H§H=f J p(O)dEw(p)dP(m). Then for
QvT
BEL, (X) I5exEN=E| p(0)d(5¢cwy*E,) (p) =
T
EJ;J;(S*t)(O)d5gcw)(t)dfw(S) - EJT(s*g(w))(O)dfu(s)

- E[ s(2(6))a8,(5) = o(8).

Proposition 2.2.3

Let 1,0€7(L,(X)) have associated random measures

E.mn€nm, (J(X)) respectively. Suppose E,nGi(Li(X))wm. Then Tx0

has associated random measure 7.

Proof
There exists sequences {Xn}. {ym} in a uniformly
integrable subset of L, (X) with §f=limnbxn and m=1limmbym. Then
{xn} is uniformly integrable, so ElxnIAR——@Elxnl uniformly as

R—» for each n. Since E[IxnIAR]=EJ|u[ARd6x (u)
X n
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=E IuIARdétx (u)—E | |u|ARdE(u) as n—», we have
T (X) " 7 (X)

E |u|d6tx (u) —E||u|dE(u) as n—». That is
J(x) " 7(X)

HEN=1im, I6x N=1imp,lIx,ll.

For all x€L,(X), EJ J (D t*DBs)(x)ARdf(t)dﬂ(S)=
J(X)Y9g

(X9

E %D txD 0)ARdAS, (r)dE(t)dn(s)=
Lo )35 gy (DD (02 ARG (1) aE () an(o)
E u[OJARA(6x*af»*Bn)(u) —— EJ u[0]d(6x*aExPBn)(u) as
J(X)
R——>». Then EJ (D _t%D,_,s)(x)ARdE(t)dn(s) ——
7(x)Y7(x§ P

EJ (D txD,s)(x)dE(t)dn(s). So that
g(x)V7(x§ P

T(f)=E (D t»D,s)(x)dE(t)dn(s)
7(x)97(x§ P

-[ | crxtw)r1amgxngm) (t)ar(o)
247 (X)

2.3 Types on L,(02:0,)

In the following sections we aim to do two things.
Firstly obtain a specific representation of the uniformly
integrable types on L,(%2,)., via Garling's integral
representation, in terms of a family of random measures (§y),
y€Q2,, on [0,2) and a random measure £, on Q,. This will be
achieved by using results of Tortrat on disintegration of
measures [T], and we will use this disintegration repeatedly
in the following chapters. Having obtained our representation
in section 2.5, we consider what form the convolution
operation in J(L,(2p,)) takes in terms of our random measures

on 2, and [0,®).
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Let 0 be a uniformly integrable type on L;(Q2:2,). Then

for some fF€n,;(J7(2)) o0 is given by the representation

a(g)=J J t[g(w)]dE (t)dP(w) for all g€L,(02:2,), [Ga]. We
VT (2,) ¢

will use the following result : Let T:(2,83)—(30.40) be a
measurable mapping, and § be a measure on 3. Define a measure
Eo by Eo=FT" on o,. If A€dy and f:(3,.d0)—(R,%B(R)) is

measurable, then f f(T(s))df(s)=J f(s)dEo(s). See [As] or
T*A A

[Bu].

Given a type T on 2, then T(x)=(llx+yliP+a®?)!'’P for some
(y,0)€Q,x[0,®). Now let 3=3(Q,), 3 be the Borel o-field of
J(25) and £ a (random) measure on J(2,). Define T and f by

T:7(2p)—2,x[0,®) and f:Q,x[0,©)—— R , so that
T—(y.,a) (y,o0)——>(liIx+ylIP+aP )1’ P

20=0px[0,®) and dy is the product o-field of the two Borel
o-fields on 2, and [0,®»).

Given (y,a)€Q,x[0,»), does T*'(y,a) define a type on 2,7
Let y=(yi), and let
y " =(yy-a/n*"?, . . . ,yn-a/n*"P,¥ns1-¥nsz2,-..). Then y‘"’ —y

pointwise and lly-y‘™’ll—sa. Thus T is onto.

Lemma 2.3.1

T is measurable from (J(2,).%8) to (2,x[0,®),dy). The map
f:(Qpx[0,0),dg)——(R, ,B(R)) is measurable.
Proof
On 5(2,) we put the weak topology, which is Hausdorff. On
0,%x[0,®) we put the usual (Borel) topology, which is Polish.
The Borel o-algebra of a Polish space coincides with that of
any coarser Hausdorff topology. So (y.a)r——(ll<+yllP+a®?)?’P is

a Borel isomorphism, hence T is measurable as required.
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f is the composition of maps
(y,a)——(lix+yll, ,a)——(lix+yllP+aP)*’? which are measurable,

so f itself is measurable.

Proposition 2.3.2

Let £ be a probability on 7(2,). Let x€Q,. Then

f T[x]dE(7)=| {lx+ylP+aP}*'PdE,(y.a), where Fo=FooT* and T
T(2) Q, xR,

is as above.

Lemma 2.3.3

The map £,:0—%(2,xR,) is measurable. Thus £, is a
random measure.
Proof

Define a map Bp:(Q.d4,P)—R for BEB(Q,xR,). It is
wH——¢o 'w(B)

then sufficient to prove that 8p is d-measurable for the
Borel o-field of R. Let A€%(R).
934(A)={m:§0,w(B)eA}={w:§w(T4B)eA} which is a member of o as
T*BEB(T(2,)) and £ is a random measure. Thus Eo€m(QpxR,) as

required.

We will suppress the subscript O on £,, and henceforth

write J T[g(w)]dE(T)=]| {lg(w)+yll®+aP}*"PdE(y.a) without
(%) 0, xR,

ambiguity.
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2.4 The Disintegration of Measures.

We have represented a uniformly integrable type T on
L;(2,) as a random measure § on 2,xR,. We will now use a

disintegration of measures on Qy,xR, to enable us to write

T(f)=JQJQ J {Hf(m)+pr+ap}1’Pd§y(a)d§g(y)dP(m), where for

each w€f(l, fg is a probability on 2, and {E?} an Q,-measurable
family of probabilities on R,.

The theory of disintegrations that we use is as found in
[T]. Let P be a probability on Ax¥, with the o-algebra €x3.
Let ¥ be a Polish space. Let T:Ix¥—>% and Y:IAx¥—>%Y be the
projections. The aim is to disintegrate P by

P(dtxdy)=P;(dt)P:(dy), so that

J&x;'P(dtde)zfaf@f'Pt(dY)PT(dt).

Theorem 2.4.1

Let P be a probability on Ax%, with the o-algebra €x%. Let

4 and v be the marginals Py and Py respectively. Let % be the
Borel o-field of ¥. Let v be Radon and € complete for pu.

Then there is a disintegration of v into a family v¢zR,

such that P(dtxdy)=P;(dt)P¢ (dy).

When Y is real and integrable we need not impose any

conditions, and P(AxB)=I J 1A B(y,t)dPt(y)dPT(t), thus
gly A%

f fdP=j f f(y.t)dP¢(y)dPr(t). The probability Py (dt) is

AxY Q'Y

unique, and P¢ is unique a.e.[P;] due to the uniqueness of

conditional probabilities.
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We can apply this to the case when X=Qpand ¥=R,. Let pu
be a probability on Q,xR,. Then via the disintegration we
obtain a probability g, on Q,, and a family of probabilities
{py} on R, such that y——pu, is measurable, and for all

measurable, integrable f

J f(y.t)du(y,t)=J J f(y,t)duy(t)du>(y).
0, xR, 20,R,

Example.

Now consider the situation in which we have

| | cretorae coraror=] [ fraco).y.a1a8, (v.00aP(0) . Then
27 (x) QY XxR,

for each w€Q, EGEQ(XXR+), where X is separable. Thus there

exists a disintegration of fw into a family of probabilities
f? on [0,») (y€X), and a probability £, on X, such that for
each w€l, the map yh——éf? is measurable, and thus f?. is a

)

random measure. Further for all fm—measurable, integrable f

we have J;féy,a).dfw(y,a)=fxfm f(y.a).dEy(a).dEs(y). So in
XIn, +

particular in the situation we are interested in on 2, xR,:

J (Hx+pr+ap)1’pd§w(y,a)=f f (Ix+ylP+oP )1/ PdEy (a)dES(y) -
9, xR, 2p%0

Lemma 2.4.2

€, is a random measure.
Proof

For each B€%(X) define a map BB!(Q,d,P)———ﬁg . To show
w———¢ > (B)

that wk——ﬁfg is measurable it suffices to show that By is
d-measurable for the Borel o-field of R. That is for each

Borel subset A of R Bﬁi(A)={w=§g(B)€A} is a member of .
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[T fxfolB(y).1R+(a).df$(a)dfﬁ(y) - E2(BIEV(R,)

= fg(B) since 53 is a probability.

If f=1¢ then Jle§w=§w(F) and mk——%fw(F) is measurable.
Thus by considering simple functions mh——effdfw is
measurable for measurable, integrable f. Thus wk——afg(B) is

measurable and £, is a random measure, that is f,€w(R,).

2.5 Convolution of types on L,(0:0,).

Following on from the last two sections we define
convolution in 2,x[0,®), and use this to construct a
representation of ot if o0 and T are uniformly integrable
types on L;(Q:).

We have represented a uniformly integrable type

o€TJ(L,(0:2,)) as

a(g)=I§IQ I [Hy+g(m)"§+aP]1/pduy’w(a)dku(y)dP(w) for all

g€L,(0:92,), where (0Q.4,P) is a probability space and for each
wefl, {uy,m} is a family of measures on R, and Aw a measure on
Qr,. To study convolution of types we need to consider the
convolution of measures on Q,x[0,®), and hence convolution in
0, x[0,®).

Let (y.a).(z.B)€2,x[0,»). Define % by

(y.a)%(z,B)=(y+z, (a®+B7)'"P). Then (y,a)x(z,B)€R2,x[0,®).
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Lemma 2.5.1

Let T and o be types on 9,, so that there exists y,z€Q,
and «,B€R, such that o(x)=[llx+yliP+a? ]!’ P,
T(x)=[Ux+zIIP+BP ]’ P, Let T:J(Qp)—2, xR, be the map
o—(y,a). Then T(Tx0)=TTxTo.

Let f€€L(2pxR,). Then the map (s, t)——f(sxt) is
measurable and fT€€L(T(2p)).

Proof
Suppose o(x)=limllx+y,ll and T(x)=limllx+zn,ll, say. Then
(o%T)(x)=limplimplIX+ypn+zZpli=limp[Ix+y+z,lIP+a®? ]’ P
=[Ix+y+zIIP+aP+BP]*"P. Thus T(rx0)=(y+z, (a®?+BP) !’ P)=TT%To as
required.

The maps +:Q,xQ,—0, and +:RxR—R are measurable, so
the map ¥ on (Q2pxR, )x(2,xR,) is measurable. f is Borel
measurable, thus (s,t)r——>f(sxt) is measurable, and since T

is measurable fT€€L(T(2,)).

Suppose p and v are measures on J7(2,). then uT* and vT?
are measures on 2,xR,. We can now define uT*»vT? as before so
that (uxv)T'=uT**vT?. Then we have Vf€®,(2,x[0,®))

f f f(s%*t)duT? (s)dvT"(t)= f(u)d(uT**vT?) (u).
0, xR, Y0, xR, 0, xR,

Lemma 2.5.2

Let f€€,(2,%x[0,»)) and T be as above. Let

g(t)= f(s»t)duT"(s). Then g is a Borel measurable map
2, xR,

from 2,xR, to R.
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Proof

The map r:(s,t)——f(sxt) is measurable. If r=1EXF with
ExF€do,, then g(t)=1g(t)uT*(E) thus g is measurable. Next
suppose that r=2?ailEixFi, where the a; 's are distinct and
the Ei 's and F;j 's both disjoint. Then g(t)=2ai1Fi(t)uT4(Ei),
which again is measurable. Finally suppose r=limyry, with rj
are finite-valued simple functions with Irilglrl Vi. r is
Borel measurable thus |r| is integrable and we can apply the
Dominated Convergence Theorem. Then g(t)=limijri, so that g

is measurable as a limit of a sequence of measurable

functions.

Proposition 2.5.3

Let f€€L(2,%x[0,2)) and T be as above. Then

f J f(s»t)duT? (s)dvT*(t)= f
2, xR, Y02, xR, T(2p)°7(2p)

Proof

f(TsxTt)du(s)dv(t)

Since f is Borel measurable, J f(s»xt)duT*(s)=
Q

p xR,
f f(Ts»t)du(s)=g(t). Then from the above lemma, g is a
T(2)
Borel measurable function, so that
f g(t)dvT!(t)= g(Tt)dv(t)= J f(Ts»%Tt)du(s)dv(t).
05 xR, T(2p) T(2 )" T(2p)

Theorem 2.5.4

Let u and v be probabilities on J(2,). Let T be as above.
Then (u*v)T4=uT4*vT4.
Proof
Since TsxTt=T(sxt) and fT€€L(T(2,)) whenever f€€,(Q2,x[0,x))

we have
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f f fF(Ts%Tt)du(s)dv(t)
T(92:)79(92,)

J J F(T(s»t))du(s)dv(t)

0p)7(2)
= ] f(Tu)d(uxv)(u) = J f(u)d(uT*=*vT*)(u). Therefore
T(2p Qp xR,

VI€CL (2, x[0,®)) J; é(u)d(uT4*vT4)(u)= X é(u)d(u*u)T4(u),
p XK, p XK,

and hence (uxv)T'=pT'*vT?!.

We now find an explicit representation of T0, where 7T
and o are types on L, (2,).

Let T and o be uniformly integrable types on L, (0:2,)
represented by random measures £, respectively. Then o and T

can be represented as

a(g)=J [ly+g(w)liP+aP ]’ Pdpu («)dN (y)dP(w) and
QU Q'pu o y * m (‘J
T(g)=n P [lz+g(w)NP+RP ]2’ Pdy (B)de (z)dP(w), where for
uQJQp o Z,w W

each w€(, {uy m} and {vz w} are families of measures on R,

and A » €, are measures on Qp,. Then if o%T is represented by

Exn. we have (ox7)(g)=| f;(g[%( )1d(Exn)  (p)dP(w)

j {Hu+g(m)"p+1p}1’pd(§xn) T? (u.,v)dP(w) =
00, xR,

f {Hu+g(w)“p+7p}1’pd(§°xn )(u,~)dP(w) =
2, xR,

f f {lly+z+g(w) IP+aP +BP}T PAEL (v, a)dn?(z,B)dP(w).
0, xR, Y0, xR,

From the above lemma, the map

g:(z,B)— {Hy+z+g(m)"p+ap+ﬁp}1’pd§ (yv.a) is measurable
2, xR,

(and non-negative). Thus (o%T)(g)=

JQJQPJOIQPIO{Hy+z+g(w)HP+aP+Bp}1/Pdu;(d)dkw(y)dv;(B)dem(z)dp.

- 35 -



If p=1, then let
~ 00 00 o o .
Ii—JQJQ1JQ1IOJOHy+z+g(w)H1duy(a)dvz(B)dkm(y)dew(z)dP( ).

Let Iz=f " J f f (a+B)du;(a)dAw(y)dv§(B)dew(z)dP(w)

00,670,
J‘QJ‘Q1J\ 1u

ACO
If we define convolution on 2, by yxz=y+z, then we can

7d(u;xv2)(w)dkw(y)dew(z)dP(w)

(o]

define convolution in #(2,) so that Vf€€,(2,)

JQ " f(y»z)du(y)dv(z)= . f(u)d(usv)(u). Then

2,
A *
I,= Ny+z+g(w)ld(p. *v_) (~x)dA (y)de (z)dP(w). So that
J J y z'w W W

0ve,v0,v%,

(ox1)(g)= ngijgijoﬂy+z+g(w)Ild(uy*vz)w(w)dkw(y)dem(z)dP(m)

JQJQ JQ med(u;*vg)(7)dAw(y)d€w(z)dP(m)

2.6 The map QO between types and random measures.

Here we shall look at the structure of the map Q between
T, (7(X)) and J(L,(X)). In particular we show that the concept
of symmetry is preserved by the mapping, as are the classes
of Q,-types and Q,-random measures; while we show by example
that T€Y(L,(%25)) will not necessarily be represented by a

random measure £€mw,(¥(2,)). Unless otherwise stated X is a

separable Banach space.
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Proposition 2.6.1

Let 1€J(L,(2:X)) be uniformly integrable and f€mw, (J7(X)).
Suppose that random measures representing uniformly
integrable types are uniquely determined. Then 7T is
represented by § iff ao.T is represented by Ddf, and T
represents £ iff o.T represents Daf. In particular T is
symmetric iff £ is symmetric.

Proof

Suppose that Vgé€L, (0Q:X) T(g)=f J t(g(w))dE (t)dP(w). then
Qv (X ¢

T(g)= Ja)= t[g(w)]dE (t)dP(w).

MO UUCAN N O ENDLIC

The map Daiﬂ(X)———ﬁﬂ(X) is a homeomorphism with inverse
T—a. T

Dl/a' It is measurable since if T,—>T then for o#0,

|a|Tn (x/a)—|a|T(x/a) so that A closed implies DaA closed.
Define Da§ by (Dag)szaEw with (Ddu)(E) = u(Da4E) for

LEP(T (X)) and ECT(X). So that

| acla(e)1dE (0= ela(e)1dDE), ()
T(X) 7(X)
thus a.T(g)=J J t[g(m)]d(Daf)w(t)dP(m) so that uniqueness
QYT (X)

implies that a.T is represented by Daf. If v(g)=7(-g)
Vg€L,(0:X) then T is represented by §=Dsf., thus § is
symmetric.

Conversely if & has associated type T then Da§ has
associated type Ile(‘/d)=DaT(.). Thus if § is symmetric then

T is symmetric.
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Example
The uniqueness condition is necessary. For consider
L,(2,). Let §w=§ be given by §=1/2[6(e;,0)+6(-e;.1)]. Then
T(g)=J {lig(w)+yll+a}dE (y,a)dP(w)=Ew{Hg(m)+e1H+Hg(m)—e1H+l}/
00, xR, ¢
2 =1(-g). Hence 7€¥(L,(2,)). Now § is symmetric iff

VECQ,x[0,») E(E)=E(D+E). but

1 if (e,,0),(-e,.1)€E
§(E)={ 172 if either (e,,0) or (-e;,1)€E but not both, and
0 otherwise
1 if (-e;.0),(e,,1)€E
E(D4E)={ 1/2 if either (-e,,0) or (e,;,1)€E but not both.
0 otherwise

Hence £#D4sf, by taking for example E={(e,,0)}.
Although we can find a symmetric random measure

representing T, for example use £§=1/2[6(e,.1/2)+6(-e;,1/2)].

Lemma 2.6.2

Suppose § is a random measure on the symmetric types, that
is Ew(Q(X)°)=O a.e. [P] where ¥$(X) is the set of symmetric
types. If § represents a uniformly integrable type T, then T
is symmetric.

Proof

By hypothesis Vg€L, (0:X) T(g)=f9j%(x)t(g(m)).dfw(t)dP(m) =

.d§€ (t)dP = - d§¢ (t)dP =
JQJQ(X)t(g(“)) L(£)4P(0) Jnjy(x)t( §(0))dE, (£)dP(v)

[ tcatonag,rarc)
QY7 (X)

H

T(-g).

Lemma 2.6.3

Let X be stable. Suppose that random measures representing
uniformly integrable types are uniquely determined, then
uniformly integrable Q,-types on J(L;(2:X)) correspond to

symmetric Q,-random measures.
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Proof
Let 7€7(L,(Q:X)) be a uniformly integrable Q,-type. Then
Va, BER, , DaT*DBT=D7(a,B,T where ~v(a,B)=(aP+BP)*'P. We also
know that Vgé€L, (Q:X)

(DaT*DBT)(g)=JQJ;(X)t[g(w)]d(Daf*DBE)m(t)dP(w)
and D, 7(g)=] [ 3y FLE() 140, ) ()P ().

QYT (X
So by uniqueness, DaE*Dﬁszw(a,B,f as required.

Proposition 2.6.4

Let v be a uniformly integrable type on L,(Q:0Q,)
represented by the random measure §'€m (7(2)), which has a
corresponding f€w;(Q2,xR,). Suppose that random measures
representing uniformly integrable types are uniquely
determined. Let Y, £2 be the disintegration of € into
probabilities on [0,») and 0, respectively. Then T is
symmetric iff £2? is symmetric and FY=fF"Y a.e. [E2].

Proof
Vel (9:0,). 1(e)=] [ t(e(u))ag;(c)ar(e)

VT (92,)
- [ [ (neareynmepmy e (v, pyap(a)
QY0 xR*
and T is symmetric iff €' is symmetric, i.e. D_,E'=§".

Then D_,t(g(w))=(llg(w)-ylIP+BP)1’P . Let T be the map
decomposing t into (y.B)€Qpx[0,®). So that F=F'oT*. Then g’
is symmetric iff VFCJ(Q,), §'(F)=D_,§'(F)=§'(D_,F). There
exists ECQpx[0,®) with T'E=F, so that £' is symmetric iff

§'T4(E)=D_1§'T4(E)=§'(T4D_1E), where D_,E={(~-y,B):(y.B)€E}.
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Thus £' is symmetric iff § is symmetric in Q..
Disintegrate £ into £y and §>. Then for f-measurable,

neegravle £ [ f(v.0).45,.0) = [ | r(r.m).ag(e) aet )

p XR,

a.e.[P].
Suppose §' is symmetric, then Vg

[ [ eoysyirsgryi e ag (v.6).ap(0)
2o,

Xco .°°)p

= f (lg(w)-yN"+p")*"?.dE (v.B).dP(w)
0“0, xco , @

[

" 00

so that fQ . f (Hg(u)+yHP+Bp)1’p.dfy(ﬁ)d§g(y).dP(w)
_ [ [ " P,RP\1/P W W
= o (lg(w)-ylIP+BP) .dEy (B)dE2(y).dP(w)
ru n 00

'
= (lg(e)+ylIP+BP)1 " P dg¥ (B)dns(y).dP(w)
\JQ\.QPJO

where 1;(G)=§2(-G).
Uniqueness of random measures implies that m,=f, and that

€E_y=€y. That is §, is symmetric and §,=f_y, a.e.[£>]-

Example

There are symmetric types on L;(Qp,) which have
representing random measures that are non-zero on the
non-symmetric types.

Let §w=(5(e1.o)+5(-e1.0))/2 for every w€{l. The symmetric
types on 2, are of the form t(x)=(IxIP+aP)*’ P, so that §w has
non-zero measure on the non-symmetric types. But T is
symmetric since Vg€L,(Q:9,)

T(g)=Em[Hg(w)+e1H+Hg(m)—ein]/2=T(—g).
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Part 2 : Representations of J(X).

2.7 Representation of J(X) as Xx¥(X).

In many situations the symmetric types have a convenient
representation, for example a symmetric type on 2, is of the
form o(x)={lIxlI®+a®}'’P for some 0€[0,»), and we consider now
possible decompositions of 7(X) in terms of ¥(X). In
particular we find conditions on a stable Banach space X to
enable us to write J(X)=X%¥(X), that is if 7€J(X), then there
exists y€X, o€¥(X) with T=1yx%0.

This of course is the case in J(2,). where we have for a
general type 7, T(x)=(lx+yllP+aP )" P=(T1y%0)(x) where
Ty (x)=lix+yll and o is as above. We shall find conditions for
the decomposition of J(X) as X»*¥(X) and X%Juwn(X) where Twn(X)

is the set of weakly null types on X (to be defined later).

Definition

[04]

1. A basis {xn}; of X is a sequence such that if x€X, there
exists unique scalars a, with x=3a,x, (norm convergence).
2. A basic sequence is a sequence which is a basis of its
closed linear span.
3. An unconditional basis is a basis {xn} such that for every
x€X, its expansion in terms of the basis 2a,xn converges

- [ » m . [
unconditionally, that is convergence of 2;anx, implies

convergence of En g&nXn for all subsets o of IN.

€

4. Let {xXn} be a basic sequence in X. Let {uj} be non-zero of

the form u5=%€aanxn, with scalars a, and integers p,<p><...,
Jd

and o;={pj+l.....Pj+1}. Then {u;} is a block basic sequence

of the {xn}.



Lemma 2.7.1

A Banach space X with unconditional basis {xn} is weakly
sequentially complete iff {xn} is boundedly complete. Since
stable spaces are weakly sequentially complete [Gu&Lal], a
stable Banach space cannot contain a copy of cg.

The basis {xn} is shrinking iff every block basis {an} is
weakly null, which happens iff 2, does not imbed in X. X is
reflexive iff c¢co—X and 0,“~4X, hence X is reflexive iff

{xn} is shrinking and boundedly complete.

Lemma 2.7.2

Let X be a Banach space with an unconditional basis (e; ); .
Suppose that X does not contain any subspace isomorphic to
co- Let (xn) be a bounded sequence in X, then there exists a
subsequence (xnk)k of (xn) such that xnk=yk+wk with yxAwkg=0,
(yk) converging in X and (wk) being a block basic sequence.

See J.Bastero [Ba].

Definition

A type is weakly-null if it can be defined by a weakly
convergent to zero sequence. Let Jwn(X) be the space of
weakly-null types.

A type, T, is a block type wrt a basic sequence x if there
is a block subsequence y of x , such that T can be defined by

y. i.e. 7(z)=limpllz+ynll Vz€X.



null type is a block type wrt (xn)., that is JTwn(X)CTn(X).
Proof
If T€T7wn(X) is defined by (yk). then yxk——0 weakly but
lykl——=0. Thus there exists a subsequence of {yk} which is
equivalent to a small perturbation of the block basis of

{xn}, hence T€J,(X).

Let X be a Banach space with an unconditional basis. We
may give an asymptotic representation of the types on X. If o
is a type, given by a norm-bounded sequence (Xn)n, then by
2.7.2 there exists a subsequence (xnk) of (xn) such that
Xnk=yk+ak with ykx convergent to a in X, and a, is a block

basic sequence with o(x)=limylix+a+a,ll.

Lemma 2.7.4

Suppose co“——>X and that X has an unconditional basis. If
the constant of unconditionality is one and the basis is
shrinking, then T,(X) = $(X) = Twn(X).

Proof

By 2.7.3, the weakly null types form a subset of the
block basis types. By [Ba] Twn(X) = #(X), and so under this
hypothesis T (X)CP(X)NTwn(X). Hence symmetric types are
precisely the weakly-null types which are exactly the block

types wrt the basis (xn) of X.

It is a theorem of H.P.Rosenthal that if YCX is infinite
dimensional and X is separable with 2,~—/X, then
Twn(Y.X)CP(Y,.X) iff every normalized weakly null sequence in
Y has a subsequence almost l-unconditional over X, see
[Rosl]. If Twn(X)C¥(X) then X contains an unconditional basic

sequence.
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Proposition 2.7.5

If X is a separable Banach space not containing 2,, then
Jwn(X) is a closed subspace of J(X) (with the pointwise
topology). Let $wn(X) be the set of weakly-null and symmetric
types. Then Jwn(X) and Pwn(X) are locally compact, o-compact

spaces. See [A&N&Z].

Proposition 2.7.6

Let X be a stable Banach space with unconditional basis
(ei ). Then J(X)=X»xJp(X)., where Tb(X)=9n(X;e) is the space of
block types with respect to e=(e; ).

Proof

Since X is stable, it contains no copy of cg. We can

represent any type o as o(x)=limilx+a+ta,li=(Tax1)(x), where

Ta(x)=llx+all and T(x)=limlix+anll. Then T2€Jx (X)CX, and T€T,(X).

Corollary 2.7.7

Let X be a reflexive stable space with unconditional basis
(and hence the basis is shrinking). Then J(X)=X%T,n(X). If
the unconditional constant of the basis is one, then

P(X)=9n(X), and so T(X)=XxS(X)=XxTwn (X)=XxTp(X).

Let 1<{p<». Then 9, and L, have unconditional bases, and
€[0,1] has a basis but not an unconditional basis. If
Lo([0,1],.X) has an unconditional basis, then 1<{p<{® and X is
superreflexive. L, (ux,X) contains co, 9, iff X contains cg, Q,

respectively. In the case of cg this works for p=1 as well.

See Diestel & Uhl, [Di&U2].
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2.8 Types on L,(L,).

The representation of J(X) as Xx¥(X) in the section 2.7
depended upon an unconditional basis with basis constant one.
While L, has an unconditional basis (for 1<p)., the constant
is not one. Here we aim to produce similar representations
for J(Lzk) k21, and hence for J(L;(Lp)) via random measures.
These representations are found by considering weak limits of
the defining sequence of the type in L, and its subspaces.
This is possible since in a reflexive Banach space every
bounded sequence has a weakly convergeﬁt subsequence, [D&S].

By this method we gain representations of J(L,) as a
subset of L,x[0,»®), and J(L,) as a subset of
Ly4xLyxLy, 3x[0,®), which can be reduced to L ,x[0,®) if the
weak limits sit in L . We finish by applying these
representations to the study of J(L;(L,x)). looking at the

form of symmetric types and convolution.

Representing J(L,) as L_x[0,»).

We can represent J(L,) as a subset of L,x[0,®). For let
T€7(L,), then V€L, T(f)Z=limlif+gn IZ=NfN2+1imlign12+21im(f, g, )
=fl2+7(0)2+2(f,g), if g=(w)-lim,gn. Hence
T(f)=[NfN32+2(f,g)>+7(0)?]'" 2, so that T can be represented as

(g,a)€L,x[0,®), where a=7(0).
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Suppose T,0€7(L,) have representations
T(f)=limlf+g, I=[NfNZ+2(f, g)+T(0)2]!’ 2 and
o(£)=limlf+hnll=[IfN2+2(f, h)+0(0)2]*’ 2. Then
(t%0)(f)3=limplimplif+gn+huli3=
limp  m[NEHZ+lgn 12+ hnll2+2C(hm, gn ) +2¢f, gn)+2(f , hm) ]
= [UfN2+2¢f,g+h)+7(0)2+2(h,g)+0(0)2], and
(t%0)(0)3=limplimplign+hpli3=
limpy m[lign12+1hnl12+2(hm,gn)]=[7(0)2+2(h,g)+0(0)2], so that
(t%0) (£)2=[NfN2+2(f,g+h)+(T%0)(0)2]. Thus convolution in

L,x[0,®) becomes (g,a)*(h,B)=(g+h,[a®+B2+2(g,h) ]!’ 2).

There is a further representation of J(L,) as L,x[0,x)
similar to the representation of J(02,) as 2,x[0,»). Let
T(f)=limlif+g,ll, and g be the weak limit of {gn}. Then
T(f)=lim, If+g+gn-gl=[If+glZ+1limlig,-gl2+2]1im(f+g,gn-g) ]’ 2
=[lf+gliZ+v2]*'" 2. Then ~2=UflU3-Nf+gll2+2(f,g)+T(0)2
= 7(0)2-liglZ=a?-ligliZ = limligh-gliZ = limlign,I2-ligl2. Thus there
is a map between the representations given by
T:(g,a)——(g.a?=ligll2).

Convolution in this new representation is given as
before, viz: (1x0)(f)=limslimplif+gn+hpll=lim,[If+gn+hilZ2+52]1" 2
=[Nf+g+hli?+~2+62]1" 2. That is in L,x[0,®),

(g.7)%(h,8)=(g+h,[v2+562]1" 2)
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Representations of J(L.,).

For a uniformly integrable type v on L,(L,) we can

represent it by f€nw,(9(L.)). so that for g€L,(L,),

T(g)=f J t[g(w)]d§ (t)dP(w). For t€J(L,), Im€m,(R) and P20
I (Ly) w

1/ 4
with Vh€EL,(Z,m) t(h)={f J |s+h(u) |*dnu(s)dm(u) + B‘} .
3YR
Instead of the representation of J(L,;) as w4(R)x[0,®),

we derive a representation of J(L,) as a subset of

L4xLaxLy, gx[0,®).

Proposition 2.8.1

There are representations identifying ¥$(L,) with a subset

of Lyx[0,»w), and J(L,) with a subset of LyxLaxLy4, 3x[0,®).

Proof

Let T€9(L,) with 7(f)=limlif+g,ll,=1imlif-gnlly. So that
VfeL, T(f)*=liml/2[Hf+gnH4+Hf—gnH*]=%limj{|f+gn|4+|f—gn|4}=
1imf{f‘+6f2g§+g§}=Hf"‘+lim"gnH4+611m(f2,g§). Now if we let
u=(w)limgZ, then (f?,gd)—(f?,u®) considered as a limit in
L,dL,. So Vh€L,, (h,gd)—>(h,u). Then as before Ja€R, with
Ng2ll ,—>(NHull3+a2)*’ 2, thus Hgnﬂﬁ=f|gn|4=f|(gn)2|2=ﬂgﬁﬂg
—illull2+a2. So that T(f)=[Ufli+lull3+a2+6(f2,u)]?’ *. That is
every symmetric type T can be represented by a pair (u,a) in

Lix[0,»).

Suppose now that T€J(L,). Then
T(f)*=limplif+gnll*=1liml(f+gn)>113
= Nfl*+limnlign1?+61imn(f?,gn?)+41im(f3, g, )+41lim(f,g2)
= NFN*+Nu,12+a2+46(f2,uy)+4(f% u,)+4(f,u;y), where u, is the

weak limit in L, of gf€L,, u, is the weak limit in L, of
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gn€lL,, and u, is the weak limit in L,,; of gh€L,, 5. Thus

T(L4)CL4xLyxLy, 3x[0,®).
The following lemma places a restriction on the subset
that J(L,) is identified with, namely

T(Le)C{(us,us,uz,a)€L4xLoxLy, 3x[0,®): uflu,, uilu,usy}.

Lemma 2.8.2

If (gn) is a bounded sequence in L, such that g,—g
weakly in L,, g@—>h weakly in L, and g@—k weakly in L,, 5.
then (a) g2<h and (b) h3<{gk.

Proof

(a) For any measurable set A, J Igl = JIA.sgn(g).g =
A .

limnflA-Sgn(g).gn < lim(flA,gg}i’z(P(A))i,z _
(JAh}ilz(P(A))i/z' Thus g2<h.

(b) For any A, f h? = limmlimnf gaga <
A A

1/, 2 1/ 2
1imm1imn(J\ gl?\gn} (J\ gmgg) -_— J\ gk.
A A A

We can now work out the structure that convolution takes
in LyxLyxLy, 3x[0,®). For a symmetric type o€¥(L,) we have the
following.

Let o(f)=limaUf+haI=[UfN3+1UVIZ+B2+6(f2,v)]1’*, where
v=(w)-lim,h2. Then 7%0€%(L,;) and so can be represented as
(o) (F)=[NEN3+NwHZ+72+6(f?,w)]''*, since

(t%0)*(f)=limplimplif+gn+hpll*=

NEN4+1imn mlign+hnll*+61imy m(f2, (gn+hm)2)=
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HEN*+1imy mllgZ+2gnhm+h313+61imy m(f2,g2+2gnhp+hd) /2>
HEN*+Uwl2+~2+6(f2,w). Thus w=(w)-limplimn(gn+hm)? and

y=limp limpl(gn+hm)ZU3-llwliZ=1im, mlign+halli-llwll3.

Proposition 2.8.3

Let ¥ and o0 be types on L, with representations
T=(u,,us,usz,a) and o=(v,,v,,v3,B) in LyxL,xL,, 3x[0,®). Then
T¥0 has the representation
(us+vy, us+2u, v +vy, ug+3u,v,+3u,vo+vy, (a?+p2)172) in
Ly4xLoxLy, gx[0,»).

Proof
Let 1=(uy,us,usz,a) and o=(v,;,vy,v3,B). Then
(t%0)(f)*=limpo(f+gn)?=
lim[Uf+gn N4 +Hv,  H2+B246((f4+gn )%, vo)+4((f+gn )3, v ) +4(f+gn.Vv5)]
= 7(£)*+4(u,,va)+6(u,,vy)+12¢u, , fvy)+lIv  I3+B32+6(f2 v,y )+
4(f3,v1)+4(f,v3)+4(u3,v1)+12(u1,fév1)+12(u2,fv1)
= NFNA+Uv,o HE3+B2+Nu s NZ3+a2+6(f 2, u+2u v, +v,)+4(f3 u,+v, )+

4(f ,uz+3u,v+3u,; vo+vy)+4(u,,vy)+4{usz,v,)+6(us,vy)

HEN4+Hwo12+7v2+6(f2 ,wy)+4(f3,w,)+4(f,w;3), say. So that
W, =u,+vV,, Wy=us+t2u;v,;+v,, and wiz=uz+3usv ;+3u;v,y+vgs.

Indeed ~?+lwoll3=1im,limullhZ+2g hn+gZ il

limnlimm["g§"§+"hﬁﬂg+6(h%,g§)+4(gg,hm)+4(gn,hg)]
= Nva12+B2+lull3+a2+6(uy, vy )+4(v,,u, )+4(v,,uz). So that
(u1,uz,ua,a)*(vi.Vz,Vs,B)=(u1+V1,u2+2u1V1+V2,

ug+3u,v +3u Vatvy, (a?+82)1/2) in LyxL,xL,, 3x[0,®).
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We now show that a uniformly bounded type can be
represented by an element of LmX[O,m)-

Consider a type 17€J(L,), defined by {gn}. Then gn—>u,
weakly. Let u, be the weak limit of g2 in L,. Suppose that

there exists a subsequence of gn in L_. Then
|| sz-utau|=|| om0 () 08n () rus () TanC0) | <
E E

(Hgnﬂw+ﬂuiﬂw)lj gn(t)-u,(t)du(t)|——0 as n—>. Thus uy=u?,
E

and similarly uz=u3. Hence lif+u N*=1f%2fu,+u?il3
= HEN*+Nu2lZ2+6(Ff2,u2)+4(f3,u,)+4(f,ud). So that
T(f)=[lNf+u,li*+a2]?’*, and

2

Hu,-gnll*=lgZl3+llu?i12+6(gZ.,u?)-4(gh.u,)-4(gn,usf)—>a as

n——-—%,

Representations of J(L.yk).

S.Guerre gives, in [Gul] and [Gu3], a representation for
symmetric types on L,x, for k€N k>2. As in the case of L, and
L,., we can produce a representation of J(L,x) as a subset of
LokxLkx...Lok, 2k 1%x[0,®).

If v(f)=lim,lif+gnll, where T€J(L,x), then

2k . . 2k .
"f+gn”2k= 2 (2¥)Jf‘g§k"-——a z (2¥)(f‘,u2k_i), where usk_i

i=zo 1 =0

is the weak limit of gﬁk‘i, SO Usk-i€Lok, 2k-i . Then

2k

2k
(t%0) (f)2¥=lim,o(f+gn)2¥ = lim, z ( i

i=o0

: 2k[2k) ¥ i} 3 i- _
limn ) ( i} ) (j (Figl~9 vok_ ;) =
(o]

J=0

i=
2k 2k ifs . "Ir
z ( i} 2 (})(fJUi_J,Vzk_i), then w,= 2 (t)utvr_t.
J=o0

i=o

}<(f+gn)invzk-i) =
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Having indentified J(L,) as a subset of L3x[0,»), and
J(L,y) as a subset of LyxLyxL,, 3x[0,®), we use these to study

the representation of J(L,;(Ly)) as w,(J(Lp))x[0,®).

Theorem 2.8.4

Assume that the representation of a symmetric uniformly
integrable types on L,(L,) as a random measure is uniquely
determined. Let T be a uniformly integrable type on L,(L,),
represented by f€nw,(J(L,)). Suppose that the representation
of types as random measures preserves convolution.

Then T is symmetric iff f, is symmetric and fg=f_¢
a.e.[E,], where {fg}, > is the disintegration of €.
Proof

The general form of a type on L, is t(h)=[lih+gli®2+a?]'’ 2,
where g=(w)-limg, and oa=limligh-gll, and {gn} is an
approximating sequence for t.

Let T be symmetric. Let m represent (-T). Since there

are Fréchet differentiable points in L,, by Theorem 4.2.1 we

have I t(h)dE (t)= t(h)dn (t) a.e.[P] for all h€L,. Let
T(Lz) ° 7(Lz)
T:Lox[0,9)——L,x[0,»). Then
g.a)—(-g.a)

(
f f [Hf(w)+g"2+a2]1’zdfw(g,a)dP(m)=
OvL

2%X[0,®)
[Hf(w)-gl?+a?]' 2dFf (g,a)dP(w)=
QVL,x[0,®) ©

1 [Eg(m;+gﬂz+a2]1’zdnm(g,a)dP(w) , where
2XL0,®

nw(E)=§on'1(E)=§w{(-y,a)1 (y.2)€E}. Uniqueness implies that
§m=nw a.e.[P]. Hence 7 is symmetric iff § is symmetric in L,.

Further if we disintegrate § into £y and §,, then 7v(f)=

J J J ["f(w)+gH2+a2]1’zdfg(a)dfg(g)dP(w) and so
(“Lx"0
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JL J [If(w)-gh?+a2]! 2dEg (a)dE2(g)

=J [Nf(w)+gh®+a®]? 2dE_¢ (a)dEL0T ' (g).
L

2 0

Then £,=f,0T ! and £g=f_¢ a.e.[E>]. So that T is symmetric

iff £, is symmetric and £g=f_¢y a.e.[£,].

Example

A random measure representing a symmetric type doesn't
necessarily have to be concentrated on the symmetric types.
For example fix a non-zero e€L,(R) and let
§w=l/2[6(e,0)+6(—e,0)] Vw. Then the corresponding type on
L,(L;) is given by T(f)=Ew[Hf(w)+e"+”f(m)—e"]/2=T(—f), soO T
is indeed symmetric. Symmetric types in L, are given by

(0,0)€L,x[0,®), so we must have Ew(Q(Lz))=O.

Convolution.

The calculation of convolution runs as follows

2]

(ox7)(f)=E ["f(w)+g+h“2+d2+32]1’zdfw(g,a)dnm(hyﬁ)
Lx[0,»)YL,x[0, )

£ J J J [If(w)+g+hl2+a2+B2]*" 2dE¢ (a)dE2 (g)dnh (B)dns (h)
LJovL

J
2 o

<

= [Nf(w)+kilZ+~2]1" 2d(Exn) (k,v)dP(w)
JQUL,x[0,®) ¢

= [ [ onecorexnzenys 2acennacem gk ar(w)

“OYLyYo

Then if o and T are symmetric, so is o%7T. Then by above
(E%n)2 is symmetric and (§xn)x=(fxn)_k a.e.[(E»*n)>]. and
these conditions are equivalent to the similar conditions on
& and 7.

In the examples below we show how this works for simple

cases.
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Examples

. _+
1. Let g€L,, E,=[6g+6_¢]/2 and §h={2: ;fwh € for any u.

Then T(f) = Ew{JL Jw[nf(m)+hnz+a2]1’zdfh(a)dfz(h)} =

Ew{[ﬂf(m)+gH2+9]1’2+[Hf(w)—gH2+9]1’2}/2 , so T is symmetric.

Also £, is symmetric and fn=€.n a.e.[f>] as required.

2. Let h,k€L,. Let My=[6n+6_n]/3 + [6x+6_k]/6 and

6, 1if 1l=th
n1={62 if l=tk. Then
0 o.W.
o(f) = Em{[ﬂf(w)+hﬂz+1]1’2+[Hf(m)—hH2+l]1’2 +
1/72[Nf (w)+kl2+4]Y 2+1/72[HiIf (w)-klIZ+4]1" 2}/3.
Then with T and § as above, we calculate (ox7)(f) as
Ew{([llf(w)+h+gllz+10]1’2+[Ilf(w)+h—gllz+10]1’2
+[lIf (w)-h+gliZ+10]*" 2 +[lIf(w)-h-gll?+10]*" 2)/6
+([Wf(w)+k+glhZ+13] 2+[lIf(w)-g+klIZ+13]1/ 2
+[Nf (w)-k+gllZ+13]* 2+ [Nf (w)-k-gli2+13]1" 2)/2}.
Then

(E%M)2=[On+g+On_g+O0_h,g+8_n_g ]/6+[Ok,g+Ok_g+8g_k+O6_k_g]/12

5(VY10) if l=t(htg) |
(Exn)1 = 5(V13) if 1=t (k*g) so that (€xm);=Ffi1»m and
1 O.W.

(Exm)2=E2%m>.
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Symmetric types on L,(Ls).

Let 7€¢J(L,(Ls)) be given by,

T(f)=I [Nf(w)U*+Nu246(f(w)Z,u)+4(f(w)%,u)+4(f(w),usz?>]*"*
QYL 4xLoxL4, xR,

d§w(u1,u2,u3,a)dP(w).

Then T is symmetric iff £ is symmetric on J(L,;) which happens
iff € is symmetric in L, on Lg4xL,xL,, 3xR,. Let
Ff(w),us,uz,ug,a]=[lf(w)li*+Huli3+6(f(w)?,uz)+
4(f(w)®,u,)+4(f(w),uz) ]’ *.

We can however find symmetric types with associated
random measure concentrated wholly on the non-symmetric
types. For example let £=1/2[6(e,0,0,0)+6(-e,0,0,0)] for a
fixed non-zero e€L,. Let §w=§’ then § is a random measure
concentrated on the non-symmetric types of L,., where we are
representing J(L,) as LyxL,xL,, 3xR,. Then
2'r(f)=Ew[Ilf(w)II*+4(f((.J)3,e)]1’‘*+Ew[llf(w)ll"+4(f(w)3,—e)]"4

=2T7(-f), so that T is indeed symmetric.
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CHAPTER 3 : DERIVATIVES OF TYPES.

3.1 INTRODUCTION

The aim of this chapter is to study various differential
properties in J(X), in particular with reference to the
concept of smoothness in X. The ideas evolved out of work on
the uniqueness of representing types as random measures,
where we were led to consider cases when
T(-nx)+717(nx)-2nlixll—>0 as n—>». By looking at the functional
fx:J(X)—R defined by fx(7T)=limp[7(nx)-nlixil], we develop a
tool that reduces the question of uniqueness for random
measures on J(X), to one of measures on J(X).

We develop the properties of fx and compute some simple
examples, where it can be seen as extracting some information
about the weak limit of the defining sequence of the type 7.

Gateaux and Fréchet differentiability can be defined for
arbitrary real-valued functions on X, and we consider
differentiability of types on X, which leads, after looking
at some examples, to the extension of the norm-duality map

from X to J(X).

3.2 The functional f,.

Definition

The Banach space X is said to be smooth at x€U(X)
whenever there exists a unique f€U(X*) such that f(x)=1. If X

is smooth at each point of U(X) then we say that X is smooth.
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X is said to have a Gateaux differentiable norm at x

whenever given ye€X, 13m"x+tyH—HxHEp'(x;y) exists. If the norm
t o
t

of X is Gateaux differentiable at each point of X then we say

that X has a Gateaux differentiable norm.

Then X is smooth at x iff the norm of X is Gateaux

differentiable at x. See [Di ].

Definition

X is said to have a Fréchet differentiable norm at x

whenever 15m"x+ty”—"x" exists uniformly for y€X. If the
t o
t

norm of X is Fréchet differentiable at each point of X then
we say that X has a Fréchet differentiable norm.

Thus smoothness is equivalent to the existence of a
unique norm to norm weak-star continuous support map, and
Fréchet differentiability is equivalent to the norm to norm

continuity of this support mapping.

For a general discussion of smoothness and related
topics, the reader is refered to Diestel [Di ], Cudia [Cu] or
Day [Dayl]. In [DaR] it is shown that the L,-spaces are
smooth, - . The differential of
the norm, p', is computed for R", L,, and C(Q,R) in [Ho];
where it is also shown that the set of smooth points of a
solid closed convex subset of a separable Banach space is a
residual (i.e. dense and of second category) subset of 9(A).

For 1<p<®, L,(X) is smooth iff X is smooth.
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Although 9(X) is not in general a Banach space, in
certain situations we are able to extend functionals to J(X).
Here we use a uniform convergence argument to enable us to
define fx(7), a linear functional on J(X) in the sense that
fx(amBo)=afx(T)+Bfx(0). One can view fx(7T) as the derivative
of the weak part of T, that is in many cases fx(T)=p'(x;u)
where u is the weak limit of the approximating sequence
defining T. We now define fx and explore some of its basic

properties. Assume X is stable.

Lemma 3.2.1

Let (ank) be a sequence of real numbers. Suppose limkank
exists for each n, and limpank exists uniformly in k. Then

limplimkank = limklimpank.

Suppose a type T has approximating sequence {yk}. Let

ank=lx+yk/nll-lxll-p'(x,yx/n). If Hi.lly is Fréchet
Nyx/nll

differentiable at x, then Ve€>0 36>0 such that llAyllI<é implies

that |lUx+Ayll - lixll - p'(x;Ay)| < €.
Ay Il

Assume that T isn't the trivial type, so that (yk) has
no subsequence convergent to O. Thus there exists a greatest

positive integer R such that lykxll=0. Let P .=inf{lly; /&

6
j>R}. Since the yk are bounded, OKP<». Let €>0, then 3I6>0 as
above. Then there exists P6 such that for n>P6 and j>R

ly; /nli<é6 thus lank |<€. That is limpank converges uniformly

in k. We know already that limhpank=0 and that limkan,k exists,
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That is limplimkank=lima[7(nx)-nlixll-limkp'(x;yx)]=0. So
that lima[T(nx)-nlixll]=limkp'(x:;yk). We are thus motivated to

make the following definitions.

Definition

Let x€X. Let T€J(X).
(A) Define fx(7)=lims[T(nx)-nillxll] whenever this exists.
(B) We say that 7 is a continuity point of fx if fx(7) exists
and equals limmp'(x;ym) whenever (Ym) is an approximating

sequence for T.

So if x is a point of Fréchet differentiability, then
for all types T on X, f,(T) exists and T is a continuity

point of fy.

Lemma 3.2.2

Suppose that T is a continuity point of fx, that is both
(A) and (B) hold, then

(i) fx is well defined.

(i1) f_x=—fx

(iii) fx(-7)=-1f«(7)

Proof

(i) Suppose T(x)=limmlix+ymll=limplix+z,ll. Extract
subsequences so that p'(x:ym) and p'(x;zm) converge. Then
O=limy[7(nx)-7(nx)+nlxll-nlix]
=1imn[T(nx)—onH]—limn[T(nx)—onH]=limmp!(x;ym)—limmp'(x;zm)_

(ii) f_x(T)=limmp'(—x;ym)=—1immp'(x;ym)=—fx(T),

(iii) fx(—T)=1immp'(x;—ym)=—limmp'(x;ym)=—fx(T).
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Proposition 3.2.3

Let X be a Banach space and x€X. Suppose that for all
TE€ET(X), fx(7)=limp[T(nx)-nlixll] exists and that 7 is a
continuity point of fx. Then ll*lix is Fréchet differentiable
at x.

Proof

The second assumption tells us that fx(T)=limmfx(Tym)
whenever T - is a sequence of degenerate types converging to
T. Using the density of these types in J(X) and an easy lemma
about metric spaces we see that fx is continbus on 7(X).

Now T7(nx)-nlixll is a decreasing function of n. So Dini's
theorem tells us that T(nx)-nlixll converges to fx(T) uniformly
on the compact set {7T7€J(X):7(0)<1}. In particular
[Ix+hyll-lixll]J/h——p'(x;y) uniformly over y€ball(X), which is

the criterion of Fréchet differentiablilty.

Proposition 3.2.4

Suppose T,0€J7(X) and that fx(7), fx(0) exist for some
O0#x€X. Suppose that T and o are continuity points of fx then
fx(Tx%0) exists, fx(T%0)=fx(T)+fx(0) and T%0 is a continuity

point of fx.

Proof
If (ym) and (zx) are approximation sequences for T and o

respectively, then fx(7)=limmp'(x:ym) and fx(o)=limkp'(x;zk).
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Then lix+yn,/nll - HxH—;—ﬁp'(X;Ym) and
1/n

pP'(x:zk)=limmp' (x:zx)=limpp' (X:ym+Zk)-1limmp'(X;ym)

=limplimpfllx + (ym+zx)/nll - iixll - lx+yn/nll - lixli
1/n 1/n
=limplimpllx + (ym+zk)/nll - lx+yn/nll.
1/n

Thus O=p'(x;zk)-p'(x:2zKk)

= limplimmlix + (ym+zk)/nll - lix+ym/nll - lim,lix+zx/nll - lixl
1/n 1/n

= limp[limp(linx+yn+zli-linx+yn,ll )+nilixli-linx+zk il ]

= lima[limplinx+yp+zkli-linx+zgll-limgplinx+ynll+nlixil ]

= limy[T(nx+zk)-lInx+zkll-T(nx)+nlixll]
Therefore limha[T(nx+zg)-linx+zxll]=lim,[7(nx)-nlixll]

=limpmp ' (X:¥Ym)=fx(T)

fx(7T)+fx(0) = limmp'(X:;ym)+limkp'(x;2zk)

= limy[7(nx+zk )-lInx+zxll ]J+1limy [ 1imklinx+zk ll-niixll]

limklimp[T(nx+zx )-lnx+zxll]+1limylimk[ Inx+zkll-nlixil]
Let ank=T(nx+zk)-linx+zkll. Then limpank exists uniformly
in k, and limkank=(T%0)(nx)-o(nx) which exists for each n.
Thus limklimpank=limnlimkank.
fx(T)+fx(o)=limplimg [T (nx+zk )-linx+zx]J+1im, limk [ Inx+zkll-nlixll]
= limplimk[T(nx+zk)-nlxll] = lim,[(7%0) (nx)-nlixll]=fx (T30)
and fx(T) + fx(0) = limmp'(X;ym)+limkp'(x;2zk)
= limklimmp'(X:ym+2Zk) = limplimkp' (X:Ym+tzk)-

So T0 is a continuity point of f.
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Lemma 3.2.5

Suppose T is a continuity point of fx and fy. Then
(i) If a#0 then a.T is a continuity point of fy,
fx(a.7T)=afx(T) and fax(T)=[sign(a)].fx(T).
(ii) fx(7Ty)=p'(x:;y) so that fx(a.Tx)=allxll.

Proof

(i) fax(T) = limp[T(nax)-nllaxll]
=|a|limnlimm[an+ym/aH—onH]=Iallimmp'(x;ym/a)=|a|/a.fx(T).
Let o=a.7. Then limp[o(nx)-nlixli]=lima[limplinx+aymil-nlixll]
=|d|limn[T(nx/a)—on/aH]=|aIfx,a(T)=afx(T)=a.limmp'(x;aym)
=limmp'(x;aym). So fx(0o) exists and equals limmp'(X:0¥m).

(ii) is trivial.

Lemma 3.2.6

Suppose T is a symmetric type. Suppose that T is a
continuity point of fx. Then fx(7)=0. If f4.(7)=0 for some
(t.x)€T(X)xX, then Vye€X
limpa[7(nx)-7(-nx)]=lims [T(nx+y)-7(-nx-y) ]=0.

Proof

Vz€X, T(z)=7(-z). Thus fy(7)=lima[7T(nx)-nlixll]
=limp[T(-nx)-nlixll]=f_x (T7)=-f« (7). Hence fx(7)=0.

If fx(7)=0 then O=fx(7T)-f_x(7)=lima[T(nx)-7(-nx)].
limp [T(nx+y)-Mnx+yll]=lim,[7(nx)-nlixll] = 0, thus

limp[T(nx+y)-T1(-nx-y)]=0.
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Proposition 3.2.7

Let 0€J(L, (Q:X)) be uniformly integrable and represented
by the random measure f€m,(J(X)). Let g€L,(Q:X). If for each
T€ET (X) fg(w)(T) exists for almost all wé€fl, then fg(o) exists
and fg(a)=IQJ;(X)fg(m)(T).dfm(T).dP(w)
Proof

fg (o) = limn[a(ng)—anHLi]

limn{f J T(ng(w))d€f (T7)dP(w) - nJ Hg(m)"de(w)}
YT (X) ¢ 0

= lim, J {T(ng(w))—an(w)Hx}dfw(T)dP(w)
QY9I (X)

= limp[T(ng(w))-nlig(w)ll]dE (T)dP(w)
YT (X) ¢

q g(x)fg(w)(T)dEw(T)dP(w)

by applying the dominated convergence theorem twice. Thus if

for almost all w€Q [P], fg(w) exists, then fg exists.

Proposition 3.2.8

Let 7,0€7(L; (2:X)) be uniformly integrable and represented
by the random measures £,m respectively. Let g€L,(0:X).
Suppose that T and o are continuity points of fg. Suppose

further that every type t€J(X) is a continuity point of f (

g(w)
a.e. [P]. Then IQI% X)fg(w)(r)d(fxn)w(r)dP(w)

= jﬂ};(x)Jg(x)fg(w)(txs)dfm(t)dnw(s)dP(w).

Proof

fg(T)+fg(a)=jnfg(x)j%(x)fg(0)(t)+fg(m)(s)dfw(t)dnm(s)dp(w)

- fﬂfﬂ(x)f;(x)fg(m)(t*s)dfm(t)dﬂm(5>dp(“)
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fo (T)+5¢(0) = f¢(Tx0) = JQJ?(X)fg(m)(r)d(f*n)w(r)dP(w)

Thus the two sides are equal whenever the set {w:g(w)=0} is
[P]-null. If g=0, then
fg(T)+fg(a):jéj%(x)fg(x)(t*s)(O)dfw(t)dnw(s)dP(w) and
fg(T30)= r(O)d(fxn)w(r)dP(m). If gZ0 but P{w:g(w)=0}#0

0Y9(X)
then let F={w:g(w)=0}. Thus

fe(T)+fg(0) = JFch(X)J;(X)fg(w)(txs)d§w<t)dnm(s)dp(w) +
J j I (t*S)(O)d§w(t)dnw(s)dP(m) = fg(T%0)
FYT(X)Y7(X)

Proposition 3.2.9

Suppose that for all i, fx(7i) and fyx(7) exist. Then

(i) Let Ti——T in the weak topology. Then fo(Ti )—fo(T).

(ii) If 74—>7T in the uniform topology then fx(7;)——f, (7).

(iii) fx(7:i)—fx(7) for all x does not imply that T ——

weakly, {iv) lim; fx(-r,,il )=fx(1lim; Ty, )i b (y) b o bounded nequence.
Proof

The uniform topology on 7(X) is given by the metric
d (o.7) = sup{lT(x)—a(x)I:XGX}. Suppose dm(Ti,T)———eO, then
d_(7i,75)<d (75 .7)+d (75,7)—0, thus |7; (nx)-T; (nx)]|<
sup{ |Ts (x)-7;(x)|:x€X}=d_(7:,7T)—0 as i, j—m.

Thus [fx(7i)-fx(73)|=limn |7y (nx)-7; (nx)|—0 as i, j—.
So that lim; [Ti (nx)-nlixil] converges uniformly in n, and
limy[Ti (nx)-nlixll] exists. Thus img limp [ 73 (nx)-nlxll]=
limplimg [7i (nx)-niixli]=lima [T(nx)-nlixl ]=f, (7).

In co, pP'(x:y)=(sgn.xi).y;. Let Ti (x)=max{lix+y; I,B} and

T(x)=max{llx+yll,a} with y=(ptwise)lim;y; and a=lly-yi ll. Then
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limg 75 (x)=max{lx+yll,a,B}#T(x) if Bd>a. But fx(T:)=(sgnxy).yy'
and f.(7T)=(sgnxy).y;, so that fx(T; )—fx(T) while

Ti (x)—7F>1(x).

We now look at some illustrative examples, calculating
fx on J(X) for some simple Banach spaces X. We also consider
the question of whether fx(7)=0 only on the symmetric types,

as we will be interested in such cases in chapter 4.

Examples

1. X=0,. In this case fx(T) exists precisely when T is a
symmetric type. Let T€J(0,) with 7(x)=lixll+a for some «20.

Then fx(T)=a. But no types are continuity points.

2. X=0,. Every non-zero point of 2, is Fréchet
differentiable. Types on 2, are given by o(x)=(llx+yllP+a? )’ P,
and symmetric types by T(x)=(lIxlIP+aP)*’P. Then if T is a
symmetric continuity point, we have
(Inxli®P+aP )’ P-nllxll—f 4 (7)=0 as n——».

O=lim, [ (UnxlIP+aP)* " P-nilxli]=1limp [ (Inx-y+ylI®+a® )1’ P-nlixli]

= lima[o(nx-y)-nllxll] = limalimpllx+(ym=-y)/nll - lixli
1/n
1/n

= limmp'(X5ym)-P'(X:¥).
Thus fx(o)=limmp'(x;ym)=p'(x;y). But since every
symmetric type is a continuity point we have that all types

are continuity points, and that fx(o)=p'(x;y).
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3. Let 7 be a uniformly integrable type on L;(Q:X). Let
g€L,(X). If for each t€J(X), f (t) exists a.e. [P], then
)

(W
fg(T) exists, and fg(T)=fQI?(x)fg(w)(t)dfm(t)dp(m)'

For X=0,, every type is a continuity point of fg(w) and

fg(m)(t)=p'(g(m);y). So that for each £€P(T(2,))
| rqnagcn=] o ayvraEcy.p).
T(2) 2, xR,

Disintegrating § into a family of probabilities {fy}. y€Q,,

on [0,2) and a probability £, on 8,, we have

Fg (7) = fﬂfﬂ o (g(0):y)dEY(y)dP(w)

In the next set of examples we consider cases when
fx(T1)=0 implies that T is symmetric.

Examples

1. For X=0,. fx(71)=0 for some x does not imply that T is
symmetric. Let y=(1,0,...), x=(0,1,0,...). Then Va
T7(z)=(llz+yliP+a®)*’P isn't symmetric. fx(7)=0 iff p'(x:;y)=0
and the Gateaux derivative at x defines a linear functional

on 2,, which is given by p'(x;¢)=x|x|?"2 € 04 where q*+p*=1.
NxIiP-1

pP-2
XNlﬁ;%P-iyn , then p'(x;y)=0 but T isn't

So that p'(x:;y) = z

symmetric.

2. For X=02,. If Vx€X, fx(7)=0, then T is symmetric.
Letting x run through {e,,}[N , the unit basis of 2,, we
see that for each n, yn=0, so that y=0 and hence T is

symmetric.
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3. For 7€J(L,(0:0,)), f¢(T)=0 Vg does not imply that T is

symmetric. Let e,;=(1,0,...)€0,. Put, Vu, §Z=(691+6_91)/2 ,

6, y=e,
§$={82 y=-e,. Then Vg€L,(Q:02,) T(g) equals
o.w.
00

] (g (u)+es17+87)* ® .age, ()+ [ (g (0)-e 17 +67 )" aE o (B) }
= g{[ﬂg(m)+eiﬂp+lp]1’P+[Hg(w)—eiﬂp+2p]1’p}.

Let g(w)=e,;. Then T(g)={(27+1)'"P+2}/2, T(-g)={1+2.21"?}/2,
So that 7v(g)=7v(-g) iff p=1, giving a contradiction. So that
TEL(L,(9:02,)). but Vg fg(7) =

J;J; P (2(0);¥)dES(y)dP(0)=E{p' (g(u)ie;)*p' (g(6):-e,)}/2 = O.

4. For 7€7(L,(Q:9,)), f¢(7)=0 Vg does not imply that §2 is

symmetric.
We know that fg (1) = f f p'(g(m);y).dfg(y).dP(w). Fix
ave,

y#20. For each w€Q let §Z=(6y)/3 + 2/3(6_y,2). Then F?2

obviously is not symmetric, but for each g,

fg(T) = Ew{l/Bp'(g(w);y) + 2/3p'(g(w);-y/2)} = Em(O) = 0.

5. Let X=cy. When X=C(Q2,R) with Q a compact Hausdorff space,
the smooth points of the unit ball are precisely the peak
functions in C(Q;R). See [Ho]. In this case,
pv(x;y)z(sgnx(po)).épo(y), where x obtains its norm at Po >
and 6, 1is the evaluation functional, 6po(y)=y(po).

o
Then §=(§:i) is Gateaux differentiable iff

#{j: |Es;|=NEN}=1. That is, considering c, as a subspace of

C(N,R), § is a smooth point iff it is a peak function.
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Let T7€7(X). Then T(x)=max{lix+yll,B}, so that f,(T) exists
and equals p'(x;y) whenever x is a peak function. Since
p'(x;y)=sign[x(i)].y(i) and if (ym) is an approximating
sequence for T then ym,—y, we have ym—Yy coordinatewise.
Hence p'(x;ym)—p'(x:y) whenever the latter exists. Thus
whenever x is a peak function every type is a continuity
point of fx. Also fx(7)=0 for some x does not imply that T is

symmetric, but fx(7)=0 V¥x does mean that T is symmetric.

Proposition 3.2.10

Let X be stable. Suppose 7(X)=Xx¥(X), in the sense that if
T€ETJ(X) then there exists 0€¥(X) and an x€X such that T=Tx%0,
see chapter 2. If o0 is a continuity point of f2, then so is T
and f-(T)=p'(z:x), and hence if f.(7)=0 Vz then T is
symmetric.

Proof

fo(T)=fz(Txx0)=f(Tx)+f2(0)=f2(7x)=p'(2:x).

If p'(z;x)=0 Vz, then put z=x. Hence p'(z;x)=IlxlI=0 ,so x=0

and T=To*0=0€¥(X).

Later, we shall consider whether a random measure §
representing a type T, is necessarily unique. We shall use
the fact that fx(T)+f_x(7)=0 to enable us to consider the
uniqueness of the integrand. We find a similar result for the

functional f¢ as follows:



Proposition 3.2.11

Suppose that, for some T€J(L,(0Q:X))., and all ge€lL, (0Q:X),

fe(T) = Jﬂjg(x)fg(m)(t).dfw(t)dP(w)

o (t). dn (t)dP(w). If there exists x#0 such
QY7 (X) g( )

that every type on X is a continuity point of fx then

d d a.e. [P].
LT(X) e, (VB[ g, (Ddn,(0) ace. 7]

Proof
Let hi(w)=g(w).lA(m)+x.lAc(w), hz(w)=g(m).lA(w)—x.lAc(m),

for some x€X, x#0, such that every type is a continuity point

of fx. Then fn,(T)+fns(T) J j (t).d€ (t)dP(w)
ﬂ(X) (W, W
+ J f fx(t)+f_x(t). d§ (t)dP(w)
YT (X)

and fx(t)+f_x(t)=0 Vt€IT(X). Thus VACHQ

jAJg(X)fg(w’ (t) .dEw(t)dP(w)szfg(X)fg((»‘) (t) -dﬂw(t)dP(w) and

hence the result.

Lemma 3.2.12

Let T be a uniformly integrable type on L,(Q:X). If every

type on X is a continuity point of fg(m) and fg(T1)=0 for each

g€L,(02:X) then J fo o (t)dE (t)= fo o, (t)dD- L& (t)
g(X) ( Wy g(x) (W
a.e. [P].
Proof

f J%(X) g, (8)-dE (t)dP(e) = J fﬂ(X)fg(w)(t).df (t)dP(w)
f f;(X) g, © (D_it)df (t)dP(w)= I fﬂ(X) g(w)(t)dD_ig-‘ (t)dP(w).

Hence the result by the above proposition.
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Calculations of fx on J(ExF).

To calculate fx on the space X=E@F, we need to know

p'[(x,y);(u,v)] for (x,y).(u,v)EE®F. Let (E,lN.lig), (F,l.lg)
be Banach spaces with dense G6—sets of Fréchet differentiable
points. Let H(x,y)H=H(HxHE,HyHF)H*, where II-I1* is a norm on
R2.

Then one can show that there is a Fréchet differentiable
point (x,y)€X. Then the Gateaux derivative is given by
p'[(x.y); (u,v)I=pyL(Ux, yl);[p'e(x:u).p'r(¥y:v)]]. where

, and p'g, p'F are

p6(°,°) is the Fréchet derivative of Ill«I*

the derivatives of Ill*llg and li*llg respectively.

Example

We now consider the space of types on X=0,80,, with a
stable norm. We represent J(0,6924) as (Q2px[0,%))0(Q24x[0,®)),
and are thus able to calculate f(x y,(T), TET(X). Not all
norms on X are stable, so we consider only norms given by
"norms of R2" [Ra]. If II.I* is a norm on R2?, define
H(x,y)H=H(Hpr,Hqu)H* for x€0,, y€Q,4. This is a stable norm
giving the usual topology on 0,069,.

Let o be a type on X. So 3z,€X with o(x)=lim,lix+z,ll,
then zn=(Xn.Yyn) for some (xn),(yn)-. Thén, for some
(u,a)€2,x[0,») and (v.B)€EQ4x[0, )
a(x,y)=1imnH(Hx+an,Hy+ynu)u*=
N([Ix+ullP+a® ]/ P, [Ny+vI®+B89] ) 1* = JI(0,(x),0,(y))I¥*, where
o, (x)=limnlIx+xnllp=(lix+ull®+a®)*’ P and

GZ(Y)‘:limn Hy+yn ||q=(||y+V||q+Bq)1 /9q
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To check convolution, let o,7€J(X). Let T,(z)=limpliz+r,ll
= [Nz+rlIP+4P 1/ P g (y)=lim, ly+sall=[lly+sli9+59]1/ 9, VzeQ,,

Y€2q. Then (o0%7)(x,y) = limplimmll(%n,¥n)+(Tm.sm)+(x,.y)I

limplimpll (X+Xn+Tm,y+yn+sm)ll
= N([UIx+u+TlIP+aP+~P 1P [lly+v+slT+p9+59]1 7 9 ¥
= W([oyxT,](x),[o2xT,](y) ) I*.

Then f(x y)=limmp'[(x.¥); (Um.vm)]=p'[(x.y);:(u.v)] as

expected. So p'[(x.,y):(u,v)] =

[+ [¢4]
péz[(HxH,HyH);[En=1xnlxnlp‘2un, En=1yn|yn|q‘2vn]].
IxIPT fywe™

Let Y=R", with the r-norm. Then for x=(xn). y=(yn)€R",

r

n
P'(x.y¥) =3i..¥i|x:i|""'sgn(x;). So for n=r=2,
Ixi™ =

p'y(x.y)=x,¥,+x2y2. The unit r-ball in R™ is smooth on all
xil

it's boundary. For r=1, the unit 1-ball is smooth at all
points with non-zero components, i.e. Vx with x#0. Then for
n=2, r=1, p'y(x,y)=y.sgn(x;)+yzsgn(xz). For Y=(R2,ll-ll,) we

get p'x[(x.¥)i 0.V = 3 [xalxal?~2u, yolyn]®-2va ).
=1 IxIIP-2 Hyll9-2
(IxU2+yl2)1” 2
For Y=(R2,ll<l1,), p'x[(x.y):(u,v)] =

Z: [xannlp‘zun + ynlynlq‘zvn] = p'e(x;u) + p'p(y:v).
=1 Hx P~ Ny ne=

- 70 -



We now have a representation of J(2,624) as
(2,%x[0,2))B(24x[0,»)), given by T:o——((u,a),(v.B)). This is
a measurable map, and so if T is a uniformly integrable type
on L,(2;2,62,) then if g€L, and g(w)=(g:(w).g2(w) )€, 09,,
T(g) =

I J H([Hgi(m)+uup+aP]1’p,[ng(w)+qu+Bq]1’q)H*dEw(u,a,v,B)dP
avs

where 3=(Q,x[0,»))®(24qx[0,®)).

Example

Let X=0,86cy, be equipped with the norm
H(x,y)H=H(NxHP,Hwa)H*, where II.11* is a norm on R2%. Let
T€J(X). Then 7(x.y)=0(T,(x).T2(y))I* for some T,€7(2,),
T,€J5(cg). T is symmetric iff T, and 7, are both symmetric iff

u=v=0.

Let (x.y) be a Fréchet differentiable point of X. Let o
be the symmetric restriction of T, i.e. o(x,y) =
N([NxNP+aP]* /P, max[liyll,B])I¥*. Then if o is a continuity point
O=f(x .yr)(0)=limmp'[(x.¥):(Um.Vm)-(u,v)]. Thus

fex yr(T)=p'[(x.y):;(u,v)], whenever this exists.
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3.3 Gateaux and Fréchet differentiability in J(X).

In this section we look at Gateaux and Fréchet
differentiability in J(X), and we examine how the functional

T'(x;°) behaves in different situations.

A function g is Gateaux differentiable at x€X, in the

direction of y, if g'(x;y)Elgm g(x+ty)-g(x) exists. g is
t™0
t

Fréchet differentiable if the limit exists uniformly in
y€ball(X). g is uniformly Gateaux differentiable if for each
y the limit exists uniformly in x€X, see [Ho]. If ll<lly is
uniformly Gateaux differentiable, then p'(x+ym:y) exists

uniformly in m, so that

T'(x:y) = %Lg T(x+ty)-71(x) = limpp'(X+ym:;y) exists.
t

We assume throughout this section that X is a stable
Banach space with a uniformly Gateaux differentiable norm.
Then, of course T'(x;y) is independent of the sequence chosen
to define 7. That is 7' is well defined. Obviously

T'(x;0y+Bz)=a7'(x;y)+B7T"'(x:2).

Lemma 3.3.1

(1) (0%71) ' (x:¥) = limmlimnp' (X+ym+Xn:y).
(ii) [Dat]'(x:y) = at'(x/a;y/a).
(iii) T'(ax;y)/a = [D;,a7]'(x:y/2).
(iv) 7'(x5y) = (7%71<)'(0:y).
Proof

An easy exercise.
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Lemma 3.3.2

(i) 7'u(v:y)=p'(u+v;y). thus T'(0;y)=lyll.
(ii) If o€¥(X)., then 0'(-x;y)=0'(x:y) and o'(0;y)=0 Vx,y€X.
(iii) If J(X)=Xx¥(X). then [$(X)]'=0 implies that [J(X)]'=0.
(iv) If 7i—>T in the uniform topology, then T; '—>T' in the
pointwise topology on XxX.
Proof
Let 0€¥(X). Then a'(x;y)=1immp'(x+ym;y)=limmp'(x—ym;y)
==limmp' (-xX+ym:y)=-0'(-x;y) and o'(x;y)=-[Dio]'(-x;:-y)
=0'(-x:y).
So that 0'(0:y)=-0'(0;y) thus o0'(0;y)=0.

If 7(X)=X%¥9(X)., then for TE€ET(X), T(x)=limlix+y+ymll; then
T'(x;z)=limmp'(x+y+ym;z)=a'(x+y;z). So that o'(u;v)=0 Vu =>
T'(w;v)=0 Vw.

dm(Ti,T)=sup{|Ti(x)—T(x)I:XEX}——eO, as i—». With this
topology we are able to exchange the lim; and 132 limits, so

t

that 7 "(x:y)—>1(x:y) Vx,ye€X.

Proposition 3.3.3

Let Tv€J(L,(Q:X)) be represented by the random measure

€€m,(9(X)) and scalar a)0. Let f.g€L,(Q:X). Then

"(fig)= "[f(v):ig(w)].dE (o) .dP(w).
T'(f;g) JQJ;(X)U w):g(w oo W
Proof

T(g)=f f U(g(w))-dfw(a)dP(m)+a. Then
QY9 (X)
T'(f;g)=1£m 1 f f a[f(w)+tg(w)]—a[f(m)].dfw(a)dP(m)
vt T YaYg(X)

= j f a'[f(m);g(w)].dfm(a)dP(m), by applying the DCT
QT (X)

twice.
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Computing T'(x;z) is fairly straightforward, and we can
now furnish ourselves with several examples of 7'(x:z) on
simple Banach spaces.

Examples

1. X=0,. Let 1€7(X). Then 7(x)=limlix+ypnli=(lix+yliP+a®?)*’ P
Suppose that T'(x;z) exists. Then 7T'(x;z)=limp'(xX+ym;z)=

), 7 (xtym)s [(xtym)s [P72 — p'(x+yiz). since (ym)i—y: Vm
=1 Ix+ymllP~ 2

as i—»,
Let o0 be the symmetric restriction of T, i.e.

o(x)=(NIxlIP+a®?)?’P, Then o'(0;z)=0 Vz. So that O=%£ma(tz)—a(0)
(o]

t
= lim(ltzlP+a® ) ' P-a = lim[(lltz+y-yliP+a®)!’P-qa]
t 20 s t 2o .
= %i)rgT(tz—Y)—T_(—YL = 1immp'(Ym_y;Z).
t

By direct calculation we have that
T'(x:;z)=(lIx+ylIP+aP )1 P 1 lIx+ylIP~ 1 p' (x+y;z) =

T(x)! "Plix+yllP~tp'(x+y;z).

2. X=cg. Let T(x)=max{llx+zll,a}. Then we have three cases: (i)
Ix+zll<a. Then T(x+y)=7(x)=a for sufficiently small llyll, so T
is Fréchet differentiable at x and T'(x,y)=0.

(ii) HWx+zll>a. Then T(x+y)=llx+y+zll for sufficiently small liyl,
so T is Fréchet differentiable at x iff x+z is peak and
T'(x.y)=p' (x+z:y).

(iii) lix+zll=a, then T is not Gateaux differentiable at x.
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Example

1. Let 1€7(L,(Q:2,)) be represented by the pair
(§.0)€Em (J(2,))x[0,®). Then
T'(f:g)= '[f(w):g(w)]dE (0)dP(w) =
g Injﬂ(gf)[ ):2(0) 1dE ()
JQJQ (Hf(w)+yH“Pap+1)1’p‘1p'[f(m)+y;g(w)]dfm(y,a)dP(m)

pXco . %)

0 Q("f(w)+yll“’d'°+1)“‘"1p'[f(w)+yzg(w)]d§3(Y)dP(w) :

where £? is the marginal (random) measure of § on 2,.

2. 7'(0;g)=0 Vg does not imply that T is symmetric.

6,4 y=e,
Let §Z=[6(91‘1’+6“91'1”2]/2’ and §Z={51/2 y=-€,,>. Then 7T
) 0O.W.

is not symmetric, since T(g)=Ew{(Hg(m)+e1HP+1)1’p/2 +
(lg(w)-e,/21IP+1/2P)*’P}, but Vg 1'(0;g) =
Ew{p'(ei;g(w))+p'(—e1;p(w))}/2 = 0, and neither §2 or £y are

symmetric.

Again keeping one eye on possible applications to the
uniqueness problem, we see that in the case of 7'(°*;°*) we can
again reduce the problem to that of considering just the

integrand.

Proposition 3.3.4

Let §,n€m,(J(X)). Suppose that for all f,g€L,(0:X),

[ ey ie(e)1aE, (1)ap(e) =
Jadg(x)
¢/ [£(0):g(0)Tdn, (t)dP(0). Then | t'[f(w)ig(w)]dE,(t) =
JaY T (X) T(X)
f t'[f(w):g(w)]ldn (t), a.e. [P].
7(X)
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Proof

For all measurable sets ACQ, Vf,g€L,(Q:X)
J J t'[f(v)ig(w)]dE (t)dP(w) =
AV T (X)

J f t'[f(v);g(w)]dn (t)dP(w). The result follows.
AYT(X) v

Examples

1. The space X=E®F. Let ll-lII* be a norm on R?, set
H(x,y)U=0(lxlg,lylig)II*. Assume E,F are separable stable
Banach spaces, and that E®F is uniformly Gateaux

differentiable.

Let (x,y) be a Fréchet differentiable point of X=E®F.
Then p'[(x,y):(u.v)] = pp2[(lxl,llyll):(p'g(x:u).p'r(y:v))].
For 7€7(X), 7(x.y)=l(T.(x).72(y)I* for some 7,€J(E) and
T,€7(F). |

Suppose T'[(x,y);:(u,v)] exists. Then if (an.bm) defines
T, 7'[(x.y)i(u.v)] = limmp'x[(x.¥)+(2m.bm):(u,v)] =
limmp'x [ (X+a@m,y+bm);:(u,v)] =

limmpﬁz[(ux+amu,Hy+bm“);(p'g(x+am;u),p'F(y+bm;v))].

2. Let E=0,, F=04. Then 7,(x)=(lIx+all®+aP)*’ P,
To(y)=(Nly+bli?+p%)* "% so that T'[(x,y);(u.v)] =

pral ((lx+allP+a®)*/®, (Iy+bUT+B7)1 %), (A(x.a,u),B(y.b.v))],
where A(x.a,u)=(1+a”lix+all"P)*/P-1 5. ' (x+a;u) and

B(y.b,v)=(1+B8Plly+bli=9)1 9=t ot (yih.v).
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Proposition 3.3.5

Let 7€J(L,(0:X)) be uniformly integrable and represented by

the random measure £€nw,(9(X)). Then T'(f;g)=

[J It[f(”’]pdf (t)dP(w) ]1/p 1] ft[f(w)lp ter[f(0):ig(0)]dE, (t)
dP(w)
Proof

Let U(a)=a*’'?, V(f)=1(f)?. Then U'(a)=al’P-1/p and V'(f;g)=

13mj I q[f(m)+tg(w)]p—a[f(w)]pdf (0)dP(w)=
t2odglg(x) Y

po? ' [f(w)]o'[f(w); g(m)]df (0)dP(w). So that v'(f;g)=
Jadg(X)

.Jgfﬂ(§gf(w)]Pd§w(t)dp(w)]i/p—ijgfg(x§tp—i[f(“)]t'[f(w)ig(w)]

df _(t)dP(w)/p

Examples

1. X=04. Let 7€J(L,(02:X)) be uniformly integrable and

represented by the random measure f€w,(J(X)). Then 7'(f;:g) is

[f (15 (0)+y1%+6%)77 2aE (v.8)ap(0) |77 [ [o fQ (v.B)dE, (v.B)dP

QqXro , % Xgo ,%9

where C (y,R)=(Nf(w)+ylF+p9)P= " %UIf (w)+yl*~1p'[f(w)+y:g(w)].

2. Let T€J(Lp(Q:R)) be uniformly integrable and represented

by the random measure £€w,(R). Then T'(f:g) is

[Jéjgf(w)+t|Pd§w(t)dp(w)]1-P/Pféj%cw(t)dfw(t)dP(w) where

Cw(t)=|f(w)+tIp‘isign[f(w)+t]_g(w)_
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3.4 Higher derivatives.

Having looked at first order differentiability in J(X),
we now give a cursory look at second order derivatives in
J(X). and compute some simple examples.

Throughout this section let X be a separable stable

Banach space with uniformly Fréchet differentiable norm. Let

X,y,z€X, T€J(X), then T"(x)(y;z)=1£mT'(x+ty)jz)—TLLgl(zl =
t 770 t

lim7'(x+ty;z)-7'(x:;2z)= limlimpp' (X+ty+ym:Z)-p'(X+ym;:;Z). Since
t o T t o t

Helly is uniformly Fréchet differentiable, p" will exist so

that

T"(x)(y;z)=limm%£mp'(x+ty+ym;z)—p'(x+ym;z):limmp"(x+ym)(y;z).
0 .
t

Lemma 3.4.1

Let 7€J(X). Let x,y,z€X, a>0. Then
1. [Dav]"(x)(y:z)=at"(x/a)(y/a;z/a).
T"(x)(y;*) is linear.

T"(ax)(y:z)=al[D,,aT]"(x)(y/a32/2).

w W N

T"(x)(ay:z)=a[D,,a7]"(x/2)(y;:2/2).

Proposition 3.4.2

Let 7€7(L,(9Q:X)) be uniformly integrable and be

represented by § and m. Then Vf,g,h€L,(Q:X)

T"(f)(g;h)=féjg"[f(w)][g(w);h(w)]dfw(a)dP(m) and for almost

(%)

a1l wen, [o"[£()1[g(0) h(6)14E, ()
7(X)

= [o"[£ () 108(0) i (0) Jan, ().

7(X)
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Proof
T (£)(g:h)= 11mj fﬂ(x§ [f (0)+eg(0) sh(0)]=0"[£(0) (0] 14E, (o) dP

Let k=1p,h. Then T"(f)(g:k)= J Jg"gg(w)][g(m) h(m)]df (0)dP(w)

=J o"[f(w)][g(w);h(w)]dn (0)dP(w) for all ACQ.
AYT (X) ¢

Example

Let 7€7(2,). Then T'(x:z)=p'(x+y:z) for some y€Q,. Thus

T"(X)(U:Z)zfgﬂp'(X+tU+Y:Z)-p'(x+Y:Z)=
t

(Hx+yHB+apHx+yH1){(p—l)aPp'(x+y;u)p'(x+y;z)+("x+yﬂp'1+aPHx+yH
)p" (x+y)(u:z)} = T'(x,u,z,y.a), where B=(p®+p)/(2p-1) and
v=(p-2)p/(1-2p). So that 7" (u) exists whenever T'(x;z) and

p"(x+y) exist Vz. Then for T€J(L,(0Q:X)):; f.,g,h€L,(Q:X) we

have T"(f)(g:h)=f M[£(6).g(0).h(6).y.a1dE (v, a)dP(u).

QpX£o, 9

3.5 The extension of the norm duality map to types.

In this section we consider the extension of the norm
duality map from X to J(X). Throughout this section X is a
separable smoothly normed Banach space. When refering to a
type T on an L,(X)-space, we assume that T is uniformly

integrable and represented by the random measure §, via

r()=] [ erecor1ae, (0)ap(o).
7 (X)

Let f(x)=lIxll?/2. Then f is differentiable on all of X,
Ixllp'(x;:- #0
and vf(x)={ g p'(x:+) §=O° The mapping T=vf is called the
norm—-duality map. It is monotone and demicontinuous. Then

range(T) is dense in X* whenever X is complete, but equals X*

only when X is reflexive, see [Ho]. T is injective exactly
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when X is strictly normed.

We can extend the norm-duality map in an obvious way
from X to J(X). Consider T7€J(X), defined by (ym). Then
whenever 7' is defined, [T2/2]'(x)=limnlix+ymll.p' (X+Ym;: *)

=T(x).7'(x:°).

Proposition 3.5.1

1. Tr(x;+) is linear.
2. TD 7(x:;y)=a?Tr(x/a;y/a).
3. Tr(ax;y)=aTD,, ,T(x:y).
4. Tru(viy)=llu+vil.p'(u+v;y) so that Tto(v:y)=T(v)(y).
5. If 7i—>7 in the uniform topology, then TT; —TT
pointwise.

Proof
1. Tr(x;ay+Bz)=7(x).7'(x;ay+Bz)=aTT(x;y)+BTT(x:2).
2. TD,7(x;y)=D 7(x).[D 7]'(x:y)=av(x/a).a1'(x/a;y/a)
=o®T1(x/a;y/a).
3. TT(dx;y)=T(ax).T'(ax;y)=aD1,«T(x).a[Di,“T]'(x;y/a)
=a2TD1,aT(x;y/a)=aTD1,«T(x;y).
4. Tru(viy)=Tu(v).Tu'(v:y).
5. Ty—7 in the d_, topology means that as i—
sup{lTi(x)—T(x)I:XEX}——aO. Then 75 '(x;y)—>71'(x:y) Vx,y€X, as

i——00

We can easily work out Tt for T€J(L,(X)) as we do below,
and then see what information we can extract if the random
measure representing a uniformly integrable type is not

uniquely defined.
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Proposition 3.5.2

Let 7€J(L,(X)) be represented by (§.a0)€my (T(X))x[0,»).
Then for all f,g€Ll,(X)

Tr(fie)=] [ olf(a)1o[(0)ig(0)].dE, (0)dP(w).
QYT (X) “

Proof

We have T(f)={J§J;(X)a[f(m)]2.dfw(a).dP(w)+a2}1/2. Then

S—)O

TT(f;g)=limI J a[f(u)+sg(w)]2—a[f(w)]2.dfw(a).dP(w)
QvT(X) 2s
[ | rors(w)ie(e)1.4, (o). aP(w)
QY7 (X)
=j j a[f(w)]a'[f(w):g(w)]-dfw(a)-dP(“)'
QY9 (X)

Examples

1.X=R. Let T7€J(L,), f,g€L,. Then
te(fie)=] [ ole(0)107 [F(0) (0] 18, (0)aP (o)
27 (R)

=J§J§If(w)+tl.Sign[f(w)+t]g(w)d§w(t)dp(w)
=j§j§[f(w)+t]g(w)d§w(t)dp(w)zEw[f(w)g(w)]+Ew{g(m)j§td§m(t)}.

2. X=0,. Let T7€J(L,(%,)) be represented by
(§.B)€T2(T(2:))x[0,°). Then for all f.g€l,(2,).

TT(f;g)=J;J; (uf(m)+yup+ap)1’pp'[f(w)fyzg(w)]-dfw(y.d)dP(w)=
pXCo ., %)

f f(uf(m)+yup+ap)1’PETLf(w)+y]iIf(w)i+yiIp-zg(w)i.d§w(y,a)dP
00, xpo @, If(w)+yllP-1
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Proposition 3.5.3

Let T€J(L,(X)) be represented by €€, (7(X)) «20 and

suppose that for all fé€L,(X)

T(f)={JQJ;?£§(w)]zdfw(o)dP(w)+d2}1/2

1/, 2
={J f a[f(w)]zdnw(a)dP(w)+a2} . Then for all f and g in
avy

X)

L2 (X) j To[f(w):g(w)].d§ _(o)=| To[f(w);g(w)].dn (o)
T(X) 7(X)

a.e.[P].

Proof

By the above proposition Vf,g

To(£i8)= [ Tolr(w):8(0) 148, ()aP (o)

(X)
=f J To[f(w):;g(w)]dn (o)dP(w). Then VACQ,
YT (X) ¢
Ta[f(w);g(m)lA]={ga[f(w);g(w)] 222, so that VA, Vf,gé€l,(X)
J f Ta[f(w);g(u)].dfm(a)dP(w) = j j Ta[f(w);g(w)].dnm(a)dP(w)
AYT(X) AYT (X)

the result follows.
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CHAPTER 4 : UNIQUENESS THEOREMS FOR MEASURES

AND RANDOM MEASURES.

4.1 INTRODUCTION.

In [Ga], Garling constructs a map between w¢(ﬂ(X)) and
the space of uniformly integrable types on L¢(X). This map is
continuous and onto, thus every type T has an associated pair
(€.a)., where §€w¢(7(X)) and a20. In [Ga] it is remarked that
even in some very simple cases this map is not one-one. That
is there are spaces L¢(X) such that there exists a type on
L¢(X) which has two distinct associated random measures. As
his example Garling uses the space L,(R).

This chapter develops this theme, and looks at a number
of different possible uniqueness questions. There are
analogous uniqueness properties for J(X) and for X itself. We
start by looking at uniqueness results on J(L,(X)). We show
that the representation of uniformly integrable types on
L, (R) by random measures on R is unique, by that we mean the
map defined in [Ga] is one-one. Later we shall show that the
representation of J(L,(R)) by random measures is unique if’
and only if p is not an even integer. We consider the cases
L,(2,) and L,(cy). and while we were unable to solve these
situations completely, we have found positive partial
results.

The non—-uniqueness of the representation of uniformly
integrable types on L,(2,) by random measures on J(Q,).
1{p<», is established; and we use this to construct various

spaces Y with L,(Y) having a non-unique representation of
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types.

The final section of this chapter deals with the
analogous situation of uniqueness over X. Such a situation
has been dealt with by Linde [Lil] amongst others. Here we
consider some aspects of non-uniqueness, in particular
looking at the question: given non-uniqueness, what is the
structure of X? We show that if we have non-uniqueness of a
certain kind then we can embed Q27 into X. We find that
non-uniqueness will also force the behaviour of the norm on
X. In particular we show that a functional norm with

non-uniqueness must be essentially an Q;-norm.

Part 1: Uniqueness properties for X and J(X).

Definition.

1. X has (U,) if the representation of types on L,(X) by
random probabilities on J(X) is unique. So X has (U,) iff for
distinct random measures §,nN:Q0——%(J(X)) there necessarily

exist g€L,(X) such that

féj%(x;[g(w)]pdfm(t)dP(w)fjﬂf?(X;[g(w)]pdnw(t)dp(m).

2. X has (up) if the analogous uniqueness property holds for
probabilities on 7(X). Thus X has (u,) iff for distinct

measures pu,v€EP(J(X)) there necessarily exist z€X such that

J t[z]Pdu(t)#f t[z]Pdv(t).
J(X) T (X)

3. X has (wp) if for distinct measures u,v€P(X) there

Hx+y"pdu(y)#J Ix+yllPdv(y).

necessarily exists x€X such that J
X

X
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4. X has (nwp,) if X has (wp,) for discrete measures u and v,
where u=1/n(2?6a ) and v=1/2(6p+6c). and all the points a;,b
i

and c, (1<i<¢n), are all distinct.

5. X has (TB) if p€#(J(X)) is uniquely determined by

p{t€g(X):t(x)<r} for x€X, re€R,.

6. X has (B) if given §,n€P(X) and EB(x,r)=nB(x,r) for all

x€X and r20 then §£=7.

In the first part of the chapter we show that if X
admits a Fréchet differentiable point, then (U;) reduces to
(u;). In the case of X=Q, we show that (u,;) and (w,) reduce
to the ball properties (TB) and (B) respectively. We have a
collection of positive results about the property (B) for
measures on X, and afew results for measures on J(X). We do
not know of any infinite dimensional space in which we can
prove that (U,) fails.

In the second part of the chapter we investigate cases
where uniqueness fails. We prove that the failure of (nw,)
implies the presence of 27 in X. We show that [2,®8Z], doesn't

have (Uq) whenever q/p,p/r€N, and that R has (U,) iff p¢2N.
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For the moment let us consider the case of uniformly
integrable types on L,(X). A sensible first stage in proving

that £ and n were equal would be to show that the failure of

(U;) implies that Vx€X, I ( )T(X)dfm(T)= g(x)T(X)dn”(T)
T(X

a.e.[P]. We shall see later how to prove this in certain
cases when we have differentiability conditions on X. Though

in general it is false both that

(1) [ ], it are)=] [ det)ian,(aro) impiies

that £=n a.e. [P], and

@ | | cls@ag,()arer=] [ crs)1an, (0ap(o) tmp1ies

(X) (X)
that | clg(w)1af,(0)=] tle(o)lan (r) a.e. [P].
7(X) 7 (X)

The following two examples show that both (1) and (2)
above fail in certain cases.

Examples

1. Let 2=R and P=6,+6_;. Let X=0,. Let §w=6(a'bw)+5(c’dm) and
nw=6(a,fw)+6(c,hw) Where b1=1, b_1=2, d1=2, d_1=3; f1=2,
f_,=1, h,=3, h_;=2; and a,c€2,. Then for all gé€L, (X),
I I T(g(w))dfm(T)dP(w) = llg(1)+all+1+lig(1)+cli+2+llg(-1)+all+2
Qv T (X)
+llg(-1)+cll+3 = J I T(g(m))dnw(T)dP(m), but
QYT (X)

f T(g(w))dfw(T)f} T(g(w))dnw(T) on A=[1/2,») for
7 (X) T (X)

example.
2. (Uy) fails in 2,. For any non-trivial probability space

(2,P) define §=1/2[6(e,,0)+6(e,,1)] and

n=1/2[8(e;.1)+6(e>,0)]. where {e;} is the standard basis of
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9:. Then E£#m. but J T[x]dE(7)= 1/2[lix+e,li+lix+e,ll+1]
T(X)

=J T[x]dn(T).
T(X)

4.2 The reduction of (U,) to (u,).

The next theorem gives us a sufficient condition for the

reduction of (U;) to (u,).

Theorem 4.2.1

Suppose that for all g€L, (Q:X)
J J T[g(m)]dfm(T)dP(w)=J I T[g(w)]dnw(T)dP(w), and that
0V (X) Y7 (X)
there exists a point of Fréchet differentiability x€X, then

for all ye€X, Jg(x;(Y)dEw(T)z g(x;(Y)dnw(T) a.e. [P].

In fact the proof is related to the functional fx
defined in section 3.2, and the key property that
fx(T)+f_x(7)=0 V1. Though before fx(T) was defined if
limpa[T(nx)-nlixll] existed, here we do not need its existence

but rather that lim,[T(nx)+7(-nx)-2nllxli]=0.

Lemma 4.2.2

Let y€X. If X has Gateaux differentiable norm at x then
Ty (nx)+Ty (-nx)-2nlixl——0 as n—.
Proof

Ty (nx)-nlixll = llnx+yll-nlixll = lix+y/nll-lixll — p'(x:;y) as n—w
1/n

Thus Ty (nx)+7Ty (-nx)-2nlixll

= nx+y/nH—HxH—p'(x;y)+Hx—y/nH—HxN—p'(x;—y)——ﬁO as n—w,
1/n 1/n
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Let T7€7(X). Suppose {ym} is an approximating sequence

for 7. Let Il.llx be Fréchet differentiable at x. Then
limmlix+ym/nill- lixll - p'(x;ym/n) exists whenever T(0)#0, and
lym/nli
limmlimn IX+ym/nli-lixll-p' (x;ym/n)=0, see chapter three.
Hlym/nll

Theorem 4.2.3

Let Il.llx be Fréchet differentiable at x. Then VT€T(X), and
all z€X lim,[7T(nx)+T(-nx)-2nlixlI]=0, and
limn[7(nx+z)+7T(-nx+z)-2nlx1]=0.
Proof

Wlog assume T(0)#0. Then

limp [T(nx)+7(-nx)-2nlixll] = limslimpllx+ya/nll + IxX-ym/nll - 2IlxIl
1/n
=limplimgflIx+ym/nll-lixli-p'(x;ym/n) + Ix-ym/nll-lixll-p'(x;-ym/n)
1/n 1/n
= 0.

Replace v by T%71, in the previous result.

Theorem 4.2.4

Let A€F. Suppose Ix€X such that ll.lly is Fréchet
differentiable at x. Suppose T is a uniformly integrable type
on L, (0Q:X), which has two associated random measures ¢ and 7.
Then for all g€lL,(Q:X)
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Proof
By above V7€7(X) limp[T(nx+g(w))+T(-nx+g(w))-2nlxil] = O
a.e.[P]. Let Bn=1/2{T[nxlAc+g]+T[—nxlAc+g]}—onH.P(AC). Then

8n=J J t(g(m)).dfw(t).dP(w) +
AYT(X)

f J {tinx+g(w)l+t(—nx+g(w))—nuxu}d§ (t)dP(w)
A°YT(X) B) W

Now |t(nx+g(w))+t(-nx+g(w))-2nlixli| < 2t(g(w)), and

t(g(w)) is fm—integrable a.e. [P] since

T(g)=J J t(g(w)).d€ (t).dP(w) < ® implies that
QY7 (X) v

t(g(w)).dfm(t) { ©» a.e. [P].
TJ(X)

Thus by Dominated Convergence Theorem,

J t(nx+g(w))+t{(-nx+g(w)) - nlixll.d§ (t) —> O a.e. as n—
J(X) 2 v

Then since J t(g(m)).dfw(t) is P-integrable, we can apply
T(X)

the DCT again to get

f f t(nx+g(w))+t{-nx+g(w)) - nlixll.df (t).dP(v) —— O
AV T (X) 2 ©

as n—®»,

Thus Gn——%f J t(g(w))d€ (t)dP(w) as n—». Replacing § by
AYT(X) ¢

N we obtain the result.

Corollary 4.2.5

With the same hypothesis as above we have

[ ers@1ag, (=] tle(o)lan () a.e. [PI,
J(X) T(X)
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We can now prove what is sometimes known as Rudin's

equimeasurability theorem fairly quickly.

Theorem 4.2.6

R has (U,).
Proof

Suppose that J |s+x|du(s)=f |s+x|dv(s) for all x€X. Let
R R

- X

f(x)=fmls+x|du(s)=J [s+x]du(s)+f -[s+x]du(s). We shall use

the result that if A is a positive random variable then

E[A]=J 1-P[ALt]dt, see [Bu]. Then for A=(Y+x)lcy,_-x1.
R,

p(ALt)=p[Y+x<t], and for A=(Y+x)lpy<_-x3., u{(ALt)=p[-t{Y+x].
Then f(x)=f[s+x11cS>-x:du(s)+f—[s+x]1cs<_xjdu(s)
R R

u[w+x>t]dt+f plw+x<-t]dt

l—u[—tﬁm+x]dt=]
R.

=J 1—u[w+x$t]dt+f
R R,

+ R+
- X

= Jmu(t,w)dt+J p(-«,t)dt

- X —

Lemma 4.2.7

Let g:[a,b]—/—R be Borel measurable and integrable wrt
Lebesque measure. If f(x)—f(a)=ng(t)dt, a{x<b, and g is
a

continuous at x, then f is differentiable at x and
f'(x)=g(x). If the continuity hypothesis is dropped, we can

prove that f'(x)=g(x) for almost every x€[a,b]. See [As] or

[Bu].

ad - X
Let fi(x)=f p(t,»)dt and f,o(x)=]| pu(-«°,t)dt. Then

- 00

- a
fi(x)_fi(a)zj #(t’w)dtzjxp(—t,m)dt Va{x. Thus by the lemma

x a

f, is differentiable and f,'(t)= u(-t,») for almost all t€R.

Similarly f,'(t)= p(-2=t) for almost all t€R. Thus f is
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differentiable almost everywhere and f'(t)=f,"'(t)+f,"'(t).
Hence pu(-t,®)-pu(-o,-t)=v(-t,o)-v(-=,-t) for a.a. te€R,
therefore 2u(-t,»)-1=2v(-t,»)-1 and hence p=v almost

everywhere [Lebesgue], that is pu=v as required.

4.3 The ball properties on X and J(X).

The property (B).

In general (B) is false, even on compact metric spaces,
[Dal]. It is even possible to construct two singular measures
agreeing on all balls on a compact metric space [Dar].
However Anderson [An] has proved that (B) holds for all
finite dimensional spaces, and the theorem below shows that
it is the case when X is an infinite dimensional Hilbert
space or Q, for 1<{p<®, see also [Ch2]. In [Chl] Christensen
proves (B) when there exists a uniform measure p on X.

In [Din], Dinger considers the quéstion of uniqueness of
measures for differing classes of balls. The largest group of
positive results are found in [HJ] where Hoffmann-Jorgensen
proves that (B) holds for a large class of Banach spaces
including L,, 1<{p<{®, L, over a non-atomic measure space, C(K)
and cg. His results are contained in a series of corollaries
which we reproduce here.

Corollary 4.3.1

If 41 and v are Radon probabilities which coincide on all
closed balls, and if ll-ll is Gateaux differentiable on the

unit sphere, then p=v. This includes all Lp-spaces (1<{p<{=).
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Corollary 4.3.2

Let E be a real Banach algebra satisfying IxlIZ<{lIxZ+y?2Il
Vx,y€E. If u and v are Radon probabilities which coincide on
all closed balls of E, then p=v. This includes all the real
function algebras (with the sup norm), and in particular C(T)
for T a topological space, co(I') for arbitrary index set T,
and L over a general measure space.

Corollary 4.3.3

Let (2,2,m) be a o-finite non-atomic measure space. If pu
and v are Radon probabilities which coincide on all closed

balls of E=L;(Q,3,m), then p=v.

Hof fmann—-Jorgensen also remarks that all the results are
valid if one supposes that : Vxg in the unit sphere of X and
Vyo€X 3(an)CR, so that a,1® and for all te€R
limpau(B(anxo+Yo,an+t))=limav(B(anxo+yo.an+t)). So it suffices
to assume that u and v coincide on balls of sufficiently
large radius and with centre sufficiently far away from O. He
conjectures that the above implies that u=v in arbitrary
Banach spaces, or that even the following suffices:

(1)8 p(B(x,a))=v(B(x.a)) Vx€E, V0{a<€(x) where €:E—>R, with

€(x)>0 for all x€E.

It is easily seen that if p and v are finite atomic
measures which coincide on all balls of any Banach space X,
then p=v. For suppose that p=3a;6(ei ) and v=3B;6(fs ). Then
uB(e,,r)=vB(e;,r) for all r>0, as r—0 puB(e,,r)—a, thus
there exists i with e;=f; and a,=B; . Repeating with e, etc we

find that u=v.
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We can approach the problem of whether two probability
measures agreeing on all balls can be distinct in the
situation of X being a metric space via the notion of sigma-Q
spaces developed by Davies [Da2].

A metric space M has the property Q(h), where 0<h<1, if
there exists an integer k=k(h) such that no set of diameter d
in M contains more than k points all distant at least hd
apart. This property is then inherited by subspaces. All the
properties Q(h), O0<h<1l, are equivalent, so we shall speak
simply of a Q-space. The union of finitely many Q-subspaces
of a metric space is also Q, and that fhe closure of a
Q-subspace of a metric space is also Q.

It is easy to see that:

Lemma 4.3.4

Let d, and d, be two Lipschitz equivalent metrics on M.
Then M is a Q-space wrt d, iff M is a Q-space wrt d,.

Lemma4.3.5

Let (X,d;) and (Y,d;) be Q-spaces. If X and Y are finite
dimensional then (XxY,d) is a Q-space for any metric d on

XxY.

R is obviously a Q-space. So by the above R" is also a
Q-space with any metric placed upon it. Thus Qp is also a
Q-space. A metric space is sigma-Q if it can be expressed as

the union of a sequence of Q-subpaces. If two probability



measures agree on all balls of a sigma-Q space then they are

identical,

[Da2]. Hence property (B) is true for all R" and

Qp and 0px[0,»).

The property (TB).

We can show that (TB) holds for R, 25, 2;, 1<{n<=. VWe
shall see later that even if (TB) fails for 2,, 1<{p<®, then

we still have uniqueness of marginals.

Proposition 4.3.6

R, 25, 27 all have (TB) for 1<p<», n€N.

Proof

Since for X=R, Qp, or 27, J(X)=X, we find X has (TB) iff X

has (B). By the above section R, 235, and 2] all have (B).

For X=0,, 7(X)=0,x[0,»). We shall see below that if ¥

and m agree on all sets of the form {t€J(Q,):t(x)<r} Vx,r,

then their marginals are equal. That is if we disintegrate §

into a family of probabilities {fy} on [0,®),y€0,, and a

probability &, on 2,, then f,=m,.
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4.4 The uniqueness property for measures on X, (w,).

For the case X=R or € (w,) holds iff p¢2N, see [Pl] or
[Ru]. Stephenson [St] extended this result to finite
dimensional Hilbert spaces, and later the condition of finite
dimensionality was removed, see [Kol] or [Li2]. The situation
of X=0r"?,0!" and 0, is discussed in [Go&Ko02]. For X=0¢™’
(wp) fails iff p/r€N and one of the following holds: p/r<n, r
i1s even, or both r and p/r are odd. For X=0:"’ (wp) holds iff
P is not even for C, or p+n is not odd for R. When X=0, we
need simply that p/réN. This last result is extended in [Lil]
to Ly for 1{r<«, the counterexample for L, extending to Q.
and ;"’. Also in [Lil] (wp,) is shown to be true Vp>1 when
X=Co () for 0 a non-compact, locally compact space. For a
topological space K property (wp,) holds for X=C(K) whenever

pE£N.

The property (w,).

We shall show that (w;) is true for infinite dimensional
Hilbert spaces and Q,x[0,®) via a series of lemmas below.
Since polynomials are dense in €[0,1], functions of the

form p(1/s) are dense in €[1,®]. Let u,v be measures on [1,0]

00 00
such that Vk€{0,1,...} f s'kdu(s)=f s“kdv(s). Then
1
00 00 !
f p(l/s)du(s)=j P(1/s)dv(s) for all polynomials, hence
1 1

00

Jif(s)du(s)=J1f(s)dv(s) for all fe€[l1,o], so that u=v.
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Lemma 4.4.1

Let p,v be probability measures on [0,*) such that

(v 4]

00
Joti’zdu(t),I t'”2dv(t)<»® and for all k€{0,1,...},
(0]

00 (0 4]
J (t+l)1’2'kdu(t)=J (t+1)1/2-%dy(t). Then u=v.
o (o)

Proof
Let u'(A)=J (t+1)*"2du(t) for AC[O0,») and define v'
A
00 (r4]
similarly. Then J (t+1)1’2(t+1)‘kdu(t)=f (t+1)"¥du'(t)
(0] (0]

(v 4]
=J s‘kduo(s) where po=p'oT* with Tt=t+1. Thus pg=vg., so that
1

p'=v', since J(t+1)1’2d(u—v)(t)=0 VAC3[0,») and by
A

considering sets on which pu-v is positive we have that uv

and similarly p<v, hence u=v.

Lemma 4.4.2

Let p,v be probability measures on [0,®) such that

00 00
J t!’ 2du(t), j t!’2dv(t)<« and
o (0]

(+ 4]

00
j (t+a)1’2du(t)=f (t+a)*’ 2dv(t) for all a20. Then u=v.
(o) 0

Proof

00

00
Then J (t+a+1)1/2du(t)=j (t+a+1)*”2dv(t) for all «20. For
o o

00

[¢0] 00
0<a<1, I (t+a+1)?’ 2du(t)= ) (lﬁz)akj (t+1)*/ 2-%du(t). and
0 o

k=0
(¢4

00
therefore I (t+1)1’2‘kdu(t)=f (t+1)1’ 2-Kdv(t) for all k.
(o] (o]

Theorem 4.4.3

Let £,m be probability measures on an infinite dimensional
Hilbert space #. If JHdef(y). JHden(y)(w and

j”X+Y"d§(Y)=J"X+Y"dn(Y) for all x, then £=n1.
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Proof
Let (en) be an orthonormal sequence in #. Then for all n,
A, X f”ken+x+y"d§(y)=f”ken+x+yudn(y). So
INen+x+yliI2=lAen 12+2(Aen [x+y) +lIx+yll2
=A2+lIx+y N2 +2N (xn+yn ) —A2+lIx+yll2 as n—w. Thus for all
A, J[A2+Hx+yﬂz]1’2d§(y)=f[A2+Hx+yH2]1’zdn(y).
Now let x€# and define ux(A)=F{y€#:lix+yll?€A} and

Ux (A)=n{y€#:lix+yll2€A}. By considering the measurable map

T:#——>[0,2) , we have I (a+"x+y"2)1’2d§(y)=f (a+t) ' 2dux(t)
y——lix+yll? # R,

Va20. Hence J:(t+a)1’zdux(t)=J:(t+a)1’zdvx(t), SO Ux=vx for
all x€¥. Then £ and n agree on every ball, since

E{ye#: lix+yli<r}=ux[0,r]=vx [0, r]=n{y€#: lix+yli<r}. If & and nm
agree on every ball they agree on every set of the form
{y€#:(y|z)<1}, as this is the union of an increasing sequence
of balls. Hence the one-dimensional distributions of § and 7
are the same, and & must coincide with mm by a result in

[Sch].

We can now extend this result to the space Q,x[0,»):

Lemma 4.4.4

Let pu,v be probability measures on [0,®) such that

(s ¢] 00

I tt/Pdu(t), J t!’Pdv(t)<»® and
(o] (o]

00 (0]
I (t+a)1’pdu(t)=J (t+a)?'’Pdv(t) for all aX0. Then u=v.
o o)
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Proof

00

00
Then J (t+d+1)1’pdu(t)=f (t+a+1)1’Pdv(t) for all «20. For
o (0]

0<a<1, Ji(t+a+1)1’pdu(t)= Ef(lﬁp)dkjj(t+l)i’P'kdﬂ(t),

00

00
therefore f (t+1)1’p’kdu(t)=j (t+1)1’P-¥dv(t) for all k.
o (o]

Then as before with 1/p in place of 1/2, we can show that

[T VN

Theorem 4.4.5

Let £,mn be probability measures on an Q,x[0,»)=B. If

IHdef(y), JHden(y)(w and JHx+de§(y)=IHx+den(y) for all
B B B B

Xx€B, then §£=7.

Proof
For A20, choose a sequence x‘"’€Q, as before, so that

Hx ™’ +zlIlp——lix+zIIB+AP . So
M(x‘™’ ,a)+(y.B)IP=Ux""? +ylIP+(a+B)P—AP +lix+ylIP+(a+B)P as
n——®. Thus for all A, and all x€B
I[Ap+ﬂx+yup]1’pdf(y)=f[kp+ﬂx+yﬂp]1’pdn(y).

Now let x€B and define ux(A)=f{y€B:lix+yllP€A} and
Vx=n{y€B: lix+yllP€A}. Then
(;(a+ﬂx+yﬂp)1’pd§(y)=Jg (a+t)*" Pdux(t) Va20. Hence

+

(00

(0]
(t+a)1’pdux(t)=j (t+a)*’Pdvx(t), so ux=vx for all x€B. So §
(o) 0

J
and m agree on every ball, since

E{yeB: lIx+yl<r}=px[0,r]=vx[0,r]=n{y€B:lix+yli{r}. Then since the

ball property (B) holds for 2, and R, we have §£=n.
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Although we can represent 9(2,) as 9,x[0,®), Theorem
4.4.5 is not sufficient to show that the uniqueness property
for random measures on types, (U;), holds for 9,, as we shall

see in the next section.

4.5 The uniqueness property for measures on types, (U,).

Example: Does X=0,, 1<{p<», have (U,)}?

We now look at the example of X=Q2,, and ask whether 0,
possesses (U;). We show that this reduces to deciding whether
measures on Q,x[0,®) are uniquely determined by knowledge of
all p{(x,B):llx-yliP+BP<r}. We prove positive partial results,
firstly that in the event of (U,) failing for Q,, we still
have equality for marginals; and secondly we have equality

for measures in the case of finite dimensional Q..

Consider now a uniformly integrable type on L,(Q:9,) for

1{p{@. We have seen that this can be represented by the

formula T(g)=J;J; [Hg(w)+yIP+pP]* /P .dE (y.R).dP(w)

Xro .%

where g€L,(Q:2,) and f€w,(2,x[0,»)).
Since there are Fréchet differentiable points in
0px[0,»), by Theorem 4.2.1, we can consider the following

situation. Let §,m€P(L,x[0,®)) be such that for all x€Q,

[x+yIP+BP 14/ P dE(y.B) = f [Ix+yIP+BP I P dn(y.B)
QpX£o ,® QpXpo , @,

and that these integrals are finite.
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Lemma 4.5.1

For all X€0,, a€[0,©) we have

[||X+y||p+[3p+cx:]1 'P.dE(y., B):J [Ux+yliP+BP+a]! " P.dn(y.B)
QpXro ,®, 0, Xco .,
Proof

For all x€0,,0€[0,») we can find a sequence {x‘"’} of

elements of 2, with x = (pointwise)limax‘™’

(n

Nx¢™? -xll,—a as n—w,

Thus Ix‘™’ +ylIP—lix+yli®+a® Vy€Q,. Then

[Hx‘™ +yliP+BP ]t/ P dE(y,B) —
QpXco , 9,

[Ux+ylIP+BP+aP ' P . dE(y.B) as n—w,
QpX£o , %,

Lemma 4.5.2

€ and m agree on sets of the form {(y.B): (Ix+yliP+pP )1 P<r}

Vx€Q, and VrO0.

Proof

Define px(F)=f{(y.B): (Nx+yllP+BP)*’'P€F}, and vx similarly.

(¢} 00
We then have f [a+tP ]t/ Pduy(t) = f [a+tP]* " Pduy,(t) Vx€Q,,Va.
0

0

Then px=vx V¥x by a result of W.Linde [Lil]. Thus in
particular ux[0,r]=vx[0,r], so that £ and 1 agree on sets of
the form {(y.B):(lx+yl®+BP)*’P<r}. So in terms of types § and
n agree on sets of the form {t:t(x){r}, cf the ball property

for 7(X), (TB) defined at the start of the chapter.
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We can disintegrate £ into fy, and £,, where for each
Y€Q,, €y is a probability measure on [0,*), and the map
y——€y is measurable, and £, is a probability measure on Q,,

see section 2.4. With this disintegration we have

J f.d§=J I f(y.B).dEy(B).dE-(y) for all E-measurable,
Q 0p%0

pXCo .

integrable f. Similarly split m into my and 7.

Lemma 4.5.3

{v;@ (y.z)>s} = Uco {(y.B): (BP+IIy—(s+R);II‘°)1’p<R} where
R

1

T

z€Q,, 1/q+1/p=1, z=2z9'° and s>0.
Proof
A hyperplane M in 2, is defined by M={y€Q,:f(y)=s} for s€R
and fE(Qp)*. That is M={y€Q,: (y.z)=s} for some z€Q, and s2O0.
As we have seen the measure of all sets {y€Q,: (y.,z)>s} will
determine the measure on 2, via Fourier transforms.

(sz,z)= s ZnZn = sllzll® = s as llzll=1. Thus sz is the

closest element of {y€Q,: (y.,z)>s} to O.

(i) {y€Qp: (y.,z)>s) = Lg?i{yt ly-(s+R)Zzll < R}.

a) Let x,u€U={u:u=pZ p20} be such that (x-y)Ax=0 and
(x-u)A(u-y)=0. Let f=lly-ull, 6=lx-ull and d=lly-xll. If
d<A=llx-sZll then llx-yll=lly-(s+A)Zli=d<A. So assume d>A. Then
fP=dP+86P. So choose u such that 6=d-A+1>d-A>0, thus A+6>f so

that y€ball[(s+A+8)Z;A+58].

b) Suppose y¢LHS. Then (y,z){s, so as in a) we can construct
a ball, centre -rzZ, which contains y; 3r with lly+rZli<r+s.

Then by construction this ball and the ball {y:lly-(s+R)ZI<R}
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are distinct, and are separated by the line (y,z)=s. So that

y¢RHS.

(ii)lgjiﬂxﬁﬁ“y—(s+R);H<R}=ngi{(y,B): (BP+lly-(s+R)ZzNIP )1’ PLR}.

Assumelyf€LHS. Then 3R with Hy—(s+R);H < R thus
(BP+lly-(s+R)ZIIP)! /P (RP+BP)!'P=S so that

(BP+Nly-(s+S)zII®)* ' P<S i.e.l4PERHS.

If (y.B)€ERHS then 3R with lly-(s+R)ZN<(RP-BP)!’P so that

ls, )ELHS .

Corollary 4.5.4

€2 = mz = A (say).

Proof

E2{y€, : (y.z)>s} E{(y.B):(y.z)>s}
Ll{wif{(y,BV (BP+lly-(s+R)ZI®)* " P<R}
U_ n{(y.B): (BP+Ily-(s+R)ZIIP)*’ P<R}

= ny{y€Qlp: (y,z)>s}.

gn

i

Hence £, = m,.

Example: Does c, have (U,)?

We now aim to apply the methods that we used for X=0Q, to

the case when X=cgy. In this situation however we cannot prove

equality of marginals. Rather we establish that the problem

reduces to the question of whether measures on me[O,m) are
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uniquely determined by knowledge of all

u{(y,B)Gme[O,m): max{llx+yll,B}<r} for x€cy, r20.

Let T be a uniformly integrable type on L,(Q:cy). Then

for g€L,(Q:cy) we have 7(g)= J Jg(t(%( ))d§ (t)dP(w). Suppose
Co

that t is a type on cg, with t(x)=lim,llx+y"ll where x,y"€co.
Then for some (y,B)€Q x[0,®), t(x)=max{lix+yll,B} Vx€co. If
y"—y€LQ_ pointwise and ly"-yll —B then

B2inf {lix+yll:x€cy}=lly HQm/co=lzggup|yn|. So that we can

represent J(cg) as L={(y.B): y€Q ., P2y ' l}. Let

T:I(co)—2, xR* and F=T" be the obvious maps between the
t——(y )

spaces.

Are these maps measurable? Now T(y’ﬁ)(x)>k iff
yE[Jn{zészlzn+xn|>A} or 3q€Q" with 729 and limsup |yna | 2A-q,
where T(y’B)(x)=Hx+yHV(1+d(y,c0)). Let G={7:7(x)>\}. then
T(G)=LJH{(Y’7):IYn+xn|>A}ULJq€Q+[£j1lJ {v€2,: lyn [2A-a}x(q.®)]
=H ,say. We need a topology on meR so that this map is a
measurable map, that is can we find a topology in which both
sides are Borel sets. If so then T'H=G, thus T would be Borel
measurable wrt the Borel o-field on J(cg) and the Borel
o-field on 2 _xR*. The pointwise topology inherited from
Rmx[O,m) will suffice. Then H is a Borel set in the pointwise
topology, and in fact a Faéa—set'

Thus T(J(co))=L, and T*(L)=9(co). So that

r(g) f jg £(8(0))9E,(£)aP (o)

max{"g(w)+yﬂ PYdE (y.B)dP(w).
Q'L
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Proposition 4.5.5

Suppose T has two associated random measures

€.m€m, (2 x[0,®)). Then Vg j max{"g(m)+y",ﬁ}d§w(y’ﬁ) =
meR+

J max{Hg(m)+yH,B}dnw(y,B) a.e. [P].
Q. xR,

Proof

Since there are Fréchet differentiable points in cg, by

Theorem 4.2.1 we have J T(g(m))dfw(T)= , T(g(m))dnU(T) a.e.
T(co) T(co)
[P]. Since the maps T and F are measurable, T(g(m))dfw(T)
J(co)

= I max{"g(w)+y",ﬁ}d§on'1(y,B), let us denote Eon‘i by §w
L

as well. Thus if GCL® then §[G]=E{T:TT€G}=£(@)=0, so that

ELI=1. Thus [ max(lis(6)+yil.B}4E, (7.6) =
X +

J max{“g(w)+yH,B}d§w(y,B). Hence Vx€cg
L

f max{llg(w)+yll,B}df (v.B)=| max{lig(w)+yll,p}dn (y.B) a.e. [P].
9 xR, 9 xR,

Now if probabilities £ and m on J(co) are distinct, will
the probabilities foT! and moT® be distinct in Q. x[0,»)? The
answer is yes. Since if we suppose that §oT4=noT4, then for
all ACQ x[0,x) E{T:7€T*A}=n{T:7€T*A}. Then f=m if and only
if for every BCJ(co) there exists F with T'F=B. Let F=TB,
then BCT'F. Suppose 37¢B such that TT€TB, say Tt=To; then
T(x)=max{lix+yll,B}=0(x). Thus v=0€B. Hence £=m whenever

FoT*=noT" as required
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Now suppose that we are given two distinct probabilities

€ and n on 0 _x[0,®), with Vx€cg f max{llx+yll,B}dE(y.B) =
2. x[0,»)

f max{llx+yll,B}dn(y.B). Then by an approximation argument for
Q,%X[0,»)

any o20 there exists a sequence x, in cg such that

Ixn+yll—>max{llx+yll,a}, therefore for all x in cg and a0

J max{lix+yll,B,a}dE(y.B) = J max{llx+yll,B,a}dn(y.B).
0 _x[0,w) 2,x[0,)

Lemma 4.5.6

§ and n agree on sefs of the form
{(y.B)eQ x[0,°): max{lix+yll,B}<r} Vx€co Vr20.
Proof
Let pux(F)=E{(y.B):max{lix+yll,B}€F}, and define vy

similarly. Then we find that Va20 and all x

(¢} 00

J max(t,a)dux(t)=J max(t,a)dvx(t). Then by W.Linde [Lil]
(o)

ux=vx for all x€cy. In particular ux[0,r]=vx[0,r] so that for
all r20 and all x€cgq,
E{(y.B):max{lix+yll,B}<r}=n{(y,B) max{lix+yl,p}<r}

We can now disintegrate £ into £y and §,, where for each
y€2 ., &y is a probability measure on [0,®) and §, is a

probability measure on 2 _, see section 2.4. Then

[+ ]
0XCo .

J f.d¢§ =J f f(y.B)dEy(B)dE>(y) for all measurable,
Q 2.0

integrable f. Similarly split m into my and m,;. Knowledge of
all image measures E,0¢* determines - for linear functions
¢. These are given by E,{x€X:(x,¢)>s} for s€R’ and ¢€(Qm)*5ba
or (2,%x(co)®):.- Let sz be the closest vector in

{yéQw:(y,¢)2s} to zero, so that llszli=s.
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Lemma 4.5.7

{ty,B) : (y.¢3>s} = U” {(y.B): max{B.lly—(s+R)zlI}<R} where
s20.

Proof
(1) {ye€Q_: (y.¢)>s} = L{ji{y: ly-(s+R)zII<R}.

(a) Let y€{y:{(y.¢)>s}.

Let x,u€U={u:u=pz p20} be such that (x-y)Ax=0 and
(x-u)A(u-y)=0. That is [x,y] is 'perpendicular' to [0,z]. Let
f=Hy-ull, 6=lx-ull and d=lly-xll. If d<{A=lix-szll then
Ix-yll=lly-(s+A)zll=d<{A. So assume d2A. Then f=ly-ull =
max{lly-xll,lIx-ull} = max{d,8}. Let 6=d-A+1>d-A20. Thus
max{d,8}<A+6 so that lly-ull=f<A+&, i.e. y€ball[u;A+5], i.e.

y€ball[(s+A+8)z;A+56]. Thus y€RHS

(b) Suppose y¢LHS and llyli<s. Then Hu-yl>|Null-liyll|>|s+R-s|=R.
Thus y¢RHS.

Suppose y¢LHS then (y,¢)<{s, so as in (a) we can construct
a ball, centre -rz, which contains y; dr with
y€{y:lly+rzli<r+s}. Then by construction this ball and the ball
{y:lly-(s+R)zliIKR} are distinct, and are separated by the

hyperplane (y,¢)=s. So that y¢RHS.

(ii) Ll{:oi{(y,B):lly-(s+R)zll<R}=L]{:oi{(y,ﬁ) :max{B,lly-(s+R)zll}<R}.

Assumef(yp)LHS. Then there exists an R with lly-(s+R)zlI<KR, thus

max{B, lly-(s+R)zli}<max{R,B}, set R'=max{R,B}+1 then{PERHS.
If (y.B)€RHS then there exists an R with

max{lly-(s+R)zll,B}<R so that liy-(s+R)zli<R and hencegﬁELHS.
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We would now like to prove that £, and mn, are equal. In
particular we wish to show that
E2{y€Q :(y.$)>s}=n,{y€Q_:(y.4)>s}. We know that
E{(y.B) max{lix+yll,B}<r}=n{(y.B) :max{lix+yll,B}<r} for all x€cqp,
and not all x€Q_. If our z was in co, then we would be done
and £, would be equal to m,. Though in general this is not
so, and there does not seem easy way to get from
E{(y.B) max{lix+yll,B}<r}=n{(y.B) :max{lix+yll,B}<r} for all x€co,

to E{(y.B):max{lz+yll,B}<r}=n{(y.B) :max{llz+yll,B}<r} for all

z€Q,co

Example: Does L, possess (U,)?

We show by arguing as before that even if (U,;) fails for
L, we still have equality of marginals. Let v be a uniformly
integrable type on L,(L,). Suppose that there exists distinct

random measures £ and m with for all h€L, (L),

T(h)=J J t[h(m)]dfm(t)dP(w)=J J t[h(w)]dnw(t)dP(m). Since
QYT (L) QY (L2)

L, is Fréchet differentiable everywhere, by Theorem 4.2.1,

[ emnnag 0=]  cno)1an ) ae.rpl.
J(L,) T(Lz)

So suppose that we have J t(f)dE(t)= t(f)dn(t) for
J(L2) J(Lz2)

all feL,, with §,n€#(J(L,)). Then in L, we can find a
sequence xn such that Vy€L,, Hxn+yll2—lIx+yll2+B32 for a given
(x,B)€EL,xR,. Thus Vf€L, and VPeER,

[Nf+gh2+a2+B2]" 2dE(g.a)=| [Nf+gh?+a?+B>]*’ 2dn(g.a). For
L, xR, L, xR,
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f€L, define pur€%([0,»)) by ur[F]=E{(g.a): [f+gli2+a2]t’ 2€F)

where FCR,. Defining vy similarly we have
00
J (t2+32)1’2duf(t)=J (t2+B2)*’ 2dve(t). By a result of Linde
o o

[Lil], pr=ve¢ for all f. Thus in particular pe[O,r]=ve [0, r]
for all r20, so that £ and m agree on all sets of the form

{(g.a):[Nf+gliZ+a?]'’ 2<r}.

Disintegrate § into £¢ and §,. Then if §, and m, agree
on all sets of the form {f€L,:(f,g)>s} they are equal. We can
write {g€L,:(f,g)>s}x[0,») as
UR=T{(g,a):[d2+Hg-(s+R)fH2]1’2<R}, so that by proceeding as

in the case of Q,, £2=715.

Thus I J[Hf+g"2+a2+62]1’zdfg(a)dfz(g)=
f f["f+g"2+a +B2]1" 2dng (a)dE-(g) for all BER and g€l,. If
f[nf+gu2+a +82]" 2dEq («) f[uf+gu2+a +827% 2dng (o) a.e.[E2].

then J% [aZ2+72]1 2dEg (a)= I [a2+72]!" 2dng (a) a.e.[E2] and

+

thus by Linde £¢=mg a.e.[fz].
We note however that the "a.e. [E,]" is necessary here.

. . . _Ju if g=G _Ju if h=H
Since if we define fg—{o - and ng—{o o.w. where G#H
are elements of L, and pu is a non-trivial probability on R,,

and £,=6p where F is distinct from G and H. Then

f f [Nf+gliZ+a?]?’ 2dEg (a)dE(g)=
L,YR,
J [If+gN2+a2]?’ 2dng (a)dn,(g)=0, but E»{g:E¢=mg}#0. so
LY R,

that Eg#mg but fg=mg a.e. [Ez]. Of course in this situation £

doesn't define a type.
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Part 2 : Failure of the uniqueness properties.

We turn our attention to an investigation of situations
in which the various uniqueness properties fail. In
particular we show that (Ugq) fails for [2,6Z], whenever
q/p.p/r€N, and that R has (U,) iff p¢2N. It is then shown
that if X;ﬁaté(nwi), then 07 embeds in X. We consider also
the implications for a functional norm ¢ if (Y@Z)¢ fails to

have (2w,).

4.6 The failure of the uniqueness property for tvypes, (U,).

Proposition 4.6.1

The properties (wy;), (u,;) and (U,) all fail for (226Z),.
Proof
We show that (2w, ) fails, and the result follows
trivially. Let X=(0%86Z),, so every x€X has a unique
decomposition into x=y+z with y€Q%, z€Z and lxli=llyll+lizl.
Let m be any probability measure on Z. Let
p=1/2[8(0,0)+6(1,1)] and v=1/2[6(0,1)+86(1,0)]. Then for all

(u,v)e€X, f N(u.v)+(x,y)Hd(uxm)(x,y) =
X

172{ [uy [+ |uz [+ [us+1 [+ ]us+1 |} = j H(u,v)+(x,y)lld(vxm)(x,y).
X

Collecting together some facts about Banach spaces
containing 2, helps to classify spaces where failure of

uniqueness is likely.

1. co embeds in X* iff X=0,07Z.
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2. Every bounded sequence has a weakly Cauchy subsequence iff
Q,——X iff Byx»* is weak»x-sequentially compact.

3. If X*¥ has an equivalent smooth norm then 2,——X.

4. If X is very smooth or X** j5 smooth then X¥* has RNP, and

then 0,C——5X.

5. X* has weak RNP iff 0,C—+X.

Proposition 4.6.2

Whenever q/p€N, (Ug) fails for 0,.
Proof

Consider a finite signed measure v#0 on [0,®) with

00 00
J u¥d|v|(u)<» and j u®*dv(u)=0 for k=0,1,.... For example, put

0 o

dv(u)=exp(-u'”*)sin(u?’ *)du see [Lil]. Then v#0, but

Jj(s+u)ndv(u) - Ef(?)sjjjun_Jdv(u) = 0 Vel Vs>0.

J=0

By the Jordon-Hahn decomposition theorem, we can find
measures v' and v~ on [0,®) with v=v’-v~, given by
v (A)=sup{v(B):BCA, B€o-field} and

v (A)=inf{v(B):BCA, B€o-field}. Then since

00
v[O,w)=I u®dv(u)=0, v*[0,©®)=v"[0,») we can take v’ and v~ to
0
(r9]
be probability measures. Since q/p€N, j (s+a)?" Pdv(a)=0, that
(+ ] 00 °
is I (s+a)q’Pdv+(a)=j (s+a)?’Pdv ™ (a) Vs.
o (o]

Let vi be the measure on [0,®) given by

v{[0,r]=v"[0,r?]. Similarly define v by v;[0,r]=v"[0,rP]

Then f (S+dp)q/pdvﬁ(d)=f (s+a)q’pdv+(a)=f (s+a® )" Pdv] (a)
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00 (04
Vs20, thus j (Hx+e1HP+ap)q’Pdv§(a)=J (Ix+e  IP+aP )9’ Pdv] (a)
(o]
for e;,=(1,0,0...) and all x in Q,.

vy if y=e,

Define §2=m2=6(e,). and §y={o oO.W.

- . _ 00
ny={81 li x_ei. Then Vx j I [Ux+yNP+aP ]9’ PdEy (a)dEx(y) =
LWL 0,9,

00

e

00
[Hx+e1HP+aP]q’pdv§(a)=I [lix+e, IP+aP ]9’ Pdv] (a) =
o o

00

[Ix+yllP+a®P ]9’ Pdny (a)dn.(y). Let § be the measure on
Q’l-" 0

[4

Q,x[0,®) giving rise to the disintegration §, and §,. So that

E)=| xa(v.a)aE(v.a)=| [ xaly.@)dey (a)aEa(v)=
Q,p X[R+ Qqo (o]

00
J xa(e;.,.a)dvi(a)=vi{a:(e,,a)€EA}. Similarly let
o

n(A)=v7 {a: (e . a)€A)}.
Finally let E£,m€m(Q,x[0,2)) be the constant random

measures § and m respectively, i.e. §w=§ and m,="M- So that

VFELL(2p) J; Q[Hé(w)+yﬂp+aqu/Pdfw(y,a)dp(w) =
p XIR,

f [Hf(w)+yup+ap]q’pdnm(y,a)dP(w). Since v#0, vi#v7 and thus
00, xR,

E#n a.e. [P].

Proposition 4.6.3

If q/p¢N, then even if (Uy) fails for 2, we still have
equality of marginals.

Proof

Suppose that there exists distinct measures § and 1 on

90,xR, such that for all xe€Q, [Hx+ylIP+a® ]9 PdE(y,a)
Qs xR,

= [Ux+yliP+a® ]9 Pdn(y.,a). Then proceeding as before, we find
92, xR,
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that | [lx+ylP+oP+B]9/ PdE (y,a)=| [Hx+yIP+aP+p]% Pdn(y.a) (%)
Q’P XIR+ Q,p xR,

for all B>0. We then similarly define

Hx[F]=E{(y.a) : Ix+yNP+aP€F} and vx[F]=m{(y.a): lix+yl®+aP€F}.
Then (%) becomes f (B+t)q/pdﬂx(t)=f (B+t)9 Pduyx(t) VB20 and
(o) o

each x. Suppose q/p¢lN, then by a result of W Linde [Lil],
Hx=VUx. In particular E{(y.a):(llx+yIP+a® )1’ P<r}=u,[0,r?]=
Ux[O.rp]=n{(y,a)1(Hx+y"p+ap)1’p$r}. We are now in the same
situation as we were with L,(2,). So, as in section 4.5, we

see that the marginal distributions €2 and m, agree a.e. [P].

Theorem 4.6.4

The property (Ug) fails for [0,0Z], whenever q/p,p/r€N.
Proof
Let X=(2:8Z),. Let x=y+z, then lIxlU=(llyli®+izI®?)*’P . Then
every t€J7(X) has a decomposition t(x)=[ty(y)P+t (z)?]*'P,
where t;€J(Y), t,€7(Z). Letting U be the map from J(Y)xJ(Z)

to J(X), we have J t(x)qduoU4(t) =
T(X)

[t:(¥)P+t2(2z)P ] Pdu(t,,.t;).
T(Y)xT(Z)

From the preceeding results there exist distinct

measures § and n on 2,x[0,®) with [lu+ylI" +a" J™dE (u,a)=

R Q. xR,
| [Nu+yllI" +a" J™dm(u,a) for all m€N, and J d€(u,a)=

9, xR, 2, xR,

n 00 00

| asu@raga =] ag, (0)=v1[0.@)=07[0. %)= dn(u,a). If

J €,

Qr o] (o] Qr X[R+

q/p and p/r are integers, then so is q/r-jp/r for all

0<j<q/p. Thus [(Hu+y"r+a')p"+s]q’Pd§(u,a) =
2, xR,
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qQ/ p /
z (qu}sJ [Hu+yll" +a" ]9/ " -9P/ " dE (u,a)
.j:o Qr XIR+

= [(Nu+ylP+aP )P’ "+5]9 Pdn(u,a).
2, xR,

Let m=8,, or any point mass on 9(Z). Let u=fxm and
v=mxm, which are then probabilities on 2,x[0,®)xJ7(Z). Then
Vy€Q,, z€Z [(Nu+y " +a™ )P/ T+t,(z)P ] Pdu(u.a, ty)

9, xR, xJ (Z)

[(Nu+y " +a" )P’ "+t,(z)P ]9 PdE(u,a)dm(t,)
J(Z)Yer xR,

= [(Hu+y " +a" )P/ T +1zHP ]9 PdE(u, a)
:erR+

= JQ[(”U+Y"r+dr)p’r+"sz]q’pdn(u,a)
r XR,

r\
= [(Mu+yl™+a" )P’ "+t,(2)? ]9 Pdv(u,a,t,).
9, xR, xT(Z)

N

]

e

Letting p,v:0——%{Q, x[0,®)xT(Z)} be u,=H and v =v. Then

J [ t(x)*dpoU* (t)dP(w)
Q‘JPEY (X)

= | | [ti(3)7+t2(2)P19 Pdu(ty . t2)dP(0)
QYT (Y)xT(Z)
= [ [(Nu+y " +a" )P/ "+t5(z)P ]9 Pdu(u,a, t,)dP(w)

rn{a,xm+xy(2)

= | | [Ousym +am )P " ae, (2)P 1% Pdv(u. o, t5)dP(w)
Y070, xR, x7 (Z)

= J t{x)%dv oU'(t)dP(w).
QYT (X) ¢

All that remains to check is that poU'#voU* a.e. [P].

[d

Now since §#m, JACQ,x[0,®) such that E(A)#n(A). Let B=9(Z),
then pu(AxB)=F(A)m(B)=E(A)#n(A)=v(AxB). Since the
decomposition x=(y.,z) is unique, U(t,,t,)=U(s,,s5) iff t;=s;.

Thus poU*#voU? as required.
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Suppose p=r. Then for each f we can find a sequence f,
with If, (0)+ylIP+a®P——lif (u)+yNP+aP+s® for all s>0. Then
J j ["f(“)+y"P+d”+sPJq’Pd§ (y.a)dP(w)

92,
I f [Hf(w)+y"p+ap+sp]q’pdn (y,a)dP(w). When m=6, we have
Y0, xR,

[Hf(w)+ylP+aP+t,(z)P ]9/ Pdm xf dP(w)
M0, xR, xT(Z)

[I1f(w)+ylP+aP+t,(2)P ]9 Pdm_xm L4P(w).
Y0, xR, xT(2Z)

Theorem 4.6.5

R has (U,) iff p¢2N.
Proof

Let 7T€J(L,(R)) be a uniformly integrable type represented

by £ and m. Then

T(f)=j j | t+f(w) |PdE (t)dP(w)=J J | t+f(w) |Pdn (t)dP(w). thus
W )

Q'R QR

I |t+f(w)|pd§m(t)=J |t+f(m)|pdnm(t) a.e. [P]. If p€2N then

R R

choose distinct measures p; and v, on [0,®) with

(4] 00
J |t+s|pdu1(t)=J |t+s|Pdv,(t) for all s>0. Then define
o o

— KLy ODN [O’m) 3 i i = =
] {O on (-%,0] and define v similarly. Let §w 1 and m,=vs
then §#n so we have non-uniqueness whenever pé€2N.

If p¢2IN then by W.Linde [Lil] we know that

f |t+s|pd§w(t)=I |t+s|pdnw(t) Vs€R a.e. [P] will imply that
R R

§w=nm a.e. [P] as required.
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Theorem 4.6.6

The property (Uy,) fails for Q0 iff q/p€N and one of the

following holds: q/p<n, p is even, or both p and q/p are odd.

Proof

Consider a uniformly integrable type on Lq(2p) given by

T(f)= f Jg(;gf(w)]qdf (t)dP(w) f fﬂ(;gf( @)]%dn_(t)dP(w). Then

as Qp contains a Fréchet differentiable point, by Theorem

4.2.1, J t[f(m)]qdf (t)= t[f(u)]qdn (t) a.e.[P].
7(Q5) F(20)

Let us suppose that there are distinct measures § and 7

such that for all x€0g, J t[x]9dE(t)= t[x]%dn(t). We
T(2:) 7(2:)

represent J(Qp) as Qp, since if t€J(Qp) then
t(x)=limlix+u™=limn (3 |x:s +ul|P) !’ P =lix+ull where u; =limpul, so
that u€Qp. Hence I Ix+ull9dE (u)=| lIx+ull®dn(u) Vx€23. Then by

p 27
[Go&Ko02] uniqueness fails iff q/p€EN and at least one of the

following holds: (i) q/p<m (ii) p is even (iii) p and q/p

are both odd.
So Q3 has (U,) if p>1, 9p has (Ug) if q/p¢N. Also (U,)

fails for Q7 Vn, (Ukp) fails for 2p if p is even or k<n,

(Ukp) fails for Qp if p and k are odd.

4.7 Failure of the uniqueness property for measures on X.

Let X be a Banach space. Let us consider the property
(wy). Let p, v be probabilities on X, with Vx€X

f Hx+deu(y)=J Ix+ylidv(y) (). We can ask the following
X X

question, can we find other examples of Banach spaces and
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distinct measures p and v such that (%) holds? Linde [Lil]
has shown that if so X can't be L,, p>l; or Co(Q) where Q is
a locally compact but non-compact space. It has also been
shown that (%) cannot hold on a Hilbert space, see [Kol] and
[Li2]. Does (%) imply anything about the structure of the
Banach space X? We suspect the answer is yes, and will show
that quite strong statements about X can be made if p and v

are both atomic measures.

In section 4.8 we assume that (2w;) fails for X, and we
show that w can construct a copy of 2% inside X. We will then
extend this result to prove that the failure of (nw,;) for X
implies the existence of 27 inside X in section 4.9.

We first assume (2w,) fails with distinct probabilities
i and v and calculate the minimum dimension of the closed

linear span of their supports.

Let p=ade+bdr and v=cbdg+dén be distinct probabilities on
X. Assume (%) holds. Thus a+b=c+d=1. Then Vx
allx+ell+blix+fll=clix+gll+dlix+hll (»%). Then all four elements
e,f,g and h are distinct. We can ask what is the dimension of
Y=closed linear span of {e,f,g,h}. Suppose dimY=1, then f=Ae,
g=ae, h=fe for some A,a,B#1. Then putting x=0,-e,-Ae,-ae,-fe
successively in (xx) we find that a+|A[b=c|a|+d|B| and
1. bli{(A-1)ell=cll(a-1)ell+dli(B-1)ell =3 b|1-A|=c|a-1]|+d]|B-1|
2. all(A-1)ell=cll(a-A)ell+dN (B-A)ell =3 a|l1-A|=c|a-A|+d|B-A]|
3. all(a-1)ell+bli(a=A)ell=dli(B-a)ell =3 a|l-a|+b|a-A|=d|[B-a

4. all(p-1)ell+bll(A-B)ell=cll(B-a)ell =2 a]1-B|+b|A-B|=c]|B-a]
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(1&2) =3 |1-A|=c|a-1]+c|a-A|+d|p-A|+d|p-1]
(384) =3 |oa-B|=ala-1|+a|1-B|+b]a-A]+b|B-N]
(2&4) =3 b|1-A|+a|1-B|+b|A-B|=c|a-1]+c|a-B|+d|p-1]

(1&3) =3 a|l-a|+b|1-A]+b|A-a|=c|a-1|+d|a-B|+d|B-1]|

Assume for the moment that A,a, 0.
(i) Suppose A,12a,B. Then |a-B|=2a+2Ab-a-B=2ca+2df-a-B.
a2 =2 a=ca+df=ca+da = 0=d(f-a) thus a=f.
B2a = PB=ca+df=cPf+dp == O=c(P-a) thus a=B.
(ii) Suppose A,1<a,f. Then |1-A|=2ac+2Bd-1-A=2a+2dA-1-AX.
1>N = 1=a+Ab=a+b = 1=A. A21 = A=a+Ab=Aa+Ab =3 A=1.
(iii) Suppose A,afl,B.
If B<1 then b(1-A)+a(1-B)+b(B-A)=c(l-a)+c(B-a)+d(1-B) thus
1-2Ab+B(b-a)=1-2ac+B(c~-d) so that bB-Ab=cf-ac whence
b(1-A\)+a(1-B)=c(1-a)+d(1-B) = af+bA=ac+fd=a+Ab =3 (=1, a
contradiction.
If 21 then b(1-A)+a(B-1)+b(B-A)=c(l-a)+c(B-a)+d(B-1) thus
—2Ab+fB+b-a=-2ac+B+c-d so that 2b-2Ab-1=2c-2ac-1 whence
-B+bA+a=ac-B+d=ac+fd =3 p=1, a contradiction.
(iv) If 1,B<A,a use part (iii).
(v) Suppose A,p<1l,a.
If a<l then b(1-A)+a(l-a)+b(a-A)=c(1l-a)+d(a-B)+d(1-B) thus
-2Ab+a(b-a)=-2pd+a(d-c) so that b(a-A)=d(a-B) whence
b(1-A)+a(l-a)=c(1-a)+d(1-B) =2 ac+bA=ac+pd=a+Ab =2 a=1, a
contradiction.
If a>1 then b(1-A)+a(a-1)+b(a-A)=c(a-1)+d(a-B)+d(1-R) thus
a~2Ab+B+b-a=a-2dp-c+d so that 2b-2Ab-1=2d-2pd-1 whence
bA+a=c+fd=ac+fd = «=1, a contradiction.

(vi) If 1,alN\,B use part (v).
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If any of AN,a,B are negative, for example A, consider
the equivalent equality with lix+Aell replaced by ll-x-Aell, out
of which will arise the same set of equalities as before.
Thus dimY#1, so that dimY2>2. We can illustrate this with

some simple examples.

Examples

1. X=R®,R. Let pu=1/2[6(0,0)+5(1,1)] and v=1/2[5(0,1)+5(1.0)].

Then J H(x,y)+(u,v)"du(u,v)=j H(x,y)+(u,v)lldv(u,v) for all
X X

x,y€ER. Then Y=R%?, so that dimY=2.

2. X=0,x[0,2). Let u=1/2[6(e,.,0)+6(e,,1)] and
v=1/2[6(e,,1)+6(e5,0)]. Then X is infinite dimensional and
Y=span{(e;.,0).(e>,0),(0,1)}=02x[0,»), so that dimY=3.

3. We can see that with X=R, (%%) can never hold even with

arbitrary finite 2-atomic measures.

4.8 Embedding 22 in X when (2w,) fails.

We now construct a copy of 2% inside X assuming (2w,)
fails. We do this by finding elements u and v such that [u,v]
is isometric to 02.

Suppose that for all x€X allx+ell+blix+fll=clix+gli+dlix+hll

where 0<a,b,c,d<1 with a+b=c+d=1.
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Let ll-lIl be Gateaux differentiable at a point x€X. Then
for ReR, allRx+ell+blIRx+fll-(a+b) IRxll=ciRx+gll+dIRx+hll- (c+d) IRxII

=allx+e/RH-lIxIl + blix+f/RI-lIxl] ——s ap'(x;e)+bp'(x;f)
1/R 1/R

=p'(x;ae+bf) as |R|—o». Thus p'(x;ae+bf)=p'(x;cg+dh) at all

points of Gateaux differentiability of X.

Lemma 4.8.1

Suppose Y is a finite dimensional Banach space. Suppose
that for all points of Gateaux differentiability x€Y
p'(x;u)=p'(x;v). Then u=v.

Proof

If p'(x;y)=0 then xly that is lIxl<iix+Ayll for all scalars
A, see [Di]. If p'(x;w)=0 for all x€G(Y)., then xlw Vx€G(Y).
If G(Y) is dense in Y, then BWJGG(Y) with wi—>w. Then
Hwy l——liwll and llw; +Awll—llw+Awll, and hence
Hw"ﬁ"w+%w"=|l+k|"w" VA and in particular for A=-1 which is
absurd unless w=0.

If p'(x;u)=p'(x;v) then let w=u-v. Y is separable since
it is finite dimensional and hence there exists a dense

G5—set of Fréchet differentiable points in Y. Thus w=0 as

required.

We can assume wlog that h=0, (consider e'=e-h etc.).
Then Vx allx+ell+blix+fil=clix+gll+dlixll, let u=ae and v=bf then
since ae+bf=cg, u+v=cg. Hence Vx llax+ull+llbx+vil=llcx+u+vii+dlixli
To show that we have a copy of two dimensional 2, inside Y it
will suffice to show that for some u,v we have

Hu+vil=llull+livii=llu-vIil.
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Let x=0 in the above. Then lu+vil=llull+livlil. Putting x=-v/a
we find that llu-vli=llu+(1-c/a)vil+(d/a-|1-b/a|)livii. If a=b=c=d

then this would be lNu-vi=lull+livi as we required.

Lemma 4.8.2

Suppose that there exists w with w=Au+(1-A)v and

fwli=AHuli+(1-A)livli. Then Nou+(1-a)vil=alluil+(1-a)livil for all
a€(0,1).
Proof
Assume for the moment that llull=llvii=1. Suppose that there

exists A with HAu+(1-A)vil=Allull+(1-A)llvil. Suppose that wlog

there exists a<A with w=au+(l-a)v and lwli<allull+{1-a)llvii=1.

Let O<e<min{1-liwll, (A-a)/(1-7)}<1, k=1—€(1£k)/(1—a) and
B=k(1-A)/(1-a). Then k>1, and B€(0,1).

Then Illw+€ull<1l, and since the unit sphere is convex,
VRE(0,1) NB(w+eu)+(1-B)ull{l. Now
B(w+eu)+(1-Blu=(ap+eB-B+1)u+B(1-a)v=[kA+(1+€B-k) Ju+k(1-A)v.
Since k>1 by construction, 1+€Bf-k=0, thus
IB(w+eu)+(1-B)ull=kllAu+(1-A)vlI>1 a contradiction. Therefore
lou+(1-a)vii=allull+(1-a)livll for all a€(0,1).

If lluli#llvll then let ¥={z:lzl{xllull+(1-x)lvll for some

0<x<1}. This set is convex. Let

O<e<min{allull+(1-a)Ivii-llwh, (A-a)/(1-N),1}<1, k=1-e(lik)/(1—d)
ltull

and B=k(1-A)/(1-a). So k>1 and B€(0,1). Then w+€u,u€¥, so
B(w+eu)+(1-B)u€¥ but

IB(w+eu)+(1-B)ull=klAu+(1-A)vI>Allull+(1-A)llvll a contradiction
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Since we have llu+vil=llull+livll we can apply the lemma with
w=1/2(u+v) to get HAu+(1-A)vil=Alluli+(1-A)livli for all A€(0,1).
For r>0 put A=1/(1+r)<1, so that r=(1-A)/A. Thus
Hu+rvii=llull+rlivlii for all r>0, and hence llau+fBvii=allull+plivil for

all «a and B of the same sign.

If Hu-vii=flull+livll put w=-u then lu-rvii=llw+rvll. Thus
lw+vii=llwli+llvll and we apply the above lemma to get
lw+rvii=llwll+rllvlil, and therefore Va,BER Nau+Bvii=|a|lull+|B|NvI.

Let x=-v. Then Hu-avil+li(1-h)vil=llu+(1-c)vii+dllvll. We can

assume that c=1(by normalization), then
Hu-avil=llull+(1-h+d)livil=llull+allvll. Thus Va,B€R
Nou+Bvil=|oa|lull+|g|Uvi.

Hence [u,v] is isometric to 0%.

The next result shows that we have tight restrictions

upon the choice of discrete measures u and v. Namely that

pu=1/2[8e+6¢] and v=1/2[6g+6n].

Lemma 4.8.3

If Vx Nax+ull+libx+vil=licx+u+vil+dilxll then a=b=c=d.
Proof |
Wlog c=12>d and a<b2c=1. Thus Vx llax+ull+libx+vii=llx+u+vii+dilxll
whence llull+livil=llu+vill, and so as above allull+Bllvii=llau+Bvil for

all a,BX0. Let x=-v, then Vx llu~avll+(b-1)Illvii=llull+dlivll so that
lu-avil=llull+(1+d-b)livii=llull+allvll. Then if A=(a+1)*
Iu-(1-A)vii=li(a+1) u-a(a+1)*vii=(a+1)  llull+a(a+1)* vl

=Allull+(1-A)livll. Thus llau-Bvil=allull+Blivil for all «,f20.
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Let x=Au+uv. Then llax+ull+libx+vii=]|ar+1|luli+|ap|lvi+
IbAIHU"+|bu+1IHvH=f(A,u) and Hx+u+vH+cHxH=|cA|HuH+Icul"v”
+|A+1|"uH+|u+1|HvH=g(A,u). f and g are identical functions
from R? to R, and so will be differentiable at the same
points of R®. f is differentiable at all points except when
A=-1/a,0 or u=-1/b,0; and g is differentiable at all points

except A=-1,0 or u=-1,0. Hence a=b=1, and so c=d=1.

We have already observed that if X=(2%26Z),, then there
exist 2-atomic measures p,v such that (w,) fails. We have now
seen that if such measures exist then X contains an isometric
copy of 22. It is natural to ask whether X is the Q;-direct

sum of this subpace and some complement Z.

Proposition 4.8.4

Suppose that Vx lix+ull+lix+vil=lix+u+vii+lixll. Then Vx€X Va,B€R
Hx+oull+lix+Bvil=llx+au+pvH+Iiixll ().
Proof

Certainly (%) holds for a,p=0,1,-1. Suppose (%) is true

for fixed a and B=1. Thus lix+aull+lix+vil=llx+au+vii+lixll and
Ix+aull+lix+(a+1)u+vll=lix+au+vil+lIx+(a+1)ull, so that
Ix+(a+1)ull+lix+vii=lIx+(a+1)u+vii+lixll. Similarly starting with

a=1 and B fixed yields (%) for a=1 and B+1.

Suppose for fixed a and B (%) holds. Then since
Ix+(a+1)ull+lixtoau+Bvii=lix+(a+1)u+Bvil+lix+aull we find that
Ix+(a+1)ull+lix+Bvil=lix+(a+1)u+Bvii+lixii. Hence (%) is true for

o,BEN. Let p.q,r,s€N.
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l_[”qSX+PSU"+"qsx+rqu]=Hx+p/quH+Hx+r/svH=Hx+p/qu+r/svH+HxH
qs

=1 [llgsx+psu+rqvli+ligsxli]. So that (%) holds for all o,pE€Q,.
gs

For o,B€R,, find an,Rn€@Q, with an—a and Bn—P. Therefore
Ix+anull+lix+B, vil——lix+aull+lix+pvIl and
Hx+anu+Bnvil+lixll——>lix+au+Bvil+lixll. We can then easily extend

the argument to all «, B€R.

4.9 Embedding 9% in X when (nw,) fails.

We now showthat we can embed 27 in X by assuming that
the uniqueness property (nw,;) fails in X.
So assume that for all x€X b,lx+f,ll+bylix+f,I=3Ta; Ix+g; |l

where O<a; ,b; <1 with b,+by=3a; =1.

Let ll-ll be Gateaux differentiable at a point x€X. Then
for RER, biﬂRx+f1H+b2HRx+f2H—(b1+b2)HRxH=EaiHRx+giH—EaiHRxH
————p'(x:;b,f;+b,f,) as |R|—>». Thus by the lemma above
b,f;+b,f,=3ajgi . Thus let us consider
b, x+3e; I+b, IxH=37 la; x+e; II.

To show that we have a copy of n-dimensional 2, inside Y
it suffices to show that for some set {ui} of n elements we
have lI3a; u; I=2a3 llusj ll, for all scalars o; €ER. Let x=0 in the

above. Then HU3e; lI=371lle; Il.
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Suppose that 3Ji,j and a A€(0,1) with
IAes +(1-A)e;  lI<Alle; H+(1-A)llesi. Then as before Va€(0,1)
Hoes +(1-a)e; li<alles N+ (1-a)lle;ll. But Sle; N=lSe;s N
He1H+...+Hei+eJH+...+HenH<2HeiH, thus for all i,j and all A

HAe; +(1-—?\)e3 I=Alle; |I+(1—7\)I|e3 .

Lemma 4.9.1

For all scalars s; we have ElsiIHeiH=HEsieiH.
Proof
Let 0<ai {1 be scalars with sum one. Then 3Ta; lle;ll=

5" 2a5 ey N+(1-2""2a; ) [lan- jen_ 4l + Honenll | =
1—En_2di I—En‘zai

3" 2q; lley H+llan_ en_ tanenll=. . . =l13a; e; 1.

For scalars r; >0, EriﬂeiH=Eri{r1He1H+...+rnHenH =N3rjesll.
El‘i Eri

Suppose that 3Ji,j and a A€(0,1) with

H\ei —(1-A)e;lI<Alle; I+(1-A)llejI. Then as before Va€(0,1)

loej ~(1-a)e;li<alles H+(1-a)lie;jll. In particular

Hei —ej lI<lle; i+llejll. Assume wlog that i=1 and j=2. Let x=-e,.
Then lle;+(1-b;)es+eg+...+eyll+brllesll=lle,—a ;e ll+ll(1-a,)e,li+. ..
Hlen—anesll. So (1-b +b,)llesll<(a;+az+...+ap+1-a,)lle,ll, i.e.

a,<b;. By considering x=-e;, we find that a;<b,. Thus if
ai 2by then Va€(0,1) laeij~(1l-a)e;li=alle; H+(1-a)llell. In

particular this works if aj;=a;=b,.

If a,<b, then let O>A>-1/b,>-1/a,. Then Ab,+1,\a,+1>0.

Let x=Ae;. Then llb;Ae;+e;+...+e,ll+b,yllAe,ll=
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(bsA+1+b, [N )lle, I+3,lle; I=Slles +a;s Ae, |l
<(aijA+1)lle, I+3,lle; I+ (as+...+an) |A|lle,ll. Thus
I+b;A-byA<1+a ;A-(a,+...+a, )N, that is b,-b,<a,-(az+...+an) so
b;<a;, a contradiction. So Va€(0,1)
loes —(1-a)e; l=alle; I+(1-a)lley Il .

Then we find that for all scalars sj; €R,

E|51|He1H=HEsieiH as required.

Lemma 4.9.2

Suppose that for all scalars sj €R, 2|51|HeiH=HEsieiH then

aj =by=1/n for all i, and b,y=(n-1)/n.

Proof

Let x=3Aje; . Then llb;x+e ll+llbyxll=
S byAi+1|lles N+3|byAs [lles H=f(A,,...,An) and Slla; x+e; li=
S{|laiA |le li+. . . +|asAn|lenll+|asAs+1|lNles H}=g(A,,...An). f and
g are identical functions from R" to R, and so will be
differentiable at the same points. f is differentiable at all
points except when A; =0 or -1/b,; and g is differentiable at
all points except Aj=-1/a; or O. Hence a; =b,=1/n, and

b,=(n-1)/n.

Proposition 4.9.3

Suppose that Vx Zlix+e; lI=lix+3e; I+(n-1)lixll. Then Vx€X Va; €R

Slix+a; e; I=llx+3a; e; H+(n-1) lixll (%) .
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Proof

Certainly (%) holds for o34=0,1,-1. Suppose (%) is true for

fixed a; . Thus 3Slix+e,+qa; e; l=lix+e;+3a; e; I+(n-1)lix+e, Il and
Slix+e +as es I=llx+(a,+1)e, I+35{lix+e, i+lix+aj; e; I-lixlI}. So that
Ix+(o;+1)e, I+Z5 Ix+a; e; I=lix+(a;+1)e,+33a; e; I+(n-1)lixll. Hence

(%) is true for o; €N, by induction.

Let Pi »qi €N.

Slix+pies 7q; li=1 [z lednqj+pi (JI-I#i qj )es II] =

Mqs ~ i

1 [(n—l)"anJH+”x+Eipi(g#'qj)eiﬂ] =(n-1)lIxll +lix+3p; e; /q;ll.
Iq;i ) !

So that (%) holds for all o;€Q,. We can then easily extend

the argument to all a, B€R.

We have seen that if (2w,) fails, then there is a copy
of 22 inside X. One can ask whether a similar equality would

force a copy of cg in X. We can prove the following.

Proposition 4.9.4

Suppose there exists e,f,g,h (all distinct) with

max{lix+ell, lIx+fll}=max{lix+gll, Ix+hll} for all x€X. Then
He+fll=lle-fll=max{liell, Nfll}.
Proof

By translating by -h (consider x-h) we can consider the
situation in which for all x€X,

max{lix+ell, lIx+fll }=max{lIx+gll, IxIl}.
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Then max{IlIRx+ell, IRx+fIl}-lIRxll =

max["x+e/RH—HxH,Hx+f/RH—HxH ——— max[p'(x:e),.p'(x;f)] as
1/R 1/R

R———

Thus max[p'(x:;e),p'(x;:;f)]=max[p'(x:g).0] for all x€X.
So ligll=max{llell,Ifll}. If g=e+f, then He+fli=max{llell,lifll} and so

by considering x=-f we find that lle-fli=max{llell,lIfil}.

If for a fixed x, p'(x:;g)<0, then
O=max[p'(x:;e).p'(x:f)]=p'(x:;e) wlog. Thus p'(-x;g)>0 so that
p'(-x:g)=max[p'(-x:e),p'(-x:f)]=p'(-x:f). Thus
p'(x;f)=p'(x:;g) if p'(x;e)=0. If O<p'(x:g)=p'(x:;e) say, then
O=max[p'(-x;e),p'(-x:5f)]=p'(-x:;f) thus O=p'(x;f). So p'(x:8)
equals one of p'(x:e) and p'(x;f) and the other is zero. Thus
p'(x:g)=p'(x:;e)+p'(x;f)=p'(x;e+f), then by a previous result
g=e+f. So max{lix+e+fll, lixll}=max{lix+ell,lIx+fll}. Then

le-fli=max{lIfll,lell}=lle+fll.

We thus have a partition of the Gateaux-differentiable
points of X into a disjoint union of %={x:p'(x;f)=0} and
$={x:p'(x:;e)=0}.

Let x,y€X. We say x is orthogonal to y, written xly see
[Di], whenever IxIl<lix+Ayll for all scalars A. If $€X* then xly
for each y€kerd¢ iff |[o(x)|=lIeli.lUxll. With ¢(y)=p'(x:y) we see

that p'(x;y)=0 implies xly. Hence %={x:xl1f} and ¥={x:xle}.
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4.10 The structure of (Y®Z)¢7when (w,) fails.

We now consider the conditions that the failure of (2w,)
in (Y(BZ)QP impose on the norm of X, and in particular we show
that if (2w,) fails, then ¢ is essentially an &,-norm, that

is ¢(a,B)=ak,+Bk, for constants k,,k,20.

Let X=(Y(BZ)¢> be a functional direct sum, that is
NH{y.z)ll=¢(llyll,lIzI). Then from the axioms of the norm we have
Vy.r€Y, Vz,s€Z, ¢(lly+rli,llz+sl)<o(llyll, Nzli)+(liril,Usll),
la |y, nzit)=¢(|a|tyll, Ja|Htzll), and ¢(nyu,nzu)=o iff y=z=0.
Thus ¢:RxR—R, and cé¢(a,.{)=¢(ca,c{) Vc20. Hence

$(a,0)=0¢(1,0)=ak,, say. Similarly ¢(0,B)=Bk,.

Suppose J
X

where pu=[aé(e,0)+bs(f,0)] and v=[c6(g,0)+ds(h,0)], with

H(y,z)+deu(x)=j N(y,z)+xlldv(x) V(y.z)€X,
X

0<a,b,c,d<1 and a+b=c+d=1. Then
aé(lly+ell,lizl)+bo(Nly+fil, Hzll)=co(lly+gl,lizl)+dé(lly+hll, lizll) for
all y€Y and z€Z.

Let z=0. Then ally+ell+blly+fll=clly+gli+dlly+hll for all ye€Y.
By the above we know that a=b=c=d=1 and
Hy+ull+lly+vil=lly+u+vil+llyll for u=e and v=f. From this we find
that for o, B€ER
¢(Hy+au","z")+¢(ﬂy+ﬁvﬂ,Hz")=¢(”y+au+ﬁvﬂ,HZH)+¢(HyH,HzH). Let
y=0 so that ¢(a,{)+¢(B.C)=¢(at+B,{)+4(0,{) for all «,p,(20. In
fact we can assume that ¢(a,()+¢(B.L)=¢(~.0)+¢(6.() for all

o,B,7v,5,{20 whenever a+f=7+6.
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Then ¢(a.0)+¢(B.C)=¢(a+B,{)+{k,. so that
¢(2a,0)+{k>=2¢(a,(). Hence ¢(a,()=1/2¢(2a,()+1/2Ck, =
1/4{$(2%a,C)+Ck,}+{k, = 1/2%¢(2%a,()+7/2°%Ck,
=...=2""¢(2"«,()+(n-1)/nlk,. So
¢(a,0)=1imn2 "¢ (2", L) +Cko=limnd(a, 2" "C)+Cks,.

If zy——>z in Z then Vy, |¢(lylh,NzU)-¢(liyll, lizs)|=
[0y, z )U=U(y.2)N|<N(0,2~2; )NI=¢ (0, lz—2; 1) =llz-2; Nky—0 as
i—>. So if {;—{ in R, then Va ¢(a,{i )——¢(a,{). Hence
¢(a.C)=limn¢(a,2 " )+Ck,=¢(a,0)+{ky=ak,;+(k,. So ¢ is forced to

behave like an Q,-~norm as expected.

We can show that a=b=c=d by the following. Let us

suppose that Va,B,7,86,020 a¢(a,{)+bd(B.{)=cé(5.L)+dé(~.C)

whenever a+f=6+~v. Then ¢(a,{)= c ¢(2a,()+ d (k, =
a+b a+b

¢ |_c ¢(2%a.0)+_d (ko |+_d Ck, =

a+b|a+b a+b a+b

c"¢(2"a,{)+dCky{1+c+...+c""*}. So

¢(a,.0)=limnc"$(2"a,{)+ d Cky=limn¢(2"c"a,c”{)+{k,.
1-c

If yi—y and z; —z then, |¢(uyu,uzu)-¢(uyiu,uzin)|=
[ (ys ,zs YU=N(y.z)U|<U(y-yi,.z~z: YU (y=ys , O) N+ (0, z-2z; )i
=lly-yi ik +llz=z5 lk,——0 as i—». So that if ¢>1/2 then
2"c"——>» which cannot happen. If ¢c<1/2 then 2"c"—0, so that
¢$(x,0)=ak;=0 Va. Thus c=1/2, and ¢(a,{)=ak;+{k,. Similarly we

can show that a=b=c=d.
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We now prove various results, each of which gives a

sufficient condition on ¢ to force it to be an Q,-norm.

Lemma 4.10.1

Let O<u;,r;<1 and ZJu;=3%r;=1. Suppose that whenever
ai , B3 20 and 3oy =3B; we have 3ITu; ¢(a; ,{)=37ri¢(B:i.C) for all
(20. Then u;=r;=1/n and ¢(a,{)=ak,+Ck,.
Proof
Put aj =a and B,=na, B;=0. Then ¢(a,{)=r,¢(na,)+35r;ik, =
ri[r,¢(n%a, {)+35r: (kp]+355r: (ky =
rio(nda,l)+351;i Cko{l+r +...+r,9-1}. So
¢(a.C)=limsr,dd(nda,{)+Clko=¢(limyrinda,0)+lko=lim;rindak,+Ck,
Thus a=limjrinda so r;=1/n, and ¢(a,{)=ak,+Ck,. Similarly

we can find that u;=r;=1/n.

Lemma 4.10.2

Let O<u;s,r;<1 and Zju;=37r;=1. Suppose that whenever

as ,Bi .Ci .Ei20 and 2a; =2B;i, 2{i=2f; we have

Stui ¢(as , 01 )=3%ri¢(Bi.Ei ). Then ujy=r;=1/n and ¢(a,{)=ak,+{k,.
Proof

Put (i=fi=(. Then apply the above lemma to get the result.

Lemma 4.10.3

Let O<uj .,ri <1 and Xju;=37r;=1. Suppose that whenever
i ,Bi 20 and Sazu; =3By r; we have 2Tu;s ¢(ai ,{)=31r; ¢(B:i,.{) for

all (20. Then ¢(a,()=ak;+(k,.
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Proof
Put o; =a and B,=a/r,, By=0, j#1. Then Zajuy =2Pfir;y . Thus
$(c.C)=r ¢(a/ry,0)+33rsCky = ¢(a. rIL)+30r: Cko{l4r,+...+13" 1)

—4¢(a,0)+¢(0,()=ak,;+(k,, as j—.

Lemma 4.10.4

Let O<uy,r;<1 and 3%u;=37r;=1. Suppose that whenever
o ,B;i ,Ci .1 20 and Jaju; =3Bir;, 20i (i =3B;i £1 we have
1ui ¢(os .01 )=27ri¢(B:.&:i). Then ¢(a.{)=ak,+{k,.
Proof
Put {i=fi=(C for any (20. Then apply the previous lemma to

prove that ¢(a,()=ok,+(k,.

Lemma 4.10.5

Suppose that li(y,z)ll=¢(y.z) is a norm on X=Y®Z. Suppose
that Vz€Z ¢(x,z)+¢(y.z)=¢(u,z)+4¢(v,z) whenever x+y=u+v for
X,y,u,v€Y. Then ¢(y.z)=¢(y.0)+4(0.z)=l(y.0)li+N(0,z).

Proof
As before ¢(x,z)=2""¢(2""x,z)+(n-1)¢(0,z)/n. So

$(x,z)=1limnd(x,27"2)+¢(0,z)=¢(x,0)+4(0,z)=l(y,.0)N+N(0,z)1Hl.

Example

Suppose that H(y,z)H+H(y+e1+e2,z)H=H(y+e1,z)H+H(y+e2,z)H
for all (y.z)€Y®Z. Let X=Y®Z and x=(y,z)., e=(e,;.0), f=(e,,0).
Then lixll+lix+e+fil=lix+ell+llx+fll for all x€X, thus

Ixll+lix+ae+Bfll=lix+aell+lIx+Bfll for all «,B20. That is

N(y,z)lI+ll(y+tae,+Be,,z) I=li(y+ae, ,z)I+lI(y+Bes,z)ll for all
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(y.Z)€Y®Z. If Y=[e,,e,] then l(r.z)lU+l(s,z)I=M(u,z)l+N(v.z)I
whenever r+s=u+v, so apply the lemma above to get

H(y.z)U=l(y,0)U+1(0,z)N.

Example

Consider X®Y®Z=[e,,e,]®[e;.e,]0Z with the functional norm
N(x,y,z)lU=¢(lixl,lyll,lizll). Let
u=1/2[6(e1,e3,0)+6(e1,e4,O)+5(e2,e3,0)+6(e2,e4,O)] and

v=1/2[6(e +e,,e3+e,,0)+5(0,e3+e,.,0)+5(e,+e,,0,0)+6(0,0,0)],

giving ¢(Hx+e1H,Hy+e3H,Hz")+¢("x+eiﬂ,Hy+e4H,HzH)+
¢(lix+texll, ly+tesll, Nzl )+¢(lix+e,ll, iyte, ll, izll) =
¢(Hx+e1+e2H,Hy+e3+e4H,HzH)+¢(HxH,Hy+e3+e4H,HzH)+

d(lix+e +e,ll, llyll, HzI)+¢(Uxl, Hyl, lizIl),

so that whenever 3a; =3v; and 3f; =36;
(a1 By C)+6 (s, Bon L) +6(0n. By C)+6(an. Baal) =
¢(71,64.0)+¢(72.6,.0)+d(7v(.62.0)+¢(72.82.C) V{20.

Thus (o, B.7v) = 4 '¢(4a,.B.0)+3/46(0,8,0) =. ..
= 47" (4%, B, L)+ (47 -1)$(0,B.,0) /4" ——limnd(a, B4, (47 ")
+4(0.8.0) = ¢(«,0,0)+4(0,8,{) and
$(0.B.L)=47"¢(0.47B.{)+(4"-1)¢(0,0,()/4" —
limn¢(0,B.4‘"§)+¢(0,0,§)=¢(O,B,O)+¢(0,0,§). Thus

$(a.B,7)=¢(a,0,0)+¢(0,B,0)+4(0,0,0)=k,a+k,B+k;(.
This is easily extended to the situation when

X=(Y1$...€BY“(BZ)¢ with é¢ a functional norm and Yi=[ezi_.j.e55 ].

Then under obvious assumptions ¢(ay,...,0an,0)=2%a; ki +{kn,,.
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Although a functional norm had to essentially be an
Q;,-norm, this is not so in general, as we can see by the

following examples.

Examples.

1. Let Z be any real vector space, and let ll«ll ,ll-ll; be norms
on Z®R. Define a norm on ZOROBR=Zb[e,.e,] by
Nz+A e +Asexll=li(z, A ), +lI(z,A5)ll5,. Then if x=z+Aj;e;+Aze,,
Ixli+lix+e,;+e =z , A YU +0(z A )i+l (z, A +1 )N+l (Z,A+1 )1l =
(W(z, A) N+l (z, A +1) N )+ (U (z, A )N +0(Zz, Ax+1)1l5) =
Ix+e, lI+lix+e,ll. So by setting u=1/2[6(0)+6(e,+e,)] and
v=1/2[6(e, )+6(e>)] we have non-uniqueness. Thus
X=(Z®6[e;.e5])", but ll-ll is not necessarily the 2,-norm.

For example if X=R® with ll*ll;, and ll-ll, being 2-norms,

then (z,A;.A2)x=V(z2+A2)+V(z2+73).

2. Let llell; be a norm on Z®6R, and li-ll; be a norm on R. Let
Nz+N;e;+A e ll=llz+N e Nl +lIA,esll, , then p and v as above will

provide non-uniqueness but with ll*ll not being an 2,-norm.

Let X=Z®[e;.,e,]. Suppose that by
lz+A, e +A exlix=¢(llz+A e, I, ,lIz+Aze;ll;). Then we can show that
¢ is an Q,-norm. We have Vz€Z; Va,R€R
eé(lizit, z)+¢(N(z, ), N(z,B)N)=
é(N(z, ), 0(z,0)l)+o(N(z,0)U,U(z,B)N). Put z=0,

$(N(0,a)ll,N(0,B)N)=¢(11(0,a)N,0)+$(0,N(0,B)I1), so that VA,B>O,
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$(A.B)=¢(A,0)+¢(0,B). Since ¢ defines a norm, ¢(A,0)=Ak,; and
$(0,B)=Bk,, where k,;,k,>0. So that
Hz+A e +hseslix=k, llz+A el +klIz+A e ll 5.

Similarly if HNz+A,e +A eslix=¢(llz+A;e ll, , lIAzexll;) or

$(lNse lly,lz+Nse,ll,) we can show that ¢ is an Q,-norm.

Lemma 4.10.6

Suppose that Vx€X, Va, pB€ER,
xil+lix+ae; +RBe,lI=lix+ae, I+liIx+Be,ll. Then

le,I+lle,ll=p'(e,:ex)+p'(ez:iey).

Proof
Let x=0, a=f=1, then He,+e,ll=lle,ll+lle;ll so that
Nxll+lix+ae,+Besll-llae,+Besll=lix+ae I-alle  I+1Ix+Be ll-Blle; lI=
Ix/a+e, ll-lle;, I+lIx/B+e ll-lle;ll ——p'(e,;:;x)+p'(e>;x) as
1/a 1/8

a,p—». If a=f, then LHS——lIxll+p'(e +e,;x). Hence Vx€X
Nxll+p' (e tes:x)=p'(e;:x)+p'(ez:;x). In particular if x=ae,;+be,
Hae1+be2H+p'(e1+e2;ae1+be2)=ap'(e1;e1)+ap'(e2;e1)+bp'(e1;e2)+
bp'(es;ez). Let a=b so that |
He1H+He2"+He1+e2H=He1H+He2H+p'(e1;e2)+p'(ez;ei) that is

e, I+llesli=p' (e ;ez)+p'(ex:ey).

Thus 2-atomic non-uniqueness is false for cg.
For example if X=cg., lle,li=llexli=1. Let i be the unique
index (if it exists) such that Ixll=|x; |, then

p'(x:;y)=(signxi).yi. so p'(ei,e;j)=0 for i#j, see chapter 3.
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