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Abstract

Despite clinical successes, data from trials of cancer immunotherapies continue to

highlight non-responders. A better understanding of tumour-immune interactions

is needed to explain outcome variability. In this thesis, we investigate whether

tumour-immune interaction models can explain variation in mouse tumour volume

time series data, focusing on a well-known mathematical model by Kuznetsov et al.

[88].

Exploiting a separation of timescales in the original model, and using matched

asymptotics, we derive a new long-timescale approximation of the model, which

differs from the quasi-steady-state approximation (QSSA) introduced by Kuznetsov

et al. [88], but is in good agreement with numerical solutions of the original model.

As well as exhibiting the three stages of immunoediting – elimination, equilibrium

and escape, together with complex bifurcations and bistability, our reduced model

highlights excitability, a feature not traditionally associated with tumour-immune

models. We also identify different biophysical parameters that could be targeted

with immunotherapy in order to control tumour size.

As the QSSA model is simpler, but still exhibits immunoediting, we use it

for case studies investigating parameter identifiability for complex bifurcating

and bistable models using in silico data, generated from the model with variable

parameters, observables and noise levels. Using profile likelihoods, we show that

identifiability varies across dynamically different datasets. Parameters related

to the immune system are highly correlated, and can result in large parameter

confidence intervals and bimodal likelihood surfaces.

We then explore a population approach, where the model is simultaneously

calibrated to dichotomous data from two individuals, noting that variation in

tumour outcomes can arise from bistability or bifurcations, representing distinct

hypotheses for heterogeneous tumour responses. We demonstrate the hypotheses

can be distinguished for most synthetic datasets considered, except for highly noisy

tumour data, by comparing Bayesian population fits under each hypothesis.

This thesis provides a new perspective on how qualitative differences between

tumour growth dynamics of responders and non-responders may be explained by

bifurcating and/or bistable models. At the same time, it illustrates how integration

of mathematical and statistical methods can facilitate development of simplified

models, their analysis and calibration.
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Chapter 1

Introduction

1.1 Motivation

Cancer is a collection of diseases characterised by the development of abnormal

cells that divide uncontrollably and spread to surrounding tissues [182]. It ranks as

one of the leading causes of death worldwide, with millions of new cases diagnosed

every year, and incidence and mortality rates rapidly growing [20]. Despite toxicity

and limited specificity for cancer cells, chemotherapy and radiotherapy, together

with surgery, remain the standard of care for cancer patients. The ability of

cancer cells to break away from the primary site and metastasise makes cancer

particularly challenging to control by these treatments alone, increasing the demand

for alternative therapies.

Cancer development and progression is influenced by the immune system.

Characterising this dependence has become an increasingly important research area.

Numerous studies have demonstrated the dual role played by the immune system in

cancer: it can protect organisms by recognising and eliminating malignant cells; it

can promote tumour progression by exerting selective pressure on less immunogenic

tumour cells, i.e. cells that evoke a weaker immune response [151]. These cells

can be maintained in a state of immune-mediated equilibrium, but may, after

further division and editing, eventually suppress anti-tumour activity and develop

into clinically detectable tumours [165]. Dunn et al. [47] termed this process
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immunoediting, proposing three possible outcomes of tumour-immune interactions,

called ‘the three Es of immunoediting ’: tumour elimination, equilibrium, and escape.

Immunotherapies aim to harness the immune system to eradicate cancer cells,

and target different mechanisms of tumour escape. Some immunotherapies have

been approved for clinical use in the UK [51], although even the most successful of

these have seen average response rates across tumour types of less than 50% [61,

100]. This suggests that a better understanding of tumour-immune interactions is

needed to increase the pool of responding patients.

Our collaborators at AstraZeneca (AZ) have provided us with a dataset from

a preclinical study, in which a type of immunotherapy was tested on mice (see

Fig. 1.1). The data show tumour volume measurements divided into two groups:

“non-responders” whose tumours continue to grow, and “responders” whose tumours

shrink or are eradicated. Seeking to increase drug efficacy, AZ want to understand

why this happens. Mathematical modelling has the potential to address this ques-

tion; it can be used to interpret experimental observations and provide mechanistic

insights into the complex nonlinear relations between a tumour and the immune

system.
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Figure 1.1: Plots show tumour volume data against time from a preclinical study with BALB/c
mice. Every mouse is implanted with a tumour on day 0. Starting with day 6, they are
administered twice weekly with different doses of an anti-PD-L1 mouse antibody for two weeks.
Sizes of tumours are measured at different points in time, and the tumour evolution for each
mouse is shown with a curve. Data provided by AstraZeneca.
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A natural approach to modelling this dataset would be to split the mouse

population into responders and non-responders, and fit different (phenomenological

or data-driven) models to each group. In this thesis, we take a different approach,

using a deterministic, time-dependent model that: (i) is minimally parametrised,

in order to avoid overfitting and/or fixing parameters using other sources, (ii) is

mechanistic, and (iii) exhibits the three E’s of immunoediting (tumour elimination,

equilibrium and escape) through bifurcations and/or bistability. A model with

bifurcations can give rise to large qualitative changes in behaviour when parameters

are varied across a threshold. If a model is bistable, then there exist parameter

sets for which model solutions tend to different stable attractors (or a limit cycle)

as initial conditions are varied. If the steady states correspond to different stages

of immunoediting, then such changes in behaviour as model parameters or initial

conditions are varied would represent transitions between tumour escape, control

and eradication that are seen in the data.

The central question that arises from this modelling approach is whether models

with the described characteristics can explain the dichotomous tumour growth

data, and provide mechanistic insight into poor treatment responses. This is a

challenging question, with many layers of complexity that stem from the rich model

dynamics and the limited data available for model validation. The research in this

thesis aims to increase understanding of these challenges. We address topics related

to characterisation of the dynamics of bifurcating and/or bistable mathematical

models of tumour-immune interactions and the feasibility of their calibration to

dichotomous datasets. Our findings may stimulate the wider use of modelling in

the development of new cancer immunotherapies, by showcasing, in particular, the

ability of mechanistic models to generate new hypotheses about tumour-immune

interactions, to explain existing datasets and to guide experimental design.

In the rest of this chapter we review the relevant literature. In Section 1.2 we

provide an overview of the biology of cancer and the immune system. In Section 1.3
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we review existing mathematical models of tumour-interactions, show how they

have been used to inform immuno-oncology research, and introduce key concepts

related to model calibration. The chapter ends in Section 1.4 with an outline of

the research chapters that follow.

1.2 Biological background

1.2.1 Immune system and its activation

The immune system comprises organs, cells, and proteins that interact to defend

the body against disease and infection. For smooth functioning, it must detect and

neutralise pathogens and transformed cells, and also distinguish them from its own

healthy cells (self).

Immune protection comprises several layers of defence. The first layer involves

physical barriers, such as the skin and other epithelial surfaces that stop pathogens

from entering the organism. The innate immune system is the second layer; it

can respond quickly, via non-specific mechanisms, to pathogens, such as common

microorganisms and bacteria, that breach the physical barriers. For example,

macrophages are versatile phagocytotic cells involved in innate immunity. They re-

side in tissues, typically below epithelial cells, and watch for invaders by continually

ingesting extra-cellular material, such as dying cells, debris or pathogens marked for

destruction by other mechanisms. They can also release pro-inflammatory signals

to attract other circulating immune cells, such as phagocytotic neutrophils and

natural killer cells (NKs), to the site of infection. NKs are innate immune cells

which target stressed or transformed cells that, unlike healthy cells, do not express

Major-Histocompatibility-Complex (MHC) I molecules on their membranes. [157]

Adaptive immunity. Sometimes pathogens persist or are not recognised by

the innate layer. In such cases, vertebrates can employ a third layer of defence

called the adaptive immune system; it elicits a specific immune response against a
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particular pathogen and is initiated, directed and assisted by innate immune cells.

Its activation occurs mainly via dendritic cells (DCs). Like macrophages, DCs

reside in infected tissues, where they engulf and process extra-cellular material.

They can be activated by cytokines and chemokines expressed by other immune

cells and dead pathogens, or by signals received via pattern recognition cellular

receptors on DC membranes. Upon activation, DCs present pieces of the engulfed

material on MHC I and II molecules, which are attached to their cell membranes.

These presented molecules or antigens can induce a specific immune response; thus,

DCs are classified as antigen-presenting cells (APCs). What distinguishes DCs

from less effective APCs, such as macrophages, is their ability to travel to lymph

nodes, where they can activate cells of the adaptive layer [115, 157].

The adaptive immune response is carried out by T cells and B cells. B cells

are responsible for antibody-mediated immunity. Once activated, they produce

proteins called antibodies. Since antibodies are cognate to antigens expressed by

the detected pathogen via the MHC I molecules on their cell membranes, they can

bind to them. This can neutralise the pathogen function or signal other cells of

the innate immune system to destroy it. T cells are responsible for cell-mediated

immunity, which plays a pivotal role in cancer. Therefore, henceforth, we will

focus on the function of T cells (see [115, 157] for a more detailed review of B cell

functions).

Every T cell expresses specific T cell receptors (TCRs) on its surface. These

TCRs can bind to specific cognate antigens, on APCs for example. Variable

specificities of TCRs across the T cell population enable T cells to collectively

recognise and bind to millions of antigens. We distinguish two main subpopulations

of T cells, helper and cytotoxic T cells (Ths and CTLs respectively). Ths help

activate other cells of the immune system, while CTLs kill targeted non-self cells.

Näıve Ths are activated in the lymph nodes, when they recognise, via their

TCRs, the cognate antigen presented on MHC II molecules of APCs. For successful
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activation, co-stimulation is required upon binding through the TCR and the

antigen-MHC complex. This is achieved via simultaneous binding of B7 proteins and

CD28 molecules, expressed on the surface of activated APCs and Ths, respectively.

Depending on the signalling in the local environment through cytokines and co-

stimulatory receptors, näıve Ths differentiate into different subtypes (e.g. Th1,

Th2, Th17, Tfh and others). Each subtype secretes different cytokines and growth

factors, and enhances the recruitment and function of different immune cell types.

Different Ths also promote their own proliferation and that of CTLs.

Similarly, CTL activation requires antigen presentation on DCs via MHC I.

Details of CTL activation remain unclear, and may involve Ths. It is thought

that efficient activation of long-lived CTLs requires Ths [157]. Once activated,

CTLs differentiate into effector CTLs, which can kill target cells. They increase

in number via rapid proliferation, and produce the cytokine interleukin-2 (IL-2),

which promotes differentiation of näıve CTLs into effector CTLs. They then leave

the lymph nodes, enter the bloodstream, and travel to the site of infection. There

they infiltrate the infected tissue, and scan cells until they find their target cell

whose antigens, bound to MHC I molecules on the cell surface, match their specific

TCR. Having found their match, effector CTLs kill the target cell via programmed

death or apoptosis. After the immune attack dies down, some differentiated effector

CTLs survive in the lymph nodes and at the tumour site. These become memory

T cells that can rapidly respond if the invader is encountered again.

1.2.2 Cancer, cancer-immunity cycle and immunoediting

Cancer cells evolve from normal cells when they undergo gradual genetic and

epigenetic (phenotypic) changes, which alter cell properties in ways that enhance

their survival in tissues and spread [176]. According to Hanahan and Weinberg [65],

the key characteristics of cancer cells may be summarised as ten hallmarks of cancer.

Resisting cell death, sustaining proliferative signalling, evading growth suppressors,
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activating invasion and metastasis, inducing angiogenesis, enabling replicative

immortality, deregulating cellular energetics and avoiding immune destruction are

identified as the core hallmarks or “acquired functional capabilities that allow cancer

to survive, proliferate, and disseminate” [65]. Their acquisition is facilitated by

enabling hallmarks; these are genomic instability and mutations, and tumour-

promoting inflammation. In addition to tumour cells, many other cell types reside

in malignant tissues. The hallmarks of cancer highlight that the active role played

by the tumour microenvironment (TME) in tumour initiation and progression

cannot be understood from the intrinsic properties of cancer cells alone. Below we

outline the role of the immune system in cancer, as this is the focus in this thesis.

Tumour cells are coated with tumour-specific antigens (neoantigens), expressed

exclusively on tumour cells as a result of mutated self-proteins, and tumour-

associated antigens (TAAs), which may be expressed in larger quantities than on

normal cells [63]. The presence of antigens on cancer cells induces anti-tumour

responses via the immune mechanisms outlined in Section 1.2.1. However, the

strength of these responses depends on antigen immunogenicity. For example,

2. Antigen 
presentation

3. Priming 
and 

activation

4. T cell 
trafficking

5. Infiltration 
into tumours

6. 
Recognition 
of tumour 
cells by T 

cells
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1. Release of 
tumour 
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tumour

lymph 
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blood 
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activated 
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Figure 1.2: The cancer-immunity cycle. Figure based on Chen and Mellman [26].
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neoantigens are thought to induce stronger immune responses than TAAs [162].

Chen and Mellman [26] proposed that maintenance of immunity to cancer can

be encapsulated via a sequence of steps, termed the cancer-immunity cycle, which

proceeds as follows (see Fig. 1.2). First, antigens and proinflammatory cytokines

are released by dying tumour cells (1). DCs capture these antigens and present

them to T cells, usually in the lymph nodes (2). These cells then become primed

and activated (3) to mount an immune response against the tumour. Effector

T cells subsequently traffic to (4) and infiltrate the tumour bed (5), until they

find and bind to the target tumour cell with an antigen cognate to their TCR (6).

Finally, the T cell kills the target tumour cell (7), and the cycle repeats.

In cancer patients, the cancer-immunity cycle is often disrupted, enabling tumour

cells to survive or evade immune attack, and the disease to progress. The dynamic

processes of tumour eradication by the immune system and tumour progression have

been unified by Dunn et al. [47] under the concept of immunoediting, summarising

the possible outcomes of an immune response to cancer as the “three E’s of

immunoediting”:

(1) Elimination (immune surveillance). Transformed cells are destroyed by a

competent immune system (optimal cancer-immunity cycle performance).

(2) Equilibrium. Some cancer cells escape immune attack due to abnormalities

in cancer immunity. The surviving tumour cells are maintained in a state

of immune-mediated dormancy, with some cells possibly undergoing further

division and editing. During this period, new tumour cell variants with

characteristics, genetic or epigenetic, that increase their resistance to immune

destruction may be selected by the immune system.

(3) Escape. Immunologically sculpted tumours begin to grow progressively,

become clinically detectable and establish an immunosuppressive TME.

Immunoediting provides a framework within which we can interpret different out-
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comes of tumour-immune interactions. Of interest in this thesis, are mathematical

models of tumour-immune interactions that capture these outcomes (we review

such models in Section 1.3).

Thus far we have focused on the mechanisms by which the immune system is

stimulated. It has been suggested that a balance between immunosupression and

immunostimulation is needed to maintain tumour equilibrium [129], and that once

the balance is shifted, escape or elimination will occur. In Section 1.2.3 we outline

mechanisms by which the immune system may fail to be stimulated sufficiently

or may be suppressed by tumour cells. This can shift the balance in favour of

immunosuppression and enable tumour progression.

1.2.3 Mechanisms of immune evasion in cancer

Abnormalities in cancer immunity can occur at any stage in the cycle and may

result in the tumour not being cleared by the immune system. For example, the

tumour may not be recognised as foreign by T cells. This may occur if tumour

cells lack mutations that produce immunogenic tumour antigens, or have defects in

presenting tumour antigens on the cell surface, e.g. loss of expression of MHCs, or

abnormalities in antigen processing [8]. Tumours can also evade immune attack by

creating an immunosuppressive microenvironment [115]. This may occur through

T cell exclusion from the tumour site (immunologically “cold” tumours), activation

of co-inhibitory immune checkpoint pathways (immunologically “hot” tumours), or

by recruiting cells with an immunosupressive phenotype [184]. In this section, we

outline the role of the latter two mechanisms in cancer.

We also note that signalling via mutated cancer genes (i.e. intrinsic/oncogenic

signalling) is thought to drive immunosuppression by modulating expression of

certain cytokines, chemokines or membrane molecules which can, in turn, disrupt the

recruitment and function of immune cells [15, 184]. However, how specific oncogenic
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pathways interfere with immune signalling is not yet completely understood and

remains an active area of research.

T cell exhaustion and negative co-stimulation. When tumour antigens

are recognised and T cells are mobilised to destroy the tumour, their activity

may become impaired when T cell stimulation is continual. This is termed T cell

exhaustion, and is more likely to develop with prolonged antigen exposure or high

antigen levels [61]. The key characteristics of exhausted T cells are overexpression

of several inhibitory receptors (i.e. immune checkpoints), loss of effector functions

(e.g. production of cytokines IFN-γ, IL-2 and TNF-α), and loss of proliferative

capacity [15]. We will highlight the role of two checkpoints, programmed death

protein 1 (PD-1) and cytotoxic T-lymphocyte-associated protein 4 (CTLA-4), which

have been successfully exploited for development of immune checkpoint blockade

therapies that inhibit signalling through these pathways.

Immunosuppression may occur during T cell activation in the lymph nodes.

When a T cell is activated, expression of the CTLA-4 inhibitory receptor on its

membrane is up-regulated. CTLA-4 binds with higher affinity to B7 proteins on

activated APCs than the co-stimulatory CD28 receptor. Therefore, on repeated

contact of the T cell and the APC, CTLA-4 outcompetes the binding of CD28. A

co-inhibitory signal is transmitted, which dampens T cell activation [115, 122].

PD-1 is an inhibitory receptor which can be transiently expressed by activated

T cells in response to sustained stimulation of their TCRs, cytokines and other

signals [67]. Proinflammatory molecules released into the TME during immune

attack (such as IFN-γ) drive expression of programmed death-ligand 1 (PD-L1) on

a diverse range of cells, including cancer cells which often overexpress it. When

an effector T cell attaches with its TCR to a cognate antigen-MHC complex on a

tumour cell, ligation of the T cell’s PD-1 receptor with PD-L1 on the tumour cell

also takes place. This, in turn, transmits a co-inhibitory signal, which triggers a
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cascade of signalling events that inhibit the effector T cell cytotoxic activity by,

for example, inducing apoptosis of effector T cells, facilitating their anergy and

exhaustion, and inhibiting their proliferation. The PD-1/PD-L1 pathway is mainly

responsible for dampening effector T cell activity in peripheral tissue, acting to

minimise tissue damage in a healthy organism [68, 115].

Immunosuppressive immune cells. Different types of immune cells can con-

tribute to an immunosuppressive TME. Their recruitment, phenotype and trafficking

may be modulated by the tumour and other cells in the TME, and thus enable

tumour progression and immune evasion.

Tumour cells may secrete a range of cytokines, including transforming growth

factor β (TGF-β). TGF-β inhibits T cell activation, proliferation, differentiation

and tumour cytotoxicity. It also induces differentiation of näıve Ths into T

regulatory cells (Tregs) [115, 157]. Many tumours are infiltrated by Tregs, which

produce immunoinhibitory cytokines such as IL-10, IL-35 and TGF-β [154].

Myeloid-derived suppressor cells (MDSCs) are a heterogeneous population of

immature innate immune cells, such as DCs and macrophages, activated without

maturing under pathological conditions. They can inhibit immune responses via

numerous mechanisms [185]. Their expansion is promoted by tumour expression

of granulocyte-macrophage colony-stimulating factor (GM-CSF) [15, 154]. Certain

chemokines and chemokine receptors expressed by the tumour may also increase

localisation of MDSCs and Tregs within the tumour [154].

Tumour-associated macrophages (TAMs) can also infiltrate the tumour bed

in large numbers, and are correlated with poor prognosis [154]. Depending on

the cytokine composition of the TME, their phenotype can switch between pro-

inflammatory (M1-like) and anti-inflammatory (M2-like), with the latter typically

being the dominant type in TAMs [124].
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1.2.4 Immunotherapies

Immunotherapies aim to activate an immune response to the tumour by intervening

at appropriate steps in the cancer-immunity cycle. We summarise several existing

immunotherapies in Table 1.1. Many of these therapies, work by stimulating

effector T cell functions. Immune checkpoint therapies have revolutionised the

field of immunotherapy as they instead interrupt co-inhibitory signalling pathways,

such as CTLA-4 and PD-1/PD-L1, which play an immunosuppressive role in the

cancer-immunity cycle. Arguably the main issue is that, despite some success,

only a fraction of patients respond to existing treatments [52, 100]. The signif-

icant challenges are to identify those tumours that will respond to a particular

immunotherapy, to predict tumour responses, and to increase response rates among

the large proportion of immunotherapy non-responders. It is thought the latter

will require not only determination of optimal treatment scheduling and dosage,

Therapy Mechanism Challenges Ref.

immune check-
point blockade

counteract T cell exhaustion by using an-
tibodies to block co-inhibitory checkpoint
receptors (e.g. CTLA-4, PD-1/PD-L1)
and their signalling

only a fraction of patients re-
spond and show durable ben-
efits

[61,
100,
121]

cancer vaccines stimulate TAA-specific T cells, e.g. by
increasing DC exposure to TAAs ex vivo
(Sipuleucel-T)

identification of most suit-
able antigens

[64]

adoptive T cell
transfer (ACT)

stimulate T cells by inducing their tumour
specificity ex vivo via antigen-specific ex-
pansion or genetic engineering (e.g. CAR-
T cells)

toxicity and cost [6,
126]

oncolytic virus selective replication of native or geneti-
cally modified viruses within tumour cells
leads to their lysis and initiation of sys-
temic anti-tumour immunity

clearance by the host before
reaching tumour cells

[52]

cytokines stimulate innate and adaptive immunity
(e.g. IL-2, IFN-α)

toxicity at required large
quantities, other negative ef-
fects (e.g. induction of regu-
latory checkpoints by IL-2)

[173]

Table 1.1: Types of available immunotherapies, their mechanisms of action and related challenges.
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but also the design and identification of potent combination treatments in order

to target multiple steps of cancer immunity [51, 80], e.g. stimulation of effector

functions and also blockade of immunosuppression. As our understanding of cancer

and immunosuppressive mechanisms increases, new immunotherapy drugs are being

developed, with potential to expand the current repertoire of available therapies.

1.3 Mathematical models of tumour-immune cell

interactions

Mathematical and computational modelling has been increasingly recognised as a

tool to study complex systems, such as cancer. In silico models can be used to test

and generate hypotheses, and can complement experimental work by interpreting

associated data and guiding the design of new experiments. As such, modelling

can provide mechanistic insights into different aspects of cancer and contribute to

treatment improvement. Existing models typically focus on one or two hallmarks of

cancer [9, 11]. Here we concentrate on models that account for tumour-immune cell

interactions, and which could assist with the development of new immunotherapies.

Existing modelling frameworks vary from spatial to non-spatial models, deter-

ministic to stochastic, continuous to discrete, single scale to multiscale [50, 105].

In this section, we review existing models describing tumour-immune interactions.

In Section 1.3.1 we focus on models formulated using coupled ordinary differential

equations (ODEs) as they are widely used, and are most relevant to the research

presented in this thesis. We briefly review other approaches in Section 1.3.2.

1.3.1 Ordinary differential equations models

Well-mixed, time-dependent ODE models are more amenable to analysis and easier

to validate than other frameworks. They can also generate mechanistic insight. They
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neglect spatial effects, and describe population level dynamics deterministically,

representing each species with a continuous, time-dependent variable.

1.3.1.1 Models including tumour and immune cells

The earliest models of tumour-immune interactions consist of two ordinary differ-

ential equations, describing how the density of tumour cells, m(τ), and immune

cells, e(τ), changes over time, τ [50, 178]. The immune cell population typically

represents CTLs or NKs, both of which can recognise and destroy cancer cells;

we will also refer to them as “effector” cells. Tumour-immune interactions were

initially modelled by analogy with predator-prey systems, with immune cells prey-

ing on cancer cells. This work inspired a number of extensions of the classical

Lotka-Volterra models.

Many early models [35, 36, 55, 88, 158, 163] belong to the general family of two-

equation models of tumour-immune interactions that was proposed by d’Onofrio

[39]. They differ in the functional forms used to describe the tumour growth rate,

immune predation of tumour cells, immune cell recruitment, proliferation and death

rates. Numerical simulation and bifurcation analysis have been used to study the

types of tumour-immune dynamics that different models exhibit.

Arguably, the most influential predator-prey-like model was proposed by Kuznetsov

et al. [88]. They account for interactions between effector cells and tumour cells

through the formation of an intermediate effector-tumour complex. The full model

is reduced by applying the quasi-steady-state approximation (QSSA), a common

technique for reducing models of chemical kinetics. Under this approximation, the

number of complexes is assumed to be approximately constant, which they justify

on the basis that formation and dissociation of complexes occurs on a shorter

timescale (∼ minutes) than cell proliferation and/or influx of effector cells (∼ days).

Under the QSSA, the following reduced model is obtained

ė = σ +
ρem

η +m
− δe− µem, (1.1a)
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ṁ = αm(1− βm)− κ2em, (1.1b)

where the dimensionless variables e and m represent the numbers of free effector

and tumour cells, respectively. Model parameters are estimated from experimental

data for B cell lymphoma (BCL) in mice.

Kuznetsov et al.’s simplified model has been modified in many ways. Ga lach

[55] replaced the Michaelis-Menten effector influx with a bilinear function, thereby

removing saturation in the immune response at large tumour size. Through

convergence to steady states of different sizes (tumour-free, small-tumour, large-

tumour) in different parameter regimes, Kuznetsov et al.’s model predicts tumour

escape, elimination by effector cells, or tumour dormancy via damped oscillations.

While Ga lach’s model also captures the three E’s of immunoediting, it does not

exhibit bistability between equilibrium and escape steady states, or the “sneaking

through” phenomenon, where a small tumour lies outside the basin of attraction

of the dormant steady state and escapes immune control; both phenomena are

exhibited by the QSSA model (1.1).

Rihan et al. [137] introduced a time delay to the second and fourth terms of

the right-hand side (RHS) of (1.1a), in order to account for the time between the

recognition of non-self antigens by effector cells, the increase in effector numbers

and their infiltration into the tumour. They found that a time delay less than a

threshold value does not impact the stability of steady state solutions and therefore

the model’s immunoediting behaviour. By contrast, for a larger time delay nonzero

steady states are destabilised via a Hopf bifurcation, and a stable limit cycle

emerges. Khajanchi and Banerjee [78] added a time delay to the second term of the

RHS of (1.1a) and showed that, as certain model parameters vary, the system can

undergo period-doubling bifurcations which, in some regimes, lead to large-period

oscillations or chaotic behaviour.

Roesch et al. [143] adapted Kuznetsov et al.’s model to investigate the impact of

tumour-immune interactions on tumour responses to chemotherapy. They assumed
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exponential tumour growth, and modified the tumour-immune interaction terms

so that effector cells only interacted with tumour cells on its spherical surface

(assumed), making e ∝ m0.75; the exponent of m is taken to be slightly larger

than 2
3

to account for the growth of B-cell-lymphomas in multiple nodes. In the

treatment-free model the tumour either grows unboundedly or is eliminated at

a tumour-free steady state, but the model cannot capture late tumour relapses

(longer than two years). By adding linear loss terms in tumour and effector cell

numbers to model chemotherapy effects, Roesch et al. used the model to investigate

patient outcomes given chemotherapy (see Section 1.3.1.4 for further details).

1.3.1.2 Models including multiple cell types and signalling molecules

Other authors have developed mathematical models to describe tumour-immune

interactions, including additional equations to represent other cell populations/

cytokines/drugs in the TME. Models of this type have been used to investigate

different therapeutic targets, treatments and dosing regimens. Here we review these

models, focusing on the insight they provide into cancer therapeutics.

In order to investigate ACT and IL-2 treatments, Kirschner and Panetta [79]

included an ODE for the concentration of IL-2 cytokine, which stimulates effector

cell proliferation. ACT is modelled as a constant influx of effector cells, and

treatment with IL-2 is modelled as a constant source of IL-2. A bifurcation analysis

of their model suggested that IL-2 therapy alone cannot eliminate the tumour,

whereas ACT can, and the effect is enhanced when combining ACT with IL-2.

The role of immunosuppression in cancer progression has motivated the de-

velopment of other models. Dritschel et al. [46] developed an ODE model to

study the role of Ths and CTLs in anti-tumour immune responses. They added

a Th compartment to Kuznetsov et al.’s model, and modelled immunosuppresion

implicitly through a biphasic effector proliferation term. Their model exhibited

immunoediting behaviour, and stable oscillations around the dormant steady state.
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Model simulations suggested that Ths may be a more effective immunotherapeutic

target than CTLs alone.

Robertson-Tessi et al. [138] developed a twelve-compartment model, which

describes a multitude of cell types and cytokines in the TME, and includes multiple

mechanisms of immunosuppression. By systematic numerical simulations, they

showed that their model captures immunoediting behaviour, highlighted the impor-

tance of suppressive mechanisms at different stages of tumour development, and

found Tregs to be significant at all stages. In further work, Robertson-Tessi et al.

[139] showed that tumour responses to chemotherapy and immunotherapy depend

on the balance between immunosuppressive and immunostimulatory effects.

Park et al. [123] recently proposed a model in which the immunosupressive

dynamics of Robertson-Tessi et al.’s model are simplified, but Treg recruitment and

function are retained. They investigated potential synergistic effects of chemother-

apy and immunotherapeutic interventions. Chemotherapy depletes tumour and

immune cells and can temporarily restore an immune response. The model by Park

et al. [123] suggested that there exists a “Goldilocks window” of chemotherapy doses,

in which maximal reduction in tumour size due to the drug and due to increased

T-cell activation is achieved. Combining chemotherapy with DC vaccination was

also found to increase the benefit further.

The recent success of immune checkpoint inhibitors has stimulated the develop-

ment of several models that describe tumour responses to such therapies, alone

and in combination [25, 82, 118, 130, 153]. The challenge in modelling checkpoint

therapies is relating cellular dynamics with signalling through co-inhibitory recep-

tors. Nikolopoulou et al. [118] developed a simple model for anti-PD-1 treatment,

in which expression of PD-1 and PD-L1 molecules on tumour and immune cells

is assumed to vary parametrically with tumour and immune cell numbers and

anti-PD-1 drug concentration. Model simulations suggested that anti-PD-1 therapy

alone cannot eradicate a tumour.
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1.3.1.3 Parameter estimation

In many of the works mentioned above, parameter values are usually obtained

from the literature, using data from different sources generated under different

experimental conditions. In order to generate meaningful predictions, such models

must be carefully calibrated and validated with datasets relevant to the context

in which they will be used [177, 186]. In particular, model parameters need to be

robustly estimated using such datasets [136].

Parameter estimation is an inverse problem that can be solved by minimising

an objective function. As explained below, the inverse problem may be posed

deterministically or statistically. First we introduce some notation following Stuart

[164] and Lim [99].

Inverse problem notation. Let θ ∈ RJ be the vector of model parameters

and u ∈ RNxK the model solution (i.e. state variables over time) given as a map

u = F(θ). (1.2)

The task of computing F(θ) is called the forward problem, and its solution u is

called the forward model. Let the forward model be u = [x(τ1,θ)T , . . . ,x(τK ,θ)T ]T ,

where x(τ,θ) is the solution of a dynamical system

ẋ = f(x(τ,θ),θ), (1.3a)

x(0,θ) = x0(θ), (1.3b)

with time variable τ ∈ R+∪{0}, time-dependent system state vector x(τ,θ) ∈ RNx ,

and initial conditions x0(θ) ∈ RNx . When the exact solution to the dynamical

system is not accessible, a numerical integration scheme is used to obtain an

approximate solution at discrete time points (τk)
K
k=1, where K is the number of

time points at which the numerical solution is computed. The system of equations

and method of integration together determine the forward problem, and the forward

model in this case is its numerical solution.
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When θ is unknown, or not directly observable, one must solve an inverse

problem in order to recover it from observations of u, which we denote as s =

[y1, . . . ,yN ]T ∈ RNs . Here, for every i ∈ {1, . . . , N}, yi ∈ RNy denotes observations

taken at time τki , Ny is the number of observations made, N is the number of

time points at which these observations are made and Ns = NyN is the total

number of observations across all time points. We note that {τk1 , τk2 , . . . , τkN} ⊆

{τ1, τ2, . . . , τK}. The definition of the inverse problem depends on our assumptions

about how observations were generated. Most commonly, they are assumed to be

of the form

s = O(u) + ν = O(F(θ)) + ν, (1.4)

where O(u) is the deterministic observation model, and ν ∈ RNs is additive random

observation noise. However, uncertainty can be incorporated in other ways.

Deterministic framework. Parameter estimates are typically obtained by

minimising an objective function that measures the agreement between observables,

s, and model predictions, O(u) = O(F(θ)), given a parameter set θ. A commonly

used objective function is the weighted sum of squared residuals,

V (θ) = (s−O(u))T Ξ−1 (s−O(u)), (1.5)

where Ξ is a matrix of symmetric, positive semidefinite weights, typically a diagonal

matrix of known variances of independent observation errors [146].

Frequentist framework. Within a statistical framework, observations, s,

may be viewed as realisations of random variables. The joint probability density

function (PDF) of observations or the likelihood, p(s |θ), describes our statistical

assumptions about the distribution of observations given specific values of θ, which

are treated as constants, e.g. (1.4). From the likelihood, we can estimate the

unknown parameters θ via the maximum likelihood estimator (MLE)

θ̂MLE = argmax
θ

p(s |θ). (1.6)
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Note that computing the maximum of the likelihood is equivalent to computing

the maximum of the log-likelihood, L(θ) := log p(s |θ). For Gaussian observations

with mean O(F(θ)) and a known covariance matrix Ξ, it follows that

L(θ) = −1

2
V (θ) + constant. (1.7)

In this case, θ̂MLE is equivalent to the minimum of V (θ). We note that θ is

extended by the observation error covariance matrix, Ξ, if it is unknown.

Bayesian framework. Here unknown parameters, θ, are viewed as random

variables. They are assigned a prior PDF, p(θ), that reflects beliefs/assumptions

about their true values before observables are recorded. After observations are

obtained, the prior is updated to a posterior PDF for θ, p(θ | s), which is the joint

distribution of θ conditional on observations s. From the posterior PDF, an estimate

of θ can be obtained, e.g. it may be estimated via the maximum-a-posteriori (MAP)

estimator given by

θ̂MAP = argmax
θ

p(θ | s). (1.8)

Sometimes the posterior mean or median computed using samples from p(θ | s) are

used. Using Bayes’ rule, the posterior PDF may be written as

p(θ | s) =
p(s |θ) p(θ)

p(s)
, (1.9)

whereby the posterior PDF is proportional to the prior PDF and the likelihood.

Weak or non-informative priors do not have a large influence on the posterior, and

the MAP estimate is, in such cases, close to the MLE [102]. From a mathematical

perspective, specifying a prior can be viewed as equivalent to regularisation of a

potentially poorly constrained MLE problem in order to make it well-posed and

thus easier to solve [164]. The Bayesian approach thus provides a framework for

carefully tracking the assumptions made, and makes it feasible to find a reasonable

solution subject to its assumptions, when the system is poorly observed [99].
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There are multiple sources of uncertainty in biological applications, including

observation noise, discrepancies between the mathematical model and the biological

system, and other sources of variability (e.g. inter-individual). Statistical frame-

works allow for their systematic consideration. Assuming Gaussian observation

errors, it is straightforward to define a MLE problem for estimating parameters

of a deterministic ODE system from time-course data for a single individual. A

more complex inverse problem can be formulated using the mixed effects modelling

(MEM) framework. MEM is often used in pharmacometrics to calibrate models to

data for a population of individuals, and account for the fact that different patients

respond differently to the same drug [93]. A mathematical model (e.g. ODEs) is

chosen to describe the dynamics of a biological process for each individual belonging

to the population. Within this framework, we associate with each individual i a

set of model parameters θ(i), which comprise “fixed” and “random” effects, i.e.

θ
(i)
j = θ

(pop)
j + λ

(i)
j . Here θ(pop) are unknown parameters fixed for the entire popula-

tion, while λ(i) are the individual deviations from the population values. Typically,

λ
(i)
j are assumed distributed according to a zero-mean Gaussian distribution, with

standard deviation ωj, fixed over the population, i.e. λ
(i)
j ∼ N (0, ω2

j ). If wj = 0,

then the corresponding θ
(i)
j is a fixed population parameter; if ωj are assumed

unknown, then they describe inter-individual variability. The total number of

parameters to estimate is lower than for separate fits of each individual’s dataset.

In MEMs, variability of data between individuals is explained by variability in the

parameters with significant random effects.

The parameter estimation problems as described above are solved by minimising

the objective function that emerges from the modelling and statistical assumptions.

This may be challenging for multiple reasons [104]. The data are often noisy and/or

scarce. For example, in the context of tumour-immune interactions, it is difficult

to obtain time-resolved in vivo data describing properties of immune cells in the

TME for a single subject, as is the case with AZ’s data mentioned previously.
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Parameter estimation may also be difficult due to uncertainty and/or complexity of

the model and its behaviour, e.g. model discrepancy, over-/under-parametrisation

with regards to data, nonlinearity, bifurcations [95, 142]. It also depends on any

additional statistical constraints, such as the prior [164]. Each of these factors

affects the shape of the objective function, and therefore whether its minimum is

unique and straightforward to identify.

There are many methods for solving parameter estimation problems [136].

Optimisation methods seek the single set of parameter values for which the model

best fits the data. The methods range from local to global, gradient-based to

gradient-free, deterministic to stochastic. Inference-based approaches quantify

uncertainty in parameter estimates, but may be computationally intensive, as the

objective function must be explored in multi-dimensional parameter space. For

problems formulated within a Bayesian framework, the posterior distribution of

parameters, p(θ | s), can be approximated with popular methods that are generally

used for sampling multi-dimensional probability distributions, such as Markov

chain Monte Carlo (MCMC) [5, 91] or Approximate Bayesian Computation (ABC)

[167]; the latter is used when the PDF (up to a constant) cannot be evaluated

easily.

By analysing identifiability of the inverse problem, potential difficulties with

parameter estimation may be resolved before attempting to fit real data and/or

before the data are collected [146]. Several methods can be used to determine

structural and practical identifiability of a problem, i.e. whether its parameter values

can be uniquely recovered, and with low uncertainty [28, 111, 134]. Structural

identifiability considers perfect measurements (resulting from the deterministic,

time-continuous observation model, O(·)) and is thus related only to the structure

of the dynamical system and the types of observables, while practical identifiability

also considers noise and the times at which measurements are made.
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As Chapters 4 and 5 of this thesis involve identifiability analysis and parameter

estimation, we review the relevant methods in more detail in these chapters.

1.3.1.4 Linking models to data

As more treatments and data become available, there has been a push for better

integration of tumour-immune interactions models and data [127, 172]. This has

led to the development of simple ODE models, which incorporate some mechanistic

details and can be readily related to data [22, 34, 82, 85, 87, 88, 137, 143, 153, 179,

180]. Here we summarise studies that provide a more data-informed insight into

the outcomes of tumour-immune interactions.

We first note that Kuznetsov et al. [88] parametrised their QSSA model using

time-series data of tumour cell numbers in mice with BCL1 lymphoma in the

spleen. The logistic tumour growth parameters were estimated separately using

data from non-chimeric mice which could not elicit an immune response. The

constant effector supply rate was estimated without fitting to data, while other

immune parameters were calibrated using data from chimeric mice with immune

systems. These estimates have been used in many subsequent modelling studies

(see, for example, [34, 46, 143, 150]).

In [88] only tumour measurements were used to estimate model parameters.

By contrast, de Pillis et al. [34] used experimental data from human and murine

cytotoxicity assays to estimate tumour cell kill parameters in their model, in which

the effector population is decomposed into NKs and CTLs. Other model parameters

were fixed at values found in the literature.

Roesch et al. [143] calibrated a modified version of Kuznetsov et al.’s model

to progression-free survival data from a clinical trial of different chemotherapy

dosing. They used the maximum entropy principle to fit five (of fourteen) model

parameters. Some of these parameters were assumed to be therapy-, study- and/or

patient-specific, the latter of which were assumed statistically distributed, with
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means and variances fitted to the data. Paradoxically, clinical data show that

increasing chemotherapy intensity can hinder its effectiveness, potentially due to its

negative impact on the immune system that hence fails to control any remaining

tumour cells. Roesch et al.’s model was able to explain these data by incorporating

immune system effects and variability in patient-specific parameters.

Wilkie and Hahnfeldt [179] explored the dual role of the immune system in

cancer progression by modifying a simple logistic model of tumour growth. They

modelled immune system effects indirectly by imposing a dynamic carrying capacity,

which depends on the balance between immunosuppressive and immunostimulatory

signals in the TME (i.e. balance between tumour and immune cells). After fixing

some parameters from the literature, and with the simplifying assumptions of

immune homeostasis and negligible immune predation at detectable tumour sizes,

they used MCMC to estimate tumour growth parameters and the homeostatic

immune cell number from time-course data for subcutaneous fibrosarcoma grown in

immunodeficient mice. Multiple parameter sets were found to fit the data equally

well, suggesting that the model is non-identifiable. Nevertheless, they conducted a

simulation study using the resulting parameter sets, and showed the model can

predict a separation of tumour growth curves into escape and elimination as a

result of variability in parameter values.

Such heterogeneity in tumour growth is seen in AZ’s data (see Fig. 1.1) from a

preclinical trial with an immune checkpoint inhibitor. As multiple trials suggest that

the efficacy of checkpoint inhibitors may be increased with combination treatments,

several recent modelling studies have investigated their synergistic effects.

Serre et al. [153] investigated the combination of immune checkpoint blockade

and radiotherapy. They developed a semi-mechanistic model that describes immune

response via interactions among tumour cells, their antigens and effector cells. Their

model qualitatively reproduces tumour growth curves that show poor responses

to radiotherapy or checkpoint blockade monotherapies, and improved responses
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to combinations of these treatments due to their synergy. While the simulated

survival curves were in good agreement with results from preclinical studies, the

model lacks rigorous calibration of parameters and quantitative validation.

Kosinsky et al. [82] studied data from a preclinical study in which radiotherapy

was combined with an anti-PD-L1 drug. Their model describes the time evolution

of healthy tumour cells, radiotherapy-damaged tumour cells, näıve T cells and

CTLs. Eight (of twenty-five) model parameters were fitted using the nonlinear

MEM framework. Their results suggested that heterogeneity in tumour responses

to treatment can be best explained through variability in the T cells’ ability to

infiltrate the tumour upon antigen exposure. From simulations of the calibrated

model they concluded that administering anti-PD-(L)1 prior to, or concurrently

with radiotherapy, has greater benefit than post radiotherapy.

Modelling work by Radunskaya et al. [130] was motivated by data from a mouse

study, in which treatment with an anti-PD-L1 drug and an inhibitor of Bruton’s

tyrosine kinase (BTK), which slows down tumour growth, was shown to be more

effective than each drug alone. Their mathematical model (with eleven ODEs) was

adapted from Köse et al. [81] and describes interactions among dendritic, effector

and tumour cells in the spleen, the blood and the tumour. The model attributes

the dichotomy in tumour volume data to variability in the tumour growth rate

and the maximum kill rate of tumour cells by immune cells. These two parameters

were fitted to data, while other parameters were fixed at values estimated in [81].

1.3.2 Other modelling frameworks

Other approaches have been used to model tumour-immune interactions and account

for their complex and multiscale nature.

Partial differential equations (PDEs) can capture how tumour and immune

cells interact in spatial domains and can account for cell movement [1, 54, 89, 90,

97, 98, 107]. For example, Matzavinos et al. [107] developed a spatial extension of
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Kuznetsov et al.’s original model, by assuming cells move via diffusion, and that

immune cells also move chemotacticaly down the spatial concentration gradients of

cytokines/chemokines produced by complexes during immune cell activation.

Stochastic differential equation (SDE) models have been used to consider the

impact of inherent randomness in tumour-immune interactions on the time-evolution

of interacting cell populations, effects which may be particularly influential at

small cell numbers. They may account for intrinsic stochasticity [4, 16, 23],

associated with variability of birth/death processes, cell genotype, phenotype

and/or function, or extrinsic stochasticity [40, 94, 183], which may arise from

variability in environmental factors such as oxygen and nutrient supply, the state

of the host’s immune system, temperature, radiation, or both [17, 101].

In contrast to continuum models, where cells/molecules are treated as densities,

agent-based models (ABMs) consider individual cells as discrete entities (i.e. agents).

The behaviour of each agent (i.e. changes in state and on/off-lattice location) and

interactions with neighbouring agents are modelled by deterministic or stochastic

rules. While being computationally demanding, ABMs can capture heterogeneity

and randomness of cell interactions, particularly at small cell numbers, and spatial

effects. The TME’s multiscale nature can be incorporated into ABMs by their

coupling to ODEs or PDEs that describe the evolution of TME components, such

as oxygen, chemokines, cytokines; such models are termed “hybrid” ABMs. We

refer the reader to Norton et al. [119] for a recent review of (hybrid) ABMs.

Kinetic (cellular) theory for active particles has been used to develop models

that describe large systems of interacting entities and account for the fact that

biological function is statistically distributed across cells of the same population, and

differs among different populations [11]. Each cell is characterised by a particular

internal state. From a stochastic description of cell interactions, integro-differential

equations are derived that describe the time evolution of distributions of internal
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cell states over each interacting population of cells. We refer the reader to Bellomo

and Delitala [10] for a review of such models.

1.3.3 Summary and discussion

ODEs are widely used to examine the spatially-averaged dynamics of tumour cells

and immune cells. To date, such models have been primarily used for in silico

testing and to generate hypotheses that may be tested with new experiments. The

hypotheses relate to tumour-immune interactions, different immunotherapeutic

targets, and scheduling and dosing of cancer therapies. Despite various attempts to

relate (semi-)mechanistic ODE models to experimental data, models that have been

robustly validated against data remain scarce [127]. Progress has been hindered by

the lack of appropriate immunological data and inter-individual variability.

Other modelling frameworks are better suited to investigating how spatial effects,

processes that act on different space/time scales, stochasticity and/or heterogeneity

(e.g. within a cell population) impact tumour-immune dynamics and outcomes.

However, the resulting models are typically more complex than ODEs, and more

difficult to analyse and validate. More detailed datasets are also needed to validate

these models. For example, to quantitatively validate ABMs, spatio-temporal

data are needed [119]. As such data are difficult to obtain, ABM simulations are

typically qualitatively compared to histological images at single time points.

There is a need to bridge the gap between modelling and data in order to tackle

major challenges in cancer immunotherapy. Multiscale mechanistic models must

be devised with the view of constraining them with available data [186]. Modellers

must also work with experimentalists and clinicians to design experiments which

collect data that enable model validation [174]. There are also opportunities for

modellers to better exploit large datasets being generated from single-cell RNA

sequencing, mass spectrometry and mass cytometry [3, 105]. Such datasets provide

a lot of information about the tumour and its microenvironment, but usually only
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at a single time point. Close collaboration and advances in both modelling and

experimentation will therefore be needed to move modelling in (immuno-)oncology

from hypothesis testing/generation to prediction in preclinical and clinical settings

[2].

In this thesis we will address challenges related to ODE models, focusing on the

analysis of model behaviour and the estimation of model parameters from data.

1.4 Thesis outline

The research presented in this thesis is motivated by AZ’s experimental data (see

Fig. 1.1). We focus on simple mechanistic ODE models that can capture the

dichotomous response seen in the tumour growth curves. More specifically, we

are interested in models with bifurcating and/or bistable behaviour that exhibit

the three stages of immunoediting (tumour elimination, equilibrium and escape)

via stable steady states of different tumour sizes in different regions of parameter

space. To answer questions about immune system characteristics that may lead

to tumour escape, such a model requires a minimum of two compartments, one

describing tumour cell growth, and the other describing immune cell dynamics. In

this thesis, we focus on one of the earliest and most influential tumour-immune

interactions models with these properties that was proposed by Kuznetsov et al.

[88]. The remainder of this thesis comprises four research chapters in which we

characterise different versions of this model from a dynamical systems perspective

and from a parameter identification perspective.

Chapter 2 provides new insights into the original, five-compartment model

by Kuznetsov et al. [88]. This model is of interest as its QSSA version exhibits

the three Es of immunoediting, and it has been widely studied in the literature.

Exploiting a separation of timescales in the model, we perform a formal matched

asymptotic analysis in order to derive a new, two-dimensional, long-timescale
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approximation of the original model that differs from the QSSA model. We analyse

phase-plane dynamics of the reduced model to show it is excitable, a feature not

previously reported for similar models of tumour-immune interactions.

In Chapter 3 we perform a bifurcation analysis via analytical and numeri-

cal techniques in order to fully characterise the impact of excitability on model

behaviour and its implications for tumour-immune interactions. We focus on

characterising the model’s steady states and limit cycles and show that the model

is descriptive of immunoediting. We perform a systematic parameter sensitivity

analysis to demonstrate how tumour growth curves may change as patient-specific

parameters and/or immunotherapy parameters vary and to show that the resulting

dynamics are consistent with dichotomous datasets.

The reduced model accurately describes Kuznetsov et al.’s full model in the

limit considered in Chapters 2 and 3, but the model’s complex dynamics render it

difficult to validate against experimental data. In Chapter 4 we investigate the

feasibility of estimating the model parameters of the QSSA model from observables

of tumour numbers (recall that the QSSA model is simpler to analyse but still

exhibits immunoediting via bifurcations and bistability, and therefore allows for

investigation of model identifiability in the presence of bifurcations). We first note

the model’s structural identifiability, which is a property of the model that describes

whether parameters may be identified from continuous and noise-free observables.

We then explore the model’s practical identifiability within a frequentist framework,

using noisy and time-spaced synthetic data, chosen to exhibit different qualitative

behaviours, which correspond to different stages of immunoediting.

Since model parameters are poorly identifiable for some datasets, we investigate

in Chapter 5 a parameter fitting approach where multiple tumour growth curves

are fitted simultaneously and certain unknown parameters are assumed fixed over a

population of curves. This approach exploits data from other individuals to inform

estimation of their parameters. While it is similar to mixed effects modelling [93],
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we perform a full Bayesian inversion and do not prescribe a statistical model for

the distribution of individual parameters. We propose and test two hypotheses,

generated by the model’s bifurcation structure, that can provide different biophysical

explanations for the dichotomy in tumour growth curves. Hypothesis 1 (H1) asserts

that the initial conditions are identical and attributes the dichotomous behaviour

to differences in the model parameters. Hypothesis 2 (H2) asserts that the model

parameters for both individuals are identical and lie in a region of parameter space

that exhibits bistability, and that the dichotomous behaviour is due to differences

in the initial conditions. In order to establish whether the QSSA model can be

used to robustly attribute dichotomy in the synthetic data to particular sources of

variability, we investigate the quality and quantity of data needed to distinguish

between these two hypotheses.

This thesis ends in Chapter 6, where we summarise the main conclusions of

the research and outline possible directions for future work.
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Chapter 2

An excitable model of
tumour-immune interactions

The research presented in this chapter has been published in the Journal of

Theoretical Biology [120].

2.1 Introduction

A multitude of mathematical models have been developed over the years in order

to increase our understanding of how the dynamic interplay between cancer and

the immune system affects cancer growth. However, few of these models have been

successfully parametrised. Simple mechanistic models that reproduce experimental

data, but are not overparameterised, are of particular interest, as they are easier

to analyse and calibrate, and therefore more appropriate to use as predictive

tools. They may be direct mathematical translations of biological knowledge (see

Section 1.3.1), or they may be simplifications of more complex models [72, 88];

mathematical techniques, such as asymptotic analysis, may be used to derive

reduced models using biologically-justified assumptions.

As described in Chapter 1, Kuznetsov et al. [88] derived a two-equation, quasi-

steady-state-approximated (QSSA), model from a five-equation model. The original

model describes interactions between effector and tumour cells mediated by the

formation of intermediate effector-tumour complexes. The model incorporates
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immune killing of tumour cells, tumour-induced suppression and anergy of effector

cells, and limits on immune recruitment and proliferation when the tumour grows

large. Kuznetsov et al. [88] performed model reduction by assuming that the

timescale on which tumour and effector cells form complexes is much shorter than

the timescale of other processes. Under this QSSA, the model reduces to two ODEs

that describe the dynamics of the effector and tumour cells; the complexes vary

parametrically with these variables. The reduced model has been calibrated to

murine data [156]. Kuznetsov et al.’s analysis of the QSSA model’s bifurcations

reveals how variation in the influx rate and death rate of effector cells affects

system dynamics; the model exhibits tumour escape, equilibrium or elimination, or

coexistence (bistability) of small-tumour or tumour-free steady states with escape.

The occurrence of sneaking through and immunostimulatory effects in this model

was found to depend on the rate at which tumour cells inactivate effector cells.

A large body of work stems from the QSSA model of Kuznetsov et al. [88] and

provides insight into its behaviours and those of its numerous modifications [33,

34, 46, 55, 137, 143]. However, few models of tumour-immune interactions have

considered the role of effector-tumour conjugates. Matzavinos et al. [107] analysed

Kuznetsov et al.’s original model for a different non-dimensionalisation and different

parameter values. As they varied the rate of conjugate formation, they identified

parameter regimes with bistability between a large-amplitude limit cycle and a

small-tumour steady state. Such behaviour is not evident in the QSSA model with

simplified conjugate dynamics. While this study and others [1, 42, 77] highlight the

important role of effector-tumour conjugate kinetics in Kuznetsov et al.’s original

model, the findings are based on numerical results, with little analytical support.

A comprehensive mathematical investigation of Kuznetsov et al.’s original model is

required to understand the validity of the QSSA of conjugate dynamics that led to

the derivation of their reduced model.

In this chapter we extend the studies of Kuznetsov et al. [88] and Matzavinos
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et al. [107] to increase understanding of how tumour-immune cell interactions

impact tumour growth dynamics. We explore the validity of the QSSA in the

context of Kuznetsov et al.’s original model using asymptotic analysis. Excitability

in tumour-immune dynamics emerges naturally from a new asymptotic reduction

of the original model. To our knowledge, excitability has not traditionally been

identified as a feature of existing models of tumour-immune interactions. However,

it provides a natural mathematical framework for mechanistic understanding of

model-based predictions of tumour-immune dynamics. This chapter serves as a

basis and motivation for Chapter 3, where we investigate the impact of excitability

on the long-term dynamics and their sensitivity to changes in parameter values.

The remainder of this chapter is organised as follows. In Section 2.2 we describe

the original model of Kuznetsov et al. [88]. In Section 2.3 we exploit the separation of

timescales, which arises due to fast conjugate dynamics, to derive a new asymptotic

reduction of the original model. The reduced model we obtain differs from the

QSSA model derived in [88], but agrees with numerical simulations of the original

model where the asymptotic approximation is valid. Using a combination of

asymptotic and phase-plane techniques, we show in Section 2.4 that our reduced

model is excitable and we investigate the origins of its excitability. By comparing

the phase-plane behaviour of our reduced model to that of Kuznetsov et al.’s QSSA

model, we show in Section 2.5 that the latter is not excitable in the parameter

regime of interest. We discuss our findings and outline directions for future work

in Section 2.6.

2.2 Mathematical model

In this section, we summarise the original model from Kuznetsov et al. [88]. We

then introduce the assumptions we make about parameter values, and use them to

nondimensionalise the model. This will facilitate its simplification and analysis of
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its long-term behaviour in later sections of this chapter and in Chapter 3. We end

by stating the parameter values that will be used for model analysis.

2.2.1 Kuznetsov et al.’s original five-compartment model

Kuznetsov et al. [88] proposed a system of five, time-dependent, nonlinear ordinary

differential equations (ODEs) to describe temporal interactions between effector

and tumour cells in a well-mixed (spatially-uniform) region, which represents the

interface of the tumour and its microenvironment (see Fig. 2.1). Here the generic

term effector (immune) cells refers to all cell types that can destroy tumour cells

when activated, noting that these cells are anticipated to be predominantly CTLs.

In their model, tumour and effector cells may exist in a functional state, where

they interact with other cells, or in a dysfunctional state, where they are unable

to interact with other cells. Accordingly, the tumour cell population is split into

normal tumour cells, M(t), and lethally hit (marked for death) tumour cells, M∗(t),

while the effector cell population is divided into activated effector cells, E(t) and

inactivated effector cells, E∗(t). The model also includes an intermediate state,

k3 k2

k�1k1

M E

E⇤ M⇤

C

Figure 2.1: Schematic showing how effector (green) and tumour (orange) cells interact in the
model of Kuznetsov et al. [88]. Kinetic interactions are denoted with solid arrows, while birth,
death and migration processes are denoted with dashed ones. Arrows with a straight line in place
of an arrow head represent inhibition of a process.
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C(t), associated with the formation of conjugates, when an activated effector cell

and a normal tumour cell come in contact.

The evolution of the normal tumour cell population is governed by their prolifera-

tion, and programmed cell death due to interactions with effector cells. Proliferation

is modelled via a logistic growth term aM(1− bM), where the positive constant

a (units: day−1) is the basal growth rate, and the reciprocal of the positive pa-

rameter b (units: cells−1) is the carrying capacity of the tumour site. Tumour cell

programmed death, induced by effector cells, is modelled as a transition from the

functional state, M , to the dysfunctional state, M∗, that is assumed to occur via

effector-tumour conjugates, C; the inactivation of effector cells occurs in a similar

manner. Conjugates are assumed to form at rate k1EM , which is proportional to

the functional effector and tumour cell numbers, with constant of proportionality k1

(units: cell−1day−1). The resulting conjugate may dissociate into (see solid arrows

in Fig. 2.1): (i) a tumour cell, M , and an activated effector cell, E, at rate k−1

(units: day−1); (ii) a lethally hit tumour cell, M∗, and an activated effector cell, E,

at rate k2 (units: day−1); (iii) an inactivated (suppressed) effector cell, E∗, and a

tumour cell, M , at rate k3C, proportional to conjugate numbers, with constant of

proportionality k3 (units: day−1). Dysfunctional cells are assumed to arise only by

transitioning, via conjugates, from their respective functional compartments, and

their ultimate fate is death or emigration from the region. Programmed death of

lethally hit tumour cells, M∗, is assumed to occur at rate d3 (units: day−1).

The evolution of the activated effector cells is assumed to be dominated by

their migration from the lymph nodes to the tumour site, natural cell death,

and inactivation by tumour cells, as described above. Migration to the tumour

is modelled via a supply term with two parts: a continuous baseline supply of

activated effector cells to the tumour at a constant rate s (units: cells day−1), and

a tumour-stimulated rate, fC
g+M

, that accounts for an increase in the rate of effector

recruitment, proliferation, and infiltration due to their interactions with tumour
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cells within conjugates; f (units: cells day−1) and g (units: cells) are positive

constants, such that f/g is the maximum effector supply rate per complex, while

g is the tumour cell concentration, at which the influx rate per complex is half-

maximal. The factor (g +M)−1 ensures that the tumour-stimulated rate of influx

saturates as the number of tumour cells increases, and accounts for limitations in

the rate of stimulation of the immune system, or in the rate of transport to and

through the tumour. Activated effector cells are assumed to die at rate d1 (units:

day−1). As for M∗(t), dysfunctional effector cells are assumed to die/migrate out

at rate d2 (units: day−1).

By combining the processes outlined above, we recover the following ODEs for

the different cell species that were proposed by Kuznetsov et al. [88]:

dM

dt
= aM(1− bM)︸ ︷︷ ︸

net proliferation

− k1EM︸ ︷︷ ︸
conjugate
formation

+ (k−1 + k3)C︸ ︷︷ ︸
conjugate

dissociation
w/o damage to

tumour cell

, (2.1a)

dE

dt
= s︸︷︷︸

constant
supply

+
fC

g +M︸ ︷︷ ︸
tumour-

stimulated
supply

− d1E︸︷︷︸
death

− k1EM︸ ︷︷ ︸
conjugate
formation

+ (k−1 + k2)C︸ ︷︷ ︸
conjugate

dissociation
w/o damage to

effector cell

, (2.1b)

dC

dt
= k1EM︸ ︷︷ ︸

conjugate
formation

− (k−1 + k2 + k3)C︸ ︷︷ ︸
conjugate dissociation

, (2.1c)

dM∗

dt
= k2C︸︷︷︸

tumour cell
marking
for death

− d3M
∗

︸ ︷︷ ︸
programmed

death

, (2.1d)

dE∗

dt
= k3C︸︷︷︸

effector cell
inactivation

− d2E
∗

︸ ︷︷ ︸
death or

migration

. (2.1e)

We close equations (2.1a–e) by prescribing the following initial conditions:

E(0) = E0, M(0) = M0, C(0) = 0, E∗(0) = 0, and M∗(0) = 0, (2.1f)

where the positive constants E0 and M0 denote the initial concentrations of free

tumour cells and effector cells, respectively. No conjugates, C, and dysfunctional
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cells, M∗ and E∗, are present initially. We note from equations (2.1) that the

dynamics of M∗ and E∗ are slave to those of M , E and C. Since the system

behaviour can be determined from equations (2.1a–c), we henceforth focus on these.

2.2.2 Parameter assumptions and the dimensionless model

We nondimensionalise equations (2.1a–c) and (2.1f) by rescaling model variables as

follows:

e =
E

Ê
, m =

M

M̂
, c =

C

Ĉ
, τ = k2t, (2.2a)

where Ê and M̂ are positive constants (see Table 2.1). We fix Ĉ = k1ÊM̂
K

with

K = k−1 +k2 +k3, in order to balance terms in equation (2.1c) for C. We introduce

the following dimensionless parameter groupings

σ =
s

k2Ê
, ρ =

fk1

k2K
, η =

g

M̂
, δ =

d1

k2

, µ =
k3k1M̂

k2K
, κ1 =

k1M̂

K
, (2.2b)

α =
a

k2

, β = bM̂, κ2 =
k1Ê

K
= κ1

Ê

M̂
. (2.2c)

Additionally, we identify a small dimensionless parameter

0 < ε =
k2

k−1 + k2 + k3

=
k2

K
� 1. (2.2d)

The choice of ε is based on the observation that while effector cells constantly

scan and interact with tumour cells in order to locate their target cell, only a

small proportion of these interactions result in the marking of tumour cells for

death, or inactivation of effector cells. For this to happen, the tumour antigen

must be cognate to the TCR, but this is not the case at every effector-tumour

interaction due to heterogeneity in repertoires of tumour antigens [19, 26, 131] and

TCRs at the tumour site [44]. The average kinetics of tumour cell programmed

death and effector cell inactivation are therefore slow in comparison to conjugate

formation and dissociation without damage. In terms of parameter values, we thus

assume that the (per cell) rates k−1 and k1Ê, are large in comparison to k2 and
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k3, i.e. k1Ê = O(k−1), k2 � k−1, and k3 = O(k2) � k−1. Given our interest in

the long-term behaviour, we scale the model with one of the longer timescales,

choosing k−1
2 as in [88]. Following their reasoning for applying the QSSA, we assume

that kinetics of processes such as cell death, proliferation and migration to the

tumour microenvironment are much slower than kinetics of conjugate formation and

dissociation without damage, and we assume they are approximately comparable to

those of tumour cell programmed death and effector cell inactivation; we therefore

have s

Ê
, fk1

K
, d1, a = O(k2)� k−1. In summary, there is a separation of timescales,

with several events associated with the complexes occurring rapidly. We will see in

Section 2.2.3 that our parameter assumptions are consistent with the parameter

values from [88] (see Table 2.1). We note that these assumptions represent a

distinguished limit, and estimates of parameters k1 and k−1 are needed to justify

its physical relevance.

Under the above assumptions, model equations (2.1) transform to give:

de

dτ
= σ +

ρc

η +m
− δe− µc− κ1

ε
(em− c), (2.3a)

dm

dτ
= αm(1− βm)− κ2c−

κ2

ε
(em− c), (2.3b)

dc

dτ
=

1

ε
(em− c), (2.3c)

with initial conditions

e(0) =
E0

Ê
=: e0, m(0) =

M0

M̂
=: m0, and c(0) = 0. (2.3d)

Henceforth, we use dimensionless variables and parameters.

2.2.3 Parameter values

We use the dimensional parameter values given in Table 2.1, which were estimated

by Kuznetsov et al. [88]. Growth curves of splenic B cell lymphoma in mice [156]

were used to estimate several of these parameters. The logistic growth parameters,

a and b, were estimated from tumour growth data for a non-chimeric mouse, where
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the tumour mass was assumed to grow in the absence of an immune response.

Assuming that the system is in steady state in tumour absence, with the steady

state number of effector cells in the region being Ẽ = 3.2 × 105, and that the

lifetime of CTLs is approximately 30 days, i.e. d1 ≈ 1/30 days−1, the constant

influx rate s was estimated to be s ≈ Ẽd1. Other parameters were estimated using

data for a chimeric mouse with an immune system. Values for scalings of variables,

Ê and M̂ , were chosen from experiments to be the same order-of-magnitude as the

numbers of tumour cells, this is 106 cells.

The corresponding dimensionless parameter values are computed in Table 2.2,

by assuming that the ratio K
k1

= 106 cells, or equivalently K

k1Ê
≈ 1. This agrees

with the assumptions stated in Section 2.2.2, and implies that κ1 = κ2 = 1.

Parameter Description Value

a net tumour growth rate 0.18 day−1

b inverse carrying capacity 2.0× 10−9 cell−1

d1 per cell death rate of activated effector cells 0.0412 day−1

f
‘maximum” tumour-stimulated effector supply rate
per complex

1.245× 105 cells day−1

g Michaelis-Menten-type constant 2.019× 107 cells

k2 rate of effector inactivation 0.1101 day−1

k3 rate of tumour kill 3.422× 10−4 day−1

s constant effector supply rate to the tumour site 1.3× 104 cells day−1

Ê, M̂ , Ĉ, K
k1

typical tumour cell numbers 106 cells

Table 2.1: Summary of the dimensional parameters that appear in the dimensional model (2.1),
as estimated in [88].

Parameter Description Value

α net tumour growth rate 1.6348
β inverse carrying capacity 0.002
δ per cell death rate of activated effector cells 0.374
ρ “maximum” tumour-stimulated effector supply rate per complex 1.131
η Michaelis-Menten-type constant 20.19
µ rate of effector inactivation 0.003
σ constant effector supply rate to the tumour site 0.118
κ1, κ2 ratios of variable scales 1

Table 2.2: Summary of the dimensionless parameters that appear in the nondimensional model
(2.3). Estimates of these values are computed from dimensional parameters in Table 2.1 using
the parameter groupings (2.2).
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2.3 Matched asymptotic model approximation

The dependence of equations (2.3) on the small parameter 0 < ε� 1 means that

the system operates on at least two timescales. Exploiting this, we apply the

method of matched asymptotic expansions to equations (2.3) in order to derive

approximate equations that are simpler to analyse.

We first rewrite the model as a slow-fast system of ordinary differential equations,

with a clear separation of timescales. In particular, we seek to eliminate terms in

(2.3a) and (2.3b) that scale with 1
ε
. We define

v(τ) := c(τ), and w(τ) :=

[
w1(τ)
w2(τ)

]
=

[
e(τ) + κ1c(τ)
m(τ) + κ2c(τ)

]
, (2.4a)

where w1 and w2 are, in descriptive terms, the total number of effector and tumour

cells respectively, and v is the number of conjugates. With significant algebra, we

arrive at a slow-fast system of ODEs for u(τ) := [v(τ),w(τ)T ]T of the desired form

ε
dv

dτ
= f(v,w), (2.5a)

dw

dτ
= g(v,w), (2.5b)

with initial conditions

v(0) = 0, w(0) = [w1,0, w2,0]T = [e0,m0]T , (2.5c)

and

f(v,w) := em− c = (w1 − κ1v)(w2 − κ2v)− v, (2.5d)

g(v,w) :=

[
σ + ρv

η+w2−κ2v − δ(w1 − κ1v)− µv
α(w2 − κ2v)(1− β(w2 − κ2v))− κ2v

]
. (2.5e)

The singular nature of system (2.5) means that we cannot construct a uniformly

valid solution by taking the limit ε→ 0. We must consider separately approxima-

tions on the short and the long timescales, and match them to obtain a uniformly

valid approximation of the full model solution u(τ). We denote the inner and

outer solutions by uI(τf) and uO(τ) respectively, where τf denotes the rescaled
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time variable on the short timescale, proportional to the slow time variable τ via

τf := τ/ε. The composite matched solution uC(τ) [70] is then given by

uC(τ) = uI(τ/ε) + uO(τ)− uoverlap, (2.6a)

where, to satisfy the initial conditions (2.3d), we impose Prandtl’s matching

condition

lim
τf→∞

uI(τf ) = lim
τ→0

uO(τ) = uoverlap. (2.6b)

We determine the inner and outer solutions in Sections 2.3.1 and 2.3.2.

2.3.1 Asymptotic approximation of fast dynamics

To analyse behaviour on the short timescale, we rescale time in equations (2.5) via

τf = τ/ε, and obtain the system

dv

dτf
= f(v,w), (2.7a)

dw

dτf
= εg(v,w). (2.7b)

Let us suppose that

vI(τf ; ε) =
∞∑

i=0

εiv
(i)
I (τf ), and wI(τf ; ε) =

∞∑

i=0

εiw
(i)
I (τf ), (2.8)

are asymptotic expansions in ε, where subscript I denotes the inner (short-timescale)

model solution. By substituting from (2.8) in (2.7) and equating terms of O(εi),

we obtain a sequence of differential equations. At leading order in ε we obtain

dvI

dτf
= f (vI,wI) , (2.9a)

dwI

dτf
= 0, (2.9b)

with initial conditions

vI(0) = 0, wI(0) = w0 = [w1,0, w2,0]T , (2.9c)
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where uI(τf ; ε) ∼ u(0)
I (τf). For simplicity henceforth uI will always represent the

leading order approximation u
(0)
I . Equations (2.9) imply that

wI(τf ) := wI(0) = w0 = [e0,m0]T = constant (2.10)

while the dynamics of the conjugates, vI, are governed by

dvI

dτf
= Av2

I −BvI + C, (2.11a)

A = κ1κ2, B = 1 + κ2w1,I + κ1w2,I, C = w1,Iw2,I, (2.11b)

where w1,I and w2,I are constants corresponding to initial conditions (2.9c). For

positive initial conditions w0 > 0 and v0 = 0, we deduce that vI tends to a positive

steady state v∗I = v†(w0) satisfying f(v∗I ,w0) = 0 as τf →∞, where we define

v†(w) =
1

2κ1κ2

(
1 + κ1w2 + κ2w1 −

√
(1 + κ1w2 + κ2w1)2 − 4κ1κ2w1w2

)
.

(2.12)

We conclude that, on the short timescale at leading order in ε, the number of

conjugates, vI, rapidly relaxes from 0 to v∗I = v†(w0), while the total numbers

of tumour and effector cells undergo negligible changes and are so conserved at

w∗I = w0. The numbers of free effector and tumour cells, e and m, are depleted due

to conjugate binding to their steady state values e∗I = e†(w0) and m∗I = m†(w0),

respectively, where

e†(w) = w1 − κ1v
†(w) =

1

2κ2

(
κ2w1 − 1− κ1w2 +

√
4κ2w1 + (κ2w1 − 1− κ1w2)2

)
,

(2.13a)

m†(w) = w2 − κ2v
†(w) =

1

2κ1

(
κ1w2 − 1− κ2w1 +

√
4κ1w2 + (κ1w2 − 1− κ2w1)2

)
.

(2.13b)

Note that when the steady state [e∗I ,m
∗
I , c
∗
I ]T is reached, dcI

dτf
= dvI

dτf
= f(v∗I ,w

∗
I ) = 0,

or v∗I = c∗I = e∗Im
∗
I , and expressions (2.12) and (2.13) satisfy v†(w) = e†(w)m†(w).
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2.3.2 Asymptotic approximation of slow dynamics

We now focus on the long timescale, for which the dynamics of v are slave to the

dynamics of w, i.e. v changes parametrically with respect to w. On this timescale

the total effector and tumour cell numbers, w1 and w2, vary significantly, since O(ε)

terms in (2.7) become non-negligible. Formally, we consider the long-timescale

system (2.5), and seek solutions for vO and wO of the form

vO(τ ; ε) =
∞∑

i=0

εiv
(i)
O (τ), and wO(τ ; ε) =

∞∑

i=0

εiw
(i)
O (τ). (2.14)

At leading order in ε, we obtain the following equations that approximate dynamics

on the slow manifold,

dwO

dτ
= g(vO,wO), (2.15a)

f(vO,wO) = 0. (2.15b)

In equation (2.15b), vO = v†(wO) is the positive solution to the quadratic (2.5d)

as defined in (2.12), except that wO now evolves on the long timescale. Initial con-

ditions for the outer (slow manifold) solution are given by limτ→0 = [v†(w0),wT
0 ]T ,

equivalent to the inner solution steady state u∗I = [v∗I ,w
∗
I
T ]T given in Section 2.3.1,

by which the matching condition (2.6b) is automatically satisfied. Thus, on the

long timescale, the model reduces to

dw

dτ
= g(v†(w),w), (2.16)

or equivalently

dw1

dτ
= σ +

ρe†(w)m†(w)

η +m†(w)
− δe†(w)− µe†(w)m†(w), (2.17a)

dw2

dτ
= αm†(w)(1− βm†(w))− κ2e

†(w)m†(w), (2.17b)

where we drop the subscript O notation for simplicity. Since equations (2.17) are

highly nonlinear, we simplify the steady state and linear stability analysis in later
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sections, by rewriting them in terms of the dimensionless variables e and m:

[
ė
ṁ

]
=

[
1 + κ1m κ1e
κ2m 1 + κ2e

]−1 [
σ + ρem

η+m
− δe− µem

αm(1− βm)− κ2em

]

︸ ︷︷ ︸
=: q(e,m)

. (2.18)

This contrasts with Kuznetsov et al.’s QSSA model which corresponds to equations

(2.3) with c = em.

2.3.3 Comparison of numerical solutions

To confirm the accuracy of the asymptotic reduction, we compare the solution of the

full system (2.5), equivalent to (2.3), with the composite solution (2.6). We solve

the full system by integrating equations (2.5) using the Python function scipy.in-

tegrate.odeint, a wrapper for the lsoda solver from Fortran’s library odepack.

This ODE solver automatically switches between stiff and nonstiff methods, noting

the system is stiff when the dynamics are fast. To construct the composite solution,

we use the same solver to generate numerical solutions for the fast and slow systems,

whereby integration of the governing equations for both systems is performed with

respect to the slow timescale τ . We then combine numerical solutions using the

matching condition (2.6).

The results presented in Fig. 2.2 show that the full and composite solutions are

in good agreement for small and large times, i.e. during the fast and slow dynamics.

As anticipated, the relative error in the composite solution compared to the full

solution is of O(ε). We conclude that the matched asymptotic approximation of

the full solution is accurate within the expected error range, and note that the

solutions relax rapidly onto the slow manifold dynamics. Based on these findings,

we assert that the reduced model characterises the long-term dynamics of the full

model, by which we motivate its analyses in Section 2.4 and Chapter 3.

Further information about how the full and asymptotic long-timescale solutions,

i.e. solutions of equations (2.5) and (2.17) respectively, compare with solutions of
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Figure 2.2: Series of plots showing good agreement between the composite and full solutions of
equations (2.5) on (a) the short timescale (0 ≤ τ ≤ ε/10), where the inner solution dominates,
and on (b) the long timescale (ε/10 ≤ τ ≤ 60), where the outer solution dominates. The left,
middle and right panel plots respectively show the solutions for model variables w1(τ), w2(τ) and
v(τ) over time. The solutions are computed numerically as described in Section 2.3.3, for initial
conditions w1(0) = 301, w2(0) = 600, v(0) = 0, and default parameter values with ε = 10−2.

the QSSA model from [88] are provided in Section 2.5, and also in Section 3.5 of

Chapter 3.

2.4 Characterisation of model excitability

We now characterise the long-term behaviour of the composite solution by analysing

the outer equations (2.17) using approaches similar to those used to study the

Fitzhugh-Nagumo (FN) equations, which model excitability in neuronal dynamics

[116]. A system is excitable if a small perturbation from a stable steady state results

in a large excursion before the system relaxes back to the same or a different steady

state. Alternatively, the system may relax onto a limit cycle with large excursions.

In this section, we show that our reduced system (2.17) exhibits excitable dynamics.
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2.4.1 Nullclines

On the w1- and w2-nullclines of the slow system (2.17), we have ẇ1 = 0 and

ẇ2 = 0, respectively. We find that the w1-nullclines are a subset of solutions to a

quadratic in w2, which has polynomials in w1 as its coefficients. The w2-nullclines

are the line w2 = 0 and a subset of solutions to another quadratic in w2, with

coefficients independent of w1. For the sake of brevity, we do not present the

complex, implicit, equations for these nullclines. For default parameter values in

Fig. 2.3a, the nontrivial w2-nullcline has a shape of a rotated and skewed U that,

together with the w2 = 0 line, resembles a cubic; this is intersected in different

ways by the w1-nullcline. The resulting nullcline geometry is similar to that of the

FN model, where a straight line nullcline associated with one dependent variable

intersects a cubic nullcline associated with the other dependent variable [116].

We investigate how robust the nullclines and behaviour of the system (2.17)

are to small perturbations in parameter values. The U shape of the non-trivial

w2-nullcline is preserved under changes in tumour kinetic constants α (see Figs. 2.3a

and 2.3b) or β. Under variation of parameters associated with the immune system

and its response to the tumour, the shape of the w1-nullcline ranges from approx-

imately linear, as in the FN model, to curved (see Figs. 2.3a, 2.3c and 2.3d), in

which it intersects the w2-nullcline, hence the number and stability of the steady

states also vary. The shape of the w2-nullcline is therefore robust to parameter

changes, whereas that of the w1-nullcline is not.

All solution trajectories presented in Fig. 2.3 exhibit excitable behaviour, with

large excursions in the phase plane and switching kinetics. A typical trajectory

exhibits rapid vertical dynamics, during which the tumour grows (or shrinks)

quickly, until it reaches the w2-nullcline. The trajectory then moves approximately

horizontally on this nullcline, with the number of effector cells either increasing or

decreasing on a slow timescale. When the horizontal direction can no longer be

sustained, the trajectory is pushed onto a different branch of the w2-nullcline via
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Figure 2.3: Behaviour of the long-timescale model (2.17), shown via (w1, w2) phase portraits and
dynamic plots of example solutions, is excitable, and remains excitable as individual parameters
are varied. Plot (a) shows model behaviour for default parameter values (see Table 2.2). In plot
(b), the tumour growth rate parameter α is varied, whereas the effector death rate parameter δ is
varied in plots (c) and (d), with the other parameters fixed at their default values in all plots.
(w1, w2) phase portraits in upper panels are equipped with nullclines, steady states, flow field
(ẇ1, ẇ2) and an example solution trajectory. The latter, starting at w1(0) = 200, w2(0) = 300,
is obtained numerically using the same method as in Section 2.3.3. The time step between
plotted trajectory points is uniform; points far apart indicate fast dynamics, whereas points
close together show slow dynamics. In the lower panels the solution trajectory is plotted against
time for 0 < t ≤ 36331 days. The red dotted vertical line denotes the time, trelapse (units:
days), which we define to be the earliest time, after the first shrinkage, at which the tumour
cell density, w2, exceeds the chosen threshold value of 10× 106 cells; trelapse increases when δ or
α are decreased. We note that the trajectory simulation time period (36331 days) exceeds the
lifespan of chimeric mice (approx. 1000 days [42]), for which default parameters were estimated.
Trajectory simulations beyond 1000 days are not physically realistic for a chimeric mouse, but are
generally informative for characterising phase plane dynamics. We speculate that the qualitative
dynamics observed here may operate on shorter timescales in a different parameter regime.
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fast vertical movement. The rapid switches between nullcline branches continue

until a stable steady state or limit cycle is reached. We note that changes in the

shape of the w1-nullcline under single parameter variations do not greatly impact

large phase-plane excursions of trajectories, although they do impact long-term

behaviour.

2.4.2 Separation of timescales and its implications

In Fig. 2.3, we observe that the transient fast kinetics arise due to the dominance

of the vertical direction (0, ẇ2) in the flow field, except in the vicinity of the

w2-nullcline, where ẇ1 is significant. This indicates a separation of timescales,

whereby w2 evolves on a shorter timescale than w1. As model parameters are

varied, the length of time trajectories spend on the w2-nullcline also varies. As we

decrease the pro-tumour/anti-immune parameters, such as δ, the rate of effector

cell death/migration out of the tumour, or α, the tumour growth rate, the time to

tumour relapse (i.e. once tumour cell numbers exceed a threshold value of 10× 106

cells after the first shrinkage) increases. While this indicates that the difference in

timescales changes as model parameters vary, the excitable dynamics seem to be

robust to small changes in individual parameters.

Inspection of the default parameter values in Table 2.2 suggests the model

parameters can be rescaled in terms of two positive small parameters, ζ = O(10−1)

and ξ = O(10−3), which we treat independently in order to preserve the richness of

the model when their values are close to zero. We rescale the model parameters as

follows

σ = ζσ̂, δ = ζδ̂, η =
η̂

ζ
, µ = ξµ̂, β = ξβ̂, (2.19)

with α = O(1) and ρ = O(1). Under (2.19), equations (2.17) transform to give

ẇ1 = ζ

(
σ̂ +

ρem

η̂ + ζm
− δ̂e− ξ

ζ
µ̂em

)
=: ζg1(w1, w2), (2.20a)
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Figure 2.4: Dynamics of the long-timescale model (2.20), shown via (w1, w2) phase portraits,
evolve from excitable to non-excitable as ζ increases from 0.1 to 10; ζ is a dimensionless parameter
that scales parameters associated with effector cells (see equation (2.19)). Large excursions in
the phase plane in plots (a) and (b) transform into regular oscillations in plot (c). The plots are

generated using δ̂ = σ̂ = 3, while other parameters are kept at their default values. Trajectories
start at w1(0) = w2(0) = 200. See Fig. 2.3 for legend.

ẇ2 = αm− κ2em− ξαβ̂m2 =: g2(w1, w2), (2.20b)

where we drop the notation e = e†(w) and m = m†(w) from (2.17) for simplicity.

Equations (2.20) are singular, and, in the limiting case 0 < ξ < ζ � 1, we can

apply asymptotic methods, as in Section 2.3, to further approximate the fast and

slow dynamics. For brevity, we only sketch this analysis here. In the limit ζ, ξ → 0,

the leading order fast manifold equations for wF are

ẇ1,F = 0, (2.21a)

ẇ2,F = αm†(wF)− κ2e
†(wF)m†(wF). (2.21b)

From equations (2.21), we note that the total number of effector cells, w1,F, is

approximately constant on the fast manifold, while the dynamics of the total

number of tumour cells, w2,F, are governed by the difference between exponential

growth and immune-induced cell death in equation (2.3b) for ṁ. We deduce

that, on the fast timescale, the total number of tumour cells diverges to infinity

if w1,F < w×1 := α
κ2

(1 + ακ1w2

1+α
), and is attracted to the tumour-free steady state if

w1,F > w×1 , i.e. enough effector cells are recruited relative to the tumour size.

Once a trajectory that follows the fast manifold reaches the neighbourhood

of the w2-nullcline, it starts moving on the slow manifold of the outer equations
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(2.20). Rescaling time via τ̃ = ζτ in equations (2.20), yields the slow manifold

equations for wS with respect to τ̃ :

ẇ1,S = g1(w1,S, w2,S), (2.22a)

g2(w1,S, w2,S) = 0, (2.22b)

where equation (2.22b) constrains the trajectory to the w2-nullcline, i.e. the

dynamics of w2,S are slave to those of w1,S. In contrast to the asymptotic solutions

derived in Section 2.3, the trajectories do not remain on the slow manifold, but

jump between the fast and slow manifolds. When moving on the slow manifold, i.e.

on a branch of the w2-nullclines, the number of total effector cells changes slowly,

which eventually causes a change in the attracting steady state of the fast manifold

equations. When w1,F ≈ w×1 , solution trajectories switch via fast dynamics to a

different branch of the w2-nullclines (see Fig. 2.3). We conclude that the separation

of timescales and the logistic growth assumption allow tumour cells to exploit small

changes in the effector cell numbers to rapidly expand to carrying capacity in this

parameter regime.

In Fig. 2.4 we show how the system dynamics may change from excitable to

non-excitable as the value of ζ increases. For smaller values of ζ, transitions

between the fast and slow manifolds are sharp, and the trajectory moves on the

above manifolds (see Fig. 2.4a). For the case shown, the trajectory is a limit cycle,

with a large period and amplitude. For larger values of ζ, the excitable dynamics

are less pronounced; they resemble classic oscillations, with smaller excursions and

periods of oscillation, and they do not follow the nullclines closely (see Fig. 2.4c).

In this case, the timescale of effector dynamics approaches those of the tumour,

rather than the tumour dominating and the immune system slowly catching up, as

in the excitable regime.

In summary, our results show that the model’s excitable behaviour can be

attributed to a combination of the robust, cubic-like, shape of the w2-nullcline,
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the separation of timescales, and the logistic growth assumption. Excitability is

observed for ζ . O(10−1), and a considerable inflation of ζ is needed to eliminate the

excitable behaviour (see Figs. 2.3 and 2.4). We conclude that in a neighbourhood

of the default parameter regime the system (2.17) is inherently prone to excitable

behaviour, analogously to the FN model.

2.5 Comparison with the QSSA model

Here we discuss how the long-timescale approximation (2.17) (or equivalently (2.18))

of the original model (2.3) differs from Kuznetsov et al.’s QSSA model, given in its

dimensionless form as

de

dτ
= σ +

ρem

η +m
− δe− µem, (2.23a)

dm

dτ
= αm(1− βm)− κ2em, (2.23b)

with c = em, initial conditions e(0) = e0 and m(0) = m0, and dimensionless

parameter groupings defined in (2.2).

We first note that the equation c = em in the QSSA model does not generally

satisfy the initial conditions of the full model (2.3) since, for some positive e0

and m0, c(0) = e(0)m(0) = e0m0 is non-zero. As explained in Section 2.3, this

is also the case for the solution of the long-timescale (outer) model equations

(2.18) (or equivalently (2.17)). Close to τ = 0, the full model has a boundary

layer, in which the appropriate approximation is the solution of the inner equations

(2.9) with arbitrary initial conditions. In order to compare solutions on the long-

timescale, without loss of generality, we simulate the long-timescale, QSSA and

full models using the steady state of the inner problem as initial conditions, so

that discrepancies in the boundary layer do not occur. For initial conditions of the

full model such that [e(0),m(0), c(0)] = [e0,m0, 0], the steady state of the inner

problem is [e∗I ,m
∗
I , c
∗
I ] = [e0 − κ1v

†([e0,m0]),m0 − κ2v
†([e0,m0]), v

†([e0,m0])] (see
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Section 2.3.1 for details). Equivalently, in terms of variables w1, w2 and v, for

initial conditions [w1(0), w2(0), v(0)] = [e0,m0, 0], the corresponding steady state

of the inner problem is [w∗1,I, w
∗
2,I, v

∗
I ] = [e0,m0, v

†([e0,m0])].

For equivalent parameter values and initial conditions, solutions of the long-

timescale and the QSSA models differ greatly (see Fig. 2.5b). Solutions of the

QSSA model do not follow those of the full model (2.3) closely, while those of

the reduced model do. We conclude that the QSSA model is not an accurate

0 2 4

e

0

100

200

300

400

500

m

(i)

0 100 200
w1

0

200

400

600

w
2

(ii)

0 100 200
w1

0

200

400

600

w
2

(iii)

(a)

0 20 40 60

τ

0

50

100

150

w
1

0 20 40 60

τ

0

100

200

300

400

500

w
2

0 20 40 60

τ

0

50

100

150

v

full

long-timescale

QSSA

(b)

Figure 2.5: Series of plots (a) showing phase portraits of (i) the QSSA model (2.23) in (e,m)
phase space, (ii) the same model in (w1, w2) phase space, and (iii) the asymptotic long-timescale
model (2.17) in (w1, w2) phase space. The QSSA model (see (i) and (ii)) does not exhibit excitable
dynamics that are observed in model (2.17) (see (iii) and also Figs. 2.3 and 3.4); trajectories do
not follow nullclines, and no limit cycles are observed. See Fig. 3.4 for phase portrait legend. In
all three plots, equivalent initial conditions, appropriately transformed and fixed at the steady
state of inner model equations (2.9) as described in the main text, are used to compute solution
trajectories via the methods described in Section 2.3.3. Trajectories in plot (a)(ii) are generated by
numerically solving equations (2.23) first; the obtained solutions for e and m are then transformed
via w1 = e + κ1em and w2 = m + κ2em to compute numerical solutions for total effector and
tumour cell numbers, w1 and w2. The series of plots (b) show different solutions for model
variables (i) w1(τ), (ii) w2(τ) and (iii) v(τ) over time (0 ≤ τ ≤ 60) for the one set of initial
conditions from (a), given as w1(0) = w2(0) = 100, v = v†(w(0)) = 90.48. Solid black, dashed
light grey and dotted dark grey curves respectively correspond to solutions of the full model (2.3),
the long-timescale model (2.17) and the QSSA model (2.23). The QSSA solution does not agree
with the matching full and long-timescale solutions. For all plots in (a) and (b), parameter σ is
fixed at σ = 0.1, and other parameters at their default values (see Table 2.2).
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approximation of the full model in the considered parameter regime.

In Fig. 2.5a we present phase portraits for both models in terms of w1 and w2

(total effector and tumour cell numbers), and for the QSSA model in terms of e

and m (free effector and tumour cells). While our long-timescale model exhibits

excitable behaviour, the QSSA model does not, neither in the (e,m) phase portrait

nor in the (w1, w2) one. We detect differences in the stability of the steady states

of the two models: all solutions of our reduced model evolve to a large-tumour

steady state, while some solutions of the QSSA model exhibit damped oscillations

to a small-tumour steady state. Differences in steady state stability motivate our

analysis of the reduced model’s bifurcation structure in Chapter 3.

2.6 Discussion and conclusions

We investigated the five-equation mathematical model by Kuznetsov et al. [88]

to increase understanding of the impact that nonlinear tumour-immune interac-

tions have on tumour growth dynamics. We focused on how simplification of

effector-tumour conjugate dynamics affects model behaviour. We performed a

new asymptotic reduction of the model, and characterised its behaviour using

phase-plane techniques. We identified parameter regimes for which the model is

excitable, a feature of tumour-immune interactions that, to our knowledge, has not

been previously reported for existing models of tumour-immune interactions.

In Kuznetsov et al.’s original model a separation of timescales arises because

the rates of conjugate formation and dissociation with both cells in the conjugate

remaining functional are assumed much faster than all other processes included in

the model. We exploited this separation of timescales to derive a two-dimensional

matched asymptotic approximation of the original model that is more accurate in

this distinguished limit than the quasi-steady-state-approximated (QSSA) model

proposed by Kuznetsov et al. [88]. On the short timescale, the total numbers of
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tumour and effector cells do not vary at leading order, while conjugates relax to a

steady state. This allows the full model to be simplified on the long timescale, where

conjugates vary parametrically with respect to the total number of effector and

tumour cells. Comparison of the asymptotically reduced model with the full model

on both timescales and in multiple parameter regimes showed that it preserves

excitable dynamics of the full model. This contrasts with the behaviour of the

QSSA model as, for example, we found differences in long-term model outcomes;

we characterise this further in Chapter 3. This result highlights that special care is

needed when using quasi-steady-state assumptions to approximate mathematical

models. We note that parameter estimates for the rates associated with conjugate

dynamics are needed to justify our asymptotic reduction; this may motivate further

investigation of alternative distinguished limits of Kuznetsov et al.’s original model.

On the long-timescale, and for parameters in a neighbourhood of the default

parameter regime, the tumour-immune dynamics of our reduced model are excitable

because of the structure of nullclines and the large ratio of timescales between

effector and tumour cell dynamics. Excitability manifests through large phase-

plane excursions, characterised by alternation of short periods of large and rapid

changes in total tumour cell numbers, and long periods of slow variation in total

effector cell numbers, during which tumour cell numbers remain close to zero or the

carrying capacity. The switch from slow to fast dynamics is driven by exponential

growth of the tumour when effector cell numbers are much smaller than tumour

cell numbers. This behaviour illustrates how the underlying saturating growth

(here modelled by logistic growth) may contribute to excitability. It also provides a

possible explanation for why tumours relapse after periods of remission. Long-term

tumour recurrence is exhibited by the model through long periods with low tumour

cell numbers, followed by rapid (exponential) tumour regrowth. We note that the

length of the remission period and, hence, the excitable dynamics, are sensitive to

small parameter changes, particularly when cell numbers are small. This suggests
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that stochastic effects may have a significant impact on the model’s excitable

dynamics, and may, at small cell numbers, lead to tumour eradication, rather than

recurrence.

In our study we used parameter values that were estimated in [88] by fitting the

QSSA model to murine data [156]. We stress that physically realistic parameter

regimes for the full model must be identified by calibrating the model to murine

and/or patient data. Further, for biological realism, parameter values must be

tuned so that the system dynamics occur on timescales which are shorter than

the lifespan of the host (for a chimeric mouse, this is approx. 1000 days [42]).

In our work, longer simulation times are sometimes used. This is done in order

to evaluate the behaviour of the reduced model, and provide a basis for future

characterisation of model behaviour in alternative parameter regimes of biological

relevance, or with stochastic effects, where oscillation periods and/or times to

tumour extinction/recurrence may be shorter than those presented in this thesis.

We note that the long timescales associated with the slow dynamics in the model

may make excitable features of tumour-immune interactions difficult to identify,

as they may exceed the lifespan of the animal or patient. The field of cardiac

electrophysiology has enjoyed great success in calibrating models with excitable

dynamics and using them to generate quantitative predictions [177]. Progress in

this field has come gradually with improvements in experiment design (e.g. by using

complex stimulus protocols) and parameter estimation (e.g. by fitting additional

quantities derived from measurements). We hope that calibration of models in

immuno-oncology will follow a similar path in future.

There are several ways in which the original model could be modified to better

describe tumour-immune interactions. We could generalise the logistic tumour

growth term to include competition with other cells in the tumour region for

resources, growth factors and space. The assumption of a constant supply of

activated cytotoxic T cells (CTLs), s > 0, is only valid when the region has been
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previously exposed to tumour antigens, or if the organism has been treated with

a cancer vaccine or adoptive cell therapy (e.g. [79]). We could omit the baseline

effector influx term in a treatment-free model [75, 79, 84, 96] where activation of

CTLs is predominantly tumour-dependent. Our excitable model does not capture

immunosuppression at large tumour sizes, since the number of effector cells does

not decrease as the tumour increases in size; this could also be an area for further

exploration.

The simplifying assumptions of the original model by Kuznetsov et al. [88]

allowed us to reduce it to a two-dimensional tumour-effector model that more

faithfully preserves features of the original model in the distinguished limit of

fast conjugate dynamics. While the model has several limitations and requires

further experimental validation, it revealed how excitability may underpin tumour-

immune interactions. We also identified the need to investigate further the impact

of excitability on the predicted long-term dynamics; this will be the focus of

Chapter 3.
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Chapter 3

Characterisation and parameter
sensitivity of qualitative model
behaviour

The research presented in this chapter has been published in the Journal of

Theoretical Biology [120].

3.1 Introduction

Parameters in ODE models of tumour-immune interactions may vary for many

reasons. Parameters estimated from clinical data will have uncertainties associated

with measurement errors or modelling discrepancy; they may also vary between

patients, depending on the aggressiveness and immunogenicity of their tumours,

and the strength of the immune responses. Administration of chemo- and/or

immunotherapy may also alter more model parameters. It is therefore crucial

to investigate the effects of parameter variations on model behaviour in order to

understand the full range of behaviours a model may exhibit, and predictions it

can make. Parameter sensitivity analyses can also be used to explore the potential

benefits of (immuno)therapies, or combinations thereof, as the mechanisms targeted

by the therapy may be represented by varying the corresponding model parameters.

For example, Kirschner and Panetta [79] investigated the impact of administering

the cytokine interleukin-2 (IL-2) and adoptive cell therapy (ACT), separately and
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in combination, on long-term outcomes. In their model, parameters representing

the (constant) supply rates of IL-2 and immune cells were varied to study the

effects of IL-2 and ACT on the model’s bifurcation structure. In this way, ACT

as a monotherapy or combined with IL-2 was found to be more beneficial for the

patient than IL-2 alone. Dritschel et al. [46] performed a comprehensive bifurcation

analysis of their model to demonstrate that targeting Ths with ACT may be more

effective than targeting CTLs. Similarly, Besse et al. [13] investigated the outcomes

of cessation of treatment with a tyrosine kinase inhibitor, imatinib, in chronic

myelogenous leukemia. They found that, depending on the immune system efficacy,

treatment with imatinib can lead to cancer remission by inhibiting leukemic cell

proliferation.

In Chapter 2 we derived a new approximation of the original model of Kuznetsov

et al. [88], valid in the limit of fast effector-tumour conjugate formation and

dissociation. We showed that excitable dynamics emerge from the reduced model.

Studies of systems with excitable features, such as the Fitzhugh-Nagumo (FN)

model, have shown that they tend to exhibit complex bifurcation structures [32, 83].

In this chapter we investigate how excitability influences the long-term outcomes of

our reduced model, and its implications for our understanding of tumour-immune

dynamics and therapy. Our aims are to characterise how the efficacy of the immune

system affects tumour outcomes, and to demonstrate that phenomena such as

immunoediting may be captured in the bifurcating behaviour of our excitable

model. Our approach is similar to [13, 46, 79]. We perform a comprehensive

parameter sensitivity analysis of the system’s long-term behaviour, focusing on

parameters related to the immune system that may vary between patients or with

immunotherapy. We place these insights within the context of immuno-oncology,

and the theoretical prospect of implementing tumour control.

The remainder of this chapter is organised as follows. In Section 3.2 we use

asymptotic and linear stability analysis to identify and characterise the steady
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states of the reduced model. We confirm and extend these results numerically in

Sections 3.3 and 3.4, where we describe the system’s global bifurcation structure

for different values of model parameters relating to effector cell supply and decay,

σ and δ, respectively. We also explore the sensitivity of the bifurcation structure

to changes in µ, ρ and η, parameters associated with the immune response to the

tumour, in order to gain insight into tumour responses to different immunotherapies.

We compare our results to analogous ones from Kuznetsov et al.’s QSSA model

in Section 3.5. We summarise our findings in Section 3.6, where we also explain

how they can be used to understand tumour-immune interactions and to identify

immunotherapeutic targets, represented by model parameters, that may successfully

eliminate a tumour.

3.2 Characterisation of steady state solutions

Identifying the steady state solutions of the slow system is most tractable when

analysing equations (2.18) for variables e and m. The steady state solutions solve

q(e,m) = 0 and are identical to those of the full system (2.3). We find that there

is a tumour-free steady state (e∗1, 0), with

e∗1 =
σ

δ
, (3.1)

and up to three nonzero-tumour steady states (e∗2,3,4,m
∗
2,3,4) (physically realistic

when both e∗ and m∗ are real and nonnegative) given by

e∗2,3,4 =
α

κ2

(1− βm) and m∗2,3,4 = m, (3.2)

where m is a root of the cubic

p(m) := a3m
3 + a2m

2 + a1m+ a0 (3.3a)

with coefficients

a0 = η
(
σκ2
α
− δ
)
,

a2 = −µ+ (µη + δ − ρ)β,

a1 = σκ2
α

+ ρ− µη − δ + δηβ,

a3 = µβ.
(3.3b)
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3.2.1 Asymptotic approximation of steady states

Recalling that µ and β are small for the default parameter values (see Table 2.2),

we introduce the artificial small parameter ξ = O(10−3) as before, and write µ = ξµ̂

and β = ξβ̂. This allows us to approximate the roots m of the cubic (3.3a), and

estimate the nonzero-tumour steady states (e∗2,3,4,m
∗
2,3,4). We detail this analysis

in Appendix A, and summarise the key results below.

When 0 < ξ � 1, there are at most three types of steady state solutions:

(i) the tumour-free steady state (e∗1, 0) = (σ
δ
, 0),

(ii) up to one intermediate-sized-tumour steady state (e∗2,m
∗
2), where

e∗2 ∼
α

κ2

= O(1) and m∗2 ∼ −
a0

â1

= O(1), (3.4)

and

(iii) up to two large-tumour steady states (e∗3,4,m
∗
3,4), of the form

e∗3,4 ∼
α

κ2

(1− β̂m̂3,4) = O(1) and m∗3,4 ∼
1

ξ
m̂3,4 = O(ξ−1), (3.5a)

where m̂3,4 =
−â2 ±

√
â2

2 − 4â3â1

2â3

. (3.5b)

The coefficients in equations (3.4) and (3.5) are O(1), and related to the original

model parameters via

â1 =
σκ2

α
+ ρ− δ, â2 = −µ̂+ β̂(δ − ρ), â3 = µ̂β̂. (3.6)

In regions of parameter space where the steady states are physically realistic

and stable, we may identify them with the elimination, equilibrium/dormancy and

escape phases associated with the three Es of immunoediting. In Section 3.2.2 we

identify regions of parameter space in which the different steady state solutions exist

and are physically realistic. In Sections 3.2.3 and 3.3 we examine their stability

analytically and numerically, respectively.
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3.2.2 Physicality of steady states

It is straightforward to note that the tumour-free steady state (σ
δ
, 0) exists for all

positive values of σ and δ. From (3.4) we deduce that the intermediate-sized-tumour

steady state is nonnegative if

δ�(σ, α, κ2) ≤ δ < ρ+ δ�(σ, α, κ2), (3.7a)

where δ�(σ, α, κ2) :=
σκ2

α
, (3.7b)

or equivalently a0
η
≤ 0 < â1. We use (3.5) to derive similar conditions for the large-

tumour steady states (see Appendix A for details). In short, provided m̂3,4 ≤ β−1,

there is a unique large-tumour steady state solution (e∗3,m
∗
3) when â1 < 0, two such

solutions when 0 < â1 < â2
2/4â3 =: â# and â2 < 0, and none otherwise.

In Fig. 3.1 we plot the boundaries of the physically realistic regions in the (σ, δ)

plane, predicted by the asymptotic analysis. We compare them to a colour plot of

the (σ, δ) plane, which shows how the number of physically realistic steady states
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â1 = â#
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Figure 3.1: The number of physically realistic steady states in system (2.18) changes as model
parameters vary. Accordingly, the (σ, δ) parameter space is decomposed into distinct regions
which are colour-coded in line with the number of physically realistic steady states that exist.
The plot is generated by numerically computing the number of physically realistic steady states of
system (2.18) at different values of σ and δ that lie on a triangular mesh of the (σ, δ) plane, with
other parameters fixed at their default values (see Table 2.2). We also plot analytically obtained
region boundaries (see Section 3.2.2 and Appendix A). The black curves, ∆ = 0 and a0 = 0, trace

region borders well, while the grey curves, â1 = 0 and â1 = â#1 , capture them only qualitatively.
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varies in this parameter space. The colour plot is computed numerically by sweeping

through points in the (σ, δ) parameter space using the function DensityPlot in

Mathematica [181]. The line a0 = 0 accurately captures the lower border of the

region, in which the intermediate-sized-tumour steady state is physically realistic,

while the curve â1 = 0 only qualitatively captures the upper border of this region.

The border â1 = â#
1 , where the asymptotic large-tumour steady states (e∗3,m

∗
3)

and (e∗4,m
∗
4) collide and become complex conjugates, shows similar inaccuracies

(see Fig. 3.1). These discrepancies occur because the asymptotic approximations

of the nonzero-tumour steady states, given in Section 3.2.1, lose accuracy in and

close to parameter regimes where the roots of the cubic (3.3a) collide, e.g. as the

parameters approach the curve â1 = 0.

To avoid these difficulties, we study the multiplicity of roots of the original

cubic (3.3a). We identify parameter sets for which multiplicity of the cubic roots

changes by considering the discriminant,

∆ := a2
2a

2
1 − 4a3a

3
1 − 4a3

2a0 − 27a2
3a

2
0 + 18a3a2a1a0, (3.8)

of the cubic (3.3a). Using Mathematica we can numerically compute curves in

(σ, δ) parameter space on which ∆ = 0. These curves separate regions which have

different numbers of physically realistic steady state solutions (see Fig. 3.1). At

the lower boundary of the dark green region, roots m∗3 and m∗4 collide and become

complex, while roots m∗2 and m∗4 collide at the upper boundary of the dark green

region. On the black dotted curve in the light purple region, the complex roots

m∗2 and m∗4 collide again and become real, but since they are real and negative

(unrealistic), the steady state multiplicity is unchanged. Curves on which steady

states coalesce indicate parameter regimes where saddle-node-type bifurcations

occur, i.e. when there is a collision of two physically realistic steady states, one

stable, and the other a saddle; we demonstrate this in Sections 3.3 and 3.4.
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3.2.3 Linear stability of steady states

To demonstrate the system exhibits immunoediting behaviour via the three types

of steady states identified in Section 3.2.1, our goal in this section is to identify

parameter regions in which physically realistic steady states are stable.

We determine steady state stability via linear stability analysis, complemented

with numerics. As in Section 3.2.1, we assume that parameters µ and β scale with

the small parameter 0 < ξ � 1. We introduce a second small parameter 0 < ν � ξ,

and seek solutions of the form

e(τ) = e∗ + νe1(τ) +O(ν2), m(τ) = m∗ + νm1(τ) +O(ν2), (3.9)

where (e∗,m∗) are steady states. By substituting (3.9) into equations (2.18),

equating terms of O(ν) to zero and neglecting terms of O(ξ) or higher orders of

ν, we obtain a linearised system ẋ = J (e∗,m∗)x for x = (e1,m1), with Jacobian

matrix

J (e∗,m∗) =

[
1 + κ1m

∗ κ1e
∗

κ2m
∗ 1 + κ2e

∗

]

︸ ︷︷ ︸
=:B(e∗,m∗)

−1 [ ρm∗

η+m∗ − δ ρηe∗

(η+m∗)2

−κ2m
∗ α− κ2e

∗

]

︸ ︷︷ ︸
=:A(e∗,m∗)

(3.10)

where (e∗,m∗) is a leading order steady state approximation from Section 3.2.1.

The eigenvalues λ1 and λ2 of J (e∗,m∗) predict exponentially decaying behaviour

of the linearised system, and therefore linear stability of the steady state (e∗,m∗)

whenever maxi=1,2 Re(λi) < 0.

For the tumour-free steady state (e∗1,m
∗
1) = (σ

δ
, 0)

λ1 = −δ and λ2 = α− σκ2

δ
, (3.11)

so this steady state is linearly stable when the parameters satisfy

δ <
σκ2

α
= δ�(σ, α, κ2), (3.12)

This means that the ratio of the basal effector influx rate, σ, and effector death

rate, δ, must be larger than the net tumour growth rate, α, for the tumour-free

steady state to be stable, i.e. for tumour eradication.
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Considering (3.7) and (3.12), we observe that the region in which the intermediate-

sized-tumour steady state (e∗2,m
∗
2) is physically realistic is separated from the region

in which the tumour-free steady state is stable by the line δ = δ�(σ, α, κ2). This

implies that the tumour-free and the intermediate-sized-tumour steady states may

undergo a transcritical bifurcation when δ = δ�(σ, α, κ2), provided the intermediate-

sized-tumour steady state is stable once it has emerged as physically realistic.

When characterising the local stability of the intermediate-sized-tumour steady

state, we consider the trace and the determinant of the Jacobian evaluated at this

steady state. We note that

det(J (e∗,m∗)) =
det(A(e∗,m∗))

det(B(e∗,m∗))
, and tr(J (e∗,m∗)) =

tr(B̃(e∗,m∗)A(e∗,m∗))

det(B(e∗,m∗))
,

(3.13)

where B̃(e∗,m∗) = det(B(e∗,m∗))(B(e∗,m∗))−1, and det(B(e∗,m∗)) = 1 + κ2e
∗ +

κ1m
∗ > 0 for any nonnegative steady state. Therefore, the signs of det(J (e∗,m∗))

and tr(J (e∗,m∗)) are determined by the signs of det(A(e∗,m∗)) and tr(B̃(e∗,m∗)

A(e∗,m∗)) respectively. When (e∗,m∗) = (e∗2,m
∗
2) from (3.4), we have

det(A(e∗2,m
∗
2)) =

α

ηρ

(σκ2

α
− δ + ρ

)2

m∗2 (3.14)

which is positive when m∗2 is physically realistic. Stability of (e∗2,m
∗
2) thus reduces

to satisfying the trace condition

tr(B̃(e∗2,m
∗
2)A(e∗2,m

∗
2)) = −αη

(
σκ2
α
− δ
)

â1

(
κ1 −

1

ηρ
â2

1

)
− (α + 1)

σκ2

α
< 0. (3.15)

We conclude that in regions where δ > δ�(σ, α, κ2) and inequality (3.15) are

simultaneously satisfied, the intermediate-sized-tumour steady state is stable.

When δ = δ�(σ, α, κ2),

tr(B̃(e∗2,m
∗
2)A(e∗2,m

∗
2)) = −(α + 1)

σκ2

α
< 0, (3.16)

so our analysis predicts that the tumour-free and intermediate-sized-tumour steady

states undergo a transcritical bifurcation on this curve. Moreover, when tr(B̃(e∗2,m
∗
2)
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A(e∗2,m
∗
2)) = 0, the Jacobian eigenvalues are purely imaginary, and the intermediate-

sized-tumour steady state is predicted to undergo a Hopf bifurcation. We numeri-

cally validate these predictions in Section 3.3, and note that further work is required

to demonstrate existence of the Hopf bifurcation.

Since exact analytical expressions for the roots of the cubic (3.3a) are not

practical to work with, we have characterised the stability of nonzero-tumour

steady states using their asymptotic approximations (3.4) and (3.5), as shown

above for the intermediate-sized-tumour steady state. Similar analysis for the

large-tumour steady states is difficult due to the complexity of the asymptotic

expressions (3.5) (see Appendix A). Therefore, in Section 3.3, we numerically

identify parameter regimes in which these steady states are stable.

3.3 Bifurcation structure for default parameter

values as the basal effector supply rate varies

Our aims here are to use numerical methods to validate analytical results from

Section 3.2, and to detect global bifurcations not evident from the linear stability

analysis. We focus on σ, the nondimensional constant supply rate of effector

cells, as the key bifurcation parameter. A larger value of σ corresponds to an

immune system that is more effective at recruiting effector cells into the tumour

microenvironment, and the recruited cells better infiltrate the tumour. In practice,

σ may vary between patients since those properties of the immune system on which

this parameter depends, such as the specificity of the repertoire of effector cells and

the degree of their infiltration of the tumour, exhibit high inter-patient variability

[53, 145]. The parameter σ may also vary in response to immunotherapies, such as

vaccination and adoptive T cell therapy, both of which provide an external boost

to the immune system [52]. These two therapies enhance the population of tumour

antigen specific effector T cells, by increasing exposure to tumour antigens away
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from the tumour microenvironment described by our system (e.g. in lymph nodes

or ex vivo).

The system’s bifurcation structure is depicted with bifurcation diagrams showing

how (scaled) steady state tumour and effector cell numbers vary with σ (see Figure

3.2). We generate these diagrams numerically, by considering discrete values of σ

that lie in the interval [0, 1], while fixing other parameters at their default values

in Table 2.2. For each value of σ, we calculate the steady states of system (2.18),

and their corresponding eigenvalues and eigenvectors to characterise local stability.

Moreover, by perturbing a steady state along the direction of an eigenvector

associated with a positive/negative eigenvalue, and using the perturbed point as an

initial state for forward/backward integration of equations (2.18), we also generate

unstable/stable manifolds of the computed steady states. We plot the steady states

and manifolds in (w1, w2) phase portraits at different values of σ (see Figs. 3.4

and 3.5), and observe that in some regions of parameter space the phase portraits

exhibit limit cycles. By tracing where limit cycles emerge and where steady states

change multiplicity or stability as σ varies, we identify five regions with qualitatively

different model behaviour, separated by four bifurcation points σSH, σHopf , σSO

and σT (see schematic in Fig. 3.3). The behaviours in the five regions (A)–(E) are

described below:

(A) 0 < σ < σSH: The system is monostable; for all positive initial conditions,

trajectories evolve to the larger of the large-tumour steady states (tumour

escape). There are also three unstable steady states; the tumour-free and the

smaller of the large-tumour steady states are saddles, linked via a heteroclinic

connection (see Figs. 3.4A and 3.5A).

(AB) σ = σSH: The large-tumour steady states collide at a saddle-node homoclinic

bifurcation (or infinite period bifurcation) [117]; the saddle and node annihilate

each other, and the tumour-free steady state admits a large-amplitude, stable

homoclinic orbit.
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Figure 3.2: The long-timescale system (2.18) (or equivalently (2.17)) exhibits the three Es of
immunoediting through stable steady states of varying tumour cell densities. We can see this in
the bifurcation diagrams, which are obtained numerically by sweeping through the σ parameter
space, and computing the system steady states and their stability at discrete values of σ between
0 and 1. Other parameters are fixed at their default values (see Table 2.2). Plots (a) and (b)
respectively show the steady state numbers of free effector and tumour cells. Purple and green
curves denote large-tumour steady states, blue curves denote intermediate-sized-tumour steady
states, and orange curves denote tumour-free steady states. Local stability of a steady state
is distinguished by linestyle, whereby solid curves denote stable solutions, while dashed curves
denote unstable ones. Black points mark bifurcations of steady state solutions, i.e. where solution
branches change stability or collide.
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Figure 3.3: Schematic (not to scale) of the bifurcation diagram for scaled tumour cell numbers in
Fig. 3.2b, indicating how periodic solutions arise in the long-timescale system (2.17) with respect
to its steady states, as the parameter σ is varied. Black curves indicate tumour cell numbers of
steady state solutions, whereas blue curves indicate maximum and minimum tumour cell numbers
of periodic solutions. Local stability of solutions is distinguished by linestyle, whereby solid curves
denote stable solutions, while dashed curves denote unstable ones. As σ is increased, the system
undergoes the following bifurcations: SH = saddle-node homoclinic bifurcation, Hopf = subcritical
Hopf bifurcation, SO = saddle-node of orbits, T = transcritical bifurcation. Bifurcations of
steady state solutions are denoted with black dots, while bifurcations of periodic solutions are
denoted with dotted vertical lines. These bifurcations split the parameter space into regions of
qualitatively different model behaviours with respect to its steady states and orbits; the different
regions are shaded with grey of varying intensities.
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(B) σSH < σ < σHopf
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(C) σHopf < σ < σSO
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(D) σSO < σ < σT
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(E) σ > σT
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vector field (ẇ1, ẇ2)

Figure 3.4: As σ is varied in Regions (A)–(E) of the parameter space (see the schematic in Fig. 3.3),
phase portrait plots (A)–(E) of the long-timescale model (2.17) in (w1, w2) plane reveal that the
model exhibits rich bifurcating behaviours, which include emergence of orbits and large excursions
in phase space. The values of σ for which the phase portraits are generated lie within intervals
indicated in respective plot captions, while other parameters are fixed at their default values
(see Table 2.2). The lower panel plots show model behaviour in the vicinity of the tumour-free
steady state by magnifying this area of phase space. Solid black curves show forward integrated
trajectories (stable), whereas solid orange curves denote trajectories integrated backward in time
(unstable) in order to uncover the dynamics close to unstable orbits. For schematics of these
phase portrait plots, see Fig. 3.5.
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Figure 3.5: Schematic diagrams (not to scale) of phase portraits in Fig. 3.4 as σ varies. The
vertical axes represent total tumour cell numbers, w1, while the horizontal axes represent total
effector cell numbers, w2. Solid grey curves denote stable and unstable manifolds, solid black
curves show example trajectories, and dashed grey circles represent unstable orbits. As in Fig. 3.4,
stable, unstable and saddle nodes are respectively marked with red discs, blue squares and light
blue discs with an outline of a darker shade of blue.

(B) σSH < σ < σHopf : For all positive initial conditions trajectories evolve to

the stable homoclinic orbit associated with the tumour-free steady state, via

oscillations with large amplitudes (see Figs. 3.4B and 3.5B).

(BC) σ = σHopf : There is a subcritical Hopf bifurcation, at which the intermediate-

sized-tumour steady state becomes stable and is surrounded by an unstable,

small-amplitude limit cycle that emerges from it.

(C) σHopf < σ < σSO: The system exhibits bistability between the intermediate-

sized-tumour steady state and the homoclinic orbit; trajectories starting

within the region of the phase space mapped out by the unstable, small-

amplitude limit cycle, oscillate towards the intermediate-sized-tumour steady

state (tumour dormancy); otherwise the system evolves towards the homo-
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clinic orbit via large-amplitude oscillations (see Figs. 3.4C and 3.5C).

(CD) σ = σSO: There is a saddle-node of limit cycles [117], at which the stable

homoclinic and the unstable Hopf orbits collide, and then annihilate each

other.

(D) σSO < σ < σT: The system is monostable; trajectories evolve towards the

stable intermediate-sized-tumour steady state (tumour dormancy) via damped

oscillations, possibly preceded by a large excursion (see Figs. 3.4D and 3.5D).

(DE) σ = σT: There is a transcritical bifurcation, at which the unstable tumour-free

and the stable intermediate-sized-tumour steady state exchange stability, and

the latter steady state becomes physically unrealistic (negative).

(E) σ > σT: The system is monostable; all trajectories evolve to the tumour-free

steady state (tumour elimination). (See Figs. 3.4E and 3.5E)

The local bifurcations established numerically agree with the analytical predictions

from Section 3.2. Further work is needed to prove the existence of the identified

global bifurcations, and the local subcritical Hopf bifurcation (e.g. weakly nonlinear

analysis); such analyses are beyond the scope of this thesis.

We have shown how the system dynamics change as the basal supply rate of

effector cells, σ, and thereby the strength of the immune system, is increased. When

σ is small (in Region (A)), effector cells at sufficient numbers infiltrate tumours

and decrease their volume, but the response cannot be sustained; tumour escape

eventually occurs for all tumours. In Region (B) effector cells infiltrate all tumours,

and markedly decrease their size. As this happens, effector cell numbers also decline,

enabling the immune-suppressed tumour to relapse and rapidly grow towards its

carrying capacity until the immune system is stimulated again. In this way, the

cycle repeats, with tumour and effector cells oscillating in an excitable manner

as they traverse phase space in the vicinity of the large-amplitude homoclinic

orbit, passing through regions with very small and large tumour mass. Increasing

σ further (Region (C)) leads to the emergence of a small region of phase space

70



within the homoclinic loop, in which the immune system controls the tumour size –

tumour equilibrium or dormancy. In Region (C) there is a fine balance between

tumour and effector cell numbers, and all solutions starting within it oscillate

towards the dormant steady state as the amplitude of oscillations decreases. In

order to enter this dormant region, the tumour must be suppressed in a specific

way, since otherwise, the system is attracted to the homoclinic loop of escape and

elimination, and we say that the tumour is “sneaking through”. As σ increases, the

basin of attraction of the small tumour steady state increases so that in Region (D),

the immune response is strong enough to drive all tumours to a dormant state,

albeit after a large phase-plane excursion (see Fig. 3.4D). Ideally, we would seek

to increase σ (e.g. via therapy) so that the system enters Region (E), where the

model predicts all tumours will be eradicated by the immune system.

Taken together, our results suggest that, as model parameters vary, the system

exhibits the three Es of immunoediting – elimination, equilibrium and escape. Our

analysis reveals that a therapy which increases the basal effector supply rate (e.g.

adoptive cell therapy or cancer vaccine) could push the system from tumour escape

to elimination or equilibrium at the intermediate-sized-tumour steady state. Such

changes in system behaviour occur via a series of local bifurcations (saddle-node,

Hopf and transcritical).

The system also admits stable oscillatory solutions with large phase-plane

excursions, arising from its intrinsic excitability as shown in Section 2.4. We have

demonstrated numerically that these solutions emerge and disappear via global

bifurcations of a homoclinic orbit, a feature that is common in excitable systems,

but cannot be detected via local analysis. The excitable homoclinic orbit is seen

as the main driver of excitable dynamics in all regions, as large excursions are

observed not only in regions where the orbit exists, but also in other regions, where

the associated (disconnected) steady state manifolds retain the approximate shape

of the orbit.
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3.4 Changes in the bifurcation structure as de-

fault parameters vary

We now consider how variation of other model parameters affects the bifurcation

structure. We focus on the parameters µ, ρ and η, which together determine

the extent of the immune response to the tumour. This is because they may be

altered by immunotherapies that impact tumour-immune interactions directly, or

reverse the effects of tumour-modulated immunosuppression; for example, immune

checkpoint therapies that inhibit the PD-1/PD-L1 axis may, in a tumour-dependent

manner, decrease T cell apoptosis, exhaustion and anergy, while also increase

T cell proliferation [68]. At the same time, we investigate the efficacy of such

treatments across populations of patients whose immune systems (in the absence

of a tumour) can vary in strength; a patient might have a compromised immune

system (corresponding to a small σ or a large effector death rate δ); they may have

been vaccinated or undergone adoptive cell therapy (large σ).

3.4.1 Varying σ and δ

We first study the bifurcation structure when σ and δ co-vary in a neighbourhood

of the default parameter regime. This provides a reference for benchmarking model

outcomes associated with variation of parameters linked to immunotherapy. We

numerically track the number of physically realistic steady states, and their (local)

stability, in order to partition the (σ, δ) plane (see Figure 3.6); transitions from

one region to another indicate qualitative changes in the system dynamics. Using

analytical results from Section 3.2, we also compute curves on which the existence

and stability of steady state solutions change. In the (σ, δ) plane, these curves

are in good agreement with the numerically determined region boundaries. This

confirms our analysis and increases our insight into the behaviour of our model.

We identify seven distinct regions listed in Table 3.1. Regions (1)–(4) exhibit
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behaviours equivalent to those in Regions (A)–(E), as related in Table 3.1, and

described in both Section 3.3 and Fig. 3.3. Behaviours in Regions (5)–(7) are

described as follows:

(5) The system is monostable; for all positive initial conditions trajectories evolve

to the large-tumour steady state (tumour escape). The only other steady

state is the tumour-free one, which is a saddle.

(6) The system exhibits bistability between the tumour-free steady state (tumour

elimination) and the larger of the large-tumour steady states (tumour escape);

depending on initial conditions trajectories evolve to one of these two stable

steady states. The smaller of the large-tumour steady states is a saddle.

(7) The system exhibits bistability between the intermediate-sized-tumour steady

state (tumour equilibrium) and the larger of the large-tumour steady states

(tumour escape). The smaller of the large-tumour steady states and the

tumour-free steady state are both saddles.

Region
No.

Denotation in (σ, δ) parameter
space of Fig. 3.6 and the left
panels of Figs. 3.7, 3.8 and B.1

Description in
Sec. 3.3 and
phase portrait in
Figs. 3.4 and 3.5

Qualitative behaviour

(1) yellow with diagonal lines (E) elimination

(2) yellow with cross-hatching joint (C) and (D)
equilibrium (or
oscillations – bistable)∗

(3) orange (B) oscillations
(4) yellow below upper curve ∆ = 0 (A) escape
(5) yellow above upper curve ∆ = 0 ∗∗ escape

(6) blue with diagonal lines ∗∗ escape or
elimination – bistable

(7) blue with cross-hatching ∗∗ escape or
equilibrium – bistable

Table 3.1: Distinct regions of (σ, δ) parameter space, as denoted with different colours and
hatching (see the second column) in Fig. 3.6 and in the left-panel plots of Figures 3.7, 3.8 and
B.1, exhibit different qualitative behaviours that range from elimination to escape (see the fourth
column). The third column indicates to which regions from the bifurcation schematic in Fig. 3.3,
where only σ varies, some regions of the (σ, δ) parameter space in Fig. 3.6 correspond. ∗Region (2)
exhibits two distinct qualitative behaviours, and should be split into two disjoint parameter
subregions depending on whether the stable homoclinic orbit with large amplitude and period
exists. In the parameter subregion where this orbit exists, trajectories may evolve to an oscillatory
solution in the vicinity of the orbit. ∗∗For a description of model behaviour in Regions (5)–(7)
see Section 3.4.1. Phase portraits for these regions are omitted for brevity.
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Figure 3.6: The long-timescale model (2.17) exhibits qualitatively different behaviours as pa-
rameters σ and δ are varied, and the model undergoes bifurcations. The plot shows how the
(σ, δ) parameter space is split into distinct regions depending on the existence and stability of the
model’s steady states. Regions with different numbers of stable steady states are distinguished
using a colour map. Parameters other than σ and δ are fixed at their default values (see Ta-
ble 2.2). Boundaries of distinct regions are traced by different curves on which bifurcations may
occur. On the dotted black curves ∆ = 0, and the multiplicity of steady states changes (see
Section 3.2.2). Dashed black lines indicate where the local stability of the tumour-free steady
state changes and the intermediate-sized-tumour steady state becomes physically unrealistic, i.e.
when δ = δ�(σ, α, κ2). Solid grey lines indicate where the local stability of the latter steady state
changes, i.e. when tr(J (e∗2,m

∗
2)) = 0 (see Section 3.2.3). Dashed grey curves, for example by the

transition between Regions (3) and (5) for large δ, indicate where a large-tumour steady state of
O(ξ−1), with 0 < ξ � 1 (as in Section 3.2.1), changes stability; in analysis not presented in this
thesis due to limited space, we derive that this is given by the curve p((2β)−1) = 0, where p is
the cubic (3.3a). Hatching with diagonal lines and grey cross-hatching (between solid grey and
dashed black lines, see the magnified area in the plot) respectively denote regions in which the
tumour-free and intermediate-sized-tumour steady states are locally stable. The red horizontal
line marks the default value of δ, δ0 = 0.374 (see Figs. 3.2 and 3.3 for bifurcation diagrams at
this value of δ).

In Fig. 3.6 we see that varying δ typically has a similar effect to varying σ.

The model predicts that therapies that increase σ and/or decrease δ can drive the

system to regions of parameter space where tumour elimination or dormancy occur

for all initial conditions (Region (1) and a subregion of Region (2) respectively).

We now investigate how varying the tumour-immune interactions parameters,

µ, ρ and η, affects model behaviour in the (σ, δ) parameter space.
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3.4.2 Varying ρ

As ρ, the tumour-stimulated supply rate of effector cells, decreases, we observe an

increase in the region in which a locally stable large-tumour steady state exists (see

panel (iii) of Fig. 3.7); the tumour cell numbers of this steady state decrease as σ

increases, and it collides with the unstable large-tumour steady state (saddle point)

at a larger value of σ. The distinction between the nonzero-tumour steady states, as

described in Section 3.2.1, is less pronounced for smaller values of ρ, and eventually

one nonzero-tumour steady state is lost (e.g. at ρ = 0.01, see panels (i) and (iii) of

Fig. 3.7). This is consistent with our earlier asymptotic analysis (see Section 3.2.2),

which predicts that the region in which the intermediate-sized-tumour steady state

is physically realistic (see equation (3.7)), shrinks as ρ is reduced.

When ρ is small, the presence of tumour cells does not stimulate effector cells

and their proliferation sufficiently to eliminate or control the tumour, e.g. due to

low tumour immunogenicity or immunosuppression. We see that, within the plotted

(σ, δ) parameter region, decreasing ρ reduces the sizes of Regions (2) and (7) where

the intermediate-sized-tumour steady state is mono- or bistable, and dormancy

may occur (see panels (ii) and (iii) of Fig. 3.7). Since the size of the region of (σ, δ)

parameter space with a locally stable large-tumour steady state (Regions (4)–(6))

increases, Region (1), exhibiting tumour elimination, contracts, while Region (6),

with bistability of escape and elimination, expands.

Conversely, by increasing ρ, effector cells increase in numbers at a greater rate in

response to the tumour, and eradicate it more effectively. Therefore, as ρ increases,

there is a reduction in the sizes of Regions (4)–(6) where tumour escape may occur.

Region (1), with tumour elimination, expands, but only up to its maximum size

below the line δ = δ�(σ, α, κ2) (see Section 3.2.1). Above this line, Region (3),

with stable, large-amplitude, oscillatory solutions, is considerably magnified. While

Regions (2) and (7), in which tumour dormancy may occur, also appear, these are
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small, and large-amplitude oscillations or escape are the dominant behaviours (see

panel (ii) of Fig. 3.7c).
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(b) ρ = ρ0/22.6 = 0.5
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(c) ρ = 1.33ρ0 = 1.5

Figure 3.7: Series of plots (a)–(c) showing how the bifurcation structure of the long-timescale
system (2.17) changes as ρ is varied from its default value ρ0 = 1.131. As ρ is increased, Regions (4)–
(6), in which the model may exhibit tumour escape, shrink due to which Region (1) with tumour
elimination expands up to its maximum size below the black dashed line, δ = δ�(σ, α, κ2). Above
this line, while small regions in which tumour dormancy may occur (Regions (2) and (7)) emerge,
the dominating region is Region (3) in which the model exhibits large-amplitude oscillations. For
each value of ρ, we present three bifurcation diagrams: plots of (σ, δ) parameter space showing (i)
regions with different numbers of physically realistic steady states (see Fig. 3.1 for legend and
details), and (ii) regions with different numbers of stable steady states (see Fig. 3.6 for legend
and details); (iii) bifurcation diagrams of tumour steady state numbers, m∗, as σ is varied and δ
is fixed at its default value (see Fig. 3.2 for legend and details).
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(a) η = η0/50 = 0.404
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(b) η = 2η0 = 40.38

Figure 3.8: Series of plots (a) and (b) showing how the bifurcation structure of the long-timescale
system (2.17) changes as η is varied from its default value η0 = 20.19. As η is decreased,
Regions (2) and (7), in which the dormant steady state of system (2.17) is locally stable, expand.
For each value of η, we present three bifurcation diagrams: plots of (σ, δ) parameter space showing
(i) regions with different numbers of physically realistic steady states (see Fig. 3.1 for legend and
details), and (ii) regions with different numbers of stable steady states (see Fig. 3.6 for legend
and details); (iii) bifurcation diagrams of tumour steady state numbers, m∗, as σ is varied and δ
is fixed at its default value (see Fig. 3.2 for legend and details).

3.4.3 Varying µ

Increasing µ, the rate of effector cell inactivation, has a similar effect on model

behaviour as decreasing ρ, but with greater sensitivity (see Appendix B). This is

expected since the term ρem
η+m

in model equations (2.3) may saturate, whereas the

related term −µem does not.

3.4.4 Varying η

Changes in parameter η, which determines the size of the tumour at which effector

proliferation starts saturating, have a different effect on the model dynamics com-

pared to changes in either ρ or µ. Varying η mainly affects the zero-trace/Hopf bifur-

cation curve (solid grey), where the intermediate-sized-tumour steady state changes
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stability (see Fig. 3.8). Decreasing η therefore increases the size of Regions (2)

and (7) that exhibit mono- and bistability of tumour dormancy, respectively, and

reduces the size of Region (3) with stable oscillatory solutions. We conclude that

a therapy which reduces η (i.e. increases the threshold at which limitations in

immune response start to occur), may push the system to a region where tumour

dormancy is possible; due to the prospect of region bistability this may hold only

for a subset of the phase space.

3.4.5 Summary

We observe that in (σ, δ) parameter space the line δ = δ�(σ, α, κ2), which is

only affected by changes in the tumour growth rate, α, or the scaling parameter,

κ2, stratifies patients with parameters in (σ, δ) parameter space into those with

strong immune responses (immunocompetent or vaccinated), whose tumours may

be eliminated, and those with weaker responses (immunocompromised), whose

tumours may at best be controlled. Assuming that the immune state of the

patient, characterised by parameters σ and δ, is known, we note that changing

parameters ρ and µ separately or simultaneously is beneficial for immunocompetent

patients. For immunocompromised patients, manipulating η is more effective, as it

is possible to achieve tumour dormancy. Ultimately, to achieve tumour elimination

for immunocompromised patients, the basal function of the immune system must

be improved, for example by targetting the parameters σ and/or δ.

3.5 Comparison with the QSSA model

In Chapter 2 we showed that Kuznetsov et al.’s QSSA model [88] does not exhibit

excitable features. Here we discuss how the bifurcation structure of the long-

timescale reduced model (2.17) (or equivalently (2.18)) differs from that of the

QSSA model (2.23). While the bifurcation structure of the QSSA model has been
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previously studied [88, 137], our aim here is to put it in the context of our analysis

of the reduced model.

Steady states, their asymptotic approximations (3.4) and (3.5), and the con-

ditions for local stability of the tumour-free steady state (3.12) are equivalent in

model (2.18) and the QSSA model (2.23). We derive a condition, analogous to

(3.15), for stability of the intermediate-sized-tumour steady state in the QSSA

model. The Jacobian of the QSSA model, at leading order in ξ, is given by

J (e∗,m∗) = A(e∗,m∗), with A defined in (3.10). For (e∗,m∗) = (e∗2,m
∗
2) as in

(3.4), we obtain that

det(A(e∗2,m
∗
2)) > 0 as in (3.14), and tr(A(e∗2,m

∗
2)) = −σκ2

α
< 0, (3.17)

for physically realistic (e∗2,m
∗
2) (see Section 3.2.3). If the intermediate-sized-tumour

steady state is physically realistic, then it is stable (see Fig. 3.9). This differs from

model (2.18), in which the trace condition (3.15) is not trivially satisfied.

Parameter regions in which tumour elimination may occur correspond in both

models (see yellow and blue regions with diagonal lines in Figs. 3.6 and 3.9). Due

to differences in local stability of the intermediate-sized-tumour steady state, mono-

and bistable regions with dormancy (yellow and blue, both with cross-hatching)

are larger in the QSSA model than in model (2.18); tumour equilibrium is therefore

more plausible in the QSSA model. Simulations of the QSSA model in Fig. 2.5 and

in [88] show larger basins of attraction of the dormant steady state than in model

(2.18). The homoclinic orbit that arises in model (2.18) (see Figs. 3.4B and 3.4C)

does not exist in the QSSA model; this is shown by a straightforward application

of the Dulac-Bendixson criterion in [88].

These findings have implications for cancer therapeutics. The QSSA model

predicts that tumour elimination or dormancy in patients with different levels of

immunocompetency may be easier to achieve, as more of the parameter space and

the phase space exhibit the desired behaviour than in our reduced model, and
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Figure 3.9: Bifurcation structure of the QSSA model (2.23) differs from that of the long-timescale
model (2.18) as σ and δ are varied in the vicinity of the default parameter regime (see Table 2.2);
the key difference is that the intermediate-sized-tumour steady state is stable when physically
realistic. Plot (a) illustrates this by showing how the (σ, δ) parameter space is split into distinct
regions depending on existence and stability of steady states in the QSSA model. Plot (b) is
a bifurcation diagram of steady state tumour cell numbers in the QSSA model as σ is varied,
and δ is fixed at its default value, δ0 = 0.374. Plots for the long-timescale model (2.17) that are
comparable to (a) and (b) are Figs. 3.2 and 3.6 respectively; see these figures for details on how
(a) and (b) are generated and legend.

make these regions more accessible. Moreover, the absence of the large-amplitude

homoclinic orbit in the QSSA model suggests long periods of tumour remission

are less dominant in the explored parameter space; however, there exist regimes

showing temporary remission in the QSSA model [88].

3.6 Discussion and conclusions

In this chapter, we extended our analysis of the long-timescale approximation of

Kuznetsov et al.’s original model [88] of tumour-immune interactions to better

understand its predicted long-term dynamics. We systematically characterised

the sensitivity of qualitative model behaviour to changes in parameters associated

with the action of the immune system. We revealed that excitability can give

rise to complex dynamics not reported in analyses of alternative simplifications of
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Kuznetsov et al.’s model.

Like Kuznetsov et al.’s QSSA model, our reduced model exhibits the three Es

of immunoediting – elimination, equilibrium, and escape [47]. We investigated

how the number and nature of steady state and limit cycle solutions change as

we vary σ, the basal rate at which effector cells are introduced to the tumour

microenvironment, and δ, their death rate, in order to identify parameter regions in

which each stage of immunoediting may arise via a (locally) stable steady state. For

large σ and small δ (immunocompetent or vaccinated patient), tumour elimination

is predicted. For small σ and large δ (immunocompromised patient), the tumours

escape immune surveillance (and grow to carrying capacity). For intermediate

values of σ and δ, the predicted tumour responses are diverse; bistability of the

tumour elimination/equilibrium and escape solutions can occur; monostability of a

homoclinic orbit with a large amplitude, or bistability of the latter with the tumour

equilibrium solution can also arise. We conclude that inter-subject variability in

immune function, particularly in the supply and death rates of effector cells, or

in the initial numbers of tumour and effector cells, can result in large qualitative

differences in how a particular tumour progresses. Experiments have indicated

similar qualitative dichotomies in tumour progression curves between subjects that

respond to cancer therapy, and those that do not. For example, we can observe this

in preclinical studies testing the efficacy of immune checkpoint inhibitors of the

PD-1/PD-L1 axis alone (such as AstraZeneca’s dataset in Fig. 1.1), in combination

with a Bruton’s tyrosine kinase inhibitor [149] or with radiotherapy [44]. Variability

in model parameter values and variability in initial cell numbers represent two

different hypotheses via which our model may explain such heterogeneity in tumour

responses. This idea provides the basis for the work in Chapter 5.

Our analysis has shown that the intrinsic excitability of the model derived in

Chapter 2 generates a complex, non-intuitive, bifurcation structure that includes

emergence of a homoclinic orbit. Model solutions traversing the vicinity of this
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orbit undergo long-term oscillations that demonstrate long-term tumour recurrence.

Short-term oscillations, similar to those observed in leukemias [29, 56, 108, 141],

can be seen in the model’s excitable parameter regime and away from it; here the

system may evolve via damped oscillations to a nonzero-tumour steady state or to

a limit cycle with smaller periods and amplitudes than for the large homoclinic

orbit. Only damped oscillations about a steady state and no limit cycle solutions

exist for Kuznetsov et al.’s QSSA model [88]. However, using a re-parameterised

version of Kuznetsov et al.’s original model, Matzavinos et al. [107] showed that

the model may exhibit a large-amplitude limit cycle, damped oscillations about a

dormant steady state, or bistability of these two types of dynamics. These dynamics

qualitatively resemble those identified in the present study of the reduced model,

which shows clearly how transitions to oscillatory solutions of this type may arise in

different parameter regimes. Long- and short-term oscillatory behaviours, similar to

those of our reduced model, have been observed in the tumour-immune interactions

model by Kirschner and Panetta [79] that accounts for the presence of the cytokine

IL-2. We note further that in parameter regimes where the homoclinic orbit and

equilibrium steady state solution are bistable, our reduced model exhibits sneaking

through, whereby very small tumours may escape (in the vicinity of the orbit)

while larger ones may be controlled, and, counter-intuitively, immunostimulation

can be damaging. In Kuznetsov et al.’s QSSA model these phenomena were shown

to depend on µ, the rate at which tumour cells inactivate effector cells, while in

our model they are attributed to the model’s excitable properties. Overall, we

have demonstrated that our reduced model is consistent with a range of clinically

observed phenomena, providing support for the hypothesis that excitable dynamics

may underpin tumour-immune interactions.

By varying the values of parameters that regulate the effector cell dynamics,

we used our model to investigate how tumour cell numbers may be controlled via

immunotherapy in a heterogeneous population of patients. As previously suggested,
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immunotherapies that improve the competence of a patient’s immune system (i.e.

increase baseline effector supply rate or decrease effector death rate), such as

adoptive cell therapy or vaccination, could control or eliminate a tumour predicted

to escape in the absence of treatment. Other immunotherapies, such as immune

checkpoint therapies, may directly target the immune response to the tumour.

Treatments that target ρ, the maximum rate at which effector cells are recruited

by the tumour, and µ, the rate at which tumour cells inactivate effector cells,

are mainly beneficial to immunocompetent patients that lie in a bistable region

of tumour escape and elimination. For immunocompromised patients, the most

promising therapy was found to be one that targets η, the tumour cell density at

which increased effector cell proliferation and infiltration due to the tumour become

limited. Reducing this parameter may drive the system to a monostable parameter

region exhibiting tumour equilibrium, or to a bistable region with only a subset of

smaller tumours under immune control. We note, however, that tumour control in

the latter region would be difficult to achieve (e.g. via surgery, in which the effector

and tumour cell numbers are manipulated) due to the small size of the basin of

attraction of the dormant steady state. For these patients, the system may be

moved to a monostable tumour equilibrium regime via a therapy that targets µ or

ρ and η. The model also predicts that it may be more effective to give the majority

of immunocompromised patients a combination therapy that initially increases

the patient’s immunocompetence; this way tumour elimination/control may be

achieved or become more easily attainable with subsequent immunotherapies that

directly modulate the immune response to the tumour.

In practice, immunotherapy will likely impact multiple parameters, and combina-

tion (immuno)therapies may be synergistic or antagonistic [90, 109, 144]. Moreover,

extrinsic factors, such as variability in drug concentration due to blood vessel

density [43], or effector cell trafficking and infiltration of the tumour, may cause

stochastic fluctuations in model parameters [69]. Such random effects may be
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dominant at small cell numbers. These observations do not diminish the insight

our results provide, rather they suggest possible directions for future investigation.

First, it would be interesting to explore how intrinsic and extrinsic stochasticity

impacts the model’s excitable and bifurcating dynamics. Previous studies have

shown that noise in dynamical systems may lead to stochastic bifurcations [41,

94]. Noise may also significantly influence the probability of tumour recurrence

or eradication [23]. Second, there is a practical question about the feasibility of

tuning model parameters and (combination) therapies with sufficient accuracy to

drive a patient and their tumour into a desired parameter region. We address the

problem of model calibration in Chapter 4.

Through a systematic dynamical systems analysis of our simplified model of

tumour-immune interactions, based on analytical and numerical results, we were

able to gain a thorough mechanistic understanding of the qualitative behaviour of

the original model. The model captures a variety of clinically observed phenomena

through dynamics that are excitable and have a rich bifurcation structure. The

model has thus demonstrated the complexity of tumour-immune interactions, and

the heterogeneity in their final outcomes. Preferred strategies for controlling

tumour size may differ between patients depending on the strength of their immune

systems. This result supports personalised approaches to cancer therapy, in which

mathematical models could play an important role in future if patient-specific

parameters can be reliably estimated [80, 140]. We emphasize that understanding

the intricate behaviours of tumour-immune interactions models is one of the pivotal

steps towards overcoming difficulties associated with their validation, and, in the

longer term, using validated models to generate patient-specific predictions.
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Chapter 4

Parameter identifiability of a
model of tumour-immune
interactions

4.1 Introduction

Given the complexity of interactions of the tumour with its microenvironment,

mathematical models of cancer incorporate multiple nonlinear terms in order to

describe the biology and generate mechanistic insights. However, increased model

complexity typically requires more and/or better quality data for validation of the

model, which presents modellers with the challenge of trying to balance model

complexity and limitations of experimental data. Natural questions that arise from

this problem are as follows: What model complexity is sufficient to describe the

existing data? What type and quality of data are sufficient to robustly validate a

given model? Are the existing data good enough to calibrate a model of choice?

Motivated by the dichotomous dataset of tumour growth curves provided by

our collaborators in AstraZeneca (see Fig. 1.1), we investigate in this chapter the

feasibility of calibrating bifurcating and/or bistable models of tumour-immune

interactions, such as those presented in previous chapters. These models incorporate

dynamics of both tumour and immune cells since functioning of the immune system

plays a central role in response or non-response to immunotherapies. The data,

however, only provide information on tumour growth dynamics since immune cell
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data are difficult to collect. This makes the modelled system only partially observed,

and therefore non-trivial to fit to tumour data, particularly due to its complex,

nonlinear behaviour. The question at hand is as follows: Is it possible to uniquely,

or with low uncertainty, estimate model parameters from tumour growth data for

a single subject? Addressing questions of model identification is a pivotal step

towards establishing whether a mathematical model can explain partial data in a

quantitative way.

We focus on the quasi-steady-state-approximated (QSSA) model by Kuznetsov

et al. [88]. It comprises two coupled differential equations and describes interac-

tions between tumour and immune cells. The model is descriptive of the three

E’s of immunoediting through steady state solutions that correspond to tumour

elimination, equilibrium or escape. The existence and stability of these steady

state solutions may change as model parameters vary; in certain parameter regimes,

model solutions may approach different steady states as initial conditions vary

across a threshold – bistability. We choose the QSSA model for analysis due to these

desirable behaviours and because its equations and dynamics are of manageable

complexity, unlike those of the excitable model presented in Chapter 2.

Our approach considers model calibration from the viewpoint of structural and

practical identifiability of model parameters. Structural or a priori identi-

fiability (SI) is an intrinsic property of a model and its parametrisation alone

[146]. It considers whether unknown model parameters can be uniquely determined

from perfect observables, e.g. continuous and noise-free tumour growth curves

in our case. It is therefore independent of the quality and quantity of data. In

addition to the model structure, practical identifiability also considers experimental

conditions, i.e. measurement schedule and uncertainty. Practical identifiability

(PI) concerns properties of the parameter estimation problem, the aim of which is to

find parameters that minimise some measure of error between model forecasts and

observations [102, 134, 146]. Numerical optimisation or inference algorithms are

86



typically used to search for optimal parameters on an error surface that is defined

over a multi-dimensional parameter space. Practical identifiability of model param-

eters, i.e. uncertainty of their estimates, hence depends on the shape and curvature

of this multi-dimensional surface which is influenced by the model’s structural

properties and the data. Structural identifiability is a prerequisite for practical

identifiability [133, 146]. Both should, in principle, be investigated before collecting

experimental data and performing parameter fitting in order to understand how to

reparametrise the model, what types of data are needed and what experimental

conditions ensure that the data fitting procedure is well-defined. While this is

not guaranteed for real data even when the model is identifiable, good model

identifiability increases the likelihood of producing unique parameter estimates

with low uncertainty. Such analysis also equips one with a better understanding

of the problem, enabling one to identify and address difficulties that arise during

model calibration to data.

In this chapter, we consider the structural and practical identifiability of

Kuznetsov et al.’s model in order to determine whether model parameters can be

recovered from tumour observables generated from the model. In Section 4.2, we

define the parameter estimation inverse problem. In Section 4.3, we formally define

SI, summarise methods for testing SI and establish SI of Kuznetsov et al.’s model.

We consider PI within the framework of maximum likelihoods estimation (MLE)

in Section 4.4. Synthetic datasets that exhibit different qualitative behaviours,

corresponding to the different stages of immunoediting, with different observables

and noise levels, are used to infer model parameters and explore the parameter

estimation problem using a profile likelihood approach. This allows us to draw

conclusions about the model’s PI given different types of data. In Section 4.5 we

discuss our results and outline directions for future work.
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4.2 Formulation of the inverse problem

In this section we define the MLE problem of calibrating the QSSA model of tumour-

immune interactions proposed by Kuznetsov et al. [88]. We adopt terminology and

notation introduced in Section 1.3.1.3.

4.2.1 Forward model

Let x(τ,θ) = [e(τ,θ),m(τ,θ)]T be the system state vector denoting the num-

ber of effector cells, e(τ,θ), and the number of tumour cells, m(τ,θ), θ =

[e0,m0, σ, ρ, η, µ, δ, α, β]T be the unknown system parameters and x0(θ) = [e0,m0]T

the system initial conditions. The dynamical system is given by

ė = σ +
ρem

η +m
− µem− δe =: f1(x(τ,θ),θ), (4.1a)

ṁ = αm(1− βm)− em =: f2(x(τ,θ),θ), (4.1b)

with initial conditions

e(0,θ) = e0, and m(0,θ) = m0. (4.1c)

The forward model is the numerical solution of these equations. Understanding

the forward problem is crucial for solving the inverse problem [99]. Equations (4.1)

have been studied in [88, 137] and also in Chapters 2 and 3.

4.2.2 Observation models

We assume that observations, s = [y(τk1 ,θ), . . . ,y(τkN ,θ)]T ∈ RNs , are generated

according to (1.4), i.e. s = O(F(θ)) + ν. They are determined by the forward

and observation models, and additive random measurement noise defined as ν =

[w(τk1), . . . ,w(τkN )]T ∈ RNs . We consider cases where

O(u) = [h(x(τk1 ,θ)), . . . ,h(x(τkN ,θ))]T , (4.2)
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with h(·) : RNx 7→ RH , so that

y(τ,θ) = h(x(τ,θ))︸ ︷︷ ︸
=:ỹ(τ,θ)

+w(τ), (4.3)

where ỹ(τ,θ) denotes the noise-free observable (or equivalently model prediction

of the observable) at time τ . We define two observation models, which differ in the

number of observed components of system (4.1).

Tumour data only. As experimental data typically record only tumour volume

over time for different subjects (e.g. AZ’s data in Fig. 1.1), here only m(τ,θ) is

measured for each subject. We assume that observation errors are additive Gaussian

with zero mean on the logarithmic scale, i.e. w(τ) ∼ N (0, ξ2
m). Hence we define

the observation model, h1(·), as follows

h1(τ,x(τ,θ)) = log

(
m(τ,θ) +

1

16

)
for τ ∈ T, (4.4)

where T is the set of times at which tumour cell numbers are recorded. In general,

we assume that observations are not made at τ = 0, i.e. 0 /∈ T . Note that we

have added 1
16

to the measurement since there exist parameter regimes in which

the solution of the system (4.1) satisfies m(τ,θ) ≈ 0 for some τ ≥ 0. Since not all

components of the system state vector x(τ,θ) are observed in this case, it means

that our system is partially observed.

Tumour and effector data. We also consider hypothetical cases in which

both tumour and effector data are recorded, in order to investigate how model

identifiability changes when data on effector cell numbers are available. Our

observation operator, h2(·), is therefore defined as follows

h2(τ,x(τ)) = log

(
x(τ) +

1

16

)
for τ ∈ T, (4.5)

where T is the set of times at which tumour and effector data are recorded.

Observation errors are independent and identically distributed according to N (0, ξ2
e )

and N (0, ξ2
m), respectively, for effector and tumour cell measurements.

89



4.2.3 Likelihood

In this chapter we consider the problem of estimating θ from observations s using

MLE, which requires specification of the likelihood. The distribution assumed for

observation errors results in a multivariate Gaussian likelihood,

p(s |θ) =
1√

(2π)k|Ξ|
exp

(
−1

2
V (θ)

)
, (4.6)

where V (θ) := (s−O(F(θ))) Ξ−1 (s−O(F(θ))) as in (1.5), and the covariance

matrix Ξ is diagonal with entries ξ2
m and ξ2

e . For simplicity, we assume that the

covariance matrix is known, and note that this is sufficient for our purposes of

learning about the inverse problem generated by the forward and observation

models, but may not be satisfactory when working with real experimental data. In

our setup, the MLE problem is equivalent to

θ̂MLE = argmin
θ

V (θ). (4.7)

4.3 Structural identifiability

In this section, we define structural identifiability (SI), outline different methods for

SI analysis, and present results of SI analysis for the inverse problem of Kuznetsov

et al.’s QSSA model and observables of tumour numbers.

4.3.1 Definitions

The purpose of SI analysis is to determine whether the inverse problem of recover-

ing parameters from ideal experimental data is (i) uniquely solvable, or if there

are (ii) a finite, or (iii) an infinite number of parameter vectors that generate

identical observables [28, 147]. SI thus depends on the forward model and types of

observations recorded, and not the experimental data.

An ideal observable is defined by

ỹ(τ,θ) := h(x(τ,θ)) for all τ ≥ 0, (4.8)

90



where x(τ,θ) is the exact, time-continuous solution of equations which define

the forward problem. For a continuous map h(·), ỹ(τ,θ) is thus noise-free and

continuous in time τ . Here we consider one-dimensional maps h(·) but the definitions

generalise to multidimensional maps h(·).

A parameter vector θ̄ := [θ̄1, . . . , θ̄J ]T is called indistinguishable from parameter

vector θ := [θ1, . . . , θJ ]T if it gives rise to the same observables, i.e.

ỹ(τ,θ) = ỹ(τ, θ̄) for all τ ≥ 0. (4.9)

We define three identifiability properties of parameter θj that characterise the

number of solutions to (4.9). Parameter θj is structurally locally identifiable (SLI)

if, for almost any θ̄ ∈ Ω ⊂ RJ , there exists a neighbourhood V (θ̄) for which

θ ∈ V (θ̄) and (4.9) implies θj = θ̄j. It is structurally globally identifiable (SGI)

if, for almost any θ̄ ∈ Ω, such a neighbourhood is almost the entire parameter

state space Ω (except for a set of measure zero). Parameter θj is structurally

unidentifiable (SUI) if for almost any θ̄ ∈ Ω no such neighbourhood V (θ̄) exists

[103, 175].

The model is SLI/SGI if model parameters θj are SLI/SGI for all j ∈ {1, . . . , J}.

If θj is SUI for at least one j ∈ {1, . . . , J}, then the model is SUI [171, 175].

4.3.2 Methods and results

A variety of methods for testing SI of models are available (see [28, 111] for reviews).

While different methods are generally applicable to linear and nonlinear models,

their performances differ due to the greater algebraic complexity of nonlinear

models.

Taylor series approach. Observables in the neighbourhood of τ = τ0 can be

represented by their Taylor series expansion

ỹ(τ,θ) = ỹ(τ0,θ) + τ ˙̃y(τ0,θ) +
τ 2

2!
¨̃y(τ0,θ) + . . . (4.10)
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In the Taylor series approach, uniqueness of this representation guarantees SI of the

system [28, 128]. Let θ̄ be a vector of unknown parameters that is indistinguishable

from θ. Formally, a sufficient condition for SGI is

ak(θ) = ak(θ̄) ⇒ θ = θ̄ k ∈ {1, 2, . . . , kmax}, (4.11)

where ak(θ) := limτ→τ+0 ỹ(k)(τ,θ) are Taylor coefficients of the model output, and

kmax is the smaller positive integer for which the system (4.11) gives a solution

for parameters θ. While the Taylor series approach is simple to understand

and implement, it is difficult to determine the number of derivatives (e.g. kmax)

beforehand. Moreover, nonlinearities in the model may result in complex algebraic

expressions that may be computationally infeasible to solve symbolically.

Differential algebra approaches. The common aim of differential algebra ap-

proaches is to summarise the input-output behaviour of the system {ẋ−f(x(τ,θ),θ),

ỹ − h(x(τ,θ))} with a differential polynomial, or a set of thereof, called the input-

output (IO) relation. For a one-dimensional observable, the IO relation may be

written in the form

ζN+1(ỹ) =
N∑

i=1

ζi(ỹ)bi(θ), (4.12)

where (ζi(ỹ))N+1
i=1 are differential polynomials in terms of ỹ and its derivatives,

bi(θ) are rational functions in θ, and N is some positive integer. Equations of

the IO relation have a special form that involves only observables ỹ and unknown

parameters θ, having eliminated non-observed variables with differential elimination

algorithms (see [18]); these procedures are analogous to Gauss-elimination in the

case of linear systems of equations. We remark that the functions bi(θ) fully

embody the parameter dependence of the IO relation [12], similar to Taylor series

coefficients ak(θ). Introducing θ̄, a parameter vector that is indistinguishable from

θ, and since then ỹ(k)(τ,θ) = ỹ(k)(τ, θ̄) for all τ ≥ 0 and k ∈ N, one may deduce
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an alternative version of the IO relation as follows:

N∑

i=1

(bi(θ)− bi(θ̄))ζi(ỹ) = ζN+1(ỹ)− ζN+1(ỹ) = 0. (4.13)

Provided the polynomials (ζi(ỹ))Ni=1 are linearly independent, one can extract a

nonlinear system of algebraic equations involving θ and θ̄ given by

bi(θ) = bi(θ̄) for 1 ≤ i ≤ N. (4.14)

Compared to systems obtained with the Taylor series approach, (4.14) is alge-

braically simpler to solve, and the number of its solutions determines SI.

Variants of this approach [7, 12, 38] mainly differ in the way linear inde-

pendence of (ζi(ỹ))Ni=1 and solutions to (4.14) are established. Several software

packages are available, but most require expert mathematical knowledge, e.g.

DifferentialAlgebra package in MapleTM [106]. Exceptions are the DAISY

software [12] and the COMBOS online app [110], but they do not provide any

intermediate results and can be computationally expensive.

Results for Kuznetsov et al.’s model. To determine the SI of Kuznetsov’s

model given tumour cell numbers as observables, we used a differential algebra-

based approach by Bearup et al. [7], which is suited for polynomial or rational

nonlinear systems such as (4.1). Symbolic computations are used to determine

linear independence of monomials (ζi(ỹ))Ni=1 and solutions to (4.14). This method

can be easily implemented in MapleTM, but it is not fully automated and requires

some knowledge of differential algebra to perform simple checks of the methodology.

For brevity, the intermediate steps of our computations in MapleTM are not

presented here. We simply report that, given observation model h1(·), model (4.1)

is SGI since all parameters θ are found to be SGI. We verified this result for

unknown kinetic parameters with the COMBOS software (results not shown for

brevity). We remark that SI for h1(·) automatically implies SI for observation

model h2(·), which also includes effector cell numbers as observables.
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4.4 Practical identifiability

We have shown that Kuznetsov et al.’s QSSA model is structurally identifiable. In

this section, we study the model’s data-based or practical identifiability (PI).

PI is closely related to parameter estimation, which aims to find parameter

values for which the model best describes the observed data. In Chapter 1 we

introduced different frameworks within which the parameter estimation problem can

be defined. If the minimum of the objective function that measures the prediction

error is unique, then the model is said to be practically identifiable [102, 146].

For problems posed within a frequentist framework, we say that a model is

practically identifiable if its maximum likelihood estimate (MLE), θ̂MLE, is unique.

In practice, it is important to determine uncertainties in parameter estimates and

their possible non-identifiabilities, as these affect uncertainties in model predictions

[132]. Uncertainty in a parameter estimate θ̂j is defined by its confidence interval

(CI) [θ−j , θ
+
j ] and an associated confidence level (1 − α), which represents the

proportion of possible CIs [θ−j , θ
+
j ] that contain the true value θ∗j . In other words,

at confidence level (1− α), (1− α)% of sampled datasets will give CIs that contain

the true parameter value. Even though the MLE of a parameter may be unique, a

large CI indicates non-identifiability of the parameter. To account for this, Raue

et al. [134] redefined PI as follows: a parameter is practically identifiable if its CI is

finite, and practically non-identifiable if its CI is infinite.

Computation of CIs is challenging, particularly in the case of non-identifiabilities.

For example, in a two-dimensional parameter space, practical non-identifiabilities of

parameters manifest via infinitely extended, relatively flat valleys on the likelihood

surface (see Fig. 4.1), within which the value of the likelihood remains below a

desired threshold value [134]. For a small number of parameters one may compute

the likelihood surface to detect such valleys, whereas for larger models this is not

feasible. CIs based on quadratic approximations of the likelihood around the MLE
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Figure 4.1: Comparison of typical likelihood landscapes in the cases of structural non-identifiability,
practical non-identifiability and identifiability of model parameters. Upper panel density plots
show the likelihood in (θ1, θ2) parameter space; darker shades correspond to lower values of the
negative log-likelihood and the minimum is marked with an asterisk. Lower panel plots show the
corresponding profile likelihood (solid black curves; denoted as χ2

PL(θ1) in this figure, but denoted
as PL1(θ1) later in this chapter) as θ1 is varied, i.e. the minimum of the negative log-likelihood at
different values of θ1. The dashed red curves denote the likelihood threshold values that are used
to assess likelihood-based confidence intervals with confidence level α (see Section 4.4.1.3). (This
figure is republished with permission of American Institute of Physics, from [132]; permission
conveyed through Copyright Clearance Center, Inc.)

are more computationally efficient but prone to large inaccuracies in the case of

asymmetries and non-identifiabilities [71].

Raue et al. [134] proposed to use the method of profile likelihoods (PLs), a

common tool in statistical inference [125], to detect flat regions and determine

parameter identifiability. For different values of a parameter θj, the likelihood is

minimised with respect to all other unknown parameters, θi 6=j (see Section 4.4.1.3).

In this way, one traces the curvature of the likelihood along its flattest regions as θj

varies in some interval. A U-shaped profile likelihood curve that exceeds a chosen

threshold twice implies a finite CI for θj and its PI, otherwise θj is non-identifiable

(see Fig. 4.1).

Here synthetic data generated from Kuznetsov et al.’s QSSA model are used as

observables, and we adopt a frequentist MLE approach to fit the model to the data.

Our aim is to determine how sensitive recovery of parameters and model dynamics
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is to different types of output data, which may be viewed as PI analysis [134] or

a form of inverse sensitivity analysis [31, 71, 92]. We exploit PLs to explore the

resulting inverse problems, and identify conditions under which model parameters

can be inferred from the data. We describe our methodology in Section 4.4.1, and

present results in Section 4.4.2.

We note that PI of a parameter within a Bayesian framework may be defined

in an analogous manner to the frequentist framework, whereby a large credible

interval (analogous to a CI) of parameter’s marginal posterior distribution implies

its non-identifiability. Bayesian approaches to parameter identifiability have been

used before [31, 71, 74, 135, 155, 168], using Markov Chain Monte Carlo methods.

Building upon our knowledge of the MLE problem investigated below, we explore

the Bayesian versions of the inverse problem related to Kuznetsov et al.’s QSSA

model in Chapter 5.

4.4.1 Methods

In this section we describe the methodology we use to investigate PI of Kuznetsov

et al.’s QSSA model. Our workflow is summarised in Fig. 4.2, and individual steps

are detailed below.

4.4.1.1 Generation of synthetic data

We define a synthetic dataset for a set of parameter values (one subject) to

be the tumour cell growth measurements, and, if available, also effector cell

measurements, at discrete time points, and concatenated into a vector s. For

timepoints TN := {n∆t | 1 ≤ n ≤ N − 1, k ∈ N,∆t = 10
N
}, observation model, h(·),

and a measurement error with standard deviation ξm = ξe = ξ, a synthetic dataset

is generated as follows:

(1) Pick a parameter regime θ∗.
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OBSERVATION MODEL
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SYNTHETIC DATA

COMPUTATION OF PROFILE LIKELIHOODS

COMPUTATION OF CONFIDENCE INTERVALS

PROFILE VISUALISATION

Figure 4.2: Schematic diagram summarising the workflow used to determine practical identifiability
of a model given synthetic data.

(2) Compute O(F(θ∗)) by first numerically solving the forward problem for

τ ∈ TN to obtain F(θ∗), and then using equation (4.2) to transform the

solution to O(F(θ∗)).

(3) Simulate ν, the vector of random variables N (0, ξ2), and compute the vector

of synthetic data s = O(F(θ∗)) + ν.

We generate three different types of datasets, choosing parameter regimes for

which the model exhibits different qualitative behaviours, each representative of

one of the three stages of immunoediting – tumour elimination, equilibrium, or

escape. The parameter regimes are stated in Table 4.1 and are indicated on the

two-dimensional bifurcation diagram in Fig. 4.3b. Fig. 4.3a shows the correspond-

ing forward model solutions from which synthetic datasets were generated, and

exemplary datasets for T = T20, ξ = 0.03 and h(·) = h2(·). For each case study, we

generate datasets under noise levels ξ ∈ {0.03, 0.05, 0.1, 0.15, 0.2}, and observation

models h2(·) and h1(·).

This setup allows us to investigate how identifiability differs between datasets

exhibiting uncontrolled tumour growth and tumour shrinkage, and as recorded

observables and noise levels in the data vary.
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Case study
No.

Description of
(σ, δ) regime

Qualitative
behaviour

Parameter θ∗sub
e0 m0 σ δ

4.1 elim. and esc. - bistable elim. 0.24 30 0.045 0.009
4.2a elim. and esc. - bistable esc., close to separatrix 0.045 30 0.045 0.009
4.2b elim. and esc. - bistable esc., away from separatrix 0.01 30 0.045 0.009
4.3 equi. and esc. - bistable equi. 1 30 0.118 0.374

Table 4.1: Parameter values used for generation of synthetic datasets.
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Figure 4.3: Plot (a) shows an example of three synthetic datasets that exhibit immunoediting
behaviour for noise level ξ = 0.03 and observation model h2(·). These datasets are used for our
case studies. Point markers denote the generated synthetic data, while solid curves denote forward
model simulations from which the data were generated. Plot (b) shows the (σ, δ) bifurcation
diagram of the Kuznetsov model denoting disjoint regions of the (σ, δ) parameter space with
qualitatively different model behaviour, for other parameters fixed at default values (see Table 2.2).
Values of σ and δ used to compute curves in plot (a) are denoted with coloured point markers,
numbered according to which case study in Table 4.1 they correspond to.

4.4.1.2 Simplified parameter estimation problem

We formulated the inverse problem of estimating unknown model parameters in

Section 4.2. We anticipate that features of our problem, such as high nonlinearity

of the mathematical model (i.e. the forward problem), combined with partial obser-

vations (for observation model h1(·)) and a relatively large number of parameters

for the amount of data, will render the likelihood landscapes complicated and

intractable. For this reason, we first perform PI analysis on simpler problems and

increase complexity where appropriate. We outline below the simplified problems
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that we explore in Section 4.4.2.

We consider a subset of the model parameters, θ = [e0,m0, σ, ρ, η, µ, δ, α, β]T ,

and recall that our focus is on parameter identifiability for a bifurcating and/or

bistable model. In line with this, we focus on parameters, denoted as θsub, for

which the model’s immunoediting behaviour via bifurcations and bistability is

preserved as θsub varies, with other parameters fixed at their default values (see

Table 2.2). Fig. 4.3b shows that this is the case for variation of σ and δ [88, see

also Chapter 3]; as these two parameters vary the model passes through mono- and

bistable regions and admits steady states that correspond to the different stages of

immunoediting. We therefore include these two parameters in θsub. We preserve

bistability by also including the initial conditions, e0 and m0, in θsub. Thus the

reduced set of unknown model parameters is θsub = [e0,m0, σ, δ]
T . We seek to infer

θsub from synthetic datasets using MLE.

4.4.1.3 Profile likelihood approach

The general idea of the profile likelihood (PL) approach is to explore the parameter

space for each parameter individually in the direction of the least increase of the

objective function V (θ), which defines the inverse problem, starting from the global

minimum. The profile of the objective function V (θ), computed for each parameter

θi ∈ θ, is formally defined as

PLi(p) := min
θ−i

V (θ | θi = p) , (4.15)

where θ−i = [θ1, . . . , θi−1, θi+1, . . . , θJ ]T is the vector of nuisance model parameters

θj ∈ θ for j 6= i, which does not include the parameter of interest, θi. To compute

the full profile curve, parameters θ−i must be optimised for a series of values of θi

within an interval of interest around the global minimum, hence ensuring to find

values of V (θ) as small as possible within this interval.
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We use Algorithm 1, which is similar to the direct step method proposed in

Raue et al. [134], to compute the profiles of V (θ). Profile computation starts

at the objective function minimum, θ0 (equal to θ̂MLE), which is found using a

minimisation routine. From this point, we vary θi in the positive/negative direction

so that the increase in the objective function at the new value of θi remains below

a chosen threshold. The new value of θi is then used to initialise minimisation at

Algorithm 1: Algorithm for computation of the profiles of the objective function
V (θ) in the direction of a parameter θi ∈ θ. The formulation below is similar to
the direct step method proposed by Raue et al. [134].

Required parameters: parameter location i, initial guess θini, maximum step
size εmax, minimum step size εmin, lower interval bound βmin, upper interval
bound βmax, q, ∆α, maximum number of points per branch Npoints

θ0 = Optimise(V (θ), θini) .Find the objective function minimum
LPLi = ComputeProfileBranch(θ0, βmin,−1) .Compute left profile branch
RPLi = ComputeProfileBranch(θ0, βmax, 1) .Compute right profile branch

function ComputeProfileBranch(θ0, β, γ)
Inputs: initial parameter set θ0, interval bound β, direction of parameter

sweep γ ∈ {1,−1}
Outputs: profile PLi
j = 0 . Initialise iteration counter
PLi(θ

0
i ) = V (θ0) .Evaluate profile at the initial point

while j < Npoints and γθji < γβ do
j = j + 1 . Increase iteration counter
ε = min{εmax, |β − θj−1

i |} . Set step size to maximum
while |PLi(θ

j−1
i )− V (θj−1 | θi = θj−1

i + γε)| > q ·∆α and ε > εmin do
ε = max{ ε

2
, εmin} .Halve step size if change in V (θ) sufficiently small

θji = θj−1
i + γε .Perform step of size ε in θi-direction

θj−i = Optimise(V (θ | θi = θji ), θ
j−1
−i ) .Find the minimum at the new θi

PLi(θ
j
i ) = V (θj) .Evaluate profile at the minimum found

return PLi

function Optimise(F (θ), θini)
Inputs: function to minimise F (θ), initial guess θini

Outputs: θ̂ = argmin
θ

F (θ)

.Minimise F (θ) using a chosen optimisation algorithm with starting guess
θini

return θ̂
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the next step. For computational reasons we do not allow the step to drop below

a minimum step size, εmin, even when the criterion determining the maximum

objective function increase is not satisfied. For parameters where the MLE is close

to zero and the surrounding confidence region is small, we perform stepping on a

logarithmic scale in order to zoom in on the confidence region.

Optimisation. We use a local, gradient-based, solver for all optimisations. This

is adequate for finding minima when we move along the profile, since stepping is

gradual and the solver starts close to the minimum. During initial optimisation,

the true data-generating parameter values are used as starting guesses. While this

is sufficient for determining identifiability given synthetic data generated from the

model, it may be difficult to find the global minimum for real experimental data

where starting guesses may be poor and the global minimum may not be unique.

A Gaussian likelihood, with known variance, yields a nonlinear least-squares

objective function V (θ), and many solvers (e.g. [24, 114] and references in [113]) are

adapted to these types of problems. In particular, we use the trust-region-reflective

solver implemented in the scipy.optimize.least squares function in Python.

We choose relatively large optimisation bounds to cover a large region of parameter

space (see Appendix C). As the value of the tumour initial condition, m0, is at least

an order of magnitude larger than values of e0, σ and δ in the chosen parameter

regimes (see Table 4.1), we choose a scaling factor of 10 for m0, and 1 for other

parameters. Objective function evaluation involves computing the forward model

by solving equations (4.1) using scipy.integrate.solve ivp, which implements

a fourth-order Runge-Kutta method. We also supply the solver with a function that

computes the derivative of residuals, s−O(F(θ)), with respect to the parameters,

i.e. d(s−O(F(θ)))
dθ

= −dO(F(θ)
dθ

. Sensitivities of model predictions, dx(τ,θ)
dθ

for τ ∈ TN ,

are needed to compute the residual derivative. Following recommendations in [136],
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we compute the sensitivities with sensitivity equations

d

dτ

dx(τ,θ)

dθ
=
∂f(x(τ,θ),θ)

∂x

dx(τ,θ)

dθ
+
∂f(x(τ,θ),θ)

∂θ
, (4.16)

which are stated using notation of Section 1.3.1.3. By extending forward model

equations (4.1) by (4.16), we solve sensitivity equations simultaneously with the

forward model for τ ∈ TN .

Confidence intervals. To determine uncertainty in inferred parameters, we use

a threshold in the computed PL to determine the CI around the MLE. In particular,

we compute likelihood-based CIs, based on the distributional properties of the

Wilk’s likelihood ratio statistic [125, 134] given by

W = 2(max
θ
L(θ)−max

θ−A

L(θ−A, θA = θ0)). (4.17)

Here subscripts A and −A denote disjoint partitions of the set of unknown pa-

rameters {θ1, θ2, . . . , θJ}; θA are parameters of interest, fixed at θ0, while θ−A are

nuisance parameters that are optimised out. For reasonably regular likelihoods

[125], W ∼ χ2
J−R, as the sample size tends to ∞, where J is the dimension of the

total parameter space of θ and R is the dimension of the parameter space of θ−A.

It follows that a (1 − α)% confidence region, which holds simultaneously for all

parameters, is given by {θ |V (θ)− V (θ̂MLE) < χ2
J, 1−α}, while a (1− α)% CI that

holds pointwise for some parameter θi is given by {θi |PLi(θi)−V (θ̂MLE) < χ2
1, 1−α}.

Approximate bounds for these regions can be calculated by finding the points at

which the PL intersects with the objective function threshold, χ2
J,1−α for a simulta-

neous confidence region or χ2
1,1−α for a pointwise CI. Following Simpson et al. [155],

we determine these points by applying cubic interpolation to the PLs.

Profile visualisation. For a specific dataset, we use pair plots to present the PLs

for unknown model parameters. The diagonal shows the PL as a single parameter

varies. Off-diagonal plots show how nuisance parameters vary along the PLs in
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order to distil any parameter dependencies. We also overlay PLs in (σ, δ) bifurcation

diagrams, such as Fig. 4.3b, in order to relate the landscape of V (θ) to the model’s

bifurcation structure. Bifurcation diagrams are computed as in Chapter 3. For

each case study, we plot, on the same axes, PLs for different observation models

and different levels of observation noise. We also compare the errors in the MLEs

and the widths of the likelihood-based confidence regions, in order to determine

how noise and availability of effector data affects identifiability. We perform checks

of the so-called predictive fit, where we consider how forward model solutions along

the profile vary within the obtained CIs.

4.4.2 Results

We explore profiles for synthetic datasets, generated as explained in Section 4.4.1.1.

For each dataset, we compute the profile of the objective function V (θ), separately

for each parameter in θsub = [e0,m0, σ, δ]
T . Our strategy is to first analyse profiles

for datasets that include tumour and effector cells (observation model h2(·)) and

low noise levels (ξ = 0.03) in order to understand the problem when the system

is fully observed. We then increase the standard deviation of noise in the data

(ξ = 0.05, 0.1, 0.15 and 0.2) and/or assume only tumour cell measurements are

available (observation model h1(·)).

4.4.2.1 Case study 4.1: elimination regime

Profiles for the fully observed system and low noise. Profiles for all

parameters have a unique minimum, which lies close to the true parameter values

used to generate the data (see Fig. 4.5). The profiles are U-shaped with small 95%

CIs, and thus indicate good identifiability of parameters for this dataset.

Profiles for high noise levels and/or the partially observed system. As

the standard deviation of observation noise increases, the profiles for all parameters
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Figure 4.4: Series of plots showing profile likelihoods of V (θ) for parameters θsub = [e0,m0, σ, δ]
T

given elimination data (case study 4.1), observation model h1(·) and observation noise standard
deviation ξ = 0.03. Diagonal plots with light grey background show the computed profile values as
the parameter of interest varies, while off-diagonal plots in each column show how other (nuisance)
parameters vary along the profile in the same column. Plots in the bottom row show the (σ, δ)
bifurcation diagrams overlaid with profiles. Parts of profiles with values below the 95% pointwise
confidence threshold χ2

1,0.95 are plotted in grey, whereas those that exceed it are plotted in black.
For interpretation of colours in the bifurcation diagrams in the bottom row, see Fig. 4.3b. The
shown profiles are U-shaped, L-shaped or bathtub-like for different parameters. They extend
along a straight line in (σ, δ) space that is parallel to the transcritical bifurcation line on which
the model’s zero-tumour steady state becomes unstable. The variation of nuisance parameters
along profiles indicates correlations among parameters. Confidence intervals lie in regions of
parameter space in which the model exhibits a stable zero-tumour steady state. MLEs mostly
correspond well with the true, data-generating parameters.
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Figure 4.5: Series of plots showing the impact of observation noise standard deviation (ξ ∈
[0.03, 0.2]) and observation models with and without effector cell data (h2(·) and h1(·)) on profile
likelihoods for data generated from the elimination regime (case study 4.1). Panel (a) shows

profile values translated by V (θ̂) as parameters of interest in θsub = [e0,m0, σ, δ]
T individually

vary, while panel (b) shows how the corresponding maximum likelihood estimates (MLEs) and
the size of confidence intervals (CIs) vary with increasing ξ, split by different observation models.
Curves and points plotted in blue correspond to observation model h2(·), while those in red
correspond to h1(·). As noise level increases, profiles flatten and confidence intervals increase, but
remain bounded for e0, σ and δ.
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Figure 4.6: Series of plots showing the sensitivity of forward model solutions for parameters
within the 95% pointwise confidence interval for σ given elimination data (case study 4.1).
Dynamics corresponding to the elimination stage of immunoediting are successfully recovered for
different quality/quantity of measurements.

undergo some level of flattening, and CIs increase (see Fig. 4.5). For the cases

considered, the 95% CIs are finite, suggesting overall practical identifiability in this

regime, at least up to the width of CIs.

For the fully observed system, the size of the CIs typically grows approximately

linearly (see plot of CI width in Fig. 4.5b). However, for some parameters the

CIs extend away from the true parameter value in a biased way, which can result

in deformation of the regular U-shaped profiles to an asymmetric L-shape. For

example, the upper bounds of CIs for the effector initial condition, e0, all fall close

to 0.3, while the lower ones extend increasingly to zero, biasing the MLE towards

values that are smaller than the true value. Similar behaviour can be seen in

profiles for parameters σ and δ, where the CIs increase more rapidly away from

zero and, thus, the MLE for these parameters is larger than the true value. Such

effects are less noticeable for the tumour initial condition, m0.

Removing effector measurements from the dataset results in considerable flat-
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tening of the profiles (see Fig. 4.5), and their shape becomes bathtub-like, i.e. flat

in most of the CI. As a result, the MLE may be difficult to identify exactly and

more prone to bias. Also, observation model h1(·) has different effects on CIs at

different noise levels. In comparison to the fully observed case, CIs for m0 increase

negligibly at small noise levels, but their size is much greater at larger noise levels

(e.g. 64% increase in width of CI from 14 for h2(·) to 23 for h1(·) when ξ = 0.15).

For parameters σ, δ and e0, availability of effector cell data has a greater impact

on identifiability at small noise levels and a lesser effect at large noise levels. For

ξ ≤ 0.05, the size of their CIs increases by more than 100% for all three parameters

compared to the fully observed system, but the growth of their CIs is slower for

ξ > 0.05. This suggests that uncertainty in these three parameters is bounded, and

we investigate the reasons for this next.

Variation of nuisance parameters and the impact on profiles. How the

optimised parameters vary along a profile for a particular parameter provides infor-

mation about how parameter relationships affect the curvature of the profiles. The

trends below are characteristic for data generated from the elimination parameter

regime across all noise levels and observation models.

Variation of nuisance parameters along the profiles indicates dependencies among

the parameters (see off-diagonal scatter plots in Fig. 4.4). The most pronounced

parameter dependency is between σ and δ, which are positively correlated. As

a result, all profiles initially lie along a straight line with a positive slope in the

(σ, δ) plane (see bottom panel of Fig. 4.4), which spans parameter regions that

exhibit elimination (blue and yellow regions below the line δ = δ�(σ, α, κ2)). Initial

conditions, e0 and m0, are both strongly negatively correlated with σ and δ along

this line; for example, in the e0 profile, as e0 increases, σ and δ decrease.

Away from the minimum (red diamond) in the positive/negative direction,

profile values increase along the (σ, δ) line. Once profiles reach the edge of the
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positive quadrant in the (σ, δ) plane, they move along δ = 0 until they cross the

line δ = δ�(σ, α, κ2). They then switch to the edge σ = 0, and enter a region

of bistability between escape and equilibrium steady states (blue region above

δ = δ�(σ, α, κ2)), where elimination behaviour is not possible. Due to parameter

dependencies, other parameters adjust to compensate for the constraint on the

parameter at the edge of the parameter space; parameter dependencies thus appear

different on the edge.

Once other parameters cannot compensate sufficiently, such as in regions with

different qualitative behaviour, profile values increase sharply. This may lead to

CIs becoming sharply bounded (see profiles of e0 and m0 in Fig. 4.4). This bound

lies just before (for ξ ≤ 0.05) or approximately where the profile enters the bistable

region of escape and equilibrium (for ξ ≥ 0.1, not shown); this is expected as it is

difficult to find a fit in a region of parameter space in which the model does not

exhibit tumour elimination. Similarly, as e0 is negatively correlated with σ and δ,

we observe sharp increases in the profile value when the edge of phase space e0 = 0

is reached (see profiles for σ or δ in Fig. 4.4).

Sources of bias in MLEs and boundedness of confidence regions. We

have seen that bias in MLEs and boundedness of CIs of e0, σ and δ are observed

particularly when the quality and quantity of data are poor. We attribute this to

the combination of informativeness of data, parameter dependencies, physically

realistic parameter bounds and the forward model’s bifurcation structure.

When data are very informative and parameters highly identifiable (e.g. for the

fully observed system with ξ = 0.03) the confidence region is small. Crucially, it

is considerably smaller than the intersection of the physically realistic parameter

region and the region with the matching bifurcation structure. Henceforth we will

call boundaries of such small, well-defined confidence regions “data-based” bounds.

Linear dependencies among the parameters mean that as we move along the
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profile of a particular parameter to the edges of the confidence region, other

parameters also vary. In this way the profiles eventually reach the edge of the

physically realistic region for a particular parameter or a bifurcation curve, on the

other side of which lies a parameter region in which qualitative model behaviour

does not match the data. When either of these two events occur, the profile value

is likely to increase at a faster rate, and exceed the confidence threshold, which

leads to the confidence region becoming abruptly bounded. This explains the

transformation of profiles from a U shape to an L or bathtub shape as the noise

level increases, and boundedness of regions of uncertainty for poorly identifiable

parameters. Moreover, since the resulting CIs are not centred around the true

parameter value, the bias in the MLE tends to be in the direction of the centre of

the CI, which may be particularly influential when there is little curvature in the

profile within the confidence region due to poor data.

Forward model solutions. Forward model solutions for parameter values within

the 95% pointwise CI of the profile of σ show that, for different elimination datasets,

tumour dynamics are identified to a good degree of accuracy as the range of solutions

around the data is small (see Fig. 4.6). Effector dynamics are identified well for

0 < τ < 5, but uncertainty increases for τ ≥ 5 when effector data are not considered

and noise levels increase. By contrast, the tumour is eliminated and remains so

beyond the time period of data, which suggests elimination tumour dynamics are

easily identifiable.

Summary. Despite strong correlations between model parameters, elimination

data define a unique U-shaped region within the physically realistic parameter

space. This region extends along a straight line in parameter space, and, as quality

and/or quantity of the data reduces, its shape elongates, flattens, while remaining

bounded. Together with small uncertainties in predicted solutions, this suggests

a degree of PI in this regime. However, for poor quality data the source of PI is
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related to parameter dependencies, physical parameter constraints and the model’s

bifurcation structure, which may hinder identification of the MLE to better accuracy

than the size of the confidence region.

4.4.2.2 Case study 4.2: escape regime

We now detail results for data exhibiting escape behaviour. Unless otherwise stated,

the results refer to case study 4.2a. Since the results for case study 4.2b are similar,

we only consider it briefly when describing the sensitivity of forward model solutions

that are close to the separatrix.

Profiles for the fully observed system. Parameters e0, m0 and σ exhibit

good identifiability as their profiles are U-shaped, have small errors and small CIs

relative to the true parameter values (see Fig. 4.8a). By contrast, parameter δ has

an L-shaped profile and a larger CI (of width 0.048, which compares with 0.018

for σ). The global minimum (MLE) for δ lies outside the computation range, at

δ = O(10−12), whereas the true value is δ = 0.009. Taken together, these results

indicate poor identifiability of δ, a trend which extends to other datasets from

regime 4.2a.

Within CIs, the profiles span bistable parameter regions (see bottom panel of

Fig. 4.7), where, for certain initial conditions, the model exhibits growth to a large-

tumour steady state. While the size of the CI for parameter m0 increases linearly

with increasing observation noise, CI growth with increasing noise is minimal for

other parameters and strictly bounded within the described bistable parameter

regions (see Fig. 4.8), in a similar way as for elimination data.

In the sense of finiteness of CIs, we conclude that parameters are identifiable

for data with ξ ≤ 0.2 and observation model h2(·), but there is some evidence that

parameter δ may be difficult to identify. We also note that profile shapes outside

CIs may impact the ability to recover parameters in practice; we discuss this later.
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Figure 4.7: Series of plots showing profile likelihoods of V (θ) for parameters θsub = [e0,m0, σ, δ]
T

given escape data (case study 4.2a), observation model h1(·) and observation noise standard
deviation ξ = 0.03. Diagonal plots with light grey background show the computed profile values as
the parameter of interest varies, while off-diagonal plots in each column show how other (nuisance)
parameters vary along the profile in the same column. Plots in the bottom row show (σ, δ)
bifurcation diagrams overlaid with profiles. Parts of profiles with values below the 95% pointwise
confidence threshold χ2

1,0.95 are plotted in grey, whereas those that exceed it are plotted in black.
For interpretation of colours in the bifurcation diagrams in the bottom row, see Fig. 4.3b. The
shown profiles for σ and δ are double-valleyed, while those for e0 and m0 appear U-shaped, and
only explore the global minimum. The profiles trace a straight line in (σ, δ) space that is parallel
to the bifurcation curve on which the model’s large-tumour steady states undergo a saddle-node
bifurcation. The confidence intervals span the bistable (blue) parameter regions. Expect for δ,
MLEs correspond well to the true, data-generating parameter values.
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Figure 4.8: Series of plots showing the impact of observation noise standard deviation (ξ ∈
[0.03, 0.2]) and observation models with and without effector cell measurements (h2(·) and h1(·))
on profile likelihoods for data generated from the escape regime (case study 4.2a). Panel

(a) shows profile values translated by V (θ̂) as parameters of interest in θsub = [e0,m0, σ, δ]
T

individually vary, while panel (b) shows how the corresponding maximum likelihood estimates
(MLEs) and the size of confidence intervals (CIs) vary with increasing ξ, split by different
observation models. Curves and points plotted in blue correspond to observation model h2(·),
while those in red correspond to h1(·). Profiles for σ and δ have a double-valleyed shape, and
flatten as noise level increases. When effector data are unavailable, the difference in profile value
between the local minima decreases, and, as noise levels increase, the simultaneous confidence
region becomes disjoint. Eventually, as the two disjoint regions (valleys) merge, the confidence
region becomes unbounded. Profiles for e0 exhibit discontinuous jumps to the local minimum.
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Variation of nuisance parameters and their impact on profiles. Along

the σ profile, within the CI, σ and δ are mostly linearly dependent (except close to

δ = 0; see Fig. 4.7). This is similar to the elimination regime, except that the slope

of the line on which the profile lies is different; the line is approximately parallel

to the boundary of the bistable region on which the determinant of the cubic is

zero (∆ = 0) and a saddle-node bifurcation occurs. As σ decreases, the profile

collapses onto δ = 0, influencing the CI as in the elimination regime; at ξ = 0.03,

the lower boundary of the CI corresponds to where δ hits the edge of the physically

feasible parameter space, and moves only slightly as noise levels increase. The CI

for σ is also sharply bounded above. At higher noise levels and/or for a partially

observed system, this is again due to the negative correlation of σ and δ with e0;

as σ increases, e0 decreases approximately linearly until e0 = 0 at σ ≈ 0.1, which is

where the upper bound of the CI lies.

Bifurcation structure and the distant local minimum. As σ increases, the

sharp increase in the profile corresponds to it leaving the CI and entering a region in

which a good fit is difficult to find. This happens within the region of bistability of

escape and equilibrium steady states (see bottom panel of Fig. 4.7) and beyond it,

when the profile enters the monostable region (yellow) above the zero-discriminant

curve. In the monostable region the profile attains a local maximum and then

decreases, extending into another flat valley containing a very distant local minimum

with σ, δ = O(103); this minimum is difficult to identify due to the flatness of V (θ).

We conclude that the double-valleyed profile shape reflects the existence of disjoint

regions in the bifurcation diagram, in each of which there is a stable, large-tumour

steady state solution (i.e. escape). Within these regions the profile is flat; it is

steep when it crosses bifurcation curves that impact model behaviour in the region

of the phase plane relevant to the data (i.e. close to the emerging small-tumour

steady state where the trajectory starts, and to the large-tumour steady states
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where the trajectory ends) and/or when the edge of the physically realistic region

of parameter space is reached, as described above.

Due to the strong positive correlation between σ and δ, the profile for δ has a

similar double-valleyed shape to that of σ. We cannot observe this shape of the

likelihood surface in the same way from the profiles of e0 and m0. These mainly

explore the likelihood surface in the neighbourhood of the MLE. However, for

less informative data, as the profiles move away from the MLE, they may become

attracted by the distant minimum, and may suddenly jump to it (e.g. profile

of e0 for ξ = 0.15 and h2(·), or for h1(·); see Fig. 4.8). Thereafter the profiles

are completely flat, because optimisation terminates when σ and δ reach upper

optimisation bounds (see Appendix C). While this means that the profile does not

reach the distant minimum exactly, the value of V (θ) after the jump is similar to

that in the vicinity of the local minima in the profiles for σ and δ, deeming our

computations sufficient to determine parameter identifiability from such profiles.

We note also that this demonstrates how the presence of a local minimum may

prevent the optimiser from finding the MLE for certain starting guesses, even for

well-constrained confidence regions.

Profiles for the partially observed system. Removing availability of effector

data strongly influences parameter identifiability in the escape regime. Profiles

become considerably flatter inside and outside the CI compared to the fully observed

case, but they retain their shape. For parameters σ, δ and e0, profile values at

the distant local minimum fall close to or below the confidence thresholds χ2
0.95,1

and χ2
0.95,4 for ξ ≥ 0.15 (see Fig. 4.8), and for e0 they are more easily attracted

by the distant local minimum. If the profile falls below the threshold the second

time, the confidence regions become disjoint/bimodal. If the peak between the two

valleys also takes values below the threshold, the disjoint regions merge, and the

CI may be very large and potentially unbounded (see red profiles of σ and δ in
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Fig. 4.8), implying practical non-identifiability. Our computed profiles show that

this happens for ξ > 0.15, if we consider the simultaneous threshold χ2
0.95,4. For

escape regime 4.2b, which has similar double-valleyed profiles, this already occurs

at lower noise levels (see Fig. D.1).

Forward model solutions and the impact of proximity to the separatrix.

For a fully observed system and low noise, forward model solutions within the

CI correspond to the data well (see Fig. 4.10a). The best-fitting solution (red)

and the data-generating solution (black) agree quantitatively and qualitatively,

tending to a large-tumour steady state; this also holds beyond the time window

of the data (τ > 10), where variability is small. As the level of observation noise

increases and/or only tumour data are considered, the best-fitting solution does not

agree qualitatively with the data-generating solution (see Figs. 4.10b and 4.10c).

While the two match quantitatively for τ < 10, they diverge at later times; the

best-fitting solution and other solutions within the CI tend to the tumour-free

steady state, rather than to the large-tumour one, with large uncertainty in the

predicted dynamics for escape data from regime 4.2a.

We postulate that finding such closely fitting solutions with different qualitative

behaviour is possible due to the model’s bistable and bifurcating structure. For

example, solutions may start with slightly different initial conditions, which lie on

different sides of the phase plane separatrix, and will follow the separatrix for some

time before departing from it and converging to different steady states (see Fig. 4.9).

The same would apply to slightly different parameter values, which lie on different

sides of a bifurcation curve. Both situations would explain well-fitting solutions

that tend to different steady states, particularly when data have been generated

using parameters/initial conditions that lie close to a bifurcation curve/separatrix.

To demonstrate how proximity to the separatrix affects model predictions, we

consider data generated from parameter regime 4.2b, in which e0 lies further away
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Figure 4.9: Schematics showing how a dataset may fit well to trajectories with different long-term
behaviour as they converge to different steady states. Plot (a) shows a phase plane with a
separatrix and two trajectories (bold curves) that are both initially similar when they follow the
separatrix. Plot (b) shows trajectories for different parameter sets (black, orange, yellow) close to
a bifurcation that are also all similar in the initial time period.

from the separatrix than in regime 4.2a. We find that parameter identifiability in

the two regimes is very similar, with parameters in regime 4.2b being marginally

less identifiable (see Fig. D.1). Despite this, forward model solutions within the

confidence region of the σ profile in regime 4.2b indeed demonstrate considerably

better qualitative and quantitative agreement with the data-generating solution

than in regime 4.2a (see Figs. 4.10d–f). Uncertainty in tumour cell dynamics is

small even when effector cell measurements are not considered and noise levels

are high. Effector dynamics are identified to a good degree of accuracy for the

fully observed system, whereas, without effector data, variability increases, but the

solutions remain qualitatively close to the true dynamics.

Our results for case studies 4.2a and 4.2b highlight that proximity to a separatrix

can significantly affect the uncertainty in predicted solutions for some datasets.

Away from the separatrix, the CIs are less likely to span regions with long-term

qualitative behaviour that does not match the data, and more likely to recover

solutions which accurately reproduce the true escape-type dynamics.

Summary. For the fully observed system, CIs are finite for all parameters which

means that, in theory, we can recover them within the width of their CIs, but

bias in estimates can be large, particularly for parameter δ. An influential local

minimum is detected in the profiles, affecting modality of the likelihood. Profiles
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Figure 4.10: Series of plots showing the sensitivity of forward model solutions for parameters within
the 95% pointwise confidence interval for σ given escape data. Upper panel plots correspond to
case study 4.2a, while those in the bottom panel correspond to case study 4.2b. Recovery of
dynamics corresponding to the escape stage of immunoediting is particularly sensitive to whether
the data-generating regime lies in proximity of a phase space separatrix. They are successfully
recovered for data generated from a regime that is away from the separatrix (4.2b), whereas the
predicted forward model solutions show great variability and divergence to different steady states
for data from a regime that lies close to the separatrix (4.2a).
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exhibit high sensitivity to the availability of effector cell measurements, and immune

system parameters may become unidentifiable at higher noise levels. The recovered

forward model solutions can be highly uncertain for parameters in the vicinity of

a phase plane separatrix. Together, this suggests poorer overall identifiability for

escape data compared to elimination data.

4.4.2.3 Case study 4.3: equilibrium regime

Identifiability for the fully observed system and low noise levels. For

h2(·) and ξ = 0.03, all profiles have unique minima close to the true parameter

values (see Fig. 4.13). The CIs are comparable in size to those for the elimination

and escape data. Uncertainty in the predicted dynamics within the CI of σ is

negligible (see Fig. 4.12a), which implies good identifiability of parameters and

dynamics in this regime.

Identifiability for high noise level and/or partially observed system.

Profiles in the equilibrium regime are more resilient to decreased quality/quantity

of data (see Fig. 4.13). There are only small differences compared to when effector

data are not included. Increasing observation noise decreases the accuracy of

recovery for all parameters. Sensitivity of parameter uncertainties to noise is

consistently greater than to omission of effector data. Together, this demonstrates

that tumour data alone provide a lot of information about the tumour-immune

dynamics. Indeed there is a negligible change in the range of forward model

solutions along the σ profile for the inverse problem with/without effector data (see

Figs. 4.12b and 4.12c). We explain this by noting that tumour-immune interactions

have a large influence on tumour growth dynamics in this regime; the effector

cells cause the tumour size to undergo damped oscillations as it relaxes to an

immune-mediated equilibrium. As the tumour is constantly responding to changes

in effector cell numbers, measurements of tumour size oscillations provide sufficient

information to recover parameters related to the immune system (and hence effector
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Figure 4.11: Series of plots showing profile likelihoods of V (θ) for parameters θsub = [e0,m0, σ, δ]
T

given equilibrium data (case study 4.3), observation model h1(·) and observation noise standard
deviation ξ = 0.03. Top row plots show the computed profile values as the parameter of interest
varies. Bottom row plots show (σ, δ) bifurcation diagrams overlaid with profiles. Parts of profiles
that have values below the 95% pointwise confidence threshold χ2

1,0.95 are plotted in grey, and
those that exceed it in black. For interpretation of colours in bifurcation diagrams in the bottom
row, see Fig. 4.3b. The shown profiles are U-shaped and trace a straight line in (σ, δ) space,
parallel to the transcritical bifurcation line on which the model’s small-tumour steady state
emerges. MLEs mostly correspond well to the true data-generating parameter values.
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Figure 4.12: Series of plots showing the sensitivity of forward model solutions for parameters
within the 95% pointwise confidence interval for σ given equilibrium data (case study 4.3).
Dynamics corresponding to the equilibrium stage of immunoediting are successfully recovered for
different quality/quantity of measurements.
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Figure 4.13: Series of plots showing the impact of observation noise standard deviation (ξ ∈
[0.03, 0.2]) and observation models with and without effector cell measurements (h2(·) and h1(·))
on profile likelihoods for data generated from the equilibrium regime (case study 4.3). Panel

(a) shows profile values translated by V (θ̂) as parameters of interest in θsub = [e0,m0, σ, δ]
T

individually vary, while panel (b) shows how the corresponding maximum likelihood estimates
(MLE) and the size of confidence intervals vary with increasing ξ, split by different observation
models. Curves and points plotted in blue correspond to observation model h2(·), while those in
red correspond to h1(·). As noise levels increase, profiles flatten and confidence intervals increase.
The effect of unavailability of effector data is small.
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cell dynamics) to a similar level of accuracy as when effector cell data are also

provided.

Variation of parameters and their relation to the bifurcation structure.

Profiles for e0, σ and δ trace straight lines in (σ, δ) space, as in previous case

studies, with a positive correlation between σ and δ, and negative correlations

of the two with e0. As in the elimination regime, the traced line in (σ, δ) space

is approximately parallel to the line δ = δ�(σ, α, κ2), on which the small-tumour

steady state undergoes a transcritical bifurcation with the zero-tumour steady state

and becomes physically unrealistic and unstable; this suggests a way in which the

bifurcation structure of the model impacts the MLE landscape. Within the CI,

profiles span the bistable region of the (σ, δ) parameter space in which both the

equilibrium and escape steady states are stable (blue above the line δ = δ�(σ, α, κ2)),

and, for high noise, also the region in which only the equilibrium steady state is

stable (yellow). Since the true parameter values lie further from the boundaries

of the physically realistic parameter space than for regimes 4.1 and 4.2, and since

the equilibrium regime exhibits good identifiability, the physical boundaries and

the bifurcation structure have less of an effect on the size of the confidence region.

Only at high noise levels, when the CIs extend to σ = 0 (see profiles of e0 and δ in

Fig. 4.11), do the CIs have sharp bounds; otherwise they are “data-based”.

Summary. Model parameters and tumour-immune dynamics are robustly identi-

fiable from equilibrium-type data. Tumour data alone contain sufficient information

about the full system for parameter identifiability.

4.5 Discussion and conclusions

In this chapter we investigated identifiability of the quasi-steady-state-approximated

(QSSA) model of tumour-immune interactions by Kuznetsov et al. [88]. Our aim was

to identify experimental settings under which parameters, and system dynamics, of
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this bistable and bifurcating model can be recovered. We characterised structural

and practical aspects of model identifiability for tumour growth curves, which

correspond to three stages of immunoediting (tumour elimination, equilibrium and

escape) [47]. Our study was motivated by AZ’s data from an immunotherapeutic

preclinical study (see Fig. 1.1), as this and similar datasets [44, 88, 149] typically

show tumour responses that are consistent with immunoediting.

Structural identifiability. Using differential algebra-based methods, we showed

that the QSSA model is structurally identifiable for observables of tumour numbers,

so all model parameters and initial conditions can be uniquely determined from

tumour growth data that are noise-free and continuous in time (this automatically

implies identifiability when both tumour and effector data are observed). While

structural identifiability does not guarantee parameter identifiability from data of

lesser quality and quantity, it is a prerequisite for practical identifiability.

Practical identifiability. Using profile likelihoods [125, 134], we investigated

a series of inverse problems in which a subset of kinetic parameters and initial

conditions from the QSSA model are estimated by applying maximum likelihood

estimation (MLE) to synthetic data generated from the model. These data varied

in their qualitative dynamics, quality and quantity. The accuracy, robustness and

uncertainties of the parameter estimates and the predicted model dynamics varied

markedly for different datasets.

We computed likelihood-based confidence regions in each dimension of parameter

space, extended to include the initial conditions. For good quality, informative

data capturing tumour and effector dynamics (e.g. parameter regimes exhibiting

equilibrium or elimination), confidence regions are small and narrow U-shaped

valleys, which are well-constrained by the data, findings consistent with the model’s

structural identifiability.
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For poor quality and/or poorly informative data, the bottom of the valleys

flattens, extending along correlations between specific parameters associated with

the immune system (i.e. the supply and death rates of effector cells, σ and δ, and

the initial number of effector cells, e0). The valleys span regions of the bifurcation

diagram with model behaviour that matches the data. They sometimes extend

to their edges, and, rather than being bounded solely by the data, they appear

sharply bounded by physical constraints and/or curves on which the behaviour of

the matching model changes markedly. When any of the parameters are close to

the boundary of the matching region, the confidence regions appear small when

compared to those associated with parameters that are away from the boundary.

MLEs also become biased towards the centre of the bounded confidence region,

particularly when local identifiability within the flat valley is poor. While such

confidence regions may be easy to identify, MLEs could be difficult to determine to

better accuracy.

Our results thus suggest that confidence regions are heavily reliant on the

combination of parameter relationships, the bifurcation structure of the model and

physical constraints on model parameters. We conclude that, for complex models,

the size of (finite) confidence intervals alone may not be the most useful predictor

of how well the true parameters may be recovered. The geometry of the parameter

space and sources of uncertainty vary between parameter regimes, affecting the

accuracy of parameter estimates in different ways. For example, identifiability given

data from the regime exhibiting tumour escape is poor, even though the confidence

regions are small compared to those from other regimes. This is because the profiles

are very flat within the confidence intervals, which appear to be constrained by

physical constraints and the bifurcation structure, rather than the data. Extra care

is therefore needed with interpreting inference results in such models.
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Good identifiability for equilibrium and elimination data, poor identi-

fiability for escape data. We compared and characterised identifiability for

different datasets by the way in which profiles and forward model solutions change

as quality and quantity of data vary. We found that data from regimes in which

tumour-immune interactions have a large influence on model dynamics are most

informative for parameter estimation and enable correct recovery of tumour-immune

dynamics. The escape regime is the least identifiable, followed by the elimination

regime, while the equilibrium regime is the most identifiable of the three.

In Kuznetsov et al.’s model, multiple regions of the bifurcation diagram are

consistent with each stage of immunoediting, as seen in Chapter 3. The interplay of

this complexity, parameter dependencies and poorly informative and/or noisy data

exhibiting tumour escape resulted in double-valleyed profile likelihoods. The two

valleys correspond to two disjoint regions of parameter space, one consistent with

the true data-generating parameter values. Given only tumour data, differences

between model fits associated with global and the local minima (i.e. valleys)

decrease. With increasing noise in the data, the minima give rise to disjoint

confidence regions (i.e. bimodal likelihood), which eventually merge and produce

unbounded confidence regions that imply practical non-identifiability. Recovery of

immune parameters in the escape regime thus shows greater sensitivity to the lack

of effector data than in the equilibrium and elimination regimes. We speculate this

may be because data exhibiting logistic growth to a large-tumour steady state are

largely insensitive to effector dynamics. However, this may also be due to small

values of effector parameters. In future work it would be interesting to investigate

identifiability of escape dynamics generated from other parameter regimes.

Due to the model’s bistable and bifurcating structure, the predicted forward

model solutions are sensitive to escape data generated close to the phase plane

separatrix. In such cases model predictions are highly uncertain; at long times

they may exhibit a wide range of behaviours, some qualitatively different from
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the data-generating solution. This is because it can be difficult to distinguish

between model solutions that initially follow the separatrix but eventually converge

to different steady states. We anticipate similar findings for regimes generated

close to bifurcation curves, but postpone this for future work.

Context of identifiability in systems with bifurcations. Roesch and Stumpf

[142] studied parameter inferrability for 1-D ODEs that correspond to the normal

forms of co-dimension 1 bifurcations, and have one unknown parameter and one

unknown initial condition. They found that regions of high curvature of the

likelihood were closely related to the bifurcation structure, and that the level of

noise and data density affected parameter inferrability quantitatively, but not

qualitatively. Our observations for Kuznetsov et al.’s model are consistent with

their findings, as we also find that the local and the global shape of likelihood

landscapes are both important in systems with bifurcations. The work in this

chapter extends their analysis to a system which undergoes multiple bifurcations

(mainly co-dimension 1), has multiple unknown parameters and is partially observed.

We showed that these properties add to the complexity of likelihood surfaces and

our ability to characterise them.

Methodological challenges. We identified two main challenges for charac-

terising parameter identifiability of Kuznetsov et al.’s model. The first was the

dimensionality of its parameter space. We initially focused on four key parameters

chosen so that the model exhibits tumour escape, equilibrium and elimination as

they vary. We then used profile likelihoods to summarise the shape of the likelihood

surface in one dimension by optimising over the other key parameters. In future

work other parameters should also be considered.

The ease of profile visualisation and previous analyses of model behaviour en-

abled us to relate the profile shape to the model’s bifurcation structure, highlighting

our second challenge. Unlike the simple models considered in [142], for Kuznetsov
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et al.’s QSSA model the parameter space cannot be split into unique regions, each

yielding distinct qualitative behaviours. Local minima that emerge may result

in disjoint confidence regions and a multimodal likelihood surface. This raises

questions about the sufficiency of defining practical identifiability [134] by finiteness

of confidence intervals. Multimodality also causes practical difficulties for methods

that use the gradient of the log-likelihood to search parameter space, since, when

starting in the basin of a local minimum, the gradient directs the parameter search

towards the local minimum, making recovery of the global minimum difficult.

Connection to sensitivity-based identifiability and model “sloppiness”.

To determine the local parameter sensitivity of noise-free model outputs and local

parameter dependencies we could have used sensitivity-based methods. Several

methods use the sensitivity matrix to rank parameters according to how sensi-

tive model outputs are to small changes in their values (see [111] for a review of

sensitivity-based methods). Parameters ranked the lowest are considered unidentifi-

able and tend to be discarded. Our preliminary studies indicate that these methods

would enable us to quantify poor sensitivity of escape curves to some of the im-

mune parameters (see Appendix E). However, we note that while discarding/fixing

parameters makes no difference locally, in a bifurcating system it does so globally

as it can limit the range of model behaviour.

We also note that sensitivity varies between regions of parameter space, as

does the spectrum of eigenvalues of the sensitivity matrix. For example, the

largest eigenvalue spectrum is in the escape regime (see Appendix E). Gutenkunst

et al. [62] described a large span of eigenvalues as model “sloppiness”. It may

result in large parameter uncertainties along eigenvectors associated with the

smallest eigenvalues, but not necessarily affect the uncertainty of model predictions.

Consistent with this, in profile likelihoods for Kuznetsov et al.’s model, we observed

parameter dependencies, confidence intervals along those, and, in some cases, good
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identifiability of model dynamics despite large parameter uncertainties, but the

likelihood surfaces were U-shaped and had unique minima for in silico data. In

future work we could more comprehensively characterise model “sloppiness” in

different regions of parameter space, which is important as “sloppiness” may hinder

the use of the model beyond the data used for calibration and in new contexts.

Methodological recommendations. We conclude that for bifurcating systems

the ultimate challenge is methodological, how to relate the local and the global

properties of the likelihood surface to characterise model identifiability. For a model

deemed structurally identifiable, our recommendation is to use a combination of

different methods where possible. Prior to profile likelihoods, sensitivity-based

methods can be used to gain an intuition as to which parameters model outputs may

be insensitive to or which are correlated. Profile likelihoods enable simultaneous

exploration of the local and, to an extent, also the global structure for different

datasets. However, global characterisation could be improved by using stochastic

methods, such as the Covariance Matrix Adaptation Evolution Strategy (CMA-

ES) or Markov Chain Monte Carlo (MCMC), to identify local minima [136]. As

suggested in [168], profiles can be computed around those minima and merged,

which would provide a more integrated view of model identifiability.

Summary and final remarks. By performing a systematic parameter identifia-

bility analysis using in silico data, we have shown that the rich bifurcation structure

of Kuznetsov et al.’s QSSA model, parameter dependencies and constraints, and

varying levels of informativeness, quality and quantity of data generated from dif-

ferent parameter regimes of the model, result in non-trivial log-likelihood surfaces,

which may be multimodal. These findings suggest caution is needed with parameter

estimation in complex systems.

Based on our analysis, we conclude that it would be difficult to robustly fit

Kuznetsov et al.’s model to tumour growth data alone, especially when growth
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is uncontrolled. In future, we could use simpler models to calibrate to such data,

formulate the parameter estimation problem differently or improve experimental

design and data collection. For example, we could calibrate the model using a

population approach, where data from multiple individuals are fitted simultane-

ously, and some parameters are identical between individuals. We explore this in

Chapter 5.
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Chapter 5

Distinguishing hypotheses for
dichotomous tumour growth
curves

5.1 Introduction

In Chapter 4 we investigated the problem of fitting the QSSA model by Kuznetsov

et al. [88] to data for a single individual. We now consider a parameter estimation

problem where data from multiple individuals that exhibit dichotomous tumour

growth are fitted simultaneously. We seek to establish whether alternative mecha-

nistic hypotheses for the dichotomy in tumour responses to treatment, represented

by variability in model parameters and/or initial conditions, can be distinguished

based on their ability to explain the data.

Previous studies of the QSSA model [88, 137, Chapters 2 and 3] demonstrate

that dichotomous tumour growth curves may be generated by the model in two

ways: (i) by using the same initial conditions and parameter values that lie in

different regions of parameter space, separated by bifurcations, or (ii) by using the

same parameter values and considering initial conditions that lie in different regions

of the phase plane, and that evolve to different steady states. In other words,

dichotomous model solutions may be driven either by bifurcations or bistability.

Suppose we have data from two tumours which belong to different individuals

and exhibit different qualitative behaviours; one tumour shrinks, while the other
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grows uncontrollably. Motivated by the bifurcation structure of Kuznetsov et al.’s

model, we propose two alternative hypotheses that may explain the dichotomy in

these data (see Fig. 5.1):

Hypothesis 1 (H1): θ
(1)
3: 6= θ

(2)
3: , x0(θ(1)) = x0(θ(2))

The tumour growth curves have the same initial conditions, but are generated

from parameter regimes which exhibit qualitatively different behaviours.

Hypothesis 2 (H2): θ
(1)
3: = θ

(2)
3: , x0(θ(1)) 6= x0(θ(2))

The tumour growth curves come from the same, bistable parameter regime,

but were generated with different initial conditions.

The superscript i denotes individual i (i = 1, 2). The subscript denotes all model

parameters except initial conditions (1st and 2nd entry of parameter vector θ).

For each hypothesis we formulate an inverse problem, where the unknown model

parameters, θ, are split into two categories: population parameters, which are

assumed fixed over the population, i.e. θ
(pop)
j = θ

(i)
j for all individuals i, and have

a single copy θ
(pop)
j in φ (vector of all parameters to be inferred in the Bayesian

scheme); and individual parameters, which vary between individuals and have a

copy of θ
(i)
j in φ for each individual i. Such inverse problems enable one to exploit

the abundance of data and information from different individuals, without fixing

specific parameter values, and, thus, imposing heavy constraints on the problem.
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Figure 5.1: Schematic depicting two hypotheses via which the QSSA model by Kuznetsov et al.
[88] may explain the dichotomy in tumour growth curves.
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Recall that a popular approach to simultaneous model calibration using popula-

tion data is mixed effects modelling (MEM), where individual and population model

parameters are estimated [93]. Our approach and the inverse problems we formulate

(as outlined above) are closely related to MEM. However, we make no assumptions

about the distribution of individual parameters. We thus consider a less constrained

problem than MEM, in order to explore whether fits according to different hypothe-

ses are feasible, and avoid potential difficulties with non-convergence of MEMs that

are difficult to explore within this framework. Our approach is fully Bayesian and

enables us to systematically track and increase problem complexity, building upon

maximum likelihood estimation (MLE) results for single curves from Chapter 4.

In this chapter, we aim to understand posterior landscapes for the population

fitting inverse problems under the two proposed hypotheses, and to address the

following fundamental question: Given dichotomous data, can we distinguish

between the proposed hypotheses? We consider case studies for which dichotomous

synthetic data are generated from the model according to one of the two hypotheses;

model fits under both hypotheses are compared based on their predictive accuracy.

The chapter is organised as follows. We present the workflow for Bayesian

inference and model comparison in Section 5.2. In Section 5.3, we present results

of Bayesian inference for data from a single individual (as in Chapter 4) to inform

inference for two curves. We then perform hypothesis comparison for synthetic

data comprising two different curves, generated either from a bistable parameter

regime, or from a bifurcating parameter regime. In Section 5.4 we discuss our

findings and possible directions for future work.

5.2 Methods

We now introduce the methodology we use to compare hypotheses H1 and H2 for

dichotomous synthetic datasets generated from Kuznetsov et al.’s QSSA model. We
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consider two types of synthetic data, described in Section 5.2.1. The comparison

workflow has four main components (see Fig. 5.2 and Sections 5.2.2–5):

(1) Bayesian inverse problem formulation under each hypothesis (H1 and H2, or

true and alternative), and the choice of prior distribution,

(2) Parameter inference using Markov Chain Monte Carlo (MCMC) methods,

and evaluation of sampling performance,

(3) Estimation of out-of-sample predictive accuracy for each posterior fit, and

(4) Hypothesis testing to determine whether the difference in predictive accuracy

between fits according to different hypotheses is significant.

GENERATE SYNTHETIC DATA

according to the chosen hypothesis,
observation model h(·) and noise level ξ

(1) FORMULATE BAYESIAN PROB-
LEM ACCORDING TO HYPOTHESIS 1

(2) SAMPLE POSTERIOR
DISTRIBUTION

(3) ESTIMATE OUT-OF-SAMPLE
PREDICTIVE ACCURACY

(4) COMPARE PREDICTIVE ACCURACIES
VIA HYPOTHESIS TESTING

(1) FORMULATE BAYESIAN PROB-
LEM ACCORDING TO HYPOTHESIS 2

(2) SAMPLE POSTERIOR
DISTRIBUTION

(3) ESTIMATE OUT-OF-SAMPLE
PREDICTIVE ACCURACY

HYPOTHESIS 1:
different initial conditions, same parameters
θ = [e

(1:2)
0 ,m

(1:2)
0 , σ(pop), δ(pop)] and ξ

HYPOTHESIS 2:
same initial conditions, different parameters
θ = [e

(pop)
0 ,m

(pop)
0 , σ(1:2), δ(1:2)] and ξ

Figure 5.2: Diagram showing the workflow for comparing predictive accuracy of model fits to a
synthetic dataset under Hypotheses 1 and 2.

5.2.1 Generation of synthetic data

In this chapter we study data from two individuals generated from the forward and

observation models (see Section 5.2.2), using the procedure outlined in Chapter 4,

and assuming there are no population parameters. To ensure a dichotomy in

tumour responses, we choose parameter sets so that each individual’s data exhibit

different qualitative behaviour. Specifically, data of individuals 1 and 2 exhibit

tumour elimination and escape, respectively.
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Case
study

Parameter
regime

True
hypothesis

Individual
i

Individual parameters θ(i)

σ(i) δ(i) e
(i)
0 m

(i)
0

5.1 bistable 2
1 0.045 0.009 0.24 30.0
2 0.045 0.009 0.045 30.0

5.2 bifurcating 1
1 0.05 0.03 0.5 30.0
2 0.05 0.6 0.5 30.0

Table 5.1: Parameter values used to generate data for case studies 5.1 and 5.2.

(a) data-generating parameter values in a bifurcation diagram

10−2 10−1 100

σ (log axis)

10−2

10−1

100

δ
(l

og
ax

is
)

Case study 5.1

Case study 5.2

eq
uilib

riu
m

escape or
elimination

escape or
equilibrium

escape

elimination

1

2

#
of

st
ab

le
st

ea
d

y
st

at
es

Transcritical bifurcation

Saddle-node bifurcation

(b) data for case study 5.1
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Figure 5.3: Plot (a) shows the (σ, δ) bifurcation diagram of the Kuznetsov model denoting disjoint
regions of the (σ, δ) parameter space with qualitatively different model behaviour, with other
parameters fixed at default values (see Table 2.2). Coloured point markers denote values of σ
and δ used to generate datasets for case studies 5.1 and 5.2 (see Table 5.1). Blue and red point
markers respectively denote parameter regimes that elimination-type data of individual 1 and
escape-type data of individual 2 are generated from. Synthetic data, and data-generating forward
model solutions, corresponding to these regimes, are shown in plots (b) and (c), respectively, for
case studies 5.1 and 5.2.
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We perform two case studies. For case study 5.1, data are generated according

to H2 (considered true), with different values for e0, the effector initial condition.

For case study 5.2, data are generated according to H1 (considered true), and the

two curves differ in either effector supply rate, σ, or effector death rate, δ. The

parameter values used are stated in Table 5.1, and visualised in Fig. 5.3, together

with exemplary datasets.

5.2.2 Bayesian parameter estimation problem

We define the inverse problems for fitting pooled datasets under each hypothesis

by extending the MLE problem for parameters σ, δ, e0 and m0 from Chapter 4.

We first adapt it to account for data from multiple individuals, and to allow for

some population parameters, θ(pop), which are shared between individuals. We

then formulate the problem within a Bayesian framework in order to use efficient

MCMC techniques to infer model parameters and their uncertainty.

Parameters. Let P be the number of individuals for which we have data. Let

θ(pop) be the vector of all population parameters, and θ(i) the vector of parameters

unique to individual i. Let θ = [θ(pop)T ,θ(1)T , . . . ,θ(P )T ]T be the stacked vector

of all unknown model parameters. For example, when fitting under H1 we assume

that σ and δ are population parameters, and initial conditions, e0 and m0, are

individual parameters. For P = 2, this implies

θ(pop) = [σ(pop), δ(pop)]T , θ(1) = [e
(1)
0 ,m

(1)
0 ]T , θ(2) = [e

(2)
0 ,m

(2)
0 ]T . (5.1)

When fitting under H2, the parameter roles are reversed, and

θ(pop) = [e
(pop)
0 ,m

(pop)
0 ]T , θ(1) = [σ(1), δ(1)]T , θ(2) = [σ(2), δ(2)]T . (5.2)

Forward model. As in Section 4.2, we define the forward model for individual

i as u(i) = F (i)(θ), where the forward model is the solution to Kuznetsov et al.’s

ODE system (4.1) at times τ1, . . . , τK , i.e. u(i) = [x(i)(τ1,θ), . . . ,x(i)(τK ,θ)]T . Here
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only parameters θ(i) and θ(pop) are needed to compute the solution u(i). For a

pooled dataset, the forward model u = F(θ) includes a copy of the forward model

for each individual, i.e. u = [u(1)T , . . . ,u(P )T ]T , and F(·) is defined accordingly.

Observation model. The vector of pooled observations is s = [s(1)T , . . . , s(P )T ]T ,

where s(i) are observations for individual i as in Chapter 4. We assume that

s = O(u) + ν = O(F(θ)) + ν, where

O(u) = [ h(x(1)(τk1 ,θ)), . . . ,h(x(1)(τkN ,θ))︸ ︷︷ ︸
s(1)

, . . . ,h(x(P )(τk1 ,θ)), . . . ,h(x(P )(τkN ,θ))︸ ︷︷ ︸
s(N)

]T .

(5.3)

Maps h(·) are defined as in Chapter 4, and ν is random measurement noise.

Likelihood. We again assume that ν is Gaussian, with zero mean and standard

deviations ξe or ξm, for effector and tumour measurements, i.e. ν ∼ N (0,Ξ),

where the covariance matrix Ξ is diagonal with entries ξ2
e and ξ2

m. The data

Parameter φi
associated with

Prior 1 Prior 2 Prior 3

σ Lognormal(0.75, 1.5) Cauchy(0, 0.5) on (0,∞) N (0, 1) on (0,∞)
δ Lognormal(0.75, 1.5) Cauchy(0, 0.5) on (0,∞) N (0, 1) on (0,∞)
e0 Lognormal(0.75, 1.5) Cauchy(0, 0.5) on (0,∞) Cauchy(0, 1) on (0,∞)
m0 Lognormal(0.75, 1.5) Lognormal(0.75, 1.5) Lognormal(0.75, 1.5)

ξe, ξm Lognormal(−1, 1) Cauchy(0, 1) on (0,∞) Cauchy(0, 1) on (0,∞)

Used for
case studies

4.1, 4.2a & 4.3
(individual)

4.1, 4.2a & 4.3
(individual)

5.1 & 5.2
(two individuals)

0 1 2 3 4

φ

0.0

0.5

1.0

1.5

P
D

F
(φ

)

N (0, 1) trunc. to (0,∞)

Cauchy(0, 0.5) trunc. to (0,∞)

Cauchy(0, 1) trunc. to (0,∞)

Lognormal(−1, 1)

Lognormal(0.75, 1.5)

Table 5.2 & Figure 5.4: Summary of different prior distributions used in Chapter 5.
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likelihood, p(s |φ), is therefore Gaussian. We assume that ξe or ξm are fixed over

the population, and are unknown, as this is normally the case when working with

real datasets. We estimate ξe or ξm simultaneously with θ, making the vector of

unknown parameters φ = [θT , ξT ]T . Depending on whether effector dynamics are

observed (observation model h2(·)) or not (observation model h1(·)), we have that

ξ = [ξe, ξm]T or ξ = ξm, respectively.

Prior distribution. Within the Bayesian framework all unknown parameters

φ are considered to be random variables, and we must assign them a prior dis-

tribution, p(φ). We consider different priors (see Table 5.2) and their influence

on inference results (see Section 5.3.1.1). Since all parameters are positive, we

consider three alternative types of prior distributions: lognormal, Gaussian and

Cauchy distributions, the latter two distributions being truncated to (0,∞).

5.2.3 Parameter estimation

We aim to infer model parameters and their uncertainty for the Bayesian inverse

problems described in Section 5.2.2, given dichotomous synthetic datasets. In other

words, we seek to compute the posterior distribution of unknown parameters, φ,

given the observables, s, i.e.

p(φ | s) =
p(s |φ) p(φ)∫

φ
p(s |φ) p(φ) dφ

. (5.4)

Bayesian inversion requires integration over the parameter space to compute the

normalising constant. For likelihoods whose analytic expressions are not accessible

(e.g. due to nonlinearity of ODEs), and for high-dimensional parameter spaces,

for which numerical integration is infeasible, the posterior must be approximated.

Sampling from the posterior using Markov chain Monte Carlo (MCMC) methods

is one of the most powerful techniques for doing this [164]. We describe below the

MCMC algorithm we use, and also explain how we evaluate its performance.
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5.2.3.1 Markov Chain Monte Carlo sampling

Metropolis-Hastings (MH) algorithm. MH methods are popular MCMC

samplers that generate a Markov chain of parameters whose stationary distribution

is equivalent to the target posterior distribution. MH methods rely crucially upon a

proposal distribution q(φ | φ̃), considered to be a Markov transition kernel, which

is used to propose a new candidate sample given the value of the current sample.

The candidate sample is accepted with acceptance probability that is determined

by comparing the values of the unnormalised posterior PDF, π(φ) = p(s |φ) p(φ)

(likelihood × prior), at the current and the candidate sample. Attempts to move

to a sample point with higher posterior probability than the current point are

accepted, while attempts to move to points with lower posterior probability are

sometimes rejected. The MH algorithm is outlined in Algorithm 2.

Exploration of the parameter space and convergence to p(φ | s) using Algo-

rithm 2 can be very slow. It greatly depends on how similar the proposal is to the

posterior; if the two are very different, then few samples are accepted. The proposal

has to be carefully tuned to the problem, and enable the generated Markov chain

to efficiently move around the parameter space. This is particularly difficult to

achieve for high-dimensional spaces and complex landscapes (e.g. with multiple

modes) [14].

Hamiltonion Monte Carlo (HMC) algorithm. HMC is a variant of the

MH algorithm that uses the sampled density function’s differential structure to

Algorithm 2: Metropolis-Hastings algorithm

φ0 ∼ π0(φ) . Initialise parameter values
for i = 1 : Nsamples do

φ∗ ∼ q(φ|φi−1) . Sample a candidate from the proposal

α(φ∗,φi−1) = min
{

1, π(φ∗)q(φi−1 |φ∗)
π(φi−1)q(φ∗ |φi−1)

}
.Compute acceptance probability

u ∼ U(0, 1) . Sample a uniform random variable
if u ≤ α(φ∗,φi−1) then φi = φ∗ .Accept the candidate w.p. α(φ∗,φi−1)
else φi = φi−1 .Reject the candidate w.p. 1− α(φ∗,φi−1)
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move to unexplored regions of parameter space. As such, it can efficiently navigate

high-dimensional spaces. By analogy with a physical system, HMC uses for the

proposal an approximate Hamiltonian dynamics simulation based on numerical

integration that is then corrected by performing an MH acceptance step.

As in a physical system, a candidate point has a position, φ ∈ RL, and an

(auxiliary) momentum variable m ∈ RL, so that each dimension of m complements

a dimension of the parameter vector φ. The algorithm draws from a joint density

p(m,φ) = p(m |φ)p(φ) = e−H(m,φ), (5.5)

which is such that the target posterior density for φ is recovered if we marginalise

out the momentum m. The joint PDF can be written in terms of the Hamiltonian

function, H(m,φ), independent of the parametrisation, and defined as follows

H(m,φ) = − log p(m,φ) = − log p(m |φ)− log p(φ) =: K(m |φ) + U(φ).
(5.6)

The value of the Hamiltonian at a point (m,φ) is called the energy at that point, and

may be decomposed into its so-called kinetic energy, K(m |φ) := − log p(m |φ),

and potential energy, U(φ) := − log p(φ) [14]. Since the Hamiltonian captures

the geometric properties of the sampled landscape, we use it to generate paths

that rapidly move along the posterior surface. At every MH step, a momentum m∗

is sampled (e.g. via N (0,M) with M as the mass matrix) and the Hamiltonian

equations,

∂φ

∂t
=
∂H

∂m
=
∂K

∂m
,

∂m

∂t
= −∂H

∂φ
= −∂K

∂φ
− ∂U

∂φ
, (5.7)

are numerically integrated to compute the desired trajectory. To control the

numerical integration error in a way that preserves the value of the Hamiltonian

(i.e. energy), a type of symplectic integrator called the leapfrog integrator is used,

where particle momentum is updated differently to particle position [14]. The
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end point of the generated path, (m∗,φ∗), is used as the candidate point in the

sampler, and is accepted with probability

α(m,φ,m∗,φ∗) = min(1, exp(H(m,φ)−H(m∗,φ∗))). (5.8)

The performance of HMC is highly sensitive to the step size and the chosen

period of integration of the Hamiltonian equations. It requires careful, and of-

ten computationally expensive, tuning. The No-U-Turn Sampler (NUTS) [73],

implemented as part of the Stan package [160], extends HMC by performing its

efficient automatic tuning. Step size is tuned during the warmup stage and fixed

during subsequent sampling. The number of sufficient warmup iterations for tuning

depends on the complexity of the posterior and is chosen by the user.

We use the NUTS HMC in Stan [160] for our analysis. For each sampled poste-

rior, we run 10 MCMC chains with settings adapt delta=0.99 and maxtreedepth=15;

for details see [159]. During the warmup stage (tuning), we generate 3000 parameter

samples per chain which are discarded. The subsequent 5000 samples per each

stationary/converged chain comprise our inferred posterior.

5.2.3.2 Evaluation of sampling results

We characterise posterior surfaces and evaluate performance of posterior sampling

in four ways: (1) by visualising posterior samples, computing their summary

statistics and performing posterior predictive checks, (2) by performing diagnostic

checks for convergence of MCMC chains to the stationary distribution, (3) by

comparing marginal posterior distributions to the prior to quantify the information

gain from the dataset, and (4) by comparing marginal posterior distributions to

profile likelihoods to identify potential difficulties and/or bias in HMC sampling,

and to establish the influence of the prior. The details are described below.
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Posterior characterisation. We visualise HMC-generated marginal posterior

distributions using histograms and plots of kernel density estimates (KDE) for

each φi. Non-truncated KDEs are estimated using the KDEUnivariate function

from the Statsmodels Python package [152], while truncated ones are estimated

using the SmoothKernelDistribution function from Mathematica [181]. For each

marginal posterior distribution, p(φi | s), we record the highest posterior density

interval (HPDI); these are types of credible intervals (CRIs) (Bayesian analogue of

confidence intervals). HPDI with confidence 100(1− α)% is the narrowest interval

that covers 100(1− α)% of the marginal distribution. We calculate them using the

hdi function from the ArviZ Python package [86]. We note that these HPDIs do not

correct for multimodality of the posterior and are, therefore, less accurate in such

cases. We also perform posterior predictive checks, where we look at distributions

of model forecasts, F(φsampled), evaluated at the sampled parameters.

MCMC diagnostics. We check for convergence of the MCMC chains generated

via HMC by (i) visually inspecting the chains for each φi, (ii) inspecting the

distribution of the log-likelihood and log-posterior, (iii) checking whether the

rank-normalised split-R̂ statistic [170] is satisfactory for each φi, and (iv) checking

for any divergent MCMC transitions. The R̂ statistic compares the variance of all

chains together with the variance of individual chains. If all chains are mixing well,

then R̂ converges to 1; R̂ > 1.01 indicates one or more chains have not converged

to the target posterior. We use the rhat function from the ArviZ package [86] to

compute R̂ for each parameter separately. Divergent HMC transitions occur if the

numerically approximated Hamiltonian path departs from the true one. If present,

they may indicate insufficient exploration of problematic regions in the posterior.

Kullback-Leibler divergence (KLD). We use the KLD statistic [125] to

determine how different the prior and posterior distributions, p(φ) and p(φ | s),
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respectively, are. For parameter φi, the KLD is given by

DKL(φi) =

∫

φi

log

(
p(φi | s)

p(φi)

)
p(φi | s) dφi = Ep(φi | s)

[
log

(
p(φi | s)

p(φi)

)]
(5.9a)

≈ 1

Nsamples

Nsamples∑

j=1

(log(p̂(φ
(j)
i | s))− log(p(φ

(j)
i ))). (5.9b)

Equation (5.9a) is defined only when, for all φi, if p(φi) = 0 then p(φi | s) = 0, which

holds since p(φi | s) ∝ p(φi)
∫
φ−i

p(s |φ)p(φ−i)dφ−i. (5.9b) gives the estimate of

KLD, where (φ
(j)
i )

Nsamples

j=1 are samples from p(φi | s) computed via the HMC. The

marginal probability densities p(φ
(j)
i | s) are evaluated using a KDE based on

posterior samples, denoted as p̂(φ
(n)
i | s). Kernel density estimation is performed in

Mathematica (SmoothKernelDistribution) [181], for most cases using Gaussian

kernels truncated to (0,∞) as all parameters are positive. For posteriors with

distant modes and poor mixing, the kernel densities for parameters φi associated

with e0, σ and δ are, instead, estimated on a logarithmic scale using non-truncated

Gaussian kernels. In this case we estimate the KDE of φ̃i = log(φi) and then

transform it to the linear scale by multiplying the obtained density by the Jacobian

of the transformation,
d exp(φ̃i)

dφ̃i
= exp(φ̃i) = φi.

Profile likelihoods. Using the methodology from Chapter 4, if we sample the

posterior for a given dataset then we also compute profile likelihoods (PLs) for the

corresponding MLE problem (i.e. without the prior and with a known observation

standard deviation, ξ). This enables us to compare the posterior and the likelihood

surfaces and, together with other diagnostics, to uncover potential biases and

difficulties with sampling, and the impact of the prior. Our aim is to minimise such

effects to sample posteriors that closely resemble the likelihood. Our approach here

is similar to studies by Raue et al. [135], Simpson et al. [155], and Vanlier et al.

[168], where joint Bayesian and frequentist parameter inference, involving MCMC

sampling and PLs, was adopted.
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We note that when we fit the model to a particular dataset under the true

hypothesis, we know the true parameter values at which we can initialise the PL

computation. When fitting the model to a dataset under the alternative hypothesis,

the true parameter values are unknown. In this case, we first run MCMC to

compute the corresponding posterior and obtain the MAP parameter estimates.

The mode of the posterior is used as an initial guess for finding the MLE, which is

then used as an initial guess for PL computation.

5.2.4 Estimation of predictive accuracy

In this section we summarise the methodology we will use from Vehtari et al. [169].

For every calibrated model, we would like to quantify how well it performs on

unseen data (i.e. to measure its predictive accuracy). Ideally one would compute

the ‘expected log pointwise predictive density’ (elpd) for a new dataset s̃ of N data

points taken one at a time, given an old dataset s, where elpd is defined as follows

elpd =
N∑

i=1

∫
log p(s̃i | s) ptrue(s̃i)ds̃i.

Here ptrue(s̃i) is the unknown distribution representing the true data-generating

process for a new i-th point s̃i. If we have limited data, we can approximate

elpd using cross-validation (CV), where the model is re-fitted to different training

subsets. Since this is computationally expensive for Bayesian models, we use either

the Watanabe-Akaike information criterion (WAIC) or approximate CV, such as

the leave-one-out (LOO) estimate of the out-of-sample predictive fit.

WAIC is defined as

elpdWAIC =
N∑

i=1

log p(si | s)− φWAIC, with φWAIC =
N∑

i=1

Varφ | s[log p(si |φ)].

(5.10)

Here p(si | s) =
∫
p(si |φ)p(φ | s) dφ ≈ 1

Nsamples

∑Nsamples

j=1 p(si |φ(j)), φ(j) is a pos-

terior (MCMC) sample and Nsamples is the sample size. Varφ | s[·] is the variance
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under the parameter posterior. φWAIC as defined is the estimated effective num-

ber of parameters, which represents the penalty for overfitting to training data

(analogous to Akaike or deviance information criteria). Gelman et al. [58] and

Vehtari et al. [169] empirically estimated that WAIC becomes unreliable when

Varφ | s[log p(si |φ)] > 0.4 for some i.

The LOO estimate is defined as

elpdLOO =
N∑

i=1

log p(si | s−i), (5.11)

where s−i = [s1, . . . , si−1, si+1, . . . ]
T and p(si | s−i) =

∫
p(si |θ)p(θ | s−i) dθ are log

pointwise LOO predictive densities. They may be computed by re-sampling the

posterior via MCMC without the i-th point, which is called LOO cross-validation

(LOO-CV). As this is computationally expensive, we approximate the densities

using Pareto smoothed importance sampling (PSIS) [169] where possible, for which

only the posterior distribution for the full dataset is needed. We note also that

LOO and WAIC are asymptotically equivalent [169].

Pareto smoothed importance sampling (PSIS). Pointwise log predictive

densities, p(si | s−i), are approximated using log predictive densities evaluated at

COMPUTE PSIS-LOO

problematic points?
(k̂i > 0.7)

REMOVE PROBLEMATIC POINT i
FROM FULL DATASET

SAMPLE POSTERIOR
DISTRIBUTION p(φ | s−i)

ESTIMATE LPD p(si | s−i)

OUTPUT: ESTIMATE OF LOO

ADJUST LOO

INPUT:
POSTERIOR DISTRIBUTION p(φ | s)

yes
no

ESTIMATE OUT-OF-SAMPLE PREDICTIVE ACCURACY

Figure 5.5: Diagram showing the process of estimating the leave-one-out (LOO) predictive
accuracy for a Bayesian model fit using samples from its posterior distribution p(φ | s).
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posterior samples given the full dataset, p(si |φ(s)), and re-weighting them via

importance sampling (IS). In particular, the IS approximation is

p(si | s−i) ≈
∑Nsamples

j=1 p(si |φ(j))r
(j)
i∑Nsamples

j=1 r
(j)
i

=
1

1
Nsamples

∑Nsamples

j=1 r
(j)
i

, (5.12)

for raw importance sampling weights defined as

r
(j)
i =

1

p(si |φ(j))
∝ p(φ(j) | s−i)

p(φ(j) | s)
. (5.13)

Weights (5.13) follow from a well-known result by Gelfand et al. [57] provided the

data points are conditionally independent; this is the case for the observation model

defined in Section 5.2.2. The computation (5.12) may be unstable if the ratios r
(j)
i

have long right tails and, therefore, high or infinite variance. We can stabilize the

weights using PSIS, where, separately for each data point si, a generalised Pareto

distribution is fitted to the largest 20% of raw weights r
(j)
i , and the largest ones are

replaced by the expected values of order statistics of the fitted Pareto distribution.

The smoothed weights, denoted as w
(j)
i , are used in place of r

(j)
i in (5.12). We refer

the reader to [169] for more details on PSIS-LOO.

There are two main advantages of PSIS. First, it reduces the variance of

importance weights by introducing a small bias. Second, it enables the user to

diagnose when PSIS may be unreliable. This is considered the case when the

estimated shape parameter, k̂i, of the fitted Pareto distribution for some data point

i exceeds 0.7, an empirically determined threshold suggested in [169]. This often

occurs when the model is not robust or there exist influential data points. For data

points with k̂i > 0.7 the authors advise estimating p(si | s−i) by re-sampling the

posterior p(φ | s−i) with the problematic point i held out, which is the approach

we adopt here (see Fig. 5.5). The method we use to estimate elpdLOO is thus a

combination of LOO-CV and PSIS-LOO, which is computationally much cheaper

for a small number of problematic data points than LOO-CV. The PSIS-LOO

method is implemented as function loo in the ArviZ package [86], and we adapt it

to implement adjustment for problematic points.
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5.2.5 Hypothesis testing

This section builds on ideas proposed by Vehtari et al. [169] and Lambert [91].

Once the elpd (LOO or WAIC) values have been computed, we perform a

one-sided hypothesis test to determine which fitting hypothesis is statistically more

likely to explain our dataset. The test compares the following hypotheses:

Null hypothesis (H0): elpdtrue − elpdalternative ≤ 0

We cannot distinguish which hypothesis is more likely, or data are more likely

to have been generated from the alternative hypothesis.

Alternative hypothesis (H1): elpdtrue − elpdalternative > 0

Data are more likely to have been generated from the true hypothesis.

Since elpdtrue − elpdalternative =
∑Npoints

i=1 (elpd
(i)
true − elpd

(i)
alternative), our test statistic,

T =
elpdtrue − elpdalternative√

Npoints SE[elpd
(i)
true − elpd

(i)
alternative]

, (5.14)

is effectively distributed according to a standard normal distribution N (0, 1) when

Npoints > 30, and otherwise according to the student’s T-distribution, tNpoints−1,

with Npoints − 1 degrees of freedom. elpd(i) is the estimated pointwise LOO or

WAIC value for the i-th data point, and SE is the sample standard error. For

T = x, we compute the probability that T is more extreme than the value of our

test statistic under the null hypothesis, P(T > x |H0). This is the p-value: if it is

smaller than a chosen small significance threshold, then we are unlikely to observe

the value of T under the null hypothesis, and we can reject it. This means that the

elpd values of the fits are statistically different, and therefore the fits and fitting

hypotheses associated to them are distinguishable for our dataset.

5.3 Results

Our main results relate to hypothesis comparison for dichotomous pooled synthetic

datasets (see Section 5.2.1). We rely on the reliability of inference using HMC
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for each dataset and a set of modelling/fitting assumptions. In Section 5.3.1.1,

we evaluate the performance of HMC on inference problems defined by individual

curves. In Sections 5.3.1.2–3, we consider results of parameter estimation for our

pooled datasets. In Section 5.3.2, we address the question of distinguishing the

data-generating hypothesis from alternative ones for these datasets.

5.3.1 Parameter inference

5.3.1.1 Case studies for individual curves

Here we test HMC on datasets for a single individual from Chapter 4 (case studies

4.1, 4.2a and 4.3). We compare results for MLE from Chapter 4 and the equivalent

Bayesian problem, in which ξ, standard deviations of observation noise, are also

unknown and estimated (see Section 5.2.2). We consider two different priors for

the unknown parameters φ (see priors 1 and 2 in Table 5.2 and Fig. 5.4).

Case studies 4.1 and 4.3: elimination and equilibrium. For brevity, we do

not show results for these two case studies, and only summarise them below. For

both case studies, we obtain MCMC chains that converge to a unimodal stationary

distribution for all noise levels and priors; split-R̂ values are all acceptable (< 1.01)

and there are no divergent iterations. However, depending on the prior used,

we observe discrepancies between the marginal posterior distributions and the

profile likelihoods (PLs) in the elimination regime. The lognormal prior (prior 1)

prevents sampling of values close to zero, and introduces bias compared to the PL,

particularly for parameters δ(1), e
(1)
0 and σ(1), for which the PLs may have large

probabilities for values close to zero. Cauchy priors truncated to (0,∞) (prior

2) assign greater probability to values close to zero (see Fig. 5.4). This remedies

discrepancies in that region, and has a negligible influence on the likelihood. Small

differences remain for observation model h1(·), particularly at larger noise levels. In

the equilibrium regime, we observe good agreement between the marginal posteriors
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and PLs for all priors tested. This may be because the domain boundaries have a

lesser impact (see Chapter 4) and because the problem has better identifiability.

Case study 4.2a: escape. For escape data, under prior 1 not all chains converge

to the same mode or they jump between modes (see Figs. 5.6a–b). When chains

converge to different modes or remain at a less probable mode for long time periods,

they mix poorly, which is detected by large split-R̂ values (see Figs. 5.7a–b).

Poor mixing biases the posterior sampled, as seen by comparison with PLs. In

Chapter 4 we showed that the negative log-likelihood surface generated by the

escape data has a global minimum (close to the data-generating parameter values)

and a distant local minimum (disjoint parameter region). Its double-valleyed shape

should give rise to a bimodal posterior when the distant mode provides a good

fit (i.e. when the difference of the weighted sum of squares, V (θ) − V (θ̂), lies

below the confidence bound χ2
4,0.95). This is the case for data without effector cell

measurements and high noise levels (ξ ≥ 0.15). In other cases V (θ) is not small

enough and the distant mode should therefore only be visited very rarely by the

MCMC. In our simulations, under prior 1, some chains visit only the distant mode,

implying poor performance of the HMC under this setup and sampling bias.

We attribute the difficulties with posterior sampling to the bimodal likelihood

surface, the prior and the design of the HMC algorithm. The probability of visiting

the two modes based on the likelihood may be significantly influenced by the chosen

prior, and can lead to improbable modes becoming more probable and being visited

more frequently by MCMC chains (e.g. for a prior placing greater weight on larger

values of σ and δ). Sampling from multimodal distributions is a common problem

of many samplers and optimisation techniques [136, 187]. The design of the HMC

algorithm makes transitioning between modes particularly difficult. Since it uses

the gradient in the posterior to move around, it can tune to the mode it starts in

and explore this mode very well, but it may struggle to transition between different
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Figure 5.7: Series of heatmaps showing how values of (a-d) split-R̂ and (e-h) Kullback-Leibler
divergence (KLD) vary for inferred posterior distributions given data from the escape regime
(case study 4.2a). The heatmaps differ in the prior and observation model used. Each heatmap

shows variation with different noise levels and for different parameters. Values of R̂ > 1.01 indicate
poor mixing of the posterior chains for prior 1. Small KLDs (≤ O(10−1)) indicate similarity to
the prior, and therefore poor identifiability.

modes, especially when they are isolated and the region between them has low

posterior probability; this is called an energetic barrier [187]. This is what happens

for observation model h1(·) under prior 1 (see Fig. 5.6). Noting that energy is

preserved in any HMC trajectory, when a chain first explores the distant mode,

large kinetic energies are needed to propose samples from the region between the
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modes of low posterior density or the other mode, which is therefore unlikely. If the

chain switches to a different mode, divergent MCMC iterations may occur as the

HMC is tuned to the geometry of the mode it initially starts in (see Figs. 5.6a–b).

Because of this, and the long tail of prior 1, we observe that the distant and less

probable mode is more frequently sampled than the more probable mode at the

MLE for most noise levels (see Fig. 5.6b).
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Figure 5.8: Series of plots showing marginal posterior distributions and profile likelihoods (PLs)
given escape (case study 4.2a) datasets with different noise levels and prior 2. Marginal
posteriors are unimodal, and become bimodal as noise increases for observation model h1(·).
There are small discrepancies between the posterior and PLs for unimodal distributions, while
discrepancies increase for bimodal distributions due to computational difficulties. Note that PLs
and priors are scaled so their maxima in the interval of interest correspond with the maximum of
the marginal posterior density. Legend: light shaded histogram = marginal posterior, solid curve
with points = PL, dashed curve = prior, orange vertical line = true parameter value.
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By using a prior with a greater density around the MLE (prior 2), some of these

difficulties may be overcome. Chains converge to the more probable mode and

the distant mode is not sampled for all noise levels, given observation model h2(·)

(results not shown), and, for ξ < 0.1, given observation model h1(·) (see Fig. 5.6c).

We identify no issues with HMC sampling, as split-R̂ values are satisfactory (see

Figs. 5.7c–d) and there are no divergences. Large KLDs for all parameters (see

Figs. 5.7g–h) indicate that the posterior is significantly different from the prior

and that information content in these datasets is significant. For data without

effector cells and with ξ ≥ 0.1, chains move between modes and generate a bimodal

distribution. Because the likelihood is very flat for high noise levels (i.e. poor

identifiability, see Chapter 4), and since, together with the prior, it generates a

bimodal distribution with well-connected modes (i.e. the energy barrier between

the modes is sufficiently low that the HMC can breach it; see Fig. 5.8), the HMC

performs better than in previous cases. The prior is influential as the marginal

posterior exhibits features of the prior (low KLD in Fig. 5.7h) and differs from the

PL.

These results suggest that the prior can markedly contribute to the estimation

problem being well-constrained; it enables approximate solutions to be found,

but they may have large uncertainties. The results also suggest that special care

is needed when imposing a prior for non-trivial, but flat, likelihood surfaces, as

interactions between the likelihood and the prior may lead to unexpected artefacts

in the posterior.

5.3.1.2 Case study 5.1: bistable regime, two curves

Here we consider a dataset for two individuals generated from a bistable parameter

regime of Kuznetsov et al.’s QSSA model. The parameters used to generate the

data correspond to Hypothesis 2 (H2); they differ between individuals only in the
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effector initial condition, e0, and exhibit elimination and escape (see Fig. 5.3b).

We describe and analyse inference results for fits under H1 and H2.

(a) Hypothesis 2 (true)
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Figure 5.9: Series of plots showing profile likelihoods for a dataset generated from a bistable
parameter regime under case study 5.1, with observation standard deviation ξ = 0.05 and for
observation model h1(·), fitted according to (a) H2 (true), and (b) H1 (alternative). Bottom panels
show which bifurcation regions the profiles explore. Profiles for H1 fit exhibit multimodality, while
those for H2 fit do not. The mode close to the origin is better adjusted for data of individual 2
(elimination), while the distant one is better adjusted for individual 1 (escape).
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Figure 5.10: Series of plots showing marginal posterior distributions and profile likelihoods (PLs)
given datasets generated from a bistable regime (case study 5.1) with different noise levels,
and given prior 3 and H2 (true). PLs mostly match marginal posteriors, but there are slight
discrepancies as effector data are removed and noise is increased. Note that PLs and priors are
scaled so their maxima in the interval of interest correspond with the maximum of the marginal
posterior density. Legend: light shaded histogram = marginal posterior, solid curve with points
= PL, dashed curve = prior, orange vertical line = true parameter value (for the population
parameters, i.e. those fixed over the population during fitting, the true data-generating values of
the corresponding individual parameters of both individuals are marked).
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Fit under Hypothesis 2 (true). MCMC chains for H2 converge well to a

unimodal distribution for all noise levels and observation models (see Fig. 5.10).

HMC performs well for this problem as diagnostics are satisfactory, with split-R̂ <

1.01 (results not shown), and the marginal posterior distributions typically matching

PLs for all parameters θ.

Unimodal marginal posteriors imply identifiability up to the widths of credible

intervals (CRIs). Identifiability of population parameters σ(pop) and δ(pop) is

expected to be better than when the model is fitted to individual curves (case

studies 4.1 and 4.2a), since information from both individuals is used for inference.

Population parameters indeed have smaller CRIs due to greater curvature of the

likelihood for the pooled dataset. This also affects the CRIs of individual initial

conditions, e
(1)
0 , e

(2)
0 , m

(1)
0 and m

(1)
0 , which are smaller (see Fig. 5.13).

In case studies 4.1 and 4.2a parameters σ and δ exhibited strong positive

linear dependence. While σ(pop) and δ(pop) depend linearly along PLs of different

parameters, the dependencies lie along lines in (σ(pop), δ(pop)) space that have

different slopes (see Fig. 5.9a), and are thus less pronounced for this problem. This,

and the disappearance of the double-valleyed PL shape, present when fitting the

escape curve alone, may contribute to increased identifiability.

The predicted model solutions inferred within the CRI match the data-generating

solution within the time interval of the data (see Fig. 5.14a), but, despite additional

data, a small proportion of predicted solutions for individual 2 diverge and tend to

a different steady state. This is because the escape curve (individual 2) is in close

proximity of the phase-plane separatrix (see Section 4.4.2.2). Data collection at

later times may remedy this.

Fit under Hypothesis 1 (alternative). For H1, the ground truth is unknown,

as we are fitting a model that is misspecified for the data. Despite this, we find a

reasonable fit (see Fig. 5.14a). The inferred effector dynamics (e.g. for individual
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1) differ from the data-generating dynamics. Therefore, while the fit is good for

observation model h1(·), the discrepancies in fitted dynamics are much larger for

h2(·). H1 fits for h2(·) are thus expected to be easily distinguished from fits under

the true hypothesis (see Section 5.3.2).

The problem of fitting the model under H1 retains many features of the problem

of fitting the model to individual curves, but some are more pronounced. For

observation model h2(·), PLs of σ(1) and δ(1), associated with individual 1 (elim-

ination), are U-shaped, while those of σ(2) and δ(2), associated with individual 2

(escape), are double-valleyed, as seen in Chapter 4. Again, one valley lies at a

global minimum and the other at a distant local minimum (results not shown).

For observation model h1(·), already at low noise levels, both valleys lie within

the confidence region, but remain disjoint (see Fig. 5.9b). As noise level increases,

the distant minimum may become more probable than the minimum close to the

origin (results not shown). Therefore, while acceptable fits may be found under the

alternative hypothesis, some parameters are less identifiable; this contrasts with

the expectation that identifiability increases as there is extra information in the

pooled dataset. On the other hand, population parameters, e
(pop)
0 and m

(pop)
0 , are

slightly better constrained than for individual fits (see Fig. 5.13), although the

trends are not as clear-cut as for H1.

We note that each valley corresponds to fits that are better adjusted to one

individual’s data (see bottom two rows of Fig. 5.9b). In the valley close to the

origin the estimated parameter values for individual 2 (escape) are closer to its

data-generating parameter values than those of individual 1 (elimination), and

vice versa for the distant valley. The individual whose data better fits the model

depends on data quality and quantity.

The double-valleyed shape of the negative log-likelihood surface under H1

generates a bimodal posterior. There is a large sharp peak in the profiles of σ(2)

and δ(2) that separates the confidence regions, making it extremely difficult for

155



observation model h2(·) observation model h1(·)

ξ = 0.2

ξ = 0.1

ξ = 0.05

0.00 0.05 0.10 0.15 0.20 0.25

σ(1)

ξ = 0.01

ξ = 0.2

ξ = 0.1

ξ = 0.05

0.0 0.1 0.2

σ(1)

ξ = 0.01

ξ = 0.2

ξ = 0.1

ξ = 0.05

0.00 0.02 0.04 0.06 0.08 0.10

δ(1)

ξ = 0.01

ξ = 0.2

ξ = 0.1

ξ = 0.05

0.00 0.05 0.10

δ(1)

ξ = 0.01

ξ = 0.2

ξ = 0.1

ξ = 0.05

0.00 0.02 0.04 0.06 0.08 0.10

σ(2)

ξ = 0.01

ξ = 0.2

ξ = 0.1

ξ = 0.05

−0.2 0.0 0.2 0.4 0.6 0.8 1.0

σ(2)

ξ = 0.01

ξ = 0.2

ξ = 0.1

ξ = 0.05

−0.05 0.00 0.05 0.10 0.15 0.20

δ(2)

ξ = 0.01

ξ = 0.2

ξ = 0.1

ξ = 0.05

0 1 2 3

δ(2)

ξ = 0.01

ξ = 0.2

ξ = 0.1

ξ = 0.05

−0.05 0.00 0.05 0.10 0.15 0.20
e0

ξ = 0.01

ξ = 0.2

ξ = 0.1

ξ = 0.05

0.0 0.1 0.2
e0

ξ = 0.01

ξ = 0.2

ξ = 0.1

ξ = 0.05

20 22 24 26 28 30 32
m0

ξ = 0.01

ξ = 0.2

ξ = 0.1

ξ = 0.05

20 25 30 35 40
m0

ξ = 0.01

Figure 5.11: Series of plots showing marginal posterior distributions and profile likelihoods (PLs)
given datasets generated from a bistable regime (case study 5.1) with different noise levels, and
under prior 3 and H1 (alternative). For most noise levels, the posteriors are unimodal, whereas
for observation model h1(·) and ξ ≥ 0.1, the distant mode is also sampled. Marginal posteriors
and PLs exhibit discrepancies, particularly for bimodal cases. Note that PLs and priors are
scaled so their maxima in the interval of interest correspond with the maximum of the marginal
posterior density. Legend: light shaded histogram = marginal posterior, solid curve with points
= PL, dashed curve = prior, orange vertical line = true parameter value (for the population
parameters, i.e. those fixed over the population during fitting, the true data-generating values of
the corresponding individual parameters of both individuals are marked).
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Figure 5.12: Series of plots showing how values of (a-b) split-R̂, (c-f) Kullback-Leibler divergence
and (g-j) log-posterior and log-likelihood distributions, vary for inferred posteriors given data from
the bistable regime (case study 5.1), fitted under prior 3. The plots differ in the observation
model used and whether the model is fitted according to the true or alternative hypothesis. Each
plot shows variation with different noise levels (and for different parameters in heatmaps). In
plots (g-j) dark and light shaded KDEs correspond to log-posterior and log-likelihood PDFs,
respectively, while orange lines denote the log-likelihood at true parameter values. Despite a level
of bimodality in the posterior for the alternative hypothesis, the R̂ values are satisfactory. For
the H1 fit under observation model h1(·), KLDs of σ(2) and δ(2) are low for ξ ≥ 0.1, and the
log-posterior distribution at ξ = 0.1 is slightly bimodal and biased.
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(a) observation model h2(·)

0.05 0.10 0.15 0.20
e0

0.00

0.05

0.10

0.15

0.20
cr

ed
.

in
t.

w
id

th

0.05 0.10 0.15 0.20
m0

0

5

10

15

20

cr
ed

.
in

t.
w

id
th

0.05 0.10 0.15 0.20

σ

0.00

0.05

0.10

0.15

cr
ed

.
in

t.
w

id
th

0.05 0.10 0.15 0.20

δ

0.00

0.05

0.10

0.15

0.20

cr
ed

.
in

t.
w

id
th

0.05 0.10 0.15 0.20
ξe

0.00

0.05

0.10

cr
ed

.
in

t.
w

id
th

0.05 0.10 0.15 0.20
ξm

0.00

0.05

0.10

cr
ed

.
in

t.
w

id
th

(b) observation model h1(·)
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Figure 5.13: Series of plots showing the width of credible intervals for model fits to the pooled
dataset for case study 5.1 under H1 and H2 hypotheses, and for separate fits to each individual’s
data in this dataset. Credible intervals decrease for population fits under the true (H2) hypothesis
in comparison to individual fits, whereas the decrease in uncertainty is not definitive for fits
under the alternative hypothesis (H1). We note that large jumps in uncertanty correspond to
multimodal distributions, for which the computed credible intervals are unreliable.
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HMC to jump between confidence regions (isolated modes). Therefore, we simplify

the inverse problem and choose a prior that assigns greater probabilities to smaller

values of σ(1), σ(2), δ(1), δ(2) and e0, so that we mainly recover the mode closer to

the origin (see prior 3 in Table 5.2). This way we artificially constrain the Bayesian

problem in order to find a reasonable solution via MCMC. The prior is chosen

based on findings of Section 5.3.1.1, but further tuned to the problem manually.

We obtain MCMC chains with satisfactory split-R̂ diagnostics (see Fig. 5.12).

We distinguish identifiable and poorly identifiable cases (e.g. for observation model

h1(·) and ξ ≥ 0.1). For identifiable cases, only the preferred mode (closer to the

origin) is sampled (Fig. 5.11). For less identifiable cases, values of KLD are smaller

and indicate similarity of the posterior and the prior. Since the likelihood surface

is much flatter for these cases, and since the prior has a sufficiently long tail, the

HMC can transition between the modes and there is slight multimodality of the

marginal posterior for some parameters (see Fig. 5.11). There is a small level of bias

in sampling at ξ = 0.1, since the log-posterior PDF of the more frequently sampled

mode is smaller than that of the less frequently sampled one (see Fig. 5.13j).

Since we plan to use the posterior samples for comparison of fits under H1

and H2, we are mainly interested in the differences in log-likelihood values at

sampled points. Due to likelihood flatness for poorly identifiable cases, differences

in log-likelihood values between the two modes are small. Any bias in sampling due

to limitations of the HMC will have a minimal impact on the distribution of the

log-likelihood at sampled points. We also note that when one mode is not sampled

or sampled less frequently due to our chosen prior, we interpret this as the nature

of the prior-constrained Bayesian inverse problem that we have posed, rather than

sampling bias.

We note that some discrepancies between marginal posteriors and PLs can

be observed (see Fig. 5.11). These are anticipated, particularly for multimodal

likelihoods, for which the PLs may be difficult to compute to good accuracy (e.g.
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there may be discontinuous jumps in PLs when the optimiser is suddenly attracted

to a different mode). For poorly identifiable cases, the prior may also strongly

influence the posterior, and cause discrepancies with the PL. We conclude that

agreement of marginal posteriors and PLs is sufficient for our purposes, while

acknowledging that further work is needed to resolve when differences arise.

5.3.1.3 Case study 5.2: bifurcating regime, two curves

We now consider a dataset for two individuals generated from two different (σ, δ)

parameter regimes of Kuznetsov et al.’s QSSA model. The parameter values

correspond to Hypothesis 1 (H1); they differ between individuals only in the

effector cell death rate, δ, but give rise to elimination and escape (see Fig. 5.3c).

For both hypotheses, we recover unimodal posteriors (see Figs. 5.16 and 5.17)

with good diagnostics (not shown). For H1, when effector data are not available, we

notice a marked improvement in identifiability of all parameters compared to fitting

individual curves separately (see Fig. 5.18). When effector data are available, this

is mostly the case for population parameters, e
(pop)
0 and m

(pop)
0 . For H2, parameters

σ, δ, e
(1)
0 and e

(2)
0 have CRIs that are, at small noise levels, comparable to analogous

parameters of H1 fit, but they increase more slowly as observation noise increases,

and are, at high noise levels, much smaller in comparison (see Fig. 5.18). Slow

growth of uncertainty can also be seen for m
(1)
0 and m

(2)
0 for H2. We attribute this

to the shape of the parameter region in which the H2 fit is found, noting that no

region of parameter space will perfectly correspond to the synthetic dataset.

For H1, the MLE/MAP (interchangeable as they match, see Fig. 5.16) of

σ(2) and δ(2), associated with individual 2, lie close to the true parameter values

(see Fig. 5.15a), and the predicted model solutions within the CRI fit the data

of individual 2 well, with small variability (see Fig. 5.14b). In (σ(1), δ(1)) space,

associated with individual 1, PLs lie along a straight line, and span the bistable

parameter regions and the monostable region with a stable zero-tumour steady
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(a) Case study 5.1
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(b) Case study 5.2
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Figure 5.14: Series of plots showing the sensitivity of forward model solutions for parameters
sampled from the posterior given data generated from (a) a bistable regime (case study 5.1),
or (b) a bifurcating regime (case study 5.2), with observation model h1(·), standard deviation
ξ = 0.05 and under prior 3. In subplots (a) and (b), the top and bottom panels correspond to fits
according to true and alternative hypotheses, respectively. In the time window of the data, fits
under the true hypotheses produce solutions that correspond well to tumour cell data. Under
the alternative hypothesis, solutions correspond well to tumour cell data for one individual, but
exhibit small discrepancies from the data from the other individual and the corresponding effector
cell data-generating dynamics.
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(a) Hypothesis 1 (true)
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Figure 5.15: Series of plots showing profile likelihoods for a dataset generated from two regimes
with different bifurcating behaviour (case study 5.2), with observation standard deviation
ξ = 0.05 and for observation model h1(·), fitted according to (a) H1 (true) and (b) H2 (alternative)
hypotheses. Bottom panels show which bifurcation regions the profiles explore. Maximum
likelihood estimates of H1 fit correspond well to the true parameter values. The confidence region
(grey) in (σ, δ) space of H2 fit lies close to the confidence region in (σ(1), δ(1)) of H1 fit, and is
better adjusted for individual 1 (elimination).
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Figure 5.16: Series of plots showing marginal posterior distributions and profile likelihoods (PLs)
given datasets generated from two regimes with different bifurcating behaviour (case study
5.2) with different noise levels, and given prior 3 and H1 (true). Marginal posteriors and PLs
agree for observation model h2(·), but show slight discrepancies for observation model h1(·). Note
that PLs and priors are scaled so their maxima in the interval of interest correspond with the
maximum of the marginal posterior density. Legend: light shaded histogram = marginal posterior,
solid curve with points = PL, dashed curve = prior, orange vertical line = true parameter
value (for the population parameters, i.e. those fixed over the population during fitting, the
true data-generating values of the corresponding individual parameters of both individuals are
marked).
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state (see Fig. 5.15a). For observation model h1(·) and ξ ≥ 0.03, parameter σ(1)

is pushed to the edge of the bistable region, where σ(1) ≈ 0. For parameter

values within the CI of σ(1) and close to σ(1) ≈ 0, the elimination curve matches

equilibrium-type model trajectories that oscillate towards the small-tumour steady

state, but have long-periods of oscillation as they pass the neighbourhood of the zero-

tumour steady state. These trajectories provide a good match to elimination-type

behaviour in the initial time period for which data are available (see Fig. 5.14b), but

eventually diverge from the data-generating trajectory (not shown). We speculate

that this is since the data-generating parameter values lie near the bifurcation curve,

δ = δ�(σ, α, κ2), on which the equilibrium steady state emerges via a transcritical

bifurcation from the zero-tumour steady state.

For H2, fits for both individual’s data are found on the edge of the bistable

region of equilibrium and escape, where σ ≈ 0. The CI for (σ, δ) thus lies on

the edge, and is close to, or at least partly covers, the CI for (σ(1), δ(1)) under

H1. Again, the elimination data for individual 1 match well with equilibrium-type

model trajectories, with long-periods of oscillations via m ≈ 0. By comparison,

the model fit to the escape data for individual 2 in this parameter region is

poorer. While all solutions capture the correct qualitative behaviour, they do not

cover the range of escape data fully for tumour and effector measurements (see

Fig. 5.14b). Moreover, the edge-bound confidence region explains the small CIs of σ

and correlated parameters for this fit, and demonstrates how a fit to a misspecified

model may result in small uncertainties.

We also note that marginal posteriors for H1 match the PLs very well (see

Fig. 5.16), while, for H2 (alternative), there are discrepancies (see Fig. 5.17), e.g.

shorter tails in PLs and differences between MAP and MLE estimates, particularly

for e
(2)
0 and m

(2)
0 for observation model h1(·). A likely explanation for these

discrepancies is that in the Bayesian problem the standard deviation ξ is an

unknown parameter inferred from the data, whereas in the MLE problem it is
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Figure 5.17: Series of plots showing marginal posterior distributions and profile likelihoods (PLs)
given datasets generated from two regimes with different bifurcating behaviour (case study
5.2) with different noise levels, and given prior 3 and H2 (alternative). Marginal posteriors and
PLs exhibit large discrepancies (e.g. modes and width of regions of high density) for observation
model h2(·), but these are smaller for h1(·). Note that PLs and priors are scaled so their maxima
in the interval of interest correspond with the maximum of the marginal posterior density. Legend:
light shaded histogram = marginal posterior, solid curve with points = PL, dashed curve = prior,
orange vertical line = true parameter value (for the population parameters, i.e. those fixed over
the population during fitting, the true data-generating values of the corresponding individual
parameters of both individuals are marked).
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Figure 5.18: Series of plots showing the width of credible intervals for model fits to the pooled
dataset for case study 5.2 under H1 and H2 hypotheses, and for separate fits to each individual’s
data in this dataset. Credible intervals decrease for population fits under the true hypothesis
(H1) in comparison to individual fits, whereas the decrease in uncertainty is not definitive for fits
under the alternative hypothesis (H2).
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assumed known. Treating ξ as unknown increases the number of degrees of freedom

and parameter uncertainty. This should be investigated further in future.

5.3.2 Comparison of fits

For pooled datasets with two curves, we used MCMC to compute samples from the

posterior distribution given Hypotheses 1 and 2. We used these samples to compute

metrics of predictive accuracy of the fits (see Section 5.2.4). For every dataset of

varying noise levels and observation models, a hypothesis test was performed to

determine whether the estimated metrics are statistically different between model
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Figure 5.19: Series of bar plots showing differences in predictive accuracy (LOO and adjusted
LOO) for models fitted according to the true and alternative hypotheses, and results of hypothesis
tests for the differences being positive. The top and bottom rows show results for case studies
5.1 and 5.2, respectively. ∗ and ∗∗ denote when p-values of hypothesis tests are smaller than
significance levels α1 = 0.05 and α2 = 0.01, respectively. Datasets with effector cells (observation
model h2(·)) are more likely to have been generated according to the true hypothesis for all noise
levels. This also holds for datasets without effector cells (observation model h1(·)) and most
noise levels, whereas for the highest noise levels, there is not enough evidence to distinguish the
hypotheses.
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fits according to different hypotheses.

Case study 5.1. Datasets of interest were generated according to H2, from

a bistable parameter regime. Results indicate that almost all of these datasets

are more likely to have been generated from H2 than H1, based on higher values

of the non-adjusted and adjusted LOO metrics (see Fig. 5.19), and also WAIC

(results for WAIC not shown as they match those for LOO, unless otherwise stated

below). The difference is significant, as the computed p-values of hypothesis tests

are all below significance levels α1 = 0.05 and α2 = 0.01. The true data-generating

hypothesis (H2) can be distinguished with good confidence from the alternative

hypothesis (H1) for a dataset from this parameter regime and the chosen prior. For

observation model h1(·) and ξ = 0.2, while the difference in WAIC is significant, it

is not so for LOO metrics. Using the latter metric, the null hypothesis cannot be

rejected with significance level α1 = 0.05, and the two fits are indistinguishable.

Case study 5.2. Here datasets are generated according to H1, from two different

parameter regimes, with identical initial conditions. Results largely agree with

those of case study 5.1. For most cases, hypothesis tests clearly reject the null

hypothesis that H2 (alternative) is a more likely explanation for the dataset than

H1 (true) (see Fig. 5.19). In the absence of effector data, we cannot distinguish

between the two hypotheses for ξ = 0.15 and ξ = 0.2 using LOO and WAIC metrics.

In both case studies, we detect potential instabilities in the PSIS procedure

for some posterior distributions (mainly alternative fits), which may affect the

accuracy of the LOO estimates. The problematic points are some measurements

taken at τ = τ1, for which the estimated value of the parameter k̂i of the Pareto

distribution, fitted to the largest 20% of raw importance weights, r
(n)
i = 1/p(si |φ),

exceeds the threshold of 0.7 recommended by Vehtari et al. [169]. The LOO

predictive accuracies for these data points, p(si | s−i), are estimated by resampling

the posterior distribution for a dataset without each problematic i-th data point
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separately, and the LOO metric is adjusted accordingly. The differences between

adjusted and non-adjusted LOO values are minimal (see Fig. 5.19), and do not

alter the overall conclusions. We also note that due to high variance of pointwise

log-likelihoods for some points (above 0.4), there is reason to doubt the reliability

of the WAIC metric.

While both case studies demonstrated that for synthetic data the true data-

generating processes, driven either by model bistability or bifurcations, can be

identified, we noticed that, at low observation noise, the level of mismatch (i.e. the

difference in the metric) is higher for bifurcating datasets (case study 5.2) than

for bistable ones (case study 5.1). This may indicate that the assumption of fixed

kinetic parameters over the population constrains model behaviour considerably

more, than the analogous assumption for initial conditions. So while the number

of unknown parameters for both hypotheses is the same, the richness of behaviour

of the population model may be reduced under H2.

5.4 Discussion and conclusions

In this chapter we extended the work presented in Chapter 4 by using a population

approach to fit the QSSA model of tumour-immune interactions by Kuznetsov et al.

[88] to time series data. We focused on pooled synthetic datasets with dichotomous

tumour growth curves from two individuals, each representative of one of the three

stages of immunoediting – elimination, equilibrium or escape [47].

The key results are based on two case studies with synthetic data generated from

Kuznetsov’s model. We generated the first dataset from a parameter regime with

bistability of escape and elimination steady states, and achieved different qualitative

behaviour of individuals by choosing initial conditions that lie on different sides

of the phase-space separatrix. The second dataset was generated such that both

individuals have the same initial conditions, but their kinetic parameters lie in
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disjoint regions of the bifurcation diagram that exhibit stability of different steady

states, elimination versus escape. We applied Bayesian inference-based model

selection to each dataset in order to investigate whether model fits under different

assumptions about the underlying cause of dichotomous tumour responses may be

distinguished based on their predictive performance across different experimental

conditions (noise and availability of effector cell measurements).

We sampled posterior distributions given pooled datasets with the popular

Hamiltonian Monte Carlo (HMC) algorithm [160]. We considered several cases,

varying which parameters are “individualised” (those that vary between individuals)

and which are fixed for the entire “population”, as in mixed effects modelling (MEM)

[93]. We assumed that either kinetic parameters or initial conditions vary between

the two individuals to explain their dichotomous tumour growth dynamics using

Kuznetsov’s model; these assumptions represent different model-fitting hypotheses.

Data-generating versus alternative hypothesis. Our selection of the hy-

pothesis that is most likely to explain the data was based on the approximate

leave-one-out (LOO) and Watanabe-Akaike information criteria (WAIC) metrics

using an approach from [169]. For both datasets the fit to the true data-generating

hypothesis had a significantly higher estimated predictive accuracy for both metrics.

The difference in accuracy decreased when effector data were withdrawn and/or

observation noise was increased. The hypotheses became indistinguishable for data

with high noise levels (ξ ≥ 0.15) and only tumour cell observables. We concluded

that for synthetic data with two individuals and under additional assumptions

(e.g. the prior was chosen so that only one posterior mode was considered due to

the difficulties of sampling from multiple modes) it is possible to determine the

source of variability in tumour responses, i.e. variability in initial cell numbers

versus variability in the functioning of the immune system. We discuss below the

simplifications made in our study, and highlight the lessons learned with regard to
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parameter inference, and also other considerations to be made when extrapolating

these findings to other contexts and datasets.

Inference for individual curves. By first using HMC to fit individual curves

from Chapter 4 under different priors, and by comparing results with profile

likelihoods, we established that priors with decreasing probability as the parameter

approaches zero (e.g. lognormal) can bias our results for Kuznetsov’s model, and

artificially constrain the posterior in a way that appears more identifiable than it

is. Zero-mean Gaussian or Cauchy priors, truncated to positive real numbers, had

a more neutral effect for this model, and allowed efficient and accurate sampling

from unimodal posteriors for elimination and equilibrium data from Chapter 4.

For less identifiable cases, and particularly for multimodal likelihoods, we found

that combinations of the likelihood, the prior and the sampler can significantly

impact the posteriors sampled. For escape data from Chapter 4, two disjoint regions

of high posterior density are separated by an energetic barrier, which HMC may

be unable to breach. The sampler can thus get stuck in regions of low probability

or bias sampling towards one of the modes when both are similarly probable. A

poorly informative prior may increase the likelihood of the former, whereas a more

informative prior may artificially constrain the problem so that only the mode of

interest is sampled. We showed that even a mildly informative prior and a poorly

informative multimodal likelihood may interact to bias our sampling.

Individual versus population approach. Under the hypothesis used to gener-

ate the pooled dataset, parameter uncertainties were smaller than for separate fits of

each individual’s data, and the confidence region for the pooled data was contained

within confidence regions associated with data for an individual. The decrease

in uncertainty was most pronounced for the population parameters, but the less

identifiable individual parameters associated with the escape curve also benefited
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from the extra information provided by the elimination curve. Multimodality of

the posterior, seen for individual fits of the escape curve, was not observed.

Under the alternative hypothesis, we had no knowledge of the ground truth,

and sought the closest alternative fit. We found that parameter uncertainties

depended largely on the size and shape of the parameter region in which the best

fit was found, only marginally increasing with noise in some cases. The alternative

confidence regions lay close to the parameter values of one individual, whereas the

parameters of the other individual adjusted and lay in other parameter regions

that match the qualitative behaviour of their data. The shapes of the marginal

posteriors for individual kinetic parameters remained largely unchanged compared

to individual fits. Multimodality, energetic barriers and flat regions persisted from

individual fits, and became more pronounced as the fit adjusted better for one

individual’s data, increasing the difficulty of parameter identification.

Tackling multimodality. To overcome the difficulties associated with fitting

multimodal distributions, we artificially imposed a prior that restricts sampling

to the mode that is closer to the origin. As a result, our comparisons of fits

were limited to a subset of forward model solutions that can reasonably fit the

data. To extend results to solutions from both modes, sampling methods that

can jump between the modes and overcome energetic barriers are needed. As this

is an active area of research, a multitude of methods that are better suited to

exploring multimodality have been proposed. Many involve sampling from flattened

posteriors to lower any energetic barriers and allow movement between modes [48,

76, 187]. In future work it would be interesting to apply these methods to our

problem.

Overestimation of predictive performance for time series data. In our

study we used the LOO and WAIC metrics due to their low computational cost and

suitability for posterior distributions of any shape and for small datasets. However,
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because of the relatively high variance of pointwise log-likelihoods, WAIC may be

unreliable in our case and overestimate predictive accuracy. The LOO metric may

also exhibit inaccuracies for time series data, because the posterior tends to be

less sensitive to removal of single data points, which may lead to overestimation of

predictive accuracy. By contrast, the posterior may be very sensitive to removal of

points at the start of the observation period. The Pareto smoothed importance

sampling (PSIS) LOO procedure [169] can detect the sensitive points, and correct

the LOO estimate by refitting the model with these points held out one at a

time. However, alternative approaches are needed to remedy overestimation due to

insensitive points.

Ideally, to use the model in a predictive setting, its performance should be tested

on new, unseen data. Non-temporal and independent measurements are normally

partitioned into training and test sets, used for model fitting and evaluation of

model performance, respectively. For small datasets, where this is infeasible, cross-

validation can be used, where the full dataset is repeatedly randomly partitioned,

each time leaving out a different test set. For multiple time series from different

individuals, as considered in this chapter, a more appropriate validation method

involves fitting the model to data up to a chosen time point (training set), and

then assessing model performance on later data points (test set); this approach is

termed leave-future-out (LFO) in [21]. For estimation of model performance, the

model can be refit to different training sets, where each set temporally precedes the

corresponding test set, but this is computationally demanding for Bayesian models.

Bürkner et al. [21] recently proposed the PSIS-LFO method, an extension of

the efficient PSIS-LOO method [169], for temporal dataset partitions. While PSIS-

LFO can correct for overestimation and possesses the advantages of PSIS-LOO, a

level of temporal resolution of data is still required, but difficult to achieve in the

tumour-immune context of interest. We view this is as a challenge for performing

model selection in this context. We also highlight that model performance may
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vary between different temporal dataset partitions because of dynamical differences

in solutions of Kuznetsov et al.’s model that may impact identifiability in different

partitions. These questions are interesting avenues for future work.

Implications for real datasets and model discrepancy. Our limited un-

derstanding of the mechanisms generating real experimental data means that the

model will always be an imperfect representation of reality. This difference is

typically called “model discrepancy” or “model mismatch” [177]. Model calibration

to synthetic datasets under the alternative hypothesis in our study represents a

situation where the data-generating process and the model do not match. We argue

that distinguishing hypotheses from real data would correspond to comparison

of two alternative hypotheses, and speculate that such hypotheses would be less

distinguishable than in our study. Lei et al. [95] highlighted that ignoring model

discrepancy can result in inaccuracies in quantification of uncertainty of parameter

estimates and hence model predictions. To remedy this, model discrepancy could

be considered in our modelling, which would also bring our synthetic studies closer

to real datasets. How to include discrepancy depends on the context and aim, and

remains an open question.

Summary and extensions. In this chapter we have shown that the correct

“population” model, with regards to variability of either initial conditions or kinetic

parameters, can be distinguished from a misspecified one given synthetic data of two

curves generated from the model. While our findings cannot be easily generalised

as we examined only two types of datasets and made several simplifications,

they suggest that dichotomous solutions generated from Kuznetsov’s model for

two individuals are sufficiently distinct to be distinguishable from the proposed

alternatives. We also show that while HMC is an efficient method for exploring

unimodal posteriors, even for misspecified models, multimodality is a concern for

complex models and requires refined inferential methods.
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There are several related questions that could be explored in future. For example,

whether or not bistable datasets are easier to fit to a bifurcating hypothesis with

good accuracy than vice versa. Due to the model’s complex bifurcation structure,

population constraints for some parameters may lead to greater reduction in richness

of model behaviour than for others. There is also a question of how hypothesis

distinguishability extends to datasets with larger numbers of individuals, and

whether good alternative fits are more difficult to find for such datasets. It would

be interesting to investigate how the classic MEM approach, where individual

parameters have prescribed distributions, with “population” hyperparameters that

are estimated from the data, compares to the approach adopted in this chapter,

particularly for datasets with larger numbers of individuals.
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Chapter 6

Discussion

6.1 Summary and discussion

In this thesis we investigated ODE models describing tumour-immune interactions.

Our motivation throughout was preclinical tumour data from AstraZeneca (AZ)

which showed a dichotomous response to treatment with an immune checkpoint

inhibitor; some tumours shrank following treatment, while others grew uncontrol-

lably. We studied mechanistic models that can, through model bifurcations and/or

bistability, capture the observed heterogeneity. The thesis comprised two parts: in

Chapters 2 and 3 we characterised a well-known model from the literature using a

dynamical systems approach, while in Chapters 4 and 5 we addressed questions

relating to model calibration and hypothesis testing.

In Chapter 2 we examined a classical model of tumour-immune interactions

proposed by Kuznetsov et al. [88], in which tumour and effector cells bind (reversibly)

to form conjugates, and may become inactivated/damaged as a result of interactions

in the conjugate. We identified that a separation of timescales arises in the model

under the assumption that conjugate formation and dissociation without any cells

in the conjugate being damaged occur on a shorter timescale than other processes.

We used the method of matched asymptotics to derive a new two-dimensional

approximation of the original model, which we validated against the full model. The

dynamics of conjugates saturate on the short-timescale, and vary parametrically
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with total tumour and immune cell numbers on the long-timescale.

With a phase-plane analysis we established that the reduced model exhibits

excitable dynamics (i.e. following small perturbations the system undergoes large

phase-plane excursions before relaxing to a steady state). They arise similarly as

in the Fitzhugh-Nagumo model of the dynamics of a spiking neuron [116], due to a

combination of the nullcline structure and a large ratio of timescales associated

with tumour and immune dynamics, the latter of which are slower. The assumption

of tumour cell logistic growth also contributes to excitability in our reduced model

as it enables tumour cells to respond quickly to changes in immune cell numbers.

In Chapter 3 we investigated the long-term dynamics of our reduced model.

We identified and characterised its steady state solutions, their linear stability

and bifurcation structure. We showed that the model admits steady states which

correspond to the three stages of immunoediting: elimination (i.e. no tumour),

equilibrium (i.e. a dormant tumour controlled by the immune system), escape

(i.e. a large tumour). We also identified limit cycle solutions with large periods

and amplitudes that are typical of excitable systems and arise due to a homoclinic

orbit.

By combining analytical results with numerical parameter sweeps, we identified

disjoint regions of a two-dimensional parameter subspace in which the long-term

model dynamics are distinct, with stationary or periodic solutions that are mono- or

bistable. A complex bifurcation structure emerges and shows how tumour-immune

outcomes change as parameters associated with the strength of the immune system,

and/or initial conditions, vary. For patients with strong immune systems, tumours

are eliminated, whereas for patients with weaker immune systems, outcomes such as

tumour equilibrium, periodic tumour recurrence and tumour escape are dominant.

By varying parameters associated with the immune response to the tumour we

explored the potential effects of immunotherapy. We found that the tumours of

patients with weak immune systems could be controlled at equilibrium and that
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patient specific combination treatments that also increase the patient’s immuno-

competence could eliminate the tumour. These conclusions are consistent with

ongoing efforts to identify effective clinical treatment combinations for patients,

and ultimately to personalise treatment for each patient. Mechanistic models of

cancer will play a key role in achieving this goal, but only if individual patient data

can be utilised for their calibration [80, 140].

Asymptotic analysis enabled us to reduce the full model to two dimensions.

We showed that, in the limit of fast conjugate dynamics, our reduced model more

accurately represents the full model by Kuznetsov et al. [88] than its quasi-steady-

state approximation (QSSA). While the long-term behaviour of the two models

agrees in some parameter regimes, discrepancies of the QSSA from the full model

can be noticed in numerical solutions, in the bifurcation structure and in the

absence of excitable dynamics. QSSAs are often used for model simplification

without careful checks of their validity. Our study highlights the need to carefully

justify their use.

To our knowledge, our study was the first to identify and characterise excitable

properties in models of tumour-immune interactions. Several phenomena seen in

cancer and its response to therapy were found to be qualitatively consistent with

the excitable behaviour. The model thus suggested that excitability may underpin

tumour-immune interactions. The question is whether this hypothesis is supported

by other models, and if it could be observed experimentally.

While mechanistic models can provide insights into tumour-immune interactions,

they are often too complex to validate against limited data, which typically capture

only tumour volume time series. Model excitability, highlighted in Chapter 2,

increases the complexity further. While fitting of excitable models has been carried

out in cardiac modelling, in immuno-oncology, challenges with calibration of simple

models have not yet been sufficiently investigated. In Chapters 4 and 5 we studied

the problem of calibrating a bifurcating model of tumour-immune interactions to
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dichotomous datasets. Our focus was the QSSA model by Kuznetsov et al. [88]

as it is mathematically and dynamically simpler that the original model, but still

captures key features, such as the three Es of immunoediting.

In Chapter 4 we investigated whether the parameters and dynamics of the

QSSA model can be recovered uniquely, with small uncertainty, from synthetic

data generated from the model. Of interest was whether the parameter estimation

problem was structurally and practically identifiable, as that would mean increased

robustness of parameter estimation from real data. We found that given perfect

measurements of tumour numbers, noise-free and continuous in time, model pa-

rameters (including the initial system state) can be uniquely determined, i.e. the

problem is structurally identifiable.

We then examined practical identifiability, considering also the noise and

spacing of measurements in time. We formulated a maximum likelihood parameter

estimation problem for a subset of model parameters and initial conditions, chosen

so that the model exhibits key features, such as immunoediting, bifurcations and

bistability. We characterised the problem using profile likelihoods [125, 134]. Roesch

and Stumpf [142] previously investigated parameter identifiability of simple, one-

equation models with one parameter and co-dimension 1 bifurcations. Our work

extended their analysis to a system which undergoes multiple bifurcations (mainly

co-dimension 1), has multiple unknown parameters and is partially observed.

We performed case studies for synthetic datasets that we generated from

parameter regimes that exhibit distinct model behaviour, with observables of only

tumour cell numbers, or also immune cell numbers, and with different levels of

measurement noise. We found that parameters related to the immune system are

highly correlated in the model, and lead to large parameter confidence intervals for

some datasets. Uncertainties in parameter estimates also appeared to be affected

by the imposed parameter constraints and the model’s bifurcation structure. We

observed differences in parameter identifiability and its robustness for qualitatively
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different datasets. Our results suggest that model calibration is more robust and

less sensitive to the absence of immune cell data when the tumour cell dynamics

exhibited by the data are rich (i.e. when they are affected by the immune system

and logistic tumour growth is not dominant). For data showing tumour escape,

sensitivity was large, and multiple disjoint regions of parameter space could fit some

noisy datasets almost equally well. We concluded that while we may be able to

recover well-fitting dynamics, low confidence in parameter estimates, or parameter

sets which are close to phase-plane separatrices (potentially also bifurcations, but

this requires further investigation), can make extrapolation of model predictions

highly uncertain. Our recommendation for model calibration using dichotomous

data was to either adopt a population approach or a simpler model.

Population approaches to data fitting, such as mixed effects modelling, are often

used in pharmacology to explain drug uptake and effects, and how this affects disease

progression [93]. Repeated measurements for different patients/animals are used

simultaneously to fit models and account for inter-individual variability by assuming

a statistical distribution of some parameters over the population. Motivated by

this, the QSSA model’s bifurcating/bistable behaviour, and AZ’s dichotomous data,

in Chapter 5 we proposed two distinct approaches/hypotheses to calibrating such

models using population data. Inter-individual variability in tumour responses

may be explained either by variability of initial conditions for a parameter regime

with model bistability, or by variability in kinetic model parameters due to the

bifurcations the model undergoes as these parameters vary (here initial conditions

are assumed fixed over the population). We generated synthetic datasets from

the model for two individuals (“population”). We investigated whether we may

distinguish which of the two hypotheses has generated a synthetic dataset, and

thus provide a mechanistic explanation for the dichotomy in tumour responses.

Comparison of Bayesian parameter fits via different measures of predictive accuracy

revealed that, for each dataset considered, the true data-generating hypothesis can
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be distinguished from the alternative one. For fits according to the true hypothesis,

we found that parameter uncertainty decreased compared to fitting those curves

individually, while this was not necessarily the case for the alternative hypothesis.

Chapters 4 and 5 stand as a cautionary tale highlighting the possible pitfalls

of calibration/uncertainty quantification for a model that exhibits bifurcations

and/or bistability. Identifying potential challenges required a systematic approach

with gradually increasing complexity, starting from perfect synthetic data, moving

towards partial data that are noisy and time-spaced, and then adding Bayesian

prior assumptions and adopting a population approach, all with the prospect of

best utilising real data in future. Our study represents an attempt to relate features

of the parameter estimation problem to the dynamical properties of the model and

the data. While using experimental/clinical data to fit the model was outside the

scope of this thesis, the work presented in Chapter 5 showed how a misspecified

model may be fitted to data. Studies of this type are especially relevant when using

real datasets, where there may be large uncertainties relating to the data-generating

process. We showed that, for bistable/bifurcating models, misspecification may

stem from assumptions of the population approach. As it is unclear how to identify

and tackle such misspecification, we presented initial results of a Bayesian approach

that may allow us to distinguish between different explanations for the data, related

to the model’s bifurcation structure.

6.2 Future directions

Our industrial partner AZ is particularly interested in explaining variable responses

to anti-PD-L1 immune checkpoint therapy. Interest in modelling these therapies

has also recently increased across the field [59, 82, 112, 118, 130, 153]. Immune

checkpoint therapies aim to target T cell exhaustion by inhibiting signalling through

co-inhibitory pathways that may impair effector T cell activities. The model
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by Kuznetsov et al. [88] focuses on cellular interactions between tumour cells,

activated immune cells, their complexes, programmed-for-death tumour cells and

inactivated or exhausted immune cells. A natural extension would be to relate the

cellular dynamics to sub-cellular processes, for example by accounting for signalling

through the PD-1/PD-L1 axis that anti-PD-L1 therapy targets. We could follow

Nikolopoulou et al. [118], where a constant proportion of tumour and effector cells

are assumed to express PD-1 or PD-L1. Under the assumption that interactions

through PD-1/PD-L1 are quasi-steady, the product of their densities inhibits T cell

recruitment and proliferation, and decreases when anti-PD-1 treatment is applied.

Existing models view T cells as either activated or inactivated/exhausted [45,

88], but this is an oversimplification. Exhaustion is not a binary property of T

cells; rather it develops gradually, with the level of T cell exhaustion correlating

with the frequency of T cell expression of PD-1 receptors [166]. Progressive T cell

exhaustion has been previously modelled by Dritschel [45], who assumed that T

cell functions diminish with prolonged tumour exposure. Alternatively, one could

account for this in Kuznetsov et al.’s model by assuming that the population of

effector cells is structured by a continuous phenotypic variable that represents the

level of exhaustion of a T cell, and, within this framework, immune checkpoint

therapy would alter the distribution of this variable. In the context of tumour-

immune interactions, phenotype-structured models, formulated in terms of coupled

integro-differential equations, have been previously used to describe heterogeneity

of tumour cell antigenicity [37] and phenotype polarisation of macrophages [49]. Of

our interest would be to explore whether excitability can be detected in phenotype-

structured versions of Kuznetsov et al.’s original model.

In deterministic ODE models, the outcome is fully determined by initial con-

ditions and kinetic parameters. However, randomness of biological processes and

variability of the tumour microenvironment impact cell interactions in ways not

considered in such models. To account for intrinsic and/or extrinsic stochastic
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effects, components that randomly fluctuate according to a stochastic process could

be introduced in Kuznetsov et al.’s model. Stochasticity could have an especially

large impact at small cell numbers, where it may contribute to development of small

tumours or to their eradication, and affect probabilities of tumour recurrence and

eradication. For stochastic systems, we may also derive the steady state distribution

of tumour size, modes of which are states that the system spends most time in at

large times. This distribution can undergo stochastic bifurcations and can greatly

depend on the properties of extrinsic stochastic effects. An interesting question

that follows on from our research is how different types of stochastic effects interact

with excitability in our reduced model and affect its behaviour.

The proposed extensions increase model complexity in order to better describe

the biology, but such models are more difficult to analyse and validate. With the

limitations of data in mind, we next propose extensions that could advance analysis

and calibration of simple models that are more fit for this purpose.

We studied identifiability of an existing model of tumour-immune interactions,

but there are many others. The importance of identifiability analyses in this field

is gaining recognition as being vital for robust model parametrisation [148]. An

extension of our work would be to compare the structural and practical identifiability

of existing ODE models of tumour-immune interactions, focusing on simple, two-

or three-equation models (see, for example, models reviewed in Chapter 1 and [50]).

This would allow us to tease out differences in identifiability, and highlight those

which could be calibrated to tumour volume data alone.

In this thesis we explored whether the availability of immune data increase

parameter identifiability and how this varies in qualitatively different synthetic

datasets. We could explore other avenues related to experiment design. For

example, we could investigate different time-spacing of measurements so that the

captured dynamics in the data are more sensitive to changes in the least important

parameters. Again, we would expect the optimal spacing to vary for qualitatively
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different datasets. We could also consider additional observables, such as measuring

the ratio of tumour versus immune cells.

Another research direction would be investigating indistinguishability of existing

models based on different observables. In this thesis we investigated whether two

curves with different qualitative behaviour, and generated from a bistable regime,

can be distinguished from curves generated from parameter regimes separated

by bifurcations, and vice versa. A broader question would be whether different

models, rather than different formulations of the same model, can generate similar,

indistinguishable observables. In this thesis we used a Bayesian inference-based

approach, but alternative approaches that rely on differential algebra, linear algebra

and statistics, could also be adopted (see, for example, [66]).

When characterising parameter estimation problems, the greatest challenge was

finding an appropriate method for our problem, and recognising difficulties in the

absence of the ground truth. Methods for structural identifiability analysis differ in

the complexity of analytical expressions they can cope with [28]. A range of software

packages [12, 27, 110] implemented within different programming languages exist,

but this means that switching the tool used requires the user to reimplement the

model within a different package and familiarise themselves anew with how to

use it. Similar issues arise for practical identifiability and parameter estimation,

for which the use of optimisation or inference algorithms is required. Different

algorithms are suited for objective functions of specific formulations and shapes.

Posterior multimodality is particularly challenging and new efficient methods that

can tackle such problems are being continuously developed [e.g. 60, 187].

Since the user has poor knowledge of the properties of the parameter estimation

problem a priori, their analyses would be facilitated by availability of different

methods within a single software package, in order to easily trial different methods.

Widely applicable packages for parameter estimation that implement different

algorithms, or provide an interface to other algorithm implementations, have
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started to appear [30, 161]. We see these as key to increasing our understanding of

inverse problems posed by tumour-immune interactions models. When it comes

to structural identifiability, there is also potential to increase the ease of applying

methods for such analyses, and hence their utilisation. New methods that can deal

with a wider range of models are also desired, with extensions to more complex

models that cannot be expressed as differential polynomials, and those formulated

statistically such as mixed effects models.

6.3 Final remarks

In this thesis we studied models of tumour-immune interactions with a rich bifur-

cation structure in order to increase understanding of their predictions and their

calibration. We provided a new perspective on how qualitative differences between

tumour growth dynamics of responding and non-responding individuals may be

explained by a bifurcating and/or bistable model. We showcased how integration

of mathematical and statistical methods can facilitate development of simplified

models, their analysis and calibration. Modelling has enormous potential to support

experimental cancer research and clinical applications, but its full potential is yet

to be unleashed. Obtaining systematically validated models is key, but will require

a multidisciplinary approach. Models must be developed with experimental data

in mind. Our work highlighted a gap between understanding of the behaviour

of mathematical models and how this affects parameter estimation in relation to

available synthetic and real data. We showed that systematic approaches, utilising

analytical and numerical methods, can be adopted to aid this. Further gaps exist

in using insights from such analyses to inform experimental design and enable

model validation. Bridging these gaps requires iterative model development and

data collection, and close collaborations with experimentalists and clinicians.
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Appendices

A Asymptotic approximation and conditions for

physicality of the nonzero-tumour steady states

of the asymptotically reduced model

Here we detail the derivation of asymptotic approximations of the nonzero-tumour

steady states presented in Section 3.2.1, and discuss where they are physically

realistic (real and nonnegative).

The nonzero-tumour steady states are defined as (e∗,m∗) = ( α
κ2

(1− βm),m),

where m is a root of the cubic (3.3a). We assume 0 < ξ � 1, µ = ξµ̂ and β = ξβ̂.

Under this rescaling, (3.3a) becomes

p(m) = ξ2â3m
3 + ξâ2m

2 + â1m+ a0 + ξ2â21m
2 + ξâ11m = 0, (A.1a)

where

a0 = η(σκ2
α
− δ),

â1 = σκ2
α

+ ρ− δ,

â11 = η(β̂δ − µ̂),

â2 = −µ̂+ β̂(δ − ρ),

â21 = ηµ̂β̂,

â3 = µ̂β̂.
(A.1b)

We seek approximate solutions to (A.1a) of the form m = ξ−γm̂ with γ a constant

and m̂ = O(1), giving

p(ξγm̂) = ξ2−3γ â3m̂
3 + ξ1−2γ â2m̂

2 + ξ−γ â1m̂+ â0 + ξ2−2γ â21m̂
2 + ξ1−γ â11m̂ = 0.

(A.2)

We find pairwise dominant balances among terms in the cubic to simplify it.

First, balancing the third and fourth terms gives γ = 0. With γ = 0, we obtain

a leading-order solution m̂2 = O(1) to (A.2) of the form

m̂2 := −a0

â1

=
η(αδ − σκ2)

σκ2 − αδ + αρ
, (A.3a)

186



which gives

m∗2 ∼ m2 ∼ m̂2 and e∗2 ∼
α

κ2

(1− ξβ̂m̂2) ∼ α

κ2

=: ê2. (A.3b)

These approximate solutions correspond to an intermediate-sized-tumour steady

state given by (e∗2,m
∗
2) ∼ (ê2, m̂2). Noting ρ > 0, it is straightforward to show

that this steady state is physically realistic if and only if σκ2
α
≤ δ < ρ + σκ2

α
(or

equivalently a0
η
≤ 0 < â1).

We recover the other roots of the cubic by balancing the first, second and third

terms of (A.2), by setting γ = 1. This gives leading-order solutions m̂3,4 = O(1) to

(A.2) of the form

m̂3,4 :=
−â2 ±

√
â2

2 − 4â3â1

2â3

, (A.4a)

so that

m∗3,4 ∼ m3,4 ∼
1

ξ
m̂3,4 and e∗3,4 ∼

α

κ2

(1− β̂m̂3,4) =: ê3,4. (A.4b)

These approximate solutions define two large-tumour steady states given by

(e∗3,4,m
∗
3,4) ∼ (ê3,4, m̂3,4/ξ). We note that ê3,4 and m̂3,4 are both nonnegative

if 0 ≤ m̂3,4 ≤ 1

β̂
. Given â3 > 0, we identify regions of (â1, â2) coefficient space

with different numbers of real and nonnegative roots m̂3,4 (see Table A.1). This

allows us to identify regions in which there are zero, one or two physically realistic

steady states with large tumours. In summary, provided m̂3,4 ≤ 1

β̂
, there is a

single large-tumour steady state solution when â1 < 0, two such solutions when

0 < â1 < â2
2/4â3 =: â# and â2 < 0, and none otherwise.

â2

â1 â1 < 0 0 < â1 < â#1 â#1 < â1

â2 < 0 m̂4 < 0 < m̂3 m̂3,4 > 0 m̂3,4 complex
â2 > 0 m̂4 < 0 < m̂3 m̂3,4 < 0 m̂3,4 complex

Table A.1: Table showing where in (â1, â2) coefficient space asymptotic approximations (A.4) of

the large roots m∗3,4 of the cubic (3.3a) are real and nonnegative. Note that â#1 := â22/4â3.
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B Bifurcation structure of the asymptotically re-

duced model as parameter µ varies
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(b) µ = 2µ0 = 0.006
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(c) µ = 32.2µ0 = 0.1

Figure B.1: Series of plots (a)–(c) showing how the bifurcation structure of the long-timescale
system (2.17) changes as µ is varied from its default value µ0 = 0.003. The effects of increasing µ
on the system’s bifurcation structure are similar to the effects of decreasing ρ (see Fig. 3.7). For
each value of µ, we present three bifurcation diagrams: plots of (σ, δ) parameter space showing
(i) regions with different numbers of physically realistic steady states (see Fig. 3.1 for legend and
details), and (ii) regions with different numbers of stable steady states (see Fig. 3.6 for legend
and details); (iii) bifurcation diagrams of tumour steady state numbers, m∗, as σ is varied and δ
is fixed at its default value (see Fig. 3.2 for legend and details).
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C Optimisation bounds

parameter φi
associated with

σ δ e0 m0

lower bound 0 0 0 0
upper bound 50 50 200 200
scale factor 1 1 1 10

Table C.1: Optimisation bounds used for computation of profile likelihoods (Algorithm 1) in
Chapters 4 and 5

D Profile likelihoods for case study 4.2b

See Fig. D.1.

E Sensitivity-based identifiability

Here we present preliminary results of sensitivity-based identifiability analysis [111]

of Kuznetsov et al.’s QSSA model [88] in parameter regimes used for case studies

4.1-4.3 (see Table 4.1).

Let s̃ := O(F(θ)) = [ỹ(τk1 ,θ)T , ỹ(τk2 ,θ)T , . . . , ỹ(τkN ,θ)T ]T be model outputs.

Then the normalised sensitivity matrix is S(θ) :=
(

ds̃i
dθj
θj

)
ij
. For each parameter θj ,

we can compute the overall sensitivity, OSj =
∑Ns

i=1(S(θ))2
ij. The lower the overall

sensitivity for a particular parameter, the less locally sensitive model outputs are to

it. Parameters ranked the lowest according to their overall sensitivity are considered

unidentifiable. Alternatively, we can rank parameters via a principal component

analysis (PCA) of the matrix S(θ)TS(θ), the eigenvalues and eigenvectors of

which are computed using Singular Value Decomposition (SVD). Small eigenvalues

indicate unidentifiable parameters or parameter combinations, depending on the

associated eigenvectors (not shown due to limited space, but see caption of Fig. E.2).

Large eigenvalue spectra have been related to model “sloppiness” [62].
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(a) Profiles
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(b) Descriptive statistics
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Figure D.1: Series of plots showing the impact of observation noise standard deviation (ξ ∈
[0.03, 0.2]) and observation models with and without effector cell measurements (h2(·) and h1(·)) on
profile likelihoods for data generated from the escape regime (case study 4.2b). Panel (a) shows

profile values translated by V (θ̂) as parameters of interest in θsub = [e0,m0, σ, δ]
T individually

vary, while panel (b) shows how the corresponding maximum likelihood estimates (MLE) and the
size of confidence intervals (CIs) vary with increasing ξ, split by different observation models.
Curves and points plotted in blue correspond to observation model h2(·), while those in red
correspond to h1(·). Profiles are similar to case study 4.2a (see Fig. 4.8b), but flatter. We note
that, for ξ = 0.1 and h1(·), where CIs are non-unique (disjoint) for each parameter, one of the
CIs is unbounded and not considered in the computed CI widths. For ξ > 0.1 and h1(·), the CIs
are unbounded and their widths are not shown.
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For Kuznetsov et al.’s QSSA model, overall sensitivities show that, in all four

considered regimes, δ is the least sensitive parameter, followed by e0 (see Fig. E.1).

The sensitivity of outputs to individual parameters decreases considerably when

effector data are not considered in escape regimes (4.2a-b), whereas it only slightly

decreases in elimination and equilibrium regimes (4.1 and 4.3). This is visible from

the overall sensitivities and eigenvalues of the sensitivity matrix and their range

(Fig. E.2), and is in line with our findings in Chapter 4. Moreover, we highlight

that the eigenvalue spectra are smallest for the equilibrium regime, and largest

for escape regimes, which indicates that model “sloppiness” varies with different

model outputs.
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Figure E.1: Overall sensitivities of model outputs to model parameters for case studies 4.1-4.3
and observation models h2(·) and h1(·).
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Figure E.2: Eigenvalues, λi, of S(θ)TS(θ) obtained via SVD. The eigenvalue spectra are smallest
in regime 4.3, and increase when effector outputs are not considered. In regimes 4.2a and 4.2b, the
smallest eigenvalues are very small (below the arbitrarily chosen threshold), and the eigenvector
associated with the smallest eigenvalue lies along the δ direction (not shown). In regime 4.1, the
eigenvector associated with the smallest eigenvalue lies along δ and σ directions (not shown).
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