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Abstract

We consider three different settings for branching processes with spatial structure which
appear in population models.

Firstly, we consider the effect of adding a competitive interaction between nearby
individuals in a branching Brownian motion. Each individual has a mass which decays
when other individuals are nearby. We study the front location: the location at which
the local mass density drops from ©(1) to o(1). We show that there are arbitrarily large
times t at which the front location is ©(¢'/3) behind the maximum displacement of a
particle from the origin.

Secondly, we study the strength of selection in favour of a particular allele in a
spatially structured population required to cause a detectable trace in the patterns
of genetic variation observed in the contemporary population. We suppose that the
effective local population density is small. We show that whereas in dimensions at
least three, selection is barely impeded by the spatial structure, in the most relevant
dimension, d = 2, selection must be stronger (by a factor of log(1/u) where p is the
neutral mutation rate) if we are to have a chance of detecting it.

Finally, we model the behaviour of what are known in population genetics as hybrid
zones. These occur when two genetically distinct groups are able to reproduce, but the
hybrid offspring have a lower fitness. We prove that on an appropriate time and space
scale, the hybrid zone in our model evolves approximately according to mean curvature
flow. We also give a probabilistic proof of a (well-known) analogous result for a special
case of the Allen-Cahn equation.

In the last two cases, we use the spatial A-Fleming-Viot process to model the
population (with different selection mechanisms), and our proofs rely on a duality with

a system of branching and coalescing particles.
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Chapter 1

Introduction

Branching processes are a central theme in the study of population models. They appear
as forwards-in-time models of growing populations, and also as backwards-in-time dual
processes of ‘potential’ ancestry in models of natural selection. This thesis contains
work on branching processes in both of these contexts. The population models that we
shall consider incorporate spatial structure, resulting in branching processes of particles
moving in space in which nearby particles interact. This introduction covers background
on branching processes and population genetics models, and gives an outline of the

results in the rest of the thesis.

1.1 Branching Brownian motion

1.1.1 Definition and important properties

Branching Brownian motion is a canonical example of a branching process, and can
be seen as a simple model of an evolving population. The following definition is from
Etheridge (2000); a more general early definition of a branching Markov process can be

found in Tkeda et al. (1965).

Definition 1.1.1 (Branching Brownian motion in R?). Branching Brownian motion

has three ingredients:

1. The spatial motion: During its lifetime, each individual in the population moves

around in R* according to a d-dimensional Brownian motion.
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Figure 1.1: A realisation of one-dimensional branching Brownian motion.

2. The branching rate, V: Each individual has an exponentially distributed lifetime
with rate V. Given that the individual is alive at time t, the probability that it dies

in the time interval [t,t + ot) is Vot + o(dt).

3. The branching mechanism, ®: When it dies, an individual leaves behind
(at the location where it died) a random number of offspring with probability
generating function ®. Conditional on their time and place of birth, offspring

evolve independently of each other.

Figure 1.1 gives a realisation of branching Brownian motion (BBM) in R. We shall
write X1(t), Xa(t) ..., Xy (t) to denote the locations of the individuals in a branching
Brownian motion at time t, where N(t) is the number of individuals alive at time ¢.
We shall use the subscript « in P, E, to indicate that the BBM starts with a single
individual at location z at time 0.

There are two important immediate consequences of this definition.

e« Markov property: The exponential lifetimes of individuals are memoryless
and the Brownian motions followed by each individual are Markov processes, so

branching Brownian motion is a Markov process.

+ Branching property: Conditional on their locations X (t), Xa(t) ..., X (f)
at time ¢, the descendants of the individuals alive at time ¢ evolve according to

independent branching Brownian motions.

We now give two important results on branching Brownian motion; they are related
to some of the main results in this thesis. The first is usually attributed to McKean
(1975) (but can also be found in Skorohod (1964)) and gives a solution to partial
differential equations of a particular form in terms of the law of a branching Brownian

motion.
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Theorem 1.1.2. Suppose ¢ € C2(R?) with 0 < ¢(x) < 1 for x € RL. Fort > 0,

z e R let
N(t)
u(t,z) =E; | ][] w<XZ-(t>>] :
i=1
where X1 (t),..., Xn)(t) are the locations of the individuals in a branching Brownian

motion at time t, V is the branching rate and ® is the probability generating function
of the offspring distribution. Then if ® is continuous, v solves the partial differential
equation

v

1
o7 = gAv V(@) —v),  v(0,3) = (). (1.1)

Proof. We assume that at time ¢, v(¢, x) is twice continuously differentiable in the space
variable . Once we have shown under this assumption that v solves (1.1), regularity
theory for the heat semigroup tells us that v is smooth as a function of z for all later
times.

Throughout the proof we write E, for the expectation under which (Bs)s>0 is a
Brownian motion started at x.

We estimate v(t + 0t, ) by conditioning on the behaviour of the original ancestor
during the time interval [0, 6t]. Let S be the time at which the original ancestor dies,
Bg its location at time S and K the number of offspring that it leaves behind when it

dies. Then

N (t+6t)
v(t + dt,z) = ZE [ H (X (t + 6t)) ‘S<5tK k] [S < 6t, K = k]

N (t-+5t)

H P(X t+5t))‘S>5t] P[S > 6t].

(1.2)

We now estimate each term on the right hand side of (1.2).
For each offspring 1 < ¢ < K from the first branching event, let N; denote the set of
individuals at time ¢ + 0t which are descendants of offspring 7. Conditional on S < dt,

the probability that offspring i dies before time 0t is O(dt). Hence for s < §t and i < k,
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by the Markov property at time dt,

— B, [u(t, Byr_s)] + 0(61).

T v Hm\@&xh@%m
JEN;

By our assumption on the regularity of v(t,z) in x, it follows that for i <k,

o | [ (Xt +6t)) ‘S<6tK k]—v(t:c)+0(5t)
JEN;

Then by the branching property,

N (t+6t)

H Y(X t+5t))’S§5t,K:k] = (v(t, z) + O(6t))k.

Substituting this into the first term on the right hand side of (1.2), since S ~ Exp(V),

N (t+6t)
H P(X t—i—ét))‘Sgdt,K—k] P[S < 6t, K = k]

D E.
k=0

— Z(v(t,x) +0(6t)5(Vot + o(6t))P [K = k|
k=0

= Votd(v(t,x)) + o(dt), (1.3)

where the last line follows since ® is the probability generating function of K and & is
continuous. To estimate the second term on the right hand side of (1.2), since %A is
the infinitesimal generator of Brownian motion and by our assumption on the regularity

of v,

(t+6t)
{ [T (Xt +6t) ‘s > 575] [S > 6t] = E, [u(t, Bsy)] (1 — Vit + o(6t))
7j=1

= (v(t,z) + LAv(t, z)5t + o(51)) (1 — V6t + o(61)).
(1.4)

Substituting (1.3) and (1.4) into (1.2), as 6t — 0,

v(t + 6t ;gi —u(t,z) _ LAv(t,x) + V(®(u(t, x)) — v(t,x)) + o(1),
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and the result follows. O

The second main theorem in this section is a combination of two results. The first
is originally due to Bramson (1978); it gives the asymptotics for the median of the
distribution of the maximum position of the individuals alive in a one-dimensional
branching Brownian motion at time t. The second is a strengthening of Bramson’s
result from Hu and Shi (2009) (originally given in a slightly different form for branching
random walks). For this theorem we take V = 1 and ®(v) = v? in the definition of

branching Brownian motion, resulting in binary branching at rate 1.

Theorem 1.1.3. Let m(t) =sup{z e R: P {maxlSiSN(t) Xi(t) < x] < 1/2}. Then as
t — 00,

m(t) = V2t — 2\3/§logt + 0(1).

Moreover, almost surely

< 0.

) | max; <j< v Xi(t) —m(t)]
lim sup
t—o00 logt
A simpler version of Bramson’s proof (which is then extended to cover Hu and Shi’s
result) is given in Roberts (2013).
One of the basic tools used to prove this and other results on BBM is the many-to-one

lemma. Once again, for simplicity, we consider binary branching at rate 1.

Lemma 1.1.4 (Many-to-one lemma). For s <t, let X;(s) denote the location of the
ancestor of X;(t) at time s. Suppose that for t > 0, F; : C[0,t] — R is a measurable

functional. Then

E. | S Fl(Xii(s),0<s<t)| =B, [F((B(s),0 < s < 1)),
1<i<N(t)

where under E,, B is a Brownian motion started at x.

It is not hard to see that since a population of k individuals increases by 1 at rate
k, 4E,[N(t)] = E;[N(t)] and hence E;[N(t)] = e!. The proof of Lemma 1.1.4 is then
a simple consequence of the fact that conditional on the set of branching events, each

path (X;4(s),0 < s <t) is a Brownian motion.
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1.1.2 Branching Brownian motion with decay of mass

In Chapter 2, (Addario-Berry and Penington (2015)), we introduce a model of branching
Brownian motion with decay of mass. The idea is to give a mathematical model for
the effect of competition for resources in a spatially structured population. We think
of individuals as amoebae moving around in space; if no other individuals are near a
particular amoeba then it has enough food, but if it is near other individuals then it
must share resources and its mass decays.

We consider binary branching Brownian motion, in which individuals have an
Exp(1)-distributed lifetime, after which they are replaced by two offspring. We add a
competitive interaction between nearby individuals as follows. Each individual is given
a mass which decays at rate proportional to the local mass density at its location times
its own mass. The total mass of the system increases through branching events: when
branching occurs each of the two offspring inherits the mass of its parent.

As in the previous subsection, we let (X;(t))1<j<n() denote the locations of the
N(t) individuals at time t. For s < ¢, let X;(s) give the location of the ancestor of
X;(t) at time s. We also define (M;(t))1<j<n() and call M;(t) the mass of individual

at time t. For t > 0 and = € R, we let

((t,x) = > M;(t),

(1<i<N ()X, (8)—2]€(0,1)}

the local mass density at time ¢ and location z. This can be seen as the sum of the
masses of individuals that an individual at location = at time t has to compete with.

Then the initial individual has mass 1 at time 0, and masses decay according to
—M;(t) = —M;(t)C(¢, Xi(1)).
Equivalently, for each 1 <i < N(t),

My (t) = exp(— /Ot C(s, Xia(s)) ds).
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Figure 1.2: The front location for a local mass density profile.

In order to determine the effect of the competitive interaction on the branching Brownian
motion, a natural first step is to look at how quickly mass spreads out in space when
the system is started from a single particle at the origin. To do this we study the
asymptotics of the front location: the rightmost location at which the local mass density

is not o(1). More formally, for m > 0, we write
d(t,m) =min{z > 0:((¢t,z) <m}, D(t,m)=max{x:((t,z)>m},

for the leftmost (positive) location at which the total mass of nearby particles falls below
m, and the rightmost location at which it exceeds m, respectively (see Figure 1.2). Note
that for y > max;< ) Xi(t)+1, ((t,y) = 0 and so d(t, m), D(t,m) < max;< ) Xi(t)+1.
The following theorem gives us partial results on how far d and D lag behind the rightmost

particle location for large times.

Theorem 1.1.5. Write ¢* = 34/37r2/3/27/6. Then almost surely, for all m < 1,

i V2t —d(t,m)
msup ———— 5
t—)oop t1/3

V2t — D(t,m) oo

> c* d liminf
>c an im in 173 <c

Recalling Theorem 1.1.3, the theorem states that (1) there are arbitrarily large
times ¢ at which the first low-density region lags at least distance ¢*t'/3 4 o(t!/?) behind
the rightmost particle, and (2) there are also (potentially different) arbitrarily large
times ¢ at which there is some high-density region within distance ¢*t/3 + o(tl/ 3) of the
rightmost particle.

The proof uses results from Jaffuel (2012) and Roberts (2015) on consistent maximal

displacement for branching Brownian motion. These results tell us with high probability
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whether or not {i < N(t) : X;(s) > f(s)Vs € [0,t]} is empty for large times ¢, where
f(s) = V25 — cs'/3 + 0(s/3) and ¢ > 0 is a constant.
In the conclusion we will discuss some progress on further results relating to this

model.

1.2 Population genetics models

1.2.1 The Moran model and Kingman’s coalescent

We now move on to consider population genetics models and the duality between
forwards-in-time models and the backwards-in-time genealogy of the population. We
shall begin with a simple classical model of a population with no spatial structure,
introduced by Moran (1958), to illustrate the concept of duality. Our discussion is based
on a combination of Etheridge (2011) and Berestycki (2009).

Definition 1.2.1 (The neutral Moran model). A population of N individuals evolves
as follows. Let (m(t),t > 0) be a Poisson process with rate (];[) At a point in 7, a
reproduction event occurs in which an ordered pair of individuals is sampled uniformly

at random from the population, the first dies and the second splits in two.

More formally, we label each individual in the population at time 0 by i €
{1,2,...,N}. We let T, be an independent rate 1 Poisson process for each pair
(4,7) with i # j. At each point in 7(; ;), one of the individuals labelled 7, j (chosen at
random with equal probability) dies, and the other is replaced by two offspring. The
offspring are given labels ¢ and j.

We consider the case in which each individual in the population is one of two types,
a or A. In order to determine the types of a sample from the population at time ¢ from
the initial types of the population, we must trace the ancestry of the sample backwards
in time. If the most recent reproduction event before time ¢ is at time s and resulted in
offspring ¢ and j, then before time s, ¢ and j had the same ancestor, so the ancestral
lineages for i and j coalesce in the genealogy. This process continues until we have

traced the ancestral lineages back to their ancestors at time 0. Each individual’s type is
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Figure 1.3: On the left is a graphical representation of the Moran model. We draw an
arrow ¢ — j at a time when ¢ reproduces and j dies. The bold lines show the ancestors
of the individuals at time ¢ traced back to time 0. On the right is the genealogy relating
individuals in the population, tracing back time from ¢ to 0.

then the type of its ancestor at time 0. The genealogical trees from a realisation of the
Moran model are shown in Figure 1.3.

For a pair i, j in the sample at time ¢, let (i(s),;(s)) denote the labels of their
ancestors at time s < ¢. Since for each k, [, the time reversal of 7 ;) is also a Poisson
process, and by the memoryless property of the exponential distribution, the length of
time we must look back before time ¢ until we see a reproduction event with offspring
(i(s),7(s)) is exponentially distributed with rate 1.

It follows that for the Moran model run for a time ¢ > 0, the genealogy of a sample
of size k is given by the following continuous time Markov process (Il;)o<s<¢, taking

values in &, the set of equivalence classes of [k] = {1,2,...,k}.

Definition 1.2.2 (Kingman’s k-coalescent). (Ils)o<s<t is a continuous time Markov
chain on &, started at Iy = ({1},{2},...,{k}) with transition rates q¢, ({,1 € &%)

given by

1 if n is obtained by coalescing two of the equivalence classes of &
Qen =
0  otherwise.



10 Introduction

Each equivalence class (or ‘block’) of I corresponds to an ancestor alive at time
t — s, and consists of the labels of all the individuals in the sample descended from that
ancestor.

Consider a Moran model with N individuals, each of which is either type a or A;
let p{v denote the proportion of the population at time ¢ which is type a. Then if a

reproduction event occurs at time ¢, p¥ = pl¥ + % if a type A individual dies and a type

N

N1 pN (1 — plY). The rate of reproduction

a reproduces; this happens with probability

events is (];]) Hence if p)¥ = p,

p+ % with probability NTQp(l — p)ot + o(dt)
Prest = p— 4  with probability N72p(1 — p)dt + o(6t)
P with probability 1 — N2p(1 — p)dt + o(dt).

It follows that

E |ps — P lo((pY )ozsst) | = (1)

and  Var(pps — pr [o((p) Jo<s<t)) = pp (1 — pp ot + o(6t).

Hence by standard martingale arguments (see for example Chapter 4 of Ethier and
Kurtz (2009)), for p)’ = p € (0,1), (p))i>0 converges in the Skorohod topology on

D[0, 00) to (pt)e>0 as N — oo, where (p):>0 solves the stochastic differential equation

dps = \/pe(1 — pg)dWy,  po = p,

and W is a standard Brownian motion. The process (pt):>0 is known as the Wright-Fisher
diffusion.

We now show that a simple consequence of the relationship between the Wright-
Fisher diffusion and Kingman’s k-coalescent is an example of what is known as a duality

relation.

Definition 1.2.3 (Duality relation). Suppose (Xt)i>0 and (Yz)i>0 are stochastic pro-

cesses taking values in Sx and Sy and with laws P and Q respectively. We say that X
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and Y are dual to each other with respect to the function ¢ : Sx x Sy — R if for all
xGSX;?JGSY;tZO;

E; [$(Xe,9)] = By [¥(z, V)], (1.5)
where EE is the law of (Xt)i>0 with Xo = x and E(g is the law of (Yz)i>0 with Yo = y.

If varying y allows us to get a sufficiently large family of functions of X; from
¥(X¢,y), the law of X; can be characterised by the law of its dual Y;. In the special

case Y(x,y) = x¥, (1.5) is known as moment duality.

Proposition 1.2.4. Let (pt)i>0 be a Wright-Fisher diffusion. Let (ni)t>0 denote the

number of blocks in Kingman’s n-coalescent. Then for p € [0,1], n € N,
B, [(pe)"] = By [p™],

where .7 is the law of the Wright-Fisher diffusion with po = p and Ey is the law of

Kingman’s n-coalescent.

Proof. (Sketch based on the argument given in Berestycki (2009).) Consider a Moran
model with N individuals, each of which is type a independently with probability p at
time 0, and type A otherwise. Let p/ denote the proportion of type a at time ¢.

Sample n individuals uniformly at random at time ¢, and let F be the event that
the sampled individuals are all of type a. Then conditional on the genealogy of the
sample, (II5)s<¢, F occurs if and only if each ancestor at time 0 of the sample is type a.
It follows that P [E] = Ef [p™].

On the other hand, for large N, since p¥ is the proportion of type a in the population

and we sample n types at random, P [E] ~ E,’ [(pgv)"} ~E, [(p)"] - O

1.2.2 The ancestral selection graph

The Moran model is a model of genetic drift, the randomness due to reproduction in a
finite population. We now add the effect of natural selection to our model. We suppose
that the types A and a have relative fitness 1+ s and 1 respectively, for some s > 0. This
means that individuals with type A produce on average 1 4 s times as many offspring

as a individuals. We can incorporate this into the Moran model as follows.
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Definition 1.2.5 (The Moran model with selection). The population of N individuals,
)

each of type a or A, evolves as follows. Let m be a Poisson process with rate (1 — 3)(2

and 7° an independent Poisson process with rate s(g)
At a point in w, a ‘neutral’ event occurs: an ordered pair of individuals is sampled
uniformly at random from the population, the first dies and the second splits in two.
At a point in °, a ‘selective’ event occurs: an ordered pair of individuals is sampled
uniformly at random from the population. If the chosen individuals are of the same type,

the first dies and the second splits in two; if one is type a and the other is type A then

the A individual splits in two and the a individual dies.

The value s is known as the selection parameter. We now motivate this definition
in terms of the relative fitnesses of the types. If the proportion of a individuals in the
population is x, then at a reproduction event where the type of offspring is «a, since A

individuals produce 1 + s times as many offspring as a individuals we should have

It follows that

X

P[a:a]:m

=(1—s)z+ sz + 0(s?), (1.6)

by expanding in powers of s. We assume that s is small, and neglect the O(s?) terms.
Then the first term on the right hand side of (1.6) is 1 — s times the probability that a
randomly selected individual is type a, and the second term is s times the probability
that a randomly selected pair of individuals are both of type a. This gives us our two
types of events in Definition 1.2.5.

In order to determine the types of a sample from the population at time ¢ from the
initial types of the population, we again trace the ancestry of the sample backwards
in time. If the most recent reproduction event before time ¢t was a neutral event with
offspring labelled ¢ and j, then the parent individual was labelled either i or j with
equal probability, and both ¢ and j inherited the type of the parent. However, if the

most recent reproduction event before time ¢ was selective with offspring labelled i
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and j, the probability that the parent was labelled 7 depends on the types of ¢ and j
before the event. In order to determine the outcome of the event we must trace back
the ancestry of both ‘potential’ parents and determine their types from the initial types
of the population.

In this way we trace backwards in time a branching and coalescing graph, known
as the ancestral selection graph (ASG), introduced in Krone and Neuhauser (1997);
Neuhauser and Krone (1997). At each neutral event which hits two lineages already in
the graph, the lineages coalesce (this happens at rate 1 — s for each pair in the graph);
at each selective event which hits a lineage already in the graph, the lineage branches
into the two potential ancestral lineages (this happens at rate s(N — 1) for each lineage).
Once we have traced back to time 0, we determine the type of each potential ancestor
from the initial types and then work back through the graph, deciding what took place
at each selective event (see Figure 1.4 for an example). The type of the offspring of a
selective event in the graph is a if and only if both parents are of type a.

The true genealogy of the sample is embedded in the ASG; to determine this
genealogy, when defining the ASG we must specify an incoming and a continuing branch
at each selective event in order to decide which is the true parent if both potential
parents have the same type (see Krone and Neuhauser (1997)).

For a Moran model with selection with N individuals and selection parameter sy,
let p,{v denote the proportion of a individuals at time ¢. To obtain a non-trivial limit as
N — oo, we set

S
SN = N for some constant s > 0

(this is known as the weak selection regime).
If a selective event occurs at time ¢, p = p¥ — % if the pair of parents have different

types, which happens with probability 2%])1{\1 (1 —pN); otherwise p)¥ = pl¥ . Hence if

Py =p,
p+ 4 with probability (1 — £)2p(1 — p)dt + o(t)
Prst=1{p—L  with probability (1 — £)2p(1 — p)ot + sNp(1 — p)6t + o(6t)
D with probability 1 — N2p(1 — p)dt + o(dt).
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>

time for Moran model with selection

Figure 1.4: On the left is a graphical representation of the Moran model with selection.
We draw an arrow i — j at a neutral event in which i reproduces and j dies. At a
selective event involving ¢ and j we draw a double headed arrow between them. We
trace back the potential ancestral lineages of the sample M, N from time ¢ to time 0;
these are the bold lines. On the right is the ancestral selection graph (ASG) for M, N.
The types of M and N are determined from the initial types by working down the ASG.

It follows that

E [pﬁrat - P£V|0’((Pév)ogsgt)} = —spi (1 = p;¥)6t + o(dt)

and  Var(pll s — P [o((p )o<s<t) = pi* (1= pp')dt + o(6t).

Hence by standard martingale arguments (as in Section 1.2.1), for p)’ = p € (0,1),
(pY)i>0 converges in the Skorohod topology on D[0, 00) to (p:)i>0, Where (p;)¢>0 solves

the stochastic differential equation

o= (1~ 2+ \fo(T AW, o=

and W is a standard Brownian motion. The process (p;)>0 is known as the Wright-Fisher
diffusion with selection.

As in Section 1.2.1, there is a duality relation between the Wright-Fisher diffusion
with selection and the ancestral selection graph. Note that in the weak selection regime
of sy = s/N, for large N, the number of lineages in the ancestral selection graph for the

population at time ¢ is given approximately by the birth and death process (ns)o<s<: in
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which

n+—n — 1 at rate (Z), n+— n+ 1 at rate sn. (1.7)

Proposition 1.2.6. Let (pt)i>0 solve the stochastic differential equation

dpy = —spe(1 — pr)dt + \/pe (1 — pr)dW;

where W is a standard Brownian motion. Let (ng)i>o denote the birth and death process

with rates given by (1.7). Then for p € [0,1], n € N,
E, [(p)"] = Ey [p™],

where B7 is the law of (pt)i>0 with po = p and B} is the law of (nt)i>0 with ng = n.

Proof. (sketch) The argument is essentially the same as the sketch proof of Proposi-
tion 1.2.4. Consider a Moran model with selection parameter s/N with N individuals,
each of which is type a independently with probability p at time 0, and type A otherwise.
Let p) denote the proportion of type a individuals at time ¢.

Sample n individuals uniformly at random at time ¢, and let E be the event that
the sampled individuals are all of type a. Then conditional on the ancestral selection
graph for the sample, FE occurs if and only if each potential ancestor at time 0 of the
sample is type a. It follows that for large N, P [E] ~ E{ [p™].

On the other hand, for large N, since pév is the proportion of type a and we sample

n types at random, P[E] ~ E;’ [(piv)”} ~ ) [(p)"] - m

1.2.3 Population genetics models with spatial structure

In the population genetics models that we have discussed so far in Sections 1.2.1-1.2.2,
the implicit assumption is that the population is well-mixed, i.e. each new individual is
equally likely to be the offspring of any of the individuals alive in the population at the
time of its birth. This assumption is clearly false if we consider a population spread out
over a large area.

A simple way to add the effect of spatial structure to our existing models is to

subdivide the population into demes; subpopulations interact through migration between



16 Introduction

demes. The following model is related to Kimura’s stepping stone model (Kimura (1953))
and Wright’s island model (Wright (1943)). For simplicity we shall assume that the

population at each deme has the same size.

Definition 1.2.7 (Island model). Suppose I is a connected graph (finite or infinite)
with vertices labelled 1,2, ...; a population is structured into demes at each vertex of I,
where the size of the population at vertex j is N for each j. The rate at which individuals
in deme i migrate to deme j is denoted my;.

Let (m;)ier be an i.i.d. sequence of Poisson processes with rate (g) Also let
(mi)izjer be a sequence of independent Poisson processes, where m; ; has rate Nmy;.

For each deme i, at a point in 7; an ordered pair of individuals is sampled uniformly
at random from the population in deme i, the first dies and is replaced by offspring of
the second individual. Also for each i # j € I, at a point in m; ; an individual randomly
chosen from the population at j dies and is replaced by offspring of an individual

randomly chosen from the population at 1.

If we trace the ancestry of a sample from the population backwards in time, in
order to see the rate at which lineages coalesce we must record their location. The
ancestral lineages then evolve according to a spatially structured coalescent. For a pair
of individuals in deme i at time t, their ancestral lineages coalesce at rate 1. Also a
lineage in deme ¢ jumps to a different deme j at rate mj;. A pair of lineages in different
demes, ¢ and j, coalesce at rate %(m]Z +mj;) so for large N we will not see such events.

Consider the ancestral lineages of a sample consisting of n; individuals in deme 3
at time t for each i € I, where n; = 0 for all but finitely many ¢ € I. For large N, the
genealogy is approximately given by the system of coalescing random walks described

as follows.

Definition 1.2.8. The process (n(t)) = (ni(t))icr is a continuous time Markov chain

taking values in Nb with n;(0) = n; Vi € I and transition rates as follows.

e Foreachi €I, n;—n; —1 at rate (YS)

n; —n; —1
e For eachi,j € I withi # 7, at rate nimg;.

nj—mn;+1
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We now add selection to the island model by letting the subpopulation within a
deme evolve as in the Moran model with selection of Definition 1.2.5. We suppose that
individuals are either type a or type A, and that the types a and A have relative fitness

1 and 1 + s respectively, where s > 0 is the selection parameter.

Definition 1.2.9 (Island model with selection). Suppose I is a connected graph (finite
or infinite) with vertices labelled 1,2, ...; a population is structured into demes at each
vertex of I, where the size of the population at vertex j is N for each j. The rate at
which individuals in deme i migrate to deme j is denoted m;;.

Let (7;)icr be an i.i.d. sequence of Poisson processes with rate (1 — s) (g) and let
(73)ier be an i.i.d. sequence of Poisson processes with rate s(g) Also let (m;,j)i+jer be
a sequence of independent Poisson processes, where 7; j has rate Nm;.

For each deme i, at a point in 7; a neutral event occurs: an ordered pair of individuals
is sampled uniformly at random from the population in deme i, the first dies and is
replaced by offspring of the second individual. At a point in w; a selective event occurs:
an ordered pair of individuals is sampled uniformly at random from the population in
deme i. If the chosen individuals are of the same type, the first dies and is replaced by
offspring of the second individual; if one is type a and the other is type A then the a
individual dies and is replaced by offspring of the A individual.

Also for each i # j € I, at a point in 7; ; an individual randomly chosen from the
population at j dies and is replaced by offspring of an individual randomly chosen from

the population at 1.

As in the unstructured Moran model with selection, to determine the types of a
sample from the population at time ¢ from the initial types of the population, we must
trace back the ancestry of each potential parent at a selective event, giving a branching
and coalescing process with spatial structure.

We again consider the weak selection regime by taking a population with N indi-
viduals in each deme and selection parameter sy = &. Each pair of lineages in deme
1 is hit by a neutral event and coalesces at rate 1 — sy and each lineage in deme ¢ is

hit by a selective event and branches at rate sy (N — 1). A lineage in deme ¢ jumps
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to a different deme at rate mj;. All other events in the process of potential ancestral
lineages of the sample occur at rate O(%) for large N.

For large N, the genealogy of a finite sample at time t consisting of n; individuals in
deme 7 for each ¢ € I is approximately given by the system of branching and coalescing

random walks described as follows.

Definition 1.2.10. The process (n(t)) = (ni(t))icr is a continuous time Markov chain

taking values in Né with n;(0) = n; Vi € I and transition rates as follows.

e For eachi €I, n;— n; —1 at rate (21)

n; —n; —1
e For eachi,j e I withi# j, at rate nymg;.

nj»—>nj+1
o For eachi € I, n;+— n; + 1 at rate sn;.

As in the case of the Moran model, by considering the proportion of type a individuals
in each deme and letting N — oo, we obtain a diffusion approximation of the island

model.

Definition 1.2.11 (Diffusion approximation of the island model with selection). Suppose
I is a connected graph (finite or infinite) with vertices labelled 1,2,.... A population
is made up of individuals of two types, a and A, and is structured into demes at each
vertex of I. The proportion of a individuals in deme i at time t is denoted by p;(t).
The proportions at each deme evolve according to the system of stochastic differential

equations

dp; = Z(mﬂpj — mijp;)dt — spi(1 — p;)dt + \/mdwi’ (1.8)
J#

where (W;)ier are independent standard Brownian motions.

Here m;; represents that rate at which individuals migrate from deme i to deme j.
To see where the drift term in (1.8) comes from, note that the rate of decrease due to
migration of the proportion of a individuals in deme 7 is }_,; m;jp; and the rate of
increase due to migration of the proportion of a individuals to deme ¢ is Z#i mMjiDj-

The sp;(1 — p;)dt and Brownian motion terms come from reproduction within the deme,
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just as in the convergence of the Moran model with selection to the Wright-Fisher

diffusion with selection in Section 1.2.2. We have the following duality relation.

Proposition 1.2.12. Suppose that (p(t),t > 0) evolves according to the diffusion ap-
proximation of the island model with selection of Definition 1.2.11, and the process
(n(t),t > 0) evolves according to the branching and coalescing random walk of Defini-
tion 1.2.10. Then for p € |0, 1)Y and n € N, where n has only finitely many non-zero

components,

Ey [Hpm"i] —Ef [Hp?*”] -

el icl

where B is the law of (p(t),t > 0) with p(0) = p and K}, is the law of (n(t),t > 0)

The heuristic proof of this result is essentially the same as the argument for Propo-

sition 1.2.6.

1.2.4 The spatial A-Fleming-Viot process

For certain populations which are clearly subdivided into regions, a model such as
the island model makes sense. However, many biological populations evolve in spatial
continua (typically of dimension one or two), so models were developed which attempted
to avoid an artificial subdivision of the population into demes. Wright (1943) and
Malécot (1948) introduced models of populations evolving in RY which shared the

following three assumptions:
1. Individuals are distributed randomly with constant expected density everywhere.

2. Each individual, independently, produces a Poisson number of offspring with mean

one.

3. Each offspring migrates independently, with the displacements being drawn from

(usually) a normal distribution.

However, Felsenstein (1975) observed that these assumptions are inconsistent. A
population evolving according to assumptions 2 and 3 develops clumps which gradually

become larger and further apart, contradicting assumption 1. Letting the population
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evolve on the torus does not solve this problem as the population dies out in finite
time. Conditioning the total population size to be a constant N to counteract this
results in clumping of the population on the torus. Felsenstein called these problems
‘the pain in the torus’ In fact Sudbury (1977) showed that clumping only occurs if the
spatial motion of an ancestral lineage is recurrent, i.e. if the population evolves in one
or two spatial dimensions, correcting a mistake in Felsenstein’s original paper; see also
Kingman (1977) for a thorough treatment of these issues.

A new general framework for modelling populations evolving in a spatial continuum
was proposed in Etheridge (2008). We start by introducing an individual based model,
which overcomes the so-called ‘pain in the torus’ by basing reproduction events on a
Poisson point process. This means that the rate at which a given region is affected by
reproduction events does not grow with the size of the population in the region and so

prevents clumping.

Definition 1.2.13 (Individual based model). Suppose that the population is initially
distributed as a Poisson point process in R:. Let A be a fized positive constant, p(dr) a
measure on (0,00) and, for each r > 0, let v,(du) be a probability measure on [0,1] such

that

/OO /1 ur®(1 + r) v, (du) p(dr) < oo. (1.9)
o Jo

Let T be a Poisson point process on Ry x R? x R, x [0,1] with intensity measure
dt ® de @ p(dr)vy(du). The dynamics of the population are as follows.
If (t,z,7r,u) is a point in II, then at time t throw down a ball B,.(x) of radius r and

centre x. If the ball is empty, nothing happens. If not:
1. Choose an individual uniformly at random from those in B, (z) (the ‘parent’).

2. For each individual in B, (x), kill the individual with probability u (independently

of other individuals).

8. Throw down new individuals which are offspring of the parent individual according

to an independent Poisson point process with intensity uAlg (o (y)dy.
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Berestycki et al. (2009b) show that under condition (1.9), the process exists, and
there is a critical value of A above which the process survives and below which it dies
out.

The genealogical trees relating a sample from this model are difficult to write down
explicitly. The ancestor of an individual cannot be in a region of empty space, and so
the locations of other lineages could give information about the possible location of an
ancestor. By letting A — 0o, we obtain a limiting model for which we can easily write
down the dual process.

We suppose that each individual in the population has a type taken from a compact
space K. For each time ¢ and location x € R%, p(t,z) is a probability measure on K.
We think of p(¢, x) as the distribution of the type of an individual sampled from location

x at time t.

Definition 1.2.14 (Spatial A-Fleming-Viot process (SLFV)). The spatial A-Fleming-
Viot process

(P(t,l‘, )7t >0,z € Rd)

specifies a probability measure on the type space K fort >0 and (almost every) x € RY.
Let p(dr) be a measure on (0,00) and, for each r > 0, let v,(du) be a probability measure

on [0,1] such that
oo rl
/ / ur®v, (du)p(dr) < oo. (1.10)
o Jo

Let T be a Poisson point process on Ry x R? x Ry x [0,1] with intensity measure
dt @ dx @ p(dr)v,(du). The dynamics of the process driven by I1 are as follows.

At every point (t,z,r,u) of the Poisson point process I, we select a point z uniformly
at random from B,(x) and a type k at random according to p(t—,z,-). We then update
p as follows. For ally & B,(z), p(t,y,-) = p(t—,y,-). For ally € B,(z),

p(t’y’ ) = (1 - u)p(t_ay’ ) + U6k'

In fact for each t, (p(t,z),z € R?) is only defined up to a Lebesgue null subset of
RA.
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The flexibility in defining the measure p makes it easy to incorporate both small-scale
reproduction events and large-scale extinction-recolonisation events in the model. For
an event (t,z,r,u) € II, we refer to u, the proportion of types which are resampled, as
the impact of the event; heuristically small impact corresponds to high local population
density as only a small proportion of the population is replaced in a reproduction event.

For x1,...,x, € R? inorder to determine the joint distribution of p(t, x1), ..., p(t, z,),
for each i € {1,...,n} we think of sampling an individual at random at location z; at
time t. We then trace back until the most recent event which covered the location z;
for some i. For each ¢ with z; in the region covered by the event, the probability that
the chosen individual at x; was an offspring of the event is u. Each lineage which was
an offspring of the event jumps to the location of the parent of the event. If two or
more lineages jump then they had the same ancestor before the event and they coalesce.
Continuing this process until time 0 gives us a spatial coalescent dual process; the types
of the ancestors at time 0 then determine the types of the sample at time t. Note that
as we trace backwards in time, the events in the dual process will occur according to a
time reversal of the Poisson point process II; this is also a Poisson point process with

the same intensity measure.

Definition 1.2.15 (SLFV dual). LetII be a Poisson point process on Ry xRIxRy x[0, 1]
with intensity measure dt @ dz @ p(dr)vy(du), where p and v, satisfy (1.10). The
coalescent dual process (Z¢)i>0 driven by II is the Um21(Rd)m—valued Markov process
with dynamics defined as follows. For eacht > 0, Z; = (ff)i:17,,_7Nt for some Ny € N;

each & is the location of an ancestral lineage at time t before the present. At each event

(t’ x? T? u) 6 ]‘—‘[)

1. For each & € B.(x), independently mark the corresponding lineage with probabil-

ity u.

2. If at least one lineage is marked, all marked lineages disappear and are replaced
by a single lineage, whose location at time t is drawn uniformly at random from

within B, (x).

If no lineages are marked, then nothing happens.
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In Etheridge and Kurtz (2014), using a lookdown construction the SLF'V and its dual
are constructed simultaneously on the same probability space as the limit as A — oo of
the individual based model in Definition 1.2.13. The reader is referred to Barton et al.
(2013c) for further background on the biological considerations and Barton et al. (2010),
Berestycki et al. (2013) for mathematical results on the neutral SLFV model.

We can introduce selection to the SLFV in essentially the same way as for the Moran
model. We suppose that the type space consists of just two types, A and a, with relative
fitness 1+ s and s respectively. We let w;(x) denote the proportion of type a individuals
at location z at time ¢, i.e. wy(z) = p(t,z,{a}) in the notation of Definition 1.2.14. The

spatial A-Fleming-Viot process with selection was introduced in Etheridge et al. (2014).

Definition 1.2.16 (Spatial A-Fleming-Viot process with selection (SLFVS)). Let u be
a measure on (0,00) and, for each r >0, let v, be a probability measure on [0, 1] where
w and v, satisfy (1.10). Let II be a Poisson point process on Ry x R? x R, x (0, 1] with
intensity measure dt @ dx @ p(dr)v,(du). Let s € (0,1].

The spatial A-Fleming-Viot process with selection (SLE'VS) driven by I1 with selection
parameter s is the process (wi)i>0 with dynamics given as follows.

If (t,z,r,u) € II, a reproduction event occurs at time t within the ball B,.(x) of

radius r centred on x. With probability 1 — s the event is neutral, in which case:

1. Choose a parental location z uniformly at random within B,(z), and a parental
type, a, according to wy—(z), that is « = a with probability wy—(z) and a = A with

probability 1 — w_(2).
2. For every y € B,(z), set wi(y) = (1 — v)wi—(y) + uljq—q)-
Otherwise the event is selective, in which case:

1. Choose two ‘potential’ parental locations z,z' independently and uniformly at
random within B, (z), and at each of these sites ‘potential’ parental types o, o,

according to wy—(z),wi—(2") respectively.
2. For every y € By(v) set wi(y) = (1 — w)wi—(y) + ul{o—a/=q} -

As in the case of the diffusion approximation of the island model with selection in

Section 1.2.3, to determine the types of a sample from the population at time ¢ we must
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trace back the locations of the ancestors of each potential parent at a selective event,

giving us a branching and coalescing dual process.

Definition 1.2.17 (Branching and coalescing dual). Let II be a Poisson point process
on Ry x R x Ry x [0, 1] with intensity measure dt ® dx @ u(dr)v,.(du), where u and v,
satisfy (1.10). Let s € (0,1]. The branching and coalescing dual process (E¢)¢>0 driven by
IT is the UmZI(]Rd)m—valued Markov process with dynamics defined as follows. For each
t>0,=Z = (ﬂ)z’:l,...,Nt for some Ny € N; each £§ is the location of a potential ancestral
lineage at time t before the present. At each event (t,xz,r,u) € II, with probability 1 — s,

the event is neutral:

1. For each &_ € B, (z), independently mark the corresponding lineage with probabil-

ity u.

2. If at least one lineage is marked, all marked lineages disappear and are replaced
by a single lineage, whose location at time t is drawn uniformly at random from

within B, (x).
Otherwise the event is selective:

1. For each & € B,(z), independently mark the corresponding lineage with probabil-

ity u.

2. If at least one lineage is marked, all marked lineages disappear and are replaced
by two lineages, whose locations at time t are drawn independently and uniformly

from within B, (x).
In both cases, if no lineages are marked, then nothing happens.

See Figure 1.5 for an illustration of this dual process. We have an analogue of the
moment duality from Propositions 1.2.6 and 1.2.12. However, to state a moment duality
formally for the SLFVS, we would need to be able to identify E[[];-; w:(z;)] for any
choice of points z1, . ..,z, € R% The difficulty is that w;(z) is only defined at Lebesgue

almost every point z and so we only have a ‘weak’ moment duality.

Proposition 1.2.18 (Etheridge et al. (2014)). The spatial A-Fleming-Viot process with

—_
—

selection, (we)e>0, is dual to the branching and coalescing dual process (Z¢)i>0 in the
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Figure 1.5: On the left is an illustration of the effect of a neutral event (¢, z,r,u) € II
on the backwards-in-time dual process of Definition 1.2.17. The black dots show the
locations of the potential ancestors at time t—. Of the three lineages in B, (x), each is
marked independently with probability u; the marked lineages are crossed out in red.
The blue dot shows the location of the new lineage sampled uniformly at random from
B, (x). On the right is an illustration of a selective event (¢, z,r,u) € II. Here the purple
dots show the locations of the two new lineages sampled independently uniformly at
random from B, (x).

sense that for every k € N and 1 € C.((RH)*), we have

k
(Re)* P
Nt )
:/ (e ,:L“k)IEglka}{H wo(ﬁg)} doy . dy,
() o

where B is the law of (wyi)¢>0 with initial value wo, and E{:h---,wk} is the law of (Z¢)i>0

with initial value Z¢ = (z1, ..., xf).

1.3 Selection in populations with spatial structure

In Chapters 3 and 4 of this thesis, we study the relative strength of genetic drift, natural
selection and migration in a spatially structured population in two different settings. In

each case we model the population using the SLFV.

1.3.1 BBM and selection in the SLFV

In Chapter 3 (Etheridge et al. (2015a)), we consider the effect of selection on a spatially

structured population when the effective local population density is small. We model
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this situation by considering the SLFVS from Definition 1.2.16 with constant impact,
ie. v = 0, Vr > 0, for some constant u € (0,1]. We also assume that reproduction
events have bounded radius, so p is a finite measure on (0, R] for some R < co.

In order to observe an effect of selection on the genealogical trees from the patterns
of genetic variation in the ‘present day’ population, there must be a large number of
neutral mutations affecting the genealogical trees. This means looking at the dual
process of Defintion 1.2.17 over long timescales. Fach lineage in this dual process follows
a pure jump process with jumps of bounded magnitude. If we scale time by 1/n, in
order to see a non-trivial limit for the motion of a single lineage as n — co we must
scale space by 1/y/n. We then find that the selection parameter s, at the nth stage of
rescaling required to obtain a non-trivial limit for the rescaled branching and coalescing

dual process on R is given by

Sn=14 (1.11)

(The case d = 1 is covered in Etheridge et al. (2015b).) This is in contrast to the case
where the impact at the nth stage of rescaling is u,, — 0 as n — oo (i.e. the effective local
population density tends to infinity). This case was studied in Etheridge et al. (2014);
here the scaling of the selection parameter required is independent of spatial dimension
and the same as for the weak selection limit without spatial structure discussed in
Section 1.2.2. In our results, from (1.11) we see that in dimension 2, selection must be
stronger than in a population without spatial structure in order for us to detect it. This
reflects strong local competition in the population.

More formally, our main result is as follows. For each n € N, define the measure p™
by u™(B) = u(n'/2B), for all Borel subsets B of Ry. At the nth stage of the rescaling,
our rescaled dual is driven by the Poisson point process II" on R x R% x (0, R/y/n] x [0, 1]
with intensity

ndt @ n? dx @ " (dr)d,(dv). (1.12)

We write P(™(p) for the dual process of Definition 1.2.17, rescaled as in (1.12) and

(1.11), started from a single individual at the point p € R? and viewed as a collection
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of paths. Each path traces out a ‘potential ancestral lineage’: each time it is affected
by a neutral event it jumps to the location of the parent, and if a lineage is affected
by a selective event then it jumps to the location of (either) one of the ‘potential
parents’. Precisely one potential ancestral lineage follows each possible route through
the branching and coalescing dual process.

We denote by BBM(p, V') binary branching Brownian motion started from the point

p € RY, with branching rate V and diffusion constant given by

o0 V- (0, z)
2 _ 1 2, 'r\M
o = d/IRd/O |2|“u v w(dr)dz.

In other words, during their lifetime, which is exponentially distributed with parameter
V, individuals follow d-dimensional Brownian motion with diffusion constant 2. We
view BBM(p, V') as a set of (continuous) paths, each starting at p, with precisely one
path following each possible distinct sequence of branches.

We define the events

Dple,T) = {vz e PM(p), 3 € BBM(p,V): sup |I(t) —I'(t)] < 5},
te[0,T

D! (e,T) = {vz e BBM(p, V), 3' € P™(p): sup |I(t) = 1I'(t)] < g} .
te[0,7

Theorem 1.3.1. Let d > 2. There exists V € (0,00) such that the following holds. Let
T < 00, p € R?; then given € > 0, there exists N € N such that, for alln > N there is

a coupling between BBM(p, V') and P™ (p) with P [D, (e, T) N Dl (e, T)] > 1 —¢.

The proof relies on showing that although the rate of branching in the rescaled dual
process is log n, almost all the new branches coalesce almost instantly and so we do not

see them in the limit, giving effectively a finite, positive branching rate.

1.3.2 Hybrid zones and curvature flow

In Chapter 4 (Etheridge et al. (2016)), we study the effect of a different form of selection.
The motivation for this work is the study of hybrid zones. These occur when individuals
from two genetically distinct groups are able to reproduce. We suppose that the genetics

is controlled by a single gene which appears in two forms (known as alleles) a and A.
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We also suppose that individuals are diploid (i.e. they each have two copies of the gene);
each individual is then of type aa, aA or AA. We suppose that the heterozygous aA
individuals have a lower fitness than the homozygous aa and AA individuals. The region
in which both alleles ¢ and A are present in significant numbers is known as a hybrid
zone.

In order to study the behaviour of the hybrid zone, we model this situation using
the SLFV process. We suppose that aa, aA and AA individuals have relative fitnesses 1,
1 — s and 1 respectively, where s > 0 is small. If the proportion of a-alleles in the parent
population is w, then we assume that the population is in Hardy-Weinberg proportions,
i.e. the proportion of parent individuals of type aa, aA and AA are w?, 2w(l — w)
and (1 — w)? respectively. These parents produce a large number of genetic copies of
themselves, which split into a large pool of gametes (cells containing one copy of each
gene). The gametes then fuse to produce offspring. To reflect the relative fitnesses of
the parent population, a type aA parent produces 1 — s times as many gametes as a
type aa or AA parent. Then if « is the type of a randomly sampled offspring gene, we
should have

Pla = a) w? +w(l —w)(1—s)

Pla=4] (1-w)2+wl-w)d—-s)

It follows that

w? + w(l —w)(1—s)

Plo=d=—"Ga-o

= (1— s)w + s(3w* — 20°) + O(s?)

= (1 — s)w + s(w® + 3w*(1 — w)) + O(s?). (1.13)

We assume that s is small and neglect the O(s?) term. Note that the first term in (1.13)
is 1 — s times the probability that a randomly chosen allele from the parent population is
a, and the second term is s times the probability that the majority of three independently
randomly chosen alleles from the parent population are a. This gives us two types of

event to incorporate into the SLFV as follows.

Definition 1.3.2 (Spatial A-Fleming-Viot with selection against heterozygosity). Fiz
€ (0,1] and R € (0,00). Let p be a finite measure on (0,R]. Let IT be a Poisson point

process on Ry x R? x (0, R] with intensity measure dt @ dx @ pu(dr).
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The spatial A-Fleming-Viot process with selection against heterozygousity driven
by IT with selection parameter s is the process (wi)i>0 with dynamics given as follows.
If (t,x,r) € I, a reproduction event occurs at time t within the ball B, (x) of radius

r centred on x. With probability 1 — s the event is neutral, in which case:

1. Choose a parental location z uniformly at random within B,(x), and a parental
type, v, according to wi—(z), that is ag = a with probability wy—(z) and ag = A

with probability 1 — w_(2).
2. For every y € B,(z), set wi(y) = (1 — w)wi—(y) + ul{qg—q}-
Otherwise the event is selective, in which case:

1. Choose three ‘potential’ parental locations z1, z2, z3 independently and uniformly
at random within B, (x), and at each of these sites ‘potential’ parental types o,
a9, ag according to wi—(21), wi—(22), wi—(z3) respectively. Let & denote the most

common allelic type in a1, o, as.
2. For every y € B,.(z) set wi(y) = (1 — w)wi—(y) + ulg_ gy

Let ws(x,r) denote the average of ws(z) over the ball B,(x). Then if (¢,z,r) € IT is

an event and w;_(z,r) = w, the expected increment in w(z,r) at time ¢ is

us(w® + 3w (1 — w) — w) = usw(l —w)(2w — 1).

We can apply a modified version of the results of Etheridge et al. (2014) to this situation.
If we rescale the SLFV from Definition 1.3.2 so that at the nth stage of rescaling, for
some fixed B € (0,1/3), the impact is given by u,, = un?’~!, the selection parameter
is s, = pn~2% and we rescale time by 1/n and space by 1/n?, as n — oo the rescaled

process converges in a weak sense to the solution of the partial differential equation

0
CA LN apv(l —v)(2v — 1), (1.14)
ot 2

where m, o > 0 are explicit constants depending on v and p. This is a special case of the

Allen-Cahn equation; it turns out that solutions to this equation for large p are given
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Ty()

Figure 1.6: This is an illustration of the
effect of curvature flow on the simple
closed curve I';. The rate of motion of the
curve at a point is given by the inwards
normal times the curvature at the point;
this is indicated by the blue arrows.

approximately by the indicator function of a set whose boundary evolves according to a

process known as curvature flow.

Definition 1.3.3 (Curvature flow). Let I' = (I'(+)); be a family of simple closed smooth
curves, indezed by t € [0,.7). Let n = ny(p) denote the unit (inward) normal vector to
'y at ¢ and let k = k(@) denote the curvature of T'y at ¢. We say that T' is a motion

by curvature flow if

OT¢(¢)
ot

= ri(P)nu(9).
for all t, ¢.

See Figure 1.6 for an illustration of curvature flow. If T'g is a simple closed smooth
curve, then results of Gage and Hamilton (1986) and Grayson (1987) show that curvature
flow starting from Ty is well-defined up to a finite time 7 when it shrinks to a point.

Now let v° : Ry x R? — R denote the solution of

ov®
Ot

YN Elzvs(l ) @20F = 1), v5(0,2) = pla). (1.15)

We assume that the initial condition, p, of (1.15) takes values in [0, 1], and that

1

F::{xGRQ:p(m):2}

is a simple closed smooth curve. Then curvature flow started from I', which we denote

(T'4(+))¢, exists up to some finite time .7; let d(x,t) be the signed distance from z to
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T';, chosen to be negative inside I'; and positive outside. We require some additional
regularity conditions on p which we do not discuss here (see Section 4.1.1 for details). The
following result is a special case of Theorem 3 in Chen (1992); the original observation

was made by Allen and Cahn (1979). We provide a new probabilistic proof in Chapter 4.

Theorem 1.3.4. Let v® solve (1.15) with initial condition p, and define .7, d(x,t) as
above. Fixz T* € (0,7). Let k € N. There exists ea(k) > 0, and az(k), ca(k) € (0, 00)

such that for all € € (0,e2) and t satisfying ase?|loge| <t < T*,
1. for x such that d(z,t) > cae|loge|, we have v¢(t,z) > 1 — £F.
2. for x such that d(z,t) < —cae|logel|, we have v¥(t,z) < £*.

Remark 1.3.5. This result holds for solutions of (1.15) in d spatial dimensions if
(two-dimensional) curvature flow is replaced with d-dimensional mean curvature flow.
We are restricting to the two-dimensional case in this introduction because it is the
biologically relevant one (and it is easier to visualise), but we shall cover the general

d-dimensional results in Chapter 4.
Recall from Theorem 1.1.2 that solutions to the partial differential equation

ov 1
i §AU + V(®(v) —v),

where V' > 0 and ® is the probability generating function of an offspring distribution,
can be written in terms of a duality relation with a branching Brownian motion. The
partial differential equation in (1.15) is not of this form, but we can find a different
duality relation with a branching Brownian motion which enables us to give a purely
probabilistic proof of Theorem 1.3.4.

The duality involves a ternary branching Brownian motion: a BBM in which each
individual branches into three after an exponential lifetime. We write (W (t),t > 0)
for the historical process of the BBM (which traces out the space-time trees that
record the location of all the individuals alive at time s for all s € [0,%]). We let
Wi (t), Wa(t), ..., Wn)(t) denote the locations of the individuals alive at time ¢, and

write T(W (t)) for the tree which records the genealogy of the BBM up to time t¢.
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Figure 1.7: This is an illustration of the majority voting procedure on a ternary BBM.
For clarity we use a one-dimensional BBM instead of a two-dimensional BBM. On the
left is the ternary BBM run until some time ¢ (with blue dots at the branching events),
and the votes of each individual in the BBM at time ¢ (sampled independently according
to the function p at their locations). On the right we trace the votes inwards to the

root using the majority voting procedure; vote 1 is shown in green and vote 0 is shown
in red. In this case V,(W(t)) = 1.

For a fixed function p : R? — [0, 1], we define a majority voting procedure on

T(W(t)) as follows.

1. Each individual i € {1,..., N(t)}, independently, votes 1 with probability p(W;(t))

and otherwise votes 0.

2. At each branch point in T(W (t)), the vote of the parent is the majority vote of

the votes of its three offspring.

This defines an iterative voting procedure, which runs inwards from the leaves of T(W (t))
to the root (). We define V,(W (t)) to be the vote associated to the root §). See Figure 1.7
for an illustration of this voting procedure.

For z € R?, we write P¢ for the probability measure under which (W (t),t > 0)
has the law of the historical process of ternary branching Brownian motion in R? with

branching rate 1/ started from a single individual at location z at time 0.

Theorem 1.3.6. Let p: R? — [0,1]. Then

vi(t,z) = L [Vp(W(1)) = 1]

is a solution to equation (1.15) with initial condition v¢(0,x) = p(x).

This allows us to give a probabilistic proof of Theorem 1.3.4 by studying the majority

voting procedure on branching Brownian motion. The dual process for the SLFV with
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selection against heterozygosity is a branching and coalescing process in which particles
branch into three; instead of the weak moment duality in Proposition 1.2.18, the duality
relation involves carrying out a majority voting procedure on the dual process. Our
proof of Theorem 1.3.4 can be adapted to this setting. We rescale SLF'V with selection
against heterozygosity from Definition 1.3.2 so that at the nth stage of rescaling, for
some fixed 8 € (0,1/3), the impact is given by u, = un?’~!, the selection parameter

-2

n n~2% and time is rescaled by 1 /n and space by 1/ nP; we call this process

is s, =¢
(wy)e>0. We show that if €, — 0 (sufficiently slowly) as n — oo then for large n
E [w}(z)] is approximately the indicator function of a set whose boundary evolves

according to curvature flow.

1.4 Outline

The rest of this thesis consists of three self-contained pieces of research: Addario-Berry
and Penington (2015) in Chapter 2, Etheridge et al. (2015a) in Chapter 3 and Etheridge
et al. (2016) in Chapter 4. In the conclusion we shall briefly discuss some further work

and future directions.






Chapter 2

Branching Brownian motion with

decay of mass

Abstract

We augment standard branching Brownian motion by adding a competitive interaction
between nearby particles. Informally, when particles are in competition, the local
resources are insufficient to cover the energetic cost of motion, so the particles’ masses
decay. In standard BBM, we may define the front displacement at time ¢ as the greatest
distance of a particle from the origin. For the model with masses, it makes sense
to instead define the front displacement as the distance at which the local mass den-
sity drops from O(1) to o(1). We show that one can find arbitrarily large times ¢ for

which this occurs at a distance ©(¢'/3) behind the front displacement for standard BBM.

2.1 Introduction

In this work, we propose a mathematical model of competition for resources within
a single species, in a growing, spatially structured population, and provide an initial
study of the front location in this new setting. The model is essentially standard

one-dimensional branching Brownian motion (BBM), augmented with a destructive,
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local interaction between particles. We first briefly recall BBM: start from a single
particle at a point in R, endowed with an Exp(1) “branching clock”. The particle moves
according to Brownian motion; when its clock rings, it splits in two (branches). The
new particles receive independent Exp(1) clocks, and move independently (according to
Brownian motion) starting from where the first particle splits, until their own clocks
ring and they in turn split, et cetera.

Write N (t) for the total number of particles at time ¢, and X(t) = (X;(¢),1 <i <
N(t)) for the locations of such particles. We assume the particles are listed in a way that
makes the vector X(t) exchangeable conditional on N (t); one possible formalism is via
the Ulam-Harris tree, with particles listed lexicographically according to their label in the
tree. We refer the reader to Harris and Roberts (2015) for more details on such matters,
but many different references are possible. We also write N (¢,z) = {i : X;(¢) > x} for
the indices of particles with position greater than x at time t¢.

We write (X;+(s),0 < s < t) for the ancestral path leading to X;(t), and let j;+(s)
be the index of X;(s) among the time-s population, so that X;:(s) = Xj, (s (s)-
We sometimes write (X;(t),7 > 1), ignoring the fact that X(¢) has finite length, for
convenience. We adopt the convention that X (t) = 0 for k > N(t) (so 0 is where new
babies come from). We refer to “the particle X;(¢)” as shorthand for “the particle with
position X;(¢) at time ¢”; this is unambiguous at Leb-a.e. time t. We write P for the
probability measure under which (X(t),¢ > 0) has the law of one-dimensional BBM
with initial individual at 0, E for the corresponding expectation, and (F;,¢ > 0) for the
filtration generated by the process.

We now add destructive interaction as follows. Informally, imagine that the particles
are, say, amoeba. Motion has an energetic cost, but for a single particle in isolation,
this cost is exactly accounted for by the resources available in the environment. When
particles are nearby, however — at distance less than one, say — they must share resources;
in this case individuals do not consume enough to meet their energy expenditure, and
their mass decreases. Finally, larger (more massive) individuals consume resources at a

greater rate.
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Formally, we define a vector M(t) = (M;(t),i > 0), and call M;(t) the mass of

particle X;(¢). By convention, if X;(t) = 0 then M;(t) = 0. Write

((tx) = > M;(t)

{u:| X (t) —2]€(0,1)}

for the total mass of particles within distance one of x at time ¢, excluding any particles
at position x. Then at time ¢, M;(t) decays at rate M;(t) - (¢, X;(t)). In other words,
dM;(t) = —M;(t) - ¢(t, X;(t))dt, so

Mi(t) = exp(— /0 (5, Xsa(s))ds)

This should be viewed as defining (M(t),t > 0) to be the solution of a system of
differential equations; the definition makes sense since the system has a unique solution
P-almost surely. Furthermore, the process (M(¢),t > 0) is clearly Fy-adapted.

We write M;(s) for the mass of the ancestor of X;(t) at time s (so M;(s) =

M.

ji.0(s)(8)). Note that along any given trajectory, mass decreases: (M;(s),0 <s <t)is

decreasing in s for each 1 < i < N(t). Mass enters the system through branching events,
since each “child particle” inherits the mass of its parent. This is obviously physically
unrealistic in some settings (e.g. for amoebae) but may be more realistic in others (e.g.
in nuclear physics).

Rather than viewing M;(t) as a mass, a perspective suggested by a referee is to view
(M;4(s),0 < s <t) as recording information about the local density of the environment
observed along the ancestral trajectory of the particle X;(¢). The interaction between the
dynamics of X(¢) and M(t) makes this point of view slightly complicated to interpret,
but here is one possibility. Imagine adding destructive interaction to a BBM, as follows:
whenever two different particles are at distance less than 1, each kills the other at
rate one. Record such a killing event as a mark at the appropriate location of the
BBM family tree. Particles with a mark on their ancestral trajectory are ghosts, which
continue to move and reproduce as before, but can no longer kill other particles. Given

the BBM but not the marks, one may ask for the conditional survival probabilities
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pi(t) =P [X;(t) is alive | F¢] of the particles. The vector M(t) is a “linearized” version

of the vector of these survival probabilities.

2.1.1 Main result

Write
d(t,m) = min{z > 0: ((¢t,z) <m}, D(t,m)=max{x:((t,z)>m},

for the leftmost (positive) location at which the total mass of nearby particles falls
below m, and the rightmost location at which it exceeds m, respectively. We prove the

following theorem.

Theorem 2.1.1. Write c* = 34/37r2/3/27/6. Then almost surely, for all m <1,

V2t —d(t, m)
. Pl > * . .
h{‘gsololp —ap 2 ¢ and hg(l)gf — s =

\/§t — D(t7m) < o*
A well-known result of Bramson (1978) states that the rightmost particle location
max;>1 X;(¢) has median med(t) satisfying

3
med(t) = /2t — 23Wlogt +0(1).

Furthermore, it turns out (Hu and Shi (2009)) that | max;>1 X;(t) — med(t)| is almost
surely O(logt), in that limsup,_, ., | max;>1 X;(t) — med(t)|/logt is a.s. finite. In view
of this, the theorem states that (1) there are arbitrarily large times ¢ at which the first
low-density region lags at least distance ¢*t!/3 + o(tl/ 3) behind the rightmost particle,
and (2) there are also (potentially different) arbitrarily large times ¢ at which there is
some high-density region within distance ¢*¢1/3 + o(tl/ 3) of the rightmost particle.
We believe that in fact almost surely, for all m < 1,
lim M * = lim
t—o0 t1/3 t—o0 +1/3
If this is correct, then the front could equivalently be defined as, e.g., a median of

D(t,m) or d(t,m) — or any other fixed quantile of one of these random variables. We
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provide some justification for our belief in Section 2.6. That section also contains a
few open questions about the model and a discussion of various generalizations of our
results (some straightforward, some conjectural), as well as describing variants of the

model which have thus far resisted analysis.

2.2 Proof sketch

Here comes an outline of the key tools in our argument. The first is technical but
important and also, we believe, provides important intuition when making heuristic
predictions about the behaviour of the process. The remainder gives a fairly detailed

overview of the proof.

Density self-correction. It is not hard to see that when ((¢,x) is small (much less
than one), and this also holds in a region around z, then ((¢,-) will exhibit exponential

growth near z, at least for a short time. Indeed, we heuristically have

—C(t, ) ~ ((t,x) — > M;(t) - (¢, Xi(t)) -
{i: Xs () —x]€(0,1)}

This is not exactly correct since it ignores the effect of motion (particles may enter or
leave the region near x), but it is a useful first approximation. In particular, it suggests
that if ((¢,y) is small (much less than one) for all y with |y — x| < 1, then ((¢,-) will
exhibit exponential growth near x, at least for a short time. This is indeed true; one
important consequence is that if ((¢,x) = ¢ and ((¢,-) is not too wild then it is very
likely that ¢(t',x) = ©(1) for some t' =t + O(log(1/¢)). Similarly, when ((¢,y) is much
larger than 1 for y near x then (¢, z) will decrease exponentially quickly. We use the
self-correcting nature of the density in several places throughout the chapter.

As an aside, we remark that if ((¢,y) ~ ((¢, z) for |[y—=z| < 1 then the above heuristic
gives %C(t, x) ~ ((t,x)(1 —((t,x)), which is suggestive of the logistic control; we briefly

revisit this connection in Section 2.6.

Population + no competitors=mass. Fix 8 > 0 and suppose that for some function
f :[0,00) = R, for all s € [0,t], D(s,5) < f(s), or in other words ((s,z) < j3 for

all x > f(s). In this case, particles that stay ahead of the moving barrier f are in
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a relatively sparse environment, so do not lose mass too quickly. More precisely, if
X;(t) satisfies X; (s) > f(s) for all s € [0,¢] then M;(t) > e Pt It follows that for any

x> f(t) +1,
C(t,x) > e Pt #{i:|X;(t) — x| <1,Vs €0,t], Xii(s) > f(s)}.

For such z, if #{i : | X;(t) — 2| < 1,Vs € [0,1], X;4(s) > f(5)} > Be’ then ((t,z) > 3,

contradicting the assumption that D(t,5) < f(¢t).

Surfing the wave. To exploit the above contradiction, we require that with high
probability there are many particles staying ahead of some barrier. Such results are
available: it follows fairly straightforwardly from recent studies of consistent maximal

displacement for BBM (Roberts (2015)) that for ¢ > ¢*, for all large times ¢ there are

eOt/3) 1/3

particles at time ¢ which have stayed ahead of the curve f(s) = v/2s — cs
This allows us to take 8 = t~! above and obtain that there is s € [0,¢] and z > f(s)
such that ¢(s,z) > t~1. Since the local density grows exponentially in regions with small
density, we will with high probability find s’ with {(s’,x) > b > 0 and s’ — s = O(logt).
Since x > f(s) > f(s') — O(logt), it follows that D(s’,b) > v/2s' — ¢(s')'/3 — O(log ).
The lower bound is practically complete, but we must rule out the possibility that

s = 0(1) for all t. To do so, we first establish that

t R
w max{((t,z),z € R} =: 7 < oo almost surely.
>0 log(t + 2)

Proving this is harder than might be expected; its proof, given in Section 2.4, is perhaps
the most technically challenging part of the proof of the lower bound.
Once we prove that Z < oo, we then reprise the above argument, but with a variable
mass bound
Zlog(s+2) for s <tl/*

t1 for s € (t'/4,1].

The loss of mass before time ¢!/ is insignificant compared with that which follows,
so essentially the same argument as above yields that there is s € [0,¢] and x > f(s)

such that ((s,x) > B(s). On the other hand, this can not happen for s < t1/4 by the
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definition of Z, so it must happen later. This is enough to conclude the lower bound.

The details of this argument appear in Section 2.5.

Competition implies decay. For the upper bound, given in Section 2.3 (with
some technical lemmas deferred to an appendix), we invert the above argument by
contradiction. In brief: if all particles to the right of a given curve have spent large
amounts of time in high-mass environments, then all such individuals will have very low
mass; if furthermore there are not many of them, then their total mass is also small.

More precisely, suppose that for some ¢’ € (0,¢) and some function g : [0,00) = R,
for all s € [t',t], we have d(s,m) > g(s) + 1, so {(s,x) > m for all € (0,g(s)). Then
for all 4,

M;(t) < exp(—m - Leb({s € [t',t] : X;.(s) € (0,9(s))})).

It follows that if all particles with X;(¢) > g(t) have Leb({s € [t/,t] : X;.(s) €
(0,g9(s))}) > ¢ then for all x > g(t) + 1, recalling the notation N(¢,x) from the
introduction,

((t,x) <e ™ - IN(t,g(t))]-

If|N(t,g(t))] < me™, this is in contradiction with the assumption that d(t,m) > g(t)+1.
Whitecaps are just foam. Once again using estimates related to consistent maximal
displacement for BBM, we show that for ¢ < ¢*, with g(s) = v/2s — cs'/3, with high
probability every particle with X;(t) > ¢(t) indeed spends at least a time Ct!/3 behind
the curve g. This is the content of Proposition 2.3.2. Under the assumption that
d(s,m) > g(s) + 1 for all s € [Ct'/3/2,], it follows that the particles counted by

N(t,g(t)) are as insubstantial as sea spray; for all z > g(t) + 1,
C(t.z) < eI g(1))]

Standard and simple arguments for BBM show that |N(t, g(t))| = e9t"*) with high
probability, so we obtain a contradiction for large t if C' is sufficiently large. It follows
that with high probability there is s € [Ct'/3/2,t] such that d(s,m) < g(s) + 1.

Consistent maximal displacement. We conclude the sketch with a brief explanation

of why the threshold for consistent maximal displacement is at distance ©(¢'/3) from
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the front. We restrict ourselves to consideration of the first moment. Fix C' > 0 and let
S ={i < N(t): Vs <t, | X;i(s) — V25| < C}. This imposes that particles stay both
above a lower envelope and below an upper envelope, but the upper bound has little
probability cost since the front stays behind y/2s + O(1) with high probability.

By the many-to-one lemma,
E|S| = ¢'P [¥s <t, [B(s) - v2s| < O,
where B is a Brownian motion. By a Girsanov transform,

P [vs <t, |B(s) — v2s| < C} =F [et_\/ﬁ(B(tH—ﬂt)1[Vs§t,|B(s)|§Cﬂ

_ o~ tH+V2C+0(O)p Vs <t, |B(s)| <C].

By Brownian scaling, the last probability is P [Vs < ¢t/C?, |B(s)| < 1] = e=0/C%)  We
obtain that E|S| = ¢V2C+o(C)=6(t/C*)  Thus, E|S| becomes large when C is of order
t1/3,

Definitions

We sometimes need to consider the evolution of a subset of the particles starting
at a time greater than zero, so it is useful to allow initial conditions other than a
single mass-one particle at the origin. Generally, for x = (z1,...,7;) € R* and
m = (my,...,ms) € (0,00)F, we write Py m for the probability measure corresponding
to an initial condition with a particle of mass m; at location x; for each 1 <i < k. We
write P = P(g) (1) for the default initial condition.

We say a random variable X is geometric with parameter p, or is Geom(p)-distributed,

if P[X = k] = (1 — p)*~'p for positive integer k.

2.3 Upper bound

Recall from the introduction that ¢* = 3%372/32=7/6 The next proposition is a

restatement of the upper bound from Theorem 2.1.1.
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Proposition 2.3.1. For any m > 0, almost surely

V2t —d(t,m) .

lim sup c.

t—o0 t1/3 o

For the remainder of the section, we fix ¢ € (0,¢*) and let g(s) = /25 — ¢s'/3 for

s > 0. The following is the key step of the proof.

Proposition 2.3.2. (“No one can surf g”) For any C > 0, there exists § = §(c,C) > 0

such that for t sufficiently large
P [Eli < N(t) s.t. Leb({s <t:X;(s) <g(s)}) < Ctl/:’,} < e,

The proof of Proposition 2.3.2 will take up most of this section, but we now give
a brief justification of the result, and then show how it is used to prove Proposition
2.3.1. By the method used in Jaffuel (2012) for studying branching random walks, for &

sufficiently small that ¢ + ¢ < c¢*, there exists 6 > 0 such that
P [Eiz' < N(t) st Xig(s) > V25— (c+ e)st/3Vs < t} < ot

For our fixed ¢, we shall choose a small constant 5 > 0 and let b(s) = v/2s — ¢(s + ft)'/3
for s € [0,t]. Then by adapting the method used in Jaffuel (2012), one may show that

since ¢ < ¢*, if § is sufficiently small then for any constant K,
P |3i < N(t) st Xi(s) > b(s) — Kt/0¥s <t| < e

for some ¢ > 0.

Now fix K > 0 large. For large t, the function b is approximately linear on intervals
of length Ct'/3. This will allow us to use Brownian scaling to show that if particle
i < N(t) only spends time Ct'/3 time below b, then it has conditional probability at
least 1/2 of staying above b — Kt'/6 so the probability such an i < N(t) exists is also
O(e“stl/g). Since b < g this gives us Proposition 2.3.2.

Before giving the details of this argument, we prove Proposition 2.3.1 assuming

Proposition 2.3.2.
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Proof of Proposition 2.3.1. We continue to write g(s) = v/2s—¢s'/3, for fixed ¢ € (0, ¢*)
as above. Fix m > 0, let C = 4v/2¢(1 +m™'), and let 6 = d(c,C) be as defined in

Proposition 2.3.2. It suffices to show that, as ¢ — oo,
P [3s € [C113)2,1] - d(s,m) < g(s) +1] — 1. (2.1)
Next, fix ¢ large. Recalling the notation N(¢,z) = {i < N(¢) : X;(t) > x}, let
Ay ={i € N(t,g(t)) : Leb({s < t: X;(s) < g(s)}) < Ct'/3}

and Ay = {i € N(t,g(t)) : Is € [CtY/3/2,1] s.t. Xis(s) < 0}.
Also, let F be the event that d(s,m) > g(s) + 1 for all s € [Ct'/3/2,t). On the event E,
if i € N(t,9(t)) and i ¢ A; U Ay then
M;(t) < exp(—mLeb({CtY/3/2 < s < t: X;4(s) € (0,9(s))})) < exp(—mCt/3/2).

Since all masses are at most 1, it follows that on F,

S My(t) < Ay U As| + exp(—mCt3/2)[N(t, g(2).
1€N(t,9(t))

Also, for all y > g(t) + 1 we have ((¢,y) < > ;e nt,g()) Mi(t); we thus have
P Vs € [Ct'/3/2,1),d(s,m) > g(s) + 1]
= Pld(t,m) > g(t) + 1, E]

<P| > M(t)>mE
iEN(t,g(1))

< P[A1U Ay £ 0]+ P [[N(t,g(t))| > mexp(mCt!/3/2)] . (2.2)

By Proposition 2.3.2, for ¢ sufficiently large, P[A; # 0] < exp(—dt'/3). Next, using

the many-to-one lemma and then a Girsanov transform, for B a Brownian motion,

P[Az # 0] < E[|Ag]
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= ¢'P[B(t) > V2t — ct'/* 35 € [C11/3/2,4] : B(s) <0

=c'E [et_ﬁ(B(tHﬁt)13(t)2_6t1/3,3se[Ct1/3/2,t];3(s)g_ﬂs]

< V2R [B(t) > —ct'/?, 35 € [CF3)2,4] - B(s) < —V2s] .
Now partitioning according to the first interval [j, j + 1] in which B(s) < —+/2s,

t)
P [33 e [CtY3/2,4] : B(s) < —\/55} < Z P [ sup B(s) > \/5]]
j:LCtl/3/2J Se[j7j+1]

[t]
< Y P[supB(suﬂj]

j=lonssp) LI
11
=2 Y P[BG+1)> V2]
j=lct/3 2]
11
<2 > exp(—5*/(j+ 1)

j=lcn/3 /2

< 2exp(—Ct'/3/3)

where the equality in the third line follows by the reflection principle, and the final

inequality holds for ¢ sufficiently large. Since C' > 44/2¢, it follows that

P[Ay # 0] < eVt Pop=Ct2 )3 < 9=Vl /?/3,

Finally, by another Girsanov transform,

. L o
PN(tg(®)] > o] <2 'E[N(t90))] = 27'E [e7VPO1 5000 jm] <a7lev?H”,

Combining the bounds on P [A; # (], P[Ay # 0], and P[|N (¢, g(t))| > x| with (2.2), we

obtain that
P [vs e [CtY3/2,4],d(s,m) > g(s) + 1} < 0P 4 9 VEA[3 =1 (VIemmC 2P

which tends to 0 as t — oo since C' > 2v/2em™!. This establishes (2.1) and completes

the proof. 0
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b(s) + A(s) -
N\ /
\

=25 —c(s+ pt)'/3

Ktl/ﬁ

time
—

Figure 2.1: For fixed v and x, Lemma 2.3.3 bounds the probability that the Brownian
motion stays between the upper and lower curves until time « and has final position on
the vertical line segment. Lemma 2.3.4 compares (a) the probability that a Brownian
motion stays below the upper curve until time ¢ and spends very little time below the
middle curve, with (b) the probability that the Brownian motion stays between the
upper and lower curves until time t.

For the rest of this section we work towards the proof of Proposition 2.3.2. Figure 2.1
should help in interpreting the statements of the next two lemmas. Recall that we fixed

c < c*.

Lemma 2.3.3. There exists 3 > 0 such that for b(s) = v/2s — c(s + Bt)1/ and for
K >0, t >0 both sufficiently large, there exists a function A : [0,t] — [t/4, Kt'/3] with
A(t) < Kt'/* and with |A'(s)] < 1 for all s € [0,t], such that for all u € [0,t] and all

z € [~KtY% A(u)), for (B(s),s > 0) a Brownian motion started at 0,

P [b(s) — Kt/° < B(s) < b(s) + A(s) ¥s < u, B(u) > b(u) + |

< exp(—u — t'3 /K + V2(A(u) — ). (2.3)

We prove Lemma 2.3.3 by appealing to technical lemmas from Roberts (2015), which
bound the probability that a Brownian motion stays in a narrow tube of variable width.
In order to verify that the results of Roberts (2015) apply for some function A with
the above properties, we adapt a technique from Jaffuel (2012). In Jaffuel (2012), the
existence of a function analogous to A is constructed as the solution of a certain integral

equation. We defer the details of the proof to Appendix 2.A.
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From this point on, we let 5 > 0 and b(s) be as in Lemma 2.3.3. We assume that ¢
is sufficiently large that b is increasing on [0, 00). We now show that if K is sufficiently
large, a Brownian motion which spends at most Ct'/3 time before time ¢ below the
curve b has a conditional probability of at least 1/2 of staying above the curve b — K t1/6

up to time t.

Lemma 2.3.4. Let (B(s),s > 0) be a Brownian motion started at 0. Then given C > 0,
there is a constant K(C) > 0 such that for t sufficiently large, and any measurable

function A :[0,t] — (0, 00),

P |B(s) < b(s) + A(s) Vs < t,Leb({s < t : B(s) < b(s)}) < Ct'/?]

< 2P [b(s) - Kt'/° < B(s) < b(s) + A(s) Vs <t

In proving Lemma 2.3.4, we will use the following auxiliary result.

Lemma 2.3.5. Fiz non-negative real numbers (t;,i > 1). For eachi > 1 let (X;(u),0 <
u < t;) be either a Brownian meander or a Brownian excursion of length t;. Then

writing T'= 3 ;>4 ti, for x > 1272 we have

P [sup max X;(u) > a:} < e w32
i>1 ust

The proof of Lemma 2.3.5 is deferred to the appendix.
Proof of Lemma 2.3.4. Write
E ={B(s) <b(s) +A(s)Vs <t}

A = {B(s) > b(s) — Kt'/0Vs < t},

Ay = {Leb({s < t: B(s) < b(s)}) < Ct'/3} .

To prove the lemma, it suffices to show that provided K = K(C) is sufficiently large,
P[Af | A2 N E] < 1/2, since

P[AlﬂE] ZP[AlﬂAQQE}:P[AQQE](l—P[Ai:| AQQED
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Fix L € (CtY/3,20t1/?] so that n := t/L is integer; this is possible for ¢ large enough.

Then, for each 0 <i<mn—2let b;: [iL, (i + 2)L] — R be defined by

s —

2L

bi(s) = b(L) + L (b((i + 2)L) — b(L)) — 1. (2.4)

By the mean value theorem, for some s, s9 € [iL, (i + 2)L],

s — 1L

b(iL) + 5T

(b((i +2)L) = b(iL)) = b(s) + (s — iL)((s2) — V'(s1))

<b(s)+(20)*  sup  |o"(r)]
refil,(i+2)L]

2¢
<b o). — =
< b(s) + (21) (Bt + iL)5/3
32¢C?
<b(s) + m )

which is less than b(s) + 1 for ¢ sufficiently large. It follows that for ¢ sufficiently large,
b; < b on the interval [iL, (i + 2)L], for all i <n — 2.
Next, for i < n —2let g; = inf{s > iL : B(s) > b;i(s)}. Also, for i < n —2 let

d; =sup{s < (i +2)L: B(s) > bi(s)}, and let d,_o = t. Then write

U; = {S S [gi,di] : B(S) < bl(s)}

For ¢ < n — 2, this is the set of times when B is performing an excursion below b; which
starts at or after time iL and ends at or before time (i + 2)L. For i = n — 2 we have
(i +2)L = t, and in this case we include a final excursion below b; which does not end
before time ¢ if it starts at or after time iL. The set U; is a union of closed intervals,
which we enumerate as {[l; j,r; ;|,j > 1} according to a fixed rule (in decreasing order
of size, say). See Figure 2.2 for an illustration of U;.

For all ¢ < n — 2, conditional on U;, for each j > 1 the function

(bi(liJ' + S) — B(li,j + 8), 0<s< Tij — lz‘,j) (25)

is a Brownian excursion of length r; ; —[; ;. The case i = n — 2 is very slightly different,

and we now describe it; for the remainder of the paragraph set i = n—2. If B(t) > b,—2(t)
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bz((’b + 2)L)
B((i + 2)L)

bz‘ (ZL) /l"‘

N"\ V

B(iL)
Figure 2.2: An illustration of U; for a Brownian motion B. The black line shows
b; : [iL, (i 4+ 2)L] — R. The path of B is coloured; for times in U; it is red, and during
[iL, (i + 2)L] \ U; it is green. The final blue meander is in U; if and only if i = n — 2.

then there is no change. However, if B(t) < b,_2(f) then there is a unique integer
J > 1 with [l; j,7; ;] with r; ; = t; for this j the process described by (2.5) is a Brownian
meander of length r; ; — [; ;; for all other j the process is a Brownian excursion.

All this is true even if we additionally condition on AyNE, since letting U = U;j<p—2U;,
the occurrence of the event A2NE is determined by Leb(U) and Bl 4\y. By Lemma 2.3.5,

it follows that

P [sup(bi(s) —B(s)) >z | W, AaNE

seU;
=P [Sup sup (bi(s) —B(s)) >z | U;, A2 N E]
]'21 SE[liﬂj,’I‘fL‘,j]
1,2
< exp T 3Leb(W,) + 12 c144neb(y)) - (2.6)

We next analyze the event A§ N Ay. Note that b; + 1 is the linear interpolation of b on
the interval [iL, (i + 2)L]. Since b is convex it follows that b < b; + 1 on this interval.
If AS occurs then there is s < ¢ such that B(s) < b(s) — Kt'/6. For such s, for any i
with s € [iL, (i +2)L], the preceding paragraph then implies that B(s) < b(s) — Kt!/¢ <
bi(s) — (Kt'/6 —1).
Next suppose Ay occurs, and suppose s < t is such that B(s) < b(s) — Kt'/6.
Then s is in an excursion of B(s) below b(s). Temporarily write [g,d] for the time

interval during which this excursion takes place. Since Ag occurs, [g, min(d,t)] has



50 BBM with decay of mass

length at most Ct'/3 so is strictly contained within in an interval [iL, (i + 2)L] for
some i < n — 2. Since s € [g,min(d,t)] and B(g) = b(g) > b;(g) and either d > ¢ or
B(d) = b(d) > bi(d) but B(s) < bi(s), it follows that s € U;. On the other hand, if
s € U; then B(s) < b;(s) < b(s). Each point s lies in at most three distinct sets U;, so
on As we have

3" Leb(U;) < 3CtY3.

i<n—2
Finally, suppose A{ N Ay occurs. Then the observations of the preceding three
paragraphs imply that there exists i < n — 2 and s € U; such that B(s) < b;(s) —
(Kt'/6 —1) < b;(s) — Kt'/6/2, the last inequality holding for ¢ large. Combined with
(2.6), this yields

P[AS | A2 N E]
<P | sup sup(bi(s) — B(s)) > Kt'//2, 3" Leb(l;) < 3Ct/* | A,nE
1<n—2scl; i<n—2
n—2
< sup Z P | sup (bi(s) — B(s)) > Kt1/6/2 Leb(U;) = u;, As N E}
1t Fun_2<3CtY/3 =1 | s€l;
u; >0
n—2
< sup Z exp(—K2t'/3 /128u;)
urt...+up—2<3CtY/3 ;1
u; >0

the last bound holding provided that K2 > (12)3C so that (Kt'/6/2)% > 144(3Ct!/3).
Finally, letting = = K?t'/3/128, the function f(a) = e=%/%1 4> is convex for a € [0, z/2],

and f(0) = 0, so if K2 > 768C then for each 4, f(u;) < (u;/ > up)f(3 uz). Hence
P[AS | AyNE) < e K°/384C < =2 1 /9,

as required. ]
We next state a variant of Lemma 2.3.4 which is proved in a similar way.

Lemma 2.3.6. Let (B(s),s > 0) be a Brownian motion started at 0. Then given C > 0,

there is a constant K = K(C) such that for t sufficiently large, and any measurable
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function A : [0,t] — (0,00), u <t and z € [b(u),b(u) + A(u)), we have

P [B(s) < b(s) + A(s) Vs < u, Leb({s < u: B(s) < b(s)}) < Ct/%, B(u) > 2|

< 2P [b(s) — Kt'/° < B(s) < b(s) + A(s) Vs < u, B(u) > 2| .
and

P [B(s) <b(s)+ A(s)Vs <u,Leb({s <u:B(s) <b(s)}) < Ctl/ﬂ

< 2P [b(s) — Kt'/% < B(s) < b(s) + A(s) Vs < u].

Proof. These bounds are proved in the same way as Lemma 2.3.4, by only considering
the times (U;); when B is performing an excursion below b; on the interval [0, u], and
using that z > b(u), conditioning on B(u) > z does not affect the distribution of B on

(U;); given (U;);. We omit the details. O

We are now in a position to complete the proof of Proposition 2.3.2, using Lem-

mas 2.3.3, 2.3.4 and 2.3.6.
Proof of Proposition 2.3.2. Choose § such that Lemma 2.3.3 applies, and recall that

b(s) = v/2s — c(s + ft)*/? < g(s) Vs > 0. Then

P [3i < N(#) s.t. Leb({s < t: Xyu(s) < g(s)}) < O]

<P [3i < N(t) st. Leb({s <t: Xis(s) < b(s)}) < C'/3].
We shall prove that
P [3i < N(t) s.t. Leb({s < t: X;(s) < b(s)}) < Ct!/3] < e (2.7)

for some § > 0 for ¢ sufficiently large, which establishes the proposition. Take K and
t sufficiently large that Lemmas 2.3.3, 2.3.4 and 2.3.6 hold. Then let A : [0,¢] —
[t1/%, Kt'/3] be as in Lemma 2.3.3, and in particular satisfying that A(t) < Kt'/* and

|A'(s)] <1 for all s € [0,¢].
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Since |A'(s)] < 1 for all s € [0,¢], inf,c[; ;41 A(u) > A(j) — 1 for j € [0,¢ —1].
Hence if for some i < N(j + 1), X; j11(s) > b(s) + A(s) for some s € [j,j + 1], then

since b is increasing,

Xigri(s) 2 b(j) + _inf A(u) >b(j) + AQ) — 1. (2.8)

uelj,j+1]
Using (2.8), and partitioning the event {3i < N(t) s.t. Leb({s <t : X;;(s) <b(s)}) <
Ct'/3} according to the interval [j, 7 + 1] in which X; ,(s) first exceeds b+ A, we have

that

P [3i < N(t) s.t. Leb({s < t: X;u(s) < b(s)}) < Ct'/?]

<P (30 < N(t) st Xig(s) < b(s) + A(s)¥s < t,Leb({s < t: Xju(s) < b(s)}) < Ct'/?]

[t]
+ Z]P’|:3i < N(] + 1) s.t. Xi,j-i—l(s) < b(S) + A(S)VS <17,
=0

Leb({s < j: Xiji1(s) <b(s)}) < Ct'/3 ?up ; Xij+1(s) > b(j) + A() — 1}
s€lg,J+

< e'P[B(s) < b(s) + A(s) Vs < t,Leb({s < t: B(s) < b(s)}) < Ct'/*]

1
+) etP
i=0

B(s) < b(s)+ A(s)Vs < j,

Leb({s < j: B(s) <b(s)}) < Ct'/3, sup B(s) > b(j) + A(j) — 1},
s€[f,5+1]

where B is a Brownian motion and the last inequality follows by Markov’s inequality
and the many-to-one lemma. By partitioning according to the value of B(j), we further

have
P[B(s) < b(s) + A(s) Vs < j,Leb({s < j : B(s) < b(s)}) < C+/3,
sup Bls) 2 b(7) + AG) - 1
s€[,5+1]
< P{B(s) < b(s) + A(s) Vs < j,Leb({s < j : B(s) < b(s)}) < C#/3,

BU) 2 b) + AG) - 4]

+P lsupB(u) > %t1/4 -1
[0,1]
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P {B(s) <b(s)+ A(s)Vs < j,Leb({s <j:B(s) <b(s)}) < Ctl/?’} :

By the reflection principle, for N a standard normal random variable,

1
PFUPB(u)zét”‘*—l <oP [N > 14 —1] <2eme”

[0,1]

for ¢ sufficiently large. Since A(j)— %tl/‘l > 0, we can now apply Lemmas 2.3.4 and 2.3.6

to conclude that for ¢ sufficiently large

P |3i < N(#) s.t. Leb({s < t: Xyu(s) < b(s)}) < Ct'/?]

< 26'P [b(s) — Kt'/° < B(s) < b(s) + A(s) ¥s < 1]

1t)
+2) et (]P’ [b(s) — Kt'/6 < B(s) < b(s) + A(s) Vs < j, B(j) > b(j) + A(j) — %tl/ﬂ
=0

+ 2075 [b(s) — Kt < B(s) < b(s) + A(s)¥'s < j] ) (2.9)

We can now apply Lemma 2.3.3 to each term. First, by Lemma 2.3.3 applied with u =¢
and x = —Kt'/6, since A(t) < Kt'/4,

P [b(s) — Kt/° < B(s) < b(s) + A(s)¥s < t] < exp(—t — t/3/K + V2K (/" 4 /%)),
By Lemma 2.3.3 applied with v = j and x = A(j) — %tl/‘l,

P [b(s) — Kt/° < B(s) < b(s) + A(s)¥s < j, B(j) > b(j) + A(j) — 5t'/4]

< exp(—j —t'3 /K + \/5%751/4).
Finally, by Lemma 2.3.3 applied with u = j and z = —Kt'/6, since A(j) < Kt'/3,
P |b(s) — Kt'/° < B(s) < b(s) + A(s) Vs < j| < exp(—j —t"/3/K + V2K (/3 + /%)),
Putting everything together in (2.9),

P [3i < N(#) s.t. Leb({s < t: X;u(s) < b(s)}) < Ct'/?]
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< 2exp(—t"3 /K + V2K (1Y + £1/6))

1
tred (eXp(_tl/g/K + V23 +exp(—t12/9 + o(tl/?’)))

=0
< o 0t?
for some § > 0 for t sufficiently large, which proves (2.7). O

2.4 The greatest overall particle density

Before moving to the lower bound, we first prove logarithmic upper bounds on how
the greatest particle density grows over time; these are needed to ensure that particle
masses cannot decay too quickly. This may seem contradictory, but the point is that a
particle may a priori quickly lose a large amount of mass if it finds itself in an extremely

dense environment. The next proposition rules this out.

Proposition 2.4.1. Let Z =2 -108; then for all s sufficiently large,

P[sup{¢(t,z): 0 <t <s,2 € R} > Zlogs] < s 2.

Proving Proposition 2.4.1 turns out to be a fair amount of work. In order that the
idea is not obscured by detail, however, we set up the heart of the argument right away.

Let z(t,2) = > qix;(t)—a|<1/2} Mi(t). The differences between z and ¢ are that z
only counts mass within distance 1/2 of x, and does not ignore the mass of particles at
z (should there be any).

Let z(t) = sup,cg 2(t,2), and define a sequence (73,7 > 0) of stopping times as
follows. Fix s large and for the remainder of the section write N = N(s) = 107 log s. Let
10 = inf{t : 2(t) > N — 1}, and for k > 0 let 7441 = inf{t > 7, +105/N : 2(¢t) > N — 1}.
Then 7 > 10°k/N, so with I = I(s) = inf{k : 7, > s}, we have I < [Ns/10] and

sup{z(t),t < s} < sup{z(t),t < 17}.

Notice that the sequence of stopping times “ignores” small time intervals [g, 7 +

103 /N]. However in any time interval [rj, +105/N, 754 1), the function z nowhere exceeds
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N by the definition of the stopping time 7511. We thus have

sup{z(t),t < s} <sup{z(t),t < 77} < max ( NV,sup sup z(t) (2.10)
k<l tE[Tk,Tk+1O5/N]

We prove the proposition by establishing the following facts. The first fact says that for
k < Ns/10%, if z(73) is not too large then with high probability z(¢) is not too large
for any t € [r, 7, + 10°/N]. The second says that for such k, with high probability
2(1k + 10°/N) is small.

Fact 2.4.2. For s sufficiently large, for all 0 < k < Ns/10°,
P [sup{z(t),t € [, 7 + 10°/N]} > 10N, 2(;) < N,k < I| < 575,
Fact 2.4.3. For s sufficiently large, for all 0 < k < Ns/10%,
P [Z(Tk +10°/N)> N — 1,k < I} <570,

Assuming these two facts, the proposition follows easily.

Proof of Proposition 2.4.1. Fix k < Ns/10%. Note that if z(7,_; + 10°/N) < N — 1
then z(7;—) < N — 1. Since mass only increases by branching, it follows that almost
surely a single branching event at time 73 causes z to increase above N — 1. As all
masses are at most 1 and branching is binary, it follows that in this case almost surely

2(1k) < z(mp—) + 1 < N. With Fact 2.4.3, this implies that

Pla(r) > N,k < I} <P |2(m 1 +10°/N) > N = 1,k < I]

IN

P 2(rk1 4+ 10°/N) > N =1,k =1 < 1]

<56,

We now use that for any events A, B,C we have P[ANC] < P[ANBNC] +
P [B¢ N C]. By Fact 2.4.2 and the preceding bound, we obtain that for 0 < k < Ns/10°,

P [sup{(t),t € [r, 7% + 10°/N]} > 10N, k < I| <257,
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A union bound and (2.10) then yield

P [sup z2(t) > 10N | <P

t<s

sup sup z(t) > 10N
k<I tE[Tk,Tk-‘y-lO‘r’/N]

<

[ Ns/10° |
P [ sup z(t) > 10N, k < I]
k=0 tE[Tk,Tk-‘rlOS/N]

Ns _6

< g4 ,
the last inequality holding for s large. Finally, it is easy to see that sup,cg ((¢,2) <
2z(t), so the same bound holds for P [Suptgs sup,er C(t, ) > ZON}, which proves the

proposition. O

The reader who is willing to believe the Facts 2.4.2 and 2.4.3 without proof — or
who is impatient to see how Proposition 2.4.1 is used to prove the lower bound from

the main theorem — could skip directly to Section 2.5 at this point.

2.4.1 Proofs of Facts 2.4.2 and 2.4.3

We first prove a handful of technical estimates required for the proofs. The first shows
that a fixed mass of particles is extremely unlikely to quickly increase its total mass.

Recall the definition of Py from just before the start of Section 2.3.

Lemma 2.4.4. Fiz x = (z1,...,2;) € R¥ and m = (mq,...,my) € [0,1]%. Under
Pym, for 1 < j <k let Gj(s) = #{i: jis(0) = j} be the number of time-s descendants
of xj. Then for any J C {1,...,k}, any x > >jesmj, for allt <log2 and all 6 > 0,
P | S mGi(t) > (1+8)z| <2(2%9(1— ™))"
jedJ
Proof. We may clearly assume J = {1,...,k}. Also, adding particles to increase the
mass of the starting configuration can only increase the probability we aim to bound,
so we may assume that z = Y. ; m;. The random variables (G;(s),1 < j < k) are
ii.d. and are Geom(e™*)-distributed (see, e.g., McKean (1975)). Lemma 2.B.2 provides

upper tail bounds for weighted sums of geometric random variables where the individual
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coefficients are small compared with their sum. Using that lemma (with e =1 —e™? -

this is where we require that ¢ < log2), the result follows. ]

Since G(s) is non-decreasing in s, we have

sup Z M; 4(0) = sup Z m;Gj(s) = Z m;Gi(t
SG[O,t} {’L]z,s(o)eJ} SE[O t] jEJ ]GJ

Combining this with the preceding lemma thus also yields the following bound.

Corollary 2.4.5. With the hypotheses and notation of Lemma 2.4.4,

Pym | sup > M;,(0) > (14 86)z| <2 (2”5(1 - e_t)é)x-
s€[04] {i:7:,5(0)€J}

The next proposition says that mass does not travel far in a short time, even once

branching is taken into account.

Proposition 2.4.6. Fiz x = (z1,...,2) € R¥ and m = (myq,...,my) € (0,1]*. Then

forany J C {1,...,k} and x > Y ;c;m;, for allt >0, L >0 and v > 0, we have

Py.m Z M;1(0) > vz| <
{6:X(t)—X:,£(0)>L,j; + (0)€J}

Proof. We may clearly assume that J = {1,...,k}. For j <k write S; = {i < N(¢) :
Ji+(0) = j} for the set of indices of time-t descendants of z;. Then let R; = {i € S, :
Xi(t) — X;4(0) > L}, so that

> iiﬂ; sz:mj\le-

{iixi(t)*Xi,t(0)>L} j=1

By the many-to-one lemma, for B a one-dimensional Brownian motion,

E[IR;]] = ¢'B[B(t) — B(0) > L] < exp(t — L*/(21).
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This bound does not depend on j < k. It then follows by Markov’s inequality that for

v > 0,

P M; +(0) > U.’L‘] =P [Z mj|R;| > vx]
{4:X;(t)—X;,:(0)>L} J<k
E [ngk mj’Rj’]
T

_ exp(t = L¥/(21)

where we have used in the last inequality that >, m; < . O

In the sequel, we also use the following corollary, which extends Proposition 2.4.6 by
considering all times in an interval [0, ¢], rather than a fixed time ¢ > 0, at the cost of a

slightly weaker bound.

Corollary 2.4.7. Under the conditions of Proposition 2.4.6, for all tg >0, L > 0 and

v>0, and all x > > ;c;mi,

Pxom [SUP Z M;4(0) > 21196] < 2exp(to — L*/(2f0)) )

P10 (35X, ()X, (0) 2 Luji i (0)€) Y
Proof. Consider the stopping time
7 =inf {t : M; +(0) > 2?)17} .
{’LXl(t)—Xl,t(O)zL,jl,t(O)eJ}
By symmetry,
1
P[ > M; 4,(0) > vz TSto] >3
{i:Xi(t0) =Xt (0) > L,js,t (0) €T}
and the corollary follows. O

The next lemma says that a large, concentrated mass will quickly decay; once we

prove this we will have all the tools we need to establish Facts 2.4.2 and 2.4.3.

Lemma 2.4.8. There exist tg > 0 and C' > 0 such that the following holds. Fix

x = (z1,...,21) € R¥ and m = (my,...,mg) € [0,1]*. Let J = {j : |x;| < 1/4}, and
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suppose A =3 .c;m; > C. Then for all t € [500/A,to], setting I = {i: j;+(0) € J} we
have

< 26720014 )

Px.m lz M;(t) > AJ24

iel

Proof. The proof is divided as follows. First, the total mass at time ¢ of particles whose
trajectory branches at least once is small. Next, among non-branching trajectories, the
total mass which moves far from the origin is small. Finally, particles whose trajectories
do not branch and stay near the origin will lose a large amount of mass since they are a
dense environment. We now formalize this.

Write I, = {i € I : 3i' # 4,5;+(0) = jir+(0)} for the indices of particles starting
near (distance < 1/4) to the origin whose trajectories branch before time t. Then let

I\ I, =1;UI,, where

Iy = {2 eI\ 1Iy: |Xi,(0)] < 1/4, sup |Xi(s)| > 1/2}

s€[0,t]

indexes non-branching trajectories that start near the origin but move far (distance
> 1/2) from the origin before time ¢, and where I, = I'\ (I U I},) indexes non-branching

trajectories that stay near the origin. Then we have

SOMi(t) =D Mi(t)+ > Mi(t) + > Mi(t). (2.11)

icl il icly i€l

We shall bound each term separately.
We begin by considering branching trajectories. For each 1 < j <k, let G; = #{i €
I': jit(0) = j}. Then i € I, precisely if j;+(0) € J and Gy, o) > 1. Since masses

decrease with time,

Z MZ(t) < Z M, +(0)

1€y 1€lp

= Z ijjl[Gj>l]'
jeJ
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Next, since the G; are integer-valued,
ijGjl[Gj>1] = ij(Gj - 1) + ijl[gj>1] < 2ij(Gj - 1),
jeJ jeJ jeJ jeJ

which with the preceding bound gives

Z Mz(t) S 2(2 ijj - A)
i€y jeJ
By Lemma 2.4.4, it follows that for any fixed 6 > 0, if t < log 2,

P [Z M;(t) > 20 A

i€l

<P Y miG; > (146)A
jeJ

< 2(210(1 — ety0)A

< 2(2H00)A

< e 204, (2.12)
the last bound holding for ¢ sufficiently small that 2279t° < ¢7200 We next bound
> ic1, Mi(t), the total final mass from “typical” trajectories, which do not branch and
do not move far from their starting position by time ¢. Fix ¢ € (0,1) and let E be the
event that for all s € [0,2], 3¢ x,(5)|<1/2y Mi(s) > cA. On E, if i € I, has j; +(0) = j

then M;(t) < m; - e *A. We thus have

Z Mz(t)l[E] < Z m; - e teA 1[E] = Ae_tCAl[E} .

il jeJ
Next, let I,,(s) = {ji+(s) : i € I,} be the indices of time-s ancestors of individuals in Iy,.
Since trajectories indexed by I, do not branch, 3=,c; (5) Mi(s) is decreasing for s € [0,].
Necessarily | X;(s)| < 1/2 for i € I,,(s), so if E€ occurs then there is s € [0, ] such that

Dictn(s) Mi(s) < cA. We thus have

Z Ml(t)l[Ec] S CA]_[Ec] y
i€ly
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and the two preceding bounds together give

Z M;(t) < max (cA, Ae_tCA> . (2.13)
i€ln

Finally, we turn to the final mass of non-branching trajectories that move far from
the origin, counted by >7;c; M;(t). For any i € I, If ji4(0) = j and |z;| < 1/4 then in
order to have sup,cpo 4 [Xit(s)| > 1/2 the trajectory leading to X;(t) wanders a distance
of at least 1/4 from its starting position. Let B denote one-dimensional Brownian motion
started from the origin. By the reflection principle and the fact that P[G > z] < e=’/2

for G a standard normal and for all z > 0, we have

<4p [B(t) > ﬂ < dexp(—1/(321)).

P [sup]B(s)] >1/4
s<t

Since an individual trajectory of X has the law of Brownian motion, for a particle
starting at distance less than 1/4 from the origin whose trajectory never branched, the
above is a bound on the probability the trajectory attained distance 1/2 from the origin.

It follows that

M) 2 Y my- &,
’iEIf jeJ

where the terms ¢; are i.i.d. Ber(4exp(—1/(32t))). The variance of the latter sum is

bounded by A -4exp(—1/(32t)), so Theorem 2.B.1 yields that for any fixed b > 0,

_1/(320)\ bA
P M(t) > (b+4exp(—1/(32t)))A| < <W> < 72004 (2.14)

iEIf b

the final inequality for ¢ sufficiently small.
We now combine (2.12), (2.13) and (2.14) to control }_,.; M; using (2.11). This
yields that for t sufficiently small, and in particular provided that 2219 < =200,

((4€'=1/B2D) /)b < =290 and that

1
20 4+ max(c, e ") + b+ dexp(—1/(32t)) < 21
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we have

< 26_200A )

P [ZMZ» > A/24

el

It can be checked that taking 6 = b = ¢ = 1/100 does the job when ¢ > 1001og 100/A
(so that max(c,e~*4) = 1/100) and ¢ is sufficiently small (it is in order to satisfy these

simultaneously that we require a lower bound on A). This completes the proof. ]

Proof of Fact 2.4.2. Let /2 = {y/2 : y € Z}. Define the event
E = {max{|X;(r)],i > 1,0 <r < s+ 10°/N} < 3s}.

Any unit interval [x — 1/2,x + 1/2] is covered by at most two intervals from {[y —
1/2,y+1/2] :y € Z/2,y € [x —1/2,x + 1/2]}. It follows that on E, if 7, < s but

sup{z(t),t € [k, 7, + 105 /N]} > 10N then there is y with y € [—3s,3s] N Z/2 such that

sup Z M;(t) > 5N.
¢, TR +H10% /N i1 X, (8)—y|<1/2}

When k& < I we have 1, < s, so

P sup z(t) > 10N, z(1;) < N,k < I}
tE€[Tk, Tk +105/N]

<P[E]+ Z P l sup z(t,y) > BN, z(1,) < N|. (2.15)

ye[—3s,3sjnz/2  LtE€[Th,Tk+10%/N]

Our bound on the above summands works identically for each y € [—3s,3s] N Z/2; we

explain it for y = 0 to avoid notational overload. So we wish to bound

P sup z(t,0) > 5N, z(1,) < N
tE€[Tk, Tk +105/N]

Our strategy is as follows: we use Corollary 2.4.5 to show that with high probability,
for all ¢ € [r3,, 7x + 10°/N] the total contribution to z(¢,0) from descendants of particles
with | X;(7)| < 3/2 is at most 4N. We then use Corollary 2.4.7 to show that with
high probability the contribution to z(¢,0) from descendants of further-off particles

decreases quadratically (as a function of |X;(7x)|); since the quadratic series converges,
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this implies a bound on the total contribution from far-off particles. We now proceed to
details.

For n € Z let

Y, = sup Z Mi(t);
tE[m Tt 10°/NT £ X, ()| <1/2,| X5 0 (73,) —n|<1/2}

Y,, counts the greatest contribution at any time t € [r4, 7 + 10°/N], to the mass near 0

from particles that at time 75 are near n. We clearly have

sup 2(t,0) < Z Y, . (2.16)
t€[mk, Tk +105 /N] nez

As sketched above, we bound the sum in two parts: the contribution from Y_1,Y}
and Y7 is handled separately from the rest, and we do this first. Note that since masses

decrease with time,

Yo +Y+Y < sup > M 1(7k)-
bl et 10%/NT 321X 4 (m) | <3/2}

If 2(7,) < N then 3y x,(r) <372} Mi(7k) < 3N so, by Corollary 2.4.5 and the strong

Markov property,

3N
PY_1+Yy+Y; > 4N, 2(1) < N| <2 (21+1/3(1 _ 67105/N)1/3>

< (20°/N)V.

Now consider n € Z with |n| > 2, and assume by symmetry that n > 0. If
| Xi(t)] < 1/2 but | X;(m) +n| < 1/2 then X;(t) — X; (7)) > n — 1. Assuming

z(1;) < N, in particular we have z(7, —n) < N. Furthermore,

Y < sup Z Mi,t(Tk) .
t€ [T, H10%/NT £ X, (8) = X 4 (1) >n—1, X4 (7)) +n<1/2}
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When n > 2, applying Corollary 2.4.7 with tg = 10°/N, L=n —1, v = 1/(20(n — 1)?)
and x = N, we then obtain that

N 105 N(n—1)2
PlV,>-— < N| <40(n — 1)?2 — 0
> Tom 1z A = } < 40(n—1) eXp(N 2.10°
e ~ N(n - 1)2
AT 0
< g~ 10(n=1)7 (2.17)

The final inequality holds since N = N(s) = 10" logs; the second inequality holds
provided N is sufficiently large. We emphasize that once N is large enough the

inequality holds for all n > 2. Note that by symmmetry the same bound also holds for
Y,.

Using (2.16) and the two preceding probability bounds (and the fact that (1/10) 3=, >2(n—
1)=2 = 72/30 < 1), we thus have

P sup 2(t,0) > 5N, z(1;) < N
t€[ Ty, i +105 /N]

N
< _ < > <
_P[Y1+K)+Y1>4N,Z(Tk)_N]+ Z P|:Yn 10(n 1)2,2(Tk)_N
{n€Z:|n|>2}

s\ N

< <2](\)[) + Z s—10(n—1)?
In|>2
N
) 5

< <](\)/,) + 45719 (2.18)

where the last inequality holds for s sufficiently large. The same argument yields the

same bound with z(¢,y) in place of z(¢,0), and (2.15) then gives

P l sup 2(t) > 10N, z(1) < N,k < I]
t€ [Ty, +105/N]

N
<P[E+ (125+2) - ((205> +4310)

N

<P[E)+ 578,
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the latter bound holding for s large, since N = 107 log s. To conclude, we use the fact
that

P [ max{|X;(s + 10°/N)|,i > 1} > 3s ] E°| >

DO =

which follows by considering the stopping time 7 = inf{r : max{|X;(r)|,s > 1} > 3s}

and using symmetry. This yields

P[E°] < 2P [max{| Xi(s + 10°/N)|,i > 1} > 35|
< AR [#{i : Xi(s +10°/N) > 35}
= 4e" NP (54107 /N)2G > 3]

<e3s (2.19)

where G is a standard normal random variable and the last two inequalities hold for s

sufficiently large. O

Proof of Fact 2.4.3. The proof has aspects which will be familiar from the previous
proof; we describe these first. We recycle the event E from the preceding proof. Note

that on EN{k < I} we have

2(1, +10°/N) < 2 sup 2(1, +10° /N, y),
y€[—3s,35]NZ/2

SO
P [Z(Tk—F 105/N) >N —1,2(1) < Nk < [’E}

-1
2

< Y Plmr 10Ny >

xm) < N} L (220
y€[—3s,3s|NZ/2

We once again focus on the case y = 0 for notational simplicity. We write

Zy = > M;(7j, + 10°/N)..
{Z'Z|X1‘(Tk+105/N)|<1/2,|Xi7_’_k+105/N(Tk)*n|<1/2}
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The indices of summation correspond to particles with position near 0 at time 75, +10° /N,

whose time 73 ancestor had position near n. We have

(7, + 10°/N,0) < Y Zy.
nez
Now similarly to the argument leading to (2.17), apply Proposition 2.4.6 with ¢ = 10°/N,
L=n-1,v=1/(40(n — 1)) and z = N to bound Z, for |n| > 2. We obtain that for
s sufficiently large (since (1/40) 3, >2(n — 1)72 =72/120 < 1/4)

P {Z(Tk +10°/N,0) > N-1 }

9 ,Z(Tk)SN

N N
§P|:Z_1+Z0+le,z(7'k)§]v]+ E P[ZnZ,Z(Tk)SN
4 40(n — 1)2
{n€Z:|n|>2}
<P|\Z_1+Zy+ Z1 > Z,,z(m) < N| +4s 7. (2.21)

We now bound Z_i1 + Zy + Z; from above by the total mass at time 73, + 10°/N of
individuals whose time-y, ancestor lies in [—3/2,3/2]. More precisely, recall that X ¢(s)

is the (location of) the time-s ancestor of X;(t¢), and write

Dy = 3 M;(7i, +10°/N).
{6, 105/ (TR)EW/2,(6+1)/2]}
Then

Za+Z0+Z1< ), Dy
Le[—3,2]NZ

This holds because the time-7; ancestors of particles counted by Z_1 + Zy + Z; all lie
in [-3/2,3/2] = Usej—3,2/nzl¢/2, (£ + 1)/2]. The bound may be strict because particles
counted by Z_1 + Zy + Z1 are additionally required to lie near 0 at time 74 + 10°/N.

Bounding each of the summands D, by the largest summand, we then have

Z 1+ Zo+ 721 <6 max Dy,
Le[—3,2)NZ
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SO

N
P21+ 242> 7 2(m) < N}

N
<6 max P [Dg > — z2(1) < N]
te[-3,2]NZ

The final probabilities are not hard to bound: if Dy hearkens from a total time-7; mass
which is very small then at time 7, + 10% /N it is still rather small by Corollary 2.4.5.
On the other hand, if the aggregate mass of its time-7; ancestors was larger (but still at
most N) then by Lemma 2.4.8, at time 75, + 10°/N that ancestral population has lost
most of its mass.

More precisely, since M;(7;; +10°/N) < M; ;, 1105/ (7%) for each ¢, by Corollary 2.4.5

and the strong Markov property,

Dy > o ‘ Mj(m) < N/48] < 2(4(1 — e OP/N )N/

905 N/48
<2 — .

Now assume that N = N(s) = 107logs > 48C, where C is the constant from

{5:X5 (7 6[5/2 (t4+1)/2]}

Lemma 2.4.8. By that lemma, with ¢ = 105 /N, since t > 500/A for A € [N/48, N],

Dy > — ‘ Mj(1y) € [N/48, N]| < 27 200N/48  o—4N

{5:X; ()€ 5/2 (e+1)/2]}

the latter inequality for N = N(s) sufficiently large. This bound holds for each
¢ € [-3,2] N Z. Under the assumption that z(73) < N, one of the conditions in the

above conditional probabilities must occur. It follows that

N 905 N/48 N
6 P|D,> — <N|<6 21 == —4
ee[r_“féﬁmz [ ‘>24’Z(Tk)— ]— max (N) ’€ ’

so for N sufficiently large

N
P {Z_l + 2o+ 212 o a(m) < N] < 6e N = 654107
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Combined with (2.21) this gives

N -1

P | z(rx + 105/N,0) > 5

2(k) < N| < 5s™10,

The same bound holds for each z(7, + 10°/N,y), so using (2.20) and the bound

P [E¢] < e~3% from (2.19), for s large we obtain
P [z(fk +10°/N) > N —1,2() < N,k < I] < (1254 2)557 10 4 ¢35 < 578,

The proof is almost complete; to finish it off we need to deal with the event
{z(mx) < N} in the preceding probability. To do so we use induction. First, for s large,
since N = N(s) = 107 log s and 79 = inf{t : 2(t) > N — 1}, we have z(rop—) < N — 1. It
follows that z(79) < z(70—)+1 < N (this was explained in the proof of Proposition 2.4.1),

so when k& = 0 we have
P |2(rk +10°/N) > N = 1,k < I| =P |2(r + 10°/N) > N = 1,2(r¢) < N,k < I] <575,

For larger k, similarly if z(7,_1 + 10°/N) < N — 1 then z(7}) < 2(7,—) + 1 < N. We

thus have

P |2(mk +10°/N) > N = 1,k < I| <P |2(ri +10°/N) > N = 1,2(rs) < N,k < I
+Plz(1,) > N,k < I]

<SP [a(na +10°/N) > N =1 k—1<1],
so by induction and the hypothesis that k < Ns/105,
P2(rx +10°/N) > N = Lk <I| < (k+1)-s75 < Ns7 <57, 0

2.5 Lower bound

The next proposition restates the second inequality of Theorem 2.1.1. Recall that
ot = 34/3,”2/3/27/6'
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Proposition 2.5.1. For any m € (0, 1), almost surely

litrgg)lf W < c*.

Given a function f : [0,00) — R, for ¢ > 0 let I(¢t,f) = {i < N(t) : Vs €
[0,t], X;¢(s) > f(s)} be the indices of particles whose ancestral trajectory stays above
f up to time t. Note that |I(¢, f)| is decreasing in ¢: if a trajectory stays above f to
time ¢ then it also stays above f to time ¢ < t. It follows that P[V¢, I(t, f) # 0] =

limy_yoo P[I(t, f) # 0], and this is a decreasing limit. We will use the following result of
Roberts (2015).

Lemma 2.5.2 (Roberts (2015), Theorem 1). Let g(t) = /2t — c¢*t'/3 + c*t1/3 [ log?(t +
e) — 1. Then
Jim PUI(1,g) #0) = 5 >0

The idea of the proof of Proposition 2.5.1 is that if the density is always low beyond
g then a particle staying beyond g will have reasonably large mass at time ¢; the lemma
guarantees that such a particle has a reasonable chance p* of existing. The next corollary
implies that at the cost of a constant shift of the function g, we may increase p* as close

to one as we like. For ¢ € R write g — ¢ for the function with (¢ — ¢)(z) = g(z) — c.
Corollary 2.5.3. Let C* = inf{c:Vt,I1(t,g —c) # 0}. Then almost surely C* < cc.

Proof. The proof technique is sometimes called an amplification argument. Consider
the N(t) ~ e! independent copies of the BBM rooted at time-t particles, the ith copy
having initial individual at position X;(t). Suppose the “translate by X;(¢)” of the event
from Lemma 2.5.2 occurs in the kth copy; more precisely, suppose that for all ¢/ > ¢

there is a descendant X;(t") of Xj(t) such that for all s € [t,#],
Xju(s) = Xp(t) > g(s — ) > g(s) — V2t — ct'/7.
For s <t we also have

Y X (o) S I X () S () i X ()
Xjv(s) > 11121{ Xi(s) > g 21121{ Xi(s) > g(s) + gg g{ Xi(s) 21;139<3),
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so in this case

C* < — inf inf X;(s) + V2t + c¢*t*/3.
selo,g]i>1

By the branching property (i.e. the independence of the trajectories emanating from
each of the particles (X;(t),7 > 1)), it follows that
P|C* >3t + V2t + 3] <P [N(t) <2 + P l inf inf X;(s) < —3t| + (1 — p*)?,
s€(0,t] i>1

(2.22)

where p* is the constant from Lemma 2.5.2. Since N(t) ~ Geom(e™!) we have
P [N(t) <2'] <(2/e)'. Finally, let o = inf{s : inf;>1 Xi(s) < —3t}, soinfejoy infi>1 Xi(s) <
—3t if and only if 0 < t. Considering the descendants of the first individual to reach

position —3t, by symmetry we have

P [inf Xi(t) < =3t
i>1

N

o< t] >
so for G a standard normal random variable,
Plo < t] < 2P [gg X;(t) < —375] < 2P [11/2G < —3t] < 2¢772.
These bounds and (2.22) then yield
P [C* > 3t + V2t + c*tl/?’} < (2/e)t + 22 4 (1 — pH)%.

This can be made arbitrarily small by taking ¢ large. O

In order to prove Proposition 2.5.1, we require one final lemma which shows that
a small mass will quickly increase to form some region of constant density within a

constant distance.

Lemma 2.5.4. For all ¢ > 0 and m € (0,1) there is C > 0 such that for all x € RF

and m € (0,1)%, if » .= D fitlas| <1} i > 0 then

Py [3t € [0,C(1 +log(1/2))],z € [-C,C] : ((t,z) >m] >1—¢. (2.23)



2.5 Lower bound 71

To prove the lemma we use the following fact, whose proof is left to the reader.

Fact 2.5.5. For all € > 0, there are to = to(c) and ¢ = c(e) > 0 such that
P vt > to, #{i : Vs € [0,4], [Xi(s)| < c} > (e —)'] > 1 —e. (2.24)

One straightforward way to prove the fact is as follows. Let p(c) denote the
survival probability of branching Brownian motion with branching rate 1 and absorbing
boundaries at —c and ¢, started from the origin. By Theorems 2.1 and 2.2 in Watanabe
(1965) (originally due to Sevast’yanov (1958)), p(c) > 0 for ¢ sufficiently large. Then
for large R > 0, p(R?) is the survival probability of BBM with branching rate R?
and absorbing boundaries at —R and R, so an amplification argument gives us that
p(R?) — 1 as R — co. Then use Theorems 3.2 and 3.3 in Watanabe (1965) to give the
result.

As an aside, we note the very nice recent work Harris et al. (2016) on the asymptotics

of this survival probability for ¢ near the critical width ¢ below which p(c) = 0.

Proof of Lemma 2.5.4. The claim is clearly true if z > m, and we hereafter assume
z € (0,m). We also assume ¢ is small enough that (e — e)e (1 — e/2) > (1 + ¢); this
can only make our job harder.

By relabelling, we may assume that for some 1 < k' < k we have |z;] < 1 for
1 <i <k and |z;] > 1 for i > k', so that z = Y7y ;<4 m;.

For 1 <i < k' let J;(t) index the time-t descendants of z; whose trajectory stays

fairly near the origin, i.e.,
Ji(t) ={€ =2 1: jes(0) =i, [ Xea(s) — xi| <cVs € [0,1]},
where ¢ = ¢(¢) is chosen as in Fact 2.5.5. By that fact, we then have for ty = ty(g)

P |Vt > to, |1i(t)] > (e — &) > 1. (2.25)
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We hereafter assume ¢t > to(e). Now suppose that ((s,z) < m for all s < ¢ and

|z| < ¢+ 1. Then for each 1 <i <k, for all j € J;i(t), M;(t) > m;-e ™, so

S M) =e ™ Y mlJi(t)] = e ™ e—e)" Y milynw)s(e—e) -

1<i<k’ jEJ;(t) 1<i<k’ 1<i<k’
By Markov’s inequality and (2.25), since 2z = > ;<5 My,
1/2 1/2
F Z Ml g )< (e—ey] = 2€ 2| <

1<i<k’

so with probability at least 1 — e!/2,

SN Mit) = e ™e—e)(1—eY?) 2

1<i<k’ jeJi(1)

By our assumption on €, we have e (e —¢) > (14¢)/(1 —e/?) > 14 2¢, so this gives

Z M;(t) > (1+2)" 2 >c+2,
{7:1X5 (0] <c+1}
the last inequality provided that ¢ > 1 +log; 5. ((c +2)/z). Since [-c —1,¢+ 1] can
be covered by |c + 2| intervals of radius 1, we see that in this case there is x with
|z| < ¢+ 1 such that ((¢,z) > 1.
To sum up: with probability at least 1—¢'/2, if t > to(c) and t > 1+log; 9. ((c+2)/2),
either ((s,z) > m for some s <t and |z| < ¢+ 1, or else ((t,z) > 1 for some = with

|z| < ¢+ 1. By choosing C' = C(g) appropriately, we obtain
Pym [35 € [0,C(1 +log(1/2))],z € [-C,C] : {(t,z) > m] > 1 — /2. O

We are now ready for the final proof of the chapter.

Proof of Proposition 2.5.1. Fix m € (0,1). Fix ¢ > 0 and by Corollary 2.5.3 choose

L > 1 large enough that P [C* > L] < e. Fix ¢t much larger than L (so that loglogt > L,
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say). Let Z = 2-10% and define the event

E = {sup sup((s,z) < Zlogt},
s€[0,t] z€R

and note that for ¢ sufficiently large, P [E] < t~* < ¢ by Proposition 2.4.1.

Let o = inf{s > t/4 : D(s,1/t) > g(s) — C* — 1}. We first suppose that ¢ > t,
so that for all s € [t'/4 ] we have D(s,1/t) < g(s) — C* — 1. Let i* be such that
Xi=1(s) > g(s) — C* for all s € [0,¢]; such ¢* exists by the definition of C*. If E occurs

then we have

t
—log M+ (1) :/0 C(s, Xy ¢(s))ds
1/4
g/t C(s, Xi= 1(s))ds + t 1ds
0

/4 t

< ZtY*logt + 1,

where the last bound holds since when E occurs the integrand is at most Z logt.

Let C' = C(e) be the constant from Lemma 2.5.4. Then given that E occurs, by
that lemma (applied with z = M;= (t) > exp(—1 — Zt*/*logt)) and the Markov property,
with probability at least 1 — ¢ there is s € (t,t + C(2 + Zt'/*logt)) and = with |z| < C

such that (s, X;(t) + ) > m. If this occurs, and additionally C* < L, we have
D(s,m) > X;+(t) = C > g(t) = C* = C > g(s) — s'/*log” s,

the last bound holding for all ¢ sufficiently large since s —t < C(2+4 Z t/41o0g t), and for

s and t large we have g(s) — g(t) = O(s — t). We thus have

IP’[VS >t,D(s,m) < g(s) — s/*1og? s ]a>t]
<P[{Vs>t,D(s,m) < g(t)—C*—C}NE |o>t]
+P[C*">L |o>t]+P[E |o>t]

<e+P[C*">L |o>t|+PE|o>1]. (2.26)
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Next suppose that o <t. Apply the strong Markov property at time o, and apply
Lemma 2.5.4 just as above (but with a starting mass in [D(o,1/t) — 1, D(o,1/t) + 1]
of at least 1/t = e~ 18 rather than e—1-2¢'/* logt) " We obtain that with probability at

least 1 — ¢ there is s € (0,0 + C(1 + logt)) such that
D(s,m) > g(o) —C = C* =1 > g(s) —log”s,

the last bound holding for ¢ sufficiently large since s — o < C(1 + logt) and logt <
4logo < 4log s, and under the assumption C* < L.

Since o > t1/4 and log? s < s'/41og? s, it follows that

P [Vs > 14 D(s,m) < g(s) — s"/*log?s | o < t}

<c+P[C*>L|o<t].

Now combine this with (2.26) using the law of total probability. We chose L and t large

enough that P [C* > L] < e and P[E°] < ¢, so we obtain
P [Els > /4 D(s,m) > g(s) — 51/410g25} >1-—3¢.

Finally, if D(s,m) > g(s) — s'/*1log? s then

V25 — D(s,m) <o c* n 1 log? s 7
s1/3 log?(s+e) sl/3  sl/12
which tends to ¢* as s — oc. O

2.6 Discussion and questions

e The analysis of the paper should carry through fairly straightforwardly to higher

dimensions R¥, provided we redefine d(t,m) and D(t,m) as

d(t,m) = min{|z| : {(t,z) <m}, D(t,m)=max{|z|:{(t,x) >m}.
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At time ¢, the density is then at least m within the ball of radius d(¢, m) around
0, and less than m outside the ball of radius D(¢, m) around 0. The proof of the
lower bound is then the same as in Sections 4 and 5. The proof of the upper bound
requires ruling out the possibility that the modulus of a particle in the BBM stays
ahead of a moving barrier g even though it cannot have consistent displacement
more than g in any fixed direction. In order for our proof techniques to carry over,
this requires sample path estimates for Bes(k) processes analogous to the ones
derived in this chapter for Brownian motion. We expect such estimates to hold

for all £ > 1, though verifying this may be technical.

e We believe that Proposition 2.5.1 predicts the “true” front location, in that both
D(t,m) and d(t,m) are typically at distance o(t'/?) from /2t — ¢*t'/3 when ¢ is

large. This is our justification for the remark in the final paragraph of Section 2.1.

e In the same way as the KPP equation describes the evolution of multiplicative
functionals of BBM (McKean (1975)), it seems plausible that the model proposed

in this work (or a related model) should be connected to an equation of the form

1
Up = “Ugg + U — u/ u(t,y)dy.
2 {y:ly—x|<1}

This equation has steady states at 0 (unstable) and 1/2 (stable), and is redolent of
a family of “non-local” Fisher-KPP-type equations which was introduced in Britton
(1989) to model populations in which aggregation can have both a competitive
advantage (safety in numbers) and disadvantage (due to competition for resources).
These equations have received substantial study (Berestycki et al. (2009a); Britton
(1990); Gourley (2000)); the survey Volpert and Petrovskii (2009) contains many
further references, as well as perspective on the biological motivations for such

study.

If a probabilistic model for such an equation were found, it could yield new results
on, e.g., the front propagation speed or temporal fluctuations of solutions to the
above equation. Conversely, a glance at that literature suggests new probabilistic

questions: for example, what if the effect of competition is described by a kernel
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k, where k(|x — y|) describes the degree of competition for resources between
individuals at spatial positions z and y? In our model we took k(|z —y|) =
1jz—y|c(0,1)); @ kernel which allows substantial long-range interaction might yield

rather different dynamics.

As mentioned in the introduction, one may reasonably consider the mechanism
for mass growth in our model — both children inherit the mass of the parent —
nonphysical. More physically realistic (at least for amoebae) is for the children to
each have half the mass of the parent. One must also then change the rules to

allow for mass growth; a reasonable modification is to take

(ta)y= >,  Mils),

{i:] X (1) —2|<1}

and

Mi(t) = exp(/ot(l — E(s, X(s)))ds) .

In other words, the mass of an individual can increase, when there is little nearby
competition for resources — but the larger particles get, the harder it is for them
to sustain themselves. The key point is that 1 is still a universal upper bound on

the greatest mass of any particle.

We conjecture that any lack of physical realism in our model is relatively insignif-
icant for the long term behaviour, and more concretely that the front location
behaves similarly in the two models. As partial evidence for this, we note that
the analyses from Sections 2.4 and 2.5 carry through essentially unchanged for

the model described above.

The argument from Section 2.3, however, breaks down, because a particle moving
through an environment of constant density m < 1 will have mass which does
not decay exponentially, even when the loss of mass due to branching is taken
into account. Instead, such a particle will (at large times) have a mass which is

random and typically of order ©(1 —m).

Because of this, the existing argument only establishes Proposition 2.3.1 in a highly

weakened form, with the condition m > 1 rather than m > 0. (It is possible to
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do very slightly better, by considering a variable bound m = m(t¢). One can then
take m(t) < 1if 1 — m(t) decays sufficiently quickly, but the pain-to-gain ratio in
writing down such an argument in detail does not seem favourable.) But m € (0,1)
is the really meaningful region. Proving a genuine analogue of Proposition 2.3.1
for this model seems to us the only missing step to a proof of Theorem 2.1.1 for

the modified dynamics.

e In the variant just described, one intriguing possibility is that there may now be
particles with mass ©(1) at large times. If there are, they will be found near the

front, since that is where they can find food. Do they really exist?

e More generally, one may take

M;(t) = exp( /0 (0 — 65, Xi(5)))ds) .

This looks, heuristically, like some sort of spatial logistic growth (Etheridge (2004);
Lambert (2005)). It may be interesting to investigate what different behaviours

can occur as the parameters a and b are varied.

Appendix 2.A Estimates for the upper bound

We first turn to the proof of Lemma 2.3.3. The proof relies on the following sample

path estimate for Brownian motion.

Lemma 2.A.1. Suppose f :[0,t] = R and L : [0,t] — (0,00) are twice continuously
differentiable functions, with f(0) <0, f(0)+ L(0) > 0 and f increasing. We assume

that there exists a constant Q > 0 such that

LOILO) + [L@IL + [ L)L ds+ [ 1 )[L(s) ds = [ 0)1£0) < @

for all 0 < u <'t, which we call Assumption (A). Then there is a constant M(Q) such

that for 0 < p <1,

P[B(s) = f(s) € (0, L(s))Vs < u, B(u) = f(u) € (pL(u), L(w))]
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u u g2
<@ exp(— [ F(5)ds— [ ds L)~ F(O)F(0) + blog L),

This result is obtained by combining Proposition 4 and Lemma 7 in Roberts (2015) to
cover the two cases [y’ ﬁds > 1 and [y ﬁds < 1. In order to apply Lemma 2.A.1,
we exploit the existence of a solution to an integral equation; such a solution is used for

a related purpose in Section 3.4 of Jaffuel (2012).
Lemma 2.A.2. For c < c*, there exists a constant o > 0 such that the equation

72 s 1

2v2 Jo 1(u)

I(s) = a+ cst/? —

5 du (2.27)

has a continuous solution on [0, 1] which is twice continuously differentiable on (0, 1)

with l(s) > 0 for all s € [0,1) and with (1) = 0.

The lemma follows from Propositions 3.2 and 3.6(iii) of Jaffuel (2012). More
precisely, in those lemmas there is a variance term o2, and the value analogous to c¢* is

ae = %(3#202)1/3. Taking o = 1/4/2 yields the above formulation.

Proof of Lemma 2.3.53. Fix t > 0 large. Since the integral on the RHS of (2.27) is
non-negative, I(s) < ¢+ « for all s € [0,1]. Since {(0) = o > 0, we can fix § €
(0, min(a?/8,a3/(8¢3),1)) sufficiently small that I(s) > a/2 for s < 3. Let

L(s) = 11/3 (1;/5>1/3 z (W) (2.28)

for 0 < s < t, where u; = inf{u € [0,1] : {(u) < 2¢t~'/12}. Note that u; — 1 as t — oc.
We will prove that the lemma holds for the above choice of 8 and with the function
A(s) = L(s) — Kt*/%, provided K is sufficiently large. We must thus verify that A
satisfies the requisite properties, and prove the bound (2.3). Write f(s) = b(s) — Kt'/6 =
V2s — ¢(s 4 Bt)1/3 — Kt'/5; then to prove (2.3), it suffices to show that for u € [0, ]

and all z € [0, L(u)),

P[B(s) € (£(s), f(s) + L(s)) Vs < u, B(u) > f(u) +a] < exp(—u—t"/*/ K+V3(L(u)~2)).
(2.29)
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We establish this by applying Lemma 2.A.1 with the above functions f and L. We next
derive the properties of f, L, L' and L” which we require to do so.

First, note that f(0) = —c(8t)'/3 — Kt'/6 and L(0) > t'/31((Bus)/ (14 B)) > at'/3/2
by our choice of 3, so since 8 < (a/(2¢))? we have L(0)+ £(0) > 0 for ¢ sufficiently large.
For ¢ sufficiently large, f is increasing on [0,¢], and f and L are twice continuously
differentiable (since [ is C? on (0, 1)).

We assume ¢ is sufficiently large that (1+ 5)1/3ut_1/3 < 2. Then for s € [0, ], by the
definition of us, L(s) > 2(1 + 5)1/3ut_1/3t1/4 > 2t'/4 and since I(r) < ¢+ a Vr € [0, 1],

L(s) < (1+ B)Y3u; " P1/3(c + o) < 2(c + a)t1/3, so for all s € [0,],
214 < L(s) < 2(c+ a)t/?. (2.30)

Since [ is 2 on (0,1) and I(s) > 0 for s < 1, we can differentiate both sides of (2.27)

for s € (0,1) to give

I'(s) = —cs™ 2.31
(5) = gos = T (231)
Hence L is differentiable on [0, t] with
—2/3
L'(s) = t~2/3 (1+5> I <Ut<3+5t>>.
Uy t+ Ot
Also, for {er% < u < uy, by (2.31) and the definition of u,
— 71.2
V()] < §e(Bue) 31+ B)> + Zmet/0 < 245, (2.32)
for t sufficiently large, so for all s € [0, ] we have
1L/ (s)| < u2/P(1 + B)2/3¢~2/3241/6 < 94=1/2, (2.33)

This is a convenient moment to verify that the function A(s) = L(s) — Kt!/¢ has
the requisite properties. By (2.30), for ¢ sufficiently large, A : [0, ] — [tY/%,2(c+ a)t!/3].
Also A(t) = L(t) — Kt'/6 < 2(1 + ﬂ)l/3u;1/3t1/4 < 4t'/* for t sufficiently large. Finally,

by (2.33), |A/(s)] < 2t71/2 < 1 for all s € [0, 1], once again for ¢ sufficiently large.
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Proceeding with the proof of (2.29), we now check that Assumption (A) holds
for our choice of f and L, for some constant ) which does not depend on t. For ¢
sufficiently large, by (2.30) and (2.33) we have sup,cp 4 [L'(s)L(s)| = O(t~1/6), and also
|L'(0)f(0)] = O(t1/5).

By the definition of L in (2.28), for s € [0,t] we have

Hﬁ) —4/3

Ut

" (ut(s + ﬂt)) ‘ ; (ut(s + ﬁt)) '

()| L(s) = 77 ( t+ Bt t+ Bt

For {“‘jr% < u < uy we also have |I'(u)| < 2tY/6 by (2.32) and 2t=1/12 < [(u) < ¢+ a by

the definition of u;. By differentiating (2.31) we obtain that, uniformly over u in the

above range,

i) < Sew i) + = V)l

2 1(u)? o),

and hence sup,cp g |L"(s)|L(s) = O(t~1). Finally, SuPsefo,y f"(8) = Supseioy 2e(s +
Bt)~%/3 = O(t=%/3), which with (2.30) yields supseio [f"(s)|L(s) = O(t=*/3). Thus,
Assumption (A) holds for some fixed constant ) not depending on t.

Having verified the conditions of Lemma 2.A.1, we now show that the bound from
that lemma indeed implies (2.29).

For 0 <u <t, f'(u) =v2— ic(s + 6t)72/3 s0

-3 / " ()2 ds = —u+ V2e(u+ B = vV2e(B)'3 4+ L2 (u+ )~V — L2 (pr) "1
0

< —u+ V2P + 073,

Also by the definition of L in (2.28),

772/“1 du:ﬂt1/3<1+5)1/3 /% L s
2 Jo L(s)? 2 u Buy iW(s)2 )

1+

We chose 3 sufficiently small that for s < ﬁ%, l(s) > a/2. Therefore

Buy

s 1 4 Puy o
ds < — < —
/0 I(s)? s_oz21+ﬁ_2’
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since we also chose 3 < o?/8. It follows by (2.27) that

> (v2/2)at'? +V2eu'? — 2L(u),

where the second line follows by the definition of L in (2.28). Hence for v < ¢ and
p € [0,1],

u u 2
exp(~3 [ f1(o) s [ 5 ds = pf (L)~ F(OF(0) + 1og L(w)
< exp(—u — (V2/2)at"/? + V2(1 — p)L(u) + V2cB8'3¢1/3 + (/%))

< (M(Q)) ™" exp(—u — '3/ K + v/2(1 = p)L(u)). (2.34)

The last inequality holds for all large ¢, provided K is sufficiently large that (v/2/2)a —
V2ep/3 > 1/K; this is possible by our choice of £.
Writing p = z/L(u), then

P[B(s) € (f(s), f(s) + L(s)) Vs < u, B(u) > f(u) + 7]

=P[B(s) — f(s) € (0,L(s))Vs < u, B(u) — f(u) € (pL(u), L(u))]

< exp(—u — t1/3/K + \@(1 —p)L(u))

for some K > 0 by Lemma 2.A.1 and (2.34). This establishes (2.29) and completes the

proof. O

We now turn to the proof of Lemma 2.3.5, during which we will use the following

fact.

Fact 2.A.3. Let (W(u),0 <wu < 1) be either Brownian excursion or Brownian meander,

and let N be a standard Gaussian. Then

P {IB%{(W(U) > x} < 6PN > z/4].
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Proof of Fact 2.A.3. Write B, B™, B®* and B for Brownian motion, meander, excur-
sion, and bridge, all of length one. In what follows, maxima are always over u € [0, 1]

even if this is not explicitly written.

We have
max B £ max B” — min B” < 2max | BT 4 2%12{( |B(u) —uB(1)| < 4max|B|,
so by the reflection principle,
P [max B®™ > z] < P[max |B| > z/4] < 2P [max B > z/4] = 4P [N > z/4] .

Next, for t € [0,1], let F™¢(t) = inf 1) B™(s). By (49) in Pitman (1999) (origi-
nally due to Biane and Yor (1988)),

Bue _ pme g ‘Bbr|.

Since F™¢(t) < B™¢(1) Vt € [0,1], and B™¢(1) has the Rayleigh distribution with

parameter 1, for X,Y i.i.d. standard Gaussian random variables,

P[max F™° > x/2] <P [B™¢(1) > z/2]
=P[VXZ+Y2> 2/
<P [N >z/(2v2)] .

Also, as above,
P |max |B"| > 2/2| < P[max|B| > z/4] < 4P[N > 2/4] .
It follows that

P [max B™ > o] < 2P [N > 2/(2V2)] + 4PN > z/4] < 6P [N > z/4] . 0
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Proof of Lemma 2.3.5. First, for a standard Gaussian N we have P [N > ¢] < \/%%6—8/27

for all ¢ > 0. Using this bound, Fact 2.A.3 and Brownian scaling, for each ¢ we obtain

1/2 1/2
P [max Xi(u) > $:| < 6P |N > Qf 51 < 124t o2 /32t %6712/32&.
u<t; 4ti/ Vim T x

Provided that = > 127'/2, a union bound then yields

P [max max X;(u) > x} < Ze*x2/32ti.

i>1 u<lt; =1

Finally, the function f(a) = e‘m2/“1[a>0} is convex for a € [0,22/2], and f(0) = 0, so if

22 > 64T then for each i, f(32t;) < (t;/T)f(32T). Hence

2
P |max max X;(u) > 2| < e ® /32T, O
i>1 u<t;

Appendix 2.B Probability tail bounds

We first state a Bernstein-type inequality due to Colin McDiarmid.

Theorem 2.B.1 (McDiarmid (1998), Theorem 2.7). Let X1,..., X, be independent with
X, —EXy <1 for each k. Write S, = 11 Xx and fir V' > Var(S,) = Y p—; Var(X;).
Then for any ¢ > 0,

V+4c c
P[SnZESn+C]§€C-< 4 ) <(€V> .
V+ec c

The first inequality is the heart of the theorem; the second is easy and is included to
simplify an application of the theorem. The next lemma provides upper tail probability

estimates for weighted geometric sums.

Lemma 2.B.2. Fiz e < 1/2 and let (G;,i > 1) be i.i.d. Geom(1l —€). For any n and

any non-negative real numbers 1, ...,y with maxr;/> r; < 1/V, for all § > 0,

P Zrsz > (1 + (5) ZTZ' < 2(21+655)V .
=1 1=1
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Proof of Lemma 2.B.2. Let éj =Gj —1and pj =r;/>;r;. Then we must bound

P [széz >0,

i=1

under the assumption that max; p; < 1/V. First note that for ¢ such that ee® < 1,

n R 1—

1=1 7

For ¢ > 0, the latter product is maximized (subject to the constraints that max; p; < 1/V
and that >, p; = 1) when p; = 1/[V] for [V] values of i and p; = 0 otherwise. We thus

obtain
SIPNPNEr
E |f3Xp(CV ) Zple)] < m .

i=1
For any non-negative random variable, P[X > ] < e"®VEeVX; taking e¢ = (2¢)7!

yields

(1-9)V

%
<V A evei = 9 (2(1 - 5)(25)6) <202 O

p [zp,-c:z- -

=1




Chapter 3

Branching Brownian motion and
selection in the spatial

A-Fleming-Viot process

Abstract

We ask the question “when will natural selection on a gene in a spatially structured
population cause a detectable trace in the patterns of genetic variation observed in
the contemporary population?”. We focus on the situation in which ‘neighbourhood
size’, that is the effective local population density, is small. The genealogy relating
individuals in a sample from the population is embedded in a spatial version of the
ancestral selection graph and through applying a diffusive scaling to this object we show
that whereas in dimensions at least three, selection is barely impeded by the spatial
structure, in the most relevant dimension, d = 2, selection must be stronger (by a factor
of log(1/p) where 1 is the neutral mutation rate) if we are to have a chance of detecting
it. The case d = 1 was handled in Etheridge et al. (2015b).

The mathematical interest is that although the system of branching and coalescing
lineages that forms the ancestral selection graph converges to a branching Brownian
motion, this reflects a delicate balance of a branching rate that grows to infinity and
the instant annullation of almost all branches through coalescence caused by the strong

local competition in the population.
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3.1 Introduction

Our aims in this chapter are two-fold. On the one hand, we address a question of interest
in population genetics: when will the action of natural selection on a gene in a spatially
structured population cause a detectable trace in the patterns of genetic variation
observed in the contemporary population? On the other hand, we investigate some of
the rich structure underlying mathematical models for spatially evolving populations
and, in particular, the systems of interacting random walks that, as dual processes
(corresponding to ancestral lineages of the model), describe the genetic relationships
between individuals sampled from those populations.

Since the seminal work of Fisher (1937), a large literature has developed that
investigates the interaction of natural selection with the spatial structure of a population.
Traditionally, the deterministic action of migration and selection is approximated by
what we now call the Fisher-KPP equation and predictions from that equation are
compared to data. However, many important questions depend on how selection and
migration interact with a third force, the stochastic fluctuations known as random
genetic drift, and this poses significant new mathematical challenges.

For the most part, random drift is modelled through Wright-Fisher noise resulting

in a stochastic PDE as a model for the evolution of gene frequencies w:

6671;/ =mAw — sw(l —w) + /yw(l —w)W

(for suitable constants m, s and 7), where W is space-time white noise. This stochastic
Fisher-KPP equation has been extensively studied, see, for example, Mueller et al. (2008)
and references therein. However, from a modelling perspective it has two immediate
shortcomings. First, it only makes sense in one spatial dimension. This is generally
overcome by artificially subdividing the population, and thus replacing the stochastic
PDE by a system of stochastic ordinary differential equations, coupled through migration.
The second problem is that, in deriving the equation, one allows the ‘neighbourhood size’

to tend to infinity. We shall give a precise definition of neighbourhood size in Section 3.2.
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Loosely, it is inversely proportional to the probability that two individuals sampled from
sufficiently close to one another had a common parent in the previous generation and
small neighbourhood size corresponds to strong genetic drift. It is understanding the
implications of dropping this (usually implicit) assumption of unbounded neighbourhood
size that motivated the work presented here.

Our starting point will be the spatial A-Fleming-Viot process with selection (SLFVS),
which (along with its dual) was introduced and constructed in Etheridge et al. (2014).
The dynamics of both the SLFVS and its dual are driven by a Poisson Point Process of
‘events’ (which model reproduction or extinction and recolonisation in the population)
and will be described in detail in Section 3.2. The advantage of this model is that
it circumvents the need to subdivide the population in higher dimensions. However,
since our proof is based on an analysis of the branching and coalescing system of
random walkers that describes the ancestry of a sample from the population, it would
be straightforward to modify it to apply to, for example, an individual based model in
which a fixed number of individuals reside at each point of a d-dimensional lattice.

In classical models of population genetics, in which there is no spatial structure, we
generally think of population size as setting the timescale of evolution of frequencies of
different genetic types. Evidently that makes no sense in our setting. However (even in
the classical setting), as we explain in more detail in Section 3.3, if natural selection is
to leave a distinguishable trace in contemporary patterns of genetic variation, then a
sufficiency of neutral mutations must fall on the genealogical trees relating individuals
in a sample. Thus, in fact, it is the neutral mutation rate which sets the timescale and,
since mutation rates are very low, this leads us to consider scaling limits.

In Etheridge et al. (2014), scaling limits of the (forwards in time) SLFVS were
considered in which the neighbourhood size tends to infinity. In that case, the classical
Fisher-KPP equation and, in one spatial dimension, its stochastic analogue are recovered.
The dual process of branching and coalescing lineages converges to branching Brownian
motion, with coalescence of lineages (in one dimension) at a rate determined by the
local time that they spend together. In this chapter we consider scaling limits in the
(very different) regime in which neighbourhood size remains finite. In this context the

interaction between genetic drift and spatial structure becomes much more important
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and, in contrast to Etheridge et al. (2014), it is the dual process which proves to be the
more analytically tractable object.

We shall focus on the most biologically relevant case of two spatial dimensions. The
case of one dimension was discussed in Etheridge et al. (2015b). The main interest
there is mathematical: the dual process of branching and coalescing ancestral lineages,
suitably scaled, converges to the Brownian net. However, the scaling required to obtain
a non-trivial limit reveals a strong effect of the spatial structure. Here we shall identify
the corresponding scalings in dimensions d > 2. Whereas in Etheridge et al. (2014),
the scaling of the selection coefficient is independent of spatial dimension and, indeed,
mirrors that for unstructured populations, for bounded neighbourhood size this is no
longer the case. In d = 1 and d = 2 the scaling of the selection coefficient required to
obtain a non-trivial limit reflects strong local competition.

Our main result, Theorem 3.2.7, is that under these (dimension-dependent) scalings,
the scaled dual process converges to a branching Brownian motion. For d > 3 this
is rather straightforward, but in two dimensions things are much more delicate. The
mathematical interest of our result is that in d = 2, under our scaling, the rate of
branching of ancestral lineages explodes to infinity but, crucially, all except finitely many
branches are instantaneously annulled through coalescence. That this finely balanced
picture produces a non-degenerate limit results from a combination of the failure of two
dimensional Brownian motion to hit points and the strong (local) interactions of the
approximating random walks, which cause coalescence.

From a biological perspective, the main interest is that, in contrast to the infinite
neighbourhood size limit, here we see a strong effect of spatial dimension in our results.
When neighbourhood size is very big, the probability of fixation for an advantageous
genetic type, i.e. the probability that the genetic type establishes and sweeps through
the entire population, is not affected by spatial structure. When neighbourhood size
is small, in (one and) two spatial dimensions, selection has to be much stronger to
leave a detectable trace than in a population with no spatial structure. Indeed, local
establishment is no longer a guarantee of eventual fixation.

The rest of the chapter is laid out as follows. In Section 3.2 we describe the SLFVS

and the dual process of branching and coalescing random walks, state our main result
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and provide a heuristic argument that explains our choice of scalings. In Section 3.3
we place our findings in the context of previous work on selective sweeps in spatially

structured populations and in Section 3.4 we prove our result.

3.2 The model and main result

3.2.1 The model

To motivate the definition of the SLFVS, it is convenient to recall (a very special case of)
the model without selection, introduced in Barton et al. (2010); Etheridge (2008). We
shall call it the SLFV to emphasize that selection is not acting. We proceed informally,
only carefully specifying the state space and conditions that are sufficient to guarantee
existence of the process when we define the SLFVS itself in Definition 3.2.3. The
interested reader can find much more general conditions under which the SLFV exists
in Etheridge and Kurtz (2014).

We restrict ourselves to the case of just two genetic types, which we denote a and
A, and we suppose that the population is evolving in R?. Tt is convenient to index time
by the whole real line. At each time ¢, the random function {w;(z), z € R%} is defined,

up to a Lebesgue null set of R?, by

we(zx) := proportion of type a at spatial position = at time ¢. (3.1)

The dynamics are driven by a Poisson point process IT on R x R? x R, x (0, 1]. Each
point (¢, x,r,u) € II specifies a reproduction event which will affect that part of the
population at time ¢ which lies within the closed ball B,.(z) of radius r centred on the
point z. First the location z of the parent of the event is chosen uniformly at random
from B, (z). All offspring inherit the type « of the parent which is determined by w;_(z);
that is, with probability w;_(z) all offspring will be type a, otherwise they will be A. A

portion u of the population within the ball is then replaced by offspring so that

wi(y) = (1 —wwi-(y) + ulfa—ay, Yy € Br(2).
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The population outside the ball is unaffected by the event. We sometimes call u the
impact of the event.

Under this model, the time reversal of the same Poisson Point Process of events
governs the ancestry of a sample from the population. Each ancestral lineage that lies
in the region affected by an event has a probability u of being among the offspring of
the event, in which case, as we trace backwards in time, it jumps to the location of
the parent, which is sampled uniformly from the region. In this way, ancestral lineages
evolve according to (dependent) compound Poisson processes and lineages can coalesce
when affected by the same event. All lineages affected by an event inherit the type of

the parent of that event.

Remark 3.2.1. In Etheridge and Kurtz (2014), the SLE'V and its dual are constructed
stmultaneously on the same probability space, through a lookdown construction, as the
limit of an individual based model, and so the dual process just described really can be

interpreted as tracing the ancestry of individuals in a sample from the population.
We are now in a position to define the neighbourhood size.

Definition 3.2.2. Write o2 for the variance of the first coordinate of the location of
a single ancestral lineage after one unit of time and n(x) for the instantaneous rate
of coalescence of two lineages that are currently at a separation x € R®. Then the

neighbourhood size, N is given by

2dC 0°

N = @)

where Cy is the volume of the unit ball in R%.

Neighbourhood size is used in biology to quantify the local number of breeding
individuals in a continuous population; see Barton et al. (2013a) for a derivation of this
formula. If we assume that the impact is the same for all events, then the impact is
inversely proportional to the neighbourhood size, see Barton et al. (2013a).

There are very many different ways in which to introduce selection into the SLF'V. Our
approach here is a simple adaptation of that adopted in classical models of population

genetics. The parental type in the SLFV is a uniform pick from the types in the region
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affected by the event. We can introduce a small advantage to individuals of type A
by choosing the parent in a weighted way. Thus if, immediately before reproduction,
the proportion of type a individuals in the region affected by the event is w, then the
offspring will be type a with probability w/(1 + s(1 — w)). We say that the relative
fitnesses of types ¢ and A are 1 and 1 + s respectively and refer to s as the selection

coefficient. We are interested only in small values of s and so we expand

Trsa_m CU-sd-mw}i+ 0(s%) = (1 — 8)w + sw° + O(s°).

We shall regard s? as being negligible. We can then think of each event, independently,
as being a ‘neutral’ event with probability (1 — s) and a ‘selective’ event with probability
s. Reproduction during neutral events is exactly as before, but during selective events,
we sample two potential parents; only if both are type a will the offspring be of type a.

Let us now give a more precise definition of the SLFVS. We retain the notation
of (3.1). A construction of an appropriate state space for « — w;(z) can be found in

Véber and Wakolbinger (2015). Using the identification

/Rdx (o) f(a k)M (dz,dr) = | {w(@)f(z;0) + (1~ w(@)f(z A)} dz,

this state space is in one-to-one correspondence with the space M, of measures on
R% x {a, A} with ‘spatial marginal’ Lebesgue measure, which we endow with the topology
of vague convergence. By a slight abuse of notation, we also denote the state space of

the process (w¢)ier by M.

Definition 3.2.3 (SLFV with selection (SLFVS)). Fiz R € (0,00). Let u be a finite
measure on (0,R] and, for each r € (0,R], let v, be a probability measure on (0,1].
Further, let TI be a Poisson point process on R x R? x (0,R] x (0, 1] with intensity
measure

dt @ dz @ p(dr)ve(du). (3.2)

The spatial A-Fleming-Viot process with selection (SLFVS) driven by (3.2) is the

My -valued process (wi)ier with dynamics given as follows.
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If (t,x,r,u) € I, a reproduction event occurs at time t within the closed ball B,(x)

of radius v centred on x. With probability 1 — s the event is neutral, in which case:

1. Choose a parental location z uniformly at random within B,(x), and a parental
type, o, according to wy—(z), that is a = a with probability wy—(z) and a = A with

probability 1 — w,—(z).
2. For every y € B,(x), set wi(y) = (1 — u)wi—(y) + ulja—qy-
Otherwise the event is selective, in which case:

1. Choose two ‘potential’ parental locations z,z' independently and uniformly at
random within B, (x), and at each of these sites ‘potential’ parental types «, o,

according to wy—(z), wi—(2") respectively.

2. For every y € B,(x) set wi(y) = (1 —w)wi—(y) +ul{q——a). Declare the parental
location to be z ifa = o’ =a ora=a' = A and to be z (resp. 2') ifa = A,d' =a

(resp. a =a,o/ = A).

This is a very special case of the SLEVS introduced in Etheridge et al. (2014).

We are especially concerned with the dual process of the SLEVS. Whereas in the
neutral case we can always identify the distribution of the location of the parent of each
event, without any additional information on the distribution of types in the region,
now, at a selective event, we are unable to identify which of the ‘potential parents’ is the
true parent of the event without knowing their types. These can only be established by
tracing further into the past. The resolution is to follow all potential ancestral lineages
backwards in time. This results in a system of branching and coalescing walks.

As in the neutral case, the dynamics of the dual are driven by the same Poisson
point process of events, II, that drove the forwards in time process. The distribution
of this Poisson point process is invariant under time reversal and so we shall abuse
notation by reversing the direction of time when discussing the dual.

We suppose that at time 0 (which we think of as ‘the present’), we sample k
individuals from locations z1,...,z) and we write £1,...,&Ns for the locations of the

Ny potential ancestors that make up our dual at time s before the present.
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Definition 3.2.4 (Branching and coalescing dual). The branching and coalescing dual
process (2¢)e=o driven by I1 is the U, (RY)™-valued Markov process with dynamics
defined as follows: at each event (t,z,r,u) € II, with probability 1 — s, the event is

neutral:

1. For each & € B,.(x), independently mark the corresponding lineage with probabil-

ity u.

2. If at least one lineage is marked, all marked lineages disappear and are replaced
by a single lineage, whose location at time t is drawn uniformly at random from

within B, (x).
Otherwise the event is selective:

1. For each & € B,.(x), independently mark the corresponding lineage with probabil-

iy u.

2. If at least one lineage is marked, all marked lineages disappear and are replaced
by two lineages, whose locations at time t are drawn independently and uniformly

from within B, (x).
In both cases, if no lineages are marked, then nothing happens.

Since we only consider finitely many initial individuals in the sample, and the jump
rate of the dual is bounded by a linear function of the number of potential ancestors,
this description gives rise to a well-defined process.

This dual process is the analogue for the SLEVS of the ancestral selection graph
(ASG), introduced in the companion papers Krone and Neuhauser (1997); Neuhauser and
Krone (1997), which describes all the potential ancestors of a sample from a population
evolving according to the Wright-Fisher diffusion with selection. Perhaps the simplest
way of expressing the duality between the SLFVS and the branching and coalescing
dual process is to observe that all the individuals in our sample are of type a if and
only if all potential ancestral lineages are of type a at any time t in the past. This is
analogous to the moment duality between the ASG and the Wright-Fisher diffusion with

selection. However, to state this formally for the SLFVS, we would need to be able to
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identify E[[]/ we(x;)] for any choice of points x1,...,z, € R% The difficulty is that,
just as in the neutral case, the SLFVS wy(z) is only defined at Lebesgue almost every

point x and so we have to be satisfied with a ‘weak’ moment duality.

Proposition 3.2.5. [Etheridge et al. (2014)] The spatial A-Fleming-Viot process with
selection is dual to the process (Ei)t>0 in the sense that for every k € N and ¢ €

C.((RHF), we have

Ewo |: (Rd)k

U(xy,. .. ,a:k){ f[lwt(xj)} dzy ... da:k}

Ny '
- - V(@15 k) By Ll_[l wo(fg)} dzy ...dxyg.

3.2.2 The main result

Our main result concerns a diffusive rescaling of the dual process of Definition 3.2.4
and so from now on it will be convenient if
forwards in time refers to forwards for the dual process.

We shall take the impact parameter, u, to be a fixed number in (0, 1] (i.e. v, = &,
for all 7). In fact, the same arguments work when v is allowed to be random, as
long as f;;, fol uvy(du)p(dr) > 0 for some 0 < R < R, but this would make our proofs
notationally cumbersome.

Let us describe the scaling more precisely. Suppose that p is a finite measure on
(0,R]. We shall assume for convenience that R is defined in such a way that for any
§ >0, p((R —6,R]) > 0. For each n € N, define the measure ™ by u"(B) = u(n'/2B),
for all Borel subsets B of R, . It will be convenient to write R,, = R/y/n. At the nth
stage of the rescaling, our rescaled dual is driven by the Poisson point process II" on

R x R? x (0, R,] with intensity
ndt @ n?? dx @ p"(dr). (3.3)

This corresponds to rescaling space and time from (¢,z) to (n~'t,n~'/2z). Importantly,

we do not scale the impact u. Each event of II", independently, is neutral with probability
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1 — s, and selective with probability s,,, where

logn d=2
n )

Sy = (3.4)
d>3.

1
n

In Etheridge et al. (2015b) it was shown that in d = 1, one should take s, = 1/1/n.
Although not obvious for the SLFVS itself, when considering the dual process it is
not hard to understand why the scalings (3.3) and (3.4) should lead to a non-trivial
limit.
If we ignore the selective events, then a single ancestral lineage evolves as a pure
jump process which is homogeneous in both space and time. Write V,. for the volume of

B,(0). The rate at which the lineage jumps from y to y + z can be written

Rn
my(dz) = nu/o nd/QVT(‘S’Z)u”(dr) dz, (3.5)

where V;.(0, z) is the volume of B,(0) N B,(z). To see this, by spatial homogeneity, we
may take the lineage to be at the origin in R? before the jump, and then, in order for it
to jump to z, it must be affected by an event that covers both 0 and z. If the event
has radius r, then the volume of possible centres, x, of such events is V,.(0, z) and so
the intensity with which such a centre is selected is nn%2V;(0, z)u™(dr). The parental
location is chosen uniformly from the ball B, (x), so the probability that z is chosen as
the parental location is dz/V, and the probability that our lineage is actually affected
by the event is u. Combining these yields (3.5).
The total rate of jumps is

R 1
d/2 n
/Rd my(dz) = /0 nun?/ ?/Rd o Lal<r Ljo—z|<rd dz (dr)

:R"VL
= / nun®?V, " (dr)
0
R
= anl/ riu(dr) = O(n), (3.6)
0

and the size of each jump is @(n_l/ 2) and so in the limit a single lineage will evolve

according to a (time-changed) Brownian motion.
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Now, consider what happens at a selective event. The two new lineages are created
at a separation of order 1//n. If we are to see both lineages in the limit then they
must move apart to a separation of order 1 (before, possibly, coalescing back together).
Ignoring possible interactions with other lineages, the probability that a pair of lineages
makes such an excursion is of order 1 in d > 3, order 1/logn in d = 2 and order 1/y/n
in d = 1. Therefore, in order to have a positive probability of seeing branching in the
scaling limit, in d > 3 we only need that there are a positive number of selective events
in unit (rescaled) time, and, for this, it is enough that s, is order 1/n. However, for
d = 2, we need order logn branches before we expect to find one that is visible to us,

hence the choice s,, = logn/n.

Remark 3.2.6. Our scaling mirrors that described in Durrett and Zdhle (2007) for
a model of a hybrid zone (by which we mean a region in which we see both genetic
types) which develops around a boundary between two regions, in one of which type a
individuals are selectively favoured and in the other of which type A individuals are
selectively favoured. In contrast to our continuum setting, their model is a spin system

in which exactly one individual lives at each point of 7.

Before formally stating our main result, we need some notation. We shall denote
by BBM(p, V) binary branching Brownian motion started from the point p € R%, with

branching rate V' and diffusion constant given by

o0 V(0, 2)
2=1 2pn =1 2,20 )
o _d/Rd |z|*m (dz)—d/Rd/O |z|“u v p(dr) dz (3.7)

T

where m"(dz) is defined in (3.5). In other words, during their lifetime, which is
exponentially distributed with parameter V', individuals follow d-dimensional Brownian
motion with diffusion constant o2, at the end of which they die, leaving behind at
the location where they died exactly two offspring. We view BBM(p, V') as a set of
(continuous) paths, each starting at p, with precisely one path following each possible
distinct sequence of branches.

Similarly, we write P (p) for the dual process of Definition 3.2.4, rescaled as in (3.3)
and (3.4), started from a single individual at the point p € R? and viewed as a collection

of paths. Each path traces out a ‘potential ancestral lineage’, defined exactly as the
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ancestral lineages in the neutral case except that at each selective event, if a lineage is
affected then it jumps to the location of (either) one of the ‘potential parents’. Precisely
one potential ancestral lineage follows each possible route through the branching and
coalescing dual process.

We define the events

Dp(e,T) = {vz e P™(p), 3" e BBM(p, V) : sup |I(t) —I'(t)] < 5} ,
t€[0,T]

D! (e,T) = {vz € BBM(p,V), 3' e P™(p): sup |I(t) —1'(t)| < 5} . (3.8)
t€[0,T

Theorem 3.2.7. Let d > 2. There exists V € (0,00) such that the following holds. Let
T < 00, p € R?; then given € > 0, there exists N € N such that, for alln > N there is

a coupling between BBM(p, V') and P (p) with P [D, (e, T) N D, (e, T)] > 1 —e.

We will give a proof of Theorem 3.2.7 only for d = 2. The case d > 3 follows from a

simplified version of the 2-dimensional proof presented here.

3.2.3 Sketch of proof

Consider a pair of potential ancestral lineages, £™! and £™2, created in some selective
event which, without loss of generality, we suppose happens at time zero. Suppose that
we forget about further branches and when ™ is affected by a neutral event it jumps
to the location of the parent; when it is affected by a selective event it jumps to the

location of one of the potential parents (picked at random). Thus ¢! and ¢™? are

compound Poisson processes which interact when (and only when) |71 — £™2] < 2R,,.

We choose a large constant ¢ > 0. We begin by showing that £! and £™2 have prob-
ability ©(1/logn) of reaching a distance 1/(logn)¢ from each other without coalescing
(we then say they have diverged). We also show that the probability that ¢™! and £™?
have not diverged or coalesced by time 1/(logn)¢ is o(1/(logn)), so coalescence will be
instantaneous in the limit. Moreover, once they are 1/(logn)¢ apart, they won’t get

within distance 2R, of each other again on a timescale of O(1). Hence from the point of

view of our scaling they stay apart and evolve essentially independently of each other.
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We exploit this observation by coupling the whole rescaled dual process with a
process in which diverged lineages move independently. We use an object that we call a
caterpillar which is defined in the same way as the rescaled dual process, except that
selective events only result in branching if at least time 1/(logn)¢ has elapsed since the
previous branching. We stop the caterpillar at the first time a pair of lineages has either
diverged or failed to coalesce in time 1/(logn)® after branching. We then start two new
independent caterpillars at the positions of the pair of lineages, and continue in the
same way, giving a ‘branching caterpillar’.

The branching caterpillar can be coupled with the rescaled dual process by piecing
together the independent Poisson point processes of events which drive each caterpillar
into a single driving Poisson point process. We show that under the coupling, the
branching caterpillar and the rescaled dual process coincide with high probability, using
the result that lineages at a separation of at least 1/(logn)¢ are unlikely to interact
again. Each individual caterpillar converges in an appropriate sense to a segment of
a Brownian path run for an exponentially distributed lifetime, so we can couple the
branching caterpillar with the limiting branching Brownian motion.

This programme is carried out in Section 3.4.

3.3 Biological background

In this section, we shall set our work in the context of the substantial biological literature.
The reader concerned only with the mathematics can safely skip to Section 3.4.

The interplay between natural selection and the spatial structure of a population is
a question of longstanding interest in population genetics. Fisher (1937) studied the
advance of selectively advantageous genetic types through a one-dimensional population
using the deterministic differential equation now known as the Fisher-KPP equation.
This equation also makes sense in higher dimensions, but ignores genetic drift (the
randomness due to reproduction in a finite population). Work incorporating genetic
drift has been restricted to either one spatial dimension (see Barton et al. (2013b) and
references therein) or, more commonly, to subdivided populations. Maruyama (1970)

studied the probability of fization of an advantageous genetic type (the probability that
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eventually the whole population carries this genetic type) in a subdivided population.
The assumptions made in that article are rather strong: if we think of the population
as living on islands (or in colonies), then each island has constant total population size
and its contribution to the next generation is in proportion to that size. Under these
assumptions, the probability of fixation is not affected by the population structure: it is
the same as for a gene of the same selective advantage in an unstructured population
of the same total size. Much subsequent work retained Maruyama’s assumptions, and
so it is often assumed that spatial structure has no influence on the accumulation of
favourable genes. However, Barton (1993) showed that the extra stochasticity produced
by the introduction of local extinctions and colonisations could significantly change
the fixation probability. This work was extended in, for example, Cherry (2003) and
Whitlock (2003).

A fundamental problem in genetics is to identify which parts of the genome have been
the target of natural selection. The random nature of reproduction in finite populations
means that some genetic types (alleles) will be carried by everyone in the population,
even though they convey no particular selective advantage. However, if a favourable
mutation arises in a population and ‘sweeps’ to fixation (i.e. increases in frequency until
everybody carries it), we expect the genealogical trees (that is the trees of ancestral
lineages) relating individuals in a sample from the population to differ from those that
we observe in the absence of selection. In particular, they will be more ‘star-shaped’.
Of course we cannot observe the genealogical trees directly, and so, instead, geneticists
exploit the fact that genes are arranged on chromosomes: the ancestry at another
position on the same chromosome will be correlated with that at the part of the genome
that is the target of selection. In order to detect selection one therefore examines the
patterns of variation at other points on the same chromosome, so-called linked loci.

In order for this approach to work, we require sufficient variability at the linked loci
that we see a signal of the distortion in the genealogical tree. This means that we must
consider the genealogy of a sample from the population on the timescale set by the
neutral mutation rate. If selection is too strong, the genealogy will be very short and

we see no mutations and so we can recover no information about the genealogical trees;
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if selection is too weak, we won’t be able to distinguish the patterns from those seen
under neutral evolution.

Since neutral mutation rates are rather small, this means that we are interested in
long timescales. Without selection, ancestral lineages in our model follow symmetric
random walks with bounded variance jumps and so we expect a diffusive scaling to
capture patterns of neutral variation. Since we are looking for deviations from those
patterns due to the action of selection, it makes sense to consider a diffusive rescaling
in the selective case too. Thus, if the neutral mutation rate is y, then we look at the
rescaled dual process with n = 1/u. If the branches produced by selection persist long
enough to be visible at this scale, then there is positive probability that the pattern of
(neutral) variation we see in a sample from the population will look different from the
pattern we’d expect without selection.

Our results in this chapter are relevant to populations evolving in spatial continua.
The question they address is ‘When can we hope to detect a signal of natural selection
in data?’. Whereas in the classical models of subdivided populations it is typically
assumed that the population in each ‘island’ is large, so that neighbourhood size is big,
by fixing the ‘impact’ parameter u in our model, we are assuming that neighbourhood
size is small. As a result, reproduction events are somewhat akin to local extinction
and recolonisation events, in which a significant proportion of the local population is
replaced in a single event. Our main result shows that our ability to detect selection
is then critically dependent on spatial dimension. For populations living in at least
three spatial dimensions (of which there are very few), spatial structure has a rather
weak effect. However, in two spatial dimensions, selection must be stronger and in one
spatial dimension (as appropriate for example for populations living in intertidal zones)
much stronger, before we can expect to be able to detect it. The explanation is that in
low dimensions, it is harder for individuals carrying the favoured gene to escape the
competition posed by close relatives who carry the same gene. In our mathematical
work, this is reflected in the vast majority of branches in our dual process being cancelled
by a coalescence event on a timescale which is negligible compared to the timescale set
by the neutral mutation rate so that no evidence of these branches having occurred will

be seen in the pattern of neutral mutation.
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3.4 Proof of Theorem 3.2.7

Our proof is broken into two steps. First in Section 3.4.1 we consider how the pair of
potential ancestral lineages created during a selective event interact with each other.
In particular we find asymptotics for the probability that they diverge in a short time.
This will allow us to identify the branching rate in the limiting Brownian motion. Then
in Section 3.4.2 we define the caterpillar and show how to couple the dual of the SLFVS
to a system of branching caterpillars. With this construction in hand, Theorem 3.2.7

follows easily.

3.4.1 Pairs of paths

In this subsection we are interested in the behaviour of a pair of potential ancestral
lineages in the rescaled dual. In order that they be uniquely defined, if either is hit by a
selective event then we (arbitrarily) declare that it jumps to the location of the first
potential parent sampled in that event. In particular, if they are both affected by the
same event, then they will necessarily coalesce. We write ™! and ™2 for the resulting

potential ancestral lineages and

nn — gn,l o fn,2

for their separation.

Throughout this subsection, we use the notation Py, . to mean that |nf| € [r, 7]
and we adopt the convention that estimates of P, .1 [B] hold uniformly for all initial
laws with mass concentrated on [r,r']. We extend this notation to open intervals in the
obvious manner. We will also write P, = P,

We are concerned with the behaviour of two potential ancestral lineages created
during a selective event which, without loss of generality, we suppose to happen at time
0. We shall then refer to n™ as an excursion. In this case |n{| < 2R,, and we wish to

establish whether or not |n;'| ever exceeds

1
logn)¢’

Tn = ( (3.9)
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where, in this section, we suppose that ¢ > 3.

Remark 3.4.1. We will, eventually, set c = 4, although any larger constant ¢ would

give the same result; for now we keep the dependence on c visible in our estimates.

For reasons that will soon become apparent, it is convenient to assume that n is
large enough that 7R, < v,.
The picture of an excursion 7™ that we would like to build up is, loosely speaking,

as follows.

1. With probability k,, = @(@), |n™| reaches displacement ~,, within time 1/(logn)®
and then ¢™! and ¢™? will not interact again before a fixed time 7" > 0. Con-
sequently the displacement between them becomes macroscopic and we see two

distinct paths in the limit. Moreover, &, logn — k € (0,00) as n — oc.

2. With probability 1 — G(loén)’ |n™| does not reach displacement 7,, and £™! and
£"2 coalesce within time 1/(logn)¢. In this case the difference between them is

microscopic and we see only one path in the limit.

%3/2), which means that we won’t

3. All other outcomes have probability O( (ogm)

see them in the limit.

Much of the work in making this rigorous results from the fact that £™!, €2 only evolve
independently when their separation is greater than 2R,. Our strategy is similar to
that in the proof of Lemma 4.2 in Etheridge and Véber (2012), but here we require a
stronger result: rather than an estimate of the form x, > C/logn we need convergence

of Kk, logn.

3.4.1.1 Inner and outer excursions

We shall characterise the behaviour of ™ using several stopping times. Set 7§ = 0

and define inductively, for i > 0,

7 =inf{s > 7% . |n”| > 5R,}, (3.10)

T2 = inf{s > T ) < 4Ry, ).
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We refer to the interval [7?%, 7/") (and also to the path of ™ during it) as the

1
inner excursion and similarly to [r{";, 7?“!) (and corresponding path) as the i'® outer
excursion.

Since a jump of 7™ has displacement at most 2R,,, although the initial (0**) inner

excursion starts in (0, 2R,], for i > 1 we have [, | € [5R,,, TRy] and 17w | € [2Ry, 4R].

Definition 3.4.2. We define the stopping times

7l — inf{s >0 : || = 0},

rdiv — inf{s >0 : 0% > v},
1
(logmn)e’

over
T —

We shall say that the it inner excursion coalesces if T¢°% € [7‘{’“'5,7}"). Similarly, the

it outer excursion diverges if rdiv ¢ [/ TZ-OUt).

We define T7'P¢ = min (7% 79V oV and say that n"

1. coalesces if THPe = Teoal

2. diverges if TP = 7div

3. overshoots if TtYP¢ = 7OV,

Since almost surely n™ only jumps a finite number of times before time (logn)™¢, almost
surely TY9P¢ occurs during either an inner or an outer excursion, whose index we denote

“x

by i*.

We use (" to denote the distance between the two potential parents sampled during
a typical selective event. More precisely, sample a radius r € (0,R,] according to
r2u"(dr)/ [ s2u"(ds), and then sample £ and €)"* independently and uniformly at

random from B, (0); let (" = |§6L’1 - fg’2|.
Lemma 3.4.3. There exists o € (0,1) such that, uniformly in n, Pen [i* > m] < o™.

Lemma 3.4.4. As n — oo, Pen [ overshoots) = O (W)

Lemma 3.4.5. As n — oo, Pen [ diverges) = © (10;71)-



104 BBM and selection in the SLFV

Lemma 3.4.6. Asn — 0o, Pen [ coalesces)] =1 — O (10271)'

Thus, overshoots are relatively unlikely, and typically n™ consists of a finite number

of inner/outer excursions until either (1) it coalesces, with probability 1 — ©( or

1
@)7

(2) the two lineages separate to distance ~,, with probability @<1Oén)-

The remainder of this Section 3.4.1.1 is devoted to the proof of Lemmas 3.4.3-3.4.5.

Lemma 3.4.6 then follows immediately, since ¢ > 3.

We will need two more stopping times:

7, =inf{s >0 : |n| <7},

" =inf{s >0 : |nY| >r}. (3.11)

Note that 7y = 760,
Note that the random variables 7/%¢, 7™ and so on depend implicitly on n; throughout

this section these random variables refer to the stopping times for the process n".

Proof. (Of Lemma 3.4.3.) First consider a single inner excursion of ™. It is easily seen

that there exists some o’ > 0 such that, for all n:

or any x € (0,0R,), 1 = x then the probability that will hit ut not
() F vy (0,5Ry,), if |9} h h bability that n™ will hit 0 b

exit By, (0) within its next three jumps is at least o’

In particular, the probability that the first three jumps of an inner excursion result in a
coalescence is bounded away from 0 uniformly for any [n/..| € 2Ry, 4R,]. If i* > m
then at least m inner excursions must occur without a coalescence. The strong Markov

property applied at the time 77"¢

means that, conditionally given n”,;, the it" inner
excursion is independent of (n;'),.,out. Repeated application of this fact, coupled with
(1), shows that the probability of seeing at least m inner excursions without a single

coalescence is at most (1 — /)™, This completes the proof. O

We will shortly require a tail estimate on the supremum of the modulus of two

dimensional Brownian motion W, which we record first for clarity. We write W; =
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(WL, W2) and note

P | sup (W, — Wo| >z
s€[0,¢]

< 2P| sup W —Wy|>z/2

s€[0,¢]

< 4P [ sup (W, — W) > /2
s€[0,t]

< dem /8 (3.12)

In the first line of the above we use the triangle inequality and the fact that W!
and W? have the same distribution. To deduce the second line, we note that W1
and —W?! have the same distribution. For the final line, we use the (standard) tail
estimate ]P’[supse[oﬂ (Bs— By) > z] < e~**/2t for a one dimensional Brownian motion B,
which can be deduced via Doob’s martingale inequality applied to the submartingale
(exp(zBs/t))s>0-

During an outer excursion, 1" is the difference between two independent walkers
and so we can use Skorohod embedding to approximate its behaviour using elementary
calculations for two-dimensional Brownian motion. The next lemma exploits this to

bound the duration of the outer excursion and the probability that it diverges.

Lemma 3.4.7. Asn — oo,

e 1
IP’[E)J{n,?Rn] |:T’Y" A\ T4fRn > (].Og n) 1:| = O ((logT[/)C_]-) 5 (313)
and
1
Ps®, 72,1 77" < Tam, ] = © (k)gn) : (3.14)

Proof. Fori=1,2 let f”’i be a pair of independent processes such that é"’l has the same
distribution as £™! and é”’2 has the same distribution as £€2. The process 5”71 — é"’Q
is a compound Poisson process with a rotationally symmetric jump distribution and
a maximum displacement of 2R,, on each jump. Moreover (essentially by Skorohod’s
Embedding Theorem, see e.g. Billingsley (1995)), we can construct a process 7" with
the same distribution as 5"71 — 5"72 as follows.

Let (7, Jm)m>1 denote a sequence distributed as the jump magnitudes and jump

: 2 2 . . . . . el pny2
times of £ —£™2. Let W be a two-dimensional Brownian motion with Wy = 0 =&,
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independent of (ry,, Jim)m>1. Now set

A = W) where T = 0,.J =0, (3.15)
T = inf{s > T+ [Wy — Wapim| > 7},

S(t) =sup{i >0 : J; <t}.

We may then couple

77% _ én,l - én,2.

We define 7" and 7, analogously to 7" and 7., as stopping times of the process 7.
Note that since (€', ftn’Q)tSTmn has the same distribution as (£™, 5”72)755745%, we

may couple them so that they are almost surely equal during this time. Thus
{7A"y" < 7249%} = {T’y" < T4g{n}.

Let T" and T, be the analogues of 7" and 7, for W (not to be confused with (™)

in (3.15)). By the definition of the Skorohod embedding in (3.15) we have

~2Tn > n Q:Rn
P57, [F7" < Tam,] = Ppsr,, 70 {TA’ T < T431n}

> Py, [T < Tyg, | (3.16)

The right hand side concerns only the modulus of two-dimensional Brownian motion
and so can be expressed in terms of the scale function for a two-dimensional Bessel

process:

1 n) — log(4R, 1
]P)E).(Rn |:T'Yn+2fRn < T4fRn:| _ Og(5:R ) Og( ‘{'R ) _ @ < ) ’ (317)

~ log(ym + 2R,) — log(4R,,) logn

which proves the lower bound in (3.14). Similarly, to see the upper bound we note that

Pis,, 70, [ < Tz, ] < P, 72, [T < Tow,,]

< Pry, [T < Ty,
_ log(7R,) — log(2R,,)
log(vn) — log(2R,,)
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It remains to prove (3.13). We have
TN TAR,, = 7N 7A'45Rn < 7

Remark 3.4.8. The above inequality is a very crude estimate, but will be enough to
prove (3.13), which in turn will be enough to give useful bounds on the duration of

excursions due to the freedom in the choice of c.

Hence

Plsr,,7%,] [T A Tym, > (log n)_c_l} < Plsg,,, 7] [Iﬁﬁogn)—c—ll < ’Yn] : (3.18)

The remainder of the proof focuses on bounding the right side of (3.18). To do so, we
must relate our compound Poisson process to another Brownian motion.

For j > 1,let X; =7}, — 7 _4,,- Then (X;)j>1 are i.i.d. and since £l and £m2
2}_

are independent, E [|X1|?] = 2E [\éf/il — &t
Recall from (3.5) that the rate at which €1 jumps from y to y + z is determined by

the intensity measure m(dz) so that

2 " 402
B[] = = [ s = =, (319

where 02 was defined in (3.7). Now recall the definition of S(¢) in (3.15); the rate at
which £™! jumps is Jrz m™(2)dz = ©(n) by (3.6), so S(n~!) is bounded by the sum of

two Poisson(©(1)) random variables. Hence since each jump of 7™ is bounded by 2R,,,
E[|X:]'] < 2R,)'E [S(n~1)!] = 0(n7?). (3.20)

Once again (since the distribution of X is rotationally symmetric) we may use Skorohod’s
Embedding Theorem to couple (X;);>1 to a two-dimensional Brownian motion B started

at 7y and a sequence v1,vs,... of stopping times for B such that setting vy = 0,
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(Ui — Uifl)iZI are i.i.d. and

Bvi - BUz‘—1 = X, (3.21)
E[vi — vi1] = 3E[1 X7 = 2

n

and E[(v; — v;_1)%] = O(n™2).

It follows that E[v|,] = %2% and Var(v|y,|) = O(tn~'). Hence by Chebychev’s
inequality,

Pllvjsy — 202t > 03] < O(tn™/3).

Applying this result with ¢ = ¢, := (logn)~¢"!, since ﬁftnn In = B we have

Ultnn]

Prsw,, 72, 7| <
<P {inf {|Bt — Byl : te [202tn — n_l/?’, 202t,, + n_1/3]} <y, + n~1/8 4 793”}

+ P ([0, = syl =17+ O(tan ™). (3.22)
For the first term on the right hand side we have for n sufficiently large

P [inf {\Bt — By| : t € 202, —n~ '3 202, + n_1/3]} <A +n M8 4 791,1}

<P ||Byyer, — Bol <7 +3n7 5| + P

sup  |B¢ — Bo| > ;nl/gl
t€[0,2n—1/3]
1,1/12

= 0(vaty ') +O(e7o™ ")

= 0((logn)*©), (3.23)

For the second inequality, we use that the density of B; is bounded by (27t)~! for the
first term and we apply (3.12) for the second term.
Moving on to the second term on the right hand side of (3.22), since from (3.19) we

have E [|ﬁ& - ﬁ[LtnnJ/nP] = O(n~1), by Markov’s inequality

P [mgﬂ — Ayl 2 n—l/ﬂ = O(n~3%). (3.24)
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Putting (3.23) and (3.24) into (3.22) we have

Pz, 7%, 07| < ) = O((logn)'~€).

In view of (3.18), this completes the proof. O

Proof. (Of Lemma 3.4.4.) First consider a single inner excursion. Evidently there exists

5 > 0 such that, for all n:

(1) For any = € (0,5R,), if |n'| = = then the probability that n" will either exit

By, (0) or hit 0 within its next three jumps is at least .

Let (J;);>0 be the (a.s. finite) sequence of jump times of our inner excursion,
and let By be the event that the excursion either coalesces or exits Bsg, (0) at one
of {Jsg+1, J3k+2, Jakrs}. By the strong Markov property (applied at Jsx) and (I),
inf{k >0 : 1p, = 1} is stochastically bounded above by a geometric random variable
G with success probability 3.

Moreover, for as long as ™ is not at 0, the rate at which it jumps is bounded below
by the rate at which ™! jumps, which is [go m"(dz) = ©(n) where m™ is given by (3.5).
Hence for each [ > 0, J;41 — J; is stochastically bounded above by E; where the (E;)i>0
are i.i.d. exponential random variables of this rate.

Combining these observations,

Poss, [T Ao >0 2] <P [y > n 2] + PG> 0!/ (3.25)

1/3

=0(n Y% +(1-p)"" =0mn 1)

where the last line follows by Markov’s inequality.

We are now in a position to complete the proof. Let n be sufficiently large that

(logn)?(n=Y2 4 (logn)~¢"1) < (logn) . (3.26)
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Recall the definition of inner and outer excursions in (3.10) and the definitions of 7%¥r¢

and ¢* in Definition 3.4.2. Note that
i* . .
P < S (" — ) + (7524 — 7).
i=0
Thus, if 7" overshoots and i* < (logn)'/2, then

logn) ¢ = r%¢ < (logn)'/? max i oy 4 max Tout _ piny )
( g ) = ( g ) O§i<(1ogn)1/2( 7 7 ) 0§i<(logn)1/2( +1 )

It follows by (3.26) that either maxo; (105 n)1/2 (rin—rout) > n~ 12 or MAX0<; < (1og n)!/2 (T —

") > (logn)~¢"!. Hence,

P¢n [ overshoots] < (logn)'/? (P(o,sﬂzn) [Tm" ATy > n_lﬂ}

+ P[5Rn,7ﬂn] [TW” N Ty, > (Iog n)icil} )

+ Pen [z* > (log n)l/ﬂ .

Using (3.25), (3.13) and Lemma 3.4.3 to bound the right hand side of the above equation,

we obtain

1/2

Pen (0™ overshoots| < (log n) 208 + 0((logn)'=¢)) + alles™

= 0((logn)**°),

which completes the proof. O

Proof. (Of Lemma 3.4.5.) We note that the probability that n™ diverges is bounded
above by the probability that a divergent outer excursion occurs before a coalescing
inner excursion occurs. Let us write ™% for the i*" inner excursion and 7™%°% for the
ith

outer excursion and let us write 77" 7, in and 775% T, o for the associated
vy Uy

equivalents of 77 and 7,.. Thus,

Pen [n™ diverges]

<Pen [inf {i > 11 7000 <y} < (i > 0 ¢ T < TR
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By the strong Markov property (applied successively at times 77% and 7/"), along

with (3.14) and (}), the right hand side of the above equation is bounded above by the

probability that a geometric random variable with success probability @(@) is smaller

than an (independent) geometric random variable with success probability o/ > 0. With

this in hand, an elementary calculation shows that

n o 7: _ 1
Pen [n" diverges] = O <Iogn) .

It remains to prove a lower bound of the same order.
In similar style to () and (1), it is easily seen that there exists 6 > 0 such that for

all n:

(x) For any = € [Ry,4R,], if [n{f| = =, the probability that n™ will exit Bsx, (0)

without coalescing is at least d.

We note also that (" is equal to n~*/2¢! in distribution, so since we assumed that
n((2R, R]) > 0, there exists € > 0 such that P[¢" > R,] > ¢ for all n. Thus, applying

the strong Markov Property at time 74" and using (), we obtain

Pen [n™ diverges] > e0Psx,, 7x,,) [T7" < Taw, | — Pcn [ overshoots]

n]
log n

as required, where the final statement follows from Lemma 3.4.7 and Lemma 3.4.4 (since

c>3). O

3.4.1.2 Production of branches

The next step of the proof of Theorem 3.2.7 involves further analysis of pairs of potential
ancestral lineages: first we need to check that once a pair has separated to a distance ~,
they won’t come back together again before a fixed time K'; second we need to see that
logn times the divergence probability actually converges (c.f. Lemma 3.4.5) as n — oo,
since this will determine the branching rate in our branching Brownian motion limit.

These two statements are the object of the next two lemmas.
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Lemma 3.4.9. Fiz K € (0,00). Then

log log n)

Pl1og n)—,00) [Tax, < K] =0 ( logn

Lemma 3.4.10. There exists k € (0,00) such that (logn)Pen 0™ diverges] — r as

n — 0o.
The remainder of this subsection is occupied with proving Lemmas 3.4.9 and 3.4.10.

Proof. (Of Lemma 3.4.9.) We use the Skorohod embedding of 7 into the Brownian
motion W, as defined in (3.15), to reduce the claim to an equivalent statement about a
two-dimensional Bessel process.

Recall that ny = 7§ = Wy and recall 7, from (3.11), and that 7, and T, are the

analogues of 7, for ) and W respectively. We have that 0} = 77 for all s < 7yg, so

P[(logn)—c,oo) [T4fRn < K] = IP)[(log;n)—c,oo) [7243% < K]

< ]P)[(logn)*c,oo) {T4fRn < T(S(K))} s (327)

where we used the Skorohod embedding given in (3.15) in the last line. For all K,C > 0,

since T™) is increasing in k we have
P |7 > K| <PIS(K) > Cn] + P [T > K] (3.28)

By its definition in (3.15), S(K) is bounded by the sum of two Poisson random variables
with parameter x = K [po m™(dz), where m" is given by (3.5). In particular, x = ©(n).
Recall that if Z’ is Poisson with parameter y, then (using a Chernoff bound argument)

for k > y,
e X(ex)"

PZ' > K] < —

(3.29)

Hence, for C' sufficiently large, there exists §; > 0 such that

P[S(K) > Cn] < O(e~™). (3.30)
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Now by the definition of (T(™),,>1 in (3.15), and since r,, < 2R,, for each m,

P [T“’”) > f{} <P

where (R;);>1 is an i.i.d. sequence with Ry 4 inf{t > 0: |W;| > 2R}. Since
PR, > k| <P[R, >k — 1P[|[W; — Wy_1| < AR] < P[|W; — Wy| < 4R]",

there exists A > 0 such that E {eARl} < o00. Hence by Cramér’s theorem, for K a

sufficiently large constant, there exists do2 > 0 such that
P T > K| = (). (3.31)

By (3.27) and (3.28) together with (3.30) and (3.31), we now have for K sufficiently

large

P[(logn)*c,oo) [7-432n < K] < P[(logn)*c,oo) [T41Rn < f{} + O(Giéln) + O(eiéQn). (332)

To finish, we note that

P[(logn)—c’oo) [T431n < K]

< xz(ls(};%)fc (Pm [T4Rn < Tx—l—logn} +P, [T:v—l-logn < K})

log(z +logn) — log )
< s ( + P
z>(logn)—¢ log(m + log n) - log(4:Rn)

— 0 (10%10%""> + (e~ () oz m)?).
logn

sup [W; — Wol > lognl
t<K

where the second inequality uses the scale function for a two-dimensional Bessel process,
and the last line uses (3.12). Substituting this into (3.32), we have the required

result. O

Proof. (Of Lemma 3.4.10.) Let p,, := P¢n [77" < 79]. Note that by Lemma 3.4.4,

|pn — Pen [™ diverges] | = O (W) : (3.33)
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Hence by Lemma 3.4.5, there exist 0 < d < D < oo such that for all n > 2,
d < (logn)p, < D.

It follows that (pn)n>1 has a subsequence (pp, )r>1 such that (logng)pn, — ~ € (0,00).

Let ¢ > 0 and let N € N be such that N > 1/¢ and |(log N)pny — x| < . By rescaling,

noting that " 4 CN(N)l/Q, and similarly for 1", we have

n
PN = PC” {TVN(Nn71)1/2 < To} . (334)

Recall, for clarity, that here (as throughout this section) 7" and 7y refer to the stopping
times for the process n".

Define X"V := |n? C11/2 |. Increasing N, we may assume that 7R,, < yn(Nn~1)1/2 <

FIN(Nn

Yn for n > N. Thus,

—1y1/2

Pn = Pen [T'YN(N” <7< 7'0}

= ECTL |:]]-T—YN(NTL—1)1/2<TOPX71,N [T’Yn < 7—0]:| B (335)

Here, the first line holds since ¢, < vn(Nn~1)'/2 < 4, and the second line follows from

the first by applying the Strong Markov Property at time 778V n~hV2,

To estimate (3.35), note that
Xn,N e [ln,N, Tn,N] — [,VN(Nn—l)l/2’ ’YN(Nn_l)l/2 + 2:Rn]
Using the Skorohod embedding defined in (3.15),

Pyn.n pn,n [T7" < 19] > inf Py [T < T73,.]
’ z>yN(Nn—1)1/2

> inf P, {T%*m” < Tmn}
x>y (Nn=1)t/2
log(yn (Nn™")"/?) — log(7R,)
log(yn + 2R,,) — log(7Ry,)
_ 3log N + O(loglog N)
%logn + O(loglogn)

(3.36)
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Note that, in the above, we (again) use the scale function for a two-dimensional Bessel
process to deduce the third line.

We require slightly more work to establish an upper bound. We have
P[ln,N’Tn,N} [T’Y" < To] < P[ln,Nﬂm,N] [T’yn < T7gzn] + P[ln,N7rn,N} [’7’7(Rn <7 < To} . (337)

We begin by controlling the second term on the right hand side of (3.37). By the Strong

Markov Property at time 774, ,

P[ln,Nﬂnn,N] [7‘75Rn <7 < 1) = ]E[ln,Nyrn,N} |::H.T7gzn<7-’Yn]P)n;L7R | [T < 7’0]}

< Egny [Pnﬂmnl [ < To]} :

Since |l | € [5Rn, TRy, using (3.14) in the same way as in the proof of Lemma 3.4.5,

1
Pynn pn.n) [Tz, <7 <79} =0 (logn) . (3.38)

Next, we control the first term on the right hand side of (3.37), again using the Skorohod
embedding (3.15):

P[ln,N’rn,N} [T < 7'73Qn] < P[ln,N’Tn,N} [T < T5ggn]

log(yn (Nn~1)12 + 2R,,) — log(5R,,)
log(7vn) — log(5Ry,)
_ 31log N + O(loglog N)
$logn + O(loglogn)

(3.39)

Combining (3.36), (3.37), (3.38) and (3.39),

log N 4+ O(loglog N 1
]P[ln,Nﬂnn,N] [T’Y’n < TO] — Og + ( Og Og ) O < ) .

logn + O(loglogn) logn

Hence by (3.35),

- log N + O(loglog N) 1
e [ o(1))
b ¢ [T < TO} logn + O(loglogn) + logn

logn 1+ 0(7105){;5") log N

log N 1_'_Olog010gN 1
(log )PN( (lgN)+O( ) 7
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1+ O(loploeN

)
+
140
)

where we used (3.34) in the last line. Since |(log N)py — k| < € we obtain for n > N
loglogn)

1
(i)
R log N )

(
1+o(10]glo]gVN 1
and (logn)p, < (k+¢ Og—i—O( ) .
ognlpn = )(1+O(1°i§’%”) o N

(logn)pn > (k —¢) (

Letting ¢ — 0 and hence N — oo, lim, ,(logn)p, = k. The result follows by

(3.33). 0

3.4.2 Convergence to branching Brownian motion

In this subsection we identify particular subsets of the dual process that we couple with
objects that we call ‘caterpillars’ The caterpillars play the role of individual branches in
the limiting branching Brownian motion. Our (eventual) goal is to write down a system
of ‘branching caterpillars’ and couple it to the SLFVS dual. Establishing these couplings
is greatly simplified by viewing the branching and coalescing dual as a deterministic
function of an augmented driving Poisson point process and so our first task is to recast
the SLF'VS dual in this way.

Recall that we have a fixed impact parameter u € (0,1]. We define, recursively, a

sequence of subsets of [0, 1] as follows:
AL =[0,u], and for k > 1, A = uAF U (u+ (1 — u)AF).

Then if U ~ Unif[0, 1], (1 4% (U))k>1 is an i.i.d. sequence of Bernoulli(u) random variables
(see Lemma 3.20 in Kallenberg (2006) for a proof in the case u = 3, where (Lax(U))k>1
is the binary expansion of U; the general case is an easy extension of this).
Let
Z =R xR? x Ry x B1(0)% x [0,1]>.

Definition 3.4.11 (The dual as a deterministic function of a driving point process).
Given a simple point process Il on 2, and some p € R%, we define (Pi(p,11))i>0 as a

process on UL (R%)F as follows.
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For each t >0, Py(p, 1) = (&}, ... ,ﬁivt) for some Ny > 1. We refer to i as the index
of the ancestor €. We begin at time t = 0 from a single ancestor Po(p,11) = & = p and
proceed as follows.

At each (t,x,r, 21, 22,q,v) € Il with v > sy, a neutral event occurs:

1. Let &, ... &'™ denote the ancestors in B, (x) which have not yet coalesced with
an ancestor of lower index, withmni < ... < n.,. For1l <i <m, mark the ancestor

Viffge AL Let &', ... &Y denote the marked ancestors.

2. If at least one ancestor is marked, we set &

t =x+rz1 for each i and call this the
parental location for the event. We say that the ancestor &' has coalesced with the

ancestor &, for each i > 2.
At each (t,x,r, 21, 29,q,v) € II with v < sy, a selective event occurs:

1. Let &, ..., &'™ denote the ancestors in B,(x) which have not yet coalesced with
an ancestor of lower index, withmny < ... < ny,. For1 < i< m, mark the ancestor

Tiiff g€ Al Let &1, ... & denote the marked ancestors.

2. If at least one ancestor is marked, we set &' = x + rzy for each i and add an

Ne—+1
ancestor £~

=x+rz9. We call x + rz1 and x + rzy the parental locations of
the event. We say that the ancestor &' has coalesced with the ancestor &*, for

each 1 > 2.

For each 1 € N, if €. has coalesced with an ancestor €& of lower index at time T, we set

e =¢F forallt>r.

In the same way as for the definition of P (p) before the statement of Theorem
3.2.7, we shall view (P:(p,II));>0 as a collection of potential ancestral lineages. Given a
realization of II, we say that a path that begins at p is a potential ancestral lineage if
(1) at each neutral event that it encounters, it moves to the (single) parent and (2) at
each selective event it encounters, it moves to one of the parents of that event.

Note that if II is a Poisson point process on Z  with intensity measure

ndt@ndr @ p"(dr) @ 7 'dz @ 7 dze ® dg @ dv (3.40)
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then as a collection of potential ancestral lineages, (P¢(p, II));>0 has the same distribution
as P (p).

When II takes this form, the result is that the driving Poisson Point Process in (3.3)
has been augmented by components that determine the nature of each event (neutral or
selective), the parental locations of each event and which lineages in the region of the
event are affected by it. We have abused notation by retaining the notation II for this

augmented process.

3.4.2.1 The caterpillar

We now introduce the notion of a caterpillar, which involves following a pair of potential
ancestral lineages in the dual. We stop the caterpillar if the pair of lineages reaches
displacement of (logn)~¢, or if the pair does not coalesce within time (logn)~—¢ after
last branching. While doing so, we suppress the creation of the second potential parent
at any selective events that occur within time (logn)~¢ of the previous (unsuppressed)
selective event.

Let IT be a Poisson point process on £~ with intensity measure (3.40). We write

(Pe(p, D)0 = (&, ..., & )i>0 as defined in Definition 3.4.11.

Definition 3.4.12 (Caterpillar). For p € R?, we define a lifetime h(p,I1) > 0, and a
process (ct(p, I1))Jo<e<n(p,my ON (R?)2, which we shall refer to as a caterpillar. For each

t > 0, we write

ci(p,T1) = (e} (v, 1), F(p, D)),

dropping the dependence on (p,II) from our notation when convenient. As part of the
definition, we will also define k*(p,11) € N and a sequence (T{")x<k+ of stopping times.

Set 70" = 0 and let {" be the time of the first selective event after (logn)™ to affect
€L Fort <77, let ¢} =c? =¢}.

Then, for k > 1, suppose we have defined (1")i<k; let m(k) = NTIST.

Fort € [P, 7f" + (logn)~¢], define cf(p,11) = &} and c2(p,11) = 5?(]6).

In analogy with Definition 3.4.2, define

deiv — inf{t > T]fr : |C% — CtQ| > (log n)_c}v
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0% = inf{t > 7" : ¢} = 2},

720 = 72" + (logn) ¢, (3.41)

and let Ttype = min(r 3, oo, rover). If r, WPe £ ool then set k*(p, 1) = k and h(p, IT) =

T]zgpe' The definition is then complete. If not, we proceed as follows.

Let T,f:_l be the time of the first selective event occurring strictly after T,fr%— (logn)—¢

to affect &'. For t € [tf"+ (logn)~¢, 727 ,), let cf (p, 1) = ¢} (p,11) = &}

We then continue iteratively for each k < k*(p,1I).

We refer to (79%) <k, the times at which a selective event results in branching, as
branching events. We shall abuse our previous terminology and say that a branch-
ing event diverges, coalesces or overshoots when the same is true of the excursion

corresponding to the pair (¢!, ¢?).

Remark 3.4.13. Note that (c)i>0 is not a Markov process with respect to its natural
filtration, since c¢' and ¢* are not allowed to branch off from each other within (logn)=¢
of the previous branching event. However, for i = 1,2, (ci(p, I0))o<t<n(pm) i a Markov
process with the same jump rate and jump distribution as a single potential ancestral

lineage in the rescaled SLFVS dual. Moreover for each 1 <k < k*, (¢f,¢}) vrepe e is
T SUSTy

an excursion as defined in Section 3.4.1.

Recall the definition of m"(dz) from (3.5) and let

R
fin = (logn)P[r%7¢ # 7% and A =n"' [ m"(dz) = uVl/ riu(dr).  (3.42)
R2 0

By combining Lemmas 3.4.10 and 3.4.4,
Kn — K (3.43)

as m — 00.
By the strong Markov property of II, and since 7,°°° < 70" + (logn) ¢ < P, for

each k, the types of the selective events, ({7} DPC = pdiviy, o ({7‘kypC = 7} )51 and
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({7¥P° = 70v°r});>1 are each i.i.d. sequences. Thus,
k*(p, 1) ~ Geom(k,(logn)™!). (3.44)

By (3.43), there exist constants 0 < a < A < oo such that «,, € [a, A] for all n sufficiently
large, so
1/8

P[k* > (logn)?/®] = (1 — nin)(logn)s’/s — O(e300gm)

logn

) (3.45)
for some 6 > 0.

Lemma 3.4.14. We can couple h(p,I1) with H ~ Exp(k,\) in such a way that for

some 0 > 0, with probability at least 1 — O(e*‘mog”)l/s)
|h(p,TT) — H| < 3(logn) /.

Proof. Recall the definition of X in (3.42). Since the total rate at which ¢! jumps is
given by An, and each jump is from a selective event independently with probability
_ logn
~ n

Sn , by the strong Markov property of II we have that

br

Ep =17 — (7", + (logn)~¢) ~ Exp(\logn) (3.46)

and (Ej, :ﬂ.{T;C:ype#TIgoal})kzl is an i.i.d. sequence.

Since (for example) {7,

# 7541} is not independent of the radius of the event
at T,Er, we note that F, and 1 {ri¥Pe L rcoat) are not independent; therefore (Ej)g>1 is
not independent of k*. However, we can couple (Ej, 1 {rtvpe ;éTgoal})kZl with a sequence
(E})k>1 which is independent of k* as follows.

First sample the sequence (1 (rivpe ;AT;oal})kZla and then independently sample a
sequence (Ej, Ay)g>1 with the same distribution as (Ej, 1 {rivee 7éﬂgoal})kzl. Then, for
each k > 1,if A, =1 {r¥Pe L rconl) set B, = E, and if not sample Ej, according to its
conditional distribution given 1 (r¥Pe L rcoat)-

We now have a coupling of (Ey, ]]_{leype;é,rl:oal}>k21 and (E})g>1 such that (E})k>1

is an i.i.d. sequence, independent of k*, with E] ~ Exp(Alogn). Also, since P[T,zype #
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T,ﬁoal} = O((logn)™'), we have that independently for each k, Ej = Ej, with probability
at least 1 — O((logn)~1).

We write
k* k* k*
> Ex=) Ei+) Di
k=1 k=1 k=1
where Dy, = Ey — Ej, and, by (3.44), 25| E} ~ Exp(Ay).

Our next step is to bound Zl,z*zl Dy. Firstly, applying a Chernoff bound to the

binomial distribution yields

P H{k‘ < (logn)9/8 : Dy # 0}’ > (10gn)1/4}
— P [Bin((logn)"’*, 6((log m) ™) > (log )1/

= O(exp(—d'(logn)"*) (3.47)
for some ¢’ > 0. Secondly,

B [ID1] > (togn) /2] < P[Ey > S(logn) "] + BB} > H(logn)~/?]

= 2exp(—A(logn)'/?/2). (3.48)
Combining (3.45), (3.47) and (3.48), we have that

k,*
P [Z Dy, > (log n)_1/4‘| =0 (e—é”ﬂogn)“g) : (3.49)
k=1

for some §” € (0,9).

Note that
k*
Z Ep =12 — k*(logn) ¢ =h—k*(logn) ¢ — (r,ﬁZpe — T;?f),
k=1

with 0 < 7.3P° — 708 < (logn)~¢. Let H = Y_¥" | E}. Then by (3.45) and (3.49), we

have

P||n(p,11) — H| = (logn)*/*~° + (log n) ~ + (logn) /1| = 0 (e=*"0eam' ™) |
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The result follows since ¢ > 3. O

Our next step is to show that a caterpillar is unlikely to end with an overshooting

event.
type _ _over| _ 2l_¢
Lemma 3.4.15. Asn — oo, P [Tk* = Tk } =0 ((logn) 8 ) .

Proof. By Lemma 3.4.4, for k > 1

P[TIZYPG _ Tlgver] _ (‘)((log n)%—C). (3‘50)
Moreover,
(logn)9/8
(TP = 7} € {k* > (logn)”*yu | {7 =}
k=1

It follows, using (3.45), that

21

P[rP = 7] = 0(e 218 ™") 1 0((logn) 378 ¢) = O((logn) 5 ).

This completes the proof. O

We now show that a single caterpillar can be coupled to a Brownian motion in such
a way that the caterpillar closely follows the Brownian motion during time [0, A(p, IT)].
Recall that the rate at which &' jumps from y to y + z is given by intensity measure
m"(dz), defined in (3.5). Thus for (c;);>0 started at p, E[c}] = p and the covariance

matrix of ¢} is o?tId since by (3.7),

2 1 2.n
o :ﬁ/Rzmm (d2).

Armed with this, the following lemma is no surprise.

Lemma 3.4.16. Let (W)= be a two-dimensional Brownian motion with Wy = p. We
can couple (c¢(p,11))i<p(p,my with (Wi)i>0, in such a way that (Wy)i>o ds independent of
(77" k>1 and k*(p,10), and for any r > 0, with probability at least 1 — O((logn)™"), for
t < h(p,10),

et (p,TT) — W] < (logn)s 5,
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Remark 3.4.17. By the definition of the caterpillar in Definition 3.4.12, for all
t < h(p,I), | — c}| < (logn)~¢. Hence under the coupling of Lemma 3.4.16, with

probability at least 1 — O((logn)™"), |c2(p, 1) — W,2,| < 2(log n)%f%,

Proof. The proof is closely related to the second half of the proof of Lemma 3.4.7. Note
that for k£ > 0, on the time interval [7)" 4+ (logn)~¢,7f",), c{ is a pure jump process
with rate of jumps from y to y 4 z given by (1 — s,)m"™(dz). Let (¢)¢>0 be a pure jump
process with ¢y = 0 and rate of jumps from y to y + z given by (1 — s,)m"(dz). For
1>1, let

Xi = Cim — Cli—1)/n-

Then (X;);>1 are i.i.d., and as in (3.19) and (3.20), we have E[| X1 |?] = % and
E[[X1]*] = 0(n™?).
By the same Skorohod embedding argument as for (3.21), there is a two-dimensional

Brownian motion W started at 0 and a sequence vy, v, ... of stopping times for W

such that for i > 1, Wy, = ¢;/,, and

Pl[vjm) — 02(1 — su)t| > n~ 3] < O(tn~1/3).

logn
n

Fix t > 0. Since s, =

, for n sufficiently large,
Pllojs — ot] > 207 3] < O(n7V3).
Then by a union bound over j = 1,..., [n'/%],

P [aj < [0t < oy — oRgnT VA > 2n*1/3] < (nM4)0(n1/3) (3.51)

= O(n~1/12),
Again by a union bound over j,

P|3j < [n'/*] : sup{|Wazjn1/4 — Wl

s fo?jn Tt —2n7 8 02 (j 4 1) 4 2n1/3]} > nl/lo]
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< (n*/4)2P [sup{]WS — Wo| : s €[0,5n" 14} > %n_l/lo}

< 4nM*texp(—n'/?°/160) = o(n~V/1?). (3.52)

Here, the last line follows by (3.12).

Under the complement of the event in (3.51), for all j < |n!/*t],
’ULjn3/4J — 02jn_1/4| < 2n71/3 and |U|_(j+1)n3/4J — 02(]' + 1)n_1/4| < 2n_1/3,
which implies that for i such that jn~'/* <in=' < (j 4 1)n~1/4,
v; € [O'an_l/4 — o8 2 (j+ 1) + 2n_1/3} .
Hence combining (3.51) and (3.52),
P [ai < [tn] : [Eim — Worisn| > 2n—1/10} = O(n~Y12),

Our next step is to control |és — &;/,| during the interval s € [i/n, (i + 1)/n]. The
distribution of the number of jumps made by ¢ on an interval [i/n, (i + 1)/n] is Poisson
with parameter (1 — sp)A, where A is given by (3.42), and the maximum jump size is

2R,,; using (3.29) with x = (1 — sp)A and k = logn gives that

P
s€li/n,(i+1)/n]

3 < [tn] : sup |65 — Gi/n| > (log n)QZRn] =o(n1).

Hence for n large enough that (logn)2R, < n~'/10 using (3.52) again to bound

[Ws — W,2,,| during the interval [0%i/n, 0 (i 4 1) /n] we have

s<t

P [Sup |Cs — Wiag| > 4n_1/10] = O(n1/12). (3.53)

. . 1
We now apply this coupling to (Ct)f,‘gr+(logn)*0§t<r,§jrl for each k > 0, and let the
caterpillar evolve independently of the Brownian motion on each interval [T,Er , T,E’r +

(logn)~¢].
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More precisely, let (¢¥) k>0 be an i.i.d. sequence of pure jump processes with 5’5 =0
and rate of jumps from y to y + z given by (1 — 8,)m"(dz). Let (W¥);>0 be an
i.i.d. sequence of 2-dimensional Brownian motions started at 0 and for each k£ > 0,

couple W¥ and & in the same way as above, so that for fixed ¢ > 0, for each k > 0,

P |sup|é® — WE | > an=1 /10| = 9(n=1/12), (3.54)

s<t

025

1

Then by the Strong Markov property for the process ¢, we can couple (6’“, Wk)kzo and

c! in such a way that for k > 0 and s € [0,777, — (72" + (logn) ™)),

1 1 _ ok
Cs+7'}c"“+(10gn)—C B CT£T+(logn)—c = Cs-
k 1.2
and (&%, W¥)>0 is independent of (7", (¢} — i) frbr 71 g (log n)—c ) k>0-

Let B be another independent 2-dimensional Brownian motion started at 0. We
now define a single Brownian motion W by piecing together increments of B and
(WH)g>0. For s < o?(logn)~¢, let Wy = By + p. Then for k > 0, define the increments
of W on the time interval [o?(7)" 4 (logn)~¢),o%(7{", + (logn)~¢)) as follows. For

€ [0,0%(rfry — 727)), let

W W

_ _ Wk;
s—l—aQ(T};T-i—(logn)*c) 02(7'}C’T+(logn)*c) — Ws-

Then W is a Brownian motion independent of (77¥, (cf — C?)‘[T]lsr’T}C)r +(log n)fc)) >0 Which

implies that W is independent of both k* and (7P%)g>1.

We now check that W, is close to ¢; for t < h. By (3.46),
P |7t = 7" > 1+ (logn) ™| <n

Hence applying (3.54) with t = 1 + (logn) ¢ for each k < (logn)®/® and using (3.45),

we have that with probability at least 1 — (9(6_5(103?”)1/8), for 0 < k < k*and t €

7" + (logn) =4, 72%y),

(e = Clarstiogm+) = (Wore = Woateprsognyo) )| < 40710 (359)
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For each k, by (3.12),

P [sup {]W(,zt — WO.QT}CM"‘ 1t e [T,?r, T]Er + (log n)_c]} > %(log n)_C/S}
< dexp(—(logn)3 /720?)

= o((logn) %), (3.56)

for any r > 0. Hence, using (3.45) again,

k*

_ 9_c¢
E sup {\Wazt — W02T5r| ite [T,Er,n?r + (logn) C]} > %(logn)s 3]
k=1

<P [k* > (logn)*/*| + (logn)*/%o((log n) ™" ~%)

P

=o((logn)™"). (3.57)

For k > 0, on the time interval [707, 7" + (logn)~¢] the process c} is a pure jump
process with rate of jumps from y to y + z given by m"(dz). Hence using the same
Skorohod embedding argument as for (3.53), we can couple (Ci rbr T C}_}?r)sg(logn)—c

with a Brownian motion W’ started at 0 in such a way that

g [ e |(ci+‘rbr - clbr) — Wo2s| 2 4n1/10] - o(nil/u).
s<(logm)—¢ k k

Applying (3.57) and (3.45), it follows that

k*
P{Z sup {’Ci — c}_l?r| 1t e [7‘}?77-]?1” + (10gn)—c]}
k=1

9
8

> 1 (logn) =5 + 40"/ 0log n)?/®

— O((logn) ™).

The stated result follows by combining the above equation with (3.55), (3.45) and
(3.57). O
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3.4.2.2 The branching caterpillar

We now construct a branching process of caterpillars. We start from a single caterpillar
and allow it to evolve until the time h. We start two independent caterpillars from the
locations of c,ll and c}%. Now iterate. The independent caterpillars defined in this way

will be indexed by points of U = {0} U U2, {1,2}*. More formally:

Definition 3.4.18 (Branching caterpillar). Let (II;)cy be a sequence of independent
Poisson point processes on 2 with intensity measure (3.40). For p € R?, we define
(Ce(p, (1) jew) )e0 as a process on UL | (R?)* as follows. For s > 0, let

Hj- ={(t—s,z,7 21,22,q0) : (t,x,7, 21, 22,q,v) €I} (3.58)

Define (pj,tj, hj) inductively for j € U by py = p, tg =0 and
t.
hj =t + h(p;, 11}
) =t =Ny
1 tj
p(j,l) = ch]'—tj (p]7 H] )

tA
P(2) = h,—t, (5, T1]).
Finally, define U(t) ={j e U:t; <t < h;j} and

Ce(p, (1) jeu) = (ce—t, (py) H;j))jeu(t)-

In words, U(t) is the set of indices of the caterpillars that are active at time ¢, and C;
is the set of (positions of) those caterpillars. Note that we translate the time coordinates
in (3.58) to match our definition of a caterpillar, which began at time 0. The jumps in
C; occur at the time coordinates of events in UjeyI1;.

We now show that for any constant a > 0, with high probability, the longest ‘chain’

of caterpillars has length at most aloglogn + 1. For k € N, let Uy, = {0} U U;?:l{l, 2},

Lemma 3.4.19. Fiz T > 0; then for any r > 0, a > 0, PIUW(T) € Ujqiogiogn|] =

o((logm)™").
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Proof. Fix v € {1,2}leloglogn]+1 Then by a union bound,
P [Jw € {1,2}leloeloanl+t g ¢, < 7| < plololoenltiply, < 7). (3.59)

Note that by Lemma 3.4.14, ¢, = Z}illoglognﬁl H; + R where (H;);>1 are i.i.d. with

H; ~ Exp(Aky,) and
P ||R| > 3(aloglogn + 1)(logn) /| = O((loglog n)e (&™),

Hence (if n is sufficiently large that 3(aloglogn 4 1)(logn)~Y/* < T/2), if Z' is Poisson

with parameter 3\, T/2,
Plt, <T] <P[Z" > aloglogn + 1] + O ((log log n)e_‘;(l‘)g”)l/S) .
We use (3.29) and combine with (3.59) to deduce that, for any r > 0,
PU(T) & Wpatogiogn)] = P [Fw € {1, 2}l ket s 4 4, < 7] = o((logn) ™).

This completes the proof. ]

The next task is to couple the branching caterpillar to the rescaled dual of the
SLEFVS. Since we have expressed the dual as a deterministic function of the driving
point process of events in Definition 3.4.11, it is enough to find an appropriate coupling
of the driving events for the branching caterpillar and those of a SLFVS dual.

The idea, roughly, is as follows. Each ‘branch’ of the branching caterpillar is
constructed from an independent driving process. For each of these we should like to
retain those events that affected the caterpillar, but we can discard the rest. If two or
more caterpillars are close enough that the events affecting them could overlap, to avoid
having too many events in these regions we have to arbitrarily choose one caterpillar
and discard the events affecting the others. We then supplement these with additional
events, appropriately distributed to fill in the gaps and arrive at the driving Poisson

point process for a SLFVS dual, with intensity as in (3.40). We will then check that the



3.4 Proof of Theorem 3.2.7 129

SLE'VS dual corresponding to this point process coincides with our branching caterpillar,
with probability tending to one as n — oc.

To put this strategy into practice we require some notation. Let Uy = U U {0}. For
V C Up let max (V') refer to the maximum element of V' with respect to a fixed ordering
in which 0 is the minimum value (it does not matter precisely which ordering we use,
but we must fix one). Given a sequence (IL;);ey, of independent Poisson point processes

on 2 with intensity measure (3.40), define a simple point process II as follows. Let
j(t, @) = max ({k € U(t) : 3 € {1,2} with [c]_y, (ps, TT}) — 2 < Rn } U{0}) . (3.60)

Note that j(¢,z) = 0 corresponds to regions of space-time that are not near a caterpillar,

so that for (t,z,r, z1, 22,q,v) € Iy, B, (x) does not contain a caterpillar. Then we define

= U {(t,l‘,?“, ZlaZQaQ7U) € Hk : ](t,l’) = k} (361)
keUg

Lemma 3.4.20. II is a Poisson point process with intensity measure given by (3.40).

Remark 3.4.21. We defined the coupling (3.61) for each n € N. As such, in the proof

of Lemma 3.4.20 we regard n as a constant and we will not include it inside O(-), etc.

Proof. Let v(dt,dx,dr,dz,dzs,dq,dv) be the intensity measure given in (3.40).

Let Bo be the set of bounded Borel subsets of R, x R? x Ry x B1(0)? x [0,1]%;
for B € By, let N(B) = |IIN B| and for j € Ug, let N;(B) = [II; N B|. Suppose
B = Uf;lBi € By where for each i, B; = [a;,b;] X D; for some a = a1 <b; <az <...<
b = b. Let Bgr C B denote the collection of such sets B. Note that II is a simple point

process, and that therefore II is a Poisson point process with intensity v if and only if
P[N(B) = 0] = e ¥5) (3.62)

for all B € Bg. (See e.g. Section 3.4 of Kingman (1992).)
For some 6 > 0, assume that b; — a; < ¢, Vi (by partitioning the B; further if

necessary). Since B is bounded, 3 d < oo s.t. |z| < d for all (¢, z,7, 21, 29,q,v) € B. We
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can write

P[N(B) = 0] = PInt, {N(B;) = 0}

=E

k-1
H H{N(Bi):O}P<N(Bk) = O’(Hj(ak»jGUO)] (3.63)

where I1;(2) := ILj|j0 ) xr2 xR, xB1 (0)2 x[0,1]2
For j € Up, let Di ={(x,r, 21,22,q,v) € Dy, : j(ag,z) = j} and Bi = [ag, bg] X Di.
Also let
By = [ak, br] X Bayaw, (0) x Ry x B1(0)* x [0,1]?,

and let V(t) = Us<,U(s).

For t € [a, by, if none of the caterpillars in By 3z, (0) move during the time interval
[ak, t] then j(ax,z) = j(t,x) Vo € B4(0); thus a point (¢, x,r, 21, 22,¢,v) in IIN By, must
be a point in II; N Bi for some j, and vice versa. We can use this observation to relate
{N(By) =0} and ﬂjeuo{Nj(Bi) = 0}, as follows.

If N(Br) =0 and Nj(Bi) # 0 for some j € Uy, then Di # 0 so j € V(ax) U {0}
(either j = 0 or the caterpillar indexed by j is alive at time ay). Also after aj and before
the point in II; N Bi, one of the caterpillars in By, 3%, (0) must have moved, so there
must be a point in IT; N By, for some [ € V(bg). Conversely, if Nj(Bi) =0Vj € Uy and
N(Bg) # 0, then there must be a point in II; N By, followed by either a point in IIy N By,

or a point in I N By, for some ;1" € V(by). Hence

{N(B) = 0}A(Njeu {N;(B]) = 0}) C {NO(Bk) + > Ni(Bp) = 2} . (3.64)
1€V(by)

Note that by the definition of a caterpillar in Definition 3.4.12, for each j € U,
h(p;, II7) > (logn)~°. It follows that V(by) € U™ {1, 2)m. Also if J € U
with |J| = K then 3~ ,c; N; (By) has a Poisson distribution with parameter Kv(B}),
and since by, — ag < 8, v(Bg) < n?m(d+3R,,)?u((0, R])d. Hence for Z' a Poisson random
variable with parameter (22T%(°87)° 1 1)y(By) = O(9),

P |No(Br)+ Y. Nj(Bg) > 2‘(Hj(ak>)jew) <P[Z >2] =0(5%).

JEV(br)
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By (3.64), we now have that

PN (By) = 0|(IL; (ax)) jew,] = PlNjeu, {N; (BY) = 0}] + 0(5%)

= [I exp(—v(B])) + (5%

j€Uo

= oxp(~v(By)) + 0(5?).

Substituting this into (3.63) and then repeating the same argument for k—1,k—2,...,1,

k k
P[N(B) = 0] = [T exp(—v(By)) + > _ 0(5%)
=1

=1

= exp(—v(B)) + kO(6?).

By partitioning B further, we can let § — 0 with k£ = ©(1/4). It follows that P[N(B) =
0] = exp(—v(B)). By (3.62), this completes the proof. O

It follows immediately from Lemma 3.4.20 that the collection of potential ancestral
lineages in (P;(p, IT));>0 has the same distribution as P (p), the rescaled SLFVS dual.
We now show that under this coupling the rescaled SLFVS dual and branching caterpillar
coincide with high probability.

We consider (C;(p, (I1;) jeu) Jo<e<T as a collection of paths as follows. The set of paths
through a single caterpillar (c;(p, IT));<p(p,m) With k*(p, IT) = k* is given by {li}z’e{l,Q}k*v
where Ii(t) = ¢} (p,1I) for t € [0, (logn)~¢] and for each 1 < k < k*, Ii(t) = c*(p,II)
for t € [12"; + (logn)~¢, (7" + (logn)~¢) A h(p,II)]. Then the collection of paths
through (C;(p, (I1;) jeu))o<i<T is given by concatenating paths through the individual
caterpillars, i.e. paths [ : [0, 7] — R? such that for some sequence (ty;)m>0 C U with
Umt1 = (U, im,) for some i,, € {1,2} for each m, for t € [ty,,, hu,,], [(t) follows a path

through (c;—¢, (pum,Hfjj;”))t with (hu,,) = Pupis-

Lemma 3.4.22. Fiz T > 0. Let (II;);cy, be independent Poisson point processes
with intensity measure (3.40) and let II be defined from (I1;);cy, as in (3.61). Then
(Ce(p, (1) jew) Jo<i<T and (Py(p,II))o<i<r, viewed as collections of paths, are equal with

probability at least 1 — O((logn)~1/4).
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Proof. We shall use Lemma, 3.4.19 with a = (16log2)~!. Writing, for j € U, k*(j) =
k*(pj, H;j), the number of branching events in ¢;—¢, (pj, H;j) before h;, by a union bound

over U|qog10gn| and (3.45),

1/8

P[3j € Uatoglogn) : k"(j) = (logn)”/¥] < 22 teloslosng(eoosm)

)
= O llosn) /2y, (3.65)

Let (707(j))r>1 denote the sequence of branching events in ci—t, (py, H;j ), and similarly
define (1,°°°(5))k>1 and (70" (4))k>1 as in (3.41). Note that (C;)i<r and (P;);<7 only
differ as collections of paths if either a selective event affects a caterpillar during a time
interval in which it ignores branching, or if two different caterpillars are simultaneously
within R,, of some x € R? and so one of them is not driven by the pieced together
Poisson point process II. More formally, if (C¢);<7 and (P:);<7 differ as collections of

paths then one or more of the following events occurs.
L. U(T) Z uLaloglognJ or k*(]) > (log n)9/8 for some j € uLaloglognJ'

2. For some j € Ujgloglogn| and k < (log n)%/%, the event Ey(j, k) occurs: one of the
lineages ¢;_, (pj, H;j ) and ¢i_¢ (p, H;j ) is affected by a selective event in the time

interval [T,Er(j), T;?r(j) + (logn) ™).

3. For some w # v € U|q10g10gn)> the event Ez(v, w) occurs: there are iy,42 € {1,2}

with |Ci1—tw (puw, Mbw) — c?_tv (pu, IIL)| < 2R, for some t < T.

Recall from (3.42) and (3.5) that selective events affect a single lineage with rate Alogn.
Hence for k € N and j € U, P[E1(j, k)] = O((logn)1°).
We now consider the event Es(v,w). For w # v € U, let i = min{j > 1 : w; # v;}.

Then let

(wl,...,wi_l) lflz 2
wAv =

0 ifi=1.

. . t t di
At time hyypy, either TkZI(’zM)(w/\v) = T ey (WAV) or Tkzl(fj/\v) (WAV) = TEpp) (WAD),

in which case [p(ynv,1) = Pwav,2)l = (logn)~¢. Conditional on [pwae,1) — Plwrv,2)l =



3.4 Proof of Theorem 3.2.7 133

(logn)~¢, for iy, io € {1,2},

i1 Htw 12 Htv
(thtw (pwv w )7 thtv (plh v )>t€[tw,hw]ﬂ[tv,hv}ﬁ[0,T}

is part of the pair of potential ancestral lineages of an excursion started at time hyn,

with initial displacement at least (logn)~¢. Hence by Lemmas 3.4.9 and 3.4.15,

loglogn

PlEy(w,v)] =0 ( > +0 ((logn)%_c> -0 ((1Ogn)—3/8)

logn

since ¢ > 3. By a union bound, and using Lemma 3.4.19 and (3.65) it follows that

P[(Co)i<r # (Pr)i<r]
< o(log n)™") + 4(log n)* EX/SP{E, (7, k)] + 16(log )2 5 2Py (w, v)]
-0 ((logn)alogQ—f—%—&-l—c) +0 ((logn)2a10g2—3/8>

=0 ((logm) /%),

by our choice of a = (16log2)~! and since ¢ > 3. O
We are now ready to complete the proof of Theorem 3.2.7.

Proof. (Of Theorem 3.2.7) Set ¢ = 4. By Lemmas 3.4.20 and 3.4.22, we have a coupling
of the rescaled SLFVS dual and the branching caterpillar under which the two processes
are equal (as collections of paths) with probability at least 1 — O((logn)~/4).

We now couple (C¢(p, (II;) jeu) )o<¢<T to a branching Brownian motion with branching
rate Akp. Let ((Wtj)tZO,Hj)jeu be an i.i.d. sequence, where (W7)i>¢ is a Brownian
motion starting at 0 and H; ~ Exp(Ak,,) independent of (Wtj)tzo. For each j € U, we
couple (ct—¢; (pj, H;j))te[twhﬂ to ((Wtj)tzo, Hj) as in Lemmas 3.4.14 and 3.4.16.

For j € U, let A1(j) be the event that both |(h; —t;) — H;| < 3(logn)~/* and for

1=1,2and t € [tj,hj],

. ) i 9_c¢ —
((cht, 0y, T17) = pj) = Wa,_, | < 2(logn) 375 = 2(logn) =21,
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By Lemmas 3.4.14 and 3.4.16, for any r > 0, for each j € U, P[A1(j)] > 1—0 ((logn)™").

Hence, taking a union bound over j € U|jog10gn)

PN A1(7)] 2 1= 0((log n)'*8*7").

jeEU loglogn]

Also, let ((Wg)tzo)jeu be an i.i.d. sequence of Brownian motions and for j € U, define

the event

A ={ s WL,
t€[0,3(loglog n)(logn)~1/4]

+ sup Wiy = Wiy, | < logm) ™/},
|t—H;|<3(loglog n)(logn)—1/4 ’
Then by another union bound over U|ioglogn |, since for a Brownian motion (W)e=o0

started at 0, P [SUPte[o,ﬁ( Y1747 [We| = 1(log n)*l/ﬂ = o((logn)™"), we have

loglog n)(logn

that

]P[mjeuLloglognJ A2(])] Z 1 - O((log n)logQ_T)'

By Lemma 3.4.19, P[U(T) € Ujiog10gn|] = o((logn)~").

Define a branching Brownian motion starting at p with diffusion constant o2 from
(W) is0, (W])i>o0, Hj)jeu by letting the increments of the initial particle be given by
(I/Vg)2 >0 until time Hy, when it is replaced by two particles which have lifetimes
Hy and H and increments given by (W, );>0 and (W2, )0 on [Hy, Hy V hy] and
by (W;Q(H(Hmvh@)_h@))tzo and (W32(t+(H@vh@)—h@))t20 on [HyV hy, Hy + Hi] and [Hy V
hy, Hy + Haz] respectively and so on.

If W(T') € Ujroglogn| and Ai(j) N Az(j) occurs for each j € Ujiogiogn |, each path in
the branching caterpillar stays within distance 2(loglogn + 1)(logn)~%? 4+ 2(loglog n +
1)(logn)~%/?* of some path through the branching Brownian motion and vice versa.

Setting r = log2 4 1/4 gives us a coupling between the branching caterpillar and
branching Brownian motion (with diffusion constant ¢ and branching rate s, \) such
that with probability at least 1 — O((logn)~'/%), up to time T each path in the rescaled
SLFVS dual stays within distance 2(loglogn)(logn)~1/? + 2(loglogn)(logn)~5/?* of

some path through the branching Brownian motion and vice versa. Finally, we need to
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couple this branching Brownian motion up to time 7" with a branching Brownian motion
with branching rate KA. By (3.43), k,, — Kk as n — 00, so this follows by straightforward
bounds on the difference between the branching times and the increments of a Brownian

motion during such a time. ]






Chapter 4

Branching Brownian motion,
mean curvature flow and the

motion of hybrid zones

Abstract

We provide a probabilistic proof of a well known connection between a special case of
the Allen-Cahn equation and mean curvature flow. We then prove a corresponding
result for scaling limits of the spatial A-Fleming-Viot process with selection, in which
the selection mechanism is chosen to model what are known in population genetics
as hybrid zones. Our proofs will exploit a duality with a system of branching (and

coalescing) random walkers which is of some interest in its own right.

4.1 Introduction

Our central result, Theorem 4.1.8 in Section 4.1.3, is the convergence, after suitable
rescaling, of a stochastic analogue of the Allen-Cahn equation to the indicator function
of a region whose boundary evolves according to mean curvature flow. The main
motivation for this work comes from mathematical population genetics; specifically, we

are interested in the behaviour of so-called hybrid zones. These occur when genetically
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distinct groups of individuals meet and mate, leaving behind at least some offspring of
mixed ancestry. A textbook example is the common house mouse in Denmark (Hunt and
Selander, 1973) which exists in the form Mus musculus in the North and M. domesticus
in the South, but hybrid zones are ubiquitous in nature, for example, Barton and
Hewitt (1989) cite 170 examples. Two principal explanations have been offered for the
genetic variation observed in such zones. The first is that they arise in response to
spatially varying natural selection; the second is that they are formed through secondary
contact of two populations that were previously genetically isolated. Whereas in the
first scenario the location of the hybrid zone is determined by an environment, which is
usually taken to be fixed, in the second scenario, the hybrid zone can evolve with time.
It is this second scenario that interests us here.

It is usual to suppose that the underlying genetics is controlled by a single gene
which occurs in two types (alleles), traditionally denoted a and A. Individuals carry two
copies of the gene and while those of types aa and AA (the homozygotes) are equally fit,
the heterozygotes (that is individuals of type aA) are less likely to successfully reproduce.
In an infinitely dense population, provided the selection against heterozygotes is weak,
when viewed over large spatial and temporal scales, the proportion of a-alleles in the

population at location x at time ¢ is modelled by the solution to

ov
n =Av+sv(l —v)(2v —1), (4.1)

for an appropriate initial condition, where s > 0 is a scaled selection coefficient. This is
a special case of the Allen-Cahn equation; we explain the origin of this particular form
of nonlinearity in Section 4.1.2.

Our interest is in the behaviour of the region in which both alleles are present in
substantial numbers. Because heterozygotes are less fit than homozygotes, we expect
this to be a narrow band which, when viewed on large enough scales, will look like a
sharp interface. More formally, we apply a diffusive scaling to (4.1) in which ¢ — &%t
and x — ex. The Laplacian term is, of course, invariant, but the term corresponding
to selection is multiplied by a factor 1/2. It is well known that for suitable initial

conditions, in a sense that we make precise in Theorem 4.1.3, as € | 0, the solution
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to the scaled equation converges to the indicator function of a set whose boundary
evolves according to mean curvature flow. Thus, in the biologically relevant case of two
dimensions, if we observe the population over sufficiently large spatial and temporal
scales, the interface between the two populations will evolve approximately as curvature
flow or curve-shortening flow as it is often known.

One reason for the importance of curvature flow in applications stems from an
underlying variational principle: curve shortening flow decreases the length of the curve
at the fastest rate possible relative to the total speed of motion (measured in the
sense of the square integral of the speed of motion of points around the curve), see
e.g. White (2002) for a simple explanation. In this sense, if our populations evolved
deterministically, then they would minimise the boundary between them as quickly as
possible. In reality this will be somewhat offset by the randomness due to reproduction,
known as random genetic drift, in a population which is not infinitely dense. Indeed if
genetic drift is too strong, then we can expect the random noise to obscure the nonlinear

term: this is suggested by the results of Hairer et al. (2012), who consider the equation

dw = (Aw 4w — w®)dt + odW,

in two dimensions, where W is a mollified space-time white noise. (By considering
(14 w)/2, up to constants, we recover a stochastic version of (4.1).) If the mollifier is
removed, then the solutions converge weakly to zero, whereas if the intensity of the noise
simultaneously converges to zero sufficiently quickly, then they recover the deterministic
equation. The basic question that we set out to answer is “Will hybrid zones still evolve
approximately according to curvature flow in the presence of random genetic drift?”
Of course, genetic drift is not appropriately modelled by a mollified space-time white
noise and so, in order to investigate this question, we must first define a model that
combines selection against heterozygosity with random genetic drift. Our starting point
will be the spatial A-Fleming-Viot process which was introduced in Barton et al. (2010);
Etheridge (2008) and has been studied in a series of papers since; see e.g. Barton et al.
(2013c) for a review. The advantage of this model is that it allows us to incorporate

genetic drift into models of populations evolving in spatial continua, with no restriction
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on spatial dimension. However, since our proofs are based on a duality with a branching
and coalescing random walk, we expect analogous results if we start, for example, from
the classical stepping stone model in which the population is subdivided into ‘islands’
that sit at the vertices of Z%. In what follows, we shall refer to the spatial A-Fleming-Viot
process with selection against heterozygosity as the SLEVS. It is described carefully in
Definition 4.1.5. A version of this model with selection in favour of one genetic type
was constructed in Etheridge et al. (2014). There it was shown that when suitably
rescaled, in two or more dimensions, the allele frequencies converge to a solution of the
Fisher-KPP equation,
Ov

5 = Av + sv(1 —v). (4.2)

Mimicking that result, one can obtain (4.1) as a scaling limit of the SLFVS. Combined
with the known convergence of the scaled version of (4.1), this certainly suggests that
there should be scalings of the SLFVS which lead to mean curvature flow. However,
available proofs of Theorem 4.1.3 could not readily be adapted to our stochastic
setting and so we were forced to seek an alternative approach. Our first result is
therefore a new proof of Theorem 4.1.3. We then adapt this to prove convergence of the
proportions of different genetic types under the SLFVS to the indicator function of a
set whose boundary evolves according to mean curvature flow. The key to our proof is
a probabilistic representation of solutions to (4.1) which we believe to be of interest in
its own right.

Before defining the SLFVS, we recall some purely deterministic results. Although
our primary interest is in two spatial dimensions, there will be no additional arguments

required if we work in R for arbitrary d > 1.

4.1.1 The Allen-Cahn equation and mean curvature flow

The Allen-Cahn equation (Allen and Cahn, 1979) takes the form

= Aof = S f(v°), (4.3)

where f is the derivative of a potential function F' which has exactly two local minima,

at v_ and vy, say. More precisely, we insist that f € C?(R) has exactly three zeros,



4.1 Introduction 141

v_ < vy < V4, and

flv) <0, Yve (—oo,v_)U (v, v4);
flw) >0, Yve (v_,v9) U (vy,00); (4.4)

fv=) >0, f'(vy) >0, f'(vo) <O.

Although originally introduced as a model for the macroscopic motion of phase bound-
aries driven by surface tension, the Allen-Cahn equation has found application in many
other areas. It represents a balance between two opposing tendencies: the diffusive
effect of the Laplacian attempts to smooth the solution, while the potential term drives
it towards the states v_ and vy. As a result, a narrow interface between these two
states develops.

Allen and Cahn observed that if the two potential wells do not have equal depth, then
on the timescale s = t/e, the interface will propagate at a constant speed (proportional
to F(v_) — F(v4)) along its normal, towards the domain of the deeper well. On the other
hand, if the potential wells have equal depth, then the interface is almost stationary on
this timescale, but if we observe it over the longer timescales of (4.3), it will propagate
with normal velocity equal to the mean curvature of the interface.

There is now a huge literature that makes the observation of Allen and Cahn rigorous
under various regularity conditions, for example Bronsard and Kohn (1991); Evans et al.
(1992); Ilmanen (1993); Sato (2008). The principal obstruction to be overcome relates
to the fact that the mean curvature flow is only well-defined under some regularity
conditions and, even then, only up to a finite time horizon when it either shrinks to a
point or, in dimensions three and higher, develops other singularities.

Before stating a result, let us make the definition of mean curvature flow precise.
We begin with the special case of two dimensions. This is the relevant dimension for
our biological application and requires much less explanation. In that setting, mean
curvature is just curvature and the corresponding flow is often called curve-shortening.

Recall that a function is said to be a smooth embedding if it is a diffeomorphism

onto its image (which we shall implicitly assume is a subset of R?).
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Definition 4.1.1 (Curve-shortening flow). Let S' denote the unit circle in R?. Let
I' = (Ty(+))¢ be a family of smooth embeddings, indexed by t € [0,.7), where for each t,
T;: St — R2. Let n = ny(¢) denote the unit (inward) normal vector to Ty at ¢ and
let k = k(@) denote the curvature of T'y at ¢. We say that T' is a curvature flow or

curve-shortening flow if

OT¢(¢)
ot

= rt(P)ne(9). (4.5)
for all t, ¢.

Assuming that T'g is a smooth embedding of S* into R?, the behaviour of I'; under
curve-shortening is completely understood. First, it has a finite lifetime which we shall
denote by 7. In Gage and Hamilton (1986), it was shown that if Ty is convex, then so
is Ty for all ¢ < 7. Moreover, .7 can be chosen so that I'; shrinks towards a point as
t 1 7; in this limit the asymptotic ‘shape’ of T'; is a circle. Soon afterwards, Grayson
(1987) showed that, in fact, under curve-shortening, any smoothly embedded closed
curve becomes convex at a time 7 < 7, after which the results of Gage and Hamilton
apply.

In higher dimensions we must replace the curvature by the mean curvature. Recall
that to define this quantity for a (d — 1)-dimensional hypersurface in R?, we take an
orthonormal basis of the tangent space and form the matrix of the second fundamental
form, that is the matrix whose (7, j)th entry is the dot product of the unit normal to
the hypersurface with the derivative of the ith vector in the basis in the direction of the
jth. The d — 1 principal curvatures, k1, ..., Kkq4_1, are the eigenvalues of the matrix and
their sum, that is the trace of the matrix, is the (scalar) mean curvature. The product
of the scalar mean curvature with the unit normal is called the mean curvature vector
(which does not depend on the choice of normal, since reversing the direction of the

normal also changes the sign of the scalar mean curvature).

Definition 4.1.2 (Mean curvature flow). Mean curvature flow, when it is defined, is

obtained by replacing the curvature k; in equation (4.5) by the mean curvature.

The behaviour of mean curvature flow in d > 3 is more complex than that of curve-

shortening. It was proved by Huisken (1984) that the analogue of the Gage-Hamilton
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Theorem holds, that is a (d — 1)—dimensional compact convex surface must shrink
to a point and its asymptotic shape is a sphere. However, the analogue of Grayson’s
Theorem is false. In higher dimensions singularities can develop before the enclosed
volume vanishes. Since our main interest is in two dimensions, we shall not discuss
this here. Instead we shall follow Chen (1992) in imposing sufficiently strong initial
conditions that the solution exists for a positive time and stopping before we encounter
any singularities, and we refer to Mantegazza (2011) for a detailed discussion.

Suppose that d > 2. Our first result concerns the convergence as ¢ | 0, for suitable
initial conditions, of the solution of

ov®
ot

= Av® 4+ g:_%va(l —v%)(20° — 1), v (0,2) = p(x), (4.6)

to the indicator function of a set whose boundary evolves according to mean curvature
flow.

The initial condition, p, of (4.6) is assumed to take values in [0, 1]. We shall also
require that it satisfies some regularity conditions. In particular, set

F—{xeRd:p(x)—;}.

We suppose that I' is a smooth hypersurface which is also the boundary of a bounded
open set which is topologically equivalent to the sphere. We impose the following

regularity conditions:

(¢1) T'is C* for some « > 3.

(¢2) For z inside T', p(z) < 3. For z outside I, p(z) > 3.

(4¢3) There exist r,y > 0 such that, for all z € R%, |p(z) — | > ~ (dist(z,T) A 7).

In particular, we can think of I" as the image of the boundary of the unit sphere under
amap f for which |f(z) — f(y)| = O(]z — y|*). Condition (€'3) prevents the slope of p
near the interface I" from being too shallow, and keeps p(x) bounded away from % when

x is not near the interface. Condition (4'2) is simply establishing a sign convention.
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Under these conditions, mean curvature flow started from I', which we denote (I's(+)):,
exists up to some finite time .7 (e.g. Evans and Spruck (1991)).

To give a precise statement of the result, we require some more notation. Let d(x,t)
be the signed distance from z to I'y, chosen to be negative inside I'y and positive outside.
Note that, as sets,

T; = {zeRY: d(x,t) =0}

Theorem 4.1.3. Let v° solve (4.6) with initial condition p satisfying the conditions
(€¢1)-(€¢3), and define T, d(x,t) as above. Fix T* € (0, 7). Let k € N. There exists
ea(k) > 0, and aq(k),ca(k) € (0,00) such that for all ¢ € (0,eq) and t satisfying

aqe?|loge| <t < T*,
1. for x such that d(x,t) > cqe|loge|, we have v¢(t,x) > 1 —&¥;
2. for x such that d(x,t) < —cqe|loge|, we have v (t,z) < &F.

This result is not new; it is a special case of Theorem 3 of Chen (1992). Indeed, our
proof will display the same key steps: first we show that an interface develops; second we
show that this interface propagates according to (mean) curvature flow. To achieve the
second step, we couple the distance between a d-dimensional Brownian motion and the
interface I'y with a one-dimensional Brownian motion. This parallels the approximation
of the solution to the Allen-Cahn equation by a one-dimensional standing wave in the
proof of Chen (1992) (although we remark that we achieve our coupling through a
different perturbation of the potential than that used by Chen (1992)). Both steps of
our proof use probabilistic arguments, exploiting a duality between solutions to (4.6)

and a branching Brownian motion, which is of some interest in its own right.

4.1.2 Modelling hybrid zones

Let us now turn to our model of hybrid zones. Our starting point is the spatial A-
Fleming-Viot process with selection. The model we consider here is a modification
of that introduced for genic selection (selection in favour of just one of the alleles) in
Etheridge et al. (2014), and existence of the process follows by the same arguments.

Also as for genic selection, uniqueness follows from duality with a system of branching
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and coalescing particles, although there is a slight twist in the form that duality takes
(see Section 4.3.1), mirroring our probabilistic representation of solutions to (4.1).
We suppose that there are two alleles, a and A. At each time ¢, the random function

{wy(z), x € R%} is defined, up to a Lebesgue null set of RY, by
we(x) := proportion of type a at spatial position z at time ¢. (4.7)

In other words, if we sample an allele from the point x at time ¢, the probability that it

is of type a is wy(x).

Remark 4.1.4. It is convenient to extend the definition of wi(x) to all of RY and
so, on the Lebesgue null set on which (4.7) is not sufficient to specify w(x), we shall

arbitrarily impose wi(z) = 0.

A construction of an appropriate state space for z — w;(x) can be found in Véber

and Wakolbinger (2015). Using the identification

[ (0@ @0+ (0w e A de= [ R (),

this state space is in one-to-one correspondence with the space M, of measures on
R x {a, A} with ‘spatial marginal’ Lebesgue measure, which we endow with the topology
of vague convergence. By a slight abuse of notation, we also denote the state space of

the process (w¢)ier by M.

Definition 4.1.5 (Spatial A-Fleming-Viot with selection against heterozygosity (SLEVS)).
Fiz uw € (0,1] and R € (0,00). Let p be a finite measure on (0,R]. Further, let I1 be a

Poisson point process on Ry x R x (0, R] with intensity measure
dt @ dz @ p(dr). (4.8)

The spatial A-Fleming-Viot process with selection (SLFVS) driven by II is the My-valued
process (wi)i>0 with dynamics given as follows.
If (t,x,r) € II, a reproduction event occurs at time t within the closed ball B,(x) of

radius r centred on x. With probability 1 — s the event is neutral, in which case:
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1. Choose a parental location z uniformly at random within B,(x), and a parental
type, ap, according to wi—(z), that is cy = a with probability w,—(z) and ag = A

with probability 1 — w—(2).
2. For every y € B.(x), set wi(y) = (1 — w)wi—(y) + ul{ag=a}-
Otherwise the event is selective, in which case:

1. Choose three ‘potential’ parental locations z1, z3, z3 independently and uniformly
at random within B,.(x), and at each of these sites ‘potential’ parental types o,
ag, ag according to wi—(21), wi—(22), wi—(z3) respectively. Let & denote the most

common allelic type in a1, o, as.
2. For every y € B,(x) set wy(y) = (1 —w)w—(y) +ulg_,y.

Remark 4.1.6. More generally, the parameter u, which we shall refer to as the impact,
can be taken to be random. In this case, for each r € (0,R], we let v, be a probability
measure on (0,1] and the driving noise, 11, is taken to be a Poisson point process on

R, x R x (0,R] x (0, 1] with intensity measure
dt @ dz @ p(dr)vy(du).

For each point (t,z,r,u) € I, the corresponding reproduction event is described exactly

as before.

Since s is assumed small, as one expects in a model of genetic drift, to first order
the variance of the increment of the mean allele frequency in the region affected by
an event is u?w(1 — w), where w is the mean of w;_ over the affected region. Let
us try to motivate the form of the selection mechanism, which is what drives the
expectation of the increments in allele frequencies. As is usual in population genetics,
we have approximated a model of selection acting on a diploid population (in which
each individual carries two copies of the gene) by one in which we think of selection
acting on single copies of the gene, but in a way that depends on the local frequencies
of the different alleles. This sort of approximation, which goes back at least to Fisher

(1937), is valid when the local population size is large, corresponding in our case to the
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impact u being small. (In fact we are interested in limits in which the impact will tend
to zero.) The idea is simple. Each individual in the population carries two copies of
the gene. This subdivides the population into homozygotes, carrying either aa or AA
and assumed equally fit, and heterozygotes carrying aA and assumed to have relative
fitness 1 — s. The population is assumed to be in Hardy-Weinberg proportions, so that
if the proportion of a-alleles in the parental population is w, then the proportions of
parents that are of type aa, aA and AA are w?, 2w(1 —w) and (1 — w)?, respectively.
During reproduction, each individual produces a very large number of germ cells (cells
of the same genotype). To reflect the relative fitnesses, a heterozygote produces (1 — s)
times as many germ cells as a homozygote. Germ cells then split into an effectively
infinite pool of gametes (cells containing just one chromosome from each pair) which
fuse at random to form diploid offspring. Suppose that the proportion of type a alleles
in the affected region immediately before reproduction is w. Then the probability that
a gamete sampled from the pool is of type a is

w? +w(l —w)(1—s)
1 —2sw(l —w)

— (1 - 8)d + s(30> — 20%) + O(s)

= (1-s)w+ s(w®+3w*(1 —w)) + O(s?). (4.9)

Notice that the first term in (4.9) is 1 — s times the probability that an allele sampled
from the parental population is of type a whereas the second is s times the probability
that the majority of three alleles sampled independently from the parental population
are of type a. This then motivates the two types of event in our SLFVS. In particular,
if we replace a proportion u of the population by offspring, then the expected increment
in w is

us(w® + 3w*(1 — w) — w) = usw(l — w)(2w — 1),

which underpins the connection to (4.1).
Of course, in replacing a diploid model by one based directly on allele frequencies,
we have rather muddied the notion of parent in our reproduction mechanism, so the use

of the term in Definition 4.1.5 should not be interpreted too literally.
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4.1.3 Convergence of the hybrid zone to mean curvature flow

To understand our main result, first we state a simple modification of a result on a
rescaling of the SLFVS from Etheridge et al. (2014). To state that result, we specialise
to p(dr) = dr(dr), for some fixed R > 0. At the nth stage of the rescaling, the impact

and selection parameters are assumed to satisfy

U P

Up = 5553 and Sp = —53-
n n1—26’ n

Next, we define the averaged process,

nfd

wie) = ), and )= [ i) dy

where Vi is the volume of the ball of radius R in RY. To simplify notation, we write
M for My (R x {a, A}), and Dy[0, 00) for the set of all cadlag paths with values in M.

We also write C2°(R®) for the set of smooth compactly supported functions on RY.

Theorem 4.1.7. [Modification of Theorem 1.3 of Etheridge et al. (2014)] Suppose that
B € (0,1/3), and that wh converges weakly to some w® € M. Then, as n — oo, the
process (W} )i>0 converges weakly in Dy[0,00) towards a process (wg®)i>o with initial
value w® = w’. Furthermore, (w®)e>0 s the unique deterministic process for which,

for every [ € Cgo(Rd),

e, 1) = i )+ [ {5 G, A7)+ upVi (w0 — )20 = 1), ) b s,

where

u 2
KR = — z1)°dz dx 4.10
B vg /B(O,R) /B(a:,R)( v (4.10)

with z, the first coordinate of the vector z € RY. In particular, kg depends only on R

and d.

In other words, up to a change of coefficients, (wg°);>o is a weak solution of (4.6)
with wy = w®. Based on Theorem 4.1.7, it is natural to ask whether we can modify the
scaling of s, in such a way that s,n?? — oo as n — oo and obtain convergence to the

indicator function of a region whose boundary evolves according to mean curvature flow.
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In other words, does genetic drift, which is driven by the neutral events in the SLFVS,
disrupt that convergence?

To state our result, we first rescale the SLFVS as in Theorem 4.1.7. For each n € N,
we define the finite measure p on (0, R,], where R, = n R, by u™(A) = u(n’A) for
all Borel subsets A of (0,00). Our rescaled SLFVS will be driven by the Poisson point

process ITI" on Ry x RY x (0, 00) with intensity measure
ndt @ nPdx @ p"(dr). (4.11)

Here nfdx denotes the scaling in which the linear dimension of the infinitesimal region
dz is scaled by n” (so that when we integrate, the volume of a region is scaled by n®?).
Let

U 1 1

Un = o5 and Sp = 5 —57- (4.12)

It is convenient to define the constant o2 through

R
o U 2 V2(0, 2)
= — —_ . 4.1
o 2d/0 /Rd || - dzp(dr) (4.13)

If u(dr) = 6gr(r), then we recover kp from (4.10).

Theorem 4.1.8. Suppose that 5 € (0,1/4) and let €, be a sequence such that £, — 0
and (logn)'/%e, — oo asn — co. Let (w)i>o be the SLFVS driven by TI™ and with
Up, Sn gwen by (4.12), and initial condition wi(z) = p(x). Assume that p satisfies
(¢'1)-(€¢3), and define T, d(x,t) as for Theorem 4.1.5; take T* < . For k € N there
exist n.(k) < oo, and a.(k),c.(k) € (0,00) such that for all n > n, and all t satisfying

asel|loge,| <t < T¥,
1. for almost every x such that d(z,c%t) > ciepn|logen|, we have E[wi(x)] > 1 —&k;
2. for almost every x such that d(x,0?t) < —c.en|loge,|, we have E [wi(z)] < k.

Remark 4.1.9. In Section 4.3.1 we explain the origins of these scalings. By taking u,
to be small, we are assuming that local population density is high.
By adapting ideas from Etheridge et al. (2015a), we expect an analogous result for

values of u, up to O(1), but at the expense of having to take €, — 0 extremely slowly
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(so that ;' = o(loglogn)). The stronger the genetic drift, that is the bigger uy, the
larger the value of n required for the diffusive rescaling to smooth the allele frequencies
under the SLFVS sufficiently for the behaviour to be close to that of the differential

equation (4.6).

The rest of the chapter is laid out as follows. In Section 4.2 we establish a duality
between equation (4.1) and a branching Brownian motion which we then use to prove
Theorem 4.1.3. In Section 4.3 we establish an analogous duality between the SLFVS and

a system of branching and coalescing particles and use it to establish Theorem 4.1.8.

4.2 Proof of Theorem 4.1.3

4.2.1 A probabilistic dual to Equation (4.6)

Our proof of Theorem 4.1.3 rests on a duality between equation (4.6) and a branching
Brownian motion in which each individual, independently, follows a Brownian motion
during an exponentially distributed lifetime (with mean £2) at the end of which it splits
into three. Although reminiscent of the duality between the Fisher-KPP equation and
binary branching Brownian motion pioneered by Skorohod (1964) and McKean (1975),

here there is a slight twist. These papers allow us to deal with equations of the form

ov 1
5 §AU +Vf(v),

where V' is a constant (the branching rate in the branching Brownian motion) and f
is of the form f(v) = ®(v) — v where ®(v) is the probability generating function of a
non-negative integer-valued random variable (the number of offspring of each individual
in the branching Brownian motion). However, the expression for f in (4.6) is not of
this form. Instead we adapt ideas from population genetics (notably from Krone and
Neuhauser (1997); Neuhauser and Krone (1997)).

First, to maintain compatibility with the PDE literature, we shall adopt the conven-
tion that

all Brownian motions run at rate 2. (4.14)
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That is, at time 1, Brownian motion has variance 2.

In contrast to the McKean-Skorohod setting, our representation of the solution
to (4.1) is not just in terms of the spatial positions of individuals in the branching
Brownian motion at a fixed time, but also depends on their genealogy. In other words,
we have a duality between (4.1) and the historical process of the branching Brownian
motion.

To write this formally, we require some notation for our ternary branching Brownian
motion. We write W (t) for the historical process (which traces out the space-time trees
that record the spatial position of all individuals alive at time s for all s € [0,¢]). This
process can be constructed formally as the ternary branching Markov process in which
the position of an ‘individual’ alive at time s is taken to be the whole Brownian path
(Wu)o<u<s followed by its ancestors. To record the genealogy of the process we use
Ulam-Harris notation to label individuals in the branching Brownian motion by elements
of U =UX_{1,2,3}™. For example, (3,1,2) is the particle which is the 2" child of
the 1%t child of the 3" child of the initial ancestor (). Let N(¢) C U denote the set of
individuals alive at time . We shall abuse notation slightly and write (W;(t))ien () for
the spatial locations of the individuals alive at time ¢, and (W;(s))o<s<¢ for the unique
path that connects leaf ¢ to the root.

We say that T is a time-labelled ternary tree if T is a finite subtree of U and each
internal vertex v of the tree is labelled with a time ¢, > 0, where ¢, is strictly greater
than the label of the parent vertex of v. Evidently if we ignore the spatial position
of individuals, each realisation of W (t) traces out a time-labelled ternary tree which
records the genealogy and associates a time to each branching event. We shall use
T(W (t)) to denote this time-labelled ternary tree.

For a fixed function p : R% — [0, 1], we define a voting procedure on T(W (t)) as

follows.

1. Each leaf i of T(W(t)), independently, votes 1 with probability p(W;(¢)) and

otherwise votes 0.

2. At each branch point in T(W (t)), the vote of the parent particle j is the majority

vote of the votes of its three children (j,1), (4,2) and (7, 3).
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This defines an iterative voting procedure, which runs inwards from the leaves of T(W (t))

to the root 0.

Definition 4.2.1 (V,). With the voting procedure described above, we define V,(W (t))

to be the vote associated to the root (.

For z € RY, we write P for the probability measure under which (W (t),t > 0)
has the law of the historical process of ternary branching Brownian motion in R with
branching rate 1/e? started from a single particle at location = at time 0. We write ES

for the corresponding expectation.

Theorem 4.2.2. Let p: R — [0,1]. Then

o (t,2) = BS [V (W (1) = 1] (4.15)

is a solution to equation (4.6) with initial condition v*(0,x) = p(z).

Proof. (Sketch)

The proof mirrors that of the representation of solutions of the Fisher-KPP equation
in terms of binary branching Brownian motion, and so we only sketch it. As usual the
idea is to analyse the expression on the right hand side of (4.15) by partitioning on the
behaviour of the branching Brownian motion in the first §t¢ of time and then to take a
limit as dt | 0.

Throughout the proof we neglect the superscript € in P%,, Ef, and v* and the subscript
p in V,. We write S for the time of the first branching event in the branching Brownian
motion and Wg for the position of the ancestor at that time. It is convenient to use E
for expectation when it is with respect to the law of Brownian motion (W.), preserving
E for expectation with respect to that of the historical branching Brownian motion
(W (-)). Let Vi, Vs, V3 denote the votes of the three offspring created at time S. By
the strong Markov property of the branching Brownian motion, and the branching
property, we see that the V; are conditionally independent given (S, Wg). Moreover,
since conditional on S < §t, the chance of a second branch before time dt is O(dt), for
s < 0t

Eo[V1|(S, Ws) = (s,9)] = Ey[v(t, Wst—s)] + O(6t).
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From this, if we assume enough regularity of v(¢,z) (which follows from that of the heat
semigroup),

E,[Vi]S < 6t] = v(t, z) + O(51). (4.16)

Still conditioning on S < §t, in order for the vote at the root to be one, at most one of
Vi, Va, V3 can be zero, and so using (4.16) and conditional independence of the V; given

(57WS>7

P, [V(W (t + 6t)) = 1|S < 6t] = v(t, )® + 3v(t, 2)*(1 — v(t, z)) + O(5t).

Since if S > t the ancestor of the branching Brownian motion simply follows a Brownian
motion over [0, 6t], partitioning over the behaviour of the branching Brownian motion

in the first dt of time gives

v(t+6tx) = P, [V(W(t+6t) =1|S < 5t]P[S < 5]
HP, [V(W (t+6t)) = 1|8 > 6t] (1 — P[S < 6t])
= P, [V(W(t+6t) =1|S < 5t]P[S < 6]
+E, [Py, [V(W (1)) = 1] (1 = P[S < 6t).

Now P[S < §t] = =26t + O(dt?) and so substituting and rearranging (and once again

assuming enough regularity of v(¢,z)) we obtain

lim ot + ¢, 2 —vtbe) - (olt,2)® + 3u(t, 2)2(1 — v(t,2) - olt,))
i P [Py, [VW (1) =1]] —v(t, x)
5t—0 ot
= =2 (v(t,2) + 3u(t,2)2(1 - v(t,z)) — v(t, )
. By [v(t,Ws)] — v(t, z)
+61tl£>n0 ot
= Av(t,z) + e 20t z)(1 —v(t,z)(2v(t, z) — 1),
as required. O

Armed with this representation, the proof of Theorem 4.1.3 is reduced to proving

the following result about our branching Brownian motions.
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Theorem 4.2.3. Suppose p : RY — [0,1] is such that (€1)-(€3) hold. Define 7,
d(z,t) as for Theorem 4.1.3; fit T* € (0,.7) and let k € N. There exist eq(k) > 0, and

aq(k),cq(k) € (0,00) such that for all e € (0,eq) and t satisfying age?|loge| <t < T*,
1. for x such that d(x,t) > cqe|loge|, we have P [V,(W(t)) = 1] > 1 — £F;
2. for x such that d(z,t) < —cqel|loge|, we have P [V,(W(t)) = 1] < &F.

The proof of Theorem 4.2.3 will proceed in two steps. First, in Section 4.2.2, we prove
a one-dimensional analogue of the result in the special case in which p(z) = 1{z > 0}.
The proof rests on symmetry of branching Brownian motion and the monotonicity that
results from the specific choice of initial condition p. The second step uses the definition
of mean curvature flow and the regularity properties that follow from the conditions
(¢'1)-(€3). These allow us to couple the distance between the (backwards in time) mean
curvature flow (T'y—s)secp04 and a (forwards in time) d-dimensional Brownian motion
W with a (forwards in time) one-dimensional Brownian motion B in such a way that
d(Ws,t — s) is well approximated by Bs; when Wj is close to I'y—s. This coupling is
made precise in Proposition 4.2.13 in Section 4.2.3. The proof of Theorem 4.2.3, which
combines these two steps by bounding the errors that occur far from the interface T';_g,

can be found in Section 4.2.4.

Notation 4.2.4. It is convenient to have a prominent distinction between one dimen-
stonal and multi-dimensional Brownian motion in our notation. We therefore adopt the
convention that B will denote one dimensional Brownian motion and B will represent
the corresponding historical branching Brownian motion and we preserve W and W for

dimensions d > 2.

4.2.2 Majority voting in one dimensional BBM

In this section we consider only ternary branching Brownian motion in dimension d = 1.

As in Section 4.2.1, for x € R, we write P, for the probability measure under which
(B(t),t > 0) has the law of historical ternary branching Brownian motion in R with
branching rate 1/¢2 started from a single particle at location x at time 0, and ES for the

corresponding expectation. We also write P, for the probability measure under which
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(Bt)t>0 has the law of a Brownian motion started at x, and E, for the corresponding
expectation.

Throughout this section we write V := V,,; where po(x) = 1{z > 0}, so that a leaf
votes 1 if and only if it is in the right half line. Our aim is to prove the following

one-dimensional analogue of Theorem 4.2.3 for this initial condition pq.

Theorem 4.2.5. Let T* € (0,00). For all k € N there exist c1(k) and €1(k) > 0 such

that, for allt € [0,T*] and all € € (0,¢1),
1. for z > c1(k)e|logel|, we have PE[V(B(t)) =1] > 1 —&F
2. for z < —c1(k)e|loge|, we have P [V(B(t)) = 1] < .

Remark 4.2.6. The subscript 1 on ay,c1 and €1 is to emphasize that Theorem 4.2.5

applies in dimension 1. We shall often suppress the dependence on k in our notation.

Note that, if z > 0, then a typical leaf of the branching Brownian motion is more
likely to vote 1 than 0, and that the opposite is true for z < 0. Theorem 4.2.5 says
that the majority voting procedure magnifies a small voting bias at the leaves into a
much stronger voting bias at the root. If the votes of different leaves were independent
this would be elementary, but the spatial structure of the branching Brownian motion
introduces strong correlations between votes of closely related individuals. To overcome
this, we first use a symmetry argument to show that the bias close to the root will be
at least as strong as that at the leaves and then check that, as € tends to zero, there is

enough branching close to the root to sufficiently magnify the bias.

4.2.2.1 Proof of Theorem 4.2.5

First note that with our special choice of initial condition pg, for any x; < z9 € R,

B [V(B(t)) = 1] < BS, [V(B(1)) = 1]. (4.17)

By analogy with the previous subsection, we use T(B(t)) to denote the time-labelled

tree traced out by the branching Brownian motion up to time ¢, and for any time-labelled
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ternary tree J we write

PL(T) = BS [V(B(1) = 1| T(B(1)) = 7). (4.18)

T

By the symmetry of the Brownian motions followed by individuals in B(¢) conditional
on {T(B(t)) = T}, applying the reflection  — —z to the process, we see that for any

time-labelled ternary tree T, any time £ > 0, and any z € R,
PL(T)=1—-P" (7). (4.19)

The monotonicity in (4.17) and the symmetry in (4.19) are key to our proof of Theorem
4.2.5.
Taking z = 0 in (4.19) shows that P4(T) = 3 for all ¢ > 0, and, by (4.17), for all

t > 0 and all time-labelled ternary trees T we have
PL(T) > 5 for z > 0; PL(T) < 5 for z < 0.

We now introduce notation for the majority voting procedure. Let g : [0,1]3 — [0, 1]

be given by

9(p1,p2,p3) = p1paps + p1p2(1 — p3) + paps(1 — p1) + p3p1(1 — p2). (4.20)

This is the probability that a majority vote gives the result 1, in the special case where
the three voters are independent and have probabilities p1, po and p3 respectively of
voting 1. With a slight abuse of notation, we let g(p) = g(p,p, p), for p € [0,1]. Note

that

g(1 —p1,1 —p2,1 —p3) =1 — g(p1,p2,p3). (4.21)

For T a time-labelled ternary tree with at least one branching event, suppose that
the time to the first branching event in 7 is 7 and that the subtrees with time labels
corresponding to the (descendants of the) three offspring from the branching event are

T1, T2 and T3 (here a vertex v with time label ¢, in T is given time label t, — 7 in T;).
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Then, we write
g (P7 (7)) = g (P57 (T1), P57 (T2), Pl (T3)) (4.22)
and the identity
PL(T) = E- [g (P} (7%)) ] (4.23)

expresses the majority voting that takes place at the first branch of 7.
Our next lemma states that the majority voting procedure cannot reduce the voting
bias. In view of symmetry (4.19), when it is convenient to do so we will only state such

results for the case z > 0.

Lemma 4.2.7. For any time-labelled ternary tree T, any time t > 0, and any z > 0,
PL(T) > P,[B; > 0].

Proof. The proof is by induction on the number of branching events in the tree J. Let Ty
denote the tree with a root and a single leaf. Then, by definition, P! (Ty) = P, [B; > 0].

We now approach the inductive step. Suppose that the statement of the lemma holds
for all time-labelled ternary trees with up to n internal vertices. We define h : [0,1]> — R
by

1
h(p1,p2,p3) = g(p1,P2,03) — g(pl + p2 + p3),

and note that from (4.21) we have
h(1 —p1,1—p2, 1 —p3) = —h(p1,p2,p3). (4.24)
We can write h in the form
h(p1,p2,ps) = 5 ) Pin ((1 = i) (is — 3) + (1 = pig) (i — %))
where the sum is over (i1,12,13) = (1,2,3),(2,3,1),(3,1,2). Hence

<p1,p2,p3 <1 = h(p1,p2,p3) > 0. (4.25)

DO | =
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We will use the x notation defined in (4.22) for A in the same way as we use it for g.
Suppose that T is a time-labelled ternary tree with n + 1 internal vertices and let 7,

T1, T2, T3 be as in (4.23). Using (4.23), by the definition of g and h we have

PL(T) = B [g (P57 (T%))]

3
—E, [h (P’fB—j(m))] + %Z E, [PtB—j(‘Ii)} . (4.26)

i=1

We begin by considering the first term of (4.26). Combining (4.24) with (4.19),
h(IP’tB:T(‘I*)) = —h(Pt_’gT (T%)).
Hence,

E. (PR (Tx))]
= E. [h(P37 (T%))1{B- > 0}| + B. [h(P57 (T%))1{B- < 0}]
= E. [h(P} 7 (T)1{B; > 0}| - E. [h(P'"} (T%)1 {B; < 0}]

= [ @) 010 0) — () (4.27)

where ¢, ,2 denotes the density of a N(u,0?) random variable. Since P47 (T;) > 1/2

for £ > 0, by (4.25) we have h(PL%(Tx)) > 0, and since z > 0, for all z > 0 we have
¢z2r(T) = ¢z 2-(—) >0,
which proves that (4.27) is non-negative. Using our inductive hypothesis, for i = 1,2, 3,
E.[P5(T:)] > E. [Pp, [Bi—r > 0]] = P;[B; > 0]

and so substituting into (4.26) completes the proof of Lemma 4.2.7. O

Our next task is to show that successive rounds of majority voting magnify a small

bias at the leaves into a large bias at the root of a tree. Recall that for p € [0, 1],

g(p) := g(p,p,p) = 3p* — 2p°,
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and define ¢(™ (p), inductively, by

gV =9, ") =9"(9p)).

Thus, ¢(™ (p) describes the probability of voting 1 at the root of an n-level regular

ternary tree if the votes of the leaves are i.i.d. Bernoulli(p).

Lemma 4.2.8. For all k € N there exists A(k) < oo such that, for all e € (0, 3] and
n > A(k)|loge| we have

g(”)(% +e)>1-¢k

Proof. We carry out two phases of iteration of g. First, we will show that it takes

O(|logel) iterations to obtain

PRICES T (4.28)
Then we note that O(log |kloge]) iterations are required to obtain
g™+ VIR ek (4.29)

Since g is monotone, combining the two phases completes the proof.

For the first phase, if 6 € (0,1/+/8) then a simple calculation shows that

gE+8)=3+36-20°>1%+30

D=
ot

Thus if g™ (1 +¢) — 1 < 1/V/8, we have
gV G +e) - 1> 3 (g (G +e) - 1) > (e

It follows immediately that O(]loge|) iterations are required to achieve (4.28).

For the second phase, note that 1 — g(1 — §) = 362 — 263 < 362, so that

2 2"
1—gm(d+ ) <3(1-g" G+ X)) <133 -%)

Wl
N[
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Noting that 3( % — %) < 1, it follows easily that the number of iterations required to
obtain (4.29) is O(log |k logel). O

We now want to see that there is a (large) regular ternary tree sitting inside T(B(t)).
Let T7¢9 = Up<n{1,2,3}¥ C U denote the n-level regular ternary tree and, for I € R, let
T = ‘J'mg . For T a time-labelled ternary tree, we use the relation T 2 T, to mean
that as subtrees of U, T, is contained inside T (ignoring its time labels).

Lemma 4.2.9. Let k € N and let A = A(k) be as in Lemma 4.2.8. Then there exist

a1 = a1 (k) and €1 = e1(k) such that, for all ¢ € (0,£1) and t > a1€%|loge|,

k

P [T(B() 2 T, 1— ",

ogel] 2

Proof. First we establish control over the tail distribution of the sum of n independent
exponentially distributed (branching) times. Suppose (Xj);>1 are i.i.d. Exp(1) random

variables and let S, = ;-‘:1 X;. Then

1 .
My, (\) :E[eAXl} _ )=
00 ifA>1

and for a > 1,

U*(a) := sup(Aa — log Mx,(A)) = sup (Aa+log(l—AN)) =a—1—loga.
A>0 0<A<1

By Crameér’s theorem, for a > 1,

1
lim (_n log P[S,, > na]) =U*(a)=a—1-loga. (4.30)

n—oo

Suppose a > 1. For each leaf of ‘J'?eg we use (4.30) to estimate the probability
that it is not in T(B(t)) and combine with a union bound (summing over leaves). For
t > ag?[A|loge|] we have

Pe [(‘T(B(t)) 2 (‘T/;Xeﬁogsd

< 3[A|10g6|1]ID {625]—A\10g6|-\ > (152 |'A| 10g€‘—|}
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1
= exp ([A\ logel] (10g3 + m logP [S(A\logaﬂ > al Al 1Og€‘—|})> :

(4.31)

By (4.30) (with n = [A]loge[]), we can choose €1 (k) < e~! such that, for all € € (0,¢1),

1
TAlog 2] log P |:S[A|logaﬂ > af Al loggﬂ} < —a+3/2+loga.

Choose a > 1 sufficiently large that —a + 3/2 + loga < —log3 — k/A. Putting this

into (4.31) we obtain

P* [‘J’(B(t)) ? ‘J'Ze‘glogsd < exp (—|logelk)

for t > ac?[A|loge|]. Letting a; = a(A + 1) completes the proof. O

We now control the maximal displacement of individuals in the ternary branching

Brownian motion at small times. Let N(¢) denote the set of individuals alive in B(t).
Lemma 4.2.10. Let k € N, and let a;(k) be as in Lemma 4.2.9. Then there exist
di(k), e1(k) such that, for all ¢ € (0,e1(k)) and all s < a1e%|loge],

PE [3i € N(s) : |Bi(s) — x| > dyi(k)e|logel] < €.

Proof. Write §; = aje?|loge| and let Z be a N(0,1) distributed random variable. By

Markov’s inequality, for s < é; we have

P; [3i € N(s) : |Bi(s) — 2| > die|loge]] < B [|N(s)[] P [V25|2| > die|loge]]
<EF[N(31))P[v/261]7] > die]loge|

= VP [V2a1| 2] > di|log[?]

1 d2
< exp (—ii\logd)

Here the fourth line holds for € € (0,1). The proof is completed by choosing d; = d; (k)

2
large enough that 4% —2a1 > k. O
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We now have all the ingredients needed to prove Theorem 4.2.5. If z > 2d;e|loge],
then, at time &; = a12|loge|, by Lemma 4.2.10, with high probability, all individuals
in B(d;) are still > dje|loge|. Lemma 4.2.7 tells us that there is a positive voting bias
at each of those points and Lemma 4.2.9 shows that this will be magnified by at least
O(]loge|) rounds of majority voting as we trace back to the root. Finally, Lemma 4.2.8

gives us a lower bound on the bias at the root.

Proof of Theorem 4.2.5. We will prove the first statement of the theorem; the second

then follows by symmetry.

For all € < 1/2, define z. implicitly by the relation P [Bp« > —z.] = % + ¢, and note

that z. ~ eV4nT* as ¢ — 0. Let £1(k) < 1/2 be sufficiently small that Lemmas 4.2.9
and 4.2.10 hold for € € (0,e1(k)). Let di(k) be given by Lemma 4.2.10 and let

c1(k) = 2d1(k) so that (by reducing e; if necessary), for € € (0,1),

di(k)e|loge| + z: < c1(k)e|logel. (4.32)

Let a1 (k) be given by Lemma 4.2.9 and let

61 = 01(k,e) = a1(k)e?|loge|. (4.33)

If t € (0,61) and z > ¢qe|logel, then

P [V(B(t)) = 0] <P [3i € N(t) such that |B;(t) — z| > die|logel]

< g

)

where the second line follows by Lemma 4.2.10.
We now suppose that t € [01,7*] and z > cie|loge|. Let T5, = T(B(01)) denote the

time-labelled tree of the branching Brownian motion up to time §;. We define

P—s,(2) =PI [V(B(t - 61)) = 1],

and

pf_(;l(z) = pt—él(za), for all z € R.
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Finally, write {B(d1) > 2.} for the event B;(d1) > z. for all i € N(d1). Then,

PL[V(B(t) = 1] = PS [V, , (5(B(1)) = 1]
Ps [{Vir , () (B(61) =1} N {B(6) > =}]

PL Vi, ((B(61) = 1] —&". (4.34)

v

Y

Here, the first line follows by the Markov property of B at time §;. The second follows
by the monotonicity property (4.17). The third line then follows by Lemma 4.2.10,
using (4.32) and our hypothesis that z > ¢;¢|loge]|.

We have

p§—51 (Z) Z PZE [Btftsl Z 0] Z % + €. (435)

Here, the first inequality follows from Lemma 4.2.7. The second follows by the definition
of z., since t — 61 < T™.

If p; > 1/2 for i = 1,2,3 then (4.25) implies that g(p1,p2,p3) > min(p, p2, p3).
Hence, if each leaf of T5, votes 1 independently with probability at least % + € and
Ts, 2 ‘Izeﬁogd, then each of the leaves of ‘.Tge'gloge‘ votes 1 independently with probability

at least % + £. Therefore,
PE [V(B(t)) = 1] > glIAMselD (1 4 o) —2ek > 1 — 3¢*,

Here, the first inequality follows by substituting (4.35) into (4.34) and then applying

Lemma 4.2.9 and the second then follows by Lemma 4.2.8. This completes the proof. [

4.2.2.2 The slope of the interface

In proving Theorem 4.2.3 we shall also exploit a lower bound on the ‘slope’ of the
interface in d = 1 which we prove in this subsection. We obtain it as a corollary of the

following result.

Proposition 4.2.11. Suppose x > 0 and n > 0. Then for any time-labelled ternary
tree T and any time t,
]P;t

2(T) = Py (T) 2 Py (T) — Po(T).
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Proof. The proof is by induction on the number of branching events in T, and is similar
to the proof of Lemma 4.2.7. For Ty a (time-labelled) tree with a root and a single leaf,

we have

T

P (To) — P, (ir)—/xd) ( d>/+’7 =P, - P
z\Jo z—nlJo) = 0,2¢(u) du > Po,2t(u) dU—Pme((‘TO) P%(To)
T—n T

where ¢, 2 is the density of a N(p, 0?) random variable.

Now, assume that the lemma holds for all time-labelled ternary trees with at most n
internal vertices. Let T be a time-labelled ternary tree with n + 1 internal vertices and
suppose that the time to the first branching event of T is 7 and let T1, To, T3 denote

the trees of the three offspring of that branching. Then using the notation of (4.22),

(PLT) = PL_(T)) — (Pl (T) — PL(T))

= (Ex 9B (T0)| = By [9(P7 (T0))] ) = (Brin | 9P (T0)] = Eu [9(Pl7 (7))])

= [ (0B (T0) — B T0) = (9B 5(T0) — 9B (T49) b ()

= /0 {057 (T%)) = g(PL7(T%)) — (9P (T%) = 9(PL 7 (T0)) } (G0 (4) — b ar(—1)) dy.

(4.36)

Here, the second line follows by (4.23) and the last line follows from (4.21) and (4.19),
which imply that g(PL (Tx)) =1 — g(P",,(T)). Note the similarity to (4.27).
Since x > 0, we have

¢x,2’r(y) - ¢:c,27'(_y) >0 (437)

for y > 0. In view of (4.36) we should like to check that for y > 0
(9P (%)) = g(PL=75,(T0)) ) = (9P (T%)) — g(BL ™ (T%)) ) > 0. (4.38)
By our inductive hypothesis, for y > 0 we have

(B (T3) = By 5(%0)) = (P33T = By (7)) 2 0,
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and so by monotonicity of g, for (4.38) it is enough to check that

g(Py7,(T%)) — 29(BL 7 (T%)) + g (B (T%) = (P37 (T%) — P, (T))) 0. (4.39)

To see that (4.39) holds, note that

g(p1 + m1,p2 + m2,p3 +13) — 29(p1, P2, p3) + 9(P1 — M1, P2 — N2, D3 — 13)

= 2mn2(1 — 2p3) + 2man3(1 — 2p1) + 2m3m1 (1 — 2p2).

and set p; = P7(T;) and n; = ]P’Z;Z(‘J’,) — P,77(7;). Since for y > 0, p; > 1/2, the
inequality (4.39) then follows.
Putting (4.37) and (4.38) into (4.36) completes the inductive step, which in turn

completes the proof. O

Corollary 4.2.12. Take ¢1(1) and c1(1) from Theorem 4.2.5. Let & < min(e1(1), 57).

Suppose that for some t € [0,T%] and z € R,

PL[V(B() =1] - 3| < 5, (4.40)
and let w € R with |z — w| < ¢1(1)e|logel|. Then
P [V(B() = 1] - P5, [V(B(t) = 1] > — " (4.41)

~ 48c1(1)e|loge|

Proof. Consider first the case 0 < z < w. By analogy with (4.23), let IP’Z denote

Py [V(B(t)) = 1]. By Theorem 4.2.5 and (4.40) we have that

11 1
P, (1)ejoge] — P2 2 1—€— 13 = 5. (4.42)

Let n:=w — 2. For j € N, applying Proposition 4.2.11 j times gives that

¢ ¢ ¢ ¢
Plttmes — Pz < Py — P
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It follows that

[~ (c1(1)e|loge|—2)] -1

t ¢ t ¢
Peieltoge] — Pz < ) Flym+e = Pinsz)
=0
< (0N (ea(1)e|logel) + 1) (L, — PL). (4.43)
Combining (4.42) and (4.43),
|z — wl |z — w]

P, — P! > :
Yo E T 24(e1(Delloge| + |z —w|) T 48c¢1(1)e|loge]

The corresponding result for 0 < w < z follows by symmetry (exchanging the roles of w

and z). The case z < 0 then follows by the symmetry in (4.19). O

4.2.3 A coupling argument

The second important ingredient in our proof of Theorem 4.2.3 will be a coupling
between d(Ws,t — s) (the signed distance from a d-dimensional Brownian motion W
to I't_s, which evolves according to (backwards in time) mean curvature flow) and a
one-dimensional Brownian motion, at least when Wy is close to I';_s. The proof requires
some regularity properties of the mean curvature flow that we record in this subsection.
These rest on the assumptions (€'1)-(%3).

We write d for the time derivative of d. Let T* € (0,.7). In this case, we have:

1. There exists ¢y > 0 such that for all ¢t € [0,7%] and = € {y : |d(y,t)| < co}, we
have

|Vd(z,t)] = 1. (4.44)
Moreover, d is a C®?2 function in {(x,t) : |d(z,t)| < co,t < T*}.

2. Viewing n = Vd as the positive normal direction, for = € I';, the normal velocity
of I'y at z is —d(z,t), and the curvature of I'; at  is —Ad(z,t). Thus, (4.5)
becomes

d(z,t) = Ad(z,t) (4.45)

for all = such that d(z,t) = 0.
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3. There exists Cp > 0 such that for all ¢t € [0,7*] and z such that |d(x,t)| < co,

|V (d(z,1) = Ad(2,1))| < Co. (4.46)

4. There exist vg, Vy > 0 such that for all ¢ € [0, 7" — vp] and all s € [t,t + vo],

|d(z,t) — d(z,s)] < Vo(s —t). (4.47)

Properties 1 and 2 above come from Chen (1992) (equations (2.9), (2.10) and Proposi-

tion 2.1) and 3 and 4 follow easily from the fact that sup,cg1 j<p« [I't(u)| < 0o and the
regularity of d provided by 1.

The first property means that, for each ¢t > 0, the region {z : d(z,t) < ¢p} is not
self-intersecting i.e. for each z it contains, the ball {z : |z — z| < d(z,t)} intersects T’y
at precisely one point. Evidently this cannot hold, for example, as the flow collapses
to a point, which is why we work up to time T* < 7. Broadly speaking, the first two

properties characterize mean curvature flow in terms of the function d.

A key ingredient of our proof of Theorem 4.2.3 is the following coupling argument.

Proposition 4.2.13. Let (W;)s>0 denote a d-dimensional Brownian motion started at

z € RY. Suppose that t <T*, B < ¢y and let
Tg =inf ({s € [0,t) : |[d(Ws,t —s)| > B} U{t}).

Then we can couple (Wy)s>0 with a one-dimensional Brownian motion (Bs)s>o started

from z = d(x,t) in such a way that for s < Tg,
Bs — CyfBs < d(Ws,t —s) < Bs+ Cofs.
Proof. By Itd’s formula, we have that for s <t

S
d(WS,t—s):/ A, du + By,
0
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where

Ay = —d(Wy,t —u) + Ad (Wy,t —u)

d

s a i

B, = Z/O ax.d(Wu,t—u)dWIE).
=1 4

We will handle A, and Bj in turn.
For each u € [0,Tp] there exists some x, € RY such that |z, — W,| < B, and
d(zy,t —u) = 0. By (4.45) we have —d(zy,t — u) + Ad(zy,t — u) = 0. Since 8 < ¢y,

by (4.46) we have that, for x on the line segment connecting x,, to W,,, the gradient of

—d(z,t — u) + Ad(z,t — u) is bounded by Cy. We thus obtain

|Au] < Cop.

Since 8 < cp, it follows by (4.44) and Lévy’s characterisation (recall that our Brownian
motions run at rate 2) that (Bs)o<s<7, is a (stopped) Brownian Motion. This completes

the proof. n

Remark 4.2.14. Proposition 4.2.13 provides a probabilistic parallel to one of the key
tools used in the classical study of (mean) curvature flow; approximating the movement
of the interface locally (in space and time) by a particular one dimensional standing

wave.

4.2.4 Majority voting in BBM, for d > 2

Recall the notation introduced in Section 4.2.1 for ternary branching Brownian motion
in dimension d > 2. For z € RY, we write P for the probability measure under
which (W (t),t > 0) has the law of ternary branching Brownian motion in R" with
branching rate 1/¢? started from a single particle at location = at time 0. We use E
for the corresponding expectation. We also write P, for the probability measure under
which (W;)¢>0 has the law of a d-dimensional Brownian motion started at z, and E,
for the corresponding expectation. As usual the notation B (resp. B) refers to a one
dimensional (historical branching) Brownian motion and W and W signal dimension

d> 2.



4.2 Proof of Theorem 4.1.3 169

The proof of Theorem 4.2.3 is in two parts. First, in Section 4.2.4.1 we establish
that the interface is generated in a time dyq = O(g%|loge|). We then, in Section 4.2.4.2,
use Proposition 4.2.13 and Theorem 4.2.5 to investigate how the region around the
interface propagates. In order not to interrupt the flow of the proof of Theorem 4.2.3,
the proof of a central lemma is deferred to Section 4.2.4.3.

Our proof rests on a comparison with the outcome V(B(t)) of majority voting for
the one-dimensional historical branching Brownian motion. In one dimension we always
implicitly take V = V,,; with po(z) = 1{z > 0}. We reserve the subscript p for V,(W(t))

and we assume that p satisfies (¢'1)-(%3).

4.2.4.1 Generation of the interface

In this section we prove that, as in d = 1, in dimension d > 2 an interface of width

O(e|logel) is generated in time O(g?|logel).

Proposition 4.2.15. Let k € N. Then there exist eq(k), aq(k),ba(k) > 0 such that for

alle € (0,eq), if we set
Sa(k,e) := aq(k)e?|loge| and &4k, e) == (aq(k) + k + 1)e%|loge|, (4.48)

then for t € [6q, )],
1. for x such that d(x,t) > bye|loge|, we have PS [V,(W (1)) = 1] > 1 —&F;
2. for x such that d(z,t) < —bge|loge|, we have P% [V, (W (t)) = 1] < €.

Proof. By the same argument as for Lemma 4.2.9, given k£ € N, and taking A(k)
from Lemma 4.2.8, there exist aq(k) and 4(k) > 0 such that, for all € € (0,e4) and
t > aqe?|logel,

P T(W (1) 2 T, >1- ¢, (4.49)

Ilogéd -

It is also easy to obtain a d-dimensional equivalent of Lemma 4.2.10, with essentially
the same proof (using a tail bound on a d-dimensional normal distribution instead

of one dimensional). That is, given k € N, there exist dg(k), eq(k) such that for all
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e € (0,eq), for t € [5@,5&],
PS [3i € N(t) : [Wi(t) — z| > dge|loge|] < £F. (4.50)

We set bg(k) = 2da(k).

By (4.47) there exist vy, Vy > 0 such that for ¢ < vy, and any z € RY, we have
|d(x,0)—d(x,t)| < Vot. Reducing &4 if necessary, for ¢ € (0,eq) we have ¢; < vo. Thus, if
e €(0,eq), t € [0g,04] and  is such that d(z,t) > bge|loge| and |W;(t) —z| < dge|loge]

then combining with the triangle inequality and (4.47),

d(Wi(t)vo) > d(l’,t) - |d({L‘,t) - d(Wi(t)at) | - |d(Wz(t)vt) - d(Wi(t)>O) |
> byge|loge| — dye|loge| — Voo

= %bdsl loge| — Vo(ag + k + 1)e?| loge|.
Therefore, reducing e4 if necessary, in this case we have that
d(W;(t),0) > 1bge|loge|.
Applying (¢2) and (¢3),

p(Wi(t))

v

% + (%bdﬂ loge| A r)

v

3+e, (4.51)

where we again reduce eq > 0 (if necessary), to ensure that € < yr, ¢ < Jbge|loge| for
e € (0,eq).
Exactly as in the proof of Theorem 4.2.5, we can now combine (4.49), (4.50) and (4.51)

to deduce that for € € (0,eq), t € [dq4,d] and x such that d(x,t) > bge|logel,

P [V, (W (t) =1] > 1 — 3£~

The proof of the second statement is analogous. O
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4.2.4.2 Propagation of the interface and proof of Theorem 4.2.3

We now turn to the propagation of the interface region. Our immediate goal is to

establish that

PZ VoW (1) = 1] = Pag iy +o(eptogepy [V(B(1) = 1].

This connection between B and W is made precise by the following result.

Proposition 4.2.16. Let | € N with | > 4. Define aq(l) and 64(l,€) as in Propo-
sition 4.2.15. There exist Ki(l), K2(l) > 0 and eq(l, K1, K2) > 0 such that for all

£ € (0,eq) and t € [04(l,€), T™] we have

o (S [V (W (1)) = 1] = P, 1) eroregioge [VB(®) = 1]) <& (4.52)
and
sup (Pi [Vp(W(t)) = 0] - P 2.t Krekate] loge] [V(B(t)) = 0}) <l (4.53)

rcRd

The proof of Theorem 4.2.3, which follows easily from Proposition 4.2.16, is at the
end of this subsection.
Recall that g : [0,1] — [0, 1] is given by g(p) = 3p? — 2p?. It is convenient to extend

this definition to a continuous, monotone function g : R — [0, 1] as follows:

0 ifp<O
9(p) = 3p2—2p® ifpe0,1] (4.54)
1 if p> 1.

At the heart of the proof of Proposition 4.2.16 is the following lemma, whose proof we

defer to Section 4.2.4.3.

Lemma 4.2.17. Letl € N with l > 4 and Ky > 0. There exists Ko = Ko(K1,1) > 0

and eq(l, K1, K2) > 0 such that for all e € (0,eq), v € RY, 5 € [0, (I + 1)e%|loge|] and
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te[s,T7],

B (9 (Bw, 1oyt szt 1og o VB = 9)) = 1] &)

< 3+ Baoy [9 (P4 srerore g [V(B(E = ) = 1])] + Lceae!
(4.55)

and

B |9 (Powso) srerati—e 1og V(B = ) = 0] ')

g %El + Ed(ib,t) |:g (PSBS—KIQKZtellogg‘[V(B(t - S)) = O]>:| + HSSES(&J'
(4.56)

Proof of Proposition 4.2.16. Take Kj = by(l) + c1(l) where by is as defined in Propo-
sition 4.2.15 and ¢; is as defined in Theorem 4.2.5. Let Ky = Ko(K1,1), as defined in
Lemma 4.2.17. Take €4 > 0 sufficiently small that Theorem 4.2.5, Proposition 4.2.15
and Lemma 4.2.17 apply for € € (0,e4). We begin by observing that for ¢ € (0,eq4),

t € [6a,84] (where & is defined in (4.48)), and z € RY,

B [V, (W () = 1] < S VB@W) =1+ (457)

(z,t)+K1ef2te|loge|

To see this, note that if d(z,t) < —bg(l)e|loge|, then by Proposition 4.2.15 we have
that P [V,(W(t)) = 1] < €. On the other hand, if d(z,t) > —bg(l)e|loge|, then
d(x,t) + K1e52'e|loge| > c1(l)e|loge|, and so, by Theorem 4.2.5, (4.57) holds (since
the right hand side of (4.57) is > 1).

We are left with the case t € [0}, T*]. We assume, aiming for a contradiction, that

there exists t € [0}, T*] such that, for some = € RY,

P [V,(W (1)) = 1] — P V(B(t) = 1] > €.

(z,t)+K1eK2te|logg| [

Let T' be the infimum of the set of such ¢. Choose

T € [T, min(T" 4 3, 7%)] (4.58)
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which is in the set of such ¢. Hence, there exists some z = z(l,¢) € R such that

P, [Vp(W(T)) =1] - P2(17T)+K13K2T5|10g5| [V(B(T)) =1] > " (4.59)

We now seek to show that
PS [V (W(T)) = 1] < L+ P, 1y e orepiog V(B(T) =11 (4.60)

Since %6’ < €, once we obtain equation (4.60) we have a contradiction to (4.59), thus
completing the proof.

We write S for the time of the first branching event in W (T') and Wy for the
position of the initial ‘ancestor’ particle at that time. We note that by the strong

Markov property at time S A (T — dq),

B, [V, (W(T) = 1] = B [g(Biy [Vo(W (T = S)) = 1)) Ls<r-s,

B [Biyy_, VoW () = U Ls2r5,] - (4:61)

We begin with the second term on the right of (4.61). Since T'— dgq > 0 — dg =
(I+1)e?|loge| and S ~ Exp(e2),

ES [Py, [Vp(W(6a)) = 1] Isors, ]| <P°[S > (14 1) |loge]| = 1. (4.62)

To bound the first term on the right of (4.61), partition on the event {S < &'*3} (which

has probability < e!*1):

B [g(Piy, [V (W(T = 8)) = 1)) Ls<rs,]
<P S < ] 4 B [g(Biy, [Vo(W(T = 9)) = 1)) Ls<r—s, Lgsetss]

<ety Es [9 (PZ(WS,T—S)JrKleKz(T*S)s\logal VBT = 5)) = 1]+ 61) ]lSST_a“J '
(4.63)

The last line follows from the minimality of 7" (note that if €3 < § < T — §q, then

T — S € [dg,T") by (4.58)) and from monotonicity of g.
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Conditioning on the value of S, since the path of the ancestor particle (W.) is

independent of S,

ES [0 (PSe 1o s)s kreom 912 tog el (VBT = 9)) = 1] + ') Lgar s, |
(I+1)e2| loge| Iy . }
<[ 2 B [0 (B ray sy eka e [VB(T = 8)) = 1] +!)] ds

+ P [S > (1 + 1) loge||

IA

5 (I+1)e?| log ¢| Lo o2 -
1€ +/0 € ¢ Eiar) [g (PBS+K1eK2Ta\logEI[V(B(T —9) = 1]” ds

+ P [S < 63} gl &t

IN

%gl + 26l+1 + EZ(m,T) [g <P<€BS/+K16K2Ts\loga| [V(B(T - S/)) = 1]) ]lS’ST—5d:| .

(4.64)

Here, the second inequality follows by Lemma 4.2.17. For the final inequality, we write
S’ for the time of the first branching event in (B(s),s > 0) and Bg for the position
of the ancestor at that time, and note that S’ has the same distribution as S. The
inequality follows since T' > &/, and so T' — 64 > (I + 1)e?|loge|.

Putting (4.63), (4.64) and (4.62) into (4.61) we obtain

L [Vp(W(T)) = 1]

! l
<44 2 L B ) [0 (P54 rerorepoge VBT — ) = 1)) 1g<r s,

<4 4 %El + P;(I,T)+K1€K2Ta‘loga| V(B(T)) = 1],

where the final line follows by the strong Markov Property for (B(-)) at time S’ A (T —d4),
in similar style to (4.61). Reducing €4, if necessary, to ensure that %el +4eltt < %el for
all € € (0,eq), we obtain (4.60), which completes the proof of (4.52).

By a similar argument, using (4.56) in place of (4.55), we can also deduce (4.53). O

Proof of Theorem 4.2.3. It suffices to prove the result for sufficiently large £ € N, and

in particular we will show it for k& > 4.
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We choose cq(k) = ¢1(k) + K1e2T". Thus, for any t € [6q,T*] and = € RY such

that d(x,t) < —cq(k)e|loge| we have
d(z,t) + K1ef2e|loge| < —c;(k)e|loge].

It follows from Theorem 4.2.5 (reducing eq if necessary so that ¢ < 1(k)) and (4.52)
that P, [V,(W(t)) = 1] < 2¢* for such z and ¢. Similarly, for = such that d(z,t) >

ca(k)e|loge|, by Theorem 4.2.5 and (4.53) we have P, [V,(W(t)) = 0] < 2¢*. O

4.2.4.3 Proof of Lemma 4.2.17

To complete the proof of Theorem 4.2.3, it remains to prove Lemma 4.2.17. The ideas
in the proof are simple, but are easily lost in the notation, so to explain the structure
we begin with an outline of the proof of the first inequality (4.55). (The proof of (4.56)
goes along essentially the same lines.)

We take a large constant C' and consider the cases |d(x,t)| > Ce|loge| and |d(z,t)| <
Ce|loge| separately. Since s = O(e?|logel), with high probability neither the d-
dimensional Brownian motion W nor the one-dimensional B moves a distance more
than O(elloge|) before time s. Therefore, if C' is sufficiently large and d(z,t) <
—Ce|loge|, Theorem 4.2.5 tells us that the left-hand side of (4.55) is < ¢/*1; similarly,
if d(z,t) > Ce|loge| then the right-hand side of (4.55) is > 1. This leaves the case of
|d(z,t)| < Celloge|, in which we apply Proposition 4.2.13 to couple W with B in such

a way that with probability 1 — O(gl*1),
d(Ws,t — s) < Bs + O(e|logel)s.
Thus, using monotonicity (4.17), the left-hand side of (4.55) is bounded above by

l +1
Eatet) [9 (P s sy ekt pogeyefogel [VBE— ) = 1] + ) | + 0.

If |[p — 1| > &, we can use that |¢’(p)| < 2/3 to pull the €’ outside the argument of g
and then use monotonicity again to recover (4.55). The difficulty is that close to p = %,

we have ¢'(p) > 1. In the case Py | e 16509 10(s))e|oge| [V (B — 5)) = 1] = %, we
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instead choose K9 > 0, and use the lower bound on the ‘slope of the interface’ given
by Corollary 4.2.12 to estimate the increment in P$[V(B(¢t — s)) = 1] when we replace
2+ (K1e%2(=9) 1 O(s))e| loge| by z + Kief2le|loge|.

The remainder of this subsection contains the formal proof.

Proof of Lemma 4.2.17. We begin by proving (4.55). For the duration of the proof, for
u > 0 and z € R we write

Q" =P [V(B(u)) = 1].

Recall Cy and ¢ (k) from (4.46) and Theorem 4.2.5 respectively. Let
R=2c(l)+4(l+1)d + 1. (4.65)

Fix K5 such that
KI(KQ - C()) - C()R = 01(1). (466)

Let eq = €1(l) where £1(1) is defined in Theorem 4.2.5.
First we need an estimate for the probability that a d-dimensional Brownian motion

moves further than ~ ¢|loge| in time s (recall that s < (I + 1)e?|loge|). Let

A, = { sup |[W, —z| <2(1+ l)dalloge\} :
u€(0,s]

Then bounding |W,,| by the sum of the moduli of d one-dimensional Brownian motions

and using the reflectional symmetry of one dimensional Brownian motion,

P, [A%] <2dP [ sup By > 2(1 + 1)e] log5|]
u€(0,s]

<4dPy [By > 2((1 + 1)|loge|) /2]

< 4det* (4.67)

Here, since s < (I + 1)e?|loge| the second line follows by the reflection principle. The
last line follows using the tail bound P[B; > z] < e/,

As advertised, we now consider the following three cases:

(i) d(z,t) < = (21(1) + 20 + Vel + KyeK2(=9)) e[ loge],
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(i) d(z,1) > (2e0(1) + 21+ Dl + K120 e loge],
(i) [d(z,2)| < (2e1(2) + 20 + 1)al + K1eK2(-9)) e loge].

The third case corresponds to x being close to the interface at time ¢. The first two
cases correspond to x falling (sufficiently far) inside or outside of the interface.
Case (i): Recall that by (4.47) there exist vg, Vo > 0 such that if s < vy and z € RY
then
|d(x,t) —d(z,t —s)| < Vps. (4.68)

We reduce g4, if necessary, to ensure that for ¢ € (0,e4) we have (I + 1)e?|loge| < vo.

Then if the event A, occurs,

AW, t — s) + K1e52(=)¢|log ¢
< —(2c1(1) +2(1 + 1)d)e| loge| + |d(Ws, t — s) — d(z,t)]
< —(2c1(1) + 2(I + 1)d)e| loge| + |d(x,t) — d(x,t — s)| + |Ws — x|

< —2¢1()e]loge| 4+ Vo(l + 1)e?| loge|. (4.69)

Here, the second line follows from being in case (i) and the third follows from the
triangle inequality. The final line then follows from (4.68) and that s < (I + 1)e2|loge],
and since A, occurs.

Reducing €4, if necessary, from (4.69) we have
AWy, t — s) + K1e520%)¢| loge| < —¢1(1)e|loge|.
Therefore

Eq g (QZ’(tV;/:,t—s)+K1eK2(t—s)a\logal +')| < Be gl +e)ha| + Po 147

< 6% + 4de! T

Here the first inequality follows by Theorem 4.2.5 and the second inequality by the

definition of g in (4.54) and by (4.67). Again reducing e4 if necessary, for € € (0,e4) we
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have

e,

SN

et—s !
Ex[Q(Qd(Wg,t—s)+KleK2(t*5)s|log6| +e )] S

and so (4.55) holds in this case.
Case (ii): In this case, we have that d(x,t) > (c1(I) + 2(I + 1))e|loge|. A similar

argument to that used for (4.67) gives us that
Pyiesy [Bs < c1(Delloge]] < . (4.70)

It follows that in this case

t— b=
Ed(a:,t) [g (QEBSJrSKleKﬂeHogs\)} > Ed(z,t) [g (QEBS+SK16K2tE“Og€|) ]]-{BS 2 cl (l)d 10g5|}}

> 1 - 32 _ gl

i

where the second line follows by Theorem 4.2.5 and (4.70) and the last line by the

definition of ¢ in (4.54). Again reducing eq if necessary, for € € (0,e4) we have

e,t—s 3.1
Ed(a;,t) [g(QBS—i-KleKZtergs\)} =>1- 1€

and so (4.55) holds in this case.
Case (iii): We now turn to the case in which x is close to the interface. If the event

A, occurs, for u € [0, s] we have

AW, t — )| < Wy — [ + [d(z, )] + [d(z, 1) — d(z, ¢ - u)|

< (2c1 () + 41+ 1)d + K1e52))e| log e| + Vo (I + 1)e2| loge],
where the second line follows by (4.68). Reducing €4 if necessary, for € € (0,24) we have

d(Wy, t —u)| < (R+ K1ef2t79))e|loge], (4.71)
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where R is defined in (4.65). We now apply Proposition 4.2.13 with
B = (R+ Kief2t=))e|loge|. (4.72)
By reducing e4 if necessary, we have for ¢ € (0,e4) that 8 < ¢g. Define
Tg = inf({u € [0,t) : |[d(Wy,t —u)| > B} U{t}).

Then by Proposition 4.2.13, we can couple (Wy,)y>0 with (By,)u>0, a one-dimensional

Brownian motion started from d(z,t), in such a way that for u < Tp,
d(Wy,t —u) < By + Cofu. (4.73)

Hence

E,t*S l
Ex [g(Qd(WS,t—s)+KleK2(t*S)g|10g5‘ +e )}
e,t—s l
S Ed(Iyt) [Q(QBS-FCUﬂS-‘rKleK?(t_S)Ellogs‘ + e )i| + Px [TIB S S]

et—s l +1
S Ed(ac,t) [Q(QBS+CO/BS+K16K2(t7‘S)E|loga‘ + e ):| + 4(]:15 . (474)

Here, the first inequlaity follows by (4.73), (4.17) and the monotonicity of g. The second
inequality then follows by (4.67) (note that by (4.71), if A, occurs then T3 > s).

Now let
o et—s _ 1 5
E= {‘QBS+0058+K16K2(“3)€|10g€\ 2’ < 12} ’

We shall consider the cases E and E° separately to bound the right hand side of (4.74).

Consider first when the event E occurs. Note that by the definition of 8 in (4.72),

Kief2le|loge| — (Coﬁs + Kpefelt=s)g| log5|)
= (K16K2(t’s)(eK23 —1—-Cops) — C()RS) el loge]
> (K1 (K2 — Cp) — CyR) se|loge|

= c1(1)sellogel, (4.75)
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where the inequality follows since K3 > 0 and the last line follows by (4.66). Reducing

eq if necessary so that eg < min(e1(1), i), for € € (0,e4) we can apply Corollary 4.2.12
with z = By4+Cofs+K1e%2(=9)e|loge| and w = z+¢1(1)se|loge| < B+ Kjef%te|loge|

to give that

e,t—s e,t—s 1
9 < k] 4 . A
QBS+0063+K16K2<FS>5|1oge|]1E = (QBS+K16K2te|1ogs\ 488)]1E (4.76)

Finally, we consider the case when the event E€ occurs. Recall that g(p) = 3p? — 2p3

for p € [0,1], so ¢'(p) = 6p(1 — p). Hence if p,§ > 0 with either p+ 4 < § or p > 3 then
9(p+9) < g(p) + 34. (4.77)

Reducing e4 if necessary so that % +el < é for € € (0,e4), we have

e,t—s l e,t—s 2.1
’ e < ’ 9 c
g <QBs+Coﬁs+KleK2“—S>slloge\ te ) Lge < (9 (QBs+coﬂs+K1eK2<t—s>e\1oga|) NN ) Lg

< (9(Q5 kiermateioger) + 3¢ Lpes (478)

where the first line follows by (4.77) and the last line by (4.75) and monotonicity of g.
Putting (4.76) and (4.78) into (4.74),

e,t—s l
E:(: {g(@d(ws,t—s)+K1eK2(t*$)£\ loge]| +e )]
et—s 1 l
< Ed(x,t) {g (QBS+K16K2ta|log8| 185 TE ) HE}
et—s 2.1 I+1
+ Ed(x,t) {(g (QBS+K16K2ta|logs|) + 3¢ ) ]lEc:| + 4de

et—s 2.1 l I+1
< Ed(:v,t) {g (QBS+K16K2ts|log5|)} + 3¢ +e ]]‘s§4861 + 4de ,

where the last inequality follows in the case s < 48¢! since |¢/(p)| < 2 for all p € [0, 1].
Reducing &4, if necessary, so that 4de!*! < 1—12€l and 48! < 3 for € € (0,eq) completes
the proof of (4.55).

The second statement of the lemma, equation (4.56), is proved by the same argument,

considering {V(B(u)) = 0} instead of {V(B(u)) = 1} and using d(W,,t —u) >
B, — Cypu for u < Ty in place of (4.73). O
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4.3 Proof of Theorem 4.1.8

In this section we turn to the proof of our central result, Theorem 4.1.8, which provides
convergence, after suitable rescaling, of the SLFVS started from an appropriate initial
condition to the indicator function of a region whose boundary evolves according to
mean curvature flow. The proof mimics that of Theorem 4.1.3 in exploiting a dual
process. However, because of genetic drift, in addition to branching, individuals in our
dual process can coalesce. The duality relation will once again be with a historical

process and expressed through a majority voting procedure.

4.3.1 A branching and coalescing dual for the SLFVS

We begin by describing the dual process of branching and coalescing lineages. It is
driven by the same Poisson Point Process of ‘events’ that drives the SLEVS. Recall
from (4.11) that II" is a Poisson point process on Ry x R% x (0,00) with intensity
measure

ndt @ nPdx @ p"(dr).

We also let

u 1 1

Up = ——=5 and Sy = — 5.
" opl=28? " g2 2k

Definition 4.3.1 (SLFVS dual). Forn € N, the process (P)i>o is the Uy (R?) -valued
Markov process with dynamics defined as follows.

The process is started with a single individual P} = = and for t > 0, P} =
(&r(t), ... ,f?{,(t)(t)) for some N(t) € N. At each event (t,z,r) € II", independently

of all else, the event is said to be neutral with probability 1 — s,,. In this case:

1. For each ' (t—) € B, (x), independently mark the corresponding individual with

probability u,;

2. if at least one individual is marked, all marked individuals coalesce into a single

offspring individual, whose location is drawn uniformly at random from within

B (z).

Otherwise the event is said to be selective, in which case:
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1. For each £'(t—) € B,(z), independently mark the corresponding individual with

probability u,;

2. if at least one individual is marked, all of the marked individuals are replaced by
three offspring individuals, whose locations are drawn independently and uniformly

from within B, (x).
In both cases, if no individual is marked, then nothing happens.

Remark 4.3.2. We have referred to the new individuals created during reproduction
events as ‘offspring’ individuals. From a biological perspective, it would perhaps be more
natural to call them ‘parents’ or ‘potential parents’, as forwards in time they correspond
to the locations from which alleles from the parental generation are sampled. However,
as much of our proof of Theorem 4.1.3 will carry over with minimal changes to the
SLEVS setting, we wish to retain the terminology of the branching Brownian motion of

the previous section.

The duality relation that we exploit is between the SLEVS and the historical process

of branching and coalescing lineages,

We write P, for the law of =" when P{ is the single point x and E, for the corresponding
expectation. For i € {1,2,3} with & = (i1,42,...), we let (£2(-))o<s<t € Z(¢) denote
the R9-valued path which jumps to the location of an offspring when the individual in
P? at its location is affected by an event, jumping to the z‘zh offspring when it is affected
by its k' selective event. We shall refer to (£7'(-))o<s<t as an ancestral lineage.

The voting procedure on =Z™(t) is a minor modification of Definition 4.2.1. Let
p: RY — [0,1] be a fixed function. Recalling that the set of individuals in P} is
{&8(t), ... &N (t)}, for each j < N(t), the individual £} (¢) votes 1 with probability
p(&7(t)) and otherwise votes 0; votes from different individuals are independent. As we

trace backwards in time through Z(¢),

1. at each neutral event, all individuals that are marked in the event adopt the vote

of the offspring individual of the event;
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2. at each selective event in 11", all individuals that are marked in the event adopt

the majority vote of the votes of the three offspring individuals of the event.

This defines an iterative voting procedure, which runs inwards from the ‘leaves’ of =Z"(t)

to the ancestral individual 0.

Definition 4.3.3 (V). With the voting procedure described above, we define V,(Z"(t))

to be the vote associated to the root ().

At this point the duality relation between the SLFVS and Z(t) is easy to guess.
However, in order to write it down formally, we have to overcome the fact that the
SLEVS will only be defined, as a function, Lebesgue a.e. and so we cannot necessarily
define w}(x) for a fixed point z € RY. However, if, ¥ € C(R?) N L'(RY), then the

function

Y(z)wy (z)dz,
Rd
15 well-defined.

Theorem 4.3.4. The spatial A-Fleming-Viot process with selection driven by II™,
(w(z),z € RY)y>q, is dual to the historical process (E"(t))i>o0 in the sense that for

every 1 € C(RY) N LY(RY), we have

]Ep[/Rd (z)w) (x) dm} = /Rd P(z)E, {Vp (E"(t))} dr = /]Rd ()P, [Vp (E")) = 1} dx.
(4.79)

Remark 4.3.5. Of course, we are abusing notation here: the expectations on the left
and Tight of this equation are taken with respect to different measures. The subscripts

on the expectations are the initial values for the processes on each side.

To see that the result should be true, note that (if it is defined) wj'(z) is the
probability that an allele sampled from the population at the location x at time ¢ is of
type a. In order to determine that probability, we trace back until the most recent event
that covered the location z. With probability u,, the chosen allele was an offspring of
the event, in which case its type can be determined if we know the types of the potential

parents of the event. If the event is neutral, the type is that of an allele (the ‘parent’)
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sampled from a point picked uniformly at random from the affected region at the time
of the event; if it is selective, then the type is the ‘majority vote’ of three ‘potential
parents’ sampled uniformly at random from the affected region. In order to determine
the types of the potential parents, we continue to trace backwards in time, following
the locations of all potential ancestors until time zero. This gives us the dual process
="(t). At that time, each potential ancestor samples its type according to the initial
condition wyp at its location. We can then determine w}'(z) by working back through
E"(t) using our majority voting procedure.

A formal proof of Theorem 4.3.4 using generators is a simple extension of that of
the corresponding duality for the spatial A-Fleming-Viot process with genic selection
in Etheridge et al. (2014) (and indeed can be extended to cover the more general initial
conditions for the dual process considered there) and so is omitted.

The duality reduces the proof of Theorem 4.1.8 to the following analogue of Theo-

rem 4.2.3.

Theorem 4.3.6. Take o? as in (4.13). Suppose that 3 € (0,1/4) and let €, be a
sequence such that e, — 0 and (logn)'/?e, — oo as n — oo. Assume p satisfies
(€1)-(€3) and define T, d(x,t) as for Theorem 4.1.3; take T* < 7. Let k € N. There
exist ny(k) € N, and a.(k), ci(k) € (0,00) such that for alln > n* and all t satisfying

asel|loge,| <t < T¥,
1. for x such that d(x,0%t) > cien|logen|, we have Py [V,(2n(t)) = 1] > 1 — &k,
2. for x such that d(z,0%t) < —cien|logey|, we have Py [V, (E7(t)) = 1] < &k,

Before providing a proof of this result, let us explain why it should be true.
First consider the motion of a single ancestral lineage &'(-) in =" (t). It evolves as
a pure jump process which is homogeneous in both space and time. Write V,. for the

volume of B, (z). The rate at which the lineage jumps from y to y + z can be written

Rn
M (dz) = nupn®® / Vr(0:2) i (ar e, (4.80)

0 Vi

where V,.(0, z) is the volume of B,(0) N B,(z). To see this, by spatial homogeneity, we

may take the lineage to be at the origin in RY before the jump, and then, in order for it
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to jump to z, it must be affected by an event that covers both 0 and z. If the event
has radius r, then the volume of possible centres, x, of such events is V,.(0, z) and so
the intensity with which such a centre is selected is n n®#V;.(0, 2)u™(dr). The parental
location is chosen uniformly from the ball B, (x), so the probability that z is chosen as
the parental location is dz/V, and the probability that our lineage is actually affected
by the event is u,. Combining these yields (4.80).
The total rate of jumps is
my(dz) = /Rn Ny n‘dﬁi / Lipj<r Lip—z<rdx dz p" (dr)
R 0 Vi Jra Jra

R
= / nuy, nPV, " (dr)
0

R
= nzﬁuvl/ rp(dr), (4.81)
0

and the size of each jump is ©(n~?) and so it is no surprise that in the limit a single
lineage will evolve according to a (time-changed) Brownian motion. To identify the

diffusion constant, we calculate:

1 2 1 2 R d,BVT(OaZ) n
ﬁ/}gd |z|*my,(dz) = 5 /Rd\z\ nun/o n A (dr)dz

u (R 2 Vi (0, 2)
_ ﬁ/0 /Rd oL (), (482)

which is precisely o2 from (4.13).

Note also that a lineage is affected by selective events at rate
R
uVl/ rlu(dr) | n*s, = ne;?, (4.83)
0

where n = ul} foy reu(dr). Evidently, we can bound the total number of lineages in

E"(t) above by the total number in a process in which each lineage, independently,

branches at rate ne,, 2. Since ¢, 2 = o(logn), this implies that for any ¢ > 0, with high
probability, there are o(n®) pairs of lineages in Z*(T*). Each such pair is in the region
affected by some event (neutral or selective) at most O(n) times in [0,7*] and so the

2

chance that we see any coalescence events is o(nu2 n%) for any § > 0. Since nu2 = n*#~1
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and 8 € (0,1/4), for large n we do not expect to see any coalescence events before time
T*.

Combining the above, the dual is well approximated by a ternary branching Brownian
motion with branching rate ©(s,,2) and so it is natural to expect that an equivalent of

Theorem 4.2.3 holds.

4.3.2 Majority voting in the SLFVS, for d > 2

The rigorous proof of Theorem 4.1.8 closely follows that of Theorem 4.2.3. In Sec-
tion 4.3.2.3, we focus on generation of the interface, which is proved in much the same
way as Proposition 4.2.15. Then, in Section 4.3.2.4, we look at the propagation of the
interface. We shall see that, since it essentially focusses on a single branching event, the
argument of Section 4.2.4.2 is sufficiently flexible to adapt to the SLFVS setting.
First we present the additional arguments required in the SLFVS setting. These
stem from the fact that ancestral lineages in the dual of the SLFVS follow jump
processes (which, when the lineages are too close together, are dependent), and from
the coalescence of ancestral lineages. In Section 4.3.2.1 we show that (in between
selective events) the motion of a single ancestral lineage is approximately (time-changed)
Brownian motion. Then, in Section 4.3.2.2, we show that, asymptotically, the three
families of descendants of offspring created during a selective event evolve independently

(conditional on their locations at birth).

Remark 4.3.7. In Sections 4.2.2 and 4.2./ we used subscripts to distinguish variables
that played the same role in each section, but had different values; e.g. 61 in (4.33)
and dq in (4.48). The corresponding quantities in this section will be denoted with a

subscript x, for example d, in (4.90).

4.3.2.1 A single lineage

We begin the proof by showing that the trajectory of a single lineage is close to that
of a Brownian motion. We follow what is now a familiar argument in the context of

spatial A-Fleming-Viot processes (see for example Etheridge et al. (2015a)).
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Let (£7(t),t > 0) be a pure jump process started at z € RY with rate of jumps from
y to y + z given by the intensity measure m"(dz), and let (W (t),t > 0) be a Brownian

motion in RY started at x.

Lemma 4.3.8. Fort > 0 fized, there is a coupling of W and £" under which
B [le(t) - W(o?t)| 2 n /5] = 0(n Pt v 1),

Proof. For ¢ > 1, let X; = f?/nw — fail)/nw. Then X7, Xo,... are i.i.d. with a

rotationally symmetric distribution and, by (4.82), E[|X|?] = 2do?n=25. Moreover,
by (4.81), the number of jumps made by " on the time interval [0,n~2%] is Poisson,
with mean ©(1), so since each jump has magnitude at most 2R, E [|X1[4] = O(n=*7).
Then by Skorohod’s second embedding Theorem, see e.g. Billingsley (1995), there is a
Brownian motion W started at  and a sequence vy, v, ... of stopping times such that

setting vg = 0, (v; — vi—1);>1 are i.i.d. and
W(vi) = €"(i/n*), Blvi—via] = HE[|X1P] =007, El(vi — v 1)2] = 0(n~ ).

It follows that E[v|;,s|] = o?[tn?$|n=28 and Var[v|y,2s)] = O(tn=2%). Hence by

Chebychev’s inequality,
P [[vpn2e) — 0% > 2] = O(tn~F), (4.84)
Now we have that
€"(8) = W (o?t)] < |€7(t) — €"([tn® ] /n®)| + W (v)yee)) = W(o?t)].  (4.85)
To control the first term on the right hand side, observe that

P [le"(t) - £"([tn* | /n?)| > n=P/0 /2] <E[|X1]?] (n7P/6/2)72 = 0(n~"F5). (4.86)
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To control the second term on the right hand side of (4.85), let Z ~ N(0,1), then

IPDW(UWM ) = W(o?)| > n0/0 /2]

<P _|UWL2/3J — ot > n_ﬁ/ﬂ

+ P |:|Uttn2/3J - U2t| S niﬁ/z, ‘W(U[tnmﬂ) — W(O'Zt” Z n*ﬁ/6/2}

<P sup (W (s) — W(0)| >nP/6/2
_56[_71*[3/27”*5/2}

+0(tn=P).

<4dP [Van P12 > n 0 )2d] + 0(tn 7).

= O(exp(—gzn®%)) + O(tn™P). (4.87)

Here, the second inequality follows by (4.84) and the third inequality follows by bounding
the modulus of a d-dimensional Brownian motion by the sum of the moduli of d one-
dimensional Brownian motions and then using the reflection principle. Combining (4.86)

and (4.87) with (4.85) completes the proof. O

Next, we need the asymptotic distribution of an ancestral lineage and its first branch

time (that is the first time that it is affected by a selective event).

" and

Corollary 4.3.9. Let 7 be the first branch time of =". There is a coupling of =
W under which 7 and W are independent, T ~ Exp(ne, %) where n = uV; foy réu(dr),

and fori=1,2,3,
P[] (r) = W(o?r)| = 30~/ = 0(n").

Proof. The distribution of 7 follows immediately from (4.83).

Now consider any ancestral lineage £ C Z". By the thinning property of Poisson
processes, at any time ¢ > 0, we can write £"(t) = £5%L(¢) 4 £"P%%(t), where £™se!
and £""*" are independent pure jump processes with jump intensities s,my(dz) and

gn,sel, §n,neu is

(1 — sp)my(dz) respectively, and taking 7 to be the first jump time of
independent of 7. Using Lemma 4.3.8 with (1 — s,,)m,(dz) in place of m,(dz), we can

couple £™™°" with a Brownian motion W in such a way that for any ¢ > 0,

P[,fn,neu(t) _ W(O’2(1 o Sn)t)‘ > n*B/G] < O(niﬁ(t V 1))
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Since s, = o(logn/n?%), using Chebyshev’s inequality,
1
muvw%)—mqa%1—swﬂyznﬂﬂﬂ:o((fgnwﬁtvn>,

n

and so using the triangle inequality

P|[€"(7=) — W(o™r)| 2 2n 7"

T}:oozﬁTvn)

Since E[r] = O(e2) = o(1), and for i = 1,2,3, |¢M(7) — &M(7—)| < 2R, = 2n PR the

n

result follows. ]

4.3.2.2 Independence after branching

We now define a modification of Z™(¢) which we denote by ¥"(¢) in which lineages evolve
independently after branching (so, in particular, do not coalesce) and then show that

="(t) and ¥"(t) can be coupled in such a way that they coincide with high probability.

Definition 4.3.10 (Branching jump process). For given n € N and starting point
x € RY, (U™(t),t > 0) is the historical process of the branching random walk which is

described as follows.
1. Each individual has an independent exponential lifetime with parameter ne, 2.

2. During its lifetime, each individual, independently, evolves according to a pure

Jump process with jump intensity (1 — sp)my,(dz).
3. At the end of its lifetime an individual branches into three offspring.

4. The locations of the offspring are determined as follows. For each branching event,
independently, pick r € (0,R,] according to rd,u”(dr)/fOR” sy (ds). If the parent
is at the point z € RY, then each of the three offspring, independently, samples its

location uniformly from By(z).

Remark 4.3.11. Note that the only difference between the distributions of 2™ and W™
is that in V", lineages evolve independently after branching, whereas in =™, two distinct

lineages may be hit by the same event in II,.
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We define V,(¥"(¢)) in the usual way (as in Definition 4.2.1): a leaf at location
¥;(t) € RY votes 1 with probability p(1;(t)), otherwise it votes zero, and votes from
different leaves are independent; working back through the tree an individual adopts

the vote of the majority of its offspring and V,(0"(t)) is the resultant vote at the root.

Lemma 4.3.12. Let T* € (0,00), k € N and z € RY. There exists n, € N such that

n

or abl . = T, ere 1S a couputng oy = starte rom z an starte rom z Suc a
for all n > n., there i ling of E" started f d U™ started f h that

with probability at least 1 — & we have
ENT) = v™(TT).

The remainder of this section is devoted to the proof of Lemma 4.3.12. To do so, we
consider a slightly different description of the dual of the SLFVS, which will preserve

the distribution of =".

Definition 4.3.13 (Pre-emptive SLFVS dual). For n € N, the process (P1)i>0 is a
U121(R‘d)l—valued process of individuals, each of which may be marked. The dynamics
are described as follows.

The process is started with a single individual at the point x; we write (7(t), . .. ,{}f,(t)(t))
for the locations of the random number N(t) of individuals at time t.

At time zero, independently of all else, the individual £1(0) is marked with probability
Up -

At each event (t,x,r) € II", independently, the event is said to be neutral with

probability 1 — s,,. In this case:

1. if at least one individual £'(t—) € B, (z) is marked, then all marked individuals
in B.(x) are replaced by a single offspring individual, whose location is drawn

uniformly at random from within B, (x);

2. for each &' (t) € B, (), including the offspring individual if any, independently

mark the corresponding individual with probability w, and unmark it otherwise.

Otherwise the event is said to be selective, in which case:
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1. if at least one individual £'(t—) € B,(x) is marked, the collection of marked
individuals in B,(x) is replaced by three offspring individuals, whose locations are

drawn independently and uniformly from within B, (z);

2. for each £'(t) € B, (x), including the offspring individuals if any, independently

mark the corresponding individual with probability w, and unmark it otherwise.

In between events in 11, nothing happens. In particular, once marked, an individual
remains marked until it is in the region covered by an event, and, during events, all
individuals in the affected region (whether they were marked before the event of not)
sample afresh from independent Bernoulli random variables to decide whether they are

marked immediately after the event.

In the same way as we defined =", ignoring marks, we write ®" for the historical
process corresponding to the pre-emptive dual. The distribution of ®™ is equal to that
of Z". The only difference between Definition 4.3.1 and Definition 4.3.13 is that, for
each reproduction event, whether or not a individual that lies in the affected region
is marked for reproduction was determined at the time of the previous reproduction
event that affected a region in which it lies. Notice that for both neutral and selective
events, even if no individual is marked at time ¢—, all individuals in B,(z) at time ¢
(after the reproduction has taken place), independently, renew their status as marked or
unmarked.

n

The key observation that will allow us to couple =" (or equivalently ®") and ¥" is

that for as long as two ancestral lineages are not both marked, they evolve independently.

Lemma 4.3.14. Let T* € (0,00). There exists o > 0 such that
P [Elff # & CON(T7),t€[0,T7] s.t. & and & are both marked at time t} =0(n™%).

Proof. Write T(®"(t)) for the genealogy of ®"(t). We begin by showing that for any
constant b > 0, T(®"(T*)) C T}, ,, with high probability. Recall from (4.83) that the
rate at which each lineage is affected by reproduction events is ne; 2 = o(logn). Let

M™ be a Poisson distributed random variable with mean T*ne,,?. Recall that if Z’ is
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Poisson with parameter y, then (using a Chernoff bound) for k& > v,

e X(ex)"

PZ' > K] < —

(4.88)

Hence for b > 0 a constant, applying (4.88) with k = blogn and x = T*ne,,? = o(logn),

taking n sufficiently large that bl?én < 373, we have

P[M™ > blogn] < g—2blogn—1
Then by a union bound over each root to leaf ray of ‘J'Z(ifgn,

P |T(®"(T%) & T35, | <35 'P[M" > blogn] < 3701, (4.89)

blogn

Given a particular pair of lineages, &', &7 C ®"(t), we want to bound above the
probability that a reproduction event occurs during [0, 7%] after which both are marked.
The first time that this happens, at least one of £* and §; must be in the region affected
by the event. After the event, the probability that both lineages are marked is u2
(irrespective of whether the second lineage was also in the affected region). The number
of reproduction events before time 7™ with region containing &' is Poisson with mean
©(n). Hence, the probability that a given pair £, &; are both marked at some time
t €[0,7*] is O(nu2) = O(n*=1).

Using a union bound over pairs of lineages, we have

P |36} # & C @"(T") and t € [0,T"] such that &' and &} are both marked at time ¢|
< 37blogn + 32b10gno(n4,871)

< 37blogm 1 9 (exp (2b(log 3)(logn) + (48 — 1) logn)) .

Noting that 43 — 1 < 0 and choosing b such that 2b(log3) + (45 — 1) < 0 gives the

required result. O

Proof of Lemma 4.53.12. Let

T=inf{t > 0: 3" # § C ®"(T") such that &' and &;' are both marked at time ¢}.
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Noting that for any k& € N and any o > 0 we have n=® = o((logn)~*/2) = o(e*), by

n

Lemma 4.3.14, for n sufficiently large, P[r > T*] > 1 — ¥, For as long as ancestral
lineages in ®™ are not both marked they evolve independently, so we may couple (9" (t))
and (U™(t)) to be equal up until time 7 and the result follows. O

4.3.2.3 Generation of the interface

In this section we show that, in analogy to Proposition 4.2.15, the interface is generated

in time of order £2|loge,|. The proof is similar to that of Proposition 4.2.15.
Proposition 4.3.15. Let k € N. Then there exist ny(k), ax(k), d«(k) > 0 such that, for
all n > n,, if we set

6u(k,n) := ay(k)e2|logen| and  OL(k,n) := (ax(k) +n 1 (k+1))e2|loge,|, (4.90)

then for t € [d, 0],
1. for x such that d(x,c%t) > d.e|loge|, we have P, [V,(E™(t)) = 1] > 1 —&k;
2. for x such that d(z, %) < —d.e|loge|, we have P, [V,(E"(t)) = 1] < &k.

Using the coupling from Lemma 4.3.12, it suffices to prove the result for the branching

jump process ¥"(t) in place of Z"(¢). For this we exploit the following lemma.

Lemma 4.3.16. Let k € N and let A(k) be chosen as in Lemma 4.2.8. There exist

a(k), B«(k) € (0,00), and n.(k) < oo such that for all n > n, and o, 0, as defined

in (4.90),
n e, k
P |T(0"(6.)) 2 T3 togen | = 1 25, (4.91)
and P |T(2"(3)) € T5 ) 1ogen| = 1 €5 (4.92)

Remark 4.3.17. During the proof of Proposition 4.2.15, we deduced (4.49), which is
the equivalent of (4.91). We did not require an equivalent of (4.92). We shall use (4.92)

here in order to prove the equivalent of (4.50).
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Proof. Recall from (4.83) that a given ancestral lineage in ¥" branches into three after
an exponential time with rate ne,; 2. Hence, (4.91) follows for a, sufficiently large by
the same proof as Lemma 4.2.9.

The proof of (4.92) is the same as that of (4.89). Let L™ be a Poisson distributed
random variable with mean §.ne,% = (ax + 1 1(k + 1))n|loge,|. Take B, = B.(k)

sufficiently large that B, > (as +n~'(k + 1))y and
1
elas +n Yk +1))nB < ge_k/B*_l. (4.93)

The Chernoff bound (4.88) gives

- _1\ Bxllogen|
P > Bi|logen] < (el +n~ ' (k+1)nB )

< ghg=Blloaenl=1, (4.94)

and, taking a union bound over each root to leaf ray of ‘J'fgeg| log en’
* n

PT("(5) & Tty 00| < 3715 PIL” > Bullogea) < ef,

which completes the proof. O

Proof of Proposition 4.3.15. We prove this result with ¥™ in place of Z" (from which
the result follows using Lemma 4.3.12). The approach closely follows that of Proposi-
tion 4.2.15 except that now we have to control the distance between the jump process
followed by a lineage and Brownian motion.

Take a, from Lemma 4.3.16, and ¢ € [d,d.]. Let (£"(t),t > 0) be a pure jump
process with rate of jumps from y to y + z given by the intensity measure m”"(dz).
By Lemma 4.3.8 we can couple (£"(t),t > 0) with a d-dimensional Brownian motion

(W (t),t > 0) in such a way that £"(0) = W(0) and

P [[€"(t) = W(o?t)] = n~?/%) = O(n~?).
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For d, (k) a constant, for large enough n, since ;% = o(logn) we have 3d.e,|loge,| >

2nP/6. Hence, for such n,

P [|"(t) — €"(0)] = Sduenl logn]] < B [1€°(t) — W(0%t)] = n= /"]

+P[|W(0?5,(,n))) = W(0)| > jduen|logen|
d2
_ * log &,,
61 (e T kT 1)) 108° ’)

< O(n™?) + 2d exp (

< 373*| logen\gﬁ.

Here the second inequality follows by bounding the modulus of a d-dimensional Brownian
motion by the sum of the moduli of d one-dimensional Brownian motions, and the last
inequality follows for d, sufficiently large. Using (4.92) and taking a union bound over

the root to leaf rays of T, |1ogc,|, for t € [ds, d%],

P, [35? C \I’n(éi) s.t. |£l’l(t) _ m’ > %d*sn\ logsn” < Eﬁ +3B*\log6n|3—B*|log6n‘€Z

< 2k, (4.95)

Combining (4.95) with Lemma 4.3.16, we obtain that, with probability > 1 — 3¢¥,

1. V,(P"(t)) is given by independent votes at each of the leaves of T(¥"(¢)).

2. T(n(t)) 2 ‘J'i‘eﬁog c,| and the positions of the individuals corresponding to the

leaves of T(U"(t)) are all within 3d.e,|logey| of their starting position.

Just as in the proof of Proposition 4.2.15 we obtain Proposition 4.3.15 with U™ in place

of =Z". An application of Lemma 4.3.12 completes the proof. O

4.3.2.4 Propagation of the interface

We require the following slight modification of Lemma 4.2.17.

Lemma 4.3.18. Letl € N withl > 4 and K1 > 0. There exists Ko = Ko(K1,1) > 0 and
n«(l, K1, K3) > 0 such that for alln > n,, x € RY, s € [02el3, 02(1 4+ 1)n7 12| logeyn|]
and t € [s,0°T*],

En o !
E;B [g (Pd(VVS,t—s)—l—KleKZ(t_S)sn|logen\+3n_5/6 [V(B(t - S)) - 1] + En)}
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< S+ Bawny [9 (PG syemaren roge, V(B = 8) = 1])] + Tocczel,
(4.96)

and

n _ l
B [0 (P o grematiesron g an-s/o[V(B(E = 8) = 0] + &} )|

< 3eh 4 Baeny |9 (P _jeyomare, oge, [VB(E=8) = 0]) | + Tocageh.
(4.97)

Proof. The proof is essentially the same as that of Lemma 4.2.17. Let R = 2¢1(l) +
4o~ Y2(1 +1)d + 1 and fix Ky such that K;(Ky — Co) — CoR = 2¢1(1); let

A, = { sup |Wy — x| < 20 214 1) de logs\} .
u€l0,s]

The proof for |d(z,t)| > (2¢1(1) + 20m~/2(1 + 1)d 4+ K1eX2(=9))¢, | loge,| is then the
same as in the proof of Lemma 4.2.17 (since n=%/6 = o(g,|loge,|)).
Since n /% = o(se,|logen|), we have for 8 = (R + K;e'2(=9)e|loge| as in (4.72),

for n sufficiently large

KX, |logen| — (CoBs + K12 )¢, [loge,| + 3n7%/6) > ¢1(1)sen|logen|. (4.98)
Using (4.98) in place of (4.75), the proof for |d(x,t)] < (2¢1(1) + 20n~ /21 4+ 1)d +
K1ef2(t=5))e, | log e, is the same as in the proof of Lemma 4.2.17. O

The equivalent of Proposition 4.2.16 for U™ is as follows.

Proposition 4.3.19. Let | € N with | > 4. Define a.(l) and 0.(l,n) as in Proposi-
tion 4.3.15. There exist K1(1), K2(l) > 0 and n.(l, K1, K2) > 0 such that for all n > n,
and t € [0.(l,n), T*] we have

sup (P, [V, (®"(t)) = 1] — P V(B(o*) =1]) <e,

2
zeRY d(z,02t)+K1eK27%t¢, | log e |
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and

sup (I, [V,(®"(t)) = 0] — P V(B(o*) =0] ) <&l

2
zeRd d(z,02t)—K1eK277te, | log ey |

Proof. The proof exactly follows that of Proposition 4.2.16, with Corollary 4.3.9 and
then Lemma 4.3.18 in place of Lemma 4.2.17, and Proposition 4.3.15 in place of

Proposition 4.2.15. ]

Proof of Theorem 4.3.6. It suffices to prove the result for sufficiently large £ € N, and
in particular we will show it for £ > 5. By Lemma 4.3.12, for n sufficiently large and
t e 0,77,

B, [V, (B (1)) = 1] — B, [V,(E" (1)) = 1] | < ep*.

The result now follows from Proposition 4.3.19 with [ = k + 1, in the same way as in

the proof of Theorem 4.2.3. ]






Chapter 5

Conclusion

5.1 Asymmetric hybrid zones

In Chapter 4, to study the behaviour of hybrid zones we considered a diploid population
in which individuals are of type aa, aA or AA, with relative fitness 1, 1 — s and 1
respectively (for some small s > 0). This assumes that the homozygote aa and AA
individuals have equal fitness (at least up to first order in s; recall that we neglect O(s?)
terms when modelling this situation). A natural question to ask is what happens when

the relative fitnesses are as follows:

aa aAd AA

1—81 1—82 1,

where 0 < 51 < s9. We can model this using the SLFV in a similar way to Definition 4.1.5.
It turns out that in addition to the neutral events and the selective events with three
potential parents in Definition 4.1.5, we need to include events at which two potential
parental types are chosen and the offspring are of type a if and only if both parental
types are a. This results in a dual process in which particles can branch into two or
three particles.

In this case, taking a rescaling limit in the same way as in Theorem 4.1.7, up to a

constant time and space scaling the limit is given by

ov 1 1
5= §AU + 6—21)(1 —v)(2cv — 1),
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where ¢ € (1/2,1). In solutions to this PDE, for small £ > 0, Allen and Cahn observed
that an interface forms, which propagates on the timescale s = t/e at a constant rate
along its normal towards the domain in which v ~ 0 (this is made rigorous in Chen
(1992)).

We would like to prove an analogous result to Theorem 4.1.8 on the motion of hybrid
zones in this regime, and also to study the fluctuations around the limiting deterministic
process in both the symmetric and asymmetric regimes; this will be the subject of future

joint work with Alison Etheridge and Nic Freeman.

5.2 Drift load with spatial structure

In joint work with Raphael Forien, we considered the case of overdominance in a diploid
population for a gene with two alleles a and A; overdominance occurs when heterozygote
aA individuals have a higher fitness than homozygote aa and AA individuals. We

suppose that the relative fitnesses are as follows:

aa aAd AA
(5.1)

1—s; 1 1—s9,
where s1, so > 0. In this situation, in an infinite population we expect stable non-zero
frequencies of a-alleles and A-alleles to be maintained in the population.
In a well-mixed population, if w is the frequency of a-alleles, then the proportion
of aa, aA and AA individuals will be w?, 2i(1 — w) and (1 — w)? respectively, so the
mean fitness of the population must be lower than the fitness of aA individuals. In

particular, the mean fitness is given by

2
_ _ 5152 _ S9
1—syw? —so(1—w)?=1- —(s1+s <w— ) 5.2
! 2( ) S1+ S2 (51 2) 81+ S2 (5:2)
The term 22 which gives the minimum possible reduction in mean fitness is called

S1+52

the segregation load.
Robertson (1970) studied the expected mean fitness of a population of N individuals

with no spatial structure and relative fitnesses given by (5.1). If p’V(¢) denotes the
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proportion of a-alleles in the population at time ¢, the expectation of the second term

on the right hand side of (5.2) is given by

S1 + 89

AN(#) = (51 + 82)E KpN(t) . ﬂ ,

which is known as the drift load. Robertson found that irrespective of s and so, AN (¢)
converges to 1/4N as t — oo. This is due to a trade-off between genetic drift and
natural selection. The stronger selection is, the quicker the allele frequency is pushed
back to the equilibrium, but at the same time even a small step away from the optimal
frequency is very costly in terms of mean fitness. On the other hand, if natural selection
is relatively weak, the allele frequency can wander off more easily, but the mean fitness
of the population decreases more slowly.

In Forien and Penington (2015), we study the same effect in a spatially structured
population using the SLFV. We find that spatial structure significantly reduces the
drift load, and that the drift load in a spatially structured population depends on
the strength of selection. Moreover, we find that populations living in a space with a
higher dimension have a reduced drift load compared to populations evolving in smaller
dimensions. This result illustrates the fact that migration prevents the allele frequencies
from straying too far away from the equilibrium frequency, because incoming migrants
are on average close to this equilibrium; in higher dimensions, this effect is stronger.

In contrast to the proofs in Chapters 3-4, here the proofs do not use the SLFV dual
process. Instead we prove a central limit theorem for the SLFV with a general class of
selection mechanisms using martingale problem arguments. In the special case of the
SLFV with genic selection as in Definition 1.2.16, Etheridge et al. (2014) shows that
in dimension d > 2, in a regime in which both the impact parameter and the selection
parameter tend to zero, by rescaling time and space we obtain a deterministic limiting
process.

When the reproduction events have bounded radius, the limiting process is given by

the Fisher KPP equation,

af, 1

E = §Aft - Sft(l - ft)~ (5-3)
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We prove a slightly stronger form of convergence to this deterministic rescaling limit.
We also study the fluctuations of the allele frequency; since the convergence to the
deterministic limit is too slow we study fluctuations about a deterministic approximation
of (ft)t>0. We find that if the impact parameter is sufficiently small compared to the
selection parameter and the fluctuations are rescaled in the right way then in the limit

they solve the following stochastic partial differential equation,

dzy = %AZt —s(1- 2ft)2t] dt +/ fe(1 = fr) dW, (5.4)

where W is space-time white noise, and f is the solution of (5.3).

We also consider a second regime for the SLFVS to allow large scale extinction-
recolonization events; we let the radius of reproduction events follow an a-stable
distribution truncated at zero. For this regime, as in Etheridge et al. (2014), we find the
Fisher KPP equation with non-local diffusion as a rescaling limit (i.e. with a fractional
Laplacian instead of the usual Laplacian). The Laplacian is also replaced by a fractional
Laplacian in (5.4), the equation satisfied by the limiting fluctuations, and the noise W

becomes a coloured noise with spatial correlations of order |z — y|~*.

5.3 Further results on BBM with decay of mass

Recall the definition of BBM with decay of mass in Chapter 2. In joint work with Louigi
Addario-Berry, we have proved some further results on BBM with decay of mass. The

results rely on the following bound on the largest particle mass at time t.

Proposition 5.3.1. For any o < 1, there exists a constant a > 0 such that for t
sufficiently large,

P| max M;(t)>at | <2t™4
1<i<N(t)

Recall that in Proposition 2.4.1 we showed that for ¢ sufficiently large, with high prob-
ability, sup,<; sup,cgr ((s,z) < Zlogt where Z is a constant. Using Proposition 5.3.1,
we can strengthen the results in Section 2.4 and show that the maximum local mass

density is bounded.



5.3 Further results on BBM with decay of mass 203

Proposition 5.3.2. There exists a constant C' < oo such that for t sufficiently large,

P [supsup ((s,z) > C| < Ct3.
s>t x€R

By Borel-Cantelli, the following is a direct corollary.
Corollary 5.3.3. Almost surely, limsup,_, . sup,cg ¢(t,2) < C.

We can also use Proposition 5.3.1 to show that it takes time at most O(logt) for

d(t,m) to catch up with D(t,m).

Theorem 5.3.4. There exists m* > 0 such that for m < m*, there is R(m) < oo a

constant and a random time T(m) < 0o a.s. such that for t > T,
iggd(t + Rlogt+ s,m) > D(t,m).
S§2

By combining Theorem 2.1.1 and Theorem 5.3.4, we get the following result on the

front locations d and D.

Theorem 5.3.5. Write ¢* = 34/37T2/3/27/6. Then for m < m*, almost surely

V2t — d(t,m) V2t — d(t,m)
. S . , <
11?1 sup — s = c’, htn_1>1nf BTV c,

h?ifﬁp W >c* and hg(i)lgf \@t—tll/)?)(t,m) < c*.

Theorem 5.3.5 says that for m < m*, (1) a.s. there are arbitrarily large times t at
which d(t,m) = /2t — c*t'/3 4 o(t'/3) and (2) a.s. there are arbitrarily large times t at
which D(t,m) = /2t — ¢*t'/3 + o(t1/3).

In ongoing joint work with Louigi Addario-Berry and Julien Berestycki, we aim
to show that at large times the mass density evolves approximately according to a

non-local Fisher KPP equation

ou
—:fAu+u—u/ w(t,x +y)dy.
at 2 ‘y|<1 ( y) y
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