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The present thesis consists of two parts. The first part is devoted to the analysis
of discretizations of a class of basic electronic density functionals. In the second
part we suggest and analyze Quasicontinuum Methods for an atomistic interaction
potential that is based on a field.

We begin by formulating and analyzing a model for the study of finite clusters of
atoms or localized defects in infinite crystals based on a version of the classical
Thomas—Fermi-Dirac—von Weizsécker density functional. We show that the re-
sulting constrained optimization problem has a minimizer and we provide a careful
analysis of the solvability of the associated Euler—Lagrange equation. Based on
these results, and using tools from saddle-point theory and nonlinear analysis,
we then show that a Galerkin discretization has a solution that converges to the
correct limit (in the case of Dirichlet as well as periodic boundary conditions).

Furthermore, we investigate the issue of optimal convergence rates. Using appro-
priate dual problems, we can show faster convergence for the energy, the Lagrange
multiplier of the underlying minimization problem, and the L2-errors of the so-
lutions. We also look at the dependence of the density functional on the nucleus
coordinates and show a convergence result for minimizing nucleus configurations.

These results are subsequently generalized to the case of discretizations with nu-
merical integration. Existence and convergence of solutions, as well as optimal
convergence rates can be established if quadrature rules of sufficiently high order
are applied.

In the second part of the thesis we consider an atomistic interaction potential
in one dimension given through a minimization problem, which gives rise to a
field. The forces on atoms are in this case given by local expressions involving this
field. A convenient feature of this model is the existence of a weak formulation
for the forces, which provides a natural connection point for the coupling with
a continuum model. We suggest Quasicontinuum-like coupling mechanisms that
are based on a decomposition of the domain into an atomistic and a continuum
region. In the continuum region we use an approximation based on the Cauchy—
Born rule. In the atomistic subdomain a version of the atomistic model with
Dirichlet boundary conditions is applied. Special attention has to be paid to
the dependence of the atomistic subproblem on the boundary and the boundary
conditions. Applying concepts from nonlinear analysis we show existence and
convergence of solutions to the Quasicontinuum approximation.
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Chapter 1

Introduction

Computational simulations have become ubiquitous tools across many disciplines in science
and technology. Mathematical models of situations or phenomena are developed and im-
plemented on computers to gain insight. From a mathematical point of view this gives rise
to a large amount and diversity of challenges. Materials science represents an ideal field of
activity for computational scientists since it provides a wealth of different questions ranging
from electromagnetic properties to complex phenomena like fracture. Moreover, there are
time and length scales with several orders of magnitude difference involved.

Ultimately, matter is composed of atoms. Phenomena involving nontrivial physics at the
atomic scale should therefore be simulated using accurate microscopic models that take into
account this discrete nature. However, even with modern computer technology and very
efficient algorithms, purely atomistic simulations are limited to specimen sizes that are not
sufficient for macroscopic applications. For example, 24 grams of aluminium consist of roughly
10?4 atoms, which is far beyond what is feasible with atomistic models.

As a matter of fact, in many situations atomistic detail is not actually needed throughout
the whole specimen under consideration. Sufficiently far away from the regions of special
interest (crack tips, defects etc.) the material behaviour can be described well with continuum
models. This observation led to the development of methods based on atomistic/continuum
coupling. These methods aim to retain atomistic accuracy while leveraging the computational
efficiency of continuum models. One class of models with this philosophy goes under the name
of Quasicontinuum Methods, which we will introduce in more detail in Section 1.2.

The present thesis is divided into two parts: the first and bigger part (Chapters 2 and
3) is devoted to the numerical analysis of a class of Thomas—Fermi type electronic density
functionals, which represent basic, but qualitatively valuable, quantum mechanical models.
The second part (Chapter 4) deals with Quasicontinuum Methods for an interaction that is
mediated by a scalar field. Although this model is even more basic than Thomas—Fermi type
functionals, we believe its analysis to be a relevant contribution to a thorough mathematical

understanding of Quasicontinuum Methods in the presence of fields like the electron density



and the electrostatic potential.

It has to be pointed out that in this thesis we focus on static problems at zero temperature.

1.1 Electronic Density Functionals

In this section we introduce some basic concepts of quantum mechanics and density functional
theory. We do not aim to be exhaustive but provide a self-contained description of topics

that are relevant for this thesis and its immediate context.

1.1.1 Quantum Mechanics

Quantum mechanics is the accepted microscopic theory of atoms, molecules, and solids. It
is therefore highly desirable to perform accurate simulations based on this theory. Although
the equations of quantum mechanics are compact and elegant, they involve high-dimensional
configuration spaces, which makes their direct discretization an immense challenge. Scientists
and engineers have over the last decades developed approximations and simplifications that
have made simulations tractable and hence turned them into indispensable tools for physics,
chemistry, and materials science.

We consider a physical system consisting of n,: atoms or, more precisely, n,; nuclei and
ne electrons. In principle, both electrons and nuclei are quantum mechanical particles whose
behaviour is governed by the Schridinger equation. However, since the nucleus masses are
several order of magnitude larger than the electron masses, it is in most cases valid to treat
the nuclei as classical particles whose positions {R;}i—1,. n,, are known. This is referred to
as the Born—-Oppenheimer approximation.

It is a basic statement of quantum mechanics that positions of particles are not known
exactly. For the electrons in our situation there exists a probability distribution P : R3"% — R
for the positions, which satisfies fRS"el Pdx = 1. According to quantum mechanics P = |¥|?,

where the so called wave function ¥ : R3"% — C satisfies the Schrodinger equation?

Tel Nel
1 1
HU := <—2Ai+ > +Vnuc>\lf:E0\II. (1.1)
i—1 2 i1 |l‘l — SL‘j‘
i
Here, z = (x1,...,25,) € R37el - A; denotes the Laplace operator with respect to the coor-
dinate x;, and Z; € N, i = 1,...,n,, are the charges of the nuclei in units of the electron

charge. The potential V. is given by the Coulomb potential of the nuclei:

Tlel Mat Zj
Viwe(@) = =D Y =Ry

i=1 j=1

'Note that the equation is written in atomic units [55] and we neglect spin throughout the whole thesis.



The operator H is called the Schrodinger operator and its lowest eigenvalue Ej, is called
ground state energy. The Born—Oppenheimer approximation implies that it is sufficient to
determine Fj and the respective ground state wave function V3. Even for dynamical simu-
lations higher eigenvalues (so-called excited states) are usually physically irrelevant since the
electrons relax to the ground state on a much faster scale than the nucleus movement takes
place.

Electrons have spin % and therefore belong to the class of fermions. The major implication
of this property is that their wave function ¥ has to satisfy the Pauli exclusion principle,
which can be expressed as V(zx) = —WV(m; jz), where m; ; is the permutation operator that
exchanges the coordinates x; and x;. This has some implications on potential approximations
of quantum mechanical equations and energies.

The Schrédinger equation (1.1) has undoubtedly generated a lot of physical, mathemat-
ical and computational interest. From a numerical point of view we can say that the large
dimension 3n, of the configuration space dramatically limits the size of problems that can

be tackled; see [73] for a vivid demonstration of this fact.

Since H is self-adjoint, the Schrédinger equation (1.1) can be interpreted as the optimality
condition for a variational problem. Multiplying from the left with the complex conjugate ¥*
and integrating over R3"! we obtain Ey = fRSnel U*HW dx. Hence, (1.1) is equivalent to the

minimization problem

Ey :min{/ U HUdr : / U2 dx = 1}. (1.2)
v RSncl ]R3"cl

This is the so-called variational principle [55].

1.1.2 Density Functional Theory

The variational principle (1.2) is a useful starting point for the construction of numerical
methods. Minimizing over all possible W is infeasible but an approximate energy and wave
function can be found by restricting the minimization space (Ritz—Galerkin method).

The Hartree method [55,72], for example, consists in using the product ansatz

\I/(x) - zﬁl(xl) T w”el (xnel)

with mutually orthogonal single particle wave functions v; : R® — R, i = 1,...,ne. This
separation of variables amounts to assuming that the particles do not interact. The Hartree—
Fock method extends this choice to a so-called Slater determinant ¥ (z) = ﬁ det[i(x;)]ij,
thus satisfying the Pauli principle. Both methods yield nonlinear systems of equations (with
nonlocal coefficients in the Hartree-Fock case [55,72]) for the single particle wave functions
1;. These systems are solved by self-consistent iteration, see for example the review articles

[23,77,78], which also contain an overview of available convergence results.



Figure 1.1: Examples of electron densities. On the left hand side the square root of the
density of a two-dimensional crystal is shown. On the right-hand side contour surfaces of the
square root density in a crystal with face-centered cubic lattice structure are shown.

A different approach, Density Functional Theory (DFT), has emerged from two articles by
Hohenberg and Kohn [68], respectively, Kohn and Sham [74]. The basic idea is to reduce
the dimensionality by using the electron density p : R> — R instead of the wave function.

Formally, the density is defined by
p(x) = ng /3< ) U (z,z0,...,2n,)V (2,22, ..., 25, )dzs ... day,,. (1.3)
R el —

It satisfies the normalization condition ng p(x)dz = ng.

The Hohenberg-Kohn Theorem [68] states that there is a one-to-one correspondence be-
tween the potential V. and the ground state density pg. In other words, if the ground state
density pg is known, the potential, and hence the wave function ¥g, can in principle be re-
constructed. An immediate consequence of this is the existence of a density functional Eyg
such that

EOZEHK(pO) :min{EHK(p) : pZO, /3pd1’ :nel}~
R
Levy and Lieb independently motivated the functional by carrying out the minimization in

the variational principle (1.2) in two steps:

min/\I/*H\I/ dz = min [min/\II*H\II da:] =: min Bk (p),
)4 p U|p 14

where by ¥|p we mean that the minimization takes place over all ¥ that have p as underlying

density, that is they satisfy (1.3). Inserting the Schrodinger operator from (1.1) we obtain

Euk(p) = Fuk(p) —l—/Vnucpdx,



where

Tel TNel
. * 1 1
o) = [ (25804 2 v
i=1 ij=1 17"
i)

Here, Fyk is a universal functional in the sense that it is independent of V.. It contains
the kinetic energy of the electrons, the Coulomb interaction between electrons and quantum
mechanical effects like the Pauli principle in the form of the so-called exchange-correlation.
The precise form of Fyk is unknown but certain to be rather complex. However, a lot of work
has gone into finding good approximations for Fyk.

Today there is a large number of different density functionals available. They can roughly
be divided into two families: orbital-free density functionals and Kohn—-Sham functionals.
Introductions to DFT can be found in [88,100].

Orbital-Free Density Functional Theory. Long before the theoretical justification for
DFT was established, physicists used explicit functionals of the density to model physical
systems. Thomas [116] and Fermi [54] independently of each other proposed models of the

form
Erp(p) = Trr(p) + Eee(p) + Een(p).- (1.4)

The kinetic energy density of a homogeneous, noninteracting electron gas with density p is

given by %(37r2)2/ 85°/3. This led to the following approximation of the kinetic energy

3
Trr(p) = 15377 [ @),

1 P@)p(y)
Fo) =5 [ ] g

represents the electrostatic repulsion between the electrons and

The term

.y
Een(pv R) - /RS P(-’E)Vnuc(l‘) d$, where VHUC(:E) B XZ: m’

the electrostatic attraction between electrons and nuclei. Dirac [40] suggested the addition of

an exchange term to account for the quantum mechanical nature of the system:

1/3
Brro(p) = Bre(p) + Ex(p),  where Ex(p) = —2(i) [, o,

The resulting functionals enabled some physical insight [71,80,111], but showed some serious
limitations. Most gravely, they failed to predict binding of atoms.

Von Weizsicker [121] introduced the gradient correction term

T 2

5



to the kinetic energy. Here, )\ is a parameter that can be adjusted according to the application
under consideration. Another popular addition to the functional is the correlation energy E.

in the so-called local density approximation

Belp) = [ eelple)p(e) da,

where ¢, is obtained in a purely phenomenological way [31,102]. Summarizing the Thomas—

Fermi-Dirac—von Weizsécker functional is given by
ETFDW(p) = TTF + TvW + Ex + Ec + Eee + Een + Enn- (1'5)

Note that we have added the electrostatic repulsion energy of the nuclei

1 NMat MNat ZZZJ
EHH(R) 2ZZ\R—R|
i=1 j;; * J
VE=1

For the purely electronic problem this is an irrelevant constant. It will, however, be important
when we study the dependence of the functional with respect to the nucleus coordinates. The

given density functional (1.5) has to be minimized subject to the constraints

/ p(x)dz = N, and p>0.
R3

One of the most difficult tasks in DFT is the computation of the kinetic energy. This part
of the energy is approximated more accurately in Kohn—Sham functionals (see below) but
researchers have also developed kinetic energy functionals involving convolution integrals
[118,119] of the form

Tk (p) :/R3 . fi(p(z)) K (|z — yl, p(x), p(y)) f2(p(y)) dz dy. (1.6)

with continuous functions f;, fo and a convolution kernel K. The resulting, more sophisticated
models are now referred to as orbital-free DFT. Reviews can be found in [34,82]. Orbital-free
DFT has been observed to work well for systems with weakly varying electron density, most
prominently aluminium, see [118,119]. In the present thesis, we will focus on the TFDW
functional (1.5).

Kohn—Sham Density Functional Theory. The density functionals we have discussed
so far only depend on the density p itself, which is precisely in the spirit of the Hohenberg—
Kohn theory. This situation changes in Kohn—Sham DFT: here, ng fictitious non-interacting
electrons with pairwise orthogonal wave functions v; are introduced. The density p is the sum
of the probability distributions of these noninteracting particles p(z) = 3~ [1;(x)|?. Moreover,

the kinetic energy for these particles takes the simple form

Tlel

1 *
Tkin = 5 ; /Rd wz (—A)Q/)Z dzx.

6



This leads to single particle eigenvalue problems for the so-called orbitals ; in an effective,

external potential containing electrostatic interaction as well as quantum mechanical effects:

Heti(z) = (—3A + Ver(w, p) ) i) = eati(a).

The effective potential Veg depends on p and therefore the ;. The resulting system is
usually solved in an iterative way. For fixed p the ; are calculated, which leads to an
updated density p. This process is iterated until convergence is obtained. In every step the
nel lowest eigenvalues and corresponding mutually orthogonal eigenfunctions of the effective
Hamiltonian Heg have to be found. This is computationally very demanding but leads to

very accurate models. A recent mathematical review of DFT can be found in [105].

Even with the efficient algorithms and the computer technology available today DFT-based
simulations are limited to 10 — 10% atoms. For this reason a lot of work has gone into the
development of methods that combine DF'T or other atomistic models with computationally
less demanding models (e.g. molecular mechanics or even continuum mechanics). In the
following section we discuss one typical way of coupling phenomenological atomistic models

with continuum mechanics.

1.2 The Quasicontinuum Method

We now consider a physical body in three space dimensions. The displacement on parts of
the boundary is prescribed and the body is exposed to external forces. We think of the body
as composed of n,t atoms rather than as a continuum and our aim is to find an equilibrium
configuration. In many situations the number of atoms is too large to work with a purely
atomistic model. The Quasicontinuum (QC) method [91,108,114] represents an attempt to
couple an atomistic material description in regions of special interest with a continuum model
in the rest of the body. This results in a significant reduction of complexity.

The underlying idea is that one starts off with an atomistic model for the whole body and
uses continuum, or more precisely smoothness, assumptions to reduce the degrees of freedom
and the complexity in regions that do not need full atomistic accuracy.

A crucial assumption we have to make is the existence of a reference configuration of the n;
atoms described by the lattice £. Without external forces or given boundary displacements,

the atoms of the body occupy lattice sites:
Xi = Xo+ 6041 + 69 4y + 4§ 45, 60 69 1) e 7.

Here, X € R? is a reference point and Aj, Ao, A3 € R? are the linearly independent lattice
vectors. If the body is deformed, the atomic positions become y;, i = 1,...,n,. We call the

y; deformed positions and define y = (y1, ..., yn,, ) € R3"at,



The atomistic interactions are often modelled using semi-empirical interatomic potentials.
Examples include pair-potentials, embedded atom potentials or more general multibody in-

teractions, see [38,91]. Many of these semi-empirical models can be written in the form

Nat

Ely) = Z&(y),

where the energies & depend on relative positions of the atoms. This means that each
individual atom is assigned an energy. In general, this is not possible for quantum mechanical

models. The most basic examples are given by so-called pair-potentials

Nat
&) = 5 D Vil — i),
=
where V : R — R is a two-body potential, e.g., the Lennard—Jones or Morse potential. These
two-body potentials combine short-range repulsion and long-range attraction and define an
equilibrium distance between two atoms. The following presentation will be restricted to the
case of pair-potentials.

To obtain an equilibrium state of the body the total energy

Ef(y)=Ey) - fy (1.7)

has to be minimized. Here, f represents external forces (e.g. gravity).

The challenges in solving (1.7) lie in the large number of degrees of freedom (3n,t) and the
complexity of calculating the energy &; for each individual atom (&; involves the summation
over all other atoms). The QC method provides efficient means to overcome both of these
difficulties. We present it in its most basic form. This does not immediately lead to a
practical method but it makes the principles clear. The important steps of interface or ghost
force corrections will be discussed subsequently.

There are two main steps: first, coarse-graining is used to reduce the number of degrees
of freedom and, second, the Cauchy—-Born approximation leads to a reduction of the number

of necessary atomic energy evaluations.

Coarse-Graining. First, we introduce a continuous deformation y: y is a continuous func-
tion defined on the reference configuration such that y(X;) = y; for all i = 1,...,na. The
deformation gradient F'(X) is defined by F(X) = Vy(X) —id.

The idea underlying coarse-graining is the following: in regions where the deformation
gradient F' varies slowly, it is not necessary to know the displacement of each individual atom.
Instead, a set of n.e, representative atoms, so-called repatoms, is chosen. Their coordinates

act as the degrees of freedom. Moreover, the repatoms are used to construct a triangulation
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Figure 1.2: Sketch of three stages in the derivation of the QC method. Left: atoms forming a
body. Centre: repatoms (orange) have been chosen and a triangulation has been constructed.
The black dots depict atoms whose positions are obtained by linear interpolation. Right:
division into atomistic repatoms A (red) and continuum repatoms C (blue). (Pictures courtesy
of M. Dobson and M. Luskin)

T with ny elements, see Figure 1.2. The positions of non-repatoms can then be approximated
by linear interpolation utilizing the standard basis functions of the finite element method. In
order to retain accuracy, the density of repatoms needs to be higher where the displacement
varies quickly (for example around the dislocation in Figure 1.2). However, low repatom
density in regions where y is smooth leads to a significant reduction of degrees of freedom.
Similarly to the finite element analysis of continuous minimization problems this gives rise

to a Galerkin approximation of the problem (1.7):

Nat

H;inEf(yh) => &ly) — fun,
=1

where the minimization takes place over all y; that can be described by a continuous dis-
placement y, which is piecewise affine over the triangulation 7. Note that the number of
degrees of freedom has been reduced to 3nyep.

Summarizing we have reduced the number of degrees of freedom by introducing kinematic
constraints on some atoms. However, since the energy &; of each atom has to be computed

the complexity of the evaluation of £(y;,) is still prohibitive.

The Cauchy Born Approximation. To obtain the approximation that will give rise to
the continuum model used in the QC method, we briefly change our perspective and look at
the energy of elements T' € T instead of energies of individual atoms. Since y;, is piecewise

affine, the deformation gradient on every element T' € T is constant, say Fp. The Cauchy—



Born approximation of the energy of T' now consists in computing the energy of T if it is
considered as a section of the infinite deformed lattice Fr - £. For this, we define an energy
density W : R3*3 — R: W(F) is the energy per unit volume in the deformed configuration if
the body is deformed according to X + F' - X and hence given by

W = i (g X Vi-w).
Yi,y; €F-LOmQ
where Q is any nonempty convex set in R3. The interpretation of this definition of W is
straightforward: the energy content of the body m$2 consisting of atoms arranged on the
lattice F'- L is computed and normalized to unit volume. The limit of a large body mS2 leads
to an asymptotic energy density W(F).
We can now define the Cauchy—-Born energy of the element T" € T by

E(T) = |T|W(Fr).

Note that instead of computing &;(y),) for all atoms in the element 7', £(T) only involves
one evaluation of W, which means a significant computational saving. We stress that ECb(T)
is independent of the neighbouring elements of T'. In fact, the derivation of £ assumes that
the deformation gradient is the same in neighbouring elements. Hence, the Cauchy—Born
approximation is justified in regions where F' varies sufficiently slowly.

The Cauchy—Born approximation for the whole body is obtained by summing over all

elements T € T

Nrep

eyt = ST ITIW(ED) = 3 wiEL(yy,).
j=1

TeT
Note that in the second step we have converted the sum over elements into a sum over
repatoms, by dividing the energy of each element T evenly among its repatom vertices. This
process involving Voronoi tesselations gives rise to the weights w; and is described in more
detail in [91].

Quasicontinuum Coupling. Equipped with the concept of coarse-graining and the
Cauchy—Born approximation we are now ready to derive the most basic Quasicontinuum
(QC) method. We start with a choice of repatoms and the implied triangulation 7. The
repatoms are then divided into the two sets A and C. The set A comprises repatoms in the
region where atomistic detail is needed. We assume there is no coarse-graining in this region,
which means every atom is a repatom. The repatoms in C lie in the region of the body where

the deformation gradient varies slowly, see Figure 1.2. The QC energy £9° is defined as

E¥(yn) = X Eilyn) + 3 wi"(yn):

i€A jec

10



This way, the individual atomistic energies & only have to be calculated for the small subset A,
whereas the computational efficiency introduced by the Cauchy—Born approximation makes

£9¢ a tractable approximation of £.

Ghost Forces. Depending on the smoothness properties of y;, the energy £9%y,;) is a
satisfactory approximation of £(y;,). However, the coupling results in unwanted features, the
so-called ghost forces. These are the result of an asymmetry in the coupling and the nonlocal
nature of the atomic interaction.

The energy &;(y;,) of an atom i € A is the sum of V(|y;—y;|) over all atoms j. In particular,
this means that &;(y;,) explicitly depends on the positions of the continuum repatoms. On the
other hand E;b(yh) for j € C is only determined by the positions of repatoms that are also
vertices of the elements neighbouring repatom j (localization). More concisely: in general
Dy Ei(yy) # 0 for all i € A, j € C. However, there are pairs i € A, j € C such that
Dy, E5°(yy) = 0.

If y;, describes a homogeneous deformation there are no physical forces on the atoms due
to symmetry, i.e., DE(y;,) = 0. However, as an artefact of the coupling nonphysical forces
on atoms arise near the interface between the atomistic part A and the continuum part C:
D&Y (y;,) # 0. This clearly is a major problem.

A popular solution to the problem of ghost forces is the introduction of dead loads [91,108].
Given a configuration vy, the ghost forces f, are computed and subtracted from the total
energy Iy as dead loads fq - yj,. Thus, during a minimization process the ghost forces have
to be calculated and the energy function has to be updated repeatedly. Other approaches are
based on the introduction of interface atoms, whose interactions are redefined in a way that
prevents ghost forces [50,110].

For important practical aspects like the choice of repatoms and meshing we refer to the

QC literature [91]. This article also gives an overview of applications of QC methods.

A 1D Example. To illustrate the construction of the QC energy and the origin of ghost
forces we look at a particularly simple model problem in one space dimension. We consider
an infinite chain of atoms with positions y = (y;)icz. To keep things simple we assume that
each atom i only interacts with its nearest and next nearest neighbours {i —2,i—1,i+ 1,7+
2}. Moreover, we do not apply coarse-graining and hence every atom is a repatom. The
triangulation 7 therefore consists of the elements (y;—1,y;), for i € Z.

The atomistic energy takes the form?

E(y) = %Z&(y) = %Z(V(yl —Yi2) + V(Y — vi—1) + V(Wir1 — vi) + V(yir2 — vi)).
i€Z i€Z

2Strictly speaking this energy is not well-defined because the chain is infinite. However, we are only
interested in the area near the interface so the chain may simply be thought of as finite but sufficiently long.
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Next we derive the Cauchy—Born energy Efb(y). The atom ¢ located at y; acts as a node
of the elements (y;—1,v;) and (y;,yi+1). In the Cauchy-Born approximation the energies of
both elements are computed as if they were part of infinite equidistant chains with atomic
distances (y; — yi—1), respectively, (y;+1 — y;). We deduce that the Cauchy—Born energy of

atom ¢ is

EP(y) = <[V — vic1)) + V(v — vie1) + V (yir1 — vi) + V (2(yis1 — wi))]-

N | —

Let now A = {—K,..., K} for some K € N and C = Z\A. Then, we define the QC energy
E9° as
ECy) = &) + > _EP ).
€A jec
If we assume that there are no external forces, i.e., f = 0, then an equilibrium is given by any
infinite equidistant chain y defined by vy; = iAy for all ¢ € Z. An elementary computation
shows that Dy,&(y) = 0 for all i € Z and also D,,E(y) = 0 for all i € Z. However,

Dy, E(y) = Dy, ,E%(y) = V'(24y)/2,
DngqC(y) = DyK+1qu(y) = = V/(2Ay)/2'

These are the ghost forces. We point out that the QC energy in this case is exact: £9%(y) =
E(y) but the energy can be lowered by breaking the homogeneity of the chain near the

interface.

Alternative Methods An alternative version of the QC method is based directly on forces
rather than the energy. In force-based QC, forces on repatoms in A are calculated as if there
were no continuum region, whereas forces on repatoms in C are calculated as if the whole body
were a continuum. By construction this method does not exhibit ghost forces but the resulting
forces are not derived from an energy, which can be a disadvantage in certain circumstances.

The QC method is only one example of a larger number of models based on atomistic
to continuum coupling. An overview and comparison of several methods is provided in the
review articles [92] and [38]. The main differences lie in the choice of continuum model and
the treatment of the interface. Some methods introduce overlap regions [4,5,56,122] to make
the transition between atomistic and continuum description less abrupt. The issue of ghost

forces is present in all methods.

We briefly recapitulate the structure of the remainder of this thesis. In Chapter 2 we analyze
discretizations of a version of the density functional (1.5). Chapter 3 is devoted to the study
of the effects of numerical integration and interpolation on these discretizations. In Chapter
4 we present and analyze Quasicontinuum Methods for an interaction involving a field. We

point out that extensive literature reviews are given in the individual chapters.

12



Chapter 2

Galerkin Discretization of an
Electronic Density Functional

This chapter is devoted to the analysis of a Galerkin discretization of a density functional
derived from the Thomas-Fermi-Dirac-von Weizsécker model (1.5). The Euler-Lagrange
equations for the Thomas—Fermi-Dirac—von Weizsacker functional can be rewritten as a non-
monotone, semilinear elliptic system with a nonlinear constraint. In this chapter, we combine
arguments used for linear saddle-point problems and linearization techniques based on the
Inverse Function Theorem, to establish the existence and convergence of the sequence of
solutions of a Galerkin discretization of this system.

In Section 2.1 we review theoretical and numerical work on Thomas—Fermi type function-
als and orbital-free DFT. In Section 2.2 we first formulate a model in a bounded domain
that allows the simulation of finite clusters or isolated defects in an infinite medium. We
prove existence of minimizers and give a careful analysis of first- and second-order optimality
conditions in the remainder of Section 2.2. Our reformulation of the optimality system is
particularly suitable for subsequent Galerkin finite element discretizations. The main result
in Section 2.2.3 connects the stability of the minimization problem to the stability of this opti-
mality system. This result allows us, in Section 2.3, to prove the existence and convergence of
Galerkin discretizations of the optimality system. The case of periodic boundary conditions
will be addressed in Section 2.4. In Section 2.5 we take a closer look at convergence rates.
At the end of the chapter we analyze the dependence of the minimization problem on the
coordinates of the atoms; see Section 2.6.

We view the present work as a preliminary step in the development of a theory for coarse-
graining the TFDW functional in the spirit of [59] and [61].

The content of the present chapter is of, predominantly, theoretical nature. The important
practical issues of numerical integration will be addressed in the following chapter. All of
the results discussed in the present chapter carry over to the formulation with numerical

integration. Computational examples will also be shown in Chapter 3.
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2.1 Literature Review

A survey of theoretical results in connection with Thomas—Fermi type models can be found in
an article by Lieb [80]. The author considers different models of increasing complexity in R3
and assesses their mathematical structure and physical validity as well as their relations to
quantum mechanics. An analysis of the Thomas-Fermi-von Weizsécker functional (without
the exchange correlation part) is carried out in [9]. The introduction of the Dirac term or,
more generally, the exchange correlation, renders the functional nonconvex with respect to
the density p, which makes it difficult to analyze over R3; see the discussion in Sections VI
and VIIT in [80]. Physical questions addressed include molecular binding, behaviour of p near
nuclei, the limit Z; — oo and dependence on the nucleus positions. The Thomas—Fermi model
(functional (1.5) without the gradient term and exchange correlation) is shown to be convex
and so a unique minimizer can be found. The situation changes if exchange correlation is
introduced since the resulting functional lacks convexity. The Thomas—Fermi—von Weizsécker
functional, which is obtained by adding the Vp term to the Thomas—Fermi functional, is also
analyzed in [9]. It can be shown to have a unique minimizer and to reproduce physical
properties better than the simple Thomas—Fermi model. It should be mentioned here that
the analysis of the functionals on bounded domains in R? is significantly easier. In the present
work the functionals will be exclusively analyzed on bounded domains.

Several numerical approximations of the functional (1.5) or related models have been
proposed in the literature. We will distinguish between finite difference methods and Galerkin
discretizations.

One numerical approach to Thomas—Fermi type functionals is suggested in [2,94,95]. The
functional considered does not include a Vp term. The discretization is based on a regular
cartesian grid and convolution kernels are explicitly represented by matrices. Calculations of
the electronic structure are only performed in certain subcells of the domain. The density in
adjacent regions is subsequently obtained by interpolation. This procedure is referred to as
electronic density reconstruction. Regarding the nuclei, a similar idea is invoked. A reduced
set of so-called representative nuclei is chosen. Only the positions of these nuclei are actual
degrees of freedom. All remaining coordinates are calculated by interpolation. The authors
also introduce a way of adaptively refining the mesh close to nuclei, which improves the
efficiency and accuracy of the method.

A density functional including a convolution term in the kinetic energy as well as pseudo-
potentials for the electron nucleus interaction is considered in [57]. Instead of the electron
density, its square-root u = ,/p is the unknown, which naturally takes care of the constraint
p > 0. In [58] the author completes the proof of existence of a minimizer over a bounded
domain Q C R3. The Euler-Lagrange equation of the minimization problem is analyzed

briefly. Subsequently, the minimization problem is discretized using a finite difference scheme.
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Hence, convolutions can be computed efficiently by the Fast Fourier Transform. For the energy
minimization the author applies a truncated Newton method adapted to equality constrained
optimization. The Hessian and the gradient are replaced with projected versions that take
into account the constraint | u?dz = 1. In particular, every iterate is chosen to satisfy this
constraint. The article does not include convergence results

For Galerkin discretizations, the crucial question is the choice of basis. The most popular
basis sets are plane waves (i.e. Fourier modes) and finite elements. Plane waves can only
be applied to periodic systems, which means, for example, that no defects can be simulated
(usually, periodic arrays of defects are considered instead). On the other hand, the imple-
mentation of the Coulomb interaction kernel can be done very efficiently. Finite elements
are not inherently periodic and allow for adaptivity in space, which is particularly useful for
additional coarse-graining approximations. Calculating the convolution in the electrostatic
terms remains a challenge.

An implementation of an orbital-free kinetic energy density model, more general than
(1.5), using plane waves is described in [120] or more recently [67]. The main difference
to (1.5) is the enhancement of the kinetic energy by a density-dependent convolution term
motivated by linear-response theory, see also [82,117]. Furthermore, the described model
uses pseudopotentials instead of the Coulomb potential of the nuclei, which accounts for the
inaccurate form of p close to nuclei in simpler models. Loosely speaking, the electrons are
all treated as valence electrons, for which the kinetic energy can be reproduced more easily
than for core electrons. The method explained in [120] uses a real-space and a Fourier-space
representation at the same time, which are transformed into each other using the Fast Fourier
Transform. Convolutions therefore do not pose a problem. These methods have recently been
used to simulate up to one million atoms [69]. Applications in material science can be found
in [65,66]. There, periodic computations of density functionals on unit cells are used to
evaluate continuum properties of a solid and to predict the breakdown of the continuum
description in certain situations.

A finite element approximation of the functional (1.5) on a bounded domain Q C R? is
described in the papers [61,62]. In order to overcome the difficulty of calculating a convolution,
the authors introduce the electrostatic potential ¢ as an additional variable. This means that
a Poisson equation is coupled to the minimization problem, which then takes a saddle point
form. As in [57], the square root density u = ,/p is the unknown of interest. Using standard
methods of the calculus of variations, the authors show existence of a minimizer for a slightly
more general class of functionals. The minimization problem is discretized by a P1-Galerkin
finite element method. The sequence of approximations is then shown to I'-converge to the
continuous functional even if numerical quadrature is applied. The convergence result does

not include convergence rates, which are, however, crucial for understanding the efficiency of
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the numerical method.

To solve the overall minimization problem, an alternating procedure is chosen: for a given
set of nucleus positions the electron wave function u is relaxed using the nonlinear conjugate
gradient method, which is followed by an update of the electrostatic potential. The authors
pay special attention to the choice and evolution of triangulations in calculations with dynam-
ical nuclei. Since the electron density is expected to be localized near nuclei, the initial grid
is refined there. As the nuclei move, the mesh is convected with them, which in turn ensures
good starting values for the u relaxation for updated R. If the mesh quality deteriorates,
local remeshing takes place. In [62], the authors also present ideas how pseudopotentials
and kinetic energy functionals with convolution terms can be implemented within their finite
element framework. An extension of these results to the Kohn—Sham functional is discussed
in [113].

In the second work [61] the model is enhanced by including ideas from the Quasicontinuum
method. Instead of treating all nuclei as free particles, a set of representative atoms is chosen,
which also defines a triangulation of the atomic lattice. The positions of the remaining atoms
are reconstructed using linear interpolation. For the u and ¢ computations, two nested finite
element meshes are introduced. The finer one has subatomic resolution everywhere and is
used to compute the periodic parts u, and ¢, by calculations on unit cells of the atomic
lattice; these parts, called predictors, are supposed to be accurate away from defects. To
account for local variations in the electronic structure due to defects, corrector fields u., ¢,
are computed on the coarser finite element mesh. This mesh only needs to be subatomic close
to defects and can be chosen coarser where the deformation varies slowly. In this approach
the full flexibility of the finite element method shows. The use of a plane wave basis does
not allow this kind of nonperiodic simulation in conjunction with ideas from the nonlocal

quasicontinuum method.

Because of the normalization constraint [ pdz = ng, the minimization problem with energy

(1.5) can be interpreted as a nonlinear eigenvalue problem for u = ,/p:
minimize ETFDw(UQ), subject to / u?>dz = N.
Q

Although the discretization of linear eigenvalue problems has been studied in great detail
(see, e.g., [3]), relatively little work exists on the nonlinear situation.

Zhou [126] studied the finite element discretization of the functional [o(|Vul* + Vu? +
Bu*) dz subject to the constraint fQ u? = 1. Here, f > 0, V > 0 is an external potential and
the domain  is not assumed to be bounded. The problem has a unique minimizer @ (up
to the sign) and the optimality conditions for this problem are given by the so-called Gross-
Pitaevskii equation. The author considers a Galerkin discretization using finite-dimensional

approximation spaces X,. Convergence of the disrete minimizers u; € Xp is shown using
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continuity properties of the energy and approximation properties of X,. Convergence rates
for ||@—1p|[g: are not obtained. However, the bound ||a—ay |l < C(||a—ap||p2+infy, ex, [|a—
UhHHl) is shown using a careful rearrangement of the optimality equations. Assuming that
the L2-error converges faster than the H'-error this implies a quasi-optimal convergence rate.

In [127] the same author generalizes these results to the Thomas—Fermi-von Weizsécker
functional. The techniques are very similar to [126], however, additional complexity comes
from the nonlocal nature of the electrostatic terms and the lack of convexity of the functional
if formulated in terms of u = ,/p. The author deals with the lack of convexity by looking at
the functional for both p and w. Since there is a unique minimizing p, the only minimizing
square root densities are 4,/p.

Recently, these results were further generalized to a class of functionals including con-
volution terms like (1.6) and the classical Coulomb interaction [33]. Since the uniqueness
of minimizers is not clear, the authors work with the sets of continuous and discrete global
minimizers U, respectively, Uy. Continuity properties of the energy are used to show that the
H'-distance sup,, ¢y, infuev||u —up || goes to zero as h — 0. Moreover, rearrangements of the
optimality systems lead to a bound on the H'-distance of U and Uy, in terms of the L2-distance
and the H'-distance between U and the approximation spaces. The article concludes with
numerical examples indicating that optimal convergence rates are indeed observed. In [32],
the authors show convergence of an adaptive finite element discretization for a class of not
necessarily convex nonlinear eigenvalue problems.

Another rigorous study of Galerkin discretizations of a class of nonlinear eigenvalue prob-

lems is carried out in [21]. The energy functional under consideration is given by

1 1 1
E(u)zQ/QVuTAVudzL‘ +2/QVu2d:L' +2/QF(u2)dx,

where A is a matrix-valued function, V' is an external potential and F' is a convex, nonlinear
function. The domain  is either a bounded domain in R¢ or the unit cell of a periodic lattice
in R%. Under certain conditions on F' and V there exist a minimizer @ that is unique up to
its sign and a Lagrange multiplier i such that DE(u) + pu = 0. After proving convergence
for a generic Galerkin discretization, both a Fourier and finite element discretization are
discussed in detail. The proof of convergence is based on the observation that the bilinear form
D2E(u) — ji is elliptic. Optimal convergence rates for the energy and the Lagrange multiplier
are shown. For the latter the authors use a rearrangement of the optimality equations and a
dual problem. The effect of numerical integration is discussed in the one-dimensional case.
In [22] the same authors rigorously analyze a Fourier discretization of the Thomas—Fermi-
von Weizsicker functional. With similar techniques as in [21] convergence of a Galerkin
Fourier discretization is shown and precise convergence rates are given. Moreover, a careful

analysis of the errors introduced by interpolation is performed. For this, the authors work
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with two different grids: one for the discretization space and a finer grid for numerical integra-
tion. The second part of [22] deals with the Kohn—Sham functional with periodic boundary

conditions.

In our present work we aim to provide a complete convergence theory for Galerkin discretiza-
tions of Thomas—Fermi-type electronic density functionals including the electrostatic potential

as an additional unknown.

2.2 Existence and Analysis of Minimizers

In this section we will suggest a mathematical model based on the functional described in
the introduction and study the resulting minimization problem as well as the associated
optimality conditions. First we discuss a few ideas that simplify the TFDW functional with
regard to subsequent finite element approximation; see also [62].

For numerical reasons the nuclear point charges Z; at the positions R; may be replaced
with a smooth charge density p, (see Gavini et al. [62, Eq. (9)]). For example, p, may
be written as a sum of compactly supported smooth functions centered at the positions R;,

i =1,...,n4a, (the dependence of p, on R will be suppressed in our notation)

Nat

= Z Zipo(r — R;)
i=1

where py € C°(R?), po > 0, and Jpo(z)dx = 1. Then, the repulsion energy of the nuclei

L
R3JR3 |9c—y|

Note that this expression includes the potential energy of every nucleus in its own electrostatic

takes the form

field. This is, however, only a constant contribution to the overall energy and may easily be

subtracted. The smoothed potential for the nucleus-electron interaction is given by

Ven(x)z—/R Pn(y) dy.

s |z —y|

This allows for a symmetric expression for the sum of all electrostatic terms

) Bl ) B [ 2=,

The nonlocal nature of this term represents a numerical challenge for all density functional

calculations.

2

The constraint p > 0 can be enforced by setting p = w*. This substitution also has the
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advantage that the term involving Vp becomes easier to evaluate:

E(u, R) :A/ Vul? da +CTF/ 1973 g —CX/ (uf¥/3 da (2.1)
2 R3 R3 R3
2 _ 2 _
+,L/‘Ec(uz)uzm__1/‘/ (w2) = pn@)) (W) = W) 4. g,
R3 2 JrsJrs |z —y

Note that we do not include a convolution term in the kinetic energy. The reason for this is
that some of these functionals are mathematically not well posed or badly understood [11,20].
Moreover, these terms are difficult to approximate in a finite element context. One method
was suggested in [35] and used in [61,62]. The authors expand the convolution kernel in Fourier
space and include the terms into the energy via elliptic minimization problems similar to our
treatment of the Coulomb energy below.

We now need to address the evaluation of the electrostatic term. The double integral can
in principle be computed explicitly using the Fourier transform [57,59,120]. In [61,62] the
authors suggest a different approach that makes use of the special structure, respectively the
physics, represented by the term. Note that the integral kernel in the last term in (2.1) is the

Green’s function of the Poisson equation in R3. Therefore, the electrostatic potential
2
u=(y) — pu(y)
o) i= [ g
R3 lz —yl

is simply the solution of the equation
1
— = Ap=u?— py,
47

subject to a homogeneous Dirichlet boundary condition at infinity. From this, it can be
deduced that

1 (u*(z) — pu(@)) (u*(y) — pu(y)) _1 2 _

|z — | 2

Formally, the right-hand side can also be written as

1 1
3 /Rs(U2 — pn)pdr = —igf |:/R3 8—71_|Vg0|2 — (u? — pn)goda:} . (2.2)

This equality is referred to as the direct Coulomb formula in [62].

2.2.1 Artificial Boundary Conditions

We now introduce a model to simulate finite clusters of atoms or localized phenomena in
infinite crystals (e.g. vacancies, interstitials or dislocation loops) in d dimensions. For both
computational and analytical reasons, we would like to formulate the problem in a bounded
open domain  C R? rather than in the whole of R%. To this end, we will assume that we

know the square root density u as well as the electrostatic potential ¢ in R%\ 2, which induces
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artificial Dirichlet boundary conditions for u and ¢ on 0f2. We discuss potential pitfalls of
this approach in Remark 2.1 below.

There are two specific examples that we have in mind. If a finite cluster of atoms is
studied, then we set u = ¢ = 0 in R\ Q. If we study a localized defect in an infinite crystal
(e.g., a vacancy or a dislocation), then we let u and ¢ on 92 be the square root density and
electrostatic potential of a perfect crystal. (Minimizers of Thomas—Fermi type functionals for
perfect crystals have been studied in [14] and [26]).

To make this concrete, we assume that we are given functions ey, Pex € H2 (Rd) and

define the admissible set -
Ay = {u € o + HYQ) ¢ Julfz = 1}, (23)
and the energy functional (suppressing the nuclei positions, which are held fixed)
E(u) =T(u) + X (u) + ®(u), (2.4)
where
T(u) = JIVula(a)

X(u) = /QF(U)dZL‘, and

O(u) = — inf U (u,
()= -, it W)

1
= —  inf [/ |V|* da —/(u2—pn)¢dx}
pehex+HE(Q) | 8T Jo Q

We have split the energy functional, in a way that is convenient for the analysis, into a
quadratic, a nonlinear local, and a nonlocal part. In the original Thomas—Fermi—Dirac—von

Weizsicker model the function F' is given by
F(u) = Crplu|'%3 — Cilul*? + ec(u?)u? (2.6)

and combines a portion of the kinetic energy and the exchange-correlation energy. However,
our results are independent of the precise form of F and only require a certain degree of
smoothness and growth conditions, which we make precise below.

It is also worth remarking that in the case of homogeneous boundary conditions on u and
¢ (Uex = dex = 0), the energy ® reduces to ®(u) = %fQ(UQ — pn)¢ dx, where ¢ is the weak
solution of the equation —A¢ = 4m(u? — p,,) with homogeneous Dirichlet boundary condition.
In this case ® is easily recognizable as the potential energy of the charge density (u? — p,) in
its own electrostatic field.

For future reference, we also define the constraint functional ¢ : H' () — R,

cw) = 5 (lulfs = na).
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Our goal is to solve the minimization problem

Remark 2.1. Our justification for this choice of boundary conditions is that, if % is a mini-
mizer of the original problem, with associated electrostatic potential ¢, then, setting uex = @
and ¢ex = @, U|q is a solution to (2.7) with associated electrostatic potential ¢|o. In that
sense, the problem with artificial boundary conditions is consistent with the original problem
posed in RY.

Since we do not normally know the exact electron density and electrostatic potential
outside of €2, we are essentially forced to make our ‘best guess’ for the problem at hand. This
creates an error in the system, which cannot be controlled by adjusting the discretization.
One usually hopes that, by choosing domains of increasing size, this error will shrink to zero,
however, it is far from straightforward to establish this rigorously for any system other than
a (near-)perfect crystal.

For simplicity, let us dicuss the case of a finite cluster where we set uex = ¢ex = 0 in
R4 \ Q. Hence, the question arises, if (1, ¢) are the ezact square root density and electrostatic
potential of the system, how fast |a(z)| and |¢(z)| decay as |z| — co.

Whereas quantum mechanics suggests that the decay of u is exponential, this is less
clear for ¢. Note, in particular, that variations of w, well inside €2, can in general create
comparatively large variations of ¢ in all of R%. For rather special configurations of the
nuclei, we may hope that lower order multipole moments vanish, assuring a sufficiently fast
decay of ¢ (e.g., if there is a point symmetry).

In the present work we will simply assume that these deviations decay sufficiently fast
and concentrate on aspects of numerical approximation theory. We are planning to study
the issues pointed out in this remark in future work. In particular, we consider the present
work as a first step towards an analysis of a combined TFDW / Quasicontinuum model in the
spirit of [59] and [61]. For this type of analysis it will also be necessary to study deviations

of u and ¢ from the perfect crystal case introduced by localized defects. a

2.2.2 Existence of a Minimizer

Before turning to the analysis of the minimization problem (2.7), we briefly introduce a
classical notion of differentiability in Banach spaces that will be important throughout the

thesis.

Definition 2.2. Let Y, Z be Banach spaces. Let y € Y and U C Y be an open neighbourhood
of y. Amap ®:Y — Z is called Fréchet differentiable in y if there exists a linear operator
T € Lin(Y, Z) such that
[®(y +h) — (y) — Thiz
1]y

— 0 as|hly — 0.
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If T exists, it is called Fréchet derivative of ® in y and will also be denoted by D®(y). A
function ¢ : Y — Z is called continuously differentiable in an open set U C Y if D®(y) exists
for all y € U and D® : y — D®(y) is a continuous mapping from U to Lin(Y, Z).

Let Y7, Y5 be Banach spaces and ® : Y7 x Yo — Z. Let yo be fixed and define ¥ : Y7, — Z
through ¥(y;) := ®(y1,y2). If ¥ has a Fréchet derivative in y1, then the partial derivative of
O with respect to y1 at (y1,y2) is defined as Dy, ®(y1,y2) = DV (y1). (m]

Higher order derivatives are defined analogously. In particular, the second derivative D?®(y)
of ® in y is a linear operator in Lin(Y,Lin(Y,Z)). As commonly done, we will use the
abbreviation D2®(y)-[n1,m2] = (D*®(y)-n1)-m2 for 1,2 € Y. If ® is an operator from
Y] x Yy x Y3 to Z, the partial derivative with respect to the two components i,j € {1,2,3}
will be written as Dy, , ) ®(y1,y2,y3) € Lin(Y; x Y}, Z). Analogous notation is used for higher
order derivatives. If ® : Y — R is a real-valued mapping, the derivatives canonically define
symmetric multilinear forms. For example, D2®(y) defines a continuous symmetric bilinear

formonY xY.

From now on we assume that the homogeneous Dirichlet problem is H?-regular, that is, if
f € L%(Q) and if v € H}(Q) is the solution of

(Vou,Vw) = (f,w) Vw € HY(Q), (2.8)
then v € H2(Q), and there exists a constant Clreg, independent of f, such that

[vlt2 < Cregl| L2

This is the case, for example, if Q is convex [64] or if Q is C?-regular [51, 6.3.2]. For nota-
tional convenience we define the solution operator of the Poisson equation with homogeneous
Dirichlet boundary condition: (—Ag)~! : L2(2) — H%(Q) N H(Q), f ~ v, where v solves
(2.8).

Throughout the analysis, the positions R; of the nuclei are fixed. We assume that F €
C?(R) and that it satisfies the growth condition

a; < F(t) < ot + ag vVt € R, (2.9)

with constants a1, as € R, ¢ > 0, and 3 < g < 6. Moreover, we assume that F” is
locally Holder continuous; more precisely, there exists a positive constant C, such that, for
all t1,t0 € R,

[F"(t1) = F"(t2)] < C (|t — taf " + (14 [#2]77 75 + [ta] 7 75) 11 — ta]), (2.10)
where 0 < ap < 1. We note that these conditions are satisfied if F' is defined by (2.6).

The functional T : H'(©2) — R is strongly continuous, twice continuously Fréchet differentiable

and weakly lower semicontinuous.
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Lemma 2.3. Under condition (2.10), the functional X : HY(2) — R defined by (2.5) is twice

continuously Fréchet differentiable with
DX (u)-h = / F'(u)hdz, and  D*X(u)-[h1, ho] = / F"(u)hyhy dz
Q Q

for h, hy, hg € HY(Q). Furthermore, X and DX are locally Lipschitz continuous, and D*X

1s locally Hélder continuous, with

-3 -3
DX (u) = DX (v)|| < C(llu—vlgF + @+ fullffi™ + ol ) lu—vllgm)  (2.11)
-3 -3
<O i + ollin ") (e = vllgh + e —vllg),  (2.12)

for all u,v € HY(Q). X is also sequentially weakly continuous on HY(Q).

Proof. From the assumptions it can be deduced that |F(u)| < ¢o(1 + |u|?%) for all u € R
with a ¢g > 0, so X is well-defined. Continuity is established alongside differentiability by

the following calculation. Let u, h € L% (£2). Using elementary calculus, we know that

/Q(F(u 4+ h)— F(u) - F'(wh) de = /Q/Ol (F'(u + th) — F'(u)) dt hdz.
From the assumption (2.10) on F” it can also be deduced that
|F'(u) — F'(v)| < er(1+ |u| 72 + 0|7 2)ju —v| VYu,v €R
for a ¢; > 0. Consequently,
/Q\F(u + h) — F(u) — F'(u)h|dz < C/Q(l + |u| 2 + |h|7F ") h? dx
< C(W)Ihllfar + ClIRIFES -

This shows differentiability of X. Existence of the second derivative follows similarly.

The stated continuity property of D?X is shown by a similar calculation using the
assumptions on F” and |[[|ul*" |, < Cllul|if. To prove this, we begin as follows: for
u,v, hi, ho € H'(Q) we have that

(DX (w) — DX (0))-[ha, ha]| < /Q\F"m) ()| |ho] da (2.13)

IN

C/ |hallha| (Ju — o *F + (L4 ]ul 772+ o] %) lu — v]) dz
Q
< Cllhallpa [[hallps e = v[*flpz + C[Palls [1h2llLe

’ (1 + H‘“’qF_SHIﬁ + H‘U‘qp_gum) l|lu — U”LG )

where we have used a generalized version of Hélder’s inequality. Now we know that |||u|7||;x <
Cllul|/, for all 0 < < 1 and all k > 1:

k k
e lge = /Q L ful™ da < Offful™|[ 1, = Cllullf - (2.14)
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inequalities to (2.13) and using the embedding of H(2) in LP(£2) for p < 6 we deduce (2.12).
Since X is strongly continuous in L¥ () and H!(£2) is compactly embedded in LP((2), for
1 <p <6, see [1, Th 6.3], it follows also that X is sequentially weakly continuous on H!(Q),

A very similar calculation leads to ||[u|?" 3|, < C'||ul| for 3 < qr < 6. Applying these

which concludes the proof. (m|
Next we consider the functional ® defined in (2.5).

Lemma 2.4. The functional ® : L*(Q) — R as defined in (2.5) is well-defined and continuous;

® is twice continuously Fréchet differentiable and the derivatives are, for all u € L*(Q), given

by

D®(u)-h =2 / uphdz  Vh € LYQ) and,
Q

D2®(u)-[hy, he] = 2/Q(¢>h1h2 + 8muhi (—Ag) N (uhs)) da Vhi, he € LY(Q),

where ¢ € HY(Q) is the weak solution of —A¢ = 4mw(u? — p,), ¢loq = Gex. Furthermore, ®
is bounded below on the set Ay defined in (2.3), and the restriction ®|y1(q) is sequentially

weakly continuous in H ().

Proof. For every u € L*(Q), the functional ¥(u,-) from (2.5) is clearly continuous, convex,
coercive and weakly lower semicontinuous on {¢p € H'(2) : ¥|sq = ¢ex}. Thus, there exists a

unique minimizer ¢,. This minimizer satisfies the equation
(Vu, V) = dm(u” = pn, ) V9 € Hy(Q),
with boundary condition ¢, |90 = ¢ex. The auxiliary function
§ = Pex — (=00) (- A)dex € fex + Hp()
satisfies (V&, Vi) = 0 for all 1 € H(Q). From this, it follows that
Gu = 4m(=D0) 7 (u” = pn) +¢ (2.15)

and, moreover, after straightforward algebraic manipulations, that

B(u) = ~U(u, d,) = 21 /Q (4 — po)(— Do) (1 — py) da
(2.16)

2 1 2
+ [ =pede - o [ veas.

Differentiating with respect to u yields the expressions for D® and D?® as given above.
Finally, we show that ®|a, is bounded below. Clearly, the first term on the right-hand

side in (2.16) is nonnegative, and the last term is a constant depending only on ¢ey. Since
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we assumed that ¢ex € H2 (R?) and that the Poisson problem is H2-regular, it follows that
¢ € L>°(R2). Therefore, the second term on the right-hand side of (2.16) can be bounded as

follows:

2
< [I€llzee (Jullz + llonlli) = I€llLe (et + [lonllL1)-

| =pogas

Hence, we can deduce that ®(u) > C(nel, pp, dex) for all u € A,,.
The sequential weak continuity of <I>]H1(Q) is a direct consequence of the compact embed-
ding of HY(Q) in L4(2) (see [1, Th 6.3]) and the strong continuity of ® in L4(£2). O

Theorem 2.5. The functional E : A, — R defined in (2.4) has at least one minimizer.

Proof. We apply the direct method of the calculus of variations [39]. First, we observe that

FE is coercive on A,, which can be seen as follows:

A
B(u) > 3 | Vul)Zs +/ a; dz + ®(u)
Q

v

A
5 ||qui2 + al‘Q| - C(nela Pn;s ¢ex)
C1 ullf — Ca lltex I — Cs(, F, el sy fex)-

V

Here we have used the growth condition (2.9) on F, the lower bound on ®(u), established
in Lemma 2.4, and Poincaré’s inequality for u — uex. Hence, minimizing sequences of E are
bounded in H'(£2), and we can find a weakly convergent subsequence. Since F is weakly lower
semicontinuous as a sum of weakly lower semicontinuous functions, it follows that the weak

limit of the subsequence is a minimizer; see for example [39, Th 3.30]. (m|

Remark 2.6. We mention at this point that, since u was defined to be the square root of p,
the minimizer in the case of homogeneous boundary conditions cannot be unique: if @ locally
minimizes F, then so does —u. The question whether there can be more than two minimizers
of the energy (2.4) is beyond the scope of this thesis.

If the function ¢ +— F(v/1) is convex, then the minimizer is unique up to the sign. This is
well-known for TFDW type functionals, see [80]. The functional p — T'(,/p) is strictly convex
(Theorem 7.1 in [80]) and so is p — ®(,/p). Then, the minimization problem

wind B(/7) s 920, V5 ER), plon =i, [ par =1

has a unique solution since the objective function is strictly convex and the admissible set is

convex. (|
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2.2.3 The Euler-Lagrange Equations

So far, we have shown existence of solutions to the minimization problem (2.7). Next, we are
interested in the characterization of such points, i.e., in optimality conditions. For example,
the article [89] provides necessary and sufficient optimality conditions for a large class of
optimization problems in Banach spaces.

Throughout this section, the derivatives DE(u) and Dc(u) are understood as elements of
H™1(Q) := H}(Q)*, that is, they operate on functions from H}(£2). This means, for example,
that ker De(u) C H§(9).

Theorem 3.1 in [89] yields the first-order necessary optimality condition
DE(@)-v =0 Yv € ker Dc() C HY(Q),

provided that 0 € int { Dc(a) - v : v € Hy(Q)} C R. Since De(w) - v = (4,v) and @ # 0, this
condition is always satisfied. Theorem 3.2 in [89] yields the existence of a Lagrange multiplier
i € R such that

DE(@)+ aDc(u) =0 € H1(Q), and c(a) = 0. (2.17)

We mention that as the Lagrange multiplier for the normalization constraint [, u?dz = ng,
[ is interpreted as a chemical potential, which means that it is the derivative of the energy

with respect to the number of electrons:
i = DyE(a).

This can be proved with the methods we will use in Section 2.6 to analyze the dependence of
FE on the coordinates R of the nuclei.

Using the definitions and results of the previous section we now rewrite the first-order
optimality system in a way that is more suitable for numerical approximation. Let u € A,
be a local minimizer with associated Lagrange multiplier i € R and let ¢ € H!(Q) be the
associated electrostatic potential, then Lemma 2.4 implies that @, ¢, and [ solve the nonlinear

system
A(Vu, Vo) + (F'(u),v) + 2(¢u, v) + p(u,v) =0 Vo € Hy(Q),
(V6. V)~ (4~ pu ) =0 Vi € HY(Q), (2.18)

V(/uzdx—nel>:0 Vv e R,
2 \Ja

u’aQ = Uex, and ¢|BQ = ¢ex-

with the boundary conditions

We will focus on solving this system instead of (2.17) or the minimization problem (2.7). It

has to be pointed out that solving (2.18) (or even (2.17)) is not equivalent to solving the
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minimization problem since the functional is nonconvex. However, we will focus on those
solutions of (2.18) which correspond to local minimizers of (2.7), making use of the second-
order optimality condition (2.22).

We define the function spaces

Y=H(Q)xH(Q)xR,  Vp = (uex + Hj(2)) X (¢ex + Hy()) xR,
Vo =H)(Q)xH}(Q) xR,  Vi=H1Q)xH Q) xR,

so that the system (2.18) defines an operator F : Yp — Y, rewritten as

(F(u, ¢, 1), (v,0,0)) =0 ¥(v,2,v) € W (2.19)

Here, the Laplacian A is understood as a linear map from H!(Q2) to H1(Q) in the following
way: (—Au,v) = (Vu, Vo) for all v € H(Q).

It can be shown easily that F is Fréchet differentiable with derivative DF (u, ¢, ) : Vo —
A/

—AAv + (F"(u) + 2¢ + p)v + 2up + vu
DI(U7¢,M)'(U,w7V>: —ﬁAw—QUU V(UaT/JaV)EyOa
(u,v)

and that DF is locally Holder continuous in the following sense: there exists a continuous

function Lpr : R — R and ap € (0,1) such that

IDF(y1) = DF(y2)ll < Lor(lvlly + lly2lly) (lyr = v2ll57 + v — y2lly) (2.20)

for all y;,y2 € Y. This follows immediately from (2.10). A direct consequence of the dif-
ferentiability is that F is locally Lipschitz continuous: there exists a continuous function
Lr: R — R such that

IF (1) = Fw2)llyy < Lr(lnlly + llv2lly) llyr — velly, (2.21)

for all y1,y2 € V.
At this point, we make some observations concerning the regularity of solutions to (2.18).

The functions @ and ¢ solve elliptic equations of the type
1 -
MG =g, and —-—A¢=go,
4

subject to the boundary conditions |pn = Uex, @|on = dex, respectively. Here, the functions
g1 and go obviously depend on %, ¢ and ji. From the embedding H!(2) C L*(2) we know that
g2 € L2(€2). Since we assumed that the Poisson problem (2.8) is H?-regular, we can deduce
that ¢ € H2(Q). For 4 to be in H?(£2) we need to tighten the growth assumption on F. If
d = 3 and qr = 4, we have |F'(u)| < C(1 + |@|?) and hence F'(i) € L%(Q), from which we
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deduce u € H(Q). If d < 2, any polynomial growth bound on F and F’ implies u € H?(2).
We will from now on assume that
gr=4 if d=3, qp <oo if d<3.

For d = 3 the Sobolev embedding theorem [1, Th. 4.12] states that H2(Q) c C%7(Q) for all
0 < v < 1/2. Hence, @,¢ € C*»(Q) for every v < 1/2, and in particular @, ¢ € L>(Q). If
d < 3, we get 1, € C%(Q) for every v < 1.

2.2.4 Second-order Optimality Conditions

The functional £ : H'(Q2) x R — R, defined by L£(u, u) = E(u)+ uc(u), is called a Lagrangian.
Since both E and ¢ are twice continuously Fréchet differentiable, the same holds for L.
From Theorem 3.3 in [89] we deduce that, if @ is a solution of (2.7), and [ is its associated

Lagrange multiplier, then the necessary second-order optimality condition
D2, L(a, ) [v,v] >0 Vv € ker De(u)

holds. Conversely, if (u, 1) satisfies (2.17) as well as the sufficient second-order optimality
condition
D2, L(a,[i)-[v,0] > v||[Vo|?2 Yo € ker De(q), (2.22)

for some constant v > 0, then @ is an isolated local minimizer of E in A, see [89, Th. 5.6].
We call a critical point u € A, that satisfies (2.22) a uniform minimizer of (2.7).
Written out explicitly, (2.22) reads

ANV, Vo) + ((F" (1) 4 2¢ + p)v,v) + 167 (av, (—Ag) 'av) > v Vo2, (2.23)

for all v € ker Dc(1), where ¢ is the electrostatic potential associated with .
The next step is to prove that, if @ is a uniform local minimizer with associated electrostatic
potential ¢ and Lagrange multiplier /i, then DF (@, ¢, i) is an isomorphism. This will be an

important tool for the convergence analysis in the next section.

Proposition 2.7. Let §j = (u, ¢, i) € Yp such that (2.22) holds with v > 0. Then, DF(y) :

Yo — Y is an isomorphism.
Proof. We need to show that the equation
DF(a, ¢, i)-(v,9,v) = (f,9,r) (2.24)

is uniquely solvable in )y for every (f,g,x) € ). To this end we define two bilinear forms
ag : HY()? x HY(2)? — R and by : HY(Q)? x R — R,

aﬂ((”/‘b)v (’U),X)) = )\(Vv,Vw) + ((F”(ﬂ) + 2(5 + ﬂ)v,w) + (%Mb,w)
+ (V6. V) — 2w, ),
by (v, %), m) = (@, v)n.
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Then, equation (2.24) takes the form of a saddle-point problem,

ag((v, ), (w, X)) + by ((w, x),¥) = (f,w) + (g, x)  Yw, x € Hy(),
bg((v,w),n) =nK vn € R. (2.25)

The bilinear forms ay and by are continuous on H}(€2)2 x H}(Q2)? and H}(92)% x R, respectively.
We define
ker by := {(v,¥) € Hy()? : by((v,9),n) =0 VneR}

€ HY(Q)? v € ker Dc(a)}.
For a saddle-point problem such as (2.25) there are well-known sufficient conditions for solv-
ability; see Theorem 1.1 in [18]. The bilinear form by has to satisfy an inf-sup condition of

the form

N 1 (U)X

> Kp > 07
veR (y pyen )2 V] [[(Vo, V)|
and the linear operator associated with a; has to be invertible on ker by.

Step 1. Inf-sup condition for by. Since ||ﬂ||iz = nel, we have @ # 0, and therefore by obeys an

inf-sup condition on H}(02)% x R:

: by((v, %), v) : P
inf sup Y = inf sup
veR (ypyeri@? V1 [(Vo, V)l veR o yyentay2 V] [[(Vo, V)|
— o _17
Z (U’?( AO) u) = K/b > O,

(@, (—=Ao)~ta)l/2
where for a given v # 0 we have chosen v = sign(v)(—A¢) !4, and ¢ = 0.

Step 2. Invertibility of ay on kerb;. The proof of the unique solvability of the variational
problem: find (v,1)) € ker by such that

ag((v,9), (w, X)) = (f,w) +(g,x) ¥(w,x) € kerby, (2.26)

where f, g € H™1(Q), requires more work and really relies on the assumption that % is a
uniform minimizer of FE.

First we show that solutions are unique. For f = g = 0 we want to prove that the only
possible solution is (v, ) = (0,0). Looking at the definition of ay we see that g = 0 leads to
1 = 81(—Ag)luv. Substituting this into (2.26) and testing with w = v and x = 0 we obtain

AV, Vo) + ((F" () + 26 + p)v,v) + 167 (av, (—Ag) 'av) = 0. (2.27)

Since u is assumed to be a uniform minimizer, we know from (2.23) that the bilinear form
on the left-hand side of (2.27) is coercive on {w € H}(2) : (w,u) = 0}, so we get v = 0 and

hence also ¢ = 0.
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Next we prove that for every f, g € H () there exists a solution. Let v € ker De(u) be

the unique solution of

AV, Vo) + ((F"(@) + 26 + p)v,w) + 167 (aw, (—Ag) ~'av)
= (f,w) — (4ru(—A¢) 'g,w)  Vw € ker De().

This equation is uniquely solvable by the Lax—Milgram theorem [17, Th. 2.7.7], again since

the bilinear form (as a function of v and w) on the left-hand side is coercive. Let
Y = dm (=D)L (2aw + g).

Combining the last two equations shows that v, 1 indeed solve equation (2.26). Thus, we
have shown unique solvability in ker b; for every f,g € H™1(Q).

From Theorem 1.1 in [18] we can now deduce that DF(y) is indeed an isomorphism from
Yo to V- m]

Remark 2.8. For future reference, we mention that the invertibility of az on ker by shown

in the proof is equivalent to the existence of a constant x, > 0 such that
ag((v,9), (w,x))

(v,9)Eker by (w,x)€ker by ||(VU v'(XJ)HL? H Vuw, vX)HL2

(w,

(
ag((v,9), (w, x))
inf sup
(wx)€kerby (v p)ekerby |V, VO)[[2 [(Vw, V) |12

> Kq, and

inf sup
(2.28)

> Kgq.
For this equivalence see for example [18, Proposition 1.2] or the discussion following Remark
1.6 in [18]. Similar conditions hold for DF(y):

(DF(9)-m1,m2) (DF(§)-n2,m)

inf sup > kr, inf sup > (2.29)
meXomeyy  |Imllylinzlly meVomeyy  mllylinally
for some kr > 0. (m|

2.3 Galerkin Discretization

In this section, we propose a discretization of the minimization problem (2.7), which corre-
sponds to a Galerkin discretization of the optimality system (2.18). We will show that, for
sufficiently small values of the discretization parameter, the discretized problem has a solu-
tion and that as the discretization parameter tends to zero a sequence of numerical solutions
converges to the continuous solution. Optimal convergence rates will be addressed in later

sections.
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2.3.1 The Discretized Functional

Let (Sa)ne(o,1) be a family of finite-dimensional subspaces of H'(Q) with the approximation

property
inf |lu— vl < Chlulgz Yu € HA(Q), (2.30)
vESH

and define Sy o = Sy, NH{(). Let Iy, H?(Q)) — Sp, be an interpolation operator with
¢ — Zndlln < Chldlyz  for all ¢ € H2(Q). (2.31)

Moreover, we define

Uex,h = Ihuex|Q and ¢ex,h = Ih¢ex|Q'

We introduce an approximation of the energy functional (2.4) defined on Sy of the following

form \
E(up) :2/ |V |? dz +/ F(up)dz + @5, (up), (2.32)
Q Q
where .
&, (u,) = —  inf /v 2dx—/ uQ—ndx}
() M%ﬁshyo[gﬂ [ 1van [ ontt— )
Let

Aun = {un € Yo + Sho : [[unllfs = nal

be the set of discrete admissible functions. We consider the discretized minimization problem

min  Ep(up). (2.33)

uhEAuﬁ

Note that this does not represent a Galerkin discretization of (2.7) since the electrostatic
term ® was replaced by the approximation ®y.

As in the continuous case, we get the following optimality conditions: if uy, is a (local)
minimizer of Ej in A, j, then there exists a discrete electrostatic potential én € Sp, and a

Lagrange multiplier zip, € R such that

)\(Vﬂh, VU) + (F/(’U,h), U) + 2((;3hﬂh,v) + ,uh(ﬂh,v) =0 Yve Sh70,
1
1 (V0 Vi) = (@, = pn, ) =0 V9 € S, (2:34)

V</a,2ldxnel)20 Yv € R,
2 \a

where @, and ¢, satisfy the boundary conditions

Uplon = Uex,h, Orlon = Pex.n-
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These discrete optimality conditions turn out to be the Galerkin discretization of the opti-

mality system (2.18). We introduce the discrete function spaces

V=8 xSy xR, Vnp = (tex,h + Sh0) X (Pex,n +Sno) X R,

Yho =Sho X Spo X R,  Vy0=5,0 xS0 xR
In analogy to the continuous case we write the system (2.34) in the more compact form

<‘Fh(ah7§gh7ﬂh)7(vaw)y)> =0 V(an,’/) € yh,O)

where Fp, : Vi p — y;;’o.

The discrete Laplacian (—Ap) : S, — S, o is defined by (—Apvp,wy) = (Vop, Vuwy,) for
vp, € Sp, and all wy, € Spo. The operator (—Ahp)_l t S0 — Sno maps f to the solution
én € Sp,o of (Vop, Vuy) = (f,vp) for all v, € Spp.

Differentiability of Fj, is easily shown. The derivative DF}, is again Holder continuous
and takes the form

—AARY + (F"(up)+2¢p+pn)v + 2upth + vuy,
DFp(un; Gns pin) (v, 9, v) = — = Aptp — 2upv . (235)
(un; v)
for (v,¢,v) € Y. Just as in the continuous case, this linear operator has saddle-point
structure.

At this point we note that DFp may in fact be extended to the whole of ). Slightly
abusing notation, we will write DFy(y) : Yno — y;70 for any y € ), but we stress that
this is still an operator between the discrete function spaces. The next result is the discrete

counterpart of Proposition 2.7.

Proposition 2.9. Let §j = (u,¢,i) € Yp such that u satisfies (2.22) with v > 0. Then,
there exist ho € (0,1] and 0 > 0 such that DFy(y) : Yho — Vi @5 an isomorphism for every
h < ho and for any y € Bs(y) C Y. Moreover, there exists a constant M > 0 such that

IDFu(y) | <M Vye Bs(y) Vh<ho (2.36)

Proof. We begin by showing invertibility of DFp(y) : Yho — Vo To this end, we again
interpret the problem in saddle-point form and prove an inf-sup inequality for b; and the
invertibility of a; on Sio N ker by.

Step 1. Inf-sup condition for by. We have

inf sup by (v, %), v) = inf sup
o BTVl kSR BT(Ve Vo)l

(77’7 (_Ah,O)_lﬂ)
T IV(=Ano) Tl .

ny uv dx

=: Kb,h;
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where, for given v # 0, we have chosen v = sign(v)(—Ap o) '@ and ¢ = 0. If h is sufficiently

small, then
- (i, (—Apo) 'a)
T IV(=An0) Ml

In particular, we deduce that the inf-sup constant rjj is bounded away from zero if h is

> L (a, (Do) a) " = ky/2 > 0.

sufficiently small.

Step 2. Considering now ay, we have to prove that the system

ag((v,9), (w,x)) = (f,w) +{g,x) V(w,x) € kerby NS; (2.37)

has a unique solution (v,1) € kerby N S%L,O for every f, g € H71(Q). If the trial and test
spaces were simply S}%,O instead of the constraint space ker by N 8}21,07 then this would follow
from a classical argument by Schatz, see [106]. The present case requires some modifications,
which we study in detail in the Appendix. Lemmas A.7 and A.6 provide the regularity and
approximation results in ker by N S%LO necessary for an application of the Schatz argument,
which is carried out in Theorem A.4. Hence, we deduce that (2.37) is uniquely solvable,
provided that h is small enough. Theorem A.4 also implies the existence of an inf-sup constant

Kq,p for ag on Kj, 1= S%L,O N ker by, similarly as in (2.28), in the continuous case:

. CL*((U,T/}),(U},X))

inf sup Y > Kqp >0, and
w)eEn (w,x)ek, [[(VO, Vi) [IL2 [[(Vw, VX)L

inf sup ag((v,d}) (w,x)) > Ka,p > 0.

—

(w.OEKn (wx)eky (VO V) [IL2 [[(Vw, VX) |12

Furthermore, Theorem A.4 guarantees that r,j is bounded away from zero as h — 0.

Step 3. We have shown that for sufficiently small h, h < hgy say, DFp(y) is an isomorphism.
This also means that for every h < hg, DF}p,(y) satisfies the inf-sup conditions

(DFn(¥) Yn, #n) (DFn(Y) Yn, 2n)

inf  sup > Ky and inf  sup > Kh,

Un€Vno znevno  Unllvllznlly wEVnoynevno  IYnllyllznlly

with kp > 0. Theorem 1.1 in [18] shows a way of bounding the inf-sup constant xj, in terms
of the inf-sup constants x,p for agy and kyy for by: let f € Vi, and let y, € Yy satisfy
(DFn(Y)-yn, zn) = (f,2n) for all z,, € Yp 0. Then, Theorem 1.1 in [18] implies

lynlly < IDFa@ I fllyg , < M (Ko sop)l S|

* .
Yh,o0

The constant M (kg p, kb p) is bounded uniformly in h since kg and &y, are bounded away

from zero. Thus,

fszn DFn()Yn, zn
lynlly < M(Kqps kbp) sup f: 2n) = M(Kap, Kbp) SUp (DF3 () -Yn, 2n)
o 2]y aeo Ny
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We deduce that kp > M (Kqp, mb,h)*l and hence kj is bounded away from zero.

Since DJF}, satisfies the discrete equivalent of the Holder condition (2.20), it follows by
Lemma A.2 that there exists a neighbourhood Bs(y) C ), where 6 > 0 is chosen sufficiently
small, such that, for h < hg and y € Bs(y), DFp(y) is an isomorphism and such that the
norm of DFy(y)~! is uniformly bounded. This implies (2.36). O

2.3.2 Existence and Convergence

The following convergence theorem constitutes the main result of this section. The proof
uses ideas commonly used in the finite element literature on nonlinear problems; see for
example [19] and [41].

Theorem 2.10. Let @ be a minimizer of (2.7) that satisfies (2.22). Let ¢ € HY(Q) and
i € R be, respectively, the associated electrostatic potential and Lagrange multiplier. Then,
there exist hg € (0,1],6 > 0 such that, for all h < hg, the discretized problem (2.34) has a
unique solution i = (Un, Gp, fin) € Yh.p in the neighbourhood Bs(y) C Y. Furthermore, there

exists a constant C such that
@ — tpllgs + ||6 — énl| g + |2 — 2| < Ch.

Proof. The proof is divided into four steps.
Step 1. We begin by showing that for an approximation IIyy € Y, p of § = (4, &, i), we have

1Fr(g)ly; , < Cih

for sufficiently small h where C is independent of h.
Let up, ¢, € S, be the Ritz projections of @ and ¢, respectively, i.e., the solutions of the

equations
(Vup, Vo) = (Va, Vo) Yo € Spo and  (Vep, V) = (Vo, Vo) Yo € Spy,

with boundary conditions
UnloQ = Uex,hy,  Phlog = Gexh-
In other words, Apuy, = Atls, , and Apgp, = A$’Sh,0' We define 1,5 = (up, ¢p, ). Standard
convergence theory for the Poisson equation, @, ¢ € H?(f2), and the approximation property
(2.31) of Zj, then yield
17 = xylly < Ch.

Using the fact that F(7)|y, , = 0 and F3,(I1xy) = F(I149)]y, , we proceed as follows:

1FR (ML) vz o = [[F TG 310 = F(@)lvs ] o< IF(ny) = F(g)l

Yh, Yo
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From the local Lipschitz continuity (2.21) of F we deduce that

[FaMa)lly; , < Clly — aglly < Cih.

Step 2. In Proposition 2.9 we have shown that there is an open neighbourhood Bj(y) C Y
and ho € (0,1] such that DF(y) : Yno — Vi o is an isomorphism for all y € Bs(y), h < hg
and ||DF,(y) || < M, uniformly for y € Bs(j). Moreover, we observe that DF}, satisfies a
Hélder continuity property similar to (2.20): there is Ly s and ar € (0,1) such that

IDFn(y1) = DFu(y2)lly; y < Lyos(lyr = v2ll37 + llyr —g2lly) - Vy1,42 € Bs().

Step 8. Fuxistence and local uniqueness of a solution. We want to show that there exists a
locally unique solution of Fj,(yn) = 0. The idea is to construct a contractive mapping whose

fixed point is the desired solution y;. To this end, we rewrite this equation as

Fr(yn) — Frn(yo) = —Fulvo),

and choose yg = Iy so that the right-hand side is “small”. Linearization leads to

1
DFp(yo)(yn — yo0) = —Fn(vo) —/0 (DFn(yo + t(yn—v0)) — DFn(yo))dt (yn—1o).

We recall that DFy,(yo) is an isomorphism if h is sufficiently small. Let us assume in what
follows that h is small enough such that ||y — yo|ly < 6/2. Then, for R < §/2, we define the
map N : Br(yo) = Vh,p by

1

DFn(y0) N (y) — o) = —Fnlyo) — /0 (DF(yo + ty—90)) — DFa(y0))dt (4 — yo)-

We will show that A is a contraction from Bpg(yo) into Bgr(yo) if R is chosen sufficiently
small.

First, we prove that A’ maps Bg(yo) to Br(yo) for sufficiently small R. For each y €
Br(yo) we have, with ap € (0,1), that

1
MHIN () = yolly < [1Fn(yo)lly: + R/O | DFn(yo +t(y — yo)) — DFn(yo)|| dt
< Cy(h+ RLy5(R + R*F)),

where we have used the stability property (2.36). To ensure that N(y) € Bgr(yo), we need
to bound Cy(h + RLys(R + R°F)) by R/M. If R and h are sufficiently small, this obviously
holds. It is also clear that R can be chosen independently of h.
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Next, we show that A is a contraction on Br(yo). If n1,m2 € Br(7), then

DFp(yo)(N(m) — N(n2)) = Fr(n2) — Fuln) + DFn(yo) (1 — n2)

1
= /0 [DFn(yo) = DFn(m +t(n2 —m))] (m — 1ne) dt.

Thus, |N(m) — N(n2)|ly can be estimated as follows:

1
MTHN () = N(m2)lly < /0 | DFi(yo) = DFp (1 + t(2—m)) || dt [l —nzlly
< LR+ R) - |m = n2lly-
For sufficiently small R we obtain L(R+ R*F)M < 1 and hence N is a contraction on Br(yo).
We can now use Banach’s Fixed Point Theorem [124, Th. 1.A] to obtain the existence

and uniqueness of a fixed point g of the map N : Br(yo) — Br(yo). This fixed point g, is a
solution of Fj(y) = 0. For sufficiently small h this solution is in the neighbourhood Bar(%):

19 = 9nlly < 19— hylly + 0y — gally < Ch + R.

Step 4. Finally, convergence can be obtained by a minor modification of the above argument.
If we let R = Crh and Cr > MCy we can repeat the previous steps and deduce ||II,5—yn|ly <
Crh. This shows

15— Gnlly < Ch+ Crh,

which concludes the proof. a

Proposition 2.11. Under the same assumptions as in Theorem 2.10 and for sufficiently
small h, the discrete solution uy € Ay is a uniform minimizer of the discretized functional

(2.32) over Ay .

Proof. We define the two Lagrangians £ : H!(Q) x R — R, respectively, £;, : S, x R — R
through
L(u,p) = E(u) + pc(u)  and  Ly(up, pn) = Ep(un) + pac(up).

Since @ is a uniform minimizer, we have D2, L(@, i)-[v,v] > v ||Vo|Z2 for all v € ker De(a).

Given vy, € ker Dc(up,) NSy, we carry out the following rearrangements:

Dgu‘ch(ﬂh’ p’h) ’ [’Uh, /Uh] = Dﬁu[’(ﬂu 7) ’ [Ua U] + (Dgu‘ch(ﬂh’ ﬂh) - DZU,C(’(L, ﬂ)) ’ [Uha Uh]
+ 2D12¢u[’(ﬂa /1) ’ [U, Uh — U] (238)
)

+ Diu‘c(a7 [ '[vh — U, — U]
for arbitrary v € ker De(a).
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Next, we prove that every v, € ker De(ay,) NSy o can be approximated by v € ker De(a) C
H(2) since || — ip g < Crh. Let o = (—=Ag)~tu € HY(Q2) and define

(V% V’Uh)
e 2 F
IVelliz

Vhp —

It follows immediately that (v, @) = 0, i.e., v € ker De(w). A quick calculation using (up, vp) =
0 leads to ||V (v —wp)||p2 < Ch||Vupl|p.:

[(Vo, Vup)| (@, vp)] — [(@ — tp, o)

V(v —op)ll2 = = =
o Vel Vel Vel
o INCATE
<Cla- VORI o o s
= ||u UhHL2 HVQOHL2 = H UhHL2

where ||[Vell;2 > 0 has been absorbed in the generic constant C. Here, we have used the

Cauchy-Schwarz inequality and Poincaré’s inequality |jvp|lz < C||Vop|l2 for vy, € Spp.

With this choice of v we see that the first term on the right-hand side of (2.38) satisfies

Based on this result we can easily derive |[Vovl|; 2 > (1 — Ch) |Vup]| 2.

D2, L(a, i)-[v,0] > 7(1 — Ch) |[Vo][?2.

Since D2L(w, ji) is bounded, the third and fourth term on the right-hand side of (2.38) can
be bounded by Ch vahHiQ. The remaining term has the form

(D2, Ly (n, fin) — D2, L (0, 1)) - [on, vp] = (D*X (@) — D*X () - [vp, va)]
+(D?®(w) — D*®p(1in)) - [vn, o]+ (7w — ) | on || -

The part involving the nonlinear local functional X can obviously be bounded by C(h +
heF) |Vup|72; see (2.12). Using the expression for D>® presented in Lemma 2.4 and its

discrete analogue, as well as the convergence of ¢, to ¢, we see that also
|(D2® (1) — D*®y,(an)) [vh, va)| < CR||Vup|f2 -

Finally, since |, — | < Ch we get |in — fi ||’Uh||iz <Ch vah”iz by Poincaré’s inequality.

Summarising, we have established that
D2 Ly (tin, fin) - [vnsva) > 3 |[Vopllf2 Vop € ker De(ap) N S,

for sufficiently small h. From Theorem 5.6 [89] we deduce that @y, is a uniform minimizer of
E}, subject to c¢(up) = 0. O

Remark 2.12. Looking at the proof of Theorem 2.10 we see that the convergence rate is

determined by || F (I159) ||y, o, which in turn depends on the approximation error || —II,y||y.
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If @, ¢ have higher regularity, say @, ¢ € HP*1(Q), and S, has the approximation property
inf,, es, [|u — vpllg < ChP|ulgp+r for all u € HPTL(Q), then the proof yields

15 = gnlly < CRP.

The Holder continuity of F” in the proof only affects the size of the neighbourhood in which

N is contractive. (m|

Remark 2.13. The analysis outlined above works without modifications if the energy func-
tional E from (2.4) is extended by a term [, V(z)u?(z) dz , where V € L4(2), ¢ > max(d/2, 1),

is an external potential. The term is obviously well-defined for « € H'(2): by Holder’s in-

equality
2 2
/QV(OC)UQ(OU) d | < Vg [[e? (e < CIVIIa lullae < 1V e el
where we have used that the dual index ¢ = qf—l satisfies 2¢' = ffql < dQ_—dQ and hence

lull;2¢ < C|lullf by the Sobolev Imbedding Theorem. The introduction of this term does
not destroy the boundedness and coercivity of E from below on A,, (see proof of existence of

a minimizer in Theorem 2.5). As shown in the proof of Lemma 1 in [21] we get
2 2-3 3
IVl liEar > =€ VIl lullgz ™ ulh

Since ||uf;2 = N on A, and 3/q < 2, this term is still dominated by |lul?: and hence
coercivity of the energy functional is sustained.

In many practical applications a term of the form fQ Vu? dz is used to represent a pseudo-
potential. In our case, V would be the difference between the Coulomb potential of p,, and the
actual pseudo-potential. A pseudo-potential Vs replaces the Coulomb potential Viyue(x) =
App, * |z| 71 of the nuclei in the nucleus electron interaction term: [, Viue(z)u?(z) dz . So,

we would get
E,, + E.. + / Vps wldx = E,p + Eee + / Viwe v2 dz + / (Vos — Vnuc)u2 dz
Q Q Q
~ ®(u) + / (Vos — Vime)u? dz .
Q

The electrostatic potential Ve can be easily computed as the sum of potentials of spherically
symmetric charge distributions Z;po(- — R;), see for example [53] for more details in a finite

element context. O

We point out that the analysis described above carries over to the case when numerical
integration of sufficiently high order is used. This will be shown in Chapter 3.
Before turning to an analysis of the TFDW functional with periodic boundary conditions,

we highlight the main differences of our approach to similar works in the literature. As in [62]
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an important step for our analysis was the introduction of the electrostatic potential ¢ as an
explicit degree of freedom. This made the functional amenable to a finite element analysis.
In [33,127] as well as in [22] (where a Fourier basis is used) the authors retain the electrostatic
terms in their original form with convolution integrals.

The convergence proof above relies critically on the fact that DF(y) is an isomorphism.
For this to be satisfied, we assume that @ is a uniform minimizer of the functional E on
A.,,. Because of this assumption we can admit fairly general functions F' in the functional E.
In [22] the authors work with a smaller class of (convex) functions F' but derive the necessary
stability conditions by hand. In [33] the nonlinear function is fairly general but the authors
do not obtain convergence rates.

In Section 2.5 we present a detailed analysis of convergence rates for the energy, the

Lagrange multiplier and the L2-errors of @, and ¢y. Similar results are given in [21,22].

2.4 The Functional on a Periodic Domain

Many DFT based simulations in quantum chemistry or materials science utilize periodic
boundary conditions because of the efficiency of Fourier mode based spectral methods [67,
75,76,120]. For calculations of electronic structure on unit cells this is the right setting.
However, also molecules are often simulated on periodic domains. On choosing the domain
Q) sufficiently large, it is assumed that a molecule does not interact with the mirror images
introduced by the periodicity.

Let Q = (0,Lq)? € R? now be a hypercube of edge length Lo > 0. Then, Q is also
a unit cell of the lattice £L = LqZ? We define the reciprocal lattice of £ by £* = %Zd.
The following analysis could be done for any Q = B-(0,1)¢ where B € R?*? is an invertible
transformation matrix but the formulas would be more involved.

For j € Ny we introduce the periodic Sobolev space H;E(Q) [24, Section A.11]:

H;E(Q) ={vjg: ve H (RY), vis L-periodic}.

loc
Let the functions wy for k € R? be defined as
wk(m) — |Q|71/Qeik:-:v.

Then, the family {wy, : k € £L*} forms an orthonormal basis of L2(Q): every u € L2(Q2) can

uniquely be written in the form

U= E ugwy ~ where u = (wk, u).
keLl*

If the function u is real-valued, the Fourier coefficients satisfy u_j = Gy, for all k € £*. This

39



gives rise to an equivalent definition of the periodic Sobolev spaces:

H,(Q) = {u =) Tpwr Y (L4 kY [r]® < oo, U =1 Vk € c*}.
keLl* keLl*

In the present section we analyze a periodic version of the minimization problem (2.7). The

density functional Ey takes the form

B (u) = ;\/Q|Vudx +/QF(U) dz + Dy (u). (2.39)

In the periodic case the charge density p, belongs to C;ﬁf (Q): it is the charge density produced
by an Q-periodic extension of the configuration R to R%. In order for the periodic model or,
more specifically, the Coulomb energy to be physically sensible the net charge of the system
has to be zero: [, (u* — p,)dz = 0. The Coulomb energy is the given by [80]

Py (u) = ;/Q/Q(uQ(:L‘) — pn(2))Gy(z — 2) (u2(z) — pn(2)) dz dz
=5 [ @@ = pula)) o

where

o) = /Q (u3(2) — pn(2)) G5 — 2) s

is the periodic electrostatic potential. Here, Gy € L2(Q2) denotes the periodic Coulomb
potential defined by
1

in the sense of distributions and [, Gx dz = 0. Here ¢ denotes the Dirac distribution. G is
only defined up to an additive constant and it satisfies Gy (x) — |ng\ — const. for z — 0 [81].
The most natural choice of G is [80,81]

A7 -2 ik-x
G#(x):@ D [k

keL*
k#£0

On introducing the space of mean-value-free periodic Sobolev functions

Hyo(@) = {0 € () [ odo =0}

it follows in analogy to the Dirichlet case that we can write ®4 as the minimum of the

u-dependent functional ¥(u,-) over Hi# 0(9):

1
P =— inf U(u,¢)=— inf —|Vo|? — (u® — pp)od
#(u) ¢€H1£’O(m (u, @) ¢e1{1§0(9) [ /Q o [VOI = (u” = pn)d do
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The periodic minimization problem takes the form

in E 2.40
L By(u), (2.40)

where the set of admissible periodic Sobolev functions is defined as
Ay = {u € Hy(Q) : [[ullf2 = na}.

Just as in Theorem 2.5 we can show that the functional Fx has a minimizer in A, 4 if F
satisfies (2.9), (2.10), and
eit’ +ap < F(t) < cot? + ag (2.41)

for all £ € R where a1,a2 € R, ¢1,c0 > 0 and 3 < qp < 6 if d = 3 or any qp if d < 3. In order
to ensure H?-regularity of @ we will, however, assume that gr = 4 if d = 3; see the discussion
at the end of Section 2.2.3.
We will now outline the convergence analysis for two different discretizations of the mini-
mization problem that are again based on the optimality system. Since the analysis follows
essentially the same lines as in the case of Dirichlet boundary conditions, we will only highlight
the steps that need modification.

Let @ be a minimizer with corresponding electrostatic potential ¢ and Lagrange multiplier

fi. Set Ly (u, ) = Ey(u) + pe(u) and assume that u satisfies the uniformity condition
D2, Ly(,1) [0,0] = v [ol% Vo € ker De(a), (2.42)

with v > 0, or, more explicitly

ANV, Vo) + ((F" (@) 4+ 2¢ + p)v,v) + 16m(av, (—Ay o) 'av) > v [ o]|7 - (2.43)
Let 4 = (@, ¢, i) and define

Vo =HL(Q) x Hy ((Q) x R,
The first order optimality conditions of (2.40) can again be written in the (local) form
AV, Vo) + (F'(w),v) + 2(¢t,v) + i(a,v) =0 Vo € Hy(Q),

Vo, V) = (@ = pa,¥)) =0 Vb € Hy (), (2.44)

V(/u2dx—nel>20 Vv € R.
2 \a

As in the Dirichlet case, we will abbreviate this nonlinear system of equations as

1
o

Fyu(y) =0 €Yy,
where F is a nonlinear operator from Vu to y;;.
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Since @ is a uniform minimizer, DF4(y) is an isomorphism from Vg to V. Proving this
works exactly as in the Dirichlet case. We observe that the derivative DFy has saddle-point
structure where ay and by have the same form as in Section 2.2.4. The inf-sup condition for

by follows easily

b- uvd
inf u g((va@b)a’/)Q — = inf u I;fﬂuv T —
V2R (s gyttt wiry, o [/] (0l + IVOIE) 2 veR (erxirs , 7] (Tollf + [VOIE2)Y
(@, (—A +id) ')
~ (u, (A +id), a)/?

=: Krp > 0.

The invertibility of ay on ker by = {(v,¢) € H#(Q) X H#O(Q) v € ker De(u) } follows exactly
as in the proof of Proposition 2.7.

For the discretization we consider two cases: periodic finite elements and the more classical
Fourier basis. Periodic finite elements seem like a rather unconventional tool but have been
used in the context of DFT in [112].

2.4.1 Discretization with Periodic Finite Elements

Before proving convergence of a finite element discretization of the periodic problem (2.44)

we need to specify some properties of the meshes involved.

2.4.1.1 Mesh Regularity

Let (Th)ne(o,1] be a family of nested periodic triangulations of Q = (0, Lq)? in the sense that
for every Tj, the (d — 1)-dimensional meshes on opposite surfaces of  are identical (vertices
and edges are identical). The most natural uniform tetrahedral meshes satisfy this property.
For every element T' € 7T;, we define the set P,(T") of polynomials of degree smaller or
equal to p over T'. We consider a family of conforming finite element spaces (Sp,)o<n<1 of p-th
order over the triangulations (7 )ne(0,1): every up € Sy, satisfies up|r € P (T) for all elements
T € Ty and uy € C°(Q). From this it follows that S, C HY(2) for all A € (0,1]; see, for
example, [17, Chapter 4].
Let T C R? be the respective reference element. For every element T € T, there exists an
affine mapping
Fr:T—T, T xz=Fp3)=BrZ+zr, (2.45)

where By € R% is the transformation matrix and z7 € R? is a reference point for T, e.g., a
vertex. For every function f defined on T € 7}, we denote by fthe corresponding function
on the reference element: f(z) = f(Fr(z)) for all 7 € T.

In the previous sections we merely assumed that S, had the approximation property
(2.30). In the remainder of this thesis we also need some geometrical properties of the meshes

(Tn) he(0,1] over which the spaces Sy, are defined. Let hr be the diameter of the element 7' € 7y,
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and pr the diameter of the largest ball fitting inside T'. For every 7}, the mesh size h € (0, 1]
satisfies

h > max hp.
TeTh

We assume in the following that the family of triangulations (7p)ne(0,1] is quasi-uniform [17,
Definition 4.4.13.]: there exists o > 0 such that for all h € (0, 1]

in pr > oh. 2.46
min pr > o (2.46)

This implies (see [37, Section 3.1]) the existence of ¢, C' > 0 such that for all 7' € 7, and all
h € (0,1]

|Br|| < Ch, ||BFY| <Ch™Y, ch® <det By <Ch?, ch® <|T| < Ch (2.47)

We will frequently use the transformation properties [37, Theorem 3.1.2]

Blypmac) < ClIBrl [ det Brl ™ lolymair Yo € W™(T),

2.48
[olwmary < C|Bz || det Br|Yjo Vo € WT(T), (245)

wa()

for all T € Tp,.

2.4.1.2 Existence and Convergence

In the case of Dirichlet boundary conditions we know that @, ¢ € H2(Q2). We could in
general not obtain higher regularity because of possible corner singularities. This situation
changes in the case of periodicity. From F € C%°F(R) and u, ¢ € Hi(Q) it follows that
F'(a), up, u* € H%(Q) (see [52, Section 4.2.2]) and hence by elliptic regularity u, ¢ € Hi(ﬂ),
which in turn implies Vi, V¢ € L;’;(Q; R?). This argument can be iterated as many times as
the differentiability of F' allows. Let j € N, j > 3. If F' € C?(I) for an open interval [; such
that @(Q)) C I then @, ¢ € H;Zrl(ﬂ).

Let p € N and Sp, be a finite element space of p-th order over 7; and introduce the

following discretization spaces of periodic finite elements
Sh, = Sn N HL(Q), Sh,#,0 = S N HY o(9). (2.49)

If 7, : HP*1(Q) — S}, is the nodal interpolation operator, then we have Zu € Sh,4 for all
u € H%H(Q). Furthermore, under condition (2.46)

lu = Zhullgs < CRPlulgers  Yu € HEFH(Q),
see [17, Chapter 4]. From this we immediately infer the approximation property

inf [lu—vlg < ChPlulgens  Vu e HEH(Q).
VESH, 4
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The Galerkin discretization of (2.44) is given by

A(Vﬂh, Vo) + (F’(ﬂh),’u) + 2((]3hﬂh,ﬂ) + pp(tp,v) =0 Yo e Sh’#,

1 _
1= (Vo V) = (@, = pa ) =0 Y9 € Spyo, (2.50)

V(/u%d:c—nd):O Vv e R.
2 \Ja

yh’# = Sh# X Sh’#p x R

On introducing the space

this translates into the nonlinear equation

(Fr#Un);m) =0 Vn € Vnu,

where Fp, 4 : Vpu — Yy “ and gy, = (p, n, fin) € Yh,# is the sought-after solution.

Theorem 2.14. Let i € A, 4 be a minimizer of (2.40) that satisfies the uniformity condition
(2.42). Let ¢ € H;%(Q) and i € R be, respectively, the associated electrostatic potential and
Lagrange multiplier. If p € {1,2}, or p > 3 and F € CP(Iy), there exist hg € (0,1],6 > 0
such that the discretized problem (2.50) has a unique solution i, = (un, dp, fin) € Y4 in the
neighbourhood Bs(y) N\ Yy 4 for all h < hg. Furthermore, there exists a constant C such that

@ — anllg + || — Ol + |8 — il < CHP.

Proof. As explained above, it follows from the assumed smoothness properties of F' that
u, ¢ € H;:rl(ﬂ). The existence and convergence analysis can then proceed as in the Dirichlet
case. Having established that DFj, 4(y) : Yy — y;; is an isomorphism, the same proof as
for Proposition 2.9 implies that DFj, 4(y) : Yh4 — YV}, 4 is an isomorphism for every y in a
neighbourhood Bs(j) C Yy and DFj, 4 (y)~! is uniformly bounded in y and h. The necessary
version of Schatz’ argument is discussed in Section A.2.2 in the Appendix. Note that because
of ¢ € H;’O(Q) there are now two linear constraints on the space V.

The actual proof of convergence from Theorem 2.10 is sufficiently generic and transfers

without modifications. O

A straightforward generalization of Proposition 2.11 implies that for sufficiently small h the
discrete solution #y, is a uniform minimizer of the discrete energy Ej, 4, which is canonically
given by

A .
Eh,#(uh) = 5 /Q ]Vuh] dx —|—/QF(uh) dox — d)helélhf#o \I/(uh,gbh). (2.51)
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2.4.2 Discretization with Fourier Basis

Let N € N and define the index set
27y .
Ky=<¢—:j€{=N,...,N};.
L
We consider the following one-dimensional approximation space of Fourier modes’

SE\II)I { akw,gl) : ﬁ_k:ﬁk Vk‘EKN},
keKn

where w,(gl)(x) = Lg_)l/Qei’”, for all z € (0, L), k € Ky. From this one-dimensional space we

derive the approximation spaces

Sv=5y ®...0s{ c HL(Q)
~—_——
d times

and
SN,O = {u € Sy : / udx = 0} C H;I#,O'
Q

The projection operator Ily : H;#(Q) — Sy is defined as follows: for u = >, . Upwy €
H%(Q) set
HNu: Z ﬂkwk.
keKg,

We have the following classical approximation property (see [25] or [24, Section 5.8.1])
Tnu — ullgr < Cr s N™ " |luflus Vu € H(Q),

for all r,s € Z such that s > r. The choice of basis functions implies the following set of

interpolation nodes
Lq

T 2N+ 1
Furthermore, we define the standard interpolation operator Zy : Hi(Q) — Sy by (Znu)(z) =

Xy {0,...,2N}4,

u(z) for all nodes € X . The operator Zy has the approximation property
|Znu — ullpr < Cr s N lullus Yu € Hi (), (2.52)

forall s € N, s > 2 and r € Ny, 0 < r < s, see [25, Section 3] or [24, Section 5.8.1].

'From a computational point of view it is advantageous to work with a space of even dimension since the
Fast Fourier Transform is fastest for powers of 2. For simplicity of notation we work with an odd dimension
but the procedure works without modification in the even case.
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The Galerkin discretization of (2.44) utilizing the Fourier basis Sy is evident: find gy =
(un, N, fin) € YN = SN X Sn,o x R such that

AN Vay, Vo) + (F,(ﬂN), v) + Q(gENUN, v) + an(an,v) =0 Yo € Sy,
- (Vén, Vi) — (i — pu, ) =0 ¥ € S, (2.53)

V(/ﬁ?vdx—nd):() Vv e R,
2 \Ua

Theorem 2.15. Let 4 be a minimizer of (2.40) that satisfies (2.42). Let ¢ € H%E(Q) and
i € R be, respectively, the associated electrostatic potential and Lagrange multiplier. Let
p=2,0orp>3and F € CP(I;). Then, there exist Ny € N,§ > 0 such that the discretized
problem (2.53) has a unique solution jn = (tn, dn, in) in the neighbourhood Bs(§) N Y for

or Fn(yn) =0, where Fy : Yn — Vi

all N > Ny. Furthermore, there exists a constant C such that
1@ — Nl + || — on ] + B — v < CNP.

Proof. The structure of the proof is clear. The crucial step involving the Schatz’ argument
carries over to the context of a Fourier basis; see the discussion in Section A.2.2 in the

Appendix. a

2.5 Optimal Convergence Rates

In this section we investigate convergence rates for the energy Ej,(uy,), the Lagrange multiplier
fip, and the L2-errors of @y, ¢5, more closely. We will find that under certain conditions the
convergence order can be improved compared with the O(h) in the Dirichlet and the O(hP),
respectively, O(N~P) in the periodic case, which we proved above. The energy F and the
Lagrange multiplier p, which can be interpreted as a chemical potential (1 = DyFE) are
important quantities for practitioners.

The main tool in the analysis of convergence rates will be duality ideas as described
for example in the monograph of Bangerth & Rannacher [6]. Although they apply these
techniques in the construction of a posteriori error estimators, a priori convergence orders
can be derived equally well. In unconstrained optimization problems it is evident that under
some smoothness assumptions the energy converges at twice the rate as the minimizer. This
is a direct consequence of the fact that the gradient of the objective function vanishes in a
minimizer. In the present case, we have to cope with the constraint ¢(u) = 0 and the fact
that the nonlocal Coulomb energy & is approximated by ®,. Both issues are efficiently dealt
with in the duality setting. We will also use a generalization of the “Aubin—Nitsche trick” [16,
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Lemma I1.7.6] to prove that the convergence rate for the L2-errors is higher than for the H-
errors. Moreover, we will see that under certain conditions the Lagrange multiplier converges
significantly faster than we saw in Theorem 2.10, which is a well-studied phenomenon in the
discretization of linear eigenvalue problems, see for example [3].

The factors governing the convergence rates in the present case are the Holder continuity of
the second derivative of E (respectively F') and the regularity of certain dual problems on 2. In
order to highlight the relationships between differentiability of F and regularity of the elliptic
dual problems on the one side and convergence orders on the other side, we will distinguish
different cases here. We shall begin with the case of periodic boundary conditions and a finite
element discretization. This case allows for a clean and complete analysis. Then, we will
address the case of Dirichlet conditions, where the regularity of certain elliptic problems will
play a role.

Throughout this chapter, we assume that the family (7) he(o,1] of triangulations is quasi-

uniform as discussed in Section 2.4.1.1.

2.5.1 Periodic Boundary Conditions

We first show that the convergence rate of the discrete minimum energy Ej, 4(up) is twice

the rate of uy, respectively, 7.

Proposition 2.16. Let § = (u, ¢, i) € Y4 be a solution of the continuous periodic problem
(2.44) and gy, = (up, b, fn) € Yh 4 the corresponding solution to the discrete periodic problem
(2.50). Then,

| By (@) = Epp(@n)| < Cllg = 53
Proof. We begin by defining the following Lagrangian functional L 4 : Y — R :

Loply) =5 [ [Vuds + [ Fu)dr = ¥(u.0)+ pe(w).

where y = (u, ¢, ) € Yg. This definition implies Lg 4 (y) = Ex(u) and Lg 4(yn) = En 4 (un)
since c(u) = ¢(up) = 0. The optimality conditions (2.44) read

DL 4y =0 in V.

In other words 3 = (u, ¢, fi) is a stationary point of Lp 4 (asaddle point to be more precise).

Taylor’s Theorem [124, Theorem 4.A] with remainder term now gives

|Ey(0)—Ep(un)| = |Le4(Y) — Lo 0n)l
<|DLE4@) @ —9n)| + SID*La s W) T — Tnl3
=D*Le 4wl 17— Gnl3
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where y; € conv{y,y,} C Y such that ||y — y;|ly < |7 — Gy O

We stress that the convergence of the energy is not affected by the continuity properties of
D2E#, or more precisely, F'. The second derivative of E4 only enters the constant multiplying

|7 — gnll3 in the form of ||D2Lp 4(y;)||, which is bounded uniformly in h.

Next we take a look at optimal convergence rates of @, and ¢, in the L?-norm. Here,
the Holder continuity of the energy functional E, respectively, the nonlinear operator Fy is

reflected in the additional exponent of h.

Proposition 2.17. Let § = (u, ¢, ji) € Y4 be a solution of the continuous periodic problem
(2.44) with u,¢ € H;H(Q) and gn, = (Un, dn, in) € Y4 the corresponding solution to the
discrete periodic problem (2.50) satisfying ||y — ynlly < ChP. Then, there exists C > 0 such
that

@ = anlle + (|6 = énll 2 < C(RPH 4 RY07r),

if ap < 1. If ap = 1, that is DFy, u is locally Lipschitz continuous, hP/0=2r) can be replaced
with hPTL,

Proof. The idea for this proof is to introduce a dual variable zZ € Y4 [6, Ch. 6] that solves

an equation containing information on the error under consideration: w — @y, respectively,

® — ¢y, in this case.

Step 1. The dual solution. Let f,, fs € L*(Q) and f be an element of Yy, defined through
(fry) = (u fu) + (&, f) Yy =(u,0,p) € V.

We then define the Lagrangian functional L4 : Yy x YVu — R by

Ly (y,2) = ([y) = (Fx(y), 2) - (2.54)

L4 is continuously Fréchet differentiable with first partial derivatives given by:

(DyLy(y,2),m) = (fim) — (DFp(y)n,z) formn € Vg,
<DZ£#(y7 Z)?C) = <‘F#(y)a§> for ¢ € y#

The derivative DyLy is Holder continuous with degree ap in a similar sense as DF; see
(2.20). We already know that for all z € Yy

Let us now look at the derivative of L4 with respect to y. Since DFy(y) : Yy — Y, satisfies
the inf-sup conditions (2.29), the same inf-sup conditions hold for the adjoint DF4(y)* :
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Yy — y;, which consequently is also an isomorphism. Hence, there exists a unique dual

solution z € Yx to the equation
(fim) = (DFx(y)n,2) =0 Vne Vy, (2.55)

with [|z]]y < C’Hny;. We have thus constructed z € Yy such that (y,2) € Yy x Yy is a
stationary point of Ly:

DyLy(y,2) =0 and D,Ly(y,z)=0.

Step 2. Existence and convergence of the discrete dual solution. Next, we look at the restric-
tion of L4 to the finite-dimensional space Yy 4 x Vp, ». Using identical reasoning as in the
proof that DF,(yp) is an isomorphism in Proposition 2.9, we can show the existence of a

unique discrete dual solution z;, € Vj, » to

(fsnm) — (DFng(Gn)-nn,2n) =0 Viu € Vn g (2.56)

This also implies that (7p, z,) is a stationary point of L4|y, ,x¥, .. Moreover, we get con-

vergence of zj to z:
12 = Znlly < C (A + (17 = gull 5" + 17 = Fnlly) - (2.57)

This can be seen as follows. DJF}, 4 () satisfies two inf-sup conditions, see Proposition 2.9.

For any (j, € YV » we then have:

(DFn,4(Tn) 1n: Ch — Zn)

knl|Ch — Znlly < sup

T]hEyhy# th”y
< swp (DFn4(Gn)-nn,Cn — 2) v oswp ((DFn4(gn) — DFu(y))-nns 2)
T nEVn g 70l ThEVh. 4 701l
(2.58)
v sup (DF4(y)-nn,z) — (DFn 4 (Gn) n: Zn)
T]hEyhy# thHy

The third term on the right-hand side vanishes because of the definitions of Z and Z;,. Applying
the continuity property of DFx and DFj, 4 we get

knllCh = Znlly < 1DFnp @) Gk — 2lly + Clizlly (17 = 7all5" + 17 = Znlly) -

With the triangle inequality ||z — Zx||y < ||Z — Cully + ||Ch — Z1||y we then obtain:

_ [ DFn @)l . _ _ o o
12— znlly < (1+# inf [|¢h = Zlly + Cllzly (17 — anll 5" + 117 — Fnlly)
Kh Ch€Vn,#

| D Fn,(gn)| _ _ o
< 0h<1 + ’jj(” T Cllzly (17— FlSF + 17 — gnlly)
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Here, we have used that z € H2(Q) x H?(2) x R by elliptic regularity and the approximation
property of ), ». Thus, we obtain (2.57). Note, that the regularity of Z is limited by the
smoothness of the right-hand sides f,, f, € L?(Q2) as well as the Hélder continuous part
involving F".

Step 3. Taylor expansion of the Lagrangian. From the definition of L4 it directly follows that

(f,9 = 9n) = Ly(¥,2) — Lyp(Un Zn)- (2.59)
Then using Taylor’s theorem we get
(f.7 =) < (DyLp(9,2), 5 — Gn)| + [(D:Lt(§.2): 2 = 20)| + Rivap - (2.60)

The remainder term Ry, » from the Taylor expansion satisfies (see Lemma A.1)
Ritaph < CllY = inllyllz — zully

1
+ /0 Dy L (5 + t(Gn = 5), 2) = DyLyp (5, 2)|| dt |5 — Gnlly (2.61)

< 0 (Ilg = lvllz = 2ully + 17 = a3 + g — 13

where we have used the Holder continuity property of DLy, respectively, DF4. Note that
Dgzﬁ# = 0 since the second component only enters L4 linearly.
Since (¥, Z) is a stationary point of L4 and (i —uy,), (d— ) € H%&(Q), the terms involving

first derivatives in (2.60) vanish leaving us with

(£, =G| < Clg = Gnlly (h+ 117 = Full3" + 117 = Gnlly) -
Choosing the right-hand side
(@ — Un, @ — P, 0)
(12— anllfs + 116 = dallZ)**

f= L% x L3 xR

(with Hny;; < 1) proves
@ —tnll2 + |6 — dnllz < Cllg — Gnlly (R + 117 — ullS" + 117 — Tnlly) -

If pap > 1, we already get ||u — up||r2 < Ch||y — yn|ly and the proof is complete. If par < 1,
we note that
% — Tnllz + 1|@ — Pnllz < CHRPUFOR),

Step 4. Iterating the argument. Assume par < 1. Having shown the increased convergence

order for the L2-errors, we can now go through the above steps again. Using the improved

continuity property (2.11) of the term involving F” and ||@ — |2 < ChPU+F) as shown in
the previous step we get for the second term on the right-hand side of (2.58):

DFp, 4(gn) — DFx(Y)) -1, 2

sup (DFh,4(9n) #())1n, 2)

< Cllzlly(llw — anlli5 + 19 — gnlly
MhEVn,# 17|y ( L2 )

< Ollzlly (BP*r 0+ g — gally).
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This implies with (2.58) as in Step 2 that
12— Zully < C(h +mPr0Her) 4 i — gy y).

Next we note that the bound (2.61) on the remainder term can be refined in the following
way
Ritapn < Cl7 = nlly (12 = Znlly + @ — anllis + 17 — gally) ,

Inserting the convergence result for z, and ||[a — up||r2 < ChP(+2r) in this equation yields
1@ — @l < C|F — Gally (b + BPFO+E) 4|l — g |ly) < C(RPF! 4 pPOFartai)),

If p(ap + ap?) > 1, the proof now is complete. If p(ap + a%) < 1, we can go through Step 4
again, obtaining ||z — 2|y < C(h + hpO‘F(1+O‘F+O‘2F)) and hence also

| — |2 < C(h+ hp(l“!‘OéF‘f‘a%:"FOé%))'
Iterating this argument yields ||@ — @y |2 < ChP(h + h**F/0-2r) as stated. o

The Holder exponent in the original TEFDW model (1.5) is ap = 2/3. Even if p = 1 the
previous result shows that the L2-errors converge at the rate O(h?) in this case. The same is

true for all ap > %

2.5.1.1 Convergence in Holder Spaces

In this short but rather technical section we provide some results that will be useful for the
further study of convergence rates and also for the analysis of the discretization (3.1) of the
TFDW functional with numerical integration. The main goal is a (suboptimal) convergence
result for @, and ¢, with respect to Holder norms.

Let us introduce the family of Holder spaces C77(Q2): for j € Ny and 0 < v < 1 we define

I (Q) = {u e /() : [ullcina) < oo},
with the norm
||uHCm(Q) = HuHCj(m + ’u|Cjw(Q)’

where the seminorm |u|qj~(q) is given by

Pu(z) — V7P
|u|cing) = max sup [VZu(z) — V7u(y)|

peNd o yeq |z —y|7
1Bl1=i e#y

A consequence of the definition of the Holder norms and the assumed quasi-uniformity of the
mesh family (75)ne(0,1) is the existence of a constant C' > 0, independent of h and T' € Ty,
such that

|U|CM(T) < Chj*”lﬂ\cm@)

R e (2.62)
|U|Cm(f) < Ch™ 7|U|CM(T)
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for all w € C97(T).

We point out that for this part it is not necessary to differentiate between the Dirichlet
and the periodic case. Hence, we will throughout assume that @, ¢ € HPT!(Q). The finite
element space Sy is always assumed to be of order p such that the discrete solutions up and
¢, satisfy [|a — G|l + || — ¢nlar < ORP.

First we show an approximation result for the interpolation operator 7, with respect to

Holder norms on individual elements.

Lemma 2.18. Let j > 1 and 0 <y <2 — g. There exists C > 0 such that

—d/2

2—vy—d/2 2—
e = Tnulli-raery < Chi Pl iy < OR3P ulgio oy,

for alluw € WHY(Q), T € T;, and h € (0,1].

Proof. Proposition A.12 implies the existence of C' > 0 such that on the reference element

~

T:
8= Tl 1oy <l V0 € D).

Transforming from T to the reference element, using fhE = 74 and the previous equation,

and transforming back to T' we get with (2.62)

— 1=y~ 7
lu = Znullgi-1o(ry < Chy”™ o = Zull gy, (7
< Ch;J+1_”|ﬂ\H]~+1(f)

< Chy ™7 (det Br) ™| Brl* ful i ),

where we have used the transformation rule (2.48) in the last step. Since chd < det By < Ché.
and || Br|| < Chy, the result now easily follows:

2—~—d/2 2—~—d/2
lu — Tnullcirery < Cha "™ Plulpser iy = Ch " ulpi -
O

The next step is to prove an inverse inequality between a Holder norm and a classical Sobolev

norm over the finite element space Sy,.

Lemma 2.19. Let 0 < vy < 1. Then, we have the inverse inequality
lvnllciory < CR™ > Juplleery < Ch™277 o |12 (),

for all vy, € Sy,.
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Proof. The proof is similar to [17, Lemma 4.5.3]. As usual we transform back to the
reference element, use equivalence of norms over the finite dimensional polynomial space on

T and transform back:

”UhHCm(T) < Ch‘j‘”H@thm@)
< Ch_j_wH@\hHLz(fﬂ)
< Ch™7(det Br) ™2 ||vp |l

< ChT 2y |2y,

where we have used condition (2.47) on Brp. O

Now we show that the Galerkin solutions uy,, ¢y, also converge to their continuous counterparts
with respect to certain Holder norms. We mention at this point that the convergence rates
stated in the lemma are certainly not optimal. They are, however, sufficient for our purposes.
A detailed study of L*°-error estimates for the present problem is beyond the scope of this

thesis.

Lemma 2.20. Let § = (4, ¢,j1) € Y4 be a solution of the continuous periodic problem
(2.44) with u,¢ € H;:rl(ﬂ) and §n, = (tn, dn, in) € Y4 the corresponding solution to the
discrete periodic problem (2.50) satisfying ||g — gnlly < ChP. For every v > 0 such that
v < min(1 + o — %,2 - %) there exists a constant Cy > 0 independent of T € Tp, and h
such that

o - = 14-Rer _d_ g d_
= nllcrrnry + 16 = dnllcoraqry < € (n 17087277 427277,
In particular there exists Coy > 0 independent of T' € Ty, and h such that
an]lco-14() + Onllco—r(ry < Cs.
Proof. The proof is similar to an argument in [16, I1.§7]. Lemma 2.18 implies
% — Tyl co-10(ry < CR*2 7 |1 ggp.
The approximation properties of Z; and the convergence result of Proposition 2.17 lead to

p
lan — Tuiilye < an — @l z + 1@ — Zall < C(hPH +hT=aF ).

d
Using the inverse inequality [[vallce—1.(1) < Ch™PT7277 |y |2 for vy, € S from Lemma
2.19 we then observe that

d__ _
1% — tn | o107y < 1| — Tntillgo-10(ry + CRTPT7277 |1y, — Tyt o

d Par _d_ d
< Ch* 27|t g1 + C(h”l—ap 277 4 h2—2—W)_
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The result for ¢ follows in the same way. O

This result also implies that |7 and ¢,|r are Holder continuous with degree o, for all

a, <min(1+ £ — 42— 9),

uniformly in T € T, and h: there exists C' > 0 such that

@]l co.ou 1y + |00l co.on (ry < C

for all T € Tp, and all sufficiently small h.

2.5.1.2 Convergence Order of the Lagrange Multiplier

Equipped with the L°°-bounds just obtained we can now improve on some convergence rates
if we assume higher differentiability of F' on the set of function values of w. In the original
TFDW model, for example, F € C*°(R\{0}). Hence, if @ > 0, the singularity of F" in zero
has no consequences on convergence rates as soon as @ — « uniformly as h — 0. The next
result constitutes an improved version of Proposition 2.17 given F' is three-times differentiable
on I;. Note that the condition 1 + f’_O‘Ti — %l > 0 is satisfied for all ap > 0 if d = 2 and for
allap>%ifd:3.

Proposition 2.21. Let § = (4, ¢, i) € Y4 be a solution of the continuous periodic problem
(2.44) with u,¢ € HI;LI(Q) and gn, = (Un, dn, in) € Y4 the corresponding solution to the
discrete periodic problem (2.50) satisfying ||j — ynlly < ChP. Let F € C3(I3) and assume
14 P2E — g > 0. Then, the L?-errors of @y, and ¢y, satisfy

l—aF

1a = anllz + |6 = @], < ChPH,

for sufficiently small mesh size h.

Proof. Under the given conditions Lemma 2.20 implies that for sufficiently small mesh size

h we get uy(Q2) C Iz. Looking at the proof of Proposition 2.17, we can now even show that
|z — znlly < C(h+ ||y — ynlly) instead of (2.57) since DFj, 4 (containing F") is Lipschitz

continuous on the convex hull of {7, 7,}. A Taylor expansion similar to (2.60) gives

|<f7g_ gh>| S R2,h7

where

Rop < Cllg = Gnlly (17 — Gnlly + 12 = Znlly) < CRPH!.
The above choice of f concludes the proof. a
Finally, we turn to the convergence rate of the Lagrange multiplier u;, in the periodic setting.

Since neither regularity of the elliptic systems, nor Holder continuity of the derivative DJFyx

pose problems anymore, we get the optimal convergence rate 2p for fiy,.
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Proposition 2.22. Let §j = (ﬁ,qg, i) € Yy be a solution of the continuous periodic problem
(2.44) with u,¢ € H;;H(Q) and g, = (an, dn, fin) € Y4 the corresponding solution to the
discrete periodic problem (2.50) satisfying |7 — ynlly < ChP. Let p € {1,2} and F € C3(I),

orp >3 and F € CPTY(I;). Moreover, let 1 + o — 2> 0. Then,

v — jin| < CR*P

for sufficiently small h.

Proof. The proof is only a minor modification of Proposition 2.17. This time we choose
f=1(0,0,1) € L(©2) x L*(2) x R in the definition of £ from (2.54). This means that the

first two components of the dual equation

(DFy(y)n,2) = (f,n)
for Z = (24, 24, Z,) € Y represent linear elliptic equations with smooth right-hand sides:

~AAZ, = — (F"(a) + 2¢ + i) 2, + 2UZg — 2,1,
( ) ¢ iz (2.63)

Note that in the case of the L2-errors the right-hand side of the dual equation contained finite
element functions (@ — @y, and ¢ — ¢y,), which restricted the regularity of the arising elliptic
equations.

Using 4, @, Zu, Zp € H*(Q) C L™ and the assumed differentiability of F” on the function
values of @, we can deduce that the right-hand sides in (2.63) belong to H*(Q) (see product
and chain rules for Sobolev functions in [52, Section 4.2.2]). Since we are considering periodic
boundary conditions, this implies Z,,z, € H3(£2). Iterating this argument, we deduce that
Zu, Zp € HPTL(QY), which in turn yields

inf — zZlly < ChP.
R
Together with (2.58) this leads to

”Z — Zh”y < ChP.
This time the Taylor expansion gives

i — fin| = |(f, 5 — Gn)| < Rop < C|lg — gnll* + Cllg — Gnlll|Z — znl| < Ch?,

which is what we wanted to prove. (m|
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2.5.2 Dirichlet Boundary Conditions

We will now look at the case of Dirichlet boundary conditions. Throughout this Section 2.5.2

we set p = 1, since we can only expect @, ¢ € H2(Q).

Proposition 2.23. Let § = (4,¢,11) € Y and g, = (Un, én, fin) € Vn be the solutions of
the continuous problem (2.18) and the discrete problem (2.34), respectively. Assume that
Uex,h = Lhlex; Pex,h = InPex and tex and ey are in H2(T) for all affine parts T of O2. Then,

|E(ﬂ) — Eh(ﬂh)’ < Ch?.

Proof. As in the proof of Proposition 2.16 we deduce that 7 = (1, ¢, i) is a stationary point
of ,CE : yD —R:

Loly) = /2\/Q|Vu2dx —I—/QF(u) dz — W(u, 6) + peu).

This means that (D, Lg(¥),v) = 0 and (DyLg(y),v) = 0 for all v € H{(Q). The next step
is the application of Taylor’s theorem. Since ¢(a) = ¢(@y) = 0, we only have to expand with
respect to u and ¢. Since @ — Uy, € (Uex — Uex,n) + H{(Q) and ¢ — ¢p, € (Gex — Bexpn) + HY()

we now get

|E(w) — E(an)| =|Le(y) — Le(Fh)|
< (DuLE(Y), tex — ueX,h>| + |<D¢£E(?j)a Pex — ¢ex,h>|
+ 51D L) 1T — Gnll3,
where y; € conv{y,yn} C Y such that |y — y;|ly < Ch. Here, D,Lg(y) and DyLE(y) are

interpreted as elements of H!(Q)*. In the case of homogeneous Dirichlet boundary conditions
we in fact have (4 — ), (¢ — ¢p) € HA(£2), and hence

<Du£E(g)7 uex_uex,h> = <D¢>£E(g)7 ¢ex_¢ex,h> =0

by the optimality system (2.18).

Now assume that uex|gn 7# 0 or ¢ex|oq # 0. For a thorough study of the effect of boundary
data approximation on the L2-errors in the case of the Poisson equation see [7], in particular
Section 7. Since u, ¢ € H3(R), we have

—AAT+ F'(0) +2¢u + pu =0 € L*(Q), —Ad— (7 — p,) =0 € L*(Q).
Hence, integration by parts yields

(DuLE(Y), 0 — ap) = /

o0

(i — an)onids, (Dylr(5),d— dn) = / (& — Bn)ondds.

o0
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Using the Cauchy-Schwarz inequality and the continuity of the trace operator H'(Q) —
L2(09), we get
(DuLp(®), w—ap)| < |t —tnllL2o0)l0ntllizo0) < 15— anllizoo)llalbzg)-

Since % was assumed H? regular on flat parts of 02, we have the interpolation estimate

1@ — tn|r2 90y < Ch?||ullnza0) and thus
(DuLE(y),u—up)| < Ch®.
The same is true for [(DgLE(Y), d — én)|. O

Finally, we look at the L2-errors and the Lagrange multiplier error.

Proposition 2.24. Under the conditions of Proposition 2.23 the L2-errors of up and éh and
the error | — fip| satisfy the following:
1@ — tplli2 + ||@ — dnl . < C (B + RYO—m),
i — fin| < C(h* 4 nY0-er),

where ap s the Holder exponent of DF.

Proof. The proof works exactly as in Proposition 2.17 up to the equation (2.60):

[0 — an)| < [(DyL(5,2),5 — in)| + [(D2L(Y, 2), 2 = Zn)| + Rivap.h

where Z € V0 is the dual solution. The second term |(D.L(y, %), % — Z3)| on the right-hand
side vanishes because z, Zj, € )y. The term ‘(Dyﬁ(gj, Z),y — gh)] again contains an error from
the approximation of the boundary conditions. This error can be dealt with as in the proof of
Proposition 2.23. The choice of the linear functional f in the Lagrange functional this time

is

o (a_ﬁh7$_$h71)
f= 2 a2 Yz
(e = anlz + 16 = énllfz + 1)
The iteration process from Proposition 2.17 can be carried out in this case, too. a

Lemma 2.25. Let j = (i, ¢,ji) € Vg be a solution of the continuous problem (2.18) and

Y = (Un, Gn, fin) € Y4 the corresponding solution to the discrete problem (2.34) satisfying

1 d )

d .
Tmap — 2027 5) there exists a constant

|7 — gnlly < Ch. For every v > 0 such that v < min(
C > 0 independent of T € Ty, and h such that

o 1 d_ d_
1 — @nllcorery + 16 — Grllcon(ry < c(hlw RIS »y).
In particular there exists Cy > 0 independent of T € Ty, and h such that

ltnllcon 1y < Cy, [énllcon(ry < Cy.
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Proof. The proof works exactly as outlined in Section 2.5.1.1 for the periodic case. O

Remark 2.26. This result also implies that ay,|r and éth are Holder continuous with degree
o, for all
o, <min(%— — 4,2 4) (2.64)

—ap

uniformly in T € T, and h: there exists C' > 0 such that

[anlco.eu () + |0l co0u(ry < C

for all T € T, and all sufficiently small h.
If -2 > % and F € C3(I), the previous result implies that @, (Q) C I for sufficiently

l—ap

small h. Going through the proofs again as in the periodic case implies that the exponent

1
l—ap

in Proposition 2.24 can be replaced with 2. O

2.6 Dependence on Nucleus Coordinates

Having studied the Thomas—Fermi-Dirac-von Weizsacker functional for fixed nucleus coordi-
nates, we now look at the dependence of the minimization problem (2.7) on the nucleus coor-
dinates. Our perspective will be that the electronic density functional generates an n,i-body
potential V' for the nuclei. The physics behind this is that the nucleus-nucleus interaction is
the sum of electrostatic repulsion and an attractive interaction mediated by electrons. Some
theoretical results in the case of the Thomas—Fermi functional are available in [8,10]. Rigorous
stability analysis for different quantum mechanical models is carried out in [27-30].

We first study continuity and differentiability properties of the many-body potential that
is generated by the density functional with Dirichlet boundary conditions. Then, we address
its approximability by the Galerkin discretized functional. The generalization of these ideas
to a periodic domain is straightforward since there are no boundary conditions that need to
be approximated.

Let the potential V' : 2™t — R be defined by

V(R) = uiengu E(u, R), (2.65)

where E(-, R) is the energy functional (2.4) and A, the admissible set (2.3). Note that we

have reintroduced the dependence of E on the nuclear coordinates in our notation.

2.6.1 Analysis of the Potential

In the following we will analyze the potential V' with regard to continuity and differentiability
properties. Using very little structure of the density functional we first show that V is

continuous.
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Lemma 2.27. The potential V : Q™ — R defined in (2.65) is upper semicontinuous.

Proof. For every fixed u € A,, the functional FE is continuously partially differentiable with

respect to R with the derivative
DrE(u,R) = Dr®(u, R) = —/ ¢(x)Drpp(z, R)dx, (2.66)
Q

where ¢ is the electrostatic potential corresponding to u, which satisfies —A¢ = 47 (u? — p,),
®loa = Pex- This can be proved using ideas from Lemma 2.4 and the fact that the function
pn : Rt — 1.2(Q), R+ p,(-, R) is differentiable. In particular, E(u,-) is continuous for
every fixed v € A,. From that it directly follows that V is upper semicontinuous. To show
this, let R € Q"¢ and (R;)ieny C Q2™ be a sequence converging to R. Furthermore, let
u € arginfyea, E(v, R) and u; € arginf,ca, E(v, R;) for all i € N. Then,

V(R;) = E(u;, R;) < E(u, Ry).
Taking the lim-sup over i and recalling the continuity of E(u,-) for fixed u, we see that

limsup V(R;) < V(R),
€N

i.e., V is upper semicontinuous. O

Lemma 2.28. The potential V is locally Lipschitz continuous on ™.

Proof. Let K C Q™ be a closed set. Then, V is bounded above on K, say V(R) < Mg
for all R € K, since V is upper semicontinuous by Lemma 2.27 and upper semicontinuous

functions are bounded above on compact sets. Denote by
Uk ={u: inf E(v,R), Re K
k={u:ucarg nf (v,R), Re K}

the set of all u that are minimizers of E(-, R) for an R € K. Since V is bounded in K, we
have F(u, R) < Ck for all u € Ug and all R € K with some Cx > 0. The coercivity of E for
fixed R and the Sobolev Imbedding Theorem then imply the existence of Cx > 0 such that

sup |lulljr < Ck, and hence  sup Hu2HL2 = sup |[ul[f+ < C sup |jullfn < CCk.
ueUgk eUgk ueUgk ueUgk

The norm ||p(-, R)||{2 can be bounded uniformly in R € K. We can deduce that the set of
all solutions ¢ € HY(Q) to —A¢ = 47w (u? — pp(-, R)), dloa = dex, for u € Ux and R € K
is bounded in H'(2) and consequently L2(2). To see this, we use the decomposition ¢ =
4 (=D0) " H(u? = pu(-, R)) + € with € € ¢ex + HS(Q) from (2.15). Then,
Il < [147(=20) 7 (u® = pu(, B)lr + [1€]lm
< C||[u* = pu(-, R)|| 2 + Cldex)
< C(llulls + on (-, B)2) + C(dex) < C.

99



This leads to the uniform boundedness of DrE(u, R):
|DrE(u,R)| < C for all u € Ugx and R € K.

We deduce that for u € Uk, E(u,-) is Lipschitz continuous in K with a Lipschitz constant

L that is uniform in u € Ug:
’E(U,Rl) — E(u, Rg)’ < LK|R1 — RQ’ Vu € Ug.

This observation can now be used to prove that V is Lipschitz continuous on K. For the
following calculation it is convenient to use the O-notation. Let Ri,Rs € K and u; €
argmingea, E(u, R;), i = 1,2, which means V(R;) = E(u;, R;). Then,

V(Rl) = E(ul,Rl) < E(’LLQ,Rl) = E(UQ,RQ) + O(|R1 — R2|)
< E(ul,RQ) + O(|R1 — R2|) = E(ul,Rl) + O(|R1 — R2|)
V(R1) + O(|R1 — Ral),

from which we conclude that |V (R1) — V(R2)| = O(|R1 — Ra|). Summarizing, we have shown
that V is locally Lipschitz continuous on 27t. a

It is worth pointing out that the continuity of F with respect to v was not used in the previous
proofs.

We will now show that under certain circumstances V is locally differentiable. As we will
see in the proof, what can prevent V from being differentiable is a sudden jump of the global
minimizer(s) of E(-, R). If E(-, R) were convex, this would be impossible. For the following
result we assume that there are no multiple global minimizers apart from @ and —u. The
function values in possible local minima of E(-, R) are bounded away from E(u,R). From

now on we will not distinguish between u and —u.

Proposition 2.29. Assume that for R € Q" @ € argmingea, F(u, R) is a uniform mini-
mizer, i.e., (2.22) holds with a Lagrange multiplier fi. Furthermore, assume that @ and —u

are the only global minimizers in the following sense: there exist € > 0 and § > 0 such that
E(u,R) > E(u, R) +6 VYu € A,\(B:(1) U Bo(—)). (2.67)
Then, V is differentiable in a neighbourhood B;(R) of R and the derivative is given by

DV(R) = DrE(ug, R) = —/Qqﬁ(a:)Dan(x, R)dx (2.68)

for all R € B-(R), where ug € A, is a global minimizer of E(-, R).
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Proof. Step 1. We define the functional £ : A, x R x 2™t — R by
L(u, p, R) = E(u, R) 4+ pc(u).

Then, the necessary optimality conditions (2.18) of first order in @ read

D(u,u)ﬁ(ﬂa H, R) = 0.
Since @ is a uniform minimizer, we know that D2, L(4, ji, R) defines a coercive bilinear form
on {v € H{(Q) : (v,u) = 0}:
D2, L(t, i, R)-[v,0] > 5 ||[Vol7.  for all v € HY(Q) with (v,7) = 0.

Since u # 0, it follows again from the main theorem on saddle point problems [18, Th. 1.1]

that D(Qu e H)E(ﬂ, fi, R) is an isomorphism from H{(€2) x R to H71(Q2) x R. Applying the

implicit function theorem [124, Th. 4.B] to D, )L, we deduce that there are continuously

differentiable functions u : Q™ — A, and p : Q"¢ — R defined on a neighbourhood B., (R)
of R such that u(R) = u, u(R) = ji, and

Dy L(uw(R), u(R),R) =0 for R € B.,(R). (2.69)
The idea now is to show that u(R) is the global minimizer of E(-, R) if R is sufficiently close

to R, in other words V(R) = E(u(R),R). To this end, we will use sufficient optimality

conditions.

Step 2. Let Ry € Q"¢ be sufficiently close to R in a sense to be made more precise. We will
first show that u(Rp) is a local minimizer of E(-, Ry). Define ug = u(Rp) and po = p(Rp).
From the continuity of D2, £ we deduce that

HD?W/:(Q_L, u, R) — Diuﬁ(uo, 1o, Ro) H < ’)/R/4 (2.70)

provided |Ro — R| is sufficiently small. Let V and Vj denote the tangent spaces corresponding

to the constraint c in @, respectively, ug:

V={veHyQ): [Voll. =1, (v,a)=0},

Vo={veH)Q): Vol =1, (v,u0) = 0}.
Elements of V) can be approximated by elements of V in the following sense: there exists a
constant C(up) such that

ing |V (vg — w)l|2 < Cuo) V(@ —ug)|ly2 for all vg € Vp. (2.71)
we

This can be shown with similar methods as used in the proof of Lemma A.7. Now, let vg € V4.

We can make the following rearrangements

D3, L(Ro)-[vo,v0] = (D3, L(Ro) — Dz, L(R))-[vo, vo]
+ D2, L(R)-[6+ vy — 0,0 + vy — 0]
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with © € V, where we have compressed the arguments of £ in an obvious way. The first term
on the right-hand side is small by (2.70). Using (2.71) we get for the second term

D2, L(R)-[0+ vy — 0,0 +vg — 0] = D2,L(R)-[0,9] + O(||V(uo — @)||2),
where © was chosen appropriately. Hence, we can deduce that for sufficiently small |R — Ry
D2, L(ug, po, Ro)-[vo, vo] > /2 ||Vv[[f2 Voo € V.

Then, Theorem 5.6 in [89] about sufficient optimality conditions guarantees that ug = u(Rp)
is a uniform local minimizer of E(-, Ry), for all Ry with |Ry — R| sufficiently small. Moreover,
looking at the proof of the theorem in more detail, we observe that there exist 8 > 0 and

g9 > 0 such that
E(v, Ro) > E(ug, Ro) + B ||V(uo — v)[|f2 Vv € Bey(up) N Ay, (2.72)

for all Ry with sufficiently small |Ry — R|. For R we can combine this with condition (2.67)
to obtain

E(v,R) > E(u, R) + min(8, 8| V(7 — v)[}2) Yo € Ay, (2.73)
where ¢ > 0 is sufficiently small.
Step 3. We still need to show that u(R) is in fact the global minimizer of E(-, R) if |R — R|

is sufficiently small. Let Ry € Q™ and ug € arginf,ca, E(-, Rp). From the local Lipschitz

continuity of V' we know that
E(uo, Ro) = V(Ro) = V(R) + O(|Ry — R|) = E(a, R) + O(|Ro — R|).
On the other hand we have
E(ug, Ry) = E(uo, R) + O(|Ro — RJ),

which implies E(ug, R) — E(u, R) as Ry — R. Note that the constants entering O(|Rg — R|)
are locally bounded in Ry as shown in Lemma 2.28.

From (2.73) we now deduce that ug — 4 as Ry — R. However, it was obtained above that
u(Rp) is a uniform local minimizer of E(-, Ry) and, using (2.72), we deduce that ug = u(Rp)

for sufficiently small |Ry — R|. Summarizing, we get

if |R — R| is sufficiently small, say R € B, (R).

Step 4. The potential V is differentiable in B(R) since E and u(R) are. We interpret
the derivative Dru(R) as a vector of dn, functions in H}(Q): Dgu(R) € H}(Q,R™at). To

calculate the derivative DV in R we note that

E(u(R), R) = E(u(R), R) + p(R)c(u(R)) = L(u(R), p(R), R) =: L(R),
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because c(u(R)) = 0. From (2.69) we know for sufficiently small distance |R — Ro| that
Dy L(u(R), w(R),R) =0 € H}(Q) and D, L(u(R), u(R), R) = 0. Therefore
DV(R) = DL(R)
= DL(u(R), p(R), R) - [Dru(R) Drp(R) 1]"
= DrL(u(R), W(R), R)
= DrE(u(R), R),

(
(

which is what we wanted to prove. (m|

Remark 2.30. In the previous result we saw that if it exists, the derivative of V' equals the
partial derivative of E with respect to R. This is in fact a version of the Hellman—Feynman
theorem from quantum mechanics, see [55, Chapter 3]. Since an energy minimum of E(-, R)

is calculated, the variation of E with respect to u vanishes. (m|

Under higher differentiability assumptions on F' the proof above can be extended to show

that the second derivative of V is given by
DV(R) = [ O(R)Dhpn(s R ds + [ Dpo(R)® Dupnlws o, (274)
Q Q

The derivative Dry(R) = [Dru(R), Dré(R), DR,u(R)]T can be calculated using the Implicit
Function Theorem [124, Theorem 4.B]. Informally, by differentiating F(y(R), R) = 0 we arrive
at

DyF(y(R), R)Dry(R) = —DrF(y(R), R). (2.75)

The derivative Dgy(R) is a linear operator in Lin(R%t, })), which we will identify with
ygnat.
In direct analogy with the potential V' from (2.65) we can define the discretized potential
Vi s Q% — R by
Vi(R) = inf Ej(u,R).

UEAu,h
All of the results we have obtained for V hold for V4 in the same form. The following result
shows that the sufficient condition (2.67) for the differentiability of V in a point R implies an

analogous condition for V}, given that h is sufficiently small.

Proposition 2.31. Let R € Q"¢ and assume that u € H?(Q) is a uniform, unique global

minimizer of E(-, R) that satisfies the condition (2.67). Then, for sufficiently small h there
exists a uniform minimizer iy, € Ay, of Ex(-, R) with ||t — tp|| < Ch. Moreover, iy, is the

unique global minimizer of Ej(-, R) and
En(u,R) > Ep(un, R) + 64 Vu € Ayp\(Be, () U Bey (=) (2.76)

for sufficiently small h, where e4 > 0 and dg > 0 are independent of h.
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Proof. Throughout the proof we will suppress the argument R in E and Ej. The existence
and uniformity of @, were already proved in Theorem 2.10 and Proposition 2.11. The goal
of this proof is to show a discrete analogue of (2.73), which will imply that @, is the unique
global minimizer in the sense of (2.76).

Let uj € Ay . Then by (2.73)

E(up) = E(uj, = Uex,h + Uex) — O(h)
> E(a) +min(8)|a — uj |5 — O(h),8) — O(h)

) 9 _ (2.77)
> Eyp(up) — O(h*) + min BHuh uZHHl — O(h),d) — O(h)
> Ep(up) — O(h )—l—mln(ﬁHuh—u}:HZHI,S/Q)
for sufficiently small h. On the other hand we have
* * 1 * * *
B = Baui)] < 5 [ |)? = pul |6 = 03] o (2.78)

where ¢* satisfies —Ag¢* = 47r((u;§)2 - pn), ®*|aa = dex and ¢} satisfies —Apdy = 477((u;;)2 -
pn), ?}loq = Pex,n- It follows that

&% — %[l < Ch(llupllfs + lonllte) 4+ Clldex —
< Ch(||up |z + llpnllLz) + Ch. (2.79)

Since Ej, is coercive, |u} | is bounded for all u} € Sj, such that, say, Ep(u}) < E(a) + 0.
This holds uniformly in h. Combining this with (2.77), (2.78), and (2.79) we obtain

En(uh) > En(@n) — O(h) + min(B|an — uj|[f1,6/2) Vi € Aup,

which implies (2.76) for sufficiently small d4. (m

2.6.2 Convergence of Minimizing Configurations

In this section we will look at the approximability of minimizers of V' by minimizers of V3. In
order to avoid some technical difficulties we will restrict the analysis to the periodic setting.
In a Dirichlet setting, for example, the translation symmetry of V is lost, which leads to
complications. We will prove that if V has a minimizer R € Q"¢ then V}, has a minimizer
Ry € Qmat with |R — Ry| < ChP. Most of the techniques are very similar to the ones used
previously, so we will keep the presentation rather tight. Since we need second derivatives of
V, we assume for simplicity that F € C™in(3:p) (R).

We will from now on read every R € Q" as a vector from R%%t with the n,; first components
of the nucleus positions first, then the second components and so forth:
T
R=[Riy...Ry1Ri2 ... Ruy2...Ruy dl
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Because of the periodic nature of the problem, the potential V' has a translation symmetry,
which can be written as
DV(R)-E; =0 VYie{l,...,d},

where E; € Rt j ¢ {1,...,d} is the vector with ones in all i-components and zeros

elsewhere. Because of this symmetry we will look for minimizers of V' in the space

Nat
R = {R €Q™ ) Rji=m; Vie {1,...,d}}
j=1

of configurations whose center of mass is the center m = (my,...,mg) of Q. We denote by

Nat
Ro = {RGR"‘“ Y Rji=0 Vie {1,...,d}}

j=1
the tangential space of R,,. The affine constraints on R € R,, can also be written more
compactly as AR = m, where A € R%*d4nat is an appropriate matrix of full rank containing
only ones and zeros:
Ef
A= |
E§
Theorem 2.32. Let R € R,,. Moreover, let (2.67) be satisfied and R € R, be a uniform
minimizer of V : R,, — R. Then, for sufficiently small h there exists a uniform minimizer
Ry € Ry of Viu|r,, such that

|R — Ry| < CRP.

Proof. Since very similar arguments were given above, we only sketch the proof. If R € R,
is a uniform minimizer of V, then it satisfies DV(R) = 0, which we can rewrite as the
saddle-point problem
DV(R) + ATs =0, } _
AR =m
with the Lagrange multiplier 5 = 0 € R? for the linear constraint. Note that A has full rank.
Moreover, the uniformity condition reads D*V(R)-[H, H] > ~|H|? for all H € Rg, where
v > 0.
The goal is now to show the existence of a minimizer R, € R, of Vi|r,, that approximates
R. This discrete minimizer will satisfy the optimality system
DVi(Ry) + ATs, =0,

AR, o } Gn(Rn, 5n) =0,

with an appropriate Lagrange multiplier 5, € R?. The discretized potential V}, is not neces-
sarily translation symmetric due to the discreteness of the underlying computational mesh.

Hence, we expect that 55 # 0 but small.
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The procedure of the existence and convergence proof is clear. We begin by observing
that |Gy (R, 5)| < ChP. Indeed,

|DVi(R) + ATs| = | DV, (R)| = |[DVi(R) — DV(R)| < Ch®
and |AR| = 0. Moreover, by the form (2.74) of D2V we have
D*V(R) — D*Vi(R)| < [|@(R) — én(R)|| 2 | DRpal )| 2
+ || Dro(R) — Dron(R) ||z || Pron(- R)|| 12 -

From the equation (2.75) and its discrete counterpart we can derive that

| Dry(R) = Dryn(R) || yin,, < CHP.

This follows by an argument very similar to the convergence proof for the dual variables z,

Zp, in Proposition 2.17. Hence, we deduce that
|D*V(R) — D*Vi,(R)| < ChP,

which, with a finite dimensional version of Theorem 1.1 in [18] on saddle-point problems,
implies that the matrix
= D?*V,,(R) AT
Dgh(R, S) = |: A 0
is invertible for sufficiently small h and in fact in an open neighbourhood of R. A proof along
the lines of the existence proof in Theorem 2.10 then shows the existence of a minimizer

Ry, € R of Vj, such that |R — Ry,| < ChP. m]

This concludes our analysis of the discretization of the TFDW functional assuming exactly
computed integrals. In the following chapter we investigate effects of numerical integration

and interpolation to obtain practically relevant convergence results.
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Chapter 3

Discretization of the Density
Functional with Quadrature

In the previous chapter we analyzed discretizations of the TFDW functional that were of
rather theoretical nature in that all integrals involved were assumed to be computed exactly.
In the present chapter we remove this assumption and look at discretizations that take into
account numerical integration in the finite element case, respectively, interpolation in the
Fourier case. After showing existence and convergence of a solution for this discretization we

study optimal convergence rates. The chapter closes with some numerical examples.

If we use approximations for the integrals in the discretized system (2.34) that can not easily

be computed exactly, we obtain a system of the form

AV, Vo) + Q[ F'(@n)v] + 204 [¢ntinv] + unQultinw] =0 Yo € Sy,
(V6. 99) ~ Q@ —p)0] =0 VeSig,  (31)

g(gh[ﬁ%] —nel) =0 YWweR

for yn = (un, dn, fin) € Yu,p, where Up|oq = Uex,n and ¢plog = dex,n. Here, Qp[-] represents
a quadrature rule that operates on each element 1" € 7} independently. The precise form of

Qp, will be given below. We write (3.1) as
Fin(@in, &, fin) = 0, (32)

with the nonlinear map .7?;1 : Vo = Vi o

For uy, € S;, we define the discrete energy with quadrature in the following way:

Bu(un) = 5 [ Vsl dz -+ Qu[Fun)] + B (un) (33
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The Coulomb energy ® has the familiar form

® - — inf W
n(up) ¢he¢:fh+sh,o n(Uns n)

1/\V¢>h\2dx Q[ — pa)én] |-
Q

inf [
ShEdex,n+Sn,0 | 8T

Similarly as in the continuous and the Galerkin case we get ®(up) = \Tf(uh,qb;i) where ¢}

solves the variational problem: find ¢, € Sy such that
(Von, Vo) = 47rQh[(u% - pn)vn] Yy, € Sp 0,
Phlon = Pex,h-
The constraint functional ¢ is approximated by ¢, : S, — R,

() = %(Qh[uz} ~na). (3.4)

It follows as in the Galerkin case that (3.1) is the optimality condition for the minimization
problem

mll’l{Eh(U) DU € Uex,p + Sh,Oa Eh(U) = O}

Analogous approximations of integrals in the periodic finite element discretization (2.44)

lead to the equation

Fnae(@n) =0, where Fjp: Vysp — Vh s+ (3.5)

The periodic energy with quadrature takes the form

B (up) = ;\/Q’VUMQ dz + Q[ F(un)] + @4 (un), (3.6)
where
& p(up) = — ¢h€i§1}’£#,0 U, (un, én)
_ %6135#9 [8177 /Q|V¢>h|2dx — Qn[(u} — pn)on] |-

Since some of the following considerations will be quite technical, we give a brief overview of
the essential steps. The strategy for the existence and convergence proof of the discretization
(3.1) is in fact a purely discrete analogue of the previous chapter. From the existence of the
Galerkin solution gy, € Y, p to Fp(7n) = 0 we will deduce the existence of a solution g, € Vi, p
to fh(ﬂh) = 0. The main difference is that we now have to deal with an approximation JEh of
the nonlinear operator Fj, (variational crimes) while the space )}, p both operators are defined
on is the same. In the Galerkin case in Chapter 2 the operators F, Fj were essentially of the

same form but defined on different spaces ()}, p approximated YVp).
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There are again three main steps involved: 1. showing that the Galerkin solution ¥ is
an approximate solution of (3.2), that is, || F5(s)|| — 0 as b — 0; 2. ensuring that DFy is
stable in a sufficiently large neighbourhood of g; 3. applying the Inverse Function Theorem
to deduce the existence of g, such that F,(J5) = 0 and |7 — | < ChP.

3.1 Quadrature Rules

Let O : C° (?) — R be a quadrature rule on the reference element T. We will assume that O

has the form
o~ nQ =,
Q6] =Y w,d(@,) forve CT),
v=1

where {wy,} (1, no) are the weights and {7, },ef1,.. no} the nodes of the quadrature rule.

The weights satisfy
ng
>_wn =Tl
v=1
and we will assume that w, > 0 for all v € {1,...,ng}, since negative weights can, for

example, lead to negative integral approximations for strictly positive integrands.

From @ we can now easily derive quadrature rules Qp : C° (T) — R for all T € Tp, by

ng
Qr[v] = det By Q[vo Fr| = det By Zwyv(x,(jT)).
v=1
The nodes xl(,T) = Fr(z,), v € {1,...,ng}, on T are obtained from the reference nodes via

the mapping Frp : T — T defined in (2.45). For convenience, we will assume that the Qp are
all derived from the same quadrature rule @

The quadrature operator Qj, : C%(Q) — R for functions defined in the whole of § is now
constructed by applying the quadrature rules Q7 on every element T' € T;,. Let v € C°(Q),
then

ng
/vdx ~ Qplv] = Z Or[v] = Z det BTZw,,v(x,(jT)).
Q TET, TeTh v=1

Let us define error functionals on an element T of T and on 2 by:
erlg) = [ ade —Qrla).  elgl= [ gdr — Qulg]. (37)
for any g € C°(2). On the reference element we define for g € C° (?)

2[9) = /fgdx ~ 34 (3.8)

A collection of useful results regarding quadrature errors can be found in Section A.3 in the

Appendix.
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3.2 Existence and Convergence of Numerical Solutions

The goal of this section is to prove existence and convergence of solutions to the systems (3.1)
and (3.5). The proofs rely mainly on the careful analysis of quadrature errors. For these, it
is not essential to distinguish between the Dirichlet and the periodic case. We will state all
results for both cases but the proofs will frequently be kept generic. Differences between the
two cases will be pointed out when necessary. We will use the following standard assumptions,
which will not be stated every time:

Dirichlet case (indicated by (D)): @ € A, is a uniform minimizer of (2.7). ¥ = (u, ¢, i) €
YVp is the corresponding solution to (2.18) and g5 = (p, ¢n, fin) € Vu.p is the respective
solution to (2.34) such that ||§ — gn|ly < Ch. Moreover, we assume —1aF > 4 such that the

1
C%(£2)-convergence result Lemma 2.25 holds. The reference quadrature rule Q is exact for all

polynomials in Py (7).

Periodic case (indicated by (P)): 4 € A, 4 is a uniform minimizer of (2.40). § = (4, ¢, i) €
Yy is the corresponding solution to (2.44) with u, ¢ € Hg:l (Q). gn € Yn 4 is the corresponding
discrete solution to (2.50) satisfying || — ||y < ChP. Moreover, we assume F' € CPT1([;) for
an open interval Iy such that @(Q) C I. The quadrature rule Q is exact for all polynomials
Pap 1 (T).

The discretized system ]?h@h) = 0, respectively, ]?h#(gjh) = ( involves approximated integrals
of functions of finite element functions. In order to get error estimates for these approxima-
tions, we need element-wise bounds of certain Sobolev and Hoélder norms of the Galerkin
solutions @, and ¢p,. The necessary results for Hélder norms were proved in Section 2.5.1.1.
The next lemma deals with the convergence of (@, ¢p) to (4, ¢) with respect to element-wise
Sobolev norms of higher order.

If ¢ = 0o, we interpret

/a
(S Uy ) o5 g ey

TeTh
Lemma 3.1.
(D) Let 2 < g < d 2 Then, there exists C > 0 such that for sufficiently small h > 0

/ d d
<Z||uh—u||wlq ) (an—qsnwm )<ch“q‘2-

TeT, TeT,

(P) If j € N and g > 0 satisfy either 1 < j<p—1land2<qg<oo,orj=pand2<q< dz—d2
then there exists C > 0 such that for sufficiently small h > 0

l/q _ _ 1/(1 . d_d
lan — @l 0 |+ 6h = Ol sarp | < CRPIH a2,
(T) (T)

TET, TeT),
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Proof. Since there is no need to distinguish formally between the Dirichlet and the periodic
case, we present the proof in a generic way. Let ¢ > 2. We first look at ||Zu—up|vys.e(r)- Since
the family (73) he(0,1] is quasi-uniform, we can apply the inverse inequality from [17, Theorem
4.5.11]:

[SHIsH

vl

1/2
< Z | Znu — ah|%{j(T)> ;

TeTh

1/q
(S 1= wlfynr)) - <0

TETh
for every j, where the constant C is independent h. The application of another inverse

inequality yields

1/2 ' 1/ |
( > | Zhi - ahui{j(T)) < Chl‘J< > |Zwu - ahH?HI(T)) < CppitL,
TETn TET,

Here, we have used the triangle inequality and the convergence of Z,u and %y, to . Combining

these two bounds we get

Va —j+1+4-4
< Z | Zpu — uh”%viq(ﬂ) < CpPITIHI e (3.9)
TeTs

where the exponent of h is positive under the given assumptions. From [37, Th. 3.1.6] we

know (using assumption (2.47) on the inverse and determinant of Br) that

Ha —j+14+2-4
< > ||u—zhuy%vj,q(T)> < CRP T 2 o .
TeTh

Combining this with (3.9) and applying the triangle inequality we get the desired inequality

uniformly in T € Ty, and h. A similar argument shows the equivalent result for ¢y,. a
As a direct consequence of the previous result we get the following Lemma.

Lemma 3.2.
(D) For2<q< dZTdQ there exist Cy, Coo > 0 such that for sufficiently small h > 0

lanllLeo(ry + 1onllLery < Coo VT € Th,

/g B 1/
(b)) + (X 10nlnan ) < G

TeT TeTh

(P) For2<gq< d%dQ there exist Cyq, Coo > 0 such that for sufficiently small h > 0

lanllwe—r.oe () + lonllwe-1.00 (1) < Coo VT € Th,

Y/ _ /q
(3 b )+ (3 160lnacry) < o

TETh TETh
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Proof. If p =1, the L*°(Q2) bounds in both cases follow from Lemma 2.20, respectively, 2.25,
where convergence with respect to Holder norms was shown. If p > 1, the WP~1°°(T)-bounds
in the periodic case follow directly from Lemma 3.1 with ¢ = oco.

The WP-4-boundedness in both cases follows from the previous Lemma 3.1 and the triangle
inequality since [|@fwe.a < oo for 2 < ¢ < d%dQ by Sobolev’s Imbedding Theorem and u, ¢ €
HPTL(Q). o

The existence proof for discrete solutions yp, to (3.2) and (3.5) will be heavily based on local
regularity of the derivative DF ina sufficiently large neighbourhood of 7. As in the Galerkin
analysis, we need a continuity property for DFj, and invertibility of DFy(y) and th,# (y)
in a neighbourhood of g; that will contain a solution. The idea is to first prove invertibility

in g5, and then use continuity to infer invertibility in a neighbourhood of gy,.

Lemma 3.3.
(D) (i) The nonlinear operator Fy, : Yo = Vi defined in (3.1) is Fréchet differentiable at
every y = (u, ¢, ) € Yy, with derivative given by

(DFn(y)-n1,m2) = NV, Vo) + Qu [ (F”(w) + 20)v1v2 | + pQpulv1vs]
+ 205 [uhrv2] 4 11 Qpuva] + = (Vibr, Viba) — 2Qp[uv19hs] (3.10)
+ 12 Qp[uv1 ],

for all m = (v1,¢1,11), N2 = (v2,Y2,2) € Vho. The derivative DJFy, is Hélder continuous in
Vh.p in the following sense: for all yi,y2 € Y,

IDFr(31) = DFu(y2)ll < Clllynlly, ly2lly) (lur = w2ll7E + llyn = y2lly)

< Cllnlly: ly2lly) Uy = w2ll37 + = yally)-

(ii) There exist numbers 6, M, ho > 0 such that for all h < hg the derivative th(yh) :Vho —
Vi o @8 an isomorphism for all yn, € Bs(yn) C Y, and | DFu(y)~ Y| < M, uniformly in h and
y € Bs(yn).

(P) The operator Fy, in part (D) can be replaced with fh’# t Ynge = Vi from (3.5) .

Proof. We present the proof for the Dirichlet case. The generalization to the periodic case

is evident.

(i): Since the quadrature rule Qy[-] is a linear operator involving only point evaluations of the
integrands, the form (3.10) of the derivative DJFy, is easy to obtain. The fact that for every
v € Sy, the operator th(y)-v is well-defined as an element of Sp , follows by a calculation

similar to the one showing continuity, which we provide below.
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Step 1. Continuity. We begin by showing Holder continuity of Qp[F”(u)vw)] with respect
to u € Sy, for fixed v, w € Sy,. First, we look at a single element T € Tj:

| Q1 [F (u1)vw] — Qp [F" (ug)vw] |

< det Br ) wy|[F"(ua(2f")) — F"(uz(2{)) | Jo(iD)] [w (@)
v=1

Since, for the moment, we only look at one element 7', we will use the abbreviations w;, =
(T) (T) (T)

wi(zy ), v, =v(zy ’), and w, = w(xy ’). Using the continuity condition on F” we get:

ng
D WP (1) = F"(ug,) oy |wy| (3.11)
v=1
ng
S Zwu(‘ul,y - UQ,V’aF + (1 + ’ul,y ar=3 + |u2,V’qF73)‘u1,u - u2,ll’)|vy‘ ’wy‘

v=1

Let us first look at the part with ap:

ng ng 1/2
ZWV|U1,V - U2,1/|QF‘UV| |w1/| < C(Zwu|ul,u - UZ,V’2aF>

v=1 v=1

1/4

ng 1/a ,1Q
.(zwuw) (mem) |
v=1 v=1

where we have used w, > 0 for all v € {1,...,ng} and the generalized Hélder inequality.
Since the weights w,,, v € {1,...,ng} were assumed positive, we can prove that
ng 1/2 ng /2
(Zwu\ul,u —U27u!2aF) < C(Zwuul,u —Uz,u|2) ;
v=1 v=1

using the discrete Holder inequality (see (2.14) for a similar calculation in the continuous
case). For the second part on the right-hand side of (3.11), we get

ng
> wu (14 a7 +fus,y

v=1
no 1/2 ng 1/2
S C<1 + <Zwy’u1,u‘6> + <ZWV‘U2,V 6) )
v=1 v=1
ng /e , "Q /e , "o
: <Zwylu1,u - u2,y|6> <ZWV7}V’6) (Zwy‘wy|6)
v=1 v=1 v=1

In order to bound the discrete expressions above by Sobolev norms we go the usual way of

fIF*3)

|U1,u - U2,u| oy | [wy |

1/6

transforming to the reference triangle and using the equivalence of all norms on the finite

dimensional space P, (T):

no
< E wy vy
v=1

1/q no 1/q P
) < ol ( ) = 0l

v=1

< Clllury < C(det Br)™/ogacry
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for all v € P,(T) and all ¢ > 1. Hence, we conclude that
| Qr[F" (ur)vw] — Qr[F" (u2)vw]| < Cllv]lus(yllwllvscr) (lur — u2llfF +
(1+ ||U1H?ﬁﬁ(:r) + ||U2H?ﬁG(T))HU1 — uz||Ls(ry)-

Summing over T € T;, and using the imbedding of H*(Q2) into L(£2) then leads to
|Qn[F" (ur)ow] — Q[ F"(uz)vw]| < Clur, uz) (ur — w23 + llur — uallg) ol wllg

for all v,w € Sy.

Similar continuity properties can be obtained for terms of the forms Qp[uvw], Qn[pvw],
and Qp[uv] in (3.10). The only difference is that these terms are in fact Lipschitz continuous
with respect to u, respectively, ¢. For example, a similar calculation to the one described
above yields

| Qnlurvw] — Qplugvw]| < C'llur — ualls [[vllgr [l
for all w1, us,v,w € Sp, with a constant C' that depends on (||lu1||y + [Juz|ly)-
Step 2. DF (i) is an isomorphism. We already know that the derivative DFy,(7p) : Yho —

Vho of the Galerkin operator is an isomorphism (Proposition 2.9) and satisfies the inf-sup

conditions
DFy(gn)-m, DFy,(gn) e,
inf  sup < h(Gn) 772> > Kp, inf  sup < n(Gn)-m2 771> > kn,  (3.12)
MmEVnomevno  IImlylinally meVnomevno  IImlylnally

where kp, > 0 is bounded away from zero for sufficiently small h. We will now show that

HD]:h(fUh) - Dﬁh(gh)H = sup sup ‘<(D}—h@h) — Dﬁh(gh)) ‘771,772>‘
MEVh,0M2€Vh,0 ‘|771H3’H772Hy

< ChoFr (3.13)

for some 0 < apj < 1, uniformly for sufficiently small h > 0.
Comparing (3.10) and (2.35) we obtain (with m = (vi,¢1,v1), 12 = (v2, Y2, 12)):
((DFn(@n) — DFu(@n)) - m, 1) = en[ F" (@n)viva] + 2ep,[ @nv1va] + finen viva]
+ 2eplupiprva] + vieplupve] — 2ep[upv11e]
+ vaep[upvr].
Again we outline the necessary steps using the example of the term Q[ F” (i )vivs] and its
counterpart (F”(ap)v1,v2) in DFyp(yn). We know that F” is Holder continuous with degree
ap. Moreover, we have shown in Lemma 2.25 that uy|p is also Hélder continuous with

degree a,, from (2.64), uniformly in 7. Therefore F” ()| is Holder continuous with degree

apy = apoy, for every T as the following calculation shows:
|F" (1)) — F" (un(22))|

' (a apym = SU
‘ ( h)‘CO Fou(T) xl,lejéT ’«Tl _x2|o¢pau
oy ()~ PG (o) — ()|
T ameer  |Un(T1) — Un(2)|*F |21 — po|rF
< Cr(|tn|coaw(ry) ™ (3.14)
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As we have seen in Lemma 2.20, |t,|co.au (7 is bounded uniformly in 7" and h. Since F(tp)
is obviously bounded in L*(T") we deduce that || F" (@) c0.0r,.
inT € Ty and h for

() is also bounded uniformly

Ay = apey, < apmin(—— - 42-9), (3.15)

where we have used a,, from (2.64). It now follows from Proposition A.15(ii) on errors for

quadrature rules that
e [F" (an)viva] | < CROF || F” (@n )| qo.cp oy 11 Tt oy o2l )

for all v,w € Sp o and after summing over all elements T" € Tj:

len[F" (an)vive] | < ChOF [[on| vzl
for all v, w € Sp¢. Similar results hold for the other terms in D;Eh(gh) that involve numerical
integration:

len[dnviva]| + |enltntrva]| + |enltnvipe]| < Ch* ([lor|lm flvallm + lJvzllm 11 m
vl [¥2llm)
|enlano]| + |enlanva]| < Ch(lJorllar + [o2]l),
|en[viva]| < Chlfvr[|ue [|v2 ]|,

by Proposition A.15 (i) and Theorem A.11. Here, we have also used that 3 7. - HUhH%W,q(T) <
Cq by Lemma 3.2.
We deduce that (3.13) holds with o), = o, which then, together with (3.12), implies

. (DFn(Gn)-m,m2) _ kn
inf  sup Z -,
meVnomeyno  lMmllylnelly 2

(3.16)

for sufficiently small h. Similarly, we can prove the second inf-sup condition (with exchanged
n1 and 72, compare (3.12)) that is necessary. Hence, Dﬁh(ﬂh) is an isomorphism for sufficiently

small A.

Step 3. The boundedness of Hth(yh)*lH for yn in a neighbourhood of g follows from
continuity. Assume that |[DF, (7)Y < . Then, since DF}, is Hélder continuous, we can
find § > 0 (independent of h) such that HD]?h(yh)*lH < M for all y;, € Bs(yp) and all h

sufficiently small, see Lemma A.2. m]

We now show that the Galerkin solution (ip, ¢n, fin) € Yhp to (2.34) solves (3.1) approxi-

mately. The proof consists in estimating quadrature errors to show that || F ()]

Vi, 18 small.

Lemma 3.4.
(D) There exists C > 0 such that, for sufficiently small h,

Hfh(’afh (Ehu /jh)‘

. < Ch.
yh,O -
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(P) There exists C > 0 such that, for sufficiently small h,

“ﬁh,#<ah7$haﬂh)‘ . < ChP.

*
yh,

Proof. We present the proof in a generic fashion for arbitrary p without formally distin-
guishing between the Dirichlet and the periodic case.

Comparing (3.1) with (2.34), respectively, (2.50) we see that it is necessary to estimate the
quadrature errors of products of F’(uy,), ti¢p and (43 — py,) with finite element test functions.

We begin by establishing some regularity properties of these nonlinear terms.

Step 1. We show that F’(y,), @ndn and a% belong to WP4(T") for 3 < ¢ < 6, for all T' € T,

with norms bounded uniformly in T € T, and h. For p = 1, recalling that @y, ¢p are uniformly
bounded in L*°(T") (Lemma 3.2) we obtain:

IV (F' (@) luary < IF" (@n) e (o) I VanLecry,
IV (@ndn)llLacry < Ntnlluee @ IV Onllaery + | @nlluee @) IV anllLacry,
IV} ey < 2)an Lo @) | Van!lLa),
for any 3 < ¢ < 6. More generally, if p > 2 and F € CP*!(I;) we have, for every j < p:
[VIF" (up)| < C(j)(\FU“)(ah)\ Van + |F9) (@) ||V 2| Va2 + . ..
+ [FO) (an) | (1Van|| VI | + V2| [V 20| +..) (3.17)
o+ |F" (@n) [V an] ).
Similarly,
V7 (anén)| < C(j)<|vjﬂh\ o] + |V ap| Vo] + ... + \ﬂhHVnghD-
The uniform boundedness of || ||yyp-1.00(7) and ||q§h\|wp_1,oo(T) implies that

1F" (@) llwoacry < Cllanlweacry + 1F (@n)llacr)),
Hahd_)hHWPaq(T) < C(HﬂhHWp,q(T) + HéhHWp,q(T)),
Hﬁ%HWP’q(T) < CHahHWP,q(T).

Here, the constants C' depend on the derivatives of F' on Iz, maxrer;, ||tnllwo-1.00(7), and
maXTe']’hH&h”Wpfl,w(T), which are bounded uniformly in 7" and h by Lemma 3.2. Hence,
there exists C' > 0 such that

S @)y < C D Nnbnlliypaery < Co D 118k = palliypary < C (3.18)
TETh TETh TETh

uniformly in A by Lemma 3.2.
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Step 2. After these preparations we can estimate H-%h(ﬂh)‘

yr o Theorem A.11 on quadrature
h,0
errors together with the bounds (3.18) now yields:

|(F" (@), v) — Qn[F'(n)v]]

sup < ChP,
UESh,o ||UHH1
sup |(@ndn, v) — Qn[tUndnv]| <o,
’UGSh,O ||,UHH1
sup |(@p,v) — Qpupv]| < o,
VESK 0 HUHH1
=2 _ g2
sup !(uh Pn, V) Qh[(uh pn)¢” < ChP,
$ESh,0 R e

l[anll 2 — Qu[a;]| < ChP,
where C' is independent of h. Since Fj,(g,) = 0 we then get

(Fn (@), )| |((Fn@n) — Fn(@n)),n)]

= Sup ——;——— = Ssup

Fin(5n)
H ‘ N€EYVn,0 HnHy N€EYVn,0 HUHJJ

P
Vi < CR,

as desired. O

We are now ready to prove existence and convergence of a solution y;, = (up, (}fh, in) € Yup
to the discretized system (3.1).

Theorem 3.5.
(D) There ezist hg € (0,1],0 > 0 such that the discretized problem (3.1) has a unique solution
un = (up, ggh, fn) € Ynp in the neighbourhood Bs(y) C Y for all h < hg. Furthermore, there

exists a constant C' > 0 such that

1% — @l + ¢ — nllm + 17— fin| < Che

(P) There exist hg € (0,1],0 > 0 such that the discretized periodic problem (3.5) has a
unique solution v, = (ﬁh,$h,;7h) € V¢ in the neighbourhood Bs(y) C Y for all h < hy.
Furthermore, there exists C' > 0 such that

1% = Gl + 16 = Gulli + 17— fin| < CRP.

Proof. We will outline the proof for the Dirichlet case. The generalization to the periodic
case is straightforward.

Similarly to Theorem 2.10 the idea of this proof is to construct a contractive mapping
whose fixed point is the desired solution ¥;. For R > 0 we define the map N:B r(Un) = Ynp
by

~ ~ ~ 1 ~ ~
DF (@) (Vo) = 1) = ~Falin) = | (DFuan + =) = DFs(a)) - = ).
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It is easy to see that a fixed point y of N satisfies fh(y) =0, and vice versa.
First, we prove that N maps Br(yn) to Br(yp) for sufficiently small R. For each y;, €
Bpr(gn) we have

~ ~ 1 ~ ~
M| (yn) — @th < || Fn(@n)| vi T R/o | DFn(Gn + t(yn — 7)) — DFn(n)|| dt

< C(h+ RLy5(R + RF)).

Here we have used Lemma 3.3 and that HD}:h(gjh)*l | < M (see Lemma 3.4). For sufficiently
small h and R we see that C(h + RL; 5(R + R*F)) < RM~! and hence N maps Bg() to

Br(yn).
Next, we show that A is a contraction on Bgr(gp). If n1,m2 € Br(7p), then

~ ~ ~ 1 ~ ~
DFp(yn)- (N (m) = N(n2)) = /0 [DFn (i) — DFp(m + t(n2 —m))] - (m — m2)dt.

Thus,

N(n) — /\7(772)“)) can be estimated as follows:

~ ~ 1 ~ ~
MHIN(m) = N(n2) |y, S/O | DFn(Gn) = DFn(m + t(na—m)) ||y, dt lm —nz||

< Lys(R+ RF) - lm — 2|y

For sufficiently small R we obtain Lys(R 4+ R*)M < 1 and hence N is a contraction on
Br(yo)-

We can now use Banach’s Fixed Point Theorem [124, Th. 1.A] to obtain the existence
and uniqueness of a fixed point 3, of the map N:B r(Yn) — Br(yp). This fixed point yj, is
a solution of F(y) = 0 and ||z — Jally < R.

As in the Galerkin case convergence can now be obtained by a minor modification of the
above argument. If we let R = C'rh and Cp is sufficiently large, we can repeat the previous

steps and deduce ||gn, — Yn|ly < Crh. Since ||g — gn|ly < Ch this yields the desired result. O

Before proving that wy, is a uniform minimizer of the discrete energy with numerical quadrature
we introduce some notation. By (—ﬁhp)_l : C%(Q) — Spo we denote the solution operator
of the problem: for f € C%(Q) find ¢ = (—ﬁhp)*lf € Sp,0 such that (V¢, Vov) = Q[ fv] for
all v € Sy .

It is relatively straightforward to show that

1(=Ah0) " (vw)|lg < Cllolli wllg Vo,w € S (3.19)

For this let ¢ = (—&hp)_l(vw). Starting with |[Vi||?, = Qp[vwip] we can proceed as in the

continuity proof of ]?h in Lemma 3.3.
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Proposition 3.6.
(D) Under the assumptions of Theorem 3.5, up, € Ay is a uniform local minimizer of the
functional E}, from (3.3).

(P) Under the assumptions of Theorem 3.5, up, € Ay p 4 is a uniform local minimizer of the
functional Eh# from (3.6).

Proof. Again the proof is given for the Dirichlet case. It transfers almost verbatim to the

periodic setting.

Step 1. The idea of the proof is the same as in the Galerkin case analyzed in Proposition
2.11. We introduce the Lagrangian Eh :Vn xR — R by

Li(u, ) = Ep(u) + pén(u)
with Ej, from (3.3) and &, from (3.4). It suffices to show the existence of 5 > 0 such that
DL (@, fin) [0, 0] > F||Oallin VO € ker DEh(iin), (3.:20)

uniformly in h. For arbitrary o5, € ker Dc(up,) NSy 0, we proceed with a similar rearrangement
of D2, Ly, (tin, fin)-[0n, n] as in (2.38):
D3 Lo (T, fin)-[On, O] = Dy Ln(@n, in)-[On, O]
+ (D2, Lo (in, fin) — Digyy Lo (i, fin)) - [O, Un) (3.21)
+2D%, Lo, fin)- [0, On, — )
+ D7, Ly, fin) - [On — Un, Th — On)-

In Proposition 2.11 we established that
D3, Ly (tin, fin)-[0n, On) > % IVoRll72  Vou € ker De(iin) N Spo,

for a v > 0.

Step 2. First, we need to prove that for every vy, € ker D¢y (uy,) there exists vy, € ker De(up,)
such that ||V(v, — o3)ll;2 < Ch and ||Vo,|2 > (1 — Ch)||VUy|l 2. It is straightforward to

show that such a vy, € ker Dc(uy) N Sp o is given by

~ (Von, Vo Ly
Up = vp — w Yn, where ¢ = (=Apo) Lag,.
IVenllis

Step 3. Next, we will show for the second term on the right-hand side of (3.21) that

|(D2,Lh(n, in) — D2, Lo(Tn, fin)) - [Un, Uh)| < ChOFs V5, € S
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For this we have to look at quadrature errors. Drawing from the techniques used in Lemmas

3.3 and 3.4 and the triangle inequality, we immediately see that

|(F" () on, o) — Qn [F"(@n)0; ]| < |en[F" (un)os] + |Qn[F" (w)0] — Qn[F" (un)v}] |
< C(hFe 4+ hoF) |V fe -

Similarly, we obtain
|in [0nllF2 — 7inQn [37]] < Ch ||V -

The difference arising from the electrostatic terms requires more work. First we note that the

second derivative of &)h is given by:
2 F (N o T ~2 ~ o~ X Nl
Dy @n(Un) - [On, Un] = 2Qp [Cbhvh} +167Qy, [Uhvh(—Ah,O) (Uhvh)] :
Hence, we need to estimate the error

|(D2,®p(tn) — D2, @ () [On, On]| < 2 '/chfﬁ% dz — Qh[%ﬁ;ﬂ (3.22)

+ 167

o —1,_ ~ T L L e
/Uhvh(Ah,o) (apvp) dz *Qh[uhvh(*Ah,O) (Uhvh)H-
Q
Looking at the first term we note that

+ ‘Qh[ﬁgh@%] - Qh[%ﬁi”

/ onvn dz — Qp [5}@%}
Q

guﬁm&m—guaﬁ}
< (Ch™ + Ch) [|Tnllfn »

with Proposition A.15, the Holder continuity of ¢p, and because of th - &h”m < Ch.

Now we take care of the second term on the right-hand side of (3.22). For given v, € Sy

we define
bn = (—=Bno)” (@ntn), on= (—th)_l(ﬂh%), ;Zh = (=Ano) " (antn).

Testing the weak equations for 1, and zzh with (Q;h — {Eh), we then have with Proposition
A.15
19 (n = B) 2 = | (. 0 ) — On i (4 — )]
< O™ [[tnllyo |9n =l
which implies Hzﬁh — ZZh

| < Ch». Using (3.19) we also get

|on = a2 < Clltan — nllg 0wl < Ch 1wl -
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Thus, we deduce

/uh’ﬁh(—Ah,o)_l () doe — Qh[ﬂhﬁh(—zh,o)_l(ﬂﬁhﬂ’
Q

< /Q\ﬂhih(i/_fh — )| dz + ‘/Qﬁhﬁhlzh dz — Qh[ﬁhahlzh}

+ |On [(@n — Tn)ontn] | + | Qn [@non (gh — )]
< (Ch™ + Ch™ + Ch+ Ch) |[on[30: -

Summarizing we have shown
(D2, @ () — D2, @ (Tn)) - [0, Un]| < ChO".

This shows that the second term on the right-hand side of (3.21) goes to zero as h — 0. The
third and fourth term are small since ||0, — vy ||i;1 < Ch. This proves the existence of ¥ > 0
such that (3.20) is satisfied for sufficiently small h. m]

Remark 3.7. We note that for the discretization of an elliptic equation of the form
—Au+tau=f, ulpg=0,

with sufficiently smooth coefficient function a and right-hand side f it also takes a quadrature
rule that is exact for polynomials of degree 2p — 1 to get the optimal convergence order
hP [37, Section 4.1]. We conclude that the nonlinearity of the TFDW functional does not lead

to increased quadrature demands on its discretization. (m|

3.3 Optimal Convergence Rates

Having established the existence of a solution up to the discretized minimization problem
with quadrature, we will look at the convergence rates of the energy, the Lagrange multiplier
and the L2-errors. The techniques we will use are very similar to the study of convergence
rates in the Galerkin case but quadrature errors have to be addressed.

In the periodic case we are, under some additional differentiability assumptions on F' and
for p > 2, able to show the optimal convergence rates of 2p for the energy and the Lagrange
multiplier, as well as p + 1 for the L2-errors of u; and 5;1. If p = 1, the situation is more
involved. The convergence rate 2 can still be shown for the energy. However, the functions
U, ¢ and their finite element counterparts are generally only Holder continuous, which shows
in the convergence rates of fi;, and the L?-errors.

Where necessary, we will consider the Dirichlet and the periodic case separately and
provide two proofs. The discretization parameter h is implicitly assumed to be sufficiently

small.
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Proposition 3.8.

(D) Let yn, = (up, $h,ﬁh) € Vu.p be a solution of the discrete problem with quadrature (3.1)
such that ||y — yplly < Ch. Assume that e, = LpUex, Gex,h = Lhdex and Uex and ¢ex belong
to H2(T') for all affine parts T' of O2. Then,

|E(u) — Ep ()| < Ch2.

(P) Let yp = (up, $h, fn) € Vh 4 be a solution of the discrete periodic problem with quadrature
(3.5) such that || — ynlly < ChP. Moreover, assume that F € C*(I;). Then,

| By (@) — Ep(an)| < Ch*.

Proof. In Propositions 2.23 and 2.16 we saw that under the given conditions
|E(@) — Ep(uy)| < Ch?, respectively,
| B (@) — Bpp(un)| < Ch?.
Since u;, minimizes E‘h, respectively, Eh,#, we can show similarly that
|En(an) — Bn(un)| < Cllgn — ll3 < CR?,
| En e (n) — En g (@n)| < Cllgn — |3 < CH*.

Here we have also used that in the Dirichlet case the discrete boundary conditions for @y and

up, are the same.

Ep () —
Ej, 4 (ah)\ < Ch?P. The remainder of the proof consists in a thorough study of quadrature

Hence, we now need to prove that |Eh(ﬂh) - Eh(ﬂh)| < Ch?, respectively,

errors, which is the same for both cases. We present the proof using the Dirichlet case but

admit arbitrary p > 1.

We start by noting that

| By () — En(an)| <

/QF(uh) dx — Qh[F(th)] + }‘I)h(ﬁh) — &)h(ah)‘ (323)

Step 1. First, we aim to prove e[ F ()] < Ch?P. The appropriate tool for this is provided
by Proposition A.14. We thus need a bound on } 7.7, HF(ﬂh)H%WM(T)’ which we now derive.
If p =1, we directly get

|F () lwracry < IF (@) Lo IV anlacr),
| F(an)lweacry < I (an) e Van @ Vanlary < ClIVanllEzr),
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for 1 < g < 3 and all T € 7. More generally, for m > 2,
[V F ()| < Cm) (1P @)™
+ [P () || Vg ™ V2|
+ [P () | (IVan ™3 V) + [V, V2,
+ [P (@) | (| Van 4V | + [V ™70V | [V,
+ Va0V ?)
| F @)V ™).
We know that V74, = 0 for j > p since 4y, is a piecewise polynomial of degree p. Moreover,

we know from Lemma 3.2 that for m < p and for sufficiently small h the derivatives |V™ap|
are uniformly bounded in L*°(T') for all T' € Tj,. From this we deduce that, for all 0 < m < 2p,

V" F(ap)| < C(1+ |VPa,| + [VPa,|?),

where C' depends on F' and its derivatives as well as [|@p||wp—1,00(7y but is independent of T

and h. Hence, summing over m and integrating over 1" leads to

|E @) wenacry < € (IF @) gy + 1nlwrar) + 15 0m ) -

Summing over T € T, yields

Z | F(a ||W2p a(T) < C<”F Up ” + Z ||Uh||wp (T + Z HuhHWp 2q(T ) <C,

TET;, TETs TETh

uniformly in hA. Applying Proposition A.14 we obtain

< Ch?,

/F(ﬂh)dx — Qp[F(up)]
Q

as desired.

Step 2. We now address the second term on the right-hand side of equation (3.23). The goal

is to prove that
@y, (1) — O (a@n)| = | ¥ (an, ¢n) — O (an, 4})| < CH?.
Here, (5;; € Sy, solves the discrete boundary value problem

(Vo5 Von) = 47 Qp[ (s — pn)vn]  Vou € Sho,
&2‘89 = ¢ex,h-

With the triangle inequality we get
U (i, dn) — U (iin, &3)| < |9 (an, dn) — Wn(tn, én)| + |Vn(tn, én) — Unltn, &3)|.  (3.24)
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Let us start with the second term on the right-hand side of (3.24). To begin with, we estimate
the error ||¢y, — gZ;;‘L||H1(Q). Testing the equations that ¢y, and ¢} satisfy with ¢5 — ¢p, € Sp.o,

we get

V(65 — 822y < 4r

[~ oG ) e — @[5~ )G~ 0]

Since the reference quadrature rule Q is exact for all polynomials of degree 2p — 1 we then

get

l/q
Tk 7 2 _ Ty —
19 = 30)]2a(qy < CWP (Hanww (X 12 ) ) 13 - Bl

TeT

for ¢ > d/p by Proposition A.11. In Lemma 3 2 we have shown that ||@slywe-1.00(7) < C and
l|anllweary < Cforall T € Tp, and 2 < ¢ < 7%. Treating the terms ||aj[|%,. () similarly as

in the proof of Lemma 3.4 we deduce that

165, = onllim < CIV(F — on) 2@

l/q
< ChP (HanWp,q + < Z HﬂhH%x]p,q(T)> >

TeT),
< ChP,

uniformly in h for 3 < ¢ < 6. Since ¢ is a minimizer of U (aap, ) and ||¢n — O}l < ChP as
just shown, we obtain
(B (ian, n) — Dn(an, )| < O, (3.25)

Finally, we turn our attention to the first term on the right-hand side of (3.24):

W(up, dn) — \Tjh(ﬂhaﬁgh)‘ =

/Q( — pp)bndz — Qu[ (@} — pn)dn]| .-
Proposition A.14 implies that this term is of order h?P provided

TeTh

for ¢ > 3/(2p), uniformly in h. Similarly as in the proof of Lemma 3.4 or in Step 1 above we

can deduce that

Hﬂ%@hszp,q(T) < Cllanllwe.2acry (|0nllwoary + l@nllwe2e(ry), and

londnllwer.acr) < Cllgnllwea(r),

where the constants depend on ||y |lwze.co(7y, [[@n]lwe-1.00(7), and [|@p|lwe-1.00(7). This and
Lemma 3.1 directly imply equation (3.26) for 2 < ¢ < d%dQ, which together with (3.24) and
(3.25) concludes the proof. O
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Next, we look at convergence rates for the L?-errors and the Lagrange multiplier. The proofs
will use duality concepts as in the Galerkin case and rely on the analysis of certain quadrature

errors. First, we address the Dirichlet case.

Proposition 3.9. (D) Let y, = (ﬂh,aﬁh,ﬁh) € Vn.p be a solution of the discretization (3.1)
satisfying ||J — Ynlly < Ch. Assume that ap > 4. Then, there ezists a constant C > 0 such
that

an — nllrz + |6n — dnllLz + |@n — fin| < ORI,

and hence
@ — tpllre + |6 — dnllre + | — fin] < CRITOP,

Proof. Let f = (f1,f2, f3) € L2(Q) x L2(Q) xR C Vj; o be a linear functional given through
(f,v) = (fi,u) + (f2,0) + fap for all y = (u, ¢, 1) € Vho. As in the corresponding proof

in the Galerkin case (see Proposition 2.17 for the periodic case) we define the Lagrangian

functionals £y, Zh :Vn X Vo — R by

Ln(Yn, zn) = (fsyn) — (Fr(yn)s 2n),

Lh(yns zn) = (frun) — (Fnlyn), 2n)-

From Proposition 2.24 we already know that (g, Z,) € YV, p X Vh 0, where 2, is the solution

of the dual equation
(DFn(Gn) s 2n) = (fsmn) Yn € Vo,

is a stationary point of Lp|y, ,xy,,. Since DFy (i) : Vho — Vo is an isomorphism (see
Lemma 3.3), there exists zj, € Vo such that

(DFn(Gn)ns Z0) = (fom) Vi € Yno.

In other words, (yn,2n) € Yn,p X Vho is a stationary point of Zh|yh7Dth70.

Step 1. First, we need to prove that ||z; — 25|y < Ch” for some exponent v > 0. Using one
of the inf-sup conditions for DF,(7) we get

e DFn(@n) -0, Zn — 2
’ihHZh—Zh”yﬁ sup < }_h(yh) Ths Zh Zh>
MhEYVh,0 ||77h||y
DFi (i) — DFn(in)) -1, 2
< sup <( 1 (Un) h(yh)) TIh Zh>
MhEVh,0 ||77h||y
DF(gn) — DFu(Gn)) 1n, 2
4 sup ((DFn(9n) w(Un)) 1n, Zn)
MhEVh,0 ||77h||y

, (3.27)

where we have used <D.7?h@h)~nh, zZn) = (DFn(Yn)-nn, Zn) for all n, € Yy o by the definition

of z, and zj,.
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For the second term on the right-hand side of (3.27) we have

sup ((DFn(5n) — DFn(Tn)) s Zn )
NhEVh,0 7|y

< C( +h)| znlly

because of the Holder continuity of DFj, and || — || < Ch. The first term on the right-hand
side of (3.27) satisfies

DF: (yy) — D]_:' Y “Nhy 2
. ((DFn(yn) h () 1m, Zh) < Chor| zly,
meDno I7ally

as shown in Lemma 3.3 (see (3.13) and the following discussion). Summarizing, we have

established the following error bound for z;, and Zzp:
||gh — Zth < C(haF + hFu h) < Ch%Fwu,

Step 2. We point out that under the assumption ap > %, we get the optimal convergence rate
IIZ — Zn|ly < Ch for the discrete (Galerkin) dual solution Z;, from Proposition 2.24. Following

the same lines as in Section 2.5 we can show that
120 = Zupllrz + 126 — Zgpllz < Ch2.

This implies (compare Section 2.5.1.1) the convergence, and hence uniform boundedness, of

Zu,n and Zg p with respect to Holder norms:

z

d
_ _ _ _ 9_&_
12 — Zunllcoes(ry + 1126 — Zppllcoon(ry < Ch7727

for all Holder indices 0 < o, < 2 — 4.

Step 3. From the definitions of £} and L), and Fr(yn) =0, fh(ﬂh) = 0 we derive that
(f+9h = Tn) = La(Tns 2n) — Ln(Gn: Zn)
= (Lo (Gn, 2n) — La(Gns 20)) + (Ln(Tns Z0) — L (Gns 21))-
With a Taylor expansion argument as in the proof of Proposition 2.17 for the Galerkin case
we can show for the second term on the right-hand side that
Ln(iins 20) = £n(iins 20)| < C (g = Gl + lgn — Tl 3"
S C(h2 + h1+aF + h1+aF’“),

+ 120 — Znllyllgn — @h”y)

since (Yp, 2) is a stationary point of Eh|yh7Dth70.
The estimation of ‘Eh(ﬂh, Zn) — Zh(yh, Zh)‘ once again comes down to the study of quadra-

ture errors:
|L1(Gn, 20) — La(Gns 26)| = [(Fr(@n) — Fr(in), 2n)]
< C(\eh[F’(ah)zu,h] |+ [en[@ntinzun ]| + lenlanzunl]  (3.28)

+ lenl @ = p)zon] | + len[]])-
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Note that we have absorbed some constants and Lagrange multipliers into the constant C'.
Similarly to the treatment of some terms in the proof of Proposition 3.8 we can estimate

Sobolev norms of ¢p iz, for 2 < g < ﬁ:

[ontnzZupllw2ary < Cllzupllies (s llwrzeer | onllw 2

+ C||Zu,n

lwi2a(z) (|nllw2a(r) + | dnllwize(ry),

where we have used that @y, dp, Z,n € L°(T) uniformly in 7' € 7Tj, and h by Lemma 3.2.

Therefore,

— l/q 1/2q
( Z "¢huhzu,h||(\])\]2,q(’1")> < C<1 + Z ||Zu’h||%31’2q(T)> < C.

TeTh TeT,

Analogous estimates can be proved for (47 — pn)Zs.h, UnZuh, and U3 in (3.28). Therefore, by

Proposition A.14

len[Ontnzun ]|+ |enltnzun]| + |en [ (@ — pn)Zon]| + |en[ar]| < CR%.

The error e[ F'(up)Zz,,5] in (3.28) needs a slightly different treatment. We will prove that
F'(p)Zyp € CH*P(T), uniformly in T € T, and h, (3.29)

and use Proposition A.14 to show that ey [F'(y)Z, ] < ChForu,
To begin with, we have

15" () Zupllcory < €

uniformly in T € T, and h, because F’ is locally Lipschitz continuous and #; and Zj are
bounded in C%(Q). Differentiating gives

V(F'(un)zun) = F"(an)zun Vg + F' () V.
Thus, since Vi, and VZ, ), are constant on every T' € Ty,

’F/(ﬁh)zu,hbl’amu(q“) < HvahHLW(T)”F”(ﬂh)zmh||c07aF,u(T)

+ ||V2u,h

oo | F" (@) [l 0. -

We have \|F”(ﬂh)”co’aFvu(T) < O, see the proof of Lemma 3.3. Moreover, [|Zy,p|co.e: () < C

as seen in Step 2. From this we deduce that

VE" @) 2nlloara ry < IE @) |goara I Zunlliery + 1 @) oy ullgvr iy
< C.
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Since F” is locally Lipschitz continuous and y, is uniformly Holder continuous with exponent
oy, > ap, we have

7 (@)l oy < C
uniformly in 7" € T;, and h. Combining the previous equations, we obtain (3.29).
Since p = 1, Vi, and VZz,, are constant on every T € 7Tj,. This leads to
IVan|L(r) = C(det Br) ™2 Va2,
IV Zupllnee () = C(det Br) ™ 2|V zuplliz (),
where, by quasi-uniformity of the meshes, the constant C' is independent of h and T € Tj,.

Hence, using Proposition A.14 and (3.29), we get

len[F'(an)210]| < C ) hay *F* det By(det Br) ™ Y2(|Van |2y + [V Zunlliz(r))
TeT),

< ChMera|QY2(| Vg ||z + | VZus]lL2)-

Note that we have absorbed the Holder norms HF’(ﬂh)EthCl,aF’u(T) into the constant C.

Summarizing, we have shown that
|<f, U — §h>| < C(h2 + h1+aF 4 h1+au 4 hl—l—aF,u) < Chl-l—ozp,u‘
Choosing N
(Un — Un, P — Pn, in — [in)
_ ~ - -~ _ ~ 1
(lan — @nll2s + I én — dnllZs + i — anl?) "
completes the proof. O

f= €S, xSy xR

Next, we consider the periodic case when p > 1. Here, we do not have to deal with Holder

exponents.

Proposition 3.10. (P) Let ap > 5 and p > 2. Assume that F € C*PTY(I;). Let g =
(iin, G, fin) € V4 be a solution of the discretization (3.5) satisfying ||g — ynlly < ChP.
Then, there exists a constant C' > 0 such that

@ — @nllLe + | 6n — GullLe + fin — fin] < CRPH

and
1 — Uplpe + |6 — dnllre + | — fin] < CRPT.

Proof. The structure of the proof is identical to the previous one for the Dirichlet case.
Since the details of convergence rates and quadrature errors differ, we still present the whole

argument.
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Let f = (f1,f2, f3) € L2(Q) x L2(Q) xR C Y, 4 represent a linear functional. We define the
Lagrangian functionals Ly, 4, Eh,# : VX V4 — R by

L Wny 2n) = (fryn) — (FrxWn), 2n),
Loy, zn) = (Foun) — (Frg(yn), 2n)-

Let Z € Y4 be the solution to the dual equation (2.55) and z, = (Zuh, Zg,h, Zu,n) the cor-
responding solution of the discrete dual equation (2.56) satisfying ||z — Z3|ly < Ch. In
Proposition 2.17 we showed that (yp, Zn) € Vn,x X Vh 4 is a stationary point of Ly, 4.

Since D]f-:hv#(yjh) Vo — y;;’# is an isomorphism (see Lemma 3.3), there exists 2, € Vj 4
such that

(DFp2(Un) nns ) = (fym) Vi € Vhse-

This is equivalent to (yp, zp) being a saddle point of EN;L#.

We recall that duality arguments as given in Section 2.5 and an analysis analogous to the

one given in Lemmas 3.1 and 3.2 imply that Z, 5, Z4 5, € L*°(2) and, for 2 < ¢ < dQ—le,

Y Nzunllyrairy + D 1Zsnliyram < C
TET, TETn

uniformly in h.
From ap > 4 and Proposition 2.17 it follows that ||, — up[/2 < ChPTL. Hence, we get

by an inverse inequality [17, Theorem 4.5.11] that
~ -4 ~ +1-4
Hﬂh—uhHLoo <Ch 2H'L_Lh_uhHL2 < ChP 2,

This implies uy,(Q) C I for sufficiently small h.

Step 1. In the present periodic case we can in fact show that ||z, — zZx|ly < Ch. With an
inf-sup condition for D]f-:hv#(ﬂh) we get

((DFn5(Gn) — DFnGn)) nn, 2n)

KnllZn — Znlly < sup

NhEVh,# th”)}

DFn4(Gn) — DFnp(Gn)) 1
+ sup ((DFn,4(gn) ht (Un)) -0 Zh>' (3.30)
MhEVh,# thHy

Now, the second term on the right-hand side satisfies

sup {(DFnu(Gn) — DFn @) 1, 2n)
N EVh,# H77h||y

< ChPznlly

because th# is Lipschitz continous on the convex hull of {7, yn}.
From Lemma 3.2 we know that iy, ¢, € WH°(T') uniformly for all T' € T;,. A calculation
as in (3.14) then shows that F”(uy,) is uniformly Lipschitz continuous on all T' € T,. We can
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then repeat Step 2 from the proof of Lemma 3.3 (using (A.28) in Proposition A.15 for the

quadrature errors) to deduce that

((DFn4(5n) = DFn () nn, Zn)

sup < Chllzlly-
NhEVh,# thHy
Applying this to (3.30) we obtain
“Eh,-— ch’)7f§ Ch.
Step 2. As in the previous proof we have
(frin — Tn) = (Lnp@ns 20) — Lo @Gns 20)) + (Lot Gns Z0) — L (G 2n))- (3.31)

The usual Taylor expansion argument around the saddle point (yp, zy) of Eh,# gives for the

second term on the right-hand side

‘Eh@m Zn) — Ln(Uns 5h)‘ < C(lgn — 3 + 120 — Zull» 15 — Tnlly)

.32
< ChPHL (332

For !Eh(gjh, Zn) — Eh(gjh, éh)} we need to look at quadrature errors
| L1 (Tn 1) — La(Gn, 20)| < C(‘eh[F/(ﬂh)iu,h] |+ |en[ntnZun ]| + |en[tnzun]] (3.3
3.33

+lenl (@ = pu)zon] | + [en[a] )

and show that each of them is of order O(hPT1).
For example, let us look at the term |eh [q_shahzu,h] ‘ Using the L*°-boundedness of z, ; and

the uniform boundedness of 4, and ¢, in WP~1%°(T') we can show that, for all 2 < ¢ < d%'lQ,

lontnzZupllweeary < C(lanllwe2aryllonllwe 2acr) + 1 2unllwe2acr) 1onllwe 2o (1)

+ 1@ w2 | Zullwoaar))-

Summing over T € Tj, then yields

1/q 1/2q
> N ntnZunllzpa SCHC| 1+ Y Nzunlio e
(T) (T) (3.34)

TeTh e
< C+C(L+ R Zunllwr2a@),

where we have used a standard inverse estimate [17, Theorem 4.5.11] to get from the WP»24-
norm to the W'2%-norm. The constants C' depend on ||y ||we.2e¢7) and ||én[lwe.2e¢7). An

application of Proposition A.14 leads to

len [ PntinZun]| < ChPTL,
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Similarly we obtain

‘eh[(ﬂ% — Pn)@),h” + ‘6h[ﬂ%]| + ‘eh[ﬂhzu,h” < ChPH.

Lastly, we have
17 (@) Zu,n || wopa(ry < Clltnllweze(rll2nllwezr),

where the constant depends on the derivatives of F' up to order 2p + 1. Hence,

1/q 1/2q
N - 2
(Z ”F/(uh)zu,hnf\l]\ﬂp,q(j“)) < C<1+ Z ”ZU,hHV\gpﬂq(T)) (3.35)

TeTh T
<C+C(1+ hl_p)Hfu,h”leQq(Q)’

and Proposition A.14 implies that
len [F'(un)Zun ]| < CHPTL.
Summarizing, we have established the bound
| L1 Gy Z0) — Ln(Gns Zn)| < CRPHY,
and therefore, with (3.32) and (3.31), also
[{f>Tn — Gn)| < CRPT.
Choosing

fo (uh — Up, Gp — Py fih — “h) € Sh,# X Sh,# xR

_ ~ - -~ _ —~ 1
(1n — @nl122 + |6n — dnllZ2 + 17in — finl?) "

completes the proof. O
Finally, we show that in the periodic case, 115, converges at the optimal rate.

Proposition 3.11. (P) Let ap > 1 and p > 2. Assume that F € C*T1(I;). Let g, =
(Uin, On, fin) € Yh4 be a solution of the discretization (3.5) satisfying ||y — ynlly < ChP.
Then, there exists a constant C > 0 such that

i — fin] < Ch?.
Proof. Yet again the idea of the proof is the same as previously. We therefore only highlight
the necessary modifications. This time we choose f = (0,0,1) € V4 In the definitions of

Lp,4 and Eh,#- As we saw in the proof of Proposition 2.22, the dual solutions z,, Z4 then

belong to HPT1(£2). Moreover, the discrete dual solution zj, = (Zyp, Zg.hy Zu,h) € Vn, satisfies
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|2—Zzn|ly < ChP. From this we derive the uniform boundedness of z, j, and Z, j, in WP~1°°(T")
for all T € T, and h and

S Zunlary + D Nzsnlypaer < C: (3.36)
TeTh TeTh

uniformly in h. These observations can be used to show (with Proposition A.11 for the

quadrature errors)

sup ((DFn4(Gn) — DFp(Gn)) 0, Zn)
NhEVh, 4 ||77h||37

< ChP||znlly,

from which, with (3.30), we deduce that
1Zn = Znlly < ChP.
This increased order of ||z, — 23|y gives, instead of (3.31),
| L1 Gy Zn) — Ln (G, Zn)| < CRP.

The quadrature error analysis necessary to bound |Lp (i, Zn) — L (Gn, Zn)| (see (3.33)) needs
little modification. The application of inverse inequalities in (3.34) and (3.35) is, however,

unnecessary due to (3.36). Thus, we obtain

|L1(Gn, Zn) — Lu(Gn, 20)| < CR
and therefore with (3.31)

|n — fin| = [(f, Gn — Gn)| < CHP.

Since |fi — fir,| < Ch?P this concludes the proof. O

Remark 3.12. In Remark 2.13, we showed that under certain integrability conditions on
V', the convergence results in the Galerkin case still hold true if the energy functional FE is
extended by a potential term fQ Vu? dz . We now analyze which differentiability conditions on
V' are necessary such that the above results for the discretization with numerical integration
still hold if fQ Vu?dx is part of the energy.

Looking at Lemma 3.3 and its proof, we obtain by Proposition A.15 that V € W1*(Q) is
sufficient for F to be differentiable and for DF to be an isomorphism in a neighbourhood of g
(ep[Vow] < Chljv||i ||wlli for all v,w € Sp). Lemma 3.4 can be extended if V € WP4(Q)
for some ¢ > % since then e,[Viipv] < ChP |||l by Theorem A.11. Hence V € WL () N
WP4(Q) is sufficient to show convergence of @, in this case.

To sustain the optimal convergence order 2p for the energy, V has to belong to W2P+4(2)

for some ¢ > %. This follows by a direct application of Proposition A.14. a
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3.4 Fourier Discretization with Interpolation

In this section we briefly discuss the effects of interpolation on the Fourier discretization
(2.53). A comprehensive study for the Thomas-Fermi-von Weizsécker functional has been
carried out in [20-22]. We will therefore only highlight the ideas needed to prove convergence
in our framework.

To obtain a practical Fourier discretization, interpolation is used to approximate the
integrals in the Galerkin discretization (2.53) that can not be easily evaluated. This results

in
AV, Vo) + (In(F'(in)),v) + 2(In(ontn),v) + pn(@n,v) =0 Yo € Sy,
i(w}v,wp In(Tx —pn)¥) =0 VY € Snp,  (3.37)

(
</ Ndx—nd):O Yv € R,
Q

or ]?N@N) =0 € Yy, where yy = (ﬁN,gN,ﬁN) € Yn. We will from now on assume that
p >3 and F € CP*TL(I;) for an open interval I D ().

VNN

Theorem 3.13. Let i € A, 4 be a uniform minimizer of (2.40) and § = (i, ¢, i) € Vg the
corresponding solution to (2.44) with 4, ¢ € H?FI(Q). Moreover, assume that F € CPT1(I3).
Then, there exist Ng € N and C > 0 such that for all N > Ny there exists a unique solution
yn € YN to (3.37) such that

|7 — 37NH3; < CN7P,

Proof. Showing existence and convergence of a solution gy of this system follows the same
lines as in the finite element case with quadrature. Hence, we will only outline how to deal
with the errors introduced by interpolation.

From @ € HI;;FI(Q) and ||u — an||in < CN7P as seen in Theorem 2.15 it follows with an
inverse inequality [24, (5.8.8)] or [25, Proposition 1.1]) that

|l — anlluz < @ - Zyallgz + |1 Zva — anlne < CN~CV[a]gpes + ONTPFL

This implies ||% — %y ||Lc < CN P! and hence iy (Q) C I for sufficiently large N. We note
that the optimality system (2.53) implies (see [21]) that @y and ¢y are weak solutions to the
equations
—AAay + Oy (F'(un) + 268U + finty) = 0,
—=A¢y — Iy (@} — pn) =0,
and hence uniformly bounded in H%é (Q) by elliptic regularity. Again, this argument can be

iterated to deduce that iy, ¢y are uniformly bounded in H%(Q) This also implies that
N, ¢y are uniformly bounded in WP~2>°(Q) as well as WP~14(Q) for all 2 < ¢ < dQ—dQ
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We now turn to the interpolation error estimates necessary for the convergence proof. In
order to show that H]?N(gNH < CN7P, we have to assure that

YN
|(INF'(un) — F'(un),v)| <CNP,
}(IN((Z_)N@N) — &N’IZN,’U)‘ <CN7P, (3.38)
(@ (@ — p) — (@~ pu).v)| <CN?

for all v € Sy. Using the standard approximation result for the interpolation operator Zn we

get, for example,
}(INF/(EN) — F/(TIN),U)} < CHINF/(TLN) — F/(EN)H]}”UHLZ
< ON P P () el

With (3.17) we can show that
17" @)y < Cllan [Ryp-1.4 + Cllin e < €

uniformly in N. The constant C' depends on the derivatives of F' up to order p+ 1 on I3, as
well as ||un||wp-2.0. As we saw above ||uy|/gre is bounded uniformly in N. The other errors

in (3.38) are treated similarly.
For invertibility of DFy (4x) for large N it suffices to show that HD]?N (In)—DFn(yn)|| = 0

as N — oo. To prove this, we need to show among others that
HIN (F”(’UN)UN) — F”(TJ,N)’UNHLQ < C']V_IH'UN”H1
for all vy € Sy. A quick calculation leads to

| E" (an)on|| e < Cllan lmzllon e + Cllan |l low [ + Cllan]Les low|a2

< CNljon a1,

where C'= C(F, ||uy||lur). Here we have used ||vy||Le < Cllon||g2 and the inverse inequality

lon|lgz < CN|lon||m for all vy € Sy. Then, we have
H-’ZN(F”(QN)UN) — F”(’EN)UNHLQ < CN_2HF”(EN)’UNHH2 < CN_1HUNHH1.

Applying similar ideas to the other interpolation errors appearing in H DF, ~(7n) —DFn(Gn) H
we deduce that
IDFn(gn) = DFn(gn)|| < CN 7Y,

Since DFn(yn) is an isomorphism from Yy to V5, this means that DF ~(yn) is an isomor-
phism for sufficiently large N. By continuity of DFy this also holds for DFx (yx) for yy in a
neighbourhood of §n. The proof of convergence can be completed along the lines of Theorem
2.10. O
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With methods similar to the ones used in the finite element case we can show that |Ey(a) —
Eu(un)| < Cllyg — QN||§, and even |Eyu(u) — Ex(un)| < Clly — §N||§, However, obtaining
the doubled convergence order if the energy is computed using numerical integration is not
as straightforward as in the finite element case. A natural way of defining the energy Ey :
Sy — R with interpolation is

~ A 1
EN(UN):2/Q’VUN’2(1$ +/QIN(F(UN)) dx +2/QIN(U?V—pn)¢Ndw

where ¢ € Sy satisfies
(V¢N,V’UN) = 47T(IN(’U,?V — pn),’l)N) Yoy € Sn.

(Note that the Fourier discretization (3.37) does not represent the optimality system of a
discrete minimization problem with EN) In the finite element case we showed that the
quadrature errors in Ej (i) — Ej (@) are of order O(h2P), for which it is sufficient that the
quadrature rule is of order 2p — 1. However, in the Fourier case we generally only get, for

example

/Q(IN(F(UN)) — F(uay))da| < ON7P. (3.39)

At this point we do not proceed further but refer to [22], where a rigorous study of convergence
rates for the Thomas—Fermi—von Weizsacker functional is provided. There, the authors work
on two different grids: one for the definition of the discretization space and a finer one for the

computation of integrals.

3.5 Numerical Examples

Despite the nonconvexity of the optimization problem (2.7) and its discretizations, the nu-
merical solution turns out to be straightforward. To solve the nonlinear system (3.1) we can
directly apply Newton’s method. This choice is justified because of the availability of good
initial guesses for u and ¢.

In the case of homogeneous boundary conditions (an isolated cluster of atoms), for ex-
ample, we expect the electron density near the nuclei to be close to the one of an isolated
atom. We therefore solve the spherically symmetric TFDW problem for a single atom first.
The initial value for u is then the square root of the sum of spherically symmetric single atom
electron densities centered around the nuclei. An initial guess for ¢ is successively obtained
by solving —A¢ = 47 (u? — p,) subject to the right boundary conditions. In all computations,
Pn 1s the sum of Gauss functions with variance og centered at nucleus positions. Given a suf-
ficiently fine mesh, we observe that the Newton iteration enters the regime of local quadratic

convergence immediately. We deduce that there is no need to apply globalization strategies.
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Figure 3.1: Outline of the solution uy for two numerical examples. Left: a cluster of 67 atoms
in two dimensions is simulated. Note that only a close-up of the interesting features is shown
in the plot. The computational domain €2 is larger than this. Right: a vacancy in a two
dimensional lattice with slightly distorted atoms around the defect. The boundary conditions
were obtained from a perfect lattice.

When simulating isolated defects in an infinite lattice, the boundary conditions for the
electron density and the electrostatic potential are taken from a perfect crystal. These perfect
crystal solutions can be obtained by solving the periodic problem on a unit cell of the lattice.
Starting values for the Newton iteration are also given by the perfect crystal solutions subject
to straightforward corrections for defects like vacancies or impurities

We now briefly report on some numerical results. In particular, the examples shown in-
clude finite element simulations of a cluster and a defect in 2D, and a Fourier based simulation

of a periodic cell problem in 3D.

A Cluster of 67 Atoms in 2D. We have implemented a two-dimensional version of the
discretization (3.1) described above using piecewise linear (p = 1), respectively, cubic (p = 3)
Lagrange finite elements. In principle, the two-dimensional functional is obtained by replacing
87 with 47 in the definition of ® (2.5) and the function F with F(u) = Ju*— 3?5//52 lul?, see [63].

As we saw above, the Holder coefficient of F” can influence some of the convergence rates.

Since this two-dimensional version of F is C3(R), and therefore ap = 1, we still use the
three-dimensional version of F' given in (2.6).

Results of a computation involving a cluster of 67 atoms in two dimensions are documented
in Figure 3.2. The boundary conditions in this case were homogeneous and the configuration
was obtained by slightly perturbing a section of a hexagonal lattice. The data used in this
computation were 2 = (—30,30)%, A = 3.2, 0p = 0.4 and Z; = 6 for all i = 1,...,67. Relative

errors of E, p, and DV are plotted against the mesh size h for linear, respectively, cubic finite
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Figure 3.2: Convergence rates of calculations for a cluster of 67 atoms in two dimensions:
relative errors of E, u, and DV are plotted along with lines indicating the relevant orders of
h. Left: linear finite elements (p = 1), right: cubic finite elements (p = 3). The reference
values were obtained from a computation with p = 3 on a finer mesh (h = 0.331 = 1070-479).

elements on a series of uniform grids. We observe that both the energy E and the Lagrange
multiplier i converge with order 2p if p is the order of the finite element space.

These observed convergence rates exceed what we proved in Section 3.3. Because of the
homogeneous boundary conditions a mirroring argument as given in [21] can be used to show
u, ¢ € H3(Q). However, the plot for the case p = 3 suggest even higher regularity. A possible
explanation for this is that the domain € is rather large, giving the solutions @, ¢ space to
decay such that singularities in the corners of the domain do not feature too prominently. We
also point out that the convergence rate for the derivatives DV of the implied many-body

potential are better than the expected p + 1 (from the L2-convergence rate of ¢y,).

A Defect in 2D. As a second example we consider a vacancy, that is a missing atom, in two
dimensions. The configuration was obtained by cutting out a section of an infinite hexagonal
lattice and removing the atom in the centre. We also slightly displaced several atoms near
the vacancy. The data used in this computation were 2 = (—13.84,13.84) x (—11.98,11.98),
A =3.2, 00 = 0.25 and Z; = 6 for all .. The boundary conditions ey, ¢ex Were obtained by
solving the periodic cell problem (with a Fourier discretization) and interpolating the obtained
cell solutions into the respective finite element spaces.

Results are documented in Figure 3.3. For p = 1 we obtain the expected behaviour:
energy, Lagrange multiplier, and forces converge at the rate O(h?). In this case, we are
not able to theoretically obtain a higher regularity for @ and ¢ than H?. Nevertheless, the

p = 3 results do indicate higher smoothness. The energy and the Lagrange multiplier show

97



107! T T T T 102 r

—E
——p
DV

10-2k 1007 = =~ pS

1073 f 10-2

10741

1074

1075 F 106 |

1076 = : : : — 1078 & : : — ‘ ‘
10714 10712 10710 10708 10706 1070¢ 10706 10704 10702 1000 1002
h h

Figure 3.3: Convergence rates of calculations for a vacancy in two dimensions: relative errors
of F, pu, and DV are plotted along with lines indicating the relevant orders of h. Left:
linear finite elements, right: cubic finite elements. The reference values were obtained from a
computation with p = 3 on a finer mesh (h = 0.143 = 1070-845),

convergence order O(h*). A doubling of the convergence orders, as we saw in the case of
homogeneous boundary conditions, is prevented by the interpolation error in obtaining the

boundary data.

An Face-Centered Cubic Unit Cell in 3D. Finally, we consider the unit cell of a face-
centered cubic crystal in three dimensions. The computational domain is Q = (0,1)3. There
are 14 atoms in the cell: 8 of them in the corners and 6 in the midpoints of the faces of
the cube, see Figure 3.4. The data were A = 1/10, o9 = 0.1, Z = 5. As expected, the
solution % turns out to be strictly positive on Q. Therefore F' belongs to C*°(I;) and we get
@, ¢ € C°°(2). This is confirmed by the convergence rates shown in Figure 3.4, where we plot
|Ex(iiy) — E(@)] and |fiy — i as functions of the parameter N. Both energy and Lagrange

multiplier converge exponentially, that is, faster than any inverse power of V.

We conclude that the convergence rates that were proved in Sections 3.3 and 3.4 can indeed be
observed experimentally. We again stress that in the finite element case a reference quadrature
rule that is exact for all polynomials of degree 2p — 1 is sufficient to get the same convergence
rates as in the Galerkin case.

Finite element simulations in three space-dimensions are expected to give similar results as
we have seen in two dimensions. However, detailed convergence studies using uniform meshes
in 3D are computationally expensive, especially for larger numbers of atoms and therefore
larger domains €2. In particular, the efficient solution of the linear systems arising in Newton’s

method would require more technology in the form of appropriate preconditioners.
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Figure 3.4: Square root density u and convergence rates for the unit cell of a face-centered
cubic lattice. Since u is positive and F' is therefore effectively smooth, the convergence rates
on the right-hand side show the expected exponential behaviour.

As outlined in the Introduction, it is unfeasible to simulate physical phenomena at a macro-
scopic scale using atomistic models of interactions. This is especially true for density func-
tional based models since the involved fields (e.g. the electronic density and the electrostatic
potential) have to be resolved on subatomic meshes. It is therefore important to develop
consistent multiscale models, like the Quasicontinuum Method, for atomistic interactions in-
volving fields. In the next chapter we propose and analyze Quasicontinuum-like methods for

a very basic field-based interaction potential in one dimension.
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Chapter 4

Quasicontinuum Coupling for a
Field-Based Interaction Potential

In the present chapter we formulate and analyze one-dimensional QC methods for an atomistic
interaction that is mediated by a field.

The chapter is structured as follows. In Section 4.1 we give a literature review, motivate
the atomistic model, and introduce the necessary notation. In Section 4.2 we formulate the
model in a more precise mathematical way and derive a “weak formulation” for the resulting
forces on the particles. Section 4.3 is devoted to the analysis of the model in a bounded domain
when the fields are subjected to Dirichlet boundary conditions. The respective continuum
model is derived and analyzed in Section 4.4 using the Cauchy—Born approximation. Finally,
in Section 4.5 we propose different possibilities for constructing QC methods that are based on
exchange of boundary conditions and prove convergence. The chapter closes with an outlook

on possible extensions and open problems in Section 4.6.

4.1 Introduction
4.1.1 Literature Review

Some applications of the QC method can be found in [90,109,114,115]. Phenomena investi-
gated include defects, fracture, grain boundaries, and nano-indentation.

As mentioned in the Introduction, the most direct energy-based way of QC coupling leads
to inconsistencies in the form of ghost forces. Naturally, a lot of work has therefore gone into
the design of methods that do not exhibit these unphysical forces. Most of these approaches
are based on a more careful treatment of interactions between atoms in the atomistic and
the continuum part. For example, in [110] the quasi-nonlocal QC method was suggested.
There, a layer of so-called quasi-nonlocal atoms is introduced between the atomistic and
the continuum region. These quasi-nonlocal atoms interact normally with neighbours in the

atomistic region, whereas interactions with atoms in the continuum region are replaced with
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virtual atoms whose positions are obtained by extrapolating nearest neighbour positions. A
conceptually similar but more general philosophy based on reconstruction schemes for atomic
environments is followed in [50].

In [79] the quasi-nonlocal QC method was extended to arbitrary finite-range interactions
in one space dimension. A similar, bond-based approach was suggested in 1D and 2D in [107].
A method directly based on the coarse-graining idea is presented in [85].

Although the QC method was originally developed in the 1990s, attempts at its analysis
have started only recently. Early results addressed the coarse-graining step in 1D [83,98] and
2D [84]. In [98] a priori and a posteriori error bounds for the resulting Galerkin approximation
are proved. An analysis of the decay of ghost force induced errors away from the interface is
provided in [43].

To obtain actual error bounds for QC-like methods, it is in general not sufficient to show
the absence of ghost forces. Following a classical paradigm of numerical analysis, many rigor-
ous approaches have focused on the issues of consistency and stability of a QC method. The
issue of stability was investigated for the one-dimensional standard energy-based QC method
and the quasi-nonlocal QC methods in [45]. The authors show that besides its inconsistency
the standard energy-based QC method also has unsatisfactory stability properties compared
with the original atomistic model and the quasi-nonlocal QC method. Rigorous error analysis
for the quasi-nonlocal QC method was performed in one space dimension [44,79,93,96]. The
quasi-nonlocal QC method has excellent consistency and stability properties and convergence
can be obtained, see [79,96].

Methods based on summation rules instead of the Cauchy—Born approximation to reduce
the complexity were analyzed in [87]. Theoretical results in connection with force-based QC
methods can be found in [42,46-48]. The standard force-based QC method has excellent
consistency properties. However, the analysis of stability is more involved. Linearizations
of the involved operators are nonnormal and generally not positive definite. The choice of
topology turns out to be crucial for obtaining stability [46]. Convergence of the force-based
QC method in 1D is proved in [47].

A way of coupling a density functional based atomistic model with a semi-empirical sim-
ulation was suggested in [36]. The authors independently use a DFT model in a subdomain
and an embedded atom potential (EAM) in the remainder of the domain. The actual coupling
is achieved by introducing an interaction energy, which involves a phenomenological electron
density in the EAM region as input. These ideas have also been combined with a standard
QC method resulting in a model with a quantum mechanical, a classical atomistic and a con-
tinuum region [86]. A very similar approach is given in [101,125]. There, phenomenological
electron densities in a patch region are used as boundary conditions for the density functional

simulation. The Cauchy—Born approximation of OFDFT provides the continuum model.
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Some rigorous mathematical results concerning the continuum and thermodynamic limits
of different atomistic models are provided in [14,15,26]. In [14] the authors rigorously derive
continuum models from pair-potentials and Thomas—Fermi type models. In [15] also a limiting
process based on I'-convergence is analyzed. In [12,13] the authors analyze models that couple
an atomistic nearest neighbour and a continuum energy in one space dimension. The domain
is divided into two regions and there is no underlying QC mesh. The message of the articles
is that the natural way of coupling the two models leads to failure in the sense that if fracture
arises, it does so in the continuum part rather than the atomistic part. The authors then
propose a modified coupling that leads to the correct behaviour.

In [49] the authors derive the continuum limits for the Thomas—Fermi-von Weizsicker and
the Kohn—Sham functionals by separating the two scales involved: the scale of the macroscopic
displacement field and the scale of the electron density. In the second part of the article
two different versions of coupling between the TFW functional and its continuum limit are
suggested. Both are based on decomposing the computational domain into a nonsmooth
part (where atomistic detail is needed) and a smooth part (where the approximation by the
continuum limit is thought to be accurate). In the first coupling method, the TEW model is
used in the whole domain, however, the electron density in the smooth domain is obtained
from local cell problems. This approach is shown not to give ghost forces. The second
coupling method is obtained by replacing the energy of the smooth region by its Cauchy—
Born approximation. This time there are ghost forces due to the unsymmetric treatment of

the Coulomb interaction.

4.1.2 Outline of the Field-Based Model

We now motivate a basic atomistic interaction that is mediated by a field. The following
ideas were first outlined in [70]. There, a coarse-grained version of the model was suggested
as a potential alternative to classical QC coupling.

We start our considerations with a simple atomistic energy based on a pair-potential V'
in one dimension. Let y = (y1,...,yn) € RY represent the coordinates of N particles. We
consider the energy

| N
E(y) = ) Z V(lyi — yjl)-
w1
Obviously, the force on particle ¢ is given by

N
—Dy,E(y) = — ZSigﬂ(?/z’ - yj)V/(|yi —yjl)-
j=1
i
We note that the forces are nonlocal expressions in the sense that their computation involves

the summation over the other NV — 1 particles.
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Next, we make a few modifications to this model. First, we replace the pointwise particles
with smooth, nonnegative, and compactly supported particle densities J.(- — y;) (such that
Jg 0c(x) dz = 1). This leads to

N
E(y) z% Z /R/Rcse(z—yi)V(z—x)ég(x—yj)dzd:L‘.

i,j=1
£

To simplify the presentation further, we include the self-energies of the individual particle

densities and define
| N
W) =5 X [ [ 8- wVs - alile - ) deda,
ij=1

This additional self-energy contribution does not affect the forces. It can be computed ex-

plicitly and subtracted from the energy later on. We introduce the field ¢ : R — R through

N
o(x) = /pr(z)V(\x —z|)dz, where py(z)= ;55(2 — ;). (4.1)

Then, the energy & (y) can be written in the following form

&) = 5 [ pu(@)ola) d.

It is easy to see that the forces are now given by the local expression

~DyEuly) = - [ Dyp(0(2)

By knowing the field ¢ it is unnecessary to compute the force on one particle by adding
up the forces that are exerted by all other particles. The nonlocality of the interaction has
been encoded in the field ¢. However, we have replaced the problem of nonlocality with the
necessity to calculate the field ¢, which is defined on the whole of R, via the convolution (4.1).

If the pair-potential V' is the Green’s function belonging to a linear partial differential

operator Ly (V), then ¢ can be computed by solving an equation with right-hand side py,:

Ly (V)¢ = py.
As an example we consider the so-called Yukawa potential in one space dimension

1 1 1
Vi) 27 /R K2t m2* om"

In this case ¢ can be obtained as the solution to
—A¢ + m2¢ = Py
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or, equivalently, the minimization problem

1
¢:argmin{/|Vg0]2+m2g02dw —/pygodx}.
¢ (2J)r R

The interaction potential &, takes the form

1
E(y) :—min{/ IVo|? + m?p? da —/pygodx}. (4.2)
® 2 R R

The interaction defined by (4.2) is purely repulsive. A purely attractive interaction can be
obtained by changing the outer minus sign in the definition of &£ to a plus sign. We could
combine two energies & 1, & _ of the form (4.2) with different values for m to model an
interaction similar to Morse’s potential V (|z|) = e=21*l — 2e~1#l. Note that this would give
rise to two fields ¢4 and ¢_. Forces and weak formulations could simply be added.

The present chapter is devoted to the analysis of QC approximations of (4.2) in a periodic
one-dimensional setting. The basic idea of QC coupling in this case is as follows. The
computational domain is divided into an atomistic and a continuum region. In the continuum
region, we use the standard Cauchy—Born approximation of £.. For the atomistic part we use
a version of (4.2) on a bounded domain ' subject to certain boundary conditions. Both

the boundary and the boundary data will be allowed to depend on the configuration y.

4.1.3 Notation

When working with atomistic models, boundaries have to be treated carefully. Strictly speak-
ing they represent defects that lead to boundary layers in the displacement. To avoid these
difficulties we look at an infinite chain of atoms on the one-dimensional lattice X = eZ, where
g > 0 is the reference lattice spacing. Moreover, to keep the functional analysis simple, we

consider only (2N + 1)-periodic displacements from the reference lattice (see also [96]). Let

N
U= {uERZ:ujHQNH) =u; Vj €L, Z u;j :0}
j=—N
and define
Y=FX+U
with a macroscopic deformation gradient F' > 0. As a computational domain we use the
interval
Q= (y-N-1,YN)-

To keep the reference length of the interval constant we set ¢ = 2/(2N + 1).
We define the finite differences y’,y” € U for y € ) or U by their respective components

)Y~ Y1 g = Yl =25 Y

y._ .
J e ’ J 2
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Figure 4.1: Sketch of the basic atomistic problem: the field ¢ is periodic in Q = (y_n—1,yn)
and py is a smooth particle density representing the atoms with positions given by y € V.

Let us also define the weighted ¢?-scalar product and norm by

N
(wv)e=c > wv, Yuveld, |ule:=(u,uw)l Yucl. (4.3)
v=—N

The £°°-norm is defined in the obvious way

lu|lge = . mmax N|u,,| Vuel.

goooy

The space U equipped with the Sobolev-like norm [|uf|y1.2 = [[u'[[,z will be denoted by Uut?

and its topological dual space by &/~"2. The norm on 4~1? is given by

T
Ty 12 = sup .
wert2 [l

For monotonously increasing y € ) (which we will write as y’ > 0) we denote by S(y) C
H(Q) the space of continuous functions that are linear on every interval Q; = (yi_1,¥:),
i € {—N,...,N}. Furthermore, we define Sy(y) = S(y) N H#(Q) to be the subset of all

periodic functions in S(y).

4.2 The Model in a Periodic Setting

We now put the field-based interaction potential that was outlined above in a precise math-

ematical framework. For this, we define the functional I : H#(Q) x Y — R by

I(p,y) = /Q(§€2|V90|2+ %m%Q) d —/prsoda:,
where

py(x) = EZ Zibe(xz —y;), and O.(x) =& 1o1(x/e).
JEZL
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Here, 61 is a symmetric, nonnegative, regularized delta distribution with compact support
[—%0, %0], where ¢p > 0 and [ 01 dz = 1, see Figure 4.1. To avoid cluttering we set Z; = 1
for all j € Z.

We then define the interaction potential £ : Y — R by

Ely)=— min I(p,vy). 4.4
(y) we?ﬁm (v, y) (4.4)

The respective minimizer (see Figure 4.1)

=arg min I(p,
¢ B o) (%)

is obviously the periodic solution to the Euler-Lagrange equation
—e?A¢ +mPp =p, in Q. (4.5)

Although ¢ depends on y, we will usually suppress this in our notation. It will always be
clear from the context, which configuration ¢ belongs to. It follows immediately from (4.5)

and integration by parts that
1
E(y) = 2/ bpy dz .
Q

To determine equilibrium configurations subject to a given external force f € U~1? we need

to minimize the total potential energy Ky : ) — R defined by

Ep(y) =E(y) + (f,y)e (4.6)

A minimizer y € Y of (4.6) will satisfy the Euler-Lagrange equation

DEf(y) =DE(y)+ fF=0 U 2

In the following we address the derivatives of £. Our main observation is a “weak” formulation
for the first derivative DE that acts as a natural connection point for the coupling with a
continuum model. The proof of the following result uses the same ideas involving the Implicit
Function Theorem as we applied in Section 2.6. The situation is, however, significantly easier

since the functional I(-,y) is convex and quadratic for every y € ).

Proposition 4.1. The potential £ : Y — R defined by (4.4) is twice continuously Fréchet

differentiable. The components of the first derivative are given by

D,,E(y) = —< [ V(o — y;)o(e) da (4.7)
Q
forj €{=N,...,N —1} and by
Dy Ely) = — /Q (Voe(z — yon—1) + Vo.(x — yw)) dlx) d. (4.8)
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Proof. First we note that the map y — py(x) from Y to R is continuously differentiable
for all x and Dy py(z) is uniformly bounded in z. Since Q = (y_n—1,yn) depends on y but
|| = 2F is fixed, we will only look at the internal atoms represented by ¥y = (y_n,...,yn—1)-
The derivative with respect to yy follows from periodicity or by simply shifting €2 to the right
by one atom.

For every fixed y € Y there is a unique minimizer ¢(y) of I(-,y) (we are slightly
abusing notation here and briefly interpret ¢ as a function from )Y to H#(Q)) For every
y € Y the function ¢(y) € H;E(Q) satisfies the Euler-Lagrange equation Dyl (¢(y),y) = 0.
Since Dypl(¢,y) = —e*A + m?id is positive definite for all ¢ and all y, the function
y — ¢(y) is differentiable by Theorem 4.B in [124]. We interpret the derivative Dyzp(y) =
(Dy_NgZ)(y), el DyN_lgb(y)) as a vector of 2N functions from H#(Q) Using the chain rule
we then calculate the derivative Dyz&(y) to be

Dg&(y) = Dyl (6(y),y)Dyé(y) + Dyl(¢(y),y) = Dzl(9(y), y).

Because ¢ is a minimizer of I(-,y) (and therefore DyI(¢(y),y) = 0) to calculate the derivative
of £ it is sufficient to calculate the partial derivative of I with respect to y. By uniform
differentiability of py(x) with respect to y and continuity of ¢ we can differentiate under the

integral sign [103, Theorem 9.42] and arrive at

=Dy [ pyf@)i@)dz = [ Dypy(a)ofe) da.

The expression (4.7) for j = —N,..., N — 1 then follows directly from
Dy, py(x) = eDy,b:(z — y;) = —eVie(z — y;)
for all z € Q. (m|

We again stress the fact that the forces —DyE(y) are local expressions. To calculate the force
on atom j it is necessary to know ¢ in suppd(- — y;) but there is no need to sum over all
remaining atoms. This nonlocality is encoded in the field ¢.

Next we establish the weak formulation for the forces on particles. This very much re-
sembles the structure of the continuum equations and will be the basis for the QC coupling
in Section 4.5. A version of this calculation was already shown in [60]. There, the author
worked with an interpolant that was assumed constant on the support of every 6.(- — y;).

For simplicity we assume that the supports of the densities of different particles do not

intersect:
supple (- —yi) Nsuppde(- —y;) =0 Vi, j € Z, i # j.
Since, [suppde(-—yi)| = €<, this is equivalent to |y;—y;| > e for i # j or, if y is monotonously

increasing y; > <o for all j € Z.
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Lemma 4.2. Let y € Y satisfy y' > ¢o and let ¢ € H%L(Q) be the corresponding field defined
by (4.5). Moreover, let w = (uj)jez € U be a test vector and u € Sx(y) a periodic piecewise

linear interpolant of w in the sense that
w(y;) =u; Vje{-N-1,...,N} (4.9)
Then,
DE(y)-u = ’Z Dy E(y)uj = /Q oy (x)Vu(z) dz, (4.10)
where 0y = 0y.1 + 0y 2 and

oy1(z) = 3e2Vo|* — 1m?¢® + pyo,

N
oya(z)=c > G(x)Vi(x —y;)(x —y;). (4.11)
N

Proof. Let u € Sy (y) be the interpolant of w satisfying (4.9). We start by multiplying the
derivative (4.7) for j € {—N,..., N — 1} by the component u;:

Dy ey = =y [ Vhila = y)o(e) da
:=—g/<>vau—wmex+géwuwwmv&m—wwwwx
_5/5 ()V(x dx+5/6 yi)o(x) Vu(z) dz

/Q(u( %) = u)) V6. (x — y)b(w) de = T9 + 19 4+ 7).

Here we have used integration by parts but there are no boundary terms since u, ¢ and py,
are periodic on €. Using (4.8) we obtain a similar expression for D, £(y)uy. Summing over
j=—N,..., N we obtain

y)-u: Z Dng(y)-uj =T+ T3+ Ts, (4.12)

where T; = Z;‘V:—N Ti(j), i € {1,2,3}. From py =€) ;5 0:(- — y;) it immediately follows
that
7, = [ pyf@)ola)Vu(e) d.
Q
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For T} we can carry out the following rearrangements
T = / pyuVeodx
Q
= / (—e*A¢ + m*¢)uVedr
Q

_ / (—2VpA + m2pVo)uds
Q
1

_ 1 2 2 2,2
—2/QV( 2 Vo> + m*¢”)uda

_ ;/Q(g?\vqsﬁ — m2¢?)Vudz.

Here, we have again used integration by parts and the periodicity of all functions involved.
We deduce that
T +1, = / oy.1(z)Vu(x)dz
Q

with oy 1 as defined in (4.11).

Before turning to T3 we first note that since u is piecewise linear

T —y;
uw(z) = uj + P y‘] , (uj —uj—1) =uj + (x —yj)Vu(z) for x € Q; = (yj-1,¥;),
i~ Yj—
x—y;
u(z) = uj + — —Jy' (wjt1 —uj) = uj + (x —y;)Vu(z) for z € Qj11 = (yj,yj+1)-
j j

Hence, T3 in the above equation (4.12) can be written as

N
Ts=¢ ‘_727 /th(x)V(SE(a: —yj)(u(z) —uj)de

Z /gb )Vée(z — yj)(x — yj) Vu(z) dx

/ x)Vudz,

with oy 2 as defined in (4.11), which concludes the proof. (m

Remark 4.3. In more than one space dimension the above calculations can be generalized if
a triangular, respectively, tetrahedral mesh with the atomic positions as nodes is constructed.

For example, this leads to
ay1(x) = (—3%[Ve|? — 3m?¢” + pyo) id +£°Vo @ Vo

A closer look at the calculations in the above proof also shows that the weak form can
be obtained for semilinear models —e2A¢ + F'(¢) = p, with any convex function F. Even a
fourth-order model of the form e*A?¢ — e2A¢ + F'(¢) = p, admits a weak formulation in a

similar vein. O
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As already suggested in the introduction to this chapter the Green’s function for the differ-

ential operator —e2A + m?id acting on functions defined on R is given by
Go(z) = ——e e, (4.13)

This will now be proved rigorously by deriving an explicit formula for the function values
¢(x) and Vo(z) for z € Q.

Proposition 4.4. Let y € Y be given and ¢ = arg minweH%(Q) I(p,y) be the corresponding
interaction field. Then, for every x € €0,

/G z)py(2)dz = QmZ/(S Z—yp)e €|I72|dz, (4.14)

keZ

/ Ge(x — 2)Vpy(2)dz = — Z/ Vie(z —yr)e ¢ ezl gy, (4.15)

kEZ

Proof. The proof is similar to the one given for Theorem 2.1 in [51]. We start by constructing
the solution ¢g : R — R to —e2A¢g+m2pg = Py in R for the compactly supported right-hand
side py, = €Z§V:_N 0 (- —yj) € C5°(R), i.e., the particle density of the atoms {—N,..., N}.
The periodic solution ¢ will be obtained by adding shifted versions of ¢q.

Let ¢ : R — R be defined by

_ / Go(2)pS(z — 2) dz. (4.16)
R

Moreover, let 6 > 0 be small. Since pj, € C§°(R) and G- is continuous we can differentiate
under the integral sign [103, Theorem 9.42]:

Ado(z /G 2)Apy(z — z) dz

= / Ge(2)Apy (v — 2)dz + / Ge(2)Apy (v — 2) dz.
B;(0) R\B;(0)

The first term on the right-hand side is O(9) as G is bounded. For the second term we have
/ Ge(2)Apy(r — 2)dz = — / VG (2)Vpy(z — 2)dz
R\B;(0) R\B;(0)
+ G(6)(Vpy (x — 6) — Vi (x +9)).

The second term on the right-hand side of this equation is O(d) since V5, is globally Lipschitz

continuous. Continuing with integration by parts yields

—/ VG (2)Vpy(z — 2)dz = / AG:(2)py(r — z) dz
R\Bs(0) R\Bs(0)
+ VG (=0)py(z — 6) = VG (9)py(z + 6)

2 1
= — D5 é0(a) + 55(x) + 00).
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m
Here, we have used that —e2AG.(x) + m2Ge(z) = 0 for x # 0 and VG.(+5) = :Fﬁex?é.
Letting 6 — 0 shows that —e?Ag¢g + m2¢pg = Py in R.
Next, we need to construct the |Q|-periodic solution ¢. Because of the exponential decay

of G, it is straightforward to verify that the series

= 3" dole + jl0)
JEZL
converges uniformly on every compact subset of R. Moreover, ¢ is (2-periodic and solves the
equation —e2A¢ + m2¢ = p, in Q. A simple change of coordinates in the integral (4.16)
defining ¢o implies (4.14).
Due to the exponential decay of the Green’s function we can differentiate under the integral

sign to get
V/py dz—/prx—z dz-/pr (x—2)dz
for all z € , which is equivalent to (4.15). O

Using the fact that p, is |Q|-periodic we can write the integral (4.14) over R as an integral

over () by introducing a periodic Green’s function Gfﬂ

o(x) = /pr(z)Ga(x —2)dz = /pr(z)GﬁQ(a: — z)dz,
where GZ%Q is given by

1 m
Gfg(:n) = — Ze_ e le—vIall,

The energy E(y) then takes the form

W =3 [ @@z =3 [ [ p@6taa-apdra @)

A consequence of the simple exponential form of the Yukawa potential and some elementary
properties of the exponential function in one dimension is the following. Let y;,y; € R satisfy
Y; > y; + €50 such that the supports of particle densities representing the atoms ¢ and j do

not intersect. Then,

//6€(z—y]~)eTan'zx'éa(x—yi)da; dz = //5€(z—yj)e?(21)55(33—%)(11: dz
R JR R JR

e ) / ef%(zfyj)&(z —y;)dz
R

e Wi (y; — x) dw

- _
e
3

(4.18)
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where we have defined

u:/éa(x)e_n;xdx :/58(a:)e?zda: :/51(x)em9”dx.
R R R

Although we will frequently use this property, it is not essential for our reasoning. It merely

makes some calculations more convenient. We point out that = O(e™).

The following result establishes L>°-bounds on ¢ and V¢ that only depend on m miny’.

Lemma 4.5. Let y € Y, y' > ¢, and let ¢ = arg minweH;&(Q) I(p,y) be the corresponding

field. Then, there are continuous functions Ko, K1, independent of €, such that

¢l (@) < Ko(mminy'),
e[Vl () < Ki(mminy').

Proof. Let z € [yj_1,y;]. Then, (4.14) and (4.18) imply that

B = 5 - Z/az—yk ~Plo—al g,

kEZ

T—z K -
:2m/ —yj1) +0.(2 — J)) 2 ldz + Z L

2m
Since |z —yk| > (k—j)eminy’ for all k > j, and |z —yi| > (j—1—k)eminy’ for all k < j—1,

1 _m o -
< 5 \z|d vmminy
o(x) < — A (z)e ¢ z—i-fm E e
1

—mminy’

e .y

m o %WgKo(mmmy).
m

The integral term here is bounded since e~ = ¥l is bounded and Jz 0-(2) dz = 1. Similarly we

obtain, with (4.15), that

_ 3 /
e~ mminy

o mmmy < Ki(mming),

1 m
e[Vo(z)| < /8]V55(z)|e_6 I dz +
m Jr
where we have used that [, €|Vd.(z)|dz is uniformly bounded in . O

Note that both Ky and K7 also implicitly depend on m. However, we think of m as fixed and
therefore suppress this dependence. The parameter m determines the range of the interaction
and therefore also y’. Instances of my’ will appear frequently in the analysis of the QC
method.

The following result shows coercivity of D2£(y) if y is monotonously increasing. The
coercivity constant decreases as the maximal distance of atoms (in the form of maxy’) in-

creases.

112



ar, Y-K Yk QR
Figure 4.2: The atomistic model in the domain €2, with Dirichlet boundary conditions g =
lgr. gr)".

Lemma 4.6. Let y € Y satisfy y' > 9. Then,

2
D*E(y)-[u,u] > %e_mma"y W/ Yuel.

Proof. From the formula (4.17) we can deduce with (4.18) that

212 N 4
Ey)=—, ]ZN GIo(yi — yj) + Eselt
Tii

ep’ = E:—mly'—y'—V\QH
= e e A + Eselt,

4m,
i,j=—N peZ
iA]

where Egqf contains interactions of atoms with themselves and their periodic images and only

depends on N and |€2|. Differentiating this twice with respect to y we obtain

2 2
D%*E(y) [u,u] = miﬂ 3 Ze_%h/i—yj—ﬂQHM‘
i,]';—_N =¥/ 9
ol

Since all terms in the sum are positive, only retaining nearest neighbour interactions (i.e.,
pairs (7, ) such that |i — j| =1 as well as (¢,5) = (N,—N) and (i,7) = (=N, N)) leads to

2 N 2
D2E(y)-[u,u] = Th—em Ve N fup|? = Do,
i=—N

This concludes the proof. O

4.3 The Model with Dirichlet Boundary Conditions

In this section we consider a version of the model (4.4) in the domain Q, = (ar,ar) C R
subject to Dirichlet instead of periodic boundary conditions. This concept will later be used

as the atomistic subproblem of QC methods. We set a = [az, ag]’ € R? and Aa = ap — ar.
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Throughout the present Section 4.3 we think of y = (y_k,...,yx) as an ordered element of
Q2K+ such that ap < y_x < -+- < yx < agr. The particle density py is canonically defined
by

K
Py =€ Z (- — yj)-
j=—K

For simplicity we assume that the y; lie well inside €2, in the sense that supppy N 0Q, = 0
or, equivalently, y_x — ar, > /2 and ar — yx > o/2.
We impose the following boundary conditions on the resulting field ¢ : Q, — R:

¢(ar) = gz, ¢(ar) = gr,

and write g = [g1, gr]?T € R?. Let &, 4, € H!(2,) be the function that satisfies the boundary

value problem
—e2 A&y g+ Mg =0 in Q,
ga,g|8Qa =4g.

Then we define the interaction potential &, 4 : Q251 — R via

5a,g(y) = - min Ia((p?y)’ (419)
Wega,g'f‘Hé(Qa)

where the functional I, : H!(Q,) x Q2K+1 — R is given by
R 2 2 2 o
I (o, y) :/ (1%|Vo? + $m?p?) da —/ pypdz. (4.20)

ar ar

For given y the minimizer ¢ = argmin ¢, 1 (q,) I,(p,y) is the weak solution to

—e?A¢ +mPp = py in g,

(4.21)
Ploa, = g
We will frequently use the decomposition
»=¢o+ ga,ga (422)
where ¢g € H}(,) solves the boundary value problem
—*A¢o + m’dy = py in Q,
dolon, = 0.
It is easy to show that £, 4 has the form
Sag(®) = cr(a, g)e™ = ™) 4 cp(a, g)e = (), (4.23)

114



where the coefficients cr,(a, g) and cg(a, g) are given by

1 T
CL(a,g) 1—+2 - 2:| |:gL:|
g) = _ T T =T, 4.24
c(a.9) LR(%Q)} L > = | l9r g (4.24)
and we have defined
r=e 57

We note that if |Q,| = Aa = ar — ay, is large, we get 7 ~ 0 and therefore c(a, g) ~ g because

of the exponential decay of the Green’s function.

Next, we compute the derivative of &, ; with respect to the atomic coordinates. For these
derivatives, we obtain a “weak” formulation of the same shape as in the periodic case (see
Proposition 4.1).

If y is monotonously increasing in the sense that y_x < --- < yg, we denote by
S(y U a) the set of continuous, piecewise affine functions over the mesh given by the nodes

ar,Y—x,---,Yi,ar. Moreover, So(y Ua) =S(y Ua) OH(I)(Q).

Proposition 4.7. Let a,g € R? and y € Y be given. The potential E, 4 : Y — R defined by
(4.19) is continuously Fréchet differentiable.

(i) The components of the first derivative are given by

Dy Engly) == [ V(o =)o) s (4.25)

forj=-K,... K.
(ii) Let w € U be a test vector and u € So(y U a) an interpolant of w in the sense that

u(ar) =u(ar) =0 and u(y;) =u; Vje{-K,...,K}.

Then, if yiy1 —yi > <o foralli € {—K +1,...,K}, ar — yx > s0/2, and y_g — ar, > /2,

we have

Dyé',w(y)-u:/Q oy(z)Vu(x)dz,

where oy is given by (4.11).

Proof. The derivatives with respect to the coordinates y are easy to calculate along the
same lines as in the proof of Proposition 4.1. The weak formulation can be obtained as in

the periodic case (Lemma 4.2) using the fact that the interpolant u vanishes on 0€,,. m]

It is worth pointing out that for g # 0 in general

fus®) # 5 | pudis.
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However, we will see below that &, 4(y) can be written as the sum of a boundary data

contribution and a term that is independent of g.

With a view to the subsequent derivation of QC methods we will from now on interpret a and
g as arguments to &, 4 rather than fixed parameters entering its definition. In other words
we consider the mapping Q251 x R2 x R?2 - R, (y,a,g) — &, 4(y). For future reference we

derive the derivatives of this mapping with respect to the boundary a and the boundary data

g.
4.3.1 Dependence on the Boundary

When formulating QC methods in Section 4.5 we will let the boundary a of the atomistic
subdomain depend on the configuration y. Therefore, we need to understand the dependence
of the energy &, 4(y) on a. Our main result is that the derivative D&, 4(y) can be combined
with Dy&, 4(y) into a weak formulation reminiscent of (4.10). This will be a central building
block for QC methods.

Proposition 4.8. Let y € Y satisfy yiy1 — yi > €5 for alli e {—-K +1,...,K}, ap — yx >
£50/2, and y_ —ap > €50/2. Let u = (u_g,...,ux) € R2E+ and h = [hy hg]" € R? be

test vectors. Moreover, let u € S(y U a) be the interpolant of w and h in the sense that
uw(ar) = hr, u(ag) =hgr, and u(y;) =u; Vje{-K,...,K}.

Then,
Du&ag(y)-h+ Dy y(y) u = / oy(z)Vu(z)dz.

a

Proof. This is a direct consequence of the following two lemmas. O

For the first auxiliary lemma it is convenient to define a derivative of &, 4(y) with respect
to a = [ar ag]’ when the relative distances between the atoms are kept constant. In other
words we consider the change in &, 4(y) when the whole domain €2, is stretched with the atom
positions following this stretching. For given y € Q28+ let X = (X _k, ..., Xg) € (0,1)2K+1
be determined by y; = ar, + (ag — ar)Xj for all j € {—K, ..., K}. Then, for fixed g and X
we define

E(a) = Eqglar + (ar —ar)X) (4.26)
and

ﬁaRga,g(y) = Dagg(a)'

Here, we interpret the sum ar, + (agr — ar)X in a componentwise manner: (az, + AaX); =
ar, + AaXj for all j € {—K,...,K}. The derivative l~)aL Ea,g(y) is defined analogously, from
which it is immediately clear that Dy, £a.g(y) = —DapEag(y).
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Lemma 4.9. Let y € Q25+1. Then

~ 1
Doy q(y) = Aa/Q oy(z)de. (4.27)

Proof. First, we set n(a) = ar + AaX. We begin by transforming the problem to the unit

interval (0,1) using the transformation x — X(z) = (z —ar)/(ar — ar):

Ela) = Eugn(@) = [ (<4V67 — e + pyy0) da

a

1 2 2
&g -~ m= ~ R -~
= Aa/o (— \V¢]2 — ?qﬁQ + pn(ayb) dX.

2Aa?

Here, qAS(X) = ¢(x(X)) and pp)(X) = pp@)(z(X)). It follows as in Proposition 4.1 that
to calculate D,E| (a) it is sufficient to calculate the partial derivatives of the right-hand side
with respect to ar (the derivative of ¢ or gg with respect to ar does not appear since ¢ is a

minimizer of I,(-,y)). This leads to

1

D 5()—/1 —iw&?—m—Q&FMA 6)dX +A / iWqAﬁ\QdX
OR @)= 0 2Aa2 2 p'r](a) a 0 ACLB

1
+ Aa/ ¢DaRﬁn(a) dX.
0

Transforming the first two integrals on the right-hand side back to the interval €, we arrive

at
1

g 9 1
Aaga’g(y)—i_Aa/g;a |V¢’ dx = MAE Uy71($)dx,

where oy 1 was given in (4.11).
What remains to be done is differentiating p,,) with respect to ar. By the definition of

the transformation z — X (x) we have

K
thgﬁn(a)(X) :EDaR Z (55((613 — GL)(X — XJ))
j=—K

K
=e Y (X —X;)Vi((ar — ar)(X — Xj)).
=K

Using Aa(X — X;) = (z — y;) we therefore get
1 e K
Aa /0 Dapbn(a) 4X = 5= > /Q (2 = ) Vie (o — y;)é(w) du
j=——K 7S

1
= Aa/Q O'y72<l') dx

with oy 2(z) as given in (4.11). o
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We can now derive a weak form for the derivative D&, 4(y). Therefore, we define O € S(yUa)

to be the piecewise linear function with
Or(ar) =1, Ogr(ar)=0, Ogr(y;)=0 forallje{-K,...,K}.
The function 0y, € S(y U a) is defined analogously.

Lemma 4.10. Let y € Q25+ satisfy yiy1 —y; > eso foralli € {—K+1,...,K}, ar —yrx >
£50/2, and y_x — ar, > €50/2. The derivatives of &, 4(y) with respect to ar, ar (for fixred y
and g) satisfy

Do, &0 g(y) = /Q oy(2)VOr(z)dx,

Dapaly) = / 0y () VO () da

a

Proof. Let ©p be the affine function defined on €, with ©(az) = 0, Or(ar) = 1. Since
VOg(z) = 2=, Lemma 4.9 yields

UyV(@R — QR) dx —i—/Q vaeR dx . (4.28)

ﬁaRé'a,y(y):/ oyVORrdx :/
Qq

Qq
Now, we have Or — 0r € So(y U a) and hence, by Proposition 4.7,

K
| @V (Or—8r)de = 3 Dy 80s(w)OR(s). (4.20)
a j=—K

However, 5a 1€a,9(y) was defined as derivative with respect to ag, while the relative distances

of the atoms are kept constant. This can be formulated as

K
DaRga,g(y) = DaRga,g<y) + Z Dnga,g(y)@R(yj)‘
j=K
Inserting this into (4.28) and using (4.29) then gives

/ oy(2)VOrdr = D, ,Eq4(y).

a

Similarly, we can show the expression stated for D, €4 4(y). a

4.3.2 Dependence on the Boundary Conditions

Next, we deal with the derivative of &, 4(y) with respect to the boundary conditions g when

the configuration y and the boundary a are kept fixed. Knowing this derivative is important
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for subsequent QC coupling because the boundary data will in general depend on y. We
define

YL(y,a) = 2/ py(2)Ge(z —ar) dz,
‘Lo (4.30)

Yr(Y,a) = 2/Q py()Ge(ag — ) dz .

Lemma 4.11. The partial derivative of Eq 4(y) with respect to g is given by:

Dty = —me((1 - [cfe] - 2]}

m

where T, and c(a,g) = [cr(a,g) crla, g)]T were given in (4.24) and 7 = e ¢ 2%

Proof. Throughout the proof we suppress the arguments of 7, vr, and ¢ for readability. We
recall the additive decomposition ¢ = ¢o+&,, from (4.22). It follows from —e2A&, ;+m?é, 4 =
0 and ¢ € H}(Q) that e2(VEa g, Vdo) + m?(€ag, o) = 0. Hence, a quick calculation shows
that the energy &, 4(y) can be written in the following additive way:

Cag(y) = —1a(,y) = —1a(d0,y) — La(8a,g- Y)- (4.31)

The first term on the right-hand side does not depend on the boundary conditions ¢ and the
second term is known explicitly: using —62Afa7g + m2§a7g = 0, integration by parts and the

explicit formula (4.23) for &, 4, we get

Ia(ga,ga y) :/ %(€2|v§a,g|2 + m2§c2z,g) dz — / pyga,g dx

a a

62

= 9 (_fa,g(aL)vfa,g(aL) + §a,g(aR)v£a,g(aR)) - / pyfmg dx

a

= %(C% + c%%) (1- e_z%A“) - / Py (cLe_%(x_“L) + cRe_%(aR_x)) dx
Qq

2 2
€L T CRr 2 2 —2(z—ar) —2(ag—x)
= 1—7 — € L €
m5< 5 ( ) 5oe apy(cie + cre )dx

2 2
:m6<CL;_CR(1 — 72) - (CL’YL + CR'YR)).

Here we have used the Green’s function G. from (4.13). Differentiating this expression with

respect to ¢z, and cr and applying the chain rule with D,c = T, yield the result. a

Remark 4.12. We remark that D,&, 4(y) = 0 if and only if ¢z (a, g) = vr(y,a)/(1 —72) and
cr(a,g) = vr(y,a)/(1—72). According to (4.24) this corresponds to the boundary conditions

1 y(y,a) +7r(Y,a) L muy,9) +r(y,0) (4.32)

gL(y7a):1_7_ 1+ 7 ) gR(yva):l_T 147
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In other words the boundary conditions are weighted averages of the values ﬁfm (y,a) and
ﬁ'yR(y, a). It is quite instructive to derive an interpretation of these values. For example,
we get

1 2 AR
— T'YR(yva) = l—e_mAa/E/aL py(JU)Ga(CLR —x)dx

o0 .m ar
= QZe_JEAa/ py()Ge(ap — x) dz
=0

ar,

1

= ZZ/aR py(2)Ge(ar — (x — jAa)) dz.
j=07ar

Here we have used that

1 1~ Zap—(e—jra))

m m
eI Aae— z (ar—z) _
2me 2me

m
eI erG (ag —x) =

On defining py.g : (—00,ar] — R to be the Aa-periodic continuation of py to the left of Q,,

we obtain

1 ar
o r(y,0) = 2/ py.r(2)Ge(ag — ) da |

—0o0
Next, we introduce pgﬁ% :R — R by reflecting py r across ag:
preﬂ (I) _ py,R($)7 if x < ag,
y. R py.r(2ar — ), if x> ap.

Together with the symmetry of G, this immediately leads to

1
() = [ k)G (an— o) do.

Hence, we have obtained an interpretation of ﬁvR(y, a): it is the value of a field generated
by a charge distribution that is point symmetric with respect to ag and periodic on both half

lines (—o0,agr| and [ag, 00). O

Remark 4.13. As seen in Lemma 4.11 the boundary data contribution I,(&,4,y) to the
energy &,4(y) is quadratic in g. For fixed configuration y and domain Q, the boundary
conditions ¢ = ¢*(y,a) minimize the boundary data contribution I,({44,y) to the energy
Ea,g(y). This is equivalent to minimizing I, (-, y) over H'(£2,) and therefore leads to homoge-

neous Neumann boundary conditions V¢ = 0 on 0f),. a

If the domain €, is large and hence 7 =~ 0, then v1(y,a) = g} (y,a) and Yr(y,a) = g;(y,a).
We can then simplify the expression for I,(&,,4,y) given in the proof of Lemma 4.11:

cr(a, g9)? + crla, g)?
2

Io(Gag.y) = m( (1-7) — (cnla 9oy a) + crla, 9) 1. a>)>

2 2
= me( R (g13(,0) + 003(.0)) ) + O17) (4.33)
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The next result addresses the differentiability of v;, and yr. We show that the derivatives

satisfy certain bounds. Calculations like these are typical for this type of atomistic model.

Lemma 4.14. Let y € Q25+ satisfy yiy1 —y; > eso foralli € {—K+1,...,K}, ar —yrx >
£50/2, and y_x — ag, > €59/2. Then,

14 1 W 1

YL(y,a) < — ml_ e—mminy’ Yr(Y,a) < Ml _e—mmny

Moreover, vr.(y) is twice continuously differentiable with respect to y and a and there exists

C(mminy’) (independent of €) such that

k=—K+1

D009 ), (]| < Clmming!) (1) kﬁ (?)

€

for allu € U and h € R2. Analogous bounds hold for yr(y,a).

Proof. We start with the following observation

’Y Z/ **(I ar) (:J:—yj)dx—%f (y—-x—ar) Ze (yij

Using y; —y—-x < (j + K)miny’ for j = —K, ..., K we directly infer that

m

K —(2K+1)mminy’
o m uwl—e ( o 1
< = ) < & - < — - .
’YL(y> (I) = m :Z = m 1 — e—mminy’ ~— m1—emmnminy
Differentiating gives
K m( —a )uj — hL
DoyvL(y, a)hr + Dyyi(y,a)-u = —p » e e Wimor) S —=,
- :
K 2
m i—h
1)2,}/11(?}7 a). [(U, h)’ (u, h)] = m'u]z_K e ¢ (y]_aL)(lLJE2L).

We show the stated bound for the second derivative. The one for the first derivative is

obtained similarly. We have

2 J 2
Uj—hL N U,K—hL ’
() = (e 3 )

k=—K+1

2 J
§2<“K_hL> +2+K) > (up)*

3
k=—K+1
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Therefore,

K
Dy (y,a)-[(u,h), (u,h)] < 2mp »_ (j + K)e UHmminy’
j=—K

. (<“—K€_ hL>2 + i (u2)2>,

k=—K+1

which is the desired bound. O

A useful fact for the analysis of QC methods is the global Lipschitz continuity of the solution
¢ in the L°°-norm with respect to the boundary conditions g for fixed y and a. This is direct

result of the exponential decay of the Green’s function.

Lemma 4.15. Let ¢, o € H'(Q,) be minimizers of I,(-,y) subject to the boundary condi-
tions g1 € R?, respectively, go € R%. Then,

1 — pollLe < V2|Tullgr — g2,
el|[V1 — VoL < V2m|Ty||g1 — gol-

Proof. = We write both functions in the form ¢; = ¢o + &ug,, @ € {1,2}. Let ¢ =
le1,1 cLR]T, co =lcar 627R]T be the respective coefficients entering &, 4,, 7 € {1,2}. Hence, we
get

|91(2) — d2(2)| = [€a,g: () — La,g ()]

_ﬂ(
<leir—corle ¢

< V2|1 — gol|Tu|

z—ar) —(ap—=)
+ |Cl,R — CQ’R| e ¢

uniformly in z. Taking the supremum over z € €, yields the bound for ||¢1 — ¢2|r~. The

bound for the derivatives is obtained similarly. a

The bound given in the previous result is rather crude. The effects from the boundary data

decay exponentially away from 0€),, and hence |¢;(x) — ¢2(z)| is much smaller well inside 2.

4.3.3 The Green’s Function on a Bounded Domain

As we saw in Proposition 4.4, the Green’s function for the equation —e>A¢ + m?¢ = p, in

1 _m

=5 —e ¢ 2=yl This could be used to obtain an explicit formula for

¢(z) in the periodic case. We will now construct the Green’s function G, , for the operator

R is given by G.(x,y)

—£2A + m?id subject to homogeneous Dirichlet conditions on 9€,. In the present 1D setting

it is straightforward to determine G, 4, see for example [51, Chapter 2.2.4]. We have

GE@(‘T? Z) = GE(CL', Z) - HE,a(xa Z)a
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where, for every fixed x, H. 4(x,-) solves the boundary value problem

—EQAZH€7G(.QZ, )+ mQH&a(x, )=0 in Q,
He,a(xaaL) = Ga(aL - «73):
H.q(xz,ar) = G:(ar — ).

The same ideas that led to formula (4.23) for &, , yield

m m Lef%(xfalz)
2me
= %%(e*%@”ﬂz*?aﬁ + e*%(QaRfmfz)
melL—T
_ Te-%(m—z—i—aR—QL) B Te—%(z—a:—i—aR—aL))‘

A rigorous proof now follows.

Lemma 4.16. Let ¢y € H(Q) satisfy —e?A¢o + m2po = py in Q. Then,

do(z) = Geal(x,2)py(2)dz Vo € Q. (4.34)
Qq

Proof. It follows immediately from its definition that H. , satisfies
—&2 Ay H. (-, 2) + m*H. o(-,2) =0

in €, for all fixed z. The proof of Proposition 4.4 can then easily be generalized to show that
the function ¢ defined by

((x) = /Q (Ga(x,z) — He,a(x,z))py(z) dz

for x € Q, satisfies —e2AC+m?¢ = py in Q4. It remains to show that { attains the appropriate
values on the boundary 0€2,. We note that

1 1 m m m m
Healan.2) = 5+ Q(Te—’?(z—m L L L 2)
mel—T
1 m
_ - 2 (ar—2)
2me ¢

With Ge(ag, 2) = 54 e~ e 0r=2) thig implies Ge q(aR,z) = 0. Similarly we get G 4(ar, z) =
0. Therefore, ((ar) = 0 and ((ar) = 0 and we conclude that ¢g = (. O

Looking at H. , we observe terms that vanish as 7 — 0. The other terms decay exponentially

away from 0€,. For future reference we divide the Green’s function G. , into two parts:

Gealw,2) = GL)(2,2) + 7GE) (. 2), (4.35)

,a

123



where

)

G((glo)b(zp Z) _ 277116 (e—%m—z\ . e—%(a:+z—2aL) . e—%(Zcm—x—z))
1 1

Géﬁl(:v,z) T T 9mel 2

(Te—%(m—i—z—QaL) + Te—%(?aR—m—z)

-2

_ ¢ ¢ @—ztap—ar) _e_%(z_x"f‘aR_aL))‘

If the domain (2, is large compared with ¢, that is Aa > ¢, we have G., ~ Gglg To make

the following formulas more readable we suppress the arguments of v and yg.

Lemma 4.17. For given y € QX+ et ¢g € Hy(Q4) satisfy —e2Ago + m2po = py in Q.
Then,

Io(¢o,y) = —/ / py(@)Ge(, 2)py (2) dz da + 1 “ (4} +93)

+ 4 1= (T’YL + T’YR - 2’YL’YR)

Proof. Since the function ¢ is a minimizer of I,(-,y) over H}(f), we have with the
expression (4.34) for ¢o(z) that

L(do,y =—/ / Py¢odl’——// )Gealw,2)py(2)dzda.  (4.36)

By the definition (4.30) of vz and yr we have

4m€/a/apy

~(x+2z—2ar) _ me o
4m5/ / py( py(z)dz dz 1L (4.37)

m (z—z+agr—ar) _ mfe
y7eeps / / py(w)e e py(2)dz dz = ==y R,

Inserting the expression (4.35) for G. , into (4.36) and using these equalities yields the stated

\3

. me
(2ap—2-2) py(z)da dz = 1 'yR,

3

expression for I,(¢o,y). m]

4.3.4 A Special Case

In this short section we take a look at the interaction potential &, 4 from (4.19) with the y-
dependent boundary conditions g = ¢*(y, a) from Remark 4.12. This will be a useful starting
point for the design of QC methods in Section 4.5.

We have already seen in (4.31) that for any choice of boundary data g € R? the energy

£a,g(y) can be written as the sum of two terms

ga,g(y) = _Ia(¢0a y) - Ia(ga,gv y)7
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where I,(¢0,y) is independent of the boundary conditions and was calculated in Lemma 4.17.

The special choice g*(y, a) of boundary conditions allows us to calculate I,(£4,g+(y,q0), ¥) easily,

too.
Lemma 4.18. Fory € Q2K+1 Jet Ea,g+(y,a) be given by (4.23) with g = g*(y,a). Then,
2
me me T
Lo(Gog e ¥) = = ((,0)" +78(,0)) = 57— (Y, 0)* + r(y,0)%). (4.38)

Proof. Again, we suppress the arguments of 7, vr, and c¢ for readability. From Lemma

4.11 we know that for general g

2 4 2
Io(fag,y) = m€<CL 5 B (1-72) = (cpy + CR’YR)>~

If g = g*(y,a), then ¢, = vy, /(1 — 72) and cg = ygr/(1 — 72) as seen in Remark 4.12. Hence,

_me 1
Ia(ga,g*(y,a)ay) = 2 1— ('7L + 'YR)
Isolating the dependence on 7 gives the desired form of (fa,g*(yya),y). O

Adding —14(&4,g%(y,0)» ¥) as just obtained and —I,(¢o,y) from Lemma 4.17 we arrive at

r—z me
Ea,g* (y.a)(Y) = Ime / / py( <l |py(z) dzdz + T (7% + 7}2%)
(4.39)

— 4 1= (T’YL +2vLYR + T'YR)

With (4.37) we can rewrite this as

1 gz —(2ap—z—2 —(g42-2a
Eag (ya)(¥) = 47715/9 /Q py(z)(e el7=2l 4 ¢7c (Par ) pe e (@ha2 L))py(z) dzdx

up to a term of order O(7). This can be interpreted as the energy of the atoms represented
by vy interacting with each other plus the interaction with mirror atoms outside €2,. This

mirror interaction was introduced by means of the boundary conditions.

4.4 The Cauchy—Born Approximation

The next building block we need for the design of QC methods based on the model (4.4) is the
respective continuum model, which will be derived using the Cauchy—Born approximation. Let
y € Y satisfy miny’ > ¢y. As outlined in the Introduction the Cauchy-Born approximation
consists in considering the cells Q; = (yj—1,y;) one by one and computing their energy as

if they were part of an infinite chain with homogeneous deformation. This is equivalent to
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yj—l Q] yj QJ+1 y]_,r_l Q.7+2 y]+2

Figure 4.3: The Cauchy-Born approximation: independent periodic problems are solved on
the cells Q; = (y;—1,y;) leading to locally defined fields ),

solving the periodic minimization problem restricted to Q; (see Figure 4.3). We therefore

define the Cauchy-Born energy of the cell @QQ; by

EP(y)=— min (/
;W) verl (@) \Jq

Note that this energy only depends on the distance (y; — y;—1). The minimizer ) of the
above problem (4.40) obviously satisfies the equation —e2Ay0) 4+ m20) = py in Q; and its

(12| Vy|? + dm*?) do —/

Py da ) (4.40)
Qj

J

|Q;|-periodic extension to R:

AP +m?pU) = p ) inR. (4.41)
Here we have defined the positions y/) = (yl(j )) rez of an infinite chain of equidistant atoms

by
u =yi+ (k=5 —yi1) VkEL
The Cauchy-Born approximation £ (y) of the atomistic energy £(y) is then given by the

sum over all cells
N

1 Y ,
e = Y 5w =, Y /Q e, (1.42)

j=—N
Whether £ (y) is a good approximation of £(y) strongly depends on the regularity properties
of y. As we will see below, if y is smooth, i.e., the second difference y” is small, then
1EP(y) — E(y)] is small.
Let u € U be a test vector and u € Sx(y) an interpolant of w in the sense of (4.9). It

follows as in Lemma 4.9 that the derivative of Efb(y) can be written in the form

c Uj — Uj—
Dygjb(y).u _ Jﬂl/Q

cb cb
oih(x)dxr = oo (x)Vu(x)dx,
ot [ oh@dr = [ o @)

J J

where the local continuum stress function a;?}?y, in direct correspondence with (4.11), is

of(@) = 3 IV @) = gm0 (@) + py @)y (@)

N
te Y w0 @)Vo (e —yp)(x - yy). (4.43)
j=—N-1
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Furthermore, we define the Cauchy—Born stress function agb : Q0 — R by

oP(x) = UJ‘?EJ(JU) if € Q;

for all z € Q.

Remark 4.19. We note that our derivation of the Cauchy—Born energy is equivalent to the
following procedure, see for example [15,26]. The definition of the atomistic energy can be

used to derive a strain energy density W : R — R (in the Lagrange picture):

A 1 ez . ~ N
W(A)=—-— inf |- VY2 22>d— A d], 4.44
(4) ,QWGE(Q)L/Q(AQ\ Gt e mgt) e | (9P|, (@

for some reference unit cell Q. This leads to the elastic energy JaW(Vy(X))dX for a
continuous deformation y : O — Q. If one now uses a linear finite element discretization over
the mesh given by the reference configuration X and transforms this energy to {2 (that is, the

Euler picture), one obtains exactly the energy (4.42). m]

4.4.1 Consistency

Next, we turn to the consistency analysis of the Cauchy—Born approximation, for which we

thoroughly analyze the modelling error incurred. From the previous sections we deduce that
|(DE(y) - DEP(y ))-ul </ oy () —0 (2)]|Vu(z)| da

Z !ay — o ()| |Vu(x)| de,

where the stress functions o, and O'] are given by (4.11) and (4.43), respectively. The

Y

difference between chlb and oy is that the fields 9 entering a;?}; are calculated independently

on every ;. To investigate the modelling error |oy(z) — ch-}; (z)| incurred by going from the
atomistic description to the Cauchy-Born approximation it is hence sufficient to analyze
¢ — )| and |V¢ — VU] in Q; for every j € {—N,...,N}.

First, we provide a technical lemma.

Lemma 4.20. Let y € (®(Z) and define y\¥) = (y,(gj))kez by y,(cj) =y, + eyz(k: —7) for all
k €Z. Then, forn > j:

|yn - yq(@j)’ <(n- j)252||y/,”€°°([j,n—l])'

If n<j—1, then
lyn = 9] < (G = 1= n)°E2 |y || oo (pns1,5-1))-
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Proof. Since y;_1 = y](]_)1 and y; = y](-j) we get for n > j:

k— 1

n n k-1
y—yn)—sz Iy=e % gy =2 3 Ny

k=j+1 k=j+1 I=j k=j+1 =3
where have used that (y?))’ is constant. Changing the summation order we get
n—1
—yY —622 Z y/ =e>) (n—1y
1= k=I+1 I=j
So, we deduce that
lyn — 49| < (n = 5%y |leos ((jn—1))-

If n < j — 1, we obtain with similar steps

I
—

1 —1 J

7j—1
o=y = > (o~ () e? vl

k=n+1 k=n+11

<.

Il
B

which implies that
— D < (5 —n—1)22|y" .
yn =y | < (G =1 = 1%y oo (nr1,5-1))
as desired. a

The next result addresses the errors |¢(z) — ) (2)], |Vo(x) — Vi) (z)| for = in the cell Q;.
As anticipated by Lemma 4.20 it depends on the second difference y”.

Lemma 4.21. Let y € Y satisfy miny’ > ¢y. Let ¢ € H;E(Q) satisfy (4.5) and YU) € H#(Qj)
satisfy (4.41), respectively. Then,

16 = 0|0,y < 12 DY e (- grn—rpnZe ™™™ ™Y, and

n=1

HEVQS — eVl HLOO(QJ-) < mue ZHy”HEOO([jfn,jJrnfu)nze*mnminy’.

n=1

Proof. From Proposition 4.4 we immediately deduce that, for all z € @,

=5 25 Z—yg)e 6|x_z|dz,

mJRr
hez (4.45)
=5 Z 0c(z — la=zl g,
M JIRez
Since y](-j) = y; and y](]_)l = yj_1, the respective terms in the sums cancel. Hence, we get for
x E(Qf

0@ =@ =5 3 [ (Fele =) = e = o) F

k#j—1,5
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We now derive bounds on the individual terms in the sum. Note that (4.18) simplifies the
following calculations but due to the smoothness of the Green’s function similar bounds can
be obtained without it.

Step 1. Let k > j. Then we have |[x — z| = z — z for all z € suppd.(- — yx) and all
z € suppdg(- — (J)) Thus, with (4.18),

Z(

1 (4 I LLPA 1% _
o [ 5e —) — ule = g )e Br as = (o7

If y(j) > yi, then
1 j m m

‘2 / (6-(z —yi) = 6-(z —y))e e P7#1dz| < L (1—e el
mJRr

) _ om0 M) (4.46)

< M T 6

Using (yx — x) > (k — j)eminy’ for all z € @; and applying Lemma 4.20 leads to

] |y — (3) —(k—j)ymminy’

HE )
25 < 7||y"\|eoo([j,k_1])(k —Jj)e

The same bound on (4.46) can be obtained if y(]) < Y.

Step 2. For any k < j — 1 we can use the same techniques to obtain that
1 ; m
‘ / ((55(z —yg) — (2 — ylij))) ef?u*Z' dz
R

2m

He ) o o
< Sy Nl @rr,g -1y G = * = 1)2e~ (k= Dmminy’

Step 3. Summing over all k € Z\{j — 1, j} we deduce that

[6(@) = V()] < e DIy e (gjn,jen-yn’e ™Y

n=1

Step 4. The derivatives of ¢, ¥7) in Q] [yj—1,y;] are given by

Vi) = 5= 3 [ V(= Eeaz,
keZ
vyl (z Z/V{S z—y —tle=zl g,
keZ
For k > j, respectively, £ < j — 1 the exponential factor can in both cases be replaced with
2 (2—x)

m
e ¢ , respectively, e e (#72), Integration by parts leads to the same situation as above

with one power of € less and a factor of m more. a

The next result is only a slight modification of the previous one. The idea is to only treat the
modelling error from a finite number of neighbouring atoms explicitly and to find an upper

bound on the contribution from atoms that are further away from @;.
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Lemma 4.22. Let ¢ € H%(Q) satisfy (4.5) and V) € H#(Qj) satisfy (4.41), respectively.
Then, for any M € N:

) M-1 2 2'u e—mMminy’
7mnm1r1
& = Voo (q,) < Em ZlHy e (G- j4n—1)2 Vo
n
and
) M-1 ) o, e—mM min vy’
" —mmn min
l[Vo = VIl ) < mp Zl 197l o jn-nyne R ey
n=

Proof. The first error part is derived as in the previous lemma. We then look at the

contribution to ¢(x) from the atoms in yy for k > j + M:

m m
/5 s —y)e T gy = /5 o= g)e Bl Tnm) g,
2m 2m
_ = (yr—2)
2m
< P o—m(k—j)miny’
— 2m
< Leme min y’efm(kafj) min y"
— 2m
Summing over k > M + j we hence get
—mM miny’

/52_yk |xz|d Hoe

~ 2m 1 — e~mminy’
k J+M

The same bound can be obtained for the sum over all k¥ < j — M — 1. Similarly we deal

with the contributions of these k to (). The triangle inequality then shows the bound on

Hd) YU HLoo . The proof for the bound on €HV¢ V9 HLOO(Q‘) works analogously. O
J

The quadratic nature of the model (4.4) results in stress functions o, and a;?}; that are
quadratic in the fields ¢ and ¢9), respectively. Together with L*°*-bounds on ¢ and ) this
allows us to easily bound the modelling error Hay —0 in terms of Hqﬁ Pl

;\BIHLOO(QJ') HL°° (@j)
and HV(b Vpli

Mo,
Lemma 4.23. Let oy and J]C-},;/ be given by (4.11), respectively, (4.43). Then, for all j €
{=N,...,N}

< Ki(mminy') €HV¢ vyl HLoo Q)

+ (m*Ko(mming/) + C) |6 = 9| <

oy _O-JC'}Z)/HLOO(QJ-)

where the constant C' only depends on 7.

130



Proof. From the definitions of the atomistic and continuum stress function we deduce that
oy() =05y (@) = = 3(eVo(x) — VY (2)) (Vo (2) + V91 ()

+ 3m* (6(x) — V) (2)) (¢(x) + 19 (2))

= py(@)(6(x) = V()

— (¢(z) — D (x)) Ejj eV (z — i)z — i)

i=j—1
for all € Q. With 6.(z) = e7161(z/¢), the L®-bound on ¢ from Lemma 4.5, and a similar
bound for 1) we get
3eVe(@) + vyl (z)| < Ki(mminy'),
22| p(x) + V) (2)] < m?Ko(mminy'),
loylli= < 181l
eVoe(x — yi)(z — yi)| < [[Vorid||ree,

which implies the stated result. a

4.4.2 Stability

Besides consistency, the second crucial property of an approximation to a given model is
stability. In the present case, we need to determine under which conditions D2£%(y) is

positive definite.

Lemma 4.24. Lety € Y satisfy y' > <p. Then, for all j € {—N,...,N},
m22
2

D2€J‘?b(y)-[u, u)] > e_mmaxy,a]u;-]2 Yu e U.

Proof. We ﬁrst recall that SCb =3 fQ pyw(J dz because ¥U) is a minimizer of (4.40).
Extending () |Q;|-periodically to R and using the symmetry of the cell problem, we can

rewrite this as
EP(y /5 z —y)9 (z) dz .
We now insert the explicit formula (4.45) for 1) (z) and apply (4.18) to get

EP(y) = Z//é r — ;)0 y,(gj))e’%‘””’z| dzdx

kEZ

€ )
= L Z e lyj el + Eselt

kEZ
k#j

ple Zoo
—muvy’
= m € Yi + gselfu
r=1
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where the constant .y coming from k = j in the sum represents the self-energies of the atoms
in the cell ;. Here we have also used that ’y,(j) — yj} = |k —j|y; for all k € Z. Differentiating

twice leads to

9 o0
DQE(;b(y) . [’U, u] _ mp c Z V2e—umy3- |u/‘ |2
J ’ 2 J

v=1
mpu? >
_ /
> E|U/-|2§ :1/26 vmmaxy
2 J
v=1

mpu?

>
-2

efmmaxy’ €|U;-’2.
In the last step we have only kept the term for v = 1, which represents the nearest neighbour
interactions. O

Finally, we prove a Lipschitz bound for the second derivatives D25§b.

Lemma 4.25. Let y,y, € Y. If miny)] > so > ¢ and minyl, > so, then for all j €
{=N,...,N}

m2 2
2

|(D?E5P (1) — D?ESP(y,)) - [u, ]| < (el ) J9h = vl D VPe™ ™0 VueU.
v=1

Proof. The derivative D28]¢b was calculated in the previous proof. Hence,

(D?E(y1) — D*E5(y)) - [u,u] =

9 0

m 2( —vmy’ . —vmyl . 112

5 € glu (e7"™i — e "2 ) .
o

Since by assumption yi ; = So and y§7 ; = S0, we get with the Mean Value Theorem

/ /
—vmy) —vmyl, . —vmso |,/ /
E Li—e 23| < vme Y1, — Ya,;-

Inserting this in the previous equation concludes the proof. a

4.5 Quasicontinuum Coupling

The computation of the original atomistic energy £(y) involves the solution of the optimiza-
tion problem (4.4) posed in the whole of Q@ = (y_ny_1,yn). Our goal is the construction
of computationally cheaper, approximate energies £9°(y) such that £(y) = £%(y) for all

relevant y and minimizers y9° € Y of

EF(y) = E%y) + (£, y)e,

are good approximations of minimizers g of the energy Fy from (4.6).
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Y-K-1 Y-K YK YK+1

Figure 4.4: An illustration of the first QC method. In Q* = (ar(y),ar(y)) the atomistic
problem is solved with the Dirichlet boundary conditions g*(y). Outside 2?* the Cauchy—Born
approximation is used in all cells Q;.

Following the basic philosophy of the QC method we need to approximate £(y) using
the continuum model where y is smooth and a version of the atomistic model where y is
nonsmooth. In the following we will implicitly assume that the configurations y € ) under
consideration are smooth except in the segment y_f,...,yx for some K < N. We divide
Q into an atomistic subdomain Q" such that y; € Q2 for all j € {—K,...,K} and the
continuum domain Q% = Q\Q*. In Q% we will use the Cauchy-Born approximation on a
cell-by-cell basis. On the other hand, in 92 we will use the atomistic model with Dirichlet
boundary conditions as discussed in Section 4.3.

This basic outset gives rise to a variety of possibilities including the precise choice of 92
and the boundary conditions imposed on the atomistic subproblem. Both will in general de-
pend on the configuration y. Our main objective for £9°¢ is the existence of a weak formulation

in the sense that

Y
Q

DEY(y)-u = / od(z)Vu(z)dz,
where u € Sx(y) is a piecewise linear interpolant of u € U and oy is a stress function to
be determined. If this weak formulation can be obtained, the consistency analysis reduces to
error estimates on fields.

In this chapter we focus on the consistency properties of QC methods at the interface
between the atomistic and the continuum region. We therefore do not take into account
coarse-graining in the continuum region. An analysis of the coarse-graining error for classical
QC methods can be found in [99].

Throughout this section ¢ € H#(Q) denotes the solution of the original minimization

problem (4.4) for a given configuration y € ).
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4.5.1 A Method With Optimal Boundary Conditions

For the first QC method we place the boundary a of the atomistic subproblem halfway between
the interface atoms, that is a = a(y) = [ar(y) ar(y)]” with!

ar(y) = % an(y) = %
Let Q2 = (ar(y),ar(y)) and QP = Q\Q*. We write the QC energy £9°(y) as the sum of a

continuum and an atomistic part
E%(y) = EP(y) + EM(w), (4.47)

which are introduced below.

We note that because of the definition of a(y) there are two half cells, (y_x_1,ar(y)) and
(ar(Y),yK+1), in the continuum region Q% (see Figure 4.4). Since the cell problems on all
Q); are symmetric, the Cauchy-Born energies of these half cells are given by %EfbK(y) and

%5}}’+1(y). The continuum part of the energy £9° is then defined by

—K-1 N
EP(y) = > EPW)+5EN%W) + 38R+ D EPW). (4.48)
j=—N+1 J=K+2

The coordinates of the atoms in the atomistic region Q' are represented by

Yoy = (nya 7yK)

For the definition of £2*(y) we consider the minimization problem (4.19) on the atomistic
domain 0 subject to the Dirichlet boundary conditions g*(y) = [g}(y) g5(y)]?. In corre-
spondence with Remark 4.12 and Section 4.3.4 they are given by

coon 1 oy(y) + myr(y) s L m(y) +r(y)
gL(y)_].—T 147 ) gR(y)_].—’T 147 ’
where 7 = ef%Aa(y), and (see also (4.30))
ar(y) ar(y)
YL(Y) = 2/ py(z)Ge(z —ar)dz,  r(y) = 2/ py(2)Ge(ag — ) dz.
ar(y) ar(y)

The energy contribution from the atomistic subproblem is thus given by

gft (y) = ga(y),g*(y) (yat)

= - inf{la(y)(tp, Yur) 1 @ € HH(Q™),  olgge = g*(y)},

!The analysis presented in this section immediately carries over to the choice az(y) = y—x and ar(y) = yx-

134



where I, is defined as in (4.20). We denote the solution of this optimization problem by
¢r, € HL(Q). Tt satisfies the boundary value problem

—2 APk + mPPL, = py in QM
Datloas = 9" (y).

From a computational point of view ¢g*(y) is also a convenient choice since this is equivalent
to homogeneous Neumann boundary conditions. In Section 4.3.4 we deduced a clear interpre-
tation of the effect of this choice of boundary data: besides the interaction among themselves,
the atoms in Q2 interact with mirror atoms outside 2.

We stress that g*(y) and hence £2'(y) only depend on the components y_x_1,..., YK 11
Only the four components y_x_1, y—x, yi, and yx o1 enter both £2% and £P.

In analogy to (4.6) we search for minimizers of the total potential energy

E¥(y) = &%y) + (f,9)- (4.49)

in ), where f € U~1? represents an external force. A minimizer y9° will satisfy the Euler—
Lagrange equation
DE¥(y) = DEC(y)+ f=0 eU 2

Throughout the remainder of this chapter we assume that the atomistic domain 22 is large

compared with e:

_ o~ P Aa(y)
ar(y) —ar(y) >e such that 7=e" ¢ ~ 0.

To keep the formulas slightly more compact we therefore do not keep track of the 7-dependent

terms arising from the atomistic domain explicitly but include an O(7)-term where necessary.

4.5.1.1 Consistency

In order to study the consistency properties of the QC energy £9°(y) from (4.47) we first need
to calculate its derivative. Having established weak formulations for the derivatives of £, £,
as well as &, 4, we will prove that the Quasicontinuum energy £9¢ admits a similar reformu-
lation of DEY(y) - w. For this we have to take into account that both the boundary of the
atomistic domain Q2 and the boundary conditions depend on y. The necessary preparations

were carried out in Section 4.3.

Lemma 4.26. Let y € ) satisfy miny’ > ¢y. Furthermore, let w € U be a test vector and
u € Sy(y) an interpolant of w in the sense of (4.9). Then,

DEqC(y)'u:/Qagc(x)Vu(x) dz, (4.50)
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where

ogc(m) =

O’;b(af> if © € Q°P,
oit(x) if x e QM

and o', (x) is given by (4.11) with ¢ = ¢

Proof. Continuum Contribution. From Section 4.4 we already have the equality

cb cb
DE; ('y)"u:/Q.Jy’j(yc)Vu(az)dsc7
J

je{-N,...,—K -1} U{K +2,...,N}. For the contribution %53‘}{(1}) from the half cell
(y—Kk—1,ar(y)) we make use of the symmetry of the cell problems. Since Vu|g_, is constant,
ar,(y) is the midpoint of Q_x = (y—x—1,Y—K), and JZELK is symmetric in Q_ g, we deduce
that

1 ar(y)
IDEN (y)u = 2/ O'ZELK(.T)VU(%) dz = / ag’,K(m’)Vu(x) dz.
_K

Y-K-1

Analogously we treat %EE}OH(y). Hence,

DEP(y)u = /ch sz@)Vu(x) dz

where 05" (z) = agfj(:c) if x € Q.

Atomistic Contribution. To calculate the derivative DEX(y) we use the chain rule and the
derivatives that were provided in Section 4.3. Applying Proposition 4.8 (with hy, = (u_g_1 +
u_g)/2, hg = (ux + ug+1)/2 because of Dya(y) - u = a(u)), we get

Dgft(y)~u = Dyga(y),g*(y) (yat)'uat + Daga(y),g*(y)(yat>'Dya(y)'u

:/ oot (z)Vu(z) da (4:51)
Qat

where the stress o2t, is given by (4.11) with ¢ = ¢, and ua = (u_x,...,ux) € R2E+1 s

y?*
the section of u corresponding to the atoms in the atomistic region. Note that the choice of

boundary conditions implies D& (y) g+ (y)(Yat) = 0 as seen in Remark 4.12. O

We point out that the weak form (4.50) of the derivative DEY° already implies that there
are no ghost forces for homogeneous deformations y. If the atoms are equidistant, then
g5 (y) = ¢(ar) and gh(y) = d(ar) and thus also %, = ¢ in Q. Tt is obvious that /) = ¢ in
Qjforall j e {—N,...,—K—1}U{K+2,..., N}. Summarizing, we get o (z) = oy(z) for all
x € Q, which implies that there are no ghost forces, that is, DEY(y) = 0 for all y = FXeY
representing homogeneous deformations.

Next, we prove consistency of the QC method. Because of the structure of the weak
formulation (4.50), the analysis comes down to estimating the errors between the field ¢

coming from the original atomistic model and the fields 19), respectively, (3
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For M € N we define the index set
Cyvy={-N,....- K+M—-1}U{K—-—M+1,...,N}. (4.52)

This set represents all atoms in the continuum region plus 2M atoms at the two ends of the

atomistic region.

Lemma 4.27. Let y € YV be given and assume miny’ > sg > 9. Then, there exists C > 0
such that

[(DE(y) — DEX(y)) u| < Clellyllee ey + e ™M) IVul L2,

Cym

for all w € U, where u € Sy(y) denotes an interpolant of w in the sense of (4.9). The

constant C depends only on sy and 01.
Proof. Using the weak formulation (4.50) of DEY(y) we obtain

}(Dyé'(y) — Dyc‘:qc(y)) ul = )/ﬂ(oy(@ — agc(x))Vu(:z) dx
< Jloy = o e | Vulle (459)

< (2" loy = ol IVullys -
We therefore need to find error bounds for ||oy — 0|l (q) both in the atomistic and the

continuum region.

Continuum Contribution. Since miny’ > sy > g9, Lemma 4.22 implies that

elIVo Vo g 116 = 8Pl g,y < C (el lem ey +e7 )

uniformly in j, where C only depends on msy. Note that compared with Lemma 4.22 we
have taken the £*°-norm of y” over the index set Cp;, which contains the continuum atoms
as well as 2M atoms at the two ends of the atomistic domain. Referring to Lemma 4.23 we
deduce that

loy - USCHL‘X’(QCb) = [oy — U;bHLoo(ch) < C<5||y//||eoo(CM) - e_mMminy/>

9

where C' depends on §; and mminy’, respectively, msg.

Atomistic Contribution. This time we need a bound on the difference Hgy — a;}CHLm (at) =
|y — o, HLoo(Qat)' For this we first address the error |¢p(z) — ¢k (z)|, z € Q. The functions
¢ and ¢F, satisfy the equations —e2A¢ + m?¢ = py, respectively, —2 Ak, +m2et, = py in
02, However, the boundary conditions are different: ¢(ar) and ¢(ag) for ¢, respectively,
g7.(y) and g% (y) for ¢} . According to Lemma 4.15 we thus get

¢ — DrtllLoe aty + €[V = Vi llLes (ary < C(|dlar) — g7.(y)| + |¢(ar) — gr(y)])-
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The definitions of ¢*(y), vr(y), and yr(y) imply

o) — 91| =0(), |vr(y) —gr(y)| = O(1).

For the value yr(y), for example, we obtained in Remark 4.12 the equality
) = [ Ak@)Gelan — o) do +O(r).

where preﬂ is a reflected and periodized extension of py|gat. This then leads to

é(ar) — gr(y) = ¢(ar) — vr(y) + O(7)
. /R (py(2) — P () e~ 19n 21 4z + O(7),

2me

Using the same ideas as in Lemmas 4.21 and 4.22 we can then show that
b(ar) = g Y)| < Celly”llme(cyy) + Ce™™M ™Y 4 O(7),

where the constants only depend on m mingy’. The same bound can be obtained for |¢(ar) —
g7 (y)|. This then implies that

16 — PiillLoe(@aty + €l Vo — Vi |lLeoary < C(elly” e (cpy) + e~mMminy’ | 7)

and hence

loy = o3 ey = llow = o3l ) < C LY e epny + €74 +7),

where C only depends on m mingy’. Together with (4.53) and 7 < e™™M%0 this completes the
proof. a

4.5.1.2 Stability

The special choice g*(y) of boundary conditions for the atomistic subproblem allows for an
elementary stability analysis of £9°(y) that draws from the ideas we used in Section 4.3.4.
We recall that

Eat = dme / / %|x7z| 4 67%(2%(1,)73:7@
me Joue Jou ©
+e e WH2a®)) p () dzda + O(7).

The 7-dependent terms in E2(y) = E,(y),g% () (Yar) from (4.39) only contain 1, (y) and yr(y),
whose derivatives are bounded by Lemma 4.14. The derivatives of these 7-dependent terms

are therefore still of order O(7) and will be neglected in the proof of the following result.
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Lemma 4.28. Let y € Y satisfy miny’ > ¢o. Then

2
D2E%(y) - [u,u] > (%e*mmy’ —om) W Vueu.

Proof. We treat continuum and atomistic contributions independently and start with the

former. Lemma 4.24 states that

m2 2
2

oM max y'

D*E5"(y)-[u, u] > eluj|®

for all j = —N,..., N. Hence, the definition (4.48) of £ directly implies that

2 9 —-K-1

N
—mmax 1
D& (y)-[u, u] > eV s( D Il S (ke ) +
j=—N

> h).

j=K+2

Let us now turn to the atomistic part £2*(y). From Section 4.3.4 we know that for the given

choice of boundary conditions and a(y) we can write the energy of the atomistic part as

Z(

K
m
&) = 4i Z / Oz —y;) (e & 777 o7 e (a1 my—k)
mZ]:_K Qat Oat

+ e_?(yK+1+yK_m_Z))55(z —y;)dzdz

_ & (e*%hﬁ*yﬂ _‘_e*%(yierj*y—K*y—K—l) (4.54)
ij=—K

+ e_%(yK+yK+1_yi_yj)) + Esarr + O(7),

where the constant Esr accounts for the self-energies of the atoms {—K, ..., K}. Differenti-

ating twice and keeping only contributions from nearest neighbour interactions leads directly

leads to
mu? 1 K 1
2 —mmaxvy’ 2 2 2
D*EXM(y)-[u, u] > e7" Y 5 6<2IU'_K| + EKHIUQI +§Iu}(+1| > —O(7)
i=—

Adding the lower bounds for D2E(y)-[u, u] and D22 (y)-[u, u] we arrive at
D*E%(y)-[u,u] = (D*EP(y) + D*EX(y)) [u, u]
2
—mmaxy’ TTVH 2
> (emmmey T — o(n)) [l
for all uw € U, as desired. a

Next, we provide a Lipschitz continuity result for the second derivative D?£9.
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Lemma 4.29. Let y;,y, € Y. If miny)| > so > o and miny} > so, then

| D?E%(y,) — D*E%(yy) || < L(s0)||ly} — yhllee-

Proof. The Lipschitz continuity of D2E follows from Lemma 4.25. Thus, we only have to
consider the atomistic part £2' given in a convenient form in (4.54). We present the proof for

the part

ep’ ZK Zlyi—y;|

‘ _my

58 (y) = Am e eVl 4 Eselt -
laJ:_K

T Wity —Y-K—Y-K-1)

m
The parts involving e~ and e~ e WKFTYKH17ViTUi) can be treated analo-

gously. Differentiating £3*(y) twice leads to

2 K 2

mep g my o (U — )

(D5 (y1) — D€ (o)) [ ul = = 7 (o7 e lmimmml e chmimimal) 20
i,j=—K
i#]

Next, we analyze the first factor inside the sum. Since y’ll > so and yél > s for all 7 €
{=N,...,N} we have |y1; —y1,;| > |i—jleso, |y2,i— Y2, > |i—jleso foralli,j € {-K,..., K}
and therefore by the Mean Value Theorem

m m . .
‘e—g\yl,i—yl,j\ _ e—g\yu—yz,j\‘ < me—m‘z—j|80€—1|y17i — i — (Y2 — y2,j)‘

J

Z (yi,u - yIZ,V)

v=1+1

_ me—m\z—ﬂso

< e il e

Hence,

e’ K o )2
|(D?&5"(y1) — D*E5t(y)) - [u, u]| < = jﬂ yh — v5| o E e~ mli=dlso|j Z|(m62uj)
K
i

The idea now is to show that the sum on the right-hand side is bounded by a function of sg

times [|u'||%,. Elementary rearrangments lead to
€

K )2 KoK i—j — ;)
Z e—m|z—]\so’j —Z’(UZEQU/]) =92 Z Z e_Tn|z—]\so‘j _z’(uZEQUJ)
b= K =K j=itl
17]
K K-—i
=9 Z e~ Mmvso (ity — u;)
2
i=—K v=1 ¢
2K K—v
= 228 msoy Z (Witw — ui)
2
v=1 i=—K <
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We note that, for all v € N,
(’U,'+ U‘)2 i+v 2 i+v
1+v — Wy ! /12
62:<§:uﬁ> <v Y |
Kk=1+1 Kk=1i+1

Using this we obtain

K—v i4v

2Ze mYsoy, Z uz—i—y_uz < 2Ze_m”sou2 Z Z |l |2

—K k=i+1
2871 Zefmusoyiiuu/H?g’
v=1

where in the last step we have changed the summation order over j and s and summed over

j=—-K,..., K. Summarizing, we have shown that

2 cat _ P2cat X < 2m2ﬂ2 I 112 = 3 ,—mvsg
(D265 (1) — D28 () [, ]| < =5 s — | 2 D %m0,
v=1

Taking the supremum over u € U concludes the proof. a

4.5.1.3 Existence and Convergence

Before stating and proving the main result, we provide a lemma that relates the difference of

u € U to the derivative of its interpolant v € Sy (y).

Lemma 4.30. Let u € U be a test vector and u € Sy (y) an interpolant of w in the sense of
(4.9). Then,
Vaullp2 <

1 /
WH“ Hﬁg

Proof. By the definition of the interpolant u we have

2
/\Vu]de Z / ( — 1) dz
— Yi— —Yi-1

B (u; — ui_1)2 € B |u;
=€ Z 2 =€ Z /
i— N € Yi — Yi-1 . ;

Taking the square root concludes the proof. a

We are finally ready to prove an existence and convergence result. The proof consists in
showing that all conditions in Lemma A.3 are satisfied, see for example [96, Theorem 8.
The parameter M € Ny provides some flexibility. It can be adjusted so that the conditions
are satisfied. The theorem can informally be paraphrased as follows: if the minimizer y €
argmin Ey of the original atomistic problem is sufficiently smooth in the neighbourhood Cjys
of the atoms in the continuum region and M is sufficiently large, then there exists a solution

Yqe € YV to the QC approximated problem that is a good approximation to y.
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Theorem 4.31. Let y € argmin Ey satisfy miny’ > so > ¢y and maxy’ < Sy. Then, there
exists N(so, So) > 0 such that, if, for some M € N,

219" e (cap) + € 270 < N(s0, So), (4.55)
then there exists a solution Yo, € Y to
DE¥(g*) =0 in U 12,

that satisfies
19" = 9aell,2 < Cs0,50) (elly" lle(cpy +e7 ™M + 7).

Proof. First, we define F : U2 — U2 by F(w) = DE(;@C(:T/ + w) for w € U, where the
spaces U? and U~1? were introduced in Section 4.1.3. We need to show that F(w) = 0 has
a solution w € A = {w € U : min(y’ + w') > ¢}.

Step 1. Consistency. The analysis from Lemma 4.27 together with Lemma 4.30 shows that

HF(O)HZ/{—LQ = “DE;C(Q)}lu—l,Q = HngC(Z_/) - Dg('y)Hu—l,z <n,

where
C(mso)

n= (NG ey + €™M0 + 7).

Step 2. Stability. Lemma 4.28 states that
2 mys’ S, 2 2
D2 (y)-fu,u] > (Th-e 0 — O(n) ) [w/|h = V| Ve,
which immediately translates to

|DF(0 <ol

)~ HLin(u—LQ,uL?)

Step 8. Lipschitz bound. The next step is to show the existence of a Lipschitz constant for
DF in the neighbourhood Ba;y(0). For all w € U with [[w'||,2 < 279 we get with an inverse
inequality
[l < &2l < 2720,
Let 0 < 6 < 1. If 22=72p9 < (1 — &)so, we hence have min(gy’ + w’) > dso for all w with
[w'[lz < 27Y. Knowing that g’ + w’ is bounded below, we can apply the Lipschitz bound
from Lemma 4.29:
| D2E%(y + w1) — D*EX(y + w2)|| < L(3s0)[|lw] — whlee

< Lellw) — whe,
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YK—J Yrk-1 Yk ar(Y) Yrm Ni+2(Y) NE+7+1(Y)

Figure 4.5: Illustration of the problem in the interval Q% = (yx_s,2ar(y) — yx—s) used to
compute gr(y).

where L. = e /2L(ds0).

Step 4. Conclusion. What remains to be done is to ensure that 2L.n9 < 1. Looking at the
product of these values, we see that for sufficiently small e ="/2(e||g" || s (Car) +e~mMso 4 1) this
can be satisfied. Lemma A.3 then guarantees the existence of gy, € Y such that DE;C(qu) =

0. The configuration y . is a minimizer of E;lf since DQE;EC(@qC) is positive definite. a

Referring to (4.55) we note that the magnitude of M depends on e. The condition (4.55)

can be satisfied if, for example, M ~ —loge.

4.5.2 Boundary Conditions From Cell Problems

The boundary conditions g*(y) we imposed on the atomistic subproblem in Section 4.5.1 gave
rise to a method whose analysis turned out to be straightforward. The reasons for this lie in
the clean weak formulation (4.50) of DEY® and the convenient stability properties established
in Lemma 4.28. We now investigate how this situation changes if the boundary conditions
chosen are approximations of g*(y) that can be computed easily. The following construction
may also be easier to generalize to higher dimensions. We still set ar,(y) = %(y, K-1+Y-K)
and ap(y) = 5(yx + yr+1)-

We recall from Remark 4.12 that g} (y) could (up to O(7)) be interpreted as the field
value in ar produced by the symmetric particle density ,0;'3%. Loosely speaking, we now
cut off this distribution and extend it periodically so that the new boundary conditions
9(y) = [9.(y) gr(y)]T can be obtained by solving periodic problems on certain domains.
The presentation will be kept more informal than before.

A computationally cheap option to obtain g(y) is given by

gr(y) = ar),  gr(y) =¥ (ap), (4.56)

where ¢(=5) and ¢(K+1) are the fields from the Cauchy-Born approximations in the cells
Q—K, respectively, Q1. These two cell problems have to be solved in any case to compute
the energy of the continuum part. This particular choice of g(y) would therefore not cause
additional computational costs.

More generally, for J € Ny we define the computational cell
QY = (yx—-7, 2ar — yx—J).
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For J = 0 this is just the cell Qx+1. We will see that the magnitude of J is unimportant for
the consistency of the method, but J does enter the stability analysis.
Let us introduce the linear operator i : RZ — RZ mapping y to n(y) = (7;(y));ez. We

define the components

nk—s(Y) =yx-J, v NE+1(Y) = Yx+1,
and (see Figure 4.5)
nx+2(y) = 2ar(Y) —yx-1, -5 NK+J+1(Y) = 2ar(Y) — Yk —J.
Note that the components ng42(y), ... , Nk+J+1(y) are mirror images of the coordinates
Nx-1(Y), ..., nk—s(y) across ar(y).

Next, we define the missing components of n(y) by periodic extension:
M+t (¥) = x4 (Y) +vIQF Vie{-J,...,.J+1}, WeL
The boundary condition gr(y) is now obtained by solving the periodic problem
—? A + MR = pryy  n QF

or, equivalently,
—*Apg + mPhg = Pny) n R (4.57)

and setting
9r(Y) = Yr(ar). (4.58)

The left-hand boundary condition gz, (y) is defined analogously. We set g(y) = [gL(y) gr(y)]”.

We then define a second Quasicontinuum energy £9°(y) as follows
E%(y) = EP(y) + E%(y), (4.59)
where £P(y) is the same as in the method discussed in Section 4.5.1 (see (4.48)) and

E*(Y) = Ealy)g(y) Yar)
= — inf{[a(y)(go, Yur) © € H(OQM),  ¢logat = g(y)}

We denote the minimizer for given y by ¢, € H(Q2).

4.5.2.1 Consistency Analysis

A crucial difference between the QC energy (4.59) and the energy from Section 4.5.1 is that
now the derivative of the atomistic energy with respect to the boundary conditions in general
does not vanish. We therefore have to ensure that the term D;&,(y) g(y)(Yat) Dyg(y) - u

emerging in DEY(y) can still be included in the weak formulation.
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Weak Formulation. Let u € U be a test vector and u € Sx(y) an interpolant of u. The
goal now is to show that

DSqC(y)-u:/agC(x)Vu(m) dz -I-/G;Ey)Vde, (4.60)
Q Q

where

cb : cb
o 9(2) = { oy (x) ifz € QP

Y ost(x) if z e QM

and o3'(x) is given by (4.11) with ¢ = ¢a¢. The additional term U;lfy) in (4.60) satisfies

q

o : (4.61)

e < Clo(y) — 9" ()
where C depends on m miny’ and maxy’.

Since the continuum contribution to DE(y)-u is the same as in Section 4.5.1 we only need

to analyze DE*(y). Using the chain rule we obtain

DE™(y)-u = Dy, Eaty).g(w) (Yar) tat + Dalay) g(y) (Yar)-a(w)
+ Doa(y),g(y) Yat) Dyg(y)-u.

The same reasoning as in Section 4.5.1 gives for the first two terms on the right-hand side

Dy, .Ea(y),g(y) Yat) Uat + Daa(y) g(y) (Yar)-a(u) = /Q oy (2)Vu() dz, (4.62)

where o3'(x) is given by (4.11) with ¢ = ¢as.
Next, we turn our attention to the term DyEqey) g(y)(Yat) * Dyg(y) - uar and start by

considering Dygr(y) - u. Going back to Remark 4.12 we recall that

K
1 _m _
W) = 1m®) + O = - [ 3 dula e EO a4 0(r)
Q.=
=K (4.63)
BN o B (et 1—20 )
N 5z YUK +YK+1— —j
-~ Z e 2 +O(7).
7=0
Here, we have extended the sum to infinity for convenience. This gives rise to an additional
error of order O(7). Since we still assume that the atomistic domain Q* = (ar(y),ar(y))
is large, the error thus incurred is small. Similarly, it follows from (4.57) that the definition

(4.58) of gr(y) is equivalent to

oo

_r e_%(yK‘i‘yKJrl—QT]Kfj(y))' 4.64

ZUNDY (4.64)

Depending on the properties of y we have g(y) ~ ¢*(y) but g only depends on 2.J + 4 entries

of y whereas ¢* depends on {y_g_1,...,yx+1}. We note that ng_;(y) can, for j € Ny, be
expressed in the form

J
nk—i(Y) =yx —€ Y E e
i=0
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where ;
k) €Ny forallie{0,...,J} andallj €Ny, and > &7 =j.
i=0
In words: the distance between nx_;(y) and yx is the sum of multiples of the distances
YK+1—J — YK—J, -+, Yk+1 — Yk. This is a direct consequence of the definition of n(y) in

terms of reflection and periodization. Differentiating (4.64) then leads to

o0
: Ze*%(ywrymr?nx—j(y)) uK + U1 — 2nK—j(u)

Dygr(y)-u = 2 < 5
7=0
_M > m J .
T2 Z o™ 2 et =2 W) (U/KH +2 Z kz(J)UII(Jrli)
J=0 i=0
. J o m '
- 7# Z Z o7 2c (i =2 ) <JL+1UIK+1 + ka(])ull(—i-l—i)
i=0 j=0
J
= Z“ﬁ-l—l—i(y)ullﬂ-l—i' (4.65)
i=0

Here, we have defined

oo
1 _m o j .
R L (2k§n +5i,0%+1) vje{0,...,J}.
=0
It is clear from their definition that k) < j for all i € {0,...,J} and all j € Ny. Thus, we

get the following bound for pft | _,(y):

[ _m o ‘
|,u§+1_i(y)| = ‘22 5e WKHYK+1—20K g(y))<2kz(3)+5i’otj_1‘_l)‘
7=0

[e.e]

(2] + 1)efm(j+1/2) miny/.

(4.66)
<

VIS

§=0
Similar considerations can be carried out at the left-hand boundary for g1 (y).
We recall from Lemma 4.11 that (for 7 =~ 0)

DyEaty) gty) Yar) = —me[gr(y) — 91(y), 9r(Y) — gh(y)] + O(7).
Multiplying this with (4.65) we deduce that the contribution to DE9°(y) from the boundary
data takes the form
Doy atyy ot Uas)- Dyg(y)u = /Q 0% (&) Vu(z) dr + O(r), (4.67)
where the additional stress function a;l(cy) is piecewise constant and nonzero in neighbourhoods

of the atomistic/continuum interface 902"

yimul (y) (97 (y) —g1(y)) ifzeQi ie{-K, ..,—K+J},
0% (@) =< ymil(y) (gh(y) — gr(y) o e Qi i€ {K—J+1.. K+1},
0, otherwise.
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Here, we have used that u, = y;Vu|gp,. Adding (4.62) and (4.67) completes the proof of

(4.60). The L*°-bound (4.61) follows immediately from (4.66) and the definition of ag(cy) ().

Consistency. As in Lemma 4.27 the consistency proof for given y € ) consists in finding
an appropriate bound on ||y — 03[l (). In the atomistic region Q* we therefore need to

estimate the errors ||¢ — Gagl[ro0(at) and [V — Vag||re0(at). Lemma 4.15 gives

16 — atllLoo(ary + €l VP — Vat|[Loo(0ary < C(Id(ar) — dat(ar)| + |¢(ar) — dat(ar)])

= C(I¢(ar) — gr(y)| + [d(ar) — gr(y)|)-
Using the definitions of ¢g7,(y) and gr(y), and techniques similar to the ones used in the proof

of Lemma 4.21 it can be shown that
16 — atllro (@at) + €l VY — Véatllroo (o) < C (elly” oo ey + 7™M ™Y 4+ 7)
as well as

9(y) — g ()| < C(elly” e ey + ™M minY")

for M € N and Cjs as defined in (4.52). From this we then deduce consistency in the sense
that

oy — o3 I (@) + ||03(Cy)HLoo(Qat) < C(5Hy”||zw(cM) +emmMminy’ T)-

Note that we have used (4.61).

4.5.2.2 Stability Analysis

The stability analysis for the QC energy (4.59) is slightly more involved than for the method
discussed in Section 4.5.1. Let y € ) be given. Our main observation is that for sufficiently

large J there exists a constant C(m miny’, maxy’) such that
D?*E%(y) - [u,u] > C(mminy’, maxy')||u'||7% Vu € U2

Since the continuum part of the energy is the same as in the first method, we only have to
look at stability of the atomistic subproblem with the given choice of boundary data. The

idea is to write the second derivative of the energy £2' in the form
D*E™(y)-lu,u] = D*EX(y)-[u, u] + (D*E¥(y) — D*EX(y))-[u, u]

and use the coercivity of D?£3(y): we know from Lemma 4.28 that

9 K
rm 1 1
D2Eft(y)-[u,u] > e mmaxy 7; 5<2|U,—K|2 + E |U;|2 + 2|U,K+1|2> - O(7)
i=—K+1

for all w € U. Hence, our aim is to show that the difference ||D?£%(y) — D2E24(y)|| is
sufficiently small not to break stability.
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The difference between the energies £2'(y) and £¥*(y) only consists in effects from the

boundary conditions and we have, by (4.33),

gat(y) - g:mt(y) = T Lla(y) (ga(y y)ay) + I (éa 7y)
=7\gy — g )|+ o).

This implies that

(D?E(y) — D*E(y))-[u, u] = me(g(y) — g (y))T[(D2 (y) = D*g"(y))[u, u]]
(y)

(4.68)
+2m5‘(Dg Dg*( ) UI + O(7).

We will show that £|(D%g(y) — D?¢*(y)) - [u, u]| is bounded so that the first term on the
right-hand side is bounded by C"g(y) - 9" (y) ‘ The second term, 2m5‘ (Dg(y)— Dg*(y)) -u’,
is positive for all u € U and therefore does not affect the positive definiteness of D2£3(y).
If, however, two energies & and & generating a purely repulsive, respectively, a purely
attractive interaction are combined to obtain a Morse-like interaction potential, then these
terms |(Dg(y) — Dg*(y)) - u| are relevant for the overall stability analysis. For this reason
we provide a bound below. We show that ‘(Dg(y) — Dg*(y)) u} decreases as the sizes of the

cells Q§ , Qlj‘, on which the boundary conditions g(y) are computed, increases.

First, we address the first term on the right-hand side of (4.68). Differentiating gives

0o 2
D)) = TS (ML SR )

13
Jj=0
my 00 m ) J 2
_ —5- Yk +YK+1—2YK—; / _ /
=1 § e 2 Pl Uk —2 ) uk
=0 i=0

and, similarly,

0o J 2
D gR(y) [u u] — % Ze_%(yK'H/K-&-l—QUK—j(y)) <U,K+1 _ 22"7?)“/}(4—1—]‘) ]
=0 i—0

A calculation very similar to the one given in the proof of Lemma 4.14 leads to
e(|D%gr(y)-[u, ul| + | D9 (y)-[u, u]|) < C(mminy')|u'||Z,
which implies, for the first term on the right-hand side of (4.68)
me|(9(y) — g*(1))" (D*(9(y) — g"(v)) [, u]) | < C(mminy’)|g(y) — g* ()] llw'[|%

for all u € U.
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Now we analyze the second term 2me(Dy(g(y) — g*(y)) - u)2 on the right-hand side of
(4.68). We recall from (4.63), respectively, (4.64) that

[ _m ug +u 2nk—j(u)
= — —9e WK HyK 120K (y)) 2K T UEKAH1 — 2K —j
Dgn(y)-u = —J* Y e 2l tuma =2y -

)

J=0

(o ¢]
Dgp(y)-u = —r Z e_%(yKerKﬂ—?nyj) U + UKl — 2UuK—j .

€
=0

As a direct result of the construction of 1 the first J + 1 terms in the above sums are equal.

A quick calculation then shows that
|(Dg(y) — Dg*(y)) -ul” < Clmminy'je™CH0mn oy |7,
Summarizing, we have shown that
| D2 (y) — DX (y)|| < C(mminy')(lg(y) — g*(y)| + e M/ HDminy’y
from which we deduce that
D?£%(y)-[u,u] > C(mmin y’)Hu’Hé Vu € U'?

for sufficiently small [|y”||s(c,,) and sufficiently large M and .J.

A convergence result analogous to Theorem 4.31 can be proven using the same techniques

based on the Implicit Function Theorem.

4.6 Conclusions and Outlook

In this chapter we have presented a rigorous analysis of a particular way of Quasicontinuum
like coupling for a linear, field-based interaction potential in one space dimension. The starting
point for the design of coupling methods was a weak formulation of the forces arising from the
atomistic model. This provided a natural connection point to the corresponding continuum
model. We believe that the present work in a comparably simple setting addresses several
important questions relevant for QC coupling in the presence of fields: most prominently the
dependence of minimization problems on the boundary and boundary data.

We close the chapter with some comments on open questions. This model being evidently
basic from the outset, there is a lot of scope for further work.

Throughout the chapter we only considered lattices with one species of atoms. The defi-
nition of the energy £(y), the weak formulation and the outlined construction of QC methods
do, however, generalize to lattices with more than one species, i.e., complex lattices. In this
case, the unit cells obviously contain more than one atom. The particle positions can be

represented by y = (yf)f‘::_lN"“j{,, where ny. is the number of atoms in the unit cell, and
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2N + 1 is the number of unit cells under consideration. The particle density p, then takes

the form
N nyc

Py(z) = Z ZZa(Ss(Z —yi).

i=—N a=1

The numbers Z, € R, = 1,...,ny, represent the “charges” of the different species. The
energy £(y) is defined in the same way as in the simple lattice case. The Cauchy-Born
approximation has to take into account internal relaxation of the atoms in the unit cell. This
means that the relative positions of atoms in the unit cell may change when it is deformed.
Defining Quasicontinuum approximations by imposing boundary conditions on the atomistic
subproblem is still possible. Homogeneous Neumann boundary conditions can only be used
when the unit cell has a mirror symmetry.

For the construction of the two QC methods in Section 4.5 we chose y-dependent bound-
aries a(y) of the atomistic subdomain Q2. In other words we fixed the position of the bound-
ary in the Lagrange picture. This led to very convenient weak formulations of DEY(y). An
obvious alternative (particularly relevant for higher dimensions) is the choice of y-independent
a. We note that this, however, comes with additional technical difficulties. Let y € ) and
assume that y_x 1 < ar, < y—g. Then, the Cauchy—Born energy of the interval (y_x_1,ar)

in the continuum region Q¢ is given by

ar,
[ GETIOR 4 R - 0l 1)
Y-K-1

1 [aL (—K) g2 (—K) (-K)
_ 1 / put ) da = 9 (a) V) ),
Y

2 —K-1

where ¢(—5) is the Cauchy-Born field on the cell Q_g. To calculate the derivative of this
energy contribution, it is hence necessary to know DaLw(_K)(aL) and DaLV@b(_K) (ar) ex-
plicitly and include the resulting terms into the weak formulation of DE(y). Moreover,
the boundary conditions ¢*(y, a) cannot be used for the atomistic subproblem. If ar,ar do
not coincide with atomic positions or lie halfway between two atoms, Neumann boundary
conditions lead to field values ¢} (ar) = 97 (y,a), ¢ (ar) = gi(y,a) that are inconsistent
with the exact values ¢(ar), ¢(ar). For example, if ay, is closer to y_x than to y_x_1, then
97.(y,a) > ¢(ar) where the error is of order O(1). This also implies that the weak formulation
will include a term coming from the derivative of the atomistic energy with respect to the
boundary conditions, similar to (4.60).

It has to be stressed that our analysis heavily utilized explicitly known Green’s functions
(Ge for the whole of R, G., for bounded domains with homogeneous Dirichlet boundary
data, and GﬁQ for periodic domains). The exponential decay of G. combined with explicit
formulas for field values allowed a straightforward consistency analysis, see for example Lem-

mas 4.21 and 4.27. Moreover, the one-dimensional setting allowed us to fully understand the
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dependence of certain minimization problems with respect to the domain and the boundary
conditions. Knowing the Green’s function G. , we derived an explicit formula for the field ¢
in a bounded domain with Dirichlet boundary conditions, which in turn gave us an explicit
formula for the energy, see (4.39). This proved very convenient for the stability analysis.

Depending on the geometry of the domains Q and 22 the construction of Green’s functions
in higher dimensions might be impossible. Furthermore, the use of Green’s functions is
restricted to linear models. In the case of nonlinear models the solution operator for the
resulting partial differential equations is not given by a convolution with the Green’s function.
Hence, different tools have to be found in order to generalize the present analysis to higher
dimensions and nonlinear models. Especially for the consistency analysis it might not be
necessary to work with explicit formulas for the fields. The consistency proofs were essentially
based on the decay of the effect the position y; has on the field value ¢(z) as |x —y;| increases.
This decay can be expected to show in many field-based interaction models.

Both QC methods we presented were based on boundary conditions on the atomistic
subproblem that led to the complete decoupling of the continuum region and the atomistic
region. The atomistic energy part £2*(y) only depended on the components y_x 1, ..., YK 11-
In the case of the first method the effect of the boundary conditions g*(y) could elegantly
be interpreted as the interaction with mirror atoms outside the atomistic subdomain Q2. A
generalization of this framework to higher dimensions is likely to involve more complicated

geometrical constructions, and may even turn out to be impossible.
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Appendix A

Miscellaneous Results

A.1 Analysis

First, we establish a Taylor expansion with remainder term for mappings whose first derivative
is only Holder continuous. The result can be generalized to higher order expansions without

problems.

Lemma A.1. Let X, Y be Banach spaces and T : X — Y a Fréchet differentiable operator,

whose derivative satisfies
IDT (1) — DT (22)||nin(x,yy < M (|21, [22]]) (1 — 22§ + [la1 — 22llx)  Var,22 € X,

where 0 < a < 1 and the continuous function M is bounded on every compact subset of R?.

Then, we have the following Taylor expansion
T(a,’g) — T(acl) = DT(l’l)-(.%'Q — 1’1) + R1+a(:(:1,x2) Vri,29 € X,
where the remainder term can be bounded as follows:

1R1a(zr,z2)lly < C(llzillx, la2llx) (lor — 22l ¥ + o1 — a2%).

Proof. For fixed x1, z9 € X we define the mapping g : [0,1] = Y by g(t) = T'(tzo+(1—1t)x1).
Since T is Fréchet differentiable, so is g. By the Mean Value Theorem [124, Proposition 3.5]

we have
T(z2) —T(x1) = g(1) — g(0) = /0 g'(s)ds = /0 DT (szg + (1 — s)x1)-(x2 — 71) ds.

Hence, we get the desired Taylor expansion:

1
T(x2) —T(x1) = DT (x1)-(x2 — 1) +/0 (.DT(SCCQ +(1—=s)xy) — DT(asl))-(xg —x1)ds.
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The bound on the remainder term can now easily be obtained as follows:
1
HRl_:,_a(:Ul,.%'Q)HY S / HDT(8$2 + (1 — 8)3}1) — DT(.%'1>H dstg — leX
0

1
< C(ll2all; szH)/ (s%llw1 — 22| 5 + sllzr — 22]f% ) ds
0
< 20(Jlall, llz2ll) (lr — 22l + 21 — 221X ),

where we have used the triangle inequality and the continuity property of DT a

The next lemma deals with the local invertibility of operators depending continuously on a

Banach-space-valued parameter.

Lemma A.2. Let P,X,Y be Banach spaces and T : P — Lin(X,Y) a continuous, linear-
operator-valued mapping. Let T satisfy

1T (p2) — T(Pl)HLin(X,y) < M([|p1llp; [Ip2llp) g(llp1 — p2llp)  Vp1,p2 € P,

where g : R — R is a continuous, monotonously increasing function with g(0) = 0 and M :
R xR — R* is continuous. Furthermore, let T (p*) be invertible with || T (p*)~* HLm vx) S K.

Then, there exists a neighbourhood Bs(p*) C P such that T(p) is invertible and

| T(p)~ <2K Vpe Bs(p").

' ‘ ‘ Lin(Y,X)

Proof. Let p € P. We have

[id = T(p*) ™" HLm(X x) > <|T(" _1HLin(Y,X) IT(") = T(P)llLin(x.v)

< KM(|lp*|lp. lpll)g(llp™ =l p)-

Let 6 > 0 be sufficiently small such that KM(||p*| p,|p*|lp + 0)g(d) < 1/2. Then, we get,
using the Neumann series [123, Th. 2, Sec. IL.1],

[e.9]

(T(p*)"'T(p)) " = [id — (id — T(p*) " = "(id - T(p") "' T(p))",

k=0
for every p € Bs(p*) with convergence of the series in the strong sense. This implies invert-
ibility of T'(p) for all p € Bs(p*) and furthermore

J— > . *\— k )"
ITG) vy < S0 =TT 0760
K
B < 2K,
= 1_ de —T(p*)~! p)HLin(X,X) -
as desired. i

Next, we state a useful, general existence result from [96,97]. This represents a practical

version of the Inverse Function Theorem.

153



Lemma A.3. Let X,Y be Banach spaces, A an open subset of X, and let F : A — Y be
Fréchet differentiable. Suppose that xg € A satisfies the conditions

[F(@o)lly < n,
)_IHLin(X,Y) <,
Bays(0) C A,

|DF(z1) — DF(22)lLin(x,y) < Lllz1 — 22llx  for [l — zolx < 209,
209°n < 1.

| DF (xo

Then, there exists x € X such that F(x) =0 and ||z — zo|| < 2n9. (]

A.2 An Indefinite Elliptic System with Constraint

In this section we generalize Schatz’ classical result on the Galerkin discretization of indefinite
elliptic equations [106] to the constrained system, which we first encountered in the analysis

in Section 2.3.1; see the proof of Proposition 2.9.

A.2.1 The Dirichlet Case

We assume that Q ¢ R? d € {1,2,3}, is a bounded, open domain in which the Poisson
problem is H?(Q)-regular, that is, for any right-hand side f € L2((2), the solution u € H}(Q)
of

(Vu, Vo) = (f,v) Yo e H)(Q)

belongs to H2(Q2) N H{(2) and
|ulpz < Creg || 1] L2- (A.1)

With d = 3 this is exactly the assumption we made in Section 2.2.2.
Let m > 1 and let V. C H}(€; R™) be a subspace with co-dimension one. We assume that
the linear constraint defining the subspace is given by a nonzero L2-function g € L2(Q;R™),

so that V can be written as
V = {v e H)(QR™) : (v, g) = 0}.
Let a be a bilinear form on Hj(Q; R™) x H}(2; R™) defined by
a(u,v) = (Vu, Vo) + (u, Mv) for w, v € H)(;R™), (A.2)
where M € L (Q; R™*™). We immediately see that a is bounded:

a(u,v) < Cy [|[Vul|r2 Vvl 2 Vu,v eV, (A.3)
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and that there exists a constant K > 0 such that a(u,v) + K(u,v) is coercive,
a(u,uw) + Kllul?, > o ||[Vul?.  Vu,veV. (A.4)

We assume that for every f € L2(Q; R™) there is a unique solution u € V of the variational
problem

a(u,v) = (f,v) Vv e V. (A.5)

The adjoint variational problem to (A.5) is given by
a(v,u) = (f,v) Yv e V.

Note that the adjoint problem has the same form except that M is replaced by M”. It follows
by an argument involving the Fredholm alternative!, and which carries over verbatim from the
scalar case (see Theorem 6.2.4 in [51]), that the adjoint problem also has a unique solution.

This implies, in particular, the existence of £ > 0 such that

inf sup a(u,v) >k and inf sup a(v, v) > K.

ueVpev [Vl [Vol|pz ueVpev [[VaL: [[Vollpz —

From these inf-sup conditions we can infer the following bound on the solution u to (A.5):

a(u,v) 1 (f,v)

Va2 < & sup < K~ sup

— < e ) <kt Fllve. A6
veEV ||VU||L2 veEV ||V'U||L2 171 ( )

To obtain a Galerkin discretization of (A.5), let (Sp,0)ne(0,1) be a family of finite-dimensional
subspaces of H}(€2), which satisfy the approximation property

inf ||V (u—up)|lj2 < Capxhlulyz  for all u € H(Q) NHA(Q), (A.7)

uhESh’o

for every h, where Cj,px is independent of h. We then define the approximation space
VvV, = {vh € Shlo:(g,vn) = 0}.
The Galerkin discretization of (A.5) is given by
a(up,v) = (f,v) Yv € Vj,. (A.8)

Note that it may occur that V; = S}',. However, it follows immediately from (A.7) that, for
sufficiently small h, the co-dimension of Vj, in Shm,o is also one.
Our main result in this appendix ensures solvability of the Galerkin discretization (A.8),

provided that h is sufficiently small. The proof parallels Theorem 5.7.6 in [17].

'Since a(u,v) = (f,v) for all v has a unique solution u for every f € L?(Q,R™), one can deduce (using
the Fredholm alternative for compact operators) that there is no solution u # 0 of a(u,v) = 0 for all v. Hence
there is no solution u # 0 of a(v,u) = 0 for all v. This is equivalent to the existence and uniqueness of a
solution to a(v,u) = (f,v) for all v.
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Theorem A.4. There exists hg > 0 such that, for every h € (0,hg] and for every f €
L2(Q;R™), there is a unique solution uy, € V', of the Galerkin discretization (A.8), satisfying

IV(u = un)llp> < Cihlul:  and  [lu — w2 < Coh®luluz,

where w is the exact solution of (A.5). Furthermore, there exists kq > 0 such that,

inf  sup a(Vn, Wh)

>kq  Vhe (0, hg). A9
o S ol [Vewnls = ™ (0. hol (4.9)

Remark A.5. We remark that Theorem A.4 as well as the following auxiliary Lemmas hold

for any finite number of linear constraints. For example, if V is given by
V= {'v € HY(Q;R™) : (g;,v) =0, i = 1,...,n},

where g; € L2(Q;R™), and if the functions g;, i = 1,...,n, are linearly independent, then
either minor modifications of the proofs, or simply a successive application of the results for

a single constraint can establish the results for a finite number of constraints. o

The proof of Theorem A.4 requires two auxiliary results, which we provide in the following
two lemmas. The first one shows that the constrained variational problem (A.5) inherits the

H2-regularity of the Laplace operator.

Lemma A.6. Let f € L2(;R™) and let w € V be the solution of (A.5). Then, u €
H2(Q;R™) and

|’u”H2 < CéegH‘f”Lz'

Proof. The result follows by explicitly computing a representation of u in terms of the

solution u € H}(€; R™) of a Poisson problem without constraint:
(Vu,Vv) = (f — Mu,v) Yo € HE(Q;R™).
Let e be the Riesz representation of g in H}(Q2),
(Ve,Vv) = (g,v) Vo € HY(Q; R™);

then it follows that the function

(Va, Ve)

u —te, where t=
’ IVel7,

belongs to V, and that

(V(u —te),Vv) = (Vu,Vv) — t(g,v) = (f — Mu,v) Yv e V.

156



Hence, we deduce that

u=u — te.

Assumption (A.1) ensures that w and e belong to H?(€2;R™), and therefore, we can deduce
that u € H?(2;R™). Furthermore,

[=Aullr2|le]|
2
IVellz:

|ufp < ufy: + lefu2 < C([leflnz) |y

H2-regularity, (A.6), and Poincaré’s inequality imply that
Ul < C([[ £z + ML [lulliz) < Ol fllia-

Thus we conclude that
|,u’|H2 < C'I{eg”fHL2

for some constant Cy., > 0. o

Our second auxiliary result shows that the constrained subspace V}, inherits the approxima-

tion property (A.7) of Sp.

Lemma A.7. There exists hg > 0 and a constant C._. such that, for h € (0, hy|,

apx

inf [|V(u—up)|p2 < Chblulg Yu € VAHA(Q;R™).

wuREVy apx
Proof. Let e € S}ZO be the solution of
(Vep, Vv) = (g,v) Vv € Spl.

It is not difficult to verify, for h sufficiently small, say h € (0, hg], that there exists v € SZfO
such that (g,v) # 0 and hence ey, # 0 for h € (0, ho]. Let w), € S} be the Ritz projection of
u, i.e.,

(Vuy, Vo) = (Vu, Vo) Vv € Si.
We construct the final approximant uy, as in the proof of Lemma A.6,

~ (Vap,Veyp)

IVenll?

Since (g, u) = 0, the error |V (up — up)||;2 can be estimated as follows:

_ (Ven, Vay)|  |(g,tn —u)| _ |glu— _
IV (g, — ) |2 = = < IV (w — @) 2
LT Vel IVerliz = [Venlly2 L

Since e, converges in H}(£2) to the Riesz representation of g, the term |g|lg-1/[|Ven|2

converges to one as h — 0, and in particular is uniformly bounded on (0, k¢, provided hy is
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chosen sufficiently small. Invoking the approximation property (A.7) we arrive at the desired

approximation result. a

Proof of Theorem A .4.
Step 1: The Schatz argument. The main part of the proof follows an argument originally
given by Schatz in [106]. Our presentation is largely analogous to [17, Th. 5.7.6]. First, let
us simply assume the existence of a discrete solution uy. From Galerkin orthogonality we get
a(u — up,u — up) = a(u — up, u — v) for every v € V. Then, using (A.4) we deduce that
@[ V(uw—up)llfe < aw —up,u—up) + K |u—wpllf (A.10)
) .
< Ca[V(u—up)lL2 [V(w = v)llp2 + K [Ju — s,

for every v € Vj,, where we have used the continuity of a. Considering the adjoint problem
a(z,w) = (u — up, 2) VzeV
and testing with z = u — uj, we can show that
le —upfe = a(u — up, w)
= a(u — up, w — wy)
Ca [[V(w = up)lpe |V (w — wh)|.
< CaClegh |V (u — un) |2 [wye

< CaClegh [V (w = un)llp2 [ — g2

IN

where Lemma A.6 was used to obtain w € H?(Q2, R™). This results in
l— wnllge < CaClugh IV (w — w2 (A11)
Applying this bound to (A.10) and choosing h sufficiently small, we obtain the bound
IV(u —up)l: < Cl[V(w =)l Vv eV, (A.12)

V}, is a finite-dimensional space, so existence of a solution wuj for arbitrary right-hand sides,
and its uniqueness are equivalent. Suppose, for f = 0, the discrete problem had a nontrivial
solution uy, # 0. Then, equation (A.12) would produce a contradiction for h sufficiently small
because u = 0. Hence, there is a unique solution wuy,.

Taking the infimum over v € V, in (A.12) and using Lemma A.7 yields the first error
bound stated in the theorem. Combining this bound with (A.11) provides the second error
bound.

Step 2. Uniform Inf-Sup Constant. Unique solvability of (A.5) for f = 0 implies that a

satisfies the inf-sup condition

a(u,v)

inf sup

=kr>0. A.13
ueVpev Va2 Vo2 _—
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Our aim now is to prove the validity of a corresponding condition for V; x Vp, which is
uniform in h.

To obtain O(h)-convergence of uy, to u it had to be assumed that f € L2(Q; R™). However,
both the continuous and discrete solution w € V, respectively u;, € V;, exist and are unique
if feH1(QR™),

a(u,v) = (f,v) YveV and a(upv)=(f,v) YveV,.

We note that, to prove (A.12), we only used that u —wuy € L2(€;R™) but not f € L2(Q;R™).
Hence, choosing v = 0 in (A.12) and using a triangle inequality and the inf-sup condition
(A.13) we deduce that

Vunlle < [IVaullpz + [[V(w = up)llp2
< (1 +0O) [Vl

— <f,'U> (A14)
< (14 C)x ! sup
( MR A

< A+ O I v

for all h € (0, hg], where hy > 0 is chosen sufficiently small, and where C' is the constant
from (A.12), which is indeed bounded as h — 0. If f € V; then, by the Hahn-Banach
theorem [104, Theorem 3.3], f can be extended to an element of V* while preserving its

norm, and hence, we obtain
IV Al < @+ O ifllvy  VF €V Vhe (0,h],

where Lgl denotes the solution operator for (A.8). This statement is equivalent to the uniform
inf-sup condition (A.9) with kg = /(1 + C). o
A.2.2 The Periodic Case

We now briefly consider the previous elliptic system on a domain 2 with periodic boundary
conditions. Let m > 1, ny > 1 and let V C H%é (€;R™) be given by

Vyu={v EH#(Q;R’") :(gpv)=0for£=1,...,nv}.

Let the bilinear form (A.2) now be defined on H;é (;R™) x H;E(Q, R™). We can easily prove
that a is bounded:
a(w,0) < Ca fullys [0l Vv € Vi, (A.15)

and that there exists a constant K > 0 such that a(u,v) + K(u,v) is coercive (with respect
to the H'-norm,
a(u,u) + Kllul|}, > allullin  Yu,v € V. (A.16)
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Given f € L*(Q,R™) we look at the variational problem: find w € V such that
a(u,v) = (f,v) Vo € V. (A.17)

The following result is a version of the regularity result from Lemma A.6 for the periodic

case.

Lemma A.8. Let f € L2(;R™) and let w € Vy be the solution of (A.17), then u €
H2(Q; R™) and

‘u’HQ < Cl{engHLQ'
Proof. The method of proof is the same as in Lemma A.6, only the Ritz projection needs to

be changed. Also we only develop the proof here for one linear constraint, as the generalization

to more than one constraint is straightforward. Let u € H%{(Q, R™) be such that
(V&, Vo) + (@, v) = (f —Mu+u,v) Vo € Hy((;R™).
Let e be the Riesz representation of g in H%(Q, R™),
(Ve,Vv) + (e,v) = (g,v) Yo € H#(Q;Rm);

it then follows that the function
(Vu,Ve) + (u,e)

el

u —te, where t=

)

belongs to V4, and that
(V(u —te),Vv) = (Vu, Vv) — t((g, v) — (e,v))
= (f — Mu,v) + (u — u,v) + t(e,v)

for all v € V4. Hence u — te is the unique solution of
(V(u—te), Vv) + (u —te,v) = (f — Mu,v) + (u,v) Yov € Vg,

from which we deduce that u = u — te.
Since both u and e belong to H2(Q; R™), we deduce that u € H2(Q2). The existence of

Cleg follows as in the Dirichlet case. (u]

We now consider two ways of discretizing the variational problem (A.17).
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Periodic Finite Elements. In the finite element case we then define the approximation
space
Vi 4 = {vh €Shy : (gp,vn) =0forall £=1,... ,nv},
where Sy, » was introduced in (2.49). The Galerkin discretization of (A.17) is given by: find
u € Vj, 4 such that
a(up,v) = (f,v) Vv € Vi 4. (A.18)

In direct correspondence with Lemma (A.7) we can prove the following approximation result:

inf lu = [l < CH hlulgz  for all w € Vi NH?*(QR™) and for h € (0, h).
UpEVh #

The only necessary modification in the proof compared with Lemma A.7 is to exchange the
H{(2)-scalar product with the H!({2)-scalar product.

We can now state the analogon of Theorem A.4 for the periodic case.

Theorem A.9. There exists hg > 0 such that, for every h € (0,hg] and for every f €
L2(Q;R™), there is a unique solution wy of the Galerkin discretization (A.18), satisfying

lw = upllg < Crblulge and  [lu —up|p2 < Coh®|ulpe,
where u is the exact solution of (A.17). Furthermore, there exists kg > 0 such that,

inf sup a(vh, wn) > kg Vh € (0, ho. (A.19)
€V g weVi g VAl [[whlm

Proof. The proof follows the exact same lines as in the Dirichlet case. a

Fourier Method. In the Fourier case we define
Vy = {vN € Sy : (g, vn) =0for £ = 1,...,nv},
and get the following Galerkin discretization of (A.17):
a(uy,v) = (f,v) Vv € Vy. (A.20)
The necessary approximation result for the constraint space Vy is:
inf Jlu—uylgp < CHN ulg for all u € Vu N HL(Q;R™)
unNEVN
and for N > Ny. Again, the proof of this result is a slight variation of Lemma A.7.

Theorem A.10. There exists Ng > 0 such that, for every N > Ng and for every f €
L2(Q;R™), there is a unique solution uy of the Galerkin discretization (A.20), satisfying

IV(u —un)llpz < CLN"Hulge  and  [lu — x|z < CoN"|ulpz,

where w is the exact solution of (A.17). Furthermore, there exists kq > 0 such that,

inf  sup alvn, wy) > Kq VN > Np. (A.21)
onEVN wyeVy [[ON ] lwn |
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A.3 Some Results on Quadrature

This section provides useful results for the analysis of the discretization of the TFDW func-
tional with numerical integration carried out in Chapter 3. We will cite some classical results
and prove certain necessary extensions. The finite element space Sy is throughout assumed
to be of p-th order with an appropriate approximation result. The family of triangulations
(Th)he(o,1) 1s assumed to satisfy the quasi-uniformity condition (2.46). We will use the notation
introduced in Chapters 2 and 3.

We first state a classical result taken from [37]. The first statement is identical to [37,
Theorem 4.1.5], the second one is proved in [37, Theorem 4.1.6]. We recall the definitions
(3.7) and (3.8) of the error functionals er[g], en[g], and €[g].

Theorem A.11. Assume the quadrature rule Qp[-] satisfies €[p] =0 for all ¢ € ng_g(f).
Let ¢ > 1 satisfy p — g > 0. Then, there exists C > 0 independent of T' € Ty and h € (0, 1]
such that for all f € WPU(T), and v € Py(T):

ler[fol| < CRRITIY74 fllwagry [0l (- (A.22)

If f € WPUT) for all T € Ty, we get

l/q
[ oo =t < om0 S 1) ol

TeT,

for allv € Sy,.

In the remainder of this section we generalize some classical results on quadrature. The
necessity for that arises from the presence of the Holder continuous function F” in the second
derivative of the energy functional Eh, respectively, the derivative D]?h of the nonlinear
optimality system. Before we address actual quadrature results we need some preparations
in the form of approximation results with respect to Hoélder norms and a version of the
Bramble-Hilbert Lemma.

Let {ri}i=1,..n, be a basis of the dual space P,(£2)*, where P,(€2) is the space of poly-
nomials of degree less than or equal p and let N, = dim P,(§2). By the Hahn-Banach The-
orem [104, Theorem 3.3] we can extend the dual basis functionals 7; to bounded functionals
on HPT1(Q), which we will again denote by r;. Moreover, let Z, : HP*1(Q) — P,(0) be the

respective interpolation operator. That is
Ti(v) = TZ‘(IP'U)u

for all i and all v € HPTL(Q).
The following approximation result can be compared with a result on Sobolev spaces,
see [37, Th. 3.1.1] or [16, Lemma 6.2]. The proof is very similar and based on compact

imbeddings of Sobolev spaces.
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Proposition A.12. Let Q C R? be a bounded open domain.
(i) Let p € Ny and 0 <y < 1. Then, there exists C > 0 such that for all u € CP7(Q):

|lu — Zpul|cpv (o) < C lulcpr()- (A.23)
(i) Let 0 < v <min(2 — d/2,1) and p > 0, then there exists C > 0 such that
Ju — Zoullcor(q) < C'lulap2(q), (A.24)

for all u € HPT2(Q)

Proof. Part (i). By the Hahn-Banach Theorem [104, Theorem 3.3] we can extend the dual
basis functionals r; to bounded functionals on CP7(2), which we will again denote by 7;.
Also, since the 74, i = 1,..., N, form a basis of P;(€2) we have for v € F,(2) that r;j(v) =0
foralle=1,..., N, if and only if v = 0.

We will now prove that there exists C' > 0 such that

Np
H'U”Cp,'y(ﬂ) < C’(v[cm(g) + Z‘TZ(U)O for all v € CP7(Q). (A.25)
i=1

Suppose (A.25) is false. Then there is a sequence (vj)jen C CP7(Q) such that [[vj]|ce (o) = 1

and
Np
tin (Ilonnio) + D)) =o. (A.26)
i=1

Obviously the sequence (vj) ey is bounded in CP7 (). Since the imbedding CP7(Q2) — CP(2)
is compact [1, Th. 1.34] there exists a subsequence (again named (v;);en) such that v; — v
in CP(Q) as j — oo for some v € CP(Q).

From (A.26) we can also deduce that |vj[ce. (o) — 0 as j — oo, which in fact implies that
v; — v strongly in CP7(Q), [v|cpy (@) = 0 and lim; . ||vjl[cr(@) = 1. Hence, VBAv = const.
for all multi-indices 3 € N% with |3|; = p. We have thus shown that v is a polynomial of
degree at most p. Equation (A.26) also shows that r;(v) = 0 for all ¢ = 1,..., N, which by
the choice of the r; means that v = 0. This is, however, a contradiction to [|vj|lcp.~(q) =1 for
all 7 € N. Hence, equation (A.25) holds true.

Let u € CP7(Q) be arbitrary and Z,u € P,(2) be its interpolant, i.e., r;(u — Z,u) = 0 for
all i =1,..., Np. Then, by inserting u — Z,u for v in (A.25) we deduce that

|u — Zpullcrr @) < Cluleey (@),
since clearly |Z,u|cp.v(q) = 0. This proves part (i) of the proposition.

Part (ii). To show this, we convince ourselves that (in analogy with (A.25)) there exists

C > 0 such that
Np

[vllepri@y < C | [wlmora@y) + Y Iri(@)] ] .
=1
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for all v € HP*2(Q). Again, we assume the inequality is false. This implies the existence of

N,
vjlapre) + 22 [fiv;)]
[vjllcem ()

— 0.

Using the (compact) imbedding HPT2(Q) — CP7(Q) (see [1, Th. 6.3 Part III]) for 0 <
v < 2 —d/2, we then get in particular [jvj|ce» < C for all j. Hence |vj[gp+2(q) — 0 and
S |ri(v;)| — 0. The compact imbedding HPT2(Q) — HPT(Q) yields v; — v in HPHL(Q)
for some v € HPT1(Q) for a subsequence (v;)jen. Now, recalling |vj|yp+2(q) — 0 we in fact
get v; — v in HPT2(Q) and |[v|fp+2(0) = 0. Hence, v € Fp+1(2). But since |r;(vj)| — 0, we
get v =0, i.e., a contradiction to [[v]|ce (o) = 1.

The rest of the proof is analogous to part (i). m]

Next, we provide two versions of the well-known Bramble-Hilbert Lemma for Sobolev, re-

spectively, Holder spaces.

Lemma A.13. Let Q C R" be a bounded open domain with Lipschitz-continuous boundary.
(i) For q € [1,00) let v be a continuous linear functional on the space WPTH4(Q) with the
property

r(y) =0 VY € Py(Q).
Then, there exists C(2) > 0 such that

[r(v)] < C@QlIrllwr+rag@y[vlwerra Yo € WPHH(Q).

(i) For v € (0,1) let r be a continuous linear functional on the space CP7V(Q) such that

r() =0 V¢ € P(Q)

Then, there exists C(€,~) > 0 such that

Ir(v)] < CY)|rllapr @)+ [vlerr (@) Vv € CPI(Q).

Proof. Part (i) of the result is just a restatement of Theorem 4.1.3 in [37]. Let r € CP7(2)*.
For given v € CP7(Q) we have r(v) = (v + ¢) for any ¢ € P,(€2). Hence,

[r(v)| = |r(v+ )| < I7llcen @) lv + Yllcra @)
Choosing ¢ = —Z,v € P,(2) and using Proposition A.12, we obtain the desired result. O

We are now ready to prove the required results on quadrature errors. The following propo-
sition shows that a quadrature rule that is exact for polynomials of order smaller or equal
2p — 1 yields an error of order O(h?P) if the integrand is in the union of certain Sobolev spaces

over all elements.
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Proposition A.14.
(i) Assume that the reference quadrature rule Q underlying Qy, satisfies e[p] = 0 for all

@ € Py, 1(T). Let ¢ > 1 such that 2p —d/q > 0. Then, there exists C' > 0, independent of
T €Ty and h € (0,1], such that:

ler[£]] < CRPITI Y fllwevaery Vf € WPA(T). (A.27)

If, moreover, f € W*4(T) for all T € Ty, then

1/q
/Qfdx - th‘ < 0h2p|9|1—1/‘1< > IIfH%Vzp,q(T)> :

T€Th

(ii) Assume that Q satisfies €[3] = 0 for all g € Pi(T). Then, there exists C > 0, independent
of T € Ty, and h € (0,1], such that for all f € CY(T), with 0 <y < 1,

ler[ ] < Chy™ det Br|flcror).
Proof. (i) First we note that er[f] = det By €[ f] for all continuous functions f. Let f €
W?2P4(T) and denote by fe W2p’q(f) the function given by f = fo Fr . The Sobolev Imbed-
ding Theorem [1, Theorem 4.12] guarantees the compact imbedding W2P4(T) «s L>(T).

Hence,
ELA < Ol ey < Cllflganasy ¥ € WPA(T).

~

Since the quadrature rule Qr is exact on P,_1(T), part (i) of the Bramble-Hilbert Lemma
A.13 gives

~

elf)f <

~

’W2p,q(f)‘

The transformation rule
[ Flwzn.aigy < ChIP(det Br) ™9 flwpacr),

then implies
ler(£1] < CRPITI Y4 flwepary-

Summing over all T' € T and applying Hoélder’s inequality yields

l/q
enl 1] < ch%mrl”q( > \If\l%vzp,qw)) '

TeT,

(ii) The structure of this proof is the same as for part (i): we start by observing that

el < Clfllse @y < Cllllcan
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for all f € CY7(T). Since Qp is exact on Py(T), Lemma A.13 implies lelf]] < C’\f|CM(f).
Together with the transformation bound (2.62) this yields

lex[f]| = det Br[e[f]] < C'det Br|flei s < Ch*™ det Br|flciar
as desired. o

In the analysis of the energy functional with numerical integration Ej, in Section 3.2 we
have to deal with approximations of integrals of the form [, avwdz with a € L°°(Q2) and
v,w € Sy arising in the first derivative D]?h. In the following proposition we first state a
slight modification of Theorem 4.1.4 in [37]. The second part is a generalization of this result

to the case when the function a is Holder continuous rather than in WP>°(T").

Proposition A.15. Let the reference quadrature rule 9) satisfye[p] =0 forallp € ng_l(f).
Then, there exists C > 0, independent of T € Ty, and h € (0, 1], such that for all a € WP*(T),
and v,w € Py(T):

leravw]| < Chizllallwo.es )|Vl mo ) llwll 1) (A.28)
Furthermore, for every 0 < v <1 there exists C, > 0 such that for all a € CP=1(T), and
v,w e Py(T):

ler[avw]| < CREalloo-1 ¢y [Vl () ool (- (A.29)

Proof. We only present the proof of equation (A.29) as (A.28) follows from (A.29) with
v = 1. The proof is similar to [37, Th. 4.1.4]. We begin by transforming from 7" to the
reference element T. Obviously, er[avw] = det By € [avd].

Let @ € Po(T) and 3 € CP~17(T). Then,

\aa“nzyéaﬁdx—ij@@a@@a
q

< OBl ) 18l ey < ClB N1y 1o

~ ~

Since w € P,(T) and all norms are equivalent on the finite dimensional space P,(T), we
obtain |é\[{5@” < CH@HCpflw(f)H@”]ﬁ(f)
Thus, for given @ € P,(T) the linear form @ + e [pw] from CP~17(T) to R is continuous

~
~

with norm < Cl|w||» ) and vanishes on P,_;(7T) since, by assumption, the quadrature rule

~

is exact on Pa,_1(T). Using part (ii) of the Bramble-Hilbert Lemma A.13 we obtain

‘g[@ﬁ)\“ < C‘@’cp—l,v(f)HﬁuLz(f)- (A~30)
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Now, let $ = av with v € P,(T'). A simple calculation shows that
p—1

m!cpfl,w@ < CZ(\alcm@I@\Wpflfj,oo(f) + |a’wj,oo(f)mcpfl—m(fJ
j=0

p—1
< CZ (|a|cj,w(f)|6|Hp—1—j(f) + |a’wj,oo(f)‘@\|Hp—j(f)) . (A-?’l)
j=0

Here we have used that all norms on the finite dimensional spaces Pp(f), respectively, on the
quotient spaces P; (T)/ Pj,l(f) are equivalent. Now we transform back to the mesh element
T using the following inequalities:

Alesn ) < CH*alciaimy, ol sy < CW(det Br) ™ol

and

Ahysecr) < CWlalwioery, [l < Cldet Br) ™2 ]z,

Applying these estimates and (A.31) to (A.30) we arrive at
ler[avw]| = det Br[e[avw]| < ChP™allgo-1az) lvlle(r) 1wl (7).

just as desired. a
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