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ABSTRACT .

Types were introduced by Krivine and Maurey, in a 
refinement of a result by Aldous showing that infinite 
dimensional subspaces of L r contain &p for some l<p< 0) . A 
synthesis of these ideas was provided by Garling whose 
representation of types as random measures was the motivation 
for much of this work. This thesis aims to investigate the 
structure of the representation, and to provide concrete 
representations for differing Banach spaces.

Chapter one contains the necessary preliminaries for the 
later chapters, and finishes by introducing the 
representation due to Garling of types on L.(X) as random

measures on
The second chapter consists of two parts. In the first 

part we examine the structure of the map between types on 
L P (X) and random measures on 2T(X) . We show that convolution 
is preserved by the mapping, and give an explicit 
representation of the space of types on L 1 (Q. P ). The second 
part is concerned with representations of I7"(X) . We give 
conditions for the decomposition of ^(X) into X*^(X) , and 
derive representations for the space of types on L 1 (L 2 k)-

The third chapter studies differentiability of types. We 
extend differentiability from X to 5"(X) , and develop ideas 
that will be used in the study of uniqueness.

In chapter four we consider questions concerning the 
uniqueness of measures and random measures on X and 5"(X) . We 
construct spaces where the representation of types as random 
measures is not in uniquely determined. We prove that if a

certain uniqueness property for measures on X fails then Q," 
embeds in X.



It was because I was involved in the 
bleak world of strong contrasts, between 
fear and exultation, danger and security, 
between life and death, that the finer 
balances of hopes and fears of people 
living hard-working lives began to take on 
new meaning. The grim struggle of the 
miners in northern France against appalling 
working and social conditions involved me 
deeply, and threw a question mark over our 
adventure.

Peter Boardman,
The Shining Mountain



I am much indebted to my supervisor, Dr R.G. Haydon, for 

his advice, criticism and constant encouragement during my 

three years in Oxford. I would also like to thank 

Dr C.M. Edwards for his generous supervision while Dr Haydon 

was away. I gratefully acknowledge the support of a Resealch 

Studentship from the Science and Engineering Research 

Council. I would also like to thank the members of the 

Department of Mathematics at UCNW, Bangor for accommodating 

me during my last year.

in'



CONTENTS

Page

INTRODUCTION. (vi)

PRELIMINARIES. (viii)

CHAPTER 1' Types and random measures 1

1.1 Introduction 1

1.2 Types and stability 2

1.3 Operations on types 6

1.4 Random measures 8

1.5 Operations on measures and random measures 12

1.6 Representing a types as a random measure 17

CHAPTER 2: Representations of types 21

2.1 Introduction 21

Part 1: Representations of types as random measures 22

2.2 Convolutions of types and random measures 22

2.3 Types on L^n^p) 27

2.4 The Disintegration of measures 30

2.5 Convolution of types on L^Jip) 32

2.6 The map Q between types and random measures 36

Part 2: Representations of 5"(X) 41

2.7 Representation of 2T(X) as X*</>(X) 41

2.8 Types on L A (Lp) 45

\l



CHAPTER 3: Derivatives of types 55

3.1 Introduction 55

3.2 The functional f x 55

3.3 Gateaux and Frechet differentiability in 2T(X) 72

3.4 Higher derivatives 78

3.5 The extension of the norm duality map to types 79

CHAPTER 4: Uniqueness theorems for measures

and random measures. 83

4.1 Introduction 83

Part 1- Uniqueness properties for X and 5"(X) 84

4.2 The reduction of (l^) to (u t ) 87

4.3 The ball properties on X and 9"(X) 91

4.4 The uniqueness property for measures on X 95

4.5 The uniqueness property for measures on types 99

Part 2- Failure of the uniqueness properties 109

4.6 Failure of the uniqueness property for types 109

4.7 Failure of the uniqueness property for

measures on X 115

4.8 Embedding Q.f in X when (2w t ) fails 118

4.9 Embedding Q." in X when (nWi) fails 123

4.10 The structure of (Y9Z) when (w t ) fails 128

REFERENCES. 135



INTRODUCTION.

The simplest infinite dimensional Banach spaces are the 

Q-P (l<p< 00 ) and the c 0 -spaces. It is natural to ask whether 

every subspace of an L r (u)-space (l<r<°°) or C(S)-space 

contains some of them. The final step in this analysis was 

made by Aldous (1981) [Al] who showed that every infinite 

dimensional subspace of L r , l<r<2, contains Q. p for some 

p [l,2]. Krivine and Maurey, [Kr&Ma] 1981, gave an 

alternative proof of his result by introducing the concept of 

"stable spaces" and "types", the terminology coming from 

model theory and the stable theories of S.Shelah. They showed 

that every infinite dimensional stable Banach space contains 

&P for some l<p< 00 .

The concept of a type has proved very fruitful in the 

isomorphic theory of Banach spaces since its introduction. 

Using the techniques of stable spaces, S.Guerre and M.Levy 

[Gu&Le], improved the result of Aldous, and showed that if X 

is an infinite dimensional subspace of L ± then, for every 

e>0, X contains a subspace Y with d(Y,&p(X) )<1+e where p(X) 

is the type index of X.

Maurey proved in [Ma2] that a separable Banach space X 

contains Q, ± if and only if there exists g X** such that 

llx+gll = llx-gll Vx X. In the language of types, this means that X
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admits a symmetric second dual type as defined by Haydon and 

Maurey [Hay&Ma]. Rosenthal later refined Maurey's results in 

[Ros2], and introduced the class of & 1+ -types, which coincide 

with the class of second dual types. In [Fa], Farmaki 

introduced the notion of a c 0+ -type which are precisely the 

symmetric 0.^-types, and proved that the existence of a 

non-trivial c 0+ -type is equivalent to the presence of c 0 in 

X. The idea of stability was weakened in [A&N&Z] where it is 

shown that if X is infinite dimensional and weakly stable 

then either &p for some p>l or c 0 embeds isomorphically in X.

The original approach of Aldous used mainly

probabilistic methods of random measures and exchangeable 

sequences of random variables, this argument was later 

simplified by Maurey [Mal]. Garling then produced a synthesis 

of the two approaches in [Ga], where he proved that an Orlicz 

function space L (X) was stable if X was stable, and 

exhibited a direct correspondence between the space of types 

on L (X) and the space of random measures on 5"(X) . It is this 

representation in the setting of L P (X) spaces that is central 

to thi s thesi s.

It was an objective of this work that the use of such a 

representation would yield results about the structure of 

symmetric subspaces of L^L.*), by considering appropriate 

random measures. The programme was interupted by the question 

of uniqueness arising, that is the need to consider whether 

there exists two distinct random measures which represent the 

same type. This later question then became the focal point of 

much of this thesis, and this and related questions occupy 

chapter 4.
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PRELIMINARIES.

We will use the letters X,Y,... for Banach spaces, by 

which we mean Banach spaces over the real or complex field. 

An operator or map means a bounded linear operator, for an 

operator u from X to Y we write u: X-»Y.

If X is a space and Y a subset of X* we write a(X,Y) for 

the weakest linear topology on X for which each x X is

continuous. Two common topologies used are:

x 
<j(X,X ), the weak topology or w-topology on X

x 
cr(X ,X), the weak ^-topology or w*-topology on X

We shall abbreviate the notation by adding a w or w* as

w 
appropriate; for example "xn   »x" means "x is the limit in

the w-topology of the sequence {xn }" that is (w)1imn xn =x.

A Polish space is a complete separable metric space.

A vector lattice is a partially ordered vector space 

(X,<): Vx,y X xVy=sup{x,y} exists. Let x =xVO, x~=(-x)VO and 

|x|=x +x . A Banach lattice is a Banach space which is also a 

vector lattice and is such that HxIKIIyll whenever |x|<|y|.

We denote measure spaces as (fl,2,/z), (fi ' , I?, u ) , . . . where 

for example n is a set, 2 a <7-algebra of subsets of fi and p. a 

countably additive IR -valued function on 2. A probability 

space (fl,2,P) is a measure space such that P(fi)=l.

If (n,2,/Lt) is a (7-finite measure space and p>l, L p (fl,2,)

- viii -



or more briefly L p , is the space of all measurable f : fi-MR (or 

C) such that J o | f | p d/x<°° (or for p=°° ess sup | f |<°°), equipped

with the norm llfll p = f ( J | f | p d/u) *' P l<pO
\ ess sup | f | p =a)

By Lp (Q, 2, fj. ; X) or LP (X) we mean the space of all

measurable f:fi -> X such that Jllfll p dji < » where (X.ll.ll) is a

normed space, L P (X) has the obvious norm on it.

An Orlicz function <|> : R -» R is a convex function which

vanishes only at the origin. Let 4>( f )=/({>( II f II )d/i and
x

llf ll = inf {6eR+ :<I>(f/e)<l} when f€L 0 (X) and X is a Banach space. 

Then define the Orlicz function space

L (n,2,/u) = {f€L 0 (X): 4>(f)<~} where L 0 (X) is the space of all 

measurable functions on X.

We let Ct>(T) be the Banach space of bounded R-valued

continuous functions on T, with the supremum norm. For p>l,

IN IN HP will be the space of all sequences {xm } in R (or (C ) such

that 2|xm |<°>, or for p=°° such that supmjxm^00 equipped with

the norm ll(xm )ll = j (S|xm | p ) 1/p l<p<°°

^ sup{ |xm | :m€IN} p=«> 

c 0 is the subspace of H^ consisting of all sequences such

that xm->0 as m-*» , [D&S] .

If {Xi}.^,. is a family of Banach spaces and p>l then we 

will write ($Xi ) p for the space of all families (xi ) such 

that xi 6X1 and Sllxi llgi < m or for p=°° such that 

sup{llxi II : i€I}<«> with the norm II . ll p

(Xi )Hp=| (SllXi ll p ) 1/p l<p< 

^ sup{llxi 11} p =

00

:00

Let T be a complete cr-compact locally compact metric
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space. Put M(T) to be the space of bounded signed Borel 

measures on T, we let M (T) be the subset of non-negative 

Borel measures on T and $(T) be the subset of Borel 

probability measures on T. Give M(T) the narrow topology ie. 

a(M(T),Cb (T)) and although M(T) is not metrizable in this 

topology, M+ (T) is a Polish space.

A random variable X on a finite measure space (fi.S.pt) is 

a Borel measurable function from fi to IR. The distribution 

function of X is the function Fx : IR——>[0,1] given by 

Fx (x)=pt( {u : X(u) <x} ) for x€IR. Then Fx is increasing and right 

continuous. We then have /ut(X€B)=J dFx for B€S(IR) . We let
B

E[X]=JgXdpt and call £(•) the expectation and also call Fx the 

law of the random variable X.

We write (a.e.)1imn X n =X in the case that {Xn } converges 

to X almost everywhere convergence and (pt)limn Xn =X in the 

case that 1 imm {cj: |Xm ((j)-X(w) | >6}=0 V6>0. We say Xn converges 

weakly to X if the distribution functions converge for every 

continuity point x of F,, and we write both (w)limn Xn =X and 

(w)limn Fx =FX . See [As] or [Bu].
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CHAPTER l: TYPES AND RANDOM MEASURES.

1.1 INTRODUCTION.

This chapter is mainly introductory, and is concerned 

with discussing the preliminary results needed later in the 

thesis. Begining by defining the space of types on X, ^(X), 

we introduce the concept of stable spaces and give several 

examples. Later in this thesis we shall be concerned with 

making explicit representations of 5"(X) , in particular for 

Lp-spaces, and we introduce some simple representations such 

as for example ^(Q.p) and 2T(c 0 ). The operations of convolution 

and scalar multiplication in 5"(X) are defined, and the 

classes of symmetric and &p -types introduced.

The second part of the chapter is devoted to the 

introduction of random measures. The final part develops a 

representation which is central to this thesis, Garling's 

representation of types on an Orlicz function space L (X) as 

random measures on 9"(X) , [Ga] . Much work here is concerned 

with the correspondence between 2T(L P (X)) and "rT p (2T(X)), in 

particular chapter 4 takes up the theme in the final 

paragraph of [Ga] and asks the question of whether there 

exists distinct random measures representing the same type.



1.2 TYPES AND STABILITY.

Def ini tion. 

Let X be a separable Banach space. For x€X, the type on X

realized by x i s a function TX : X———>IR+ defined by
~ x 

T (z) = llz+xll. Let X={T :x€X}CK with the pointwise convergence
A. .X. ^i

f\S

topology inherited from R* . We call the closure of X in IR* 

the space of types on X written ^ or ^(X). Thus T€^ is a 

function r'-X——tfR+ such that there exists a sequence an €X and 

an ultrafilter <tt over IN with T(X) = ! im^llan+xll . Then in the
/v»

space of types 17 we have T=lima Ta , so we identify X with X
« n

and write T=limgj a. n • See [Kr&Ma] .

Definition

Let Y be a closed infinite dimensional subspace of X. A 

function r:X —— ̂R is called a type on X generated by Y if 

there exists a sequence (y n ) in Y such that T(X) = ! imn llx+yn II 

Vx€X. Denote by y(Y,X) the set of all types generated by Y. 

See [Rosl].

We can put various topologies on I7(X) , for example

(a) the topology inherited from IRX .

(b)"the very strong topology", given by

da>( a ' T ) =suPzeX l a ( z )~T ( z ) l =s upz limm | llxm +zll-lly m+zl

(c)"the strong topology" with pseudo-metrics

With topology (a) [Kr&Ma], put 2T r ={r€2r : r(0) <r} for r€IR+ , 

then yr is compact and T(X) <T(0) + llxll . 2T(X) is then locally 

compact, metrizable and separable.
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Def Ini t ion .

The Banach space X is stable if whenever (x ) and (y ) 

are bounded sequences in X and ultrafilters "U.lf on IN, we have

lim^, lim M, llx +y ll = lim M, lim.. llx +y II. If X is a stable ^,m f,n m J n f,n °U , m m J n

space and if T and o are defined by am and bn , let

M, lim,,. lla +b II. t , n °ll,m m n

A separable Banach space X is weakly stable if for every 

weakly compact subset K of X, all sequences (xm ) and (yn ) in 

K and ultrafilters <fl , t, we have

limn ,u 1 imm , v llxm+y n ll = limm , v limn ,u I'xm+yn II • Every stable space 

is weakly stable. Every weakly stable, reflexive space is 

stable .

Theorem 1.2.1 

A separable metric space is stable iff whenever (x ),

(y ) are bounded sequences then sup v llx +y IIMnf , llx +y II VJ n' M *m>n m J n - m<n m •'n

see [Kr&Ma].

Examples of stable spaces.

Every finite dimensional space is stable and Q. p is stable 

for l<p<«>, [Ga] . Moreover the property of stability is 

inherited by all subpaces. In [Kr&Ma], Krivine and Maurey 

show that the &p -sum of stable spaces is again stable for 

l<p<°°, and that for a stable space E, LP (E) is also stable 

for l<p<<». The spaces c 0 , ftw , Lm , C(K) , James space and 

Tsirelson's space are not stable. Further duals of stable 

spaces, for example Loo =(L 1 )*, double duals of stable spaces,
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for example [&i(&£)]** and quotients of stable spaces, eg) 

Li/Hi, aren't necessarily stable.

The Lorentz spaces HP , q and L p , q for l<p,q<°° are stable 

[R]. If E is stable and the Orlicz function 4> satisfies the 

A 2 condition, then L (E) is stable, [Ga]. In [Gu2], S.Guerre 

shows that quotients of stable reflexive spaces, quotients of 

L! by reflexive subspaces and duals of stable reflexive 

spaces aren't necessarily stable.

Theorem 1.2.2
*,fc«M1 p

A Banach space is stable iffAthere exists a reflexive

9£space S and two bounded maps U:B——>£ , V'-E——>£ where B is 

dense in the unit ball of X such that Vx,y€B Vp>0 

llx+yll p = <U(x) ,U(y)>, [Kr&Ma].

As an example, we show how this construction works in
pCO

Li(/m): Recall |a|=C sin2 at. dt so that we haveJ o——i~2—

O

= C -l-cos(f(y)+g(y))t + cosf(y)t + cosg(qj) t. dt. dp.

= C <sinf(y)t.sing((j)t - (l-cosf((j)t)(l-cosg(Gj)t)>.dt.d/u 

=([ sinf (oj)t , |l-cosf (y)t | | , ( sing((j)t .- |l-cosg(qj)t | |\ ffiT
\y————t V L t J/ \————t L ———————t J //L 2®L 2

Thus llf+gll = <<t>( f ).^(g)>L 2(nxIR) 2 + <HflM> IR + <l.Hgll> |R

where <l>(f) = I sinf (cj) t , 1-cosf (y) t I and similarly for ^.
^ t L t J '

So *:L-

f l ————— » (sinf (cj)t , 1-cosf (t))t , llfll , If
^ t L t J '

*:g l ————— > (sing(u)t .- l-cosg(cj)t , 1 , llgll I
^ t L t J ;

are the required functions and L 2 (HxIR ) 2 ©K 2 the required

space.
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Examples of types.

1. X=L 1 (pi). Then for (x n ) a "spikey sequence" we have a type 

given by T(Z ) = 1 im n llxn + zll = llzll + l im n llx n II -

2. X=L t (Q.9.PiR). For f.gCLtCQ). T e ( f ) = ll f +glL =E[ f («)+g(uJ- 1
(x)} = EJJ |f( U )+x|d6g(u) (x)}.

3. X=c 0 . Let y n = (yn(r)) €X such that yn ——»y as n——*» then
r = o

y£Q,m . T(X) = ! imn llx+yn 11 = 1 imn sup _„.{ |x( r )+yn ( r ) 

=max{supr |x(r)+y(r) | , £}=max{ llx+y II , £} , «

4. X=Hp. Let T be a type defined by the sequence (y tn) ), wlog 

suppose y (n) converges coordinatewise to y€Q. p . Let 

z cn> =y cn,_- SQ z cn } ——^ coor d i na t ewi se , and llz cn) ll——xx

T(x) = lim llx+y c n) ll = lim llx+y+z 1 n ' 11 = 1 im ( llx+y \\ p + \\z l n J ll p ) A ' p

= ( llx+yll p +oc p ) A ' p . Hence y and a are determined uniquely by T,

so we have y (n) ———»y and lly cn) -yll———xx .

IN5. Let 2) be an ultrafilter on IN, put F=E /2J. Let 0€y(E) ,

0 = lim(«.an. The natural extension of 6 to F is defined by

0(f ) = limn >fii|e(xn) where f = (x n )€F. By stability of E

6(f) = limn , gjlimm, ^llx n +a m ll = l im m , ^1 im n , ^Hxn+amlNl im m , ^llx n +a m ll ,

so that eey(F). We can identify ^(E) with a conic class of

y(F).

If T€y(F), T=limmf<wf m , the restriction a of T to E is a 

type on E. Since for all m, f m is defined by (fm) a sequence
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of elements of E, if x€E a(x) =T(X) = 1 im m , _ llx+f m

If T€7(X) and X is the ultrapower of X, wrt the 

ultrafilter <!/ then we have T(x) = lim. a.llx+y . ll = llx+ (y .
1 , u. 1 1

6. X=L 1 (/z). Then for all types there exists an extension 

Li(M)^L 1 (pt) which is an isometric lattice homomorphi sm , and 

f€L t (pt) such that VgCLjC/n) r(g) = ll f +gll . Conversely, for any

extension L 1 (ju)CL 1 (i)) and h€L t (u) the function fi — Hlf+hIL fL i (

defines a type on L t (/Lt).

So for X^iCO.l], for each h€L t ( [0, 1 ]x[0, 1 ] ) the 

function T(g) = llg+hll VgeLiCO.l], defines a type on Li[0.1]

7. X=c 0 . Then VyCQ.^ the function T-X————MR defines a type
xl—>llx+yll

on X. Define yn(m)=< Q m y n then clearly yn €c 0 and 

llx+yll = l imn llx+yn H=T(X) , hence

1.3 Operations on types. 

Proposi tion 1.3.1

Let X be a stable space and T,cr€y(X) and (xm ) be an 

approximating sequence for a, Then limmT(xm ) exists and is 

independent of the choice of (xm ) . Then d(r, cr)=d(a, T) 

and VX€5" d(r , a) <d(a , A)+d( A , T) , where d(r , CT) = [T , cr] .

Let X be a stable space. Then for all £7€2T(X) , the 

function Tl—^[CJ.T] is continuous on 5"(X) , see [Kr&Ma],
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On stable Banach spaces, we can define scalar 

multiplication of types, convolution products, and typical 

norms, viz:

Def ini tion.

For 0*a€IR define D T(x)=/llxll a=0. Then D , fora v ' ] a
a|T(x/a) o.w. 

, is a homeomorphi sm of 17 which extends scalar

multiplication on X, i.e. Vx€X, D j( x ) = J( ax )- We can define 

translation, by setting, for r€3"(X) , x€X (T*X) (y ) =r(x+y ) , 

thus T*x€l7 and * is a homeomorphi sm of !7(X) .

To extend this further, we define the convolution of 

types T , a defined by (an ), (bm ) resp., as

(CT*T) (x) = l imm ~ 1 imn , ^lla,n+b n +xll = [cr*x , T] . Then cr*T€5" and * is 

commutative and associative, and for scalar a,

[D a,D T]=D |>,T], (D a)*(D r)=D (CT*T) . L a a j aLJV a yv a y a v '

Def ini t ion .

A type T€y(X) is symmetric if Vx€X T(X)=T(-X). The space 

^(X) of symmetric types on X is closed in 5"(X) . If X is 

infinite dimensional then there exists a bounded sequence 

with no convergent subsequence hence there exists an 

approximating sequence (xm ) with no convergent subsequence.

Let T=limmxm then T*D_ iT is a non-trivial symmetric 

type, so ^(X)^{0} . An fl. p -type is a type T such that

D T*D ftT=D f R ,T Voc.p where T (a , £) = ( |a | p + | 3 | p y ' p . Similarlft f R , . , . y
Ol (5 T ̂  Ol , p )

T is a c 0 -type when T(OC , (i) = sup( |a | , | (3 | ) .

r€5"(X) is an fti + -type if there exists a sequence (xn ) in 

X such that T(X) = ! imn 1 imm llx+axn +bxm ll for x€X and a,b,>0 with 

a+b=l. [Ros2].
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is a c 0+ -type if there exists a sequence (x n ) in 

X such that T(X) = ! imn 1 imm llx+ax n +bxm ll for x€X and a,b t >0 with 

max(a,b)=l. See [Fa].

1.4 RANDOM MEASURES.

In this section we are particularly concerned with 

random measues on 3"(X) , that is with measurable maps from fi 

to #(5"(X)), since, when X is separable, we can represent a

type on an Orlicz function space L (X) as a random measure on 

2T(X), see [Ga] .

Random measures began life as point processes on the 

line. Originally introduced for a particular statistical 

model they were studied for their own sake in the 1960's, 

where they were placed on an abstract footing. For a brief 

history and further references see [Ka] .

Here we outline the first stages of the abstract theory 

including the topologies and convergence of random measures. 

We finish with some operations definable on ir(T) .

For random variables X 1 ,X 2 ,..., we write Xn p >X for 

convergence in probability and Xn—2— »X (resp. Xn — ̂X) for 

strong (resp. weak) convergence in L ± . Let #(T) denote the 

set of probability measures on T. We give $(T) the usual 

(narrow) topology, namely ^(^(T) , Cb (T) ), so /n n —— >M iff

, f.dpin —— Hf.d/z. We sometimes write <f,/z> for f .

is a Polish space.

P i tx For /LZ€#>, let <j> (t)= e d/iz(x) , the Fourier transform,P ^ 
and I/LI | = |x | . d/i(x) . 6 €$ is the degenerate measure at a.
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Def inl t Ion .

A random measure is a random probability measure i.e. a 

measurable function f:fi —— > ^(T) , in other words a 

3^(T)-valued random variable.

Let Tr(T) be the space of all T-valued random measures on 

fi. If f€-[r(T) and f a bounded measurable function then 

<f,f>:yl — Kf,f((j)> defines a random variable. Call f constant

if f-fo f° r some f o € #>(T) , and degenerate when £=6 for some 

random variable oc , [Ka] .

Proposition 1.4.1

Tr(T) is closed under addition and multiplication by 

K -valued random variables. A series 2 .f . of random measures

is itself a random measure iff VB€9S 2 .f .B < «> .
J J

Examples .

We now give some simple examples of random measures, 

(i) Let X€L 0 (fi ; T)=L 0 (T) , the space of all T measurable 

functions on fi, let x be a representative of X. Then

u(oj)=6 , A defines a random measure. Up to equality a.e. it r X(QJ J

is independent of the choice of x.

To show this is a random measure we have to show f is a

measurable function, that is to say wl — >pt €#(T) is measurable

in the sense that VB€$ wl— */z (B) is ^-measurable. This isy

equivalent to ui — tyt being measurable for the Borelu

a-algebra on #(IR) and ^.

Define Tg^n.y.P) —— > K by VB€<8(IR) TB ( 

Then we have for A€$(IR)
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0
if 0,1€A
if 0,l£A
if 1€A,02A
if l£A,0€A

as X is measurable.

Hence f is measurable so it is a random measure. Thus we

have a mapping i:L 0 (T)
Xl

(ii) Let Vu€fi. This is called a constant random

measure, and is measurable since

-i _ _ /n i f /
gi ) - \ • Ml ; / - |0 o.w.

(iii) Let 0<q<2 and a€!R. Then there exists a measure cr(q,a) 

on IR with characteristic function exp(- (at | q ) , we call a(q,a) 

a symmetric q-stable measure with index q and scale factor

Then cr(q , a)*a(q , b)=cr(q , ( |a | q + |b | q ) 1 ' q ) since

Let oc>0 be a IR-valued random variable on Q and 0<q<2. We 

define the q-stable random measure or(q , a) (cj)=cr(q , ot(cj) ) . 

This is measurable as the characteristic function is a 

measurable map.

We are now in a position to define topologies on ir(T) , 

here we define two, the sm and wm topologies which Aldous 

uses in [Al].

Defini tion.
_ smDefine n f iff <f.fn >- 

f iff <£.£>•
b 

f€Cb (T)

- 10 -



Let <t>_(t,u) = <t>_, ,(t) = <exp(it-),f (w, •)> be the 
s

random Fourier transform for f€ir(T), then we also have

f -£2Uf iff * (t )-2— * (t) Vt

(O-2— *(t) Vt

Garling, in [Ga] , also defines the wm-topology by 

considering <*,f(*)> as a map from Cb(T) into L^fi) . Let

T_(f)(u) = f ( t )f (GJ , dt ) , so T- is a norm-decreasing linear 
£ J -p f

mapping of Cb(T) into Lco (fi) .

Giving L(x) (n) the weak topology cr(L oo ,L 1 ), the resulting 

topology defines the wm-topology on Tr(T) . Thus a subbase of 

neighbourhoods of f is given by

N (f,g) (f) = {n: |Jg(oi)[(TT) f)(w)-(Tf f)( W )].P(dw)

for f€Cb(T), g€L 1 (Q). It is sufficient to let g run through a 

separating subset of L ± , eg) we can take

|J
[(TT) f)( U )-(Tf f)( M )].P(dw)

i

for f€Cb (T), E€£.

The map i:L 0 (T) ——— >i(L 0 (T)) is a homeomorphism of L 0 (T) 

into ir(T) and in fact i(L 0 ) is wm-dense in ir(T) , see [Ga] . By

considering 9^(T) as a subset of M(£T), we can identify ir(T)

^ 
with a subset of (L 1 (Cb(T))) . Then the wm-topology is that

^ induced by the weak ^-topology cr( (L t (Cb (T) ) ) .L

- 11 -



1.5 Operations on measures and random measures.

Let X be a separable Banach space and T=^(X) . We are 

interested here in operations on "rr(T) .

Definition. 

Let ^#(T) and OAx€R. Define VE€$(T) D (pt)(E)=M(D -i(E))

so that D (M)€#(T). If f€Cb (T) then

f ( t )( Da (^))( dt )= f ( D ot t )M( dt ) so Da is a homeomorphi sm of 

ir(T) . For a=0 set D 0 (/i)=6 0 .

Similarly for f €-rr(T) , set Da (f)(w)=D (f(u)), w€fl. So for 

, D is a homeomorphi sm of Tr(T) with the wm-topology.

If D-i(f)=f we call f a symmetric measure. We then define 

the translation of measures and random measures. Let f€Cb(T) 

and that /u€#(T) and x€X. Define T (f)(t) = f(T (t)) and

Tx ( M )(E)=M (T_x (E)) where TX ( t ) (y ) = ( t*«x) (y ) = t (x+y ) . 

Then T :Cb (T) ——— >Cb (T) is an isometry, TX*

Jf(t)(Tx (/i))(dt) = J(Tx (f))(t) M (dt) and TX 

a homeomorphi sm .

The map Xx#(T) ———— »#(T) is jointly continuous.

X

is

Def ini t ion . 

To extend the translation of measures to random measues

we define, for fe-rr(T) and x€L 0 (X), T (f)(u)=T f >(f(u)) so
X X ̂ U J

that Tx (f)€Tr(T).

The map L 0 (X)x-rr(T) ———— ̂(T) is jointly continuous.

(x.f) i ——— >T
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We are now in a position to define convolution in 

and Tr(T) . To do so we must suppose X is stable thus 

convolution is well defined in T. Let /^,u€^(T), f€Cb (T) then 

the function (s,t)i —— »f(s*t) is measurable on TxT. Let 

<t>(f)= f (s*t)/i(ds)u(dt) . Thus <J> i s a positive linear 

functional on Cb(T) and 4>(1) = 1, hence there exists ir€M(p!T)

such that ?(u)-rr(du)=0(fjwhere f is the continuous extension J

of f to

As n and u are regular, VO<€<1 there exists n such that 

M(Kn ) , u(Kn )>!-€ where Kn ={ t : t (0) <n} ; and since 

(s*t)(0)<s(0)+t(0) we have Kn *Kn CK 2 n whence -rr(K 2 n ) > ( 1-e) 2 

which implies that ir(T) = l. So we regard TT as a member of 

5^(T) . We denote TT by /ixu , the convolution of pt and u. Let 

f.T)€ir(T). define f*i) by (f ̂ n) (u ) =f (U

Proposition 1.5.1 

1. The map ^(T) x#(T) ——— >^(T) is separately continuous, and

jointly continuous iff (X.ll.ll) is finite-dimensional.

2. The map -rr(T)xTr(T) ——— *n(T) is separately continuous.
(f .TI)I

Def ini t ion.

For a random measures f , we can now define an Up-random 

measures analogous to &p -types. We say f is an Q. p -random

measure if for all scalars a and (i, D f*D,,f=D , ~^£ , wherea* p* nr(a,
nr(oc, |3) = ( \a | p + | p | p ) 1 ' p . Similarly f is an c 0 -random measure if

With ^a
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Theorem 1.5.2 

The following are equivalent:

(a) T is a type on L 1 [0,l].

(b) there exists an isometric lattice homomorphism 

Li[0,l] ———— ̂(n.^./u) and ShCL^n) such that Vg€L t [0,l]

(c) 3oc>0 akCLiCCO. l]x[0, 1]) such that

T(g)=a+llg+kll=a+J 1 J1 |g(s)+k(s.t) |dtds.
o o

(d) 3<x>0 3 a random measure f : [0,l] — — — »Tr(IR) such that
s I ————— >pi s

Vg€L 1 [0.1] T(g)=a+ri [f |g(s)+u|dMs (u)]ds.
J o LJ J

(e) 3a>0 3 a probability space

3h€Li(nxn' ,^®^' ,/10/u 1 ) such that Vg€L t (fi , V ,

T(g)=OC+ |g(u)+h((J,(J f

J7 fi '

Proof .

(a)==»(b) Let X=L 1 [0,1]. Then for some ultrafilter <fl we have 

T(g) = lim^llg+hi ll = llg+(hi )^llcv where (hi).^,. is an approximating 

sequence for T. Then X=L t (pi) for some measure p., see [Dc&Krl] 

and [He], and L 1 [0,1]=X ——— >(X)^=L 1 (/n) is an isometric 

lattice homomorphism. Lastly (hi )^=h€L t (JLI) so (b) holds.

(b)==^(e) We have an isometric lattice homomorphism 

Li[0,l] ———— ̂(n.^.M) and h€Li(n) such that VgCLiCO.l]

T(g) = Hg+hlL , n ,. Now identify L ± [0, 1]=L ± (Qi .^ ,/u l^ ) where <6 t Lj (\l )

is cr-subalgebra of ($\Q ± which is possible since we have an

isometric lattice homomorphism. Let a=llhxX IU /- ^° tnat
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llg+hll , A = llg+h\n II. , nA +oc, by Maharam's product theorem
\l ± L! (\l)

[Mah] there exists an isometric lattice embedding U such that

Uhxn eLjCflxn') preserving L t "i , ± ,

Hence Hg+h*^ \\ L ^ (n) = llg+Uhx fli H Li (QxQ , } - Then we set 

k=Uhxn eLiCnxfl') whence T (g) =a+l| g +kll Li 

ot+l | |g(u)+k(u,(j'J nj n'

(e)==>(d) We have an element h€L ± (fix!) ' . ?8? ' . j/8/z ' ) , hence

h( s , • )€L! (f2 ' , I? ' , /i ' ) a.e. for every sen. By Fubini's theorem,

almost every section of h(s,t) is measurable, that is h(s,»)

is measurable for almost every s€fi. For each s€Q we can

define /is = law of h(s,») a.e.= a?(h(s,«)) a.e.. That is

pt s (B)=^(h(s, •))(B)=M I (h(s, -) 4 (B)) for B€9? ' . Letting

g '• s\ ——— >/i s we wish f to be a random measure, i.e. the map

si ——— >/is to be measurable. So we are required to prove that

si ——— >/is (-«>,x] is measurable.

Let Hx ={ (w , w ' ) : h(w , w ' ) <x} which is measurable in 

[0,l]x[0,l]. Then by Fubini's theorem almost every section of 

Hx is measurable, in particular the section determined by u 

is measurable , i . e . {w ' : h(u , w ' ) <x} is measurable, that is

h(s , • ) 4 (-w.xl is measurable. Let K(s, •)=)(, , A -i , ^ -, . Then v ' ^ J v ' vh(s,») (-«>,xj

as h(s,«)~ (-oo.x] is measurable, K(s,») is a measurable

function. By Fubini's theorem H(s)= K( s , t ) . dpi ' ( t ) is
J fl'

measurable, but H(s)= dp. ' ( t )=/n ' (h( s , • j'1 (-<» »x] )
J h(s.t) 4 (-» l x]

=/i s (- 00 , x] . Hence the map si ——— »jz s (-«>,x] is measurable. 

Thus f is a random measure. Now the distribution 

function of h(s,«) is F,, , (x)=M ' ( { t : h( s , t ) <x} )=/LI S (-« , x] .
"V s ' * /
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By Theorem 11-2A in [Bu], we have E[g(X)]= gdF
J IR

particular E[|X|]=| |x|dF (x). Thus
ID

[ |h((d,u')|d/i l (u t )=E[|h((j,u l )|]= |u|dfis (u) , whence
v) O ' IR

r ig(s)+h(u.u')

so in

Then as g€Lj [0 , 1 ]=L ± (n ± , ^ , ^ ^ ± )CL ± (Q , <S , pi) and

h=Uh'>(n CLiCnxfi 1 ) so that h(w,*)=° a - e - on utti ± . Thus 
"i

[ f |g(u)+h(cj,cj') |d/i l (ai f )d/z(u)=r | |g(u)J nj n' J° J n'

So that we have as required T(g)=a+ |g( s )+u | d/n s (u)ds
J o J inIR

Lemma 1.5.3

Suppose F: IR———^[0.1] is increasing, right continuous 

and that F(-«)=0, F(») = l. Let X:(0,l)———* be defined by 

X(t)=sup{x€IR:F(x)<t} . Then { t: X( t ) <f } = { t: t <F(f ) } .

Proof.

Let A={t:X(t)<f}, B={t:t<F(f)}. t€A iff f is an upper 

bound for {x:F(x)<t} iff 2x>f such that F(x)>t ==» F(f)>t ==> 

t€B. Now t€B ==^ t<F(f) =^ t€A as F(x)<t<F(f).

(d)==^(c) Given the random measure f : [0.1]———>9^(IR) we define
s l———>/Lt s

a function h(s,t)€L ± ([0,1]x[0,1]) by

h( s , t )=sup{x€K : p.s (-«>, x]< t } . Now the map si———>/^s is

measurable, let I={yi,y 2 ,...} be an enumeration of Q. Let

Ii={yi}. In+i=InU{yn+ i}. Then define f^ S ^(t) to be the

( s ) largest x€l n such that /is (-°°, x] < t. So supf v y (t)=h(s,t) and

( s ) as f v J is measurable, h(s,t) is measurable as we require. In

the lemma above, let F.. be the distribution function of X and
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p. be the Lebesgue measure on [0,1]. So

F fF^ =/if-ft'Xft1^Fl-^ =Lif/t't(FfFiy} =FfF} Let Ffxl—LI (~ °° x"l

X(t)=h(s,t). Thus F, f . A ( x )=Ms C- 00 ,:*] which finally gives us
v • J

\ |g(s)+u|dMs(u)=f |g(s)+u|dF ( (u)=P |g(s)+h(s,t)|dt. J K J K n^s, ; j

Lemma 1.5.4
IN 

Let hGLidO.l} ). If g depends only on the first N

coordinates and TT i s a permutation of IN which fixes the first 

N coordinates, then J |g(x)+h(xir ) |=J |g(x)+h(x) | .

(c)==Ka) Given hCL^O,!] 2 identify [0,1] = {0,1} , then 

i ,x 2 , . . . ;y t ,y 2 . • • • ) €L I ( (0, 1} x{0.1} ), define

f N €L 1 ({0,l} IN )=L 1 [0,l] by

i , x 2 , . . . , XN , XN+ 2 

Suppose g depends only on the first N coordinates of IN, 

then by the lemma above llg+hll = llg+f N II . The set of functions

which depend only on the first N coordinates is dense (as

INN —— *») in L ± ({0,l} m ), so T(g)=a+llg+hll=oc+lim n llg+f n ll T rn _ for
L i L u > A J

geLiCO.l]. Define f by oc+llg+f „ ll = llg+f f II , thus we have 

T(g)=a+limn llg+fnll = lim n llg+fn ' II. So that T€2T(L 1 [0 , 1 ] ) .

1.6 Representing a type as a random measure.

Fundamental to this thesis is the representation theorem 

of Garling [Ga], where he represents a type on L (X) in terms 

of a suitable random measure in ir.(T).
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Def ini t ion 

Let * be a continuous non-negative function on [0,«>).

Define -* (S (X) )=(f €ir(2T(X) ) : F f *( II t II )df ( t )dP(w) <«). When 
¥ l J n J J(X) U }

*(a)=ocp , p>l, we write TTP (3"(X)) for ^(STCX)) .

Def ini tion

If f€Tr(2r(X)) and x€L 0 (X) define

r r (t[x(u)]) p df (t)dP(u), and we write I (f) for 
J nJ or r YI w P

There is a homeomorphic mapping X:L 0 (X) ——— »L 0 (5"(X)), 

given by xl ——— >TX , and a map i:L 0 (y(X)) ——— nr(2T(X)) given by 

ti ——— >6 t . Let h=iA:L 0 (X)

We say that a subset A of fTp(^(X)) is p-uniformly

integrable if I (f) —— ̂IpCf) uniformly on A. Where <J> n is
9n

r -r p ifO<-r<n
defined by <(>n (T )=< (n+l-nr )nr p if n<nr<n+l.

^ 0 ifn+l<-r

So C is a uniformly integrable subset of Lp iff h(C) is 

1-uniformly integrable.

Defini tion

Let np = {f:|R+ ——HR+ : f(0)=0, f is convex and f(2X)<2p f(X) 

VX>0}. So if f€Qp then f has the form f((3)=ot 0 P P for some 

constant a 0 . Let j:Lp (X)——nrp (5"(X) ) x[0 , «>) be the homeomorphic 

map j(x)=(h(x),0). Define JP (X) to be the closure of j(Lp (X)) 

in Trp (7(X))x[0,«»).

JP (X) can be identified with a subspace of 

-rr p (5'(X))x[0,«>) . If (fl.S.P) is atom-free, then J P (X) is 

homeomorphic to TT P (^(X) )x[0 , <») .
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We define a topology on TTP (5"(X)) x[0,«) to give the 

convergence (f n ,an )——Kf' a ) iff f n ——»f i n the wm-topo logy , 

and Ip(f n )+a n ———»I

We can now state Theorem 20 of [Ga] , which gives the 

representation between y(Lp (X)) and TT P (9"(X) ) x[0 , «>) .

Theorem 1.6.1

Let X be a separable Banach space. Let l<p<«>. Then there 

is a map Q from JP (X) continuously onto the space of types on 

L P (X) such that for all f€Lp (X) and all (f , oc)€-rr p (2T (X) ) x[0 , «>) ,

Q((f,ot))(f) = { f f t[f(cd)] p df (t)dP(w) + a" ) 1/P .
1 J nJ 2T(X) U j

If X is finite-dimensional, we can identify X with

Types on L P (X) can be split into two parts, a uniformly 

integrable type and a "spikey" part. Let T be a type on LP (X) 

with approximating sequence {xn }. Then there exists a

subsequence (zj) = (x ) such that when yj=zj.l /M „ . , ,11 J i " z j " ^ J /
is a uniformly integrable subset of LP (X), and 

I|W^"LP (X) ——— *, where Wj = Zj . 1 { ||z . „ > . } .

Suppose j({yn » ——— Kf.a) in -rr p (2T(X) ) x[0 , «>) . Since 

n ({yn}) is p-uniformly integrable, by Proposition 9 of [Ga] , 

Ip(h(yn )) —— »I P (f). Thus I p (h(yn )) ——— >I P (f), and hence oc=0 . So 

a uniformly integrable type T has the representation
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To see how the remainder of the type behaves, suppose

j({wn})———KTi.P) in TT P (9-(X))x[0,«>). Then

Ip(h(wn ))=I P (6(T ))=[ llwn (aj)ll?.dP(w)———>$. So that T]=0, andWn Jfi
thus a general type on L P (X) is composed of a uniformly 

integrable part and a "spikey" part, and has the form

T(f)={[ f t[f(u)] p df (t)dP(y) + oc p } 1/P (x)
uJ - u }

We shall often have cause to speak of a random measure 

of a type T, by this we mean a random measure f representing 

T as in (*); we do not assume uniqueness when using this 

no tat ion.
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CHAPTER 2: REPRESENTATIONS OF TYPES.

2.1 INTRODUCTION.

This chapter is concerned with structure results about 

the space of types, and in particular the structure of 

y(Lp (X)). The study of the representation of a type on L ± (X) 

as a random measure on 5"(X) forms the first half of this 

chapter. Here we show that convolution and symmetry are 

preserved by the map between 2r(L t (X)) and ir i (y(X)). We 

produce a specific representatoin of types on L 1 (Q. P ), using a 

disintegration of probabilities on fi. p x!R + into random measures 

on Up and [0,»). We look at the form convolution takes within 

Li(Q-p) in terms of this representation.

The second half of the chapter is concerned with 

decompositions of types in terms of their weak and symmetric 

parts. We look at conditions for decomposing 5"(X) as X^i/) (X) 

or X^wnCX), where 2Twn (X) is the space of "weakly null" 

types. A sufficient condition being that X possesses an 

unconditional basis, but does not contain any subspace 

isomorphic to c 0 .

Decompositions of ^(L 2 k) are obtained in terms of the 

weak limits (in various subpaces) of the sequence defining 

the type. We thus decompose 5"(L 2 k), k>l, as a subset of 

L 2 kxLk*L 2 k/ 3 * • . .L 2 k/ 2 k-ix[0,°°) . This is then used in 

representations of y(L 1 (L 2 )) and 3"(L 1 (L 4 )) as random 

measures, where we look at the form of symmetric types and 

convolution.
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Part 1 : Representations of types as random measures.

2.2 Convolutions of types and random measures.

We saw in chapter one that if (fl,2,P) was an atom-free 

probability space, then there exists a map from 

TTP (5"(X) )x[0, «>) continuously onto the space of types on L P (X) 

There are several natural questions that one can ask 

concerning this map. Here we ask whether the map preserves 

the operation of convolution for types on L 1 (X), where X is 

stable. That is if T, o are uniformly integrable types on 

L 1 (X), where X is stable, having corresponding random 

measures f and r\ respectively in ir 1 (y(X)), then r*o has 

corresponding random measure f*T}. So that if

T(f)=f f t[f(y)]df (t)dP(w) and 
J QJ ST(X) W

a(f)=| I t[f(w)]d-n (t)dP(u), thenJ nj ym w
(T*cr)(f) = t[f (u)]d(f*T]) (t)dP(u). We know that JJ w

-wm
ir(T) = i (L 0 (X)) , see [Al], [Ga] . We will show that for random

Ttrm

measures in i(L 4 (X)) convolution is preserved.

Firstly we consider the scalar case.

Following the paper "Tout sous espace de L ± contient un 

&P " [Mal], the convolution of two random measures pt,u€-rr(lR) is 

defined by (jixu) =ji *u . The convolution of two measures m,n
(J (J (J

is given by f(u)d(m*n)(u)= f(x+y)d(m®n)(x,y)=
J K J IR J IR

f (x+y)dm(x)dn(y) , where m®n is the product measure on IR 2 . 
J roJ ID
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Maurey is concerned with a proof of the result that every 

infinite dimensional subspace of L ± contains a subspace 

isomorphic to Q. p . We can easily conclude from his paper that 

in certain cases convolution in 2T(L 1 ) corresponds to 

convolution in Tr(IR) . Since by Proposition II.2 in [Mal], we 

have :

If (xn ) is a sequence in a reflexive subspace of L 1 (n,P) 

such that pi=limn 6 we have

llx+S*. iOCi ei II =lim lim ...lim llx+2iai x II. Where (ei) is ~ M n ± n 2 nk ni
IN the standard basis in IR C } , and for a symmetric measure pt

II • II is a norm on X©K ( } given by

Ilx+Si*- !<*! ei II =E |x+2*oci ui (d/^U! ) . . . d/i(u k ) = II6 X *D fj.* . . . *D
P- J a 4 a

If CT has an associated random measure f = lim n 6 , thenx n
(otter)*. . . (ak CT)(x)=Ej |x+2^aiUi | df (u t ) . . . df (u k )

=Ej|x+t|d(a 1 f*...ak f)(t).

Here Maurey makes some restrictions. Firstly that 

L 1 (Q,2,P) is separable, secondly that he considers types on a 

reflexive subspace X of Li(P) and finally that the associated 

random measure f is given by f=limn 6 for xn €X. We can now 

remove the first two conditions.

Given aeytLjCP)) define llcrll=cr(0)= |t|df (t)dP(u), and
J fl J IR u

llfll=E |u|df(u). Then llfll = llall if f is the random measure of
IP

a. Let H be a subspace of L 4 (n) whose unit ball is uniformly

wm integrable (then H is reflexive). Set D=i(H) . Then the map

fl———»llfll is finite and continuous on D, see [Mal] or [Al]. We 

shall see later, Theorem 4.2.6, that for each cr€5"(L 1 ) there
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is a unique f^"rr 1 (IR) given by Garlings integral 

representation, [Ga].

Let <J> be the continuous map from -rr 1 (T) to 5"(L 1 (X)), that 

is 4>f =Q((f ,0)) in the notation of [Ga] . So that

T(-(«))dF(T)dP( U ).=11
JJ 2T(X)

Proposition 2.2.1 

The function fl ——— >llfll is finite and continuous on

Proof

Let f:^ ——— M and g : TT ——— »IR . Then 
crl ———

TT 1 (5T(X))CTr(3r (X)) . Suppose f C-rrj (2T(X) ) and <|>f=af l
IR

say. Then Hf 11 = Ha II that is f(4>f)=g(f). Let T=0, then 

[a,r]=a(0) so the map f is continuous. Thus g is continuous, 

so II • II is continuous on Tr 1 (5"(X)), it is also finite since

Let Y be a uniformly integrable subset of L 1 (n,P). Let
-wm

W=i(Y) . Suppose f€W is given by f=limn 6 where xn €Y. Then

{xn } is uniformly integrable, so E|xn |AR——»E|xn | uniformly as

R——*» for each n. Since E[ |x n | AR]=E |u | ARd6x (u)

r|u|ARdf(u) as n——*», we have E |u|d6x (u)
J n

|u|df(u) as n——*» . That is llf 11 = 1 im n II6 X 11 = 1 im n llxn II .
n

IN Define ll'llc as before but now on L 1 9IR ( } . Since x is
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separately continuous

f*...*D f = lllimni • • • Hm n K(8x*8 v *...*6
1

= 1 im n i . . . 1 im n k N6 X *6" x...*6 11 = 1 im n ^ . . . 1 im n R llx+2 k o(i
<X t X n 4 OtkX n k

Proposition 2.2.2 

Let f = lim n o" and Tj=lim n 5 for some x n ,yn€W, a uniformly
X n yn

integrable subset of L ± (fl). Then 

limn limm llx+axn + 3ym ll=E

Let a and T be types with corresponding random measures 

f and -p respectively, then (occr)*( £T) (x)=E |x+u | d(af x($T]) (u) . 

Thus for the class of types with random measures in

win i(L 1 (Q:IR)) , convolution in J(Li) corresponds to convolution

in ir(IR) .

We now consider the non-scalar case, that is convolution 

on y(L ± (X)).

1. Let X be a separable stable Banach space. T=5"(X) is a 

locally compact commutative semi-group under the weak 

topology and x. Then ir(T) is separable and metrizable in the 

wm-topology on ir(T) . The map x is separately continuous and 

associative. Let /^,u€#>(T) and fe^bCT). Then the function 

(s,t)——»f(s*t) is measurable on TxT, see [Ga] proposition 2. 

Let <J>(f)= f (s*t)d/!z(s)du(t) . Then <(> is a positive linear
J 'T J T

functional on ^b(T) and <J>(1) = 1. So there exists a regular 

Borel probability measure m on the Stone-Cech
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compactif ication ST of T such that 4>(f)= T(u)dm(u) where 1"
RT

is the continuous extension of f to ST.

Now p. and u are regular, and so given 0<€<1 there exists 

n such that if Kn = { t: t (0) <n} , p.(Kn ) , v (Kn ) > 1-e . Now 

(s*t)(0)<s(0) + t(0) , so that Kn*Kn CK2 n and hence 

m (K 2n )>(1-e) 2 . This implies that m(T)=l, and so we can 

consider m as an element of 9^(T) . We denote m by pt*u, that is 

the convolution of IJL and u. Thus we have

J <7 f Y "\ v) a

'=JJ
J n j i2. Define llall=a(0) and llfll=| p(0)df (p)dP(u). Then forT W

J (si«t)(0)d6g c w, (t)df u (s) = E| (s*g(u))(0)df u (s)

s(g(oi))dfu (s) = a(g).

Proposition 2.2.3 

Let T , a€5"(L 1 (X) ) have associated random measures

wmf , TjCTTi (5"(X) ) respectively. Suppose f , TJ€ i (L ± (X) ) . Then TXCT 

has associated random measure

Proof

There exists sequences {xn }, {y™} in a uniformly 

integrable subset of Li(X) with f = lim n 6xn and -n=limm 6ym . Then 

{xn } is uniformly integrable, so E|xn |AR —— >E|xn | uniformly as 

R —— >«> for each n. Since E[ |xn | AR]=E |u [ARd6 x (u)
J Y n
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=E |u|ARd6 t (u) ——— >E |u|ARdf(u) as n —— *» , we have 
J 2T(X) Xn J

E |u|d6 t (u) ——— »E |u|df(u) as n —— *» . That is 
J Xn J

llf Il = limn ll6 x ll = limn llx n ll.
n

For all x€Li(X), E (D_ t*D a s) (x) ARdf ( t )dti( s ) =
J or f Y \J <J ~

E[ [ f (r*D t*D s)(0)ARd6 x (r)df(t)dT1 (s) = 
J eT(X) J 2T(X) J 2T(X) P

E| u[0]ARd(6x ^af^^T))(u) ———— >E[ u[0]d( 6x ^af *$j]) (u) as 
J 2T(X) J 5T(X)

R —— *». Then E| | (D t*D s ) (x) ARdf ( t )dr)( s ) ——— >
J eT(X) J 2T(X? p

E (D t*D s)(x)df(t)dr)(s). So that 
J 2T(X) J 3'(X <J P

T(f)=Ef f (D t^D s)(x)df(t)d7i(s) 
JJ

= f 
J n

t[x( U )]d(D f*«D T,) (t)dP(w)a W

2.3 Types on L. (n:Q. P )

In the following sections we aim to do two things. 

Firstly obtain a specific representation of the uniformly 

integrable types on L 1 (Q.P ), via Garling's integral 

representation, in terms of a family of random measures (f y ), 

y€Q, p , on [0,°°) and a random measure f 2 on Q. p . This will be 

achieved by using results of Tortrat on disintegration of 

measures [T], and we will use this disintegration repeatedly 

in the following chapters. Having obtained our representation 

in section 2.5, we consider what form the convolution 

operation in 5"(L!(&P )) takes in terms of our random measures 

on ftp and [0,«).
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Let o be a uniformly integrable type on L 1 (fl'-Q, p ). Then 

for some f €TT ± (!7({I P )) a is given by the representation

r rCT (g)= t[g(u)]df (t)dP(u) for all geL^C^O-p), [Ga] . We
I ^^ I ^^ - ^ QJ

will use the following result : Let T:(2,3§)———K^o-^o) be a 

measurable mapping, and f be a measure on 35. Define a measure 

fo by f 0 =fT"1 on s4 0 . If A€s4 0 and f:(2 0 ,s4 0 )——>(K,95(K)) is

measurable, then f(T(s))df(s)= f(s)df 0 (s). See [As] or
J T -I A J A

[Bu].

Given a type r on Hp then T(X) = ( llx+y ll p +ap ) ^' p for some

(y ,a)€ap x[0,») . Now let 2=2T(ap ), 35 be the Borel cr-field of 

) and f a (random) measure on 5"(H P ). Define T and f by 

ap )———>ap x[0,«>) and f:£p x[0,«>)———>IR , so that
TI———^(y' 01 ) (y«°0'——>(Hx+yn p +oc p ) 1 x p

2 0 =Q. p x[0, «>) and s4 0 is the product a-field of the two Borel 

cr-fields on &p and [O, 00 ).

Given (y , a)€ap x[0 , «>) , does T^y.a) define a type on Q.p ? 

Let y=(yi), and let

y cnj =(yi-ot/n 1/p . . . . ,yn-a/n 1/p ,yn+1 ,yn+2 , . . .)• Then y tnj ——»y 

pointwise and lly-y (n) ll——xx. Thus T is onto.

Lemma 2.3.1

T is measurable from (2T(ap ),$) to (Q. p x[0, ~) , s0 0 ) . The map 

f : (Q.pX[0,«) ,d 0 )———>(K+ ,35(IR)) is measurable. 

Proof

On y(Q.p ) we put the weak topology, which is Hausdorff. On 

&P x[0,«>) we put the usual (Borel) topology, which is Polish. 

The Borel cr-algebra of a Polish space coincides with that of 

any coarser Hausdorff topology. So (y,oc)i———»( II *+y ll p +oc p ) 4 ' p is 

a Borel isomorphism, hence T is measurable as required.
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f is the composition of maps

(y,a)l———>( llx+yllp , a)i———»( Hx+y ll p +a p ) 1 ' p which are measurable, 

so f itself is measurable.

Proposition 2.3.2

Let f be a probability on y(H p ). Let x€Q. p . Then 

f T[x]df(T)=| {Ilx+yll p +a p } 1/p df 0 (y,a) , where f 0 =fo°T4 and T

is as above.

Lemma 2.3.3

The map f 0 : fi ——— »0(JlpxR+ ) is measurable. Thus f 0 is a 

random measure.

Proof 

Define a map 9 B :(n.s*.P) ——— »R for B€$(ap xK+ ) . It is

then sufficient to prove that 9 B is si-measurable for the 

Borel a-field of R. Let

"1
= {u:f o , (B)€A} = {u:f (T"B)€A> which is a member of d as

(J GJ

p )) and f is a random measure. Thus f O € ^(^P XK+ ) as 

required .

We will suppress the subscript 0 on f 0 , and henceforth 

write f T[g(Gi)]df(T)=| { llg(u)+yll p +ap } * ' p df (y , a) without
J y(ap ) J a p xiR +

ambigui ty .
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2.4 The Disintegration of Measures.

We have represented a uniformly integrable type T on 

L 1 (Q. P ) as a random measure f on Hp xIR + . We will now use a 

disintegration of measures on Q. p xIR + to enable us to write

T(f)=| I I {Hf(u)+yll p +ap } 1 ' p df?(a)df2(y)dP(<j), where for=r r r.
J r)J n J " ^P O

each cj€n, f 2 is a probability on &p and {f y } an &p -measurable 

family of probabilities on R+ .

The theory of disintegrations that we use is as found in 

[T]. Let P be a probability on 3tx<3/, with the a-algebra <€x$ . 

Let ^ be a Polish space. Let T : 3tx<2/ —— >3t and Y:3tx<2/ —— »<2/ be the 

projections. The aim is to disintegrate P by 

P(dtxdy)=PT (dt)Pt (dy) , so that

f f.P(dtxdy)=f f f.P t (dy)PT (dt).
J < JJ <*

Theorem 2.4.1

Let P be a probability on 9Cx$/, with the a-algebra <$x&. Let 

JLI and u be the marginals PT and PY respectively. Let 35 be the 

Borel cr-field of ^. Let u be Radon and ^ complete for JJL .

Then there is a disintegration of u into a family i>t^f\., 

such that P(dtxdy)=PT (dt)P t (dy).

When Y is real and integrable we need not impose any 

conditions, and P(AxB)= 1 (y,t)dPt (y)dPT (t), thus
J<£Joy AXtJ

I fdP=| I f(y,t)dPt (y)dP T (t). The probability P T (dt) is 
J 3tx^ J 3C J<2/

unique, and Pt is unique a.e.[PT ] due to the uniqueness of 

conditional probabilities.
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We can apply this to the case when 9t=Q. p and ^/=IR + . Let fj. 

be a probability on &p xIR + . Then via the disintegration we 

obtain a probability /u 2 on Q. p , and a family of probabilities 

{jJLy} on IR + such that yl———>fj. y is measurable, and for all 

measurable, integrable f

r f(y.t)dM(y.t)=r r
J Q.XlR+ J a J I

Example .

Now consider the situation in which we have 

f f t[g(u)]df (t)dP(w)=f f f[g(w).y.a]df (y.a)dP(Gi). Then
J nj y(x) w J n J xxK+ u
for each u€fi, f €$(XxIR + ) , where X is separable. Thus there

GJ

exists a disintegration of f into a family of probabilities
GJ

f y on [O, 00 ) (y€X) , and a probability f 2 on X, such that for

each u€n, the map yl ——— >f y is measurable, and thus f is a
t * )

random measure. Further for all f -measurable, integrable f

we have [ f (y , a) . df (y , a)= f F f (y , a) . df y(a) . df 2 (y ) . So in 
J XxK + u J XJ K +

particular in the situation we are interested in on Q. p xIR + : 

f (llx+yll p +oc p ) 1 ' p df (y,a)=f [ ( llx+y ll p +a p ) ^ p df ?(a)df
J axiR u J a J

Lemma 2.4.2 

f 2 is a random measure.

Proof 

For each B€$(X) define a map G B :(n,sJ,P)———HR . To show

that ul———>f 2 is measurable it suffices to show that Q B is

si-measurable for the Borel cr-field of IR. That is for each

Borel subset A of K 6i * (A) = {u: f 2 (B)€A| is a member of sd.
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L IBXER/?. = JJ i B (y). V («) -df"(«)^(y) = fS(B)f?(R.)
AX1K+ A o

= £2(8) since f y is a probability.

If f = l F then ! F df =f (F) and ul ——— >f (F) is measurable
J (d (J CJ

Thus by considering simple functions wi ——— » fdf is
J w

measurable for measurable, integrable f. Thus oil ——— ̂£2(8) is

measurable and f 2 is a random measure, that is f 2 €-n(\R+ ) .

2.5 Convolution of types on Li(n«fi.p).

Following on from the last two sections we define 

convolution in Q. p x[0, 00 ), and use this to construct a 

representation of CJXT if a and T are uniformly integrable 

types on L 1 (HP ).

We have represented a uniformly integrable type 

Jlp)) as

=f f f [lly+g(u)Hp'+ap ] 1/p d/i n (oc)dX (y)dP( W ) for allJ nJ ap J 0 v ' u w
g€L 1 (n:Q.p), where (fi.stf.P) is a probability space and for each

cj€Q, {/i } is a family of measures on IR + and A a measure on y , to y

&P. To study convolution of types we need to consider the 

convolution of measures on &p x[0,«>), and hence convolution in 

ap x[0,«>).

Let (y.ct) . (z,p*)€fl. p x[0,<») . Define * by 

(y,ot)*(z,(i) = (y+z, (oc p + (* p ) 1/p ) . Then (y , a)*(z , (*)€HpX[0 ,») .
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Lemma 2.5.1

Let T and o be types on Q. p , so that there exists y,z€Q. p 

and oc,(i€IR + such that a(x) = [ llx+yll p +a p ] 4 ' p , 

T(x) = [llx+zll p + 3 P ] 1/p . Let T:2T(il p )——& p xIR + be the map 

al———Ky.a). Then T(T*cj)=TT*Ta .

Let f€ <€b (ap xIR + ) . Then the map (s,t)l————»f(s*t) is 

measurable and f T€<e b (J (Q. p )).

Proof

Suppose a(x) = l imllx+yn II and T(X) = ! imllx+z m ll , say. Then 

(CT*T)(x) = lim m limn llx+y n + z nJI = lim m [llx+y+z m ll p +a p ] 1/ p 

= [llx+y+zll p +a p + (i p ] 1/p . Thus T(T*CT) = (y+z , (ap +£ p ) 1 ' p )=TT^Ta as 

required.

The maps + : & p xQ. p ——>il p and +:IRxIR——^R are measurable, so 

the map * on (Q. p xK + ) x(Q. p xIR + ) is measurable, f is Borel 

measurable, thus (s,t)i————»f(sxt) is measurable, and since T 

is measurable f Te^b (7(Q. p ) ) .

Suppose n and v are measures on !7(Q. P ), then ptT"1 and uT"1 

are measures on Q. p xIR+ . We can now define ptT^xuT"1 as before so 

that (MHuJT^/iT4 *!;?4 . Then we have Vf €<€b (Q. p x[0 , «>) ) 

I I f (s*t)dj/T4 (s)duT4 (t)=| f (u)d(/iT'1 xi)T'1 ) (u) .

Lemma 2.5.2

Let f€ <€b (ap x[0,«>)) and T be as above. Let 

g(t)= f (s*t )d/iT"1 ( s) . Then g is a Borel measurable map

from a p xIR + to IR.
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Proof 

The map r:(s,t)i ——— »f(s*t) is measurable. If r = l F „ with

ExF€s4 0 , then g( t ) = 1 F ( t ) piT"1 (E) thus g is measurable. Next

suppose that r=27a4 1~ „ , where the a t 's are distinct andLI xfrj

the Et's and Ft ' s both disjoint. Then g(t)=2ail F ( t )piT"1 (E t ) , 

which again is measurable. Finally suppose r=limiri , with ri 

are finite-valued simple functions with |ri |<|r| Vi . r is 

Borel measurable thus |r| is integrable and we can apply the 

Dominated Convergence Theorem. Then g(t) = linu TI , so that g 

is measurable as a limit of a sequence of measurable 

functions .

Proposition 2.5.3 

Let f€<€b (ap x[0,«>) ) and T be as above. Then

I I f (s*t)dAiT4 (s)di>T4 (t)=r | f (Ts*Tt)dM(s)du(t)
J ap xiR + J ap xiR + J 2T(a p ) J 2T(a p )

Proof

Since f is Borel measurable, f ( s*t )dptT"1 ( s ) =
J Q. p xIR +

f (Ts*t )d/it( s)=g( t) . Then from the above lemma, g is a
J 3T(ap )
Borel measurable function, so that 

f g(t)dur1 (t)=f g(Tt)du(t)=f f f(Ts^Tt)dpt(s)dD(t).
J ap xiR + J ^(ap ) J y(ap ) J y(ap )

Theorem 2.5.4

Let fj. and v be probabilities on 5"(& p ). Let T be as above 

Then (^

Proof

Since Ts*Tt=T(s*t) and f T€<€b (3"(& P ) ) whenever f e^b (Q. p x[0 , «>) ) 

we have
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J I f (Ts*Tt)dAi(s)du(t) =

J J f(T(s*t))dn(s)du(t)

i* P 
= f (Tu)d(ptxu ) (u) = f (u)d(^T'1 xuT"1 ) (u) . Therefore

Vf€<eb (Q. p x[0,«>)) I f (u)d(/iT4 *uT4 )(u)=[ f (u)d(pt*u )T4 (u) ,
J fl. p xlR + J Q. p xIR +

"1and hence (M*U )T" =

We now find an explicit representation of T*CT , where T 

and a are types on L 1 (Q.P ).

Let T and o be uniformly integrable types on L 1 (fi:ilp) 

represented by random measures f, r\ respectively. Then o and T 

can be represented as

tf(g) = [lly+g(cj)ll p +ap ] 1/p dM (a)dX (y)dP(u) andJnJ n J Y • w u " U-p or r r00
T (g) = [ Hz+g(cj) II P + (S P ] *' p du (£)de (z)dP(w) , where forJ nJ ap J 0 z * u w
each w€n, {p. } and {u } are families of measures on \R + ,y , w z , w
and X , 6 are measures on H p . Then if <J*T is represented byCJ GJ

f*Ti, we have (tf*T)(g)= P[g(u) ]d(f *TJ) (p)dP(u)
jQjyfa )

= f f {llu+g(u 

J J {llu+g((j)/T x"7
** o*' n vfi? ** n

4A JC- 13 ^ U\ A •*£*• t

From the above lemma, the map

g:(z,(3)i———>| {lly+z+g(u)ll p +a p + 3 P } 1/p df°(y,a) is measurable 
J Q. p xIR + W

(and non-negative). Thus (crxT)(g) =

f.l €.\

L€ ri (z)dP.f 
J z
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If p=l, then let

Ii= lly+z+g(y) II idu (a)du ((5)dX (y)d€ (z)dP(u).ill I I I J t> V I i r-y v 7 Z W VJy U vy-JJI
O 0 0

** (")" 0 " " 0 "
3^ 4 f\ jtf A i

= [ f [ [ Td( M"^)(T)dX (y)de (z)dP(ai) 
J n J a 1 J Jli J o Y

If we define convolution on Q, ± by y*z=y+z, then we can 

define convolution in ^(Q- ± ) so that Vf€ <€ b (Q. 1 )

F F f(y*z)dM(y)du(z)=F f(u)d(ji*u)(u). Then 
00 0

^-IJtJJ. 
=111 Jn Q. o.

"* f r p00
Td(a CJ xu W ) (^r)dX (y)de (z)dP(u)

I I I V • 'wr ry XV J / 1 ^1

Hy+z+g(w)lld(ny* Uz ) u (T)dXu (y)deu (z)dP(G>). So that 
o

1
,00 

I I I Hy+z+g( u )|ld(My^z ) M (T)dX &j (y)d€u (z)dP( U ) 
o

2.6 The map Q between types and random measures.

Here we shall look at the structure of the map Q between 

-rr 1 (5"(X)) and y(Lt(X)). In particular we show that the concept 

of symmetry is preserved by the mapping, as are the classes 

of Hp-types and Up-random measures; while we show by example 

that T€i/'(L 1 (Up)) will not necessarily be represented by a 

random measure f €71^ (^(fl-p)) . Unless otherwise stated X is a 

separable Banach space.
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Proposition 2.6.1

Let T€3'(L 1 (Q:X)) be uniformly integrable and f€TT 4 (2T(X) ) . 

Suppose that random measures representing uniformly 

integrable types are uniquely determined. Then T is 

represented by f iff a.T is represented by D f , and T 

represents f iff OC.T represents D f . In particular T is 

symmetric iff f is symmetric.

Proof 

Suppose that Vg£L ± (Q:X) T(g)=| I t(g(u))df (t)dP(w), then•""-JI
J o J or f V A \t J ^ /v f

a.T(g)=|o| T (g/a)=J J a.t[g(aj)]df u (t)dP(a>).

The map D :5"(X)———»!7(X) is a homeomorphi sm with inverse
T————xx . T

D. , . It is measurable since if Tn ——»T then for a^O,

|a|T n (x/ot)——»|OC|T(X/OC) so that A. closed implies D A. closed.

Define D f by (D f) =D f with (D /i)(E) = pt(D -iE) for
OC Ot GJ OC GJ Ot OC

^€^(5"(X)) and Ecy(X) . So that

f a.t[g( U )]df (t)=F t[g(u)]d(D f) (t) 
J 2T(X) U J 2T(X) a U

thus a.-r(g)= t[g(w)]d(D f) (t)dP(u) so that uniqueness
J O J IT f V A OC QJ

implies that a.T is represented by D f. If T(g)=r(-g) 

Vg€L 1 (fi:X) then T is represented by f=D-if, thus f is 

symmetric.

Conversely if f has associated type T then D f has 

associated type |OC|T(»/OC)=D T(»). Thus if f is symmetric then 

T is symmetr ic.
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Example

The uniqueness condition is necessary. For consider 

LiCfti). Let f =f be given by f=l/2[6(e ± ,0)+6(-e ± , 1)]. Then 

T(g)=J J {llg(u)+yll+a}df w (y,a)dP((j)=E (j {llg(y)+e 1 ll-

2 =T(-g). Hence T€i/) (L 1 (ft ± )) . Now f is symmetric iff

f(E)=f(D-iE), but 

1 if (e 1 ,0),(-e 1 ,l)€Er e 1 ,,-e 1 ,
f(E)=< 1/2 if either (e lf O) or (-e t ,l)€E but not both, and 

0 otherwise
1 if (-e li O).(e li l)€E

;r (-e t ,0) or (e lt l)€E but not both. 
;e

f 1 if (-e 4 ,1
f(D.iE)=<| 1/2 if eithe

^ 0 otherwisi

Hence f^D-if, by taking for example E = {(e lt O)}.

Although we can find a symmetric random measure

representing T, for example use f=l/2[6(e t ,l/2)+6(-e ± , 1/2)].

Lemma 2.6.2

Suppose f is a random measure on the symmetric types, that 

is f (^(X) c )=0 a.e. [P] where ^(X) is the set of symmetric 

types. If f represents a uniformly integrable type T, then T 

is symmetric.

Proof

By hypothesis Vg€Li(n:X) r(g)= t(g(w)).df (t)dP(w) =
J n J 2T(X) U

f f t(g(w)).df (t)dP(u) = f [ t(-g( W ))df (t)dP(y) =
J Q J (/> f y \ *" v^O" (/) fX^ 

J J t(-g(Gj))df,,(t)dP(u) = T(-g).

Lemma 2.6.3

Let X be stable. Suppose that random measures representing 

uniformly integrable types are uniquely determined, then 

uniformly integrable ftp-types on 5"(L 1 (n.'X)) correspond to 

symmetric ftp-random measures.
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Proof 

Let r€5'(L 1 (Q:X) ) be a uniformly integrable ap -type. Then

Va,p-€IR+ , D T*D rt r=D A T where T (a , £) = (ap + PP )* ' p . We also a p *r ( a , p,
know that VgeLtCfirX)

(D T*D T )(g)=f [ t[g(oi)]d(D f*D f) (t)dP(u) a P J nJ 3T(X) a p- u

and D T(g)=f f t[g(u)]d(D f) (t)dP(u). ^ J nJ 2

So by uniqueness, D f*D af=D ft f as required.a p T ( a , PJ

Proposition 2.6.4

Let T be a uniformly integrable type on L 1 (n:Q. p ) 

represented by the random measure f ' 6-rrj (5"(fi. p ) ) , which has a 

corresponding f 6-rrt (Q. p xK+ ) . Suppose that random measures 

representing uniformly integrable types are uniquely 

determined. Let f y , f 2 be the disintegration of f into 

probabilities on [0,°°) and & p respectively. Then T is 

symmetric iff f 2 is symmetric and f y =f~ y a.e. [f 2 ].

Proof

^n^p). T(g)=f f t(g(w))df/(t)dP(Gi)JJ w
= f f (llg(wJ nJ ap xK +

and T is symmetric iff f f is symmetric, i.e. D_ 1 f'=f l .

Then D_ ± t (g(w) ) = ( llg(u)-yll p + 3P ) A x p . Let T be the map 

decomposing t into (y, P)€fl.p x[0, «>) . So that f=f' 0 T"1 . Then 

is symmetric iff VFC3"(ap ), f f (F)=D_ 4 f ' (F)=f ' (D_ t F) . There 

exists Ecap x[0,«>) with T"1 E=F, so that f' is symmetric iff 

f •r1 (E)=D_ 1 f 'T4 (E)=f '(T'D^E). where D_ ,£={ (-y , p) : (y , p)€E}
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Thus f 1 is symmetric iff f is symmetric in & p . 

Disintegrate f into f y and f 2 • Then for f-measurable,

integrable f f f (y . (J) . df (y . (J) = f f f (y , 3) . df y( 3) . df "(y )
J Hp xIR + u J fl. p J IR +

a.e.[P].

Suppose f' is symmetric, then Vg

t ( y .(i).dP(w)f [ ("g(J nj ap x co ,00,
= JJ

J n j aP*CO ,°t> >

-»oo

so that II IJ n J n J" ^P L,

r r r00= (»g(w
J n J a p J 0

r r r00
= 111 (Hg(GI

\t r> J n O I* V-D n

where T] 2 (G)=f 2 (-G) .

Uniqueness of random measures implies that r\ 2 =£ 2 and that 

f_y=f y . That is f 2 is symmetric and f y =f- y a.e.[£ 2 ].

Example

There are symmetric types on L 1 (Q. P ) which have 

representing random measures that are non-zero on the 

non-symmetric types.

Let f =(6( e i , o ) + ^( - e i , o j )/2 for every u€n. The symmetric 

types on &p are of the form t (x) = ( llxll p +ap ) 1 ' p , so that f has
CJ

non-zero measure on the non-symmetric types. But T is

symmetric since Vg€L 1 (n:Q.p )

T(g)=Eu [llg(Gi)+c 1 ll

- 40 -



Part 2 : Representations of 3( X).

2.7 Representation of gTfX) as

In many situations the symmetric types have a convenient 

representation, for example a symmetric type on Q.p is of the 

form a(x) = { llxll p +ap } 1 ' p for some a€[0,°°), and we consider now 

possible decompositions of ^(X) in terms of ^(X). In 

particular we find conditions on a stable Banach space X to 

enable us to write y(X)=X*y(X) , that is if T€2T(X) , then there 

exists y€X, a€^(X) with T=T y *cr.

This of course is the case in 5"(Q. P ), where we have for a 

general type T, T(X) = ( llx+yll p +ocp ) * ' p = (ry *o) (x) where 

Ty (x) = llx+yll and o is as above. We shall find conditions for 

the decomposition of 2T(X) as X^S/> (X) and X*2Twn (X) where ywn (X) 

is the set of weakly null types on X (to be defined later).

Def ini t ion
00

1. A basis {xn }± of X is a sequence such that if x€X, there 

exists unique scalars an with x=2an xn (norm convergence).

2. A basic sequence is a sequence which is a basis of its 

closed linear span.

3. An unconditional basis is a basis {xn } such that for every 

x€X, its expansion in terms of the basis 2an xn converges
00

unconditionally, that is convergence of SjanXn implies

convergence of 2 - an xn for all subsets o of IN.

4. Let {xn } be a basic sequence in X. Let {uj } be non-zero of 

the form Uj=2€CTan xn , with scalars an and integers Pi<p 2 <---. 

and <7j ={PJ +1 , • - • , PJ + i } . Then {uj } is a block basic sequence 

of the {xn } •
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Lemma 2.7.1

A Banach space X with unconditional basis {xn } is weakly 

sequentially complete iff {xn } is boundedly complete. Since 

stable spaces are weakly sequentially complete [Gu&Lal], a 

stable Banach space cannot contain a copy of c 0 .

The basis {xn } is shrinking iff every block basis {an } is 

weakly null, which happens iff Q.J does not imbed in X. X is 

reflexive iff c 0 r / >X and fl. t r / >X. hence X is reflexive iff 

{xn } is shrinking and boundedly complete.

Lemma 2.7.2

Let X be a Banach space with an unconditional basis (ei)t . 

Suppose that X does not contain any subspace isomorphic to 

c 0 . Let (xn ) be a bounded sequence in X, then there exists a 

subsequence (xn )k of (xn ) such that xn =yk+Wk with ykAwk=0,
k k

(yk) converging in X and (wk) being a block basic sequence. 

See J.Bastero [Ba].

Definition

A type is weakly-null if it can be defined by a weakly 

convergent to zero sequence. Let 5"wn (X) be the space of 

weakly-null types.

A type, T, is a block type wrt a basic sequence x if there 

is a block subsequence ^ of x , such that T can be defined by 

, i.e. T(z) = limn llz+yn ll Vz€X.
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null type is a block type wrt (xn ), that is 5" W n (X)cyb (X) .

Proof

If T€7wn (X) is defined by (yic). then yk ———K) weakly but 

II yk II / >0 • Thus there exists a subsequence of {yk} which is 

equivalent to a small perturbation of the block basis of 

{xn }, hence T€5"b (X).

Let X be a Banach space with an unconditional basis. We 

may give an asymptotic representation of the types on X. If o 

is a type, given by a norm-bounded sequence (xn )n. then by

2.7.2 there exists a subsequence (x ) of (xn ) such thatnk '

x =yk+ak with yk convergent to a in X, and an is a block
Hk

basic sequence with a(x) = l imv llx+a+an II .

Lemma 2.7.4

Suppose c 0 c—A*X and that X has an unconditional basis. If 

the constant of unconditionality is one and the basis is 

shrinking, then 9"b (X) = ^(X) = ywn (X).

Proof

By 2.7.3, the weakly null types form a subset of the 

block basis types. By [Ba] 5"Wn(X) = ^(X) , and so under this 

hypothesis 5'b(X)Ci/> (X)n5'Wn (X) . Hence symmetric types are 

precisely the weakly-null types which are exactly the block 

types wrt the basis (xn ) of X.

It is a theorem of H.P.Rosenthal that if YCX is infinite 

dimensional and X is separable with O.^—/-»X, then 

5"wn (Y,X)Ci/> (Y,X) iff every normalized weakly null sequence in 

Y has a subsequence almost 1-unconditional over X, see 

[Rosl]. If ywn (X)cy(X) then X contains an unconditional basic 

sequence.
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Proposition 2.7.5

If X is a separable Banach space not containing fl. lf then 

(X) is a closed subspace of ^(X) (with the pointwise 

topology). Let ^wn (X) be the set of weakly-null and symmetric 

types. Then ywn (X) and i/'wnCX) are locally compact, <7-compact 

spaces. See [A&N&Z] .

Proposition 2.7.6

Let X be a stable Banach space with unconditional basis 

(et). Then 2T(X)=X*2Tb (X) , where 2T b (X)=STb (X ; e) is the space of 

block types with respect to e=(et).

Proof

Since X is stable, it contains no copy of c 0 . We can 

represent any type a as cr(x) = l imllx+a+a n H=(T a *T) (x) , where 

T a (x) = llx+all and r(x) = l imllx+an II . Then T a €2T x (X)CX , and

Corollary 2.7.7

Let X be a reflexive stable space with unconditional basis 

(and hence the basis is shrinking). Then 2T(X)=X*ywn (X) . If 

the unconditional constant of the basis is one, then 

y(X)=3b(X). and so y(X)=X*Jf (X)=X*ywn (X)=X*3-b (X) .

Let l<p<°°. Then &p and Lp have unconditional bases, and 

<€[(), 1] has a basis but not an unconditional basis. If 

Lp([0,l],X) has an unconditional basis, then Kp<<» and X is 

superref lexive . L p (/u,X) contains c 0 , Q, ± iff X contains c 0 , Q, ± 

respectively. In the case of c 0 this works for p=l as well. 

See Diestel & Uhl , [Di&U2] .
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2.8 Types on Li(Lp ).

The representation of 2T(X) as X*y(X) in the section 2.7 

depended upon an unconditional basis with basis constant one. 

While Lp has an unconditional basis (for Kp), the constant 

is not one. Here we aim to produce similar representations 

for 5"(L 2 k) k>l, and hence for ^(L^Lp)) via random measures. 

These representations are found by considering weak limits of 

the defining sequence of the type in Lp and its subspaces. 

This is possible since in a reflexive Banach space every 

bounded sequence has a weakly convergent subsequence, [D&S].

By this method we gain representations of 5"(L 2 ) as a 

subset of L 2 x[0,«>), and !7"(L 4 ) as a subset of 

L 4 xL 2 xL 4/3 x[0 , «>) , which can be reduced to L 4 x[0,°°) if the 

weak limits sit in L^. We finish by applying these 

representations to the study of 5"(L 1 (L 2 k)), looking at the 

form of symmetric types and convolution.

Representing 3TL-,) as Lo 

We can represent !7(L 2 ) as a subset of L 2 x[0, a) ). For let 

T€3-(L 2 ), then Vf€L 2 T( f ) 2 = 1 imllf +gn Il 2 = llf II 2 + 1 imllgn H 2 +21 im< f , g n > 

= llf Il 2 + r(0) 2 + 2<f ,g> , if g=(w)-limn g n . Hence

r(f ) = [llf H 2 + 2<f ,g>+T(0) 2 ] 1/2 , so that T can be represented as 

(g,a)€L 2 x[0,«>) , where a=r(0) .
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Suppose T,<7€y(L 2 ) have representations 

T(f ) = limllf+g n ll = [llf Il 2 + 2<f ,g>+T(0) 2 ] 1/ 2 and 

a(f ) = limllf + h m ll = [llf H 2 +2<f ,h>-»-c7(0) 2 ] 1/ 2 . Then 

(T*or)(f) 2 = li mn lim m llf+g n +h m ll 2 =

limn , m [llf Il 2 + llg n ll 2 + llh m ll 2 + 2(h m ,gn>+2<f ,g n >+2<f ,h m >] 

= [llf Il 2 + 2<f ,g+h>+T(0) 2 +2<h,g>+CT(0) 2 ], and 

(r*a) (0) 2 = limn l im m llg n +h m ll 2 =

(rxa)(f ) 2 = [llf N 2 + 2<f ,g+h> + (T*cr)(0) 2 ]. Thus convolution in 

L 2 x[0,») becomes (g , a)*(h , (3) = (g+h , [a 2 + P 2 +2 <g , h> ] 1 ' 2 ) .

There is a further representation of 5"(L 2 ) as L 2 x[0, a>) 

similar to the representation of ST(Ji 2 ) as Q. 2 x[0,«>). Let 

T( f) = 1 imll f+g n II , and g be the weak limit of {gn}- Then 

T(f) = limn llf+g+g n -gll = [llf+gll 2 + limllg n -gll 2 + 21im<f+g,g n -g>] 1/2 

= [llf+gll 2 + 'Y 2 ] 1/2 . Then -r 2 = ll f II 2 -II f+gll 2 + 2 < f , g>+r(0) 2 

= T(0) 2 -llgll 2 =a 2 -llgll 2 = limllg n -gll 2 = Iimllg n ll 2 -llgll 2 . Thus there 

is a map between the representations given by

T:(g,a)———Kg,a 2 -llgll 2 ).

Convolution in this new representation is given as 

before, viz: ( T*a) ( f ) = 1 imn 1 imm ll f+gn +hm ll = l im n [ II f+gn +hll 2 + 6 2 1 ' 2 

= [llf+g+hll 2 + -Y 2 + 6 2 ] 1/2 . That is in L 2 x[0, «>) ,
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Representations of

For a uniformly integrable type T on L t (L 4 ) we can 

represent it by f Cirj (y(L 4 ) ) . so that for g€L t (L 4 ), 

T(g)=F f t[g(u)]df (t)dP(u). For t€2T(L 4 ), 3n(E-rr 4 (IR) and
J nJ y(L 4 ) u

with Vh€L 4 (2,m) t(h)=|| ] | s+h(u) | 4 dii u ( s )dm(u) + p>*Y ' *
2, IK 

Instead of the representation of 3"(L 4 ) as ir 4 (IR) x[0 , «>) ,

we derive a representation of 5"(L 4 ) as a subset of 

L 4 xL 2 xL 4/

Proposition 2.8.1

There are representations identifying y(L 4 ) with a subset 

of L 2 x[0,«>), and 5"(L 4 ) with a subset of L 4 xL 2 xL 4 , 3 x[0 , °°) .

Proof

Let r€^(L 4 ) with T( f ) = 1 imll f +g n II 4 = 1 imll f -gn II 4 . So that 

Vf€L 4 T(f) 4 = liml/2[llf+gn ll 4 + llf-gn ll 4 ]=|-li mJ{ |f+gn | 4 +|f-gn | 4 } = 

Iim|{f 4 +6f 2 g^+g 4 } = llf H 4 + limllgn ll 4 + 61im<f 2 ,g^> . Now if we let 

u=(w)limgn, then <f 2 ,gn> —— ><f 2 ,u 2 > considered as a limit in 

L 2 3L 4 . So Vh€L 2 , <h,g^> —— ><h,u>. Then as before 3oc€IR + with

Hg2H 2 ——— ̂ (llulll+a 2 )^ 2 , thus Hg n ll 4 =J|gn | 4 =J|(gn) 2 | 2 = "gnlli

—— >llull|+a 2 . So that T( f ) = [ II f H 4 + llulli+a 2 + 6< f 2 , u> ] l ' 4 . That is 

every symmetric type T can be represented by a pair (u.oc) in 

L 2 x[0,«>).

Suppose now that r€5"(L 4 ). Then

= llf H 4 + limn llgnll 4 -»-61im n <f 2 ,gn 2 >+41im<f 3 ,gn >+41im<f ,g^>

= Hfll 4 + llu 2 ll|+a 2 +6<f 2 ,u 2 >+4<f 3 , Ul )+4<f ,u 3 > , where u 2 is the

weak limit in L 2 of g 2 €L 2 , Uj is the weak limit in L 4 of
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g n €L 4 , and u 3 is the weak limit in L 4/3 of gn^L 4/3 . Thus 

J(L 4 )CL 4 xL 2 xL 4/ 3 x[0,<»).

The following lemma places a restriction on the subset 

that 7(L 4 ) is identified with, namely 

2T(L 4 )C{(u 1 ,u 2 ,u 3 ,a)€L 4 xL 2 xL 4/ 3 x[0,«>) : uf<u 2 , uf^UiU;

Lemma 2.8.2

If (gn) is a bounded sequence in L 4 such that gn 

weakly in L 4 , g 2 ——>h weakly in L 2 and gn——>k weakly in L 4/3 , 

then (a) g 2 <h and (b) h 2 <gk. 

Proof

(a) For any measurable set A, |g| = lA-sgn(g).g =
J A J

P / f \ lx 2 
limn l A .sgn(g).gn < liml l A -gn) (P(A)) 1

/f h) 1/2 (P(A)) 1/2 . Thus g2 <h.

(b) For any A, h 2 = limm limn gmgn <
J A J A

limm limn ( gmgn) ( gmgn) ———» gk.

2 _

We can now work out the structure that convolution takes 

in L 4 xL 2 xL 4/3 x[0, °°) . For a symmetric type CT€^(L 4 ) we have the 

following.

Let cj(f) = lim n llf+h n ll = [llfll 4 + llvlli + p 2 + 6<f 2 ,v>] 1/4 , where 

v =( w)-l imn h 2 . Then TXcr€^(L 4 ) and so can be represented as 

(T*a)(f ) = [Nf Il^ + llwlll + -r 2 + 6<f 2 ,w>] 1/ 4 , since 

(Txtr) 4 (f ) = lim n lim m llf+g n +h m ll 4 = 

II f II 4 +limn ,mllgn+h m ll 4 + 61im n , m <f 2 , (g n +h m ) 2 > =
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f Il 4 + limn , n . m

llf H 4 + llwlll + T 2 +6<f 2 ,w> . Thus w=(w)-lim n lim m (g n +h m ) 2 and 

-r = limn lim m ll(gn+h m ) 2 lli-llwlll = lim n , m llg n +h m ll 4 -llwll f .

Proposition 2.8.3

Let T and a be types on L 4 with representations 

T=(U! ,u 2 ,u 3 ,a) and CT=(V! , v 2 , v 3 , £) in L 4 xL 2 xL 4 , 3 x[0 , «) . Then 

T*CT has the representation

(Ui+Vi, u 2 + 2u 1 v 1 +v 2 , u 3 + 3u 2 v 1 +3u 1 v 2 +v 3 , (a 2 + (5 2 ) 1/2 ) in 

L 4 xL 2 xL 4/ sxE 0 . 00 ) •

Proof

Let T=(U! , u 2 , u 3 , a) and o=( v 4 , v 2 , v 3 , P) . Then

= T(£ ) 4 + 4<u t ,v 3 >+6<u 2 ,v 2 >

4<f 3 ,v t >+4<f ,V3>+4<u 3 ,v 1 >+12<u 1 ,£ 2 v 1 >+12<u 2 ,fv 1 

= II f H 4 + llv 2 lli + P 2 + llu 2 lll+oc 2 +

4< f , u 3 +3u 2 v 1 +3u 1 v 2 +v 3 >+4<Uj , 

= II f Il 4 + llw 2 lll + 'r 2 + 6<f 2 ,w2 >+4<f 3 ,w 1 >+4<f , w 3 > , say. So that 

W 1 =u 1 +v 1 , W 2 =u 2 +2u 1 v 1 +v 2 , and W 3 =u 3 +3u 2 v 1 +3u 4 v 2 +v 3 .

Indeed T 2 + llw 2 ll| = l imn 1 imm llh^ + 2g n hm +g^ II f

+ |3 2 + llu 2 lll+a 2 +6<u 2 ,v 2 >+4<v 3 ,Ui >+4<Vi ,u 3 > . So that

U3,a)^(v 1 ,v 2 ,V3,P)=(u 1 +v 1 ,u 2 +2u 1 v 1 +v 2 ,

+ 3u 2 v 1 +3u 1 v 2 +v 3 , (a 2 + 3 2 ) 1/ 2 ) in L 4 xL 2 xL 4/ 3 x[0 , «>) .
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We now show that a uniformly bounded type can be

represented by an element of L^:

Consider a type r€?T(L 4 ), defined by {g n }. Then g n ——Hi 

weakly. Let u 2 be the weak limit of g 2 in L 2 . Suppose that 

there exists a subsequence of gn in L^. Then

|J g 2 -U 2 dM =|J [gn(t)-U 1 (t)][gn(t)+U 1 (t)]d/l(t)

gn(t)-Ul (t)dM(t) -K) as n- . Thus u 2 =Ui,

and similarly u 3 =u?. Hence II f+u t II 4 = ll f^2f u t +u? ll| 

= llf Il 4 + llu?lli + 6<f 2 ,u 2 >+4<f 3 ,u 1 >+4<f ,u?> . So that 

r(f ) = [Hf+u 1 ll 4 +a 2 ] 1/ 4 , and

Ill+llu?lli + 6<g 2 ,u?)-4<g^,u 1 >-4<g n ,u?>———*x as

n-

Representations of

S. Guerre gives, in [Gul] and [Gu3] , a representation for 

symmetric types on L 2 k . for k€IN k>2. As in the case of L 2 and 

L 4 , we can produce a representation of ^(L 2 k) as a subset of 

. ..L 2 k/ 2 k-ix[0,«>).

If T(f ) = limn llf+g n ll , where T€2T(L 2k ), then

f+gn 2k

i = O

is the weak limit of gn2k- i
i = O

so u 2 k- i

= limn

1 .u 2 k-t>. where u 2 k_i 

/ 2k- i • Then

(f+gn) 1 ,V 2k -i > =

i = O

i = O j = Ork ( 2?)r(})<"—.
= 0 J = O

V2k _ 1 > t then wr =
i = O t = o

- 50 -



Having indentified 3"(L 2 ) as a subset of L 2 x[0,<»), and 

5"(L 4 ) as a subset of L 4 xL 2 xL 4 , 3 x[0,°°) , we use these to study 

the representation of y( L i( Lp)) as T^ (7 (L p ) )x[0 , ») .

Theorem 2.8.4

Assume that the representation of a symmetric uniformly 

integrable types on Li(L 2 ) as a random measure is uniquely 

determined. Let T be a uniformly integrable type on L 1 (L 2 ), 

represented by f €11^ (3r (L 2 ) ) . Suppose that the representation 

of types as random measures preserves convolution.

Then T is symmetric iff f 2 is symmetric and fg=f_g 

a.e.[f 2 ], where {f^}, f 2 is the disintegration of f.

Proof

The general form of a type on L 2 is t (h) = [ Ilh+gll 2 +a 2 ] 1 ' 2 , 

where g=(w)-limgn and ot=l imllg n -gll , and {g n } is an 

approximating sequence for t.

Let T be symmetric. Let r\ represent (-T). Since there 

are Frechet differentiable points in L 2 , by Theorem 4.2.1 we

a.e.[P] for all h€L 2 . Lethave I t(h)df (t)=| t(h)dri (t) 
J 2T(L 2 ) U J 2T(L 2 ) "

T:L 2 x[0,<»)———»L 2 x[0,«>). Then{ . „,,_„ _,
J nJ L [Ilf(u)+gll 2 +a 2 ] 1/2 df (g.a)dP(Gi) = 

2 x[0 «>)

[Ilf((j)-gll 2 +a 2 ] 1/2 df (g.c
J nJ L 2 x[o f «>)

f f [Nf((j)+gll 2 -i-a 2 ] 1/2 dTi (g.a)dP(u) , where 
J nJ L 2 x[0,«») w

T) (E)=f oT~ 1 (E)=f {(-y.oc): (y,oc)€E>. Uniqueness implies that
U (0 03

f =T) a.e.[P]. Hence T is symmetric iff f is symmetric in L 2 

Further if we disintegrate f into f f and f 2 , then r(f)=

[Hf(o3)+gll 2 +a 2 ] 1/2 df"(a)df 2 (g)dP((j) and soUJ f) J T\l 1- a
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JJ'
L

[Hf( W )-gll 2 +a 2 ]" 2 df e (o)df 2 (g)

=JL2 >C t " f(w
Then f 2 =f 2 oT~ 1 and fg=f_g a.e.[f 2 ]. So that T is symmetric 

iff f 2 is symmetric and ff=f_g a.e.[f 2 ].

Example

A random measure representing a symmetric type doesn't 

necessarily have to be concentrated on the symmetric types. 

For example fix a non-zero e€L 2 (IR) and let 

f =l/2[6(e,0)+6(-e,0)] Vw. Then the corresponding type on
CJ

L ± (L 2 ) is given by r(f)=E [ llf (u) + ell + llf (u)-ell ]/2=r(-f ) , so T 

is indeed symmetric. Symmetric types in L 2 are given by 

(0,a)€L 2 x[0,«>) , so we must have f (^(L 2 ))=0.

Convolution. 

The calculation of convolution runs as follows :

(or*T)(f)=E [ llf (u)+g+hll 2 +oc 2 + 3 2 ] 4 ' 2 df (g,a)dT) 
J L 2 x[0,oo)J L2 x[0,oo) w

p nOO p pOO 

J T J J T J1., o n i-> 5! n= JJJ nJ L• UI
\L L^ 2 O

Then if o and T are symmetric, so is <JXT . Then by above

2. o
[llf (u)+kll 2 + T 2 ] 1/ 2 d(f*T)) (k.-r)dP(u) 

2 x[0,«)) U
,00

is symmetric and (f *T])k = (f *T))_ k a . e . [ (f *n) 2 ] , and 

these conditions are equivalent to the similar conditions on 

f and TI .

In the examples below we show how this works for simple 

cases.
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Examples

O . W .
for any ji •1. Let g€L 2 , f 2 = [6 e +6_ ? ]/2 and fh= 3

VP-h

Then r(f) = E w |J J [ II f (u)+hll 2 +a 2 ] 1 ' 2 df h (a)df 2 (h) } =
L 2 o

E {[llf (u)+gl! 2 + 9] 1/ 2 + [llf ((j)-gll 2 + 9] 1/ 2 }/2 , so T is symmetric

Also f 2 is symmetric and fh=f-h a.e.[f 2 ] as required.

2. Let h,k€L 2 . Let

if l=*-h 
if l=tk. Then 

o . w .

E {[llf (u)+hH 2 +
GJ

and

1/ 2 }/3

Then with T and f as above, we calculate (a*T)(f) as

h+glP+lO] 1 ' 2 + [llf (oj)+h-gll 2 + 10] 1/ 2 

(u)-h+gl! 2 + 10] 1/ 2 + [llf (Gj)-h-gll 2 + 10] lx 2 )/6

E {([llf(w cj l v L v

(u)-k+gH (u)-k-gH 2 + 13] 1/ 2 )/2}

Then

6(\/10) if 1= : 
6(Vl3) if 1= : so that (f*«Ti)i =fi»*T)i and

O . W
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Symmetric types on L<fL«"). 

Let T€2T(L 1 (L 4 )) be given by, 

(f )=| f[llf ((j)ll 4 + llu 2 lli-»-6<f (u) 2 ,u 2 >+4<f ((j) 3 , Ul >-»-4<f (w) ,u 3 >] lx 4
^ O^ T vT vT vFP ** J_» 4 ̂  J_j o ^* 4 / 3 +

(u t ,u 2 ,u 3 ,oc)dP(u).
uJ

Then T is symmetric iff f is symmetric on 5"(L 4 ) which happens 

iff f is symmetric in L 4 on L 4 xL 2 xL 4/3 xIR + . Let 

F[f(u),u 1 ,u 2 ,u 3 ,a] = [llf(u)ll 4 + llu 2 lll + 6<f(u) 2 ,u 2 > + 

4<f(u) 3 ,u 1 >+4<f(u),u 3 >] 1/4 .

We can however find symmetric types with associated 

random measure concentrated wholly on the non-symmetric 

types. For example let f=l/2[6(e,0,0,0)+6(-e.0,0,0)] for a 

fixed non-zero e€L 4 . Let f =f, then f is a random measure 

concentrated on the non-symmetric types of L 4 , where we are 

representing 5"(L 4 ) as L 4 xL 2 xL 4 / 3 xK+ . Then 

2r(f)=E [llf (u)H 4 + 4<f (u) 3 ^)] 1 ' 4 +E [ II f (u) II 4 + 4< f (u) 3 , -e > ] 4 ' 4V / yL \ J V 7 ' J yL V J V 7 J

=2-r(-f), so that T is indeed symmetric.
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CHAPTER 3 : DERIVATIVES OF TYPES.

3.1 INTRODUCTION

The aim of this chapter is to study various differential 

properties in 5"(X) , in particular with reference to the 

concept of smoothness in X. The ideas evolved out of work on 

the uniqueness of representing types as random measures, 

where we were led to consider cases when

T(-nx)+T(nx)-2nllxll——K) as n——*». By looking at the functional 

f x :2T(X)——»IR defined by f x (T) = ! imn [T(nx)-nllxll ] , we develop a 

tool that reduces the question of uniqueness for random 

measures on 3"(X) , to one of measures on 5"(X) .

We develop the properties of f x and compute some simple 

examples, where it can be seen as extracting some information 

about the weak limit of the defining sequence of the type T.

Gateaux and Frechet differentiability can be defined for 

arbitrary real-valued functions on X, and we consider 

differentiability of types on X, which leads, after looking 

at some examples, to the extension of the norm-duality map 

from X to 2T(X) .

3.2 The functional f*.

Def ini tion

The Banach space X is said to be smooth at x€U(X) 

whenever there exists a unique f€U(X*) such that f(x)=l. If X 

is smooth at each point of U(X) then we say that X is smooth.
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X is said to have a Gateaux differentiable norm at x 

whenever given y€X, 1 imllx+ty II-llxll = p ' (x;y) exists. If the norm
t

of X is Gateaux differentiable at each point of X then we say 

that X has a Gateaux differentiable norm.

Then X is smooth at x iff the norm of X is Gateaux 

differentiable at x. See [Di ].

Defini tion

X is said to have a Frechet differentiable norm at x 

whenever 1 imllx+tyll-llxll exists uniformly for y€X. If the

norm of X is Frechet differentiable at each point of X then 

we say that X has a Frechet differentiable norm.

Thus smoothness is equivalent to the existence of a 

unique norm to norm weak-star continuous support map, and 

Frechet differentiability is equivalent to the norm to norm 

continuity of this support mapping.

For a general discussion of smoothness and related 

topics, the reader is refered to Diestel [Di ], Cudia [Cu] or 

Day [DajjL]. In [Da»£] it is shown that the Lp -spaces are 

smooth, • "-•" ". The differential of 

the norm, p 1 , is computed for IR n , L p , and C(Q.IR) in [Ho]; 

where it is also shown that the set of smooth points of a 

solid closed convex subset of a separable Banach space is a 

residual (i.e. dense and of second category) subset of 8(A). 

For Kp< 0> , Lp(X) is smooth iff X is smooth.
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Although 2T(X) is not in general a Banach space, in 

certain situations we are able to extend functionals to 

Here we use a uniform convergence argument to enable us to 

define f x (-r), a linear functional on !7(X) in the sense that 

f x (aT*pcr)=af x (-r) + £f x (cr) . One can view f x (-r) as the derivative 

of the weak part of T, that is in many cases f x (T)=p'(x;u) 

where u is the weak limit of the approximating sequence 

defining T. We now define f x and explore some of its basic 

properties. Assune X is st<xble.

Lemma 3.2.1

Let (an k) be a sequence of real numbers. Suppose limRan 

exists for each n, and limn an k exists uniformly in k. Then

= limklimn an k.

Suppose a type T has approximating sequence {yk}. Let

an k = II x+yk /nil- llxll -p ' (x . yk/n) . If II . ll x is Frechet
llyk/nll

dif ferentiable at x, then Ve>0 36>0 such that IIAylKS implies

that Ilx+Ayll - llxll - p'(x;Ay) < e.
II A -.r IIII Ay II 

Assume that T isn't the trivial type, so that (yk) has

no subsequence convergent to 0. Thus there exists a greatest 

positive integer R such that lly k ll=0. Let Pg = inf {llyj 11/6 : 

j>R}. Since the yk are bounded, CKPO. Let e>0, then 36>0 as

above. Then there exists P,. such that for n>P r and j>R6 o

llyj/nll<6 thus |an k|<£. That is limn an k converges uniformly 

in k. We know already that lim n ank =0 and that limk an k exists, 

so 1imn 1imkan k=limk1imn an k=0.

- 57 -



That is limn limkan k = limn[T(nx)-nllxll-limk p ' (x;yk )]=0. So 

that 1 imn [T(nx)-nllxll] = l imkP ' (x; yk ) - We are thus motivated to 

make the following definitions.

Def ini tion 

Let x€X. Let

(A) Define f x (r) = l imn [T(nx)-nllxll ] whenever this exists.

(B) We say that T is a continuity point of f x if fx("r) exists 

and equals 1imm p'(x;ym ) whenever (ym ) is an approximating 

sequence for T.

So if x is a point of Frechet differentiability, then 

for all types T on X, f x (~r) exists and T is a continuity 

point of f x •

Lemma 3.2.2

Suppose that T is a continuity point of f x , that is both 

(A) and (B) hold, then

(i) f x is well defined, 

(ii) f_ x =-fx

(iii) fx(-T)=-f x (T)

Proof

(i) Suppose T(x) = lim m llx+y m ll = lim m llx+z m ll . Extract 

subsequences so that p'(x;ym ) and p'(x;z m ) converge. Then 

0= 1 i m n [ T ( nx ) - T ( nx ) +n II x II -n II x II ] 

= limn [T(nx)-nllxll]-limn[T(nx)-nllxll] = lim m p' (x ; y m )-1 im m p ' (x;z m )

(ii) f_x(T)=lim m p'(-x;y m )=-lim m p f (x;y m )=-f x (T).

(iii) fx(-T)=limm p'(x;-ym )=-lim m p'(x;y m )=-f x (T).
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Proposition 3.2.3 

Let X be a Banach space and x€X. Suppose that for all

, f x (T) = limn [T(nx)-nllxll] exists and that T is a 

continuity point of f x - Then ll»ll x is Frechet di f f erent iable 

at x.

Proof 

The second assumption tells us that f x (T)=!imm f x (T )
Ym

whenever T is a sequence of degenerate types converging to 
ym

T. Using the density of these types in 5"(X) and an easy lemma 

about metric spaces we see that f x is contirtbus on !7(X) .

Now T(nx)-nllxll is a decreasing function of n. So Dini's 

theorem tells us that T(nx)-nllxll converges to f x ("r) uniformly 

on the compact set {r€!7(X) - T(0) < 1 } . In particular 

[llx+hyll-llxll]/h——>p'(x;y) uniformly over y€ball(X), which is 

the criterion of Frechet differentiabli1ty.

Proposition 3.2.4 

Suppose T,a€3r (X) and that f x (-r), f x (cr) exist for some

Suppose that T and a are continuity points of f x then

exists, f x (T*cr)=f x (T) + f x (a) and TXCT is a continuity 

point of f x .

Proof

If (ym) and (ZK) are approximation sequences for T and o 

respectively, then f x (T)=!imm p f (x;ym ) and f x (a) =1imk p'(x;z k )
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Then llx+y m /nll - llxll ——— >p'(x;y m ) and
1/n n

p'(x;zk) = lim m p f (x;zk) = lini m p f (x ; y m + z k ) -1 im m p ' (x;y m )

= limn llm m /llx + (y m +z k )/nll - llxll - llx+y m /nll - llxll\ 
\ 1/n 1/n /

= 1 im n 1 im m llx + (y m +Zk)/nll - llx+y m /nll .
1/n

Thus 0=p' (x; z k )~P ' (x;z k )

= lim n limm llx + (y m +Zk)/nll - llx+y m /nll - 1 lm n llx+z k /nll - llxll
1/n 1/n

= lim n [limm ( llnx+y m +Zk ll-llnx+y m ll )+nllxll-llnx+Zk II] 

= 1 im n [ 1 im m llnx+y m +Zk ll-llnx+Zk II -1 im m llnx+y m ll+nllxll ] 

= 1 im n [f(nx+Zk )-llnx+Zk II -r(nx)+n llxll ] 

Therefore 1 im n [r(nx+Zk )-llnx+Zk II ] = 1 im n [T(nx)-nllxll ]

=lim m p'(x;y m )=f x (T)

f x (T)+f x (a) = lim m p ' (x;y m )+limk p ' (x;z k )

= 1 im n [r(nx+Zk )-Hnx+Zk II ] + l im n [ 1 imk Ilnx+Zk II -n llxll ]

= 1 imk 1 imn [r(nx+Zk )-llnx+Zk II ] + l im n 1 imk [ Ilnx+Zk II -n llxll ]

Let an k=T(nx+Zk )-Nnx+Zk II • Then lim n a n k exists uniformly 

in k, and 1 imka n k = (T^(7) (nx)-a(nx) which exists for each n. 

Thus 1 imk 1 im n a n k = l inin 1 im k an k . 

f x (T) + f x (cr) = lim n 1 im k [T (nx+Zk)- Hnx+Zk II ] + lim n 1 im k [ llnx+z k II -n llxll

= limn limk [T(nx+Zk)-nllxll] = 1 im n [ (T*CT) (nx) -nllxll ] = f x (T*CJ) 

and f x (T) + fx(cr) = lim m p ' (x ; y m ) + 1 im k p ' (x;z k )

= limklimmp' (x;ym +z k ) = 1 im m l im k p ' (x ; y m +z k ) . 

So T*CT is a continuity point of f x .

- 60 -



Lemma 3.2.5

Suppose T is a continuity point of f x and f y . Then 

(i) If aXO then a.r is a continuity point of f x , 

f x (a.T)=ocf x ( T ) and f (T) = [ s ign(a) ] . f x (T) .
\jiJ\.

(ii) f x (T y )=p' (x;y) so that f x (a . T X ) =allxll .

Proof 

(i) f (T) = limn [T(nax)-nllaxll]
CX A.

= | a | lim n lim m [llnx+y m /all-nllxll] = |a | lim m p ' (x;ym/a)= |ot |/a. £ X (T)

Let cr=a . T . Then 1 imn [cr(nx) -nllxll ] = 1 im n [ 1 im m llnx+ay m ll-nllxll ] 

= | a | limn [T(nx/a)-nllx/all]= |a|f x/a (T)=af x (T)=a.lim m p' (x;aym ) 

= 1 im m p ' (x ; ay m ) . So f x (cr) exists and equals 1 im m p ' (x ; ay m ) . 

( i i ) is trivial .

Lemma 3.2.6

Suppose T is a symmetric type. Suppose that T is a 

continuity point of f x . Then f x (T)=0. If f x (T)=0 for some 

(T,x)€2T(X)xX, then Vy€X

1 imn [-r(nx)-T(-nx) ] = 1 imn [r(nx+y ) -r(-nx-y ) ]=0. 

Proof

Vz€X, T(Z)=T(-Z). Thus f x (r) = l imn [T(nx)-nllxll ] 

= limn [T(-nx)-nllxll] = f_ x (T)=-f x (T) . Hence f x ( T )=0.

If f x (r)=0 then 0=f x (T) -f _ x (T) =1 imn [r(nx) -T( -nx) ] . 

limn [T(nx+y)-ilnx+yll] = limn [T(nx)-nllxll] = 0, thus 

limn [T(nx+y)-T(-nx-y)]=0.
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Proposition 3.2.7

Let a€J(L 1 (n:X)) be uniformly integrable and represented 

by the random measure f Cir,. (5"(X)) . Let g€L t (n:X). If for each

T€5"(X) f f I(T) exists for almost all cj€n, then f ? (cr) exists 
g(.w;

and fg( o

Proof 

f ? (a) = 1 imn [(7(ng)-nllgll L ]

= limn {[ [ T(ng((d))df (T)dP(u) - nf llg(u) H x dP(u))
n yrx'i n

= limn [ [ {T(ng(cj))-nllg(u)ll x }df (T)dP(w)
J n J or /" V "\

11 J I /V I

= f [ limn [T(ng(u))-nllg(ai)ll]df, i (T)dP(u)
J n J o

- j"!
v Ow &T f V \ \l J ^ W y

,(T)dP( U )

by applying the dominated convergence theorem twice. Thus if 

for almost all w€n [P], f /• A exists, then fg exists.

Proposition 3.2.8

Let T , a€5"(L 1 (fl : X) ) be uniformly integrable and represented 

by the random measures f, r\ respectively. Let g^L^fizX). 

Suppose that T and a are continuity points of fg. Suppose 

further that every type t€2T(X) is a continuity point of f , >

r ra.e. [P]. ThenJJ f g(B) (p)d(fMT,) u (p)dP( U )

= f I f f eru) (t^s)df (t)dr! (s)dP(y). 
JJJ g(u J w w

Proof
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*r(T) + f f (a) = f,(T*a) = f , ,(r)d(f*T)) (r)dP(u)J nJ 7(x) gl(JJ
Thus the two sides are equal whenever the set {cj:g(u)=0} is 

[P]-null. If g=0. then

*i(T)+f*(a)=r [ f (t*s)(0)df (t)d-n (s)dP(u) and
J nJ 2T(X) J y(X) W U

ff(T*a)=| I r(0)d(f*T|) (r)dP(cj). If g20 but P{u : g(u)=0}*0J nj y(x) u

then let F={u : g(u)=0} . Thus

= r f f
JcJJ

f f [ (t*«s)(0)df (t)dTl (s)dP(u) =

J F J y(X) J 2T(X) W w

Proposition 3.2.9

Suppose that for all i, f x (~Ti) and f x ("r) exist. Then 

(i) Let TI ——— >T in the weak topology. Then f 0 (Tj)

(ii) If Ti ——— >T in the uniform topology then fx(i*i) ——— >f x (T) 

(iii) f x (Ti) —— >f x (T) for all x does not imply that TI ——— >T 

weakly, (<v) limif x (T y ) = f x (limiTy ) , cjj (y^) to a l>cyi*»\«JU^L j»AC)tA*^.fca..

Proof

The uniform topology on 5"(X) is given by the metric 

dco (or,T) = sup{ |T(X)-CT(X) | :x€X} . Suppose dco (T i ,T) ——— K) , then

d«,( Ti ' T J )^ d«,( Ti ' T ) +doo( T J « T ) —— >°. thus ! T I ( nx )~ T J ( nx ) l< 

sup{ In (X)-TJ(X) |:x€X}=dw (Ti ,T) ——— K) as i.j —— x» .

Thus |f x (Ti )-f x (Tj ) | = limn ki (nx)-Tj (nx) | —— K)as i.j —— x».

So that 1 im t [Ti (nx)-nllxll] converges uniformly in n, and 

limn [Ti (nx)-nllxll] exists. Thus 1 im t 1 im n [Ti (nx)-nllxll ] = 

limn linii [Ti (nx)-n llxll ] = 1 im n [r(nx)-n llxll ] = f x (T) .

In c 0 , p f (x;y) = (sgn.Xi ) .y t . Let n (x)=max{ Ilx+y 4 II , (i} and 

T(x)=max{llx+yll ,ot} with y=(ptwi se) 1 inn yt and a=lly-yill. Then
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linii n (x)=max{llx+yll ,a, p}^y(x) if (*>ot. But f x (T! ) = ( sgnxj ) . 

and f x (-r) = (sgnxj ) . y j , so that f x (Ti)——»fx(-r) while

We now look at some illustrative examples, calculating 

f x on 5"(X) for some simple Banach spaces X. We also consider 

the question of whether f x (T)=0 only on the symmetric types, 

as we will be interested in such cases in chapter 4.

Examples

1. X=Q, 1 . In this case f x (r) exists precisely when T is a 

symmetric type. Let r€5'(Q. 1 ) with T(X) = llxll+a for some ot>0. 

Then f x (T)=a. But no types are continuity points.

2. X=&p . Every non-zero point of &p is Frechet

dif f erentiable . Types on &p are given by a(x) = ( llx+yll p +oc p ) 1 ' p

and symmetric types by T(X) = ( llxll p +ap )* ' p . Then if T is a

symmetric continuity point, we have

(llnxll p +ap ) 1/p -nllxll——»f x (-r)=0 as n-

0=limn [(Hnxll p +a p ) 1 ' p -nllxll ] = 1 im n [ ( llnx-y+y ll p +a p ) 1 /p -nllxll]

= limn [^(nx-y)-nllxll] = 1 im n 1 im m llx+(y m -y)/nll - llxll
1/n

= lim m lim n llx+(y m -y)/nll - llxll = 1 im m p ' (x; y m -y)
1/n

= lim m p f (x;y m )-p'(x;y) .

Thus f x (cr) = limm p'(x;ym ) = p f (x;y) . But since every 

symmetric type is a continuity point we have that all types 

are continuity points, and that f x (cr) = p ' (x; y) .
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3. Let T be a uniformly integrable type on L t (n:X). Let 

g€L t (X). If for each t€2T(X) , f (t) exists a.e. [P], then

f*(T) exists, and f*(T)=[ f (t)df (t)dP(u).
J oJ &T ( \ \ &()

For X=Q. P , every type is a continuity point of f , ^ and 

{ cr „ (t) s P'(g(w):y). So that for each f€0(y(ap ))

r rf*(t)df(t)= P'(x;y)df(y.fi). 
J 7(ap ) J H p xIR +

Disintegrating f into a family of probabilities {f y }, y€Q. p , 

on [O, 00 ) and a probability f 2 on Q. p , we have

f«r(T) = f f P i (g(u);y)dfS(y)dP(u)J n J a D

In the next set of examples we consider cases when 

fx(T)=0 implies that T is symmetric.

Examples

1. For X=Q,p . f x (T)=0 for some x does not imply that T is 

symmetric. Let y=( 1 , 0 ,...), x=(0 , 1 , 0 ,...). Then Vex 

T(z) = (llz+yll p +ap ) 1 ' p isn't symmetric. f x (T)=0 iff p'(x;y)=0 

and the Gateaux derivative at x defines a linear functional

on ftp , which is given by p ' (x ; • ) =x |x | p ~ 2 € Q. q where q"1 +p"1 = l.
llxll"- 1

So that p'(x;y) = ^ Xn '^,',P- i~ . then p'(x;y)=0 but T isn't 

symmetric.

2. For X=Q.p . If Vx€X, f x (T)=0, then T is symmetric.

Letting x run through {en}^ , the unit basis of Q, p , we 

see that for each n, y n =0, so that y=0 and hence T is 

symmetric.
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3. For T€y(Li (n:Q. p )) , f ff (T)=0 Vg does not imply that T is

symmetric. Let e ± = ( 1 , 0 , . . . )€Q. P . Put, Vu , f 2 = (6 e i +6_ e i )/2 ,
(61 y=e 4

f,y,H 6 2 y=-e t . Then VgCLiCQ:^) r(g) equals
10 o.w.

o 
Ê̂
H

2

Let g(u)=e 1 . Then T(g)={(2P +1)*' p +2}/2, T (-g)={1+2.21xp }/2 

So that T(g)=T(-g) iff p=l, giving a contradiction. So that 

fl-p)). but Vg fsC-r) =

(g(w):y)dfS(y)dP(aj)=E{ P I (g(ai):e 1 ) + p'(g(u);-e 1 )}/2 = 0II '•n o.

4. For r65'(L 1 (f]:Q.p )) , f ff ( T )=0 Vg does not imply that f 2 is 

symmetric.

We know that f s (r) = f f P'(g(w):y).df2(y).dP(w). Fi:J n j ap
y^O. For each u€Q let f 2 =(6y )/3 + 2/3(6_ y/2 ). Then f 2CJ

obviously is not symmetric, but for each g,

f,(r) = Eu {l/3p'(g(w):y) + 2/3p' (g(u) ; -y/2)} = EJO) = 0.

5. Let X=c 0 - When X=C(fl,IR) with Q a compact Hausdorff space, 

the smooth points of the unit ball are precisely the peak 

functions in C(n;K). See [Ho]. In this case, 

p'(x;y)=(sgnx(p 0 ))-6 P (y), where x obtains its norm at p 0 ,o
and 6 P is the evaluation functional, 6 P (y)=y(p 0 )- o o

Then f=(fi) is Gateaux differentiable iff

#{j : Ifj |=HfH} = l- That is, considering c 0 as a subspace of 

C(IN.IR), f is a smooth point iff it is a peak function.
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Let T€9"(X). Then T(X) =max{ llx+y II , (3} , so that f x (r) exists 

and equals p'(x;y) whenever x is a peak function. Since 

P'(x;y)=sign[x(i)].y(i) and if (ym ) is an approximating 

sequence for T then ym——»y, we have ym——»y coordinatewi se . 

Hence p'(x;ym )——>p'(x;y) whenever the latter exists. Thus 

whenever x is a peak function every type is a continuity 

point of f x • Also f x (T)=0 for some x does not imply that T is 

symmetric, but f x (T)=0 Vx does mean that T is symmetric.

Proposition 3.2.10

Let X be stable. Suppose ^(X)=X*^(X), in the sense that if 

r€5"(X) then there exists cr€y(X) and an x€X such that T=TX *<7, 

see chapter 2. If a is a continuity point of f 2 , then so is T 

and f 2 (T) = P ' (z; x) , and hence if f z (T)=0 Vz then T is 

symmetr ic.

Proof

fx(T)=fx(Tx*a)=f x (Tx)+fx(flr)=f,(Tx)=p'(z;x).

If p'(z;x)=0 Vz, then put z=x. Hence p' (z; x) = llxll=0 , so x=0 

and T=T 0 *a=cr€i/>(X) .

Later, we shall consider whether a random measure f 

representing a type T, is necessarily unique. We shall use 

the fact that f x ("r) + f _ x ("r)=0 to enable us to consider the 

uniqueness of the integrand. We find a similar result for the 

functional f& as follows:
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Proposition 3.2.11

Suppose that, for some T€y(L t (fl:X)), and all 

ff(T) = f f f (t).df (t)dP(y)Jj g((J) w- iY
J nJ or f V A\L J ^ f^. J

f (t).dTi (t)dP(y). If there exists x^O such
g r {i) i (L) i j

that every type on X i s a continuity point of f x then

f f £ 01 (t^J^f f ff y (Odri (t) a.e. [P].J er(x) gt(Jj u J g((J) u
Proof

Let hj (u)=g(u) . I A (W)+X. I AC(GJ) , h 2 ( w)=g(cj) . 1^( w)-x . I AC (u) , 

for some x€X, x^O , such that every type is a continuity point

of f x . Then fhi(T)+f h2 (T)=f f 2f ( t ) . df ( t)dP(u)
J AJ 2T(X) g((J) U

+ \ \ fx(t) + f_ x (t).'df (t)dP(Gl)
J AcJ 2T(X) W 

and f x (t) + f_ x (t)=0 Vt€2T(X). Thus VACfi

r r f (t).df (t)dp(«)=r r f (t)
J AJ 2T(X) g(U) W J AJ 2T(X) g( W) 

hence the result.

Lemma 3.2. 12

Let T be a uniformly integrable type on L 1 (fi:X). If every 

type on X is a continuity point of f , ^ and fg^(T)=0 for each

g€L 4 (Q : X) then f f (t)df (t)=f f (t)dD. 1 f (t)
J g(CJ) W J gcW) w

a.e. [P]. 

Proof

\ \ f o: y (t).df (t)dP(u) = -[ f * (t).df (t)dP(y) 
JJ 3TX gtU) J nJ 2TX g(U)

=JJ
JjjJ;2T(X) g(W: 

Hence the result by the above proposition.
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Calculations of f* on

To calculate f x on the space X=E@F, we need to know 

P'[(x,y);(u,v)] for (x, y) , (u , v)€E$F . Let (E,II.II E ), (F.ll.llp) 

be Banach spaces with dense G^-sets of Frechet di f f erent iable 

points. Let II (x,y) 11 = 11 ( Hxll E , Nyll F ) II*. where II-II* is a norm on 

R 2 .

Then one can show that there is a Frechet differentiable 

point (x,y)€X. Then the Gateaux derivative is given by 

P'[(x,y);(u,v)] = p^[( llxll, llyll);[p' E (x;u),p' F (y:v)]], where 

PTJ(*'") * s tne Frechet derivative of ll»ll*. and P'E. P'F are 

the derivatives of II»II E and II«II F respectively.

Example

We now consider the space of types on X=Q. p ©Hq , with a 

stable norm. We represent 5"(Q. p ©Q. q ) as (&P x[0 ,«>) )©(&q x[0 ,«>)), 

and are thus able to calculate f(x,y)("r), T€3"(X) . Not all 

norms on X are stable, so we consider only norms given by 

"norms of R2 " [Ra] . If 11.11* is a norm on IR 2 , define 

ll(x,y)ll = ll(llxllp, llyll q )ll* for x€{i p , y€Hq . This is a stable norm 

giving the usual topology on Q-pdJO-c, .

Let a be a type on X. So 3z n €X with cr(x) = l imn Hx+z n II , 

then z n =(xn ,yn) for some (xn ),(y n ). Then, for some 

(u,oc)€Q.p x[0,«>) and ( v , P)€dq x[0 , «>) 

a(x, y) = 1 imn II (llx+xn II, Hy+y n II) II*=

ll([llx+ull p +ap ] 1/p ,[Hy+vll q + p q ] 1 ^)ll* = Il(c7 1 (x),a 2 (y))ll*, where 

a 1 (x) = limn Ilx+Xn Up = (Hx+ull p +ap ) 1/p and

= l imn
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To check convolution, let cr,T€y(X). Let r t (z) = 1 im n llz + r n II

y€fi. q . Then (a*T)(x,y) = 1 im n 1 im m ll (x n , y n ) +( r m , s m ) + (x , y ) II 

= 1 im n 1 im m ll (x+x n + r m , y+y n + s m ) II 

= ll([llx+u+rll p +a p -fY p ] 1/p ,

Then f ( x , y > =1 imm p ' [ (x , y ) ; (u m , v m ) ]=p ' [ (x , y ) ; (u , v) ] as 

expected. So p ' [ (x , y ) ; (u , v) ] =

P»2 f ( llxll, II y II); [Sn.jXn |x n | P - 2 U n> Sn , ± Yn | y nm L L

Let Y=Kn , with the r-norm. Then for x=(xn ), y=(yn )€IR n ,

n
p'(x,y) =Sj = t yj |xj I 1"" 1 sgn(xj ) . So for n=r=2,llxll 1"'

P ' y (x. y )=x t y i+x2 y 2 . The unit r-ball in Kn is smooth on all
llxll

it's boundary. For r=l , the unit 1-ball is smooth at all 

points with non-zero components, i.e. Vx with x^O . Then for 

n=2, r = l, p 'Y (x,y)=yisgn(x 1 )+y 2 sgn(x 2 ) . For Y=(IR 2 , II • II 2 ) we

get p f x [(x,y) ; (u,v)] = V° xn |xn | p " 2 u n + y n |y n |
^n=i L ||xll p - 2 _________ lly|| q - 2

q " 2 v n

(llxl^ + llyll 2 ) 17 2 
For Y=(IR 2 ,II-II 1 ). P f x[(x,y);(u,v)] =

Xn | Xn | p - 2 U n + yn | Yn I^Vn = p' E (x;u) + p'
llxll p3 llyll q 't J
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We now have a representation of fT(Q. p ®Q.q ) as

(ap x[0,oo))©(aq x[0,«>)) , given by T : a———»( (u , a) , ( v , £) ) . This is 

a measurable map, and so if T is a uniformly integrable type 

on LiC^O-pSa,,) then if g€L 4 and g(w) = (g! ( u) , g 2 ( w ) )€Q. p ®Hq ,

T(g) =

(u,oc,v,3)dPIIJ nJ :
where 2=(ap x[0 ,«>) )®(Q.q x[0 ,<»)).

Example

Let X=Q.p ©c 0 , be equipped with the norm

ll(x.y)ll = ll(llxllp, llyll^)!!*, where 11.11* is a norm on K 2 . Let 

T€J(X). Then T(X , y ) = ll (TJ (x) , T 2 (y ) ) II* for some T 1 €3'(ap ), 

T 2 €3"(c 0 ). T is symmetric iff T ± and T 2 are both symmetric iff 

u=v=0.

Let (x,y) be a Frechet differentiable point of X. Let a 

be the symmetric restriction of T, i.e. cr(x.y) = 

IKCllxllP+a 1*] 1/p ,max[llyll,(S])ll*. Then i f a i s a continuity point 

0 = f (x ,y> (a) = limm p l [(x,y);(um ,v in )-(u,v)]. Thus 

ftx , y) (T) = P'[(x,y);(u,v)], whenever this exists.
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3.3 Gateaux and Frechet differentiability in

In this section we look at Gateaux and Frechet

differentiability in 5"(X) , and we examine how the functional 

T'(X;») behaves in different situations.

A function g is Gateaux differentiable at x€X, in the

direction of y, if g'(x;y)=lim g(x+ty)-g(x) exists, g ist-»o t

Frechet differentiable if the limit exists uniformly in 

y€ball(X). g is uniformly Gateaux differentiable if for each 

y the limit exists uniformly in x€X, see [Ho]. If ll»ll x is 

uniformly Gateaux differentiable, then p'(x+ym ;y) exists 

uniformly in m, so that

T f (x;y) = lim r(x+ty)-T(x) = 1 imm p'(x+ym ;y) exists.
t

We assume throughout this section that X is a stable 

Banach space with a uniformly Gateaux differentiable norm. 

Then, of course r'(x;y) is independent of the sequence chosen 

to define T. That is T' is well defined. Obviously 

T ' ( x ; ocy + £ z ) =OCT ' ( x;y) + £T' (x;z) .

Lemma 3.3.1

(i) (a*-r)'(x;y) = 1 imm l imn P ' (x+ym+xn ; y)'. 

(ii) [Da T]'(x;y) = ar'(x/a;y/a). 

(iii) T'(ax;y)/a = [Di , a r]'(x;y/a). 

(iv) r'(x;y) = (TXTX )'(0;y).

Proof 

An easy exercise.
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Lemma 3.3.2

(i) T' u (v;y)=p'(u+v;y), thus T ' (0 : y ) = lly II.

(ii) If a€</>(X), then a '(-x;y }=o '(x;y) and a'(0;y)=0 Vx,y€X. 

(iii) If y(X)=X*y(X) , then [y(X)]'=0 implies that [2T(X)]'=0. 

(iv) If TI——>T in the uniform topology, then TI '——»T ' in the 

pointwise topology on XxX.

Proof 

Let a€</>(X). Then a '(x;y)=1imm p'(x+ym ;y)=1imm p'(x-ym ;y)

=-1 imm p ' (-x+ym ;y)=-cr' (-x;y) and a ' (x ; y ) =-[D-i cr] ' (-x ; -y )

=ff'(~x;y). 

So that a'(0;y)=-a f (0;y) thus a'(0;y)=0.

If 2r(X)=X*</>(X) , then for r€y(X), r(x) = l imllx+y+ym ll ; then 

T ' (x; z) = limm p ' (x+y+ym ; z)=<7'(x+y; z) . So that cr'(u;v)=0 Vu ==> 

T'(w;v)=0 Vw.

d (TI ,T) = sup{ |TI (X)-T(X) |:x€X}——O , as i——*». With this

topology we are able to exchange the limi and lim limits, sot-*o
that Ti'(x;y)——>r(x;y) Vx,y€X.

Proposition 3.3.3

Let T€y(Li(n:X)) be represented by the random measure 

'i(y(X)) and scalar a>0. Let f,g€L 1 (fl:X). Then 

T'(f;g)=f f a'[f(ai):g(«)].df (a).dP(ai).Q y f x i
Proof 

T(g)=f f a(g(u)).df r (a)dP((j)+a. ThenII - ^ (ij
*/ «y ( /v 1

T'(f;g)=tMm I J J cr[f(u) + tg(y)]-a[f(u)].df Qj (c7)dP(u)

'[f(w);g(u)].df (a)dP(aj), by applying the DCT
= 11J nJ 3y(x)

twice.
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Computing T'(X;Z) is fairly straightforward, and we can 

now furnish ourselves with several examples of T'(X;Z) on 

simple Banach spaces.

Examples

1. X=a p . Let T<E2T(X). Then T(X) = 1 imllx+y m ll = ( llx+yll p +ap ) 1 ' p . 

Suppose that T'(X;Z) exists. Then T'(x;z)=1imp'(x+y m ;z) =

Y° zi .(x+y m )j |(x+y m )j | p " 2 ——> p'(x+y:z), since (y m )i——>Yi Vm 
M = 1 llx+y m ll p - 2

as i——*» .

Let a be the symmetric restriction of T, i.e.

a(x) = (llxll p +a p ) 1/p . Then a'(0;z)=0 Vz . So that 0=1 imc7( tz )-a(0)
t o *. t

= lim(lltzll p +a p ) i ' p -a = 1 i^mf ( H tz+y-y ll p +ot p Y /p -«] 

tz-y)-r(-y) = lim m p'(y m -y;z).
t

By direct calculation we have that 

T' (x ;z) = ( llx+y l^+a 1*) 1 ' p ~ 1 llx+y ll 1" 1 p f (x+y;z) = 

r(x) 1 - p llx+yll"- 1 p 1 (x+y;z) .

2. X=c 0 • Let T(x)=max{ llx+zll , a} . Then we have three cases: (i)

llx+zll<oc. Then r(x+y)=T(X)=CX for sufficiently small llyll, so T

is Frechet differentiable at x and T'(x,y)=0.

(ii) llx+zll>ot. Then r(x+y ) = llx+y+z II for sufficiently small llyll,

so T is Frechet differentiable at x iff x+z is peak and

T'(x,y)=p f (x+z;y).

(iii) llx+zll=oc, then T is not Gateaux di ff erent iable at x.



Example

1. Let T€y(Li (n:Q.p ) ) be represented by the pair 

(f .a)€ir 1 (y(ap ))x[0.«). Then 

T

(y.o)dP(u)

'(f;g)=f f a'[f(Gi);g( U )]df fc7)dP( W ) =
J nJ 2T(a p )

f [ (llf( 
J nJ ^pX C o.

= [ f (llf( WJ nj ap
where f 2 is the marginal (random) measure of f on & 

2. T'(0;g)=0 Vg does not imply that T is symmetric.

Let f =[6*c e i , i >+5c-e i , i j / 2]/2 , and f y=<\6 1/2 y = ~ei /2 - Then T
^0 o.w.

is not symmetric, since T(g)=E { ( llg((j) + e A ll p + l ) 1 ' p /2 +w

(Ilg(u)-e 1 /2ll p + l/2 p ) 1 ' p }, but Vg T f (0;g) =

E {P ' (e 4 ;g(u)) + p'(-Ci;p(w))}/2 = 0, and neither f 2 or f y are

symmetric.

Again keeping one eye on possible applications to the 

uniqueness problem, we see that in the case of T'(•;•) we can 

again reduce the problem to that of considering just the 

integrand.

Proposition 3.3.4

Let f, T^TTi (^(X) ) . Suppose that for all f,g€L 1 (n:X), 

f f f [f(ai);g(ai)]df (t)dP(«) =J nj y(x)
f f t f [f(w):g(u)]dT) (t)dP(w). Then f t' [f (u) ; g ( u ) ]df ( t) =
J r> J or f v "\ « °T f Y "\ J/C'^AJ J^AJ

J f [f(w);g(cj)]dT1&j (t), a.e. [P].
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Proof 

For all measurable sets ACQ , Vf ,g€L,. (fi:X)

[ f t'[f( U );g( u )]df (t)dP(u) = JJ u

t ' [f (u) ;g(cj)]dr) (t)dP(cj). The result follows 
J AJ 5"(X) u

Examples

1. The space X=E©F . Let II -II* be a norm on K 2 , set 

II (x,y) 11 = 11 ( llxll E , llyll F ) II*. Assume E,F are separable stable 

Banach spaces, and that E©F is uniformly Gateaux 

di f f erent iable .

Let (x,y) be a Frechet di ff erent iable point of X=E©F. 

Then P l [(x.y);(u.v)] = p^ 2 [ ( Hxll , lly II ) ; ( p ' E (x ; u) , p ' F (y ; v) ) ] . 

For T€3-(X), T(x,y) = ll(T 1 (x) ,T 2 (y)H* for some r i ^(E) and

Suppose T ' [ (x , y ) ; (u , v) ] exists. Then if (an ,bm ) defines 

T, T' [(x,y) ; (u, v)] = limm p f x [(x,y)+(am ,bm ) ; (u, v)] = 

limm p 'x[(x+am ,y+bm ) ; (u,v)] =

ll, Hy+bm ll) ; (p' E (x+am ;u) , p ' F (y+bm ; v) ) ] .

2. Let E=a p , F=a q . Then T ± (x) = ( llx+all p +a p ) 1 ' p ,

+ ̂ ) 1/q so that T'[(x,y);(u,v)] =

where A(x,a, u) = ( l+ap llx+al|- p Y ' r> ~ ± PE ' (x+a; u) and
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Proposition 3.3.5

Let T€y(Lp (Q : X) ) be uniformly integrable and represented by 

the random measure f €TTP (5"(X) ) . Then T*(f;g) =

[f ft[f(u)] p df (t)dP(y)] 1/P " 1 f [t[f(aJ )] p - 1 t'[f( W ); g ((J )]df (t)LJ nJ y(X) w J J n j sr(x) u
dP(u).

Proof

Let U(a)=a 1/p , V(f)=T(f) p . Then U ' (a) =a 1 ' p ~ * /p and V'(f;g)= 

limf f g[f(u)+tg (y)] p -a[f(aQ] p df (q)dP(y)=t "*° J nJ 2T(x) — t^ w
f [ pap - 1 [f((j)]a'[f(aJ );g(aJ )]df (a)dP(u). So that r'(f;g) = J nJ 2T(X) U

ff f t[f( W )] p df (t)dP( W )| 1/P " 1 f [ P t p - 1 [f( W )]t'[f(y);g((lJ )] 
U fi J 2TX W J J fl J 2TX
df &j (t)dP(u)/p

Examples

1. X=aq . Let T€5"(L P (fi:X) ) be uniformly integrable and 

represented by the random measure f €TTP (3"(X) ) . Then T'(f;g) is

IT f(llf (u)+yll« + fJ'')''"«df (y,3)dP((J )] 1 " P/P f fc (y.^)df (y.^)dPU nj aq x co ,«> ) u J JnJ^xco.co, w
where C^Cy , p) = ( II f (u)+y ll q + 3q ) P ~ q x q II f (w)+yll q - ' p ' [ f (oi)+y ; g(u) ] .

2. Let T€5"(LP (fl : K) ) be uniformly integrable and represented 

by the random measure f€-rrp (IR). Then T'(f;g) is

ff f|f(«) + t| p df (t)dP(co)] 1 " P/P f f C (t)df (t)dP(w) where 
LJ fl J R J J n J K U U

C
(0
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3.4 Higher derivatives.

Having looked at first order differentiability in 2T(X) , 

we now give a cursory look at second order derivatives in 

y(X), and compute some simple examples.

Throughout this section let X be a separable stable 

Banach space with uniformly Frechet differentiable norm. Let

x,y,z€X, r€y(X), then T"(x)(y;z)=limT t (x+ty)(z)-T t (x)(z) =t ~*o —— ———— . ———*—"—
t

limi-'(x+ty;Z)-T'(x;z)= limlimmp'(x+ty+ym ;z)-p'(x+ym ;z). Since 
t ~*o ._ t ~*o j.

ll»ll x is uniformly Frechet di ff erent iable, p" will exist so 

that

T"(x)(y;z) = limm limp'(x+ty+ym ;z)-p'(x+ym ;z) = 1i mm p"(x+ym )(y;z).
t

Lemma 3.4.1

Let rey(X). Let x,y,z€X, a>0. Then

1. [Da T]"(x)(y;z)=aT"(x/a)(y/a;z/a).

2. T"(x)(y;•) is linear.

3. T"(ax)(y;z)=a[D 1/a T]"(x)(y/a;z/a).

4. T"(x)(ay;z)=a[D 1/a T]"(x/a)(y;z/a).

Proposition 3.4.2 

Let T€J(L ± (fi:X)) be uniformly integrable and be

represented by f and TI . Then Vf ,g , h€L ± (Q : X)

P P T"(f)(g:h)= tf"[f (u)][g(u) ;h((j)]df w (a)dP((j) and for almost

all u€n, rcr ff [f(u)][g(w);h(u)]df (a)
J er(x)
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Proof

"(f)(g;h)=limf f a'rf((jt "*oj n j yx(x)
Let k=l A h. Then T"(f ) (g:k)= f [a"[f (u) ] [g(w) ; h(u) ]df (a)dP(u)

J AJ 3T(X) U

= U"[f (u)][g(u) ;h(u)]dT) (a)dP(w) for all ACf] . JJ w

Example 

Let T€y(Q.p ). Then T ' (x ; z) = p ' (x+y ; z) for some y€Q. p . Thus

T"(x)(u;z)=limp > (x+ tu+y ; z ) -p ' (x+y;z)=
t

(llx+yll^+ocp llx+yll nr ){(p-l)ap p l (x+y;u)p' (x+y ; z) + ( llx+yll p ~ *+a p llx+yll

)p"(x+y)(u;z)} = r(x,u,z,y,oc) , where P=(p 2 +p)/(2p-l ) and 

T=(p-2)p/( l-2p) . So that T"(U) exists whenever T'(X;Z) and 

p"(x+y) exist Vz . Then for T€eT(L t (Q : X) ) ; f , g , h€L t (0 : X) we 

have T"(f)(g;h)=F fr [ f (u) , g(w) , h(w) , y , a]df (y , a)dP(w) .J nj axa>

3.5 The extension of the norm duality map to types.

In this section we consider the extension of the norm 

duality map from X to 5"(X) . Throughout this section X is a 

separable smoothly normed Banach space. When refering to a 

type T on an Lp (X)-space, we assume that T is uniformly 

integrable and represented by the random measure f, via

T(f)=f f t[f(Gl)]df (t)dP(u).
J n J 2T(X)

Let f (x) = llxll 2 /2. Then f is di f f erent iable on all of X,

{ llxll p ' f x • • ) x^O 
0 x=0' The maPP inS T=vf is called the

norm-duality map. It is monotone and demicontinuous. Then 

range(T) is dense in X* whenever X is complete, but equals X* 

only when X is reflexive, see [Ho]. T is injective exactly
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when X is strictly normed.

We can extend the norm-duality map in an obvious way 

from X to y(X). Consider T€ST(X) , defined by (ym ) . Then 

whenever T* is defined, [r 2 /2] ' (x) = l imm llx+ym ll . p ' (x+ym ; • ) 

=T(X).T'(x;•).

Proposition 3.5.1

1. TT(X;«) is linear.

2. TD aT(x;y)=oc 2 TT(x/a;y/oc) .

3. TT(ax;y)=aTD1xaT(x;y).

4. TT u (v;y) = llu+vll . p'(u+v;y) so that TT O ( v ; y )=T(v) (y ) .

5. If TJ——>T in the uniform topology, then TTI——>Tr 

pointwi se. 

Proof 

1 . T-r(x;ay+pz)=T(x) . r f (x : ay+3z)=ocT-r(x ; y ) + (*TT(X ; z) .

2. TD oc T(x;y)=DaT(x) . [D a T] f (x ; y)=aT(x/a) . OCT ' (x/a ; y/a) 

=ot 2 TT(x/a; y/ot) .

3. TT(ax;y)=T(ax).T'(ax;y)=aDt / a T(x).a[D 4 , K T]'(x;y/a) 

=<* 2 TD i , aT(x;y/a)=aTD1 , aT(x;y) .

4. TT u (v;y)=Tu (v).T U '(v;y).

5. TI——>T in the d^ topology means that as i——x»

sup{ In (X)-T(X) | :x€X}——»0 . ThenTi'(x;y)——>T f (x;y) Vx,y€X, as

We can easily work out TT for T€y(L 2 (X)) as we do below, 

and then see what information we can extract if the random 

measure representing a uniformly integrable type is not 

uniquely defined.
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Proposition 3.5.2

Let T€2T(L 2 (X)) be represented by (f . a)€ir 2 (5"(X) ) x[0 , «) . 

Then for all f,g€L 2 (X)

TT(f;g)=f f a[f(y)]a'[f(y);g(y)].df (a)dP(y). J nJ 2T(X)

Proof

We have T (f)=(f | a[f(y)] 2 .df (a) . dP(y)+a 2V ' * . Then
U nJ 2T(X) u }

• °0y(X) 2s
= [ [ Ta[f(u):g(Gi)].df (a).dP(u) J nJ 2T(X) U

= [ f C7[f(u)]a'[f(y);g(y)].df (cr).dP(w).J nj yx u

Examples

1.X=K. Let T€2T(L 2 ), f,g€L 2 . Then

TT(f;g)=f f cj[f(w)]a'[f(u):g(u)]df (a)dP(y) 
J fi J y(IR)

=J J |f(y)+t|.sign[f(y)+t]g(y)dfw (t)dP(y)

=f [ [f(w)+t]g(y)df (t)dP(y)=E [f(y)g(y)]+E |g(y)f tdf (t)}.J nJ K ^ JIR^

2. X=Q.P . Let T€5"(L 2 (ap ) ) be represented by

(f .P)eTT 2 (3-(ap ))x[0,«>). Then for all f,g€L 2 (ap ).
= f f P PAI /P .

l-_|_ yfJO-Xr*50p r p °' } oo(llf (y )+yll p +ap ) 1 x P 2j [f (y )+y]i |f(to)i+yi | p ~ 2 g(y)i . df (y,a)dP JnJn v _ co ii t f f., "\4-viiP- *• u
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Proposition 3.5.3

Let T«E3"(L 2 (X)) be represented by f e-rr 2 (3T(X)> a>0 and 

suppose that for all f€L 2 (X)

f a[f(y)] 2 df ( 
nJ 2T(X) W

=1 I a[f(u)] 2 dT] (a)dP(u)+a 2 I*' 2 . Then for all f and g in
lj nj errx) w J

L 2 (X) | Tflr[f(w):g(u)].df (a)=f Ta[f (u) ;g(w)] . dt) (a) 
J W J W

a.e. [P] .

Proof 

By the above proposition Vf.g

;g)=r Ta[f(w):g(w)]df (a)dP(u)

•Usc n2T(X)

Tc7[f (w) ;g(u)]dTi (a)dP(u). Then VACfi ,
u

, so that VA. Vf,g€L 2 (X)

[ f Ta[f(oi);g(w)].df (a)dP(w) = [ [ Ta[-f (01) ;g(u) ] . d-p (a)dP(u) 
JJ U J AJ 2T(X) u

the result follows.
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CHAPTER 4 : UNIQUENESS THEOREMS FOR MEASURES

AND RANDOM MEASURES.

4.1 INTRODUCTION.

In [Ga], Garling constructs a map between ^.(^CX)) and 

the space of uniformly integrable types on L (X) . This map is 

continuous and onto, thus every type T has an associated pair 

(f.oc), where f €TT (2T(X)) and a>0. In [Ga] it is remarked that 

even in some very simple cases this map is not one-one. That 

is there are spaces L (X) such that there exists a type on 

L.(X) which has two distinct associated random measures. As 

his example Garling uses the space L 2 (K).

This chapter develops this theme, and looks at a number 

of different possible uniqueness questions. There are 

analogous uniqueness properties for ^(X) and for X itself. We 

start by looking at uniqueness results on 5"(L 1 (X)). We show 

that the representation of uniformly integrable types on 

L ± (IR) by random measures on IR is unique, by that we mean the 

map defined in [Ga] is one-one. Later we shall show that the 

representation of 5"(LP (IR)) by random measures is unique if 

and only if p is not an even integer. We consider the cases 

L ± (ilp) and L 1 (c 0 ), and while we were unable to solve these 

situations completely, we have found positive partial 

results.

The non-uniqueness of the representation of uniformly 

integrable types on Lp (&p ) by random measures on 3"(il p ), 

l<p<°°, is established; and we use this to construct various 

spaces Y with L^Y) having a non-unique representation of
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types .

The final section of this chapter deals with the 

analogous situation of uniqueness over X. Such a situation 

has been dealt with by Linde [Lil] amongst others. Here we 

consider some aspects of non-uniqueness, in particular 

looking at the question: given non-uniqueness, what is the 

structure of X? We show that if we have non-uniqueness of a 

certain kind then we can embed 0." into X. We find that 

non-uniqueness will also force the behaviour of the norm on 

X. In particular we show that a functional norm with 

non-uniqueness must be essentially an O^-norm.

Part 1- Uniqueness properties for X and

Def ini t ion .

1. X has (Up) if the representation of types on L P (X) by 

random probabilities on 5"(X) is unique. So X has (Up ) iff for 

distinct random measures f , r\ '• fl ——— $>(!7(X)) there necessarily 

exist g€Lp (X) such that

f FJJ

2. X has (Up) if the analogous uniqueness property holds for 

probabilities on 3"(X) . Thus X has (u p ) iff for distinct 

measures p. , u€$(y(X) ) there necessarily exist z€X such that

r
J 5"(X)

3. X has (wp ) if for distinct measures /i,u€^(X) there

necessarily exists x€X such that llx+y ll p d/u(y )* llx+y ll p du (y )
J J X
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4. X has (nwp ) if X has (wp ) for discrete measures p. and u, 

where pi=l/n(2j6 ) and u = l/2(6 b + 6 c ) , and all the points an , b
3-i

and c, (l<i<n), are all distinct.

5. X has (TB) if /Lt€#(y(X)) is uniquely determined by 

: t(x)<r} for x€X,

6. X has (B) if given f,T]€#(X) and f B(x , r )=T)B(x , r ) for all 

x€X and r>0 then f=T).

In the first part of the chapter we show that if X 

admits a Frechet di f f erent iable point, then (1^) reduces to 

(Ui). In the case of X=Q. P we show that (u ± ) and (wj.) reduce 

to the ball properties (TB) and (B) respectively. We have a 

collection of positive results about the property (B) for 

measures on X, and afew results for measures on y(X) . We do 

not know of any infinite dimensional space in which we can 

prove that (Up ) fails.

In the second part of the chapter we investigate cases 

where uniqueness fails. We prove that the failure of (nw t ) 

implies the presence of £" in X. We show that [H r 8Z] p doesn't 

have (Uq ) whenever q/p,p/r€IN, and that R has (Up ) iff p£2IN.
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es

For the moment let us consider the case of uniformly 

integrable types on L^X). A sensible first stage in proving 

that f and TJ were equal would be to show that the failure of 

(Uj) implies that Vx€X, | T(x)df (T)= T(x)diiw (T)
w OT f V^ \ v GT f V^ A 

*J I ^\ I V ^^ J

a.e.[P], We shall see later how to prove this in certain 

cases when we have differentiability conditions on X. Though 

in general it is false both that

(1) f f t[g(y)]df (t)dP(y)=f f t[g(y)]dT) (t)dP(y) impli
l__|__- w ,* 111 1^_ l^»^«,% 10\J O*» <T I Y 1 w DW <T l V i 14 J y^ A. ^ It J V /\ /

that f=Ti a.e. [P], and

(2) [ f t[g(( 
J Q J 2T(X)

that f t[g(y)]df (t)=[ t[g(y)]dn (t) a.e. [P].
J <T f Y "\ J <T /" Y A 

vy \ )

The following two examples show that both (1) and (2) 

above fail in certain cases. 

Examples

1. Let n=K and P = 6 1 +6_ 1 . Let X=Q. 1 . Let f =6(a,b ) + 6(c,d ) andy y y

TJ =6(a,f )+6(c,h ) where b 1 = l, b_ 1 =2, d 1 =2, d_ 1 =3; f 1 =2, y y y

f_ 1 = l, h ± =3, h_i=2; and a.,c£Q, ± . Then for all

T(g( U ))dF (T)dP(u) =IIJ nJ <2T(X)

= f f T(g(w))dT) fi (T)dP( W ). but

I T (g(y))df (T)^ T(g(w))di) (T) on A=[l/2.») for
y(x) w

example.

2. (Uj ) fails in Q. t . For any non-trivial probability space

(Q.P) define f=l/2[6( ei ,0)+6(e 2 ,1)] and

T)=l/2[6(e 1 . l) + 6(e 2 ,0)], where {ei } is the standard basis of
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&!. Then f^rj, but | T[x]df(r)= l/2[ llx+e ! 11 +Ilx+e 2 11 +1 ]
J

= | T[x]dT)(T).
J

4.2 The reduction of (U< ) to fu.K

The next theorem gives us a sufficient condition for the 

reduction of U to

Theorem 4.2.1

Suppose that for all g€Li(fi:X)

f f T[g(w)]df (T)dP(Gi)=f f T[g(cj)]dr, (T)dP(y), and that
J nj y(x) u J nj y(x) u
there exists a point of Frechet differentiability x€X, then

for all y€X, f T(y)df (T)=[ T(y)dT) (T) a.e. [P].
J 2T(X) W J U

In fact the proof is related to the functional f x 

defined in section 3.2, and the key property that 

f x (*r) + f _ x (T)=O VT . Though before f x ("r) was defined if 

1 imn [r(nx) -nllxll ] existed, here we do not need its existence 

but rather that 1 imn [r(nx)+T(-nx) -2nllxll ]=0 .

Lemma 4.2.2

Let y€X. If X has Gateaux differentiable norm at x then 

Ty (nx) + Ty (-nx)-2nllxll———K) as n——*» . 

Proof

T y (nx)-nllxll = llnx+yll-nllxll = llx+y/nll-llxll ——> P f (x;y) as n—*»
1/n

Thus T y (nx)+T y (-nx)-2nllxll

= IIx+y/n II - IIx II - P * ( x ; y ) + IIx-y/n II - IIx II - p ' ( x ; -y )——K) as n——*» . 
1/n 1/n
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Let T€T(X). Suppose {y m } is an approximating sequence 

for T. Let II. ll x be Frechet di f f erent iable at x. Then

1 im m llx+y m/nll- llxll - p'(x;y m/n) exists whenever T(0)^0, and
llym/nll

1 im m l im n llx+y m /nll-llxll-p * (x ; y m /n)=0 . see chapter three.
llym/nll

Theorem 4.2.3

Let II. ll x be Frechet di f f erent iable at x. Then Vr€y(X) , and 

all z€X limn [T(nx)+T(-nx)-2nllxll]=0, and

1 imn [T(nx+z)+T(-nx+z)-2nllxll]=0 . 

Proof 

Wlog assume r(0)/0. Then

lim n [T(nx)+T(-nx)-2nllxll] = 1 im n 1 im m llx+y m /nll + Hx-y m /nll - 211x11
1/n

= limn lim m /llx+y m /nll-llxll-p t (x;y m /n) + llx-y m /nll-llxll-p ' (x;-ym/n)\ 
\ 1/n 1/n /

= 0.

Replace T by T*TZ in the previous result.

Theorem 4.2.4

Let A€$ . Suppose 3x€X such that II . ll x is Frechet 

differentiable at x. Suppose T is a uniformly integrable type 

on L!(fl:X), which has two associated random measures f and n. 

Then for all geL^n.'X)

r r t(g(«)).df (t).dp(u) = r r
J J U J AJ 2T(X)
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Proof 

By above VT€3T(X) 1 im n [r(nx+g(y ) )+T( -nx+g(u ) ) -2nllxll ] = 0

a.e.[P]. Let G n = l/2{T[nxl c +g]+T[-nxl c +g] }-nllxll . P( A°) . Then
A A

e n =| I t(g(u)).df (t).dP(u) 
JJ UA2T(X)

|t(nx+g((j)) + t(-nx+g(cj))-nllxll|df (t)dP(u) 
JcJ ^ ' W

Now t(nx+g(u)) + t(-nx+g(u))-2nllxll | < 2t(g(u)), and 

t(g(u)) is f -integrable a.e. [P] since
GJ

T(g)= t(g(u)).df (t).dP(u) < «> implies that
J nj y(x) u

[ t(g(Gi)).df (t) < » a.e. [P]. J 5"(X) U

Thus by Dominated Convergence Theorem,

t(nx+g((j) ) + t(-nx+g((j) ) - nllxll.df (t) —— > 0 a.e. as n — *» 
J 2 u

Then since t(g( w ))-df (t) is P-integrable , we can apply J " U

the DCT again to get

f [ t(nx+g((j)) + t(-nx+g(y)) - nllxll . df ( t ) . dP(u ) 
J AcJ 2T(X) 2

as n—*» .

Thus 6 n ——»| t(g(u))df (t)dP(u) as n——>«,. Replacing f by 
J AJ 2T(X) W

we obtain the result.

Corollary 4.2.5 

With the same hypothesis as above we have

f t[g(w)]df (t)=f t[g(u)]dT) (t) a.e. [P] 
J - U J 2T(X) W
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We can now prove what is sometimes known as Rudin's 

equimeasurabi1ity theorem fairly quickly.

Theorem 4.2.6 

R has 

Proof

Suppose that |s+x|dpi(s) = |s+x|du(s) for all x€X. Let
J R J R

f(x)= |s+x|d/i(s) = [s+x]d/.t(s) + -[s+x]dM(s). We shall use
JR J_ x J-co

the result that if A is a positive random variable then

E[A]= l-P[A<t]dt, see [Su.] . Then for A=(Y+x)l c Y>-x3, 
J R+

pt(A<t)=M[Y+x<t], and for A=(Y+x) l c Y < _ x 3 , M( A< t )=/i[~ t <'

Then f(x)=[s+x]l[:s>_xDdpt(s)+-[s+x]l C s<_xDdM(s) 
n? n?

= l-/i[u+x<t]dt+ l-jLt[-t<(j+x]dt= //[w+x>t]dt+ /i[u+x<-t]dt
ID v fD v ID v ID

= /Lt(t,«>)dt+ /i(-<»,t)dt
J J _00-x - 00

Lemma 4.2.7

Let g : [a,b]———MR be Borel measurable and integrable wrt 

Lebesque measure. If f(x)-f(a)= g(t)dt, a<x<b, and g is
a

continuous at x, then f is differentiable at x and 

f'(x)=g(x). If the continuity hypothesis is dropped, we can 

prove that f'(x)=g(x) for almost every x€[a,b]. See [As] or 

[Bu].
p°° p- x

Let fi(x)= M(t,«>)dt and f 2 (x)= M(- 00 .t)dt. Then 
J_ x J_«,

f i(x)-f i(a) = | M(t, co )dt=J pt(-t,«>)dt Va<x. Thus by the 1
—x a

{ ± is differentiable and fi'(t)=• u(-t,») for almost all t€R 

Similarly f 2 '(t)= pt(-«>rt) for almost all t€R. Thus f is

.emma
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differentiable almost everywhere and f ' (t)=f t ' (t ) + f 2 ' (t ) . 

Hence /i(-t, »)-/m(-«>, - t )=u(-t. »)-u(-°°,-t ) for a.a. t€IR, 

therefore 2/i(-1 , °°)-l=2u (-1 , °°) - 1 and hence pt=u almost 

everywhere [Lebesgue], that is n=v as required.

4.3 The ball properties on X and

The property (B).

In general (B) is false, even on compact metric spaces, 

[Dal]. It is even possible to construct two singular measures 

agreeing on all balls on a compact metric space [Bar]. 

However Anderson [An] has proved that (B) holds for all 

finite dimensional spaces, and the theorem below shows that 

it is the case when X is an infinite dimensional Hilbert 

space or Q. p for l<p<°°, see also [Ch2] . In [Chl] Christensen 

proves (B) when there exists a uniform measure p. on X.

In [Din], Dinger considers the question of uniqueness of 

measures for differing classes of balls. The largest group of 

positive results are found in [HJ] where Hoffmann-Jorgensen 

proves that (B) holds for a large class of Banach spaces 

including Lp , Kp<<», L t over a non-atomic measure space, C(K) 

and c 0 . His results are contained in a series of corollaries 

which we reproduce here.

Corollary 4.3.1

If \JL and v are Radon probabilities which coincide on all 

closed balls, and if II • II is Gateaux di ff erent iable on the 

unit sphere, then /LI=L> . This includes all L p -spaces (KpO).
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Corollary 4.3.2

Let E be a real Banach algebra satisfying llxll 2 < Ilx 2 +y 2 II 

Vx,y€E. If p. and v are Radon probabilities which coincide on 

all closed balls of E, then pi=u. This includes all the real 

function algebras (with the sup norm), and in particular C(T) 

for T a topological space, c 0 (F) for arbitrary index set F, 

and L^ over a general measure space. 

Corollary 4.3.3

Let (fl.S.m) be a a-finite non-atomic measure space. If p. 

and u are Radon probabilities which coincide on all closed 

balls of E=Li (fl.S.m) , then p.=v .

Hoffmann-Jorgensen also remarks that all the results are 

valid if one supposes that : Vx 0 in the unit sphere of X and 

Vy 0 €X 3(an )CK+ so that an f» and for all t€K

limn pt(B(an Xo+y 0 ,an + t ) ) = 1 imn u(B(an x 0 +y 0 .an + t ) ) . So it suffices 

to assume that p. and u coincide on balls of sufficiently 

large radius and with centre sufficiently far away from 0. He 

conjectures that the above implies that p.=v in arbitrary 

Banach spaces, or that even the following suffices: 

(1) ji(B(x,a))=u(B(x,a)) Vx€E, V0<a<e(x) where e:E——MR, with 

€(x)>0 for all x€E.

It is easily seen that if JJL and u are finite atomic 

measures which coincide on all balls of any Banach space X, 

then IJL=D . For suppose that pi=2ai6(ei) and u=2(5i 6 (f i ) . Then 

piB(ei , r)=uB(e 1 , r) for all r>0, as r——K) ptB(e lf r)——HXj thus 

there exists i with e^fi and a 1 =(5 i . Repeating with e 2 etc we 

find that M=U.
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We can approach the problem of whether two probability 

measures agreeing on all balls can be distinct in the 

situation of X being a metric space via the notion of sigma-Q 

spaces developed by Davies [Da2].

A metric space M has the property Q(h), where 0<h<l, if 

there exists an integer k=k(h) such that no set of diameter d 

in M contains more than k points all distant at least hd 

apart. This property is then inherited by subspaces. All the 

properties Q(h), 0<h<l, are equivalent, so we shall speak 

simply of a Q-space. The union of finitely many Q-subspaces 

of a metric space is also Q, and that the closure of a 

Q-subspace of a metric space is also Q.

It is easy to see that:

Lemma 4.3.4

Let d ± and d 2 be two Lipschitz equivalent metrics on M. 

Then M is a Q-space wrt d ± iff M is a Q-space wrt d 2 .

Lemma4.3.5

Let (X.dt) and (Y,d 2 ) be Q-spaces. If X and Y are finite 

dimensional then (XxY.d) is a Q-space for any metric d on 

XxY.

IR is obviously a Q-space. So by the above IR n is also a 

Q-space with any metric placed upon it. Thus Q.£ is also a 

Q-space. A metric space is sigma-Q if it can be expressed as 

the union of a sequence of Q-subpaces. If two probability
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measures agree on all balls of a sigma-Q space then they are 

identical, [Da2]. Hence property (B) is true for all K n and 

ap1 and Q,£ x[0 , «>) .

The property (TB).

We can show that (TB) holds for IR, Q. p , Q.£, l<n<<». We 

shall see later that even if (TB) fails for Q. p , Kp<«>, then 

we still have uniqueness of marginals.

Proposition 4.3.6 

IR, Q. p , Q.£ all have (TB) for Kp<«, n€IN.

Proof

Since for X=K, &£ , or H£, 2T(X)=X, we find X has (TB) iff X 

has (B). By the above section IR, Q. p , and &£ all have (B) .

For X=ap , 2T(X)=a p x[0,«>) . We shall see below that if f 

and TI agree on all sets of the form { t€^ (Q. p ) : t (x) <r } Vx , r , 

then their marginals are equal. That is if we disintegrate f 

into a family of probabilities {f y } on [0,<»),y€ap , and a 

probability f 2 on Q. p , then f 2 =T] 2 .
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fLj_4 The uniqueness property for measures on X. (wp ).

For the case X=R or C (w p ) holds iff p£2N, see [PI] or 

[Ru]. Stephenson [St] extended this result to finite 

dimensional Hilbert spaces, and later the condition of finite 

dimensionality was removed, see [Kol] or [Li2]. The situation 

of X=Ji£ n > , a^nJ and &r is discussed in [Go&Ko2]. For X=&£ n} 

(wp ) fails iff p/r€IN and one of the following holds: p/r<n, r 

is even, or both r and p/r are odd. For X=H^n} (wp ) holds iff 

p is not even for (D, or p+n is not odd for IR. When X=Q. r we 

need simply that p/r£lN. This last result is extended in [Lil] 

to L r for l<r<«>, the counterexample for L r extending to & r 

and fl-r n} • Also in [Lil] (wp ) is shown to be true Vp>l when 

X=C0 (n) for Q a non-compact, locally compact space. For a 

topological space K property (wp ) holds for X=C(K) whenever

The property ( w^).

We shall show that (Wi) is true for infinite dimensional 

Hilbert spaces and Q. p x[0,°°) via a series of lemmas below.

Since polynomials are dense in H?[0,l], functions of the 

form p(l/s) are dense in ^[l, 00 ]. Let /jt, v be measures on [I, 00 ]
pOO pOO

such that Vk€{0.1,...} s~ k d/i(s)= s~ k du(s). Then
J i J i

r pOO 
p( l/s)dpi(s)= p(l/s)du(s) for all polynomials, hence

for all f€ (g[l,oo] f so that fj.=v .
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Lemma 4.4.1 

Let p., v be probability measures on [0,°°) such that

r00 r00
t 1 ' 2 d,i(t) , t lx 2 du(t)<«> and for all k€{0. 1, . . . }. 

Jo Jo
p«> pOO

(t+1) 1 ' 2 - k d/i(t) = (t+1) 1 ' 2 - k du(t). Then //=u. 
Jo Jo

Proof

Let M'(A)=| (t+1) 1 ' 2 d/i(t) for AC[0,«>) and define u f 
J A

pOO pOO

similarly. Then ( t + 1 ) l ' 2 ( t+1 )~ k d/i( t ) = ( t + 1 )- k d/u ' ( t )
Jo Jop00

= s~ djz 0 (s) where pt 0 =pt'oT"1 with Tt = t+l. Thus Mo =u o« s ° that 

jLi'=u f , since |( t+ 1 ) 4 ' 2 d(pt-u ) ( t ) =0 VAC$[0,°o) and by
J A

considering sets on which IJL-V is positive we have that n>v 

and similarly pi<u, hence /i=u.

Lemma 4.4.2 

Let /LI , u be probability measures on [O, 00 ) such that
pOO pOO

t 1/2 dju(t), t lx 2 di;(t)<<» and 
Jo Jo

pOO pOO

(t+a) lx 2 d/n(t)= (t+a) lx 2 du(t) for all ot>0. Then /LI=U . 
Jo Jo

Proof
pOO pOO

Then ( t+oc+1) 4/ 2 dpt( t)= ( 
Jo Jo

pOO w / » pw

0<oc<l, (t+oc+l) 1/2 dM(t)= Y P^2 oc k (t + l) 1/2 - k dM(t), and 
Jo ,^\ K /Jo

t+a+l) lx 2 du(t) for all oc>0. For
,00 00

pOO pOO

therefore ( t + 1 ) 4 x 2 ~ k d/Lt( t ) = ( t + 1 ) 4 ' 2 ~ k du ( t ) for all k. 
Jo Jo

Theorem 4.4.3

Let f, TI be probability measures on an infinite dimensional 

Hilbert space It. If Jllylldf(y), lly lldn(y) <«> and 

Mlx+ylldf (y)=Jllx+ylldT1 (y) for all x, then f=-p.
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Proof

Let (e n ) be an orthonormal sequence in # . Then for all n, 

X, x JllXen+x+ylldf (y)=JllXe n +x+ylldTi(y) . So

IIXe n +x+yll 2 = IIXe n ll 2 + 2<Xen |x+y > + llx+y II 2

=X 2 + llx+yll 2 +2X(x n +yn) —— »X 2 + llx+yll 2 as n —— **> . Thus for all 

X, J[X 2 + llx+yll 2 ] 1/2 df (y) = [[X 2 + llx+yll 2 ] 1/2 dTi(y).

Now let x€# and define /i x ( A)=f (y€# : llx+y II 2 €A} and 

u x (A)=T){y€;# : llx+y II 2 €A} . By considering the measurable map

T:# ——— »[0,«>) , we have | (a+llx+y II 2 ) * ' 2 df (y )= | (a+ 1 ) * ' 2 d/u x ( t ) 
yl ——— »llx+yll 2 J tf J K +

pOO pOO

Va>0. Hence ( t+oc) 1 ' 2 d/ix ( t )= ( t+a) 1 ' 2 du x ( t ) , so fJ. x =v x for
Jo Jo

all x€#. Then f and r\ agree on every ball, since

f {y€^f: llx+yll<r}=Aix [0,r]=u x [0,r]=Ti{y€tf: llx+yll<r}. If f and n

agree on every ball they agree on every set of the form

{y€3if : (y | z) <1 } , as this is the union of an increasing sequence

of balls. Hence the one-dimensional distributions of f and r\

are the same, and f must coincide with r\ by a result in

[Sch].

We can now extend this result to the space Q. p x[0,«>) 

Lemma 4.4.4 

Let n,v be probability measures on [O, 00 ) such that
pOO pOO

t 1/p dj/(t), t 1/p du(t)<«> and 
Jo Jo

pOO p«>

(t+a) lx p dpt(t)= (t+a) 17 p du(t) for all oc>0. Then ^t=u. 
Jo Jo
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Proof
p°° pOO

Then ( t+oc+1 ) * ' p d/^( t )= ( t+oc+ 1 ) 4 ' p du ( t ) for all a>0. For 
Jo Jo

pOO 00 . . pOO

0<a<l, (t+a+l) 1/p dpt(t)= Y I 1 ' 15 a k ( t + 1 ) * ' p ~ k d/i( t ) ,
Jo , \ k I J ok= o

pOO pCO

therefore ( t + 1 ) 1 ' p ~ k d/i( t )= ( t + 1 ) 1 ' p ~ k du ( t ) for all k. 
Jo Jo

Then as before with 1/p in place of 1/2, we can show that

Theorem 4.4.5

Let f , T) be probability measures on an Q.p x[0 , °°) =B . If

f P f PHylldf(y), HylldT)(y)<«> and llx+y lldf (y) = llx+y lldr)(y) for all
J B J B J B J B

x€B, then f=ri.

Proof

For X>0, choose a sequence x (n) €Q. p as before, so that 

H X C n, +z|| p——»|lx+zll p +X p . So

ll(x cn) , a) +(y , £) ll p = llx c n } +y ll p + (a+|3) p ——»X p + llx+y ll p + (a+(i) p as

. Thus for all X, and all x€B

llx+y ll p ] 1/p df (y)=|[X p + llx+yll p ] 1/p d'n(y).

Now let x€B and define ju x (A)=f{y€B: llx+y II P €A} and 

u x =-n{y€B: Nx+yll p €A} . Then

f (oc+llx+yll p ) 1/p df (y)=f (a+t) 4 ' p d/i x ( t ) Va>0. Hence 
J B J IR +

pOO pOO

(t+oc)^ p dpix(t)= (t+a) lx p du x (t) , so MX=UX for all x€B. So f 
Jo Jo
and T) agree on every ball, since

f {y€B: llx+yll<r}=ptx[0,r]=u x [0, r]=Tj{y6B: llx+yll<r} . Then since the

ball property (B) holds for Q. p and IR, we have £=TJ.

J
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Although we can represent 2T(Q- P ) as Q. p x[0,«>), Theorem 

4.4.5 is not sufficient to show that the uniqueness property 

for random measures on types, (Uj), holds for Q. p , as we shall 

see in the next section.

4.5 The uniqueness property for measures on types, f Ui ) .

Example: Does X=&P . Kp<«>. have TU^?

We now look at the example of X=Q.P , and ask whether H p 

possesses (Ut). We show that this reduces to deciding whether 

measures on Q. p x[0,«>) are uniquely determined by knowledge of 

all IJL{ (x, 3) : llx-y ll p + £ p <r } . We prove positive partial results, 

firstly that in the event of (Uj) failing for fl. p , we still 

have equality for marginals; and secondly we have equality 

for measures in the case of finite dimensional &»> .

Consider now a uniformly integrable type on L 1 (n:Q.p ) for 

l<p<°°. We have seen that this can be represented by the

formula T(g)=f f [ llg( w)+y ll p + £ p ] A ' p . df (y , £) . dP(w)
J nJ Q. p x Co ,00,

where g£L ± (Q:Q.p ) and f €•*! (Q. p x[0 , «) ) .

Since there are Frechet differentiable points in 

Q.pX[0,°o), by Theorem 4.2.1, we can consider the following 

situation. Let f, T)€$(Q, p x[0,»)) be such that for all x€Q,p

= f
J a p x co

and that these integrals are finite.
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Lemma 4.5.1

J &

For all , a€[0,«>) we have

llx+y

Proof

For all x€Q. p ,oc€[0,«>) we can find a sequence {x (n) } of 

elements of Q, p with x = (pointwi se) 1 imn x c n '

llx (n) -xll as n— *».

Thus llx cn) +yll p ——»llx+yll p +ap Vy€a p . Then 

J n \s
as n—-*»

Lemma 4.5.2

f and T) agree on sets of the form {(y,P): ( Hx+y ll p + (ip } 1 ' p <r } 

Vx€Hp and Vr>0.

Proof

Define MX (F) =f { (y , (5) : ( llx+y ll x P €F} , and u x similarly.
pCO pOO

We then have [a+ t p ] 4 ' p d/u x ( t ) = [a+ t p j 1 ' p du x ( t ) Vx€a p ,Va.
o o

Then MX =UX Vx by a result of W.Linde [Lil]. Thus in 

particular ptx [0 , r ]=u x [0 , r ] , so that f and r\ agree on sets of 

the form { (y , p) : ( llx+y ll p + (ip ) 1 ' p <r } . So in terms of types f and

T) agree on sets of the form {t:t(x)<r}, cf the ball property 

for 7(X) , (TB) defined at the start of the chapter.
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We can disintegrate f into f y and f 2 . where for each 

. fy is a probability measure on [0,°°), and the map 

Hfy is measurable, and f 2 is a probability measure on Q. p ,

see section 2.4. With this disintegration we have
> 
f(y.P).df y (P).df 2 (y) for all f-measurable,

•- — ^f * f f %J

integrable f. Similarly split T) into r\ y and r\ 2 .

Lemma 4.5.3

{(y»£) : <y,z»s} = U {(y.P) : (P P + Ny-(s+R)zll p ) 1 ' P <R} where
R= 1

= z q/p and s>0. 

Proof

A hyperplane M in Q. p is defined by M={y€ap : f (y ) =s } for s€IR 

and f€(0.p )*. That is M={y€ap : <y,z>=s} for some z€iq and s>0. 

As we have seen the measure of all sets {y€Q.p : <y,z>>s} will 

determine the measure on Q. p via Fourier transforms.
/v T"^ *x» *Vf

<sz,z>= s 2, z nZ n = s II z II q = s as II z II = 1 . Thus sz is the 

closest element of {y€Q, p : <y,z>>s} to 0.

(i) (yeap : <y,z»s} = U {y : lly-(s + R)zll < R} .
R = 1

a) Let x , u€U={u : u=pz p>0} be such that (x-y)Ax=0 and 

(x-u)A(u-y)=0. Let f = lly-ull, 6 = llx-ull and d = lly-xll. If 

d<X=llx-szll then llx-y ll = lly-( s+X)zll=d<X . So assume d>X. Then 

f p =d p +6 p . So choose u such that 6=d-X+l >d-X>0 , thus X+6>f so 

that y€ball[(s+X+6)z;X+6] .

b) Suppose y^LHS . Then <y,z><s, so as in a) we can construct 

a ball, centre -rz, which contains y; 3r with lly+rzll<r + s. 

Then by construction this ball and the ball {y : lly-( s+R) zll <R}
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are distinct, and are separated by the line <y,z>=s. So that 

y^RHS.

{<y,/3):lly-(s+R)zll<R}=L
R= 1 R=

-( s+R)zll p

Assume(«j,fJ)€LHS. Then 3R with lly-(s+R)zll < R thus 

(£p + lly-(s+R)zll p ) 1 /P <(RP + (S P ) 1 /P =S so that 

(P P + lly-(s+S)zll p ) 1 ' p <S i.e.(y,

If (y,£)€RHS then 3R with lly-( s+R)zll < (Rp -£p )* ' p so that

Corol lary 4.5.4

(say)

Proof

Hence f 2 =

00= u
R= 1

00= u
R = 1

lly-Cs+RJzll 1*) 1 /P <R} 

lly-(s+R)zll p ) 1 ' P <R}

: <y,z»s} .

Example^ Does c n have 

We now aim to apply the methods that we used for X=Q.P to 

the case when X=c 0 . In this situation however we cannot prove 

equality of marginals. Rather we establish that the problem 

reduces to the question of whether measures on Q. x[0,°°) are
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uniquely determined by knowledge of all

oo) : max{llx+yll ,P}<r} for x€c 0 , r>0

Let T be a uniformly integrable type on L 1 (Q:c 0 ). Then

f P for g€L 1 (Q:c 0 ) we have T(g)= t(g(u))df (t)dP(u). Suppose
jQjy/- c A w

that t is a type on c 0 , with t (x) = l im n llx+y n II where x,y n €c 0 - 

Then for some (y , P)€a o() x[0 ,«) , t (x) =max{ llx+y II , (5} Vx€c 0 . If 

y n ——*y €Q-co Pointwise and lly n -yll co——»3 then 

£>inf { llx+y II : x€c 0 } = lly " ll_ =limsup|yn |. So that we can
00 ° n ~*°^

represent 3"(c 0 ) as L={(y,p): y € &<x,. £>Hy'H}. Let

T'-2T(c 0 )———»& xlR* and F=T4 be the obvious maps between the

spaces.

Are these maps measurable? Now T, f,v(x)>X iff
II -i- I Iy€ Un {"zGQ,m - \ Zn+Xn |>X} or 3q€Q with nr>t^ and 1 imsup |y n | >X-q , 

where T ( R , (x) = llx+y IIV(nr + d(y , c 0 ) ) . Let G={T : T(X) >X} , then 

T(G)=Un{(y,-r): |y n +x n l>X}UU n€fl) [ ff V* {y**m : |yn|>X-q}x(q,«>)]
M.^ vfc<-f m= i n = m

=H .say. We need a topology on H^xIR* so that this map is a 

measurable map, that is can we find a topology in which both 

sides are Borel sets. If so then T4 H=G, thus T would be Borel 

measurable wrt the Borel a-field on 5"(c 0 ) and the Borel 

cr-field on {L^xR* . The pointwise topology inherited from 

IR x[0,°<>) will suffice. Then H is a Borel set in the pointwise 

topology, and in fact a F ,. -set.

Thus T(y(c 0 ))=L, and T'1 (L)=5"(c 0 ) . So that

T(g)=[ f t(g(oi))df fi (t)dP(w) 
J o J <*>

-fl
J n J L (y .

GJ
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J H

Proposition 4.5.5

Suppose T has two associated random measures 

n^iC&coXCO.")). Then Vg J max{llg(u)+yll.&}df u (y.(J)

max{llg(cj)+yll , (S}dfi (y,£) a.e. [P].

Proof 

Since there are Frechet di f f erent iable points in c 0 , by

Theorem 4.2.1 we have i"(g(cj))df (T)= ~r(g((j))dT) (T) a.e.J ?(c 0 ) " J y(c 0 )
[P]. Since the maps T and F are measurable, T (g( w ))df (T)

J J(c 0 )

max{llg((j)+yll,(5}df oT-'Cy.P) , let us denote f oT" * by f
J j CJ CJ u)

as well. Thus if GCLC then f [G]=f {T : TT€G}=f (0)=0 , so that 

f[L] = l. Thus f max{llg(aj)+yll.(J}df (y.(J) =f ma
JaxiR+

max{ llg(oj)+y II , (5}df (y,p). Hence Vx€c 0 J L U

max{llg(u)+yll,(}}dF (y,[*) = max{ llg(w)+y II , £}dTi(y , (i) a.e. [P].
I III I ttj 

00 00

Now if probabilities f and r\ on 5"(c 0 ) are distinct, will 

the probabilities foT"1 and T]oT4 be distinct in & x[0,«>)? The

answer is yes. Since if we suppose that foT" =T]oT" , then for 

all AGO, x[0,«>) f {T:T€T'I A}=TI{T:T€T-I A}. Then £=T] if and only
00

if for every BOT(c 0 ) there exists F with T"1 F=B. Let F=TB, 

then BCT4 F. Suppose 3r^B such that TreTB, say TT=TCT; then 

T(x)=max{ llx+yll , (5}=cr(x) . Thus T=a€B. Hence f=T) whenever 

^oT'^TioT"1 as required
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Now suppose that we are given two distinct probabilities
pand j) on ^[O.oo), with Vx€c 0 max{ llx+y II , (*}df (y . (i) =
J^xCO.co)

max{ llx+yll , £}dT)(y , 3) . Then by an approximation argument for
J

any ot>0 there exists a sequence x n in c 0 such that

llxn +yll ——— »max{ llx+yll ,a} , therefore for all x in c 0 and a>0

max{llx+yll,p\a}df (y,(*) = max{ llx+yll , P , a}dri(y , P) . 
^xCO.co) J ftx[0.»)

Lemma 4.5.6

f and TJ agree on sets of the form 

,P)€aoo x[0,oo) : max{ llx+yll , 3} <r } Vx€c 0 Vr>0.

Proof 

Let ptx (F)=f {(y, P) :max{llx+yll , 0}€F} , and define u x

similarly. Then we find that Va>0 and all x
pOO pOO

max( t ,a)d/Ltx ( t)= max( t , a)du x ( t ) . Then by W.Linde [Lil] 
o o 

Mx=u x for all x€c 0 . In particular MX [0 , r ]=u x [0 , r ] so that for

all r>0 and all x€c 0 , 

f{(y,P):max{llx+yll,p}<r}=T1 {(y,(i):max{llx+yll,(i}<r}

We can now disintegrate f into f y and f 2 « where for each 

, f y is a probability measure on [O, 00 ) and f 2 is a

probability measure on Q,, see section 2.4. Then,m 

->oo
I f.df = f f f(y.P)df y (3)df 2 (y) for all measurable, 
Q. x m Q,00 L O , ) CO °

integrable f. Similarly split TJ into T) y and T) 2 . Knowledge of 

all image measures f 2 o<f>~ determines f 2 for linear functions 

<|>. These are given by f 2 {x€X: <x, <f> »s} for s€IR + and <J>€(a <x) )*=ba 

or (Q-iX(c 0 )°) i . Let sz be the closest vector in 

{y€Q, :<y,4>>>s} to zero, so that llszll = s.
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Lemma 4.5.7
00

: <y,4»»s} = U {(y.P) : max{(i, lly-(s + R)zll}<R} where
R= 1

S>0.

Proof

(i) {yea : <y,<J>»s} = U°° 00 R= i

(a) Let y€{y: <y,4>»s}.

Let x,u€U={u:u=pz p>0} be such that (x-y)Ax=0 and 

(x-u)A(u-y)=0. That is [x,y] is 'perpendicular 1 to [0,z]. Let 

f = lly-ull, 6 = llx-ull and d=lly-xll. If d<X=llx-szll then 

llx-yll = lly-(s+X)zll=d<X. So assume d>X. Then f = lly-ull = 

max{ lly-xll , llx-ull} = max{d,6}. Let 6=d-X+1 >d-X>0 . Thus 

max{d,6}<X+6 so that lly-ull = f <X+6 , i.e. y€bal 1 [u ; X+6] , i.e. 

y€ball[(s+X+6)z;X+6]. Thus y€RHS

(b) Suppose y£LHS and llylKs. Then llu-y II > | llull-lly II | > | s+R-s | =R .

Thus y£RHS.

Suppose y^LHS then <y,<|>><s, so as in (a) we can construct

a ball, centre -rz, which contains y; 3r with

{y : lly+rzll<r + s} . Then by construction this ball and the ball 

: lly-(s+R)zll<R} are distinct, and are separated by the

hyperplane <y,<J>>=s. So that y£RHS.

R= 1 R= 1

Assume(jj,p)€LHS. Then there exists an R with lly- ( s+R) z IKR , thus

, lly-(s+R)zll}<max{R, ̂ } , set R ' =max{R , £} + ! then(^)€RHS 

If (y,3)€RHS then there exists an R with 

max{lly-(s+R)zll,(i}<R so that lly-(s + R)zll<R and hence(^LHS.
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We would now like to prove that f 2 and T) 2 are equal. In 

particular we wish to show that

( : <y,4>»s}=Ti 2 {y€Q.oo : <y,<fr»s} . We know that

, (M : max{llx+yll , £}<r}=Ti{(y, £) :max{llx+yll , £}<r} for all x€c 0 , 

and not all xCQ.^. If our z was in c 0 , then we would be done 

and f 2 would be equal to r\ 2 . Though in general this is not 

so, and there does not seem easy way to get from 

f {(y. P) :max{llx+yll , (*} <r }=TJ{ (y , £) : max{ llx+y II ,(*}<r} for all x€c 0 , 

to f {(y, (i) :max{llz+yll , £}<r}=T){(y, £) :max{llz+yll , £}<r} for all 

z€H .

Example: Does L? possess (Ui)?

We show by arguing as before that even if (U 4 ) fails for 

L 2 we still have equality of marginals. Let T be a uniformly 

integrable type on L 1 (L 2 ). Suppose that there exists distinct 

random measures f and r\ with for all h€L 1 (L 2 ), 

T(h)=f f t[h(w)]df (t)dP(o))=| f t[h(w)]dT) (t)dP(u). Since
I -_. I _ * •*. ti) I -- I ,„., f — •* GJ
v O v <ST f T A v O v Or I \ |

L 2 is Frechet differentiable everywhere, by Theorem 4.2.1, 

J t[h(u)]dfu (t)=J t[h(u)]dT]u (t) a.e.[P].

r t(f
J 2T(L 2 )

So suppose that we have t(f)df(t)= t(f)dT)(t) for

all f€L 2 , with f, -n€^(5'(L 2 )) . Then in L 2 we can find a 

sequence xn such that Vy€L 2 , llx n +yll 2 ——>llx+y H 2 + (5 2 for a given 

(x, £)€L 2 xlR + . Thus Vf€L 2 and V(S€IR +
r

*' 2 dri(g,a) . Forf 
J
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f€L 2 define Mf€#([0,co)) by Mr[F]=f{(g,a): [ II f +gll 2 +a 2 ] l ' 2 €F} 

where FCR+ . Defining u f similarly we havej(,'.t')--dB,(,).f (t 2 +p 2 ) lx 2 dL>r (t). By a result of Linde 
o o 

[Lil], UF =u f for all f. Thus in particular ptf [0 , r ]=Uf [0 , r ]

for all r>0, so that f and TJ agree on all sets of the form 

{(g,<x):[llf+gH 2 +a 2 ] 1/2 <r}.

Disintegrate f into f ? and f 2 . Then if f 2 and T) 2 agree 

on all sets of the form { f €L 2 : < f , g > >s } they are equal. We can 

write {g€L 2 : <f ,g»s}x[0,«>) as

UR = T{(g.a) : [oc 2 + Ng-(s+R)f II 2 ] 1X 2 <R} , so that by proceeding as 

in the case of H p , f 2 =T| 2 .

I,
r rThus [II

J T J IDL, 2 ln + 

Ilf+gll 2 +a 2 + p 2 ] 1/ 2 dii ff (a)df 2 (g) for all 3€IR and g€L 2 . If
• 2 >^+

» a.e.[f 2 ],

then f [oc 2 + T 2 ] 1/2 df & (a)=f [a 2 + f 2 ] 1 x 2 dri ? (a) a.e.[f z ] and 
J K+ J IR +

thus by Linde f ? =T) ? a.e.[f 2 ].

We note however that the "a.e. [f 2 ]" is necessary here. 

Since if we define £?={% Q f \^=G and VS=\Q o f wh=H - where 

are elements of L 2 and /i i s a non-trivial probability on IR+ , 

and f 2 =6 F where F is distinct from G and H. Then

[Ilf-t-gll 2 +oc 2 ] 1/2 df f (oc)df 2 (g) =f 
J

I J^
J T V ID 

J_ 2 1K +

f+gll 2 +a 2 ] 1/2 dT] ff (a)dTi 2 (g)=0, but f 2 {g:f ff =Ti & }^0, so

that fp^T)? but fg=Ti? a.e. [f 2 ]. Of course in this situation f 

doesn't define a type.
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Part 2 : Failure of the uniqueness properties.

We turn our attention to an investigation of situations 

in which the various uniqueness properties fail. In 

particular we show that (Uq ) fails for [Q. r ©Z] p whenever 

q/p,p/r€IN, and that IR has (Up ) iff p£2IN. It is then shown 

that if X\have(nw 1 ), then 0-7 embeds in X. We consider also 

the implications for a functional norm <f if (Y©Z) fails to 

have (2Wi).

4.6 The failure of the uniqueness property for types. (UP ).

Proposition 4.6.1 

The properties (wj ) , (uj) and (U t ) all fail for (SL^QZ) ̂  .

Proof

We show that (2w t ) fails, and the result follows 

trivially. Let X=(ttf©Z) 1 , so every x€X has a unique 

decomposition into x=y+z with y€Q.f. z€Z and llxll = lly ll + llzll .

Let m be any probability measure on Z. Let 

M=l/2[6(0,0)+6(l,1)] and u=l/2[6(0,1)+6(1,0)]. Then for all

(u,v)€X, f ll(u.v) + (x.y)lld(/zxm)(x.y) =
J X

Ui |+ |u 2 |+ |u ± + l |+ |u 2 + l | } = ll(u,v) + (x,y)lld(uxm)(x,y) .
J Y

Collecting together some facts about Banach spaces 

containing &! helps to classify spaces where failure of 

uniqueness is likely. 

1. c 0 embeds in X* iff X=ai©Z.
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2. Every bounded sequence has a weakly Cauchy subsequence iff 

&i c—^—*X iff B x ** is weakx-sequentially compact.

3. If X has an equivalent smooth norm then & 1 C—/—»X.

4. If X is very smooth or X** is smooth then X* has RNP, and 

then Q- 1 C^—>X .

5. X* has weak RNP iff Q^^-/—>X.

Proposition 4.6.2 

Whenever q/p€IN, (Uq ) fails for &p .

Proof 

Consider a finite signed measure u^O on [0,«>) with
pOO pOO

uk d|u|(u)<«> and uk du(u)=0 for k=0, 1 , . . . . For example, put 
o o

du(u)=exp(-u lx4 )sin(u lx4 )du see [Lil]. Then u*0, but

(s+u) n du(u) = £n ( n )s j I u n - J du(u) = 0 Vn€IN Vs>0. 
o j = o o

By the Jordon-Hahn decomposition theorem, we can find 

measures u + and u~ on [O, 00 ) with u=u + -u~, given by 

u + (A)=sup{u(B):BCA, B€a-field} and 

u"(A)=inf(u(B):BCA, B€a-field}. Then since

/\oo

u[0,«>)= u°du(u)=0, u + [0, «>)=L)~[0, 0() ) we can take v + and v~ to 
o

f be probability measures. Since q/p€!N, ( s+a) q ' p du (ot)=0 , that
J o

pOO pOO

is (s+a) q/p du*(oc)= (s+oc) q/p dL>"(a) Vs. 
o o

Let v\ be the measure on [O, 00 ) given by 

uUO. r ] =u + [°' rP ]- Similarly define v~± by v\ [0 , r ]=u " [0 , r p ]

pOO pOO pOO

Then I (s+ap ) q ' »dv\ (a)=J (s+a) q ' p du + (a)= (s+ap ) q ' p dul(a) 
o o o
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r pOO 
(Ilx+e 1 ll p +a p ) q/p du+1 (a) = | ( Hx+e t ll p +a p ) q ' p dul (a) 

o o 
for e 1 =(1.0.0...) and all x in & p .

Define f 2 =T) 2 =6( e t ) , and ?y=(n+1 ** I Cl
l u o . w .

IJ
^ p I 

pW 00

I [llx+ ei ll p +ap ] q/ p du +1 (a)=| [ llx+e j ll p +ap ] q ' p dul (a) =

Lf'
itn n

-»<»

1 . Then
Jn J o

-.00

o o

[ llx+y ll p +oc p ] q ' p dT) y (oc)dT} 2 (y) - Let f be the measure on
o 

Q. p x[0,«>) giving rise to the disintegration f y and f 2 . So that

f(A)= XA(y,«)df(y,a)= XA(y,oc)df y (a)df 2 (y) =p J 0V J I *. A V •* * J dVw* J I I
\J n N/ID J n J ii p X1K + il p c

XA( C I • oc)dui (oc)=u \ {«: (ej , a)€A} . Similarly let 
o

T)(A)=Ui{ot: (ej ,a)€A} .

Finally let f , TI€TT(Q. P x[0, «>) ) be the constant random 

measures f and r\ respectively, i.e. f =f and 7} =T) . So that 

Vf€Lq (ap ) f f [Hf(u)+yll p +ap ] q ' p df (j (y,a)dP(GJ ) =f f Miff J J a [ ^ (&J

f f [Hf(u)+yll p +a p ] q/p dT) fi (y,a)dP(cj)
I I CL)v iiv |j vn/

. Since u^O, DI^UI and thus
Ul

a.e. [P].

Proposition 4.6.3

If q/p£lN, then even if (U q ) fails for Q, p we still have 

equality of marginals.

Proof 

Suppose that there exists distinct measures f and T} on

Q. p xIR + such that for all x€& p [ llx+y ll p +oc p ] q ' p df (y , a)
J fi. p xIR+

[llx+yll p +a p ] q/ p dT)(y,a) . Then proceeding as before, we find 
J a p xK +
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that J [llx+yll p +a p + (}] q/ p df (y,a)=| [llx+yll p +a p + 3] q/p dT](y,a) (*)

for all (i>0. We then similarly define

Mx[F]=f {(y.a) : llx+y ll p +ap €F} and u x [F]=T]{ (y , a) : llx+y ll p +a p €F} .

r pOO 
(3+t ) q/p diix ( t ) = ( 3+t ) q/p du x ( t ) VB>0 and 

jo o 
each x. Suppose q/p£lN, then by a result of W Linde [Lil],

MX=UX- In particular f { (y . a) : ( llx+y ll p +a p ) 1 ' p <r }=/ix [0 , r p ] = 

Ux[0, r p ]=7i{(y ,a) : ( llx+y ll p +a p ) l/ p <r} . We are now in the same 

situation as we were with L 1 (Q. P ). So, as in section 4.5, we 

see that the marginal distributions f 2 and r\ z agree a.e. [P]-

Theorem 4.6.4 

The property (Uq ) fails for [& r ®Z] p whenever q/p,p/r€IN.

Proof

Let X=(ar ®Z) p . Let x=y+z, then llxll = ( II y ll p + llzll p ) 1 ' p . Then 

every t€^(X) has a decomposition t(x)=[ t ± (y) p +t 2 (z) p j 1 ' p , 

where t 1 €3r (Y), t 2 €7(Z) . Letting U be the map from 5"(Y)x5"(Z) 

to 5"(X), we have t (x) q d/noU4 ( t) =

J [t 1 (y) p + t 2 (z) p ] q ^ p d/i(t 1 ,t 2 ).

From the preceeding results there exist distinct

measures f and T) on ft r x[0,«>) with | [ llu+yll r +ar ] m df (u , oc) =
J ar xR +

I [llu+yll r +oc r ] m d-n(u,a) for all m€IN, and df(u,a) = 
^Q. r xIR + J ar xIR +

f f dfu(a)df a (u)=f df (a)=uUO.»)=ul[[0.«)=r dTj(u.a). IfJ ar J 0 J 0 ' J ar xK +
q/p and p/r are integers, then so is q/r-jp/r for all

0<j<q/p. Thus [ [(llu+yll r +a r ) p/r +s] q/p df (u,a) =
J a r xK
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j ]s j [llu+yH r +a r ] q/r - Jp/r df (u,a) 

= J [(llu+yll p +ap ) p ' r +s] q/p dT](u,a) .

Let m=6 0 , or any point mass on 5"(Z) . Let pt=fxm and 

u=T)xm, which are then probabilities on & r x[0,») x2T(Z) . Then

z€Z [ [(llu+yll r +oc r ) p ' r + t 2 (z) p ] q/p dM(u.oc, t 2 ) 
J ar x!R + x3"(Z)

f ' ' P/r

= J [(llu+yll r +ar ) p/r + llzll p ] q/p df (u.a) 

= J [(Hu+yir+ar ) p/r +llzll p ] q/p dTi(u,a)

f F/ + + r + r^ P/ r + ^p q/p

^Q,r xIR + xy(Z)

= fJ

Letting p. , v : fl ——— ̂{Q, r x[0 , «>) x5"(Z) } be ju =pt and u =u . Then
CJ GJ

I I t(x) q d/ioU-1 (t)dP(u)J nj srrx)
= f I [t 1 (y) p +t 2 (z) p ] q/p d M (t 1 ,t 2 )dP(y) 

J n J ST(Y)xy(Z)
= f f [(Nu+yll r +ar ) p/r +t 2 (z) p ] q/p dM(u,a,t 2 )dP(y) 

J nJ Q. r xIR + x2T(Z)
= f f [(llu+yll r +a r ) p/r + t 2 (z) p ] q/p du(u,a, t 2 )dP(u) 

J nJ Q. r xIR + x5-(Z)
t(x) q du oU4 (t)dP(w).

) u
All that remains to check is that /loU^^uoU"1 a.e. [P]. 

Now since f^r^, 3ACQ. r x[0 , ») such that f(A)*T)(A). Let B=3"(Z) , 

then pt(AxB)=f (A)m(B)=f (A)^Ti(A)=u(AxB) . Since the 

decomposition x=(y,z) is unique, U( t ± , t 2 ) =U( s t , s 2 ) iff ti =si . 

Thus ptoU^XuolT1 as required.
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Suppose p=r. Then for each f we can find a sequence f, 

with llf n (u)+yll p +ap ———»llf (u)+y ll p +ap + s p for all s>0. Then 

J J [llf(u)+yll p +ap + s p ] q/p df w (y,a)dP(u)

= J J [llf (u)+yll p +ap + s p ] q/ p dT) w (y,a)dP(cj) . When m = 6 0 we have

[llf ((j)+yll p +ap + t 2 (z) p ] q/p dm xf dP(w) 
J nJ Q. p xIR + x5'(Z) w w
= J J [llf (u)+yll p +a p + t 2 (z) p ] q/p dm, i XTi ri dP(u).

Theorem 4.6.5 

IR has (Up) iff p£2IN.

Proof

Let T€lf (L p (IR) ) be a uniformly integrable type represented 

by f and TJ . Then

U rt f\ 

(AJ I I dJ ]Tj v iiv ID &£ U\ \L u\

I |t + f(u)| p df (t)=| | t + f (u) | p dT) (t) a.e. [P]. If p€2IN then I —^ (J i._ (t) IR FR

choose distinct measures /ij and D! on [0,«>) with

r pCO 
| t + s | p dpti(t)= | t + s \ p dvi (t) for all s>0. Then define Jo

^-{^ f ' f\-t and define v similarly. Let f =u. and TI =u, ^ \0 on (-<»,0] J ^u ^ 'u
then f^T) so we have non-uniqueness whenever p€2IN. 

If p£2W then by W.Linde [Lil] we know that

|t + s| p df (t)=| |t + s| p dT) (t) Vs€IR a.e. [P] will imply that I _^ (it i _^ fii \/ ID o n>IA In

f =T) a.e. [P] as required.
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Theorem 4.6.6

The property (Uq ) fails for a£ iff q/p€IN and one of the 

following holds: q/p<n, p is even, or both p and q/p are odd

Proof

Consider a uniformly integrable type on Lq (Q.p) given by 

T(f)=f f t[f(oO] q df (t)dP(o,)=f f t[f(Gi)]«dTi (t)dP(u). Then
J nj y(a^) u J nj y(a^) w

as Up contains a Frechet di f f erent iable point, by Theorem

4.2.1, f t[f(u)]"df (t)=[ t[f(u)]«dTi (t) a.e.[P]. 
J y(ttS) w J y(Q.£) W

Let us suppose that there are distinct measures f and TI

such that for all x€aj , | t[x] q df(t)= t [x] q dT)( t ) . We
J 2T(Q.^) J 2T(a^)

represent 3"(ilp) as &£ , since if t€2T(ap) then

t(x) = limllx+u m ll = lim m (2^ |xi H-url") 1 ' p =llx+ull where Ui=lim mur, so

that u€Hp . Hence llx+ull q df (u)= llx+ull q dTi(u) Vx€Q.^ . Then by
J a^ J o.^

[Go&Ko2] uniqueness fails iff q/p€IN and at least one of the 

following holds: (i) q/p<n (ii) P is even (iii) p and q/p 

are both odd.

So Up1 has (U t ) if p>l, Q.^ has (Uq ) if q/p^IN. Also (U 4 ) 

fails for 0." Vn, (Ukp ) fails for Up if p is even or k<n, 

(Ukp ) fails for Hj if p and k are odd.

4.7 Failure of the uniqueness property for measures on X. 

Let X be a Banach space. Let us consider the property 

. Let /i. u be probabilities on X, with Vx€X

llx+ylld/u(y)= llx+ylldu(y) (*) . We can ask the following 
J X J X
question, can we find other examples of Banach spaces and
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distinct measures y, and u such that (*) holds? Linde [Lil] 

has shown that if so X can't be L p , p>l; or C 0 (fl) where Q is 

a locally compact but non-compact space. It has also been 

shown that (*) cannot hold on a Hilbert space, see [Kol] and 

[Li2]. Does (*) imply anything about the structure of the 

Banach space X? We suspect the answer is yes, and will show 

that quite strong statements about X can be made if n and u 

are both atomic measures.

In section 4.8 we assume that (2wi) fails for X, and we 

show that w can construct a copy of &? inside X. We will then 

extend this result to prove that the failure of (nWi) for X 

implies the existence of &i inside X in section 4.9.

We first assume (2w 4 ) fails with distinct probabilities 

p. and u and calculate the minimum dimension of the closed 

linear span of their supports.

Let /ji=a6 e +b6f and u = c6^+d6h be distinct probabilities on 

X. Assume (x) holds. Thus a+b=c+d=l . Then Vx 

allx+ell+bllx+f ll=cllx+gll + dllx+hll (*x) . Then all four elements 

e.f.g and h are distinct. We can ask what is the dimension of 

Y=closed linear span of {e.f.g.h}. Suppose dimY=l , then f=Xe, 

g=ae , h=£e for some A, a, ($7*1. Then putting x=0 , -e , -Ae , -ae , -(ie 

successively in (**) we find that a+ | A |b=c |a |+d | £ | and

1. bll(X-l)ell=cll(a-l)ell + dll((J-l)ell ==> b 1 1-A | =c |ot-l

2. all(A-l)ell=cll(a-A)ell + dll(p-A)ell ==» a | 1-A | =c |a-A | +d | p-A

3. all(oc-l)ell+bll(a-A)ell=dll(p-a)ell ==» a 1 1-a | +b |a-A | =d | (S-a

4. all(p-l)ell+bll(A-p)ell=cll((i-a)ell ==» a | l-|i |+b |\-|S |=c | (J-a
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(1&2) ==» |l-X|=c |a-l |+c |a-X|+d|p-X|+d |fr- 

(3&4) =^

(2&4) ==> b|l-X|+a|l-p|+b|X-3|=c|a-l

(1&3) ==» a|l-a|+b|l-X|+b|X-a|=c |a-l |+d |a-£ | +d | 0-

Assume for the moment that X,a,3>0.

(i) Suppose X,l>a,p. Then |a-£ | =2a+2Xb-a-£=2ca+2d(i-a-p . 

a>(J ==» a=ca+d(i=ca+da ==> 0=d((i-a) thus a=£. 

(i>a ==» (5=ca+dp=c3+d^ ==> 0=c(£-a) thus a=(S. 

(ii) Suppose X,l<a,(5. Then | 1-X | =2ac + 2pd-l-X=2a+2dX-l-X . 

1>X ==^ l=a+Xb=a+b =^ 1=X. X>1 =^ X=a+Xb=Xa+Xb ==> X=l . 

(iii) Suppose X,a<l,|5.

If (i<l then b(l-X)+a(l-p)+b(p-X)=c(l-a)+c((S-a)+d(l-(i) thus 

l-2Xb+(i(b-a) = l-2ac + P(c-d) so that b(i-Xb = c(i-ac whence

contradiction .

If £>1 then b( l-X)+a( 3-1 )+b( p-X) =c( l-a) + c ( £-a)+d( (i-1 ) thus

-2Xb+p+b-a=-2ac + |3+c-d so that 2b-2Xb-l=2c-2occ-l whence

-p+bX+a=ac-(5+d=ac + (5d ==^ P=l , a contradiction.

(iv) If l,(KX,a use part (iii).

(v) Suppose X.fKl.oc.

If a<l then b( l-X)+a( l-a)+b(oc-X)=c( l-a)+d(a-(i)+d( l-(i) thus

-2Xb+a(b-a)=-2(id+a(d-c) so that b(a-X)=d(oc-(S) whence

b(l-X)+a(l-a)=c(l-a)+d(l-p) ==* aa+bX=ac + (id=a+Xb ==^ oc=l , a

contradiction .

If <x>l then b(l-X)+a(a-l)+b(a-X)=c(a-l) + d(oc-(i)+d(l-3) thus

a-2Xb+(i+b-a=a-2dp-c + d so that 2b-2Xb-l=2d-2(id-l whence

bX+a=c+pd=ac + (id =^ a=l , a contradiction.

(vi) If l,a<X,(i use part (v) .
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If any of A,a,(3 are negative, for example A, consider 

the equivalent equality with Ilx+Aell replaced by ll-x-Aell, out 

of which will arise the same set of equalities as before. 

Thus dimY^l, so that dimY>2. We can illustrate this with 

some simple examples.

Examples

1. X=K9 1 IR. Let pt=l/2[6 (0 , 0) + 6 ( 1 , 1 ) ] and u = l/2[6 (0 , 1 ) + 6 ( 1 , 0) ]

Then II (x, y ) + (u , v) lldji(u , v)= | II (x , y ) +(u , v) lldu (u , v) for all 
J X J X

x,y€IR. Then Y=R 2 , so that dimY=2.

2. X=a 1 x[0,«>). Let pt=l/2[6(e 1 ,0) + 6(e 2 , 1)] and

u=l/2[6(e 1 ,1)+6(e 2 t0)]. Then X is infinite dimensional and

Y=span{(ei,0),(e 2 ,0).(0,l)}=afx[0.»), so that dimY=3.

3. We can see that with X=IR, (**) can never hold even with 

arbitrary finite 2-atomic measures.

4.8 Embedding a? in X when (2w.) fails.

We now construct a copy of Q-f inside X assuming (2w t ) 

fails. We do this by finding elements u and v such that [u,v] 

is isometric to £?.

Suppose that for all x€X allx+ell+bllx+f ll=cllx+gll + dllx+hll 

where 0<a,b,c,d<l with a+b=c+d=l.
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Let II • II be Gateaux di f f eren t iable at a point x€X. Then 

for R€K, allRx+ell + bllRx+f II-(a+b) IIRxll=c IIRx+gll + dllRx+hll-( c + d ) IIRxll

=allx+e/RII-llxll + bllx+f/RII-llxll ————» ap ' (x ; e )+bp ' (x ; f ) 1/R 171————

= p'(x;ae+bf) as |R|——*». Thus p ' (x ; ae+bf ) = p ' (x ; cg+dh) at all 

points of Gateaux differentiability of X.

Lemma 4.8.1

Suppose Y is a finite dimensional Banach space. Suppose 

that for all points of Gateaux differentiability x€Y 

p'(x;u)=p'(x;v). Then u=v.

Proof 

If p'(x;y)=0 then xly that is llxll < Ilx+Ay II for all scalars

A, see [Di]. If p'(x;w)=0 for all x€G(Y), then xiw Vx€G(Y).
t 

If G(Y) is dense in Y, then 3w 4 eG(Y) with w 4 ——»w. Then

llwi II——>llwll and llwi+Xwll——»llw+Xwll, and hence

Ilwll<llw+Xwll = | 1+X | llwll VX and in particular for X=-l which is

absurd unless w=0.

If p'(x;u)=p'(x;v) then let w=u-v. Y is separable since 

it is finite dimensional and hence there exists a dense

G c -set of Frechet differentiable points in Y. Thus w=0 as o

required.

We can assume wlog that h=0, (consider e'=e-h etc.). 

Then Vx allx+ell+bllx+f ll=c llx+gll + dllxll , let u=ae and v=bf then 

since ae+bf = cg, u+v = cg. Hence Vx llax+ull + llbx+vll = llcx+u+vll+dllxll 

To show that we have a copy of two dimensional Q, ± inside Y it 

will suffice to show that for some u,v we have
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Let x=0 in the above. Then llu + vll = llull + II vll . Putting x = -v/a 

we find that llu-vll = llu+ ( 1-c/a) vll + (d/a- | 1 -b/a | ) llvll . If a=b=c=d 

then this would be II u-v 11 = Hull + 11 vll as we required.

Lemma 4.8.2

Suppose that there exists w with w=Xu+(l-X)v and 

llwll=Xllull + (l-X)llvll. Then llocu+( l-a)vll=allull + ( 1-a) llvll for all 

ot€(0,l).

Proof

Assume for the moment that llull = llvll = l . Suppose that there 

exists X with IIXu+( l-X)vll=Xllull + ( 1-X) llvll . Suppose that wlog 

there exists oc<X with w=otu+(l-a)v and llwll<allull + ( 1-a) llvll = l . 

Let 0<6<min{l-llwll, (X-a)/( 1-X) } <1 

P=k(l-X)/(l-a). Then k>l, and £€(0,1).

k= ^. 1 , //1 —— rand
1 — G ̂ l~Aj/(. 1 "~0t )

Then llw+GulKl, and since the unit sphere is convex,

. Now

Since k>l by construction, l+ep-k=0, thus

ll(S(w+eu) + (l-p)ull=kllXu+(l-X)vll>l a contradiction. Therefore

llau+(l-a)vll=allull + (l-a)llvll for all a€(0,l).

If llull^llvll then let <2/={z : llzll<xllull + ( l~x) llvll for some

0<>(<1}. This set is convex. Let

0<€<min{allull . k=
Hull

and 3=k(l-X)/(l-a) . So k>l and 3€(0,1). Then so

but

(l-p)ull=kllXu+(l-X)vll>Xllull a contradiction
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Since we have llu+vll = llull + llvll we can apply the lemma with 

w=l/2(u+v) to get IIXu+(l-X)vll=Xllull + (l-X)llvll for all X€(0,l). 

For r>0 put X=l/(l+r)<l, so that r=(l-X)/X. Thus 

llu+rvll = llull + rllvll for all r>0, and hence llau+pvll=allull + (illvll for 

all a and (i of the same sign.

If llu-vll = llull + llvll put w=-u then llu-rvll = llw+rvll . Thus 

llw+vll = llwll + llvll and we apply the above lemma to get 

llw+rvll = llwll + rllvll , and therefore Va,(S€lR llccu+p*vll= |a | llull+ | (J | llvll .

Let x=-v. Then llu-avll + ll ( 1-b) vll = llu+( 1-c) vll + dllvll . We can 

assume that c=l(by normalization), then 

llu-avll = llull + (l-h+d)llvll = llull+allvll. Thus Va,£€IR

llvll .

Hence [u,v] is isometric to Q,? .

The next result shows that we have tight restrictions 

upon the choice of discrete measures p. and u . Namely that

and u=l/2[6 f +6 h .

Lemma 4.8.3 

If Vx llax+ull + llbx+vll = llcx+u+vll + dllxll then a=b=c=d.

Proof

Wlog c = l>d and a<b>c = l . Thus Vx llax+ull + llbx+vll = llx+u+vll + dllxll 

whence llull + llvll = llu+vll , and so as above allull + pllvll = llocu+3vll for 

all a,(i>0. Let x=-v , then Vx llu-avll + (b-l ) llvll = llull + dllvll so that 

llu-avll = llull + (l + d-b)llvll = llull+allvll. Then if X=(a+l)"1

=Xllull + (l-X)llvll. Thus llau-3vll=allull + pllvll for all oc,p>0.
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Let x=Xu+piv. Then llax+ull +llbx+vll= | aX+1 | llull+| a/jt | llvll + 

bX | llull + |bpt+l |llvll = f(X.ji) and llx+u + vll + cllxll = | cX | llull + | cfi \ llvll 

+ |X+1 | llull + |fi+l | llvll=g(X,fi) . f and g are identical functions 

from IR 2 to IR, and so will be di f f erent iable at the same 

points of IR 2 . f is di ff erent iable at all points except when 

X=-l/a,0 or pt=-l/b,0; and g is di f f erent iable at all points 

except X=-l,0 or j/=-l,0. Hence a=b = l , and so c=d=l.

We have already observed that if X=(H?®Z) 1 , then there 

exist 2-atomic measures JJL , u such that (w ± ) fails. We have now 

seen that if such measures exist then X contains an isometric 

copy of &? . It is natural to ask whether X is the Hj-direct 

sum of this subpace and some complement Z.

Proposition 4.8.4

Suppose that Vx llx+ull + llx+vll = llx+u+vll +llxll . Then Vx€X Voc.fieiR 

llx+aull + llx+pvll = llx+ocu+pvll + llxll (x) .

Proof

Certainly (x) holds for <x,(i=0,l,-l. Suppose (x) is true 

for fixed a and £=1 . Thus llx+aull + llx+vll = llx+au+vll + llxll and 

llx+aull + llx+(a+l )u+vll = llx+au+vll + llx+(a+l )ull , so that 

llx+(ot+l)ull + llx+vll = llx+(a+l)u+vll + llxll . Similarly starting with 

a=l and (i fixed yields (x) for a=l and £+1.

Suppose for fixed a and (5 (x) holds. Then since 

llx+(oc+l )ull + llx+au+pvll = llx+(a+l )u+pvll + llx+ocull we find that 

llx+(a+l)ull + llx+(3vll = llx+(a+l)u+pvll + llxll . Hence (x) is true for 

a, £€IN. Let p,q, r , s€W.
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l_[llqsx+psull+llqsx+rqvll] = llx+p/qull + llx+r/svll = llx+p/qu+r/svll 
qs

=I__[Hqsx+psu+rqvll + llqsxll] . So that (*) holds for all a, 
qs

For a,£€IR + , find a n ,pn €Q + with a n —— *x and £ n —— »(* - Therefore 

II x+an u II + II x+ £ n v II ——— HI x+ocu II + II x+ (Sv II and

llx+an u+(}n vll + llxll ——— »llx+au+(iv II + 11x11 . We can then easily extend 

the argument to all oc

4.9 Embedding Q, 1? in X when (nwi ) fails.

We now showthat we can embed Q," in X by assuming that 

the uniqueness property (nw 4 ) fails in X.

So assume that for all x€X b t llx+f t Il+b 2 llx+f 2 ll=2iai llx+gi II 

where 0<ai,bi<l with b 1 +b 2 =2ai=l.

Let II • II be Gateaux dif f erent iable at a point x€X. Then 

for R€IR, bJIRx-ff 1 ll+b 2 IIRx+f 2 ll-(b 1 +b 2 )IIRxll=i;a i IIRx+gi Il-Sai IIRxll 

————>p ' (x; b t f i+b 2 f 2 ) as |R|——*» . Thus by the lemma above 

bjfi+b 2 f 2 =2aigi . Thus let us consider 

llbiX+Sei H+b 2 llxll=2illaiX+ei II.

To show that we have a copy of n-dimensional Q.J inside Y 

it suffices to show that for some set {u 4 } of n elements we 

have Il2ai Ui ll=2ai llui II , for all scalars ou€IR. Let x=0 in the 

above. Then llSei 11=2" lid II .
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Suppose that 3i,j and a X€(0,l) with 

+(l-X) ej IKXIIet ll + (l-X)llej II. Then as before Va€(0,l) 

+(l-a) ej IKallet ll + (l-a)llej II. But 2lle t Il = ll2ei ll£

llej II+. . . + llei + ej 11+. . .+lle n IKSIlei II , thus for all i,j and all X

HXei+(l-X)ej ll=Xll ei IH-(l

Lemma 4.9.1 

For all scalars s 4 we have 2 | si | lie* Il = ll2si ei II .

Proof 

Let 0<QCi <1 be scalars with sum one. Then 2"oti llei 11 =

\
+ Hane n ll \ 

l-2n - 2 ai/

For scalars ri>0, 2r 4 II e t Il=2r 4 r ± \\e ± \\+ , . . +r n II e n Il = ll2rj

Suppose that 3i , j and a X€(0,l) with

HXei -(l-X)ej IKXIlei ll + (l-X)llej II. Then as before Vot€(0,l) 

llcxei -( l-a)ej IKallei ll + ( 1-a) llej II . In particular 

llei -6j IKIlei ll + llcj II . Assume wlog that i = l and j=2. Let x=-e 2 

Then lie ± + ( 1-bj )e 2 + e 3 + . . . +e n Il+b 2 Ile 2 ll = lle t -a ± e 2 11 + 11 ( l-a2 ) e 2 11+ . 

Ile n -an e 2 ll. So ( l-bi+b 2 ) He 2 ll<(a 1 +a 3 + . . . +a n + l-a 2 ) He 2 H , i.e. 

a 2 <b lf By considering x=-e 1 , we find that a 1 <b 1 . Thus if 

ai>bi then Va€(0,l) llocei -( l-o)ej ll=allei ll + ( 1-a) llej II . In 

particular this works if ai=aj=b 1 .

If a^bj then let OX^-l/bj >-l/aj . Then Xbj + 1 , Xa t + 1 >0 

Let x=Xe ± . Then Ub 1 Xe i + e 1 + . . . +e n H+b 2 HXci 11 =
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(b 1 X+l+b 2 |X | JlleJI+Sallet ll=2llei +QH \e ̂  II 

<(a 1 X+l)|le 1 ll + 2 2 lle i Il + (a 2 +. . . +a n ) | X | lie t II . Thus

l+b 1 X-b 2 X<l+a 1 X-(a 2 +...+an )X, that is b t -b 2 <a t -(a 2 +...+an ) so 

b 1 <a lf a contradiction. So Va€(0,l) 

llaei -(l-a)ej ll=allei ll + ( 1-a) llej II .

Then we find that for all scalars si€IR,

Met Il = ll2si e 4 II as required.

Lemma 4.9.2

Suppose that for all scalars si€IR, 2|si | llei ll = IISsi ei II then 

ai=b 1 =l/n for all i, and b 2 =(n-l)/n. 

Proof 

Let x=2Xi ei . Then llbiX+e t Il + llb 2 xll =

llet ll + 2|b 2 Xi | Net ll = f (X t . . . . , X n ) and Sllatx+ei 11 = 

eJH-. . .+ |aiXn |lle n ll+ |aiXi+l |lle t ll}=g(X ± . . . .X n ) . f and 

g are identical functions from IR n to IR, and so will be 

differentiable at the same points, f is differentiable at all 

points except when Xi=0 or -1/bi; and g is differentiable at 

all points except Xi=-l/ai or 0. Hence ai=b 1 =l/n, and 

b 2 =(n-l)/n.

Proposition 4.9.3

Suppose that Vx Sllx+ei ll = llx+2ei ll + (n-l ) llxll . Then Vx€X Vat €R 

i ll = llx+2ai e t ll + (n-l ) llxll (x) .
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Proof

Certainly (x) holds for cti=0,l,-l. Suppose (x) is true for 

fixed at . Thus 2llx+e t +a t e t ll = llx+e t + 2ai ei 11 + (n- 1 ) llx+e t II and

e t ll-llxll} . So that 

e t II + ( n- 1 ) llxll . HenceIlx+(a 1 + l)e 1 11 + 22 llx+oci 6l ll = llx+ (a t + 1 ) e 

(x) is true for ai€IN, by induction 

Let pi , q t €IN.

ipi (PI qj)eill] =(n-l)llxll +llx+2pi e 4 /q t II j^i JHqi I-

So that (x) holds for all a t €Q + . We can then easily extend

the argument to all a,

We have seen that if (2Wi) fails, then there is a copy 

of &? inside X. One can ask whether a similar equality would 

force a copy of c 0 in X. We can prove the following.

Proposition 4.9.4

Suppose there exists e.f.g.h (all distinct) with 

max{llx+ell, llx+f II }=max{ llx+gll , llx+hll} for all x€X. Then 

lle + f ll = lle-f ll=max{llell, II f II}.

Proof

By translating by -h (consider x-h) we can consider the 

situation in which for all x€X, 

max{ llx+e II, llx+f II }=max{ llx+gll , llxll}.
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Then max{ IIRx+e II , IIRx+f II }- IIRxll =

max[llx+e/RII-llxll. Hx+f/RII-llxll 1 —————» max[p'(x:e),p'(x:f)] as 
I 1/R 1/R J

R———*».

Thus max[p'(x;e),p'(x;f)]=max[p'(x;g),0] for all x€X. 

So llgll=max{llell , II f 11} . If g = e + f, then lle + f ll=max{ Hell , II f II } and so 

by considering x=-f we find that lle-f ll=max{ He II , II f II } .

If for a fixed x, p'(x;g)<0, then

0=max[p'(x;e),p'(x;f)]=p'(x;e) wlog. Thus p'(-x;g)>0 so that 

p 1 (-x;g)=max[p*(-x;e),p'(-x;f)]=p'(-x;f). Thus

p'(x;f)=p'(x;g) if p'(x;e)=0. If 0<p'(x;g)=p'(x;e) say, then 

0=max[p'(-x;e),p 1 (-x;f)]=p'(-x;f) thus 0=p'(x;f). So p'(x;g) 

equals one of p'(x;e) and p'(x;f) and the other is zero. Thus 

p'(x;g)=p'(x;e)+p'(x;f)=p'(x;e + f), then by a previous result 

g=e+f. So max{llx+e + f II , llxll }=max{ llx+ell , llx+f 11} . Then 

lle-f ll=max{llf II. Hell } = lle + f II .

We thus have a partition of the Gateaux-differentiable 

points of X into a disjoint union of $={x:p'(x;f)=0} and 

y={x:p'(x;e)=0}.

Let x,y€X. We say x is orthogonal to y, written xly see 

[Di], whenever llxll < Ilx+Ay II for all scalars X. If <1>€X* then xly 

for each y€ker<(> iff |<fr(x) | = ll<|>ll . llxll. With 4>(y ) = P f (x ; y) we see 

that p'(x;y)=0 implies xly. Hence $={x:xlf} and ^={x:xle}.
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4.10 The structure of (Y8Z). when (w,) falls.-q,———————

We now consider the conditions that the failure of 

in (Y©Z) impose on the norm of X, and in particular we show 

that if (2Wi) fails, then <f is essentially an Q-i-norm, that 

is <f (a, P)=ak A + (ik2 for constants k lf k 2 >0.

Let X=(Y©Z) be a functional direct sum, that is

ll(y. z) ll=4( llyll . llzll) . Then from the axioms of the norm we have 

Vy,r€Y, Vz,s€Z, <j>(lly+rll, llz + sll ) <4>( Hy II , llzll )+4>( llrll , llsll ) , 

|a|<|>(llyll. llzll)=4>( |<x|llyll. |ci|llzll), and <j>( lly II , llzll ) =0 iff y = z=0. 

Thus <J>:|RxIR —— M , and c<|>(a, O=<Kca, c£) Vc>0. Hence 

4>(<x,0)=a<t>(l ,0)=ak t , say. Similarly <J>(0 ,

Suppose ll(y,z)+xlldpt(x)= II (y , z )+xlldu (x) V(y,z)€X, 
J X J X

where ^=[a6 (e , 0)+b6 ( f , 0) ] and u=[c6 (g , 0)+d6(h , 0) ] , with 

0<a,b,c,d<l and a+b=c+d=l . Then

a<J>(lly+ell, llzll )+b<|)( lly+f II , llzll )=c<J>( lly +g II , llzll )+d<J>( lly+hll , llzll) for 

all y€Y and z€Z.

Let z=0. Then ally+ell+blly+f ll=clly+gll + dlly+hll for all y€Y. 

By the above we know that a=b=c=d=l and

lly+ull + lly+vll = lly+u+vll + lly II for u = e and v = f . From this we find 

that for a,p€K

<|>(lly+ocull, llzll) + «|>(lly+pvll. llzll )=<{>( lly +au-f-(iv II , llzll ) + 4>( lly II , llzll) . Let 

y=0 so that <J)(a , C) + <|)( P . C )=*(a+P . C )+4>(0 , C ) for all oc.p.QO. In 

fact we can assume that 4>(a, D + 4>( P . f )= <I) ('Y . C ) + 4>(5 , f) for all 

a, 3, T , 6 , f>0 whenever
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Then <Ka.O + 4>(P.n = 4>(a+P.n+Ck 2 , so that

4>(2a,n+Ck 2 =2<Ka,n. Hence 4>(a , C ) = l/2«>(2a . C ) + l/2£k 2

= l/2 3 (J>(2 3 a , 

. So

If zi ——— »z in Z then Vy , | <J>( lly II . llzll )-$( llyll . llz t II ) | = 

l(y,Zi ) 11-11 (y,z) II |<ll(0,z-Zi )ll=4>(0, Ilz-Zi ll) = llz-zi Ilk 2 ——— K) as 

i —— *». So if fi —— »f in IR , then Voc <|>(ot,fi) ——— »<K«,r). Hence 

<Ka.n = lim n <Ka,2- n )+Ck 2 = <Ka,0)+fk 2 =ak 1 +Ck 2 . So 4> is forced to 

behave like an Hj-norm as expected.

We can show that a=b=c=d by the following. Let us 

suppose that Va , |J , T , 6 , C>0 a<|>(a , C )+b<J>( p , C ) =c4>( 6 , £ )+d<(>(nr ,

whenever a+P=6+t. Then <j>(cx.C)= c 4>(2a.£')+ d fk 2 =
a+b a+b

a+b a+b a+b a+b 
c n <j>(2 n a,O+dCk2 {l + c+. - .+c n ~ 1 }. So

1-c 

If yi —— >y and Zi —— >z then, | <|>( lly II , llzll )-«>( ll yi II , H Zi II ) | =

l(yt ,zi )ll-ll(y,z)ll |<N(y-yi , z- Zi )IKII(y-yi , 0) ll + ll (0 , z-z t ) II 

= lly-yi Ilki + llz-Zi Ilk 2 ——— O as i —— *». So that if c>l/2 then 

2n c n —— x» which cannot happen. If c<l/2 then 2n c n —— K) , so that 

4>(a,0)=ak 1 =0 Va. Thus c = l/2, and <t>(ot , C)=«k 1 +Ck2 . Similarly we 

can show that a=b=c=d.
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We now prove various results, each of which gives a 

sufficient condition on <f to force it to be an Q. 1 -norm.

Lemma 4.10.1

Let 0<uif ri<l and S^ui =2^ TI =1 . Suppose that whenever

on , £i >0 and 2at =2^ we have 2?u t 4>(oti . 0=2" r 4 <K (* t , O for a11 

C>0. Then u 4 =r t =l/n and <(>(«, C )=«k 1 +Ck 2 .

Proof 

Put a t =a and P^not, Pj =0 . Then 4>(a , C )=r ± 4>(noc ,

. So

. Thus a=limjrinj oc so r 1 = l/n, and <j>(a , f ) =ak 1 +f k 2 . Similarly 

we can find that Ui=ri=l/n.

Lemma 4 . 10.2

Let 0<ui ,ri<l and 2^ u i =2i TI =1 . Suppose that whenever 

, Pi , Ct . f i >° and Sod =2pi , 2fi =2f i we have 

Ui <|)(ai ,Ci )=2irt <|)(Pi ,fi ) . Then u 4 =n =l/n and <|>(oc . C )=otk 1 +£k 2

Proof 

Put Ci =fi = C- Then apply the above lemma to get the result

Lemma 4 . 10.3

Let 0<ui ,ri<l and 2"ui=2iri=l. Suppose that whenever 

ai,pi>0 and 2at u t =2p 4 n we have S^Ui 4>(ai , C )=2" n «|)( Pi , C) for 

all C>0. Then <J>(ot , C ) =
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Proof

Put at =a and $ I =OL/T I , (Sj =0 , jXl . Then Sou u t =2(3i r t . Thus 

. C)=r 1 <t>(cx/r 1 ,C)+2 2 r i Ck 2 = 4>(a , r { C )+2 2 r t £k 2 { 1 + r , + . . . +r{ - 

a, 0)+<J>(0,C)=ak 1 +Ck 2 , as j —— *» .

Lemma 4 . 10.4

Let CKui ,ri<l and S^ui =2i FI =1 . Suppose that whenever

,Ci .fi >0 and SatUi =2(5i FI , 2a t d =23 4 f 4 we have

i .Ci)=27ri*(Pi .ft ). Then <|>(a , C )=ock 1 +Ck 2 . 

Proof

Put Ci =f i = C f° r any C>0. Then apply the previous lemma to 

prove that <|>(a , £ )=ak!+f k 2 .

Lemma 4.10.5

Suppose that II (y , z) ll=<J>(y , z) is a norm on X=Y©Z. Suppose 

that Vz€Z <|>(x , z) + <f>(y , z)=4>(u , z) + <J>( v , z) whenever x+y=u+v for 

x,y,u,v€Y. Then 4>(y , z)=4>(y , 0) + <t>(0 , z) = ll (y , 0) 11 + II (0 , z) II .

Proof 

As before 4>(x . z)=2" n <J>(2" n x , z) + (n-l )<|>(0 , z)/n . So

Example

Suppose that II (y , z) 11 + 11 (y+ei+e 2 , z) 11 = 11 (y+ej , z) 11 + 11 (y+e 2 , z) 

for all (y,z)€Y8Z. Let X=Y®Z and x=(y,z), e=(e 1§ 0). f=(e 2 ,0) 

Then llxll + llx+e+f ll = llx+e ll + llx+f II for all x€X, thus 

llxll + llx+oce+pf ll = llx+aell + llx+pf II for all <x,£>0. That is 

Il(y,z)ll + ll(y+oce 1 + pe 2 ,z)ll = ll(y+ae 1 , z) 11 + 11 (y+£e 2 , z ) II for all
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(y,z)€Y9Z. If Y=[ ei ,e 2 ] then II (r . z) II-HI ( s . z) 11 = 11 (u , z) II-HI (v , z) 

whenever r+s=u+v, so apply the lemma above to get 

H(y.z)ll = |

Example

Consider X©Y®Z=[e 4 , e 2 ]®[e 3 , e 4 ]®Z with the functional norm 

II (x.y.z )!! = *( llxll, llyll. llzll) . Let

M=l/2[6(e 1 ,e 3 ,0)+6(e 1 ,e 4 ,0)+6(e 2 ,e 3 ,0)+6(e 2 ,e 4 ,0)] and 

u=l/2[6(e 1 +e 2 ,e 3 +e 4 ,0)+6(0,e 3 +e 4 ,0)+6(e 1 +e 2 ,0,0)+6( 0,0,0)], 

giving (Kllx+eJI, Ily+e 3 ll, llzll ) + <J>( llx+e 4 II , Ily+e 4 ll, llzll) + 

<J>(Hx+e 2 ll, Ily+e 3 ll, llzll ) + 4>( Ilx+e 2 II , Ily+e 4 ll, llzll) = 

(Kllx+Ci+eall , Ily+e 3 + e 4 ll , llzll )+<]>( llxll , Hy+e 3 + e 4 ll , llzll ) +

4>(llx+e 1 +e 2 ll, llyll, llzll ) + <J)( llxll, llyll, llzll) , 

so that whenever Sou =2Ti and

VC>0 

Thus

and

limn <t>(0,p,4- n C)+<t>(0,0,C)=<|)(0,3,0) + 4)(0,0,f). Thus

This is easily extended to the situation when

X=(Y!©. . .©Yn ©Z) with <|> a functional norm and Y 4 =[e 2l _ ± , e 2 i ] 

Then under obvious assumptions $(a t , . . . , ot n . f )=2"ai ki +f kn+ i .
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Although a functional norm had to essentially be an 

0-i-norm, this is not so in general, as we can see by the 

following examples.

Examples .

1. Let Z be any real vector space, and let II • II t , II • II 2 be norms 

on Z0R. Define a norm on Z9IR®IR=Z®[e 4 , e 2 ] by 

Hz+X 1 e 1 +X 2 e 2 ll = ll(z,X 1 )N 1 + ll(z,X 2 )ll 2 . Then if x=z+X t e ± +X 2 e 2 ,

Il + llx+e 2 ll . So by setting pt=l/2[6 (0) + S(e ± +e 2 ) ] and 

u=l/2[6(e 1 )+6(e 2 ) ] we have non-uniqueness. Thus 

X=(Z©[e i , e 2 ] ) ^ , but II • II is not necessarily the Hi-norm.

For example if X=K 3 with II • II j and II«II 2 being 2-norms, 

then NCz.Xi , X 2 ) ll x =v/(z 2 +Xf )W(z 2 +X| ) .

2. Let II • II 4 be a norm on Z0IR , and II»II 2 be a norm on IR . Let 

Ilz+Xi ei+X 2 e 2 I^llz+Xje! II 4 + 11X262 II 2 , then pt and u as above will 

provide non-uniqueness but with II • II not being an Hi-norm.

Let X=Z8[e 1 ,e 2 ]. Suppose that by

Ilz+X 1 e 1 +X 2 e 2 ll x =<j>( Hz+Xj 6i II i , Ilz+X 2 e 2 ll 2 ) . Then we can show that 

<|> is an Hi-norm. We have Vz€Z; Va,£€IR

l). Put z=0, 

+ (11(0,01)11. 11(0, |J)ll)=<KII(0.a)II.O)+<KO. 11(0, P)ll), so that VA,B>0,
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4>(A,B)=<t>(A,0)+<J>(0,B) • Since <j> defines a norm, <|)(A,0)=Ak 1 and 

<t>(0,B)=Bk 2 , where k lf k 2 >0. So that 

Ilz+X 1 e 1 +X 2 e 2 llx=k 1 llz-i-A^i II t +k 2 Ilz + X 2 e 2 II 2 .

Similarly if Ilz+Xj e j +X 2 e 2 II X =<K Hz+Xi e t II t , IIX 2 e 2 II 2 ) or 

<|>( IIXj G! II ± , Ilz+X 2 e 2 II 2 ) we can show that <j> is an ilj-norm.

Lemma 4.10.6 

Suppose that Vx€X,

+ llx+aei + pejjl^llx+ae! Il + Ilx+Pe 2 ll . Then 

ll + lle 2 ll = p l (et : e 2 )+p ' (e 2 ; e ± ) .

Proof

Let x=0 , a=P=l, then lie ± +e 2 ll = lle t Il + lle 2 II so that

II -a 

>p ' (e ± ; x) + p ' ( e 2 ; x) as
1/oc

x». If a=(i, then LHS ——— >llxll + p ' (e t+e 2 ; x) . Hence Vx€X

llxll + p ' (e!+e 2 ; x)=p ' (e! ; x) + p ' (e 2 ; x) . In particular if x=ae 1 +be 2 

llaei+beall + p' (e 1 +e 2 ;ae 1 +be 2 )=ap' (e t ;e 1 )+ap f (e 2 ;e t )+bp f (e ± ;e 2 ) + 

bp'(e 2 ;e 2 ). Let a=b so that 

Ile 1 ll + lle 2 ll + lle 1 +e 2 ll = lle 1 ll + lle 2 ll + p l (e 1 ;e 2 ) + p l (e 2 ;e 1 ) that is

Thus 2-atomic non-uniqueness is false for c 0 .

For example if X=c 0 , lie ± Il = lle 2 11 = 1 . Let i be the unique 

index (if it exists) such that llxll=|xi |, then 

P* (x;y)=(signxi ) . y 4 , so p'(ei,ej)=0 for i^j , see chapter 3
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