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Abstract

Ramming paste is a particular type of carbon paste which is used as lining for electric smelting furnaces and Hall-Héroult cells for
the production of aluminium. The purpose of this lining is to form an impenetrable barrier, keeping the liquid within the furnace.
If the lining has cracks or holes, then liquid can escape, which can lead to safety risks and financial losses, so the integrity of the
lining is of great importance. In the present study, we develop a first principles mathematical model for the heat and mass transfer
processes occurring during the baking of carbon paste. We then obtain numerical simulations using this model and compare the
simulation results to experimental data, demonstrating that the model solutions do indeed describe and predict realistic behaviors
of the carbon paste baking process. The simulations indicate a strong pressure buildup during the evaporation of water from fresh
paste during the baking process, which is likely to lead to cracking of the paste as it hardens. Furthermore, we are able to show that
more gradual heating during the baking process can lower the maximal pressures predicted by the model, which in turn may reduce
the prevalence of cracks within the hardened paste.
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1. Introduction

Baking and similar processes arise in diverse industrial ap-
plications, such as metallurgy, structural engineering [1], soil
mechanics [2], and food manufacturing [3]. These processes
may include a number of physical phenomena, including: heat
convection and conduction, driven primarily by an external
heat supply; chemical reactions including phase changes; mass
transport through porous media; and deformation and harden-
ing of porous media. In the present paper, we shall be interested
in the baking of carbon paste.

Carbon pastes have several uses in industrial metallurgy, such
as self baking paste in Søderberg- and composite electrodes.
Ramming paste is a particular type of carbon paste which is
used as lining for electric smelting furnaces and Hall-Héroult
cells for the production of aluminium. The purpose of the lining
is to form an impenetrable barrier, keeping the liquid within the
furnace. If the lining has cracks or holes, then liquid can escape,
which can lead to safety risks and financial losses. Lining made
from poor quality ramming paste can mean a shorter lifespan
before replacement, which is a costly process due to the expense
of shutting down a furnace, the re-lining of the furnace, and
lost production. The lifespan of ramming paste may vary from
5-10 years for high quality paste to less than 1 year for low
quality paste. A key part of the installation of ramming paste
as a furnace lining is baking, where the paste is heated, causing
it to harden and become impermeable. Samples of ramming
paste which have cracked during the baking process are shown
in Figure 1.

Figure 1: Samples of ramming paste which have cracked during baking.
Source: Elkem Carbon.

Traditional ramming pastes are mostly made of granular an-
thracite (a type of coal, with similar properties to graphite),
held together with a binder made from coal tar pitch. Coal
tar pitch is a substance containing polycyclic aromatic hydro-
carbons (PAHs), which are carcinogens. Exposure to coal tar
pitch has been linked with increased risk of cancer in the skin,
lungs, bladder, kidney, and other organs [4]. The installation of
ramming paste within a furnace can expose workers to PAHs,
even with safety precautions in place. To this end, Elkem, a
large Norwegian producer of basic materials, has been devel-
oping non-toxic (so-called ‘green’) binders for ramming paste
made of organic compounds.

Given the harsh environments in which the baking of ram-
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Figure 2: (left and middle): CT scans of baked ramming paste, using the new organic binder. Source: Elkem Carbon. (right) Mass loss profiles for coal tar pitch
(black line) and green binders. The dashed lines represent the rates of change of mass. Source: Elkem Carbon.

ming paste occurs and the complexity of the processes involved,
direct measurements can be difficult to obtain. In this situation,
it is useful to have a mathematical model of the key physical
processes, allowing for computational testing and predictions.
This motivates us to develop such a model.

This paper is organised as follows. In Section 2, we outline
the experimental setup we are modelling and then derive the
mathematical model. This model is non-dimensionalised and
simplified, providing insight into which physical processes are
most important. Numerical simulations are presented in Section
3, along with a discussion of fit to experimental data, qualitative
model behaviour, and parameter sensitivity. Lastly, Section 4
provides a summary of the main results, as well as a list of
suggestions for future work and improvements to the model.

2. Mathematical model of carbon paste baking

The process for the installation of ramming paste is: (i) line
the furnace with paste, manually ramming (compressing) it into
the correct shape; (ii) slowly heat the furnace to bake the paste;
and (iii) lastly, as the paste heats, it solidifies to form an im-
penetrable layer (with the correct thermal and electrical prop-
erties). Typically, ramming paste consists of 80-85% granular
anthracite (by mass) and 15-20% coal tar pitch. In Elkem’s new
ramming paste, the composition is approximately 85% granular
anthracite, 5% free water and 10% organic compounds (which
are dissolved in the water). CT scans of the new paste are shown
in Figure 2 – the large light grey pieces are anthracite, the dark
grey areas are binder, and the black areas are voids.

Elkem has observed that paste using these new green binders
exhibit a fast rate of mass loss during the baking process. This
is shown in Figure 2, which plots the mass (as a proportion of
original mass) of an experimental sample against baking tem-
perature (which can be thought of as a proxy for time), using
both coal tar pitch and green binders. Although both types of
pastes lose a similar amount of mass over the entire baking pro-
cess, the loss with the green binder is faster than for the coal
tar pitch binder. As this rate is highest around 100◦C, Elkem

believes this is primarily due to the evaporation of water. They
also believe that this evaporation is causing pressure to build
up within the paste, leading to cracking. Experiments have
confirmed that baking the new paste more slowly reduces the
amount of cracking, consistent with this hypothesis.

In the experimental setup, a small cylindrical sample (diame-
ter and height 5cm) is heated from all sides from room temper-
ature to approximately 400◦C over several hours. The external
pressure is kept at atmospheric pressure, and the sample is free
to expand or contract in all directions.

To build a mathematical model of ramming paste based on
this experimental setup, we will treat the paste as a porous
medium, where the voids are filled with water vapour (gas g).
The solid skeleton will be a mixture of anthracite (a) and binder
(b). We will make the following assumptions. The binder is
only comprised of free water (i.e. we will treat the organic com-
pounds as part of the anthracite); the only reaction is the evapo-
ration of water; the anthracite and binder move together; we are
at local thermal equilibrium (i.e. no heat transfer between com-
ponents in the same representative volume); the solid skeleton
is isotropic; no solid deformations such as hardening or thermal
expansion occur; the effects of mechanical energy and work are
negligible compared to heat energy and latent heat of evapora-
tion; and water vapour is an ideal gas.

There are several processes we wish to model, including heat
transfer through the paste, evaporation of water, and flow of
water vapour through the paste (a porous material).

2.1. Conservation of Mass

The model used here for flow and mechanical effects in a
porous medium is based on the general framework from [5, 6,
7, 8], although we assume no solid deformations for sake of
simplicity. In this medium, consider a representative volume V
(assumed to be significantly larger than the microstructure size).
This volume is taken up by volumes of each constituent, V =

Va +Vb +Vg, and has mass m = ma +mb +mg. We normalise and
consider the volume fractions of each constituent, φk := Vk/V
(k ∈ {a, b, g}), so φa + φb + φg = 1. These materials have an
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intrinsic density ρk := mk/Vk (k ∈ {a, b, g}) and, within the
porous medium, an apparent density mk/V = φkρk. If each
material is moving with velocity vk, and is created at a rate Ik

per unit volume (of the whole medium), conservation of mass
within the volume V reads

∂mk

∂t
+ ∇ · (mkvk) = VIk, k ∈ {a, b, g}. (1)

Since the only reaction is the evaporation from the binder to
water vapour (at an evaporation rate Ig = −Ib), we choose Ia =

0.
For the evaporation rate, we follow [9] and use an Arrhenius-

type law:

Ig := A1Mw exp
(
−

A2

RT

)
φbφg, (2)

where A1 is a reaction rate constant, Mw is the molar mass of
water, A2 is the activation energy of the reaction, R is the univer-
sal gas constant, and T is the temperature. We take the activa-
tion energy to be the latent heat of evaporation, i.e. A2 = LgMw.
The extra factors of φb and φg represent the fact that the evap-
oration rate depends on the size of the interface between liquid
and gas; the particular form is taken from [10].

2.2. Momentum Balance

To conserve momentum, we consider the partial stresses
from each component, body forces (gravity), and momentum
transfer between the different components. For each phase,
conservation of momentum is written as [7]

φkρk

(
∂vk

∂t
+ vk · ∇vk

)
= φkρkg+ p̃k, k ∈ {a, b, g}, (3)

where p̃k is the momentum transfer to k from the other con-
stituents.

Conservation of momentum in the system is then ensured by
enforcing

∑
k p̃k = 0. We can simplify by summing (3) over all

k, ∑
k∈{a,b,g}

φkρk

(
∂vk

∂t
+ vk · ∇vk

)
= −∇p + ρg, (4)

where ρ =
∑

k φkρk is the medium average density.
There are two different sources of velocity in the paste – from

deformation of the solid skeleton and from movement of gas.
However, we neglect solid mechanics, hence deformation of the
solid skeleton is assumed to be zero, and va = vb = 0. The gas
movement is assumed to be driven by Darcy flow through the
(porous) solid skeleton, which in the absence of solid deforma-
tions is (e.g. [8])

vg = −
k
φgµ

(∇p − ρgg), (5)

where k is the permeability of the solid skeleton, µ is the gas
viscosity, and g is acceleration due to gravity. The form (5)
assumes that the porous structure is isotropic – if not, we would
have to replace the scalar k by a permeability tensor.

Symbol Description Units
mk Mass of component kg
Vk Representative volume of component m3

V Total representative volume m3

ρk Intrinsic density of component kg/m3

φk Volume fraction of component 1
vk Velocity of component m/s
T Temperature K
p Gas pressure Pa

Table 1: Variables in the baking model. Here k ∈ {a, b, g}.

We will assume that the water vapour is an ideal gas. That
is, the relationship between gas pressure p, temperature and gas
density is given by the ideal gas law

p =
ρgRT
Mw

. (6)

Volume changes may also occur as the reaction progress
changes the quantity of each component. Following [8],

1
Vk

∂Vk

∂t
=

1
mk

∂mk

∂t
, k ∈ {a, b}. (7)

For the gas component, we have

1
Vg

∂Vg

∂t
=

1
p
∂p
∂t
. (8)

2.3. Energy Balance
As we are neglecting solid deformations, the relevant com-

ponents of energy in the system are kinetic energy of all com-
ponents, and thermal energy. The energy is transferred or dis-
sipated via convection, conduction, latent heat of vaporization,
and work from gravity. We also assume that all components are
heated in parallel, so we are at local thermal equilibrium (that
is, the temperature of the solids and gas is the same whenever
they are in contact). This leaves us with the simplified conser-
vation of energy equation∑

k∈{a,b,g}

(
φkρkcp,k

∂T
∂t

+ ∇ ·
(
φkρkcp,kTvk

))
= ∇ · (λ∇T ) − LgIg,

(9)
where cp,k is the specific heat of component k, λ is the effective
thermal conductivity of the mixture, and Lg is the latent heat
of vaporisation for water. The effective thermal conductivity of
the mixture is defined by

λ =

 ∑
k∈{a,b,g}

φk

λk

−1

, (10)

where λk is the thermal conductivity of component k. The ef-
fective thermal conductivity relationship in (10) assumes that
all constituents are heated in parallel, consistent with our as-
sumption of local thermal equilibrium [11].

This completes the description of the model dynamics. A
full list of variables is given in Table 1. The associated param-
eters are given in Table 2. Material parameters for graphite are
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Symbol Description Typical Value(s) Notes
Mw Molecular weight of water/steam 0.018kgmol−1 –
R Universal gas constant 8.314JK−1mol−1 –
A1 Arrhenius evaporation rate in (2) 1.2 × 108molm−3s−1 Fit to data; see Section 3
A2 Arrhenius activation energy in (2) 4.07 × 104Jmol−1 LgMw

cp,a Specific heat capacity of anthracite (0.72 − 1.27) × 103JK−1kg−1 [12, Tab. 13-2]
cp,b Specific heat capacity of water (4.2 − 4.3) × 103JK−1kg−1 [13], 20 − 150◦C
cp,g Specific heat capacity of steam 2 × 103JK−1kg−1 [13]
λa Thermal conductivity of anthracite 50 − 120Wm−1 × K−1 [12, Fig. 11-3]
λb Thermal conductivity of water 0.58Wm−1 × K−1 [14], 25◦C
λg Thermal conductivity of steam (0.016 − 0.019)Wm−1 × K−1 [14], 25 − 125◦C
Lg Latent heat of water evaporation 2.26 × 106Jkg−1 [13]
k Permeability of solid skeleton 1.0 × 10−15m2 [9] with φ = 0.05
µ Viscosity of steam (1.2 − 2.4) × 10−5Pas [15], 250 − 750◦F
g Gravitational acceleration (magnitude) 9.81ms−2 –
φb,0 Initial binder volume fraction – See Table 3
ρb,0 Initial binder density – See Table 3
V0 Initial representative volume – See Table 3

Table 2: Dimensional parameters in the baking model.

used as a proxy for anthracite. Binder values are for water, and
the material parameters for the solid skeleton are estimated by
using values for anthracite (graphite).

2.4. Initial and Boundary Conditions
In the experimental setup, a cylindrical paste sample is

placed within a bed of granular coke (which allows heating to
occur), where the external temperature and pressure are speci-
fied, and the paste is free to expand. All the boundary condi-
tions therefore apply to the entire surface of the sample.

Firstly, the external pressure is held constant (at atmospheric
pressure), and the associated boundary condition is

p = pext, (11)

everywhere on the boundary. Similarly, we will assume the
temperature of the material is fixed everywhere on the boundary

T = Tbake(t), (12)

where Tbake is some known function. In the original experi-
ments, the temperature was increased linearly from T0 to T f

over time t f , so

Tbake(t) = T0 + (T f − T0)
t
t f
. (13)

We could alternatively say that heat flux on the boundary is
proportional to the temperature jump between the paste and the
air. However, this would require using a parameter we do not
know, so we refrain and use (12).

For initial conditions, we have

T = T0, V = V0, ρk = ρk,0, φk = φk,0 and p = pext. (14)

The extra parameter values needed for initial and boundary
conditions are given in Table 3. To calculate the initial vol-
ume fractions, we use the initial mass fractions, as calculated

by Elkem Carbon. In general, the paste is approximately 85%
anthracite, 5% water and 10% organic compounds (by mass).
However, the experimental data provided by Elkem showed an
estimated mass loss from water evaporation of 6.33%. There-
fore we will consider the paste to have mass fractions S a,m =

0.9367 and S b,m = 0.0633, where we have counted the mass
of organic compounds as anthracite, since these compounds are
unreactive in our model. Using the densities in Table 3, this is
equivalent to the volume fractions

S a,v =
S a,m/ρa,0

S a,m/ρa,0 + S b,m/ρb,0
, S b,v =

S b,m/ρb,0

S a,m/ρa,0 + S b,m/ρb,0
.

(15)
That is, we estimate the paste to be 86.7% anthracite and 13.3%
water (by volume). To initiate the evaporation, we start with
nonzero porosity, hence we will assume a volume fraction of
1% steam in the sample. We adjust the volume fractions of the
anthracite and water appropriately, and get φa,0 = S a,v(1 − φg,0)
and φb,0 = S b,v(1 − φg,0).

2.5. Non-Dimensional Model

To better understand the model, we now non-dimensionalise
and simplify the model. We scale our variables as x = Lx̃,
t = τt̃, V(k) = V0Ṽ(k), ρk = ρk,0ρ̃k, mk = (ρk,0V0)m̃k, vk =

vṽk, p = Πp̃, T = T0 + (T f − T0)T̃ , λ = λ0λ̃. Similarly, we
write gravitational acceleration as g = geg for a unit vector eg.
Scaling values not previously defined in Tables 2 or 3 are given
in Table 4. Of particular importance in the scalings is that we
choose the velocity scaling v := Πk/(µL), where Π := pext is
the pressure scaling. We then choose our time scale τ := L/v =

µL2/(Πk) = 123.4s to be the time scale given by the movement
of gas.

The non-dimensional parameter groups which arise are listed
in Table 5. We are able to make the following simplifications:
(i) ignore the contribution of gravity in (5), as Gg is small; (ii)
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Symbol Description Typical Value(s) Notes
L Radius of sample 0.025m Experiment
h Height of sample 0.05m Experiment
V0 Initial representative volume size – Not used
T0 Initial temperature 293.15K Experiment
T f Final temperature 673.15K Experiment
t f Baking time 2.88 × 104s Experiment
ρa,0 Initial density of anthracite 2.26 × 103kgm−3 [12, Table 1-1]
ρb,0 Initial density of water 0.998 × 103kgm−3 [13]
ρg,0 Initial density of steam 0.749kgm−3 (6) at T0, pext

pext External gas pressure 1.013 × 105Pa –
S a,m Mass fraction of anthracite in paste 0.9367 Experiment
S b,m Mass fraction of binder in paste 0.0633 Experiment
φa,0 Initial volume fraction (anthracite) 0.858 (15)
φb,0 Initial volume fraction (water) 0.132 (15)
φg,0 Initial volume fraction (gas) 0.01 See text

Table 3: Dimensional and non-dimensional parameters in the initial and boundary conditions of the baking model.

Symbol Description Typical Value(s) Notes
Π Pressure scale 1.013 × 105Pa Π := pext

v Velocity scaling 2.010−4ms−1 v := Πk/(µL)
τ Time scale 123.4s τ := L/v
λ0 Thermal conductivity scaling 1.16Wm−1K−1 (10) evaluated at t = 0

Table 4: Scaling variables which have not been previously defined in Tables 2 or 3.

Symbol Relationship to parameters Typical Value(s)
Ã2 A2/(RT0) 16.7
Cb ρb,0cp,b/(ρa,0cp,a) 1.9
Cg ρg,0cp,g/(ρa,0cp,a) 6.6 × 10−4

Foa λ0τ/(ρa,0cp,aL2) 0.10
Gg ρg,0gL/Π 1.8 × 10−6

I ρg,0RT0/(ΠMw) 1.0
Jb A1Mwτ/ρb,0 2.7 × 105

Jg A1Mwτ/ρg,0 3.6 × 108

P̃b ρb,0/ρa,0 0.44
P̃g ρg,0/ρa,0 3.3 × 10−4

St cp,b(T f − T0)/Lg 0.7
∆T (T f − T0)/T0 1.3
τ f τ/t f 4.3 × 10−3

Table 5: Non-dimensional parameter groups.

ignore terms from inertia, gas pressure, and gravity in (4), as
these are negligibly small; (iii) ignore the heat energy stored in
the gas and the advection of heat by gas flow in (9), as both Cg

and Cg/∆T are small. The non-dimensional model is then given
by:

Ṽ = Ṽa + Ṽb + Ṽg, φk =
Ṽk

Ṽ
, ρ̃k =

m̃k

Ṽk
, k ∈ {a, b, g}, (16)

∂m̃a

∂t̃
= 0,

∂m̃b

∂t̃
= −JbṼ Ĩv,

∂m̃g

∂t̃
+ ∇ ·

(
m̃gṽg

)
= JgṼ Ĩv, (17)

Ĩv := exp
(
−

Ã2

1 + ∆T T̃

)
φbφg, (18)

ṽg = −
1
φg
∇p̃, (19)

p̃ = Iρ̃g(1 + ∆T T̃ ), (20)

1
Ṽk

∂Ṽk

∂t̃
=

1
m̃k

∂m̃k

∂t̃
, k ∈ {a, b}, (21)

1
Ṽg

∂Ṽg

∂t
=

1
p̃
∂p̃
∂t̃
, (22)

(φaρ̃a + Cbφbρ̃b)
∂T̃
∂t̃

= Foa∇ ·
(
λ̃∇T̃

)
−

CbJb Ĩv

St
. (23)

The boundary conditions, which apply to the entire surface of
the sample, are

p̃ = 1 and T̃ = T̃bake(t̃) := τ f t̃, (24)

since Π̃ and G0 are small. Lastly, the initial conditions are:

T̃ = 0, Ṽ = 1, ρ̃k = 1, φk = φk,0 and p̃ = 1. (25)

3. Numerical Results and Discussion

In this section we will discuss the results of numerical sim-
ulations of the model outlined in Section 2, implemented using
COMSOL. To give better understanding of the relevant physics,
and allow for greater validation, a simplified version of the
model was implemented. Although this ‘simplified model’ is
substantially reduced, it keeps enough of the key processes to
produce useful results and analysis for understanding the bak-
ing process. We begin by outlining this simpler model.
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Figure 3: Numerical simulations for the model presented in Section 3.1 using all default parameter values. The sample mass is compared to experimental data
(source: Elkem Carbon).

3.1. Simplified Heat and Mass Transfer Model

To simplify the model outlined in Section 2, we assume the
solid volume V remains constant, and use this condition instead
of (8). Therefore, conservation of mass can be simplified to (in
dimensional form)

∂(φaρa)
∂t

= 0,
∂(φbρb)
∂t

= −Ig,
∂(φgρg)
∂t

+∇·(φgρgvg) = Ig. (26)

However, from (7), we may conclude that both φa and ρb are
constant (in time). To better align with COMSOL’s in-built
physics engines, we introduce a new variable

cb :=
φbρb

Mw
, (27)

which is the concentration of binder per representative volume
of the whole porous medium (with units mol m−3).

Introducing the evaporation rate written in terms of concen-
tration

Iv :=
Ig

Mw
= A1 exp

(
−

A2

RT

)
φbφg, (28)

our mass conservation relations are reduced to

∂cb

∂t
= −Iv and

∂(φgρg)
∂t

+ ∇ · (φgρgvg) = MwIv, (29)

together with constant φa, ρa and ρb. The volume fraction
φb can then be calculated from (27), and we also know φg =

1 − φa − φb. The model is completed with Darcy’s law (5) (but
neglecting gravity as per (19)), the ideal gas law (6) and con-
servation of energy (9) (neglecting convection as per (23))

vg = −
1
φg

k
µ
∇p,

 ∑
k∈{a,b,g}

ρkcp,k

 ∂T
∂t

= ∇ · (λ∇T ) − LgMwIv,

(30)
with p =

ρgRT
Mw

. There are no changes to the boundary or initial
conditions.

3.2. Numerical Results for the Simplified Heat and Mass Trans-
fer Model

The results from the ‘simplified model’ presented in Section
3.1 were calculated in COMSOL. In Figure 3, the value of dif-
ferent variables is sampled at several points along a radial line
halfway up the cylinder (so r = 0 is the very centre of the sam-
ple, and r = 2.5cm is the boundary of the sample).

First we consider the total mass loss of the sample, which
is due to the outward flux of gas, shown in Figure 3. In keep-
ing with Figure 1, it is plotted against baking temperature Tbake

rather than time. The model predicts mass loss which closely
aligns with the experimental data (which has been normalised
so that the first observation after baking commences corre-
sponds to no mass loss). The model predicts that the majority of
the mass loss occurs in a small window, after which all the wa-
ter has evaporated, so no further loss occurs. This matches the
experimental data until the baking temperature reaches 200 C.
After this point, the mass loss is driven by other volatile chemi-
cals not included in this model, so the divergence of model and
experiment from here is expected. It is of particular note that the
timing and rate of peak mass loss, at around 120 C is captured
very well. This is the period of most concern, since it corre-
sponds to maximum pressure, and therefore highest likelihood
of cracking. Note that the reaction rate parameter A1 has been
approximately calibrated to the experimental data in Figure 3.

Figure 3 also shows the variation in gas pressure p. Initially
the pressure remains close to its initial level, but increases as the
baking temperature increases and the evaporation reaction pro-
ceeds. It reaches a maximum value after slightly more than 2
hours, before rapidly dropping to external (atmospheric) pres-
sure, as dictated by the boundary conditions. The pressure is
highest in the centre of the sample, but the pressure gradient is
higher nearer the boundary.

The temperature profile within the sample is close to con-
stant (in space), as conduction occurs faster than the increase in
baking temperature. The centre of the sample is cooler when
the evaporation is happening fastest – due to the latent heat of
vaporisation – but this different is small compared to the overall
temperature increase.

6



0 2 4 6 8 10 12

tf (hrs)

1.5

2

2.5

3

3.5

4

4.5

M
a
x
p
re
ss
u
re

(a
tm

)

0 2 4 6 8 10 12

tf (hrs)

100

120

140

160

180

200

220

T
em

p
er
at
u
re

(◦
C
)

Boundary Tmax

Centre Tmax

Figure 4: Dependency of maximum pressure and Tmax on total baking time t f .

0 50 100 150 200 250 300 350 400

Baking Temperature (◦C)

0.93

0.94

0.95

0.96

0.97

0.98

0.99

1

M
as
s
(%

of
or
ig
in
a
l)

φg,0 = 0.001
φg,0 = 0.005
φg,0 = 0.01
φg,0 = 0.05
φg,0 = 0.1

0 50 100 150 200 250 300 350 400

Baking Temperature (◦C)

1

1.2

1.4

1.6

1.8

2

2.2

2.4

P
re
ss
u
re

(a
tm

)

φg,0 = 0.001
φg,0 = 0.005
φg,0 = 0.01
φg,0 = 0.05
φg,0 = 0.1

Figure 5: Impact of varying φg,0 on sample mass and maximum pressure.

We will now consider how the model behaves as certain pa-
rameters are changed. Since we are most concerned about the
appearance of cracking, the main quantity of interest will be
the maximum pressure attained anywhere in the sample, at any
point in time. From Figure 3, this maximum will likely be at-
tained in the centre of the sample. However, as the paste hard-
ens as the baking progresses, we will also consider the temper-
ature at the time when the maximum pressure is attained, Tmax.
We expect that the larger Tmax, the further the baking has pro-
gresses when the maximum pressure is attained, so the paste
can withstand a larger pressure before cracking.

3.2.1. Sensitivity to Baking Time
The results of varying total baking time t f from 1 to 12 hours

are shown in Figure 4. The temperature range for baking is
always the same, so this corresponds with slowing the rate at
which the external temperature is increased from T0 to T f . The
left plot in Figure 4 shows the maximum pressure attained any-
where in the sample (at any point in the baking process). The
right plot in Figure 4 shows both the external baking tempera-
ture and temperature in the centre of the sample when this max-
imum pressure was attained, Tmax.

With longer baking time, the temperature throughout the
sample, and hence the evaporation rate, increases more slowly.
Therefore it is not surprising that in Figure 4, we see that a
longer baking time is associated with lower pressures within

the sample. We also see that the maximum pressure is attained
at lower baking temperatures. This is because once the tem-
perature increases sufficiently to start the evaporation occurring
quickly, it remains at that (moderate) temperature for longer, so
the reaction proceeds at that fast rate for more time.

Separately, we can also see that the core and boundary tem-
peratures are closer when the total baking time is slower. This
is to be expected, as when the baking time is longer, the time
scale for conduction is faster (relative to the time scale of exter-
nal temperature changes).

3.2.2. Sensitivity to Initial Porosity

The value φg,0 = 0.01 used in the above results was chosen as
a sensible small value, but not calibrated to experimental data.
To examine the impact of this assumption, Figure 5 shows mass
loss and maximum pressure (within the sample) as a function
of baking temperature. The other volume fractions were ini-
tialised as per (15), with S a,m = 0.9367 and S b,m = 0.0633 as
before. As shown in Figure 5, increasing the initial porosity
causes mass loss in the sample to begin sooner, and take longer
to complete. We also find that higher initial porosity means the
maximum pressure occurs earlier, but at a much lower level.
The variations in the pressure profile are large, so it is therefore
important to accurately estimate φg,0.
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Figure 6: Impact of varying the anthracite to binder ratio on maximum pressure and boundary Tmax.
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Figure 7: Impact of varying the external pressure pext on the maximum pressure in the sample.

3.2.3. Sensitivity to Anthracite to Binder Ratio
One value that Elkem is potentially able to modify in testing

is the relative fraction of water to other substances in the paste.
To test the sensitivity to this, we scaled the mass fraction of
water as S b,m = 0.0633Γb,m for different values of Γb,m, and re-
calculated φa,0 and φb,0 using (15). Throughout we continued to
use the original value φg,0 = 0.01. The sensitivity of maximum
pressure and boundary Tmax to moves in t f and Γb,m are shown
in Figure 6.

Firstly, we notice that decreasing the proportion of water (or
increasing the amount of anthracite to organic compounds; de-
creasing Γb,m) reduces the pressure in the sample. For instance,
if we halved the mass fraction of water in the paste, a 4 hour
bake would achieve the same pressure as an 8 hour bake does
currently. Interestingly, reducing the amount of water in the
paste would simultaneously give a higher Tmax; that is, the pres-
sure is highest further in the baking process, when the paste
has hardened more. Therefore we could expect that modifying
the amount of water in the paste could substantially change the
amount (or likelihood) of cracking in the sample.

3.2.4. Sensitivity to External Pressure
Another parameter of interest to Elkem is the external pres-

sure pext, which they are able to control experimentally. Cur-
rently set to be atmospheric pressure, it appears in both the ini-
tial (14) and boundary conditions (11) of the model. The results

of varying pext are shown in Figure 7.
Firstly, the model never predicts pressures lower than pext.

Unsurprisingly therefore, the maximum pressure attained is
higher when pext is higher too (as in Figure 7). However, if
we scale the maximum pressure by pext, we see in Figure 7 that
the maximum pressure increases more slowly than pext.

The boundary Tmax is not sensitive to variations in pext; i.e.
the maximum pressure occurs at similar times in the baking pro-
cess, regardless of pext. This is likely because our evaporation
model does not include any pressure dependency.

It is unclear from this information whether a higher or lower
value of pext is better for reducing cracking. This will depend
on whether the stresses which cause cracking are based on the
absolute level of the internal pressure, or the relative increase in
internal pressure versus external pressure.

3.3. Nonlinear Baking Profile

A key feature of the experimental and numerical results pre-
sented in Section 3.2 is that most of the changes occur over
a relatively short time. We also have observed from Section
3.2.1 that a longer baking time is associated with lower pres-
sure within the sample. Therefore, perhaps if we slow the bak-
ing only in the temperature range where most of the changes
occur, we may achieve lower pressure while still maintaining a
short total baking time.
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Figure 8: Dependency of maximum pressure and boundary Tmax on times t f and ts, when using the piecewise linear baking profile (31) with dT = 20C.
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Figure 9: Results of the numerical model presented in Section 3.1 adapted for coal tar pitch binders, using parameter values from Table 6.

To test this, we changed the external baking temperature
Tbake in (12) from a linear profile (13) to a piecewise linear pro-
file. The sample is heated from T0 to 100C − dT and from
100C + dT to T f at a rate given by total baking time t f . In be-
tween, the sample is heated from 100C − dT to 100C + dT at a
rate given by total baking time ts ≥ t f . That is, we have

Tbake(t) =


T0 +

(
T f−T0

t f

)
t, 0 ≤ t ≤ t1,

(100 − dT ) +
( T f−T0

ts

)
(t − t1), t1 ≤ t ≤ t2,

(100 + dT ) +

(
T f−T0

t f

)
(t − t2), t2 ≤ t ≤ t3,

(31)

where

t1 :=
100C − dT − T0

T f − T0
t f , t2 := t1 +

2dT
T f − T0

ts,

t3 := t2 +
T f − 100C − dT

T f − T0
t f .

(32)

The total baking time is t3 ≥ t f . The results of varying t f

and ts are shown in Figure 8. A value of dT = 20C was used
throughout.

Considering Figure 8, we see that reducing the baking rate
just over the 80 − 120C range is sufficient to lead to a substan-
tial reduction in pressure. Using this approach for baking could
therefore mean either a lower risk of cracking for the same total
baking time, or the same risk of cracking in a shorter total bak-
ing time. For example, by heating half as quickly in this critical

range (ts = 2t f ) gives a similar maximum pressure to the orig-
inal 8 hour experiment with a ‘fast’ baking time t f of only 5
hours (or a total baking time of 5.5 hours). However, there is
a trade-off shown in Figure 8 – using a slower baking speed in
the critical region, the maximum pressure is attained at lower
temperatures than it would otherwise.

3.4. Coal Tar Pitch
The above work has focused on modelling Elkem’s ramming

paste using green binders. However, we also have mass loss
data for paste using industry-standard coal tar pitch binder. As
shown in Figure 1, paste with a coal tar pitch binder loses its
mass more slowly, and at higher temperatures, than with or-
ganic binders. Here we show how the simplified model from
Section 3.1 performs when applied to coal tar pitch binders.
The changes to parameters required are listed in Table 6. Based
on the model in [9], we assume that the binder is solely com-
prised on chrysene (C18H12). For the thermal properties of the
gas component, we use the relevant values for air.

In Figure 9, we see a similar profile of internal pressures
over time, with a similar radial variation, to the organic binder
case (see Figure 3). However, the maximum pressure reached
is much lower. This suggests that the coal tar pitch binders
are less prone to cracking over a similar baking time, which
agrees with Elkem’s observations. The mass loss predicted by
the model is compared to experimental data in Figure 9. The
fit is not as close as for organic binders (see Figure 3), which is
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Symbol Description Typical Value(s) Notes
Mw Molecular weight of gas (& binder) 0.228kg mol−1 [9], chrysene
A1 Arrhenius evaporation rate in (2) 1.2 × 106mol m−3 s−1 Fit to data
A2 Arrhenius activation energy in (2) 5.11 × 104J mol−1 [9], chrysene
cp,b Specific heat capacity of binder 1.47 × 103J K−1 kg−1 [16], tar
cp,g Specific heat capacity of gas 1.01 × 103J K−1 kg−1 [17], air
λb Thermal conductivity of binder 1.4W m−1 K−1 Estimated from Elkem data
λg Thermal conductivity of gas 3 × 10−2W m−1 K−1 [17], air
Lg Latent heat of vaporisation 1.18 × 106J kg−1 [9], tar
µ Viscosity of gas 2.3 × 10−5Pa s−1 [18], air
ρb,0 Initial density of binder 1.274 × 103kg m−3 [18, p. 3-128], chrysene
ρg,0 Initial density of gas 1.2kg m−3 [17], air
S b,m Initial mass fraction (binder in paste) 0.09 Experiment
φa,0 Initial volume fraction (anthracite) 0.842 (15)
φb,0 Initial volume fraction (binder) 0.148 (15)

Table 6: Model parameters used for coal tar pitch binder simulations.

unsurprising – there are many more reactions and species that
are important in the baking of coal tar pitch. Compared to the
organic binder case, the simplification to a single reaction is
less appropriate.

Note that to provide the best comparison to experimental
data, we have used the same T f and t f parameters as before,
and hence the same function Tbake (13), but run the simulation
for times beyond t f = 8hrs. This means we can reach baking
temperatures beyond T f = 400C, where a reasonable part of the
mass loss occurs.

To gain a greater understanding of the model’s application to
coal tar pitch binders, Figure 10 shows the results of varying
the baking speed (via varying t f in (13)). As before, a slower
baking speed results in lower pressures within the sample, and
these pressures are all significantly lower than the correspond-
ing values for organic binders (see Figure 4). Again, these max-
imum pressures are reached at lower temperatures with slower
baking speeds.

A noticeable difference here compared to the green binders
is that the gap between baking temperature and central (r = 0)
temperature is much smaller than for green binders (see Figure
4). This is due to the higher thermal conductivity and lower
specific heat of the coal tar pitch compared to water. With the
values from Table 6, the new non-dimensional parameters, rel-
evant to this phenomenon, are Cb = 0.57 and Foa = 0.20. Con-
sidering (23) and comparing to the values for green binders in
Table 5, this means that heat conduction is more important for
the coal tar pitch binder, so we would expect the internal tem-
perature variation to be smaller.

3.5. Simplified Model Incorporating Thermal Expansion

It would be natural at this stage to begin extending the model
to incorporate the mechanical aspects of the full model from
Section 2. As a first step, in this section we present an exten-
sion of the simplified model from Section 3.1 to include thermal
expansion. To this end, instead of assuming no displacement or

volume changes, we instead replace (7)-(8) with

1
Vk

∂Vk

∂t
= αk

∂T
∂t

+
1

mk

∂mk

∂t
, k ∈ {a, b}, (33a)

1
Vg

∂Vg

∂t
=

1
p
∂p
∂t
−

1
φg

(φaαa + φbαb)
∂T
∂t
. (33b)

Here αk is the relevant coefficient of thermal expansion (with
typical values αa = 7.5 × 10−6K−1 [12, Fig. 10-1] and αb =

(2.1− 9.8)× 10−4K−1 [13]). We make needed simplifications to
get

ρk = ρk,0e−αk(T−T0), k ∈ {a, b}, (34)
∂Vg

∂t
= Vg

(
1
p
∂p
∂t

)
− (Vaαa + Vbαb)

∂T
∂t
. (35)

To write mass conservation in a format appropriate for COM-
SOL, we again need the concentration cb using (27). Similarly,
we also define the concentration of anthracite ca := φaρa/Ma

where Ma = 0.012kgmol−1 is the molar mass of anthracite.
Again neglecting all deformation terms, we arrive at a reduced
model comprising (30), (35), (34), plus revised conservation of
mass equations:

∂ca

∂t
= −ca

(
1
V
∂V
∂t

)
, (36a)

∂cb

∂t
= −Iv − cb

(
1
V
∂V
∂t

)
, (36b)

∂(φgρg)
∂t

+ ∇ · (φgρgvg) = MwIv − φgρg
1
V

(
∂V
∂t

+ vg · ∇V
)
.

(36c)

The variables not defined by these differential equations are: φa

and φb, calculated from ca and cb as per (27); φg, calculated as
(1− φa − φb); and V , Va, and Vb, calculated from Vg and φk (for
each k). In this model, by allowing the representative volume V
to vary, we get a measure of the size of the local deformations,
which would provide information about where cracks are most
likely to form (i.e. regions where V increases the most).
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Figure 10: Coal tar pitch model – dependency of maximum pressure and Tmax on total baking time t f .
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Figure 11: Impact of including thermal expansion of water in the simplified model from Section 3.1.

To give a first indication of how this model would change the
results of Section 3.2, we first consider the simplified model
from Section 3.1, augmented with thermal expansion of water
as per (34). Previously no thermal expansion (i.e. αb = 0, or
equivalently constant ρb) was used. These results are shown in
Figure 11. We can see that adding thermal expansion of water
has a noticeable impact on the maximum pressure achieved, but
does not significantly change the mass loss profile.

4. Conclusions

Ramming paste is an important product for the metallurgy
industry, and Elkem’s development of non-toxic binders makes
this product safer for workers. A mathematical model of the
baking of ramming paste, as presented here, can help to predict
the formation of cracks, ultimately improving the performance
these binders. In this paper, we have outlined a comprehen-
sive mathematical model of the baking process in Section 2.
This incorporates heat and mass transfer resulting from exter-
nal heating and evaporation.

In Section 3, we show numerical simulations for a simplified
model of heat and mass transfer. This model provides a good fit
to experimental data, and provides useful predictions about the
effects of varying the baking temperature profile, relative pro-
portions of each component in the paste, and the external pres-
sure. We note that the model results are particularly sensitive

to initial porosity, and that the risk of cracking may be reduced
by a slower baking rate near 100C and a lower initial volume
fraction of water in the binder. We have also shown how the
simplified model may be adapted to ramming paste with a coal
tar pitch binder.

There are a number of areas where future work could provide
improvements. Firstly, more model validation against experi-
mental results would give greater confidence in the predictions.
In particular, we could achieve a greater understanding of what
maximum pressures in the simplified model lead to cracking
being observed. Incorporating more of the physics from Sec-
tion 2 would give greater insight into the formation of cracks
and changes in porosity. The simple model outlined in Section
3.5 could be a starting point for this work. The model may be
extended by considering more realistic evaporation models, e.g.
from [10, 19, 20]. The parameters A1 and A2 may be adjusted to
get a good fit with experimental data at given conditions. Our
present model also behaves nicely numerically, giving results
which show the amount of remaining binder move asymptoti-
cally to zero while never going negative. However, the lack of
pressure dependency does not lead to plausible responses when
the permeability or boundary conditions are changed. Also, our
model does not give evaporation from the outer surface if there
is no initial porosity (φg = 0). Finally, it does not allow con-
densation, since the resulting value is always positive. While
this is not a problem for the current model, as we only model
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heating, if the model is expanded to cooling, condensation will
be important. Finally, the addition of more reactions following
the approach of [9], or extending the model to include solid me-
chanics effects such as solid deformations, while using concepts
from elastic damage [21, 1] or double porosity models [8, 22],
may be beneficial.
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